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Abstract

We consider the problem of transfer of energy to high frequencies in a quasilin-
ear Schrodinger equation with sublinear dispersion, on the one dimensional torus.
We exhibit initial data undergoing finite but arbitrary large Sobolev norm explo-
sion: their initial norm is arbitrary small in Sobolev spaces of high regularity, but
at a later time becomes arbitrary large. We develop a novel mechanism producing
instability, which is based on extracting, via paradifferential normal forms, an ef-
fective equation driving the dynamics whose leading term is a non-trivial transport
operator with non-constant coefficients. We prove that such an operator is respon-
sible for energy cascades via a positive commutator estimate inspired by Mourre’s
commutator theory.

Contents
I. Introduction . . . . . . .. ... 2
1.1. Scheme of theproof . . . . . . . ... . . 6
2. Functional Setting . . . . . . . . . ... 9
2.1. Paradifferential calculus . . . . . . . . . ... ... 11
2.2. Admissible transformations . . . . . . ... ... 19
3. Analysis of Weak Resonances . . . . ... ... ... .............. 28
4. Paradifferential Normal Form . . . . .. ... ... ... ... ... ... ... 36
4.1. Block diagonalization . . . . . . .. ... ... ... o oL 39
4.2. Reduction of the highestorder . . . ... ... ............... 42
4.3. The weak A-normal form . . . . . ... ... ... ... ... ... . 44
4.4. Identification and proof of Theorem4.4 . . . ... ... ... ... .... 46
5. The Effective Equation . . . . . . . . . ... ... .. ... .. 48
6. Instability via Paradifferential Mourre theory . . . . . . .. ... ... ... .. 56
6.1. The Mourre operator . . . . . . . . . .o v v v v v it 57
6.2. Growth of Sobolevnorms . . . . . ... .. ... ... L. 61
6.3. Conclusion and proof of Theorem 1.1 . . . . . ... ... ... ...... 64

A. High Frequency Paradifferential Calculus . . . . . ... ... ... ... ..., 67


http://crossmark.crossref.org/dialog/?doi=10.1007/s00205-025-02159-z&domain=pdf
http://orcid.org/0000-0003-3202-1861

3 Page2of 76 Arch. Rational Mech. Anal. (2026) 250:3

B. Flows and Conjugations . . . . . . . . . . . ... .. 69
References . . . . . . . . . . . 73

1. Introduction

A fundamental question in physics and mathematical analysis is to study how
energy is transferred and redistributed from macro to micro scales in deterministic
systems; this is central to understanding the emergence of turbulent dynamics,
especially in fluids. Formal computations of energy transfers have been performed
since the 1960s, first by Hasselmann for the pure gravity water waves [43,44], that
by Longuet-Higgins and Gill for the 8-plane equation [56], and more recently for
the dispersive surface quasi-geostrophic equation (SQG) [68]; these, however, still
lack rigorous mathematical justification.

A rigorous way to effectively capture energy transfers is to construct solutions
exhibiting growth of Sobolev norms, as pointed out for example by BOURGAIN [18]
in the context of nonlinear Hamiltonian PDEs. Whereas an active line of research—
starting from the breakthrough work by COLLIANDER-KEEL-STAFFILANI-TAKAOKA-
Tao [19]—has rigorously proved that growth of Sobolev norms for certain semilin-
ear Schrodinger equations [36,38-42,45], there are no rigorous results for quasilin-
ear dispersive equations, even though the most relevant dispersive models in fluid
dynamics—such as those mentioned at the very beginning—are of quasilinear type.

There are several resons for that difficulties noted above. The first one, common
for all dispersive equations, is that the linearized waves merely oscillate over time
and consequently any growth in Sobolev norms is a purely nonlinear mechanism,
making the analysis particularly challenging. A further difficulty, specific to quasi-
linear PDEs on compact manifolds, is that global well posedness is (usually) not
known, in contrast with the (subcritical) semilinear setting. In addition, growth of
Sobolev norms happens on time scales longer than those predicted by the long-time
Cauchy theory (obtained via modern quasi-linear normal forms and modified en-
ergy methods), posing the problem of constructing solutions with a lifespan longer
than the expected one.

This paper aims to initiate a rigorous study of energy transfers in quasilinear
dispersive PDEs by proposing a new paradigm for constructing solutions that ex-
hibit growth of Sobolev norms, and we believe that it could serve as a foundational
framework to rigorously study energy transfers in dispersive fluid equations, such
as those mentioned at the beginning. Note that the pure gravity water waves, the
B-plane equation and the dispersive SQG share two common features: a nonlinear
transport term and a sublinear dispersion relation. We propose a simplified model
retaining exactly these features, and employ it as a theoretical test-bed to explore
our new mechanism.

Specifically, we consider the fractional quasilinear NLS (nonlinear Schrédinger)
equation

du = —i|D|% + [uPuy, xeT:=R/27Z, ac 1), (1.1)

with |D|% the Fourier multiplier defined by |D|*¢** = |k|*¢**, k € Z. Note
that, by energy methods and in view of the hyperbolic structure of the nonlinearity,
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equation (1.1) is locally wellposed! in H*(T, C) for any s > %; see Remark 4.3.
Here H® := H*(T, C), s € R, is the Sobolev space with norm

@17 == > > [ur®)* . (k) := max(1, |k]) ,

keZ

and ui(t) := % fT u(x)e ¥ dx is the k-th Fourier coefficient.

Equation (1.1) is also gauge invariant, so the L?-norm is constant in time.
Therefore, a growth in time of the H® norm, s >> 1, indicates a transfer of energy
to high frequencies. Our main result is the construction of a solution with Sobolev
norm arbitrary small at initial time, but arbitrarily large at a later one. More precisely
we prove

Theorem 1.1. There exists so > % such that given any s > 3s9, 0 < § < 1 and
K > 1, there exists a solution u(t) € H*(T, C) of (1.1) and a time T > 0 such
that

lu@©lls <8 and |u(T)|ls = K .
Moreover

sup [lu(t)llsy =26 .
0<t<T

Theorem 1.1 guarantees the existence of a solution of (1.1) with smooth and arbi-
trary small initial datum undergoing finite but arbitrary large Sobolev norm explo-
sion. Such a solution has a constant L2-norm and stays small in the “low” H*0-norm.
Local Cauchy theory, given by energy methods, implies that ||u(z)|s < 28 for all
times || < C8~2; see Remark 4.3. We show that Sobolev norm explosion happens
on the just longer timescale 7 ~ 8§~2log(8~!). Of course, one of the crucial diffi-
culties is to ensure existence of the solution over this longer timescale. We do not
know the fate of such solution after time 7', and since global existence for (1.1) is
not established, we cannot exclude the possibility that, after time 7, energy cas-
cades trigger a finite-time singularity formation. We remark that, in similar models,
such as the fractional KdV equation, solutions with large initial data can develop
shocks [20,48-51,65,72], resulting in the H I horm exploding while the L°° one
stays bounded. However, these shock solutions appear distinct from those described
in our Theoreml1.1, for which we ensure that low Sobolev norms stay small.

On the other end of things, not every initial data gives rise to turbulent solutions
of (1.1): consider for example the plane waves ae!®*=®") with o = |k|* — a?k,
which can be made of arbitrary small size. We also expect that KAM methods, like
those developed in [6,12,27], would enable the construction of globally defined,
small-amplitude, time quasi-periodic solutions, demonstrating the coexistence of
stable and unstable dynamics.

I'n particular, the ill-posedness phenomena a la Christ [21], which require non-hyperbolic
nonlinearities like #”~uy, do not happen for (1.1)
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As mentioned earlier, the primary novelty of this paper is the introduction of a
new mechanism for generating energy cascades, tailored to quasilinear dispersive
PDEs with a sublinear dispersion relation and a nonlinear transport term. In brief,
such structure allows us to extract, via a novel quasilinear normal form, a transport
operator with absolutely continuous spectrum, that drives the dynamics of (1.1),
inducing dispersive effects in frequency space and resulting in the growth of Sobolev
norms.

Such a mechanism is entirely distinct from the only two existing ones developed
for semilinear Hamiltonian PDEs: the first one, pioneered by COLLIANDER-KEEL-
STAFFILANI-TAKAOKA-TAO [19], exploits the dynamics of the so-called “toy model”
and works for semilinear NLS on T9, d > 2, and some related models [19,36,
38-42,45]. The second one, discovered by GERARD-GRELLIER [32], leverages the
peculiar integrable structure of the Szegd equation. We stress again that, in all these
models, the nonlinearity is semilinear, in contrast to all relevant dispersive PDEs
coming from fluids which are quasilinear.

Let us now describe our mechanism in more better. After a paradifferential
normal form a-la BERTI-DELORT [9], we conjugate equation (1.1) to

dw = —i|D|*w 4 Op”” (i(V) (u(1); x)&) w+ quasilinear remainders, (1.2)

where Op®" (-) is a Bony-Weyl paradifferential operator (see (2.22)) of order one,
coming from the nonlinearity of (1.1), and with the transport term having non-
constant coefficient

(V)@ 0) = 2Re( D () u—y (1) ) . (1.3)

neN

This normal form is significantly different from the one of BERTI-DELORT [9] and
of [10,11,13,29,63], where the symbol of the paradifferential operator has constant
coefficients (at least at low homogeneity). It is also very different from the normal
form of [19]: indeed the nonlinear vector field in (1.2) is not Birkhoff-resonant,
since the main term Op® W(i(\_f)(u(t); x)& ) w has phases of oscillations given by

In| =1 =nl*+1j+2n* = |jI*#0, VneN,jeZ;

in principle it might be eliminated by a (formal) Birkhoff normal form procedure,
but the required transformation is unbounded and not well defined in H*, due to
the quasi-linear nature of the problem. Actually, it will be exactly this term to
drive the instability: energy cascades are due to quasi-resonant interactions rather
than exact resonances; this is reminiscent, in wave turbulence, to the fact that are
quasi-resonances (rather than resonances) to play a fundamental role in the rigorous
derivation of the wave kinetic equation [24].

Note that the normal form (1.2) guarantees only a cubic lifespan ~ § =2 for initial
data of size § < 1, which is too short to observe any energy transfers phenomena.
Here come the first novelty of our method. We give up the control of any solution
for times longer than ~ §~2, and restrict to particular solutions whose initial data is
mostly concentrated on the two Fourier modes A := {—1, 1}. Via an ad-hoc normal
form, we decouple the dynamics of the modes in A and in A€, and prove that such
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special solutions are long-time controlled: with this we mean that, on the enhanced
timescale § 2 log 5~! the modes in A evolve essentially as rotations, whereas the
modes on A€ remain of very small size in a low H*° norm. In addition, we prove
that long-time controlled solutions fulfill an effective system of the form

0,¢ = —i|D|*¢ +i0p" ((J1 + v(x))&) ¢+ quasilinear remainders  (1.4)

Here J; is areal number and v (x) areal valued function, both depending nonlinearly
on the initial data u(0) (see (5.25) and (5.26)). We develop a new robust way to
prove that (1.4) has solutions undergoing growth of Sobolev norms. To do this, we
extend to the nonlinear setting a positive commutator method, inspired by Mourre’s
theory [64]. More precisely, we construct a paradifferential operator A, see (6.6),
such that the commutator

i[A, Op™" (31 + 0(x))§)]

is strictly positive on large frequencies up to a small remainder. This is possible
provided that the function J; + v(x) does not have sign, a condition that we force
by tuning the initial datum. This condition carries significant meaning: it ensures
that the operator Op?" ((J1 + v(x))&) has non-trivial absolutely continuous spec-
trum. This feature is the key factor driving energy transport to high frequencies:
it induces a dispersive effect in the energy space that is directly analogous, in fre-
quency variables, to the classical mechanism of spatial mass transport to infinity in
Schrodinger equations on Euclidean spaces.

A further benefit of our method is that it allows us to prove that ¢ (f) grows at an

exponentially fast rate. This is due to the quasilinear nature of equation (1.1): for
semilinear NLS, polynomial upper bounds in time are known (see e.g. [15,66,69,
70]), which become subpolynomial in time for linear time-dependent Schrodinger
equations (see e.g. [2,4,5,17,22,61]).
Related literature: Whereas for linear time dependent equations several results
are known [1,3,16,23,26,47,54,55,57-60], for nonlinear systems, as we already
mentioned, the results are scarce and limited to essentially two models: the semi-
linear Schrodinger equation (NLS) and certain integrable equations. Regarding
the first, after the seminal works by KuUksIN [52,53], the breakthrough result by
COLLIANDER-KEEL-STAFFILANI-TAKAOKA-TAO [19] for the NLS on T, d > 2,
identified the first mechanism of growth, based on the toy-model construction. Such
mechanism was further exploited by GUARDIA-KALOSHIN [41], HAuS-PROCESI [45],
GUARDIA-HAUS-PROCESI [40], GUARDIA-GIULIANI [36] and GruLIANI [38]. All of
these results construct solutions starting with norm arbitrally small and becoming ar-
bitrarily large at a later time. We also mention HANI [42] and GUARDIA-HAUS-HANI-
MASPERO-PROCESI [39] that construct solutions undergoing Sobolev norm inflation
and starting arbitrary close to periodic or quasi-periodic orbits. Solutions with un-
bounded paths have been constructed by HANI-PAUSADER-TZVETKOV-VISCIGLIA
[46] for the NLS on R x T2, combining dispersive effects and the resonant toy-
model construction.

The second known mechanism ensuring growth of Sobolev norms was pio-
neered by GERARD-GRELLIER [32] for the Szegd equation, exploiting its peculiar
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integrable structure [31]. We also mention Biasi-EvNIN [7] for a truncated Szegd
systems, GERARD-LENZMANN [34] for the integrable Calogero-Moser derivative
NLS, and long time instability results for the cubic half-wave equation obtained by
GERARD-GRELLIER [33] on T and GERARD-LENZMANN-POPOVNICU-RAPHAEL [35]
on R (exploiting resonant approximations with the Szegd equation). Furthermore,
we mention GUARDIA-GIULIANI [37] for chains of infinite pendula, the recent nu-
merical result by GALLONE-MARIAN-PONNO-RUFFO [30] for the FPUT chain and
ELGINDI-SHIKH KHALIL [25] for a completely different norm inflation mechanism
in L,

1.1. Scheme of the proof

We shall now describe in more detail the methods of the proof and the plan of
the paper.
Step 1: paradifferential normal form. The first step is to transform equation
(1.1) via the paradifferential normal form pioneered by BERTI-DELORT [9], further
developed and extended in [8,10,11,13,28,29,63]. While previous applications
of the Berti-Delort method aimed primarily at constructing a modified energy to
establish upper bounds on the Sobolev norms of solutions, our approach leverages
the method to extract an effective equation that has unstable solutions.

In Section 4, we perform two paradifferential transformations to conjugate the
original equation (1.1) to the normal form system (4.23), whose cubic component
has the form

fw = il D["w + Op" (i) w(n): 1§ +iaf” ww): . ) ) w
+Ry(u(t)w + h.o.t, (1.5)

with (V) (u(z); x) in (1.3), aéa) a symbol of order « and quadratic in u(¢), and
Ry (u(t)) a smoothing operator again quadratic in u. This normal form is signifi-
cantly different from the one of [9] and of [10,11,13,29,63], where the symbol of
the paradifferential operator has constant coefficients (at least at low homogeneity).
On the contrary, in (1.5), (V) (u; x) has non-constant coefficients, and additionally
it depends on time through u(¢). This is the term that will give rise to the paradif-
ferential operator in (1.4). To do this, we need to remove (or at least simplify) such
time dependence. The first natural attempt, i.e. replace in (V) (u(¢); x) the function
u(r) with its linear evolution e—? “t u(0), fails because it produces an error that
we cannot bound on the long time scales needed to see growth. Therefore, we need
to study the nonlinear dynamics of at least two modes u, (t), u_,(t). This we fix
the modes in A := {—1, 1} and study the nonlinear dynamics of u(t), u_1(¢).
Step 2: the A-normal form. We decompose the solution as follows.

u(@) =u' () +ut() where

wl (1) = w10 +u1(e™ , w0 =Y (e
k#+1

This decomposition separates the tangential modes u' (t) from the normal modes
u(t). To decouple the dynamics of these modes, we use a weak-normal form. The
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paradifferential operator in equation (1.5) vanishes when restricted to A (see (5.9)).
Therefore, the dynamics of ul (1) is governed by the smoothing operator R (u)w.
We decouple the dynamics of the tangential and normal modes in R, (u)w by

removing from this term two types of monomials 1% 1 u% e

Wit

(i) Monomials with (i, j», j3) € A and k € A¢:
o This ensures that the set A remains invariant under the cubic part dynamics
of (1.5);
o It also requires first-order Melnikov conditions

L =12l + 1j31* = k| #0, j1—jp+j3—-k=0,

that we verify whenever one and only one among (Ji, j2, j3, k) lies in A€.
(ii) Monomials with exactly two indexes among (i, j», j3) in A and the re-

maining one and & in A°:

o This is needed so that the leading term in equation (1.5) is given by the ske-

wadjoint paradifferential term Op®" (i (V) (uu_y; x)& ) w (whose monomials

have exactly 2 indexes inside A and 2 outside);

e It also requires second-order Melnikov conditions

i =1l + 131" =1kl #0, j1—jp+j3—k=0

when two indexes among (ji, j2, j3, k) are in A and the other two in A€,
provided that j; # j» or ji # k.

As a result, only integrable monomials of the form |u u Beif”, with either
Ji,j3 € Aor j; € A, j3 € A€ or viceversa are left in the smoothing operator
Ry (u)w. Finally, in Proposition 4.11, we identify the remaining resonant integrable
monomials via an a-posteriori identification argument a la BERTI-FEOLA-PUSATERI
[11] (see also [10]), obtaining the explicit form (4.10).

Step 3: The effective equation. The variables z ' () and z(7) solve system (5.3)—
(5.4), which has roughly the form

2" = —iIDIzT + VM T @) + OUIZH I, 1z13)
hzt =ilDpt + op (i) T 0: 0 +ial @i x, ) 2H (16)
+OI2 s 2 N Nl 115).

where Y3(A) (z") is the explicit integrable vector field (5.5), and the symbol of the
transport operator in the equation for z* is evaluated only on the tangential modes
21 ().

To further understand the dynamics of system (1.6) and to extract from it the
effective equation (1.4), we introduce a small parameter ¢ < § < 1 and we
consider special solutions of system (1.6), that we call long-time controlled (see
Definition 5.2). They are characterized by two properties:

(i) Their initial data are small in L2, with most mass on the modes z; (0), z_1(0):

12700, )2 <€ N1zH0, )2 < €
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(ii) Their high H*-norms have large a-priori bounds:
lz(®)ls <€? with0 <6 < 1.

Note that the large a-priori bound above is not restrictive for our problem: if it
fails, it means the solution has already grown. We then prove that any long-time
controlled solution, on the enhanced timescale |t < €2 log(e’l), has

e The modes z1(¢) and z_{(¢) evolving very close to the rotations:

21 (t) = e HIEFRH O 24 (0) + O30,

e The “low” H*-norm of z*(¢) staying very small, i.e. [|z*(#)|ls, < €. One
key idea to obtain this is to estimate z1 () in L?, exploiting the cancellation coming
from the skewadjointness of the paradifferential operator, then deducing a bound
for ||z ()| so by interpolation with the large a-priori bound for |[z(#)]|s.

Finally, we approximate the evolution of z " (1) with the rotations e~ (1#121(0) )

z+1(0) in the symbol (V) @' @); x) obtaining a negligible remainder, and, after a
space translation, we arrive at an effective system of the form (1.4); see Proposi-
tion 5.4.
Step 4: Growth of Sobolev norms. After this analysis, we have essentially reduced
the problem to construct solutions of the effective equation (1.4) undergoing growth
of Sobolev norms. We construct a paradifferential operator A, of order 2s and
supported on high-frequencies, see (6.6), fulfilling the positive commutator estimate
(Lemma 6.2)

i[A, Op" (@1 +0(0)6)] = TIOp™ (P nd®) ) + hot. (1)

Here I is a strictly positive real number depending on the initial data, see (6.10),
and nr a cut-off function on high frequencies. To obtain such positive commuta-
tor estimate, the main ingredient is to find a symbol a(x, &) which is an escape-
function for the dynamics of (J; + v(x))&, namely such that the Poisson bracket
{a(x, &), (J1 + v(x))E&} is strictly positive. This is possible provided that function
J1 + v(x) does not have a sign, and since

121(0) % + |z_1(0)?

J1+o(x) = 7 +2Re(z1(0)z—1 (0)e'>),

2 2
itis enough to select the values of the initial modes z4.1(0) so that M <

2|z1(0)] |z=1(0)|. The same condition yields the strict positivity of the number I
in (1.7). An important point is that the operator A is chosen to be supported on
very large || > R > 67%. This is required so that the dispersive term —i| D|*
and all the other lower order operators becomes perturbative with respect to the
leading transport. To conclude, we define the functional A(¢) := (Azt, z+) and
show that (1.7) leads to a lower bound for the dynamics of C“j—l.A(t), forcing A(r)
to grow exponentially fast provided .4(0) is not too small, a condition that can be
imposed by preparing well the initial data. Cover that A(7) < [z (7) ||f,, the growth
of the Sobolev norms follows.
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2. Functional Setting

In this section we introduce the paradifferential operators and smoothing re-
mainders, following [9,13]. We also introduce a new class of transformations, that
we call admissible transformations, see Definition 2.11. They are maps U +— F(U)
whose main property is to be of regularity C' with respect to the internal variable.
Consequently, the nonlinear map U +— F(U)U results invertible. We shall prove
that all the transformation generated along the normal form reduction of Section 4
are admissible.

Function spaces. Along the paper we deal with real parameters s > so > 0. We
use the following conventions for the set of natural numbers

N:={1,2,...}, Np:=NuU/{o0}.

For s € R we shall denote with H* (T; C?) the space of couples of complex valued
Sobolev functions in H*(T, C) and with

HY(T; C2) = [U - (Zf) € HY(T; C?): u~ =u_+] .

Given that r > 0, we set B, (r) the ball of radius r in H® (T, (CZ) and B g(r) the
ball of radius r in Hy (TI‘, (Cz). Given an interval / C R symmetric with respect
to ¢t = 0 and a Banach space X, we use the standard notation C(/, X) to denote
the space of continuous functions with values in X. Given r > 0 we set Bs([; r)
the ball of radius r in C(I, H® (']I‘, (C2)) and by B r(/; r) the ball of radius r in
C(I, H, (T, C?)). We denote that L*(T, C) := H(T, C) and we define

(u,v) 2 = %/Tu(x)mdx. 2.1

Given N € Ny, we denote by W":°°(T) the space of continuous functions u :
T — C, 2m-periodic, whose derivatives up to order N are in L°°, equipped with
the norm

N
. ¢
lullywoe =Y l105ullLoe.
=0

For N = 0the norm || - [|yyneo = || - [ILoe.
We denote by 7., ¢ € R, and by gy, 6 € T, the translation operator respectively
the phase rotation given by

i
[tcul(x) ==u(x +¢), [gg(%)](x) — (e u(x) ) . 2.2)

e_ieﬁ(x)

Symmetries of operators and vector fields. Given a linear operator A(U) acting
on L?(T; C) we associate the linear operator defined by the relation

A)[] = A)[V], Yv:T—>C.
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An operator A is real if A = A. We say that a matrix of operators acting on
L?(T; C?) is real-to-real, if it has the form

RW) — (Rl(w Ry(U)

2 2
Ro(U) R_1(U)> » YU € Lg(T.C% . 2.3)

A real-to-real matrix of operators R(U) acts in the subspace Lé(']l“, C?).If R(U)
and R’(U) are real-to-real operators then also R(U) o R'(U) is real-to-real.
A matrix R(U) as in (2.3) is translation resp. gauge invariant if

.o R(U)=R(t;U)ot., Vg €R resp.
ggo R(U)=R(ggU)ogg, VO € T. 2.4)

Similarly, we will say that a vector field

X(U) = (’“U“) is real-to-real if X (U)* = X(U)~, VU e L(T,C?),

XU~
(2.5)
and that it is translation resp. gauge invariant if
TcoX=Xot1., VseR, ggoX=Xogy, VOeT. (2.6)

If R(U) in (2.3) is translation resp. gauge invariant, then the vector field X (U) :=
R(U)U is translation resp. gauge invariant as well.

Fourier expansion. Given a 27 -periodic function u(x) in L(T, C), we expand it
in Fourier series as

.. 1 ..
= i ex = — “Udx . 2.7
u(x) jze;u] e uj 7 Tu(x)e X 2.7

We shall expand a function U € L%(T; C?) as

i 1 .
_ Y\ _ o, 0 iojx o ._ o —iojx
U= (Z,)— E E q uje?t, uG = o Tu (x)e dx,

GEijeZ
where gt := (6), g = ((1))
For J = (ji,....jp) € ZP, p > 1,and ¢ = (o1, ...,0p) € {£}? we denote
|71 :==max(|ji|....,|jpl) and
u :=u(;l]---u(;£, G-ji=o01ji++0pjp, 0-li=01+--40,.

We also denote by P, the set of indexes
Pp:z{(f,&)eZ”x{j:}l’: 7.5=0, aizo]. (2.8)

Fourier representation of homogeneous operators and vector fields. In the se-
quel we shall encounter matrices of linear operators, gauge and translational in-
variant, of the form

(2.9)

_(MIW) M)
MU) = (M?(U) M?(U)) :
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depending on U in a homogeneous way. We shall call them p-homogeneous if they
are polynomials in U of order p. We write them in Fourier as

_ (MM@n*t o _ Gp.0'0 Gp o iokx
MUV = ((M(U)V)’)’ (MU)V)" = Mjp jk U5, vj€ ’

ok=dp-jp+o’j
U:&I,.1+(7/

where the coefficients M % ;rko € C fulfill the the following symmetric property:
for any permutation of {1 .., p}, we have that

On(1)s+s0n(p)s0 50 3 01,...,0p,0",0

jrr(l) »»»»» jn(p)ﬁjﬂk - jl ~~~~~ jpsj»k (210)

The operator M (U) is real-to-real, according to definition (2.3), if and only if its
coefficients fulfill

Gp.o'0 _ —Gp,—0’,—0
Jpodik M]qp’]ﬂk ’ 2.11)
A (p + 1)-homogeneous vector field, which is gauge and translation invariant (see
(2.6)), can be expressed in Fourier as: for any o = =,

XY =YX, X = Y XTI @12
keZ ko= 0])+11Q+I
U:BP+1»1

p+1

the last sum being in (Jp+1, 0p+1), and with coefficients X Fook € C satisfying

the symmetry condition: for any permutation 7 of {1, ..., p + 1}

O (1)se+s On(p+1):0 __ O0lseees Op+1,0
Jr()sesJu(pry .k T e dpr1k

The constraint of the indexes in (2.12) can also be written as (fp+1 Lk, 8p+1 ,—0) €
P42 (recall (2.8)), and we shall often use this notation.
If X (U) is real-to-real (see (2.5)), then

YT _ . Op+lst _ —Opt1,—
X)), =XWU), ie Xj,,+1,k _Xfp+|,k

2.1. Paradifferential calculus

In this section we introduce paradifferential and smoothing operators, following
[9,13].
Symbols. We define the class of symbols which we will use along the paper. They
correspond to the autonomous symbols of Definition 3.3 in [9], where the depen-
dence on time enters only through the function U = U(¢). In view of this, we do
not need to keep track on the regularity indexes in time and we fix K = K’ = 0
with respect to Definition 3.3 of [9].

Definition 2.1. (Symbols) Letm € R, N € Ny, p € N, 59, r > 0.
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1. Holder symbols. We denote by F’;{, v.00 the space of functionsa : TxR — C,
a(x, &), which are C* with respect to & and such that, for any 8 € Ny, there
exists a constant Cg > 0 such that

||3é5 aC &) yne < CpE)" Pl vE eR.

We endow I'"?

.o With the family of norms defined, for any n € Ny, by

by = maxsup €7 0al Oy @13

2. p-Homogeneous symbols. We denote by FZ‘ the space of p-linear symmetric

maps from (C°° (T; (Cz))ptoCoo(TxR; O,x, 8= apUy,...,Up; x,8)
defined by

apUr, .. Upix,§) =y aS @] - @y} D%, (2.14)

JELP
ge{x}?
where a‘; &) = a;fll """" ; ” (&) are complex valued Fourier multipliers, satisfy-
ing
O yuuny (Tp _ 0’7-,(1) ..... Cfn(p) .
aj &) = Aoty (§) for any r permutation of {1, ..., p},

and for some p > 0,
0fa? @) < CpDN"E)" P ¥jeL’ 5 ex). peNo. (215
We shall denote by
ap(U;x,&) :=apU,---,U;x,8)

the polynomial symbol associated to the multilinear symmetric symbol.
We denote by F(’)” the space of constant coefficients symbols & +— a(&) which
satisfy (2.15) with u = 0.

3. Non-homogeneous symbols. We denote by I' [r] the space of functions
(U;x,&) — a(U; x, &), defined for U € By, (r) for some s large enough, with
complex values, such that for any s > sq, there are C > 0, r' :=r/(s) € (0, r)
and for any U € By, (r') N H* (T; (Cz), any B € Ngpand N < s — sp, one has
the estimate

<cE"PIunl M uls. (2.16)

a0

WN,oc

In addition we require also the translation invariance property
a(rgU;x,E)za(U;x+g,$), V¢ eR, (2.17)

where 7. is the translation operator in (2.2).
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4. Symbols. We denote by XI'i[r] the class of symbols of the form
aU; x,§) =ao(§) +ax(U; x,§) + a=4(U; x, §) (2.18)

where ag(&) € 1:31 is a Fourier multiplier, ap(U) € FT and a>4(U) € T'Z,[r].
We denote by XI'7'[r] the class of symbols of the form (2.18) with ag(§ ) = 0.
Finally sometimes we shall write XI'}'[r] = F’f4[r].

We say that a symbol a(U; x, §) is real if it is real valued for any U € By, r(I; r).
We also denote by F p (respectively F> ,[r]) the subspace of Ej), (respectively

Fz p[r]) made of those symbols which are independent of §, and by }';R (respectively
f§p [7]) to denote functions in F p (respectively ]-"5[, [r]) which are real valued.

Remark 2.2. Sometimes we shall write a symbol a,(U; x, §) only in polynomial
form

apUsx.§):= ) @ EuG N, (2.19)
=/
Ge{£)P

with some Fourier multiplier coefficients E;:’ (¢) not necessarily symmetric, but

fulfilling the estimates (2.15). One obtains the symmetric coefficients ajll”_"_‘_"’;” in
the expression (2.14) by symmetrizing, i.e., denoting by S,, the symmetric group

of permutations of {1, ..., p},

O1s.-0s0p 1 ~OT(1)seees Ox(p)

a . . .
Jlseens Jp ! ]n(l) ~~~~~ ]71(]1)
TeS,

We shall use the notation (2.19) for example in formulas (4.4) and for the resonant
transport term in (4.8); the reason is that the transport term (4.8) is perhaps the
most important object, being the term responsible for the growth, and we prefer to
express it in the simplest possible form.

elfaisasymbolin I}y . thendca € I')) v, , and d¢a € F’v"’,,vloo If b is a symbol
in 7,  thenab € T Ifa € I, [rland b € I [r], then ab € T4 [r] .

e p-homogeneous symbols in F’" and non-homogeneous symbols in ' plr] are
actually functions with values in FW ~.oc forsome N € N, whose seminorms (2.13)
are bounded by

p—1 p—1
laplpwree n < CullUNY NUlNtpt1 s lalpwyee n < CollUlls, 1T s

N<s-—yp.
e A p-homogeneous symbol a, (U, x, §) is a non-homogeneous symbol, since
(2.14)—(2.15) imply

[ofay s 0| =@ P01 Wi . @20)

WN.o0

and (2.14) implies the translation invariance property (2.17).
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Paradifferential quantization. Given p € Ny we consider functions x, € C*(R” x
R; R) and x € C*(R x R; R), even with respect to each of their arguments, sat-
isfying, for 0 < §p < 11—0,

supp xp C {(¢",8) e R” x Ry [§'] < 8o(£)},  xp(§',6) =1 for |E] < 80(8)/2,
supp x C {(§",8) e R x R; [§'] < 80(£)}, X&', &) =1 for |&'] < 8(£)/2.

For p = 0 we set xo = 1. We assume, moreover, that

1900, xp (8. )] < Cop(&) P!, Ve e Ny, B e NJ,
10L0L X (&, 6)] < Cepe) P, Ve, B e Np.

Ifa(x, &) is a smooth symbol we define its Weyl quantization as the operator acting
on a 2 -periodic function u(x) (written as in (2.7)) as

OpW(a)u_Z<Z k-, k+j MJ) ikx

keZ jeZ

where a(k, &) is the k' —Fourier coefficient of the 27 —periodic function x >

a(x, ).

Definition 2.3. (Bony-Weyl quantization) If a(U; x, &) is a symbol in I, re-
spectively in FwN « or 'Z [r], we set
ay,(Usx,8) =Y xp(J. &)al Eue @D,
jezr
Ge(+)?
ay(U; x,8) =) x(j,)aU; j, £)eV* (2.21)
JEL
where in the last equality a(U; j, &) stands for j th Fourier coefficient of a(U; x, €)

with respect to the x variable, and we define the Bony-Weyl quantization of a(U; -)
as

. w . - Jtk\ 5 (J+tk

Op®" (a(U; v = 0pW (ay, (U; Dv= > xp (J,T>a;f< 5 ulvjetr, (2.22)
(.j-kyezrt?
Ge{£)P
G- j+j=k

i + k k+j :

0p®Y (a(U; v =0p" @y U; v =3 x(k—j,j;r )a(U:k—j, ;’)v,-e'”.

(j,k)ez?

(2.23)
Notethatifx(k—j, ]%) # Othen |[k—j| < 80(#) and therefore, for §y € (0, 1),

1-— 1+0
1+8

This relation shows that the action of a paradifferential operator does not spread
much the Fourier support of functions.

|k| Vi kel.



Arch. Rational Mech. Anal. (2026) 250:3 Page 150f76 3

e If a is a homogeneous symbol, the two definitions of quantization in (2.22) and
(2.23) differ by a smoothing operator according to Definition 2.6 below.

o Definition 2.3 is independent of the cut-off functions x,, x, up to smoothing
operators that we define below (see Definition 2.6), see the remark at page 50 of
[9].

o Given a paradifferential operator A = Op®" (a(x, £)), we have that

A=0p"(a,=5) . AT =0p" @, ~&), A"=0p"(alx. D),

where AT and A* denote respectively the transposed and adjoint operator with
respect to the complex, respectively real, scalar product of L2(T, C) in (2.1). It
results A* = 4 .

e A paradifferential operator A = Op*" (a(x, £)) is real (i.e. A = A) if

a(x,&) =a”(x,€) where a”(x,§):=a(x,—&). (2.24)

e A matrix of paradifferential operators Op®" (A(x, £€)) is real-to-real, i.e. (2.3)
holds, if and only if the matrix of symbols A(x, &) has the form

(a8 b _ [awE 0 0 b6
Auf)_(wa,s)awx,s))_< 0 aV(x,s>>+<bV<x,s> 0 >(2'25)

o A real-to-real matrix of U -dependent paradifferential operators Op®™ (A(U; x, &))
is gauge invariant, i.e. (2.4) holds, if and only if the symbols in (2.25) fulfill, with
gg in (2.2),

a(U; x, &) = a(geU; x, &), 2 b(U;x,8) =b(geU; x,£), V0 €T ,(2.26)

If, in addition, a, b € IF:ZK then Op?" (@) in (2.22) have indexes restricted too -1 = 0,
whereas Op?" (b) too - 1 = 2.
We will use also the notations

_ ax,§) 0
Opyec(a(x, §)) .—OpBW([ 0 WD

0 bt 2.27)
X,
Opile (b(x, §)) == OP”([W 0 i|>

Through of this paper we shall use the following results concerning the action of a
paradifferential operator in Sobolev spaces. (we refer to [13, Theorem A.7] for the
proof of (i) and to [9, Proposition 3.8] for the proof of (i7), (iii)):

Theorem 2.4. (Continuity of Bony-Weyl operators) Letm € R, p € N, r > 0.
Then

(i) Let a € T'}'s,. Then Op”" (a) extends to a bounded operator H* — H*™"
for any s € R satisfying the estimate, for any u € H*,

10p™ (@) tlls—m < laly,ro 4 llulls - (2.28)
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(ii) Leta € FZ’. There is so > 0 such that for any s € R, there is a constant
C > 0, depending only on s and on (2.15) with £ = B = 0, such that for any
Up,...,Up, € HY(T, C?) and v € H*(T, C), one has

10p™ (a(U1, ..., Up; ) vlls—m < C H 1Ujllsollvlls s (2.29)
j=1

for p > 1, while for p = 0 the (2.29) holds by replacing the right hand side with
Clivlls.

(iii) Leta € T? [r] There is so > O such that for any s € R there is a constant
C > 0 such that, for any U € By (r), one has

100" (a(Us ) | ceaas . ms—my < CIU 5, - (2.30)

Classes of m-operators and smoothing operators. We introduce m-operators
and smoothing operators. This is a small adaptation of [9,13] where we consider
only autonomous maps, where again the time dependence is only through U (7). In
particular we put K, K’ = 0 with respect to the notation in [9,13]. Given integers
(n1,...,np41) € NP*! we denote by max;(ni,...,np41) the second largest
among ny, ..., Mp41.

Definition 2.5. (Classes of m-operators) Letm € R, p € Np and r > 0.

1. p-homogeneous m-operators. We denote by /W’Z,‘ the class of (p + 1)-
linear operators from (C*(T; C?))? x C*(T; C) to C**(T; C) of the form
(Ur,...,Up,v) — M,(Uy,...,Up)v, symmetric in (Uy, ..., Up), with
Fourier expansion

MUy :=MyU,....Upp=>_ Mi”,j’k u;’: vj elkx (2.31)
U[,E{:I:}p
k— 1—0,, j,,

that satisfy the following. There are 4 > 0, C > Osuchthatforany (j,, j, k) €
ZP+2, G, € {£}?, one has

IMU" ol =Cmaxa{(ji), ..., (p) GNY max{(ji), ..., (Gp), (™. (2.32)

2. Non-homogeneous m-operators. We denote by M2 [r] the class of oper-
ators (U,v) — M(U)v defined on By, (r) x H* (T, C) for some sg > 0,
which are linear in the variable v and such that the following holds true.
For any s > so there are C > 0 and ' = r/(s) €]0, r[ such that for any
U € By, (r') N H*(T, C?), any v € H*(T, C), we have that

IMU)vlls—m <C(|Ivll U5 + Il 1U 115, ”U”s) it p=1,

IMU)lls—m < C (Ivlls + Il 1U 151U lls) if p=0.
(2.33)
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In addition, we require the translation invariance property
Mz U)ltev] =1 (M(U)v), Vg5 €eR, (2.34)

where 1 is the translation operator in (2.2).
3. m-Operators. We denote by X M([r] the space of operators (U,v) —
M (U)v of the form

MU) = Mo + M2(U) + M=4(U), (2.35)

where M, (U) in M’" p € {0,2}, and M>4(U) in MZ [r].
We denote by MG (r] the operators of the form (2.35) with My = 0. Finally
sometimes we shall write ZM'[r] = MZ,[r].

e A p-homogeneous m-operator M), is a non-homogeneous m-operator. Indeed,
(2.32) implies the quantitative estimate: for so > u + 1 > 0, for any s > s¢, any
U € H*(T; C?), any v € H*(T; C),

IMpU)Vllsmm s UV s + U1 UV Do (2.36)

whichis (2.33) (see Lemma 2.8 and 2.9 in [13] for a proof). Moreover (2.34) follows
from the Fourier restriction k — j = &), - J, in (2.31).

o (Paradifferential operators as m-operators) Ifa(U; x, £) isasymbolin X F(’)” [7]
then the paradifferential operator Op"" (a(U; x, §)) is an m-operator XM [r].

This is a consequence of Theorem 2.4—(ii)&(iii).

e We will meet vector fields of the form X (U) = M (U)U where M (U) is a matrix
of p-homogeneous m-operators as in (2.9). In this case the relation between the
Fourier coefficients of the vector field in (2.12) and those of the m-operator in (2.31)
is given by

OlsensOpiOpy10 1 ( O1:0p.0p 41,0 Opt1s0ps01,0
Jloeeos j,,],,+1k_p+1

+. 01,..4,01,+1,0p,0)
Jlsees Jpsip+1:k Jp+1sesipsit k Jlseees Jp+1.Jp-k

(2.37)

namely, they are obtained symmetrizing with respect to the second last index (j, o)

the coefficients M 0” k 7 of M(U).
If m < 0 the m- operators are referred to as smoothing operators.

Definition 2.6. (Smoothing operators) Let o > 0, p € Np and ¢ € {0, 2}. We
define the p-smoothing operators

Rp¢ = M,%. RI8[r]:i=Mr], =RIr]:=TM,[r].

e In view of (2.32) a homogeneous m-operator in ./{/lv'l’} with the property that,
on its support, maxa{{j1), - .., {jp), (j}} ~ max{(ji), ..., (jp), (j)} is actually a
smoothing operator in R ¢ for any ¢ > 0 satisfying (2. 32) with w ~> u+m+
and m ~» —p.

e The Definition 2.6 of smoothing operators is modeled to gather remainders which
satisfy either the property maxs(ni, ..., np+1) ~ max(ny, ..., np41) Or arise as
remainders of compositions of paradifferential operators, see Proposition 2.8 below,
and thus have a fixed order g of regularization.

Composition theorems. Let D, := }ax. The following is Definition 3.11 in [9].
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Definition 2.7. (Asymptotic expansion of composition symbol) Leto > 0,m, m’ €
R, r > 0. Consider symbols a € EFZ’[r] and b € EF;", [r], p, p’ € {0,2}. For U
in Bg(I; r) we define, for o < s — 50, the symbol

0

1 (—1)f

(a#pb)(U; x, &) := Z o Z T ——— (3 Dfa) - (0 PDib)(U; x.£) . (238)
k=0 1=k

e The symbol a#,b belongs to EFZ’:Z’/ [r].

e We have that a#,b = ab + 5 A{a, b} up to a symbol in EFm+m ~2[r], where

{a. b} := dead,b — deadeh € SO 1] (2.39)
denotes the Poisson bracket. Moreover if a € F’” wandb e F’v"’/ ~.oo then {a, b} €
F’V'V,(,m] . with estimate

Ha, DY —1, w100 S @l wivoo 1 1D] g wivoo - (2.40)

o Due to (2.18), the symbol a#,b does not contain symbols of odd homogeneity.
o aV#ybY = a#t,b’ where a" is defined in (2.24).

The following proposition is proved in [13, Theorem A.8] and [9, Proposition
3.12]:

Proposition 2.8. (Composition of Bony-Weyl operators) Let m,m’ € R, p, p’ €
{0,2}, 0 > 0andr > 0.
(i) Leta € F’V"’,Q,oo, be F'V'{,Q,oo. Then

Op™" (a) Op®" (b) = Op”" (a#,b) + R(a, b),

where the linear operator R(a,b): H® — H~mtm)te yg ¢ R satisfies, for
some N = N(p) > 0,

IR@, D)ulls—mimiro S (almwece n Blys pooy + 1alm 100 n 1Bl weoe ) lulls -

(2.41)

One can take that N(2) = 17. )
(ii) Leta € EFZ‘ [r], b € EF;”, [r]. Then

Op™ (a(U; x, £)) o O™ (b(U; x, £)) = Op™ ((atob)(U; x, §)) + R(U),

R Q+m+m[ ]

where R(U) are smoothing operators in & iy

eleta(U) € ZFZ’ [r]and b(U) € EFZ‘,/ [r], with the notation in (2.27), one has
that

[OpEY. (1), OpiE.(@)] = OpEY, (b#pa” — attph) + R(U)
[Op&Y. (@), OpAt. (b)] = Ol (atoh” — bHpa” ) + R(W) (242
[ vec(a) Opvec(b)] vec(a# b — b# a) +R(U)
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where R(U) are real-to-real matrices of smoothing operators in ¥R pi;/m .

We conclude this section with the paralinearization of the product (see [9, Lemma
7.2]).

Lemma 2.9. (Bony paraproduct decomposition) Let f, g, h be functionsin H° (T; C)

with o > % Then

fgh=0p" (fg)h+0p®V (fh) g+ Op°V (gh) f + Ri(f. ©)h + Ro(f, h)g + R3(g. h) f

where for j = 1,2,3, R; is a homogeneous smoothing operator in ﬁl_g for any
0=0.

Composition of m-operators. The next lemma, which is a consequence of Propo-
sition 2.15 (items (ii) and (iv)) in [13], shall be used below.

Lemma 2.10. Let m,m',mg € R, 0 > 0, r > 0, p € {0,2}. Let M(U) be a
real-to-real matrix of m-operators in M35 [r], F(U) be a real-to- real matrix of
0-operators M olr] and o(&) be a matrix of Fourier multipliers in F 00 Then

1. If c(U) is a 2-homogeneous symbol in F'Z” and c=4(U) is a non-homogeneous
symbol in Fg4 [r],

b>4(U; x,8) :=c(MU)U, U; x,§)

U0 8= cEpDVEX O @\ (12, 8) 1= coa POV x,8)

are symbols respectively in ng’ and F;"L; [r'] for some r’ > 0;

2. If Q(U) is a 2-homogeneous smoothing operator in 7%2_ e

Ry(U) = Q(—ip(D)U, U) € Ry Hmx0m) g
Rz4(U) = QMWUW)U,U) e R;§+max{0,m}[r];

3.IfR(U) e ZRQ_Q[r] and a(U; x, &) € ZT3'[r], @ = m, then
R(U)oOpFY @U;x,8) e R 9*’"[r], op®V @U; x,£) 0o R(U) € R 9*’"[ 1.

4. If M is in EM'}[r] and M’ isin EM’;’,/ [r] then the composition M o M’ is
in 2:./\/1m+max(m/,0)[ I
+p’
5. IfM(U) is in M Z4lr], then M(F(U)U) is in M’;'4[r 1 for some r' > 0.

2.2. Admissible transformations

In this section we introduce a class of U -dependent transformations, that we call
admissible, that have three properties: (i) they are bounded as maps on Sobolev
spaces of sufficiently high regularity, (i7) they are differentiable with respect to
the internal variable U and (iii) their differential may lose m-derivatives in the
external variable, but gain p-derivatives in the internal one. Examples are flows of
paradifferential and smoothing operators; see Lemmas 2.16 and 2.17.
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Definition 2.11. (Admissible transformations) Let r > 0, m, 0 > 0. We say that
a real-to-real matrix F(U) of non-homogeneous 0-operators in Mgo[r] is an m-
admissible transformation of gain o if the following holds: -

(i) Linear invertibility: F(U) is linearly invertible and its inverse F(U) ! is a
real-to-real matrix of non-homogeneous 0-operators in MY [r] satisfying the
following: there exists so > 0 such that for any s > sg + o there is a constant
C:=C; > 0and r = ry > 0 such that forany U € By, g(r) N Hy °(T; C?)

and V € Hy(T; C?) one has
IFAHV s+ IF' @ VIs < CUVIs + 1Uls=o 10l 1V Isp) . (243)
(ii) Expansion: F(U) — Id is a matrix of m-operators in ¥ M%'[r] expanding as

F(U) =1d+F2(U) + Fo4(U), Fo(U) € MY, Fo4(U) € M2,[r).
(2.44)

(iii) Derivative: there is so > O such that for any o > 59 + o, the map
By_or(r) 3 U v F(U) € L(HZT™(T, C?), HZ(T,C?) =: X°"

is differentiable.

Moreover its differential dy F(U) satisfies the quantitative bound: there are
C =Cs > 0,r =7r'(6) > 0 such that for any U € B,_,r(r') and
U e Hg °(T; C?)

Idg BT xen < ClUllo—ollUlls—p - (2.45)

Moreover, for any s > sg + n, there is C := Cg > 0 such that for any
U € By, r(r) N Hp(T; C?»,Zz,U € Hp (T; C?2) one has

| (do P01 = duFa@IO1) Zlls—m = IduFoaID1Z

= C (W01 Z 1+ 1T B IO U Z sy UV 1 1 Z1, ) -
(2.46)

Remark 2.12. (1) Compared to m-operators in ./\/lg olr], admissible transformations
exhibit a gain of o derivatives in the internal variable U; see the second term
in estimate (2.43) and compare it with (2.33) for p = 0. This additional gain
will be verified since the admissible transformations we consider are linear flows
generated by either paradifferential operators or smoothing operators. In both cases,
the internal variable gains derivatives with respect to the external one.

(2) Thanks to the bound in (2.43), F(U) conjugates any matrix B>4(U) of 0-
operators in Mg4[r] into another matrix of 0-operators in Mg4[r], namely

F(U)BZL;(U)F(IJ)’1 is a matrix of 0-operators in /\/lg4[r].
(3) Property (ii) implies that B

| F@) =141Vl + | [F' @) =1d] Vilsom < CIUIZ IV Il + 10 5o 1T s 1V g
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and that

IdyF2 (IO ls—m Ss 1UNso 1T Nsg 1V s + 1Ulso 1T 1511V sg + HU s 1015 IV s -
(2.47)

(4) The expansion (2.44) for F(U) implies the corresponding expansion for F(U) ™!

F(U)™' =1d - F,(U) + F=4(U),

where F-4(U) := —F(U)"'F>4(U) + F(U) "' [F(U) — Id]F,(U) is a real-to-real
matrix of 2m-operators in Mzz’ﬁ [r].
We now prove that admissible transformations are closed by composition.

Lemma 2.13. Let F(l)(U) be mi-admissible with gain o1 and F(z)(U) be mo-
admissible with gain 0>. If m1 < @», then the composition FOMOHFD W) is a
m1 + mo-admissible transformation with gain o := min(o> — m1, 01).

Proof. Wesetm := m+ms>. (i) and (i7) follows by the composition properties of
m-operators, see Lemma 2.10-4, and by applying twice estimate (2.43) and using
also 0 < min{p1, 02}. Moreover we have the expansion

FOWFP W) =1d + F (U) + F () + F1P ),

where FU;” () =FL ) HF S0+ (K ) + FLO)) (FF ) + FE )

€ MZ,[rl.

(iii) Set sg := s(()]) + s(()z) with séj ), Jj = 1,2, the regularity threshold in property
(iii) for FY). We first prove that, for any o > so + 0, U — FO(U)FD(U) is
differentiable at U € B, _,r(r), r > 0 sufficiently small, and its differential is
given by

dy (FO(W)FP ) [U]= duF PV O)T) F2 ) +F W) @y F? @)10D.
(2.48)
Indeed fix U € B, r(r), take U with ||0||U_Q <« r and set that
Q. 0) =FDW + 1H)FP W +0)
~FOWFY ) - (@ FO OO FO W) +FD ) @y FO W)10)
= (FOW + ) = FO @) = dy FO @)[01) FO W + )
+FO @) (F<2>(U +0)-FOwW) - dUF(2>(U)[0J)
+dyF V01 (FOW +0) - FO W)
= QU 0) + Q. 0)+ Q3. ).
We show that, for j =1, 2, 3,

1Q,; . D)llxem ST, (2.49)
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proving formula (2.48). Consider first Qi (U, U)V with V € HZ ™™ (T, C?). Using
the differentiability of F(V(U), estimate (2.43) for F@ (U + U) and that o =
min(oy — mp, 01) we get that
1Q1U, D)V SIFD W +U) = FD W) — dgFD W) [U]]| xom
IFD W + OV llotm,
SO —, UV llotm + MU + Ullo—@a=mplU + Ullsg 1V ll59)
SNT1Z_ 1V o 4my -

proving (2.49) for j = 1 as m > m1. We now prove the estimate for j = 2. Using
(2.43) and the differentiability of F®), we get
1Q. 0)Vle S (FOW +0) —FP ) = dy FO O)I01) Vo
+ 1Vl 1Ulsol (FO W + 0) = FO W) = dy FOW)I01) Vg
SNONZ — oy 1V llotmy + 1U o=y 1Ulso 10113~ 1V Nl 4y
SIO1Z o1V llotm-
also proving that (2.49) for j = 2, Consider now j = 3. Applying first (2.45) for
dyFO W) [ withm ~ my, then writingF® (U+0)~F (U) = [} dyF® U+
tU)[U1dt and using (2.45) for dyF@ (U + tU)[U], T € [0, 1] with m ~~ m, and
o ~» 0 +mj we get
1. D)V oSIUllo—o, 1Ullo—o, IFP W + TYV = FD W)V l|gm,
SNl 1T lo—1 1Ulotmi o 10 llotmy g2 1V llo-4m
SIUNE NG5 o1V o 4m-
also proving that (2.49) for j = 3. We conclude that (2.48) holds. R
Next we show that dy (FV (U)F® (1)) fulfills estimate (2.45). So fix U € Hp °

(T,C%* and V € Hﬁ{rm (T, C?) and consider the first term in the right hand side
of (2.48). We have

' . 5 2.45) R 5
IdgFOHIUDFPW)WVle < WUlo—o 1Ullo—o IFP W)V llgtm,

(2.43) .
S ”U”O'—Q] ”U”O'—Q] (||V||0+m1 + ||U||0+m1—92”U”so”V”So)

SIUlls=o 1 Ulls— 1V llo+m

The second term in (2.48) has an analogous estimate, proving (2.45).
Finally we prove the estimate (2.46). First we compute the differential

dyF2 O)101Z =dy ¥ W)I01Z + duFE) )0 12
+ (dUFg”(U)[l?] + dUF(Zli(U)[ﬁ]> (ng)(U) n ng(U)) z

+ (Fg“w) + FS}(U)) (dUng)(U)[U] + dUng(U)[U]) Z.
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Estimate (2.46) for dUF(1 2 ) [U 1Z follows from the corresponding estimates for
dgFO 1012, dUF(Z)(U)[U]Zm (2.47) and (2.33)~(2.36) for FS" (U), FS? (U),
F“)(U) and F2)(U). O

Next we prove a local invertibility property of the nonlinear map U +— F(U)U
when F(U) is an admissible transformation.

Lemma 2.14. Let F(U) be am-admissible transformation with gain o > max{m, 1}.
Consider the nonlinear map F(U) := F(U)U. The following holds true:

(i) There exists s, > 0 such that for any s > so, the map F~ ' is locally invertible:
namely there is v’ > 0 and F~ B‘éyR(r ) N Hy (T; C?) — Hp (T; C?) such
that

FoF\(V)=V., FloFU)=U. YU.V € Byz(").

(ii) One has F~ 1(V) = G(V)V with G(V) a matrix of non- homogeneous 0-
operators in MO O[r’] suchthat G(V)—1d € EMZ’” [r'1 for some r’ > 0 and
expands as

G(V)=1d —Fo(V) + G=4(V), G=4(V) e M¥U[F']. (2.50)

Proof. Let sg, r > 0 the parameters given by Definition 2.11 associated to F(U).

(i) Let op := so + 0. We prove that there exists r; > 0 such that for any V €

Bgsy+m R (r1) there is a unique solution U = F -1y e By, r(r) of the equation
= F(U) = F(U)U. Then we show that if V e Hp(T, C2), s > oy, also

U € Hi(T, C?).

Exploiting the linear invertibility of F(U), we recast V = F(U)U as the fixed point

problem

GU;V):=FU)'v=uU. (2.51)

First we show that for any V € By,4m,r(r1), the map U — G(U; V) is a contrac-
tion on the ball By, r(r) provided r; > 0 is small enough.

G(U; V) maps the ball into itself. Let V € Bgy4u r(r1) and U € By r(r). It
follows from (2.43) that

19U: Vllay = € (IVllag + IVIE VL) < Cri(l 472 <

which is verified provided ry is sufficiently small.
G(U; V) is a contraction. Again let V € Bgy4p,r(r1) and Uy, Uz € By, r(r). By
(iii) one has

1
F(Uy) —F(U») =/0 dyF(rU; + (1 - 1)U)[Uy — Up]dT

which applying F(U1)~! to the left and F(U) ! to the right yields

1
FU) ' —Fy!=- fo F(U) ' dyF(Uy + (1 — 0Up)IU; — U] F(Uy) " dz.
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Exploiting such a formula, we get

(2.43) _
G V) =G Villey =< S%P ldgF(zUy + (1 — ) Up)[U; — U2]1F(U>) 1Vl\ao
t€l0,1]
+1U13, sup |y (e + (1 = 1)ULV ~ Ul F(U2) ™V i
€l0,1]

(2.45) »
< C(IUilsy + 1U2ls) 1U1 = U2llsy IF(U2)™" Vllog+m
2.43)
< C(IUilloy + 102llag) 1U1 = Uzl (I1V log4m + 10215 1U2lsg+m 1V llsg)

1
< C(IU1lloy + 1U2llag) 1U1 = U2llog 1V llog+m < 71Ut = Uzllog.

where in the last step we chose r; > 0 small enough. By Banach fixed point
theorem, there is a unique U € B, r(r) solving the fixed point problem (2.51),
and so we set that

F Y v):=U, sothat G(FL(V); V) = F L(v). (2.52)

Upgraded regularity. We now show that for any s > o9 +m,if V € By r(r1) N
H (T, C?), then F~ (V) belongs to H3 (T, C?) and

IF LVl < 2G|V s -

First, from the fixed point, U := FLv) e Bsy,r(r). Now fix n € N so that
s € (oo + no, og + no + 1]. Then, from equation (2.51) and estimate (2.43), we
get

||U||U()+I1Q = C(”V||oo+ng + ”U”Oo-‘r(n—l)Q”U”So”V”SU) , n= 1, e,

This shows that U € HH?JF@(’JI‘; C?) and, using also that U € By r(r), V €
Bso—&-m,R(rl), we get

1Ullog+ne = CllV llogtne. n=1,....n. (2.53)

Finally, using s — o < 0p+no < s and againthat U € By, r(r), V € Byyym r(r1),
we deduce that

_1 (2.43) 2.53)
1UIs =1F" W)V < C(IVIs+ 1Uls=ollUlsIVIs) =< ClIVIs.

So far we have shown that F o F~1(V) = V forany V € BS(/) (r1), where s(’) =
50 + 0 4 m. Now we show that F~' o F(U) = U provided U € By p(r'), with

a smaller ' First of all, note that F~! o F(U) solves the fixed point equation
(2.51) with V ~ F(U) and U ~ F~1 o F(U). When F(U) € By r(r1), the
map G(-; F(U)) is a contraction. As a result, the associated fixed point problem
admits a unique solution, which must therefore coincide with U. We prove now
that F(U) € BS(/),R(n). Indeed estimate (2.43), for some C > 1, gives

IFW)lly, = IF @) Ully < ClUIly < r
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forany U € BS(/)’R(rl/C). The thesis of item (i) follows by choosing r' := r|/C.
(ii) It follows from (2.52) and (2.51)

FvV)y=6WV, GV):=FF '(v)teMllr. (259

Since by definition ' = r;/C < ry, by the fixed point theorem F~ (V) e
By, 1or(r) for any V € B‘Y(/)’R(r/). Then, since F(U)~! is a a real-to-real matrix
of non-homogeneous 0-operators in MO olr], it follows that G(V') is a real-to-real
matrix of non-homogeneous 0-operators in MO O[r/ ] (w1th so ~ sO)

Next we show that G(V') expands as in (2.50). Put F- (V) =V —Fy(V)V.
Then, using the expansion F(U) = U + F2(U)U 4 F>4(U)U and Lemma 2.10,
we get

(F Lo F)U)=U+F,U)U, withFL,(U) e M2[r].
Substituting U = F~1(V) and using (2.54) and Lemma 2.10, we obtain
FLV) =V =F(V)V +G=4(V)V, Gza(V) = —FLy(F (V)G(V) e MZI].
This proves the expansion in (2.50). O

An immediate consequence of the above lemma is that the inverse F~! of an
admissible transformation JF fulfills the estimate

IF=XW)lls < CslIVIls, forany V € By g) NHY(T;C?) . (2.55)

‘We now show that the linear flows generated by two types of paradifferential oper-
ators are admissible transformations. Consider the flows

0 where
OV (U)=1d

{afqﬂ(U) = G(t, U)®7 (V)
U;x I
Opvec<l+€/(3X(U)x) 5) BeF; or

~ (2.56)
Op2V. (gU; x,8)), gel).

G, U)= {

Remark 2.15. The map ®°(U) is gauge invariant if the generator G (U ; ) is gauge
invariant. Indeed ®* (gypU)gg and go® (U) solve the same equation, thus coincid-
ing.

The following lemma ensures that the flow map ®*(U) generated by G(z, U) is
an admissible transformation for any 7 € [0, 1]:

Lemma 2.16. Let ® (U) be the flow map in (2.56). Fix an arbitrary ¢ > 0. Then

(@) if G(z,U) = Op2Y, (%15) then ®*(U) is a 2-admissible transforma-

tion with gain Q,’
(@) if G(r,U) = OpEY. (g(U; x, §)) then ®*(U) is a 0-admissible transformation
with gain o.
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Proof. Along the proof we put m = 2 if G(t, U) is as in (i), and m = 0 in case
(@ii).

It is classical that ®*(U) is a matrix of O-operators in Mgo[r] as well as its
linear inverse, see e.g. Lemma 3.16 of [14]. In particular, estimate (3.53) in [14]
(with k = K’ = K = 0) gives that for any U € By, r(r) N Hy °(T; C?) and
V € Hp(T; C?), SUP,c(0.1] [®T(U)FV |y < C| V|, which clearly implies both
(2.43) and the second of (2.33).

We now prove the expansion (2.44). First we expand

OpEY (B(U: x)i) + G=4(z, U)

ve (2.57)
Opout(g(Us xv s)) ’

G(t,U)=G2(U) + G24(T, U) = {

so the expansion of ®*(U) reads as

OT(U) =1d + 1Ga(U) + Foy(r, U), Fou(r,U) € M7,[r].

We prove now (ii). First we claim that, for both choices of G (z, U) in (2.56), there
is 59 > 0 such that, for any s € R,

sup [ldy G (x, )ITIW l—z S U sy 1T Il | W, (2.58)
7€(0,1]
sup [l dy Gza(z, UIW l;—z S NI 1T g | W .- (2.59)
t€l0,1]

Assuming for the moment such properties, consider the differential dy < (U )[L7 ].
It fulfills the variational equation

3:dy @S (U)[U] = G(g, U)dy @S (U)[U] + dy G (s, U)[U]PS (U),
dy®°(U)[U]1 =0,

whose solution is given by the Duhamel formula
dy @S (U)[T] =€ (U) /Og ")~ dy G(r, U)[U] T (U) dr
@IL3 4, 601 + ¢ /0 © 60, 1)8" (U)dy G WD 10
+ 05 (U) /0 ’ dy G=4(z. U)[U]dt
+ ®S(U) /og /ot o/ ()™ [dy G, IO, GO, )] @ (U)dode, (2.60)
where in the second equality we also used the expansion
o’ (U) dyG(z, )IU] 9% (U)jg=c

=dyG(x, U)[l?]—i—/t@e(U)_l [dyG(z, )IU), G®, U)] @°(U)do.
0

Inserting estimates (2.58)—(2.59) in (2.60) and using (2.33) for ®¢(U) and (2.30)
for G(r, U), one checks that, for any o > so + 0,

ldy @S )TV Ile < CIIU sy 1T1so IW o2 < 1Ullo—0 1T lo—o W ll42
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showing the validity of (2.45).
Similarly one checks that the term (dUcbf(U)[fJ] _ rdUcz(U)[(}]) W fulfills

(2.46). We now prove (2.58)—(2.59). Consider first G(t, U) = OpZY. (g(U; x, &)),
for which (2.59) is trivial (being G>4(t, U) = 0). Since g(U; -) is homogeneous
of degree 2,

dyG(r, )[U] = OpY, (2¢(U, U; x,£)) = dy G2 (U)[U]1

out

and (2.58) follows from Theorem 2.4.
Next we analyze the case G(t, U) =
by

LA ( T +€;3U(f]) i€ ) Its differential is given

dyG(r, U)[U] _ZOpveC(ﬂ(U U; x)i§)

(ﬁ(U, U; x)Bx (U; x) +ﬂ(U B (U, U; x) €>
1+ 7B:(U; x) (1+18x(U; x))?

= dy Go()[U] +dy G4(r. U)[U]

OBW

VeC

Now notice that ,B(ﬁ, U;x) € ]?R and

BW,U; x)B(U;x)  BWU;x)B(U, Us x)

o(r, U, U e L®°(T; R

( )= 1+ 78, (U; x) (1 + 1B, (U; x))? 1)
with bound sup, o1 I10(z, U, U) [l < Ul IU|3,. Then Theorem 2.4 gives
(2.58) and (2.59). O

Next we consider the flow map generated by a matrix of smoothing operators:

where R(U) € R, . (2.61)

3, dT(U) = R(U)D*(U)
Uy =1d

Lemma 2.17. Let o > 0. The flow @ (U) in (2.61) is a 0-admissible transformation
with gain o.

Proof. Since R(U) € ﬁ; @ for any U € By, r(r) with sg > O sufficiently large the
problem (2.61) admits a unique solution ®* (U) fulfilling || ®*(U) Vs, < ClIV s,
uniformly for t € [—1, 1]. We now prove that &% (U) fulfills (2.43). Let s > 59+ 0,
U € By, r(rs) ﬂHHS{_Q (T, C?) with a sufficiently small r; > Oand V e Hp (T; C?).
Then the integral formula ®*(U) = Id + for R(U)CDI/(U)dr/ and estimate (2.36)
(withm = —p and s ~» s — p) yield

1OTW)VIs <Cs (IVIls + IVIIso 1T ls—o1Ullsg) + Cs sup 10T W)V ls—olIU 3.

re[—1,1]
Then, possibly shrinking 7, so that Csrs2 < %, we obtain

?UIIJ ; 1T @)V Iy < 2Cs (IVIs + Vs U lls=o U ll5o)
Te[—1,
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proving (2.43). The rest of the proof follows along the same lines as the previ-
ous one. "1116 algebraic Expansion (2.60) holds with G(t, U) ~» R(U) and, since
dyR(U)[U] =2R(U, U), we replace (2.58) and (2.59) with the bound

ldy RNLTIW llo < CIU 6ol T llo—o | W llo o

obtained from (2.36) with m = —p and s — m ~» o. Then both (2.45) and (2.46)
follow. O

3. Analysis of Weak Resonances

Equation (1.1) is Hamiltonian, with Hamiltonian function given by
i
) = /(|D|“u)ﬁ+ —/ lu)® @uy — uity) dx .
T 4 Jr

Due to the gauge and translation invariance of equation (1.1), any sufficiently regular
solution u(¢) of (1.1) conserves the total mass and momentum, namely

1 1
M () = —lu®)7, = 2—f Ju(t, )dx =) |ug (1) = 4 (u(0)),

T TJT keZ

: (3.1)
P =5 Ai(axua,x»u(mdx = =Y KO = 2@0) .

keZ

In view of this we introduce the new variable
v(t, x) = eit'@("m)u(l, X — ///(u(t))t) .

Clearly v(¢, x) and u(¢, x) have same Sobolev norms, same magnitude, mass and
the momentum, i.e.

v, s = llu@, s . Vs eR
and
@, )| = lu(t,x — AW, A1) =AWu®), Zw1)=Lul),
and one readily checks that v(z, -) fulfills the re-normalized equation
3v = —i|D|%v + [v|*vy — A (V)Vx + 1P V)V . (3.2)

This is the equation that we shall consider from now on, and we will relabel v ~ u.
Also (3.2) is a Hamiltonian PDE with Hamiltonian function

A W) = A W) — M) P (V) .

Remark 3.1. The reason we renormalize equation (1.1) is that the vector field of
(3.2) does not contain integrable resonant monomials of the form lug|2upe™ with
k # €. Although not strictly necessary, it simplifies the analysis of the resonant
part of (3.2) in Lemma 3.4.



Arch. Rational Mech. Anal. (2026) 250:3 Page 29 of 76 3

Analysis of 4-waves interactions. Denote by R the subset of P4 (recall (2.8))
consisting in 4-waves resonant indexes, namely

R:={(J,6) € Pa: o1ljil* + o2l o|* + 0313 + 04l jsl* =0} . (3.3)

When « € (0, 1) is irrational, one can expect the set R to contain only integrable
resonances, namely indexes of the form ((k, k,2,0), (+, —, +, —)) with k, £ e

Z and their permutations. For « rational, instead, nonintegrable resonances do

exist in general: for example, when o = %, one has the non-integrable Zakharov-

Dyachenko resonances [73]. We do not care if such non-integrable resonances exist
or not, since, as we discussed in the introduction, our energy cascades will be due
to quasi-resonances, rather than exact resonances. What we really are interested
in, is to study the resonances between frequencies in a fixed set A and those in its
complementary set, with at most two frequencies in A€.

We shall now study resonant sets with indexes constrained to belong to certain
subsets.

Definition 3.2. Given a set A C Z and n € {0, ..., 4}, we denote by P\" the
elements of Py (see (2.8)) having exactly n indexes outside the set A:

PX” = {(j1, j2, J3 j4. 0) € Py4: exactly n indexes among ji, j2, j3, j4 are outside A} .
(3.4)

We denote by RX’) the subset of 73/(\") made of 4-waves resonances: with R in (3.3),

RXI) = {(j1, j2, j3, ja, ) € R: exactly n indexes among ji, jo, j3, j4 are outside A} .
(3.9

We shall now study in detail the sets RXL), n =0, 1,2, when A is given by
A={—1,+1}. (3.6)
Lemma 3.3. Let A in (3.6) and P, R} defined in (3.4) and (3.5).
(i) The set 771(\0) = Rg(\)) and it contains only integrable resonances:
RY = {(n(, k. £,0), n(+, —+ ),k LeA, n€S) (BT

and Sy is the symmetric group of permutations of four symbols.

(ii) The set Rﬁ\l) = (. Moreover 731(\1) has finite cardinality and there exists ¢ > 0
such that

(G.5)ePy = o1l + o2l + 0313 +ouljsl*| = . (3.8)
(iii) The set
RY = {(r(k, %, £,0), 7(+, — +, —)): k€A, L€ A, meS). B39
Moreover there exists ¢ > 0 such that

(,0) ePO\RY = (3.10)
lo11j11* 4+ 021721 + 031 j31% + ol jal®| = <
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Proof. The gauge condition Zi:l o, = 0 implies that exactly two o,,’s are +, the
other are —. So, up to permutation, we can always assume that 01 = o3 = 1 and
0) = 04 = —1.

(@) In this case all indexes ji, j2, j3, ja € A, so automatically |ji|* — | j2]* +
|j3]“—1ja]* = 0,0 7?1(\0) = Rx)).Next the momentum condition j| — jo+ j3— js =

0 gives thateither j, = j» = k, j = ju = £, yielding ((k, K, 0, 6), (4, —, +, —)),

or ji = js = k. jo = jz = £, yielding ((k,Z,Z, k). (+. — +, —)), which is a
permutation of the previous one.

(i1) We can always assume that ji, j», j3 € A and js € A€. Then the resonant
condition | ji % — | j2|% + | j3]1* — | j4|¥ reduces to | j3|* — | j4|%, for which we have
the lower bound

o e
||j3|“f—|j4|0‘|z{2 b al= 2
1, if j4,=0

This proves both RE\U = @ and (3.8).

(iii) We have two different cases.
Case I: W.l.o.g. assume ji, j3 € A, jo, ja € A°. The momentum condition reads
J1 + j3 = j» + j4. We examine further subcases.
o If jop = ja =0, then |[j1|* — [j2|* + [j31% — [jal*| = 2.
o If jo = 0 and js4 # 0, from the momentum condition we get | j4| < 2, so actually
Ja==£2.Then [|i|* — [j2|* + 131" — ljal*l =2 = 2% > 0.
o If jo, ja # O, then [ja, [jal = 2. Then [[ji|* — [2|* + [ /3% — [jal*] = 2(2* —
1) > 0.
Hence in Case I there are no resonances and the lower bound (3.10) holds.
Case II: W.l.o.g. assume that ji, jo € A, j3, ja € A°. The momentum condition
reads j; — j» = j4 — j3. Again we examine further subcases.
o If jj = jo» = k € A, then, by the momentum, j3 = js = £ € A€ and they form
an element of R(Az). All other cases in (3.9) are obtained by permutations.
o If j; # j», then js = jz = 2. Consider the “+” case, the other being analogous.
The term [[ /1| — [j2|* + | /3% — [ja|*| reduces to

2¢ if 3=0o0rj3=-2
. . 4% 2« if j3=2
173 +21% = 1j31*] = ‘o s
if |j3| >3

l—a

max (131, 1j3 +2l)
proving (3.10). O

Projection of cubic vector fields. We introduce now projections of cubic vector
fields on the sets ’PX” and RX” . Recall that any real-to-real cubic vector field X (U),
translation and gauge invariant, expand in Fourier as (see (2.12))
X7 =y, XGROTufuGug e X = X
(J,k,6,—0)€Py
(3.11)
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for any permutation 7 of {1, 2, 3}. Given a subset A C P4, we denote by [T4 X the
vector field obtained restricting the indexes to belong to A, namely

MO = Y XGRRT et e

(G.k,G,~0)eA
We now compute the projections of the cubic vector field in (3.2), which we denote
by
X3(U)T = |ulPuy — A Wy +iPWw)u (3.13)
on the sets Rxl) defined in (3.5) forn =0, 1, 2.

Lemma 3.4. The cubic, translation and gauge invariant vector field X3(U)" in
(3.13) fulfills

(i) Structure: There exists a 2-homogeneous 1-operator MJLS(U ) € ./f\\/lg such
that X3(U)T = My o (U)u;

(ii) Resonances: The projections of the vector field X3(U)™ on the sets RX’),
n =0, 1, 2, defined in (3.5) are given by

(Mo X3)W)F = —ilurPur ™ +ilu_1Pu_ye™,
A
+ . (3.14)
(Mg X3)(U)" =0, (IzeX3)U)" =0.
A A
Proof. (i) Define M;{LS(U ) to be the operator
M+LS(U)U = (|u|2 — ///(u)) v +iZu)v , (3.15)

so that My, o (U)u = X3(U)*. To prove that My, o (U) € /\/l2 we write it in Fourier
as

+ _ Z 01,02 o1,,02 . ikx
Myps(U)v = MJI ik Uptpvie
opj1toatij=k
o1+07=0
%J lffl#JZv J#kv 0—1#02
01,00 ._ i aps s

M =y ifji=ja, j=k, o1 F02.

0 otherwise

The coefficients M LT i ] ¢ are symmetric in the first two indexes and fulfill (2.32)
withm =1 andM_O

(i1) As we shall compute the projectors using the definition (3.12), we need
first to write X3(U)™ in the form (3.11). So expand X3(U)™ in (3.13) in Fourier,
getting

+ .. — ikx .. 2 ikx
X3U)" = E 1j3ujujuje— — § : ija|uj|uje
J1—itiz=k J1=j2, j3=k
N#0

_ 6.+ 0 ikx
- Z Nf,k upe
(7 k,6,—)ePy
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where

01,02,03,+ . _ :0: ¢ . IS S
le,jz,js,k = 1038j1£), — J28j1=28 j3=k)8(01.02.03)=(+.—.+) -

The coefficients of expansion (3.11) are obtained by the symmetrization

01,02,03,+ __ l On(1),07(2),07(3),+
ik T g Z Jr(1)>Jn@)sJrn3)k 2
1S3

yielding

Fomt
Xk = 5 (387127 + J18js 21 = 2Gji=jp +8j3=1)) - (3.16)

Projection on RS\O) : We use the definition of projections in (3.12). In view of the

characterization of RES) given in (3.7), we must consider only those monomi-
als with indexes of the form ((k,k,z,e), (+, - +, —)) with k, £ € {+1} and

their permutations. Once the last couple (¢, —) is fixed, than either k = ¢, giving
the index ((Z, 0,0,0), (+, —, +, —)) and its 3 permutations, or k = —¢{, giving
((—E, —0,0,8), (+, —, +, —)) and its 6 permutations. Therefore we obtain

(Mo X)) = (3X 17l P+ 6X o Py ) e

+— ++ 2 i
<6X T Pucy 43X ey u_1>e ix

3.16) . ; . i
© )_1|’41|2M1€1x Filuy Puye™™,

proving the first of (3.14).
Projection on RS\I) : It is zero since RS\I) = () by Lemma 3.3 (ii).

Projection on Rs\z) : In view of the characterization of Rg\z) in (3.9), the monomials

surviving the projection have indexes of the form ((k, k, 2, 0), (+,—,+, —)) (and
their permutations) with only one among k and £ in A. Once the last index (£, —) is
fixed in either A or A€, and £ is fixed in the complementary set, there are 6 possible
permutations. Hence we get

M X)) = 36X P + 3 3 6XG5 7 i Puye™
keAc keAc
iex (3.16xm3.16
+ Z Z 6X/jkz;+|uk|2uzewx( 310
LeAC k=%1
proving the last of (3.14). O

For later use, we now prove a lemma about the projections on R("), n=0,1,2,of
cubic paradifferential vector fields. More precisely, we have
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Lemma 3.5. Let a(Z; x, &) be a 2-homogeneous symbol in F’” m € R, with zero
average and fulfilling a(gp Z; -) = a(Z; -) for any 6 € T, where gy in (2.2). Then

Mo [Opste(a(Z; x,6) Z) =0, n=0,1,2.
A

vec

Proof. Recalling (2.27), (Op5Y.(a(Z; x, §)) Z)+ = Op®V(a(Z; x,£)) z. Using
definition (2.22) specialized to quadratic symbols fulfilling a(ggZ; -) = a(Z; ),
V6 € T, and the comments right below (2.26), we get

.. Jtk —(JtkY _
op@zZ:x. = Y. x (Jl, J2, —) al (—) 2jZpzie

— 2 2
Ji—j2tj=k
The point is that, when projecting on HR(")’ n = 0, 1, 2, either the cut-off x> (-, -)
A
or the coefficient axj_z vanish. Recall that x,(¢’, £) = 0 whenever |£/| > %.

Case n = 0 : Inthis case ji, j2, j, k € A, and 2 (jl, J2, #) = 0 for any choice
of ji, ja. J. k.

Casen = 1 : By Lemma 3.3 R\ = ¢ and there is nothing to prove.

Case n = 2 : By Lemma 3.3 the indexes ji, j, j, k are pairwise equal.

Assume first that j; = j», then a;;] = 0 since a(Z; -) has zero-average in x.
The case j1 = j € A and j, = k € A° violates the momentum conservation, as
wellas j1 = j € AC, jo =k € A.

Incase jj =k € A and j, = j € A, the cut-off vanishes since

ik ‘
XZ(:I:],j,%)EO VkeA, jeAc.

Analogously, the case j; =k € A€, jo = j € A isruled out, concluding the proof.
]

Identification argument. We prove an abstract identification argument in the spirit
of [10,11]. In section 4 we shall conjugate equation (3.2) with an admissible trans-
formation. Without doing explicit computations, we shall a posteriori identify the
explicit form of the resonant parts of the conjugated vector field thanks to the
following proposition:

Proposition 3.6. (Identification of the resonant normal form) Let ¥(U) be a 2-
admissible transformation (see Definition 2.11) with a gain ¢ > 0. There exist
r, 50 > 0 such that, provided U (t) € By, r(I; r) is a solution of the system

WU = —iQ(D)U + X3(U), Q(D):= ('%'a _|(1))|a) (3.17)

where
X3(U) = Ma(U)U , M>(U) a matrix of operators in ./’\\/g , (3.18)
then the variable Z .= F(U) = F(U)U solves
Z =—iQ(D)Z + X3(Z) + M=4(Z)Z . (3.19)
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Here ]\7124(2) is a matrix of non-homogeneous T-operators in ./\/17Z 4lr], whereas
)?3 (Z) is a cubic vector field fulfilling

HA)?g =TaX3, forany A CR (3.20)
where R is the 4-waves resonant set in (3.3).
Proof. Defining X (U) := —iQ(D)U + X3(U), the variable Z solves the equation
WZ=F"X(Z)=dyFU) XU y=r-1(z)

where to invert the nonlinear map F we used Lemma 2.14.
Next we provide a Taylor expansion of the push-forward vector field F*X.
Using the expansion (2.44) for F(U) = F(U)U, we get

dgFU) [X(U)] = —-iQ(D)U + X3(U) (3.21)
+F,(U)[-iQ(D)U] + dyF2(U)[-iQUD)UIU + M=4(U)U,

where, using the structure (3.18) of X3(U)

Ms4(U)W = — Fx4(U)iQUD)YW + F4(U)Mp(U)W + dyF=4(U)[X (U)W
+ Fo(U)My (U)W + dyF(U)[X3(U)IW. (3.22)

We prove in Lemma 3.7 below that M>4(U) is a matrix of non-homogeneous
operators in M324[r]. Next we compute (3.21) at

U=7F"'2 %2 G2, GZ)—1d=—F2(2) + Go4(2) € SMiIF],
=:G>2(2)
(3.23)
obtaining
F*X(Z) = —iQUD)Z + X3(Z) + M=4(Z)Z
where

X3(2) = X3(2) + [F2(2)Z, —iQ(D)Z] [F2(2)Z . —iQ(D)Z]
=iQ(D)F2(2)Z + F2(Z2)[-iQ(D) Z] + dzF2(2)[-iQ(D)Z]1Z  (3.24)

and

M=4(Z)W = —iQ(D)G=4(Z)W + [Ma(F~1(2)G(Z) — Ma(Z)|W
— [F2(F1(2))i(D)G(Z) — F2(2)iQ(D)|W
— [duFa(F ' 2)QUD)F~(2)IG(Z) — dzF2(2)[iQ(D) Z]|W
+ M=o (F N (Z2)G(2)W (3.25)
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We prove in Lemma 3.7 below that MZ4(Z) belongs to ./\/l7>4[r]. This concludes
the proof of (3.19). To prove (3.20) we note that -

[F22)Z, <QD)Z]” = 3~ —i(o1ljil* +o2lpal® +03131% — o lk|*) FS 7 22 €7 ;
(J.k.G6,—0)€Py

it then follows that, for any set A C R, one has
[ [F2(2)Z, —iQ(D)Z] =0
which, together with (3.24), implies (3.20). |

Lemma 3.7. There is r > 0~such that M=4(U) defined in (3.22) is a matrix of
3-operators in M3z4[r] and M=4(Z) defined in (3.25) is a matrix of T-operators in

M7Z4[r].

Proof. We need to show that each term in (3.22) and (3.25) fulfills (2.33) with
p = 4, some so > 0 and m equal 3 or 7. This is proved exploiting that each term is
a composition of either m-operators or differentials of admissible transformations
and therefore satisfying (2.46). As an example, we explicitly show how to bound
the most difficult terms in (3.22) and (3.25). Recall that, by definition of admissible
transformations, F(U) — Id is a matrix of 2-operators in EM%[r] for some r > 0.

We start from dy F>4(U)[X (U)]W in (3.22). Using (2.46) (with s ~» s — 1 and
m = 2) and that | X (U)lls—1 < U5, we get

1duF=a (X UIW [ls—3 SIU I IX O)llso W lls—1 + 1T 131X W) lls—1[W I,
FIUINU 511X W)l W L5,
SHUNS W s +HU 1 MU W g1+
proving (2.33) with sg ~» so + 1.

Now we consider the term in the third line of (3.25). Using the trilinearity of
(V, V', W) — dyF2(V)[V'IW and (3.23), we decompose that as

[dyF2(F L @2)liQD)FHD)IG(Z) — dzF2(2)[i(D)Z]|W
= dyF2 (G=2(2)Z) [IRD)F L DIG2W + dyF2(D)I(D)F 121G ()W
+dyF2(2)[i2(D)G=2(Z)]W. (3.26)

We bound each term in (3.26) separately. We shall repeatedly use that || Q2(D) U ||s—
< ||U||s. First, using (2.47) and then (2.36), (2.33), (2.55) and (3.23), we get
lduF2 (G=2(2)Z) [iQ(D)F~ (2)IG(Z)W |57
SIG22(2) Zl |QD)F (D) 15 IG(2)W |55
+1G=2(2) Z5, 12(D)YF 1 (2) 5-5IIG(2) W |5,
+1G=2(2) Z 55 IIQD)YF (D) 15, IG(2)W |5,
SUZIE AWl + 1Z12 4N Z S IW lg-ea- (3.27)
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Similarly one obtains

IldyF2 (Z) [iQ(D)FNZ)1G=2(Z)W||5—7
SUZIS sl Wil + 1 Z13 4l ZUs IW g4 (3.28)

Finally, using (2.47) and then (2.36), (2.33) and (3.23), we get

lduF2 (2) [iQ2(D)G=2(Z) ZIW ||
SHZ 15 1R(D)G22(Z) Zllsy W lls—s + 1 Z 115y |12 (DYG2(Z) Z l5—5 | W |15,
+ 1 Zl5=512(D)G=2(2) Z 15, W |,
SUZIG s IW s + 1 Z13 osIZ1s I W llg4s- (3.29)

Estimates (3.27), (3.28) and (3.29) prove that the operator in (3.26) is a non-
homogeneous 7-operator in M7Z 4lrl. O

4. Paradifferential Normal Form

The goal of this section is to use paradifferential transformations and Birkhoff
normal forms, in the spirit of [9], to put the quasilinear equation (3.2) into a suitable
normal form. However, the normal form that we shall obtain is rather different from
the one of [9] and of [10,11,13,63]; indeed, in these papers, the paradifferential
part has symbols with constant coefficients (at least at low homogeneity), and
the smoothing vector field is in Birkhoff normal form, namely supported only on
resonant monomials. On the contrary, our normal form has to two important and
different features, see Theorem 4.4: (i) the cubic part of the paradifferential vector
field has a dominant transport term with variable coefficients and supported only
on resonant sites, see (4.8), and (ii) the cubic smoothing vector field is in a suitable
weak normal form, that we call A-normal form and we now introduce.

Definition 4.1. (A-normal form) Let A = {1, —1} as in (3.6). A cubic, translation
and gauge invariant vector field X (U) is said to be in

e weak-A normal form if all its monomials with at most two indexes outside A
are resonant, i.e.

I1 )X:HR(n)X, n=0,1,2;
A

Py

o strong- A normal form if in addition there are no resonant monomials with one
or two indexes outside A, i.e.

HPI({))X = HRﬁ?)X R H’PI(\I)X = pr)x =0,

the sets P\, R being defined in (3.4) and (3.5).

Note that a cubic vector field in strong- A normal form is composed by monomials
u‘;llu?;u;‘e“’kx whose indexes ((j1, j2, j3, k), (01, 02, 03, —0)) are

I . oL 0
e cither in A and resonant, i.e. ((j1, j2. j3. k), (01, 02, 03, —0)) € Ri\);
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e or at least three indexes are outside A, i.e. ((ji, j2. j3, k), (01, 02,03, —0)) €
PO uPY.
To start the normal form procedure, it is convenient to write (3.2) as the system
in the variable U := (g) given by

2 . .
WU = —iQD)U + X3(U), X3(U) = (:Z:ZZ—X - ﬁg;‘;z_xiggg) (4.1)

where Q (D) is defined in (3.17) and, with M nLs the 1-operator in ./\/l2 in (3.15),
X3(U) = Myrs(U)U My,s(U) = MJLS(U)L 4.2)
3 NLS ) NLS : 0 v; JLS(U) . .
The first step is to paralinearize such system.
Lemma 4.2. (Paralinearization) Fix ¢ > 0 and so > o + % Ifu(t) € H(T, C)

solves equation (3.2), then U(t) = (;Eg) solves the system in paradifferential
form (recall the notation in (2.27))
»U = —iQ(D)U + Op22 (iv(U; x)§ +id(U; x)) U
+Op2Y. (b(U; X)) U + Ry(U)U (4.3)
where:
o Q2(D) is the matrix of Fourier multipliers in (3.17);

oeV(U; x), d(U; x), € FR andb(U; x) € .7-'2 are the zero-average, 2-homogeneous
functions

V(U x) o= [ul> — A () = Y wg iy, ¢ © 7,

k1 #ka
AU: x) = Im(ueit) — P @) =Im Y kg, tigye' ™72
k1#ko
ki +k ,
bUx) i=uuy = Y i Lt 2 g gy R (4.4)

kl,k2€Z

where M (n), &2 (u) are the mass and momentum defined in (3.1); ~
e Ry(U) is a real-to-real, gauge invariant matrix of smoothing operators in R, ¢

Proof. The nonlinearity |u|?u, is paralinearized in a standard way using Lemma 2.9
and Proposition 2.8, getting a smoothing remainder R (U') whose coefficients fulfill
(2.32) withu ~» p+1andm ~~» —p.Note also that, in view of the Bony quantization
(2.21), (2.22) for homogeneous symbols

MWy = OV (A (W)iE)u+ RWu, Pwu=0p""(Pw)u+ RU)u

for some smoothing remainders in 7%2_ ©. Finally, remark that equation (4.1) is real-
to-real and gauge invariant. Since also the paradifferential operators in (4.3) are
real-to-real and gauge invariant (see (2.25) and (2.26)), by difference so is the
matrix of smoothing operators Ry (U). O
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Remark 4.3. Exploiting the continuity Theorem 2.4 and the symbolic calculus of
Proposition 2.8, one checks easily that a solution of (4.3) (namely the paralineariza-
tion of (3.2)) fulfills the cubic energy estimate

UM SNV IUI2 (4.5)

for any s > 59 > % It is then standard to deduce local well-posedness in H¥,
s > %, for equation (4.3) —see e.g. the scheme in [62, Chapter 7]. Moreover, the
energy estimate (4.5) shows that initial data of size 0 < § < 1 gives rise to solution
remaining of size ~ 28 for times of order § 2.

The main result of the section is the following normal form theorem:

Theorem 4.4. There exist so,r > 0 and a 2-admissible transformation F(U) €
Mgo[r] with gain 3 (see Definition 2.11) such that if U(t) € By, r(I; 1) solves
(4.3), then the variable

Z =FWU) =FU)U solves 4.6)
#Z =—iQ(D)Z + Op’Y, (i(\_/)(Z; X)E +ial(Z; x, g)) Z+RM(2)z
4.7

0PIt (iea(Zi 0t + 023 8)) 2+ Baa(2)2

where
o Q2(D) is the matrix of Fourier multipliers in (3.17);
e (V)(Z; x) is the zero-average, real valued function in J-"ZR defined by

(V)(Z; x) :=2Re(Zznaeiz’”); (4.8)

neN

° aéa)(Z ; x, £) is a zero average, gauge-invariant, real symbol in Fg‘

° V24(Z; X) is a real function in .7-'54[r] and 5(:2 (Z; x, &) a real non-homogeneous
symbol in T¢ ,[r];

° REA)(Z) is a real-to-real and gauge invariant matrix of smoothing operators in
Ry * such that the cubic vector field

XM (z):= RN (2)z 4.9)

is in strong-A normal form (see Definition 4.1). Precisely, with the notation in
(3.12),

(Mo XN)(Z) = (—ilmlzm e +ilz1%2-y eiX>
Pa -

ilz1PZr e ™™ —ilz— P77 e (4.10)

HP/(\DX(A) = le(\z)X(A) =0.

o Finally 524(Z) is a real-to-real matrix of 0-operators in Mg4[r].

The rest of the section is devoted to the proof of Theorem 4.4.
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4.1. Block diagonalization

The goal of this section is to remove the out-diagonal term Op2 ", (b(U; x)) from
equation (4.3) up to quadratic smoothing operators and quartic bounded operators.

Precisely we prove:

Proposition 4.5. (Block-diagonalization) Let ¢ > 1 — «. There exist so, v > 0 and
a 0-admissible transformation W(U) € ./\/lgo[r] with gain 5 (see Definition 2.11)
such that if U(t) € By, r(I; 1) solves (4.3), then the variable

W =W (U)U solves “4.11)

W = —iQ(D)W + OpZY_(iV(U; x)§ +id(U; x)) W + Ry(U)W + Bsa(U)W
4.12)

where

o Q (D) is the matrix of Fourier multipliers defined in (3.17);

e V(U; x) and A(U; x) are the zero average functions defined in (4.4);

® Ry(U) is a real-to-real, gauge invariant matrix of homogeneous smoothing re-
mainders in R, Q.

e B>4(U) is a real-to-real matrix of non-homogeneous bounded operators in

M, Irl.

Proof. We define the map W (U) as the time-1 flow W(U) := W' (U)|;= of the
paradifferential equation

3 V(U) = GU)Y" (V)
LI;O(U) =1d where G (U) := Opgy: (82U x, §))
and with the 2-homogeneous symbol g» of the form
QUix. &)= Y g pEujupel DY e T @4.13)
J1,J2€Z

to be determined. By Lemma 2.16, W (U) is a 0-admissible transformation with
arbitrary gain, which, to be concrete, we fix to 5. Moreover, G is gauge invariant (see
the bullet of formula (2.26)), so is ¥ (Remark 2.15). The variable W = W(U)U
solves

W =W (U)OpEY_(—il§|% +iV(U; x)E +idU; 0))W(WU)'W (414

vec

+W(U) [0OpEY (b(U; x)) + Ry(U)] w(U) ' W (4.15)
+ @YU)W (4.16)

We first expand (4.14). The Lie expansion formula (see e.g. Lemma A.1 of [11])
says that for any operator A(U), setting Adp[A] := [B, A], one has

VWA U)™ = AU) +[GU), AU)]

1
+/0 (1 = D)W (U) Adg 1 [AW)] (¥T(U) " dr .
(4.17)
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Applying this formula with A = Opvec( i||% +iVE + iQ), using formulas (2.42)
we get

(4.14) = OpZY_(—il§|* +ivE +id) W
+ Op2l (i(g2#o|E1 + 161%#082)) W + Ry (U)W + B>y (U)W

where R} is a matrix of smoothing remainders in ﬁz_ ¢ (coming from the first of
(2.42)), and the operator B4 is given by
B4 (U) := OpSlle (i(s2#oVE — VEH#og2) — i(g2#pd + dHog2)) + R'(U)

f (1—-0)w’ (U)AdG(U)[Opvec( €% +ivE +id)] (¥T(U)) "' dr, (4.18)
where R’ is a matrix of smoothing operators in Riﬁ(l*a) [r]. We claim that B>4
is a non- homogeneous bounded operator in MO 4[r] Indeed, since g, € F2 s
Vand d belong to .7-'2 ,and —o + 1 — o < 0, we get that both the first line of
(4.18) and AdG(U)[ Vec( il +iVE + ig)] are matrices of 0-operators in Mg

and so in /\/l> [r] (use the symbolic calculus of Proposition 2.8 and the bullets
after Deﬁnitioin 2.5). Finally, being W* an admissible transformation, also the sec-
ond line of (4.18) is a matrix of non-homogeneous 0O-operators in /\/l24[r] (see
Remark 2.12—(2)).

Consider now (4.15). Expanding as in (4.17) one see that the 2-homogeneous
component remains the unchanged, getting

(4.15) = Op2Y (b(U: x)) W + Ry(U)W + Bsy(U)W

where B>4(U) is another matrix of non-homogeneous 0-operators in Mg 4L
Finally we consider line (4.16). This time we use the Lie expansion (Lemma
A.lof [11])

1
@Y W)w W)™ =8GWU) + /0 (1 = DV (U) 2dg ) [6: G (¥ (U)) ™ dr.

Then, using that g2 (U) = g2(U, U) is a symmetric function of U, we get that
0:GWU) = Opout(a,gz(U x, &) = 2Opout(g2(8,U, U; x,£)). Since U solves
equation (4.1), we get

@) (V) = OplY, 2ga(—iQ(DIU, U %, ) + Bog (U)
where, using also (4.2),
Boa(U) 1= OpY, (22 (Muns(U)U, U x, £))
/ (1 = W (U) Adg () [20p2, (8> (—iQ(D)U

+Myrs(U)U, U; x, )W (U)) " de
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By Lemma 2.10, the fact that W* is an admissible transformation, and the bullets
after Definition 2.5, we deduce that B4 is a matrix of (—a)-operators in M;ff [r].
In conclusion, we get that

W = OpE¥_(—ilg|* +iv(U)E +id(U)) W

vec

+ Op2Y ([ (g2(U)#o |E 1% +E|“#o82(U) —282(2(D)U, U)) | +b(U)) W
+(R2(U)+R§(U))W+BZ4(U)W 4.19)

where B>4(U) is a matrix of 0-operators in /\/lg 4[7]. Then the thesis follows from
the following lemma. B

Lemma 4.6. (The out-diagonal homological equation) Let ¢ > 0. There exists a
symbol g2(U; x, §) € T',* of the form (4.13) such that

ra(Us ) =i[(82(U)#o|E|* + €| #p82(U) — 282((DYU, U))] + b(U) € T, °
(4.20)

and ry(U; -) fulfills the second of (2.26).

Proof. Thanl(s to symbolic calculus formula (2.38) (see also (2.39)), we have that
forany g e I'y', m € R,

r[gl(U) 1= g(U)HolE|” +IE|"H#o8 (U) — 2g(U) €| € T3+~
£[g1(U) :=2g(D)U. U) e T

Moreover if g fulfills the second of (2.26), so do r[g] and £[g]. Then the homo-
logical equation in (4.20) reads

r(U) = 2iga(U)|E|* +ir[g](U) — if[gl(U) + b(U) € T, ¢,

which we solve iteratively exploiting that ¢ +— r[g] and g — £[g] are linear.
Namely we put g» := gV + g@ + ... 4+ g with

b(U;x) ~_
Mgy o o
8 (U7'x7‘§) = 21|E|a EFZ s
eD(WU: x, £) = _ir[g(l)](U; X, é‘).— if[gM(U; x, €) e i
2ijg]«
) ir[gP DIU; x, &) —if[gP VIU; x,8) <~ pa
g WU;x, &)=~ e o,

2i[§[*

With this choice we have r(U) = ir[gP(U) — if[gP](U) € Fz_pa which
implies the thesis choosing p > o/«. Moreover, since b fulfills the second of
(2.26) (recall (4.4)), so does g, and by construction each g©, £ > 2 and the
symbol 7 (U). In particular g, has the claimed form in (4.13). O
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Applying Lemma 4.6, equation (4.19) becomes
W =O0pge. (—ilE]* +iV(U)E +id(V)) W

+ (R2(U) + Ry(U) + Ry (U)W + B=4(U)W 4.21)
where Ré/ ) = Out Y (r(U; ") € R2 is the paradifferential operator of order

—o coming from the symbol in (4.20). This proves the identity (4.12), renaming
Rz—i—Ré—I—ngRz.

Finally we prove that the matrices of smoothing operators are gauge invari-
ant. Indeed each operator on the right of (4.14)—(4.16) is gauge invariant (recall
Lemma 4.2), as well as the 2-homogeneous matrix of paradifferential operators in
(4.21). Then, by difference, the 2-homogeneous smoothing operators R, + R} + R}
are gauge invariant as well. O

4.2. Reduction of the highest order

In this section we perform a transformation that reduces the symbol of the
highest order paradifferential operator Op5Y_(V(U; x)i§) to its resonant normal
form.

Proposition 4.7. (Paracomposition) Let ¢ > 1. There are so,r > 0 and a 2-
admissible transformation ®(U) € M° ~olr] with gain 5 (see Definition 2.11) such
that if U(t) € By, r(I; 1) solves (4.3), then the variable

wy = o)yw YLV oy wwv  solves (4.22)

»Wi = —iQ(D)W + opBY (i (.<\—]>(U; X)E +iV=4(U; x)E + 1a(“)(U x, £)
+ial) (U x,€)) Wi + Ro(U) (4.23)

where

o Q (D) is the matrix of Fourier multipliers defined in (3.17);

o (V)(U; x) is the resonant part of the function V(U; x) in (4.4), namely the zero-
average, real valued function in (4.8);

o V>4(U; x) is a real function in f§4[r];

° aéa)(U x,&)isa zero average, gauge invariant (fulfills the first of (2.26)), real

symbol in F“ and a (U x, &) a real non-homogeneous symbol in I'Z ;[r];

e Ry(U) is a real- to- real gauge invariant matrix of homogeneous smoothmg op-
erators in R2 ;

e B>4(U) is a real-to-real matrix of 0-operators in /\/lg4[r].

Proof. We define the transformation & (U) as the time-1 flow of the paradifferential
equation

9 O (U) = GU)P*(U)

dO(U) = where G(U) := Opvec( B2(U; x) ié)

I+ 1(B2)x(U; x)
(4.24)
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and B, (U, V) the real valued, 2-symmetric function

. ._ 01,0201 .02 ,i(01j1+02j2)x
B2(U, Vi x) = Z Bjii )i v,

J1:J2€Z
01,00€+

where the symmetric coefficients

1 _ . .
goror . | TerraEm 9102 = L1l # 12l
2 0 otherwise

fulfill (2.15) with © = 1 — «. Note that

1 Lo
2(U; x) == (U, Us x) = —————u e Y (4.25)
’ ’ |j1%|:jz|1(|“|a_“2|a) jljz

By Lemma 2.16, ® is a 2-admissible transformation with an arbitrary gain, which

again we fix to 5. Moreover, since f; fulfills the first of (2.26), G as well as @7,

T € [0, 1], are gauge invariant (see the bullet of formula (2.26) and Remark 2.15).
Recalling (4.12), the variable W := ® (U)W solves

8, W1 =@ (U)Opit. (—ilE* +iV(U)E +id(U)) DU) ' Wy (4.26)
+ (@ U) U)Wy (4.27)
+ O U) [Ro(U) + Boa(U)] @(U) ' Wy . (4.28)

We now compute each term, starting from (4.26). By Proposition B.1-2 (with
o0~ 0+ a) we get

DWU)IOPEY, (—ilg|*) (W)™ = OpEYL (—ilel* +iaf® +iay)) + Boa(U) + RH(U)

(@) (@)

where a,  is areal, zero average, gauge invariant symbol in I'Ya a, isareal symbol
in F>4[r] B>4 = OpZ¥. (1a(>°2 2)) + R>4 (see (B.3)) is a real-to-real matrix of
0-operators in /\/lZ 4[r] and finally R, (U) is a real-to-real, gauge invariant matrix

of smoothing operators in ﬁz_ e
Then, by Proposition B.1-1, we get

®(U)OpEY, (iVE +id) D(U) ™ = Opil. (iVE +iV.4E +id) + B=4(U)

with V. 4 € ]—'154 [r] and, thanks to ¢ > 1, B>4 a real-to-real matrix of O-operators

in M2,[r].
Next we consider the term in (4.27). We apply Proposition B.1—4 and get
(BICD(U))CD(U)*] = vec(21,32( 1QDYU, U)E —|—1V;’4(U)é§) + B>4(U)

where V;’4 € f§4[r] and, using again 0 > 1, B>4 a real-to-real matrix of
0-operators in MO ~qlr].
Finally we consider line (4.28). By Proposition B.1-3 and Remark 2.12—(2)

(4.28) = Ro(U) + B=4(U)
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with Ry(U) the same real-to-real, gauge invariant matrix of smoothing operators
in R, @ of Proposition 4.5 and with B>4 a real-to-real matrix of 0-operators in
./\/lg alrl.
Altogether we have the expansion
% Wi = Opt, (—ilE[” +iVE +2ip> (—R(DIV, V)& +ial) Wi
+ (R2(U) + Ry (U)W,
+ 0P (1V=at +ial) Wi + Boa(U) Wy .

One verifies that 8, in (4.25) solves the homological equation

26 (—iQ(D)U, U; x) + V(U; x) = (V)(U; x) ,
using the expressions of V in (4.4), (D) in (3.17), and (V) in (4.8). This proves

the expansion in (4.23), renaming Ry + R, ~» Ry; note that we proved that it is
gauge invariant being sum of gauge invariant operators. O

4.3. The weak A-normal form

In this section we perform a Poincaré normal form, with the goal of putting the
smoothing operator R>(U)Wj in (4.23) into weak-A normal form (see Definition

4.1)).

Proposition 4.8. (Weak-A normal form) Let ¢ > 2 — «. There are so,r > 0
and a 0-admissible transformation Y (U) € Mgo[r] with gain 0 — 1 4+ o (see
Definition 2.11) such that if U(t) € Bs, r(I; r) solves (4.3), then the variable

4.22),4.11)

Z:=TWU)W, TW)PW)WU)U solves (4.29)

0:Z =—iQ(D)Z + (i(\_/’)(U; X)) +1iV>4(U; x)€ + iaéa)(U; x, &)
+al Ui x,0) Z+ RV W)Z + B4 (W) Z, (4.30)

where (V ), V>4, aéa) and a(>°[4) are the same symbols of Proposition 4.7, whereas

° RéA) (U) is a real-to-real, gauge invariant matrix of smoothing operators in R, ¢

such that the cubic vector field XA (Z) = REA)(Z)Z is in weak- A normal form,
namely, it fulfills that

HPX,>X(A) = HR%)X(A) , n=0,1,2. 4.31)

e B>4(U) is a real-to-real matrix of 0-operators in Mg4[r].
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Proof. We look for a transformation Y (U) as the time-1 flow of the equation

YU = U)Y (), Y'U)=1d

where Q; is a matrix of smoothing operators in 7%2_ 217 {5 be determined. By

Lemma 2.17, the map Y7 is a 0-admissible transformation with gain ¢ — 1 + «
which is non-negative. Recalling (4.23), the variable Z := Y (U)W fulfills

8Z =T(U) (—iQ(D)) T(U)~ lZ—}—T(U)Opvec(lm(l)) TWw) 'z
+ Y W) (R2(U) + B=4W)Y W)™ Z + (3, X W)) T () ~' Z,

where we set m() 1= (V)& + a(a) + V=4 + a(a) exrl ,[r]. By Proposition B.2
(with o ~» 0 — (1 — )), we get

37 =—iQ(D)Z + Opvec( (U) z

+ 20, (—iQUD)U, U) Z + [Q2(U), —i(D))Z + Ry(U)z 432)
+ B=4(U)Z + R=4(U)Z,

where B>4(U) is a real-to-real matrix of O-operators in MO 4[r] and R>4(U) is a

g+2 a

real-to-real matrix of smoothing operators in R [r] which we shall regard

as a 0-operator in M" >4lr]since ¢ = 2 —a.
To determine Q> (U), expand the vector field R(U)Z in (4.23) in Fourier com-
ponents as

oy, 020 7,01 02 o’
(Re(DZI = D RGL 77 uG uiaf
Pa

where with the sum over P4 we mean that the indexes (1, jo, j, k, 01, 02,0/, —0)
belong to Ps. Below we use the same notation. Note that this writing is possible
since R>(U) is gauge invariant.

Then we define

(A) . 0]1,02,0 ,0 O
(R2 (U)Z)Z = ZAJII jzzjk ufll u] Z

o’

P
01,02,0',0 . 01,072,060 L. ’
N = R0 8(Gr o koon 0207 —0) € C)).

where C := U R(”) U U ’P(") and the sets P(") R(") defined in (3.4), (3.5). We
n=0 n=

choose Q> (U) so that
205 (—iQ(D)U, U) + [02(U), —iQ(D)] + Ry (U) = RIV (U).  (4.33)

We claim that one can set, denoting that 7 = (ji, j2), 0 = (01, 02), that

(@W)Z)] = Z 027 U u%2g (4.34)
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where
RT7 )
Golo . | —— Lok (. kG0l —a) e (7?‘") \ R("))
ik = Vi1l 4+ o2l j2l* + 071 j1* — olk|%) nL:J] A A
0, (J.j.kc,0',—0)eC

(4.35)

Lemma 4.9. Q> (U) in(4.34)—(4.35) is a matrix of smoothing operators in ﬁ;gﬂ_a
fulfilling (4.33).

Proof. As R>(U) is asmoothing operator in ﬁ; @ its coefficients fulfill the estimate:
for some u >0, C > 0,

maxa{(j1), {(j2), ()"

a0 Gy e TG ik G0t —o) € P, (436)

0,0 ,0
‘Ruk =C

and satisfy the symmetric and reahty propertles (2.10) and (2.11).

O’O‘O’

Consider now the coefficients QK in (4.35). Clearly they satisfy the sym-

metric and reality properties (2.10) and (2.11). We now bound them. By (4.36),
Lemma 3.3 and the momentum relation ck = o1 j; +02j2 + 7'},

. . i
‘Qa R c maxa {(j1), (j2), (J3)} V(. j k3,0, —0) e 'P/(\l) U (73/(\2) \ RE\Z))

jik | = max{{j1), (j2), {j3)}e~ 1=

(recall that R — #). This shows that Q2 (U) is a matrix of smoothing operators
in ﬁ; etl-a
It is clear that Q, (U) fulfills (4.33), also noting that H,P(O)(RQ(Z)Z) = HR«»
A A
(R2(Z)Z) in view of Lemma 3.3 (i). O

With such Q> (U), system (4.32) reduces to (4.30).

We prove now that the vector field X W(z) = REA)(Z )Z is in weak-A nor-
mal form, i.e. it fulfills (4.31). Indeed the coefficients of the vector field X are
obtained as in (2.37) and, being the set C symmetric with respect to the first three
indexes, they have the form

1

01,02,03,0 _ — 01,02,03,0 03,02,01,0 01,03,02,0

Xl ik = 3(le,jz,jz,k TR bk TRk )
8((.].17 j21 j37 ks o1, 02,03, _0) [S C) .

Proposition 4.8 is proven. O

4.4. Identification and proof of Theorem 4.4

With the aid of paradifferential normal form, we have conjugated the original
system (4.1) to the new system (4.30). The next steps are: (i) to write (4.30) as
a system in the single variable Z(t), and (ii) to compute explicitly T ,m X in

A
(4.31) forn =0, 1, 2, deducing (4.10).
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To achieve (i), recall that the map in (4.29) has the form
Z=FU)=FU)U, FU):=7YU)PWU)YQ). (4.37)

Since Y (U) is 0-admissible with gain ¢ — 1 +«, ®(U) is 2-admissible with gain 5
and W (U) is 0-admissible with gain 5 (Propositions 4.5, 4.7, 4.8), by Lemma 2.13
the map F(U) a 2-admissible with gain min(3, o — 1 +«) = 3 provided 0 > 4 —«.

Then Lemma 2.14 ensures that F is locally invertible in a small ball B 5, (r") for

some s, 7’ > 0, with inverse map F ~! having the structure

U=FY2)=6G(Z)Z, withG(Z) =1d+G>2(Z), G=2(Z) € SMi[F],
(4.38)
for some r’ > 0. We then substitute U in the internal variables of the operators in
(4.30). Consider first the 2-homogeneous operators. We have, using Lemma 2.10-1,
(V)(F(2); 0)E —(V)(Z; )& € TL[F],
ay (F N2y x. &) — al (Z:x,8) e T4,

and, using Lemma 2.10-2, RV(F~1(2)) — RM(Z2) € RZZT[+]. Then we
substitute U = FYZ) in the non-homoge;neous operators
Op2Y_ (iVZ4(U; 0 +ia (U x, g)) and B4 (U), applying Lemma 2.10-1& 5.
In conclusion, setting o = 4, we obtain the following:

Proposition 4.10. There are sy, r > 0 such that if U (t) € By, r(I; r) solves (4.3),
then the variable Z (t) in (4.37) solves the system

vec

97 = —iQ(D)Z + Op?Y (i(y)(z; XE + il (Z; x, s;)) 7+ XM (7)

1P (Va2 008 + @922, ) 2+ Bea(DZ (439)

where (V) and aéa) are the quadratic symbols in Proposition 4.7, X™ (Z) is the
cubic vector field in weak- A normal form of Proposition 4.8 is , whereas

° Vz4(Z; X) is a real function in f§4[r];

° Zi(>a4) (Z; x, &) is a real non-homogeneous symbol in T'¢ ,[r];

° E;;(Z) is a real-to-real matrix of 0-operators in MOZ4[V].

The next step (ii) is to compute explicitly H,P(n)X(A), n=20,1,2:
A

Proposition 4.11. The vector field XN (Z) of Proposition 4.8 is actually in strong-
A normal form (Definition 4.1) and fulfills (4.10).

Proof. We combine the abstract identification argument of Proposition 3.6 with
the characterization of the resonant monomials of the original vector field X3 in
Lemma 3.4.

Precisely, we apply the identification result of Proposition 3.6 to the starting
NLS equation (4.1) (which has the required structure in (3.18) in view of (4.2))
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and with the admissible transformation F(U) in (4.37), getting that Z fulfills an
equation of the form (3.19). Identifying the cubic vector field of (3.19) with the one
of (4.39) we get the identity

OpiL. ({(V)(Z: ) +iaf” (Z: x.6)) Z+ XV(2) = K5(2).

vec
In addition, in view of (3.20), we have
M) (0p33c<i<y>(z; 0E + iag"‘)(z;x,s)) Z+ X(A>) =T X3 n=0,1.2.
(4.40)

Now we apply Lemma 3.5 to the cubic vector field Op2Y, (i( V)& + iaé‘”) Z; this

can be done since the symbols (V) (Z; x)& and aé“) (Z; x, &) have both zero-average
(Proposition 4.7) and are gauge invariant (i.e. fulfills the first of (2.26)). We conclude
that

Mo [O032 (V)2 08 +i0f” (Z:2,)) 2] =0, n=0,1,2,44D)

from which we immediately get that

M X® “3h M X 440,441 MowXs, n=0,12.
A A A
This last vector field is computed in Lemma 3.4, proving (4.10).
O
Proof of Theorem 4.4. This follows from Proposition 4.10 and 4.11. O

5. The Effective Equation

The goal of this section is to study the long-time dynamics of solutions of
equation (4.7) fulfilling certain upper-bounds, that we call long-time controlled,
see Definition 5.2. In view of the reality of system (4.7), we regard it as a scalar
equation in z(¢). We study separately the dynamics of the modes supported on A,
namely z41(¢), and those supported on A¢. More specifically, we decompose

2 ="M+, @) i=a et () e,
7H) = Z Zj(l)eijx. (5.1)
i1

e Parameters: From now on we fix sg, t > 0 as follows: s¢p := max{sg, s(’)}
and v := min{r, 7'} where so, 7 > 0 are given in Theorem 4.4 whereas s, " > 0
are the parameters required to invert the map JF in (4.6), see (4.38). We also fix that

. [(s—3s0 1
s > 3s9, 0 €(0,0,), 04 :=min , = . 5.2)
2s — 50 5

The first step is the following one:
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z(1)
(27 (@), 2 (1)) defined in (5.1) fulfill the system

Lemma5.1. If Z(¢t) = (5(’)> € Bs,r(I; ) solves (4.7), then the variables

a2’ =—ilDIT + YV + Y @ + Y (5.3)
dhzt =—ilDI%t + Op™(imz x. E) 2t + Y @) + Y5 (54)

where
° Y3(A)(z) is the integrable vector field

Y;A)(z) = Y3(A)(ZT) = —i|z1)%z1 €™ + i)z 1Pz 1 e ; (5.5)

° Y3T (z) and Y3J‘ (z) are cubic smoothing vector fields fulfilling: for any s > s

1Y @ls U0 I @lora S (02 oo + 12160 ) 2l 12l
(5.6)

e m(z; x, &) is the symbol in Efiz[t] given by

m(z; x, €) 1= (V)N(Z 08 + a5 (Zs x, 6) + Vs (Zs 0)E + 35 (Zix,8) . (5.7)

with (V)(Z; x) defined in (4.8).

Y>Ts (z)andY. i_s (z) are non-homogeneous vector fields fulfilling the estimate: for
any s > sq there are C > 0, r := r(s) € (0,v) and for any z € Bs,(xr) N
H3(T, C),

15 ls + 1Y255@)ls < Cllzlig lzlls - (5.8)

Proof. We introduce the projectors
— Z zj eV HJ_Z — Z zj olx
j=%1 j#A£l

and compute the projections of the first component of each term in system (4.7).
Since (—iQ2(D))* = —i|D|¥ is a Fourier multiplier, it commutes with the projec-
tors. So consider the paradifferential vector field (Op2¥,(im) Z )+ = Op?"(im) z.
We decompose

offV(im =nTop?"(im ' +117T0p?Y (im) I+ + MLOpPY (im) 1T + M-OpPW (im) T+ .

Writing my (z; x, §) := (V)(Z; )E+aS) (Z; x, £),maa(z; x, &) = Vou(Z; 0)E+
N(D‘)(Z x, £), we claim that

nTop?" (im) " = M Op" (imsa) ITT, (5.9)
n'op®” (m nt = ntop’¥(imnmn' =0, (5.10)
+op?Y (im) It = OpPY (im) I+ . (5.11)

Proof of (5.9). We shall exploit that the symbol my(z; x, £) has zero average in x
(see Theorem 4.4). Using the definition (2.22) for 2-homogeneous paradifferential
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operators applied to the quadratic, gauge invariant, zero-average symbol mp(z; -)
we get

. o Jtk\. 4 [tk _ ikx
nrop”"(im@x,enllz= Y x (11, Jj2, JT) lmj’l‘,j2 (JT) 2j,Zjy2j €%
J1—i2+j=k
J1#i2s J.keA
We show that the cut-off is always vanishing. Indeed, recalling that x» (&', &) =0
when [¢'] = max(&{], |§,]) = (£)/10, and using max(|jil, [/2]) = 1 (as ji,
cannot be both 0), j =k — j; + jo and k € A = {£1}, one has

Lz p®2y 1 (0 = p£2) 4+ 2max(il 1)
10 2 2 - 20

10

3max(l/il, [j2) s
< S < max(lil L) (5.12)
proving that x (jl, J2 #) = 0. Consequently ITT Op?" (imp) 1T = 0 and (5.9)
follows.

Proof of (5.10). Again we write explicitly the action of ITT Op?" (im) [T+, using
the quantization (2.22) for the 2-homogeneous symbol m;(z; -) and (2.23) for the
non-homogeneous symbol m>4(z; -), getting

. R A o W A I 5 _ ;
" op®Y (im(z; ) Mtz = Z x2 (11, J2s T) lm;:,jz (T 1%t o
J1—i2+i=k
J1#i2, JEAC keA

C kY. kAt i
+ 2 X(kijjz )lmz4<z;k71,Tj>Z.ielkx~

JEAC ke

(5.13)

Arguing as in (5.12), the first line of (5.13) vanishes. To deal with the second line,
recall that also x(&/,&) = 0 when |&'| > (£)/10, so when k € A and j € A€ (so
lj—kl =1

1 j+k 1 lj£1]

0" 2 >—10(1+ 2 )

3l _ A=K LK
- 20 — 20 - 4~
proving that (k —J, #) = 0. In conclusion, also the second line of (5.13)

vanishes, proving the first of (5.10). The second identity is analogous exchanging
the roles of j and k.
Proof of (5.11). It follows writing TT+ = Id — IT" and using the first of (5.10).
This concludes the analysis of the projection of the paradifferential vector field
OopPV(im) z.
We pass to the cubic vector field X (A)(Z) in (4.9). We set

Y3(A)(Z) = (HP«»X(A))(Z)Jr ;
A
which has the claimed form (5.5) in view of (4.10). Then we set that

1@ =1 (XN@2)F - Mo X™)@)Y) . v =1ty W@,
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To prove estimates (5.6) we exploit that X (»)(Z) is in strong-A normal form, see
(4.10).
Estimate of Y3 (z). By definition,

Y@= Yoo XN, T=G i), 5 =(01,02,03) .
ked (7 k,5,—)eP\PV
By (4.10), 1'[73<1>X(A) = Hp(z)X(A) = 0, so, since k € A, the only possibly
A A
remaining monomials are those with (7, k, 5, —) € 731(\3) and in addition 7 € (A€)3.
Then, recalling (4.9), ¥ () = 1T (R®(z4)z4)*, 2+ = (;j) and the first

estimate (5.6) follows from ||Y;' (2)ls < I3 (2) ]2 and estimate (2.36).
Estimate of Y3l (z). Again by (4.10), we expand Yj(z) as

1 G+ G ik
Yi () = Z Z X;f’k 25 e

k€A (k. mePPupy)

Then either (i) two indexes among (i, j2, j3) belong to A€ and one to A, or (ii)
all three indexes belong to A¢. Consequently Y3J- (z) = I+ (R(A)(ZJ-)ZJ- + RW)
(ZHZT +2RWM (z+, ZT)ZL)Jr, zT .= (g) The second estimate (5.6) fol-
lows again from estimate (2.36) (with m ~» —4), using also the trivial bound
lzTlls < Cs.so lz" l|s,- This concludes the analysis of the projection of XM (2).

Finally we consider the projections of the vector field §Z4(Z)Z in (4.7). We
put

Y (@)=N"(B24(2)Z2) " +NTOp"" (im=4) 'z, Y5(2):=11"(B24(2)Z) "

Estimate of Y>l5 (z). This follows, since 524(2) is a matrix of non-homogeneous

0-operators in Mg4[r], see (2.33).

Estimate of Y;rs (z). This proceeds as with in the previous one, using (2.30) and

I zlls Sllzlls—1 as well. O

The next step is to extract an effective system driving the dynamics of particu-
lar solutions of (5.3)—(5.4) which we call long-time controlled, see Definition 5.2
below. These solutions have two main features: (i) the initial data is supported
mostly on A and (i7) they have a large a-priori bound on the high norm || - || for
long times. These features allow us to propagate smallness of both tangential and
normal modes in the low norm | - ||, for long times, and moreover to ensure that
the normal modes keep having a size much smaller than the tangential ones, i.e.
Izt (1) sy, < lz" () |12, see (5.17), (5.18). This is possible because of the normal
form procedure of the previous section, and in particular because

(i) the leading term in the dynamics of the low modes z ' (r) in (5.3) is the cu-
bic integrable vector field Y3(A) " (the non-explicit cubic term Y3T (z) =
O(zh)3), hence its size is much smaller);
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(ii) in equation (5.4) for z*(z), the term Op®¥ (im(z; x, &)) z* is skew-adjoint,
hence it vanishes in a L?-energy estimate; consequently the dominant term be-
comes Y3J- (z) which, in view of (5.6), fulfills the quadratic estimate || Y3J- (D)1l
<z 50 llzt ||§0 and therefore has a very small size. To obtain such estimate

is the reason why we put X ™) (Z) in (4.9) in strong-A normal form, namely
it does not contain monomials of the form z;l z‘;zzz‘j’; ¢'7* supported in 731(\2).

Otherwise, Y 3l(z) would have had monomials with exactly two frequencies
among (ji, j2, j3) in A and one in A€, and the estimate in (5.6) would have
had an additional term ||zT||§O||zL||S, which is too large for the bootstrap
lemma 5.3 below.

We now introduce precisely, the notion of long-time controlled solutions.

Definition 5.2. (Long-time controlled solutions) Let s, € asin (5.2). Letalso T, >
0 and € € (0, ). We say that a solution z(t) € H*(T, C) of system (5.3)—(5.4) is
long-time controlled with parameters (s, 0, T, €) if

(A1) at time O fulfills

270 )z <€, 20, )2 <€ (5.14)
(A2) it exists over the time interval [0, 7,] where it fulfills the large a-priori
bound
sup [lz(®)lly < €77 (5.15)
0<t<T,

One crucial property of any long-time controlled solution is that its low norm || - ||,
is automatically small for all 0 < ¢ < T, as we shall now prove.

Lemma 5.3. (Bootstrap lemma) Let s, 0 as in (5.2). Also, fix that Ty > 0. There
exists €, = €,(0, Ty) > 0 such, that for any € € (0, €,), the following holds true.

Let z(t) be a solution of (5.3)—(5.4) which is long-time controlled with param-
eters (s, 0, Ty, €) (according to Definition 5.2) and with

To 1
T, < —210g -] . (5.16)
€ €

Then z(t) fulfills the improved L*-bound
IOl <2, Ol < V<< (517
and the improved low-norm bound
lzOllsg <3¢, Nzt <€, YOSt <T,. (5.18)
Proof. The proof is by a bootstrap argument. We assume the bound
l=" @Iz <106, flz Oz <7, YO<1<T., (5.19)

and show that, provided ¢ € (0, €,) with €, sufficiently small, the better bound
(5.17) holds.
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First we bound ||z (¢) l|s,- This is done interpolating the bound on ||ZL(t)||L2
that we have by the bootstrap assumption (5.19) and the large bound that we have
on ||zJ- (®)|ls in (5.15), being z(¢) long-time controlled by assumption. We obtain

_50 s0 (5.19),(5.15) s s
I lsy < 15O, 2@l £ ETPeTTBE < 2 (5.20)

which is possible for s, 8 as in (5.2). Using the first part of (5.19) again, we also
get

lz@®)llsy < 11€, VO<t<T,. (5.21)

Next we consider ||z ()] 12 and prove the improved estimate (5.17). Recall that

the function z ' (¢r) fulfills equation (5.3); since Y3(A)(z) is integrable, we get that,
for all times 0 <t < Ty,

d . A
g1 O =2Re(=i1DI":" + 73V @), 2T) +2Re(v @) + Y150,

=0

(5.6),(5.8) (5.20),(5.2D),5.19) _ ¢
= < C

Iz @13, + 1z 13,) 12T )l 2 eS.

Then, since z(¢) is long-time controlled, its initial datum 27 (0) is bounded by
(5.14); hence, for all times 0 < ¢ < T, < Z—g log (%),

2T @072 < 127172 + [t1Ce® < € + CToe* log(e ') < 4€*,  (5.22)

provided that 0 < € < ¢, and that ¢, is sufficiently small. This proves the first
estimate in (5.17).

Next we bound ||z (1) || 12 We exploit that the paradifferential operator in equa-
tion (5.4) is skew-adjoint, so we get, for all times 0 <7 < T, < ET—Q log (é),

%”Zl([)”iz = 2Re<( —i|D|* + Op?Y (im(z; -)))z% ) +2Re(¥3(2) + Y25(2), 2T)

=0

(5:6.65.8)
=7 ¢ (I20llsg I @13 + 120013, ) 10 lo

(5.21),(5.20),(5.19)
< C68720 .

Again, that z(¢) is long-time controlled, its initial datum z1(0) fulfills (5.14); hence,
forall timesQ0 <t < T, < Z—g log (%), we bound

112, < 12512, + 11Ce2 < © 4 CToe" ¥ log(e™") < 24739
(5.23)
which is true shrinking €,. Estimates (5.22) and (5.23) prove (5.17). This verifies

the bootstrap assumption and so, by (5.20), also the second of (5.18). Together with
(5.17), we get also the first of (5.18). O
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A second important property of any long-time controlled solution is that it ful-
fills an effective equation with a very precise structure: up to higher order correc-
tions, for long times, the modes z 1 (¢) rotate with constant speed, whereas 71 () ful-
fills a linear Schrodinger equation whose Hamiltonian —i| D|* +0p®" (v(x — J11)§)
does not have constant coefficients. We shall show, in the next section, that this
Hamiltonian is actually responsible for the growth of Sobolev norms of the solu-
tion. More precisely, we prove the following result:

Proposition 5.4. Lets, 6 asin(5.2). Fixalso Ty > 0. There exists €, = €,(s, 0, Ty) >
0 such that for any € € (0, €,) the following holds true. Let z(t) be a solution of
(5.3)—(5.4) which is long-time controlled with parameters (s, 0, Ty, €) (see Defini-
tion 5.2) and with T, fulfilling (5.16). Then z(t) = (z1(¢), z—1(2), zt (1)) fulfills the
system

oz = —i(1+1210))z1 + 1)
21 = =i(l = [z 1O *)z—1 +d-1() (5.24)
gzt = —ilDI*z +10pPY (0(x — 310)€ + V(1 0E + b1 x,§) 2+ Y (),

where
e J is the real number

21O + z—1(0)]?
J) = 5 s

(5.25)
o the real valued function v(x) is given by
b(x) := 2Re (zl 0) mem) (5.26)
whereas the real valued, time dependent function V(t; x) fulfills the estimate
IV(t; Mz < Ce*™, VO<t <T.; (5.27)

o the real valued symbol b(t; x, &) € F(‘fvz,oo fulfills the estimate (recall (2.13)): for

every n € Ny, there is C,, > 0 such that
Ib(t: Mg oo, < Cu€®, YO <t < T, (5.28)
o the functions A1 (t) fulfill the estimates
ldei) €77, YO <1 <Ty; (5.29)
o the vector field Y (t) = Y (¢, x) fulfills the estimate

1Y(t;)lls <Ce¥™f, YO<t<T,. (5.30)



Arch. Rational Mech. Anal. (2026) 250:3 Page 550f76 3

Proof. We shall use that z(¢), being long-time controlled with parameters (s, 9, T,
€) and with T, fulfilling (5.16), satisfies the bounds (5.17), (5.18).
Equations for z11(f). Write equation (5.3) in components, using the explicit ex-

pression of Y3(A) in (5.5), to get the coupled system

dyz1 = —iz —ilz1 P21+ (¥ (2) + Y15(2), e¥) (5.31)
Ozt = —izo1 +ilzo1Pzo1 + (¥ @) + Y5(@), e7) '
Consider the equation for z1. We write this as
dz1 = —i(1 + |21(0)P)z1 + a1 (1),
. (5.32)

a0 = =i (JlnOF = 121 OF) 210 + (15 @) + Y150, %),

giving the first equation in (5.24). We prove now that d; (¢) fulfills the bound claimed
in (5.29). First, using the first of (5.31) and assumption (5.16), we get, for all times
0<t=<T < Blog(d),
d 2 T T ixy =
2P = 2Re (1] @) + Y. ) 71
5.6),5.8)
<

(5.18),5.21),(5.17)
< (IO, +1z12) 12" @ o < Ces,
which implies, on the same time scale,
(1210 = 1210P)| = Clrle® < CTy e log(e™) . (5:33)

Hence we get that d;(¢) in (5.32) is bounded for 0 <t < T, < Z_g log(e_l) by

O = [(21OF = 121 )2 0|+ (15 @ + YI5(@). )

(5.33),(5.17)
< CTyoe loge ) 4+ Cé | (5.34)

proving (5.29), provided that €, is sufficiently small. An analogous argument proves
that z_; (¢) fulfills the second of (5.24).
A consequence, which we shall use in a moment, is that

201(8) = 241 (D) + 71 (), where z41(1) = e 1 IF O 0) (5.35)
whereas
re1(t) = /t e*i(f*f)(lﬂzztl(o)lz) di(r)dt
0
fulfills, by (5.34), (5.16) and eventually shrinking €, again, the bounds
ra@ <7’ Yo<t<T,. (5.36)

Equation for z1(r). We start from equation (5.4) and we substitute the explicit
expression of z41(¢) in (5.35). Consider first the symbol m(z; x, £) in (5.7). We
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shall extract from its component ( V )(Z; x), defined in (4.8), the main contribution
which is the one supported on z1 (7). More precisely,

(V)(Z(1); x) =2Re (Zl(l‘) [0 eiZX) + 2RG(ZZn(f)mei2nx)

n>2

635 5 e (zl 0)71(0) eiZX—ZJl’)

=o(x—J11) by (5.26),(5.25)
+2Re (<z1 O 1@ + 1Oz 1) + (O (t)) ei2x>

=:Vi(t;x)

+ 2Re(2zn(r)ma2"X) .

n>2

=2 (t;x)
The functions Vi (¢; x) and V2 (¢; x) fulfill, by (5.14), (5.36) and (5.18), the bounds
V1@ ) llwzee < Ce*0 0 IVt iy < Ce*, YO <1< To. (537)
Then we write m(z; -) in (5.7) as
m(z(1); x, ) = 0(x — T1OE + (V1 (t; X) + Va(t; x) + Vau(2(1); X)) €
=V(t;x)
a5 (@(0):x.8) + 7 (2(0): x, 6)

=:b(t;x,)

We bound V(#; x) using estimates (5.37) for V| and V3, and that

~ 2.16) 4 5.18) 4
[V>4(z(@®); w2 = CllziDlly, = Ce', VO<1=<T,,

getting the claimed bound (5.27).
The bound (5.28) for b(z; x, &) follows from (2.20), (2.16) and (5.18).
Finally we get that

Y(t,2) == Y5 (z(t) + Y5(z(1)),

which fulfills the estimates (5.30) by (5.6), (5.8) and using (5.18) and (5.15). O

6. Instability via Paradifferential Mourre theory

The goal of this section is to give sufficient conditions on the initial datum z(0)
ensuring that, if the corresponding solution z(¢) is long-time controlled, then its
high H*-norm undergoes Sobolev norm explosion, becoming larger than ¢ ~?. We
will achieve this via a positive commutator estimate.
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We will focus on the third equation in (5.24); actually it is more convenient to
work with the translated variable

¢(t,x) ==z (t,x +J1t), Jyin(5.25). (6.1)
Clearly, one has
g )lls = lz" . s . Vi, VseR, (6.2)

soitis equivalent to prove growth of Sobolev norms for ¢ (f) and z* (7). The equation
fulfilled by ¢ (¢) is easily derived from the third of (5.24) as

¥¢ =—11D1*¢ +i0p"Y (31 + v(x)E) ¢ +i0p®Y (T(1; )& + B x. &) ¢ + Y1) (6.3)

where we defined the~ real valued function V(¢; x), the real valued symbol E(t; x,&)
and the vector field Y (¢; x) as

V(t; x) =V, x +J11), E(I;x,é) =b(t;x +J1t,§), )7(1; x):=Y({t;x+J11) .
It follows, by (5.27), (5.28) and (5.30), that we have the estimates
V(5 lwzee < Ce*™0 B0t g wroon < Cue”
1Y@ )l <Ce¥, VO<t<T.. (6.4)
6.1. The Mourre operator

The leading term in equation (6.3) is the non-constant coefficient transport
operator

OpBW((J1 + n(x))é) , J1in (5.25), v(x)in (5.26). (6.5)
The crucial point is that, provided that z;(0) and z_(0) fulfill

_zi O + [z-1(0)]?
J] = 2

< 2|z1(0)[ [z-1(0)] ,

corresponding to the function J; +v(x) having a zero, the operator Op”" ((J1 + v(x))§)
admits a Mourre-conjugate operator, namely an operator A such that the commuta-
tor i[A, Op®" ((J 1+0 (x))é )] is positive. Actually this also shows that the operator
in (6.5) has a non-trivial absolutely continuous spectrum, although we shall not
exploit directly this property.

More precisely, take s as in (5.2) and R >> 1 (to be fixed later) and define the
(formally) self-adjoint operator

A:=Ar:i=0p"(a(x,£), a(x,&) :=ax) > niE)

— i 6.6
where a(x) := —Im (Z](O) 2-1(0) ele) (6.6)
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and nr (&) the smooth step function

0 ify<l1
_ 1
§ e 1 .
wr@E) =n|=), ny)=1——— ifye,2). (67
R e T 4e v
1 ify>2
Note that a(x, &) is a symbol in F%ﬁzw and for any n € Ny, there is C,, > 0 such
that
121 (0)| |z—1(0)]
lalyg w2 p < Con 21O z—1(O)],  lalygqq woey < Con———

R
(6.8)

as it follows from its definition and from Lemma A.1 with a ~> a(x)|€|*n=(£),
m ~» 2s, N ~ 2 and v ~ 1. Moreover we will ensure that |z1(0)z_1(0)| > 0, so
that A is non trivial, see Remark 6.4.

The choice of the function a(x, &) in (6.6) is motivated by the fact that it is an
escape function for the symbol (J1 + v(x))& of the operator in (6.5); precisely one
has the following result:

Lemma 6.1. Fixs,R > 1. Let a(x, &) as in (6.6) and J1, v(x) as in (5.25), (5.26).
Then

{a(x, &), (T1 + ())&} = Ty E1* n3(E) + alx, &) (6.9)
where 11 is the real number

121(0)]> + |z—1 (0)|?

1= 211 0)] -1 O] (2121 0)] 210 - . ) ©10)
whereas a(x, &) is a smooth, non-negative symbol having the structure
a(x,§) = a1 (Y15 + a2 (0)P2(6)* . ©.11)
Here aj(x), j =1, 2, are smooth, real valued, non-negative functions fulfilling
la; @) s = € (IO + [2-1OF) | (6.12)
and ¥;j(&), j = 1,2, are smooth, real valued symbols in FS with support in

[R, +00).
Proof. We compute, using (2.39), (6.6), (5.25), (5.26) and denoting (") (§) :=
n'(§/R),
2s 2 2 2s ’
{a(x, &), (T1 +0(x))E} = @savy —vay — Jjax) €7 1z + R 20x [EI7E R (1)

= (avy —vay — Jjax) [61% n + 2s — Davg [£1%ng + 2avy [£1% g % mHr. (6.13)
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Now, using the explicit definition of a(x) in (6.6), of v(x) in (5.26) and of J; in
(5.25) and that a,(x) = —2Re (21(0)Z-1(0) €2*), v (x) = —4Im(21(0) 21 (0)

€'?*), we get the lower bound

avy — vay — Jjay = 4Im (zl(O)meizx)z 4 4Re (zl(O)meih)z ~aydy
= 412100 [z—1 O] = 231121 ()] |2—1 (0)]
= 202101 -1 O)] (2121 )] 21O = 31) =17 , (6.14)
where to pass from the first to the second line we also used that

lax] = 2[z1(0)[ [z—1(0)] .

Hence, adding and subtracting I|& |28 né (&) in (6.13), we get the claimed formula

(6.9) with

£
a(x,§) = (avy — vay — Jjax — I + (2s — Davy) [§[%n3 + 2avy 6% nr = ())& -
—— ——— R

=: —- 2 =wap(x)
ar(x) =1©?  TeW e

Note that both a1 (x) and a(x) are non-negative functions in view of (6.14) and
the fact that av, = 4Im (z 1(0) z2_1 (0) €'?* )2 > 0. They clearly are smooth, and
estimate (6.12) follows from the definitions of a(x), v(x) in (6.6), (5.26), of J in
(5.25) and 11 in (6.10).

We claim that the functions 1 (§) = |£*nr and ¥2(§) = |€]°y/nr %(n’)R are

smooth symbols in Ff) supported in [R, 00). We prove the claim only for i since
the one for v/ is trivial. First notice that v, is well defined since, by (6.7), one has
&(m)r > 0. Define that

S =vn)yn'(y), supp(f) C[1,2].

Then ¥»(§) = |€]° f(§/R) and is supported in [R, 2R]. Thus we are left to prove
that f(y) is asmooth function. It is easy to see that v/ yn(y) is smooth on its support.
The function

0, y=1
1 1
2v2 —6y+5 e 20-0 ¢ 20-»
NOIO R Sttt iy : . yel2)
e T 41 Y 2-y
0, y=2
is smooth by direct inspection. O

Thanks to Lemma 6.1, we now prove that the commutator between A in (6.6)
and Op®Y ((J1 + ©v(x))&) is a non-negative operator up to a small remainder. In the
following, given two operators A, B, we write A > B with the meaning (Au, u) >
(Bu, u) for any u € (), H*. More precisely, we have

Lemma 6.2. Fix s, R > 1. Let A = A, g be defined in (6.6). Then:
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(i) Positive commutator: Let J; in (5.25) and v(x) in (5.26). One has
i[A 0P (31 +0()g) | = T 0p™ (1P nd©)) +R  (6.15)
with T in (6.10) and the operator R: H* — H ™ with estimate

121 (0)[* + |z—1 (0)[*

IRul—s < Cs = lluells (6.16)
(ii) Upper bound: One has
A = 20210)] -1 0] 0™ (161 7E®)) + R (6.17)

with R: H® — H™* satisfying the estimate

0)2 + |z—1(0)]?
|210)] R2|z oF, 6.18)

IRull—s = Cs

Proof. (i) First note that (J; + v(x))£ is a symbol in F;szoo with seminorm

(314 0@)El w27 = € (11O +12-10)F) - (6.19)

We now compute the commutator between A and Op?" ((J 1+ U(x))s ) We use the
2s+1

composition Theorem 2.8 (i) regarding a(x, §) as a symbol in I'};"

m~2s+1,m ~ 1,0 ~ 2), and we get

i[A, Op™ (31 +0(0))&)] = Op" ({a(x, €) . (I1 + v(0))E}) + R, (6.20)

(so putting

where the operator R: H® — H™ satisfies

[Rull—s S lalasq1 w2 7 |(J1 + U(X))$|1,W2-w,7

6.8).6.19) 12, 0)* + |z_1 (O)*
~ R

l[uells lluells -

Back to formula (6.20), as the Poisson bracket {a(x, &), (J 1+ n(x))é } was already
computed in (6.9), we have that

Op" ({a(x, &), (31 +v(0)8)) = 110§ (1&*n2 ) + O (a(x, £).
6.21)

with a(x, &) a smooth, non-negative symbol having the structure (6.11). Thanks
to these properties we bound the operator Op®" (a) from below using the strong
Garding inequality A.2, getting

laillws.e + llazllys.o
R2

6.12 4 4

( = )_C|11(0)| +2|z_1(0)|

R

(Op*" (@) u,u) > —C )l

(DY u,u). (6.22)
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We conclude by (6.20), (6.21), (6.22) that

i[A, Op"" ((J1 + v(x))&)] = T4 OpBW(IEIZSn{i) +R,

4 4
Rz ko IO+ 1O
R

(D),

where the operator R: H® — H ™ fulfills the estimate (6.16).
(ii) Define the positive symbol a(x, £) := (2|z1(0)] |z-1(0)| — a(x)) [€|**n2 (&)
and again apply Garding’s inequality A.2. O

6.2. Growth of Sobolev norms

We now give sufficient conditions on the initial data of a long-time controlled
solution z(#) ensuring growth of Sobolev norms.

Definition 6.3. (Well-prepared data) Fix s, 0 as in (5.2). Fix also vy € (0, %),
e > 0.

We say that an initial datum z(0) € H*(T, C) is well prepared with parameters
(s, 0,19, ¢)if

(B1) On the modes on A

1 OF + 121 OF _

21z1(0)] |z=1(0)] — 5 > Ve, (6.23)

(B2) On the modes on A€
(AsrzH(0), 21 (0)) > 3737 | with R := ¢~ G+0/(1-) (6.24)
and A; R in (6.6).

Remark 6.4. Condition (6.23) ensures that |z;(0)z_1(0)| > 0, hence both t(x) in
(5.26) and the symbol a(x, &) in (6.6) are non-trivial.

The nextresult proves that a solution z(¢) which is long-time controlled for times
Toe 2 log (6’1) with Ty sufficiently large and whose initial datum is well-prepared,
undergoes growth of Sobolev norms. Precisely:

Proposition 6.5. Fix s, 6 as in (5.2). Fix also vy € (0, %). There exists €, =
€1(s,0,v9) > 0 such that for any € € (0, ¢€;1), the following holds true. Let
z(t) € H5(T, C) be a solution of system (5.3)—(5.4) such that

(i) it is long-time controlled with parameters (s, 0, Ty, €) (see Definition 5.2),
with
T 1
T, = — log (-) L Toi= — (6.25)
€ €

(ii) itsinitial datum z(0) € H* (T, C) iswell-prepared with parameters (s, 0, vy, €)
(see Definition 6.3).
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Then the solution z(t) undergoes growth of Sobolev norms, i.e.

1
sup [[z(Dls > = (6.26)

[t|<T.
The first step to prove such result is to define the A-functional
A@) = (Agr§(0), (1), Asrin (6.6), ¢(2)in (6.1) (6.27)

and exploit Lemma 6.2 to give a lower bound on the time derivative %A(t). More
precisely, we have

Lemma 6.6. Under the same assumptions of Propositon 6.5, there are a constant
C > 0ande; = €1(s,0,a,v9) > 0such that if € € (0, €1) the A- functional in
(6.27), with R in (6.24) fulfills: then

d 2 3-26 To !
AW z ey (.A(t)—Ce ) . Yosr=Jlog(-). 629

Proof. First note that if z(¢) is a long-time controlled solution with parameters
(s, 8, Ty, €) and has initial datum well prepared with parameters (s, 6, vy, €) then
the translated solution ¢ (¢) defined in (6.1) is long-time controlled and has initial
data well-prepared with the same parameters.

From now on we shall simply denote A = A, z. Since £(¢) fulfills (6.3), we
compute that

d

3 AD =(IA, Op”" (31 4 v(x))€)1¢. ¢) (6.29)
+ ([A, Op™™ (V(1; x)€)1¢. ¢) (6.30)
+ (IA, Op"Y (=161 + b(t; x, £))1¢, ¢) (6.31)
+ 2Re (AY (1), ¢) (6.32)

‘We shall use that, for well-prepared data, the number I; in (6.10) fulfills (see (6.23))
I1 > 2|21(0) |21 (0)|vo €2, (6.33)
whereas, for long-time controlled solutions (see (5.14)), one has

1O + |21 (0] < €. (6.34)

We first estimate the term (6.29) from below using Lemma 6.2. More precisely, we
get

(6.15),(6.16) 4
GAOFPY (@ +onoles) 2 1 OV (2 E®) 6. 6) - & S}
(6.33) 4
=7 2010121 O 2 OV (162 ©)) £.6) — & Sl 1

(6.17),(6.18) 4
27 vt Am - C eI (6.35)
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Next we estimate (6.30) from above. We first use estimate (A.2) (with v = O,
m =1,m = 2s),

(6.8).(6.4),(6.34) -~
2 < Cse g3

(6.36)

1(6.30)| < alpy w27 [V, )y w2 7 €]

Next we estimate (6.31) from above. We use again estimate (A.2) (this time with
v=1—a,m =a m=2s, thinking a(x, ) as a symbol in F%;;_rolof" supported
on high frequencies) to bound

~ (6.8),(6.4) €2
lalyg .00 7 11E1% + b, ), w2.oo 7 (14— CsRTaIIs“II? .

(6.37)

6301 <

Finally we estimate (6.32) from above. We use estimate (2.28) to bound

~ ~ 6.8),6.4
[(6.32)] < JAY )|l —s ¢ Is<Cslalas,oe 71 Y @5 IS Il <

) _
Cse )¢5 -
(6.38)

Then (6.28) follows from (6.35), (6.36), (6.37) and (6.38), choosing R as in (6.24),
and using that ¢ (), being long-time controlled, fulfills || (¢)||; < €~ and provided
€ is sufficiently small. O

We are finally able to prove Proposition 6.5.

Proof of Proposition 6.5. Let z(t) € H*(T, C) be a solution of system (5.3)—(5.4)
whose initial datum z(0) € H*(T; C) is well-prepared with parameters (s, 6, vg, €)
and which is long-time controlled with parameters (s, 6, Ty, €), T, in (6.25). By
Lemma 6.6, provided ¢ > 0 is sufficiently small, the functional A(¢) in (6.27)
fulfills the inequality (6.28). Integrating in time, we get

€

T 1
A(r) = et (A(O) - C63_29> fCE? . 0<r< e—g log ( ) . (6.39)

A sufficient condition for A(7) to grow in time is that A(0) > Ce>~%7; this condition

is fulfilled for well-prepared initial data provided e is sufficiently small; indeed by
(6.24)

A0) = (AZ(0), 2(0)) = (AzH(0), z5(0)) > €373 = 2c37% .

Then, using also the penultimate of the above inequalities, A(0) — Ce372¢ >
73— ce32 > %63_30, and we get from (6.39), the definition (6.27) and the
continuity Theorem 2.4

| 5 6.6),(6.8)
0T < A1) < A RCD sl = Cy€?

5 <
©6.2)
e )? < Cse?lz(0)]?
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for some Cs > 1. Hence, when t = Z—Q log (%), eventually shrinking €, one gets
”Z(t)” 1 36 l)()T() log(e_l) (6>25) L
s — 2C - 629 ?
yielding (6.26). O

6.3. Conclusion and proof of Theorem 1.1

Fix s, 6 as in (5.2). We give now an example of a well-prepared initial data.
Lemma 6.7. Let p1, p—1 > 0 in the non-empty region limited by
:0% + pzl
2

There exists €y > 0 and, for any € € (0, €p), an interval I (€) such that the initial
datum

pl+p2 <1, voi=2p1p-g — >0. (6.40)

200) ;= ep1e™ + ep_je ¥ + p N 4 ip e CNFDY N = [R] (6.41)

withR = e~ CFTO/0= and p e I(€), fulfills:

o well-prepared: z(0) in (6.41) is a well-prepared initial datum with parameters
(s, 0, vo, €) (according to Definition 6.3);

o L2-smallness: the bounds in (5.14) holds true;

o H*-smallness: z(0) fulfills the high norm bound

Iz < €’ (6.42)

Proof. We first prove that each of the three claimed properties gives a restriction
on the choice of p. Then we prove that such conditions are compatible.

Well — prepared: Condition (B1) follows immediately from (6.40). We now
check condition (B2). Using the definition of paradifferential operator in (2.22),
the form of A in (6.6) and of z(0) in (6.41), we get

(AN z0), L 20) = " €2p1ooy Ik + 112 nd(k+1) xo (1. =1,k + 1) Im(Z ©0) 25, (0))
k
=e2pro_y BNH 1% 23N+ 1) xo(1, =138+ 1) p> =2 p1o_y 3N+ 1% p2.

—_—
=1 =1

Then (6.24) is fulfilled provided p1 p—1 325R2S p2 > 1739 which using (6.24) gives

61_704_?%9
J e — (6.43)
3. /pio—1

This proves that z(0) is well prepared.
L? — smallness: The first condition in (5.14) is satisfied thanks to the first
assumption in (6.40) and the second condition in (5.14) is satisfied provided that

p = (6.44)

§||m
(S w
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H*® — smallness: The condition (6.42) is satisfied provided that

20 20

and 23N+ 1) 4+ p2GN+3) < .

2 232 o &
(01+P_1)€ =5 )

The first condition follows automatically from (6.40) and taking € sufficiently small,
while the second one, using N < R + 1 and (6.24), is fulfilled for example for

3+0
69-‘1—5‘m

652

p = (6.45)

Note also that, since s > 35y > 1, for € small enough the second condition (6.44)
is less restrictive than the third one (6.45). Note that, provided € is small enough
and using 6 < % conditions (6.43) and (6.45) are compatible. Then, taking

s 3+6

1 1_3 340 € T-a
e l(e) := (—67—79‘“@, )’
Pl =5 oo 62
the datum z(0) satisfies all the claimed conditions. O

We now show that any solution of system (4.7) with a well prepared initial
datum as in Lemma 6.7 undergoes Sobolev norm explosion. More precisely we
have

Lemma 6.8. Fixs, 0 as in (5.2). There exists €y > O such that, provided € € (0, €2)
the following holds true. Let 7(0) € H* (T, C) as in Lemma 6.7 and so well-prepared
with parameters (s, 0, v, €), for some vy € (0, %). Consider the solution z(t) of
system (5.3)—(5.4) with initial datum z(0). Denote that

0 < Ty :=Ti(e;z(0) ;= inf {r > 0: Jz(O)]ls =€} . (6.46)

Then T is finite and bounded by Ty < GT—‘z’ log (é), To = vo_l. Moreover one has
that

sup [z(0)llsg <3¢, [zOlly <€, Jz(T)lly = €. (6.47)

0<t<T)

Proof. Define €3 := min(e,, €y, €1, t) with €, of Lemma 5.3, ¢y of Lemma 6.7 and
€1 of Proposition 6.5. First note that the solution z(#) is long-time controlled with
parameters (s, 0,1, e) (see Definition 5.2); indeed condition (A1) holds true in
view of the L2-smallness of Lemma 6.7, whereas condition (A2) holds true with
T, ~» Tp by the minimality of 7.

We now show that 77 is finite and bounded by ET—‘Q log (%) Assume by contradiction
that 7 > Tpe 2 log (e’l). Then, by the very definition of 77,

_9.
sup lz@lls =€

0<t<Tpe~2log(e~1)
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namely, the solution z(#) is long-time controlled also with parameters
(s, 0, ET—Q log (1), €). Then, since by Lemma 6.7 the initial data z(0) is well pre-
pared, Proposition 6.5 applies, and therefore

-6
sup lz@lls =€,

0<t<Tpe 2log(e~ 1)

contradicting the minimality of 77. This proves that 7} < Z—g log (%)

To control the low norm |[|z(¢)||s,, we apply the bootstrap lemma 5.3 with the
parameter 7, = T that we have just proved satisfy the required condition (5.16).
The last two inequalities of (6.47) follow by (6.42) and (6.46). O

We conclude with

Proof of Theorem 1.1. Recall that the variables u(¢) and z(¢) are related by the ad-
missible transformation Z(¢) = F(U (t)) = F(U (t))U (t) in(4.37). By Lemma?2.14,
the map Z = F(U) is locally invertible provided || Z||s, < r’ is sufficiently small,
and has the form F~(Z) = G(Z)Z for some G(Z) fulfilling the bound in (2.43).

We consider that Z(0) = (gggg)withzm) (asin Lemma 6.7) fulfills [| Z(0) s, <

€? < t. We define that
U(0) := F~1(Z(0)) = G(Z(0)) Z(0) .
We take U (0) as the initial data for equation (1.1); by (2.55), its Sobolev norm is

6.47) 0
U =Gl ZO)s = Cye” .

Consider now the solution U (¢) of (1.1) with initial data U (0). By Theorem 4.4,
Z(t) = F(U(r)) is the solution of equation (4.7) with initial datum Z(0) of
Lemma 6.7; consequently, in view of Lemma 5.1 and Lemma 6.8, z(¢) has a small
H?%0-norm for all times 0 < ¢t < Ty, but large H*-norm at time 77. We deduce that
U(r) = F~1(Z (1)) fulfills the bound

IUO sy = CoollZ(D]lsg = Cspe < v, VO=<1=T;.

Attime 77, we bound from below the H®-norm of U (T7) using the identity Z(77) =
F(U(T1)), the fact that ||U (T1)||s, < t and estimate (2.43), to get

1 ©4D | .,
NUTD)Is = Cs 1Z(TD)lls = Coe .
Given arbitrary § € (0, 1) and K > 1, we shrink € to conclude the proof of

Theorem 1.1. O
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A. High Frequency Paradifferential Calculus

In this section we consider paradifferential operators with symbols supported only on high
frequencies and prove a commutator estimate and a Garding inequality keeping track of the
size of the support of the symbols.

Lemma A.l. Let N € No,m € Rand R > 1. Ifa € T ., then

ag(x, &) == a(x,§) nr(§), nrin (6.7)

m+v

is a symbol in I' 'y

for any v > 0 with quantitative bound
|ar |4y, w0y < Cn R™Y lal,, wn.oo, foranyn € No. (A.1)

’
In addition, if N > 2 and b € Frvr{/z,oo’ m’ € R, one has the commutator estimate

10" (ag) . OF"™ (0)Jully ' — 1 < CR™Y Il 20 7 1blyr 2o 7 s -
(A.2)

Proof. Forany o, B € Ng,a < N, B < n, we have

@2ofarce )| s Y

o0l ax. &)| [of e (@)

Bi+p2=p
1
S Y laly e @ (5
Bi+p2=p
5|a|m’wN,ooyn Z (g)m—ﬂl—ﬂz-&-vsup (g)—v<§>ﬁzn(ﬁ2)(§)
B1+po=p §
S ol whoe g)ymPtv

where in the last step we used that the function (%)/32 n'B2) ( %) is uniformly bounded on R
and has support on & > R.
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We prove now (A.2). By Proposition 2.8 with o = 2 we have

[0p"" (ar) , OPFPY (b)] = Op*" ({aw, b)) + R~ %(a, b).

We now bound both terms in the above equation regarding ar as a symbol in F’""'” and

{ar, b} as a symbol in F’v"’/';’fl,';') ! By (2.28) and (2.40), we get

w
109°" ({ar, b ttlly—m—m—v11 S Har, DYmymrsv—1,2.4 lulls
N |aR|m+U,W1,oo,5|b|m/,Wl,oo’5 llulls
(A.D) .
S RV faly, wieo.s 1Bl wice s lulls . (A3)

Next we estimate the norm of R ™2 (agr, b) using (2.41):

-2
IR~ (ar, b)u||s—m—m’—v+2 < |aR|m+v,W2,oo,7 |b|mf,W2,oc,7 lluells

(A.1)
A<J RV |a|m,w2,oo,7 |b|m/,w2,oc’7 lluells (A4)
In conclusion (A.2) follows from (A.3), (A.4). O

In the following we shall use a well- known cancellation which is a direct consequence of

Proposition 2.8: ifa € T'" bel™ with m, m’ € R, then

W2.00° WZoo’

O™ (b) 0 Op*" (a) 0 OP?Y (b) = OpBW(abz) + R %(a,b), (A.5)

where R™2(a, b) is a bounded operator HS — H* _(’"‘"2’"/)"‘2, Vs € R, satisfying, for any
ue HS,

IR, D) ls— b2 S 1@y 2o g B2, 2o s (A.6)

In the next lemma we prove a simplified version of the strong Garding inequality adapted to
our setting.

Lemma A.2. (Strong Garding’s inequality) LetR > 1, a(x) € W3 and a(x) > 0. Let
v() € F’", m > 0, a real valued Fourier multiplier with supp ¥ C [R, +00). Then there
is C > 0 such that

0" (ay? @) =~ LML= 2 (A7)
Proof. Arguing as in Lemma A.1 one shows that, for any n € Ny,
Wl 1,250 < Cax Wl 1500 (A8)
We apply now the composition formula (A.5) regarding ¥ (§) as a symbol in F81 +
OF" (1) 0 Op"" (@) 0 O (¥) = O (ay?) + R (A.9)

with Ry : H™ — H~™ fulfilling, by (A.6),

(A.8)
||Rl“||—mN||a||W200 |¢|m+1 Loo, g”””m < ?Ilallwz,oollullm . (A.10)
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Then observe that Op?" () = Op" () = ¥ (D) and Op?" (a) = Op" (@) +Op" (ay — a),
where ay is the cut-offed symbol defined in (2.21), so

op?" (¥) 0 Op*" (@) 0 OP* (¥) = Y(D) 0 Op¥ (@) o (D) + Ry (A.11)

where Ry := /(D)oOp" (ay — a)oy (D). Now we prove that Ry is bounded H™ — H~"™.
First note that, by the definitions (2.21) and (2.23), for any v € H™ L

100" (ay —a) vl 52 Za, e (1= xe =5 755 )
2

<Z Zj— 2 1a; 4l 1 x(k—j,’;k))(%wu

2

<ZZ k) (@il <1>|Uk|

2 2
< ||a||3||v||_1 S lallfyse 0124

where to pass from the first to the second line we used that, on the support of 1—x (k -7, #),
one has

k), () SU—k)+(j+k S —k),

and to pass from the third to the last line we used Young’s inequality for convolution of
sequences.
Thus we get, for any u € H™,

IR2ull—m S W lmt1,22,0 10p" (ay — a) o Y (D)ully
S lm1, 10,0 llall .o 1 (D)ull -y
(A.8)

2
< W|m+1,Loc’() ||a||W3.oo lullm S Enanwloo”u”m . (A.12)

In conclusion, combining (A.9) and (A.11) and since Op" (a) = a > 0 and ¥ (D) is self-
adjoint, we have that

0= (WD) oao y(Dyu,u) = (Op" (av?) u,u) + (R1 = Rou. ),

and (A.7) follows by (A.10) and (A.12). m]

B. Flows and Conjugations

In this section we collect some results about the conjugation of paradifferential operators
and smoothing remainders under flows, following [9,11,13,63].

Conjugatlon by a flow generated by a real symbol of order one. Given a function €
.7-'2 gauge invariant, i.e. B(ggU;-) = B(U;-) for any 6 € T, consider the flow ®7 (u),
T € [—1, 1] defined by (4.24). It is standard (see e.g. Lemma 3.22 in [9]) that, for any
U € By, r(r) with so > 0 sufficiently large and r > 0 sufficiently small, the operator

®T(U) € L(H5(T, C2)) for any s € R with the quantitative estimate: there is a constant
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C(s) > Osuchthatforany W € HS(T, C2), |®T (U)W s+ | P (U) ' W|s < C(s)|W]s.
Following [9], we define the path of diffeomorphism of T via
YU, t;x):=x+tB(U;x) withinverse \Il_l(U, T;y)i=y+ B(U, T;y),
B e FEIr. (B.1)
and set that ¥ (U; x) := W (U, 1; x).

Proposition B.1. (Conjugations for a transport flow) Letm € R, o > 0, and let ®(U) be
the flow generated by (4.24).

1. Space conjugation of a para-differential operator: Leza € XT'5'[r] beareal symbol

(m)(r7. — . -1 . ‘ m
and V" (U; x,§) :== a(U; y,§ 0yW™ " (U; y)) = Ui) € T [r]. Then

O(U) 0 OpfLL(a(U: x,6)) 0 @) ™" = OpElL(a (Wi, ) +aly D (Wix,6)) + Roa(U)
= Opvec(a(u x, §) +a(m)(U X, é)) + R>4(U),
(B.2)
where a(m 2)(U x,&) and a(m)(U x, &) are non-homogeneous real symbols in
Fm 2[r]respectlvely l" [r], whereas R>4(U) is a real-to-real matrix of smoothing
operators in R [r] In addition if a(U; x, &) = V(U; x)& for some V € ﬁzR[r]
then in (B.2) a; m 2) = 0 and a( )(U x, &) = ;4(U; x)& for a suitable function

4 € .7-'> 4[r]
2. Space conjugation of a Fourier multiplier Ler w(§) € F"‘ be a real Fourier multi-
plier. Then
W) 0 0pBY (i) 0 & ()~ = 0pBY, (1(w +af Wi 8) +a ) WU x.6) +a P Wi, s)))
+ Ry(U) + R>4(U),
(B.3)

where
°a, )(U x, &) is a real, zero-average, gauge invariant symbol in F2,

° a(>02 (U; x, &) is a real non- homogeneous symbol in F“4[r] and a(a 2)(U x,&)isa

non-homogeneous symbol in T% 4 [r],

ﬁiQer and
'R Q+m

e Ry (U) is a real-to-real, gauge invariant matrix of smoothing operators in

R>4(U) is a real-to-real matrix of non-homogeneous smoothing operators in
3. Space conjugation of a smoothing remainder: If Ry(U) is a real-to-real matrzx of
smoothing operators in Rz_ C[r] then

(U)o Ry(U) 0 ®(U) " = Ry(U) + R=4(U),

where R>4(U) is a real-to-real matrix of smoothing operators in R Q+ [r].
4. Conjugation of 0;: If U is a solution of (4.1) then

@ o) W)~ =1 0pfl(2B(—IQDIU, U x) § +iVa4(Us 0)§) + R=4(U),
(B.4)

where Q (D) is the matrix of real Fourier multipliers in (3.17), V>4(U; x) is a real function

in FR [r] and R=4(U) is a real-to-real matrix of smoothing operators in R_Q[r].
>4 > 8 op >4
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Proof. During the proof, we shall denote that b := 1255~ +’i i
1. Follows by Lemmas A4 and A5 in [11].

2. We first define the operator PT(U) := &7 (U) o Op2Y_(iw) o (CDT(U)) . Note that
PT(U) is gauge invariant being composition of gauge invariant operators. By Theorem
3.27 in [9] (actually adapting that result when the function g is 2-homogeneous rather than
1-homogeneous), we have, for any 7 € [0, 1],

PT(U) =0pBY. (1(4)53) + iw“"*z)) +R(U. 1)

=0p5Y, (1w+1w§a) + 1a(a) +iw (“ D tia o= 2)) + Ra(U,v) + R>4(U, 7)
(B.5)

(m)

where w g (@ @y (@=2) | ,@=2)

=w+ a)2 +azy is a real symbol in EI‘(")‘ [r], 0@ 2 = w, azy
asymbol in £I'$2[r] and R = Ry + Rs4 € ER, ¢T[r].

To identify the quadratic component of PL(U) we use the Taylor expansion Plw) =
POU) +0: PT(U)l=0+ [y (1—1)32PT (U)dr and exploit that P7 (U) fulfills the Heisen-

berg equation 0 PT(U) =[G, 1), PT(U)], PO(U) Vec(1a>) Usingthat G(U, 0) =
pEY_(ib(U)&) and the paradifferential structure of P*(U) in (B.5), we obtain

PL(U) = OpSL. (iw) + [Op5 L. (ib(U)E) , Ophi. (iw)] + Mx4(U),

with M>4(U) a a-operator in M 4lr]. Now we use the composition Theorem 2.8 (with
0 ~» o0 + 1) and formula (2.38) to expand the commutator as

Pl (W) = 0pll. (i +iaf”) + Ra(U) + Mza(U), (B.6)

with a(a)(U x, £) the real, zero-average symbol

o+1 ( 1)]{ -
A" (U x,6) =) W(Diﬁﬂ) (Gfw)ig €T, (B.7)
k=1 ’

and Ry(U) € ﬁz_ ete, Identifying the quadratic components of p!l (U) in (B.5) and (B.6)
we get that

op" (0§ + 0l ) = 0" (a5”) + Ro(U)

and therefore we get the thesis. Since g(U) is gauge invariant (fulfills the first of (2.26)),
SO is aéa) in (B.7). Finally, since Pl(U) is gauge invariant, also Rp(U) in (B.6) is gauge
invariant by difference.

3. It follows as in [9, Remark at pag. 89] (see also [63, Proposition A.2] for details).

4. Differentiating

T (1) = GWU@)PT(U(1))
oO(U (1)) = 1d,

with respect to time, we get that 9; @7 (U (¢)) fulfills the variational equation

{3r (32T U @)) = GU®) (3 PTWU @) + B3 GU 1) PT(U 1)) (B.8)

30U 1) =0
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whose solution is given by the Duhamel formula
(3 @7 (U 1)) =4>T(U(t))/0 WU 1) B GWU 1)) @ (U (1)) dr . (B.9)

Evaluating att = 1, applying o)~ tothe right and using that in our case 3;G (U (¢)) =
pBY (3:b(U, 11; x)i€) yields
(o' )e'w)~ = /0 o W) [0 ()] OpEY (3b(U, 71 0)i&) T (W)@ ()] dry.
(B.10)
We claim that
Ub(U, T:x) = B(—iQD)U: x) + V=4 (U, T:x), Vsg € Foylrl.  (B.11)

Differentiating b(U (), t; x) with respect to ¢ and using that, by equation (4.1), 9;(U) =
26(0:U,U) =2B(XU),U) with X (U) = —1Q(D)U + X3(U) we get
0b(U, t;x) =2B(—i2(D)U, U; x)
o [ﬁ(U;X),Bx(X(U), U; x) " Bx(U; x)B(X(U), U;X)}
(1 + 1B (U: x))? I+ (U; x)) '

=:V>4(U,7:x)

+2B8(Myrs(U)U, Us; x) —

Then (B.11) follows using Lemma 2.10-1 for each internal composition, getting that V>4 (U, ; x)

is a function in FX 4[r]
O

Conjugation by flows generated by linear smoothing operators. In this section we study
the conjugation rules for a flow Y(U) := Y*(U)|;=| generated by

Y (U) = QU) o YT (U), d>OQ(U) =1, (B.12)
with Q(U) a matrix of smoothing operators in 7%2_ ¢ We denote the inverse of D p(u) as

T =10,
The following result is a small variation of [63, Proposition A.5] and we omit the proof.

Proposmon B.2. (Conjugation by flows generated by smoothmg operators) Letm € R,

0,0, r > 0. Let Q(U) be a matrix of smoothing operators in R2 and Y (U) be the flow
generated by Q(U) as in (B.12). Then the following holds:
i) Space conjugation: Ifa € XT%'[r], then

Y(WU) 0 OpEY.(a(U: 2, £) o TW) ™! — OpBY. (a(Us x, 8)) € RZGT™ ™0y,
T(U) 0 (—Q(D)) 0 TW) ™! — (~Q(D) + [QW). ~i(D)]) € RZ Q*“[ 1.

These matrices of operators are real-to-real, provided that Q(U) is.
ii) Conjugation of smoothing operators: If R(U) is a real-to-real matrix of smoothing

operators in ¥R, @ [r], then

TW)oRW)oYW) ' —RW) € R;mn{g,g/}[r]

and it is real-to-real.
iii) Conjugation of 9;: If U is a solution of (4.1), then

@YU o YWU) ™' —20(-iQ(D)U,U) e R g+l[ I

and it is real-to-real.
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