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Abstract
We study the static and dynamical properties of a harmonically confined Rouse polymer coupled
to a fluctuating correlated medium, which affect each other reciprocally during their stochastic
evolution. The medium is modeled by a scalar Gaussian field which can feature modes with slow
relaxation and long-range spatial correlations. We show that these modes affect the long-time
behavior of the average position of the center of mass of the polymer, which, after a displacement,
turns out to relax algebraically towards its equilibrium value. This is a manifestation of the
non-Markovian nature of the effective evolution of the position of the center of mass, once the
degrees of freedom of the medium have been integrated out. In contrast, we show that the coupling
to the medium speeds up the relaxation of higher Rouse modes. We further characterize the typical
size of the polymer as a function of its polymerization degree and of the correlation length of the
medium, particularly when the system is driven out of equilibrium via the application of a constant
external driving force. Finally, we study the response of a linear polymer to a tensile force acting on
its terminal monomers.

1. Introduction

Understanding the behavior of polymeric macromolecules dispersed in a fluid environment is of crucial
importance for advances in biomedical applications [1–3], the design and development of smart
materials [4–7], and the comprehension of several biological processes [8, 9]. In most situations, polymeric
molecules are in contact with complex heterogeneous and correlated media, and their behavior is
significantly affected by the mutual interaction. For example, this is the case of polymers embedded in
composite fluids [10], porous media [11], biological tissues and cellular interiors [12, 13]. Over the last
decades, particular emphasis has been put on investigating structural properties of polymeric chains in
binary liquid mixtures displaying spatio-temporal correlations [14–21]. The typical length scale of such
correlations depends on the distance from the critical point of demixing (occurring at a temperature Tc) of
the binary mixture, and it potentially diverges when the mixture is poised at the critical point.

The first theoretical analysis of this problem was conducted by De Gennes and Brochard [14, 15], who
showed that a polymer dispersed in a binary liquid mixture would first collapse into a globule-like
configuration as the solvent approaches the demixing transition, to eventually re-expand at the critical point
itself. The polymer collapse is explained by assuming that the better solvent of the binary mixture forms a
layer around the polymer, screening the excluded volume repulsion and thus resulting in an effective
attraction. The range of these induced interactions caused by the fluctuating medium is given by the
correlation length of the latter [14, 22]. In particular, the effective interactions experienced by the polymer
become scale-free when the underlying medium is critical. When the correlation length of the binary mixture
exceeds the typical size of the polymer, the latter is effectively immersed in a droplet enriched with the better
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solvent, and thus it swells again to its size in a pure solvent. Later, additional studies were performed, relying
on self-consistent perturbative schemes [23, 24] and field-theoretic methods [22, 25–27]. The analytical
predictions of the conformational properties of a polymer in a near-critical solvent have been verified by
on-lattice Monte Carlo simulations [16, 28], and multiscale simulation methods based on density functional
theory [29]. From an experimental perspective, the effect of a correlated environment on the structure of a
tracer chain has been explored using dynamic light scattering [30, 31] and small-angle neutron
scattering [32].

In this work, we study conformational and dynamical properties of a polymer chain interacting with a
correlated medium, which is described by a thermally fluctuating scalar order parameter field ϕ(x, t). The
latter evolves according to a purely dissipative or a conserved relaxational dynamics, and interacts with the
polymer via a translationally invariant linear coupling [33–40]. Due to this interaction, the polymer and the
field affect each other dynamically, in such a way that detailed balance is satisfied along their stochastic
evolution. To make contact with the case of a polymer chain dispersed in a binary liquid solvent mixture, the
scalar field ϕ(x, t) can be interpreted as the relative concentration of the two species in the mixture (although
in this analogy we neglected for simplicity hydrodynamic effects, and other slow variables that should be
taken into account when describing real fluids [41]). However, our analysis below is more general, and does
not rely on any specific interpretation of the order parameter ϕ(x, t). Using two distinct approaches based on
the linear-response theory or the weak-coupling approximation, we derive theoretical predictions on
conformational and relaxation properties of the chain. While, as anticipated above, many static properties of
a polymer in a correlated environment have been widely studied in the past, the effect of the field-mediated
forces on its non-equilibrium dynamics, which we address in this work, is much less explored.

To this end, after describing the model in section 2 and analyzing the field-induced interactions in
section 3.1, we derive in section 3.2 a linearized effective equation of motion for the polymer, finding that the
evolution of the coordinates of its center of mass is governed by a generalized Langevin equation (GLE),
with a memory kernel that depends on the correlation length of the medium. In particular, when the field
supports modes with slow relaxation, we show that the memory kernel decays algebraically with time, and
thus memory effects are more prominent. Then, we study the dynamical relaxation of the internal structure
of the polymer, and of its center of mass towards the rest position in a confining potential. In particular, we
investigate the extent to which the correlated medium affects this relaxation process, especially close to the
critical point. Next, in section 4 we study the typical size of the polymer as a function of its polymerization
degree and of the correlation length of the medium. In section 4.3 we analyze the response of a linear
polymer to a tensile force applied to its terminal monomers. Finally, in section 4.4 we consider the case in
which the polymer is subject to a constant external driving, and predict how the nonequilibrium
field-mediated forces affect the typical size of the polymer in that case. All analytical predictions are tested
using numerical simulations.

2. The model

The system investigated in this work, schematically illustrated in figure 1, consists of an ideal harmonic
(Rouse) chain in d spatial dimensions, composed by N monomers with positions {Xi(t)}N−1

i=0 , and a
fluctuating order parameter field ϕ(x, t). The structure of the internal interactions between the monomers is
encoded in the connectivity matrixMij, with i, j ∈ {0,1, . . . ,N− 1}, so that the Hamiltonian of the Rouse
polymer is given by:

H0 =
κ

2

N−1∑
i,j=0

MijXi ·Xj +
κc

2

N−1∑
i=0

X2
i , (1)

where κ denotes the stiffness of the pairwise attractions between the sub-units of the chain, while κc is the
elastic constant of the external harmonic confinement, in case this is present. Note that, in this work, we
neglect energetic contributions coming from the bending of the polymeric chain, as well as excluded-volume
interactions leading to steric hindrance effects, as we aim to investigate the extent to which the
spatio-temporal correlations in the underlying medium affect the structural and dynamical properties of the
simplest possible polymer model. For the fluctuating scalar field ϕ(x, t) we take a Gaussian Hamiltonian

Hϕ =

ˆ
ddx

[
1

2
(∇ϕ)

2
+

r

2
ϕ2

]
, (2)

where the parameter r⩾ 0 controls the deviation of the field from criticality, and determines its correlation
length ξϕ = r−1/2. Analogously to e.g. [33–35, 38, 42], the coupling between the polymer and the field is
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Figure 1. Schematic illustration of the model, consisting of a (linear) polymer chain coupled to a thermally fluctuating order
parameter field ϕ(x, t), and confined by a harmonic potential with stiffness κc.

chosen to be linear and translationally invariant, and it is given by:

Hint =−λ
N−1∑
i=0

σi

ˆ
ddxϕ(x)V(x−Xi) , (3)

where λ> 0 denotes the coupling strength, V(x)> 0 is the interaction potential, and {σi}N−1
i=0 is a set of N

binary variables σi ∈ {−1,+1}. This means that the energetically favored configurations are those where the
field assumes larger (smaller) values in the spatial proximity of the monomers with positive (negative)
interaction coupling λσi. For simplicity, we focus on isotropic interaction potentials characterized by a single
length scale R, such as

V(x) =
(
2πR2

)−d/2
exp

(
− x2

2R2

)
. (4)

Here R represents the characteristic length scale of interaction between the field ϕ(x, t) and each monomer in
the chain, and it might be interpreted as the typical size of a monomer, assuming that they are all equal. In
the following, we will denote the total Hamiltonian as

H=H0 +Hϕ +Hint. (5)

As typically done for biomolecules in solution, we assume that viscous forces dominate over inertial effects,
and we model the equation of motion of the polymer with the following set of overdamped Langevin
equations:

Ẋi (t) =−ν∇XiH+ ξi (t)

=−νκ
∑
j

MijXj − νκcXi + νλσi f(Xi)+ ξi (t) , (6)

where ν is the monomer mobility, and the force f(Xi) exerted by the field on the ith monomer reads

f(Xi,ϕ, t)≡−
ˆ

ddxϕ(x)∇xV(x−Xi) . (7)

Moreover, the polymer is in contact with a thermal bath at temperature T, the effect of which is accounted
for by the set of zero-mean independent Gaussian white noises ξi(t), with correlations

〈ξαi (t)ξβj (s)〉= 2νTδijδαβδ (t− s) . (8)

Here, α,β ∈ {0,1, . . .,d− 1} denote the spatial directions associated to the canonical basis {êα}, with ê0
corresponding to the x-axis. Being the system at thermal equilibrium, the amplitude of the noise is chosen
such that fluctuations and dissipation are related by the Einstein relation. The stochastic dynamics in
equation (6) can be rewritten within the Rouse domain [43] by introducing the Rouse modes

χi =
N−1∑
j=0

φijXj, (9)

where the orthogonal transformation φ diagonalizes the connectivity matrixM, and is chosen such that its
rows are normalized to unity. We recall that the connectivity matrixMij is symmetric, and such that the sum
over its rows (or columns) vanishes by construction [44]. The transformation defined above implies that the
Rouse mode χ0 is related to the center of mass Xcom of the polymer by the simple relation χ0 =

√
NXcom,

3
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while the higher-order Rouse modes contain information about the internal structure of the chain. When the
coupling to the field is switched off, i.e. for λ= 0, the Rouse modes χi are decoupled and their time
evolution is governed by independent Ornstein-Uhlenbeck processes with inverse relaxation times

τ−1
i ≡ γi + γc ≡ γ̃i. (10)

Here γc = νκc is the inverse characteristic time scale introduced by the harmonic confinement, while
γi = νκmi denotes the inverse relaxation time of the ith Rouse mode χi of an unconfined chain, which
depends on the corresponding eigenvaluemi of the connectivity matrixM. However, when the polymer
interacts with ϕ(x, t), the field-induced forces couple the Rouse modes yielding the following dynamics:

χ̇i =−γ̃iχi + νλ
N−1∑
j=0

φijσjf
(
Xj,ϕ

)
+ηi (t) , (11)

where the noise ηi has the same statistics as ξi, and the monomer position X j can be rewritten as a linear
combination of Rouse modes by means of the inverse transformation φ−1.

The field ϕ(x, t) is further assumed to evolve according to the relaxational dynamics [45]

∂tϕ(x, t) =−D(i∇)
a δH
δϕ(x, t)

+ ζ (x, t)

=−D(i∇)
a

[(
r−∇2

)
ϕ −λ

N−1∑
i=0

σiV(x−Xi)

]
+ ζ (x, t) , (12)

whereD denotes the mobility of the field. The parameter a takes the value a= 2 if the field is locally conserved
along its dynamics, whereas a= 0 if the field order parameter does not satisfy any conservation law. The two
cases a= 0 and a= 2 correspond to the so-called model A and model B dynamics within the Gaussian
approximation, respectively [41, 45]. For a= 2, equation (12) takes the form of a continuity equation
∂tϕ(x, t) =−∇ · J(x, t), with J(x, t) a fluctuating flux, as expected due to the underlying conservation law.
The zero-mean Gaussian white noise field ζ(x, t) in equation (12) is characterized by the correlations

〈ζ (x, t)ζ (y, s)〉= 2DT(i∇)
a
δd (x− y)δ (t− s) . (13)

The amplitude of the noise field is proportional to the field mobility D and to the temperature T, as the
polymer and the field are assumed to be in contact with the same thermal bath in equilibrium. The stochastic
dynamics of the field can be conveniently written in Fourier space as

ϕ̇q =−αqϕq+DλVqq
a
N−1∑
j=0

σje
−iXj·q+ ζq (t) , (14)

where we introduced

αq ≡ Dqa
(
r+ q2

)
, (15)

and ζq(t) satisfies

〈ζq (t)ζq ′ (t ′)〉= 2DT(2π)d qaδd (q+ q ′)δ (t− s). (16)

Similarly to [33], in the case of model A dynamics the field mode ϕq=0 may take arbitrarily large values as
criticality is approached. However, this effect is irrelevant for what concerns the equation of motion of the
polymer, as it can be easily seen by rewriting the field-induced force f in equation (7) as

f
(
Xj,ϕ, t

)
=

ˆ
ddq

(2π)d
iqϕqV−qe

iq·Xj , (17)

where the mode with q= 0 does not contribute. In a more realistic model, one would need to counteract this
growth by adding a suitable chemical potential—e.g.Hϕ 7→ Hϕ +λN

´
dxϕ(x). In the absence of the

interaction with the particle, i.e. for λ= 0, the field modes ϕq evolve according to independent
Ornstein–Uhlenbeck processes with relaxation times τϕ(q) = α−1

q . In particular, this implies that the q= 0
mode features a diverging relaxation time in the case of critical model A dynamics, which is responsible for
the so-called critical slowing down [45]. In the case of model B dynamics, this slow relaxation occurs even
away from criticality as a consequence of the conservation law, whereby fluctuations at large length scales
relax on arbitrarily long time scales.

4



New J. Phys. 27 (2025) 105003 P L Muzzeddu et al

3. Induced dynamical interactions on the polymer

To investigate the effect of the correlated medium on the structural and dynamical properties of the polymer,
we analyze the behavior of its center of mass Xcom = χ0/

√
N and of its internal structure described by the

Rouse modes χj with j⩾ 1. By computing their amplitudes 〈χ2
j 〉, which constitute the so-called power

spectrum of the chain, we can also determine the typical size of the polymer given by its mean-square
gyration radius. Note that the definition of the Rouse modes in terms of the coordinates of the monomers
(see equation (9)) depends on the polymer connectivityM, which is kept generic throughout the upcoming
derivation.

3.1. Stationary distribution
Since the stochastic dynamics in equations (11) and (12) satisfies the detailed balance condition, the
stationary joint probability distribution of the polymer and the field follows the Boltzmann distribution

Peq
[
ϕ,
{
χj

}]
∝ exp

{
−βH

[
ϕ,
{
χj

}]}
, (18)

with β = 1/T. Hence, the marginal distribution Peq({χj}) of the polymer can be obtained by integrating out
the field ϕ, and is given by

Peq
({

χj

})
=

ˆ
Dϕ Peq

[
ϕ,
{
χj

}]
∝ exp [−β (H0 +Heff)] , (19)

whereH0 is given in equation (1). The effect of the field now appears in the form of the effective interaction
Hamiltonian

Heff =−λ2

2

∑
i,j

σiσj

ˆ
ddq

(2π)d
|Vq|2Cq

[
eiq·(Xi−Xj)− 1

]
=−λ2

2

∑
i,j

σiσj

ˆ
ddq

(2π)d
|Vq|2Cq

[
eiq·

∑
k(φki−φkj)χk − 1

]
, (20)

where

Cq =
(
r+ q2

)−1
(21)

denotes the Fourier transform of the equilibrium, equal-time correlation function of the field within the
Gaussian model (see e.g. [45]). Note that in equation (20) we adopted the convention for which the value of
the effective interaction energy is measured with respect to the case of perfectly overlapping monomers, such
thatH({χj = 0}) = 0. Importantly, the effective Hamiltonian (20) is pairwise additive, as also observed in
[46]. This absence of multi-body interactions is actually due to the fact that the coupling between the
monomers and the field is linear. Accordingly, this property is not merely an equilibrium feature, but it
carries over to non-equilibrium dynamics, as it was shown in [34] using path-integral methods.

Interesting conclusions on the effects of the field-induced forces can be drawn by considering the limiting
case of point-like monomers, i.e. R→ 0, see equation (4). The interaction potential is thus given by
V(x) = δd(x), and in d= 3 the effective HamiltonianHeff takes the form of a Yukawa potential

Heff =−
∑
i̸=j

λ2σiσj

4π

e−|Xi−Xj|/ξϕ

|Xi −Xj|
, (22)

with a characteristic decay length which is given by the correlation length ξϕ of the field. This result is
consistent with what previously found in [14, 15, 22] for polymeric molecules in binary fluids. In particular,
this implies that the internal structure of the polymer is strongly affected by the field, especially when the
latter approaches the critical point and the effective interaction is described by a long-range Hamiltonian.
Importantly, the attractive/repulsive nature of the field-induced interaction between two monomers i and j
of the chain depends on the sign of their couplings λσi,j with the fluctuating field ϕ. More precisely, when the
two couplings σi and σj have the same sign, the monomers are attracted, whereas if they have opposite signs,
the monomers repel each other. This effect is explicitly shown in figure 2 for the simplest case of a dimeric
molecule (N = 2) in spatial dimension d= 1. There, we plot the stationary distribution of the relative
distance∆X between the two monomers for various values of the parameter r, i.e. for fluctuating fields ϕ
with different correlation length. Specifically, we show that as ϕ approaches the critical point, the typical
distance between the monomers decreases (increases) in the case of attractive (repulsive) field-mediated
interactions. In particular, in the right panel of figure 2 we observe that the center of the stationary
distribution departs from∆X= 0 for sufficiently small values of r, indicating that the field-induced
repulsion (whose spatial range is set by the correlation length ξϕ = r−1/2) is eventually exceeding the
strength of the harmonic attraction. In both panels, the prediction in equation (20) is tested against
numerical simulations, the details of which are reported in appendix A.
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Figure 2. Equilibrium distribution of the distance |X2 −X1| between the two sub-units of a dimeric molecule at positions X1,2, in
d= 1 and in the absence of confinement. Solid lines represent the theoretical prediction in equation (19) specialized to the case
N= 2, whereas symbols are obtained with molecular dynamics simulations (see appendix A for details). Left panel: the
monomers have the same interaction coupling with the fluctuating field, i.e. σ1 = σ2. This induces a collapse of the dimer, which
is increasingly more effective as the field approaches criticality (i.e. as r→ 0). Right panel: the monomers have opposite
interaction couplings, i.e. σ1 =−σ2, resulting in a repulsive interaction and therefore in a stretching of the dimer. In the
simulation we chose λ= 10, while all other parameters were set to unity.

3.2. Relaxation towards equilibrium
To analyze the influence of the correlated fluctuations of the medium on the dynamical properties of the
polymer, in this section we derive the effective equation of motion of the latter by integrating out the
fluctuating order parameter ϕ, similarly to what was done in [34–36, 38, 42, 47]. For simplicity, we focus on
the case in which all monomers have the same field coupling, i.e. σi = σ for i = 0, . . . ,N− 1, implying that
all field-mediated interactions in equilibrium are attractive.

3.2.1. Effective dynamics of the polymer
As a first step, we solve exactly the stochastic dynamics of the fluctuating field in equation (14), obtaining

ϕq (t) = Gq (t− t0)ϕq (t0)+

ˆ t

t0

dsGq (t− s)ζq (s)+Dλσ

ˆ t

t0

dsGq (t− s)Vqq
a
N−1∑
j=0

e−i
∑

kφ
−1
jk q·χk(s), (23)

where

Gq (t) = Θ(t)e−αqt (24)

denotes the dynamic response function of the field [45], and t0 ⩽ t is the initial time, at which the field has an
initial configuration ϕq(t0). We then substitute the solution above into the evolution equation (11) of the
Rouse modes, yielding the following effective non-Markovian dynamics for the polymer:

χ̇j =

ˆ t

t0

dsFj
(
∆χ0 (t, s) ,{χk (s)}k>0 ,{χk (t)}k>0

)
− γ̃ jχj + vicj ({χk (t)})+Ξj ({χk (t)} , t) , (25)

where we denoted by∆χ0(t, s) = χ0(t)−χ0(s) the displacement of the rescaled center of mass occurring
from time s to time t⩾ s. We now analyze the various terms that appear in equation (25). First, the
interaction of the polymer with the fluctuating field introduces a space- and time-dependent memory kernel
Fj given by

Fj
(
∆χ0 (t, s) ,{χk (s)}k>0 ,{χk (t)}k>0

)
= Dνλ2

ˆ
ddq

(2π)d
iqqa|Vq|2Gq (t− s)

∑
n,k

φjke
i√
N
q·∆χ0(t,s)

× exp

{
−iq ·

∑
m>0

[
φ−1
nmχm (s)−φ−1

kmχm (t)
]}

. (26)

Note that the memory kernel depends in a non-linear way on the spatial coordinates [42]. Furthermore, its
functional dependence on the Rouse modes is qualitatively different, depending on the mode: while the
center of mass only appears via its displacement∆χ0(t, s), the higher-order modes χj(s) and χj(t) at two

6



New J. Phys. 27 (2025) 105003 P L Muzzeddu et al

different times t and s contribute separately to the memory term. The consequences of this fact, and its effect
on the dynamical properties of the polymer, will be clarified below.

Interestingly, the memory kernel does not depend on the sign of the interaction coupling, as it is
proportional to λ2σ2 = λ2. This property is a consequence of the original dynamics in equations (11)
and (14) being invariant under the transformation (λ,ϕ)↔ (−λ,−ϕ) [33]. Importantly, the effective
dynamics in equation (25) does not rely on any approximation and it is therefore exact to all orders in the
interaction coupling λ.

Next, the statistics of the noiseΞj in the effective dynamics (25) is also affected by the interaction of the
polymer with the order parameter ϕ. In particular, it consists of a white noise term ξj which describes the
interaction with the thermal bath, and a temporally correlated term resulting from the coarse graining of the
field, as shown by the following expression:

Ξj (t) =ξj (t)+λσν

ˆ
ddq

(2π)d
iqV−q

ˆ t

t0

dsGq (t− s)ζq (s)
∑
k

φjk exp

[
iq ·
∑
n

φ−1
kn χn (t)

]
. (27)

For each wavevector q, the temporal convolution over the variable s between the response functionGq and the
noise ζq corresponds to an exponentially colored noise with correlation time 1/αq. Accordingly, as expected,
each mode of the field contributes to the stochastic part of equation (25) by introducing some memory over
its own typical relaxation time. For this reason, the correlations ofΞj might extend for arbitrarily long times
in the case of locally conserved or critical fields—see the discussion at the end of section 2. Moreover, the
noiseΞj is multiplicative in that its amplitude depends on the value assumed by the Rouse modes at time t.

Finally, at short times, the effective dynamics of the polymer in equation (25) is reminiscent of the initial
configuration of the field ϕq(t0) via the following term:

vicj (t) =λσν

ˆ
ddq

(2π)d
iqV−qGq (t− t0)ϕq (t0)

N−1∑
k=0

φjk exp

[
iq ·
∑
n

φ−1
kn χn (t)

]
. (28)

Note that, for an initial field configuration that is spatially constant, the only possibly non-vanishing
component ϕq(t0) is the one with q= 0, and therefore vicj (t) vanishes at all times.

3.2.2. Linearized dynamics of the polymer
Unfortunately, not much analytical progress can be made by using directly the effective dynamics in
equation (25), due to its non-linear nature and to the complicated statistics of the multiplicative and colored
noiseΞj(t). However, since in the following we shall be interested in the long-time asymptotic behavior of
the dynamics close to equilibrium, we now focus on the linear response of the system.

Besides, note that linearizing the dynamics may anyhow provide a fairly good approximation even
moderately far from the equilibrium position. For example, note that the non-linear dependence of the
memory kernel in equation (26) on the Rouse modes is weighted by the factor qqa|Vq|2Gq(t− s), which
decays exponentially to zero for large wavevectors (see equation (24)). This means that the momentum
integral in equation (26) has an effective cutoff which depends on the time lag (t− s). For example,
in the case of model A, the weight factor is proportional to a Gaussian with standard deviation
σw = [2R2 + 2D(t− s)]−1. Consequently, all contributions to the memory kernel coming from momenta
q> qcutoff ' 3σw are practically negligible. This means that, whenever the displacement of the center of mass
∆χ0(t, s) and higher-order Rouse modes at times t and s are much smaller than 1/qcutoff, the memory kernel
can be linearized around∆χ0(t, s) = χj(s) = χj(t) = 0.

Accordingly, we linearize the effective dynamics in equation (25) and obtain the following approximation
for the non-linear memory kernel:

Fj
(
∆χ0 (t, s) ,{χk (s)}k>0 ,{χk (t)}k>0

)
' Dνλ2

ˆ
ddq

(2π)d
qqa|Vq|2Gq (t− s)

× q ·
N−1∑

m,n,k=1

φjk

[
φ−1
nmχm (s)−φ−1

kmχm (t)
]
. (29)

Furthermore, the last line can be simplified using the properties of the transformation φ, which contains on
its rows the eigenvectors of the connectivity matrixM normalized to unity. In fact, sinceM is symmetric, this
implies that φ is orthogonal, i.e. φ−1 =φT, and that φ0j = 1/

√
N for all j ∈ {0, . . .,N− 1}. This can be used

to prove the simple identity [43]∑
j

φ−1
ji =

∑
j

φij =
√
N
∑
j

φijφ0j =
√
Nδi0, (30)

7
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which can be used to rewrite equation (29) as

Fj
(
∆χ0 (t, s) ,{χk (s)}k>0 ,{χk (t)}k>0

)
' Γ̇ (t− s)

[
χj (t)− δj0χ0 (s)

]
, (31)

where Γ̇(t) is the derivative of the linear memory kernel

Γ(t) =
NDνλ2

d

ˆ
ddq

(2π)d
q2+a|Vq|2Gq (t)

αq
. (32)

Already from equation (31), one can anticipate that the center of mass and the higher-order Rouse modes
behave differently. Indeed, by specializing equation (31) to j= 0, one can see that the result of the
linearization still depends on the displacement∆χ0(t, s), which involves the position of the center of mass at
two times t and s. Conversely, for j> 0, equation (31) depends only on the Rouse mode χj(t) at the single
time t. Integrating equation (31) over s we get

ˆ t

t0

dsF0
(
∆χ0 (t, s) ,{χk (s)}k>0 ,{χk (t)}k>0

)
'−
ˆ t

t0

dsΓ(t− s) χ̇0 (s)+Γ(t− t0)∆χ0 (t, t0) (33)

for the center of mass, and

ˆ t

t0

dsFj
(
∆χ0 (t, s) ,{χk (s)}k>0 ,{χk (t)}k>0

)
'− [Γ(0)−Γ(t− t0)]χj (t) (34)

for higher-order Rouse modes χj with j> 0. Equations (33) and (34) suggest that the long-time relaxation of
all Rouse modes will be affected by how fast Γ(t) decays over time. The asymptotic behavior of Γ(t) at long
times turns out to be

Γ(t)∼

{
t−d/2−1e−Drt for r> 0,

t−d/2 for r= 0,
(35)

for model A, and

Γ(t)∼

{
t−d/2−1 for r> 0,

t−d/4 for r= 0,
(36)

for model B, as shown in appendix B.1 by inspecting the analytic structure of its Laplace transform (in
particular, without appealing to a specific form of the interaction potential Vq). The scale-free decay of these
kernels appears as a manifestation of the slow modes that characterize the medium in model A at criticality
(r= 0), due to the phenomenon of critical slowing down [41, 45], and in model B even off criticality, due to
the local conservation of the order parameter ϕ [33].

Next, we proceed to the linearization of the noise term Ξj(t). Keeping only the lowest-order contribution
in the Rouse modes in equation (27) leads to the linearized noiseΛj(t) defined as

Λj (t) = ξj (t)+ δj0
√
Nλσν

ˆ
ddq

(2π)d
iqV−q

ˆ t

t0

dsGq (t− s)ζq (s) . (37)

The statistics ofΛj is substantially different when acting on the center of mass, i.e. for j= 0, or on the
higher-order Rouse modes j⩾ 1. Indeed, for the former, the memory effects on the second line of the
equation above persist at the level of the linearized dynamics, whereas for the latter they vanish, so thatΛj

reduces solely to the white noise ξj. Importantly, it is easy to verify that the stationary time-correlations of

Λ0(t), which we denote by Cαβ
Λ (t− s), are related to the linear memory kernel Γ(t− s) by the

fluctuation-dissipation theorem:

Cαβ
Λ (t− s)≡ 〈Λα

0 (t)Λ
β
0 (s)〉= νTδαβ [2δ (t− s)+Γ(t− s)] , (38)

with t> s. This feature, which is expected for a system that evolves according to an equilibrium dynamics, is
thus correctly reproduced within the linearized theory.

Finally, one can linearize the contribution vic0 in equation (28) around {χj(t) = 0}, finding, for a generic
initial configuration of the field ϕq(t0),

v̄icj (t) = λσν

ˆ
ddq

(2π)d
iqV−qGq (t− t0)ϕq (t0)

[√
Nδj0 + iq ·χj (t)

]
. (39)

8
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Figure 3. Relaxation time τ̂ 1,2 of the Rouse modes χ1 and χ2 as functions of the deviation r from criticality. The plot shows that
the coupling with a fluctuating and correlated medium speeds up the relaxation of the internal structure of the polymer. This
effect is more pronounced when the field is characterized by correlations on large length scales (i.e. as r→ 0). The theoretical
prediction (solid line) τ̂ j ≡ 1/[γ̃ j +Γ(0)] has been obtained on the basis of equations (41), (10), and (32). The simulation results
(symbols), instead, were obtained by extracting the slopes 1/τ̂ 1,2 of the relaxation of the Rouse modes (obtained via molecular
dynamics simulations) in logarithmic scale via a linear fit (see figure A1). The two lines tend to their respective asymptote 1/γ̃1,2.
This plot was obtained with a linear polymer of N= 10 monomers, while all other parameters were set to unity.

By using equations (33), (37) and (39), the effective linearized dynamics of the center of mass takes the form
of a GLE and is given by

χ̇0 (t) =−
ˆ t

t0

dsΓ(t− s) χ̇0 (s)− [γ̃0 −Γ(t− t0)]χ0 (t)−Γ(t− t0)χ0 (t0)+Λ0 (t)+ v̄ic0 (t) . (40)

Besides the non-Markovian nature of this effective dynamics, we note that marginalizing the field introduces
two effects. First, it modifies the typical (inverse) relaxation time γ̃0 associated with the harmonic confining
potential. Second, it adds a time-dependent force proportional to the initial center-of-mass position χ0(t0),
which decays over time in the same way as the linear memory kernel Γ(t− t0) in equation (32).

For the case of the higher-order Rouse modes χj with j> 0, the effective linearized dynamics obtained
from equations (34), (37) and (39) reads, instead,

χ̇j (t) =−
[
γ̃ j +Γ(0)

]
χj (t)+Γ(t− t0)χj (t)+ ξj (t)+ v̄icj (t) . (41)

As anticipated, this resulting dynamics is actually Markovian, because the memory effects introduced by
integrating out the fluctuating order parameter ϕ did not survive the linearization procedure. Also in this
case, the marginalization of the field introduces a time-dependent (positive, see equation (32)) correction to
the relaxation rate γ̃ j. At variance with the case of χ0 in equation (40), this correction does not actually
vanish at long times but it reaches the (positive) value of Γ(0). Interestingly, all Rouse modes are affected by
the same correction.

In particular, when all the monomers have the same coupling with the medium, the attractive
field-mediated forces cause a speed-up of the relaxation of the polymer internal structure, which nonetheless
remains exponential (as in the absence of interactions with the medium). To analyze this effect, in figure 3 we
report the relaxation times of the Rouse modes χ1 and χ2 as functions of the deviation r from criticality, as
measured in molecular dynamics simulations (symbols, see appendix A for the details), and as predicted by
equations (41) and (32) in the linear-response regime (solid lines). The agreement is excellent not only for
the specific choice of parameters used in the figure. Note that, as predicted by equation (32), taking into
account equation (15), the relaxation times of the Rouse modes χi for i⩾ 1 is actually independent of the
dynamics of the field being conserved or not.

3.2.3. Long-time relaxation of the center of mass
We now analyze the non-equilibrium relaxation of the center of mass of the polymer towards the bottom of
the confining potential, after an initial displacement χ0(t0). The analogous problem was investigated in [33]
for a single particle coupled to a fluctuating Gaussian field. In this case, after an initial rearrangement in the
neighborhood of the particle, the field lags behind the moving particle and it produces a slowing down of the
relaxation process. Based on this heuristic picture, we thus expect a similar slowing effect in the dynamics of
the polymer, as we confirm below.

Specifically, without loss of generality, we set t0 = 0 and assume that the center of mass of the polymer is
initially displaced from the center of the trap (where the corresponding force vanishes) by an amount χ̄0

9
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along the α-direction, i.e. χβ
0 (t0) = χ̄0δαβ . The resulting dynamics can be conveniently analyzed in the

Laplace domain by first solving for χ̂α
0 (z) =

´∞
0 dt 〈χα

0 (t)〉e−zt, i.e. the Laplace transform of the average
position of the center of mass along the α-direction, and then studying its analytic structure in the complex z
plane [35, 48]. Unfortunately, equation (40) cannot be immediately solved by taking its Laplace transform
because of the presence of the terms Γ(t− t0)χ0(t) and v̄

ic
0 (t), which involve products of t-dependent

functions. However, since the initial condition of the field is not expected to influence the long-time behavior
of the system [49], we make the convenient choice

ϕq (t0) = NDλσVqq
a/αq. (42)

With this initial condition, the linearization of equation (28) can be shown to give vic0 (t) =−Γ(t− t0)χ0(t),
which simplifies the GLE as

χ̇0 (t) =−
ˆ t

t0

dsΓ(t− s) χ̇0 (s)− γ̃0χ0 (t)−Γ(t− t0)χ0 (t0)+Λ0 (t) . (43)

The average value of the solution of equation (43) can now be expressed as

χ̂β
0 (z) =

χ̄0

γ̃0 + z+ zΓ̂ (z)
δαβ , (44)

where Γ̂(z) is the Laplace transform of Γ(t). This shows (as expected) that the asymptotic behavior of the
average position of the center of mass is strictly related to that of the linear memory kernel Γ(t), which we
studied above in equations (35) and (36). In particular, in appendix B.2, on the basis of equation (44) we
determine the following asymptotic behaviors:

〈χα
0 (t)〉 ∼

{
t−(2+d/2) for r> 0,

t−(1+d/4) for r= 0,
(45)

for model B, while

〈χα
0 (t)〉 ∼ t−(1+d/2)e−Drt (46)

for model A with r� γ̃0/D, whereas the decay becomes purely exponential for r� γ̃0/D (see appendix B.2
for details). The position of the center of mass thus exhibits an algebraic decay for model B, with an exponent
that depends on whether the medium is critical (r= 0) or not (r> 0). As mentioned above, this originates
from the local conservation law that characterizes the evolution of the medium in model B dynamics, thus
producing slow modes q∼ 0 [41, 45]. By contrast, for model A, an algebraic decay is only found when r= 0,
since in this case the relevant mechanism is the critical slowing down that affects the medium when r= 0 [33,
41, 45]. Figure 4 shows, in a double logarithmic scale, the evolution of 〈χ0(t)〉 along the direction of the
initial displacement χ̄0 (taken to be α= 0, corresponding to the x-axis), for model A (left) or model B (right)
dynamics and various values of the distance r from the critical point. The behavior at long times predicted in
figure 4 and indicated by the dashed lines in both panels is compared with the results of numerical
simulations (performed as described in appendix A), finding a very good agreement.

4. Typical polymer size

In this section we study the average square gyration radius 〈R2
g〉 and end-to-end distance 〈Ree〉 of the

polymer in the steady state, when its internal structure has already relaxed to an equilibrium configuration.
Both quantities are a measure of the typical polymer size, and are defined as

R2
g =

1

N

N−1∑
n=0

(Xn −Xcom)
2
=

1

N

∑
n ̸=0

χ2
n, (47)

Ree = XN−1 −X0 =
∑
n ̸=0

(φn,N−1 −φn,0)χn. (48)

However, while the former is appropriate for any topology of the chain, i.e. for any connectivity matrixM,
the latter is only meaningful for a linear chain, where the two ends can be clearly identified. Although the
derivation would be analogous for a generic topology of the polymer, in the following we focus on a linear
chain with terminal monomers given by X0 and XN−1.

10
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Figure 4. Nonequilibrium relaxation of the average center of mass of a linear polymer initially displaced from the rest position of
the trap by an amount χ̄0, in spatial dimension d= 1. The symbols indicate the result of numerical simulations (see appendix A
for details), with the field initialized in the flat configuration ϕq = 0 for all momenta q. As specified in the legend, each color

corresponds to a different correlation lengths ξϕ = r−1/2 of the field. Left and right panels report the relaxation of ⟨χ0⟩ obtained
with the field evolving according to model A or model B dynamics, respectively. The algebraic decay of this quantity at long times,
theoretically predicted in equations (46) and (45), is indicated by the dashed lines. The plots show that the relaxation of the center
of mass towards the bottom of the confining potential is slowed down by the order parameter field, especially when the latter is
critical. In the simulation we used N= 10 and T= 0.01, while all other parameters were set to unity.

To keep the derivation more general, we also consider the possible presence of a stretching force fs that
acts on the terminal monomers, hence on the end-to-end distance Ree. In particular, we add the stretching
potential

Uf =−fs ·Ree =−fs ·
∑
i

(φi,N−1 −φi,0)χi (49)

to the total HamiltonianH0 +Heff reported in equation (19). The response of the polymer to such a
stretching force, described by the so-called force-extension curve, will be analyzed in section 4.3. In general,
both 〈R2

g〉 and 〈Ree〉 are affected by the fluctuating order parameter ϕ of the medium. The effect of the
field-mediated forces on the typical size of the polymer is studied in section 4.2 via a perturbative expansion
in the interaction coupling λ, developed in section 4.1. Whenever this is possible, we compare the results of
this weak-coupling approximation with the theoretical predictions obtained from the linearized theory
derived in section 3.2.2. Finally, in section 4.4 we shall assume that the harmonic potential acting on the
monomers is displaced in space at constant velocity v, driving the system in a non-equilibrium stationary
state. This allows us to probe, as a function of v= |v|, how the typical size of the polymer is modified by the
presence of nonequilibrium field-mediated forces.

4.1. Weak-coupling approximation
As in section 3.2, we consider here the case in which all monomers have the same coupling with the field, i.e.
σi = σ independently of i, and thus that they experience an effective attraction. In the framework of the
weak-coupling approach, we find it convenient to introduce the average over the stationary distribution of
the Rouse modes

〈. . .〉f,λ =
1

N

N−1∏
j=0

ˆ
dχj (. . .) e

−β(H0+Heff+Uf), (50)

where the modulus f of the stretching force and the magnitude λ of the interaction coupling with the field
are explicitly indicated as subscripts. Recall that the effective interaction HamiltonianHeff, proportional to
λ2, was introduced in equation (20), while the prefactorN−1 in equation (50) ensures that 〈1〉f,λ = 1. In

particular, we want to obtain the first non-trivial correction to 〈R2
g〉f,0 and 〈Ree〉f,0, which is induced by the

coupling of the polymer with the field. Using a standard perturbative expansion in λ, we get

〈O〉f,λ −〈O〉f,0 =−β
[
〈OHeff〉f,0 −〈O〉f,0〈Heff〉f,0

]
+O

(
λ4
)
, (51)

where the observable O can be replaced by either R2
g or Ree. Note that the correction on the r.h.s. of the last

equation involves only averages computed over the uncoupled system (i.e. with λ= 0); yet, sinceHeff ∝ λ2,
this correction will be shown to be ofO

(
λ2
)
. In particular, all corrections proportional to odd powers of λ

11
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should vanish, due to the symmetry (mentioned above) of the equations of motion (11) and (14) under
(λ,ϕ)↔ (−λ,−ϕ) [33, 42].

All the averages needed to evaluate equation (51) can be computed with the help of the generating
functional Z[{ji}] of the free Rouse chain, which can be constructed as

Z [{ji}] =

〈
exp

(∑
i

ji ·χi

)〉
f,0

= exp

{
1

2β

∑
i

1

Mi

[
j2i + 2β (φi,N−1 −φi,0) fs · ji

]}
, (52)

where we introduced the quantityMi = κmi +κc, withmi the eigenvalues of the connectivity matrixM.
The expression of Z[{ji}] given in equation (52) can be obtained by the standard methods discussed
in appendix C. In particular, the generating functional can be readily used to derive the expressions of the
unperturbed 〈R2

g〉f,0 and 〈Ree〉f,0. These are, respectively, given by

〈R2
g〉f,0 =

1

N

∑
n̸=0

〈χ2
n〉f,0 =

1

N

∑
n̸=0

d−1∑
α=0

∂2Z [{ji}]
∂jαn ∂j

α
n

∣∣∣∣
ji=0

=
1

N

∑
n ̸=0

{
d

βMn
+

[
(φn,N−1 −φn,0) fs

Mn

]2}
, (53)

and

〈Rα
ee〉f,0 =

∑
n

(φn,N−1 −φn,0)
∂Z [{ji}]

∂jαn

∣∣∣∣
ji=0

=
∑
n

(φn,N−1 −φn,0)
2

Mn
fδα0, (54)

where, without loss of generality, we assumed that the stretching force is directed along the x-axis, so that
fs = fê0. The correction ofO(λ2) to the unperturbed values in equations (53) and (54), induced by the
coupling of the polymer with the field, turns out to depend on averages of the type 〈χp

j exp[iq · (Xk −Xn)]〉,
with j, k, and n generic indices in the set {0,1, . . .,N− 1}, and the power p ∈ {0,1,2}. These averages can be
computed again with the help of the generating functional Z[{ji}] as detailed in appendix C. This way we
obtain

⟨
R2
g

⟩
f,λ

−
⟨
R2
g

⟩
f,0

=
λ2β

2N

∑
n ̸=0

∑
ij

ˆ
ddq

(2π)d
|Vq|2Cq

[
2iβ−1fs · q(φn,N−1 −φn,0)(φni −φnj)− q2β−2 (φni −φnj)

2

M2
n

]

× exp

[
− q2

2β

∑
l

(
φli −φlj

)2
Ml

+ ifs · q
∑
l

(
φli −φlj

)
(φl,N−1 −φl,0)

Ml

]
+O

(
λ4
)
, (55)

and

〈Rα
ee〉f,λ −〈Rα

ee〉f,0 =
λ2β

2

∑
n ̸=0

∑
ij

ˆ
ddq

(2π)d

∣∣Vq

∣∣2Cq
Mn

[
iqαβ−1

(
φni −φnj

)
(φn,N−1 −φn,0)

]
× exp

[
− q2

2β

∑
l

(
φli −φlj

)2
Ml

+ ifs · q
∑
l

(
φli −φlj

)
(φl,N−1 −φl,0)

Ml

]
+O

(
λ4
)
. (56)

In the next two sections, we analyze these expressions separately in the cases f = 0 and f 6= 0.

4.2. Typical size in the absence of external forces
First, it is straightforward to verify that the correction to the end-to-end distance Ree due to the interaction
with the field vanishes when fs = 0, as expected from simple symmetry arguments. In particular, for any
given polymer configuration {Xi}, the one obtained by the transformation {Xi}→ {−Xi} has the same
statistical weight but opposite end-to-end distance. In this case, when no stretching force is applied to the
polymer, we focus on equation (55) to study how the polymer size is affected by the interaction with the
correlated medium.

The analytical result in equation (55) is shown in figure 5. In particular, we plot 〈R2
g〉0,λ as a function of

the distance r from the critical point (left panel) or of N, for a fixed value of r (right panel). In the first case,
we observe that the gyration radius of the polymer decreases when the medium develops long-range spatial
correlations, i.e. upon decreasing r. This is because the forces induced by the near-critical field are significant
over an increasingly larger length scale. Importantly, unlike previous studies of polymeric macromolecules
dispersed in near-critical binary liquid mixtures [14, 15, 22], our theoretical model does not predict a
re-expansion of the polymer when the field reaches the critical point. This is consistent with the fact that the
field ϕ is described by a Gaussian theory (which is unable to account for the emergence of ‘droplets’ below
the critical point, i.e. for regions with 〈ϕ〉 6= 0), as pointed out in [22]. The right panel of figure 5 shows the
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Figure 5. Typical size of a linear polymer at equilibrium, quantified by the mean-square gyration radius ⟨R2
g⟩ (see equation (47))

in the absence of stretching forces. The results of the numerical simulations in d= 1 (grey symbols) are compared to the
theoretical predictions obtained with either the weak-coupling approximation (red lines, see equation (55)), or the linearized
theory (light blue lines, see equation (57)). The choice of parameters in the main plots is such that the weak-coupling
approximation is more accurate than the linearized theory. The two insets show instead that, with higher coupling λ and lower
temperature T, the linearized theory is more accurate. Left panel: ⟨R2

g⟩ of a linear chain with polymerization degree N= 20 as a

function of r= 1/ξ2ϕ. The value of ⟨R
2
g⟩ is measured in units of R̄2

g , i.e. of the gyration radius of a free chain (i.e. in the absence of

interaction with the medium) with the same parameters (green dashed line). This value is given in equation (53) upon setting
fs = 0. The figure shows that, when the field approaches the critical point r= 0, the typical polymer size is reduced as a
consequence of the larger field-mediated forces. In the main plot we used λ= 0.3 and T= 1, while in the inset we chose λ= 1
and T= 0.1 (all other parameters were set to unity in both cases). Right panel: ⟨R2

g⟩ of a linear chain as a function of N, measured
in units of the bond length l0 = dT/(κ+κc). For a sufficiently large N, the field-mediated forces induce a collapse of the chain,
as shown by the non-monotonic behavior of the curves. The simulation parameters are the same as in the left panel, with r= 1.

dependence of the typical size of the polymer on the polymerization degree N at a fixed distance r from the
critical point. The value of the gyration radius is measured in units of the typical length scale
l0 = dT/(κ+κc), which is of the order of the bond size in the absence of the field (see e.g. [43]). For
sufficiently short chains, we observe that adding a monomer increases 〈R2

g〉0,λ. This expected behavior has an
entropic origin, and it is quantitatively similar to the one observed for a chain decoupled from the field,
i.e. with λ= 0 (dashed green line). However, after some threshold value of N, the pairwise-additive
field-mediated forces dominate the entropic effect, resulting into a decrease of 〈R2

g〉0,λ upon increasing the
number N of monomers. In the case of an ideal chain as the one considered here, i.e. in the absence of
excluded-volume interactions and steric hindrance effects, the size of the polymer can become arbitrarily
small as N increases. In a realistic chain, instead, the polymer would first collapse into a dense compact
globule, and then its size would increase as∼ N1/3 in d= 3 — as in the case of a polymer chain in a poor
solvent, where the contacts with the solvent molecules are minimized [44, 50].

In both panels of figure 5, the theoretical predictions obtained within the weak-coupling approximation
(solid red lines) are compared with those derived from the linearized theory (solid light blue lines). The latter
(denoted below by the superscript L) is obtained by analogy with equation (53), considering that the most
relevant long-time effect of the field on the linearized dynamics of the higher-order modes in equation (41)
is the correction Γ(0) to their relaxation rates γ̃ j. This implies that

〈R2
g〉L0,λ =

1

N

∑
n ̸=0

〈χ2
n〉L0,λ =

1

N

∑
n ̸=0

dνT

γ̃n +Γ(0)
, (57)

where we introduced the symbol 〈. . .〉L0,λ to denote the average within the linear-response theory in the
absence of any stretching force. We recall here that the linearized theory is only based on the assumption that
the Rouse modes are small, and thus it is in principle valid at all orders in the interaction coupling λ. For this
reason, upon increasing λ, it provides an approximation of the actual numerical data which is better than
that of the weak-coupling theory, as shown by the two insets of figure 5.

4.3. Force-extension curves
In this section we analyze the response of the polymer to the stretching force fs, and show how the
force-extension curve is modified upon coupling the polymer to the correlated medium. The theoretical
predictions for the average Ree and R2

g reported, respectively, in equations (56) and (55), obtained with the
weak-coupling approximation, are plotted in figure 6 as a function of the modulus f of the stretching force fs.
In particular, we observe that the correlated fluctuations within the medium effectively increase the stiffness
of the polymer, thus introducing an additional resistance to the stretching. Indeed, for all values of f, the light
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Figure 6. Force-extension curve of a linear polymer with N= 20 monomers in spatial dimension d= 1. The main plot shows the
response of the average end-to-end distance Ree to a stretching force f. The results of numerical simulations (grey symbols) are
compared to the theoretical predictions of equation (56) (light blue solid lines). Compared to the free case (i.e. with λ= 0, dashed
green line) described by equation (54), the coupling with the correlated medium introduces an additional resistance to the
stretching force due to the attractive field-mediated forces. In this plot, Ree is measured in units of the typical length
l0 = dT/(κ+κc). In the inset we show the behavior of the average gyration radius Rg as a function of the stretching force. Here,
Rg is measured in units of R̄g, i.e. of the value it assumes in the free and non-stretched case. In the simulation we used λ= 0.7,
while all other parameters were set to unity.

blue lines corresponding to the theoretical predictions in equations (56) and (55) and the data obtained via
numerical simulations (grey symbols), which are in very good agreement with each other, always lie below
the dashed green lines related to the free case (i.e. with λ= 0). This behavior results from the fact that all
monomers interact with the field with the same coupling sign σi = σ, and thus all field-mediated forces are
attractive.

Although this might not be evident from figure 6, in fact the correction introduced by the coupling to the
field vanishes for large stretching forces f. This can be evinced by inspecting equation (56), where the
integrand function on the r.h.s. becomes rapidly oscillating for large f, so that the integral vanishes. This can
also be rationalized physically by noting that, under an externally imposed stretching, the typical monomer
distance eventually exceeds the range of the field-mediated forces, which thus play a minor role. Note that in
figure 6 the results obtained within the weak-coupling approach are no longer compared with the predictions
of the linearized theory (as it was done in figure 5), which relies on the higher-order Rouse modes being
small. Indeed, this assumption is clearly broken when a stretching force is applied, since its effect is that of
increasing the typical separation between monomers (and hence the typical size of the Rouse modes via
equation (9)).

4.4. Typical size out of equilibrium
In the previous sections, we have developed a weak-coupling approximation by averaging the observables R2

g

and Ree over the equilibrium distribution of the Rouse modes, as in equation (50), and expanding it up to its
leading order in λ. This distribution is influenced by the presence of the correlated medium, as encoded in
the induced interaction HamiltonianHeff in equation (20). Crucially, however, this distribution does not
depend on the dynamics of the fluctuating order parameter ϕ(x, t)— as evidenced, for instance, by the fact
thatHeff is by construction the same for both model A and model B dynamics.

This is no longer expected to be the case whenever the system is driven out of equilibrium, for instance
via the application of a constant external driving force. To explore this aspect, in this section we assume that
the confining harmonic potential to which the monomers are subject is dragged at constant velocity v across
the medium, so that the Hamiltonian in equation (1) is modified as

H0 =
κ

2

∑
ij

MijXi ·Xj +
κc

2

∑
i

(Xi − vt)2 . (58)

The corresponding dynamics of the monomers follows from equation (6) as

Ẋi (t) =−νκ
∑
j

MijXj − νκc (Xi − vt)+ νλσi f(Xi)+ ξi (t) , (59)

which suggests to change coordinates to a comoving reference frame as Zi = Xi − vt; this gives [35]

Żi (t) =−νκ
∑
j

MijZj − νκcZi + νλσi f
′ (Zi)+ ξi (t)− v, (60)
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where we used the fact that
∑

jMij = 0 (see section 2). Above, the form of f ′ is the same as that of f
introduced in equation (17), upon replacing the field ϕ by its comoving counterpart ϕ ′(x, t) = ϕ(x+ vt, t).
The response function of the comoving field ϕ ′ is easily found to be [35]

G(v)
q (t) = Θ(t)e−αqt+iq·vt (61)

(compare with equation (24)). Proceeding as in section 2, we now step to the Rouse modes using (compare
with equation (9))

χi =
N−1∑
j=0

φijZj. (62)

In doing so, we focus in particular on the term proportional to v that appears in equation (60), and note that

N−1∑
j=1

φij ∝ δi0, (63)

where we used equation (30). We thus deduce that the driving v only enters explicitly the equation of motion
of χ0, but not that of the higher-order Rouse modes χi with i> 0 — which instead are only affected by v
through the response function G(v)

q (t) in equation (61). In particular, this result is independent of the
topology of the polymer (encoded in φij).

We are thus in the position to easily compute the gyration radius
〈
R2
g

〉
, which is notably independent of

χ0 (see equation (47)). Within the linearized theory, analogous steps lead to the same result as in
equation (57), upon replacing the memory kernel Γ(t) introduced in equation (32) by

Γ(v) (t) =
NDνλ2

d

ˆ
ddq

(2π)d
q2+a|Vq|2G(v)

q (t)

αq− iq · v
, (64)

whence in particular

Γ(v) (0) =
NDνλ2

d

ˆ
ddq

(2π)d
q2+a|Vq|2αq

α2
q+(q · v)2

. (65)

This prediction is tested in figure 7, which shows the average gyration radius as a function of the dragging
velocity v (as measured in the stationary state), separately for model A (left panel) and model B (right panel)
dynamics of the fluctuating field, and for two selected values of the correlation length ξϕ = r−1/2. For v= 0
(i.e. at equilibrium), the value of the gyration radius is actually independent of the field dynamics (see
figure 5), and thus it is the same for model A and B. For finite v, in both cases, the correction to the gyration
radius due to the field decreases monotonically upon increasing the driving speed v. This is consistent with
the expectation that, at high v, once the field is excited by the interaction with the polymer in a certain region
of space, it is no longer able to mediate an interaction between the various monomers, before they are
physically transported away by the dragging towards a distinct spatial region.

5. Conclusions

In this work we analyzed the behavior of a Rouse polymer linearly coupled to a correlated medium described
by a fluctuating scalar Gaussian field ϕ(x, t). The reciprocal interaction between the polymer and the field is
taken into account in their joint stochastic dynamics, which is assumed to satisfy detailed balance, i.e. to
occur at thermal equilibrium.

Working within the linear-response regime, we first studied the relaxation of the center of mass of the
polymer towards its rest position in a confining potential. This relaxation turns out to be algebraic at long
times, if the fluctuating order parameter ϕ(x, t) supports slow relaxational modes, due either to criticality or
to the presence of a local conservation law—see section 3.2 and figure 4. Conversely, the internal structure of
the chain described by higher-order Rouse modes always displays an exponential relaxation, with a typical
time scale that is shorter compared to the free case (in the case of monomers which have all the same kind of
interaction with the field), due to the effective attraction induced by the medium (see figure 3).

The spatial range of these induced interactions is practically determined by the correlation length of the
field. Using a weak-coupling approximation, we then showed analytically that the gyration radius of the
chain decreases as the field approaches the critical point, at which such a correlation length diverges. The
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Figure 7. Gyration radius ⟨R2
g⟩ of a linear polymer, in the case in which the harmonic confining potential is driven externally at

constant velocity v (see section 4.4). The two panels correspond to model A and model B dynamics of the fluctuating field,
respectively. We compare the case without polymer-medium interaction (R̄2

g , dashed line) to the linear-response prediction for

the interacting case (solid lines), for two selected values of the correlation length ξϕ = r−1/2. Symbols correspond to the results
of numerical simulations (see appendix A for details). In this plot we used N= 10 and T= 0.1, while all other parameters were set
to unity.

theoretical predictions are in very good agreement with numerical simulations (see figure 5). Furthermore,
we studied how the typical polymer size depends on the polymerization degree N, showing that, after an
initial increase for small N due to entropic reasons, the dominant effect of the pairwise-additive,
field-induced interactions drives the polymer into a compact globule-like state. Within the weak-coupling
approximation, in section 4.3 we then analyzed the response of the polymer to a tensile force, observing an
enhanced resistance of the polymer against the external stretching, whose origin is again to be attributed to
the effective attractions between the monomers induced by the medium (see figure 6).

Additionally, we analyzed the case in which the system is driven out of equilibrium via the application of
an external force, which drags at constant velocity the center of the confining potential to which each
monomer is subject. In this case, the field-induced forces on the polymer differ from the static ones, and
depend explicitly on the particular dynamics of the order parameter field ϕ. This carries signatures, for
instance, on the resulting gyration radius of the polymer, which we predicted and measured as a function of
the driving speed v (see figure 7).

Further extensions of this work may address the steady state of the system in the presence of spatial
confinement, where boundary conditions are imposed on the fluctuations of the correlated medium [37, 51],
which is the typical setting in experimental realizations. Generalization to higher spatial dimensions, albeit
straightforward, would also be relevant in view of applications to real polymeric systems. Besides, the model
presented here opens the possibility of studying more complex dynamical settings, where the field-induced
forces are expected to play a major role in determining the nonequilibrium dynamics of the polymer. For
instance, it would be interesting to characterize the dynamical response of the chain to a quenched stretching
force, i.e. to a force that is suddenly switched on (or off) at time t= 0. We expect that slow algebraic
relaxations might emerge in the cases where the medium is critical or conserved, and the external force
produces an average displacement of the center of mass.

While in this work we focused on the simplest possible polymer model, with the aim of analyzing how its
properties are affected by the spatio-temporal correlations of the surrounding medium, it would be relevant
and important to extend our study towards more realistic models of polymers, accounting first of all for
excluded-volume effects.

Finally, within the formulation of the model we adopted here, the joint stochastic dynamics of the
polymer and the field was chosen to satisfy detailed balance, so that (in the absence of external forces) the
system is characterized by an equilibrium dynamics. An interesting extension of this work would thus be to
consider a polymer chain in an active fluctuating correlated medium, whose fluctuations break detailed
balance [52, 53], and characterize its behavior under such non-equilibrium conditions. Similarly, a polymer
whose monomers are active particles is expected to experience nonequilibrium field-mediated forces when
immersed in a fluctuating correlated medium, giving rise to interesting interplays with its typical time and
length scales.
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Appendix A. Details of the numerical simulation

All the theoretical predictions derived in the present work are compared with numerical simulations of the
stochastic equations of motion (6) and (14). In particular, the stochastic dynamics of the polymer is
simulated in real space, whereas the evolution of the fluctuating order parameter ϕ is simulated in Fourier
space (see e.g. [38, 54]). This requires introducing a momentum cutoff for the modes of the field, given by
qc = 2πnc/L with L the box size, and nc an integer that determines the number of simulated Fourier modes.
Specifically, in d= 1 the number of modes is nc + 1, with wave vectors q= 2πn/L and n ∈ {0,1,2, . . .,nc}.
Note that the modes ϕq with q living on the left half line of the momentum space can be automatically
obtained as ϕ−q = ϕ∗

q , being ϕ(x, t) a real scalar field. In particular, we used nc = 40 with box size L= 50 in
all figures but figure 4, where we used instead nc = 25 and L= 200 — indeed, in the latter case, capturing the
long-time power-law relaxation of the center of mass requires considering larger systems.

The stochastic differential equations (6) and (14) are integrated using the standard Euler-Maruyama
scheme with integration timestep∆t= 0.001. The discretized dynamics of the polymer is given by:

Xi (t+∆t)−Xi (t) =−∆tγ
∑
j

MijXj (t)−∆tγcXi (t)+ ξi (t)−∆tνλσi L
d
∑
n∈S

V−n

(
2πn

L

)
ϕR
n (t)

× sin

(
2πn ·Xi (t)

L

)
−∆tνλσi L

d
∑
n∈S

V−n

(
2πn

L

)
ϕI
n (t)cos

(
2πn ·Xi (t)

L

)
, (A1)

where the set S is defined as S= {−nc,−nc + 1, . . .,nc − 1,nc}2, the noises {ξi(t)} are independent
zero-mean Gaussian random variables with standard deviation

√
2νT∆t, and ϕR

n and ϕI
n are the real and the

imaginary part of the mode ϕn, respectively. The potential Vn is given by

Vn =

(
2πR2

)−d/2

Ld

ˆ
D
ddx exp

(
−x2/2R2 − i2πn · x/L

)
' 1

Ld
exp

[
−1

2

(
2π

L

)2

n2R2

]
, (A2)

with integration domainD = [−L,L]d, and where we assumed that the box size L is much larger than the
range of interaction between each monomer and the field, i.e. L� R. The discretized dynamics of the field is
given by

ϕR
n (t+∆t)−ϕR

n (t) =−∆tαqϕ
R
n (t)+∆tDλVnq

a
∑
j

σj cos

(
2πn ·Xj (t)

L

)
+ ζRn (t) , (A3)

and

ϕI
n (t+∆t)−ϕI

n (t) =−∆tαqϕ
I
n (t)−∆tDλVnq

a
∑
j

σj sin

(
2πn ·Xj (t)

L

)
+ ζ In (t) , (A4)

with q= 2πn/L. The noises {ζRn (t)} and {ζ In(t)} are zero-mean Gaussian random variables with correlations

〈ζR,In (t)ζR,Im (s)〉= DT

Ld

(
2π |n|
L

)a

δ (t− s) [δn,m± δn,−m] . (A5)

The results presented in figures 2, 5 and 6 correspond to stationary quantities, and are thus obtained by
considering a single but long realization (of total duration T = 103 in real time units), and by averaging over
uncorrelated samples taken along the trajectory. By contrast, the dynamical relaxation presented in figure 4
requires to average over a large number of distinct samples (typically' 108). To speed up the numerical
evaluation, for these latter simulations we used∆t= 0.05, which we verified not to visibly affect the result.

The relaxation times of the higher-order Rouse modes reported in figure 3 are obtained from a linear fit
of the decay of these modes plotted on the logarithmic scale. An example of such a fit is presented in
figure A1, in the case where the correlated medium evolves according to critical model B dynamics. After an
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Figure A1. Example of linear fitting of the temporal decay of higher-order Rouse modes, plotted on the logarithmic scale. The
solid lines correspond to the simulated temporal evolution of the first two higher-order Rouse modes. Only the numerical data
within the interval delimited by the vertical dashed lines have been used to perform the linear fitting. In this plot, the correlated
field evolved according to critical model B dynamics, while all other parameters are the same as in figure 3.

initial transient, which depends on the initial condition of both the polymer and the correlated medium, the
curves exhibit a linear behavior, corresponding to an exponential decay as a function of time. At long times,
however, they become noisy due to the very small amplitude of the modes. For this reason, the linear fit is
performed by considering only the numerical data within the time interval delimited by the two dashed
vertical lines.

Appendix B. Long-time behavior of the memory kernel and of the mean position of the
center of mass

In this appendix we first discuss the asymptotic behavior of the memory kernel Γ(t) given in equation (32),
and secondly its effect on the long-time behavior of the center-of-mass position χ0(t) of the polymer (see
section 3.2).

B.1. Dynamics of the memory kernel
Let us start from the memory kernel Γ(t) in equation (32), whose long-time behavior can be easily deduced
by inspecting the analytic structure of the corresponding Laplace transform [35, 48]. The latter can be
immediately found using equation (24), and reads

Γ̂ (z) =
NDνλ2

d

ˆ
ddq

(2π)d
q2+a|Vq|2

αq

(
z+αq

) . (B1)

This function is non-analytic for all the points z ∈ C that make the denominator vanish, i.e. such that
z+αq = 0. Since αq = Dqa(q2 + r), at the critical point r= 0 the function Γ̂(z) exhibits a branch cut along

the real negative axis in the complex z plane. As there are no other singularities, the behavior of Γ̂(z) around
the branching point z0 = 0 generically determines the long-time behavior of Γ(t) [35]. In particular, if

Γ̂ (z)∼
∑
j

aj (z− z0)
λj (B2)

for some λj around the branching point z0, then

Γ(t)∼ ez0t
∑
j

aj
ΓE

(
−λj

)
t1+λj

, (B3)

as it can be easily understood by taking the inverse Laplace transform term by term. If λj is a positive integer,
then ΓE(−λj) is not well defined, and the correspondence rather reads

Γ(t)∼ aje
z0t/t1+λj ↔ Γ̂ (z)∼ aje

z0t (−1)1+λj

λj!
sλj ln s. (B4)

If z0 = 0, equation (B3) encodes an algebraic decay at long times. Note that the very same scenario occurs for
the non-critical model B, i.e. a= 2 and r> 0, because the branching point is still z0 = 0. By contrast, for the
non-critical model A (i.e. a= 0 and r> 0), the function Γ̂(z) in equation (B1) displays a branch cut on the
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left of z0 =−Dr. Expanding around this new branching point as in equations (B2) and (B3) will thus
generate an exponential prefactor ez0t = e−Drt superimposed to the algebraic tail.

As we are about to show, expanding Γ̂(z) around the branching point z0 can be easily achieved even by
keeping the interaction potential V(x) generic, under the mild simplifying assumptions that it is rotationally
invariant, normalized to unity, and that it depends on a single length scale R (such as in equation (4)).
However, for later convenience and to make contact with the notation of [35], in the following we will not
analyze Γ̂(z) directly, but rather introduce Γ(t) =

´∞
t duK(u), so that

K (t) =
NDνλ2

d

ˆ
ddq

(2π)d
q2+a|Vq|2Gq (t) 7→ K̂ (z) =

NDνλ2

d

ˆ
ddq

(2π)d
q2+a|Vq|2

z+αq
, (B5)

and in particular

Γ̂ (z) =−
[
K̂ (z)−K̂ (0)

]
/z. (B6)

Note that the function K̂(z) in equation (B5) has the same analiticity properties as Γ̂(z), apart from an
additional factor 1/z. In the following, we will analyze such properties separately for the cases of critical and
non-critical model A and B, which provide access to the corresponding asymptotics of Γ(t).

Critical model A and B. — Let us start from the critical case r= 0, and expand K̂(z) around z0 = 0. To get
insight on the small-z behavior, it is convenient to change the integration variable as y= Dqa+2/z in
equation (B5) after introducing polar coordinates, which gives [35]

K̂ (z) =
Nλ2νcd
2+ a

( z

D

) d
2+a

ˆ ∞

0
dy

yd/(2+a)

1+ y
|V

(zy/D)
1

2+a
|2 ∼ Nλ2νcd

2+ a

[ˆ ∞

0
dy

y
d

2+a

1+ y

]( z

D

) d
2+a

. (B7)

In the last step we expanded the integrand for small z by using the normalization condition Vq = 1+O
(
q2
)

of the interaction potential, while

cd = 21−d/
[
dπd/2ΓE (d/2)

]
(B8)

is a numerical constant, accounting for the integration over the angular variables, with ΓE the Euler gamma
function. Unfortunately, however, the remaining integral over y in equation (B7) is divergent at large values
of y (i.e. in the UV) — which is consistent, in hindsight, with the fact that K̂(0) 6= 0. This divergence can be
cured by improving the expansion in equation (B7) as

K̂ (z)∼ K̂ (0)− Nλ2νcd
2+ a

[ˆ ∞

0
dy

y
d

2+a

(1+ y)2

]( z

D

) d
2+a

. (B9)

This renders a convergent integral for model B in d⩽ 3 and for model A in d< 2, whereas for model A in
d> 2 one needs to go one step beyond and write

K̂ (z)∼ K̂ (0)+ zK̂ ′ (0)+
Nλ2νcd
2+ a

[ˆ ∞

0
dy

y
d

2+a

(1+ y)3

]( z

D

) d
2+a

. (B10)

(For model A in d= 2, one can check from equation (B5) that K̂ ′(0) diverges logarithmically in the IR, as
expected from equation (B4) — however, a close inspection confirms that the decay exponent found in,
c.f., equation (B12) can be analytically continued to d= 2.) Note that the dependence on zd/(2+a), which
essentially follows from dimensional analysis, does not change upon improving this estimate in
equations (B7), (B9), (B10) (whereas the prefactor of the term zd/(2+a) does change). Using equation (B6),
we thus deduce that in general, for small z,

Γ̂ (z)∼ zd/(2+a)−1, (B11)

and comparing with equations (B3) and (B2) we can conclude that

Γ(t)∼ t−d/(2+a) (B12)

at long times. This corresponds to the result reported in equations (35) and (36), for a= 0 and 2, respectively.
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Non-critical model B. — Let us now inspect the non-critical case r> 0. For model B, i.e. a= 2, the
branching point is still at z0 = 0, so that using again polar coordinates and changing variables to y≡ Dq2/z,
we find from equation (B5)

K̂ (z)−K̂ (0)− zK̂ ′ (0)∼ Nλ2νcd
2

ˆ ∞

0
dy

y1+
d
2

(1+ yr)3

( z

D

)1+ d
2
, (B13)

for d< 2, and

K̂ (z)−K̂ (0)− zK̂ ′ (0)− z2

2
K̂ ′ ′ (0)∼−Nλ2νcd

2

ˆ ∞

0
dy

y1+
d
2

(1+ yr)4

( z

D

)1+ d
2
, (B14)

for d> 2. Using equations (B3), (B2) and (B6) we thus get

Γ̂ (z)∼ zd/2 −→ Γ(t)∼ t−(1+d/2), (B15)

as reported in equation (35). (Again, evaluating the prefactor for the case d= 2 requires to inspect the
logarithmic divergence of K̂ ′(z) for small z, whereas the estimate of the algebraic decay exponent in
equation (B15) turns out to apply also to d= 2.)

Non-critical model A. — Finally we address the non-critical case of model A. The corresponding
branching point is at z0 =−Dr, and expanding K̂(z) around it yields

K̂ (z) = Nλ2νDcd

(
z+Dr

D

) d
2
ˆ ∞

0
dy

yd/2

1+ y
|V√

y(z/D+r)
|2 ∼ (z+Dr)

d
2 , (B16)

where we called y= Dq2/(z+Dr), and in the last step we expanded in small powers of (z+Dr). By contrast,
note that by expanding the same expression around z= 0, one would get K̂(z) = K̂(0)+O(z), meaning that
the function Γ̂(z) in equation (B6) is not singular in z= 0. The singularity in z= z0 =−Dr thus still
dominates the long-time asymptotics of Γ(t), which follows from equations (B3), (B2) and (B6) as

Γ̂ (z)∼ (z+Dr)d/2 −→ Γ(t)∼ e−Drtt−(1+d/2), (B17)

as reported in equation (35).

B.2. Dynamics of the mean center-of-mass position
The evolution of the mean position 〈χα

0 (t)〉 of the center of mass of the polymer, starting from the initial
condition χ̄0 at time t0 = 0, is given in the Laplace domain by equation (44). The latter can be rewritten, in
terms of the function K̂(z) introduced in equation (B5), as

χ̂α
0 (z) =

χ̄0

z+ γ̃0 −
[
K̂ (z)−K̂ (0)

] . (B18)

This function exhibits two types of singularities in the complex z plane: (i) a branch cut starting from the
branching point z0, where K̂(z) is non-analytic, as discussed in the previous section; and (ii) the zero(s)
z= z∗ of the denominatorD(z), implicitly defined by the condition

D (z∗) = z∗ + γ̃0 −
[
K̂ (z∗)−K̂ (0)

]
≡ 0. (B19)

Note that these are simple poles: to see this, it is sufficient to take the derivative

D ′ (z) = 1−K̂ ′ (z) = 1+
NDνλ2

d

ˆ
ddq

(2π)d
q2+a|Vq|2(
z+αq

)2 , (B20)

where we used equation (B5), and note thatD ′(z∗) cannot vanish. Moreover, note that it must be that
Rez∗ < 0 and Rez0 < 0 in order for 〈χα

0 (t)〉 to decay to zero at long times. The closest to the imaginary axis
Rez= 0 among z0 and z∗ generically determines the long-time asymptotic behavior of 〈χα

0 (t)〉 [35, 48].
Again, it proves convenient to inspect first the critical case r= 0, for which the branching point z0 = 0

necessarily dominates the long-time asymptotics of χ̂α
0 (z) in equation (B18). Expanding the latter around

z0 = 0 gives

χ̂α
0 (z) = χ̄0

∞∑
n=0

[
K̂ (z)−K̂ (0)− z

]n
γ̃
−(n+1)
0 ∼ zd/(2+a), (B21)
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Figure A2. Sketch of the analytic structure in the complex z plane of the function χ̂α
0 (z) in equation (B18), for the non-critical

case of model A, and for r≫ γ̃0/D. This features a branch cut (red) terminating in z= z0, and a simple real pole in z= z∗, which
is a root of equation (B19). The latter dominates the long-time asymptotics of ⟨χα

0 (t)⟩, as described in appendix B.2.

where in the last step we used equations (B9) and (B10). Comparing with equations (B3) and (B2) then
yields

〈χα
0 (t)〉 ∼ t−1−d/(2+a), (B22)

as reported in equations (46) and (45).
The situation is analogous for the non-critical model B, i.e. a= 2 and r> 0, as the branching point is still

z0 = 0. Using the asymptotic behavior of K̂(z) given in equations (B13) and (B14) in the second step of
equation (B21) this time gives

χ̂α
0 (z)∼ z1+d/2 −→ 〈χα

0 (t)〉 ∼ t−2−d/2, (B23)

as stated in equation (45).
The non-critical case in model A (i.e. r> 0 and a= 0) is more delicate, because the relative positions of

the branching point z0 =−Dr and the pole(s) z∗ may change depending on the value of r. For sufficiently
small r� γ̃0/D, the branching point z0 is closer to the imaginary axis than the pole(s) z∗. The leading
asymptotic behavior of χα

0 (t) can thus be found by expanding χ̂α
0 (z) in equation (B18) around z0 =−Dr.

Using equation (B16) gives

χ̂α
0 (z)∼ (z+Dr)d/2 , (B24)

and comparing with equations (B3) and (B2) then yields

〈χα
0 (t)〉 ∼ e−Drtt−(1+d/2), (B25)

as reported in equation (46). In the opposite limit r� γ̃0/D, the analytic structure of the function χ̂α
0 (z) in

equation (B18) can be inspected by plotting its real or imaginary part using e.g. Wolfram Mathematica, for
selected choices of the interaction potential Vq. By choosing a Gaussian Vq as in equation (4) and for d= 1, 2,
and 3 (but also for a Yukawa-like potential Vq = 1/(1+ q2R2) [35]), the resulting analytic structure
resembles the one sketched in figure A2, with a single real pole z∗ to the right of the branch cut. This simple
pole dominates the long-time behavior of 〈χα

0 (t)〉, which thus generically reads [35, 48]

〈χα
0 (t)〉 ∼ ez

∗t, (B26)

with z∗ < 0 given implicitly from equation (B19).
We remark that the asymptotic behavior of the center of mass χα

0 (t) studied here coincides with that of a
single particle at position X(t) relaxing towards the center of a harmonic potential of stiffness γ̃0, which was
derived in [33] within a weak-coupling approximation for small λ, and later in [35] within linear response
theory (see appendix C therein). In particular, for the non-critical model A it was found perturbatively in
[33] that X(t)∼ λ2te−γ̃0t +O(λ4), for Dr> γ̃0 [55]. In hindsight, this is compatible with the behavior found
above in equation (B26), as it can be checked by using that for small λ (see equation (B19))

z∗ =−γ̃0 +λ2
[
K̂ (−γ̃0)−K̂ (0)

]
+O

(
λ4
)
. (B27)

Finally, we note that the techniques presented in this appendix can in principle be used to predict the
prefactor of 〈χα

0 (t)〉 in the long-time limit. Estimates for this prefactor have however not been reported in
the main text, because they turn out to potentially depend on the choice of the initial condition of the field
ϕq(t0) (encoded in the term v̄icj (t) in equation (39), and which we fixed in equation (42) to simplify the
calculation). Although a perturbative calculation proves ϕq(t0) to be irrelevant for the long-time dynamics of
〈χα

0 (t)〉 at leading order for small coupling λ, numerical evidence shows, instead, that the prefactor of the
algebraic decay can get dressed when λ becomes larger. These corrections, whose magnitude depends on
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ϕq(t0), do not alter the algebraic decay exponents of 〈χα
0 (t)〉, which are correctly captured both by the

perturbative calculation in [33], and by the linear-response calculation presented here (although for a
selected choice of ϕq(t0)).

Appendix C. Perturbative correction to the gyration radius

In this appendix we derive the expression of the generating functional Z[{ji}] reported in equation (52), and
we use it to predict analytically the typical polymer size in equations (55) and (56) within the framework of
the weak-coupling approximation. By taking appropriate derivatives of Z[{ji}], one can compute the
covariance between the R2

g (or Ree) and the effective HamiltonianHeff, which constitute the first non-trivial
corrections of order λ2 to the unperturbed values 〈R2

g〉f,0 and 〈Ree〉f,0. After rewriting the HamiltonianH0 in
equation (1) in terms of the Rouse modes {χi} as

H0 =
1

2

∑
i

Miχ
2
i , (C1)

we use the definition of the generating functional given in equation (52) to obtain:

Z [{ji}] =

〈
exp

(∑
i

ji ·χi

)〉
f,0

=
1

N

N−1∏
j=0

ˆ
dχj e

− β
2 Miχ

2
j −χj·[β(φj,N−1−φj,0)−jj]

= exp

[
1

2β

∑
i

1

Mi

[
j2i + 2β (φi,N−1 −φi,0) fs · ji

]]
, (C2)

whereN denotes the normalization factor given byN = Z[{ji = 0}], and the integral in the second line can
be easily solved, being a standard multivariate Gaussian integral. In order to compute the covariance between
R2
g andHeff, we first need to evaluate 〈Heff〉f,0, which depends on the following averages:〈

exp

(
iq
∑
k

(
φki −φkj

)
χk

)〉
= Z

[{
jk = iq

(
φki −φkj

)}]
, (C3)

with generic indices i and j. Thus we have:

〈Heff〉f,0 =−λ2

2

∑
i j

ˆ
ddq

(2π)d
∣∣Vq

∣∣2Cq [Z [{jk = iq
(
φki −φkj

)}]
− 1
]
. (C4)

Secondly, we need the correlation between the gyration radius and the effective Hamiltonian, i.e. 〈R2
gHeff〉f,0.

Since the R2
g features a weighted combination of the Rouse amplitudes χ2

j , such correlation requires the
knowledge of the following average:

〈χ2
ne

iq·
∑

k(φki−φkj)χk〉f,0 =
∑
α

∂2Z [{jk}]
∂jαn ∂j

α
n

∣∣∣∣
jk=iq(φki−φkj)

=

 d

βMn
+

[
iq/β

(
φni −φnj

)
+ fs (φn,N−1 −φn,0)

Mn

]2Z
[{
jk = iq

(
φki −φkj

)}]
.

(C5)

Combining equations (51), (53), (C4) and (C5), we get the first non-trivial perturbative correction to the
gyration radius R2

g reported in equation (55) of the main text. In the case of the Ree, being the latter a linear
combination of the Rouse modes as shown in (48), its correlation 〈ReeHeff〉f,0 with the effective Hamiltonian
depends on the average:

〈χα
n e

iq·
∑

k(φki−φkj)χk〉f,0 =
∂Z [{jk}]

∂jαn

∣∣∣∣
jk=iq(φki−φkj)

=
jαn +βf αs (φi,N−1 −φi,0)

βMn
Z
[{
jk = iq

(
φki −φkj

)}]
.

(C6)

The equation above can be combined with equations (51), (54), and (C4) to obtain the result reported in
equation (56) of the main text.
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