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1 Introduction

Three-dimensional quantum field theories with N = 1 supersymmetry1 constitute a re-
markable bridge between theories with N = 2 supersymmetry, which are quite well under-
stood thanks to holomorphy, and genuine non-supersymmetric theories, whose dynamics
is a challenging subject. Given that we do not have neither non-renormalization theorems,
nor localization techniques at our disposal, it may appear that N = 1 supersymmetry
does not give any advantage compared to cases without supersymmetry. Nevertheless, in
the recent years our understanding of these theories has overcome a new twist [1–9] (see
also [10–20] for earlier considerations).

In particular, new tools for studying phase diagrams of 3d N = 1 theories were intro-
duced and applied to the analysis of infrared (IR) dynamics of a vector multiplet coupled
to matter in the adjoint or fundamental representations [6, 7]. Among various interesting
phenomena observed in those examples, we mention the existence of walls in the parameter
space where the Witten index jumps, as well as the presence of second-order (or higher)
phase transition points. Both features seem to be ubiquitous for 3d N = 1 theories and
stem from the fact that the theories possess real parameters.2

In this paper we initiate the study of phase diagrams of 3d N = 1 theories with the
gauge group given by a product of several non-Abelian factors and bi-fundamental matter
coupled to it, known as quiver gauge theories. Such theories may arise as worldvolume
theories of BPS domain walls and interfaces in four-dimensional supersymmetric theo-
ries [7, 16, 22], as well as world-volume theories of M2/D2 branes on backgrounds with two
preserved supercharges (e.g. M2 branes probing Spin(7) cones [19]). There exists extensive
literature on N = 2 quiver theories (for a recent discussion see e.g. [23–36] and references
therein) and also some results regarding non-supersymmetric quiver theories [37–39]. For
prior studies of N = 1 quivers instead see [20].

In the present work we restrict ourselves to the two-node quivers with SU(2) or U(2)
gauge groups and with one bi-fundamental matter multiplet. This simple setup allows
for a detailed treatment and is still rich enough to accommodate a variety of interesting
phenomena. In particular, we reveal a rather non-trivial phase structure of these theories
and identify a collection of N = 1 superconformal field theories (SCFT). Basing on our
understanding of phase diagrams, we are able to conjecture certain infrared dualities, some
of which can be understood as the dualization of a node of a quiver, and some others as
the confinement of a node. Finally, when the gauge groups of the two-node quiver are
the same, and the Chern-Simons levels are chosen to be opposite, the theory turns out
to be time-reversal invariant. This symmetry gives rise to certain non-renormalization
theorems [4] which put strong restrictions on the form of the effective superpotential.

To get some preliminary ideas about the features of the phases of quiver theories we
are going to study, let us consider the SU(2)k1 × SU(2)k2 theory with a bi-fundamental

1N = 1 supersymmetric theories in three dimensions have two real supercharges, forming a Majorana
spinor.

2N = 2 theories in three dimensions also have real parameters, which allow phase transition, but do not
allow jumps of the Witten index [21].
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multiplet Φ (we assume for a moment that k1, k2 > 0). This theory has two discrete
dimensionless parameters, the Chern-Simons levels k1 and k2, and three continuous di-
mensionful parameters, the two gauge couplings g1, g2 and the matter mass m. We can
construct two independent continuous dimensionless parameters,3 and therefore generically
we expect to find a two-dimensional phase space.

In the large mass limit, |m| � g2
1,2, matter can be integrated out semiclassically. If

m > 0, we get at low energies

N = 1 SU(2)k1+1 × SU(2)k2+1, (1.1)

where the one-loop renormalization of Chern-Simons levels is taken into account (see sec-
tion 2 for some details). This theory further flows to a purely topological CS theory [13],

SU(2)k1 × SU(2)k2 TQFT. (1.2)

If instead m < 0, we get

N = 1 SU(2)k1−1 × SU(2)k2−1, (1.3)

which can either flow to a CS theory, or break SUSY and give rise to a Goldstino4 with a
decoupled topological sector. We note in particular that the Witten indices differ in these
two limits, which indicates the existence of a wall that separates the two large mass limits
(see section 2 for some details).

In order to understand the transition between the two asymptotic phases, it is useful to
consider the behaviour of the theory near the line (one dimensionless parameter involving
the mass is fixed while the other is left free) where the matter is massless and the theory
has a classical moduli space of vacua. In fact, it is natural to assume that new vacua
appear near this line to compensate the jump of the Witten index; this is going to be the
wall mentioned above.

To describe more explicitly the classical moduli space, let us note that every complex
matrix M possesses a singular value decomposition of the form M = U ΣV †, where U and
V are unitary, and Σ is diagonal with real non-negative entries (the matrices can be chosen
such that the diagonal entries appear in descending order). Thus, we can apply two gauge
transformations, one for each factor of the gauge group, to put the matrix Φ in a diagonal
form with real diagonal entries all multiplied by an overall phase. In total, the classical
moduli space for the SU(2)× SU(2) case is given by

M = S1 × R2 / S2. (1.4)

whereas for the SU(2)×U(2) case it is instead given by

M = R2 / S2. (1.5)
3More explicitly, one of the parameters is going to be g1

g2
, and the other is a ratio of the mass and some

combination of the couplings, e.g. m
g2

1+g2
2
.

4Eq. (1.3) may suggest that when both vector multiplets break supersymmetry, two Goldstini arise.
A more natural picture is that we get one massless Majorana fermion (the Goldstino) and one very light
Majorana fermion, with the mass suppressed by the scale of m.
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The effective superpotential is expected to receive radiative corrections, and the classical
moduli space is lifted at the quantum level.

The rest of the paper is organised in the following way: in section 2 we review some
specific aspects of N = 1 gauge theories with different matter contents, which are essential
for the rest of the paper, including the IR behaviour of a pure N = 1 vector multiplet,
a vector multiplet coupled to matter in the fundamental representation, and a vector
multiplet coupled to matter in the adjoint representation. In section 3 we compute the
effective superpotential for the SU(2) × SU(2) class of quivers and study its behaviour in
some physically relevant asymptotic limits. This result will allow us to study the phase
diagrams of these models which we will present in section 4. We then proceed with the
study of the phase diagrams for SU(2)×U(2) models in section 5. For this case we do not
have the explicit effective potentials, so we try to do some reasonably looking assumptions
about their vacuum structure close to the wall. In section 6 we propose certain dualities
involving quiver theories, as well as the adjoint SQCD. In section 7 we make some comments
regarding the dynamics of quiver theories enjoying time reversal invariance. Section 8
contains conclusions and future directions.

2 Review of previous results

2.1 Chern-Simons levels

Since we are going to deal with Chern-Simons terms, we start by stating the related con-
ventions. In three dimensions, the Yang-Mills theory admits a gauge invariant deformation
given by the Chern-Simons term. This is a priori characterized by its level kbare ∈ Z.
Instead of characterizing it directly by kbare, we prefer to follow the common practice and
introduce the level k related to the bare one by

k = kbare −
1
2
∑
f

T (R), (2.1)

where the sum is taken over fermions in the representation R of the given gauge group and
T (R) is the Dynkin index5 of the real representation R. Notice that the level k defined
above transforms as k → −k under time-reversal symmetry.

When a Majorana fermion of mass m in a real representation R is integrated out, the
level gets shifted as follows6

k → k + 1
2sign(m)T (R). (2.2)

When all fermions are integrated out, the resulting level is sometimes referred to as the
infrared level. Gauge invariance requires that the bare level kbare and the infrared level kIR
are integrally quantized. At the same time, the level k used to label a theory may be either
integrally quantized or half-integrally quantized, depending on the number of fermions in
the theory and their representations (charges).

5We recall to the reader that for SU(N) we have T (F ) = 1
2 and T (A) = N

2 for respectively the funda-
mental and the adjoint representations.

6In the case of fermions in a complex or a pseudo-real representation, the 1
2 factor has to be dropped

from both equations (2.1) and (2.2).
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2.2 Level-rank duality

Theories with U(N) gauge groups may have two Chern-Simons terms, the single trace and
the double-trace ones. According to the standard definition, we have

U(N)k1,k2 = SU(N)k1 ×U(1)Nk2

ZN
, (2.3)

and consistency requires that k2 = k1 mod N .
There are two important facts about Chern-Simons TQFTs to be mentioned. First,

it happens sometimes that different Chern-Simons theories may in fact describe the same
TQFT. An important example of this phenomenon, used in what follows, is given by Level-
Rank duality (see [40] for a modern discussion):

U(N)±k,±k ←→ SU(k)∓N , (2.4)
U(N)k,k±N ←→ U(k)−N,−N∓k. (2.5)

Second, we note that while in general time reversal transformation maps a TQFT to a
different TQFT, there are some which turn out to be T -invariant. The duality (2.5) implies
that U(N)N,2N is of this kind.

2.3 SU(N)k vector multiplet

N = 1 SU(N)k vector multiplet, consisting of a gauge field A and a Majorana fermion λ
in the adjoint representation, was first studied in [13]. For k ≥ N/2 the theory flows to
the SU(N)k−N2 Chern-Simons theory. For large values of the level, i.e. k � 1, this can
be understood semiclassically by integrating out the gaugino, whose mass is mgaugino =
−kbareg

2

2π . This gives the −N
2 shift of the Chern-Simons level.

In the resulting Yang-Mills-Chern-Simons theory, the propagating modes are mas-
sive [41, 42] and at low energies only topological degrees of freedom survive. The Witten
index in this regime is given (up to an overall sign7) by

I = 1
(N − 1)!

(
k − N

2 + 1
)(

k − N

2 + 2
)
. . .

(
k + N

2 − 1
)
, (2.6)

which is just the partition function of the low-energy Chern-Simons TQFT on the torus.8
For 0 ≤ k < N/2 the Witten index vanishes, and it was conjectured in [13] that

supersymmetry is spontaneously broken in such models, thus a massless Goldstino emerges
in the IR limit. This conjecture found significant support in the results of [1], where it
was also claimed that, in addition to the Goldstino Gα, there must be topological degrees
of freedom described by a U

(
N
2 − k

)
N
2 +k,N

Chern-Simons theory.9 This TQFT has a
non-perturbative origin, and its precise form follows from certain dualities.

7As a general comment, the sign depends on the number of Majorana fermions with negative mass in
the theory, which we can call nF . The overall sign is then given by (−1)nF .

8Equivalently, it can be computed by counting the number of inequivalent Wilson lines of the theory.
9The fact that the Goldstino alone is not enough to describe the IR physics follows from the following

observations: at any value of the level k there is a 1-form symmetry in the UV, moreover, for k = 0 the UV
theory enjoys the time reversal symmetry. There are ’t Hooft anomalies associated with both symmetries
that cannot be matched by the Goldstino alone, and some other d.o.f. are required.
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2.4 Vector multiplet coupled to an adjoined matter multiplet

Matter multiplet consists of a real scalar and a Majorana fermion, and N = 1 supersym-
metry allows real superpotential for matter; in what follows we will be interested in the
tree-level superpotentials given only by the mass term. The dynamics of an SU(N) vector
multiplet coupled to a matter multiplet in the adjoint representation as a function of the
matter mass parameter was described in details in [2]. Here we review the case of SU(2)
gauge group, relevant for the rest of the paper.

For k ≥ 2 and m � 0, we can integrate out the matter multiplet and get the pure
SU(2)k+1 vector multiplet. In this limit the theory flows to a supersymmetric vacuum
hosting the SU(2)k CS theory. When we consider m� 0 instead, we get the pure SU(2)k−1
vector multiplet, which flows to a supersymmetric vacuum with SU(2)k−2 CS theory. Thus,
there are two asymptotic phases with different Witten indices. The transition between these
two phases happens in two stages. Atm = 0 the effective potential develops a flat direction,
and for small and positive mass a new supersymmetric vacuum supporting the U(1)2k CS
theory comes in from infinity of the field space: this new vacuum compensates the jump of
the Witten index. At some finite mass value the two vacua merge through a second order
phase transition and produce a single vacuum visible at large positive masses.

For k = 1 and large positive mass the picture is not much different from the previous
case. Indeed, we get a single supersymmetric vacuum supporting the SU(2)1 TQFT. On
the contrary, when the mass is large and negative, by integrating out matter we get the
SU(2)0 vector multiplet which breaks supersymmetry. The theory in the IR limit is then
given by10

Gα + U(1)2. (2.7)

At m = 0 the effective potential develops the flat direction, and for small positive mass we
find one supersymmetric vacuum with U(1)2 TQFT, which came in from infinity of the field
space. Using the fact that U(1)2 is time-reversal invariant and applying the Level-Rank
duality (cf. [40]),

U(1)2 ←→ U(1)−2
L-R←−−→ SU(2)1, (2.8)

we recognise the same vacuum as we have seen at the large positive mass. Therefore, we do
not have a phase transition in this case. We note that at positive and small mass values,
the non-supersymmetric vacuum coexists with the supersymmetric one, and so the former
is meta-stable.

Finally, for k = 0, in the m = 0 point we have the supersymmetry enhanced to
N = 2, and the theory shows a runaway behaviour [43]. For non-zero masses the runaway
behaviour stabilizes and the superpotential shows a single trivial supersymmetric vacuum
for both positive and negative masses.

2.5 Vector multiplet coupled to fundamental matter multiplets

In this section we review the physics of SU(2) and U(2) vector multiplets coupled to F
matter multiplets in the fundamental representation as a function of the matter mass m

10We warn the reader that the U(1)2 here is of the origin discussed at the end of section 2.3.
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(we assume that all flavours are given the same mass). This is a particular case of the
results in [6].

Consider first U(2)k+1,k theories with F fundamentals.

• F = 1: at large positive mass, by integrating out the matter, we get a single vacuum
with U(2)k+ 3

2 ,k+ 1
2
vector multiplet. For large and negative mass we get a single

vacuum with U(2)k+ 1
2 ,k−

1
2
vector multiplet. In the intermediate phase 0 < m < m∗

(where m∗ is some positive value) in addition to the vacuum seen at negative masses,
a new vacuum with U(1)k+ 1

2
vector multiplet appears. At m = 0 there is a wall, and

m∗ is a phase transition point, where the two vacua of the intermediate phase merge,
and produce the large positive mass vacuum.

• F ≥ 2: at large positive masses, we get a single vacuum with U(2)k+ 2+F
2 ,k+F

2
vector

multiplet. For large and negative masses we get a single vacuum with U(2)k+ 2−F
2 ,k−F2

vector multiplet. In the intermediate phase 0 < m < m∗ in addition to the negative
mass vacuum, two new vacua appear. One of them hosts the U(F )

U(F−1)×U(1) N = 1
non-linear sigma model (coming from spontaneously broken SU(F ) global symmetry)
together with the decoupled U(1)k vector multiplet. The second new vacuum hosts
the U(F )

U(F−2)×U(2) N = 1 NLSM. Again, at m = 0 there is a wall, and at m = m∗ is a
phase transition point.

A peculiarity of this type of models is that, in contrast to expectations, the three vacua
living in the intermediate phase merge in just a single phase transition instead of two
distinct ones. This phenomenon was dubbed supercriticality.

Next we discuss SU(2)k+F
2 +1 theories with F fundamentals. It worth reminding that

the global symmetry here is not just U(F ), but rather Sp(F ), thanks to the pseudo-real
nature of the SU(2) fundamental representation. For large and positive mass we get a sin-
gle vacuum with SU(2)k+F+1 vector multiplet, while for negative masses we have SU(2)k+1
vector multiplet. In the intermediate phase with 0 < m < m∗, in addition to the neg-
ative mass vacuum, a new vacuum come in from infinity and supports the Sp(F )

Sp(1)×Sp(F−1)
N = 1 NLSM.

The authors of [6] described a family of dualities between such SQCD theories, among
which there is the following11

U(2)2,1 + 2Φ←→ SU(2)−2 + 2Φ̃. (2.9)

This duality is quite subtle and, if correct, has quite far-reaching consequences, such as
symmetry enhancement on the U(2) side from SU(2)×U(1) to Sp(2) at the IR fixed point.
A puzzling aspect about this duality is the mismatch of the phases (described above),
when the theories are deformed away from the fixed point by the mass deformation. In
particular, while the U(2) theory has three vacua in the intermediate phase, the SU(2)
theory has just two of them. A possible explanation of this apparent mismatch is the
breaking of supercriticality argumentation due to e.g. non-perturbative corrections. Giving

11V.B. thanks Adar Sharon for a discussion of this duality.
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Figure 1. Feynman Supergraphs contributing to the 1-loop effective Superpotential.

up supercriticality, one can imagine the intermediate phase with two vacua, matching
exactly the SU(2) vacua.

In all the examples above, while one can easily get the vacua for large mass values, it
is more subtle to understand the dynamics in the intermediate phase, for which one needs
to know the effective superpotential. For this reason, coming back to our original problem
of interest, we turn to the evaluation of the effective superpotential for the two-node quiver
theories as described in the introduction.

3 Effective superpotential for SU(2)××× SU(2) theories

In this section we consider two-node quiver theories with SU(2)k1×SU(2)k2 gauge group and
with one bi-fundamental matter multiplet and compute the effective superpotential, the
superspace analogue of the effective potential discussed first by Coleman and Weinberg [44].
It turns out to be useful to use supergraph formalism for this computation, in terms of
which the leading contribution comes at 1-loop order.12 We follow closely the discussion
of [6], a detailed discussion of the N = 1 superspace and supergraph formalism can be
found in [10]. In fact, up to some point, the discussion can be held at a more general level,
therefore we will start by considering the case of G1×G2 gauge groups and then specialize
to the case of SU(2)× SU(2).

The effective superpotential is of the form [6]

Weff =
∫

d3p

(2π)3d
2θ′ δ(θ − θ′)Σ(p, θ′)δ(θ′ − θ), (3.1)

where Σ at the one-loop order is given by the sum of the diagrams in figure 1.
We note that the form of the series expansion is exactly the same as can be found

in [44], albeit with Feynman rules replaced by their superspace counterpart. We thus state
the relevant superspace Feynman rules now.

Let ΓAα , Γ̂Mα be vector multiplet superfields of the first and the second gauge groups,
respectively; here A,M are colour indices and α is the spinor index. The two gauge

12One can work in components as well, but then the two-loop computation would be needed, since the
one-loop result vanishes.
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propagators are (B.6)

〈ΓAα (p)ΓB,β(−p)〉 = δAB
δβα(κ1D

2 + p2) + (κ1 − D2) pαβ
p2 (κ2

1 + p2) ≡ δAB(∆1)αβ , (3.2)

〈Γ̂Mα (p)Γ̂N,β(−p)〉 = δMN δβα(κ2D
2 + p2) + (κ2 − D2) pαβ
p2 (κ2

2 + p2) ≡ δMN (∆2)αβ , (3.3)

where κi = kg2
i

2π .
There are also three types of vertices joining two gauge fields and two matter fields:13
we get the rules

Γ(4)
ΓΓφ̄φ = 〈ΓAα (p)ΓB,β(q)Φi

ĵ(r)Φ̄ l
k̂

(−p− q − r)〉 = −g
2
1
2 (T (A) n

i (TB)) l
n δ

ĵ
k̂ δα

β , (3.4)

Γ(4)
Γ̂Γ̂φ̄φ = 〈Γ̂Mα (p)Γ̂N,β(q)Φi

ĵ(r)Φ̄ l
k̂

(−p− q − r)〉 = −g
2
2
2 (K(M ) n̂

k̂
(KN)) ĵ

n̂ δi
l δα

β , (3.5)

Γ(4)
ΓΓ̂φ̄φ = 〈ΓAα (p)Γ̂M,β(q)Φi

ĵ(r)Φ̄ l
k̂

(−p− q − r)〉 = 1
2g1g2(TA) l

i (KM ) ĵ

k̂
δα
β . (3.6)

Above unhatted lower case letters i, j, . . . are fundamental indices and A,B are adjoint
indices of G1, with TA being its generators. Similarly, hatted lower case letters are funda-
mental indices and M,N are adjoint indices of G2, with KA being its generators.

We can now proceed with the computation of Σ. For this purpose, we find it useful to
introduce the following matrices

MAB = g2
1Tr Φ̄T (ATB)Φ, (3.7a)

NMN = g2
2TrΦK(MKN)Φ̄, (3.7b)

GAM = −g1g2Tr Φ̄TAΦKM , (3.7c)

which allow us a more compact treatment of the computation, and in terms of which the
expansion of figure 1 takes the form

Σ1-loop = −1
2 TrM ∆1 −

1
2 TrN ∆2 +

+ 1
4Tr (M ∆1)2 + 1

2Tr (G)†∆1G∆2 + 1
4Tr (N ∆2)2−

− 1
6Tr (M ∆1)3 − 1

2TrG
†∆1M ∆1G∆2 −

1
2TrG∆2N ∆2G

†∆1 −
1
6Tr (N ∆2)3 + . . .

(3.8)
The trace in this expression is taken both over spinor and colour indices (for each gauge
group). At this point it is useful to notice the following properties for gauge propagators:

(∆i) α
α = 2(κiD2 + p2)

p2(κ2
i + p2) = δi,

(∆1) β
α (∆1) γ

β = 2(κ1D
2 + p2)

p2(κ2
1 + p2) (∆1) γ

α = δ1(∆1) γ
α ,

13As usually, there also exist a cubic vertex with two matter legs and one gauge boson leg but they do
not contribute since, in the Landau gauge, the gauge propagators are transverse, namely (∆1,2) βα Dβ = 0.
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(∆2) β
α (∆2) γ

β = 2(κ2D
2 + p2)

p2(κ2
2 + p2) (∆2) γ

α = δ2(∆2) γ
α ,

(∆1) β
α (∆2) γ

β = δ1(∆2) γ
α = δ2(∆1) γ

α .

(3.9)

We can then repackage the expression in (3.8) in terms of the following matrices:

M =
(
MAB GAN

(G†)MB NMN

)
, (3.10)

∆ =
(
δ1 · 1N1×N1 0

0 δ2 · 1N2×N2

)
, (3.11)

where N1 and N2 are the dimensions of the fundamental representations of G1 and G2,
respectively. At this point we can define the generic n-th 1-loop contribution as

Σ(n)
1-loop ≡ Tr(M∆)n (3.12)

and sum all the contributions to get

Σ =
∑
n

Sn Σ(n)
1-loop

= −1
2 Tr(M∆) + 1

4 Tr(M∆M∆)− 1
6 Tr(M∆M∆M∆) + . . .

= −1
2 Tr log

(
1(N1+N2)×(N1+N2) +M∆

)
= −1

2 log det
(
1(N1+N2)×(N1+N2) +M∆

)
= −1

2 log
(
det

(
(1N1×N1 + δ1M)− δ1δ2G(1N2×N2 + δ2N)−1GT

)
· det (1N2×N2 + δ2N)

)
(3.13)

where in the first step we used the fact that Sn = 1
n!

(
−1

2

)n
(2n− 2)!! = (−1)n

2n .
We now switch to the case of SU(2) × SU(2) gauge group and note few properties

intrinsic to this case, which are helpful to further simplify the result. In this special case
M , N , and G are all three by three diagonal matrices, therefore they all commute. In fact,
the expressions in (3.7) imply

MAB = g2
1 Tr Φ̄Φ

4 δAB,

NAB = g2
2 Tr Φ̄Φ

4 δAB.

(3.14)

Hence, we obtain

Σ = −1
2 Tr log

[
13×3 + δ1M + δ2N + δ1δ2(MN −GTG)

]
. (3.15)

Taking into account that the eigenvalues of GTG are given by(
g2

1g
2
2 det Φ det Φ̄

4 ,
g2

1g
2
2 det Φ det Φ̄

4 ,
g2

1g
2
2(Tr Φ̄Φ)2

16

)
, (3.16)
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and introducing the notation

ρ ≡ Tr Φ̄Φ, B ≡ 2 det Φ, B̄ ≡ 2 det Φ̄, (3.17)

we can substitute the above results in (3.15) and obtain

Σ = − log
[
1 + ρ

4(g2
1δ1 + g2

2δ2) + ρ2 −BB̄
16 g2

1g
2
2δ1δ2

]
− 1

2 log
[
1 + ρ

4(g2
1δ1 + g2

2δ2)
]
. (3.18)

At this point we can substitute everything in (3.1) and get the complete 1-loop expression
for the superpotential:

W1-loop =−
∫

d3p

(2π)3d
2θ′δ(θ − θ′) log

[
1 + ρ

4(g2
1δ1 + g2

2δ2) + ρ2 −BB̄
16 g2

1g
2
2δ1δ2

]
δ2(θ′ − θ)

− 1
2

∫
d3p

(2π)3d
2θ′δ(θ − θ′) log

[
1 + ρ

4(g2
1δ1 + g2

2δ2)
]
δ2(θ′ − θ).

(3.19)
Notice now that the expressions between the delta-functions are functions of D2, which
enters there via δ1,2. Using the last identity in (B.3), one can reduce an arbitrary function
of D2 to a linear function of D2. Using then the identities

δ2(θ − θ′)δ2(θ′ − θ) = 0,
δ2(θ − θ′)Dαδ2(θ′ − θ) = 0,
δ2(θ − θ′)D2δ2(θ′ − θ) = δ2(θ − θ′),

(3.20)

we rewrite the effective superpotential as

W1-loop =−
∫

d3p

(2π)3 log
[
1 + ρ

4(g2
1δ1 + g2

2δ2) + ρ2 −BB̄
16 g2

1g
2
2δ1δ2

]
|D2

− 1
2

∫
d3p

(2π)3 log
[
1 + ρ

4(g2
1δ1 + g2

2δ2)
]
|D2 .

(3.21)

Here |D2 means that we should reduce the functions of D2 to linear ones, as explained
above, and then take the coefficient in front of D2. In fact, all the coefficients in front of
D2 terms can be easily extracted with the aid of the following identity

(κD2 + p2)n|D2= 1
|p|

Im
(
(iκ|p|+ p2)n

)
, (3.22)

which leads us to the final result for the effective superpotential

W1-loop =−
∫

d3p

(2π)3
1
|p|

Im log
[
1 + ρ

2

(
g2

1
(p2− iκ1|p|)

+ g2
2

(p2− iκ2|p|)

)
+ g2

1g
2
2(ρ2−BB̄)

4(p2− iκ1|p|)(p2− iκ2|p|)

]

− 1
2

∫
d3p

(2π)3
1
|p|

Im log
[
1 + ρ

2

(
g2

1
(p2− iκ1|p|)

+ g2
2

(p2− iκ2|p|)

)]
.

(3.23)
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In the study of SUSY vacua, the derivatives ofWeff with respect to ρ, B and B̄ are going to
be relevant. More precisely, we will need their asymptotic behaviour at large field values.
For the general case of k1 6= −k2 they are computed to be

∂ρW1-loop =


−F1+F4

ρ1/2 + O
(
ρ−3/2,

(
B
ρ

)2
)

if Bρ � 1,

−G− 3F1+F2
ρ1/2 + O

(
ρ−3/2

)
if B = ρ

∂BW1-loop =


F3B
ρ3/2 + BO

(
ρ−5/2, Bρ

)
if Bρ � 1,

G+ F2
ρ1/2 ,+O

(
ρ−3/2

)
if B = ρ.

(3.24)

Here F1, F2, F3, F4, G1 are functions of g1, g2, κ1, κ2:

F1 = κ1g
2
1 + κ2g

2
2

16
√

2π
√
g2

1 + g2
2

, (3.25a)

F2 = g2
1g

2
2
(
(κ1 + κ2)(g2

1 + g2
2)− 3(κ1g

2
2 + κ2g

2
1)
)

4
√

2π(g2
1 + g2

2)5/2 , (3.25b)

F3 = g1g2(κ1g2 + κ2g1)
4
√

2π(g1 + g2)2 , (3.25c)

F4 = g1κ1 + g2κ2

8
√

2π
(3.25d)

G = g2
1g

2
2

4π(g2
1 + g2

2) . (3.25e)

For the case of k1 = −k2 one can go a bit further and get not only the leading
asymptotics, but complete closed form expressions for ∂ρW1-loop and ∂|B|W1-loop in the
limits B → ρ and B → 0: these results are collected in appendix C.

As is explained in [2], the asymptotic behaviour of the effective superpotential is fully
determined by the one-loop contributions and does not receive higher-order corrections.
This fact implies that the results in (3.24), (3.25) are actually exact.

4 Phase diagrams of SU(2)××× SU(2) models

We are now ready to apply the results of the previous section to the study of the IR
phases of the SU(2) × SU(2) quiver theories. We will add the tree-level mass term to the
superpotential, such that the total superpotential is given by the sum of the mass term
and the one-loop effective superpotential,

W = mTr Φ̄Φ +W1-loop. (4.1)

With the effective superpotential at hands, we can proceed and study supersymmetric
vacua of the theory, which are given by the critical points of the superpotential,

∂̄W = 0. (4.2)
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As was discussed above (1.4), we can apply two gauge transformations and put the scalar
matrix into the form

Φ =
(
φ11 0
0 φ22

)
, (4.3)

where the common phase of φ11 and φ22 have been set to zero thanks to the U(1) baryonic
symmetry. The equation in (4.2) can be expanded as

φ11∂ρW + φ22∂|B|W = 0,
φ22∂ρW + φ11∂|B|W = 0.

(4.4)

From the equations above one can then easily infer the following possibilities:

1) The vacuum at the origin, φ11 = φ22 = 0.

2) ∂ρW = −∂|B|W 6= 0, φ11 = φ22.14

3) ∂ρW = ∂|B|W = 0.

At this point it is convenient to split the discussion into two different cases: Chern-
Simons levels of the same sign and Chern-Simons levels of opposite signs.

4.1 Chern-Simons levels of the same sign

In this subsection we deal with N = 1 SU(2)k1 × SU(2)k2 coupled to a bi-fundamental
multiplet, and assume that 0 ≤ k1 ≤ k2.15 We postpone the study of the k1 = k2 = 0 case,
which requires a separate treatment. When the mass parameter is large and positive, we
can integrate the matter out and obtain a single vacuum with the infrared theory given by

N = 1 SU(2)k1+1 × SU(2)k2+1. (4.5)

This theory preserves supersymmetry and further flows to a topological CS theory in the
IR (see section 2.3),

SU(2)k1 × SU(2)k2 TQFT. (4.6)

The Witten index is (taking into account that there are six negative-mass Majorana
gaugini)

WI+ = (k1 + 1)(k2 + 1). (4.7)

If the mass parameter is large and negative, we can again integrate the matter out, but
with the result

N = 1 SU(2)k1−1 × SU(2)k2−1. (4.8)

The fate of this vacuum now depends on the values of k1 and k2.
14There is also a possibility that ∂ρW = ∂|B|W 6= 0, φ11 = −φ22, but this is gauge-equivalent to the one

stated above.
15The situation of 0 ≤ k2 ≤ k1 is obtained by exchanging two nodes and the situation of 0 ≥ k2 ≥ k1 is

obtained by applying the time reversal transformation.
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• If k1, k2 > 1, the vacuum preserves supersymmetry and flows to a CS theory.

SU(2)k1−2 × SU(2)k2−2 TQFT, (4.9)
WI− = (k1 − 1)(k2 − 1). (4.10)

• If k1 = 1, k2 > 1, the vacuum breaks supersymmetry, and we get a Majorana goldstino
together with a decoupled CS theory,

Gα + U(1)2 × SU(2)k2−2 TQFT. (4.11)

• If k1 = k2 = 1, the vacuum breaks supersymmetry, and the IR theory is

Gα + U(1)2 ×U(1)2 TQFT. (4.12)

• If k1 = 0, k2 > 1, supersymmetry is preserved, and the IR theory is

SU(2)k2−2 TQFT, (4.13)
WI− = −(k2 − 1). (4.14)

• If k1 = 0, k2 = 1, supersymmetry is again broken, and we get in the IR

Gα + U(1)2 TQFT. (4.15)

We note in particular that the large positive mass phase and the large negative mass
phase have different Witten indices. In order to understand the transition between the
large negative mass phase and the large positive mass phase, it is useful to understand
the dynamics near the point m = 0, where the asymptotic behaviour of the superpotential
changes and the Witten index can jump.

We start by observing that the vacuum of the first kind, namely at the origin of the
field space, φ11 = φ22 = v1 = 0, exists for m = 0 as well as for m small and positive or
small and negative. We identify this vacuum with the semiclassical vacuum we have seen
at large and negative mass. (It will be evident in a moment that this identification leads
to a consistent phase diagram providing the matching of the Witten index at the phase
transition locus.) This vacuum either preserves supersymmetry or, if one of the CS levels is
equal to one, breaks it non-perturbatively. It is then expected to find new vacua appearing
from the infinity of the field space near the line m = 0, and whose total Witten index must
be different from zero. We thus initiate the search of these vacua, which must be either of
the second or of the third type.

4.1.1 Non-Abelian vacuum

We first turn to the analysis of the vacuum of the second kind, with φ11 = φ22 = v2 for
some real and positive v2, and with ρ = B = B̄ = 2v2

2. Then the equation ∂ρW = −∂|B|W
turns into

−G− 3F1 + F2
ρ1/2 +m = −G− F2

ρ1/2 . (4.16)
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We immediately notice that, thanks to the positivity of F1 (see (3.25)), we must necessarily
have m > 0. Therefore, when we move from the negative-mass region and cross the m = 0
line, a new vacuum is found, in precise accordance with our expectations. The expression
for the vev can be then easily found and is given by

v2 = 3F1√
2m

. (4.17)

Next we determine the effective low-energy theory of this vacuum. The vev

Φ =
(
v2 0
0 v2

)
(4.18)

breaks the global baryonic symmetry U(1)B, thus we expect to see the corresponding
Goldstone boson with its superpartner. The vacuum also breaks the gauge group to the
diagonal SU(2) with the induced CS level equal to k1+k2. The CS level can receive quantum
corrections when massive fermions charged under the unbroken SU(2) are integrated out,
so we need to understand the fermionic mass spectrum.

The fermionic mass terms originate from the superpotential, from the gaugini-matter
coupling terms, and from the gaugini mass term, a supersymmetric counterpart of the
CS term:

Lψ2 = ∂2W
∂Φ̄îj∂Φkl̂

Ψ̄îjΨkl̂ + 1
2

(
∂2W

∂Φ̄îj∂Φ̄k̂l

Ψ̄îjΨ
c
k̂l

+ c.c.
)

+
(
ig1TrΨ̄λ1Φ + ig2TrΨ̄cλ2Φ̄ + c.c.

)
+

−κ1Trλ̄1λ1 − κ2Trλ̄2λ2,

(4.19)
where the indices are put on the same line for convenience, and scalars are assumed to take
their vev.

While we are given fermions in representations of SU(2) × SU(2) group, it is natural
to decompose them into representations of the diagonal SU(2) group. The decomposition
goes as follows,

Ψ ĵ
i = 1

2
[
ψaRe(σa)

ĵ
i + iψaIm(σa) ĵ

i + (ψ0 + iψG)δ ĵ
i

]
, (4.20)

where we introduced two Majorana modes, ψ0 and ψG, neutral under the diagonal SU(2),
and two Majorana multiplets, ψaRe and ψaIm, transforming in the adjoint representation of
SU(2). Two other adjoint multiplets are provided by λ1 and λ2.

It follows from (4.19) that the mass of ψ0 and ψG are

m0 = 4v2
2

(
∂2
ρW + 2∂ρ∂BW + ∂2

BW
)

= m, (4.21a)

mG = 0, (4.21b)

thus we can identify the latter with the superpartner of the Goldstone boson associated
with the broken U(1)B. The mass of ψRe instead reads

mRe = 2∂ρW = −2G− 2m
(

1 + F2
3F1

)
. (4.22)
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Notice that, since we must have m > 0 from (4.16) and G > 0 by definition, it follows that
mRe must be negative.

Finally, ψIm, λ1, and λ2 mix with each other via the mass matrix 0 g1v2 −g2v2
g1v2 −κ1 0
−g2v2 0 −κ2

 . (4.23)

This mass matrix has one positive eigenvalue and two negative eigenvalues (one of the
eigenmodes with a negative eigenvalue can be identified with the gaugino of the unbroken
gauge group). Therefore, in total we have three adjoint multiplets with negative mass and
one adjoint multiplet with positive mass, coupled to the unbroken SU(2): integrating them
out, we get a shift of the CS level equal to −2.

We are thus ready to formulate the infrared dynamics of this vacuum. Unless k1 = 0
and k2 = 1, it preserves supersymmetry, and the infrared dynamics is described by

ΦG + SU(2)k1+k2−2 TQFT, (4.24)

where ΦG is the Goldstone supermultiplet. If, on the contrary, k1 = 0 and k2 = 1,
supersymmetry is spontaneously broken, and we get in the infrared

φG + Gα + U(1)2 TQFT, (4.25)

with φG being the Goldstone boson.

4.1.2 Abelian vacuum

Next we consider the vacuum of the third kind appearing from infinity in the field space.
The condition ∂BW = 0 requires that B = 0.16 The condition ∂ρW then reads as

m− F1 + F4
ρ1/2 = 0. (4.26)

Since F1 + F4 > 0, there are no solutions for m ≤ 0, while for m > 0 we find

Φ =
(
v3 0
0 0

)
, v3 = F1 + F4

m
. (4.27)

The next step is to study the IR dynamics of this vacuum. The U(1)B is preserved
here, and is generated by17

i

2

(
1 0
0 1

)
⊕ i

2

(
1 0
0 −1

)
2
, (4.28)

16One can first observe that B ≤ ρ, and from (3.24) we see that for B = ρ → ∞, ∂BW > 0, while
for B = 0, ∂BW = 0, as desired. It can then be examined numerically that there are no other solutions
for 0 < B < ρ.

17We note that this choice of the preserved U(1)B is not unique, and is defined up to an action of the
gauge transformation.
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and the gauge symmetry is broken to U(1), generated by

i

2

(
1 0
0 −1

)
1
⊕ i

2

(
1 0
0 −1

)
2
. (4.29)

where the subscripts 1, 2 indicate respectively the first or the second gauge group factor.
This Abelian gauge field inherits the Chern-Simons level 2(k1 + k2).

We can now classify fermionic modes according to their charges with respect to the
unbroken U(1) × U(1)B. The matter multiplet fermions and two types of gaugini can be
decomposed as

Ψ =

η+iχ√
2 ψ+

ψ− ψ0

 , λ1 = 1
2

(
λ1,0

√
2λ1,+√

2λc1,+ −λ1,0

)
, λ2 = 1

2

(
λ2,0

√
2λ2,+√

2λc2,+ −λ2,0

)
.

(4.30)
All the types of the modes (Majorana or Dirac) as well as their charges are summarized
in table 1. The masses of fermions neutral under the U(1) gauge group are determined
as follows. By starting again from (4.19), we get that η and ψ0 masses come from the
superpotential,

mη = 2v2
3
∂2W
∂ρ2 = m,

mψ0 = v2
3

(
∂2W
∂B2 + 1

B

∂W
∂B

)
= 2v2

3
∂2W
∂B2 = 2m F3

F1 + F4
,

(4.31)

whereas χ, λ1,0, λ2,0 mix with each other through the mass matrix
0 1√

2g1v3 − 1√
2g2v3

1√
2g1v3 −κ1 0

− 1√
2g2v3 0 −κ2

 . (4.32)

There are also mixing modes charged under the U(1) gauge group, in particular, ψ− mixes
with λc1,+ via  0 i 1√

2g1v3

−i 1√
2g1v3 −κ1

 , (4.33)

and ψ+ mixes with λ2,+ via  0 −i 1√
2g2v3

i 1√
2g2v3 −κ2

 . (4.34)

Both matrices have one positive eigenvalue and one negative eigenvalue, which implies that
the U(1) CS level does not get renormalized when these massive modes are integrated out.
We thus conclude that at low energies we get a pure Abelian CS theory

U(1)2(k1+k2) TQFT. (4.35)
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Mode η χ ψ0 ψ+ ψ− λ1,0 λ1,+ λ2,0 λ2,+

Type M M D D D M D M D
U(1) 0 0 0 1 −1 0 1 0 1

U(1)B 0 0 1 1 0 0 0 0 1

Table 1. Fermion modes.

m

g1

g2

m  0 m* m**

v1
-

v1
-

v2

v3

vq

v3
v1
+

Figure 2. Structure of the phase diagrams of the SU(2)k1×SU(2)k2 quivers and, as will be discussed
later, the SU(2)k1 × U(2)k2,k3 quivers with either k1, k2 > 1, or k1 = 0, k2 > 1. Dashed lines
correspond to the second order phase transitions, while the solid line is the wall. Supersymmetric
vacua at each phase are indicated.

Few comments are in order. First, we were able to follow the appearance of two new
vacua as far as the line m = 0 is crossed. This process is controlled just by the leading
asymptotic of the effective superpotential, which in turn is determined only by the one-
loop contribution. We thus conclude that we have rigorously derived the existence of
these vacua. Second, there might be supersymmetric vacua emerging for some values of
the parameters g1, g2,m, which don’t come from infinity, but rather appear at finite field
values. These vacua should have vanishing total Witten index, and their dynamics is a
priori governed by perturbation theory at all orders, and not just at one-loop level. We do
not have reliable tools to study them and, moreover, there are no consistency requirements
(i.e. Witten index matching) that would necessitate their existence.

4.1.3 Summary of the results and phase diagrams

We are now able to formulate the phase diagram of the theory under consideration. We start
with a generic case of k1 > 1 and k2 > 1, and the relevant phase diagram is schematically
depicted in figure 2, where we attempt to reflect only the topology of the phase diagram.18
At large and negative masses, and up to the m = 0 line there is the supersymmetric
semiclassical vacuum described by

SU(2)k1−2 × SU(2)k2−2 TQFT, (4.36)

18In particular, various straight lines appearing on the figure should in practice be curved.
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as we saw in (4.9). This vacuum is denoted on the figure by v−1 , and this phase corresponds
to the purple region. The Witten index of this vacuum is

WI1 = (k1 − 1)(k2 − 1). (4.37)

When we cross the wall at m = 0, two new vacua come in from infinity,

ΦG + SU(2)k1+k2−2 TQFT, WI2 = 0,
U(1)2(k1+k2) TQFT, WI3 = 2(k1 + k2),

(4.38)

giving us a phase with three vacua (the new vacua are v2 and v3, and the corresponding
region in figure 2 is the light blue one). These three vacua must undergo, generically, two
second-order phase transitions (lines m∗ and m∗∗, which are actually functions of g1, g2),
merging into a single vacuum seen at large positive masses which we indicate with v+

1 .

Figure 3. Classical vacuum structure for
the SU(2)k1 × SU(2)k2 quiver with one bi-
fundamental multiplet.

These phase transitions are supposed to happen
somewhere around the origin of the field space,
where the physics is strongly coupled, and we do
not have much control over it. The structure of
vevs in each vacuum suggests (see figure 3) that
at the first phase transition either v2 merges
with v−1 , or v3 merges with v−1 : we conjecture,
basing on a duality proposed in section 6, that
the first option is realized. In the intermediate
phase we then still get the Abelian vacuum v3
and some other vacuum, vq, which is guessed
to support again the SU(2)k1−2×SU(2)k2−2 CS
theory (the yellow region in figure 2). At the
second phase transition two vacua merge and
produce the large positive mass vacuum v+

1 .
Let us now discuss some exceptional cases

with low values of the CS levels.

• If k1 = 1, k2 ≥ 1, the negative mass vacuum breaks supersymmetry. As soon as the
wall m = 0 is crossed, two supersymmetric vacua appear,

ΦG + SU(2)k2−1 TQFT, WI2 = 0,
U(1)2(k2+1) TQFT, WI3 = 2(k2 + 1),

(4.39)

at some value of the mass parameter they merge and give rise to the large mass
vacuum,

SU(2)1 × SU(2)k2 TQFT. (4.40)

The picture is illustrated in figure 4.

• If k1 = 0 and k2 > 1, the negative mass vacuum is supersymmetric and the theory
flows to

SU(2)k2−2 TQFT, WI0 = −(k2 − 1). (4.41)
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m

g1

g2

m  0 m*

v2

v3
v1
+

Figure 4. Phase diagram for k1 = 1, k2 ≥ 1. Dashed line correspond to the second order phase
transition, while the solid line is the wall. Supersymmetric vacua at each phase are indicated.

m

g1

g2

m  0

v1
+

Figure 5. Phase diagram for k1 = 0, k2 = 1. The solid line correspond to the wall. The
supersymmetric vacum is indicated.

When we cross the line m = 0, two supersymmetric vacua appear:

ΦG + SU(2)k2−2 TQFT, WI2 = 0,
U(1)2k2 TQFT, WI3 = 2k2,

(4.42)

When m is increased, the resulting three vacua undergo two phase transition and
produce a supersymmetric vacuum with

SU(2)k2 TQFT. (4.43)

• If k1 = 0 and k2 = 1, the negative mass vacuum is not supersymmetric. When
the wall is crossed, there appears one SUSY-breaking vacuum (see (4.25)) and one
supersymmetric vacuum with

U(1)2 TQFT (4.44)

in the IR. Using the chain of dualities for TQFTs, we observe

U(1)2 ←→ U(1)−2 ←→ SU(2)1, (4.45)

and so the new supersymmetric vacuum came in from infinity exactly reproduces the
semiclassical large mass vacuum. Therefore, in this case the theory does not undergo
any phase transitions. (See figure 5.)
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Figure 6. Structure of the phase diagrams of the SU(2)k1 × SU(2)−k2 quivers and, as will be clear
later, the SU(2)k1 × U(2)−k2,−k3 quivers with k1, k2 > 0 and k1 > k2. Dashed lines correspond to
the second order phase transitions, while the solid line is the wall. Supersymmetric vacua at each
phase are indicated.

An important check of the picture that we are suggesting here is the matching of the
Witten indices upon the phase transition points. As an example, in the case of k1, k2 > 1
we have

WI1 + WI2 + WI3 = (k1 − 1)(k2 − 1) + 0 + 2(k1 + k2) = (k1 + 1)(k2 + 1). (4.46)

The right-hand side is nothing else but the Witten index of the large mass vacuum.

4.2 Chern-Simons levels of opposite signs

Having understood the phase diagram for the case when two CS levels have the same sign,
we now turn to the situation when the first CS level is positive and the second is negative.
We thus consider the theory

SU(2)k1 × SU(2)−k2 , (4.47)

coupled as before to a bi-fundamental matter Φ, with k1, k2 > 0, and we will also assume
w.l.g. that k1 > k2. The results of the following discussion are summarized in figure 6.

As before, it is useful to start the analysis by considering the large mass semiclassical
phases. For large and negative masses we find a supersymmetric vacuum with

SU(2)k1−2 × SU(2)−k2 TQFT (4.48)

in the IR (v−1 in figure 6). In the large positive mass phase we see the following picture:

• When k2 > 1, we get a supersymmetric vacuum (v+
1 on figure 6) hosting a CS theory,

SU(2)k1 × SU(2)−k2+2 TQFT. (4.49)

• When k2 = 1, SUSY gets broken, and the IR theory is given by

Gα + SU(2)k1 ×U(1)2 TQFT. (4.50)
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We first discuss in details the case of k2 > 1, and then comment on the changes in the
picture when k2 = 1.

As soon as the large mass phases are understood, the next step is to study the behaviour
near the wall, at m = 0. Again, we see that the φ11 = φ22 = 0 vacuum exists on both
sides of the wall. It will again be natural to identify this vacuum with one of the large
mass vacua, however this time it is less obvious to decide which of the two should be
chosen. We also remark that, while moving along the line m = 0, three special points can
be distinguished. These are the points for which the asymptotic behaviour of the effective
superpotential (3.24) changes in a certain way, and are given by

F1 = 0, g1
g2

=
(
k2
k1

) 1
4
, (4.51a)

F1 + F4 = 0, g1
g2

= α, (4.51b)

F3 = 0, g1
g2

= k2
k1
. (4.51c)

Here α is the single positive root of the equation x4 − k2
k1

+ 2
(
x3 − k2

k1

)√
x2 + 1 = 0, and

we note that for k1 > k2 we have

k2
k1

< α <

(
k2
k1

) 1
4

(4.52)

Now, following the route of the previous subsection, we give a detailed discussion of the
vacuuum structure near the wall.

4.2.1 Non-Abelian vacuum

We first search for the vacuum of the second type. The equation ρ = B = B̄ = 2v2
2 again

reduces to
− 3F1
ρ1/2 +m = 0, (4.53)

but now F1 changes the sign when g1, g2 are varied. Indeed, what happens is that

F1 ≷ 0, g1
g2
≷
(
k2
k2

)1/4
. (4.54)

We thus conclude that the vacuum of the second type is still given by

v2 = 3F1√
2m

, (4.55)

and exists when either m > 0, g1
g2
>
(
k2
k2

)1/4
or m < 0, g1

g2
<
(
k2
k2

)1/4
(v2 in the orange,

light blue, grey and brown regions of figure 6). At the point g1
g2

=
(
k2
k2

)1/4
the quantum

potential develops an asymptotic direction with zero energy. This is the first special point
mentioned above.
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The gauge and global symmetry breaking pattern in this vacuum is the same as for the
CS levels of the same sign, U(1)B is spontaneously broken, and the unbroken gauge group
is SU(2)k1−k2 . We can also apply the previously obtained results for the fermionic mass
spectrum, which does not undergo any changes. The resulting low-energy theory again
depends on the values of the levels.

• When k1 > k2 + 1, supersymmetry is preserved, and at low energies we get the
Goldstone multiplet and a CS theory,

ΦG + SU(2)k1−k2−2 TQFT. (4.56)

• When k1 = k2 + 1, supersymmetry is broken, and we get in the IR

φG + Gα + U(1)2 TQFT, (4.57)

where φG is the Goldstone boson.

4.2.2 Abelian vacua

Finally, we look for Abelian vacua. There is still a solution given by

Φ =
(
v3 0
0 0

)
, v3 = F1 + F4

m
. (4.58)

Introducing the critical value g1
g2

= α such that F1(α) +F4(α) = 0, we see that the solution
exists either for m > 0, g1

g2
> α, or for m < 0, g1

g2
< α. At the point g1

g2
= α the quantum

superpotential again developes an asymptotic direction with zero energy.
We also note that, as follows from the definition of F4, α <

(
k2
k1

)1/4
. This means that

when we gradually move along the m = 0 line from the region with g1 � g2 to the region
with g1 � g2, we first see the flipping point for the Non-Abelian vacuum (where it moves
from the positive mass region to the negative mass region), and then the flipping point for
the Abelian vacuum.

To determine the IR physics of this vacuum, one has to reexamine the fermionic mass
spectrum. It follows from (4.31)–(4.34) that upon passing by the point g1

g2
= α, the charged

modes do not change mass signs (but one neutral Dirac mode does), thus the IR description
is given by

U(1)2(k1−k2) TQFT. (4.59)

Yet, this is not the end of the story. Indeed, when the point g1
g2

= k2
k1

is passed by,
a new solution for the equations ∂|B|W = ∂ρW = 0 is found. This can be seen in the
following way. We note that 0 ≤ |B| ≤ ρ, and

∂|B|W
∣∣∣
|B|=ρ

> 0,

∂|B|W
∣∣∣
|B|=0

= 0

for any values of the parameters. But ∂2
|B|W ∝ F3 changes the sign exactly at the point

g1
g2

= k2
k1
. In fact, when g1

g2
> k2

k1
, ∂2
|B|W

∣∣∣
|B|=0

> 0, and so it is possible that B = 0 is the only
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zero of ∂|B|W = 0: indeed, this is confirmed by the numerical study of the superpotential.
On the other hand, when g1

g2
< k2

k1
, ∂2
|B|W

∣∣∣
|B|=0

< 0, and so there is at least one more
solution with B 6= 0: the numerical study confirms that there is indeed only one such
solution. This new vacuum still breaks the gauge group down to U(1), but it also breaks
the global U(1)B. The IR physics is thus represented by

ΦG + U(1)2(k1−k2) TQFT. (4.61)

4.2.3 Phase diagrams

We now summarize the picture we suggest for the phase diagram, starting from the case
k1, k2 > 1 and keeping in mind the relation in (4.52). We recall that we started by
determining the large mass phases, depicted by the purple and the green regions of figure 6.
The next step was to understand the near-the-wall behaviour. When g1 � g2, there is just
one vacuum on the left from the wall, but two new vacua, the Non-Abelian and the Abelian
ones, appear on the right from the wall (orange region of figure 6). While moving down
along the wall, we encounter the first special point, after which the Non-Abelian vacuum
is found on the left from the wall, while the Abelian vacuum is still on the right: this
corresponds to the light blue and the yellow regions. In both these phases there is also
a vacuum at the origin (vq, where the q stands for quantum). We do not have a weak
coupling limit that would allow the direct study of this vacuum, but we propose that its IR
description is identical to the large negative mass vacuum, v−1 , since it provides the correct
Witten index, and automatically matches the UV 1-form symmetry ’t Hooft anomaly.

When we decrease g1
g2

even further, the second special point is found. While passing
it, we find that there is just one vacuum on the right from the wall (the green phase in
figure 6), and three vacua on the left: a vacuum at the origin together with the Non-Abelian
and the Abelian vacua discussed above (the grey phase in figure 6). The vacuum at the
origin is now identified with the large mass vacuum.

If we go even further down the wall, the Abelian vacuum splits into two Abelian vacua
(v−3 and v4 in the brown region of figure 6). The v4 vacuum was described above (4.61),
and v−3 does not differ much from v+

3 : in fact, only the counter-terms for background fields
associated to the global symmetry (e.g. the metric) are going to be different.

The special case of k1 > 1 and k2 = 1, is pretty much similar, and the resulting phase
diagram is depicted in figure 7. We note though that in this case the large positive mass
phase (pink region) does not have any supersymmetric vacua, consequently, there are just
two vacua in the grey phase and three vacua in the brown phase. It also implies that at the
transition line between the yellow region and the grey region two supersymmetric vacua
collide and, instead of producing a new supersymmetric vacuum, get lifted. In the other
special case, when k2 = k1 +1, in the v2 vacuum supersymmetry is broken and so the phase
transition between the purple phase and the light blue phase is absent.

We conclude this section with the following observation. While sitting exactly at the
wall and moving along it, we notice that at the flipping point for v3 (the second special
point) the Witten index jumps (in fact, for k2 = 1 it vanishes below the flipping point,
while being non-zero above). This is consistent with the fact that an asymptotically flat
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Figure 7. Phase diagram of the SU(2)k1 × SU(2)−1 quivers with k1 > 1. Dashed lines correspond
to the second order phase transitions, while the solid line is the wall. The supersymmetric vacua
in each phase are indicated.

direction opens up at this point. Indeed, the transition can be arranged in the following
way: at the special point one vacuum goes away to infinity, while another vacuum comes
in from there. We thus conclude that exactly at the second flipping point there are no
supersymmetric vacua, and the model exhibits the runaway behaviour (however, there
might be meta-stable supersymmetry breaking vacua). The first flipping point does not
show any special behaviour for the SU(2)× SU(2) quivers, but, as we will see below, there
is an analogous phase transition at the first flipping point for the SU(2) × U(2) quivers.
We thus expect the following picture: when we move down along the wall, at the first
flipping point the supersymmetric vacuum goes away to infinity, and after this point the
identical vacuum comes in from infinity. Again, at the special point the runaway behaviour
takes place.

5 Phase diagrams of SU(2)×××U(2) models

In this section we discuss the phases of SU(2) × U(2) quiver theories, again with one
bi-fundamental multiplet. Even though in principle one should recompute the effective
superpotential for this case, we will appeal to a shortcut, and just assume that the vacuum
structure (and in particular the symmetry breaking patterns) are the same as we have seen
before. The main motivation for this assumption is that the Abelian factor inside U(2),
for large CS level, does not modify the behaviour of the vacua.

5.1 Chern-Simons levels of the same sign

We start by considering the models of the form

N = 1 SU(2)k1 ×U(2)k2,k3 (5.1)
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with the coupling to bi-fundamental matter, and we will restrict ourselves with the case of
k1 ≥ 0, k2 > 1.19

5.1.1 Large mass asymptotic phases

As before, we can readily understand the large mass phases. When the mass is large and
positive, we get the IR theory

SU(2)k1 ×U(2)k2,k3+1 TQFT (5.2)

with the index20

WI+ = −(k1 + 1)(k2 + 1)|k3 + 1|
2 . (5.3)

When the mass is large and negative, few different cases can be discussed:

• When k1 > 1 and k2 > 1, there is one supersymmetric vacuum whose IR theory is
given by

SU(2)k1−2 ×U(2)k2−2,k3−1 TQFT. (5.4)

The Witten index is

WI− = −(k1 − 1)(k2 − 1)|k3 − 1|
2 . (5.5)

• When k1 = 1, supersymmetry is spontaneously broken, and the IR theory is given by

Gα + U(1)2 ×U(2)k2−2,k3−1 TQFT. (5.6)

• When k1 = 0, we again see a supersymmetric vacuum hosting a CS theory,

U(2)k2−2,k3−1 TQFT, (5.7)

and the index is

WI− = (k2 − 1)|k3 − 1|
2 . (5.8)

Following the familiar strategy, it is then useful to understand the dynamics near the wall,
m = 0, which we do now.

19Consistency requires that k2 = k3 + 1mod 2, such that the resulting IR TQFTs satisfy the condition
stated after (2.1).

20In the case of U(N)k2,k3 the Witten index reads

WI = (k2 +N − 1)! k3

N ! k2!
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5.1.2 Non-Abelian vacuum

By assumption, there again exists a vacuum of the form

Φ =
(
v2 0
0 v2

)
.

The gauge group is still broken to SU(2) with the induced CS level k1 + k2, but since the
baryonic symmetry is now gauged, there are no Goldstone modes in the IR. In fact, the
would-be Goldstone boson superpartner ψG gets mixed with the U(1) gaugino via the mass
matrix (

0 −g2v2
−g2v2 −κ3

)
. (5.9)

We assume that the rest of the fermionic spectrum is qualitatively the same, and thus
the IR theory is given by

SU(2)k1+k2−2 TQFT. (5.10)

There are ten negative-mass Majorana modes, so the Witten index is

WI2 = k1 + k2 − 1. (5.11)

5.1.3 Abelian vacuum

In the same way we expect to find a vacuum of the form

Φ =
(
v3 0
0 0

)
.

It breaks the gauge group to U(1)×U(1), and the induced CS levels are given by the matrix

K =

2(k1 + k2) −k2

−k2
1
2(k2 + k3)

 . (5.12)

We can now use the fermionic charges and masses computed in section 4.1.2 to obtain the
quantum corrections to the level matrix induced upon the integration out of the fermions:

KIR =

2(k1 + k2) −k2

−k2
1
2(k2 + k3) + 1

2

 . (5.13)

The Witten index of this vacuum is given (up to a sign) by the number of lines in the
corresponding Abelian CS theory,

WI3 = detKIR = −|(k1 + k2)(k2 + k3) + (k1 + k2)− k2
2|. (5.14)

The overall structure of the phase diagram is identical to the one depicted on fig-
ures 2, 4. We conjecture (following the pattern discussed in section 4.1) that for k3 6= 1
at the intermediate (yellow) phase there is still the Abelian vacuum, as well as some other
vacuum, resulting from the merging of the Non-Abelian vacuum and the vacuum at the
origin. This quantum vacuum is expected to support a TQFT or/and a non-linear sigma
model with the Witten index fixed by the matching condition. When k3 = 1, the vacuum
structure happens to be quite different, and will be discussed in section 6.
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5.2 Chern-Simons levels of the opposite signs

Next we discuss the models of the form

N = 1 SU(2)k1 ×U(2)−k2,−k3 (5.15)

with, k1 > k2 > 1.

5.2.1 Large mass asymptotic phases

When the matter mass is large and positive, we obtain

SU(2)k1 ×U(2)−k2+2,−k3+1 (5.16)

in the IR. There are three or four negative mass Majorana modes, depending on whether
k3 is positive or negative, so the index is

WI1 = −(k1 + 1)(k2 − 1)(k3 − 1)
2 . (5.17)

When instead the mass is large and negative, we find a supersymmetric vacuum with

SU(2)k1−2 ×U(2)−k2,−k3−1 TQFT, (5.18)

WI1 = sgn(k3)(k1 − 1)(k2 + 1)|k3 + 1|
2 . (5.19)

5.2.2 Non-Abelian vacuum

Similarly to the SU(2) × SU(2) case, the non-Abelian vacuum is expected to exist on the
right from the wall for g1 � g2, and on the left from the wall for g1 � g2, with a flipping
point for some value of g1

g2
. The gauge group is broken to SU(2)k1−k2 . The masses of

fermions transforming in the adjoint representation don’t change upon the crossing of the
flipping point, there are always one of them with a positive mass and three with negative
masses. On the contrary, one of the neutral Majorana fermions change the sign of its
mass, such that there are seven negative-mass Majorana modes when m > 0 and eight
negative-mass Majorana modes when m < 0. We therefore get in the IR

SU(2)k1−k2−2 TQFT, WI = −sgn(m)(k1 − k2 + 1). (5.20)

5.2.3 Abelian vacuum

Finally, we suppose that there is an Abelian vacuum supporting the U(1)×U(1) CS theory.
This vacuum is also expected to flip from one side of the wall to another at some value of
g1
g2

(the second special point), and fermions charged under the unbroken gauge group do
not flip the signs of their masses, and so the level matrix is given by

K+
IR =

2(k1 − k2) k2

k2 −1
2(k2 + k3) + 1

2

 . (5.21)

on both sides of the wall. Some neutral modes though flip their masses, so that the Witten
index is negative for m > 0 and positive for m < 0.
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Decreasing the ratio g1
g2

even further, we expect to face the third special point where a
new Abelian vacuum with B 6= 0 appears (v4 in the brown region of figure 6). This vacuum
preserves just one Abelian factor, and supports

U(1)2(k1−k2) TQFT (5.22)

in the IR. The Abelian vacuum discussed above also undergoes some changes when the
third special point is passed. Namely, one of the fermions charged under the second U(1)
gets a negative mass, which leads to the corrected level matrix:

K−IR =

2(k1 − k2) k2

k2 −1
2(k2 + k3)− 1

2

 . (5.23)

The Abelian vacuum with the U(1) × U(1) gauge group and the level matrix given above
is denoted by v−3 in figure 6.

The overall phase diagram looks quite similar to what is seen in figures 6 and 7,
despite it is now harder to guess the vacuum at the origin in yellow and purple phases. We
conjecture that for k2 = 2, k3 = 1 it is given by the Abelian CS theory

U(1)2k1 . (5.24)

This conjecture is motivated by a duality discussed in the next section. Slightly more
generally, for k3 = 1 (in which case the Witten index of the large mass phase vanishes)
it is natural to expect that this vacuum supports the same TQFT in the IR, as does the
Abelian vacuum also existing in this phase, namely

[U(1)×U(1)]K TQFT, (5.25)

K =

2(k1 − k2) k2

k2 −1
2k2

 , (5.26)

but with the opposite value of the Witten Index. The two proposal are consistent, if for
k2 = 2, the theory [U(1)×U(1)]K is dual to U(1)2k1 .21

The last comment concerns the dynamics at the special points. Similarly to the dis-
cussion at the end of section 4.2, we observe two phase transitions, at the first and at the
second special points. As before, they are organized by first sending a supersymmetric
vacuum to infinity, and then receiving a new supersymmetric vacuum, generically with
a different TQFT and Witten index, from infinity, with the runaway behaviour at the
transition point.

6 Dualities

The discussion of the previous two sections demonstrated that a generic 3d N = 1 quiver
gauge theory has multiple second-order phase transitions with associated IR fixed points.

21We can perform the basic checks, such as the comparison of the number of lines, as well as their spins,
which do work and support the duality between two Abelian spin-TQFTs.
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In this section we will provide few conjectures stating that certain CFTs that appear as
IR limits of different quiver theories may in fact be the same: this is the statement of the
IR duality. Some of such dualities were already used above to guess certain aspects of the
phase diagrams (namely, the vacuum structures in the intermediate phases).

6.1 Dualities between SU(2)××× SU(2) and SU(2)×××U(2)

The first pair of theories we consider is SU(2)k ×U(2)2,1 and SU(2)k+2 × SU(2)−2 quivers
with k > 0; the corresponding phase diagrams are shown in figure 9, and the yellow phase
of 9(a) as well as the yellow and light blue phases of 9(b) are conjectures. We observe,
using the level-rank duality

SU(2)−2 ←→ U(2)2,2, (6.1)

that the transition in figure 9(a) between the yellow and the green phases is identical to
the transition in figure 9(b) between the light blue phase and the purple phase, with the
phases on both sides of the transition given by

S1 × SU(2)k−2 + SU(2)k × SU(2)−2 −→ SU(2)k × SU(2)−2. (6.2)

Figure 8. Classical vacuum structure for
the SU(2)k × U(2)2,1 quiver with one bi-
fundamental multiplet.

While making the conjecture about the
vacua in the yellow phase of figure 9(a), we as-
sumed that at the transition point m = m∗ the
non-Abelian vacuum merges with the Abelian
one, while the vacuum at the origin stays apart.
This is in contrast with what was assumed in
sections 4.1 and 5.1. The difference comes from
the fact that here a new “branch” of vacua,
parametrized by the dual photon, emerges.
The space of possible vacua can be then visual-
ized as the two-dimensional space parametrized
by the scalar vevs, together with a cone at-
tached at the origin (see figure 8). The angular
direction of the cone is the dual photon, and
the radial direction gives the radius of the cir-
cle (which is not a dynamical field, but rather
a function of the parameters). It is then possi-
ble that first the non-Abelian and the Abelian
vacua meet at the origin, and then the dual
photon radius (as a function of m) shrinks to
zero, and the second phase transition happens.

The second pair is SU(2)k × SU(2)2 and SU(2)k+2 × U(2)−2,−1 quivers with k > 0;
the corresponding phase diagrams are presented in figure 10, and the yellow phase of
figure 10(a) is a conjecture. We propose that the “quantum” vacuum vq in figure 10(b) is
given by

U(1)2(k+2) TQFT. (6.3)
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Figure 9. Phase diagrams for the SU(2)k × U(2)2,1 quiver (a) and for the SU(2)k+2 × SU(2)−2
quiver (b).
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Figure 10. Phase diagrams for the SU(2)k × SU(2)2 quiver (a) and for the SU(2)k+2 ×U(2)−2,−1
quiver (b).

Using again the level-rank duality (6.1), we observe that the transition in figure 10(a)
between the yellow and the green phases is identical to the transition in figure 10(b) between
the light blue phase and the purple phase,

SU(2)k−2 + U(1)2(k+2) −→ SU(2)k × SU(2)2. (6.4)

The two dualities we have just described can be obtained from the duality (2.9) by
gauging the flavour SU(2) (sub)groups on both sides.22

6.2 Duality between SU(2)××× SU(2) quiver and adjoint QCD

The first model considered here is the SU(2)k × SU(2)0 quiver, discussed in section 4.1.2.
The phase diagram can be found in figure 11(a), where the form of the yellow phase is a
conjecture. The second model is the SU(2)k adjoint QCD: the corresponding phase diagram
was reviewed in section 2, and is depicted on figure 11(b).

22One may wonder why the SU(2) gauge fields used to gauge the common SU(2) subgroup on both sides
of the duality (2.9) have different CS levels on the two sides of the duality claimed above. The reason for
this is that the duality (2.9) implies different contact terms for various background fields.
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U(1)2 k

SU(2)k
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Figure 11. Phase diagram for the SU(2)k×SU(2)0 quiver (a) and for the SU(2)k adjoint QCD (b).

Evidently, the phase transitions between the yellow phases and the green phases are
identical, and this hints towards the possibility of the duality:

SU(2)k × SU(2)0 with a bi-fundamental ←→ SU(2)k with an adjoint. (6.5)

This duality if correct has a quite clear meaning. Assuming that the SU(2)0 node of the
quiver confines, we can describe the low-energy physics in terms of the bilinear

X = ΦΦ†, (6.6)

which indeed transforms in the adjoint representation of SU(2)k. There is one point in this
picture that may seem disturbing. The quiver theory possesses the baryonic symmetry
U(1)B, and there are charged operators B = det Φ. Neither the symmetry, nor would-be
dual operators appear on the QCD side. This issue can be resolved in two ways: either
the quiver theory baryons happen to be massive, and do not appear in the IR fixed point,
or they are actually massless at the CFT point, but decouple from the rest. In the latter
case the QCD side should be supplemented by a decoupled free complex multiplet.

7 Time reversal invariant models

We have already mentioned that 3d N = 1 theories with time reversal invariance have a
beautiful property: their superpotentials admit only corrections odd under the action of T -
transformation [4]. It significantly restricts the possible form of the effective superpotential,
and sometimes superpotential even turns out to be fully protected.

Examples of T -invariant theories can be found also among the quiver theories. For
example, a two-node quiver with opposite CS levels,

N = 1 SU(2)k × SU(2)−k + a bi-fundamental, (7.1)

enjoys this property at the point g1 = g2, m = 0.23 It is easy to see that there are no parity
odd terms that could be written in the effective superpotential, implying that we have an

23To be more precise, T -transformation must be augmented by the exchange of two gauge group factors.
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example with full protection at hands. In fact, one can check that the 1-loop superpotential
computed in section 3 vanishes at this point. It follows that the theory has a moduli space
of vacua, which coincides with the classical one,

M = S1 × R2 / S2. (7.2)

At the origin of the moduli space we expect to find a SCFT. At a point away from the
origin the IR physics is described by three real massless moduli without any topological
sector.

We can then deform the theory from the T -invariant point by turning on the mass
term or changing the ratio g1

g2
, and study the resulting IR phases. The large mass phases

for k > 1 are supersymmetric and are given by

SU(2)k × SU(2)−k+2 TQFT (7.3)

for large positive masses and

SU(2)k−2 × SU(2)−k TQFT (7.4)

for large negative masses. When k = 1, supersymmetry is spontaneously broken, and the
IR description is

Gα + U(1)2 ×U(1)2 TQFT (7.5)

for large positive masses, and the same for large positive masses, where the level-rank
duality (4.45) has been used.

We can also study behaviour near the wall and find that for g1
g2
> 1 two new vacua

appear when m > 0, while for g1
g2

< 1 we find them when m < 0. These are would-
be Abelian and non-Abelian vacua familiar from above, despite the fact that they do not
support any topological degrees of freedom. Still, they are not trivial and host S1 Goldstone
bosons: Abelian vacuum breaks spontaneously magnetic symmetry of the preserved U(1)
gauge group, while non-Abelian vacuum breaks the baryonic symmetry. The phase diagram
is depicted in figure 12.

8 Outlook

In this paper we studied the IR behaviour of certain 3d N = 1 quiver theories. Al-
ready the simplest possible setup of a two-node quiver with SU(2) gauge groups and one
bi-fundamental multiplet reveals quite rich and diverse physical pictures. We find the char-
acteristic features of theories with two supercharges observed previously in the literature:
walls in the parameter space at which the Witten index jumps, multiple phases with second
order phase transitions between them, vacua with spontaneously broken supersymmetry,
which can be either stable or meta-stable. Especially interesting phase diagrams are found
in theories with CS levels of different signs (sections 4.2, 5.2). The study of phase diagrams
was facilitated by some duality considerations: conjecturing certain dualities, one some-
times could gain more understanding of the intermediate “quantum” phases, which are not
continuously connected to any weakly coupled limit.
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Figure 12. Structure of the phase diagram for the SU(2)k × SU(2)−k quiver. Dashed lines corre-
spond to the second order phase transitions, while the solid line is the wall. The supersymmetric
vacua in each phase are indicated.

Two of the dualities considered in the paper can be related to previously conjectured
dualities for SQCD-like theories, and obtained from them by gauging flavour symmetries
on both sides. This tool for generating new dualities is well-known for theories with greater
amount of supersymmetry, but our results suggest that it is also applicable in the realm
of minimally supersymmetric three-dimensional theories. The third duality we discuss
involves the confinement of a node, and corresponds to the situation for which at low
energies the physics can be described in terms of bilinears (or more generally multi-linears)
with respect to the original matter field, and gauge-neutral with respect to a given node.

Many results of this paper offer directions for generalizations. The most obvious one
is to consider quivers with higher-rank gauge groups, as SU(N) or U(N). The overall
structure of the phase diagrams is expected to be more complicated in these cases but
nevertheless one may hope to understand the dynamics near the wall (even though the 1-
loop superpotential is going to have a more complicated structure). More general dualities
of [6] can then be used, together with the node-dualization technique, to conjecture new
dualities between quivers. In this case, a more detailed analysis is required in order to
establish to which of the multiple SCFTs the duality applies.

Another interesting generalization is to take several bi-fundamental multiplets. The
resulting vacua will generically break flavour symmetries, therefore the IR description will
be given in terms of non-linear sigma models, in addition to the topological sectors, similar
to those already seen above.

We have already mentioned in the introduction that simple quiver theories, like the ones
that we have been studying in this work, are prototypical examples of more complicated
models arising as world-volume theories on M2 branes put on certain backgrounds [19].
Since classically these theories have moduli spaces, it is natural to think that they appear
exactly on the walls inside their phase diagrams. Borrowing some lessons from the results
we found above, we expect that at the quantum level different possibilities can arise:
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the vacuum may be supersymmetric and host some topological sector, or it may break
supersymmetry, or show a runaway behaviour with an asymptotically flat direction. On
the other hand, it is less likely that the IR limit of the M2 brane world-volume theory is
given by a SCFT, unless the theory is T -invariant. It is extremely interesting to investigate
which of these possibilities are realized in various string/M-theory configurations.

To conclude, there remain many exciting questions regarding the dynamics of three-
dimensional quivers with minimal sypersymmetry, and we hope to report on the progress
in some of them in the future.

Acknowledgments

We thank Zohar Komargodski, Joseph Minahan, and Adar Sharon for valuable discus-
sions. The work of VB is supported by the European Research Council (ERC) under
the European Union’s Horizon 2020 research and innovation programme (grant agreement
No. 851931). The work of NG is supported by the “Gauge Theories, Strings, Supergravity”
(GSS) research project.

A Group theory conventions

The gauge group we consider in this paper is of the form G = G1 ×G2. In the main text
G1,2 are chosen to be SU(2) so we restrict to this one.

The su(2) Lie algebra is defined through the usual relation

[τA, τB] = iεABCτC (A.1)

where A,B,C are adjoint indices. We choose τA ≡ 1
2σ

A, where σA are the Pauli matrices,
so that the canonical normalization

Tr
(
τAτB

)
= 1

2δ
AB (A.2)

holds. We make also use of the following notation

τ (AτB) ≡ 1
2{τ

A, τB}, τ [AτB] ≡ 1
2[τA, τB] . (A.3)

Since we are considering a quiver gauge theory with the matter sitting in the (anti-)
bifundamental representation of G1×G2, namely (R̄, R) and (R, R̄) respectively, we recall
the action of G on them. The gauge group transformations U ∈ G1 and V ∈ G2 will then
act in the following way

(Φ′) ĵ
i = (UΦV †) ĵ

i , (Φ̄′) j

î
= (V Φ̄U †) j

î
(A.4)

and at the level of algebra we have

δ(A)Φ ĵ
i = i

[
g1(T (A)) k

i Φ ĵ
k − g2Φ k̂

i (K(A)) ĵ

k̂

]
, δ(A)Φ̄ j

î
= i

[
g2(K(A)) k̂

î
Φ̄ j

k̂
− g1Φ k

î
(T (A)) j

k

]
(A.5)

where g1,2 are the two gauge couplings for G1,2 and T (A), K(A) are generators of the g1, g2
Lie algebras respectively.
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B Superspace conventions

The conventions we used in the main text refer to [6, 10].
We raise and lower spinor indices through the use of the antisymmetric matrix Cαβ as

follows
ψα = Cαβψβ , ψα = ψβCβα = −Cαβψβ (B.1)

with ψ2 ≡ 1
2ψ

αψα. The graded commutation relation for derivatives is

{Dα, Dβ} = 2i∂αβ (B.2)

where ∂αβ is the ordinary spacetime derivative. Derivatives also satisfy the following useful
identities

∂αγ∂βγ = δαβ�, DαDβ = i∂αβ + CαβD
2

DαDβD
α = 0, D2Dα = −DαD

2 = i∂αβD
β , (D2)2 = � .

(B.3)

B.1 N = 1 gauge theories

The most generic kinetic terms for three-dimensional supersymmetric gauge theories are
Chern-Simons and Yang-Mills ones. In the N = 1 notation, the Lagrangian for such terms
reads

LCS-YM = − k

4π Tr
(
2iΓα∂αβΓβ + ΓαDαD

βΓβ
)

+ 1
2g2 Tr

(
Γα�Γα − iΓα∂αβD2Γβ

)
(B.4)

which, with some effort, can be recasted in the following gauge-fixed form

LgfCS-YM =− k

4π Tr
(

2iΓα∂αβΓβ +
(

1− 1
β

)
ΓαDαD

βΓβ
)

+ 1
2g2 Tr

((
1 + 1

α

)
Γα�Γα − i

(
1− 1

α

)
Γα∂αβD2Γβ

)
.

(B.5)

By taking the Landau gauge-fixing limit (α, β → 0) one can obtain the final form for the
CS-YM gauge propagator, which reads

∆ β
α = g2 δ

β
α(κD2 + p2) + (κ−D2)p β

α

p2(κ2 + p2) , κ = kg2

2π . (B.6)

Matter can be also coupled through the following action

Smatter = −1
2

∫
d3xd2θ (∇αΦ̄)(∇αΦ) (B.7)

where in our setup, the covariant derivatives take the following explicit form

∇αΦi
ĵ = DαΦi

ĵ − ig1 ΓAα (TA)i
kΦk

ĵ + ig2 Γ̂Mα Φi
k̂(KM )k̂

ĵ (B.8)

∇αΦ̄ i
ĵ

= DαΦ̄ i
ĵ
− ig2 Γ̂Mα (KM )ĵ

k̂Φ̄ i
k̂

+ ig1 ΓAα Φ̄ k
ĵ

(TA)k
i
. (B.9)
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C Effective superpotential at k1 = −k2

When the CS levels are equal by the absolute value but opposite, one can compute deriva-
tives of the superpotential explicitly. Introducing k1 = −k2 = k, κ1 = kg12

2π , κ2 = kg12

2π , we
get for B → ρ:

∂ρW1-loop = −(g2
1 + g2

2)(κ1 − κ2)
[
(9g4

1 + 22g2
1g

2
2 + 9g4

2)ρ+ 6(g2
1 + g2

2)(κ2
1 + κ1κ2 + κ2

2)
]

16π(2κ1κ2 + ρ(g2
1 + g2

2))
√

(k1 + k2)2 + 2ρ(g2
1 + g2

2)

ρ→∞−−−→ −(κ1 − κ2)(9g4
1 + 22g2

1g
2
2 + 9g4

2)
16π
√

2
√

(g2
1 + g2

2)ρ1/2
, (C.1a)

∂|B|W1-loop = g2
1g

2
2(κ1 − κ2)ρ

4π(2κ1κ2 + ρ(g2
1 + g2

2))
√

(k1 + k2)2 + 2ρ(g2
1 + g2

2)

ρ→∞−−−→ g2
1g

2
2(κ1 − κ2)

4
√

2π(g2
1 + g2

2)3/2ρ1/2 , (C.1b)

and in the limit B → 0 the result is

∂ρW1-loop = − κ1 − κ2
8π(g2

1 − g2
2)2D

 N1√
κ2

1 + 2g2
1ρ

+ N2√
κ2

2 + 2g2
2ρ

−
− (g2

1 + g2
2)(κ1 − κ2)(2κ2

1 + 2κ1κ2 + 2κ2
2 + 3ρ(g2

1 + g2
2))

16π(2κ1κ2 + ρ(g2
1 + g2

2))
√

(κ1 + κ2)2 + 2ρ(g2
1 + g2

2)

ρ→∞−−−→ −g1κ
2
1 − g2κ

2
2

8
√

2π
− κ2

1g
2
1 − κ2

2g
2
2

16
√

2π
√
g2

1 + g2
2ρ

1/2
, (C.2a)

∂|B|W1-loop = g2
1g

2
2(κ1 − κ2)B

4π(g2
1 − g2

2)D

 g4
1 + 3g2

1g
2
2√

κ2
1 + 2g2

1ρ
− g4

2 + 3g2
1g

2
2√

κ2
2 + 2g2

2ρ


ρ→∞−−−→ g1g2(κ1g2 − κ2g2)

4
√

2π(g1 + g2)2 . (C.2b)

where

D = (g2
1 − g2

2)2ρ− 4(κ2
1g

2
2 + κ2

2g
2
1). (C.3a)

N1 = g4
1(g2

1 − g2
2)3ρ− 4g8

1κ
2
2 + 4g2

1g
2
2κ

2
1(−g4

1 + g2
1g

2
2 + g4

2), (C.3b)
N2 = g4

2(g2
2 − g2

1)3ρ− 4g8
2κ

2
1 + 4g2

2g
2
1κ

2
2(−g4

2 + g2
1g

2
2 + g4

1). (C.3c)
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