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OPTIMAL CONTROL OF ENSEMBLES OF DYNAMICAL SYSTEMS*

ALESSANDRO SCAGLIOTTI!?**

Abstract. In this paper we consider the problem of the optimal control of an ensemble of affine-control
systems. After proving the well-posedness of the minimization problem under examination, we establish
a D-convergence result that allows us to substitute the original (and usually infinite) ensemble with
a sequence of finite increasing-in-size sub-ensembles. The solutions of the optimal control problems
involving these sub-ensembles provide approximations in the L2-strong topology of the minimizers
of the original problem. Using again a I['-convergence argument, we manage to derive a Maximum
Principle for ensemble optimal control problems with end-point cost. Moreover, in the case of finite
sub-ensembles, we can address the minimization of the related cost through numerical schemes. In
particular, we propose an algorithm that consists of a subspace projection of the gradient field induced
on the space of admissible controls by the approximating cost functional. In addition, we consider an
iterative method based on the Pontryagin Maximum Principle. Finally, we test the algorithms on an
ensemble of linear systems in R?.
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1. INTRODUCTION

An ensemble of control systems is a parametrized family of controlled ODEs of the form
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where § € © C R? is the parameter of the ensemble, u : [0,7] — R* is the control, and, for every § € ©,
GY : R™ x R¥ — R” is the function that prescribes the dynamics of the corresponding system. The peculiarity
of this kind of problem is that the elements of the ensemble are simultaneously driven by the same control u.
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2 A. SCAGLIOTTI

This framework is particularly suitable for modeling real-world control systems affected by data uncertainty
(see, e.g., [28]), or the problem of controlling a large number of particles through a signal (see [9]). Also from
the theoretical viewpoint, there is currently an active research interest in this topic. For instance, the problem
of the controllability of ensembles of linear equations has been recently investigated in [15]. In [2] it was proved
a generalization of the Chow—Rashevskii theorem for ensembles of linear-control systems. In [19, 20] ensembles
were studied in the framework of nuclear magnetic resonance spectroscopy. Moreover, as regards ensembles in
quantum control, we report the contributions [4, 5], and we recall the recent works [3, 11]. Finally, we mention
that the interplay between Reinforced Learning and optimal control of systems affected by partially unknown
dynamics has been investigated in [22, 24-26].

In the present paper, we focus on a particular instance of (1.1), corresponding to the case in which the
dynamics has an affine dependence on the controls. More precisely, we consider ensembles with the following
expression:

{g'c@(t) = FO(%(t)) + FO(z°(t))u(t) awe. in [0, 1], 12)

where § € © C R? varies in a compact set, and, for every € O, the vector field F{f : R® — R™ represents the
drift, while the matrix-valued application F? = (F{,..., Ff) : R® — R"** collects the controlled fields. We set
U := L?([0,1],R¥) as the space of admissible controls, and, for every € O, the curve z% : [0,1] — R” denotes
the trajectory of (1.2) corresponding to the parameter 6 and to the control u € U. We are interested in the
optimal control problem related to the minimization of a functional F : &/ — R of the form

Flu) = /@ /O alt, 25(0),0) Av(t)du(0) + 2 ful 32 (1.3)

for every u € U, where a : [0,1] x R" x © — R is a non-negative continuous function, while v, i are Borel
probability measures on [0, 1] and O, respectively, and 8 > 0 is a constant that tunes the L?-squared regulariza-
tion. When the support of the probability measure p is not reduced to a finite set of points, the minimization
of the functional F is often intractable in practical situations since a single evaluation of F potentially requires
the resolution of an infinite number of Cauchy problems(1.2). Therefore, it is natural to try to replace p with
a sequence of probability measures (un)nen such that each of them charges a finite subset of ©, and such that
pun —* g as N — oo. Then, we can consider the sequence of functionals (FV)yen defined as

— ' Bl
P = [ [ att.al0.0)ave)dn (o) + Gl (1.4)

for every u € U and for every N € N. One of the goals of the present work is to study in which sense the
functionals defined in (1.4) approximate the cost F. It turns out that, when considering the restrictions to
bounded subsets of U, the sequence (FV)yen is [-convergent to F with respect to the weak topology of L2.
We report that a similar approach was undertaken in [27], where the authors considered ensembles of control
systems in the general form (1.1), and it was proved that the averaged approximations of the cost functional
under examination are I'-convergent to the original objective with respect to the strong topology of L?. We
insist on the fact that our result is not reduced to a particular case of the one studied in [27]. Indeed, on one
hand, using the strong topology, in [27] it was possible to establish T-convergence for more general ensembles
of control systems, and not only under the affine-control dynamics (1.2). On the other hand, in the general
situation considered in [27] the functionals of the approximating sequence are not equi-coercive (often neither
coercive) in the L%-strong topology, and proving that the minimizers of the approximating functionals are (up
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to subsequences) convergent could be a challenging task. However, in the case of affine-control systems we
manage to prove I'-convergence even if the space of admissible controls U is equipped with the weak topology.
Moreover, if for every N € N we choose uy € argminy F, standard facts in the theory of I'-convergence ensure
that the sequence (un)nyen is weakly pre-compact and that each of its limiting points is a minimizer of the
original functional F defined in (1.3). What is more surprising is that—owing to the peculiar form of the cost
(1.3)—it turns out that (ux)nyen is also pre-compact in the L2-strong topology. Similar phenomena have been
recently observed in [30, 31], respectively in the frameworks of sub-Riemannian geodesics approximations and
of data-driven diffeomorphisms reconstruction.

In the second part of the paper, we restrict our focus to the case of the average end-point cost, i.e., when
v = 0;=1 in the integral at the right-hand side of (1.3) and (1.4). In this framework, from a direct application
of the classical theory, we first derive the Pontryagin Maximum Principle for the problem of minimizing the
functional 7V for N € N. Then, using again an argument based on the I'-convergence, we manage to formulate
the Pontryagin necessary conditions for local minimizers of the functional F. We report that our analysis has
been inspired by the results in [6], where the authors establish the Maximum Principle for a large class of
ensemble optimal control problems with average end-point cost. Even though our strategy is analogous to the
path described in [6] (i.e., first considering auxiliary problems involving discrete measures, and then recovering
the Maximum Principle for the ensemble optimal control problem), our case is not covered by the results
presented in [6]. Namely, in [6] it is required that, for every point in a neighborhood of an optimal trajectory,
the set of the admissible velocities is bounded, and this fact is crucial to prove the continuity of the trajectories
when the controls are equipped with the Ekeland’s metric (see [6], Lem. 5.1). Moreover, we observe that in [6]
the limiting process evokes Ekeland’s variational principle, while we employ I'-convergence and we endow the
space of controls with the L?-weak topology. Finally, we recall that in [33] the Maximum Principle for minimax
optimal control was derived.

In the last part, we propose two numerical schemes for finite-ensemble optimal control problems with average
end-point cost. More precisely, recalling that I/ is endowed with the usual Hilbert space structure, we first
consider the gradient field induced by the functional F~ : i/ — R, on its domain. This is done by adapting to
the affine-control case a result obtained in [30] for linear-control systems. Then, we construct Algorithm 1 as
the orthogonal projection of this gradient field onto a subspace Uy C U such that dim(Uys) < oo. On the other
hand, Algorithm 2 is an adaptation to our problem of an iterative scheme originally proposed in [29], based
on the Maximum Principle. Variants of Algorithm 1 and Algorithm 2 have been recently introduced in [31] as
training procedures of a control-theoretic inspired Deep Learning architecture. We recall that a multi-shooting
technique for ensemble optimal control has been recently investigated in [18].

We briefly outline the structure of this work. In Section 2 we establish some preliminary results. In particular,
we show that the trajectories of the ensemble (1.2) are uniformly C%-stable for L2-weakly convergent sequences
of admissible controls. This property is peculiar to affine-control dynamics and plays a crucial role in the other
sections. In Section 3 we formulate the ensemble optimal control problem related to the minimization of the
functional F : U4 — Ry defined in (1.3), and we prove the existence of a solution using the direct method
of calculus of variations. In Section 4 we establish the approximation results by showing that the sequence
of functionals (FV)nen defined as in (1.4) are I-convergent to F with respect to the weak topology of L2.
In Section 5, for every N € N, we compute the gradient field induced by the functional FV on the space of
admissible controls, and we derive the Pontryagin Maximum Principle for the optimal control problem related
to the minimization of V. Starting from Section 5 we restrict our attention to the end-point integral cost, that
corresponds to the choice v = §;—1 in (1.3). In Section 6 we prove the Maximum Principle for local minimizers of
the functional F, using a strategy based on I'-convergence and the construction of auxiliary problems involving
finite ensembles of control systems. In Section 7 we construct two numerical schemes for the minimization of
FN in the case of end-point cost. The first method is based on the gradient field derived in Section 5, while
for the second we make use of the Maximum Principle for finite ensembles. Finally, in Section 8 we test the
algorithms on an approzimately controllable ensemble of systems in R2.
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1.1. General notations

We introduce below some basic notations. For every d > 1, we consider the space R endowed with the usual
Euclidean norm |z|y := /(z, 2)ga for every z € R, induced by the scalar product

d
(@, y)ra = Z TilYi
i=1

for every @ = (x1,...,24),y = (y1,--.,ya) € R%. We sometimes make use of the equivalent norm | - |; defined
as |z|1 = 25:1 |z;| for every z € RY. We recall that the inequality

1
ﬁ|2|2 <zl < \/&|z\2 (1.5)

holds for every z € R?,

2. FRAMEWORK AND PRELIMINARY RESULTS

In this paper, we study ensembles of control systems in R™ with affine dependence in the control variable
u € R¥. More precisely, given a compact set © embedded into a finite-dimensional Euclidean space, for every
0 € © we are assigned an affine-control system of the form

#(t) = FY (@ (1)) + FO (@ (1)) u(t), o)
x =af,

where for every 6 € © we require that F§ : R® — R™ and F? : R® — R™*¥ are Lipschitz-continuous applications.
We stress the fact that the control w : [0,1] — RF does not depend on 6, so it is the same for every control

system of the ensemble. Let us introduce Fy : R” x © — R™ and F : R” x © — R™** defined respectively as
Fo(z,0) := FS(z)  and  F(z,0):= F%(x) (2.2)

for every (z,0) € R™ x ©. We assume that Fj and F are Lipschitz-continuous mappings, i.e., that there exists
a constant L > 0 such that

|Fo(1,01) — Fo(a,02)]a < L(|z1 — @2la + |61 — 6a]2) (2.3)
and

sup |Fi(z1,61) — Fi(z2,02)|2 < L(|z1 — 22|z + |61 — b2]2) (2.4)

i=1,....k

for every (z1,01), (72,02) € R" x ©. In (2.4) we used Fj(,0) to denote the vector obtained by taking the i*}
column of the matrix F(xz,0), for every i = 1,..., k. Similarly, for every § € © we shall use Ff : R* — R"
to denote the vector field corresponding to the i** column of the matrix-valued application F? : R” — R™*k,
We observe that (2.3)—(2.4) imply that the vector fields F{, F{,..., F{ are uniformly Lipschitz-continuous as
6 varies in ©. Another consequence of the Lipschitz-continuity conditions (2.3)—(2.4) is that the vector fields
constituting the affine-control system (2.1) have sub-linear growth, uniformly with respect to the dependence
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on #. Namely, we have that there exists a constant C' > 0 such that

sup |F00(a:)\2 < C’(|1:|2 +1) (2.5)
0o
and
sup sup |Fi9($)|2 < C’(|x\2 +1) (2.6)
9cO i=1,...,k

for every x € R™. Finally, let us consider the application zy : © — R™ that prescribes the initial state of (2.1),
i.€.,

z0(0) == xf (2.7)
for every 6 € ©. We assume that ¢ is continuous. As a matter of fact, there exists a constant C’ > 0 such that

sup |zo(0)]2 < C. (2.8)
€O

We set U := L?([0,1],R¥) as the space of admissible controls, and we equip it with the usual Hilbert space
structure given by the scalar product

u, v e = /0 (u(t), v(t))s dt (2.9)

for every u,v € U. For every u € U and 0 € O, the curve 2? : [0,1] — R” denotes the solution of the Cauchy
problem (2.1) corresponding to the system identified by 6 and to the admissible control u. We recall that, for
every u € U and 0 € O, the existence and uniqueness of the solution of (2.1) are guaranteed by the Carathéodory
Theorem (see, e.g., [17], Thm. 5.3). Given u € U, we describe the evolution of the ensemble of control systems
(2.1) through the mapping X, : [0,1] x © — R™ defined as follows:

X, (t,0) =20 (1) (2.10)

for every (¢,0) € [0,1] x ©. In other words, for every u € U the application X, collects the trajectories of the
ensemble of control systems (2.1). We study the properties of the mapping X, in Subsection 2.2 below. Before
proceeding, we recall some elementary facts in functional analysis.

2.1. General results in functional analysis

We begin by recalling some basic facts about the space of admissible controls U := L?([0, 1], R¥). First of all,
the linear inclusion & — L'([0, 1], R¥) is continuous, and from (1.5) and the Jensen inequality it follows that

1
| o ;:/ lu(r) |1 dr < VA ul| 2 (2.11)
0

for every u € U. We shall often make use of L?-weakly convergent sequences. Given a sequence (u,)men C U,
we say that (u,,)men is convergent to u € U with respect to the weak topology of L? if

lm (v, Um )2 = (v,u) 2
m— o0
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for every v € U, and we write u,, —r2 u as m — oco. If u,, —r2 u as m — oo, then we have

[lullr2 < HUminf ||wm,||p2. (2.12)
m—00

Finally, we recall that any bounded sequence (u,)men is pre-compact with respect to the L?-weak topology.
For further details on weak topologies of Banach spaces, the reader is referred to Chapter 3 of [8]. We conclude
this part with the following fact concerning the one-dimensional Sobolev space H([a,b], R?) := W12([a, b], R?).
For a complete survey on the topic, we recommend ([8], Chap. 8).

Proposition 2.1. Let f : [a,b] — R? be a function in H'([a,b],RY). Then, f is Holder-continuous with exponent

1
5, namely

() = f(ta)lz < 1 llzelts = o]
for every t1,ty € [a,b], where f' € L?([0,1],RY) denotes the weak derivative of f.

2.2. Trajectories of the controlled ensemble

We now investigate the evolution of the ensemble of control systems (2.1) when we consider a sequence of
L2-weakly convergent admissible controls. The proof is postponed to the end of the present subsection.

Proposition 2.2. Let us consider a sequence of admissible controls (tm)men C U such that ., —r2 us as
m — 0o. For every m € NU {oo}, let X,,, : [0,1] x © = R™ be the application defined in (2.10) that collects the
trajectories of the ensemble of control systems (2.1) corresponding to the admissible control w,,. Therefore, we
have that

lim  sup | Xp(t60) — Xoo(t, 0)]2 = 0. (2.13)
M=% (1 .0)€[0,1]xO

Remark 2.3. Proposition 2.2 is the cornerstone of the theoretical results presented in this paper. Indeed, the
fact fact that the trajectories of the ensemble (2.1) are uniformly convergent when the corresponding controls
are L?-weakly convergent is used both to prove the existence of optimal controls (see Thm. 3.2) and to establish
the T'-convergence result (see Thm. 4.6). We stress that the fact that the systems in the ensemble (2.2) have
affine dependence in the controls is crucial for the proof of Proposition 2.2.

In view of the next auxiliary result, we introduce some notations. For every 6 € ©, we define F? : R" —
R™*(E+1) ag follows:

Fb(x) := (F(x), F%(x)), (2.14)

for every x € R", i.e., we add the column F(z) to the n x k matrix F%(x). Similarly, for every u € U =
L%(]0,1], R¥), we consider the extended control @ € U := L?([0, 1], R¥+1) defined as

a(t) = (L, u(t)” (2.15)

for every t € [0, 1], i.e., we add the component ug = 1 to the column-vector u(t).

Lemma 2.4. Let us consider a sequence of admissible controls (tm )men C U such that u, —r12 s asm — co.
For every m € NU {oo} and for every 6 € ©, let 28, : [0,1] — R™ be the solution of (2.1) corresponding to the
ensemble parameter 0 and to the admissible control w,,. Then, for every 8 € © we have

: o _ .0 _
Tim |[[af, — 28 [[co = 0. (2.16)
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Proof. Let us fix § € ©. By means of the matrix-valued function F : R" — R™"*(*+1) and the extended control
@ : [0,1] — R¥*1 defined in (2.14) and (2.15) respectively, we can equivalently rewrite the affine-control system
(2.1) corresponding to € as follows:

0 00
{x =), (2.17)
X

for every u € U. In other words, any solution z¥ : [0,1] — R™ of (2.1) corresponding to the admissible control
u € U is in turn a solution of the linear-control system (2.17) corresponding to the extended control @ € U. On
the other hand, the convergence u,, —r2 us as m — oo implies the convergence of the respective extended
controls, i.e., Uy, —12 U as m — 0o. Therefore, (xa )men is the sequence of solutions of the linear control
system (2.17) corresponding to the L2-weakly convergent sequence of controls (@i, )men. Moreover, % is the
solution of (2.17) associated with the weak-limiting control @,. Using Lemma 7.1 of [30], we deduce (2.16). O

We are now in position to prove Proposition 2.2.

Proof of Proposition 2.2. Let us consider a L?-weakly convergent sequence (u, )men C U such that w, —12 ts
as m — co. We immediately deduce that there exists R > 0 such that ||u,,|[2, < R for every m € NU {oo}.
Thus, in virtue of Lemma A.5, we deduce that the sequence of mappings {X,,, : [0,1] x © — R}, ¢y is uniformly
equi-continuous, while Lemma A.2 guarantees that it is uniformly equi-bounded. Therefore, applying the Ascoli-
Arzela Theorem (see, e.g., [8], Thm. 4.25), we deduce that the family (X,,)men is pre-compact with respect to
the strong topology of the Banach space C°([0,1] x ©,R"). Finally, Lemma 2.4 implies that

lim X (t,0) = Xao(t,0)

m—r o0

for every (t,0) € [0,1] x ©. In particular, we deduce that the set of limiting points of the pre-compact sequence
(Xm)men is reduced to the single-element set { X }. This proves (2.13). O

2.3. Adjoint variables of the controlled ensemble

In this subsection we introduce a function A,, which will play a crucial role in Section 6. Here we consider
an assigned function a : R™ x © — R such that (z,0) — Vza(z,0) is continuous. Moreover, we further require
that (z,0) — %Fi(x, ) is continuous for every i = 0,...,k. For every u € U and every 6 € O, we define the
function A2 : [0,1] — (R™)* as the solution of the following differential equation

V0 0 AFy(x (t) 0) OF; (2% (1),0)
{Aum = () (2RO L ST (1) PN ) 2.18)
AZ(l) = Vwa(xf;(l)ve)v

where the curve x% : [0,1] — R™ is the solution of the Cauchy problem (2.1) corresponding to the system
identified by # and to the admissible control u. We insist on the fact that in this paper A? is always understood
as a row-vector, as well as any other element of (R™)*. The existence and the uniqueness of the solution of (2.18)
follow as a standard application of the Carathéodory Theorem (see, e.g., [17], Thm. 5.3). Similarly as done in
the previous subsection, for every u € U we introduce the function A, : [0,1] x © — (R™)* defined as

Ay (t,0) == No(1). (2.19)

In the case of a sequence of weakly convergent controls (u;, )men, for the corresponding sequence (A, )men we
can establish a result analogue to Proposition 2.2.
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Proposition 2.5. Let us assume that the mappings (z,0) — %Fi(x, 0) are continuous for every i =0,...,k,
as well as the gradient (x,0) — Va(x,0). Let us consider a sequence of admissible controls (tm)men C U such
that Wy, =12 Use as m — 00. For every m € NU {oo}, let Ay, : [0,1] x © — (R™)* be the application defined in
(2.19) that collects the adjoint variables (2.18) corresponding to the admissible control u,,. Then, we have that

lim sup  |An(t,0) — A (t,6)]2 = 0. (2.20)
M= (¢.0)€[0,1]x©

Before detailing the proof of Proposition 2.5, we establish an auxiliary result with a similar flavor as
Lemma 2.4.

Lemma 2.6. Let us assume that the mappings (x,0) — %Fi (z,0) are continuous for everyi =0, ...k, as well
as the gradient (z,0) — Vya(x,0). Let us consider a sequence of admissible controls (um)men C U such that
Um =12 Uoo as M — 00. For every m € NU {oc} and for every 6 € O, let A%, :[0,1] — (R™)* be the solution of
(2.18) corresponding to the ensemble parameter 6 and to the admissible control u,,. Then, for every t € [0, 1]
and for every 6 € ©, we have

lim [|A?, () — A2 (t)]|co = 0. (2.21)

m—r o0

Proof. The weak convergence u,, —r2 us as m — oo implies that there exists R > 0 such that ||u,,||r2 < R for
every m € NU{oo}. Let us fix § € ©. With the same argument as in the proof of Lemma B.2 we deduce that the
sequence (A2 )en C HY([0,1],R¥) is equi-bounded. Therefore, there exists a weakly convergent subsequence
(A2, )een such that A — 1 A? as € — oo. Moreover, this implies that )'\fw —72 A as £ — oo, while from the
compact inclusion H' < CY we deduce that )\fné —co N as £ — oco. In particular, this last convergence and
Lemma 2.4 imply that

(1) = lim A, (1) = lim Vma(xfne(l),ﬂ) = V.a(2% (1),0), (2.22)
£— 00 £—r00
where for every m € NU{oo} the curve 2, : [0,1] — R" denotes the solution of (2.1) corresponding to the control

U, and to the parameter §. We want to prove that A’ : [0,1] — (R™)* is the solution of (2.18) corresponding
to the control us,. We recall that

A, =20, <8FO( ) 4 Zu e i ()’9)) (2.23)

for every £ € N. We observe that, in virtue of Lemma A.2, there exists Kz C R" such that ¢, (t) € Ky for every
m € NU{oo} and for every (¢,6) € [0,1] x ©. Then, owing to the continuity of the mappings (z, 0) — 2 Fi(x, 0)
for every i = 0,...,k, we deduce the convergence 2 F(2y,(+),0) —co 2 Fi(zo(-),0) as £ — oo for every
1 =0,..., k. Summarizing, we have that

).\gw — 2 5\70
)‘?nz —C0 N
Ui,m, — L2 Ui,oo for every i =1,...,k,
%Fi(iﬂm((‘), ) —co %Fi(xoo(-)ﬁ) for every i =0, ..., k,

as { — oo. (2.24)
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Combining (2.23) and (2.24), we derive that

k
N0 — )¢ <‘9EJ(‘”§;()»9) +Zulwaﬂ(‘”§;})’9)> , (2.25)
i=1

The identities (2.22) and (2.25) show that A’ = A\?_, where A\?_ : [0,1] — (R™)* is the unique solution of (2.18)
corresponding to the control u.,. Hence, since any H'-weakly convergent subsequence of (A, ),,en must converge
to A?_, we get (2.21). Since this argument holds for every choice of # € O, we deduce the thesis. O

We are now able to prove Proposition 2.5.

Proof of Proposition 2.5. The argument is the same as in the proof of Proposition 2.2. Namely, Lemma 2.6 guar-
antees the pointwise convergence of the mappings (A, )men t0 Ao, while Lemma B.1 and Lemma B.4 ensure,
respectively, that the elements of the sequence are uniformly equi-bounded and uniformly equi-continuous. [

2.4. Gradient field for affine-control systems with end-point cost

In this subsection we generalize to the case of affine-control systems some of the results obtained in [30] in the
framework of linear-control systems with end-point cost. As we shall see, the strategy that we pursue consists
in embedding the affine-control system into a larger linear-control system, similarly as done in the proof of
Lemma 2.4. Therefore, we can exploit a consistent part of the machinery developed in [30] to cover the present
case. Let us consider a single affine-control system on R™ of the form

{x'(t) = Fy(x(t)) + F(z(t))u(t), for ae.te0,1], (2.26)

z(0) = xo,

where Fy : R” — R” and F : R" — R"** are C%-regular applications that design the affine-control system, and
u € U = L*([0,1],IR¥) is the control. We introduce the functional 7 : &/ — R defined on the space of admissible
controls as follows:

B

J(u) = a(zu(1)) + 5||U||%z (2.27)

for every u € U, where a : R® — R is a C%-regular function and 8 > 0 a positive parameter. After proving that
the functional 7 is differentiable, we provide the Riesz’s representation of the differential d,J : U — R.

Before proceeding, it is convenient to introduce the linear-control system in which we embed (2.26). Similar
to (2.14), let F : R™ — R™*(*+1) be the function defined as

F(z) = (Fo(x), F () (2.28)

for every x € R™. If we define the extended space of admissible controls as U := L2([0, 1], R**1), we may consider
the following linear-control system

(z(t))a(t) for ae. te]0,1], (2.29)

—N
SESE
—
=S =
N
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where @ € U. We observe that we can recover the affine system (2.26) by restricting the set of admissible controls
in (2.29) to the image of the affine embedding ¢ : U — U defined as

ifu] = (i) . (2.30)

We introduce the extended cost functional J : U — R as

J (@) := a(wa(1)) + §||a||%2 (2.31)

for every u € U, where zg : [0,1] — R™ is the absolutely continuous solution of (2.29) corresponding to the
control . To avoid confusion, in the present subsection we denote by (-, )y and (-, -),; the scalar products in U
and U, respectively. In the next result we prove that the functional 7 : Y — R defined in (2.27) is differentiable.

Proposition 2.7. Let us assume that Fy : R* — R™ and F : R* — R™*F gre C! -reqular, as well as the function
a: R™ — R designing the end-point cost. Then, the functionals J : U — R and J : U — R defined, respectively,
in (2.27) and in (2.31) are Gateauz differentiable at every point of their respective domains.

Proof. We observe that the functional J : i — R satisfies the following identity:
J(w) =T (i(u) — 5 (2.32)

for every u € U, where i : U — U is the affine embedding reported in (2.30). Since i : U — U is analytic, the
proof reduces to showing that the functional J : & — R is Gateaux differentiable. This is actually the case,
since 4 — §||u|\Lz is smooth, while the first term at the right-hand side of (2.31) (i.e., the end-point cost) is
Gateaux differentiable owing to Lemma 3.1 of [30]. O

By differentiation of the identity (2.32), we deduce that
4T (v) = dyj T (i4[v]) (2.33)

for every u,v € U, where we have introduced the linear inclusion iy : U — U defined as

igv] = (O) (2.34)

for every v € U. In virtue of Proposition 2.7, we can consider the vector field G : Y — U that represents the
differential of the functional J : U — R. Namely, for every u € U, let G[u] be the unique element of U such that

(Glul, v}y = duT (v) (2.35)
for every v € U. Similarly, let us denote by G : U — U the vector field such that
(Gla], b);; = daJ (D) (2.36)

for every @, € U. In [30] it was derived the expression of the vector field G associated with the linear-control
system (2.29) and to the cost (2.31). In the next result we use it in order to obtain the expression of G. We use
the notation F(x)T to denote the matrix in R¥*™ obtained by the transposition of the matrix F(z) € R***  for
every = € R". The analogue convention holds for F(z)7, for every = € R™.
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Theorem 2.8. Let us assume that Fy : R — R" and F : R® — R™* are C'-regular, as well as the function
a:R™ = R designing the end-point cost. Let G : U — U be the gradient vector field on U that satisfies (2.35).
Then, for every u € U we have

Glu](t) = F(wu(t))" Ny (t) + Bu(t) (2.37)

fora.e. t €[0,1], where x,, : [0,1] = R™ is the solution of (2.26) corresponding to the control u, and X, : [0,1] —
(R™)* is the absolutely continuous curve of covectors that solves

{xm = (1) (W +30 Mt)%) a.e. in [0,1], (2.38)

Au(1) = Va(z,(1)).

Remark 2.9. In this paper, we understand the elements of (R™)* as row-vectors. Therefore, for every t € [0, 1],
Ay (t) should be read as a row-vector. This should be considered to give meaning to (2.38).

Proof of Theorem 2.8. In virtue of (2.33), from the definitions (2.35) and (2.36) we deduce that

(Glul, v)u = (Glilul] igv])g = (Gli[ull, v)u (2.39)

for every u,v € U, where G :U — U is the gradient vector field corresponding to the functional J U — R, and
7w : U — U is the linear application

L N A (2.40)

for every @ € U. Therefore, we can rewrite (2.39) as
G=moGoi, (2.41)

where i and 7 are defined, respectively, in (2.30) and in (2.40). This implies that we can deduce the expression
of G from the one of G. In particular, from Remark 8 of [30] it follows that for every @& € U we have

Glal(t) = F(za(t))" N7 (8) + pa(t) (2.42)

for a.e. t € [0, 1], where x4 : [0, 1] — R™ is the solution of (2.29) corresponding to the control @, and Az : [0, 1] —
(R™)* is the absolutely continuous curve of covectors that solves

{}\ﬂ(t) = Xk, (ﬂAt)%) for a.e. t € [0, 1], (2.43)

)\{L(l) =Va 1'71(1))

We stress the fact that the summation index in (2.43) starts from 0. Then, the thesis follows immediately from
(2.41)—(2.43). O

Remark 2.10. The identity (2.41) implies that the gradient field G : Y — U is at least as regular as G:U—U.
In particular, under the further assumption that Fy : R* — R™, F': R® — R"** and a : R® — R are C?-regular,
from Lemma 3.2 of [30] it follows that G : U — U is Lipschitz-continuous on the bounded sets of /. In particular,
under the same regularity hypotheses, G : i/ — U is Lipschitz-continuous on the bounded sets of U.
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3. OPTIMAL CONTROL OF ENSEMBLES

In this section we formulate a minimization problem for the ensemble of affine-control systems (2.1). Namely,
let us consider a non-negative continuous mapping a : [0,1] x R™ x © — R, a positive real number 8 > 0 and
a Borel probability measure v on the time interval [0, 1]. Therefore, for every § € © we can study the following
optimal control problem:

1
/ a(t,z%(t),0) dv(t) + §Hu||iz — min, (3.1)
0

where the curve 2% : [0,1] — R™ is the solution of (2.1) corresponding to the parameter § € © and to the
admissible control u € U. We recall that the ensemble of control systems (2.1) is aimed at modeling our partial
knowledge of the data of the controlled dynamical system. Therefore, it is natural to assume that the space of
parameters © is endowed with a Borel probability measure p that quantifies this uncertainty. In view of this
fact, we can formulate an optimal control problem for the ensemble of control systems (2.1) as follows:

1
/ / a(mg(t),a)du(t)du(a)+§||u|\§2 s min. (3.2)
e Jo

The minimization problem (3.2) is obtained by averaging out the parameters § € © in the optimal control
problem (3.1) through the probability measure .

In this section we study the variational problem (3.2), and we prove that it admits a solution. Before pro-
ceeding, we introduce the functional F : U — R associated with the minimization problem (3.2). For every
admissible control u € U, we set

Fu) ;:/@/0 a(t,xﬂ(t),@)du(t)du(&)—f—§Hu||%2. (3.3)

We first prove an auxiliary lemma regarding the integral cost in (3.2).
Lemma 3.1. Let us consider a sequence of admissible controls (um )men C U such that umy, —r12 s asm — co.
For every m € NU {oo}, let Y, : [0,1] x © — Ry be defined as follows:

Yo (t,0) = a(t, X,;n(t,0),0), (3.4)

where X, 1 [0,1] x © — R™ is the application defined in (2.10) corresponding to the admissible control .
Then, we have that

lim sup  |Viu(t,0) — Yo(t,0)] = 0. (3.5)
M= (1.0)€[0,1]x©

Proof. Since the sequence (u,,)men is weakly convergent, there exists R > 0 such that ||u,, ||z < R for every m €
NU {oo}. For every m € NU {0}, let X,, : [0,1] x ©® — R™ be the application defined in (2.10) corresponding
to the control u,,. In virtue of Lemma A.2, there exists a compact set K C R™ such that

Xm(t,0) e K

for every (t,0) € [0,1] x © and for every m € NU {oo}. Recalling that the function a : [0,1] x R" x © — R,
that defines the integral term in (3.3) is assumed to be continuous, it follows that the restriction

a:= a|[07l]><K><®
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is uniformly continuous. In addition, Proposition 2.2 guarantees that X,, —co Xo as m — oco. Therefore,
observing that

Y (£,0) = a(t, Xom(t, 0),0) (3.6)

for every (t,0) € [0,1] x © and for every m € NU {oo}, we deduce that (3.5) holds. O
We are now in position to prove that (3.2) admits a solution.

Theorem 3.2. Let F:U — Ry be the functional defined in (3.3). Then, there exists i € U such that
F(a) = nl}f F.

Proof. We establish the thesis by means of the direct method of calculus of variations (see, e.g., [14], Thm. 1.15).
Namely, we show that the functional F is coercive and lower semi-continuous with respect to the weak topology
of L?. We first address the coercivity, i.e., we prove that the sub-level sets of the functional F are L2-weakly
pre-compact. To see that, it is sufficient to observe that for every M > 0 we have

{ueU:Fu) <M} C{ucl:||lu||?: <2M/B3}, (3.7)

where we used the fact that the first term at the right-hand side of (3.3) is non-negative. To study the lower semi-
continuity, let us consider a sequence of admissible controls (u,;,)men C U such that w,, —r2 us as m — oo.
Using the family of applications (Y;,)menufoo} defined as in (3.4), we observe that the integral term at the
right-hand side of (3.3) can be rewritten as follows

/@/ alt, i, (6),0) dv(t) du(f) = /9 / Yinlt,0) () du(0)

for every m € NU {oo}. Moreover, the uniform convergence Y,,, —¢co Yoo as m — oo provided by Lemma 3.1
implies in particular the convergence of the integral term at the right-hand side of (3.3):

Jim_ / / a(t,zu (1)°,0) du(t) / / a(t, zu_ (8)°,0) du(t) dpu(0). (3.9)

Finally, combining (2.12) with (3.8), we deduce that

F(too) < liminf F(uyy,).

m—r oo

This proves that the functional F is lower semi-continuous, and therefore we obtain the thesis. O

Remark 3.3. The constant 3 > 0 in (3.3) is aimed at balancing the effect of the squared L2-norm regularization
and of the integral term. This fact can be crucial in some cases, relevant for applications. Indeed, let us assume
that, for every ¢ > 0, there exists u. € U such that

A / ,6) du(t) du(0) <

[\Nm

Then, let us set

el
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and let @ € U be a minimizer for the functional F : Y — R, defined as in (3.3). Therefore, we have that

/@/01 a(t, 24 (t),0) dv(t) du(f) < F(i) < F(ue) < e.

In particular, this means that, when the constant 8 > 0 is chosen small enough, the integral cost achieved by
the minimizers of F can be made arbitrarily small.

Remark 3.4. The non-negativity assumption on the cost function a : [0,1] x R” x ©® — R is used to deduce
the inclusion (3.7). This hypothesis can be relaxed by requiring, for example, that a is bounded from below. More
in general, our analysis is still valid for any continuous function a : [0,1] x R™ x ® — R such that the sublevels
{uel: F(u) < M} CU are bounded in L? for every M € R. For simplicity, we will assume throughout the
paper that a is non-negative.

4. REDUCTION TO FINITE ENSEMBLES via ['-CONVERGENCE

In this section we deal with the task of approximating infinite ensembles with growing-in-size finite ensem-
bles, such that the minimizers of the corresponding ensemble optimal control problems are converging. In this
framework, a natural attempt consists in approximating the assigned probability measure p on the space of
parameters © with a probability measure i that charges a finite number of elements of ©. Therefore, if p and
[ are close in some appropriate sense, we may expect that the solutions of the minimization problem involving
@ provide approximations of the minimizers of the original ensemble optimal control problem (3.2). This argu-
ment can be made rigorous using the tools of I'-convergence. We briefly recall below this notion. For a thorough
introduction to this topic, we refer the reader to the textbook [14].

Definition 4.1. Let (X,d) be a metric space, and for every N > 1 let F¥ : X — RU {+oc0} be a functional
defined over X. The sequence (FV)y>1 is said to I-converge to a functional F : X — R U {+oo} if the following
conditions holds:

— liminf condition: for every sequence (uy)ny>1 C X such that uy —x u as N — oo the following inequality
holds

F(u) < liminf FN (uy); (4.1)

N—o00

— limsup condition: for every x € X there exists a sequence (un)n>1 C X such that uy —x u as N — oo
and such that the following inequality holds:

F(u) > limsup FY (uy). (4.2)

N—o00

If the conditions listed above are satisfied, then we write FV —r F as N — oc.

The importance of the I'-convergence is due to the fact that it relates the minimizers of the functionals
(FN)n>1 to the minimizers of the limiting functional F. Namely, under the hypothesis that the functionals of
the sequence (FV)xn>1 are equi-coercive, if iy € argmin FV for every N > 1, then the sequence (iy)n>1 is
pre-compact in X, and any of its limiting points is a minimizer for F (see [14], Cor. 7.20). In other words, the
problem of minimizing F can be approximated by the minimization of 7V, when N is sufficiently large.

We now focus on the ensemble optimal control problem (3.2) studied in Section 3 and on the functional
F : U — Ry defined in (3.3). As done in the proof of Theorem 3.2, it is convenient to equip the space of
admissible controls ¢/ := L2([0, 1], R¥) with the weak topology. However, Definition 4.1 requires the domain X'
where the limiting and the approximating functionals are defined to be a metric space. Unfortunately, the weak
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topology of L? is metrizable only when restricted to bounded sets (see, e.g., [8], Rem. 3.3 and Thm. 3.29). In
the next lemma we see how we should choose the restriction without losing any of the minimizers of F.
Lemma 4.2. Let F : U — Ry be the functional defined in (3.3). Therefore, there exists p > 0 such that, if
@ € U satisfies F(0) = infy F, then

]l < p. (4.3)

Proof. Let us consider the control @ = 0. If 4@ € U is a minimizer for the functional F, then we have F(a) <
F(@). Moreover, recalling that the function a : [0,1] x R™ x © — R that designs the integral cost in (3.2) is
non-negative, we deduce that

§||a|\ig < F(a) < F(u).

Thus, to prove (4.3) it is sufficient to set p := \/2F(a)/B. O

The previous result implies that the following inclusion holds
argmin F C X,
where we set
X = {u el |ulls < p}, (1.4)

and where p > 0 is provided by Lemma 4.2. Since X is a closed ball of L?, the weak topology induced on X is
metrizable. Hence, we can restrict the functional F : i — R, to X to construct an approximation in the sense
of I'-convergence. With a slight abuse of notations, we shall continue to denote by F the functional restricted to
X. As anticipated at the beginning of the present section, the construction of the functionals (FV)y>1 relies on
the introduction of a proper sequence of probability measures (uny)n>1 on O that approximate the probability
measure u prescribing the integral cost in (3.2). We first recall the notion of weak convergence of probability
measures. For further details, see, e.g., the textbook ([12], Def. 3.5.1).

Definition 4.3. Let (un)n>1 be a sequence of Borel probability measures on the compact set ©. The sequence
(un)n>1 is weakly convergent to the probability measure p as N — oo if the following identity holds

lim /O F(6) du (6) = /O £(6) du(6), (4.5)

N—oc0

for every function f € C°(0,R). If the previous condition is satisfied, we write uy —* yu as N — oo.

For every N > 1 we consider a subset {1,...,0x} C © and a probability measure that charges these elements:
N N

UN = Zajégj, where Zaj =1, ;>0 Vj=1,...,N. (4.6)
j=1 j=1

We assume that the sequence (un)n>1 approximates the probability measure p in the weak sense, i.e., we
require that uy —* pas N — oo.

Remark 4.4. In the applications, there are several feasible strategies to achieve the convergence puy —* u
as N — oo, and the crucial aspect is whether the probability measure p is explicitly known or not. If it is,
the discrete approximating measures can be defined, for example, by following the construction proposed in
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Lemma 5.2 of [6]. We observe that the problem of the optimal approximation of a probability measure with
a convex combination of a fixed number of Dirac deltas is an active research field. For further details, see,
e.g., the recent paper [21]. On the other hand, in the practice, it may happen that there is no direct access
to the probability measure p, but it is only possible to collect samplings of random variables distributed as p.
In this case, the discrete approximating measures can be produced through a data-driven approach. Namely,
if {01,...,0Nn} are the empirically observed samplings, a natural choice is to set in (4.6) o = ﬁ for every
j=1,...,N.

We are now in position to introduce the family of functionals (FV)y>1. For every N > 1, let FV : X — R,
be defined as follows

— ' B il
Py = [ [ att.a0.0)av(e)en (0) + Glul (47)

where 22 : [0,1] — R™ denotes the solution on (2.1) corresponding to the parameter § € © and to the control
u € X. We observe that V¥ and F have essentially the same structure: the only difference is that the integral
term of (3.3) involves the measure p, while (4.7) features the measure py. Before proceeding to the main
theorem of the section, we recall an auxiliary result.

Lemma 4.5. Let (un)n>1 be a sequence of probability measures on © such that uy —* p as N — oo, and let
v be a probability measure on [0,1]. Then, the sequence of the product probability measures (v @ pn)n>1 on the
product space [0,1] x © satisfies v @ uy =* v Q@ pu as N — oo.

Proof. The thesis follows directly from Fubini Theorem and Definition 4.3. O
We now show that the sequence of functionals (FV) x> introduced in (4.7) is I-convergent to the functional
that defines the ensemble optimal control problem (3.2).

Theorem 4.6. Let X C U be the set defined in (4.4), equipped with the weak topology of L?. For every N > 1,
let FN : X — R, be the functional introduced in (4.7), and let F : X — R, be the restriction to X of the
application defined in (3.3). Then, we have FN —r F as N — co.

Proof. We first establish the liminf condition. Let us consider a sequence of controls (un)ny>1 C X such that
UN =2 Uso 88 N — 00. As done in Lemma 3.1, for every N € NU {oo} let us define the functions Yy :
[0,1] x ©® — R as follows:

Yn(t,0) :=a(t, Xn(t,0),0) (4.8)
for every (t,60) € [0,1] x ©, where, for every N € NU {c0}, Xy : [0,1] x © — R™ is the mapping introduced in

(2.10) that describes the evolution of the ensemble in correspondence of the admissible control ux. From (4.8)
and the definition of the functionals (FV)y>1 in (4.7), we obtain that

1
P ) = [ [ vae0) O ) + Slux s (19)

for every N € N. Moreover, we observe that the uniform convergence Yy —co Yo as N — oo guaranteed by
Lemma 3.1 implies that

N —oc0

1
lim /@ /0 Y (£, 0) — Yoo (£, 0)] dv(t)dpun (8) = 0. (4.10)
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Therefore, using the triangular inequality and Lemma 4.5, from (4.10) we deduce that

ngnoo// Yn(t,0)dv(t)dun (0 // (t,0)dv(t)du(8). (4.11)

Combining (4.9) with (4.11) and (2.12), we have that

Fluo) < liminf FN (uy),

N—oc0

which concludes the first part of the proof.
We now establish the limsup condition. For every u € X, let us consider the constant sequence uy = u for
every N > 1. In virtue of Lemma 4.5, we have that

lim // (t, Xu(t,0),0)dv(t)dun (0 // (t, Xu(t,0),0)dv(t)du(d) (4.12)

N —o00
for every u € X, where X, : [0,1] x © — R™ is defined as in (2.10). This fact gives

F(u) = lim FN(u)

for every u € X, and this shows that the limsup condition holds. O

Remark 4.7. We observe that Theorem 3.2 holds also for FV : X — R, for every N € N. Indeed, the domain
X is itself sequentially weakly compact, and the convergence (3.8) occurs also with the probability measure py
in place of u. Therefore, as the functional is 7V coercive and sequentially lower semi-continuous with respect
to the weak topology of L?, it admits a minimizer.

The next result is a direct consequence of the I'-convergence result established in Theorem 4.6. Indeed, as
anticipated before, the fact that the minimizers of the functionals (FV)yen provide approximations of the
minimizers of the limiting functional F is a well-established fact, as well as the convergence infy F¥ — infy F
as N — oo (see [14], Cor. 7.20). We stress the fact that, usually, the approximation of the minimizers occurs
in the topology that underlies the I'-convergence result. However, we can actually prove that, in this case, the
approximation is provided with respect to the strong topology of L?, and not just in the weak sense. Similar
phenomena have been recently described in Theorem 7.4 of [30] and in Remark 6 of [31].

Corollary 4.8. Let X C U be the set defined in (4.4). For every N > 1, let FNV : X — R, be the functional
introduced in (4.7) and let iy € X be any of its minimizers. Finally, let F : X — Ry be the restriction to X of
the application defined in (3.3). Then, we have

inf 7 = lim inf 7V, (4.13)
N—oo X

Moreover, the sequence (i) nen is pre-compact with respect to the strong topology of L?, and any limiting point
of this sequence is a minimizer of F.

Proof. Owing to Theorem 4.6, we have that F~ —p F as N — oo with respect to the weak topology of L?2.
Therefore, from Corollary 7.20 of [14] it follows that (4.13) holds and that the sequence of minimizers (iy)yen
is pre-compact with respect to the weak topology of L2, and its limiting points are minimizers of F. To conclude
we have to prove that it is pre-compact with respect to the strong topology, too. Let us consider a subsequence
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(Gin;)jen such that 4y, —12 U as j — oo. Using the fact that ., is a minimizer for F, as well as iy, is for
FNi for every j € N, from (4.13) it follows that

Flioe) = lim FNi(ay,). (4.14)

J]—00

Moreover, with the same argument used in the proof of Theorem 4.6 to deduce the identity (4.11), we obtain

that
/ / 0,0) dv()du(6) = lim / / £),0) dv(t)dpun, (6). (4.15)

Combining (4.14) and (4.15), and recalling the definitions (4.7) and (3.3) of the functionals 7 : X — R, and
F : X = R4, we have that

X B
Slasclife = lim Zfan 152,

which implies that iy, — 72 tiee as j — oo. Since the argument holds for every L?-weakly convergent subsequence
of the sequence of minimizers (iy)nen, this concludes the proof. O

Remark 4.9. There are two possible interpretations for Theorem 4.6 and Corollary 4.8, depending if the
probability measure p that defines the limiting functional F is explicitly known or not. If it is, then the
I'-convergence result can be read as a theoretical guarantee to substitute an infinite-ensemble optimal control
problem with a finite-ensemble one, as illustrated in the Introduction and at the beginning of this section. On the
other hand, in real-world problems, the underlying measure p may be unknown, but we can collect observations
{01,...,0n} of random variables distributed as p, and we consider the empirical probability measure py =
% Z;\Ll dp,. In this framework, Theorem 4.6 and Corollary 4.8 can be interpreted as stability results for the
number of observations N. Indeed, from the fact that uy —* p as N — oo, the I'-convergence of the sequence
(FN)nen implies that, when the number of collected observations is large enough, we should not expect dramatic
changes in the solutions of the optimal control problems if we further increase the samplings.

5. GRADIENT FIELD AND MAXIMUM PRINCIPLE FOR THE APPROXIMATING
PROBLEMS

In the present section we address the question of actually finding the minimizers of the approximating
functionals (F™)yen introduced in Section 4. Namely, starting from the result stated in Theorem 2.8 for
a single affine-control system with end-point cost, we obtain the expression of the gradient fields that the
functionals (F)yey induce on their domain. Moreover, we state the Pontryagin Maximum Principle for the
optimal control problems corresponding to the minimization of the functionals (FV)ycn. Both the gradient
fields and the Maximum Principle will be used for the construction of the numerical algorithms presented in
Section 7.

From now on, we specialize on the following particular form of the cost associated with the ensemble optimal
control problem (3.2):

Fw = [ alel(1).0)du(0) + 5 ul: (5.1)

for every u € U, where a : R" x © — R is a Cl-regular function, and 3 > 0 is a positive parameter that tunes
the L?-regularization. We observe that (5.1) is a particular instance of (3.3). Indeed, it corresponds to the case
v = 041, where v is the probability measure on the time interval [0,1] that appears in the first term at the
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right-hand side of (3.2). In other words, we assume that the integral cost in (3.2) depends only on the final state
of the trajectories of the ensemble. For every N € N, let the probability measure py have the same expression
as in (4.6), i.e., it is a finite convex combination of Dirac deltas centered at {01,...,0n5} C ©. Therefore, for
every N € N, the functional 7V : U/ — R that we consider in place of (5.1) has the the form

N
P ) = [ alal(1).0) dun (6) + Gluli - > asalal 0.0+ 2 ol (52)

for every u € U.

Remark 5.1. In Section 4 for technical reasons we defined the functionals (FV)yen on the domain X C U
introduced in (4.4). However, the functionals (F~)yen and the corresponding gradient fields can be defined
over the whole space of admissible controls Y.

At this point, it is convenient to approach the minimization of the functional 7 in the framework of finite-
dimensional optimal control problems in finite-dimensional Euclidean spaces. For this purpose, we introduce
some notations. For every N € N, let {61,...,0n} C © be the set of parameters charged by the discrete
probability measure py. Then, we study the finite sub-ensemble of (2.1) corresponding to the parameters

{61,...,0xn}. Namely, we consider the following affine-control system on R™V:
%, (t) = FV (xy) + FN(x,)u(t), forae. t€[0,1], (5.3)
x4 (0) = xq, ’
where x = (z!,...,2M)T € RN and FYY : R"Y — R"N and FV : RN — R™V*k are applications defined as
follows:
F (o)
FY ()= | (5.4)
O (@)
and
Fo(xh) Frhy ... F(h)
FV(x) := ; = : : (5.5)
FOn (V) FON(gNy F,fN(xN)
for every x € R™V. Finally, the initial value is set as x¢ := (2o(01),...,70(0n)), where zg : © — R" is the

mapping defined (2.7) that prescribes the initial data of the Cauchy problems of the ensemble (2.1). Moreover,
we can introduce the function a” : R™V — R, defined as

N
a¥(x) =a((z!,...,2")) = Zaja(xj,Gj), (5.6)
j=1

where a : R" x © — Ry is the function that designs the integral cost in (5.1), and for every j =1,...,N
the coefficient a; is the weight corresponding to dp, in the convex combination (4.6). In this framework, the
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functional FV : U — R, can be rewritten as follows:

FN(u) = ae, (1)) + 51l (57)

for every u € U, where x2 : [0,1] — R™ is the solution of (5.3) corresponding to the admissible control u. In
the next result we derlve the expression of the vector field GV : I/ — U that represents the differential of the
functional F¥, i.e., that satisfies

<gN[u]a U>Z/I = du]:N(U) (58)

for every u,v € U.

Theorem 5.2. Let us assume that for every 0 € © the functions x — Fy(x,0) and x — F(x,0) are C'-regular,
as well as the function  — a(x,0) that defines the end-point cost in (5.1). Let {61,...,0n} C O be the subset of
parameters charged by the measure iy that designs the integral cost in (5.2). Let F : U — Ry be the functional
defined in (5.2). Then, FN is Gateauz differentiable at every u € U, and we define GN :U — U as the gradient
vector field on U that satisfies (5.8). Then, for every u € U we have

Za FO (2% (DT NT(8) 4 Bult) (5.9)
for a.e. t € [0,1], where for every j =1,..., N the curve x5 : [0,1] = R™ is the solution of (2.1) corresponding
to the parameter 6; and to the admzsszble control u, and N, : [0,1] — (R™)* is the absolutely continuous curve

of covectors that solves

30 = -3 (LD 1 B w02 D) e in0.1),

(5.10)
M,(1) = Va(aii (1), 6;).
Remark 5.3. We use the convention that the elements of (R™)* are row-vectors. Therefore, for every j =
., N and t € [0,1], M, (t) should be read as a row-vector. This should be considered to give sense to (5.9)
and (5.10). The same observation holds for Theorem 5.4.

Proof of Theorem 5.2. As done in (5.3), we can equivalently rewrite the sub-ensemble of control systems corre-
sponding to the parameters {6;,...,0x} C © as a single affine-control system in R™". Moreover, the regularity
hypotheses guarantee that the functions F2 : R™Y — RV and FV : R"Y — R"N** defined in (5.5) are C-
regular, as well as the function a : R®™ — R, introduced in (5.6). Therefore, owing to Theorem 2.8, we obtain
the expression for the gradient field induced by the functional FV written in (5.7). Indeed, we deduce that

GNu] = FY (3 (1) Au(t) + Bu (5.11)

for every u € U, where x,, : [0,1] — R™ is the solution of (5.3) corresponding to the control u, and A, : [0, 1] —
(R™M)* is the curve of covectors that solves

. N
{Au(t) = A, (1) (3F° CoulD) 4 S0t )W) for a.e. t € [0, 1], (5.12)

A (1) = Via(x,(1)),
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where FY, ... ,FYN : R"M — R"V denote the vector fields obtained by taking the columns of the matrix-valued
application FV : R™V — R*V>k_ Moreover, if we consider the curves of covectors AL,... . AN :[0,1] — (R")*
that solve (5.10) for j = 1,..., N, it turns out that the solution of (5.12) can be ertten as A,(t) =
(a1 AL(t), ..., anAN(t)) for every t € [0, 1], where a, ..., ay are the coefficients of convex combination involved
in the definition of ux (4.6). Finally, owing to this decoupling of A, the identity (5.10) can be deduced from
(5.11) using the expression of FYY, ... F¥. O

In the previous result we obtained the Riesz’s representation of the differential of the functional FV : ¢/ — R .
We now establish the necessary condition for an admissible control 4 € U to be a minimizer of FV. This
essentially descends as a standard application of Pontryagin Maximum Principle. For a complete survey on the
topic, the reader is referred to the textbook [1].

Theorem 5.4. Under the same assumptions and notations of Theorem 5.2, let iy = (Un1,--.,Un k) €U be a
local minimizer of the functional F~ : U — Ry defined as in (5.2). For everyj =1,...,N, let ;z:Z’N :[0,1] - R™
be the solution of (2.1) corresponding to the parameter 6; € © and to the optimal control n. Then, for every

j=1,..., N there exists a curve of covectors A%N :[0,1] = (R™)* such that
j OFy @ (1) k. OF (@ (8) .
)\;N( ) =X\ o () (UaxN +> uN,i(t)awN) a.e. in [0,1], (5.13)
(1) = Va(zg, (1),6)),
and such that
iy (t) € argmax Za ( /\j ) F% (2 (t))v) - é|v|2 (5.14)
vgeRk j N o 1VI2 .

for a.e. t €10,1].

Proof. As done in the proof of Theorem 5.2, we observe that we can equivalently consider the single affine-
control system (5.3) in place of the sub-ensemble of affine-control systems corresponding to the parameters
{01,...,0n} C ©. Moreover, if we rewrite the cost functional 7V : ¢/ — R, as in (5.7), we reduce to a standard
optimal control problem in R™V. Let 45 € U be an optimal control for this problem, and let x4, : [0,1] — RV
be the solution of (5.3) corresponding to y. Then, from the Pontryagin Maximum Principle (see, e.g., [1],
Chap. 12), there exists € € {0, —1} and Ay, : [0,1] — (R™)* such that (¢, Ag, (t)) # 0 for every t € [0, 1] and
such that

A OFY Xan (T N 6F1N Xa o (T .
{Afm (1) = =Ry () (TG 3y (0PG5 e in [0,1), _—
Ay (1) = €V alxay (1))
Moreover, for a.e. t € [0,1] the following condition holds
i (1) € angmo { Mgy (0) (P Oy (8) + B G (0)0) + €510 | (5.16)

Since the differential equation (5.15) is linear, if ¢ = 0 we have Ay, (t) = 0, and this violates the condi-
tion (e,Aqy(t)) # 0 for every t € [0,1]. Therefore we deduce that e = —1. This shows that the optimal
control problem in consideration has no abnormal extremals. Moreover, if we consider the curves of covec-
tors AL ALY [0,1] = (R™)* that solve (5.13) for j = 1,..., N, it turns out that the solution of (5.15)

ANt

corresponding to @ = —1 can be written as Ay (t) = (—aa A} (t),...,—anA) (1)) for every t € [0,1], where
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aq,...,an are the coefficients of convex combination involved in the definition of ux (4.6). Finally, owing to
this decoupling of A, the condition (5.14) can be deduced from (5.16) using the expression of FY',... FY and
observing that the term Ag, (t)FY (xay (t)) in (5.16) does not affect the minimizer. O

Remark 5.5. We can equivalently reformulate the Maximum condition (5.14) of Theorem 5.4 as follows:

an(t) € arg max {/@ —Aay (8,0) - F(Xay(t,0),0) - vdun(0) — §|v§} ) (5.17)

vERK
where Ag, 1 [0,1] x © = (R™)* and X3, : [0,1] x © — R™ are the applications defined, respectively, in (2.19)
and (2.10), and corresponding to the control @y .

We recall that the Pontryagin Maximum Principle provides necessary condition for minimality. An admissible
control @ € U is a (normal) Pontryagin extremal for the optimal control problem related to the minimization of
FN U — Ry if there exist AL, ..., AY :[0,1] — (R™)* satisfying (5.13) and such that the relation (5.14) holds.

Remark 5.6. Let 4 € U be a critical point for the functional FV : U — R, i.e., GV [u] = 0. Therefore, from
(5.9) it turns out that

N
Z EPTAG

Q\'—‘

for a.e. t € [0, 1], where for every j = 1,..., N the curve :cf : [0, 1] — R™ is the trajectory of (2.1) corresponding
to the parameter §; and to the control «, and A :[0,1] — (R”) is the solution of (5.10). We observe that, for

every j=1,...,N, A, :[0,1] = (R™)* solves as well (5.13), and that @(t) satisfies

B

@™ (t) € arg max Za] (=X (®) - Fo(aln (1) -v) = Slol3

vERFK

for a.e. t € [0,1]. This shows that any critical point of FV : U/ — R is a (normal) Pontryagin extremal for the
corresponding optimal control problem. Conversely, an analogue argument shows that any Pontryagin extremal
is a critical point for the functional FV.

6. MAXIMUM PRINCIPLE FOR ENSEMBLE OPTIMAL CONTROL PROBLEMS

In the present section we use a I'-convergence argument to recover necessary optimality conditions for (local)
minimizers of the functional F defined in (5.1). The result that we prove here is in the same flavor as the
Maximum Principle derived in [6], even though the tools employed are rather different.

Let w € U be a local minimizer for the functional F. Then, for every ¢ > 0, we define the following perturbed
functional F° : U — R:

Fo(wy = [ alal(1).0) (o) + Flullts + 5lu— e (6.1)

We immediately observe that the following property holds.

Lemma 6.1. Let us consider the functional F : U — Ry introduced in (5.1) and let @ € U be one of its local
minimizers. Let F¢ : U — Ry be defined as in (6.1). Then, there exists pz > 0 such that

Fe(a) < Fo(u) Yu#u with |lu—al|r2 < pz
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for every e > 0.

Proof. Since @ is a local minimizer for F, there exists pz > 0 such tha

t F(u) < F(u) for every u satisfying
[lu—al|r2 < pg. From the definition of F* in (6.1) and observing that F*=(a)

= F(u), we deduce the thesis. O

For every local minimizer @ € U of the functional F, we set
Xo={zxel]||lu—1a|lr: <pa} (6.2)

Given a sequence of discrete probability measures (uny)n>1 as in (4.6) such that uy —* g as N — oo, for every
€ > 0 and for every N > 1 we introduce the functional F Noe ' Xy — R as follows:

F¥e(u)i= [ alal(1).0)duy (0) + Glalifs + 5 lu =l (63)

Similar to Section 4, we can establish a I'-convergence result.

Proposition 6.2. Let u € U be a local minimizer of the functional F : U — Ry introduced in (5.1), and let
Xa C U be the set defined in (4.4), equipped with the weak topology of L*. For every N > 1 and for every e > 0,
let FN= o Xy — Ry be the functional presented in (6.3), and let F¢ : Xy — Ry be the restriction to Xy of the
application defined in (6.1). Then, we have that FN¢ —p F¢ as N — co. Moreover, if for every N > 1 we
consider iy . € argminF V¢, we obtain that

lim ||iy.. — ||z = 0. (6.4)
N—o0

Proof. The fact that FN¢ —p F¢ as N — oo follows from a wverbatim repetition of the arguments of the proof
of Theorem 4.6. In addition, Corollary 7.20 of [14] guarantees that

lim FYN4(iy.) = inf F© = F°(a), (6.5)
N—o00 Xa

and that any of the weak-limiting points of the sequence (i) C Xy is itself a minimizer of the restriction of

FE to Xz. However, owing to Lemma 6.1, we know that @ is the unique minimizer of the restriction of F¢ to

Xg. Therefore, we deduce that iy —72 % as N — oo. We are left to show that the latter convergence holds

also with respect to the strong topology of L?. Using a similar reasoning as in the proof of Corollary 4.8, from

(6.5) we obtain the identity

B - . Biix E1n _
N = Jim (S an el + Slline — a3 ).
Finally, recalling the weak semi-continuity of the L2-norm (2.12), the previous expression yields (6.4). O

We are now in position to prove the Maximum Principle for the local minimizers of the ensemble optimal
control problem related to the functional F : U/ — R,.

Theorem 6.3. Let us assume that the mappings (x,0) — %Fi(xﬁ) are continuous for every i =0,...,k, as
well as the gradient (x,0) — Va(x,0). Let © € U be a local minimizer of the functional F : U — Ry introduced
in (5.1). Let X5 :[0,1] x © — R™ be the mapping defined in (2.10) that collects the trajectories of the ensemble
corresponding to the control @, and let us consider the application Ay : [0,1] x © — (R™)* introduced in (2.19)
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that satisfies

Ola(t,0) = —Aa(t, 0) (2ROFEND 57|y () RGN ) por e, t € [0,1], 66)
Aﬁ(lv 9) = vxa(Xﬂ(la 0)3 0)7
for every 8 € ©. Then, we have that
u(t) € argmax {/ —Aa(t,0) - F(Xq(t,0),0)) - vdu(d) — ng} (6.7)
vERK e) 2

for a.e. t €10,1].

Proof. Let us fix € > 0 and, for every N > 1, let us consider the functional F Ne o X; — Ry and let in. €
arg miny, F~¢. As done in the proof of Theorem 5.4, the problem of minimizing F+¢ over X; can be reduced to
a classical optimal control problem with end-point cost. Therefore, using similar computations as in the proof of
Theorem 5.4, we deduce that for every IV > 1 the control iy . is associated with a normal Pontryagin extremal
of the cost functional FN:¢. Using the notations introduced in Remark 5.5, if we consider the application
Aay. 1 [0,1] x © = (R™)* defined in (2.19) and corresponding to the admissible control iy, € U, we obtain
that for a.e. t € [0, 1]

i o) € angyc { [ < (0.0) - F(Xay (00,0 v dun(0) = S1oE = 5o - o)}
i) = 7 (20 = [ [ha (00) (X (1:0). 6] din(6)) (6:5)

for a.e. t € [0,1] and for every N > 1. For every N > 1, we denote by Zx C [0,1] the set of instants with null
Lebesgue measure where the identity (6.8) does not hold. In virtue of Proposition 6.2, we have that 4y —72 @
as N — oo, and, up to the extraction of a subsequence that we do not rename for simplicity, this implies that
there exists Zo, C [0, 1] with zero Lebesgue measure such that @y (¢) — @(t) as N — oo for every ¢ € [0,1]\ Z.
On the other hand, owing to Proposition 2.2 and Proposition 2.5, we deduce that for every ¢ € [0, 1] the sequence
of functions (f})n>1 satisfy f& —co f' as N — oo, where fL, f': © — R™ are defined as follows:

01— fy(0) =

[Ny, (£,6) - F(Xay. (t,60),0))] ",
0— ft(a) Az

[ (tve) F(Xﬂ(tae)ag))]T

Moreover, recalling that py —* p as N — oo by assumption, if we set Z := Zoo U Uy~ Zn, then for every
t €10,1]\ Z we can take the pointwise limit of (6.8) as N — oo, which yields: B

alt) = (aa(t) - [ 10alt.0) - P10, 0" duw)) ,

i.€.,
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for a.e. t € [0,1]. From (6.9) - which we observe does not depend on the choice of £ > 0 - we finally obtain
(6.7). 0

Remark 6.4. Theorem 6.3 shows that any local minimizer of the functional F is associated with a normal
extremal of the ensemble optimal control problem. Moreover, we observe that there are no nontrivial abnormal
extremals. Indeed, if we take € € R and we consider Az(1,0) = eV,a(X3(1,0),0) for every § € O as the final-time
datum for (6.6), when ¢ = 0 we obtain (Agz, €) = 0. Finally, we observe that, in virtue of the concave quadratic
term —3/2[v|3, the maximization problem (6.7) always admits a solution. Hence, there are no singular arcs.

Remark 6.5. For some global minimizers @ € U of the functional F : Y — Ry defined as in (3.3), Theorem 6.3
can be directly deduced from the I'-convergence result established in Section 4. Namely, this is the case for
those global minimizers @ € arg miny, F that can be recovered as the limiting points of the minimizers of the
approximating functionals FV : &/ — R, introduced in (4.7). Indeed, if 4y € argminy FV for everyN > 1
and 4 € U is an L?-strong accumulation point of the sequence (iin)y>1, then Corollary 4.8 guarantees that
u € arg miny F, and we can obtain the condition (6.7) by repeating the proof of Theorem 6.3 with € = 0.

However, in general, given a family of functionals ZVV : X — R on a metric space (X, d) such that ZV —I' T
as N — oo, there could be elements in arg miny Z that cannot be recovered as limiting points of minimizers
of (ZV)n>1. For instance, if we set X = [~1/2,1/2] with the Euclidean distance, we have that the functions
IV 1 X — R defined as IV () := |z|" are T-converging as N — oo to the function Z = 0. On one hand, we
have that arg miny Z = X, while argminy Z% = {0} for every N € N. As a matter of fact, the minimizers of
in X\ {0} cannot be recovered as a limit of minimizers of (ZV)nen.

For this reason, in our case, the introduction of the auxiliary functionals ¢ and (F~¢) in, respectively, (6.1)
and (6.3) is precisely aimed at managing this situation, as well as deducing the Maximum Principle also for
local minimizers, and not only for global minimizers.

Remark 6.6. Results concerning the necessary optimality conditions for ensemble optimal control problems
are of great interest from the theoretical viewpoint. A natural question is whether they could be successfully
employed to derive numerical methods for the approximate resolutions of such problems. Some efforts in this
direction were done in [7], where the authors obtain a mean-field Maximum Principle for problems with uncertain
initial datum and with the controlled dynamics unaffected by the unknown parameter. In that framework, a
key-ingredient of the Maximum Principle Theorem 4.1 of [7] is a real-valued function ¢ € C'([0, 1], C(R"))
that solves a backward-evolution PDE. We observe that the quantity Vv is somehow related to the function
A, that we introduced in our discussion (see [7], Prop. 4.9, for more details). In [7] the authors proposed a
numerical scheme for their mean-field optimal control problem relying on an approximated computation of the
solution of the backward-evolution PDE. Despite the encouraging results obtained in the experiments, the main
drawback of this approach is that the resolution of the PDE is affordable only in low dimensions (e.g., in [7]
examples in dimensions 1 and 2 were considered).

7. NUMERICAL SCHEMES FOR OPTIMAL CONTROL OF ENSEMBLES

In the present section we introduce two numerical schemes for finite-ensemble optimal control problems with
end-pint cost. The starting points are the results of Section 5, and we follow an approach similar to [31]. The first
method consists of the projection of the field GV : &/ — U induced by FV onto a finite-dimensional subspace
Upr C U. The second one is based on the Pontryagin Maximum Principle and it was first proposed in [29].

Before proceeding, we introduce the notations and the framework that are shared by the two methods. Let
us consider the interval [0, 1], i.e., the evolution time horizon of the ensemble of controlled dynamical systems

(2.1), and for M > 2 let us take the equispaced nodes {0, 77, ..., 21, 1}. Recalling that ¢/ := L2([0, 1], R¥), let
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us define the subspace Uy C U as follows:

w  f0<t<
ueEUy <= ut)=<: (7.1)

uy if M <<,

where uy,...,up € R¥. For every I = 1,..., M, we shall write u; = (uy, ..., ux,) to denote the components of
w; € R*. Then, any element u € Uy, will be represented by the following array:

w= (ui)iZy (7.2)
For every N > 1, let uy be the discrete probability measure (4.6) on © that approximates the probability
measure y involved in the definition of the functional 7 : U/ — Ry in (5.1). Let {6;,...,05} C © be the points
charged by uy, and, for every j =1,..., N, let 2l [0,1] — R™ be the solution of (2.1) corresponding to the

parameter §; and to the control w. Then, for every j =1,...,N and [ =0,...,M we define the array that
collects the evaluation of the trajectories at the time nodes:

o . l
=1,...,N 05
(x{)gzo,...,Mv x] =y (M> . (7.3)
We observe that in (7.3) we dropped the reference to the control that generates the trajectories. This is done
to avoid hard notations, since we hope that it will be clear from the context the correspondence between
trajectories and control. Similarly, for every j =1,..., N, let X/, : [0,1] — (R™)* be the solution of (5.10), and
let us introduce the corresponding array of the evaluations:

ij=1,..,N j (1
bz A= (5) (7.4

7.1. Projected gradient field

In this subsection we describe a method for the numerical minimization of the functional FV : U/ — R,
defined as in (5.2). This algorithm consists of the projection of the gradient field GV : U — U derived in (5.9)
onto the finite-dimensional subspace Uy; C U defined as in (7.1). This approach has been introduced in [31],
where it has been studied the problem of observations-based approximations of diffeomorphisms. We observe
that we can explicitly compute the expression of the orthogonal projector Py; : U — Ups. Indeed, we have

1
M [ u(t)dt  if0<t< 4,
Pylul(t) = (7.5)
1 e M—
M [uu(t)dt if Mt <t <1,
for every u € U. Thus, we can can define the projected field G2} : Ups — Uns as
Garlu] := PGV [ul] (7.6)
for every u € Uy, and we end up with a vector field on a finite-dimensional space. At this point, in view of the
numerical implementation of the method, it is relevant to observe that the computation of GV [u] requires the

knowledge of the trajectories %', ... 2% :[0,1] — R™ and of the curves AL,..., A\ :[0,1] — (R")*. However,
during the execution of the algorithm, we have access only to the (approximated) values of these functions at
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the time nodes {0, 77, ..
consider the correspondmg arrays (z])1= 01 ﬁ and (\)1= 01 ™ defined as in (7.3) and (7.4), respectively. In
practice, they can be computed using standard numerical schemes for the approximation of ODEs. For every
l=1,..., M, we use the approximation

., 1}. Therefore, we need to adapt (7. 6) to meet our needs. For every u € Uy, let us

M/M Za] F9 (b ( ))T~Ag(t)T> + Bu(t) dt

M j=1

| N

52 (Fe o )TN+ Pl )" AjT) + B,
where aq,...,ay are the coefficients of convex combination involved in the definition of /JN = Z;V 1j0g; .
Then, for every u € Uy, after computing the corresponding arrays (;Ul )g 01 ’M and ()\] )J L. ’M with a proper
ODEs integrator scheme, we use the quantity Au = (Auy, ..., Aups) € Ups to approximate QM[ ], where we set

1 Y , . , ,
Aug =5 > ay (F% (z1_ )T - NI+ Fia)T A;T) + Buy (7.7)

for every [ = 1,..., M. We are now in position to describe the Projected Gradient Field algorithm. We report
it in Algorithm 1.

Remark 7.1. We observe that the for loops at the lines 9-12 and 18-21 (corresponding, respectively, to the
update of the curves of covectors and of the trajectories) can be carried out in parallel with respect to the index
j=1,...,N. This can be considered when dealing with large sub-ensembles of parameters.

Remark 7.2. The step-size v > 0 for Algorithm 1 is set during the initialization of the method, and it is
adaptively adjusted through the if clause at the lines 23-30 wvia the classical Armijo-Goldstein condition (see,

., [23], Sect. 1.2.3). We observe that, if the update of the control at the r- th iteration is rejected, at the
r —|— 1 th iteration it is not necessary to re-compute the array of covectors ()\J) — 0 [. In this regards, the if
clause at the line 8 prevents this computation in the case of rejection at the prev10us passage.

7.2. Iterative maximum principle

In this subsection we present a second numerical method for the minimization of the functional 7V : U/ — R,
based on the Pontryagin Maximum Principle. The idea of using the Maximum Principle to design approximation
schemes for optimal control problems was well established in the Russian literature (see [10] for a survey paper
in English). Here we adapt to our problem the method proposed in [29], which is in turn a stabilization of one
of the algorithms reported in [10]. Finally, this approach has been recently followed in [31] in the framework of
diffeomorphisms approximation.

The key idea relies on iterative updates of the control through the resolution of a maximization problem
related to the condition (5.14). However, the substantial difference from Algorithm 1 consists in the fact that
the controls and the trajectories are computed simultaneously. More precisely, let us consider M > 1 and let
Uy cU be the finite-dimensional subspace introduced in (7.1). Given an initial guess v = (w;);=1,... m € Upr, let
(z])i= (} M N and (N ){::(}J\A; be the corresponding arrays, defined as in (7.3) and (7.4), respectively. For [ = 1,

the value of w2V (i.e., the updated value of control in the time interval [0,1/M]) is computed using (z)7=1N
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Algorithm 1: Projected Gradient Field

Data:
e {01,...0n} C O subset of parameters;
o FIU FIN R o R™ drift fields;
e F1 ... F'N :R™ — R"*F controlled fields;
o (z))i=tN = (’I‘Sl RN ’I‘gN) initial states of trajectories;
e a(-,01),...,a(-,0n) : R™ — R end-point costs, and 3 > 0.
Algorithm setting: M = dim Uy, 7 € (0,1), ¢ € (0,1), v > 0, maxiter > 1, u € Uns.
1 h+ 355
2 for j=1,...,N do // First computation of trajectories
3 | Compute (z{)lzl _____ M using (w;);=1,...,m and 1('),
4 end
5 Cost « YN, aja(@dy, 0,) + 2llull2s;
6 flag < 1;
7 for r = 1,..., maXjter do // Iterations of Projected Gradient Field
8 if flag = 1 then // Update covectors only if necessary
9 for j=1,...,N do // Backward computation of covectors
10 )\g\l — Va(x?w 0;); ‘ _
11 Compute (A])i=o,...,m—1 using (wi)i=1,...,m, (@] )i=o,...,m and X ;
12 end
13 end
14 forl=1,...,M do // Compute Aw using (6.7)
15 ‘ Auy %Zj.\jzl o (Fej (zljil)T ~)\'{F1 + F% (LlI)T )‘l] T) + Buy;
16 end
17 uV — u — yAu;
18 for j=1,...,N do // Forward computation of trajectories
19 m(j)’"ew “— ;r{)
20 Compute (z'{"’ew);,:l‘___,M using (u;*V)i=1,...,;m and ré’"ew'
21 end
22 | Cost™ TN aja(@l ™, 0,) + 412,
23 if Cost > Cost™™ + C'yHAuHZLz then // Backtracking for =y
24 u — uV, w2V
25 Cost + Cost™®%;
26 flag < 1;
27 else
28 vy < TY:
29 flag < 0;
30 end
31 end
and (X})7=1N as follows:
ul® = arg max Zaj (—)\é - FY () 'U) — Sl - —lv—wml3}, (7.8)
vERFK - 2 2’)/
Jj=1
where v > 0 plays the role of the step-size of the update, and aq, ..., ay are the coefficients of convex combina-
tion involved in the definition of pny = Zjvzl a;0p;. From the value u}°" just obtained and the initial conditions

(a})7=1N we compute (27)7=1N j.e., the approximation of the trajectories at the time-node 1/M. At this

point, using (27)7=1N and (M )7=1N we calculate u}°" with a maximization problem analogue to (7.8).
Finally, we sequentially repeat the same procedure for every [ = 2, ..., M. We report the scheme in Algorithm 2.

Remark 7.3. The maximization at line 17 can be solved directly at a very low computational cost. Indeed, we
have that

al j,corr 0 j,new T
Ve ——— [y — E aj <)\f <P (2" ))
y

Jj=1
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Algorithm 2: Iterative Maximum Principle

Data:
e {01,...0n} C O subset of parameters;
o FUU FIN R o R™ drift fields;
o FU1 .. F'N :R"™ - R"*F controlled fields;
o (z))i=tN = (’I‘Sl RN ’I‘gN) initial states of trajectories;
e a(-,01),...,a(-,0n) : R™ — R end-point costs, and 3 > 0.
Algorithm setting: M = dim Uy, 7 € (0,1), v > 0, maxiter > 1, u € Uns.
1 h+ 355
2 for j=1,...,N do // First computation of trajectories
3 | Compute (Izj)lzl ..... M using (u;);=1,... v and x;
4 end
5 Cost « YN, aja(ady, 0;) + £llulls:
6 flag < 1;
7 for r = 1,..., maXjter do // Iterations of Iterative Maximum Principle
8 if flag = 1 then // Update covectors only if necessary
9 for j=1,...,N do // Backward computation of covectors
10 )\g\l — Va(ac?w 0;); ‘ _
11 Compute (A )i=o,...,m—1 using (w)i=1,....m, (27 )i=o,....m and X ;
12 end
13 end
12 (mg‘],ncw>]‘:1,...,1\7 — (a} J=10 N,
15 (A[J;corr)]’:l ..... N (Ag)jzl ..... N,
16 forl=1,...,M do // Update of controls and trajectories
17 up " < argmax,cpk {Zf:l o (7/\{’76?" - F% (x{flcw) . v) - g\v@ — % v — ul\g}
18 for j=1,...,N do
19 Compute m{’"e’w using T?’_"fw and uj°";
20 AT — /\{ — ajVa(m{, 0;)+ a;,-Va(w{‘"CW, 0;);
21 end
22 end
25 | Cost™ N, aya(efy™, 0,) + §lluvI2s:
24 if Cost > Cost™" then // Backtracking for -~y
25 u < uV, "V
26 Cost + Cost™®%;
27 flag «+ 1;
28 else
29 v T;
30 flag < 0;
31 end
32 end

for every I =1,..., M. This is essentially due to the fact that the systems of the ensemble (2.1) have an affine
dependence on the control.

Remark 7.4. As well as in Algorithm 1, in this case the computation of ()\{ )g:olﬁ_l can be carried out in
parallel (see the for loop at the lines 9-12). Unfortunately, this is no more true for the update of the trajectories,
since in Algorithm 2 the computation of (z] MeWYI=L- N takes place immediately after obtaining upev, for every
I=1,..., M (see lines 17-21).

Remark 7.5. At the line 20 of Algorithm 2 we introduce a correction for the value of the covector. This feature
is not present in the original scheme proposed in [29], where the authors considered optimal control problems
without end-point cost.

Remark 7.6. Also in Algorithm 2 the step-size is adaptively adjust, and it is reduced if, after the iteration,
the value of the functional has not decreased. In case of rejection of the update, it is not necessary to recompute
(N )f::éﬁ This is a common feature with Algorithm 1, as observed in Remark 7.2.
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8. NUMERICAL EXPERIMENTS

In this section we test the algorithms described in Section 7 on an optimal control problem involving an
ensemble of linear dynamical systems in R%. Namely, given Opin < Omax € R, let us set © := [finin, Omax] C R,
and let us consider the ensemble of control systems

{i% = A% () + brun (t) + baua(t) - ave. in [0, 1], (8.1)

where 6 + x§ is a continuous function that prescribes the initial states, u = (u1,us)? € U := L?([0,1],R?), and,

for every 6 € ©, we have
0 1 1 0
A% = <9 0) , b= (O) , by = <1> ) (8.2)

For every N > 1 and for every subset of parameters {6;,...,0y} C ©, we represent the corresponding sub-
ensemble of (8.1) as an affine-control system on R?Y as done in Section 5. More precisely, we consider

Xu(t) = Aqu(t) + biuy (t) + bg’LLQ(t) a.e. in [0, 1], (8 3)
Xu(o) = X0, .
where AN € R2V*2N and by, by € R2Y are defined as follows:
A% 00 by by
N ._ ) — | - — | -
AVi= o, 0 o og | b= fibe= | ] (8.4)
02y2 A b1 b2

Moreover, we observe that (8.1) can be interpreted as a control system in the space C°(6,RR?). Indeed, we can
consider the control system

t t
Xut = Xo+ / A[X,,]dr + / brus(r) + byun(r) dr, ¢ € [0,1], (8.5)
0 0

where A : C°(0,R?) — C°(O,R?) is the bounded linear operator defined as
A[Y](0) := A%Y (0)
for every 6 € © and for every Y € C°([0,1],R?), and by, by : © — R? are defined as
bl(ﬂ) = bl, bg(e) = b2
for every § € ©, and finally X, : © — R? satisfies X(0) := x for every § € ©. The integrals in (8.5) should
be understood in the Bochner sense, and, for every u € U, the existence and uniqueness of a continuous curve
t — Xyt in C9(O,R?) solving (8.5) descends from classical results in linear inhomogeneous ODEs in Banach

spaces (see, e.g., [13], Chap. 3). In particular, from the uniqueness we deduce that

Xua(0) = 28 (1) (8.6)
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for every u € U, t € [0,1] and 6 € ©, where x¥ : [0,1] — R? is the solution of (8.1) corresponding to the
parameter 6 and to the control u. We now prove some controllability results for the control systems (8.3) and
(8.5).

Proposition 8.1. For every N > 1 and for every subset {01,...,0n} C O, let us consider y., € R?N. Then,
there exists a control i € U such that the corresponding solution x4 : [0,1] — RV of (8.3) satisfies xz(1) = Yiar-
Moreover, for every Yia, € C°(0,R?) and for every e > 0, there exists a control u. € U such that the curve
t— Xy, 1 that solves (8.5) satisfies

HY - XuzJHCD S €.

Proof. We observe that the first part of the thesis follows if we prove the exact controllability of the system
(8.3). An elementary result in control theorey (see, e.g., [1], Thm. 3.3) ensures that the last condition is implied
by the identity

span {(AM) by, (AV) by 0 <7 < 2N — 1} = RN,

A direct computation shows that this is actually the case.
As regards the second part of the thesis, owing to Theorem 3.1.1 of [32] we have that it is sufficient to prove
that

span (Ao, A [oa][ 7S 0} = CO(0, R). (8.7)

We observe that

span LA o], AToa] > 0} =span { (7). () 17 2 0}

therefore the identity (8.7) follows from the Weierstrass Theorem on polynomial approximation. O
We now introduce the problem that we studied in the numerical simulations. We set 0,,i, = f%, Omax = %,
and we consider on © = [—%, %] the probability measure p, distributed as a Beta(4, 4) centered at 0. We observe

that during the experiments we assumed to have no explicit knowledge of the probability measure p. On the
other hand, we imagined to be able to sample observations from that distribution, and we pursued the data
driven approach described in Remark 4.4. After that the approximated optimal control had been computed, we
validated the policy just obtained on a testing sub-ensemble of newly-sampled parameters. Let us assume that
the initial data in (8.1) is not affected by the parameter 6, i.e, there exists zo € R? such that acg = xq for every
0 € ©. We imagine that we want to steer the end-points of the trajectories of (8.1) as close as possible to a
target point yiar € R2. Therefore, we consider the functional F : U — R defined as

Fw) = [ 1ah(0) = vl du®) + Gl (38)

for every u € U. We observe that the second part of Proposition 8.1 implies that we are in the situation described
in Remark 3.3. Indeed, if we set Y;ar(0) := ytar for every 6 € ©, we have that for every € > 0 there exists u, € U
such that

/ 129 (1) — a2 dp(6) < [|Xos — Yiarloo <
e

7

DN ™
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F1GURE 1. Controlled ensemble. On the left, we reported the optimally controlled trajectories
of the sub-ensemble of © obtained by sampling N = 300 parameters. On the right, we tested the
controls obtained before on a new sub-ensemble of ©, obtained by sampling 20 new parameters.
As we can see, the trajectories belonging to the testing sub-ensemble are correctly steered to
the target point oy = (—1,1)7.

Decay of the cost
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102 ¢
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FIGURE 2. In the graph we reported the decay of the discrete cost achieved by Algorithm 1
(Projected Gradient) and Algorithm 2 (Iterative PMP). As we can see, the performances on
this problem are very similar.

where we used the identity (8.6). Therefore, in correspondence of small values of 3, we expect that the minimizers
of (8.8) drive the end-point of the controlled trajectories very close to yia,. In the simulations we considered
B = 1073. Finally, we approximated the probability measure y with the empirical distribution u, obtained
with N independent samplings of u, using N = 300. Moreover, we chose zg = (0,0)7 and yiar = (—1,—1)7.
We report below the results obtained with Algorithm 1 and Algorithm 2, where we set M = 64. We observed
that performances of the two numerical methods are very similar, as regards both the qualitative aspect of the
controlled trajectories (see Fig. 1) and the decay of the cost during the execution (see Fig. 2).

9. CONCLUSIONS

In this paper we considered the problem of the optimal control of an ensemble of affine-control systems. We
proved the well posedness of the corresponding minimization problem, and we showed with a I'-convergence
argument how we can reduce the original problem to an approximated one, involving ensembles with a finite
number of elements. For these ones, in the case of end-point cost, we proposed two numerical schemes for the
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approximation of the optimal control. We finally tested the methods on a ensemble optimal control problem in
dimension two.

For future development, we plan to study algorithms also for more general costs, and not only for terminal-
state penalization. Moreover, we hope to extend the I'-convergence results to some proper class of ensembles
of nonlinear-control systems. As well as in the affine-control case, we expect that weak topologies on the space
of controls are required to have equi-coercivity of the functionals. On the other hand, the challenging aspect
is that, in nonlinear-control systems, weakly convergent controls do not induce, in general, locally C°-strongly
convergent flows.

APPENDIX A. AUXILIARY RESULTS OF SUBSECTION 2.2

Here we prove some auxiliary properties of the mapping X, : [0,1] x © — R"™, which has been defined in
(2.10) for every u € U. Before proceeding, we recall a version of the Gronwall-Bellman inequality.

Lemma A.1 (Gronwall-Bellman Inequality). Let f : [a,b] — Ry be a non-negative continuous function and let
us assume that there exists a constant o > 0 and a non-negative function 3 € L*([a,b],Ry) such that

fs) < a+ [ Brfr)ar
for every s € [a,b]. Then, for every s € [a,b] the following inequality holds:
f(s) < aellPller, (A1)

Proof. This result follows directly from Theorem 5.1 of [16]. O

We first prove that for every u € U the mapping X, : [0,1] x © — R™ is bounded.

Lemma A.2. For every u € U, let X, : [0,1] x © — R™ be the application defined in (2.10) collecting the
trajectories of the ensemble of control systems (2.1). Then, for every R > 0 there exists Cr > 0 such that, if
[lullLz < R, we have

| Xu(t,0)]2 < Ck, (A.2)

for every (t,0) € [0,1] x ©.

Proof. Using (2.10), in virtue of the sub-linear growth inequalities (2.5)—(2.6), we observe that
t
| Xu(t,0)]2 = [23,()]2 < |zg] +/ O+ |25 (r)[2) (1 + [u(r)[1) dr
0
¢
< Jzfl2 + C(1+ VE|lul|2) +/ O+ lu(r)1) 25 ()2 dr
0
for every 6 € © and ¢t € [0,1]. Using Lemma A.1, we deduce that
X0 < (|22 + COL+ Vlullz2) ) e+ VRllullz2)

for every (t,0) € [0,1] x ©. Recalling the boundedness of 6 +— x§ provided by (2.8), the thesis follows from the
last inequality. O
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We shall prove that, when the control w varies in a bounded subset of U, the corresponding functions
X, :[0,1] x © — R”™ that captures the evolution of the ensemble of control systems (2.1) are uniformly equi-
continuous on their domain. We first show separately the uniform equi-continuity for the variables in the time
domain [0,1] and in the parameter domain ©. In the next result we observe that the trajectories of the ensemble
are Holder-continuous, uniformly with respect to the parameter 6 € ©.

Lemma A.3. For every u € U, let X, : [0,1] x © — R™ be the application defined in (2.10) collecting the
trajectories of the ensemble of control systems (2.1). Then, for every R > 0 there exists Lr > 0 such that, if
lullLz < R, then

| Xu(t1,0) — Xou(t2,0)]2 < Lplty — tof? (A.3)

for every t1,ts € [0,1] and for every 6 € ©.

Proof. Owing to Proposition 2.1 and recalling that X, (t,0) = 2% (t) for every (¢,0) € [0,1] x © by (2.10), we
observe that the thesis follows if we prove that there exists a bounded subset of H' that includes the trajectories
{29 :[0,1] = R"}geco of (2.1) for every admissible control u € U satisfying ||ul|z> < R.

From Lemma A.2 we obtain that for every R > 0 there exists C'r > 0 such that

24(t)]2 < Cr (A4)

for every t € [0,1] and for every w € U such that ||u||pz < R. In virtue of Lemma A.2 and the sub-linear
inequalities (2.5)—(2.6), we deduce that for every R > 0 there exists C, > 0 such that

sup |Fy (25,(t))]2 < Ck,  sup sup |F(z)(t))|2 < Ck
6cO 0€O i=1,..k

for every ¢ € [0,1] and for every u € U such that ||u|| 2 < R. Therefore, we have that
o (t)]2 < CR(1+ |u(t)]1) (A.5)

for every t € [0,1], for every 6 € © and for every u € U such that ||u|| 2z < R. Combining (A.5) and (A.4), we
deduce that there exists C% > 0 such that

ol < C
for every 6 € © and for every u € U such that [|u]|r2 < R. The last inequality and Proposition 2.1 imply that
1
129 (t1) — 2% (t2)|2 < Lglts — t2|2

for every t1,t, € [0, 1], for every 6 € © and for every u € U such that ||u||2 < R, where we set Lp := /C}.
This establishes (A.3). O

Before proceeding, we introduce the modulus of continuity of the function zp : ® — R™ defined in (2.7).
Indeed, since xp : © — R"™ is a continuous function defined on a compact domain, it is uniformly continuous,
i.e., there exists a non-decreasing function w: Ry — Ry satisfying 0 = w(0) = lim,_,¢+ w(r) and such that

|20 (61) — z0(01)]2 < w(|61 — b2]2) (A.6)

for every 6,0, € ©.
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Lemma A.4. For every u € U, let X, : [0,1] x © — R™ be the application defined in (2.10) collecting the
trajectories of the ensemble of control systems (2.1). Then, for every R > 0 there exists wr : Ry — Ry such
that, if ||u]|r2 < R, then

| Xu(t, 01) — Xu(t, 02)|2 < wr(|01 — 62]2) (A.7)

for every t € [0,1] and for every 61,02 € ©, where wr is a non-decreasing function that satisfies w(0) =
lim, o+ wgr(r) = 0.

Proof. Recalling (2.10), we compute
[ Xu(t,61) = Xu(t,82)]2 = a7 (1) — 222(1)]2

< \mo(el)*xo(‘92)|2+/ |F§ (a9 (1)) — Fg? (292 (7)) |2 dr
- [ 3 e~ B )

for every t € [0, 1], for every 61,605 € © and for every u € U. Using (2.2) and the Lipschitz-continuity conditions
(2.3)—(2.4), the last expression yields

|28 (t) — 282 (t)]2 < |zo(61) — z0(62)]2
+/0 L1+ [u(r)]1) (12% (7) — 22 (7)o + 161 — 6al) dr
< |ao(61) — wo(6a)]2 + L(1 + VEl[ul[£2)61 — O2]2

t
+ [ L ) () - ate (7)) dr
0
for every t € [0, 1], for every 01,05 € © and for every u € U. Owing to Lemma A.1, from the last inequality we

deduce that (A.7) holds for every ¢ € [0, 1], for every 01,602 € © and for every u € U with ||ul|L2 < R, where the
function wg : Ry — R, is defined as follows:

wgr(r) = L (1+VER) (w(r) + L(1+ \/ER)?") ,

and w: Ry — Ry is a modulus of continuity for the mapping zo : © — R™ (see (A.6)). O

We are now in position of stating the uniform equi-continuity result.

Lemma A.5. For every u € U, let X, : [0,1] x © — R™ be the application defined in (2.10) collecting the
trajectories of the ensemble of control systems (2.1). Then, for every R > 0 there exists Lr > 0 and wg : Ry —
R, such that, if ||u||2 < R, then

| X (t1,01) — Xu(ta,02)]2 < Lrlti — t2|% + wr (|61 — 62]2) (A.8)

for every (t1,01), (t2,62) € [0,1] X ©, where wgr is a non-decreasing function satisfying w(0) = lim, _,g+ wr(r) =
0.

Proof. The thesis (A.8) follows directly from the triangular inequality and from Lemma A.3 and Lemma A.4. 0O
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APPENDIX B. AUXILIARY RESULTS OF SUBSECTION 2.3

Here we establish some auxiliary results concerning the mapping A, defined in (2.19). We use the same
scheme used in Appendix A, and we first show that A, is bounded.

Lemma B.1. Let us assume that the mappings (x,0) — %Fi(xﬂ) are continuous for every i =0,...,k, as
well as the gradient (x,0) — Vga(z,0). For every u € U, let Ay : [0,1] x © — (R™)* be the application defined
in (2.19). Then, for every R > 0 there exists Cr > 0 such that, if ||u||r2 < R, we have

[Ay(t,0)]2 < Chr, (B.1)

for every (t,0) € [0,1] x ©.

Proof. We preliminarily observe that, owing to Lemma A.2 and the continuity of V,a, there exists C', > 0 such
that

sup |V,a(X,(t,0),0)]2 < Cg.
0cO

From the definition of A, : [0,1] x © — (R™)* in (2.19), it follows that

At 0)]2 = N < (D)) + / 872

OR(u().0) | §= . PBEU). O] g,
=i 0

T

ox

<D + / N (P)L(1 + fu(r)]y) dr

for every (¢,0) € [0,1] x ©, where we used (2.3)—(2.4) in the last passage. Finally, combining the previous
inequality with Lemma A.1 and (2.11), we deduce (B.1). O

In the next lemma we show that A, is Holder-continuous in time.
Lemma B.2. Let us assume that the mappings (z,6) — %Fi(:ﬂﬁ) are continuous for every i =0,...,k, as

well as the gradient (x,0) — Va(x,0). For every u € U, let Ay, : [0,1] x © — (R™)* be the application defined
in (2.19). Then, for every R > 0 there exists Lr > 0 such that, if ||u||2 < R, then

|Au(ts,0) — Au(ts,0)]s < Lglt, — t2]? (B.2)

for every t1,ts € [0,1] and for every 6 € ©.

Proof. We recall that by the definition (2.19) we have A,(-,8) = \9(-), for every 6§ € ©, where \? : [0,1] —
(R™)* solves the linear differential equation (2.18). Therefore, we employ the same strategy as in the proof
of Lemma A.3, i.e., we show that there exists a bounded subset of H' that includes the family of curves
{A9:10,1] — (R™)*}geo for every admissible control u € U satisfying ||u|| > < R. From Lemma B.1 it descends
that there exists C'gr > 0 such that

N ()] = |Au(t,0)]2 < Cr (B.3)
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for every t € [0,1] and 6 € ©. On the other hand, we compute

. 6F0 e(t),ﬁ)
X0l < N2 L4 Zul P -

< CrL(1 + [u(t)]1)

for a.e. t € [0,1] and for every § € ©. Hence, combining (B.3)—(B.4) with (2.11) and Proposition 2.1, we deduce
(B.2). O

In the following result we prove the uniform continuity of A, : [0,1] x ©® — (R™)* with respect to the second
variable.

Lemma B.3. Let us assume that the mappings (x,0) — %Fi(x,e) are continuous for every i =0,...,k, as
well as the gradient (x,0) — Vya(x,0). For every u € U, let A, : [0,1] x © — (R™)* be the application defined
n (2.19). Then, for every R > 0 there exists wr : Ry — Ry such that, if ||u||p2 < R, then

|Au(t, 01) — Au(t, 02)|2 < wr([01 — O2]2) (B.5)

for every t € [0,1] and for every 61,02 € ©, where wr is a non-decreasing function that satisfies w(0) =
lim, o+ wgr(r) =0.

Proof. From the definition (2.19) and from (2.18), it follows that

Ru(t.60) = Au(t.82)]2 = 1N (6) — X202
< IVoa(e (1),60) ~ Vaalal (1).62)]2
A (R e

z ox )
- i 1’91 T X .’E92 T (BG)
*Zlui(f)\ ‘65;( u&i ),01)  OFi( %i ),02) 2) “
1 & ] 1
[ ) - el | PR 5y PEEELO o

for every ¢ € [0,1] and for every 67,65 € O. In virtue of Lemma A.2, there exists a compact set Kr C R™ such
that the image X,([0,1],0) C Kg for every u € U with ||u||z2 < R. The continuity assumptions guarantee
that (x,60) — %Fi(m,ﬁ) for i =0,...,k and (x,0) — Vga(x, ) are uniformly continuous when restricted to
Kpr x ©. Moreover, in virtue of Lemma A.4, we deduce that the applications defined as 6 — a%Fi(Xu(t, 0),6)
fori=0,...,k and 0 — V,a(X,(1,0),0) are uniformly equi-continuous for every choice of t € [0,1] and v € U
with [|u||f2 < R. Let w} : Ry — Ry be a modulus of continuity for all these functions. Hence, using Lemma B.1,
from (B.6) we obtain that there exists Cr > 0 such that

[Au(t,01) = Au(t,b2)]2 = N7 () = N2 (t)]2
< Wr(l01 = O2]2) + Cr(1 + [Jul| L1 )wk (161 — 02]2)

1
+CR/ IO () = A2 (7 <1+Z|uz )dT
t
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for every t € [0,1], for every 61,02 € © and for every u € U with ||u||f2 < R. Then, the thesis (B.5) follows
directly from Lemma A.1. O

Finally, the next results proves the uniform continuity of A,,.

Lemma B.4. Let us assume that the mappings (x,0) — %Fi(xﬁ) are continuous for every i =0,...,k, as
well as the gradient (x,0) — Vya(z,0). For every u € U, let Ay : [0,1] x © — (R™)* be the application defined
in (2.19). Then, for every R > 0 there exists Lr > 0 and wg : Ry — Ry such that, if ||u||pz < R, then

|Au(ty,61) — Au(ta, 02)|2 < Lilty — ta]? + wr(|61 — 6a2) (B.7)

for every (t1,61), (t2,02) € [0,1] x ©, where wg is a non-decreasing function satisfying w(0) = lim, o+ wr(r) =
0.

Proof. The thesis (B.7) follows directly from the triangular inequality and from Lemma B.2 and Lemma B.3. 0
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