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Abstract: We give a rigorous derivation of the Hartree equation for the many-body
dynamics of pseudo-relativistic Fermi systems at high density � � 1, on arbitrarily
large domains, at zero temperature. With respect to previous works, we show that the
many-body evolution can be approximated by the Hartree dynamics locally, proving
convergence of the expectation of observables that are supported in regions with fixed
volume, independent of �. The result applies to initial data describing fermionic systems
at equilibrium confined in arbitrarily large domains, under the assumption that a suitable
local Weyl-type estimate holds true. The proof relies on the approximation of the initial
data through positive temperature quasi-free states, that satisfy strong local semiclassical
bounds, which play a key role in controlling the growth of the local excitations of the
quasi-free state along the many-body dynamics.
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1. Introduction

We are interested in the time evolution of extended Fermi gases, at high density � � 1.
We consider systems of N fermions with a relativistic dispersion relation (pseudo-
relativistic fermions), interacting through a smooth, rapidly decaying, two-body potential
V : R3 → R. The Hamilton operator generating the dynamics has the form

HN =
N∑

j=1

√
1 − ε2�x j + ε3

N∑

i< j

V (xi − x j ) (1.1)

and, according to fermionic statistics, it acts on the Hilbert space L2
a(R

3N ), the subspace
of L2(R3N ) consisting of functions that are antisymmetric with respect to permutations.
In (1.1) and throughout the paper, we shall choose ε = O(�−1/3). This choice guarantees
that, for physically relevant states, both kinetic and potential energy per particle are of
order one, in the limit of large �.

Initially, the N particles are trapped by an external potential in a set � with volume
|�| = N/�. At zero temperature, the Fermi gas relaxes into the ground state of the
trapped Hamiltonian. At high density, we can expect that the many-body interaction
can be effectively replaced by an averaged one-body potential and that the ground state
of the trapped Hamiltonian can be approximated by a Slater determinant, minimizing
the corresponding Hartree-Fock energy (or the reduced Hartree-Fock energy, since the
exchange term is expected to be subleading in the limit of large �).

Motivated by these observations, we are going to study the solution of the many-body
Schrödinger equation

iε∂tψt = HNψt =
[ N∑

j=1

√
1 − ε2�x j + ε3

N∑

i< j

V (x̂i − x̂ j )
]
ψt (1.2)

for initial data ψt=0 that are close to a Slater determinant, with reduced one-particle
density matrix having the form ωμ = χ(H ≤ μ), for a one-particle Hamiltonian
H = √

1 − ε2� + Vext (where the external potential can also include the contribution
of the direct term in the interaction) and with the chemical potential μ ∈ R chosen so
that tr ωμ = N . Our goal will be to show that, for large �, the solution of (1.2) remains
close to a Slater determinant, with reduced one-particle density matrix evolved through
the time-dependent Hartree equation

iε∂tωt = [√
1 − ε2� + ε3(V ∗ �t ), ωt

]
(1.3)
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with �t (x) = ωt (x; x) and with initial datum ωt=0 = ωμ.
In the last decades, there have been substantial efforts in the mathematical physics

community to show that the many-body Schrödinger evolution of Fermi gases can be
approximated by the Hartree dynamics. Most results have been obtained for particles
with non-relativistic dispersion in the mean-field regime, where � = N (or equivalently,
where the N particles are initially trapped in a volume of order one, so that each particle
interacts with all other particles in the system). In this setting, closeness to the Hartree
evolution was first established in [22] for analytic interaction potentials and for short
times. Convergence to the Vlasov equation, which approximates the Hartree evolution
in the semiclassical limit, was already known from [29,33]. The convergence to the
Hartree evolution has since been extended to a broader class of regular interaction po-
tentials and to arbitrary fixed times in [11] (and later in [30]), for initial data close to
Slater determinants and with reduced one-particle density matrices satisfying certain
semiclassical commutator estimates. For mixed quasi-free initial data, which are rele-
vant at positive temperature, convergence towards Hartree dynamics in the mean-field
regime was established in [5], again under the assumption that the initial data exhibit
an appropriate semiclassical structure. Results for singular interactions have been later
obtained in [18,31]. A norm approximation for the many-body dynamics of a homo-
geneous Fermi gas in terms of a quasi-free bosonic evolution has been obtained in [9],
using rigorous bosonization ideas developed to study the correlation energy of mean-
field fermions in [6–8] (for an alternative approach to the correlation energy, see also
[15–17]). For mean-field fermions with a relativistic dispersion, whose many-body evo-
lution is described by (1.2), with ε = N−1/3, the Hartree equation (1.3) was derived in
[12], adapting the ideas of [11]. Other mean-field type scalings have been considered in
[2,4,24].

It is a natural question to understand how to extend these results to the thermodynamic
setting. In [23], we recently established convergence towards the Hartree dynamics for
extended Fermi gases, with� � 1 but now independent of N . In that work, we considered
fermions with both non-relativistic and relativistic dispersions. In the relativistic case,
we studied the solution of (1.2) for many-body initial data close to a Slater determinant,
with reduced one-particle density matrix ω satisfying the local trace-norm bounds

∥∥∥
1

1 + |x̂ − z|4n ω

∥∥∥
tr

≤ Cε−3,

∥∥∥
1

1 + |x̂ − z|4n [eip·x̂ , ω]
∥∥∥

tr
≤ Cε−2(1 + |p|),

∥∥∥
1

1 + |x̂ − z|4n [ε∇, ω]
∥∥∥

tr
≤ Cε−2,

(1.4)

for all z ∈ R
3 and n large enough. While the first estimate in (1.4) implies that the local

density of particles around the point z ∈ R
3 is at most of order ε−3, for all z ∈ R

3, the
other two bounds guarantee that ω exhibits a local semiclassical structure, in the sense
that its integral kernel ω(x; y) varies on the length scale ε, in the (x − y) direction, and
on a scale of order one, in the (x + y) direction. Assuming the bounds (1.4) to hold at
time t = 0 and propagating them along the Hartree dynamics (1.3) (showing, in other
words, that the solution ωt of (1.3) still satisfies (1.4), though with a worse constant
Ct = C exp(c|t |)), in [23] we proved that the solution ψt of (1.2) remains close to a
Slater determinant, with reduced one-particle density matrix determined by the Hartree
equation (1.3). More precisely, if γ

(1)
t denotes the one-particle reduced density matrix

associated with ψt , we showed that

‖γ (1)
t − ωt‖HS ≤ C exp(c exp(c|t |)) ε1/2

√
N (1.5)
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for all t ∈ R, which is small if compared with ‖γ (1)
t ‖HS, ‖ωt‖HS 
 √

N .
Equation (1.5) establishes convergence towards the Hartree dynamics in a global

sense. Namely, it shows that the total number of excitations of the Slater determinant at
time t ∈ R is small, compared to the total number of particles N : while the number of
excitations is still proportional to N , the ratio tends to zero as ε → 0. A more refined
question is whether it is possible to establish convergence towards the Hartree dynamics
locally, when testing against a local observable. This is the question we address in the
present paper, giving a positive answer. In our main result, Theorem 2.3 below, we
consider the expectation value of one-particle observables of the form

∑N
j=1 Oz0(x̂ j )

in the state ψt , which is solution of (1.2). Here, Oz0 : R3 → R is a smooth and fast
decaying function centred at z0 ∈ R

3, essentially measuring the number of particles in a
region of volume of order one around the point z0. We prove that this expectation value
is close to the corresponding expectation in the Slater determinant with reduced density
ωt , solving (1.3) with initial datum ωt=0 = ωμ. More precisely, we show that:

∣∣tr Oz0(γ
(1)
t − ωt )

∣∣ ≤ C exp(c exp(c|t |))ε−3+δ (1.6)

for some 0 < δ ≤ 1, which is again small compared to tr Oz0γ
(1)
t , tr Oz0ωt 
 ε−3. Here,

with slight abuse of notation, Oz0 denotes the multiplication operator by the function
Oz0 . Remarkably, this result only requires ψ0 to be close to the Slater determinant with
reduced density ω0 in a ball centered at z0 with radius of order ε−δ|t |.

The proof of (1.6) is more involved than the proof of (1.5) obtained in [23]. In par-
ticular, it requires stronger control on the local density and on the local semiclassical
structure of the solution ωt of the Hartree equation, which translates into stronger as-
sumptions on the initial data. Instead of (1.4), we need, roughly speaking, bounds of the
form

∥∥∥
1

1 + |x̂ − z|4n ω
1

1 + |x̂ − z′|2n
∥∥∥

tr
≤ Cε−3

1 + |z − z′|2n−4 ,

∥∥∥
1

1 + |x̂ − z|4n
[
eip·x̂ , ω

] 1

1 + |x̂ − z′|2n
∥∥∥

tr
≤ Cε−2(1 + |p|)

1 + |z − z′|2n ,

∥∥∥
1

1 + |x̂ − z|4n
[
ε∇, ω

] 1

1 + |x̂ − z′|2n
∥∥∥

tr
≤ Cε−2

1 + |z − z′|2n ,

(1.7)

for n large enough and for z ∈ Bε−δR(z0) and for z′ ∈ R
3, capturing also the decay

of correlations in space. The quantity R > 0 is independent of ε, and sets the value
of the largest time for which convergence holds: the result (1.6) holds for all t such
that |t | ≤ R. Because of the lack of regularity of the characteristic function, it is not
clear whether the initial Slater determinants we are interested in, with one-body reduced
density matrix of the form ωμ = χ(H ≤ μ), satisfy (1.7). To circumvent this issue, we
use an approximation argument, approximating the Slater determinant described by ωμ

by the quasi-free thermal state with reduced density ωμ,β = 1/(1 + eβ(H−μ)), at inverse
temperature β = ε−1. The proof of (1.6) consists therefore of three main parts. First, in
Theorem 3.7, we prove that the many-body evolution of a mixed, approximately quasi-
free state, whose reduced density satisfies (1.7), fulfills (1.6). Second, in Proposition
3.8, we show that ωμ,β satisfies the strong local bounds (1.7); more precisely, since
we are forced to work with mixed states, we need some additional estimates, listed in
Assumption 3.5, controlling also the semiclassical structure of

√
ω and

√
1 − ω, and
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the overlap
√

ω
√

1 − ω. This part of our analysis relies on a suitable assumption on the
one-body Hamiltonian H = √

1 − ε2� + Vext, which can be viewed as a local version
of the Weyl law, and which we expect to hold true for a large class of confining external
potentials Vext, relevant for extended Fermi gases. Finally, in Section 5, we show that, for
β = ε−1, the many-body evolution of initial data that are close to a Slater determinant
with reduced density ωμ can be approximated, in a local sense, by the many-body
evolution of an approximately quasi-free mixed state with reduced density ωμ,β (and
that the solution of the Hartree equation with initial datum ωμ can be approximated by
the solution with initial datum ωμ,β ).

Note that in [23], where we established global convergence towards the Hartree
dynamics for extended Fermi gases, we also considered the case of particles with non-
relativistic dispersion. For non-relativistic fermions, however, our result was slightly
weaker, as it holds only for sufficiently short times. In the current paper, we focus
only on the relativistic case. Establishing local convergence (in the sense of (1.6)) for
non-relativistic particles is a more challenging problem, and we do not address it here.
The reason why the non-relativistic problem is more difficult is ultimately due to the
unbounded group velocity of the particles, which makes it hard to control the solutions of
the Hartree equation and of the many-body dynamics locally. This is also the reason for
the short-time limitation of the result about the non-relativistic case in [23]: because of
the unboundedness of the velocity of the particles, it is difficult to rule out the excessive
concentration of a large number of particles in a small region of space. Concretely,
when computing the variation of the expectation value of the local observable Oz0 , we
have to control its commutator with the dispersion law of the particles. For a relativistic
dispersion, this commutator can be controlled by another bounded observable, localized
close to z0. In the non-relativistic case, on the other hand, we find [�,Oz0 ] = ∇ ·
∇Oz0 + ∇Oz0 · ∇ which is not bounded. The absence of local conservation laws makes
it difficult to control this contribution, and the conservation of the total energy is not
useful to control local quantities. A similar issue has been addressed in the analysis of the
Hartree equation for infinitely many particles [25,26], where the global well-posedness
of the dynamics [25], and the scattering properties in two dimensions [26], have been
established for perturbations of translation-invariant states, via the control of a general
notion of relative entropy. See also [27] for the convergence of the Hartree dynamics to
the Vlasov dynamics in a similar setting. It would be interesting to explore whether the
method of the present paper can be combined with the ideas of [25–27], to understand the
derivation of the non-relativistic Hartree equation from many-body quantum dynamics.

The paper is organized as follows. In Section 2 we introduce the fermionic Fock space,
the formalism of second quantization, the fermionic Bogoliubov transformations, and
we state our main result, Theorem 2.3. The theorem describes the evolution of initial data
close to Slater determinants defined as ground states of the second quantization of a one-
particle Hamiltonian H , satisfying a local Weyl-type estimate, as stated in Assumption
2.1. In Section 3 we introduce positive-temperature states, which will be needed as a
regularization of the initial zero-temperature state. We will describe them as pure states
on a doubled Fock space, via the Araki-Wyss representation of mixed quasi-free states.
The main technical result of this section is Theorem 3.7, which proves convergence
from many-body dynamics to the Hartree evolution for initial data at temperature ε,
exhibiting the local semiclassical structure of Assumption 3.5. In Section 4 we prove
Theorem 3.7; the proof is based on the propagation of the local semiclassical structure,
Proposition 4.1, and on the control of the growth of fluctuations between many-body
and Hartree dynamics at a local scale, Proposition 4.6. Then, in Section 5 we use the
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positive-temperature result of Theorem 3.7 to prove our main result, Theorem 2.3, via
an approximation argument. In Appendix A we prove a priori bounds for the density
of the Fermi-Dirac distribution in the semiclassical scaling. In Appendix B we prove
the validity of the local semiclassical estimates of Assumption 3.5 for the Fermi-Dirac
distribution associated with the Hamiltonian H = √

1 − ε2� + Vext at temperature ε,
as a consequence of Assumption 2.1. Finally, in Appendix C we discuss the relation of
Assumption 2.1 with other known results in semiclassical analysis, such as the sharp
version of the pointwise Weyl law.

2. Effective Dynamics of Zero-Temperature States

2.1. Fock space formalism. We henceforth set h := L2(R3). The antisymmetric (or
fermionic) Fock space F(h) associated with h is defined as:

F(h) := C ⊕
⊕

n≥1

h∧n,

where, for n ∈ N, h∧n := h ∧ · · · ∧ h denotes the Hilbert space given by the n-fold
antisymmetric tensor product of h. Vectors in F(h) are sequences 
 = (ψ(n))n∈N
with ψ(0) ∈ C and ψ(n) ∈ h∧n for n ≥ 1. A distinguished vector is the vacuum
� := (1, 0, . . . , 0, . . . ). As a Hilbert space, F(h) is equipped with the scalar product

〈
1, 
2〉 = ψ
(0)
1 ψ

(0)
2 +

∑

n∈N
〈ψ(n)

1 , ψ
(n)
2 〉h⊗n

for any 
1 = (ψ
(n)
1 )n∈N, 
2 = (ψ

(n)
2 )n∈N ∈ F(h).

For f ∈ h, we introduce the creation operator a∗( f ) and the annihilation operator
a( f ), whose actions on 
 = (ψ(n))n∈N ∈ F(h) are defined by

(a∗( f )
)(n)(x1, . . . , xn) = 1√
n

n∑

j=1

(−1) j f (x j )ψ
(n−1)(x1, . . . , x j−1, x j+1, . . . , xn)

(a( f )
)(n)(x1, . . . , xn) = √
n + 1

∫
f̄ (x) ψ(n+1)(x, x1, . . . , xn)dx

for all n ∈ N. It is not difficult to see that these operators are the adjoint of each other,
and that they satisfy the canonical anticommutation relations:

{a( f ), a(g)} = {a∗( f ), a∗(g)} = 0, {a∗( f ), a(g)} = 〈g, f 〉h, ∀ f, g ∈ h,

(2.1)

with {A, B} := AB + BA denoting the anticommutator. These relations imply that
creation and annihilation operators are bounded,

‖a( f )‖, ‖a∗( f )‖ ≤ ‖ f ‖h.

It is also convenient to introduce operator-valued distributions a∗
x , ax , for x ∈ R

3. They
allow us to write

a( f ) =
∫

dx ax f (x), a∗( f ) =
∫

dx a∗
x f (x). (2.2)
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For any (closable) operator O on h, we denote by d�(O) its second quantization, as an
operator on F(h). That is:

d�(O) = 0 ⊕
⊕

n≥1

( n∑

j=1

1⊗ j ⊗ O ⊗ 1n− j−1
)

on F(h). (2.3)

In terms of the creation and annihilation operators, we have, with { f j } j orthonormal
basis,

d�(O) =
∑

i, j

〈 fi , O f j 〉ha∗( fi )a( f j ). (2.4)

If the operator O has an integral kernel O(x; y), we can also write

d�(O) =
∫

dxdy O(x; y)a∗
x ay .

In this case, we also introduce the notation

d�+(O) =
∫

dxdy O(x; y) a∗
x a

∗
y , d�−(O) =

∫
dxdy O(x; y) axay .

Finally, on F(h), we define the Hamilton operator

H = 0 ⊕
⊕

n≥1

Hn,

where Hn is the operator on h∧n given by:

Hn =
n∑

i=1

√
1 − ε2�i + ε3

n∑

i< j

V (x̂i − x̂ j ).

Recall that, as discussed in the introduction, we will consider initial data for which the
density of particles � is of order ε−3. Equivalently,

H = d�(
√

1 − ε2�) +
ε3

2

∫
dxdy V (x − y)a∗

x a
∗
yayax . (2.5)

To simplify our analysis, we are going to assume that V ∈ S(R3), with

S(R3) = { f ∈ C∞(R3;R) : sup
x∈R3

|xα∂β f (x)| < ∞ for all multi-indices α, β ∈ N
3}

denoting the space of real-valued Schwarz functions on R
3.

An important class of vectors in F(h) are Slater determinants, having the form

( f1 ∧ · · · ∧ fn)(x1, . . . , xn) = 1√
n!

∑

π∈Sn
sgn(π) f1(xπ(1)) · · · fn(xπ(n)), (2.6)

with { fi }ni=1 an orthonormal system in h. The Slater determinant (2.6) describes a state
with exactly n particles; it can also be written as a∗( f1) . . . a∗( fn)�. If { fi }i∈N is an
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orthonormal basis for h, then the set { fi1 ∧ · · · ∧ fin : n ∈ N, i1 < i2 < · · · < in} forms
an orthonormal basis of F(h).

Slater determinants are quasi-free states; the expectation value of an arbitrary product
of creation and annihilation operators in the state (2.6) can be computed through Wick’s
theorem, using the one-particle reduced density matrix

ω = tr2,...,n| f1 ∧ · · · ∧ fn〉〈 f1 ∧ · · · ∧ fn| =
n∑

i=1

| fi 〉〈 fi | (2.7)

associated with f1 ∧ · · · ∧ fn , which is just the orthogonal projection onto the n-
dimensional subspace of h spanned by f1, . . . , fn .

We will make use of the fact that Slater determinants in F(h) can be generated by
the action of unitary transformations on the vacuum. More precisely, given an arbitrary
orthogonal projection of the form (2.7), we can find a unitary Bogoliubov transformation
Rω on F(h) such that

Rω� = a∗( f1) . . . a∗( fn)� (2.8)

is the Slater determinant (2.6) and

R∗
ωa( f )Rω = a(u f ) + a∗(v̄ f̄ ) (2.9)

with u = 1 − ω the projection on the orthogonal complement of the space spanned by
f1, . . . , fn , and v = ∑n

i=1 | f̄i 〉〈 fi |.

2.2. Main result. Our main theorem describes the many-body evolution of initial data
that are close, in a local sense, to a Slater determinant describing the ground state of a
non-interacting pseudo-relativistic Fermi gas confined in an arbitrarily large domain by
an external potential, in the high-density regime. This assumption is compatible with the
expectation that the ground state of trapped many-body systems at high density is well-
approximated by the Fermi projection associated with the Hartree Hamiltonian (in this
case, the external potential also contains a self-consistent mean-field term, effectively
describing the interaction among the fermions).

Let us specify more precisely the class of initial data we are going to consider.
For a confining, non-negative and smooth potential Vext, we consider the one-particle
Hamiltonian

H =
√

1 − ε2� + Vext (2.10)

acting on the Hilbert space h. We will require precise local semiclassical properties of
spectral functions of H , as they allow us to describe equilibrium states of d�(H). To
derive these properties, we will assume a bound for the trace norm of the product of a
function of H , localized in a small interval of size O(ε) around a fixed μ > 0 (which
will play the role of the chemical potential), and a function of the position operator x̂ ,
localized around a point z ∈ R

3. For 2n ∈ N, z, x ∈ R
3, we define the spatial weight

W(n)
z (x) := (

1 + |x − z|4n)−1
. (2.11)

Note that the functions W(n)
z satisfy W(m)

z ≤ 2W(n)
z for all m > n, and this will be

repeatedly used throughout this work. Another property we shall frequently use is that
W(n)

z1 (x)W(n)
z2 (x) ≤ CnW(n)

z1 (z2).
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Moreover, with slight abuse of notation, we let W(n)
z denote the multiplication op-

erator on h associated with (2.11), that is, W(n)
z ≡ W(n)

z (x̂). In what follows, we shall
denote by χ the characteristic function.

Assumption 2.1 (Assumption on (H, μ)). Let H be defined as in (2.10), with Vext ∈
C∞(R3), Vext ≥ 0 and supx∈R3 |∂αVext(x)| < ∞, for all α ∈ N

3 with |α| ≥ 2 (i.e.
Vext must grow at most quadratically at infinity). We assume that ω = χ(H ≤ μ) is a
trace-class operator on h. Furthermore, we assume that there exist z0 ∈ R

3, 0 < δ ≤ 1,
a radius R > 0, and a constant C > 0 such that

sup
z∈B

ε−δ R(z0)

∥∥∥
1

(ε−1(H − μ))2m + 1
W(n)

z

∥∥∥
tr

≤ Cε−2 (2.12)

for all ε > 0 small enough, and for all n,m ∈ N large enough.

Remark 2.2. (i) Observe that the domain Bε−δR(z0) is not the region in which the system
is confined. In fact, the result we obtain does not depend on this region: the only
domain entering the validity of our result is the domain in which the estimate (2.12)
holds, which could be a subset of a much larger region in which the system is initially
concentrated.

(ii) It is not difficult to see that the bound (2.12) holds true in the case Vext = 0 and
μ > 1, for any z0 ∈ R

3 and R > 0. In fact, using (C.1) we have

∥∥∥
1

(ε−1(
√

1 − ε2� − μ))2m + 1
W(n)

z

∥∥∥
tr

≤ Cm,n tr W(n/2)
z

1

(ε−1(
√

1 − ε2� − μ))2m + 1
W(n/2)

z

= ε−3Cm,n

∫

R3
dx

(W(n/2)
z (x)

)2
∫

R3

dk

(ε−1(
√

1 + k2 − μ))2m + 1
≤ ε−2Cm,n,μ,

for any z ∈ R
3, n ≥ 1 and m ≥ 2, where we estimated the integral over k, noticing

that the integrand is essentially supported on a shell of thickness ε around the Fermi
surface.

(iii) A similar estimate is known to hold in the non-relativistic setting with Vext �= 0;
see e.g. [20], where the localized functions of H and of x̂ are replaced by smooth
compactly supported functions. We expect that such estimates can be extended to the
pseudorelativistic setting considered here. In general, the constant C may depend on
the confining potential Vext. However, in view of the computation discussed in the
previous item, in which the system lives in the whole R

3, it is natural to expect that
the constant entering in the estimate (2.12) only depends on the scale of localization
in energy and in space associated with the argument of the trace norm, and not on the
size of the classically confined region {x ∈ R

3|Vext (x) ≤ μ}. We believe that a proof
of this claim could be obtained by the method of [20], extended to pseudo-relativistic
fermions.

(iv) In Appendix C, we show that the estimate (2.12) is actually implied by an analogous
bound in Hilbert-Schmidt norm. Furthermore, in Appendix C we also show that the
Hilbert-Schmidt bound is implied by the validity of the pointwise sharp Weyl law,
which is known to hold for non-relativistic fermions, see e.g. [19].

We are now ready to state our main result.
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Theorem 2.3 (Derivation of the Hartree equation on a local scale). Let (H, μ) satisfy
Assumption 2.1 and let ωμ = χ(H ≤ μ) denote the Fermi projection associated with
H and with the chemical potential μ. We consider the Fock space vector ψ = Rωμξ ,
where Rωμ is the Bogoliubov transformation defined in (2.8), (2.9), generating the Slater
determinant with reduced density ωμ, and where we assume that the excitation vector
ξ ∈ F(h) is such that

sup
z∈R3

〈ξ, d�(W(n)
z )ξ 〉 ≤ Cε−3, sup

z∈B
ε−δ R(z0)

〈ξ, d�(W(n)
z )ξ 〉 ≤ Cε−3+δ , (2.13)

for all ε > 0 small enough and n ∈ N large enough, for some constant C > 0 in-
dependent of ε, where δ and R are as in Assumption 2.1. Let H denote the Hamilton
operator (2.5) on F(h), with V ∈ S(R3), consider the evolution ψt = e−iHt/εψ , and
let γ

(1)
t denote the reduced one-particle density matrix of ψt . Let ωt be the solution of

the time-dependent Hartree equation

iε∂tωt =
[√

1 − ε2� + ε3(V ∗ �t ), ωt

]
, (2.14)

with �t (x) = ωt (x; x) and with initial datum ωt=0 = ωμ. LetO ∈ L1(R3) be such that
∥∥(1 + | · |)DαÔ∥∥

1 ≤ C, (2.15)

for |α| ≤ � and with � ∈ N large enough, and let Oz0(x) := O(x̂ − z0). Then, there
exist constants C, c > 0 such that

∣∣∣tr Oz0(γ
(1)
t − ωt )

∣∣∣ ≤ C exp(c exp(c|t |)) ε−3+δ (2.16)

for all |t | ≤ R.

Remark 2.4. This result should be compared with our previous work [23], where we
proved convergence from many-body quantum dynamics to the Hartree dynamics, in
a global sense. Here, we are able to prove closeness of the two dynamics in a local
sense, by studying the evolution of observables that are supported in a bounded region,
specified by the validity of the local semiclassical assumption, Assumption 2.1.

The proof of Theorem 2.3 relies on approximating the zero-temperature pure state with
reduced density ωμ by a mixed state with reduced density given by the Fermi-Dirac
distribution ωμ,β = 1/(1 + eβ(H−μ)) at low temperature β−1 = ε. Informally, this
approximation is introduced because the reduced one-particle density matrix at positive
temperature has improved decay properties; specifically, the enhanced locality of the
positive-temperature state, combined with Assumption 2.1, allows us to show that ωμ,β

exhibit a local semiclassical structure. This structure is preserved by the Hartree equation
and is essential for proving local convergence to Hartree dynamics. At the same time,
we will prove that, for β−1 = ε, the positive-temperature state and the zero-temperature
state are close in the sense of expectation of local observables.

3. Effective Dynamics of Low-Temperature States

In this section, we establish convergence towards the Hartree dynamics for initial data
approximating equilibrium states at low but positive temperature β−1 = ε. We formulate
our result in the general setting of mixed states. We will be interested in the evolution
of (approximately) quasi-free mixed initial data. To describe such initial data, we will
use the Araki-Wyss representation [1], switching to a doubled Fock space. To introduce
these tools, we will follow the discussion of [5].
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3.1. Mixed states. A density matrix ρ is a non-negative trace class operator on F(h),
with trF(h) ρ = 1. By the spectral theorem, it is always possible to write the density
matrix ρ as

ρ =
∑

n

λn|ψn〉〈ψn|,

with λn ≥ 0,
∑

n λn = 1 and with an appropriate orthonormal sequence ψn ∈ F(h).
The expectation value of a bounded operator O on F(h) in the state ρ is determined by

trF(h) Oρ =
∑

n

λn〈ψn,Oψn〉.

The density matrix ρ is said to describe a pure state if ρ = |ψ〉〈ψ |, for a normalized
ψ ∈ F(h). In this case, ρ provides an equivalent representation of the state described by
the vector ψ . If ρ is not an orthogonal projection, but a convex combination of orthogonal
projections, then it is said to describe a mixed state.

Given the density matrix ρ, we define the operator κ̃ on F(h) as

κ̃ =
∑

n

εn|ψn〉〈φn|,

where |εn|2 = λn and {φn}n is another arbitrary orthonormal set. Clearly,

κ̃ κ̃∗ = ρ.

Observe that the set of Hilbert-Schmidt operators on F(h), denoted by L2(F(h)), is
isomorphic to F(h)⊗F(h), the isomorphism being simply defined by |ψ〉〈φ| → ψ ⊗φ

and extended by linearity to the wholeL2(F(h)). Therefore, the mixed state with density
matrix ρ is described on F(h) ⊗ F(h) by the vector:

κ =
∑

n

εnψn ⊗ φn . (3.1)

Thus, the expectation value of the operator O on F(h) can be rewritten as:

trF(h) Oρ = trF(h) Oκ̃ κ̃∗ = 〈κ, (O ⊗ 1)κ〉F(h)⊗F(h). (3.2)

We further observe that the doubled Fock space F(h) ⊗F(h) is isomorphic to the Fock
space F(h ⊕ h); the unitary U that realizes the isomorphism is called the exponential
law, and it is defined by the relations

U (�F(h) ⊗ �F(h)) = �F(h⊕h)

and

U (a( f ) ⊗ 1)U∗ = a( f ⊕ 0) =: al( f ),
U ((−1)N ⊗ a( f ))U∗ = a(0 ⊕ f ) =: ar ( f ) ,

where N = d�(1) is the number of particles operator on F(h). We call the operators
al( f ) and ar ( f ) respectively the left and right representation of a( f ). We also denote
a∗
σ ( f ) = (aσ ( f ))∗, σ = l, r . We will also use the representation of the creation and

annihilation operators in terms of the operator-valued distributions a∗
σ,x , similarly to
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(2.2). Furthermore, it is useful to introduce the left and right representations of the
second quantization of an operator O on h, defining

d�l(O) := U (d�(O) ⊗ 1)U∗ = d�(O ⊕ 0)

d�r (O) := U (1 ⊗ d�(O))U∗ = d�(0 ⊕ O).
(3.3)

If the operator O has an integral kernel, we can write

d�σ (O) =
∫

dxdy O(x; y)a∗
x,σay,σ , σ = l, r.

Furthermore, we define

d�+
σσ ′(O) =

∫
dxdy O(x; y)a∗

σ,xa
∗
σ ′,y, d�−

σσ ′(O) =
∫

dxdy O(x; y)aσ,xaσ ′,y

If O is a trace-class operator over h, then d�σ (O), d�+
σσ ′(O), d�−

σσ ′(O) are bounded
operators. The proof of the following lemma is similar to the proof of [11, Lemma 3.1].

Lemma 3.1. Let J be a trace-class operator onh. Then, for anyσ, σ ′ = r, l the following
bounds hold true:

∥∥d�σ (J )
∥∥ ≤ 2 ‖J‖tr ,

∥∥d�±
σσ ′(J )

∥∥ ≤ 2 ‖J‖tr .

Setting 
 = Uκ ∈ F(h ⊕ h), with κ as in (3.1), we can write, from (3.2),

trF(h)Oρ = 〈
,
[
U (O ⊗ 1)U∗]
〉F(h⊕h) .

This allows us to represent the mixed state ρ on F(h) as a pure state on F(h ⊕ h). In
particular, the one-particle reduced density and the pairing density of ρ, which allow us
to compute the expectation of observables that are quadratic in creation and annihilation
operators, can be expressed in terms of 
, by

trF(h)a
∗
yax ρ = 〈
, a∗

l,yal,x
〉F(h⊕h) =: γ
(1)

 (x; y)

trF(h)ayax ρ = 〈
, al,yal,x
〉F(h⊕h) =: α
(1)

 (x; y).

(3.4)

From (3.3), we obtain

trF(h)d�(O)ρ = 〈
, d�l(O)
〉F(h⊕h) = trh Oγ
(1)



trF(h)d�−(O)ρ = 〈
, d�−
ll (O)
〉F(h⊕h) = trh Oα

(1)



trF(h)d�+(O)ρ = 〈
, d�+
ll(O)
〉F(h⊕h) = trh Oα

(1)

 .

(3.5)

To conclude this section, let us discuss the time evolution of mixed states, after the
mapping into the doubled Fock space. The time evolution of the density matrix ρ is:

ρt = e−iHt/ερ eiHt/ε,

with the Fock-space Hamiltonian H defined in (2.5). Thus, it is natural to define the time
evolution of the vector κ ∈ F(h) ⊗ F(h) as:

κt = (e−iHt/ε ⊗ eiHt/ε)κ.
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Letting 
t = Uκt ∈ F(h ⊕ h), we find

trF(h) Oρt = 〈
t ,U (O ⊗ 1)U∗
t 〉 .

We observe that


t = Uκt = e−iLt/ε
,

where the Liouvillian L is defined as:

L = U (H ⊗ 1 − 1 ⊗ H)U∗.

In terms of the operator-valued distributions, we find

L = d�l(
√

1 − ε2�) +
ε3

2

∫
dxdy V (x − y)a∗

l,xa
∗
l,yal,yal,x

− d�r (
√

1 − ε2�) − ε3

2

∫
dxdy V (x − y)a∗

r,xa
∗
r,yar,yar,x .

(3.6)

3.2. Bogoliubov transformations and quasi-free states. A density matrix ρ on F(h)
describes a quasi-free state, if it satisfies the fermionic Wick’s theorem, which states
that

trF(h) a
�1
x1
a�2
x2

· · · a�2 j
x2 j ρ =

∑

σ∈P2 j

sgn(σ )trF(h) a
�σ(1)
xσ(1)

a
�σ(2)
xσ(2)

ρ · · · trF(h)a
�σ(2 j−1)
xσ(2 j−1)

a
�σ(2 j)
xσ(2 j)ρ,

(3.7)

where a�( f ) denotes either a( f ) or a∗( f ) and where

P2 j =
{
σ ∈ S2 j

∣∣ σ(2� − 1) < σ(2� + 1), � = 1, . . . , j − 1,

σ (2� − 1) < σ(2�), � = 1, . . . , j
}

is the set of possible pairing of 2 j elements (S2 j is the set of permutations). From (3.7),
we conclude that quasi-free states are completely characterized by their reduced density
matrix and their pairing density, defined by the integral kernels

γ (1)
ρ (x; y) = trF(h)a

∗
x ayρ

α(1)
ρ (x; y) = trF(h)axayρ .

From the canonical anticommutation relations (2.1), it is easy to check that the hermitian
operator γ

(1)
ρ and the symmetric operator α

(1)
ρ satisfy the inequality

(α(1)
ρ )∗α(1)

ρ ≤ γ (1)
ρ (1 − γ (1)

ρ ). (3.8)

On the other hand, for every hermitian operator ω and symmetric operator α on h, with
0 ≤ ω ≤ 1, tr ω < ∞ and α∗α ≤ ω(1 − ω), there exists a unique quasi-free state ρ on
F(h) with ω as reduced density matrix and α as pairing density. The quasi-free state ρ

is pure if and only if (3.8) holds as an equality, rather than just as an inequality, that is,
if α∗α = ω(1 − ω); see e.g. [3,32] for mathematical reviews.
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As discussed in Section 2, quasi-free states associated with an orthogonal projection
ω and with α = 0 are Slater determinants. This class of quasi-free states is relevant to
describe equilibrium states of non-interacting Fermi gases at zero temperature. In this
section, we are interested in another class of quasi-free states, describing equilibrium
states at positive temperature. We can still restrict our attention to α = 0, but now
0 ≤ ω ≤ 1 will be a Fermi-Dirac distribution, not an orthogonal projection. The corre-
sponding quasi-free state is mixed and it cannot be represented by a vector in the Hilbert
space F(h). It can, however, be represented by a vector 
 = Rω� ∈ F(h ⊕ h), where
(in analogy with (2.9) for Slater determinant), the Bogoliubov transformation Rω is a
unitary operator, satisfying

R∗
ωal,xRω = al(ux ) − a∗

r (vx ), R∗
ωar,xRω = ar (ux ) + a∗

l (vx ) (3.9)

with u = √
1 − ω and v = √

ω. Using these rules, together with the anticommutation
relations (2.1), it is easy to check that 
 is indeed a quasi-free state and, recalling (3.4),
that γ
 = ω and π
 = 0. The vector 
 is known as the Araki-Wyss representation of
the mixed quasi-free state with reduced density ω and vanishing pairing density. From
(3.9), we can also compute the action of the Bogoliubov transformation Rω on operators
of the form d�σ (O), which will play an important role in our analysis.

Lemma 3.2. Let 0 ≤ ω ≤ 1 and Rω denote the Bogoliubov transformation defined in
(3.9), generating the quasi-free state with reduced density ω and with vanishing pairing
density. Let u = √

1 − ω and v = √
ω. Then, for any operator O on h, we have the

identities

R∗
ωd�l (O)Rω = tr(Ov∗v) + d�l (uOu∗) − d�r (vOv∗) − d�+

lr (uOv∗) − d�−
rl (vOu∗),

R∗
ωd�r (O)Rω = tr(Ov∗v) + d�l (uOu∗) − d�l (vOv∗) + d�+

rl (uOv∗) + d�−
lr (vOu∗).

3.3. Local convergence to the Hartree dynamics at positive temperature. We will con-
sider the time evolution of initial data that can be approximated by a mixed quasi-free
state, with the following properties.

Assumption 3.3 (Bound on the density). Let 0 ≤ ω ≤ 1 and let W(1)
z denote the spatial

weight, localizing around the point z ∈ R
3, introduced in (2.11). We assume that there

exists some constant C > 0 such that ω satisfies

tr W(1)
z ω ≤ Cε−3

for all ε > 0 small enough and for all z ∈ R
3.

Remark 3.4. Note that by monotonicity in n, if Assumption 3.3 holds true, we also have
tr W(n)

z ω ≤ Cε−3, for all n > 1.

Furthermore, we will assume that the initial quasi-free state exhibits a local semiclassical
structure in the ball Bε−δR(z0) ⊂ R

3, in the sense specified by the following assumption.

Assumption 3.5 (Local semiclassical structure). Let 0 ≤ ω ≤ 1. Let π indicate either
ω,

√
ω or

√
1 − ω. We assume that ω exhibits a local semiclassical structure in the ball
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Bε−δR(z0) ⊂ R
3 in the following sense: there exist constants Cn > 0, such that

sup
z∈B

ε−δ R(z0),z′∈R3
(1 + |z − z′|2n−4)‖W(n)

z ωW(n/2)

z′ ‖tr ≤ Cnε
−3 (3.10)

sup
z∈B

ε−δ R(z0),z′∈R3
(1 + |z − z′|2n)‖W(n)

z
√

ω
√

1 − ωW(n/2)

z′ ‖tr ≤ Cnε
−2 (3.11)

and, with π denoting either ω,
√

ω or
√

1 − ω,

sup
z∈B

ε−δ R(z0),z′∈R3
(1 + |z − z′|2n)∥∥W(n)

z

[
ε∇, π

]W(n/2)

z′
∥∥

tr ≤ Cnε
−2 (3.12)

sup
z∈B

ε−δ R(z0),z′∈R3,p∈R3

(1 + |z − z′|2n)
1 + |p|

∥∥W(n)
z

[
eip·x̂ , π

]W(n/2)

z′
∥∥

tr ≤ Cnε
−2 (3.13)

for all ε > 0 small enough, and for all n ∈ N large enough. Here W(n)
z denotes the

spatial weight defined in (2.11).

Remark 3.6. For typical H of the form (2.10) and chemical potential μ > 1, the Fermi
projection ωμ = χ(H ≤ μ) is not expected to satisfy this assumption; this is why we are
switching here to positive-temperature states. The problem in establishing the bounds
(3.10)-(3.11) at zero temperature is already evident for the free pseudo-relativistic Fermi
gas (Vext = 0). There, the reduced one-particle density matrix is:

ωμ(x, y) = 1

ε3 ϕμ

( x − y

ε

)
, where

ϕμ(z) = 4π

|z|2
( sin(kμ|z|)

|z| − kμ cos(kμ|z|)
)
.

(3.14)

where kμ > 0 is the radius of the Fermi surface, defined by the relation
√

1 + k2
μ = μ.

The non-integrable decay in |x − y| of ωμ(x, y) has to be compared with the fast decay
assumed for the localized trace norms in the bounds (3.10)-(3.11).

The next theorem establishes the validity of the Hartree equation as an approxima-
tion for the time evolution of approximately quasi-free initial data, exhibiting a local
semiclassical structure.

Theorem 3.7 (Derivation of the Hartree equation on a local scale: mixed states). Let
0 ≤ ω ≤ 1 be a trace-class operator over h, satisfying Assumption 3.3 (bound on the
density) and Assumption 3.5 (local semiclassical structure). Let � ∈ F(h ⊕ h) be such
that:

sup
z∈R3

〈�, d�σ (W(n)
z )�〉 ≤ Cε−3, sup

z∈B
ε−δ R(z0)

〈�, d�σ (W(n)
z )�〉 ≤ Cε−3+δ,

(3.15)

for all ε > 0 small enough, n ∈ N large enough, for σ = l, r and for some C > 0
independent of ε, where δ and R are as in Assumption 3.5. Let L denote the Liouvillian
(3.6), with V ∈ S(R3). Consider the time evolution


t = e−iLt/εRω�,
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of the initial datum Rω� approximating the quasi-free state with reduced density ω

and vanishing pairing density (Rω denotes the Bogoliubov transformation introduced
in (3.9)).

Let γ
(1)
t denote the one-particle reduced density matrix associated with 
t and let

ωt be the solution of the pseudo-relativistic Hartree equation (2.14), with initial datum
ωt=0 = ω. LetOz0 be as in Theorem 2.3. Then, there exist constants C, c > 0 such that

∣∣∣tr Oz0(γ
(1)
t − ωt )

∣∣∣ ≤ C exp(c exp(c|t |)) ε−3+δ , (3.16)

for all |t | ≤ R.

A key observation, which allows us to apply Theorem 3.7 to study the evolution of
approximate Slater determinants and to prove Theorem 2.3, is that equilibrium states of
non-interacting Fermi gases with Hamiltonian d�(H) (H as defined in (2.10)), at chem-
ical potential μ > 0 and at positive temperature β−1 = ε, do satisfy Assumptions 3.3
and 3.5, if H and μ satisfy Assumption 2.1.

Proposition 3.8 (Bounded density and local semiclassical structure for equilibrium
states). Let H be the Hamiltonian defined in (2.10) and suppose that (H, μ) satisfy
Assumption 2.1 in the ball Bε−δR(z0) ⊂ R

3. Then, the Fermi-Dirac distribution

ωμ,β = 1

1 + eβ(H−μ)
, (3.17)

at chemical potential μ and at inverse temperature β = ε−1, satisfies Assumption 3.3
and Assumption 3.5 in the ball Bε−δR(z0).

We postpone the proof of this proposition to Appendix A (for the verification of
Assumption 3.3) and to Appendix B (for the proof of Assumption 3.5).

4. Proof of Theorem 3.7

4.1. Propagation of the local semiclassical structure. The first important ingredient in
the proof of Theorem 3.7 is the propagation of the bound on the density in Assumption
3.3 and of the local semiclassical bounds in Assumption 3.5 along the Hartree evolution.
This is the content of the next proposition.

Proposition 4.1 (Propagation of the local semiclassical structure at positive tempera-
ture). Let V ∈ S(R3). Suppose that 0 ≤ ω ≤ 1 satisfies Assumption 3.3 and Assumption
3.5 in the ball Bε−δR(z0) ⊂ R

3. Let ωt denote the solution of the Hartree equation

iε∂tωt = [√
1 − ε2� + ε3(V ∗ �t ), ωt ] (4.1)

with �t (x) = ωt (x; x) and initial datum ωt=0 = ω. Then, there exist C, c > 0 such that

sup
z∈R3

tr W(1)
z ωt ≤ C exp(c|t |)ε−3 (4.2)
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for all t ∈ R. Moreover, there exist constants Cn, cn > 0 such that

sup
z∈B

ε−δ R(z0),z′∈R3
(1 + |z − z′|2n−4)‖W(n)

z ωtW(n/2)

z′ ‖tr ≤ Cn exp(cn|t |)ε−3

(4.3)

sup
z∈B

ε−δ R(z0),z′∈R3
(1 + |z − z′|2n)‖W(n)

z
√

ωt

√
1 − ωtW(n/2)

z′ ‖tr ≤ Cn exp(cn|t |)ε−2

(4.4)

and, with πt denoting either ωt ,
√

ωt or
√

1 − ωt ,

sup
z∈B

ε−δ R(z0),z′∈R3,p∈R3

(1 + |z − z′|2n)
1 + |p|

∥∥∥W(n)
z

[
πt , e

ip·x̂ ]W(n/2)

z′
∥∥∥

tr
≤ Cn exp(cn|t |)ε−2,

sup
z∈B

ε−δ R(z0),z′∈R3
(1 + |z − z′|2n)

∥∥∥W(n)
z

[
πt , ε∇

]W(n/2)

z′
∥∥∥

tr
≤ Cn exp(cn|t |)ε−2

(4.5)

for all n ∈ N large enough and all t ∈ R.

Remark 4.2. It follows from (4.3) that

‖W(n)
z ωt‖tr ≤ C exp(c|t |)ε−3 (4.6)

for n ∈ N large enough and for all z ∈ Bε−δR(z0). In fact, fixing n0 ≥ 2 so that (4.3)
holds true,

1

C

∫

R3
W(n0/2)

z′ (x) dz′ = 1

for some C > 0, we can estimate

‖W(n0)
z ωt‖tr ≤ 1

C

∫

R3
dz′ ‖W(n0)

z ωtW(n0/2)

z′ ‖tr

≤ C exp(c|t |)ε−3
∫

R3
dz′ 1

1 + |z − z′|2n0
≤ C exp(c|t |)ε−3

By monotonicity, we get (4.6) for all n ≥ n0. Similar bounds can also be derived from
(4.5) and (4.4).

Proof. We proceed analogously to [23, Sect. 6]. The constants in this proof depend on
n, but we will drop this dependence for brevity. We consider the Hartree evolution U
defined by

iε∂tU (t; s) = h(t)U (t; s),
with U (s; s) = 1 for all s ∈ R and with h(t) = √

1 − ε2�+ ε3(V ∗�t )(x). For p ∈ R
3,

we also introduce the modified Hartree evolution Up defined by

iε∂tUp(t; s) = h p(t)Up(t; s),
with Up(s; s) = 1 and

h p(t) := eip·xh(t)e−i p·x =
√

1 + ε2(−i∇ + p)2 + ε3(V ∗ �t )(x)
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Notice that, with this notation, U = Up=0. An important property of the evolution Up
is that it preserves locality, in the sense that

Up(t; s)∗W(n)
z Up(t; s) ≤ ec|t−s|W(n)

z , (4.7)

for some c > 0 depending on n only. For p = 0, the proof of (4.7) is given in [23,
Prop. 6.2]; the argument of [23, Prop. 6.2] actually applies to general time-dependent
Hamiltonians H(t) = √

1 − ε2� + V (x, t). Since that proof can be trivially extended
to p �= 0, we skip the details. Because ωt = U (t; 0)∗ωU (t; 0), Eq. (4.7) immediately
implies that

tr Wzωt = tr U (t; 0)WzU (t; 0)∗ω ≤ ec|t |tr Wzω ≤ Cec|t |ε−3 .

Similarly, also (4.3) and (4.4) follow from (4.7) and from the corresponding bounds
at time t = 0 (which are contained in Assumption 3.5), because

√
ωt

√
1 − ωt =

U (t; 0)∗
√

ω
√

1 − ωU (t; 0).
To prove (4.5), we observe that

iε∂tπt = [
h(t), πt ] .

Thus, we obtain

iε∂τU (t; τ)[eip·x̂ , πτ ]Up(t; τ)∗ = U (t; τ)eip·x̂
[
πτ , εp · A(p)

]
Up(t; τ)∗ ,

where we defined

A(p) =
∫ 1

0
ds

ε(−i∇ + sp)√
1 + ε2(−i∇ + sp)2

.

Integrating over τ , we find
∥∥W(n)

z

[
eip·x̂ , πt

]W(n/2)

z′
∥∥

tr

≤ ∥∥W(n)
z U (t; 0)

[
eip·x̂ , π0

]
Up(t; 0)∗W(n/2)

z′
∥∥

tr

+ |p|
∫ t

0

∥∥W(n)
z U (t; τ)eip·x̂

[
πτ , A(p)

]
Up(t; τ)∗W(n/2)

z′
∥∥

trdτ.

(4.8)

With (4.7) and proceeding as in [23, Proof of Theorem 6.1, until Eq. (6.8)] to replace
[πτ , A(p)] with [π, ε∇], we arrive at (we focus for simplicity on t > 0)

∥∥W(n)
z

[
eip·x̂ , πt

]W(n/2)

z′
∥∥

tr ≤ ect
∥∥W(n)

z

[
eip·x̂ , π0

]W(n/2)

z′
∥∥

tr

+ C |p|
∫ t

0
dτ ec(t−τ)

∥∥W(n)
z

[
πτ , ε∇

]W(n/2)

z′
∥∥

tr .

Dividing by (1+ |p|), multiplying by (1+ |z− z′|2n) and taking the supremum, we obtain

e−ct sup
z∈B

ε−δ R(z0),z′∈R3,p∈R3

(1 + |z − z′|2n)
1 + |p|

∥∥W(n)
z

[
eip·x̂ , πt

]W(n/2)

z′
∥∥

tr

≤ sup
z∈B

ε−δ R(z0),z′∈R3,p∈R3

(1 + |z − z′|2n)
1 + |p|

∥∥W(n)
z

[
eip·x̂ , π0

]W(n/2)

z′
∥∥

tr

+ C
∫ t

0
dτ e−cτ sup

z∈B
ε−δ R(z0),z′∈R3

(1 + |z − z′|2n)∥∥W(n)
z

[
πτ , ε∇

]W(n/2)

z′
∥∥ .



Effective Dynamics of Local Observables Page 19 of 66   247 

Proceeding as in [23, Proof of Theorem 6.1, after Eq. (6.9)] we also obtain

e−ct sup
z∈B

ε−δ R(z0),z′∈R3
(1 + |z − z′|2n)∥∥W(n)

z
[
ε∇, πt

]W(n/2)

z′
∥∥

tr

≤ sup
z∈B

ε−δ R(z0),z′∈R3
(1 + |z − z′|2n)∥∥W(n)

z
[
ε∇, π0

]W(n/2)

z′
∥∥

tr

+ C
∫ t

0
dτ e−cτ sup

z∈B
ε−δ R(z0),z′∈R3,p∈R3

(1 + |z − z′|2n)
1 + |p|

∥∥W(n)
z

[
πτ , eip·x

]W(n/2)

z′
∥∥ .

The bounds (4.5) now follow from Gronwall’s lemma and from the assumptions on the
initial datum. ��
Remark 4.3. Strictly speaking, [23, Theorem 6.1] provides an estimate for the commu-
tators of the solution of the time-dependent Hartree equation with eip·x for |p| < ε−1.
This restriction is important in the non-relativistic case, but it is actually irrelevant in the
pseudo-relativistic case; the commutator estimate holds true for all p ∈ R

3, as stated
above. To see this, one observes that in [23, Eq. (6.10)] it is unnecessary to split p in
|p| < ε−1 and |p| ≥ ε−1; the strategy outlined here applies directly.

As a corollary of Proposition 4.1, we can control commutators of ωt with sufficiently
regular and decaying functions of x̂ . The proof of the next corollary is based on the
bounds of Proposition 4.1 and on the remarks thereafter.

Corollary 4.4 (Localized commutators with regular functions). Let V be as in Theo-
rem 2.3. Suppose that 0 ≤ ω ≤ 1 satisfies Assumption 3.3, and Assumption 3.5 in a
region Bε−δR(z0) ⊂ R

3. Let ωt be the solution of the Hartree equation (4.1). Let

F(x) =
∫

dp eip·x F̂(p),
∫

dp (1 + |p|)∣∣∂α
p F̂(p)

∣∣ ≤ C (4.9)

for |α| ≤ �, with � ∈ N sufficiently large. For any z ∈ R
3 let Fz(x) = F(x − z). Let πt

denote either ωt ,
√

ωt or
√

1 − ωt . Then, we have:

sup
z∈B

ε−δ R(z0),z′∈R3
(1 + |z − z′|2n)

∥∥∥W(n/2)

z′
[
πt , Fz(x̂)

]∥∥∥
tr

≤ C exp(c|t |)ε−2
(4.10)

for all t ∈ R and for all n ∈ N large enough.

Proof. Let F̃z(x) = (W(n)
z (x)

)−1
Fz(x). We start by estimating:

∥∥∥W(n/2)

z′
[
πt , Fz(x̂)

]∥∥∥
tr

=
∥∥∥W(n/2)

z′
[
πt ,W(n)

z F̃z(x̂)
]∥∥∥

tr

≤
∥∥∥W(n/2)

z′ W(n)
z

[
πt , F̃z(x̂)

]∥∥∥
tr

+
∥∥∥W(n/2)

z′
[
πt ,W(n)

z

]
F̃z(x̂)

∥∥∥
tr
.

(4.11)
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The first term can be bounded by
∥∥∥W(n/2)

z′ W(n)
z

[
πt , F̃z(x̂)

]∥∥∥
tr

≤ C

1 + |z − z′|2n
∥∥∥W(n/2)

z
[
πt , F̃z(x̂)

]∥∥∥
tr

≤ C

1 + |z − z′|2n
∫

dp |F̃(p)|(1 + |p|) sup
p∈R3

1

1 + |p|
∥∥∥W(n/2)

z
[
πt , e

ip·x̂ ]
∥∥∥

tr

≤ C exp(c|t |)ε−2

1 + |z − z′|2n ,

(4.12)

so that Proposition 4.1 applies, and assuming that (4.9) holds for |α| ≤ �, for � large
enough (depending on n). Consider now the second term in (4.11). We estimate it as:

∥∥∥W(n/2)

z′
[
πt ,W(n)

z

]
F̃z(x̂)

∥∥∥
tr

≤ C
∥∥∥W(n/2)

z′
[
πt ,W(n)

z

]W(n)
z

∥∥∥
tr
, (4.13)

We have:
∥∥∥W(n/2)

z′
[
πt ,W(m)

z

]W(n)
z

∥∥∥
tr

≤
∫

dp |Ŵ(m)
z (p)|(1 + |p|) sup

p∈R3

1

1 + |p|
∥∥∥W(n/2)

z′
[
πt , e

ip·x̂ ]W(n)
z

∥∥∥
tr

≤ C exp(c|t |)ε−2

1 + |z − z′|2n ,

(4.14)

by Proposition 4.1; note that � has to be taken large enough in (4.9), to make sure that
|F̃ | ≤ CW(n). Eqs. (4.12), (4.14) imply (4.10). ��
Remark 4.5. The bound (4.10) also implies that

sup
z∈B

ε−δ R(z0)

∥∥∥
[
πt , Fz(x̂)

]∥∥∥
tr

≤ C exp(c|t |)ε−2 .

This can be shown proceeding similarly as we did in Remark 4.2.

4.2. Fluctuation dynamics. The proof of Theorem 3.7 relies on the study of the time-
evolved vector ψt = e−iLt/εRω�. In order to compare ψt with the quasi-free state
associated with the solution ωt of the Hartree equation (4.1), it is useful to introduce the
fluctuation dynamics

U(t; s) = R∗
ωt
e−iL(t−s)/εRωs . (4.15)

It follows that

ψt = RωtU(t; 0)� = Rωt�t (4.16)

with �t = U(t; 0)� describing the excitations, at time t ∈ R, of the quasi-free state with
reduced density ωt . To show that ψt is locally close to the quasi-free state with reduced
density ωt and conclude the proof of Theorem 3.7, it is enough to prove that the local
density of particles in �t (i.e. the local density of the excitations of the quasi-free state)
is small, compared to the local density of the quasi-free state, which is of the order ε−3.
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Proposition 4.6. (Growth of local density of excitations) Under the assumption of The-
orem 3.7, there exist constants C, c > 0 such that

〈�t , d�(W(n)
z0

)�t 〉 ≤ C exp(c exp c|t |)ε−3+δ (4.17)

for all |t | ≤ R and all n ∈ N large enough.

Remark 4.7. Note that by the monotonicity of the functions W(n)
z the bound (4.17) holds

indeed for constants C, c > 0 independent of n.

With Proposition 4.6, we can conclude the proof of Theorem 3.7.

Proof of Theorem 3.7. Using (3.5), recalling that ψt = Rωt�t and applying Lemma
3.2, we have

tr Oz0(γ
(1)
t − ωt )

= 〈
�t ,

(
d�l(utOz0ut ) − d�r (vtOz0vt ) − d�+

lr (utOz0vt ) − d�−
rl (vtOz0ut )

)
�t

〉

(4.18)

with ut = √
1 − ωt , vt = √

ωt . Consider the first term on the right-hand side. Since
|(x − z0)

αOz0 | ≤ ∫
dp|DαÔ(p)|, by assumption (2.15) on O, it follows that

|Oz0 | ≤ CW(n)
z0 , which implies d�l(utOz0ut ) ≤ C d�l(utW(n)

z0 ut ). Furthermore,

utW(n)
z0

ut = (
(W(n)

z0
)1/2ut +

[
ut , (W(n)

z0
)1/2])(ut (W(n)

z0
)1/2 +

[
(W(n)

z0
)1/2, ut

])

≤ 2(W(n)
z0

)1/2u2
t (W(n)

z0
)1/2 + 2

∣∣[ut , (W(n)
z0

)1/2]∣∣2

≤ 2W(n)
z0

+ 2
∣∣[ut , (W(n)

z0
)1/2]∣∣2;

(4.19)

we conclude with Lemma 3.1 and with the remark after Corollary 4.4 (using
‖W(n)

z0 ‖op ≤ C , ‖ut‖op ≤ 1, setting F = (W(n))1/2 and choosing n large enough,
so that (4.9) holds true) that:

d�l(utOzut ) ≤ Cd�l(W(n)
z ) + C

∥∥[ut , (W(n)
z )1/2]∥∥

tr

≤ Cd�l(W(n)
z ) + Cε−2 exp(c|t |). (4.20)

Similarly, we can bound the second term in (4.18) as:

− d�r (vtOz0vt ) ≤ d�r (vt |Oz0 |vt ) ≤ Cd�l(W(n)
z0

) + Cε−2 exp(c|t |). (4.21)

The other terms in (4.18) can be controlled by Lemma 3.1, Remarks 4.2 and 4.5. For
example,

∣∣〈�t , d�+
lr (utOz0vt )�t 〉

∣∣ ≤ C
∥∥utOz0vt

∥∥
tr

≤ C
∥∥[ut ,Oz0

]∥∥
tr + C

∥∥Oz0utvt
∥∥

tr ≤ C exp(c|t |)ε−2.

where in the last step we used that Oz0 fulfills the assumptions of Corollary 4.4, and that
|Oz0 | ≤ CWz0 . All in all, we obtain:

∣∣∣tr Oz0(γ
(1)
t − ωt )

∣∣∣ ≤ C exp(c|t |)ε−2 + C〈�t , d�(W(n)
z0

)�t 〉 ,

if n ∈ N is large enough. Theorem 3.7 now follows from Proposition 4.6. ��
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4.3. Growth of the local density of excitations. This section is devoted to the proof of
Proposition 4.6. To control the growth of the local density associated with the excitation
vector �t , we proceed in two steps. First we provide a rough a priori bound of the order
ε−3, valid everywhere in space. This estimate is then used to obtain the refined bound
(4.17) for times |t | ≤ R, under the assumption that the initial data contains only a few
excitations within the ball Bε−δR(z0), see (3.15).

Lemma 4.8 (Rough bound on density of excitations). Let 0 ≤ ω ≤ 1 satisfy Assump-
tion 3.3 (bounded density). Let � ∈ F(h⊕ h) satisfy the first bound in (3.15). Let �t be
defined as in (4.16). Then, there exist constants C, c > 0 such that

〈�t , d�σ (W(n)
z )�t 〉 ≤ C exp(c|t |)ε−3

for all n ∈ N large enough, for all t ∈ R for all z ∈ R
3 and for σ = l, r .

Proof. We consider the case σ = l (the case σ = r can be treated analogously).
Also note that we can fix some n large enough, the bound for n̄ > n following by
monotonicity. First of all, recalling from (4.16) that �t = R∗

ωt
ψt , we obtain, by Lemma

3.2 (exchanging Rω and R∗
ω is equivalent to replacing v with −v),

〈
�t , d�l(W(n)

z )�t
〉

= 〈
ψt ,

(
d�l(utW(n)

z ut ) − d�r (vtW(n)
z vt ) + d�+

lr (utW(n)
z vt ) + d�−

rl (vtW(n)
z ut )

)
ψt

〉
.

(4.22)

We can bound the third term by

∣∣〈ψt , d�+
lr (utW(n)

z vt )ψt
〉∣∣

=
∣∣∣
∫

dyW(n)
z (y)

〈
ψt , a

∗
l (ut;y)a∗

r (vt;y)ψt
〉∣∣∣

≤
∫

dyW(n)
z (y)

∥∥al(ut;y)ψt
∥∥∥∥a∗

r (vt;y)ψt
∥∥

≤
( ∫

dyW(n)
z (y)‖vt;y‖2

h

)1/2( ∫
dyW(n)

z (y)
∥∥al(ut;y)ψt

∥∥2
)1/2

≤ (
tr W(n)

z ωt
)1/2〈

ψt , d�l(utW(n)
z ut )ψt

〉1/2
,

(4.23)

where we used the Cauchy-Schwarz inequality twice and v2
t = ωt . The fourth term

on the r.h.s. of (4.22) is controlled similarly. The second term is negative and can be
neglected for the purpose of an upper bound. To control the first term on the r.h.s. of
(4.22) (and therefore also the r.h.s. of (4.23)), we observe that

utW(n)
z ut = utW(n)

z (ut − 1) + (ut − 1)W(n)
z + W(n)

z

≤ 1

2
utW(n)

z ut + (ut − 1)W(n)
z (ut − 1) + 2W(n)

z

which implies that

utW(n)
z ut ≤ 2(ut − 1)W(n)

z (ut − 1) + 4W(n)
z (4.24)
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and thus that

〈ψt , d�l(utW(n)
z ut )ψt 〉 ≤ 4〈ψt , d�l(W(n)

z )ψt 〉 + 2 tr W(n)
z ωt

≤ 4〈ψt , d�l(W(n)
z )ψt 〉 + Cε−3 exp(c|t |) (4.25)

for n ∈ N large enough. Here we used (1 − ut )2 = (1 − √
1 − ωt )

2 ≤ ωt and then
we applied the bound (4.2). We are left with controlling

〈
ψt , d�l(W(n)

z )ψt
〉
. We use a

Gronwall argument. We have

iε∂t
〈
ψt , d�l(W(n)

z )ψt
〉 = 〈

ψt , d�l
([√

1 − ε2�,W(n)
z

])
ψt

〉
,

where we used that
[
d�l(A), d�l(B)

] = d�l([A, B]), and that the two-body interaction

commutes with d�l(W(n)
z ). We claim that

∥∥(W(n)
z

)−1/2[W(n)
z ,

√
1 − ε2�

](W(n)
z

)−1/2∥∥
op ≤ Cε, (4.26)

for some constant C > 0 depending on n only. In fact, we can estimate
∥∥(W(n)

z

)−1/2[W(n)
z ,

√
1 − ε2�

](W(n)
z

)−1/2∥∥
op

≤ 2
∥∥[(W(n)

z )1/2,
√

1 − ε2�
](W(n)

z

)−1/2∥∥
op

≤ 2
∥∥[(W(n)

z )1/2,
√

1 − ε2�
]|x̂ − z|2n∥∥op

≤ 2
∥∥(W(n)

z )1/2[√1 − ε2�, |x̂ − z|2n]∥∥op ≤ C
∑

1≤|α|≤2n

‖adα
x̂ (
√

1 − ε2�)‖op ≤ Cε

because ‖(W(n)
z )1/2|x̂ − z|2n−|α|‖op ≤ C for all 1 ≤ |α| ≤ 2n. From (4.26), we obtain

i
[W(n)

z ,
√

1 − ε2�
] ≤ CεW(n)

z . (4.27)

By Gronwall’s lemma, we conclude that
〈
ψt , d�l(W(n)

z )ψt
〉 ≤ exp(c|t |) 〈ψ, d�l(W(n)

z )ψ
〉
.

Recalling that ψ = Rω� and applying once again Lemma 3.2, we find
〈
ψ,d�l(W(n)

z )ψ
〉

= 〈
�,

(
d�l(uW(n)

z u) − d�r (vW(n)
z v) − d�+

lr (uW(n)
z v) − d�−

rl (vW(n)
z u)

)
�
〉
.

Proceeding as we did to handle (4.22), using Assumption 3.3 to bound tr W(n)
z ω, and

the first estimate in (3.15) to control
〈
�, d�(W(n)

z )�
〉
, we conclude the proof of the

lemma. ��
The next step in the proof of Proposition 4.6 is the computation of the generator of

the fluctuation dynamics (4.15), defined as

G(t) := (
iε∂tU(t; s))U(t; s)∗ = (

iε∂t R∗
ωt

)Rωt + R∗
ωt
LRωt (4.28)

so that U(t; s) satisfies the Schrödinger equation

iε∂tU(t; s) = G(t)U(t; s)
with U(s; s) = 1 for all s ∈ R.
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Proposition 4.9 (Generator of the fluctuation dynamics). The generator G(t), defined
in (4.28), is a self-adjoint operator on F(h ⊕ h) and can be written as

G(t) = d�l(hH(t)) − d�r (hH(t)) + C(t) + Q(t) (4.29)

where, introducing the notation

ut;x (·) := ut (·; x), vt;x (·) := vt (·; x), (4.30)

we have (collecting in C(t) contributions that commute with the number of particles
operator)

C(t) := ε3

2

∫
dx dy V (x − y)

(
a∗
l (ut;x )a∗

l (ut;y)al(ut;y)al(ut;x )

+ 2a∗
l (ut;x )a∗

r (vt;x )ar (vt;y)al(ut;y)
− 2a∗

l (ut;x )a∗
r (vt;y)ar (vt;y)al(ut;x ) + a∗

r (vt;y)a∗
r (vt;x )ar (vt;x )ar (vt;y)

− a∗
r (ut;x )a∗

r (ut;y)ar (ut;y)ar (ut;x ) − 2a∗
r (ut;x )a∗

l (vt;x )al(vt;y)ar (ut;y)
+ 2a∗

r (ut;x )a∗
l (vt;y)al(vt;y)ar (ut;x ) − a∗

l (vt;y)a∗
l (vt;x )al(vt;x )al(vt;y)

+ 2a∗
r (vt;y)ar (vt;x )ωt (x; y) − 2a∗

l (ut;x )al(ut;y)ωt (x; y)
)

(4.31)

and

Q(t) :=ε3

2

∫
dx dy V (x − y)

(
a∗
l (ut;x )a∗

l (ut;y)a∗
r (vt;y)a∗

r (vt;x )

+ 2a∗
l (ut;x )a∗

l (ut;y)a∗
r (vt;x )al(ut;y)

− 2a∗
l (ut;x )a∗

r (vt;y)a∗
r (vt;x )ar (vt;y) − a∗

r (ut;x )a∗
r (ut;y)a∗

l (vt;y)a∗
l (vt;x )

+ 2a∗
r (ut;x )a∗

r (ut;y)a∗
l (vt;x )ar (ut;y) − 2a∗

r (ut;x )a∗
l (vt;y)a∗

l (vt;x )al(vt;y)

+ 2a∗
l (ut;x )a∗

r (vt;y)ωt (x; y) + h.c.
)
.

(4.32)

Proof. Proposition 4.9 is proved in [5, Prop. 3.1], in the mean-field regime, and with ωt
solving the Hartree-Fock equation. Since here we let ωt evolve according to the Hartree,
rather than the Hartree-Fock dynamics (so, we neglect the exchange term appearing in
the Hartree-Fock equation), the operators C(t) and Q(t) contain additional quadratic
contributions. ��

To prove Proposition 4.6, we are going to use a Gronwall argument, estimating
the increments of the local density of the excitations. Therefore, we need to control
the commutator of the operator d�(W(n)

z ) with the generator G(t) of the fluctuation
dynamics. In the next lemma, we collect some identities which will be useful to compute
this commutator.

Lemma 4.10. If A is a bounded operator on h, we set Ax (·) := A(·; x). Let V satisfy
the assumptions of Theorem 2.3 and set

V (1)(x) :=
∫

R3
dp

eip·x

1 + |p|6 , V (2)(x) :=
∫

R3
dp eip·x (1 + |p|6)V̂ (p). (4.33)
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Then, for any bounded operators J, A, B,C, D on h and any ρ, σ, σ ′, σ̄ , σ̄ ′ = r, l the
following identities hold true:

[
d�ρ

(
J
)
,

∫
dxdyV (x − y)a∗

σ (Ax )a
∗
σ ′(By)aσ ′(Cy)aσ (Dx )

]

= δρ,σ

∫
dz

∫
dyV (1)

z (y)a∗
σ ′(By)d�σ

([
J, AV (2)

z D∗])aσ ′(Cy)

+ δρ,σ ′
∫

dz
∫

dxV (1)
z (x)a∗

σ (Ax )d�σ ′
([
J, BV (2)

z C∗])aσ (Dx ),

(4.34)
[
d�ρ

(
J
)
,

∫
dxdyV (x − y)a∗

σ (Ax )a
∗
σ ′(Bx )a

∗̄
σ (Cy)aσ̄ (Dy)

]

=
∫

dz
∫

dyV (2)
z (y)a∗̄

σ (Cy)d�+
σσ ′

(
δρ,σ J AV

(1)
z BT + δρ,σ ′ AV (1)

z BT J T
)
aσ̄ (Dy)

+ δρ,σ̄

∫
dzd�+

σσ ′
(
AV (1)

z BT )d�σ̄

([
J,CV (2)

z D∗]).

(4.35)
[
d�ρ

(
J
)
,

∫
dxdyV (x − y)a∗

σ (Ax )a
∗
σ ′(Bx )aσ ′(Cy)aσ (Dy)

]

=
∫

dzd�+
σσ ′

(
δρ,σ J AV

(1)
z BT + δρ,σ ′ AV (1)

z BT J T
)
d�−

σ ′σ
(
CV (2)

z D∗)

−
∫

dzd�+
σσ ′

(
AV (1)

z BT )d�−
σ ′σ

(
δρ,σ ′ J TCV (2)

z D∗ + δρ,σCV (2)
z D∗ J

)
,

(4.36)
[
d�ρ

(
J
)
,

∫
dxdyV (x − y)a∗

σ (Ax )a
∗
σ ′(Bx )a

∗̄
σ (Cy)a

∗
σ̄ ′(Dy)

=
∫

dzd�+
σσ ′

(
δρ,σ J AV

(1)
z BT + δρ,σ ′ AV (1)

z BT J T
)
d�+

σ̄ σ̄ ′
(
CV (2)

z DT )

+
∫

dzd�+
σσ ′

(
AV (1)

z BT )d�+
σ̄ σ̄ ′

(
δρ,σ̄ JCV (2)

z DT + δρ,σ̄ ′CV (2)
z DT J T

)
.

(4.37)

The proof of Lemma 4.10 relies on the following relations, whose proof is a simple
application of the canonical anticommutation relations (2.1).

Lemma 4.11. For any bounded operators A, B on h the following identities hold true,
for any σ̄ , σ, σ ′ = r, l:

[
d�σ̄ (A), d�σ (B)

] = δσ̄ ,σd�σ

([
A, B

])
[
d�σ̄ (A), d�+

σσ ′(B)
] = d�+

σσ ′
(
δσ̄ ,σ AB + δσ̄ ,σ ′ BAT ),

[
d�σ̄ (A), d�−

σσ ′(B)
] = −d�−

σσ ′
(
δσ̄ ,σ A

T B + δσ̄ ,σ ′ BA
)
.

(4.38)

Furthermore, for any bounded operator A on h and f ∈ h we have

[d�σ (A), a∗
σ ( f )] = a∗

σ (A f ), [d�−
σ (A), a∗

σ ( f )] = −aσ (A f̄ ). (4.39)
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Proof of Lemma 4.10.. We prove (4.34) and (4.36), since (4.35) and (4.37) follow in a
similar way. By the Leibniz rule for commutators and by (4.39) we have
[
d�σ̄

(
J
)
, a∗

σ (Ax )a
∗
σ ′(By)aσ ′(Cy)aσ (Dx )

]

= δσ̄ ,σa
∗
σ (J Ax )a

∗
σ ′(By)aσ ′(Cy)aσ (Dx ) + a∗

σ (Ax )
[
d�σ̄

(
J
)
, a∗

σ ′(By)aσ ′(Cy)
]
aσ (Dx )

− δσ̄ ,σa
∗
σ (Ax )a

∗
σ ′(By)aσ ′(Cy)aσ (J Dx )

= a∗
σ ′(By)

[
d�σ̄

(
J
)
, a∗

σ (Ax )aσ (Dx )
]
aσ ′(Cy)

+ a∗
σ (Ax )

[
d�σ̄

(
J
)
, a∗

σ ′(By)aσ ′(Cy)
]
aσ (Dx ).

(4.40)

From (4.33), we can write
∫

dxdyV (x − y)a∗
σ ′(By)

[
d�σ̄

(
J
)
, a∗

σ (Ax )aσ (Dx )
]
aσ ′(Cy)

=
∫

dz
∫

dyV (1)
z (y)a∗

σ ′(By)
[
d�σ̄

(
J
)
,

∫
dxV (2)

z (x)a∗
σ (Ax )aσ (Dx )

]
aσ ′(Cy).

Since
∫

dxV (2)
z (x)a∗

σ (Ax )aσ (Dx ) = d�σ

(
AV (2)

z D∗), (4.41)

by (4.38) we conclude that
∫

dxdyV (x − y)a∗
σ ′(By)

[
d�σ̄

(
J
)
, a∗

σ (Ax )aσ (Dx )
]
aσ ′(Cy)

= δσ̄ ,σ

∫
dz

∫
dyV (1)

z (y)a∗
σ ′(By)d�σ

([
J, AV (2)

z D∗])aσ ′(Cy).

The same manipulations carry over to the second term on the last line in (4.40), hence
the claim. To prove (4.36), we write
∫

dxdyV (x − y) a∗
σ (Ax )a

∗
σ ′(Bx )aσ ′(Cy)aσ (Dy)

=
∫

dz
( ∫

dxV (1)
z (x)a∗

σ (Ax )a
∗
σ ′(Bx )

)( ∫
dyV (2)

z (y)aσ ′(Cy)aσ (Dy)
)

=
∫

dzd�+
σσ ′

(
AV (1)

z BT )d�−
σ ′σ

(
CV (2)

z D∗),

where in the last step one proceeds as in (4.41). The claim then follows by the Leibniz
rule for commutators and by (4.38). ��

We are now ready to control the growth of local fluctuations.

Proof of Proposition 4.6.. Throughout this proof, we will use the shorthand notation
Ct ≡ C exp(c|t |) for some C, c > 0, independent of ε, possibly varying from line to
line. We will not trace the dependence of the constants on n, since we can fix some n ≥ 4
large enough, the bound for n̄ > n0 following by monotonicity. The proof is based on a
Gronwall argument.
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By Proposition 4.9 we have, for σ = l, r ,

iε∂t 〈�t ,d�σ (W(n)
z )�t 〉

= 〈
�t ,

[
d�σ (W(n)

z ), d�l(
√

1 − ε2�) − d�r (
√

1 − ε2�) + C(t) + Q(t)
]
�t

〉

(4.42)

where we used that
[
d�σ (W(n)

z ), d�σ ′(V ∗�t )
] = 0 and where C(t) and Q(t) have been

defined in (4.31) and (4.32) respectively. We control each term in the above commutator
separately.
Control of

[
d�σ (W(n)

z ), d�l(
√

1 − ε2�)
]
. With the bound (4.27), we find

i
[
d�σ (W(n)

z ), d�l(
√

1 − ε2�)
] = δσ,l d�l

(
i
[W(n)

z ,
√

1 − ε2�
]) ≤ Cε δσ,l d�l(W(n)

z ) .

Therefore
∣∣∣〈�t ,

[
d�σ (W(n)

z ), d�l(
√

1 − ε2�)
]
�t 〉

∣∣∣ ≤ Cε δσ,l〈�t , d�l(W(n)
z )�t 〉. (4.43)

To control
[
d�σ (W(n)

z ), d�r (
√

1 − ε2�)
]
, we proceed analogously.

Control of
[
d�σ (W(n)

z ), C(t)
]
. We discuss separately the various contributions to C(t).

(i) Consider the term:

I :=
[
d�σ (W(n)

z ),

∫
dxdy V (x − y)a∗

l (ut;x )a∗
l (ut;y)al(ut;y)al(ut;x )

]
.

From Eq. (4.34), we have

I = 2δσ,l

∫
dz′

∫
dx V (1)

z′ (x)a∗
l (ut;x )d�l

([W(n)
z , ut V

(2)

z′ ut
])
al(ut;x ). (4.44)

By the Cauchy–Schwarz inequality and by Lemma 3.1, we find
∣∣〈�t , I �t

〉∣∣

≤ 2
∫

dz′
∫

dx
∣∣V (1)

z′ (x)
∣∣ ∥∥al(ut;x )�t

∥∥ ∥∥d�l
([W(n)

z , ut V
(2)

z′ ut
])
al(ut;x )�t

∥∥

≤ 2
∫

dz′
(∫

dx
∣∣V (1)

z′ (x)
∣∣ ∥∥al(ut;x )�t

∥∥2
)∥∥[W(n)

z , ut V
(2)

z′ ut
]∥∥

tr

≤ 2
∫

dz′
〈
�t , d�l

(
ut |V (1)

z′ |ut
)
�t

〉 ∥∥[W(n)
z , ut V

(2)

z′ ut
]∥∥

tr.

(4.45)

From Corollary 4.4, using that
[W(n)

z , V (2)

z′
] = 0, we have:

∥∥[W(n)
z , ut V

(2)

z′ ut
]∥∥

tr ≤ 2
∥∥V (2)

z′
[W(n)

z , ut
]∥∥

tr ≤ Ctε
−2

1 + |z − z′|8 (4.46)

for all z′ ∈ R
3 (because we assumed that z ∈ Bε−δR(z0)), for all n ∈ N large enough

(in Corollary 4.4, we choose F = W(n) and we use the fact that V decays faster
than any power to estimate V (2) by a factor W(n), for n ∈ N sufficiently large). To
bound 〈�t , d�l

(
ut |V (1)

z′ |ut
)
�t

〉
, we choose R > 0 so that BR(z) ⊂ Bε−δR(z0), and we
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consider separately z′ ∈ BR(z) and z′ ∈ Bc
R
(z). For z′ ∈ BR(z), we proceed as in (4.20)

to estimate

〈
�t , d�l

(
ut |V (1)

z′ |ut
)
�t

〉 ≤ 〈
�t , d�l

(W(n)

z′
)
�t

〉
+ Ct ε

−2. (4.47)

Here, we used the fact that V (1) is smooth in momentum space (which follows from the
definition (4.33)), to conclude that it decays faster than any power in position space. For
z′ ∈ Bc

R
(z), on the other hand, we proceed as in (4.24)-(4.25) and we apply Lemma 4.8

and Proposition 4.1 to obtain

〈
�t , d�l

(
ut V

(1)

z′ ut
)
�t

〉 ≤ 〈
�t , d�l

(W(n)

z′
)
�t

〉
+ tr W(n)

z′ ωt ≤ Ctε
−3. (4.48)

Combining these estimates, and using
∫

Bc
R
(z)

1

1 + |z − z′|8 dz′ ≤ C(1 + R)−5,

we arrive at
∣∣〈�t , I �t

〉∣∣ ≤ Ct
(
ε−4 + ε−5(1 + R)−5) + Ctε

−2 sup
z′∈BR(z)

〈
�t , d�l

(W(n)

z′
)
�t

〉
.

(4.49)

(ii) With (4.36) we write the next term as

II =
[
d�σ (W(n)

z ),

∫
dxdyV (x − y)a∗

l (ut;x )a∗
r (vt;x )ar (vt;y)al(ut;y)

]

=
∫

dz′d�+
lr

(
δσ,lW(n)

z ut V
(1)

z′ vt + δσ,r ut V
(1)

z′ vtW(n)
z

)
d�−

rl

(
vt V

(2)

z′ ut
)

−
∫

dz′d�+
lr

(
ut V

(1)

z′ vt
)
d�−

rl

(
δσ,rW(n)

z vt V
(2)

z′ ut + δσ,lvt V
(2)

z′ utW(n)
z

)
.

(4.50)

Let us consider the first term on the r.h.s. of (4.50), the other can be treated analogously.
As we did in (i), we decompose the z′-integral in two regions. First, we consider the
contribution from z′ ∈ BR(z). With Lemma 3.1, we find

∣∣∣
〈
�t ,

∫

BR(z)
dz′d�+

lr

(W(n)
z ut V

(1)

z′ vt
)
d�−

rl

(
vt V

(2)

z′ ut
)
�t

〉∣∣∣

≤
∫

BR(z)
dz′

∥∥W(n)
z ut V

(1)

z′ vt
∥∥

tr

∥∥vt V (2)

z′ ut
∥∥

tr.

(4.51)

We can estimate
∥∥W(n)

z ut V
(1)

z′ vt
∥∥

tr ≤ ∥∥W(n)
z V (1)

z′ utvt
∥∥

tr +
∥∥W(n)

z

[
ut , V

(1)

z′
]
vt
∥∥

tr

≤ C(1 + |z − z′|8)−1
∥∥W(n/2)

z utvt
∥∥

tr +
∥∥W(n)

z

[
ut , V

(1)

z′
]∥∥

tr

(4.52)
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if n ∈ N is large enough (because then
∥∥W(n)

z V (1)

z′ (W(n/2)
z )−1‖op ≤ C(1 + |z − z′|8)−1,

using the decay of V (1)). With Proposition 4.1 and Corollary 4.4 we obtain

∥∥W(n/2)
z utvt

∥∥
tr ≤ Ctε

−2,
∥∥W(n)

z

[
ut , V

(1)

z′
]∥∥

tr ≤ Ctε
−2

1 + |z − z′|8 , (4.53)

if n ∈ N is large enough. We conclude that

∥∥W(n)
z ut V

(1)

z′ vt
∥∥

tr ≤ Ctε
−2

1 + |z − z′|8 (4.54)

if n ∈ N is large enough. Since we assumed z ∈ Bε−δR(z0), the last estimate holds for
all z′ ∈ R

3. For z′ ∈ BR(z), we can also apply Proposition 4.1 and Corollary 4.4 to
bound the second norm on the r.h.s. of (4.51) by

∥∥vt V (2)

z′ ut
∥∥

tr ≤ ∥∥vt ut V (2)

z′
∥∥

tr +
∥∥vt

[
V (2)

z′ , ut
]∥∥

tr

≤ ∥∥vt utW(n)

z′
∥∥

tr +
∥∥[V (2)

z′ , ut
]∥∥

tr ≤ Ctε
−2 .

(4.55)

Combining (4.54) with (4.55), we obtain

∫

BR(z)
dz′

∥∥W(n)
z ut V

(1)

z′ vt
∥∥

tr

∥∥vt V (2)

z′ ut
∥∥

tr ≤ Ctε
−4 (4.56)

if n ∈ N is large enough. For z′ ∈ Bc
R
(z) we proceed differently, expanding

d�−
rl

(
vt V

(2)

z′ ut
) =

∫
dy V (2)

z′ (y) ar (vt;y)al(ut;y) .

We find
∫

Bc
R
(z)
dz′d�+

lr

(W(n)
z ut V

(1)

z′ vt
)
d�−

rl

(
vt V

(2)

z′ ut
)

=
∫

Bc
R
(z)

dz′
∫

dy V (2)

z′ (y) ar (vt;y)d�+
lr

(W(n)
z ut V

(1)

z′ vt
)
al(ut;y)

−
∫

Bc
R
(z)

dz′ d�l
(W(n)

z ut V
(1)

z′ ωt V
(2)

z′ ut
) =: A + B.

(4.57)

By Lemma 3.1 and by (4.54), we obtain

∣∣∣
〈
�t , B �t

〉∣∣∣ ≤
∫

Bc
R
(z)

dz′
∣∣∣
〈
�t , d�l

(W(n)
z ut V

(1)

z′ ωt V
(2)

z′ ut
)
�t

〉∣∣∣

≤
∫

Bc
R
(z)

dz′
∥∥W(n)

z ut V
(1)

z′ ωt V
(2)

z′ ut
∥∥

tr

≤
∫

Bc
R
(z)

dz′
∥∥W(n)

z ut V
(1)

z′ vt
∥∥

tr ≤ Ctε
−2.

(4.58)
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As for the term A, we find, with Lemma 3.1,
∣∣∣
〈
�t , A�t

〉∣∣∣ ≤
∫

Bc
R
(z)

dz′
∫

dy
∣∣V (2)

z′ (y)
∣∣
∣∣∣
〈
a∗
r (vt;y)�t , d�+

lr
(W(n)

z ut V
(1)
z′ vt

)
al (ut;y)�t

〉∣∣∣

≤
∫

Bc
R
(z)

dz′
∥∥W(n)

z ut V
(1)
z′ vt

∥∥
tr

∫
dy

∣∣V (2)
z′ (y)

∣∣ ‖vt;y‖h
∥∥al (ut;y)�t

∥∥

≤ Ctε
−5(1 + R)−5. (4.59)

Here, we used again (4.54) and we estimated
∫

dy
∣∣V (2)

z′ (y)
∣∣ ‖vt;y‖h

∥∥al (ut;y)�t
∥∥

≤
( ∫

dy
∣∣V (2)

z′ (y)
∣∣ ‖vt;y‖2

h

)1/2 ( ∫
dy

∣∣V (2)
z′ (y)

∣∣ ∥∥al (ut;y)�t
∥∥2

)1/2

=
(

tr
∣∣V (2)

z′
∣∣ωt

)1/2 〈
�t , d�l

(
ut
∣∣V (2)

z′
∣∣ut

)
�t

〉1/2 ≤ Ctε
−3 (4.60)

by Prop. 4.1 and proceeding as in (4.48). Combining (4.56), (4.58) and (4.59), we arrive
at

∣∣〈�t , II �t 〉
∣∣ ≤ Ct

(
ε−4 + ε−5(1 + R)−5).

(iii) By (4.34) we write

III :=
[
d�σ (Wz),

∫
dxdyV (x − y)a∗

l (ut;x )a∗
r (vt;y)ar (vt;y)al(ut;x )

]

= δσ,l

∫
dz′dyV (1)

z′ (y)a∗
r (vt;y)d�l

([W(n)
z , ut V

(2)

z′ ut
])
ar (vt;y)

+ δσ,r

∫
dz′

∫
dxV (1)

z′ (x)a∗
l (ut;x )d�r

([W(n)
z , vt V

(2)

z′ vt
])
al(ut;x ).

Both contributions have the same structure as the term I, just with two factors ut replaced
by factors of vt and, in the second contribution, with d�l replaced by d�r . Proceeding
very similarly as we did in (i), we conclude that

∣∣〈�t , III �t 〉
∣∣ ≤ Ct

(
ε−4 + ε−5(1 + R)−5) + Ctε

−2 sup
z′∈BR(z)

〈
�t , d�

(W(n)

z′
)
�t

〉

where we introduced the shorthand notation d�(O) = d�l(O) + d�r (O), for second
quantized operators on F(h ⊕ h).
(iv) With (4.34) we write

IV :=
[
d�σ (W(n)

z ),

∫
dxdyV (x − y)a∗

r (vt;y)a∗
r (vt;x )ar (vt;x )ar (vt;y)

]

= 2δσ,r

∫
dxdyV (x − y)a∗

r (vt;x )
[
d�r (W(n)

z ), a∗
r (vt;y)ar (vt;y)

]
ar (vt;x ).

Also this contribution is analogous to the term I, with now four factors ut replaced by
factors of vt . Proceeding as in (i), we find

∣∣〈�t , IV �t 〉
∣∣ ≤ Ct

(
ε−4 + ε−5(1 + R)−5) + Ctε

−2 sup
z′∈BR(z)

〈
�t , d�r

(W(n)

z′
)
�t

〉
.
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(v) − (viii) The contribution of the next four terms appearing in the expression (4.31)
for the operator C(t) is completely analogous to the contribution of the first four terms
and can be handled in the same way. We are left with the contribution of the quadratic
terms on the last line of (4.31).
(ix) With Lemma 4.11 we write

IX :=
[
d�σ (W(n)

z ),

∫
dxdyV (x − y)

(
a∗
r (vt;y)ar (vt;x ) − a∗

l (ut;x )al(ut;y)
)
ω(x; y)

]
.

=
∫

dz′
(
δσ,r d�r

([W(n)
z , vt V

(2)

z′ ωt V
(1)

z′ vt
]) − δσ,ld�l

([W(n)
z , ut V

(2)

z′ ωt V
(1)

z′ ut
]))

:= IX1 + IX2.

By Lemma 3.1, we have

∣∣〈�t , IX1 �t
〉∣∣ ≤

∫
dz′

∥∥[W(n)
z , vt V

(2)

z′ ωt V
(1)

z′ vt
]∥∥

tr.

With ‖ωt‖op ≤ 1, ‖ut‖op ≤ 1, ‖vt‖op ≤ 1 and since V (1), V (2) are bounded functions,
we obtain

∥∥[W(n)
z ,vt V

(2)

z′ ωt V
(1)

z′ vt
]∥∥

tr

≤ C
∥∥[W(n)

z , vt
]
V (2)

z′
∥∥

tr + C
∥∥[W(n)

z , ωt
]
V (1)

z′
∥∥

tr + C
∥∥V (1)

z′
[W(n)

z , vt
]∥∥

tr.

From Corollary 4.4 and from the invariance of the trace norm under complex conjugation,
we find

∥∥[W(n)
z , vt V

(2)

z′ ωt V
(1)

z′ vt
]∥∥

tr ≤ Ctε
−2 (1 + |z − z′|8)−1

if n ∈ N is large enough. A similar analysis holds for the term IX2. We conclude that
∣∣〈�t , IX �t

〉∣∣ ≤ Ctε
−2.

Combining the bounds in (i) − (ix), we arrive at
∣∣〈�t ,

[
d�σ (W(n)

z ), C(t)
]
�t 〉

∣∣

≤ Ct
(
ε−1 + ε−2(1 + R)−5) + Ctε sup

z′∈BR(z)

〈
�t , d�

(W(n)

z′
)
�t

〉
,

(4.61)

for σ = l, r , for n ∈ N large enough and for all t ∈ R.
Control of

[
d�σ (W(n)

z ),Q(t)
]
. We discuss separately the various terms appearing in

Q(t):
(i) From (4.37), we have

Ĩ =
[
d�σ (W(n)

z ),

∫
dxdyV (x − y)a∗

l (ut;x )a∗
l (ut;y)a∗

r (vt;y)a∗
r (vt;x )

]

=
∫

dz′d�+
lr

(
δσ,lW(n)

z ut V
(1)

z′ vt + δσ,r ut V
(1)

z′ vtW(n)

z′
)
d�+

lr

(
ut V

(2)

z′ vt
)

+
∫

dz′d�+
lr

(
ut V

(1)

z′ vt
)
d�+

lr

(
δσ,lW(n)

z ut V
(2)

z′ vt + δρ,r ut V
(2)

z′ vtW(n)
z

)
.

(4.62)
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We consider the first term, the second one can be handled similarly. We proceed similarly
as we did for the term II. With Lemma 3.1, the contribution associated with z′ ∈ BR(z)
is bounded by

∣∣∣
〈
�t ,

∫

BR(z)
dz′d�+

lr

(
δσ,lW(n)

z ut V
(1)

z′ vt
)
d�+

lr

(
ut V

(2)

z′ vt
)
�t

〉∣∣∣

≤
∫

BR(z)
dz′

∥∥W(n)
z ut V

(1)

z′ vt
∥∥

tr

∥∥ut V (2)

z′ vt
∥∥

tr ≤ Ctε
−4,

where in the last step we used (4.54) and (4.55). For z′ ∈ Bc
R
(z), on the other hand, we

expand d�+
lr (ut V

(2)
z vt ) and we estimate, using again Lemma 3.1, (4.54) and (4.60) (in

contrast to (4.57), there is here no B term, because creation operators anticommute):

∣∣∣
〈
�t ,

∫

Bc
R
(z)

dz′d�+
lr
(
δσ,lW(n)

z ut V
(1)
z′ vt

)
d�+

lr
(
ut V

(2)
z′ vt

)
�t

〉∣∣∣

≤
∫

Bc
R
(z)

dz′
∥∥W(n)

z ut V
(1)
z′ vt

∥∥
tr

∫
dy

∣∣V (2)
z′ (y)

∣∣ ‖v̄t,y‖h
∥∥al (ut;y)�t

∥∥ ≤ Ctε
−5(1 + R)−5.

(4.63)

Thus,
∣∣∣
〈
�t , Ĩ �t

〉∣∣∣ ≤ Ct
(
ε−4 + ε−5(1 + R)−5).

for n ∈ N large enough.
(ii) With (4.35), we find

ĨI :=
[
d�σ (W(n)

z ),

∫
dxdyV (x − y)a∗

l (ut;x )a∗
l (ut;y)a∗

r (vt;x )al (ut;y)
]

= −
∫

dz′
∫

dyV (2)
z′ (y)a∗

l (ut;y)d�+
lr
(
δσ,lW(n)

z ut V
(1)
z′ vt + δσ,r ut V

(1)
z′ vtW(n)

z′
)
al (ut;y)

− δσ,l

∫
dz′d�+

lr
(
ut V

(1)
z′ vt

)
d�l

([W(n)
z , ut V

(2)
z′ ut

])

=: ĨI1 + ĨI2.

The contribution ĨI1 is similar to the term I; the main difference is that the commuta-
tor [W(n)

z , ut V
(2)

z′ ut ] is now replaced by the product W (n)
z ut V

(1)

z′ vt or by the product

ut V
(1)

z′ vtW(n)

z′ , whose trace norm can however be controlled with (4.54). Similarly to
(4.49), we obtain

∣∣〈�t , ĨI1 �t
〉∣∣ ≤ Ct

(
ε−4 + ε−5(1 + R)−5) + Ctε

−2 sup
z′∈BR(z)

〈
�t , d�l

(W(n)

z′
)
�t

〉
.

As for ĨI2, it has the same form as the term Ĩ, with W(n)
z ut V

(1)

z′ vt replaced by

[W(n)
z , ut V

(2)

z′ ut ], whose trace norm can be estimated with Corollary 4.4. We conclude
that

∣∣〈�t , ĨI2 �t
〉∣∣ ≤ Ct

(
ε−4 + ε−5(1 + R)−5).
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Therefore
∣∣〈�t , ĨI �t

〉∣∣ ≤ Ct
(
ε−4 + ε−5(1 + R)−5) + Ctε

−2 sup
z′∈BR(z)

〈
�t , d�l

(W(n)

z′
)
�t

〉
.

(iii) By (4.35), we write the next term as

ĨII :=
[
d�σ (W(n)

z ),

∫
dxdyV (x − y)a∗

l (ut;x )a∗
r (vt;y)a∗

r (vt;x )ar (vt;y)
]

= −
∫

dz′
∫

dyV (2)
z′ (y)a∗

r (vt;y)d�+
lr
(
δσ,lW(n)

z ut V
(1)
z′ vt + δσ,r ut V

(1)
z′ vtW(n)

z′
)
ar (vt;y)

− δσ,r

∫
dz′d�+

lr
(
ut V

(1)
z′ vt

)
d�r

([W(n)
z , vt V

(2)
z′ vt

])
.

This term has exactly the same structure as the term ĨI, with ut and vt interchanged. We
proceed analogously as in (ii), to bound

∣∣〈�t , ĨII �t
〉∣∣ ≤ Ct

(
ε−4 + ε−5(1 + R)−5) + Ctε

−2 sup
z′∈BR(z)

〈
�t , d�r

(W(n)

z′
)
�t

〉
.

(iv)− (vi) The contribution of the next three terms appearing in the expression (4.32)
for the operator Q(t) is completely analogous to the contribution of the first three terms
and can be handled in the same way. We are left with the contribution of the quadratic
terms on the last line of (4.32).
(vii) By using Lemma 4.11 we write the commutator with the quadratic term as

ṼII :=
[
d�σ (W(n)

z ),

∫
dxdyV (x − y)a∗

l (ut;x )a∗
r (vt;y)ω(x; y)

]

=
∫

dz′d�+
lr

(
δσ,lW(n)

z ut V
(1)

z′ ωt V
(2)

z′ vt + δσ,r ut V
(1)

z′ ωt V
(2)

z′ vtW(n)
z

)

=: ṼII1 + ṼII2.

With Lemma 3.1, we have

∣∣〈�t , ṼII1 �t
〉∣∣ ≤

∫
dz′

∥∥W(n)
z ut V

(1)

z′ ωt V
(2)

z′ vt
∥∥

tr.

Since ωt = v2
t , ‖vt‖op ≤ 1 and since V (2) is a bounded functions, we find, with (4.54),

∥∥W(n)
z ut V

(1)

z′ ωt V
(2)

z′ vt
∥∥

tr ≤ C
∥∥W(n)

z ut V
(1)

z′ vt
∥∥

tr ≤ Ctε
−2

1 + |z − z′|8 ,

if n ∈ N is large enough. This implies that |〈�t , ṼII1 �t 〉| ≤ Ctε
−2. The term ṼII2 can

be handled similarly. Hence
∣∣〈�t , ṼII �t

〉∣∣ ≤ Ctε
−2.

Combining the estimates in (i) − (vii), we conclude that
∣∣〈�t ,

[
d�σ (W(n)

z ),Q(t)
]
�t 〉

∣∣

≤ Ct
(
ε−1 + ε−2(1 + R)−5) + Ctε sup

z′∈BR(z)

〈
�t , d�

(W(n)

z′
)
�t

〉

(4.64)
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for σ = l, r , for n ∈ N large enough and for all t ∈ R.
Conclusion. We plug (4.43), (4.61) and (4.64) into (4.42). We obtain
∣∣∂t 〈�t , d�σ (W(n)

z )�t 〉
∣∣ ≤ Ct

(
ε−2 + ε−3(1 + R)−5) + Ct sup

z′∈BR(z)

〈
�t , d�

(W(n)

z′
)
�t

〉

(4.65)

for σ = l, r , for n ∈ N large enough and for all t ∈ R. Crucially, we now allow the
parameter R to depend on time, and denote it by Rt . Accordingly, we replace R with
Rt in equation (4.65). Rewriting this bound in integral form (and recalling the notation
d� = d�l + d�r ), we find

〈�t ,d�(W(n)
z )�t 〉 ≤ 〈�0, d�(W(n)

z )�0〉
+ Ctε

−2 + Ctε
−3

∫ t

0

ds

(1 + Rs)5
+ Ct

∫ t

0
ds sup

z′∈BRs
(z)

〈
�s, d�

(W(n)

z′
)
�s

〉
,

with the constraint that BRs
(z) ⊂ Bε−δR(z0) for all 0 ≤ s ≤ t . Choosing Rs = r(t − s)

for a parameter r > 0 to be fixed later on, we obtain

〈�t , d�(W(n)
z )�t 〉

≤ 〈�0, d�(W(n)
z )�0〉 + Ct

(
ε−2 +

ε−3

r

)
+ Ct

∫ t

0
ds sup

z′∈Br(t−s)(z)

〈
�s, d�

(W(n)

z′
)
�s

〉

(4.66)

for all t > 0 such that Brt (z) ⊂ Bε−δR(z0). Next, for fixed T ∈ (0, R] we define

F(t) := sup
z∈Br(T−t)(z0)

〈
�t , d�

(W(n)
z

)
�t

〉

for any t ∈ [0; T ]. Observing that

sup
z∈Br(T−t)(z0)

〈�0, d�(W(n)
z )�0〉 ≤ F(0),

sup
z∈Br(T−t)(z0)

sup
z′∈Br(t−s)(z)

〈
�s, d�

(W(n)

z′
)
�s

〉 ≤ F(s),

it follows from (4.66) that

F(t) ≤ F(0) + CT

(
ε−2 +

ε−3

r

)
+ CT

∫ t

0
ds F(s)

for all t ∈ [0; T ]. It is important to note that allowing R to depend on time was essential
for deriving the final integral bound. From Gronwall’s lemma, we conclude that

F(t) ≤ eCT
(
F(0) + CT ε−2 + CT ε−3/r

)
.

for all t ∈ [0; T ]. Choosing t = T and r = ε−δ , we arrive at

〈�T , d�(W(n)
z0

)�T 〉 ≤ C exp(c exp(c|T |))
[

sup
z∈B

ε−δT (z0)

〈�, d�(W(n)
z )�〉 + ε−3+δ

]

≤ C exp(c exp(c|T |))ε−3+δ

for all T ≤ R, by the assumption (3.15). This concludes the proof of Proposition 4.6. ��
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5. Proof of Theorem 2.3

We are now ready to prove our main result, Theorem 2.3. Without loss of generality,
we consider here t > 0; the case t < 0 can be handled analogously. We also introduce
the notation Ct = C exp(ct), for constants C, c > 0 independent of ε, possibly varying
from line to line.

The proof is by approximation of the Fermi projection ωμ = χ(H ≤ μ) via a
positive-temperature state

ωμ,β = 1

1 + eβ(H−μ)
,

with inverse temperature β = ε−1. We will denote by ωt the solution of the nonlinear
Hartree equation (2.14) with initial datum ωt=0 = ωμ and by ω̃t the solution with initial
datum ω̃t=0 = ωμ,β . We then decompose

tr Oz0(γ
(1)
t − ωt ) = tr Oz0(ω̃t − ωt ) + tr Oz0(γ

(1)
t − ω̃t ) ≡ A + B. (5.1)

Bound for the term A. We claim that for |t | ≤ R and for 0 < δ ≤ 1:
∣∣∣tr Oz0(ω̃t − ωt )

∣∣∣ ≤ C exp(c exp(ct)) ε−3+δ, (5.2)

for constants C, c > 0 independent of ε. To prove this bound we start by estimating:
∣∣∣tr Oz0(ω̃t − ωt )

∣∣∣ ≤
∥∥∥Oz0(ω̃t − ωt )

∥∥∥
tr

≤ C
∥∥∥W(n)

z0
(ω̃t − ωt )

∥∥∥
tr
,

(5.3)

where we used that |Oz0 | ≤ CW(n)
z0 , where n ∈ N will be chosen below, large enough.

Furthermore,

‖W(n)
z0

(ω̃t − ωt )‖tr =
∥∥∥W(n)

z0

(
Ũ (t; 0)ωμ,βŨ (t; 0)∗ −U (t; 0)ωμU (t; 0)∗

)∥∥∥
tr

≤
∥∥∥W(n)

z0

(
Ũ (t; 0)ωμ,βŨ (t; 0)∗ −U (t; 0)ωμ,βU (t; 0)∗

)∥∥∥
tr

+
∥∥∥W(n)

z0

(
U (t; 0)ωμ,βU (t; 0)∗ −U (t; 0)ωμU (t; 0)∗

)∥∥∥
tr

= I + II,

(5.4)

with U (t; s), Ũ (t; s) being the unitary dynamics generated by the Hartree Hamiltonians
associated with the density �t (x) = ωt (x; x) and �̃t (x) = ω̃t (x; x), respectively. We
have

II =
∥∥∥W(n)

z0
U (t; 0)(ωμ,β − ωμ)

∥∥∥
tr

≤ Ct

∥∥∥W(n)
z0

(ωμ,β − ωμ)

∥∥∥
tr
.

To bound the r.h.s. of the last equation, we observe that
∥∥W(n)

z0
(ωμ − ωμ,β)

∥∥
tr

≤ ∥∥W(n)
z0

ωμ(1 − ωμ,β)
∥∥

tr +
∥∥W(n)

z0
(1 − ωμ)ωμ,β

∥∥
tr

≤ 4
∥∥W(n)

z0
ωμ,β(1 − ωμ,β)

∥∥
tr,

(5.5)
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where we used that χ(x ≤ μ) ≤ 2 fμ,β(x) and that 1 − χ(x ≤ μ) ≤ 2(1 − fμ,β(x))
with fμ,β(x) the Fermi-Dirac function. Noting that for any m ∈ N there exists Cm > 0
such that

ωμ,β(1 − ωμ,β) = eβ(H−μ)

(1 + eβ(H−μ))2
≤ Cm

(β(H − μ))2m + 1
, (5.6)

from Assumption 2.1 we conclude that

II ≤ Ct
∥∥W(n)

z0
(ωμ − ωμ,β)

∥∥
tr ≤ Ct

∥∥W(n)
z0

ωμ,β(1 − ωμ,β)
∥∥

tr

≤ Ct

∥∥∥W(n)
z0

1

(β(H − μ))2m + 1

∥∥∥
tr

≤ Ctε
−2,

(5.7)

where we also used the invariance of the trace norm under hermitian conjugation. Con-
sider now the first term in Eq. (5.4). Using again (4.7), we have

I =
∥∥∥W(n)

z0
U (t; 0)

(
U (t; 0)∗Ũ (t; 0)ω̃0Ũ (t; 0)∗U (t; 0) − ω̃0

)∥∥∥
tr

≤ Ct

∥∥∥W(n)
z0

(
U (t; 0)∗Ũ (t; 0)ω̃0Ũ (t; 0)∗U (t; 0) − ω̃0

)∥∥∥
tr
.

(5.8)

Using the Duhamel formula

U (t; 0)∗Ũ (t; 0)ω̃0Ũ (t; 0)∗U (t; 0) − ω̃0

= −iε2
∫ t

0
ds U (s; 0)∗

[
(V ∗ (̃�s − �s)), Ũ (s; 0)ω̃0Ũ (s; 0)∗

]
U (s; 0),

we find ∥∥∥W(n)
z0

(
U (t; 0)∗Ũ (t; 0)ω̃0Ũ (t; 0)∗U (t; 0) − ω̃0

)∥∥∥
tr

≤ ε2
∫ t

0
ds

∥∥∥W(n)
z0

U (s; 0)∗
[
(V ∗ (̃�s − �s)), ω̃s

]
U (s; 0)

∥∥∥
tr

≤ Ctε
2
∫ t

0
ds

∥∥∥W(n)
z0

[
(V ∗ (̃�s − �s)), ω̃s

]∥∥∥
tr
.

(5.9)

Next, recalling the notation Vy(·) = V (· − y), we write

(V ∗ (�s − �̃s))(x̂) =
∫

dy Vy(x̂)(�s(y) − �̃s(y))

which gives:
∥∥∥W(n)

z0

[
(V ∗ (�s − �̃s)), ω̃s

]∥∥∥
tr

≤
∫

dy
∣∣�s(y) − �̃s(y)

∣∣
∥∥∥W(n)

z0
[Vy(x̂), ω̃s]

∥∥∥
tr
.

(5.10)

In order to set up a Gronwall argument, we proceed as follows. We start by writing:
∫

dy
∣∣�s(y) − �̃s(y)

∣∣
∥∥∥W(n)

z0
[Vy(x̂), ω̃s]

∥∥∥
tr

=
∫

|y−z0|≤ε−δs
dy

∣∣�s(y) − �̃s(y)
∣∣
∥∥∥W(n)

z0
[Vy(x̂), ω̃s]

∥∥∥
tr

+
∫

|y−z0|>ε−δs
dy

∣∣�s(y) − �̃s(y)
∣∣
∥∥∥W(n)

z0
[Vy(x̂), ω̃s]

∥∥∥
tr

= I(a) + I(b).

(5.11)
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Consider the second term. From Corollary 4.4, using the fast decay of the potential V ,
we obtain

∥∥∥W(n)
z0

[Vy(x̂), ω̃s]
∥∥∥

tr
≤ Csε

−2

1 + |z0 − y|8 (5.12)

for all n ∈ N large enough. Using this estimate we have:

I(b) ≤ Csε
−2

∫

|y−z0|>ε−δs
dy (�s(y) + �̃s(y))

1

1 + |z0 − y|8

≤ Csε
−2

∫
dy (�s(y) + �̃s(y))

(1 + |y − z0|)4

(1 + ε−δs)4

1

1 + |z0 − y|8

≤ Csε
−2

1 + (ε−δs)4

∫
dy (�s(y) + �̃s(y))

1

1 + |z0 − y|4

= Csε
−2

1 + (ε−δs)4 tr (ωs + ω̃s)W(1)
z0

.

(5.13)

Using the propagation of locality under the unitary U (t; 0) and Ũ (t; 0), that is,

U (s; 0)∗W(n)
z0

U (s; 0) ≤ CsW(n)
z0

, Ũ (s; 0)∗W(n)
z0

Ũ (s; 0) ≤ CsW(n)
z0

,

compare with (4.7), we can further write

I(b) ≤ Csε
−2

1 + (ε−δs)4 tr (ωμ + ωμ,β)W(1)
z0

≤ 2Csε
−2

1 + (ε−δs)4 tr ωμ,βW(1)
z0

≤ Csε
−5

1 + (ε−δs)4 ,

where the second inequality follows from the trivial bound ωμ ≤ 2ωμ,β , and the last
from the boundedness of the density of the Fermi-Dirac state, Proposition 3.8.

Consider now the term I(a). Observe that, since s ≤ t ≤ R, the integration variable
y is in Bε−δR(z0). We have, writing Vy(x̂) = W(2n)

y (x̂)Ṽy(x̂):

I(a) ≤
∫

|y−z0|≤ε−δs
dy

∣∣�s(y) − �̃s(y)
∣∣
∥∥∥W(n)

z0
[Vy(x̂), ω̃s]

∥∥∥
tr

≤
∫

|y−z0|≤ε−δs
dy

∣∣�s(y) − �̃s(y)
∣∣
(∥∥∥∥W(n)

z0
W(2n)

y [Ṽy(x̂), ω̃s]
∥∥∥

tr

+

∥∥∥∥W(n)
z0

[W(2n)
y , ω̃s]Ṽy(x̂)

∥∥∥∥
tr

)

= I(a)
1 + I(a)

2 .

(5.14)
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We can estimate the term I(a)
1 as:

I(a)
1 ≤ C

∫

|y−z0|≤ε−δs
dy

∣∣�s(y) − �̃s(y)
∣∣ 1

1 + |z0 − y|4n
∥∥∥W(n)

y [Ṽy(x̂), ω̃s]
∥∥∥

tr

≤ C
(

sup
p∈R3

sup
y∈B

ε−δ R(z0)

1

1 + |p|
∥∥∥W(n)

y [eip·x̂ , ω̃s]
∥∥∥

tr

) ∫
dy

∣∣�s(y) − �̃s(y)
∣∣W(n)

z0
(y)

≤ Csε
−2

∫
dy

∣∣�s(y) − �̃s(y)
∣∣W(n)

z0
(y),

by the propagation of the local semiclassical structure, Proposition 4.1, and Remark 4.2.
Next, using that:

∫
dy

∣∣�s(y) − �̃s(y)
∣∣W(n)

z0
(y) = tr Js(ωs − ω̃s),

where Js = Js(x̂) with Js(x) = W(n)
z0 (x)sign(�s(x) − �̃s(x)), we can further estimate:

trJs(ωs − ω̃s) ≤
∥∥∥Js(ωs − ω̃s)

∥∥∥
tr

≤
∥∥∥W(n)

z0
(ωs − ω̃s)

∥∥∥
tr
.

Therefore, we obtain:

I(a)
1 ≤ Csε

−2
∥∥∥W(n)

z0
(ωs − ω̃s)

∥∥∥
tr
. (5.15)

Consider now the term I(a)
2 in (5.14). Here we shall use that, by the assumptions on the

potential,
∥∥∥W(n)

z0
[W(2n)

y , ω̃s]Ṽy(x̂)
∥∥∥

tr
≤ C sup

p∈R3

1

1 + |p|
∥∥∥W(n)

z0
[eip·x , ω̃s]W(2n)

y

∥∥∥
tr
. (5.16)

We estimate the right-hand side using Proposition 4.1. The key remark is that y ∈
Bε−δR(z0), and that the localizer associated with y has a larger power, 2n, than the initial
localizer associated with z0, which has power n. Therefore, from the first bound in (4.5),
we obtain:

sup
p∈R3

1

1 + |p|
∥∥∥W(n)

z0
[eip·x , ω̃s]W(2n)

y

∥∥∥
tr

≤ Csε
−2

1 + |z0 − y|4n , (5.17)

and by (5.16), (5.17), we have:

∥∥∥W(n)
z0

[W(2n)
y , ω̃s]Ṽy(x̂)

∥∥∥
tr

≤ Csε
−2

1 + |y − z0|4n = Csε
−2W(n)

z0
(y).

Plugging this estimate in I(a)
2 , we have:

I(a)
2 ≤ Csε

−2
∫

dy
∣∣�s(y) − �̃s(y)

∣∣W(n)
z0

(y) ≤ Csε
−2

∥∥W(n)
z0

(ωs − ω̃s)
∥∥

tr.

(5.18)

Putting together (5.14), (5.15), (5.18) we obtain:

I(a) ≤ Csε
−2

∥∥W(n)
z0

(ωs − ω̃s)
∥∥

tr;
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this bound together with (5.9), (5.10), (5.11), (5.13) implies:
∥∥∥W(n)

z0

(
U (t; 0)∗Ũ (t; 0)ω̃0Ũ (t; 0)∗U (t; 0) − ω̃0

)∥∥∥
tr

≤ Ct

∫ t

0
ds

(∥∥W(n)
z0

(ωs − ω̃s)
∥∥

tr +
ε−3

1 + (ε−δs)4

)

≤ Ctε
−3+δ + Ct

∫ t

0
ds

∥∥W(n)
z0

(ωs − ω̃s)
∥∥

tr.

(5.19)

Combining this estimate with (5.4), (5.7), we finally get

∥∥∥W(n)
z0

(ωt − ω̃t )

∥∥∥
tr

≤ Ctε
−3+δ + Ct

∫ t

0
ds

∥∥∥W(n)
z0

(ωs − ω̃s)

∥∥∥
tr
.

Thus, the bound (5.2) follows from Gronwall’s lemma and from (5.3).
Bound for the term B. We claim that:

∣∣∣tr Oz0(γ
(1)
t − ω̃t )

∣∣∣ ≤ C exp(c exp(ct))ε−3+δ. (5.20)

Recall that γ
(1)
t is the reduced one-particle density matrix of the state

ψt = e−iHt/εRωμξ ∈ F(h). Hence

tr Oz0γ
(1)
t = 〈e−iHt/εRωμξ, d�(Oz0)e

−iHt/εRωμξ 〉 .

Switching to the doubled Fock space (see Section 3.1), we can also write

tr Oz0γ
(1)
t = 〈

U (Rωμ ⊗ Rω̄μ)(ξ ⊗ ξ̄ ), eiLt/εd�l(Oz0)e
−iLt/εU (Rω ⊗ Rω̄μ)(ξ ⊗ ξ̄ )

〉
.

Denoting by Rωμ,β the Bogoliubov transformation on F(h ⊕ h), generating the mixed
quasi-free state with reduced density ωμ,β (see Section 3.2), we define

� := R∗
ωμ,β

U (Rωμ ⊗ Rω̄μ)(ξ ⊗ ξ̄ ) ∈ F(h ⊕ h) ,

so that
tr Oz0γ

(1)
t = 〈Rωμ,β �, eiLt/εd�l(Oz)e

−iLt/εRωμ,β �
〉
.

With Proposition 3.8, it follows that we can apply Theorem 3.7 to compute the r.h.s. of
the last equation and to show (5.20), if we can prove that

sup
z∈R3

〈
�, d�σ (W(n)

z )�
〉 ≤ Cε−3, sup

z∈B
ε−δ R(z0)

〈
�, d�σ (W(n)

z )�
〉 ≤ Cε−3+δ,

(5.21)

for σ = l, r and for n ∈ N sufficiently large. Let us show (5.21) for σ = l, the case
σ = r can be handled similarly. From Lemma 3.2, we have

Rωμ,βd�l(W(n)
z )R∗

ωμ,β
= tr W(n)

z ωμ,β + d�l(uμ,βW(n)
z uμ,β) − d�r (vμ,βW(n)

z vμ,β)

+ d�+
lr (uμ,βW(n)

z vμ,β) + d�−
rl (vμ,βW(n)

z uμ,β) (5.22)

where we set uμ,β = √
1 − ωμ,β , vμ,β = √

ωμ,β ; since the eigenfunctions of H can
be chosen real-valued, we can take here v̄μ,β = vμ,β . Next, we compute the action
of (Rωμ ⊗ Rω̄μ) on the terms on the r.h.s. of (5.22). To this end, we use the identity
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(2.9). Again, since the eigenfunctions of H can be chosen real-valued, in (2.9) we can
take vμ = ωμ. Setting uμ = 1 − ωμ, we find, considering for example the action of

(Rωμ ⊗ Rω̄μ) on the term d�l(uμ,βW(n)
z uμ,β) on the r.h.s. of (5.22),

U (R∗
ωμ

⊗ R∗̄
ωμ

)U∗d�l(uμ,βW(n)
z uμ,β)U (Rωμ ⊗ Rω̄μ)U∗

= tr ωμuμ,βW(n)
z uμ,β ωμ + d�l(uμuμ,βW(n)

z uμ,β uμ)

− d�l(ωμuμ,βWzuμ,β ωμ)

+ d�+
l (uμuμ,βW(n)

z uμ,β ωμ) + d�−
l (ωμuμ,βW(n)

z uμ,β uμ).

(5.23)

Consider the first term on the right-hand side of (5.23). If z ∈ R
3 we have, using that

ωμ and ωμ,β commute, that ωμ ≤ 2ωμ,β and the fact that ωμ,β has bounded density by
Prop. 3.8:

tr ωμuμ,βW(n)
z uμ,β ωμ ≤ 2tr W(n)

z ωμ,β ≤ Cε−3 .

Instead, if z ∈ Bε−δR(z0), we obtain

tr ωμuμ,βW(n)
z uμ,β ωμ = tr W(n)

z (1 − ωμ,β)ωμ ≤ Cε−2 ,

arguing as we did to prove (5.7). This proves that the contribution arising from the first
term on the r.h.s. of (5.23) fulfills (5.21).

To bound the expectation of the second term on the r.h.s. of (5.23) for z ∈ R
3, we

can use twice the estimate (4.24). We obtain:

uμuμ,βW(n)
z uμ,β uμ ≤ 4(uμ − 1)(uμ,β − 1)W(n)

z (uμ − 1)(uμ,β − 1)

+ 8(uμ − 1)W(n)
z (uμ − 1) + 8(uμ,β − 1)W(n)

z (uμ,β − 1) + 16W(n)
z ,

(5.24)

which gives, proceeding as in (4.25):

〈U (ξ ⊗ ξ̄ ), d�l(uμuμ,βW(n)
z uμ,β uμ)U (ξ ⊗ ξ̄ )〉

≤ 16〈U (ξ ⊗ ξ̄ ), d�l(W(n)
z )U (ξ ⊗ ξ̄ )〉 + C tr W(n)

z ωμ,β,

(5.25)

where we used that 1 − uμ = ωμ ≤ 2ωμ,β and that (uμ,β − 1)2 ≤ ωμ,β . With (2.13),
this implies that

〈U (ξ ⊗ ξ̄ ), d�l(uμuμ,βW(n)
z uμ,β uμ)U (ξ ⊗ ξ̄ )〉 ≤ Cε−3 (5.26)

for all z ∈ R
3. Instead, for z ∈ Bε−δR(z0), we can first use the estimate (5.7) to replace

uμ with uμ,β , showing that

〈U (ξ ⊗ ξ̄ ), d�l(uμuμ,βW(n)
z uμ,β uμ)U (ξ ⊗ ξ̄ )〉

≤ C〈U (ξ ⊗ ξ̄ ), d�l((1 − ωμ,β)W(n)
z (1 − ωμ,β))U (ξ ⊗ ξ̄ )〉 + Cε−2.

(5.27)

Then we can follow (4.19) to conclude that

〈U (ξ ⊗ ξ̄ ), d�l(uμuμ,βW(n)
z uμ,β uμ)U (ξ ⊗ ξ̄ )〉

≤ C〈ξ, d�(W(n)
z )ξ 〉 + C〈ξ, d�(|[W(n)

z , ωμ,β ]|2)ξ 〉
≤ Cε−3+δ + Cε−2 ≤ Cε−3+δ
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for all z ∈ Bε−δR(z0). This proves that the contribution arising from the second term on
the r.h.s. of (5.23) fulfills (5.21).

To prove that the third term on the r.h.s. of (5.23) satisfies (5.21), it is enough, by
Lemma 3.1, to observe that

‖ωμuμ,βW(n)
z uμ,βωμ‖tr ≤ tr ωμ(1 − ωμ,β)W(n)

z ≤
{
Cε−3 for z ∈ R

3

Cε−2 for z ∈ Bε−δR(z0)

as we argued for the first term in the right-hand side of (5.23).
As for the last two terms on the r.h.s of (5.23), to show the first bound in (5.21) we

can proceed as in (4.23), replacing ut by uμuμ,β and vt by uμ,βωμ (again, we are using
that the eigenfunctions of H can be chosen real). We obtain:

∣∣∣〈U (ξ ⊗ ξ̄ ), d�+
l (uμuμ,βW(n)

z uμ,β ωμ)U (ξ ⊗ ξ̄ )〉
∣∣∣

≤
( ∫

dyW(n)
z (y)‖(uμ,βωμ)y‖2

h

)1/2

×
( ∫

dyW(n)
z (y)

∥∥a((uμuμ,β)y)U (ξ ⊗ ξ̄ )
∥∥2

)1/2

≤ C trW(n)
z (y)ωμ,β + C〈U (ξ ⊗ ξ̄ ), d�l(uμuμ,βW(n)

z uμ,β uμ)U (ξ ⊗ ξ̄ )〉
≤ Cε−3,

(5.28)

where we used the boundedness of the density to estimate the first term, and (5.26)
for the second term. To prove the second bound in (5.21), we can observe that, for
z ∈ Bε−δR(z0),

‖uμuμ,βW(n)
z uμ,βωμ‖tr

≤ ‖W(n)
z (ωμ − ωμ,β)‖tr + ‖W(n)

z (1 − ωμ,β)ωμ,β‖tr + ‖[W(n)
z , uμ,β ]‖tr ≤ Cε−2

as it follows from Corollary 4.4 and from (5.5)-(5.7).
The action of (Rωμ ⊗ Rω̄μ) on the other terms on the r.h.s. of (5.22) can be handled

similarly. We skip here the details. We observe, however, that conjugation of the term
−d�r (vμ,βW(n)

z vμ,β) produces the contracted contribution

−tr ωμvμ,βW(n)
z vμ,βωμ = −trW(n)

z ωμ,βωμ ;
combined with the first contribution on the r.h.s. of (5.22) we get:

tr W(n)
z ωμ,β(1 − ωμ) ≤

{
Cε−3 for z ∈ R

3

Cε−2 for z ∈ Bε−δR(z0)
(5.29)

where the first bound follows from the boundedness of the density and the second arguing
as we did to prove (5.7). This concludes the proof of (5.21) and of Theorem 2.3. ��
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A. Bound on the Density of the Fermi-Dirac Distribution

In this section we will show that, for all β ≥ 1,

tr Wzωμ,β ≤ Cε−3 (A.1)

for some universal constantC > 0, where for brevityWz ≡ W(1)
z , and where ωμ,β is the

Fermi-Dirac distribution (3.17) associated with the Hamiltonian H = √
1 − ε2� + Vext

satisfying Assumption 2.1 (in particular, with 0 ≤ Vext ≤ C |x |2). The bound (A.1)
proves the statement in Proposition 3.8 that ωμ,β satisfies Assumption 3.3. We will
actually show that

tr Wze
−(H−μ) ≤ Cε−3, (A.2)

from which the claim on tr Wzωμ,β follows by the operator inequality

ωμ,β ≤ e−(H−μ), for any β ∈ [1,∞]. (A.3)

To check (A.3), it suffices to note that ωμ,βeH−μ = fβ(eH−μ) with fβ(x) = (x−1 +
xβ−1)−1 and that fβ(x) ≤ 1 for β ∈ [1,∞] and x ≥ 0.

Next, we note that the bound (A.2) is straightforward if Vext = 0. In fact, we have:

tr Wze
−(

√
1−ε2�−μ) = eμ

∫
dx Wz(x)

∫
dk e−√

1+ε2k2 = Cε−3. (A.4)

To prove (A.2) in the case Vext �= 0, we shall use a Feynman-Kac formula to get rid
of Vext and thus conclude by (A.4). Feynman-Kac formulas for the pseudo-relativistic
Schrödinger operators were first obtained in [14] in terms of a suitable Lévy process in
place of the usual Brownian motion. The Lévy process relevant for our purposes can
be written in terms of Brownian motion (Bt )t≥0 and a one-dimensional subordinator
(Tt )t≥0, see the pedagogical exposition in [13] and [28, Sections 2.4 and 3.6].

http://creativecommons.org/licenses/by/4.0/
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Proposition A.1 (Feynman-Kac formula). Let (Bx
t )t≥0 denote Brownian motion start-

ing at x ∈ R
3 and let Ex be the associated expectation. Let (Tt )t≥0 be an independent

R-valued Lévy process such that, denoting the associated expectation by E, we have for
u ≥ 0

Ee−uTt = e−t
(√

2ε2u+1−1
)
.

Let f, g ∈ L2(R3) and let Vext ∈ L∞(R3) and continuous. Then,

〈 f, e−t (
√

1−ε2�−1+Vext)g〉 =
∫

dx EE
x
(
f (Bx

T0
)g(Bx

Tt )e
− ∫ t

0 Vext(Bx
Ts

)ds
)
. (A.5)

As an application of this formula, we obtain the following bound.

Corollary A.2. Let H = √
1 − ε2� + Vext with Vext ∈ L∞(R3), continuous and Vext ≥

0. Then, the following bound holds true, for any t ≥ 0, f ∈ L2(R3):

〈 f, e−t H f 〉 ≤ 〈 f, e−t
√

1−ε2� f 〉.
Proof. First of all, we note that we can swap the order of integration in (A.5) by Fubini-
Tonelli, since exp

( − ∫ t
0 Vext(Bx

Ts
)ds

)
is positive and | f | and |g| are in L2(R3). Ac-

cordingly, denoting dPx,y
[0,t] the Wiener measure of Brownian paths from x to y over the

interval [0, t], we can write

〈 f, e−t (H−1) f 〉 = E

∫
dxdy f (x) f (y)

∫
dPx,y

[T0,Tt ](ν)e− ∫ t
0 Vext(νTs )ds

=
∫

dP f
[T0,Tt ](ν)e− ∫ t

0 Vext(νTs )ds,

where we used that, for almost every ν dPx,y
[0,t](ν) is positive definite (with respect to

integration in x, y) and defined the measure dP f
[0,t](ν) := ∫

dxdy f (x)dPx,y
[0,t](ν) f (y).

The claim then follows from the positivity of Vext. ��
Corollary A.2 implies that, for Vext ≥ 0 bounded:

tr Wze
−(H−μ) ≤ tr Wze

−(H0−μ). (A.6)

In our case, however, the potential Vext is not bounded, instead, it is confining. We will
overcome this by an approximation argument. This is the content of the next lemma.

Lemma A.3. Let H = √
1 − ε2� + Vext with Vext ≥ 0 and Vext(x) ≤ C |x |2. For any

L > 0, let:

V L := Vextχ(x/L), HL :=
√

1 − ε2� + V L .

where χ(x) is a smooth cut-off function, such that χ(x) = 1 for |x | ≤ 1 and χ(x) = 0
for |x | > 2. Then,

lim
L→∞ tr Wz

1

1 + eβ(HL−μ)
= tr Wz

1

1 + eβ(H−μ)
. (A.7)



  247 Page 44 of 66 L. Fresta, M. Porta, B. Schlein

Thanks to this lemma, we have:

tr Wz
1

1 + eβ(H−μ)
= lim

L→∞ tr Wz
1

1 + eβ(HL−μ)

≤ lim sup
L→∞

tr Wze
−(HL−μ)

≤ tr Wze
−(H0−μ),

(A.8)

where the first inequality follows from (A.3) while the second follows from Eq. (A.2).
This bound, combined with (A.4), proves the claim (A.1). Let us now prove Lemma A.3.

Proof of Lemma A.3.. To begin, observe that, by the Golden-Thompson inequality, ωμ,β

is trace class. In fact:

tr ωμ,β ≤ tr e−β(H−μ) ≤ tr e−β(H0−μ)e−βVext

= eβμ

∫
dk e−β

√
1+ε2k2

∫
dx e−βVext(x) < ∞.

Thus, to show (A.7) it is enough to prove, for any function f ∈ L2(R3):

lim
L→∞〈 f,Wz

1

1 + eβ(HL−μ)
f 〉 = 〈 f,Wz

1

1 + eβ(H−μ)
f 〉. (A.9)

By the boundedness of the operators in the trace and by density in L2(R3), it is enough
to consider f ∈ C∞

c (R3). To prove (A.9) we use the integral representation

1

1 + eβ(H−μ)
=

∫

C
dz

2π i

1

1 + eβ(z−μ)

1

H − z
, (A.10)

where C is an unbounded clockwise path that encloses the spectrum of H . More pre-
cisely:

C = C1 ∪ C2 ∪ C3, (A.11)

where, for K > 0:

C1 = {
z ∈ C | Re z = −K , Im z ∈ (−π/2β;π/2β)

}

C2 = {
z ∈ C | Re z ∈ (−K ,∞), Im z = π/2β

}

C3 = {
z ∈ C | Re z ∈ (−K ,∞), Im z = −π/2β

}
.

(A.12)

Observe that the path C does not enclose the poles of the Fermi-Dirac function z �→
1/(1 + eβ(z−μ)), which are:

z = μ + i
2π

β

(
n +

1

2

)
, n ∈ Z.

Thus, we obtain

1

1 + eβ(HL−μ)
− 1

1 + eβ(H−μ)
=

∫

C
dz

2π i

1

1 + eβ(z−μ)

( 1

HL − z
− 1

H − z

)
.
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Let z = x + iy with y = π/2β. Then, we have:

1

i(HL − z)
− 1

i(H − z)
=

∫ 0

−∞
dt ety

(
ei(H

L−x)t − ei(H−x)t
)
.

A similar representation holds true for y = −π/2β. Hence, to prove the claim (A.9) it
is sufficient to show:

lim
L→∞

∥∥∥
(
ei(H−x)t − ei(H

L−x)t
)
f
∥∥∥ = 0, (A.13)

where we abridged ‖ · ‖ ≡ ‖ · ‖L2(R3). To this end, let us estimate:

∥∥∥
(
ei(H−x)t − ei(H

L−x)t
)
f
∥∥∥ ≤

∫ t

0
ds

∥∥∥ei(H−x)(t−s)(Vext − V L)ei(H
L−x)s f

∥∥∥

≤
∫ t

0
ds

∥∥∥Vext1|x̂ |>Le
i(HL−x)s f

∥∥∥

≤
∫ t

0
ds

C

L

∥∥∥〈x̂〉3ei(H
L−x)s f

∥∥∥,

(A.14)

where 〈x̂〉2 = 1 + |x̂ |2 and we used that, by assumption, Vext(x) ≤ C |x |2, together with
the estimate 1|x̂ |>L ≤ |x̂ |/L . Next, let us estimate the moment in the right-hand side.
We have:

∂s

∥∥∥〈x̂〉3ei(H
L−x)s f

∥∥∥
2 = 〈ei(HL−x)s f, [H0, 〈x̂〉6]ei(HL−x)s f 〉

≤ C
∥∥∥〈x̂〉5/2ei(H

L−x)s f
∥∥∥

2
.

Iterating the inequality five more times, we get:

∥∥∥〈x̂〉3ei(H
L−x)s f

∥∥∥
2 ≤ C(1 + |s|6)

∥∥∥〈x̂〉3 f
∥∥∥

2

=: Ks, f < ∞,

where we used that f ∈ C∞
c . Plugging this bound in (A.14), we get:

∥∥∥
(
ei(H−x)t − ei(H

L−x)t
)
f
∥∥∥ ≤ Ct, f

L

for a suitable constant Ct, f > 0. This implies (A.13), and concludes the proof of
Lemma A.3. ��

B. Proof of Proposition 3.8

In this section we will conclude the proof of Proposition 3.8, showing that the Fermi-
Dirac distribution (3.17) satisfies Assumption 3.5 in a general domain � ⊂ R

3, if the
Hamiltonian H and the chemical potential μ fulfil Assumption 2.1 in the same domain.
While for clarity of presentation the main text formulates these assumptions within the
ball Bε−δR(z0), the argument given here applies to any domain. In the following, z1
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will denote a generic point in the set � (as specified by Assumption 2.1), for which the
bound

∥∥∥
1

(β(H − μ))2m + 1
W(n)

z1

∥∥∥
tr

≤ Cε−2

holds true for all n,m ∈ N large enough. Also, we shall denote by z2 a generic point in
R

3, and to shorten the notation we will set ω ≡ ωμ,β = (1 + eβ(H−μ))−1.

B.1. Proof of Eq. (3.10). We consider
∥∥W(n/2)

z2 ωW(n)
z1

∥∥
tr. We observe that, for θ =

1, 2, 3,
∥∥∥(z1,θ − z2,θ )W(n/2)

z2 ωW(n)
z1

∥∥∥
tr

=
∥∥∥(z1,θ − x̂θ + x̂θ − z2,θ )W(n/2)

z2 ωW(n)
z1

∥∥∥
tr

≤
∥∥∥(z1,θ − x̂θ )W(n/2)

z2 ωW(n)
z1

∥∥∥
tr

+
∥∥∥W(n/2)

z2 ω(z2,θ − x̂θ )W(n)
z1

∥∥∥
tr

+
∥∥∥W(n/2)

z2 [ω, x̂θ ]W(n)
z1

∥∥∥
tr
.

(B.1)

For an integer p ≤ 4n, we have

∣∣∣
p∏

j=1

(xθ j − zθ j )W(n)
z (x)

∣∣∣ ≤ CW(n−p/4)
z (x).

Let p = 2n − 4. Iterating (B.1), we find:

∥∥∥
2n−4∏

i=1

(z1,θi − z2,θi )W(n/2)
z2 ωW(n)

z1

∥∥∥
tr

≤ Cn

2n∑

j=0

∑

α

∥∥∥W(1)
z2

ad j;α
x̂ (ω)W(n/2)

z1

∥∥∥
tr
.

(B.2)

Here α = (α1, . . . , α j ) ∈ {1, 2, 3} j is a multi-index, and ad j;α
x̂ (O) is the multi-

commutator defined by

ad j;α
x̂ (ω) = [ · · · [[ω, x̂α1

]
, x̂α2

]
. . . , x̂α j

]
.

Therefore,
∥∥∥W(n/2)

z2 ωW(n)
z1

∥∥∥
tr

≤ Cn

1 + |z1 − z2|2n−4

2n∑

j=0

∑

α

∥∥∥W(1)
z2

ad j;α
x̂ (ω)W(n/2)

z1

∥∥∥
tr

≤ Cn

1 + |z1 − z2|2n−4

(∥∥W(1)
z2

ωW(n/2)
z1

∥∥
tr +

2n∑

j=1

∑

α

∥∥∥ad j;α
x̂ (ω)W(n/2)

z1

∥∥∥
tr

)
.

(B.3)

We can bound the first term in the parenthesis by the Cauchy-Schwarz inequality as:

‖W(1)
z2

ωW(n/2)
z1 ‖tr ≤ tr W(n)

z1
ω + tr W(2)

z2
ω ≤ Cε−3 ;
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the last inequality follows from the fact that ω = ωμ,β satisfies Assumption 3.3, as we
proved in Appendix A.

We are now left with bounding the contributions with j > 0 on the r.h.s. of (B.3). It
is convenient to use the representation of the Fermi-Dirac distribution:

ω =
∫

C
dz

2π i

1

1 + eβ(z−μ)

1

H − z
, (B.4)

where C is an unbounded clockwise path that encloses the spectrum of H , see (A.10)
for more details.

In order to estimate contributions with j > 0 in (B.3), we have to consider multi-
commutators of the resolvent of H with x̂α . Let RH (z) = (H − z)−1 be the resolvent
of H at z. To begin, we compute:

[
RH (z), x̂α

]
= −RH (z)[H, x̂α]RH (z),

[[
RH (z), x̂α1

]
, x̂α2

]
= −

[
RH (z)[H, x̂α1 ]RH (z), x̂α2

]

= −
[
RH (z), x̂α2

]
[H, x̂α1 ]RH (z) − RH (z)[[H, x̂α1 ], x̂α2 ]RH (z)

− RH (z)[H, x̂α1 ]
[
RH (z), x̂α2

]
;

plugging the first relation in the second, we get:
[[

RH (z), x̂α1

]
, x̂α2

]
= RH (z)[H, x̂α2 ]RH (z)[H, x̂α1 ]RH (z)

− RH (z)[[H, x̂α1 ], x̂α2 ]RH (z)

+ RH (z)[H, x̂α1 ]RH (z)[H, x̂α2 ]RH (z).

More generally, the j-fold multi-commutator ad j;α
x̂ (RH (z)) is given by a linear combi-

nation of expressions having the form

RH (z)ad�1
x̂ (H)RH (z)ad�2

x̂ (H)RH (z) · · · RH (z)ad�r
x̂ (H)RH (z) =: Er;�, (B.5)

with r ≤ j , ad�i
x̂ (H) ≡ ad�i ;α(�i )

x̂ (H) with α(�i ) a multi-index with �i components, and

1 ≤ �i ≤ j, �1 + �2 + · · · + �r = j. (B.6)

It is convenient to move resolvents to the left of the string. To this end, we rewrite:

Er;� = RH (z)2ad�1
x̂ (H)ad�2

x̂ (H)RH (z) · · · RH (z)ad�r
x̂ (H)RH (z)

+ RH (z)
[
RH (z), ad�1

x̂ (H)
]
ad�2

x̂ (H)RH (z) · · · RH (z)ad�r
x̂ (H)RH (z)

= RH (z)2ad�1
x̂ (H)ad�2

x̂ (H)RH (z) · · · RH (z)ad�r
x̂ (H)RH (z)

+ RH (z)2ad1,�1
H,x̂ (H)RH (z)ad�2

x̂ (H)RH (z) · · · RH (z)ad�r
x̂ (H)RH (z),

where:

ada,�

H,x̂ (H) := adaH

(
ad�

x̂ (H)
)

for a, � ∈ N.
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This procedure can be iterated; we can bring resolvents to the left using repeatedly the
identity

ORH (z) = RH (z)O + RH (z)[H, O]RH (z). (B.7)

In doing so, we produce new terms involving higher commutators with H . We ultimately
get that Er;� can be written as:

Er;� = E (a)
r;� + E (b)

r;� (B.8)

where E (a)
r;� is given by the sum of terms having the form

RH (z)q+1ada1,�1
H,x̂ (H) · · · adar ,�rH,x̂ (H), (B.9)

with q ≥ r . Observe that, in (B.5), the number of resolvents is equal to r +1. The number
of new resolvents, produced by the identity (B.7), is equal to the number of commutators
with H ; that is,

q − r =
r∑

i=1

ai . (B.10)

On the other hand, the term E (b)
r;� collects contributions with at least one resolvent not in

the leftmost place. It consists of terms having the form

RH (z)q0+1ada1,�1
H,x̂ (H)RH (z)q1ada2,�2

H,x̂ (H)RH (z)q2 . . . . . . adar ,�rH,x̂ (H)RH (z)qr

(B.11)

where qi ∈ {0, 1} for all i = 1, . . . , r . As in (B.9), the number of new resolvents
produced with respect to (B.5) equals the number of commutators with respect to H :

r∑

i=0

qi − r =
r∑

i=1

ai . (B.12)

At this point, a few remarks are in order.

Remark B.1. (i) Observe that, in (B.11), we can assume that q0 is as large as we wish,
provided that we increase the number of commutators with respect to H , according to
Eq. (B.12). We will choose q0 so large that we can apply Assumption 2.1 to control the
trace norm of W(n/2)

z1 RH (z)q0+1. All the other resolvents in (B.11) will be estimated
using the nonzero imaginary part of z.

(ii) In (B.9), on the other hand, we can only assume that 0 < q < q0 (if q = q0, this term
can be included in E (b)

r,� ). For these contributions, the z integral will be performed
explicitly, and the result will have good decay in energy. From (B.10) and (B.12), we
conclude that, for all contributions,

∑r
i=1 ai ≤ q0.

Let us denote by A the general contribution to E (a)
r;�, which has the form (B.9), and by

B the general contribution to E (b)
r;�, which has the form (B.11). We shall discuss them

separately.
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Terms of type A. Plugging A in the integral defining ω, Eq. (B.4), we are left with
estimating:

∥∥∥
( ∫

C
dz

2π i

1

1 + eβ(z−μ)
A
)
W(n/2)

z1

∥∥∥
tr
. (B.13)

To bound these terms, we use that the z-integral can be performed explicitly. In fact:
∫

C
dz

2π i

1

1 + eβ(z−μ)
A =

∫

C
dz

2π i

1

1 + eβ(z−μ)

1

(H − z)q+1 ada1,�1
H,x̂ (H) · · · adar ,�rH,x̂ (H)

= 1

q!
(
∂qμω

)
ada1,�1

H,x̂ (H) · · · adar ,�rH,x̂ (H).

(B.14)

Plugging (B.14) into (B.13), we have:
∥∥∥
(
∂qμω

)
ada1,�1

H,x̂ (H) · · · adar ,�rH,x̂ (H)W(n/2)
z1

∥∥∥
tr

≤
∥∥∥
(
∂qμω

)W(n/4)
z1

∥∥∥
tr

∥∥∥
(W(n/4)

z1

)−1ada1,�1
H,x̂ (H) · · · adar ,�rH,x̂ (H)W(n/2)

z1

∥∥∥
op

.
(B.15)

We further estimate the operator norm as:
∥∥∥
(W(n/4)

z1

)−1ada1,�1
H,x̂ (H) · · · adar ,�rH,x̂ (H)W(n/2)

z1

∥∥∥
op

≤ C
∥∥∥
(W(n/4)

z1

)−1ada1,�1
H,x̂ (H)W(n/4+a1)

z1

∥∥∥
op

∥∥∥
(W(n/4+a1)

z1

)−1ada1,�1
H,x̂ (H)W(n/4+a1+a2)

z1

∥∥∥
op

·

· · · ·
∥∥∥
(W(n/4+

∑r−1
i=1 ai )

z1

)−1adar ,�rH,x̂ (H)W(n/4+
∑r

i=1 ai )
z1

∥∥∥
op

,

(B.16)

where we choose n/4 ≥ q0, which guarantees that n/4 ≥ ∑r
i=1 ai and implies that

W(n/2)
z1 ≤ CW(n/4+

∑r
i=1 ai )

z1 . Proceeding similarly to (B.2), it is enough to control the
quantities

‖adγ

x̂

(
ada,�

H,x̂ (H)
)W(a)

z1
‖op,

for all γ ≤ n + 4q0. We claim that

‖adγ

x̂

(
ada,�

H,x̂ (H)
)W(a)

z1
‖op ≤ Cε�+a (B.17)

for a constant C > 0 depending only on n and for all �, a ≤ 2n (these conditions hold
true, since we assumed � ≤ j ≤ m ≤ 2n and a ≤ q0 ≤ 2n).

To prove (B.17), we first observe that

ad�
x̂ (H) = ad�

x̂ (H0)

with H0 = √
1 − ε2�. Since the commutators with x̂α act as derivatives with respect to

∇α , we have:

ad�
x̂ (H0) = ε�

∑

k,α

Ck,α
1

(1 − ε2�)
k
2

(εD)α, (B.18)
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for suitable coefficients Ck,α , and where the sum is restricted to |α| ≤ k, and to odd k
such that 1 ≤ k ≤ �. In (B.18), we used the convenient notation Dα ≡ ∂

α1
x1 ∂

α2
x2 ∂

α3
x3 . It is

convenient to use the integral representation:

1

(1 − ε2�)
k
2

= 1

π

∫ ∞

0

dλ√
λ

1

λ + (1 − ε2�)k
,

to write:

ad�
x̂ (H0) = ε�

∑

k,α

∫ ∞

0

dλ√
λ

Ck,α

π
Pα,k(λ), (B.19)

where we defined, for any α with |β| ≤ 2k,

Pα,k(λ) := (εD)α

λ + (1 − ε2�)k
; (B.20)

Let us now consider ada,�
H,x (H) = adaH (ad�

x (H)). The first commutator with H = H0 +
Vext only involves the potential Vext (because H0 commutes with (B.19)). To compute
it, we observe that

= 1

λ + (1 − ε2�)k
[Vext, (εD)α] +

[
Vext,

1

λ + (1 − ε2�)k

]
(εD)α.

Hence, [Vext, Pα,k(λ)] can be expressed as a linear combination of terms having either
the form

(εD)α1

λ + (1 − ε2�)k
((εD)α2Vext) = Pα1,k(λ)((εD)α2Vext) (B.21)

with |α1| + |α2| = |α| ≤ k and |α2| ≥ 1, or the form

(εD)α1

λ + (1 − ε2�)k
((εD)α2Vext)

(εD)α

λ + (1 − ε2�)k
= Pα1,k(λ)((εD)α2Vext)Pα,k(λ)

(B.22)

with |α1| + |α2| = 2k and |α2| ≥ 1. Further commutators with Vext are given again by
alternating products of derivatives ((εD)βVext), with |β| ≥ 1, and of factors Pδ,k(λ). All
these factors have an index |δ| ≤ 2k−1 (which implies that ‖Pδ,k(λ)‖op � (1+λ)−1/2k);
one of them has |δ| ≤ k (which implies that ‖Pδ,k(λ)‖op � (1 + λ)−1/2). Commutators
with H0, on the other hand, only affect the multiplication operators (εD)βVext. Under
the assumption that all derivatives of Vext of order two or higher are bounded, it is easy to
check that the commutators [H0, ((εD)βVext)] are bounded, and have bounded multiple
commutators with Vext, H0 and x̂ .

We conclude that adγ

x̂ (ada,�

H,x̂ (H)) is given by a linear combination of terms having
the form

εκ

∫ ∞

0

dλ√
λ
Pα1,k(λ)K̃1Pα2,k(λ)K̃2 . . . Pαs̃ ,k(λ)K̃s̃

with some s̃ ∈ N, an exponent κ̃ ≥ � + a + γ (each commutator with H0, Vext or
x̂ produces at least one new factor ε; this corresponds for example to the restriction
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|α2| ≥ 1, in (B.21), (B.22)) and where each K̃ j is either a bounded operator, with norm
independent of ε, or a component of ∇Vext. To control the unbounded contributions, we
move all factors ∇Vext to the right (so that we can bound them with the function W(a)

z1

in (B.17)). Since every further commutator produces only bounded terms, we conclude
that adγ

x̂ (ada,�

H,x̂ (H) can be expressed as a linear combination of terms like

εκ

∫ ∞

0

dλ√
λ
Pα1,k(λ)K1Pα2,k(λ)K2 . . . Pαs ,k(λ)Ks

t∏

i=1

(∇Vext)δi

where s ∈ N, κ ≥ � + a + γ , t ≤ a (there are a commutators with H and thus at most
a factors ∇Vext), where each operator Ki is bounded, with norm independent of ε, and
where

∏s
i=1 ‖Pαi ,k(λ)‖op ≤ (1 + λ)−1/2−s/2k (by the remarks below (B.22)).

Using

|∇Vext(x̂)| = |∇Vext(x̂ − z1 + z1)| ≤ |∇Vext(z1)| + C(|x̂ − z1|)
and recalling that z1 ∈ � and the assumption that ∇Vext is bounded on �, we obtain

|∇Vext(x̂)|W(1)
z1

(x̂) ≤ C.

Thus, after integrating over λ (using
∏s

i=1 ‖Pαi ,k(λ)‖op ≤ (1 + λ)−1/2−s/2k), we obtain

‖adγ

x̂

(
ada,�

H,x̂ (H)
)W(a)

z2
‖op ≤ Cε�+a

which completes the proof of (B.17).
From (B.15), (B.16), (B.17) we conclude that
∥∥∥
(
∂qμω

)
ada1,�1

H,x̂ (H) · · · adar ,�rH,x̂ (H)W(n/2)
z1

∥∥∥
tr

≤ C
∥∥∥
(
∂qμω

)W(n/4)
z1

∥∥∥
tr
ε
∑r

i=1(�i+ai ).

(B.23)

Let us now estimate the trace norm in the right-hand side of (B.23). Observe that:

∂μω = βeβ(H−μ)

(1 + eβ(H−μ))2
= βω(1 − ω);

iterating and using 0 ≤ ω ≤ 1, we find that:

± ∂qμω ≤ Cqβ
qω(1 − ω), (B.24)

for an appropriate constant Cq > 0. Recalling that β = O(ε−1) and that
∑r

i=1 �i =
j ≥ r , we get, with (B.10):

∥∥∥
(
∂qμω

)
ada1,�1

H,x̂ (H) · · · adar ,�rH,x̂ (H)W(n/2)
z1

∥∥∥
tr

≤ Cε j+
∑

i ai−q
∥∥∥ω(1 − ω)W(n/4)

z1

∥∥∥
tr

≤ C
∥∥∥ω(1 − ω)W(n/4)

z1

∥∥∥
tr
.

(B.25)
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To estimate the trace norm, we will use Assumption 2.1. To do this, we shall use (5.6),
so that, from Assumption 2.1:

∥∥∥ω(1 − ω)W(n/4)
z1

∥∥∥
tr

≤ Cε−2. (B.26)

All in all, from (B.15), (B.23), (B.25), (B.26), we get:

∥∥∥
( ∫

C
dz

2π i

1

1 + eβ(z−μ)
A
)
W(n/2)

z2

∥∥∥
tr

≤ Cε−2. (B.27)

This concludes the analysis of all terms contributing to E (a)
r;� in (B.8).

Terms of typeB. Let us now discuss the contribution due to the terms of the form (B.11).
Here, we cannot compute explicitly the z integral. In order to estimate these terms, we
choose q0 ≥ 2m in (B.11), with m ∈ N as defined in Assumption 2.1. We start by
writing:

∥∥∥
( ∫

C
dz

2π i

1

1 + eβ(z−μ)
B
)
W(n/2)

z1

∥∥∥
tr

≤
∥∥∥
( ∫

C1

dz

2π i

1

1 + eβ(z−μ)
B
)
W(n/2)

z1

∥∥∥
tr

+
∥∥∥
( ∫

C2∪C3

dz

2π i

1

1 + eβ(z−μ)
B
)
W(n/2)

z1

∥∥∥
tr

(B.28)

recall the definition of the path C in Eqs. (A.11), (A.12). Using the arbitrariness of K in
the definition of C, recall (A.12), the first term on the right-hand side of (B.28) can be
made arbitrarily small by taking K large enough. Let us now consider the contribution
of the terms associated with C2 and C3. Up to errors that can be made arbitrarily small
in K , we can estimate the second term on the right-hand side of (B.28) by:

∥∥∥
( ∫

R

dy
1

1 + ieβ(y−μ)
B(y + iπ/2β)

)
W(n/2)

z1

∥∥∥
tr

+
∥∥∥
( ∫

R

dy
1

1 − ieβ(y−μ)
B(y − iπ/2β)

)
W(n/2)

z1

∥∥∥
tr
,

(B.29)

where we made explicit the z-dependence B ≡ B(z) due to the resolvents RH (z), recall
(B.11). Let us consider the first term in (B.29); the second can be estimated in the same
way. Recalling that B is of the form (B.11), it is convenient to write:

B(z) = RH (z)q0+1B̃(z),
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that is, we make explicit the dependence on the leftmost resolvents. We write:
∫

R

dy
1

1 + ieβ(y−μ)
RH (y + iπ/2β)q0+1B̃(y + iπ/2β)

=
∫ μ

−∞
dy

1

1 + ieβ(y−μ)
RH (y + iπ/2β)q0+1B̃(y + iπ/2β)

+
∫ ∞

μ

dy
1

1 + ieβ(y−μ)
RH (y + iπ/2β)q0+1B̃(y + iπ/2β)

= χ(H ≤ μ)

∫ μ

−∞
dy

1

1 + ieβ(y−μ)
RH (y + iπ/2β)q0+1B̃(y + iπ/2β)

+ χ(H > μ)

∫ μ

−∞
dy

1

1 + ieβ(y−μ)
RH (y + iπ/2β)q0+1B̃(y + iπ/2β)

+
∫ ∞

μ

dy
1

1 + ieβ(y−μ)
RH (y + iπ/2β)q0+1B̃(y + iπ/2β) =: A + B + C.

(B.30)

Consider the term A. We have:

A = χ(H ≤ μ)

∫ μ

−∞
dy

1

1 + ieβ(y−μ)
RH (y + iπ/2β)q0+1B̃(y + iπ/2β)

= χ(H ≤ μ)

∫ μ

−∞
dy RH (y + iπ/2β)q0+1B̃(y + iπ/2β)

− χ(H ≤ μ)

∫ μ

−∞
dy

ieβ(y−μ)

1 + ieβ(y−μ)
RH (y + iπ/2β)q0+1B̃(y + iπ/2β),

which we further rewrite as:

A = χ(H ≤ μ)

∫ ∞

−∞
dy RH (y + iπ/2β)q0+1B̃(y + iπ/2β)

− χ(H ≤ μ)

∫ μ

−∞
dy

ieβ(y−μ)

1 + ieβ(y−μ)
RH (y + iπ/2β)q0+1B̃(y + iπ/2β)

− χ(H ≤ μ)

∫ ∞

μ

dy RH (y + iπ/2β)q0+1B̃(y + iπ/2β) =: A1 + A2 + A3.

(B.31)

Consider A1. Observe that the integrand is analytic in y in the upper half complex plane,
it is absolutely integrable in y, and it vanishes as |y| → ∞. Thus, by Cauchy formula,
one immediately gets that A1 = 0. Consider now A2. We are interested in estimating:
∥∥∥
(
χ(H ≤ μ)RH (y + iπ/2β)q0+1B̃(y + iπ/2β)

)
W(n/2)

z1

∥∥∥
tr

≤
∥∥∥χ(H ≤ μ)RH (y + iπ/2β)q0+1W(n/4)

z1

∥∥∥
tr

∥∥∥W(n/4)−1
z1 B̃(y + iπ/2β)W(n/2)

z1

∥∥∥
op

.

(B.32)

The first factor in the right hand side can be estimated as:
∥∥∥χ(H ≤ μ)

1

(H − y − iπ/2β)q0+1W
(n/4)
z1

∥∥∥
tr

≤ Cβq0+1
∥∥∥χ(H ≤ μ)

1

(β(H − y))q0+1 + 1
W(n/4)

z1

∥∥∥
tr

(B.33)
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by choosing q0 +1 even (to avoid introducing absolute values in the denominator). Let us
now consider the second factor in (B.32). Here, we proceed similarly as we did to bound
(B.16). The only difference is that, according to (B.11), the operator B̃(y + iπ/2β) also
contains resolvents RH (y + iπ/2β). To handle these factors, however, it is enough to
observe that ‖RH (y + iπ/2β)‖op ≤ Cβ and that, for any v ∈ N, v ≤ n/4,

‖W(v)−1
z2

RH (y + iπ/2β)W(v)
z2

‖op

≤ C
v∑

j=0

‖ad j
x̂ (RH (y + iπ/2β))‖op ≤ C

v∑

j=0

β j+1ε j ≤ Cε−1

because every commutator with x̂ produces a new resolvent (whose norm is proportional
to β) and a new commutator (providing an additional ε). Thus, we get:

∥∥∥W(n/4)−1
z1 B̃(y + iπ/2β)W(n/2)

z1

∥∥∥
op

≤ Cε j+
∑r

i=1 ai−
∑s

i=1 qi , (B.34)

where the −qi factors at the exponent come from the resolvents RH (z)qi . Plugging the
bounds (B.33), (B.34) in (B.32), we find:

∥∥∥
(
χ(H ≤ μ)RH (y + iπ/2β)q0+1B̃(y + iπ/2β)

)
W(n/2)

z1

∥∥∥
tr

≤ Cε−1+ j+
∑r

i=1 ai−
∑s

i=0 qi
∥∥∥χ(H ≤ μ)

1

(β(H − y))q0+1 + 1
W(n/4)

z1

∥∥∥
tr
;

using that j +
∑r

i=1 ai − ∑s
i=0 qi ≥ 0 (recall (B.12) and the condition j ≥ r ) and that∑r

i=1 ai ≤ q0, we get

∥∥∥
(
χ(H ≤ μ)RH (y + iπ/2β)q0+1B̃(y + iπ/2β)

)
W(n/2)

z1

∥∥∥
tr

≤ Cβ

∥∥∥χ(H ≤ μ)
1

(β(H − y))q0+1 + 1
W(n/4)

z1

∥∥∥
tr
.

We are now ready to estimate A2. We have:
∥∥∥A2W(n/2)

z1

∥∥∥
tr

≤
∫ μ

−∞
dy eβ(y−μ)

∥∥∥
(
χ(H ≤ μ)RH (y + iπ/2β)q0+1B̃(y + iπ/2β)

)
W(n/2)

z1

∥∥∥
tr

≤ C
∫ μ

−∞
dy βeβ(y−μ)

∥∥∥
1

(β(H − y))q0+1 + 1
W(n/4)

z1

∥∥∥
tr

≤ C
∫ μ

−∞
dy βeβ(y−μ)

∥∥∥
(β(H − μ))q0+1 + 1

(β(H − y))q0+1 + 1

∥∥∥
op

∥∥∥
1

(β(H − μ))q0+1 + 1
W(n/4)

z1

∥∥∥
tr
;

(B.35)

using that, for all λ ∈ R:

∣∣∣
(β(λ − μ))q0+1 + 1

(β(λ − y))q0+1 + 1

∣∣∣ ≤ Cq0

∣∣∣
(β(λ − y))q0+1 + (β(y − μ))q0 + 1

(β(λ − y))q0+1 + 1

∣∣∣

≤ Cq0(β(y − μ))q0 ,
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we have:
∥∥∥A2W(n/2)

z1

∥∥∥
tr

≤ Kq0

∫ μ

−∞
dy βeβ(y−μ)(β(y − μ))q0

∥∥∥
1

(β(H − μ))q0+1 + 1
W(n/4)

z1

∥∥∥
tr

≤ Cε−2,

where in the last bound we used Assumption 2.1. Next, consider the term A3 in Eq.
(B.31). We have:

∥∥∥A3W(n/2)
z1

∥∥∥
tr

≤
∫ ∞

μ

dy
∥∥∥
(
χ(H ≤ μ)RH (y + iπ/2β)q0+1B̃(y + iπ/2β)

)
W(n/2)

z1

∥∥∥
tr

≤ Cβ

∫ ∞

μ

dy
∥∥∥χ(H ≤ μ)

1

(β(H − y))q0+1 + 1
W(n/4)

z1

∥∥∥
tr

≤ K
∫ ∞

μ

dy
β

(β(y − μ))2 + 1

∥∥∥
1

(β(H − μ))q0−1 + 1
W(n/4)

z1

∥∥∥
tr

≤ Cε−2.

again by Assumption 2.1, if we choose q0 ≥ 2m + 1. This concludes the discussion of
the term A in Eq. (B.30). Consider now the term B. We have, similarly to the previous
case:

∥∥∥BW(n/2)
z1

∥∥∥
tr

≤
∫ μ

−∞
dy

∥∥∥χ(H > μ)RH (y + iπ/2β)q0+1B̃(y + iπ/2β)W(n/2)
z1

∥∥∥
tr

≤ Cβ

∫ μ

−∞
dy

∥∥∥χ(H > μ)
1

(β(H − y))q0+1 + 1
W(n/4)

z1

∥∥∥
tr

≤ K
∫ μ

−∞
dy

β

(β(y − μ))2 + 1

∥∥∥
1

(β(H − μ))q0−1 + 1
W(n/4)

z1

∥∥∥
tr

≤ K ε−2.

Finally, let us consider the term C in Eq. (B.30). We have:
∥∥∥CW(n/2)

z1

∥∥∥
tr

≤
∫ ∞

μ

dy
∣∣∣

1

1 + ieβ(y−μ)

∣∣∣
∥∥∥RH (y + iπ/2β)q0+1B̃(y + iπ/2β)W(n/2)

z1

∥∥∥
tr

≤ C
∫ ∞

μ

dy βe−β(y−μ)
∥∥∥
(β(H − μ))q0+1 + 1

(β(H − y))q0+1 + 1

∥∥∥
op

∥∥∥
1

(β(H − μ))q0+1 + 1
W(n/4)

z1

∥∥∥
tr

≤ K ε−2.

where we proceeded as after (B.35). This concludes the discussion of the terms in (B.29).
All in all, we proved that:

∥∥∥
( ∫

C
dz

2π i

1

1 + eβ(z−μ)
B
)
W(n/2)

z1

∥∥∥
tr

≤ Cε−2. (B.36)
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Conclusion. The estimates (B.27), (B.36) allow us to control all terms on the right-hand
side of (B.3). We conclude that, for n large enough, p = 2n − 4, q0 − 1 ≥ 2m (with m
as defined in Assumption 2.1) there exists C > 0 independent of � such that

∥∥∥W(n/2)
z2 ωW(n)

z1

∥∥∥
tr

≤ Cε−3

1 + |z1 − z2|2n−4 .

which proves (3.10).

B.2. Proof of Eq. (3.11). The proof is very similar to the proof of (3.10). Here, we shall
choose p = 2n, compare with (B.2). The j = 0 contribution in (B.3) is replaced by

C

1 + |z1 − z2|2n ‖√ω
√

1 − ωW(n/2)
z1 ‖tr ≤ C

1 + |z1 − z2|2n ‖√ω
√

1 − ωW(n/2)
z1 ‖tr

≤ Cε−2

1 + |z1 − z2|2n ,

where we used (5.6) and Assumption 2.1. Contributions with j ≥ 1 can be handled as
in the proof of (3.10), just replacing the integral representation (B.4) by

√
ω

√
1 − ω =

∫

C
dz

2π i

eβ(z−μ)/2

1 + eβ(z−μ)

1

H − z
.

B.3. Proof of Eq. (3.13). We shall only discuss the case π = ω, the other cases are
analogous. In fact, for the cases π = √

ω and π = √
1 − ω we use the same integral

representation (B.4), where now the Fermi-Dirac function is replaced by:

√
1

1 + eβ(z−μ)
and, respectively,

√
eβ(z−μ)

1 + eβ(z−μ)
.

If |Imz| ≤ π/2β, these functions have the same qualitative properties of the Fermi-Dirac
function: that is, they decay exponentially fast as Re z → ∞, which is the only property
we use.

To begin, we estimate:
∥∥W(n/2)

z2

[
eip·x̂ , ω

]W(n)
z1

∥∥
tr ≤

∑

α=1,2,3

|pα|∥∥W(n/2)
z2

[
x̂α, ω

]W(n)
z1

∥∥
tr.

Similarly to (B.3), recall also (B.2), we have, choosing p = 2n:

∥∥W(n/2)
z2

[
x̂α, ω

]W(n)
z1

∥∥
tr ≤ Kn

1 + |z1 − z2|2n
2n+1∑

j=1

∑

α

∥∥∥ad j;α
x̂ (ω)W(n/2)

z1

∥∥∥
tr
. (B.37)

Using the integral representation (B.4) for ω, we can proceed exactly as we did for the
j > 0 terms on the r.h.s. of (B.3). We ultimately get, for n large enough,

∥∥∥ad j;α
x̂ (ω)W(n/2)

z1

∥∥∥
tr

≤ Cε−2

Combined with (B.37), this proves (3.13).
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B.4. Proof of Eq. (3.12). Again, we consider only the case π = ω, the other cases being
analogous. Proceeding as in (B.3), we find, for p = 2n:

∥∥W(n/2)
z2

[
ε∇, ω

]W(n)
z1

‖tr ≤ C

1 + |z1 − z2|2n
2n∑

j=0

∑

α

∥∥[ε∇, ad j;α
x̂ (ω)

]W(n/2)
z1

∥∥
tr .

With the integral representation (B.4), we need to estimate‖[ε∇, ad j;α
x̂ (RH (z))]W(n/2)

z1 ‖,

with RH (z) = 1/(H − z). As in (B.5), we can express ad j;α
x̂ (RH (z)) as a linear combi-

nation of terms like

RH (z)ad�1
x̂ (H)RH (z)ad�2

x̂ (H)RH (z) · · · RH (z)ad�r
x̂ (H)RH (z) .

Since the operators ad�1
x̂ (H) = ad�1

x̂ (H0) commute with ε∇, it follows that we can write

[ε∇, ad j;α
x̂ (

√
ω)] as a linear combination of terms having the form

RH (z)M1RH (z)M2RH (z) . . . Mr+1RH (z)

where, among the operators M1, . . . , Mr+1, r of them have the form ad�i
x̂ (H) and one has

the form [ε∇, H ] = ε∇V . From here, the analysis is similar to what we did following
(B.8), moving resolvents to the left and distinguishing terms with at least q0+1 resolvents
at the leftmost place in the product (but possibly other resolvents not there) and terms
with all resolvents at the leftmost place in the product. To move resolvents through the
operator ∇V , we use that [H,∇V ] is a bounded operator, and has bounded multiple
commutators with H and with x̂ . We omit further details.

C. On the Local Semiclassical Structure

The goal of this section is to show that our Assumption 2.1 is actually implied by other
results in semiclassical analysis, such as the sharp, pointwise Weyl law. These results
are well-known for non-relativistic Schrödinger operators in the semiclassical regime,
and we believe that the techniques could be used to establish them also in our pseudo-
relativistic setting.

To establish these equivalences, let us preliminarily discuss how the trace-norm bound
(2.12) is implied by a similar estimate in Hilbert-Schmidt norm.

C.1. Reduction to a Hilbert-Schmidt bound.

Proposition C.1. Let m, n even and m ≤ n/2. Then, the following bound holds true:
∥∥∥

1

(β(H − μ))2m + 1
W(n)

z

∥∥∥
tr

≤ Cm,n

∥∥∥
1

(β(H − μ))m + 1
W(n/2)

z

∥∥∥
2

HS
. (C.1)

Proof. We define:

Rβ;H := 1

β(H − μ) + i
.

Observe that:

cm
(β(H − μ))2m + 1

≤ |Rβ;H |2m ≤ Cm

(β(H − μ))2m + 1
. (C.2)
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Then, we have:
∥∥∥

1

(β(H − μ))2m + 1
W(2n)

z

∥∥∥
tr

≤ Km

∥∥∥R2m
β;HW(2n)

z

∥∥∥
tr
.

We write, for 2k ≤ m:
∥∥∥R2m

β;HW(2n)
z

∥∥∥
tr

≤
∥∥∥R2m

β;HW(n)
z W(n)

z

∥∥∥
tr

≤
∥∥∥R2m

β;HW(n)
z R−2k

β;H R2k
β;HW(n)

z

∥∥∥
tr

≤
∥∥∥R2m

β;HW(n)
z R−2k

β;H
∥∥∥

HS

∥∥∥R2k
β;HW(n)

z

∥∥∥
HS

.

(C.3)

The second factor is of the desired form. Consider the first factor. We have:

R2m
β;HW(n)

z R−2k
β;H = R2m−1

β;H W(n)
z R−2k+1

β;H + R2m−1
β;H

[
Rβ;H ,W(n)

z

]
R−2k+1

β;H .

The commutator can be written as:
[
Rβ;H ,W(n)

z

]
= Rβ;H [W(n)

z , βH ]Rβ;H ,

which gives:

R2m
β;HW(n)

z R−2k
β;H = R2m−1

β;H W(n)
z R−2k+1

β;H + R2m
β;H adβH

(W(n)
z

)
R−2k+1

β;H .

This formula can be iterated, until all resolvents on the right-hand side disappear. Thus,
we find that:

∥∥∥R2m
β;HW(n)

z R−2k
β;H

∥∥∥
HS

≤
2k∑

j=0

∑

α:|α|=2k− j

Cα

∥∥∥R2m− j
β;H adα

βH

(W(n)
z

)∥∥∥
HS

. (C.4)

Consider the multi-commutators of H with W(n)
z . Observe that:

[βH,W(n)
z ] = [βH0,W(n)

z ] = W(n)
z [βH0, |x̂ − z|4n]W(n)

z , (C.5)

and, using that every commutator with x̂ is bounded and that it introduces a factor ε,
which compensates β:

∥∥∥OW(n)
z [βH0, |x̂ − z|4n]W(n)

z

∥∥∥
HS

≤ Cn

∥∥∥OW(n)
z

∥∥∥
HS

.

More generally, to estimate the higher commutators, it is convenient to represent the
right-hand side of (C.5) as a linear combination of:

1

1 + |x − z|4n adξ

x̂ (βH0)
(x − z)γ

1 + |x − z|4n =: W(n)
z adξ

x̂ (βH0)W(n,γ )
z (C.6)

where |γ | + |ξ | = 4n and |ξ | ≥ 1. Using the integral representation of the square root
operator, we have, since βε = O(1):

(C.6) = Kξ ε
|ξ |−1

∫
dλ√

λ
W(n)

z
(εD)ξ

(λ + 1 − ε2�)|ξ |W
(n,γ )
z . (C.7)
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Eq. (C.7) is a good starting point for taking other commutators with βH . To this end,
we observe that: the commutator of βH with W(n)

z reproduces the same structure we
just obtained; the commutator of βH with the differential operator has been already
studied after (B.20), and it is given by a linear combination of terms of the form (B.21);
it remains to discuss the commutator of βH with W(n,γ )

z . It is:

= [βH0,W(n,γ )
z ]

= [βH0, (x − z)γ ]W(n)
z + (x − z)γ [βH0,W(n)

z ].
The first term can be rewritten as a linear combination of:

adγ1
x̂ (βH0)W(n,γ2)

z

with γ1 + γ2 = γ , while the second term can be written as a linear combination of:

W(n,γ )
z adγ3

x̂ (βH0)W(n,γ4)
z

with |γ3| + |γ4| = 4n and |γ3| ≥ 1. To summarize, we obtained that adα
βH

(W(n)
z

)
with

|α| = 2 can be expressed as a string of operators of the form:

W(n)
z O1 · · · OL ,

where the only possibly unbounded operator arising is Oj = DV , while all the other
operators are bounded. The unboundedness of DV is controlled using the localization
operator; this is done by observing that the commutators of DV with all possible oper-
ators generated by the iteration are bounded. Thus, all in all we obtain that the generic
term contributing to the right-hand side of (C.4) is bounded as:

∥∥∥R2m− j
β;H adα

βH

(W(n)
z

)∥∥∥
HS

≤
2k− j∑

i=0

Ci

∥∥∥R2m− j
β;H W(n)

z (DV )i
∥∥∥

HS
;

hence, since 2k ≤ m and m ≤ n/2 we obtain:
∥∥∥R2m

β;HW(n)
z R−2k

β;H
∥∥∥

HS
≤ Cm,n,k

∥∥∥Rm
β;HW(n/2)

z

∥∥∥
HS

.

Coming back to (C.3), we have:
∥∥∥R2m

β;HW(2n)
z

∥∥∥
tr

≤ C
∥∥∥Rm

β;HW(n/2)
z

∥∥∥
HS

∥∥∥R2k
β;HW(n)

z

∥∥∥
HS

≤ C
∥∥∥Rm

β;HW(n/2)
z

∥∥∥
2

HS
.

Equivalently, by (C.2), choosing m even:

∥∥∥R2m
β;HW(2n)

z

∥∥∥
tr

≤ K
∥∥∥
( 1

(β(H − μ))2m + 1

)1/2W(n/2)
z

∥∥∥
2

HS

≤
∥∥∥

1

(β(H − μ))m + 1
W(n/2)

z

∥∥∥
2

HS
.

This concludes the check of (C.1). ��
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C.2. Relation with the pointwise Weyl law. Let us define:

IV,μ := ε−3
∫

dxdp (W(n/2)
z (x))2χ

(√
1 + |p|2 + Vext(x) ≤ μ

)

= ε−3 4π

3

∫
dx (W(n/2)

z (x))2((μ − Vext(x))
2
+ − 1

) 3
2
+ .

The next proposition establishes the connection between the local Weyl law and the
validity of Assumption 2.1.

Proposition C.2. Suppose that there exists 0 < α < 1 such that for all ν ∈ [μ−2εα;μ+
2εα]:

trW(n/2)
z χ(H ≤ ν)W(n/2)

z = IV,ν + RV,ν , (C.8)

with |RV,ν | ≤ K ε−2. Then, for m, n large enough, and ε small enough:

∥∥∥
1

(β(H − μ))m + 1
W(n/2)

z

∥∥∥
2

HS
≤ Cm,n(Vext(z)

2 + 1)ε−2 (C.9)

for a suitable constant Cm,n ≡ Cm,n(K ).

Remark C.3. (i) The bound (C.9), combined with (C.1), shows that Assumption 2.1
holds true with a constant C ≡ Cκ for all z such that |Vext(z)| ≤ κ .

(ii) It is not difficult to check (C.8) for Vext = 0. More generally, this type of sharp
asymptotics is known to hold for non-relativistic Schroedinger operators, see e.g. [19].
It would be interesting to establish it for pseudo-relativistic Schroedinger operators
with Vext �= 0, with a constant K uniform in the size of the classically confined region
associated with Vext.

Proof. Let α > 0 as in the assumption of the proposition. We start by estimating:
∥∥∥

1

(β(H − μ))m + 1
W(n/2)

z

∥∥∥
HS

≤
∥∥∥
χ(|H − μ| > εα)

(β(H − μ))m + 1
W(n/2)

z

∥∥∥
HS

+
∥∥∥
χ(|H − μ| ≤ εα)

(β(H − μ))m + 1
W(n/2)

z

∥∥∥
HS

.

(C.10)

Consider the first term. Using that β = O(ε−1), we have, for m − q even:

∥∥∥
χ(|H − μ| > εα)

(β(H − μ))m + 1
W(n/2)

z

∥∥∥
HS

≤ Cε(1−α)q
∥∥∥

1

(β(H − μ))m−q + 1
W(n/2)

z

∥∥∥
HS

.

(C.11)

Let us now bound the Hilbert-Schmidt norm on the right-hand side. We estimate, for K
large enough:

∥∥∥
( 1

(β(H − μ))m−q + 1

)
W(n/2)

z

∥∥∥
HS

≤ K
∥∥∥
( 1

(H − μ)m−q + K

)
W(n/2)

z

∥∥∥
HS

≤ K̃
∥∥∥
( 1

Hm−q + K/2

)
W(n/2)

z

∥∥∥
HS

≤ C
∥∥∥

1

(H + 1)m−q
W(n/2)

z

∥∥∥
HS

.
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Using the representation

1

(H + 1)2(m−q)
= c2(m−q)

∫ ∞

0
dt e−t H e−t t2(m−q)−1,

and applying the Feynman-Kac formula, Proposition A.1, we get, proceeding as in
Appendix A to deal with the unboundedness of Vext:

tr W(n/2)
z

1

(H + 1)2(m−q)
W(n/2)

z = c2(m−q)

∫ ∞

0
dt 〈W(n/2)

z , e−t HW(n/2)
z 〉e−t t2(m−q)−1

≤ c2(m−q)

∫ ∞

0
dt 〈W(n/2)

z , e−t H0W(n/2)
z 〉e−t t2(m−q)−1

= tr W(n/2)
z

1

(H0 + 1)2(m−q)
W(n/2)

z .

Therefore, for m − q large enough:

tr W(n/2)
z

1

(H + 1)2(m−q)
W(n/2)

z ≤ tr W(n/2)
z

1

(H0 + 1)2(m−q)
W(n/2)

z ≤ Cε−3,

(C.12)

where the last inequality follows from an explicit computation. Thus, for q large enough,
from (C.12), (C.11) we have:

∥∥∥
χ(|H − μ| > εα)

(β(H − μ))m + 1
W(n/2)

z

∥∥∥
HS

≤ Cε−2. (C.13)

Consider now the second term in (C.10). To estimate it, we use the local Weyl law (C.8)
combined with a dyadic argument. We write:

χ(|H − μ| ≤ εα) ≤
k∗∑

k≥1

χ(2k−1ε ≤ |H − μ| ≤ 2kε) + χ(|H − μ| ≤ ε)

≡
k∗∑

k≥0

fk(H − μ),

where k∗ is an integer such that εα ≤ 2k∗ε ≤ 2εα . Therefore, we have:

∥∥∥
χ(|H − μ| ≤ εα)

(β(H − μ))m + 1
W(n/2)

z

∥∥∥
HS

≤
k∗∑

k≥0

∥∥∥
fk(H − μ)

(β(H − μ))m + 1
W(n/2)

z

∥∥∥
HS

≤
k∗∑

k≥0

Cm2−(k−1)m
∥∥∥ fk(H − μ)W(n/2)

z

∥∥∥
HS

.

(C.14)

Consider the term with k = 0. We have:
∥∥∥ f0(H − μ)W(n/2)

z

∥∥∥
2

HS
=

∥∥∥χ(H ≤ μ + ε)W(n/2)
z

∥∥∥
2

HS
−

∥∥∥χ(H < μ − ε)W(n/2)
z

∥∥∥
2

HS

= trW(n/2)
z

(
χ(H ≤ μ + ε) − χ(H ≤ μ − ε)

)W(n/2)
z ;
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Using the bound

IV,μ+ε − IV,μ−ε ≤ Cε−2
∫

dx (W(n/2)
z (x))2(V (x)2 + 1)

≤ K ε−2(V (z)2 + 1),

(C.15)

and applying the local Weyl law (C.8), we find

∥∥∥ f0(H − μ)W(n/2)
z

∥∥∥
2

HS
≤ IV,μ+ε − IV,μ−ε + Cε−2 ≤ K ε−2(V (z)2 + 1) + Cε−2.

(C.16)

Consider now the terms with k �= 0 in (C.14). Using that
fk(H − μ) = χ(|H − μ| ≤ 2kε) − χ(|H − μ| < 2k−1ε), we estimate:

∥∥∥ fk(H − μ)W(n/2)
z

∥∥∥
HS

≤
∥∥∥χ(|H − μ| ≤ 2kε)W(n/2)

z

∥∥∥
HS

+
∥∥∥χ(|H − μ| < 2k−1ε)W(n/2)

z

∥∥∥
HS

≤ 2
∥∥∥χ(|H − μ| ≤ 2kε)W(n/2)

z

∥∥∥
HS

;

the right-hand side is bounded as in the case k = 0, with the only difference that ε is
multiplied by 2k , with k ≤ k∗. Thus, we obtained:

∥∥∥ fk(H − μ)W(n/2)
z

∥∥∥
HS

≤ 2K ε−22k(V (z)2 + 1) + 2Cε−2. (C.17)

In conclusion, plugging the bounds in (C.16), (C.17) in (C.14), we find:

∥∥∥
χ(|H − μ| ≤ εα)

(β(H − μ))m + 1
W(n/2)

z

∥∥∥
HS

≤
k∗∑

k≥0

Cm2−(k−1)m(2K ε−22k(V (z)2 + 1) + 2Cε−2)

≤ Km(V (z)2 + 1)ε−2.

(C.18)

Putting together (C.13), (C.18),

∥∥∥
1

(β(H − μ))m + 1
W(n/2)

z

∥∥∥
2

HS
≤ Cm(V (z)2 + 1)ε−2,

which concludes the proof of (C.9). ��

C.3. Relation with other local semiclassical estimates. We conclude the appendix by
showing that the bound (C.9) is implied by analogous estimates, which can be found in
the literature for non-relativistic Schroedinger operators [20].

Proposition C.4. Let f and g be smooth compactly supported functions, and let fγ (·) =
f (·/γ ). Let AV,μ be the classically confined region:

AV,μ :=
{
x ∈ R

∣∣ V (x) − μ < 0
}
.
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Suppose that the support of f (·) is inside the classically confined region. Let z ∈ R
3

such that:

z ∈ AV,μ, dist(z,Ac
V,μ) ≥ ε−δ (C.19)

with δ > 0. Suppose that, for γ ≥ ε:

‖g(x̂) fγ (H − μ)‖2
HS ≤ Cε−3γ. (C.20)

Then, for n,m large enough:

∥∥∥
1

(β(H − μ))m + 1
W(n/2)

z

∥∥∥
2

HS
≤ Cn,mε−2.

Remark C.5. It is not difficult to check the bound (C.20) for Vext = 0. For Vext �= 0, the
bound (C.20) is available in the literature, for non-relativistic systems, [20]. It would be
interesting to extend these estimates to the pseudo-relativistic case, with a constant C
that does not depend on the size of the classically confined region.

Proof. As in Section C.2, the proof is based on a dyadic argument, this time performed
in energy and in space. The localization in energy is peformed as in Section C.2; observe
that in the dyadic argument of Section C.2 we could have replaced χ(·) by χ̃(·), with
χ̃ (·) the smoothening of the characteristic function of the ball of radius 1, such that
χ̃ (t) = 0 for t > 2. Thus, we are left with proving that the bound

‖ fk(H − μ)W(n/2)
z ‖2

HS ≤ C2kε−2 (C.21)

is implied by (C.20), with fk(x) = χ̃(2k−1ε ≤ |x | ≤ 2kε), for k ≥ 1 and f0(x) =
χ̃ (|x | ≤ ε). Let z ∈ R

3 as in (C.19). We write:

W(n/2)
z (x) = W(n/2)

z (x)χ(2εα|x − z|) + W(n/2)
z (x)(1 − χ(2εα|x − z|))

≡ Az + Bz .

Observe that, by the assumption on z, the function x �→ χ̃(2εα|x − z|) is supported
inside AV,μ. We then estimate:

∥∥∥ fk(H − μ)W(n/2)
z

∥∥∥
HS

≤
∥∥∥ fk(H − μ)Az

∥∥∥
HS

+
∥∥∥( fk(H − μ)Bz

∥∥∥
HS

.
(C.22)

Consider the second term. Using that |x − z| ≥ ε−α , and choosing n ≡ n(α) large
enough, we have Bz(x) ≤ √

εW(k)
z (x) for some k < n/2. Therefore:

∥∥∥ fk(H − μ)Bz

∥∥∥
HS

≤ √
ε

∥∥∥ fk(H − μ)W(k)
z

∥∥∥
HS

≤ √
ε

∥∥∥ fk(H − μ)W(k)
z

∥∥∥
HS

.

Since fk(H − μ) ≤ Cm/(H + 1)m , we have:

∥∥∥ fk(H − μ)Bz

∥∥∥
HS

≤ C
√

ε

∥∥∥
1

(H + 1)m
W(k)

z

∥∥∥
HS

.
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Recalling the bound (C.12), we easily get:

∥∥∥ fk(H − μ)Bz

∥∥∥
2

HS
≤ K ε−2. (C.23)

Consider now the first term in (C.22). We write:

Az(x) =
�∗∑

�=0

χ̃�,z(x)W(n)
z (x),

where:

χ̃�,z(x) = χ̃ (2−�|x − z|) − χ̃(2−(�−1)|x − z|) for � > 0,

χ̃0,z(x) = χ̃ (|x − z|),
where �∗ is the smallest integer such that 2−�∗ ≤ 2εα . All the functions χ̃�,z(x) are
supported in AV,μ. We estimate:

∥∥∥ fk(H − μ)Az

∥∥∥
HS

≤
�∗∑

�=0

∥∥∥ fk(H − μ)χ̃�,zW(n/2)
z

∥∥∥
HS

≤
�∗∑

�=0

2−2n�
∥∥∥ fk(H − μ)χ̃�,z

∥∥∥
HS

,

where we used that W(n/2)
z 
 2−2n� in the support of χ̃�,z . It is convenient to further

decompose χ̃�,z into a sum of functions with compact support with volume of order 1.
To do this, it is useful to visualize χ̃�,z as a smoothening of an annulus, with width of
order 1, and radius of order 2�. Thus, it it is clear that we can cover this domain with the
union of 22� overlapping balls, of radius of order 1. Correspondingly, we have:

χ�,z(x) =
22�∑

j=1

χ�, j,z(x),

where {χ̃�, j,z(x)} are the smooth characteristic functions of such balls. We then get:

∥∥∥ fk(H − μ)Az

∥∥∥
HS

≤
�∗∑

�=0

2−2n�
22�∑

j=1

∥∥∥ fk(H − μ)χ̃�, j,z

∥∥∥
HS

. (C.24)

Thus, (C.20) implies that, with our choice of compactly supported function:

∥∥∥ fk(H − μ)Az

∥∥∥
HS

≤ C
�∗∑

�=0

2−2n�22�2k/2ε−1

≤ K2k/2ε−1.

Combined with (C.23), this proves (C.21), and concludes the proof of Proposition C.4. ��
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