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Abstract

We prove the existence of steady space quasi-periodic stream functions, solu-
tions for the Euler equation in a vorticity-stream function formulation in the two
dimensional channel R x [—1, 1]. These solutions bifurcate from a prescribed shear
equilibrium near the Couette flow, whose profile induces finitely many modes of
oscillations in the horizontal direction for the linearized problem. Using a Nash—
Moser implicit function iterative scheme, near such equilibrium we construct small
amplitude, space reversible stream functions, slightly deforming the linear solutions
and retaining the horizontal quasi-periodic structure. These solutions exist for most
values of the parameters characterizing the shear equilibrium. As a by-product, the
streamlines of the nonlinear flow exhibit Kelvin’s cat eye-like trajectories arising
from the finitely many stagnation lines of the shear equilibrium.
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1. Introduction

In the two-dimensional finite channel R x [—1, 1], we consider a stationary,
incompressible inviscid fluid whose stream function ¥ (x,y) : R x [-1,1] - R
solves the stationary Euler equation in vorticity-stream function formulation

¥, AY} = Y (AY)y — ¥y (AY), =0, (1.1)
coupled with the impermeability condition at the boundary
Yy =0 on {y ==l1}. (1.2)

In[38], Lin and Zeng showed on the finite periodic channel, ina Hy | -neighbourhood
of the Couette flow (in the vorticity space), the existence of space periodic steady

solutions of (1.1) when s < % and the non-existence of non-parallel traveling so-

lutions when s > % Namely, the regularity threshold s = % discriminates between

the presence or not of damping phenomena for the nonlinear evolution of non vis-
cous fluids. The goal of the present paper is to give a new insight to their result
when the setting is extended to the quasi-periodic case. We give now the informal
statement of our result.

Informal Theorem. Let kg € N. There exist g > 0 small enough and a family
of stationary solutions (Yo(x,y) = 1}8 (X, ¥)Ix=ax)eel0,60] Of the Euler equation
(1.1) in the finite channel (x,y) € R x [—1, 1] that are quasi-periodic in the
horizontal direction x € R for some frequency vector @ € R0, withx = wx € T*0,
Such family bifurcates from a shear equilibrium Yo (y) and can be chosen to be
arbitrarily close to the stream function of the Couette flow VYeou(y) = % yZ in
Hj H;/z_ (T 0 x [—1, 1]), with s > 0 sufficiently large.

The rigorous statement of the result is given in Theorem 1.1.

Understanding as much as possible of the fluid behaviour around shear flows
is one of the main interests for the hydrodynamic stability research. Around the
Couette flow, the simplest among the nontrivial shear flows, Kelvin [35] and Orr
[40] proved with experiments and with computations the damping of inviscid flows
for the linearized Euler equations at the shear equilibrium, which at first was a
surprising result in (apparent) contrast with the (essential) Hamiltonian nature of
the equations. Restricting our exposition to the two-dimensional setting, the first
rigorous justification in the nonlinear case was provided by Bedrossian and Mas-
moudi [5] and Deng and Masmoudi [21], who proved the asymptotic stability to the
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planar Couette flow in T x R under perturbations in Gevrey regularity. These re-
sults follow the work of Mouhot and Villani [39] on the nonlinear Landau damping
for the Vlasov equation. Other extensions to the inviscid damping near the Cou-
ette flow include Ionescu and Jia [31] in the finite periodic channel, Yang and Lin
[50], Bianchini, Coti Zelati and Dolce [13] for stratified fluids and Antonelli, Dolce
and Marcati [1] in the compressible case. For other shear flows, Zillinger [51] and
Wei, Zhang and Zhao [49] proved linear inviscid damping for monotonic shears.
On the contrary, the existence of non-trivial, meaning non-shear, Euler flows that
cannot exhibit damping was proved by Lin and Zeng [38] and Castro and Lear [17]
around the Couette flow, and by Coti Zelati, Elgindi and Widmayer [18] around
non-monotone shears.

In order to look for quasi-periodic invariant structures, we base our approach on
the KAM (Kolmogorov—Arnold—Moser) theory for Partial Differential Equations.
This field started in the 1990s, with the pioneering papers of Bourgain [14], Craig
and Wayne [19], Kuksin [36], Wayne [48]. We refer to the recent review article [6]
for a complete list of references on this topic. In the last years, together with the
Nash—Moser implicit function theorem, these techniques have been developed in
order to study time quasi-periodic solutions for PDEs arising from fluid dynamics.
For the two dimensional water waves equations, we mention Berti and Montalto
[12], Baldi, Berti, Haus and Montalto [2] for time quasi-periodic standing waves
and Berti, Franzoi and Maspero [8], [9], Feola and Giuliani [24] for time quasi-
periodic traveling wave solutions. Recently, the existence of time quasi-periodic
solutions was proved for the contour dynamics of vortex patches in active scalar
equations. We mention Berti, Hassainia and Masmoudi [10] for vortex patches
of the Euler equations close to Kirchhoff ellipses, Hmidi and Roulley [30] for
the quasi-geostrophic shallow water equations, Hassainia, Hmidi and Masmoudi
[27] for generalized surface quasi-geostrophic equations, Roulley [43] for Euler-
o flows, Hassainia and Roulley [29] for Euler equations in the unit disk close to
Rankine vortices and Hassainia, Hmidi and Roulley [28] for 2D Euler annular
vortex patches. Time quasi-periodic solutions were also constructed for the 3D
Euler equations with time quasi-periodic external force [3] and for the forced 2D
Navier—Stokes equations [25] approaching in the zero viscosity limit time quasi-
periodic solutions of the 2D Euler equations for all times. We finally mention
that time quasi-periodic solutions for the Euler equations were constructed also by
Crouseilles and Faou [20] in 2D, with a very recent extension by Enciso, Peralta-
Salas and Torres de Lizaur [22] in 3D and even dimensions: we remark that these
latter solutions are engineered so that there are no small divisors issues to deal with,
with consequently much easier proofs and a drawback of not having information
on the eventual stability of the solutions.

The paragraph above shows how KAM normal form techniques started very
recently to be developed in Fluid Dynamics in order to construct quasi-periodic
solutions in time. On the contrary, there are only few works where the question of
the quasi-periodicity in space is considered. To the best of our knowledge, the first
result of space bi-periodic solutions to PDEs is due to Scheurle [45] for a semi-
linear equation on a two-dimensional strip in analytic regularity, whose solutions
locally bifurcate from bi-periodic solutions of the linearized system at the equilib-
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rium. Then, looss and Los [32] proved the bifurcation of stationary solutions in the
hydrodynamic stability problem for forced Navier—Stokes equations on cylindrical
domains, extended to time-periodic solutions in Iooss and Mielke [33]. Spatially
bi-periodic solutions were studied in Bridges and Rowlands [16] for the linear sta-
bility analysis of the Ginzburg—Landau equation, and in Bridges and Dias [15] for
stationary 2D gravity-capillary water waves. The general case with more than two
spatial frequencies was considered by Valls [47] and Pol4cik and Valdebenito [42]
for elliptic equations on RY x R. All these results share the same idea of using
one space direction as a temporal one, assuming to have hyperbolic modes for
the linearized elliptic operators. The persistence of spatially quasi-periodic oscil-
lations is then proved in [45] via a Nash—Moser implicit function theorem, in [32]
with normalization techniques on the infinite dimensional “spatial phase space”,
while in [42,47] with a center manifold reduction on a finite dimensional system
together with a Birkhoff normal form to ensure the application of the standard
KAM theorems. As we shall see later, the last two strategies do not look suitable
for our problem, since we can only establish the existence of the nonlinear elliptic
equation to solve and few properties on the regularity of the nonlinearity, which
do not seem enough to check the assumptions for the KAM theorem. Therefore,
for our purposes, we preferred to use the Nash—-Moser approach as developed by
Berti and Bolle [7], which provides also a better description of the final solutions.
We conclude by mentioning that spatial dynamics techniques in Fluid Dynamics
were applied by Groves and Wahlén [26] to study the existence of small amplitude,
solitary gravity-capillary water waves with arbitrary distribution of vorticity.

1.1. Main Result

Our construction starts with prescribing a potential function Qy, (y), even in y,
depending on a parameter m 3> 1 such that, in the limit m — o0, it approaches the
classical potential well

0 Iyl > r,

Om() = On(E, 13) "= Qu(E, 13 y) i= (1.3)

—-E* |yl <z,

where r € (0, 1) is the width of the well and E > 1 is related to its depth.
The potential Qy, is analytic in all its entries and its derivatives approach the
derivatives of Q, uniformly on compact sets avoiding the points y = =£r. The
explicit expression of Q, () is provided in (1.27). Moreover, the parameters E and
r are related by the analytic constraint

Er = (IC() + ‘1—1) . (1.4)
The value ko € N is fixed from the very beginning and it prescribes via (1.4)
the exact number of negative eigenvalues —A%’m(E), e —)L,Z(O’m(E) < 0 for the
operator

Ly = —8y2 + Owm(y), witheigenfunctions Ln¢jm = —Aimdy,m, (1.5)
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where we imposed Dirichlet boundary conditions on [—1, 1]. The rest of the
spectrum (A? m(E)) j>o+1 18 strictly positive. We remark that the eigenfunctions

(@jm(y) = ¢jm(E; y))jeNn, which form a L?-orthonormal basis with respect to
the standard L?-scalar product, depend explicitly on the parameter E.

Shear flows, namely velocity fields of the form (u#, v) = (U(y), 0) for some
function U (y) depending only on y € [—1, 1], are exact stationary solutions of
(1.1) under the boundary conditions in (1.2). The next step is to introduce the shear
flow (¥, (y), 0) that plays the role of equilibrium point. In particular, we define
the stream function ¥, (y) as the solution of the linear ODE

Ui () = QMY (), y € [=1,11. (1.6)

In Section 3 we will construct such stream function vy, (), even in y because of
the parity of O, (y), so that, for m >> 1 large enough, the corresponding velocity
field (y7, (), 0) is close to the well-known Couette flow (y, 0) with respect to the
width r in the H>-topology. Roughly speaking, the function ¥, (y) solving (1.6)
behaves almost linearly when |y| > r and exhibits oscillations of frequency E and
amplitude E~2 in the inner region |y| < r. Therefore, the shear flow (¥, (y), 0)
is non-monotone. In Lemma (3.5), we will show that v, (y) has exactly 2x¢ + 1
critical points, denoted by v m := 0 and (£yp,m) p=1,...k0» With0 < y1 m < ... <
Yio,m < r. These points lead to divide the interval [—1, 1] into the union of stripes
(Tp)p=0.1,....c0» Where

I, ={yeR:ypm <[YI<vptim}, p=1, .., «0, (1.7)

with v, 4+1,m := 1. We will also show in Theorem 3.7 that v/, (y) solves on each set
I, asecond-order nonlinear ODE. Namely, we prove that there exist o+ 1 functions
Fom), Fim(¥), ..., Fig,m (¥) such that, forany y € I,,, p =0, 1, ..., ko,

Om() = F) n(Im(3) = ¥ = Fpm(Wm (), (1.8)

with continuity of finitely many derivatives at the boundaries of each set I, with
the adjacent problems, meaning that, for a given S € N large enough, for any
0 <n < S+ 1and any stripe index p = 1, ..., ko,

lim 8 (Fptm(m() = lim 3 (FpmWm()) = ¥ 2 (v p.m)-

[YI=Ypm Y[=Ypm

(1.9)

The regularity condition (1.9) is ensured by suitable properties of the QO (y): we
postponed this explanation to Section 1.2 “The shear equilibrium ¥, (y) close to
Couette and its nonlinear ODE” and Section 3.1.

On the two-dimensional channel R x [—1, 1], we impose quasi-periodic con-
dition in the x-direction, that is, the fluid evolves in the embedded domain

Di=T x [—1,1] = R x [—1,1], T := (R/27xZ)". (1.10)

On the domain D we define the Laplacian A, := (w- 92+ 83 for some frequency
vector w € R¥0, where x € T*0, It is well known that a subclass of solutions of
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the steady Euler equation (1.1) is given by those stream functions ¥ (x, y) that
additionally solve semilinear elliptic equations of the form Ay := (8% + 8y2)1// =
F (), for some function F : R — R.

The goal of this paper is to construct solutions to the steady Euler equation (1.1)—
(1.2) in the domain D close to the shear equilibrium (¥, (y), 0). In particular, by
(1.1) and (1.8), we look for stream functions quasi-periodic in x of the form

Y(x, ) = V(X YVx=ox = ¥m(¥) + X, Y)lx=wr, ¢X, —1D=0x,1)=0,

(1.11)
where ¥, (¥) solves (1.8) and ¢(x, y) is a solution of

By a direct computation, we have that a particular class of solutions of (1.12) is
given by those functions ¢ (X, y) solving, forany p =0, 1, ..., ko,

App(X,y) = Fpy(Ym() + (X, ) = Fpm(Ym(¥), (X, y) € T x I,.
(1.13)

The functions (Fp ,(¥)) p=0.1,....ko in (1.13) are regularized versions of the func-
tions (Fp m(¥)) p=0.1,...,xo Suitably defined for a small parameter > 0 asin (4.1)
of the form

HFpatmW) + Fpn@)) = Fprt @) ¥ — Y pom)] < 1.
- [V — Ym(yYp,m)| = 2n and
FraW) = o) WV — Y@ er | > 20,

%(Fp-‘rl,m(W) + Fp,m(w')) = Fp-‘rl,r](‘p) [ — 1pm(Y{H—l,m” <,
(1.14)

with smooth connections in the remaining regions, so that they uniformly converge
in the limit n — O to the functions F), () in (1.8)—(1.9), see Proposition 4.1.

Ultimately, in Section 4 we will choose n = ,s% as in (4.22), where & denotes
the size of the perturbation ¢(x, y) in (1.11) and where S € N is the number of
derivatives that we have to control in (1.9).

The linearization of the equation in (1.12) around the equilibrium ¢ = 0 is
given by

{¥m, Awp} + {9, Y} = 0. (1.15)

By (1.5)—(1.6), a particular class of solutions of (1.15) on the domain D is given
by

(@ 30%0(X, ) = Lap(x,y), ¢, —1) =0k, 1) =0, (1.16)

where the self-adjoint Schrodinger operator Ly, defined in (1.5) with Dirichlet
boundary conditions on [—1, 1], is studied in Proposition 3.10,
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The linearized equation in (1.15)—(1.16) around the trivial equilibrium ¢ = 0
admits the family of space quasi-periodic solutions

KO
P(x,y) =Y Ajcos(hjm(E)X)¢jm(y), (1.17)
j=1

for some nonzero coefficients A; € R \ {0} with frequency vector
® = Om(E) = A m(E), ..., leg.m(E)) € R\ {0}. (1.18)

The analysis of the whole linearized systems at the equilibrium and the geometry of
the “spatial” phase space is postponed to Section 4. We will also prove in Proposition
5.7 that, for most values of E € [Eq, E»], with E; > (ko + }1)71, the vector @y, (E)
in (1.18) is Diophantine: namely, given v € (0, 1) and T > 1 sufficiently large,
there exists a Borel set

K=K@,7):={E€([ELE]:|onE)-£| >U ()", VL eZP\ {0},
(1.19)

such that Ey — E» — |K| = o(D). This ensures that the linear solutions in (1.17) are
quasi-periodic with non-resonant frequency vectors.

Equation (1.12) enjoys some symmetries. Since the shear equilibrium ¥y, (v)
is even in y € [—1, 1] and so are the eigenfunctions of the linear operator Ly,
in Proposition 3.10, we have that (1.12) is invariant with respect to the involution
¢(-, y) — @(-, —y). Moreover, Equation (1.12) is also invariant with respect to the
involution ¢ (X, y) — ¢(—X, —y): we refer to such solutions as space reversible,
or simply reversible. We conclude that we look for solutions

¢(Xx, y) € even(x)even(y). (1.20)

The function ¢(x, y) is searched in the Sobolev space H 5.3 as defined in 2.1).

The main result of this paper is the existence of a stream function of the form
(1.11), where the functions ¢(x, y) are small amplitude, reversible space quasi-
periodic solutions of the system (1.12) with frequency vector w € R0, bifurcating
from a solution (1.17) of the linearization around the trivial equilibria. Such solu-
tions are constructed for a fixed valued of the depth E € K in (1.19) and for most
values of an auxiliary parameter

A€ J.(E) :=[E — Ve, E+ Vel (1.21)

This new parameter is introduced to ensure that frequency vectors w € R0, close
to the unperturbed frequency vector @ (E) in (1.18), is non-resonant as well.

Theorem 1.1. (Spatial KAM for 2D Euler equations in a channel) Fix ko € N and
m > 1. FixalsoE € K as in (1.19) and & = (&1,...,8) € R’;OO. Then there exist
5 > 0, &9 > 0 such that the following hold:

(1) For any ¢ € (0, gg) there exists a Borel set G, = G.(E) C J.(E), withJ(E) as
in (1.21) and with density I at E when ¢ — 0, namely limgﬁo(Z\/E)_1 |G (B)| = 1;
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(2) There exists hy = ho(E) € Hg([—l, 1), el g3 S & he = even(y), such that,
for any A € G, Equation (1.12) has a space quasi-periodic solution of the form

KO
e (%, Y x=@n = he(B; y) + & Y /& cos(@; (B)x)¢j m (E; )
j=1
+re(X, Y)x=a@)x- (1.22)

where ¢, = ¢:(E, A; X, y) = even(x)even(y), re = r.(E,A;X,y) € H3 (see
Definition (2.1)), withlimg_, ¢ % =0,andw = (@) j=1,...xy € R, depending

on A and &, with |&(R) — dwm (E)| < Ci/e, with C > 0 independent of E and A.
Moreover for any ¢ € [0, 9], the stream function

Ve (x, ¥) = Ye (X, V) x=i@n = Ym () + @ (X, ¥) Ix=ia)y (1.23)

with ¢ (X, ¥) as in (1.22), defines a space quasi-periodic solution of the steady 2D
Euler equation (1.1) that is close to the Couette flow with estimates

1We = Veoulls.s S5 75 e Yeou(y) = 357 (1.24)

Let us make some remarks on the result.

(1) Structure of the stationary solutions. The stream functions (1.22)—(1.23) in
Theorem 1.1 are slight perturbations of the shear equilibrium Y, (y). The first term
of g (X, y) in (1.23) is the shear s, (y) and it comes from the forced modification in
(1.12) of the local nonlinearities F), w () into F, (). By Lemma 4.3 and (4.22),
it is small with n° = & and therefore vanishes in the limit ¢ — 0. The second term
of ¢ (X, y) in (1.23) retains the space quasi-periodicity of the linearized solutions
(1.17) with frequency vectors @ that are close to the unperturbed frequency vector
om (E) in (1.18). This term is constructed with a suitable Nash—Moser iterative
scheme in order to deal with the eigenfunctions (¢; m (E; ¥)) jen depending on the
parameter E, which is an issue not present in previous papers. Such solutions exist
for fixed values of the depth E € KC so that @&y, (E) is Diophantine and for most
values of the auxiliary parameter A € J;(E) so that @ = @&(A, ¢) is non-resonant as
well. We refer to Section 1.2 “A Nash—Moser scheme of hypothetical conjugation
with the auxiliary parameter” for an extensive discussion.

(2) From quasi-periodic stationary to quasi-periodic traveling. By changing the
frame reference x — x —ct with an arbitrary speed ¢ € R, we deduce the existence
of quasi-periodic traveling solutions, according to [8], of the form

wtr(ta-xv y) = Cy+w8(x _Cta y)
cy + VYm(y) + @ (P, Mlp=x—v=5(—cr), X, € T,

solving the Euler equations in vorticity formulation

(Qe)r + (Iﬂtr)y(Qtr)x - (wtr)x(gztr)y =0, Qu:=Avy.

We read these solutions also as quasi-periodic in time with time frequency vector
cw parallel to the space frequency vector @. It is of great interest to see whether
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there exist quasi-periodic solutions to the Euler equations both in time and in space,
but with non-collinear frequency vectors.

(3) Generalized Kelvin cat’s eyes, lack of damping and regularity thresholds. The
flow generated by the stream function (1.22)—(1.23) is a deformation of the near-
Couette shear flow (¥, (), 0) of the form

/ ’ ko ~ ’
<u<x,y)> _ (wm(y) O+hg(y>) +8.Zl /g( COS(@;X)¢j 1 (¥) ) +o(e).
iz

v(x, y) @ Sin(@;X)Pj,m (y)

(1.25)

We first observe that, since ¥ (y), h:(y) and the eigenfunctions ¢;  (y) are even
in y, the streamlines of the perturbed flows have a generalized cat’s eyes structure
near the stagnation line {y = 0} of the shear flow (¥, (y) + h.(y), 0), with saddle
and center points near the roots of the trigonometric equation Z'I“’: | VE@jDj.m(0)
sin(@;x) = 0. Possible other cat’s eyes-like streamlines may appear near the lines
{y = £ypm}, p = 1,..., ko, corresponding to the critical points for ¥y (y),
depending on further properties of the eigenfunctions (¢; m(y))j=1,...«, that we
do not investigate in this paper.

We also observe that, no matter the geometry of the streamlines, the velocity
field (1.25) has non-trivial vertical component that is quasi-periodic in x € R. The
presence of such quasi-periodic stationary solutions prevents damping phenomena
in the evolution of the dynamics for the Euler equations with quasi-periodic con-
ditions in x. Our result agrees with the analysis made for the periodic case in [38]
and their (vorticity) regularity threshold s < % Indeed in Theorem 3.4 we show

that ¥ () is close t0 Yeou(y) with /T in the H;-topology. At the same time,
arguing as in the proof of Theorem 3.4 with an easy computation that we omit

,,,,,

here, it is possible to show that the bound for the L?-norm of lﬂ,(f ) (y) diverges with
r~1/2. Therefore, a standard interpolation argument shows that we can construct
Ym (y) arbitrarily close to Yoy (y) in the Hyp -topology, with the (stream) regular-
ity p < % We remark that here only the regularity for the estimate (1.24) in the
vertical direction y is below such threshold, whereas the Sobolev regularity in the
horizontal direction x = @x has to be sufficiently large to compensate, during the
Nash—Moser iteration, the loss of derivatives coming from the small divisors and
the Diophantine conditions, see (2.10).

1.2. Strategy of the Proof

We look for stationary solutions of the Euler equation in vorticity-stream func-
tion formulation (1.1) as solutions of semilinear elliptic PDEs (1.13). The quasi-
periodic solutions in x of Theorem 1.1 are then searched via a Nash—-Moser implicit
function theorem on such elliptic equations, with initial guess given by the solutions
(1.17) of the linearized Euler equations at the shear equilibrium (1.15). The main
difficulties and novelties of our results can be summarized as follows:

e Each space quasi-periodic function ¢, (X, y) solve the nonlinear PDE (1.13)
with nonlinearities explicitly depending of the size ¢ of the solution;
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e The nonlinearity of the semilinear elliptic problem that we solve is actually an
"unknown" of the problem and it has to be constructed in such a way that one
has a near Couette, space quasi-periodic solution to the Euler equation (1.12);

e The nonlinearities have finite smoothness and their derivatives lose in size;

e The unperturbed frequencies of oscillations are only implicitly defined and their
non-degeneracy property relies on an asymptotic expansion for large values of
the parameter. It implies that the required non-resonance conditions are not
trivial to verify;

o The basis of eigenfunctions (¢ m(y)) jen of the operator Ly, in (1.5) is not the
standard exponential basis and depends explicitly on the parameter E.

‘We now illustrate the main steps to prove Theorem 1.1 and how we will overcome
the main difficulties.

The shear equilibrium v/, (y) close to Couette and its nonlinear ODE. The first
issue that we need to solve is to determine which nonlinear differential equation
is satisfied by ¥/, (v) and the regularity properties of the nonlinearity. Our starting
point is the linear ODE

Yl () = QMY (), (1.26)

where O, (y) is a prescribed analytic potential of the form (see also (3.1))

cosh(2)

cosh(1) )m + 1)71 + gm,S(%)), (1.27)

On(y) = Om(E, x5 y) = —2(((

that approaches the singular finite well potential Qo (y) := —sz(_l, 1 (%) in (1.3)
with estimates as in Lemma 3.2. There are some degrees of freedom in the choice
of the potential O, (y) that we will take advantage of in the construction of our
solutions.

First, the choice of the parameters E > (ko + ;1‘)71 and r € (0, 1) controls
both the numbers of negative eigenvalues of the Schrédinger operator Ly, :=
—8y2 + Om(y), via the constrain Er = (ko + %)n in (1.4), and their non-resonance
properties. These «( negative eigenvalues determine the frequencies of oscillations
in the horizontal direction for the solutions of the linearized system at the equilib-
rium, see (1.17)—(1.18). The non-degeneracy of the curve E — @y, (E), which is
needed to ensure Diophantine non-resonance conditions on the frequency vector
®m (E) and on its perturbations, is proved in Section 5. We remark that an extra
difficulty is due to the fact that these «¢ linear frequencies are proved initially to be
close to the « real roots of a transcendental equation, see (3.44) in Theorem 3.10.
This issue is overcome by proving asymptotic expansions of the latter roots, see
Lemma (5.3), and then by a perturbative argument.

Back to the second order ODE (1.26) for ¥/, (y), its odd solutions, roughly
speaking, behave as the affine Couette shear flow in the outer region |y| > r and
as oscillations of frequency E and amplitude E~2 in the inner region |y| < r. In
particular, the shear flow (¥, (y), 0) has 2k + 1 stagnation lines, including the
axis {y = 0} and with the remaining ones symmetric with respect to it. These
stagnation lines will be the boundaries of the stripes R x I, in (1.7), (1.10), where
(£Yp,m) p=0,1,... ko, denote the critical points of Yy (¥).
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The second-order nonlinear ODE satisfied by ¥, (y) is determined via the
Cauchy problem solved with a nonlinear vector field F(y) induced by Qmn(y),
see (1.8), and with initial datum F (¥, (0)) = 1/, (0). Because v (y) is not
monotone, the nonlinearity is constructed locally on each domain where ¥y, is
invertible. Therefore, morally speaking, the nonlinearity F (i) globally behaves
as a multi-valued function defined on the range domain Yy ([—1, 1]). We now
sketchily describe the general idea of the construction of the nonlinearity starting
around ¥, (0). Since ¥/, (v) odd, we can locally solve the initial value problem

(1.28)

Fi @) = O (), ¥ € ¥m((0, T,
Fom (Y (0)) = ¥74,(0).

The local solution of (1.28) extends until it meets the next critical point of Yy (),
namely on ¥ ([0, y1,m)), recalling that ¥/, (v1,m) = 0. To pass over this critical
point, we define a new Cauchy problem

Fl @) = 0u@Wa' W), ¥ € Ymlyim TD,
Fl,m(wm(YI,m)) = FO,m(Wm(Yl,m))

By (1.26), we deduce ¥ (v1,m) = 0. By this latter identity, it is possible to show
that Fo m (Ym(y)) and Fi m(¥m(y)) agree at y =y m with Cl-continuity. For the
purposes of the Nash-Moser nonlinear iteration, C!-regularity for the nonlinearity
is definitely not enough to deal with the loss of derivatives coming from the small
divisors. It is at this point that we use the extra degrees of freedom coming from
the potential O, (y): indeed, in (1.27) we can choose the corrector g, s to impose
arbitrarily finitely many vanishing conditions on the odd derivatives of O (y) at
Y = ¥Y1,m, and consequently on ¥, (y) by (1.26), which we use to ensure cs-
regularity of the nonlinearities F1 m and Fom at ¥ = ¥m(y) for an arbitrarily
fixed and large S € N. The main idea here is that the regularity is determined by
the "local evenness" of O (y) and ¥y, (v) around the critical point v, meaning
that we can write

S 2n) (25+1)
. Om (Yl,m) on m (Yl,m) 25+1 2(S+1)
Om(Yim +9) —Z—(M O+ s O ol

n=0

and similarly for ¥, (), see Lemma 3.6, so that we can invert ¥y, as a function
of 8% with inverse of finite regularity. The corrector 8m.s(z) will be a polynomial
functions, therefore analytic, that we use to control the local behaviour of O, (y)
also at the other critical points, without affecting the global shape of the potential.

This construction is then iterated when we reach the remaining finitely many
critical points yom < ... < Yigm < Yio+1,m = 1. All the technical details
are provided in Section 3: in particular, in Theorem 3.7 we show that there exist
CS*H(R) functions Fo,m (), ..., Fiy.m (%) such that

V() = Fpm(Wm() Yy eI, p=0,1, ..k, (1.29)

and with C5*!-continuity at ¥ = Y/ (y) as in (1.9).
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A forced elliptic PDE for the perturbation of the shear equilibrium. Now that
we have a good description of the shear equilibrium ¥, (y), we look for solutions
depending on x € R and ask what problems are solved by stream functions of the

form ¢ (x,y) = @(x, Wlx=wx = Ym(¥) + @(X, ¥)x=wx- The first naive attempt
would be to look for solutions of the nonlinear PDE

At (X,Y) = Fp (P (X, ), (X,y) €T XTI, p=0,1,...k

with the same nonlinearities F, 1 (1) as in (1.29) and insert the ansatz for I/Vf (x, y).
The equations for the perturbation ¢(x, y) would be, for (x,y) € T x I, p =
0,1, ..., o,

(@ 320 = Long — (FpmWm(Y) + @) — Fpm (Y () = 0,

with Ly, as in (1.5). This approach fails immediately because the continuity at
typ.m for Fp 1 m(Ym(y) + @(x,y)) and Fp m(¥m (¥) + @(X, y)) already does
not hold any more in general (unless we require ¢ (X, £y, m) = 0 for any x € T*0,
which is a too strong conditions, not even satisfied by the eigenfunctions of Ly,).
Recalling that our ultimate goal is to solve the Euler equation (1.1), the idea is to
slightly change the nonlinear functions F, w (¥) and “make enough room” in neigh-
bourhoods of the critical values ¥m (v p,m) to ensure enough smoothness of the new
nonlinearities when ¥ (x, y) is evaluated close to the stagnation lines {y = £y, m}.
In particular, for a small parameter n < 1, we will use the regularized nonlinear-
ity F (1) as in (1.14) instead of F, n (¥). With this (non-unique) choice of the
modified nonlinearities, we have that F), () = F,_1 () when v belongs to
the open neighbourhood B, (¥ (vp,m)), p = 1, ..., ko. The finite smooth conti-
nuity at the stagnation line {y = £y, m} between Fj,_1 (¥ (y) + ¢ (X, y)) and
Fp (Y (y) + @(x, y)) is then easily satisfied, as soon as the perturbation ¢(x, y)
is small enough.

The new question that arises now is to estimate how close the two nonlinearities
Fpm () and F, () (together with their derivatives) are with respect to the small
parameter n < 1. Generally speaking, one only gets uniformly convergence in
the limit n — 0 and the derivatives of F), (1) exploding when n — 0, due
to presence of shrinking cut-off functions. The good news here is that, thanks to
the "local evenness" that we were able to impose earlier on Q. (y) and ¥ ()
at the critical points £y, m, we can prove estimates (see Proposition 4.1), for
n=0,1,..,5S+1,

3
sup  sup  [FS)rm(3)) = FYW@raON] Sa n®F 27 (130)
ye[_lsl] PZO,l,.‘.,KO

We finally conclude that the equation for the perturbation ¢(x, y) that we are
going to solve is (1.12), which implies, by (1.8), that A(Ym(y) + ¢(X,y)) =
Fpm(Wm(y) +@(x, y)) and that ¥y (¥) + (X, y) is a solutions of Euler equation
(1.1). We point out that, by expanding

FpyWm() + 9%, ¥) = Fpm@m() = Fp o (Y (09X, y)
= Fpy(Ym () = Fp.mWm(y)
+ (Fpy(m)) = Fp o (UmO)) (X, ) + 3 F) (Y (097 (X, ¥) + ..
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the equation for ¢ in (1.12) contains the forcing term F, ; (Vm (¥)) — Fp m (Ym (1))
and a correction at the linear level (FI’,’,](l//m(y)) — Fl’,,m(t/fm(y)))go(x, y). By
(1.30), both of them are actually arbitrarily small with respect to (powers of) 7,
therefore they will be treated as perturbative terms in the Nash—Moser nonlinear
iteration. In particular, by a small shifting of the unknown ¢(x, y) with the x-
independent function £, (y) in Lemma 4.3, it is possible to remove the forcing term
and include its contribution directly into the nonlinearity.

A Nash-Moser scheme of hypothetical conjugation with the auxiliary param-
eter. Finally, the construction of the quasi-periodic solutions in spatial variable x,
treated here as a temporal one, follows in the same approach of other KAM papers
in fluid dynamics, see for instance [2,8,9,12]. The main points are the splitting of
the phase space (here "spatial phase space") into tangential and normal invariant
subspaces, the introduction of action-angle coordinates on the tangential subspace
and the definition of the nonlinear functional to implement the Nash—-Moser itera-
tion. The solutions are searched as embeddings i : TC — T*0 x R0 x X in the
phase space of the form x — i(x) = (6(x), I (x), z(x)), where X’ f is the restric-
tion of the functional space H*3> x H*! to the normal subspace. The embedding
is searched as the zero of the nonlinear functional

F(G) :=w- 0xi(x) — Xn, (i(x)), (1.31)

where H, is the Hamiltonian in action-angle coordinate (see also (4.38))

He(0,1,2) = dm(E) - 1 + (2, (—gm 1?1>)Lz +VEP.(AGB, 1,2)), (1.32)

with @y, (E) as in (1.18), P, a perturbative contribution from the nonlinear terms
and A(6, I, z) the action-angle map as in (4.33). The frequency vector v € R0
becomes a parameter to determine in order to get a solutions of F(i) = 0. Here a
significant difficulty that was not present in previous works appears.

We first recall the strategy used in the previous works. In the spirit of analysis
of Hamiltonian dynamics of Herman—Féjoz [23], one usually relaxes the problem
by introducing a counterterm « € R*° and modifying the Hamiltonian H in (1.32)
as

Ha=a - 1+3( (75 5)) 0 + VEP(A®. 1.2).

The counterterm o becomes an unknown of the problem together with the embed-
ding i (x) and one searches for solutions of

F(i.0) =F.E ei.0) =0 di(x) - Xz ((x)=0. (133

One then obtains a solution (i, @) (w, E, €), defined for all parameters (w, E) €
R x [Ej, E2], such that (1.33) is solved whenever the parameters satisfy the
Diophantine non-resonance condition

lw- €] > v (€)™ VZK\ {0} (1.34)

The original equation F(io,) = 0 is then solved if ooy = doo(@, E, &) = &Om(E)
and, since oo (-, E, €) is expected to be invertible for any fixed E, this should fix
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o = o(E, &) = ozgol (0Om(E), E, €). To ensure that @ = @(E) satisfies the non-
resonance condition (1.34), we need to control a finite number of derivatives in
the parameter E € [E1, Ez]. However, the basis of eigenfunctions ¢; 1 (y) of the
operator Ly, in (1.5) is not the standard exponential basis and depends explicitly on
the parameter E, with the consequence that also the Sobolev phase spaces X'} vary
with respect to the parameter. We do not have a clear and explicit control on the
variations of the eigenfunctions with respect to the parameter E, as well as of the
local nonlinearities. This may be a potential source of divergences in the estimates
that may prevent the imposition of the non-resonance conditions.

We apply here a new strategy. We solve (1.31)—(1.32) for a fixed value of the
depth E € (Ej, Ez) such that @ (E) is a Diophantine non-resonant frequency
vector. We will prove in Proposition 5.7 that this property holds for most values
of E in any compact interval [Ej, Ez]. For any ¢ > 0, we introduce an auxiliary
parameter

A€ J:(B) :=[E— Ve, E+ Vel
so that @y, (2) is close to the unperturbed frequency vector @y, (E) with estimates
|0} (Om (B) — dm(@®))| S Ve, ¥neNy, YA€ J.(E). (1.35)

We remark that the properties of non-degeneracy and transversality for the vector
@m (E) (see Theorem 5.5 and Proposition 5.6) hold also for @y, (A) and its per-
turbations on the whole interval [Ej, E2] with constants that are independent of
& > 0. By adding and subtracting the term &m (&) - I in (1.32), we now introduce
the counterterm o € R“0 and we consider the modified Hamiltonian

Hea =01+ 5(z. (_gml(<)1>)L2

(1.36)
+Ve(P(A@, I,2) + \/Lg(i)m(E) — (@) - 1).

The great advantage of this procedure is that the modified Hamiltonian H, o directly
depends on the new parameter A only through the correction term (E)m (E)—m (A)) .
I, which is perturbative because of the estimates (1.35). As before, the counterterm
o becomes an unknown of the problem together with the embedding i (x) and we
search for solutions of

Fli,a) = F(o,A B, & i,a) = - di(x) — Xpq,,((x) =0. (1.37)

We stress once more that the nonlinear functional in (1.37) still depends on E,
but its value is fixed during the Nash—Moser estimate and we are not interest in
how the solutions vary with respect to it. The Nash—-Moser scheme is not affected
by this modification and we will obtain a solution (i, @) (w, A, €), defined for
all parameters (w,A) € R x J.(E), such that (1.37) is solved whenever the
parameters satisfy the Diophantine non-resonance condition (1.34). The modified
Hamiltonian H; ., in (1.36) will therefore coincide again with H, in (1.32), and
consequently the original equation F(i») = 0 in (1.31) will be solved, if «so =
Qoo(®, B, €) = Om(B). Since oo (-, A, €) will be invertible for any fixed A, this will
fixw =, &) = ozo_ol (O (D), A, ). It will finally be possible to prove that the
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perturbed frequency vector @ (A, ¢) is Diophantine for most values of A € J,(E):
we will prove this in Theorem 6.1. We remark that the Diophantine conditions for
@(A:; ) will be weaker than the ones for &, (E).

Among the reasons why our modified scheme actually works, we identified the
following factors that certainly help the convergence to our result: Equation (1.12)
for ¢ at the end of the day is semilinear, so there is no need to perform any regular-
ization of the linearized vector field; the linearized operator in the normal direction
is directly invertible without any reducibility to a diagonal operator and, therefore,
no Melnikov non-resonance conditions are needed; the only non-resonance condi-
tions that appear are the Diophantine conditions on the frequency vectors when we
invert the operator w- dx on functions with zero average in x € T*0. We surely find of
great interest to see if our strategy still works or can be further improved when these
cases are not met and still we have a parament-dependent basis of eigenfunctions.
A final comment on the parameters and their interdependences. The construc-
tion of the space quasi-periodic stream functions in Theorem 1.1 requires several
parameters that we have to tune and match appropriately throughout the entire
paper. For sake of clarity, we list all of them:

e ko € Nis the number of frequencies of oscillations and ultimately the dimen-
sion of the quasi-periodicity. It is fixed once for all at the very beginning;

o E € [Ef, E2], E1 > (ko + }‘)n, and r € (0, 1) parametrize the potential
Om(y) in (1.3), (1.27), affecting its depth and its width, respectively. They are
related by the constraint (1.4). The threshold E; will be chosen sufficiently large in
Section 5, depending only on «p. The parameter r will measure the proximity to
the Couette flow, see Proposition 3.4;

A € J.(E) := [E — /¢, E + /€] is the auxiliary parameter close to a fixed
value of E € (Ef, Ep) with 4/¢, where ¢ € (0, &) is the size of the perturbation
@e in (1.23). This parameter will be used to prove non-resonance condition for the
final frequency of oscillations;

em > m > 1 is alarge parameter measuring how close the analytic potential
Om(y) in (1.27) is to the singular well potential in (1.3). The threshold m will be
chosen sufficiently large, depending on E, r and k. Once this large threshold is
determined, the value m can be arbitrarily fixed once for all.

e S € Nis large, but finite, regularity that we impose on the local nonlinearities
in (1.12). Its value is ultimately fixed when we estimate the Nash—-Moser iterations
in Section 8 and it will depend only on « and the loss of derivatives coming from
the Diophantine conditions in (2.10);

e 1 € [0, 7], with 7 < 1, is a small parameter parametrizing the modification
of the local nonlinearities around the critical values ¥ (yp,m), p = 1, .., ko. The
threshold 77 will depend on m and S, once the value of m > m is fixed. Ultimately,
the value of 7 is linked to the size ¢ of the quasi-periodic perturbation ¢, in (1.23)
by (4.22).

Outline of the paper. The rest of the paper is organized as follows. In Section
2, we recall the functional setting and the basic lemmata that we will use in the
following. Section 3 is devoted to the analysis of the shear equilibrium vy, (y). In
particular, we estimate the proximity to the Couette flow in Proposition 3.4, we
determine the local nonlinearities for the second order ODE satisfied by the stream
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function ¥, (y) in Theorem 3.7 and we analyse the spectral properties of the linear
operator Ly, = —33 + Qm(y) in Proposition 3.10. In Section 4 we set the partial
differential equation that we will solve, its Hamiltonian formulation with the action-
angle variables and the nonlinear functional map for the Nash—-Moser Theorem 4.5.
In Section 5 we prove the non-degeneracy and the transversality properties for the
negative eigenvalues of the operator Ly, that are needed to impose Diophantine
non-resonance conditions on them, together with the measure estimates for the final
frequencies in Theorem 6.1 of Section 6. In Section 7 we study the approximate
inverse of the linearized vector field at any approximate solution of the Nash—
Moser nonlinear iteration. We conclude with Section 8 with the Proof of Theorem
4.5, which directly implies the validity of Theorem 1.1.

2. Functional Setting

In this paper we consider functions in the following Sobolev space
HSP := H*(T*, H) (-1, 1]))
— _ itx 2 ._ 2s 2
= |u(x, V) =D weme ™y, = Y0 (0> el ) < oo},

LeZr0 LeZr0
2.1

where (£) := max{1, |£|} and, recalling (1.20),
HY (=111 :=={u(y) € H*([—=1,1]) : u(=1) =u(1) =0, u(—y) = u(y) }.

Fors > %0 + 1, p > 1, we have that H** C C(T*® x [—1, 1]) and that H" is an
algebra.
Whitney—Sobolev functions. We consider families of Sobolev functions

A= (0,8~ ud) =u(r;x,y) € H*?,

which are ko-times differentiable in the sense of Whitney with respect to the pa-
rameter A = (w,2) € F C Rt where F ¢ R¥! jg a closed set. We refer
to Definition 2.1 in [2], for the definition of Whitney—Sobolev functions. Given
v € (0, 1), by the Whitney extension theorem (for example Theorem B.2, [2]), we
have the equivalence

ko,v
Hall ey e~k D g V' N5 Erttl oo, prs-iei, (2.2)
X

where Eu denotes an extension of i to all the parameter space R“0+!. For simplicity,
we denote || ||]s{f’;’)F = ||§?,3U, we use the right hand side of (2.2) as definition of the
norm itself, we denote &u by u and we still denote the function spaces by H*.
In particular, we shall deal with functions with Sobolev regularity s > 59, where

the threshold regularity sq is chosen as

5o := so(ko, ko) := L%OJ + 14+ kp € N. 2.3)
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Lemma 2.1. (i) Forall s > so, p > 1 and any u,v € H*”,

luv )8V < C s, ko) Il 1015 Y + C(so, ko) ulli Y w50, (24)

(ii) Lets > so, a € H*', u € H*Y. Then au € H*° and

kov ko,v ko,v

k
laullsy™ <s lallgy lullso 4

]| 00 (2.5)

+ llal s

Similarly ifa € H*(T*°) and u € H*?, then au € H*" and

laullG” <5 Nlalkov X% + llalfov )20y (2.6)
Proof. PROOF OF (7). For parameter independent Sobolev functions, that is kg = 0,
the tame estimates (2.4) follows from standard tame estimates arguments, using the
algebra property for functions in Héo ([—1,1]) for p > 1,see Lemma2.9in [11]. In
general, the tame estimates (2.4) follows as in [3, 12] with respect to the definition
of the weighted norm in (2.2) and the choice of s in (2.3) (here, as in [3,9], the
norm of d%u, |a| < ko, is estimated in H3~lelr whereas in [2,8,12] is estimated
justin H?®).
Proor oF (ii). To simplify notations, we write || - ||5,, instead of || -
expanding a and u in Fourier series with respect to x € T, we have a(x, y) =
D ez e (et and u(x, y) = D ez Ue (y)elt™, implying that

(KA

ax, y)u(x,y) = Z aefz/(y)ug/(y)e“f'x,
£,0'eZxo

Therefore

2
laulZo < D@2 ( D2 Nae-euelzz) @7

LeZk o ez o

Using the embedding HOI([—I, 1D c L=®°(-1,1], | - ll o <|- ||H‘;, we have
that, for any £, £’ € Z*0, (

||azz-e’uzz'||L§, S llae—eliegelluellzz S lae—ell g ||Mzz'||L§.~

Therefore, the inequality (2.7) leads to

2
laull}o < Y WS( Y llaeeln ||um|L;) ST+ 1o,

LeZr0 U €7¥0

= Y (X - el lurlss)

LeZro  'ezro

=3 (X @rla- e’llyllluz’lle)z

LeZro  'eZro
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where we have used the trivial fact (£)* <; (€/)* + (£ — E ), for any £, £ € 70,
By multiplying and dividing by (¢)*, using that >, (¢’ 250 < 400 and by the
Cauchy-Schwartz inequality, we estimate the term 7; W1th

7\ 25 2
S D D =P lare iy (€ Nueli,

LeZX0 ¢/ eZk0

2 2 25 2
S D P huelizy Yo (€= laeelyy < lalld il o

' eZxo LeZko

By similar arguments, one can show that 7, < llall? . 1||u||f o Which implies the

~

claimed interpolation estimate for ||au|s,0. In order to estimate |au ||1;06U one has
to estimate for any o € N0 with |a| < ko,

102 @) lls—io10 S Y. 102 @)@ ls—ja.0

altar=u

and every term of the latter sum is estimated as above.
The estimate (2.6) is proved similarly to (2.5) (it is actually easier since a does not
depend on y). O

For any K > 0, we define the smoothing projections

u(x,y) =Y ur(e™ > Mgux, y) =Y u(y)e'™, Mg :=1d - M.

LeZF0 leI<K
(2.8)
The following estimates hold for the smoothing operators defined in (2.8):
I gul¥00 < KO Qullfy . 0 <o <5, [Tgulr < K uliyy . o > 0.
(2.9)

We also recall the standard Moser tame estimate for the nonlinear composition
operator

u(x,y) = fw)(x,y) = f(x,y, u(x, y)).

For the purposes of this paper, we state this result in the case of finite regularity of
the nonlinear function.

Lemma 2.2. (Composition operator) Let s > so, p € N. Then there exists 0 =
o (p) > 0 such that for any f € CST°(T* x [—1,1] x R, R), ifu(r) € H>? isa
family of Sobolev functions satisfying ||u ||§8jz < 1, then

IE£@)15," < Cls, ko)l fllgs+o (1 + ullf,”).

If f(x,y,0) = 0, then [E@)IIs%" < C(s, ko) | f e+ lulls’’. Moreover if f €
C®°, then the same result holds for any s > sg.
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Proof. See for example Lemmata 2.14, 2.15 in [11] and Lemma 2.6 in [2]. The
proof relies on the multilinear Leibniz rule, on the Faa di Bruno formula, on the
tame estimates in (2.4) and on interpolation inequalities. O

Diophantine equation. If  is a Diophantine vector in DC (v, t), defined by
DC(v, T) = {w ER ;|- €] > v (0)T Ve e Z0\ {0}}, (2.10)

then the equation w - dxv = u, where u(x) has zero average with respect to x € T“0,
has the periodic solution

(- 00w = Y e,
iw- 4
LEZF0\ {0}
For F C DC(v, 7), one has
~1 ko, — ko,
@ 30~ ull,"s < Cloyo  Null, , g 1i=ko+ (ko + 1)

Reversible and reversibility preserving conditions. In the next sections we will
consider (spatial) reversible and reversibility maps in order to preserve the sym-
metry of the solutions (1.20). To do so, let S be the involution acting on the real
variables ¢ = (¢1, &) € R? defined by

() 1(=y)
S (Zz(y)> = (—Cz(—y)>' @1

In action-angle variables ¢ = (0, I, w) € TO x R0 x R2, which will be introduced
in (4.33), we consider the following involution

S:0,1,2) — (—6,1,87). (2.12)

Let x € T*0. A function ¢ (X, -) is called (spatial) reversible if S¢(x, ) =
¢(=x, -) and anti-reversible if =S¢ (X, -) = {(—X, -). The same definition holds
in action-angle variables (0, I, z) with the involution & in (2.11) replaced by S in
(2.12).

A x-dependent family of operators R(x), x € T*C, is reversible if R(—x) oS =
—SoR(x) forall x € T and it is reversibility preserving if R(—x) oS = SoR(x)
for all x € T*°. A reversibility preserving operator maps reversible, respectively
anti-reversible, functions into reversible, respectively anti-reversible, functions, see
Lemma 3.22 in [8]. We remark also that, if X is a reversible vector field, namely
X oS8 =-80X,and ¢(x, -) is a reversible function, then the linearized operator
d; X (¢(x, -)) is reversible, see for example Lemma 3.22 in [8].
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3. A Shear Equilibrium Close to Couette with Oscillations

The goal of this quite lengthy section is to construct and analyse the shear flow
(Y}, (¥), 0) with stream function Y, (y) that in an equilibrium configuration from
which we will bifurcate the space quasi-periodic solutions of the stationary Euler
equations. The properties of the stream function ¥, (y) are essentially dictated
by the analytic potential function O (y) in (3.1), which is suitably engineered to
meet regularity properties, smallness estimates and parameter dependences. First, in
Section 3.1 we show that the stream function ¥y, (y) is close to the Couette stream
function Yeou(y) = % y2 with respect to the H 3_norm, see Proposition 3.4 . In
Section 3.2 we prove Theorem 3.7, which states the existence of local nonlinearities
such that yry, () solves the second-order nonlinear ODE (3.37). We conclude in
Sect. 3.3 with the spectral analysis of the linear operator Ly, := 82 4+ Om(y) in
Proposition 3.10.

3.1. The Potential Qw(y) and the Proximity to the Couette Flow

We consider a shear flow (4, v) = (Y, (»),0) on R x [—1, 1], where ¥/, (y)
is the odd solution of the second-order ODE

Y 0) = OnOIW (), On() i= =& (hm(2) + gms(2)).  G.D
withr € (0, 1), E > 0, m, § € N and the function &, (z) given by
__ ((cosh(z)\m -1
B (2) = <<—cosh(1)> + 1) . 3.2)

The function gm(%) is a polynomial corrector which is chosen to satisfy the fol-
lowing property

Lemma 3.1. Let (vp m)meN, P = 1, ..., ko be arbitrary sequences in (0, r) con-
verging 10 yp oo = % Then, for any S € N and for m > 1 sufficiently large, there
exists a polynomial function gm s(z) even in z := % and of degree d(S, ko) € N
such that the analytic potential Qw(y) satisfies the following finitely many condi-
tions:

" Om(Eypm) =0 Vn=1,...S. p=1, ..k (3.3)

Moreover, for any n € Ny, the following estimate holds

sup. |a"gm s(HI Sn ZZ RGPy jm)l- (3:4)
yel-1, p=1k=1
Proof. We use a classical Hermite interpolation argument, also referred as La-
grangian interpolation with derivatives. Let §p,m = y‘;‘", p =1,...,k. We
search for a polynomial gy, s(z) of the form
. 2n—1) ;~ . ;
gms@ = Y. Fj@, with F VG =0 Vj #j (35
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Let j € {1, ..., £xo} be fixed. We construct F(z) as the linear combination

> @=Fim)* " ~
Fi(z) = Zaj,Zkflfj,Zkfl(Z), fiok-1(@) = ——————

fi@), (3.6)
P 2k — 1)!
where, for T > 1 arbitrarily large, we define
=~ ] Gc-%w* (3.7)
J=£L %
J A

The structure of (3.6)—(3.7) allows both to impose the condition in (3.5) and to
control later the estimates (3.4) by choosing T >> 1. We search now for the coeffi-
cients aj1,a; 3, ..., aj2s—1 so that the conditions in (3.3) are satisfied, which, by
(3.1) and (3.5), amounts to ask

2n—1) ,~ 1)~
FP" V@ jm) = cjon1 = =" VFjm). Yn=1,..S. (38

By differentiating (3.6) at each order 2n — 1, n = 1, ..., S, solving (3.8) amounts
to solving the linear system

1 1) ~
f(S)(YJ m) f]‘(ég)(Yj,m) f](325 I(Y] m) aj cjl
f( )( Yj, m) fj(3)(37/m) : f/(,zg_l(Yj,m) ajs . Cj3
25—1 285—1 285—1 . .
f( )(Yj,m) f< )(Yj,m) - f]( 25— 1)( Yjm) 4j.25-1 €j.25-1

The system above is lower triangular. Indeed, by (3.6) and (3.7), we have

2n—1) ~ s 2n-1
NG im) = [i@m) V=18 [ V@ m) =0 Yk=n

We solve directly the system (3.8) and we get

a Cj.l
il = =< """
G
1 k—1 3.9)
(2k—
ajok—1 = (C, 2%U—1 — Za] 2n— 1fJ o 11)(Yj,m)), k=2,..8.
f/(YJ m) el

We finally show the estimates in (3.4). By (3.5)—(3.8), taking 7 > % > 1 suffi-
ciently large, the estimates for the coefficients in (3.9) can be made arbitrarily small
and we have, for any n € Ny,

S ko S
sup |a"gms(z>|522|cipzk =) 1"V Fjml.
k=1

ze[-1.1] p=1 p=1k=1

This concludes the proof of the claim. O
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The potential function O (y) = Om(E, r; y) is analytic in all its entries and,
in the limit m — o0, it approaches the singular potential

0 |y| > r,
On(¥) = OB i) =1 , (3.10)
—E [yl < r.
Lemma 3.2. (Estimates for Qv (y)) We have
sup [|Qumllzoeq—1,1) S 1 Qosllizooq-1,1) S E%. (3.11)

m>>1

Moreover, for any fixed y > 0 sufficiently small, we have, for some constant C > 1
and for any n € Ny,

m m _m
sup [0} (Om () = QeI S EC" | 4 ) oy [T,
VB By (o) j=1

(3.12)

As a consequence, as m — 00, we have that |3y (Qm(y) — Qoo (¥))| — 0 for any
n € Ny, uniformly iny € R\ (B, (r)U By, (—x)), and || Qm — Oollzr(-1,1) — O
forany p € [1, 00).

Proof. Recalling (3.1), (3.2) and (3.10), we write

On() = —E*0m(2), Qo(y) = —E*Qco(), where
0 |z] > 1, (3.13)

Om(2) = hm(@) + gms@), Ow(z) =
1 |zl < 1.

We start by proving (3.12). First, by the estimate (3.4) in Lemma 3.1 and the
fact that |y, m| < r forany p =1, ..., ko, we note that, for any y > 0 sufficiently
small,

N

sup gD < Y sup [REED(L)] VaeNy.  (3.14)
yel-1.1] k=1 VIST=Y

It implies that gm(%) and its derivatives are bounded on [—1, 1] by finitely many
derivatives of hy(£) on [—r + y,r — y]. Also, because gm,s is a polynomial,
its derivatives of order n will identically vanish for any n € N large enough. By
(3.13), we estimate

A (YY _ A (Y
yesll;lPIJ |Qm (r) QOO (r)| S Ji+ 92, (3-15)
y¢By (r)UBy (1)
where
J1 = sup |h(m")(%) - ég@(%)i, Jo = sup |gr(:)5(%)|

yel-1,1] vel-11]
Y¢By (r)UBy (1) y¢By (r)UBy (—r)
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(3.16)

By direct computations on the derivatives of &1, (z) in (3.4) , we obtain the estimate,
for some constant C > 1,

ha-y)\™ m
@ - 0@ < e mar | (55557 ) - (5655) | )
< C'm"e”3, Viz| ¢ By(1);

here we used the following estimates

" b O g 17
(f +Drt VAR B B
cosh(1l — y)’ cosh(1) <o Vo< v <1,
cosh(1) cosh(l + y)
We deduce that
~ m' m
J < C"—e2?, (3.18)
rn
On the other hand, by (3.14) and (3.17), we estimate J, by
S m —1
<Y sup [pZV(L) - 0 D(2)] < Z foei LS
k=1 lylSr—y

(3.19)

Therefore, by (3.13), (3.15), (3.16), (3.18), (3.19), we conclude that the estimate
(3.12) holds for any n € Ny, with C := Cc25-1,
We now prove (3.11). We have that

K (2) = —m((%)m + 1)_2<%Eg;>mtanh(z) <0 Vz>0,

I (0) = ((%)m + 1)_1 <1

Itimplies that | || Lo ®) < 10c0llz®) = 1. Theestimate [|gm,s ()l o[- 1,1 <
||Qoo(r)||Loc [—1,1] follows by (3.14) with n = 0 and (3.17) for |z| 1 —y.
Therefore, together with (3.13), we deduce (3.11).

The claim for the L”-convergence follows by the pointwise convergence of
Om(y) to Qoo(y) for any y € [—1, 1]\ {£xr}, the estimate ||Qmllreq-1.1) S
| QcollLooq-1,1) < E” uniformly in m 3> 1 and the integrability of Qo in the
compact interval [—1, 1]. O

)

Among all the possible solutions of (3.1), we look for those that are odd on
R and satisfy the “Couette condition” ¥, (y) ~ y as |y| — oo. In particular, we
prove that there exists a solution that, on compact sets excluding the singular points
y = =% of the potential O~ (y) in (3.10), approaches uniformly, as m — oo,

y—Asgn(y) y€ Kot CCR\[~1, 1],

1poo(y) = B sm(Ey) y € Kin CC (—r, 1),

(3.20)
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Because we are not asking for the continuity of ¥/, (y) around y = +r, the
constants A, B € R are actually free and independent one from the other: we
fix them in (3.24), in order to prove Proposition 3.4. First, we prove the uniform
limit for the stream function ¥, (y) approaching ¥, (y) in (3.20) together with its
derivatives on compact sets excluding y = +r.

Lemma 3.3. Forany T > 1, y € (0, %) and n € Ny, we have

sup |3y (Ym(y) + %cos(Ey))l —-0 as m— oo,
IyISr—y

sup [0 (Ym(y) — 5y — Asgn())H)| > 0 as m — oo.
[ylelr+y,T]

(3.21)

Proof. We start with the first limit in (3.21), with |y| < r — y. Once the claim
is proved for n > 1, then the claim for n = 0 follows by integration. Thus,
we start to prove the claim for n = 1,2. We write the second order equations
u”(y) = Qm()u(y) and u”(y) = Qoo(y)u(y) as first order systems, namely

P'(y) = An(MP(), P'(¥) = Ac(NP(),

(u 0 [0 1) 62
?= (u) Am() = (Qm<y> 0)’ Acoy) := (Qoo@) 0)'

Let ®m(y) i= (WL, ¥4 (), Pooin(y) := (Bsin(Ey), BEcos(Ey)) (recall
(3.1)-(3.20)) and Fry := P (y) — Poo,in(y). We have
Fi() = @ () — P in(3) = Amn ()P (1) — Aoc (1) Poo,in (1)
= An()Fn ) + (An() = Aso(3)) Poo,in(¥),

implying that 7, solves the Cauchy problem

‘7:1/11()’) =An(MFu) + Ru(y), Fm(0) = Py (0) — Cboo,in(o)v
where R (¥) := (Am(y) — Ase (1)) Poc,in(¥)-

Note that, by (3.1), (3.10), (3.20) and the oddness of ¥ (v), we get ¥/ (y) +

m
BE?sin(Ey) — 0 asm — +oo. By integration, we deduce that F, (0) — 0 as

m — +o00. For |y| < r — y, one has that

y y
Fa(¥) = Fn(0) + / Am(Q)Fm(z)dz + / Rm(z)dz.
0 0

By the definitions of A, Ao in (3.22) and by Lemma 3.2, one has || Ay ||~ < E?
and

y r—=y
[ Re@e] < [ 14n@ - A4x@li®nnl dz
0 —r+y

S 1 ®ooiinllzoe By ) | @m — Qooll L1 (8, _, 0))-
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Therefore, for any |y| < r — y, one obtains the estimate
IFm O] < 1 Fm (O] + [ Poo,inllLoB.—, 0) | @m — QoollL1 (B, )

5 [
+E f | Fm ()| dz.
0
By Gronwall inequality, Lemma 3.2 and 7, (0) — 0 as m — 0, we get

2
sup | Fm)] < €& ET(|Fn(0)] + EX[Qm — Qooll1) — 0 as m — 0,
yI<r—y

(3.23)

which proves the first claim in (3.21) for n = 1,2. For n > 3, using the same
previous notations, we have that, for any £ € N, ]-"gf) (y) solves iteratively the
Cauchy problem

FOYD) = AnWFLG) + Rne(). FLO) = 00 0) — 0, (0),
where R e(y) i= A MFL V) + Ry 1), FRG) == Fu(y).

Then, the similar conclusion in (3.23) holds with the same arguments of before.
Finally, when r 4+ y < |y| < T, the second claim in (3.21) is proved with the
same scheme as before, replacing ® s in (y) With ®oo out (¥) := (y — Asgn(y), 1),

setting as initial dataf,gf)(r—l-y) = féf)(—(r—i—y)) = <I>,(ﬁ)(y+r)—d>é€)’out(r+y)
for any £ € Ny and having [[Am|lLo®\B, 1, 0) < E2e™™ by Lemma 3.2. We

therefore omit further details. O

We can now prove the proximity result for the shear flow (¥, (y), 0) to the
Couette flow (y, 0) in the Sobolev regularity H' (in vorticity space). The main tool
is the approximation Lemma 3.3. To this end, we fix, independently of m >> 1, the
constants

1 1 (1.4) 1
A=r——, B:= = . , (3.24)
E2 E2 cos(Er) EZsin(Er)
and the small radius y < r
y=y@=r" (3.25)

Proposition 3.4. (Proximity to the Couette flow) There exists m = m(r) being
> 1 large enough such that, for m > m, there exists a stream function Yy (y), with
being .. () the odd solution of (3.1), that is close to the stream function of the
Couette flow Yeou(y) 1= % y2 in the H3-norm, with the estimate

lYrm — 1//cou||1—J{3[—1,1] 5 \/;
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Proof. By interpolation for Sobolev norms, it is enough to prove estimates for
1¥m — YeoullL2(—1,1) and for ||¢1/1/{||L2[—1,1]- We start with the estimate for ¥, —
Yeou- By parity of the integrand, we split

1
2 2
||wm—wcou||iz[_1.1]=2/ [Ym() = 377 dy+2/B ( )!wmm—%yzl dy
: r+y r

Y

r—y
2
12 A W) — 12P dy = Toou + Toy + Toin. (3.26)

On the compact intervals [r + y, 1] and [0, r — y ], we use the approximations in
Lemma 3.3. In particular, by (3.24), (1.4), for any m > m, withm > 1 sufficiently
large, we estimate that

1 1
$1o.0u < / W) — 3 = Asgn(y)|* dy +/ 11— Asgn())? — 12 dy
r+y r+y

1 1

2 2

=/ [Vm () — 2(y — Asgn(y))| dy+A2f Iyl — A|"dy
r+y r+y

1
< / [¥m() — L — Asgn(y) [ dy + A2(1 = 1421 = (= +»))
r+y

1
< f W) — Ly — Asgno)| dy + A2 <242 < 2 (3.27)
r+y

r—y r—y
Uoin < / V() + £ cos(my)[Fdy + / |2 cos(Ey) + 192 dy
0 0
r—y
§f0 V() + £ cos(Ey)[Fdy + max(2, (e — )22(x - y)
r—y
S /(; [¥m (y) + gcos(Ey)‘2 dy 4+ (r — y)° <2r°. (3.28)

On the compact neighbourhood {||y|—r| < y}, the approximation with the singular
casem — oo fails. However, being Q m () uniformly bounded by E? forany m € N
(see Lemma 3.2), all the solutions of (3.1) are uniformly bounded with respect to
m € Non[—1, 1], as well as ¥, (v) by integration. Therefore, by (3.26) and (3.25),
we have the estimate

2
o,y < max {1 ¥mllees, o, (r + )2}y S 25 (3.29)

By (3.26), (3.27), (3.28), (3.29), (3.24), we conclude that || Ym — Veoull L2(_1.1] S T-

We move now to estimate the L2-norm of V(). Similarly as in (3.26), we

split

r—

1 Y
Wl <2 [ whoRa+2 [ wory 2 [ wiora
r+y

By (r

= I3,0ut + 13,1/ + I3,in' (330)

As before, we use the approximation Lemma 3.3 on the compact intervals [r 4y, 1]
and [0, r — y], with the same choice of the constants A, B as in (3.24) and for
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m > m, with a possibly larger m = m(xr) > 1:

r—y r—=y
T < / [y (y) + BE2sin(Ey)[>dy + B> E* / | sin(Ey)[* dy
0 0

< e iz B 2 2d B2 4o
S, Y (¥) + BE”sin(Ey)|“dy + BE"(xr — y)

r—y
< /0 W) + BE sinEy)Pdy + r < 27 (331)
1
s om = / WP dy < 2x. (332)
r+y

To estimate finally /3 ,,, we recall that ¥, () solves (3.1) and, as for (3.29), that it is
uniformly bounded with respect tom € N on the whole interval [—1, 1]. Therefore,
by (3.30), (3.25), (1.4) and Lemma 3.2, we get

1By = [, @uWP WPy SEY [ o) WP dy SEY S
(3.33)

By (3.30), (3.31), (3.32), (3.33), we conclude that ||v/]|;2(_1 1 < +/x. This con-

m
cludes the proof of the proposition. O

3.2. The Existence of the Local Nonlinearities

The goal of this section is to determine which nonlinear ODE is locally solved
by the stream function ¥y, (y), starting from the linear ODE (3.1). By Lemma 3.3,
in the limit m — o0, the stream function ¥, (y) converges locally on compact sets
excluding the singular values y = =£r to a limit function ¥, (y), given in (3.20),
solving locally the second-order semilinear ODE

y € Koyt CC R\ [—1, r],

" — Foo 00 =
Voo) = FoolooD =0 _a) 0 Lk e ().

(3.34)

We want to show that the even function yr, (¥) solves an ODE similar to (3.34)
but on the whole interval [—1, 1], including the neighbourhoods of the singularities
y = =£r, which are smoothed out thanks to the analyticity of the potential QO ()
in (3.1). Outside the neighbourhoods of these singular values, the nonlinearity is
expected to be a slight modification of the one in (3.34) and, morally speaking,
to behave locally as a single function and globally as multivalued function. The
construction of the local nonlinearities is carried out in Theorem 3.7. To this end,
we need a couple of preliminary results. First, as a corollary of Lemma 3.3, we
deduce monotonicity properties for the stream function ¥y, (v).

Lemma 3.5. There exists m = m(x) > 1, possibly larger than the one fixed in
Proposition 3.4, such that, for any m > m, the following hold:

(i) Y (|y|) is strictly monotone for |y| > v + y;
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(ii) Ym(|y|) is strictly monotone for |y| € By, (r);

(iii) Yo (y) has 2k + 1 critical points 0 = yom < | £yiml < ... <[ £ Yipml <
r — y and no saddle points when |y| < r — y. In particular, y, does not
vanish at these critical points.

Proof. PROOF OF (i). By Lemma 3.3 and (3.24), (3.25), we have, for any |y| >
r+vy,

[ =1y — Asgn(0)| = [ () — (v — Asgn(y))]

+ o = W) — (v — Asgn(y)| = 3 (¥ + =) > 0.

having m > m. This proves item (i) and ensures that v, (y) is invertible in this
region.

PROOF OF (ii). By parity, we prove just that Yy (y) is strictly monotone for
|y — r| < y. First, by Lemma 3.3 and (3.24), (3.25), (1.4), we have the pointwise
estimate, for m > m, with m > 1 large enough, and up to subsequences,

A\VARRA\V

Y (r —y) = Bsin(E(xr — ) + (Y1 (xr — ¥) — Bsin(E(r — y)))
1 (1 —Ey sin(E(r —y)) — sin(Er)) (

+ (Vi (x — ) = Bsin(E(x — y)))

7] sin(Er) “Ey
1 Ey , .

> (1- m) — [l —y) = Bsin(E(x — y)|
22(1—ny)>r >0

and, similarly,
Y —y) > (1 ~V2Ey)Zr>0 (3.35)

for r <« 0 small enough, since r ~ E and y = r>. Therefore, the claim that
Yo (y) > 0 for |y — x| < y follows if we show that ¥/, (y) > 0 in the same
interval. By the mean value Theorem, (3.1), (3.25), (1.4) and Lemma 3.2, we have,

foranyy e [r —y,r 4+ y],

[V () — Y (x = VI < 2¥ W lLoop-1.11
<2701 Qmllzosi— 1 l1¥ -1y S By S
Therefore, for r < 1, by (3.36), (3.35) we deduce

YL = Y —y) = [a() — Yl —y)| 2 r— 0 2> 0.

This concludes the proof of item (i7). '

ProoF oF (ii7).Under the constrain (1.4), letyj oo = % j=0,%1, ..., £xo be
the 2k + 1 zeroes of Y/, (y) := Bsin(Ey) in [—r, r], and therefore critical points
for Yoo(y) = £ = cos(Ey). It is also trivial, by (3.24), (1.4), that [Y[(vj.c0)l =

% > 0and that Y +i.00] = “&& < r. By Lemma 3.3 and (3.25), for m > m, with

m > 1 large enough, we have that Wi () has 2k + 1 zeroes on [—(x —y), r — 1,
denoted by v m for j = 0, £1, ..., &=m, each one sufficiently close to v; ~ and

(3.36)
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satisfying |y, (v )| = “2/—3 Moreover, by the parity of ¥, (y), we deduce that
yoom = Oandthaty_, m = —yp m forany p = 1, ..., k9. This proves the claim
in item (i77) and concludes the proof of the lemma. |

The following result follows from Lemma 3.1 and it is a key tool to for proving
the claimed regularity properties in Theorem 3.7:

Lemma 3.6. Let m > 1 be fixed as in Lemma 3.5. Let y » w be a critical point for
Y (y), for a stripe index p = 1, ..., ko. For m > m, the following holds

v Dy, m) =0, Von=1,..,5+1.
As a consequence, we have the expansion, for |§| small enough,

S+1 , (2n) (25+3)

Vapm +8 = Ym Opm) 20 Y " Wpm) ases | si205+2))
e = ! 2S+3)! '

Proof. The expansion is a direct consequence of Lemma 3.1 together with iterative

derivatives of (3.1). Indeed, by Lemma 3.1-(iii), we have ¥, (v p.m) = 0, whereas,

for n > 2, we have, by the Leibniz rule,
2(n—2)
_ _ 2(n —2) ‘ 3
v o =" Py = Y ( ; )QE#(W,&%” ).
Jj=0

The claim w,ﬁf”‘”(y,,,m) =0, forn =1, ..., 5 + 1, follows consequently by an

induction argument. O

We are now ready to prove the main result of this section. We introduce the
following notation for the left and the right neighbourhood of a given point, respec-
tively: for any r > 0, we define

B (y)={yeR:yey—ry), B :={eR:ye v+

For any S € N, we denote by Cg (R) the space of C5 functions f : R — R with
compact support. In order to state the next theorem, we also recall the definition of
theinterval I, = {y e R: yp m < [¥] < Yps1,m) givenin (1.7).

Theorem 3.7. (Local nonlinearities) Let S € N and let m > m, with m > 1 fixed
as in Proposition 3.4. For any p = 0, 1, ..., ko, there exists a nonlinear function
Fpme CgH(R), Y — Fp m (), such that Y (y) solves the nonlinear ODE

V() = Fpm(Wm(), y €I, (3.37)

In particular, the derivative of F), wm evaluated at = Yrm(y) satisfies, for any
yeR,

Oy Fpm) m(y) = Qm(y), Yp=0,1,.., k0. (3.38)

We have CST'-continuity at = Y (y) at the critical points y = typm P =
1, ..., ko, meaning that, foranyn =0, 1, ..., S + 1,
lim 3 (Fpotm(m()) = lim 3 (FpmWm()) = ¥ 2 (v p,m)-
|y|_)Yp,m |y|_>Yp,m

(3.39)
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Proof. Each function F), () is constructed on the interval of monotonicity for
the stream function Y, (y) by solving Cauchy problems that lead to (3.38). By
Lemma 3.6, the behaviour around the critical points £y m, ..., £Yi,,m both for
the stream function ¥, (¥) and the potential Q,(y) will determine the regularity
of the functions. The construction is carried out in several steps.

Step 1) Behaviour of v, (y) around the critical points. It is convenient to
rewrite both the stream function v, (v) and the potential Oy, (y) as quadratic func-
tions with finite regularity locally around each critical point of ¥y, (v).

We start with yo m = 0. Since both O (y) and ¥ (y) are even in y, we write

On) = Kom(3), ¥m) =Gom(3), |y <¥im:=ros

By Lemma 3.5-(iii) we have ¥/, (0) # 0 and |G} ., (y})| = |"’m‘V) | > 0 for any
y € Io. Therefore, Gom(z) is invertible for |z| < /Y1 m. In the same region,
because both O (y) and ¥ () are analytic and even, we have that Ko n (z) and
Go m(z) are in C*, as well as G(;,ln

We move now around |y| = Yp.m, P =1,..,k0—1. By Lemma 3.1, we deduce
that we can write, for ||y] — vpm| < £p+, Withr, 1+ == [Vpm — Yp£i,ml,

On(¥) = Kpm+((yl = vpm)?). Kpmzx €C (B 5z(0).
Similarly, by Lemma 3.6, we write, for ||y| — vy m| < Tp +,

Y = Gpm=((¥] = vpm)?), Gpmzx€CT(B570).

By Lemma 3.5-(ii7), we have

V(I =y m)
G - ‘u} 0 VyeT, o
| p.m ((|y| yp m) | 2(|y| Yp,m) > y p—1
(4 (|y| _Yp,m)
Gy (V] = vpm)?)| = 2“E|y|_—ypm)‘ >0 Yyel,,
hm Gp m, i((|y| yP»m)z) = %w&(Yp,m) #0.

|y|—>yp m

Therefore, G m,—(2) is invertible for |z| < /T, — and G p m, +(z) is invertible for

|z| < /Tp.+, with inverses G;}m’i being in C3*! in the respective regions.
Finally, we consider the critical points |y| = v, m. With the same previous
arguments, we have, for vi—1,m < || < Yig,m» With Ty — = Vig.m — Yio—1,m

On() = Kig.m.—((1¥] = Yig.m)?),  Kigx.— € C¥(B 5= (0)),
V() = Gegm,— (Y] = Viom)?)s  Qug . € CVFN(B g =(0)),

and, for vy m < |y| < I, withrg) 1+ 1= 1 — v, m.

On() = Kig.m+ (19 = Yig.m)?),  Kig.x.+ € C¥ (B jmor(0)),
Y () = Gegm,+ (Y] = Veom)?)s  Qug et € COFH(B g (0)).
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Also in this case, by Lemma 3.5, G, m,—(z) is invertible for |z| < VTro— and
Gr.m.+(2) is invertible for |z| < /T, 1, with inverses G;Ol,m,i being in C5*! in
the respective regions.

Step 2) Existence and smoothness of /', 1, (). We start with the stripe indexes
p =0,1,...,k0 — 1. We look for Fj m(y) of the form F), () = —Ezw +
Zpm(¥). Let 0 < yo < ro4+ and 0 < ¥, < min{r, ,r, 4}, p > 1, small
enough. First, we define Z, m () as the solution of the Cauchy problem

W Zpm+ W) = Kpm+(Gpin s W) +EL ¥ €¥m(B _,  (Vpm),
Zpm+Wapm) = Vi pm) + E*Vm(Ypm)-

Then, we define Z), (1) as the solution of the Cauchy problem

awzp,m,—(l//) = Kp+l,m,—(G;leLm’,(W)) + Ez’ W € Wm(Br_p.__yp (Yp+l,m))s
Zpm—Umpr1m) = Vo Vpitm) + E ¥m (Yp+i,m)-

By Step 1 and the boundedness of the vector fields following from Lemma 3.2,
both problems are well defined, with Z, m + € CS+1(I//m(B+ (y,,,m)))

Tp+—Vp+l
and Z, m,— € cS+1(wm(B;pH_f_yp(y,,H,m))). We claim that, when ¥ € ¥

(B e W) N (By L,y (ptm)s then Zpm (V) = Zpm,— ().

Indeed, using the respective 1nitial values, the two functions satisfy, for |y| €

+ —
Brp’Jr—yp_H (YP,m) N Br[H-l,—_VP (YP-‘:-I,m)s

@y Zp.m 1) Wm()) = Qum(¥) + E* = By Zp.m.— (Ym (M)

By uniqueness of the solution of the Cauchy problems, the claim follows. We denote
both solutions by Z, m (¥) when ¢ € Ym (B | (vp,m)) = ¥m(BZ | _(Yp+1m))

and we conclude that Z, € C5™! (Y (B (vp.m))), as well as for Fp m(¥) =

rpd»
B + Zpm(¥).
Finally, let p = «o. We define Fy, w () as the solution of the Cauchy problem

Wy Fepm (W) = Kigm +(Grglma + (W), ¥ € Y (B (Vig.m)),
Fxo,m(Wm(YKo,m)) = w&(YKo,m)-

By Step 1 and the boundedness of the vector field following from Lemma 3.2, the
problem is well defined, with Fy m € C5! (Ym (B | (vig.m)))-

Tro.+
Step 3) Global C5*!-continuity. By Whitney extension Theorem, we extend all
the functions F, (), p =0, 1, ..., ko, from their domains of definition to global
functions in Cg *1(R). For sake of simplicity in the notation, we keep denoting the
extensions by F), m (). Note that, by Step 1 and the construction of the Cauchy
problems in Step 2, forany p =0, 1, ...., ko and any y € I, we have

@y Fp,m) (Y (y)) = Qm(y)-

By the smoothness of O (y) and the choice of the initial values in the Cauchy
problems, we obtain that both (3.38) and (3.39) hold. This concludes the proof of
the theorem. O
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Remark 3.8. During the proof of Theorem 3.7, for p = 0, 1, ..., kg — 1 we con-
structed the nonlinearities Fp m(¥) = —Ezw + Zp m(¥) by defining Cauchy
problems for Z,, (1), whereas for p = «o we directly consider the Cauchy prob-
lem for F, m(¥). There is no conceptual difference between the two kinds of
constructions. The reason behind this choice is purely expository: we just wanted
to highlight that the nonlinearity F, (%) when p < ko is a perturbation of the
linear function —E21/. It is also possible to show that, when |y| > r + y, we have
Feom(Wm(y)) = 1 4+ Ziy m (¥m (y)) for some small function Z,, m (). Morally
speaking, the nonlinearities constructed in Theorem 3.7 are slight local modifica-
tions of the nonlinearity Foo(¥) in (3.34).

The following corollary of Theorem 3.7 and Lemmata 3.1, 3.6 will be used at
the beginning of Sect. 4:

Corollary 3.9. For anyn = 1, ..., S and for any p = 1, ..., ko, we have
0y Fpm) Wrm () = Oy Fp—1,m) WYrm () = B (y), (3.40)

where the function *B3,,(v) is independent of the strip index p. Moreover, there exists
8 = 8(p, m) > 0 small enough such that, for any § € (0, 8), the function B, (y)
satisfies the expansions

(n) (n)

—n
_ Por ook Pa(s—n)+1 2S—n)+1 2(S—n+1)
‘J3n(yp,m+8)—k§0 (2k)!8 + (2(S—n)+1)!5 + o(|6] ).

(3.41)

Proof. We argue by induction. For n = 1, we have that (3.40) and (3.41) hold true
by (3.38) and Lemma 3.1, setting Po(y) := Om(y). We now assume by induction
that the claim holds for a fixed n € {1, .., S — 1} and we show it for n + 1. By
differentiating (3.38) iteratively in y, we have

n+1 1 n
@ Fpm) W () = —=——08y((8, Fp,m) W (), (3.42)
V()
with a similar formula for F,_1 ;. By the induction assumption, (81’; Fpm)(Wm(y))
and (8{; Fp—1,m)(¥m(y)) satisfy (3.40) at the step n. This proves (3.40) at the step
n + 1, with B, 1(y) given by the right hand side of (3.42). Moreover, by the
induction assumption, the expansion in (3.41) holds at the step n and we compute

3y (0 Fp.m) Wrm () = 9y P ()

S—n
(’1)
IJ2 O —vpm + Z k- 1)'()’ Yp, m)zk !
k=2
(n)
p n — _
+ (22((:; ,Sr)lv - Yp,m)z(s " +o(ly — Yp,m|2(s n)+])
S—n—1

(n) ~(n)
P Py 2k
= % - Yp,m)<1 + E (221()1 (y - Yp,m)
k=1
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() (n)

Pa(s—n)—1 2(S—n)—1 2(S—n) ~n) . 2P
+ 26—n)—D! (y - Yp,m) + 0(|y - Yp,m| ) ), Pj = (j+1/)p;"> .

(3.43)

By Lemma 3.6, a similar computation leads to

l

N
) = ey, ) (143 B 6 = vy ™
k=1

U251 25+1 2(5+1 = 29 wpm)
+ BEH G = v+ olly = vpaPSD)), T = S

By Lemma 3.5-(iii), we get that v, (y) is invertible for y sufficiently close to
Yp.m> With (w{n)’l having a similar expansion as above, with different coefficients
provided by the Neumann series. Combining such expansion in (3.42) together with
(3.43), the claim in (3.41) holds at the step n 4 1. This concludes the proof. |

3.3. Spectral Analysis of the Linear Operator

We now want to study the spectrum of the operator L, := —Byz + Om(y). We
shall emphasize that this linear operator depends on the parameter E € [E, E2],
with 1 < E| < Ejp, hence we often write L, = L (E) and O () = Om(E; y).
We shall prove that £, (E) has a finite number of negative eigenvalues, which we
will use them in Sect. 5 in order to impose some Diophantine conditions by cutting
away some resonance zones in the parameter space [Ej, Ez]. Such a property will
be inferred from the limit operator Loo = Lo (E).

Proposition 3.10. The Schridinger operator Ly, := —85 4+ Om(y), with Qm(y)
as in (3.1), is self-adjoint in L%([—l, 1]) on the domain

D(Lw) :={¢ € Hy([—1,1]) : ¢(») = (=)},

with a countable L*-basis of eigenfunctions (¢jm(y))jen C C*®[—1,1] cor-
responding to the eigenvalues (it j m)jen. Moreover, under the constraint (1.4),
with respect to the order (L1 m < Mom < ... < [jm < ..., there exists m =
m(E1, Ep, ko) > 1, possibly larger than the threshold in Proposition 3.4, such
that, for any m > m, the first ko eigenvalues are strictly negative and larger than
—E2, whereas all the others are strictly positive; we write

—/\i,m € (—E2,0) j=1,.., Ko,
A2 >0 j =Ko+ 1.

J,m

Hjm =

In particular, for any j = 1, ..., ko, we have that A w is close to X ~, with the
latter being the j-th root out of ky of the transcendental equation in the region
A€ (0,E)

F(A) := rcos (rv'E2 — 22) coth((1 — r)A) — VE? — A% sin (rv'E? — A2) = 0.

(3.44)
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Remark 3.11. The existence of the kg roots of the Equation (3.44) is established
in Lemma 5.3, where an asymptotic for such zeroes when E — oo is provided as
well.

Proof. We split the proof in to several steps.

Step 1) 0 is not an eigenvalue. The self-adjointness of Ly, and its spectral
resolution follow by standard arguments of functional analysis. The smoothness
of the eigenfunctions (¢ m(y)) jen follows from standard regularity properties for
the Sturm-Liouville problem, since QO € C*°[—1, 1] (it is actually analytic in
[—1, 1]).

We claim now that O is not an eigenvalue. Indeed, if we know that 1, m < 0, we
claim that pt,,+1,m > 0. We argue by contradiction and we assume that ft,y+1,m <
0. We have that the odd function v, (y) is a generalized eigenfunction for L, =
—37 4+ Om(y), since Ly, = 0 by (3.1). Combining this with Ln@ees1,m =
Mico+1,mPro+1,m» We get

Mo 1 Wi N Big1.m () = (Ui (Dot 1.m () = Vi )Pl 1 1.0 () -
(3.45)

Without loss of generality, we assume ¢, +1,m (0) > 0 and, by symmetry, we work
ony € [0, 1]. In this region, by Lemma 3.5-(iii), ¥, () vanishes at the ko + 1 points
Yo,m = 0, (¥p,m) p=1,....p- At the same time, the even eigenfunction @11, m ()
vanishes at kg nodes in (0, 1) (see for instance Theorem 9.4 in [46]). We deduce
that one of the following cases have to happen:

o All the points vy, m, p = 1, ..., ko, are also nodes for ¢,y+1,m: w"n(yp,m) =
¢Ko+1,m(Yp,m) =0;

o Thereexistsatleastone p = 1, ..., kg such thaty, n isnotazero of ¢4 1,m and
lies between two if its zeroes, say | and ¥, with 0 < V| <ypm <¥2 < 1.

We assume that the second case holds. Furthermore, without any loss of generality,
we also assume that ¢+1,m(y) > 0 and ¥, (y) < 0 forany y € (v, Yp.m). We
integrate (3.45) on [V, yp,m] and we get

Yp,m
iy 1 /f Vbt 1.m(0) Ay = (Yo 1.0 (0) = Vi DBl 4 1. D]

Y1

= W&(Yp,m)(ﬁko-&-l,m(yli,m) + 1//1/11(371)¢K0+l,m(§1)- (346)

By construction, ¢+1,m(¥p,m) > 0 and ¢,’(0+1,m(371) > 0, whereas ¥/, (V1) <0
and I/I&(yp)m) > 0. We conclude that the right hand side of (3.46) is strictly
negative and the integral on the left hand side is strictly negative by construction as
wel. But we assumed at the beginning that )41, m < 0, therefore we have reached
a contradiction and the claim is proved.

Step 2) Negative eigenvalues in the limit case m — o0o. We consider first the
limit case m — oo, with O« (y) given in (3.1). Let A > 0. We look for solutions



Arch. Rational Mech. Anal. (2024) 248:81 Page 350f 79 81

¢ € CY([—1, 1]) of the eigenvalue problem

Loop() :=0" () + Qoc(MP() = —2%¢(y), y € [—1, 1]\ {£x},
o) =¢d(=y), ¢(=1)=¢()=0,

limy ,4- ¢(y) =limy 1.+ ¢ (y),

limy_, 1 - ¢'(y) = limy_, .+ ¢'(¥).

(3.47)

The conditions ¢(y) = ¢(—y) and ¢ € C' fail the problem to be solved when
A = E. On the other hand, for 0 < A < E, the solutions however are given by

—cysinh(A(1+y)) —-1<y<r,
¢ (y) = Jcacos(s(A)y) Iyl <z, (3.48)
¢y sinh(A(1 — y)) r<y<l,

where ¢ (L) := +/EZ — A2, The last two conditions in (3.47) at y = r translate into

cysinh(A(1 — r)) — cxcos(¢(AM)r) =0,
ciicosh(A(1 —r)) — cog(X) sin(¢(A)r) = 0.

A nontrivial solution (c1, c2) € R? \ {0} exists only when A solves
¢(A) sin(rg(A)) sinh((1 — r)X) = Acos(rg (1)) cosh((1 — r)A),

which is equivalent to (3.44). Under the constrain (1.4), Equation (3.44) has ex-
actly o distinct zeroes in the interval A € (0, E), see Remark 3.11 and Lemma 5.3.
We denote these zeroes by A~ = Aj o(E) for any j = 1, ..., ko. The negative
eigenvalues of Lo are then given by ;0o = it 00(E) := —)L?’OO(E), with corre-
sponding eigenfunctions ¢; oo (¥) = ¢} 0 (E; y) given in (3.48) with A = A o (E)
and cq, ¢ chosen as normalizing constants in L?. We also have

Hjoo = Boo(@joo)s BoolV) = (Lo, ¥) 2.

Step 3) Negative eigenvalues when m >> 1. We now analyse the case m > 1.
In Step 1 we showed that, assuming only ko negative eigenvalues of Ly, the rest
of the spectrum is strictly positive. We now prove that, for any j = 1, ..., xo,

sup  [jm(E) — 1) c0(E)] — 0 as m— oo, (3.49)
E€[E],Er]

where ({4 00) j=1,....ko are all the negative eigenvalues of the limit operator Lo :=
—83 + Qo (y) that we characterized in Step 2. For any j = 1, ..., kg, let us denote
by £;_1 the set of all finite dimensional subspaces of dimension j — 1 of HO1 (=1L, 1.
By the Min—Max Theorem (for instance, see [46]), we have that the eigenvalues
Him < MU2m < ... < Mgy,m Of Ly satisfy the variational formulation, for any
j=1,.. ko,

wjm= sup inf {Bu@) : ¥ € EFNHi (=1, 1), Iyl =1},
Eefj (3.50)
B (V) = (L, ¥)p2,
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Each eigenfunction ¢  (y) is the solution to the max-min variational problems in
(3.50). Let E; = span{¢i o0, - - . §j—1,00} € Ej—1 andlet P o0 € E].Lmﬂol(—l, 1)
where, fori = 1, ..., kg, the function ¢;  is the i-th eigenfunction of the operator
L. By standard theory for Sturm Liouville operators and by the Sobolev embed-
ding, for any E € [Eq, Ez], one has that ¢ oo = ¢} o (E) satisfies

@00l S @)ool gt < C(EL E2, ), (3.51)

for some constant C(Ej, Ep, j) > 0. We compute

%m((z’j,oo) = (Lm‘ﬁj,oo, ¢j.oo)L2 = (['oo¢j,oo, ¢j,oo)L2 + ((Lm - L:oo)‘pj,oos ¢j,oo)L2
<Ajoot+ |Cj (m, E), Cj (m,E) := ((Qm()’) - Qoo()’))(bj,om ¢j,oo)L2-

By a similar computation, we also have
Ajoo = DBoo(@j00) < Bm(@j o) + Icj(m, B).

By taking the infimum over ¢ € E ]l with ||| .2 = 1 one gets the two inequalities

inf{Buw ) : ¥ € Ej, 1¥l2 =1} < Ajoo + lej(m, B,

hjoo < inf(Bum(W) ¥ € Ef, ¥l = 1) + lej(m, B)|
and then, by taking the supremum over E € £;_1, one obtains that

Hjm(E) < 1joo(E) +lc;(m, E), 1) oo(E) < 1jm(E) + [cj(m, E)|
namely
I jm(E) — i j,00(B)] < |cj(m, E)|

It remains to estimate the term ¢ (m, E) = ((Qoo(¥) = Om(¥)®).00: Pj.oc) 2- By
the Cauchy—Schwartz inequality, using that [|¢; |l ;2 = 1, one has

[((Qoo(3) = Qu(YNDj.00 $j.00) 12| < Qoo (¥) = O (YPjcollz2 18,0011 2
35D
S OQm — Q29 0l < C(Br, E2, k)| @m — Qollg2 >0 as m— 0

by Lemma 3.2, uniformly with respect to E € [Eq, E»]. Hence, we deduce (3.49)
and, by fixing m = m(Ej, Ez, k9) > 1 sufficiently large, for any m > m we get
—B? < Mm(E) < ... < Ugm(E) < 0for any E € [Eq, Ez]. since —EZ <
H1,00(E) < ... < Wy,00(E) < 0. This concludes the proof. m|

Remark 3.12. The estimate (3.49) actually holds when j > «o + 1. The proof is
essentially identical and it is here omitted, since we are interested only in the full
characterization of the negative spectrum. We also remark that, by refining the
result of the L? convergence in Lemma 3.2, it is possible to show an explicit rate
of convergence of (3.49) with respect to m > 1.
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4. The Nonlinear Elliptic Systems with Oscillating Modes

In the previous section, we constructed the stream function v (), which is
a steady solution of the Euler equation (1.1), that locally solves the second-order
nonlinear ODE in Theorem 3.7. We now go back to the search of x-dependent solu-
tions that are perturbations of the shear equilibrium ¥, (). First, in Proposition 4.1
we suitably modify the local nonlinearities of Theorem 3.7, leading to to the elliptic
systems in (4.11). Then, we analyse the linearized systems at the equilibrium ¢ = 0
and the parametrization of the “spatial phase space” based on the solutions of such
linearized systems. This choice of coordinates is then used to search the solutions
for the nonlinear elliptic system (4.11) as zeroes of the nonlinear functional (4.43)
via a Nash—-Moser implicit function Theorem, whose statement is provided at the
end of the section.

4.1. Regularization of the Nonlinearity

In Theorem 3.7 we constructed functions F, (1) for any stripe index p =
0, 1, ..., ko so that the unperturbed stream function ¥, (y) solves the equation in
(3.37) on each stripe I,. The functions are C5*!_continuous and they satisfy the
regularity conditions (3.39) at the critical points (yp m)p=1,...x- Even without
taking derivatives, these conditions are clearly violated by perturbation of ¥y (),
in the sense that, for generic functions ¢(x, y), we have

yliglr_ Fp1m(m(y) + o(x, ) # yiiglﬁ FpmWm(y) +9(x,y)) VxeR.

The continuity would be recovered for these nonlinearities only we ask ¢ (x, yp m) =
0 in x € R, which is a too strong condition. To this end, we need to modify the
nonlinear functions to avoid this issue around the critical points and accommodate
small perturbations of i, (y). We introduce a small parameter > 0. For any
stripe index p = 0, ..., ko, we define the functions,

Fp,n(W) = Fp,m(w) + %Xn(w - 1pm(Yp,m))(Fp—l,m(’a”) - Fpm(‘ﬁ)) @1
+ 350 = Vi Vprt,m)) (Fprt.m (W) — Fpm(¥)),

with F_1 m = Fom, Yeo+l,m = 1, Fey+1,m := Fiym, and where the cut-off
function y, has the form

X)) = xW/n), x € CCMR), xW) = x(=¥),
0<x<1, x=1on Bi(0), x=0 on R\ By(0), 4.2)

X'y <0, vy eR.

Proposition 4.1. (Modified local nonlinearities) The following hold:

(i) The functions F), ; in (4.1) are in Cg“(R). Moreover, for any stripe index p,

we have |Fpy — Fp mllLo® — 0asn — 0;
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(ii) We have Fy,_1; = Fpy on By(Ym(yp,m)) for any p = 1, ..., ko. As a con-
sequence, for any sufficiently smooth function ¢ (X, y) sufficiently small in L*>°
the regularity conditions

lim 9 ) (Fp—1,y(Ym(y) + (X, )))

[YI=Ypm

= dim Ay (Fpy(m () + 9%, ).

|y|_)Yp,m
are satisfied for n € NSO'H, 0< |n| <S8, andforanyx € T, p =1, ..., ko,
(iii) For any n € No, withn < S + 1, one has

sup [F) (@l <"
yeR

(iv) There exists 1 = n(m, S) > 0 small enough such that, for any n € [0, ] and
foranyn =0,1,...,S+1

3_
sup  sup FO) (Y (3) — FSL (Um O] Sa 07277 (43)
ye[—1,11 p=0,1,....k0

Proof. The proof of items (i) and (i7) are a direct consequence of (4.1), (4.2) and of
Theorem 3.7. The item (iii) follows by an explicit calculation, by differentiating the
formula (4.1) and using that the cut off function x;, in (4.2) satisfies |8$ Xn (| Sn
n".

We now prove item (iv). By (4.1), (4.2), the claim trivially holds when ¥/, (v) ¢
By (Ym (Yp,m)) U Bay(¥m (Y p+1,m)). Therefore, let ¥ (y) € Bay(Ym(vp,m))-
The case Y¥rm () € Boy(¥m(Yp+1,m)) works similarly and we omit it. By Lemma
3.5, for n > O sufficiently small, there exist 5t = Si(p, m, E) > 0 such that

Ym(y) € Bay(¥m(yp,m)) is parametrized by

Ym(y) = wm(Yp,m —387) = 1ﬁm(Yp,m + 5+)»

_ 4.4)
Ypm—6 €I,1, Ypm +8T e I,.
In particular, by (4.4), Lemma 3.5-(iii) and the mean value Theorem, we get
+5+
¢ =) = Ym¥pm £85) — Ymypm) = Vi (Vp.m + 81) A8y
0 (4.5)
+6F 5 o ) ’
= / Vi (Y p.m + 82) A8y A8y o Fmem (5%)2,
0 0
for 6+ sufficiently small, from which we deduce that
55(p) = O(p®) = 0(n?). n — 0. (4.6)

We claim now that

(T2 — ()2 = 0. 4.7)
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To see this, we recall the expansion in Lemma 3.6. By (4.4), we compute

S+1 1//(2n)( )
0= Yumpm+6") = Yulypm =)= (2—)’,"“((6+>2" 67)™)
n=0

w(23+3)( )
(25—4_31;;((8+)2S+3 + (5—)2S+3) +0(|8+|2(S+2) + |8‘|2(5+2))

It follows that

w;(Yp,m)

(017 = 672) (14 0(67)? + 57)?))

w(2S+3)( )
g (T ) o8P 15 PO),

Therefore, by Lemma 3.5-(iii) and (4.6), for n > O sufficiently small, we can invert

the factor ¥2&2m) (1 4 5((57)2 4 (57)?)) and deduce the claim in (4.7) as desired.
We are now ready to prove (4.3). We start with n = 0. By (4.1), (4.4), (4.5),
(3.1), Theorem 3.7, Lemma (3.6) and the mean value Theorem, we compute

Fp, n(wm(y)) — Fp, m(Ym(y)) = 2X17(‘P)( p—1 am(WPm () — Fp, m(llfm()’))

—2Xn(¢)( p— lm(wm(Ypm_a ) — pm(wm(Ypm+5+)))

= 5 x0@) (Vi (pm —87) — Vi (vpm +81))
_5
= 5 xn(®) . Y (ypm +81)d8y

s (4.8)
= 5 xn(®) /8 X (Om¥iy) (Yp.m + 61) 8y

-8 81
= 3 X (@) /;+ /(; (leﬁ%)/(yp,m+52)d52d51

-6 81
= %sz((/’) /8+ ) (Qinw(n + le/f&)(Yp,m + 82) ddr déy

By (4.8), (4.5), (4.2) Lemma 3.2 and (4.7), we conclude that, for n sufficiently
small,

|Epn (W (D) = Fp s (Wm O] S {62 = 672 < S+

Therefore the claim holds forn = 0. Let now n € {1, ..., S + 1}. First, we look for

the derivatives of Fp_1 m(¥m(y)) — Fp,m (¥m(y)), still with ¢y (y) as in (4.4).
By Corollary 3.9 and the mean value Theorem, we have

F o Wm () = FI Wrm(3) = Fy2) (W (Y pom — 67))
— FnWrm(ypm +67))



81 Page 40 of 79 Arch. Rational Mech. Anal. (2024) 248:81
-5
Zmnfl(Yp,m —-387) _mnfl(Yp,m‘f‘S—‘r) = N m;hl(Yp,m‘FSl)dSl-
8
4.9)

By (3.41) in Corollary 3.9, it is clear, for n = 1,..., S, that ) _,(vp.n) = 0.
Therefore, again by the mean value Theorem, we obtain

81
m;_l(Yp,m +61) = /0 m;:_l(Yp,m + 62) déds. (4.10)

By Lemmata 3.2, 3.5, the integrand in (4.10) is uniformly bounded in the domain
of integration for n > 0 sufficiently small. Therefore, collecting (4.9) with (4.10),
we have the estimate

F W) = FU% O] Su |62 = 672 < n5%3.

We finally prove the claimed estimate (4.3) forn € {1, ..., S + 1}. By Leibniz rule
and by (4.4), we have

0 (Fpy () = Fpm () = D (’;) W@ (FL () — Fn @)

j=0
The cl.aim (4.3) then follows by (4.10) and (4.2), recalling that |X,’;_j(<p)| <
n~®=7_ This concludes the proof of the proposition. O
4.2. The Hamiltonian Formulation

The manifold of the zeroes (1.12) admits a formulation as an Hamiltonian vector
field. First, for fixed n > 0, we rewrites the elliptic equations in (1.12) as the second
order forced PDE

{(w 0020 — Lo — 89 (0, 9) = f,(0), (X, y) € T x [—1, 1],

4.11
go(xv _1) = w(x7 1) = 07 w € RKO, ( )

where the operator Ly, is as in Theorem 3.10, the forcing term f;, () is defined by

K0
fn()’) = Z XIP()’)fp,n(Y)a fp,n()’) = Fp,n(wm()’)) - Fp,m(I//m(y)),

p=0
(4.12)
and the nonlinear function g, (y, ¢) is defined by
Ko
g (v, 9) =Y x1,(M¢u (¥ 9).
p=0
8pn (@) = Fpy(Wm() +9) = Fpy(m () = F) o (hm (0@ (4.13)

1
= (F},(Im() = Fp (U (2)) 0 + /0 (1 =) F),(Wm(y) +09) do¢*
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here x1, denotes the characteristic function for the interval I, F) ,(¢) is as in
(4.1) and F), () is as in Theorem 3.7. Note that, by (3.39) and Proposition 4.1
the compatibility conditions

lim - 3f ) (8p-1(y. @ ) = Tim 35 ) (8pn (3. 9(X. 1))

YI=Ypm |Y“> Ypm

hold for any n € NK"Jrl < |n] < S, and p = 1, ..., kg, assuming the smallness
condition, for so < s < (S ko),

ko,v

lell < Ce < 1,

which implies the small bound in L*°. We now provide a Lemma in which we
estimate the forcing term f;, and the nonlinearity g, in (4.12), (4.13).

Lemma 4.2. The following estimates hold:

(i) (Estimates in Hyl). We have || fyllgr S nS+%. Moreover, the composition
operator ¢ € B1(0) — g,(y,9(») € H}([—1,1]), with B|(0) := {p €
HO1 ([=1, 1D : llell g1 < 1}, satisfies the estimates

_1 _
lgnC- @ lm S 05 2Mlelm + 0 el
_1 _
gy G, @)l S 0° 2kl + 0 gl g 1] e

(ii) (Estimates in H; H ). Assume ||(p||k° V' < 1. Then there exists ¢ > 0 such that,
for S > so+o0 large enough andf()r any so < s < S — o, one has

ki ki — ko, ko,

lgnC- )15 °“§s TRl + 0l e s
d h ko,v < 2 h ko,v —(s+0) ko,v h ko, v,
ldg, ¢ @RI S5 0 2RI + 1 el 150 s

k _ k k k ko,

4%, . @)1, B2DIY S (”">(||h1||531’||h2|| °”+||h1|| Y Il

k ko, ko,
+ el W Y 12 1150).- (4.14)

Proof. PROOF OF (i). By the definition of f;, g, in (4.12), (4.13), it suffices to
estimate fp ,, gp,y forany p = 1, ..., ko. By (4.3) applied with n = 0, 1, one
obtains that

ol < I Epn W) — Fpn (W) et < 052 (4.15)

which implies the claimed bound on f), ;. In order to estimate g, ;, we write

gp,r]()’a o) =11 + 1o,

Ti(9) = (F), ,(fm() = F) o @)@ (4.16)

T>(¢) :=f0 (1= 0)F) ,(m(y) + 0p) do ¢*.

and we estimate 7 and Z, separately.
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Estimate of 7| (¢). By the algebra property of HO1 and the estimate (4.3) applied
with n = 1, 2, we have

1Zy @l S I(F) e )) = Fpy g en ON) gt 0l
(4.15) .
SI(F), @ra) = Fp o@D lerlell S 032 llely,

and similarly ||dZ; (@)[A]ll g1 S 175_% |21 71, since the map ¢ +— Z;(p) is linear.
Estimate of 7, (¢). The differential of 7, is given by

1
dZs(p)[h] =2 [ (1= 0)F) ,(¥m(y) + 0p) do ¢h
0 4.17)

1
+ f (1= 0)F), (fm(») + 0@)o do ¢°h.
0
By Proposition 4.1-(iii), for ||¢|| 51 < 1, a direct calculation shows that

sup IFE) Wrm () + 0@l S IFlles Sn™t k=2.3.
0€[0,1]

The latter estimate, together with the algebra property of HO1 implies that

IZ2 @)l S 03 lellz, 142 @ g S 0 el gl

PROOF OF (ii). By (4.13), it is enough to estimate g, (v, ) forany p =1, ..., ko
and, according to (4.16), we estimate 7 and 7, separately.

Estimate of 7| (¢). By Lemma 2.1 and by applying again the estimate (4.3) with
n =0, 1, one obtains that

IZL @I = 1(F), rm () = Fy o W Ol
SNF) W) = Fp o G O) L [0 12"

ko, -1 ko,
SHF) W) = F) o @O ol < 0% 2 el

The estimates for dZ;(p) and d?7, (¢) follows similarly since Z; is linear with
respect to ¢.

Estimate of 7, (¢). The first differential of 7, (¢) in (4.16) is given in (4.17), whereas
the second differential has the form

1
ETop)lhn ) =2 [ (1= Q)] () + 09 de o
1
+ 3/0 (1= Q) F!, (hw() + 00)0do g hiha

1
+ /0 (1= F D Wrm(3) + 09)0? do ¢*hiha.
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By applying Proposition 4.1-(iii) and the composition lemma 2.2, for ||(p||];8 ij <1,

some o > 0, one has that for any so < s < § — o,

k — ki
sup ||F(’f2]<wm(y) + oI <o 7SO+ oY), k=234,
0€[0
(4.18)
Then by the explicit expressions of Z,, dZ, d*Z», using the estimate (4.18), Lemma
2.1 and ||(p||k° V' < 1, one gets, for any 5o < s < S — o, the estimates

k —( ko, ko,
1Z2 (@115 gl gl

N n
k — (s k k k k
IdZo (@) R, s 0 S (IR10 T %Y + NRI T Tl ).
Se

50,1 50,1
N2 Za (@), bl 1Y <o =S (N 1507 12157 + 11 1Y 12 )80

50,1 50,1

ko,v ko,v ko,v
el I 127 ko).

By the previous arguments, one easily deduces the claimed bound (4.14). O

It is actually possible to perform an affine transformation of the unknown in
order to remove the forcing term f;(y) in (4.11).

Lemma 4.3. Let 1 < 1 as in Proposition 4.1 and S > 4. Then, for any n € [0, 77],
there exists a function hy(y) € Hg’[— 1, 1], even in y and with h,(0) = 0, such that
Veglgs < and

= Lnhy(y) = & (v, hy(M) = fr(y). (4.19)

Proof. First, by (4.12), we note that f,(y) is even and that f;,(0) = f,(£1) = 0.
The same holds for g, (y, h(y)) in (4.13), assuming h(y) = h,(y) even in y and
with 2(0) = h(£1) = 0. Moreover, by Proposition 3.10 and the classical Sturm—
Liouville theory for Schrédinger operators with smooth potentials, O is not an
eigenvalue for L, and the inverse operator £;11 : HO1 [—1,1] —> Hg[—l, 1]isa
well defined smoothing operator. Therefore, we reformulate Equation (4.19) as the
fixed point equation

h() = Ty(h(),  Tyh) = (~Lw) " () + gy (v ). (420)
We define the domain,
= {h e H{[=1.11 : h(0) = 0, h(=y) = h(y), hlly3 < n*}.

By Proposition 4.1-(i7) and Lemma 4.2-(i), for any 1 € B, and he H(} ([—1, 1D,
with n <« 1 small enough, we have

Ll S 0F2,
lgn G, Wl S 052 Whllgn + 02 112,
< nzs—% 4og2S3 < 72573, 4.21)
dgy ¢ WA g1 S 05 2Rl 1+ 1 Wl g1 1l g0
< (0577 + 05 )l S 05 1l
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By using that L' © Hj[—1,1] — Hg[—1, 1] is linear and continuous and by
(4 21) one deduces that the map T, in (4.20) satisfies, for any 2 € B, and he
Hi ([—1,1]),

1 _ —~ PN
1T ()Ml g3 < CST2 4+ 0>573), 1dT, (R s < CoS~* Rl s

for some C > 1 independent of n. Hence, by the assumption S > 4, with n < 1
small enough, the map T, : B, — B, is a contraction, implying that there exists a
unique solution # € By, of the Equation (4.20) by a fixed point argument. O

We introduce the rescaled variable ¢ 1= ¢~! ((p x,y) — hn(y)). At this stage,
we also link the parameters 1 and € as

(4.22)

=

I

™
L=

where § > 0 is the smoothness of the nonlinearity g,. Hence (4.11) in the new
rescaled variable becomes

(@ 3% — Lol — Eqe(y,£) =0, (x,y) € T x [—1, 1],

4.2
(x, =) =¢(x,1) =0, o e Rk, (423)

where

_3 1
qe (v, ©) i= €72 (g (v, hy(V) + €8) — gy (v, hy(y))), n=e5. (4.24)
In the next lemma, we provide some estimates on the rescaled nonlinearity g.

Lemma 4.4. Let Cy > 0 and assume || ||]§§f < Co. Let S 2 2(so+0o) witho > 0
as in Lemma 4.2-(ii). Then the rescaled nonlinearity q. satisfies the following
estimates. For any so < s < S/2 — o, one has

lge ¢, IGY Ss 1Y,
ldge (v, DTN S ITIGY + ISV ITIT
1d%qe (-, T, TG Ss 1T TG + 1T 1% 1820

ko,v ko,v ko,v
+IE IS I Y T -

(4.25)

Proof. We shall apply the estimates (4.14) in Lemma 4.2. We start by proving the
second estimate in (4.25). One has

dg: (v, OIC) = 8_%dgn(y, hy(y) + eO)IC].
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Hence, by the second estimate in (4.14), Lemma 4.3 and (4.22), one gets that for
any 5o < s < 5/2 —o,

k N k ko,
P 1 [ S 1 T el [ et
1 k [ k ko,
s € 2nS z||;||°“+e 2SIy g +ellE 150 ) 1T 107
Ss €

50,1
-1 ki — ki ko,
( S22 ST + 2SR gy

ldge (y, O

52 k —S/2 k ko,

<o e IS ITIY 4 2SR el g oy
k 2 ki ko,
S e 2EDRTINY 4 o2 (e5) "SI Ty

50,1
k k ko,
<5 121 el °“||c||S3j’

which is the second estimate in (4.4). Therefore, the first estimate in (4.25) follows
by (4.24), the mean value theorem and the second estimate in (4.4). We finally
prove the third estimate in (4.25). The second derivative of g, is given by

A2g.(. (21, 5] = e2d%g, (v, hy(y) + 021, Tall.

Hence, by the third estimate in (4.14), Lemma 4.3 and (4.22), for ¢ < 1 one gets

k k k k ko,

126 ¢, OE B S5 2203 (IS IGIE + 1SS 181
k k NETL

Wy + eI IG I IGIE T )

50,1 50,1

ko,v ko,v ko,v
Ss ||§1||Yf)J 1 ||§2|| G+ ||§1||Y°1 ||{2||Y§1

k k k
+ 215 “||;1||;; Vgl
as claimed. The proof of the lemma is then concluded. O

We now write the rescaled second order Equation (4.23) as a second order
system. Let

ax,y):=¢, Hi=w-ki(Xx,y), u:=(1,80) (4.26)

Hence, solving the Equation (4.23) is equivalent to solving the first order system
in the variable u = (¢1, £2)

{w (%, 3) = IV Hew( ) =0, (x.7) € TOX[=1, 1] @ R,

ux,—1) =ux,1) =0,

where J = ( —(id Ig) is the standard Poisson tensor and the Hamiltonian H; is given
by

1 1 1
H:(¢1,8) = 5/1 <C22 - Clﬁmfl)dZ - «/Efl O:(y,51)dy, (4.28)



81 Page 46 of 79 Arch. Rational Mech. Anal. (2024) 248:81

with (3y Q¢)(y, ¥) = ge(y, ¥). The symplectic 2-form induced by the Poisson
tensor is given by

S| O\ _ (-1 (¢ El T =
(4.29)

with J ! regarded as an operator acting on L%([—l, 1]) x L%([—l, 1]) into itself.
The Hamiltonian field Xy, (y, u) := JV,H:(y, u) is therefore characterized by
the identity

dy He )[@] = W(X g, (), @) Y@ € Li([—1,1]) x L§([—1, 1]).
The "spatial phase space" H := HJ ([—1, 11) x L3([—1, 1]) splits into two invariant

subspaces for the Hamiltonian

1 1
Ho(¢1,82) = 5/1 <C22 - é“lﬁmé“l) dz

(namely (4.28) at ¢ = 0), thatis, H = X & X, with

- $jm(y) 0 L
X = span{ ( J 0 ), <¢j,m(y)> =1, ...,K()},

and
vo=| Y (;fj)%,m(y)eu;aj,ﬁjen@}, (4.30)
Jj=ko+1 J

where (¢; m)jen is the basis of eigenfunctions for the self-adjoint operator L,
see Proposition 3.10. In the following, we will denote by IT+ the projection on
the invariant subspace X in (4.30). We note that the symmetry condition (1.20)
translates in the unknown ¢ = (1, ¢2) as follows:

C1(x, y) € even(x)even(y), ¢2(x,y) € odd(x)even(x). 4.31)

4.3. Linear Solutions Near the Shear Equilibrium

We want to study all the solutions of the linearized system around the stream
function ¥, (v) at ¢ = 0. This amounts to solving the elliptic equation in (1.15)
(without any quasi-periodic conditions in x), which is equivalent to the following
first-order systems

8x§‘ - Lm(E)§ = 0, . 0 Id
L’(X, 1) =¢(x,1)=0, L (B) := (Cm(E) 0) : (4.32)

For any E € [E|, Ez]. The spectrum of the operator Ly, = Ly (E) with Dirichlet
boundary conditions is given by

o) ={+ /ljm:jeN}={Fitjm:j=1 ..k} U{Eljm:j=ro+1},
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where {(tjm = 1 m(E)}jen are the eigenvalues of Ly, as in Proposition 3.10.
Solutions of (4.32) which satisfy (4.31) are given by

&1(x, y) cos(Aj.m (E)x) .
<CZ(X’ y)) Z A ( Ajm SHJIO‘/ m(E)x)) im0

+ ¥ Bj( cosh(2/,m (E)x) )qu,m(y),

Pt Ajm Sinh(Aj m (E)x)

for constants A;, B; € R. We deduce that, when B; = 0 for any j > «o + 1,
there exist solutions of the linearized system at ¢ = 0, at the equilibrium that are
periodic or quasi-periodic in x with at most k¢ frequencies, depending on the non-
resonance conditions between the linear frequencies @, (E) in (1.18). The ultimate
goal is to prove that, for amplitudes 0 < Ay, ..., A, < 1 sufficiently small, close
to the equilibrium vy, (y) there exist stationary solutions to the nonlinear system
(4.27) bifurcating from the quasi-periodic linear solutions above and still quasi-
periodic in the space variable x, with frequency vectors w close to the unperturbed
linear frequency vector @, (E) in (1. 18) To impose non-resonance conditions on
the desired frequency vector w close to @, (E), we will not move the parameter E,
but we argue as follows: we fix E € KN (E;, E»), with K C [E;, Eo] as in (1.19),
and we consider an auxiliary parameter A € J.(E) as in (1.21). The perturbed
frequency vector will depend on this parameter A, which will be used to impose
the non-resonance conditions for the former.

4.4. Action-Angle Coordinates on the Invariant Subspace X

Functions in the “spatial phase space” H = X & X| are parametrized by

(a4,

j=1

where z € X and (ay, ..., g, b1, ..., b)) € R2%0 are coordinates on the 2k(-
dimensional invariant subspace X'. We introduce another set of coordinates on X,
the so called action-angle variables: for some normalizing constant Z > 0, let

/1 [
aj: E(Ij—i—éj)cos(Qj), bj = — E(Ij—l—éj)sin(Oj), §j>0, |Ij|<<§j,

where [ = (I1, ..., I,) € R“Cand 0 = (01, ..., 6,) € T*0. Therefore, the function
A T x R x X} — H, defined by

A®, 1,2) =0T, 1) +2 —Z\F( Iﬁfé“s’frf?g))) $im+2. (433)
]

is a parametrization of the spatial phase space H. The symplectic 2-form (4.29)
reads in action-angle coordinates as

K0
W= (0 Adlj) & Wy, . (4.34)
j=1
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We also note that the 2-form WV is exact, namely
Ko
W=dA, where A 10.1,21:==> 1;0;+5(J'2.2) (4.35)
j=I

is the associated Liouville 1-form. Moreover, given a Hamiltonian K : T*0 x R0 x
X, the associated Hamiltonian vector field, with respect to the symplectic 2-form
(4.34), is defined by

Xk i= (01K, -0 K, JV.K), (4.36)

where V, K denotes the L?-gradient of K with respect to z € X’| . Then, the equa-

tions in (4.27) (recall also the definition of H, in (4.28)) becomes the Hamiltonian

system in the action-angle coordinates A(6, I, z) generated by the Hamiltonian
Hs(ev 17 Z) = HE(A(Gﬂ Ia Z)) = Nm(l’ Z) + \/E(PS o A)(es 17 Z)7

Nan(l.2) 3= &) - 1+ 3G (55 )2z, (437)

1
P (1) := _/1 Qe(y,¢1)dy, where 9y Q:(y, ¥) = qe(y, ¥).

Now, forafixed E € K asin (5.16), we write, for any auxiliary parameter A € 7; (E),
with 7. (E) as in (1.21),

On(E) - | = dn®) - I + (0n(B) — dn(d)) - I.
Therefore, we rewrite (4.37) as

He(E:0,1,2) = N (A, E; 1,2) + /eP:(B, B 6, 1, 2),
Nn® B 1,2) i= dn(@) - T + 32, (TFa® 0)2) 12, (4.38)
Pe(A, B0, 1,2) := Pe(E; A, 1,2)) + JLE(a)m(E) — Bu@)) - I

We remark that the Hamiltonian H, does not globally depend on the auxiliary
parameter A € J,(E). Note that, since the frequency map is analytic and |[A — E| <
/€, we also have

|05 (60 () — 0n(®)| Sk vVE VEeN) = [0m(@) — om (B S Ve.
(4.39)

This is actually crucial for considering the term (J)m(E) — @n(R)) - I as perturbative
of size O(4/¢) and it is the reason for which we choose the neighbourhood of E of

size /€.
The Hamiltonian equations associated to H, become
0,0 — On(B) — /ed; P (A, E; 0, 1,7) =0,
Ol + /09 P:(A, E; 0,1,2) =0, (4.40)
0:2 — Lin(BE)z — /eJV,P(A,E; 0,1,7) = 0.
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4.5. Nash—Moser Theorem with Modified Hypothetical Conjugation

We look for an embedded invariant torus for the Hamiltonian H, of the form
T - T xR x X, x> i(x):=(0(),I(x),z(x))

filled with quasi-periodic solutions with Diophantine frequency w € R*°. The
periodic component of the embedded torus is given by

Ix) =i(x) — (x,0,0) := (O(x), [ (x), z(x)), OKX):=0(x) —x, (4.41)

The expected quasi-periodic solution of the Hamiltonian equations (4.40) will have
aslightly shifted frequency vector close to the unperturbed frequency vector &, (E)
in (1.18). The strategy that we implement here is a modification of the Théoreme
de conjugaison hypothétique of Herman presented in [23], see also [7]. Recalling
that we fixed E € K in (1.19), and therefore it will not be moved as a parameter in
the following, we consider the modified Hamiltonian, with o € R0,

He,oz = Hs,oz(A) = Na + \/EPS(A)y Na =a- -1+ % (Z, (_ES(E) 0 ) Z)L2 .

Id
(4.42)
We look for zeroes of the nonlinear operator
FO,0) =F(,a) = F(w,A & i,a) = w- 0xi(X) — X, , (X))
w - 0x0 (X) —a — /80 Pe(B;i(x))
= |- ol (x) +/€09Pe (21 (x))

@+ 3xz2(X) L (B)z(X) — /6 V; Pe(A; i (X))

(4.43)

The parameters of the problem are A = (w,2) € R x J.(E) C R x R,
whereas the unknowns of the problem are « and the periodic component of the
torus embedding J. Solutions of the Hamiltonian equations (4.40) are recovereg
by setting @ = @ (A). The Hamiltonian H, 4 is invariant under the involution S,
namely

Hew oS = Heq. (4.44)

where S is the involution defined in (2.12), (2.11). We look for a reversible torus
embedding x — i(x) = (0(x), I (x), w(X)), namely satisfying

Si(x) = i(—X). (4.45)

Recalling (4.30), let Hy := span{¢;n : j > ko + 1} and, for any s, p > 0, we
define

HY? = H* (T, H ((-=1,1]) N H1)
E{u(x,y): Yo S e ja(y) with ||u||f?b“<+oo}.

LETZF0 j>r0+1
(4.46)
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Then, we set
X, =HP < HY', V= HY < HY, (4.47)

with corresponding norms, for z = (z1, z2),

ko,v . ko,v ko,v ko,v . ko,v ko,v
2l = Y + 122l Nl = Y + 22l
where the norms || - II(;?;)U are defined in (2.1)—(2.2). We also define the spaces

X% = HY(T) x H*(T%) x X{, Y°:= H*(T) x H*(T*) x )Y,
(4.48)

with corresponding norms, for J = (®, I, z),

~ ko, s R ko, ~nko,v . s s ko,
1T = IO + LI + N2l 13" = 1O + I + llzlly;”.
Note that

15 <014 Vs >0, (4.49)

and that, for s > 0, the nonlinear map F maps X’ s+l 5 R¥0 into V. We fix
ko := mo + 2, (4.50)

where my is the index of non-degeneracy provided in Proposition 5.6, which only
depends on the linear unperturbed frequencies. Thus k is considered as an absolute
constant and we will often omit to explicitly write the dependence of the various
constants with respect to ko. Each frequency vector v = (w1, ..., w,,) Will belong
to a p-neighbourhood (independent of &)

Q= {w € R - dist (a) c_ém(jg(E))> < g}, 0>0, (4.51)

where &m (J:(E)) = {@m(2) : A € J.(E)} is the range of the unperturbed linear
frequency map A > @ (A) defined in (1.18), restricted to the interval 7, (E) in
(1.21).

Theorem 4.5. (Nash—Moser) Let kg € N be fixed as for Proposition 3.10. Let
T 2 1. There exist positive constants ag, €9, C depending on ko, ko, T such that, for
allv = &% a € (0, ag), and for all ¢ € (0, &), there exist a ko-times differentiable
function

Oso : RO X J(E) = RO (w,2) = too(w, D) :=w +1re(w, B), 4.52)
Irel? < Cvev!, '

and a family of reversible embedded tori i~ defined for all (w, ) € R x T, (E)
satisfying (4.45) and

lise(®) — (x,0,0) % < CVev™", (4.53)
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such that, for all (w, B) € G¥ X J.(E) where the Cantor set GV is defined as
GY = {a) EQ:|lw-Ll=v{)",VLeZ\ {0}} C R0, (4.54)
the function i (X) := iso(w, &; X) is a solution of
F(w, A, € ino, too(@, B)) =0.

As a consequence, each embedded torus X +— ix(X) is invariant for the Hamil-
tonian vector field X, , ., . and it is filled by quasi-periodic solutions with fre-
quency .

The following theorem will be proved in Sect. 8. The Diophantine condition in
(4.54) is verified for most of the parameters, see Theorem 6.1.

5. Transversality of the Linear Frequencies

In this section we apply the KAM theory approach of Arnold and Riissmann
(see [44]), extended to PDEs in [12], [4], in order to deal with the linear frequencies
Aj,m(E) defined in Proposition 3.10. We first give the following definition.

Definition 5.1. A function f = (f1, ..., fi) : [E1, E2] = R0 is non-degenerate
if, for any ¢ € R0\ {0}, the scalar function f - ¢ is not identically zero on the whole
parameter interval [Eq, Ez].

We recall the vector of the linear frequencies in (1.18), as m — oo,

Om(E) == (Mm(E), .oy hgym (B)) = Doo(E) := (A1,00(E), ..., Aip,00(E)) € R,

(5.1)
where A j (E) € (0, E) is a zero of the secular equation, recalling (3.44),
F() := rcos (rv E? — A2) coth((1 — r)A) — VE2Z — AZsin (r\/E2 —1%) =0,
(5.2)

forany j =1, ..., ko.

Remark 5.2. All the frequencies involved are analytic with respect to the parameter
E € [m(ko + }T), 00). Indeed, the frequencies (A j,OQ(E))';.O=1 are analytic because
defined as implicit zeroes of the analytic function (5.2), whereas the frequencies
(A j,m(E))';.O:1 are analytic because —A;ym(E) are the negative eigenvalues of the

Schrodinger operator Ly, = —8}2, + Qwm(y) with the analytic potential O, (y) =
Om(E, r; y) under the analytic constrain in (1.4) (for the physical problem of the
channel, we have r € (0, 1], from where follows the threshold E > (k¢ + %)n,
otherwise arbitrary).

We prove the non-degeneracy of the vector @y, (E) by first showing that the
limit vector @ (E) is non-degenerate and then arguing by perturbation. To do so,
the key tool is an explicit asymptotic expansion for the frequencies (A (E))';.Ozl.
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Lemma 5.3. Forany j =1, ..., ko, let L j oo = X j 0 (E) € (0, E) be a zero of (5.2).
Then, we have the asymptotic expansion

A oo(B) = Bcos ((a0()) +a2(/)B; (B) +0(B;(E))) ). E— +oo.

B, (E) := exp(((ko + §) — E) cos(an(j))),

(5.3)

with ax(j) = a2 (o (j)) € R\ {0}, where ap(j) € (0, %) is a zero of the equation

sin(rag(j)) = ﬂ (5.4)
ko + 4

Proof. For sake of simplicity in the notation, in the following proof we will omit to
write the explicit dependence of the fixed j = 1, ..., ko when not needed. Therefore,

let Aj o(E) = A(E) € (0, E), which implies ¢(A(E)) := /(E — AME)?) € (0, E).

We make the following change of variables
ME) :=Ecos(ra(E)), <¢(A(E)) =Esin(ra(E)), «o(E) € (0, %).

Recalling the constrain Er = (kg + %)n in (1.4), we have that any zero A(E) of
(5.2) in (0, E) correspond to a solution «(E) of the following equation

cos (ra(E) + (ko + 3)7 sin(ra(E)))

= cos(ra(E)) cos ((ko + %)n sin(ra(E)))(1 — coth ((E — (ko + i)n) cos(Ta(E)))).
(5.5)

‘We search for solutions of the form
a(E) = ap + 21 BE) + 02B(E)’ + g(B), g(E) =o0(B(E)’), E— +oo,
where B(E) is defined in (5.3). By the expansion

1 Z
l—coth(z)=1—1+e —ZZe Y0,

we note that, in the regime E — oo,
1 — coth ((E — (ko + %)n) cos(mx(E)))

= -2 exp (2n((ko + ;)7 — E) cos(ra(E)))

n=1

=23 exp (Zn((Ko + 17 — B) (cos(rag) + o(ﬂ(E))))

n=1

= =2 (BE) exp (2n((ko + )7 — E)o(B(E)))

n=1

= —2(B(®)* - > _(BE)™

n=2
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+23 @)Y (1 - exp 2alko + D — Bo(BE))).

n=1
‘We obtain that
1 — coth ((E — (ko + )7) cos(ra(E))) = —2(B(E))* + o(E(B(E))?), E — oo.
(5.6)

Since we are interested in the first two powers of B(E) in the expansion of (5.5),
it means that the other two factors on the right hand side of (5.5) contribute only
with their zeroth orders. We now compute the first two orders of the left hand side
of (5.5). We have

a(E) + (ko + 1) sin(ra(B)) = ag + (ko + 1) sin(rap)
+ai(l + (ko + )7 cos(a)) B(E)
+ (a2 (1 + (ko + Dym cos(rag)) — % (o + Ha? sin(rag)) (BE)? + ..
where the dots stand for higher order terms. It follows that
cos (ma(E) + (ko + 17 sin(ra(E))) = cos(m (o + (ko + 3) sin(rap)))
— sin(r (o + (ko + %) Sin(ﬂao)))<ot1 (1 + (ko + )7 cos(ag)) B(E)

7'[2 K l
+ (a1 + (o + D cos(ran)) — 5 ot sin(rag) (B®)* + ..

— 5 cos(e(ag + (ko + 1) sinGra)) (e (1 + (ko + D cosGrao)BE) +...) + ..
(5.7)

The zeroth order term O (1) in (5.5) comes only from its left hand side. Therefore
we impose « to solve

cos(m (oo + (ko + }‘) sin(wag))) = 0.

It follows that g = ap(j) € (O, %) solves, for j = 1, ..., kg, the implicit Equation
(5.4). Furthermore, we note that

sin (7 (@ (j) + (ko + 1) sin(ra()) = (1771, Vj=1...k. (58)

Also the contribution to the first order term O (B(E)) in (5.5) comes only from its
left hand side. Looking at (5.7), together with (5.8), we impose

(=D Mwa (1 + (ko + D cos(man() =0 = a1 =0. (59

Second order terms O ((B (E)?) appear on both sides of (5.5). By (5.5), (5.6), (5.7),
(5.8) and (5.9), we impose, for any j = 1, ..., ko,

(=1 o (1 + (ko + )7 cos(rao(j)))
= —2cos(mag(})) cos((ko + §)7 sin(rao())).

This linear equation uniquely defines a2 (j) = a2 (o (j)) # Oforany j = 1, ..., ko.
This concludes the proof. O
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We can now prove that the following proposition.

Proposition 5.4. (Non-degeneracy for @0 (E)). The vector oo (E) in (5.1) is non-
degenerate in the interval [E1, Eo], assuming E1 > 1 sufficiently large.

Proof. We argue by contradiction. Assume, therefore, that there exists a nontrivial
vector ¢ = (¢, ..., Cx,) € R¥0\ {0} such that c-@oo (E) = Oon [Ej, Ep]. By Remark
5.2, the zeroes of the analytic function (5.2) are analytic in the domain [Ej, 00) as
well. Therefore, we have ¢ - @ (E) = 0 on [E}, 00). By Lemma 5.3 and dividing
by E, we have, for any E € [E[, 00),

c1cos(m(E)) + ... + ¢y cos(m e, (E)) =0 VE € [Ef, 00), (5.10)
where

95 (E) i= ao(j) + a2(j)B;(E)* + 0(B;(E)®), E — +oo,

1 . .11
B (E) :=exp (((ko + )7 — B) cos(man())))-

In particular, we further expand the asymptotic in (5.3), obtaining, for any j =
1, ..., ko, in the limit regime E — 400,

cos(9; (E)) = cos(man(j)) — maa(j) sin(wan(j))B; (E)* + o(B;(E)*).
(5.12)

By (5.11), we have
9B (E)* = —2cos(man(j))B;(E)*, dx(0(B;(E))) = o(B;(E)?).

By differentiating with respect to E in (5.10), using (5.12), we get, in the asymptotic
regime E — 4-00,

c1 (a2 (1) sin2man (1) 81 (E)* + o(B1(E)?))

+ ...
+ cio—1 (@2 (ko — 1) sin2rag (ko — 1)) Beo—1(E)* + 0(Bey—1(E)))
+ e (@2 ko) sin2m g (ko)) By (B)* + 0(Bey (E)*)) = 0. (5.13)

The solution «(j) of (5.4) are monotone increasing with respect to j because we
have «y(j) = (1 + (ko + %)n cos(mxo(j)))_1 > 0, since cos(wap(j)) € (0, 1)
(the derivative «()( ) is of course meant with j as a continuous variable). Therefore,
we have 0 < ap(1) < ag(2) < ... < ag(ko — 1) < ap(kg) < %

It follows that

0 < exp(—Ecos(rap(l))) < ... < exp(—Ecos(mag(kp))) < 1.
This implies that, for any E > (ko + %)n large enough, recalling (5.11),

0 < B1(E) < f2(B).... < B-1(E) < B (E) <1
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It means that ,8,(0(E)2 is the leading term in (5.13). Therefore, we multiply all the
terms in (5.13) by By, (E)? and, taking the limit E — +o0, we obtain

Cro@2 (k0) sin(mag (ko)) = 0.

Since o (ko) sin(mwop(kp)) 7 0 by Lemma 5.3, we obtain ¢, = 0. We insert this
constrain in (5.13) and we iterate the procedure with a new leading term at each
step. We conclude that we must have ¢, = ¢,—1 = ... = ¢ = 0, whichis a
contradiction. The claim is proved. O

Roughly speaking, the non-degeneracy is an open condition. Therefore, the
property extends from the limit vector @eo(E) t0 @y (E) when m is sufficiently
large.

Theorem 5.5. (Non-degeneracy for @y, (E)) There exists m = m(kg) > 1 such
that, for any m > m, the vector wy (E) in (5.1) is non-degenerate in the interval
[E1, E2l, assuming E1 > 1 sufficiently large.

Proof. By contradiction, assume that for any m > 1 there exists m > m and a
vector ¢y, € R¥0\ {0} such that @, (E) - ¢y = O for any E € [Eq, Ep]. Clearly by
defining dy, := - one also has that

[em]
Om(E) -dn =0 VE € [Eq, Ea].
Since |dy| = 1 for any m > m, up to subsequences d, — d, with |d| = 1.
Moreover SUpgc(g, g, [Om(E) — @ (E)| — 0 as m — oo by Proposition 3.10.

Hence, up to subsequences @y, (E) -dy, cONVerges to oo (E) d uniformly on [Ej, E;]
as m — oo. This clearly implies that

@oo(E)-d =0, VE €[E1, Eal,

which contradicts the non degeneracy of the vector @, proved in Proposition
5.4. O

The next proposition is the key of the argument. It provides a quantitative bound
from the qualitative non-degeneracy condition in Theorem 5.5.

Proposition 5.6. (Transversality) Let m > 1 as in Theorem 5.5. Then, for any
m > m, there exist mg € N and py > 0 such that, for any E € [Eq, E2],

max  |3laom(E) €] = po(£), Ve Z\{0}. (5.14)
o<n<mg

We call po the amount of non-degeneracy and my the index of non-degeneracy.

Proof. Let m > m. By contradiction, assume that for any m € N there exist
En € [Eq, Ez] and ¢, € Z*0 \ {0} such that

. lm 1
Lom(ER) —| < —, YO<n<m. (5.15)
BT ) | (m)
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The sequences (Ep)meNn C [E1, E2] and (,,/ (€m))men C R0\ {0} are both
bounded. By compactness, up to subsequences E;, — E € [E{, Ex]land £,/ (€,) —
¢ # 0. Therefore, in the limit for m — 400, by (5.15) we get 8gc7)m (E)-¢ =0 for
any n € Ny. By the analyticity of &y, (E) (see Remark 5.2), we deduce that the func-
tion E > & (E) - ¢ is identically zero on [Ej, E;], which contradicts Proposition
5.4. O

Thanks to Proposition 5.6, we can finally prove that the Diophantine non-
resonant condition for @, (E) holds on a large set of parameters.

Proposition 5.7. Let (ko + i)n < E| < Ep < 00 be given. Let alsoT > moko and
v € (0, 1). Then the set

K=K@,7):={E€[ELE] : [dn(®) € =TT, YLeZ\{0}}],
(5.16)

is of large measure with respect to U, namely |[E1, E2] \ K| = o(T!/™0).
Proof. We write
Ko=ELB\K=JR=J{EclE Bl : |6n®E £ <v()T}.

040 040
(5.17)

— - 1
We claim that [R| < (T (£)~FFD)mo . We write
Re={ee(E.E : (7@ <T@,

where ?z (E) := o (E) - (% By Proposition 5.6, we have maxo<, <k, |8§7l (B)] >

poforany E € [E;.E;]. Inaddition, by Remark 5.2, we have maxo <, <m |8g?g BE)| <
C forany E € [E;.E;] for some constant C = C(Ej, Ea, mg) > 0. In particular, 7€
is of class Cko—1 = ¢mo+1 Thus, Theorem 17.1 in [44] applies, whence the claim
follows. Finally, we estimate (5.17) by

_ _ ne _THl
KT< Y IR S0 Y {0y "0 ST
250 250

since T > moko — 1. This concludes the proof. |

6. Proof of Theorem 1.1 and Measure Estimates

Assuming that Theorem 4.5 holds, we deduce now Theorem 1.1. By (4.52), for
any A € J.(E), the A-dependent family of functions cso (-, A) from €2 into their
images oo (2 X {A}) are invertible and

B = too(@, B) = 0+ re(w, B), w=a(B,2) =B+ D),

2N 6.1)
lrelfov < ev!, eV < Vev !
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Then, forany 8 € oo (G¥ X J¢(E)), Theorem 4.5 proves the existence of an embed-
ded invariant torus filled by quasi-periodic solutions with Diophantine frequency
w= Olo_ol (B, ) for the Hamiltonian

Hep =BT+ 5z (TF2® 0)z2),0 + Ve Pe.

Consider the curve of the unperturbed tangential frequency vector A — @& (3)
in (5.1). In Theorem 6.1 below we prove that, for a density 1 set of parameters
A € J.(E), the vector o 0_01 (@m(2), A)is in GY, obtaining an embedded torus for the
Hamiltonian H, g with 8 = ao(w, B) = @ (), and therefore for the Hamiltonian
'H, in (4.38), filled by quasi-periodic solutions with Diophantine frequency vector
w = ao_ol (@m (A7), ), denoted @ in Theorem 1.1. Clearly, by the estimates (4.39),
(6.1), one has that the vector @ satisfies

B = dn(®) + 0(Vev™) = du(E) + 0(Ve + Vev™) = au(E) + O(Vev ™).

Thus, the function A(in(@0x)) = (¢1(@x, y), & (0x, y)), where A is defined in
(4.33), is a quasi-periodic solution of the Equation (4.27) and hence, by recalling
Lemma 4.3, (4.22), (4.23), (4.26), h,(y) + {1 (wx, y) is a quasi-periodic solution
of (4.11). This proves Theorem 1.1, together with the following measure estimate:

Theorem 6.1. (Measure estimate) Let

a

v=2¢“ 0 <a<min {(,10’ ML d(r) := T+1—moko

2(d(r)7m—lo) mo(T+1) 6.2)

T > max{mokog — 1, mo(kg +7 + 1) — 1},

where my is the index of non-degeneracy given in Proposition 5.6, ko := mq + 2,
T = moko is fixed and ag € (0, 1) is defined in (8.3) in Theorem 8.2 . Then, fixed
E € K, with K as in (1.19) (see also (5.16) below), for € € (0, &9) small enough,
the set

Ke =Ke(E) :={a e J(E) = [E— Ve, E+ Vel : o) (@m(R), B) € GV}
(6.3)

has density 1 as ¢ — 0, namely
IKe@®)] _ 1K (B
| T (B)] 2Je

The rest of this section is devoted to prove Theorem 6.1. The key point to
compute the density of the set K¢ (E) is that the unperturbed frequency @y, (E) is
Diophantine with constants v € (0, 1) and T stronger than the ones in (4.54),
namely with v <« U and t > 7, see Proposition 5.7.

By (6.1) we have that, for A € J,(E),

— 1 as ¢ — 0, uniformlyin E € K.

@e(B) 1= ax) (Om(B), B) = @ (B) + e (B), (6.4)
where 7. (B) := i'e (Om (B), ) satisfies

1057, (8)] < C/ev 19 VO <k <ko, uniformly on J.(E).  (6.5)
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By (4.54), the Cantor set K. (E) in (6.3) becomes
Ko@) i={a e T®) : 13:@) -6 > v (O, Vee 20\ (0)].

We estimate the measure of the complementary set

KE(E) := Je(BE) \ Ke(E) := U R (E) 6.6)
00
=U [A €Je(E) : l@p(B) - €] <v (E)*T},
££0

To estimate the measure of the sets R;(E) in (6.6), the key point is to show that the
perturbed linear frequencies satisfy the similar lower bound in (5.14) in Proposition
5.6. The transversality property actually holds not only in the vicinity of the fixed
E, but also on the full parameter set [Eq, E2].

Lemma 6.2. (Perturbed transversality) For ¢ € (0, &9) small enough and for all
A € [E], B2,

max [9.(8)- €] > 5 (0. Ve Z0\ (0); 6.7)

o<n<my

here py is the amount of non-degeneracy that has been defined in Proposition 5.6.
In particular, the same estimate (6.7) holds for any A € J.(E), with the constant
po independent of ¢ > 0.

Proof. Theestimate (6.7) follows directly from (6.4)—(6.5) provided /gv~(1170) <
0o/ (2C), which, by (4.50) and (6.2), is satisfied for ¢ sufficiently small. O

As an application of Riissmann Theorem 17.1 in [44], we deduce

Lemma 6.3. (Estimates of the resonant sets) The measure of the sets Ry (E) in (6.6)
1
satisfies |R¢(E)| < (v (€)~CDYm0 for any £ # 0.

Proof. We write
Ri®) = [a e ZE) : 1A@)] < oo ],

where fy(B) := w:(B) - (%. By (6.7), we have maxogu<k, 104 fe(R)| = po/2 for
any A € [E[.Ez]. In addition, (6.4)—(6.5) imply that maXo<,<m, |04 fe(R)] < C
for any A € [Ej.E;], provided /sv~(+"0) is small enough, namely, by (6.2), for
& small enough. In particular, f; is of class Cko—1 = ¢mo+!l Thus, Theorem 17.1
in [44] applies, whence the lemma follows. O
Lemma 6.4. There exists C = C(U) > 0 such that, if 0 < |[£] < C(ve_%)ﬁ,
then Ry(E) = @.
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Proof. By the estimates (4.39), (6.1), we deduce | (2) — &n(E)| < ev™! for
any A € J(E). Hence, by Proposition 5.7, we get, for some constant C > 0,

v
21e7

v

oF ~CYevTla >

|0 (B) - €] > |&n(E) - £] — C/ev e =

provided that the condition stated in the statement holds. Hence, for v <« v and
T > T, this implies that Ry (E) = @. |

1l
Proof of Theorem 6.1 completed. The series > 0 |€] "0 is convergent because

% > ko by (6.2). Hence, by Lemmata 6.3, 6.4, the measure of the set CS(E) in

(6.6) is estimated by

. L 1
Ki@l< Y. R@®ISv )Y

e

1 _1 I
[€]>C(ve 2)T+I [€]>C(ve 2)T+I
T+1-mgkg
1 1 —
< UT)(_‘/E> mEH U%(—‘/EY(T g

v o v

where & := (mo(T + 1))~ and B := mokog — 1. Therefore, we have

2
EE _ oy L WP =1 mea =)=
2ﬁ 2 mo
Since T > mo(kp + T + 1) by (6.2), we have that p; > 0 and, consequently, also
p2 > 0. Then, for v = 2 with
o a(t —p)—1 1
= <

0 = Z
T T aec o) 2

<1,

we have (2,/2) ' |KS(E)| < eP1732 — Oase — 0. Itimplies (24/2) Ko (B)| >
1 — Ce™0 and the proof of Theorem 6.1 is concluded. O

7. Approximate Inverse

In order to implement a convergent Nash—Moser scheme that leads to a solution
of F(i,a) = 0, where F(i, o) is the nonlinear operator defined in (4.43), we
construct the approximate right inverses of the linearized operators

dj.aFlio, @0)[i, @] = w - di — d; X3y, (0(®) []] — (@, 0,0).

Note that d; o F (io, o9) = d;i o F (ip) is independent of ctg. We assume that the torus
io(x) = (6p(x), Ip(Xx), zo(x)) is reversible, according to (4.45).
In the sequel we shall assume the smallness condition,

VevTl« 1.

First of all, we state tame estimates for the composition operator induced by
the Hamiltonian vector field Xp, = (9;P¢, —09P¢, JV,P¢) in (4.43).
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Lemma 7.1. (Estimates of the perturbation Pg) Let S > 2(so + ), with © > 0
as in Lemma 4.2-(ii). Let J(x) in (4.41) satisfy ||3||1j{3yg < 1. Then, for any sy <
s S/2 " andany PRGH we have HXp (1)||k0 v

-~

i:=0,1,9,01 =01, 1,21, 2= 0>, b, %)
i Xp, ORI <o T30+ 1300 17150
et A o vl P R o Pl

Proof. From (4.38), (4.28) and (4.33), (4.36), the Hamiltonian vector field for
P.=P. oA+ [(wm(E) &m(®)) - 1 is given by

ko,v

Ss V131, and, for all

ko,v
yJO )

[9/vT (@, D10, P.(A©, 1,2)) + f(wm@) Om(B))
Xp, = —[39vT (0, )17 89 P (A(O, 1, 2)) ;
I, J7'V,P.(A@®, I, 2))

where T+ is the projection onto the subspace X| in (4.30). Since V, P ({1, {2) =
q:(y, ¢1), the claimed estimates follow by Lemma 4.4, by the definition of vT and
A in (4.33), by the interpolation inequality (2.4) (recall also the definitions given
in (4.48)) and by the estimate in (4.39). |

7.1. Invertibility of the Linearized Operator

Along this section, we assume the following hypothesis, which is verified by
the approximate solutions obtained at each step of the Nash—Moser Theorem 8.2.
We recall the definitions of the spaces A7, V], X*, )" in (4.47)—~(4.48) that we
shall use in the whole section.

e ANSATZ. The map A — Jo(L) = ip(A; X) — (X, 0, 0) is ko-times differentiable
with respect to the parameter A = (w, 2) € R0 x J,(E) and, for some o :=
o (ko, ko, ) > 0,v € (0, 1),

13015%0s + loo — 0]V < CVev™!, Veu! « 1. (7.1)

We remark that, in the sequel, we denote by o = o (ko, ko, T) > 0 constants, which
may increase from lemma to lemma, that represent “loss of derivatives”.

As in [2,7,12], we first modify the approximate torus ip(x) to obtain a nearby
isotropic torus is(x), namely such that the pull-back 1-form i§ A is closed, where
A is the Liouville 1-form defined in (4.35). We first consider the pull-back 1-form

igA =) a®)dxi. ar(x) = —([0x00®)] I(®), + 3(J " 20(x). 8x.20(%)) 2.
k=1

and its exterior differential

iW =difA = Z Agidxe AdXj,  Agj(X) = dx,a;(x) — Oy, ar(x) .
1<k<j<y
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By the formula given in Lemma 5.3 in [7], we deduce that for any s > s9, if @
belongs to GV (see (4.54)), the estimate (assuming the ansatz (7.1)),

Ak 5 <o v (IZI58Ys + 1308 1215005 )

ko, ko,
Ak I S 130l i

for some o = o (ko, T) > 0 large enough, where Z(x) is the “error function”
Z(x) := F(io, ag) 1= @ - dxio(X) — X, (i0(X)). (7.2)

Note that, if Z(x) = 0, the torus ip(x) is invariant for X Ha and the 1-form ia“A is
closed, namely the torus ig(x) is isotropic. We denote below the Laplacian Ay :=

ZZ=1 8)%/( .

Lemma 7.2. (Isotropic torus) The torus is(Xx) := (6p(x), Is(X), wo(X)), defined by

k=1

is isotropic. Moreover, there is 0 := o (ko, ko, T) > 0 such that, for S > 2(so + o)
if (7.1) holds, then forall so < s < S/2 — o,

k ~ ko,
115 — Tolls™" <s 1301051 (7.3)
ko, -1 ko, ko, v 1~ ko,
175 — Toll*" <Ss v (IZI357 + 1 Z15%" 13035 )
. ko, ko, ko, ~ - 11kos
IF (s, c0) 3" S IZ135ts + I ZI35% 130l - (7.4)

Furthermore is(X) is a reversible torus, cfr. (4.45).
Proof. The estimates (7.3)—(7.4) follow for example as in Lemma 5.3 in [2]. O

In order to find an approximate inverse of the linearized operator d; o F (is), we
introduce the symplectic diffeomorphism Gs : (¢, 1, z) — (6, I, z) of the phase
space T x R¥0 x X,

6 @ Oo()
L'l :=Gs|v|:= |1+ [3¢>90(¢>)]_T b+ [(3Z0) G0N Tz |,
z z 20(¢) + z

(7.5)

where Zp(0) = 200y ! (0)). It is proved in Lemma 2 of [7] that G is symplectic,
because the torus is is isotropic (Lemma 7.2). In the new coordinates, is is the
trivial embedded torus (¢, 1, z) = (¢, 0, 0). The diffeomorphism G; in (7.5) is
reversibility preserving.

Under the symplectic diffeomorphism Gs, the Hamiltonian vector field X g,
changes into

Xk, = (DGs) ' Xy, 0Gs  where K, := Hy o Gs. (7.6)
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We have that K, is reversibility preserving, in the sense that
KyoS =K,. (1.7)
The Taylor expansion of K, at the trivial torus (¢, 0, 0) is

Ko($, 1, 2) = Koo($, @) + K10(¢, &) - v + (Ko1 (¢, @), 2) 12 + 3 Kao(@)y -
+ (K11(@)9, 2) 2 + 2 (K2 @)z, 2) 12 + K>3(h, 0, 2),  (7.8)

where K>3 collects all terms at least cubic in the variables (9, z). By (4.42) and

(7.5), the only Taylor coefficients that depend on « are Kop € R, K19 € R and

Ko1 € X, whereas the kg x ko symmetric matrix K»p, K11 € L(R*0, X)) and the

linear self-adjoint operator Koy, acting on X , are independent of it.
Differentiating the identities in (7.7) at (¢, 0, 0), we have

Koo(—=¢) = Koo(¢), Kio(—=¢) = K10(¢), Kao(—=¢) = K20(9),

SoKoi(—=9)=Ko1(¢), SoKii(—=¢)=Ki11(¢), Kpn(—¢)oS =380 Kn(p).
(7.9)

The Hamilton equations associated to (7.8) are

¢ = Kio(p, @) + Koo (@) + [K11(®)] z + dyK>3(¢. 1, 2)
= —03yKoo(¢, ) — [0 K10(¢p, )]"y — [8pKo1 (¢, )] z
—3p (3K20(@)0 0+ (K11 (@), 2) 12 + 5 (Koa(@)z, 2) 12 + K>3(. 1. 2))
z=J (Koi(¢, ) + K11(9)9 + Koo (@) z + V2K >3(¢. 9, 2))
(7.10)

where 8¢K 10 18 the ko X Ko transposed matrix and 3¢K01, K/ p XL —>AR’(0 are
defined by the duality relation (9 K01[¢ z)12 = ¢> [0pKo1]' z for any ¢ € R0,
z € X|. The transpose K, 11 (@) is defined similarly. On an exact solution (that is
Z = 0), the terms Koo, Koj in the Taylor expansion (7.8) vanish and K19 = w.
More precisely, arguing as in Lemma 5.4 in [2] (with minor adaptations), we have

Lemma 7.3. There is o := o (o, ko, T) > 0, such that if S > 2(so + o) and (7.1)
holds then for all so < s < S/2 — o, one has

189 Koo (-, o) 5V + | K10 (-, at0) — o[l + [ Kor (-, Olo)llko v
S 12152, + 1 Z15Ys 190155,

0 Kooll§" + 1132 K10 — 1415 + 132 Kot I35 s 1Tl

K20l < Ve + 1T0l15%%),

IRyl Ss VeI + 11 130l5:5).

T_ |k k k ko,
[&h2] ™ 50 vezfy” + 12185 1300t
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Under the linear change of variables

1) 9400 (x) 0 0 ¢
DGs(x,0,0) | 5| == | 9I5(x) [9560(x) ]~ " [(Bp) @ox)NIT T 1| [T ],
z dpwo (X) 0 1d z
(7.11)

the linearized operator d; o F (is) is approximately transformed into the one ob-
tained when one linearizes the Hamiltonian system (7.10) at (¢, v, z) = (x, 0, 0),
differentiating also in « at o and changing d, ~~ w - dx, namely

@ - 35D + 3pp Koo (X)[@] + 358 Koo () [@] + [9 K 10()] 5 + [0 Ko1 (x)] 2

( w - 0xd — 8y K10(X)[P] — d K10(X)[@] — K20(¥)F — [K11(0)] 2 )
=
-z —J (3¢K01(X)[$] + 9a Ko1 (0)[@] + K11 (07 + K2 (x)Z)

Q) N) I)

(7.12)
In order to construct an approximate inverse of (7.12), we need the operator
Go =" (@ dx — JKo2(®)) |, (7.13)

to be invertible (on reversible tori), where we recall that T+ denotes the projection
on the invariant subspace X in (4.30).

Lemma 7.4. There exists o := o (ko, ko, T) > 0 such that, if (7.1) holds, then, for
S>2(s0+0), foranyso <s < S/2—o0 and

for any h € yi“, there exists a solution f = g;lh € X| of the equation
Go [ = h satisfying

—1y ko,v ko,v ~ 1ko,v ko,v
1Ge) ™ hlls Ss IS + 130l IA I S -
w Xi S yfrl Xs+o yifrl

Moreover, if h is anti-reversible, then f is reversible.

We postpone the proof of this lemma to Sect. 7.2. To find an approximate
inverse of the linear operator in (7.12) (and so of d; o F (is)), it is enough to invert
the operator

R ® - 0§ — da K1o(X)[@] — K20(x)F — K} (02
D[¢.9.Z. @] = @ - 3D + 99 9p Koo (x)[@] (7.14)
Gwz — J (3. Kot (¥)[a] + K11(X)D)

obtained neglecting in (7.12) the terms 94 K10, dp¢ K00, 0y Koo, 0y Ko1, (as they
vanish at an exact solution). For (w, &) € GV x J.(E) (recall (4.54) and (1.21)),
we look for an inverse of D by solving the system

R g1
D[¢.5.z.a]=|s]. (7.15)
g3
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where (g1, g2, g3) is an anti-reversible torus, that is

g1x) =gi1(=x), X =—-g(x), SgKx) =-g(-x). (7.16)

We start with the second equation in (7.14)—(7.15), thatis w-9x§ = g —dy 9p Koo (x)
[@]. By (7.16) and (7.9), the right hand side of this equation is odd in x. In particular
it has zero average and so, for w € GV (recall (4.54)), one can set

5= (0 )7 (82 — ddpKoo(X)[@l) . (7.17)

Next, we consider the third equation G,z = g3 + J (3, Ko1 (X)[@] + K11 (X)§). By
Lemma 7.4, there is an anti-reversible solution

= (Gu) (g3 + J (3 Kot ®[@] + K11 (X)D)) - (7.18)

Finally, we solve the first equation in (7.15), which, inserting (7.17) and (7.18),
becomes

w - ¢ = g1 + MiX)[@] + Ma(x)g2 + M3(x)g3. (7.19)
where
M (x) := 0y K10(X) — M2(X)0ydp Koo (X) + M3(x)J 0y Ko1(X),
Ma(x) = Kx®) (@ 3) "+ K[1(x) (Go) ™ T K11 (x)( - )7,
M3(x) == K[ (%) (Gu) "

In order to solve (7.19), we choose @ such that the average in x of the right hand side
is zero. The x-average of the matrix M| satisfies (M), = Id + O(JEU’] ). Then,
for ﬁu_l small enough, (M) is invertible and (M );1 =Id+ 0(\/51)_1). Thus
we define

@:=— (M5 ((g1)x + (Maga)y + (M3gs)y) . (7.20)
and the solution of Equation (7.19)
¢ = (- 30" (g1 + MiX[@] + Ma(x)g2 + M3(x)g3) (7.21)

for w € GY. Moreover, using (1.16), (7.9), the fact that J and S anti-commutes and
Lemma 7.4, one checks that (¢, 9, Z) is reversible, that is

P(xX) = —p(—x), HX) =H(—x), SZ(X) =Z(-x). (7.22)

In conclusion, we have obtained a solution (¢, 1, Z, @) of the linear system (7.15),
and, denoting the norm || (¢, v, z oz)||k0 Y :=max {[(¢, v, z)||];2_;“, |oe| 0V } (where

X% is defined in (4.48)), we have

Proposition 7.5. For all (w,2) € GY x J.(E) and for any anti-reversible torus
variation g = (gl, 82, g3) (that is sansfymg (7.16)), the linear system (7.15) has
a solution D™ g = (¢, 9,7z, @), with (¢, 9, Z, @) defined in (7.21), (7.17), (7.18),
(7.20), where (d), 0, Z) is a reversible torus variation, satisfying, for any sy < s <
S/2—o

ki -1 ko, ko, ~ ko,
ID~"gl%” Ss v (Ilgllﬁvi’a + IIgIIJ‘,’X(ﬂaIIJoII;?sio)-
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Finally, we prove that the operator
To := Tolio) := (DGs)(x,0,0) o D! 0 (DGs)(x,0,0)! (7.23)

isan approximate rightinverse ford; o F (ip), where CN},g (@,9, z,a0) .= (Gs(¢, v, 2),
«) is the identity on the a-component.

Theorem 7.6. (Approximate inverse) There is o := o (1, ko, ko) > 0 such that, if
(7.1) holds with o = @, then, forall (w, &) € G¥ X T (E) (recall (4.54) and (1.21))
and for any anti-reversible torus variation g = (g1, g2, g3) (that is satisfying
(7.16)), the operator Ty defined in (7.23) satisfies, for S > 2(so + o) and for all
so<s<S§/2—0,

ko,v —1 ko,v ko,v ~ 1ko,v
Togl’gs (Ilglla(,l+(r + llgll O‘OM 130l )

(7.24)
k - ko, k ko,
ITogllys” S5 v~ (811553 + 181350410l 3:77)
Moreover, the first three components of Tog form a reversible torus variation (that
is satisfy (7.22)). Finally, T is an approximate right inverse of d; o F (i), namely

d; o F(ip) o To — Id = P(ip)
where, for any variation g € V019 one has
1PGo)g % < v IF o, o) 1% 181150 (7.25)
0 g ySO ~ 0, &0 y.v0+r7 g v0+(7 .

Proof. The claim that the first three components of Tog, with T as in (7.23), form a
reversible torus variation follows from the facts that DG (x, 0, 0), DGs(x, 0, O)’1
are reversibility preserving and that D~! maps anti-reversible torus variations into
reversible torus variations, see Proposition 7.5.

First, we note that DGs(x, 0, 0), defined in (7.11), satisfies the estimates, by
Lemma 7.2 and (7.1), with Z° = X or Z* = ),

~ k
IDG3(x. 0, 0)[i11'%" + 1 DGs(x,0,0) "[T5 <y 115" + 1301 %Y 1710

(7.26)
2 ko, > ko, v > ko, ok k
ID*Gs(x,0,0)[i1, 2]l 2" S Nl 2 il 2 + linll e IItzII %Y
~ ko, ko, v ko,
+ 1ol g il 20 1211 s (7.27)

for any variation i := (a, 1, 2) and for some o = o (ko, ko, T) > 0. These latter
estimates, together with Proposition 7.5 imply the first estimate in (7.24). The
second estimate easily follows from the first one by recalling the property (4.49).

We now compute the operator P and prove the estimate (7.25). By (4.43) and
Lemma 7.2, since X ns is independent of the action I, we have

1
di o F(i0) — di o Fis) = «/gf 01d; Xp, (0o, Is + A(Io — Is), z0)
0
[lo — Is, TI[ - ] dA =: &b, (7.28)



81 Page 66 of 79 Arch. Rational Mech. Anal. (2024) 248:81

where IT throughout this proof denotes the projection (?,6?) — 7. We denote
by u := (¢, v, z) the symplectic coordinates induced by G in (7.5). Under the
symplectic map G, the nonlinear operator F in (4.43) is transformed into

F(Gs(ux), @) = DGs(ux))(@ - dxux) — Xk, (u(x), @),

with K, = Hy o Gs as in (7.6). By differentiating at the trivial torus us(x) :=
Ga_l(i(;)(x) = (x,0,0) and at ¢ = a, we get

di o F(is) = DGs(us(x))(w - 0x — duo X, (us(X), ao))Déa(u(s)*l + &1,
(7.29)

where
&) 1= D*G5(us)[DG5(us) ™ Flis, o), DG5(us) 'TI[ - 11. (7.30)

Furthermore, by (7.12), (7.13), (7.14), we split

- 0x — dua Xk, (Ws(X), a0) = D + Rz, (7.31)
where
R % Ki0™)[$]
Rz[6.9, 2, @l := | 959 Koo (X)[@] + [8p K10()] "G + [ Ko1 ()17 Z | . (7.32)
—J 9y Kot (X)[4]

Summing up (7.28), (7.29) and (7.31), we get the decomposition

di. o« F(ig) = DGs(us) oD o DGs(us) ™' + &, (7.33)
where

£ =& + & + DGs(us) o Rz 0 DGs(us) ™!, (7.34)

with &, £ and Rz defined in (7.28), (7.30), (7.32), respectively. Applying T
defined in (7.23) to the right of (7.33), since D o D-l=1d by Proposition 7.5, we
get

dioF(i0)oTo—1Id =P, P:=EoT,.

By (7.34), Lemmata 7.1, 7.2 and (7.1), (7.26), (7.27) and using the ansatz (7.1),
we obtain the estimate

o~

> ~11ko, ko, ko,
IR @ < 1ZIK2 T (135)

where Z = F(ip, o), recall (7.2). The estimate on P then follows by (7.35) and
the second estimate in (7.24), assuming (7.1) for some & > o > 0 large enough.
O
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7.2. Invertibility of the Operator G,, and Proof of Lemma 7.4

In this section we prove the invertibility of the operator G, as a bounded operator
Xf‘l — Y] (recall their definitions in (4.47)). First, we write an explicit expression
of the linear operator G, defined in (7.13), as the projection on the normal directions
of the linearized Hamilton equation (4.43) at the approximate solution, up to a
remainder with finite rank, therefore bounded and small.

Lemma 7.7. The Hamiltonian operator G, in (7.13), acting on the subspace X'},
has the form

G = TG — VeI R)las (7.36)

where:
(i) G is the Hamiltonian operator

Gi=w-dx — JO Ve He(y. Ts(9)) | (7.37)
where Hg is the Hamiltonian in (4.28) evaluated at

Ts(9) := A(is(@)) = A (6o(9), I5(X), 20(9)) = vT (B0(9), I5(9)) + z0(9),
(7.38)

the torusis(¢p) := (Bo(p), Is(@), zo(P)) isasin LemmaT1.2and A9, 1, 2), vT (0, I)
in (4.33);

(ii) R(¢) is Hamiltonian and it has the finite rank form R(¢)[h] = Z';O=1 (h, gj)Lz Xj
forany h(x, y), for functions g;, x; € V| that satisfy, for some o := o (t, ko, ko) >
0, for S 2 2(so+0), forall j =1,...,k9and foralls)o <s < S/2 — o,

ko,v ko,v ko,v

o Il S 1 190032 - (7.39)

g
Furthermore, the operators G, G, R are reversible.

Proof. The claims are proved as in Lemma 7.1 in [8] and Lemma 6.1 in [12]. We
refer to these articles for more details. |

The operator G in (7.37) is obtained by linearizing the original system (4.27)
at any torus

) = (£1(%), 5,(%) = T5(x),
with T5(x) as in (7.38). Explicitly, we have

0 Id

g:w'ax_(ﬁm—}—a(x,y) 0

), a(x,y) == eqs(y. {1 (X, y)) (7.40)



81 Page 68 of 79 Arch. Rational Mech. Anal. (2024) 248:81

Proof of Lemma 7.4. First, we estimate the norm of the function a(x, y). By Moser
composition estimates in Lemma 2.2, we have that the norm of ¢ satisfies ||E||f°1’“ <

~S

1+ [|Jo[%%:" and hence by the ansatz (7.1), [ < 1. Thus, by estimates (4.25),
we get, forany so < s < §/2 — o,

~ ki
a5 <5 Ve + 130052 (7.41)

Now, we want to solve the equation G, f = h. By (7.36) (7.40) we write G, =
Dy + Re, where

D, = nl<w o — <£0 1(;1) )nl, Re = —HL( ((a) 8) + \/EJR)HL, (7.42)
m

where J R(¢) is the finite rank operator in Lemma 7.7-(i7). In order to invert G,,,
we conjugate it with the symmetrizing invertible transformation

ML /=12 p=172 - ot (Y2 _1q
I S S L S P L
m, L

where, by the standard functional calculus on the self-adjoint operator Ly, in Propo-
sition 3.10, for any o € R \ {0} we defined

FO)Y=DfidimO) > L4 fO) = LATEFG) = Y fi25%eim).
j=1 JZro+l1

(7.44)

It is immediate to verify that (Ln f, f),, = > skt ?»iInIfJ'I2 > )»,%0+1||f||iz
and

(Lafo £) 2 SN0 FI72 + 1 Onllel £IIT2 S Uy £IIT2 + 11172,
Iy £1122 S (Lafs £) 2+ 1Ok £) 2| S (Lufs f) 2 + 1122 S (Lafi f)

This implies that, for any function f(y) = Zj>/<0+l fiojin(y) € H(} ([-1,1],

1F = (Lnsf )= Y RS (7.45)

JjZKko+1

By the latter inequality, we easily deduce that, for any f € Hj’o and0 < p, < 1,

”‘Cl;,lj_f”s,p S ls0, 1L fllso SNFls 10 BLLS Fllso S IS Ns,p-
(7.46)

By (7.42) and (7.43), we have

Gy, = M['GoM| =D, +R,,
1/2

w-0x+ L 0 _
D, = HJ_ ( X 0 m, L 3 £1/2 ) HJ_, R, = MLIRsML.
W-0x — Ly |
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(7.47)

We split the rest of the proof in several steps.
STEP 1) ANALYSIS OF R,. We split the remainder R; in (7.47) as

R: =R + Ry,

R| = -M] HL(O 8>HLML, Ry = —/eM['JRM,.

By a direct calculation and using that J R is a finite rank operator (see Lemma 7.7),
the operators Ry, R; have the following form:

R — aL 1/2 a£ 1/2 -
1= \Larie e ) M

(7.48)
Rolul = &) (pj.u)2a5. pji=MIlgl a5 = MT'Ix]

Jjes
The latter formula, together with the estimate (7.41), the tame estimate (2.5), the
properties (7.46) and the ansatz (7.1) implies that Ry satisfies the estimate
IRl S5 Ve (Ml + 13015 1uls). Vo <s < S/2—0. (7.49)
We now estimate Ry. Since g; = (gﬁl), gjz)), Xj = (Xj(l), ij)) € yl, by (7.39),
we have, for any so < s < §/2 — o,

ko,v

1) ko, ~
b e <o T4 1T0l5%2.

1) ko,
A PR

2) ko,
AR Pl

2) vk
AR P el ke

g
Moreover, since we have, by (7.49), (7.43) that
12 (1 2 1/2 2
p;i = 1 ‘Cmﬁg;) gﬁ')» ;= 1 »Cm/lXj X](')a
=0 1/2 (1 2) | == 172 " 2) |
j V2 EmL/g()_Fg;) J 2 ﬁm/X;)+X](-)

we obtain, together with the estimates (7.46), that

ko, k ko,
1pjlys" lgjlse” Ss 1+ 1%0lgke, ¥so <s <S/2—o0.

These latter estimates, together with the formula of R; in (7.48) and Lemma 2.1-
(ii) to estimates the terms (p;, u);24q;, imply that R; satisfies the same estimate
as Ry in (7.49). We conclude that

k k ko, ko,
IReull” S5 Ve(lul%” + 1Tolgle lullgo), Vso<s <S/2—o.
(7.50)

STEP 2) INVERSION OF D,,. The operators 1 (o - 9y + EtlT{i_)l'IL are invertible

on their range, with bounded and smoothing inverse from H|” to H}"” *1 for any
p = 0, where the spaces are defined in (4.46). Indeed, recalling Proposition 3.10
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and (7.44), the operators (a) ox £t El/ 2 ) act on elements of the basis of the form
e m(y), with j > ko + 1 and £ € Z¥0, as

(- £LY7) % m () = i ().

P

By Proposition 3.10, Itis clear that iw - £ £ A m| > Ajm > Oforany j > ko + 1
and ¢ € Z". Therefore, by recalling (7.45), D, is invertible and it satisfies the
following bounds, for any u = (u1,u2) € H"” x H"” andany s, p > 0,

—1. k& - ki ko,
D5l S 105wl S5 el (7.51)

5,0~

STEP 3) INVERSION OF G,. We write G, in (7.47) as
G, = (Id +R.D "D,
The estimates in (7.50) and (7.51) imply that

IRD, | 5" <o el + 130105, 1ull’08), Vso <s < §/2 0.

5,0 NY

Thus, by the ansatz (7.1), for ¢ < 1 small enough, the operator G, = (Id +
R.D_')D,, is invertible as an operator from )} = Hj_’] X Hj_’] — Hj'_’o X Hj;’o
and its inverse satisfies the estimate, for all so < s < §/2 — o,

|62 w55 <o (a5 + T2l ") + 1905 (lan 15075 + a2 15)-

(7.52)

STEP 4) INVERSION OF G, ON ) . In order to estimate G 1 we observe that, by
(7.47), one has G ! = MJ_G;lMll. By the expressions of M, Mll in (7.43)
and the estimates in (7.46), one easily deduces that

IMLull§” < lullys” and NI G + IMT 02055 S lully:-

5,0 ~

Therefore, by this latter estimate, together with (7.52) we deduce that, for any
so <5 < S5/2—o0,gven f = (f1, fr) € yi, there exists a solution &7 =
(h1,h2) =G, 1 f € Y] of the equation G,h = f satisfying the tame estimates

k k k ~ ko, k
A1y 5% =19, fII %" Ss ILF1lys S+ 1Tl 1A "53’, Vso <5 < §/2—-o0.
(7.53)

Moreover, if f is anti-reversible, then # is reversible.

STEP 5) ESTIMATE OF G, ! ON X7. It remains to show that & = (h1, h) € X3,
for any so < s < §/2 — o, namely h; € Hi‘3 for any so < s < §/2 — o. This
follows essentially by an elliptic regularity argument. Indeed, using that £, | =
nl(—ag 4+ On(y)I11,by (7.42),(7.44), the vector h = (h1, h2) solves the system

w-oxhy —hy = fi — RO [hy, byl

(7.54)
- dxhy + 92y — T Qn()h = fo — R [h, hall,
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where we write the remainder R, as

(€))]
Relhy, ha] = (Ré‘ L1, h2]> .

RE A, ha]

By Lemma 7.7-(ii), the estimates (7.41), (2.4) (use also the ansatz (7.1)), (7.53)
and the form of R in (7.42), one deduces, for any so < s < §/2 — o,

IR, kI < IReAIY:" S5 VE(IRIY:Y + 1301355 A1 i)
<o Ve (||f||k°“+ ||30||’;2;L||f||"° ) (7.55)
1 Qb %" S Ml Ss (115" + ||30|II§2;llnllf|Ik° )

where in the second estimate we have used that QO (y) is a smooth potential, with
|Onllgt < C(E1, E2) for some constant C(Ej, Ez) > 0. Then, by the second
equation in (7.54), since —82 : H3([—l 1) — Hl([—l 1]) is invertible and its
k() v <

~

inverse (— 82) 1 gains two derlvatwes with respect to y, namely || (— 32) T lls.3

ko,v

lluell gy foranys > 0,u € HL , one has

hi = (=) o dxhy — L Qn(Mh1 — fo + RP[h1. hal].

Therefore, by (7.53), (7.55) and for ¢ > 0 small enough, we have, for any so <
s < /2 — o with an eventually larger o,

ko,
13" < [+ dsha = 1L Qu(h1 — f2+ RP[hr, hal| )"
SN2l + 1A + 10 1857 + ||R<2>[h1, ha )Y

ko ko, K
Ss ||f||)(,)j$1 + ||J0||;8slia||f|| %0

This latter estimate, together with the estimate (7.53), implies the claimed bound
of Lemma 7.4. The proof is then concluded. O

8. Proof of Theorem 4.5

Theorem 4.5 is a consequence of Theorem 8.2 below Recalling (4.48), we
define the spaces X and Y™ as X' = ;5o A*, Y™ 1= ;3¢ )", and, for
any n € Np, we define the superexponential scale

Kn:=K!, x=3/2. 8.1)
We consider the finite dimensional subspaces
En:={Ix)=(0,1,1)(x) € ¥* : @ =[1,0, [ =TI,I, z =z}

where I,z := Ik, z is defined as in (2.8) with K, in (8.1), and we denote with the
same symbol [T, g(x) := ZI (<K, gee'“™. Note that the projector IT, maps (anti)-
reversible variations into (anti)-reversible variations. We introduce some constants
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needed to implement the Nash—Moser iteration. Let ¢ = o (t, kg) > 0 be the
largest loss of derivatives coming from the construction of the approximate inverse
of the linearized operator in Theorem 7.6 and let S >> s¢ be the smoothness of our
nonlinearity. Then, we define the following parameters

nmw=3c+1, pu=3mw+D+1, a:=3mw+1) +1, 82)
by ::al—l—ﬁ—i—%ul—}—:’), a):=aj;—30, S:=2(0+b;+0). ’

Remark 8.1. The constant a; is the exponent in (8.6). The constant a; is the ex-
ponent in (8.5). The constant b is the largest increase of derivatives we need to
control with respect to the low regularity so and the constant 1] is the exponent in
the control of the high norm in (8.7).

Theorem 8.2. (Nash—-Moser) There exist 8o, Cx > 0 such that, if

K(I)H_al\/gv_l < éo, Ko:= U_l,

. _ . (8.3)
vi=e", O<a<a:=QA+wm+ay) ,

then, for alln > 0: _
(P1)n There exists a Ig)—times dljj‘verentiablefunction Wh : R"°~x Je(E) > En_1 X
R¥0, A = (w, A) = Wp(A) := (Jp, 0 — w), forn > 1, and Wy := 0, satisfying
IWal’0 < Con/ev (8.4)

XSO‘*'E
Let l7n = Uy + Wn, where Uy := (X, 0, 0, w). The difference ﬁn = l~/n — ﬁn_l,

forn > 1, satisfies

LH O, < Cov/ev™, [Ha "0V, < Cov/ev 'K, Vn 22, (85)

A0+ 50+ n—1°

The torus embedding 7n = (x,0,0) + ’in is reversible, that is (4.45) holds.
(P2)n For all w € GY (see (4.54)), setting K_1 := 1, we have

IF O35 < Can/eK 7. (8.6)
(P3)n, (HIGH NORMS) For any A = (w, ) € R x J.(E), we have
IWall 0.y < Can/ev™ KL 8.7)

Proof. We argue by induction.
STEP 1: PrOOF OF (P1, 2, 3)g. By (4.43), Lemma 7.1 and Proposition 4.1, we
deduce

IIf(Uo)IIIS‘};U = 0(e). (8.8)

The claims then follow by (8.8), taking C,. large enough and by noting that iy :=
(x, 0, 0) is clearly reversible.

STEP 2: AssuME (P1, 2, 3), FOR SOME n € Nog AND PROVE (P1, 2, 3)n41. We
are going to define the successive approximation Un | by a modified Nash-Moser
scheme and prove by induction that the approximate torus in is reversible. For
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that, we prove the almost-approximate invertibility of the linearized operator G, =
Gn(A) = di o F(in(A)). We apply Theorem 7.6 to G (). It implies, for A =
(w,n) € GY x Je(E), the existence of an almost-approximate inverse T, :=
Tn(A,IN'n(A)) of the linearized operator Gy, = d; o F (zN'n) which satisfies, for any
anti-reversible variation g and for any so < s < 59 + by,

— ko, = ko, ko,

ITagl % Ssorvr v Ulglless + 13nl0ss g 3nyn): (8.9)
_ ko,

ITagl s Ssorr v I8N e (8.10)

Moreover, the first three components of T, g form a reversible variation. For all
A € GY x J:(E) we define the successive approximation

Uny1 = ﬁn + Hpy,

~ . ~ (8.11)
Hn+1 = (/Jn+17 Oanrl) = —HnTan]:(Un) € En X RKO,
where I, is defined for any (J, o) by
Iy (J, ) :== (117, ), Hr% = (Hij, 0). (8.12)

Since ?n is reversible by induction assumption, we have that 7 (ﬁn) =F (?n, ay,)is
anti-reversible, that is (7.16) holds. Thus, the first three components of T, F (l7n)
form a reversible variation, as well as IT,T,IT,F (ﬁn). We now show that the
iterative scheme in (8.11) is rapidly converging. We write

FUs1) = F(Un) + GaHas1 + O,
where G, := d;, a}"(?’n) and
On = QUn, Hnt1) i= F(Un + Hnt1) — F(Un) — GnHns1. (8.13)
Then, by the definition of Hy 1 in (8.11), we have

FUnt1) = F(Un) — GallyTa, F(Un) + On
= (Id — GoT) F(Up) 4+ GuIETL F(Uy) + On (8.14)
= Po+ Ry + On,
where Oy, is as in (8.13) and, according also to Theorem 7.6,
Py = (Id — GuTo) 1, F (Us) = —P(in) 1, F(Un),
Ry = G ITE T, F(Uy) + TTEF(Uy). (613

First, by (4.43) , (8.8), (8.4) and Lemma 7.1, we have, for any A € R0 x 7, (E),

IFO)I55Y < IFWISEY + I1FUn) — FWISR" S Ve + IWall 0

Xﬂr? .
(8.16)
The latter estimate, together with (8.3), (8.4), implies that
vTFO) 1% < 1. (8.17)

y&o \
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‘We start with the estimates for Hy, 41 since we will need them for the other estimates.
By (8.11), (8.12), (2.9), (8.9), (8.10), (8.16), (8.17), we have

ko,v 26 ry
I Hor1 00, Ssotbr K ITaF (Un)ll yosoro1-22

— ki = ko, k
Ssotr VKR (IF O + 13l g, o 1 F O 15047)

Ssotbr U KZT (Ve + Wl s, ). (8.18)
1 Hns1 15038 S0 v KT NF ) I35 - (8.19)
I Hot 180 S 0 K2 NF ) 13- (8.20)

We estimate P,, On and Ry, with respect to the Sobolev norms in the low regularity
5. By the definition of O}, in (8.13), together with (4.43), Lemma 7.1, (8.4), (8.11),
(2.9), (8.10), (8.19), (8.20), we have the quadratic estimate,

10al8% S0 Ve(lHart I59:)? S Vv 2KZ (IF @) I5)°. 821
Before estimating Py, by (8.16) (applied with s = 59 + @), we have

IF T lsrir < I F )t + 1T F O

v0+0 yx0+r7
(2<9) T ko,v b1+25 ko,v
Ky ”]:(Un)”yso + K, IF U Vso+b) -7
8.16
(< ) KEH]:(E} )”kO»U + K—bH—Z?(\/E_i_ ”W ”ko,v )
~ n nziyso n nll yso+by )+

(8.22)

By (8.15), Theorem 7.6, (8.3), (8.16), (8.17), (8.22) and, by induction assumption,
(8.4) at the step n, we have

k — ~ ko, 77 yirko.
IPallysy Sso v U I FO) 150 1T F (Un) 1507

ydo-%—o yA0+€7
~1 25 77y ko.v\2 ~Db1+35 5 ko, - ~ ko,
SR (IFO)I5)” + K2 P37 (Ve + 1 Wall S, )™ IF @) 155
(827) ~1 g2 77y iko.v)2 K—b1+35f o7 (1ko.v 8.23
S vTRE(IFOI5)” + K2 P37 (Ve + I Wal i, ) (8.23)

We now estimate R,. By (2.9), (4.43), Lemma 7.1, (8.4), (8.15), (8.16), (8.17) and
Theorem 7.6, one gets

| Rall5 < ITEF @) I8 + 1Ga T T, F () 155
KT PN (Ve + IWall’l ) + ITIETaTL F (@) 10,
S KT (Ve ITalligie,) + Ko P Tl F o)y
S KSP (Ve + IWallly )
+ KT 0™ (I F @I + IWall 0y ITLF T 155
S KT (Ve IWall i) + KE TP I F O,
S KT (e 4 Wl )-
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(8.24)
By (8.14), (8.21), (8.23), (8.24), (8.16), (8.17), we finally estimate F (Up+1) by

IF WarDl5% S v KE1 (Ve + 1 Wall s,
~ ~ 2 D T T
+ v KE(IF @) 18)? + Vev 2 KEF O 155" (8.25)

«/Evil«l 1 b a7 ko,v 1 ko,v
S VT KETN Ve I Wall Pigen) U K“(llf(Un)HJ?vo) ;

with w := 3@ + 1. Moreover, by (8.11), (8.9), (8.8), we have

IW R = THY s, S v T IF WU e, S Vel (8.26)

Xso+b1 Xsotbp ~ yso+a+b1 ~
and, noting that W1 = Wn + Hypy forn > 1, we have, by (8.18),
— ko,
IWaitl%ee, S v KEWE + 1Wall 0. (8.27)

We extend Hy 1 in (8.11), defined for w € GY, to Hn+1 defined for all parameters
A € R x 7. (E) with equivalent || - ||k0 Y norms and we set Un+l = Url + Hn+1

Therefore, by (8.25), (8.26), (8.27), the induction assumptions, the choice of the
constants in (8.2) and the smallness condition in (8.3), we conclude that (8.4), (8.5),
(8.6), (8.7) hold at the step n+ 1. Finally, by (8.11), (4.43), (4.42), (4.44), Theorem
7~.6 and the induction assumption on U, we have that J,, 1 satisfies (4.45) and so
Un+1 is a reversible embedding. This concludes the proof. O

Proof of Theorem 4.5. Letv = ¢2, with0 < a < ag (see (8.3)). Then, there exists
€0 > 0 small enough such that the smallness condition (8.3) holds and Theorem
8.2 applies. By (8.5), the sequence Wrl = Url (x,0,0, (w,n) = (Tn, an — )
converges to a function Wuo : R0 x 7.(E) — Hy? x Hy® x H*! x R and we
define

Uso = (ico, o) = (%, 0,0, (0, B)) + Weo.

The torus i, is reversible; namely, it satisfies (4.45). Moreover, by (8.4) and (8.5),
we deduce that

_ ~ ko, T
1Uso — Uollsyro < Can/ev™", [[Uso — Ul < Can/ev™ K%, VR > 1

so+o
In particular, (4.52), (4.53) hold. By Theorem 8.2-(P2), we deduce F(w, U (w))
= Oforany (w, A) € DC(v, 7) X J¢ (E) and hence also for (w, &) € GY X J(E) (see
(4.54), (1.21)), where the set 2 in (4.54) is the p-neighbourhood of the unperturbed
linear frequencies in (4.51). This concludes the proof of Theorem 4.5. O
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