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Abstract

Molecular simulations generate high-dimensional trajectories in which themechanisti-
cally relevant features are buried across widely separated time scales ranging from col-
lective structural motions that govern, for example, protein fluctuations to electronic
transitions induced by light absorption in photochemistry. While such simulations
capture the underlying atomic and electronic dynamics in fine detail, the cause-and-
effect relationships that drive these types of processes remain poorly understood and
emerge only through targeted analysis.

This thesis develops and applies data-driven, information-theoretic tools to this ex-
traction problem, using distances between molecular configurations and the informa-
tion they carry as the central objects of analysis. The work spans two complementary
directions: the excited-state photophysics of biomolecules that display novel photo-
chemistry, and the causal structure between different degrees of freedom that can be
extracted from equilibrium molecular dynamics.

We first study the intrinsic, non-aromatic fluorescence of L-cysteine crystals, show-
ing through a synergy of experiments and excited-state simulations, that a change in
the solvent used during crystallization from light to heavy water, alters the crystal
packing and hydrogen-bonding network. This in turn, constrains the thiol and amine
motions responsible for non-radiative decay, and thereby enhances emission.

Motivated by the difficulty of identifying such decay-driving motions, we then in-
troduce an unsupervised machine learning framework based on the Differentiable In-
formation Imbalance that ranks nuclear degrees of freedom by their ability to predict
electronic observables, and extracts compact, interpretable coordinates that explain the
non-radiative decay processes across a wide range of photochemical systems.

In the second part of the thesis, we turn to causal inference in molecular systems.
Using the aforementioned Information Imbalance method, we establish the conditions
underwhich directed putative causal links emerge between collective variables at equi-
librium, relating them to asymmetries in information content and to a separation of
relaxation time scales. We further elucidate how one can quantify genuine causal links
using interventional experiments.

Finally, we apply this causal inference framework to the collective dynamics of
folded proteins, uncovering directed causal relationships between the leading prin-
cipal components (PCs) of two proteins, Ubiquitin and NTL9. In both of these cases
we observe that the leading PC has a causal link towards the lower-variance PCs, al-
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though the nature of this link and its correlation with spatial delocalization of the PCs
varies between the two systems considered. Together, these studies show that using
our causal inference measure built on distances rather than on probability densities,
one can infer interpretable, and highly non-trivial causal relationships in molecular
systems.
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Synopsis

This thesis develops and applies data-driven, information-theoretic tools for extracting
interpretable, low-dimensional and causal descriptions of molecular systems from the
high-dimensional data produced by their simulation. The work is organised around
four studies, presented as self-contained chapters, which together span the excited-
state photophysics of small bio-molecules and the causal analysis of equilibriummolec-
ular dynamics simulations. A recurring methodological thread is the use of distances
between configurations, and the information they carry, as a robust proxy for ranking,
selecting, and weighting the degrees of freedom that matter.

In Chapter 3, we investigate the intrinsic, non-aromatic fluorescence of crystals of
the amino acid L-cysteine, and its sensitivity to the use of light water (H2O) vs heavy
water (D2O) for crystallisation . Combining spectroscopic experiments with excited-
state non-adiabatic molecular dynamics, we show that crystals grown in heavy wa-
ter adopt a distinct packing and hydrogen-bonding network relative to those grown
in light water, that this constrains the thiol and amine motions responsible for non-
radiative decay, and that the heavy-water polymorph consequently emits light more
strongly. We also propose the presence of potential intersystem crossing and triplet
emission in this system due to evidence of strong singlet-triplet coupling.

In Chapter 4, we address the general problem of identifying, from non-adiabatic
dynamics simulations, the nuclear coordinates that drive a molecule towards a conical
intersection and that are primarily implicated in non-radiative decay processes. We
introduce an unsupervised machine learning framework based on the Differentiable
Information Imbalance [13, 14], which ranks nuclear degrees of freedom by how well
they predict electronic observables such as energy gaps and oscillator strengths, and
extracts compact, physically interpretable reduced coordinates. Applied to five chemi-
cally diverse systems, themethod recovers knownmechanistic coordinates and reveals
a systematic distinction between observables controlled by a few localisedmotions and
those depending on more collective rearrangements.

In Chapter 5, we study the conditions under which directed causal links can be
inferred between collective variables of a molecular system at equilibrium. Using the
causal inference approach developedwith the Information Imbalance method [13, 15],
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we relate the emergence of unidirectional causality to asymmetries in information con-
tent and to a separation of relaxation time scales, and we clarify the difference between
the necessary conditions provided by bivariate measures and the stronger statements
requiring interventions or causal sufficiency. We demonstrate how these causal links
can emerge in molecular dynamics simulations with the example of the amino acid
tryptophan.

In Chapter 6, we apply this causal inference framework to the collective dynam-
ics of the folded proteins, ubiquitin and NTL9. By treating principal components that
describe the conformational fluctuations as candidate causal variables that form a com-
plete orthogonal basis, we uncover directed relationships among the leading compo-
nents, endowing the standard reduced description of protein motion with an internal,
hierarchical, directed causal structure.

Finally, Chapter 7 summarises the main results and discusses perspectives, includ-
ing how we can assess causal links in a more robust multivariate fashion, the design of
computational interventions for causal inference inmolecular dynamics, and the exten-
sion of the information-theoretic feature-selection framework to larger and condensed-
phase photochemical systems.



1
Introduction

Visible light emission is widespread in nature, appearing in phenomena as varied as
sunlight, aurorae, flames, electrical discharges, fluorescent minerals, and biolumines-
cent organisms [16, 17, 18]. Although the physical mechanisms responsible for these
phenomena differ, emitted light provides a direct signature of how matter behaves
upon interaction with light. Its colour, intensity, and temporal behaviour can there-
fore reveal information about the structure and environment of the emitting system at
the molecular scale [19, 20].

This sensitivity has made light emission an important tool in spectroscopy, mi-
croscopy, biological imaging, and chemical sensing [19, 21, 22]. Fluorescent molecules
can serve as probes of local polarity, electrostatic interactions, molecular conforma-
tions, and changes in their surrounding environment [23, 24]. Molecular light emission
is consequently useful not only as a phenomenon to be explained, but also as an exper-
imental observable through which otherwise inaccessible molecular processes can be
studied [19].

Figure 1.1 shows the remarkable diversity of fluorescence colours exhibited by pro-
teins under ultraviolet illumination. This seemingly simple observation conceals a
wealth of underlying physics and chemistry. What determines whether a protein flu-
oresces at all, and what controls the wavelength and intensity of the emitted light?
Answering these questions requires identifying the chemical groups that absorb and
emit light, the excited electronic states involved, and the pathways throughwhich these
states evolve before fluorescence can occur.

Yet understanding the origin of fluorescence is only the first step. Once a molecule
is promoted to an excited electronic state, it no longer exists in equilibrium with its
environment. Instead, the excitation initiates a cascade of structural and dynamical
responses, particularly in the surrounding solvent. In biomolecular systems, where
water is the dominant environment, these coupled relaxation processes are collec-
tively referred to as solvation dynamics. Their complexity immediately raises further
questions: whichmolecular coordinates respondmost strongly to electronic excitation,
which play only a minor role, and how can these responses be quantified? More gener-
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2 1. Introduction

Figure 1.1: An image showing different proteins that produce different fluorescent colours when exposed
to ultraviolet light. Licensed under CC BY-SA 4.0. Source: https://commons.wikimedia.org/wi
ki/File:Fluorescence_from_Fluorescent_Proteins.jpg

ally, how does one disentangle cause from effect in such highly collective, many-body
dynamical processes?

One can identify which molecular coordinates are most strongly correlated with
an observed response. Such correlations provide valuable clues towards a mecha-
nistic interpretation, but they do not reveal directionality: does a particular degree
of freedom initiate the dynamics, or is it itself a consequence of other molecular pro-
cesses? Answering this question requires not only temporal information but also rig-
orous frameworks for establishing causality. Developing such an understanding, be-
ginning with the photochemical origins of fluorescence and culminating in the identi-
fication of causal relationships in complexmolecular dynamics, is the overarching goal
of this thesis.

We begin by examining the molecular mechanisms underlying the fluorescence
shown in Figure 1.1. The microscopic origin of molecular light emission remains an
active area of research because an electronically excited molecule can evolve through
several competing radiative and non-radiative pathways. Which pathway dominates
depends on the electronic structure of the molecule, its nuclear motion, and its inter-
actions with the surrounding environment. This complexity is commonly organised
within the conceptual framework of a Jablonski diagram, as shown in Figure 1.2. The
schematic shows the relevant potential-energy surfaces (PES): the ground state (S0) in
blue, the first excited singlet state (S1) in red, and the first excited triplet state (T1) in
black. The horizontal axis represents a nuclear or reaction coordinate along which the
surfaces are drawn, whereas the vertical axis represents their energy.

https://commons.wikimedia.org/wiki/File:Fluorescence_from_Fluorescent_Proteins.jpg
https://commons.wikimedia.org/wiki/File:Fluorescence_from_Fluorescent_Proteins.jpg
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Figure 1.2: Jablonski diagram showing common photophysical processes between the ground state S0,
the first excited singlet state S1, and the first excited triplet state T1. The processes shown here include
absorption, as well as radiative processes like fluorescence and phosphorescence (represented with solid
lines), as well as non-radiative processes like internal conversion and intersystem crossing (represented
with wavy lines).

After absorbing a photon, amolecule is promoted to an electronically excited singlet
state – this process is called absorption and shownwith a green line. Once themolecule
undergoes absorption, its electronic distribution changes before the nuclei have time
to respond. The system is therefore placed on an excited-state potential-energy sur-
face at approximately its ground-state geometry (the Franck-Condon region). Nuclear
motion then carries it away from the Franck-Condon region as energy is redistributed
among vibrational degrees of freedom and exchanged with the surrounding environ-
ment. During this relaxation, the excited population can return to a lower electronic
state (in this schematic, the ground state) through either a non-radiative process called
internal conversion (IC) which is represented by a wavy line, or through the emission
of light (fluorescence) which is represented by a blue line on the far right of the image.

One way for the system to undergo IC is when a conical intersection is encountered.
A conical intersection is often represented as one point where two surfaces meet. For a
polyatomic molecule, the degenerate geometries generally form a continuous seam. A
nonlinear molecule with 𝑁 atoms has 3𝑁 − 6 internal degrees of freedom, so a generic
seam between two same-spin states, in the absence of additional symmetry constraints,
has dimension 3𝑁 − 8. The motion from the Franck-Condon region to the conical in-
tersection can involve different sets of coordinates. Different trajectories may also ap-
proach different regions of the same seam through distinct pathways [25, 26].

Another option is for the system to transition to a different electronic excited state
with a different spin multiplicity (for example, the triplet state, T1). This non-radiative
process is called intersystem crossing (ISC) and it is also represented by a wavy line.
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While singlet-triplet transitions are usually forbidden, under certain circumstances
such as high spin-orbit coupling (SOC) they can occur more freely. From this triplet
state the system could also relax back to the ground state via emission of light, which
is called phosphorescence (represented by an orange line in the centre of the image).
Typically phosphorescence is much weaker in intensity than fluorescence, and it also
occurs over much longer timescales (milliseconds vs nanoseconds). In the closed-shell
biomolecular systems that we primarily study in this thesis, fluorescence becomes ob-
servable when an emissive singlet state remains populated long enough for radiative
decay to compete with the available non-radiative pathways [19].

A natural question when studying such photochemical phenomena concerns their
molecular origins and the internal degrees of freedom responsible for the different pho-
tochemical pathways. Typically, in biomolecular fluorescence, there is an understand-
ing that the emission of light originates primarily from aromatic or conjugatedmoieties
which possess delocalised 𝜋 electrons, relatively low-lying excited states, and transi-
tions with appreciable intensities/oscillator strengths. Their often rigid structures can
also restrict some of the large-amplitude distortions that promote rapid internal con-
version. Intrinsic protein fluorescence is consequently attributed mainly to the three
amino acids with aromatic side chains: tryptophan, tyrosine, and phenylalanine. In
water at neutral pH, all three amino acids absorb at energies between 4.5 and 5.0 eV
(approximately 280–250 nm), with tryptophan absorbing near the lower end of this
range. Their emission peaks occur around 3.5 eV (348 nm) for tryptophan, 4.1 eV (303
nm) for tyrosine, and 4.4 eV (282 nm) for phenylalanine [27]. Tryptophan normally
makes the largest contribution because it absorbs strongly at commonly used excitation
wavelengths, emits at the longest wavelength, and has both a higher absorbance and a
substantially higher quantum yield than the other two aromatic amino acids.

Peptide bonds and non-aromatic side chains also absorb light, although their
strongest absorption generally lies deeper in the ultraviolet at energies ∼ 5–6 eV (200–
250 nm). Low-lying states associated with lone pairs, including many 𝑛𝜋∗ states,
are usually weakly allowed and often have efficient routes to non-radiative decay.
Biomolecules without aromatic residues or conjugated cofactors have therefore tradi-
tionally been expected to show little intrinsic emission in the near-ultraviolet or visible
range.

Experiments over the past twodecades have challenged this chemical intuition. Vis-
ible or near-visible emission has been reported from crystals and concentrated solu-
tions of non-aromatic amino acids, short peptides, peptide dendrimers, oligosaccha-
rides, amyloid-like fibrils, and proteins devoid of aromatic residues [28, 29, 30, 31, 32,
33, 34, 35]. This broad class of observations has been described using the umbrella
term non-traditional intrinsic luminescence (NTIL) [33, 34]. Non-aromatic fluores-
cence (NAF) [30, 36, 37, 35, 38] is a special case of NTIL in which luminescence occurs
despite the absence of conventional chromophores, such as conjugatedmoieties or aro-
matic groups. Luminescence can also arise primarily from aggregation or clustering;
these phenomena are referred to as aggregation-induced emission (AIE) and cluster-
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triggered emission (CTE), respectively [39, 40, 41, 42, 43, 44, 45]. AIE and CTE do
not require the absence of a conventional chromophore like NAF does. They never-
theless describe related cases in which groups that are normally weakly absorbing or
non-emissive acquire different optical properties within a particular molecular envi-
ronment.

Several systems satisfy combinations of these criteria. Amyloid fibrils lacking
aromatic residues undergo weak absorption at 3.3–3.6 eV (340–380 nm) and display
structure-dependent blue or green emission around 2.3–2.8 eV (440–530 nm), while
amino acid crystals can show substantial changes in their optical response when their
packing changes [46, 30, 32, 35]. Aggregation and crystallisation are common routes to
non-aromatic emission, but they are not strict requirements. Related absorption, and
in some cases weak emission, has also been reported in highly charged proteins and
concentrated solutions [47, 48].

Early work suggested that hydrogen bonding between peptide groups could sup-
port electronic delocalisation through the backbone and shift electronic transitions into
an experimentally accessible range [28]. Our group has pioneered a variety of work in
elucidating the mechanisms behind NAF.

First, studies of amyloid fibrils drew attention to proton motion within dense
hydrogen-bond networks. The suppression of emission under strongly acidic or ba-
sic conditions, together with electronic-structure calculations, indicated that proton
transfer and proton delocalisation can alter excitation energies in particular cross-𝛽 ar-
rangements [30]. In subsequent work, short hydrogen bonds have also been connected
with longer excited-state survival, where they tend to hinder distortions that otherwise
facilitate internal conversion, thereby reducing access to efficient non-radiative decay
pathways [37].

Other work done in the group emphasises the key role that carbonyl groups, which
are ubiquitous in biomolecules, play in NAF. Calculations on amyloid-like peptide
models showed that amide deplanarisation and carbonyl elongation can stabilise lo-
calised 𝑛𝜋∗ states and change their oscillator strengths [36]. These distortions can
convert electronic states that are otherwise too high in energy to emit in the visible
range. Carbonyl elongation has also been identified as an important coordinate for
non-radiative relaxation. Strong local interactions, such as short hydrogen bonds, can
restrict this motion and keep the excited system away from configurations where the
excited and ground states approach degeneracy [38]. This carbonyl-lock mechanism
explains the non-aromatic fluorescence emission across a wide class of systems, but
alternative mechanisms have not been excluded [35, 38]. The literature therefore sup-
ports a set of recurring molecular ingredients rather than a universal non-aromatic
fluorophore.

The different proposals can be organised around two requirements for emission.
The system must first possess an excited state in the relevant energy range with a non-
zero probability of radiative decay. It must then remain on that state long enough to
emit. Supramolecular organisation can influence both conditions. Intermolecular con-
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tacts, hydrogen bonds, and local electric fields can stabilise states that are too high in
energy or emit too weakly in an isolated molecule. The same environment can restrict
structural distortions such as bond stretches, torsions, proton transfers, and deplanari-
sation motions that would otherwise promote rapid internal conversion. The origin of
NAF therefore depends on both the electronic character of the accessible states and the
nuclear pathways governing non-radiative decay away from these states.

Molecular crystals provide a useful setting in which to examine the relationship be-
tween structural features and their optical properties, and also to compare experimen-
tal results with theoretical simulations. Their packing can often be determined with
atomic resolution, and different polymorphs allow the same molecular composition to
be compared under different geometrical constraints. Changes in molecular confor-
mation or intermolecular arrangement can produce substantial changes in solid-state
emission, including changes in colour, lifetime, and the relative importance of singlet
and triplet pathways [49, 50, 51, 52]. In Chapter 3, we investigate L-cysteine crystals
grown experimentally from H2O and D2O. The latter appear to exhibit NAF, whereas
the former do not. This study follows earlier work conducted by our group and further
examines the molecular motions responsible for NAF. Using non-adiabatic molecular
dynamics (NAMD) simulations, we explore how the network of intermolecular con-
tacts can alter both the electronic states and the non-radiative decay pathways available
after excitation. This work broadens our understanding of the hydrogen-bonding net-
works that stabilise non-aromatic fluorescence.

In many studies, including the work on cysteine in Chapter 3, the relevant coordi-
nates that are responsible for non-radiative decay have been identified through visual
inspection supported by chemical intuition. This approach can be effective when a
small number of trajectories display an obvious bond rupture or torsion. It becomes
less reliable when the motion is distributed over several coordinates, when multiple
channels coexist, or when the electronically important displacement is small. It is also
difficult to apply consistently across chemically different systems. Chemical intuition
remains useful, but high-dimensional trajectory ensembles contain more coupled mo-
tions than can usually be assessed by inspection alone.

As illustrated in Figure 1.2, non-radiative processes like IC and ISC also depend
on the nuclear positions. But it is not obvious how in a high-dimensional molecular
system one can determine the appropriate degrees of freedom along which a system
can decay non-radiatively. Put simply, the question becomes: how do we determine
which coordinates are needed to draw a schematic like Figure 1.2, where the proba-
bility of IC becomes higher when the two potential-energy surfaces approach one an-
other? Principal Component Analysis (PCA) has also been widely applied to identify
collective nuclear motions associated with internal conversion or intersystem cross-
ing pathways. However, because PCA ranks modes according to structural variance,
it may emphasise large-amplitude or low-frequency motions that are not directly rel-
evant to non-adiabatic transitions, while neglecting smaller-amplitude motions that
lead to electronic transitions [53, 54, 55, 56, 57, 58].
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The goal is to determine the coordinates that lead to the conical-intersection seam,
the region where two adiabatic potential-energy surfaces become (approximately)
degenerate and the Born-Oppenheimer separation of electronic and nuclear motion
breaks down as the system can transition from one electronic state to another non-
radiatively [59, 60, 61]. A small electronic energy gap is an indication that a trajectory
is approaching a region where a transition or a hop from one electronic state to another
can become likely. The probability of changing electronic state also depends on the
coupling between the states, and the available kinetic energy. Oscillator strength de-
scribes another aspect of the dynamics. It depends on both the energy separation and
the squared transition-dipole magnitude, and it indicates whether a configuration, if
the system should emit light, is comparatively bright or dark. The coordinates associ-
ated with gap closure need not be the coordinates associated with a change in optical
activity.

Chapter 4 approaches this task using the Information Imbalance (II) measure and
its differentiable formulation (DII) [13, 14]. We propose an algorithm using the DII
that identifies which internal degrees of freedom — bonds, angles, and dihedrals —
are most informative about an electronic observable such as the energy gap or oscilla-
tor strength. This approach returns chemically interpretable coordinates that are pri-
marily responsible for the non-radiative decay pathways that are explored in NAMD
simulations, as well as those coordinates that help explain high- or low-intensity emis-
sion (or oscillator strengths).

Although the selected coordinates highlight plausible components of the under-
lying mechanism, their association with the observed dynamics does not establish
whether they initiate the process or merely respond to it. Resolving this ambiguity
requires time-resolved evidence to determine the sequence of events, together with
controlled perturbations capable of demonstrating causality. This distinction marks
the transition from the photochemical characterisation presented in the first part of
this thesis to the causal analysis developed in the second.

Most analyses of molecular trajectories use observational data. The principle of
Granger causality, which is used frequently in this thesis, defines a directed predictive
relationship from 𝑋 to 𝑌: 𝑋 Granger-causes 𝑌 when the past of 𝑋 improves predic-
tion of the future of 𝑌 beyond the information already contained in the past of 𝑌 [62].
Another popular causal inference method, based on conditional mutual information
and inspired by the same principle as Granger causality, is Transfer Entropy. Transfer
Entropy (TE) measures the reduction in uncertainty about the future of 𝑌 obtained by
including the present of 𝑋 in addition to the present value of𝑌 [63]. These approaches
detect forms of directed predictability, but their interpretation as causal effects requires
further assumptions.

Ordinary time-lagged cross-correlation functions do not provide this directional
information between pairs of variables. For equilibrium MD simulations, detailed bal-
ance ensures that pairwise cross-correlations are symmetric under exchange of vari-
ables. Cross-correlation can therefore reveal dynamical coupling, but it cannot iden-
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tify a driver and a response. TE conditions the future target on both its own present
value and the present value of a candidate source. It therefore probes a three-variable
dependence that is absent from a two-point cross-correlation function. Granger causal-
ity, transfer entropy, and related information measures have been applied to molecular
simulations of residue communication, protein allostery, conformational transitions,
and reaction-coordinate selection [64, 65, 66, 67, 68, 69, 70, 71, 72, 73]. These studies re-
port directional predictive relationships in molecular trajectories. They also illustrate
the challenge of using transfer entropy as a causal measure, since this requires esti-
mating high-dimensional probability distributions that can often be computationally
intractable.

Directional interpretations are widespread in descriptions of aqueous molecular
processes. In Marcus theory, solvent reorganisation governs the barrier crossing dur-
ing electron transfer, with translational and rotational solvent motions contributing to
the reorganisation energy. Likewise, electron and proton transfer are often described
as being facilitated by solvent motions or electric-field fluctuations that modulate the
reactive coordinate [74, 75, 76]. Solvent fluctuations have also been proposed to en-
able protein conformational changes [77, 78, 79] and to promote hydrophobic collapse
through de-wetting transitions [80, 81, 82].

Across these examples, directional influence is inferred primarily from mechanis-
tic models or a separation of characteristic timescales. Although such interpretations
have been highly successful in explaining experimental observations, they do not pro-
vide a direct means of extracting directionality from molecular trajectories. Because,
as noted earlier, conventional time-correlation functions are symmetric under equilib-
rium dynamics satisfying detailed balance, they cannot distinguish the dynamically
leading variable from the responding one. This limitation raises a fundamental ques-
tion: how can cause-and-effect relationships in molecular systems be identified quan-
titatively and rigorously from molecular trajectories?

Time-Dependent Fluorescence Stokes Shift (TDFSS) experiments provide a use-
ful setting in which to formulate this distinction and connect the causal questions to
the photochemical results from the first part of the thesis. These experiments monitor
the time-resolved red shift of a fluorescent probe following optical excitation. The al-
tered excited-state charge distribution induces relaxation of the surrounding solvent,
protein, and probe, collectively stabilising the excited state [84, 85, 86, 87]. As illus-
trated in Figure 1.3, tryptophan is widely used as an intrinsic probe because excita-
tion substantially changes the electrostatics of its aromatic indole group which acts as
the chromophore. Tryptophan-based TDFSS has therefore been used to examine hy-
dration and environmental relaxation over timescales extending from femtoseconds to
nanoseconds [88, 89, 90, 91].

Assigning these relaxation timescales to specific molecular processes remains diffi-
cult because solvent and protein motions are strongly coupled and often overlap. Cor-
relations can identify motions associated with the spectral shift but cannot determine
their direction of influence. A mechanistic interpretation of TDFSS therefore requires
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Figure 1.3: A schematic of how photo-excitation in proteins usually works: the indole group of trypto-
phan, which is primarily responsible for the photochemistry, is shown (carbon atoms in orange, hydrogen
in white, and nitrogen in blue) and the rest of the protein is represented in green. The hydration layer,
that is the water molecules (oxygen atoms in red, and hydrogen in white) that make up the solvent re-
gion in the immediate vicinity of the protein is shown in blue, whereas the rest of the bulk region is black.
The dipole of the indole ring prior to photo-excitation is shown with a pink arrow, whereas the increased
dipole after photo-excitation (and its new direction) is shown with a yellow arrow. Image adapted from
Ref. [83] and upscaled to higher resolution using AI tools.

causal inference to distinguish whether protein motion drives solvent reorganisation,
solvent dynamics drive the protein response, or whether both arise from a common
underlying process.

Chapter 5 develops a causal measure suitable for equilibrium MD simulations. We
use the Imbalance Gain (IG) approach developed by Del Tatto et al. [15], compare its
results with those obtained using transfer entropy, and develop heuristics for inferring
and justifying causal links in molecular systems. Because IG, which is based on the
II measure, uses ranks of distances rather than explicitly estimating a joint probabil-
ity density, it remains practical for multidimensional variables and avoids many of the
computational challenges associated with transfer entropy. In this chapter, we inves-
tigate causal links in model Langevin systems and in a solvated tryptophan molecule.
In the latter case we observe causal links between different structural variables (such
as dihedrals), as well as energetic quantities (such as protein–solvent interaction ener-
gies).

There are a variety of open questions in the molecular sciences that can be better
addressed through the lens of a “cause” – “effect” framing. This is not limited to the
questions that naturally arise in terms of protein–solvent interactions andwhichmicro-
scopic interactions are primarily responsible for the relaxation of the system in the con-
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text of the TDFSS experiments mentioned above. Earlier we investigated causal links
between dihedral angles of a tryptophan molecule. This leads us to a natural question
of looking at causal links between different structural collective variables (CVs). A
popular class of CVs for biomolecular systems, especially proteins, is principal com-
ponents (PCs) that describe conformational fluctuations very well. PCA is commonly
used to project an atomistic protein trajectory onto an orthogonal basis set of directions
ranked according to the amount of structural variance they explain [92, 93]. A natural
question that arises is if one dihedral angle can have a causal link to another, can one
PC also have a causal link to another? If so, what does this tell us about the nature of
information transfer in proteins?

Chapter 6 attempts to address this question by applying the same causal framework
to collective motion in folded proteins. While PCs are decorrelated at the start, they
are not necessarily dynamically independent. Different PCs can retain memory on
different timescales and may predict one another at finite lag times. The analysis of
the PCs obtained from long-timescale MD of two proteins in this chapter tests whether
the PCs display directional causal relationships that are not otherwise represented by
just their corresponding explained variance. Pairwise IG estimates identify statistically
meaningful causal couplings among selected PCs in both proteins.

In summary, the chapters of this thesis are linked by the distinction between identi-
fying relevant coordinates and assigning direction to their relationships. In Chapter 2
we introduce the key theoretical concepts and tools that have been used in this thesis.
Chapter 3 studies how crystal packing modifies the electronic states and decay path-
ways of L-cysteine, including the predicted participation of triplet states. Chapter 4
develops an information-theoretic procedure for identifying nuclear coordinates asso-
ciatedwith energy-gap closure and changes in oscillator strength during non-adiabatic
dynamics. Chapter 5 examines the conditions underwhich information-transfer asym-
metries in equilibrium molecular systems can be given a causal interpretation. Chap-
ter 6 applies this analysis to the principal components of two folded-state proteins:
ubiquitin and NTL9. Chapter 7 discusses the broader implications and the directions
that follow from these results. Across these studies, distance-based measures pro-
vide a common way to compare molecular representations, select informative coor-
dinates, and examine directional predictive relationships without relying on explicit
high-dimensional probability densities.



2
Theoretical Background and

Methods

This chapter collects the theoretical and methodological background that is used re-
peatedly throughout the thesis. It is organised in two parts. The first concerns the
simulation methods that generate the trajectories analysed in the following chapters:
classical molecular dynamics (Section 2.1), hybrid quantummechanics/molecularme-
chanics (Section 2.2), and non-adiabatic molecular dynamics within the trajectory sur-
face hopping framework (Section 2.3). Then there is a brief overview of the Coulomb
Matrix descriptor framework (Section 2.4) which we use in Chapter 4. The second
concerns the information-theoretic and distance-based tools used to analyse those tra-
jectories: the Information Imbalance and its differentiable formulation (Section 2.5),
the Transfer Entropy (Section 2.6), and the Imbalance Gain (Section 2.7).

2.1 Classical Molecular Dynamics

Molecular Dynamics (MD) is a computational method for studying the physical mo-
tion of atoms as governed by their mutual interactions. In principle, these interactions
are describedmost accurately by a quantum-mechanical treatment, in which the nuclei
and electrons are represented by wave functions obtained by solving the correspond-
ing Schrödinger equation [94]. The need to treat the electronic degrees of freedom
explicitly depends on the phenomena being investigated. Processes involving changes
in electronic structure, such as bond breaking and formation, charge transfer, or elec-
tronic excitation, generally require a quantum-mechanical description. By contrast,
many structural, thermodynamic, and dynamical properties can be studied without
resolving the electronic motion explicitly. For such applications, the effect of the elec-
trons can be incorporated into a parametrized potential-energy function. This approx-
imation enables simulations of much larger systems and longer timescales than are
generally accessible with first-principles methods.

11
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Molecular dynamics methods propagate the atomic nuclei through time by numer-
ically integrating their equations of motion. Classical MD specifically indicates that
the nuclei are treated as classical point particles obeying Newton’s equations. It does
not, by itself, specify how the forces acting on them are evaluated. Within the Born–
Oppenheimer approximation [95], the electronic and nuclear motions are separated
because electrons respond much more rapidly than nuclei. Consequently, the nuclei
can be regarded as moving on a potential-energy surface determined by the electronic
structure. In first-principles or ab-initio MD (AIMD), the electronic energy and the
corresponding forces are calculated on the fly using an electronic-structure method.
In empirical force-field MD, which is the approach considered here, the electronic de-
grees of freedom are not treated explicitly. Instead, the potential-energy surface is
approximated by an analytical force field whose parameters are obtained by fitting to
quantum-chemical calculations, experimental data, or a combination of both. The re-
sulting forces are used to propagate the nuclear coordinates, and the acceleration a𝑖(𝑡)
of atom 𝑖 at time 𝑡 is given by

a𝑖(𝑡) = ¥r𝑖(𝑡) = 𝑑v𝑖(𝑡)
𝑑𝑡

=
F𝑖(𝑡)
𝑚𝑖

(2.1)

where r𝑖 , v𝑖 , and 𝑚𝑖 are, respectively, the position, velocity, and mass of atom 𝑖, and F𝑖
is the force acting on it. This force is obtained from the force field𝑈({r𝑖}) as its negative
gradient with respect to the atomic coordinates,

F𝑖 = −𝜕𝑈({r𝑖})
𝜕r𝑖

, 𝑖 = 1, 2, 3, . . . , 𝑁 (2.2)

where 𝑁 is the number of atoms in the system.
Once the force field, and hence the force on each atom, is known, the trajectory of

every atom is obtained by integrating Equation 2.1 numerically, using schemes such as
the Verlet or Velocity-Verlet algorithms [96]. The general strategy is to discretize time
into small steps Δ𝑡 and to advance Equation 2.1 from 𝑡 to 𝑡 +Δ𝑡. The magnitude of the
time lag Δ𝑡 controls the numerical accuracy of the resulting positions and velocities.
In the Verlet algorithm, the position of atom 𝑖 at 𝑡 + Δ𝑡 is computed from its positions
at 𝑡 and 𝑡 − Δ𝑡 together with its acceleration at 𝑡:

r𝑖(𝑡 + Δ𝑡) = 2r𝑖(𝑡) − r𝑖(𝑡 − Δ𝑡) + a𝑖(𝑡)Δ𝑡2 (2.3)

Here the velocities are not propagated explicitly, instead, they can be recovered at a
given time from a finite difference of the positions at 𝑡 + Δ𝑡 and 𝑡 − Δ𝑡:

v𝑖(𝑡) = r𝑖(𝑡 + Δ𝑡) − r𝑖(𝑡 − Δ𝑡)
2Δ𝑡

(2.4)

When explicit positions and velocities are required at every step, the velocity-Verlet
algorithm is preferred. It advances the position and velocity of each atom from 𝑡 to
𝑡 + Δ𝑡 as:
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r𝑖(𝑡 + Δ𝑡) = r𝑖(𝑡) + v𝑖(𝑡)Δ𝑡 + a𝑖(𝑡)Δ𝑡2
2

(2.5)

v𝑖(𝑡 + Δ𝑡) = v𝑖(𝑡) +
[
a𝑖(𝑡) + a𝑖(𝑡 + Δ𝑡)

2

]
Δ𝑡 (2.6)

As formulated above, the algorithm samples atomic trajectories from the micro-
canonical (NVE) ensemble, in which the number of particles (𝑁), the volume (𝑉), and
the total energy (𝐸) are held fixed. However in many cases, one wants to sample dif-
ferent thermodynamic ensembles to make meaningful connections with experiment.
This is usually carried out at constant temperature (𝑇) and pressure (𝑃), and addi-
tional algorithms are needed to control these quantities and thereby sample from the
canonical (NVT) or isothermal–isobaric (NPT) ensembles. Temperature is commonly
regulated by thermostats such as the Andersen [97], Nosé–Hoover [98], or stochastic
velocity-rescaling (SVR) [99] algorithms, which exchange energy with the system by
periodicallymodifying the atomic velocities. Pressure is controlled by barostats such as
the Berendsen [100], Parrinello–Rahman [101], or stochastic cell-rescaling (SCR) [102]
methods, which act by systematically rescaling the system volume.

In an empirical, non-reactive framework, the force field is conventionally parti-
tioned into bonded and non-bonded contributions,

𝑈total = 𝑈bonded +𝑈non-bonded (2.7)

where𝑈total = 𝑈({r𝑖}). The bonded term describes intramolecular degrees of freedom
such as bond lengths, angles, and dihedrals. In rigid-moleculemodels these are held at
their equilibriumvalues throughout the simulation using constraint algorithms such as
SHAKE [103], SETTLE [104], or RATTLE [105]. The non-bonded term accounts for the
intermolecular electrostatic andweak vanderWaals interactions, which are assumed to
be pairwise additive. The electrostatic contribution is modeled by a Coulomb potential
and the van der Waals contribution by the “6–12” Lennard-Jones potential, giving

𝑈total = 𝑈bonded +
∑
𝑖 𝑗

[
𝑞𝑖𝑞 𝑗
𝑟𝑖 𝑗

+ 4𝜖𝑖 𝑗

(
𝜎12
𝑖 𝑗

𝑟12
𝑖 𝑗

−
𝜎6
𝑖 𝑗

𝑟6
𝑖 𝑗

)]
(2.8)

In Equation 2.8, the first term in the sum is the Coulomb interaction between the
partial charges 𝑞𝑖 and 𝑞 𝑗 , and the second is the Lennard-Jones potential describing
the van der Waals interaction. The two contributions differ markedly in range. The
Lennard-Jones term decays rapidly as 𝑟−6

𝑖 𝑗 and is therefore short-ranged, so it is eval-
uated efficiently by applying a spherical cutoff beyond which the interaction is ne-
glected, often supplemented by a long-range dispersion correction. The Coulomb
term, in contrast, decays only as 𝑟−1

𝑖 𝑗 and therefore it is long-ranged and quite com-
putationally expensive to estimate as a direct pairwise evaluation scales unfavourably
as O(𝑁2). It is therefore handled by Ewald summation [106], which splits the elec-
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trostatic sum into a short-range part evaluated in real space and a smooth long-range
part evaluated in reciprocal space. In practice this is donewith the ParticleMesh Ewald
(PME)method [107, 108], which interpolates the charges onto a grid and computes the
reciprocal-space sum via the fast Fourier transform, reducing the cost to O(𝑁 log𝑁).

2.2 Hybrid Quantum Mechanics/Molecular Mechanics

Whenever the process of interest involves a change in electronic structure while
the surrounding environment can still be described classically, the two descrip-
tions above must be combined. Hybrid quantum mechanics/molecular mechanics
(QM/MM) [109, 110] provides this combination, and the electrostatic embedding vari-
ant [111] is the one used in this thesis.

While classical force fields describe large biomolecular systems efficiently, their
fixed functional form cannot capture inherently electronic processes such as bond
breaking and formation, charge transfer, or electronic excitation. A fully quantum-
mechanical treatment would describe such processes accurately but is computation-
ally prohibitive for systems containing tens of thousands of atoms. Hybrid quantum
mechanics/molecularmechanics (QM/MM)methods, first introduced byWarshel and
Levitt [109], reconcile these two requirements by partitioning the system into two re-
gions: a small subsystem where the chemistry of interest takes place (such as, a reac-
tive site, an active center, or a chromophore) is treated quantum-mechanically, while
the surrounding environment (protein, solvent, membrane) is described by a classical
force field [111]. This strategy has since become the standard approach for modeling
reactivity and electronic processes in biomolecular systems [112, 113, 114].

In the additive QM/MM scheme, the total energy of the system is written as the
sum of three contributions,

𝐸QM/MM = 𝐸QM + 𝐸MM + 𝐸int (2.9)

where 𝐸QM is the energy of the QM subsystem obtained from the electronic-structure
calculation, 𝐸MM is the force-field energy of theMMsubsystem, and 𝐸int is the coupling
energy describing the interaction between the two regions. This coupling term is con-
ventionally decomposed into bonded, van der Waals, and electrostatic contributions,

𝐸int = 𝐸bonded + 𝐸vdW + 𝐸elec (2.10)

The bonded term arises only when covalent bonds cross the QM/MM boundary, in
which case a capping scheme (such as link hydrogen atoms) is used to saturate the
dangling valences. This term, alongside the van der Waals terms are generally evalu-
ated at the MM level, since 𝐸vdW can be described by the Lennard-Jones potential of
the force field. The electrostatic term 𝐸elec is the most important coupling contribution
and the one that most distinguishes the various QM/MM flavours.
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The manner in which the electrostatic QM–MM interaction is handled defines the
embedding scheme [111, 113]. In mechanical embedding, the QM calculation is per-
formed essentially in the gas phase: the MM charges exert no influence on the QM
electron density, and the QM–MM electrostatic interaction is evaluated classically us-
ing a fixed set of point charges assigned to the QM atoms. This is simple but neglects
the polarization of theQMregion by its environment. In electrostatic embedding, which is
the scheme adopted here, theMMpoint charges are incorporated directly into the elec-
tronicHamiltonian of theQM region, so that theQMdensity polarizes self-consistently
in response to the surrounding charge distribution. A third, more elaborate level, polar-
ized embedding, additionally allows theMMregion to respond to theQMcharge density,
however it is not considered here.

In electrostatic embedding, each MM atom 𝐼, carrying a point charge 𝑞𝐼 at posi-
tion R𝐼 , enters the QM electronic Hamiltonian as an additional external one-electron
operator [112, 113],

𝐻̂eff
QM = 𝐻̂0

QM −
∑
𝑖∈QM

∑
𝐼∈MM

𝑞𝐼
|r𝑖 − R𝐼 | +

∑
𝐴∈QM

∑
𝐼∈MM

𝑍𝐴 𝑞𝐼
|R𝐴 − R𝐼 | (2.11)

where 𝐻̂0
QM is the Hamiltonian of the isolated QM subsystem, r𝑖 are the coordinates

of the QM electrons, and R𝐴 and 𝑍𝐴 are the positions and nuclear charges of the QM
atoms (atomic units are used throughout). Solving the resulting self-consistent-field
problem yields a QM electron density 𝜌(r) that is polarized by the MM environment,
and the electrostatic coupling energy takes the form

𝐸elec = −
∑
𝐼∈MM

𝑞𝐼

∫
𝜌(r)

|r − R𝐼 | 𝑑r +
∑
𝐴∈QM

∑
𝐼∈MM

𝑍𝐴 𝑞𝐼
|R𝐴 − R𝐼 | (2.12)

The first term is the interaction of the QM electron density with the MM point charges,
and the second is the interaction of the QM nuclei with those same charges. Because
the MM charges are present throughout the SCF procedure, this scheme captures the
electrostatic influence of the environment on the QM wavefunction, which is its main
advantage over mechanical embedding.

As a general consideration, in electrostatic-embedding QM/MM methods, repre-
senting the MM charge distribution by bare point charges can lead to excessive polar-
ization of the QM electron density, particularly near the QM/MM boundary. In severe
cases, electron density may artificially leak, or “spill out,” toward nearby MM charges.
Depending on the QM/MM implementation, this artifact can be reduced by replacing
the point charges with smeared charge distributions, such as Gaussian distributions,
which ensure that the QM–MM Coulomb interaction remains finite at short distances
as an electron approaches an MM atom.
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2.3 Non-Adiabatic Molecular Dynamics and Trajectory Sur-
face Hopping

Excited-state relaxation requires going beyond dynamics on a single potential energy
surface. The trajectory surface hopping (TSH) technique, and in particular the SHARC
approach [115, 116] (Surface Hopping including ARbitrary Couplings) — an exten-
sion of Tully’s fewest switches surface hopping (FSSH) [117] — allows the nuclei to be
propagated classically on quantum-chemical potential energy surfaces calculated on
the fly [118, 119, 120, 121]. The basic theory is reviewed below.

Mixed quantum–classical dynamics

The Born–Oppenheimer approximation, which underlies most of our chemical intu-
ition, breaks down whenever two or more electronic states approach each other in en-
ergy: the nuclearwave packet then splits over several coupled potential energy surfaces
(PESs), and non-adiabatic transitions between electronic states become possible [118].
A full quantum-dynamical treatment of this branching wave packet is only feasible for
small systems, since the cost scales exponentially with the number of nuclear degrees
of freedom. TSH circumvents this bottleneck through a mixed quantum–classical par-
titioning: the electrons are treated quantum-mechanically, while the nuclei are prop-
agated as an ensemble of independent classical trajectories, each evolving on a single
electronic PES at any given time [118, 121]. The statistical character of the true wave-
packet dynamics, including its branching into different electronic states and reaction
channels, is recovered by allowing the trajectories to hop stochastically between surfaces
and by averaging observables over the whole ensemble [117, 118].

Following Tully [117], the nuclei are assumed to move along classical trajectories
R(𝑡), and the time-dependent electronic wave function can be expanded in a basis of
electronic states, where {𝜓𝐾} represents the electronic wave function for state 𝐾, that
depend parametrically on the nuclear coordinates,

Ψ(r, 𝑡; R) =
∑
𝐾

𝑐𝐾(𝑡)𝜓𝐾(r; R(𝑡)) (2.13)

Here, r represents the electronic coordinates and 𝑐𝐾(𝑡) are the complex expansion coef-
ficients. Inserting this ansatz into the time-dependent electronic Schrödinger equation
yields the equation of motion for the coefficients [118, 121],

d𝑐𝐽
d𝑡

= −
∑
𝐾

𝑐𝐾
( i
ℏ
𝐻𝐽𝐾 + 𝜎NAC

𝐽𝐾

)
, (2.14)

with the electronic Hamiltonian matrix elements 𝐻𝐽𝐾 = 〈𝜓𝐽 | 𝐻̂𝑒 |𝜓𝐾〉 and the scalar
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(time-derivative) non-adiabatic coupling

𝜎NAC
𝐽𝐾 = 〈𝜓𝐽 | 𝜕𝜕𝑡 |𝜓𝐾〉 = d𝐽𝐾 · v, d𝐽𝐾 = 〈𝜓𝐽 | ∇ |𝜓𝐾〉 , (2.15)

where d𝐽𝐾 is the non-adiabatic coupling (NAC) vector and v the classical nuclear veloc-
ity. Equation (2.14) is the semiclassical time-dependent Schrödinger equation, and the
coefficients 𝑐𝐽 define the densitymatrix 𝜌. The diagonal elements of the densitymatrix,
𝜌𝐾𝐾 = |𝑐𝐾 |2, give the electronic populations, and the off-diagonal elements 𝜌𝐽𝐾 = 𝑐𝐽 𝑐∗𝐾
the electronic coherences.

While the electronic coefficients evolve according to Eq. (2.14), the nuclei are prop-
agated by Newton’s equations on the single Born-Oppenheimer PES of the currently
occupied (active) state 𝐿,

𝑀𝛼
d2R𝛼

d𝑡2
= −∇𝛼𝐻𝐿𝐿 , (2.16)

where 𝑀𝛼 and R𝛼 are the mass and position of nucleus 𝛼, and in an adiabatic basis
𝐻𝐿𝐿 is simply the adiabatic energy 𝐸𝐿 of the active state [121]. The electronic and nu-
clear problems are thus coupled: the electronic Hamiltonian depends parametrically
on R(𝑡), while the nuclear force is dictated by the active electronic state.

The Fewest-Switches Surface Hopping (FSSH) criterion

The defining feature of a TSH method is the prescription used to decide when a trajec-
tory switches between different potential-energy surfaces. In Tully’s fewest-switches
algorithm [117], which is the most common formalism of TSH and also the variant
used in this work, the hopping probabilities are chosen so that the fraction of trajecto-
ries running on each state reproduces the quantum populations |𝑐𝐾 |2 while the number
of hops is kept to a minimum. This leads to the instantaneous probability of hopping
from the active state 𝐿 to another state 𝐽 during a time step Δ𝑡 [118, 121],

𝑃𝐿→𝐽 = max
[
0, 2Δ𝑡

𝜌𝐿𝐿

(
ℏ−1 Im

(
𝐻𝐿𝐽 𝜌𝐽𝐿

) − Re
(
𝜎NAC
𝐿𝐽 𝜌𝐽𝐿

))]
, (2.17)

which, in an adiabatic basis where the Hamiltonian is diagonal, reduces to 𝑃𝐿→𝐽 =

max[ 0, −2Δ𝑡 𝜌−1
𝐿𝐿 Re(𝜎NAC

𝐿𝐽 𝜌𝐽𝐿)]. A hop is thus invoked only when the population of
the active state decreases, so that the fewest-switches probability must be evaluated at
every time step along the trajectory. The stochastic decision is then made by drawing a
uniform random number 𝑟𝑡 ∈ [0, 1] and switching to the state 𝐽 that satisfies [118, 121]

𝐽−1∑
𝐾=1

𝑃𝐿→𝐾 < 𝑟𝑡 ≤
𝐽∑

𝐾=1
𝑃𝐿→𝐾 . (2.18)

Two further ingredients are required to make the algorithm physically consistent.
First, because the new active state after a hop generally lies at a different potential en-
ergy, the nuclear velocitiesmust be rescaled to conserve the total energy across the hop.
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The rescaling is usually applied along the direction of the NAC vector d𝐿𝐽 (motivated
by the Pechukas force) or, when NAC vectors are unavailable, along the velocity vec-
tor [118, 121]. If the kinetic energy available in the relevant direction is insufficient to
compensate the energy gap, the hop is classically forbidden and rejected, and this is re-
ferred to as a frustrated hop [118]. Second, because each trajectory follows the gradient
of a single active state whereas the coefficients in Eq. (2.14) keep evolving coherently,
the independent-trajectory approximation renders TSH overcoherent: the electronic
coherences 𝜌𝐽𝐾 do not decay after the wave packet has left the coupling region, spoil-
ing the internal consistency between the average populations and the fraction of tra-
jectories in each state [118, 121]. An a posteriori decoherence correction is therefore
applied at every step, most commonly the energy-based decay-of-mixing scheme of
Granucci and Persico [122], in which the coefficients of the inactive states are damped
as 𝑐new𝐾 = 𝑐𝐾 𝑒−Δ𝑡/𝜏𝐾𝐿 with a decoherence time 𝜏𝐾𝐿 = ℏ |𝐸𝐾 − 𝐸𝐿|−1(𝐶 + 𝜀/𝐸kin), and the
active-state 𝐿 has its coefficient rescaled as 𝑐new𝐿 = 𝑐𝐿

|𝑐𝐿 |
[
1 −∑

𝐾 |𝑐new𝐾 |2 ]1/2.
Within TSH, the evolution and branching of the nuclear wave-packet density are

approximated statistically rather than represented explicitly. An ensemble of indepen-
dent mixed quantum–classical trajectories is initialized by sampling a distribution of
nuclear positions and momenta, while stochastic surface hops distribute the trajecto-
ries among different electronic states and reaction channels during the dynamics. The
resulting trajectory fractions and ensemble averages provide approximate electronic-
state populations, branching ratios, and other observables accessible within the TSH
framework [117, 118, 121].

The SHARC extension: surface hopping with arbitrary couplings

Standard FSSH as described above is formulated in the adiabatic basis and accounts
only for the non-adiabatic couplings 𝜎NAC

𝐽𝐾 that connect electronic states of the same
spin multiplicity, i.e. it describes internal conversion but not intersystem crossing. The
SHARC approach [115, 116] (Surface Hopping including ARbitrary Couplings) gen-
eralises the method so that any type of state-to-state coupling, most importantly the
spin–orbit couplings (SOCs) that drive intersystem crossing, can be treated on the
same footing. This is essential for the systems studied here, where singlet and triplet
manifolds are coupled by SOCs.

The central idea of SHARC is to add these couplings directly to the electronicHamil-
tonian and then perform the dynamics in the basis that diagonalises it. The total elec-
tronic Hamiltonian is written as Ref. [116]

𝐻̂total = 𝐻̂MCH + 𝐻̂additional , (2.19)

where 𝐻̂MCH is the molecular Coulomb Hamiltonian (the commonly named “MCH”
representation), and 𝐻̂additional collects the extra couplings such as the SOC opera-
tor, or electric field-dipole moment couplings. In the MCH representation these ad-
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ditional couplings appear as off-diagonal elements of the Hamiltonian matrix HMCH.
The SHARC dynamics is instead run on the eigenstates of the full Hamiltonian, ob-
tained by a unitary transformation U that diagonalises the MCH matrix [116],

Hdiag = U† HMCH U. (2.20)

This diagonalization gives us the approximate eigenenergies and eigenstates of the to-
tal Hamiltonian. The set of eigenstates of this total Hamiltonian, 𝐻̂total, are referred to
as the “diagonal” representation. In practice, both of these representations are of prime
relevance in the SHARC approach: the MCH representation, in which the electronic-
structure quantities are computed, and the diagonal representation, in which the nu-
clear propagation and the fewest-switches surface hopping are carried out.

Apart from this transformation, the SHARC dynamics retains the full TSH ma-
chinery described above (performed in the diagonal representation): the semiclassi-
cal propagation of the coefficients (Eq. (2.14)), the fewest-switches hopping criterion
(Eq. (2.17)), kinetic-energy rescaling after a hop, rejection of frustrated hops, decoher-
ence correction, and ensemble averaging. This unified treatment of internal conversion
and intersystem crossing is what makes the approach applicable to systems in which
singlet and triplet manifolds are coupled.

2.4 Coulomb Matrix Descriptors

The Coulomb matrix [123] (CM) is a descriptor that is computed between all atoms
for the trajectories in a given electronic state. The Coulomb matrix is defined as:

CM𝑖 𝑗 =


0.5𝑍2.4

𝑖 for 𝑖 = 𝑗
𝑍𝑖𝑍 𝑗
𝑟𝑖 𝑗

for 𝑖 ≠ 𝑗
(2.21)

The diagonal elements can be seen as the interaction of an atom with itself and
are essentially a polynomial fit of the atomic energies to the nuclear charge 𝑍𝑖 . The
off-diagonal elements represent the Coulomb repulsion between nuclei 𝑖 and 𝑗.

2.5 Information Imbalance

The information imbalance (II) is a statistical test, introduced byGlielmo et al., [13]which
quantifies the relationship between different distance measures defined over the same
dataset. It is used in two distinct ways in this thesis. In the first, one asks whether a
set of structural coordinates can explain the variation of an electronic observable such
as an energy gap or an oscillator strength: since vanishing energy gaps correspond to
the approach to a conical intersection, structural variables that encode the energy-gap
landscape identify the nuclear motions responsible for reaching the crossing of two
potential energy surfaces, and the same construction applied to oscillator strengths
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identifies the coordinates that govern the emergence of bright and dark states. In the
second, the II is used as the building block of a measure of directional information
transfer between collective variables, the Imbalance Gain of Section 2.7. Both uses rest
on the same formalism, which is reviewed here.

Information imbalance provides a quantitative measure for comparing the infor-
mation content of two distance metrics, 𝑑𝐴 and 𝑑𝐵, defined over the same set of data
points. Typically 𝑑𝐴 is built on a representation whose informativeness is being tested
— a structural representation such as internal coordinates or Coulombmatrix elements
(Section 2.4), or the present state of a collective variable—while 𝑑𝐵 is built on the target
quantity, such as an electronic observable or the future state of another variable.

As an example, distances in the space of an electronic observable can be defined
between two configurations 𝑖 and 𝑗 as 𝑑𝑖 𝑗𝐵 =



Δ𝐸𝑖 − Δ𝐸 𝑗


 , where Δ𝐸𝑖 and Δ𝐸 𝑗 denote

the electronic energy gaps associated with configurations 𝑖 and 𝑗, respectively, and ‖ · ‖
denotes the Euclidean norm. Distances 𝑑𝑖 𝑗𝐴 are defined analogously using a chosen set
of structural coordinates, or Coulomb Matrix elements.

Given a distance metric 𝑑𝐴, one can define 𝑟 𝑖 𝑗𝐴 as the rank of point 𝑗 among all points
in the dataset when ordered by their distance from point 𝑖 according to 𝑑𝐴. Similarly,
𝑟 𝑖 𝑗𝐵 denotes the rank of point 𝑗 with respect to point 𝑖 according to the distance metric
𝑑𝐵. Intuitively, the representation 𝐴 is considered informative about representation 𝐵
if configurations that are close neighbors according to 𝑑𝐴 also remain close neighbors
according to 𝑑𝐵. In other words, 𝑑𝐴 is informative with respect to 𝑑𝐵 when the neigh-
borhood structure defined by 𝑑𝐴 preserves the neighborhood structure defined by 𝑑𝐵.

The II from 𝑑𝐴 to 𝑑𝐵 is defined as:

Δ(𝑑𝐴 → 𝑑𝐵) := 2
𝑁
〈𝑟𝐵 | 𝑟𝐴 ≤ 𝑘〉 = 2

𝑁2 𝑘

∑
𝑖 , 𝑗: 𝑟 𝑖 𝑗𝐴 ≤𝑘

𝑟 𝑖 𝑗𝐵 , (2.22)

where 𝑁 is the total number of points in the data set and 𝑘 is the number of nearest
neighbor points that are considered. Eq. 2.22 gives us the II, represented asΔ(𝑑𝐴 → 𝑑𝐵),
as a number between 0 and 1. Δ(𝑑𝐴 → 𝑑𝐵) = 0 occurs when all points that are nearest
neighbors according to 𝑑𝐴 remain nearest neighbors in 𝑑𝐵, whereas Δ(𝑑𝐴 → 𝑑𝐵) = 1
occurs when the nearest neighbors according to 𝑑𝐴 are randomly distributed in 𝑑𝐵.
The former case is when 𝑑𝐴 is maximally informative with respect to 𝑑𝐵, and the latter
is when it is minimally informative. While the Information Imbalance was originally
introduced with 𝑘 = 1 [13], it was observed in Ref. [15] that using larger values of
𝑘 — up to a small fraction of the dataset size (e.g., 𝑘/𝑁 = 5%) — yields more stable
and less noisy estimates, particularly when the distance spaces are constructed from
high-dimensional variables. The value of 𝑘 used in each application is stated in the
corresponding chapter.

A recent development extends the original II framework by introducing a differen-
tiable formulation [14]. In this approach, the individual features that define a distance
metric are multiplied by learnable weights, which are optimized through gradient-
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based methods. By allowing the weights to adapt during optimization, this formula-
tion naturally accommodates heterogeneous features that may differ substantially in
their physical units or numerical scales. Consequently, it avoids the need for manual
pre-processing or ad hoc rescaling of the input variables.

This approach, termed theDifferentiable Information Imbalance (DII), enables the au-
tomatic identification of the most informative subset of structural descriptors for a
given dataset. By learning the optimal weighting of features that best preserves the
neighborhood structure of a target representation, DII effectively determines which
coordinates contribute most strongly to defining the relevant distance metric. The DII
can be formally written as

DII(𝑑𝐴(𝑤𝑤𝑤) → 𝑑𝐵) := 2
𝑁2

𝑁∑
𝑖, 𝑗=1

𝑐𝑖 𝑗(𝜆, 𝑑𝐴(𝑤𝑤𝑤))𝑟 𝑖 𝑗𝐵 (2.23)

where,

𝑐𝑖 𝑗(𝜆, 𝑑𝐴(𝑤𝑤𝑤)) := 𝑒−𝑑
𝑖 𝑗
𝐴(𝑤𝑤𝑤)/𝜆∑

𝑚≠𝑖 𝑒
−𝑑𝑖𝑚𝐴 (𝑤𝑤𝑤)/𝜆 (2.24)

In this expression, 𝑤𝑤𝑤 denotes a set of variational parameters that are optimized
via gradient descent to assign different relative weights to the features defining the
distance 𝑑𝐴. The hyperparameter 𝜆 is selected based on characteristic length scales
of the dataset, typically determined from the average and minimum nearest-neighbor
distances. Through this optimization procedure, the method simultaneously identifies
which features in 𝑑𝐴 contain the most predictive information with respect to 𝑑𝐵 and
determines the optimal combination in which these features should contribute to the
distance metric. In the limiting case 𝜆 → 0, the DII formulation (Eq. 2.23) reduces to a
continuous analogue of the standard Information Imbalance defined in Eq. 2.22.

In realistic applications where the II has been employed across diverse problems,
there is no universal threshold for what constitutes an informative value; however,
empirical benchmarks can be established. In practice, II values in the range of 0.1–0.4
are typically considered highly informative and represent near-optimal performance,
particularly in molecular systems where noise and imperfect correlations between de-
scriptor spaces (e.g., structural features) and target observables (e.g., energy gaps or
oscillator strengths) are unavoidable. Values between 0.4–0.7 still indicate a moder-
ate degree of informativeness, while values in the range of 0.7–0.9 correspond to weak
correlations. Values approaching 1.0, by contrast, indicate an absence of meaningful
information content [124, 125, 126, 14, 8].

When the DII is used for feature selection, the space of possible feature combina-
tions must be explored without incurring the combinatorial growth associated with
testing all possible subsets. Throughout this thesis this is donewith the forward greedy
selection strategy introduced in Ref. [13], combined with the DII implementation pro-
vided in the DADApy Python library [127]. The sequence of dimensionality-reduction
steps in which this selection is embedded is described, where relevant, in the corre-
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sponding chapter.

2.6 Transfer Entropy

The Transfer Entropy, in its bivariate formulation, quantifies how the future state of a
time-dependent random variable (RV) 𝑌𝑡 can be better predicted given the knowledge
of the current states of both 𝑌𝑡 and a second variable 𝑋𝑡 , rather than using only the
present state of 𝑌𝑡 [63, 128]. We use the following definition of Transfer Entropy in
direction 𝑋 → 𝑌:

TE𝑋→𝑌(𝜏) := 𝐻(𝑌𝜏 | 𝑌0) − 𝐻(𝑌𝜏 | 𝑋0 , 𝑌0) , (2.25)

where 𝜏 is a discrete and positive time lag and 𝐻(· | ·) denotes a conditional entropy.
For discrete RVs, both terms can be written as conditional Shannon entropies,

𝐻(𝑌𝜏 | 𝑌0) = −
∑
𝑦𝜏 , 𝑦0

𝑃(𝑦𝜏 , 𝑦0) log 𝑃(𝑦𝜏 | 𝑦0) , (2.26a)

𝐻(𝑌𝜏 | 𝑋0 , 𝑌0) = −
∑

𝑦𝜏 , 𝑥0 ,𝑦0

𝑃(𝑦𝜏 , 𝑥0 , 𝑦0) log 𝑃(𝑦𝜏 | 𝑥0 , 𝑦0), (2.26b)

where 𝑃(·, ·) and 𝑃(· | ·) denote the joint and conditional probability distributions of
their arguments, respectively. The sums run over all possible realizations of the RVs
𝑌𝜏, 𝑋0 and 𝑌0, denoted by lowercase letters. For continuous-valued RVs, Eqs. (2.26)
can be generalized to differential entropies, which are obtained by replacing sums with
integrals and discrete distributions with probability densities. Throughout this thesis,
Shannon and differential entropies are computed over stationary distributions gener-
ated by equilibrium processes. In this setting, the choice of the initial time 𝑡 = 0 is
arbitrary.

Intuitively, TE𝑋→𝑌(𝜏) quantifies howmuch knowing 𝑋 at time 0 helps to reduce the
uncertainty about 𝑌 at time 𝜏, beyond what is already explained by the past of 𝑌 itself.
Technically, the inequality TE𝑋→𝑌(𝜏) > 0 is equivalent to the conditional dependence
relationship 𝑋0 6⊥⊥ 𝑌𝜏 | 𝑌0 (read: 𝑌𝜏 depends on 𝑋0 given 𝑌0), which allows stating the
existence of a causal link (direct or indirect) from 𝑋0 to 𝑌𝜏, if 𝑋 and 𝑌 are not affected
by any common driver 𝑍 (details are provided in Appendix C.1). If the same measure
in the opposite direction, TE𝑌→𝑋 , is equal to zero after lag 𝜏, we say that the transfer
of information from 𝑋 to 𝑌 is (effectively) unidirectional after that time lag.

Computing Eqs. (2.26) in practice, given the time-series realizations of 𝑋 and 𝑌,
can be challenging. When 𝑋 and 𝑌 are one-dimensional variables, the joint and con-
ditional probabilities in Eqs. (2.26) can be estimated by trivial maximum likelihood
estimators [129], which involve counting the occurrence of all joint events (in the dis-
crete case) or constructing histograms (in the continuous case). However, when 𝑋

and 𝑌 are multi-dimensional, classical estimation techniques often break down due to
the curse of dimensionality, which severely hinders the accurate estimation of prob-
ability distributions — particularly in the continuous setting. This issue frequently
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arises in molecular systems, where the CVs describing the mesoscopic state are of-
ten intrinsically high-dimensional (for example, all the internal dihedrals of a protein
molecule). In such scenarios, nearest-neighbor-based entropy estimators [130, 131, 132,
133] represent a computationally efficient alternative. Where Transfer Entropy is com-
puted in this thesis, the nearest-neighbor estimator proposed in Ref. [133] is used for
continuous-valued variables, and a simple maximum likelihood estimator [129] for
discrete ones. Technical details on these estimators are provided in Appendix C.1.

2.7 Imbalance Gain

As an alternative strategy to mitigate the curse of dimensionality, Ref. [15] introduced
the Imbalance Gain (IG), a distance-based measure inspired by Transfer Entropy that
does not require the explicit estimation of probability densities. It probes conditional
independence by a suitable rank statistics, and builds directly on the Information Im-
balance of Section 2.5.

In the same spirit of Transfer Entropy and Granger Causality, in Ref. [15] it was
proposed to use Eq. (2.22) to verify whether the prediction of 𝑑𝑌𝜏 can be improved by
using a “mixed” distance space including both variables𝑋0 and𝑌0, rather than𝑌0 alone.
Specifically, the condition TE𝑋→𝑌 > 0 was translated into the following inequality:

min
𝛼

Δ(𝑑𝛼𝑋0 , 𝑌0 → 𝑑𝑌𝜏) < Δ(𝑑𝑌0 → 𝑑𝑌𝜏) . (2.27)

Here, 𝑑(·) denotes a Euclidean distance built over the subscript variables. For exam-
ple, notation 𝑑𝛼𝑋0 , 𝑌0 , where 𝛼 is a multiplicative scalar factor, identifies the following
distance between points 𝑖 and 𝑗:

𝑑𝑖 𝑗𝛼𝑋0 , 𝑌0
=

(
𝛼2‖𝑋 𝑖

0 − 𝑋 𝑗
0‖2 + ‖𝑌 𝑖0 − 𝑌 𝑗0‖2

)1/2
, (2.28)

where ‖·‖ is the Euclidean (L2) norm. The parameter 𝛼 controls the relative importance
of 𝑋0 and 𝑌0 in the optimal distance space that one can construct to predict 𝑌𝜏. Indices
𝑖 and 𝑗 denote independent initial conditions (𝑡 = 0), which can be sampled from a
single trajectory if the process is stationary.

Eq. (2.27) can be written equivalently as IG𝑋→𝑌(𝜏) > 0, by defining the Imbalance
Gain in direction 𝑋 → 𝑌 as [15]

IG𝑋→𝑌(𝜏) :=
Δ(𝑑𝑌0 → 𝑑𝑌𝜏) − min𝛼 Δ(𝑑𝛼𝑋0 , 𝑌0 → 𝑑𝑌𝜏)

Δ(𝑑𝑌0 → 𝑑𝑌𝜏)
. (2.29)

If IG = 0, adding the information about 𝑋0 does not improve the prediction of 𝑌𝜏, since
the best possible predictor is 𝑌0 alone. A positive value of IG𝑋→𝑌(𝜏) indicates instead
that the inclusion of 𝑋0 improves the prediction of the future state of 𝑌, providing
evidence for a putative causal link at lag 𝜏. As already discussed, the observation of
IG > 0 between two variables does not imply that a causal link between the two ex-
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ists, since both variables could be caused by a third unobserved variable. However, if
one finds that IG = 0 (or small, in practical applications) one can conclude that the
causal link does not exist [15]. Since the IG is estimated using distances between con-
figurations, it naturally accommodates high-dimensional descriptors and avoids the
computational problems that are encountered when one attempts to infer causal links
from Transfer Entropy, which requires estimating conditional probability distributions
in high-dimensional spaces [63, 134].

Because the Information Imbalance is computed over a set of points, the estimate
presupposes access to multiple replicas of the trajectory. If the available data consist
of a single trajectory, an ensemble of replicas is constructed by dividing the trajectory
into non-overlapping chunks. The range and resolution of the grid over which 𝛼 is
optimised, and the number of neighbours 𝑘, are specified per application in the corre-
sponding chapter.

We also quantify a putative causal link between two variables from the integral of
the IG over time (IG Total):

IGT𝑋→𝑌 =
∫ ∞

0
IG𝑋→𝑌(𝜏′)𝑑𝜏′ (2.30)

We note that previous studies using data from equilibrium molecular dynamics
simulations have also considered asymmetries in the time-lagged two-body cross cor-
relation functions 〈𝑋0𝑌𝜏〉 to infer causal links [72, 66]. However such correlation func-
tions are invariant under the exchange of 𝑋 and 𝑌: 〈𝑋0𝑌𝜏〉 = 〈𝑋−𝜏𝑌0〉 = 〈𝑋𝜏𝑌0〉 (the
first equality holds under the assumption of stationarity, while the second follows from
time-reversibility). Therefore, asymmetries in these correlation functions, if observed,
can only be due to statistical errors, violations of time-reversibility induced by the in-
tegrator, and/or by the thermostat/barostat.



3
Crystallization of L‐Cysteine

in Heavy Water
Induces Intrinsic Fluorescence

Developing non-invasive techniques that can probe how solvents modulate the nucleation path-
ways of bioorganic molecules in solution remains an active and open area of research. Herein,
we investigate the crystallization of the amino acid L-Cysteine and show that both the structure
of the crystal and its intrinsic fluorescence can be drastically altered by solvent isotope effects.
Crystals formed in heavy water exhibit markedly different intermolecular packing as well as
strikingly different monomer conformations compared to those in light water. Remarkably, these
differences in the supramolecular packing result in significantly elevated intrinsic fluorescence
in the crystal that is formed in heavy water. Using a combination of experimental techniques
and advanced electronic structure approaches, we elucidate the molecular interactions within
the crystals that govern both the electronic origins and the intensity of their emission. These
findings demonstrate how tuning the solvent by changing its isotope leads to the emergence of
design principles for new intrinsic fluorophores that could serve as novel sensing probes for
biomedical applications.

3.1 Introduction

The formation of ordered supramolecular assemblies by various metabolites including
amino acids, has been extensively studied in recent years. These simple and biocom-
patible building blocks can assemble into ordered architectures with unique chemical,
physical and optical properties [135, 136, 137, 138, 139]. One of the most intriguing
observations within this context, is non-traditional intrinsic luminescence (NTIL) [33,
34], a phenomenon where non-aromatic or more generally, non-conjugated groups
under physico-chemical confinement exhibit visible emission. Curiously, this phe-
nomenon appears to contradict the conventional chemical paradigm that fluorescence
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in chemical and biological systems arises from aromatic or, more generally, conjugated
groups [19].

NTIL is typically associatedwith hetero-atomic sub-luminophores (HASLs), which
are chemical moieties rich in lone-pair electrons or polar bonds, such as amines,
amides, ethers, hydroxyls, esters, nitriles, imines, carbonyls (C=O) or sulfur/phos-
phorus groups. The key principle behind NTIL is that when these HASLs are
forced into close proximity and their molecular motion is restricted due to chemical-
crosslinking [140, 141] and various forms of confinement [142, 143] due to, for ex-
ample, non-covalent interactions such as hydrogen-bonding. This unexpected non-
aromatic fluorescence (NAF) has now been observed in a variety of biological and
synthetic supramolecular assemblies constituting amino acids [32, 144, 37, 10], pep-
tides [28, 145], peptide-based dendrimers [146, 147], oligosaccharides [31], amyloid
fibrils [29, 30, 148, 149, 150, 46], and other proteins [151, 47, 40, 48], all of which lack
aromatic building blocks. In the last decade, there have been several proposals on
the electronic and spectroscopic origins of this phenomenon. This includes the de-
localization of electrons across the peptide backbone structure [28], the existence of
short hydrogen-bonds that permit proton transfer [30, 37], charge transfer excitations
between polar amino acids [47], and constrained carbonyl groups leading to fluores-
cence [152, 36, 35, 38]. The manifestation of these various effects in different types of
aggregates or assemblies [39, 40, 41, 42, 43, 44, 45] with different chemical properties,
remains an open area of study from both experimental and theoretical perspectives.

Organic crystals offer excellent model systems for exploring the microscopic ori-
gins of NAF since one can determine the key interactions governing this phenomenon
in a more controlled setting. It is widely recognized that molecular packing plays a
crucial role in organic solid-state emission [52], where even minor changes in molec-
ular arrangement can lead to substantial variations in photophysical properties [49,
50, 51, 153]. For example, different crystal polymorphs of the same compound can
display variations in emission wavelengths or engage in fundamentally different pho-
tophysical processes, including thermally activated delayed fluorescence (TADF), and
persistent room temperature phosphorescence (p-RTP) [154, 155, 156, 157, 158, 159].
Interestingly, very recent work has shown that changing the chemistry and physical in-
teractions associated with amino acids in crystals through the introduction of sugars,
can significantly enhance luminescence [160].

Our search for novel compounds exhibitingNAF, has led us to investigate how crys-
tal polymorphism can affect optical properties in L-Cysteine (Cys). The thiol chem-
istry associated with Cys is essential for stabilizing tertiary and quaternary protein
structures [161, 162, 163]. Furthermore, the thiol group also makes Cys extremely sen-
sitive to redox chemistry – a factor that has been linked to the medical pathology of
various diseases associated with protein aggregation [164, 165, 166, 167, 168]. Within
the context of fluorescence spectroscopy, Cys has also been suggested to function as a
quencher of fluorescence of aromatic and heterocyclic compounds [169, 170, 171, 172].

In this work, we present a joint experimental and theoretical study expanding our
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understanding of non-aromatic fluorescence focusing on Cysteine crystals grown in
H2O(Cys-H) andD2O(Cys-D). Over the last decades, there has been a growing appre-
ciation that biophysical processes [173] such as protein folding and aggregation can be
subtly modulated using either light (H2O) or heavy water (D2O). Surprisingly, these
two crystals have starkly different crystal structures as well as optical properties. Inter-
estingly, Cys-D exhibits enhanced fluorescence compared to Cys-H. This enhancement
originates from subtle differences in themolecular packing and hydrogen-bonding net-
works of Cys crystals formed in light versus heavy water. By deploying excited-state
non-adiabatic molecular dynamics simulations, we unravel the nature of the electronic
states that trigger non-radiative decay pathways involving the amine (C–N) and thiol
(S–H) groups differently for Cys structures crystallized in light and heavy water. Our
findings formpart of a broader effort elucidated in previous studies showing that single
amino acids or polypeptide chains in isolation do not display these anomalous optical
properties. However, crystals (including L-Cysteine) appear to display blue fluores-
cence emission, a feature which is strongly modulated by the nature of the interactions
that stabilize the crystal or aggregate [174, 33, 32, 34].. We also show the importance
of the coupling of both singlet and triplet state emission for Cys-D indicating a much
more complex origin in the underlying photoluminescence than is evident at first sight.
These insights could guide the rational design of bioorganic fluorophores with tunable
emission, opening new avenues for imaging, sensing, and photonics in biological sys-
tems.

3.2 Methods

The theoretical background underlying the simulations reported in this chapter —
classical molecular dynamics, hybrid QM/MMwith electrostatic embedding, and non-
adiabatic molecular dynamics within the trajectory surface hopping and SHARC for-
malisms — is presented in Chapter 2. This section describes only the setup specific to
the Cys-H and Cys-D crystals.

3.2.1 Classical MD simulations

The system was first prepared by extracting the crystal structures and building an ap-
propriately large supercell (6×9×5 for Cys-H and 9×6×5 for Cys-D). The Generalized
Amber Force Field (GAFF) [175] was used for all MM parameters. First, the system
was equilibrated at 300 K in the NVT ensemble for 10 ns with a time-step of 2 fs and
with the Stochastic Velocity Rescaling (SVR) thermostat [99] with 𝜏 = 1.0 ps. Next,
a 200 ns NVT simulation was performed with the same thermostat parameters and a
constraint on all bonds involving hydrogen atoms. From this simulation, 40 indepen-
dent frames were extracted every 5 ns. These frames are used as input for the QM/MM
simulations that follow. All the classical simulations were running using AMBER 2023
software [176, 177].
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3.2.2 Ground-state QM/MM simulations

To get an accurate idea of the optical properties of these crystals, we need to consider
the effect of the environment. Since it is computationally prohibitive to model the
dynamics of the entire crystal with a fully quantum-mechanical approach, we use a
QM/MM [109, 110] setup with an electrostatic embedding scheme [111], as described
in Section 2.2.

First, we take the 40 independent frames we extracted from the classical MD, and
then select the relevant QM dimers (see Fig. A.4a, A.4b). Then we proceed with the
equilibration of the temperature of the selected QMdimer region at 300 K. This is done
using ORCA 5.0.4 [178, 179, 180, 181, 182] for the QM region, together with AMBER
2023 [176, 177] for the MM. We work at the DFT level of theory with the CAM-B3LYP
functional [183] and the Karlsruhe def2-SVP basis set [184, 185]. To speedup calcu-
lations, the RIJ-COSX [186] approximation is used to estimate the HF exchange and
Coulomb integrals. The QM region is equilibrated in the NVT ensemble at 300 K, em-
ploying the SVR thermostat [99] with a very tight coupling (𝜏 = 0.01 ps), with no bond
constraints, and a time-step of 0.5 fs. After 1 ps, we verify temperature equilibration and
then run it for another 5 ps with amore typical thermostat coupling (𝜏 = 0.5 ps). The fi-
nal frames (nuclear positions and velocities) of these equilibrated trajectories are taken
as the initial conditions for the NAMD QM/MM simulations that follow. These frames
are also used to perform absorption spectra calculations which give us an insight into
the nature and excitation energies of relevant transitions.

3.2.3 Non-adiabatic MD simulations

To study the excited state dynamics and photophysical relaxation of these two systems,
we use the Trajectory Surface Hopping (TSH) technique, in particular, the SHARC ap-
proach [115, 116], which is an extension of Tully’s Fewest Switches Surface Hopping
(FSSH) [117] method. This class of methods allow the nuclei to be propagated clas-
sically on quantum-chemical potential energy surfaces calculated on-the-fly [118, 119,
120, 121].

As discussed in Section 2.3, the advantage of the SHARC formalism is the ease of
incorporating both time-dependent non-adiabatic coupling (TD-NAC) and spin-orbit
coupling (SOC) on the same footing. We include the first 5 singlet states (S0 − S4)
and 5 triplet states (T1 − T5) in the calculation. Notably, in SHARC, the individual
𝑀𝑠 components of the triplet states are explicitly included, resulting in a total of 20
electronic states considered in the simulations.

All trajectories were started from S1 after simulating vertical excitation, and then
evolved with a time-step of 0.5 fs in the NVE ensemble using the velocity verlet in-
tegration scheme [96, 187]. The functional and basis set used for NAMD are the
same as in the ground-state QM/MM dynamics and excitation energies and oscillator
strengths were calculated with TDDFT [188] using the Tamm-Dancoff Approximation
(TDA) [189] to overcome well-know problems with triplet instabilities [190, 191]. The
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usage of TDA in TDDFT has also been shown to improve its behavior at/near conical
intersections for a variety of systems [192, 193, 194].

The time-dependent non-adiabatic coupling is computed using the numerical dif-
ferentiation scheme suggested byHammes-Schiffer and Tully [195]which use the over-
lap integrals between the wavefunctions at different time-steps. In addition, we em-
ployed the energy-based decoherence correction proposed byGranucci et al. [122]with
a decoherence parameter of 0.1 Hartree. For the integration of the electronic equation
of motion, 25 sub-steps were chosen. The trajectories were propagated for 2 ps, with
the criteria for a hop to the ground state set at an energy difference between the active
state and S0 at 0.2 eV in accordance with other studies using TDDFT [196, 197, 198]. In
our approach, we adjust the kinetic energy of the system by rescaling the velocity after
a surface hop to conserve energy, while no action is taken in case a hop is frustrated
due to insufficient kinetic energy.

The TSH simulations were done using a framework of SHARC 3.0.1 [199] (TSH
implementation), ORCA 5.0.4 [178, 179, 180, 181, 182] (QM calculations), and TINKER
6.3.3 [200] (MM calculations).

3.3 Results

3.3.1 Experimental Measurements Reveal Enhanced Intrinsic Fluorescence
of Cysteine in D2O vs H2O

We prepared crystals of L-Cys in D2O and H2O using the heating and cooling
method [201]. Specifically, L-Cys was dissolved in H2O and D2O at 90 ◦C until the
solution became clear and transparent. Subsequently, the amino acid solutions were
cooled to room temperature to allow crystals to form.

Following crystallization, confocal microscopy was used to investigate the optical
properties of the crystals. The crystalswere illuminated by laser light, and their fluores-
cence was recorded. An excitation wavelength of 405 nm was used to capture images
of fluorescence and brightfield. It was evident from the images taken of the crystals
formed in H2O that the fluorescence was very low, as seen in Fig. 3.1a. Crystals formed
in D2O however, showed significantly higher fluorescence than crystals formed in H2O
(Fig. 3.1b). Confocal microscopywas also performed onmultiple crystals together and
the same trend was observed with crystals formed in D2O displaying higher fluores-
cence (Fig. 3.1c and Fig. 3.1d).

To obtain a more quantitative comparison of the fluorescence intensity arising from
the crystals formed in H2O versus D2O, the emission spectra were extracted from the
confocal microscope and the fluorescence signals were quantified. The crystals pre-
pared in D2O produced more enhanced fluorescence signals that were approximately
an order of magnitude higher than those prepared in H2O (Fig. 3.1e). Note that these
features were reproduced on three independent measurements on multiple crystals
and the standard error of these measurements is shown in Fig. 3.1e.
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Figure 3.1: In panels a and b, the confocal microscopic images of single crystals of Cys-H and Cys-
D that are excited at a wavelength of 405 nm are shown, respectively. In panels c and d, the confocal
microscopic images of aggregate of crystals of Cys-H andCys-D that are excited at a wavelength of 405 nm
are shown, respectively. Each of these four panels consist of brightfield, fluorescence, and merged image
of the crystals (from left to right). In panel e, the emission spectra of Cys-H (pink) and Cys-D (green)
captured with a confocal microscope is shown. The standard error over 3 independent measurements are
highlighted with vertical bars as well. In panel f, the FLIM spectra after excitation at 480 nm of crystal
aggregates captured with a time-correlated single-photon counting (TCSPC) system for Cys-H (pink)
and Cys-D (green) is shown.

Although the preceding results indicate that the optical properties of the crystals in
H2O and D2O are different, the setup of the confocal microscope has a limited sensitiv-
ity for resolving the fluorescence intensity. We thus turned to using a time-correlated
single-photon counting (TCSPC) system to conduct fluorescence lifetime imaging mi-
croscopy (FLIM). Cys crystals were uniformly distributed on a microscope slide prior
to imaging. The FLIM system, equipped with a TCSPC card and two detectors, was
used to capture images and record the fluorescence lifetimes of the crystals in both
H2O and D2O under identical conditions. Using FLIM, we also find that the crystals
in D2O display enhanced fluorescence compared to those in H2O (Fig. 3.1f). In addi-
tion, the absolute quantum yield was determined for both Cys-H and Cys-D at room
temperature on multiple crystals, the former being 0(±0.05)% (that is, there was no
measurable quantum yield within the error bars of the instrument), and the latter at
8(±0.02)% (see Fig. A.1 for details).
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3.3.2 Supramolecular Packing of Cysteine Crystals are Different in D2O vs
H2O

Cysteine has two well-known crystal polymorphs when crystallized in H2O at both
ambient and low temperatures. One of them is a monoclinic crystal [202, 203], while
the other is orthorhombic [204, 205, 206]. The striking differences between the optical
properties of Cys-H and Cys-D indicate that there must be some important structural
differences between the two crystals. Therefore, to understand the structural features
contributing to the differences in the optical properties between the two crystals in
H2O and D2O, we first investigated their crystal packing. We resolved the latter struc-
ture by performing single-crystal X-ray diffraction (SC-XRD) (see Section A.1 for more
details), while the formerwas taken fromRef. [203]. Crystal data collection and refine-
ment parameters are shown in Appendix Table A.1. To the best of our knowledge, this
is the first time the structure of Cys has been crystallized and characterized using D2O
as a solvent. Neither Cys-H nor Cys-D contains any crystallographic light/heavywater
molecules. One interesting feature to note is that the Cys-D structure bears a striking
similarity to the orthorhombic structures that have been observed in Refs. [204, 205,
206, 207], indicating an underlying crystal polymorphism. We have independently
verified that single-crystal X-ray diffraction analysis of Cysteine in H2O yields a mon-
oclinic structure consistent with previous reports in the literature (see Appendix Table
A.2 for more details).

a

c

b

d

Figure 3.2: Panels a and b show an overview of the crystal packing in Cys-H [203] and Cys-D re-
spectively. Panel c shows the monoclinic unit cell of Cys-H, while d shows the orthorhombic unit cell
of Cys-D, each containing 4 monomers, with some typical hydrogen bonds and their lengths between O
(red) and N (blue) atoms highlighted.
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The two different structures thus formed by crystallizing cysteine in H2O (Cys-
H) and D2O (Cys-D) are shown in Fig. 3.2a (monoclinic) and Fig. 3.2b (orthorhom-
bic). Both crystals consist of 4 monomers in the unit cell with subtle differences in
the packing arrangement, specific interactions involving the hydrogen bonds (HBs),
and the conformations of the cysteine molecules. Specifically, the N-C termini HBs
typically range between 2.70–3.02 Å in Cys-H, (Fig. 3.2c) while in Cys-D (Fig. 3.2d)
they range between 2.76–2.96 Å. Differences along other dihedral angles involving the
O–C–C𝛼 –C𝛽 are also observed (see Fig. A.2) which ultimately play an important role
in affecting the fate of cysteine on the excited state.

While the XRD experiments provide insight into the different crystal structures of
Cys-H and Cys-D, they do not reveal the positions of hydrogen atoms, as these can-
not be resolved. However, given the subtle differences between Cys-H and Cys-D, it is
important to establish whether these crystallographic differences arise from a hydro-
gen isotope effect or an environmental solvent effect. Therefore, electrospray ioniza-
tion mass spectrometry (ESI-MS) in positive ion mode was performed on both crys-
tals and the results are shown in Fig. A.3. The mass spectrum of Cys-H (Fig. A.3a)
shows an intense m/z peak at 122.1, which is consistent with the fragment of the pro-
tonated molecule ([cySH+H]+) [208]. The same m/z peak is observed at 122.4 for
Cys-D (Fig. A.3b), thus confirming the presence of hydrogen atoms in both crystals.
Other characteristic peaks of cysteine, i.e. at m/z 152 and 241, can be also observed in
the spectra, as well as the ion peak corresponding to sodiated cystine ([cySScy+Na]+)
at m/z 263. The detected ion peaks provide further validation that the differences in
the physical properties in the two structures do not originate from isotope differences
- all non-carbon, non-nitrogen, and non-sulfur atoms are hydrogen in both crystals.

3.3.3 Molecular Mechanisms and Electronic Origins Behind Intrinsic Fluo-
rescence of Cysteine in Heavy Water

The preceding experimental results show a striking effect of the solvent (H2O vs D2O)
on the resulting cysteine crystal structures. To understand the differences in the opti-
cal properties of Cys-H and Cys-D, we turned to conducting mixed quantum/classi-
cal molecular (QM/MM) electronic structure calculations that probe the absorption,
emission, and non-radiative decay mechanisms. Time-Dependent Density Functional
Theory (TDDFT)with the CAM-B3LYP functional was used for all our electronic struc-
ture calculations (see Section 3.2 for more details). We carved out twomonomers from
each unit cell forming a dimer which was treated at QM level (see Fig. A.4). Note that
the criterion for choosing these QM dimers was based on making sure that the highest
number of HBs were formed between the N and C termini. This was then embedded
in a periodic environment consisting of MM cysteine molecules. Given the high com-
putational cost of these simulations, we strike a careful balance between efficiency and
accuracy, guided by previous approaches introduced by some of us [38, 6]. In Sec-
tion A.2, we present validation tests using more accurate electronic structure methods
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and a larger QM region to justify our approach.
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Figure 3.3: In panel a, the theoretically computed absorption spectra for Cys-H (pink) and Cys-D
(green) and fluorescence emission spectrum (blue) for Cys-D is shown. The shaded blue region denotes
the standard error in theoretical estimation since it is an average over 40 independent trajectories. The
dashed vertical lines (green - 209 nm, pink - 215 nm) represents the wavelength corresponding to the
S0 → S1 transition in our electronic structure calculations for Cys-D and Cys-H, respectively. Panel b
shows the 2 types of S0 → S1 transitions that occur commonly. In (b.i), we see an n → 𝜋∗ transition
that occurs on the carbonyl (CO) group, whereas in (b.ii) we see an n → 𝜎∗ transition that is present
in the SH moiety. Panel c shows the evolution of the average population of the singlet electronic states,
where S1 and S0 are denoted by solid and dashed lines respectively. Results corresponding to Cys-D and
Cys-H are shown in green and pink, respectively. In panel d, the oscillator strengths obtained from the
TSH simulations, corresponding to S1 → S0 emission are shown. Results corresponding to Cys-D and
Cys-H are shown in green and pink, respectively.

We first determined the absorption spectra for both systems using TDDFT, based
on a sample of 40 independent configurations from the ground state equilibrium simu-
lations (see Section 3.2 for further details). Figure 3.3a shows the absorption spectra for
Cys-H and Cys-D. In both cases, the lowest excitation energies are found to be around
210 nm (5.9 eV) (see Fig. A.5a for a zoomed-in version). To gain further insight into
the nature of the low-lying electronic transitions, we examined the molecular orbitals
involved in the S0 → S1 excitations. Figure 3.3b illustrates the molecular orbitals as-
sociated with two typical excitations observed in both systems: i) n → 𝜋∗ transition
involving the C-terminus carboxylate groups and ii) n → 𝜎∗ transition localized on the
S–H (thiol) group.

Although both of these transitions can characterize the S0 → S1 excitation, there are
differences in their occurrence in both systems. In Cys-H, the initial excitation is more
or less equally probable to be of either type, while for Cys-D, it is much more likely
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to be of type i) than type ii) (see Appendix Table A.3 for details). The differences in
crystal packing between Cys-H and Cys-D seem to significantly influence the nature of
electronic transitions in the Franck-Condon region. Consequently, the variations ob-
served in fluorescence are expected to becomemore pronounced as the system evolves
in its electronically excited states.

Analysis of the 40 simulated trajectories for each system revealed distinct non-
radiative decay pathways for Cys-H and Cys-D. In Cys-H, 90% of trajectories decayed
non-radiatively to the ground electronic state, while in Cys-D, this pathway was ob-
served in only 33% of trajectories. This difference corroborates the experimentally ob-
served enhancement of emission intensity upon the change of packing from the crystal
structure of Cys-H to that of Cys-D. Furthermore, Cys-D displays sizable intersystem
crossing (ISC), with an additional 33% of trajectories populating the triplet states. In
contrast, ISC was less prevalent in Cys-H, accounting for only 7.5% of the simulated
trajectories. At the end of our 2 ps NAMD simulations, only 5% of trajectories remained
in S1 for Cys-H, while 33% did so for Cys-D. For the latter, we can use the trajectories
that remain on S1 to estimate the fluorescence emission spectrum which is shown by
the blue curve in Figure 3.3a. This emission spectrum is blue-shifted compared to the
experimental spectra by about 80 nm (0.5 eV) which is within the theoretical error bars
of the electronic structure methods we are employing. Later on (see Section A.2 and
Fig. A.8), we present benchmarks to determine theoretical error bars for our choice of
electronic structure method and discuss their implications for comparisons with ex-
perimental results.

We begin first by examining the behavior of the excited state dynamics involving
the singlet states. Figure 3.3c shows the average electronic populations of the S0 and
S1 states for both Cys-H and Cys-D. Here we clearly observe that in Cys-H, the S1 pop-
ulation reduces significantly within the first 250 fs, and thereafter continues decaying
further, while for Cys-D, the population decay occurs over a significantly longer time-
scale. The corresponding curves for the S0 state are also shown mirroring the behavior
of the S1. These theoretical predictions are thus fully consistent with the experimental
observation of photoluminescence only in Cys-D.

The lower probability of non-radiative decay in Cys-D, on its own, is not sufficient
to lead to non-aromatic fluorescence. Specifically, we also need the excited state on
which the system exists to be bright. This is characterized in terms of the oscillator
strength between S1 and S0. In Figure 3.3dwe see the probability distribution function
of the oscillator strengths for the S1 → S0 transition, and we can see clearly that Cys-
D has a higher probability of having a larger oscillator strength than Cys-H, thereby
contributing to a bright photoluminescence which is, again, in good agreement with
the experimental results.

Having established the differences in the energetic and electronic properties on the
excited state of Cys-H and Cys-D we next dissect the vibrational modes that lead to
non-radiative decay in both systems. In recent works [30, 36, 37, 38], research by some
of us has shown that specific vibrational modes such as the carbonyl stretch, proton
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transfer, and deplanarization play a critical role in modulating the excited-state life-
times of glutamine, peptide chains, and amyloids. In particular, by constraining/lock-
ing these modes the barriers to accessing conical intersections (CIs) can be raised. As
a result, this pathway is either delayed or completely inhibited, reducing the rate of
the non-radiative decay and thereby increasing the likelihood of photon emission. The
excitations involving the n-𝜋∗ and n-𝜎∗ shown earlier in Figure 3.3b, prompted us to ex-
amine vibrational coordinates associated with these regions of the molecules. Specifi-
cally, in the case of the n-𝜋∗ transition, a natural expectation would be the lengthening
of the C––O bondwhile for the n-𝜎∗, therewould be an increase in the S–H bond length.
Appendix TableA.4 summarizes the statistics associatedwith the fourmain vibrational
modes we identified that play a role in the photochemistry, details of which are now
discussed.

a cb
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Figure 3.4: Panels a,b,c show the time-series evolution of CO, SH, CN bond lengths across model
trajectories. The bond lengths for Cys-D and Cys-H are shown in green and pink respectively, while
the time of encountering the conical intersection is shown with orange and black dashed vertical lines,
respectively. The 2 major non-radiative decay modes are the stretching of the S –H and C–N bonds,
depicted in panels d and g. The Probability Distribution Function (PDF) of the S –H bond for Cys-H
and Cys-D are respectively shown in panels e and f, where the PDF corresponding to S0 is shown in
red and the one corresponding to S1 is shown in blue. The dashed green lines depict the bond lengths at
which the conical intersection is reached, and non-radiative decay occurs from S1 → S0. Similarly, in
panels h and i, the PDF of the C –N bond for Cys-H and Cys-D are shown.

A visual inspection of some of the excited-state trajectories indicated that most of
the activity involves twovibrationalmodes, the S–HandC–Nbond lengths. Although
the initial excitation originates in an n-𝜋∗ transition localized on the carbonyl group, the
C––O bond length in all our trajectories displays only moderate fluctuations ranging
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between 1.1–1.4 Å and it therefore does not appear to be a key player in the deactiva-
tion mechanism. On the other hand, for the excitations involving n-𝜎∗ near the sulfide
group, the S–H bond undergoes large geometrical changes which ultimately lead to
non-radiative decays in both Cys-H and Cys-D.

Investigating a sample trajectory for both Cys-H and Cys-D that undergoes non-
radiative decay, we show the time-series of the C––O bond (Fig. 3.4a) and observe no
significant distortions that coincide with the system encountering the CI and decay-
ing non-radiatively to the ground state. Instead, in the time series of the S–H bond
(Fig. 3.4b) we observe a large extension of this bond at the point the system decays to
S0. For Cys-H, 12 out of the 35 decays to the ground state occur through this mecha-
nism, whereas for Cys-D, 9 out of 13 non-radiative decays to the ground state follow
this pathway.

From the preceding analysis, the majority of the non-radiative decays for Cys-H re-
main unexplained and this led to us looking for alternative decaymodes. In Fig. 3.4cwe
show a different trajectory where the C–N stretches to a large value (2.8 Å) in concert
with a decay of the system to the ground state. In fact, this turns out to be the dominant
mode of non-radiative decay to the ground state for Cys-H, with 19 out of the 35 decays
following this mechanism. Remarkably, this mode of decay appears unique to Cys-H
and does not occur in Cys-D. In fact, the subtle changes in the underlying electronic
structure are ultimately rooted in the differences of the O–C–C𝛼 –C𝛽 dihedral angles
between Cys-H and Cys-D. Specifically, looking at the probability distribution of this
dihedral while the system is in S1 (see Fig. A.7b), we see that a planar geometry (0◦,
180◦, 360◦) is far more probable in Cys-H and effectively not sampled in Cys-D. This
means that the extended O–C–C𝛼 –C𝛽 planarization is likely to lead to an enhance-
ment of resonance within the molecule for the crystal formed in heavy water.

To conclude the discussion of decay mechanisms (which are summarized in Ap-
pendix Table A.4), the remaining 4 out of 35 decays for Cys-Hwere through the stretch-
ing of the C–S bond, often involving a dissociation of the same. For Cys-D, there was
1 out of the 13 decays involving a C–S stretch. The remaining 3 decays for Cys-D were
through a stretch of the C–COO– bond, but these decays, which followed ISC, will be
elaborated on in Section 3.3.5.

To better quantify the differences in the ground and excited state distributions along
some of these coordinates and how they affect the access to the CI, we show probability
distributions of the S–HandC–Nmodes in the ground and excited state for Cys-H and
Cys-D in Figure 3.4. Looking at the S–H mode (visualized in Fig. 3.4d), we clearly see
that in both Cys-H (Fig. 3.4e) and Cys-D (Fig. 3.4f) the probability distribution of the
S–H bondwhen the system is in S1 is peaked around 2.0 Å, while in S0 the equilibrium
bond lengths are usually between 1.2–1.5 Å. The bond lengths at which the system
encounters the CI are marked through green vertical lines, and they range between 2–
3 Å. The position of the CI appears to be closer to the peak of the distribution of the S1

state in Cys-H compared to Cys-D, consistent with the idea of a less constrained mode
in the former as observed in an earlier study for the carbonyl stretch [38].
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Looking at the probability distribution of the C–N mode (visualized in Fig. 3.4g)
in both Cys-H (Fig. 3.4h) and Cys-D (Fig. 3.4i), we clearly see that the bond can stretch
to larger values in S1 only in Cys-H, while in Cys-D it remains confined between 1.4–
1.6 Å. This leads to the system decaying through the conical intersection along the
C–Nmode only in Cys-H, and the enhanced optical activity of Cys-D can be primarily
attributed to the absence of this mode of decay. Furthermore, the large overlap in the
distribution of the C–N mode in Cys-D creates a situation that makes accessing the
CIs along this mode more difficult. We will elaborate more on the C–N mode and its
uniqueness in Cys-H in the following Section 3.3.4.

3.3.4 Inhibiting C–N Distortions in Cysteine Luminescence

We have shown that the key modes leading to the non-radiative decay are the stretch
of the S–H and C–N bonds. Extending the S–H bond leads to easy access of the
conical intersection in both Cys-H and Cys-D. On the other hand, the C–N mode is
found exclusively in Cys-H. The differences between the two systems originate from
a combination of subtle characteristics induced by the conformation of the cysteine
molecules in each crystal and their local environment.

We first examined the evolution of the electronic structure of the S1 state during a
typical decay event. The vast majority of trajectories undergoing a non-radiative decay
via the C–N stretch, start out with an initial n − 𝜋∗ transition on the C––O at the point
of photo excitation (Figure A.7a.i). Examining the transitions across the trajectory,
we notice that the electron density delocalizes along the C–C𝛼 –C𝛽 chain, and this
simultaneously gives rise to a partial n − 𝜎∗ on the C𝛼 –N bond. These changes make
the C𝛼 –N bond weaker allowing it to stretch more easily (Figure A.7a.ii).

These subtle variations in the underlying electronic structure ultimately stem from
differences in the O–C–C𝛼 –C𝛽 dihedral angles between Cys-H and Cys-D. Specifi-
cally, examining the probability distribution of this dihedral in the S1 state (Figure
A.7b) reveals that a planar geometry (0◦, 180◦, 360◦) is significantly more proba-
ble in Cys-H, while it is scarcely sampled in Cys-D. This suggests that the extended
O–C–C𝛼-C𝛽 planarization in Cys-H likely enhances resonance within the molecule.

Another feature that plays an important role is local structural differences between
the two crystals. In particular, there appear to be a larger number of oxygen atoms
around the N-terminus in Cys-H compared to Cys-D (see the N-O running coordina-
tion number function in Figure A.7c)). This negative electrostatic potential around the
N-terminus serves as a trigger to facilitate dissociation of the C-N bond. This feature
is also reflected in potential energy surface scans along the C-N bond which show a
barrier of over 1 eV for dissociation in the S1 state in Cys-D compared to Cys-H (Figure
A.7d).
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3.3.5 Cysteine in Heavy Water Exhibits Synergistic Singlet and Triplet
Emission

As alluded to earlier, in Cys-D, we observe that the photochemistry is also heavily in-
fluenced by intersystem crossing. Fig. 3.5a shows the time-evolution of the population
of the triplet state for both Cys-H and Cys-D where one clearly sees that the significant
increase in the triplet population appears to be a unique feature of Cys-D, where about
35% trajectories remain in a triplet state at the end of our 2 ps dynamics, while 7.5%
of trajectories for Cys-H do the same. In fact, 17 out of 40 trajectories undergo ISC for
Cys-D, and 3 of these decay to the ground state from the triplet states. While no clear
vibrational mode could be associated to the S1 → T1 ISC transitions, the T1 → S0 tran-
sitions can be associated with a clear stretch of the C–COO– bond. This also appears
exclusively in Cys-D, and the few trajectories that do undergo ISC for Cys-H do not
decay to the ground state via a further ISC.

a b c

Figure 3.5: Panel a shows the cumulative triplet state population of Cys-H (pink) and Cys-D (green).
In panel bwe see the time-dependent emission spectra from the triplet state for Cys-D, in blocks of 500 fs,
with the shades of green getting darker for successive blocks of time, while the experimental emission
spectra is shown in black. Panel c shows a PDF of the SOC computed from 1000 random frames for both
Cys-H (pink) and Cys-D (green).

Our simulations indicate that the ISC in cysteine crystals occurs on a sub-
picosecond timescale. Several previous theoretical and experimental studies in a wide-
variety of systems have shown [209, 210, 211, 212, 213, 214] that intersystem crossing
can occur on similar timescales. This suggests that the observed luminescence observed
on the nanosecond timescale in the experiments may arise from a mix of both singlet
and triplet emission. In order to provide a theoretical prediction of the possible emis-
sion spectra arising from the lowest lying triplet state, the T1 → S0 energy gap, the cor-
responding transition-dipole moment, and oscillator strength need to be determined.
We do this on a subset of configurations, selecting 100 random frames for each 50 nm
block in the emission energies between 200 nm to 800 nm. This gives us mean oscillator
strengths for each range of energies which we then use to compute the time-dependent
emission spectra in blocks of 500 fs (Fig. 3.5b). Here we observe that the peak of the
emission energies appears to converge, perhaps fortuitously, to the peak of the exper-
imental emission spectra. On the other hand, if we look at the time-dependent emis-
sion spectra from S1, it converges to approximately 400 nm which is an 80 nm (0.5 eV)
blue-shift compared to the experimental results (see Fig. A.5b). It is important to note
here that the oscillator strengths for triplet emission (∼ 10−6) are about three orders of



3.4. Discussion 39

magnitude smaller than those corresponding to the singlet emission (∼ 10−3). Conse-
quentlywewould expect any emission arising from the triplet states to bemuchweaker
than the singlet emission.

Since the vast majority of the ISC occurs from S1 → T1, we look at the likely values
of the spin-orbit coupling (SOC) for the two systems in Fig. 3.5c. Having computed
the PDF of the SOC over 1000 randomly selected frames while the system is in S1, we
see a clear difference in the two systems, with Cys-D (green) much more likely to have
higher values of the SOC than Cys-H (pink), which is consistent with the behavior
we observe in our simulations. The significant ISC observed in Cys-D can be further
quantified, by visualizing for all trajectories, the cumulative probability of ISC while
the system is in S1. In Fig. A.6a, we clearly see that trajectories of Cys-D have a much
higher cumulative probability of ISC thanCys-H.Aswehave already noted above, Cys-
D is more likely to have a higher SOC than Cys-H, and this contributes to the increased
ISC probability for the former. Part of the reason might also be the fact that Cys-H
undergoes non-radiative decay to S0 so quickly that the system has no opportunity
to experience ISC. Another way of understanding the preferential ISC experienced by
Cys-D is by looking at the distribution of energy gaps between S1 and the closest triplet
state [215] (which is usually T1) in Fig. A.6b. In Cys-H, ISC from the singlet excited
state is less probable due to the fact that there is a larger gap to the energetically closest
triplet state. The distribution has a larger peak near 0 for Cys-D than for Cys-H, which
coincides with more frequent occurrences of nearly-degenerate S1 and T1 states during
Cys-D trajectories.

3.4 Discussion

In this joint experimental and theoretical work, we have taken an important step to
understanding new governing principles underlying the phenomenon of intrinsic flu-
orescence in bioorganic crystals. Cysteine molecules crystallized in light and heavy
water display rather striking differences in their crystallographic packing and optical
properties. Using excited-state simulations, we rationalize the electronic and vibra-
tional origins of the enhanced fluorescence observed in the crystal that is formed in
heavy water.

Recent studies have highlighted that the careful incorporation of heavy atoms,
such as sulfur, can improve the efficiency of thermally activated delayed fluorescence
(TADF) photocatalysts [216]. Our findings indicate that Cys-D, with its relatively high
SOC, could open newpossibilities for the design of suchmaterials. In addition, prior re-
search [174] has shown that crystallised non-aromatic amino acids (L-Lysine, L-Serine,
L-Isoleucine) can also display persistent room temperature phosphorescence (p-RTP)
in addition to fluorescence. These previous findings reinforce the theoretical predic-
tions made in the current work that synergistic singlet and triplet emission may be
observed in L-Cysteine and that this is sensitive to differences in the molecular pack-
ing between the two crystals formed in light and heavy water.



40 3. Crystallization of L-Cysteine in Heavy Water Induces Intrinsic Fluorescence

The ability to probe in a time-resolved manner nucleation mechanisms of amino
acids or proteins in solution remains an open challenge. The intrinsic fluorescence of
amino-acids and how they potentially change as a function of clustering or aggregation
offers a non-invasive manner to study both thermodynamics and kinetic pathways of
crystallization without the introduction of external fluorescent probes.

In addition, solvent isotope effects in biophysical processes such as altering the sec-
ondary structure and aggregation of proteins have been observed in a wide class of
biomolecular systems. Here we have shown that the simple effect of moving from
light to heavy water alters the crystallization pathways and ultimately also the optical
properties of the two crystals. It should be underscored that the solvent isotope ef-
fects we show in this work on the emission arise exclusively from the manner in which
H2O and D2O alter the stability of the thermodynamically stable crystal packing of
Cysteine molecules in solution. Since both crystals are devoid of any crystallographic
water molecules (H2O or D2O) and the mass-spectroscopy shows that both crystals
consist of only protons (H not D), the effect on fluorescence emission is strongly mod-
ulated by the differences in the nature of the electronic states and non-radiative decay
pathways as observed in our simulations, which originate from the distinct features in
crystal packing. Our results set the stage for exploring the complexity of self-assembly
combining both solvent-isotope effects along with changes in intrinsic fluorescence.

In summary, this study establishes a fundamental principle of non-aromatic fluo-
rescence which is a clear testament to how relatively subtle structural packing changes
can lead to massively different optical properties for crystal polymorphs of amino
acids. Based on this molecular picture, we may be able to rationally design new gener-
ations of non-aromatic amino-acid based optical devices of unique photonic and elec-
tronic properties as well as intrinsic biocompatibility.



4
Machine learning the

non‐radiative decay modes
in photochemical processes

Non-radiative decay in photoexcited molecular systems is driven by nuclear motion toward con-
ical intersections (CIs), where electronic states become degenerate and nonadiabatic transitions
occur. Identifying the nuclear degrees of freedom responsible for CI access from nonadiabatic
molecular dynamics (NAMD) simulations remains challenging because the underlying mo-
tions are high-dimensional and collective. Here, we introduce an unsupervised, information-
theoretic framework based onDifferentiable Information Imbalance (DII) to identify the nuclear
coordinates governing CI access directly from trajectory surface hopping (TSH) simulations.
By quantifying correlations between structural descriptors and electronic observables, includ-
ing energy gaps and oscillator strengths, the method ranks nuclear degrees of freedom by pre-
dictive relevance. A multi-step protocol then extracts low-dimensional, physically interpretable
modes associated with non-radiative decay. We apply the framework to the methaniminium
cation, furan, L-glutamine, L-pyroglutamine-ammonium, and a photoactive molecular motor.
Across all systems, the method recovers known mechanistic coordinates while revealing the rel-
ative importance of competing modes when multiple structural distortions contribute to CI ac-
cess. The analysis also reveals a systematic distinction between observables: energy gaps are typ-
ically governed by a small number of localized coordinates, whereas oscillator strengths depend
on more collective and distributed structural rearrangements. Overall, the DII-based frame-
work combines predictive power with direct interpretability, providing a general and scalable
route for extracting mechanistic insight from high-dimensional NAMD data and constructing
reduced-dimensional models of excited-state dynamics.

41
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4.1 Introduction

Photoinducedprocesses inmolecular systems are frequently governed by chemistry as-
sociated with ultrafast transitions between electronic states. In polyatomic molecules,
these transitions are typically mediated by conical intersections (CIs) [59, 217, 61],
which represent points of degeneracy between adiabatic potential energy surfaces. At
such geometries, the Born–Oppenheimer approximation breaks down and nuclear and
electronic motions become strongly coupled, enabling efficient non-radiative relax-
ation pathways. Conical intersections therefore play a central role in photochemical
reactivity, controlling excited-state lifetimes and branching ratios in systems ranging
from small organic chromophores to biological molecules and photoactive materials.

A widely used theoretical framework for investigating these processes is trajectory
surface hopping (TSH) [117, 115, 116, 218], which allows for simulating non-adiabatic
molecular dynamics (NAMD) in high-dimensional systems in a computationally ef-
ficient manner [118, 121]. Modern implementations allow the generation of large en-
sembles of excited-state trajectories that capture complex relaxation mechanisms and
competing decay channels. Despite this progress, extracting mechanistic insight from
such simulations remains challenging [219]. In particular, it is often unclear which nu-
clear degrees of freedom actively drive the approach to the conical intersection within
the high-dimensional configuration space sampled by the trajectories.

From a theoretical perspective, the topology of a conical intersection is locally char-
acterized by the branching space, spanned by the gradient difference and non-adiabatic
coupling vectors (NACVs), which lift the degeneracy between the intersecting elec-
tronic states [220, 221, 60, 222]. However, this description is strictly local and typically
obtained at optimized minimum-energy conical intersection (MECI) geometries. In
dynamical simulations, trajectories may approach the intersection along collective nu-
clear distortions that are not trivially related to these local vectors, and the relevant
coordinates may involve nonlinear combinations of atomic motions distributed across
the molecule [25, 26]. As a consequence, identifying the dominant degrees of free-
dom governing access to CIs from a large ensemble of trajectories remains a nontrivial
problem. This challenge becomes even more pronounced for larger systems where the
number of nuclear degrees of freedom grows rapidly and the relevant motions are of-
ten distributed across many coupled coordinates [223, 224, 55, 57, 225].

In recent years, machine learning techniques have become increasingly embedded
in both the execution and analysis of molecular simulations, in the ground and excited
states, as well as in the prediction of molecular excited-state properties [226, 227, 228,
229, 230, 231, 232]. The behavior of molecular systems is generally governed by fluc-
tuations across high-dimensional free-energy landscapes, [233] which complicates the
task of extracting clear mechanistic interpretations from simulation data. This chal-
lenge has motivated substantial efforts toward developing data-driven methodologies
capable of characterizing, interrogating, and rationalizing the complex dynamical be-
havior observed in molecular simulations. In the context of nonadiabatic molecular
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dynamics (NAMD), the selection of such coordinates has often relied on chemical in-
tuition and visual inspection of trajectories, where key distortions are inferred by ex-
amining representative geometries or displacement patterns associatedwith electronic
transitions.

A variety of different approaches have been proposed to identify the nuclear de-
grees of freedom governing excited-state dynamics and nonradiative decay. Early ef-
forts largely relied on normal mode analysis or principal component analysis (PCA) to
extract dominant motions frommolecular dynamics trajectories, whichwere then used
to construct reduced-dimensionality models such as linear vibronic coupling (LVC)
Hamiltonians or to guide quantum dynamics simulations [234, 53, 55, 235]. However,
normal mode analysis is intrinsically a local, harmonic description defined around a
reference minimum and is therefore most appropriate for small-amplitude motions in
relatively rigid systems. In strongly anharmonic regimes, such as those involving large
structural rearrangements or dissociation, the normal mode picture breaks down and
may fail to capture the relevant nuclear distortions driving the dynamics. PCA has
also been widely applied to trajectory surface hopping simulations to identify collec-
tive nuclear motions associated with internal conversion or intersystem crossing path-
ways [53, 54, 56, 57, 58]. However, because PCA ranks modes according to structural
variance, it may emphasize large-amplitude or low-frequency motions that are not di-
rectly relevant to nonadiabatic transitions, while neglecting smaller-amplitudemotions
that lead to electronic transitions. This limitation has been explicitly observed in sev-
eral systems, where dominant principal components correspond to collective motions
which may not necessarily lead to non-adiabatic transitions [55].

To overcome these limitations, nonlinear dimensionality reduction techniques, such
as diffusion maps and related manifold learning approaches, have been employed
to extract low-dimensional reaction coordinates directly from nonadiabatic dynamics
simulations [26, 236, 237]. While these methods can capture nonlinear correlations in
the data, the resulting collective variables are often difficult to interpret physically and
require additional, sometimes ad hoc, procedures to map them back onto chemically
meaningful internal coordinates [223, 224]. Alternative strategies based on clustering
combined with PCA or multidimensional scaling have also been used to identify dis-
tinct dynamical channels, with mechanistic insight obtained by comparing representa-
tive structures across clusters [224, 57]. In parallel, information-theoretic approaches
have been introduced to quantify the relationship between structural descriptors and
electronic observables, for example by computingmutual information between internal
coordinates or atom-centered features and quantities such as energy gaps or nonadia-
batic couplings [238, 239, 240, 241, 242]. While these methods provide a more direct
link between nuclear motion and electronic response, they typically operate at the level
of individual descriptors or atoms, and do not directly yield collective modes suit-
able for reduced-dimensionality dynamical models. These considerations highlight
the need for approaches that can identify collective nuclear coordinates directly from
dynamical data, while explicitly incorporating their relevance to electronic structure
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changes and nonadiabatic processes.
In this work we address this problem using the information imbalance frame-

work introduced by Glielmo and co-workers [13, 14], which provides an information-
theoretic approach to quantify the predictive relationship between different represen-
tations of a system. The method evaluates how well the neighborhood structure de-
fined by one set of variables can reproduce that defined by another, thereby enabling
the identification of coordinates that retain the most relevant information about a tar-
get observable [124, 125, 8]. In the context of non-adiabatic dynamics, this allows us
to determine which nuclear degrees of freedom best encode the approach to the coni-
cal intersection as reflected in quantities such as the electronic energy gap or hopping
events along trajectory surface hopping simulations.

By applying this framework to ensembles of TSH trajectories, we identify low-
dimensional collective coordinates governing CI access directly from dynamical data,
without relying on optimized intersection geometries or predefined reaction coordi-
nates. We first demonstrate the approach on well-characterized model systems, in-
cluding furan [243, 244] and the methaniminium cation [25, 245, 246, 247], where
the extracted motions can be directly compared with established mechanistic inter-
pretations. We then extend the analysis to two amino-acid systems, L-glutamine and
L-pyroglutamine-ammonium, which are central to the phenomenon of non-aromatic
fluorescence studied extensively in our group (NAF) [32, 144, 37, 30, 36, 35, 38, 1, 9] and
exhibit more complex photophysical behavior. NAF refers to photoinduced light emis-
sion from chemical systems that lack conventional aromatic or extended 𝜋-conjugated
chromophores [174, 33, 34, 35, 160]. In the specific cases considered here, experiments
showed that L-glutamine is not optically active, but upon heating in water and com-
plexation with an ammonium ion it undergoes a chemical transformation to form L-
pyroglutamine-ammonium, a supramolecular assembly stabilized by short hydrogen
bonds and displaying enhanced fluorescence [37]. Finally, we consider a well-studied
class of photoactive molecular motors [248, 249, 250, 251, 252], illustrating the ability
of the method to uncover mechanistically relevant degrees of freedom in larger and
structurally diverse systems.

4.2 Methods

In this work, we employ an unsupervised machine learning approach based on the
Information Imbalance (II) method to identify the nuclear degrees of freedom most
relevant for understanding the mechanism associated with non-radiative decay. The
II and its differentiable formulation (DII), together with the Coulomb matrix descrip-
tors used to represent molecular configurations, are introduced in Sections 2.5 and 2.4.
Here we describe the chemical systems analysed and the protocol we build on top of
these tools.
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Figure 4.1: Molecular systems investigated in this work: (a) Furan, (b) Methaniminium cation,
(c) L-glutamine, (d) L-pyroglutamine–ammonium, and (e) Molecular Motor: 9-(2,4,7-trimethyl-2,3-
dihydro-1H-inden-1-ylidene)-9H-fluorene.

4.2.1 Chemical Systems

There are 5 systems under study, and these trajectories were published in Refs. [25,
245, 6, 7]: Furan, Methaniminium Cation, L-glutamine (L-gln), L-pyroglutamine-
ammonium (L-pyro), andMolecular Motor: 9-(2,4,7-trimethyl-2,3-dihydro-1H-inden-
1-ylidene)-9H-fluorene. Fig. 4.1 shows the chemical structures of the 5 systems studied
in this work.

All the systems studied in this work were simulated in prior work done by some
of the authors using TSH at the time-dependent density functional tight binding
(TD-DFTB) level of theory and their non-radiative decay mechanisms were validated
against higher levels of electronic structure theory, either time-dependent density func-
tional theory (TD-DFT) or multireference configuration interaction with single and
double excitations (MR-CISD) depending on the system. TD-DFT is a widely used
electronic-structure approach for computing excited-state properties, including exci-
tation energies, oscillator strengths, and excited-state gradients. TD-DFTB is a semi-
empirical approximation to TD-DFT that retains the same general framework while
substantially reducing the computational cost, making it well suited for generating
large ensembles of NAMD trajectories.

4.2.2 Protocol for Analysis

The main steps of the protocol are summarized in Figure 4.2. Below we outline im-
portant technical aspects of each step. The procedure begins with input data coming
from NAMD trajectories such as the positions of all particles as a function of time. In
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addition, inNAMD simulations, one typically has the evolution of other physical quan-
tities associated with the optical properties such as the electronic energy gap and the
oscillator strength.

1. Extract the Coulomb Matrix (CM𝑆𝑙
𝑖 𝑗 ) for each frame of an ensemble of NAMD

trajectories in a given electronic excited state, 𝑆𝑙 , for each pair of atoms 𝑖 and 𝑗.
Accumulate the results over all the frames to make a probability distribution of
the elements of the Coulomb Matrix 𝑃𝑆𝑙 . We also compute the Coulomb Matrix
for all the frames in the state the system hops to (CM𝑆𝑙−1), and the corresponding
probability distribution of all pairwise Coulomb Matrix values, 𝑃(CM𝑖 𝑗 |𝑆𝑙) and
𝑃(CM𝑖 𝑗 |𝑆𝑙−1). In general the system can hop between any two electronic states
(𝑆𝑙 → 𝑆𝑙−1). Specifically for the CI that we will focus on in this work, we look at
transitions from 𝑆1 → 𝑆0.

2. Compute the Jensen-Shannon divergence (JSD), which is a symmetrized ver-
sion of the Kullback–Leibler Divergence (KLD) [253], between 𝑃(CM𝑖 𝑗 |𝑆𝑙) and
𝑃(CM𝑖 𝑗 |𝑆𝑙−1).
The KLD, which is a measure of similarity between 2 probability distributions 𝑅
and 𝑄, is defined as

𝐷KL(𝑅||𝑄) =
∑
𝑥∈𝑋

𝑅(𝑥) log
𝑅(𝑥)
𝑄(𝑥)

Instead, the JSD is defined so as to symmetrize the KLD

𝐷JS = 0.5(𝐷KL(𝑅||𝑀) + 𝐷KL(𝑄||𝑀)),where 𝑀 = 0.5(𝑅 +𝑄)

The outcome of determining the JSD is that it gives us “hotspots” of pairwise atomic
interactions (i.e., Coulomb Matrix elements) that change significantly from one
state to another. This allows us to do a first dimensionality reduction step se-
lecting only these “hotspot” atoms . We do this hotspot selection based on a
threshold value of the JSD that we select such that the hotspots are those values
where the JSD > threshold. These selected Coulomb Matrix hotspots are labeled
as CM𝑆𝑙

hotspot. threshold is an adjustable parameter.
3. Next, we compute the DII(CM𝑆𝑙

hotspot → Δ𝐸𝑙 ,𝑙−1), for all atoms 𝑖 , 𝑗 belonging to
the “hotspots”, assuming we are analysing the NAMD trajectory where the sys-
tem jumps from 𝑆𝑙 to 𝑆𝑙−1. In addition, where the oscillator strength ( 𝑓 𝑜𝑠𝑐) is
available, we also compute DII(CM𝑆𝑙

hotspot → 𝑓 𝑜𝑠𝑐𝑙,𝑙−1).
We filter the results of these DII calculations to identify a small set of Coulomb-
matrix elements, and therefore the corresponding atom pairs, whose structural
variations are most informative of changes in the electronic energy gaps. The
filtering is done by selecting the nfeatures (default value selected in this work is
10) values with the least DII. We denote these filtered hotspots from the Coulomb
Matrix as CM𝑆𝑙

f .
These coordinates describe nuclearmotions thatmodulate the relative electronic-
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NAMD trajectory
{𝑋𝑡 ,Δ𝐸𝑡𝑙,𝑙−1}

Descriptors
CM𝑆𝑙

𝑖 𝑗 , 𝑅
𝑆𝑙

Build 𝑃(CM𝑖 𝑗 |𝑆𝑙), 𝑃(CM𝑖 𝑗 |𝑆𝑙−1) Step 1

JSD
(
𝑃(CM𝑖 𝑗 |𝑆𝑙), 𝑃(CM𝑖 𝑗 |𝑆𝑙−1)

)
> Threshold

↓
CM𝑆𝑙

hotspot

Step 2

DII
(
CM𝑆𝑙

hotspot → Δ𝐸𝑙,𝑙−1
)
→ CM𝑆𝑙

f Step 3

DII
(
𝑅𝑆𝑙 → CM𝑆𝑙

f

)
→ 𝑅𝑆𝑙selected Step 4

DII
(
𝑅𝑆𝑙selected → Δ𝐸𝑙 ,𝑙−1

)
Step 5

Interpretable Modes

Figure 4.2: Workflow for identifying state-relevant internal coordinates from trajectory data. Start-
ing from NAD trajectories, Coulomb matrix descriptors are constructed and compared across electronic
states using the Jensen–Shannon divergence to identify structurally relevant atom pairs (“hotspots”).
These are evaluated via DII against the energy gap to construct a filtered descriptor set CMf . Internal
coordinates are then selected based on their predictive power with respect to CMf and used for final fea-
ture selection against Δ𝐸𝑙 ,𝑙−1. Boxes highlighted in teal are steps using the descriptors and statistical
analysis methods, and in orange are the steps where the DII is used.
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state energies during excited-state relaxation. When suchmotions lead to closure
of the relevant energy gap, they provide a dynamical signature of approach to-
ward a CI region. Oscillator strengths are then analyzed as a complementary
electronic target, allowing us to determine which coordinates govern the inten-
sity of the emission.

4. While the Coulomb-matrix analysis identifies the atom pairs that are most in-
formative of the target electronic observable, these descriptors are not always the
most chemically interpretable representation of the underlyingmotion. We there-
fore map the selected atoms onto an internal-coordinate representation, which
allows the relevant structural changes to be expressed in terms of bonds, angles,
and dihedrals.
Next, for all frames belonging to a given electronic state 𝑆𝑙 , we generate the Z-
matrix representation R𝑆𝑙 using a combination of the quantum chemistry soft-
wareORCA [178, 179, 180, 181] and an in-house python script, which contains the
corresponding internal coordinates, including bonds, angles, and dihedrals. The
Z-matrix therefore serves as an initial set of chemically interpretable coordinates
rather than an exclusive definition of the candidate feature space. Supplementing
it with coordinates involving the atoms identified through the Coulomb-matrix
analysis allows relevant motions absent from the initial Z-matrix to enter the sub-
sequent feature selection. Then we compute DII(R𝑆𝑙𝑘 → CM𝑆𝑙

f ), i.e., we compute
the DII for every internal coordinate (R𝑆𝑙𝑘 ) to the Coulomb Matrix hotspots that
best explain the energy gaps/oscillator strengths. This allows us to select a sub-
set of internal coordinates (R𝑆𝑙selected). As in the previous step, here also we do
the feature selection such that a specified nfeatures (set to 10 by default) of the
most informative coordinates are selected as the R𝑆𝑙selected.

5. We subsequently do a final round of DII calculations using the selected inter-
nal coordinates to determine which ones best predict the energy gaps/oscillator
strengths - DII(R𝑆𝑙selected → Δ𝐸𝑙 ,𝑙−1) and DII(R𝑆𝑙selected → 𝑓 𝑜𝑠𝑐𝑙,𝑙−1). This gives us a set
of physically interpretable modes that are most informative on the energy gaps
and oscillator strengths.

Uncertainties in the DII curves were estimated using 50 independent bootstrap re-
samples. At each number of selected features, the reported DII and its uncertainty cor-
respond to the mean and standard deviation of the bootstrap estimates, respectively.
These uncertainties characterize variability within the available dataset and are con-
sideredwhen interpreting differences between curves and improvements upon adding
features.

One motivation for adopting this multistep procedure, rather than directly com-
puting the DII between all internal coordinates and the energy gaps, is to reduce the
dimensionality of the candidate feature space. While in principle DII can directly in-
fer the modes from a much larger and highly redundant set of internal coordinates,
it needs a number of samples that grows exponentially with the number of features
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to perform feature selection in this space. This would be computationally intractable,
particularly for larger systems.

The Coulomb matrix provides descriptors invariant under global translations and
rotations. This representation is not required by DII itself and alternative structural
descriptors can also be used. Furthermore, the descriptors and target observable need
not share the same physical units, since the optimized feature weights accommodate
differences in their numerical scales. Constructing the Coulombmatrix scales as𝑂(𝑁2)
per configuration, where 𝑁 is the number of atoms. The subsequent DII cost also de-
pends on the number of sampled configurations and candidate features. In the present
applications, the largest system (the molecular motors) contains 47 atoms, and non-
adiabatic trajectory generation was the dominant computational expense. For larger
assemblies, alternative initial descriptors (such as the internal coordinates themselves),
as we have demonstrated in previous applications of the DII [8], or a more restrictive
JSD threshold could reduce the downstream feature-selection cost. The latter does
not remove the initial descriptor-construction cost and must be checked to ensure that
informative coordinates are retained. Neither was necessary for the applications con-
sidered here, however.

4.3 Results

In this section, we apply theworkflow to a variety of systems of diverse photochemistry.
We begin with two benchmark systems that have been extensively studied in photo-
chemistry usingNAMD simulations, furan andmethaniminium cation, to test whether
the selected coordinates recover established non-radiative decaymechanisms. We then
analyze two amino-acid systems, extensively studied in our group in the context of
non-aromatic fluorescence (NAF) [32, 144, 37, 30, 36, 35, 38, 1], L-glutamine (L-gln)
and L-pyroglutamine-ammonium (L-pyro), where we examine descriptors for both
the energy gap and the oscillator strength, 𝑓 osc. Finally, we consider an overcrowded
alkene molecular motor, a light-driven molecular machine in which photoexcitation is
converted into directional rotation around a central double-bond axle [248, 249, 250].
Because motor function depends on the non-radiative relaxation from the excited state
to the ground state, this system provides a chemically motivated test case for iden-
tifying the coordinates that govern both non-radiative decay and bright-to-dark state
conversion [251, 252, 7].

4.3.1 Furan

Furan is a canonical benchmark for non-adiabatic dynamics and was investigated in
a previous study from our group [7] using TSH at the TD-DFTB level of theory. Our
analysis focuses on the 𝑆1/𝑆0 non-radiative decay channel. Fig. 4.3a (purple curve)
reports DII(CM𝑆1

𝑖 𝑗 → Δ𝐸1,0) as a function of the number of selected Coulomb-matrix
(CM) features. This decreases gradually, from about 0.89 to about 0.63 over the first
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eight features, indicating that no single atom pair dominates the gap fluctuations. The
most informative CM pairs are shown as the inset in Fig. 4.3a: one {C,C} and two
{C,O} pairs, emphasizing that the relevant structural signal is distributed over the
heteroatom-containing ring framework.

a b

Figure 4.3: (a) DII between Coulomb-matrix descriptors and the S1 → S0 energy gap as a function of
the number of selected features (purple) and DII between internal coordinates and S1 → S0 energy gap
as a function of the number of selected features (green). Shaded areas show error bars computed from
50 independent bootstrap resamples. The inset shows the most informative atom pairs (“hotspots”)
identified from Coulomb matrix analysis are highlighted: the O atom and the two adjacent C atoms. (b)
The most informative structural modes extracted from the DII analysis: the C –O–C–H dihedral and a
C–O stretching coordinate.

Moving to the chemically interpretable internal coordinates (green curve in
Fig. 4.3a), we observe that the ranked internal-coordinate representation lowers DII
from about 0.84 to about 0.45 only after including six modes, again pointing to a col-
lective decay coordinate. The leading interpretable modes are shown in Fig. 4.3b: a
C–O–C–H dihedral and a C–O stretching coordinate. Fig. B.1 shows the next-ranked
contributions, including the second C–O stretch, the C–O–C angle, and a C–C dis-
tance; an explicit ring-puckering coordinate also appears among the top six selected
features. Altogether, these modes describe coupled out-of-plane deformation (the
C–O–C–H dihedral and C–O–C angle are most notably correlated to the ring puck-
ering) and ring-opening (the C–O and C–C stretches), consistent with prior theoreti-
cal studies that associate furan’s non-radiative decay with puckering and ring-opening
pathways in a multidimensional photochemical landscape [243, 244, 7].

The method introduced earlier to learn the relevant coordinates leading to the con-
ical intersection involve the use of several different hyper-parameters. These include
the JSD threshold, the 𝜆 parameter in Equation 2.23, the number of trajectories used in
the analysis (size of dataset) and finally, the choice from where the data are sampled
relative to the position of the conical intersection. For the case of Furan, we have con-
ducted a thorough sensitivity analysis over all these different variables. In summary,
the DII curves are rather insensitive to the choice of the JSD threshold. In the case of
the 𝜆 parameter which governs the width of the softmax function in the DII, as long
as this is not made unphysically large, the DII curves are also largely consistent. On
the other hand, changing the size of the data set or altering the region of sampling,
appears to change the absolute magnitude of the DII. However, the dominant features
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that contribute to the DII are broadly preserved. Further details are present in the
Appendix B.2.

4.3.2 Methaniminium Cation

Methaniminium cation (CH2NH2
+) serves as a minimal model for protonated Schiff

bases which are critical in the photophysics of retinal [254] and has been investigated
with several electronic-structure methods [25, 245, 246, 247]. We analyze TSH trajec-
tories computed with TD-DFTB in a previous work published by our group [7].
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Figure 4.4: (a) DII between Coulomb-matrix descriptors and energy gaps as a function of the number
of selected features. Purple corresponds to the S2 → S1 and green corresponds to the S1 → S0 relaxation
channels respectively. Shaded areas show error bars computed from 50 independent bootstrap resamples.
(b) Most informative atom pairs (“hotspots”) identified from Coulomb matrix analysis are highlighted.
The left and right parts of the panel corresponds to the S2 → S1 and S1 → S0 channels respectively. (c)
DII between internal coordinates and energy gaps as a function of the number of selected features. Purple
corresponds to the S2 → S1 and green corresponds to the S1 → S0 relaxation channels respectively. Sim-
ilar to panel (a), shaded areas show error bars computed from 50 independent bootstrap resamples. (d)
The most informative structural modes extracted from the DII analysis: The S2 → S1 transition is gov-
erned primarily by C–N stretching (left), while the S1 → S0 channel involves the H(C) –C–N–H(N)
torsion and C–N stretching (right).

The photochemistry of CH2NH2
+ primarily involves studying the excitation to the

𝑆2 state and the subsequent non-radiative decays to 𝑆1 and then 𝑆0. The photochem-
istry of this system is well known to be described by these three states [25, 245]. We
thus analyze two non-radiative channels: 𝑆2 → 𝑆1 and 𝑆1 → 𝑆0. In Fig. 4.4a we re-
port DII(CM𝑆2

𝑖 𝑗 → Δ𝐸2,1) (purple) and DII(CM𝑆1
𝑖 𝑗 → Δ𝐸1,0) (green), i.e., how well se-

lected Coulomb-matrix (CM) atom pairs explain each energy gap. The 𝑆2 → 𝑆1 curve
decreases substantially faster, indicating that a small number of pairwise descriptors
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already captures much of the relevant information for Δ𝐸2,1, whereas Δ𝐸1,0 requires a
larger set of pairwise descriptors and the features that are selected are less informative
on the energy gap. Fig. 4.4b identifies the dominant pairs: for 𝑆2 → 𝑆1, {C,N}, {N,H2},
and {C,H1}; for 𝑆1 → 𝑆0, {C,N} remains important, with {N,H1} and {C,H1} complet-
ing the top three. These are the aforementioned “hotspots” identified in Step 2 of the
analysis protocol.

We then translate these pair-level signatures into chemically interpretable internal
coordinates according to Steps 4 and 5 in the analysis protocol. In Fig. 4.4c, only 2–3
features are sufficient to approach the minimum DII for 𝑆2 → 𝑆1, while the 𝑆1 → 𝑆0

curve decreases more slowly and saturates at a higher DII. The top coordinates are
shown in Fig. 4.4d. For 𝑆2 → 𝑆1, the leading mode is clearly C–N stretching, followed
by a torsion around the C–N bond (Fig. B.3a). This agrees with earlier work identi-
fying the C–N stretch as the dominant coordinate for the 𝑆2/𝑆1 crossing. In contrast,
for 𝑆1 → 𝑆0, the most informative coordinate is the H(C)–C–N–H(N) dihedral, with
C–N stretching as a secondary contributor and N–CH2 pyramidalization appearing
as the next relevant degree of freedom (Fig. B.3b).

The single-feature DII values in Fig. 4.4c (about 0.70 for 𝑆2/𝑆1 and about 0.85 for
𝑆1/𝑆0) further support this asymmetry: one dominant coordinate explains the upper-
state decay significantly better than it explains the lower-state decay. As additional
coordinates are included, the stronger drop for 𝑆2 → 𝑆1 and the more modest im-
provement for 𝑆1 → 𝑆0 indicate that the latter process is intrinsically more collective.
This is consistent with previous mechanistic analyses reporting that access to the 𝑆1/𝑆0

seam involves coupled torsion, C–N stretching, and pyramidalization-type distortions
of the CH2 group [25, 245].. In summary, these findings demonstrate that our proto-
col provides a semi-automated manner for diagnosing relevant photochemical decay
pathways in a well studied system involving non-adiabatic hops associated with three
electronic states.

This system demonstrates that the protocol can identify informative coordinates
for two different state pairs, 𝑆2/𝑆1 and 𝑆1/𝑆0, by analyzing their energy gaps sepa-
rately. The preceding analysis demonstrates that we are able to resolve mechanisms
andmodes associated with two different conical intersections. Extension to more com-
plex multistate systems requires adequate sampling of each relevant transition and
pathway. Separate analyses of identifiable trajectory subsets could help distinguish
competing channels, but the resolving power of this approach in systems with densely
spaced electronic states remains to be assessed.

4.3.3 L-glutamine

The preceding two systems demonstrate that our protocol can identify non-radiative
decay modes in well-studied prototypical molecules with different numbers of elec-
tronic states and active nuclear degrees of freedom. We next turn to amino-acid-based
systems associated with NAF, beginning with L-glutamine (L-gln). Experimentally,
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L-gln is non-fluorescent, consistent with efficient non-radiative relaxation back to the
ground state on a short timescale. Motivated by this connection between structural
constraints, and different non-radiative decay mechanisms and fluorescence proper-
ties, we analyze not only the energy gapΔ𝐸1,0 but also the oscillator strength 𝑓 osc

1,0 along
the trajectories. This allows us to determine if the oscillator strength can be explained
accurately by simple structural coordinates.
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Figure 4.5: (a) DII between internal coordinates and energy gap/oscillator strength as a function of
the number of selected features. Purple corresponds to the 𝑓 osc

1,0 and green corresponds to the Δ𝐸1,0
respectively. Shaded areas show error bars computed from 50 independent bootstrap resamples. (b) The
most informative structural modes extracted from the DII analysis: The Δ𝐸1,0 is governed primarily by
the carbonyl C –O stretch and an O–H distance (left), while the 𝑓 osc

1,0 is described by the O–H and
H–N stretching (right).

In Fig. B.4awe compare DII trends for two targets, Δ𝐸1,0 (green) and 𝑓 osc
1,0 (purple),

using selected Coulomb-matrix (CM) elements. The contrast is striking: for the energy
gap, DII drops from about 0.58 to about 0.32 with only two selected features and then
plateaus, whereas for oscillator strength it remains much higher (about 0.95 to about
0.72 over 10 features). Fig. B.4b shows the corresponding key atom pairs: for Δ𝐸1,0, the
dominant signal involves the carbonyl atoms plus one neighboringNH3

+ hydrogen; for
𝑓 osc
1,0 , the carbonyl oxygen and all three NH3

+ hydrogens are most implicated.
The same hierarchy appears with chemically interpretable internal coordinates. In

Fig. 4.5a we display the DII results for both Δ𝐸1,0 (green) and 𝑓 osc
1,0 (purple) using the

internal coordinates. Fig. 4.5b shows that the top two descriptors are the carbonyl C–O
stretch and an O–H distance associated with proton transfer; together they already
recover the low-DII regime (∼ 0.32). In fact, the single feature associatedwith the C–O
stretch already yields a DII of ∼ 0.58, indicating that this coordinate alone captures a
substantial fraction of the structural information relevant to the energy gap. For the
oscillator strength, the best descriptors are proton-transfer-related distances (O–Hand
H–N), but the DII stays near ∼ 0.76, indicating weaker direct structural predictability
than for the energy gap. This is consistent with previous L-gln analyses, where non-
radiative decay is dominated by localized carbonyl/proton-transfer motion [38, 6].

The analysis of the oscillator strength is particularly noteworthy, as it highlights
a distinct behavior compared to the energy gap. Specifically, the DII values remain
significantly higher, indicating that the oscillator strength is governed by more com-
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plex relationships than those captured by the simple structural modes considered here.
Nevertheless, moderate correlations are still observed. Importantly, the modes that are
most informative for describing the energy gap are not necessarily identical to those
relevant for 𝑓 osc.

4.3.4 L-pyroglutamine-ammonium

In contrast to L-gln, L-pyroglutamine-ammonium (L-pyro) corresponds to the fluo-
rescent product formed after chemical transformation of L-gln upon heating in water,
as shown experimentally in previous work [37]. Subsequent nonadiabatic dynamics
studies further showed that the short-hydrogen bonds in L-pyro suppress access to the
dominant non-radiative decay pathway by restricting the carbonyl-elongation mode
and associated proton-transfer motion [38, 6]. As a result, only about 20% of trajecto-
ries in the present ensemble undergo non-radiative relaxation to the ground state. This
makes L-pyro a challenging case of a systemwith a limited amount of data because the
analysis must recover meaningful decay coordinates from a limited number of reactive
events.
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Figure 4.6: (a) DII between internal coordinates and energy gap/oscillator strength as a function of
the number of selected features. Purple corresponds to the 𝑓 osc

1,0 and green corresponds to the Δ𝐸1,0
respectively. Shaded areas show error bars computed from 50 independent bootstrap resamples. (b) The
most informative structural modes extracted from the DII analysis: The Δ𝐸1,0 is governed primarily by
the carbonyl C –O stretch and the proton transfer involving the two O–H distances (top), while the
𝑓 osc
1,0 is described by a O–H stretch, a C –C–O–H dihedral, and a C–N ring stretch (bottom).

In Fig. B.6a we analyze DII trends for both Δ𝐸1,0 and 𝑓 osc
1,0 using selected Coulomb-

matrix (CM) features. Both curves decrease gradually, indicating pronounced col-
lectivity. The energy gap remains more predictable than oscillator strength (DII ap-
proaches∼ 0.50 forΔ𝐸1,0 versus∼ 0.66 for 𝑓 osc

1,0 ), again showing that pairwise structural
descriptors are less effective for optical observables. Fig. B.6b highlights atoms from
the top five CM pairs; these are concentrated around carbonyl C–O groups, the inter-
dimer hydrogen-bond region, and the carbon atom adjacent to the carbonyl. Similar
modes were identified by work done in our group in Ref. [38].

The internal-coordinate analysis in Fig. 4.6a gives a consistent picture. For Δ𝐸1,0,
the leading coordinates are the carbonyl C–O stretch and the proton-transfer coordi-
nate involving the two O–H bonds (top panel of Fig. 4.6b). For 𝑓 osc

1,0 , the most relevant
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features shift toward proton-transfer and nearby torsional motions: an O–H coordi-
nate, a C–C–O–H dihedral, and again a C–N ring stretch (bottom panel of Fig. 4.6b).
The slow DII saturation that we see for both Δ𝐸1,0 and 𝑓 osc

1,0 ) in Fig. 4.6a confirms that
both observables are governed by coupled distortions rather than by a single dominant
mode.

As in the case of L-gln, the modes governing 𝑓 osc only partially overlap with those
correlated with the energy gap. In particular, the O–H stretching mode associated
with proton transfer is common to both. In contrast, the C–N ring stretch and the
C–C–O–H dihedral are uniquely relevant for 𝑓 osc and do not appear among the dom-
inant modes describing the energy gap. This further reinforces the non-trivial obser-
vation that modes strongly correlated with the oscillator strength are not necessarily
those that most effectively explain the energy gap.

We note that the oscillator strength ( 𝑓 osc
1,0 ) depends on both the energy gap (Δ𝐸1,0)

and the transition dipole moment (TDM). Given the partial overlap between the coor-
dinates selected for the energy gap and those for the oscillator strength, it is natural to
question whether this overlap arises primarily from the explicit dependence of 𝑓 osc on
Δ𝐸. To assess this, we examinedDII(R𝑆1

selected → 𝑓 osc
1,0 (TDM)), where 𝑓 osc

1,0 (TDM)denotes
the oscillator strength constructed by retaining only the TDM contribution, excluding
the energy gap term. For both L-gln and L-pyro, the resulting DII values are nearly
identical to those obtained using the full oscillator strength (see Fig. B.5 and Fig. B.7).
In particular, the absolute magnitudes differ by less than 0.02–0.03, the trends across
theDII curves are also consistent, and the dominant physicalmodes remain unchanged
relative to those identified from DII(R𝑆1

selected → 𝑓 osc
1,0 ). We will see in the next section

however that this is not necessarily true in general.

4.3.5 Molecular Motors

Next, we analyze the overcrowded molecular motor [255], a light-activated system
where photoexcitation initiates rotation around a central double-bond region [250].

This motor is also a useful test case because the key early-time photophysics com-
bines two coupled observables: non-radiative relaxation and a bright-to-dark transi-
tion in 𝑆1 (drop in oscillator strength) before ground-state recovery [248]. Previous
studies implicate central-bond torsion, bond-stretching and pyramidalization in this
process, [251, 252, 7] but disagree on which motion is the main driver [248, 252, 249].
Our goal here is to identify the most informative coordinate directly from trajectory
data.

In Fig. B.9a, DII computed from selected Coulomb-matrix (CM) features decreases
rapidly for both targets, reaching about ∼ 0.27 for Δ𝐸1,0 and ∼ 0.35 for 𝑓 osc

1,0 . The most
informativeCMpairs are highlighted in Fig. B.9b: for the energy gap, {C1,C3}, {C1,C5},
and {C2,C6}; for oscillator strength, {C2,C4}, {C1,C3}, and {C1,C5}. These pairsmainly
track atoms whose relative geometry changes strongly along the central-bond rotation
pathway.
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a b

Figure 4.7: (a) DII between internal coordinates and energy gap/oscillator strength as a function of the
number of selected features. Purple corresponds to the 𝑓 osc

1,0 , red corresponds to 𝑓 osc
1,0 (TDM), and green

corresponds to the Δ𝐸1,0 respectively. Shaded areas show error bars computed from 50 independent
bootstrap resamples. (b) The most informative structural modes extracted from the DII analysis: both
the Δ𝐸1,0 and the 𝑓 osc

1,0 is governed primarily by the central torsion dihedral and the central double bond
stretch that are highlighted.

We subsequently map this signal to interpretable internal coordinates. As shown
in Fig. 4.7a with only three coordinates, DII already reaches very low values (about
0.17 for Δ𝐸1,0 (green) and about 0.33 for 𝑓 osc

1,0 (purple)), indicating that a compact
coordinate set captures most of the relevant dynamics. The leading coordinates are
the central torsional dihedral and the associated double-bond stretch (Fig. 4.7b), with
an additional smaller contribution from a second nearby dihedral (see Fig. B.10).

Quantitatively, the primary dihedral alone yields DII values of approximately 0.35
for Δ𝐸1,0 and 0.46 for 𝑓 osc

1,0 , making it the single most informative coordinate for both
non-radiative decay and bright-to-dark conversion. As in previous cases, however, the
correlation between structural coordinates and the oscillator strength remains weaker,
as reflected by the higher DII value. While the central dihedral captures the behav-
ior of the energy gap nearly optimally, its correlation with the oscillator strength is
comparatively less precise. The next most relevant contributions arise from the central
double-bond stretch and an additional dihedral around the same region (see Fig. B.10),
although their influence is clearly less significant. In contrast to the L-gln and L-pyro
systems, the modes governing the energy gap and oscillator strength in this system
coincide. In both cases, the central torsional dihedral and the associated double-bond
stretch emerge as the most informative coordinates, representing a notable scenario
in which structural modes exhibit a relatively strong correlation with the oscillator
strength. Taken together, these results support a mechanism in which torsional mo-
tion about the central bond is the most informative coordinate.

This system also highlights a practical strength of the protocol. The CM-filtering
step alone does not explicitly return all atoms of the most informative dihedral, yet
the subsequent internal-coordinate ranking resolves the dominant mechanistic mode
unambiguously. In other words, the multi-step DII procedure can disentangle coupled
photochemical coordinates even when the first feature-selection stage is not directly



4.3. Results 57

interpretable in terms of a single geometrical mode.
The strong overlap between the modes governing the energy gap and the oscillator

strength that we observed in the previous section motivated a more detailed analy-
sis of the contribution arising solely from the transition dipole moment (TDM), i.e.,
𝑓 osc
1,0 (TDM). As before, we compute DII(R𝑆1

selected → 𝑓 osc
1,0 (TDM)), shown as the red

curve in Fig. 4.7a. In contrast to the behavior observed for L-gln and L-pyro, the DII in
this case saturates at a significantly higher value (∼ 0.44) compared to that obtained
using the full oscillator strength (purple curve), which reaches ∼ 0.27. Similarly, the
top three coordinates yield a DII of only ∼ 0.54 for 𝑓 osc

1,0 (TDM), as opposed to ∼ 0.33
for the full 𝑓 osc

1,0 . Notably, these top three coordinates are identical to those identified
previously, and appear in the same order; however, their ability to describe the TDM-
only contribution is markedly reduced relative to their performance for the full oscil-
lator strength. This behavior contrasts quite significantly with the L-gln and L-pyro
systems, where 𝑓 osc

1,0 (TDM) closely mirrors the behavior of 𝑓 osc
1,0 . The present results

therefore indicate that, in this molecular motor system, the energy gap plays a more
dominant role in determining the oscillator strength than in the amino acid systems
considered earlier. More generally, repeating our protocol with other types of elec-
tronic observables coming from population analysis in quantum chemistry [178, 179,
180, 181, 256]where the electron density is partitioned into atomic contributions, could
be interesting to explore in the future within this context.

4.3.6 Non-Radiative Decay Pathways Along Principal Components

a b

Figure 4.8: (a) Methaniminium Cation: DII between the leading PCs and energy gaps as a function of
the number of selected features. Purple corresponds to the S2 → S1 and green corresponds to the S1 →
S0 relaxation channels respectively. (b) L-gln: DII between the leading PCs and energy gap/oscillator
strength as a function of the number of selected features. Purple corresponds to the 𝑓 osc

1,0 and green
corresponds to the Δ𝐸1,0 respectively. Shaded areas for both panels show error bars computed from 50
independent bootstrap resamples.

The internal-coordinate analysis presented above starts from a broad structural rep-
resentation and systematically selects the coordinates that are most informative of the
target electronic observables. In some of the systems we studied (L-gln and Molec-
ular Motors), this procedure leads to a rapid decrease of the DII, indicating that a
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small number of localized coordinates is sufficient to capturemost of the relevant struc-
tural information. However, in other systems (Furan and L-pyro), the DII decreases
more gradually as additional coordinates are included. This behavior suggests that the
changes in the energy gap may depend on a more distributed nuclear distortion rather
than on a small set of localized bonds, angles, or dihedrals.

To assess this possibility, we complement the internal-coordinate analysis with a
principal component (PC) based representation of the trajectory ensemble. Principal
components provide a linear, variance-maximizing basis for nuclear motion and there-
fore offer a compact description of correlated, delocalized fluctuations in configuration
space [257]. We therefore compute the DII between PC coordinates and the relevant
electronic observables across all systems, using PCA not as an alternative to the chem-
ically interpretable coordinate selection protocol, but as a reference representation for
evaluating the extent to which the observables are controlled by collective nuclear mo-
tion. Compared to the final step of the protocol where we use internal coordinates,
when using PCs we instead compute DII(PC𝑆𝑙

𝑖 → Δ𝐸𝑙,𝑙−1) and DII(PC𝑆𝑙
𝑖 → 𝑓 osc

𝑙,𝑙−1) for
each PC𝑖 , to determine the PCs that contributemost to the energy gap and the oscillator
strength respectively.

For the methaniminium cation, projecting the dynamics onto PCs substantially en-
hances predictability. In particular, DII(PC𝑆2

𝑖 → Δ𝐸2,1) and DII(PC𝑆1
𝑖 → Δ𝐸1,0) de-

crease rapidly with the number of retained components (Fig. 4.8a) , with the first ∼10
PCs nearly saturating the predictability of the 𝑆2/𝑆1 gap. A similar trend is observed
for Δ𝐸1,0, where the DII is reduced to ∼ 0.32, significantly below the ∼ 0.60 obtained
using the top internal coordinates. This demonstrates that collective combinations of
motions encode a large fraction of the information relevant to nonadiabatic relaxation,
consistent with previous observations that dimensionality reduction techniques can
recover dominant reaction pathways directly from trajectory data without prior mech-
anistic assumptions [223, 225]. Similar trends are observed in Furan (see caption of
Fig. B.2 for a more detailed summary).

In contrast, the amino-acid systems reveal a qualitatively different regime. As
shown in Fig. 4.8b, for L-gln the PC representation performs significantly worse for
the energy gap Δ𝐸1,0, with the DII saturating near ∼ 0.80, compared to ∼ 0.32 ob-
tained using only two interpretable internal coordinates. This clearly indicates that the
dominant relaxation coordinate is highly localized, and that its signal is diluted when
embedded into delocalized PC directions. For the oscillator strength 𝑓 osc

1,0 , PCs provide
only a marginal improvement (∼ 0.73 versus ∼ 0.76), suggesting that this observable
does not benefit strongly from a purely variance-based representation. This break-
down of PCA highlights a known limitation: while PCs optimally capture structural
variance, they do not necessarily align with the physically relevant directions govern-
ing electronic transitions. In L-pyro (Fig. B.8), PCs noticeably improve the mapping to
the oscillator strength (DII decreases from∼ 0.72 to∼ 0.63), however, the improvement
for the energy gap is minimal (∼ 0.56 to ∼ 0.54).

Finally, for the molecular motors (Fig. B.11), PC-based descriptors achieve low DII
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values (∼ 0.29 for the energy gap and ∼ 0.33 for oscillator strength), confirming that
collective motions are highly informative in these larger, more flexible systems. These
values however, remain slightly higher than those obtained using targeted internal
coordinates, again pointing to the presence of specific mechanistic directions that are
not optimally aligned with variance-maximizing modes.

Taken together, these results establish a clear dichotomy. Principal components
are highly effective at compressing high-dimensional trajectory data and can capture
substantial predictive information, particularly in systems where the dynamics is in-
trinsically collective. This is consistent with their widespread use in analyzing nona-
diabatic dynamics, where they can reveal dominant motion patterns without prior
knowledge [56, 57]. However, because PCs are constructed solely based on structural
variance, they may fail to isolate the specific nuclear distortions that control electronic
transitions, especially when these are localized or weakly represented in the global
variance [55]. In contrast, the DII-selected internal coordinates retain direct physi-
cal interpretability while achieving comparable, or in several cases superior predictive
power, highlighting their suitability formechanistic analysis of nonadiabatic processes.

4.4 Discussion

Across all systems studied here, the information-imbalance workflow provides a con-
sistent strategy tomove from high-dimensional trajectory data to a compact, physically
interpretable set of decay coordinates. The main practical outcome is that we can rank
candidate descriptors by information content and then map those rankings to mech-
anistic modes, rather than imposing a reaction coordinate a priori. This is especially
useful for excited-state dynamics, where multiple coupled distortions can coexist and
where local CI descriptors are not always straightforward to transfer to dynamical en-
sembles.

The physical reliability of the modes identified by our protocol is naturally con-
ditioned on the quality of the excited-state trajectories and the underlying electronic-
structure description. Linear-response TDDFT and TDDFTB have known limitations
in describing the multireference character and topology of the 𝑆1/𝑆0 intersection. Our
analysis considers structural evolution along the approach to the intersection, includ-
ing configurations with larger energy gaps, rather than exclusively the immediate de-
generacy region. For Furan [243, 244] and the Methaniminium cation [25, 245, 246,
247], the selected modes agree with established mechanisms obtained using different
electronic-structuremethods. For the amino-acid systems, earliermultireference calcu-
lations and conical-intersection optimization provide complementary support for the
carbonyl-elongation and proton-transfer mechanisms recovered here [38].

To assess the sensitivity to the electronic-structuremethod directly, we repeated the
L-glutamine analysis using TD-DFT trajectories from Ref. [38]. Both TD-DFT and TD-
DFTB recover the same leading structural modes, including the carbonyl C–O stretch
and the proton-transfer-related O–H distance (Figure B.12). The numerical DII curves
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nevertheless show differences: TDDFTB reaches approximately 0.34 with two selected
features and subsequently plateaus near 0.32, whereas TDDFT exhibits a more gradual
decrease, reaching approximately 0.37 with ten features. Thus, the same physical co-
ordinates remain informative across the two levels of theory, although their combined
ability to describe the energy gap differs. Together with the earlier multireference ev-
idence, this comparison supports the physical interpretation of the selected modes.
More generally, the framework provides a means of comparing structural signatures
across different simulation methods.

Several system-level trends emerge from the results. First, themethoddistinguishes
localized from collective decay channels in a chemically transparent way. Methani-
minium shows a relatively localized dominant coordinate for 𝑆2/𝑆1 but a more col-
lective 𝑆1/𝑆0 channel, while furan displays broad collectivity with coupled puckering
and ring-opening coordinates. In L-gln, the key energy-gap signal remains strongly lo-
calized (carbonyl stretching/proton-transfer coordinates), whereas in L-pyro the same
observables are more distributed and require a broader coordinate set although the
dominantmodes are still the same carbonyl stretching and proton-transfer coordinates.
For molecular motors, the analysis identifies torsion around the central bond as the
most informative mode governing both non-radiative decay and bright-to-dark con-
version.

The molecular-motor case highlights how the workflow can clarify competing
mechanistic interpretations in strongly coupled photochemical systems. Priorwork has
debated whether bright-state quenching is primarily associated with pyramidalization
or with central-bond torsional/elongation coordinates [248, 252, 249]. Here, the DII
analysis identifies the central torsional coordinate as the most informative descriptor
for both Δ𝐸1,0 and 𝑓 osc

1,0 , while the central bond stretch and pyramidalization appear as
secondary, coupled responses. Thus, the analysis supports a picture in which torsional
motion around the central bond acts as the most informative coordinate that explains
both energy-gap closure and the change of the oscillator strength. Equally important,
this mode is recovered evenwhen the initial CM-filtering stage does not directly isolate
all dihedral atoms, highlighting the added mechanistic value of the full multi-step II
workflow for strongly coupled photochemical pathways.

Second, the analysis reveals a systematic asymmetry between electronic targets: the
energy gap is generally easier to explain than the oscillator strength using simple in-
terpretable structural descriptors. This distinction is physically expected because the
oscillator strength contains both an energetic and a transition-dipolemoment contribu-
tion. To disentangle these two effects, we additionally analyzed the transition-dipole
contribution alone. This decomposition shows an interesting duality: in the case of
L-gln and L-pyro we observe that both the extent to which the internal coordinates de-
scribe 𝑓 osc and 𝑓 osc(TDM) (as reflected by the value of the DII), as well as the dominant
coordinates involved in the description remain consistent. Thus, in these systems, the
transition dipole itself is controlled by structural changes that are less localized than
the modes that govern the energy gap.
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On the other hand, the molecular motor provides a contrasting case: the same
central torsional coordinate governs both Δ𝐸 and 𝑓 osc, and the TDM-only analy-
sis indicates that the bright-to-dark conversion is also organized by the same cou-
pled torsional/bond-stretching motion. However, in this case, the explainability of
𝑓 osc(TDM) is substantially reduced relative to 𝑓 osc. This suggests that the stronger
structural predictability of 𝑓 osc arises primarily from the explicit contribution of Δ𝐸.
Thus, while the same structural features also influence the TDMcontribution, their cor-
relation with 𝑓 osc(TDM) is significantly weaker than with the full oscillator strength.
Overall, these results show that the coordinate controlling energy gap closure is not
generally identical to the coordinate controlling optical activity, although the two can
coincide in systems where the same structural distortion controls both non-radiative
decay and electronic-state character.

This approach is also data-efficient. The Furan ensemble-size tests (Fig B.14)
demonstrate that the same leading decay coordinates can be recovered using 20 rather
than 200 trajectories, although the absolute DII values remain ensemble-size depen-
dent. This supports the feasibility of identifying informative modes from reduced
trajectory datasets. In L-pyroglutamine-ammonium, the analysis also recovers physi-
cally meaningful coordinates despite only approximately 20% of trajectories undergo-
ing non-radiative relaxation. The amount of data required nevertheless depends on the
system and the sampling of its relevant decay pathways. This is relevant for realistic
NAMD simulations, where computational cost can restrict analysis to a few thousand
representative frames (often only a subset of all generated configurations). Even in
these data-limited settings, the internal-coordinate ranking remains robust enough to
extract dominant channels.

Principal component (PC) descriptors are useful for identifying collective struc-
tural distortions in NAMD simulations that explain the energy gap. However, they
are not universally optimal for predicting electronic observables. In cases where the
relevant photochemical process is localized, explicit internal coordinates can provide
superior predictive performance. Furthermore, the most informative PCs are not nec-
essarily those that capture the largest structural variance, and their relevance must
therefore be evaluated explicitly. In this sense, PC analysis should be viewed as a di-
agnostic tool for detecting collective motions that correlate with electronic observables
(such as energy gaps or oscillator strengths), rather than as a substitute for physically
interpretable internal coordinates. The II-based approach can also be used to deter-
mine the most informative principal components in predicting the energy gap which
could then in turn be used to create low-dimensional representations of systemswhere
the nuclear motion is also described quantummechanically, such as in multiconfigura-
tional time-dependentHartree (MCTDH)with linear vibronic coupling (LVC)models.
This is an extension of the approach done previously in Ref. [55] where normal modes
were selected based on a linear fit to energy gaps.

Another interesting class of systems where our techniques could be applied is
on photodissociation reactions. In Appendix B.1.1 we show that the protocol devel-
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oped here recovers the relevant dissociation coordinates from the previously published
QM/MM trajectories of crystals of the amino acid Cysteine (Chapter 3). The method
identifies both the relevant coordinates of the dissociation of the proton from the sul-
phur group (S–H bond) and the cleavage of the C–N bond.

In conclusion, the II-based protocol offers a unified and scalable route to identify
non-radiative decay modes directly from trajectory ensembles, while retaining mecha-
nistic interpretability across systems ranging from small benchmarks to complex fluo-
rescent materials and molecular motors.



5
Towards a robust approach

to infer causality
from molecular dynamics

simulations

The ability to distinguish between correlation and causation of variables in molecular systems
remains an interesting and open area of investigation. In this work, we probe causality in a
molecular system using two independent computational methods that infer the causal direction
through the language of information transfer. Specifically, we demonstrate that a molecular
dynamics simulation involving a single Tryptophan in liquid water displays asymmetric in-
formation transfer between specific collective variables, such as solute and solvent coordinates.
Analyzing a discrete Markov-state and Langevin dynamics on a 2D free energy surface, we
show that the same kind of asymmetries can emerge even in extremely simple systems, under-
going equilibrium and time-reversible dynamics. We use these model systems to rationalize the
unidirectional information transfer in the molecular system in terms of asymmetries in the un-
derlying free energy landscape and/or relaxation dynamics of the relevant coordinates. Finally,
we propose a computational experiment that allows one to decide if an asymmetric information
transfer between two variables corresponds to a genuine causal link.

5.1 Introduction

One of the most intriguing foundational questions in molecular science concerns how
cause-and-effect relationships, plainly observed in our mesoscopic and macroscopic
world, emerge from dynamic equations that are time-reversible at the microscopic
scale. Measuring causality in a system described by classical equations of motion is
highly non-trivial, and has been the object of intense investigation [64, 65, 66, 67, 258,

63
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68, 259, 69, 70, 71, 260, 72, 261, 262]. For this purpose, molecular dynamics (MD)
simulations offer the possibility to interrogate specific microscopic degrees of freedom
that are often unattainable or very challenging to observe and manipulate in exper-
imental approaches. In order to infer causality among Collective Variables (CVs) of
interest, such as inter-residue distances [71] or dihedral angles [72, 258] in small pro-
teins, various studies have previously analyzedMD simulations using Granger causal-
ity (GC) [62, 263], Transfer Entropy (TE) [63, 134] or time-lagged two-body cross-
correlation functions (CCFs) [72, 66].

In other contexts, such as medical studies [264], sociology [265], and epidemiol-
ogy [266], causal questions have been addressed for decades through the lens of causal
inference [267, 268, 269]. This field provides a rigorous statistical framework to answer
counterfactual questions such as “Had the value of variable 𝑋 been different, would
the value of𝑌 have been different as well?”. The common strategy to address this ques-
tion from observational time series, namely in the absence of ad-hoc manipulations of
the putative causal variable𝑋, is measuring conditional dependencies between pairs of
variables at different times [270]. Informally, if a variable𝑌 at time 𝜏 depends on a vari-
able 𝑋 at time zero for all possible conditioning sets including the observed variables
up to time 𝜏, one infers that 𝑋 causes 𝑌. Crucially, this conclusion can be drawn only
if no unobserved common cause of 𝑋 and 𝑌 exists, or if all common causes of 𝑋 and
𝑌 are included in the search space of conditioning sets. A common cause of two vari-
ables is typically referred to as “confounder”, and the hypothesis that all confounders
are observed is referred to as “causal sufficiency”. While the most general algorithms
to infer the causal graph rely on iterative conditional independence tests for each pair
of variables [271, 272, 273], an alternative approach in the case of time series is to com-
pute the Transfer Entropy (TE), which is equivalent to carry out a single conditional
independence test for each pair of variables [270]. In the following, wewill refer to any
measure of conditional (in)dependence in observational time series data, such as TE,
as information transfer.

If the existence of unobserved common drivers cannot be ruled out, one may assess
the existence of a causal relationship 𝑋 → 𝑌 by measuring the average or distribu-
tional changes in 𝑌 resulting from two or more manipulations, or interventions, over
𝑋. A (hard) intervention on 𝑋(0), denoted as 𝑑𝑜(𝑋(0) = 𝑥), is an ideal experiment
where the value of 𝑋 at time zero is set to 𝑥 independently of the value of any other
variable, observed or not, that is not caused by 𝑋(0). Given two independent interven-
tions 𝑑𝑜 (𝑋(0) = 𝑥) and 𝑑𝑜 (𝑋(0) = 𝑥′), the causal effect of 𝑋(0) on𝑌(𝜏) can bemeasured
from the difference between the post-interventional distributions 𝑝(𝑌(𝜏)|𝑑𝑜(𝑋(0) = 𝑥))
and 𝑝(𝑌(𝜏)|𝑑𝑜(𝑋(0) = 𝑥′)). Importantly, this interventional approach not only allows to
formulate causal statements when unobserved common drivers are present, but also
provides a direct quantification of causal effects [274]. Pearl’s “do-calculus” [267] pro-
vides tools to compute post-interventional distributions from observational data, un-
der the assumption of causal sufficiency.

In this work we investigate the emergence of strongly asymmetric information trans-
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fers, which indicate candidate unidirectional causal relationships, in molecular systems
where the microscopic interactions are bidirectional due to Newton’s third law. In par-
ticular:

• Using a very simple molecular system, a Tryptophan (TRP) molecule sol-
vated in water, we show that unidirectional information transfers between one-
dimensional CVs can be inferred by measuring the Transfer Entropy [64, 65, 66,
67, 68, 259, 261, 69, 70, 262, 258], or using an approach introduced recently [15]
when the CVs are high-dimensional (Sec. 5.3.1).

• We show that such unidirectional information transfer can be present even in
model systems which rigorously obey a time-reversible dynamics with station-
ary probability measure, such as a discrete-time Markov process, for which the
Transfer Entropy can be computed analytically, and a Langevin dynamics on a
two-dimensional potential energy surface (Sec. 5.3.2).

• We show that if all the variables are observed, these asymmetries allow predicting
the effect of suitable interventional experiments, for example a 𝑑𝑜(𝑋), in the lan-
guage of causal inference. However, the presence of a unidirectional information
transfer is not a sufficient condition to decide if a causal relationship exists: in a
Langevin model with three variables in which only two are observed, we measure
an asymmetric Transfer Entropy that does not correspond to a causal relation-
ship. We show that this can be revealed by appropriate interventional experi-
ments (Sec. 5.3.3).

5.2 Methods

We search for unidirectional information transfer between pairs of variables by esti-
mating the Transfer Entropy and, for high-dimensional collective variables, by using
the Imbalance Gain, an approach developed recently [15]. These measures are defined
in Chapter 2: the Transfer Entropy and its estimators in Section 2.6, the Information
Imbalance in Section 2.5, and the Imbalance Gain in Section 2.7. This section describes
the model and molecular systems to which they are applied.

5.2.1 Langevin dynamics of the model systems

The free energy landscapes depicted in Figs. 5.4d and 5.4gwere sampled with an over-
damped Langevin dynamics,

¤𝑋(𝑡) = − 1
𝛾𝑋

𝜕𝑉(𝑋,𝑌)
𝜕𝑋
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where 𝑉(𝑋,𝑌) is the free energy of the system, 𝛾𝑋 (𝛾𝑌) is the friction coefficient for 𝑋
(𝑌), 𝑇 is the temperature, 𝑘𝐵 denotes the Boltzmann constant and 𝜂𝑋(𝑡), 𝜂𝑌(𝑡) are in-
dependent noise terms satisfying 〈𝜂𝑋(𝑡)𝜂𝑋(𝑡′)〉 = 2𝛾𝑋 𝑘𝐵 𝑇𝛿(𝑡− 𝑡′) (similarly for 𝜂𝑌(𝑡)).
In both cases, we set 𝑘𝐵 𝑇 = 1. In Fig. 5.4d, the friction coefficients were both set to 1,
while in Fig. 5.4g we set 𝛾𝑋 = 1 and 𝛾𝑌 = 0.1, enforcing a slower diffusion in the 𝑋
direction.

We integrated Eqs. 5.1 with a simple Euler scheme for 𝑁 = 2500 independent initial
conditions (𝑋(0), 𝑌(0)), with 𝑋(0) ∼ N(0, 1) and 𝑌(0) ∼ N(0, 1). A time step 𝑑𝑡 = 0.01
was employed and the state was saved every 10 steps. From each trajectory, the initial
1000 time points were excluded from the analysis.

5.2.2 Molecular dynamics simulations

Weperformedmolecular dynamics simulation of a Tryptophanmolecule inwater solu-
tion. Tryptophan (TRP) is a fluorescent amino acid which serves as a model molecular
system to investigate the coupling and driving of different solvent and solute degrees
of freedom. It is also an ideal starting point to model the effects of an external pertur-
bation on amolecular system, particularly the protein-solvent interactions. In our case,
this external perturbation is the photo-excitation of TRP. The indole group, which is
the chromophore in TRP, has two closely spaced electronic excited states, 1La and 1Lb.
The lowest excited singlet state of the indole in the gas phase and non-polar solvents
is 1Lb state, while in polar media (such as water), the 1La state is lowest energy sin-
glet state [275, 276, 277, 278, 279]. The indole moiety can be modelled in a “classical”
fashion simulating vertical electronic excitation using a protocol based on the work of
Sobolewski and Domcke [278]. The ground state topology charges generated by the
force field are left unaltered, and a topology to simulate the system in the excited state
is generated by applying the Mulliken charge differences between 1La and S0 from the
CASSCF calculations in Ref. [278]. The ultrafast internal conversion between 1Lb and
1La which occurs in a few femtoseconds in polar solvents is not modelled in this ap-
proach. This protocol is well-established and has been used in the past for modelling
the indole moiety of TRP in the excited state and studying a variety of physical interac-
tions in good agreement with experiments [280, 83, 281]. The veracity of this protocol
can be further justified by analysing the dipole moment of the indole group, since this
is a distinctive feature of the difference between the ground state and the 2 accessible
excited states. Indeed, our ground state (GS) and excited state (ES) configuration has
a dipole moment of 2.4 D and 4.8 D respectively, which is consistent with the values
from Ref. [278].

The Zwitterionic form of TRP was chosen where the N-terminus was protonated
as -NH3+ and the C-terminus was deprotonated as -COO−. The AMBER ff19SB pro-
tein force field [282] was used, and as per the recommendation of the AMBER devel-
opers, it was paired with the non-polarizable four-point rigid Optimal Point Charge
(OPC) water model [283, 284]. Since we are interested in highly accurate protein-
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solvent interactions, the OPC model was an obvious choice due to the faithful repro-
duction of various experimental properties of bulk water, such as density, dielectric
constant, heat of vaporization, self-diffusion coefficient and viscosity [285, 286, 287].
GROMACS 2023.2 [288, 289, 290, 291, 292, 293, 294, 295] was used to perform the sim-
ulations where the system was first equilibrated in the NVT ensemble at 300 K for
10-ns using the Stochastic Velocity Rescaling thermostat [296]. Then, we run a con-
stant pressure (NPT) simulation for a further 10-ns using the Stochastic Cell Rescaling
barostat [102] at 1 atm and 300 K. Eventually, we carried out a production NVT run of
1-µs at 300 K using the Leapfrog integrator with a 2-fs time-step. Buffered Verlet lists
were used to keep track of atomic neighbors. The long-range electrostatic interactions
were calculated using the smooth Particle Mesh Ewald (PME) algorithm [107, 108]. A
shifted Lennard-Jones potential with a cutoff value of 1.2 nm and long range disper-
sion corrections for energy and pressure was used. The system was solvated with 960
OPC water molecules in a cubic box of size 3.5 nm with periodic boundary conditions.
The geometry of the water molecules was constrained by the SETTLE algorithm [104]
while for the TRP, bonds with hydrogen atoms were constrained using LINCS [297].

The final dataset for the Imbalance Gain (IG) analysis is constructed by sampling
frames every 1-ns from the 1-µs trajectories in the GS and ES separately, and using
these as the starting points for 1000 short 500-ps simulations in the NVE ensemble.
This ensemble is used instead of the more common NVT or NPT settings in order to
emulate the conditions of the dynamical systems described in Section 5.3.2. Indeed, the
dynamics in the microcanonical ensemble is rigorously time-reversible, as the Hamil-
ton’s equations satisfy a well-known time-invariance property under a change of sign
of the momenta. Since a practical implementation of this dynamics is likely to violate
time-reversibility for numerical and/or algorithmic reasons, as evidenced by a non-
zero energy drift, we fine-tuned the simulation parameters in order to keep this drift
below −5.95×10−5 kJ/(mol·ps) per atom. All rotations and translations were removed
from the TRP from these NVE simulations, and the resultant trajectories were used for
the IG and TE analysis.

Coordination numbers

The relevant coordination numbers that were calculated and are part of the IG analysis
were done using a switching function of the form:∑

𝑖

∑
𝑗

𝑠𝑖 𝑗 =
1.0

1.0 + exp((𝑑𝑖 𝑗 − 𝑑0)/𝜎) , (5.2)

where 𝜎 controls the width of the switching function, and 𝑑0 is a cutoff distance for 2
atoms 𝑖 and 𝑗. In this work, 𝑑0 = 0.15 was chosen.
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5.3 Results

5.3.1 Unidirectional information transfer between collective variables in a
molecular system

Figure 5.1: A TRP molecule in “licorice” representation with some surrounding water molecules. The
three key dihedrals, 𝜒1 , 𝜒2 and 𝜒3 , are shown in bold lines colored in pink, green, and orange respec-
tively. The dotted circle depicts a key region for measuring coordination numbers and protein-solvent
interactions.

We first show that asymmetries in the Imbalance Gain and in the Transfer Entropy
can be observed in a molecular system undergoing equilibrium and time-reversible
dynamics. These asymmetries denote unidirectional information transfer between spe-
cific collective variables and, as we will see below, candidate causal links. Asymme-
tries in the TE have already been reported in several previous studies using molec-
ular dynamics simulations (see for example Refs [64, 65, 66, 67, 68, 259, 261, 69, 70,
262, 258]). TE is however limited to constructing probability distributions in low-
dimensions, whereas the IG was introduced precisely to overcome this limitation.

We focus on the molecular dynamics simulations of TRP in water described in Sec-
tion 5.2.2. TRP is a naturally occurring fluorophore whose optical properties have been
extensively studied to probe solvation dynamics - the response of protein and water
coordinates following photoexcitation [298, 280, 87]. We conducted microsecond-long
equilibriummolecular dynamics (MD) simulations of TRP inwater on both the ground
and excited electronic states (GS and ES, respectively) in order to uncover unidirec-
tional dependencies between specific solute and solvent coordinates. Our model for
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Figure 5.2: a and b: TE and IG curves for the CVs 𝜒3 and 𝜒2 in the GS. c and d: TE and IG curves
for the same CVs in the ES. e and f: TE and IG curves for the CVs Δ IP and Δ IW in the GS. g and
h: TE and IG curves for the same CVs in the ES. Shaded regions denote error bars over 14 independent
estimates, and the bold points denote values that are determined to be significantly different from 0 using
a t-test (𝑝 < 0.001). The IG was computed using 𝑘 = 5 neighbors.
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the photoexcitation mirrors previous studies that involve adjusting the point charges
in the indole group to capture the change in the magnitude and direction of the dipole
moment [280, 83, 281] (see Section 5.2.2 for more details). From these simulations, we
examined the relationships between awide variety of variables that probe the coupling
between the conformational changes of the TRP and the response of the surrounding
water molecules. In Fig. 5.1, we show some of the relevant collective variables that we
investigate. Primarily, we look at a few key dihedrals around the indole moiety. The
three dihedrals we look at are 𝜒1 , which shows the linkage of the N-terminus to the in-
dole group, 𝜒2 , which describes the orientation of the indolewith respect to 𝐶𝛼, and 𝜒3 ,
which informs on the linkage of the C-terminus to the indole moiety. In addition, we
also consider solvation coordinates by looking at coordination numbers between the
water molecules and the atoms in the system most likely involved in interactions with
the water molecules: the N-terminus (𝑛NT), the C-terminus (𝑛CT), the two carbonyl
Oxygens of the C-terminus (𝑛O1, 𝑛O2), and the N-H group of the indole (𝑛NE1).

In addition to these structural quantities, we also examined variables that probe the
changes in the interaction energy between the TRP and the environment arising from
a photoexcitation. This can then be partitioned separately into contributions coming
from the interactions of the chromophore (the indole moiety) with water molecules
(IW) and with the peptide chain (IP). We simulated a vertical excitation of the system
by replacing the ground-state charges with that of the excited state. This gives us the
“interaction energy gaps” collective variables as:

Δ IP = IP𝑆1 − IP𝑆0 , (5.3a)
Δ IW = IW𝑆1 − IW𝑆0 . (5.3b)

The quantities Δ IP and Δ IW give us the contribution of the indole-peptide and
indole-water interaction energies, respectively, to the total energy gap between the
ground and excited state. These energy gap variables are crucial ingredients that
go into understanding the microscopic origins behind Time-Dependent Fluorescence
Stokes Shift experiments [299].

In Fig. 5.2 we show pairs of collective variables displaying approximately unidi-
rectional information transfer in the TE and IG, on the timescale of the first 100 ps.
Figs. 5.2a and 5.2b show the TE and IG between the 𝜒3 and 𝜒2 dihedral angles in the
GS, respectively, while Figs. 5.2c and 5.2d present the same measures in the ES. For
both sets of simulations, we observe a large IG in direction 𝜒3 → 𝜒2 , while the IG in
the opposite direction is negligible. Similar behavior is also observed in the case of the
TE. In the ES, the TE and IG from 𝜒3 to 𝜒2 decay on a much longer timescale compared
to the GS; in addition, we observe that the unidirectional information transfer is more
marked in the ES compared to the GS. The same behavior also holds for the CVs 𝜒1

and 𝜒2 (see Fig. C.6). This suggests that the timescales associated with the flow of
information between different modes is altered in the GS versus ES.
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In Fig. 5.2 (panels e, f, g, h), we perform the same analysis for the energetic vari-
ables Δ IP and Δ IW. These variables probe the total change in the electrostatic inter-
action energy between chromophore and peptide backbone (IP) or chromophore and
water (IW), as a consequence of the excitation (see Section 5.2.2). In Figs. 5.2e and 5.2f
we show the TE and IG for the energetic variables in the GS, while in Figs. 5.2g and
5.2h we report the same measures in the ES. In this case, we observe a unidirectional
information transfer from Δ IP to Δ IW. Similarly to the case of dihedrals, for the ener-
getic variables, the relaxation of both the TE and IG is significantly slowed down in the
ES. It should be noted that for one-dimensional CVs the TE and the IG provide fully
consistent results.

a

b

Figure 5.3: a: IG for ®𝜒 → ®𝑛 (blue) and ®𝑛 → ®𝜒 (black). b: IG for ®𝜒 → ®𝐸 (blue) and ®𝐸 → ®𝜒 (black).
Shaded regions denote error bars over 14 independent estimates, and bold points denote values that are
significantly different from 0 according to a t-test (𝑝 < 0.001).

Next, we extend the analysis to multidimensional CVs, involving solvent coordi-
nates and the energetic variables mentioned before. Conducting this type of analysis
using TE is difficult due to the need to construct high-dimensional probability distribu-
tions. Fig. 5.3a shows the Imbalance Gain between two multidimensional CVs, ®𝜒 and
®𝑛, which represent a collection of dihedrals and coordination numbers, respectively.
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The dihedral vector, ®𝜒 = (𝜒1 , 𝜒2 , 𝜒3), is composed of the 3 dihedrals discussed above
and shown in Fig. 5.1, while ®𝑛 = (𝑛CT , 𝑛O1 , 𝑛O2 , 𝑛NT , 𝑛NE1) includes the coordination
numbers of the water oxygens with the C-terminus (CT), the carbonyl O atoms (O1
and O2), the N-terminus (NT), and the indole N-H (NE1). Fig. 5.3a shows the emer-
gence of a unidirectional information transfer from ®𝜒 to ®𝑛. Finally, we computed the
IG between ®𝜒 and ®𝐸, where ®𝐸 = (Δ IP,Δ IW), which also unveils a clear asymmetry
(Fig. 5.3b).

5.3.2 Emergence of causal links in model systems at equilibrium

To interpret the results of the previous section from the molecular dynamics simu-
lations of Tryptophan, we conducted a similar analysis on simple model systems: a
discrete-time Markov process (Fig. 5.4a) and two Langevin dynamics on different free
energy surfaces (FES) (Figs. 5.4d and 5.4g). In all these systems the dynamics satisfies
detailed balance.
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Figure 5.4: a: Markov diagram for a three-state system, with transition probabilities reported next to
the arrows. 𝑋 and 𝑌 are discrete dynamical variables whose values in each state are specified close to
corresponding node. b and c: TE and IG from the dynamics generated by a, as a function of the time lag
𝜏. d: Asymmetric FES used for an overdamped Langevin dynamics with identical friction coefficients
for 𝑋 and 𝑌. e and f: TE and IG from the Langevin dynamics run over d. g: Symmetric FES used for
an overdamped Langevin dynamics with different friction coefficients for 𝑋 and 𝑌 (𝛾𝑋 = 1, 𝛾𝑌 = 0.1).
h and i: TE and IG from the Langevin dynamics run over g. Shaded regions denote error bars over
20 independent estimates, each based on 𝑁 = 2000 trajectories. The IG was computed using 𝑘 = 25
neighbors.
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In theMarkov system of Fig. 5.4a, the three states A, B and C are uniquely identified
by variable 𝑋, which assumes different values (0, 1 or 2) in each state. The second
variable, 𝑌, can only distinguish states A and B (𝑌 = 0) from state C (𝑌 = 1), but not
A and B from each other. Therefore, 𝑌 contains information that is redundant once
the value of 𝑋 is known. For such a system, it is possible to show both analytically
(Section C.2) and numerically (Fig. 5.4b) that the TE is non-zero in direction 𝑋 → 𝑌,
while it is exactly zero in the reverse direction. This finding is reproduced by the IG as
a function of the time lag 𝜏 (Fig. 5.4c), which is significantly different from zero only
in direction 𝑋 → 𝑌, and only for the time lag 𝜏 = 1. We note that in this system, the
actual causal link from 𝑋 to 𝑌 is instantaneous, as 𝑌𝑡 is a deterministic function of 𝑋𝑡 .
Although TE and IG cannot directly test whether causal links are instantaneous, they
can detect their presence at larger time lags (see Section C.1).

As a second example, we consider an overdamped Langevin dynamics (see Sec-
tion 5.2.1) carried out over the FES of Fig. 5.4d, which can be seen as a continuous
version of the previous Markov system. Again, variable 𝑋 carries more information
than 𝑌 about the true state of the system, as the three minima can be distinguished by
projecting the free energy along 𝑋, while only twominima can be identified by project-
ing along𝑌. This is sufficient to observe a TE unbalanced in direction𝑋 → 𝑌 (Figs. 5.4e
and 5.4f), when time lags of order of the transition times are considered. The informa-
tion transfer in direction 𝑌 → 𝑋 is instead close to zero according to both measures,
although the TE in this direction suggests the presence of a bias towards nonzero val-
ues. This is compatible with the observations of Ref. [15], where it was shown that this
measure (computed with the same estimator [133]) is prone to false positives in the
direction without causal coupling. This problem is strongly alleviated by the Imbal-
ance Gain (Fig. 5.4f). For smaller time lags, the thermal fluctuations within a single
minimum play a role, and 𝑌 still carries information about the state of the system that
is not included in 𝑋. This is reflected by comparable information transfers in the two
directions for very small 𝜏 (insets of Figs. 5.4e and 5.4f).

As a third example, we consider a Langevin dynamics in the FES of Fig. 5.4g, which
is symmetric under the exchange of 𝑋 and 𝑌. If the Langevin dynamics is generated
using the same friction coefficient for both the variables, no information transfer asym-
metry appears between𝑋 and𝑌 (see Fig. C.5). In contrast, using a smaller friction coef-
ficient for𝑌 leads to the emergence of a clear unidirectional flow from𝑋 to𝑌 (Figs. 5.4h
and 5.4i).

Despite the differences, all previous examples describe a scenario where variable
𝑋 is already maximally predictive with respect to its own future, and variable 𝑌 can
only add redundant information on the future of 𝑋. In contrast, the uncertainty over
the future of 𝑌 can be reduced if the current state of 𝑋 is known.

Importantly, in the three examples such a “predictivity asymmetry” emerges from
different mechanisms. In the first example, 𝑋 provides a complete description of the
system’s state, while 𝑌 describes the system with a certain level of degeneracy. While
𝑋 resolves the degeneracy of 𝑌 by distinguishing states that are identical according
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to 𝑌, the opposite is not true. In the second example, the system is two-dimensional,
but the relaxation time within each minimum is much shorter than the transition times
between the minima, so that the only information still retrievable at long time scales is
the knowledge of the minimum in which the system is trapped. Therefore, 𝑌 carries
non-redundant information that allows improving the prediction of 𝑋 only for small
time lags, but not in the far future, where all relevant information is already contained
in 𝑋. In this case, 𝑋 and𝑌 are CVs retaining independent information of the true state,
with 𝑋 being more informative than 𝑌 in the long time-scale regime. In these first two
examples, the asymmetric information transfer is rooted in the different information
content that the variables retain about the true system’s state.

In the third example, the symmetry of the FES implies that 𝑋 and𝑌 retain the same
level of information of the system’s state at a given time. However, such information
levels become significantly different if referred to the future state of the system, as a
consequence of the different relaxation times: while the description provided by 𝑋 at
time zero can still be used as a good proxy of the system’s state at time 𝜏, the same
does not apply for 𝑌 if 𝑌 has already equilibrated. Therefore, this information transfer
asymmetry is due to adiabatic separation: variable 𝑋 moves slowly, leaving to 𝑌 the
time to relax. In this condition, all the information on the long time-scale dynamics is
provided by 𝑋 alone.

The results described in Sec. 5.3.1 can be explained in light of the mechanisms just
identified. In Figs. 5.5a and 5.5bweplot the FES as a function of the two dihedral angles
(𝜒3 and 𝜒2), for the GS and ES respectively. In the FES in Fig. 5.5a, more minima can
be discerned by 𝜒3 than by 𝜒2 . More precisely, the marginal free energies of the two
angles (see Fig. C.7) show three minima for 𝜒3 and two minima for 𝜒2 , with a higher
barrier for 𝜒3 (∼ 6 − 9 𝑘𝐵𝑇) than for 𝜒2 (∼ 4 𝑘𝐵𝑇). This indicates that 𝜒3 resolves the
“degeneracies” of 𝜒2 more effectively than vice versa, or equivalently, that 𝜒3 serves as
a better CV than 𝜒2 . In the ES (Fig. 5.5b), some of the minima along 𝜒3 (specifically
those in (𝜒2 , 𝜒3) = (−2, 1), (𝜒2 , 𝜒3) = (1.5,−1.25) and (𝜒2 , 𝜒3) = (−1.75, 3)) become
more pronounced. As shown in Figs. 5.2c and 5.2d, this leads to a more pronounced
information transfer in direction 𝜒3 → 𝜒2 . The slower decay of the TE and IG curves is
determined by the deeper FES minima, which make 𝜒3 a slower mode in the ES than
in the GS.

To further rationalize the asymmetries observed in Fig. 5.2, we turned to the FES
between the two energetic variables, illustrated in Figs. 5.5c and 5.5d. In sharp contrast
to the FES involving the dihedrals, these distributions show a single broad minimum,
which is only slightly asymmetric in the two variables. However, the two CVs display
decorrelation times that are different for Δ IP (∼ 7 ps in the GS, ∼ 11 ps in the ES) and
Δ IW (∼ 1 ps in the GS, ∼ 2 ps in the ES), making Δ IP a slower CV than Δ IW (see
Fig. C.8). This leads us to conclude that the asymmetric information transfer between
the indole-peptide energetics and the indole-solvent energetics is a molecular example
of the scenario shown earlier in Fig. 5.4 (panels g,h,e).
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Figure 5.5: a and b: the FES for 𝜒3 and 𝜒2 in the GS and ES respectively. c and d: the FES for Δ IP
and Δ IW in the GS and ES respectively.

5.3.3 Asymmetries and the response to external interventions

In this section we will show that observing a unidirectional information transfer be-
tween two variables is a necessary, but not sufficient condition for the existence of a gen-
uine causal link. Using the tools of causal inference, we analyze the behavior of the
system in response to an active intervention, which we apply by setting a variable to a
specific value, without changing any other variable that is not a direct cause of the ma-
nipulated one. In Langevin models, a “hard” intervention 𝑑𝑜(𝑋0 = 𝑥) can be thought
to as an ideal experiment where the “natural” state of the system at time 𝑡 = 0, (𝑋0 , 𝑌0),
is instantaneously set to (𝑥, 𝑌0). After the external manipulation, the system is left free
to evolve according to its unperturbed dynamics. Interventions provide an intuitive
framework to speak about causality: we can state that 𝑋 causes 𝑌 if and only if an in-
tervention on 𝑋0 leads to a measurable effect on 𝑌𝜏 for some 𝜏 > 0. This effect can be
quantified, for example, by measuring the Kullback-Leibler (KL) divergence between
the distributions of 𝑌𝜏 under two different interventions on 𝑋0.

In Fig. 5.6 we show the effect of interventions on variables 𝑋 and 𝑌 in two different
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a b
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Figure 5.6: Effect of different interventions on two three-dimensional Langevin system with the same
free energy projection in the 𝑋𝑌-plane. a and c: Red spheres represent the free energy isosurface
for 𝐹 = 13 𝑘𝐵 𝑇. The three planes show the free energy projections for all pairs variables. b and
d: KL divergences between post-interventional distributions, intervening on 𝑋0 (blue curves) and
on 𝑌0 (black curves), as a function of the lag 𝜏 between the intervention and the time at which
its effect is observed. Specifically, the two curves display 𝐷𝐾𝐿

[
𝑝(𝑌𝜏 | 𝑋0 = 0)‖𝑝(𝑌𝜏 | 𝑋0 = 12)] and

𝐷𝐾𝐿
[
𝑝(𝑋𝜏 | 𝑌0 = 0)‖𝑝(𝑋𝜏 | 𝑌0 = 5)] , respectively.

three-dimensional model systems whose two-dimensional free energy as a function of
𝑋 and 𝑌 is exactly identical to the free energy in Fig. 5.4d. We treat the third variable,
𝑍, as if it were unobserved, computing only bivariate Transfer Entropies between 𝑋
and 𝑌.

In the first system (top row) the 𝑍 variable has the same distribution in the three
minima, and the TE (inset in panelb) is qualitatively equivalent to the two-dimensional
case shown in Fig. 5.4. In panel b we show the effect of 𝑑𝑜(𝑋0) and 𝑑𝑜(𝑌0) experiments
(blue and black curves, respectively), using as interventional values the positions of
the furthest minima seen by each variable (𝑋0 = 0, 12 and 𝑌0 = 0, 5). The effect on 𝑌𝜏
of the interventions on 𝑋0 is still visible for large time lags, whereas the interventions
on 𝑌0 have no effect on 𝑋𝜏 after a time scale comparable to the relaxation time within
the minima. Therefore, in this example, the Transfer Entropy provides qualitatively
the same information that one would infer by performing an external manipulation of
the system.

In the second system (bottom row of Fig. 5.4), 𝑍 does not distinguish the threemin-
ima seen by 𝑋, but reveals a fourth minimum, hidden for 𝑋, which features a higher
free energy barrier than all “visible” barriers. The bivariate Transfer Entropy (inset of
panel d) shows qualitatively the same asymmetry observed in the previous example,
suggesting a unidirectional causal link 𝑋 → 𝑌. However, intervening on 𝑋0 affects 𝑌𝜏
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on significantly shorter time scales than those deducible from Transfer Entropy (blue
curve in panel d). Thus, using Transfer Entropy to infer the existence of a causal effect
of 𝑋 on𝑌would lead to thewrong conclusion: over longer time-scales, the unobserved
variable 𝑍 behaves as a common driver of 𝑋 and 𝑌. In Fig. C.9 we support this state-
ment by showing that an intervention on 𝑍0 results in a long-term effect on both 𝑋𝜏

and 𝑌𝜏, while it has no effect when applied to the system of Fig. 5.6a.

5.4 Discussion

In this work, we investigated the emergence of information transfer asymmetries in
systems obeying equilibrium and time-reversible dynamics, and whether these asym-
metries can be interpreted as causal links. Wemeasured information transfers by using
the Transfer Entropy and the Imbalance Gain. Crucially, both these observables effica-
ciously probe three-body dependencies, involving the present state of both the putative
driver and the driven variables, and the future state of the latter. Standard time-lagged
two-body cross-correlation functions (CCFs), which have been used to infer causal
links from MD simulations [72, 66], cannot report on the directional flow of informa-
tion between variables in stationary and time-reversible systems, as they are symmetric
by construction. We illustrate this property by computing the CCFs between some of
the relevant collective variables for TRP (see Figs. C.10 and C.11).

Consistent with previous studies [64, 65, 66, 67, 258, 68, 259, 69, 70, 71, 260, 72, 261,
262], we observed empirically that information transfer asymmetries can emerge even
in a simple but realistic molecular system, namely a solvated TRPmolecule. The choice
of this system is motivated by Fluorescence Stokes Shift experiments, where TRP can
be electronically excited by absorbing UV photons and used to probe solvation dynam-
ics [88, 89, 90, 91]. Using model systems, we identified two mechanisms that explain
the emergence of such asymmetries: (i) the asymmetry in the information content of
different CVs, namely the capacity of one CV to describe states and transitions hidden
to the others, and (ii) the discrepancy in their relaxation times. In particular, we found
that the most informative CVs and the slowest CVs act as “sources” of information to-
wards other CVs. Remarkably, all the asymmetries observed in the TRP system can be
explained according to either one mechanism or the other. We also note that the first
mechanism implies the second, as a CV that identifies more free energy minima can
only relax on longer time-scales than a CV for which some minima are hidden. These
findings provide enhanced insight into earlier studies [71, 73], indicating that molec-
ular descriptors selected by Granger Causality [71] or Transfer Entropy [73] can accu-
rately characterize transition states. The asymmetry of information flow also opens up
interesting perspectives on how to measure the chemical physics of coupling between
protein and water degrees of freedom [300, 301, 302]. For the case of TRP, we observe
that there is unidirectional flow of information from protein coordinates such as the
dihedrals to the solvent. It would be interesting to understand the extent to which this
directionality changes for tryptophan embedded in different chemical environments
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in proteins.
Information transfer asymmetries inferred on equilibrium dynamics are typically

associated to causal relationships [65, 69, 70, 262]. In this work, we have explicitly
shown that such asymmetries are only a sufficient condition for inferring causal links,
as unobserved CVs - namely, those not considered in the analysis - may act as common
drivers of observed CVs. Specifically, if 𝑍 identifies a higher free energy barrier than
those observed by 𝑋 and 𝑌, 𝑍 behaves as a common driver of 𝑋 and 𝑌 on time scales
comparable with the transition time to the hidden minimum.

Our findings suggest two possible routes for discovering causal relationships in
molecular systems: either using a set of CVs that can be safely assumed to be “causally
sufficient” – that is, unaffected by unobserved common drivers, or performing explicit
interventional experiments on CVs of interest. The first approach is viable by consid-
ering a large pool of CVs, such as all key dihedrals of a molecule [71], and estimat-
ing information transfers in a multivariate fashion (see Section C.1). This approach is
unavoidably affected by the curse of dimensionality as the number of CVs increases,
although methodologies designed for high-dimensional settings, such as the IG and
its extensions [303], promise to alleviate this issue.

The second approach necessitates the design of interventional experiments on
molecular CVs. This approach sounds natural in a simulation setting, in which one can
perform arbitrary manipulations on the system, but poses some practical challenges.
In particular, the interventional experiments that we carried out on the model systems
(Sec. 5.3.3) were applied to “orthogonal” CVs 𝑋 and 𝑌, such that an instantaneous
variation of 𝑋 at time 𝑡 = 0 does not affect 𝑌 at the same time. This may be the case
for CVs that describe spatially separated regions of a molecular system, such as distant
sites within a protein. However, CVs of interest can also depend on a common subset
of degrees of freedom that generate instantaneous dependencies. In this scenario, set-
ting 𝑋(0) to an arbitrary value (𝑑𝑜(𝑋(0) = 𝑥)) may be practically impossible without
changing also 𝑌(0). As an example, in our TRP system, the dihedrals 𝜒1 , 𝜒2 and 𝜒3

depend on common atomic positions affected by rigid constraints, and in turn, not all
arbitrary choices of such angles are possible. Moreover, “hard” interventions such as
those applied in this work appear challenging in molecular dynamics simulations, as
they would require an instantaneous modification of several degrees of freedom, mak-
ing it necessary to develop appropriate protocols. The design of suitable interventional
experiments on molecular CVs will be the subject of future work.



6
Investigating causality

between principal
components in protein dynamics

Principal component analysis (PCA) is widely used to characterize collective protein motions
from molecular dynamics (MD) simulations. While PCA identifies the dominant modes of
structural fluctuation, it does not reveal whether different principal components (PCs) causally
influence each other. Here, we investigate this question using a recently introduced causal-
discovery framework [15], which allows to infer putative causal asymmetries between high-
dimensional time series. We apply this approach to long-timescale MD trajectories of two pro-
teins. By analyzing relationships among PCs, we construct directed networks describing how
PCs influence one another across time scales. These directional relationships, whose existence
is a necessary condition for the presence of a causal link, are not captured by conventional
covariance-based analyses and provide information that is complementary to PCA and Time-
lagged Independent Component Analysis (TICA). Our results suggest that our causal infer-
ence approach can uncover previously hidden aspects of the dynamical organization of protein
motions and offer a new perspective on this very popular class of collective variables.

6.1 Introduction

Understanding how collective motions in proteins are organized across multiple time
scales remains a central challenge in molecular biophysics [304, 305, 306, 307, 308, 309,
310, 311, 312]. Molecular dynamics (MD) simulations now routinely generate tra-
jectories of sufficient length and resolution to characterize fluctuations ranging from
fast local motions to rare conformational transitions [313, 314, 315, 316, 317, 318, 319,
320, 321], enabling the investigation of both thermodynamic and kinetic properties. In
particular, equilibrium trajectories of small proteins extending to biologically relevant
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time scales are now available [322, 315, 323], providing unprecedented opportunities
to study the relationship between structure, dynamics, and function.

One of the most widely used approaches for analyzing protein dynamics in the
folded state is Principal Component Analysis (PCA) [324, 325, 326, 327, 328, 329, 330,
331, 332, 92, 333, 93]. In its standard formulation, PCA is performed by computing the
covariance matrix of the positions of a selected subset of protein atoms (for example,
backbone 𝛼 carbon atoms) after removing overall translational and rotational motions.
The principal components (PCs) are the eigenvectors of this covariance matrix, while
the corresponding eigenvalues quantify the variance along each component [334, 329,
331, 335, 336, 92, 93]. When only a small number of eigenvalues account for a large frac-
tion of the total variance, proteinmotions can be represented in a reduced-dimensional
basis spanned by the leading PCs. In this basis, the covariance matrix is diagonal by
construction, meaning that fluctuations along different PCs are uncorrelated at zero
time lag. Owing to its ability to provide a compact description of collective structural
fluctuations and to identify large-amplitude motions, PCA has become a standard tool
for characterizing conformational landscapes and functionally relevantmotions in pro-
teins [337, 335, 338, 339, 340, 341, 342, 332, 343, 344, 92, 345, 346, 347, 93].

When the focus shifts from structural characterization to dynamical behavior, Time-
lagged Independent Component Analysis (TICA) provides a natural extension of
PCA [348, 349, 350, 351]. While principal components are uncorrelated at zero lag
time, correlations generally arise between them when the system is observed at a finite
time delay, 𝜏. 𝐶(𝜏) denotes the time-lagged covariance matrix between the centered
and aligned atomic coordinates at times 0 and 𝜏. In the PCA basis, the corresponding
lagged covariancematrix is given by Γ(𝜏) = 𝐶−1(0)𝐶(𝜏) [348, 350, 352, 353]. This matrix
would remain diagonal for all values of 𝜏 only in the idealized case of purely harmonic
dynamics. For realistic protein motions Γ(𝜏) is generally non-diagonal, reflecting dy-
namical couplings between different PCs. The eigenvectors of Γ(𝜏), commonly referred
to as time-lagged independent components (ICs), identify collective coordinates asso-
ciated with the slowest dynamical processes. As a result, they are widely employed
to characterize long-timescale conformational changes, construct kinetic models, and
define collective variables for enhanced-sampling simulations [350, 351, 354, 352, 355,
356, 357].

These developments raise a natural question: can collective structural fluctuations
identified byPCAexert asymmetric dynamical influences on one another? More specif-
ically, can principal components extracted from protein MD trajectories cause each
other? [267, 358, 270] In the language of causal inference, stating that, for example,
PC2 is a putative cause of PC4 means that knowledge of the present state of PC2 im-
proves the prediction of the future evolution of PC4 beyond what can be inferred from
the history of PC4 alone [62]. A natural first attempt to address this question would
be to examine the time-lagged covariance matrix between PCs, Γ(𝜏). If, for instance,
the off-diagonal element Γ2 4(𝜏) is large, one may conclude that PC2 and PC4 are dy-
namically coupled. However, dynamical coupling does not necessarily imply causal
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influence. In particular, causal relationships are generally directional: it may happen
that PC2 influences the future evolution of PC4, while the converse is not true. Such
asymmetries, if present, cannot be inferred from Γ(𝜏) alone. For reversible equilibrium
dynamics, the transfer operator is self-adjoint with respect to the equilibriummeasure.
Consequently, TICA identifies slow decorrelating coordinates but cannot assign a di-
rectional driver–response interpretation to couplings between pairs of PCs.

Addressing this question requires tools that go beyond covariance or cross-
correlation based analyses. Several approaches have been proposed to infer causal-
ity from molecular simulations. Early studies employed multivariate autoregressive
models and analyses inspired by Granger causality to identify directed relationships
between coordinates or residue fluctuations [64, 65, 69, 71]. An information-theoretic
approach, dubbed transfer entropy [63, 134], has also been used to probe directional in-
formation transfer and allosteric communication in proteins [66, 67, 68]. More broadly,
causal inference for time series has developed into rich theoretical frameworks aimed at
predicting information asymmetries, conditional dependencies, and structural causal
graphs [62, 267, 270, 269]. In practice, however, applying these approaches to atomistic
MD remains challenging because the statistical errors of causal estimators are typically
large when the causal links are weak.

To address these difficulties, we recently introduced the Imbalance Gain (IG), a sta-
tistical test designed to identify putative causal couplings in time-dependent data [13,
15, 3]. The IG can be viewed as a proxy for the transfer entropy [63, 134] and can also
be efficiently estimated for noisy and high-dimensional data [15]. It is also related to
Granger causality and related methods but, unlike those approaches, it does not re-
quire fitting an explicit dynamical model. Recent studies have shown that putative
causal couplings identified through the IG can robustly reveal genuine causal rela-
tionships even in equilibrium molecular dynamics, despite the time-reversible nature
of the microscopic equations of motion and the stationarity of the underlying distri-
bution [3]. The same framework has also uncovered non-trivial causal relationships
involving translational and rotational degrees of freedom in liquid water [11]. It is
important to note that the IG and other similar approaches infer the presence of puta-
tive causal links from observational data. The presence of an asymmetric dynamical
coupling between two variables is a necessary condition of the presence of a causal link
between the two variables. However, this condition is not sufficient, since the two vari-
ables could be simultaneously caused by a third unobserved variable. Revealing the
presence of confounders and building a genuine causal graph [267, 270, 269] in molec-
ular modeling remains an open challenge.

In the present work, we use the IG framework to investigate whether the principal
components describing collective protein motions exhibit putative causal links. We
analyze two long-timescale trajectories generated by D. E. Shaw Research: ubiquitin
(PDB ID: 1UBQ) [323] and NTL9 (PDB ID: 2HBA) [315]. NTL9 is a fast-folding pro-
tein whose trajectory samples large conformational changes and multiple folding and
unfolding events [315], whereas ubiquitin represents a prototypical native-state sys-
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tem whose equilibrium fluctuations span timescales from picoseconds to milliseconds
and involve subtle long-range collective motions [323]. By comparing these two sys-
tems, we assess whether putative causal links among PCs emerge, and whether such
links are controlled by variance, relaxation timescale, or spatial collectivity. We find
that both proteins exhibit a causal structure, but with distinct physical character: in
ubiquitin, the directionality of the putative causal link originates from a highly collec-
tive, protein-wide mode and affects only the next few leading components, whereas
in NTL9, a localized slow mode centered on the 𝛽-turn directionally couples to several
faster modes, including more delocalized principal components.

6.2 Methods

The Information Imbalance and the Imbalance Gain used throughout this chapter are
defined in Chapter 2, in Sections 2.5 and 2.7 respectively. This section describes the
trajectories analysed and the parameters entering the analysis.

6.2.1 Trajectory analysis and convergence

For both systems, the use of long molecular dynamics trajectories is essential to en-
sure that the principal components are statistically converged and representative of
the underlying folded-state dynamics. Convergence was assessed by dividing each se-
lected trajectory into two halves, independently computing the principal components
for each half, and evaluating their consistency through the cosine similarity between
the corresponding eigenvectors. Refer to Appendix Figs. D.2 and D.4 for the results of
this calculation for Ubiquitin and NTL9 respectively. The observation that the same
dominant PCs are recovered from both halves provides a stringent check that the PCA
is not affected by insufficient sampling.

Ubiquitin

The ubiquitin trajectory analyzed in this work corresponds to the 1 ms simulation
reported in Ref. [323]. In that study, the RMSD was computed over residues 2–71,
thereby excluding the flexible C-terminal tail. We therefore restricted our analysis to
the same residue range. Moreover, the trajectory exhibits a conformational transition
at approximately 0.65 ms, as reflected in the RMSD profile shown in Fig. 1 of Ref. [323].
To avoidmixing distinct conformational regimes, we limited the present analysis to the
first 0.65 ms of the simulation.

NTL9

The NTL9 protein was simulated for a total of 2.9 ms in Ref. [315], distributed across
four independent simulations. Full details of these simulations are provided in the
Supporting Information of Ref. [315]. Among these trajectories, the first two have
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lengths of 1.112 ms and 1.073 ms, respectively, and each contains two long folded-state
segments exceeding 200 𝜇s. Since our objective was to analyze principal components
representative of the folded-state dynamics, we selected two such folded trajectory seg-
ments for the present analysis. The results reported belowwere obtained from the seg-
ment spanning 830–1060 𝜇s of the 1.073 ms trajectory, whereas the consistency check
reported in Section D.2 was performed using the segment spanning 290–580 𝜇s of the
1.112 ms trajectory.

6.2.2 Imbalance Gain analysis of principal components

In the present work, we apply this framework to PCs obtained from protein dynamics.
Treating individual PCs as time-dependent variables, we evaluate the lag-dependent
IG between pairs of components to assess whether specific modes systematically im-
prove the prediction of others. This allows us to infer the presence of putative causal
links in principal component space. To simplify the visualization and the discussion,
we restrict our analysis to the top five PCs.

Principal components are obtained from the C𝛼 atoms of the trajectory fragments
described above. In evaluating the Information Imbalance of Eq. (2.22), the number
of neighbours is set to 𝑘 = 50, which is about 2% of the number of configurations
𝑁 . Because the Imbalance Gain is computed over an ensemble of replicas, each tra-
jectory is divided into non-overlapping chunks, which provide the independent initial
conditions entering the distances. The optimal value of 𝛼 that maximises the IG for a
given time lag 𝜏 is determined by searching over a grid of 500 evenly spaced values for
𝛼 ∈ [0, 10].

6.3 Results

6.3.1 Ubiquitin

a b

Figure 6.1: Ubiquitin: (a) The autocorrelation functions of the top 5 PCs, PC𝑖=1,5, which are colored
red, blue, green, orange, and purple respectively, with shaded areas denoting error bars. (b) The pairwise
IG curves over time between PC1 ⇔ PC2,3,4,5. The IG values are on the Y-axis, and time lag (𝜏) in
nanoseconds is on the X-axis. Pink lines denote the direction PC1 → PC2,3,4,5, whereas green lines
denote the reverse direction. Shaded areas denote error bars computed over 20 independent realizations.



84 6. Investigating causality between principal components in protein dynamics

In the first application, we analyze the native-state dynamics of ubiquitin using the
1 ms molecular dynamics trajectory reported in Ref. [323]. As discussed in that work,
the trajectory exhibits a mild conformational transition at approximately 0.65 ms. Since
our goal is to characterize causal relationships between principal components within a
single native-state basin, we restricted the analysis to the first 0.65 ms of the simulation.
This choice avoids mixing fluctuations associated with distinct conformational sub-
states and ensures that the resulting PCs describe a well-defined region of the native-
state ensemble. The eigenvalue spectrum and the explained variance of the PCs are
shown in Fig. D.1.

We first characterize the intrinsic relaxation timescales of the leading modes. In
Fig. 6.1a, we report the autocorrelation functions of the first five principal components.
All five modes decorrelate within approximately 500 ns, which is substantially shorter
than the analyzed trajectory segment. We determine the relaxation times from the inte-
gral of the autocorrelation function. This indicates that the selected portion of the sim-
ulation is sufficiently long to sample the dominant fluctuations associated with these
PCs. Among the modes considered, PC1 is the slowest, while PC2 and PC3 decorrelate
on comparable, shorter timescales.

Previous studies on equilibrium MD simulations have used apparent asymmetries
in time-lagged two-body cross-correlation functions, E[𝑋0𝑌𝜏], to infer causal relation-
ships [72, 66]. However, for equilibrium dynamics satisfying stationarity and time
reversibility (as is the case for MD simulations), these correlation functions are in-
variant under exchange of the two variables. In particular, E[𝑋0𝑌𝜏] = E[𝑋−𝜏𝑌0] =

E[𝑋𝜏𝑌0], where the first equality follows from stationarity and the second from time-
reversibility. Therefore, any observed asymmetry in such correlation functions cannot
be interpreted as evidence of directional causality. Instead, it must arise from statistical
errors, numerical violations of time reversibility introduced by the integration scheme,
or from perturbations associated with thermostats and barostats. The IG (or transfer
entropy) approach is instead asymmetric and directional, and can be viewed concep-
tually as a many-body cross-correlation function where the information of the caused
variable at the present time breaks the symmetry otherwise seen in two-body cross-
correlation functions [15, 3].

Therefore, we next examine putative causal links between the leading modes us-
ing the Imbalance Gain, instead of using two-body cross-correlation functions between
the PCs. In Fig. 6.1b, we show the pairwise IG curves between PC1 and PC2,3,4,5. The
strongest asymmetry is observed for the pairs PC1 ⇔ PC2 and PC1 ⇔ PC3, where the
dominant direction of information transfer is PC1 → PC2,3. This indicates that knowl-
edge of PC1 improves the prediction of the future evolution of PC2 and PC3 more
than the reverse. The asymmetry becomes weaker for PC4, where the driving effect
from PC1 remains detectable but is considerably more modest. For PC5, the IG sig-
nal is substantially reduced and becomes only weakly discernible. Consistently, when
lower-variance PCs are considered, the directional signal progressively decreases and
eventually approaches zero, as shown in the additional pairwise IG curves reported in
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Figure 6.2: Ubiquitin: Putative causal links between PC1 and the remaining leading principal compo-
nents. Nodes represent the first five PCs, and directed edges indicate the normalized integrated Imbalance
Gain, IGT, defined in Eq. 2.30. For each pair, the edge length and width, as well as the numerical label
report the relative strength of the directional information transfer, with larger values corresponding to
stronger causal links. The strongest links are observed from PC1 toward PC2 and PC3, whereas the
links involving PC4 and PC5 are substantially weaker. For each PC, the residues with the largest con-
tributions to the corresponding eigenvector are highlighted in blue on the protein structure, as quantified
using the Brüschweiler collectivity index. The arrows in blue show the corresponding directions of the
eigenvector for the highlighted residues, while the rest of the protein is shown in gray.

the appendix (see Fig. D.7). Overall, these results suggest that the dynamical influence
of PC1 is primarily exerted on the other dominant modes and progressively fades for
less important PCs. This behavior is consistent with our empirical observations from
both Langevin-basedmodels as well as simplemolecular systems, in which the slowest
collective variable typically appears as a putative causal driver [15, 3].

The putative causal links between pairs of PCs are summarized in Fig. 6.2 using the
normalized IGT values defined in Eq. 2.30. The graph highlights the dominant links be-
tween PC1 and PC2,3,4,5. In agreement with the time-resolved IG curves, the strongest
directed links correspond to PC1 → PC2 and PC1 → PC3, confirming that the leading
mode acts as the main driver of the next two dominant modes. A weaker directional
asymmetry is also observed for the PC1 ⇔ PC4,5 links, which remain biased toward
the PC1 → PC4,5 direction. However, the magnitude of these links is markedly smaller
than for PC2 and PC3, indicating that the causal influence of PC1 rapidly weakens as
one moves toward lower-variance PCs. As we will see in the next section, however,
this is not necessarily a universal rule. In addition, Fig. D.9 shows that PC2 exhibits
appreciable asymmetric IG with both PC3 and PC4. In these cases, the dominant di-
rection of information transfer is PC2 → PC3,4, while the corresponding reverse links
are noticeably weaker. By contrast, the IG between PC2 and PC5 is much smaller and
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only weakly directional. The same trend persists for lower-variance PCs, for which the
causal signal rapidly decreases and eventually becomes negligible.

In Fig. 6.2, we also highlight the residues that contribute most strongly to each prin-
cipal component. These contributions were quantified using the Brüschweiler collec-
tivity index, which quantifies the degree to which the collective motions are delocal-
ized in the protein [359, 360]. Details are provided in Fig. D.5. This analysis shows
that PC1 is the most delocalized mode among those considered, with a collectivity in-
dex of approximately 0.8, indicating that residues distributed across the entire protein
contribute substantially to this collective fluctuation. By contrast, PC2–PC5 aremore lo-
calized, with collectivity indices in the range 0.4–0.6. The dominant role of PC1 would
suggest a scenario in which more collective protein motions have a causal influence on
more spatially localized fluctuations. In the following section we will show that this
scenario does not hold in general.

6.3.2 NTL9

a b

Figure 6.3: NTL9: (a) The autocorrelation functions of the top 5 PCs, PC𝑖=1,5, which are colored red,
blue, green, orange, and purple respectively, with shaded areas denoting error bars. (b) The pairwise
IG curves over time between PC1 ⇔ PC2,3,4,5. The IG values are on the Y-axis, and time lag (𝜏) in
nanoseconds is on the X-axis. Pink lines denote the direction PC1 → PC2,3,4,5, whereas green lines
denote the reverse direction. Shaded areas denote error bars computed over 20 independent realizations.

In the second application, we analyze folded-state segments of the NTL9 trajectory.
In Ref. [315], NTL9 was simulated for approximately 2.9 ms, during which the pro-
tein undergoes multiple reversible folding–unfolding transitions. Within these sim-
ulations, the protein remains folded for several extended intervals; in particular, we
identified four independent folded segments longer than 200 𝜇s. The results discussed
in the following are obtained by analyzing one representative folded segment. The
same analysis performed on the remaining folded segments yields qualitatively con-
sistent results, as reported in the appendix (see Section D.2 and Figs. D.13 – D.17).
This allows us to focus specifically on causal relationships between PCs within the
folded-state dynamics, rather than on the much larger structural changes associated
with folding and unfolding. The eigenvalue spectrum and the explained variance of
the PCs are shown in Fig. D.3.
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Fig. 6.3a shows the autocorrelation functions of the first five principal components.
In contrast to ubiquitin, where the leading modes decorrelate on more comparable
sub-microsecond timescales, NTL9 displays a clearer separation between the slowest
mode and the remaining PCs. In particular, PC1 decorrelates on a timescale of approx-
imately 1 𝜇s, whereas PC2,3,4,5 relax substantially faster, with characteristic timescales
of roughly 200 ns. This separation indicates that PC1 captures a distinct slow fluc-
tuation within the folded-state ensemble of NTL9, while the remaining leading PCs
describe faster modes embedded within the same folded basin.

We then examine whether this separation of timescales is reflected in the direction-
ality of information transfer between the leading PCs. In Fig. 6.3b, we report the pair-
wise IG curves between PC1 and PC2,3,4,5. In all cases, the curves show a pronounced
asymmetry, with the PC1 → PC2,3,4,5 direction consistently dominating over the re-
verse direction. Thus, knowledge of the slow coordinate PC1 substantially improves
the prediction of the future evolution of the faster leading PCs, whereas the converse
effect is much weaker. Compared with ubiquitin, where the directional influence of
PC1 is strongest for PC2 and PC3 but rapidly decreases for lower-variance modes, the
NTL9 folded segment exhibits a more systematic and persistent directional coupling
from PC1 toward all the other PCs considered (see Fig. D.8).
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Figure 6.4: NTL9: Putative causal links between PC1 and the remaining leading principal components.
Nodes represent the first five PCs, and directed edges indicate the normalized integrated Imbalance Gain,
IGT, defined in Eq. 2.30. For each pair, the edge length and width, as well as the numerical label report
the relative strength of the directional information transfer, with larger values corresponding to stronger
causal links. PC1 displays strong directional influence toward all other leading PCs considered, identi-
fying it as a dominant slow driver within the folded-state dynamics of NTL9. For each PC, the residues
with the largest contributions to the corresponding eigenvector are highlighted in blue on the protein
structure, as quantified using the Brüschweiler collectivity index. The arrows in blue show the corre-
sponding directions of the eigenvector for the highlighted residues, while the rest of the protein is shown
in gray.
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This trend is summarized in Fig. 6.4, where we report the putative causal links con-
structed from the normalized IGT values defined in Eq. 2.30. The graph confirms the
behavior observed in the time-resolved IG curves: all links involving PC1 are strongly
asymmetric and predominantly oriented from PC1 toward PC2,3,4,5. By contrast, when
PC2 is taken as the reference mode, the links with PC3,4,5 are largely reciprocal and of
comparable magnitude, as shown in Fig. D.10. Taken together, these results identify
PC1 as a dominant slow mode that directionally conditions the dynamics of several
faster principal components within the folded state of NTL9.

We again use the Brüschweiler collectivity index [359, 360] to identify the residues
that contribute most strongly to each principal component; these residues are high-
lighted in blue in Fig. 6.4. Additional details for this particular protein are provided in
Fig. D.6. This analysis reveals a trend that differs markedly from ubiquitin. In ubiqui-
tin, PC1 is the most delocalized mode, with contributions distributed across the pro-
tein. By contrast, in NTL9, PC1 is comparatively localized, with a collectivity index
of approximately 0.4. The collectivity indices of PC2,3,4,5 are 0.52, 0.38, 0.29, and 0.65,
respectively. Structurally, PC1 is primarily localized around the 𝛽-turn region of the
protein, and PC2, PC3, and PC4 also involve motions broadly concentrated in this re-
gion, with additional secondary contributions. This suggests that the strong informa-
tion transfer from PC1 to these modes reflects a local hierarchy of motions, in which a
slow fluctuation centered around the 𝛽-turn organizes faster fluctuations in the same
structural region.

A particularly interesting case is PC5, which is substantially more delocalized than
the other higher-order modes considered here. Despite this difference in spatial char-
acter, the PC1 → PC5 link remains strongly asymmetric. This observation indicates
that directional information transfer between PCs is not necessarily determined by lo-
calization or delocalization. In the case of NTL9, a localized slow fluctuation can carry
predictive information about amore delocalizedmode involving other parts of the pro-
tein. This result highlights the nontrivial character of information transfer in the PC
representation and suggests that the present framework may provide a useful route
for identifying dynamical couplings between motions occurring in distinct regions of
a protein, with potential relevance for future studies of allosteric communication.

6.4 Discussion

In this work, we have investigated the presence of putative causal links between princi-
pal components extracted from long equilibrium protein trajectories. Principal compo-
nent analysis is most often used as a dimensionality-reduction tool, where the leading
modes are interpreted in terms of variance, collectivity, and structural deformation.
Here, we have taken a complementary perspective and askedwhether the present value
of one PC improves the prediction of the future evolution of another PC. By using the
Imbalance Gain approach [15], we obtain a time-lagged and directional measure of in-
formation transfer between collective modes. Importantly, the directional information
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transfer identified by our approach cannot be identified by the TICA analysis, since
the time-delayed covariance matrix between PCs is symmetric if the dynamics satisfies
detailed balance, as is the case for molecular dynamics.

The two systems studied here display qualitatively distinct patterns of directional
coupling. In ubiquitin, the leading principal component, which is also the slowest
one, is a highly delocalized, protein-wide mode and exhibits the strongest information
transfer toward PC2 and PC3. The influence of PC1 becomes progressively weaker and
more symmetric for higher-order PCs, indicating that in this case the dominant collec-
tive fluctuation primarily influences a few leading modes. This behavior is consistent
with a picture in which a broad native-state fluctuation provides a slowly varying dy-
namical context for more localized motions, while lower-variance modes become in-
creasingly weakly coupled to the dominant PC.

In NTL9, PC1 is clearly the slowest mode and displays a pronounced directional in-
fluence on all the other leading PCs considered. Unlike ubiquitin, however, this domi-
nant mode is not the most delocalized one. Instead, PC1 is localized around the 𝛽-turn
region, while some of the modes receiving information from it, in particular PC5, are
more spatially extended. This result shows that directional information transfer be-
tween PCs is not simply determined by the collectivity or variance of the correspond-
ing modes. A localized slow fluctuation can carry predictive information about faster
and more delocalized motions, suggesting that the causal organization of PC space
can reveal dynamical relationships that are not apparent from the PCA spectrum or
collectivity indices alone.

The relationship between the free-energy landscape and causal coupling remains
an important open question. While the FES of the PCs of Ubiquitin and NTL9 do
not reveal distinct metastable substates within the folded basin (see Figs. D.11 and
D.12), they exhibit different degrees of asymmetry and confinement. In particular, in
Ubiquitin , PC1 displays a slightly more rugged profile, whereas the remaining PCs
are characterized by relatively smooth, valley-like free-energy landscapes. Instead, in
NTL9 the free energy rises more steeply along PC1, with no signs of ruggedness. As
shown previously [3], asymmetries in the FES can bias dynamical couplings between
collective variables. However, these free energy landscapes show that for the systems
analysed in this work the landscape by itself is not a sufficient predictor of the asym-
metries. Future studies that condition causality analyses on different metastable states,
particularly along folding–unfolding landscapes, may provide further insight into how
state-dependent relaxation processes govern causal relationships in biomolecular dy-
namics.

It is important to remark that PCA and the IG between PCs probe two different
aspects. PCA identifies directions of large-amplitude structural variance, whereas IG
asks whether fluctuations along one such direction improve the prediction of another
at later times. The first criterion is geometric and instantaneous, while the second is
dynamical and time-lagged. Therefore, the most informative causal driver need not
be the PC with the largest variance or the most spatially delocalized eigenvector. In
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ubiquitin, these properties approximately coincide: the most collective mode is also
the dominant source of directional information transfer. In NTL9, they separate: the
slowest andmost predictivemode is relatively localized, yet it influences both localized
and more distributed fluctuations. This distinction highlights the value of studying
causal structure in PC space rather than relying exclusively on variance, relaxation
times, or spatial collectivity. In the systems analyzed so far, we observe several cases
in which the IGT values are broadly symmetric between pairs of PCs (e.g., between
PC2 ⇔ PC3,4,5 in NTL9, see Fig. D.10). However, we have not yet identified a case in
which the dominant causal direction is inverted relative to the ordering of explained
variance; that is, we do not observe lower-variance PCs acting as stronger causal drivers
of higher-variance PCs.

The present results suggest several natural extensions. One direction is to move
from pairwise causal graphs toward multivariate formulations in which the influence
of a PC is assessed while accounting for the simultaneous effects of other modes. The
approach introduced in Ref. [303] might allow us to perform this analysis, with the
caveat that the statistical uncertainty of the inferred collective links should be care-
fully controlled. Performing this analysiswould help distinguishwhether the observed
links correspond to direct dynamical couplings or are mediated by intermediate PCs.
A second direction is to connect PC-level causality to residue-level or structural mecha-
nisms, for example by combining IG with mode localization, contact maps, or residue-
wise dynamical descriptors. This would be particularly useful for systems such as
NTL9, where a localized slow fluctuation appears to influence more extended protein
motions.

Our results suggest an interpretation of the directional coupling in terms of the
residues that contribute to each PC. In simple terms, there are certain residue fluc-
tuations which can have an asymmetric influence on other residue fluctuations. Our
analysis should be considered a first step towards an approach for identifying those
residues. The causal asymmetry observed between PCs also suggests a route toward
experimentally testable interventions in protein dynamics. Because each PC can be
decomposed into residue-level contributions, residues with large contributions to a
putative driver PC constitute candidate sites for localized perturbations whose effects
may subsequently emerge in the motion described by a driven PC. In this sense, the
inferred directionality predicts how perturbing one collective mode may alter the fu-
ture evolution of another and identifies the timescale over which that response be-
comes detectable. This perspective could be applied to proteins with known allosteric
regulation, ligand binding, or conformational switching, where directional couplings
between collective modes may provide a compact description of how local perturba-
tions propagate through the protein [361, 362, 363, 307, 364, 365, 366, 367, 66, 368, 369,
370]. Applied without prior assumptions about known allosteric sites or pathways,
the approach could help identifying protein regions that may initiate an allosteric re-
sponse and characterizing how the resulting dynamical influence propagates through
the structure. Similarly, an optical probe placed on specific sites on the protein surface



6.4. Discussion 91

could provide an experimentally accessible measure of a particular asymmetric influ-
ence between different protein regions. Monitoring its response after the photoexcita-
tion of a chromophore would offer a way to test the predicted directional coupling and
our approach could guide the selection of perturbation and observation sites in future
experiments.



7
Conclusions and

perspectives

High-dimensional molecular simulations are easier to interpret mechanistically when
their information can be expressed in terms of a small number of physically mean-
ingful variables. This thesis approaches this problem from two complementary di-
rections. The first asks which nuclear motions and intermolecular arrangements are
most informative about photoinduced chemical processes. The second asks whether
directional relationships can be assigned to the resulting variables and underwhat con-
ditions those relationships can be interpreted causally. Across both themes tackled in
the thesis, distances between configurations provide a practical way to compare infor-
mation without requiring the construction of a high-dimensional probability density.

The main results of the thesis can be summarised as follows:

• In Chapter 3, we use non-adiabatic molecular dynamics (NAMD) simulations
to investigate the enhanced non-aromatic fluorescence (NAF) observed experi-
mentally in L-cysteine crystals grown in heavy water (D2O). Our key finding is
that the unique crystallographic packing and resulting hydrogen-bond network
in the heavy-water crystal give rise to two complementary effects: they suppress
non-radiative decay channels involving specific vibrational degrees of freedom
and enhance spin–orbit coupling, thereby promoting intersystem crossing.

• In Chapter 4, we develop an information-theoretic feature selection approach
using the differentiable information imbalance (DII) to determine which nu-
clear degrees of freedom explain energy gaps (and therefore non-radiative de-
cay mechanisms) and oscillator strengths from NAMD simulations. We validate
this approach on some well-known systems (methaniminium cation and furan)
exhibiting varied photochemistry, on systems exhibiting NAF, and then uncover
new insights into the non-radiativemechanisms in photoactivemolecularmotors.

• In Chapter 5, we apply the Imbalance Gain approach developed by Del Tatto et al.
in Ref. [15] within the context of equilibrium simulations satisfying detailed bal-
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ance. We uncover some conditions for observing causal relationships in molecu-
lar systems, and we devise a protocol for performing interventional experiments
to validate these putative causal links. In addition, we explore the emergence of
these causal links between structural and energetic variables in MD simulations
of a solvated tryptophan molecule.

• In Chapter 6, we further apply the causal methodology from the previous chap-
ter to study putative causal relationships between principal components (PCs) of
protein MD simulations. PCs are often used to describe protein conformations,
and we uncover non-trivial causal relationships between these PCs in the case
of two different proteins with millisecond-long MD trajectories: NTL9 and ubiq-
uitin. We find different causal structures between the leading PCs that are not
easily explained by the variance of the PCs or their spatial collectivity.

Each chapter of the thesis has opened up several different directions and future
perspectives which we will now elaborate on.

For the study presented inChapter 3, and for the field of non-aromatic fluorescence
more generally, a central question is how broadly the physical principles inferred from
cysteine can be transferred to other systems. Crystal packing controls access to non-
radiative channels in this system, but the same S–H and C–N motions need not con-
trol relaxation in other amino acids or peptide assemblies. Previous work by our group
has identified several mechanisms associated with NAF, including carbonyl stretching,
short hydrogen bonds, and proton transfer. Although none appears to be universal, to-
gether they could provide a set of designmotifs for developing proteins with enhanced
intrinsic luminescence using generative protein-design tools [371, 372, 373, 374, 375,
376, 377, 378].

A further limitation of the present theoretical approach concerns the substantial dis-
crepancy, often amounting to 2–3 eV, between the calculated absorption energies and
the photon energies corresponding to the experimental excitation wavelengths [379,
380, 381, 382, 383, 384, 385]. Such discrepancies may arise from an incomplete repre-
sentation of the extended molecular environment, including long-range electrostatic
interactions, polarisation effects, and the structural fluctuations present at finite tem-
perature. Indeed, inChapter 3 andAppendixA,wedemonstrate that systematically in-
creasing the size of the QM region shifts the calculated absorption features towards the
experimentally observed energies. This result highlights the importance of treating a
sufficiently large portion of the crystal at the quantum-mechanical level and ultimately
motivates simulations in which the entire periodic system is described in a quantum-
mechanical fashion. However, performing ab initio molecular dynamics (AIMD) for
large periodic systems over the timescales required for adequate configurational sam-
pling would be computationally prohibitive. Machine-learning interatomic potentials
(MLIPs) provide an efficient approximation to the potential-energy surface by learn-
ing the relationship between atomic configurations and their corresponding energies
and forces from a set of reference electronic-structure calculations [386, 387, 388, 389,
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390, 391, 392, 393, 394, 395, 396]. Once trained, they can replace repeated electronic-
structure evaluations during molecular dynamics, substantially reducing the compu-
tational cost while retaining accuracy close to that of the underlying reference method
within the sampled configurational space. For the present problem, MLIPs trained on
periodic electronic-structure calculations could therefore enable longer trajectories and
larger simulation cells than are accessible with AIMD. Representative configurations
obtained from these trajectories could then be subjected to higher-level excited-state
calculations, providing a more complete account of both the extended crystal environ-
ment and its finite-temperature fluctuations in the predicted absorption spectra.

In addition, the mechanisms underlying the different crystallisation pathways of
cysteine in H2O and D2O remain an open question. Crystals grown in the two sol-
vents adopt markedly different packing arrangements: monoclinic and orthorhom-
bic, respectively[202, 204, 205, 206, 203, 207]. However, as already noted, closely re-
lated orthorhombic cysteine crystals can also be grown in H2O under different condi-
tions. The differences in the final optical properties are not attributed directly to NQEs
because the resulting crystals contain protons rather than deuterons. Nevertheless,
crystal nucleation may be affected by the slower diffusion of D2O relative to H2O, by
isotope-dependent NQEs arising from differences in zero-point energy, or by both ef-
fects. The distinct nucleation pathways may therefore have either thermodynamic or
kinetic origins. Isotopic substitution in the solvent changes the zero-point energy fluc-
tuations, thereby affecting the structure, dynamics, and thermodynamic properties of
the hydrogen-bond network inwater [397, 398, 173]. Path-integralmolecular dynamics
(PIMD), which incorporates NQEs through a ring-polymer representation of the nu-
clei, could therefore be used to quantify isotope-dependent changes in the relative free
energies of cysteine polymorphs and their solvated pre-nucleation structures. Such cal-
culations require multiple replicas of the system and are consequently very expensive
when the energies and forces are evaluated directly using electronic-structure meth-
ods. Machine-learning interatomic potentials (MLIPs) trained on electronic-structure
data [386, 387, 388, 389, 390, 391, 392, 393, 394, 395, 396] could provide the required
energies and forces at substantially lower computational cost, enabling PIMD simu-
lations of larger aqueous systems and more extensive configurational sampling [399,
400]. Combined with free-energy calculations and enhanced-sampling methods, this
approach could quantify isotope-dependent changes in the relative stability of cysteine
polymorphs and pre-nucleation structures, thereby helping to clarify the origins of the
different crystallisation outcomes in H2O and D2O.

On the computational side, although simulating these systems over nanosecond or
longer timescales is unrealistic using currentmethods, such timescalesmay become ac-
cessible using excited-state MLIPs [401, 402, 403, 404, 405, 406, 407]. Westermayr, Dral,
Malosso, and others have made progress in this direction; however, extending MLIP-
based approaches to problems of this complexity remains challenging. Another avenue
whereMLIPs could helpwith a limitation of our approach is our use of QM/MM-based
methods. While these approaches have been shown to work very well in a variety of
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systems, they omit some physical effects that could be captured within a fully periodic
treatment.

Another priority is to clarify the possible role of triplet states in the observed
emission. The NAMD simulations predict substantial intersystem crossing in Cys-
D but cover only the first two picoseconds, whereas the measured luminescence oc-
curs on nanosecond timescales and triplet-state emission is generally expected on still
longer timescales. Moreover, the calculated oscillator strengths for triplet emission
are approximately three orders of magnitude smaller than those for singlet emission,
although the experimentally observed emission peaks coincide with the predicted
triplet-emission energies. Further experiments will therefore be required to isolate any
triplet-state contribution and determinewhether the system exhibits phosphorescence.

Next, we move on to the work done in Chapter 4. Larger chromophores, molec-
ular aggregates, and chromophores embedded in heterogeneous environments will
require descriptors that include both intramolecular deformation and changes due to
the response of the environmental bath. Intermolecular contacts, local electric fields,
hydrogen-bond geometries, and solvent or protein coordinates may need to be con-
sidered alongside bond lengths, angles, and torsions. This is especially relevant for
condensed-phase photochemistry, where a coordinate localised on the chromophore
may be insufficient even when the electronic transition is formally local.

Beyond energy gaps and oscillator strengths, non-adiabatic coupling vectors
(NACVs) could be used as targets to determine which structural features best ex-
plain the excited-state behaviour. Because the hopping observed in TSH also de-
pends strongly on the quality of the electronic-structure method, the analysis could
be applied to trajectories calculated using multireference methods. The DII-selected
coordinates could then be projected onto the branching space, which is spanned by
the gradient-difference and non-adiabatic-coupling vectors. Comparing the resulting
overlaps would test whether the method recovers the physically relevant directions.
This would extend the approach from identifying modes sampled by trajectories un-
dergoing non-radiative decay towards locating conical-intersection regions without
prespecifying the relevant coordinates.

Another possible validation of our method would be to construct reduced vibronic
Hamiltonians (such as in MCTDH with LVC) from the selected modes for quantum
dynamical treatments. One could then test whether dynamics performed in this space
reproduce state populations, branching ratios, lifetimes, and spectra. A coordinate that
predicts an energy gap over an existing ensemble is not automatically reliable outside
that ensemble, so the reduced description should be tested against pathways and ob-
servables that were not used to select it.

The second half of this thesis, comprising Chapter 5 and Chapter 6, develops and
applies causal approaches tomolecular systems. Several associated challengeswarrant
further investigation and form the subject of ongoing work and will be addressed in
future publications.

While our causality analysis in terms of the IG suggests putative causal links, one
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of the consistent challenges we have encountered is how to physically interpret the
magnitude of the IG. In simple terms, what does an IG of 5% mean? The same issue
applies to transfer entropy where the result is reported in bits or nats. What does a TE
of 0.2 bits mean physically?

Throughout this thesis, the IG has been reported as a percentage, reflecting its defi-
nition as a relative difference. In a dataset of 100 trajectories, an IG(𝜏) = 1% from A to B
indicates that including A in the prediction criterion improves the proximity to a refer-
ence realisation by one neighbour order, on average, compared to when A is excluded
(𝛼 = 0). Unlike quantities such as correlation coefficients, the IG does not admit a
universal scale on which one can define small or large values. Instead, its characteristic
magnitude depends on the dimensionality and complexity of the underlying dynami-
cal system. A variety of applications of the IG illustrate this trend: values approaching
80% are observed for coupled Rössler dynamical systems [15], approximately 7% for
two-dimensional Langevin dynamics [3], 3–6% for atomistic molecular simulations of
an amino acid in water [3] and 1–2% [4] between principal components of the dynam-
ics of a folded protein. As the number of interacting degrees of freedom increases,
the directional influence becomes distributed across an increasing number of coupled
degrees of freedom, reducing the pairwise IG associated with any single descriptor.

An IG analysis supports three physically meaningful interpretations. First, and
most importantly, an IG value that is statistically consistent with zero indicates the
absence of detectable coupling between the corresponding observables; this interpre-
tation remains valid when the IG is estimated pairwise. Second, changes in the IG
for a given set of observables can be meaningfully compared across different physical,
dynamical, or thermodynamic conditions. Third, under a fixed set of conditions, differ-
ences in the IG values obtained for distinct pairs of observables provide a meaningful
measure of their relative coupling strengths. The accompanying causality analysis also
suggests two useful heuristics for interpreting collective variables (CVs). The first re-
lates the symmetry or asymmetry of the inferred coupling to the information captured
by the CVs in the corresponding free-energy surface (FES): two CVs that resolve the
relevant features of the FES to a similar extent may exhibit a relatively symmetric rela-
tionship, whereas an asymmetric relationship may indicate that one CV is more infor-
mative than the other. The second concerns the decorrelation times of the CVs, since
a slowly decorrelating variable retains information for longer and may consequently
exhibit a stronger apparent directional influence than a rapidly decorrelating variable.
Although these heuristics are consistent with the behaviour observed in several cases,
they do not hold universally and should therefore be regarded as empirical diagnostics
rather than formal criteria for establishing causality.

Pairwise Imbalance Gain (IG) is useful for screening relationships and identifying
asymmetric predictive structure, but it cannot distinguish a direct link from one in-
duced by a common driver or an unobserved confounder. A central challenge is that
of causal sufficiency: whether all relevant causes have been included in the analysis.
A multivariate analysis can determine whether the history of one coordinate contin-
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ues to improve prediction after relevant alternative variables have been included [15,
303]. Extending the pairwise IG approach to the multivariate DII-based formulation
introduced in Ref. [303] is therefore an important next step. Such a formulation re-
quires us to ensure “causal sufficiency”, at least in an approximate sense, since we
should be able to condition on every possible causal driver to make sure that no unob-
served confounders are responsible for spurious causal links. It could also remove the
need to choose the IG variational parameter 𝛼 manually by learning the optimal causal
weights directly. This wouldmake it muchmore convenient to combine heterogeneous
variables with wildly different magnitudes and periodicities without worrying about
scaling them.

Causal analysis of molecular trajectories can provide a basis for designing targeted
perturbations of selected collective variables (CVs) inMD simulations. By testing how
the dynamics respond when a candidate CV is modified, these simulations may help
distinguish variables that actively govern a process from those that merely fluctuate
alongside it, thereby identifying potential control points for subsequent experiments.
Protein allostery provides a representative example in which directional couplings be-
tween collective modes may provide a compact description of how local perturbations
propagate through the protein [361, 363, 307, 364, 365, 366, 367, 368, 369, 370]. Abruptly
fixing or assigning a CV to an arbitrary value, however, may generate physically inac-
cessible configurations or violate the geometrical constraints linking it to other molec-
ular degrees of freedom. Softer interventions, such as restrained ensembles, biased po-
tentials, or controlled modifications of the forces acting on selected coordinates, offer a
more physically realistic alternative and can be implemented naturally within molec-
ular dynamics simulations [408].

The issues that have been highlighted above pertaining to causal sufficiency, pair-
wise versus multivariate estimates, and interventions apply to the work done in Chap-
ter 6 as well. The analysis of PCs in ubiquitin and NTL9 suggests a practical setting
in which these ideas can be developed. PCs form an orthogonal basis, but they are
not dynamically independent. The pairwise IG asymmetries suggest a dynamical or-
ganisation that is absent from the variance spectrum alone. The next question is how
much of that organisation survives a change of basis and how it maps back to spe-
cific residues, contacts, and secondary-structure elements. Conditional analysis can
test whether a link between two components is direct or transmitted through another
mode. Molecular simulations yield free-energy surfaces with different minima and
possible transition paths between them. A conditional IG analysis could be restricted
to different minima or different transition states to allow one to understand how causal
links change depending on the initial condition one explores. Residue-wise decom-
positions can also identify the structural regions that carry the influence. Nonlinear
coordinates may be required when a conformational transition cannot be represented
adequately by a linear combination of Cartesian displacements. Proteins with known
allosteric regulation offer an especially useful test because the putative source and re-
sponse can be spatially separated, which makes both interpretation and interventional
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experiments more tractable [361, 368, 345].
The concept of a driver–response relationship is ubiquitous in physical chemistry.

We are investigating the causal links and CVs that govern protein folding and unfold-
ing, interfacial photochemical reactions and their associated electric fields, and solvent
relaxation following photoexcitation in biomolecules. The final topic concerns the the-
oretical modelling of TDFSS experiments, which were introduced in Chapter 1 as a
motivation for studying causal relationships in soft-matter systems.

The causal framework developed in this thesis provides an opportune moment to
revisit TDFSS through the language of causality. To briefly recap, the measured re-
laxation follows a sudden change in the charge distribution of a fluorophore, but the
signal reports on the combined response of the fluorophore, the surrounding protein,
and the solvent. Decomposing the energy gap into protein and water contributions is
informative, but it does not by itself establish which component drives the other. Nor
does agreement between computing the Stokes shift from an equilibrium correlation
function and from the non-equilibrium relaxation prove that the same directional or-
ganisation is present in both ensembles. Photoexcitation is a controlled perturbation
(or one might consider it an intervention) to the chromophore’s electronic state.

The analysis of tryptophan in water presented in Chapter 5 provides a proof of
principle that information-theoretic approaches can resolve directionality within cou-
pled chromophore–solvent fluctuations, revealing a directional relationship from the
chromophore energetics to the chromophore–solvent interactions under equilibrium
conditions. The broader significance of this result lies in the possibility of extend-
ing the same framework to the long-standing question of directionality in coupled
protein–water motions: namely, under what conditions protein fluctuations drive the
surrounding hydration environment, when water instead drives protein motion, and
how this balance depends on the local chemical and structural environment. Extend-
ing the analysis to explicitly non-equilibrium trajectories initiated by photoexcitation
would connect the inferred directional relationships more closely to experimental re-
laxation measurements and determine whether the relationships identified from sta-
tionary equilibrium fluctuations persist when the system is driven. Finally, comparing
these non-equilibrium responses with predictions obtained from equilibrium energy-
gap fluctuations would provide a direct test of linear-response theory, establishing
when the equilibrium ensemble adequately represents photoinduced relaxation and
when excitation accesses configurations or pathways that are not captured by spon-
taneous equilibrium fluctuations [409, 410]. Together, these developments would es-
tablish a general framework for identifying the microscopic directionality underlying
coupled solute, solvent, and biomolecular dynamics.

Taken together, this thesis establishes a unified information-theoretic framework
for identifying the molecular coordinates that govern complex dynamics and for re-
solving the directional relationships between them. In doing so, it lays the groundwork
for a deepermechanistic understanding ofmolecular processes from excited-state pho-
tochemistry to biomolecular dynamics.
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A
Supplementary Information:

Crystallization of L‐Cysteine in
Heavy Water Induces Intrinsic

Fluorescence

A.1 Experimental Methods

A.1.1 L-Cysteine crystallization

A solution of L-Cysteine (200 mg) in 1 mL of H2O and D2O was prepared. To ob-
tain a clear, transparent solution, the samples were heated to 90 ◦C. After heating, the
solutions were gradually cooled to room temperature to facilitate self-assembly and
crystallization.

A.1.2 Confocal Microscopy

A Leica SP8 Lightning confocal microscope with Leica Application Suite X (LAS X)
software was used to capture confocal images of crystals. A 405 nm laser was used
to excite the samples. A wavelength range of 415 nm to 600 nm was set for emission.
Image analysis was performed using a Leica SP8 confocal microscope to extract the
emission graph.

A.1.3 Quantum Yield

Fluorescence measurements were carried out with a Horiba Scientific Fluoromax-4
spectrofluorometer. Absolute fluorescence quantum yield measurements were per-
formed using a Quanta-Phi integrating sphere connected to the Fluoromax-4.
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A.1.4 Fluorescence lifetime microscopy (FLIM)

All fluorescence lifetime (FLT) measurements were performed using a two-channel
laser scanning confocal microscope (DCS 120, Becker & Hickl GmbH, Berlin, Ger-
many). The full width at half maximum (FWHM) of the excitation pulse for this sys-
tem is of the order of 10–100 ps. For this study, 256×256 pixel sample areas were ex-
cited with 50 MHz 473 nm laser pulses and detected using a 495 nm LP and a 620/60
nm HQ filter and 0.5–2.0 mm pinhole. Each sample was measured at least 3 times for
240 s each measurement. Fluorescence emission spectra were performed using a Cary
Eclipse Fluorescence Spectrophotometer (Varian, USA), and were obtained using an
excitation of 480 nm and a gain of 400 V.

A.1.5 Mass Spectrometry

The samples for mass spectrometry were prepared by dissolving Cys at a concentra-
tion of 200 mg mL−1 in D2O and H2O separately. This solution was heated to 90 ◦C and
then allowed to cool gradually. Mass spectrometry analysis was carried out using an
Acquity UPLC system connected to a TQD XEVO triple quadrupole ESI source mass
spectrometer (Waters, Milford, MA, USA). The measurements were performed in pos-
itive ionization mode using ESI-MS.

A.1.6 Single-crystal X-Ray Diffraction

Preparation of crystal data collection Crystal structures of the Cys molecule were
obtained from the Single crystal X-ray diffraction (SCXRD) technique. The following
method was used to obtain the crystal structure:

Crystals used for data collection were grown using the slow solvent evaporation
method. The dry Cys amino acid powder was first dissolved in D2O at concentrations
of 200 mg mL−1. Then, the samples were heated at 90 ◦C for 3 hrs followed by a vortex
to dissolve them completely and allowed to cool down gradually. The formation of a
needle-like crystal of Cys took place after a few days by slow evaporation of the D2O
solvent. For data collection, crystals were coated in Paratone oil (Hampton Research),
mounted on a MiTeGen cryo-loop, and flash-frozen in liquid nitrogen. Single crystal
diffraction datawere collected at 120 K on a Rigaku XtaLAB diffractometer systemwith
Dectris Pilatus 3R 200K-A detector using CuK𝛼 radiation at 𝜆 = 1.541 84 Å.

Crystal data processing and structural refinement The diffraction data were col-
lected and processed using the CrysAlisPro 1.171.42.67a suite of programs (RigakuOD
2022). The structureswere solved by directmethods using SHELXT-2016/4 and refined
by full-matrix least-squares against F2 with SHELXL-2016/4. Atoms were refined in-
dependently and anisotropically, with the exception of hydrogen atoms, which were
located in the electron density and refined isotropically. Crystal data collection and re-
finement parameters are shown in Supplementary TableA.1, and the complete data can
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be found in the cif file as Supporting Information. The crystallographic data have been
deposited in the Cambridge Crystallographic Data Centre (CCDC) with ID 2358399
for Cys.

Accession Codes The CCDC database under accession code 2358399 contains the
supplementary crystallographic data of the Cys crystals in D2O for this paper.

A.1.7 Data collection details for the Cysteine crystal

A Cys crystal suitable for X-ray diffraction was immersed in Paratone–N oil and
mounted in a MiTeGen loop and flash-frozen in liquid nitrogen at 120 K. Data were
collected with a Rigaku XtaLabPro with microfocus sealed tube source and a Dectris
Pilatus 3R 200K-A detector using CuK𝛼 radiation (1.541 84 Å). Data were collected as
𝜔 scans using CrysAlisPro 1.171.42.67a suite of programs (Rigaku OD, 2022). Data
were integrated and reduced in CrysAlisPro. The crystal structure was solved by us-
ing direct methods (SHELXT-2016/4) [411] and refined by full-matrix least-squares
methods against 𝐹2 (SHELXL-2016/4) [412] as implemented in Olex2 [413]. All the
non-hydrogen atoms were refined with anisotropic displacement parameters. The hy-
drogen atoms were located in the electron density and refined isotropically. The Mer-
cury 2020.3.0 software was used for molecular graphics.
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A.1.8 Cys-D Crystal Structure Details

Table A.1: Crystallographic data collection and refinement statistics data for the crystal of Cysteine in
D2O at 120 K.

Compound Cysteine (D2O)
CCDC number 2358399
Crystal description Colorless Needle
Diffractometer Rigaku XtaLabPro
Temperature (K) 120
Chemical Formula C6H14N2O4S2

Formula weight (g/mol) 242.31
Radiation CuK𝛼 (𝜆 = 1.541 84 Å)
𝑧 2
Crystal System Orthorhombic
Bond-length (C-C) (Å) 0.0035
Space group P212121

𝑎 (Å) 5.41839(11)
𝑏 (Å) 8.13325(17)
𝑐 (Å) 12.0157(2)
𝛼 (◦) 90
𝛽 (◦) 90
𝛾 (◦) 90
Volume (Å3) 529.520(18)
𝜌 (g/cm3) 1.520
𝜇 (mm−1) 4.552
𝐹(000) 256.0
Crystal size/mm3 0.355 × 0.077 × 0.073
2Θ range for data collection/◦ 13.144 to 158.22
Index ranges −3 ≤ ℎ ≤ 6, −10 ≤ 𝑘 ≤ 10, −14 ≤ 𝑙 ≤ 15
Reflections collected 2622
Independent reflections 1128 [𝑅int = 0.0283, 𝑅sigma = 0.0311]
Data/restraints/parameters 1128/0/92
Goodness-of-fit on 𝐹2 1.120
Final R indexes [I≥ 2𝜎 (I)] 𝑅1 = 0.0336, w𝑅2 = 0.0914
Final R indexes [all data] 𝑅1 = 0.0337, w𝑅2 = 0.0914
Largest diff. peak/hole / e Å−3 0.28/-0.43
Flack parameter 0.02(2)
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A.1.9 Cys-H Crystal Structure Details

Table A.2: Crystallographic data collection and refinement statistics data for the crystal of Cysteine in
H2O at 120 K.

Compound Cysteine (H2O)
CCDC number 2444375
Crystal description White crystalline plate
Diffractometer Rigaku XtaLabPro
Temperature (K) 120 K
Chemical Formula C3H7NO2S
Formula weight (g/mol) 121.16
Radiation CuK𝛼 (𝜆 = 1.541 84 Å)
𝑧 4
Crystal System Monoclinic
Bond-length (C-C) (Å) 0.0060
Space group P21
𝑎 (Å) 9.4370(3)
𝑏 (Å) 5.21640(10)
𝑐 (Å) 11.3434(3)
𝛼 (◦) 90
𝛽 (◦) 109.040(3)
𝛾 (◦) 90
Volume (Å3) 527.85(3)
𝜌 (g/cm3) 1.525
𝜇 (mm−1) 4.566
𝐹(000) 256.0
Crystal size/mm3 0.2 × 0.04 × 0.01
2Θ range for data collection/◦ 8.246 to 149.3
Index ranges −11 ≤ ℎ ≤ 11, −6 ≤ 𝑘 ≤ 6, −14 ≤ 𝑙 ≤ 14
Reflections collected 9099
Independent reflections 2127 [𝑅int = 0.0442, 𝑅sigma = 0.0356]
Data/restraints/parameters 2127/1/164
Goodness-of-fit on 𝐹2 0.765
Final R indexes [I≥ 2𝜎(I)] 𝑅1 = 0.0442, w𝑅2 = 0.1127
Final R indexes [all data] 𝑅1 = 0.0461, w𝑅2 = 0.1146
Largest diff. peak/hole / e Å−3 0.60/-0.39
Flack parameter 0.021(17)



144 A. Supplementary Information: Photoluminescence of L-Cysteine crystals

A.2 Validation of Computational Methods

One important aspect to highlight is that our calculated excitation energy, correspond-
ing to the transition to the first excited state, exhibits a blue shift of 195 nm (2.84 eV)
compared to the experimental value. A potential source of this discrepancy is the
choice of functional and basis set [414]. However, we validated our approach by
testing different combinations of basis sets and functionals for the TDDFT calcula-
tions, as well as the algebraic diagrammatic construction to second-order (ADC(2))
method [415, 416]. As we show here, our def2-SVP/CAM-B3LYP approach is con-
sistent with a variety of other methods including def2-SVP/wB97X-D3 (Figure A.8a),
def2-QZVPP/CAM-B3LYP (Figure A.8b), def2-SVP/ADC(2) (Figure A.8c). In all of
these cases, the lowest excitation energies corresponding to S0 → S1 transitions are rel-
atively similar for both systems. The nature of the transitions also largely remain the
same, and are dominated by the n → 𝜋∗ on the C–O and n → 𝜎∗ on the S–H. In prior
work done in our group [38], we have observed that TDDFT level of theory provides a
great cost/accuracy tradeoff while still reproducing the essential features obtained by
using higher-level, albeit much costlier, multireference methods.

Another possible source of error is the size of the QM subsystem, the choice of
which involves a delicate balance of computational feasibility and accuracy. Previous
work done by our group [38, 6] has employed QM dimers for a variety of amino acid
crystals and found that these reasonably faithfully reproduce the key experimentally
observed behavior. In the case of cysteine, there still remains a noticeable blue-shift
of the absorption spectra and the lowest excitation energy. In order to understand
how sensitive the absorption spectra are to the size of the QM region, we performed
some additional benchmarks. Indeed, Figure A.8d demonstrates that increasing the
QM region from a dimer to a heptamer (which contains 98 atoms) results in a red-
shift of the spectra and subsequently reduces the discrepancy between the theory and
experiment to ∼ 2.1 eV while preserving the same physical origin for the transition to
the first excited state.

Finally, we wanted to verify the impact of both a larger QM region (Figure A.9a),
as well as a different electronic structure method (ADC(2)) near the conical intersec-
tion (Figure A.9b). ADC(2) is widely considered the most accurate single-reference
method for describing conical intersections [196, 417]. As previously mentioned, in
our TDDFT/TSH setup, we set the criterion for a hop to the ground state when the en-
ergy gap falls below 0.2 eV. In the validation using a larger QM region, we see that the
energy gaps between the first excited state and the ground state are preserved remark-
ablywell when using pentamers instead of dimers as theQM region. In the second test,
we applied ADC(2) using the same QM dimer as in the TDDFT case. While some dif-
ferences emerge compared to TDDFT, the overall energy gaps and conical intersection
remain largely unchanged.
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A.3 Details of excitation and non-radiative decay modes

Table A.3: A summary of the nature of S0 → S1 excitations for Cys-H and Cys-D.

Nature of 𝑆0 → 𝑆1 excitation Cys-H Cys-D

𝑛 → 𝜋∗ (C–O) 23 29
𝑛 → 𝜎∗ (S–H) 17 11

Table A.4: A summary of the different modes of non-radiative decay for Cys-H and Cys-D.

Non-radiative decay mode Cys-H Cys-D

S–H 12 9
C𝛼 –N 19 -
C𝛽 –S 4 1

C𝛼 –COO– - 3

Table A.5: Summary of Quantum Mechanical (QM) calculation parameters in Fig. A.8

QM subsystem QM method Functional Basis Set Figure
Dimer TD-DFT CAM-B3LYP def2-SVP 3.3a
Dimer TD-DFT wB97X-D3 def2-SVP A.8a
Dimer TD-DFT CAM-B3LYP def2-QZVPP A.8b
Dimer ADC(2) N/A def2-SVP A.8c
Heptamer TD-DFT CAM-B3LYP def2-SVP A.8d
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A.4 Supplementary Figures

a

b

Figure A.1: Quantum yield of Cys-H (a) and Cys-D (b) measured under excitation of 320 nm for
multiple crystals.
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Figure A.2: A distribution of the O–C–C𝛼 –C𝛽 dihedral angle for both Cys-H (pink) and Cys-D
(green) from finite-temperature classical NVT simulations in the ground state.
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Figure A.3: Mass spectroscopy for Cys-H (a) and Cys-D (b) in positive-ion mode.

a b

Figure A.4: Single unit cell of Cys-H (panel a) and Cys-D (panel b) with the dimers chosen as the
relevant QM subsystem in the QM/MM setup employed highlighted in “CPK” representation.
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a b

Figure A.5: Panel a shows the theoretically computed absorption spectra for Cys-H and Cys-D in pink
and green, respectively. The shaded region denotes error bars over 40 independent estimates. The dashed
vertical lines denote positions of the lowest energy excitations (S0 → S1) which are 215 nm and 209 nm
for Cys-H and Cys-D, respectively. Panel b shows the time-dependent emission spectra from S1 for Cys-
D, in blocks of 500 fs, with the shades of green getting darker for successive blocks of time, while the
experimental emission spectra is shown in black.

a b

Figure A.6: Panel a shows the time-evolution of the cumulative ISC probability from S1 to any of the
triplet states for each NAMD trajectory. Panel b shows a distribution of the energy gaps between S1 and
T𝑥 (which denotes the energetically closest triplet state, usually T1). The data for Cys-H and Cys-D is
shown in pink and green, respectively.
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i.

ii.

a b

c d

Figure A.7: Panel a.i shows the occupied (left) and virtual (right) orbitals for the S0 → S1 transition
at the starting frame of a reference NAMD trajectory where Cys-H decays non-radiatively to S0 using
the C-N stretching mode. Panel a.ii shows the same orbitals, for the same NAMD trajectory, at the frame
of encountering the conical intersection.
Panel b shows a distribution of the O–C–C𝛼 –C𝛽 dihedral angle for both Cys-H (pink) and Cys-D
(green) while the system is in S1.
Panel c displays the running coordination number of Nitrogen-Oxygen for Cys-H (pink) and Cys-D
(green). The inset of the figure shows a sample frame from an NAMD trajectory where the it is clear
that the NH3

+ stretches into a “cavity” of O atoms.
Panel d shows the excited state relaxed potential energy scan for different values of the N–C𝛼 bond with
the lines showing the energies for the optimized structures in S1 for each bond length scan value, for
Cys-H (pink) and Cys-D (green). The small circles represent points where the geometry optimization
has not converged even after 1500 optimization cycles, which are usually those very close to the conical
intersection. For clarity of visualization, the pink curve corresponding to Cys-H is shifted up by 5 eV.
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ADC(2)
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Figure A.8: This figure shows the results of a variety of theoretical absorption spectra calculations to test
the accuracy of our choice of electronic structure and QM/MM setup. In all panels the shaded curves in
pink and green correspond to Cys-H and Cys-D respectively, while the dashed vertical lines correspond
to the lowest energy excitations (S0 → S1), following the same colorscheme.
These calculations are benchmarked against the primary level of theory used for absorption spectra and
NAMD calculations in this work (CAM-B3LYP/def2-SVP).
The table below summarizes the different cases explored here, each involving a change to one element
(functional, basis set, QM subsystem, or electronic structure method) relative to the primary level of
theory.
In all cases the calculations are done using ORCA 5.0.4.
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a b

Figure A.9: Panel a shows the energy gap between S1 and S0 for a Cys-H trajectory decaying via the
C –N mode, near the conical intersection, where the original energy gap considering dimers in the QM
region is shown with purple dashed lines, and the recomputed energy gap expanding the QM region to
a pentamer is shown in green dashed lines. These are both computed using TDDFT.
Panel b shows the same energy gap for the QM dimer as in a, computed at both TDDFT (purple) and
ADC(2) (green) levels of theory using ORCA 5.0.4.
Here it should be noted that while attempting the validation of the pentamer energies using ADC(2), as
implemented in ORCA 5.0.4, we ran into issues pertaining to computational cost.
We reiterate here that since TDDFT has issues describing the CI between S1 and S0, we choose a cutoff
value of 0.2 eV to determine a hop to the ground state.
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B
Supplementary Information:

Machine learning the non‐radiative
decay modes in photochemical

processes

B.1 Additional information on the studied systems

a b

c

Figure B.1: Furan: Additional internal-coordinate modes for furan that explain the S1 → S0 non-
radiative relaxation: (a) C –O stretch. (b) C –O–C angle. (c) C –C separation that corresponds to the
ring-opening mode.
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Figure B.2: Furan: DII between the leading PCs and the energy gap (Δ𝐸1,0) as a function of the number
of selected features. Shaded areas show error bars computed from 50 independent bootstrap resamples.
The inclusion of PCs continues to lower the DII to ∼ 0.32. This indicates that, even when a select
number of chemically intuitive coordinates already captures part of the dynamics, additional predictive
information is contained in more delocalized collective modes. Such behavior reflects the inherently high-
dimensional and strongly coupled nature of nonadiabatic dynamics, where multiple nuclear degrees of
freedom contribute simultaneously to the evolution toward conical intersections.
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S2 → S1 S1 → S0

a b

Figure B.3: Methaniminium cation: Additional internal-coordinate modes for the methaniminium
cation: (a) Mode relevant for the S2 → S1 transition, which involves a torsion around the C –N bond.
(b) Modes relevant for the S1 → S0 transition, which involve a torsion around the C –N bond as well
as the pyramidalization of the CH2 group.

a b

Δ𝐸!,# 𝑓!,#$%&

Figure B.4: L-glutamine: (a) DII between Coulomb-matrix descriptors and the energy gap/oscillator
strength as a function of the number of selected features. Purple and green correspond to 𝑓 osc

1,0 and
Δ𝐸1,0, respectively. Shaded areas show error bars computed from 50 independent bootstrap resamples.
(b) Most informative atom pairs (“hotspots”) identified from the Coulomb-matrix analysis. The left
and right parts of the panel correspond to Δ𝐸1,0 and 𝑓 osc

1,0 , respectively.
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Figure B.5: L-glutamine: DII between internal coordinates and the oscillator strength ( 𝑓 osc
1,0 ), and

between internal coordinates and the part of the oscillator strength arising from the transition dipole
moment only ( 𝑓 osc

1,0 (TDM)), as a function of the number of selected features (purple and orange, respec-
tively). Shaded areas show error bars computed from 50 independent bootstrap resamples.
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Figure B.6: L-pyro: (a) DII between Coulomb-matrix descriptors and the energy gap/oscillator
strength as a function of the number of selected features. Purple and green correspond to 𝑓 osc

1,0 and
Δ𝐸1,0, respectively. Shaded areas show error bars computed from 50 independent bootstrap resamples.
(b)Most informative atom pairs (“hotspots”) identified from the Coulomb-matrix analysis. The top and
bottom parts of the panel correspond to Δ𝐸1,0 and 𝑓 osc

1,0 , respectively.
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Figure B.7: L-pyro: DII between internal coordinates and the oscillator strength ( 𝑓 osc
1,0 ), and between

internal coordinates and the part of the oscillator strength arising from the transition dipole moment
only ( 𝑓 osc

1,0 (TDM)), as a function of the number of selected features (purple and orange, respectively).
Shaded areas show error bars computed from 50 independent bootstrap resamples.
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Figure B.8: L-pyro: DII between the leading PCs and the energy gap/oscillator strength as a function
of the number of selected features. Purple and green correspond to 𝑓 osc

1,0 and Δ𝐸1,0, respectively. Shaded
areas show error bars computed from 50 independent bootstrap resamples.
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Figure B.9: Molecular motor: (a) DII between Coulomb-matrix descriptors and the energy gap/oscil-
lator strength as a function of the number of selected features. Purple, red, and green correspond to 𝑓 osc

1,0 ,
𝑓 osc
1,0 (TDM), and Δ𝐸1,0, respectively. Shaded areas show error bars computed from 50 independent
bootstrap resamples. (b) Most informative atom pairs (“hotspots”) identified from the Coulomb-matrix
analysis. The atoms involved in the hotspots for both Δ𝐸1,0 and 𝑓 osc

1,0 are highlighted together and num-
bered to distinguish the different C atoms.
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Figure B.10: Molecular motor: Additional internal-coordinate mode, involving a secondary torsion
around the central dihedral, that explains both the S1 → S0 energy gap (Δ𝐸1,0) and the oscillator
strength ( 𝑓 osc

1,0 ).
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Figure B.11: Molecular motor: DII between the leading PCs and the energy gap/oscillator strength
as a function of the number of selected features. Purple and green correspond to 𝑓 osc

1,0 and Δ𝐸1,0, respec-
tively. Shaded areas show error bars computed from 50 independent bootstrap resamples.
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Figure B.12: L-glutamine: Comparison of the DII analysis using trajectories generated with TD-
DFTB and TD-DFT. The DII between the selected S1 internal coordinates (R𝑆1

selected) and the S1–S0
energy gap (Δ𝐸1,0) is shown as a function of the number of selected features. Both analyses recover
the same leading structural modes, including the carbonyl C –O stretch and the proton-transfer-related
O–H distance. The TD-DFTB curve (green) decreases rapidly with the first two features, whereas the
TD-DFT curve (purple) decreases more gradually. Shaded areas show error bars computed from 50
independent bootstrap resamples. With ten selected features, the DII reaches approximately 0.32 and
0.37 for TD-DFTB and TD-DFT, respectively, demonstrating consistent mode identification alongside
differences in quantitative informativeness.

B.1.1 Cysteine crystals

We applied our approach to NAMD simulations generated in a previous study [1]
on crystals of the amino acid cysteine, motivated again by the observation of non-
aromatic fluorescence. In that study, which combined simulations and experiments,
it was shown that the non-radiative decay of cysteine crystallised in light water (Cys-
H) and heavy water (Cys-D) proceeds through two photodissociative pathways: the
dissociation of a proton from the sulphur atom, and the cleavage of the C–N bond. The
C–N pathway is suppressed in Cys-D, which leads to the fluorescence observed in its
crystals. The nonadiabatic simulations in the original study used a QM/MM approach
with two cysteine monomers in the QM region. Initial excitations were approximately
equally distributed between these monomers, so each type of informative coordinate
appears twice in the selected feature set (Figure B.13).
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a b

Cys-H Cys-D

Figure B.13: Cysteine: (a) DII between internal coordinates and the energy gap as a function of the
number of selected features. Purple and green correspond to cysteine crystallised in D2O (Cys-D) and
in H2O (Cys-H), respectively. Shaded areas show error bars computed from 50 independent bootstrap
resamples. (b) The most informative structural modes extracted from the DII analysis. For Cys-H,
the four leading features comprise the S –H and C–N distances on both monomers and yield a DII
of approximately 0.55. For Cys-D, the four leading features comprise the two S –H distances and the
two C–S –H angles, yielding a DII of approximately 0.30. For clarity, one representative coordinate
of each type is illustrated. The subsequent decrease in DII upon including further coordinates is more
pronounced for Cys-H, indicating that additional structural information improves the description of its
energy gap.

B.2 Benchmarking and sensitivity analysis

B.2.1 Convergence with the number of trajectories

An important practical consideration is the sensitivity of the analysis to the size and
phase-space coverage of the trajectory ensemble. We therefore repeated the complete
DII analysis for furan using ensembles containing 20, 50, 75, 100, 150, and 200 trajecto-
ries, while retaining the same descriptor construction, hyperparameters, and feature-
selection procedure. As shown in Figure B.14, all ensemble sizes produce a rapid de-
crease in DII over the first five to six selected coordinates, followed by a plateau. For
the complete ensemble of 200 trajectories, the DII decreases from approximately 0.82
with one selected feature to approximately 0.45 with ten features. The corresponding
ten-feature values for the smaller subsets lie between 0.25 and 0.35. Thus, the abso-
lute DII values retain a finite-ensemble dependence and should not be interpreted as
numerically converged across the different ensemble sizes. In particular, the lower
values obtained for some of the smaller ensembles do not imply improved predictive
performance; they result from overfitting when too many features are fitted on too few
frames.
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Figure B.14: Furan: Sensitivity of the DII feature-selection analysis to the trajectory-ensemble size. The
DII between the selected S1 internal coordinates (R𝑆1

selected) and the S1–S0 energy gap (Δ𝐸1,0) is shown
as a function of the number of selected features for ensembles containing𝑁traj = 20, 50, 75, 100, 150, and
200 trajectories. All ensembles were analyzed using the same descriptor construction, hyperparameters,
and feature-selection procedure. The curves exhibit a similar rapid decrease over the first five to six
features, followed by a plateau. Although the absolute plateau value depends on the ensemble size, all
ensembles recover the same five leading coordinates: the C –O–C–H dihedral, two C–O stretching
coordinates, the C –O–C angle, and the C –C separation. These coordinates consistently describe the
coupled out-of-plane puckering and ring-opening distortions associated with the S1 → S0 relaxation
pathway. Only the ordering of closely correlated coordinates changes between ensemble sizes. Error bars
are omitted to avoid visual crowding; the uncertainty of each estimate is approximately 0.01–0.04.

Nevertheless, the physical modes selected by the analysis are stable with respect to
the trajectory-ensemble size. All six ensembles recover the same five leading coordi-
nates: the C–O–C–H dihedral and the leading C–O stretching coordinate, together
with the secondC–O stretch, the C–O–C angle, and the C–C separation shown in Fig-
ure B.1(a)–(c). The C–O–C–Hdihedral and C–O–C angle describe the out-of-plane,
puckering-related deformation of the ring, whereas the two C–O stretching coordi-
nates and the C–C separation describe the associated ring-opening distortion. Only
the ordering of closely correlated coordinates at the level of the best pairs or triplets
changes between ensemble sizes; the composition of the top-five feature set and its
physical interpretation remain unchanged. The coupled puckering and ring-opening
mechanism inferred from the complete ensemble is therefore recovered even with 20
trajectories, corresponding to 10% of the available trajectory set, although the absolute
DII values remain sample-size dependent. These tests show that the method is highly
data efficient in recovering the physically relevant coordinates.
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B.2.2 Analysis restricted to the vicinity of the conical intersection

To assess whether the selected coordinates remain informative close to non-radiative
transitions, we repeated the analysis using only configurations within ±20 fs of the
hopping event. The restricted-window analysis recovers the same five leading coor-
dinates: the C–O–C–H dihedral, the two C–O stretches, the C–O–C angle, and the
C–C separation. The DII decreases most strongly over the first five to six features and
reaches approximately 0.34 with ten features, compared with approximately 0.45 for
the all-frames analysis (Figure B.15). Thus, the coupled puckering and ring-opening
signatures persist close to the hopping event, supporting their relevance beyond dif-
ferences between the early and late portions of the trajectories.
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Figure B.15: Furan: Sensitivity of the DII analysis to the time window around the hopping event.
The DII between the selected S1 internal coordinates (R𝑆1

selected) and the S1–S0 energy gap (Δ𝐸1,0) is
shown as a function of the number of selected features, using all available frames (green) or configu-
rations within ±20 fs of the hopping event (purple). Shaded areas show error bars computed from 50
independent bootstrap resamples. Both analyses recover the same five leading coordinates associated with
coupled puckering and ring-opening distortions: the C –O–C–H dihedral, the two C–O stretches, the
C –O–C angle, and the C –C separation. Restricting the time window lowers the ten-feature DII from
approximately 0.45 to 0.34 while preserving the main feature-selection trend.

As for furan, we tested the sensitivity of the L-glutamine energy-gap analysis by
restricting the configurations used to construct the initial dataset to those within ±20 fs
of the hopping event. This restricted analysis (Figure B.16) also recovers the carbonyl
C–O stretch and the proton-transfer-related O–H distance as the leading coordinates,
and retains the sharp initial decrease in DII. Carbonyl elongation and proton transfer
therefore remain informative close to the hopping event. Togetherwith the correspond-
ing analysis for furan, this comparison supports the stability of the physical interpre-
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tation across the sampled time windows, while showing that the absolute DII values
depend on the configurations included. This need not hold in general and should be
examined case by case.
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Figure B.16: L-glutamine: Sensitivity of the DII analysis to the time window around the hopping
event. The DII between the selected S1 internal coordinates (R𝑆1

selected) and the S1–S0 energy gap
(Δ𝐸1,0) is shown as a function of the number of selected features, using all available frames (green)
or configurations within ±20 fs of the hopping event (purple). Shaded areas show error bars com-
puted from 50 independent bootstrap resamples. Both analyses recover the carbonyl C –O stretch and
the proton-transfer-related O–H distance as the leading coordinates and exhibit a sharp initial decrease
in DII followed by smaller improvements.

B.2.3 Sensitivity to the hyperparameters of the method

Wealso examined the sensitivity of the furan results to the JSDhotspot threshold and to
the softmax length scale𝜆 in theDII. For JSD cutoffs of 0.09, 0.10, 0.12, 0.15, and 0.20, the
DII curves are closely aligned andplateau at approximately 0.44–0.45 (Figure B.17). All
tested cutoffs recover the same five leading coordinates, corresponding to the coupled
puckering and ring-opening mechanism.
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Figure B.17: Furan: Sensitivity of the DII feature-selection analysis to the JSD hotspot threshold.
The DII between the selected S1 internal coordinates and the S1–S0 energy gap (Δ𝐸1,0) is shown as a
function of the number of selected features for JSD cutoffs of 0.09, 0.10, 0.12, 0.15, and 0.20. All curves
exhibit similar trends and plateau at approximately 0.44–0.45. Every tested cutoff recovers the same five
leading coordinates: the C –O–C–H dihedral, the two C–O stretches, the C –O–C angle, and the C –C
separation, demonstrating stable identification of the dominant puckering and ring-opening signatures
over the threshold range examined.

Repeating the analysis with fixed 𝜆 values of 0.02, 0.1, 0.2, and 0.5 yields ten-feature
DII values of approximately 0.40, 0.45, 0.46, and 0.70, respectively (Figure B.18). Al-
though the numerical DII depends on the smoothing scale, the same five leading co-
ordinates persist at every setting, with changes in their ordering. Beyond these five
features, the selected coordinates differ, most notably at 𝜆 = 0.5. Thus, the dominant
puckering and ring-opening signatures are stable across the tested settings, while the
absolute DII values and secondary features show greater sensitivity.
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Figure B.18: Furan: Sensitivity of the DII feature-selection analysis to the softmax length scale 𝜆.
The DII between the selected S1 internal coordinates (R𝑆1

selected) and the S1–S0 energy gap (Δ𝐸1,0) is
shown as a function of the number of selected features for fixed 𝜆 values of 0.02, 0.1, 0.2, and 0.5. The
ten-feature DII values are approximately 0.40, 0.45, 0.46, and 0.70, respectively. The same five leading
coordinates are recovered at every setting, although their ordering changes: the C –O–C–H dihedral,
the two C–O stretches, the C –O–C angle, and the C –C separation. Beyond the first five features, the
selected coordinates differ at 𝜆 = 0.5. The leading physical signatures therefore persist across the tested
settings, while the absolute DII values and secondary feature selections depend more strongly on the
smoothing scale.
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C.1 Transfer Entropy

Bivariate case

In this sectionwe compare alternative definitions of the bivariate Transfer Entropy. The
standard definition provided by Schreiber [63] reads

TE𝑋→𝑌 = 𝐼
(
𝑋−
𝑡 ;𝑌𝑡+1 | 𝑌−

𝑡

)
(C.1a)

= 𝐻(𝑌𝑡+1 | 𝑌−
𝑡 ) − 𝐻(𝑌𝑡+1 | 𝑋−

𝑡 , 𝑌
−
𝑡 ) , (C.1b)

where 𝐼(·, · | ·) denotes a conditional mutual information, equivalent to the difference of
entropies in Eq. (C.1b). Here, 𝑋−

𝑡 and 𝑌−
𝑡 are time windows built over the past of 𝑋

and 𝑌:

𝑋−
𝑡 = (𝑋𝑡 , 𝑋𝑡−1 , ..., 𝑋𝑡−𝑘+1) , (C.2a)
𝑌−
𝑡 = (𝑌𝑡 , 𝑌𝑡−1 , ..., 𝑌𝑡−𝑙+1) . (C.2b)

Equations (C.2) assume that the dynamics of 𝑋 and 𝑌 can be approximately described
asMarkov processes of order 𝑘 and 𝑙, respectively. Notice that this definition inherently
assumes 𝜏 = 1.

Palu š et al. [418] provided a formulation with an explicit dependence on the time

169
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lag between the present and the future:

TE𝑋→𝑌(𝜏) = 𝐼
(
𝑋−
𝑡 ;𝑌𝑡+𝜏 | 𝑌−

𝑡

)
(C.3a)

= 𝐻(𝑌𝑡+𝜏 | 𝑌−
𝑡 ) − 𝐻(𝑌𝑡+1 | 𝑋−

𝑡 , 𝑌
−
𝑡 ) . (C.3b)

Aswas observed in relatedworks [15, 303], the choice of 𝜏 > 1 can be beneficial for ana-
lyzing time series generated by continuous dynamics, since conditional dependencies
may manifest more clearly at larger time scales compared to those of the true inter-
actions. The definition provided in Eq. 2.25, which we used throughout this work,
is obtained from Eq. (C.3) by replacing 𝑋−

𝑡 and 𝑌−
𝑡 with the single frames 𝑋𝑡 and 𝑌𝑡 ,

respectively.

Estimator for discrete RVs

By exploiting the relationship that links joint and conditional entropies, 𝐻(𝑋 | 𝑌) =

𝐻(𝑋,𝑌) − 𝐻(𝑌), the TE defined in Eq. 2.25 can be developed as the following sum of
Shannon entropies:

TE𝑋→𝑌(𝜏) := 𝐻(𝑌𝜏 | 𝑌0) − 𝐻(𝑌𝜏 | 𝑋0 , 𝑌0) , (C.4a)
= −𝐻(𝑌𝜏 , 𝑋0 , 𝑌0) + 𝐻(𝑋0 , 𝑌0) + 𝐻(𝑌𝜏 , 𝑌0) − 𝐻(𝑌0) . (C.4b)

In the discrete case, each term in Eq. (C.4b) takes the form

𝐻(Z) = −
∑

z
𝑃(z) log 𝑃(z) , (C.5)

where Z is a multi-dimensional RV (only one-dimensional when Z = 𝑌0), 𝑃(z) denotes
the joint probability of its components (which is a trivial one-dimensional probability
mass function when Z is one-dimensional), and the sum runs over all possible realiza-
tions of Z.

The maximum likelihood or “plug-in” estimator for the joint entropy of Eq. (C.5)
is simply obtained by replacing 𝑃(z)with its empirical frequency 𝑛z/𝑁 , where 𝑛z is the
number of occurrences of the joint event z, and 𝑁 is the total number of observations
of the random variable Z [129]:

𝐻(Z) ' −
∑

z

𝑛z
𝑁

log 𝑛z
𝑁
. (C.6)

In turn, the TE can be computed by estimating all terms in Eq. (C.4b) in this
manner. We employed this simple estimator, as implemented in the method
information_mutual_conditional of the Python library pyitlib (version 0.2.3), to
compute the TE for the Markov system of Fig. 5.4.
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Estimator for continuous RVs

The decomposition of the TE in Eq. (C.4b) still holds in the continuous case, by replac-
ing the Shannon entropy of Eq. (C.5) with the differential entropy

𝐻(Z) = −
∫

𝑑z 𝑝(z) log 𝑝(z) , (C.7)

where 𝑝(z) is the joint probability density of the components of Z and the integration
domain is the support of 𝑝(z). In principle, differential entropies can be computed by
using histograms, namely by partitioning the support of 𝑝(z) into bins of finite size
and approximating the integral of Eq. (C.7) with a sum which has the same form of
Eq. (C.6). Other density-based approaches exploit kernel density estimators [419, 420].
In this work, we considered a density-free estimator based on 𝑘-nearest neighbor statis-
tics [133], which we briefly review in the following. We refer to Refs. [130, 421, 133]
for a comprehensive overview of nearest-neighbor estimators for information-theoretic
quantities.

According to the approach first proposed in Ref [422], an estimator for the differen-
tial entropy in Eq. (C.7), assuming Z ∈ R𝑑 and given the observations {z𝑖}𝑁𝑖=1, is given
by

𝐻(Z) ' 𝜓(𝑁) − 𝜓(𝑘) + log 𝑐𝑑 + 𝑑
𝑁

𝑁∑
𝑖=1

log 𝜀(𝑖) . (C.8)

Here, 𝜓(𝑥) is the digamma function (𝜓(𝑥) = 𝑑 log Γ(𝑥)
𝑑𝑥 ), 𝑐𝑑 is the volume of the 𝑑-

dimensional unit sphere, which depends on the specific 𝐿𝑝 distance employed, and
𝜀(𝑖) is twice the distance from z𝑖 to its 𝑘-th neighbour, in the same distance space. This
expression can be derived (see for example Ref. [130]) by assuming a uniform local
density around each point 𝑧𝑖 , up to the 𝑘-th nearest neighbour.

The conditional mutual information estimator employed in this work [133] builds
on Eq. (C.8) to approximate each term in the decomposition of Eq. (C.4b). Specifically,
this estimator makes use of an input parameter 𝑘 to pre-compute a fixed radius 𝜖(𝑖)
for each point 𝑖, instead of using a fixed number of nearest neighbors. Such a fixed
radius is defined as the 𝐿∞ distance from z𝑖 and its 𝑘-the nearest neighbor in the space
Z = (𝑌𝜏 , 𝑋0 , 𝑌0). The use of a point-dependent number of neighbors and 𝐿∞ norms
allows for a perfect cancellation of the last two terms in Eq. (C.8) among the different
entropy terms, bringing to

𝑇𝐸𝑋→𝑌(𝜏) '
𝑁∑
𝑖=1

(
𝜓(𝑘) − 𝜓(𝑛𝑋0𝑌0 ,𝑖) − 𝜓(𝑛𝑌𝜏𝑌0 ,𝑖) + 𝜓(𝑛𝑌0 ,𝑖)

)
(C.9)

in the absence of distances ties. Here, 𝑛𝑋0𝑌0 ,𝑖 , 𝑛𝑌𝜏𝑌0 ,𝑖 and 𝑛𝑌0 ,𝑖 are the number of neigh-
bors of z𝑖 within the radius 𝜖(𝑖), in the spaces of the subscript variables. The estimator
is implemented in the Python library knncmi, which we used by setting 𝑘 = 7 for all
calculations, as in Ref. [133]. For computing the Transfer Entropy between dihedral
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angles, the distances employed by such a nearest-neighbor estimator were computed
by enforcing the correct periodicity in [0, 2𝜋), namely by replacing the standard 𝐿∞

distance between points z𝑖 , z𝑗 ∈ R𝑑,

‖z𝑖 − z𝑗‖∞ = max
𝛼

|𝑧𝛼𝑖 − 𝑧𝛼𝑗 | , (C.10)

with the periodic distance

‖z𝑖 − z𝑗‖∞,2𝜋 = max
𝛼

(
min
𝑘∈Z

|𝑧𝛼𝑖 − 𝑧𝛼𝑗 − 2𝜋𝑘|
)
. (C.11)

Connection to Structural Causal Models

We use the language of Structural Causal Models (SCMs) [423] to draw a connection
between the conditional dependence relationships assessed by Transfer Entropy and
the formulation of causal statements. A discrete-time SCM for two time-dependent
variables 𝑋𝑡 and 𝑌𝑡 can be written as:

𝑋𝑡 := 𝑓 (𝑝𝑎(𝑋𝑡), 𝜂𝑋𝑡 ) , (C.12a)
𝑌𝑡 := 𝑔(𝑝𝑎(𝑌𝑡), 𝜂𝑌𝑡 ) , (C.12b)

where 𝑓 and 𝑔 are generic and possibly nonlinear functions which describe the de-
tails of the interactions, 𝑝𝑎(𝑋𝑡) (𝑝𝑎(𝑌𝑡)) is a set containing all direct causes of 𝑋𝑡 (𝑌𝑡),
called its “parents”, while 𝜂𝑋𝑡 and 𝜂𝑌𝑡 are noise terms which account for the effect of
unobserved variables. In this model, causal sufficiency is satisfied by requiring that
𝜂𝑋𝑡 and 𝜂𝑌𝑡 are independent random variables, as any dependence would imply the
presence of a common (and unobserved) cause of 𝑋𝑡 and 𝑌𝑡 . Under fairly general as-
sumptions [270], the structure of Eqs. (C.12) is uniquely identified by a set of condi-
tional independence relationships. For example, condition 𝑋𝑡−𝜏 ∉ 𝑝𝑎(𝑌𝑡+1) (namely,
𝑋𝑡−𝜏 is not a direct cause of 𝑌𝑡+1) corresponds to the conditional independence rela-
tionship 𝑋𝑡−𝜏 ⊥⊥ 𝑌𝑡+1 | 𝑝𝑎(𝑌𝑡+1). In order to directly assess such a condition from
time series data, one has to either infer the conditioning set 𝑝𝑎(𝑌𝑡+1) using iterative
approaches [423, 270], or use a larger set that includes 𝑝𝑎(𝑌𝑡+1) without breaking the
conditional independence above. Assuming that the SCM does not include instanta-
neous causal links, this can be achieved by using as conditioning set the entire past of
the “target” variable, 𝑋−

𝑡 ∪ 𝑌−
𝑡 , of which 𝑝𝑎(𝑌𝑡+1) is necessarily a subset. As shown in

Eqs. (C.2), 𝑋−
𝑡 and 𝑌−

𝑡 can be constructed in practice up to the maximum interaction
lag that is believed to be present in the unknown dynamics. Following this strategy,
the tested relationship 𝑋𝑡−𝜏 ⊥⊥ 𝑌𝑡+1 | 𝑝𝑎(𝑌𝑡+1) can be replaced by

𝑋𝑡−𝜏 ⊥⊥ 𝑌𝑡+1 | (𝑋−
𝑡 ∪ 𝑌−

𝑡

) \ 𝑋𝑡−𝜏 , (C.13)

where
(
𝑋−
𝑡 ∪ 𝑌−

𝑡

) \ 𝑋𝑡−𝜏 denotes the past of the series without 𝑋𝑡−𝜏. If this condition is
satisfied, then 𝑋𝑡−𝜏 ∉ 𝑝𝑎(𝑌𝑡+1); otherwise, one concludes that 𝑋𝑡−𝜏 is a direct cause of
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𝑌𝑡+1.
Transfer Entropy can be viewed as a method for testing conditional independen-

cies of the form given in Eq. (C.13), by considering multiple time lags simultaneously.
Specifically, Schreiber’s definition (see Eq. (C.1)) tests the conditional independence
𝑋−
𝑡 ⊥⊥ 𝑌𝑡+1 | 𝑌−

𝑡 , which is obtained from Eq. (C.13) by replacing 𝑋𝑡−𝜏 with 𝑋−
𝑡 . In this

case, TE𝑋→𝑌 > 0 allows deducing that a causal link from a component of 𝑋−
𝑡 to 𝑌𝑡+1

exists, but not the specific interaction lag 𝜏. For example, the conditional dependence
𝑋−
𝑡 6 ⊥⊥𝑌𝑡+1 | 𝑌−

𝑡 may originate from direct links 𝑋𝑡−𝜏 → 𝑌𝑡+1, for any 𝑋𝑡−𝜏 ∈ 𝑋−
𝑡 . Sim-

ilarly, the conditional independence tested by the Transfer Entropy of Ref. [418] (see
Eq. (C.3)) is 𝑋−

𝑡 ⊥⊥ 𝑌𝑡+𝜏 | 𝑌−
𝑡 . Also in this case, condition TE𝑋→𝑌 > 0 allows inferring

the existence of a lag-unspecific causal link from 𝑋 to 𝑌. Finally, the Transfer Entropy
employed in this work (see Eq. 2.25) tests the conditional independence𝑋𝑡 ⊥⊥ 𝑌𝑡+𝜏 | 𝑌𝑡 .

Importantly, instantaneous links such as that from 𝑋 to 𝑌 in the three-state Markov
system (Fig. 5.4a) can still be detected by measuring Transfer Entropy, although not
identified as instantaneous. In that system, for example, the direct and instantaneous
link 𝑋𝑡 → 𝑌𝑡 generates a conditional dependence 𝑋𝑡 ⊥⊥ 𝑌𝑡+1|𝑌𝑡 through the indirect
causal link 𝑋𝑡 → 𝑋𝑡+1 → 𝑌𝑡+1, which results in TE𝑋→𝑌(𝜏 = 1) > 0 (see Fig. 5.4b and
Section C.2).

Multivariate Transfer Entropy

The multivariate generalization of the Transfer Entropy used in this work is:

TE𝑋→𝑌|𝑍(𝜏) := 𝐼(𝑋𝑡 ;𝑌𝑡+𝜏 | 𝑌𝑡 , 𝑍𝑡) , (C.14)

where 𝑍𝑡 is a (possibly multidimensional) variable containing putative common
drivers of 𝑋 and 𝑌. Eq. (C.14) tests the conditional independence relationship 𝑋𝑡 ⊥⊥
𝑌𝑡+𝜏 | {𝑌𝑡 , 𝑍𝑡}, which allows stating that 𝑋𝑡 is not a direct or indirect cause of 𝑌𝑡+𝜏. Sim-
ilarly to the bivariate case, such a conclusion can be drawn by assuming that there are
no unobserved common drivers of 𝑋 and 𝑌 (namely, variables causing both 𝑋 and 𝑌
which are not included in 𝑍). The fact that this measure does not allow distinguishing
between direct and indirect causal links, namely mediated by 𝑍, directly comes from
the fact that it does not infer the specific interaction lag, as in the bivariate case. As was
discussed in Ref. [303], the use of a single frame at time 𝑡 in place of a time window
does not affect the interpretation of the measure up to the assumption that the maxi-
mum time lag of direct links is 1, which is satisfied by all time series employed in this
work.

In Fig. C.1 we show a comparison between the bivariate TE𝑋→𝑌 (panel a) and the
multivariate TE𝑋→𝑌|𝑍 (panel a), for the three-dimensional Langevin system shown in
Fig. 5.6c. The bivariate TE erroneously suggests the presence of a link from 𝑋 to 𝑌 in
the large time-scale regime, while its multivariate version allows deducing that 𝑍 is a
common driver of𝑋 and𝑌. This conclusion can be drawn by observing that TE𝑍→𝑋 |𝑌 >

0 and TE𝑍→𝑌|𝑋 > 0 (Fig. C.2). The multivariate Transfer Entropies in Figs. C.1 and C.2
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were computed with the same nearest-neighbor estimator employed for the bivariate
case (see Eq. (C.9)), which can be straightforwardly generalized to

𝑇𝐸𝑋→𝑌(𝜏) '
𝑁∑
𝑖=1

(
𝜓(𝑘) − 𝜓(𝑛𝑋0𝑌0𝑍0 ,𝑖) − 𝜓(𝑛𝑌𝜏𝑌0𝑍0 ,𝑖) + 𝜓(𝑛𝑌0𝑍0 ,𝑖)

)
. (C.15)

a b

v2

Figure C.1: a: Bivariate TE from 𝑋 to 𝑌 (blue) and from 𝑌 to 𝑋 (black) as a function of the lag 𝜏, for
the Langevin systems of Fig. 5.6c. b: Multivariate TE𝑋→𝑌|𝑍 (blue) and TE𝑌→𝑋 |𝑍 (black) for the same
Langevin system.

a b

v2

Figure C.2: a: Bivariate TE from 𝑍 to 𝑋 (blue) and from 𝑍 to 𝑌 (black) as a function of the lag 𝜏, for
the Langevin systems of Fig. 5.6c. b: Multivariate TE𝑍→𝑋 |𝑌 (blue) and TE𝑍→𝑌|𝑋 (black) for the same
Langevin system.

C.2 Asymmetric transfer entropy in the Markov system

We show in this Section that TE𝑋→𝑌(𝜏) > 0 and TE𝑌→𝑋(𝜏) = 0 for the Markov system
depicted in Fig. 5.4, focusing on the case 𝜏 = 1.

Denoting with 𝑠𝑡 the state of the system at time 𝑡 (𝑠𝑡 ∈ {𝐴, 𝐵, 𝐶}), it is straightfor-
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ward to show that the detailed balance condition

𝑝(𝑠𝑡) 𝑝(𝑠𝑡+1|𝑠𝑡) = 𝑝(𝑠𝑡+1) 𝑝(𝑠𝑡 |𝑠𝑡+1) (C.16)

is satisfied by the equilibrium probability distribution 𝑝(𝐴) = 𝑝(𝐵) = 𝑝(𝐶) = 1/3. The
Markov system can be equivalently represented using the variables 𝑋 and 𝑌 alone as
in Fig. C.3.
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Figure C.3: Marginal Markov diagrams for the variables 𝑋 (panel a) and𝑌 (panel b), derived from the
Markov diagram of Fig. 5.4a. Transition probabilities are reported in black next to the arrows; probabili-
ties of the equilibrium distribution are written next to the nodes with the same color of the corresponding
state. While the diagram for 𝑋 is equivalent to the original Markov system, in the diagram for 𝑌 two
states are combined into a single node.

Starting from direction 𝑋 → 𝑌, we recall that the definition of TE employed in this
work (see Eq. 2.25), written for 𝜏 = 1, reads:

TE𝑋→𝑌(𝜏 = 1) = 𝐻(𝑌𝑡+1 | 𝑌𝑡) − 𝐻(𝑌𝑡+1 | 𝑋𝑡 , 𝑌𝑡) , (C.17)

where

𝐻(𝑌𝑡+1 | 𝑌𝑡) = −
∑
𝑦𝑡 ,𝑦𝑡+1

𝑝(𝑦𝑡+1 | 𝑦𝑡) 𝑝(𝑦𝑡) log 𝑝(𝑦𝑡+1 | 𝑦𝑡) , (C.18a)

𝐻(𝑌𝑡+1 | 𝑋𝑡 , 𝑌𝑡) = −
∑

𝑥𝑡 ,𝑦𝑡 ,𝑦𝑡+1

𝑝(𝑦𝑡+1 | 𝑥𝑡 , 𝑦𝑡) 𝑝(𝑥𝑡 , 𝑦𝑡) log 𝑝(𝑦𝑡+1 | 𝑥𝑡 , 𝑦𝑡) . (C.18b)

Here and in the following, we use capital letters (e.g., 𝑋𝑡 and 𝑌𝑡) to denote RVs, and
lowercase letters (e.g., 𝑥𝑡 and 𝑦𝑡) to denote their possible realizations. By substituting
the probabilities appearing in Fig. C.3 in these equations one finds:

𝐻(𝑌𝑡+1 | 𝑌𝑡) = −2
3

(
0.3 log(0.3) + 0.7 log(0.7)

)
− 1

3

(
0.4 log(0.4) + 0.6 log(0.6)

)
,

(C.19a)

𝐻(𝑌𝑡+1 | 𝑋𝑡 , 𝑌𝑡) = −1
3

(
2 × 0.5 log(0.5) + 0.1 log(0.1) + 0.9 log(0.9) (C.19b)

+ 0.4 log(0.4) + 0.6 log(0.6)
)
.
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Since 𝐻(𝑌𝑡+1 | 𝑌𝑡) > 𝐻(𝑌𝑡+1 | 𝑋𝑡 , 𝑌𝑡), the Transfer Entropy in direction 𝑋 → 𝑌 is positive
(TE𝑋→𝑌(𝜏 = 1) ' 0.07).

Similarly, the Transfer Entropy in direction 𝑌 → 𝑋 can be written as:

TE𝑌→𝑋(𝜏 = 1) = 𝐻(𝑋𝑡+1 | 𝑋𝑡) − 𝐻(𝑋𝑡+1 | 𝑋𝑡 , 𝑌𝑡) , (C.20)

where

𝐻(𝑋𝑡+1 | 𝑋𝑡) = −
∑
𝑥𝑡 ,𝑥𝑡+1

𝑝(𝑥𝑡+1 | 𝑥𝑡) 𝑝(𝑥𝑡) log 𝑝(𝑥𝑡+1 | 𝑥𝑡) (C.21a)

𝐻(𝑋𝑡+1 | 𝑋𝑡 , 𝑌𝑡) = −
∑

𝑥𝑡 ,𝑦𝑡 ,𝑥𝑡+1

𝑝(𝑥𝑡+1 | 𝑥𝑡 , 𝑦𝑡) 𝑝(𝑥𝑡 , 𝑦𝑡) log 𝑝(𝑥𝑡+1 | 𝑥𝑡 , 𝑦𝑡) . (C.21b)

In this case, all non-zero probabilities appearing in Eq. (C.21b) actually depend on
𝑋𝑡+1 = 𝑥𝑡+1 and 𝑋𝑡 = 𝑥𝑡 only, as the state of the system at time 𝑡 is fully determined
once 𝑋𝑡 is known. This implies 𝐻(𝑋𝑡+1 | 𝑋𝑡) = 𝐻(𝑋𝑡+1 | 𝑋𝑡 , 𝑌𝑡) and, as a consequence,
TE𝑌→𝑋(𝜏 = 1) = 0. We note that if all transition probabilitieswere set to 0.5, deleting the
self-loops of nodes B and C in the original Markov system, an incidental independence
on 𝑋𝑡 would appear in the non-zero probabilities of Eq. (C.18b) also in direction 𝑋 →
𝑌, resulting in TE𝑋→𝑌(𝜏 = 1) = 0.

C.3 Unobserved states in the Markov system

In this section, we consider a Markov system similar to that introduced in Fig. 5.4a,
but with an additional state D and a third variable 𝑍 which is more informative than
𝑋 (Fig. C.4, panel a). Here, 𝑍 can distinguish all the states of the system (panel b), 𝑋
has a degeneracy in states C and D (panel c), and 𝑌 is degenerate both in C, D and in
A, B (panel d). In the following we show that the bivariate Transfer Entropy satisfies
TE𝑋→𝑌(𝜏 = 1) > 0, while the multivariate transfer entropy (see Section C.1) including
𝑍 in the conditioning set leads to TE𝑋→𝑌|𝑍(𝜏 = 1) = 0.

The equilibrium probability distribution satisfying detailed balance for this
Markov-state system is 𝑝(𝐴) = 𝑝(𝐵) = 1/3, 𝑝(𝐶) = 1/4 and 𝑝(𝐷) = 1/12. We note
that this system is observationally equivalent to that of Fig. 5.4awhen 𝑍 is unobserved,
since the two systems share the same transition probabilities between the states distin-
guished by 𝑋 and 𝑌.

Since the system is observationally equivalent to the three-state system of Fig. 5.4a,
the bivariate Transfer Entropy in direction 𝑋 → 𝑌 is the same computed in Section C.2
(TE𝑋→𝑌(𝜏 = 1) ' 0.07).

As in the bivariate case, the multivariate Transfer Entropy from 𝑋 to 𝑌 given 𝑍 can
be decomposed as the difference of two Shannon entropies,

TE𝑋→𝑌|𝑍 = 𝐻(𝑌𝑡+1 | 𝑌𝑡 , 𝑍𝑡) − 𝐻(𝑌𝑡+1 | 𝑋𝑡 , 𝑌𝑡 , 𝑍𝑡) , (C.22)
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Figure C.4: a: Markov system where each state is defined by the triplet (𝑋,𝑌, 𝑍). Transition probabil-
ities are reported next to the corresponding arrows. b: Marginal Markov diagram for 𝑍. c: Marginal
Markov diagram for 𝑋. d: Marginal Markov diagram for 𝑌. In panels b, c and d, the equilibrium prob-
abilities are reported next to the corresponding states.

where

𝐻(𝑌𝑡+1 | 𝑌𝑡 , 𝑍𝑡) = −
∑

𝑦𝑡 ,𝑧𝑡 ,𝑦𝑡+1

𝑝(𝑦𝑡+1 | 𝑦𝑡 , 𝑧𝑡) 𝑝(𝑦𝑡 | 𝑧𝑡) 𝑝(𝑧𝑡) log 𝑝(𝑦𝑡+1 | 𝑦𝑡) , (C.23a)

𝐻(𝑌𝑡+1 | 𝑋𝑡 , 𝑌𝑡 , 𝑍𝑡) = −
∑

𝑥𝑡 ,𝑦𝑡 ,𝑧𝑡 ,𝑦𝑡+1

𝑝(𝑦𝑡+1 | 𝑥𝑡 , 𝑦𝑡 , 𝑧𝑡) 𝑝(𝑦𝑡 | 𝑥𝑡 , 𝑧𝑡) (C.23b)

× 𝑝(𝑥𝑡 , 𝑧𝑡) log 𝑝(𝑦𝑡+1 | 𝑥𝑡 , 𝑦𝑡 , 𝑧𝑡) .

In all the non-zero probabilities appearing in Eq. (C.23b), the dependence on 𝑋𝑡 = 𝑥𝑡
can be removed, as 𝑋𝑡 is a deterministic function of 𝑍𝑡 . As a consequence, 𝐻(𝑌𝑡+1 |
𝑌𝑡 , 𝑍𝑡) = 𝐻(𝑌𝑡+1 | 𝑋𝑡 , 𝑌𝑡 , 𝑍𝑡) and TE𝑋→𝑌|𝑍(𝜏 = 1) = 0.

C.4 Supplementary figures
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a b

Figure C.5: Transfer Entropy (panel a) and Imbalance Gain (panel b) between two variables 𝑋 and
𝑌 described by the same free energy of Fig. 5.4g, following a Langevin dynamics with identical friction
coefficients (𝛾𝑋 = 𝛾𝑌 = 1).

a

d

b c

e f

Figure C.6: a and d: FES between 𝜒1 and 𝜒2 in the GS and ES, respectively. b and c: TE and IG curves
for the CVs 𝜒1 and 𝜒2 in the GS. e and f: TE and IG curves for the same CVs in the ES. Shaded regions
denote error bars over 14 independent estimates, and bold points denote values that are significantly
different from 0 according to a t-test (𝑝 < 0.001).
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a b c

d e f

GS GS GS

ES ES ES

Figure C.7: a,b,c: one-dimensional free energies of the three dihedrals under investigation in this paper
- 𝜒1 , 𝜒2 , 𝜒3 , in the GS. d,e,f: one-dimensional free energies of 𝜒1 , 𝜒2 , 𝜒3 , in the ES.

a b

Figure C.8: a and b: The autocorrelation functions (ACF) of Δ IP (blue) and Δ IW (black) in the GS
and ES, respectively. Each curve was fit to a single exponential function of the form exp(− 𝑡

𝜏 ), where
𝜏 represents the decorrelation time of the corresponding variable. The decorrelation times for Δ IP and
Δ IW in the GS (a) are 7.1 ps and 1.0 ps, respectively. In the ES (b), these values change to 10.7 ps for
Δ IP and 1.6 ps for Δ IW.
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a b

Figure C.9: a: Effect of interventions on 𝑍0 for the three-dimensional Langevin systems shown in
Fig. 5.6a. b: Effect of the same interventions for the three-dimensional Langevin system of Fig. 5.6c.
The blue and black curves show the KL divergences measuring the effect of the interventions on 𝑋𝜏

and 𝑌𝜏, respectively. Specifically, the two curves display 𝐷𝐾𝐿
[
𝑝(𝑋𝜏 | 𝑍0 = 0) ‖ 𝑝(𝑋𝜏 | 𝑍0 = 16)] and

𝐷𝐾𝐿
[
𝑝(𝑌𝜏 | 𝑍0 = 0) ‖ 𝑝(𝑌𝜏 | 𝑍0 = 16)] . The interventional values for 𝑍0 were set to the Z-coordinates

of the furthest free energy minima in Fig. 5.6c.

a b

Figure C.10: a and b: The cross-correlation functions between Δ IP and Δ IW in the GS and ES,
respectively. The case where the time lagged variable is Δ IW is shown in blue, and where the time
lagged variable is Δ IP is shown in black.
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a

c

b

d

Figure C.11: a and b: Cross-Correlation Functions (CCF) between 𝜒1 and 𝜒2 in the GS and ES,
respectively. c and d: CCFs between 𝜒3 and 𝜒2 in the GS and ES, respectively. To account for the
periodicity of such variables, CCFs of the form 〈𝜒𝑖(0) ·𝜒𝑗(𝜏)〉 were computed as 1

2 〈|𝜒𝑖(0)|22𝜋+ |𝜒𝑗(𝜏)|22𝜋−|𝜒𝑖(0) − 𝜒𝑗(𝜏)|22𝜋〉, where |𝜒|2𝜋 = min𝑘 |𝜒 − 2𝜋𝑘|.
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D.1 Brüschweiler collectivity index

To quantify the spatial extent of each principal component (PC), we computed the
Brüschweiler collectivity index [359, 360]. In the present analysis, PCAwas performed
using only the C𝛼 atoms. Therefore, each C𝛼 atomwas associatedwith a single residue,
and the collectivity index can be interpreted as a residue-level measure of how broadly
a given PC mode is distributed over the protein.

For a protein containing𝑁 C𝛼 atoms, the eigenvector associatedwith PC𝑘 is written
as

q𝑘 =
(
𝑞𝑘,1𝑥 , 𝑞𝑘,1𝑦 , 𝑞𝑘,1𝑧 , 𝑞𝑘,2𝑥 , 𝑞𝑘,2𝑦 , 𝑞𝑘,2𝑧 , . . . , 𝑞𝑘,𝑁𝑥 , 𝑞𝑘,𝑁𝑦 , 𝑞𝑘,𝑁𝑧

)
,

where (𝑞𝑘,𝑖𝑥 , 𝑞𝑘,𝑖𝑦 , 𝑞𝑘,𝑖𝑧) denotes the three-dimensional displacement component of
residue 𝑖 along mode 𝑘. The squared amplitude associated with residue 𝑖 was com-
puted as

𝑎𝑘,𝑖 = 𝑞2
𝑘,𝑖𝑥 + 𝑞2

𝑘,𝑖𝑦 + 𝑞2
𝑘,𝑖𝑧 .

The normalized residue-wise contribution to mode 𝑘 was then defined as

𝑝𝑘,𝑖 =
𝑎𝑘,𝑖∑𝑁
𝑗=1 𝑎𝑘,𝑗

,
𝑁∑
𝑖=1

𝑝𝑘,𝑖 = 1.

Thus, 𝑝𝑘,𝑖 represents the fraction of the total squared amplitude of PC𝑘 carried by
residue 𝑖.

182
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The Brüschweiler collectivity index of mode 𝑘 was calculated as

𝜅𝑘 =
1
𝑁

exp

[
−

𝑁∑
𝑖=1

𝑝𝑘,𝑖 log 𝑝𝑘,𝑖

]
.

The index ranges approximately from 1/𝑁 to 1. A value close to 1/𝑁 indicates a
highly localized mode, in which the displacement is concentrated on a single residue
or a small number of residues. Conversely, a value close to 1 indicates a collective
mode, in which the displacement amplitude is broadly and approximately uniformly
distributed over the protein. In this work, larger values of 𝜅𝑘 were therefore interpreted
as more delocalized, collective PC modes, whereas smaller values indicated more lo-
calized modes.

D.2 NTL9 results for another folded trajectory fragment

To assess the robustness of the causal relationships inferred for NTL9, we repeated
the analysis on an independent folded-state trajectory fragment. Specifically, we con-
sidered the segment spanning 290–580 𝜇s of the 1.112 ms trajectory, during which the
protein remains in the folded state. This analysis provides an additional consistency
check for the results reported in Chapter 6, which were obtained from a distinct folded
segment of the NTL9 trajectory.

The autocorrelation functions of the first five principal components are shown in
Fig. D.13. They display the same qualitative behavior observed for the trajectory frag-
ment analyzed in the main text: PC1 is the slowest relaxing mode, while the remaining
leading PCs decay on shorter time scales. This indicates that the separation between the
dominant slow mode and the higher-order PCs is not specific to a single folded-state
segment.

We next computed the pairwise IG between PC1 and PC2,3,4,5, shown in Fig. D.14.
The resulting IG curves again reveal a pronounced directional asymmetry, with the
dominant information transfer oriented from PC1 toward the other leading PCs. This
behavior is summarized by the causal graph in Fig. D.15, constructed from the nor-
malized integrated information transfer, IGT. The graph confirms that PC1 acts as the
dominant source of directional information transfer in this folded trajectory fragment,
consistent with the conclusions drawn from the analysis in the main text.

Finally, Fig. D.16 reports the corresponding pairwise IG estimates between PC2 and
PC3,4,5. In contrast to the strongly asymmetric links involving PC1, these couplings
are broadly reciprocal. Overall, the analysis of this independent folded-state fragment
supports the robustness of the main conclusion: within the folded-state dynamics of
NTL9, PC1 behaves as a slowmode that directionally conditions several faster principal
components, whereas the causal links among the lower-variance PCs are weaker and
more symmetric.

Further characterization of the leading PCs using the Brüschweiler collectivity in-
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dex, reported in Fig. D.17, shows that, as in the trajectory fragment discussed in the
main text, the dominantmodes remain relatively localized and aremainly concentrated
around the 𝛽-turn region. This indicates that the spatial character of the leading PCs is
conserved across the two folded segments. The main difference is that, in the present
fragment, the first substantially delocalizedmode that is strongly driven by PC1 is PC6,
rather than PC5 as observed in the analysis in the main text.

D.3 Supplementary Figures

Figure D.1: PCA eigenvalue spectrum and explained variance for the Ubiquitin trajectory.
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Figure D.2: Ubiquitin: Cosine similarity between the first ten PCs computed independently from the
two halves of the analyzed ubiquitin trajectory. The near-diagonal structure indicates that the dominant
PCs are consistently recovered in both halves, confirming that the PCA is converged and that the leading
modes retain the same character across the trajectory.
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Figure D.3: PCA eigenvalue spectrum and explained variance for the NTL9 trajectory.
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Figure D.4: NTL9: Cosine similarity between the first ten PCs computed independently from the two
halves of the analyzed NTL9 trajectory. The near-diagonal structure, especially for the top 5 PCs, in-
dicates that the dominant PCs are consistently recovered in both halves, confirming that the PCA is
converged and that the leading modes retain the same character across the trajectory.

Figure D.5: Ubiquitin: Brüschweiler collectivity index for the leading PCs. The collectivity index
quantifies the spatial extent of each mode.
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FigureD.6: NTL9: Brüschweiler collectivity index for the leading PCs. The collectivity index quantifies
the spatial extent of each mode.

Figure D.7: Ubiquitin: Pairwise IG curves between PC1 ⇔ PC6,7,8,9. The IG values are on the
Y-axis, and time lag (𝜏) in nanoseconds is on the X-axis. Pink lines denote the direction PC1 →
PC6,7,8,9, whereas green lines denote the reverse direction. Shaded areas denote error bars computed
over 20 independent realizations.
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FigureD.8: NTL9: Pairwise IG curves between PC1 ⇔ PC6,7,8,9. The IG values are on the Y-axis, and
time lag (𝜏) in nanoseconds is on the X-axis. Pink lines denote the direction PC1 → PC6,7,8,9, whereas
green lines denote the reverse direction. Shaded areas denote error bars computed over 20 independent
realizations.
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Figure D.9: Ubiquitin: The top panel shows the pairwise IG curves between PC2 ⇔ PC3,4,5. The IG
values are on the Y-axis, and time lag (𝜏) in nanoseconds is on the X-axis. Pink lines denote the direc-
tion PC2 → PC3,4,5, whereas green lines denote the reverse direction. Shaded areas denote error bars
computed over 20 independent realizations. The bottom panel shows the putative causal links summa-
rizing the normalized IGT between PC2 ⇔ PC3,4,5. Arrow lengths are proportional to the magnitude
of the IGT, and the corresponding IGT values are reported next to each arrow. PC2 exhibits moderately
asymmetric causal links with PC3 and PC4, with weaker information transfer in the reverse directions.
In contrast, the link between PC2 and PC5 is weak and approximately bidirectional.
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Figure D.10: NTL9: The top panel shows the pairwise IG curves between PC2 ⇔ PC3,4,5. The IG
values are on the Y-axis, and time lag (𝜏) in nanoseconds is on the X-axis. Pink lines denote the direc-
tion PC2 → PC3,4,5, whereas green lines denote the reverse direction. Shaded areas denote error bars
computed over 20 independent realizations. The bottom panel shows the putative causal links summa-
rizing the normalized IGT between PC2 ⇔ PC3,4,5. Arrow lengths are proportional to the magnitude of
the IGT, and the corresponding IGT values are reported next to each arrow. PC2 exhibits bidirectional,
symmetric causal links with PC3,4,5.
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a b

c d

FigureD.11: Ubiquitin: Free Energy Surface (FES) betweenPC1 andPC2,3,4,5 shown in panels a,b,c,d
respectively.
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a b

c d

Figure D.12: NTL9: Free Energy Surface (FES) between PC1 and PC2,3,4,5 shown in panels a,b,c,d
respectively.
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FigureD.13: The autocorrelation functions of the top 5 PCs, PC𝑖=1,5, which are colored red, blue, green,
orange, and purple respectively, with shaded areas denoting error bars.

Figure D.14: The pairwise IG curves over time between PC1 ⇔ PC2,3,4,5. The IG values are on
the Y-axis, and time lag (𝜏) in nanoseconds is on the X-axis. Pink lines denote the direction PC1 →
PC2,3,4,5, whereas green lines denote the reverse direction. Shaded areas denote error bars computed over
20 independent realizations.



D.3. Supplementary Figures 195

PC1

PC2

PC3 PC4

PC5

1.00

0.39 0.6
7

0.3
4

0.95
0.66

0.88

0.41

Figure D.15: Putative causal links between PC1 and the remaining leading principal components.
Nodes represent the first five PCs, and directed edges indicate the normalized integrated information
transfer, IGT, defined in Eq. 2.30. For each pair, the edge length, as well as the numerical label report
the relative strength of the directional information transfer, with larger values corresponding to stronger
causal links.
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Figure D.16: The pairwise IG curves over time between PC2 ⇔ PC3,4,5. The IG values are on the
Y-axis, and time lag (𝜏) in nanoseconds is on the X-axis. Pink lines denote the direction PC2 →
PC3,4,5, whereas green lines denote the reverse direction. Shaded areas denote error bars computed over
20 independent realizations.
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Figure D.17: Brüschweiler collectivity index for the leading PCs. The collectivity index quantifies the
spatial extent of each mode.
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