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Abstract

With the expected launch of LISA in 2035, gravitational waves in the millihertz band
will be detected. One of the most promising avenue which will be opened is the study of
the astrophysical environment surrounding massive black holes and stellar-mass compact
objects through the wave signal alone. Given the complexity and the many possible
physical cases resulting in the interplay between matter and black hole binaries, it is of
the utmost importance to develop pipelines and formalisms that are able to correctly
capture the presence of an environment in an agnostic way, and to minimize any possible
bias coming from the neglect of these additional physical properties. This thesis works in
this direction, mainly focusing on two classes of sources in this band: extreme mass ratio
inspirals, which are the most promising sources for the detection of beyond-GR physics,
and massive black hole binaries. In the first case, we did a systematic study through
the injection of realistic signals, in which the environmental contribution is generated
through numerical simulations including stochastic features, against agnostic templates.
We found that little to no systematics is present even with the simple agnostic templates.
In a similar direction we also developed a consistency test for long lived signals able to
detect missing physical properties. In the massive black hole binary case, instead, we
performed a population study on different scenarios, and we assessed the ability of LISA
to measure deviations coming from the astrophysical environment. We also assessed
LISA’s ability to distinguish between a modified GR and an environment injection for
a full population catalogue, finding that the most preferred population description is
always the vacuum one.
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1 Gravitational Waves

This chapter provides an introduction to the physical framework of gravitational waves
(GW). In Section 1.1, we describe a toy model for the formation, deformation, and
propagation of gravitational waves in simple astrophysical sources. In Section 1.2, we
provide an overview of the inspiral-merger-ringdown framework that governs gravitational
wave signal evolution. We sketch the different approximants and techniques used to
generate waveforms and construct templates for data analysis. In Section 1.3, we describe
the experimental methodology employed in gravitational wave detection. This includes
the physics underlying gravitational wave detection through laser interferometry, the
characteristic response imprinted by gravitational wave signals, and the design principles
of gravitational wave interferometers. We conclude with a brief overview of current and
upcoming experiments.

1.1 Linearized Theory of Gravity

1.1.1 Gravitational Waves propagation in Vacuum

The interplay between gravity and matter in general relativity is well described by the
Einstein equation [106]:

Rµν − 1
2gµνR = 8πTµν (1.1)

where Rµν is the Ricci tensor and R = Rµνgµν is the Ricci scalar, which describe the
structure of the spacetime manifold. The right-hand side contains the energy-momentum
tensor Tµν , which encodes the presence and motion of matter and energy. The underlying
theory is highly nonlinear, as evident from the definition of the Ricci tensor in terms
of second derivatives of the metric. While the full theory is extremely complex, in
most astrophysical applications, linearized approximations are sufficient to describe the
observed physical phenomena.

We expand Equation (1.1) around vacuum as gµν → ηµν + hµν , where ηµν is the
Minkowski metric and hµν encodes the perturbation to the spacetime. Discarding terms
of order O(h2), the left-hand side takes the following form:

1
2(∂λ∂νhλ

µ + ∂λ∂µhνλ − □hµν − ∂µ∂νhλ
λ − ηµν∂λ∂ρhλρ + ηµν□hλ

λ) (1.2)

General relativity is a diffeomorphism invariant theory, meaning it is invariant under
coordinate transformations. At linear order, the effect of a coordinate transformation
xµ → xµ + ξµ(x) is given by hµν → hµν − ∂µξν − ∂νξµ. It is common to exploit
this freedom and work in a specific gauge. In this specific case the theory is greatly
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simplified by the choice of a Lorenz gauge with respect to the trace reversed metric tensor
h̄µν = hµν − 1

2ηµνhλ
λ:

∂µh̄µν = 0 (1.3)

Inserting it in 1.2 the only remaining term on the left hand side is the d’alambertian of
the trace reversed metric perturbation tensor:

−1
2□h̄µν = 8πTµν (1.4)

Moreover applying the gauge transformation to the gauge condition itself (1.3) we get
a residual condition □ξµ = 0. Before directly solving the full PDE in the presence of
matter we solve it in vacuum to gain an understanding on how the these gauge conditions
act on the propagating waves.

1.1.2 Wave propagation

Setting Tµν = 0 and imposing the real nature of the metric perturbation equation (1.4)
is solved by:

h̄µν = Aµνeıkαxα + c.c ξµ = Bµeıkαxα + c.c (1.5)

where kα is the wave propagation while Aµν is the wave polarization tensor, both of
which are constant. Applying the gauge condition (1.3) to the solution we have that the
polarization tensor is orthogonal to the wave propagation direction so that, assuming
for simplicity that the wave propagates only along the z direction, we have A0µ = −A3µ.
Through a gauge transformation we can then set the A0i components to 0 by choosing a
suitable gauge transformation such that:

A0i → A0i − ık0Bi − ıkiB0 = 0 (1.6)

which, given the transverse condition results in A0µ = −A3µ = 0. This fix does not
exhaust the residual gauge freedom and we are able to also eliminate the trace component
of the polarization tensor:

Aλ
λ → Aλ

λ − 2ıkλBλ = 0 (1.7)

Through the use of these gauge conditions, we have moved from the full ten degrees of
freedom of the symmetric metric tensor to transverse traceless polarization with 2 degrees
of freedom. The choice of transverse-traceless (TT) polarization, also referred as TT gauge,
is not merely a gauge choice; following the argument by Eddington [105] and replicated
by Hughes and Flanagan [113], one can show that in a fully gauge-invariant formulation,
that the only propagating degrees of freedom are indeed the transverse-traceless ones.

1.1.3 Quadrupole Formula

We now consider the interplay of matter in gravitational wave production and we solve
Equation (1.1) using the retarded green function for the d’Alambertian operator. As



discussed before, the only propagating degrees of freedom are the tensor transverse-
traceless ones. While we obtained this result in vacuum, a similar result can be derived
for the Helmholtz decomposition when matter is included [113]. As such we can restrict
ourself to the TT gauge by introducing the projection operator for the spatial component
Pij = δij − ∂i∂j

∇ , so that equation solution is given by:

hTT
ij = 4

∫
d3x′

(
P k

i P l
j − 1

2PijP kl
)

Tkl(t − |x − x′|, x′)
|x − x′|

(1.8)

For astrophysical systems, we can approximate |x − x′| ≃ DL, where DL is the luminosity
distance between the source and the observer. Applying this far-field approximation to
the projector we can move it outside the integral as , we obtain Pij = δij − xixj

D2
L

. Using
energy-momentum conservation in flat space-time ∂µT µν = 0, we express the spatial
components of the energy-momentum tensor as:

Tij = 1
2

(
∂2

t (T00xixj) − ∂k∂l(T klxixj) + 2∂k(Tikxj + Tjkxi)
)

. (1.9)

Substituting this into Equation (1.8), all divergence terms can be expressed as surface
integrals which, assuming Tµν = 0 outside the compact object, leaves:

hTT
ij = 2

r

(
P k

i P l
j − 1

2PijP kl
)

∂2
t

∫
d3x′ T00(t − DL, x′)x′

kx′
l (1.10)

as we see the gravitational wave signal is proportional to the second time derivative of
the mass quadrupole.

We consider now a simple toy model to illustrate the typical gravitational wave emission
from astrophysical sources. Consider two point masses m1 and m2 in a quasi-circular
Keplerian orbit at separation r. Assuming the binary rotation axis coincides with the z
direction and inserting the energy momentum for the point particle system in (1.10), we
see that the metric perturbation is given by:

hij = 4
DL

M2/3µω2/3
s


(1+cos2 ι

2
)

cos 2ωs(t − DL) cos ι sin 2ωs(t − DL) 0
cos ι sin 2ωs(t − DL) −

(1+cos2 ι
2

)
cos 2ωs(t − DL) 0

0 0


(1.11)

where M = m1 + m2 and µ = m1m2
M are the total and reduced mass, ωs =

√
M
r3 is the

orbital frequency, and ι is the angle between the binary orbital plane and the observer’s
line of sight.

The production of gravitational waves causes energy loss from the binary system,
inserting the wave tensor into the Landau-Lifshitz pseudo-tensor [161] we can compute
the energy flux as [204]:

dE

dt
= −32

5
M2µ2ω2

s

r2 (1.12)

As a result, the binary’s orbital separation decreases and the two point masses spiral
inward, gradually drawing closer together.



1.2 Realistic Waveforms: Inspiral Merger Ringdown

The toy model described above is not well suited to provide a full description of astrophys-
ical systems, and it is only used to give insight into the gravitational wave mechanism.
First of all, a series of assumptions were made in the derivation, such as the conservation
of energy-momentum using the Minkowski metric, low velocities, and neglecting the
gravitational potential of the particles, which are not well representative of a realistic
situation. While the formula above is still correct for a low velocity system, as it can be
computed in a more rigorous way taking into consideration the self-gravitation of the
binary [113] giving the same result, in most instances where the gravitational radiation
is detectable the particle velocities are well relativistic.

In waveform modelling two different approximation strategies are used, the PN ex-
pansion and the adiabatic expansion using the self force formalism. In this formalism,
the action of point particle and the Einstein equations are expanded in powers of the
parameter v2

c2 , see [48] for a review, where v is the particle speed. Including higher
PN terms in the action reveals features of binary dynamics completely absent from the
Newtonian quadrupole formula, such as spin-orbit interactions [153].

The computation of the full radiation reaction contribution at different PN orders is
complex and computationally expensive. The current state of the art is the 4.5 PN for
the radiation reaction [49, 50]. For high mass ratio systems, where the PN expansion

−400 −300 −200 −100 0
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+

Figure 1.1: Inspiral-Merger-Ringdown gravitational wave emission. The transitions between
inspiral and merger, and between merger and ringdown, are marked by dotted lines

breaks down, the post-adiabatic expansion is more appropriate [97, 137]. This uses the
framework of perturbation theory and the self-force mechanism as an expansion in the
mass ratio q. The accuracy decreases for comparable-mass systems, but at second-order
self-force, the inspiral phase accurately replicates numerical relativity results for mass
ratios of q = 0.1 [159].

The PN expansion becomes increasingly unreliable as binary separation decreases and
higher-PN terms grow in importance. For high mass ratio systems, the transition from
inspiral to plunge can be studied [43, 44] through post-adiabatic expansions. The merger



stage has not been modelled analytically, but there efforts in the direction of highly
asymmetric binaries [116]. At this stage, the only reliable method is to solve the Einstein
equations directly through numerical relativity. Given the extreme computational cost,
it is impractical to generate solutions dynamically during data analysis. Only a limited
number of simulations can be performed, providing a restricted set of templates [225].

Post-merger, the system enters the ringdown phase, where the remnant black hole radi-
ates away residual perturbations through gravitational waves, asymptotically approaching
equilibrium. The perturbed spacetime is described by a Schrödinger-like PDE [216, 251],
whose solutions at infinity are superpositions of damped sinusoids, known as quasi-normal
modes. By the no-hair theorem, quasi-normal mode frequencies depend only on the Kerr
black hole parameters: mass and spin1. Thus, ringdown analysis and the measurement of
deviations from the expected results, also referred as black hole spectroscopy, represents
one of the most promising stages for testing general relativity [46].

Waveform Approximants For data analysis to succesfully extract information from
data the whole evolution of a binary inspiral merger and ringdown need to be computed
many times in an efficient way. In this context various approximants have been developed.
IMRPhenom waveforms are phenomenological approximants based on PN expansions
with calibration terms obtained from numerical relativity fits. The current most accurate
models are IMRPhenomX [128, 212], which generates waveforms in the frequency domain
with higher modes and eccentricity effects, and IMRPhenomT [107], which generates
waveforms in the time domain. Both of these approximants include description of the
spin precession and for the latter model an eccentric extensions also exists [208].

The effective one-body (EOB) approach is highly successful and accurate. In this
method, the binary is mapped to an effective system of a test particle with reduced mass
µ orbiting a larger black hole of total mass M [56]. The dynamics are governed by an
effective Hamiltonian incorporating modifications to spacetime curvature, while radiation
reaction is added as a non-conservative term. In comparison to the Phenom models
the equation of motion resulting from the hamiltionan for the binary inspiral must be
solved on the fly. Two template families exist: TEOB [13, 192] and SEOB [117, 209], both
of which can probe eccentricity and spin precession. Both the Phenom and EOB models
are calibrated against numerical relativity simulations to increase their accuracy in the
inspiral phase and in the merger-ringdown phase.

Fully numerical relativity-based templates have been implemented as NRSur (Numerical
Relativity Surrogates) [265]. These consist of interpolated waveforms spanning the
full inspiral-merger-ringdown evolution from complete numerical simulations. Given
computational cost, the regions of parameter space in which these surrogates are valid is
limited by the number of available orbits and cannot probe early inspiral stages. Despite
these limitations, for LIGO data analysis of equal-mass binaries, high-mass stellar-mass
black hole systems, and comparable-mass mergers, these surrogates represent the most
accurate models currently available.

1Electric charge is expected to be negligible for astrophysical black holes



For strongly asymmetric sources these waveforms models which are genereally based on
PN expansions are not well equipped. While it has been shown that the EOB model can
be well equipped for intermediate mass ratio inspirals [14] the most efficient approximant
for EMRIs is FastEMRIWaveforms [69, 72, 147, 237]. This approximant can generate
equatorial eccentric inspirals with relativistic waveforms and generic orbits with the
Augmented Analytic Kludge method [73]. Extensions with spherical precessing inspirals
and highly eccentric inspirals are being tested for the fully relativistic models with generic
inspirals in development.

1.3 Gravitational Waves Detectors

1.3.1 Gravitational Wave Strain and Detection Principle

We consider spacetime perturbations in the transverse-traceless (TT) gauge and compute
the geodesic deviation induced by the perturbation. Using Eq. (1.11), the typical
perturbation scale created by astrophysical compact objects is of order O(10−20 − 10−16).
In the weak-field limit, expressing coordinates as x + ξ, where ξ encodes the gravitational
perturbation, we have:

d2ξi

dt2 = −Ri0j0ξj ≃ 1
2 ḧTT

ij xj , (1.13)

where we neglect terms O(x2/λGW
2), effectively assuming that the wavelength of the

gravitational wave perturbation is much longer than the detector. It is then easy to solve
equation (1.13) and observe that the relative change in length produced by the passage
of gravitational waves is proportional to the gravitational strain itself.

The first technical proposal to directly measure gravitational waves experimentally
was made by Joseph Weber in the 1960s using solid resonant-mass detectors [269, 271].
Equation (1.13) can be interpreted as a force term; when applied to a rigid bar, it induces
oscillatory motion resonating at frequencies nπvs

L , where vs is the sound speed in the bar
material and L is the bar size.

Measuring the small displacements induced by gravitational waves presents significant
technical challenges, particularly since realistic gravitational perturbations are comparable
to thermal noise. Newer resonant-bar detectors were built in the 1980s [180], operating in
the kHz frequency range to detect gravitational wave bursts from supernova explosions.
Despite initial detection claims [270], these experiments did not confirm gravitational
wave detections.

A different class of experiments, which comprises most of the gravitational wave
experiments currently operating on Earth, relies on the use of interferometers. In a
typical Michelson interferometer a laser beam is split between two arms of length L1, L2,
and each beam is reflected back. The change in length induced by the passage of a
gravitational wave is measured through the change in phase of the lasers interference. In
the long-wavelength approximation λGW ≫ L, the phase shift induced by the passage of
the gravitational wave hij can be readily computed as:

∆ϕ = 4πνDijhij (1.14)



where ν is the laser frequency, while the term Dij encodes the detector geometry. As the
frequency of the gravitational wave increases the long-wavelength approximation does not
hold. To relax this approximation, we can compute the actual time needed for the light
beam to cross a given arm, using the full machinery of general relativity. Assuming, for
simplicity, that the gravitational wave is a monochromatic wave h = A cos(ωGWt − ϕ0)
the change in armlength is given by:

δL

L
= 1

2h sinc(ωGWL) (1.15)

the additional sinc term is also known as the detector transfer function. In the long
wavelength approximation this term is equal to 1 so that the phase shift in the detector
coincides with Eq. (1.14), while for ωGW ≫ 1

L the sensitivity decreases as ωGW
−1.Like

bar detectors, the central challenge is the extremely small effect size: to achieve useful
sensitivity for gravitational waves in the Hz frequency range requires interferometer
arms of length O(100 km). At this scale, achieving the required displacement sensitivity
demands extremely sophisticated engineering to suppress seismic noise, thermal noise,
magnetic noise, and to maintain laser and mirror free-fall.

1.3.2 GW Experiments

Currently active gravitational wave experiments include the LIGO-Virgo-KAGRA (LVK)
collaboration and various pulsar timing array (PTA) collaborations.

The LVK collaboration is a joint effort of NSF, the European Space Agency, and
Japanese space agencies, operating four gravitational wave interferometers. Two LIGO
interferometers operate in the United States: one in Livingston, Louisiana, and one in
Hanford, Washington [1]. The Virgo interferometer [10], is located in Cascina, Italy. The
KAGRA interferometer, operated by Japanese agencies [12], is located in Japan.

All employ advanced Michelson interferometer designs with arm lengths of 3-4 kilome-
ters in equal-arm configurations. These lengths are below the theoretical optimum for
detecting astrophysical gravitational waves, since constructing a 100 km-scale detector on
Earth is impractical. Instead, Fabry-Pérot cavities replace the arms, effectively increasing
the arm length by a factor of O(100) [183].

Ground-based detectors lose sensitivity below approximately 1 Hz [223] due to seismic
noise and at high frequencies due to shot noise [114]. Given current size constraints, the
LVK detectors operate within the frequency range of 10-20 Hz to 4000 Hz with a sampling
rate of 16384 samples per second in the last runs [4]. Within this band, primary sources
are stellar-mass black holes [7], binary neutron stars [8], and neutron star-black hole
binaries [9]. Throughout the first four observing runs, the LVK collaboration has detected
approximately 390 events [6], with increasing detection rates reflecting improvements in
detector sensitivity and hardware upgrades.

Pulsar timing arrays provide a complementary gravitational wave detection method
in the low-frequency regime. This approach detects gravitational waves by measuring
timing variations in radio pulses from known pulsars. Observations of millisecond pulsars
enable detection of stochastic quadrupole radiation [126, 133]. Several international



collaborations operate timing arrays with different telescope networks: the European
Pulsar Timing Array (EPTA) [110], the North American Nanohertz Observatory for
Gravitational Waves (NANOGrav) [139], the Indian Pulsar Timing Array (InPTA) joined
in the international pulsar timing array collaboration [134]. From analysis by EPTA and
NANOGrav, a first detection of the gravitational wave background has been claimed [11,
19], along with constraints on ultralight dark matter [233] and the supermassive black
hole population [20].

Updates and improvement to the current detectors have been proposed and discussed.
On the ground based side future detectors include the LIGO India, which will join the
LVK collaboration [164] and the Einstein Telescope [5] and Cosmic Explorer [217] which
are planned to be built in Europe and US respectively. The latter two will improve the
sensitivity to GW in the LVK band by one order of magnitude, allowing for the detection
of thousands of binary mergers [55]. To probe the millihertz frequency range space based
detectors have been proposed: LISA which has been adopted by the European Space
Agency, TianQuin [172] and Taiji [136]. A detailed description of the LISA mission is
given in section 1.4

1.4 LISA

The detection of low-frequency gravitational waves detection is to overcome a significant
technical challenge on Earth. Seismic noise and the order of magnitude increase in detector
arm length make the detection of gravitational waves below 1 Hz almost unfeasible. The
idea to move the interferometer to space as a way to bypass this issue has emerged in
the 1980s. This concept which has become the LISA mission. Throughout the years the
proposal has been changed and improved and, in 2024 it was accepted as an ESA mission
with scheduled launch date in 2035.

The LISA experimental setup consists of three free-flying satellites arranged in a
triangular configuration with arm length of 2.5×106 km, orbiting the Sun in a heliocentric
orbit; see Fig. 1.2 for a graphical representation. The orbital dynamics around the
Sun have been carefully studied to maintain equilibrium and preserve the triangular
configuration throughout the mission duration. The scientific requirements for the LISA
mission require the satellite to be active and measure data for a period of at least 4 yr,
with a possible extended total lifetime of 10 yr, beyond which the ability of the satellite
to maintain the triangular shape is not guaranteed.

For the good success of the LISA mission the laser and detectors must be maintained
in free-fall for years. This capability was demonstrated by the LISA Pathfinder [182]
mission, launched in 2015 with the specific objective of verifying the ability of the LISA
spacecraft to maintain test masses in free-fall. This experiment was an incredible success,
with results exceeding the LISA scientific requirements [23].

An important consideration for the LISA mission is that, due to high costs and
technical engineering requirements, only one LISA interferometer will be deployed. While
proposals for additional gravitational wave detectors such as TianQin and Taiji have been
made. This does not significantly undermine the scientific returns of the LISA mission.



Figure 1.2: Schematic picture of the LISA orbital configuration (not to scale). The barycentre of
the triangular satellite structure follows a heliocentric orbit. The constellation plane
is inclined by 60◦ with respect to the ecliptic plane. Courtesy of the LISA Mission
website.

For ground-based interferometers, multiple detectors are needed to break sky position
degeneracy; however, gravitational wave signals in the mHz band persist for extended
durations—days to months to years—allowing the spacecraft’s orbital motion alone to
break the degeneracy.20

1.4.1 Time Delay Interferometry

The three satellites orbiting the Sun in a triangular constellation are not connected in a
rigid structure and relative changes in arm lengths up to O(10−2) are expected [16, 75].
In a Michelson interferometer the noise component due to laser frequency fluctuations is
proportional to f(L1 − L2), and it cancels out for an equal-arm-length interferometer.
For the laser used in the LISA mission the amplitude of this noise component can
completely overwhelm the astrophysical signals being order of magnitude larger than
the scientific requirement of 10−20/

√
Hz. This makes the use of a standard Michelson

interferometer unfeasible; however, a different experimental setup focused on canceling
the noise fluctuations was proposed [254]: the time delay interferometry. In this setup
rather than making the lasers reflected by mirrors 1 and 2 interfere with each other, the
reflected signals directly interfere with the photodetector; specifically the ray emitted at
the instant t which travels through an arm length of size L gets reflected by the mirror
and interferes with a ray emitted at t + 2L. In this way each arm length produces a
different observable yi in which the fluctuation noise are present as C(t) − C(t + 2L). As
the noise fluctuations are common between the two detectors using the combination of



the single-link data streams:

X = y1(t) − y2(t) − y1(t − 2L2) + y2(t − 2L1) (1.16)

one can get rid of laser fluctuations.
When translating this method to the LISA experiment two important considerations

are necessary. The first obvious issue is that, given the LISA arm length of 2.5 × 106 km
it is impossible for a laser to maintain coherence and bounce back to the original emitter.
This issue is solved by neglecting the mirror altogether and having a laser emitted at
link i towards link j interferes with the laser emitted at link j; thus we have 6 single-link
observables η12, η13, η21, η23, η31, η32 which can then be combined into TDI channels.
The choice of TDI combination is not unique; we refer to [262] for a more accurate
description, and different combination can be used to probe different effects. The natural
choice is given by the Sagnac combination (α, β, γ, ζ), which are four non-independent
combinations [255]; this combination though can be affected significantly by laser failures.
To ensure the operability of LISA during glitches and error in one of the links the
unequal-Michelson combination, also known as XY Z combination is used [255].

The specific framework used to obtain combination were developed in the early 2000s,
increasingly tackling more features of the LISA constellation. The first examples were
TDI 1.0 (or first-generation TDI), which considered the motion of LISA with unequal
arm lengths and TDI 1.5 which also took account of the Sagnac effect. As noted in [81,
228] these methods were not enough to fully cancel out the frequency fluctuations as they
ignored the time dependence on the LISA arm length, and the resulting laser fluctuation
would still be well above the signals generated by gravitational waves, thus requiring the
development of second-generation TDI (or TDI 2.0).

Since the channels X, Y, Z are computed by combining the different single-link re-
sponses ηij , the resulting noise will be correlated between the channels. In the approxi-
mation of equal arm lengths and equal noise; more detail in [214, 243], it is possible to
rotate the covariance matrix and obtain an orthogonal channel combination A, E and T :

An = 1√
2

(Zn − Xn) En = 1√
6

(Xn − 2Yn + Zn) Tn = 1√
3

(Xn + Yn + Zn) (1.17)

where n indicates the TDI generation. The T channel is often neglected in analysis as
it is a null channel in which the gravitational wave signal is suppressed with respect to
noise at low frequencies [178], in which regime LISA can be approximated as a set of 2
independent Michelson interferometers. It has been discussed whether this channel, while
containing little information for most astrophysical sources, may be used as a direct probe
of the constellation noise; however, recent work [191] has shown that a different TDI
combination ξ is better suited. It is important to notice that the orthogonality requires
no arm-flexing; as such when LISA small cross-channel correlations are still present. As
such, while the A, E and T channels are still being used to assess the scientific objectives
of LISA through figures of merit and case studies, in the global fit, either the full X, Y ,
Z Michelson combination or the Sagnac combination α, β, γ, ζ will be used.



1.5 LISA Sources

LISA will be sensitive to gravitational waves in the mHz band and, over its lifetime,
LISA will observe an extremely diverse population of sources. Below is a summary of
the main source classes expected in the LISA band; we highlight key features relevant to
their detection and analysis.

Figure 1.3: Figure taken from the LISA Redbook [75], courtesy of the LISA consortium). LISA
sensitivity curve, compared against gravitational waves signals in the frequency
domain. Solvable galactic binaries are indicated by dots, with the verification binaries
found through EM observations [240], while the combined contribution due to the
unresolved binaries is reported. For MBHBs the dominant track and the accumulated
SNR is reported for four different representative masses. For EMRIs and SOBH
binaries the various tracks are reported.

1.5.1 Galactic Binaries

The most abundant sources in the LISA band are galactic binaries (GBs). This subset
includes binary systems composed of stellar-mass black holes, neutron stars, and white
dwarfs, as well as ultra-compact binaries with orbital periods ranging from hours to
minutes. Crucially, the frequency evolution of these sources will not change significantly
during the LISA observation period and most are expected to be quasi-monochromatic;
for sources with frequency f > 3 mHz also the first time derivative of the frequency can
be probed [218]. In these regimes, the dominant effect inducing changes in the binary
separation can be both the radiation reaction or the interaction with the astrophysical
environment; as such the emission frequencies and its first and second derivative will be
treated as independent parameters in the analysis.



Of the estimated 107 galactic binaries emitting in the mHz band [160, 200] only a small
fraction accumulates enough SNR throughout the LISA mission and can thus be resolved.
The remaining sources produce a noise foreground [142]; since the sources are localized
on the galactic plane the amplitude of the foreground depends on the LISA position in
the solar system reference frame [59], thus creating a cyclostationary noise component.

From the study of galactic binaries several information about the shape of the galaxy [53]
and the formation rate of white dwarfs and neutron stars can be probed. Critically
this would require a population analysis combining the information from the resolvable
sources with the background [91, 238, 259].

1.5.2 Massive Black Hole Binaries

The second major source class in the LISA data stream is the merger of comparable-
mass black hole binaries (MBHBs). These systems are expected to merge with masses
ranging from 102–108 M⊙, with the observable portion of the signal varying significantly
across this mass range. For higher-mass sources with M > 104M⊙, the full gravitational
waveform can be observed, including both the inspiral and merger-ringdown phases. Even
in this subset the morphology of the signals can drastically change, as some events will
spend only hours to days in the data stream, while others can spend months or even
years in band. Conversely, for lower-mass systems with total mass below 104M⊙, the
merger occurs outside the LISA band and thus only the inspiral phase can be observed.

Different theoretical models for the formation of supermassive black holes have been
proposed in the literature. The predictions for event rates and mass distributions depend
critically on key assumptions about the initial conditions and growth mechanisms. The
primary factors governing supermassive black hole formation are the seed mass at high
redshift and the accretion growth mechanisms by which these objects acquire mass
throughout cosmic history. By varying these fundamental assumptions, widely different
model predictions can be obtained.

For light seed scenarios, such as Population III seed models, the expected number of
sources can reach hundreds per year, with typical masses generally below 106M⊙ [156];
conversely, heavy seed models predict higher masses and total event rates that can easily
exceed 1000 per year. Additionally the spin configuration of supermassive black holes
depends strongly on the accretion mechanism through which they form. In mergers
occurring in gas-rich environments, such as those involving accretion disks or circumbinary
disks, the spin of the black hole aligns with the orbital angular momentum due to the
Bardeen effect [36]. In contrast, within gas-poor environments, such as dynamical
capture mergers, the spin orientation is expected to be random. Since LISA will be able
to measure spin precession [118, 213], we can expect to distinguish between different
formation channels for supermassive black holes and potentially disentangle formation
mechanisms for subsets of mergers.



1.5.3 Stellar-Origin Binary Black Holes

By observing the mHz gravitational wave band it is possible to probe the early inspiral
stages of stellar-mass black hole binaries (SOBHBs), which are typically observed at
merger by ground-based interferometers in the LVK collaboration [155, 227]. These
sources live in the higher frequency range of the LISA band, between 10−2–10−1 Hz
and can remain in the band for timescales spanning from half a year up to the entire
mission duration. Since these sources are typically extremely faint [190] and we will
likely only detect a fraction of the total population observed by LIGO. Multi-band
observations allow the study of gravitational wave emission across different evolutionary
stages: the early inspiral phase in the LISA band and the merger and ringdown in future
ground-based detectors such as the Einstein Telescope or Cosmic Explorer. This allows
the direct measurements of kick velocity [215], probing of line-of-sight acceleration, and
environmental effects [224, 257]. Moreover a multiband observations allows for precise
measurement of the spin precession [Gerosa:2013laaFarr:2017uvj] and eccentricity at
the early stages of the inspiral [54] which are offer a strong insight into the formation
channel mechanism of stellar mass binaries.

1.5.4 Extreme Mass Ratio Inspirals

Strongly asymmetric binary systems are generally considered separately from MBHBs; in
the LISA band strongly asymmetric configurations can be created as systems composed
of a supermassive black hole and a stellar-mass black hole orbiting the primary. Given
the extension of the possible ranges of the primary these events are classified in the
literature as extreme mass ratio inspirals (EMRIs) for q < 10−4 and intermediate mass
ratio inspirals (IMRIs) for 10−4 < q < 0.1. Additional work has also proposed more
asymmetric events (XMRIs), with q < 10−6 composed of sub-solar-mass objects orbiting
the center of the Milky Way [15]. These sources are expected to spend years in the LISA
band and to complete O(105) cycles while in the strong-gravity regime, allowing the
resolution of the binary’s property with exquisite precision. As such from an extreme
mass ratio inspiral we are able to resolve the properties of the source with exquisite
precision and these sources are the prime candidates for tests of GR.

Similarly, to the MBHB case the event rate of extreme mass-ratio inspirals remains
largely uncertain. Although estimates based on population synthesis models of super-
massive black holes have been proposed [25], the predicted detection rate spans a wide
range, from tens of events per year to no detectable events over the entire mission lifetime
depending on the population model. Two main formation channels have been considered
in the literature. The first is the loss-cone (or dry) formation channel, in which compact
objects are scattered onto highly eccentric orbits around the central supermassive black
hole; this scenario generally predicts an isotropic distribution of orbital inclinations.
Initial estimates of the eccentricity for EMRIs in the loss-cone mechanism predicted
a uniform distribution up to e = 0.2 and a tail for higher eccentricities; recent work
though [176] has shown that extreme eccentricity, up to e = 0.99 while entering the LISA
band, are possible. The second main mechanism is the disk-capture (or wet) formation



channel, in which the secondary object is captured by the accretion disk surrounding
the supermassive black hole [95, 203]. As a consequence of the dissipative interaction
with the disk, these systems are expected to be on nearly equatorial, prograde orbits
with very low eccentricities, possibly approaching quasi-circular configurations. Recent
studies suggest that the importance of the wet formation channel may have been sub-
stantially underestimated in previous event-rate estimates, which considered only the dry
channel [202].

1.5.5 Stochastic Backgrounds

Additionally LISA will be able to detect gravitational wave backgrounds, which are
stochastic in nature, generated uniformly in the universe. Different possible background
sources have been identified either astrophysical in nature, such as the unresolvable
galactic binaries, stellar-origin black hole binaries [24, 162] and EMRIs [206, 211] or
cosmological such as phase transitions, primordial gravitational waves, cosmic strings.

1.5.6 LISA Global Fit Analysis

Based on the populations model of massive black holes we can expect multiple binaries,
both equal mass (MBHBs) or asymmetric (IMRIs/EMRIs) to be present in the data stream
at the same time. Additionally long-lived signals such as galactic binaries, backgrounds
and a fraction of the stellar-origin black hole binaries will be present throughout the LISA
mission. To avoid biases arising from the incorrect subtraction of individual sources all
the signals must be modeled and sampled consistently; as such the dimensionality of the
Bayesian problem grows exponentially with respect to current ground-based detectors
Although different classes of sources are generally expected to be weakly correlated,
this assumption does not necessarily hold for sources belonging to the same class. For
example, two MBHBs merging at the same time, or several galactic binaries emitting
within the same frequency band, can exhibit significant correlations. To address this
high-dimensional inference problem, the method proposed for LISA data analysis is the
global fit approach [80].

Exploiting the approximate independence between different source classes, each class
is analyzed separately, with the inferred signals successively subtracted from the data
stream in an iterative, cyclic procedure, as illustrated in Fig. 1.4

It should also be noted that, unlike ground-based detectors, LISA never observes a
period containing pure instrumental noise; consequently, there is no dedicated noise
calibration phase prior to the analysis. Instead, the noise model must be inferred jointly
with the astrophysical signals as part of the global fit and, at each iteration of the
analysis, the noise parameters are re-estimated and sampled simultaneously with the
source parameters.

The development of the LISA global fit is an ongoing project with various official
pipelines in development: the ETH pipeline [241] Erebor at the Albert Einstein Insti-
tute [148], Gee-moo [92], at CNRS and Glass at NASA [169]. To gradually prepare
for the LISA launch in the 2030s data challenges with increasing complexity are being
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Figure 1.4: A schematic representation of the global fit setup. Each block, represented by a
circle, corresponds to a different block of sources in the LISA data stream, and the
arrows indicate the movement from sampling one specific block to another. At each
step, the noise properties of the system — the noise properties of LISA — must be
re-sampled, as indicated by the arrow pointing toward the central blob, representing
the noise properties of the system.



tackled by the different pipelines to ensure that the scientific objectives of LISA will be
met. The current release is Mojito which contains all the expected LISA source classes,
non-rigid arms for the detector and, in its heavy version, data gaps. Future challenges
Long Island Ice Tea and Aunt Roberta will increase the problem complexity, represented
by the cocktail’s alcohol content, by adding noise defects, gaps and increasing the number
of sources bringing them closer to what may realistically be present in LISA.



2 Gravitational Waves Data Analysis

In this section we review the main topics in gravitational waves data analysis. In
section 2.1 we describe the basics of Bayesian Inference and the observables used in
Gravitational Wave Astronomy. In section 2.2 we describe some results in waveform
systematics and in section 2.3 we give a review on Environmental Effects for gravitational
waves.

2.1 Bayesian Inference

In most branches of astrophysics, given the complexity of the data, high dimensionality
of the models and impossibility to replicate an observation, the framework used is
the Bayesian one. The generic objective for parameter estimation is to compute the
probability that, under a specific hypothesis H, a set of parameters θ describes the
observed data, this probability p(θ|D, H) is typically referred as posterior. To estimate
the posterior distribution, one makes use of Bayes theorem:

p(θ|D, H) = p(D|θ, H)p(θ|H)
p(D|H) (2.1)

On the right-hand side, the term p(D|θ, H) is the likelihood, which measures how well
the model, for fixed parameters θ, replicates the observed data. The term p(θ|H) is the
prior distribution, which encodes information that we have based on the model itself
regardless of the observed data. The choice of a correct prior is a subtle point of the
utmost importance, as a different prior can bring significant differences in the inferred
properties and conclusion of an analysis. Lastly the probability that the data itself
is represented by the hypothesis p(D|H), can be computed by marginalizing over the
parameters θ:

p(D|H) =
∫

dθ p(D|θ, H)p(θ| H). (2.2)

As we are ignorant of the specific mechanism generating the data, we may have multiple
different competing hypotheses which more or less describe the phenomena, and we need
a metric for selecting a preferred model. An important aspect of model selection is
assessing how well a model reproduces the observed data while avoiding unnecessary
complexity as one may incur an overfitting problem. A classic example is fitting N
data points with a polynomial of degree N − 1. Such a model will always provide an
excellent fit to the available data, but it may capture features that are merely statistical
fluctuations rather than genuine properties of the underlying physical system. For this
reason, model selection must take into account the principle of Occam’s razor, namely,
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given two models that explain the data with comparable accuracy, the one with fewer
free parameters should be preferred.

In the Bayesian framework, model comparison is typically performed using either the
posterior odds ratio or the Bayes factor. Since Bayesian inference assigns probabilities
to hypotheses, models can only be compared relative to one another, Specifically, one
compares the probability of the observed data under hypothesis A versus the probability
of the same data under hypothesis B. This ratio is given by obtain the ratio of the
probability of two different hypotheses as:

O12 = p(H1|D)
p(H2|D) = p(D|H1)p(H1)

p(D|H2)p(H2) = p(H1)
p(H2)B12 (2.3)

where O12 is known as the odds ratio, while the ratio of the evidences B12 is known
as the Bayes factor while p(Hi) is the prior probability of the hypothesis itself. An
odds ratio above 1 indicates that H1 is the preferred one, while the opposite is true for
0 < O12 < 1. Assigning a probability to the model is non-trivial so in most cases the
different hypotheses are considered equally likely, and, rather than using the odds-ratio
the comparison is done directly through the Bayes factor. An important feature of
this quantity is that the Occam penalty is naturally incorporated into the evidence
integral. Adding additional parameters increases the volume of the parameter space, and
unless these parameters are supported by the data, the evidence is diluted, automatically
penalizing more complex models. However, this argument hides an important subtlety:
the evidence depends on the choice of the prior distribution. If the prior volume is chosen
to be excessively large compared with the region occupied by the posterior distribution,
the evidence can be artificially suppressed, making a model appear less favorable than it
actually is. Conversely, an overly restrictive prior may artificially increase the evidence;
careful and physically motivated prior choices are essential when performing Bayesian
model comparison.

A practical indication of the preference is given by Jeffreys’ scale [138]:

• 0 < log10 O12 < 1
2 : Both hypotheses are effectively valid

• 1
2 < log10 O12 < 1: Substantial preference for H1

• 1 < log10 O12 < 3
2 : Strong preference for H1

• 3
2 < log10 O12 < 2: Very strong preference for H1

• log10 O12 > 2: Decisive preference for H1

and vice-versa for a negative odds-ratio it translates to the preference for the hypothesis
H2.

2.1.1 Gravitational wave Observables

In this subsection we offer a quick description of the metrics for event detection commonly
used in gravitational wave experiments; while the focus of this work is on LISA these
concepts can be promptly applied to current and future ground-based detectors.



The presence of noise in any experiment is inevitable, specifically, in gravitational
wave experiments, the amplitude of the noise in a datastream is expected, for realistic
astrophysical signals, to be comparable to, or significantly bigger than, the amplitude
of the gravitational wave signal. Nevertheless, it is still possible to obtain information
on the gravitational wave if we have an adequate template of the gravitational wave
signal, through the matched filtering procedure. We refer to [57, 174] for a more detailed
description. For this procedure, we define an inner product that given a data stream d
containing a signal h and a noise component n, based on the Weiner filter [84, 261] which
maximizes the signal to noise ratio. For a signal in time domain the inner product is
defined as:

⟨a|b⟩ =
∑
ij

∫∫
dtdt′ ai(t)C−1

ij (t, t′)bj(t′) (2.4)

where the indices i, j indicate the detector channels and Cij(t, t′) is the noise covariance
matrix estimated as the ensemble average of the instrument noise. When the noise is
stationary the matrix C takes a Toeplitz structure, so that C(t, t′) = ACF(|t − t′|) where
ACF is the autocorrelation function of the noise. Moving to frequency domain the fourier
transform of the covariance matrix is diagonal, so that in the Fourier domain the inner
product (2.4) can be expressed as:

⟨a|b⟩ = 4
∑
ij

Re
∫ +∞

0
df

ã∗
i (f)b̃j(f)
Sij(f) (2.5)

where Sij is the one-sided noise power spectral density (PSD). As discussed before this
approximation does not hold for the LISA mission, as the noise will present non-stationary
features due to the unresolved galactic binary foreground; still the approximation can
be used to assess its ability to fulfill the scientific objectives. In this work we never
considered the non-stationary contribution of the noise; as such when referring to the
inner product throughout this work we specifically refer to Eq. (2.5).

The optimal SNR is defined as the square root of the noise-weighted inner product of
a template with itself:

ρopt =
√

⟨h|h⟩ (2.6)
Realistically we never have access to a clean signal from the detector, and to infer the
signal which is actually extracted from the datastream we use the detected SNR:

ρdet = ⟨d|h⟩√
⟨h|h⟩

, (2.7)

This is also known as the optimal (matched-filter) statistic; it should be noted that this
metric is invariant with respect to the distance used in the template, indeed this parameter
is generally used in the search phase, as maximizing over the template parameters yields
the best-fitting template for a given event. In the analysis of coalescing binaries the
common choice is the Gaussian likelihood:

p(d|θ) = exp
(

− 1
2 ⟨d − h|d − h⟩

)√
det 2πSij (2.8)



also known as the Whittle likelihood; sometimes in the literature the normalizing term√
det 2πSij is often neglected, as they refer to analysis in which the noise is known and

thus the term is constant throughout the parameter space. Additional and more flexible
likelihood models have been proposed, such as heavy-tailed likelihoods [144, 222] as a
way to handle the presence of glitches and other unexpected features in the data.

It is then easy to see that, since the likelihood is peaked around the true value, the Bayes
factor between pure noise hypothesis and transient signal hypothesis is approximately
∝ e−ρdet

2/2. Indeed, the ρdet is often used as the optimal detection statistic, and is used
as an indicator of the significance of a given signal for transient events. Depending on the
kind of source and the experiment, the threshold used to claim a detection can change
based on the specific experiment’s false alarm rate. In LIGO, typically for transient
sources, the detection threshold is ρ = 8, a similar threshold is used for MBHBs in space
based interferometers. For other long-lived sources, the choice of threshold differs: for
example, for galactic binaries the usual choice is typically between 5 and 7 [75], while for
EMRIs the typical threshold is around 20 [25].

A further set of quantities, not commonly employed in the analysis of real data but
widely used in waveform modeling and in the study of systematics, are the match and
the mismatch. The match, also known as overlap, measures the similarity between two
templates, normalized by their respective amplitudes, and is given by:

O(h1, h2) = ⟨h1|h2⟩√
⟨h1|h1⟩ ⟨h2|h2⟩

. (2.9)

We can promptly notice that this is the cosine of the angle between the two signals1. By
construction it lies between −1 and +1: a match of 1 indicates that the two waveforms
are identical (same template at different distances), a match of −1 indicates they are
perfectly anti-phased, and a match of 0 indicates they are orthogonal. Since the interest
in systematics is to minimize the signal left in the datastream rather than the match it
is often reported the mismatch:

M = 1 − O (2.10)

which is often minimized over the phase and the time of merger, since as these parameters
correspond to translations in time and phase and do not include any information on
the underlying physics. The mismatch is itself a quasi-indicator of how well a template
represents a given data stream. This can be shown by taking Eq. (2.8) and, assuming
⟨h1|h1⟩ ∼ ⟨h2|h2⟩ evaluating it in the noise-free limit to have that log p(θ|D) ≃ −ρ2

detM.

2.1.2 Methods

Computing the values of the likelihood and posterior distributions directly becomes
impractical for many physical problems and the only way to infer the posteriors is
through the use of stochastic sampling methods. The standard approach is Markov
Chain Monte Carlo (MCMC), in which a chain is initialized and propagates through

1Both signals here are considered noiseless



parameter space based on posterior values. A typical implementation is the Metropolis-
Hastings algorithm [129] in which a proposed jump is accepted or rejected based on
the ratio of posterior values at the two locations. MCMC is a powerful method, but it
encounters difficulties with multimodal posteriors which are common in gravitational wave
astronomy, to address these issues, parallel tempering has been developed for MCMC.
In this approach, multiple chains run at different temperatures, effectively sampling
smoothed versions of the posterior at higher temperatures. Swaps between chains are
allowed, enabling efficient exploration of complex posterior landscapes.

Computing the Bayesian evidence from MCMC samples for model comparison is
challenging and subject to high computational uncertainty. Various augmentations and
post-processing techniques have been proposed, such as thermodynamic integration [61],
which uses the temperature ladder to sample the full posterior shape, reversible jump
MCMC (RJMCMC), which allows the sampling chain to jump between different models.
Lastly, machine learning methods such as flow-matching can be used to directly compute
the evidence from posterior samples [239].

A completely different method fully dedicated to evidence computation is nested
sampling [231], in which random points are generated in parameter space to compute
the volume enclosed by hypersurfaces of fixed likelihood values. This allows to compute
a Lebesgue integral which gives as a result the evidence with the posterior samples
produced as a byproduct. Nested sampling is extremely effective and robust against
multimodal posteriors and has been used extensively in gravitational wave astronomy
with LIGO, however, it can become computationally expensive and is known to scale
poorly with higher dimensionality.

In recent years, significant attention has been devoted to likelihood-free inference
methods, such as simulation-based inference (SBI). In this approach, a neural network is
trained on examples of noise and template realizations to learn to compute posteriors
directly from data. Different implementations of amortized methods have been proposed
for the LVK collaboration [90, 219, 234], both of which require extensive training time but
are able to produce posterior samples in seconds, being extremely effective for long-lived
signals such as binary neutron stars [89]. Alternatively, a network can be trained to
solve a single-event, similar to standard MCMC and nested sampling methods,through
sequential and dynamic SBI. In these approaches, the network is trained to match a
specific event, zooming in on the posterior structure. Compared to traditional methods,
sequential SBI can require significantly fewer waveform computations [47] to produce a
posterior.

2.2 Gravitational Wave Systematics

The quality and success of parameter inference is strongly correlated with the quality
of the templates used in the analysis. The choice of inaccurate templates, either due to
some missing physics or mischaracterization of the source properties can result in biased
estimation.

It should be noted that a small presence of systematics when inferring gravitational



wave signals is inevitable as the commonly used gravitational wave models are set up
in perturbative expansions whose truncation order is selected based on the expected
detector sensitivity. Additionally any analysis is limited by the quality of the numerical
implementation such as interpolation errors in the coomputation of the binaries trajec-
tory [150]. In this context even numerical relativity surrogates which are in principle
including the full GR picture are susceptible to systematics.

The effect of missing features can be quantified, for small template deviation, by Taylor
expanding the likelihood function around the injection point. Then the expected shift in
the maximum likelihood point is given by the Cutler-Vallisneri [86] formula:

δθi = Γ−1
ij ⟨d − h(θ)|∂jh(θ)⟩ (2.11)

where Γij is the Fisher matrix:

Γij = ⟨∂ih(θ)|∂jh(θ)⟩ (2.12)

computed at the injection point. The Cutler-Vallisneri formula itself is not a perfect
indicator as, similar to the Fisher matrix, it is a linear approximation of the full underlying
Bayesian posterior and it breaks down for dephasing above one radian. A different metric
used to assess the quality of the template against a fiducial waveform model is the
mismatch (2.10). Close to the maximum likelihood point the logarithm of a gaussian
likelihood follows a χ2

D distribution with D being the number of free parameters in the
template. It is then easy to map the mismatch to the confidence interval with which
the two waveforms are in agreement. A standard criterion used in the literature which
derives from this simple computation is the Lindblom criterion [167]:

M <
D

2ρ2 (2.13)

which is obtained using the approximation M ≃ log p(θ|D)
ρdet2 and requiring that, for a given

signal the true values lies well within the posterior. The agreement between two templates
strongly depends on the SNR; for fainter signals systematical effects can be significantly
less important than the statistical error while for louder signals increased precision is
needed.

2.2.1 Systematics from Waveform Modeling in LISA

Here we give a quick review on the status of waveform systematics for pure GR binaries;
throughout the years various of these works have assessed the relevance of neglecting
different effects in the analysis. Various of these work have become superseded as through
their contribution waveform models have become more accurate. We mainly focus here
on works which are more pertinent for the development of waveform models for the next
generation of detectors.

Most works have been focused on comparable-mass black hole binaries, as these kind of
events are the main observable in both present and future detectors. Recent works have



highlighted the importance of the use of higher modes in space-based interferometers.
An extensive analysis has been brought up for the mode component in the ringdown
analysis [63], estimating the minimum number of ringdown modes to obtain an unbiased
estimation of the mode amplitudes throughout the LISA parameter space. A similar work
has studied the higher-mode contribution for full inspiral merger ringdown waveforms.
In the current LIGO observations, where the main contribution of higher modes is the
breaking of distance-inclination degeneracy [168], while in LISA, given the higher SNR
for massive black hole binaries, the neglection of higher modes can result in strong bias
in both intrinsic and extrinsic parameters, still the current mode content in IMR and
EOB waveform models may be insufficient for unbiased estimations [275, 276].

Additional bias may arise in the waveform calibration stage. Waveform models are
calibrated against a set of numerical relativity simulations to improve their accuracy.
This calibration though is limited by the small number of available waveform due to
the high computational cose. Hence the calibration coefficients may induce systematical
error for waveforms which do not coincide or are far enough from the numerical relativity
simulations. The use of Gaussian regression models to compensate for the statistical errors
in the calibration stage have been proposed [188, 189, 210]. It has also been proposed
that error in these calibration may result in false claim of modified GR detection; this
has been tested for ground-based detectors in which case though the necessary SNR to
include biases is generally above what expected for LIGO and ET [185].

In asymmetric binaries the study of systematics is an extremely active field, especially
since the release of the first fully relativistic fast waveform templates with FEW [68, 146].
Various avenue of systematic errors are present in these waveform models, neglecting
the contribution to the radiation reaction fluxes at high l can induce biases for highly
spinning primaries [150], moreover the current accuracy in modeling 0 post-adiabatic
or first-order self-force, is not accurate enough for intermediate mass ratio inspirals [39,
58]. Specifically at adiabatic order the spin of the secondary does not contribute to the
inspiral dynamics and it enters at higher post-adiabatic order. The importance of the
spin contribution has been shown to be negligible for low mass ratios and equatiorial
orbits [58], while for spherical orbits the mismatch between a template including the spin
contribution and one can reach values of 0.8 for polar orbits [232].

2.2.2 Systematics from Unmodelled physics

Other sources of systematics come from unexpected features of the system that are
generally not accounted for, such as the presence of modified gravity or environmental
effects. Such features can result in biases in parameter estimation.

Deviations from general relativity in modified gravity theories have been extensively
studied in the literature. Different works have highlighted possible contributions at
different evolutionary stages of binary mergers.

In the inspiral stage, a classification method has been introduced [244, 278] as a
way to parameterize deviations from general relativity within a single model-agnostic
framework, considering only the dominant correction. This assumption is valid as long
as secondary corrections are negligible with respect to the leading-order terms. Studies



including higher-order corrections show improved results. This method, known as the
parametrized post-Einsteinian (ppE) formalism, maps a given deviation effect to a
specific post-Newtonian correction applied to either the amplitude or the phase of the
gravitational wave signal in the inspiral stage:

hppE(f) = hGR(f)
(
1 + αua)

eıβub (2.14)

where u = (πMcf)1/3 and hGR is the pure GR waveform, while the coefficients a, b
encode the ppE order through which can be mapped to specific theories, while α, β encode
the magnitude of the effect acting on the amplitude and the phase respectively. These
two parameters can be used to recover the specific properties of the studied modification.
Since gravitational wave signals are primarily sensitive to variations in the phase rather
than variations in the amplitude, the amplitude modification is often neglected in analysis
and only the phase component is considered. Recent work has also proposed the use of
neural networks to quickly identify both ppE and unmodeled deviations [273, 274].

It should be noted that any test using the ppE formalism is subject to the quality of
the general relativity baseline waveform. The use of incorrect general relativity waveform
assumptions—for example, neglecting spin precession [66], or eccentricity [194, 229] can
result in false claims of modified gravity.

A similar approach, frequently used in LIGO analysis, is the est Infrastructure for
General Relativity (TIGER) [163] and the Flexible Theory-Independent (FTI) [184]
framework, in which deviations of the coefficients describing the radiation reaction and
phase evolution at each post-Newtonian order in the gravitational waveform approximant
are measured. While the only applications with real data of these tests have been done
for the LVK collaboration [2, 3] the ability of LISA [207] and ET [45] to assess deviations
through these tests has been studied.

2.3 Environmental Effects on Binary Mergers

The discussion above, even in the context of modified gravity, only includes modification
to the inspiral trajectory of the binary system due to radiation reaction from gravity. Any
possible additional interaction with other astrophysical sources, has been ignored up to
now. Still, in a realistic physical situation, we may expect the binary system undergoing
merger not to be isolated and taking into consideration the effect of the interaction
of the binary system with its astrophysical environment may be necessary. Typically,
the importance of this effect becomes less relevant close to merger, since the system is
in the strong gravity regime, and the dominant effect is expected to be gravitational
radiation. In general, for most systems in band, we tend to expect that the effect of
interaction with the environment is subdominant with respect to the radiation reaction.
This assumption may not always hold [157]. Nonetheless, it is a good initial assumption
to provide the description of the environmental effects. A good catalog, comparing and
giving a back-of-the-envelope computation on the importance of various classes of effect,
is provided in [31]. Here we intend to give a quick rundown of what we expect will be



the most important environmental effects in future experiments, focusing specifically on
the latest developments.

In a gaseous environment particles are expected to fall into the black hole through
accretion. This can be easily modeled as a time-dependent mass term inside the waveform,
as computed by Caputo, entering as a −4PN effect, in which the contribution to the
dephasing at leading order is extremely subdominant with respect to other effects. This
is typically because the accretion timescale is given by the Salpeter time, and we can
take the LISA observation time to be much shorter than the accretion timescale. In
this regime, the effect of accretion is typically very faint: the waveform deviation it
produces is typically small, as the change in mass needs to be significant for its effect to
be measurable. The change in mass induced by accretion needs to be comparable to or
larger than the statistical uncertainty on the total mass of the system. The measurability
of accretion has been studied both in the LISA band and the LVK band, for stellar-mass
black holes, and in the LISA band, for supermassive black holes. In the former case, there
is the possibility of unveiling the modification to the inspiral due to accretion, thanks to
multiband observations, while in the latter case, only the ability to infer the accretion
rate is still open to discussion. From current observations on the LVK collaborations the
constraints obtained on the time-dependent Newton constants [280] can be promptly
mapped to constraints on the accretion rate for these events are well above what is
realistic astrophysical values.

The motion of the black hole in the gaseous environment induces a gravitational
wake which, interacting back with the black hole itself result in a force term known as
dynamical friction [67]. The initial computation, carried out by Chandrasekhar, was used
in the context of Newtonian calculations, and additional work has since improved the
accuracy, going beyond the Newtonian limit up to post-Newtonian order and relativistic
order [34, 242] for circular orbits [154, 201] and eccentric orbits with mutual wakes [108].
For dynamical friction to take place, the black hole must not completely disrupt the
gas structure, in this context, the typical binaries affected by dynamical friction are not
SMBHs, which would disrupt the gas environment, but rather SOBHs binaries embedded
in AGN disks.

In the LISA band the imprint left by gas is strong enough to be detected for Stellar origin
black holes merging in a migration trap [257], with the precision on the measurement of
the environment properties greatly improving with a multi-band observation. While only a
small fraction of SOBHs binaries will be detectable by LISA the effect of dynamical friction
can still be observed through the background produced by non resolvable binaries [71].
These analyses have been also done for ground based detectors with current experiments
requiring gas densities ρ ≥ 10 g/cm3 for current detectors and ρ ≥ 10−3 g/cm3 for
future ground based detectors such as ET and CE [62]. When increasing the mass
of the binaries and moving toward the massive black hole binary case, many of the
computations performed here can still be used, at least as an order-of-magnitude estimate.
The physical configuration of the system, however, is extremely different, since the binary
is not enveloped in a gaseous environment, but is instead surrounded by a circumbinary
disk, whose structure is strongly influenced by the motion of the binary itself. As such,



order-of-magnitude similarity computations have been carried out [120, 281]. All of
these assumptions need to be validated against full hydrodynamical simulations, whose
computational cost is extremely high. Recently, dynamical computations that include the
gravitational wave reaction are being carried out to describe the early stages of binary
evolution [121, 122].

A specific class of dynamical friction interaction happens when we take into consid-
eration the size of the disk for strongly asymmetric systems. In this case, typically
known as planetary migration, the interaction gets amplified with respect to dynamical
friction, since the wakes get reflected by the disk boundary [123, 247] and, differently
from vanilla dynamical friction in which the dominant effect is −5.5 PN, in planetary
migration it strongly depends on the disk profile. Since this effect is one of the major
topics in chapter 3, it will be discussed in more detail in Section 3.1. The ability of
LISA to resolve the imprint left by planetary migration has been studied in [151, 236] for
Shakura-Sunayev disk, with additional work which has assessed the importance of small
eccentricity in the inference of the disk properties [101]. All of these work are based on
the Newtonian modelling done for planet formation, recently these results have been
extended to the relativistic regime, which is more realistic for the description of binary in
the strong gravity. When the relativistic regime is taken into consideration the exhorted
torque can be at least one order of magnitude bigger with respect to the Newtonian
computation [102, 131, 132], and for louder event these model can infer the disk properties
without the need for additional electromagnetic signals [109]. While the interplay between
spin of the black hole and the gas has been ignored a recent work has considered the
interplay between the gaseous environment and the spin of the secondary in extreme
mass ratio inspiral showing that it can improve the secondary spin reconstruction [103,
171].

This same effect can be computed for generic fluids, the dynamical friction effect has
been studied also for dark matter densities. While typical dark matter haloes are not
expected to leave a big enough imprint, the density can greatly increase in matter spikes
at the center of galaxies [60, 195]. Since the spike is centred on the supermassive black
hole, the case of interest is that of extreme-mass-ratio inspirals. This effect has been
studied extensively, both in the Newtonian and in the relativistic regime [74, 266], while
other have studied the effect of generic boson clouds [104, 151].

Moving away from the presence of gas, an additional interaction with the astrophysical
environment is given by the gravitational interaction between the binary itself and a
third body. Depending on the mass configuration of the three bodies different effect can
take place. For a SOBH binary affected by a massive black hole different configuration
can happen if the binary is merging in a migration trap the line of sight acceleration
can induce significant dephasing [224] and induce Kozai-Lidov oscillation [170, 193]. For
strongly asymmetric system the presence of a far third body can induce resonances in
the binary evolution [125].



3 Stochastic Torques in EMRIs

Most of the work done to assess the ability of future detectors to measure deviations from
GR due to the presence of an environment has usually relied on using the same model
for injection and recovery. However, we do not expect a given model to contain all the
possible physical information, but only to be a simplification of it. Specifically, in realistic
accretion disks, the interaction due to the secondary can easily be stochastic in nature.
In this chapter, we describe the work done in testing the use of agnostic templates for
recovery with realistic disk injections. This chapter is based on Ref. [77], and we use the
same notation used in the original work referring to the binary masses as M1, M2, and the
primary spin as a/M1 The chapter is organized as follows: in Section 3.1, we introduce
disk-driven migration and the torque models used throughout the chapter, in Section 3.2,
we describe the injected signals and the templates used for recovery, in Section 3.3, we
present the results of the parameter estimation and we discuss the astrophysical inference
and its implications.

3.1 Disk driven Migration

The gravitational field generated by a compact object moving in a gaseous environment
produces spiral density perturbations through Lindblad and corotation resonances [123],
resulting in an exchange of angular momentum between the satellite and the disk [124].
This effect produces an inward, or outward, migration of the secondary object, and has
been extensively studied in the context of planetary formation [42, 198].

The case in which the density perturbations do not strongly modify the disk structure
is commonly referred to in the literature as Type I migration. This regime is relevant
when the mass of the satellite is much smaller than the mass of the primary surrounded by
the disk. Under these assumptions, one can neglect any effect due to the radial motion of
the satellite when studying the torque exchange between the disk and the secondary [41].
The torque has been modelled at linear order in 2 and 3-dimensional isothermal disks in
Refs. [124, 248]. In the case of a satellite on a circular orbit migrating in an isothermal
disk, the torque is given by [247]

L̇I = Σ(r)r4Ω2q2M2 (3.1)

where Ω is the angular velocity of the satellite, M is the Mach number of the disk, and
Σ is the unperturbed surface density profile. For realistic disks, we expect additional
coefficients multiplying the linear torque, depending on the temperature and density
gradient [246, 249]. In this work, we ignore those additional terms. This expression
reproduces the results of numerical hydrodynamical simulations [158].
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When considering the migration of more massive objects, it is possible for the torque
exerted by the satellite on the disk to become larger than the viscous torque, which
is responsible for disk spreading [166, pag. 749-835]. The density wave perturbations
launched by the satellite are then able to carve a low density annular region, also known
as gap, around the orbit [165]. In this case, the system is said to be undergoing Type II
(or gap opening) migration.

It should be noted that gap formation alone does not automatically imply that the
system undergoes Type II migration. It is possible for the gap to close too quickly to
provide a significant contribution to the satellite dynamics. The conditions separating
the two regimes depend non-trivially on the disk parameters and the mass ratio of the
system [175]. In more detail, the following conditions are necessary for a system to
undergo type II migration:

• the secondary perturbation pushing away the gas cannot be compensated by it’s
own gravitational attraction and the viscosity of the disk [82];

• the gap formation time must be smaller than the time necessary for the secondary
to cross its horseshoe radius [268];

• the gap formation time must be smaller than the viscous diffusion timescale [120].

While the first condition concerns the gap formation itself, the last two ensure that the
gap is preserved during the migration and is not refilled by viscous diffusion.

There have been numerous numerical studies on planetary evolution in the gap forma-
tion regime [100, 197]. Various empirical approximations describing the torque exchange
have also been proposed, such as the one in Ref. [141],

L̇II = L̇I

1 + 0.04q2M5α−1 (3.2)

where α is the viscosity of the disk. These empirical formulae, however, fail to reproduce
the full non-linear behavior observed in numerical simulations, particularly in the param-
eter space of high-viscosity, geometrically thin disks. The full non-linear contribution
can indeed lead to a sign change in the net exchanged torque [94, 99]. While a fully
satisfactory analytic description has not been put forward yet, a common feature observed
in hydrodynamical simulations is a dampening of the mean torque exerted on the disk
when compared with the Type I equation (3.1).

Moreover, in realistic astrophysical situations, stochastic features are generically ex-
pected in the evolution of proto-planetary systems and in the motion of stellar mass and
intermediate mass black holes in AGN disks. Fluctuations arise both from the influence
of the secondary and from the turbulent nature of the disk. Turbulence becomes even
more important for asymmetric mass ratio systems undergoing Type I migration [40, 196],
where it can give rise to chaotic migration. As the mass ratio grows and the migration
enters the gap-opening regime, the chaotic turbulence contribution becomes instead less
significant [22, 272].



3.2 Injected signals and templates

In this section, we describe the setup used to generate the injection, and the parameter
estimation framework. First, in 3.2.1 we briefly review the simulations of Ref. [93],
and describe how we implement the numerical torque in the injected waveforms. Then,
in 3.2.2 we describe the template family used in the parameter estimation.

3.2.1 Injection

Our review of Type II migration suggests that, to obtain a realistic estimate of the disk
torques, it is necessary to perform fully numerical hydrodynamical simulations. In this
work, we use the numerical results obtained by Derdzinski et al. in [93]. In the latter,
they considered a thin, isothermal Shakura-Sunyaev accretion disk, with constant Mach
number M = (H/r)−1 and constant α-law prescription for the viscosity. Imposing these
conditions in the equations describing the thin disk structure in the Newtonian limit [115],
it follows that the surface density profile is Σ ∝ r−1/2.

The secondary was modeled as a point mass with a smoothed gravitational potential,
which inspirals on quasicircular equatorial orbits under gravitational radiation reaction
(computed using the quadrupole formula). The effect of the environmental torque exerted
on the secondary was neglected in the trajectory evolution. The simulations are scale
invariant with respect to both the total mass of the system and the surface density of
the accretion disk. Because the simulations are two-dimensional, they require that the
smoothing of the secondary potential is of order a scale height of the disk in order to
properly model vertically-integrated forces. Specifically, it is set to be one half of the
disk scale height, as adopted in other studies [179, 247]. For the case of a secondary of
103M⊙, this corresponds to a scale of ∼ 275 Schwarzschild radii1, below which the gas
morphology is not resolved.2.

Here, we instead consider quasicircular and equatorial prograde orbits around a
spinning primary, evolving adiabatically under the effect of GW fluxes [97, 249, 251]
down to the Kerr innermost stable circular orobit (ISCO) [37]. We do not consider the
inspiral-to-plunge and ringdown GW emission, as they contain negligible power for very
asymmetric mass ratio binaries. We rescale the simulations, which were performed in a
scale-free Newtonian setting, so that the disk’s inner edge matches the Kerr ISCO. We
also interpolate the simulation torque in orbital separation r rather than time. This
choice is mainly dictated by the fact that we are using adiabatic GW fluxes, while in
the numerical simulations the inspiral was modeled using only the GW quadrupole flux.
Finally, we add the environmental torque to the GW fluxes and evolve the trajectory
with the FastEMRIWaveform (FEW) package.

We consider three cases associated with the simulations of [93], which vary by mass
ratio and disk viscosity α:

1This corresponds to 0.8
(

r
10M1

Hill radii
2The variability of the torques measured in this study is due to the gas flow outside of this region, and

persists with higher resolution tests [94]
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Figure 3.1: Impact of stochastic torques on the binary evolution. In the top panels we report
the different components responsible for the binary evolution: the torque due to the
GW fluxes (blue) and the disk torque (orange). The red dotted lines represent the
analytic estimate of the linear (Type I) disk torque, Eq. (3.1). Note that, in all cases
studied here, the environmental effect is subleading compared to GW emission. In
the bottom panels, we plot the absolute value of the Fourier transform of the ratio
between the numerical and analytic disk torques.



Case 1 Case 2 Case 3
M1/M⊙ 2.2 × 106 106 2 × 107

q 10−4 10−3 10−3

a/M1 0.9 0.9 0.9
r0/M1 15.10 15.487 15.487

ΦS 1.43 2.30 0.39
θS 1.88 2.85 0.54
ΦK 1.59 1.84 5.67
θK 3.059 0.95 0.04
Φ0 5.45 3.59 2.69

Σ0 (kg/m2) 1.40 × 107 1.8 × 108 4.6 × 107

α 0.01 0.03 0.01
T obs (yr) 4.0 0.2 4.0

M 20.0 20.0 20.0

Table 3.1: Parameters for the three different systems that we consider. Σ0 is the surface density
of the disk at r = 10M .

• Case 1: q = 10−4, α = 0.01,

• Case 2: q = 10−3, α = 0.03,

• Case 3: q = 10−3, α = 0.01 .

In all cases, the Mach number is M = 20. The complete list of our systems’ parameters
is reported in Table 3.1. In all cases, we select the initial separation r0 so that the
secondary plunges within the observation time. We choose a random sky position and
spin orientation, while we choose the distance to set the signal-to-noise ratio (SNR) of
the signals to the values given in the next Section.

To generate the injected waveforms, we use the augmented analytic kludge (AAK)
algorithm [73] implemented in FEW, together with an adiabatic trajectory modified for
the purpose of this work as in [236]. The AAK algorithm is a refinement of the analytic
kludge model [28], which approximates the secondary orbits as Keplerian ellipses, and
calculates the waveform using the Peters-Mathews mode sum approximation [205]. The
AAK algorithm improves the accuracy by using the Kerr orbital frequencies in place of
their Keplerian approximations.

Following Ref. [93], we select Σ0 such that the environmental contribution is subdomi-
nant relative to the GW fluxes. Note that this results in realistic values for the density,
Σ0 ∼ 107 − 108kg/m2 [115]. In Fig. 3.1, in the top panels, we compare the contributions
to the torque arising from the GW fluxes and the environment. As can be seen, the
analytic expression for Type I torques [Eq. (3.1)], represented by a red dashed line, cannot
capture the stochastic behavior of the numerical torque (in orange), which is dominant
for q = 10−3.

Also shown in the bottom panels of Fig. 3.1, is the absolute value of the Fourier
transform of the ratio between the numerical and the analytic disk torques. As can



be seen, the stochastic torques (middle and left panels) have a rather flat spectrum.
The torque for case 1, which shows no stochastic features, has a peak at wavenumber
Mkr ∼ 103, resulting from small oscillations barely visible in the top panel. The low
frequency bump in the left panel is instead due to the torque’s average slow evolution
across the plotted radial range. The lower panel of Fig. 3.1 also shows that the smaller
viscosity in case 3 suppresses the average torque by almost two orders of magnitude
compared to case 2, see the low-frequency end, despite similarities in their stochastic
fluctuations.

Note that for cases 1 and 2, we choose masses M1 = 2.2 × 106 M⊙ and M1 = 106 M⊙
respectively, while for case 3 we consider a more massive primary M1 = 2 × 107 M⊙.
This latter choice allows for enhancing the stochastic torque, which depends linearly on
M1Σ0 [93], while keeping the injected signal marginally within the LISA band. This
enhancement of the stochastic torque is not necessarily unrealistic. Indeed, Ref. [93] can
only simulate disks with Mach numbers M ≃ 30, corresponding to thicker geometries than
realistic AGN disks, for which M can reach ∼ 100. If realistic disk aspect ratios could be
simulated, they could possibly present more pronounced stochastic torque components,
if the trend in the simulation data continues to the regime of highly supersonic flows.
We note that the simulations discussed only consider laminar disks, finding that torque
variability is due to the instabilities in the gas flow around the secondary. Realistic AGN
disks are highly magnetized and turbulent, and this may lead to an additional source of
torque stochasticity [40, 272, 282]. However, more research is needed to investigate this
regime for the AGN IMRI case, in which there is likely an interplay between the nature
of the turbulence, the characteristics of the disk and the BH mass.

3.2.2 Template and Parameter estimation

To perform parameter estimation, we build our templates using the AAK algorithm and
Kerr circular equatorial orbits, supplemented with an environmental torque. For the
latter, we adopt a simple parametric model inspired by the analytic Type I expression (3.1)
[236], i.e. we supplement the GW flux with a power-law term given by

L̇ = L̇GW A

(
r

10M1

)n

. (3.3)

Note that because the torque is normalized to the GW flux L̇GW = −32/5 q(r/M1)−7/2,
the Post-Newtonian (PN) order at which environmental effects appear is given by −n.
For consistency with the reference radius appearing in (3.3), in the following we will
denote by Σ0 the surface density at r = 10M1.

To perform Bayesian parameter estimation, we inject the signal in the parallel tempering
Monte Carlo Markov chain (MCMC) sampler eryn [143]. We use 4 temperatures and
16 walkers, and we stop the sampler only if the chain length is at least 50 times
the mean autocorrelation time evaluated across chains. We sample over the intrinsic
parameters (log M1/M⊙, log M2/M⊙, a/M1, r0/M1,Φϕ0), with a being the primary
spin and r0, Φϕ0 the initial separation and phase for ϕ; the extrinsic parameters (DL,



cos θS , ΦS , cos θK , ΦK), with DL being the luminosity distance, θS , ΦS being the
polar and azimuthal sky position in the Solar System barycenter frame, θK , ΦK being
the polar and azimuthal angle describing the orientation of the primary spin; and the
power-law parameters (A, n). We adopt the standard Gaussian likelihood log L =
−1/2 ∑

X∈(I, II) ⟨sX − hX(λ)|sX − hX(λ)⟩, with s the data in the two LISA data channels
in the long-wavelength approximation [83], and h(λ) the GW template with parameters
λ. The inner product is defined as [84]:

⟨a|b⟩ = 4Re
∫ +∞

0
df

ã∗(f)b̃(f)
Sn(f) , (3.4)

where Sn(f) is LISA’s noise power spectral density (PSD) [250], while the tilde indicates
the Fourier transform.

3.3 Results

In this section, we review the parameter estimation results for the three systems mentioned
above. For all three systems, we will consider n = 4 as the “expected value” of the power
law slope, as predicted by Eq. (3.1) for the disk model of the simulations. To estimate the
“expected value” of the power-law amplitude, we use the torque averaged over the radial
range of the simulations, assuming the expected slope n = 4. This procedure results in a
smaller amplitude than would be predicted by the Type I expression (3.1), by a factor of
∼ 0.28, ∼ −0.22 and ∼ −0.015 for cases 1, 2 and 3, respectively. It was observed in [93]
that in the last two cases the net migration is outward rather than inward, even in the
last stages of the inspiral.

In Fig. 3.2 we show the residual signal left in the data after subtracting the best-fit
template. In all the cases studied, the residual SNR is negligible (≲ 1). As such, it should
not affect significantly the LISA global fit [92, 148, 169, 241].

3.3.1 Case 1 (q = 10−4)

First, we consider the system with mass ratio q = 10−4. Here, the stochastic features
are subdominant relative to the mean contribution, i.e. they can be modeled as small
perturbations to the mean torque, which has approximately power-law radial dependence,
see Fig. 3.1. We set the primary mass to M1 = 2.2 × 106 M⊙, the disk surface density to
Σ0 = 1.40 × 107 kg/m2, so that we expect the power-law amplitude to be A = 2 × 10−5.
Using the parameters indicated in Table 3.1 and an observation time of 4 yr, we fix the
SNR for this event to 100 by setting the luminosity distance to 2.26 Gpc.

We show the posterior distribution of (log M1/M⊙, log M2/M⊙, a/M1, A, n) in Fig. 3.3.
The posterior of the vacuum parameters does not exhibit biases at 90% confidence level.
We also find that the posterior of the power-law parameters is compatible at one σ with
the expected values of A and n.
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3.3.2 Cases 2 and 3 (q = 10−3)

In the systems with mass ratio q = 10−3, the stochastic component dominates over the
mean torque, i.e. the environmental contribution is mainly stochastic. Still, we conjecture
that it is possible to separate the migration torque into a mean evolution, which follows
a power law, and a dominant noise term, which averages to zero.

We look first at case 2, with primary mass 106M⊙ and the remaining intrinsic parame-
ters reported in Table 3.1. Since we are interested in exploring the impact of stochastic
effects on the parameter estimation accuracy, we consider an event of relatively large
SNR=200 with an observation time of 0.2 yr, which corresponds to a luminosity distance
DL = 1.375 Gpc. The duration of this event is significantly shorter than that of typical
EMRIs discussed in the literature. Indeed, this system has larger q and thus larger GW
flux (which is proportional to q), which results in a shorter signal duration. We choose
a disk surface density Σ0 = 1.8 × 108 kg/m2, which leads to an expected power-law
amplitude A = −9.0 × 10−5.

Like in case 1, the posterior of all vacuum parameters, does not exhibit biases. The
parameters of the power-law environmental model are also very well compatible with the
expected vales, see Fig. 3.4.

As a further check, we consider a system with the same parameters, but with environ-
mental torque exactly given by the Type I equation (3.1), rather than by the numerical
simulation. For consistency, we choose the parameters to match the average torque of the
numerical simulation. The posteriors obtained from the numerical and analytic injections
are similar, i.e. we can estimate the parameters with a similar precision. We show this in
Fig. 3.4. We therefore conclude that for a signal undergoing Type II migration, stochastic
features in the orbital evolution are likely unimportant, i.e. one cannot distinguish an
analytic injection from a stochastic one.

For case 3, the average of the numerical torque is two orders of magnitude smaller than
expected from the analytic expression, see Fig. 3.1. Because of this strong suppression of
the mean torque, the environmental effect will only be detectable by LISA for very dense
disks, or for signals with large SNRs and long inspirals in band. To avoid unrealistically
dense disks, we consider a very massive binary with M1 = 2 × 107 M⊙, observed for
4 yr; by requiring an SNR of 100, we set the event at DL = 2.13 Gpc. We choose
an average amplitude of the environmental torque of A = −2.8 × 10−5 by setting
Σ0 = 4.61 × 107 kg/m2; see Table 3.1 for the remaining parameters.

As for the other systems, no significant bias can be observed in the posterior of the
vacuum parameters, shown in Fig. 3.5. Even with our choice of a very massive primary
and dense disk, the best-fit torque amplitude is smaller than the error inferred by the
parameter estimation. Therefore, the posteriors are compatible with vacuum (i.e, the
amplitude A is compatible with zero).

Although denser disks would give larger environmental effects, one must be cautious
because above a certain density threshold the torques may dominate over the gravitational
fluxes in the early inspiral, thus violating one of the assumptions of the simulations
of [93].
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full stochastic torque of case 2, and one in which the environmental torque is given
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90% confidence level.
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Figure 3.5: Posterior of the intrinsic parameters for the case 3 (q = 10−3) injection. We show
the injection values (black) of the masses and the primary spin, and the power law
amplitude and slope estimated from the hydrodynamical simulations used in the
injection [93]. Although the vacuum parameters priors are well reconstructed in this
case, the stochastic features in the environmental torque wash away the power-law
contribution.



3.3.3 Recovery of the Astrophysical environment properties

The parameters of our agnostic model can then be mapped to a specific disk model, to
estimate its properties. This inference of the disk parameters, however, can itself be
biased, as a result of two competing effects: (i) the biased estimation of the torques
amplitude and slope; and/or (ii) the use of the wrong disk model in the inference.

To isolate these two contributions, in this section we will attempt to reconstruct the
disk properties in two ways: (i) from the posteriors for A and n obtained for an injection
featuring stochastic torques, but utilizing a disk model with constant Mach number (as
assumed in the simulations of Ref. [93]); (ii) from the posteriors for A and n obtained
for an injection featuring analytic torques with no stochastic component, but utilizing a
disk model with constant opacity (as assumed e.g. in Ref. [115]). We stress that both
disk models are solutions of the (Newtonian) hydrodynamics equations, and are therefore
both viable theoretical models to use in the reconstruction of the disk’s properties.

The slope of the power-law, n, is related to the disk model, as well as to the nature of
the environmental effects that modify the inspiral trajectory [157]. In all the cases that
we studied, this parameter does not show biases larger than 2σ, implying that the disk
model could be, in principle, accurately constrained. The power-law amplitude A depends
instead, at linear order, on a combination of disk viscosity α and the Eddington fraction
fEdd [236]. However, unless other observations (in addition to the GW ones) are available
to break the degeneracy between α and fEdd, extracting the local properties of the disk
(e.g. its surface density) will be challenging for circular orbits. This degeneracy can be
broken when eccentricity is included, cf. e.g. [101]. Alternatively, one may measure the
Eddington ratio from electromagnetic observations of the host AGN, provided that the
latter can be identified in the sky errorbox returned by GW observations [236] Besides
being degenerate, the relation between A and α, fEdd depends sensitively on the disk
model, which is subject to systematic uncertainties. This relation is especially hard
to model accurately in the Type II regime, as discussed in Sec. 3.1. This can cause
additional biases in the astrophysical inference.

We model the amplitude of the torque assuming a thin isothermal disk with the α
viscosity prescription and assuming negligible radiative cooling. Solving the equilibrium
equations for a Newtonian disk [115], we find that an opacity prescription κ ∝ ρT −1

c

leads to a steady state disk with constant Mach number:

Σ = 1.5 × 106M
4/15
6 α

−11/15
0.01 f

3/5
0.1 r

−1/2
10 kg/m2 (3.5)

H = 4.2 × 108M
13/15
6 f

1/5
0.1 r10 m , (3.6)

where M6 = M1/106M⊙, α0.01 = α/0.01, f0.1 = (fEdd/0.1), r10 = r/10 M1. For constant
opacity κ = 0.22 cm2/g we find instead

Σ = 1.1 × 105M
1/5
6 α

−4/5
0.01 f

38/5
0.1 r

−3/5
10 kg/m2 (3.7)

H = 9.6 × 107M
1/10
6 f

1/5
0.1 r

21/20
10 m (3.8)

As already mentioned, this latter model is slightly different from the one used in the
simulations from which we extracted the torque [93, 94], as the resulting Mach number is
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Figure 3.6: Disk properties inferred from gravitational wave observations for case 1, using two
different disk models. In the left panel, we report the posterior obtained using a
constant Mach number M disk model, matching the one used in the simulations. In
black, we show the true value, obtained from the density Σ0 and radiative efficiency ϵ
used in the simulations and fEdd obtained from Eq. (3.5) (fEdd = 287). Even when
using the correct disk model, we are unable to accurately infer the properties of the
disk due to the stochastic fluctuations in the torque. In the right panel, we repeat
the analysis with a constant opacity κ disk model. While this choice is compatible
with the torque slope inferred from the signal, it does not match the disk model used
in the simulations, thus introducing further a bias.

not constant across the disk, but rather evolves as M ∝ r−1/20, and the expected value
of the power-law slope is n = 22/5 ≃ 4.4 rather than n = 4. However, these values are
still well within the 2σ posteriors, and thus very well compatible with the results of the
analysis.

Based on the GW parameter estimation alone, assuming the analytic torque amplitude
given by Eq. (3.1) and the disk models described above, one can infer the posterior of
Σ0(fEdd/ϵ)−2/7 for the constant Mach number disk model, and Σ0(fEdd/ϵ)−1/3 for the
constant opacity one. We compare the posteriors inferred for case 1 with the values used
in the simulation (α = 0.01 with ϵ = 0.1). The true value of fEdd instead is obtained
from Eq. (3.5).

As one can see in the left panel of Fig. 3.6, for the constant Mach number disk model
the recovered posterior already presents a bias of over two sigmas. This happens because
in our analysis we are unable to confidently distinguish events undergoing stochastic type
II migration from ones undergoing simple Type I migration. For case 2, for example,
we have seen that the posteriors produced by injecting a model undergoing Type I
migration and one undergoing gap-opening migration are not significantly different. Since
the posteriors on A depend, in the stochastic case, on the averaged net torque, for
which an exact relation linking it to the disk properties is unknown, the inference of the
environment properties can result in biases even when knowing the correct disk model.

In the right panel of Fig. 3.6, we also report the disk properties inferred using the
constant κ disk model. We see here that the bias, already present due to the stochastic



features in the torque, is amplified by the choice of the wrong disk model.





4 Consistency Test for Extreme Mass Ratio
Inspirals

Environmental effects are expected to be generally stronger during the early inspiral (i.e.,
at lower frequencies) [31] and are suppressed, in relative terms, closer to the plunge/merger.
If that is the case, the last portion of the signal will be well described by a vacuum
EMRI waveform, while inconsistencies/biases arising from neglecting environmental
effects will build up from the early inspiral. By constructing data segments of increasing
duration, we develop a self-consistency test that compares the vacuum EMRI parameter
posteriors obtained from each segment. When the self-consistency test fails, our method
indicates the presence of missing, unmodeled effects in the vacuum EMRI template. We
apply this test to a fiducial EMRI signal containing an environmental effect (disk-driven
migration), and quantify the significance of the inconsistency in the posteriors from
different observation durations. In our fiducial system, we show that for observations of
more than two years, the presence of an environmental effect can be robustly identified,
irrespective of the noise realization. This chapter is based on [78], we use M for primary
mass, µ for secondary mass, a for the primary spin and r0 as the orbital separation.

4.1 Analysis Setup

We inject such an EMRI signal into the time delay interferometry (TDI) [256] channels
of LISA using fastlisaresponse [145]. Using vacuum EMRI templates, we perform
Bayesian parameter estimation of θ = {log10 M/M⊙, log10 µ/M⊙, a, r0/M , DL/Gpc,
cos θS , ϕS , cos θK , ϕK , Φϕ0}. Note that a is the dimensionless spin of the primary, r0/M
and Φϕ0 are the initial separation and orbital phase, DL/Gpc is the luminosity distance,
θS and ϕS are the azimuthal and longitudinal sky position in the solar system barycenter
frame, and cos θK , ϕK are the primary spin orientation relative to the line of sight.

For the injection, we use vacuum EMRI parameters θinj = {6.0, 1.69897, 0.9, 14.382,

3.16, 0.751, 0.236, 0.555, 0.628, 0.720}, which for a 3 yr observation 1 yields a signal-to-
noise ratio (SNR) of 100 and plunges about 12600 s before the end of the observation
window. We note that this is reasonable SNR based on astrophysical population mod-
els [25, 149, 202, 203]. We use uniform priors on all parameters except the luminosity
distance, for which we use p(DL) ∝ D2

L. Assuming stationary instrumental Gaussian
noise, we write the joint log-likelihood considering only the TDI channels {A, E}. The T
channel is not included in our analysis, as it is an antisymmetric TDI combination and is
thus mostly dominated by noise [178]. We obtain corresponding posterior samples using

1The injection value for r0/M, Φϕ0 are the initial separation and phase corresponding to the 3 yr
observation. These injected values change with the observation window.

45
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Figure 4.1: Two dimensional marginalized posteriors (with contours at 50% and 90% confidence
level) for the primary mass M and spin a, for an injection with disk migration torques
but with vacuum EMRI templates, for different observation durations. Significant
inconsistencies in the posteriors reveal the neglected environmental effect. For
clearness sake we indicate the true value of the parameters with a black cross.

the parallel tempered Markov Chain Monte Carlo sampler implemented in eryn [143].
We use the scirdv1 version of the LISA PSD with second generation TDI [253], to
which we add the confusion noise from unresolved galactic binaries [79]. We also consider
specific Gaussian noise realizations in the injected data, to assess their impact on the
parameter estimation results.

4.2 Inconsistent inference across observation duration.

To perform a self-consistency check of the vacuum EMRI templates, we compare the
parameter posteriors resulting from Bayesian inference, with different signal durations.
Specifically, we consider signal segments with T obs ∈ {0.5, 1, 1.5, 2, 2.5, 3} yr, all ending
at the same time (right after the plunge). Since most of the SNR is in the last part of
the waveform, this ensures that we obtain informative posteriors for the vacuum EMRI
parameters for all observation times. Given the injected EMRI signal with Type-I α-disk
migration torques, we show in Fig. 4.1 the inferred one-dimensional and two-dimensional
marginalized posteriors of the primary mass M and dimensionless spin a, for different
T obs. With increasing T obs, the inferred posteriors become more and more inconsistent.
In more detail, the posteriors obtained with the vacuum EMRI model for T obs = 2 yr show
minimal overlap with those for T obs = 0.5 yr. This reveals the presence of a missing effect
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in the model—disk-driven migration in this example—that has accumulated significantly
between T obs = 0.5 and 2 yr of observation.

To better understand the role of the environmental effect (disk-driven migration) on the
EMRI signal, we compute the resulting orbital dephasing (relative to the vacuum case),
for the same injected vacuum EMRI parameters. In the top panel of Fig. 4.3, we show
the orbital dephasing as a function of both the observation duration and (equivalently)
the orbital separation r0/M . Because the disk-driven migration (in a Type-I α-disk)
considered in our work is a −8PN effect, Fig. 4.3 shows a significant orbital dephasing
≳ 50 rad for a 3 yr observation. Conversely, for a shorter observation of ≲ 1 yr, the
dephasing is ≲ 3 rad, the inference inconsistencies become more significant with longer
observation duration, because the environmental effects are dominant at lower frequencies.

We also report, in the bottom panel of Fig. 4.3, the squared residual SNR corresponding
to the MLE [66, 167, 264], given by ρ2

res ≡ − log L(d|θMLE), which we calculated for
the noiseless injections with migration torques. As expected, for longer observations,
an increasing amount of signal is lost in the analysis, due to the missing physics in the
template. The signal loss is never large enough to prevent detection, but in the context of
the LISA global fit, the residual SNR from many sources may accumulate and potentially
cause biases and/or missed detections [18].

To contrast the role of instrumental noise with that of the environmental effect, we
consider a vacuum EMRI injection with a Gaussian noise realization, and compare it
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Figure 4.3: Top panel shows the orbital dephasing (as a function of duration and orbital separation
r0/M) between a noiseless EMRI with migration torques and the corresponding
vacuum case. For this injection, the bottom panel shows the residual SNR obtained
from the maximum likelihood vacuum EMRI waveform.

with injections featuring disk-driven migration with and without such a noise realiza-
tion. In Fig. 4.2, we compare the resulting one-dimensional marginalized posteriors for
log10 M/M⊙, a from these different injections. When injecting a vacuum EMRI signal, we
observe that the (green) posteriors are statistically self-consistent, with shifts induced by
the noise realization that have no significant trend with observation duration. However,
the (blue) posteriors resulting from the environment-affected EMRI injection without
noise clearly show significant inconsistencies growing with the observation duration. Note
that given the high SNR, the posteriors obtained from this noiseless injection are a good
approximation for the ensemble average (over noise realizations) of the posteriors obtained
with noisy injections [199, 263]. Importantly, we also observe good agreement between
these ‘average’ posteriors and those obtained for en environment-affected EMRI with a
specific noise realization (red). We find that for short observation durations T obs ≤ 1 yr,
the inconsistency due to the missing environmental effect is comparable with the effect
of the instrumental noise realization. For longer observation durations, the inconsistency
is apparent and becomes distinguishable from the effects of the noise realization.

We will now quantify the statistical significance of the inference inconsistency, shown
in Fig. 4.1 and Fig. 4.2, using both a mismatch criterion and a relative systematic bias,
which we describe below. For a given waveform model (including the LISA response)
h(θ), the mismatch M(θ1, θ2) quantifies the distance between two points θ1 and θ2 in
parameter space, with the mismatch M(θ1, θ2). Following [187], the match is maximized
over overall phase and time shifts, which are needed to align the waveforms. When
computing the mismatch across all channels, denoted as Mnet, we sum over each inner
product as discussed in [85].

Using the maximum likelihood estimate (MLE) θMLE,ref obtained with T obs = 0.5 yr



as a reference, we compute the matches (using the vacuum EMRI waveform templates)
to θMLE as obtained from other observation durations. We denote these mismatches by
Mnet,Tobs

≡ Mnet(θMLE,ref, θMLE) for convenience. In each case, to compute the match,
we generate the waveforms using an observation duration of T obs = 0.5, yr, thus ensuring
that their duration matches that of the reference. Based on [26, 66, 70, 112, 167, 258],
we consider the Bayesian inference to be significantly inconsistent when the mismatch
satisfies

Mnet,Tobs
>

χ2
D,90%

2ρ ref2
, (4.1)

with ρref = (∑i ∥hi(θMLE, ref)∥2
i )1/2 being the optimal SNR [85] of the reference waveform,

and χ2
D,90% being the 90% quantile for the chi-square distribution with D = dim(θ)

degrees of freedom. For D = 10, we have ρref = 99 and χ2
D,90% = 16, resulting in threshold

mismatch of 8.3 × 10−4. We also assess the inconsistency in the MLEs by computing the
relative systematic bias as

δθα ≡ |θα
ML, ref − θα

ML|
Σα 90%

, (4.2)

where α is the parameter index, and Σα
90% is the parameter’s 90% credible interval for

the reference case T obs = 0.5yr. With a large mismatch satisfying Eq. (4.1), one would
typically expect significant biases in all parameters, with δθα > 1. However, δθα > 1 for
a particular parameter does not imply that Eq. (4.1) is satisfied. For this reason, we
primarily use Eq. (4.1) as the main quantitative metric to identify inconsistent inferences,
and report the corresponding relative systematic biases for a few key intrinsic parameters
such as log10 M and a.

Table 4.1: Mismatches and systematic biases relative to the reference MLE at T obs = 0.5 yr.
The SNR for 3 yr of observation is 100.

T obs (yr) Mnet,Tobs
δ log10 M/M⊙ δa

1.0 9.0 × 10−5 0.10 0.10
1.5 4.8 × 10−4 1.60 1.60
2.0 1.4 × 10−3 2.58 2.60
2.5 1.6 × 10−3 3.13 3.17
3.0 3.2 × 10−3 3.10 3.14

In Table 4.1, we show the mismatches with the reference MLE computed with Eq. (2.10),
along with the relative systematic biases δ log10 M/M⊙ and δa for each observation
duration. We find that for T obs ≤ 1.5yr, the mismatch is below the threshold (as given
in Eq. 4.1). For a longer duration T obs = 2yr, the mismatch exceeds the threshold,
indicating a significant inconsistency. For T obs ≥ 2.5yr, the inconsistency is so significant
that the probability that it is induced by noise is ≤ 5 × 10−4, which corresponds to
δ log10 M/M⊙ > 3 and δa > 3. Our quantitative analysis with Eqs. (4.1)– (4.2) therefore
confirms the results shown in Fig. 4.1–4.2.



4.3 Further Validation Tests

As a validation of our self-consistency test, we also injected a vacuum EMRI signal with
noise. We considered the same source parameters θinj and observation durations as the
one discussed in section 4.1, and inferred posteriors on θ. The results are reported in
Table 4.2. We see that the mismatch criterion given by (4.1) is always well satisfied.
Note that noise can cause a relative systematic bias δθα > 1 in the one-dimensional
marginalized posteriors, while the mismatch criterion is still satisfied. Indeed, since the
mismatch criterion takes into consideration the whole parameter space, it is a more
reliable diagnostic of the presence of environmental effects than the one-dimensional
posteriors.

We have checked that different noise realizations do not yield statistically different
results for both the vacuum and migration injections. In Table 4.3, we show the
mismatches obtained with Tobs = 2.5 yr and Tobs = 3.0 yr observations against the
reference Tobs = 0.5 yr observation. We considered two different noise realizations
for both the vacuum and migration injections, using the same source parameters as
those described in section 4.1. We find that the mismatches obtained for given Tobs are
comparable across noise realizations, and agree with Tables 4.2 and 4.1. Additionally,
we tested whether an inconsistent inference across observations can be caused by a
slight mismodeling of the noise PSD, instead of a mismodeling of a physical effect. We
considered two vacuum injections in which the PSD used to produce the noise and the
one in the likelihood calculation differ. In the first case we assume that the acceleration
component of the LISA noise curve is underestimated during the global fit. Specifically
we increase the acceleration noise component by 10% in the PSD used in the noise
generation compared to the one used in the data analysis pipeline. In the second case
we consider a slight mismodel in the galactic binaries foreground. Using the empirical
description for unresolved galactic binaries we simulate a situation in which the number
of extracted GBs is overestimated. Specifically we use the empirical fits introduced
in [142] and we use an observation time which is shorter by 2 months in the PSD used for
noise generation compared to the one used for parameter estimation. In both cases no
inconsistency between the posteriors has been found and the mismatch values obtained
were comparable with the ones reported in table 4.3 for different noise realizations. We
therefore conclude that our results are robust to different noise realizations and to noise
mismodeling.

We also explored how our self-consistency test performs for injections containing a
different environmental effect, or corresponding to different source parameters. For the
same source parameters mentioned in the 4.1, which corresponds to an SNR of 100 with
a 3 yr observation, we modified the environmental effect by choosing different values
of n (keeping the relative torque magnitude A fixed). For event A, we set n = 4 (that
contributes at -4PN relative to the GW flux), which corresponds to environmental effects
such as gas accretion and center-of-mass acceleration, or modification to gravity such as a
time dependent Newton’s constant [64, 224, 257, 277, 279]. For events B and C, we chose
n = 5.5 (that contributes at -5.5PN relative to the GW flux), which corresponds to non-



Table 4.2: Mismatches and systematic biases relative to the reference MLE with Tobs = 0.5 yr,
for a vacuum injection with noise.

Tobs (yr) Mnet,Tobs
δ log10 M δa

1.0 5.8 × 10−5 0.07 0.04
1.5 1.5 × 10−4 0.59 0.49
2.0 3.2 × 10−4 0.92 0.76
2.5 6.0 × 10−4 1.16 0.87
3.0 4.8 × 10−4 0.99 0.74

Table 4.3: Mismatch for different noise realizations, for the vacuum and migration injections
described in section 4.1. Note that the vacuum mismatches are always below the
threshold.

Tobs (yr) Vacuum Migration
Noise 1 Noise 2 Noise 1 Noise 2

2.5 4.8 × 10−5 8.7 × 10−5 1.3 × 10−3 1.3 × 10−3

3.0 7.0 × 10−5 5.7 × 10−5 1.0 × 10−3 8.8 × 10−4

relativistic dynamical friction in a uniform collisionless medium [64, 67, 201]. We also chose
different source parameters for event C, setting M = 5 × 105 M⊙, µ = 30 M⊙, a = 0.7,
which yields an SNR of 60 for a 3yr observation. In Tables 4.4 and 4.2, we show the
results of the self-consistency test for each event.

For events A and B, the posteriors become inconsistent with the reference MLE for
Tobs ≥ 2.5 yr, in agreement with the accumulated dephasing relative to the vacuum
template. Moreover, at fixed Tobs, event B exhibits larger mismatches than event A. We
attribute this to the larger dephasing in event B at given Tobs, since the environmental
effect enters at a more negative PN order. For event C, we find that the mismatch
threshold is 2.2×10−3, due to its lower SNR. We observe that event C is fully incompatible
with vacuum at Tobs = 2.0 yr. Also note that for a longer observation time Tobs = 2.5 yr,
the mismatch is comparable to the threshold, and then exceeds it at Tobs = 3.0 yr. Even
though the behavior of the mismatch as a function of Tobs is not strictly monotonic for
event C, unlike for events A and B, the fact that it becomes comparable to and then
exceeds the threshold for Tobs ≥ 2 yr signals an inconsistency due to using the vacuum
template.

Since the main focus of this work is on the detection of unmodeled contribution
coming from the astrophysical environment we considered negative PN modification to
the gravitational fluxes. However, positive PN modifications to the flux can instead arise
due to modified gravity [278]. We consider here a 1PN effect that would correspond
to a propagation effect due to massive gravity [278], in order to contrast against the
systematics of negative PN effects. To see the impact on the self-consistency test due to
neglecting such a 1PN correction, we pick the fiducial values A = 2 × 10−4 and n = −1



Table 4.4: Mismatches, systematic biases relative to the reference MLE at Tobs = 0.5 yr and
dephasing from the vacuum trajectory, for different injections. Events A and B have
the same source parameters as the source in Fig. 4.1, but a different power law for the
environmental torque. Event C has different source parameters (M = 5×105 M⊙, µ =
30 M⊙, a = 0.7, SNR = 60.0) and the same torque as event B.

Event Tobs (yr) Mnet,Tobs δ log10 M/M⊙ δa ∆Φ

A
2.0 2.5 × 10−5 1.22 1.00 10.7
2.5 6.5 × 10−4 1.76 1.77 15.4
3.0 1.3 × 10−3 2.38 2.43 20.7

B
2.0 4.6 × 10−4 1.55 1.53 12.8
2.5 1.2 × 10−3 2.69 2.73 19.9
3.0 1.8 × 10−3 3.10 3.15 28.7

C
2.0 3.6 × 10−3 1.93 2.00 34.3
2.5 2.0 × 10−3 1.48 1.51 53.2
3.0 2.2 × 10−3 1.50 1.54 76.2

for the injection, together with the same EMRI parameters considered in 4.1. In Fig. 4.4,
we show the posteriors for the primary mass obtained with a vacuum EMRI model,
corresponding to a 0.5 yr (red histogram) and 3 yr (blue histogram) observation. We see
that there is significant inconsistency between the two observations, thus indicating that
the self-consistency test also works for positive PN effects. However, we also note that
the inference with 0.5 yr observation is biased relative to the true injected value, unlike
what we saw with negative PN order environmental effects. This is somewhat expected
as the modification becomes more significant close to merger, while in the previous cases
the late inspiral modification was negligible. The additional bias between the observation
close to merger and the one with the full inspiral is due to the accumulated dephasing
between observation durations, which is why this applies to both positive and negative
PN effects.
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5 Massive Black Hole Binaries, Environment vs
Modified gravity

Environmental effects can bias the tests of GR that LISA MBHBs are expected to
enable with unprecedented precision. Accretion and gas drag enter the waveform phase at
negative post-Newtonian (PN) orders, and so do many of the best-motivated modifications
of GR. Both classes of effects therefore affect the same low-frequency, early-inspiral
portion of the signal. Examples of such GR modifications include a secular variation
of Newton’s constant [244, 279], scalar-dipole radiation, and violations of the strong
equivalence principle [35]. In this chapter, based on the work done on [76] we focus on
a realization of this overlap: a GR modification and a set of environmental effects that
all enter the inspiral phase at exactly the same −4 PN order, and are therefore formally
indistinguishable on a single source. As the GR-modification channel we adopt a secular
drift of the gravitational constant, Ġ/G [244, 279]. Current bounds on the fractional drift
rate range from |Ġ/G| ≲ 10−12–10−13 yr−1 in the quasi-static Solar-System regime [27]
to much weaker limits in the strong-field, dynamical regime accessible to ground-based
GW observations of SOBHBs [280]. In the environmental sector, we consider the two
expected leading effects of a gaseous circumbinary disk. The first is gas accretion onto the
components, which slowly increases their masses and, by angular-momentum conservation,
induces a −4 PN dephasing [65]. The second is gas-driven migration, i.e. the torque
exerted on the binary by the disk, which contributes at the same −4 PN order, with the
same frequency dependence as accretion but a different overall prefactor. At leading order,
all three effects are therefore captured by a single −4 PN deformation of the inspiral phase,
and the signal of an individual MBHB cannot distinguish among them. The two classes
of effects, however, behave differently across a population of sources: environmental
contributions are expected to vary in magnitude from one binary to another, whereas
a putative Ġ drift is universal. A hierarchical analysis of the full population of LISA
MBHBs can therefore in principle still disentangle the two, in analogy with what has
been proposed for EMRIs [149].

5.1 Modifications at −4 PN order

Rather than introducing a dedicated template for each candidate effect, we adopt the
parameterized post-Einsteinian (ppE) framework [278], in which a single parameter
captures the dominant phase deformation at a given PN order. For comparable-mass
binaries near merger—the regime probed most precisely by current LVK tests of GR—
negative-PN corrections of the kind considered here are subdominant to radiation reaction.
However, at the lower orbital frequencies accessible to LISA MBHBs, these corrections
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become a natural target. We specialize the ppE template to the Ġ case in Sec. 5.1.1, to
accretion and viscous migration in Sec. 5.1.2, and present the resulting Fisher-matrix
parameter-estimation results across parameter space in Sec. 5.2.2.

5.1.1 Gravitational constant variation

We adopt here a phenomenological modified-gravity model in which the gravitational
constant is time-dependent, as would be the case, e.g., in scalar-tensor theories [17,
87, 88, 260]. We parametrize this time variation as G ≈ GN [ 1 + G1 (t − t0) ], where
t0 is the present time and GN is the present-day value of the Newton constant. Note
that when computing the effect on a binary inspiral, keeping only the first-order term
G1(t − t0) ≪ 1 is sufficient. One can neglect the modification to the waveform amplitude,
and consider only the dephasing contribution, which enters at −4 PN order with respect
to the leading-order quadrupole phase [244, 279]:

δφ = ΨTF2 CG1
M

M⊙
η−1 G1

yr−1 (πMf)−8/3 , (5.1)

where M is the total mass of the binary, η = m1m2/M2 is the symmetric mass ratio, f is
the wave frequency, CG1 = −3.52 × 10−15 and ΨTF2 = (3/128η)(πMf)−5/3 is the leading-
order phase of the TaylorF2 approximant. As discussed in Sec. ??, the most stringent
current bounds on G1 come from quasi-static Solar-System experiments, |G1| ≲ 10−12–
10−13 yr−1 [27], while strong-field GW observations from LVK comparable-mass binaries
give limits several orders of magnitude weaker, |G1| ≲ 102 yr−1 [280].

5.1.2 Environmental dephasing: accretion and viscous migration

About 10% of observed supermassive black holes are active galactic nuclei (AGN) [130,
230], a duty cycle that we will use in Sec. 5.3 as order of magnitude for the active-fraction
hyperparameter λ of the population model. Galaxy mergers generically drive gas inflows
toward the galactic nucleus [38, 135, 186], so MBHBs can plausibly be embedded in a gas-
rich environment in which the surrounding material settles into a circumbinary disk [181].
This disk drives the accretion and migration effects discussed below. In the presence of
such a gaseous environment, the two black holes accrete and grow in mass. The accretion
timescale is expected to be comparable to the Salpeter timescale τ = 4.5 × 107 yr [221],
so that, assuming that both components accrete at the same rate, the total mass of the
system evolves as M(t) = M0 exp(fEdd(t − t0)/τ) ≃ M0

[
1 + fEdd (t − t0)/τ

]
, where M0

is the total mass at t0. Since the LISA observation time is much shorter than τ , we keep
only the linear order. Inserting this time-dependent mass into the quadrupole formula
and imposing angular-momentum conservation [65], one finds that the induced dephasing
is

δφ = ΨTF2 Cacc
M

M⊙
η−1 fEdd

0.1 (πMf)−8/3 , (5.2)

where Cacc = 1.75 × 10−23.



Another effect that can arise in a gaseous astrophysical environment is the migration
torque exerted by the disk onto the binary. In this case, which we will refer to as viscous
migration, the dephasing enters at the same −4 PN order [119, 120]:

δφ = ΨTF2 Cmig
M

M⊙
η−2 ξfEdd

0.1 (πMf)−8/3, (5.3)

where Cmig = 1.0 × 10−22 and ξ encodes the efficiency of the disk-binary coupling;
extrapolating the results of numerical simulations to thin disks, ξ may reach values of
O(10) [96]. The extra factor η−1ξ in Eq. (5.3) relative to Eq. (5.2) makes migration more
efficient than accretion at the same Eddington ratio, especially for asymmetric mass
ratios.

5.2 Population models and single-event analysis

The parameter space spanned by LISA MBHBs covers several orders of magnitude in both
chirp mass and distance, and the number of detected events in any given region of this
space depends sensitively on the assumed astrophysical history of the MBHB population.
We therefore rely on a suite of semi-analytic population models, each encoding different
choices for the seeding mechanism, the delay time between the galaxy merger and the
subsequent MBH merger, and the impact of supernova (SN) feedback on MBH accretion.
The catalogs produced by these models are the basis for the detectability and bias
estimates presented in the rest of this section.

5.2.1 Population models

The formation history of MBHBs is not well constrained observationally, and plausible
evolutionary sequences spanning high redshift to the present yield substantially different
catalog realizations. We adopt the semi-analytic model for the formation and evolution of
galaxies and MBHs originally introduced in [29]. Additions and improvements to specific
aspects of the model were subsequently introduced in [21, 33, 51, 52, 226]. The catalogs
are publicly available as part of the BACH data release [30].

We consider five population models, three HS and two LS. In the HS class, the black-
hole seeds arise from the collapse of proto-galactic disks induced by bar instabilities [267],
with typical seed masses of the order of ∼ 105 M⊙:

• HS-nod-SN (from [33]): no delay between the galaxy merger and the MBH merger
(except for the dynamical-friction timescale, including tidal effects between dark-
matter halos), and including the effect of SN feedback on MBH accretion;

• HS-nod-SN-high-accr (from [32, 33]): as above, but with the MBH accretion rate
boosted by a factor of ∼ 4;

• Q3-nod (from [156]): an earlier HS realization with no delay and no SN feedback
on accretion.
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Figure 5.1: Sky-averaged 1σ uncertainty on the three −4 PN parameters across the (detector-
frame) chirp-mass–redshift plane, for 10 yr of LISA observation and mass ratios
q = 2/3 (left) and q = 1/10 (right). Top panels: uncertainty on the Eddington
fraction fEdd (accretion) and on G1 (modified gravity). Bottom panels: uncertainty on
the combination ξfEdd relevant for viscous migration. Contours show the merger-rate
density d3N/(d log10 Mc, z dz dtc) × 1 yr for the HS-nod-SN-high-accr and popIII-d
models, which bracket the population scenarios considered in this work. Points with
sky-averaged SNR < 8 across the three TDI channels are masked out.

In the LS class, the seeds form instead from the remnants of population III stars in
high-redshift, low-metallicity systems [173]:

• LS-nod-SN (from [33]): no delay between the galaxy merger and the MBH merger
(except for the dynamical-friction timescale, including tidal effects, between dark-
matter halos), and including the effect of SN feedback on MBH accretion;

• popIII-d (from [156]): an earlier LS realization that includes, on top of the dynamical-
friction timescale with tidal effects between dark-matter halos, further delay contri-
butions from stellar hardening, triple-MBH interactions, and gas-driven migration.

Together, these five population models span a representative range of astrophysically
motivated assumptions about the seeding mechanism and accretion history of MBHs
across cosmic time.

5.2.2 LISA sensitivity across parameter space

We now compare the sensitivity of LISA to the effects described in Sec. 5.1 across the
parameter space. Since all of these effects enter at the same PN order, we consider an
agnostic dephasing term δφ = ΨTF2 C0 (πMf)−8/3, which allows one to estimate the
LISA sensitivity to generic −4 PN phase terms. The model-specific dependence on the
intrinsic and beyond-GR source parameters is encoded in the agnostic coefficient C0, and



we can recover information on fEdd or G1 via the physical mapping defined by Eqs. (5.2)
and (5.3). Note that the Jacobian of this transformation is essentially constant over the
posterior, so that a uniform prior on C0 maps to an effectively uniform prior on fEdd (or
G1).

To map out LISA’s reach across parameter space, we evaluate the Fisher matrix
on a grid over the plane of (detector-frame) chirp mass and redshift (Mc, z, z), with
Mc ≡ (m1m2)3/5/(m1 + m2)1/5 and Mc,z = Mc(1 + z), at four representative values of
the mass ratio q = 2/3, 1/3, 1/5, 1/10. For each point in the (Mc,z, z) grid we compute
the Fisher matrix over 500 Monte Carlo realizations of the extrinsic parameters (sky
position, inclination, and polarization angle), while fixing the mass ratio and spins to
fiducial values. The nominal LISA mission duration is 4 yr, with an extended-phase
option reaching 10 yr [75]; throughout this work we adopt the optimistic 10 yr figure. For
accretion and viscous migration under realistic astrophysical assumptions, MBHBs in
the LISA band have C0 ∼ 10−15. Since the dephasing depends linearly on C0, and this
additional contribution is strongly subdominant compared to the radiation-reaction-driven
phase evolution, the Fisher matrix is approximately independent of C0.

In Fig. 5.1 we show the sky-averaged statistical error on the physical parameter
characterizing each of the three −4 PN channels, for mass ratios q = 2/3 and q = 1/10,
together with the merger-rate distribution of two of the population models discussed
in Sec. 5.2.1. We mask out the points for which the sky-averaged signal-to-noise ratio
(SNR) across the three LISA Time-Delay Interferometry (TDI) channels is below 8. The
top panels show the 1σ uncertainty on the Eddington fraction fEdd (accretion) and on
the fractional drift rate G1 (modified gravity); the bottom panels show the corresponding
uncertainty on the combination ξfEdd relevant for viscous migration. The figures are
overlaid with the merger-rate d3N

d log10 Mc, zdzdtc
×1 yr contours for the HS-nod-SN-high-accr

and popIII-d models, which bracket the range of formation models explored above. In
agreement with previous single-event forecasts [120], the sensitivity to all three −4 PN
deformations is concentrated at low chirp mass and low redshift, where the early inspiral
spends months to years in band; conversely, the massive sources that dominate the
HS-nod-SN-high-accr merger rate fall in the poorly-constrained top-right corner of each
panel. Even in the optimal cases—long observation time and low redshift and mass—the
expected average statistical error on the environmental parameters is generally well above
fEdd = 1 for both the accretion and the viscous-migration case.

Naively one might expect LS models to be the optimal case for the inference of these
negative-PN effects. We find instead that the HS models deliver more mergers per year
with low statistical error on the −4 PN physical parameters. The underlying reason is the
difference in seed mass between the two classes. LS mergers typically have chirp masses
in the range 500–1000 M⊙, with the merger—where most of the SNR is accumulated—
outside the LISA band; despite their long in-band inspiral, such events are therefore
faint and only the closest to us are detectable. SN feedback [127] further reduces the
detectable population by stunting seed growth [33, 127], so that the merger rate at
Mc ∼ 104–105 M⊙ is strongly suppressed in LS-nod-SN relative to a popIII-remnant
scenario without SN feedback. In the HS models, by contrast, the seeds are already



born at ∼ 105 M⊙, i.e. directly in the LISA chirp-mass window, so the merger rate at
Mc ∼ 104–105 M⊙ is largely insensitive to the SN-feedback prescription and is typically
an order of magnitude higher than in LS-nod-SN (Fig. 5.1).

5.2.3 Single-event inference

The Fisher-matrix parameter-estimation results of Fig. 5.1 describe the sky-averaged
reach of LISA as a function of the intrinsic source parameters. To move from this sky-
averaged picture to more realistic per-catalog forecasts, we now draw specific realizations
of each MBHB population and analyze them event by event. For each population
model the intrinsic parameters (component masses, spins, and luminosity distance) are
drawn from the associated merger-rate distribution, while the extrinsic parameters (sky
position, time and phase of coalescence, polarization, and inclination) are drawn from
uninformative (uniform or isotropic) distributions. We retain only events exceeding the
detection threshold SNR > 8.

We analyze each catalog under two contrasting assumptions for how the parameter
estimation treats potential −4 PN contributions to the signal. In the first scenario,
the waveform templates include a free −4 PN phase deformation parametrized by C0,
whose posterior we estimate from the Fisher information matrix computed over the
intrinsic parameters and C0. Figure 5.2 summarizes the outcome for the accretion and
viscous-migration templates, respectively: for each 10 yr-catalog, we report the number
and fraction of detectable events with σfEdd below 50, 100 (accretion) or 10, 50, 100
(migration). The tighter threshold is not reported for the accretion case, because in most
catalogs no event satisfies σfEdd ≲ 10.

In a second scenario, we assume that parameter estimation is performed with vacuum
GR templates, and any unmodeled negative-PN contribution induces a systematic bias
on the recovered parameters. We quantify the per-event bias with the Cutler–Vallisneri
formula [86],

∆θj = Γ−1
ij ⟨d − h(θ) | ∂jh(θ)⟩ , (5.4)

where Γij is now the vacuum-template Fisher matrix, evaluated at the true value of the
parameters. The residual between the data and the vacuum template can be approximated
as

d − h(θ) = h(θ)
(
eiδφ − 1

)
≃ i δφ h(θ) , (5.5)

which, inserted into Eq. (5.4), shows that the bias scales linearly with fEdd (or with
G1). It is therefore sufficient to compute the bias at a fiducial fEdd or G1, and to rescale
to the desired value. We have verified this by comparing the bias computed with the
approximated and with the full residual formulae.

The dominant effect of neglecting a negative-PN contribution is a shift in the recovered
chirp mass, while the recovered spins and mass ratio remain essentially unaffected with
respect to the statistical errors, even for super-Eddington injections. Moreover, the
chirp-mass shift itself is negligible for the vast majority of events, consistent with the
limited detectability of generic −4 PN corrections across the parameter space discussed in
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Sec. 5.2.2. To quantify the shift, we normalize it to the Fisher-predicted 1σ uncertainty
on Mc,

δMc

fEdd
≡ ∆Mc

fEdd σMc

, (5.6)

and count, for each 10 yr- catalog, the number of events for which this normalized shift
exceeds 0.01, 0.1, and 1 (assuming at fEdd = 1). The results are reported in Table 5.1. No
event in any catalog is shifted by more than 10% of the statistical uncertainty: accretion
at physically plausible rates leaves essentially no imprint on the vacuum-template chirp-
mass measurement, and only at unrealistically high accretion rates, fEdd ∼ 102–103, does
the shift become comparable to the statistical error.

catalog δMc
fEdd

> 0.01 δMc
fEdd

> 0.1
HS-nod-SN-high-accr 33 0

HS-nod-SN 41 0
LS-nod-SN 11 0

popIII-d 15 0
Q3-nod 5 0

Table 5.1: Average number of sources observed in 10 yr whose vacuum-template chirp-mass bias,
normalized to the Fisher 1σ uncertainty, exceeds the thresholds ∆Mc/(fEdd σMc) >
0.01, 0.1, assuming every event undergoes accretion at fEdd = 1, for various population
models.

Repeating the same exercise for a viscous-migration injection at fEdd = 1, we find a
substantially stronger effect (Table 5.2). This is expected: the migration dephasing scales
as η−2 rather than the η−1 of accretion [Eqs. (5.2)–(5.3)], and is therefore amplified for
asymmetric mass ratios. Already at fEdd = 1, individual sources in several catalogs show
a chirp-mass shift comparable to the statistical uncertainty. Viscous migration can be
further enhanced or suppressed by the internal structure of the disk through the efficiency
factor ξ: current numerical simulations give ξ = O(1) [98], but those simulations do
not resolve realistically thin disks because of their computational cost, and it has been
argued that for a thin circumbinary disk ξ may be as large as O(10) [96, 119]. Under
this more optimistic assumption, Table 5.2 implies that up to a few events per year in
the HS catalogs could exhibit chirp-mass shifts at or above the statistical error.

catalog δMc
fEdd

> 0.01 δMc
fEdd

> 0.1 δMc
fEdd

> 1
HS-nod-SN-high-accr 1132 66 1

HS-nod-SN 1812 117 2
LS-nod-SN 15 3 1

popIII-d 139 5 0
Q3-nod 89 11 0

Table 5.2: Same as Table 5.1, but for a viscous-migration injection at fEdd = 1 and fiducial ξ = 1.



Together, these per-event uncertainties and biases on the template parameters are the
input to the hierarchical population analysis of Sec. 5.3, where they are combined to
yield joint population constraints on Ġ and on the environmental parameters.

5.3 Population-level inference

For single events, the precision to which a negative-PN contribution can be measured is
limited. The different physical effects considered in this work leave essentially the same
imprint: they all induce a −4 PN dephasing and are therefore degenerate at the level of
an individual source. Information at the population level, however, can break part of this
degeneracy. A putative drift of Newton’s constant is expected to act in the same way on
every source, whereas environmental effects act only on the fraction of binaries embedded
in a gaseous environment, with disk properties that vary from event to event [140].

Combining many noisy single-event measurements into a joint constraint on the
population-level hyperparameters is naturally handled by hierarchical Bayesian inference,
which we briefly review below before applying it to our problem.

5.3.1 Hierarchical Bayesian framework

We consider a set of N independent events with data D = {D1, D2, . . . , DN }. The full
set of parameters is split into the single-event parameters θ = {θ1, θ2, . . . , θN } where
θi is the set of parameters for the event i, and the population-level hyper-parameters
Λ, the latter characterizing the probability distribution of θ across the population. The
joint posterior then reads

p(θ, Λ | D) ∝ p(D | θ) p(θ | Λ) p(Λ), (5.7)

and marginalizing over the single-event parameters yields the posterior on the hyper-
parameters.

Directly inferring the full posterior is pretty involved, especially for an high-dimensional
posterior. In situations where the posteriors p(Di|θi) are uncorrelated with each other
the hyperposterior can be obtained throgh importance reweighting [252]:

p(D|Λ) = ∏
i

∫
dθi p(Di|θi)p(θi|Λ)

= ∏
i

∫
dθi

p(θi|Di)p(Di)
p(θi)

p(θi|Λ)

≃
∏

i p(Di)E
[

p(θi|Λ)
p(θi)

]
(5.8)

where the index i labels the different events in the catalog, p(θi) are the agnostic priors
(independent of the hyperparameters), p(Di) is the evidence for the single event computed
with these agnostic priors, and

E[f(θi)] = 1
Ns

∑
θi∈p(θi|Di)

f(θi) (5.9)



where Ns is the number of samples extracted from the posterior p(θi|Di).
Because the hyper-parameters control the underlying distribution of events, a naive

combination of the single-event likelihoods would overweight high-SNR signals and
largely ignore marginally detectable ones. To avoid this bias, the hyper-posterior must
be normalized by a selection factor, which measures the fraction of parameter space
hosting detectable sources for a given choice of Λ [111, 177, 220]. This correction is
essential when inferring the mass or redshift distribution of the population, since the
SNR depends strongly on these parameters.: In our case, however, we are not interested
in the binary distribution itself but only in the deviation from vacuum GR. Since all the
effects considered here enter only through a small dephasing with negligible impact on
the SNR, the selection function is effectively constant across the hyper-parameter space
and can be dropped when computing Bayes factors.

5.3.2 Population constraints on time dependent newton constant

For a time-dependent Newton constant, we can assume that the physical parameter G1
is common to all sources. As such, the informed prior takes the following form:

p(θ|G1) =
N∏
i

δ

(
G1 − C0, iηi

CGMi

)
(5.10)

where we use the index i to specify the event in the catalog. Inserting this into Eq. (5.7),
the delta function in the informed prior fixes Ci

0 = (CGMi/ηi) G1 for each event, so
that each event contributes a Gaussian posterior on Gi

1 once the vacuum parameters are
marginalized over. The hyperposterior on the universal G1 is then the product of these
single-event Gaussians, and is therefore Gaussian by construction with variance

σG1 =
( N∑

i

Γi
G1G1 − Γi

k G1Ci
kj Γi

j G1

)−1/2
, (5.11)

where the Latin indices k, j run over the vacuum parameters, the index i labels the
event in the catalog, and Ci is the inverse of the vacuum-only Fisher submatrix for
event i. Equivalently, the term in parentheses is the inverse-variance sum ∑

i 1/σ2
G1,i,

where σG1,i is the marginal single-event uncertainty on G1, obtained by inverting the
full per-event Fisher matrix over (θi

vac, G1) and reading off the (G1, G1) diagonal of the
resulting covariance matrix.

In Fig. 5.3 we report the constraint on G1 for different population models and obser-
vation times. Since the detection rate for the LS-nod-SN model is O(1 yr−1), the total
statistical error depends strongly on the specific catalog realization. In the plot we report
the average statistical error on G1 across 19 catalogue realizations for the LS-nod-NS
model. For the remaining models, we report only one catalogue realization, as the results
do not change significantly among realizations.

In the HS models and in the popIII-d model, the improvement in resolution after
the first few years of observation is smooth, indicating that the rate at which new
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events contribute appreciably to the hyperparameter constraint is roughly constant. In
none of the population models considered does the statistical error on G1 drop below
O(10−7 yr−1). While this is significantly better than the constraints obtained with LVK,
it is a few orders of magnitude weaker than what can be probed with other long-lived
sources in the LISA band (SOBHBs, EMRIs).

Note that, at linear order in G1, the uncertainty σG1 is independent of the fiducial
value of G itself: the leading-order correction to any gravitational-wave observable enters
as δO ∝ G1 t, with no dependence on the absolute normalization of G. This facilitates
comparison between different hypotheses.

As the posteriors are Gaussian, it is then straightforward to compute the evidence for
the modified-gravity model as

p(D) =
√

2πσG1

VG1
e−Lmax

∏
i

√
(2π)d det(Ci)

Vvac
(5.12)

where d is the number of vacuum parameters, Vvac is the prior volume for the vacuum
parameters, VG1 is the prior volume of G1, and:

Lmax =
∑

i

Γ̃iG2
1 i

2 − σ2
G1

(∑i Γ̃iG1 i)2

4 (5.13)

with Γ̃ = ΓG1G1 − Γk G1Ckj Γj G1 , while G1 i is the true value of G1 for each event in the
catalog. We validated the analytical result of Eq. (5.12) against a numerical computation
based on Eq. (5.8) and a nested-sampling algorithm [231]; with G1 having uniform prior
in [−5 × 10−6, 5 × 10−6]yr−1.



5.3.3 Population constraints on environmental effects

For an astrophysical population, the value of fEdd is expected to vary from source to
source. We assume that the Eddington ratio follows a power-law distribution with fixed
upper cutoff fmax = 10 and, in line with the AGN duty cycle quoted in Sec. 5.1.2,
that only a fraction of binaries are active. We therefore introduce two population-level
hyperparameters: the active fraction λ and the power-law slope α,

p(fEdd | λ, α) = λ α
fα−1

Edd
fα

max
+ (1 − λ) δ(fEdd). (5.14)

We consider three recovery hypotheses:

• HV : a vacuum template, with no further population-level assumption;

• HE : a −4 PN template for the single events and, at the population level, a fraction
λ of binaries undergoing viscous migration while the rest merge in vacuum;

• HĠ: a −4 PN template for the single events and, at the population level, a universal
time-dependent Newton constant.

Under HE we adopt uniform priors on λ in [0, 1] and on α in [0.01, 2]; under HĠ we
adopt a uniform prior on G1 in [−5 × 10−6, 5 × 10−6] yr−1. To compare two recovery
hypotheses HA and HB we compute the Bayes factors. For HV and HĠ the evidences
can be computed analytically, giving

BĠ
V = exp

(
σ2

G1

( ∑
i Γ̃iG1 i

)2

4

)√
2πσG1

VG1
. (5.15)

For HE , instead, the evidence does not admit a closed-form expression and is evaluated
numerically with the nested-sampling algorithm implemented in dynesty [235].

To speed up the likelihood evaluation under the environmental hypothesis we retain
only events with σfEdd < 20. The discarded events contribute the same multiplicative
factor to the evidence of both HV and HE within our priors, and therefore drop out of
the Bayes factor. After this cut, no catalog retains usable events in the pure-accretion
case, so we drop that comparison; for the viscous-migration injections most catalogs are
left with fewer than 10 events over 10 yr of observation, and we restrict the analysis to
the HS models, where the count is larger.

Figure 5.4 compares the recovered (λ, α) posteriors for three injections: a vacuum
injection, and two viscous-migration injections with α = 0.5 and active fractions λ = 0.2
and λ = 0.5. For the λ = 0.2 injection the posterior is essentially indistinguishable from
the vacuum-injection one. The λ = 0.5 posterior visibly shifts away from vacuum, and
the injected value lies well outside the posterior recovered from the vacuum injection.
Even in this most favorable case, however, the posteriors are not informative enough to
pin down the astrophysical properties of the population: we recover only an upper limit
on the active fraction λ and a 2σ lower limit on the slope α, and all posteriors are fully



compatible with vacuum. Consistent with this, Table 5.3 — which reports the pairwise
base-10 logarithms of the Bayes factors among HV , HE and HĠ for the six injections
considered — favors HV over HE for both environmental injections. Increasing the active
fraction from λ = 0.2 to λ = 0.5 shrinks | log10 BE

V| as expected, but the additional prior
volume associated with the environmental hyperparameters still acts as an Occam’s-razor
penalty that the data are not informative enough to overcome.

Table 5.3: Base-10 logarithms of Bayes factors between the vacuum (HV ), environmental (HE)
and modified-gravity (HĠ) hypotheses, for the six representative injections discussed
in the text. Positive values favor the numerator hypothesis.

injection log10 BE
V log10 BE

Ġ log10 BĠ
V

Migration (λ = 0.5) −0.46 0.07 −0.52
Migration (λ = 0.2) −1.71 0.04 −1.75

Modified GR (G1 = 2 × 10−6 yr−1) −1.79 −2.77 0.97
Modified GR (G1 = 10−6 yr−1) −1.78 −0.63 −1.15
Modified GR (G1 = 10−12 yr−1) −1.73 0.13 −1.85

Vacuum −1.73 0.13 −1.84

We repeat the analysis for modified-GR injections; the posteriors are shown in Fig. 5.5.
Since the statistical error on G1 is O(10−7 yr−1), an injection compatible with the
Solar-System bound, G1 = 10−12 yr−1, is indistinguishable from pure GR. We therefore
consider larger injections that still respect the LVK bound on G1. From Eq. (5.15), the
modified-gravity Bayes factor scales as exp(G2

1/σ2
G1

), so doubling the injected G1 from
10−6 yr−1 to 2 × 10−6 yr−1 raises BV

Ġ by roughly two orders of magnitude. Only the
G1 = 2 × 10−6 yr−1 case yields a clear preference for the modified-gravity hypothesis.

We now compare HE and HĠ directly. When the data are well described by vacuum,
the marginalized evidence under HE is dominated by the region near λ = 0, where the
environmental model reduces to HV ; the integral therefore equals the vacuum evidence
multiplied by an Occam factor (the ratio of the posterior width near λ = 0 to the (λ, α)
prior volume). The same happens for HĠ near G1 = 0. For our priors the two Occam
factors are numerically similar, so the Bayes factor between HE and HĠ stays close to
unity — as confirmed by the log10 BE

Ġ column of Table 5.3, which gives | log10 BE
Ġ| ≤ 0.13

for the four vacuum-compatible injections. The approximation breaks for the two strong
modified-gravity injections (G1 = 10−6 and 2 × 10−6 yr−1), where the evidence of HĠ is
genuinely enhanced over vacuum and log10 BE

Ġ drops to −0.63 and −2.77, respectively.
As a final cross-check, we fit the environmental hypothesis HE to data generated under

modified-GR injections. The recovered (λ, α) posteriors are fully consistent with λ = 0,
so the environmental recovery does not falsely claim a viscous-migration signal even when
the data contain a real Ġ signal. Table 5.3 bears this out from two angles: the log10 BE

V
column is essentially unchanged across the three modified-GR injections (it stays near
−1.75), confirming that the V-vs-E balance does not respond to the true G1; in parallel,
log10 BĠ

V moves from −1.85 at G1 = 10−12 yr−1 to +0.97 at G1 = 2 × 10−6 yr−1, showing
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Figure 5.4: Population-level posteriors on the hyperparameters (λ, α) for three injections analyzed
under the environmental hypothesis: a vacuum injection (green), and two viscous-
migration injections with α = 0.5 and active fractions λ = 0.2 (red) and λ = 0.5
(blue). In all three cases the recovered posteriors are fully compatible with vacuum.
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spectively with the last one being compatible with Solar-System constraints). The
Solar-System-compatible case is effectively centered at G1 = 0.

that the Ġ analysis correctly responds to the injection strength.





6 Conclusions and Future Prospects

The work carried out in this thesis has been directed toward the study of environmental
effects in the mHz band, which will be probed by the LISA experiment. The main focus
of this work has been the study of extreme mass ratio inspirals, and the importance of
environmental effects and systematics in this study. We now present the conclusions for
each of the separate works then we outline future perspectives.

6.1 Conclusion

6.1.1 Stochastic Torques in EMRIs

We investigated the robustness of simple analytic models of gas torques to perform
parameter estimation for GW signals from EMRIs/IMRIs in accretion disks, as detectable
by LISA. Using hydrodynamic simulations of accretion disk torques as injections, we
investigated the effect of stochastic torque variability on the inference of both binary and
environmental parameters using analytic templates. Our parameter estimation studies
demonstrate that, while simple torque models without stochastic variability allow for
accurate recovery of binary parameters, they can bias the inferred environmental effects
and accretion disk properties.

For moderate stochastic time variability, the posteriors for the torque amplitude are
approximately centered on the averaged value of the simulated torque. However, for
significant stochastic variability, the estimated amplitude may effectively reduce to zero,
thus obscuring the presence of torques. This result underscores the subtleties that one has
to face when inferring accretion disk properties from LISA observations using simplified
torque models. While these models are sufficient for binary parameter extraction, a
more sophisticated approach may be needed to reliably constrain the properties of the
astrophysical environment.

Indeed, even in the presence of unbiased estimation of the torque amplitude, we have
shown that converting the latter to estimates of the disk’s physical properties is subject
to additional uncertainties, due to the possible mismatch between the disk model used
in the analysis and the one describing the real astrophysical system (or, in our case,
the simulations). Moreover, even when the bias in the recovered torque amplitudes is
absent, the stochastic components of the torques can enhance the residual power left
in the data. Although these residuals are small (with SNR ≲ 1) and should therefore
not pose a problem for the LISA global fit, their combined effect if thousands of EMRI
sources are present in the data [25] may warrant further investigation.
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6.1.2 Consistency Test for Extreme Mass Ratio Inspirals

We have developed a self-consistency check solely based on vacuum GR EMRI waveforms.
Our approach tests inconsistencies/biases in the posteriors as inferred from different
portions of the signal, which can reveal missing physics in the templates, due e.g. to
environmental effects and/or possible beyond-GR effects. For an injected EMRI signal
affected by disk-driven migration, we showed that the parameter posteriors are significantly
inconsistent, when inferred from different portions of the signal, for observations of more
than two years.

Crucially, our model relies on the successful subtraction of louder sources in the LISA
global fit. Indeed, residual power from imperfect subtraction of overlapping sources (e.g.
Galactic binaries [152]) may be flagged by our test. In the Supplemental Material, we
consider a slight mismodeling of the galactic noise, and find that it does not result in
significant inconsistencies across observation times. We stress that our method can also
be viewed as a consistency test for the “goodness” of the LISA global fit.

6.1.3 Massive Black Hole Binaries, Environment vs Modified gravity

We investigated whether the astrophysical environment of LISA MBHBs could leave a
detectable imprint at the population level, and whether it could mimic—and thereby
bias—LISA’s tests of GR. We focused on three −4 PN deviations from vacuum templates:
gas accretion onto the components, viscous migration in a circumbinary disk, and a
secular drift of Newton’s constant. All three are formally degenerate for a single source,
but the degeneracy is broken at the population level: a Ġ drift is universal across the
catalog, whereas the environmental effects act only on a fraction of binaries and with a
magnitude that varies from event to event.

Across the five population models considered, the most informative sources are low-mass
MBHBs at low redshift, which are rare irrespective of the seeding model. Even at the
optimistic LISA 10 yr mission duration, no event is individually sensitive to accretion at
realistic Eddington ratios: at fEdd = 1, vacuum-template recovery shifts no event’s chirp
mass by more than 10% of the statistical error. Viscous migration is a more promising
channel because of its stronger η−2 mass-ratio scaling: up to ∼ 8 events per year in the
HS models admit a single-event measurement with σfEdd < 10 at fiducial ξ = 1, and
at the optimistic thin-disk value ξ ∼ 10 a few HS-catalog events per year can exhibit
a vacuum-template chirp-mass bias at or above the statistical error. This handful of
relatively noisy detections is, however, not enough to drive a population-level preference
for an environmental signature.

At the population level we compared three recovery hypotheses: vacuum, a hierarchical
environmental model parameterized by the active fraction λ and the power-law slope α
of the Eddington-ratio distribution, and a universal time-dependent Newton constant.
For Ġ, the population-level statistical error settles at σG1 ∼ 10−7 yr−1 across all the
catalogs considered—significantly better than current bounds from ground-based GW
observations, but several orders of magnitude weaker than the Solar-System limit and
than what can be reached with longer-lived LISA sources such as EMRIs and SOBHBs.



For the environmental hypothesis, all the injections considered—including a viscous-
migration injection with active fraction λ = 0.5 and a super-Eddington Eddington-ratio
tail (fmax = 10)—yield population posteriors that are fully compatible with vacuum,
although they do produce a non-trivial upper limit on λ and a 2σ lower bound on α.
A marked Bayes-factor preference for the modified-gravity hypothesis emerges only for
injected G1 several orders of magnitude above the Solar-System limit; such values are
not yet excluded in the strong-field, dynamical regime probed by ground-based GW
observations, but no realistic theoretical motivation singles them out.

6.2 Future Perspective

The field of environmental effects is currently expanding, with a plethora of topics
that could still be tackled, providing interesting results for the development of future
experiments. A significant open question, tangentially touched upon and discussed in
this work, is how to handle environmental effects within the global fit, or as a post-
processing step. In the LISA data stream, most events will happen concurrently, and
the events arguably most interesting for the study of environmental effects will likely
span a long time, perhaps even the whole duration of the mission. It is therefore
necessary to understand how to extract this information at the level of the global fit
results. An important open question is whether the introduction of additional terms in
the gravitational wave templates is necessary for sources such as EMRIs, since this can
mitigate the bias arising from the use of an incomplete gravitational wave template. In
this direction, we are working on a project, currently in preparation, on the parameter
estimation of environmental effects using agnostic templates tested against more refined
injections. Specifically, we focus on a relativistic Lindblad torque for which we know
the environmental torque to change sign throughout the inspiral [102, 131, 132]. We are
testing the applicability of agnostic templates, and whether they can be used during
the global fit, assessing the importance of the signal lost in the datastream and how
to apply post-processing to recover the actual physical properties of the astrophysical
environment.

One important caveat is in order: most of our analysis is restricted to quasi-circular
inspirals, while recent works [245, 283] have shown that environmental dephasing can be
substantially amplified in eccentric orbits An untouched avenue is the interplay between
eccentricity and the physical environment; while this topic has been discussed in some
works and models, no work has assessed in a rigorous way their importance . Specifically
a source class for which the presence of eccentricity and environment is expected is that
of SOBHBs in the LISA band. We intend to use and or extend current environmental
interaction templates as injections and assess systematically our ability to infer their
properties across the parameter space with a strong focus on possible biases induced by
the use of wrong templatas injections and assess systematically our ability to infer their
properties across the parameter space with a strong focus on possible biases induced by
the use of wrong templates.
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