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ABSTRACT: We investigate the symmetry structure of five-dimensional Yang-Mills theories
with 3u (V) gauge algebra. These theories feature intertwined 0-, 1-, and 2-form symmetries,
depending on the global variant one is considering. In the SU(V) theory, there is a mixed
't Hooft anomaly between the instantonic 0-form symmetry and the electric 1-form symmetry.
We show that in the PSU(NN) theory this translates into a Zy extension of the instantonic
symmetry, generated by an invertible condensation defect of the magnetic 2-form symmetry.
We identify the charged configurations as linked 't Hooft surfaces, while pointlike instanton
operators remain insensitive to the extension. We generalize our analysis to the SU(N)/Zy,
global form and show that similar results hold, embedded now in a 3-group structure for
generic k. We then apply our findings to SO(3) supersymmetric Yang-Mills theory. We
determine the global form of the enhanced instantonic symmetry of its superconformal UV
completion, showing that it arises through a similar symmetry extension mechanism from
the parent F; theory, which is the UV completion of SU(2) supersymmetric Yang-Mills
theory. Finally, we recast our results in the language of the symmetry topological field theory.
As a warm-up, we also analyze Maxwell theory, highlighting analogous features involving
continuous symmetries and composite currents.
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1 Introduction and summary of results

Five-dimensional gauge theories provide us with a rich theoretical laboratory to explore
several interesting phenomena in quantum field theory (QFT). They are distinguished from
the lower-dimensional gauge theories by the property that the gauge coupling ¢ has negative
mass dimension. As a result, these theories are weakly-coupled at low energies, and they
should be interpreted as effective field theories that are only valid up to a UV cutoff ~ 1/¢.
To push their definition above these energy scales, some UV completion needs to be specified.
In the supersymmetric case, starting from [1], interacting five-dimensional superconformal
field theories (SCFT) that UV complete gauge theories have been found in several cases.
While they are well-studied, many aspects of these SCFTs remain unknown. In the non-
supersymmetric case, a natural possibility is that a gauge theory could be UV completed
by a yet-unknown five-dimensional non-supersymmetric interacting conformal field theory
(CFT). For these reasons, five-dimensional gauge theories are natural candidates to look for
examples of non-supersymmetric interacting CFTs in dimension greater than four, whose
existence remains a basic open question in QFT (see [2-9] for recent progress in this quest,
using a variety of approaches).



Symmetries are a basic and powerful non-perturbative tool to constrain the strong-
coupling behavior of QFTs. When trying to make progress on the questions mentioned above,
it is therefore crucial to understand the symmetries of five-dimensional gauge theories. A
universal feature of gauge theories in five dimensions is the presence of a U(l)go) instantonic
0-form symmetry,! with current J; ~ xTr(f A f), which is conserved due to the Bianchi
identity. The pointlike operators charged under this symmetry are disorder operators, defined
by prescribing a non-zero instanton charge on four-spheres linking with the insertion point:
these are the so-called instanton operators. In addition, depending on the global form of the
gauge group, five-dimensional gauge theories can enjoy electric 1-form symmetries, under
which Wilson line operators are charged, or magnetic 2-form symmetries, under which 't Hooft
surface operators are charged, or both. These symmetries can have non-trivial interplays,
for instance in the form of mixed 't Hooft anomalies or higher-group structures. Given the
possible existence of 0-,1-, and 2-form symmetries, the symmetry structures are often richer
than in the lower-dimensional case, even in the simplest possible gauge theories such as
Maxwell or pure Yang-Mills (YM). Exploring these structures, with the aim of discovering new
phenomena that can be applied more generally, is another motivation to study these theories.

The symmetries of pure SU(N) YM in five dimensions were studied in [10-12]. It was
found that there is a mixed 't Hooft anomaly between the Zg\l,) electric 1-form symmetry and

the U(l)go) instantonic O-form symmetry, with anomaly inflow given by

A = exp (2]\77”/ [634771]]\; U P(52)> , (1.1)

where By and A are background gauge fields for the 1- and 0-form symmetries, respectively, U

is the cup product in cohomology theory, P denotes a natural “square” operation on discrete
gauge fields (more details are provided in section 3), and throughout the paper we use [-],
to denote reduction mod p. This anomaly expresses the fact that the normalization of the
instanton charge gets smaller by a factor of 1/N in the presence of a background By.2 A
notable application of this result is to the case of SU(2) supersymmetric Yang-Mills (SYM).
This theory was discovered in [1] to admit a UV completion by an SCEFT, the so-called F;
theory, in which U(l)go) enhances to a non-Abelian symmetry with 8u(2); algebra. Under
the assumption that the Zgl) is also a symmetry of the UV SCFT, [10, 12] argued that the
global form of the O-form symmetry of the Fy SCFT is SO(3)§0), because only with this
global form one can write a UV anomaly inflow,

2mi B
AWV = exp (;” /wg(SO(S)I) U 79(2 2)) , (1.2)
that matches (1.1) in the IR. Here wy is the second Stiefel-Whitney class of the SO(3) bundle.?
In this paper we study other global forms of five-dimensional YM theory with 81 (V)
gauge algebra, with a particular focus on the case of PSU(N) = SU(N)/Zy. The latter can

!Throughout the paper, we indicate a p-form symmetry with group G as G®,

2This is the 5d analogue of the extension of the periodicity of the theta angle in 4d SU(N) YM, in the
presence of a background field for the electric symmetry. This phenomenon can also be expressed in terms of
an “anomaly inflow in the space of coupling constants” [13, 14] that takes a form similar to (1.1).

3The symmetries as well as other aspects of the E; SCFT have been studied also in, e.g., [15-30].



be obtained from SU(N) YM by gauging the Zg\}) symmetry, i.e. promoting By to a dynamical
gauge field 9. This operation gives rise to a dual magnetic 2-form symmetry ZE\Q,), whose

topological charge defects are generated by the surface operators

U[Ss] = exp (QNM fz ﬁ2> . (1.3)

The operators charged under this symmetry are 't Hooft surfaces, labeled by SU(N) rep-
resentations, whose N-ality gives the ZS\?) charge.
A natural question in PSU(/NV) YM is: what is the consequence of the anomaly (1.1) after

the gauging of Z%)? One finds the short exact sequence

—

1—-2Zn—U(1); - U1); =1, (1.4)

——(0)

expressing that the instantonic symmetry U(l); of PSU(N) YM is a Zy extension of
the U(l)go) symmetry of SU(N) YM. This means that, due to the gauging procedure, the
periodicity of the parameter o appearing in the symmetry generator Uf* = exp (icv § *J) is
extended from a ~ a+ 27 to  ~ o+ 27N in PSU(N). While this is a clear consequence of
the change of normalization in the instanton charge in the presence of &9, it cannot be the
whole story. There must exist some structure relating the O-form and the 2-form symmetry
in PSU(N), reflecting the existence of the 't Hooft anomaly in the parent SU(N) theory.
The key to uncovering this structure is the expression of the generator of the Zg\?) subgroup
that extends the instantonic symmetry, namely

C[X4] = exp <_2Nm 7{24 P(SQ)) . (1.5)

Intuitively, a relation between this ZS\?) and ZE\Q,) is clear from the fact that the operator in

the exponent of (1.5) is the “square” of the operator in the exponent of (1.3). We make
this intuition precise by showing that C[¥4] is actually a condensation defect [31] for the
magnetic 2-form symmetry, with the inclusion of a discrete torsion term that is crucial to
obtain an invertible defect. The realization that C[¥4] is a condensation defect has important
consequences for the type of objects charged under the instantonic symmetry. It implies that
pointlike instanton operators are not charged under the symmetry extension. As a result,
their instanton charges are quantized in the same units in SU(N) and PSU(N) YM. We
show that the configurations charged under C[X4] are links of 't Hooft surface operators.
These are the configurations that are sensitive to the extension, i.e. they carry fractional
instanton charge, in a sense that we specify.*

We claim that this symmetry extension, realized via a condensation defect of the dual
symmetry, is precisely the structure that arises from the ’t Hooft anomaly (1.1) upon gauging.
To our knowledge, this symmetry structure is distinct from other well-understood possibilities
for duals of mixed 't Hooft anomalies, such as standard extensions, higher-groups, or non-
invertible symmetries [13, 14, 34-38].> This particular kind of extension can be seen as a

4The fact that magnetically charged objects can source an instanton charge was also discussed recently
in [32, 33].

5In the context of 4d gauge theories, an anomaly inflow very similar to (1.1) is well-known to give rise to
a non-invertible symmetry upon gauging the 1-form symmetry [38]. The crucial difference is the presence
in (1.1) of an additional derivative on the O-form background gauge field.



generalization to higher-form symmetries of the duals of nonstandard anomalies analyzed in
section 4 of [36] for O-form symmetries. A full characterization of this phenomenon would
require an embedding in a specific higher-categorical symmetry structure, which however
we do not explore in this paper.

We also consider the more general case of the global form SU(N)/Zj, with k a divisor
of N, obtained from SU(N) by gauging a Z,(gl) subgroup of Zg\l,). This theory has both an
(2)

electric Zg\lf}k symmetry and a magnetic Z k2 one. In this case we find an extension of the
0-form symmetry when N is not a multiple of k%, and an anomalous 3-group, involving
also the 1- and 2-form symmetries, when k& and N/k are not coprime. The presence of an
anomalous 3-group was noted previously in [11].

As a concrete example of the use of symmetries to understand UV behaviors, we apply
our results to PSU(2) = SO(3) SYM theory. Under the assumption that the £; SCFT that
UV completes SU(2) SYM retains the Zél) 1-form symmetry, with anomaly (1.2), the UV
completion of SO(3) SYM can be obtained from E; by gauging Zél). The resulting SCFT,
that we denote with El, has the dual 2-form symmetry Zg), that in the IR becomes the
magnetic 2-form symmetry of SO(3) SYM. One can use the same logic used for the gauge

theory to derive that the instantonic symmetries of £ and Ej are in the short exact sequence
1—Zy— SU2) - SO03)r—1. (1.6)

This is also required by consistency with the gauge theory result upon relevant deformation.
The global form of the instantonic symmetry in Ej is thus SU(2)§0). Also in this case the
Zgo) symmetry that extends the instantonic symmetry is a condensation defect of the 2-form
symmetry, implying that only configurations of linking surface operators are charged (in an
appropriate sense that we explain) under the symmetry extension.

The different global forms of 31(/N) YM can be neatly organized in a unified framework
using the language of the symmetry topological field theory (SymTFT) [39-42]. We discuss
in details the form of the resulting 6d TF'T, and use it to provide an alternative derivation
of the symmetry structure with gauge group PSU(N), and more generally SU(N)/Zj. The
same is done for the UV-completion of the 31(2) SYM theory discussed above, providing
the SymTFT describing the £ and E‘l theories.

As a warm-up for the analysis of non-Abelian gauge theories, we start by studying the
symmetry structure of five-dimensional Maxwell theory, which is rather rich and interesting
on its own (see e.g. [43, 44] for related work). Some of the salient features that we mentioned
above, such as an instantonic symmetry under which the only “charged” operators are links
of 't Hooft surfaces, and an anomalous 3-group structure, are realized in this example, only
with continuous rather than discrete symmetries. The instantonic symmetry in this case
takes the form of a so-called composite symmetry [43, 45], i.e. its current is obtained from
the square of the 2-form symmetry current. We show that this is tightly related to the
fact that the instantonic charge defect can also be viewed as a condensation defect of the
2-form symmetry, like in the non-Abelian case.

The remainder of the paper is organized as follows. In section 2 we discuss the symmetry
structure of five-dimensional Maxwell theory. We then move to 3u(N) YM in section 3,
discuss its different global forms, and apply our findings to the UV completion of SO(3)



SYM. Finally, in section 4, we rederive our main results in the language of the SymTFT.
We have included some technical details in an appendix.

2 Five-dimensional Maxwell theory

We consider five-dimensional Maxwell theory with action
S / LI (2.1)
v 2e2 ’ '

where f = da is the field strength of a U(1) connection a subject to gauge transformations
a — a+dy, with § dx € 2nZ, M5 is a five-dimensional manifold, and e? is the gauge coupling,

which has dimension of a length. Note that we are not including any Chern-Simons term.%

(2)

The theory has three continuous global symmetries: a U(1),, magnetic 2-form symmetry,

a U(l)g) electric 1-form symmetry, and a U(l)go) instantonic 0-form symmetry. Their
currents J®*1 which we normalize so that the corresponding charges fEdqu *J 1) are
integers, are given by’

1 i 1
*Jﬁ):§f7 *Jz(az)z(ja*f’ *JI(I)ZWfAf' (22)

The U(1) electric and magnetic symmetry defects are topological operators defined on
orientable closed cycles 3;,

UpF[X3] = exp <ian{ *Jg)> , U [X2] = exp (ionj{ *Jﬁ?) , apym ~oapy 2T
23 E2
(2.3)
They measure the integer charges of (non-topological) Wilson lines and 't Hooft surfaces,
respectively,

W"[y1] = exp (mj{ a) , H'™ 2] = exp (zm}l{ d) , m,n €7 . (2.4)
71 Y2
Here, ~; are orientable closed k-cycles, and @ is the dual 2-form gauge field, da = % * da.®
In particular, the charges of W” and H™ are detected thanks to the relations”

Ug"®[Es]W"m] = exp (iag nly(33,71)) W"m],

. (2.5)
Unt [E2] H™ [y2] = exp (iaprmLa(Xa,v2)) H™ 2] .

SFor a discussion on the effects of the Chern-Simons term in 5d Maxwell theory see e.g. [46, 47).

"Here and elsewhere, we adopt Euclidean signature and we assume for simplicity that the spacetime
manifold M5 is orientable and spin. Charges associated to 0-form symmetries are defined on orientable
four-cycles ¥4 C Ms, which — under these assumptions — are necessarily closed spin (sub)manifolds [48].
This fixes the normalization of the J;l) instantonic current.

8Equivalently, we can define 't Hooft surfaces on +, as disorder operators. Insertions of one such operator
in any correlation function is equivalent to imposing in the path integral the boundary condition f da = 2mm,
on a two-cycle ¥ with unit linking with the surface v».

9These relations hold in any correlation function as long as the other operator insertions do not link or
intersect X;. This also applies below, when discussing similar relations involving symmetry defects and charged
operators.



The integer Lo is the two-component linking (double-linking for short), defined, on a generic
spacetime My, as

Lo(Sg, ) = y == U(D Y AdS T (M),  qHr=d-1. (2.6)

d
Here, D41 and M, are the Seifert surfaces of the closed manifolds ¥, and ~,, respectively,
namely compact, connected, and oriented surfaces such that 0D,41 = X, and OM, 11 = 7.
The delta form 6(-) is the Poincaré dual of the corresponding argument.'® Ly can be also
interpreted as the intersection number between D,y and ~,, that counts their (oriented)
intersection points. Integrating by parts, we have the following symmetry property of the
double-linking,
Lo(Sg, %) = (=) Y Lo (5, %) - (2.7)
Notice that this implies that the double-linking between two-surfaces in 5d is antisymmetric,
and thus self-statistics is trivial in 5d [49].
The instantonic symmetry, whose symmetry defects are

U2[S4] = exp (mf&u( )> = exp (8 2]{ FA f) a~a+2r, (2.8)

does not act on pointlike operators, simply because there are no U(1) instantons on S*,

(0)

acts on extended configurations composed of 't Hooft surfaces (charged under the magnetic

namely Uf[S?] = 1. Despite the absence of charged pointlike operators, the U(1);” symmetry

symmetry) that can be wrapped by a four-cycle ¥, where

2f24f/\f7£0. (2.9)

This peculiarity is due to the fact that the instantonic symmetry can be interpreted as a
special case of a composite symmetry'! of the magnetic symmetry with itself [43, 45], since
*J; (0 *Jyp ©) A *J5r ) This implies that certain configurations of the operators that are
charged under U(1 )gw) will carry “charge” (in a specific sense that we will explain below)
under U(1 )g ) (see also [11, 44, 50]). Another possibility to activate the defect of the U(l)go)
symmetry is to consider a space with non-trivial topology, such that U(1) instantons can be
supported on some codimension-one submanifolds, e.g. S x S? x §2. In the following, we
concentrate on configurations of extended operators in backgrounds with trivial topology.

'We define pr wp = fMd wp A 6@7P)(X,), such that d64 P (X,) = (=1)P64PTV(§X,), by Stokes
theorem.

" Given a d-dimensional free theory with continuous pi- and pe-form symmetries, with currents J®*+) and
J<p2+1), one can construct a (p1 + p2 + 1 — d)-form symmetry whose current is proportional to *(*J(’”H) A
*xJP2FD) The composite symmetry arises when p1 +p2 > d — 1. In d-dimensional Maxwell theory, with d > 3,
there are an electric 1-form and a magnetic (d — 3)-form U(1) symmetries. The composite of the magnetic
symmetry with itself appears for d > 5, and it is a (d — 5)-form symmetry with current *J=D  FA T,
which is precisely U(l)go) in 5d. Note that, while in free theories the operation of multiplying two composite
operators at the same point is always well-defined, because one can use normal ordering, this operation is
not defined in general in interacting theories. In the latter case, the closest operation is an operator product
expansion (OPE). It would be interesting to explore whether one can always find a non-singular term in
the OPE of conserved currents that allows to define composite symmetries even in interacting theories. For
instance, one can try to use the OPE in interacting CFTs. In this case, however, one would have to relax
unitarity, because conformal invariance together with unitarity only allows p-form continuous symmetries if
p < % — 1, forbidding composite symmetries.



2.1 Action of the instantonic symmetry and triple-linking

To understand the action of the instantonic symmetry on 't Hooft surfaces, let us consider
two 't Hooft surfaces H™[y,] and H™ [v}]. To express these operators in terms of electric
variables, it is convenient to extend them on three-surfaces M3 and Mj such that OMsz = 7,
and OM4 = 74, so that one can rewrite (2.4) for the 't Hooft surface as

2mm

o 2wm!
H™[7] = exp (—62 M3*f>, H™ 1] = exp <— 7:2” Mé*f> . (2.10)

Notice that these operators are genuine because m,m’ € Z and the quantization of the
electric charge imply that they depend only on the boundaries of M3 and Mj. Inserting these
operators in the action, we get that the modified equations of motion are solved by

f=2r (m 5 (M) +m’' 6@ (Mé)) + (smooth) , (2.11)

corresponding to the fact that inserting 't Hooft surface operators activates a magnetic
flux. We then get

UP [Sa)H™ ya] H™ [y3] = exp (iamm' Ly(Sa,v2,7%)) H™ [va] H™ [75)] - (2.12)
The integer L3 is a type-1 three-component linking (triple-linking for short),'? defined as

L3 (Zp,7g: ) = “ 5(d_q_1)(Mq+1) A g1 1) A d5(d_p_1)(Dp+1)
d

= (—1)PH! j[ ST (Myy0) ASOTD(M],,), with ptg+r=2d—2,
2p

(2.13)

where dDp 1 = X, OMy11 = 7q, and M/, = 7. The triple-linking formula can be
expressed in terms of the double-linking formula for instance as

L3(Zp7g:7) = (=) La(g N M1, Bp) + La(Mgs1 N7, Zy) - (2.14)

The relation (2.12) implies that U(l)go) acts on a generic configuration of 't Hooft surfaces
that activates Lg(X4,7v2,75). The integer instanton charge mm’ of these configurations is
measured by a U(l)(lo) symmetry defect supported on a suitable >4 — triple-linking with
72 and 74 — where (2.9) is indeed non-trivial.'® Integrating by parts, we can write the
triple-linking in (2.12) as

L3(Z4,72,75) = — 4 5@ (Msz) A 5@ (M)
4
(2.15)

=— [ 6D (M) AdsPD (M) — [ P (Mh) A dsP (M)
D5 D5

12Generically, it is possible to define three different three-component linking numbers, referred to as type-k,
with k£ = 0,1, 2, between three closed manifolds with dimensions p, ¢, and r. They satisfy p+q+r = 2d—3+k,
see e.g. appendix A of [51].

3For N ’t Hooft surfaces of magnetic charges m; supported on ~, the factor in the parenthesis of (2.12)
generalizes to Zi\;] mim; L3 (34, 7%, 73).



It follows from this formula that a necessary (but not sufficient) condition to activate the

triple-linking is that the two 't Hooft surfaces are in a geometric configuration such that they

are double-linking in the sense of (2.6). (Notice that this is possible for two 2-surfaces in 5d,

as they satisfy ¢+ = d—1 = 4.) The surface ¥4 is codimension-one and separates spacetime

into two connected components, which we refer to as the interior and the exterior, where the

former corresponds to Ds. To gain a geometric intuition of the triple-linking in (2.15), we

now discuss some typical configurations of the instantonic symmetry defect with support ¥4

and the two double-linking 't Hooft surfaces with support v2 and 4.

1)

Consider the cases where both v, and +4 are either outside or inside X4, so that M;
and M3 can be chosen to avoid intersecting X4. Then, this geometric configuration
does not activate the linking in (2.15), as the integral over 34 identically vanishes. In
the outside case, this is obvious as the topological surface >4 can be shrunk to zero. In
the inside case, this follows from the fact that the topology of ¥4 is irrelevant and can
hence be chosen to be the sphere S%. As the 't Hooft surfaces are inside S%, the latter
can be taken to be at infinity in spacetime without crossing any operator, so that Dj is
actually the whole spacetime manifold M. In this case, the formula (2.15) reads

L3(34,72,75) = —La(72,73) — La(75,72) = 0, (2.16)

as La(7y2,75) defined in (2.6) is antisymmetric in its arguments. This result has a clear
interpretation in terms of absence of pointlike operators charged under U(1);: since
there are no U(1) instantons on S4, one cannot measure a non-trivial instanton charge
in any configuration where ¥4 can be taken to be S*.

Notice that these scenarios can be reformulated in terms of the two intersection points
P (between v2 and MJ) and P’ (between ~5 and M3), defined by the two double-linking
't Hooft surfaces. In the first case, P and P’ are both outside ¥4 and each integral on
the right-hand side of (2.15) separately vanishes. In the second case, P and P’ are both
inside X4 and the two integrals, despite being non-vanishing, sum up to zero.

Consider now the case where 72 lies inside ¥4 and ~4 lies outside 34, such that both
Ms and Mj must intersect X4. In this case, the integral (2.15) is non-vanishing if v,
and 75 have a non-trivial double-linking. In terms of the two intersection points P
and P’ defined above, we have that P is inside and P’ is outside Y4, so that the first
integral on the right-hand side of (2.15) vanishes while the second is non-zero. This is
a typical configuration where the triple-linking is activated. Notice that, as expected,
this configuration cannot be realized if 34 has a trivial topology (namely, we need
¥, # 5%). In figure 1 we depict a 3d version of this triple-linking configuration. The
codimension-one ¥4 is depicted as a 2d torus, while the supports of the 't Hooft surfaces
v2 and 74 are depicted as lines with a non-trivial double-linking, see (2.6). These three
objects have the correct dimensionality such that they can triple-link in 3d, as in (2.13).

In the previous discussion, we considered the relation (2.12) where we discarded potentially

divergent terms of the form m?L3(X4, 72, v2) and m2L3(X4,v5,74), that arise when computing

the action of the instantonic symmetry defect on ’t Hooft surfaces. The reason is that



Figure 1. Three-dimensional depiction of a configuration activating the triple-linking in (2.15),
between the instantonic operator defined on ¥4 (2-torus in the figure) and two double-linking 't Hooft
surfaces v and ~4 (circles in the figure). The surface 2 (dashed red in the figure) is inside X4, while
the surface ~4 (thick blue in the figure) is outside ¥4. The simplest five-dimensional configuration
with triple-linking is the one in which the circles in the figure are interpreted as two-spheres, i.e. o
and 7} are linked two-spheres, and ¥4 = S? x S2.

such terms vanish, once they are regularized.!* A simple argument for this is that the
regularization of L3(X4,72,72) can be heuristically thought of as L3 (X4, v2,75), where 75 is a
small deformation of . Then, the relation (2.15) instructs us to consider two intersections
points, the one between 9 and M3, and the one between 5 and Mjz. These two points lie
either both inside or both outside ¥4 and, using the same arguments as in point 1) above,
give a total vanishing result for L3(X4,72,75). Equivalently, the relation (2.15) instructs
us to count (with orientation) the intersection points between ¥4 and the line obtained by
intersecting M3 and M5. For each such intersection point (when it exists), there is always
another one that is oppositely oriented. The net result is again zero.

2.1.1 Instantonic symmetry defects by topological manipulations

We now show that the instantonic symmetry defect Uf*[24] can be obtained by topological

manipulations.!®> These topological manipulations correspond to higher p-gauging, namely to

the gauging of a g-form symmetry on a codimension-p manifold of spacetime, first introduced

in [31]. In contrast to 0-gauging (i.e. ordinary gauging) that changes the theory, this operation

does not affect the bulk dynamics; instead, it defines codimension-p topological defects.
In the case of Maxwell theory, we consider the codimension-one defect defined by

Dlo; Xy) = /D‘I’2D<P2D¢’1DSO1 exp (Sy[a; X4]) , (2.17)

where
«

A . 2.18
47r802 ©2 ( )

7
54[04;24]:—%j{2 {f/\‘I’2+‘I’2/\d901+¢’2/\<P2+802/\d<1>1—
4

41n the more familiar case of 3d TQFTs, as Chern-Simons theories, the regularized self-linking does not
vanish and it is related to the choice of framing for the line operators, that leads to the definition of their spin.

5Defects defined with similar manipulations of continuous symmetries have been studied in [52] in the
context of the U(1)(?) axial symmetry of 4d QED.



Here, @ € R parametrizes a torsion term, f = da is the Maxwell field strength (which is
path-integrated over in the 5d bulk, but not in (2.17)), ®2 and ®; are U(1) gauge fields, 2
and @1 are R gauge fields, all living on 34 and subject to the gauge transformations

Py — Py4+dOq, 2 = wa+dby, p1 — p1+dby—01, P, —><I>1+d@0—@1+%91,
(2.19)

where §dO; € 277 and §df; = 0.

This action corresponds to performing two subsequent gaugings on >4, in presence of
a torsion term. First, we perform a flat 1-gauging'® of the U(l)g\? magnetic symmetry, by
coupling its current % to a U(1) 2-form gauge field @4 living on ¥4, via the first term. The
flatness of ®5 is enforced by the second term, which couples it to the R Lagrange multiplier
1. This operation produces on ¥4 a 1-form symmetry Z(), the Pontryagin dual of U(l)E\Z/[),
whose symmetry defects are exp (iq § ®2) with ¢ € Z. Then, with the third term, we perform
a gauging of this dual symmetry on ¥4 by coupling it to a Z 2-form gauge field. The latter is
obtained as an R gauge field @9, which is flat and whose holonomies are quantized. These
conditions are enforced by the fourth term, which couples ¢o to the U(1) Lagrange multiplier
®,, and makes it effectively a Z gauge field, namely dyps = 0 and § @2 € 27Z. Finally, the
last term is a torsion term parametrized by o € R. This is crucial, otherwise one would get a
trivial result, as the second gauging is just undoing the first one.

The path integral over ¢y and @9 yields (with a slight abuse of notation, we write only
the exponential of the integrand in (2.17))

i

54[a;24]:7£ [d&)l/\(f—i—dapl)—;dapl/\dgol]+§:;fg FAF (2.20)
4 4

™

where &, = ®; + 5-¢p1 is still a U(1) gauge field. Notice that there are two trivial terms:
the first simply enforces on 34 the Bianchi identity df = 0 and the quantization condition
¢ [ € 2nZ, which are both consistent with the 5d bulk Maxwell theory; the second is a
theta-term for an R gauge field, which is trivial. This makes (2.17) coincide with (2.8), that is

Dla; $4] = UP[S4] . (2.21)

Therefore, the defect defined by the topological manipulations in (2.17) and (2.18) is precisely
the symmetry defect operator for the U(l)go) instantonic symmetry. As pointed out above,
in absence of the torsion term (namely if & = 0) we get the trivial operator.

The result discussed in this section is tied to the fact that the instantonic symmetry
is a composite symmetry of the magnetic symmetry with itself, and that it does not act
on pointlike operators. Consistently, its topological operators are (invertible) condensation
defects that can be obtained by a topological gauging of the magnetic symmetry (and its

Pontryagin dual) on a codimension-one surface.

16Flat gauging a U(1) symmetry with current J means that the dynamical U(1) gauge field A coupling to J
is flat, dA = 0, and has no kinetic term. This corresponds to adding to the action i x J A A + ip A dA, where
@ is an R gauge field that acts as a Lagrange multiplier enforcing dA = 0, and path integrating over A and ¢.
Flat gauging is a topological operation [53, 54].
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2.2 Background fields, anomalies, and 3-group

In this section, we discuss the structure of the (mixed) anomalies in 5d Maxwell theory and
show that, as a consequence of the composite nature of the instantonic symmetry, a 3-group
structure emerges. This is an instance of the general analysis carried out in [43]. To this end,
we couple the 5d Maxwell theory to U(1) background gauge fields C3, B, and Ay for the
U(l)g\i), U(l)g), and U(l)go) symmetries, respectively. The action reads

1

[ gzt =B Ax(f =B+ 5-Can (s~ By

L
82

(2.22)
A| N (f — HBQ) A (f — HB2) )

where ¢/ and k are integer coefficients. Notice that they introduce three additional terms
in the action. Two of them are counterterms that do not depend on the dynamical field
f. Instead, the term

1K
——=A1 ANBy A 2.23
47_[_2 1 2 f? ( )

can be interpreted, in the theory (2.22) with ¢ = 0, as a shift of the background field for
the magnetic symmetry as

Cs — 63 =(C5— %Al N Boy, (2.24)

which has consistent gauge transformations since x € Z, as we will see below.
In presence of background fields, the Bianchi identity and the equations of motion are

1 1 1 K
= — — By) = — ——dA — kB —A By . 2.2
df =0, ezd*(f 2) 277d03+47r2d A (f—& 2)+47r2 1A dBy (2.25)

The second equation can also be rewritten as the same equation with x = 0 and C5 — 5’3.
In presence of background gauge fields, the currents — that we define such that i x J is the
functional derivative of the action with respect to the corresponding gauge field — read!”

wIW = L (f kB A (f — rBa),

82
i L K
*JéZ) — ? * (f - B2) - %Cg - RA]_ /\ (f - Iﬂ}BQ) 5 (226)

1
*']](\3) = %(f _632)7

so that using (2.25) we get

K
dxJV = — 3 (f — kB2 NdBy,
2 1-k 1-7
dxJ2) = 12 (dAL A (f = 5Bs) + kAL A dBy) + ——dCs, (2.27)
1

dxJ) = ~5-dB> .

1"Notice that if we want to maintain the ‘composite symmetry’ nature of the instantonic current, *J ;1) =
% * J](é’) A *Jg% even in presence of background fields, we must choose k = £.

— 11 —



The counterterm proportional to £ is the one associated to the usual mixed 't Hooft anomaly
between the electric and magnetic symmetries in Maxwell theory (in any dimensions). There
is no choice of ¢ such that we can preserve both the electric and the magnetic symmetries.
Instead, x is associated with a 3-group symmetry, which is a direct manifestation of the
composite nature of U(l)go), as we now show.

Let us distinguish the two relevant cases where either the magnetic and the instantonic,
or the electric currents are preserved even in presence of background fields, which correspond

tok = ¢ =0and kK = £ = 1, respectively.

e If Kk = /¢ =0, both the magnetic and the instantonic symmetries are preserved, whereas
the conservation law of the electric symmetry reads

1 1 1 1
dxJP = ~_g44 ZdCs = — % JP A dA + —dCs . 2.9
*JE 12 1/\f+2ﬂ_ Cs 27T*JM AN 1+27‘r C3 ( 8)

The second term on the right-hand side signals the usual mixed electric-magnetic
't Hooft anomaly, whereas the first term depends on the dynamical current operator of
the magnetic symmetry. This signals a 3-group structure of the theory [55]. Indeed, in
this case the background gauge transformations are

a—a+AN, By—By+dA, Al — A1+ dAg, Cg—)Cg—l—dAg—%dAl/\Al,

(2.29)
with ¢ dA; € 277, which is a 3-group transformation law.'® These gauge transformations
lead to a variation of the action that depends on the background fields only, and it
signals the presence of mixed 't Hooft anomalies. Indeed, such a variation can be
canceled by the 6d anomaly-inflow action

/y |:_2171—d03 A By — ;?dAl A B A By (2'30)
6

with Y defined such that 0)s = Ms5. The first term captures the mixed anomaly
between the electric and the magnetic symmetries, whereas the second term captures
the one between the electric and the instantonic symmetries.

e If Kk =/ =1, the electric symmetry is preserved, the magnetic symmetry is violated by
the usual mixed electric-magnetic 't Hooft anomaly, whereas the conservation law of
the instantonic symmetry reads

1 1
d*JI(l) :_m(f—BQ)/\ngz—%*J](\j)/\dB2 . (2:31)

Again, this depends on the dynamical current operator of the magnetic symmetry,
and it is a different but equivalent presentation of the 3-group structure of the theory.
Indeed, in this case the modified background gauge transformations are

1

a—a+AN, By— By+dA, A — A1+ dAg, 03—>03+dA2—|—2fdA0/\B2,
T

(2.32)

¥Notice that these gauge transformations are well-defined. Indeed, the ambiguity of A; is a gauge
transformation dAo with periods that are integer multiples of 27r. This produces a shift C's — C5 — ﬁdAl AdAo,
which is correctly quantized to be reabsorbed in a dA2 gauge transformation.

— 12 —



with ¢ dA; € 277, which is again a 3-group transformation law. These gauge transfor-
mations lead to a variation of the action that is now canceled by the 6d anomaly-inflow

action

/y 6 UdBQ/\Cg)} . (2.33)

™

Notice that in this description there is no mixed term involving dA;, as instead in (2.30).

Finally, we observe that the anomaly inflow in (2.30) is reproduced by plugging the shift (2.24)
of C3, with k = 1, in (2.33). This redefinition also maps the gauge transformations in (2.29)
to the ones in (2.32). Indeed, as observed in [43], the two forms of the anomalies are actually
equivalent: the two 6d anomaly-inflow actions arise from the same 7d anomaly polynomial,

7
=——H;,NdB 2.34
Pz 5 2, (2.34)

where Hy is the gauge invariant field strength of Cjs, satisfying dH, = %dBQ A dAj so
that dP; = 0. For instance, in the cases where Kk = ¢ = 0 and x = ¢ = 1, it is given by
Hy = dCs + =By A dA; and Hy = dCs + 5= A1 A dBs, respectively.

3 Global forms of five-dimensional 8u(IN) Yang-Mills

We now turn to Yang-Mills theories, focusing on the 8u (V) gauge algebra and its various
global forms.

3.1 Review of SU(IN) Yang-Mills and its mixed ’t Hooft anomaly

Let us consider five-dimensional Yang-Mills with gauge group SU(N) and action

1
S:/ T (fAxS) 3.1
[ 5 T A) (3.1)
where f is the non-Abelian field strength and ¢ is the gauge coupling.'® The theory has
a Zg\l,) electric 1-form symmetry, generated by codimension-two topological Gukov-Witten
operators, whose charged operators are Wilson lines in a representation p of SU(N), with Zg\lf)
charge given by the N-ality of p. Moreover, the theory has a 0-form instantonic symmetry

U(l)(lo), with conserved current
Y = i*ﬁ(fAf), (3.2)
872
that satisfies (under the same assumptions discussed in footnote 7)
Qs =+ ez (3.3)
v
An important difference from the Abelian case is that the U(l)(lo) instantonic symmetry now
acts on pointlike operators, the instanton operators.

19Tf N = 2, one can consider a discrete theta-term with § = 7, which is possible because 74(SU(2)) = Z>.
For N > 2, one can introduce a Chern-Simons term at level k for the SU(N) theory. We do not consider these
possibilities here.

,13,



Let us now review the results of [10, 12]. If one turns on a background gauge field

By € H?(Ms5,Z ) for the 1-form symmetry ZE\P, the quantization condition for the instantonic

charge gets modified to

1 N -1
3 *J; = S P(B2) mod 1,
By UBy for odd IV, (3.4)
P(B2) =

B(Bz2)  for even N,

where U is the product between cochains valued in the same Abelian ring (in this work we only
consider Z and Z, for some r € N), and B denotes the Pontryagin square, that is a map?’

P : H*(Ms,Zn) — HY(Ms, Zan) . (3.5)

With our assumptions on Ms (see again footnote 7), we have

1
= 77(82) eEZn . (3.6)
2 /sy,

Therefore, in the presence of a background Bs one gets that

Qr[34,Bo] € %Z : (3.7)

As a result, if we also turn on a U(1>§0) background gauge field A; for the instantonic symmetry,

the partition function Z[A1, Bo] is multiplied by a phase under large gauge transformations
A1 — A1 + dAo, with ¢§ dAg € 2nZ. This means that the two symmetries Z%) and U(l)go)
have a mixed 't Hooft anomaly. The anomaly is captured by the following anomaly inflow [10]

Ag[A1, Ba] = exp (2]\7m /)}6 [G;A;LV U P(§2)> , (3.8)

where )g is such that 0)s = Ms5, the background fields have been extended to )gs, and
[]n is the reduction modulo N.
Defining the topological defect operators

U?[Z4,Bg] = eXp(iOéQ[[24,BQ]) ) (39)

the quantization condition (3.4) leads to

UFt (1, Ba) = U (24, Balexo (— - PE 2)) . (3.10)
N Js, 2
The periodicity of the parameter « is then extended to a ~ a+ 27 N. Clearly, in the SU(N)
theory this extension is only visible when Bs is turned on, while the correct identification in
any correlation function without background sources is still o ~ a + 2.
For future reference, it is useful to derive eq. (3.10) directly from the anomaly inflow (3.8),
by noting that the combination ZAg is gauge invariant. The insertion of the symmetry

208ee e.g. the appendix of [56] for a review for physicists.
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Uy

24 Sl D‘Z

Figure 2. The evaluation of the anomaly-inflow functional on Vs with 0Ys = Ms, where M5 = S'x %,
and Vs = Dy x ¥y. A symmetry defect of the instantonic symmetry Uy wraps X4. Shifting @ — a+27
corresponds to a large gauge transformation. This activates the anomaly functional evaluated on ).
As a result, Uj* and UIOH'27r are not equal, but rather related by a phase factor determined by the
anomaly.

defect corresponds to turning on a flat background gauge field for the instantonic symmetry
AY = a6 (%), where 34 is a closed four-cycle. The defect with parameter o 4 27 differs
from the one with parameter o by

AT — AY 4 dAg,  dAg =210 (%), (3.11)

which is a large gauge transformation when ¥4 is homologically non-trivial. As a prototypical
example, we can take Ms = S' x ¥4, in which case the symmetry defect is localized at
one point on S, it wraps ¥4, and the large gauge transformation is given by a function
e . 81 x ¥y — U(1) with winding along S, see figure 2.

To compute the phase picked by Z we evaluate Ag before and after the gauge transfor-
mation. To this end, we need to pick a manifold Vg with 0)s = M5 and lift the background
fields to Vs. We take ¥4 homologically non-trivial in ) and

dAS = a6 (%y), (3.12)

where the bar denotes the lift to Vs. In the example above, we can take Vg = Dy x ¥4 where
Dy is a two-dimensional disk, see figure 2. We then have?!

Z[AS, Bo) Ag[AY, By] = Z[AYT By Ag[AST™ By] . (3.13)

Therefore

A6JA?, B_Z],
AG [A?'H’r? 82]
o 2mi dA§ — dAgT2T
= Uf'[24, Ba] exp (N /3}6 [ o
i 271 P(Bz))
=Up [24,BQ]GXP< N ]24 5 ;

which reproduces eq. (3.10). Equivalently, the ratio of Ag functionals can be evaluated by

Ut [Sy, By] = Uf[S4, Bo

viewing it as the exponential of a single anomaly action integrated on a closed manifold

21Here the partition function can be taken to depend, in addition of A; and Ba, on any source for operators
of the theory. As a result, the equations we derive capture any correlation function of the symmetry defect
operator and are operator equations.
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Mg, obtained by gluing )s and its orientation reversal along the common boundary Ms.
The gauge field A; on Mg satisfies

dA P(B2) P(B2)
%MG[Q;LU - __jél e (3.15)

giving again the expected result.

3.2 Gauging the 1-form symmetry: PSU(IN) Yang-Mills

In SU(N) Yang-Mills, the coupling to a background field By for the Zg\lf) 1-form symmetry
requires summing over PSU(N) bundles for which the characteristic class wy € H?(Ms,Zy),
i.e. the obstruction for a PSU(NV) bundle to be lifted to an SU(N) one, is wa = By. Gauging
the Zs\lf) symmetry requires a further sum over all possible values of wy, i.e. all PSU(NV)
bundles.?? We can therefore present PSU(N) YM as coupling SU(N) YM to a dynamical
Zg\lf) gauge field, denoted by 6o € H?(Ms5,Zy). The partition function is

HY(Ms,Z
|[H(Ms5,Zy )| 3

27
Z A1, 6] ex <
|HY (M5, Zy)| su(v)[A1, Ga] exp ~

6o UC3) .

(3.16)
Here Zgy(n)[A1,B2] denotes the partition function of the SU(NV) theory coupled to the
background gauge fields Ay for the instantonic O-form symmetry and By for the electric

Zpsu(n)lA1,Cs] =

ﬁQGHZ(M5,ZN) Ms

1-form symmetry, and C3 € H3(Ms,Zy) is a background gauge field for the magnetic 2-
form symmetry. The prefactor is a standard normalization factor that arises in gauging
of higher-form discrete symmetries [59].

The PSU(N) theory has a ZS\?) magnetic 2-form symmetry, whose symmetry defects
are the topological operators

-
U}Q[EQ]:exp( m”f ﬁQ), ney, (3.17)
N Js,

and whose charged objects are 't Hooft surfaces, labeled by a magnetic weight up to the action
of the Weyl group, or equivalently by an irreducible representation p of SU(N) [60]. The
insertion of the 't Hooft surface H”[ys] fixes the value of the holonomy of &5 on two-cycles
that link with o to coincide with the N-ality m, € Zx of the representation, so that

2minm,,

Upr[E2]H? 2] = exp < L2(227’Y2)) HP[vs], (3.18)
where Ly is the double-linking defined in (2.6). We can formalize this statement as follows:
removing ~» gives rise to an additional 3-cycle in the relative homology Hsz(Ms5,v2,Zn),
represented by M3 with M3 = ~,. Its dual in cohomology is an additional cocycle in
H?(Ms\2, Z ) represented by 6)(Mjz). Inserting a 't Hooft surface in the representation p

22Recall that here we are discussing the theory (3.1) without a Chern-Simons term. In the SU(N) theory
with a Chern-Simons term the 1-form symmetry would suffer from self-anomalies and generically it could not
be gauged. This same phenomenon occurs in 3d Yang-Mills-Chern-Simons theories (see e.g. [57, 58]).
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of SU(N) fixes the component of 65 along this additional cocycle, which we can represent
by the shift

by — G+ 6L, 6 =m,s@(M3) . (3.19)

The previous relation does not uniquely characterize the 't Hooft surface. Indeed, we stress
that the 't Hooft surface operator is labeled by p and not just by the N-ality m,. The latter
merely determines the ZS\%) charge. As a result, 't Hooft surfaces in different representations
with the same N-ality are not distinguished at the level of the action of the 2-form symmetry,
as shown by (3.18). We will show below that this is not the case for the 0-form symmetry.

In addition to the 2-form symmetry, the PSU(NN) theory still has an instantonic U(l)go)
symmetry generated by the same conserved current (3.2) as in the SU(N) theory. It is clear
that there must be a relation between the Zg\%) magnetic symmetry and the instantonic
symmetry, which reflects the existence of the 't Hooft anomaly (3.8) in the parent SU(N)
theory. In the following we will explain in detail what this relation is.

In PSU(N) eq. (3.10) reads

21

U})‘+27T[E4] = UP[24]C[X4] where C[Z4] = exp <_j{Z /P(ﬁ2)) . (3.20)

N 2

C[>4] is a non-trivial topological operator in the PSU(NN) theory, generating a Zgg) symmetry

that through eq. (3.20) is seen to extend the instantonic symmetry. Equivalently, the
periodicity of parameter « is modified in the PSU(N) theory to a ~ o + 27N, and C = UIQW.
This additional Zs\?) symmetry was discussed previously in [11], where it was claimed to form
a direct product structure with U(l)go) in the PSU(N) theory. In fact, because of the mixed

——(0

't Hooft anomaly (3.8), we have shown here that the instantonic symmetry U(l)g : in the
PSU(N) theory is not a product of U(l)go) — the instantonic symmetry in the SU(V) theory —
and Zg\?), but rather an extension of U(l)(IO) by ZS\?). This happens because the exact sequence
1 Zy — U(l); = U(1); — 1 (3.21)
does not split.?3
Since there are no fractional PSU(NV) instantons on S — because any PSU(N) bundle
on S% is also an SU(N) bundle, as there are no non-trivial 2-cycles on S* — there are no
pointlike operators in the theory charged under C, namely C[S*] = 1. This is similar to what
we observed for the instantonic symmetry of Maxwell theory in section 2.1. As we saw in
that context, also here we can trace the absence of charged pointlike operators back to the
fact that C is a condensation defect, as we show explicitly in section 3.3 below. Instead, C
acts on a configuration of 't Hooft surfaces that link with each other. (Indeed, C can be
activated both by a non-trivial topology and by suitable operator insertions.) To show this,
let us consider two 't Hooft surfaces H”[y2] and H?' [y4]. Following the previous discussion
for a single surface, in this case we fix the component of 6o along the two additional cocycles
in H2(M5\(v2 U %), ZN), namely

63 = m, 6 (Mz) +m, 6P (M}), (3.22)

(0)
I

231n the following we denote both symmetries with U(1)}") since ambiguities should not arise.
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where OM3 = 7o and OM} = ~4. The restriction of 64 to ¥, gives

2

6315, = m, 60 (Ms) + my 65 (M3) (3.23)

4
where My = M3NXy, Mj = M;NXy, and the subscript in 5(224) denotes that we are considering
the cocycle in H%(34,Zy). We can then obtain C[X4] by evaluating £P(64|x,). Assuming
that there are no torsion cycles, this evaluation can be done by lifting 6|5, to integer
cohomology H?(X4,7), and using the pairing given by the intersection form of ¥4. Let us
specify this evaluation to the same configurations considered for Maxwell theory in section 2.1:
(1) for ¥4 = S* such that both surfaces lie inside or outside, H?(X4,7Z) is trivial and
1P(64]5,) evaluates to 0; (2) for £y = S? x 52, where each S? factor links with either one
of the 't Hooft surfaces (see figure 1), we take the basis of H2(X4,Z) given by the two S?

factors so that the intersection form is ((1) é), and 3P (64 |s,) evaluates to m,m,. In both

cases the result can be expressed in terms of the triple-linking in (2.13) as

2mim,m,y
pp
P,

CISH bl 3] = exp (2

(S10208) ) a7 D3], (3:20
in close analogy with the result (2.12) for Maxwell theory. The evaluation presented here
gives a different perspective on the contribution of the self-linking of the surfaces: here
we do not get a contribution proportional to mz and mz, because the intersection form on
S? x S? does not have diagonal entries.

Let us now consider a configuration involving a defect U} for a generic U(l)go) transfor-

mation and two 't Hooft surfaces. Using equations (3.20) and (3.24) we get

2mim,m,y
pp
P,

U (S HY ol B [1g) = exp (—

(S172:99) ) UF [EAHP Dol B ) . (325)

We can solve this equation to find the action of the instantonic symmetry defect on the link
of 't Hooft surfaces for any a € [0,27N). We obtain

mpmpl

UP[Sal H? [y2) HY [5]) = exp (—ia L3(E4,72ﬁ§)> HP[yo] H [5] (3.26)
where m,, y denotes an integer lift of m, , € Zy. The integer lift is needed because for
generic o the phase is not compatible with the mod N identification on m, . We interpret
eq. (3.26) as the assignment of a charge to the configuration of two linked 't Hooft surfaces
under the extended U(l)go). This charge is valued in %Z and is given by

mpmpl

v (3.27)

Here we see explicitly that the action of the extended U<1)§0) depends on the integer lifts m,

and m,, unlike the action of the 2-form symmetry and the Zg(,)) subgroup that only depend
on their mod N reduction, i.e. the N-ality of the representation. The uplift m, is a function
of the representation p defining the 't Hooft surface. One cannot determine this function
using only the symmetry constraint above. A natural conjecture is that m, coincides with

the number of boxes of the Young diagram for the representation p of SU(N).
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Under the shift m, ,, — m,  + N, the phase in (3.26) changes by an integer multiple of
iaL3(X4,72,74). This additional contribution has a physical interpretation. Whenever the
defects have a non-trivial triple-linking, a couple of points P and P’ on 2 and ~} necessarily
has a non-trivial double-linking with >4 (i.e. the two points are necessarily on “opposite
sides” of 34). Adding two instanton operators I9(P), I=9(P') of opposite charge +¢ € Z in
such a couple of points shifts the phase in (3.26) precisely by iagLs(X4,7y2,75), while at the
same time keeping a zero net instanton charge, as measured by an S* enclosing both surfaces.
Making explicit the insertion of the instanton operators, we can rewrite (3.26) as

UF (S H? [y2) [9(P)HY [y5) (P

. (Mmpmy , . e (3.28)
— exp (—ia (B~ q) Lo(S4,92,95) ) HPDal PV 4T 1(P),
where we took 79 to lie inside X4, as in figure 1, and used that in this configuration
L3(X4,7v2,75) = La(X4, P). The label that fully specifies the charges of the configuration of
two linked 't Hooft surfaces and instanton operators is then given by the triplet (m,,m,,q).
The identification of charges m, ~ m,+ N is not completely lost, but rather it requires to also
shift the instanton charge ¢. Indeed, suppose we shift both magnetic labels as m, — m, +pN
and m,y — my + p'N with p,p’ € Z. Then

a a . .
~§ ey — ~N + a(p'm, + pmy + pp'N), (3.29)

which means that the correct identification is in fact
(mp +pN,my +p'N,q) ~ (my,my,q—p'm, —pmy —pp'N) . (3.30)

To avoid possible confusion, we stress that we are not claiming that the configurations of
't Hooft surfaces and instanton operators associated to the left- and right-hand side of (3.30)
should be identified as operators, we are simply claiming that they behave in the same way in
correlation functions with the topological operators, and as such cannot be distinguished by
selection rules or any other symmetry constraint (a possible exception comes from considering
intersections with the topological operators, as we comment below).

Let us comment further on the interpretation of this identification of charges. In general,
in SU(N) or PSU(N) gauge theories, higher-form charges are only sensitive to the N-ality of
the representations that label the Wilson/’t Hooft operators. From the point of view of the
states created by these extended operators, this can be ascribed to the existence of dynamical
processes that allow states labeled by different representations with the same N-ality to
transition between each other. Here we are seeing that for the 't Hooft surfaces of 5d PSU(N)
Yang-Mills, the dynamical processes that transition between different representations with
the same N-ality also require to nucleate an instanton charge, if the states are created by
two surfaces linking with each other.

It would be interesting to study also configurations of the instantonic charge operator
that intersect the 't Hooft surfaces. The intersecting configuration defines a defect operator
supported on ¥ = ¥4N~y9, which is a natural candidate to define a U<1)§0) symmetry operator
U“[S1] on the defect H?[v,]. If this intersection is topological, it provides constraints analogous
to those of a 0-form symmetry in two dimensions, e.g. selection rules associated to charge
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conservation for pointlike operators supported on H”[y3]. In the terminology of [61], in this
case we would say that the 't Hooft surface is a symmetric defect for the U(l)go) symmetry. If
the 't Hooft surface is a symmetric defect, the instanton charge carried by pointlike operators
on HP[y;] would be conserved, and this would break the identification (3.30). Another
more likely possibility is that the 't Hooft surface is not a symmetric defect, but rather the
U(l)go) symmetry is broken on the defect to the ZS\?) subgroup that provides the extension,
consistently with the identification (3.30). We leave this as an open question for the future.

3.3 Z( ) generator as a condensation defect

In this section, we show how the defect C[¥4] defined in (3.20) can be obtained as a conden-
sation defect via higher gauging of Zg\z{) on Y4 [31]. This is similar to the case of Maxwell
theory, with the difference that in the Abelian case the whole U(1 )( Visa composite of the
magnetic symmetry, whereas in the non-Abelian PSU(V) case only its Zg\,) subgroup can be
interpreted in this way. Indeed, to the extent that we can view 6o as a discrete analogue of
a current for the Zg\%) symmetry, we can also view C as a discrete analogue of a composite
symmetry, being generated by the “square” P(63) of Go.

Let us consider a condensation defect obtained by higher gauging ZS\Q,) on X4, in the
presence of a discrete torsion [62]. This is achieved by summing over all inequivalent insertions
of defects Ups[X2] along ¥4, weighted by a discrete torsion term,

HY(34,7Z
N—X(Z4) /2:H1 Zi Zg \Z 7{ (02 U b + 7?( )) , (3.31)

where ¢o € H?(34,Zy) and x(X4) is the Euler characteristic of 4. In addition to the
standard normalization factors of |[H* (X, Zy)| for the gauging of a discrete symmetry, we
have added for later convenience the factor of N~X(4)/2_ Since x(24) is the integral of a
local density, this factor can be interpreted as the choice of a local counterterm. The sum
over ¢9 imposes ¢9 = —0Bg, so that the defect in (3.31) gives (see appendix B of [59])

/2 [H (34, Zy)| 2mi

N—X(
|HY (X4, ZN)|

H2(S4, Zy)| e 2“0<E4>/8exp( P<ﬂ2>)=0[z4], (3.32)

p

where we have used that the signature of a spin manifold ¥4 satisfies 0(X4) = 0 mod 16,
and x(X4) = 2bp — 2b1 + b2, where b, are the Betti numbers of ¥4.

We have thus shown that the condensation defect (3.31) is precisely the generator of
the Zg\[) composite symmetry that extends U(1 )( ). Note that the addition of the discrete
torsion term P(<¢2) is crucial to ensure that this condensation defect is invertible: generically,
higher-gauging symmetries is achieved by a sum over defect insertions, without any weight,
and the result is a non-invertible defect. One needs the additional phase factors due to the
term P(¢2) in (3.31) to obtain invertibility.?*

24 Another instance of invertible condensation defects comes from 1-gauging a Zél) 1-form symmetry in a
3d QFT [31]: if the generating line is fermionic, the symmetry is anomalous in the bulk and the resulting
condensation defect is invertible.
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Actually, one can obtain any defect of the form C¥[%,], with k € Zy, via a similar higher
gauging construction. Indeed, consider the defect

1 27 27 ik
sS4 = s ] 2 eXp?[&(NC?U 2t Ve =5 P) ) (3.33)
€2,05

where ©¢9, 65 € H?(X4,Zy). The first term corresponds to higher gauging Zg\%)

)

on X4 by
coupling to €9, which produces a dual Z% symmetry. The second term is the higher gauging

of the latter, by coupling it to ¢, in presence of a discrete torsion parametrized by k € Zy,

given by the third term. Summing over ¢ imposes 6y = —65, yielding
2mik
Dikssi) =exp (-5 f P(62)) =¥zl (3.34)
2N Js,

as sought. This equality shows that, perhaps surprisingly, this whole set of topological defects
obtained by higher gauging have invertible fusion rules.

We conclude that the mixed anomaly between the electric 1-form symmetry and the
instantonic symmetry in the SU(N) theory maps, in the PSU(N) theory, to the extension
of the instantonic symmetry by an invertible condensation defect of the magnetic 2-form
symmetry. As we already mentioned, a more complete characterization of the symmetries
of the PSU(N) theory could be achieved by determining the higher-category, specifically a
4-category, which includes the interrelated 0- and 2-form charges, and may include additional
non-invertible defects and junctions [63].2> We leave this problem for future investigation.

3.4 Generalization to SU(N)/Z

In this section we discuss the global variants of the 8u(N) theory with gauge group SU(N)/Zy,
where k is a divisor of N. This problem was already discussed in [11], whose approach we
follow, providing more details and highlighting a few subtleties. Unlike the limiting cases

k=1 and k = N, these theories have both an electric and a magnetic global symmetry. The
(1)

N/k>
by the center of the gauge group, Z(SU(N)/Z) = Z i The charged operators are Wilson

electric 1-form symmetry is Z generated by topological Gukov-Witten operators labeled

lines associated to representations of SU(N) with N-ality multiple of k. The magnetic 2-form

22), generated by topological operators analogous to the ones in (3.17), with

the difference that now 64 is a Zg) gauge field. The charged operators are 't Hooft surfaces
associated to representations of SU(N) with N-ality multiple of N/k.

These theories also have a U(l)go) instantonic O-form symmetry, with associated current
*Jl(l) = #Tr(f A f). We show below that the periodicity of this U(1) is fixed by the

normalization of the charge to be 27k/L, where

symmetry is Z

L = ged(k,N/k) . (3.35)

ZFor instance, by analogy with the Maxwell case [52], we expect that the condensation defect C[X4] on an
open surface X4 gives rise to a non-invertible topological defect on 0X4. However, this non-invertible defect
does not participate in the fusion of the symmetry defects of the invertible 0-form symmetry U®[¥4], that are
defined on a closed X4.
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For k=1 and k = N we have L = 1 and we recover the correct periodicities of the SU(N)
and PSU(V) global variants, respectively. The charged operators are both pointlike instanton
operators, labeled by integer charges, and links of 't Hooft surfaces, that generically carry
a fractional instanton charge. We show below that for L # 1 the electric, magnetic, and
instantonic symmetries together form an anomalous 3-group, in analogy with the Maxwell case.

To derive these results, let us start from the SU(N) theory coupled to background gauge
fields. Recall that in the SU(N) theory the instantonic current is quantized in integer multiples
of 1/N in the presence of a Zg\l,) background gauge field BY € H?(Ms,Zy), see (3.7). This was
our starting point to derive the extension of the instantonic symmetry in the PSU(N) theory.
In order to perform a similar derivation for the SU(N)/Z;, theory, we need to decompose B
in a Z,(:) and a Zg\lf}k part. In order to do so, let us consider the short exact sequence

1—)Zk—)ZN—>ZN/k—>1. (336)

For L # 1 the sequence does not split, expressing that Zy is a non-trivial extension of Z y i
by Zy,, whereas for L = 1 it splits and Zy can be expressed simply as the direct product
Zy X Zyi- As we show in appendix A, the sequence (3.36) implies that the decomposition
of the Zy gauge field can be written in the form

N o
By = T B + Bk (3.37)

where B} is an element of C?(Ms,%Z,), where C"(Ms,Z,) is the set of n-cochains with
coefficients in Z,. The hat denotes the uplift to Zy obtained by taking the value mod N
between 0 and k£ — 1 and between 0 and N/k — 1 for BY and Bév / k, respectively. Using that
6BY = 0, where 6 : C""(M5,Z,) — C" Y (M5,Z,) is the discrete differential, we obtain
(see appendix A for details)

5BY = —Bock(BY/¥), (3.38)

where Bock : H"(Ms, Zyyy,) — H" (M3, Zy,) is the Bockstein homomorphism, that char-
acterizes the obstruction to lifting a class in H"(M5,Zyy;) to a class in H"(Ms,Zy).
Equivalently, the Zy uplifts satisfy

sk _ IV N/k)

0B, 7Y 6B5 = —w, with [w] = Bock(B, (3.39)

If we activate only the Z,(gl) background BE, setting Bév ’* to zero, the anomaly inflow (3.8)

B 27miN dA, P(B)
Ag—exp< 12 /J}6|:27r:|NU 5 . (3.40)

Note that the expression P(B%) is well-defined because 685 = 0 for Bév /F = 0. From eq. (3.40)
we derive, analogously to (3.10), that

becomes

wiom N 2miN [ P(BS
UI 2 [24765] - UI [24765] exXp <_ kZ f; (2 2)> : (341>
4
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Noticing that

i 2milN [ P(BY
U5y, BY] = exp (— e 72 (22)> =1, (3.42)
4

if and only if ¢ is a multiple of k/L, the periodicity of « is now o ~ « + 2wk/L. Therefore,

eq. (3.41) implies that in the presence of a ZS) C Zs\l,) electric background the instantonic

charge of the SU(N) theory is quantized as

1
Q1[4,B5] € mZ . (3.43)

This is a generalization of (3.7), and reduces to it when k& = N. Notice that if N is a multiple
of k? (namely, if L = k) there is no extension of the original 27 periodicity of the U(l)go)

symmetry of the SU(N) theory, even in the presence of a Z,(Cl) background field. This happens

because the mixed 't Hooft anomaly (3.8) trivializes when restricting the ZS\I,) background
field to the one for the Z,(Cl) subgroup, when k? divides N.

We now turn to the analysis of the SU(NV)/Z;, theory by promoting B5 to a dynamical
gauge field 65. An immediate consequence of the considerations above is that, if we ignore the
Zg\lf}k symmetry by setting to zero the background gauge field Bév / k, the U(l)go) instantonic
symmetry of the SU(N)/Zj, theory is a Zj,;, extension of that of the SU(N) theory. The

elements of Zy,;, are powers of the condensation defect of the 2-form symmetry

C[S4] = exp (-mN 7(2 ng)) . (3.44)

k2 2

This is completely analogous to the discussion in the PSU(N) theory. Note that, as a
consequence of the extension of U(l)go) by Zj,1, the fluxes of Ay are integer multiples of k/L.
The symmetry structure becomes more interesting if we also take into account the electric

Zg\lf}k 1-form symmetry. The partition function of the SU(V)/Zj, theory coupled to all the

N (2)
2

background gauge fields, Ay, B / k, and Cz, the latter being the one associated to the Z

magnetic 2-form symmetry, is

N/k |HY (M5, Zy)| N o SN/E
ZSU(N)/Z [AlaBz/ ,C3] = TH (Ms, Z1)| > Zsuy A1, ;ﬁ’i +32/ } X
) ﬁk
M gk e, - 2T [ (BN, gk {dAﬁ] )
eXP( w o 65 UC3 A M5(32 Uy 63) U o |n)

(3.45)

where, in the argument of Zgy(y) [A1,BY], we have substituted the decomposition (3.37).
From (3.38) we get that the sum over 65 now runs over configurations satisfying

56k = —Bock(BY/¥) . (3.46)

The partition function (3.45) is such that (1) the sum over 65 is well-defined, namely the
summand is gauge invariant under 65 gauge transformations; and (2) the summand only
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picks up a 65-independent phase under background gauge transformations, ensuring that we
can consistently couple to the background gauge fields for the global symmetries. In order
to satisfy these conditions we need to include the coupling of the dynamical gauge field 65
to background gauge fields via the non-conventional term with the higher cup product U;
(see e.g. [64] for a review). Moreover, we need to modify the gauge transformation of the
background gauge field C3 to include a Zg\lf}k gauge transformation, and modify consistently
the flatness constraint to ensure gauge invariance, obtaining

. dA
5Cs — [Bgv/’f U [Q;M =0. (3.47)
k

This equation signals the existence of the 3-group involving the 0-, 1-, and 2-form symmetries
of the theory. Note that the additional term in (3.47) is trivial when L = 1, because in that
case the flux of Ay is a multiple of k. As a result the 3-group structure trivializes for L = 1.
One can further compute the phase picked by the partition function (3.45) under background
gauge transformations, and see that there is a specific anomaly for the 3-group symmetry,

that can be canceled by the following anomaly-inflow action?®
SU(N)/Z 27 dA, P(gé\f/k) 27mi N/k
Ag ¥ =exp —/ { } U + — [ Bock(B,'")UCs |, (3.48)
N Jys L 27 In 2 kJys

where P(B\év / k) is now the affine Pontryagin square [64], since gév /% is not closed. This
anomaly inflow can be checked to satisfy the consistency condition of [64], namely the cochain
appearing in the inflow action is d-closed. We provide a detailed calculation in appendix A
that verifies all of the properties of (3.45) mentioned above. Note that the mixed 't Hooft
anomaly between the electric and instantonic symmetries, captured by the first term in (3.48),
correctly reduces to (3.8) for kK = 1 and vanishes for £k = N. Instead, setting A; = 0 we are
left only with a mixed electric-magnetic 't Hooft anomaly. When L = 1 this anomaly can

be reabsorbed by a counterterm and thus trivializes.?”

3.5 Supersymmetric theory and the global forms of the £y SCFT

In this section we discuss the supersymmetric version of the theory, i.e. N'= 1 pure SYM
with gauge algebra 81 (N). This theory can be UV-completed by an SCFT [1, 67-70]. While
for N > 2 the algebra of the instantonic symmetry is expected to remain u(1); [21, 22], for
N = 2 it enhances to $u(2); at the UV fixed point, which is described by the Ej theory [1].28
We will use our previous results to constrain the global structure of the symmetries of the
SCFTs which UV complete 3u(N) SYM.

Let us first consider N > 2. Since in this case the UV SCFT has a u(1); instantonic
symmetry like the IR gauge theory, if we further assume that none of the 1- and/or 2-form

26This anomaly inflow differs from the one found in [11] in the coefficient of the mixed 't Hooft anomaly
between the electric and the instantonic symmetry. This is perhaps due to a typo in [11].

*"This is the non-Abelian version of the fact that when restricting the U(1)g x U(1)ar symmetry of Maxwell
theory to a Zj, X Z, subgroup, the usual mixed 't Hooft anomaly trivializes when ged(p, ¢) = 1 [65, 66].

281n addition to the instantonic 0-form symmetry there is also an R-symmetry with algebra 8u(2)g, and it
is believed that in the F; theory the whole 0-form symmetry enhances to SO(4) (see e.g. [30]). We will ignore
the R-symmetry in our considerations and we will then focus only on the 8u(2); instantonic symmetry.
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symmetries are emergent, the most natural possibility is that the symmetry structure in the
UV matches the one of the IR gauge theory. For instance, for the SU(N) global form this
means that the anomaly (3.8) involving the instantonic U(1)(®) and the electric Z 1\1, is also
present in the SCFT. For PSU(N), a Zg\?) subgroup of U(1)(©) generated by a condensation
defect of the magnetic Zg\Q,) symmetry persists at the UV fixed point. Similar remarks apply
to SU(N)/Zj, with k # 1, N.

For N = 2 the analysis needs to be refined due to the enhancement of the instantonic
symmetry. As shown in [10], assuming that the Zgl) symmetry is not emergent, the global
form of the §u(2)(10) instantonic symmetry of the E; theory must be SO(3) to match the
anomaly (3.8) of the IR theory (similar conclusions were reached in [18-20, 22, 25] by
different arguments). This is because only if the global form is SO(3)§O) one can write the

anomaly polynomial

AWV = exp (227” [ ua(50()0) U 73(262)) , (3.49)

where w2(SO(3)1) is the second Stiefel-Whitney class of the SO(3)§O) bundle. Under the
symmetry breaking pattern SO(3)§O) — U(l)go) triggered by the relevant deformation that
drives the SCFT to the IR gauge theory phase, we have
dAq

L

o (3.50)

wa(SO(3);) = {

This implies that A" reduces to (3.8) and anomalies match. We can use the inflow (3.49) to
import the discussion around (3.14) to the UV fixed point. Consider the defects Uf‘ﬁ'f[24]
parametrized by a unit 3-vector @ (7 - = 1) and the real number «, where T are the
generators of 31(2). With the standard normalization the generator has integer eigenvalues,
giving the identification a ~ o + 27. In the presence of a non-trivial 1-form symmetry
background we have

a+2m)a-T a1 27
Uil s, Byl = UsFT[S,, By exp (—fz
4

(3.51)

2

77(;5’2)) .

With reference to figure 2, we are using that the ratio between U I(a+27r)ﬁ'T and Ulaﬁ’f gives
an SO(3) bundle with two patches on a 2-sphere, related by a gauge transformation with
parameter « that winds once around the equator, i.e. @ — « + 27. As a result, the bundle
has wy = 1 mod 2 on the 2-sphere. Note that in the SCFT the use of the anomaly polynomial
is the only way to derive this equation, unlike in the IR gauge theory where we could
provide a simpler derivation based on the quantization condition of the instantonic current.
Despite (3.51), in the Fj theory the periodicity of the parameter appearing in the topological
operator is still a ~ « + 27, as appropriate for an SO(3) global symmetry, because the
violation in (3.51) is only a local functional of the background source Bs.

We now gauge Zgl) to obtain the SCFT that UV completes SYM with gauge group
SO(3). We use the symbol F; for this theory. The E; SCFT has a Zg) 2-form symmetry,
corresponding to the Pontryagin dual to Z(Ql). In this theory (3.51) reads

a+2m)i- T ai-T 21 Pt T
Ut sy = UpTT (S 4] exp <—72Tj2 (2 2)) = U™ [Z4]C[24], (3.52)
4
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where 65 is the gauge field of Zgl) which is now dynamical. Therefore, the identification

a ~ «a + 27 is now violated by the operator C[¥4] rather than a c-number. The same
derivation as for the low-energy SYM theory shows that C[X4] is a condensation defect (with
discrete torsion) of the Zg) symmetry. As a result of (3.52) the correct periodicity becomes
a ~ a + 4, which implies that now the global form of the 8u(2); symmetry algebra is
SU(2)§0). Thus the symmetry SO(3)([O) of the E; theory is extended to SU(2)§O) in the E

theory, namely these groups take part in the non-split short exact sequence
1 —Zy— SU2); — SO3); — 1, (3.53)

where the Zs central subgroup of SU(2) is generated by C[X4].

In analogy to what we discussed in the IR theory, the symmetry extension, being generated
by a condensation defect, does not act on any pointlike operators. An important consequence
is that one cannot argue for this symmetry enhancement using the superconformal index.
To detect it with supersymmetric partition functions one would need to consider manifolds
that, unlike S! x S%, support fractional instantons.

We can use (3.52) to derive the action of C[24] on (linked) surface operators. In Ej there
are surface operators H [v2] charged under Zg). Under the relevant deformation that makes
E} flow to SO(3) SYM, these operators flow to 't Hooft surfaces in representations p of SU(2)
with integer/half-integer spin depending on whether they are even/odd under Zg). If we

~ ~

take C[X4] and two magnetic operators H|[vys], H'[5] as in figure 1 we have
C[Sal H o] H' (3] = ™™™ H o] H'[3] (3.54)
where m, m’ are their respective ZgQ) charges. If we take instead ¥4 = S* we have
CS*H ol H'[y5) = Hlral H'[75)] - (3.55)

Equations (3.54) and (3.52) express that a 0-form symmetry defect can detect a projective
representation of SO(3)y, i.e. an SU(2); representation, if it is triple-linking with the surface
operators as in figure 1, while it can only detect ordinary (non-projective) representations if
the triple-linking is not activated. To satisfy both of these constraints, we assign irreducible
representations of SU(2); to 72 and ~4 with spin j,j’ € N/2 such that

[2]]2 = [2j/]2 = mm/ . (356)

The positive integers 2j and 25 play a role similar to Z uplifts m, and m, in the PSU(N)

case of section 3.2.2 When both surfaces are odd under Zg), i.,e. m=m' =1 mod 2, both

2j and 2j" are odd and we reproduce the minus sign under a 27 rotation in (3.54). When
instead either one of the surfaces is even under ZéQ), both 25 and 25" are even, corresponding

to representations of SO(3);, and consistently there is no sign under a 27 rotation in (3.54).

29More precisely, one can think of a configuration of *t Hooft surfaces in PSU(N) with insertions of instanton
operators of different charges ¢ and ¢’ on their support. Then, 2j and 2j’ are the analogue of m,m, + Nq and
mpem, +N¢q', respectively. Here we are considering generic ¢, ¢’ because there is no analogue of having a trivial
net instanton charge in the non-Abelian case, i.e. the tensor product of two representations of half-integer spin
will always contain also non-trivial representations.
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Irrespectively of the parity of the surfaces, when U}"ﬁ'f[&;] wraps both surfaces, e.g. with
an S* topology, it acts in the representation j ® j' of integer spin, consistently with the
absence of a sign under a 27 rotation in (3.55).

In section 3.2 we discussed how in the PSU(/V) theory the identification m, , ~ m, s +N
is only recovered at the price of inserting pointlike instanton operators on the 't Hooft surfaces.
Similarly here, different choices of the spins j1, 71 and jo, jb, both satisfying (3.56), are related
to each other by picking points P € ~,, P’ € 4, and inserting there instanton operators

in representations J and J’ of integer spin, such that
J1®J2ja, 1@J 2. (3.57)
3.5.1 Comments about the 2-group structure in the E; theory

In [25] it was proposed that in the E; theory the Zgl) 1-form symmetry and the SO(3)§O)
0-form symmetry together form a 2-group, which can be encoded in the relation

0By = w3(80(3)1) s (3.58)

between the background gauge fields of the two symmetries. Here w3 is the third Stiefel-
Whitney class of the SO(3) bundle.

However, it is not immediately clear how to reconcile this 2-group structure with the
't Hooft anomaly (3.49). One possibility is that the two structures fit together giving rise to an
anomalous 2-group. A non-trivial constraint on the anomalies of discrete 2-groups is that the
anomaly-inflow action should be closed [64]. While the 0-form symmetry is continuous in this
example, only discrete data of the SO(3)§O) bundles enter the anomaly (3.49), and therefore
the constraint should apply in this case as well. Clearly, the anomaly-inflow action in (3.49)
is not closed if the background field By satisfies the 2-group relation (3.58). However, there
might be extra terms that can be built out of By and the discrete data of the SO(3)§O) bundle,
and can be added to the anomaly-inflow action, such that: (1) it is still possible to match
the IR anomaly (3.8) when we flow to the IR gauge theory, breaking SO(S)(IO) to U(l)(lo),
and (2) they make the total inflow action closed. We could not find any suitable extension
of the anomaly-inflow action with these features, but it would be worth to investigate this
issue further. Note that, if there is an anomalous 2-group, the symmetry structure of the
E; theory would also be affected and the considerations in the previous section would need
to be amended to take this into account.

An independent indication of this tension is that the presence of the ’t Hooft anomaly may
invalidate some steps in the derivation of the 2-group structure in [25], as we now explain. As
a starting point, the authors of [25] consider the Coulomb branch of the E; theory. They argue
that at a generic point on the Coulomb branch the effective theory is given by a U(1) gauge
theory with massive particles of charge 2 in the fundamental representation of 81(2);. In this
theory, gauge invariant pointlike operators only carry SO(3); representations. Moreover the
Wilson lines of charge 4 can be screened by making them end on pointlike operators in SO(3);
representations, but those of charge 2 can only end on operators which also carry charge
under the Zy center of SU(2)y, i.e. they are in SU(2); representations which are not SO(3);
ones (in particular, they cannot be singlets). One therefore finds a short exact sequence

1—>Z2—>Z4—>Z2—>1, (359)
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expressing that the Zo charges of the unscreened Wilson lines, associated to the unbroken Zgl)

1-form symmetry, are extended by the center of SU(2); to form the Z,4 charges of Wilson lines
that are unscreened by operators in representations of SO(3);. This state of affairs signals
the existence of a 2-group in which (3.58) holds, as explained in [26, 71, 72]. Given that the
1-form and the O-form symmetries exist both on the Coulomb branch and at its origin, where
the F1 SCFT resides, it is then natural to assume that this structure persists in the SCFT.
The way the anomaly affects this argument is by providing us with additional configura-
tions that carry SU(2); representations. In the previous section we have discussed how in the
E, global form, obtained from F; by gauging Zgl), there are configurations of linking surface
operators which are required, by consistency with the anomaly in E1, to carry generic SU(2);
representations. These surface operators are not gauge invariant by themselves in the original
FE, theory with Zgl) symmetry, but they still exists also in E; as non-genuine operators that
are attached to 3-dimensional Gukov-Witten operators. Assuming that moving along the
Coulomb branch does not change the properties of these non-genuine surface operators, we can
terminate the charge-2 Wilson line on a point of one of the two linked magnetic surfaces, where
we also insert the scalar in the fundamental representation of 3u(2);. In this way we can build
a gauge invariant junction that is also uncharged under the center of SU(2), thus screening
the charge-2 Wilson line. Therefore, as a consequence of the anomaly, it is no longer necessary
to use operators that carry charge under the center of SU(2); to screen the line of charge 2,
and the aforementioned argument for the 2-group structure in the SCFT does not apply.

4 Symmetry Topological Field Theory

The Symmetry Topological Field Theory is a (d 4+ 1)-dimensional topological theory which
encodes the RG-invariant data related to the (generalized) global symmetries of all possible
global variants of a given d-dimensional QFT [39-42]. The SymTFT is placed on a slab
between two d-dimensional boundaries: a physical boundary, where it is coupled to the QFT,
and a topological boundary, which imposes topological boundary conditions. These boundary
conditions determine which bulk operators can end at the topological boundary — defining
charged operators after the slab compactification — and which ones can be pushed to the
boundary — defining the symmetry defects of the QFT. From the fusion and the braiding
between these operators, one can extract the symmetry structure of the QFT and all possible
charges carried by its dynamical, non-topological operators for any given global variant.
In this section, we show how our previously described results fit within the SymTFT
framework. We begin by analyzing ordinary Yang-Mills theory with gauge algebra 8u(N),
and then turn to the case of N’ =1 811(2) supersymmetric Yang-Mills and its UV fixed point.

4.1 SymTFT for $u(N) Yang-Mills

For five-dimensional Yang-Mills theory with gauge algebra 3u(N), we propose the six-
dimensional SymTFT described by the (Euclidean) action
SSymTFT = / <—Z]VBQ A dCs + Lb4 ANdA; + L‘NQCZAl A By A Bg) . (4.1)
Ve 27 2m 8T
The dynamical connections Ay, Ba, and C5 are U(1) gauge fields, whose fluxes are quantized
in 277, whereas by is an R gauge field, whose fluxes identically vanish. The first term is
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the usual U(1) BF term that describes Zy (generalized) symmetries, and subgroups thereof,
on the boundary QFT. The second term is a mixed U(1)/R BF term that describes U(1)
symmetries [53, 54]. Finally, the third term is the gauged version of the anomaly-inflow action
that describes the mixed 't Hooft anomaly (3.8). Roughly, 121732 and % should be thought
of as the continuous versions — dynamical in the bulk — of the discrete background gauge
fields By and Cs of the electric Zg\l,) and the magnetic ZS\Q,) symmetries of the SU(N) and

PSU(N) global variant of the boundary QFT, respectively, whereas A; is the bulk version of
31

the U(l)go) background gauge field.?Y The gauge transformations are

By — By 4+ dAq, Cg—)Cg-l—dAz-i—%dAl/\Al, Ay — Ay +dAg, by — by + d)g,

(4.2)

where §dA; € 277 and §dAs = 0. Under these gauge transformations the action (4.1)
transforms as a local total derivative,

N

. N
dAy A dCs + ——dhs A dA; — ——dAy A dA; A dA1> .
2 2 872

(4.3)

Recalling the quantization conditions of the gauge fields and their transformations, it follows
32

SSymTFT — SSymTFT + /y <
6

that the variation above is an integer multiple of 27 on a closed manifold )Js.°¢ Hence,
the theory is gauge invariant. All gauge fields have gauge invariant field strengths with
the exception of (3, for which the naive field strength needs to be modified to the gauge
invariant combination dC35 — %Bg A dA1. The non-trivial gauge transformation of dC3 signal
a 3-group bundle which can potentially produce a higher-group symmetry after the slab
compactification (this will indeed be the case for some global variants discussed below). Note
that all field strengths vanish on-shell.

Topological operators are given by the Wilson surfaces of By, Aj, and by, defined on

closed manifolds X; as

W3'[22] = exp (zn% 32) , WP[E1] = exp (lpf Al) , Wi ¥4] = exp <m]{ b4> ;
¥y o 21 Jy,
(4.4)
where gauge invariance requires m,p € Z, whereas a € R. Instead, the Wilson surface of
Cs is not gauge invariant and needs to be dressed as

—~ 1
W?[Zg, D4] = exp (Zm ( C3 — o By A dA1>> , (4.5)
33

T JD,

30Interestingly, one can consider the theory on My x S?, where My is a spin manifold and S? is a sphere
with unit volume form 22. In presence of a non-trivial flux §52 dA; = 27l one can perform a dimensional
reduction on S2, by taking C3 = C1 A Q2 and both B, and C) to have only components along My, to obtain
the continuous description of a Zx Dijkgraaf-Witten theory with twist ¢, studied in [73]. This corresponds to
the 4d SymTFT describing the global variants of a 3d Yang-Mills-Chern-Simons theory with gauge algebra
8u(N) and Chern-Simons level k such that £ = k mod N, studied in [58].

31Notice that the gauge transformations of C3 are well-defined. Indeed, the ambiguity of A; is a closed form
dAo with periods that are integer multiples of 27r. This ambiguity produces a shift Cs — Cs + %dAl A dAo,
which is correctly quantized and can be reabsorbed by a dA2 gauge transformation. Moreover, under gauge
transformations dC'3 shifts as dCs — dC'3 + id/\l A dAq, preserving the correct flux quantization condition.

32This is always true for even N. As we want to connect this theory to the 5d analysis, we can assume for
simplicity that any oriented four-cycle ¥4 is spin, such that the last term of the gauge variation (4.3) is a
multiple of 27 also for odd N.
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where Dy is an open surface with 0D, = X3 — which is thus a homologically trivial closed
manifold — and gauge invariance requires m € Z. Notice that the dependence of f/Iv/gn on Dy
is only activated by insertion of W{[X,], which imposes dA; = o §(®)(34). Without insertion
of W [%4] we have that dA; = 0 on-shell, and thus WJ" only depends on 3.

The non-trivial bulk correlation functions of the theory can be computed to be

WIS E0, D)) = exp (=73 L2, 59))
(WY [E1]W[2B4]) = exp (iap L2(X1,%4)) (4.6)

W ST S, DAWS (S5 D) = exp (5" La(E0 Z. 55) )

From the correlation functions, we conclude that the labels of the operators in (4.4) are
subject to the identifications

n~n+N, a~a+2nN, (4.7)

whereas no identification holds for p. In fact, note that the second correlator in (4.6) would
only give an identification o ~ a 4 27, but the third correlator shows that the periodicity
of a is actually extended. This can also be understood by performing the sum over fluxes
of the U(1) gauge field A; in (4.1), which gives

N
exp <Z% (b4 + —Bs A Bg)) =1, (48)
o 4

together with the fact that

N 27 N By NB2) <2m's)
— BoABy | = — A = Zyn . (4.9
exp (47r -, 2 2> exp <2N ?{24 or or exp N ) s€Zy . (4.9)

The operator in the exponent is the continuous version of %’P(Bg). Thus, we get
WSy =1, (4.10)

namely that o € U(1) = R/Z = [0,27N). The naive periodicity of W§, o ~ v + 27, is thus
extended by the cubic term in the SymTFT to be a« ~ o 4+ 27 N.

Concerning the label of the operator ngn [X3, Dy4], we see that the identification m ~ m+N
from the first correlator in (4.6) is broken by the third correlator. This is the manifestation
in the SymTFT of a fact already observed in section 3, namely that one needs to consider an
integer lift of the magnetic charges of 't Hooft surfaces in order to define their correlator with
the defect of the instantonic symmetry. Similarly to what we discussed there, the arbitrariness
in the integer lift corresponds to the arbitrariness in adding operators that are charged under
the instantonic symmetry. In the context of the SymTFT, these are the line operators W}.

Indeed, the equation of motion for Cs implies that inserting the operators W?[Zg, D]
and WiV 4, D] is equivalent to turning on

2T
By=" (m 6@ (D) +m's? (D)) (4.11)
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Dy

Figure 3. Three-dimensional depiction of the two 3-surfaces with intersecting fillings representing
the insertion of the magnetic operators Wg" [¥3, D4] and ng’ [3%, D}] in six dimensions. When we
shift their labels, we generate two Wilson lines for Ay, with opposite charges, at the two boundaries of
the intersection of their fillings Dy N D).

If we shift m — m + pN and m’ — m’ + p'N, then Bs varies by 27 (p §@(Dy) + p/6® (Dg))
Consequently, the on-shell action in the presence of the two magnetic operators, after Cj
is integrated out, varies by

—i(mp’ +pm/ + pp'N) / dA; . (4.12)
DsND)

This corresponds to the insertion, on each of the two disconnected components of 9(D4 N D))
that are 3N D) and ¥4 N Dy, of a Wilson line of A; with integer charge F(mp’ +pm/+pp'N),
respectively, as depicted in figure 3. Whenever we insert two magnetic operators that activate
the triple-linking and whose fillings intersect, we can also insert a Wilson line for A; with
charge +q € Z, respectively, on each component of the boundary of their intersection. Thus,
the correct label identification is

(m+pN,m'+p'N,q) ~ (m,m',q—mp’ —pm’ —pp'N), (4.13)

as in (3.30). As we will discuss below, the two Wilson lines for A; correspond to the
insertion of two pointlike instanton operators with opposite charges on the worldvolume of
the magnetic operators (that represent the 't Hooft surfaces of the theory), in agreement
with the discussion in section 3.

4.1.1 Global variants and boundary conditions

In the SymTFT framework, the discussion of the global variants of the 81 (/N) Yang-Mills
theory can be done in (at least) two equivalent ways.

One possibility is to classify the possible topological boundary conditions of the theory
in (4.1), once ) is taken to be a slab manifold with a topological and a physical boundary. At
the physical boundary one puts the physical (non-topological) theory, whose operators couple
to the dynamical bulk fields. At the topological boundary, one can introduce localized fields
(usually referred to as topological edge modes) that cancel the variation of the action under a
gauge transformation in the presence of a boundary. The set of possible topological boundary
conditions is in one-to-one correspondence with the global variants of the physical theory.
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Another possibility is to classify the possible Lagrangian algebras of the bulk theory. A
Lagrangian algebra L is a set of bulk topological operators of the theory that are closed
(i.e. the fusion of any two elements gives another element of the set), mutually transparent
with respect to both double- and triple-linking (i.e. all correlators in (4.6) between elements
of the set are trivial), and maximal (i.e. no other operator can be added to the set). The
bulk operators in a given choice of £ correspond to the ones that can end on the boundary,
so that each choice of £ is a choice of charges in the boundary theory. Instead, the bulk
operators of the theory modulo £ correspond to the ones that can lie on the boundary, thus
giving the symmetry defects in the boundary theory.

Let us explore these two possibilities in turn.

Topological boundary conditions. If ) is a manifold with a boundary 0)s, the gauge
variation of the action in (4.3) is given by the boundary term

N . .
SymTFT — SsymTET+ (—ZdAl ACs+ ——dhg A Ay — Ay A dA A dA1> . (4.14)
oys \ 2m 27 872

To cancel this variation at the topological boundary dY{, we can write the boundary action

" . N
Sy = / ( — LBQ A (dCQ — 7“03) + L(dAo — Al) A by + Lz(dAo — Al) A By A Bg),
A% 2m 27 8w
(4.15)
where k,r € Z, whereas Co and Ag are U(1) edge modes, with gauge transformations

CQ—>CQ+dAC+TA2+2LAO/\dA1, Ay — Ag+2mn4 + Ay, (4.16)
m

where ¢ dA¢ € 2n7Z and ny € Z, to be considered together with the ones in (4.2). Under
these gauge transformations, the boundary action transforms (modulo 27Z) as

k ' [(2kr — N
Sy — S+ <”dA1 ACs— ——dhg A Ay + %Al AdAy A dA,
oyr \ 2m 2 8T (4.17)
_ M(dAo — A) A By /\d/\1)
472 ’
which cancels the variation in (4.14) if and only if
N =Fkr. (4.18)

This implies that the choice of the above boundary action corresponds to the choice of
a divisor k of N.

We now determine the topological boundary conditions for each k. To this end, we
compute the variation of the bulk action (on-shell on the bulk equations of motion), which
gives the boundary term

$Ssmrrely = |

oyr \ 21 27

i IN ] N
( ! By ANOC5 + L <b4 + —DBsy A BQ) AN (SAl) . (419)
A 4
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Instead, the variation coming from the boundary action (we only write the terms involving
variations of the bulk fields) is

(553:/ ( BQ/\(SC3—2£ (dCQ—T'C3—(dAO_A1)/\B2> N 0B
oyT

v (4.20)
L(dAo — Al) A O0by — — <b4 + —DBy A B2> A 5A1> .
2 2 4
Imposing that (4.19) and (4.20) cancel and using (4.18), we find
N
ZC%’@ =dCy, Ailsg = dAy . (4.21)

Summing over the fluxes of the U(1) edge modes gives the relation (4.8) on the boundary,
but also

exp (1]97{ B2> =1, Y,coyt. (4.22)
P3P

Instead, the terms involving variations of the edge modes give equations that are trivially
satisfied. The equations (4.21) and (4.22) (together with (4.8) on the boundary) constitute
the set of topological boundary conditions.
We now show that the topological boundary conditions found above give rise to the
U(N)/Zy. global variant of the theory. The operators W3' in (4.4), with n = ik and @i € Zy,
can end at the boundary due to (4.22), and furnish the Wilson lines that are charged under
the Zg\lf}k
Wg”, defined in (4.5), with m € Zyyi: these operators are the ones that, when laid on the

electric 1-form symmetry of the SU(N)/Zj, theory. The latter is generated by

boundary, are not trivialized due to the first of (4.21). The latter equation also implies that
the operators Wg” (X3, Y], with m = mN/k and m € Zj, can end at the boundary on the
lines of 5. In this case, we also have to consider the dressing of such operators, so that the
full configuration that ends at the boundary — depicted in figure 4 — is given by

N N/k N/k
exp (Zﬁl ( / C3 — 7/ By ANdA1 + Cy — 7/ By A (dAg — Al))) , (4.23)
k Yy V2 2m I

where o, M3 C OYI, 0Yy, = X3 U M3, and OM3 = —9X3 = 2. They furnish the 't Hooft
surfaces that are charged under the Z,(f) magnetic 2-form symmetry of the SU(N)/Zy
symmetry, generated by W3 with n € Zj — which are the ones that, when laid on the
boundary, are not trivialized due to (4.22). Notice that the dependence on Mj3 and Yy
trivializes on-shell, but it is important when considering configurations that activate the
triple-linking, or more generally in the presence of a non-trivial instantonic background.

Due to the second of (4.21), in all global variants we can end the lines W/ [X;], for all
p € Z, on a point P at the boundary,

exp (ip ( /X v AO(P)>> , (4.24)

where 0X; = —P. These correspond to the instantonic operators with integer charge,
measured by the operators Wj* that can always be laid on the boundary and are the
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X3

Figure 4. The configuration (4.23) of the operators WrmN/k [X3,Y,] ending at the topological
boundary 8)/6 .

generators of U(1 )( ). Notice that if o € 2nZ, then the corresponding Wi* does not act on
the instanton operators, but it acts instead on two linked 't Hooft surfaces. The U(1 )go)
periodicity in each global variant can be simply determined by using (4.22) — rewritten as
kBs|g = dB1, where Bj is an ordinary U(1) gauge field — in the relation (4.8). We get that

iN 2miN 27is
exp <47r 3 By A B2> = exp (W 3 dBy A dBl) = exp ( ) , § € LyL,

k/L
(4.25)

which implies that o ~ « + 27k /L, consistently with the discussion in section 3.4.

Let us now specify to the boundary conditions associated to the SU(N) and PSU(N)
theories. If kK = 1, we are describing a Dirichlet boundary condition for B, corresponding
to the SU(N) global variant. The relation (4.22) implies that all Wilson surfaces of By
are trivial when laid on the boundary, so that there is no 2-form symmetry. The first
of (4.21) implies that there is a Zg\l,) 1-form symmetry, acting on the Wilson surfaces of
B> that end at the boundary.

If £k = N, we are describing a Dirichlet boundary condition for C5, corresponding to
the PSU(N) global variant. The relations (4.21) imply that all (suitably dressed) Wilson
surfaces of C3 are trivial when laid on the boundary, so that there is no 1-form symmetry.
Instead, the relation (4.22) implies that there is a Z%) 2-form symmetry, acting on the
Wilson surfaces of C3 that end at the boundary. In this case, the configuration ending at
the topological boundary shown in (4.23) becomes

Wi X3, Yy, Y2, M3]

:exp(im( C'3—i BQ/\dAl—i-j{ Cg—i Bg/\(dAo—Al))>,
X3 2 Y2 2

™ JYy s Ms

(4.26)

where m € Z. The fact that Wilson surfaces of Bs do not trivialize at the boundary implies
that U(1 )(0) has the whole 2n N periodicity. The extension of the instantonic symmetry is
only activated when the symmetry defect acts on a suitable Conﬁguratlon of the operators
in (4.26) via the triple-linking. Such configuration is realized when W3 ,W3 " end on surfaces
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Y2, Y4, respectively, that double-link at the boundary. Then, it is possible to pick the bulk
support of the defects X3, X} such that in the bulk they form a triple-linking configuration
with the instantonic defect. By construction, the instantonic defect also triple-links at the
boundary with the surfaces 72,7%. Thanks to the mechanism described in (4.12), under
the shift m — m + pN and m’ — m/ + p’ N Wilson lines of Ay are inserted on the two
disconnected components of 9(Yy NY}). Given the specified configuration, these lines end on
two points at the boundary of Mz N Mj, i.e. in M3 N~5 and in M4 N~2. The endpoints of the
Wilson lines furnish instanton operators inserted on the support of the 't Hooft surfaces. This
discussion bridges the identification of operators (4.13) in the bulk with the identification
of charge labels (3.30) in the boundary theory.

Lagrangian algebras. The SU(NV) global form is associated to the Lagrangian algebra
L={WY W3 W}|pEZin€ly;a=2rq,qELN} . (4.27)

This Lagrangian algebra is equivalent to choosing Dirichlet boundary conditions for Bs, A1 and
Neumann boundary conditions for Cs, by. The operators W3' can end on a curve v; € 0)s
on the boundary. They represent Wilson lines of the 5d theory supported on 1, which
carry charge n € Zy under a Z%) electric 1-form symmetry. The operators Wg” can lie on
the boundary and represent the codimension-two symmetry defects of the electric 1-form
symmetry of the boundary 5d QFT. Note that these operators lose their dependence on
D, if no instantonic background is turned on. They measure the Zy electric charge of the
Wilson lines via the first correlator in (4.6).

Since Bs vanishes on 0)g, the operator in (4.9) always trivializes on the boundary. Thus,
when laid on the boundary, the U(l)go) symmetry defects W§* satisfy W2™ = 1. This means
that the periodicity of a is a ~ «a + 2.

The cubic term in the SymTFT action is constructed only with fields that have Dirichlet
boundary conditions, and thus indicates a mixed 't Hooft anomaly between U(l)go) and Z%).
This is also clear from the fact that the generators of this symmetry have non-trivial mutual
braiding, as is evident from the third correlator of (4.6). The anomaly inflow after the slab

compactification is correctly reproduced by the identification

. . 9
% e dA1 ANBys AN By +— % /)}6 2 [6247::|N U <3\7;> 7)(82) . (428)
Moreover, the 3-group structure encoded in the bulk gauge transformations of Cj is trivialized
by the boundary condition for Bs.

We then see that Dirichlet boundary conditions for A; and By give a 5d theory with a
Zg\l,) electric 1-form symmetry, a U(l)go) 0-form symmetry with periodicity 27, and a mixed
't Hooft anomaly between them. Thus, these boundary conditions correspond to the SU(N)
global form of the gauge group.

The PSU(N) global form is associated to the Lagrangian algebra
L={WP W |peZ:mel}, (4.29)

which corresponds to Dirichlet boundary conditions for C5, A1 and Neumann boundary
conditions for By, bs. The operators W3 can end on a two-surface y2 € 9)s on the boundary.
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They represent 't Hooft surfaces of the 5d theory supported on 7, which carry charge
m mod N € Zy under a Zg\Q,) magnetic 2-form symmetry. The operators W3' can lie on the
boundary and represent the codimension-three symmetry defects of the magnetic 2-form
symmetry of the boundary 5d QFT. They measure the Z magnetic charge of the 't Hooft
surfaces via the first correlator in (4.6).

Since By does not vanish on 0)s, the operator in (4.9) does not necessarily trivialize on
the boundary. Thus, when laid on the boundary, the U(l)go) symmetry defects W2 can
be non-trivial. This means that the periodicity of « is now extended to be a ~ a + 27w N.
However, we see that the symmetry defect W2™ does not act on pointlike operators, given
that the second correlator in (4.6) vanishes when «a € 27Z. As we discussed in the previous
section, this is related to the fact that there is no PSU(XNV) fractional instanton on S* — the
four-cycle that wraps a point in 5d. However, this symmetry measures a non-trivial Zy
instanton charge of operators that are supported on geometric configurations that can be
wrapped by a four-cycle 34, such that the charge of the corresponding PSU(N) instanton
can be fractional. In our case, these are given by two linked 't Hooft surfaces. As shown by
the third correlator in (4.6), this configuration has a non-trivial charge, measured by WZ".

The cubic term in the SymTFT action does not correspond now to a mixed 't Hooft
anomaly, as By has Neumann boundary conditions. In other words, the third correlator
in (4.6) has now the interpretation of a symmetry defect measuring the charge of an operator
which is not a symmetry defect itself, as it was instead in the previous case. Here the 3-group
structure is absent as well, now due to the boundary condition of C'.

We then see that Dirichlet boundary conditions for A; and C5 give a 5d theory with a
Zg\zf) magnetic 2-form symmetry and a U(l)(IO) 0-form symmetry with periodicity 27 N. With
respect to the previous case, the U(l)go) symmetry is extended by Zg\?), with this extension
acting on a particular class of extended operators, only. Thus, these boundary conditions
correspond to the PSU(N) global form of the gauge group.

Finally, in the generic case with global form SU(N)/Zy, the Lagrangian algebra is given by

__ N _ k
Ez{W{’,WQ”,W;;",WE|p€Z;n:kﬁ,ﬁEZN/k;m:?m,mEZ;a:%rzq,quﬂL},
k
(4.30)

where L = ged(k, N/k). It is easy to check that the operators in the Lagrangian algebra
are mutually transparent. Indeed, the two-component braiding phases between any two
elements of the Lagrangian algebra are trivial,

271 k
exp ( sz\?rnn) =exp (2mimn) =1, exp(iap) = exp <2m’Lqp) =1, (4.31)
as well as the three-component braiding phase,
' ! N/k
exp (m%m ) — exp (2mL/qmm’> —1. (4.32)

Therefore, for general k the periodicity of U(l)go) is « ~ o+ 2wk/L. In each global variant,

the electric symmetry is Zg\l,}k and the magnetic symmetry is Z,(f).
Let us now analyze the different symmetry structures in each global variant to show how

the results of section 3.4 are matched by the SymTFT (4.1).
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e The mixed 't Hooft anomaly between the electric and the instantonic symmetries, given
by the cubic term in the action, is present whenever there are non-trivial operators
of both A; and Bj that can terminate on the boundary, that is when k # N, namely
for all global forms but PSU(N). To show this, consider the triple correlator between
the defects of the instantonic symmetry and the electric symmetries after the slab
compactification. These are given by the bulk topological operators Wy and VA[7§”,
modulo the ones that are included in the Lagrangian algebra (4.30), and thus they
are labeled by « 4 27ka/L and m — bN/k, respectively, where a,b € Z are arbitrary,
a € [0,27k/L) and m € Zyy;,. Their correlator, signaling a mixed 't Hooft anomaly
when it is not trivialized, is

exp (]i/ (a + 2ﬂ§k) (m - bj;j) (m’ - b'i)) . (4.33)

There is a choice of a, b, and b such that this braiding phase is trivial for all «, m,

and m/ if and only if & = N. Indeed, if K = N then m = m’ = 0 and one can simply
choose b = b’ = 0 to trivialize the phase. Conversely, to show that k = N is a necessary
condition, it is enough to specify to the case where m = m’ = 1 and « is irrational.
In this case, in order to trivialize (4.33), a can be chosen to vanish without loss of
generality and

N\?2 N
b’ <k> — )T 1=0. (4.34)

It is easy to show that if this relation is satisfied then k = N,33 so that the anomaly is
trivialized in this case.

Finally, notice that the anomaly-inflow action is correctly reproduced, after the slab
compactification, by the identification??

iN iN dA; 21\2 SNk
— | dAiAByAB —/ 2 {} u() By, 4.35
872 Jy, 1 2 2 872y, L N N P(By"") ( )

which gives the first term in (3.48).

e The mixed ’t Hooft anomaly between the electric and the magnetic symmetries, given
by the U(1) BF term in the action, is present whenever L # 1. To show this, consider
the mutual braiding between the electric and the magnetic symmetry operators after
the slab compactification. These are given by the bulk topological operators W3 and
Wg”, modulo the ones that are included in the Lagrangian algebra (4.30), and thus
they are labeled by n — ak and m — bN/k, respectively, where a,b € Z are arbitrary,

33Indeed, the solutions of (4.34) are N/k = 1/b and N/k = 1/, which imply that N/k = 1, given that b,
b’, and N/k are all integers.
34We convert the U(1) gauge fields B2 and C3 into Zn ones, that we further decompose in a Zjy and a ZN/k
part, so that
2 21 (N -y SN/ k 27 2 N e
BQHFBQ]:W(?ﬁQ"FBQ/), CgHWCéV:W(ko?)k +C3>,

where 572“ and 2;\7/ F are gauged while @;V /F and a’;“ are the background gauge fields (from the boundary
viewpoint).
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n € Zy and m € Zyy,. Their braiding phase, signaling a mixed 't Hooft anomaly when
it is not trivialized, is

exp <—2Nm(n — ak) (m - b]]:j)) , (4.36)

which is trivial for all m and n if and only if there is a choice of a and b such that
N
akm + bn? =nm mod N . (4.37)

It is easy to show that this condition is satisfied if and only if L = 1,3 so that the
anomaly is trivialized in this case.

Finally, notice that the anomaly inflow is reproduced by the identification (after
integrating by parts, using the dictionary in footnote 34 and the relation (3.39))
iIN iIN SN/k 2T 5 2m N/k

27
2 1y, P 2 Jy N0 0 === | Bock 4.
o Jy, 2 NC3 = o Jy N By, U —C3 K by, ock(By"")UCs, (4.38)

where Cs € Zy, which gives the second term in (3.48).

e The 3-group structure survives after the slab compactification when there are symmetry
defect operators that need to be dressed by other operators, in presence of non-trivial
background fields. In our case, the boundary symmetry operators that need dressing
are Wg, labeled by m — bN/k, where b € Z is arbitrary and m € Z /. Their operator-
valued dressing is obtained by plugging kBa|s = dB; (where By is a properly quantized
U(1) gauge field) in presence of a non-trivial background for the instantonic symmetry,

. N\ 1 dB1 dA;
exp (—27” (m — bk) E /D4 ﬁ A 27_[_) s D4 C 8y6, (439)

which is trivialized when

m — b% =0 mod k . (4.40)

It is easy to show that this condition is satisfied for all m if and only if L = 1.36 Thus,
there is a non-trivial 3-group structure whenever L # 1.

35The fact that L = 1 is necessary follows by choosing m = n = 1. In this case, the condition (4.37)
simply reads ak + bN/k = 1 mod N. Using Bézout lemma, there exist a,b € Z such that the left-hand side
is ¢L, where ¢ can be an arbitrary integer (which depends on the choice of a,b). Thus, we have cL = 1
mod N and clearly ¢cL = 0 mod L. Since L divides N, this is only possible if ¢ = 1 which implies L = 1.
The fact that L = 1 is sufficient follows by rewriting the left-hand side of (4.37) as L'(au + bv) where
L’ =ged(n,m), u=k-m/L" and v = N/k-n/L’. Using again Bézout lemma, there exist a,b € Z such that
au + bv = cged(u,v) = cged(k,n/L") ged(N/k,m/L"), where ¢ can be an arbitrary integer (which depends
on the choice of a,b) and in the second step we used that ged(k, N/k) = ged(n/L',m/L") = 1. In this way,
the left-hand side is ¢ L'ged(k,n/L’) ged(N/k,m/L"). By suitably choosing c, this coincides with nm, as the
latter is a multiple of L'ged(k,n/L’) gcd(N/k,m/L"). Hence, (4.37) is satisfied.

36The condition (4.40) is equivalent to finding arbitrary integers a and b such that any m can be rewritten
as m = ak + bN/k. By Bézout lemma, this is m = cL, where c is an arbitrary integer. Thus, we can write any
m in this form if and only if L = 1.
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Finally, notice that the gauge invariant magnetic field strength is reconstructed via the
identification (using again the dictionary in footnote 34)

A
dCs— By A L —563——BN/k [

dA
o 1} (4.41)

2T

Since dC3 € Zy,, collecting from the right-hand side 27 /N, reducing to Zj, and using the
equations of motion, we reproduce the vanishing gauge invariant field strength of (3.47).

4.2 SymTFT for the F; theory and its variants

In section 3.5 we discussed the symmetry structure and the extended operators of the E;
SCFT, that is obtained by gauging the Zgl) symmetry of the E; SCFT. We now want to
exploit the framework of the SymTFT to analyze how these different global variants can be
obtained from different boundary conditions at the topological boundary.

Following recent work on how to generalize the SymTFT framework to non-Abelian
O-form symmetries [53, 54, 74-77], building on earlier mathematical work [78-80], we propose
the action

P(B2)
2

SSymTFT = / (Z?T By U 6C3 +o- (54, Fy) +im U w2(30(3))) ; (4.42)

Yo
where By and C3 are cochains in C?()s, Zso) and C3(Vs, Zg) respectlvely, F=dA+1A1NA
is the field strength of the non-Abelian gauge field A; = A1 T by = b4 T is an adjoint-valued
4-form real gauge field, and (-,-) is the Killing form on 81(2). Notice that the cubic term
is the inflow action (3.49) associated to the mixed 't Hooft anomaly in the E; theory (up
to a five-dimensional counterterm).

As we discussed in section 3.5, the 0-form symmetry in the physical theory can be either
SO(3); or SU(2); depending on the global structure. However, the SymTFT is formulated
with gauge group SO(3) for the bulk gauge field A;. This is consistent because in all the global
structures that we consider there are only pointlike operators in SO(3); representations, and
this choice of gauge group ensures that we only include the corresponding bulk Wilson lines.

One can show that the action (4.42), on a closed 6-manifold, is invariant under the
gauge transformations

C3 — C3+ 6Aa — A\ Uw2(SO(3)),

4.43
Ay — g Ajg +igldg, “4)

by — g 'bag + D)3,

where ¢ is a group element of SO(3) and D(-) = (d+iA;1A)(+) is the gauge-covariant derivative
with respect to A;. The equations of motion are

0By =0, 0C3 + By U 'UJQ(SO(S)) =0, Fy =0, Dby =0. (4.44)
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Let us now consider the bulk topological operators. Using Bs and Co, we can build
operators analogous to those of the previous section,

W3 [32] = exp (m’nf Bg) ,
Yo

- (4.45)
W3m[23, D4] = exp (iﬂ'm (% Cs + By U ’LUQ(SO(3)))> ,
DI Dy
with m,n € Zs and 0Dy = 3. Using A; we can build the Wilson line operators
W] = Trg, P exp (z% A1> , (4.46)
7

in a representation R; of SO(3) with spin j € N and dimension 2j + 1.

Before discussing the operators we can build with b4, let us recall some basic facts
about SU(2) and SO(3) groups. We can build any element of SU(2) as Uy z = exp (19@)
where 0 € [0,47) and 7 is a unit vector. Conjugacy classes of SU(2) are in one-to-one
correspondence with the value of the trace,

e 0 0
Tl"Ugﬁ = TI"U@,;7 =Tr 0 | — QCOS*7 (4.47)
’ ’ 0 e 2 2
and so are parametrized by 6 € [0,27]. For SO(3) we can write any element as Ry ; =
exp (iﬁﬁ . ff) where now 0 € [0,27). Again conjugacy classes are in one-to-one correspondence
with the value of the trace,

cosf) —sinf 0
TrRgj3 =TrRyp:=Tr|sinf cosf 0] =1+2cos0, (4.48)
0 0 1

and so are parametrized by 6 € [0, 7).
The topological operators for by are labeled in the bulk by a parameter # and are given by

Up[Z4] = /dgexp (274 (99T3 9_1,54)> ; (4.49)
34
where the integral is over all g € SO(3) using the Haar measure. One can prove [75] that

_ X3 (0L2(X4,m1))

dimR, (Winl). (4.50)

(Up[Sa]WH [m1])

where x; is the character of the representation R; and Ly(X4, ) is the double-linking defined
in (2.6). Recall that the character®” is given by

X;(0) = Trg, exp(i0T3) = > & = sin (SZ(;/;))Q/Q)

m=—j

(4.51)

Therefore, if we only allow for lines of spin j € N, the symmetry of the correlation func-
tion (4.50) under § — —6 and 6 — 6 + 27 allows to restrict the range of the parameter 6 to

37The traces (4.47) and (4.48) coincide respectively with X%(G) and x1(0).
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the interval [0, 7]. This is the range of 6 corresponding to the conjugacy classes of SO(3).
Notice that if we plug a half-integer j in (4.51) we obtain the character for the corresponding
representation of SU(2), and consistently in this case the range of  is [0, 27].

Let us now consider two magnetic operators Wi"[$s, Dy] and W[4, D] whose fillings
D4 and D) intersect. If we sum over Cs, this corresponds to the insertion of the operator

w2(30(3))> . (4.52)

exp (—iﬂ'mm/

DsND)
The consistency of this insertion on an open manifold requires to specify an additional label
j, namely its boundary behaves in correlation functions like a Wilson line of spin j, with
[2j]2 = mm’. Since O(D4 N DY) has two disconnected components, we actually need to specify
two labels j and j/, with [2j]a = [2j]2 = mm/, one for each connected components. If either
m or m’ are 0 mod 2 this is consistent with trivial lines at the boundary. However, if both
m and m’ are 1 mod 2, the lines at the boundary have half-integer spins j and 7', i.e. they
are in SU(2); representations. Different choices of j, 5’ satisfying [2j]a = [2j']o = mm/ are
related by the insertion of Wilson lines of A; with integer spin at the disconnected boundary
of Dy N D). These lines are the non-Abelian version of the line (4.12) in the previous section.
Thus we can write the action of Uy[>¥4] on this configuration as

(Uo[Sa]W5" S5, D)W [£5, DY)

_ X (0La(E4, %3 0 DY) xjr (0L2(X4, 55 N D))
diij diij/

_ I (4.53)
(W3" 33, Da]W3™ [, DA)

where [2j]2 = [2j']a = mm/. Note that x;(0) = dimR;, so if ¥4 links with only one of the
two boundaries and mm’ = 1, the correlation function (4.53) contains a single character of
half-integer spin.®® As a result, in this case the range of  cannot be restricted to [0, 7] as
for the correlation function (4.50), but is rather extended to [0, 2], which is the one of the
conjugacy classes of SU(2). Thus, the relation above encodes in the bulk the possibility of
the enhancement of the global symmetry of the boundary theory from SO(3); to SU(2)y,
which happens in a specific global variant, as we now show.

The symmetry structure in the physical theory is specified by the choice of topological
boundary conditions. Since the O-form instantonic symmetry is a global symmetry in
the 5d theory, the boundary conditions for A; are always Dirichlet. Pointlike operators
transforming in representations R of SO(3)§O) are given, in the slab picture, by open Wilson
line operators that are suspended between a point on the physical boundary and a point
on the topological boundary, where they can end. What distinguishes between E; and E;
are instead the boundary conditions of By and C3. Dirichlet boundary conditions for Bo
provide line operators charged under a Zgl) symmetry, constructed via suspended surface
operators of the latter gauge field. Moreover, the cubic term in (4.42) reduces in this case to

38The argument of the character of half-integer spin can always be recast in terms of the triple-
linking. Indeed using (2.14) we can rewrite Lo(X4,%3 N D}) = L3(X4,X3,25) — L2(34, 35 N Dy).
From the properties of characters it then follows that x; (0L2(X4,33 N D}))x; (0L2(24, 35N D)) =
X; (0L3(24,%3,35)) Xjre; (0L2(4, 5 N Dy)). The residual dependence on the double-linking is only through
characters of representations with integer spin.
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the anomaly inflow of the theory after slab compactification. Hence, we conclude that this
choice of topological boundary conditions produces the F; global variant. Dirichlet boundary
conditions for Cs, instead, provide surface operators charged under a Zg) symmetry. This
second global variant corresponds to the E; theory.

Notice that the topological bulk operators Uy[¥4] are labeled by conjugacy classes and
not by group elements. The g-dependent integrand in (4.49) seems to define a bulk operator
labeled by a group element, but actually it is not gauge invariant [75, 76]. However, after
the latter operator is pushed to the boundary and the slab is compactified (with Dirichlet
boundary conditions for A;), it becomes a topological gauge invariant operator that, acting
on the endpoint of the open Wilson lines of A, generates the non-Abelian global symmetry
of the boundary theory [75, 76].

Let us recall that the configuration of operators Wg in eq. (4.53) is responsible for the
extension of the parameter . This configuration is not possible when the 3-dimensional
operators are pushed to the boundary (FE; theory). As a result, in E; the global form of the
instantonic symmetry is SO(3);7. When Wi are allowed to end at the boundary (E; theory),
instead, the same bulk configuration produces linking surface operators at the boundary.
In this case, from the bulk operator labeled by SU(2) conjugacy classes one gets boundary
topological operators labeled by the group SU(2). The linking surfaces are “charged” under
the extension. Therefore, for E; the instantonic symmetry is SU(2);.

Finally, let us comment on the compatibility between the anomaly and the possible
2-group structure, that we already discussed in section 3.5.1, from the point of view of
the SymTFT. Including the 2-group structure (3.58) requires to supplement the SymTFT
action (4.42) with the extra term

/y im Cs Uws(SO(3)) . (4.54)

If one would ignore the cubic term responsible for the 't Hooft anomaly, the term (4.54) would
imply a 2-group for the F; global variant, and a mixed ’t Hooft anomaly for the E; global
variant. However, in the presence of the cubic term, due to the gauge transformations (4.43)
this additional extra term spoils the gauge invariance of the action on a closed 6-manifold,
the variation of the action being — fyG im A1 Uwe Uws. We were not able to find a different
version of the SymTFT action consistent with both the 2-group structure and the 't Hooft
anomaly. We leave a detailed treatment of this issue for future investigations.
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A Anomalous 3-group for SU(N)/Z;

In this appendix we provide details about the results presented in section 3.4 for the SU(N)/Zj,
gauge theory. First, we prove that the decomposition (3.37) and the relation (3.38) hold.
Then, we show that the expression (3.45) for the SU(N)/Zy, partition function is consistent
with gauge transformations of the dynamical field 65, and that the symmetry structure of
the SU(N)/Zj gauge theory is that of an (anomalous) 3-group. To simplify the discussion,
we will assume no torsion cycles so that the definition of the square operation of Zy gauge
fields takes analogous expressions for NV even or odd.

A.1 Zpn gauge fields and group extensions

Our task is to decompose By € H%(Ms,Zy) in a Z,(gl) and a Zg\lf}k part. This cannot be
done just at the level of the cohomology, but requires to uplift to the cochains. The short
exact sequence (3.36), which we repeat here,

1= Z S Zy 5 Zyyp — 1, (A.1)

translates into a short exact sequence of cochain complexes,

5 5 5
1 —— C"(Ms5,Zy) ——s C" (M5, Zy) —— C"(M5,Zyjg) — 1
1) ) 1)

1 —— O™ (M5, Zy) —— C"H (M5, Zy) —T— C"FH (M5, Zyyy,) — 1

1) 0 1)
. N 2 . N/k N\ : .
Given an element B3 of C*(Ms,Zy), denote with By, " = 7w(B3') its image under the
projection w. To obtain the decomposition, we need to make a choice of a pre-image of m for

any cochain in C?(Ms, Zyy)- Denoting with gév/k the fixed choice of pre-image for Bév/k,

we have F(gév/k) =7m(BY) = Bév/k and therefore gév/k — BY € Kerm = Imi. As a result
BY =i(8%) + BY'", (A:2)

for a certain By € C?(Ms,Zy), that is fixed once the pre-image gév /% is. A convenient explicit
choice for the pre-image, that we will use below, consists in uplifting Bév *to 7 N~ by assigning
values between 0 and N/k — 1 mod N. This leads to the decomposition

N ~ -
BY = Bk 4 BY/* (A.3)
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where the hats denote the uplift to Zy for B and Bév * As explained in section 3.4, they
are uplifted by taking the value mod N between 0 and k£ — 1 and between 0 and N/k — 1,
respectively.®® This proves eq. (3.37).

Going back to the cohomology, the short exact sequence above induces the long exact
sequence in cohomology

= HY (M5, Zy) 5 H' (M, Zy) = H"(Ms5,Zy/) — Bock

= H'" N (M5, Zy) — -
(A.4)
where i* and 7* are the maps in cohomology induced by ¢ and 7, and Bock is the Bockstein
homomorphism. In eq. (A.2) we now take B to be the representative of a cohomology class
in H(Ms5,Zy), and B, Nk m(BY) = (BN/k) to be the representative of 7* of that class in

H?*(Ms5,Z N /1) Applying the discrete differential 6 to (A.2) and using that 6BY = 0 we obtain

i(0BY) = —sBY/* . (A.5)

By definition of the Bockstein homomorphism this means that"

5BY = —Bock(BY/¥) . (A.6)
This proves eq. (3.38).

A.2 Gauge transformations

In order to check the behavior of (3.45) under gauge transformations we need to discuss
the redundancy affecting the decomposition (A.2)—(A.3). The most general transformation
that acts on Bév /% and Bk leaving (A.2) invariant is

B — B + (5,

_ (A.7)
Bé\f/k N/k n CN/lc

with

N/k

i +G " =00\, (A.8)

where on the right-hand side we allowed for a gauge transformation on the parent background
gauge field BY — BY + 6AY. For the explicit choice (A.3) of Zy uplifts the identifica-
tions (A.7) become

Bf — BY + (3

. (A.9)
Bév/k N/k n CN/k

with N
R (A.10)

39Making an explicit choice for the pre-image is equivalent to making an explicit choice for how to decompose
an element ¢~ of Zy into pairs (gk,gN/k) of elements of Zy and Z . Since the exact sequence (A.1) does
not split, the extension is non-trivial and it is labeled by a non-trivial class in group cohomology H? (Zn)i, L).
Choosing a particular decomposition is equivalent to picking a representative of this cohomology class.

“OHere, with a slight abuse of notation, we are using the same symbol to denote the representative and
the associated cohomology class. Note that when Bock is a non-trivial class necessarily B5 is not globally
well-defined as a cochain. We discuss the redundancy on B5 in equations (A.7)-(A.9) below.
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Here @“ and Zév /¥ are cochains in C2 (M5, Z ), expressing the ambiguity in the decomposition.
Note that only a subset of these transformations can be interpreted as background gauge
transformations acting on the background gauge field B%, namely

Z,(cl) gauge transformations: (5 = oAF, év/k =0, MWV =i(\h
R PR R (A.11)
ie. Ch=oxt, D=0, AN = P
On the other hand, a generic Cév /% when projected gives
N/k
m(6 ") = (M) - (A12)

This can be interpreted as a Zg&,}k background gauge transformation for BN/F = ﬂ(gN / k) =

7(BY). The gauge parameter 7(AY) is not affected by a shift of \)Y by i(\}F), expressing that
the Zg}k transformations are only defined up to Zgﬁl) ones. For the Zy uplift Bév /k only the
~N/k IN/k IN/k 0N

2/ :5/\1/ / :)\{V—%/\’ﬁ

special case corresponds to a gauge transformation, with A;

while the more general transformation also includes a change of uplift.

A.3 Gauge invariance

Given the anomaly inflow of the SU(IV) gauge theory (3.8), we fix a choice of local counterterms
such that the SU(N) partition function picks the phase

ZSU(N) [82 + 60X, A1 + d)\(]]
Zsu(n)[Bz, A1

271 dAq
= exp (—2]\/, v, (BQ UdA + 0 UBy +0A\ U (5)\1) U [27‘_] N) ,

(A.13)

where the combination Bs U §A1 + 01 U Bs gives an even integer, being the difference of

even integers. We derive the five-dimensional expression®!

ZSU(N) [82 4+ 0A1, A1 + d)\o]
Zsu(n) Bz, A1

2 dA
= exp (—m (2671 U By — 6(Ba Uy 6A) + A1 U 6AL) U {1} ) (A.15)
2N Ve 27 N

27 dAy
=exp | ——— 2A1 U By — (Bo Uy 0 AU U | —
P< N Ms( 1 2 — (B2 U1 6A1) + M1 1) [ZW]]\J,
where, for the same reason as above, the term By Uy d\; also gives an even integer. Notice
that the parentheses in the above expression are necessary since higher cup products are
not associative.
We first show that the proposed expression for the partition function of SU(N)/Zj

coupled to background gauge fields, eq. (3.45), is gauge invariant under l‘ig — ﬁ;ﬁ + 6AF.

“Here and in the rest of the calculation we use the Leibniz rule for higher cup products [81], which reads
5(fUig) =6fUig+ (—1)PfUidg+ (—1)PT " f Ui g+ (—1)PT P P90, f, (A.14)

where f is a p-cochain and g is a g-cochain.
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Following (A.11) we plug \; = %X’f in (A.15). Using also that the fluxes of A; are integer
multiples of k/L, some of the terms in the variation are found to give integers and therefore
trivialize. The remaining terms are

omi dA] 2w o TdA
exp (—;” [ SuBYy [2771]N+27TI<:Z [ (B a3 U [%]N) . (A16)

This is exactly canceled by the variation of the action that couples 65 to the background
gauge fields,

2 2 ~ dA
exp ( - / SAE Uy — 2T (BN/k Uy 63 U [1} ) : (A.17)
21{3 2w N
provided the modified constraint (3.47) on Cs. This modified constraint is invariant under
Zg\f}k; transformations if they also act on C3 as follows,

dA

Cs — Cs + Do + [A{V U [1} ] . (A.18)
2T k

We will see below that this modified gauge transformation is also required to derive the

anomaly. As we said in the main text, this gauge transformation signals a 3-group structure.

A.4 Anomaly-inflow action

We now want to look at the effect of gauge transformations of the background gauge
fields Bév /% and Cs. Let us start from Zs\l,}k transformations. They act not only on Bév Ik
but also on C3 according to (A.18). The phase (A.15) now produces both c-numbers and

operator-valued terms

27i ~N/k < N/k> {dAl} >
- A ﬂ
exp < N S U 7 +B o7 | X

(A.19)
2mi SNk N/k) _ SN/k N/k) {dfh} )
exp(QN/ (((kﬁ +B) )Ulé)\ ARG 8 =k
while the coupling to 65 gives
271 A 2 ~ A
exp (m gk UANEY {d 1} i (5)\N/ kUL Bk U [dl] ) . (A20)
k Jms 27 2%k 2 | N

Grouping together all operator-valued variations, and using (A.14), we can see that they
combine into pure c-numbers

o _
exp <;€” /M Gk UNNE XN G gky U dlh) x

2

omi A

exp (7” /M (65 Uy oANF — sANE Uy Ry U [d 1}N>
= exp (27” / ()\iv/k Uy Bock(BN/k)) U [dAl]

k Ms Y

A

27 (Bock(BYF) Uy 6307F) U [1] ) .

2T N

2
d
2k I m;

(A.21)
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Using (3.39) we can combine the c-number phase from the first line in (A.19) with the
second term in (A.21) giving

exp (37]7\;/ (5BN/kU 5)\N/k+BN/kU 5)\N/k) {d;l:] )

i (A.22)
= exp (—27” (5/\N/k Ui B\év/k) U {dAl} ) .
Ms N

2T
N/k

We can rewrite the phase linear in A\}’" in a convenient form as

2me A
exp (7” / ((/\N/’“u SBY%) — (63 Uy BY) (W’fuﬂ”ﬂ)) U {dl} )
Ms N

N 27
2mi SN/k  YN/k [dAl] 21 ~N/k SNk [dAl] )
= S B UA U |—— — oA U B U|—=— .
eXp(NM52 ! or |y Tan L O BB DU S
(A.23)
So, the total variation, including the quadratic term in )\N/ F , is
2 dA 2 ~ _ dA
exp ( 7”/ BYFUANR Y [1] 4 2 ((uiv/’“ U ByFy U [1} ) x
27 2N 27
(A.24)
exp (27” )\N/k U 6>\N/k {dAl] )
2N M 2 N '
The phase produced by Zf) transformations, that only act on Cs, is instead given by
2mi 2mi
exp (m 65U (5)\2) = exp (m Bo Ck(BN/k) U )\2) . (A.25)
k Jms k Jms

Using the anomaly inflow (3.48) one can now easily check that Z3u(N) /ZkAgU(N)/ Lk i gauge

invariant under background gauge transformations, as expected. Assuming that there are
no torsion cycles in the homology with integer coefficient, both for N/k even or odd we
can express the affine Pontryagin square as

PBY*) = BYFuBYF — BY* Uy sBYE (A.26)
Finally, we check that the anomaly-inflow action (3.48) is a closed cochain when extended
to a 7d manifold [64]. Indeed we have

i gy [ AL 2T N/k )
6(NP(B U [QW]N+I€B k(BYF) Uy

20 ( SN/k BN/k | aN/k < aN/k SNk SNk {dfh} _2mi N/k
2N(6B By 4+ By F Byt — 5By Ly 6By*) ) U - _-Bock(B,)udCs
_ 2miN/k
a k

(Bock(B3*) U1 Bock(B5"") ) U [d““]

2w
(A.27)

N/k

which is trivial because the fluxes of A; are multiples of k/L and == is an integer.
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