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RECTIFIABILITY OF THE FREE BOUNDARY FOR VARIFOLDS

LUIGI DE MASI

ABSTRACT. We establish a partial rectifiability result for the free boundary of a k-varifold V.
Namely, we first refine a theorem of Griiter and Jost by showing that the first variation of a general
varifold with free boundary is a Radon measure. Next we show that if the mean curvature H of V' is
in L? for some p € [1, k], then the set of points where the k-density of V' does not exist or is infinite
has Hausdorff dimension at most k — p. We use this result to prove, under suitable assumptions,
that the part of the first variation of V' with positive and finite (k — 1)-density is (k — 1)-rectifiable.

1. INTRODUCTION

1.1. Motivations. The main goal of this paper is to study the rectifiability of the free boundary
for a k-varifold V in a compact domain M C R™ with smooth boundary oM.

We say that V has free boundary at M if the following first variation formula holds for every
vector field X that is tangent to M (see next section for more detailed definitions):

(1.1) /ka) divg X (z)dV(z, ) = — /M<X, Hyd|v],

where H € LY(M, ||V]]).

If V is the varifold induced by a smooth k-surface ¥ with smooth boundary 9%, H is the mean
curvature vector of ¥ and implies that 0% C OM and that ¥ meets M orthogonally: that is
the unit conormal n to 0% coincides with the exterior unit normal vector N to dM. So, varifolds
with free boundary generalize in a weak sense the idea of surfaces that meet 9 M orthogonally.

If 3 € M is a smooth k-surface with smooth boundary 9% and meets M orthogonally, we can
test the first variation formula

(1.2) A divr, s X () dHF (z) = — /

(X, H)dH" + / (X, N)dHF1
b

ox
(where H?* is the s-dimensional Hausdorff measure) with a smooth vector field X such that X (z) =
N(x) on OM, obtaining the estimate

k—1 Hk(z) k
(1.3) H (8E)§0<R(M)+/E|H|d7-[>

where ¢ = ¢(k, M) and R(M) is the minimum radius of curvature of M. This bound can be easily
localized to any ball B,(z) where x € OM. (In particular, if M = Bj is the unit ball with center
0 and X C Bj is a minimal k-surface that meets 0B orthogonally, choosing X = = we obtain the
nice identity H*~1(0%) = kHF (D). )

The simple proofs of these a-priori bounds strongly rely on the fact that 3 and 9% are assumed
to be smooth (that is the first variation of ¥ is assumed to be bounded) and on the assumption
that the conormal n of 0¥ points outside M. It is natural to ask if similar estimates hold also
for a general varifold with free boundary V: that is if a varifold V' with free boundary at M has
bounded first variation and if its unit conormal on M is orthogonal to 9 M and points outside M.

We answer these questions refining a result stated by Griiter and Jost in [9] and by Edelen in [6]:
we prove that if V' satisfies , then it has bounded first variation: namely there exists a positive
Radon measure oy on M and a ||V ||-measurable vector field H on M such that, for every smooth
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2 LUIGI DE MASI

vector field X on M we have
(1.4) / divg X (z)dV(zx,S) = —/ (X,H+ﬁ>dHVH —i—/ (X,N)doy,
Gr(M) M IM

where N is the exterior unit normal vector to 9M and H € L®(dM,||V]) is orthogonal to dM.
Moreover we prove bounds on oy similar to (I.3). The measure H||V||+ Noy is the orthogonal part
of the first variation of V: H||V|| takes into account the absolutely continuous part (with respect
to |[|V]|), that is the areas where V' “lean” on OM tangentially, while oy takes into account the
boundary part of the first variation, that is where V meets O M transversally.

Indeed, is clearly analogous to : by comparison we have that if V' is induced by a
smooth surface ¥ with smooth boundary 9, then oy = HF~1.9X. It is then natural to ask also for
a general k-varifold with free boundary V, if oy is singular with respect to ||V|| or, more precisely, if
oy is (k — 1)-rectifiable. As far as we know, this question has not been investigated. Under suitable
assumptions, we are able to show a rectifiability result for oy .

To prove it, we analyze tangent cones to V' at points on 9 M to get informations about the tangent
measures of oy ; tangent varifolds to V exist if the upper k-density of V is finite. When the mean
curvature H of V' is in LP(M, ||V||) for some p > k, it is well-known that the density of V exists
and is finite for every point; whereas if p < k, the finiteness of the upper density is guaranteed just
||V ]]-a.e. by monotonicity formulae and differentiation theorems, which is not enough to prove any
rectifiability result on oy (since M may have ||V ||-measure 0).

In order to deal with this case, we prove an estimate of the size of the set where the k-density of
the varifold does not exists or is infinite, in terms of Hausdorff measures: if H € LP(M, ||V||) for
some p € [1, k], then this set has Hausdorff dimension at most k — p.

1.2. Background and main results. Allard studied the first variation of a varifold in the two
seminal papers [1] and [2]. In the former he considered the interior case, while in the latter he
studied the behavior of a k-varifold V' assuming it has, as a boundary, a smooth (k — 1)-dimensional
submanifold T', i.e. he assumes that V' has generalized mean curvature with respect to vector fields
that vanish on I'. An extension of the boundary result of Allard can be found in [3].

An e-regularity theorem similar to the ones by Allard is proved by Griiter and Jost in [9] for
varifolds with free boundaries. Moreover they prove in [9, 4.11(ii)] that a varifold with free boundary
with [|[V']|(0M) = 0 has bounded first variation 0V; this is also proved by Edelen in [6, Proposition
3.2] removing the hypothesis that ||[V||(OM) = 0, but assuming that V' is rectifiable.

We refine these boundedness results, extending them to general varifolds and removing the as-
sumption ||[V]|(OM) = 0. We state it in a slightly more general setting: if V' has generalized mean
curvature with respect to vector fields that vanish on O M, then it has bounded first variation with
respect to vector fields that are orthogonal to M (see next section for precise definitions):

Theorem 1.1. Let V € Vi (M) be a k-varifold with generalized mean curvature H with respect
to Xo(M), with H € LI(M,UVH). Then there exists a positive Radon measure oy on OM and a
|V ||-measurable vector field H on OM such that, for any X € X, (M), it holds

(1.5) /Gk(M) divs X (z)dV(z, S) = —/M<X,H+H>dHV|| +/8M<X, N)doy

where H is orthogonal to OM for ||V||-a.e. x € OM, H € L®(OM,||V|) and |H| s depends only
on the second fundamental form of OM. In particular, V has bounded first variation with respect
to X, (M). Moreover, the following global and local estimates hold:

(1.6) oy (OM) < c|[V][(M) +/M [H|d[[V]};

c
(1.7) ov (B /2(w0)) < ;||VH(B,,($0)) +/ - |H|d||V]| Vxg € OM, ¥r < R(M),
By (xg
where the constant ¢ = ¢(M) depends only on the second fundamental form of OM and R(M) is
such that the signed distance function from OM is of class C? in Ur(OM).
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In other words, this theorem states that the component of the first variation of V' on M that is
orthogonal to M is the sum of two terms:

e An absolutely continuous part with respect to ||V|| given by H||V||, which takes into account
the fact that V can “lean” on OM: indeed, if V is induced by a smooth surface ¥ with
constant multiplicity, then H is the mean curvature of ¥ where ¥ lean on M. This is
orthogonal to M and depends on T, and of the second fundamental form of OM, see
(13.12)).

e A part given by Noy, which “points outward M” and is bounded. Roughly speaking, we
expect that this is the “transversal boundary” of V at M. On the other hand, V' can have
unbounded first variation on OM only where “V meets OM tangentially”.

Looking at the case of varifolds with free boundary, since the tangent part to M of the first
variation of such a varifold is controlled by definition, Theorem easily implies that varifolds with
free boundary have bounded first variation (Corollary [4.6)).

As we said before, Corollary [4.6| was already proved by Griiter and Jost when ||V]|(dM) = 0, and
Edelen extended the result to ||V||(0M) > 0 but assuming that V is rectifiable. In Edelen’s proof,
the rectifiability is used to show that for ||V[|-a.e. x € M the only planes charged by V are those
included in T,0M. We are able to remove the rectifiability assumption by the use of Lemma [3.1
which is a form of the Constancy Theorem (see |12, Theorem 41.1]) and asserts that on dM, even
in the non-rectifiable case, V' charges only planes that are included in T, 0M.

We have already stated above that, if the varifold is induced by a smooth surface with free
boundary at M, then oy = H*¥"1LOX. It is then natural to ask if oy is (k — 1)-rectifiable in a
more general case as well.

In order to state precisely our main result concerning oy, we define the (k — 1)-dimensional part
of oy, written oy, as the restriction of oy to those points with strictly positive lower (k —1)-density
and finite upper (k — 1)-density :

(1.8) o =0y E,  E={z]0<0"(oy,z) <0 * V(o z) < +o0}.
Our main result on o7y, is the following:

Theorem 1.2. Let V' € Vi (M) be a rectifiable k-varifold with free boundary at OM such that
H € LP(M,||V]) for some p > 1 and OF(||V||,x) > 1 for |V|-a.e. z € M. Then o} is (k — 1)-
rectifiable.

To prove Theorem we make an analysis of the blow-ups of V' on M similar to the one
performed in [5]. The study of blow-ups of V' allows us to deduce, for oj-a.e. x € OM, that
every (k — 1)-blow-up of o}, at x is of the form BH*~1.S for some (k — 1)-dimensional plane S
and $ > 0. The Marstrand-Mattila Rectifiability Criterion (Theorem , then implies that o7, is
(k — 1)-rectifiable.

As we show at the beginning of section |5}, if H € LP(M, ||V]]) for some p > k, then the condition
@*(kfl)(av,a:) < 400 is not restrictive, since it holds for every point x, basically by and by
the monotonicity formula for ||V that we prove in Corollary Thus in this case, Theorem
reads as follows.

Theorem 1.3. Let V. € V(M) be a rectifiable k-varifold with free boundary at OM such that
H € LP(M,||V|) for some p > k and OF(||V|,z) > 1 for ||V|-a.e. + € M. Then the restriction
oy {z | ©F L (oy,x) > 0} is (k — 1)-rectifiable.

To perform the analysis of the blow-ups of V' in the proof of Theorem we have to distinguish
two cases:

o If H € LP(M,||V]]) for some p > k, then the monotonicity formula (Corollary assures
the existence of the k-density ©F(||V||,-) < +oo and of tangent cones to V at every point in
oM.

e The situation is more delicate when p < k, because the Lebesgue-Besicovitch differentation
Theorem applied to the classical monotonicity identity for varifolds with bounded first vari-
ation guarantees (see e.g. [12, Lemma 40.5]) the existence and finiteness of the k-density
and of tangent cones just ||V|-a.e.. Since ||[V]|(0.M) = 0 may hold true, it was in principle
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possible that @ (||V||,z) = +oc for every point in M N supp||V||, and this would stop our
analysis.

To overcome this difficulty, in subsection we study more carefully the set of points where the
k-density of V exists and is finite also when p < k.

The behavior of the density for points in M® was studied by Menne [11, pp. 2.9-2.11]: in that
paper the author was interested in a lower bound for the lower density of the varifold with respect
to Hausdorff measures; in particular he shows that, if the density has a lower bound ||V||-a.e. and
H € LP(M,]||V]]), then at H* P-a.e. point, either the lower density still satisfies the lower bound,
or it is equal to 0.

Although the existence and finiteness of the density with respect to lower dimensional Hausdorff
measures seems to be well-known at least for points in M°, it does not appear in the literature;
thus we report the result with its proof, both for points in M® and on M, since it can be useful
for a future reference too.

More precisely, we define the density set of V (Deﬁnition, denoted by Dens(V'), and we prove
the following result.

Theorem 1.4. Let V € V(M) be a varifold with free boundary at OM such that H € LP(M, ||V]|)
for some 1 < p < oo. Then

(1.9) H*(M \ Dens(V)) =0 Vs >k—p
and, for every xo € Dens(V') there exists an increasing function pg,: RT — R such that

IIVH(f’:(wo)) < ||V|(it($0)) N

(1.10) Yz (1) VO <7<t lim ¢4, (t) = 0.

t—0
In particular, the k-density OF(||V||, x0) exists and is finite for every xo € Dens(V); moreover, the
restrictions of OF(||V||,-) to Dens(V) N M® and to Dens(V) N OM are upper semi-continuous.

Thus the set of points where ©F(||V||,-) is infinte or does not exist has Hausdorff dimension at
most k — p. Dens(V) is the “good set” where we are able to study the blow-ups of ||V|| and o7}, to
conclude the proof of Theorem We remark that, if p > k, then the theorem is the well-known
existence of the density at every point and is a straightforward consequence of Corollary

Besides its application in the proof of Theorem [I.2] Theorem is also interesting in itself, since
it is a natural counterpart of the similar result for the set of Lebesgue points of a Sobolev function
proved by Federer and Ziemer in [8]: if f € WHP(M) for p € [1,n] and if Leb(f) is the set of
Lebesgue points of f, then M \ Leb(f) has Hausdorff dimension at most n — p.

1.3. Outline of the paper. In section[2]we recall the notations and the definitions used throughout
the paper.

In section 3] we first prove Lemma [3.1} which concerns the behavior of V' on dM; next we move
on to the proof of Theorem

In section [4 we describe some consequences of Theorem we notice that, if £k = n — 1,
H coincides with the mean curvature of M; next we adapt Theorem to an other class of
varifolds; we move on to varifolds with free boundary, proving that they have bounded first variation,
establishing some monotonicity formulae and refining Lemma [3.1] in this framework. Lastly, in
subsection we prove Theorem

In section [5| we prove Theorem this is obtained by the study of tangent varifolds to V at
points in Dens(V'), to prove that oy, satisfies the hypotheses of the Marstrand-Mattila Rectifiability
Criterion.

1.4. Acknowledgments. I am grateful to Professor Guido De Philippis for his invaluable help, and
to Professor Ulrich Menne and Carlo Gasparetto for the useful discussions and comments about these
topics.
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2. NOTATIONS

2.1. Basic notations. For a fixed orthonormal system of coordinates, we denote by e; the i-th
coordinate unit vector. If x € R", we denote by B,(z) the closed ball with center x and radius r
and by w,, the Lebesgue measure of the unit ball in R™. Moreover we set B, := B,(0). ¢ and ¢ are
generic positive constants, unless otherwise specified. If v € R"™ we call L, the translation

L, z— x+w.

For each A C R", we denote by 1,4 the indicator function of A, by A and A° respectively the closure
and the interior of A in the euclidean topology. If A C R™, and r > 0 we write U, (A) for the tubular
neighborhood of A, i.e.

Ur(A) = | Br(a).

z€EA

We denote by S a generic k-dimensional linear subspace (or k-plane) of R™ and we write S+ for the
orthogonal complement of S in R™. We denote by Pg the orthogonal projection on S. If X is a C*
vector field, we call divg X the scalar product Ps - DX. If 71,...,7; is an orthonormal basis of S,
by simple computations one has

k

(2.1) dive X(z) = Y Dy (X (), 7).
=1

Throughout the paper, v € Coo([(), oo)) denotes a cut-off function such that

e (t) =1 for each t € [0, 5;
e y(t) = 0 for each t > 1;
e 7/(t) <0 and |7/ (t)| < 3 for every t € R.

For each » > 0 and z € R™ we consider the dilation map

(22) er(y) = ~(y — ).

If T is a C' k-dimensional sub-manifold in R" and = € T', we write T, I" for the tangent space to T’
at x. We see T, I" as an immersed k-plane in R™; more precisely, we see T,I" as the blow-up of I at
the point z. If T' has non-empty boundary I of class C! and if 2 € O, we see T,I" as containing
T, 0T, which divide T,I" into two half-spaces. We call these two parts T, T and T, T and we set
T, T to be the blow-up at z of the interior part of T

We work on a compact domain M C R" with C? boundary M. We write N (z) for the exterior
unit normal vector to M at z. In the following, d denotes the signed distance function from OM
such that d > 0 in M°, that is

(2.3) d(z) = {inf{\fc —yllycaM} ifzeM

—inf{lz —y| |y e OM} ifx € R*\ M.

Unless otherwise specified, we denote by R = R(M) > 0 a number such that d is C? in Ur(OM).

Thus Vd exists in Ur(0M) and points inside M.
We work with several classes of vector fields on M, which we denote with the letter X with
subscripts based on their behavior on dM:
(M) = CHM,R™ L), (M) ={X e X(M) | X(z) € T,OM, Yz € OM},
(2.4) X (M) ={X € X(M) | X(2) € (T,OM)*, Yz € OM}
XoM)={XeXM)| X(z)=0, Vr € IM} X (M)={X € X(M) |suppX CC M°}.
If T is a C? submanifold of R", by slight abuse of notation we write X;(I") (respectively Xo(T))

for the set of compactly supported C! vector fields on R™ that are tangent to I' (respectively that
vanish on T').
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2.2. Measures, rectifiable sets. If A C R", .#(A,R™) is the space of R™-valued Radon measures
on A and .#"(A) is the space of positive Radon measures on A. If u € .#(A,R™) we denote by
|pe| the total variation measure of p. If B C R™ is Borel, we write u.B for the restriction of the
measure i to B. If A C R™ has non-empty interior, we endow .# (A, R™) with the weak*-topology:

i.e. we say that a sequence of Radon measures {c;}; converges to u (o; — p) if

lim /fdaj—/fd,u Vf € Co(4,R™).

Jj—00
If pe€ #+(R"), z € R", k € N, we define the upper and the lower k-densities of u at x:
ok L M(Br(m)) k e M(Br(x»
O™ (u,x) = hr;f(t)lp B O (u,x) = llgélf —

If the above limits coincide, then we define the k-density of u at x as their common value, which
we denote by ©F(u, ). The k-singular set Sing®(y) is defined as

Sing®(u) = {x € M | 0" (u,z) = +00}.

If p € A (A,R™) and f: A — RV is proper, we define the push-forward fyu of u through f as the
Radon measure in . (RY,R™) defined by

fan(B) =pu(f~Y(B)) VB CR" Borel.

If u € 4" (R™), we say that v is a k-blow-up of u at z or a k-tangent measure to p in z if there
exists a sequence r; | 0 such that

1
(2.5) i =

k (T$7Tj)#u = v.
J

r
We denote by Tan®(y, ) the (possibly empty) set of k-blow-ups of x at the point z. If ©*%(u, z) < oo
then, by Banach-Alaoglu Theorem, Tan”(u, ) is non-empty. If ©F(u, z) > 0, then every k-blow-up
of u at x is non-trivial; indeed, if v € Tan*(u, ) and 1 X v as in ([2.5), then

(2.6) v(Bi1) 2 limsup p;(By) = limsup M(L?;(:U))

J k r;

For each s > 0, we denote by H® the s-dimensional Hausdorff measure and, if A € RY, Hgjm(A)
denotes the Hausdorff dimension of A. We say that a Borel set M C R" is k-rectifiable if there exist
My C R" with H¥(Mp) = 0 and a countable family of C! k-submanifolds {M; }521 such that

> O, z) > 0.

o
Mc | My
i=0
We say that a measure p € .# " (R"™) is k-rectifiable if there exist a k-rectifiable set M and a positive
function § € L (M, H*) such that u = H* M.

loc

2.3. Varifolds. If 1 < k < n we call G(k,n) the Grassmannian of the un-oriented k-dimensional
linear subspaces (or k-planes) of R™. If A C R"™ we denote by Gi(A) := A x G(k,n) the trivial
Grassmannian bundle over A.

A k-varifold on A is a positive Radon measure on Gi(A). We denote by Vi (A) the set of all k-
varifolds on A and we endow Vi (A) with the topology of the weak*-convergence of Radon measures,

i.e. we say that Vj A Voif
i [ p@S) @S = [ p@H)d@S) Ve ClGiA),
I700JGr(A) Gr(A)
A E-rectifiable measure p = §HFLM in R™ induces the k-varifold
V =0H" M ® 61,1,

where T, M is the approximate tangent space of M at x. A varifold that is induced by a rectifiable
set is called a rectifiable varifold. If the multiplicity function assumes only integer values, we say
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that the varifold is integer rectifiable. If V is a k-varifold on Q, the mass ||V|| (or total variation)
of V is the positive Radon measure defined as

IVII(A) = V(GE(A)) VA C Q Borel.
If V is the k-varifold induced by the rectifiable measure p = 6H*_ M, then

VI(B) = /B b(x) AM ().

By slight abuse of notation, we often denote supp||V'|| by supp V. If Q C R" is a domain, V' € Vi (Q)
and if ¢ : @ — R" is a diffeomorphism, the push forward 13V of V' through 1 is the varifold in
Vie(¥(€)) such that, Ve € Co(Gg(¥(Q2))),

(27) Lo e Dy = [ e, dels) Vi)
Gr($()) Gr(9)
where Jg1(x) is the Jacobian of ¢ relative to the k-plane S, i.e.

Jsth(@) =y /det ()i o ((dva)s)-

We notice that this is not the push forward of measures previous defined (which is denoted by the
different symbol fypu). In fact, the push forward of varifolds is defined in this way in order to ensure
the validity of the area formula: indeed if V' is induced by a rectifiable set M, then 4V is induced
by ¥v(M). If V€ Vi(R™), we say that C € Vi(R") is a blow-up of V' at x or a tangent varifold to V
at x if there exists a sequence of radii r; | 0 such that

(Twr; )8V A

We write Tan(V, z) for the set of tangent varifold to V' at the point .
If Ve V(M) and if X € X(M) the first variation 6V (X) of V with respect to X is

sV(X) = < (Il @)

t=0
where v; is the flow map of X at the time ¢. The following first variation formula holds:

WV (X) = divg X (z) dV(z, S).
Gr(M)
We now define the class of varifolds with bounded first variation:
Definition 2.1. We say that a varifold V' has bounded first variation in M if
(2.8) sup{[0V(X)| | X € X(M),max|X| <1} < +o0.

If (2.8) holds with a proper subset of X(M)(e.g. X.(M), Xp(M)...) in place of X(M), we say that
V has bounded first variation with respect to this subset.

Therefore V' has bounded first variation if there exists 6V € .#(M,R™) such that, for any
X e x(M),

(2.9) SV(X) = /M divg X (z) AV (z, §) = /M<X(ac),C(x))d]5V](:r),

where ( is the polar vector of 6V with respect to [§V].
If V has bounded first variation, then by Lebesgue decomposition there exist |§°V| € .4 +(M),
a |0°V|-measurable function n : M — R™ and a ||V ||-measurable function H : M — R™ such that

5V (X) :—/ (H, X) dHVH+/ Xy diBV] VX € X(M)
M M
where |§°V/| is the singular part of [§V| with respect to ||[V]|:

V(B.()
V| =0V LZ 7 = e M|l _ = .
V] = 1oVl {o & M tmsup [Ty = oo}
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Since the previous formula is similar to the corresponding one for smooth surfaces, we call H the
generalized mean curvature of V', |§°V| the boundary measure of V, the set Z is the boundary of V
and 7 is the unit co-normal of V.

We now define the classes of varifolds with generalized mean curvature:

Definition 2.2. We say that V' € V(M) has generalized mean curvature with respect to X.(M)
(respectively Xo(M)) if there exists a ||V |-measurable vector field H € L'(M,||V]|) such that
H(z) =0 for ||V|-a.e. x € M and for any X € X.(M) (respectively Xo(M)) the following formula
holds:

(2.10) /Gk(M) divs X (z) dV(z, §) = — /M<H,X> dlv].

Remark 2.1. The assumption that H(z) = 0 for ||V|-a.e. z € OM is important: without this
hypothesis, the generalized mean curvature is not uniquely defined, that is any combination H + K
with supp K C OM satisfies (2.10). Without excluding this ambiguity, is no longer true
because of the extra term [, (K, X)d||V| on the right-hand side. Similarly, if V' has bounded
variation with respect to X.(M) or Xo(M), if not otherwise specified we assume that the polar
vector of §V vanishes at [0V |-a.e. point on OM.

Thus V has generalized mean curvature with respect to X.(M) (respectively Xo(M), X¢(M))
if it has bounded variation with respect to X.(M) (respectively Xo(M), X¢(M)) and §V has no
singular part with respect to ||V|| when we test with vector fields in X.(M) (respectively Xo(M),

Definition 2.3 (Varifold with free boundary). We say that V € Vi (M) has free boundary at OM
if there exists a ||V||-measurable vector field H € L*(M, ||V||) such that H(z) is tangent to M for
|V |l-a.e. x € OM and such that (2.10) holds for every X € X;(M).

Remark 2.2. As in Remark the assumption that H is tangent to OM ||V]-a.e. is important
because otherwise is no longer true: every sum H + K, with K orthogonal to OM, satisfies
for any X € X;(M), whereas when we test with non-tangent vector fields the presence of K
is relevant. As above, when we say that V has bounded variation with respect to X;(M), if not
otherwise specified we assume that the polar vector of §V is tangent to OM at |§V]-a.e. point on

oM.

Remark 2.3. As we mentioned in the introduction, a varifold with free bondary meets 0 M orthog-
onally in a weak sense: indeed, if V is the varifold induced by a surface > with smooth boundary
0%, (2.10) implies that the conormal 7 to % is orthogonal to dM.

3. PROOF OF THEOREM [

3.1. Constancy Lemma. The proof of the Theorem [I.1] is based on the following lemma, which
is a form of the Constancy Theorem [12, Theorem 41.1] with weaker hypotheses (and conclusion)
and it is interesting in itself. The result is used in the proof of the Theorem to deal with the
case ||[V|[(OM) > 0.

Lemma 3.1. Let I' C R™ be a C?-hypersurface without boundary, let V € Vi(R™) have bounded
first variation 5oV with respect to Xo(T') (that is vector fields that vanish on T'). Then

V({(z,8) € Gx(R") |z €T,S ¢ T,T'}) = 0.

Proof. By a simple covering argument it is enough to prove the result locally: that is that, for each
xo € I, there exists r = r(z9) > 0 and a ball B,(zg) such that

V({(z,S) € Gk(R") | z € ' N By(20), S ¢ T,T'}) = 0.

We fix zg € I' and without loss of generality we can assume that xg = 0.
Since T is locally-orientable, there exists 7/ > 0 and a ball B,s such that B,s \ T' is made of two
connected components DT and D~ separated by I'. Only in this proof, d denotes a fixed one of the



RECTIFIABILITY OF THE FREE BOUNDARY FOR VARIFOLDS 9

two signed distance function from I' in B, that is

d(z) = inf{|z —y| |y eI} if x € Dt
—inf{|z —y| |y €T} ifzxeD.

Since T is of class C?, there exists r < r’ such that d € C*(B,). We set r(zg) = 7.

We recall that 7 is the cut-off function defined in section [2l Since Vd(z) is orthogonal to I' for
every x € I', we have |PsVd(z)|? = 0 if and only if S C T,I'. Therefore, to get the conclusion, it is
enough to prove that

(3.1) /G N y(’fj') |PgVd(z)|2dV (z, S) = 0.

To do so, we test (2.10)) with a suitable vector field X € Xo(M). If p < r, we choose X (x) =
d(x)v(f—‘)*y(@)Vd(m). We clearly have X € Xo(M) and
: _ (=l rd(=) o d@) ,rlely rdl@)y, =
divs X (2) =y (52 )2 (5,7 PV + =2 (500 (57 ) g PsVita)
d(x) (|l dlx) 2 |z, (d(@)y .
+ 77(7)7 (7) |PsVd(2)|? + d(x)*y(T)’y(T) divs Vd(z).

Since V' has bounded first variation doV = (|dpV| with respect to Xo(I") (where ( is the polar vector
of doV with respect its total variation |6gV]), testing (2.10) with X we obtain

/Gk(Rn) V(lquf')v(d(;)) |PsVd(z)|*dV (x, S)
[ () () b avie.s)

r r p /|l

(3:2) + /Gk(R”) C@y('f)y’(cﬁ@) |PsVd(z)|2dV (z, S)

<

r

+ /Gk(Rn) d(x)7<m>fy(d(p$)> divg Vd(z)dV (x, S)

n /n<X(:U),C(fL‘)>d|50V|(95)

For the left-hand side of the above inequality, by dominated convergence we have
d
Tim 7(@)7(@) |PgVd(z)|2dV (z, ) = /
P=0JG Ry N T p Gi(T)

Therefore, to show (3.1]), we have to prove that the terms on the right-hand side of (3.2)) go to 0 as
p— 0

7(@) |PVd(x)[* AV (x, S).

(1) Since v is bounded and d(z) < p by cut-off, for the first term we have

/kan) MV’(M)V(M) (L PsVd(x)) dV (z, S)

lim
r r p /|7l

_p
< - =0.
limy < C;lir(l) . IVI(U,T)NB,) =0

(2) Since |%‘ <1 and 7/(s) # 0 only if s € (1/2,1), for the second term we have

[ 2 () (1) pevampavie,s

< 31im V]| ((U,(1) \ Uy2(1)) N B,) = 0.

lim
p—0
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(3) By the choice of r we have that | divg Vd(x)| < ¢ in B,; thus

lim
p—0 T

/Gk(Rn) d(x)7<‘x|)’y<d(px)) divg Vd(z) AV (z, S)

< ‘l [/ ‘ J I == .

lim

L[ {X(@), ¢(x)) d|doV|(2)
p—

R

<L =0.
< lim plooV| (U,(T)N B,) =0
This completes the proof. O

3.2. Proof of Theorem We can now prove Theorem

Proof of Theorem[1.1] Let us fix R > 0 (as in section [2]) so that the distance function d from oM
defined in is of class C2 in Ug(OM).

In what follows we are going to repeatedly use the decomposition of a vector field X € X(M)
we now present; within Ur(OM), we can decompose X in its normal and tangent component:
there exists a scalar function y(z) such that X = X+ + X7 with X' (z) = x(z)Vd(z) and
(XT(x),Vd(z)) = 0 for all x € Ug(OM).

Step 1: We begin by cut-offing a vector field in its “interior” and “boundary” part. For every
X € X, (M) and p < R one has

X(z) = 7<M)X(m) + (1 - v(d(;)>>X(x).

Therefore

/Gk(M) divg X (z)dV (z, S) :/Gk(/\/t) divg [fy(d(px))X(x)] dv(z, S)

+ /ka) divs [(1 - y(d(px))) X(x)] dv(z, S).

Thus we have splitted X in the “interior” and the “boundary part” by cut-offing with v(d/p) and
the idea is to send p — 0.

(3.3)

@)) X(z) € X.(M) (i.e. it is compactly supported

Step 2: For the interior part, since (1 — fy(
in the interior of M), by (2.10) and dominated convergence we have

liny o divs [(1 . fy(d(p”“’))) X(:r)} dv(z, S)

59 =t [ (1-9(%)) e mEn v

_ / (X (x), H(z)) d||V| (x)
MO

__ / (X (), H(z)) d|V]|(z),
M

where the last equality follows by the fact that H is assumed to be equal to 0 on M (see Remark

for more details).
Step 3: Since the limit in (3.4)) exists, also for the “boundary part” of X the limit

(3.5) lim . divg {fy(d(;))X(x)] av(z, S)

p—0
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exists. We want now to compute (3.5) and to show the existence of H and oy on OM. We begin
by writing

d(x)

/divs [7(10))((3:)} dV(z, S) :/'y<d(:)> divg X (z) dV (z, S)

d(z)

(3.6) 1
+f 7 (557) (Ps V(@) X(@) AV (2, ).

At this point, we want to study separately the limit as p — 0 of each term in the right-hand side of
the above equation.

e For the first term of the right-hand side in , we expect that, as p — 0, it give a sort of
mean curvature of M. This expectation is justified by the fact that, on M, V charges only
planes that are tangent to OM by Lemma and because X is orthogonal to M on M.
More precisely, we are going to prove that there exists a ||V||-measurable vector field H such
that

: d(z)\ .. -
(3.7) lim (552 divs X(2) av (e, §) = —/ (H(x), X(2))d|[V](2),
p—0 Gr(M) p oM

which is orthogonal to OM for ||V|-a.e. x € OM. To this aim, we first observe that by
dominated convergence we have

(3.8) lim 'y(@) divs X (z) dV (z, §) = / divs X (z) AV (z, S)
=0 JG (M) p Gr(OM)

We now have to compute the right-hand side of (3.8)). To do this, we decompose divg X (z) =
divg X*(x) + diveg XT'(x). For the tangent part, we claim that
(3.9) / divs XT(2)dV (2, §) = 0.
Gi(OM)

In fact divg X7 (z) = 0 for any z € OM, and VS C T,0M. This is true because X7 = 0
on OM, therefore D.(X(x),7) = 0 for any 7 € T,0M. Thus (3.9) follows by definition of

tangential divergence ([2.1) and by Lemma
For the orthogonal component we get

divg Xt (x) = (PsVx, Vd(z)) + x(z) divs Vd(z).

Since Vd(z) is orthogonal to dM, by Lemma again we have (PsVx(z),Vd(x)) = 0 for
V-a.e. (z,5) € Gx(OM). Hence

/ (PsVx(x), Vd(z)) dV (z, S) = 0.
Gr(OM)

Since Vd(x) = —N(x) for every x € OM, where N(z) is the unit normal vector to OM at z,

we obtain
(3.10) / \(x) divs Vd(z) dV (z, §) = / (X (), N(x)) divg N(z)dV (z, S)
Gr(OM) Gr(OM)
Thus, combining —, we obtain
(3.11) / divs X (2)dV (2, §) = / (X (2), N(2)) divs N(z) dV (z, S).
GL(OM) G (OM)

We are now going to define H and write the last integral in terms of it. To do so, by disinte-
gration of V we can write

V=IVl@uv



(3.15) P=0 P J G (M)

(3.16)

(3.17)
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where for ||V|-a.e. z, v, is a probability measure on G(k,n). Hence the right-hand side of

(3.11) can be written as

/ (X (), N(z)) divs N(z)dV (z, S)
G (OM)

= [ (X(z),N(x)) (/G(k )diVS N(z) de(S)> d[[V[|(2).

oM
If we define
(3.12) H(z) = —N(x)/ divg N (z) dvg(S) for [|[V]-a.e. z € OM,
G(k,n)
we can write as
(3.13) / divs X (2) dV (z, S) = —/ (H(z), X (2)) d| V|| (z).
Gp(OM) oM

Loosely speaking, H(z) can be interpreted as the “mean curvature of 0 M weighted according
to the planes charged by V at z”; in fact in co-dimension 1, H turns out to be precisely the
mean curvature of M (see Corollary . By its deﬁmtlon it is clear that H is orthogonal
to OM for |V |-a.e. € M, that H € L°°(8./\/l HVH) and that Hﬁ”Lw(aM,HVH) depends only
on the second fundamental form of M. Gathering (3.8]) and (]E we finally get .

We now have to study the second term in the right- hand side of E[) Roughly speaking, we
can see it as “the mean orthogonal part to M of V” on the tubular neighborhood U,(0M).
When p — 0, we expect that this term takes into account the “transversal boundary” of V at
OM, that is the singular part of the first variation of V' on dM.

More precisely, we are going to show the existence of a positive Radon measure oy (as expressed
in the statement of the theorem), such that

(3.14) lim 1 y(d;@)wswm,xu»dV(a:,S): / (X (z), N(2)) doy (),

p—0 p oM

where N(z) is the exterior unit normal vector to M. We first of all remark that the above
limit exists by the existence of limits of the other two terms in ([3.6)).

To compute the limit in , we use again the decomposition X = X7 + X+ = XT 4+ xVd.
As p — 0, we expect that the contribution of X7 is zero. Indeed, since X € X, (M) and X is
of class C*, there exists a constant ¢ > 0 such that | X7 (z)| < cd(z). Therefore, since 7/(s) # 0
only for s € (1/2,1), we obtain

lim —

y (cz(;)) (PsVd(z), XT(2))| dV(z, S)
< lim 3|V (U, (0M) \ Uy 2(0M) = 0

This proves the existence of the limit for the orthogonal part

. 1 / d(m) i

S (7)<Psw<:c>,x ()) AV (z, S)
- iml x / d(])) T 2 T
=l oo X () IPVa@P 4V (@, 5).

(3.15) and (3.16)) yield

tny 2 (d(;’“’))wswu X(@) dV(a, 5)

d(z ))|P5Vd( 2 AV (z, S).

b\’—‘
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We now observe that the map
1 d(z) 2
T: XeX; (M)r— lim — x(@)y (=2 ) |PsVd(z)|* dV (z, S).
M=l | x@7 (77 IRV aVe.5)
is a well-defined distribution and, by its definition, suppT C OM. Again by definition, if
x(z) < 0 for every z € OM (i.e. if X point outward M), then T'(X) > 0. Therefore T

is a signed distribution and by Riesz Representation Theorem there exists a positive Radon
measure oy such that

(T, X) = /8M<X,N> doy VX € XL (M).

This completes the proof of (3.14]).
Step 4: We now gather the previous computations to get (1.5]).

By (3.6)), (3.7) and (3.14]), we can rewrite (3.5 as

(3.18)
i [ s [’y(d(;))X(x)] v (z, S) :—/BM<ﬁ(x),X(x)>d|yV||(x)+/8M<X,N> dov.

p—0

Going back to (3.3)), by (3.4) and (3.18) we finally get
/ divg X (z)dV (z,5) = —/ (X(x),H(z) + H(z))d|V]||(z) +/ (X,N)doy.
Gr(M) M oM

which completes the proof of (|1.5)).
Step 5: We are left with the proof of (1.6)) and (1.7). We begin with (1.7)). Let us fix xg € OM
and r < R. Without loss of generality we can assume that x¢o = 0. To prove the estimate, we test

(1.5) with X (z) = (M)Vd( ) which clearly belongs to X (M). We have
- _ (LT 2]
divg X (z) = —y ( - )T(Pgm,Vd(x)) ( )dws Vd(z).
Therefore

ov 7’/2 </ — dUV
aM r

/ N)doy
oM

(3.19) /Gk divg X (z )dV(x,S)+/M<X,H+ﬁ>d]]V\|

:/G " [_Wf(‘ﬂ)iuvsx,w(a;)) (‘ |)dw5w( )] AV (z, S)

r ]

_ /M 7(‘1’“') (Vd(x), H(z) + H(x))d||V]|(z)

We want to estimate the last member of the above inequality. To do so, we choose a constant
¢ = ¢(OM, R) such that
’leSVd )‘ <c VerR(aM).

By (3.12), the choice of ¢ provides also |H(z)| < ¢ for ||V|-a.e. 2 € dM. Thus

_/Gk(M) (| ‘) divg Vd(x )dV(%S)—/M'y<’xr|)(Vd(x),H(x) +ﬁ(m)>dHVH(m)
<[ @) avie)

Substituting in (3.19)) and since v can be taken so that ||7/|e &~ 2, we get
c
v (B < TIVIBE) + [ H@IAVI)
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The proof of ([1.6]) is similar to the previous one and is in fact easier: it is enough to take a vector
field X € X(M) such that X (z) = ’y(@)Vd(a:) for some p sufficiently small, so that X = IV on

OM and use ([1.5)).
(I

4. CONSEQUENCES OF THEOREM [L.1]
In this section we clarify some consequences of Theorem

e In subsection [£.1] we extend Theorem [[.1lto the case of varifolds with bounded first variation
with respect to Xo(M);

e In subsection we study the codimension 1 case: we prove that if kK = n — 1, then the
vector field H given by Theorem is the mean curvature vector of M (Corollary ;
next we state a refined version of Lemma for varifolds with free boundary: if k =n — 1,
then the restriction of V to OM is (n — 1)-rectifiable (Corollary [4.3));

e In subsection we extend Theorem to varifolds with generalized mean curvature with
respect to X.(M), i.e. vector fields compactly supported in the interior of M (see (2.1))),
assuming that ||V][(9M) = 0 (Corollary [4.4); As a consequence, such varifolds have gener-
alized mean curvature with respect to the larger class of vector fields Xo(M);

e In subsection [£.4] we show that varifolds with free boundary have bounded first variation

(Corollary |4.6));

e In subsecti we prove a monotonicity inequality (Lemma for points on IM; we
next use the inequality to obtain monotonicity formulae for points on M (Corollaries
and without the reflections used by Griiter and Jost in [9].

e In subsection [.6] we use the monotonicity inequality at the boundary to prove Theorem

4.1. Varifolds with bounded variation with respect to Xy(M). The fact that the first vari-
ation of V' with respect to Xo(M) is absolutely continuous with respect to ||V|| is not essential to
prove Theorem In fact the following slight modification holds true.

Theorem 4.1. Let V € Vi (M) be a k-varifold with bounded first variation 5oV with respect to
Xo(M). Then there exists a positive Radon measure oy on OM and a ||V'||-measurable vector field
H on OM such that, for any X € X, (M), it holds

an [ oy des X V() = | xoapvi- [ @mav+ [

where H is orthogonal to OM for |V ||-a.e. z € OM, H € L®(OM, |V||) and |H||oo depends on the
second fundamental form of OM and ( is the polar vector of 5oV with respect to |00V |. In particular,
V' has bounded first variation with respect to X1 (M). Moreover, the following estimates hold:

(4.2) ov (OM) < ¢||[V][(M) + [6V[(M);

(4.3) ov (Byja(x0)) < ;HVH (Br(20)) + |60V |(Br(xo)) Vo € OM, ¥r < R(M)

where R(M) is such that the distance function from OM is of class C? in Ur(OM) and the constant
¢ = c(M) depends on the second fundamental form of OM.

Proof. The proof follows the one of Theorem The only part of the proof of ([1.5) where we use
the hypothesis 0oV < ||V]| is in (3.4). If V has bounded first variation §oV with respect to Xo(M),
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then one easily obtain

liny o divg [(1 P p)) X(x)} dv (z, S)

(4.4) :/Eig(l) M <1 _v(d(‘r))> (X(x),¢(z)) d[doV[(z)

_ / (X(2),¢() dgoV ()

where ( is the polar vector of oV with respect to |0oV| and the last equality is due to the assumption
|60V [(OM) = 0 (see Remark [2.1]).
The modifications to the proofs of (1.6 and ((1.7) to obtain (4.2)) and (4.3)) are obvious. O

4.2. The codimension 1 case: k=n—1. If k =n — 1, we can characterize H in a simpler way:
if x € OM, then H(z) is the mean curvature vector of dM.

Corollary 4.2. Let V € V,,_1(M) have generalized mean curvature H with respect to Xo(M) with
H € LY(M,||V]]). Then there exists a positive Radon measure oy on OM such that
/ divg X (z) dV (z, §) = —/ (X, H + ) d|V| +/ (X,N)doy VX € X, (M)
Gn1(M) M oM
where H is the mean curvature vector of OM, that is H(x) == —N(z)(divy,om N(z)) for z € OM.
Moreover, (1.7)) holds true.

Proof. If S is an (n — 1)-dimensional subspace of R™, then S C T,0M if and only if S = T, 0M.
Therefore, if k =n—1and V € V,,_1(M) with generalized mean curvature with respect to Xo(M),
Lemma |3.1] yields

(4.5) V ({(2,5) € Gn1(OM) | S £ T,T}) = 0.
Hence, for X € X, (M),

/ X(2)divs N@) dV(2,8) = |  X(2)diveam N(@)d|V]),
Gn_1(OM) oM
thus (3.11)) becomes
/ divs X(z) AV (z, 5) = / (N(z), X(2)) divr,onm N(@) d| V| ().
Gp—1(0M) oM

Thus, defining
H(x) := —N(x)divygm N(z),

we get (3.13]). O

If k =n —1 and V has bounded first variation with respect to X;(M) instead of Xo(M), we can
strengthen the conclusion of Lemma VLGp—1(OM) is (n — 1)-rectifiable.

Corollary 4.3. Let V € V,_1(M) with bounded first variation with respect to X;(M). Then
VLGn-1(OM) is an (n — 1)-rectifiable varifold. More precisely, if p € Ce(Gn-1(M)), then

/ (2, 9) dV (z, S) = / (2, Ty 0M)O(z) dH™ () + / oz, S)dV (2, S),
G 1 (M) oM G1 (MP)

where 0(z) = (wp—1) 1O |V, z) for H* t-a.e. z € OM.
Proof. By Lemma and in particular by (4.5)), for any ¢ € C, (Gn,l(/\/l)) we have

/ oz, S) dV(m,S):/ cp(:c,TxG./\/l)dHVH(x)—l—/ o(z, ) dV (@, S).
G 1 (M) oM G 1(M®)
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By [12, Lemma 40.5)), for ||V|]-a.e. # € OM there exists the density ©" 1(||V]|,z) < co. Hence,
since OM is of class C?, the quantity

V(B n-1
oo i VIB@) 7 v12)
p=0 H1LOM (B,(z)) Wn—1
exists and is finite for ||V |-a.e. z € OM. By Radon-Nikodym Theorem [12, Theorem 4.7], since the

singular set {x € M | §(x) = +oo} of ||[V||LOM is ||V|-negligible, we have ||V ||lLOM < H"~1LOM
and the conclusion follows. O

4.3. Varifolds with mean curvature with respect to X.(M). The analogous of Theorem
holds, adding the extra hypothesis ||V|[(0M) = 0, even if V' has generalized mean curvature with
respect to X.(M), i.e. the vector fields with compact support in the interior of M. In fact, if we
analyze the proof of Theorem [1.1] we can see that the only point where we used the existence of
generalized mean curvature with respect Xo(M) is to obtain , that is to obtain the identity

/ divg X (z)dV(z, §) = — / (X (), N(2)) divg N(z)dV (z, )
Gr(OM) Gr(OM)

by the use of Lemma whereas if |[V|[(OM) = 0 then obviously we have
/ divg X (2)dV (. S) = 0.
G (OM)

Since the remaining arguments remain valid also if V' has mean curvature with respect to X.(M),
we have proved the following corollary.

Corollary 4.4. Let V € V(M) with generalized mean curvature H with respect to X.(M) with
H € LY(M,||V])) and ||V||(OM) = 0. Then there exists a positive Radon measure oy on OM such
that

(4.6) / divSX(x)dV(:p,S):/ (X,H>d||V||+/ (X,N)doy VX € X (M)
Gr(M) M OM

In particular, V' has bounded first variation with respect to X, (M) and the estimates (1.6]), (1.7))
on oy hold true.

Remark 4.1. If we remove the hypothesis ||V||[(9M) = 0 nothing can be said about the behavior
of V on OM, because any vector field in X.(M) has first derivatives compactly supported in the
interior of M. So we have a lack of test vector fields to establish any property of V on OM: e.g.
take a smooth surface in M® and add any varifold W € V;(0M) with unbounded first variation
with respect X (M).

Since Xo(M) C X (M), the following result follows.

Corollary 4.5. Let V € Vi (M) with generalized mean curvature H with respect to X.(M), with
H € LY(M,||V])) and ||[V||[(OM) = 0. Then V has generalized mean curvature H with respect to
Xo(M).

4.4. Varifolds with free boundaries. As an immediate corollary of Theorem varifolds with
free boundaries have bounded first variation.

Corollary 4.6. Let V € Vi(M) have free boundary at OM with H € LY(M,||V||). Then V has
bounded first variation. More precisely, there exists a positive Radon measure oy on OM and a
|V ||-measurable vector field H such that

(47) /Gk(M) divs X (2) dV (x, 5) = —/M(X,H+H)d\|V\ +/8M<X,N) doy VX € X(M),

where H is defined as in (3.12). In particular H is orthogonal to OM, H € L®(OM,||V]|) and
|H||co depends only on the second fundamental form of OM. Moreover, (1.6)) (1.7)) hold true.
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Proof. If X € X(M), there exist X7, X1 such that X = X7 + X', with X7 € ¥;(M) and
X1 €%, (M) (see the decomposition at the beginning of the proof of Theorem . We have

divg X (z) = divg X7 (z) + divg X ().

Since the mean curvature of V' with respect to Xo(M) is given by H1x, by Theorem there
exists a positive Radon measure oy on OM and a ||V ||-measurable vector field H such that

/ divSXL(x)dV(x,S):—/ <XL,H1M0+FI><1||V\|+/ (X, N} doy
G (M) M M

- —/ (XU H 4 ) d|V] +/ (X, N) doy.,
M oM

where the last equality follows because H is assumed to be tangent to OM on IM (see Remark
2.2). Moreover we have the same estimates (1.6) and (1.7)) on oy. For what concerns the tangent
part X7 the definition of varifold with free boundary yields

/ dive X' (z)dV (z, S) :—/ (XT H)d||V].
Gr(M) M

This shows the conclusion. O

4.5. Monotonicity formulae. Griiter and Jost established in [9] several properties of varifolds
with free boundaries: monotonicity formulae for ||V at the boundary [9, Theorem 3.1], which
imply the existence of ©F(||V||,z) for every point z if the mean curvature H € LP(M,||V]|) for
some p > k.

The monotonicity results are obtained by reflecting the balls across OM, i.e. they have mono-
tonicity of the sum of the masses in the ball and in the reflected ball [9, Theorem 3.1]. Using
Corollary it is possible to obtain the monotonicity of the mass in B, (x), without reflecting the
balls.

We begin with a monotonicity inequality which is used also in the proof of Theorem

Lemma 4.7 (Monotonicity inequality). Suppose V' € Vi(M) has free boundary at OM, with H €
LP(M,||V||) for some p € [1,400). Then there exists a constant ¢ > 0 that depends only on n,k,p
and on the second fundamental form of OM such that, for all xg € OM and s € R the following
inequality holds:

(1+en)st (plk /Mv(’x‘p“‘) duvn)‘i >y (3 +0) (pl /B |H+ﬁ|pd||vn> ,,
—oltp) (o [ (=) dHVH(z))‘l“

Proof. Without loss of generality we can suppose xg = 0. Since for large p the statement is obvious,
we have to prove it only for 0 < p < R(M), where R(M) is defined in section [2. We want to bound
from below the following derivative:

(4.8)

P

0 (5 Loy ) <8 (5 ) (3 fo(5an)

To do so, we want to bound from below the derivative in the right-hand side to get a differential
inequality. We have

5 G LoChame) = [ (s (5 + B (5 avees)

Let us choose X (z) = 7(%):& Then

(2 1)

2
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We use Corollary by testing (4.7) with X we get the following monotonicity identity:

i <p1k /M,Y(’i‘)d”v—”( )> — pkl_H/Gk(M) divg X (z)dV (zx, S)

dp

1 Eyatd z |?

S “y (7) Pg.—| dV(z,S)
k+1
(4.10) 1 PGy PN P 1 |z|

:pkH/ (X, H+H)d|V| - s /8M<X,N)dav

1 Eyatd z |?
S () |Per = | AV(z, S
PEHY Jaumy P <P) ¥ a] (@ 5)

We have to estimate from below the last member of the above identity.
Since v/ < 0, we can neglect the last integral and, since |z| < p by cut-off, we obtain

8 (5 ama) 2= s f (S mar
1

(4.11)
W WVU iz o

We have now to bound the two terms in the right-hand side of (4.11)).
e For the first one, since H € LP(M, ||V ||) and H € L>®(M, ||V|), also H+H € LP(M, ||V ).
Therefore, by Holder inequality we get

(4.12)

1 1
1 - v T
/ ]H+H!dHVH < (/ |H+H\”dHVH> (/ Y71 ("T|)dHVH> ’
o B, M p
1 11
1 . P ks 1 x o
<(s / |H+H|pd||vn> o7 (5 [ A(E)yaw)
P JB, P IMm p

e We now move on the estimate of the second integral in the right-hand side of (4.11]). Since
OM is of class C? and since 0 € M, there exists a constant ¢ such that

x
(4.13) \<m7 (@))] < cfx].
This yields
(4.14) ik ’y(|x’>| N)|do V</ ‘ | dav
P Jom P |$’

We have to further estimate the righ-hand side of this inequality. This is done by testing

(4.7) with X (x) = (lx‘)Vd( ); as in (3.19) we get

g () ov = o [ (B) Japs Vi) avee. s)
_pk}_l [ (‘ |>d1vSVd( )V (z, S)
5 [ () vt v @)
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Since 7'(s) = 0 if s € (0,1/2), we have % 2 ; Moreover, using |divg Vd| < ¢ (because
p < R and d is of class C? in Ur(dM) ) and ([£.12), we obtain

1l 2 [ (lalyls c [ (s
i} < _ Ll I el } Lind}
5 [ ar <=5 [ () Zamie@ + 5 [ () avie
1

1/ . <1/ i )
+ ro| — H -+ H|PA||V — d||V
p (ps [+ 7 d] ||> ()

(1.15) —Za ([ Ay awie) 2222 5 awie
#2205 [ (E e

B =

1
_k=s [ 1 ~ 1 x =5
o (/ |H+H|Pduvn> (5 [ () ap)
P”JB, P IM P

Concerning the last member, we now observe that

s (L awiw) 22 [ (B avia)
o G o)
Substituting in we get
o

pkll fy(| |)d0y<2£p< ! /M7<p)d”‘/”($>>

e BTG RIITE

1,]“*5 1 ~
+p v | = [ H+HPAV
P” JB,

Taking into account that

;}O(p;l/ () awie)
= [ ‘“”’ ) dIv) + ( /ﬂ(’i’)d”v”( )>

-

(Lo

we obtain

e (oo <222 [ () awio +2ng; (5 [ (B avie)

(4.16) . 1 . 2] 1
_k=s ~ €T P
Lo (/ yH+H,pdva> (k/ 7()d\\vu> .

P JB, P JIM p

This complete the estimate of the second term in the right-hand side of (4.11]).
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Gathering (4.12)), (4.14) and (4.16]) in (4.11)), we can estimate (4.9) as follows:
1 1—p
d 1/ || >P 1d<1/ || )(1/ || )p
= (= EDapvy )’ === (= EDNagvy) (= B qv
o o [ yamn) =2 (5 [ a(Eyawn) (5 [ (2w
_k=s /1 1 ~ P
> T (S ven) (o [ APV
p P JB,
~ettn) (o [ () d||vr<x>)’l’
PF N p
1
d 1/ |z )p
—cp— | = y{— ) d||V||(=z
3 (G [ () amie

which is the desired inequality. (I

|

Corollary 4.8. Let V. € Vi (M) with free boundary at OM, with H € LP(M,|V]) for some
p € (k,+00). Then there exists A = A(k,p, M, ||H||zr) > 0 such that, for all xo € OM the function

1

V| (By(x P _k
(4.17) p— M (HH({;(@)) + AePp'Th
1§ monotone increasing.

Proof. Without loss of generality we can assume xg = 0 € 9M. We first notice that we have to
prove the result only for small p, since it is clearly true for p > diam(M).
We choose s = 0 in (4.8)); therefore % € (0,1) since p > k. Rearranging we obtain the existence of

A > 0, which depends on the constant ¢ of Lemma on || H| r»(r) and on the second fundamental
form of 9 M, such that

d o, [/1 Iz] Pk
e [(pk [ () awvie ) + a0

Since the constant ¢ of Lemma does not depend on the choice of v (the estimates are indipendent
on the choice of « unless that 4/(s) = 0 for s € (0,1/2)), letting ~y increase to 1jg ;) we have that

the function
1
VI[(By)\» _k
, W[(! !)(k p>>p+Ap1 :

is monotone increasing. O

> 0.

If He L*®(M,|[V]), in (4.12) we simply estimate

L (e s |H + | [ (=
— — )|H+ H|d|V|| £—F— — ) d||V
| o+ == ()

By repeating the previous arguments we have the following result:

Corollary 4.9. Let V € V(M) have free boundary at OM with H € LM, ||[V||). Then there
exists A = Ak, M, ||H||x) such that, for all x € M the function

o IVI(B,@)

(4.18) P P

1§ monotone increasing.
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4.6. Density set and proof of Theorem In order to prove Theorem when p € (1, k],
we have to show that, for every varifold V' with free boundary at OM with H € LP(M, ||V]]), the
Hausdorff dimension of the set of points where the k-density ©F(||V||,-) does not exist or is infinite
is at most k£ — p.

We introduce the definition of density set for a k-varifold V.

Definition 4.1 (Density set). Let V € Vi (M) has free boundary at OM and H € LP(M, ||V||) for
some p > 1. Then the density set for V is defined as

Dens(V) = |J {oeM|lmsup 1/ (H + AP v = o},
s€(k—p,k] r—=0 T JB(x)

Remark 4.2. We notice that, if p > k, then Dens(V) = M (s =0 € (k — p, k]) and Theorem is

an easy consequence of the monotonicity of density ratios, Corollaries and Thus Theorem

is an extension to lower integrability of the mean curvature of the well-known existence of the

density at every point when p > k.

Proof of Theorem[1-4. We first show that H*(M \ Dens(V)) = 0 for all s > k — p. We have

1 -
Dens(V) = U As; Ag = {:1: eM | limsuprs/ |H + HIPd|V| = O}.
s€(k—p,k] r—0 By (x)

If 1 is absolutely continuous with respect to ||V|| and has density |H + H|P, that is u = |H 4+ H|?||V|],
then for any s € (k — p, k] we have

*S 1
M\ As = U{xEM|@ (/L,:L‘)Zg}.
1€N
Then, by [10, Theorem 6.9], for every i € N

7-[5({33 | ©*%(u, ) > %}) < iu({:c | ©%%(p, ) > %})

We want to show that for every i € N the right-hand side is equal to 0, which would prove (|1.9)). To
see this, we first recall that for a varifold with bounded first variation in M the ©%(||V]|,z) exists
and is finite for ||V |-a.e. x € M by [12, Lemma 40.5]; since

1

lim / H+ APA|V] <o for [V]-ae =M,
r=0 [|[VI[(Br()) JB, ()

we have 1
u({w] €% (n2) = -}) = 0.

Thus H*(M \ Dens(mg H* (M \ As) = 0. This shows (1.9).

In order to prove (1.10)), we fix g € Dens(V)NOM and s € (k—p, k] such that =9 € As. Without
loss of generality we can assume zg = 0. It is enough to show the result only for small radii, because
it is clearly valid if diam(M) < r < t. By the choice of s, we have k;s € [0,1). Applying Lemma
and taking into account 0 € A, we obtain that exists A > 0 (which depends on the point xg

chosen) such that
1
d A (1/ ‘.’I]’ )P 1_k=s
—e || — vy — ) d|V||(x +Ap P | >0.
5 [pkM(p)|| ()

Since this is independent on the choice of 7, letting v to increase to 1jg 1) we obtain (1.10).
If x € Dens(V') N M? the proof of (1.10) is the same, except for the fact that we have to use the
classical monotonicity inequality for interior points, which indeed is

1 k—s 1
d 1/ |z — x| )P p P 1/ i
B e Y (I TSV T RS (e ) SAT TN %
(o [ (=2l am o AR
1
1/ |z — x| >p
- = [ y——)d||V](=
(5 [ (=D awie
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The existence of ©%(||V]|,-) on Dens(V) and the upper semi-continuity of the restrictions of
OF(||[V]],-) to Dens(V) N M° and to Dens(V) N M are easy consequences of (1.10)). O

5. PROOF OF THEOREM

In this section we often use the following assumption on V.

Assumption 1. V € V(M) is a rectifiable k-varifold with free boundary at dM, with generalized
mean curvature H € LP(M,||V]|) for some p > 1 and ©F(||V||,z) > 1 for ||V|-a.e. x € M.

We remark that if V satisfies Assumption[I} Corollary [£.6]establishes the existence of the measure
oy and that V has bounded first variation.
We first recall the definition of oy, the (k — 1)-dimensional part of oy:

oy =oyLE, E={2]0<0" Y oy,z) <0 Vioy, ) < +o0}.

As stated in the introduction, we recall that if H € LP(M, ||V||) for some p > k, then the condition
0** =1 (gy,x) < 400 is not restrictive, since it holds for every point z € OM:; indeed (1.7) and
Holder inequality yield

B
ov(By2() SCHVH(BT(@“)) i 1 / |H|d||V]|
rk—1 rk rk=1 Br(x)

SCWH(BT(QC))+T1—’;</ |H|pd||V\>;<HV“(B”(x)))1_’1’;
B, (v)

K rk

By Lemma and p > k, the last member of the above inequality is bounded as r — 0, therefore

it follows ©**~1(gy,, ) < +00. This proves that Theorem is a corollary of Theorem
Since in the proof of Theorem we have to deal with the blow-ups of V' at points on M, we

introduce a notation for the scalings of V' at a point x¢g € M that we use throughout this section.

Notation (Scalings). If V € Vi (M) has free boundary at oM, if zp € OM is a fixed point and
rj 1 0 is a fixed sequence, we use the following notations:

M = Togr; (M) Vj = (Tmo,rj)ﬁv € Vi(M;) o) = ov;;
where 7, ,; is the dilation function defined in and f;V denotes the push-forward of V' through
f defined in . In Lemma we show that each V; has free boundary at M, thus Corollary
W states the existence of oy,, which we call o;. Moreover, we denote by H; the generalized mean
curvature of V; and H ; the vector field provided by Corollary relative to V. If x € OM;, we

denote by N;(z) the exterior unit normal to M; at z. As j — oo, according to the definition of
tangent space given in section 2} we say that M; — T,7 M and that OM; — T,,OM.

The idea of the proof is to study the blow-ups of V' at points on M, to prove that the at oj,-a.e.
point on M, every (k—1)-blow-up of o7, is of the form aH*~1_S for some (k—1)-dimensional linear
subspace S. This allows us to apply the Marstrand-Mattila Rectifiability Criterion [4, Theorem 5.1]
to oy,. We state explicitly the criterion for the reader convenience:

Theorem 5.1 (Marstrand-Mattila Rectifiability Criterion). Let m < n be a natural number and let
u be a positive Radon measure on R™ such that, for p-a.e. x € R™, we have
(1) 0 <O (p,x) < O (p,x) < o0;
(2) Every m-tangent measure of p at x is of the form SH™LS for some m-dimensional linear
subspace of R™.

Then u is m-rectifiable.

We begin in subsection where we adapt to oy, two well-known facts about measures:
e in Lemma we show that o}, (M \ Dens(V)) = 0; this allows us to check the conditions
of the Marstrand-Mattila criterion just on Dens(V).
e In Lemma we prove that for oj-a.e. x € OM, oy and oy, have the same (k — 1)-tangent
measures.
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Next, since by definition
0< 0ot z) <Ok V(o 1) < 400 for of-ae. z € OM,

to apply Marstrand-Mattila Rectifiability Criterion it remains to show that for o{,-a.e. 29 € Dens(V),
every tangent measure to oy is a (k — 1)-dimensional plane. Subsection is devoted to prove this,
which is achieved in several steps. The outline of the proof is the following:

(1) In Lemma we first prove that at every zyp € Dens(V) N dM, tangent varifolds to V'
are cones in the half-space T;BM that are stationary with respect to X;(7, ;g/\/l) Thus, if
C € Tan(V,zg) for some z¢ € Dens(V) N dM, Corollary provides the existence of the

measure oc. We also prove that the measures o; relative to the scalings of V' converge
weakly to o¢; This imply that (Corollary |5.5)

(5.1) Tan*1(o},, 20) = {oc | C € Tan(V, z0)} for oj,-a.e. xp € OIM.

(2) In Lemma we prove that each tangent cone C' has an invariant linear subspace D¢ that
coincides with the set of points where the k-density ©%(||C||,-) attains its maximum;

(3) In Lemma 5.7 we show that for o}-a.e. zg € OM, if C € Tan(V, x0), then o¢ is concentrated
on Dg;

(4) In Lemma we prove that for oj-a.e. g € OM, if C' € Tan(V, ), then D¢ is (k — 1)-
dimensional and o¢c = aH¥~'L D¢ for some constant o = a(zg, C);

(5) In subsection we summarize all these facts to conclude the proof of Theorem by
Lemma [5.§] an it follows that, for of-a.e. xg € OM, every (k —1)-tangent measure to
oy at xg is a (k — 1)-plane.

5.1. Summary of well-known facts. We begin with a measure-theoretic lemma applied to o7;.

Lemma 5.2. Let V € Vi (M) has free boundary at OM with H € LP(M, ||V]) for some p > 1.
Then o}, < HE=L. In particular, if p > 1, we have

(5.2) oy (OM \ Dens(V)) = 0

Proof. The proof is an easy consequence of [10, Theorem 6.9] which states that if yu € .#(R") is
a positive Radon measure and if

Ac{zeR" O " V(uz) <A},

then p(A) < 2F"IAHF1(A). Let us assume H*~1(A) = 0; since by definition ©**~1 (o}, 2) < 0o
for oj,-a.e. x € M we have that

ot (A) = a*v( JAn{e Doy, 2) < z’}) <Y ik a) =0,

€N €N
(5:2) clearly follows by o7, < H*~! and (T.9). a

k—l( k—l(

Since oy, is concentrated on E, we expect that Tan oy,x) = Tan oy, x) for every point of
E that has density 1 with respect to oy. This is a well-known fact, see e.g. |4, Remark 3.13], but
we recall the proof for the reader convenience.

Lemma 5.3. Let V € Vi (M) has free boundary at OM with H € LP(M, ||V||) for some p > 1, let
oy be the measure provided by C'orollary and let E be defined as in (1.8]). Then

ENB,
(5.3) Tank_l(aik/av’ﬂo) = Tan*"! (ov/, z9) Vxo € E such that lim UV( (x))

r—0 Uv(BT(m')) =1

In particular, the first equality in (5.3) holds oy -a.e..
Proof. Let us fix g € OM such that

L ov(ENBi(@) _ .oy (Br(x))
r—0 Jv(BT(I')) r—0 UV(Br(x))
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let v € Tan*~!(oy, zp) and rj J 0 such that

1 *
(5.4) 0j = F(Two’”)#av — v
J
We are going to prove that
1 *
(5.5) o; = F(Txo’rj)#aik/ 2
J

Without loss of generality we can assume xg = 0. Let us consider f € C.(R"™). We have

[ @ —]grgorl_l/f(:)dav(w)

J
. 1 T T
= Jim, e ( /E I(5) dovie) + /R . () dav<a:>> .
For the last term there exists ¢ > 0 such that
d ) < —— B.,. \ E
/Rn\E‘f< )‘ ov(z i Jv( \E)
ov (Bcrj) ov (BCTJ' \E)

'rf_l oy (Bcrj) Jj—o0

0

<c

since I has density 1 with respect to oy and oy (Ber;)/ 7‘;-“71 remains bounded by o; v, Hence
1 x
[ f@ v = tim = 1) dsiie)

1
0} = ﬂ(mﬂ“g‘)#ﬁ/ 2

Ty

This proves Tan*~!(oy,z0) C Tankil(ai‘},xo); the reverse inclusion can be proved in a similar
way. (Il

thus

5.2. Proof of the second condition of the Marstrand-Mattila Criterion. We begin by
studying tangent varifolds to V in a point 2 € OM.

Lemma 5.4. Let V € V(M) has free boundary at OM with H € LP(M, ||V||) for some p > 1.
Then, for every xo € Dens(V) NOM the following statements hold: let r; | 0 be fized and let us use
the notations for the scalings defined on p. [25; then
(1) every V; has free boundary at OM; with H;(x) = r;H(rjx) for every x € OM; and
1
(5.6) ov; = 1 (Tor,) 40V
"j
(2) there exist a subsequence of rj, not relabeled, and a k-varifold C' with supp C' C T(;r./\/l such
that
Vj o

j*)OO
In particular, Tan(V, xo) # 0.
(8) C is stationary with respect to Xi(T 5 M);
(4) if o¢ is the measure given by Comllary 4. 0| relative to C', we have

(5.7) oj =0y, = o
j—r00

(5) If in addition OF(|V|,z) > 1 for ||V|-a.e. x € M (that is if V satisfies Assumption ,
then C s a rectifiable cone and o¢ is scaling invariant, that s

1
Tk_i_l(TO’r)#O'C =0oC Vr > 0.
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Proof. To simplify the notations, we assume without loss of generality that xg = 0 € dMNDens(V)
and Ty M = {z,, > 0}.
Step 1: We first prove that every V; has free boundary at OM;. For every X € X;(M;) the vector

field z — X(%) belongs to X;(M), thus we can apply ([1.1)) to V and get
1
/ divs X () dVj(z, S) :k_l/ divg X () dV (=, S)
Gr(M;) r; Grp(M) Ty

S /M<X(j),H<x>>d\VH<w>-

J

Thus, if we define H;(x) = rjH(r;z) for all z € M, by changing again variables we get

/ divs X (x) dVj(z, S) = —/ (X(x), Hj(z)) d[|[Vjl(x),

Gr(M;) M;

that is V; has free boundary at OM;, with H;(z) = rjH(rjz). By Corollary V; has bounded
first variation and there exists 0; = oy, and H;. By a similar argument and by definition of H it
easily seen that

Hj(z) =r;H(r;jz) for ||Vj||-a.e. x € OM;.
If X € X(M;), then

1
/ divs X (z) dVj(z, S) :kl/ divg X () dV (z, 5)
Gr(M;) G (M)

: T
7“] 7

1 x ]
= /M<X(rj),H(x) + A (2)) d|[V(2)
iy [ ) N @) dov(a)

: T4
7"] 7

~ 1

— [ K H B A+ [ (XN )
M; T j

If we compare this equality with (4.7)) for V; tested with X, we get

1
oj =0y, = =1 (To;) 0V,

"

that is o} is obtained by scaling oy .
Step 2: We now want to study the limit of the sequence V. Since 0 € Dens(V'), by Theorem
there exists a constant ¢ > 0 such that
VI(B,) .

(5.8) IVill(B1) = [I(ro.r, ) VII(B1) = ———%~ <¢  VieN

k
Ty

Thus by compactness of Radon measures, there exist C' € Vi(R") and a subsequence of r;, not
relabeled, such that

(5.9) vV, & oc
Jj—o0
Step 3: Clearly supp C C TJM. To show that C is stationary with respect to %t(T(TM), we test
with a vector field X € X¢(T;"M). We first need the following estimate on H; (exactly the same
relation holds for H;):

1 1
P 1 P
(5.10) qurrmBl):(/ \HjldeVjH) =" / [HP V][] ——0.
B T Br, J—o0

J

where in the second equality we have used H;(z) = r;H (r;(z)) and the limit follows by 0 € Dens(V')
and |H| < |H + H| because H(x) € T,0M (Remark while H € (T,0M)*.
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To prove that C is stationary, let us pick X € X;(T,f M) with compact support; there exists a
sequence of vector fields X; € X;(M;) with compact support such that X; — X in the C* topology.

Hence, using (5.9) and (5.10]) we get

/ divg X (z) dC(z, §) = lim divs X;(x) dV(z, S)
Gr(T M) 1700 JGr(M;)

=—lim [ (X;(z), Hj(x))d|Vjl|(x)
J—00 Mj
=0

that is, by definition, C' is stationary with respect to X;(Ty" M).
Step 4: Corollary [£.6] provides that C' has bounded first variation and the existence of oc. We
want to prove that
(5.11) oj = oc.
j—oo
To this aim, we first remark that supp oo C Ty M and, since TodM is flat, we have that Ho = 0.
We next need an uniform bound on o;(B;) and we use ((1.7): since the second fundamental forms

of OM; go to 0 as r; — 0, when we apply (1.7) to V; in By, the constant ¢ in (|1.7)) is bounded
uniformly in j. This implies that there exists an uniform constant ¢ such that for each j € N

ov(By;)
0j(B1) ==
"5
cVII(Bar;) | 1
5.12 - * —/ AV
( ) 'I"‘;? T‘;? 1 B2'rj
1 1
V(B ks /1 » (|VI[(Br )\ r
<AVUB) 5 (L ) (W)Y
Tj rj B2'rj rj

where s € (k— p, k] is such that 0 satisfies the s-density condition in the definition of Dens(V'). The
last member of is uniformly bounded in j since 0 € Dens(V'), Theorem H and by % <1
This proves the uniform bound on o;(B).

To complete the proof of , let X € X(R™) be a vector field with compact support. If e, is
the n-th coordinate unit vector (that is the interior unit normal vector to 9T;" M), we have

(5.13)
_ / (X, en) doe = / divg X (2) dC(x, S)
TodM G (T M)
= lim divg X (z) dVj(z, S)

J=ee JG(My)

= — lim ( /Mj (X (), Hy() + Hy(2)) ][V | () + /8 (X (), N; () doj<x>>

j—00 J
= lim (X(x), Nj(x)) do(x),

where the first identity follows by Ho = Hg = 0 and the last one follows by (5.10). Thus
Njo; = —enoc is proved, since X(R") is dense in C.(R",R"), by (5.13) and the uniform bound
on 0j(B1) (p.12). To prove (5.11)), it is enough to observe that, if f € C.(R",R), then

/fdac = /(fen,en>dac = — lim [ (fen,N;)do; :jlijgo/fdaj,

Jj—00

by the uniform bound on o;(Bj) and since IM; — 9T, M in the C! topology.
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Step 5: We are left to prove that, if ©%(||V]|,xz) > 1 for |V|-a.e. z € M, then C is a rectifiable
cone. The scaling invariance of o¢ will be an easy consequence of this. We first claim that C' is
rectifiable. In fact, we have:

e OF(||Vj|l,2) > 1 for ||Vj|l-a.e. * € M;, since OF(||V||,z) > 1 for ||V|-a.e. z € M;

o sup;crel[V;(B1) < 50 by B3

e the V;’s have locally uniformly bounded first variations because 0 € Dens(V'), by and
the uniform bound on .

Thus we can apply to the sequence V; the compactnes theorem for rectifiable varifolds |12, Theorem
42.7], which proves that C' is rectifiable and that ©%(||C||,z) > 1 for ||C|-a.e. z € M. In particular,
there exists a k-rectifiable set I' C TOJr M such that

C =0(x)Hr T

with 0(z) = ©F(||C||,z) > 1 for HF-a.e. z €T.
It remains to show that C' is a cone. The argument is exactly the same as [12, Theorem 19.3],
but we recall it for the reader convenience. Since C' is rectifiable, to prove

(5.14) (oa)sC =C YA >0,
(that is the fact that C' is a cone), it is enough to show that
(5.15) or(||C|, \x) = ©F(|C],z)  VzeR™,VYA>0,

that is 6 is homogeneous of degree 0. This is clearly implied by
(5.16) ICII(AA) = M| C(A) YA C R" Borel, VA > 0.

By approximation, it is enough to prove that, for every 0-homogeneous function h € C*(R"), one
has

(5.17) % (Alk /Mfy<|x>\|)h(x)dHVH(x)) 0 WA>0,

where 7 is the cut-off function defined in Section[2} To this aim, if A > 0 is such that ||C||(0B)) = 0,
we observe that

: V(B
IC1BY _ IVl B IVIBar)

k

Since there exists at most a countable number of radii A; such that ||C||(0B);) > 0, by approximation
it follows that

IC1I(Bx)
2k

If we write the monotonicity identity (£.10) for C, since Ho = He = 0 and ATy M) is flat,

integrating between o, A we obtain

LA dieie - 2 [ () aicie)

(5.18) =0*(|V],0) VA>O0.

1
- W(@) | Po. V)z]|2 dC(x, 5)
(5.19) . 2
o o ( )\PSNw dC(z, S)

/ yPSwaH </ k+1’y Iw! dp) dC(z, S)

Letting «y increase to 1p 1) in (5.19)), by dominated convergence and - we get

2
PV
(520) 0= ”C‘L(kB)\) N HCH(kBCf) :/ ‘ St ‘(L’H dC(.’IJ,S)
o Gk(BA\Bd)
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Since the last term is non-negative, we have

(5.21) |P5LV|CCH2 = ‘Psl‘;r =0 for C-ae. (7,9) € Gi(T;y M),
that is

(5.22) C((z,8) | Ps(z) #2) =C((z,5) |z ¢ S) =0.

If h is 0-homogeneous, then (Vh(z),z) = 0 and implies

(5.23) (Vh(z), Psx) = (Vh(z),z) =0 for C-a.e. (z,5) € Gp(Ty" M).

Since C has free boundary at 9T, M, by testing (2.10) for C with X (z) = h(m)’y(%)‘r € X(TF M),

one obtains

a5 o L@ amie) =g [ s X@avee.

1 2]
+ / y( =) (Vh(z), Ps ) dV (z, S
M m (A>< (@) )dvi(z. 5)

where the last equality follows by Ho = 0 and (5.23|). This proves (5.17), thus C is a cone. The
scaling invariance of o¢ is a trivial consequence of (4.7) applied to C' and ([5.14)).

U
Before of going on, we highlight an easy consequence of Lemma, Lemmal5.3 and Lemma [5.4

Corollary 5.5. Let V' € Vi (M) has free boundary at OM with H € LP(M, ||V]]) for some p > 1
and let oy be the measure provided by Corollary[{.6. Then

(5.24) Tan*" (o}, 20) = {oc | C € Tan(V, z0)} for oy-a.e. g € OM.
Proof. By Lemma it clearly follows that for each 2y € Dens(V) N oM,
Tan* Yoy, z0) = {oc | C € Tan(V, z0)}.
By Lemma [5.2] and Lemma [5.3] we have the conclusion. (]

It is well-known that, for a cone, points with maximal density form a linear subspace and that
the cone is invariant by translation with respect these points (see e.g. [13| Section 3.3] and [14),
Theorem 3.1, Example (4) of Section 4]). We report here the simple proof of this fact for the sake
of completeness.

Lemma 5.6. Let V satisfy Assumptz'on let xg € Dens(V) N OM be fized and let C be a tangent
cone to 'V at xg. Then the set
Dc = {y € T:,OM | ©%(||C|.,y) = ©*(|C|,0)}

is a linear subspace of R™. Moreover the translated cone (Ly)yC coincides with C for all y € Dc.
In particular, if o¢ is the measure given by C’orollary relative to C, then (Ly)uoc = oc.

Definition 5.1. We say that D¢ is the invariant subspace of the cone C.

Proof of Lemma 5.6 Without loss of generality we can assume that xyp = 0. Let us call §) =
eF(||V]],0). By LemmaC is rectifiable and it holds ©%(||V|,0) = ©*(||C]|,0). Since C is a cone,
for y € T,0M we have

(5.25)

Oy =

OB 1By @) ¢ IS (B)

r—+400 rk rotoo (1 —|y|)k rk T rotoo rk

The last inequality is given by the monotonicity identity for C: in the last member of (4.10)), the
first two integrals disapper (since H + H = 0 and (N(x),z) = 0) and the last term is non-negative.

(5.25|) shows that
(5.26) ek(|C,0) > OF(ICll,y) ¥y € TyOM.

> 08(|[C],y)-
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If y € D¢, then (j5.25)) yields
ICII(B-(y))
rk
By the same arguments of Lemma it follows that C' is a rectifiable cone also with respect to y.
By rectifiability of C, in order to show that (L,);C = C, it is enough to prove that

(5.27) eF(C,2) =0 Cy+2)  VzeTyM.
To this aim, let z € T, J M be an arbitrary point. Since C' is a cone with respect to y, we have that

Ok (C, 2) = @k(C,y + %(z - y)> = @’f(c, %(y—i— z)).

On the other hand, since C' is a cone we have
1
O (IClly +2) = O4(C. 5w +2)).

This shows and hence (L,)3;C = C. The translation invariance of o¢ is a trivial consequence
of applied to C and of (L,);C = C.

It remains to show that D¢ is a linear subspace of R™. Since C'is a cone, if y € D¢, then Ay € D¢
for each A > 0. Since C' is a cone also with respect to y, then A\y € D¢ also if A < 0. If y, 2 € D¢,
it follows from the previous discussion that also y + z € D¢ and this proves that D¢ is a linear
subspace. O

=6y vr > 0.

Before going on, we first recall the definition of approrimate continuity:

Definition 5.2 (Approximate continuity). If u is a positive Radon measure and f: R” — R is a
Borel function, we say that f is approximate continuous at x € R™ with respect to pu if

o nl{z € Bi@) | 1£(z) - £(a)] > <))

li
5 (B, (x))
Remark 5.1. It is well-known that, if ;4 is a Radon measure, then every p-measurable function is
approximate continuous at p-a.e. point (see e.g. [7, Theorem 1.37] where the proof is done for the
Lebesgue measure, but the same arguments can be applied to any Radon measure).

=0 Ve > 0.

The following lemma states that there exists a set F' of full oy -measure with respect to Dens(V)
such that for every x € F' the invariant subspace D¢ of any cone C' € Tan(V,x) coincides with

supp o¢.
Lemma 5.7. Let V satisfy Assumption . Then there exists a set F' C Dens(V)NOM that satisfies
oy (Dens(V)\ F) =0

and has the following property: for every xzo € F and for every C € Tan(V,xzy) we have either
oc =0 oroc#0 and
o (lcl,y) = e*(|C|,0)  Vy € suppoc.

In particular, either oo =0 or suppoc = Dg¢.

Proof. The idea of the proof is the following: we first define the “good” set F' of full gy -measure
with respect to Dens(V') where ©F(||V||,-) exists and is approximate continuous with respect to oy
Next, we fix zg € I, r; — 0 and, using the notations for the scalings,

V; 5 C € Tan(V, 20).
We fix y € supp o¢ and we assume by contradiction that the statement is false. We find a tiny ball

B,(y) where ©F(||V}|,) is close to ©F(||C||,y) for j sufficiently large. Since ©%(||C],y) is close to
IC|(B,(y))/p"* for small p, this is achieved by weak convergence V; -~ C' and using the properties
of ¢, stated in Theorem Since (B (y)) > > 0 for large j, this contradicts the approximate
continuity of ©F(||V]|,-) at zo with respect to oy .
Step 1: We are going first to define the set F' of full oy-measure with respect to Dens(V) and
next we will prove that the conclusion of the theorem holds for every x € F.
We call A the set of points x € M that satisfy all the following conditions:
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(1) = € Dens(V) Nsupp oy and is of density 1 for Dens(V') with respect to oy, that is

_ gV(Dens(V) N Bp(@)
(5.28) ;1—% ov (By())

(2) = is a point of approximate continuity for ©%(||V||, -) with respect to oy (which is a well-defined
Borel function in Dens(V') and can be extended, for instance, to be 0 outside Dens(V'); the
chosen extension does not influence the approximate continuity, because by x has density
1 in Dens(V'), where ©F(||V]|,-) is well-defined).

By Lebesgue differentiation theorem and by Remark [5.1] we have

(5.29) oy (Dens(V)\ 4) = 0.

In addition, by Theorem for every © € A the map p — ¢;(p) is monotone increasing and
converge pointwise to 0 as p | 0, that is

lim ¢, (p) =0 Ve A
p—0

Thus, by Egoroft’s Theorem, for every h € N there exists a set Fy, C A such that

unif

(5.30) ov(A\Fp) <1/h, @u(p) ~—30 on Fj.
p—>

Up to removing sets of oy -measure 0, we can assume that every x € F}, is a point of density 1 with
respect to oy, that is

. ov(FyNBy(x))
(5.31) ,yi% Uv(Bp(;))

F:Am(UFh>.

heN

=1 Vr € Fj.

We now define

By (5.29) and ((5.30)) it follows

oy (Dens(V) \ F) = 0.

Let us fix zg € F and let us consider h € N such that g € Fj,. Without loss of generality we can
assume zg = 0.
Now let us fix ; | 0. Using the notations for the scalings, since F' C Dens(V'), by Lemma

there exists a subsequence, not relabeled, such that V; A Cwith C e Tan(V,0) and C'is a rectifiable
cone with ©(||C||,y) > 1 for ||C|-a.e. y € R™.

We now need a technical remark that is useful in the rest of the proof: recalling that H;(y) =
rjH (r;y), by a simple change of variables one obtains

rjxz € Dens(V) <&« € Dens(V}).
More precisely, if we call 4,0% the function for V; defined in Theorem we get
(5.32) ©1(p) = ¢ryu(rip).

Step 2: We can now begin with the proof. If oc = 0 there is nothing to prove. Thus we can
assume o¢ # 0 and () # suppoc C OT(;r M. Since C'is a cone, By ((5.26) we have

oF(Cl,y) < O*([[C]I,0)  Vy € T M.
By contradiction, let us assume that there exists y € supp o¢ and € > 0 such that
(5.33) ok ([Cll,y) < ©*(lC],0) - <.

Since o¢ is scaling invariant by Lemma @, without loss of generality we can assume that y € By 5.
By the uniform convergence (5.30) and by definition of density, there exists p € (0,1/2) such that

(5.34) ONBAD) | gy <ettctm+ g weem,
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Since Vj X, without loss of generality we can choose p so that there exists J € N and a small
0 < r < p for which

ICT(Bo()  1Vill(Bo(»))

o (p—1)*

(5.35) < Vi > J.

€
8
Let us choose j > J; for every z € B,(y) such that r;z € Fj, we have

01731 2) < WAl 4 sy

_ IVill(Bo(y)
B )k

( —r + Qprjz(rjp)

’HCHB £
= ( ) + (Prjz(rjp) =+ é

'l

€
Gk(IICH,y) +5
3¢
o (lC],0) - =

3¢
4

where we used the fact that every ¢, is increasing and ([5.32). This shows that, for j > J,

5.33

A\®

= 0"(|Iv;1,0) -

1 €
B,(y) N —Fy € {= € Bi | |5(IV;1l,2) — €"(IV;],0)| > 5}
j
Step 3: We now want to estimate from below the measure of this set to get a contradiction with
the approximate continuity of % (||V||,-) in 0.
By approximate continuity of the ©%(||V]|,-) in 0 with respect to oy we have

Br- k k
0= tmeup 7 (12 € Bey L[OHIVI,2) — €%(1V1,0)| > 53)
j—00 UV(BTj)
B, F;
>hmsup ov JJ((T y))ﬂ )
(536) j—00 174 rj
. ( rrj(rjy))
:hmsup
Jj—00 ( )
= lim sup Ii\PrY)) (BT (y))

josoo  0i(B1)

where the second identity is consequence of (5.31]) and the last one follows by (5.6). We want to

estimate from below the last term to get a contradiction. To do so, let us notice that, by o; Ao
and y € supp o¢, there exist two constants ¢, 8 > 0 such that, for j sufficiently large,

oi(B) < oi(Buy) = 6,

which contradicts ([5.36)).

This also prove the inclusion supp oc C D¢. To prove the other inclusion, let us notice that the
scaling invariance of oc and supp o¢ # () imply 0 € supp oc. Since o¢ is invariant by translations
along D¢ by Lemma we have the opposite inclusion and supp oo = D¢.

O

We next prove that, for every x € F' (where F' is the set defined in the previous Lemma) such
that ©~(oy,2) > 0 and for every C' € Tan(V,z), o¢ is the surface measure of a (k — 1)-plane,
which coincides with D¢.
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Lemma 5.8. Let V satisfy Assumption [1] and let F' be the set defined in Lemma [5.7. For every
xo € F such that © (o, 2) > 0 and for every C € Tan(V,xg), the invariant subspace D¢ of C is
(k — 1)-dimensional; moreover there exists ag > 0 such that

oo = Ozo'Hk_ll_Dc.

Proof. Let zp € F be a fixed point and let us assume C' € Tan(V, xy). Without loss of generality we
can assume that zo = 0 and that To0M is the subspace {z, = 0}. Since C' € Tan(V,0) there exists

rj } 0 such that, using the notations for the scalings, V; X C. Lemma asserts C' is a rectifiable

cone and that that o; X 60, where o¢ is the measure relative to C' given by Corollary
We first recall that the condition
ov(Br(z
(5.37) 0% 1(oy,0) = liminf ov (Br(r0)

r—0 kal

> 0,

together with o; X ¢, implies that o # 0. Thus, Lemma provides supp oc = D¢, where
D¢ is the invariant subspace D¢ of C, given by Lemma [5.6] D¢ is a linear subspace of R™ and
throughout this proof we call m = dim D¢ its dimension. By definition of Do, we clearly have
D¢c C {z, = 0}. Thus m < n — 1. After a suitable change of coordinates, we can assume that
Do ={xms1 =+ =z, =0}.

For any y € D¢ and any r > 0, we denote by Qp, (y,r) the closed cube included in D¢ with

center y, side of length r and faces parallel to the coordinate vectors ey, ..., e,,. If we set
oy (B,
(5.38) ap = liminf Lkg)l

J—o0 Wg—17;

we have ag > 0, by (5.37)). Since o¢ is invariant by scalings (by Lemma and by translations in
D¢ (by Lemmal[5.6), there exists a fixed 8y > 0 such that

(5.39) oc(Qpe(y,r)) = Bork1 Yy € Do Vr > 0.

We are going to show that ([5.39) implies m = k — 1. We argue by contradiction and by cases:

e Let us assume, by contradiction, that m < k — 1. For each | € N, there exists a covering
{Qi}?:{ of Qp,(0,1) such that each Q! is a cube included in D¢ and of side length 27
Therefore

2l'm

i=1

Thus o¢ (Q e (0, 1)) = 0. By translation invariance of o¢, it follows that oo = 0, which is
a contradiction.
e Let us assume now that m > k. We first observe that by approximation, (5.39)) holds also for

cubes that are open in D¢. Hence, taking for every I € N a covering {Qi}?:{ of Qp.(0,1)
of cubes included in D¢ with disjoint interiors and of side length 27, we have

olm

00(Qe(0,1) 2 Y00 ((@D)°) = 28627 ¢ > 82! — +oo,
i1 l—o0
(where (Q!)° is intended in the topology of D¢) which is a contradiction.
This shows that dim Do = k — 1. Since o¢ is invariant by scalings and translations in D¢, we have

oc(B(r(y))

= Yy € D¢, Vr > 0.
(Do B.(y) © ETeT

By Radon-Nikodym Theorem [12, Theorem 4.7], we obtain that oc = aocHF 1L De. [l
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5.3. Proof of Theorem We can now prove Theorem
Proof of Theorem[1.4 By definition of o}, we have
(5.40) 0 <Ot z) <O F D, 2) < +00 for oj,-a.e. x € OM,

thus oy, satisfies the first condition of the Marstrand-Mattila Rectifiability Criterion (Theorem 5.1)).
To check the second condition of the criterion, let us notice that Corollary [5.5] yield

(5.41) Tan* (o}, 2) = {oc | C € Tan(V,z)} for oy-a.e. x € OIM.
Since ©F~!(oy,x) > 0 for every z € E where E is defined in (L.8), Lemma and Lemma
yields
(5.42) {oc | C € Tan(V,z)} € {aH*"1LS | S (k — 1)-dimensional plane, o > 0} Ve e FNE,
where F is the set defined in Lemma [5.71 Moreover
oy (OM\ (FNE)) <oy (OM \ Dens(V)) + oy (Dens(V) \ F) + o7, (OM \ E)
=0.

Every set in the right-hand side is of,-negligible because: o7, ((9/\/( \ Dens(V)) = 0 by Lemma
and p > 1; o}, (Dens(V) \ F) = 0 by Lemma and o}, < ov; o} (OM\ E) = 0 by definition of
Uvéummarizing (5.41)), (5.42) and (5.43), we obtain

Tan* (o}, 2) € {aH" LS |a >0, Sis a (k — 1)-dimensional plane} for oy,-a.e. x € OM.

(5.43)

Since this is the second condition for the Marstrand-Mattila Rectifiability Criterion, we have that

oy is (k — 1)-rectifiable. O
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