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Abstract

In this thesis, we study minimal hypersurfaces with U (m)-invariant Kéhler metrics. We pro-
vide new method to construct AE scalar flat Kédhler manifolds which contains stable minimal
hypersurface. In complex dimension 2, we compute the ADM mass and volume of the stable
minimal hypersphere. Once we have both volume of stable minimal hypersphere and ADM

mass, we have compared them and check that it satisfy the Riemannian Penrose Inequality.
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Introduction

Our work in this thesis is concerned to prove the Penrose Inequality for a special class of Kéhler
manifolds namely U(m)-invariant Kéhler manifolds. The Penrose Inequality was conjectured
by Roger Penrose [26] in 1973, which is the generalization of the Positive Mass Theorem. The
Penrose Inequality estimates the mass of a spacetime in terms of the volume of its black holes.

Following is the statement of a well known conjecture, the Riemannian Penrose Inequality.

Theorem 0.0.1. Let (M™, g) be a complete AE manifold with non-negative scalar curvature,

which has an outermost minimal hypersurface . Then the ADM mass m4py; satisfies the

maon = () 001

where Vg(2) and Vg(X;) are volumes of outermost minimal hypersurface and standard unit

following

hypersphere respectively. Moreover, equality holds if and only if M™ is isometric to a spatial

Schwarzschild manifold outside its horizon.

The notion of ADM mass was introduced by Arnowitt et.al |2] in the context of Hamilto-
nian formulation of general relativity. The first proof of the Riemannian Penrose Inequality
in dimension three was made by Huisken and Ilmanen [17]. They used the inverse mean
curvature flow for a largest connected component of apparent horizen.

Bray |7, 8] proved Theorem 0.0.1 using conformal flow and allowing multiple connected
components, first in dimension three and later up to dimension eight.

Hein and Lebrun proved the version of original Penrose Inequality for asymptotically Eu-
clidean (in short AE) Kéahler manifolds. They replaced the outermost minimal hypersurface

in the original inequality by 2m — 2 real dimension submanifolds and gave the lower bounds



of the ADM mass. Following is the Kéahler version of the Penrose type inequality.

Theorem 0.0.2. Let (M, g, J) be an AE Kéahler manifold of a complex dimension m with a
scalar curvature R > 0. Then (M,J) carries a canonical divisor D that is expressed as a sum
> " n; D; of compact complex hyper-surfaces with positive integer coefficients together with the

property that UD; # () whenever (M, J ) # C™. In term of this divisor, we have
Mapy > ——————— (2m 7 wm - Zn]vol (0.0.2)

where the equality holds if and only if (M?™, g, J) is a scalar flat Kihler.

By Theorem 0.0.1 and Theorem 0.0.2 we have two different type of inequalities. We like
to compare these two inequalities and understand the following problem.
Assume that there exist AE Kdhler manifold M with nonnegative scalar curvature which
contain both the outermost stable minimal hypersphere and the canonical divisor. Then which
of the inequality in (0.0.1) and (0.0.2) is better than the other one ¢

Now, having this problem in mind, one can ask the questions, i.e. is there exists AE
scalar flat Kéhler manifold which contain stable minimal outermost hypersurfaces? How we
can construct AE scalar flat Kahler manifolds? The discussions in this thesis provide a new
method to construct such Kahler manifolds.

In Chapter 1, we recall basic notions and provide a brief review of the general theory of

the Penrose Inequality in Riemannian and Kahler case.

In Chapter 2, we consider the family of canonical hyperspheres Egl”_l in U(m)-invariant
Kihler manifold (M,, d0f(t)) which is defined as follows,

Moy ={(z1,...2m) €EC™: —c0 < a <t <b< 400},

where .
t=logS, S=> |z
i=1
for any (21, ..., 2m) € M,p. The family of canonical hypersphere is defined as follows,

m
Eitm_l - {<217227' e 7Zm) S cm: et = Z |ZZ|2} C Ma,ba

=1



We compute the mean curvature of of ¥+ with any U(m)-invariant Kéhler metric. We pro-
vide two different proofs of the mean curvature formula: the first one is a direct computation
of the second fundamental form in dimension four, while the second proof is more geometric
and based on the first variation formula of area. Moreover, it is for higher dimensions which

also works in dimension four. Following is the main result of Chapter 2.

Theorem 0.0.3. The mean curvature and the volume of X" C (M, w = /—190f(t))

w.r.t outward normal vector are respectively given by ,

—1
- -(2(m — 1) [ + furfe)
) = <2m—1>< e f(fayd 0T Vet Sk
V(sz 1 /ft IVE ZQm 1)

where V(23" 1) is the Euclidean volume of a unit hypersphere.

Since the Burns metric is U(m)-invariant and foliated by 3-spheres outside the exceptional
divisor, we can apply our formula of mean curvature to check that either it contains a minimal
3-sphere or not. For more detail about these metrics, the reader is refer to [29, 19]. These
metrics on Bly(C™) are scalar flat AE and is known as Burns-Simanca metrics. These metrics
play an important role in the construction of the constant scalar curvature Kahler metrics on
the blowup of compact manifolds [1]. As a consequences of our main result Theorem 0.0.3,

we obtain the following results.

Corollary 0.0.4. The blowup of C? does not contain a minimal hypersphere in the family

of canonical hypersphere g with Burns metric.

Corollary 0.0.5. The space BlyC?/T'y, where I'y = Z /27 with Eguchi Hanson metric does

not contain a minimal hypersphere in the family of canonical hyperspheres Yg.

Corollary 0.0.6. The projective space CP™ with Fubini Study metric contains a minimal

hypersphere in the family of canonical hyperspheres Y.

Even we know the fact that the space CP™ is not AE, we still for curiosity want to know
that either the minimal hyperspheres contain stable one. But thanks to the known fact due

to Simons, that a compact manifold with positive Ricci curvature does not contain stable



minimal hypersurfaces [30]. After checking the examples (known to the author), we did not

find even one AE manifold which contains a stable minimal hypersurface in Yg.

In Chapter 3, we prove that every U(m)-invariant Ké&hler manifold M,; with nonnega-
tive scalar curvature satisfy a system of nonlinear differential equations subjected to some

constrains.

Theorem 0.0.7. Let w = /—199f(t) be a Kihler metric with non negative scalar curvature,
where f : M,;, — R is a smooth function. Then R > 0 if and only if
= ay — (2m — 1)a?
' ( ) (0.0.3)
vy <m(m—1)(1—2x)x,
_

where z 5 and y = (2m — 1) + %. In particular if the scalar curvature vanishes, then we
have

T =ay — (2m — 1)a?

yy=m(m—1)(1—x)z.

In this thesis, all the results are for scalar flat metrics, so whenever we refer to system
(0.0.3) , we mean to consider the equality case.

One natural question arises about the converse of Theorem 0.0.7. More precisely, if we
have a solution (x(t), y(t)) of the system (0.0.3), are we able to construct a scalar flat Kéhler
metric w = /=109 f(t) in such a way that z = % >0 and y = (2m — 1)z + %? Moreover,
if we are able to construct such metric, is it unique? Are there exist minimal hyperspheres.?

In particular, stable minimal hyperspheres? The answer is given in the following.

Theorem 0.0.8. Let (z,y) be a solution of system (0.0.3). Then the following assertion hold

true.

e Let f(t) and u(t) be two solutions of the ordinary differential equation z = % on some

small interval I, with given initial conditions as follow

fie Ut
_ fu o= i
ft ug

f(to) =a  and u(ty) = a
fi(to) =B, us(tg) =b.



Then the Kéhler metrics wy and w,, has the following relation w; = pw,,.

e The AE scalar flat Ké&hler manifold M, ., contains a minimal hypersphere ¥ in the

family of canonical hyperspheres Y. if and only if y(¢y) = 0 for some ¢.

e The minimal hypersphere Xg, is stable if and only if 0 < z(ty) < 1.

Once we found a family of scalar flat Kdhler metrics from a solution of the system (0.0.3),
naturally we try to find a way to understand the solutions of the system (0.0.3), and end up

with the following theorem.

Theorem 0.0.9. All the solutions (z,y) of system of nonlinear differential equations (0.0.3)

are contained in level set of the function
y+ (1 —m)x—m)™
f(%?J) = ( ( ) )

0.04
(mz —y+m—1)m-1’ ( )

which we denote by L .

Since corresponding to solutions (x, y) of system (0.0.3), we have scalar flat K&hler metrics,
so we would like to translate all the information given in Theorem 0.0.8 to the new setting,

i.e. in terms of the level set.

Theorem 0.0.10. The AE Kéhler manifold (C™ \ Bg, (0),w,) with scalar flat Kahler metric
wy corresponding to the level set Ly contains a minimal hypersphere Yg, of radius Sy = e’

in the family of canonical hyperspheres >g if and only if

(1 =m)zo —m)™

(mzo+m —1)m=1"

AMzo) =

where z(ty) = xo.

Moreover, the minimal hypersphere ¥g, is stable if and only if
(=m)™

(m —1)m-1

For the higher dimension, we do not know the domain of the metric but for a complex

Ae [(=D)™(2m —1),

dimension 2, we explicitly know the radius of the ball Bg,, and it behaves in the following
way :

<o A—3
R, =
0 AN—4.



For m = 2 and x(t) > 0, the level sets Ly of the function f(z,y) are given in the following

graph.
(y —x—2)?

A= :
2z —y+1)

(0.0.5)

Figure 1: Level curves

Figure 1 represent the level sets L, for some A. It is clear from the figure that when A — 4,
L4 approaches to the origin. The figure contains only those level sets which are interested for
us, i.e. for which z > 0. We notice that each level set contains the point (1, 3), which means
that all the scalar flat Kéhler metrics corresponding to the level sets are AE. The level set Lg
and L., contain the Burns and Eguchi Hanson metric respectively if x — 17. Furthermore,
The level set L, passing through the origin is a level set of the scalar flat K&hler metric (PMY)
given in [14].
Remark 0.0.11. Figure 1 suggests that there are two metrics on each level set approaching

to the Euclidean metric.

Theorem 0.0.12. For complex dimension m = 2, if z(¢) > 0 for all ¢, then L, contains two

AE Kahler metrics on Mg, ~ in which one metric contains two minimal hypersphere if and

6



only if

(ZEQ + 2)2

(2[[’0 —|— 2) ’

for some xg > 0. Moreover, one of the the minimal hypersphere is stable if and only if

A€ [3,4].
The following result is concerning with the volume of minimal hyperspheres.

Theorem 0.0.13. For m = 2, the AE Kéhler manifold Mg, - contains minimal hyperspheres
at xo(A), where

zo(A) = A =2+ /(A =3)A, (0.0.6)
for X € [3,4).
Volume of Sge:  V(23) = (2¢"-)2/2Vi(23) where

v_(xz) = —log (1 + w> :

The volume of the minimal stable hypersphere behaves in the following way:

Ve(X3) X—3
Vi(zo(A)) =
0 A— 4

Theorem 0.0.14. For m = 2, the ADM mass of the the AE Kahler manifold Mg,  is %

Theorem 0.0.15. For m = 2, the AE Kéhler manifold Mz, o, satisfies the Riemannian

1 Visag) \ 0
> = .
o = 5 (7755

Penrose inequality,

> e”(:(:)%
(A—Q— )\(A—?)));’

(l + \/ 13 ;<A—3>>+A)




Chapter 1

Preliminaries

1.1 Basic notions of Riemannian manifolds

We start this section by recalling the definition of a Riemannian metric and variation of
hypersurfaces in Riemannian manifold. The general theory for existence of compact minimal

hypersurfaces and its stability can be found in [3, 5, 11, 13, 23, 24, 28, 34].

Definition 1.1.1. A Riemannian metric g on a smooth manifold M is a correspondence
which assign to each point p € M a positive definite, symmetric bilinear form g, on the

tangent space
gp T, M x T,M — R.

In local coordinate system & = (x1, xa, ... 2,), with basis (0y,, 0y, . .. 0y, ) of T,M,

A smooth manifold M is called a Riemannian manifold if there is a Riemannian metric g

on M.

Definition 1.1.2. An affine connection V on M is a mapping
V: V(M) xV(M)—V(M),
satisfying the following properties with V(X,Y) = Vy(X):

8



1. Vixiav(2)) = [Vx(Z) + gVy(2);
2. Vx(Y +2) =Vx(Y) + Vx(2);
3. Vx(fY) = fVx(Y)+ X(f)fY.

The following result characterizes that there is a unique connection associated to every

Riemannian manifold which we call a Levi-Civita connection.

Theorem 1.1.3. Let M be a Riemannian manifold. Then there exist a unique affine con-

nection V satisfying the following properties for all X,Y,Z € V(M):
L Vx(Y) = Vy(X) = [X,Y];
2. X(9(V,2)) = g(Vx(Y), Z)) + 9(X,VxZ),

where [X, Y] is a Lie bracket of vector fields.

Definition 1.1.4. Let f : ¥ — M be an immersion and ¢ is a Riemannian metric on N.

Then f induces a Riemannian metric on X given by
g(X,Y), = g(dfy(X), dfp(Y)) sy Y€, VXY €ETX.
This immersion is called an isometric immersion.
Definition 1.1.5. The second fundamental form is defined by
I1,(X) = g (Vx(X),n). (1.1.1)

Definition 1.1.6. The mean curvature H of immersed manifold ¥ is the gs-trace of the

second fundamental form II.

Definition 1.1.7. A submanifold 3 of M is called totally geodesic if the second fundamental
form I, (X) =0, VX € T,X.

Definition 1.1.8. A submanifold X is said to be minimal if its mean curvature H vanished.



Its clear from the above definitions that the class of minimal submanifolds is larger than
the class of totally geodesic submanifolds.
Now if we have a smooth family of immersion F' : (—¢,€) x ¥ — M such that F, = ¥ and
O Fy = fin, where F, = F(t,z), ¥, = F;(¥) and 7 is a unit normal vector to X, then we say

that F} is a variation.

Remark 1.1.9. For any compacted supported function f on 3, there is a variation F; with
fili=o = f. If we set F, = exp,(tf(x)n) where exp, : T,X — X, then o.F = fn.

Associated to the variation F; we define the area functional A(t) = Area(3;). The change

in the area functional up to second order is given in the following theorem:.

Theorem 1.1.10. Consider the immersion F': (—¢,¢) x ¥ — M. We have

%hoA(Et) = —dim(E)/EHf, (1.1.2)

2
%ltoA(Et) = /Z(Ivzﬂ — (|1 + Ricy(n,m) f*) + H* f* + Hf', (1.1.3)

where H and II are mean curvature and second fundamental form of ¥ respectively.

It is clear from (1.1.2) that the minimal hypersurfaces are critical points of the area

functional.
Definition 1.1.11. A minimal hypersurface ¥ is called stable if 5_2215|t:014(t) > 0.

Or equivalently, a minimal hypersurface X is said to be stable if and only if

/E (IVsf] > / (T2 + Ricy(,m) 12). (1.1.4)

1.2 Kahler manifolds

In this section, we recall some notions in complex Kéhler geometry that we use in the upcoming

Chapters (for further details see [31]).

10



Definition 1.2.1. . A complex manifold is a smooth manifold M such that the transition
maps @ioq)j_l 1 ®;(U;NU;) C C* — &,(U; N U;) C C" are holomorphic for any pair of ¢, j € I
with U; N U; # 0.

Each pair (U;, ®;) is called complex chart and the whole collection is called complex atlas.

Definition 1.2.2. An endomorphism J : TpM — TpM is said to be an almost complex

structure on a smooth manifold M if J? = —1.

Definition 1.2.3. An almost complex structure J on a smooth manifold M is integrable if

it arises from the holomorphic charts.

Definition 1.2.4. The Nijenhuis tensor N(J) : TM x TM — TM is defined by
NX,)Y)=[X, Y|+ JJX, Y]+ J[X,JY] - [JX,JY],
for X, Y € TM.

Any complex structure on M induces a canonical integrable almost complex structure J.
The question is whether the converse of this is possible or not? The answer is positive and is

given in the following theorem.

Theorem 1.2.5. An almost complex structure J is integrable if and only if N(J) = 0, where

N is the Nijenhuis tensor.

Definition 1.2.6. Let (M, J) be a complex manifold with complex structure J. The com-
plexified tangent bundle of M is defined as TeM = TM @y C.

The complex structure J can be extend to T¢M and decompose the complexified tangent

bundle point wise into eigen-spaces of ¢ and —i, i.e.
TeM =TYYM @ T M,

where T''M = {X € T¢M : JX =iX} and T"'"M = {X € TcM : JX = —iX}.
The definition of J can be extend to the real cotangent bundle T M by,

Ja(X) = —a(JX),

11



for « € T*M and X € T'M. Similarly, we can complexified the cotangent bundle, and the

complex structure J gives the decomposition of cotangent bundle
TeM = (T M)* @ (TOH* M.

In local coordinates (z1, ..., z,) where z; = x; + v/—1y;, if we define
1 1

822‘ = 5(8901 - Zayz) and 852’ = 5(8962 + ia%’)’
then THYM is spanned by {9,.} while T%! M is spanned by {0, }. The basis for the dual spaces
(TYM)* and (T%')* M are given by 1-forms respectively dz; = dx; +idy; and dz; = dx; —idy; .
The complex structure J on TH°M and T%!' M is defined by J(9,,) = 0., and J(0s) = —i0s,
respectively while on (T%°M)* and (T%")*M it is defined by J(dz;) = idz; and J(dz) = idZ;.
We noted that the complex structure gives natural decomposition of complexified exterior

power of cotangent bundle

k k

NTeM = NT"M e C,
where TgM = (THYOM)* @ (T*'M)*. Indeed we have

p

/\TéM = Optg=k (/\ (TLOM)* @ /q\(To,lM)*> '

We denote the space of (p, q)-forms by A®9 (M), which is locally spanned by dzA, ..., dz, A

dZpt1,...dz;. Thus we have
AN (M) = By AP (M),

The exterior derivative is a map d : A¥(M) — A*1(M) such that d> = 0. On a complex
manifold M, the decomposition of forms gives rise to decomposition of exterior differential
d = 0 + 0 where

9 : APD(M) — APTLD (D),

d: APD(M) — AP (D),
with the relations that d> =0, 9> = 0 = 0% and 90 = —00.

Definition 1.2.7. Let (M, g, J) be a Riemannian manifold with complex structure .J. The
metric g is called Hermitian if ¢ is compatible with complex structure J, i.e. if g(JX, JY) =

g(X,Y), for all tangent vectors X, Y.

12



Given a Hermetian metric g, if we define w(X,Y") = g(JX,Y) for all tangent vectors X, Y,
then w is anti-symmetric real 1-1 form.

In local coordinates z = (21, 23. .. 2p,), the Hermitian condition implies that

0 ON_ . (2 9)_,
N0z 02 ) " \oz 05 ) —

So that the Hermitian metric g is determined by

(29
gl]_g aziaaz_j .

We can express g and the associated 2-form w as

g9 = g;;dz; © dz;,
w = 1g;;dz; N\ dz;.

Definition 1.2.8. A Hermitian manifold (M, g,.J) is said to be a Kéhler manifold if the

associated 2-form w is closed, i.e. if dw = 0.

Since the Kihler form w is closed real form it defines a cohomology class [w] €% (M, R).
The most important result is that on compact manifold Kéhler metrics in fixed cohomology

class can be parameterized by single real valued function.

Theorem 1.2.9. Let M be a compact Kéhler manifold with Kéahler form w. Then for any
other Kéhler form w € [w] € H?*(M, R), there exist a smooth real function f such that
w=w+i00f.

The next theorem characterizes some properties of Kéhler manifolds, in which the most

important one is that the Kéhler form w can be described locally by real valued function.

Theorem 1.2.10. Let M be a complex manifold with a compatible Riemannian metric g

and Levi-Civita connection V. Then the following are equivalent.
1. dw = 0.
2. VJ=0.

13



3. For each point p € M, there is a smooth real function f in a neighbourhood of p such
that w = i00f.

Its clear that every Kéhler manifold has underlying Riemannian manifold structure. The
next Lemma tells us that there is an interesting relationship between the volume element of

Riemannian manifold and m-from of Kahler form.

Lemma 1.2.11. If w is a Kéhler form, then ‘% is the volume element of the Riemannian

metric defined by the Kéahler form.

Proof. The computation is really pointwise. Let us fixing point p € M and holomorphic
coordinates z; = x; + v/ —1y;. The set {0,,,0,, : © =1,...,m} form an orthonormal fram for
the real tangent space T,M and {dwz;,dy; : i =1,...,m} is its coframe. The fram and cofram

for the complex tangent space are denoted by

1
az‘ - E(a’m - iayi)’ dzl = dxz + Zdyz )

(3

In this notation, the Kéhler form and the associated metric are given as follow

w=V=1) dzAdz, (1.2.1)
=1

=1

The volume element of the Riemannian metric is given by
dV = \/gdxdy,, - - - dy,,, = 2"dx1dyy, - - - dr,dy,,, . (1.2.3)

Thus we have
W =ml(V—=1)"dzxy Ndzy - - - dzg N dZ, (1.2.4)

By using the relation dz; A dz; = —2v/—1dz; A dy; in (1.2.4), we have

w™ m
= 2™ dxdyy, - - - deydy,,, (1.2.5)
We see that (1.2.3) and (1.2.5) conclude the proof. O

14



The Ricci and scalar curvature of the Kéhler metric w = ig;;dz; A dz; can be computed

respectively by the following formulae,

R;; = —0,0;log(det(g;5) , (1.2.6)

R= —gﬁ@iélog(det(gﬁ)) : (1.2.7)

1.3  Generalities of Penrose Inequality

In this section, we provide a brief discussion about the Riemannian Penrose Inequality an
important case of a conjecture made by Roger Penrose. We consider space like slices (M3, g, II)
of a space time where g is the positive definite metric on M3 and II is the second fundamental

form of M?3 in the space time.

Definition 1.3.1. [16] A complete connected non-compact Riemannian manifold (M, g) of
dimension n > 3 is said to be AE if there is a compact set K € M such that the complement

of K is disjoint union of ends, where each end is diffeomorphic to the complement of a closed

ball in R™. Moreover in AE coordinates (z1, ..., z,) the metric g satisfy
9i7 =05+ O(|z|™7), (1.3.1)
with
giga = O(l=["). (1.3.2)

where || = /D1, ;.

In other words, the metric g becomes Euclidean metric plus terms that fall off rapidly
at infinity. An asymptotically locally Euclidean manifolds (in short ALE) are those where
ends are asymptotic to flat cones. The ALE manifolds with zero scalar curvature are very
important as they provide counter example to the generalized positive mass conjecture [15]

by Hawking and Pope.

Definition 1.3.2. A complete connected non-compact Riemannian manifold (M, g) of dimen-

sion n > 3 is said to be asymptotically locally Euclidean if there is a compact set K € M such

15



that the complement of K is disjoint union of ends, and there is a a diffeomorphism between
M — K and (R™ — B™)/T" where B is a ball around the origin in R”. This diffeomorphism
gives a specific set of coordinates at infinity, such that
9i5 = 0; + O(|z|"),
with
9ijk = O(|z["™),
where I' C SO(n) which acts freely on the unit sphere.

Remark 1.3.3. If ' = 1, then ALE manifold is AE.

To the end of every asymptotically Euclidean Riemannian manifold there is an associated
quantity called the ADM mass. The notion of ADM mass was introduced by Arnowitt Deser

and Misner [2] in the context of Hamiltonian formulation of general relativity.

Definition 1.3.4. For AE manifold, the ADM mass is denoted by m and defined as

MmapmMm = T lim / Z gzgz Gii,j n]d:ua

1677 r—oo

where S, is the coordinate sphere of radius r, n; is unit normal to S, and du is the area

element of S, in coordinate chart.

The definition of ADM mass seems to be depend on the choice of coordinates. But Bartnik
[4] and chrusceil [10] independently proved that if we impose weak fall of conditions of the

following type:

1. the scalar curvature of the metric has the property f Rd < oo;

2. the component of the metric satisfy g;;—d;; € CL¥ for some 7 > “32 and some a € (0, 1)

at each end in some asymptotic coordinates,
then the ADM mass is finite and does not depend on the choice of coordinates.

Theorem 1.3.5. (The Riemannian Positive Mass Theorem)
Let (M,g) be any asymptotically Euclidean manifold with non negative scalar curvature
R > 0. Then the ADM mass mapy > 0 and the equality holds if and only if (M, g) is

isometric to the Euclidean space.
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The Riemannian Positive Mass Theorem was first proved by Schoen and Yau [27] for an
n-dimensional manifold with 3 < n < 7. Witten [33] in 1981, proved the Theorem 1.3.5 for
spin manifolds in any dimension. Lohkamp [20] extend the proof to any dimension without
spin assumption. Hawking and Pop conjectured [15] that a similar Positive Mass Theorem
hold for ALE manifolds, but later on LeBrun [19] found counterexamples to the conjecture in
1988.

The Riemannian Penrose inequality is generalization of the Positive Mass Theorem which
gives the relation of the ADM mass of an end with the area of the of the surfaces representing
black holes. In the time symmetric case black holes are represented by compact minimal
surfaces, which are called apparent horizen. Before moving on to the statement of the Rie-
mannain Penrose inequality, we present some definitions and as an example, consider the

Schwarzchild manifold.

Definition 1.3.6. Let (M3, g) be totally geodesic submanifold in the spcace time, the ap-
parent horizon of (M3, g) is the smallest surface 3 so that any closed minimal surface ¥’ is

"inside" of 3 (with respect to the AE end).

Remark 1.3.7. There is a chosen end of M? and ¥/ is "inside" of ¥ is defined with respect
to this end.

Remark 1.3.8. Since the AE manifolds is allowed to have many ends so there could be

multiple horizen associated to each end.

Definition 1.3.9. A surface X is said to be outer minimizing if every surface which enclose
it has (strictly) greater area. Mathematically, an outer minimizing surface is stable minimal

surface.

Since the apparent horizon does not contained in any other surface, so they are outer
minimizing (stable surfaces). From the stability argument [25] it follows that outermost

minimal surfaces must have the topology of sphere.

Example 1.3.10. The Schwarzchild manifold
The Schwarzchild metric is defined on R*\ By,,(0), and is given by
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o\
Gm = (1 — Tm) dr® +1gge. (1.3.3)

The metric g, approaches the Euclidean metric as »r — oo. The parameter m is positive
constant and equals to the total mass of the manifold. The coordinates sphere r = 2m is a
single minimal sphere of the Schwarzchild manifold. The coordinates sphere r = 2m is called

the apparent horizen. The Schwarzchild is spherically symmetric and Ricci flat.

Definition 1.3.11. A manifold M? is spherically symmetric if there is an action of rotation

group SO(3) on M and the orbits of this action are 2-sphere.

/S

e D

Figure 1.1: The Schwarzchild manifold
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Remark 1.3.12. From (1.3.3), the metric coefficient becomes infinite at » = 0 and at r = 2m.
It seems that that the coordinate sphere is not part of the manifold. But it turn out that the
singularity » = 2m is only coordinate singularity and can be remove by using the change of
coordinates.

Define
d
rt = / N _7“2_m =r+2mlog(r —2m).

r

-1
<1—2—m)dr*:< _2_m) dr? .
r r

Now in this coordinates (1.3.3) can be written as

Then we have

2
G = (1= =2)(dr") +gs:.

Clearly r = 2m is no more a singular point. Thus the change of coordinates allows a smooth

extension of g,, to the boundary.

Theorem 1.3.13. Let (M3, g) be a complete, smooth, asymptotically Euclidean manifold

with non negative scalar curvature which has an outermost minimal hypersurface . Then

[ A
MApM = Ton (1.3.4)

with equality if and only if (M3,) is isometric to the Schwarzchild metric (R*\ 0, g,,,) of mass

m outside their respective horizons.

The first proof of the Riemannian Penrose Inequality was made by Huisken and Ilma-
nen [17| by using inverse mean curvature flow, for largest connected component of apparent
horizen. Bray [7| proved Theorem 1.3.13 using conformal flow and allowing multiple connected

components, later in 2009 he extends the proof upto dimensions 8, [8].

1.4 The Penrose Inequality for Kahler manifolds

In 2016, Hein and Lebrun [16] proved that the lower bound of the mass of the end of AE

Kéhler manifolds can be given in terms of the volume of the canonical divisor. Moreover
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he proved an explicit formula for the mass of ALE Kéahler manifolds. In the case when the
ALE Kahler manifold is scalar flat, he proved that the mass is a topological invariant of the
underlying smooth manifold. In order to present his formula of mass for ALE manifold we

recall some definitions.

Definition 1.4.1. The de Rham cohomology group of the manifold M defined as

H™(M) = closed m-forms on M

exact m-forms on M’

where the set of closed m-forms are the kernal of d : A™(M) — A™™(M) and the set of
m-exact forms are image of d : A" (M) — A™(M). The de Rham cohomology group for
compactly supported forms is denoted by H!*(M).

There is a natural map between the deRham cohomology group of compact supported
forms and H?(M)
H?(M) — H*(M).

Lemma 1.4.2. Let (M, g) be any ALE manifold. Then the natural map
¢: H* (M) — H*(M) (1.4.1)
is an isomorphism.
If the manifold is complex, in particular oriented, then we have.

Theorem 1.4.3. (Poincaré duality for non compact manifold)

For noncompact oriented manifold M of real dimension 2m ,
HE(M) ~ (H*™2(M))".
Now we are ready to state the formula of mass for ALE Ké&hler manifolds proved in [16].

Theorem 1.4.4. Let (M, g, J) be an ALE Ké&hler manifold of a complex dimension m. Then

the mass m is given by

_ o7 (), [wm)  (m—1)!
m = — @m = D) + 12m—1) /Rng (1.4.2)
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where R, and dV are respectively the scalar curvature and volume form of g, ¢; is the first
chern class of (M, J), [w] € H*(M) is the Kihler class of g, and (-,-) is the duality pairing
between H2(M) and H*"~1(M). Moreover, If the ALE Kéhler metric is assumed to be scalar
flat, then the mass is a topological invariant, determined completely by the smooth manifold,

together with the first chern class and the Kahler class [w] of the metric.

Remark 1.4.5. In general if we have an AE manifold and we find the mass of an end, by the
Positive Mass Theorem at least we can have the idea (measure) that it should be positive. But
the Positive Mass Theorem is not true for ALE manifolds, so there is a question why should
one belief that (1.4.2) is good definition of mass. The answer of this question is very well
explained in [16] and here we present the argument. We recall a well known result ([9],[6]) for a
compact Kéhler manifold that the total scalar curvature is a topological invariant determined

by the first chern class of the complex structure and the Kéhler class of the metric, i.e.

/MRdV _ %@1, W™,

The equation (1.4.2) can be rewritten as,

/M RAV = Zl((im—__l)l!)m - ﬁ@, [w]™ 1) (1.4.3)

The essence of the formula in Theorem 1.4.4 is that it measure the deviation of ALE manifold

from being compact.

Remark 1.4.6. Having the understanding of (1.4.3), one can immediately notice the known

fact that ALE Ricci flat manifolds has zero mass.

Hein and Lebrun proved that the Positive Mass Theorem also hold for Kahler manifolds

even if the manifold is non spin, which one would expect due to [20, 27].

Theorem 1.4.7. The Positive Mass Theorem for Kihler manifolds
Let (M, J) be an AE Kéhler manifold with non negative scalar curvature R > 0. Then

m > 0.
The equality holds if and only if (M, J) is a Euclidean space.
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Theorem 1.4.8. The Penrose type Inequality for Kihler manifolds

Let (M,g,J) be an AE Kéahler manifold of a complex dimension m with scalar curvature
R > 0. Then (M,J) carries a canonical divisor D that is expressed as a sum »_ n;D; of
compact complex hyper-surfaces with positive integer coefficients, and with the property that
UD; # () whenever (M, J) # C™. In term of this divisor,

1)

m > @ﬁﬁ anvol(Dj), (1.4.4)

where the equality holds if and only if (M?", g, J) is a scalar flat Kihler.

Remark 1.4.9. The Hein and Lebrun version of Penrose type Inequality claim that the lower
bound of the mass can be obtained if the compact stable minimal hypersurface in Penrose

inequality is replaced by 2m — 2 dimensional real manifold.

22



Chapter 2

Mean curvature and volume of

hyperspheres

In this chapter, we consider some special class of hypersurfaces and study mean curvature
and volume of of each hypersphere the family of canonical hyperspheres in C™ with U(m)
invariant Kéhler metrics. We give a brief introduction of the U(m)-invariant Kéhler metrics
that will often use in this thesis. The most vital part of this chapter is the computation of
the mean curvature and volume of the hypersphere in the family of canonical hyperspheres.
We pick some known example where we can apply our formula and check if there exist any

minimal hypersphere in Yg.

2.1 U(m)-invariant Kihler metric on C™ \ 0

We consider those Kédhler metrics for which the potential function f : (0, 00) — R is invariant
in local coordinates {(z1, 29, ..., zm)} and depends only on S = |21 |* + |22]* + - - - + |2, |*. For
more details the reader is referred to |14, 18, 22, 32] where U(m)-invariant Kahler metrics has
been studied.

In this section, we discuss all interesting geometric quantities of the U(m)-invariant Kéhler
metric which will be used latter, i.e. volume element Ricci curvature and scalar curvature.

We will mostly use three types of coordinate S, ¢ and ©.
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Remark 2.1.1. First we set the notations for this section. We consider w = v/ —1g;;dz; A dz;

and the metric associated to w is g = g;;dz; © dz; . For instance if
m
W=V -1 Zdzz VAN dZ_Z‘,
i=1
then the associated metric g in real coordinate can be written as

=1

Therefore whenever we use the real coordinates we should be comfortable with the factor 2.

We consider the real (1,1) form
w=V—190f(S) = V—=1(fs00S + fs505 N dS), (2.1.1)

where S = |21|> + |22/> + -+ - + |2|? and fs denotes the derivative of f with respect to S.
The metric:

The metric g associated to the Kéhler form (2.1.1) is given as follows,

fs+ fss|z1]? 2122 fss 21 Zm fss
2921 fss fs+ fss|z)® .. 22%Zm fss
g =
Zm [ss mZfss v fs+ fsslaml?

By direct computation one can see that

det(g) = (fs)" ' (fs + Sfss), (2.1.2)

Clearly det(g) > 0 if and only if fg > 0 and fg + Sfss > 0. We summarize that the form
(2.1.1) defines Kéhler metric if and only if fg > 0 and fs + S fss > 0.
The component of the inverse metric of g

g _ (fs)™ 2
9= ety

[(fs + Sfss)di; — fsszizs).
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Remark 2.1.2. In our notation, the potential function of Euclidean metric is f(5) = 2.

The Volume form is denoted and defined by

%n; = (VD (F)™ (fs + Sfss)don AdZ A o A de A dz (2.1.3)
By Lemma 1.2.11 we know that (2.1.3) is a volume form of the Riemannian metric and in
real coordinates it can be written as
e (2f5)" @ + S s Adys -, Ay

wm

M = (fs)m_l((fg + stg)dVE , (2.1.4)

where dVy is the Euclidean volume form.
The Ricci and scalar curvature
If we denote v(S) = log(det(g)), then the Ricci curvature and scalar curvature can be com-

puted respectively by the following formulae

R;; = —00v(S) = —(vsdij + vsszizj), (2.1.5)
Sl—m - o
R = _det(g) [S (fg) 11)5']3 . (2.1.6)

The logarithmic coordinates
It is convenient to consider the change of logarithmic coordinates t = log S and f(t) = f(5)
for the computation purpose. The Kéhler form given in (2.1.1) can be written in coordinates

t as follows
w = V—=1(fudt A Ot + f,001). (2.1.7)
Indeed we have fs = £ and fss = & (fi — fi) -

The determinant given equation (2.1.2) becomes

det(g) = ™™ " fu.

The Ricci and scalar curvature in ¢
If we define v(t) = log(e ™ f" 'f,), then the Ricci form and scalar curvature are given

respectively as follows:

Ri(w) = —V/~=19,0;0(¢),
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R=—Aut). (2.1.8)

We know that if we fix the Kéhler metric w om M and ¢ be any smooth real function on
M, then there is 7 € (—¢, €) for small enough € such that w, = w + 7/—199¢ is still Kéhler

metric on M, and we have

N¢ = |T o(w + 7v/—=1004)™ . (2.1.9)

W™ dr
The purpose of following Lemma is to give the explicit formula for scalar curvature equation

which involve only derivatives of the potential function f(t).

Lemma 2.1.3. Let w = +/—199f(t) be a U(m) invariant Kihler metric on C™ \ {0} and
¢ = ¢(t). Then we have

AP(t) = (m — )(bt Y (2.1.10)
fe o Ju
Proof. In coordinates t equation (2.1.3) becomes,
W™ =mle ™ fuday Adzy... A dzy,.
Now ¢ = ¢(t), we have
= (V=190(f(t)) +7o(t))™ = m!(e™™ (fi +76:)" ' (fir + 7¢1)) ,
and thus
d m . d a \m
wr T (w+ 7V —1009) »
= m! ((m — 1)e ™ f" 72 fudy + efmtftmflqﬁtt) .
Using (2.1.9), we obtain
Or O
Ao(t) = 2.1.11
o(t) = (m - )% + 2. 2111
[
Proposition 2.1.4. The scalar curvature of w = /—199f(t) is
R— m(m —1) _ 2(m — 1) fue n M  Jun (m —1)(m = 2) fu ‘ (2.1.12)

ft ftftt ftt ft2t ft2
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Proof. By (2.1.8) and Lemma (2.1.3), the scalar curvature is
R=—Aw(t) = — ((m—1)ﬂ+%), (2.1.13)
e
—mt fm

where v(t) = log(e =1 f,). Putting the values of v, and vy in (2.1.13), we have

R— m(m — 1) _ 2(m — 1) fue n fitt B Ju _ (m —1)(m — 2) fu .

ft ftftt ft?% ft2t ft2

(2.1.14)

O

In general the scalar equation for Kéhler metrics is nonlinear fourth order PDE but for
the U(m)-invariant Kéhler metrics it reduce to nonlinear fourth order ODE. We also recall
the condition that make w to be a Kéahler-Einstein metric, i.e. the solution of the following
equation

Ric(w) — Aw =0, (2.1.15)

for some real constant .

Since w = v/—199f(t), we have
Ric(w) — Aw = —v/=180 (log(e™™ f" " fu) + Af(1)) -

By equation (2.1.7), it follows easily that all spherical symmetric solutions of the equation
00¢ = 0 is of the form,

Clt + Co if m=1
c if m>2,
for some constant ¢, ¢1, co € R. Thus w is Kéhler-Einstein metric if and only if

tm_lftt — (OFmt=Af

Hence we have proved the following results.

Proposition 2.1.5. Let w = /—199f(t) be a Kihler form on C\0. Then w is Kiihler-Einstein
metric if and only if there exist ¢1, co € R such that f(t) satisfies

ftt — ecltJrczf)\f
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Proposition 2.1.6. Let w = v/—199f(t) be a Kihler form on C™ \ 0 with m > 2. Then w
is Kéhler-Einstein if and only if there exist ¢ € R such that f(¢) satisfies

ftm_lftt — ec—‘rmt—)\f‘

eBt

Example 2.1.7. Let f(t) = < with B # 0. Then we have

ftt = e’Bt-

Thus the Kéhler form defined by

ﬂ_;@@eﬁt,

wp =
are all Ricci flat on C \ 0.

Example 2.1.8. Let f(t) = % Then f;; = 1, and the Kéahler form
_ (12
Wy = V —100 <§) s
is Ricci flat on C \ 0.
i0;

— Notation: For z = (21,...,2,) € C™ we denote z; = p;e'’ the polar coordinates on

C. We denote the new coordinates by

@:(pl,...,pm,él,...ﬁm).

The metric corresponding to the Kéhler form given in (2.1.1) is
g = fs5(0S ® S) + fs00S, (2.1.16)

with the convention that S ® 05 = 05 ® 95 + 95 ® 9S.
In the coordinates ©, we have S = Zj ,0? and the metric ¢ associated to (2.1.16) becomes

g = Z fss,ojpk(dpj ® dpk + pjpdek ® dej) + fs(dpj ® dpj + p?dej ®© d(gj) (2.1.17)
k,j=1
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The matrix corresponding of the metric ¢g in this new coordinate is a block matrix

A 0
9= )
0 B
where A and B denotes the matrix representation of the metric g with respect to (9,,,...,0,,,)
and (Jy,, ..., 0p,, ) respectively. The matrix A and B are as follows
g G912 -+ Gim P%gn p1p2912 -+ P1PmYim
2
921 g22 ---  Gom P1P2921 P2922 <o P2PmG2m
A= . B= ’ ,
_gml gm2 .- gmm_ _plpmgml P2Pm9m2 - - - p%@gmm ]

where g;; = 2fssp? + 2fs and g;; = 2fsspipj. Clearly the determinant of the matrix g is
det(g) = det(A) - det(B).

By direct computation we have

det(A) = 2"(fs)™ " (fssS + fs), det(B (H m) “(fs9S + fs)

which gives
det(g) = 2™ (H ) (f$)*™2(fssS + fs)2. (2.1.18)
Om),

In local coordinates (p1, ..., pm, 01, .. the volume form 2.1.4 becomes

<H pl> (2(fssS + fs)dp1 A ... Ndpy, NdOL A ... N\ dB,, (2.1.19)

2.2 Computing mean curvature: the 4-dimensional case
We consider the family of canonical hyperspheres denoted by g and defined as follows,
ZS = {(21722, c. ,Zm) eC™:. 5= |21|2 + ’22|2 + -+ ’Zm‘Q} c Cc™.
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We want to compute the mean curvature of this family ¥g with U(m)-invariant Kdhler metrics
discussed in previous section. This section contains only 4 dimensional case, while in the next
section we generalize to higher dimension. The approach to obtain the mean curvature of g
is direct computation of the second fundamental form of Xg. The main result of this section

is following,

Theorem 2.2.1. The mean curvature of the family ¢ C C? with radial Kihler metric
w = v/—100f(S) and outward normal vector 7 is a function that depends on the potential

function of w and is given by

H(S, f(S)) =

where oo = 2(fssS5 + fs).

m(&2 + 2fs(fss5S% + 3fssS + fs)),

In order to compute the mean curvature the first thing is to know the normal vector to
the hypersphere ¥ 5. For this we consider Xg as a level set of the function h : C2 — R defined
by

h(py, 01, p2,02) = pi + p3 .

Lemma 2.2.2. The normal vector to Xg is ) = p10,, +p20,,, with length E = 1/25(fssS + fs).
Proof. We compute the gradient of h, which is normal to the level set of the function h
Vh = gijaihﬁj = gnﬁpl ho,, + 9126p1 ho,, + 9226,,2 hOy + 9218p2 ho,,
=2(g" p1+ 9" p2)0p, + 2(97°p1 + 97 2) 0,

P1 4 P2 9

S e — _— .
fesS+ fs ™ fesS+ fs
Since 2(g" p1 + g*'pa) = Tocst7s and 209"+ 9%p2) = -5

" fssS+fs
the norm of Vh is

IVA| = /g(Vh,Vh) = ’/fssS+fs

The normal vector is given by

R Vh 1 5 5
n= m = E(m o1+ 020,,).
That is ) = L, where n = p10,, + p20,, and E = \/25(fssS + fs). O
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Once we have the normal vector we can restrict the Kéhler metric on C?\ 0 to the family
of hyperspheres 3g, i.e. on the tangent space T,X¢ = {X € R*: g(X,n) = 0}. Since the
tangent space is independent of the metric so the basis for 7,2 ¢ can be obtained by using the

Euclidean metric.

Lemma 2.2.3. Th restriction of the metric g to g is given by

25 fs 0 0
Jvg = 0 25<fsss + fs) 0
0 0 2fspip;

Proof. We choose basis e; = —p30,, + p10,,, €2 = Oy, + Oy, €3 = p30y, — P30y, for T,,5%,

gss(er,e1) = g(=pa0p, + p10p,, —p20,, + p10,,)
= P3g11 + Piga2 — 2p1p2921
= p5(2fsspt + 2fs) + p1(2fssp5 + 2fs) — 4p1p3 fss
= 2fs(pi + p5) = 2fsS

gss(e2,e2) = (g, + Doy, Op, + )
= 33 + 2034 + gaa = pia+ 2p1p2b + p3d
= pi(2fsspi + 2fs) +4pipsfss + p3(2fssps + 2fs)
= 2fss(pi + p3)* + 2fs(pi + p3)
=2f555° +2fsS
= 25(fssS +2fs)

gss(es,e3) = (0308, — pi0ay, p30s, — P10p,)
= p3933 + P1914 — 2p1P3G34
= papt(2fsspi + 2fs) + pipy(2fsspy + 2fs) — 4p1pafss
= 2fsp3pi S
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gss(e2,e3) = g(Do, + Dg,, P399, — p10s,)
= /03933 - 0%944
2 2 2 2 2 2 _
= p1P3(2fssp1 +2fs) — p1p3(2fssp; +2fs) =0

Since 9,, and 9y, are orthogonal, therefore g(ey, e2) = (e1, e3) = 0. Thus the restricted metric

on the family of sphere is

25 fs 0 0
s = 0  2S5(fssS+ fs) 0
0 0 2fsp?p3S
with inverse
ﬁ 0 0
U= | 0 ok O
0 0 m

]

So far, we have got the induced metric on ¥g. The next step is the computation of
the coefficients of the second fundamental form of the family of hyperspheres ¥g. For this
purpose we need to compute the connection of the metric. Since the restricted metric to Xg

is diagonal, we only need the connections given in the following Lemma,

Lemma 2.2.4. The connections of the metric on C™ \ 0

Vei(e1) = —En+ pgflflﬁk + P?F]2€2ak - 201P2F]fzak
VeQ (62) = F’gg(?k + 2F’§48k -+ FL@]C
Ve, (e3) = pals30k + piTh,00 — 207 p3T5,0
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Proof. We know that V,(9;) = I'};0 and so

Ve, (61) = v(—P23p1+P18p2)(_p26p1 + pl@pz)
= v-mapl (_anpl + plam) + Vplapz (_p2ap1 + P13p2)
= —p2Va, (=p20, + p10,,) + (p1)Va,, (—p20,, + p10,,)

= —p2(=p2Va, (0p,) = Vo, (p2)0,, + p1Va, (0p,) + 0p,) + p1(—p2Va,, (0,,) — Va, (p2)0,

+p1Va,,(0p,)))

= —p0,, + p2Tk 0 — p2paT%,0, — pa0,, — I%0p — p10,, + p?Tk
P20p, T Pol 110k — PoP2Ll 190k — P20p, — P2P11 120k — P10p, T P11 29

= =205, — P10p, + PET110k + PIT550k — 2019250

=—En+ p%F’flak + P%ngak - QPIPZFIfzﬁk-

In the same way we get,

V€2(62) = Fggak + 2F§4ak + Fi4ak
Ve, (es) = psThs0) + piTh, 0 — 2p3paT% 0,

In the next lemma we list all possible Christoffel symbols.

Lemma 2.2.5. The Christoffel Symbols of (C? \ 0, g) in coordinates basis {9,,,0

P12 P2
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are given as

1
Iy = 9220, 911 — 912(20,,G12 — Opp9
H 2(911922—9%2)( 2205, 911 — G12(20p, 912 — 9y, g11))
1
I = —09120,,911 + 911(20,,912 — 0,,9
! 2(911922—9%2)( 120,911 + 911(205, 912 — Oy 911))
F:{)l = 0 == Fllll
1
2 2(g11ges — 9%2)(922 p2011 — 91205, 922)
1
[t = ~G120p,911 + 220
P 2(gige —9%2)( 91200911 + 92205, 922)
F?Q = 0 == FlllQ
F%3 =0= F%g
L 922 gi2
s, = gy o\ G
13 2(911922 _9%2)()0% Pl( 1g11) plpz( p1<p102912)>
! 912 g
rt, — Y Ty
B 2(g11g90 — 9%2)(/)1/)2 o (P1911) e (0py (p1P2912)
F%4 =0= Fil
1 922 a
F3 - =0 4 —0 2
14 2(g11922 — g%)( Py o1 (P1P2G12) P (p3922))
1 —J12 g11
i, = 5 LI
14 2(g11922 — 9%2)(;01,02 o1 (P1P2912) s (05, (P3922)))
1
Il = 2 e B o ot
2 291192 — 9%2)(922< 2912 — Opy g22) + 9110y, 922)
1
r2, — e B e e
. 2(911922_952)( 912(0p,912 — 9y, 922) + 9110, 922)
F%Q = 0 == F;12
F%S =0= Fgg
1 g22 g12
3, — 92y (a0 2, )
2 2g11g2 — 9%2)< 0 o (P1911) D103 s (P1P2912))
1 922 b
s, — gy oo b,
2 2911922 — 9%2)( P b2 (P1911) PG (p1p2912))
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1 —g g
T3, = (—220,,(P2g11) + o (Dps (p2pr912)))

2(g11922 — 932)  p1p2 2
F%4 = 0 = ]-—34
1 g22 J12 )
I3, = 922 ooy,
. 2(g11922 — 9%2)( 1% b2 (P102012) p1p2 2 (P3922))
1-%4 = 0 - F%4
1 —3g12 a
Ty = 0 + 20 (2
T 2(g11920 — 9%2)(,0102 (Op2 (p12612) p§< s (02922)
1
Fl - _9228 p2gll + 9128 02911
P 2(g1ge - 9%2)( o1 (P111) b2 (P1911))
s = : (9120, (PTg11) — 91105, (pT911))
2(911922 - 912)
F§3 =0= Fgg
1
Fas = —9220 + 9220
T 2(g11922 — 9%2)( 9220, (P192922) + 922005 (P192922))
1
Fsi = 9 — ad
2911922 — 9h) (91200, (P12912) 0o (P1P2912))
F§4 =0= F§4
ri, = (e ad (2
“ 2(911922 — 9%2)( 91209, (p2g22) 912 p2<02922))
1
1291192 — gt) (912001 (P3922) = 91102 (P2922))
Iy, =0=Ty.

We have collected all the ingredients which we need to compute the coefficient of the

second fundamental form.

Proposition 2.2.6. The second fundamental form of g is

g(v€1 (61), 77) 0 0
I = 0 g(vm (62)7 77)( g(ve3 (63)7 77)
0 9(Ves(e2),m)  9(Vey(es),m)
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where E = \/25'(fss—5+fs)

1
g(ve1(€1)>77) =—F + = E

+ (Pgril + p1F22 2PIP2F%2)P1912 + (Pgrh + P1F§2 2P1P2Fi2>P2912]

[(pQF%l + P1F22 2P1P2F12)]01911 + (pQFH + P1F22 2P102F%2)P2922

1
9(Ve,(e2),m) = E[(Fég + Dy 4 2T5)]prgun + (D35 4+ Ty + 205 pagos + (Dis 4+ Tly + 205,) p2012

+ (F§3 + Fizx + 2F§4)P1912]

1
g(Ve3(63), n) = I [(Pzrzlaza + P1F4114 2P%03F§4>01911 + (P2F33 + Plrzzm 29?9?%4)@922

+ (931%3 + PlF?M 2:0%:031%4)&912 + (P%F%ﬁ + Plrzlm 20?P§F§4)P2912]

and F = \/ QS(fSSS + fs)

Proposition 2.2.7. The eigenvalues of the second fundamental form II are

—1
A = -(va) = A
1 2f355(\/_) 3
2fs
A = (2
2 = oﬁ( fsss o1 )
where a = QfSSS + 2f5
Proof.
A 0 0
gsill= 0 X 0
0 0 X3
where
A = o g(Ver(e1), )
I_QSng el €1), 1
1
Ao = Ve, (€2),
: 25(f5S5+fs)g< (e2). )
1
A ——59(Ve, ,
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Since eigenvalues does not depend on the chosen basis so for simplification we take lim py — 0,

)\1 = lim —Sg(ve1(61)77])

1
(—E + =[(03T1 + piTas — 2p102T15)]prgn + (05T, + pil5s — 2p1021%5) pagas

[(
FE
(pQF% + IO1F22 2;01,02F%2>/)1912 + (p2F11 + p1F22 2/)1,02“2)/)2912]]

1
= Tsm(\/(?fssﬁ‘ +2fs))

1
X = i Ve, (e2),
? 0211—130 25(fssS + fs)g( .(€2),m)
. 1 1,4 ) ) )
- /}2%0(25(]6555 Y o) E [(F33 + Ty + 205 )pa + (T35 + T3y 4 2T3,) pad

+ (leas + 1144 + 2F34)P2b + (ng + Pz214 + 2F§4)P1b]

—1 2fs
= (2 2+6 + ==
(2f555 2fs)5( fssspi fssp1 Py )

1
A3 = lim . ,
s p2—0 2fS,01ng(v s(ea)m)

, 11
= lim ——— [(szgg + piTh — 20105050 prgun + (p30%5 + piT34 — 291315, ) pagan
20 2fspips E

+ (pal35 + piT5s — 20793050 )p1g12 + (03055 + pilas — 2p1p305,) p2gia)

= (V(2fssS +2fs)

B 2fsp1

Since now we have S = p? so we get

—1
2fsSz

—1
A= —5 (Qfssss2 +6f5557 + st>

1
(6% 2

(\/a) = A3

)\1:

where a = 2f55S + 2fs. O

Corollary 2.2.8. Considering the U(m)-invariant metric the family of canonical hypersphere

does not contain any totally geodesic hypersphere.
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Proof. Since positivity of (2.1.2) forces o = 2f55S + 2fs to be positive. Therefore the second

fundamental form can not vanish identically. ]

Once we get the eigenvalues of the second fundamental, the mean curvature formula is
just the average of the eigenvalues, i.e.

At At A
N 3

-1
© 3v/Sas fs
which completes the proof of the Theorem 2.2.1.

H(S, f(5))

(a® + 2fs(fss55* + 3fssS + [s)) ,

2.3 The variational approach: the higher dimensional case

In this section, we extend the proof of Theorem 2.2.1 to higher complex dimensions m, by
using the first variation formula given in Theorem 1.1.2. The change in the area functional
is measured in terms of mean curvature. The area of ¥g can be computed by restricting the
volume form given in 2.1.4 to ¥g to get the volume form on g, and then integrate. Before

going to compute the area we prove the following,
Lemma 2.3.1. The mean curvature of ¥g with U(m)-invariant metric is constant.

In order to restrict the 2.1.4 to X5, we need the unit normal vector to 3. The following

Lemma gives us the expression of the unit normal vector.

Lemma 2.3.2. The unit normal vector to E%m_l is

. R
U—EaR,

where F = \/2S(f535 + fs)
Proof. The proof is straightforward computation similar to Lemma 2.2.2. ]

Proposition 2.3.3. The area of the family of hyperspheres ¥?"1 is given as follows

Agom-1 = S(m_%)(Qfs)m_lv 2(fssS + fs)Ve(Z3™ ).

where V(27" !) is Euclidean volume of unit hypersphere.
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Proof. The contraction of 2.1.4 with unit normal gives,

dVszm—1 = (2fs)™ '/ 2(fs + Sfss dVils,. (2.3.1)

where dVg is Euclidean Volume form of C™. After integration of the above equation we get

the area
Asan-1 = (2f5)" 7'/ 2(fssS + fs)/Z dVilss
S
= (2fs)" 'V 2(fssS + fs) Ve(Es)
= R 1(2£5)™1/2(fssS + fs) V(X
where Vg (2) is the area of unit hypersphere with Euclidean metric. O

Remark 2.3.4. The the area of unit hypersphere is given by

-1

Vi(S1) = @0 [] i

k=1

3

Once we have the area of family of canonical hyperspheres E?g”_l, we want to understand
the change in the area function under variation of the hypersphere Egm_l of radius R in the
normal direction. The variation of Z%m’l in normal direction Jgr gives hypersphere of new

radius R. If S = §2, then we denote and define the new hypersphere with radius R by
Z2m 1 EQm 1 + taR

Let p € Z%m_l. Then j = p + tdg for some t, where p = (R,0,0,...,0) = RO € Xz"" !, and

so the Euclidean distance is
B> = ((R+ )0, (R+1)0r) = (R+ ).

This shows that that the new radius R = R + t, for some t.

The next lemma measures the change in area while moving E?gm_l in normal direction.

Lemma 2.3.5. Let E%m_l be the above variation of Egm_l. Then the first variation of area

is given by

d 2m—1 2m_15m_1f§n72 2 2 2m—1

aA(z )= ((m — 1)(a(S))* + 2fs(fsssS” + 3fssS + fs)) Ve(Z7™H).
t=0 a(S)
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Proof. By Proposition 2.3.3, we have

A2 = 2 (SR (f(S)™ M ()
— 2" Y p(22m MK (), (2.3.2)

where a(S) = 25 fg5(S) + 2f5(S). Differentiating K (S) in (2.3.2), we obtain

LK (S) = @m— DE2(f5(3)" fa(F)
+m = DR a(8)(Fs(8) 2 15(3)
+ mEQm_lfs(g)m_léa(g)

Since at t =0, R = R and fs(5) = fs(S) = fs, so we have
d

1 2m—2 m—1 2m—1pm-2 d I
FEO)|_ = T em - DR () + (m = DR S
+ % R¥™1(fg)m™ 1%a(§) to]. (2.3.3)

By chain rule we know that

%m@=%g®%@
dS dS
_ _fS( 52 i (2.3.4)

We recall that S = R2 = (R + )2 and so we have % =1+ £ and % = 2t +2R. Thus (2.3.4)
implies that

= fSSQR.

t=0

d  ~
afs(s)

Similarly we obtain

d

o a(S )|t 0 =8fssR+4R*fsss .

Then (2.3.3) becomes

d
EK(S)

[(2m = 1R22(f6)"a(S) + 2(m — 1) f2 fssa(S) B+

1
t=0 B vV a(S)

4(f)™ fogR*™ + 2R*™ 2 (f)™ foss |
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After replacing a = 2(fssR* + fs) we obtain

d

dtK(S)

[(8m — 2)R*™ fssfar™ ! + 2R*™ 2 fir ! fogq + 2(2m — 1) R*™ 2 1

=0 \/—

+4(m — )R 2 2]

After simplification and replacing R? = S, we have

d
—A E2m1
7 AXT)

B 2m—15m—1fg172

_ = ((m = 1)(a(9))? + 2fs(fsssS® + 3fssS + fs)) -

By (1.1.2), the first variation formula for the area function is given by

d 2m—1
EA(E )

— —(Om-1) / Ho(0, 7)dVism 1
EQSM71 S

t=0

where H is the mean curvature of ng_l. Since the mean curvature only depends on radius,

we have

d om—1 B EFH

%A<E ) o —(2m — 1)? E2m71 dVEZSm—l

EFH
which further implies that
—R d
H = C— AR
(2m — DAST"HE " dt (25" —0

Proposition 2.3.3 and Lemma 2.3.5 implies the following result.

Theorem 2.3.6. The mean curvature of the family Z%m’l C C™ with radial Kéhler metric
w = +/—190f(S) with outward normal vector 7, is a function that depend on the potential
function of Kéahler metric given as follows,
~1
N (2m — 1)a2v/S fs

Remark 2.3.7. The variataional approach of the proof of mean curvature is more geometric

((m — 1)0&2 + 2fs(f55532 + 3SfSS + fs))

as compared to the direct computation of the second fundamental form of Y.
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2.4 Examples

In this section, we apply the formula in Theorem 2.2.1 for different metrics.

2.4.1 The Fubini Study metric

The complex projective space CP™ is endowed with the Fubini Study metric. The Kéhler

form is given by

v_1 .
wps = Y5—00log(|a | + -+ |zmil) (2.4.1)
where [21, ..., z,11] are homogeneous coordinates of CP™ . In the chart Uy = {(z1, ..., zmy1) €

€™+ s 2y # 0} with local coordinates {§ = (&1, ...,§m) & = 2}, we can relate to this metric

a local Kéahler potential given by

J—1 _
Wrs = Tﬁalog(l +1¢1%),

Jv—1 _
= Taﬁlog(l +59),
where S = [¢]2.
Now, when the Fubini Study metric is in the form of U(m)-invariant metric, we look at the
family of canonical hyperspheres ¥¢ C C™ with the Fubini Study metric. Notice that g can
be covered by m + 1 charts but since the mean curvature is constant, its enough to consider

only one chart. The potential function we use for a Fubini Study metric is given by
1
f(s) = §log(1 +5).

By the formula in Theorem 2.3.6, we get
_S—=m
3VS

Thus (CP™,wpg) contains a minimal hypersphere of radius m in the family of canonical

H(S, f(5))

hypersphere Xg.
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2.4.2 Kahler metric on the blow up of C™ at the origin

Let us consider the blow up of C™ at the origin. We denote the blow up of C™ at the origin
by BloC™ and defined as

Bl,C™" = {((21,22, .. ,Zm), [t]_,tQ, ... ,tm]) e C™ x CPm_l : Zitj — thi = O} Cc C™ x CPm_l .
There is a natural projection map m; : BloC™ — C™ defined by
ﬂ-l((zla Ry e 7Zm>7 [tlu t27 s 7Zm]) = (Zla 22y .- 7Zm> .

The inverse image m; *(p) of p € C™ is a line passing through that point p.
The exceptional divisor E is defined as the inverse image of the origin, i.e. 77(0) = CP™ !

The map m; restrict to a biholomorphism
T Blo@m\E—)Cm\O

A system of charts that cover the exceptional divisor is given as follows: for every i =
1,2,...,m,

Uil = {((21,22, RN ,Zm), [tl,tg, RN ,Zm]) : tl 7£ O,Zj = Zitj} .

The coordinate map ®; : U} — C™ is defined as

t tic1 tita tm)

o zm)s [t e t]) = (2,2, 2
((Z17227 ) < ) [1 2 ]) (Z] tl tz tl tz

with inverse map ®; ' : C™ — U}
(21,22, -y 2m) = (21205 2i22y o3 Ziy oy ZiZm)s 215+ o5 Zic 1y Ly Zidds -+ 5 Zm))- (2.4.2)
For every i = 1,2,...,m the charts U} intersects the exceptional divisor E as
ENU! ={z =0}.
Remark 2.4.1. The superscript of U} represent the charts for first blow up BlyC™.

Lemma 2.4.2. The pull back of the smooth form w = /—1991log(S) on C™ \ 0 extend to
the Fubini Study metric on the exceptional divisorE = CP™ 1.
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Proof. Given the smooth form

w = v/—1901og(S)

on C™\ {0} where S = >""" | |2;/%. Then the pull back 7w is given in local coordinates (2.4.2)
by,

miw = 90log(|zil* (|5] + [z2l* -+ + [zima | + 1+ |zial* + - + [2m])
= 8510g(|21’2 —+ ‘22’2 cee ’Zi,1‘2 + 1+ ‘Zi+1|2 + e+ ’ZmIQ). (243)

Clearly (2.4.3) is the Fubini Study metric on the exceptional divisor £ in homogeneous coor-

dinates [Zl,...,Zi_l,l,Zi_;,_l,...,Zm]. ]

Let g : C™ — R be a smooth function that depends on S =", |z|*>. Then the smooth

form

w = +v—109(log S + ¢(95)), (2.4.4)

which gives Kéhler metric on C™ \ {0} if and only if % +gs > 0 and gs + Sgss > 0. The next
proposition explains when the Kéhler form (2.4.4) on C™ \ 0 can be extend to the blowup of
BlyC™.

Proposition 2.4.3. The smooth form w = /—199(log S + ¢(S)) on C™ \ {0} extend to
Kéhler metric on the BlyC™ if and only if gs(0) > 0, and % +9s >0, gs + Sgss > 0.

Proof. For the sake of simplicity, we prove only the case when m = 2. The general case follow
from the same argument.

Given the projection map,

T ¢ Bl,C* — C?

On the chart Uy, we have S = |z1]|*(1 + |22|*) and EN U} = {z; = 0}. The pull back of the
Kihler metric (2.4.4) to the BlyC? is given in coordinates (2.4.2) by

i (1+[22*)(gs + Sgss) 21%2(9s + Sgss)
7T1(JJ -

2271(9gs + 59ss) |2112(gs + [21*|22gs5) + 15p

44



The restriction of mjw to the exceptional divisor £ is given below,

(14]22[*)gs(0) 0

0

mw|p =

1
1+|2:2‘2

Clearly mjw|g is positive definite if and only if gs(0) > 0.

In the same way on Uj, the pull back mjw

1+|1zl\2 + |22 (95 + 211227 gs5) 2122(9s + Sgss)

ES

l pr—
2071 (gs + Sgss) (1+|21%)(9s + Sgss)

can be restrict to the exceptional divisor as follows

1
* I REREAE 0
Twlp =
0 (1+|z*)gs
which is positive definite if and only if gs(0) > 0. O

Remark 2.4.4. If g5(0) = 0, then mjw|g defines metric only along the exceptional divisor.
So the condition gg(0) # 0 guaranty the non degeneracy of the metric orthogonal to the
exceptional divisor. The other two conditions % +gs > 0, gs + Sgss > 0 are because w has

to be Kéhler metric on C? \ 0.

Remark 2.4.5. By (2.1.6) the scalar curvature of the Kihler metric w = /=199 (log S + S)
on the BlyC™ is given by ( y )
—24+m)(—1+m

R = . 2.4.5

(1+295)? (24:5)

Remark 2.4.6. For m = 2, the Kihler metric w = v/—199(log S + S) is scalar flat. This

metric is known as Burns metric (see for example [19, 29]).

Remark 2.4.7. Consider the local coordinates (z1,...,z,) on BlC™ \ E such that S =

S |zi%. Then the Kéhler metric can be written as

1 —1 _ 1 -1
w=10;(1+ E) + ﬁzi%dzi Ndz; = 05 + 5@5 o

zizjdz; N\ dzj.
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Thus for a large S, the Burns metric looks like Euclidean metric

1

By comparing with Definition 1.3.1, the decay rate 7 is 2.

Proposition 2.4.8. (BlyC? w = +/—199(log(S) + S) does not contain any minimal hyper-

sphere in the family of canonical hyperspheres g .

Proof. By Theorem 2.2.1, the mean curvature of the family of canonical hyperspheres g is

given by

H(S,log(S) + 8) = %
1

-1 9
V25 V28(S+ 1)

Clearly H does not vanishes for any S. Therefore BlyC? does not contain any minimal

hypersphere in Xg. [

Remark 2.4.9. By Proposition 2.2.7, we can compute the principal curvature of ¥g with

Burns metric,
AM=3=——"7"— (2.4.6)
Ny = —— (2.4.7)

The principal curvatures of ¥ g with Burns metric behaves like the principal curvatures of
Euclidean sphere, i.e. \; — \/_TLS for large S, which is compatible with the fact that the Burns
metric is AE. But if S — 0, then ¥ does not shrink to a point from all direction like the
Euclidean sphere. By (2.4.6) and (2.4.7), it is easy to see that as S — 0, Ay = A3 — 0 and
Ao — 00.

As S — 0, one of the principal directions collapse and all the hypersurfaces converges to to
the exceptional divisor, which is holomorphic submanifold of Bly(C?), so one would naturally

expect that the principal curvature vanish there .
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Proposition 2.4.10. The basis {e;, €2, e3} of X5 can be lift to the basis {€1, €&, €3} of 71, H(Xg)
where €1 = —p20,, + Oy, €3 = Dp,, €3 = p30y, — (p3 + p3)0,, . Moreover {é1, €3, €3} — {0y, Op, }
as S — 0.

Proof. Given the projection map,
7 ¢ BloC? — 2
and Yg C C2. We have basis the following basis
e1 = —p20,, + 010y, €2 =20y + 0p,, e3= p20g, — P20y,

for ¥g. We can lift these basis to 77!(2g) in BlyC? via the map

(o1, 2, 61, 65) = (p1, A, O, 1) = m%,el,eg — ).
1

The differential of F'is given as follows;

dF : T@?

21,22

)—>TU1

AF () = SOl

Now we have dF(0ps) = p%la)\, dF(0p,) = Op, — 0, and dF(0p,) = 0,. We have lift the

{e1,e2,e3} to m71(Bg) as follows:
€ = dF(el) = dF(_p_2aP1 + /)_lapz)
= —p‘ga,,l + (9)\
6~2 = dF(€2) = dF(agl + 892) == 891
€3 = dF<e3) = dF<p3891 - p%(%z)
= pg(aﬁ - aﬂ) - p%6H
= 309, — (p3 + p) 0,

Clearly when p1, po — 0 we get {€7, é3, €3} — {0, Oy, }
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2.4.3 The Eguchi Hanson metric
Consider smooth form

w=1+v—100(vVS? +1+1ogS —log(v/S2 +1+1)) (2.4.8)

on C?\ 0 where S = |21|*> + |22|?>. The smooth form (2.4.8) extends to the Kéhler metric on
on BlyC?/Ty where 'y = Z/2Z.. The metric associated to (2.4.8) is known in literature as
the Eguchi-Hanson metric ([12],[21])

Remark 2.4.11. Consider the smooth form w = /—199(log(S) + g(S)) on €? \ 0 where
g(S) =vS?2+1—log(v/S?+ 1+ 1). By Lemma 2.4.3, Since gs(0) = 0, therefore w can not

be extend to the metirc on whole Bl,C? .

Remark 2.4.12. For large S, we have f(S) = S+0 (3). Since v/S? + 1 ~ S and log(v/S? + 1+
1) ~log(S + 1) ~log(S) + %. Therefore for large S we have,

w = BFf(S) = 93(S + O (%) — 510 (%) |

This shows that the Eguchi Hanson metric fall off to Euclidean metric and the decay rate 7
is 4.

Remark 2.4.13. The Eguchi Hanson metric
w=/—=180(vV'52 +1 +log S —log(v/52 +1+ 1))
is Ricci flat. Since
log(det(g)) = log(fs(fs + Sfss)) =1
Thus R;; = —00log(det(g)) =0 V 4,j=1,2.

Proposition 2.4.14. Bl,C?/T, with Eguchi Hanson metric does not contains any minimal

hypersphere Xg.
Proof. For f(S) =+vS%24+1+logS —log(v/S?+ 1+ 1), by Theorem 2.2.1 we have
25 257 (2 + 52)
H(S)=—- - —
(5) V2(1 + 52)i (1+52)2

Clearly H does not vanishes for any S [
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Chapter 3

Existence of AE scalar flat Kahler

metrics

In this chapter, we prove that if the scalar curvature is non negative then the scalar curvature
equation can be reduced to system of nonlinear of ODE. Moreover, we prove the existence of
AE scalar flat Kahler metric on C™ \ Bg(0) .

3.1 Scalar curvature and system of ODE

In this section, we prove that if we have U(m)-invaraint Kihler metrics w = /—199f(t) with
non-negative scalar curvature, then we can construct z = % and y = (2m — 1)z + 2., which

are solutions of some system of ODE. We also discuss the converse direction.

Theorem 3.1.1. Let w = +/—199f(t) be a Kihler metric with non negative scalar curvature.
Then R > 0 if and only if

xy=axy — (2m — 1)2?

v <m(m-—1)(1—2x)x.
where z = £ and y = (2m — 1)z + Zt . In particular if the scalar curvature vanishes, then we

ft
have

xy=ay — (2m — 1)a?

(3.1.1)
yy=m(m—1)(1—x)z.
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Proof. Set v =1log f;. Then we have x = v, > 0, since f; > 0 and f;; > 0. Moreover, (2.1.14)
implies that

fuR=m(m—1)(1 —v)vy — (m —1)(m — 212 — 2(m — 1)(vy +v7?)

2 3
(Vtt + Vt) Vgt + 3Vt7/tt + vy
B )
vy Vg

or equivalently
Vit

fuR = m(m —1)(1 — v)vs — (2m — Vv — (—)t . (3.1.2)

Vi

Since f;; > 0 and R = 0, so we have

m(m — 1)(1 — v, — (2m — 1)vy — (@)t = 0.

Vi
Asz=wv, and y = (2m — 1)z + %, we have

m(m —1)(1 — ) — (2m — 1)z, — (%)t = 0.

Thus we obtain
m(m —1)(1 - z) = 2m — Dy + (%) _—
t

Also y = (2m — 1)x 4 % implies that
Ty =2y — (2m — 1)2”.
O]

From Theorem 3.1.1 we have seen that, given a scalar flat Kihler metric w = /=199 (t)
we can construct integral curve y(t) = (z(t), y(t)) which satisfy the system (3.1.1). A natural
question arises about the converse of Theorem 3.1.1. More precisely, if we have solution
(x(t),y(t)) of the system (3.1.1), are we able to construct a scalar flat Kéhler metric w =
V/—190f(t) in such a way that x = % >0 and y = (2m — 1)z + £. Moreover, is it unique?
Assume that (z(t),y(t)) is solution to the system (3.1.1) such that x = (log f;), and y =

(2m — 1)z + 2. Then by integrating z = (log f;); we get

ft = ef x(t)—i—C”
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and we can construct a scalar flat Kahler metric as follows,

= /= 1£,(00t + x(t)0t A Ot) (3.1.3)

Clearly from 3.1.3, we see that the metric we construct from solution (z(t), y(t)) of the system
(3.1.1) is not unique. In fact corresponding to one solution (z(t),y(t)) of the system (3.1.1),
we get family of Kéhler metrics. The following proposition tells us how these family of Kéhler

metrics are related to each other.

Proposition 3.1.2. Let f(t) and u(t) be two solutions of the ordinary differential equation

z = 1 on some small interval I, with given initial conditions as follow

Jt

S T =
f(to) =a  and u(ty) = a
fi(to) =B, us(tg) =b.

Then the Kéhler metrics w; and w,, has the following relation w; = puw,

Proof. By Cauchy Theorem, the solution to the ordinary differential equation must be unique.

Therefore f(t) = pu(t) + o — pa with p = % and by 3.1.3 we get wy = puw, . O

We conclude that from the solution (x,y) of the system (3.1.1) we can construct Kéahler
metrics w = /—100f(t) but not uniquely. Now we are interested in finding solutions (z,y)
of the system (3.1.1)

r =xy — (2m — 1)2?

(3.1.4)
yy=m(m—1)(1—2x)zx.
such that x > 0.
Definition 3.1.3. Consider the nonlinear system of ODE
xy = f(x,
t=f(z,y) (3.1.5)
ye = 9(x,y).

A point (xg, ) is called equilibrium point the system if f(zo, o) = 0 = g(xo, %)
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Definition 3.1.4. An equilibrium point (xg,yy) is asymptotically stable if for any given
solution (z(t),y(t)) of (3.1.5) with initial condition sufficiently close to (z¢,yo) then

lim (z(¢), y(t)) = (0, y0)

t—o0
In general for nonlinear system it is not trivial to find analytic solution but one can
linearize the non-system by finding Jacobian matrix of the system around the equilibrium

point and the eigenvalues helps to determine the type of the equilibrium point.

Definition 3.1.5. If all the eigenvalues of the Jacobian matrix of the system (3.1.5) at the

equilibrium point (z¢,yo) are negative then the point is asymptotically stable.

Remark 3.1.6. There are many types of equilibrium point and their type can be determine
by the eigenvalues of the Jacobian matrix. But due to lack of time we can not present the
complete classification of equilibrium points of the nonlinear system and behaviour of the

solutions near them.

Lemma 3.1.7. The equilibrium point (1,2m — 1) of the system (3.1.1) is asymptotically
stable.

Proof. The Jacobian of the system (3.1.1) is given by

y—22m—1)z =

J s
m(m—1)(1—2z) 0
—(2m—-1) 1
J|(1,2m—1) -
—m(m—1) 0

The eigenvalues are solutions of the following equation,
det(J|1om-1) — kI) = k*+ 2m — D)k +m*> —m = (k+m)(k + (m — 1)).
Clearly k = —m, 1 — m are negative for all m. O]

Remark 3.1.8. Notice that the for the Euclidean metric (1,2m —1) is solution to the system
(3.1.1). By Lemma (3.1.7) we learnt that the scalar flat Kéhler metrics corresponding to the

solutions of the system (3.1.1) are asymptotically Euclidean.
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In order to find solutions of the system (3.1.1) it is convenient to define an affine diffeo-
morphism ® : R? — R? by
O(z,y) = (2,9) = (mr—y+m—-1y+ (1 —m)x —m), (3.1.6)
with the inverse given by
T, =@ +g+1,(m—1DT+mg+ (2m —1)).
Lemma 3.1.9. The diffeomorphism defined in (3.1.6) transform system (3.1.1) to the follow-
ing system
T =—-mz(1+2+7y
' ( 4) (3.1.7)
go=0-m)gl+7+7).

Proof. By the affine diffeomorphism ® we have

T=mr—y+m-—1 r=x4+y+1
—

g=y+(1—m)z—m y=(m-—-1)2+myg+(2m—1).

Thus we get z; = 7, + ;. But by (3.1.1), zy = z(y — (2m — 1)x) = x(—mZ — (m — 1)g). So
we have
T+ g = x(—mz — (m — 1)y). (3.1.8)
Similarly, we obtain
(m — 1)z +my, = m(m — 1)a(—2 — 7). (3.1.9)
From (3.1.8) and (3.1.9), we obtain the system of ordinary differential equations

Ty =-mi(l+2+79)
ge=1—=m)y(l+z+7).
O
Now we are interested in finding solutions of the the system (3.1.7) which lies above the
line 7 + § = —1, since each of them corresponds to a scalar flat U(m)-symmetric Kahler

metric on C™ \ 0 up to constant. Before going to the solutions, we present several examples

where we construct solution of the system (3.1.1) for scalar flat Kéhler metrics.
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Example 3.1.10. For the Euclidean metric, we have the constant integral curve v(t) =

(x(t),y(t)) = (1,2m — 1). Applying the affine diffeomorphism ®, we get (Z,7) = (0,0).

Example 3.1.11. Consider the Burns metric (BlyC? w) with the scalar flat metric w =
vV —100f(t), where the potential function is given by

fit)y=t+e.

We construct the integral curve v(t) = (z(t),y(t)) as

t

e
)= ——
:E() 1+€t7
() = 3et N 1
N =T e T 15et

which satisfy the system

t

vy =y —32° = o
et
yt:2(1—x)x:(1i7)2.

Next we show that the curve ® o+ is solution of the system (3.1.7). The diffeomorphism ¢
transform ~(t) = (x(t),y(t)) as follows

Doy = (x(t), y(t))

Il
—
L
—~
~~
S~—
<
—~
~
SN—
N—
Il
—~

Clearly (7, 7) satisfies the system
ft - 0
ﬁt:—g(l‘i‘g):m,

Example 3.1.12. Consider the Eguchi Hanson metric (BlyC?/Ty,w) where 'y = Z/27, and
the potential function of scalar flat metric w = \/—109f(t) is given by

fO)=t+vV1+e? —log(l+V1+e?).

We construct the curves

o(t) = 5
2
y(t) = 2t



which are solution of the following system

_ 2 2%
l’t—l'y—Sl’ —m

yt:2$(1—l’):(13_8%)2.

Applying diffeomorphism ®, we get the new curves

=

(1) = e

y(t) =0,

which satisfies the system

3.2 Solution along separatices

In this section, we discuss solution of the system (3.1.7) along Z = 0 or § = 0. We reconstruct
the scalar flat Kéhler metric corresponding to these solutions. Recall that the solution of the
system (3.1.7) correspond to rotationally symmetric scalar flat Kdhler metrics on €™\ 0 and
the integral curves lies above the line & + g = —1. Clearly all points on the line 2 +y = —1
are singular points of the system (3.1.7). Since the eigenvalues of the Jacobian J are non zero
at origin, so origin is an isolated hyperbolic singular point for ®,V, and any other points is
regular. The solutions along the separatices can be described quite explicitly and we obtain

the expression of the metric given in the following result.

Proposition 3.2.1. Let m > 2 and k € {m — 1, m}. Then there exist constants A > 0 and
B > —1 such that

fs=AV1+ BS*,

and w = /—199f(S) defines a Kihler metric on C™\ 0 in the domain |2|? > /=B or |2|? > 0
according to —1 < B < 0, B = 0 or B > 0 respectively. Moreover, w is scalar flat for all

k, A, B, and is Ricci flat whenever k = m.
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Proof. Consider system (3.1.7), the integral curve Z(t) along the axis y = 0 with £(0) = &

which lies above the line ¥ + ¢y = —1 can be find by taking integration of the following
differential equation
dz PR
pn =-—-mz(T+7y+1).
By separating the variables we get,
z To
e (3.2.1)

Now along the axis § = 0, we have x = 1 + Z, and by using (3.2.1) we obtain

1-— me

Recall that v, = z, so by integrating (3.2.2), we get

1 Zo
t)=t+ —log(l — ——e ™ :
v(t) —l—mog( 1—1—9506 ) +c
Since v = log(f;), so we have
—etterfi— T 3.2.3
fr=ereqfio 2o, (3.23)

for some constant c. We noted that the solutions with —1 < Zy < 0 are defined for all ¢t > 0,
while solutions with o > 0 are defined just for ¢ > log 7/5 f(;o . Now f; = fse!, we have

fs =AW+ BS™.

where A = e€ and B = _1—:@20 . Here A is any positive constant and B > 0 for —1 < 75 < 0,

where —1 < B < 0 for £y > 0. According to these two cases fg is defined for S > 0, or just
for S > ¥/ —B. By (3.2.3) we have

ST fu = emtme (3.2.4)

Comparing (3.2.4) with Proposition 2.1.6, the Kahler metric w is Ricci flat for any A and B.
Similarly, considering the integral curve along the axis & = 0 with §(0) = o, which has to be

greater than —1, we find
1

_ _Ho_ (1-m)t
1 Treg €

Vy =
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Similarly, in this case solutions with —1 < gy < 0 are defined for all ¢ > 0 while solutions
with g9 > 0 are defined only for ¢ > ™! % Finally, in this case we have

fs =A mi\l/ 1+ BSt-m

Yo

where A any positive number and B = Notice that A is any positive constant and

1450
B > 0 for =1 < g9 < 0 while —1 < B < 0 for g9 > 0. Similar to the previous case, fg is
defined for S > 0, or just for S > ™%/—B, which completes the proof. n

Remark 3.2.2. For m =2 and k = 1, along the line = 0 with §(0) = 5, we obtained the
Burns metric on the BlyC?. For m = k = 2, Along the line § = 0 with 2(0) = _71, we get the
Eguchi Hanson metric on Bl,C? /Ts.

By simple calculations we find that the metric of Proposition 3.2.1 is explicitly given by

. B B —k—1 B
w =V —1A v 1+ BS—k (888 - %88/\ 63) ,

or equivalently
k

w=+v—1Av/S*+ B (8510g5+ %810@9/\510@9) .

In the next result, we extend the Kéhler metric on C™ \ 0 in Proposition 3.2.1 to Kéhler

metric on M} = BlyC™ /T, where I'y, = Z/k7Z..

Proposition 3.2.3. Assume that B > 0. Then the Kéhler metric on C™ \ 0 given by
k

B+ S*

w=+vV—-1Av/S*+ B (8510g5 + dlog S A Olog S) (3.2.5)

induces the Kéahler metric on M;* = BlyC™ /'y, where I'y = Z/kZ..
Proof. Recall that the blow up of C™ at the origin is given by
BloC™ = {((21,- -+ 2m)s [t1, - - -, tm]) € O™ x CP™ 11 25t — 2it; = 0},
with the system of charts
Ul={((z1,. ., 2m), [t1, - s 2m)) 1 ti £ 0,25 = 285},
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for i,7 =1,...,m. These charts are biholomorphic to C™ via the map ®; : U} — C™ defined

as

((Zl, 29, ... ,Zm>, [tl,tg, .. ,Zm]) — (Zj, —

with inverse
(21,22, -y 2m) = (21, 2122, - - -, 212m), [1, 225 -+, Zm])- (3.2.6)

In (3.2.6) we have
S =z + -+ |z P+ 1+ |z P+ -+ zm]?).

For simplicity we fix U;, and denote z; = X and Z = (2,...,2,) € C™!. Then S =
IAI?(1 +|Z]?) and the metric in (3.2.5) can be written as

AP 22"
B+ AP+ |22

w=vV—1AY(N\>(1 + |ZP)* + B (8810g(1 + [2]?) + dlog S A dlog S) :

(3.2.7)

Since k is a positive integer, we have

IA**0log S A Dlog S = |\ 72[dA A d\ + AdA A Dlog(1 + |2%)
+ AdA A Olog(1 4 |Z|%) + |A*0log(1 + |Z|?) A dlog(1 + |2)].

It is easy to see that w is smooth on BlyC™ but it is degenerate at point A = 0 in the direction
of A\ as soon as k > 2. Therefore (3.2.7) does not defines Kéhler metric on BlyC™.

On the contrary if we consider the quotient M]* = Bl,C™ /T, with the cyclic group I'y =
Z/kZ . The action of the group 'y on BlyC™ is defined as [7].(z,[t]) = (e*™z,[t]). The

quotient map BloC™ — M is defined by ()\,2) — (A, 2). Therefore in local coordinates
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(i, Z2) we have

w=AY|u2(1 +|2[*)* + B |09 log((1 + |2I?)

(1 + |21
R2(B A+ [u*(1 + [2[2)F)

Olog |ul*(1 + |Z*)*) A 0(log | ul*(1 + !2\2)’“))]

= AYuP(1+[22)F + B|9dlog((1 + |2)

e
BB + P+ EP)

+ fidp A 0log(1 4+ |Z1))* + |u*0log(1 + |2)*)* A Olog(1 + ‘5|2)k]]

[du A dfi + pdji A 9log(1 + |2]*)F

Clearly w is smooth and if ¢ = 0 we have,

(L+]2%)"

k
w= Av/B 25

00log(1 + |2]*) +

dp N\ dﬂ]

which is positive definite. Therefore (3.2.5) defines a Kéhler metric on the blow up of C™ at
origin quotient by the cyclic group I'y . O]

3.3 General solutions

In the previous section, we have discussed the solutions of the system of ODE (3.1.7) along the
lines £ = 0 and y = 0 and construct the corresponding family of of scalar flat Kéhler metrics.
As we will see in the next chapter that scalar flat Kahler metrics discussed in Proposition 3.1.1
does not contain any minimal hyperspheres in the family of canonical hyperspheres, so we
need to find more solutions of the system (3.1.7), in particular scalar flat Kéhler metrics which
contains minimal hypersphere.The minimality and stability of hyperspheres in the family of
canonical hyperspheres Y g will be discussed in details later.
In this section we focus on scalar flat Kéhler metrics which correspond to the solution of the
system (3.1.7) more generally. We reduce system (3.1.7) to one equation as follows
dy _ (m—1)
dz m

Y

SR
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and solve it explicitly. By separation of variable we get,

dj_(m—1)di

~

Y m T
and so the explicit solution is
§ =A@
This can be written as .
(g,)n_l =\ (3.3.1)

Using the substitution, z =mz —y+m — 1,5 =y + (1 — m)z —m, in (3.3.1), we have

(y+ (1 —m)x —m)™
(mx —y+m—1)m"1

=\ (3.3.2)

This further implies that the solution (x,y) of the system (3.1.1) has to satisfy (3.3.2). Now

we define a function
(y+ (1L —=m)x —m)™
(mzx —y+m—1)"1"

f(z,y) = (3.3.3)

The equation (3.3.2) can be seen as level set of the function f(z,y), i.e. Ly(f) = {(z,y) :
f(z,y) = A}. By Lemma (3.1.7) we know that all solutions (z,y) of the system (3.1.1)
approaches (1,2m — 1) and it is easy to see that each L) contains the point (1,2m — 1).
Remember that we are interested in only those solutions (x,y) where z > 0.

Thus from the above discussion we prove the following result.
Proposition 3.3.1. Each solutions (z(t), y(t)) of the system (3.1.1) is contained in one Ly(f).

By Proposition 3.1.2 and Lemma (3.1.7), we know that corresponding to the integral curve
(x(t),y(t)) satisfying system (3.1.1), we have a family of AE scalar flat Kéhler metrics and

thus we have the following result.

Theorem 3.3.2. There exist AE scalar flat Kihler metric wy = /—199f,(t) up to constant
on C™ \ Bpg, (0) corresponding to each level curve Ly(f).

The level sets Lo(f) and Lo (f) are the lines y = (m — 1)z +m and y = mx + (m — 1)
respectively. Each of these line pass through (1,2m — 1).
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Example 3.3.3. By Example 3.1.11, we have the integral curves of the Burns metric given

as follows,
t
e
t) =
() =12
3et +1
="
y(t) e

Clearly (z(t),y(t)) satisfy the linear equation y = 2z + 1. Thus the Burns metric is contained
in the level set L (f).

Example 3.3.4. By Example 3.1.12, we have the integral curves for Eguchi Hanson metric

given below

eZt

T = 1rem
_ 243e%
Yy = 1+e2t

Clearly (z(t), y(t)) satisfy the linear equation y = x + 2. Thus The Eguchi Hanson metric is
contained in Lg(f).

7

L
Lo
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Chapter 4

Stable minimal hyperspheres in scalar

flat Kahler manifolds

In this chapter, we consider the family of canonical hyperspheres Egm_l with rotationally
symmetric Kihler metric w = /—199f(t). We discuss the possible conditions for the family
contains a minimal stable hypersphere. We also prove that the AE scalar flat Kéhler metrics
corresponding to the level set Ly(f) contains minimal hypersphere in Y5 when A belongs to

some certain interval.

4.1 Stable minimal hyperspheres

In this section we consider the Kéhler metric w and discuss the condition for the minimal
hyperspheres E%’:’*l in the family of canonical hyperspheres.
By considering the change of coordinates ¢ = log .S, the formula for mean curvature and

area of E?gm_l given in Theorem 2.3.6 and Proposition 2.3.3 respectively changes as follow

1 ,
)= (2m — 1)\/§ft(ftt)% (@(m = Dfss + fuuts) (4.1.1)
V(S2m) = /2 u(2f)" V(ST (4.1.2)

Or equivalently

\/_V E2m1

VST = (2f,)°
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where x(t) = % :
Consider the hypersphere of radius Sy = €' in Egm_l. Clearly EZT_l is minimal if and only
if
—2(m —1)f3

f i t=to

The following lemma describes the condition when this minimal hypersphere is stable.

(2(m — ]')ft2t + ftttft)‘t:to =0 <— fttt‘t:tg - (413)

Lemma 4.1.1. The minimal hypersphere of radius Sy = €' in the family of canonical hyper-

spheres E?qm_l is stable if and only if

[f7 e = 2(m = 1)(4m = 3) fi] ,_, > 0. (4.1.4)

Proof. We focus only on the terms which depend on the radius of the hyperspheres. Differ-
entiating (4.1.2) implies that

m—1
Ay =2(m — 1)\/Efttftm_2 + f;—\/f—{:tt
m—2

- \/tm (2(m— 1)ft2t+ftfttt) :

Now differentiate again and using (4.1.3) we have

Au(to) =

\/lfz(@m —3) fufur + fifir)

- 5}; (—2(m — 1)(4m — 3)%

+ fifure)

m—2

V't

Thus the minimal hypersphere of radius Sy in the family of canonical hyperspheres Z%m_l is

(—2(m — 1)(4m — 3)fis + [} fuse) -

stable if and only if
|:ft2ftttt - 2(777, - 1)(4m - 3)ftgt:| t=to >0.
O
In the above, we discussed the stability condition for the minimal hyperspheres E?g?_l
with respect to derivative of potential function of the Kéhler metric w. Now we translate the

minimality and stability conditions of hypersphere of radius Sy = €% in the family Z%m_l in

terms of z(t)) and y(t).
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Lemma 4.1.2. Assume that there is a minimal hypersphere of radius Sy = €' in the family of
canonical hyperspheres Y3~ *. Then solution of the system (3.1.1) at ¢, is given by (z(t), 0),
i.e. y(tg) =0.

Proof. Set v = log f; then x = v;. By minimality, we have

H(ty) =0

ft2t + ftttft) =0

< (2(m—1)
< 2(m — 1)((€"))* +e”(e" )y =

Now consider

2(m — 1)((€")¢)? + e” (e )y = 2(m — 1) (pe”)* + e” (vye” + (v)*e”
(e")*((2m — 1)(1)* + vr)

= (e")?((2m — 1)2* + z)

= (e")*ay,

where the last equality is by using (3.1.1). But (¢¥)*> > 0 and z > 0, so H(ty) = 0 <

Lemma 4.1.3. The minimal hypersphere of radius Sy = €' in the family of canonical hyper-

spheres 2" ! is stable if and only if

W <.

dx it

Proof. By Lemma 4.1.1, the minimal hypersphere of radius Sy = €% is stable if and only if

fttttft2 - C(m)fg >0,

where C(m) = 2(m — 1)(4m — 3).
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We recall the notation v = log f; and z = 1. Now we have

fttttftQ - C(m)f,i = (" ttt€ (m)(ey)t)g
vare” + vyve” 4 2(vy)vge” + (Vt)3ey> —C’(m)yt?’(e”)?’

)
(

= egy(Vttt + vuvy + 2(v)vy — (C(m) — 1)(Vt)3)
(

— 62V

= e (24 + 3xwy — (C(m) — 1)2?)
=2y, + 2y — (4m — 5)zx, — (C(m) — 1)2%)
= zy(y — (4m — 5)z) + xy — (C(m) — 1)a?)

= z(y — (4m —5)x)(y — (2m — 1)x)) 4+ 2y — (C(m) — 1)2)
=z ((y— (4m —5)z)(y — (2m — )z) + y. — (C(m) — 1)2?))
= z(y* — 6(m — D)zy + ) ,

where we have used zy = (zy — (2m — 1)2?);. But x > 0, we then obtain

frf? —Cm)fi >0 = 4y > —y* +6(m — 1)zy. (4.1.5)
At t = ty, by Lemma 4.1.2, y(to) = 0 and thus (4.1.5) implies that y; > 0. Moreover,
x; = xy — (2m — 1)2* implies that z,|,_, < 0. Thus we have

dy
dx

dy dt
T odt d:U

t=to =to

]

If we consider the scalar flat Kihler metric w = /—109f(t), then the condition for the

stability of minimal hypersphere of radius Sy = €' is given in the following result.

Lemma 4.1.4. Let w = /—190f(t) be a scalar flat Kiihler metric. A minimal hypersphere
of radius Sy = e in the family of canonical hyperspheres Z?gm_l is stable if and only if

Proof. By Theorem 3.1.1, we can construct the integral curves x = % >0and y =3z + %
which satisfy the system

ry=ay — (2m — 1)a?

yy=m(m—1)(1 —x)zx.

(4.1.6)
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We write system (4.1.6) as follow
dy _dydt _ m(m—1)(1—x)
dr  dtdx y—(2m—1)x
By Lemma 4.1.2, y(ty) = 0, and so we have

d_y _ —m(m — 1)(1 — z(to)) ‘ (4.1.7)

dr|,_y, (2m — 1)z(to)
By Lemma 4.1.3, Xg, is stable if and only if
dy
%|t=to S 0 .
Hence (4.1.7) implies that 0 < x(t) < 1. O

By Lemmas 4.1.2 and 4.1.4, we conclude the following result.

Proposition 4.1.5. Let w = /—199f(t) be a scalar flat Kihler metric on C™\ 0. Then g,
is a stable minimal hypersphere if and only if (z(t), y(t)) satisfy the following system

xy = xy — (2m — 1)a?

yy=m(m—1)(1 —x)x

(x(to),y(to)) = (20,0)) 0 <o <1.
Remark 4.1.6. We have constructed the scalar flat Kéhler metric along the line § = 0 and
Z(ty) = wo in Proposition 3.2.1 which satisfy the system 3.1.1. Since § = 0 implies that

y = (m— 1)z +m. But z > 0, so we must have y(ty) # 0, otherwise y(to) = 0 <=

x(ty) = 1% < 0, a contradiction. Similar result arises when we consider he case & = 0

m

and g(tg) = yo. Therefore, by Lemma 4.1.2 the metric in Proposition 3.2.1 does not contain

minimal hypersphere Xg, in the family of canonical hyperspheres.

4.2 Existence of stable minimal hyperspheres in asymp-

totically Euclidean manifolds C™ \ Bg, (0)

In this section, we discuss that the scalar flat Kéhler metric in section 3.3 contains minimal

stable hypersphere when the level set of the function given in (3.3.3) intersect the z-axis.

66



By Proposition 3.3.1, we have seen that the solutions of the system 3.1.1 contained in the

level set of the function

y+ (1 —=—m)xr—m)"

ﬂ%w:< ( ) WL-
(mx —y+m—1)

By Lemma 4.1.2, we know that the hypersphere of radius Sy = e in C™ \ Bg,(0), is

minimal if y(tg) = 0. Thus for (x(ty),y(t0)) = (x,0) we have

(4.2.1)

(1 =m)xg —m)™

(mxo+m —1)m-1’
Lemma 4.2.1. (C™ \ Bg, (0),wy = V=180 f,(t)) where w, is the AE scalar flat Kéhler metric

corresponding to the level set Ly . The hypersphere g, of radius Sy = €' at ¢ = ¢, is minimal

)\(.1'0) =

if and only if

(1= m)ao —m)™

(mxo+m — 1)1

AMwo) =

Theorem 4.2.2. (C™\ Bg,(0),wy = v/—199f\(t)) where wy is the AE scalar flat Kéhler

to

metric corresponding to the level set L, . The minimal hypersphere g, of radius Sy = e* at

t = to is stable if and only if A € [(—1)"(2m — 1), ﬂ)

(m_l)mfl

Proof. By Lemma 4.2.1, the hypersphere ¥g, is minimal if and only if
(1= m)zy — m)"

(mxo+m —1)m-1"~

AMxo) =

By Lemma 4.1.4, we have that Xg, is stable if and only if 0 < xy <,1 which gives A €
[(—1)™(2m — 1), =,

]

Remark 4.2.3. It is important to notice that the level curves Ly for A € [(—1)™(2m —
1) (—m)m

, W] cross the x-axis at two points which means that there exist two minimal hyper-

spheres in C™ \ Bpg, (o) in which one is stable and the other is not.

In general it is not easy to find the domain of the metric but in dimension 2 we can
compute the radius of the ball Bg,. In the following proposition we reprove the fact that the

scalar flat metrics are AE and find the explicit domain for the metric.
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Figure 4.1: Level curves of f(x,y) for m = 2

Proposition 4.2.4. Let m = 2 and A € [3,4) then the scalar flat Kéhler metrics correspond-
ing to the Ly(f) are AE and Ry = ™ where

4
14—

1 —TA
TA:§<\/_(T+)\))\—IOQ§( )\)>

Proof. In complex dimension 2, the equation (3.3.2) becomes

(y—2—22 =2z —y+1),

A A2
y:x+2—§j: )\(1’—1)4—2. (4.2.2)

Putting this value of y in the first equation of (3.1.1) we have

which further implies that

azxy—BxQ

:x<—2x+2—%j:\/)\(x—1)+)\£>. (4.2.3)
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We denote

Fi(x):x<—2x+2—%:|:\/)\(x—l))—i-)\;) :

Obviously, Fy(1) =0 and Fi(1 —2) = 0. Now (4.2.3) implies that

dx

i Fi(z) = dt = Fi(x)dx‘ (4.2.4)

By denoting a® 1 )
ti(z) = /a i) dr where « € (1 1 1) , (4.2.5)

=l A
t_(z) = /B mdaz where f € (1 - oo) , (4.2.6)

the Taylor expansion of F';(x) around x=1 is given by

(2-X)
22

Fyle) (1) = (1+ D)~ 1) + (x = 1)* + O — 1)*.

For the choice of «, (4.2.5) implies that

tle) = /:i(t) (x__ll +O(z — 1)) dr = —log(1 — x) + O((x — 1)?).

Clearly  — 17 implies that t — oo .
On the other hand for A € [3,4), (4.2.6) implies that

xx(t) d
i o) = Jim [ -
-1 x(—2x+2—g— \/A(x—l))+§)

1 —TA 4
= 5 < _(_4+)\>/\ —log(—l—l—x)) :T)\.

Since t = log R? so we get Ry = e, O

By Theorem 4.2.2, we have that when m = 2 the scalar flat Kédhler metrics discussed in
Section 3.3 contains minimal stable hypersphere if A € [3,4). Moreover we have explicitly
compute the domain of the metric in Proposition 4.2.4. The following proposition tell us how

the domain of the metric changes when A approaches the extreme of the the interval [3,4).
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Proposition 4.2.5. The radius of the ball B, behaves in the following way:

<oo when A—3
Ry, =
0 when \N—4.

Proof. From Proposition 4.2.4, we have

limt_(z) =T\ =

T—00

N | —

—TA 4
< o X)) |

R>\ = BT)‘.

which gives

Clearly if A — 3 we have, T\ — %(—\/gﬁ —log3) and if A\ — 4 we get, Ty — —oo. Therefore
we conclude that as A — 4, the radius of the ball Bg, shrink to a point 0. [

Fu et. al [14] in 2016 presented the following result in which they proved the asymptotic

behaviour of the potential function for the AE scalar flat Kéhler metric.

Theorem 4.2.6. [14] There exist a one parameter family of functions ¢ — f,(¢) defined
on R and smoothly depending on the parameter a > 0, such that the metric associated to
the Kéhler form w; is complete and scalar flat on C™ \ 0. Moreover, the function f, has the
following expansion as t — oo

[w]? = Gy [l w7+ Olw| ) for 0> 3

fa(t>:
lw[? + 2alog |w|? + %5 + O(jw|™) for n=2,.

2fwl]?

In particular, the metric is AE at infinity, and as ¢ — —o0, we have the following expansion

1

log(— log |w|?) + O(w

fa(t) = alog |w|2 -

n(n—1) )

where t = log |w|?.

In the next Lemma, we construct of (z, y) for the scalar flat Kéhler metric given in Theorem
4.2.6.
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Lemma 4.2.7. For m = 2, the asymptotic curves for the AE scalar flat Kéhler metric given

in Theorem 4.2.6 behaves in the following way,

(x(t),y(t)) — (1,3) when t— oo

(x(t),y(t)) — (0,0) when ¢t— —o0

Proof. At infinity the asymptotic behavior of the potential function is given by

fa(t) = €' + 2at + a’e™ Lo,
which gives the asymptotic curves as follows,
o) = Fodu _ ¥ T 0
(fade e +2a— 2=+ O(e %)
ylt) =3a(t) + % =5 a24—a<4aae_t 2—€t2)th ) iaze%

It is easy to see that as t — oo we have (z(t),y(t)) — (1, 3).
On the other hand near the origin we have the asymptotic behaviour of the potential function

given as follows

fo(t) = at — alog(—t) + O(%)

The asymptotic curves near the origin are given as follows,

~

—1
As t — —oo then (z(t),y(t)) — (0,0). O
By Lemma 4.2.7 and Proposition 4.2.5 we conclude the AE scalar flat Kéhler metric given

in Theorem 4.2.6 for m = 2 is contained in the level set Ls. In other words we have the

following proposition.

Proposition 4.2.8. For m = 2 the Kéahler metric w) corresponding to the level curve L,

approaches to wy, as A — 4.



The following graph represent the level set L) for some A, and as its clear from the graph
when A — 4 and L, approaches the origin. The figure contains only those level sets which
are interested for us, i.e. for which (z > 0). Notice that every level set contained the point
(1,3) , which means that all the scalar flat Kéhler metrics corresponding to the level sets are
asymptotically Euclidean. The level set Ly and L., contained the Burns and Eguchi Hanson
metric if # — 171, The level set L, passing through the origin is level set of the scalar flat
Kéhler metric (PMY) given [14].

7

4.3 Penrose Inequality in complex dimension 2

So far, we have proved the existence of minimal hyperspheres in scalar flat AE Kéhler manifold
in any dimension. In this section, we compute the ADM mass and volume of the minimal

hypersphere in complex dimension 2.

Proposition 4.3.1. The volume of the hyperspheres Yg with w = /=109 f(t)) at any point
is given by

At) = Va2 Vi (Z). (4.3.)

where Vg(X3) = 272 is the Euclidean volume of unit 3-sphere.
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From the proof of Theorem 3.1.1 we recall that v = log f; and v; = x(t), which gives the

relation between the derivatives of the potential function as follows,

fi=¢€", fu=x(t)f (4.3.2)

In order to find the volume of ¥g,, we only need the expression of the potential function f at

xo(A). By equation (4.2.4) we have ,

1

dt = i (2)

dx .

Multiply both sides by z(¢) and integrating we get,

t z(t) T
/to x(t)dt = /x(to) Fi(;;)dx (4.3.3)

Notice that v = log f; and v, = z(t) implies that

y@:iéﬁamt (4.3.4)

By (4.3.3) and (4.3.4) we get,

V(1)) = /"”“) 2(t) /:w da

z(to) Fy(z) (to) 9 — 99 — % + /)\(x —1) + /\IQ

We choose different normalization and get,

o) -
v_(z(t)) = /1 ®) dr = —log (1 + W) (4.3.5)

2() e
vi(z(t)) = /1_A Ff(?:) dxr = —log (1 — w> (4.3.6)

Proposition 4.3.2. Given (Mg, ~,w\) where wy is AE scalar flat Kéhler metric correspond-

ing to Ly. Then L) contains minimal hypersphere at z(\) where

2o(A\) = A — 2+ /(h — 3)A (4.3.7)
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where A € [3,4). Moreover, the volume of these minimal hyperspheres can be computed as

follows:
V(zo(N) = /To(A) (2" F0O)) 2 1/ (53) (4.3.8)
where
v_(z0(\)) = — log (1 + Wlx”“i* A 4) .

The minimal hypersphere at zo(A\) = A — 2 — /(A — 3)\ is stable and its volume behaves in
the following way:
V(o) =4 =
0 A—4

Proof. By Lemma 4.2.1, we know that g, is minimal if and only if

zo(A) = A — 24 /(A= 3)A. (4.3.9)

Clearly the minimal hypersphere at xo(A\) = A—2— /(A — 3)\ is stable. By (4.3.2) and 4.3.5

we have,
V(zo(N) = v/zo(A) (2 @02 V(3) (4.3.10)
O

Theorem 4.3.3. The ADM mass of the AE Kéhler manifold Mg,  is % )

Proof. Taylor expansion of f;(x) and fi(z) around z = 1~

A 1 1

fe(x) ~ T3a-1) 2 + 5(1‘

fu(x) ~ _2(:10)\— T~ (142_>\> + <_71+ %) (x—1)+ >\2;22(x— 1)?+O0(x —1)°
maps = lim (o) = fula)) = lim (540~ 1) =3
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Theorem 4.3.4. For m = 2, the AE Kéhler manifold Mg,  satisfies the Riemannian Penrose

2
]_ VE3(x0) §
> — .
TADM =5 (VE<2%>

inequality,

()\—2— A(A—3))"l”

(o)

5
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