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Quantum dynamics of atoms in number-theory-inspired potentials
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In this paper we study transitions of atoms between energy levels of several number-theory-inspired trapping
potentials under the effect of time-dependent perturbations. First, we simulate in detail the case of a trap whose
single-particle spectrum is given by the prime numbers. We investigate one-body Rabi oscillations and the
excitation line shape for two resonantly coupled energy levels, and we show that quantum control is a faster
method for state preparation than periodic perturbation. Next, we investigate cascades of such transitions,
particularly whether one can construct a quantum system where the existence of a continuous resonant cascade
from a given initial energy eigenstate is predicated by the validity of a given statement in number theory. We
find that such resonance cascades, in a suitably designed one-body system, can be used to illustrate that the
sequence of natural numbers is closed under multiplication. We further present ideas for two more resonance
cascade experiments designed to illustrate certain statements within the Diophantus-Brahmagupta-Fibonacci
identity and the Goldbach conjecture.
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I. INTRODUCTION

In recent years, optical trapping of ultracold atoms has
advanced to the point that it is now possible to control, with
precision, the profile of the trapping potential. This progress
has been enabled by light sculpting techniques [1] relying on
the use of spatial light modulators [2], digital micromirror
devices [3,4], and fast-scanning acousto-optic deflectors [5].

These developments are particularly suited to address, in
a realistic and tunable setup, suggestions and ideas at the
interface between quantum physics and number theory [6–8].
To this end there has recently been experimental progress in
creating prime number potentials for cold atoms [9]. These
are trapping potentials whose first Nb eigenenergies are pro-
portional to the first Nb prime numbers. The rationale is that
such highly controllable potentials, which can in general be
engineered to have an assigned sequence of numbers as their
energy levels, are relevant for a host of theoretical ideas. For
instance, they can be used for the implementation of primality
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tests [6], prime factorization of integers (see Refs. [10,11]
and references therein), and for studying statements from
number theory such as the Goldbach conjecture, which states
that every even natural number greater than two can be writ-
ten as sum of two prime numbers. Of course, one cannot
prove mathematical theorems by using a physical device in
which a finite (even very large) number of prime numbers
is encoded—but, on the other hand, one can systematically
extract predictions from number theory theorems and conjec-
tures and design experiments based on them (possibly looking
for counterexamples for conjectures). At the same time, by
cross-fertilization, the physical realization of number-theory-
inspired setups can generate new ideas to tackle number
theory problems.

In this paper, we consider one-dimensional trapping po-
tentials where the energy levels of the system have been
engineered to produce a desired spectrum, and we study
transitions between energy levels under the effect of time-
dependent perturbations. We consider two complementary
scenarios. First, in Sec. II we study transitions in a potential
with energy levels proportional to the first Nb prime numbers.
As the prime numbers are not regularly spaced, a time-
dependent perturbation on resonance between the ground state
and a target excited state transfers population between these
states, while the population of other states remains negligible.
We also explore how quantum control protocols can speed up
this state preparation. We remind that the selective excitation
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of just one state is a critical state preparation step prior to car-
rying out factorization algorithms described in Refs. [11,12].

The next sections of the paper are dedicated to further
exploration of the use of spectrally engineered systems. In
Secs. III and IV we introduce resonance cascades, where a
particle prepared in a given highly excited state is induced
to cascade down in energy due to an external perturbation.
We use these resonance cascades as a paradigm to study a
set of statements from number theory. As a test bench, we
consider a potential with an energy spectrum given by the
logarithms of the natural numbers. Here we find that, because
the sequence of natural numbers is closed under multiplica-
tion, a perturbation at an appropriate frequency can generate
a resonance cascade (or ladder), in which many levels are
populated. Conversely, if we remove from the spectrum the
logarithm of one of the natural numbers, then this resonance
cascade is inhibited.

Finally, in Sec. V we outline future ideas on how resonance
cascades can be used to study the Diophantus-Brahmagupta-
Fibonacci identity [13] (Lemma 1, p. 142) and the Goldbach
conjecture [13] (p. 147). In the first case, the potential of
interest has energy levels given by the logarithm of the sum
of two integers squared, whereas the second case is based on
the prime number potential investigated in Sec. II, but where
a cascade is enabled if the potential contains two weakly
interacting particles. Thus, this work outlines and studies in
detail the necessary ingredients to test experimentally several
number-theoretic statements, from the spectral engineering to
the initial state preparation and driving required to demon-
strate, via resonance cascades, the identities and conjectures
under study.

II. A RESONANCE IN THE PRIME NUMBER POTENTIAL

In this section, we discuss the relevant state preparation
required for the subsequent number-theoretic experiments.
We explore this in two ways: first through perturbative driving
on resonance, where we recover behavior similar to Rabi os-
cillations between the interrogated states. Second, we explore
the potential of quantum control to speed up state preparation,
showing that the state transfer can be sped up by about a factor
of five.

A. Periodic perturbations

Let us consider the one-dimensional Hamiltonian:

ĤP = p̂2

2m
+ U P(x), (1)

where U P(x) is a potential having as assigned spectrum the
first Nb prime numbers times an energy scale, denoted by U0,
depending on the physical realization of the system. To be
more precise, we could use the notation U P

Nb
(x), but for the

sake of simplicity we will omit the index Nb. The potential
U P(x) is referred to as the prime number potential.

Figure 1 shows U P(x) with eigenvalues given by the first
Nb = 20 prime numbers:

EP
n = U0 pn

p1, p2, p3, . . . p20 = 2, 3, 5, 7, . . . 71. (2)

FIG. 1. Prime number potential with 20 energy levels corre-
sponding to the first 20 prime numbers. Here a = h̄/

√
mU0 is the

characteristic length scale of the potential (with m the particle mass)
and U0 is the corresponding energy scale.

This potential has been calculated using the methods of su-
persymmetric quantum mechanics and has been optically
implemented with a spatial light modulator [9]. In general,
the methods used to calculate this potential can be used to
calculate potentials with arbitrary (and finite) spectra. Notice
that U P(x) is going to a constant as x → ∞, so that above
the eigenvalue p20 the continuous part of the spectrum starts.
From now on, we measure energies in units of the energy scale
U0 and lengths in units of the quantity a = h̄/

√
mU0.

In this section we simulate the transfer between bound
states of this prime number potential by applying time-
dependent perturbations of the form

V (x, t ) = f (x) cos(ωt ), (3)

where we examine two cases for f (x) (see Fig. 2): fodd(x) =
β(x/a) and feven(x) = β(x/a)2, which induce transitions be-
tween states of opposite parity and between states of the same
parity, respectively. Specifically, fodd(x) enables the transfer
between the ground state |0〉 and the first-excited state |1〉,
while feven(x) enables the transfer between |0〉 and the second-
excited state |2〉. In both cases, the perturbation is close to
resonance with the transition (ω = U0/h̄ and ω = 3U0/h̄ for
the first and second excited states, respectively), and the an-
harmonicity of the potential ensures that the population of
higher states remains small, so that we have essentially iso-
lated a two-level system. Experimentally, these perturbations
can be realized with additional optical or magnetic fields.
Figure 3 shows Rabi oscillations between |0〉 and |1〉 (a)
and between |0〉 and the |2〉 (b), both obtained by numerical
integration of the time-dependent Schrödinger equation. The

FIG. 2. Even (left) and odd (right) perturbations, where β = 2
for the even case and β = 4 for the odd case. These values of β

are significantly larger than those used in the simulations to better
visualize the effect of the perturbations on the potential. The axes on
these plots are the same as in Fig. 1.
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FIG. 3. (a) Odd transition between the ground state and first
excited state with β = 0.25, where a small population of the second
excited state can be seen. (b) Even transition between the ground
state and second excited state with β = 0.5. This driving strength
also leads to a small but visible population of the fourth excited state
(the next transition of even parity).

Rabi frequency �R is given by the matrix element of the
perturbation between the ground state and the desired excited
state [14]. The β values are chosen according to the following
criterion: A larger β would lead to a higher Rabi frequency
and a faster transfer to the desired excited state, which is
experimentally advantageous; however, this would come at
the price of reduced efficiency of the transfer to the desired
excited state, because a larger β would increase the population
of higher states. In this respect, Fig. 3 shows the fastest pos-
sible transfer while achieving a good fidelity corresponding
to >98% of the population in the desired excited state. Note
that in addition to the Rabi oscillations, the time evolution also
displays fast ripples at frequency 2ω. These are due to the fact
that the rotating-wave approximation is not perfectly satisfied
for the perturbation strengths we are using.

To further characterize the system, we study the effect
of off-resonant perturbations. For a two-level system in the
rotating-wave approximation, the maximum population of the
excited state is

Pex,max = �2
R

�2
R + δ2

, (4)

FIG. 4. (a) Line shape of the odd transition for β = 0.125 and
β = 0.25. (b) Line shape of the even transition for β = 0.25 and
β = 0.5. Numerical data are displayed alongside Eq. (4) with their
respective value of �R. We note that for the same value β = 0.25,
the width of the odd transition is larger than the width of the even
transition. This is due to the different couplings, as 〈0|x|1〉 = 0.68
and 〈0|x2|2〉 = 0.52.

where δ is the detuning from resonance [14]. The maximum
population is 1 for resonant perturbation (δ = 0) and displays
a Lorentzian line shape for finite detunings with FWHM =
2�R. These Lorentzian line shapes are found numerically in
our system for both the odd and the even transition, as shown
in Fig. 4. The good agreement between the numerical data
and Eq. (4) (with the value of �R calculated from the relevant
matrix element of the perturbation) shows that our system
behaves as a two-level system to a good approximation. We
note that for larger values of β, the center of the transition
slightly shifts to the right. We attribute this to the Bloch-
Siegert effect [15], which occurs beyond the rotating-wave
approximation. Similarly, the deviation of the numerical data
from the Lorentzian, visible at positive detunings, is also
likely due to the rotating-wave approximation not being well
satisfied.

In an experimental implementation with ultracold atoms
(for instance, in rubidium), the typical resonance frequen-
cies will be ∼1 Hz and typical transfer times to the excited
state will be on the order of 10 s. These slow timescales
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TABLE I. Optimized transfer times (F > 0.99) from the ground
state for a variety of protocols. Note that the case shown as
� 12 h̄/U0 has not been optimized for longer times due to computer
cluster limitations.

Transfer time (h̄/U0 ) |1〉 |2〉 |3〉
β = 0.5, n = 2 – 9.5 –
β = 1, n = 2 – 5.0 –
β = 2, n = 2 – 3.0 –
β = 10, n = 2 – 2.0 –
β = 0.5, n = 1 7.5 – � 12.0
β = 1, n = 1 5.5 – 9.0
β = 2, n = 1 4.0 – 7.0

are because the characteristic length scale of the potential a
needs to be well above the optical resolution of the optical
system that produces the potential. This constraint on a puts
an upper limit on U0 via a = h̄/

√
mU0 and, consequently,

a lower limit on the time unit h̄/U0 [9]. Higher-resolution
projection systems providing smaller a values (as in quan-
tum gas microscopes [16,17]) allows for faster state transfers.
However, even with modest values of a, we can speed
up state transfer via optimal control methods, as we show
next.

B. Quantum control

In this section, we explore two state transfer protocols
simulated using the QEngine C + + library [18] and opti-
mized using the GRAPE algorithm [19] implemented within
QEngine:

(1) β(x/a)2 modulation for |0〉 → |2〉 transfer,
(2) β(x/a) modulation for |0〉 → |1〉 and |0〉 → |3〉 trans-

fer.
For each case, we implement a control of the form

β b(t )(x/a)n with n = 1, 2 for the linear and quadratic cases,
respectively. The control b(t ) is optimized for a given static
value of β and −1 � b(t ) � 1 ∀ t .

These protocols provide a benchmark that serves to com-
pare optimal control results with resonant driving results, as
well as demonstrating an interesting state preparation proof-
of-principle that can be useful for, e.g., the resonant cascade
protocols described in later sections of the paper. For the
optimization, the initial state is the ground state of the prime
number potential, and we use regularization [20,21] to limit
the bandwidth of the control in order to preserve experimental
viability.

Using the unit scalings provided, the best results are
tabulated in Table I, and plots of the fidelity vs control
time for β(x/a)2 and β(x/a) are shown in Fig. 5. These
show the minimum time required for a control to reach
0.99 fidelity, where fidelity is defined as F = |〈ψdes|ψopt〉|2,
with |ψdes〉 corresponding to the either |1〉, |2〉, or |3〉 and
|ψopt〉 the final state after optimization. The infidelity is
I = 1 − F . The optimal controls (i.e., those found at the
minimum time where F > 0.99) are plotted in Fig. 6 for
β = 0.5.

The results in Table I show that quantum control en-
ables the transfer to the desired excited state with fidelities

FIG. 5. Infidelity vs time curves for (a) |0〉 → |2〉 transfer with
β(x/a)2 modulation and (b) |0〉 → |1〉 transfer with β(x/a) modula-
tion. The strength of the β value are labeled in the plot legends. The
individual data points are the best results of 2000 optimizations, and
the line is a guide to the eye.

comparable to the case of the periodic perturbations but with
transfer times reduced by up to a factor ∼5. Differently from
the case of periodic perturbation, with quantum control it
is possible to increase β, hence reducing significantly the
transfer time, while keeping the population of higher levels
negligible. All the transfer times reported on Table I corre-
spond to experimental times of 5 s or less, which is feasible
for state preparation prior to the experiments discussed in the
following sections.

III. RESONANCE CASCADES

In this section we introduce the idea of using resonance
cascades to study statements from number theory. That is,
given a number-theoretical statement, we will first recast the
statement or some of its corollaries as an assertion of an
existence of an uninterrupted arithmetic progression. This
arithmetic progression is a subsequence of a larger sequence
of numbers (the principal sequence). The latter sequence will
constitute the energy spectrum of a quantum system. The step
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FIG. 6. Optimal controls b(t ) for (a) β(x/a)2, |0〉 → |2〉 transfer
and (b) β(x/a), |0〉 → |1〉 transfer. Here β = 0.5. The blue (green)
line denotes the initial (optimized) control.

between elements of the arithmetic subsequence in question
will correspond to the frequency of a time-dependent pertur-
bation. If the arithmetic progression is fully contained in the
principal sequence, then the corresponding quantum system
will be able to travel along the energy axis, exclusively via
resonant transitions.

The following three examples are considered in this paper
(also summarized in Table II):

(I) The number-theoretic statement: The sequence of natu-
ral numbers N = 1, 2, 3, . . . is closed under multiplication.

Corollary to be studied: Given a natural number ñ, any
power of it, (ñ)m, will be present in the sequence of natural
numbers.

The principal sequence of numbers: ln(n) with n =
1, 2, 3 . . ..

The arithmetic progression: m ln(ñ) with m =
0, 1, 2, 3, . . ., with ñ being a natural number.

The corresponding quantum system: One particle in a trap
whose energy spectrum is proportional to the logarithms of
natural numbers, EL

n = U0 ln(n), n = 1, 2, 3, . . .. The exci-
tation frequency will be given by h̄� = U0 ln ñ.

(II) The number-theoretic statement: The sequence of sums
of two squares of integers is closed under multiplication
[Diophantus-Brahmagupta-Fibonacci identity [13] (Lemma 1,
p. 142)].

Corollary to be studied: Given a sum of two squares s̃, any
power of it, (s̃)m, will be present in the sequence of sums of
two squares.

The principal sequence of numbers: ln(sn) with
s1 = 02 + 12 = 1, s2 = 12 + 12 = 2, , s3 = 02 + 22 =
4, s4 = 12 + 22 = 5, s5 = 22 + 22 = 8, . . . [23].

The arithmetic progression: m ln(s̃) with m =
0, 1, 2, 3, . . ., and s̃ being a nonzero sum of two squares.

The corresponding quantum system: One particle in
a trap whose energy spectrum is proportional to the
logarithms of sums of two squares, EL2

n = U0 ln(sn), n =

TABLE II. Number-theoretic problems to be studied in this work, where N = 1, 2, 3, . . . is the sequence of natural numbers and N0 =
0, 1, 2, . . . is the sequence of whole numbers (i.e., natural numbers including zero). In (II) we do not consider 02 + 02 = 0 for technical reasons.
Note the degeneracies in the principal sequence of numbers wn,l considered in (III). Preliminary numerical results for case (I) are published in
Ref. [22].

Number-
theoretic
statement

Corollary to be
studied

Principal sequence of
numbers

Arithmetic
progression

Corresponding
quantum spectrum

Excitation
frequency (h̄�)

(I) The
sequence of
natural numbers
is closed under
multiplication.

Given ñ ∈ N,
∀m ∈ N0,
ñm ∈ N

ln (n), n ∈ N. m ln (ñ), ñ ∈ N,
m ∈ N0

single-particle,
EL

n = U0 ln (n),
n ∈ N

U0 ln (ñ)

(II) The
sequence S of
sums of two
squares of
integers is
closed under
multiplication.

Given s̃ ∈ S,
∀m ∈ N0,

s̃m ∈ S.

ln (sn) with sn ∈ S,
sn �= 0

m ln(s̃),
m ∈ N0, and
s̃ ∈ S, s̃ �= 0

single particle,
EL2

n = U0 ln (sn),
sn ∈ S, sn �= 0

U0 ln (s̃)

(III) Any even
number greater
than 2 is a sum
of two primes.

Any even
number greater

than 4 is the
sum of two

primes greater
than 2.

wn, l with
w1 = 3 + 3 = 6,
w2 = 3 + 5 = 8,

w3, 1 = 5 + 5 = 10,
w3, 2 = 3 + 7 = 10,

w4 = 5 + 7 = 12, . . .

2m with m =
3, 4, 5, . . .

two interacting
particles, each with
En = U0 pn where
pn are primes >2,

i.e., 3, 5, 7, 11 . . .

2U0
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FIG. 7. Two potentials with a prescribed spectrum. (a) A potential whose lowest 30 energy levels are proportional to the logarithms of the
first 30 natural numbers, as considered in Example (I). The red curve is its classical counterpart, Eq. (6). (b) A potential where the lowest 30
energy levels are proportional to the logarithms of the sums of two squares, considered in Example (II).

1, 2, 3, . . .. The excitation frequency will be given by h̄� =
U0 ln s̃.

(III) The number-theoretic statement: Any even number
greater than 2 is a sum of two primes [Goldbach conjecture
[13] (p. 147)].

Corollary to be studied: Any even number greater than 4 is
a sum of two primes greater than 2.

The principal sequence of numbers, with degenera-
cies: wn, l with w1 = 3 + 3 = 6, w2 = 3 + 5 = 8 ,w3, 1 =
5 + 5 = 10, w3, 2 = 3 + 7 = 10, w4 = 5 + 7 = 12, . . ..

The arithmetic progression: m × 2 with m = 3, 4, 5, . . ..
The corresponding quantum system: Two interacting par-

ticles in a trap whose one-body energy spectrum, EP
n =

U0 pn, n = 2, 3, 4, 5, . . . is proportional to the prime num-
bers greater than 2, i.e., 3, 5, 7, 11 . . .. The excitation
frequency will be given by h̄� = 2U0.

Examples (I) and (II) require a trapping potential where
the energy levels are logarithms of natural numbers and log-
arithms of the sequence of sums of two squares, respectively,
as shown in Fig. 7. Example (III) requires two weakly in-
teracting particles trapped in the prime number potential in
Fig. 1. Example (I), which is to be regarded as a proof-
of-principle, is studied in depth in Sec. IV. For examples
(II) and (III), we outline ideas for future experiments in
Sec. V.

IV. RESONANCE CASCADE PREDICATED
ON THE CLOSENESS OF THE NATURAL SET

UNDER MULTIPLICATION

A. The setup

Consider a one-body potential U L(x) whose lowest Nb

bound state energies are given by

EL
n = U0 ln n

n = 1, 2, 3, . . . , Nb. (5)

Figure 7(a) shows this potential for Nb = 30. Similarly to the
prime number potential of Sec. II, this potential is designed
using supersymmetric methods [9]. As Nb increases, the po-

tential converges to a smooth classical limit. This classical
counterpart can be extracted using procedures developed in
classical mechanics (see Sec. 12 in Ref. [24]). There exists a
variety of classical potentials that can approximate our quan-
tum potential; one of these is a logarithmic potential,

U L
cl.(x) = U0 ln

(√
2

π

x

a

)
, (6)

where a ≡ h̄/
√

mU0 (see Appendix A1).
Note that the existence of the classical limit of an ar-

tificially constructed potential with an a priori prescribed
spectrum is not guaranteed. Figure 7(b) shows a potential
whose first Nb = 30 energy levels are proportional to the first
30 integers that are equal to the sum of two squares. We
see that as Nb increases, this potential retains its substantially
quantum nature in that the small potential wells in Fig. 7(b)
can be shown to contain only one or two eigenstates.

B. Protocol

Let us choose a natural number of interest, ñ, and its initial
power, m0. Our goal is to propose an effect that would be
predicated on the presence of all powers of ñ (up to a practical
upper limit) in the set of natural numbers. To this end, consider
a single atom (or an ensemble of noninteracting atoms) in
an excited state |n = ñm0〉, with ñm0 < Nb. Next, we apply a
parametric perturbation

V (x, t ) = β cos(�t )U L(x), (7)

where

� = 1

h̄
U0 ln(ñ), (8)

with β 
 1. The full Hamiltonian becomes

ĤL = p̂2

2m
+ (1 + β cos(�t ))U L(x).

This perturbation will induce a resonance cascade, i.e., a cas-
cade of resonant transitions between states,

|n = 1〉 �↔ |n = ñ〉 �↔ |n = ñ2〉 �↔ . . .
�↔ |n = ñm〉 �↔ . . .

�↔ |n = ñm0〉 �↔ |n = ñm0+1〉 �↔ . . . , (9)
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FIG. 8. A numerical experiment designed to verify if all powers of 3 are present in the set of natural numbers. A single atom is initially
placed in the |n = 27〉 state of the potential U L (x) whose spectrum is given by EL

n = U0 ln(n) (n = 1, 2, 3, . . . , 120). The atom is subjected
to a periodic perturbation of the form V (x, t ) = βU L (x) cos(�t ), with β = 0.3, and � = 1

h̄U0 × ln(ñ), where ñ = 3. The upper panel shows
the unperturbed energy of the system. The lower panel shows the population of the unperturbed eigenstates constituting the resonant cascade:
|n = 1〉 (green), |n = 3〉 (blue), |n = 9〉 (purple), |n = 27〉 (magenta), and |n = 81〉 (orange); in all three cases and for all reported instances
of time, these populations comprise no less than 80% of the total atomic population. (a) Mobility is impeded due to “dark-state” localization
(Appendix B 1). Indeed, the lower panel shows that the time evolution is close to Rabi oscillations between |n = 27〉 and |n = 9〉. (b) In
this numerical experiment, we introduce two “windows of silence” of a duration �t = π

2�
, at t = {298.83, 380.31} × h̄/U0 (red dots on the

abscissa and dashed vertical lines), during which the perturbation is stopped and then restarted after a quarter of the perturbation period,
at the phase it had just before the window. The windows are designed to break the “dark states” and in doing so, promote mobility along
the energy axis. The level population indeed starts moving down in energy while remaining within the set of resonantly coupled energy levels
U0 × log(n = 3m ). The lower panel shows that all five states comprising the resonance cascade become substantially populated. (c) A gedanken
experiment where n = 9 is excluded from the set of natural numbers. At a technical level, we create a potential with a spectrum En = U0 ln(n)
(n = 1, 2, 3, . . . , 8, 11, 12, . . . , 120) where the n = 9 energy level is excluded. We also exclude the n = 10 level in order to preserve the
relative parity of the remaining eigenstates. Such an exclusion can be seen to impede the mobility along the energy axis. In this experiment, we
apply the same “windows of silence” as in (b). The lower panel shows that the time evolution is close to Rabi oscillations between |n = 27〉
and |n = 81〉.
which will cause the population to spread over energy levels in
a resonant manner. An ability of our system to reach the |n =
1〉 state would serve as a “proof” that each of the numbers
1, ñ, ñ2, . . . , ñm0 belongs to the set of naturals.

Our first numerical experiment features the following set
of parameters: the number of bound states Nb was set to 120,
and we choose ñ = 3 and m0 = 3 such that the initial state is
|n = 27〉. The perturbation amplitude is ε = 0.3. Figure 8(a)
shows our results. While the members of the cascade, cf.
Eq. (9), clearly dominated the population (see lower panel),
the population was localized in the vicinity of m = 3 and
m = 2.

In order to understand the origin of this localization, we
analyze the behavior of the off-diagonal matrix elements of
our perturbation, |〈n′|U L|n〉|, as shown in Fig. 9(a). We find an
inverse-linear dependence on the magnitude of the quantum
number difference, |n′ − n|. This assertion is well supported
by the large-|n′ − n| asymptotics of the semiclassical approx-
imation for the matrix elements, as shown by Eq. (A12) in
Appendix A4. We obtain

〈n′|U L|n〉 |n′−n|�1≈
{

(−1)
n′−n

2 −1 U0
|n′−n| for n′ − n even,

0 for n′ − n odd.

Numerically, we find a dependence

|〈n′|U L|n〉| |n′−n|�1≈ A
U0

|n′ − n| ,

with A = 0.80 for n = 60, cf. Eq. (A13), while our analytic
result (A12) predicts A = 1. This shows a good agreement
between the semiclassical approximation and the numerical
calculation for the matrix elements.

In terms of the cascade states, Eq. (9), an inverse linear
dependence of the transition matrix elements on |n′ − n| leads
to an exponential decay of the hopping constant within the
cascade. We obtain

|〈n′ = ñm+1|U L|n = ñm〉| ∼ U0e−γ m,

with γ = ln(ñ). Under a rotating-wave approximation, the
system becomes a tight-binding model with the hopping co-
efficients Jm (between the mth and m + 1st sites, or states, in
our model) that exponentially decay as a function of m:

ĤEL = −J0

+∞∑
m=−∞

e−γ m (|m + 1〉〈m| + |m〉〈m + 1|). (10)
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FIG. 9. Semiclassical approximation for the matrix elements of the perturbation (represented, in the case of a parametric excitation, by the
potential energy) compared to the numerical results. (a) Absolute value of the off-diagonal matrix elements of the potential energy, 〈n′|U L|n =
60〉, as a function of the absolute value of the index difference, n′ − n. Only even values of n′ − n are represented, since the odd values
vanish due to the parity selection rule. The green dots represent the numerical results for n′ > n, while the red dots correspond to n′ < n. The
ln(n)-spectrum potential used had Nb = 120 bound states. The blue dashed line is the semiclassical prediction |〈n′|U L|n〉| ≈ AU0/|n′ − n| [see
Eq. (A13)] with the value of the fit parameter A = 0.80 representing the best fit for the data with 4 � |n′ − n| � 30. (b) Numerically computed
diagonal matrix elements of the potential energy, |〈n|U L|n〉| (red dots), in comparison with the virial formula (A14) (blue, dashed line); no fit
parameters were used.

The coefficient J0 in this exponential lattice model is then
given by

J0 = 1

2
U0

A

(ñ − 1)
.

In Appendix B we study the resulting lattice system in detail.
Indeed, we find a localization for any eigenstate energy E .
While a localization in the “classically forbidden” region of
high m, where |E | � Jm was expected, a localization in the
direction of lower m, where |E | 
 Jm requires an explana-
tion. We find that in this region, the eigenstate wave function
becomes a member of the kernel of the Hamiltonian, i.e., a
state such that the action of the Hamiltonian on it is null (see
Appendix B1). The structure of such a “dark state” (DS) wave
function [25,26] is as follows (cf. Fig. 14). The population of
the odd sites is zero, as the amplitudes of the even sites form
a coherent superposition to ensure that there is no population
of the odd sites when the Hamiltonian in Eq. (10) acts on such
a superposition. On the other hand, since the even sites have
unpopulated neighbors, the action of the Hamiltonian Eq. (10)
on such a state is zero [27]. Finally, in Appendix B1, we show
that the coherence of a dark state leads to an exponential decay
of the population in space.

To promote mobility along the energy axis, we consider the
following amendment to our protocol. Whenever localization
occurs, we stop the excitation for a quarter of its period (i.e.,
for a time interval �t = π

2�
) and then restart the excitation,

maintaining the phase of the drive as it was in the beginning of
this so-called window of silence. As a result, the free evolution
during �t flips the relative sign of the neighboring even sites,
thus breaking the coherence of the dark-state tail. Figure 8(b)
shows that this is indeed a valid strategy. With only two
windows of silence we are able to transport the population
towards the ground state while traveling exclusively through
the resonance ladder. Thus this experiment demonstrates, via

simulation, that all of the powers of 3 lower than or equal to
33 = 27 are present in the set of natural numbers.

Finally, we simulate a fictitious universe where 32 = 9 is
not a natural number. In Fig. 8(c), we consider a potential
with a spectrum similar to the simulation shown in Fig. 8(b)
but with the n = 9 level excluded, along with the n = 10
level to preserve the relative parity of the remaining eigen-
states. Using the same driving protocol as in Fig. 8(b), we
note that the downward energy transfer stops at the missing
levels, affirming the ability of our procedure to notice holes in
energy-equidistant ladders of the quantum eigenstates [28].

In an experimental implementation, the dynamics shown
in Fig. 8 will be observable in less than 10 s, i.e., on a similar
timescale to the dynamics presented in Sec. II, even though
the time axis in Fig. 8 extends to larger values compared to
the time axis in the figures of Sec. II. The reason is as follows:
The value of the energy scale U0 is larger for the logarithmic
potential than for the prime number potential. This is due
to the cusplike shape of the logarithmic potential, which is
narrower than the flatter profile of the prime number potential,
leading to a larger spacing between the energy levels of the
logarithmic potential. This larger energy scale thus gives a
smaller time unit h̄/U0. Hence, the physical time span of Fig. 8
ends up being comparable to those of the protocols in Sec. II.

C. Discussion

For the simulations presented here, we used a parametric
perturbation. We have previously considered power-law per-
turbations, such as the quadratic perturbation used in Sec. II,
but we found that for power-law drives, the transition matrix
elements change more rapidly over the cascade compared
to the |n′ − n|−1 dependence for the case of the parametric
perturbation. Hence power-law perturbations appear to be less
favorable for cascades. However other choices of perturbation
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could lead to a better behavior of the matrix elements, with the
ideal perturbation being one that gives approximately constant
matrix elements over the cascade. This will be an area of
further investigation in future work.

Second, in the current scheme we position the windows of
silence in an ad hoc manner. Finding the optimal number and
timing of the windows required numerical experimentation.
In the future, we would like to find a recipe that will be able
to suggest the optimal sequence of the windows of silence
without a need for numerical or empirical experiments.

V. FUTURE EXPERIMENTS
WITH RESONANCE CASCADES

Building on the results of the previous section, here we
propose that resonance cascades can be used to study other
statements from number theory. In particular, we address the
Diophantus-Brahmagupta-Fibonacci identity and the Gold-
bach conjecture, cases (II) and (III) of Table II.

A. Resonance cascade predicated on the validity
of the Diophantus-Brahmagupta-Fibonacci identity

The set of natural numbers is not the only set of inte-
gers that is closed under multiplication. As follows from the
Diophantus-Brahmagupta-Fibonacci identity [13] (Lemma 1,
p. 142), the set of integers that are equal to the sums of
two squares [see Eq. (11)] also has this property [29,30]. An
example of a potential whose spectrum is proportional to the
sequence in Eq. (11) is shown in Fig. 7(b).

Similarly to the case of a ln(n)-spectrum potential shown
in Fig. 7(a), the ln(s)-spectrum potential,

EL2
n = U0 ln sn

s1, s2, s3, s4, . . .

= (02 + 12), (12 + 12), (02 + 22), (12 + 22), . . .

n = 1, 2, 3, . . . , Nb. (11)

where the integers s are each the sum of two squares, will sup-
port unbounded cascades of resonant transitions for a single
particle in the ln(s)-spectrum potential. Such cascades require
that the frequency of the perturbation must have the form

� = 1

h̄
U0 ln s̃,

where s̃ is itself a sum of two squares. Note that for technical
reasons, we exclude 02 + 02 = 0 from the set in Eq. (11).

B. Resonance cascade predicated on the validity
of the Goldbach conjecture

Unlike the ln(n)-spectrum potential considered above, a
one-body potential whose spectrum is given by the prime
numbers has already been demonstrated theoretically and ex-
perimentally [9]. We examined state manipulation and control
in this potential in Sec. II. As a slight modification, in this
section, we will exclude 2 from the set of primes, given that 2
only enters in the Goldbach decomposition of 4 and not in the
Goldbach decomposition of higher even numbers. Then, the

FIG. 10. Energy spectrum of two weakly interacting bosons in a
p-spectrum potential. The energy levels, E = U0 × 4, 6, 8, . . ., are
formed by sums of two prime numbers, p1 and p2 � p1. In the text,
we suggest applying a weak periodic one-body resonant perturbation
of frequency 2U0/h̄. Up to the level E = 38U0, the one-body transi-
tions alone ensure the resonant upward mobility of the system, thanks
to a proliferation of twin prime pairs. The gap between E = 38U0

and E ′ = 40U0, which is inaccessible by one-body processes, can
be overcome by weakly mixing the original eigenstates using a two-
body interaction. Finally, a complete upward mobility of the level
population is predicated on the validity of Goldbach’s conjecture.

potential will have the following one-body spectrum:

EP
n = U0 pn

p1, p2, p3, p4, . . . = 3, 5, 7, 11, . . .

n = 1, 2, 3, . . . , Nb. (12)

Consider two bosonic atoms in this p-spectrum trap (see
Fig. 10). For the moment, let us set interactions to zero. Let
us apply a weak one-body periodic perturbation V̂ cos(�t ) of
frequency � = 2U0/h̄. This perturbation changes the energy
of one of the atoms by 2U0, while leaving the energy of the
other atom unchanged. Let us start from the ground state,
|3, 3〉, and explore the possibility of traveling infinitely high
in energy via resonant transitions only.

Consider two energy-consecutive two-body eigenstates
|p1, p2〉 and |p′

1, p′
2〉, with

w = p1 + p2,

w′ = p′
1 + p′

2,

p2 � p1,

p′
2 � p′

1,

and

w′ = w + 2,
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where w is an even integer. The energies of these states are
are given by E = h̄U0w and E ′ = h̄U0w

′ = E + 2U0, respec-
tively. If at least one of the primes p1, p2 participating the
Goldbach decomposition of w is a lower member of a twin
prime pair (a “lower twin” from now on), where twin primes
are a pair of primes separated by 2, then |p1, p2〉 and |p′

1, p′
2〉

will be resonantly coupled with a nonzero matrix element.
That is, the one-body nature of the perturbation imposes the
following selection rule for the transition w → w′ = w + 2:

p′
1 = p1 + 2 and p′

2 = p2

or

p′
2 = p1 + 2 and p′

1 = p2

or

p′
1 = p2 + 2 and p′

2 = p1

or

p′
2 = p2 + 2 and p′

1 = p1. (13)

For the allowed transitions, the transition matrix element can
be estimated as

〈p′
1, p′

2|V̂ ⊗ Î + Î ⊗ V̂ |p1, p2〉 ∼ 〈p′|V̂ |p〉,
where 〈p′|V̂ |p〉 is a typical one-body matrix element of V̂ .

The first one-body-forbidden transition occurs at

w = 38 = 7 + 31 = 19 + 19

w′ = 40 = 3 + 37 = 11 + 29 = 17 + 23,

and it is not known yet whether the number of such transitions
is infinite or finite. To break the selection rules in Eq. (13),
one will need to add a second potential, e.g., a weak two-body
interaction potential V̂ (2). In this case, the previously forbid-
den transition |p1, p2〉 → |p′

1, p′
2〉 becomes weakly allowed.

To first order in perturbation theory with respect to V̂ (2), the
transition matrix element is estimated by

〈p′
1, p′

2|V̂ ⊗ Î + Î ⊗ V̂ |p1, p2〉

∼ 〈p′|V̂ |p〉〈p′
I , p′

II |V̂ (2)|pI , pII〉
U0

, (14)

where 〈p′
I , p′

II |V̂ (2)|pI , pII〉 is a typical two-body matrix ele-
ment of V̂ (2).

In Appendix C, we prove that the number of two-body en-
ergy levels that require two-body interactions to be resonantly
coupled with the next level above is infinite (equivalently,
that there exists an infinite number of even numbers whose
Goldbach decomposition does not involve lower twin primes).
Finally, it may happen that for a given two-body energy level
E , the required level above, with energy E + 2U0, has no
eigenstates. In the language of number theory, this would
mean that the even number w′ cannot be represented as a sum
of two primes. However, that would contradict Goldbach’s
conjecture, which states that every even number greater than
2 is the sum of two prime numbers. Note that here, as noted
previously, we consider an equivalent formulation where ev-
ery even number greater than 4 is a sum of two primes, each
greater than 2. If we assume that Goldbach’s conjecture is
valid, then we can expect that starting from the ground state of

our system, we can reach any of its excited states via resonant
transitions alone.

According to the preliminary study [22], the atomic pop-
ulation can be exclusively contained within a resonantly
coupled subset of energy levels if the typical values of the off-
diagonal matrix elements of the perturbation are of the order
of |〈p′|V̂ |p〉| ∼ 10−4 × U0 or lower, with U0 representing the
typical level spacing. Such a stringent requirement reflects the
fact that experimentally accessible perturbations contribute
to both the desired transition matrix elements between the
cascade states and the parasitic off-resonant shifts of the un-
perturbed energy levels. The resulting uppper bound on the
value of |〈p′|V̂ |p〉| is a result of a compromise between the
necessity to ensure the dominance of the resonant processes
and the desire to minimize propagation time. Note that the
corresponding parasitic level shift is a second-order pertur-
bation theory effect, and as such, should be of the order of
|〈p′|V̂ |p〉|2/U0 ∼ 10−8 × U0 or lower.

On the other hand, the two-body interaction,
〈p′

I , p′
II |V̂ (2)|pI , pII〉, is a time-independent perturbation,

and it will affect the level shifts in the first order of the
perturbation theory. Assuming that the resulting undesirable
level shifts |〈p′

I , p′
II |V̂ (2)|pI , pII〉 are also of the order of

10−8 × U0, the resulting allowed values of the transition
matrix element (14) become impractically small, of the order
of 10−12 × U0 or less. One way to overcome this difficulty
will be to offset the two-body-interaction-induced level shifts
using a priori corrections to the unperturbed energy levels. In
this case, the matrix element (14) can, conceivably, reach a
value comparable to one of the couplings between the regular
two-body energy levels.

VI. CONCLUSIONS

In this paper we have examined two types of potentials,
prime number potentials and logarithmic potentials, that are
relevant for applications of quantum physics to number theory.
First, we studied the case in which the system behaves as
a two-level system due to the unequal spacing between the
energy levels. We have shown that, starting from the ground
state, we can prepare an individual excited state with high
fidelity. Moreover, transfer time can be reduced with quantum
control techniques, which allows for faster state preparation
for the experiments we consider in the rest of this work.

Next, we outlined a strategy for studying problems of
number theory using quantum systems. The strategy consists
of reducing a number-theoretic statement to an assertion of
the existence of an uninterrupted arithmetic subsequence in
a sequence of numbers and subsequently finding a quantum
system with an energy spectrum proportional to this sequence.
The existence of an arithmetic subsequence is illustrated by a
cascade of resonant transitions under a periodic perturbation.

In this spirit, we have studied the example of the closeness
of the set of natural numbers under multiplication in great
detail. In doing so, we identified a difficulty that may occur
in several instances of our class of protocols: The hopping
constants in the resulting resonance cascades exhibit a sharp
dependence on the site number. As a result, the eigenstates
become localized inhibiting mobility along the energy axis.
Subsequently, we found a way to unlock the mobility, so far in
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the downward direction only. The recipe calls for introducing
a few specifically designed short windows of silence during
which the perturbation is turned off. Hence this protocol re-
quires, as the starting point, the preparation of an excited
state of the potential. Such preparation could be performed
using quantum optimal control methods like those presented
in Sec. IIB. Due to the logarithmic scaling of the energy levels
(which leads to continuum-like behavior at higher levels but
relatively large energy spacings between, e.g., the ground and
first excited state), we found that gradient-based methods like
GRAPE [19] tend to fail. On the other hand, gradient-free
methods like genetic algorithms or methods relying on the
constrained optimization within a given basis, like the the
CRAB [31] or GROUP [21] methods will likely succeed, and
both methods have been shown to work for similar atomic
state preparation problems, as for instance in Refs. [32–36].

In the future, we plan to work on further improving the
quantum control schemes to transfer particles from low-
energy to high-energy eigenstates. Effect of temperature,
interactions and transverse degrees of freedom should be also
studied in detail to optimize the efficiency of number-theory-
inspired devices. We also plan to design schemes in which
one starts from the ground state of the trap and ignites a
resonance cascade propagating upward in energy. In this re-
gard, preliminary results have been shown in related work
[22]. We envisage that this will make a future experimental
implementation easier. Experimentally, it is easier to prepare
an atom in the ground state than in a well-defined excited
state. Moreover, an upward-oriented resonance cascade may
be readily detectable by counting atoms that leave the trap
completely, as they reach the threshold between the bound
and the continuous spectra. Hence atom loss would be a clear
experimental signature of an uninterrupted cascade.
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APPENDIX A: THE ln(n)-SPECTRUM POTENTIAL:
MATRIX ELEMENTS OF THE PERTURBATION

In this article, we are concerned with the design of an
experimental protocol that can make apparent the existence
of equidistant energy-level ladders. Our method of choice is
the study of the mobility of an initially prepared quantum
state along the energy axis under a resonant perturbation.
The design process involves analyzing simple numerical and
analytic models of the process; these appendixes are devoted
to that goal.

In the main text, we suggest using a parametric drive for in-
ducing a resonance cascade. In particular, given the potential
U L(x) that produces a logarithmic spectrum, Eq. (5),

Ĥ = p̂2

2m
+ U L(x)

Ĥ |n〉 = En|n〉
En = U0 ln(n)

n = 1, 2, 3, . . . ,

we apply a perturbation

V (x, t ) = β cos(�t )U L(x),

where

� = U0 ln(ñ),

and ñ is a natural number. Note also that in the main text,
we supplement the cos(�t ) time dependence of the perturba-
tion with a few quarter-period-long windows of silence, as a
method to enhance the mobility along the energy axis.

In the view of the above, estimates for the matrix elements
of the potential 〈n′|U L|n〉 will become needed. These esti-
mates are the goal of this appendix.

1. A logarithmic approximation to the ln(n)-spectrum potential

In classical mechanics, the solution to the problem of
restoring a trapping potential from its frequency as a function
of energy is well known [38]:

x(U ) = 1√
2m

∫ U

U (0)

dE

ω(E )
√

U − E
,

where ω(E ) is the oscillation frequency as a function of en-
ergy, x(U ) is the inverse of the potential function U (x) for
x � 0, U (0) is the value of the potential at the origin, and the
potential U (x) is assumed to be an even function of x such that
U (−x) = U (x). On the other hand, given a quantum energy
spectrum, En, the classical frequency can readily be extracted
as

ω = 1

h̄

dEn

dn
. (A1)
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FIG. 11. Classical trajectory in a logarithmic potential. The time
dependence of the x coordinate is given by a universal function,
Eq. (A3), with the time t and x coordinate properly rescaled in terms
of the period T (E ) and the amplitude b(E ). Note that the x(t ) curve
experiences singularities at t = ± T

4 where the particle velocity di-
verges logarithmically (open circles), but this is not readily visible in
the plot. These singularities uniquely determine the high-frequency
behavior of the Fourier components of the classical time dependence
of the perturbation and, hence, its quantum matrix elements between
the energy-distant unperturbed eigenstates.

In our case, the spectrum En is given by Eq. (5). Then the
classical frequency as a function of energy becomes

ω = 1

h̄
U0e− E

U0 . (A2)

Now, assuming U0 = −∞, we get Eq. (6). Figure 7(a) shows
a good agreement between the quantum ln(n)-spectrum po-
tential and its classical counterpart everywhere except for the
substantially quantum region |x| � a (whose size is compara-
ble to the spatial extent of the quantum ground state).

2. Classical motion in a logarithmic potential

Classical equations of motion generated by the Hamilto-
nian

HL
cl. = p2

2m
+ U L

cl.(x),

with U L
cl.(x) given by Eq. (6), can be readily solved, albeit

implicitly:

t = ±T (E )

⎧⎪⎨
⎪⎩

+ 1
4 erf

(√
ln

( b(E )
x

))
for x > 0

− 1
4 erf

(√
ln

(−b(E )
x

)) + 1
2 for x < 0

,

(A3)

where T (E ) = (2π )/ω(E ) is the classical period, ω(E ) is the
classical frequency given by Eq. (A2), and

b(E ) =
√

π

2
ae

E
U0

(see Fig. 11). At t = ± T
4 particle’s trajectory experiences

logarithmic singularities

t ∓ T

4
≈ ∓ T

4
√

π

x

b
√

ln
(

b
|x|

) . (A4)

In the vicinity of these singularities, the implicit relations
in Eq. (A4) can be approximately inverted, using sequential
iterations:

xn+1 = ∓4
√

πb

(
t ∓ T

4

T

)√
ln

(
b

|xn|
)

,

x0 = ∓4
√

π b

(
t ∓ T

4

T

)
.

A comparison between the x1 and x2 iterations shows that

x(t ) ≈ x1(t ) = ∓4
√

πb

(
t ∓ T

4

T

)√√√√ln

(
T

4
√

π
(
t ∓ T

4

)
)

,

(A5)

constitutes an accurate approximation to the true trajectory if

√
ln

(
4
√

π

(
t ∓ T

4

))

 T

4
√

π
(
t ∓ T

4

) ;

this condition is satisfied for

t ∓ T

4

 0.1T .

In addition, let us observe the following. First, the asymp-
totic expansion of the erf function,

erf(y)
y�1= 1 − e−y2

{
− 1√

πy
+ 1

2
√

πy3
+ O

(
1

y5

)}
,

shows that the approximation in Eq. (A4) is valid for

ln

(
b

|x|
)

� 1

2
.

On the other hand, the logarithmic singularity in the classical
potential given by Eq. (6) is regularized in the quantum case
[Fig. 7(a)], at |x| ∼ a. This cutoff introduces the following
bound:

ln

(
b

|x|
)

� n,

where n is the typical eigenstate index of interest. In our case,
3 � n � 27.

Observe that in Eq. (A4), another constant b, outside of the
logarithm, depends on n exponentially. Accordingly, in these
estimates, we will replace the logarithm appearing in Eq. (A4)
by a constant L:

ln

(
b

|x|
)

→ L

1

2
� L � 27. (A6)
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Interestingly, in the estimates that follow, the actual value of
the constant L turns out to be irrelevant. As it follows from
our derivation below, the singularity in Eq. (A4) controls the
behavior of the quantum off-diagonal matrix elements of the
potential energy, for large differences between the quantum
numbers.

3. Semiclassical approximation for the off-diagonal matrix
elements of coordinate-dependent observables

in one-dimensional traps: General results

In Ref. [39], one can find a set of results on a semiclassical
approximation for off-diagonal matrix elements of quantum
observables, both for the case of two close energies (Sec. 48
of Ref. [39]), and for two energies far apart (Sec. 51 in Ref.
[39]). Before we address the question of the matrix elements
of the potential U L(x) that generates the ln(n) spectrum given
in Eq. (5), we will restate the main results in the former limit
(shown to be relevant to our case), focusing on the case where
the observable is a function of a coordinate.

Consider a one-dimensional quantum potential well with
a potential energy U (x). Let Â = A(x) be the observable of
interest. We will be interested in a semiclassical approxima-
tion to the matrix elements of the observable 〈n′|Â|n〉, where
|n〉, |n′〉 indicate eigenstates of the system; the corresponding
eigenenergies are En, En′ .

In the classically allowed region, E � U (x), the semi-
classical approximation to the eigenstate wave function

is

ψn(x) = 2√
T (En)v(x, En)

cos

(
1

h̄

∫ x

x1(En )
p(x′, En)dx′− π

4

)
,

(A7)

where T (E ) = 2π/ω(F ) is the classical oscillation period as
a function of energy, ω(E ) is the classical frequency,

p(x, E ) ≡
√

2m(E − U (x))

is the magnitude of the classical momentum as a function
of coordinate and energy, v(x, E ) ≡ p(x, E )/m is the the
magnitude of the classical velocity, and x1(E ) is the left
turning point of particle’s trajectory, i.e., the smallest of the
two solutions of an algebraic equation U (x) = E . Within the
accuracy of the semiclassical approximation, the wave func-
tion Eq. (A7) is normalized to unity. More specifically, its
normalization integral is unity if one replaces the cos2(. . .)
appearing there by 1

2 (see Sec. 48 in Ref. [40]).
Next, we will introduce an energy E close to each of the

energies En and En′ , i.e., E ≈ En, En′ . A concrete choice for
this energy is, to the leading order of the semiclassical ap-
proximation, irrelevant. The choice E = (En + En′ )/2 may, in
some cases, improve accuracy beyond the leading order [41];
this choice also preserves the Hermitian nature of the matrix
for the given observable. In this text, we will not commit to
any particular convention.

For a matrix element of an observable A(x), between an
eigenstate |n′〉 and an eigenstate |n〉, we get:

〈n′|Â|n〉 =
∫ +∞

−∞
dxA(x)ψn′ (x)ψn(x)

≈ 4

T (E )

∫ x2(E )

x1(E )

dx

v(x, E )
A(x) cos

(
1

h̄

∫ x

x1(En′ )
p(x′, En′ )dx′ − π

4

)
cos

(
1

h̄

∫ x

x1(En )
p(x′′, En)dx′′ − π

4

)

≈ 2

T (E )

∫ x2(E )

x1(E )

dx

v(x, E )
A(x) cos

(∫ x

x1(E )
dx′(p(x, En′ ) − p(x, En))

)

≈ 2

T (E )

∫ x2(E )

x1(E )

dx

v(x, E )
A(x) cos

(
1

h̄

∫ x

x1(E )
dx′(p(x′, En′ ) − p(x′, En))

)

≈ 2

T (E )

∫ x2(E )

x1(E )

dx

v(x, E )
A(x) cos

(∫ x

x1(E )

dx′

v(x, E )
ω(E )(n′ − n)

)

= 2

T (E )

∫ t1+ T (E )
2

t1

dt A(x(t )) cos((t − t1)ω(E )(n′ − n))

= 1

T (E )

∫ t1+ T (E )
2

t1

dt A(x(t )) cos((t − t1)ω(E )(n′ − n)) + 1

T (E )

∫ t1+ T (E )
2

t1

dt A(x(t )) cos((t − t1)ω(E )(n′ − n))

= 1

T (E )

∫ t1+ T (E )
2

t1

dt A(x(t )) cos((t − t1)ω(E )(n′ − n)) + 1

T (E )

∫ t1

t1− T (E )
2

dt A(x(t )) cos((t − t1)ω(E )(n′ − n)). (A8)

Above a semiclassical regime where the potential U (x) does
not change appreciably on the scale of the de Broglie wave-
length, λd-B ∼ h̄/p, is assumed; we also used the relationship
in Eq. (A1). Here and below, t1 is the time when the particle

reaches the left turning point, i.e., where x(t1) = x1. We also
used dt = dx/v(x, E ). Finally, we used the fact the functions
A(x(t )) and cos((n′ − n)ω(E )(t − t1)) are even with respect
to a (t − t1) → −(t − t1) substitution and periodic with a
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period T (E ). We arrive at the familiar semiclassical ex-
pression for the matrix elements of a coordinate-dependent
observable A(x) between two close energy levels [39],

〈n′|Â|n〉 ≈ 1

T (E )

∫ + T (E )
2

− T (E )
2

dτ A(x(t1 + τ )) cos(�n ω(E )τ )

(A9)

≈ (−1)�n

T (E )

∫ + T (E )
2

− T (E )
2

dτ ′ A(x(t2 + τ ′)) cos(�n ω(E )τ ′).

(A10)

Under this approximation, the matrix element in question
becomes a cosine Fourier component of the time dependence
of the classical counterpart. Here �n = n′ − n, E ≈ En, En′ ,
t1(t2) are the left (right) turning point times and ω(E ) is the
frequency at energy E . Note that for this choice of the lower
bound of the Fourier integral, the corresponding sine Fourier
component vanishes.

4. Off-diagonal matrix elements
of the potential energy for the ln(n)-spectrum potential

In this subsection we are going to use the semiclassical
formula Eq. (A10) to estimate the off-diagonal matrix ele-
ments of the potential energy 〈n′|U L|n〉 in conditions where
the quantum number difference n′ − n is large compared to
unity so that the existing intuition for asymptotic expansions
of Fourier integrals is applicable [42] but small compared to
n. The latter constraint ensures that the formula (A10) is still
valid. Within the accuracy of the semiclassical approximation,
we can replace the ln(n)-spectrum potential Eq. (5) with its
classical counterpart Eq. (6). The classical trajectory is given
by Eq. (A3).

According to Ref. [42], at large orders of a Fourier
expansion, the Fourier components are dominated by the
singularities in the time dependence. In our case, we are
dealing with logarithmic singularities. Indeed, substituting the
approximation Eq. (A5) to the potential Eq. (6) and using the
substitution Eq. (A6), one gets

U L
cl.(x(t ))

t≈∓ T
4≈ U0 ln

(
4
√

2

(
b

a

)√
L

(∣∣t ∓ T
4

∣∣
T

))
. (A11)

To estimate the Fourier integral in Eq. (A10) at large quan-
tum number differences (1 
 |n′ − n| 
 n), we extend the
integral to the full axis of time, use the approximation in
Eq. (A11), and introduce an ultraviolet cutoff, shown later to
be removable. The following integral emerges:

lim
λ→0

∫ +∞

−∞
dτ exp(i�̃τ ) exp(−λ|τ |) ln(σ |τ |) = − π

|�̃| .

The off-diagonal matrix elements of the potential can be esti-
mated as

〈n′|U L|n〉 |n′−n|�1≈
{

(−1)
n′−n

2 −1 U0
n′−n for n′ − n = even

0 for n′ − n = odd.

(A12)

FIG. 12. A more complete presentation of the off-diagonal ma-
trix elements of the perturbation (again represented, in the case of a
parametric excitation, by the potential energy). This figure is supple-
mentary to the one presented in Fig. 9(a). Here the full information
about the sign the quantum number differences n′ − n is given. Only
even values of n′ − n are represented, since the odd values vanish
due to parity. The red dots represent numerical results. The ln(n)-
spectrum potential used had Nb = 120 bound states. We also present
the theoretical prediction (A12) that contains no fit parameters (blue
dots).

A comparison with the numerical results shown in Fig. 12
shows that while Eq. (A12) captures the overall scaling,

|〈n′|U L|n〉| |n′−n|�1≈ A
U0

|n′ − n| , (A13)

it overestimates the coefficient A by 25%, predicting that A =
1 instead of the numerically obtained A = 0.80 [cf. Fig. 9(a)].

5. Diagonal matrix elements of the potential energy

For completeness, we present the semiclassical approxima-
tion for the diagonal matrix elements of the potential energy.
Again, within the accuracy of the semiclassical approxima-
tion, we can replace the ln(n)-spectrum potential Eq. (5) with
its classical counterpart Eq. (6).

Generally, diagonal matrix elements of observables are
approximated using classical temporal averages. In our case,
however, a virial theorem that has been previously applied
to a logarithmic potential in Ref. [43] allows us to avoid the
temporal average integrals. Using the result obtained in Ref.
[43], we get:

〈n|U L|n〉 ≈ U0 ln(e− 1
2 n). (A14)

Figure 9(b) shows an excellent agreement between our predic-
tion and ab initio results for a ln(n)-spectrum potential with
Nb = 120 bound states.

APPENDIX B: THE EXPONENTIAL LATTICE

The goal of this appendix is to develop a theory for a
quantum infinite one-dimensional lattice whose hopping coef-
ficients decay exponentially in space. This model is relevant to
the problem of a parametric excitation of the ln(n)-spectrum
potential. In particular, using the exponential lattice model, we
were able to identify the source of a localization in the space
of the unperturbed eigenstates and devise the ways to break
such a localization.
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Consider the following one-body Hamiltonian:

ĤEL = −J0

+∞∑
m=−∞

e−γ m (|m + 1〉〈m| + |m〉〈m + 1|), (B1)

where m are the indices of the lattice sites and γ is a positive
constant. Below, we will discuss the solutions to the time-
independent Schrödinger equation,

− J0e−γ m(eγ ψm−1 + ψm+1) = Eψm

m = 0, ±1, ±2, . . . , (B2)

where ψm is the coordinate representation of an eigenstate

|ψ〉 =
+∞∑

m=−∞
ψm |m〉

with an energy E ,

ĤEL|ψ〉 = E |ψ〉.
For reasons that will become clear below, we have to

start our discussion not from the eigenenergies but from the
m → −∞ behavior of the eigenstates. We will proceed to
the analysis of the spectrum, followed by by the m → +∞
asymptotic behavior.

1. Eigenfunctions in the “dark-state” region, m → −∞
Consider an eigenstate |ψ〉 with an energy E . At

m 
 1

γ
ln

(
J0

|E |
)

,

where |E | 
 Jm, the coefficients in front of the wave-function
components ψm±1 in the Schrödinger equation Eq. (B2) expo-
nentially explode, reducing the problem to finding the kernel,
i.e., the dark state DS [25,26], of the Hamiltonian in Eq. (B1),
i.e., where

ĤEL|ψDS〉 = 0, (B3)

or

eγ (ψDS)m−1 + (ψDS)m+1 = 0,

m = mDS, mDS − 1, mDS − 2, . . . . (B4)

Here and below, mDS is the right boundary of the zone of
validity of the “dark-state” approximation in Eq. (B4), and
Jm ≡ J0e−γ m .

The wave function (ψDS)m can be immediately found to be

ψm
m→−∞≈ (ψDS)m

(ψDS)m =
{

(−1)
mDS−m

2 e−γ
mDS−m

2 ψmDS for m− mDS = even
0 for m− mDS = odd

m = mDS, mDS − 1, mDS − 2, . . . , (B5)

where ψmDS is the value of the exact eigenfunction at mDS and
is presumed to be known. Expectedly, in terms of lattices with
constant hopping coefficients, this state can be interpreted a
superposition of the two zero-energy plane waves with mo-
menta ±π/2.

Note the following, however. As m tends to −∞, the wave
function in Eq. (B5) decays as eγ m

2 , while the matrix elements

of the Hamiltonian in Eq. (B1) explode more quickly, i.e.,
as e−γ m. The only reason why the energy of the eigenstate
does not diverge is the destructive interference between the
two terms in Eq. (B4).

Imagine now that one decides to truncate the lattice at some
negative position mleft, in such a way that the allowed values
of the coordinate m now span the range m = mDS, mDS −
1, mDS − 2, . . . , ml + 1, mleft. The norm of the wave func-
tion in Eq. (B5) converges to a finite value for mleft → −∞.
Hence in this limit, the wave function remains finite. However,
in the same limit, the left-hand side of Eq. (B3) will exponen-
tially explode,

ĤEL|ψDS〉 = −J0e−γ mleft (−1)
mDS−(mleft+1)

2 e−γ
mDS−(mleft+1)

2 ψmDS

∝ e+γ
|mleft |

2 ,

unless mleft and mDS have the same parity, implying that
mDS − mleft is even.

We arrive at the following conclusion: In the problem at
hand, extending our lattice to m = −∞ may produce unphys-
ical eigenstates. Hence, we suggest the following amendment
to our model: We will continue being interested in the eigen-
states that are localized far away from the left boundary mleft,
rendering the actual position of this boundary irrelevant. How-
ever, the parity of mleft will remain important. Without loss of
generality, we may assume that mleft is even. Finally, using
the fact that mDS − mleft must be even, we establish the fol-
lowing rule: The infinite lattice solutions of the Schrödinger
equation in Eq. (B2) must be postselected in such a way that
only the eigenstates with the “dark-state” asymptotic behavior
Eq. (B5) where mDS is even are kept. This rule plays an
important role in the next subsection.

2. The +E ↔ −E symmetry, translational invariance,
and the energy spectrum

Consider the Schrödinger equation in Eq. (B2). Two prop-
erties of the spectrum can be proven.

Property B1 (Positive-negative energy parity). Let ψ (+)
m

be a solution of the eigenvalue problem Eq. (B2)
corresponding to an eigenenergy E = E (+). Then the
eigenstate-eigenenergy pair

ψ (−)
m = (−1)mψ (+)

m

E = E (−) = −E (+) (B6)

is also a solution of Eq. (B2). The statement will remain valid
if the infinite lattice is reduced to a ray or a line segment
bounded by a Dirichlet boundary condition.

Proof. Indeed, substituting ψ (−)
m to Eq. (B2), we get

− J0e−γ m
(
eγ ψ

(−)
m−1 + ψ

(−)
m+1

)
(B6)= −J0e−γ m

(
eγ (−1)m−1ψ

(+)
m−1 + (−1)m+1ψ

(+)
m+1

)
= −J0e−γ m(−1)(−1)m

(
eγ ψ

(+)
m−1 + ψ

(+)
m+1

)
(B2)= (−1)(−1)mE (+)ψ (+)

m

(B6)= E (−)ψ (−)
m . �
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Property B2 (Translational invariance). Let ψ (�m=0)
m be a

solution of the eigenvalue problem Eq. (B2) correspond-
ing to an eigenenergy E = E (�m=0). Then the eigenstate-
eigenenergy pair

ψ (�m)
m = ψ

(�m=0)
m−�m

E = E (�m) = e−γ�mE (�m=0) (B7)

is also a solution of Eq. (B2).
Proof. Again, substituting ψ (�m)

m to Eq. (B2), we get

− J0e−γ m
(
eγ ψ

(�m)
m−1 + ψ

(�m)
m+1

)
(B7)= −J0e−γ m

(
eγ ψ

(�m=0)
m−�m−1 + ψ

(�m=0)
m−�m+1

)
= −J0e−γ �me−γ (m−�m)

(
eγ ψ

(�m=0)
m−�m−1 + ψ

(�m=0)
m−�m+1

)
(B2)= e−γ �mE (�m=0)ψ

(�m=0)
m−�m

(B7)= E�mψ (�m)
m . �

The Property B2 may seem paradoxical at first, as at may
seem to imply, in combination with the Property B1 that there
are twice as many eigenstates of the Hamiltonian as there are
lattice sites. This apparent paradox is resolved in Sec. B 1. As
we show there, a model given by Eq. (B1) on an infinite lattice
is not physical, as it is not a limit of a problem on a ray of
sites to the right of a Dirichlet boundary. However, an infinite
lattice model where the eigenstates are postselected in such a
way that only the states that in the limit m → −∞ develop
nodes at the odd sites are kept represents a faithful

mleft → −∞
mleft = even

limit of a ray with a Dirichlet boundary at mleft. More pre-
cisely, we assume that ψmleft−1 = 0 at the (mleft − 1)th site.
This consideration leads to the following amendment to the
Property B2:

�m = even. (B8)

3. Eigenfunctions in the “classically forbidden” region,
m → +∞

In this subsection, we will be interested in the region of
space where

|E | � Jm, (B9)

or

m � 1

γ
ln

(
J0

|E |
)

.

If one forgets about the spatial dependence of Jm for a
moment, then this area of space corresponds to a “classically
forbidden” (CF) region where no waves can propagate. One
would expect the wave function to develop an exponentially
decaying tail instead. Furthermore, we will assume that the
spatial variation of the hopping coefficient is slow in com-
parison with the spatial variation of the eigenstates. This is a
domain of the parameter space where a semiclassical approx-
imation can be used [39]. We will verify the validity of this
assumption a posteriori.

Consider first the case where E > 0. If the hopping co-
efficient were a constant, J̄ , then the exponentially decaying
solution of the Schrödinger equation Eq. (B2) would have the
form

(ψJm = J̄ )m = (−1)m−mCF e−κ̄mψmCF , (B10)

where mCF is the (left) boundary of the area of validity of
the CF region approximation, ψmCF is the value of the exact
eigenfunction at mCF, and

κ̄ = arccosh

(
E

2J̄

)
|E |�J̄≈ ln

(
E

J̄

)
.

To first order of the semiclassical approximation [39], the
κ̄m under the exponent in (B10) is modified as

κ̄m →
m−1∑

m′=mCF

κm′ ,

with κm ≡ ln
(

E
Jm

)
. After straightforward manipulation (see

Appendix B4 for details), we get the following m → +∞
approximation, still restricted to positive energies, E > 0:

ψm
m→+∞≈ (ψCF)m

(ψCF)m = (−1)m−mCF

(√
JmCF Jm−1

E

)m−mCF

ψmCF

m = mCF, mCF + 1, mCF + 2, . . . .

The case of negative energies, E < 0, can be evaluated in
a similar fashion. The only difference between the two signs
of energies is that at the negative energies, there is no sign-
alternating factor in the expression analogous to Eq. (B10).

Finally, an expression that covers both signs of energy
reads

ψm
m→+∞≈ (ψCF)m

(ψCF)m =
{

(−1)m−mCF for E > 0
1 for E < 0

}

×
(√

JmCF Jm−1

|E |

)m−mCF

ψmCF

m = mCF, mCF + 1, mCF + 2, . . . . (B11)

Let us finally assess the validity of the semiclassical
approximation. According to Ref. [39], the semiclassical ap-
proximation is valid when the de-Broglie wavelength, λd-B,
does not change appreciably over a length comparable to
itself:

dλd-B

dm

 1.

In our case,

λd-B ∼ 1

κm
∼ 1

γ (m − m̃)
,

with m̃ = − 1
γ

ln( |E |
J0

) is the location where the hopping coeffi-
cient is comparable to the magnitude of energy. The condition
of validity of the approximation becomes

|E | � e
√

γ Jm. (B12)

032216-16



QUANTUM DYNAMICS OF ATOMS IN … PHYSICAL REVIEW A 113, 032216 (2026)

Notice that this condition is more restrictive than the condition
in Eq. (B9) for the CF region.

4. Derivation of Eq. (B11) for the eigenstate wave functions
in the CF region

In this subsection we will derive the WKB approximation
for the exponential lattice which leads to Eq. (B11). We will
follow Bremmer’s method as described in Ref. [44]. Since in
the CF region, the spatial dependence of the hopping coeffi-
cient is slow, we divide the domain of interest into regions, not
necessarily of the same size, with an approximately constant
Jn in each region. The right boundary of each region is labeled
by n j , and the difference in magnitudes between the Jj in
neighboring regions is small.

We consider the scattering problem with a step at nj . The
hopping coefficient to the left is JL and to the right is JR. To the
right of the step the wave function is a decaying exponential
with wave number κR, and to the left κL. The transmission
coefficient is found to be

tn j = JL(eκL − e−κL )

JLeκL − JRe−κR
e(κR−κL )n j .

To evaluate the wave function at some later point, we
neglect reflection coefficients, which are very small in mag-
nitude. We are free to choose the size of the regions in our
domain, and more importantly their end points, so we may
choose the end point of the final region, nN , to be at the lattice
point where we wish to evaluate the wave function. There the
wave function is approximated by

ψnN = e−κnN+1 nN

N−1∏
j=0

Jnj (e
κn j − e−κn j )

Jnj e
κn j − Jnj+1 e−κn j+1

e(κn j+1 −κn j )n j .

Since the difference between neighboring Jn is small,

Jnj

Jn j+1

= 1 + ε j, |ε j | 
 1.

Then, to first order in ε j ,

Jnj (e
κn j − e−κn j )

Jnj e
κn j − Jnj+1 e−κn j+1

=
√

Jnj sinh κn j

Jn j+1 sinh κn j+1

,

which becomes a telescoping series when the product is taken,
leaving

ψnN =
√

Jn0 sinh κn0

JnN−1 sinh κnN−1

e−κnN+1 nN

N−1∏
j=0

e(κn j+1 −κn j )n j .

The remaining exponential terms can be rewritten in terms of
a sum, so that

ψnN =
√

Jn0 sinh κn0

JnN−1 sinh κnN−1

e−n0κ0+
∑N−1

j=1 (n j−1−n j )κ j .

We can now restore the κ j associated with particular lattice
points, so the WKB approximation for the wave function at a

FIG. 13. Exponential lattice: Energy spectra. The coupling con-
stant decay rate is given by (a) γ = 0.3 and (b) γ = ln(3),
respectively. Spectra are ordered in the descending order of the
magnitude of energy, and energy is measured in the units of J0.
The red dots show the numerical prediction, and the solid thin lines
represent the predictions in Eqs. (B7) and (B8). Notice also that
for any magnitude of eigenenergy, both signs of the eigenenergy
are present in the spectrum, in agreement with Eq. (B6). Finally,
the presence of the E = ±J0 levels for both values of γ remains
unexplained.

particular lattice point m becomes

ψm =
√

Jm0 sinh κm0

Jm−1 sinh κm−1
e−m0κ0−

∑m−1
j=1 κ j .

Next we invoke Eq. (B9), the condition that |E | � Jm.
We consider propagation only within the classically forbidden
region, so m0 = mcf , and the summation in the exponent is
now

m−1∑
j=mCF

κ j .

To first order in Jm/E , this reduces the expression for the wave
function to

(ψCF)m = e−mCFκCF

(
J0

|E |e−γ (mCF+m−1)/2

)m−mCF

,

which can be rewritten using the definition of Jm to read

(ψCF)m =
(√

JmCF Jm−1

|E |

)m−mCF

ψmCF . (B13)
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FIG. 14. Exponential lattice eigenstates. The E = +J0 [(a) and (c)] and E = −J0 [(b) and (d)] eigenstates of the γ = 0.3 [(a) and (b)] and
γ = ln(3) [(c) and (d)] lattices. The rest of the eigenstates are translations of the ones presented by an even number of sites. Red circles and
red solid lines show numerical results. Blue circles and blue dotted lines correspond to the DS approximation in Eq. (B5). Green circles and
green dashed lines correspond to the CF region approximation in Eq. (B11).

5. Numerically exact eigenstates and discussion

Figures 13 and 14 show results numerical results of a
numerical diagonalization of the Hamiltonian in Eq. (B1)
on a lattice with 201 sites m = 0, ±1, ±2, . . . , ±100 with
Dirichlet boundary conditions. The parity of the coordinate of
the leftmost site (i.e., the fact that −100 is an even number)
effectuates the postselection condition that mDS − mleft must
be even. This can be reformulated as follows: Our numerical
procedure preserves only half of the eigenstates of the infinite
lattice, namely those whose nodes in the m → −∞ region are
located on the odd lattice sites.

We considered two values of the coupling decay rate γ :
γ = 0.3 and γ = ln(3) ≈ 1.10. In the first case, coupling de-
cay is slow enough to ensure the validity of the approximation
in Eq. (B11). The second case corresponds to a lattice that
is relevant to the problem in the main text. Figure 13 shows
energy spectra in both the γ = 0.3 and γ = ln(3) cases. We
noticed that in both cases, values E = +J0 and E = −J0

belong to the spectrum. We were not able to support this
observation with an analytic result.

Next, we used the states E = +J0 and E = −J0 as a ref-
erence to verify the predictions in Eqs. (B7) and (B8). In
both cases, the agreement between the numerical results and
Eqs. (B7) and (B8) is remarkable. We also confirmed the
prediction that the spectrum is symmetric with respect to
the +E ↔ −E transformation in Eq. (B6). Figure 14 shows
the E = +J0 and E = −J0 eigenstates for both values of γ

considered here. Both the DS [Eq. (B5)] and the CF region

[Eq. (B11)] approximations work remarkably well. The valid-
ity of the approximation in Eq. (B11) for the γ = ln(3) case
was unexpected, given the validity condition in Eq. (B12).

APPENDIX C: A CONJECTURE THAT THERE EXISTS
AN INFINITE NUMBER OF EVEN NUMBERS WHOSE
GOLDBACH DECOMPOSITION DOES NOT INVOLVE

LOWER TWIN PRIMES

In this section, we conjecture that there is an infinite num-
ber of even numbers w that feature the no lower twin (NLT)
property, i.e., that for any of the Goldbach decompositions
of w, w = p1 + p2, both p1 + 2 and p2 + 2 are composite
numbers. Note that unlike in the main text, here we do not
assume that p1 and p2 are in any particular order with respect
to each other.

In preparation, let us reiterate a well-known result that
there do not exist triplets of consecutive (separated by 2)
primes unless the lower member of the triplet is 3. We will
need, however, a stronger version of this statement expressed
in the following Lemma.

Lemma C1. Any lower twin prime p greater than 3 the
following is true:

p ≡ 2 (mod 3)

Proof. First, since p is a prime different from 3,

p ≡ 1 or 2 (mod 3).
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Second, since p + 2 is also a prime different from 3,

p ≡ 2 or 0 (mod 3).

Combining the two we get

p ≡ 2 (mod 3). �
We will also need to assert that
Lemma C2. All the even values of w such that

(a) w − 3 �= prime

(b) w ≡ 2 (mod 6)

possess the NLT property.
For example:

38 = 6 × 6 + 2 = 2 mod 6

38 − 3 = 35 = 5 × 7 �= prime

38 = 7 + 31 = 19 + 19

7 + 2 = 9 = 3 × 3 �= prime

31 + 2 = 33 = 3 × 11 �= prime

19 + 2 = 21 = 3 × 7 �= prime.

Proof. Consider a Goldbach partition of w,

w = p1 + p2.

From the premise (a) it follows that

p1 �= 3

p2 �= 3. (C1)

This can be proven using reductio ad absurdum. Assume that
p2 = 3. Then p1 = w − p2 = (w − 3) + (3 − p2) is a com-
posite number, in contradiction to the premise that p1 was
a prime number. The assertion that p1 �= 3 can be proven
analogously.

Next, it will follow from the premise (b) that

w ≡ 2 (mod 3). (C2)

We will utilize the statement in Eq. (C2), Lemma C1 to
build a proof ad absurdum. Assume that p1 is a lower twin
different from 3. Then

p2 = w − p1 ≡ 2 − 2 (mod 3) ≡ 0 (mod 3).

However, this statement contradicts the premise that p2 is
prime different from 3. �

We are finally ready to the principal theorem of this
section:

Theorem C3. The number of even numbers possessing the
NLT property is infinite.

Proof. Consider a sequence

wk ≡ 2(15k + 4)

k = 1, 2, 3, 4, . . . . (C3)

Let us first show that every member of this sequence obeys
the premise (a) of the Lemma C2. Indeed,

2(15k + 4) − 3 = 5(6k + 1) ;

the right-hand side is a manifestly composite number unless
k = 0 For the premise (b), we get

2(15k + 4) = 6k′ + 2,

with k′ = 5k + 1. �
A comment is in order. The members of the infinite se-

quence (C3) used to prove the Theorem C3, may turn out to be
a small subset of the full set of evens possessing the NLT prop-
erty. Let us attempt to make an estimate of the density of evens
in the former set. According to the prime number theorem,
the number of primes below a number N is, approximately,
π (N ) ≈ N/ ln(N ) [13]. It will immediately follow that for a
given prime pj , the next prime p j+1 will be separated from
p j by a gap—filled by the composite numbers—whose size
is approximately ln(N ). (Here and below, p1, p2, p3, . . . =
2, 3, 5 is the contiguous sequence of prime numbers in as-
cending order.) It will also follow that pj ≈ j ln( j).

The probability that a given number N obeys the premise
(b) of Lemma C2 is 1/6. The probability that a number of this
type obeys the premise (a) is 1 − 2/ ln(N ). Here 1/ ln(N ) is
the inverse of the gap between consecutive primes; the factor
of 2 accounts for the fact that premise (b) implies that N is
even and hence that N − 3 is odd. Now, according to Lemma
C2, the probability that a given number N is an even number

that possesses the NLT property is (1/6)(1 − 2/ ln(N ))
N�1≈

1/6. All in all, we estimate that number of the even numbers
obeying the NLT property that are less than N is

πNLT, estimated(N )
N�1≈ N

6
. (C4)

Interestingly, the rigorously justified subsequence (C3)
properly captures the uniformity of the distribution estimated
by Eq. (C4) but underestimates the density of the NLT even
numbers by a factor of 5:

πNLT, proven(N ) � N

30
− 19

15
. (C5)
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