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ABSTRACT
The effect of atomic relaxations on the temperature-dependent elastic constants (TDECs) is usually taken into account at zero temperature
by the minimization of the total energy at each strain. In this paper, we investigate the order of magnitude of this approximation on a
paradigmatic example: the C44 elastic constant of diamond and zincblende materials. We estimate the effect of finite-temperature atomic
relaxations within the quasi-harmonic approximation by computing ab initio the internal strain tensor from the second derivatives of the
Helmholtz free-energy with respect to strain and atomic displacements. We apply our approach to Si and BAs and find a visible difference
between the softening of the TDECs computed with the zero-temperature and finite-temperature atomic relaxations. In Si, the softening of
C44 passes from 8.6% to 4.5%, between T = 0 K and T = 1200 K. In BAs, it passes from 8% to 7%, in the same range of temperatures. Finally,
from the computed elastic constant corrections, we derive the temperature-dependent Kleinman parameter, which is usually measured in
experiments.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0093376

I. INTRODUCTION

Elastic constants are important quantities for crystal ther-
modynamics and have a wide field of applications. For example,
they determine crystal stability, thermal expansion, and ther-
mal stresses. In particular, temperature-dependent elastic con-
stants (TDECs) allow prediction of seismic properties of mate-
rials, basic information to probe the interior of planets in
geophysics.1

With the increase in power and number of central processing
units of modern high performance computers, ab initio calcula-
tion of TDECs and other thermal properties is becoming more and
more affordable for a large class of materials, both isotropic and
anisotropic (with one or more lattice parameters).

Several authors have calculated the TDECs and thermody-
namic properties of solids, but there is still a need to compare
different methods and approximations among themselves in order
to choose the best ones for routine calculations. In a previous

work,2 we compared the two main methods used for calculation of
the TDECs: the quasi-static approximation (QSA) and the quasi-
harmonic approximation (QHA). The QSA accounts only for the
thermal expansion of the solid by computing the ECs from the sec-
ond derivatives of the energy with respect to the strain at different
volumes (or crystal parameters). The QHA provides the TDECs
from the second derivatives of the Helmholtz free-energy with
respect to the strain. In our examples, the QHA, although computa-
tionally more demanding, gave results closer to the experiment than
the QSA.

We have also investigated the effect of electronic excitation in
the TDECs of simple metals. We showed that this effect is relevant
for the temperature dependence of the C44 ECs of Pd and Pt with
partially filled d-shells, while in Cu and Au, having completely filled
d-shells, the effect is negligible.3

One further approximation for the calculation of the TDECs
consists of determining the internal atomic relaxations at zero tem-
perature (i.e., by minimizing the total energy with respect to the
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atomic displacements) and using them at all temperatures. This
approximation is often referred to as the zero static internal stress
approximation (ZSISA).4

Indeed, in order to compute the ECs, we need to use several
strains to deform the unit cell. These strains could change the dis-
tances between atoms, and if not in high symmetry positions, the
atoms might relax in a different configuration. In this case, the
frozen-ion (FI) ECs calculated with the uniformly strained atomic
positions might differ from the relaxed-ion (RI) ECs where the atoms
are allowed to relax. At T = 0 K, there are two methods to compute
the RI ECs: (i) the direct relaxation of atoms by imposing vanish-
ing forces on them (i.e., minimizing the total energy with respect
atomic displacements) or (ii) the calculation of the FI ECs and the
addition of the correction due to internal strain (computed as the
second derivatives of the total energy with respect to the displace-
ments and strains). At T = 0 K, the two methods give identical
results.

In the calculations of the TDECs within the QHA, the atoms
are usually relaxed at T = 0 K by using the ZSISA. The ZSISA is con-
sistent with the QSA, which deals with the derivatives of the energy,
but it is not within the QHA for which a proper minimization of
the free-energy with respect to the atomic displacements should be
carried out. An attempt to compute the finite-temperature atomic
relaxations beyond the ZSISA was made, within a shell model,
in Refs. 5 and 6 by estimating analytically the derivatives of the
free-energy with respect to internal displacements.

In this work, after the comparison of the two methods to com-
pute the RI ECs at zero temperature, we will generalize the internal
strain approach at finite temperature by computing the mixed sec-
ond derivatives of the Helmholtz free-energy with respect to atomic
displacements and strains in a set of geometries and interpolating at
each temperature in such a way to obtain the correction to the FI
ECs at the minimum of the free-energy.

The direct relaxation and internal strain methods are compared
at T = 0 K for Si, C, SiC, GaAs, and BAs, showing a very good agree-
ment in each case. Then, we apply the finite-temperature internal
strain formalism for the TDECs of Si and BAs that were previously
calculated within the ZSISA.2,7 In these materials, internal relax-
ations affect only the C44 EC, and we found visible differences in the
temperature dependence, especially in Si. The temperature induced
softening passes from 8.6% (within the ZSISA) to 4.5% (within the
temperature-dependent atomic relaxation) in the range of 0–1200 K
for Si and from 8% (within the ZSISA) to 7% (with the temperature-
dependent atomic relaxation) in the same range of temperatures for
BAs. Hence, the internal strain calculated from the derivatives of the
free-energy leads to a smaller softening of the C44 ECs. The internal
strain of diamond and zincblende materials is often measured exper-
imentally in terms of the so-called Kleinman parameter. We deduce
the temperature dependence of this parameter from the correction
to the C44 EC.

II. THEORY
The total energy can be written as a function of both the

atomic displacements usα and strain ϵαβ. If we consider a solid with
vanishing atomic forces and stresses, its Taylor expansion in atomic
units (a.u.) up to the second order is

E({usα},{ϵαβ}) = E0 +
1
2 ∑sαs′β

Φsαs′βusαus′β

+ Ω
2 ∑αβγδ

CFI
αβγδϵαβϵγδ −∑

sαβγ
Λsαβγusαϵβγ. (1)

The term quadratic in the displacements defines the interatomic
force constant tensor as follows:

Φsαs′β =
∂2E

∂usα∂us′β
, (2)

which is related to the dynamical matrix Φsαs′β
√

MsMs′
at the reciprocal

lattice point q = 0. The term quadratic in the strain defines the FI
elastic constant tensor as follows:

CFI
αβγδ =

1
Ω

∂2E
∂ϵαβ∂ϵγδ

, (3)

where Ω is the volume of the unit cell. The mixed second deriva-
tive with respect to the displacement and strain defines the following
tensor:

Λsαβγ = −
∂2E

∂usα∂ϵβγ
, (4)

whose components are the so-called internal strain parameters. If
Λsαβγ is non-zero, the equilibrium displacement of atom s in the
direction α is proportional to the strain as follows:

usα = ∑
s′βγδ

Φ−1
sαs′βΛs′βγδϵγδ , (5)

where Φ−1
sαs′β is the inverse of (2) and can be written as follows:

Φ−1
sαs′β =∑

ν

eν
sαeν

s′β√
MsMs′ω2

ν
, (6)

where Ms and Ms′ are the masses of atoms s and s′, respectively. The
sum (related to q = 0) is over all optical modes ν;8 eν

sα and eν
s′β are the

α and β components of the eigenvectors of mode ν of atoms s and s′,
respectively; and ω2

ν are the eigenvalues for the mode ν. They satisfy
the eigenvalue equation

∑
s′β

1√
MsMs′

Φsαs′βeν
s′β = ω2

νeν
sα. (7)

If we substitute the displacement (5) usα into expansion (1)
E({usα},{ϵαβ}) and consider the terms quadratic in the strain, we
obtain

E = E0 +
Ω
2 ∑λμγδ

Cλμγδϵλμϵγδ , (8)

where Cλμγδ is the EC tensor with the correction due to the internal
strain (RI ECs) and is equal to
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Cλμγδ = CFI
λμγδ − ΔCλμγδ , (9)

where

ΔCλμγδ =
1
Ω∑sα

ΛsαλμΓsαγδ (10)

and

Γsαγδ =∑
s′β

Φ−1
sαs′βΛs′βγδ. (11)

Now, we consider the zincblende structure with two different
atoms with masses M1 and M2 (the diamond case will be obtained
for M1 =M2). For this crystal, the following symmetry relation is
valid for the internal strain tensor:9

Λ1βγδ = −Λ2βγδ = Λ∣ϵβγδ ∣, (12)

for which the internal strain of atom 1 is equal and opposite to the
one of atom 2, Λ is a constant, and ϵβγδ is the Levi-Cività tensor that
is 1 when all its indices are different and 0 otherwise. Expanding
the sum (11) over the two atoms and using the previous symmetry
relation, we have

Γsαγδ =∑
νβ

eν
sα√

Msω2
ν

Λ∣ϵβγδ ∣(
eν

1β√
M1
−

eν
2β√
M2
). (13)

In the previous sum over the modes ν, only the optical modes at Γ
contribute because within the acoustic modes, the two atoms move
in phase and have equal displacements ( eν

1β
√

M1
= eν

2β
√

M2
), and hence,

the term in parenthesis in Eq. (13) vanishes. Now, we substitute in
Eq. (13) the expression of the eigenvectors of the optical modes,

eν
sα =

1√
3
√

M1 +M2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

√
M2
√

M2
√

M2

−
√

M1

−
√

M1

−
√

M1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

. (14)

The displacement corresponding to this eigenvector is discussed in
the Appendix. Rearranging the terms and introducing the reduced
mass μ, we have

Γsαδϵ =∑
νβ

eν
sα√

Msω2
ν

1√
3

Λ∣ϵβγδ ∣
1
√μ

. (15)

Now, we insert Γsαδϵ in Eq. (10) and use Eq. (12) again and the
components of optical eigenvectors (14). We have

ΔCλμγδ =
1

3Ω∑αβν

Λ2

μω2
ν
∣ϵβγδ ∣∣ϵαλμ∣. (16)

The only non-zero correction is ΔC44 = ΔC2323 (the correction is the
same for C55 and C66 that are equal to C44 in cubic solids2). In this

case, the sum of α and β of the module of the Levi-Cività tensor
leads to unitary multiplicative factors, while the sum over the optical
modes remains. The result is

ΔC44 =
1

3Ω
Λ2

μ ∑ν
1

ω2
ν
= Λ2

Ω μ ω2
TO

. (17)

The previous equation gives the correction to the frozen-ion C44
elastic constant due to the atomic relaxation and is exact for dia-
mond structures where the longitudinal and transverse optical
frequencies are equal ωLO = ωTO. The proper treatment for polar
materials (as BAs) with ωLO ≠ ωTO requires the introduction of the
electric field terms in the free-energy expansion. However, we expect
small contributions due to the electric field, and hence, we use
Eq. (17) also for polar materials as in Ref. 10.

In the literature, the correction (17) is often written in terms of
the so-called Kleinman parameter ξ10 as follows:

ΔC44 =
μ ω2

TO

4 a0
ξ2, (18)

where a0 is the lattice constant of the cubic crystal. If we apply a
rhombohedral strain ϵF = 1

2 ϵ4(1 − δij)2 to the zincblende crystal, the
actual elongation of the [111] bond is (1 − ξ)ϵ4a

√
3/4 so that ξ = 0

corresponds to a uniform strain of the atomic positions, while ξ = 1
means that the bond remains rigid. By comparing Eq. (17) with
Eq. (18), we obtain the Kleinman parameter in terms of the internal
strain parameter as follows:

ξ = Λ
μ ω2

TO
a0
4

. (19)

In Secs. III and IV, we present our calculations of ΔC44 and ξ
from Eqs. (17) and (19) by using the internal-strain formulation at
T = 0 K for some materials with diamond and zincblende structures:
Si, C, SiC, GaAs, and BAs. Then, we compare with ΔC44 calculated
from direct atomic relaxation. Finally, we estimate the same correc-
tion at finite temperature for the TDECs C44 of Si and BAs using
the Helmholtz free-energy instead of the energy in the grid of strains
and displacements,

Λsαβγ = −
∂2F

∂usα∂ϵβγ
. (20)

The Helmholtz free-energy F has the form derived from the QHA2

and requires the calculation of the phonon dispersions in the strain-
displacement grid. The other parameter entering in Eq. (19) ωTO is
obtained by interpolating the volume-dependent frequency at the
temperature-dependent volume.

III. METHOD
The calculations presented in this work were carried out using

density functional theory (DFT) as implemented in the Quantum
ESPRESSO package.12,13 For the calculation of TDECs (FI and RI
at T = 0 K), we use the thermo_pw code14 with the formulation
presented in Refs. 2, 3, 15, and 16.
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For the calculation of the internal strain Λ at T = 0 K [Eq. (4)],
the total energy is computed in a two-dimensional grid of dis-
placements and strains and fitted with a second degree polynomial.
The second derivative of the polynomial is evaluated analytically.
The grid for the entries of the rhombohedral strain ϵF

2,15 was
(−0.01,−0.005, 0, 0.005, 0.01) for all materials. We used a rhombo-
hedral cell having the atomic bond along the z direction. The first
atom is fixed in the origin, and the displacements are set moving
the second atom in an uniform grid of five positions with distance
Δu = 0.05 a.u. centered at the equilibrium bond-length of the two
atoms in the unstrained cubic cell

√

3
4 a0, where a0 is the equilibrium

lattice constant listed in Table I. Then, the atomic displacements
are obtained by subtracting these uniform atomic positions from
the uniformly strained atomic positions for each strain. We change
simultaneously all the six components of the strain ϵF and all the
three components of the second atom position (the atomic displace-
ment along the z direction in the rhombohedral cell corresponds to a
movement in the [111] direction in the cubic cell involving an equal
change of all three atomic position components) and compute the
derivative of the total energy with respect to these changes, obtaining
the quantity Λ′, different from the derivative (4), which is, instead,
computed with respect to the change of a single component.17 This
translates in a multiplicative factor such that Λ =

√

3
6 Λ′ = 1

2
√

3
Λ′.

Hence, this correction allows us to use the rhombohedral cell for
each strained configuration and change simply the position of the
second atom in the z direction.

The exchange and correlation functional is approximated by
the local-density approximation (LDA)18 for all materials. The
pseudopotentials19 used for each atomic species are reported in
the note.20 For all materials, the cutoff for the wave functions
(charge density) was 90 Ry (1300 Ry) and the k-point mesh was
16 × 16 × 16.

The finite-temperature correction was applied to Si and BAs for
which the contribution of the vibrational free-energy is added in the
calculation of Λ. Phonon dispersions are computed in the same two-
dimensional grid of strains and displacements defined before. For
both materials, DFPT21,22 was used to calculate the dynamical matri-
ces on a 4 × 4 × 4 q-point grid. The dynamical matrices have been

TABLE I. Correction to the C44 EC: ΔCrel
44 is computed via direct atomic relaxation,

and ΔCIS
44 and ξ are computed by using the internal-strain formalism. ξ is also

compared with other sources when available. CFI
44 is the frozen-ion EC. The lattice

constant a0 is in a.u., the phonon angular frequency ωTO is in cm−1, CFI
44 and ΔC44 are

in kbar, ξ is dimensionless, and Λ is in Ry/a.u. The atomic positions in the diamond
and zincblende crystals are (0,0,0) and ( 1

4 , 1
4 , 1

4 ) in units of a0.

a0 ωTO CFI
44 ΔCrel

44 ΔCIS
44 ξ Λ

Si 10.2065 513 1060 299 299 0.54, 0.53a, 0.74a 0.389
C 6.6821 1320 5971 72 74 0.13 0.173
SiC 8.1835 798 2840 313 320 0.42, 0.38b, 0.49c 0.347
GaAs 10.6085 269 799 218 209 0.55, 0.48a 0.290
BAs 8.9660 704 1772 212 213 0.38 0.304
aReference 10.
bReference 9.
cReference 11.

Fourier interpolated on a 200 × 200 × 200 q-point mesh to evaluate
the free-energy. The grids of reference geometries for the TDEC cal-
culation were centered at the T = 0 K lattice constant reported in
Table I and set in the same way as done for the QHA TDECs2,7

(nine reference geometries with lattice constants separated from
each other by Δa = 0.05 a.u.). The finite-temperature internal-strain
calculation is done for all the reference configurations. A second
degree polynomial has been used to fit the Helmholtz free-energy
as a function of the strain and displacements to determine Λ at each
geometry and temperature. Λ is used to obtain the correction ΔC44
[Eq. (17)] for the frozen-ion TDECs at each reference geometry. For
the calculation of ΔC44, we used ωTO corresponding to the consid-
ered volume {Ωi}. Then, a fourth degree polynomial was used to
interpolate C44(T, Ωi) at Ω(T).

IV. APPLICATIONS
In Table I, we report the equilibrium lattice constants a0 of

Si, C, SiC, GaAs, and BAs. The calculation of the correction ΔCrel
44

computed from direct atomic relaxation is in good agreement with
the one computed with the internal-strain formalism: the largest
difference is 9 kbar, found for GaAs. In addition, our Kleinman
parameters are in reasonable agreement with those found in the
literature. For Si, we have ξ = 0.54, in good agreement with the cal-
culation of Ref. 10 (ξ = 0.53). For slightly larger differences in GaAs,
we have ξ = 0.55, while Ref. 10 reported ξ = 0.48(2). Our estimate
for SiC is ξ = 0.42 and is in between the results of Ref. 9 (ξ = 0.38)
and Ref. 11 (ξ = 0.49). Hence, Eq. (17) gives a quite good estimate
in the case of polar materials as well.

Now, we pass to describe the results obtained from the inter-
nal strain formalism at finite temperatures. Previous results about
the thermal expansion and the TDECs within the ZSISA of Si can
be found in Refs. 2 and 24. In Fig. 1, we compare the C44 EC of
Si as a function of temperature computed with FI (blue line), with

FIG. 1. Temperature-dependent C44 elastic constant of Si within the QHA com-
puted with frozen-ions (blue), relaxed-ions at T = 0 K (red), and relaxed-ions at
finite T (yellow). The frozen-ion result is translated below (light-blue curve) to com-
pare the temperature dependence with the relaxed-ion results. Experimental data
are taken from the study by McSkimin23 (black line).
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FIG. 2. Temperature-dependent C44 elastic constant of BAs within the QHA com-
puted with frozen-ions (blue), relaxed-ions at T = 0 K (red), and relaxed-ions at
finite T (yellow). The frozen-ion result is translated below (light-blue curve) to
compare the temperature dependence with the relaxed-ion results.

RI at T = 0 K (red line) reported also in Ref. 2 and the new esti-
mate with the ions relaxed at finite temperature (yellow line). The
largest effect of the FI approximation is in the zero-temperature EC
with a difference of ∼300 kbar with respect to the RI case. A non-
negligible effect is shown in the temperature dependence of the ECs
as well. The red curve is obtained by computing the second deriva-
tives of the free-energy with respect to the strained configurations
where the atoms are relaxed at T = 0 K: For this reason, the actual
correction to the elastic constant depends on temperature. The tem-
perature dependence of the FI estimate (light-blue line) is larger than
the other estimates, showing a softening of ∼13% in the range of tem-
peratures 0–1200 K, compared to ∼8.6% for the relaxed-ions at the
T = 0 K estimate, and ∼4.5% for the finite-temperature relaxed-ion
estimate. Hence, there is a visible difference in the TDECs computed
with zero-temperature and finite-temperature atomic relaxations.
Moreover, this difference increases with temperature.

FIG. 3. Longitudinal sound velocity in the 111 direction of BAs computed from
TDECs (see Ref. 7) with relaxed-ions at T = 0 K (red line) and at finite T (orange
points). The experimental data are also reported (black points, extrapolated from
Ref. 25).

In Fig. 2, we report the C44 EC of BAs, with the colors hav-
ing the same meaning as in Fig. 1. In the range of temperatures
0–1200 K, the softening of the C44 EC is ∼10% with frozen-ions, ∼8%
with the zero-temperature atomic relaxation, and ∼7% for the finite-
temperature one. Hence, the effect of finite-temperature relaxation
is smaller than the one found for Si, but it is still visible and increases
with temperature.

With the new C44 EC of BAs, we can compute the longitudinal
sound velocity in the [111] direction (see Ref. 7 or Ref. 15), compared
with the previous calculation and experiment. In Fig. 3, we report
the data of Ref. 7 (Fig. 2) with the new velocity (orange points). The
differences are very small for the range of temperatures considered.

From the difference between the FI EC curves (blue) and
the finite-temperature RI ones (yellow), we obtain the correction
ΔC44(T) at each temperature at the minimum of the free-energy.
Then, from Eq. (18), we can write ξ in terms of ΔC44(T) and, hence,

FIG. 4. Temperature-dependent Kleinman parameters for Si (left) and BAs (right) calculated from Eq. (21). The finite-temperature relaxations (yellow circles) are compared
with the zero-temperature relaxations (red triangles).
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obtain the Kleinman parameter as a function of the temperature
ξ(T) as follows:

ξ(T) = 2
ωTO(T)

¿
ÁÁÀa(T)ΔC44(T)

μ
, (21)

where a(T) = [4 Ω(T)] 1
3 and ωTO is obtained by the interpolation

of the frequencies at Ω(T). The temperature-dependent Kleinman
parameters are reported in Fig. 4 (yellow points). They decrease as
temperature increases. Hence, in Si, the difference with the exper-
iment ξ = 0.74(4)10 increases as temperature increases as well. We
report also ξ(T) obtained by using the correction ΔC44 related to the
zero-temperature atomic relaxations (the difference between blue
and red curves in Figs. 1 and 2). The smaller correction leads to a
larger Kleinman parameter and a smaller slope of ξ(T).

V. CONCLUSIONS
We have estimated the effect of atomic relaxation at finite

temperature by means of the internal-strain method dealing with
the derivatives of the Helmholtz free-energy with respect to both
displacements and strain. We showed that internal strain at finite
temperature leads to a smaller softening of the C44 ECs of Si and
BAs with respect to the ZSISA. The temperature induced soft-
ening passes from 8.6% (within the ZSISA) to 4.5% (within the
temperature-dependent atomic relaxation) in the range 0–1200 K
for Si and from 8% (within the ZSISA) to 7% (with the temperature-
dependent atomic relaxation) in the same range of temperatures for
BAs. Moreover, the differences introduced by the finite-temperature
relaxation increase with temperature. We also showed that in our
two examples, the Kleinman parameter monotonically decreases
with temperature.
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APPENDIX: DISPLACEMENTS OF OPTICAL MODES

The atomic displacement (for atom s, mode ν, and direction α)
can be written (at time t = 0) as follows:

uν
sα = Aν eν

sα√
Ms

, (A1)

where Aν is the amplitude of the displacement with dimensions
[L] × [M] 1

2 , Ms is the mass of atom s, and eν
sα is the eigenvector of

the displacement. For the optical mode, the eigenvector has the form
reported in Eq. (14). If we define the amplitude as

Aν =√μu, (A2)

where μ is the reduced mass and u is the module of the displacement,
we obtain the energy as defined in Ref. 10 as follows:

E = 1
2

μω2
TOu2. (A3)

With the substitutions of Eqs. (14) and (A2) into Eq. (A1), we obtain
the displacements of both atoms as follows:

uν = u√
3

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

M2

M1 +M2
M2

M1 +M2
M2

M1 +M2

− M1

M1 +M2

− M1

M1 +M2

− M1

M1 +M2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

. (A4)

It is possible to shift the origin of the coordinates in such a way to
fix the first atom in the origin. So, we subtract u

√

3
M2

M1+M2
from the

components of both atoms, and we have

ũ ν = u′

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0

0

0

−1

−1

−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, (A5)

where we have also defined u′ = u
√

3
. Note that the original dis-

placement (A4) conserves the position of the center of mass
RCM = M1u1+M2u2

M1+M2
= 0, while in the case of the shifted displacements

(A5), we have R′CM = −M2u2
M1+M2

≠ 0. Hence, the internal relaxation of
the system of two atoms can be described by keeping the first atom
fixed and allowing the second to change its position.
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