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Abstract

The nature of dark matter and the value of the neutrino masses remain among the central open questions
in physics, and the clustering of galaxies has become one of the most promising probes for addressing
them. The statistical power of current surveys, however, is outrunning our ability to fully exploit
it. On the theory side, the galaxy power spectra analysis methods have been developed assuming a
purely cold and non-interacting dark sector, so that the control of theoretical systematics is already
a limiting factor. On the observational side, analyses restricted to the galaxy power spectrum alone
are suboptimal, and ultimately limited by degeneracies that single statistics cannot break. This thesis
addresses these limitations along three complementary directions. First, the redshift-space clustering
of biased tracers in massive neutrino cosmologies is examined on N-body simulations, clarifying an
ambiguity in the connection between halos and underlying matter. Second, a first step is taken towards
extending the Effective Field Theory of Large-Scale Structure to cosmologies containing a non-cold
dark matter subcomponent, including a self-consistent treatment of the coupled nonlinear evolution
at one-loop level. Third, the projected bispectrum of the galaxy overdensity in combination with CMB
lensing is validated and employed, for the first time, as a cosmological probe. The methods developed
along these lines are then brought together in an original analysis of DESI DR1 full-shape measurements
combined with Planck and ACT DR, including lensing. This places the most stringent constraints to date
on ultra-light axions as a subcomponent of dark matter, excluding, over a range of masses, subpercent
fractions of the total matter density. Taken together, these studies pave the way for a more systematic

and controlled exploration of the dark sector with the data of the coming decade.
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1. Introduction

Cosmology has turned into a precision science over the past decades. From limited order-of-magnitude
estimates, a succession of increasingly ambitious observational campaigns transformed it into a field
where the parameters of a cosmological model are routinely quoted at the percent level. The cosmic
microwave background (CMB) has been the flagship of this transformation: measurements of the
temperature and polarization anisotropies, culminating in the Planck mission [5] and further sharpened
by ground-based experiments [6, 7], have provided an exquisitely detailed snapshot of the Universe at
the epoch of recombination and pinned down the six parameters of the standard ACDM model with
remarkable accuracy. Yet the CMB is, in an important sense, a finite resource: it is a two-dimensional
image of a single surface, and with the primary anisotropies now measured close to the cosmic-variance
limit over a wide range of scales, the information that can still be extracted from it is beginning to
saturate.

The distribution of matter traced by galaxies offers a complementary and, in the long run, possibly
larger source of information. As spectroscopic galaxy surveys probe a three-dimensional volume
rather than a surface, and they sample the Universe across a range of cosmic epochs, the number of
accessible modes grows rapidly with survey depth and area. This makes galaxy clustering one of the
most promising probes of cosmology for the coming decades. Building on the legacy of SDSS-era
spectroscopy [8, 9], a new generation of surveys, including DESI [10], Euclid [11], and the Vera C. Rubin
Observatory [12], is now mapping the large-scale structure with unprecedented volume and precision,
and the resulting datasets have the potential to be transformative.

Crucially, this observational leap is matched by comparable advances on the theoretical side. The
clustering of galaxies on large scales is now understood from first principles within cosmological
perturbation theory [13] and, in particular, within the Effective Field Theory of Large-Scale Structure
(EFTofLSS) [14-17], which provides controlled, systematically improvable predictions for correlation
functions in the mildly non-linear regime; predictions that have by now been successfully confronted
with data [18-21]. In this case, within ACDM, the theory is arguably ahead of the data: we possess
robust predictions well before the surveys that will fully exploit them have completed their observations.

It is worth being precise, however, about what it is that we understand so well. The theoretical control
achieved so far is control within ACDM: the framework tells us how to predict clustering statistics
given a cosmological model, and it allows us to measure the parameters of that model with ever-greater
precision. The deeper questions in cosmology, however, are not questions of parameter estimation
but concern the nature of the model itself: the fundamental nature of dark matter (DM), the origin of
the accelerated expansion, and whether the neutrino and dark sectors are really as minimal as ACDM
assumes. Pinning down the parameters of a model we take for granted is, in the end, less interesting
than discovering that the model is incomplete. It is precisely in the search for physics beyond ACDM
that galaxy clustering has the most to offer, and it is here that this thesis seeks to contribute.

Despite focusing primarily on galaxy clustering, it should be mentioned that much of the future
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constraining power will come not from any single probe in isolation but from the combination of
complementary datasets. The joint analysis of galaxy clustering with CMB lensing [22-24], for instance,
breaks parameter degeneracies that neither probe can resolve on its own. This cross-correlation
programme is still in its early stages, and there remains substantial room for improvement, both in the
statistical exploitation of overlapping surveys and in the theoretical modelling required to interpret
them consistently. The work presented in this thesis is situated within this broader effort to extract

new physics by combining probes of the large-scale structure of the Universe.

Among the many extensions of the minimal model, the mass of neutrinos occupies a special place.
Neutrino masses are not a speculative addition to the Standard Model: neutrino oscillation experiments
have established beyond doubt that neutrinos are massive [25], making > m, a parameter that we
already know to be non-zero. In this sense it is not exotic new physics at all, but a guaranteed ingredient
whose value simply remains to be measured. This makes it exceptionally well motivated as a target: the
question is not whether the effect is there, but at what level it will be detected. Remarkably, cosmology
is poised to measure this fundamental particle-physics parameter [26] before terrestrial laboratory
experiments do [27, 28], inferring the absolute neutrino mass scale from its imprint on the growth of
cosmic structure rather than from kinematics in the laboratory.

A further peculiarity makes the neutrino-mass problem uniquely sharp. Oscillation experiments
measure the squared-mass splittings between the eigenstates, and these translate into an absolute lower
bound on the sum, > m, = 60 meV in the normal ordering (and = 100 meV in the inverted ordering).
We therefore know, before looking, that the signal must be present at or above a definite floor. This has
two important consequences. First, it tells us precisely where to search: there is a well-defined target
value that upcoming surveys are designed to reach [29, 30]. Second, and more subtly, it provides a rare
and powerful consistency test of the entire cosmological inference pipeline. Any robust cosmological
measurement must return » | m, 2 60 meV; a confident determination that fell below this floor, or
that preferred the unphysical region > m, < 0, would signal not a discovery about neutrinos but a
failure of our modelling or our assumptions. Few parameters in cosmology come with such an external,
independent benchmark against which the analysis can be validated.

We are, right now, on the verge of this measurement. The tightest cosmological constraints have
pushed down to the point where they are beginning to probe the very floor set by oscillations [31],
and a genuine detection appears to be within reach of the current and next generation of surveys.
This proximity, however, is precisely what makes the situation delicate. The most aggressive bounds
already sit in mild tension with the oscillation lower limit, and some data combinations even drift
toward unphysical negative values of Y m, [32-35]. Whether this reflects a statistical fluctuation,
unaccounted-for systematics, or the propagation into the neutrino sector of the broader cosmological
tensions concerning Hy [36, 37] and the dark energy equation of state [31, 38], remains unresolved.
These tensions must be understood and resolved before any near-threshold signal can be interpreted
as a robust detection rather than an artifact. It is in this context of a guaranteed but yet unmeasured
signal, sitting just at the edge of detectability, that the careful modelling of neutrino effects in galaxy

clustering, to which this thesis contributes, becomes very relevant.

If neutrinos represent a case in which we know that the signal exists, and even where to look for
it, with dark matter we are in precisely the opposite situation. Although it is a pillar of the standard

cosmological model, the fundamental nature of dark matter has so far remained elusive. All current



experimental evidence stems solely from its gravitational interactions, and the dark sector may be
entirely decoupled from the Standard Model, leaving astrophysics and cosmology as possibly our only
windows into its properties. Without a guaranteed target value or a floor to anchor the search, there is
no single decisive measurement to aim for; instead, every available probe must be exploited to look for
any deviation from the simple cold, collisionless picture assumed by ACDM.

Different probes offer deeply complementary perspectives. Astrophysics targets localized, often
highly non-linear systems, yielding tests of the small-scale behaviour of the dark sector [39], while
cosmology provides a highly robust, statistically grounded probe on the largest scales. Small-scale
cosmological probes such as the Lyman-« forest are sensitive to the bulk nature of the dark matter:
a pronounced suppression of clustering, for instance, would signal a warm, or otherwise non-cold,
component making up the whole of the DM [40-42]. Galaxy clustering, conversely, on large and mildly
non-linear scales offers something different in character. Its strength lies not in reaching the deeply
non-linear regime but in precision: the combination of the transformative statistical power of upcoming
datasets with the robustness and systematic control of modern perturbative theory makes it possible
to perform genuine precision tests of the dark sector. Rather than probing order-unity modifications,
this allows one to search for and constrain subdominant, percent-level subcomponents of the dark
matter; for instance, a small admixture of light relics or of a non-cold species hiding within an otherwise
standard cold dark matter background [43-45].

It is this regime, that is that of subtle departures from ACDM, accessible only through the joint
precision of data and theory, that motivates much of the work in this thesis. Light relics of the early
Universe provide a particularly compelling and well-defined target in this respect [30, 46]: whether or
not they constitute the dominant dark matter, their presence would leave a characteristic imprint on
the growth of structure, and searching for it is a natural application of the precision galaxy-clustering

programme developed in the following chapters.

So far this discussion has implicitly centered on the two-point statistics of the galaxy field, the power
spectrum, which is certainly the prime observable of large-scale structure analyses. But the information
contained in the cosmic web is far richer than its two-point function alone, and moving forward the
programme of precision dark-sector tests will require going beyond it. The gravitational evolution
that shapes the large-scale structure is non-linear, and it therefore imprints non-Gaussian features
that are invisible to the power spectrum but accessible through higher-order statistics such as the
bispectrum [47-50]. Equally, the same underlying density field is probed by more than one observable:
cross-correlations between galaxy clustering and, for instance, CMB lensing tie the galaxy distribution
directly to the total matter field, breaking degeneracies, possibly being less prone to certain systematics,
and adding statistical weight that neither probe carries alone. Projected clustering statistics, which
trade some radial information for robustness and for access to wider sky areas, offer in this sense a
complementary handle [51]. Each of these directions enlarges the space of observables in which a signal
of new physics might reveal itself, and each demands that the beyond-ACDM modelling be extended
accordingly. Part of this thesis takes a concrete step in this direction of developing the analysis of new
observables, through a study of the galaxy bispectrum in combination with CMB lensing, which stands

out as one of the central directions to pursue in the future.

More broadly, the search for the nature of dark matter through cosmological structure can be seen as

a guiding thread of the programme to which this thesis belongs. The dark sector may never be brought
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into a laboratory; what remains possible is to exploit, to their fullest, the probes the Universe itself
provides, and to extract from them every constraint they are capable of yielding. The coming decades
will deliver an extraordinary wealth of data deeper, wider, and more precise than anything available
today. Buried within it there may well be some signal of physics beyond the cold, collisionless paradigm.
Whether or not such a signal is present, it will only be recognised if the tools are ready for it. That
preparation is, above all, a theoretical task: it requires robust, systematically controlled, beyond-ACDM
modelling capabilities, across the full range of observables the data will populate, so that any departure
from the standard model can be identified for what it is rather than, for instance, absorbed into a
mis-modelled nuisance parameter. Building and sharpening a part of that toolkit, concerning neutrinos
and for non-cold species and across power spectrum, bispectrum, and cross-correlations, is the aim of

the present thesis.

This thesis is structured as follows. In Chapter 2 we offer a brief review of the canonical way in
which galaxy clustering observations are exploited to infer fundamental cosmology, connecting theory
to observations.

Chapter 3 extends this to the peculiarities of cosmologies with massive neutrinos [26], and presents
an original study of the redshift-space distortions of biased tracers in such cosmologies, carried out
through the analysis of N-body simulations implementing this physics [52, 53].

Chapter 4 presents the main theoretical development of this thesis, laying the groundwork for
extending the EFTofLSS to cosmologies containing a small fraction of non-cold dark matter, in generic
scenarios rather than specialising to massive neutrinos. The resulting framework is then applied to real
data, as a proof-of-principle, to the already exploited BOSS dataset [8].

Turning to new observables, Chapter 5 presents a ACDM analysis of projected clustering in combi-
nation with CMB lensing, extended for the first time to include a, compressed, bispectrum correlator.

Chapter 6 brings these directions together, deriving novel constraints on ultra-light axions [54-57]
from the combination of DESI DR1 spectroscopic galaxy clustering [38] with CMB data including
lensing [5, 23]. The analysis draws on essentially every element developed in the preceding chapters,
the treatment of a non-cold component within the EFTofLSS, the problem of biased tracers in the
presence of a scale-dependent growth [58], and the modelling of CMB lensing, and is in this sense the
point at which the tools developed along the way are finally put to work together.

Finally, Chapter 7 presents the conclusions of this work and outlines directions for future research.



2. Galaxy Clustering as a Cosmological Probe

This chapter briefly reviews the method by which galaxies, stochastic tracers of a random field, can be
used to constrain fundamental cosmology.

The distribution of galaxies across the sky contains a vast amount of cosmological information, which
is statistical in nature. The relevant quantity is therefore not the position of a single galaxy, that reflects
both the underlying structure and the stochastic process of galaxy formation, but the fluctuation of the
galaxy number density around its mean value,

dg(x) = m, (2.1)

g

which defines a continuous random field encoding the spatial clustering of galaxies. Since J, is a
realization of a stochastic process, the natural objects to study are not the field values themselves but
their statistical moments, characterized by the hierarchy of correlation functions (9,4 (x1) - - - d4(%p)),
where the angle brackets denote an ensemble average over all possible realizations of the Universe.
This immediately raises a conceptual problem: what theory can predict are ensemble averages, yet our
Universe is a single realization of this ensemble, making a direct comparison seemingly impossible. The
way out relies on the ergodic hypothesis: we assume that for a statistically homogeneous random field,
ensemble averages coincide with spatial averages over a sufficiently large volume V, i.e.

(09 (3x1) -+ 0 (%n)) =Jgoéﬂd3y Og(x1+y) +0g(%n +y). (22)

In practice, this means that a survey covering a large enough volume allows us to treat different spatial
regions as approximately independent realizations of the same statistical process, and thereby to perform
meaningful inference with statistical methods.

As it will become clear in what follows, it is however more natural to work in Fourier space for
both theoretical predictions and data analysis, since translational invariance makes different Fourier
modes statistically independent and, at linear order, dynamically decoupled, so that each wavenumber
evolves independently and carries its own cosmological information. Hence the field we will deal with

is actually
Sy(k) = / a3 x 5,(x)e (2.3)

Consequently, as the first moment is zero by definition Eq. (2.1), the most relevant correlator is the

power spectrum Py, (k), defined by
(39(k)dy (K')) = (2)°6" (k — K') Pyy (k), (2.4)

where statistical homogeneity, i.e. invariance under translations, enforces the Dirac delta setting k = k/,
while isotropy ensures that P;; depends only on the magnitude k = [k|.
Eq. (2.4) will be the most important quantity for this work, as the connecting point of theory and

galaxy surveys datasets for the purpose of cosmological inference. In this chapter, we first lay out the
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theoretical framework used to predict galaxy correlation functions from first principles, from the linear
evolution of cosmological perturbations to the nonlinear, EFT-based, description of biased tracers; then
we outline basic details on how such correlation functions are estimated in practice from simulated and

observational data.

2.1. Theory: predicting correlation functions from first-principles in
ACDM

In this section we review how the statistics of the large-scale structure can be predicted from first
principles within the standard ACDM cosmological model. We begin in Sect. 2.1.1 with linear theory,
following the evolution of density perturbations from their primordial initial conditions to the growth
of structure at later times. We then move beyond the linear regime in Sect. 2.1.2, introducing the
perturbative treatment of non-linear clustering and its state-of-the-art formulation within the EFTofLSS.
Building on this, we discuss the steps needed to connect the theory to observations: the bias expansion
relating galaxies to the underlying matter field, the mapping to redshift space, and the stochastic
contributions. Together, these elements provide the theoretical backbone for the correlation functions

and power spectra used throughout this work.

2.1.1. Linear theory: from initial conditions to growth of perturbations

The seeds of cosmic structure are, supposedly, laid during inflation, which generates a nearly scale-
invariant spectrum of primordial curvature perturbations [59]. In the simplest scenario, this is charac-

terised by a primordial power spectrum of the form

ns—1
770(74?) = As <:> ) (2.5)

where A; is the amplitude, ns the spectral index, and k. a reference pivot scale. These perturbations
then evolve through the subsequent cosmological epochs, steered by gravity and the microphysics

of the various species that make up the Universe. In the early Universe, density perturbations are

small, |;| < 1, and their evolution can be studied by linearising the equations of motion around
the homogeneous background, a regime known as linear perturbation theory. The resulting Einstein-
Boltzmann system [59] couples the density contrasts and velocity divergences 6; of each species @
(i.e. photons, baryons, cold dark matter, and neutrinos in the standard ACDM model) to the metric
perturbations via the perturbed Einstein equations. This system encodes a rich variety of physical
processes: the oscillation and diffusion damping of the baryon-photon plasma before recombination, the
decay of gravitational potentials on scales that entered the horizon during radiation domination, and the
gravitational coupling between the different species. The full solution is in general too complex to be
obtained analytically, and in practice it is computed numerically using Einstein-Boltzmann codes such
as CLASS [60] or CAMB [61]. The net effect of this early-universe evolution on the matter distribution is
customarily encoded in the transfer function 7'(k), which describes the scale-dependent evolution of
perturbations relative to their primordial values.

Once matter domination is established and the relevant scales are well within the Hubble horizon,

k > H, the evolution simplifies considerably: photons and baryons have decoupled after recombination,
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and the growth of structure is driven by the matter component. In this regime, the linear continuity

and Euler equations for a cold matter fluid reduce to

5. +60.=0
, 3, (2.6)
0.+ HO. + 57—[ Qm =0

where primes denote conformal time derivatives, H = aH is the conformal Hubble rate, and 6, is the
total matter density contrast sourcing the gravitational potential and 6. = V - v, being v, the velocity
field. In the rest of this section we will specialize Egs. (2.6) to a massless neutrinos scenario, i.e. d,, = J.
as there is only a cold matter component, leaving the interesting phenomenology that §,,, # . entails
as the subject of Chapter 3 and 4.

The system (2.6) admits a growing-mode solution d. x D(a), where D(a) is the linear growth factor,

normalised to unity today, with 8. = —H f. and the growth rate
f=dlogD/dloga ~ Qp,(a)” (2.7)

for some power v =~ 0.55 in ACDM [13, 62]. Combining the primordial spectrum, the transfer function,

and the late-time growth, one can give a linear prediction for the matter power spectrum as

PE(k, 2) o« D?(2)T%(k)Po(k), (2.8)

with its characteristic shape: a broad peak near the scale of matter-radiation equality keq ~ 0.01 A Mpc~1,

a suppression on smaller scales due to the decay of potentials during radiation domination, and the
baryon acoustic oscillation (BAO) feature imprinted by sound waves in the baryon-photon plasma,

visible as a series of oscillations around k ~ 0.1 h Mpc~*.

2.1.2. Nonlinear clustering: perturbative approach and EFTofLSS

While Eq. (2.8) is a remarkable first-principles prediction, it is not what can be directly compared to
galaxy clustering observations for the purpose of cosmological inference. There are two main reasons
for this, which we address in turn. First, at the low redshifts where galaxies are surveyed, the density
perturbations are no longer small, invalidating the assumption of linear evolution. Second, there is no
straightforward connection between the observed galaxy overdensity field and the underlying matter
overdensity that the theory predicts in Eq. (2.8).

In principle, both complications can be tackled fully numerically via N-body simulations. This is
indeed a very active field of research, that of Simulation-Based Inference (e.g., for galaxy clustering,
see [63, 64]), whose main challenge lies in the fact that simulations are computationally expensive and
thus difficult to embed directly within a parameter inference pipeline. An analytical route is, at the
same time, that of cosmological non-linear perturbation theory, which treats the density and velocity
fields as a controlled expansion around the linear solution. Valid on scales where 9 is not yet of order
unity but where corrections to linear theory are nonetheless important, it captures the leading effects
of non-linear gravitational evolution and provides a systematic framework for connecting the galaxy
field to the underlying matter distribution through a bias expansion. This makes it a powerful and
controlled tool, well suited to searches for beyond-ACDM physics, and it is the approach we adopt in
the following.
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Standard Perturbation Theory

Standard Perturbation Theory (SPT) [13] provides a systematic expansion of the matter density contrast
and velocity divergence, conveniently through the quantity © = —6/(f7H), in powers of the linear
density field § (1

S(k) = oM (k) + P (k) + 6B (k) + . .. (2.9)
where the n-th order term 61" is an n-fold convolution of the linear field with mode-coupling kernels
F,, and G,,,

57 (k) = / dgi. n Fula, -, an) 68 (qr) - - 0 (qn) (2.10)
q

oll(xk) = / dgi..n Gulas, - - an) 08 (aqr) - -6 (qy) (2.11)
q

where we have defined the shorthand notation
[ Bq... A3 p /
JLans= [ o (- Xa) @12)
The kernels F}, and G, are fully determined by the nonlinear equations of motion of a pressureless
fluid in an expanding universe, i.e. the Egs. (2.6) but without neglecting the quadratic source terms as

in linear theory. This is conveniently rewritten in terms of © and switching time variable, via the linear

growth factor D appearing in Eq. (2.7), to

n = log D(7) (2.13)
as [13]
0,6 -6 = [ dnalar ) O(ani(az)
) q3 (2.14)
0,0 + 59 - 55 = / dqgi2 B(q1,q2) O(q1)O(q2)
q
having defined
ki -k ki +ko)%k; - k
ofki ko) =14 0 (k) = B e (2.15)
1 173

In Egs. (2.14) we also used the excellent approximation €2,,(a)/f%(a) ~ 1, valid at the sub-percent
level in ACDM, which renders the kernels time-independent. The kernels can be computed recursively

giving, for instance, at second order

Flr ko) = 2oyl ) + 2Bk, Ko) (2.16)

Gk, kp) = %as(kl,kg) + ;,B(kl,kg) (2.17)
with the symmetric component as

0l o) = L [a(ks ko) + ko, k)] (218)

Expanding the power spectrum to one-loop order, i.e. retaining contributions up to fourth order in

the linear density field, one obtains

Prim(K) = Pi1 (k) + PP (), (2.19)



2.1. Theory: predicting correlation functions from first-principles in ACDM

where the one-loop correction is made up of two contributions stemming from two combinations of
Eq. (2.9)

PHoP (1) = Py (k) + Pr3(k), (2.20)
with
3
Pa(k) =2 [ 305 (Pu(ak @)l Pra(a) Pua(k — al) @21)
3
Pig(k) = 6P11(k)/ (;lﬂ(igF:a(k? a,—q) P11(q). (2.22)

The P»y term arises from the product of two second-order fields, while P;3 comes from the cross-
correlation between the linear and third-order fields. Together, these corrections are the first step
to extend the range of validity of the perturbative description to mildly nonlinear scales. Formally,
the expansion is controlled by the ratio k/knr,, where kn, ~ 0.3-0.5 hMpc_1 at z = 0 is defined
by ki PL(knp)/(27%) ~ 1. In practice, one-loop analyses of galaxy clustering in redshift-space are

1 a choice validated on simulations.

typically restricted to kpax ~ 0.2 h Mpc™

A well-known limitation of SPT, however, is the behavior of Egs. (2.21)-(2.22) at the integration
boundaries, which exposes the framework to both infrared (IR) and ultraviolet (UV) sensitivities. In the
IR limit (¢ — 0), the integrands of P» and P, 3 individually exhibit strong divergences. Physically, these
long-wavelength modes correspond to large-scale bulk flows. By virtue of the Galilean invariance, a
uniform large-scale flow simply translates small-scale structures and cannot alter the internal dynamics.
Consequently, when P53 and P;3 are summed, these leading IR divergences exactly cancel one another,
ensuring that the total one-loop power spectrum remains well-behaved and safely decoupled from
arbitrarily large scales [65, 66].

Conversely, the UV limit (¢ > k) presents a fundamental inconsistency of the theory, if constructed
as above. The loop integrals receive contributions from arbitrarily large wavenumbers, probing scales
where the density field is highly nonlinear and the perturbative expansion itself is invalid. Specifically,
by taking the small-scale limit of the F3 kernel, the P;3 integral exhibits the leading UV divergence [47,
66]

2
Pu(] | =~ gk Pu(h /k . qqfanw). (2.23)
This is an integral that scales as [ dg Py1(g), leaving the final result heavily dependent on the uncon-
trolled, highly nonlinear dynamics of small-scale structures. Operatively, in our standard cosmology
the integrals actually happen to mathematically converge: this stems from the fact that the linear power
spectrum integrand is strongly suppressed at small scales due to sub-horizon evolution during the
radiation-dominated epoch, specifically known as the Mészaros effect. However, it is clear that this
convergence is entirely fortuitous: had there been no radiation domination, the integral would formally
diverge, therefore signaling in any event a breakdown of the theory. Also, even though it evaluates
to a finite value in practice, integral Eq. (2.23) amounts to spurious contribution that heavily weights
uncontrolled small-scale dynamics and would affect inference. It is indeed now well established that
UV divergence is not a physical phenomenon but an artifact of treating the dark matter as a perfect,
pressureless fluid on all scales, improperly neglecting the finite extent of virialized halos, shell-crossing,

and the resulting small-scale velocity dispersion.



2. Galaxy Clustering as a Cosmological Probe

The Effective Field Theory of Large-Scale Structure

The Effective Field Theory of Large-Scale Structure (EFTofLSS) [14-16, 67, 68] provides a systematic
framework to make SPT self-consistent, including tackling the UV sensitivity presented at 1-loop order
by Eq (2.23). The key idea is that, on large scales, the details of the small-scale dynamics (such as, the
formation of halos, the non-linear collapse of dark matter, the complex baryonic physics) cannot be
resolved, but their effect on large-scale perturbations can be captured by a set of effective fluid equations.
This is achieved by coarse-graining the full equations of motion over a smoothing scale A~!, larger
than the nonlinear scale kﬁi The resulting equations describe a fluid that, even in the case of starting
from an ideal fluid, acquires an effective stress tensor 7;;, whose long-wavelength contributions encode
the backreaction of small-scale dynamics on the large-scale modes.

In practice, the effect of this stress tensor at leading order in derivatives and at one-loop level
introduces corrections to the equations of motion that take the form of a pressure-like term proportional

to k261!, These are the EFT counterterms, which appear in the power spectrum as

P (k) = PE(k) + PP (k) — 262 K*PL(k) + ... (2.24)

2

where c;,

is a free parameter whose value is not predicted, and must be fitted to data or from numerical
simulations. From a complementary point of view, one can notice that the counterterm —2c2,k? P% (k)
has precisely the effect to absorb the UV sensitivity Eq. (2.23): it has the same k2P (k) scaling, and
its free coefficient can be tuned to cancel the dependence on the cutoff A, making the final result
UV-finite and independent of the arbitrary smoothing scale. Additional counterterms arise at higher
orders in derivatives, suppressed by further powers of k?/k%; , and are typically neglected at the order
of accuracy we work at. The EFTofLSS therefore provides a systematic, self-consistent perturbative
expansion for the matter power spectrum, whose validity can be systematically extended to higher

accuracy by including higher-order loop corrections.

Galaxy Bias

So far, we have presented the galaxy power spectrum Eq. (2.4) as the primary statistics for doing
cosmology with galaxy surveys, but have derived the theoretical predictions for the matter fields,
culminating in the EFTofLSS prediction Eq. (2.24). A key step is still missing, namely the galaxy—-matter
connection; as we show below, the EFT framework remarkably accommodates this step too, again in a
controlled, first-principles fashion.

In the same regime where perturbation theory for matter holds, the relation between galaxies and
matter can, in full generality, be treated as the most general local functional of the long-wavelength
gravitational and matter fields, evaluated along the fluid trajectory and consistent with the symmetries
of the problem [69]. Locality here is understood in the sense dictated by the equivalence principle: the
galaxy density at a given point depends on the second derivatives of the gravitational and velocity
potentials along the past trajectory of the fluid element, which in Eulerian coordinates generates a set of
otherwise non-local operators.

This so-called bias expansion is, at any given perturbative order, organised as a sum over all operators

O compatible with the symmetries, with unknown bias coefficients,

Jg(x) = bo O(x). (2.25)
@]
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2.1. Theory: predicting correlation functions from first-principles in ACDM

At first order, the only relevant operator is the linear density contrast 6!/, giving d, = b1, with the
linear bias parameter b;. At second order, two new operators appear: the quadratic density (§ [1])2 and
the squared tidal field Go = (9;0;¢)* — (V?¢)?, where ¢ is the gravitational potential. At third order the
operators 0%, § Go, Gz and I'3 appear. Only those correlating with 6! contribute to the one-loop power
spectrum, and their contributions are all proportional to P (k) times a loop integral: they are therefore
mutually degenerate, and can be captured by a single effective parameter, conventionally chosen as br,.
The full bias expansion at one-loop order therefore involves the parameters {b1, bs, bg,, br, }, where
we follow the notation of [19].

In addition, the EFT framework comprises higher-derivative bias operators. These arise because
galaxy formation is not strictly local, but responds to the environment over a finite spatial scale R, of
order the Lagrangian radius of the host halo; each additional derivative is therefore suppressed by a

power of (kR,)?, defining a controlled expansion
8y D b2 V20U 4 bga VA 1 (2.26)

whose leading term is bg2 V261, At the level of the power spectrum this leading operator contributes
a term proportional to k2P (k), with exactly the same scale dependence as the EFT counterterm for
matter; the two are therefore degenerate and can be reabsorbed into a single effective parameter.

The one-loop galaxy power spectrum, assembling all contributions from the bias expansion and the

EFT counterterms, can then be written schematically as

Pyy(k) = b2 PLI® (k)  PLOP (k) — 2¢2 K2PE(k). (2.27)

bias

Eq. (2.27) is thus a fully theoretical prediction for P, that can be directly tested on simulations. For
real data, and hence for cosmological inference, one complication (which will actually turn out to be an
opportunity for additional information) still remains, i.e. that the position of galaxies along the line of

sight can only be inferred through the redshift. We treat this in detail in what follows.

Redshift-space distortions

Observational galaxy catalogs do not natively provide three-dimensional spatial maps; their fundamental
data products actually consist of a pair of angular coordinates and a measured redshift for each target.
To map the large-scale structure in 3D and construct the density field of Eq. (2.1), one must assume
a fiducial cosmological model to convert these observed redshifts into radial (comoving) distances.
However, this transformation is complicated by the fact that the observed redshift does not stem
exclusively from the cosmological Hubble expansion, but also has a Doppler contribution from the
galaxy’s peculiar velocity v along the line of sight z. The mapping between the true real-space position

x and the inferred redshift-space position s is therefore

s=x+ ”27(;>z (2.28)

where v, = v - Z is the line-of-sight peculiar velocity. This displacement distorts the observed galaxy
distribution with respect to the true one, an effect known as redshift-space distortions (RSD). As galaxies
are treated as a set of discrete tracers, the density computed from observations d,(s) is necessarily

related to the real- (as opposed to redshift-) space one by number conservation

[1+ 65(s)]d®s = [1 + 04 (x)]d’x (2.29)

11



2. Galaxy Clustering as a Cosmological Probe

At the linear level, one can further make use of Eq. (2.6) to obtain, in the plane-parallel approximation
where Z is taken as fixed,
ik

03(k) = 0 (k) = — 7 v (k) = (b1 + f4?) 1)), (2.30)

where p =k, /k = k - 2 is the cosine of the angle between the wavevector and the line of sight, and f
is the linear growth rate defined in Eq. (2.7). This is the Kaiser formula [70], which shows that RSD
introduce an anisotropy, i.e. a ¢ dependence that was absent in e.g. Eq. (2.27), in the galaxy power

spectrum: at linear order,
s 2
P (ki) = (b1 + fu?)” Pra(k). (2.31)

The angular dependence of Eq. (2.31) can be decomposed into Legendre multipoles

V4
PM)—QQ—“ ) 4 P (k) o) (232)

where L, are the Legendre polynomials, of which the monopole (¢ = 0), quadrupole (¢ = 2), and
hexadecapole (¢ = 4) are non-zero at linear order. This anisotropy is a powerful cosmological observable,
as it allows the growth rate f, or better the combination fosg, to be measured independently of the bias
parameter b; through the ratio of multipoles.

Beyond linear order, the RSD mapping generates additional mode-coupling contributions. In the
SPT framework, these are systematically incorporated by replacing the real-space bias kernels Fggnr}
with their redshift-space counterparts F}Z] [13, 69], which depend on both the momenta and the angle
(t. In the literature, such as in [13], Fg[z] and F, ﬁ] are usually labeled K, and Z,,, respectively. In this
thesis, however, we prefer a more explicit, although heavier, notation, especially in view of the two-fluid
expansion derived in Chapt. 4. For instance, at linear order F, é}; (k) = by + fu?, consistently with the
Kaiser formula. The one-loop redshift-space galaxy power spectrum then takes the same schematic
form as Eq. (2.27), but with all kernels replaced by their redshift-space equivalents and with additional
counterterms accounting for the UV sensitivity introduced by the velocity field, the leading ones being
proportional to k%1% P11 (k) and k?p* Pry (k).

Stochastic contributions

Beyond the deterministic bias expansion, the relationship between galaxies and matter also has an
irreducible stochastic component. This arises because galaxy formation is a discrete, non-linear process
sensitive to the small-scale environment, which is not captured by any finite number of long-wavelength
operators. In the EFT framework, this stochasticity is modelled as an additional noise field €(x),

uncorrelated with the long-wavelength density field by construction,
= bo O(x) + €(x). (2.33)
(@]

The power spectrum of € contributes as an additive, scale-independent (white noise) term to the galaxy

power spectrum,

1+«
ng(k) D Pitoch = = P’ (2.34)

where 7 is the mean number density of tracers and ap parametrizes deviations from the Poisson

expectation of galaxies being discrete, independent points. In general, small-separation effects such as

12



2.2. Data: estimating correlation functions from simulated and real data catalogs

halo exclusion or the finite size of the host haloes correlate the tracers over a characteristic scale, so the
noise cannot remain exactly white beyond the very largest scales; expanding this scale dependence in
powers of k, the leading correction to the constant Poisson term is quadratic. Small-separation effects
such as exclusion between haloes can thus lead to either super- or sub-Poissonian noise [71], and at
higher order in derivatives additional scale-dependent stochastic contributions appear, the leading one
being proportional to k? /7, parametrised by a free coefficient €2 and leaking also to higher multipoles
[62]. These stochastic terms must be included in any accurate model of the galaxy power spectrum,
and their free parameters are marginalised over in the cosmological analyses.

The full one-loop model in redshift space,

Pyg(k) = b? PRloop(y - pliloob gy o pllocbpy o p o (k), (2.35)

bias count

with its complete set of bias, EFT, and stochastic parameters constitutes the theoretical backbone of the

analyses presented in this thesis.

2.2. Data: estimating correlation functions from simulated and real

data catalogs

In this section we, very briefly, focus on the left hand side of Eq. (2.4), that is how the ensemble average
is performed in practice to measure the galaxy power spectrum. An estimator is a practical way of
computing the ensemble average (J,(k)d; (k')) with a finite operation on a single realisation of the
observed density field, such that the result converges to the true power spectrum in the limit of a large

survey volume.

In a cubic box A cubic box, such as the product of N-body simulations, is conceptually the cleanest
environment to give basic details on how power spectrum estimators work. The first step is to obtain
the Fourier space overdensity d(k) from the point, being this galaxies or particles of simulations, catalog.
In principle, this can be done via a straightforward application of the definition Eq. (2.3), summing over

pairs
N

_ —ik-xi
0y(k) = z; e , (2.36)
1=
which is indeed dubbed as “direct summation” method for a grid of Ny, values in wavenumbers. This,
however, falls short operationally, as it scales as O(/N N}) and becomes computationally prohibitive for
modern surveys with N ~ 10°-10® objects. This issue is overcome by first interpolating the points
onto a Cartesian grid of V. gri

(NGP), Cloud-In-Cell (CIC), or the higher-order Piecewise Cubic Spline (PCS). With that, one can then

exploit Fast Fourier Transform algorithms to get the Fourier space quantity evaluated on the same grid,

q cells using a mass-assignment scheme (MAS) such as Nearest Grid Point

reducing the computational cost to O(V, g‘ri 4108 Ngyiq). The introduction of a grid, however, entails two
complications. The first is the appearance of a Nyquist frequency knyq = mNgriq/L, with L the box
size, setting the maximum frequency that can be accurately sampled on the grid, while the fundamental
frequency k¢ = 27 /L sets the minimum. The mass-assignment scheme also introduces a smoothing
kernel W)ias(k) in Fourier space that suppresses power near the Nyquist frequency; since this kernel
is known analytically for any given MAS, the measured d,(k) is corrected by dividing out Wyrag (k)

before forming the power spectrum estimate.

13



2. Galaxy Clustering as a Cosmological Probe

The second complication is aliasing. The discretisation of the density field onto a grid causes power

from modes with wavenumbers [k + 2nknyqii
k, that is

, for integers n, to fold back and contribute to the modes

(Ségrid) (k) _ Z 5£(]dir.summ.)(k + 2nkNyqﬁ)7 (237)

A particularly effective and computationally feasible remedy to this is the interlacing technique [72]:

two grids are assigned with a half-cell offset L /2Ngyiq, their Fourier transforms are combined as

5(inter1ac.) (k) _ 1

; = 3 |00 a<) + 5P (k)] = 3 sldineumm) (1 4 9y of) (2.38)

neven
This combination thus effectively eliminates the odd n aliasing contributions, including the leading
n = 1 one, at the cost of a single additional FFT, and is now standard practice in state-of-the-art power
spectrum pipelines [72].

Once one has the corrected Fourier-space density evaluated on a 3D grid, the redshift-space power
spectrum multipoles are estimated by weighting each mode with the appropriate Legendre polynomial

Ly(p) before averaging over shells in £,

Py = EEE S sy ot ), 239)
knCktAk/2

where NNy, is the number of modes in the shell, Z is the (fixed) line-of-sight direction, and p1 = k,, - 2. The
¢ = 0 monopole reduces to the standard angle-averaged power spectrum, while the ¢ = 2 quadrupole
and ¢ = 4 hexadecapole capture the anisotropic signal induced by redshift-space distortions, as discussed
in the previous section. In this idealised case the estimator is unbiased, and its variance is dominated by
the finite number of independent modes, a fundamental limit known as cosmic variance. Note that, with
the normalisation adopted above, the estimator receives the self-pair contribution 1/7 in the monopole.
This Poisson shot noise is either subtracted explicitly or, as is standard in full-shape analyses, absorbed
into the free stochastic amplitude o p introduced in Sect. 2.1.2 and marginalised over.

Building an estimator for higher-order correlations, most importantly the bispectrum, carries further
challenges that are not covered here, and we refer the reader to [73] for a full treatment. In the context of
the doctoral work PBI4 [74], a code that implements the described steps, including interlacing building
upon powerI4!, for power spectrum and bispectrum multipoles has been tested, made public %, and

employed for measuring the simulation data in the following chapters.

Real observations Real galaxy surveys depart from a periodic box in several important ways, each
of which requires dedicated treatment. Here below we just outline the main further effects to take into
account without entering into technical details.

First, in a real survey the mean galaxy density 7(x) varies across the volume, so modes are sampled
with unequal noise. [75] showed that assigning each galaxy a weight wrkp(x) = [1 + fi(x) Py]~?, for

a fiducial amplitude Py, minimises the variance of pg(k‘) in the limit of a Gaussian field.

'https://github.com/sefusatti/Powerl4
*https://github.com/matteobiagetti/pbi4
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2.2. Data: estimating correlation functions from simulated and real data catalogs

Redshift-space distortions (RSD) break isotropy along the line of sight n, making the power spectrum
anisotropic: Py(k) = 3, Py(k)L¢(k - f). For a wide survey the line of sight varies across the field, so
the assumption of a fixed n (plane-parallel approximation) breaks down. The [76] estimator accounts
for this by expanding the pair-wise line of sight, yielding multipole estimates that remain accurate even
at large opening angles.

A real survey covers only a fraction of the sky and applies a spatially varying selection function,
encoded in the window W (x). The observed field is §2°%(x) = W (x) d,4(x), so its power spectrum
is the convolution Pg(’bs = Py * |W|2. This couples different k-modes and introduces a characteristic
suppression and ringing at scales comparable to the survey size. The window must be modelled and the
to theoretical predictions convolved, i.e. a forward-modelling of the window effects, before comparing
with P, [77-79].
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3. Massive neutrinos and Galaxy Clustering

In this chapter, we focus on the effects of massive neutrinos on linear cosmological perturbations and
galaxy clustering, whose treatment in Chapter 2 has been presented in a massless scenario. After
reviewing the main aspects of linear theory in Sect. 3.1, which will also be at the basis of the theoretical
study of Chapter 4, we present in Sect. 3.2-3.6 an original study on redshift-space distortions for biased
tracers, clarifying some subtleties arising when massive neutrinos are taken into account and that have

so far been overlooked.

3.1. Review of Massive Neutrinos effect on the large-scale structure

Massive neutrinos are the only particles in the Standard Model whose mass remains unmeasured.
Neutrino oscillation experiments have established that at least two of the three mass eigenstates are non-
zero, measuring the two squared-mass splittings Am3, ~ 7.5x107° eV2 and |Am3,| ~ 2.5x107° eV?
with £ = 1, 2 depending on the ordering [80]. These splittings set an absolute lower bound on the sum
of neutrino masses of Y m,, = 0.059 eV in the normal ordering and }_ m, = 0.10€V in the inverted
ordering, while leaving the overall mass scale and the ordering itself undetermined. Current laboratory
bounds from tritium beta decay place the mass of a particular flavour combination below 0.45eV [28].

Despite their small fraction with respect to total matter f, = ,/Q,, < 0.01, massive neutrinos
leave a distinctive and potentially detectable imprint on the large-scale structure of the Universe,
making cosmology one of the most sensitive probes of the neutrino mass scale. This sensitivity arises
mainly through two, intertwined, effects. The first is a background effect. At early times neutrinos
are relativistic and contribute to the radiation density, but as the Universe expands they become non-
relativistic once the temperature drops below their mass, transitioning to behave as matter. This shifts
the redshift of matter-radiation equality and modifies the expansion history H(z), so that for a fixed set
of cosmological parameters a larger )  m,, alters the background evolution and the associated geometric
distances probed by, e.g., baryon acoustic oscillations. The second is the suppression of perturbations.
Because of their large thermal velocities, neutrinos free-stream out of gravitational potential wells on
scales below the free-streaming length, and therefore do not cluster there. This has two consequences:
neutrino perturbations do not contribute to the growth of structure on small scales, and their free-
streaming also slows the growth of the cold dark matter and baryon perturbations through the reduced
gravitational potential. The net result is a characteristic, scale-dependent suppression of the matter
power spectrum on scales below the free-streaming scale, with a relative amplitude AP/P ~ —8f, in
the linear regime. It is precisely this scale-dependent imprint that makes galaxy clustering one of the
most powerful probes of the neutrino mass scale.

Cosmology indeed turns out to be incredibly competitive with laboratory experiments concerning
upper-limits on ) | m,,, where the state-of-the-art constraints push this down even to < 70 meV with
the Planck+ACT+DESI (BAO) combination [5, 6, 24, 31]. This figure actually sits in mild tension
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3. Massive neutrinos and Galaxy Clustering

with the oscillation lower bounds: the tightest cosmological constraints now approach, and in some
data combinations formally exclude at the ~ 20 level, the minimal value allowed for the inverted
ordering, and are beginning to press against the normal-ordering floor as well. It should be noted
that this observables combination mainly constrains M, through the background effect, i.e. 2,;, — €2,
which is not a signature as distinctive as the scale-dependent suppression. Some analyses even prefer
negative values of > | m,, when the parameter is allowed to float unphysically [32]. This hints either at a
statistical fluctuation, unaccounted-for systematics, or a possible breakdown of the ACDM assumptions
underlying these bounds. Whether this reflects new physics or the residual tensions degenerate with
neutrino mass effects remains an open question.

In what follows, we briefly review the theoretical treatment of massive neutrinos effect on linear
cosmological perturbations and show quantitatively the suppression it entails on the power spectrum.
Then, we turn to the effects on tracers, with an in-depth study on the redshift-space power spectrum in
presence of massive neutrinos, highlighting some subtleties that have so far been overlooked and could

potentially bias inference in case of a future non-null detection of ) m,,.

Boltzmann hierarchy and fluid approximation

Unlike cold dark matter, neutrinos decouple from the thermal bath while still relativistic, at temperatures
T ~ MeV, and thereafter free-stream with a thermal velocity dispersion that remains cosmologically
relevant long after they become non-relativistic. That is, their background phase space distribution

remains a relativistic Fermi-Dirac distribution at all times, i.e.

1

S — (3.1)
1+ e@

folg,7) =
where ¢ is the comoving momentum and 7}, is the neutrino temperature parameter. Actually, it is worth
noting that 7}, o is not strictly a thermodynamic temperature, as neutrinos are completely out of thermal
equilibrium following their decoupling; rather, it functions as a formal parameter characterizing the
shape of the frozen phase-space distribution, that decreases as T, (a) = (ag/a)Tp even after neutrinos
are fully non-relativistic.
The evolution of the full neutrino phase-space distribution f(x, q, 7) is governed by the collisionless
Boltzmann, or Vlasov, equation [26]. For what concerns linear cosmology, it is convenient to consider
the Legendre multipoles of the Fourier space, hence introducing the wavenumber k, phase-space

distribution perturbations

Flla,7) = fola,7) |1+ D (i)' + )Wk, 0,7) P <kqu>] 62)
=0

This turns the Boltzmann equation in a set of coupled equations, the so-called Boltzmann hierarchy, as
[81]

. k -dlo

By =L, — ¢ gf07 (33)
€ dlogq

. qk ek dlog fo

Uy = — (Uy—2U0y) — — 34

UVy=—— WU, 11—+ 1V ?>2 3.5
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3.1. Review of Massive Neutrinos effect on the large-scale structure

where dots denote derivatives with respect to conformal time, ¢ and v are the conformal Newtonian
potentials [81], and €( \/W In principle this hierarchy must be truncated at some
maximum multipole €max to be solved numerically, and this is the approach implemented in Boltzmann
codes such as CLASS [60] and CAMB [61].

The first two moments of the phase-space distributions, the density contrast ¢, and the velocity
divergence 6,, do thus not form a closed system like in Eq. (2.6) but are coupled to higher multipoles
via the shear stress o(k, 7). However, it has been shown that at late times the effect of the shear can
be approximated as an additional contribution to the pressure term, effectively rescaling it by a factor
9/5 [82]. This is a particularly useful approximation, as in this way the ¢ = 1, 2 equations of the
Boltzmann hierarchy (3.3) effectively decouple from the higher multipoles. We thus get a system very
similar to Egs. 2.6, where all the free-streaming physics is captured in the Euler equation by an effective

sound speed

3
0!, +HO, — k*c25, + §H29m5m =0 (3.6)
with ¢ = g cg, where cf] =P /p ~ g o2 is the squared adiabatic sound speed, so that ¢2 ~ ¢2 =

o C(S) T20 /(m?2a?).! Eq. (3.6) is describing the evolution of a perfect fluid, which will further be at the
ba51s of the theoretical study presented in Chapt. 4 for generic behaviours of the sound speed. Notably,

Eq. (3.6) entails a characteristic wavenumber, which is interpreted here as the neutrino free streaming

scale, that reads

(o) = a2 5.7 x 1072 o () () 3)

The physical interpretation is transparent: neutrinos with thermal velocities v,, ~ o0, free-stream out of
potential wells on scales smaller than the free-streaming length \g ~ v,/ H, preventing the formation

of structure on those scales.

Effect on the matter power spectrum and growth rate

The cosmological impact of massive neutrinos on large-scale structure is best understood by separating
the total matter field into a cold component d. (CDM and baryons) and the neutrino component §,,

with the total matter overdensity given by

(5m - (1 - fu)ac + fV5V7 (3'8)

where f, = Q,/Qy, is the neutrino fraction. On scales much larger than the free-streaming scale,
k < ks, neutrinos cluster like cold matter, and the growth of perturbations proceeds as in the massless
case. On scales £ > kg, however, neutrino perturbations are strongly suppressed, J, < d., and
the gravitational potential sourcing the growth of 4. is reduced by a factor (1 — f,)). This leads to a

suppression of the growth rate of cold perturbations, which on small scales evolves as [26]
be o< D(a)'—3/5, (3.9)
so that the growth factor becomes scale-dependent, D — D(k, a), and similarly the growth rate

dlog D(k,a) _ ) facom k < ks,

f(k) = ~
dloga fACDM (1 - %fw) k> ks,

(3.10)

! Alternative definitions of the velocity dispersion, differing by O(1) factors, are common in the literature. In particular,

o2 = 231%;)2 T2 0/(m12,a2) in Refs. [45, 83, 84], which would lead to ks(a) being larger by a factor ~ 2.2 compared to our

expression in Eq. (3.7).
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3. Massive neutrinos and Galaxy Clustering

transitions from its standard ACDM value on large scales to a suppressed value on small scales. This
scale dependence of the growth rate is a distinctive signature of massive neutrinos in redshift-space
clustering, as it imprints a scale-dependent anisotropy in the observed power spectrum multipoles, and
its detection and characterisation is one of the main subjects of this thesis.

The cumulative effect on the linear matter power spectrum is a step-like suppression on scales k = k.
Relative to a massless neutrino cosmology with the same values of the other parameters, the suppression

of the total matter power spectrum is approximately [26, 85]

APmm
Prm

~ —8f,, (3.11)

valid on small scales and at low redshift. This result has a simple physical interpretation: a fraction f,, of
the matter does not contribute to the gravitational clustering on small scales, reducing the amplitude of
the power spectrum by a factor (1 — f,)? ~ 1 — 2, at the level of the density field, and the additional
suppression factor of ~ 6f, comes from the reduced growth of cold perturbations due to the lower
gravitational source. The location of the transition encodes information about the neutrino mass
through ks, while the depth of the step is proportional to f,, < Y m,,. This makes the full-shape power
spectrum, measured over a wide range of scales spanning both k£ < ks and k > ks, a powerful tool to
constrain ) m,, from galaxy clustering data, as exploited in the analyses presented in the following

chapters.

3.2. Redshift-space distortions in massive neutrino cosmologies

As described, the peculiar suppression of small-scale growth of matter perturbations due to massive
neutrinos leads to a potentially distinctive feature in the shape of the galaxy power spectrum. To
connect theory to observations, with e.g. the goal of inferring ) * m,, it is thus essential to extend the
theory of bias and redshift space distortions (RSDs) presented for ACDM in Sect. 2.1.2 to underlying
matter power spectra exhibiting a suppression given by Eq. (3.11), which is not trivial already at linear
level.

In massive neutrino cosmologies, a natural ambiguity arises indeed already w.r.t. the definition of the
matter density field. One option is to consider the combination of dark matter and baryons in standard
ACDM models, hereafter denoted as “cold matter”, since baryonic effects can be neglected at large scales.
In addition, since massive neutrinos behave as dark matter at low redshift, an alternative definition of
matter could include dark matter, baryons, and neutrinos. In what follows, we will denote this “total
matter”.

As far as the galaxy density is concerned, i.e. the first term of Eq. (2.30), numerical simulations have
shown that a proper definition of galaxy bias expansion in terms of constant bias parameters must be
defined w.r.t. the cold matter density [52, 86]. The alternative option of a galaxy bias defined w.r.t. the
total matter perturbations would lead to bias parameters affected by a spurious scale dependence.

The second term in the Kaiser formula is also affected by the same ambiguity. The galaxy velocity field
is usually presumed to be unbiased w.r.t. the matter field velocity, but for massive neutrinos cosmologies
the cold matter and total matter velocities are not the same. Although it is often assumed, sometimes
implicitly following the results of [52, 86], that the galaxy velocity coincides with the cold-matter

velocity, this has not found a proper, quantitative confirmation from numerical simulations.
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3.2. Redshift-space distortions in massive neutrino cosmologies

Some early work looked at the issue, but with a relatively limited cumulative simulation volume [53,
87]. In particular, in [53] a few quantities such as the growth rate f, scale-dependent when neutrinos
are massive, have been directly estimated from simulations and compared to linear theory predictions
under different assumptions. The lack of statistical significance could not lead to any clear result.

Perhaps the most directly relevant work in the past literature is [88], taking advantage of a much
larger set of simulations, then denoted as HADES, now part of the even larger QUIJOTE suite [88]. In
[88] the bias between the halo and cold-matter momenta is estimated and shown to approach unity at
large scales. However this result, while not directly dealing with the velocity field, is also not compared
to the same bias defined w.r.t. the total matter momentum. As we will show, such comparison would
have led, taken alone, to the same qualitative conclusion.

In this chapter we revisit some of these prior results and extend them in order to obtain a firm,
quantitative assessment on the galaxy velocity field in massive neutrino cosmologies. In the first place,
we reproduce some of the results of both [53] and [88], in some cases with better statistics or with more
complete comparisons. In addition, we perform full fits of a theoretical model based on Perturbation
Theory (PT), for both the cold-matter or total matter velocity options, to a set of measurements of halo
auto-power spectra and halo-cold matter cross-power spectra both in real and redshift space. This
allows to make a quantitative assessment on which assumption provides the best fit to the simulated
data.

This study is presented as follows. In Sect. 3.2 we introduce the theoretical background both at linear
and nonlinear level in PT leading to predictions for both auto- and cross-power spectra. In Sect. 3.3 we
briefly present the simulations sets employed and the power spectra measurements. In Sect. 3.4 we
perform a direct, qualitative comparison of measurements from the halo catalogs and linear theory
predictions, while in Sect. 3.5 we present the results for the fit of the nonlinear model. We conclude in
Sect. 3.6.

3.2.1. Linear theory

As shown by Eq. (2.30), in the large-scale limit the density contrast of tracers (e.g. galaxies or dark-matter
halos) in redshift space is distorted by the effect of peculiar velocities [70].

In the standard ACDM picture, with massless neutrinos and baryons approximated as cold dark
matter, the velocity bias of tracers with respect to matter perturbations has been shown to be a higher-
derivative effect, with the large-scale limit of unity bias dictated by the equivalence principle [69, 89].
In linear theory we can thus set 6, = 6,,, and, along with the linear bias relation d§;, = bd,,, rewrite
Eq. (2.30) as [70]

Sn,s(k) = (b+ facomp?) (k). (3.12)

In the context of massive neutrino cosmologies, however, matter perturbations are made up of two
components with different properties, even at large scales. These are the cold component, composed of
dark matter and baryons, here assimilated to DM, and the neutrino component. In what follows, we
will denote the cold component with the subscript “c” while we will denote total matter perturbations
with the subscript “m”.

A first problem is given by the definition of the bias expansion in real space, since already at the

linear level this can be defined w.r.t. the cold matter density,

6h(k) = bc(;c(k) ) (3.13)
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3. Massive neutrinos and Galaxy Clustering

or the total matter one

5h(k) = bmém(k) ) (3-14)

where 0., = (1— f,,)0c+ fu0,, with f, = Q, /Q,, representing the relative neutrino fraction. References
[52, 53, 86] have shown that, in numerical simulations where the neutrino component is described in
terms of a distinct particle species, the first relation leads to a scale-independent linear bias parameter,
as expected in the standard perturbative description of galaxy bias. This is likely due to the relatively
small effect of neutrino perturbations on structure formation and to the low value of the neutrino
fraction. Still, one can clearly expect, in principle, that a general description of halo bias would include,
to some extent, also neutrino perturbations. We will therefore consider the assumption of Eq. (3.13) as
a good approximation to simulation results in the linear and mildly non-linear regime. We note that
massive neutrinos have been shown [58, 90] to introduce a non-locality in halo formation inducing a
further, subtle, scale dependence, nevertheless, this correction is sub-leading at the scales considered
here.

In the interpretation of the Kaiser formula in massive neutrino cosmologies, a similar problem arises
at the level of the peculiar velocity field 8. Again, while a general model could be more complex, one
can start by considering the simple case of the halo velocity coinciding with the cold matter one 6., so
that

Oc
Oh.s = Db — ,ﬂﬁ . (3.15)
Introducing the growth rate of the cold component perturbations, scale-dependent in massive neutrino
cosmologies,
dlog D.(a, k)
(k)= —=o ™ 3.16
felb) = =25 (3.16)
from the continuity equation for . one gets
5h,s<k) - [bc + fc(k)/ﬁ} 5c(k) : (3.17)
The opposite, limiting case of 0, = 0, leads to
On.s(k) = bed, — 20m (3.18)
h,s = 0c0c — H .
= bede(k) + fin (k)0 (k) (3.19)
where now d1og Dy (a. )
og D, (a,
fn(k) = S22 D I (3.20)

dloga
is the growth rate of the total matter perturbations. We keep the standard notation for the growth rates
feand f,, not to be confused with the neutrino fraction f,, also in the standard use.

We can summarize the two prescriptions for the redshift-space halo overdensity dj, s in terms of

On,s(k) = [1+ Be(k) p?] on(k) (3.21)
with L
Be(k) = fcb( ) , (3.22)
or, alternatively, in terms of
Sns(k) = [1+ B (k) 1?] (k) (3.23)
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3.2. Redshift-space distortions in massive neutrino cosmologies

v fulk) _ k) Dun()
b, (k) be D.(k)’

where we assume a constant linear bias defined w.r.t. cold matter perturbations b., while the one defined

Bm (k) =

(3.24)

w.r.t. total matter includes the spurious scale dependence described as by, (k) = b. [D¢(k)/ D (k)]
The relations above allow to write the redshift-space power spectrum, Py, s(k, 1), in terms of the

real-space one, Py, (k) generically as

Pups (ks 1) = [1+ B(k)u2]” Popy (k). (3.25)

where the parameter (k) is given in the two limit cases by Eq. (3.22) or (3.24). As usual, the monopole,

quadrupole, and hexadecapole will read

Puna(8) = |1+ 3500+ $6°0)| Pun (1) 629
Puna(h) = | 3500+ 350 P (1) 627
Prpa(k) = %52(k)Phh,r(k)- (3.28)

In the case of the halo-cold dark matter cross-power spectrum the relation between redshift space and

real space is
Pre,s(k, 1) = [1+ Be(k) 12] Preyr(k), (3.29)

so that monopole and quadrupole read

Phc,O(k) = |:1 + ;Bc(k)] Phc,r(k) ) (3~3O)
Phea(k) = 2 (k) Phe () (331)

with a vanishing hexadecapole. Identical expressions can be written in terms of Py, 5(k), P (k) and

Bm (k), for both the anisotropic power spectrum and for the redshift-space multipoles.

3.2.2. Nonlinear perturbation theory in redshift space

In the perturbative approach presented in Sect. 2.1.2, the halo auto-power spectrum can be written at

1-loop as
2
Py (k) = B (1) PE (k) +
2
+2 / d*q [F;ﬂ(q, k — q)} PH(q)PS(k — q)+

1 3
om0 RER) [ darflick ~a)Pta). (332)
where the F }Enj, are the “biased” redshift-space kernels, whose expressions can be found, labeled as Z,,,
in [13]. In our analysis, we will compare our theoretical predictions with measurements of the cross
power spectrum between halos and cold-matter densities as well. In this case, the one-loop expression

has two main contributions

Pre,s(k) = By (k) + P (k) (3.33)

he,s he,s
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3. Massive neutrinos and Galaxy Clustering

with the SPT term given by (see, for instance [91])

PEET00 = FL00PER) + 2 [ darf(a k- q)

,8 s

x Fy(q,k — q)PX(q)PF(k — q) + 3P (k)

< [ @[k ~a) + Bk, ~a)] PH), (339
where the F), are the matter kernels, given at second order by Eq. (2.16), and with the counterterms
contribution

Pk, p) = —cy k2P (k) — e3 k*u? P (k). (3.35)

where we assume the parameters ¢; and c; in general distinct from those describing the halo auto-power
spectrum.

From the expressions above for both the auto- and cross-power spectra, one can readily obtain
the real-space predictions replacing each F }Enj occurrence with the real-space equivalent F; ,Eni kernels,
with no contributions from terms depending on the angle with the line-of-sight (see e.g. [92, 93]) and
removing all anisotropic counterterms.

In addition to the linear effects discussed above, the presence of massive neutrinos modifies the
kernels already at the matter density level [94, 95]. However, due to the very low abundance and the
relatively large value of the free-streaming scale, the approximation [94] that only accounts for standard
one-loop corrections to the cold-matter components, computed from its linear power spectrum and in
terms of the usual Einstein-deSitter kernels, performs very well compared to numerical simulations
[53, 96]. For biased tracers we further assume nonlinear bias to be defined as well w.r.t. cold-matter
perturbations, as for linear theory. It should however be stressed again that these approximations
work for massive neutrinos with very low m,,, as constrained by the data, and thus entail a very large
free streaming scale as in Eq. (3.7); we will go beyond this, considering generic hierarchy of scales, in
Chapter 4.

Concerning instead the redshift-space contributions to the nonlinear kernels F’

[n]

s» we replace every

occurrence of the growth rate f as
f—= fe(k),
or

O

according to the modeling assumption on the halo velocity field 6,,,, with the first option corresponding

to the scheme of [97, 98]. However, for every instance of f appearing in a loop integrand, we consider
its constant, small-scale, asymptotic value, making it feasible to compute the integrals with FFTLog
methods [99].

Finally, the counterterms in the auto- and cross-power spectrum models may also explicitly involve
the scale-dependent growth rate f(k) [97]. The choice on the halo velocity 8, thus reflects, in principle,
here as well. However, by directly testing alternative options we found that this has negligible impact
on our results, opting then for the agnostic choice presented in, e.g., Egs. (2.27) and (3.35).

We will make use of the PBJ code [62, 92] that we extend to cover cross-power spectra predictions.
We therefore adopt its specific implementation, in a standard ACDM cosmology, of the nonlinear galaxy
bias expansion (see, e.g., [69]) and Infrared Resummation [100], and we refer the reader to [62] for any
further detail.
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3.3. N-body simulations and measurements

Type \ Nreatiz | §e As Osm  Osc My [eV]
QUIJOTE set
ACDM | 500 | 02685 2.13x1077  0.83¢ 0.834 0
M, 500 | 0.2590 2.74x 1072  0.834  0.855 0.4
DEMNUniCoV set
ACDM | 50 0.270  2.1265 x 1072 0.8301 0.8301 0
M, 50 0.266 2.1265 x 1072 0.7926  0.8013 0.16

Table 3.1.: Summary of the cosmological parameters of the simulations employed. Values for the
QUIJOTE are detailed in [101], while those for the DEMNUniCoV in [103, 104]. The QUIJOTE share the
values h = 0.6711, 0, = 0.049 and n, = 0.9624, while the DEMNUniCoV have h = 0.67, 2, = 0.05
and ng = 0.96.

3.3. N-body simulations and measurements

For the baseline analysis, we will employ the QUIJOTE simulations [101], specifically the subsets with
total neutrino mass M,, = 0.4 eV and the corresponding ACDM runs with same initial seeds. These
sets of 500 realizations each have been run with 5123 cold dark matter particles plus an additional 5123
for the neutrino component with initial conditions set up according to the linear rescaling proposed by
[102], in a box with a side of L = 1 ! Gpc, corresponding to a fundamental frequency kf = 27/L ~
8 x 1073 h Mpc~!. The parameter describing the amplitude of the linear scalar perturbations, Ay, is
chosen here in order to obtain the same value of 0y ,, — the r.m.s. of matter perturbation in spheres
of 8 =1 Mpc of radius - for both massive and massless cosmologies (the cold matter equivalent, 08¢
is therefore different in the two cases). Halos have been identified using the Friends-of-Friends (FoF)
algorithm with linking length b = 0.2 resolving halos of masses M}, > 103 h~! M. This choice
coincides with the mass cut considered in [53]: when we mention halo bias, in what follows, it is
understood that we refer to the effective bias value corresponding to an integral of the proper halo bias
b(M), weighted by the mass function, over the relevant mass range.

In addition, we will make use of the DEMNUniCov [103, 104], also with a particle-based neutrino
component and sharing the same initial conditions set-up of [102]. They are a suite of 50 realizations
characterized by the same box side size, L = 1 1 Gpc, as the QUIJOTE suite, but eight times larger
mass resolution, having a particle number of N = 2 x 10243 (where the factor of 2 stands for same
number of CDM and v particles). The DEMNUniCov subset is available for a lower value of the total
neutrino mass M,, = 0.16 eV in addition to the massless neutrino case. For the DEMNUniCov simulations
the A, parameter is kept to the same value for both cosmologies, leading to different values of og . and
08,m- The halo catalogs used in this study are produced with the same FoF algorithm linking only the
CDM particles, where for a consistent comparison with the QUIJOTE we apply the same mass cut of
103 b=t M.

The values of the relevant cosmological parameters for the different sets of simulations are reported
in Table 3.1.

We will focus on z = 0.5 and z = 1, as relevant for recent and ongoing surveys. For each snapshot we
construct the density fields of the cold matter d., of the total matter 4, and of the halo number density

in real space d;, and redshift-space 0y, ;. This is performed using a fourth-order density interpolation and
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3. Massive neutrinos and Galaxy Clustering

interlacing scheme as described in [72] and implemented in the PBI4 code [74], also briefly discussed
in Sect. 2.2. We then estimate, extending the estimator of Eq. (2.39) also to cross-power spectra, the

multipoles as
. £3
Pap(k) = (20+1 —fz Q) Le(q- %), (3.36)
ck

where 2 represent the line-of-sight, here in the plane-parallel approximation, the sum is intended over
all wavenumbers k — Ak/2 < |q| < k + Ak/2 with Ak = ky is the bin size, and N, = 3, is the

number of modes per bin.

3.4. Qualitative tests of linear RSD theory

In this Section, we revisit some qualitative tests already explored in the literature comparing linear
theory predictions to simulations measurements. Such tests are usually limited by the short range
of scales where nonlinear effects can safely be ignored in simulation boxes of few h~! Gpc of side,
particularly in the case of a large set of realizations and low statistical errors. We will consider in the
next Section proper fits of nonlinear models including shot-noise corrections, also relevant at linear

scales for the power spectrum of halos.

3.4.1. Halo power spectrum and halo-matter crosspower spectrum

Given measurements of both the real-space power spectrum and the redshift-space monopole, one can
test the relation (3.26) comparing the estimated Lh.s. of the expression
Prpo 2

1~ 2 1o
s 1~ 3ﬁ(k‘) + 55 (k), (3.37)

with a prediction of r.h.s., which is, however, still taking advantage of an estimate of the linear bias from
data, and see whether at least at large scales there is agreement between the two. Such comparison is
shown on the left panel of Fig. 3.1, qualitatively reproducing the results of Fig. 13 in [53] and Fig. 8
n [88]. We subtract a Poisson shot-noise contribution from both power spectra. This results in a
systematic error possibly contributing to the mismatch between measurements and prediction at large
scales where, on the other hand, statistical errors are also quite significant. With respect to the specific
goal of distinguishing between the 6, vs. ,, scenarios in the Kaiser formula, these results are clearly
inconclusive.
A more direct comparison can be obtained from measurements of cross power spectra, not affected
by shot-noise, with (3.30) leading to

pth 1
— — 1~ -0(k), 3.38
At 1 380 639)

where the measured Lh.s. is compared to the rh.s in the right panel of Fig. 3.1. In this case the
predictions match the measurements at the largest scales, but it is still not possible to distinguish the
two prescriptions for the velocity contribution.

One can take further advantage of cross-power spectrum measurements, in particular considering

ratios of a given quantity estimated from a massive neutrino simulation to the ACDM simulation. In
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Figure 3.1.: Tests of the linear relation between redshift-space monopole and real-space halo power
spectra. Left panel: comparison of the Lh.s. and r.h.s. of (3.37) based on auto-power spectrum measure-
ments. This reproduces the results of Fig. 8 in [88]. Right panel: comparison of the Lh.s. and r.h.s. of
(3.31) based on halo-matter cross-power spectrum measurements. In both cases we employ the mean of

200 QUIJOTE realizations at z = 1. The tests clearly cannot distinguish the two halo velocity scenarios.

this way we partly remove cosmic variance as the two sets with different cosmology share the same
initial seeds. More specifically, we can build an estimator of the linear growth rate based on linear

theory. This would be given, under the assumption of cold dark matter velocity (3.17), by

i o Phc,r(k) Phc,(](k) .
PO =375 0 | Prenty 1] | G639

which follows from (3.30), with Phc’r / Pcc providing an estimate of the linear bias b, in this case as a
function of scale. Conversely, if the halo velocity field coincides with the total matter velocity (3.19) the

correct combination to estimate f reads

7 phm r(k) phm O(k)
m(k) =3 ——= — -1, 3.40
Fulh) =3 | ] (3.40)

where now the bias estimates by, (k) = Py, (k)/Prmm (k) includes any scale-dependence from the
different linear growth factors.

The results shown in Fig. 3.2 provide a more significant test with respect to an early attempt in Fig. 14
from [53], which was based on a single realization. Measurements of the ratio f (k)/ fACDM (connected
data points) are compared to the linear theory prediction f(k)/facpm (dashed curves) for the cold-
matter velocity case (blue) and total matter case (green). Top panels show the results from 40 realizations
of the DEMNUniCoV simulations for M, = 0.16 eV at redshift z = 1 (left) and z = 0.5 (right) while the
bottom panel is obtained from 200 realizations of the QUIJOTE simulations for M,, = 0.4eV at z = 1.
We remind the reader that in addition to the different value for M, the two sets of simulation assume
different cosmologies and different assumptions on the amplitude of perturbations in the comparison
with the ACDM case (see Sect. 3.3 and table 3.1). This could in part explain the different departure from

linearity, which, we should stress, is shown here as the ratio of nonlinear quantities.
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Figure 3.2.: Growth rate estimated from simulation data using the halo-matter cross-power spectrum,
assuming (3.39) in the cold-matter velocity assumption (in blue) and assuming (3.40) (in green). The
measurements (connected data points) are compared to the linear theory prediction (dashed curves). All
the quantities are reported as the ratio with respect to their correspondent ACDM values. Top panels
show the results from 40 realizations of the DEMNUniCoV simulations for M, = 0.16eV at redshift
z = 1 (left) and z = 0.5 (right) while the bottom panel is obtained from 200 realizations of the QUIJOTE
simulations for M, = 0.4eV at z = 1. The assumption that the velocity of halos traces the one of the
cold matter component clearly provides a good match at large scales, while the alternative assumption

is clearly failing.
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3.5. Nonlinear theory fits

In all cases, the agreement of the data with the 0, = 0, ansatz of (3.17) is evident. At the same
time, the discrepancy between theory and simulations seems to exclude the description that assumes
0 = 6,, given by (3.19).

3.4.2. Momentum bias

Given the well-known difficulties in measuring the velocity field from discrete tracers (see, e.g., [105]

for a recent work and references therein), in [88] the momentum field
J=(14d)u (3.41)

is considered as a proxy for the properties of the halo velocity field, since it can be easily estimated from
a simulation snapshot. The same reference estimates then the momentum bias of halos with respect to

the cold matter

_ Py0.(k)
Py,.J.(k)

defined in terms of the halo momentum-cold matter momentum cross power spectrum and the auto

by. (k) (3.42)

power spectrum of the cold matter momentum. This is expected to approximate, in the limit ., d;, < 1,
the velocity bias. The cold-matter momentum bias b, (k) is there shown to approach unity in the
large-scale limit, qualitatively pointing to no velocity bias between halo and cold matter velocity fields.

In the same way, one can compare with the momentum of the total matter
Im = (1= fu) (1 4 0c)uc + fo (14 6,)u, (3.43)

and estimate a momentum bias w.r.t. total matter defined as

_ Py,(k)

b (k) = s

(3.44)

In Fig. 3.3 we show estimates from both definitions, with the results for b;, reproducing those in Fig. 7
of [88]. We notice that both quantities qualitatively approach unity at large scale, with b, closer to the

limiting value by only a small difference.

3.5. Nonlinear theory fits

The results of the previous Section, although giving some clear indications in favor of the assumption
0, = 6., rely on simple, qualitative comparisons of numerical estimates with linear theory predictions.
All measured quantities present, on the other hand, important nonlinear evolution. In this Section we
take full advantage of these measurements, providing fits in terms of models at one-loop in perturbation
theory. This will result in a more quantitative discrimination between the two options based on a

Bayesian analysis of the simulation data.

3.5.1. Data and analysis setup

In light of the results of the previous Section, the quantities most informative on the problem at hand
are cross-power spectra between the halo distribution and the underlying matter density. We therefore

perform a joint fit of the halo power spectrum and cross-power spectrum between halos and cold matter
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Figure 3.3.: Estimates of the momentum bias of halos, when defined with respect to the cold-matter
momentum (blue) or the total matter one (green), obtained as the mean over 50 realizations at z = 1. The
lower panel shows the ratio with respect to the halo momentum bias in a massless neutrino cosmology,
in order to highlight the scale dependence. Data from the QUIJOTE set, to compare with and generalize

[88]; error bars are present in both panels, yet too small to be visible.

in real and redshift space, although limited to the redshift-space monopole. The data-vector we consider

is thus

{Proco®), Prco(k), Puno(k), Pron,o(k) }

with each measurement corresponding to the mean over 200 realizations of the QUIJOTE simulations,
for a cumulative volume of 200 =2 Gpc3. The corresponding covariance is given by Cryean = C/R,
with R = 200 and C being the covariance of the measurements in a single realization. The latter,
which includes all cross-covariances among different spectra, is computed analytically in the Gaussian
approximation according to the expressions described in the next Section.

We perform a Bayesian analysis and explore the posterior distribution by means of [106]. We adopt a
Gaussian likelihood and sample the following parameters describing bias, counterterms and shot noise:
{bl, ba, bg,, ¢, €55 Co, C2, ag), e,(;), ozg,f), Ezgz)}
while keeping fixed cosmological parameters to their fiducial values. Notice that, as already mentioned,
we assume the cross-power spectra counterterms to be independent from the auto-power spectra ones.
The nonlocal bias term dependent on br, is fixed to the value predicted by coevolution expectation
bry, = 23 (by — 1) /42 [107-109], having checked that this does not affect our result. We use wide,

uninformative priors for the parameters we vary.

Before applying it to the simulation with massive neutrinos, we first assess the validity range of
the model on the ACDM simulations, where the interpretation of the Kaiser formula does not present
ambiguity. To this end, we perform two tests: on one hand, we look at the running of the inferred value
of the parameters with the maximum wavenumber of the fit while, on the other hand, we consider the

goodness of the fit in terms of the x? value averaged over the chain (as in, e.g., [92]). We find that up to
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3.5. Nonlinear theory fits

kmax = 0.1 A Mpci1 both tests indicate that the model adequately describes the simulation data, and

we will therefore adopt this value as a maximum in our analysis.

3.5.2. Analytical Cross-power spectra Gaussian covariance matrices

We provide here explicit expressions for the analytical covariance and cross-covariance of all power
spectra and cross-power spectra in real and redshift space considered in the study. These results can be
found, in part, in [110-112] while the extension to include redshift-space multipoles of cross-correlations
has not been considered, to the best of our knowledge, in the literature so far.

A generic definition of covariance encompassing all cases considered in this study can be written as

O3 (1, k) = Cov [Pag g, (k1) Pep o, (k)] (3.45)

where capital letters denote (cold) matter or halo densities in real and redshift space, e.g. A € {c, hy, hs},
while the index ¢ refers to the power spectrum multipole estimator considered, with ¢ € {0,2,4}.
Notice that, for simplicity, we assume the notation for the real-space estimator to coincide with the

redshift-space, monopole estimator. In the Gaussian approximation we have

C%E,%)D = <pAB,€1(k1)pCD,Zg(k2)> — Pap g, (k1) Pop e, (k2)

201 +1)(205 + 1
- G VEEED S (509, Pac(a) Pon(@) + 00, Pa(a)Pos(a)]
k

lal€k1,|p|eka

X [’31 (Hq)[’fz (:up) ) (346)

which, in the thin-shell approximation, leads to

201 +1)(200 +1) [P
0%1137%)132( ' 13](]? : )/1 dM[PAC’(k7N)PBD<k7M)+PAD(kaN)PCB(kaN)]X
X E& (/’L)Eﬁz (:u) ) (3.47)

where we implicitly assume that all auto-power spectra P4 (k) include a shot noise contribution.
Specializing in (3.47) the tracer indexes to the relevant cases, one can therefore obtain all the combi-

nations relevant for this study. The full covariance matrix for our data-vector

{Phrc,o, Ph.cos Phoh,» Phshs,O}

will be given by
(070) (070) C(Ovo) (070)
e T T g
(Ohy Oy (Oh (Ohy
C — hsc,hrc hsc,hsc hsgjhrhfr' (}(lfgjhéhé , (348)

(0,0) (0,0) (0,
Ch'r'hr'yhrc Chrh'r'yhsc Chr'h'mhrhr hrh'r'yhshs
0,0 (0.0) (00 0
hshsahrc hsh57hsc hsh37h7'hr' hshé'vh‘shs
where, clearly, Cap,cp = Ccp,ap and each block is diagonal and given by

00 _ 1 2
hrc,hrc _Fk (Phrh'rPCC + Phrc)
00 _ 1

hrc,hsc _Nk (Phrhszopcc + PhrCPhsC,O)

0o _ 1

1
Chsc,hsc _Nk <Phsh570PCC + Pfic,o + =

1
5Pi%sc,2 + gpfic,4>

31



3. Massive neutrinos and Galaxy Clustering
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Figure 3.4.: Comparison between analytical (red curves), Eq. (3.47), and numerical covariance (black
curves). In each panel, the upper half shows the diagonals (i.e. the variance) of some relevant blocks
of the full covariance matrix, Eq. (3.48). The lower half shows the relative differences between the
analytical prediction and the numerical expectation, with the gray band indicating for reference a 10%

deviation.

00 _ 2
hechehe = N, Ph,n, Ph,c

00 _ 2

hec,hyhr _EP hshi0Ph,c

0,0 2 1 1

Ci(zrc,;zshs =N, (P hshr,0Phse,0 + gPhshrzPhsc,z + §Phshr,4Phsc,4)
o0 _2(p  p lp P lp P

hsc,hshs —ﬁk hshs,0 hsc,0+g hshs,2 hsc,2+§ hshs, 4L hgc 4
(0,0) _ 2

hohoshohre =N (P n.)

0,0 2 9 1, 1,
Cf(whr),hshs =N, (Phshr,o + P2t g Thn,

0,0 2 2 1 2 1 2

o ot =N, <Phshs,0 + = Phone2 + g Thinea

where Ny, is the number of modes per bin. A comparison of the analytical prediction to their numerical
estimate obtained from the 200 Qui jote simulations, for some relevant blocks of the full covariance,

1

is reported in Fig. 3.4, showing a good agreement at least up to 0.2 h Mpc™ ", well beyond the scales

relevant for our analysis.

32



3.5. Nonlinear theory fits

1.8 28

24

—— 0, =06, M, =04
1.64 —o— eh = gmv M, =04

X
Q
22
0.8
20 A
0.6 —— 0,=60., M,=04
—— gh = H’Iﬂy ]\/11/ =04
0.4 - T T T T 18 T T T T T
0.06 0.07 0.08 0.09 0.10 0.06 0.07 0.08 0.09 0.10
Fmax [h Mpc™] Kmax [h Mpc™]

Figure 3.5.: Results of the nonlinear fit alternatively assuming Eq. (3.17) (6}, = 6., blue) and Eq. (3.19)
(0n, = O, green). The datavector, common to both, consists of the average of 200 simulation boxes
with M,, = 0.4eV at z = 1. Left panel: Posterior-averaged reduced x? for the two models as a function
of the maximum wavenumber ky,,x with the shaded areas denoting values beyond the 95% confidence
interval for the given number of degrees of freedom. Right panel: 1- and 2-0 posterior constraints on

the c; counterterm as a function of kpax.

3.5.3. Results: model selection and velocity bias

We first compare the two options introduced in Sect. 3.2, that is up = u, vs. up = u,,. On the left
panel of Fig. 3.5 we plot the reduced posterior-averaged x? as a function of the maximum wavenumber
kmax adopted in the analysis for the two models, with the shaded areas denoting values beyond the
95% confidence interval for the given number of degrees of freedom. We notice how the total matter
assumption, 6, = 6,,, fails already at 0.1 » Mpc~! while the alternative provides an acceptable fit for
all the intervals considered. Clearly, given that the datavector and the covariance are exactly the same,
any difference in the x2 is due to the modeling. The right panel shows, as a prominent example, the 1-
and 2-0 posterior constraints on the c; counterterm as a function of k.. In addition to the better
goodness of fit, the cold-matter velocity model provides as well a less pronounced running of some
parameters.

Clearly there are no reasons to consider the halo velocity field to coincide either with the cold-matter
one or the total matter one: it is easy to see that this cannot be the case for an arbitrarily large neutrino

fraction. To consider a more general, phenomenological model we consider the relation
u, = U, + by (uc - um) (3.49)

where the halo velocity is a linear combination of the two, with the parameter by interpolating between
the extremes of total-matter velocity (bg = 0) and cold-matter velocity (by = 1). This gives the data
freedom to potentially point at some intermediate combination of the two.

The left panel of Fig. 3.6 reports the inferred value of the by parameter as a function of the kpyax
of the fit, for two values of redshift snapshot from the QUIJOTE simulations. We find that for kyax >
0.08 h Mpc ™! the data exclude by = 0 quite clearly, while being broadly consistent with by = 1. The
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Figure 3.6.: Left: Marginalized posteriors of the parameter byThis shows that, even in this general
scenario of mixed velocity, there is a clear preference for the pure u;, = u. case (bg = 1). Right: 2D
posterior for the fit using (3.49) with kyax = 0.08 h/Mpc, showing the strong degeneracy between the

two parameters.

right panel of Fig. 3.6 reports the marginalized 2D posterior for kyay = 0.08 A Mpc™! to highlight the

most relevant degeneracy between the velocity bias and the redshift-space counterterm.

3.6. Concluding remarks

In this chapter we presented a test of the linear Kaiser prediction [70] for the galaxy density in redshift
space, Eq. (2.30), against numerical simulations of massive neutrino cosmologies. The first contribution
to Eq. (2.30) has been shown to be accurately described in terms of the product of a constant bias
parameter and the cold-matter (cold dark matter and baryons) density [52, 86]. The second contribution
depends on the galaxy velocity field, usually assumed to coincide with the cold-matter velocity, justified
by the results of [52, 86]. Such assumption has not been thoroughly explored with N-body simulations,
despite some early attempts characterized by low statistics [53] and a more recent test in terms of halo
momentum without a quantitative comparison against the opposite assumption of a galaxy velocity
following the total matter velocity [88].

Taking advantage of two large sets of 200 (QUIJOTE, [101]) and 50 (DEMNuniCov, [103, 104]) simulations
we first provide, in Section 3.4, comparisons of several measured quantities to their linear theory
prediction. We find, in particular, that the direct estimate of the linear growth rate f(k) provides the
most clear indication that a proper match between numerical and theoretical results is obtained only
under the assumption 65, = 6., see Fig. 3.2.

In Section 3.5 we explored instead a full fit of the nonlinear model in perturbation theory to measure-
ments of the auto- and cross-power spectra of the halo density with cold-matter density, both in real
and redshift space. This corresponds to a more quantitative assessment, based on a Bayesian analysis,
showing the cold-matter velocity assumption providing a better fit to the numerical data and avoiding

running of nuisance parameters, a typical sign of systematic errors in the theoretical model (see Fig. 3.5).
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3.6. Concluding remarks

The full-shape analysis of current galaxy surveys as BOSS [62, 113, 114] or DESI [115] already assumed
a cold-matter velocity for the galaxy distribution and likely no appreciable difference would result from
the opposite choice given the current error bars. Yet, these findings contribute to the understanding of
galaxy clustering in massive neutrino cosmologies at the linear level and might be relevant for a correct
analysis of future galaxy redshift surveys (see, e.g., [116]). Naturally, they rely on the validity of the
N-body simulations, that in the case of massive neutrino simulations are particularly challenging (see,
e.g.[96, 102, 117-131]).

As a final remark, while our conclusions in the specific case of massive neutrinos cosmologies might
come as expected, a more general description of both matter and velocity bias in more exotic scenarios
of mixed cold and hot dark matter is at the moment an open and interesting problem, with different

venues to be explored both numerically and analytically.
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4. EFTofLSS and Mixed Dark Matter

In this chapter we present a theoretical work on the EFTofLSS, in particular a first attempt to extend its
formulation to cosmologies containing a small fraction of non-cold dark matter, without specializing to
the case of massive neutrinos. We highlight the main complication introduced by such a component,
namely the scale dependence of the linear growth, which invalidates the usual separation of the time
and scale dependence of the perturbation theory kernels, and we provide analytical insights which are

then compared with the fully numerical results.

4.1. Motivation

In the ACDM scenario Dark matter (DM) is described on large scales as a collisionless, cold fluid whose
energy density redshifts like the volume while the Universe expands. In other words, the clustering of
DM particles is a process with no physical scale, fully controlled by gravity, and structure formation

can proceed indefinitely down to the smallest scales.

This sharp prediction of the ACDM scenario can be tested against observations. If DM growth is
strongly suppressed below some characteristic scale, we expect O(1) changes in the abundance and
clustering properties of astrophysical objects whose size is right at or smaller than that scale. Counts
of the Milky Way satellites [132-135], measurements of the Lyman-a transmitted flux through the
Intergalactic Medium [42, 136-139], or strong lensing of galaxies [140-142] already place important
bounds on scenarios where all of DM has vanishing fluctuations at wavenumbers larger than some
characteristic value. Prototypical models realizing such suppressed growth are thermal warm DM,
where the DM particles have a sufficiently high temperature that their random velocities prevent
structure from forming below the free-streaming scale, and ultra-light scalar DM, where power is
suppressed below a scale determined by quantum pressure support. The above-mentioned astrophysical

probes are sensitive to characteristic wavenumbers k; in the ballpark of 10 A Mpc 1.

If the scale of the DM power suppression is cosmologically relevant, i.e. much larger than individual
astrophysical objects, then it can be probed using the anisotropy of the Cosmic Microwave Background
(CMB) and measurements of the LSS obtained from the clustering of galaxies. In this regime, the
possibility that all of DM has suppressed fluctuations above kg is already ruled out by data. This is
reminiscent of the constraints on massive neutrinos [26], whose characteristic wavenumber is roughly
0.01 A Mpc™!: given current uncertainties, neutrinos can form at most a ~ 0.5% fraction of the matter
density [5, 31, 143-145].

Nevertheless, scenarios where a small fraction of the DM energy density has suppressed growth of
fluctuations above a certain cosmologically relevant kg, while the remainder is cold, are still allowed

and highly plausible from a particle physics perspective. Using a common terminology, we will refer to
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4. EFTofLSS and Mixed Dark Matter

such models as mixed DM scenarios, where the fraction of non-cold component x

2
QU

fx (4.1)

would set the magnitude of the expected deviations from pure CDM. The x component can consist of,
to name but a few possibilities, of ultra-light axions produced via vacuum misalignment in the early
Universe [146-148], perhaps originating from string theory [55], or by light but massive thermal relics,
including fermions such as gravitinos [149, 150] or bosons such as hot axions [46]. Furthermore, a
suppression of clustering can be realized even for a cold DM component, in the presence of interactions
with additional dark sector species [151, 152].

As the size of f, probed by cosmological observations decreases with increasing sensitivity, it
becomes imperative to refine the theoretical predictions in order to avoid a biased inference. This is
especially true in the current era of galaxy surveys, with DESI [10], Euclid [11], and the Vera Rubin
Observatory [153] poised to revolutionize our understanding of the dark sector over the next few
years [154-157]. Of particular interest are scenarios where the new characteristic scale k; is within the
perturbative range, and the theory is therefore amenable to ab-initio theoretical predictions for the LSS
observables.

In this chapter, focusing on such perturbative scales, we present a first attempt to extend the EFTofLSS,
whose ACDM formulation has been introduced in Sect. 2.1.2, to mixed DM scenarios where a fraction
fx of the DM energy density is not cold. Our working assumption is that the non-cold species can be
modeled, within linear perturbation theory, as a perfect fluid with non-negligible pressure perturbation,
parametrized by a finite sound speed c2. As a consequence, its fluctuations are suppressed below a
characteristic scale ~ ¢4 /H, where H is the Hubble scale. We consider general forms for the time and
scale dependences of c2. These encompass, for example, both ultra-light axions and light thermal relics,
which we adopt as benchmarks to illustrate our results, as well as many other microscopic dark sector
models whose detailed study we leave for future work.

The novel two-fluid extension of the EFTofLSS we develop here is most impactful when the character-
istic wavenumber is within the observational window of galaxy surveys, very roughly 0.01 A Mpc™—! <
ks < 1hMpc ! It is constructed via a perturbative expansion for small fx> which is justified a posteri-
ori by the constraints we derive. Similar questions have been studied in previous literature, our work
indeed heavily draws inspiration from, and is indebted to, the nearly two-decades-long effort of the
LSS community to model the clustering of massive neutrinos in perturbation theory beyond the linear
regime [1, 88, 95-97, 158-171]. Related efforts have also been carried out to consistently extend the
EFTofLSS to the CDM-baryon system [172, 173].

As mentioned, at linear level we model the non-cold species as a perfect fluid, i.e., the presence of a
finite sound speed is the only difference with respect to the CDM description. It should, however, be
kept in mind that the phenomenology of some BSM scenarios goes beyond the perfect fluid regime.
For instance, light relics that decoupled from thermal equilibrium while relativistic have a non-zero
anisotropic shear. Although it decays with time, the shear can still contribute to the evolution of the
density perturbations of the warm species, see Ref. [26] for a review. Ultra-light scalar fields are an
exception in this sense as the linear theory dynamics can be exactly mapped onto that of a perfect fluid
with non-zero sound speed [174]. In the following we assume that such additional effects, unless they
can be approximately reabsorbed into an effective value for c2 (as it is indeed the case for the shear of

thermal relics), are negligible.
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Beyond linear level, in general each BSM model can introduce intrinsic nonlinearities associated with
its microphysical description. These need to be added to the nonlinearities of pure gravitational origin,
which are universal and are the only ones included in our framework. Nevertheless, in Sect. 4.A.3 we
study the intrinsic nonlinearities in the two scenarios we adopt as benchmarks in this paper, namely
ultra-light scalar fields and thermal relics. In the former case the intrinsic nonlinearities are associated
with the wave-like nature of the field [175], whereas in the latter they originate from the Vlasov equation.
We show that the effects of intrinsic nonlinearities are minor in both scenarios, thus supporting our
approach.

The study presented in this chapter is organized as follows. First, Sec. 4.2 reviews and presents new
analytical linear solutions that accurately describe the evolution of the perturbations of the two coupled
fluids, for any power-law dependence of the sound speed on both time and scale. These linear solutions,
which are obtained by means of an expansion for small f,, are useful to elucidate the dependence of
the observables on the underlying model parameters, but also represent the input for the subsequent
nonlinear calculations.

Moving beyond linear order, it is well known that analytical solutions in the presence on a finite
sound speed cannot be attained for all kinematic configurations. Nevertheless, in Sec. 4.3.1 we present
nonlinear analytical expressions valid in the kinematic regimes where the involved momenta are well
separated from k;, which could be relevant for future measurements of the matter and galaxy bispectra.
We do so for a specific choice of the time dependence of 2, which applies to both ultra-light axions and
light thermal relics. Furthermore, in Sec. 4.3.1 we identify for the first time the exact solutions in the
infrared limit. In Sec. 4.3.1 we clarify the ultraviolet structure of the two-fluid model and the associated
new EFTofLSS counterterms required to absorb any possible divergences.

As an important goal of this study is to apply the new two-fluid EFTofLSS to perform cosmological
tests of mixed DM scenarios, in Sec. 4.3.4 we devise a prescription, which allows us to evaluate the
perturbative solutions for both CDM and the non-cold species with sufficient speed to be implemented in
a Markov Chain Monte Carlo parameter exploration. When compared to the exact, but computationally
very expensive, numerical solutions, our prescription makes an error significantly smaller than the
uncertainties in the measurements by current and upcoming surveys, as we show in Sec. 4.3.4.

As a first, proof-of-principle application of our framework, in Sec. 4.4 we present updated constraints
on the energy density in ultra-light axions from a combination of Planck CMB and BOSS LSS data,
highlighting that a consistent description of BSM effects is essential to ensure the robustness of potential

discoveries by galaxy surveys.

4.2. Mixed DM Linear Cosmology

We assume the presence of a non-cold DM species x and a cold component ¢, where we will always refer
to x as the “warm” component, even though this may technically be a misnomer for some microscopic
realizations. In this two-fluid context, the pure CDM Egs. (2.6), keeping also the non-linear sources as
in Egs. 2.14, extend to [81]

& 40y = — Vi(6yvl) (4.2a)
1 3 —
0, + HO, + aV%PX + §H29m[ Fiby + (1= f)de = = Vi(v]Vj0l), (4.2b)
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52 +0.= -V, (507)2) ’ (4~2C)
3 ) )
0. + Ho. + §H29m[ Fidy + (1= £)0]) = — Vi(vIV;ul), (4.2d)

where, importantly, now also the pressure field is appearing. As in Chapt. 2, the subset c refers to the
combined CDM+baryon fluid: 5. = (feam0edm + f506)/(fedm + f5) and similarly for v’. The background
pressure is assumed to be negligible for both species, hence the background energy densities redshift as
pz o< a~3 at all times @ > aj,; where the description in Eqgs. (4.2) applies. It is also useful to define the

total and relative density perturbations as
Om = froy + (1 = fy)de, 0p = 0y — 0¢, (4.3)

with analogous expressions for the velocity fields.

In the perturbed Euler equation for the warm component (4.2b), along the pressure term V2P, /py,,
we do not include a possible anisotropic shear stress term, which would manifest as —V?a,, on the
left-hand side of Eq. (4.2b). This is fully accurate for some microscopic scenarios described by our
framework (such as ultra-light axions [56]), whereas in other scenarios it is possible to absorb at least
partially the effect of shear stress into a suitable modification of the pressure term, as it was discussed
for the massive neutrino case in Sect. 3.1.

To solve Egs. (4.2) we change the time variable to 7 = log Dacpm, where Dycp is the linear
growth factor of a ACDM cosmology with the same total matter energy density as the mixed warm/cold

scenario we are considering [169]. We obtain

Ondy — Oy = Vi(6, V), (4.4)
30 V26P 30
0,0, + ”__1)O, - X _ T [fy 0y 4+ (1= fy)de
X (2f/2\CDM ) X f/%CDMH2pX 2f/2\CDM[ e K)o
= Vi(VIV;Vy), (4.4b)
Ode — Op = V(6. V), (4.4¢)
30, 30, . i
0O, + <2JCKCDM - 1) Oc — m[fxfsx + (1= fy)de) = Vi(VIV; VL), (4.4d)

where the A CDM growth factor is defined in Eq. (2.7), and we introduce generically for two fluids

_ z 0, = V,;Vi. 45
facom™M (45)

Vie——0"
T
Henceforth, we work in Fourier space. Setting €2,,,/ f3cpy — 1, which is known to be a highly accurate

approximation in ACDM cosmologies even during vacuum energy domination (see e.g. Ref. [169] for

an appraisal), we rewrite the equations as

0,3, 0cm) = € ko) = | dhraalce k)3, (k1. m)O, (k). (4.60)
0,05 (k1) + 2O, (k,n) + 5 gk, (k,n) — S [ b m) + (1= )0 (K, )]

~ [ ki k)0, (ki) (kav ). (46b)
0,3.0.1) = c(k.n) = | ks k)i, )clle ) (460
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Oc(k,m) + @( n) — [fx (&) 4+ (1= fy)de(k,m)]
:/kdk‘lgﬁ(kl,kg)@c(kl,T])@c(kg,n), (4.6d)

where C?,eff =2¢2/(3H?*Qy,) and
2 _ 0Pk m) (4.7)
* o dpx(k,m)

is the sound speed of the warm fluid. The standard mode-coupling functions appearing in Eqgs. (4.6)
have been defined in Eq. (2.15), and the shorthand notation of Eq. (2.12) has been used.

The temporal and spatial variations of the sound speed in Eq. (4.7) encode the model dependence.

C

We assume power-law scalings with wavenumber and scale factor,
¢ o< kPa™7, (4.8)

where the coefficients p and vy are a priori arbitrary. The matching to several concrete microphysical

scenarios will be discussed later in Sec. 4.2.2. Since H?Q,,, < a ™

kP ra\71 kP
2 v (= ~ (nx=m)(v=1)
Cs7eﬁ - k?:_p ( a ) — kz:_p € (49)

, we parametrize

where we found it convenient to define a reference time a.. In the last equality we have made the
Einstein-de Sitter (EdS) approximation Dycpy = a, which implies 77 = log a. This is the only instance
where the EdS approximation (which also implies €.,/ f3cpy — 1, but is more restrictive) is used and
it will be justified a posteriori, by showing in Sec. 4.2.4 that our analytical linear solutions accurately
reproduce exact numerical results down to the redshift z ~ 0.5 of observational relevance for galaxy
surveys.

After substituting Eq. (4.9) into Egs. (4.6), we observe that the explicit dependence on k introduced
by the x sound speed term can be removed (for v # 1) by switching to the new momentum-dependent

time variable

ﬁEn—m—Qﬂl kl:* (4.10)
Since dij = di, the equations are then cast in their fnal form
9oy (k, 1) — Oy (k,77) = /dklzoé(kmk1)5x(k1aﬁ)9x(k2,ﬁ), (4.11a)
979 (k, 1) + 9( ) + g ~0=Dg, (k,7) — [fx x(k, 1)+ (1 = fy)de(k, 7)]
_ /k dkroB(ke, ka)O (K1, )0 (Ko, 7)., (4.11b)
03021, ) — O(k, 7) = / dkrza(ks, k1)K, 7)Oc ke, 7). (@110
970c(k, 1) + 9( ) — [fx (& 77) + (1= fy)de(k, )]
_ /k dk2B(K1, ks)Ou (K1, 71)O (Ko, 1) (4.11d)

In what follows, we solve Egs. (4.11) perturbatively in the density and velocity fluctuations. At each

perturbative order, we further perform an expansion for f, < 1. Hence, we write for the density fields

=S ) = 3 [0 ) + A8 R + O], @

n=1 n=1
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and analogously for the velocity fields ©,, with x = x, c. As in Eq. (2.9) the [n] index denotes the
perturbative order, while here we introduce a new index (0) or (1) to denote the order in the small f,
expansion. In practice, we will find that the key physical effects are captured by truncating the small f,
expansion to the first nontrivial order for each species: O( fg ) for x and O( f, ) for ¢, which behaves as
CDM at zeroth order.

As common practice, we also define a time-dependent characteristic wavenumber k4(a) via the
relation cg?eﬂk‘2 = [k/ks(a)]?*P, so that the sound speed term in the Euler equation for  takes the
form 3[k/ks(a)]>TP6,. From Eq. (4.9) we thus obtain

PN
k(@) = ks (7) 2 (4.13)
A
and 7 can be written as
24p k

by using the EdS approximation. From a microscopic perspective, ks(a) can have a variety of origins.

Some examples will be provided in Sec. 4.2.2.

4.2.1. General linear solutions

First, we focus on solving Eqgs. (4.11) at linear level, keeping the parameters ~ and p arbitrary. At zeroth

order in f,, the equations for c are combined into

92 19 3\ _on
(aﬁ2+§677_5>6( Ml — o, (4.15)

where we recall that [1] indicates the first (linear) perturbative order, while (0) indicates the zeroth order
in f,. The above equation is solved by the standard growing mode for CDM, which in this notation
reads 501 (k,7n) = el (k,7) = e "migy (k). Plugging this result into the equations for x gives,

still at zeroth order in f,,

0? 10 3 5 3 i
(aiﬁQ + 587777 + 567(771)7)) 5)((0)[1} — 5677*77111150(1{) . (416)
This is solved by
Foo 3 s N -
oM (k) = / A Gy (7, 7) 5e" do(k), @M, 7) = 07007, (417)

where the Green’s function is expressed in terms of the homogeneous solutions as
- _\ Ao (77
o Aa(7) — Al(ﬁ)%

G.(n —
(7 04 _ 04y A2 ()
on an A )\
(4.18)

with J,, denoting the Bessel function of order o and 0y the Heaviside step function. Introducing a

\/ge(wnm)

S 7y — i/t
Ou(n—1'),  Aia() =e J?M( y—1

notation that will be used throughout this chapter, we define the ratios of linear perturbations

OVl

ot (k, 7)

ol (k, 7)

ot (x, 7)

g9(n) = i)

, h(n) = (4.19)
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Figure 4.1.: Left: The ratio of the linear density perturbations of x and ¢, g = 5>[<1 ] /0
zeroth order in the small f, expansion as a function of the k-dependent time variable 7, for some
illustrative choices of the parameter ~y that sets the time dependence of the characteristic scale ks(a).
Right: For v = 2, the ratios of linear transfer functions g and h = @Q ] / 5([;1] at zeroth order in f,,
while s = 6[01] / 5£1] is evaluated up to first order with f, = 0.05 or 0.15. One has 5(0) = 1 identically,

whereas s(!) = —3/5 for k > ky(a) (namely, 77 < 0).

Assuming adiabatic initial conditions, as we do in this study, the quantities above are simply ratios of
linear transfer functions. Notice that
f (k)

facom

s() = O log ol = (4.20)

where the last equality defines the scale-dependent linear growth rate f(k).

In the left panel of Fig. 4.1 we show ¢(?), evaluated at the leading order in the small fx expansion,
for some (integer) choices of 7y. We see that our framework encompasses very different possible time
evolutions of the characteristic scale ks (a) in Eq. (4.13), which can either increase with time (as observed
for 4 = 2,3 in the figure) or decrease (y = 0).! We also have h(?) = ¢(0) + Gﬁg(o), whereas for the
cold species we simply have s(°) = 1 at this order.

Next, we solve the equations for the cold fluid at O( f, ). The correction to the growth rate, s(7}) =
1+ f,s((7), satisfies the first order differential equation

(877 + §)s(1) = §(g(0) ~1), (4.21)
2 2
whose solution reads
+o0 3 5=
s (@) = / AifGs(.7)5 (00 ) = 1), Ga(@i) = e 2T Dou - 7). (422)
—o0

We then invert the relation s(7) = 0; log 5 to arrive at

7
oM de, 1) = / dif' s (i) o (k. ) (4:232)
Tini

'For v = 1 the characteristic scale is time-independent. In this case we solve the equations directly in 7, obtaining
at zeroth order in f, the solutions 5£O>[1](k, n) = eio””(k, n) = e Mnigy(k) and 5;0)[1](1(’ n) = 9;())[1](1(7 n =
8 M e, m)/ [1+ (/o) *F7].
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7
oWk, 7) = ( / s (i) + sV () )50 ke, ) (4.23b)

Tlini
4.2.2. Matching to microscopic models

In the remainder of this section we focus the discussion on v = 2, corresponding to a time dependence
of the sound speed c? o< kPa~2. This case encompasses two widely-studied scenarios, which we adopt
as benchmarks to illustrate our results: (i) ultra-light axions (ULAs, p = 2), where k; is identified with
the Jeans scale induced by quantum pressure support; and (ii) thermal relics (p = 0), including the
standard neutrinos, where k; is interpreted as the free streaming scale remnant of a thermal distribution.
Anyway, it should be emphasized that the framework developed in this paper is expected to be applicable
to a much broader range of dark sector models.

For v = 2, Eq. (4.17) gives the closed-form expressions

sOWx,7) = gO @)Wk, 7), 0O (k,7) = O )5 (k,7), (4.24)

Cc

where h(?) = g(© + 9;¢(®) and
7r

9O = GOW6e 2y, GO(z) =1+ 22 [(Si(:z:) -2

) sin x 4+ Ci(x) cos x] . (4.25)

Si and Ci denote the sine integral and cosine integral functions.? For k > ks(a) (namely 77 < 0)
the x perturbations are extremely suppressed and ¢(*), h(®) — 0 with h(?) /¢(®) — 2. Conversely, for
k < ks(a) (corresponding to 77 > 0) the x species becomes indistinguishable from the cold component
and g9 A0 - 1.

Including O( f,) corrections, the growth rate of the cold species takes the constant value s = 1—-3f, /5
for k > ks(a). This reproduces, as it should, the result found in the case of massive neutrinos presented
in Eq. (3.10). By contrast, again just rephrasing in a different fashion the other limit of Eq. (3.10), on
large scales k < ks(a) the growth rate takes the ACDM value, s = 1. In the right panel of Fig. 4.1 we
show the behavior of the ratios of transfer functions g, h and s for v = 2. Each of them is evaluated to
the first non-trivial order in the small f, expansion, namely O( fg ) for g and h and O( f, ) for s.

We now turn to a brief description of our two benchmarks of choice, ULAs and light thermal relics,

as well as their matching to our framework.

4.2.3. Ultra-light axions

In this section, we briefly introduce the physics of ultra-light axions, a class of models that will be
central to this work as the benchmark scenario constrained with real data at the end of this chapter and
again in Chapter 6. This fundamental physics realization is indeed ideal as a proxy for searches of new
physics with galaxy clustering, due the rich phenomenology arising from its broad parameter space, e.g.
compared to thermal relics. While we give the basic concepts related to the cosmological evolution of
ULAs, for a more complete introduction and the particle physics motivation we refer the reader to the
relevant literature [54, 55, 146-148, 177-183].

ULAs are described by a scalar field ¢, minimally coupled to gravity but otherwise decoupled

from all the other cosmic species, with a potential that is well approximated by a pure mass term,

2Solutions similar to Egs. (4.24) and (4.25) were given in Ref. [176] where, however, Heaviside function-like initial conditions
were assumed. Our results are consistent with Eq. (4.9) in Ref. [176], but we automatically implement the natural initial

conditions, which yield the far simpler expression for g9 in Eq. (4.25) above.
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Figure 4.2.: Schematic representation of the cosmological features of ULAs, in the range of masses for
which the suppression scale kqop, as defined in Eqs. (4.28)—(4.29), is on cosmological scales (middle
row). Which observables carry the strongest observational imprints (bottom row) mainly depends on

the background evolution after the redshift of matter-radiation equality, z¢q (top row).

V(¢) = m24?/2.% The evolution of the background value of the field, ¢, is governed by the Klein-
Gordon equation
6" +2He +a®m2p =0, (4.26)

where primes denote, again, derivatives with respect to conformal time. The initial conditions are ¢(a;),
which is traded in practice for the present-day fraction of energy density in ULAs, Q,h?, and al(ai) =0.
At first, the field remains stuck due to Hubble friction and acts as a dark energy component, p, oc a’.
Once the expansion of the Universe has slowed down to a sufficient degree, namely around a = a,,,
with 3H (ay,,) = my, the field begins to oscillate rapidly around the minimum of its quadratic potential.
Upon averaging over the coherent oscillations, the energy density in ULAs redshifts as nonrelativistic
matter, 5, o< a~3. For this reason, the phenomenology is strictly tied to the value of the mass of the
field, as briefly sketched in Fig. 4.2.

At the level of perturbations, in this same regime one can accurately describe the evolution of
the energy density and pressure of ¢ using an effective fluid approximation [54, 183, 186, 187]. The
description in our Egs. (4.6), with v = p = 2, starts applying at ain; = a,, if the ULA begins to oscillate
in matter domination (MD), whereas it starts at ain; = aeq if the oscillations begin during radiation
domination (RD). Taking c2 = k% /(4m2a?) [54, 183, 188], we obtain for the characteristic (Jeans) scale

k(@) ~ a'/4 3.9 x 104 M};C (23)1/2(?91/4, (4.27)
where Hy = 2.1 x 10733 heV. Notice that the assumption o(k,7) = 0 made in our framework is
fully justified for ULAs, because a scalar field minimally coupled to gravity has zero anisotropic stress
at linear order in perturbation theory [174]. However, a complete fluid-dynamical description for
ULAs would also include intrinsic wave nonlinearities, which stem from the higher-order terms in a
perturbative expansion of the quantum pressure (see for instance Ref. [175]). In Appendix 4.A.3 we
show that the impact on our results of these intrinsic nonlinearities is mild, which justifies our choice
to omit them.

The matter power spectrum for ULA cosmologies has a drop-like feature, as a consequence of the

Jeans scale. The location of the feature is determined by m,, whereas its depth is fixed by f,.. To obtain

*Following the implementation in the Boltzmann solver axiCLASS [184, 185], the ULA potential is modeled as V (¢) =
m2 f2[1 — cos(¢/ fa)], where f, is set to 0.4 Mp). We have verified that this produces negligible differences with respect

to a pure mass term in the parameter space we consider.
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an analytical estimate of the location, we need to distinguish between ULAs that became nonrelativistic
during MD or RD. For ULAs that became nonrelativistic during MD, the condition 3H (a,, ) = mq is
satisfied at a,,, = [3(Q0,)/2Hy/m,)*. Imposing that a,,, > aeq then sets the upper edge of this
region as m,/Hp < 3 x 10° or equivalently m, < 4 x 10728 eV. The drop in the power spectrum
is located at the smallest k that is affected by the suppressed growth [181], namely ks(a,, ). From
Eq. (4.27) we find

~ - m
kdrop = ks(ama) ~ 4.2 x 10 Mpc <H_0> <03> s (ma/H() <3x10 ) (428)
with a m}l/ 3 scaling.* For ULAs that became nonrelativistic during RD, karop saturates at the value of

ks at matter-radiation equality, which yields

B h m 1/2
Edrop = ks(aeq) ~ 5.2 x 1072 Vipe (106;()) , (ma/Hy > 3 x 10°) (4.29)

1/2

scaling as my

4.2.4. Light but massive thermal relics

Light but massive thermal relics [44, 45, 83] correspond to v = 2 and p = 0. These species decouple
from the thermal bath while relativistic, preserving their unperturbed phase space distribution, which
takes a Fermi-Dirac or Bose-Einstein form. Eventually, they become nonrelativistic at @ = ay,, but they
retain a cosmologically relevant free-streaming scale. In general, light relics are characterized by their
mass, number of degrees of freedom and temperature. The temperature, in turn, depends on when the

species decoupled from the thermal bath.

In this study, to illustrate the main features of the application to light relics we focus exclusively on
the most familiar among them, namely the standard massive neutrinos. The phenomenology has already
been introduced in Sect. 3.1, and importantly for the present purpose also the expression that links the
fundamental physics parameter m,, to the free-streaming scale ks(a), namely Eq. (3.7). Connecting
that to the language of this chapter, for massive neutrinos the location kq;op of the drop-like feature in
the power spectrum is approximately given by k(ay,) if the transition to the nonrelativistic regime

happens during MD and by k(aeq) if it happens during RD.

For the purpose of going beyond linear theory, a general fluid description of thermal relics would
also include intrinsic nonlinearities, which arise upon taking moments of the Vlasov equation to derive
the continuity and Euler equations. In Sect. 4.A.3 we show that these intrinsic nonlinearities have a
mild impact on our results, supporting our approach where only nonlinearities of pure gravitational
origin are accounted for. In this chapter we view the standard neutrinos as a convenient proxy for more
general light thermal relics, hence for the sake of illustration we show results for a variety of neutrino

masses, including values up to m, ~ 1 eV that have already been excluded by data.
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Figure 4.3.: Left: Time evolution of the characteristic wavenumber k;(a) for two example models
described by our framework: an ULA field with m, = 10727 eV and fx = 0.1 (purple line) and a
thermal relic massive neutrino with m, = 1 eV and f, ~ 0.08 (dashed green line). The black curves
show the evolution of the Hubble scale H for the ULA (solid) and massive neutrino (dashed) cosmologies.
The dotted horizontal line indicates a representative k£ mode that evolves differently in the two models.
Right: The ratio of linear perturbations 55 ] / 5?1 as a function of k/ks, evaluated at z = 0.5, for the
same cosmologies shown in the left panel. Dashed curves correspond to our universal closed-form
approximation ¢(©) (— % log k—ks) with v = 2 and p = 2 (p = 0) for ULAs (massive neutrinos). Solid

curves show the same ratios as obtained from CLASS.

Accuracy of the analytical linear solutions and discussion

The time evolution of k; is illustrated in the left panel of Fig. 4.3 for two example cosmologies, one
containing ULAs and the other containing thermal relics in the form of massive neutrinos. For the
former we assume m, = 10727 eV with fx = 0.1, whereas for the latter we take one neutrino of mass
m,, = 1 eV, corresponding to a warm fraction f, ~ 0.08.

For the same two cosmologies, in the right panel of Fig. 4.3 we compare our closed-form approximation
for the ratio of transfer functions 5)[(1 ] / 5?], which recalling Eq. (4.14) we write as g ( — % log %)
with the ¢(©) function defined in Eq. (4.25), to the numerical value obtained from the numerical Einstein-
Boltzmann solver CLASS [60, 191]. Specifically, for massive neutrinos we use the standard CLASS
release [192] with ncdm_fluid_approximation = 1 [174], while for ULAs we employ AxiCLASS [184,
185]. Excellent agreement is observed in both cases: our universal description of linear fluctuations
accurately predicts the ratios of linear transfer functions. The ULA model has larger p, therefore a
sharper transition around k ~ k; is observed.

As can be seen in the left panel of Fig. 4.3, the parameters of the two benchmark cosmologies were
chosen to yield similar values of ks(zops) at the low redshift zps ~ 0.5 observed by galaxy surveys.
The warm fraction f, also takes similar values in the two scenarios. Nevertheless, we expect different
imprints on the matter power spectrum due to the different time dependence of k: for instance, the

k = 0.08 h Mpc~! mode (dotted horizontal line in the left panel of Fig. 4.3) starts growing later in the

*An alternative definition of the location of the drop is the horizon crossing scale k., = am, H(am, ), which was used for
instance in Ref. [189]. As it was pointed out in Ref. [190], the two definitions agree aside from O(1) numbers: we find
km = (2/9)%2 kdrop ~ 0.37 kdrop.
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Figure 4.4.: Left: Ratio of the linear matter power spectrum to ACDM (solid purple) compared to the ratio
of linear perturbations 53[3 ] / 5?] (solid blue) for the same ULA cosmology as in Fig. 4.3: m, = 10727 eV
and f, = 0.1. Both ratios are evaluated at z = 0.5 and obtained from CLASS. The dot-dashed vertical
lines show analytical approximations for the two relevant dynamical scales: kqrop = ks(2eq), Which
determines the beginning of the drop in the linear power spectrum, and k;(z), which marks the end of
the step. Right: Same as in the left panel, but for the massive neutrino cosmology considered in Fig. 4.3:
my, =1 eV and f, =~ 0.08. Here the dot-dashed vertical lines show kqrop = ks(2nr) and kg(2).

massive neutrino model, hence the power spectrum will be more suppressed at this wavenumber than
in the ULA scenario. These expectations are confirmed by Fig. 4.4, where the CLASS output for the
linear power spectrum of total matter, P(;Lm 5,.» is shown for the ULA (left panel) and massive neutrino
(right panel) cosmologies, both normalized to the ACDM prediction. For comparison, we also show the
ratio of transfer functions 5>[<1 ] / 5?] that appeared in the right panel of Fig. 4.3.

Figure 4.4 highlights the clear separation between the two scales at play: kqrop, Which corresponds
to the smallest k where P(;Lm 5,. is suppressed relative to ACDM, and ks(zobs), which is relevant for
dynamics at the low redshift z,,5 and marks the end of the step-like feature. The ratio between the two

scales, which determines the width of the step, is bounded from above by

_1
k:s(zobs) < ( 1+ Zeq > 2+p

kdrop 1+ Zobs

(4.30)

where the inequality is saturated when kgyop = ks(2eq). Taking a representative zops = 0.5, we find an
upper bound of ~ 7 for ULAs (p = 2), which is indeed saturated in the left panel of Fig. 4.4 because for
the considered mass the axion field starts oscillating before matter-radiation equality. The hierarchy
between the two scales can be much larger for light thermal relics (p = 0), with an upper bound of
~ 50. In the cosmology assumed in the right panel of Fig. 4.4 the neutrino becomes nonrelativistic
during MD, hence kgrop > ks(2nr) and the ratio is about 30.

On the other hand, the depth of the step in the matter power spectrum is determined by the fraction
fx- At the linear level, using our analytical solutions we readily estimate the depth as

L

]ﬁégM = (1_fx)2 eXP(‘%fXIOg
omdm k> ks (2obs)

1+ zini ) (4.31)

1+ Zobs

For the ULA (neutrino) cosmology in Fig. 4.4 this gives ~ 0.32 (0.42), in ~ 20% agreement with the

numerical result ~ 0.28 (0.34). This is reasonable, if one considers that in the estimate for the ULA
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we assumed instantaneous transition from radiation to matter domination (zin; = zeq), Whereas for
the neutrino we assumed instantaneous transition from the relativistic to the nonrelativistic regime
(Zini = Znr).

Importantly, we note that expanding the linear power spectrum for small f, would not be appropriate,
due to the large logarithm appearing in the exponent of Eq. (4.31) (and the relatively large size of f,
considered). It is well known that such large logarithm, which corresponds to a time-integrated effect,
can invalidate the expansion of the linear perturbations of the cold species [163]. For this reason, in
our approach the expansion in f, < 1 is never performed on 5£1], but only on quantities that are
by construction free from large time logarithms, namely ratios of linear perturbations ((5>[<1 ] / 5?1 and
@E ] / (5([;1] for x = x, ¢) and nonlinear kernels. In our framework and results the linear power spectrum

of the cold species, P(;LC 5.» is always obtained from a full numerical solution computed with CLASS.

4.3. Galaxy Power Spectrum in Redshift Space

In this section we present all the theoretical ingredients needed to predict the 1-loop power spectrum

of galaxies in redshift space, which can be compared to data.

4.3.1. Matter nonlinearities

We begin by discussing solutions beyond the linear order to Egs. (4.11), which describe the dynamics
of the two coupled fluids x and c. Using the notation introduced in Eq. (4.12), we trivially extend
the perturbative expansion Eq. (2.10) to the two-fluid system, which now in full generality entails

time-dependent couplings, as

5 (1, 7) = /k dky o FP s, s ) 60y, 7) 60 (O, 7) (4.322)
oll(k,7) = /k k. G (K, . k) 0 (ke 1) - 0 (K, ) (4.32b)
sk, ) = /k dk1 . FM(kq, .o ks ) 68 (K, 7). 0 (K, 7) (4.32¢)
ok, 7) = /k dk1. 0 G (K, . k) 0 (ke 7). 00 (e, 77) (4.32d)

Note that we chose to expand the nonlinear corrections for the y species in terms of its own linear field
(59[(1 ], rather than (5£1]. Importantly, our definition of the momentum-dependent time variable 7 always

refers to the external momentum k = ky + ... + K, . The linear solutions found in Sec. 4.2.1 set

_ _ _ h(n _ _
F[l](kl; 77k1) = Fc[l] (kl; 77k1) =1 ) G[l] (kl; 77k1> = (i]kl) ) G[cl}(kl; 77161) = S(nlﬂ) ’ (4-33)
X X 9(7k,)

where we defined

2+p q
1 log . (4.34)

7~7q = ﬁ - —
for an arbitrary vector q.
Atnonlinear order, differential equations for the kernels are found by substituting the expansions (4.32)

into Egs. (4.11). For example, at second order (n = 2) we obtain

h, _ h, 1 h,_ h, .
(aﬁ + ;(mﬂ) + ;(ﬁm))f‘}?} - GL?] = 9 (a(kla kQ)g(mﬂ) + a(ke, kl);(mw))v (4.35a)
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(004 5+ 2 0) + & () JGI2 4 5 (7707 — £ ) BRI - S - f@gmkfj(%)
=l ke) () ). (@35b)
(90 + sti,) + stiwe) ) E2 = G2 = 5 (alics, k)s(in,) + alha, ko)sia) ), (4350
(95 5 + s1) + 5() ) G2 = > £ FP (i, )a(is) — (1~ F)FL
= Bk, ka)s (7, )5 (k) (4.35d)

where the argument of the kernels is understood to be (ky, ko; 7).
At O( fg ) we have 5(9)(77) = 1 and the equations for ¢ are solved by the standard, 7j-independent
EdS kernels for all n,

FOP(ky ki) = Fu(ky, ... kn), GOM(ky, . kni7) = Gu(ky, ... k). (4.36)

All the remaining pieces of the nonlinear solutions depend on the value of 7. In the rest of this section

we focus on v = 2, building upon the linear results presented in Sec. 4.2.2.

Analytical solutions for v = 2

Although a general solution for the nonlinear kernels defined in Eq. (4.32) requires numerical integration,
analytical expressions can be derived for kinematic configurations where all the momenta are well
separated from the characteristic scale ks. In that respect, three distinct physical regimes can be
identified depending on the size of kg relative to the observational window of galaxy surveys, which is

roughly given by keq S k S ki, (With keq = Heq):

« When kgyop 2 ki, (and therefore kg (zons) > ki), the x and ¢ species are indistinguishable on
all scales probed by galaxy surveys, hence a standard description in terms of a single CDM fluid

is adequate.

« When kg(zobs) S Keq» the X perturbations are strongly suppressed in the whole region of
wavenumbers relevant to LSS data. Massive neutrinos with m, < 0.1 eV are a well-known
realization of this case, as Eq. (3.7) shows. A description in terms of a single fluid ¢ is appropriate,
however the presence of the non-clustering species x affects the evolution of the ¢ perturbations

in a nontrivial way:.

« When keq < ks(20bs) and karop < kni, are both satisfied,’ the characteristic scale leaves direct
imprints in the fluctuations of both x and ¢. A computationally efficient yet accurate modeling of

the 1-loop galaxy power spectrum in this regime is the main goal of this paper.

We now present analytical results for the nonlinear matter kernels corresponding to each of the three
regimes.
If all momenta are much smaller than k(a), then the x and c species are indistinguishable. This is a

trivial limit where we just have a single fluid behaving as CDM, with kernels given by the standard F;,

and G,.

>For instance, in the case of ULAs this regime corresponds, recalling Eq. (4.30), to keq < ks(2obs) < 7 kNL.
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If all momenta are much larger than ks(a), the x perturbations are entirely negligible and we
only need to solve for the dynamics of the cold species c. In Appendix 4.A.1 we show that, perhaps
surprisingly, in this limit the equations obeyed by the ¢ perturbations are tightly related to the equations
found in Refs. [193, 194] for a different type of new dynamics affecting the CDM+baryon fluid: DM self-
interactions mediated by a massless (scalar) field. As a consequence, and as detailed in Appendix 4.A.1,
solutions for this regime where all momenta are large are immediately obtained from the results of
Ref. [194]. For instance, up to second perturbative order for k1, ko, k > ks(a), with k = k; + ko, we
find

6/x

FPA (k1 ko; 7)) = Fa(ky, ko) + 515 (s (k1 ko) — B(ki, ko)| + O(f7), (4.37a)
G e dei) = (1= ) Gyl Bea) + o ek ) — Sl Ko)] +O(F2) . (437

These expressions can, of course, also be obtained by solving directly Eqgs. (4.35) in the appropriate limit.
The dominant beyond-ACDM imprint is the suppression of the linear growth rate f(k)/facom =~
1 — 3f,/5, which results in the factor multiplying G in Eq. (4.37b). Additional effects are strongly
suppressed by accidentally small coefficients, such as 6/245 ~ 0.024, which make them practically
unobservable. This picture is consistent with the results obtained in Refs. [97, 98] for massive neutrino
cosmologies.®

Finally, we turn to the regime where some momenta are large relative to ks(a), while others are
small. This is the most relevant situation for our purposes, as well as the most complex one. At second
perturbative order and O( f)? ), Egs. (4.35a) and (4.35b) yield in the k1 < ks(a) < k2 configuration

FOR Ky, kosij) = Fa(k, ka) , (4.38a)
3 1 2
GO (ky, ko 7)) = 2Ga(ky, ko) — ﬁas(kla ko) + iaa(k17k2) - ;5(1(17 ko), (4.38b)
where the symmetric component of « is defined in Eq. (2.18) and, interestingly, now the antisymmetric
component
1
aq(ki, ko) = B [a(kp, ko) — a(ks, ki) (4.39)

is not anymore forbidden in this scale-dependent scenario. For the cold species at O( f,/) we obtain

69 3 18

FOR (K ki) = — —as(ki, ko) + —aq (ki ko) — — B(ky, k .

C ( 1, 27”) 4900[( 1, 2)+ 14@( 1, 2) 2455( 1, 2)7 (4403)
3 15 9 6

WPk, ko; 77) = — SGa(ky, ko) — —as(ki, ko) + —aq(ks, ko) + —B(ki, ko). (44

Gy (ki, ko3 1) 5G2( 1, ko) 9804( 1, 2)+70a( 1, 2)+2455( 1,k2) (4.40b)

We have chosen to write the right-hand sides of Egs. (4.38) and (4.40) so that the infrared (IR) divergence
for k; — 0, where present, is fully captured by the term proportional to F, or G2. As mentioned, the
appearance of the antisymmetric mode coupling function «,, which is absent in ACDM, is enabled by
the presence of the new scale k4(a). The source terms of the continuity equations (4.35a) and (4.35c¢),
which must be symmetric under k; «+ ko exchange, contain indeed products of o, times antisymmetric

combinations of the new functions of momentum A /g and s. For example, for the x species one finds

a1, ko) Z(%)—Z(%) c a(kl,k2>2<m1>+a<k2,k1>2<ﬁk2>, (4.41)

SEquations (4.37) also agree with Eq. (15) in Ref. [195], after correcting obvious typos in that reference.
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4. EFTofLSS and Mixed Dark Matter

which leads to the appearance of oy, in Eq. (4.38) after using the limits h(?) /¢(©) — 1 for ki < ks(a)
and h(9) /g(©) — 2 for ky >> k4 (a). It should be noted that this momentum coupling is not present in
bootstrap approaches to LSS [196, 197], as the latter are constructed for scale-free theories where such
a structure cannot appear.

The simplest observables where the new dynamics we derived above for the k1 < ks(a) < ko
configuration will appear, are tree-level bispectra. However, since the LSS data analysis of Sec. 4.4
considers only the galaxy power spectrum, we will in the following primarily focus on this observable

only.

Infrared structure

Here we discuss the IR behavior of the matter solutions. We begin with x at O( fg). Taking k; = q and
ks = k — q with g — 0, the second-order equations (4.35a) and (4.35b) are solved by

a0 10

~ 0 ~ ~
FOPlq,k—q;7) =" Fa(aq. k—q), GPP(qk—qi) "= 7@ () C2ak—a), (44

which should be understood as equalities of the 1/g poles.” They were derived by setting g(*)(73,), h (%) (i3,) a0
1 and employing the linear equation (4.16) for ¢(©) (7). Hence, at O( fg ) the IR divergence in F>[<2] is the

same as in a standard EdS cosmology. By contrast, the residual of the IR pole in Gg?  is time dependent
and proportional to the y linear growth rate h/g. A similar calculation at the third perturbative order
results in the equalities

B 0 - 0 h(O) ~
F)EO)[?’] (ka q, —q; U)q;) F3(k> qQ, _q) ) G;O)[S] (ka q;, —q; 77) q; W(n) G3(k7 q, _q) ) (443)

which hold for the 1/¢? poles.
An analogous IR structure is observed in the solutions for the cold species. At O( fy ), the second-order
equations (4.35¢) and (4.35d) are solved by

FOP(q ke —qi) *20,  GOP(q k—qii) 92" sO(@) Cala k), (449)
obtained by setting s () 93°%0 and g (7,) 93°%1 and making use of the linear equation (4.21) for
s (7). Therefore, up to O(f,) the IR divergence of F/* is not modified relative to standard cosmology,

P

whereas the residual of the IR pole in G¢" is proportional to the linear growth rate s. Similarly, at third

order we find
Fc(l)[g] (k7 q, —q; 77) qz ’ 0 ) Ggl)[d} (k7 q; —q; ﬁ) qgo 8(1) (ﬁ) G3 (k7 q, _q) . (445)

It is easy to guess, then, that Eqs. (4.42)—(4.45) generalize to all orders in f,, namely

q—0

FiN 20 F,, G@O';O;L(ﬁmn, FMAZ0F,, QM= s(i) G, (a46)

where the arguments of the kernels are understood to be (q,k — q; 77) for n = 2 and (k, q, —q; 77) for

n=3.

"Equation (4.42) is found to be consistent with Eq. (4.38) after recalling that in the former h(o)/g(o) — 2for k > ks(a),

while in the latter only the terms proportional to F> or G2 are IR divergent.
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4.3. Galaxy Power Spectrum in Redshift Space

Equation (4.46) guarantees, at all orders in f,, the absence of IR divergences in all 1-loop power
spectra, as a direct consequence of their well-known cancellation in ACDM. For instance, the 1-loop

correction to the d. - ©, cross power spectrum reads

oo d’q
P = ot ek - Gk - a) P, (@), (k —alOn(k —dl —q)

d*q d*q
+3P(51;@X (k)/WFcB] (k7 q, _q)P(SI;5C (q) + 3P(SI;5X (k)/( ) G[g] (ka q, —Q)de;éx (Q) ) (447)

where the dependence on the time variable 7 is understood Exploiting Eq. (4.46), it is immediate to

verify that in the g — 0 limit the integrand in Pa @ P is proportional to
4F3(q,k — q)Ga(q, k — q) + 3F3(k,q, —q) + 3Gs(k, g, —q) , (4.48)

where divergences cancel exactly.
Furthermore, Eq. (4.46) ensures that all tree-level bispectra are free from IR poles. For example,

consider

Bs,s.0, (9, P1,P2) = 2 [ch (P1, P2i fig) Pis, (p1) P o, (p2) + FPN(a, pai ipy ) PEs. () Plo (p2)
+ GBN(a, P13 71p,) Pils, () Pils (p1)] - (4.49)
Making use of Eq. (4.46) one easily verifies that Bs_s,e, is proportional to F5(q, —p1) + G2(q, p1) in
the g — 0 limit, hence the IR divergence cancels.
Ultraviolet structure

The sensitivity of the 1-loop matter power spectra to UV modes is dominated by the P'3 contributions,

which involve the third-order kernels. For the x species we find the following behavior at O( fg)

s(a F: (k q, — )
FOB (1, q, —q77) L uO @) (k. a. (4.50a)
9O (#7) g (7}4)?
a)<q (@0 + 3u®)(7) F3(k, g, —q)
GO (¢, q, —q7) * L { e e B (4.50D)
( ) 90(#7) g1 (13q)?
where
WO @) = UO(Voe ), with UO(@) =+~ & 1 2 GO, (51)
’ 7 140 840
Accordingly, the 1-loop density power spectra involving the x species scale as
0)13 uv 61 1 u© O\L Auy
pgch (k) — _W2<1+g®(”) k2P§C§X (k) / dgP)" (), (4.52)
0)13 uv 61 u© _ OV Auv oL
B ) = = 35m2 5 ) K2R () / daPy5 (a). (4.53)

Thus, the standard UV dependence ~ k2P (k) of Eq. (2.23) is further modulated, already at O( fg ), by
the ratio u(?) /¢(°), which smoothly transitions from 1/7 at k < ks(a) to 1 at k > k,(a).
For the cold species, we can evaluate analytically the UV behavior at O(f,) when the external

wavenumber is well separated from k(a),

kE<ks(a)<q 1
1890

2
FMBl(k, q,—q) (—116a" 4 3970% — 71) (’;) +0((k/g)"),  (454a)
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Figure 4.5.: Coefficient of the UV divergence for the stlc%c(k) loop integral, as a function of k/ks(a),
normalized to the standard ACDM value. The solid blue line shows the numerical result for p = 0,
obtained by setting f, = 0.1. The two dotted lines show the analytical limits for k¥ < ks(a) and k >
ks(a), calculated using Egs. (4.54). The dashed purple line corresponds to the analytical interpolation
given within curly brackets in Eq. (4.55). The residual discrepancies observed between numerical and
analytical results are due to terms of O( fi) ~ 1%, which were neglected in the analytical expansion

for small f,.

2
SIS, o (19 - iR + 22) <§) +O((k/a)"), (4.54b)

where [i = k- q/(kq). As a consequence, at O( f,/) the UV limit of the 1-loop power spectrum of ¢,
deviates from the standard k2P£ 5.(k) dependence. Interpolating between the two limits in Eq. (4.54)

FVB(k, q, —q)

gives the approximate expression

~ g5 * s o (- 2+ o )]}

2L Aov oL
X k Pacac(k)/ dqPys.s.(q), (4.55)

which indeed agrees with the numerical solution up to tiny O( f%) corrections, as shown in Fig. 4.5. In

principle, then, the standard kQPch 5 (k) counterterm should be modified to account for this new UV
sensitivity at first order in f,.

uv 61
P 2 — SL
oo (F) 63072

Finally, analogous UV structures are found for the power spectra involving the velocity divergences:

for instance,

0)13 UV 61 1 91 + 34,0 oL Auv oL
Pé(ch (k) = = 6307r22< WW(W) kQP(s(céX(k) / qu(;(c(?C (), (4.56)

where (9;u(®) + 3u(®)/h(©) smoothly transitions from 3/7 at k < ks(a) to 2 at k >> ky(a).

4.3.2. Bias expansion with two fluids

As dealing with a two underlying fluid scenarios, with generic suppression scale, the ACDM treatment

of galaxy bias of Sect. 2.1.2, as well as the special case of neutrinos with very low, allowed, mass of
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4.3. Galaxy Power Spectrum in Redshift Space

Sect. 3.1 given by Eq. (3.13), has to be generalized. The response of galaxy (and halo) formation to the
presence of multiple fluid species has been studied extensively in the literature [58, 83, 86, 91, 166, 194,
198, 199]. The bias expansion for two fluids is naturally expressed in terms of the total matter (m) and
relative (1) perturbations, defined in Eq. (4.3). However, in this study we limit a full description of
bias to linear operators, for which the map between the (m, r) and (x, c) field bases is straightforward.
Therefore we prefer to work with the latter basis, which we have used thus far to express our solutions.

The galaxy number density perturbation d, = n,/ny — 1 admits the bias expansion [166, 194, 198]
dg = bebe + bydy +bo (O —O,) + ..., (4.57)

where the dots stand for nonlinear operators. What is the expected size of b,? A simple argument
indicates that b, must vanish as f, — 0. If this were not the case, the galaxy perturbation would
experience a finite jump from §, = (bc + by)d. to 0, = b0, around ks(a) despite the x energy
density being negligible, which is unphysical. Furthermore, studies of the scale dependence of bias
in the presence of massive neutrinos [58, 83, 86] indicate that b, is of order f,, and has negative sign,
b, = — f,b, with 0 < b, < b.

However, in general it is not guaranteed that an expansion of b, for f, < 1 is meaningful when f,
is as large as O(0.1), much bigger than the realistic values for the neutrino fraction f,, as it will be
considered in this work. For this reason, as our baseline choice we conservatively treat b, as an O(1)
parameter and similarly for bg. Nonetheless, in Sec. 4.4 we will also discuss the impact of tightening the
prior on b, to O( fy) size. Under our baseline assumptions, a formally consistent analytical calculation
of galaxy correlators would require one to solve for the x perturbations up to O( fy ), which is beyond
the scope of this study. In practice, however, we expect the key physical effects to be already captured by
the leading non-trivial order, which for y is O( fg) and which we have retained throughout. Expanding

the galaxy density perturbation as
ol (k, 7)) = /k k1. FM (e, k) 0 (e, 7)) - 00 (K, 77) (4.58)

we find at linear level (recall that s(77) = f(k)/facpm)

1 (k1) } . (4.59)

FIKasie,) = be+ bygie,) + be | (i, ) —
facom

The O( f)(g) results s = 1 and h ~ g, the latter meaning that the two functions have similar qualitative
behaviors (see the right panel of Fig. 4.1), suggest that the effect of bg can be largely absorbed into
redefinitions of b. and b,. This is confirmed by Fig. 4.6, which shows that the impact of a non-zero
be on the linear galaxy power spectrum can be approximately captured by shifting b, — b. — bg and
by — by + be.

Nonlinear bias operators can be systematically included in Eq. (4.57) by applying the general results of
Ref. [194] (which built upon Refs. [166, 198]), and are constructed using the perturbations of both species.
However, given that the impact of the nonlinear bias coefficients on the extraction of cosmological
parameters is, in general, numerically smaller than for linear bias, here we adopt a simplified approach
where only nonlinear bias operators containing the cold species alone are included. The prescription for
kernels presented in Sec. 4.3.4 below also implies that nonlinear bias operators involving ¢, and U; can
be viewed as scale-dependent corrections to the already largely uncertain nonlinear bias parameters

with respect to the CDM plus baryon fluid.
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Figure 4.6.: The ratio P(;Lg 5 / P(;LC 5. calculated at linear order from the bias expansion in Eq. (4.57), as a
function of 7. Solid lines correspond to a set of bias coefficients (b., by, bg). Dotted lines correspond to
a different set, where bg = 0 but b, and b, have been appropriately shifted, which reproduces well the

shape of the galaxy power spectrum. The small residual difference depends on the size of bg.

4.3.3. Redshift space distortions

Our next step is to perform the mapping between real and redshift space. To derive the redshift-space
expression of the galaxy number density perturbation, which we denote ¢, 5, we also require the bias

expansion of the galaxy velocity v; ,
U; = (1 = by)v’. + bvvi +..., (4.60)

where the dots indicate again nonlinear operators. The presence of a single linear velocity bias coefficient
b, is fixed by invariance under generalized Galilean transformations, which boost all velocities by the
same (spatially constant) amount.

In Chapter 3 we presented indeed a study, involving a comparison with N-body simulations, that
considered the extreme cases b, = 0 and b, = f, in the context of massive neutrinos, which, as
mentioned, represent a limiting case of the present study. Here, instead, we aim at a more general
treatment, leaving b,, in principle free, while limiting ourselves to purely theoretical considerations.

Expanding the divergence of the galaxy velocity in analogy with Eq. (4.58), we write

ol (k,7) = /k Ak G (K, s 7) 61 (e, 77) - 00 (K, 77) (4.61)

At linear level we obtain

f(k1)

facom

Gyl (ki) = (1= by) + boh(iik,) (4.62)
and by comparison with Eq. (4.59) we expect the effect of b, to be largely degenerate with the one of bg.
We do not consider any nonlinear velocity bias operators in this work, since their effects are expected
to be very suppressed. However, if desired they could be included in Eq. (4.60) by exploiting previous
results [194, 198].
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4.3. Galaxy Power Spectrum in Redshift Space

Defining the expansion of d, s as in Eq. (4.58), but with redshift space galaxy kernels as introduced in

Sect. 2.1.2, we obtain up to third perturbative order

FM (k3 ik,) = FM (ks i) + facompd GY (ks iy ) (4.63a)
Fé?l(kl,kg;fz) Ff ](k17k27 1) + fACDM,U«zGE](kLkz;TN])
+ fACDMku[ﬁFWkQ; k) G ety ) + et 5 Ko
+ fReomk’ 2;]?;2 G (ks iy ) GH (ks iy ) (4.63b)
FPl(ki, ko, k3; ) = F (ki ka, ks ) + facomp®GE (k1 ke, ks; )
+ é{fACDMku[ka[” (s e ) F ) o e ) + 22 Y O e ) G (O e s )

K1 f23 -
+f/2\0DMk2M2[k oo TG (5, ) G (K, K iy, )

T L FM (ks gy ) GH (ks iy ) G (s ﬁk‘g):| } +ki < ko + ki < k3

2koks
+fcomk’ 1’ g];f/? G (k3 7k, ) G (ks i, ) G (K33 k) (4.63c)

where 1 = k/Z\/k‘ withk =k; +...+k,, T — kil...im /Z\/kllzm with kil...im = ki1 +... +kzm
and Z is the unit vector along the line of sight, which we take as our z axis. In the ACDM limit,
Eqgs. (4.63) reproduce standard results [18, 19]. The 1-loop contribution to the redshift-space galaxy

power spectrum is therefore

oo d*q
Pl i) =2 [ Gt (PR k= @] Pl ()Pl (k — al)
d3q

6 PP () [P~ Phs o). (a0

4.3.4. Prescription for nonlinear kernels

The analytical understanding of the matter kernels we obtained in Sec. 4.3.1 by means of the small f,
expansion, allows us to design a prescription that strongly simplifies the evaluation of Pj s, s(k, i) up
to 1-loop order, while retaining sufficient accuracy. The prescription is obtained by imposing that all IR

limits in Eq. (4.46) are reproduced exactly, leading us to define

9(n) Fr(ki,...,ky)

FI'(ky, .. kniil)p = o . : (4.652)
la e 9(ky) - - - 9 (i, )
~ h(ﬁ) Gn(klv e 7kn)
Gl(ky,. .. ks = — - , 4.65b
v Mo = = o) - gl (4.65b)
F'(ky, ... knsil)p = Fu(ki, ... kn), (4.65¢)
Gk, ... kn;ii)p = s(7)Gn(k1, ... kn). (4.65d)

We will denote any quantities evaluated according to this prescription with a “p” subscript.

We see that the standard ACDM kernels F;, and G,, are the only nonlinear quantities appearing
on the right-hand sides of Egs. (4.65). They multiply the ratios of linear transfer functions g, h and s
evaluated on the external momentum k = k; + ... + k;,, whereas the products of ¢ functions in the

denominators of Eqs. (4.65a) and (4.65b) simply rephrase the perturbative expansions of Egs. (4.32) in
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4. EFTofLSS and Mixed Dark Matter

]

terms of only one linear field, namely 6? . As a consequence of these properties, the application of the
prescription casts the 1-loop corrections to the matter power spectra into a simple factorized form. For

instance, Eq. (4.47) becomes

100 _ dq
Py o (k)p = h(i) {4/(27T)3F2(q, k — q)Ga(q, k — q)Pys () Pfs. (Ik — ql)

3

< Ok —dl =) + 3Pk () [ 5-5 [Falka =) + Galleoa—a)] Pl ()} . (466)

where the quantity in curly brackets is simply the standard form of the 1-loop correction calculated with
ACDM kernels, taking as input the linear power spectrum for the cold species, P(SLc 5.(k), as obtained
from CLASS. Standard methods developed for ACDM then enable a fast evaluation of Eq. (4.66) suitable
for MCMC analysis.

One immediate consequence of the prescription is that, at all perturbative orders, the x fields are

obtained from the c fields through multiplication by ratios of linear transfer functions, namely

5X(k7 ﬁ)p = g(ﬁ)éc(l@ ﬁ)p ) @x(k7 ﬁ)p = g(ﬁ)(ac(lﬁ ﬁ)p : (4.67)

The first relation in Eq. (4.67) was indeed assumed in some previous studies of massive neutrino
cosmologies [97, 158, 162].

In the rest of this section we thoroughly analyze the accuracy and implications of our prescription in
Egs. (4.65). Before doing so, however, we stress again that this prescription is motivated by the need to
efficiently compute the galaxy power spectrum at 1-loop order. Indeed, since analytical expressions for
the kernels covering the entire kinematic regime where the loops have support are not available, we are
naturally prompted to adopt the above ansatz in order to manageably perform the required hundreds of
thousands of evaluations. Nevertheless, the analytical expressions we presented in Sec. 4.3.1 (which
were based on the small f, expansion, but did not rely on any ansitze) may be used to compute other
observables exactly, for instance the tree-level galaxy bispectrum in some kinematic configurations, as

argued in Sec. 4.3.1.

Accuracy for kernels

While the prescription reproduces exactly, by construction, the behavior of the complete solutions in
the IR limit, it does introduce inaccuracies for general configurations of the momenta. Nevertheless, it
preserves the correct structure of the kernels even far away from the IR, modulo momentum- dependent
corrections that are a priori of O(f?) for the x fields and O(f,) for the ¢ fields.

In Fig. 4.7 we compare numerical and analytical solutions for the second order kernels of the cold
fluid in the (q, k — q) configuration of momenta relevant for the P?2 contribution to the 1-loop power
spectrum. Both numerical and analytical solutions are normalized to the value prescribed by Egs. (4.65¢)
or (4.65d). We set f, = 0.1 and evaluate the numerical results for p = 0 (as well as 7 = 2, as we always
assumed from Sec. 4.3.1 onwards). We choose k and q to be orthogonal in order to remove the IR pole
at small ¢ (by construction, the IR pole is exactly reproduced by our prescription). The figure shows
two conceptually distinct aspects. (i) First, we observe that the numerical solutions (solid curves) are in
good agreement with the analytical approximations (dashed lines) when all momenta are separated
from k;(a). The small residual differences are due to corrections of O(f;) that we have not calculated.

This validates the analytical results presented in Sec. 4.3.1. (ii) Second, the deviations of the solid curves
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Figure 4.7.: Comparison of numerical solutions and analytical limits for the second order kernels of
the cold species, ch (q,k — q;7) and G?] (q,k — q;7), normalized to the respective values Fc[?g) and
G[cz,]p defined by the prescription in Egs. (4.65). We set f,, = 0.1 and choose i = k - q/(kq) = 0 to
remove the 1/¢ IR pole, which is exactly reproduced by the prescription. Solid curves correspond to
the numerical solution for p = 0, while dashed lines show analytical limits. Left: k < ks(a). The
q < ks(a) limits are trivial, recovering ACDM. The g > ks(a) analytical limits are derived from
Egs. (4.86) in Appendix 4.A.2. Right: k > ks(a). The ¢ < ks(a) [¢ > ks(a)] analytical limits are

obtained from Eqgs. (4.40) [Eqgs. (4.37)].

from unity show that our prescription does indeed introduce errors of O( f,) with respect to the exact
numerical result, as expected. This is the price we accept to pay, in exchange for the fast evaluation of
the 1-loop corrections illustrated by Eq. (4.66).

In Fig. 4.8 we perform an analogous comparison, but for the second order kernels of the warm species
X- Here we observe that: (i) numerical solutions (solid curves) and analytical limits (dashed lines) agree,
modulo O(f,) corrections which we have not calculated, thus confirming the results of Sec. 4.3.1; and
(ii) the prescription introduces O( ffg ) errors with respect to the exact numerical result in some regions
of momenta, as the deviations of the solid curves from unity show. The deviations are especially large

for Gg? ] (solid purple), whereas the prescription provides a better approximation to F)[CZ} (solid blue).

Ultraviolet behavior and counterterms

Next, we focus on the behavior of the prescription in the UV limit. For the 1-loop power spectra of

matter density perturbations we find

{P35 (k), Byls (k), Pojs,(k)}

uv 61k2

Ayv
Wy = S Pl (1), P (k). PEs () / APl (q).  (468)

P

By comparing these to the exact perturbative results for the UV limits in Egs. (4.52), (4.53) and (4.55),

respectively, we see that the prescription does not capture the additional scale-dependent effects seen
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Figure 4.8.: Comparison of numerical solutions and analytical limits for the second order kernels of
the warm species, F>[<2] (q,k — q;77) and Gg?} (q,k — q;77), normalized to the respective values Fg]p
and Gg?,}p defined by the prescription in Egs. (4.65). We set f, = 0.1 and choose it = k - q/(kq) =0
to remove the 1/¢ IR pole, which is exactly reproduced by the prescription. Solid curves correspond
to the numerical solution for p = 0, while dashed lines show analytical limits. Left: k < ks(a). The
q < ks(a) limits are trivial, recovering ACDM. The g > ks(a) analytical limits are derived from
Egs. (4.84) in Appendix 4.A.2. Right: k > ks(a). The ¢ < ks(a) [q¢ > ks(a)] analytical limits are
obtained from Eqs. (4.38) [Eqs. (4.84) in Appendix 4.A.2].

in those equations. Nevertheless, we expect these additional scale-dependent effects to be small for
two separate reasons. For power spectra involving the x fields, where the additional scale dependence
formally arises at O( fg), because the x transfer functions are suppressed for k 2 ks(a). For power
spectra involving only the CDM+baryon perturbations, because the additional scale dependence appears
only at O( fy).

Owing to the presence of both ¢ and 4, in the two-fluid bias expansion of Eq. (4.57) and in accordance
with the UV behavior obtained with the prescription, Eq. (4.68), our prediction for the galaxy power

spectrum multipoles will need to include the following counterterms
P (k) = = 2cee s K2 Py, (k) = 2cex 0 K Pys (k) — 2cx,0 kP 5 (k). (4.69)

When kg > knp, these reduce to the usual counterterms of ACDM analyses [19] expressed in terms
of the total matter power spectrum, namely — 2¢;,,, ¢ ksz;n . (k). Conversely, when ks < kni, the
power spectra involving x are strongly suppressed and one is left with — 2c,.» kZP(SLC 5c(k). This is the
relevant situation for the standard massive neutrinos [97].

Qualitatively similar results are obtained for power spectra of the velocity fields, for instance

UV 25k> Auv
Pilo,(k)p — = 5e5 P50, (h) / dqPf; (a), (4.70)

which should be compared with the exact perturbative expression in Eq. (4.56). In principle, the presence

of the velocity divergences in the bias expansion of Eq. (4.57) would then require the introduction of
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4.3. Galaxy Power Spectrum in Redshift Space

new counterterms. In practice, since f(k) = facpwm and h(7) ~ g(77) at zeroth order in f,, we expect

the set of counterterms in Eq. (4.69) to adequately capture all the UV sensitivity.

Accuracy for power spectra

In Fig. 4.9 we compare the 1-loop matter power spectra computed with our prescription to those obtained
from exact numerical solutions of the fluid equations. We do so for the two benchmark cosmologies we
have already considered in Sec. 4.2, namely an ULA with m, = 10727 eV (top row) and a neutrino with
m, = 1 eV (bottom row). The low-redshift characteristic scale is ks(2ops) ~ 0.3 h Mpc~t ~ kny, for
both models, corresponding to the physical regime where accurately modeling the nonlinear corrections

is most challenging.

We discuss first the ULA cosmology. The quantitative comparison confirms the expectations based on
the previous discussion: the relative deviations of the 1-loop terms ( P171°°P — P}} _IOOP) / P11°°P gbserved
in the top row of Fig. 4.9 are somewhat smaller than 1 for the xx and cx power spectra and somewhat
smaller than f, for the cc and mm power spectra. This happens because, although the prescription
introduces inaccuracies of O( fg ) in the x kernels and O( fy ) in the c kernels, by construction these
inaccuracies do not affect the IR limits of the kernels, which give the largest contributions to the loop

integrals.

As a result, our prescription ensures a relative accuracy better than fXPl'IOOP /P in the predictions
of the cc and mm power spectra. For the benchmark ULA cosmology with f, = 0.1 shown in the top
row of Fig. 4.9, we obtain a < 2% accuracy up to k = 0.4 h Mpc ™. This implies, in particular, that
our prescription can be used to accurately evaluate lensing observables, which are only sensitive to
P, s,.- On the other hand, for the xx and cx power spectra the prescription gives a relative accuracy
that is better than P'°°P / PL but is not proportional to [x- In the top row of Fig. 4.9 we find < 20%
for ¢x and < 30% for xx (recall that f, = 0.1 here). These results are confirmed by Fig. 4.10, where
the same ULA mass as in the top row of Fig. 4.9 is assumed but the fraction is smaller, f, = 0.02. The
real-space galaxy power spectrum is evaluated up to 1-loop order, starting from the simplified two-fluid
linear bias expansion d, = b.0. + b, dy. In the left panel of Fig. 4.10 we observe that the prescription
reproduces the cc component of P, 5, with negligible error. However, since based on the discussion in
Sec. 4.3.2 we conservatively assume b, ~ O(1), the prescription introduces relative errors in the cy
and xx components that are not proportional to f,, and would remain constant even for vanishingly

small f,.

Nonetheless, this limitation of the prescription does not hinder our ability to extract reliable cos-
mological constraints. The reason is that the spurious terms introduced by the prescription in the cy
and xx components of the galaxy power spectrum are largely reabsorbed into the free coefficients of
the k2P6LC 5 (k) and k2P5LX 5 (k) counterterms in Eq. (4.69). This is demonstrated by the right panel of
Fig. 4.10: after summing cx and xx counterterms with fitted coefficients to Pj_ s, ,(k), the residual
difference with the full numerical calculation of P s, (k) is entirely negligible relative to the BOSS
error bars. This is then expected to hold also for DESI DR1 [201], as this comprises 6 bins spanning a
wider range of redshift, but the error bars of power spectra of each bin are comparable to BOSS. The cx
counterterm gives the most important effect. We view this as strong evidence that our prescription does

not introduce unwanted spurious effects in the derivation of constraints on f, from the galaxy power

61



4. EFTofLSS and Mixed Dark Matter

me=10"%"eV, p=2

N— P{, =Pyl —P2

— L 13 — L 13 — L
x0x dxdx ™~ Presy —Pss ™~ Psise —P5s. I~ P,

Smdm OmOm,

22 1—loop 22 1—loop P22 —_ 1—loop p22 —_ 1-loop
Pocex = Pis, Presx = Pss, dcbe Prese Smdm L,

P(k) [h=3Mpc?]

/\/\’\\

0.504 0.05] E
=
"U_ 0.25 0.00
E 0.00
. . —0.05 . g .
0.1 0.2 03 04 0.1 02 03 04 0.1 02 03 04 0.1 02 03 04
k [hMpc™t k [hMpc™! k [hMpc™! k [hMpc™!
T T [ I
m, = 1eV,
\_ PJLX&X *Pslfsx N PJLC&X *PJICSJX P6Lm5m *Pélfl&m
s — B P, — i O

P(k) [h3Mpc?]

N 1 \/\A | \\/\,\\/\’\
&

"c: 0.254 B 0.00

)

[a=1

—0.05 i

T T T

0.1 02 03 04 01 02 03 04 0.1 02 03 04 o1 02 03 04
k [hMpc™!] k [hMpc™!) k [hMpc™!) k [hMpc™!]

Figure 4.9.: Top row: Comparison of the computations of the 1-loop terms of the matter power spectra
using our prescription for the nonlinear kernels, Egs. (4.65) (dashed lines) to the full numerical results
(solid lines). From left to right: xx, cx, cc and mm density power spectra at z,s = 0.5, representative
of the redshift observed by galaxy surveys. Red, blue and black correspond to the 22, (minus) 13 and
total loop contributions. The solid gray line indicates the linear power spectrum. The bottom inset
shows (P11oop PI}_IOOP) /P11°°P in black and (PP — P;'IOOP) /(PL 4 P'°°P) in gray. We have
used as inputs the linear power spectra for an ULA cosmology with m, = 10727 eV and f,, = 0.1,
corresponding to p = 2 and k(2eps) &~ 0.29 h Mpc L. Bottom row: Same as in the top row, but using
as inputs the linear power spectra for a massive neutrino cosmology. We assume a single neutrino

species with m,, = 1 eV, corresponding to f,, = 0.08, p = 0 and ks (2ohs) ~ 0.30 h Mpc ™.

spectrum, when b, is treated as an O(1) coefficient in the two-fluid bias expansion.® The prescription
remains valid even when intrinsic nonlinearities associated to the wave-like nature of ULAs are included,

see Appendix 4.A.3 for a discussion.

In the bottom row of Fig. 4.9 we check the accuracy of the prescription for our benchmark massive

SIf by, ~ O(fy) is assumed, the prescription automatically yields an accuracy on Ps 46, comparable to the one for the total

matter power spectrum.
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Figure 4.10.: Left: Fractional contributions of the cc, cx and xx components to the real space power spec-
trum of 6 = bede+bydy up to 1-loop order. Solid lines show the full numerical results, e.g. b2 Ps, 5, / P5,s,
whereas dashed lines correspond to evaluating the 1-loop terms in the numerator with the prescrip-
tion, e.g. bgP(gch’p /Ps,s,. The bottom inset shows the difference between solid and dashed curves,
e.g. b2 (P;;};ZOP — 510_352?5 )/ Ps,s,- In black we show the difference for the full galaxy power spectrum,
(P(slg'};;Op - P;;;;?g )/ Ps,s,» which is dominated by the c¢x component and would remain constant even
for fy — 0. Right: Comparison between the full numerical result for P s,, its value obtained with the
prescription, and the additional effect of summing cx and xx counterterms with fitted coefficients. The
bottom inset shows the differences between the predictions, compared to the BOSS )y errorbars [200]
for reference. In both panels we have set b, = 1.5, b, = 0.5 and used as inputs the linear power spectra

for an ULA cosmology with m, = 10727 eV and f, = 0.02.

neutrino cosmology. Relative to the ULA scenario, the massive neutrino yields a smaller P'-°°P / P
ratio for the cy and xx power spectra, hence our prescription performs better. Nevertheless, the genuine
1-loop inaccuracy (PP — Ppl_loop) /P'1°°P has comparable size to the ULA scenario and all the
lessons we learned there still apply. Furthermore, the prescription is robust against the inclusion of

intrinsic nonlinearities originating from the Vlasov equation, as shown in Sect. 4.A.3.

Redshift space treatment

The 1-loop contribution to the redshift-space galaxy power spectrum, which was given in Eq. (4.64),
simplifies considerably after the prescription (4.65) is applied to the redshift-space galaxy kernels (4.63).
The resulting form can be worked out explicitly by means of the formulas for the real-space galaxy
kernels, which we report in Eqgs. (4.87) of Sect. 4.A.2 (retaining only linear bias operators for brevity).
Even after the application of the prescription, the evaluation of momentum integrals over the scale-
dependent linear functions that appear in Fgm and G[gl] is still required. For instance, the third line of

Eq. (4.63c) yields the following contribution to the 13 piece,

Palggég,s(k, Wp D 4Fg[,1;(k; ﬁ)P(Slgéc(k)fI%CDMk2u2
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x / 0 tiq_tq Gyl (a3 7g) Gy (k — & jpe—q)) Ga(k, —a) Ps (a) . (471)
(2m)3 ¢ [k—q| 9 VMg »lk—q] ) 0\ d) s

where the expression of G g] was given in Eq. (4.62). Analogous terms appear in the 22 piece. Additionally,
there are terms built out of linear fields only, which are insensitive to the application of the prescription.

In the 13 piece, these arise from the fourth and fifth lines of Eq. (4.63c) and yield
Py, e ) > = FR i) P, (k) fReonk®? | Y (ci1) + faoonn® Gl ()|

d3 2
- / (27:)]3 % (GMas )] *Pys(a).  (472)

In principle, the fast evaluation of momentum convolution integrals such as those in Eqs. (4.71) and (4.72)
could be achieved through a new application of FFTLog methods [99, 202, 203]. A similar strategy was
followed in Ref. [97] for massive neutrino cosmologies. In the analysis of Sec. 4.4 as well as the following
with DESI data in Chapt. 6, however, we adopt a simplified approach where the scale dependence of
the linear functions is fully retained outside the ¢ integrals, but the scale-independent expressions for
standard CDM are used inside the integrals. Namely, in the integrands we set g, h — 1 and f — facpwm.

]

This implies in particular GLl — 1, hence the integrals in Egs. (4.71) and (4.72) reduce to standard

expressions for which the FFTLog procedure is well known.’

4.4. A first application: Planck+BOSS constraints on Ultra-Light

Axions

The in-depth discussion of the previous sections on the extension of the EFTofLSS in the presence of
multiple fluids with finite sound speed provides the theoretical framework to investigate the parameter
spaces of such models with cosmological data. The two benchmark scenarios considered so far in this
chapter are ULAs and light thermal relics. In the latter case the relic abundance and the suppression of
the matter and galaxy power spectra depend on the mass of the new particle, the number of its bosonic
or fermionic degrees of freedom and its temperature. For illustrative purposes, in Sec. 4.2.1 the latter
two were identified with those of the standard neutrinos. A complete analysis would require varying
the freeze-out temperature and matching to relevant particle physics models. As already mentioned, for
this reason, in this first proof-of-principle analysis we only consider ULAs, our goal being to constrain

their energy density ,h? as a function of their mass m,.

4.4.1. Data specification and modeling choices

The data considered in this analysis are the CMB temperature, polarization and lensing power spectra
as measured by Planck [5, 23], combined with the measurement of the full shape of the galaxy power
spectrum performed by spectroscopic surveys. To enable a direct comparison with the previous
cosmological constraints on ULAs presented in Ref. [204], we here restrict ourselves to SDSS/BOSS
data [49, 205], and postpone an original study for DESI to Chapter 6. The BOSS sample consists of

approximately one million galaxies divided in two redshift slices, centered at z.g = 0.38 and z.g¢ = 0.61,

°In fact, Eq. (4.72) is fully degenerate with a linear combination of counterterms and it is therefore dropped from the theory

prediction.
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and in two regions above and below the galactic plane, for a total of four sets of measured galaxy power
spectra.

Similarly to previous full-shape analyses of the ACDM model [18, 19, 21, 49], when inferring cosmo-
logical parameters we marginalize over four bias parameters, one EFT counterterm for each multipole of
the power spectrum, and three free parameters to account for the amplitude and the scale dependence
of the galaxy shot noise. These nuisance parameters completely characterize the dependence of the
galaxy fluctuations on the CDM+baryon density and velocity fields (labeled by ¢ in this thesis).

In addition, and drawing from the discussion in Sec. 4.3, we include the following new ingredients.
The galaxy bias model contains one extra free parameter quantifying the response of the galaxy number
density to the ULA density field, from now on specializing the generic x index to a and the fraction f,
to fax,

dg D bebe + baba, (4.73)

Importantly, in Eq. (4.73) the axion density field §, is computed up to n-th order in perturbation theory
using the prescription in Egs. (4.65), i.e.

1]
5il(k) = (5“ (k)> ot (k) (4.74)
CLASS

ot (k)

in terms of the linear theory transfer functions.!® As noted in Sec. 4.3.1, for a proper parameter explo-
ration that involves J, it is imperative to include nonlinearities of this field, at least in an approximate
way. Neglecting those, e.g. keeping J, only at linear level, would lead to spurious effects in the regime
of small deviations from pure standard CDM, which is where precision cosmological data are the most
powerful. As discussed in Sec. 4.3, we expect Eq. (4.73) evaluated according to Eq. (4.74) to capture the
main novelty of the two-fluid description.

The new dependence of the galaxy field on ¢, also requires the inclusion of two new classes of
counterterms proportional to the linear power spectra P(SLC 5 (k) and P(SLG 5 (k), see Eq. (4.69). Then all
other effects arising at the nonlinear level are very degenerate with b,, or too small given BOSS/DESI
DR1 errorbars. A similar argument applies to any difference between our prescription in Eq. (4.74)
and the numerical solution, see Sec. 4.3.4. In total we vary, at fixed m,, the six ACDM cosmological
parameters plus the energy density in the axion, ,h?, and 16 nuisance parameters for each of the
four sets of BOSS galaxy power spectra. Finally, the new scale dependences introduced by the axion
perturbations and by the linear growth rate of the cold species are neglected inside redshift space loops,
as discussed in Sec. 4.3.4.

Concerning galaxy clustering data we follow Refs. [62, 204] in using the windowless measurements
of the BOSS DR12 samples [205] at 2z = 0.38 and z.g = 0.61 provided in Ref. [49]. As in Ref. [204] we
fit the galaxy power spectrum multipoles P; up to kpay = 0.2 h Mpc ™! and the RSD-free combination
Qo [200] for k € [0.2,0.4] hMpc L. Differently from Ref. [204], we do not use post-reconstruction
BAO information from BOSS or BAO data from other surveys. Theoretical predictions for the galaxy
power spectrum are obtained with the PBJ code [62, 92], which has been integrated in the Cobaya
framework [206] for the purpose.

“The linear power spectra of the CDM+baryon component, §., and of the axion field, §,, are obtained directly from the
Einstein-Boltzmann solver AxiCLASS [184, 185].
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4.4.2. Parameters and priors

Summing up, we fix m, and vary the parameters

(Quh?, Qch?, Qph?, b, log (1017 Ay), ng, Treio)
4
X H (bes ba, ba, bgy, brs, Ceets Ceats Caatrs Penots 0, a2); (4.75)
i=1

where i indexes the redshift/sky cut bins, while £ = 0, 2,4 and ¢’ = 0, 2 run over the power spectrum
multipoles. We assume one massive neutrino with fixed m,, = 0.06 eV. The first line of Eq. (4.75)
contains the cosmological parameters that are varied in the fit, whereas the second line contains the
EFTofLSS parameters. The linear bias coefficients b, and b, are defined in Eq. (4.73). We set to zero
be and b, (see Egs. (4.57) and (4.60), respectively) because, based on the discussion in Sec. 4.3, we
expect that their effects can be largely absorbed into redefinitions of b. and b,. The nonlinear bias
coefficients by, bg, and br, are given in the basis of Ref. [207]; we recall that in our analysis only the
perturbations of the cold species ¢ (but not a) are used to build the associated nonlinear operators.
The counterterms are introduced in Eq. (4.69), those proportional to the c., ¢ and cq, ¢ coefficients
being new additions associated to our two-fluid treatment. The c,, 4 counterterm is not included in
our analysis, because the associated operator Pj s, s(k, 1) D ,u4k‘2P5La 5, (k) is not generated under our
assumption that bg = b, = 0 (see the discussion in Sec. 4.3.4). We have checked that adding also c4q 4
or, vice versa, removing ¢ 2, affects the bounds on O, h? by less than 5%.

While adopt wide uninformative priors for the cosmological parameters, as they are all well con-
strained by our combination of observables, the priors we choose for the EFTofLSS parameters require
a detailed discussion. For the linear bias coefficients, by default we assume the wide uniform priors
be ~U(—1.5,3) and b, ~ U(—3,3). This allows us to capture, in particular, the perfect degeneracy
between the two parameters for large values of m,: since all observationally relevant scales satisfy
k < kg, both underlying fluids are effectively cold and only the sum b, + b, is constrained. This
is shown in Fig. 4.11 for m, = 1072® eV, corresponding to ky(zops) ~ 3 hMpc™! > kyp. For
comparison we also show the degeneracy for a much smaller mass, m, = 10730 eV: in this case
k > ks(2obs) = 0.01 hMpc ™! for all relevant scales, hence the ULA clustering is nearly negligible
and only b, is significantly constrained. Finally, m, = 10~2% eV shows an intermediate situation, with
ks(zobs) = 0.1 h Mpc_1 falling in the middle of the observational window: in this case both linear
bias parameters are significantly constrained. The impact of modifying the prior on b, to a narrow
informative one, b, ~ U(—0.2,0.2), is discussed in Sec. 4.4.

For the nonlinear bias coefficients we adopt the same Gaussian priors as in ACDM analyses [49],
as we also do for the counterterms of the cold species c.. . For the new counterterms, on the other
hand, we perform tests to select priors that are wide enough to be uninformative. In summary, for the

counterterms we assume

Cecc,0) Cec,4 2 Ccc,2 2 Cca,ls Caa b’ 2
J = R N — L~ . 4.76
N ~NO30%), G ~ N (30,30, T ~ N0, 60) (4.76)

Notice that we perform an analytical marginalization over the parameters that enter linearly in the
model. This is the case of br,, all the counterterm coefficients c.. ¢, Ccq¢ and c,q ¢ and the stochastic

parameters Py, ag and as.
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Figure 4.11.: Posteriors for the linear bias coefficients b, and b,, of one redshift/sky cut bin (z.¢ = 0.38,
NGC), for different ULA masses, in our Planck+BOSS analysis. The different degeneracy directions are
manifest, depending on whether & > ki, (blue), ks ~ kN1, (purple) or ks < knr, (red).

As a validation of our setup, we reproduced with high accuracy the Planck constraints presented in
Ref. [204]. In addition, we reproduced with high accuracy their Planck+BOSS constraints by restricting
the theoretical model presented above to a single-fluid description and setting the priors to the standard
ACDM values [49, 204].

4.4.3. Results

The constraints from Planck CMB data in the (mg, ,h?) plane are shown by the red curve in Fig. 4.12
and reported in Table 4.1. The shape of these bounds is well known [183, 204, 208, 209] and represents
the baseline which the addition of LSS data can further improve upon.

For m, > H(aeq) ~ 1072® eV the ULAs transition to a DM behavior before matter-radiation
equality. At the high-mass end the transition happens early during radiation domination, thus leaving
the pre- and post-recombination physics unchanged compared to a ACDM Universe. Consequently, the
constraining power of the primary CMB evaporates quickly, as we observe in Fig. 4.12 for m, > 10726
eV. For lighter ULAs, such that the transition from w, ~ —1 to w, ~ 0 happens close to equality and
hence recombination, the diffusion damping scale is modified and the evolution of the potential wells
in which the baryon-photon plasma propagates is affected, leading to an early Integrated Sachs-Wolfe
(ISW) contribution. These effects impact the relative heights of the acoustic peaks. The CMB lensing
power spectrum is not measured with sufficient precision by Planck to alter significantly the above
conclusions, though this is expected to change [208] with the recent ACT results [210] as will be
presented in Chapt. 6, and also future data from the Simons Observatory [211] and CMB-S4 [30].

For m, < H(aeq) the ULAs retain w, ~ —1 until some time during matter domination (or even
A domination, for the lightest masses). If the redshift of matter-radiation equality is kept fixed, the
presence of the axion modifies the expansion history post-recombination and in particular the distance

to the last scattering surface, thereby shifting the location of the CMB acoustic peaks. This shift can be
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Figure 4.12.: Our final constraints on ULAs from Planck+BOSS (blue), compared to those from Planck
only (red). For each value of the ULA mass, m,, we report the 95% CL upper bound on its energy
density today, Q,h2.

compensated by a different value of the Hubble constant Hy, and consequently (assuming flatness) of
the energy density in A, leaving a residual modification of the late ISW amplitude. These effects lead to
the strongest Planck constraints on ULAs, fax < 0.01 for 10730 < m, /eV < 10728, For even smaller
masses (not shown in our plots), the modification of the distance to last scattering is progressively
reduced and the constraints arise primarily from the ISW effect, resulting in weaker sensitivity [189,
204]. Finally, as m, approaches Hy ~ 10733 eV the constraint on Q,h? disappears as the ULAs cannot

be distinguished from a Cosmological Constant.

The LSS data are sensitive to a similar range of masses, bracketed by the ULA becoming indistinguish-
able from a Cosmological Constant at the lower end and from standard CDM at the upper end. The latter
happens when the scale kqyop (and therefore also the late-time Jeans scale k,(zops)) becomes larger
than the nonlinear scale kni,, hence the ULA behaves as CDM in the whole perturbative range where
the EFTofLSS applies. Our Planck+BOSS constraints are shown by the blue line in Fig. 4.12 and listed
in Table 4.1. We find that the addition of BOSS data improves the bounds by roughly a factor of 2 for
lower ULA masses, mostly driven by a better determination of the matter density, which helps reduce
the geometric degeneracies of CMB data. At the higher end, by setting kqrop ~ kN ~ 0.4 h Mpc—! we
estimate that m, ~ 1072° eV is the largest mass that can be meaningfully constrained, as confirmed
by Fig. 4.12. A subset of the contour plots for m, = 1072 €V is shown in the left panel of Fig. 4.13: the
constraints are dominated by BOSS (cyan), while Planck data cannot distinguish between ULAs and
standard CDM, as shown by the very elongated red contour in the direction of constant Q,h% + Q.h2.
The BOSS sensitivity arises from shape information, as it probes the suppression of the galaxy power
spectrum at the largest perturbative k included in our analysis. The combination of both datasets
is slightly less constraining than BOSS alone, which we attribute to projection effects. Similarly to

Ref. [204], we find a preference for non-zero §2,h? at m, = 10~2% eV, whose posterior is shown in the
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mg [eV] | Planck | Planck + BOSS (FS)
10~ 0.11 0.11
10725 0.099 0.034
10726 | 0.0063 0.0066
10727 | 0.0033 0.0031
10728 | 0.0020 0.0013
10729 | 0.00158 0.00087
10730 | 0.00179 0.00089

Table 4.1.: 95% CL upper bounds on the ULA energy density obtained in this chapter, as a function
of the ULA mass, for Planck and BOSS. An updated version with DESI and ACT follows in Chapt. 6,
precisely in Table 6.2.

My =105 eV my = 10726 eV
B BOSS Bm BOSS
BN Planck BN Planck
Hl Planck+BOSS

Il Planck+BOSS
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Figure 4.13.: Constraints on the parameter space of ULAs, at 68% and 95% CL, for m, = 10~2%eV

(left) and m, = 10726 eV (right). Red contours correspond to Planck alone, cyan contours to BOSS
only, and blue contours to our final Planck+BOSS combination.

right panel of Fig. 4.13. For BOSS-only, this is likely due again to projection effects after marginalizing

over the bias and EFT nuisance parameters [204], since not only is the value of Q,h? preferred by

BOSS incompatible with Planck, but also the other ACDM parameters, especially As and ng, present
significant shifts compared to the best fit CMB values.

In Fig. 4.14 we quantify the effect on the bounds of our refined model of the galaxy power spectrum

In the displayed ULA mass range, the addition of the new bias parameter b, and of the accompanying
new counterterms (solid blue curve, matching Fig. 4.12) markedly reduces the improvement over Planck
brought by a single-fluid analysis of LSS data (dashed blue curve) we performed following closely those
already present in the literature [189, 204].!! As expected, the effect of marginalizing over a larger

set of EFT nuisance parameters starts being important once the Jeans scale is well inside the region

of wavenumbers probed by galaxy surveys, ks(2zops) = 0.05 h Mpc ™!, The effect is most pronounced

""We checked that our single fluid analysis reproduces to high accuracy the results presented in Ref. [204].
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Figure 4.14.: Impact of our refined theoretical modeling of the galaxy power spectrum on the constraints
on the ULA energy density. All curves show 95% CL upper bounds. Results from the Planck+BOSS
combination are reported in blue, while the red curve corresponds to Planck alone. Relative to Fig. 4.12,
we zoom in on the mass range where the effect of our two-fluid EFTofLSS extension is important. The
solid blue curve shows our baseline results, whereas the dashed blue curve corresponds to a single-fluid
analysis following Ref. [204]. The dotted blue curve reports the constraints when restricting the prior
on b, from O(1) to a tighter interval of O( fax), see the main text for details. The Jeans scale k; is

evaluated at z,ps = 0.5.

for ks(zobs) ~ knL, corresponding to m, ~ 10727 eV, and eventually becomes negligible again
when the mass is so large that kq,.p is beyond the smallest scales included in our analysis, hence
BOSS cannot distinguish the ULA fluid from standard CDM (kgyop > 0.4 h Mpc_l, corresponding to
ks(Zobs) 2 3h Mpe™).

Finally, some of the information gain over Planck is recovered if one is able to impose a less con-
servative prior on the linear bias parameter b,, which one could expect to be of O( fax) based on the
discussion in Sec. 4.3.2. This is shown by the dotted curve in Fig. 4.14, obtained by restricting the prior

on b, from U(—3, 3), as assumed in our baseline analysis, to 2/(—0.2,0.2).

Since we focus on the region of ULA masses where our novel two-fluid modeling has an impact,

we do not show here results for m, < 10739 eV. In this range ks(Zobs) is so small that a single-fluid
analysis is fully appropriate. Moreover, the accidental suppression of the coefficients multiplying new
momentum structures in, e.g., Egs. (4.37) implies that using the standard EdS kernels supplemented by

the 1 — 3 fax/5 suppression of the linear growth rate suffices for all practical purposes.
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4.5. Concluding remarks

The two-fluid extension of the EFTofLSS presented in this chapter lays the foundation to test mixed
DM scenarios with future LSS data. This includes the ultra-light axions as we discussed here, but also
massive thermal relics as well as models where a fraction of DM develops a high temperature due to
interactions with other species.

More generally, the framework we have introduced opens up the possibility to derive “model-
independent” constraints in the space of mixed DM models. For each choice of the parameters y and p
that determine the time- and scale-dependence of the sound speed (see Eq. (4.9)), one may express, with
minimal assumptions, the cosmological constraints in terms of the fraction of the energy density of the
non-cold species, f,, versus its characteristic scale, k5. Such constraints could then be projected onto
any microscopic models of interest that feature a sound speed with the assumed scaling dependences.
This strategy is part of a broader program aimed at identifying a representative set of scenarios for BSM
physics in the dark sector, which can be tested with LSS data. Carrying it out will likely require one to
solve the nonlinear equations considered in this work for other time dependences of the sound speed
term, going beyond the v = 2 case we have focused on.

Furthermore, the exact analytical expressions we have derived for nonlinear kernels in certain
kinematic configurations provide the starting point to investigate the signatures of mixed DM scenarios
in higher-point correlation functions. Finally, this effort can serve as a stepping stone to investigate the

effects of BSM dynamics beyond the perfect fluid approximation.

Appendix 4.A Further details on perturbation theory in Mixed DM

cosmologies

4.A.1 Universality of Perturbation Dynamics in Scale-free Beyond-ACDM Scenarios

The “hot” limit of the two-fluid setup we consider, namely k£ modes for which the clustering of x is
entirely negligible, is a regime where the dynamics of the CDM+baryon fluid c is affected non-trivially by
new physics, but without the appearance of a new scale. Here we show that, remarkably, the dynamics
in this regime is tightly related to the one found in Refs. [193, 194] for another example of scale-free new
dynamics affecting the CDM+baryon fluid: DM self-interactions mediated by a massless (scalar) field.
Such tight relation is present even though the background dynamics is modified away from ACDM
in the self-interacting DM scenario, while it is not modified in the mixed warm/cold DM scenario we
study here. This result suggests a universal nature of the dynamics of cosmological perturbations in the
scale-free regime, even beyond ACDM.

For k£ modes where x does not cluster, J,, — 0, the Egs. (4.4c) and (4.4d) describing the dynamics of
the cold species read, after setting €2,,,/ f/%CDM — 1,

87750 - @c = VZ((SC‘/;Z) ) (4'773)
1 . )
0y0. + 50, — %50(1 — £ = Va(VIV, V). (4.77b)

We now define V! = (1 — 3f, /5)V/, leading to the following form for the equations up to O(f, ),

00, _ .
e 9, =V,(5.V]), 4.78a
=2 (0cVe) (4.782)
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00,
ol(1 = 2]

Next, we consider the evolution of the matter perturbations in a scenario where 100% of DM y

3 1 o
bl - — U (VIT.V
250(1 +5 fx) Vi(VIV,; V7). (4.78b)

1- 3
+50:(1+ 50 -
self-interacts via an effectively massless scalar mediator s. We start from the first two of Egs. (A5) in
Ref. [194] for 0,5, = F 65+ (1—F )8y and the analogously-defined v?,, where to avoid confusion we have

introduced one modification to the notation used in that reference: here we denote F, = p,./(py + pb)-

We define V!, = —v! /(fmH) and take 7, = log D1,, as time variable, obtaining

D6, A
o~ Om =Vilon V) (4.79a)
90, 30, 30, -
“m 2im 1l 2m _v(VIivv.i
. +@m[2 (1 F) = 1] = 55 0m (14 @) = ViV, (4.79b)

where ¢ = Bm?2F,,. Here 3is the self-interaction strength normalized to gravity and ms = dlogm,(s)/ds,
where m, (s) is the field-dependent DM mass. Finally, in matter domination we have Q,, = (p, +
Pb)/Prot = 1 — Fye/3 and f,, = 1 + Fye [194],' leading us to the expressions

96,1 |
O =Vi(0nVL), 4.80
o~ Om =Vil0nVii) (4.80a)
9O, 3 4 -
THm _° _ = (Vi
ot @ ( 4FX€) 25m(1 - er) Vi(VIV, Vi), (4.80D)

We observe that making the following replacements in Eqgs. (4.80a) and (4.80b) gives exactly Egs. (4.78a)
and (4.78b):

3
5o (4.81)

Thus, at all orders in perturbation theory, the solutions for the hot limit of the scenario we study in

Om —+0cs Om 0o, Dy — 7301 ey

this paper are immediately obtained from the results for the m perturbations given in Ref. [194], by
substituting

Om
S

where we recall that /¢ was called fye in Ref. [194].

5 “f,  (482)

Om — Oc 507

3
— (1 + gfx) Oc, Diym— e(l‘%fx)”, e — —

4.A.2 More Analytical Expressions for Nonlinear Kernels

This appendix contains additional analytical results for the nonlinear kernels in the two-fluid EFTofLSS,
which did not find space in the main text. We start by recalling the expressions of the standard EdS

second-order kernels in terms of the mode-coupling functions a5 and S,
5 2 3 4
Fa(ky, ko) = zos(ky k) + 2 B(ki, ko), Ga(ky ko) = cas(ky, ko) + 28(ky ka) . (483)

At second perturbative order, the configurations of the y kernels that enter the 1-loop power spectra
have the following UV behavior at O( fg ),

k() <q tO(7) Fa(a.k — q)
90 (1g) 9O (Mc—q|)

We thank the authors of Ref. [212] for pointing out to us that in the analytical treatment of sub-horizon perturbations in

0)2 .=
F)E 2(q, k — q;7) (4.84a)

Refs. [193, 194], 2., was incorrectly set to 1. Rectifying this leads to small changes in the coefficients of some formulas.
These corrections have already been made in arXiv v4 of Ref. [193], and will also be implemented in an upcoming v3 of
Ref. [194].
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ks(a) <q (07t + 2t () Fy(q, k — q)

G( (g, k —q;7) ~ — , (4.84b)

99 (7q) 99 (jc—q|)

where )
tO7) = TO (V6e %), with TO(z) = % - ;—OG“)) (x). (4.85)

The ratio t(?) /(0 [(07t(©) + 2¢©)) /(%)) smoothly transitions from 3/10 [3/5] at k < ks(a) to 1 [3/2]
at k> kg(a).
For the cold species at O( f,) we find, in the k < ks(a) < ¢ configuration,

. 6
G&”m (ak—a7) = —5=[as(ak—a) +135(ak —a), (4.86b)

whereas in the ks(a) < k, ¢ configuration one finds the results already reported in Eq. (4.37), with
k; = q and ky = k — q. Equations (4.86) and (4.84) correspond to some of the analytical limits shown
in Figs. 4.7 and 4.8 in the main text, respectively.

Considering for brevity only linear bias parameters, the real space galaxy kernels at second and third

order are found to be

FP (ki ka3 7) = beF (ki, ko 1) + by F2 (ki kas )9 (7, ) 9 (7k,)

+ b |Gk Jeo: Mg (e, )g i) — GF e Kas )| (1.872)

Gl i) = (1= by) G (ko 1) + 0GR (et Keai )9 (ks )9 (k) (4.87b)
Fi k1, ko, ks 77) = be PP (Ki, Ko, K ) + by P2 (Ko, Ko, Ka; )9 ik, )9 (7iks ) 9 (7k;)

+bo [Gm (k1. ka, k35 7)g (77K, ) 9 (ks )9 (s ) — GE (K, ko, Kes; ﬁ)} , (4.870)

G[gg}(kl’k%k% n=1-b )G[g](k17k27k37 1) + by el }(kl’k%kS;ﬁ)g(ﬁkl)g(ﬁkz)g(ﬁks) . (4.87d)

We recall that our definition of 7} always refers to the external momentum k = k; + ... +k,. Applying
our prescription (4.65) to Eqs. (4.87) is the first step needed to derive the exemplary redshift-space

expression shown in Eq. (4.71) in the main text.

4.A.3 Impact of Intrinsic Nonlinearities

In this chapter we described the warm species as a perfect fluid characterized by a sound speed ¢ at
linear level, and with nonlinearities of pure gravitational origin. This is, however, an approximation, as
in general each microscopic model can predict intrinsic nonlinearities, too. In this Appendix we discuss
such intrinsic nonlinearities for the two benchmark models studied in this paper: ULAs, where they
arise from the wave nature of the scalar field, and light but massive thermal relics, where they originate
from the Vlasov (or collisionless Boltzmann) equation. In both cases, we demonstrate quantitatively

that neglecting the intrinsic nonlinearities has a minor impact on our results.

Wave Nonlinearities for Ultra-Light Axions

In this chapter we approximated ULAs as a perfect fluid characterized by a sound speed ¢ = k?/(4m?2a?)

at linear level, and with nonlinearities given only by the gravitational mode coupling. However, it is well
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known that, after taking the nonrelativistic approximation for the axion field ¢, the resulting Schrédinger-
Poisson system can be recast into a fluid dynamics formulation that also includes nonlinearities intrinsic
to the wave-like nature of the ULAs (see Refs. [175, 213] for previous discussions in the scenario where
heavier scalars with m, ~ 10722 eV form the entirety of DM). In our framework, this formulation is

reproduced by making in the Euler equation for , Eq. (4.2b), the substitution

1 1 V2./Px 1 25 1V;6, V8
+—V3%P, — - v2l VP v2| V0 LV VIO, (4.88)
Py 2m2a? VPx 4dm2a? 140y, 2 (1+4,)

The continuity equation (4.2a) is unchanged. The quantity — V> \/ﬁx /\/Px is known as quantum
pressure and arises from a stress-energy tensor containing off-diagonal terms [175]. In this paper we
retained only the linear piece of the quantum pressure in Eq. (4.88), which led us to the perfect fluid
formulation. Here, we quantitatively show that neglecting the intrinsic wave nonlinearities has a minor
effect on our results.

After changing the time variable to = log Dxcpw, setting .,/ facpy — 1 and going to Fourier
space, we find that Eq. (4.6b) is extended to

9y Oy (k,n) + 6( n) - [fx( )+ (1= fy)de(k, n)]

—/dklgﬁ(kl,kQ)@x(klvU)@x(k%77)

2k.2
b S [@h Pl R ) S, (059)
r=1
where we defined > 2
1 1=1"™"1
P.(ky,....k,) = o [1+W] . (4.90)

The 7 = 1 term in the third line of Eq. (4.89) reproduces the linear sound speed term in Eq. (4.6b),
whereas the 7 > 2 terms represent the intrinsic ULA nonlinearities.
Finally, switching to the k-dependent time variable 7) we arrive at the extended version of Eq. (4.11b),

0300, 7) + 5O (I ) + 5 ¢ T8 (I, 1) — o [y, )+ (1~ )3, )]

- N 3 _- N -
- / k1o Bk1, ko) O, (kr, ) f 7) + e / dkra Pa(K1, ka3, (Kr, 7)5 (o, 1)
k k
3 - N N N
— 5€ "/dk123p3(k1,k27k3)5x(k1,77)5x(k2,77)5x(k3,77)+--- (4.91)
k

where we used the fact that v = 2 for ULAs. The dots in Eq. (4.91) indicate terms with at least four fields,
which we omitted since they are not needed for the calculation of the power spectra up to 1-loop order.
In summary, to include intrinsic wave nonlinearities in a mixed DM scenario containing a fraction f,
of ULAs, one needs to solve the four coupled equations (4.11a), (4.91), (4.11c) and (4.11d).

To gain some insight on the impact of the intrinsic ULA nonlinearities, we derive analytical solutions

for the kernels at second perturbative order. For n = 2, Eq. (4.91) reads

1 & h 3 _ 3 FA
I A o~ s 2] L 2( (=17 _ 2] _ 2 _ ¢
(877 tat g(nkl) * g(nk2)>GX "3 (6 fX)FX o1 fX)Q(ﬁkl).g(ﬁkQ)
h, . h, _ 3 _;
— ﬁ(kla k2)g(nk1)§(nk2) + 56 WPQ(klv k2) ) (492)
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which extends Eq. (4.35b). At O( fg ) and considering the k1 < ks < k2 kinematic configuration, the
solutions for the y kernels in Egs. (4.38) are extended to

F>(<0)[2](k1, ko; 1) = Fa(ky, ko) + Po(ki, ko), (4.93a)

- 3 1 2
GO (ky, ko; 7)) = 2Ga(ky, ko) — ﬁ%(kh ko) + 5%(1{1, ko) — ;5(k1>k2) + 3P (k1. ko),
(4.93b)

whereas the solutions for the cold species in Eqs. (4.40) are unaffected, because they are sourced only
by gravity in this configuration. The solutions for ¢ in the hot limit, Egs. (4.37), are also unaffected.
Importantly, since the P>(q,k — q) kernel does not have a 1/q pole, the IR structure discussed in
Sec. 4.3.1 is not altered. The IR structure is unchanged even at higher perturbative orders, hence one

still arrives at the prescription we presented in Sec. 4.3.4.

Finally, we revisit the UV structure of the second-order y kernels. At O( fg ), Eqs. (4.84) are extended

to
tO () Fy(q,k — q)
FOR(q k — q;7) =1 )72\, % + ) Py, k — q), (4.94a)
X ( ) g(o)(nq) g(O)(U|k_q|) ( ) 2( )
he<q (07t + 21O () Fy(q, k — q _
GOl (g k — i) = 0 O )<(o)) ! L4 (00 4 1e9) () Po(a ke — ).
99 (1) 99 (Tjk—q|)
(4.94b)
where
) () — O (SEam /2y i (0) 2 2t 2
A7) = cOW6e ?),  with CO(x) + G (x). (4.95)

T 42 7 840 ' 5040

We find that ¢(©) [9;7¢(0) + 4¢0] — e77/7 [3¢77/7] for k < ks and — 1 [4] for k > k. We observe
that, even in the k >> k; regime where the wave nonlinearities are relevant, the new pieces on the
right-hand sides of Egs. (4.94) are strongly suppressed by the linear transfer functions, relative to the
perfect-fluid solutions proportional to F,. We thus conclude that the wave nonlinearities give negligible
contributions to the kernels in the UV limit.

In summary, by solving the second-order equations we have shown that the intrinsic wave nonlin-
earities do not modify the IR and UV limits of the kernels with respect to the perfect fluid description
assumed in this paper. As illustrated by Eqgs. (4.93), away from the IR and UV limits modifications of O(1)
are expected for the x kernels, as long as the external momentum is comparable to or larger than the
characteristic scale. We expect these results to hold even at higher orders. This is confirmed by Fig. 4.15,
where we compare the 1-loop matter power spectra obtained by solving numerically the equations with
(purple) and without (black and gray) the wave nonlinearities associated with the quantum pressure. As
expected, we observe mild differences in the xx and cx power spectra at k 2 ks, which will be anyway
reabsorbed by counterterms (recall Fig. 4.10). There are also small differences at & < 0.1 h Mpc ™!, but
these are due to the finite numerical precision. The impact on the cc power spectrum, instead, is tiny.
These results demonstrate that our prescription for the evaluation of the 1-loop galaxy power spectrum
remains valid even when wave nonlinearities are considered. Nonetheless, it would be interesting to
study the impact of the latter on other observables that can be calculated exactly, such as the tree-level

bispectrum. We leave this for future work.
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me = 10727 eV, p = 2 with quantum pressure contributions to kernels
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Figure 4.15.: Impact of including intrinsic wave nonlinearities due to quantum pressure in the com-
putation of the 1-loop terms of the matter power spectra, for a mixed DM scenario containing ULAs.
Black and gray lines are identical to the top row of Fig. 4.9, while the purple lines correspond to the full
numerical solutions including wave nonlinearities. From left to right: xx, cx, cc and mm density power
spectra at z,,s = 0.5, representative of the redshift observed by galaxy surveys. We have used as inputs
the linear power spectra for an ULA cosmology with m, = 10727 eV and f, = 0.1, corresponding to
p =2 and ks(2obs) ~ 0.29 hMpc™.

Nonlinearities from the Vlasov Equation

To examine the role of intrinsic nonlinearities for light thermal relics, we start from the Vlasov equation

for the particle phase space density f,(x,t,p),

dfy, 0fy da'of, dp'ofy
dt ot + dt Oxt + dt op' 0, (4:96)

where x denotes comoving coordinates while p is the physical momentum. In the nonrelativistic limit

and in the sub-horizon regime, taking the first two moments of the Vlasov equation yields

P + 3Hpy + Vilpyvl) =0, (4.97)
(pyvl) + V59 + 4Hp vl + p VU =0, (4.98)

where primes denote conformal time derivatives, p, = m, [ d3pf,/(27)? is the energy density,
vl =pt [ d3ppifx/(2w)3 is the'peculiar velocity, and XY = m;! [ d®pp'p’ f/(27)? is related to the
stress tensor 0/ by X = vaivgc + 0. From these one obtains the standard continuity equation (4.2a)
and the Euler equation in the form
/ Vjo §<J 2 j i
0y +HO + Vi e + VA = —V;(v] V,vy) - (4.99)
X
Extensions of perturbation theory for CDM, where the velocity dispersion tensor U;j /py 1is included as
a dynamical variable, were developed in Refs. [214-219].
We now assume that the stress tensor of the warm species contains a non-negligible pressure

perturbation, while dropping viscous terms (and the negligible background pressure): oy = §P,,6%.
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After application of the Poisson equation, our final form of the Euler equation is Eq. (4.2b) with the

substitution

(4.100)

1 (v%a)_ 1[WM§_V£&W@

1
+—=V%P, — +—V; -
Px X Px 1+ 6y Px L1+ 0y (1+6y)2

In this study, only the linear piece of the pressure term on the right-hand side of Eq. (4.100) was retained.
We now demonstrate that including the additional intrinsic nonlinearities has a minor impact on our
results.

After changing the time variable to 7, setting 2,/ f/%CDM — 1 and going to Fourier space, we
assume that the y sound speed is k-independent, 6P, (k,n) = c2(n)dpy (k,n). This is appropriate,
in particular, when the perturbations are adiabatic, as it is the case for thermal relics (recall that in
Sec. 4.2.4 we took c2 proportional to the adiabatic sound speed). We thus arrive at an equation that is
formally identical to Eq. (4.89) as derived above for ULAs, but with a different (and simpler) form for
the intrinsic nonlinear kernels, P, (ky, ..., k,) = 1/r. Notice that this result was already obtained in
Ref. [220]. Since v = 2 for thermal relics, Eq. (4.91) also holds. Then, the solutions to the equations
including intrinsic nonlinearities for ULAs, which were given in Eqgs. (4.93) - (4.95), also apply here
provided the appropriate form of the P, kernels is used. As we did for ULAs, we can thus conclude
that the prescription we propose in this paper remains valid even when nonlinearities intrinsic to the

Vlasov equation are considered.
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5. Cross-Correlation with CMB Lensing and
Higher Orders

In this chapter we present a study belonging to the other line of this thesis, the search for new observables
beyond the galaxy power spectrum. Specifically, we consider a “compressed” projected bispectrum: we
briefly review its definition and estimation, validate its modelling on N-body simulations, and for the
first time include it in a cosmological analysis in combination with the cross-correlation with the CMB

lensing convergence.

5.1. Motivation

The projected clustering of galaxies is one of the oldest probes of the large-scale structure (LSS) in
existence. Early measurements of the angular correlation function of galaxies and clusters of galaxies
from optical and radio surveys were vital in establishing the concept of galaxy bias, providing evidence
for the large-scale homogeneity of the Universe, and confirming the basic predictions of gravitationally-
led structure formation [221-225].

The amount of cosmological information that can be extracted from the angular clustering of galaxies
in photometric surveys is relatively limited by comparison with their spectroscopic counterparts, where
information from the full three-dimensional distribution of galaxies can be exploited [49, 226-228].
Nevertheless, photometric surveys have a number of advantages, most importantly the large number
density of sources that can be photometrically identified. This allows us to study their clustering
over smaller scales before reaching the shot noise-dominated regime, to increase our sensitivity to
important effects, such as lensing magnification, and to obtain high-precision measurements of the
cross-correlation between galaxies and other projected tracers of the LSS [229-234]. In particular,
the combination of these cross-correlations with the auto-correlation of galaxies at different redshifts
enables a tomographic reconstruction of the key physical quantities that these probes are sensitive to
[235-239]. Within this general framework, lensing tomography, the combination of galaxy clustering
and their cross-correlation with measurements of the gravitational lensing effect, has now become an
established and high-precision cosmological probe. Lensing tomography analyses have allowed us to
reconstruct the universe’s growth history at high precision, reaching redshifts z ~ 3 [240-242], as well
as measuring the cosmological parameters governing the distribution evolution of cosmic structures at
late times, such as the matter fraction {,,, or the expansion rate Hy.

Lensing tomography, as well as other data combinations employing the angular clustering of galaxies,
are set to become more important with the advent of Stage-IV [243] imaging surveys, such as Euclid
[244], the Rubin Observatory [12, 245], and the future Roman Space telescope [246], as well as surveys
at other wavelengths. It is therefore important to ensure that as much information as possible is

recovered from these observations, including any potentially new effect that could become observable
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given the increased sensitivity that these experiments will achieve. In particular, the study of higher-
order correlators of the projected galaxy distribution, such as the bispectrum, has lagged behind
the use of similar statistics in other probes, such as spectroscopic clustering [247-250], the Cosmic
Microwave Background (CMB) [251, 252], and cosmic shear [253, 254]. In part this is due to the relative
complexity inherent to bispectrum analysis. First, bispectrum estimators are typically significantly
more computationally costly than power spectrum methods. Secondly, the resulting data vector is often
much larger, involving a large number of triangle configurations. Thirdly, estimating the covariance
matrix of the measurements using simulations can be prohibitively expensive. Finally, the regime over
which different models for the galaxy bispectrum are sufficiently accurate has not been as thoroughly
studied as the case of the power spectrum, and obtaining theoretical predictions is also often expensive.
The first three problems in this list may be tackled through the use of novel bispectrum estimators
[255-258], such as the “filter-square” approach first presented in [259]. Likewise, advances in machine
learning-based emulators may be used to accelerate the theoretical calculations.

We hereby carry out the first comprehensive analysis of the angular power spectrum and bispectrum
of galaxies in combination with CMB lensing. Our work will build on the analysis of [260] (H25
hereafter), where the measurements of the galaxy power- and bispectrum used here, as well as their
first rudimentary analysis, were presented. Crucially, we will use simulations to quantify the regime
over which a perturbative treatment of the galaxy bias may be safely used in a joint analysis of 2-
and 3-point correlators, before applying this framework to the real data. We will show that including
the bispectrum allows us to self-consistently measure the free parameters of the bias expansion at
high precision, thereby improving the final cosmological constraints, while demonstrating the internal
consistency of the model.

This Chapter is structured as follows. Section 5.2 presents the datasets used, as well as the methods
used to generate the power spectrum and bispectrum measurements used in our analysis. The model
used to describe these measurements, the simulations used to validate this model, and the method used
to obtain constraints on the model parameters are described in Section 5.3. The results of our analysis,
including both the validation on simulations and the constraints found on real data, are presented in

Section 5.4. We summarise our main results and conclude in Section 5.5.

5.2. Data

5.2.1. Public galaxy and CMB lensing data

We use the publicly available Planck PR4 CMB lensing map, specifically the Generalized Minimum
Variance (GMV) map, constructed from a joint Wiener filtering of the temperature and polarisation maps.
The angular multipoles of the map are first rotated to Equatorial coordinates before being low-pass
filtered with a top-hat filter that nulls all harmonic coefficients with £ > 3 N4, and being transformed
into a real-space map. Here Ngq, = 2048 is the HEALPix pixelisation resolution parameter used,
corresponding to a pixel size of §6 ~ 1.7’. Similarly, the publicly available sky mask associated with
this map is rotated to Equatorial coordinates in pixel space, and then apodised using a “C1” apodisation
kernel with angular scale 0.2°, as implemented in NaMaster!. We then make the resulting mask binary,

setting all values above 0.5 to 1, and all other values to zero. The impact of contamination from thermal

'https://github.com/LSSTDESC/NaMaster
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5.2. Data
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Figure 5.1.: Redshift distribution and scale cuts. Left: redshift distribution for each tomographic bin used
here (filled histograms). The distribution of the simulated ABacusSummiT sample is shown as dashed
lines. Right: multipole-wavenumber relation, in the Limber approximation, for the filtered bispectrum

data. The gray horizontal line marks the fiducial scale cut used here for the F?B measurements.

Sunyaev-Zel’dovich and Cosmic Infrared Background foregrounds on CMB lensing cross-correlations
with the Planck data were found to be largely negligible in [51, 232].

We also use galaxy overdensity maps constructed from the photometric luminous red galaxy (LRG)
sample from the 9th data release (DR9) of the Legacy Survey [261]. Specifically, we use the galaxy
overdensity maps and associated masks of the “main” sample made publicly available by [262], and
used in the analysis of [232] (S25 hereafter), which reports the angular number densities along other
properties of the sample in Table 1. We do not perform any further post-processing steps on these
maps, which are provided natively at our chosen resolution Ngg4e = 2048. Maps are provided for
four different redshift bins, spanning the redshift range 0.3 < z < 1.3. The footprint of the LRGs is
near-identical in all redshift bins, and its overlap with the CMB lensing footprint covers ~ 42% of the
sky, which corresponds to about 17340 deg?. The redshift distributions of each bin are also publicly
available, and shown for completeness in the left panel of Fig. 5.1. We use these redshifts to build our
theoretical predictions for the angular power spectra and bispectra. The final ingredient needed for
this analysis is an estimate of the slope in the cumulative number counts of sources as a function of
magnitude s, which we use to quantify the impact of magnification bias. We use the values of s, listed
in Table 1 of S25. For further details regarding the sample selection and characterisation, the derivation
of contaminant weights, redshift distributions, and number count slopes, we refer readers to [262] and
S25.

5.2.2. Power spectrum and bispectrum estimation

We estimate the galaxy-galaxy angular power spectrum C§? in each redshift bin, as well as its cross-
correlation with CMB lensing convergence, C7", using the pseudo-Cy algorithm PCL [263] as imple-
mented in NaMaster [264]. All power spectra were estimated using bandpowers of width A¢ = 9, in
the range 2 < ¢ < 6140. The impact of residual mode coupling due to the presence of sky masks is

forward-modelled in the theoretical predictions using the bandpower window functions predicted by
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NaMaster. As per the procedure laid out in Appendix C of $25, an additional correction must be per-
formed on the galaxy-convergence cross-spectrum in order to account for different masking procedures
and inhomogeneous normalization introduced in the making of the CMB lensing convergence map k.
These effects are corrected using a simulation-based transfer function, computed over 480 simulated
CMB lensing reconstructions [231]. Once computed, we divide the C7" measurements by the transfer
function (whose inverse is given by Eq. C.1 in S25).

We also estimate the angular galaxy bispectrum in each redshift bin, using the filtered-squared
bispectrum (F2B) estimator presented in [259]. In this framework, the bispectrum of a given field &, is
calculated as the cross-correlation between d, and the square of a filtered version of itself (6, 1) =
(Wp, ® d4)%, where the filter W, suppresses all modes outside a range of multipoles around the angular

scale L. The F2B is thus defined as

999 — 2
P = ((0g,)7m ;,€m>7 (5.1)
and is related to the reduced bispectrum 7%, via
1€2£3
999 _ L1€243 1999
QoL = Z K007 00 ey0s0 (5.2)
010903
where the F2B kernel K 215%3 is
Ly Lyt
Kflfgfg — h2 WhWEQWEg 53
LLe, — ""y1l243 ) ( . )
Ny,

where we have explicitly noted that we use bandpowers, labelled by /3, with Ny, the total number of
modes in the bandpower (Ny, = 3/, (2¢ + 1) Wf ®). Finally, the prefactor h%l tots 1S

(5.4)

2
12 _ (261 + 1)(262 + 1)(263 + 1) b1 by f3
lals = A 00 0 )

Note that the cross-correlation between (d, 1)? and §, is estimated using the pseudo-C; method
to account for mask-related mode coupling. As shown in [259], the residual mode coupling due to
carrying out the filtering operation on an incomplete sky is negligibly small. Thus defined, the F>B
therefore recovers the angular bispectrum for triangular configurations that are close to isosceles,
although, as noted in [259], this is nevertheless able to capture a large fraction of all available triangles.
The estimator can also be easily generalised to capture arbitrary triangle configurations, as well as
correlations between different fields [260].

The filter W}, defined above can take a variety of forms; in this study, we define three equal-width
top-hat filters which span the range 2 < ¢ < 272, each AL = 90 wide. For each filter W}, there
is a corresponding F2?B measurement over the range 2 < ¢ < 6140, binned in 682 bandpowers of
width A¢ = 9. The data vector therefore contains the gg and gk power spectra, as well as a few
F2B measurements — the number of F?B included in the data vector will depend on the scale cuts we
implement in the analysis. Indeed, a F>B whose filter selects scales beyond the regime where our
theoretical predictions are reliable should be discarded; the right panel of Fig. 5.1 shows the redshift-
dependent relation between Fourier modes (where we define theoretical scale cuts) and harmonic
multipoles (where the filters W, are defined) which we use to inform our filter selection in each redshift

bin. For instance, for a scale cut at kpay ~ 0.08h/Mpc (shown as the horizontal dotted line in Fig. 5.1), it
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is safe to include the first F2B measurement for the lowest redshift bin, and the first two measurements
for the highest redshift bin.

The covariance of the data vector is estimated using the procedure first described in [259] — for a
detailed account of the various terms entering the estimate of the covariance for cross-correlations,
please refer to Appendix C of H25. It is a fully analytical approximation of the covariance, easily
estimated from the data itself in a model-independent way. Reinterpreting the bispectrum as a power
spectrum of fields J, and 537 1, allows us to reuse already-existing covariance estimation methods for
power spectra (see e.g. [265]); in doing so (which means, in practice, simply implementing the Gaussian
power spectrum covariance from NaMaster), we recover all Gaussian and non-Gaussian diagonal
contributions of the F2B and F?B-PCL covariance. Additional non-negligible off-diagonal contributions,
called Nags and Nsg for the F2B auto-covariance and F2B-PCL cross-covariance respectively, can be
derived analytically, and are rescaled by the inverse of the effective sky fraction (to account for mode
loss) before being added to the diagonal “Gaussian” covariance. In this analysis, we only include the Nago
term and neglect the N3 term. This is because the latter, which is considerably smaller in amplitude
than Nag in the [®9%,, C9] covariance block, and simply negligible for the [®%%7,, CY"] block (see
Appendix C of [260]), takes longer to compute as it contains a generalized F?B, ® 1,4, in which one of
the legs entering the squared field is filtered on a range of scales corresponding to the bandpowers. As

shown in [259], adding N32 to the Nag correction only marginally affects the F?B residual distribution.

5.3. Methodology

5.3.1. Simulations

In order to validate the theoretical model described below, and quantify the range of scales over which
we may be able to use it safely, we make use of simulation-based mock observations mimicking the
data we use here.

ABACUSSUMMIT is a suite of cosmological N-body simulations designed to meet and exceed the
Cosmological Simulation Requirements of the DESI survey [266]. The simulations were run with
ABACUS [267, 268], a high-accuracy, high-performance cosmological N-body code optimized for GPU
architectures and large-volume runs, on the Summit supercomputer at the Oak Ridge Leadership
Computing Facility. In this work, we use the halo light cone catalogs from the huge resolution box,
which spans 7.5 h~!Gpc on a side with 86402 particles, each with mass 5.7 10'° h=! M, (corresponding
to a particle mass 27 times larger than the base resolution). These catalogs include the past light cone
geometry needed for mock survey generation, and allow us to cover the full DESI footprint with
sufficient volume [269]. The simulations adopt the fiducial Planck 2018 cosmology (Q,h? = 0.02237,
Qch? =0.12, h = 0.6736, 10° Ay = 2.0830, ns = 0.9649).

To mimic the DESI Extended photometric LRG sample from Data Release 10 (DR10) [262, 270], which
is based on imaging from DECaLS on Blanco, MzLS on Mayall, and BASS on Bok, we generate galaxy
mocks from the ABacusSummiT halo light cones using the AbacusHOD package. This method populates
halos with galaxies according to a halo occupation distribution (HOD), for which we adopt the best-fit
parameters for the DESI 1% LRGs at z = 0.5 and z = 0.8 from [271], linearly interpolated between these
redshifts to provide continuous evolution across 0.3 < z < 1.1. The resulting catalog is then randomly

downsampled to match the observed number densities in the four redshift bins of our target dataset.
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The galaxies are binned into tomographic bins matching roughly the redshift range and distribution of
the target sample. For this, each galaxy is assigned a Gaussian photometric redshift error with standard
deviation o, = 0.024(1 + z), and then binned according to the resulting photometric redshift using the
same bin edges that define our target LRG sample. The magnitude of the Gaussian photo-z error used
was selected to approximately reproduce the width and tails of the redshift distributions in the real
data. The resulting redshift distributions are shown in the left panel of Fig. 5.1.

We construct full-sky CMB lensing convergence maps using the density shells of the ABacusSummrT
huge light cone. The matter distribution is projected into ~1000 shells of thickness ~ 10 h~'Mpc
between z = 0.1 and z = 2.3, and mapped onto HEALPix pixels at Ngjge = 16384 (corresponding to
0.23’ resolution). We compute the convergence field under the Born approximation, with sources placed

at z = 1089.3 corresponding to the period of recombination.

5.3.2. Theory model
Angular power spectra and bispectra

In this work we make use of two projected tracers of the large-scale structure: the angular overdensity
of LRGs 4, in different redshift bins, and maps of the CMB lensing convergence k.
The angular galaxy overdensity, accounting for the impact of lensing magnification, can be related to

the three-dimensional matter and galaxy overdensities (64 and 6, respectively) via

5,(i2) = / X [8500)8, 00, 20x)) + 0 (00)6m (it 200)] (55)

where Y is the radial comoving distance, 1 is a line-of-sight unit vector, and the radial kernels associated

with intrinsic clustering (g,) and magnification (g,) are, assuming a spatially flat universe,

q5(x) = H(2(x)) p(2(x)); (5.6)
qu(x) = gHng (I1+2)x /00 dz' p(2") (53(2’) — 2) <1 — X/) . (5.7)
2(x) x (')

Here p(z) is the redshift distribution of the galaxy sample, €2,,, and H are the matter fraction and the
current expansion rate, respectively, and s(z) is the slope of the cumulative number count of sources as
a function of magnitude at the magnitude limit [262]. Following S25, we will assume that s does not
vary significantly within the redshift bin, and adopt the values presented in [51]. It is worth noting
that, since for this sample s > 0.4, magnification leads to a positive contribution to the observed galaxy
overdensity (i.e. regions of positive matter overdensity will contribute towards a positive d;).

The CMB lensing convergence traces the matter overdensities directly via, again valid only for a

spatially flat universe,

@) = [ D00 000 00) 00 = 50 0 x (1- ) 69

where ycmB is the distance to the last-scattering surface at zcyp =~ 1089. Note that this expression, as

well as the description of magnification used above, neglects a scale-dependent prefactor in harmonic
space, fy = £({ + 1)/(¢ + 1/2)?, which is negligibly different from 1 on the scales used here.
Within the Limber approximation adopted here, the angular power spectra of J, and « can be related

to the 3D power spectra of ¢4 and ¢, via

9o = / i)z( (45 (X) Pyg ke, 2(X)) + 249 (X) 0 (X) Pym (ke, (X)) + @ (X) Prum (K, 2(X))] , (5.9)
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CZ?R = /i)g(qﬂ(X) [%(X)Pgm(k@a z(x)) + qu(X)Pmm(kév 2(x))], (5.10)

where Py, (k, z) and P,4(k, z) are the 3D galaxy-matter and galaxy-galaxy power spectra, respectively,
and ky = (¢ + 1/2)/x. At this point it is worth noting that the impact of lensing magnification is
negligibly small in the galaxy auto-correlation, but becomes relevant at the ~ 10% level in the CMB
lensing cross-correlation, leading to parameter shifts of order ~ 1o if neglected.

For simplicity, the expressions above have assumed the so-called Limber approximation [272], which
is a rather good approximation given the relatively wide redshift bins used here. Nevertheless, we will
calculate all power spectrum templates described in Section 5.3.3 without adopting this approximation
on scales ¢ < 100, where non-Limber effects are most relevant [232]. Another potentially important
large-scale effect is redshift-space distortions (RSDs) [273]. In the context of projected clustering, RSDs
cause a spatially-correlated migration of galaxies in and out of the selected redshift bin, leading to
additional large-scale power [274]. We incorporated the impact of linear RSDs in the galaxy auto-
correlation, where it is most relevant. As we show in Appendix 5.A.1, the impact of these large-scale
effects is relatively small, and our results are consistent with those found after removing the scales that
are most affected by them.

Finally, our analysis will incorporate measurements of the projected galaxy bispectrum bgfé ¢, Telated
to the F?B estimator through Eq. (5.2). The projected and three-dimensional bispectra are then related

via the Limber integral

dx
b = / Y00 Bagy it iy g 200, (5.11)

As mentioned above, the impact of magnification is negligible in the galaxy auto-spectrum and, for the
same reason, we will ignore its contribution to the galaxy bispectrum. This is further justified by the

significantly larger statistical uncertainties of the bispectrum measurements.

Shot noise

We add a shot noise contribution to the model galaxy auto-spectrum of the form

9g9,SN 1+ap

n

(5.12)

where 7 is the angular number density of sources, and ap is a free parameter characterising deviations
from purely Poissonian shot noise. This parameter thus allows us to account for other stochastic
contributions to the small-scale clustering of galaxies that are effectively uncorrelated (and hence
leading to a white noise component) within the scales studied.

We will include a similar contribution to the projected bispectrum, of the form

paasSN _ <1 + ap>2 . 1+ ap [nga) 4 Cé]g(l) n ng(l)] ’ (5.13)
14243 n n 1 2 3
where ng 91 i the tree-level galaxy power spectrum without shot noise. The two terms in Eq. (5.13)
stem from different contribution of the finite number density to a three-point correlator, and depend on
different powers of n. For the explicit computation that leads to Eq. (5.13) for the projected bispectra,
we refer the reader to App. D of [259]. Note that our model assumes implicitly that the impact of non-

Poissonian shot noise can be taken into account in both the 2- and 3-point correlators by simply scaling
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the effective number density of sources assuming Poisson statistics (e = 72/(1 4+ ap)). Although this
is not the most general model describing stochastic bias components in galaxy clustering, we find this

approximation to be sufficiently accurate in this analysis.

Three-dimensional clustering

The final ingredient needed in our model is a description of the three-dimensional clustering statistics
of the galaxy and matter overdensities, namely Py, (k, 2), Pym (k, 2), and Bygq(k1, k2, k3, 2).

Here we will use a perturbative bias expansion in Eulerian space, within the EFTofLSS. However,
here we use a different bias expansion at non-linear level, that is consistent with [232] and corresponds
to the one implemented in pyccl [275]. That is, we describe the galaxy and matter overdensities up to

third order as

O = 0 4 6B 1 6B 5, = b6, + %2(5[”)2 f a2y %w + %2

5 vl (5.14)

where [ is the linear matter overdensity, and §(™) is the contribution to the matter overdensity at n-th

order in standard perturbation theory. The squared traceless tidal field s is defined as
82 = Sijslj, Sij = (81-8]-V’2 - 656[1}), (5.15)

and the third-order operator ¢, is defined in e.g. [276].
We model the galaxy-galaxy and galaxy-matter power spectra at one-loop order in standard pertur-

bation theory (SPT), including EFT counterterm corrections:

Pyg(k) = b1 P1_to0p (k) + b1b2 Py sy (k) + bibsPyizy 2 (k) + bibsm Pymy, , ()

B2 b2 babs
+ ZQP(gm)z((sm)z(k) + o P (k) + 27P52(5[11)2(’f) + b1by2 Psygzsm (k) - (5.16a)
b2 bs b3nl
Py (k) =b1Pi_100p (k) + §P5[21(5[1})2(k) + §P5[2132(k‘) + TP(;[l]wnl(k)
by
+ > + bicym | Psnjgzgn (k) (5.16b)
Pmm(k) = Pl—loop(k) + QCmPJ[l]V%[l] (k) (5.160)

This modelling is analogous to that adopted in Chapters 3 and 4, although with a different bias expansion,
and neglecting here the complexities of redshift-space distortions. P; _joop (k) is the 1-loop SPT matter
power spectrum, and all other power spectra of the form Pp, 0, (k) are the power spectra between
operators O and O, at lowest non-zero order in perturbation theory. For combinations involving the
higher derivatives term, we only retain the leading order contribution given by (§ 120 ), ignoring
the contributions from ((§[11)2V25[1]), (s2V25M1]) and (V2611W25[1) [69]. Note that we have added a
counterterm for the matter field proportional to k2, with a free parameter c,,. A similar counterterm
would also be present for the galaxy overdensity, although its amplitude is fully degenerate with the
non-local bias parameter by2.

In turn, we model the galaxy bispectrum at tree level in SPT, in which case:

b%b b2b,
ngg(kil,kg,kg) = 2P(k1)P(k2) b?FQ( ki, ko) + 172622( ki, ko) + 12 T5( kq, kg)] + (c.c.),

(5.17)
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where “c.c” stands for the other two cyclic permutations of the three wavevectors, P(k) = Py s5n (k)
is the linear matter power spectrum, F5( ki, ko) is the second-order density SPT kernel of Eq. (2.16),
and Q2 and T5 are the corresponding kernels for the quadratic and tidal fields

1
Qa( ki, ko) =1, To(ki, ko) = piiy — 3’ (5.18)
with pi19 = kj - kao/kiko. Note that we do not include non-local or higher-derivative contributions to
the bispectrum, since these are mostly relevant in the presence of non-linear redshift-space distortions
and at one-loop order [277].
As in S25, we neglect the redshift evolution of nuisance parameters in the Limber integrals, and

evaluate them at the effective redshift defined by the galaxy clustering kernel

L L (@x?) 500200
N R -16%)

In principle the other combinations of kernels, such as g,q, and qS, would entail a slightly different

(5.19)

effective value. However, given the mild redshift evolution of the nuisance parameters observed in our

results, we verified that this effect is negligible.

5.3.3. Accelerating theory predictions

Although the calculation of the theoretical predictions for the angular power spectra can be carried out
with relative efficiency, particularly using fast schemes to calculate PT convolutions, such as FAST-PT
[99, 278], the time to complete a fully converged Markov chain (see Section 5.3.4) can still be significant
(e.g. hours or days). This problem is exacerbated in the case of the angular bispectrum, given the large
number of Limber integrals needed to cover all required triangle configurations, and the additional
complication of convolving the result with the F2B kernel (Eq. (5.3)). In order to increase the efficiency
of our theory predictions as a function of cosmological parameters, we employ machine-learning based
emulators. Concretely, we will emulate projected quantities, integrated over the radial kernels of the
tracers under study. Thus, our emulator is strictly tied to the specific dataset considered in this work.

In both the 2-point and 3-point observables studied here, the bias coefficients and counterterms (b1,
ba, bs, b3ni, bi2, ¢y) are always multiplicative and can be brought outside the Limber integrals. For
instance, consider the galaxy-convergence power spectrum in Eq. (5.10). Within the perturbative bias

expansion used here, it can be written as

b2 b b3 l
gk gk S ~gK n gﬁ
P =01 C o0 + 5 Gigatnz,e + 5 Coieze + =5 Coltige (5.20)
by
+ ( + blCM> Ciw2sie T Clioope + emClingagi (5.:21)

where we have defined the angular power spectrum templates corresponding to the different PT power

spectra in Eq. (5.16):
dx
CE 030 = / ?qa(X)Qb(X) Po,0,(ke, 2(x))- (5.22)

A similar expression can be derived for C7?, with the addition of the shot noise component. Crucially,
these templates depend only on a small number of cosmological parameters (two in our case, see below),

and can therefore be emulated a priori.
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In the same way for the galaxy bispectrum, where the acceleration enabled by emulators is even
more essential, we may write
b2bo

999 __ 13999 999
Qo =01FT + 5 WLLt +

b2,
2

T9¥, + b7 (1 + ap)SNS7 , + (1 + ap)®SN{7 . (5.23)
where we have defined the F?B templates:

999 — L1£2031.999,X
XoLe = Z K 1i 000, (5.24)
l1lal3

with the F2B kernel defined in Eq. (5.3), and

X dx
bglgﬂgélg = /X4q§(X) [2P(k£1)P<k52)X< kﬁlv k€2> + (C'C')] for X € {Fv Q, T}v (5.25)
1 1
999,SN2 _ 99 99 99 SNy _
Cbats = 7 [Ca[lmm,el + Cstisin g, T Cotugnig, | D970 = o) (5.26)

As before, the X templates depend only on cosmological parameters.

We build one emulator per template and per redshift bin. The architecture of each of our emulators is
a Feed-Forward Neural Network, with 2 hidden layers of 128 nodes each. The input layer of the network
has size 2, corresponding to {log(10° Ay), Q.h?}. The output layer has the same size as our ¢ vector.
For each emulator, we create a sample of 10,000 input-output pairs, which we split into a training set
(holding 90% of the sample) and a test set (with the remaining 10%). We build and train our models
with Keras3 [279] and TensorFlow [280], using a Rectified Linear Unit (ReLU) activation function, and
optimizing our weights and biases with the Adam gradient descent algorithm [281], with exponentially
decreasing learning rate. We use mean squared errors between the training and test sets as a loss
function and, during training, also compute an accuracy metric that accounts for the percentage of
output nodes differing less than 0.5% from the ground truth. We use this metric to establish an early
stopping criterion. The emulators we obtain with this procedure are able to reproduce the corresponding
test sets at better than 1% accuracy on all of the considered scales, see App. 5.A.3.

The numerical computation of the templates appearing in Eq. (5.25), with the method developed
in H25, takes =~ 5 s when already emulating the linear power spectrum [282], rather than calling the
Einstein-Boltzmann solver, and interpolating the evaluation of Eq. (5.24). Still, this makes posterior
sampling, which we find requires evaluating the likelihood O (10,000 — 100, 000) times, practically
unfeasible, especially when combining the redshift bins. Our approach of emulating the templates
reduces the single evaluation time of Eq. (5.25) by three orders of magnitude, down to ~ 5 ms, enabling

a feasible, and extremely fast, exploration of the posterior with MCMC methods.

5.3.4. Likelihood

We derive parameter constraints from the measurements described in Section 5.2 assuming a Gaussian
likelihood of the form

—2logp(d|f) = (d— t()TC1(d- t(0) + K, (5.27)

where d is the data vector, t(f) is the theory prediction, described in the preceding sections and

dependent upon a set of free parameters 6, and K is an arbitrary normalisation constant.
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parameter prior parameter | prior

Q.h? U(0.1,0.14) b3ni U(-10,10)
log (10'°A,) | U(2.3,3.5) b2 N (0,15 Mpc?)
by U(1.2,3.2) Cm N(0,10 Mpc?)
b2 U(-5,5) S /\/(sﬁd,o.l)

bs U(—10,10) ap N(0,0.3)

Table 5.1.: Model parameters and priors used.

In our analysis, d will comprise a set of power spectrum (CY? and/or C7") and F?B measurements
(®%%9,), with the covariance matrix estimated as described in Section 5.2.2. The range of scales over
which different power spectra and bispectra are used was determined following the validation against
simulations presented in Section 5.4.1. In our fiducial analysis we will use power spectrum data on

angular scales ¢ < (£ = kI (%), where x(Z) is the comoving distance to the mean redshift

P

max

(Lmean, £) < 8. = kB, x(2), with kB, = 0.08hMpc™!. Here Lyycan is the mean multipole of the
top-hat filter defined in Sect. 5.2.2; our fiducial criterion thus corresponds to including the first filter for

of the sample, and k = 0.2 hMpC_l. Likewise, we will include F2B measurements on scales

all bins, as well as the second filter for 23 and z4. Note that we find that the constraints on €2,,, and og do
not improve significantly by including smaller scales. In addition to this, we remove the largest angular
scales in the power spectrum measurements, with £ < 29 (i.e. we discard the first three bandpowers).

The free parameters of our model will be the full set of bias expansion parameters, including the
counter-term and shot-noise amplitude, {b1, ba, bs, by.2, ¢, ap }, as well as two cosmological parameters,
the physical abundance of cold dark matter €2.h?, and the amplitude of primordial scalar fluctuations
log (1010AS). We fix all other ACDM cosmological parameters as follows: following [232], we use
O,k = 0.09633 [5] as a proxy for the angular acoustic scale, measured by Planck at very high
precision, as well as Q,h% = 0.02236, n, = 0.9649 (also measured by Planck). We also fix the sum of
neutrino masses to M,, = 0.06 eV. Although the parameters we will sample are 2.h? and log (1010A5),
we will most commonly present our constraints in terms of the matter fraction €2,,, and the linear matter
power spectrum amplitude og, as derived parameters. When considering multiple redshift bins in the
same dataset, we will assume that the clustering of galaxies and matter in each bin is described by a
different set of bias parameters (including ap and ¢;,).

We sample the posterior distribution using nautilus, a nested sampling algorithm that optimises the
way its live points explore the parameter space thanks to the use of Neural Networks [106]. We use 1000
live points, with 4 Neural Networks, and with convergence criterion fi;ye = 0.01 and neg = 5000. To
construct this posterior we impose the priors on our model parameters listed in Table 5.1. The flat priors
on .h? and log (1010AS) coincide with the parameter ranges over which the emulator described in
Section 5.3.3 is trained, and were chosen to ensure that they enclose the region of parameter space that
can be constrained by the data in each redshift bin. The priors for bo, bs, and bs3,,; were chosen to be
sufficiently broad to encompass the ranges over which they may be constrained by two-point function

data alone. The prior on b2 mimics the prior used in [232] for the counterterm amplitude and the prior
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on ¢, is based on the arguments described in [283], whereby

X —— =~ 0(1) x5 h~2Mpc? (5.28)
kye

for knr(z = 0.5) ~ 0.45 hMpc 1.

5.4. Results

We now present the results of our analysis, beginning with a validation of the model using simulations

before applying it to the real LRG data.

5.4.1. Validation on simulations

Simulation data provides a controlled setting, where the true underlying cosmology is known, to assess
the performance of the theoretical model employed.

A key aspect of full-shape fits of galaxy clustering data is understanding the regime of validity
of the model, i.e. defining respectively the largest and smallest scales that can be employed for the
purpose of parameter inference. While the limiting factor on the largest scales is usually the presence
of systematics, or the potential mismodelling of large-angle effects (e.g. the Limber approximation,
redshift-space distortions, etc.), the modelling on smaller scales is limited by non-linearities in the
clustering. The latter is particularly subtle to assess, and several approaches have been proposed in the
literature, most of which rely on a posteriori validation by varying the small-scale cut kyax in the fit. In
general, we expect the fully theoretical, first-principle, model based on 1-loop (tree level) EPT to be
able to describe the mildly non-linear scales in the real-space halo and galaxy power spectrum up to a
kL . of order =~ 0.3 hMpc~! (= 0.1 hMpc ™), as extensively validated for 3D clustering on N-body
simulations [284-286] for the redshifts of interest to this work.

With this aim, we thus start by analysing the mock LRG catalogue and CMB lensing map generated
from the ABacusSuMMIT simulation as described in Section 5.3.1. We analyse the simulated data using
the same pipeline as for the real data, measuring the galaxy auto-spectrum, the galaxy-x cross-spectrum,
and the ggg F?B. We will then extract parameter constraints from these measurements using the
covariance matrix estimated for the real data, allowing us to quantify the amplitude of any potential
parameter biases against their expected measurement uncertainties in the real data. Note, however,
that the simulated data vector has intrinsically smaller statistical uncertainties than the data, since
the catalogue and x map cover the full celestial sphere, and the x map does not include any noise
contribution from lensing reconstruction. This means that we should expect the scatter in the best-fit
parameters extracted from the simulation to be much smaller than the posterior uncertainties, so any
significant deviation from the true cosmology of the simulation will be likely due to the limitations of
the theory model used.

To quantify the adequacy of the theoretical model, we consider two key performance metrics com-
monly employed in the literature [287]. Specifically, we compute the Figure of Bias (FoB), which
quantifies the unbiasedness of the model in the recovery of the fiducial parameters, and the Figure of
Merit (FoM), which measures statistical power in constraining the parameters. These are computed for

the two cosmological parameters § = {(),,,, 0g} as a function of the small-scale cut. The FoB and FoM
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Figure 5.2.: Model performance in simulated data. Figure of Bias (FoB, top panel), and Figure of Merit
(FoM, bottom panel) for the galaxy-galaxy and galaxy-~ angular power spectra in each redshift bin, for

the two cosmological parameters {{,,,, 08}, as a function of the small-scale cut k© . . Note that the

P

P o = 0.08hMpc~!, in order to show results from all bins on

FoM is reported relative to its value for &
the same scale. The solid lines refer to the nonlinear bias model assumed in our fiducial analysis, while
dashed lines refer to a simplistic linear bias model. While linear bias can only give unbiased cosmological
resultsup to kL, = 0.1 h Mpc ™!, the nonlinear model can extend to k.. = 0.3 h Mpc ™! (but without

max

significant gains in terms of extracted information for kL, > 0.2 h Mpc™1).

are defined as

1
/det(Covg)’

where (0) is the mean of the posterior distribution for the model parameters 6, 6, is the true value of

FoB = 1/({(6) — furue)"Covy ((6) — birue),  FoM = (5.29)

the parameter 0, and Covy is the covariance of the posterior. The FoB thus quantifies the bias induced
on the input parameters as a fraction of their uncertainties, while FoM quantifies the constraining
power of the model.

We begin by quantifying the scales over which the one-loop bias model used here is able to describe
the projected power spectra C7? and C7". For this, we analyse the simulated measurements excluding
the F?B for now. Fig. 5.2 reports the result of the fits for each individual redshift bin. For reference,
we also report the FoB for a “linear bias” model in which b; is the only nuisance parameter. This

< 0.1 hMpc™1), fails

~

simpler model, while recovering unbiased results at very large scales (kL.
shortly afterwards. The apparently counter-intuitive fact that the metric, at a given scale cut, is worse
for higher-redshift bins is an artifact of plotting as a function of comoving scales (as opposed to angular
scales): a given kL corresponds to a higher multipole at higher redshifts, and the measurements thus
achieve a stronger constraining power (i.e. smaller uncertainties). In contrast, the higher-order bias
model used here (see Section 5.3) consistently returns unbiased constraints on the two cosmological
parameters for the various scale cuts and redshift bins that we consider. Furthermore, while there
is a notable increase in constraining power when including mildly non-linear scales, this seemingly
saturates already at kL.~ 0.3 hMpc ™!, or earlier (kL. ~ 0.2 hMpc™!) for the higher-redshift bins.

This saturation can be related to the impact of shot noise and CMB lensing reconstruction noise on
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Figure 5.3.: Consistency with bispectrum scale cut on simulation data. Posterior constraints on the
model parameters as a function of the small-scale cut used for the galaxy bispectrum k2, . Results are
shown for two redshift bins, z3 and 24 (left and right panels, respectively). Similar results are found for
the first two redshift bins. The shaded coloured bands show the 68% constraints on each parameter
using the data covariance, with the gray band showing the constraints found when using only power
spectrum data with krIZaX = 0.08 hMpc_1 (and #1nin = 29). Vertical lines represent, incrementally, the

high-/ bound of the different filters used.
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Figure 5.4.: Constraints from the ABacusSummit simulated data. Left: posterior, for single and combined
redshift bins, of the cosmological parameters in the combined gg 4+ gk + ggg analysis. The dashed lines
show the true cosmological parameters of the ABAcusSummIT simulation, while the yellow cross marks
the best-fit parameters found using the data covariance in the likelihood. The solid purple contours show
the constraints obtained from the combination of all redshift bins, with the dotted contours showing
the constraints found from individual redshift bins, all using the data covariance. The constraints found
using the simulation covariance (significantly smaller due to the larger sky area and lack of lensing
reconstruction noise) are shown in pink. The true cosmological parameters are recovered in all cases
with no significant bias. Right: posterior, for the highest redshift bin, showing the relevant degeneracies
of g with the bias parameters with and without the 3-point information, using the data covariance.
This shows how the 1D posterior for oy is affected by the marginalization over the bias parameters,
especially along the degeneracy with by, when new information is added, leading also to a small shift in

the central value.

the small-scale statistical uncertainties, as well as the model flexibility allowed by the multiple bias
parameters in the model, particularly the counter-term contributions proportional to k2 P(k). This is
explored further in Appendix 5.A.2. Given these results, we make the conservative choice of setting the
same small-scale cut of kL, = 0.2 hMpc~! for all the redshift bins, which we apply to both C79 and
oo,

To estimate a reliable scale cut for the three-point correlation function, we carry out a separate,
dedicated analysis. The main difficulty in doing so is the fact that, on its own, %%, is not able to place
meaningful constraints on cosmological and bias parameters simultaneously. For the same reason, the
same metrics used above (FoB and FoM), if applied to the combination of C”, C’g ®and @%g&, would
be dominated by the two-point functions, making them almost insensitive to the bispectrum. Thus,
we adopt a different strategy, combining ®9%7, with C{? and C{", but including the latter two only on

the largest scales (kL. = 0.08 hMpc 1), thus minimising the information extracted by the two-point

max

function. Furthermore, rather than simply examining the FoB and FoM directly, we will instead quantify

the stability of the posterior constraints on all parameters as a function of k2, . Fig. 5.3 shows the

constraints on all cosmological and bias parameters for the two highest redshift bins as a function of
k‘B

max

in this setup. Similar results were found for the other two redshift bins. We find that the preferred
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B

x> and their statistical

values of both €2,,, and og are largely stable with respect to the choice of k&
uncertainties only vary slowly within the range of scales studied. In turn, the constraints on the bias
parameters benefit strongly from the inclusion of the three-point function. Their preferred value is
also stable with respect to k2, . Given these results, we choose a scale cut of k2, = 0.08 hMpc™,
compatible with the values assumed in three-dimensional clustering studies [73, 283], as a compromise
between the final size of the data vector and the desire to improve the constraints on the higher-order
bias parameters.

) = (0.2, 0.08) hMpc~!, we now derive con-

straints from the full data vector, combining all two- and three-point correlations from the four redshift

Having chosen our fiducial scale cuts, (kL , kB
bins. The resulting constraints on §2,,, and og are shown in the left panel of Fig. 5.4. The constraints
found using the data covariance matrix are compatible with the true cosmology of the ABAcusSummIT
simulations within 1o, and the best-fit parameter values (defined as the point in the MCMC chain with
the lowest x?) are very close to the truth. Similar results are found for each redshift bin when analysed
individually, and these are also shown in the figure for comparison. To determine whether the small
shift observed between the posterior constraints and the true parameter values is a consequence of
volume/projection effects or a genuine parameter bias, we repeat our analysis using the covariance
matrix of the simulation (which, as discussed above, leads to significantly smaller data errors). The
parameter constraints found in this case, shown in Fig. 5.4, are significantly tighter and perfectly
compatible with the true parameter values. This suggests that the small parameter shift observed with
the data covariance is indeed a result of projection effects. To confirm this further, the right panel of
Fig. 5.4 shows the constraints on og and the b; and b bias parameters of the fourth redshift bins. We
can see that the multi-parameter posterior distribution is clearly non-Gaussian, and marginalisation
over the bias parameters, particularly in the case of by, can lead to a shift in the marginalised posterior
distribution. We also verified that with the true simulation covariance this shift moves the posterior
closer to the true cosmology, the gg + g« + ggg result being shown in pink in the left panel of Fig. 5.4.

In conclusion, we find that the bias model used here can describe our measurements with sufficient
accuracy within our fiducial scale cuts. In Appendix 5.A.2 we explored the ability of simpler bias
parametrisations to recover unbiased cosmological constraints, using the mock data and validation
procedure described here. The results of these simplified models will be briefly discussed in the next

section.

5.4.2. Cosmological constraints from 2- and 3-point correlators

Having validated our bias model and scale cuts, we now apply them to the analysis of the real data.
Our constraints on €2,,, and oy for different data combinations, as well as the best-fit y? and associated
probability-to-exceed (PTE, i.e. the probability of obtaining a x? value above that observed in the data,
given the number degrees of freedom of the model), are summarised in Table 5.2. We discuss these
results in detail in the remainder of this section.

Figure 5.5 shows our power spectrum and F2B measurements for the fourth redshift bin, together
with the best-fit theory prediction. The galaxy bispectrum is measured at high significance in the two
filter scales used in the analysis (covering 2 < ¢ < 92 and 92 < /¢ < 182). Similar results are found
for the other three redshift bins. As can be seen in the figure, and as quantified in Table 5.2, we find

that the model is able to fit all components of the data vector well in all cases explored here, with PTE
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Zbin Dataset O o8 fit v (PTE)
99 + gk 0.296 + 0.034 | 0.686 + 0.058 | 1.07 (0.35)
- 99+ gk + ggg | 0.204+0.033 | 0.686 + 0.055 | 0.98 (0.50)
99 + gk 0.329 + 0.035 | 0.772 + 0.050 | 0.96 (0.55)
N 99 + gk + ggg | 0.337+0.036 | 0.761 = 0.046 | 0.91 (0.69)
99 + gk 0.297 +0.025 | 0.773 + 0.042 | 1.02 (0.44)
= 99+ gk + ggg | 0.302+0.024 | 0.758 + 0.036 | 0.99 (0.52)
99 + gk 0.290 + 0.023 | 0.785 + 0.040 | 0.93 (0.65)
& 99+ gk + ggg | 0.206+0.022 | 0.765+ 0.035 | 0.89 (0.78)
99 + gk 0.301 4 0.016 | 0.774 +0.023 | 0.96 (0.64)
z2 + 23+ 24
99 + gk + ggg | 0.307+0.015 | 0.761 +0.020 | 0.96 (0.65)
e | 99T 0 0.299 4 0.014 | 0.759 % 0.020 | 0.99 (0.54)
99+ gk + ggg | 0.303+0.014 | 0.753+0.018 | 0.97 (0.63)
Allbins | 99+ g 0.299 4+ 0.011 | 0.778 £ 0.020 | 0.95 (0.72)
(bbb} 0 gk 4 ggg | 0.300 4+ 0.010 | 0.764+ 0.018 | 0.95 (0.75)
Allbins | 99+ g 0.295 + 0.011 | 0.772 + 0.021 | 0.94 (0.74)
b bezsend |00 4 ok + ggg | 0.293 40.009 | 0.785 4 0.016 | 0.98 (0.61)

Table 5.2.: Cosmological parameter constraints found from different data combinations. Results are
shown for each redshift bin independently, as well as for the combination of the last three bins and
all four bins. The last two sets of rows show the constraints found when analysing the data under
the simplified bias models explored in Appendix 5.A.2. In each case, we show constraints from both
two-point and two- and three-point correlators. The last column shows the reduced x? and probability-
to-exceed for the best-fit model.

values ranging from 0.35 to 0.78.

Figure 5.6, left panel, shows the two-dimensional marginalised constraints on €2, and og obtained
from each individual redshift bin, compared with the constraints found by Planck. Results are shown
for two-point functions only and including the F?B data. We find that the inclusion of three-point
information leads to consistently smaller uncertainties by ~ 10-20%, in addition to a preference for a
smaller value of og and larger €2,,,. Interestingly, this preference is also found in full-shape analyses of
the three-dimensional clustering of galaxies when including the bispectrum [49, 50, 288]. We also find
that the data in the first redshift bin favours a value of g that is significantly lower than the Planck
constraint, by approximately 2.3¢0. This is a known result, found in past analyses of this sample by [232]
(525 hereafter) and [51]. As reported in H25 [260], we find that the galaxy bispectrum measurements

are also compatible with this result.

We compare these tomographic constraints on og with previous results in the top panel of Fig. 5.7.
Our results are in general good agreement with those found by S25 using the same sample. Our reported
uncertainties are ~20% larger than those of S25 for this tomographic analysis, although the latter are
supplemented by external constraints on €2,,, from baryon acoustic oscillation data. The constraints

found by H25 for two-point data are systematically lower than those found here by about ~ 0.5, rising
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Figure 5.5.: Power spectrum and F?B measurements, and model fit. Measurements of C7Y, C7", and
$9%, in the fourth redshift bin. Results are shown over the scales used in the analysis, with the F’B
measurements covering the first two filters (the corresponding scale ranges are shown in the legend).
The red line shows the best-fit model found from the combination of all data shown here, while the
blue line shows the prediction found by fitting only the two-point functions. The lower panel reports

the residuals with respect to the best-fit model normalized by the statistical uncertainties.

to ~ 1o when including bispectrum data. These differences are not unexpected, however. First, H25
analysed a previous version of the LRG catalogue compared to that used here and in S25, where a number
of shortcomings were addressed (see [262] for further details). Secondly, the constraints obtained by H25
from two-point data modelled the galaxy power spectrum at the tree level, equivalent to a linear bias
model. Although this approach may lead to unbiased constraints using sufficiently conservative scale
cuts, we saw in Section 5.4.1 that the model is significantly less stable, and past analyses have found
consistent downward shifts in amplitude parameters, such as og, when using a linear bias prescription
(e.g. the “model independent” analysis of S25). Finally, when including bispectrum data, H25 made use
of the coevolution relations of [289, 290] to relate the values of the higher-order bias parameters to b;.
Any deviation from these relations would therefore result in additional bias in the inferred cosmological

parameters.

Since, strictly speaking, the clustering measurements made in each redshift bin are only sensitive
to the amplitude of matter fluctuations at the redshift of the galaxies that make up the sample, the
quantity that is directly measured by our data is 0g3(z) = 0g D(z), where D(z) is the large-scale linear
growth factor?. We present the tomographic constraints on this parameter obtained from our data in the
bottom panel of Fig. 5.7. Our constraints are largely compatible with the growth history predicted by
Planck (also shown in the figure), with the exception of the mild ~ 20 downwards deviation observed
in the first redshift bins. This is also in agreement with other constraints on the growth history from
CMB lensing tomography, including S25 (using the same galaxy sample), [230] using a variety of galaxy
samples, [231, 291] using the unWISE catalog, [241, 242] using high-redshift quasars from Quaia, [233]

®Note that, in the presence of massive neutrinos, structure growth is scale dependent at the linear level. The scale-dependent
features induced by the value of M, assumed here (M, = 0.06 eV) are negligible given our statistical uncertainties,

however.
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Figure 5.6.: Cosmological constraints. Left: two-dimensional posterior constraint from each redshift
bin when analysing C7¢ and CJ" (dashed lines), and with the addition of the F?B measurements (filled
contours). For reference, the Planck constraints are shown in yellow in all panels. Right: Constraints on
08, {1y, and Sg from the combination of the three highest redshift bins analysed here. Results are shown
using only two-point information (C{? and C", turquoise), and with the addition of the bispectrum

q)ggg

measurements (977, dark blue).

combining photometric LRGs and the DESI Bright Galaxy Sample and, most recently, [234] using the
2MPZ and WISE x SuperCOSMOS galaxy samples at low redshifts. The addition of the galaxy bispectrum
results in a ~ 10-15% reduction in the statistical uncertainties of these measurements, particularly at
the higher redshifts, accompanied by the slight downwards shift in the value of og(z) discussed earlier.

Finally, we combine the measurements in different redshift bins to place joint constraints on og and
Q,,. Given the mild tension between the constraints found in the first redshift bin and the rest, we
choose our fiducial constraints to correspond to the combination of the last three redshift bins, although
we will also present the results of combining all redshift bins. Fig. 5.6, right panel, shows these combined
constraints, including those found using only two-point correlations, as well as those incorporating the
galaxy bispectrum. Additionally, Fig. 5.8 shows the same constraints, as well as those arising from the
combination of all redshift bins, in comparison with other results found in the literature. Our constraint
on €, is compatible with Planck within ~ 1o. As shown in [234, 260, 292], this constraint is dominated
by the large-scale broadband shape of the power spectrum, as constrained by C7’ and C7". Perhaps
interestingly, our constraints on this parameter lie on the low side of the Planck measurements, as do
most estimates derived from CMB lensing tomography at redshifts z < 1, as well as the latest BAO
constraints on ACDM from DESI [31]. Nevertheless, the measurement uncertainties are too large to
draw any definitive conclusion regarding a potential parameter tension.

In turn, our fiducial constraints on og are lower than Planck at the 2.40 level when including power
spectrum and bispectrum measurements. Compared to the 1.60 deviation obtained using only two-point
functions, this result is driven by the ~ 15% smaller error bars combined with the ~ 0.50 downward
shift in og we discussed above. Combining the measurements from all redshift bins, this tension in the
value of og rises to the 3o level (2.50 from two-point functions only), driven by the significantly lower
amplitude of matter fluctuations favoured by the first redshift bin.

We can also derive constraints on the so-called “clumping parameter” Sg = o \/m, which can
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Figure 5.7.: Tomographic constraints on og and growth. Top: constraints on og found in each redshift
bin using only two-point information and adding the bispectrum measurements (thick points with error
bars). These results are compared with those found from the analysis of the same data in S25 [232]
and H25 [260], the latter assuming coevolution relations for the bias parameters. Bottom: tomographic
reconstruction of the growth history in terms of og(z). The Planck best-fit prediction is shown in

yellow for comparison.

be accurately constrained by cosmic shear analyses. Combining different redshift bins, we obtain:
Sg = 0.769 £ 0.020 (22 + 23 + 2z4), Ss = 0.756 £+ 0.018 (all bins). (5.30)

Compared to the Planck constraints on this parameter (Sg = 0.832 4 0.013), these measurements lie
2.6 and 3.40 lower, respectively. The tension in the latter case is driven by the inclusion of the first
redshift bin, where the constraints on both €2,,, and og lie below the Planck values (see top left panel
of Fig. 5.6). This level of tension is marginally higher than that found in [232] using lensing from
Planck and ACT (2.30), driven primarily by the shift induced by the addition of bispectrum data, as
well as the different modelling choices. Fig. 5.8 shows our constraints on §2,, and g in the context of
other CMB lensing tomography analyses, including S25 [232], the analysis of [230] combining multiple
galaxy samples, the constraints of [293] using an alternative sample from the Legacy Survey, the recent
analysis of [234] using low-redshift data, and the high-redshift constraints of [292] using quasars from
Quaia. The constraints found here are in broad agreement with these works, although it is interesting
to note that the analyses showing the strongest tension in og/Ss with the CMB are those using LRG
samples. Additionally, with the exception of [292], most lensing tomography analyses, in the absence of
external BAO data, seem to favour a marginally low value of {2,,,. Given the current uncertainties, this
could be simply a mild statistical anomaly, although misspecification in the non-linear bias model, or
the presence of systematic contamination in the observed fluctuations in galaxy number counts, could
also contribute to a low Sg or €,,,.

To further explore the limits of the bias model used here, and the ability of the bispectrum mea-
surements to improve the final cosmological constraints, we have explored the possibility of using
simpler bias models to describe the data. In particular, we considered two cases: one in which the

counter-term parameters {c¢,,, b;2} and the third-order bias parameter bs,,; are set to zero, and one in
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Figure 5.8.: Comparison of our constraints on {{2,,,, g, Ss} with past constraints derived from lensing
tomography [230, 232, 234, 292, 293] as well as the Planck results.

which the higher-order bias parameters {ba, bs, b3y, } are set to zero. In the first case, the power spectra
and bispectra are both described by the same set of bias parameters, thus maximising the information
content in the bispectrum. The details of this study are discussed in Appendix 5.A.2, where we show
that these simplified models are able to describe the data well over the same range of scales as our
fiducial bias model. When applied to the real data, we (unsurprisingly) recover tighter constraints on
both €2,,, and g, with a small shift towards the values preferred by Planck. Interestingly, as shown in
Table 5.2, both models (indicated by the subset of parameters that we vary) are able to fit the data well,
with a very small penalty in the best-fit x? with respect to the fiducial model, commensurate with the
reduced number of degrees of freedom. This suggests the additional complexity of the fiducial model is
not required by the data. Nevertheless, a more detailed validation of these simpler models, and their
ability to describe the clustering of generic galaxy samples, would be required before they can be used

reliably in cosmological analyses.

5.4.3. Galaxy bias relations from projected clustering

Galaxy bias is a fundamental element of perturbation theory models for non-linear clustering. In this
first-principles approach, the bias coefficients have to be treated as nuisance parameters in cosmological
inference, introducing degeneracies that inevitably limit the precision of parameter estimation. Moreover,
non-linear bias parameters notably contribute to the power spectrum in a largely degenerate way,
making it challenging to independently constrain them using power spectrum alone in 3D analyses.
This problem becomes more pronounced for projected clustering, where linear features such as the BAO
wiggles are highly suppressed. In this context, the inclusion of higher-order correlation functions helps
mitigate this limitation: the need to simultaneously describe two- and three-point functions helps break
the degeneracies between different bias parameters, allowing us to measure them at higher precision. A
better constraint on the higher-order bias parameters may then allow us to use the galaxy-galaxy and

galaxy-x power spectra on mildly non-linear scales to constrain cosmology.
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Figure 5.9.: Impact of additional three-point information on the posterior of the linear and higher-order
bias parameters {b1, b2, bs} that contribute to our model of the bispectrum (Eq. (5.17)). Results are
shown for the two highest redshift bins, with similar results found for the first two bins. The inclusion
of three-point information leads to a factor O(5 — 10) improvement in the FoM for this set of bias
parameters. The coevolution relations obtained from [289, 290] for haloes are shown as dotted lines,

while the relations found by [294] for galaxies are shown as dashed lines.

Fig. 5.9 shows the constraints on the bias parameters using only power spectra or power spectra and

bispectrum measurements. Results are shown for the last two redshift bins, where we are able to use a
B

- ax and where, in consequence, this improvement is more

larger number of angular modes at a fixed k
evident. Quantitatively, the inclusion of bispectrum information, even on the conservatively large scales
used here, leads to a remarkable O(10) improvement in the FoM for the three bias parameters {b1, ba, bs },
with bs and b, experiencing the strongest reduction in their statistical uncertainties. Importantly, the
constraints obtained from the full data vector are compatible with those obtained from power spectra
alone, with the bispectrum favouring the region of parameter space with larger values of b; and b
(and marginally lower b;). This trend leads to the mild downwards shift in og observed in the previous
section when including bispectrum data (as also observed in [288]). Also, and reassuringly, the best-fit
bias parameters {b1, by, b5} found using power spectrum data alone provide a reasonable prediction
for the bispectrum measurements (blue lines in Fig. 5.5), demonstrating the internal self-consistency
of our data and model. Having improved constraints allows us to examine the relationships between
the different bias parameters. In particular, measurements of the clustering of galaxies and haloes in
N-body simulations have found that the higher-order bias parameters exhibit a correlation with the
linear bias b;. These often called “coevolution relations” are not completely universal, differing slightly
between haloes and galaxies, and showing a non-negligible scatter. Nevertheless, it is interesting to
confirm whether the clustering of galaxies observed in real data also obeys these relations. Fig. 5.9
shows the relations found by [289] and [290] for haloes (dotted lines), and by [294] for galaxies (dashed
lines). The preference of the bispectrum data for a larger by pushes our constraints marginally away
from the coevolution relations. This is shown in more detail in Fig. 5.10, which collects the constraints

found in all redshift bins when analysed jointly. With the inclusion of bispectrum data, our constraints
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Figure 5.10.: Relation between the quadratic (ba, left) and tidal (bs, right) bias parameters and the linear
bias b; found in each redshift bin. Results are shown using only two-point information (thinner, shaded
markers), and with the inclusion of bispectrum data (thicker markers). These constraints are compared

against the coevolution relations for haloes ([289, 290], dotted lines), and galaxies ([294], dashed lines).

show a mild preference (at the ~ 20 level) for upwards (downwards) deviations in b (bs) for larger
values of b;. These deviations are not entirely unexpected, given the relatively large scatter found in
the case of galaxies [294-296]. Note also that our constraints use data from a single galaxy type (LRGs),

spanning a relatively narrow range of b; values.

5.5. Concluding remarks

In this chapter, we have carried out the first comprehensive cosmological analysis of lensing tomography
incorporating information from the angular galaxy bispectrum, complementing the first tentative
analysis of [260]. A key aspect of such an analysis is the high redundancy of the full data vector,
forcing our model of the galaxy-matter connection to simultaneously describe the two- and three-point
clustering of galaxies as well as their cross-correlation with the matter overdensities. This redundancy
improves both the precision and robustness of the resulting cosmological constraints.

We have used a perturbative bias expansion within the Effective Field Theory of LSS framework,
modelling the galaxy-galaxy and galaxy-convergence power spectra at one-loop order, and the galaxy
bispectrum at tree level. We have validated this model against /N-body-based mock observations, and
determined the scales over which it can safely recover cosmological constraints. Compared to studies of
the three-dimensional clustering of galaxies, this task is made simpler in the case of projected statistics
due to the negligible impact of non-linear redshift-space distortions. We have shown that the model is
able to recover unbiased constraints down to scales where cosmological information is in fact saturated
for the LRG sample studied here.

Applying this model to the analysis of the four different redshift bins considered here, we find
constraints on og and (1, that are consistent with past works analysing this sample, and have shown
that the inclusion of the galaxy bispectrum leads to a ~ 10-15% improvement on the cosmological
constraints. The constraints on {,,, and og found from the three highest-redshift bins are compatible
with each other and in reasonable agreement with Planck, as is the growth history reconstructed from
these data (see Fig. 5.7). In turn, the first redshift bin shows a preference for lower g, and is in tension
with Planck at the ~ 2.50 level.
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We have then derived cosmological constraints from the joint analysis of the last three redshift bins.
The measured value of og (Sg) is moderately lower than the Planck value at the 2.40 (2.60) level. This is
due to the mild but coherent preference for a lower og displayed by the two-point clustering of galaxies
in all redshift bins, combined with the additional ~ 0.50 downwards shift observed when including the
galaxy bispectrum. Interestingly, a similar shift has been observed in the three-dimensional clustering of
galaxies when combining power spectrum and bispectrum data [288]. This tension is then exacerbated,
above the 30 level, when combined with the first redshift bin. In agreement with the results obtained
in our per-bin analysis, the inclusion of the projected bispectrum leads to a ~ 10% improvement in the
statistical uncertainties on cosmological parameters.

Including the bispectrum has a much stronger impact on the higher-order bias parameters of our
model, by and bs, with a reduction in their statistical uncertainties of more than a factor 2 in some
cases. This allows us to study the relations between the different bias parameters with higher precision,
as well as their agreement with coevolution relations found in simulations. The constraints obtained
after including bispectrum information are in good agreement with those from power spectra alone,
but show a consistent preference for higher b and bs, and lower bs. This manifests itself as a mild
departure from the coevolution relations of [294] for high values of b;. This is not entirely surprising,
however, given the large scatter expected around these relations.

Adding bispectrum data improves the robustness and precision of the resulting cosmological con-
straints. The improvement in the latter case is relatively disappointing, however (~ 10-15%), and
it is interesting to reflect on the potential reasons for this. First, although the bispectrum is able to
significantly improve the constraints on b2 and b; when modelled at the tree level, the counter-term
parameters {b;2, ¢, } and the third-order parameter bs,,; are only constrained by the power spectrum
measurements. This leaves significant freedom to describe the featureless clustering of galaxies on
mildly non-linear scales. In Appendix 5.A.2 we have explored the possibility of using a simpler bias
model, setting {b2, ¢, b3p} to zero, and thus allowing us to maximally exploit the information
contained in the bispectrum measurements. Interestingly, we have shown that this simplified model is
still able to recover unbiased constraints in mock data and, when applied to the data, the aforementioned
tensions are somewhat relieved. Nevertheless, the relative improvement in the final constraints from
including the bispectrum is still limited to ~ 10%, suggesting that the limiting factor is in fact not the
additional freedom allowed by the counterterm parameters and bs,,;.

Another potential cause for the mild improvement from the bispectrum is the large uncertainties in
C7" and 9%, relative to the galaxy power spectrum. Both of these measurements are crucial to break
degeneracies in the bias model and constrain cosmology, and the final constraints may be limited by
these uncertainties, rather than freedom in the model itself. Future work could improve both of these
aspects of our analysis using existing data. First, replacing the CMB lensing convergence with cosmic
shear data from existing imaging surveys [297, 298] could improve the sensitivity of the galaxy-lensing
power spectrum. It could also allow us to exploit the galaxy-galaxy-lensing bispectrum, which we
have discarded in this analysis due to the low signal-to-noise ratio on the large scales over which it
can be modelled accurately, as shown in [260]. Secondly, our measurements of the angular bispectrum
have been based on the F?B estimator presented in [259], which only recovers triangle configurations
that are close to isosceles. As discussed in Section 5.2.2 and [259], the F?B estimator can be easily
generalised to recover the remaining non-zero bispectrum configurations, thus increasing the total

three-point statistical power. Finally, our use of the bispectrum is limited by the range of scales over

102



5.A. Additional tests

3.0
without RSDs
2.5 7 with RSDs
g
A -
S 2.0
0
S 154
—e— without RSDs
1.0 —e— with RSDs
1.0 Hrmmmm oo e oo
2 //_
ge
s}
—
09 T / T T T

T T T
0 20 40 60 80 100 0.25 0.30 035 0.40
14
Oy

Figure 5.11.: Left: contribution of RSDs to the galaxy power spectrum on large scales. The vertical
dotted line represents the large-scale cut that we adopt in our fiducial analysis. Right: systematic shift
on the inferred §2,,, parameter for the LRGs z3 bin only when ignoring the RSD contribution. Using our

fiducial large-scale cut, the shift is relatively minor (~ 0.30).

which our tree-level model is sufficiently accurate. In the future, this could be significantly improved by
resorting to more sophisticated approaches to galaxy bias, such as hybrid effective field theory (HEFT,
[299-301]), which could remain accurate on significantly smaller scales without a substantial increase
in the number of bias parameters required.

This work demonstrates that a joint analysis of the projected power spectrum and bispectrum of
galaxies and weak lensing can be efficiently and reliably carried out with existing data. The deployment
of these methods could also enhance the science returns of future imaging surveys, such as the Rubin

Observatory [12, 245], maximising the information extracted from the projected clustering of galaxies.

Appendix 5.A Additional tests

5.A.1 Treatment of Redshift-space distortions

Redshift-space distortions are the most relevant secondary effect modifying the galaxy angular power
spectrum on large scales, particularly for relatively narrow redshift bins [274, 275]. As described in
Section 5.3.2, we include RSDs at the linear level in the galaxy auto-spectrum, including only the
correlations between the RSD term and the linear density term proportional to b; and the RSD auto-
correlation. Given the results of our simulation-based validation, this is sufficient to obtain unbiased
cosmological constraints from our data. Nevertheless, to gain a better intuitive understanding of the
impact of RSDs on our analysis, the left panel of Fig. 5.11 shows the large-scale power spectrum with
and without the RSD contributions. Within the scale cuts used here, RSDs lead to deviations in the
power spectrum amplitude of up to ~ 10%, peaking on the largest scales used and becoming negligible
at high ¢.

Repeating our analysis omitting these contributions, the right panel of Fig. 5.11 shows that the
largest effect is a relatively mild (~ 0.30) downwards shift in the preferred value of €,,,. Thus, although
relevant for this analysis, a precise modelling of RSDs (e.g. including the impact of non-linear “fingers

of God”) is not required.
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Figure 5.12.: Constraints on €2, and og obtained from the ABAcusSummMIT simulation, combining all
redshift bins, with simpler bias models. Our baseline constraints are shown as black lines. The brighter
and darker contours show the constraints found using only two-point functions and combining them
with the bispectrum, respectively. The left panel shows the constraints found using a simpler bias model
in which the scale-dependent counterterms {b;2, ¢, }, and the third-order parameter b3, are set to
zero. The right panel shows the constraints found setting bs, bs, and b3y, to zero instead, in a model
inspired by the phenomenological parametrisation of [239]. Both restricted parametrizations are able to

find unbiased constraints on the cosmological parameters.

5.A.2 Simpler bias parametrisations

The bias model used here (see Section 5.3.2), in which power spectra are modelled at the 1-loop level
including EFT counterterms, and the bispectrum is modelled at the tree level, involves free parameters,
such as ¢, b2, and bs,;, which can only be constrained by a single type of correlation (e.g. two-point
functions, but not the bispectrum). Although this level of freedom is theoretically necessary and
physically motivated, it is interesting to explore whether simpler versions of this model are still able
to provide unbiased cosmological constraints. Furthermore, recent works [239] have shown that, in
the case of real-space galaxy clustering, a simplified phenomenological parametrization of galaxy bias
is still able to provide an adequate and unbiased description of the data. In this section we explore
how incorporating bispectrum information impacts parameter constraints when working within two
restricted bias parametrizations.

Specifically, we test two complementary simplified models. First, we explore a parametrization that
only retains the parameters that enter in Eq. (5.17), i.e. varying {b1, ba, bs, ap}, while fixing the
counterterm values, and third order Eulerian bias, to zero. Then, we also tested a theoretical model
that, in the spirit of [239], effectively only parametrizes the deviations from a scale-independent linear
bias through counterterm-like coefficients. In our setup, we achieve this by only varying the subset of
nuisance parameters {b, by2, ¢, ap}, fixing to zero the remaining bias parameters>.

We begin by testing its performance on simulated data. As shown in Fig. 5.12, we find that both

simplified parametrizations are able to recover the fiducial values of the cosmological parameters when

*Note that the model in [239] also allows for a stochastic noise component in the galaxy-matter power spectrum, making it

more general than the model studied here.

104



5.A. Additional tests

Planck Planck
baseline, gg + gk + ggg baseline, gg + gk + ggg
{01, b2, by, ap}, g9+ gk {b1, bz, cm, ap}, gg + grs
{b1, b, bs, ap}, g9+ gk + 999 BE (b1, b2, ¢y ap}, 99+ gk + 999
0.80 E 0.80 |-
o0 00
5 )
0.75 0.75
0.70 | b 0.70 -
L L L L L L
0.26 0.30 0.34 0.7 0.8 0.26 0.30 0.34 0.7 0.8
Qm a8 Qm g8

Figure 5.13.: As Fig. 5.12, now showing the constraints found when analysing the real data. The Planck

constraints are also shown for comparison.

applied to the combination of all redshift bins, both using only two-point correlators and including
the bispectrum. This is likely due to the relatively featureless nature of the projected galaxy statistics,
making it possible to describe them with a relatively small number of smooth “basis” functions. Notably,
in this simulated data, the addition of ggg information is perfectly compatible with the 2-point posterior,
tightening the constraints around the (2,,, o) fiducial point, improving their statistical uncertainties
by (26%, 8%) using the {by, b2, bs, ap} model (left panel) and (17%, 24%) using the {b1, b2, ¢, p}
model (right panel).

Then, having validated both on simulations, we apply them to the analysis of the real clustering data.
Fig. 5.13 shows the posterior distribution of the cosmological parameters, as well as the constraints
found using our baseline model for reference. We find that, using the {b;, b, bs, ap}, the uncertainty
on ,,, shrinks by ~ 25% with respect to our baseline model, while the og remains largely unchanged.
The value also favours a slightly lower value of {2, and a larger value of o3, reducing the tension with
Planck found in our baseline analysis. A similar shift is found in the case of the {b1, by2, ¢, ap} model,
again relieving this tension. The inclusion of the bispectrum in this model also leads to a significant
~ 20% reduction in the og uncertainty.

It is worth stressing the fact that these two simpler bias models, defined as subsets of the full EFT bias
model presented, are not, strictly speaking, well motivated or complete from a physical point of view.
Thus, their ability to describe our data, as tested on simulations, might be purely accidental and only
applicable to the specific galaxy sample we have simulated, which would lead to artificially reduced
cosmological constraints. Therefore, a more comprehensive validation of the models, considering a
large suite of non-linear galaxy clustering scenarios, would be necessary before they can be safely

applied to cosmological analyses.

5.A.3 Emulators accuracy

The approach of emulating, rather than computing ab initio at each likelihood step, the theory templates
enables fast and feasible MCMC sampling as detailed in Sect. 5.3.3. While essential, this additional step

may introduce systematic errors; therefore, the accuracy of the emulators must be carefully validated.
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Figure 5.14.: Emulating F?B templates. Training history (left) of the emulator for the F997, (first filter)
template, and performance (right) on some elements of the test set. All the emulators for the other

templates present an analogue training history and a similar performance.

To this purpose, we focus on the emulator of the FJ%?, template as a representative example, as it
exhibits consistent behaviour with the others. Specifically, in Fig. 5.14 we show the evolution of the loss
function (mean squared errors) and of our accuracy metric throughout the training epochs. We find
that in a few hundred epochs the loss function improves by almost 5 orders of magnitude, and virtually
100% of the output layer neurons differ less than 0.5% from the ground truth (which prompts us to stop
the training). We repeat this exercise for both the training set and the test set (which is never seen by
the Neural Network while training), finding similar results and no indication of overfitting.

Finally, in the right panel of Fig. 5.14, we show the overall accuracy of this emulator, in terms of
percentage differences between a subsample of the FJ%’, template values used in the test set and their
corresponding emulator predictions. We find that the emulator reproduces the test set at better than 1%
over the whole considered ¢ range, with no significant scale dependence. We find similar performance
for the emulators of all of the templates of section 5.3.3, which is accurate enough given the statistical

error of the dataset used in this work.
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6. DESI DR1 Full-Shape Constraints on
Ultra-Light Axions

Building upon the theoretical model developed in Chapter 4, in this chapter we present novel constraints

on ultra-light axions from the combination of CMB, including lensing, and DESI DR1 full-shape data.

6.1. Motivation

In Chapter 4 it was shown that there exists a mass window of about 8 orders of magnitude, 10732 eV <
mg < 10724 eV, where a DM abundance made of ULAs can be probed with a joint analysis of CMB
and spectroscopic galaxy clustering. There, we provided refined bounds on already exploited BOSS

data using the novel two-fluid EFTofLSS framework.

The latest Data Release 1 (DR1) from DESI [10, 201] provides a timely opportunity to update that
analysis with new data. Comprising spectroscopic measurements of luminous red galaxies (LRG),
emission line galaxies (ELG) and quasars (QSO), as well as a sample of bright galaxies (BGS), DR1 maps
nearly 6 million LSS tracers spanning an effective cosmic volume of approximately 18 Gpc?®. This is
an improvement by a factor of ~ 3 compared to BOSS DR12 [9] data. The official DESI analysis [38,
115] and later reanalyses [288, 302, 303] of DR1 full-shape data within the EFTofLSS framework have
demonstrated its remarkable constraining power, but have so far been restricted to the baseline ACDM
model and a few of its standard extensions. Given the pristine quality of the data, there is strong
motivation to push these boundaries and exploit this dataset as a laboratory to probe fundamental

physics.

In this chapter, we therefore present the first application of DESI DR1 full-shape data to constrain
non-cold components of the dark sector, adopting again ULAs as a benchmark scenario. Rather than
relying on standard pipelines hard-coded for ACDM, we perform an independent reanalysis of the DESI
dataset employing the self-consistent EFTofLSS framework explicitly tailored to capture the signatures
of mixed (i.e., cold + non-cold) DM models developed in Chapte. 4. Furthermore, we also complement
to the previous analysis with ACT DR6 [6, 24, 143, 210] data.

This Chapter organized as follows. Section 6.2 then presents the datasets employed in the present
study, and the methods with which they were analyzed. Our main results, including updated upper
limits on the abundance of an ULA DM component as a function of the ULA mass, are presented in
Sect. 6.3. We focus first on CMB data alone, then on the DESI DR1 full shape, and finally on their

combination. Section 6.4 highlights the outcomes of this work and outlines future directions.
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6.2. Data and Methods

6.2.1. Datasets

CMB We employ the state-of-the-art combination of ACT Data Release 6 (DR6) [24, 143, 210] and
Planck [5, 304] legacy CMB datasets, supplemented by reconstructed lensing measurements. The
optimal primary CMB combination that we consider, dubbed P-ACT in [6], merges the high-resolution
temperature and polarization measurements from ACT with the large-scale full-sky observations from
Planck. To avoid overlap, the Planck high-/ likelihood is explicitly truncated at £;,,x = 1000 (600) for
TT (TE, EE) [6].

Analogously, we make use of the CMB lensing combination of Planck PR4 + ACT DR6 in the same
setup of the official ACT analysis [24, 210, 305]. While Planck lensing covers a larger sky area, ACT
probes smaller scales with better precision; we consider the baseline range of multipoles 40 < L < 763,
while fitting the extended spectrum (up to L = 1300) [306] is left to future work, for reasons outlined

in what follows.

DESI DR1 full-shape Starting from the DESI DR1 catalogs [201] we measured the power spectra
with pypower?! [307], which implements the §-cut, removing all pair counts with angular separation 6 <
0.05° [308] to mitigate fiber assignment incompleteness. The numerical covariances have been measured
from the approximate EZmocks catalogs [227]. The mixing matrices relevant for the convolution of the
theory model with the survey mask, are then obtained following standard methods [79, 227] with the
convo? code.

For each tracer, we make use of the Py, , multipoles with £ = 0 and 2, discarding the hexadecapole

due to the poor signal-to-noise ratio. We adopt a fixed scale cut of kyay = 0.2 2 Mpc™!

as in previous
analyses [115, 227, 288]. Compared to the official analysis, we do not apply a further rotation to the
data vector, as it has been observed that the quite non-diagonal structure of the window matrix does

I as discussed in

not affect inference [227, 308], performing the convolution up to k¢ony = 0.35 h Mpc™
[308]. We anyway tested the stability of our main results for the joint analysis against further increases

of kconv, confirming the lack of appreciable differences in the cosmological parameter posteriors.

6.2.2. CMB theoretical predictions

As in Sect. 4.4, linear power spectra are computed using the Boltzmann solver axiCLASS [184, 185].
However, CMB lensing is sensitive to nonlinearities in P,,,,. The previous ULA analyses based on
Planck+BOSS data [204] (see also [189, 209]) computed the lensing potential power spectrum using
linear predictions, which was shown not to bias the results for Planck errorbars. The ACT DR6 four-point
function measurements from which the lensing potential is extracted, however, probe smaller (hence,
more nonlinear) scales with better precision, therefore this aspect needs to be revisited [208, 312, 313].

The left panel of Fig. 6.1 compares two different predictions for the lensing convergence power
spectrum, C'7", both of which include nonlinear corrections through halo model-based fitting func-
tions: the standard ACDM-based HMcode [309] (to which we give the total P

mm?

comprising the ULA
component, as input) and axionHMcode, which was developed in [310] specifically to include ULA

'https://github.com/cosmodesi/pypower
*https://jacoposalvalaggio.gitlab.io/convo
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Figure 6.1.: Fractional difference between C7T" computed with different prescriptions for the nonlinear
corrections to P, and the result obtained using the standard HMcode [309]. The ACT DR6 errorbars are
also shown for reference. Two values of the ULA mass are considered, while f, is set close to the upper
limit allowed by the data in each case (see Table 6.2). The extended range 763 < L < 1300, not included
in the present study, is shaded in gray. Left: m, = 10727 eV. The solid blue line employs axionHMcode
in the version of [310] for the nonlinear corrections. We do not show the version of [311], because it
was calibrated to simulations at the much larger mass m, = 10724% eV. The linear result is reported
in orange. Right: m, = 1072°eV. Solid blue and green lines employ the two different versions
of axionHMcode [310, 311] for the nonlinear corrections. Dashed lines correspond to our EFTofLSS

predictions, with the counterterm ¢;,,(0) adjusted to reproduce the axionHMcode results.

nonlinearities. The ACT DR6 lensing errorbars are also displayed, for reference. For sufficiently light
ULAs, mq < 10~27 ¢V, the fraction fax 1s constrained to be subpercent and, as a consequence, genuine
ULA nonlinearities are negligible for ACT scales and errorbars. On the other hand, we see that a linear
prediction is not sufficient, as it entails a systematic error of the order of the statistical one.

Larger ULA masses, for which the allowed fraction is larger, pose a theoretical challenge in the
description of genuine ULA nonlinearities. This is shown in the right panel of Fig. 6.1, taking m, =
10~2% eV, for which f., = 15% is allowed by the combination of CMB (excluding lensing) and DESI
data. We see that, as already noted in [312], the two axionHMcode halo-model implementations available
for this heavier ULA regime [310, 311] yield different predictions. Furthermore, [312] has shown that
cosmological inference of {2,h? is highly sensitive to the choice of the halo-model-based nonlinear
prescription, already with the baseline scale window L < 763. This can even produce an artificial
preference for ULAs with m, ~ 10724 eV [312]. Hence, nonlinear modeling is a theoretical systematic
uncertainty that, at present, challenges a robust exploration of the m, > 1072° eV regime.

In this work, we therefore adopt a perturbative modeling of CMB lensing, focusing on multipoles
with L < 763, for which the bulk of the CMB lensing amplitude lies on quasi-linear scales. The 1-loop

prediction for the matter power spectrum in the framework of the EFTofLSS is

Pom(k,z) = PL(k, 2)

(6.1)
+ PoeoP(k, z) — 2em(2) K* Pl (K, 2)

where P,}{;SOP(k:, z) is the next-to-leading-order correction, while the last term is proportional to the
EFT coefficient (counterterm) c,, that absorbs any small-scale dependence, beyond the perturbative

regime, of the loops. Notice that standard CDM and baryons are treated as indistinguishable on large
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Figure 6.2.: Additional test, performed in ACDM and given ACT DR6 errorbars, concerning the time-
dependence of the counterterm for our perturbative modeling. We display two different values for the
exponent of Eq. (6.2), p = 3 and p = 1, showing that the fit is not very sensitive to this assumption.

The linear and the bare 1-loop (¢, = 0) predictions are also reported.

scales. The challenge is that the broad redshift span of the CMB lensing kernel requires knowledge of
the time dependence of ¢,,. To address this, several approaches have been put forward [173, 314-317]
that still allow one to use the bulk of information on large scales from perturbation theory. Here, as
a proof of principle, we show that for ACT errorbars the 1-loop model above is already sufficient to

capture these deviations from linear theory. Following [314], we assume
Cm(z) = Cm(O)D(Z)p ) (6.2)

where D(z) is the linear growth factor, normalized to unity at z = 0. We take p = 3 as motivated by
comparison with N-body simulations [314]. In the right panel of Fig. 6.1 we observe that by adjusting the
value of ¢,,(0) (red and dark green dashed lines) we are able to reproduce both halo-model prescriptions
that include ULA nonlinearities, shown by the blue and light green solid lines. In this respect, our
analysis is more conservative than the recent one in [313], which employed the halo model, as we
marginalize over one extra free parameter, namely the value of ¢, (0).

Concerning instead the p parameter appearing in Eq. (6.2), we fixed p = 3 as motivated by numerical
studies [314]. We tested that other values of p produce, for what concerns C7", an equally good fit to
the HMcode prediction when letting ¢, (0) free to vary, as shown in the left panel of Fig. 6.2 assuming a
ACDM cosmology. This is expected, as for the range L < 763 considered in this work the lensing power
spectrum integral is dominated by a limited range in redshift, rendering the precise time dependence
of ¢, a minor effect. This statement may need to be revised if the lensing analysis is extended to
smaller scales, or new data become available with significantly smaller errorbars. In summary, for
me > 10726 eV we adopt the conservative EFTofLSS modeling, while for lighter ULAs (m, < 10727 eV)
the standard HMcode is sufficient, due to the smallness of the allowed f,.

Achieving a computationally efficient, yet accurate, evaluation of Py toop (k, z) inEq. (6.1) is a separate
challenge, as the presence of the ULA Jeans scale increases the complexity of cosmological perturbation
theory beyond linear order. For this purpose we again apply our results of Chapter 4, where we
presented the extension of the EFTofLSS to general mixed DM scenarios, including cosmologies with a
DM subcomponent made of ULAs. In particular, we use the prescription of Eq. (4.74) to compute the

ULA density component in the total matter, leaving no further ambiguities in Eq. (6.1).
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6.2.3. Galaxy clustering model

To analyze the DESI full-shape spectra we will employ the refined modelling, based on a two-fluid
extension of the EFTofLSS, developed in Chapter 4. That is, we compute non-linearities for the non-cold
field using Eq. (4.74) and then add the further bias parameter as in Eq. (4.73) since galaxies in full
generality may trace also this subcomponent, as was extensively discussed. This was applied in Chapter
4 to BOSS data as a first proof-of-principle study for this model, and to compare to previous one-fluid
analysis.

Concerning, now, DESI data, we fit the monopole and quadrupole of the galaxy power spectrum up
t0 kmax = 0.2 h Mpc ™! for all six redshift bins. This matches the baseline choice of previous analyses
[115, 227] and [288]; the latter reference also includes the hexadecapole, which however has a very low
signal-to-noise ratio. We do not perform a combination with post-reconstruction BAO information.

Our theoretical model, which is nearly identical to the one used for BOSS and we repeat here for
convenience and to highlight the few differences, is given by

L 1-1 N
ng7é = ng,f + ng,(zop + ch_;ff + PgSg,é ) (63)

Concerning the stochastic contribution, before expanding in multipoles it is now given by [227]

o k ’
Ppot + azp e ; (6.4)

as the Poissonian prediction is already subtracted from the measurements. Here = k - z/k, where z

1
SN _
ng (k:nu) - =

is the unit vector along the line of sight. We set kxy, = 0.45 h Mpc ™!, although its exact value is not
important, as ag is marginalized over with a wide prior.

The theoretical model is then convolved with the survey window function, accounting also for the 6-
cut, and compared to data with a Gaussian likelihood. We employ the covariance numerically computed
from the EZmocks mocks [318] and rescaled by the appropriate factor to match the analytic-based
estimates [201, 227]. The likelihood is computed, again, within the PBJ® [62] code, embedded in the
Cobaya framework [206] for the purpose of combination with the other datasets, and then sampled
with the Nautilus sampler [106]. We tested our pipeline by comparing ACDM results against both the
official [227] and independent [288] analyses, finding remarkable consistency, both for single redshift

bins as well as for the joint case.

6.2.4. Parameters and priors

In the analysis we consider a set of ULA mass values spaced logarithmically in the range [10732, 10724] eV,
and for each m, we vary the parameters reported in Table 6.1.

Concerning the cosmological parameters, when combining with the CMB we use wide uninformative
priors on all of them, as they are well constrained by the data. In the DESI-only analysis, as in [227],
we instead set a Big Bang Nucleosynthesis Gaussian prior on Q,h? ~ N(0.02218,0.00055%), and an
informative, but still wide, prior on ns ~ AN (0.9649, 0.04222), while fixing 7yeio = 0.0544. The sum of
neutrino masses is always fixed to its minimum allowed value, > m, = 0.06 eV. While the possible

interplay of light scalar field dynamics and neutrino mass inference is receiving attention in light of

*https://chiaramoretti.gitlab.io/pbj
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6. DESI DR1 Full-Shape Constraints on Ultra-Light Axions

Cosmological
Qo h? Qedmh? Qph? h log(10'0Ay) ns Treio
CMB nuisance (sampled) EFTofLSS nuisance (sampled)

parameter prior/value parameter prior

AxcT N(1,0.03%) beOs [0, 3]

DACT [0.9,1.1] baosg ¢ [—3,3]
Aplanck Aacr baog . N(0,5%)

cm(0) N(0,10%) ngUg,c N(0,52)

EFTofLSS nuisance (analytically marginalized)

parameter prior parameter prior
Ceert N(0,30%)—g, N(30,302)—5 br, N(0,52)
Ceart N(0,60%) Pinot N(0,12)
Caa N(0,602) as N(0,5%)

Table 6.1.: Parameters and priors used in the analysis, for each assumed value of the ULA mass m,,. For
the cosmological parameters we always use wide uninformative priors, with the exception of ,h2,
ns and Treio When not combining with the CMB, as in [227]. The counterterms ¢,,(0), e, ¢, Ccqc and
Caa,¢ have dimensions of h =2 Mpc?. Since we fit the monopole and quadrupole of the galaxy power

spectrum, the index £ in the table runs over 0 and 2.

current tensions [319], we note that allowing the neutrino masses to take larger values would yield
tighter constraints on the ULA density.

In the baseline analysis, we assume wide Gaussian priors for the bias and counterterm parameters
related to the axion component, analogously to the cold fluid. However, following the discussion of

Sect. 4.4, we also consider O( f,x) theoretical priors on the ULA parameters,

ba ~ N (0, (b2OPM £,02)

6.5)
Ccaly Caal NN(Oa (60fax)2) )

where f,y is fixed at the conservative 95% CL upper bound reported in Table 6.2, while b2“PM is the

linear bias parameter inferred from a ACDM analysis.

6.3. Results

The results for the analysis setup discussed above are presented first for the CMB alone, followed by the
DESI DR1 full shape as the main novelty of this work, and finally their combination. As we never find a
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Figure 6.3.: Marginalized posteriors for Planck alone, Planck + ACT, and Planck + DESI full-shape data.
Left: mg = 1072%eV. The ULA field begins to redshift as nonrelativistic matter early in radiation
domination, hence ,h? shares a strong degeneracy with Q.q,,h? and the ULA signatures are mainly
in perturbations. To remain agnostic over theoretical systematics, nonlinearities for ACT CMB lensing
have been modeled in a perturbative EFTofLSS approach. Right: m, = 10729 V. The ULA field behaves
as a dark energy component until well after recombination, therefore it is mainly constrained by the

modification of the distance to last scattering, as evidenced by the degeneracy between 2,h? and h.

preference for deviations from pure ACDM in the joint analysis, the final results are summarized in
Fig. 6.5 as an exclusion plot in the ,h? vs. m,, plane. The corresponding numerical values are reported
in Table 6.2.

Planck and ACT DR6 Figure 6.3 shows the posterior distributions for the CMB-only dataset given by
the combination of Planck and ACT DRé, including lensing. In the left panel we take m, = 10~ eV,
i.e., a case where the ULA background evolution transitions to nonrelativistic matter early in radiation
domination. As such, lensing is expected to be the main source of constraining power for this data
combination. As argued in Sect. 6.2.2, matter nonlinearities are relevant for CMB lensing predictions and
when the allowed ULA fraction f,x is rather large, the axion’s own nonlinear effects may also become
important for properly evaluating the tails of the posterior. For this reason we adopted a treatment
based on perturbation theory, which can effectively marginalize over the theoretical systematics due to
different halo-model assumptions. Compared to employing an HMcode, we found that the perturbative
treatment widens the constraints on ,h? (whereas the impact is negligible for the other cosmological
parameters). This can be explained by the degeneracy between the ULA energy density and the
counterterm: notice that, according to Eq. (6.1), a negative ¢,,(0) counteracts the shape suppression
caused by the ULAs.

We also comment on m, = 1072* eV, the largest mass considered in our analysis. In this case the
ULA subcomponent is even less constrained by our conservative modeling of reconstructed lensing
for the baseline scale cut of ACT (Lnax = 763). Nevertheless, we include this point in Fig. 6.5 as a

dashed line, as an indication of the sensitivity of the dataset, albeit with a possibly large theoretical error.
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ma = 1072%eV Ma = 10726 eV me = 10727 eV
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Figure 6.4.: Results involving the full shape of DESI DR1 galaxy power spectra. Left: The full-shape
constraint for a model with m, = 10~2° eV is compared against a combination of “geometry” probes
given by CMB primaries + BAO. This shows that for the largest ULA masses the shape suppression
of the galaxy power spectrum is the prime source of constraining power. Middle: Single-redshift-bin
results for ULAs with m, = 10726 eV. Two LRG bins hint at a preference for a non-zero value of Q,h?.
However, the statistical significance is mild, gets further reduced in the joint-bin analysis and disappears
when combining with the CMB. Right: Comparison of the constraints obtained for m, = 10727 eV
by employing wide agnostic priors, vs. theoretically-motivated O( fax) priors, on the ULA linear bias

parameters and counterterms. See Sect. 6.2.4 for further details.

We further note that our Planck+ACT constraints on Q,h? for m, = 10726 (1072%) eV are weaker
by a factor of 1.6 (2.6) compared to the results of [313], which employed the version of axionHMcode
from [311] with an extended scale cut (Lyax = 1250). While the analysis presented here is agnostic
to different halo-model assumptions, we leave for future work a more direct comparison of the two
approaches, for instance by considering an informative prior on the ¢, nuisance parameter.

In the right panel of Fig. 6.3 we consider much lighter ULAs, with m, = 10~2% eV, which behave
as a dark energy component until z,,, ~ 250, well after recombination. In this case, the constraining
power is dominated by primary CMB anisotropies, especially through the impact on the angular size of
the sound horizon at recombination, 6., and on the integrated Sachs-Wolfe effect at very low ¢ [183].
The addition of ACT to Planck does not lead to an appreciable change in the axion density marginalized
posterior, despite the small effects it entails for other parameters. The visible Q,h? - h degeneracy
direction can be readily interpreted as stemming from keeping 6,, which is measured very accurately
by the CMB primaries, fixed. It is, therefore, a geometric constraint.

More generally, for m, < 10726 eV ACT has additional constraining power compared to Planck-only,
as reported by the orange vs. red exclusions in Fig. 6.5. As noted in [143], this is partially driven also by

the degeneracy with n, for which ACT favors a slightly higher value.

DESI DR1 full shape Figure 6.4 reports the posterior for {2,h? obtained from the full shape of DESI
DR1 galaxy power spectra, for three masses where DESI is expected to be informative independently of
the CMB. Remarkably, as shown in the left panel for m, = 10~2% eV, for the heaviest ULAs considered
in this work the galaxy power spectrum alone is more constraining than the combination of primary

CMB anisotropies and BAO geometric information. This genuinely stems from the fact that the small-
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scale P, ¢, datapoints probe a suppression of power compared to the amplitude on large scales, and
would strongly benefit from reaching even larger &, such as could be achieved with the real-space
combination Qg [200, 320]. However, that is beyond the recommended DESI DR1 data cuts and therefore

not included here.

For m, = 10726 eV, the middle panel of Fig. 6.4 shows the posterior obtained from single-redshift-bin
analyses, as well as their combination. As can be seen, two LRG bins (LRG2 and, albeit less strongly, LRG3)
show a preference for a non-zero value of Q,h%. Interestingly, for the same m, a similar preference
was found in the full-shape analysis of BOSS LRG of [204] and in Sect. 4.4, see for instance Fig. 4.13.
This should not be totally unexpected, as DESI DR1 shares 27% of targets with the BOSS LRG catalog
[227]. Nevertheless, all other tracers do not exhibit a preference for any deviation from pure CDM
and, accordingly, the joint-bin analysis only exhibits a very mild preference, fully compatible with a

statistical fluctuation.

Combined The combination of CMB and galaxy power spectrum full shape is, of course, expected
to be the most informative one. Qualitatively, the heavier ULAs considered in this work are mainly
probed via the shape suppression, while CMB primary anisotropies calibrate the standard cosmological
parameters. For lighter ULAs, which are already well-constrained by primary CMB anisotropies, galaxy

clustering is also able to add further information about the expansion at late times.

We first derive Planck+DESI constraints without including ACT, to highlight the genuine constraining
power of the full-shape analysis. These are reported in purple in Fig. 6.3, showing that both at the
high and low ends of the mass range we consider, the improvement from adding DESI is considerable.
For m, = 1072 eV, shown in the right panel of Fig. 6.3, beyond the non-degenerate information
that is added the improvement is also driven by the DESI preference for a higher value of the Hubble
parameter. Indeed, along the degeneracy direction at fixed 6, imposed by CMB data alone, a higher h is

only compatible with a lower ,h?.

The right panel of Fig. 6.4 shows, for m, = 10727 eV, the further gain in constraining power one
can obtain by using the theoretically-motivated priors given in Eq. (6.5). This improvement, which
from Fig. 4.14 is indeed expected to be most relevant in a mass window around m, ~ 10727 eV, would
be important especially if data were to show a preference for an ULA subcomponent. The validity of
such narrower priors may be assessed, for instance, using N-body simulations, as done for massive

neutrinos [53, 88]. We leave this for future investigation.

Finally, Fig. 6.5 and Table 6.2 summarize the main results of this work, in the form of upper limits on
Q,h? as functions of the ULA mass. We see that in large portions of the parameter space the addition
of DESI data, and of ACT data to a lesser extent, reduce the allowed ULA energy density by more than
a factor of two compared to previous analyses. These are among the leading constraints on ULAs in the
considered mass range. We do not include here results from probes of smaller scales, whose modeling
lies beyond the perturbative regime. These include for example the Lyman-« forest [42, 137, 138, 321,
322], which has anyway not been studied in the range of ULA masses relevant to this work, or counts
of high-redshift galaxies in the ultraviolet band [323-325].
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Figure 6.5.: 95% CL upper bounds on the energy density in ULAs today as functions of the ULA mass,
obtained in this work from large-scale perturbative probes. The results of DESI, ACT and BOSS are
individually combined only with Planck. The hatched areas correspond to the novel exclusions derived
in this work. The combined constraints for m, > 1072° eV are shown by dashed lines, as they are
subject to theoretical systematics due to the large allowed value of the ULA fraction fax. The gray

horizontal lines mark the different orders of magnitude for f.y.

6.4. Concluding remarks

In this chapter we presented the first joint analysis of DESI DR1 full-shape and state-of-the-art CMB
data aimed at probing a non-cold DM component, taking ULAs as our benchmark scenario.

We performed an independent reanalysis of the DESI DR1 galaxy power spectra, consistently modeling
the observables from first principles. Our implementation builds on the two-fluid EFTofLSS framework
developed in Chapt. 4, which allowed us to constrain the signatures of 2,h? without resorting to
phenomenological assumptions (such as on bias parameters) calibrated only on ACDM or massive
neutrino cosmologies. Our analysis shows that the combination of galaxy clustering with CMB primary
anisotropies and CMB lensing achieves exquisite sensitivity to deviations from pure CDM, restricting
the fraction of matter energy density in ULAS, fax, to be below 1% for all masses m, < 10727 eV,
and as small as 0.3% for m, ~ 10~2? V. For the lightest ULAs considered in this work, the addition
of DESI DR1 full-shape information to Planck+ACT tightens the bounds on 2,h? by a factor of ~ 2,
as the galaxy power spectrum breaks the geometric degeneracies that otherwise limit the CMB-only
constraints. The DESI DR1 full shape provides new constraining power also at the highest end of the
mass range, where it directly probes the suppression of power caused by the ULA Jeans scale: as shown
in Fig. 6.5 and Table 6.2, for m, = 1072° eV the combination of DESI with Planck gives the tightest
bound. Our results represent the most stringent limits on the abundance of ULAs from the combination
of galaxy clustering and CMB observables, which admit a perturbative modeling.

An intriguing feature of the DESI DR1 full-shape analysis is a mild preference for a non-zero ULA
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mg [€V] | Planck + DESI (ES) | Planck + ACT + DESI (FS)

1072 0.017qz2) 0.02206%)

1026 0.0051.%) 0.0048.4%)

10727 0.0015.1%) 0.00110s1%
10728 0.00055(030%) 0.00064(0.16%)
102 0.000380.27%) 0.00047033%
10730 0.00044(31%) 0.00045(0.32%
1031 0.00061 0.43% 0.000630.45%)
10732 0.0012 (0347 0.0012(0.55%)

Table 6.2.: 95% CL upper limits on the fraction of energy density in ULAs, Q,h2. The corresponding

upper limit on f,y is expressed as a percentage.

fraction at m, ~ 10726 eV, see the middle panel of Fig. 6.4. This is driven primarily by the LRG2,
and partially the LRG3, redshift bins and follows a previous hint from BOSS analyses. However, the
preference is substantially diluted once all DESI tracers are combined, and disappears entirely upon
combination with CMB data. We thus interpret it as a statistical fluctuation, rather than a hint of new
physics.

Several developments would further sharpen our results and extend their reach. On the galaxy
clustering side, at the upper end of the ULA mass window the constraints are driven by the shape
suppression and would therefore benefit considerably from the inclusion of information from smaller
scales, beyond the kpx = 0.2 hMpc_1 recommended by the DESI collaboration but still in the
perturbative regime. On the CMB side, extending the ACT DR6 lensing analysis to the extended
multipole range with Ly, = 1300 [306, 313] would add valuable constraining power, particularly
for the largest masses, provided the nonlinear modeling of the ULA contribution to the matter power
spectrum is brought under sufficient theoretical control. Indeed, pushing this framework to masses
above 1072° eV, where the allowed f,y is large enough for genuine ULA nonlinearities to be important,
will require a dedicated study. Our 1-loop perturbative treatment of CMB lensing is a first step in this
direction, but a more complete analysis will be needed to robustly extend the exclusion limits into that
regime. Simulations could also be leveraged, for instance to devise physically motivated priors on the
axion bias and counterterm parameters by, Ccq ¢, and cqq ¢, refining the conservative priors adopted

here.
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7. Conclusion and outlooks

The overarching aim of this thesis has been to sharpen the theoretical tools with which galaxy clustering
can be turned into precision tests of the dark sector, and to apply them to the concrete cases of massive
neutrinos and ultra-light axions across a widening range of observables.

The motivation could hardly be more fundamental: the nature of dark matter and the value of the
neutrino masses remain among the most consequential open questions in physics, and with the CMB
approaching its fundamental limits in constraining them, the three-dimensional clustering of galaxies is
now the most promising probe. There, however, the statistical power of Stage-IV surveys is outrunning
the accuracy of the models available to interpret them, mainly developed under the assumption of a
purely cold and non-interacting dark sector. The chapters that precede this one are among the first
attempts at tackling these limitations, along three different, but complementary, directions: the response
of biased tracers to the massive neutrino component at the level of the velocity field (Chapter 3), a
first extension of the Effective Field Theory of Large-Scale Structure to mixed dark matter cosmologies
(Chapter 4), and the enlargement of the set of observables through cross-correlations and higher-order
statistics (Chapter 5). These methods are then brought together in the original analysis of DESI DR1
and ACT DR6 data presented in Chapter 6. What follows summarises the main results, considers what

they establish jointly, and indicates the main outlooks.

Chapter 3 cleared an ambiguity that arises in the modelling of redshift-space clustering in massive
neutrino cosmologies, namely which velocity field biased tracers should be taken to follow, in analogy
to what is done for the real-space density field. On the basis of large ensembles of N-body simulations,
it was shown that the Kaiser formula reproduces the measured multipoles only when halo velocities are
assumed to trace the baryon-plus-CDM component, rather than the total matter field. The distinction is
not a refinement of the non-linear description: it operates already at linear order, and thus affects the
very leading-order term on which any treatment of redshift-space distortions is built. Adopting the
total-matter convention would therefore induce a scale dependence in the inferred growth rate that has
no physical origin, and which is liable to misinterpretation in analyses aimed at detecting precisely
such scale-dependent effects.

Chapter 4 constitutes the major theoretical development of this thesis. We started the construction
of a framework in which the nonlinearities for two species, namely the cold and a non-cold with small
abundance, are treated self-consistently. Analytic solutions were obtained in the relevant limiting
regimes, leading to a numerical prescription for the one-loop galaxy power spectrum sufficiently
efficient for use within a full-shape likelihood. Importantly, the resulting formalism applies not to a
single fundamental physics model, but to the whole class of scenarios sharing this phenomenology.

Chapter 5 turned to the constraining power available from observables beyond the galaxy power
spectrum alone, working within ACDM, as in this case the novelty lies in the probe rather than in
the physics being searched for. Employing the angular power spectrum and bispectrum of luminous

red galaxies and the cross-correlation with CMB lensing convergence, accelerating the theoretical
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predictions with a neural-network emulator in order to render the inference tractable, we demonstrated
that the inclusion of the bispectrum provides an independent calibration of the galaxy bias parameters
and a corresponding, mild, improvement in the cosmological constraints. This is the first validation
on N-body simulations, and consistent application to data, of the projected galaxy bispectrum-CMB
lensing combination as a cosmological probe.

Chapter 6 represents, in some sense, a culmination of the work presented in this thesis, in that it
draws upon both the expertise gained with, and the theoretical developments of, the previous chapters.
It presents an original analysis of state-of-the-art data, and the first constraints on light species obtained
from the DESI full-shape measurements: the extended framework of Chapter 4 supplies the theoretical
template, applied to the DESI DR1 galaxy power spectra in combination with CMB data from Planck
and ACT, over the mass window 1032 eV < m, < 10~2%eV. For the heavier masses, the CMB lensing
likelihood required a novel treatment of its own, modelled here entirely within perturbation theory
and thus also consistent with the galaxy clustering likelihood, drawing on the expertise developed
in Chapter 5: this is a first attempt at a controlled description beyond CDM, the alternative being
phenomenological extensions of halo-model codes. For the lightest masses, the joint analysis improves
upon CMB-only constraints by more than a factor of two, establishing the most stringent limits to date:
at mg ~ 10729 ¢V, the ULA subcomponent is bounded to a fraction as small as 0.3% of the total matter
energy density. The DESI Luminous Red Galaxy sample has been found to display a mild preference for
an ULA subcomponent with m, =~ 10726 eV, mirroring earlier hints from BOSS, though this preference

does not survive the combination with CMB data.

It must be emphasised that the developments of this work apply to a specific class of searches for
new physics in cosmology, with limitations that should be stated plainly. The ubiquitous one is the
perturbative reach of the modelling: since the analysis is restricted to scales where the EFT expansion
is under control, the sensitivity to a non-cold component degrades heavily once its characteristic
suppression scale falls below that range. For ultra-light axions this sets the upper edge of the accessible
mass window at m, ~ 1072% eV, precisely where the axion becomes increasingly dark-matter-like,
and where the constraints would be of greatest interest. Extending the reach to smaller scales, where
possible, is therefore not a refinement but a prerequisite for progress in this framework.

A limitation of the mixed DM framework developed in this thesis concerns the description of the
non-cold species itself. The study of Chapter 4 treats the subcomponent as a fluid, an approximation
that need not capture the details of other BSM models, and that may not be sufficient once nonlinearities
are included; its failures are expected to appear first in higher-order correlators. It further retains only
the growing mode, whereas the relative modes between the two species have been shown, for some
models, to contribute at a level that is not always negligible. Neither approximation is expected to
compromise the constraints obtained here, but both would require scrutiny before the framework is
applied to observables, or to scales, more sensitive to them.

A third limitation concerns the degree of model dependence of the bounds obtained in this thesis. The
constraints of Chapter 6 are quoted in the parameters of a specific scenario, and while the underlying
formalism applies to the wider class of models sharing the same phenomenology, that mapping has not
been carried out here, and it is not clear wether that can be done in full generality. These bounds cannot
therefore, at present, be straightforwardly reinterpreted in terms of different fundamental physics
scenarios.

A further caveat is of a different character, in that it concerns not the modelling but the data
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themselves. Constraints on light species are extracted under the assumption that the datasets entering
the combination are mutually consistent, and this assumption has come under strain. The case of the
neutrino mass is the most apparent: the combination of CMB and recent BAO measurements now
favours values of »  m,, compatible with zero, and in some dataset combinations formally below the
lower bound established by oscillation experiments, when this is not imposed as an external prior for
the cosmological analysis. Whether this reflects a statistical fluctuation, an unaccounted systematic in
one of the datasets, or a genuine departure from ACDM in the late-time expansion history remains
unsettled, and the answer bears directly on the interpretation of any bound derived from the same
combinations. Constraints on a non-cold subcomponent are not immune to this, resting as they do on

the same measurements and on the same assumed background evolution.

Several of the directions opened by this work will progress with the new data that will be incoming.
The methods implemented for the studies of this thesis are, in this respect, an investment whose return
is also quite immediate: for instance, the constraints of Chapter 6 can be updated with each successive
DESI data release at almost no theoretical cost, and the same applies to the spectroscopic samples
that Euclid will deliver. The gains will not be merely statistical, as larger volume and a wider redshift
baseline will yield non-degenerate information on a scale-dependent suppression. Comparable progress
can be expected on the CMB side, where forthcoming lensing measurements of substantially higher
signal-to-noise will sharpen the xx constraints and, notably, also the cross-correlation with galaxy
clustering.

On the theoretical side, a natural next step is to widen the class of scenarios to which the framework of
Chapter 4 is applied. Some require little more than a change of variables: light thermal relics, for instance,
are described by a similar background evolution, and a mapping of their particle physics parameters
might be attempted. Others demand genuinely new work, for instance decaying subcomponents, in
that their nontrivial background evolution at late times cannot be accommodated within the present
construction. More ambitious, and in the longer term more valuable, would be to try to move away from
a model-by-model treatment. The phenomenology exploited throughout this thesis is governed by two
quantities, a characteristic suppression scale and the abundance of the non-cold species, and constraints
expressed directly in that plane would be reusable by anyone whose model can be located within it,
rather than requiring a dedicated analysis for each scenario in turn. A necessary ingredient of such a
programme is a cleaner separation between the suppression induced at the level of the background and
that arising from the perturbations, which the present formalisms do not make fully manifest.

A main outlook of this work, moreover, lies in the fact that the observational reach of these searches
for beyond-CDM signals remains far from exhausted. The combination of galaxy clustering with CMB
lensing exploited in Chapter 5 has not yet been brought into the beyond-CDM context, where the
independent calibration of the bias parameters it allows would translate directly into tighter constraints
on the non-cold fraction. Furthermore, the case of the bispectrum is stronger than degeneracy-breaking
alone would suggest. As noted above, the fluid description of the non-cold species may be expected to
fail first in higher-order correlators, so that the bispectrum contains information with no counterpart at
the two-point level. Whether such signatures are large enough to be detectable is unknown; the fact
that the question has scarcely been posed is itself a strong motivation for a novel exploration. Beyond
spectroscopic clustering, weak lensing statistics and the kinematic Sunyaev-Zel’dovich effect have
received comparatively little attention in this context, and their systematic development, individually

and in cross-correlation, would open a genuinely new front in the search for physics beyond the
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Standard Model.

It is worth closing on a more general note. The questions that motivated this work have been with
us for decades, especially concerning the fundamental nature of dark matter, and it is clear that they
are unlikely to be settled by any single decisive measurement. What has changed is that the data now
arriving give a reason to keep asking them: the volumes being mapped spectroscopically, and the
sensitivity now reached in secondary CMB anisotropies, give access to a regime of statistical accuracy
that simply has not been probed before. The signals to be found there might not be the striking ones of
earlier decades; they are small, and extracting them demands a control of the modelling, and a careful
combination of probes. That is a very technical, and somewhat hard, effort, but that is precisely what
the frontier of precision cosmology consists of. Furthermore, alongside the known unknowns which the
community is actively searching for, there remains the genuinely exciting possibility of some unknown
unknown in the forthcoming data. Whether or not such a surprise will materialize, we hope that this

thesis has contributed its small piece to the wider effort of the whole cosmology community.
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