
Physics Area - PhD course in

Statistical Physics

Harnessing long-range couplings for
quantum technologies

Candidate:
Andrea Solfanelli

Advisors:
Stefano Ruffo
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Preface

In this thesis, we delve into the unique properties of long-range interacting quantum sys-
tems. The research presented here is the culmination of a three-year PhD project, which
contributes to the excitingly growing interest in long-range quantum systems. This interdis-
ciplinary �eld bridges various research communities, including condensed matter physics,
statistical physics, and quantum information theory.

The contribution of the present thesis is two-fold. From the fundamental side we probe
the universal properties of long-range interacting quantum systems establishing a reach
phenomenology which have no counter part in systems with local interactions. From the
applicative point of view we identify some features which may be useful in the context of
quantum technological applications, leading to several advantages with respect to standard
local systems. Our transversal point of view, based on our statistical physics background,
allowed us to bridge together many di�erent subjects ranging from the out-of-equilibrium
dynamics of many-body quantum systems to the theory of entanglement and quantum
information. Moreover, we have explored for the �rst time the idea to obtain a thermo-
dynamic advantage, coming from the presence of long-range couplings, in the context of
quantum thermodynamics. Last but not least, during the PhD program, we had the op-
portunity to access the IBM superconducting quantum processors, this allowed us to go
beyond theoretical predictions pursuing quantum simulation experiments directly on the
physical hardware. The Thesis is organized as follows.

Chapter 1 is intended to summarize some known features of long-range interacting
quantum systems. Section 1.1 presents the scope of the thesis and provides theoretical and
experimental motivations for considering these systems as promising platforms for quan-
tum technological applications. Section 1.2 introduces the distinction between weak and
strong long-range interactions and discusses the peculiar spectral properties of long-range
Hamiltonians. Section 1.3 reviews the current state of the art of experimental research
in quantum computing and simulations, highlighting the pros and cons of various physical
platforms, with a focus on atomic, molecular, and optical systems that allow for long-range
couplings. Sections 1.4 and 1.5 detail the equilibrium and dynamical properties of two pro-
totypical long-range models: the long-range quantum Ising chain and the long-range Kitaev
chain.

Chapter 2 introduces and justi�es the e�ective dimension approach to studying the

5



6 CONTENTS

critical behavior of long-range systems. Section 2.1, reviews the derivation of the e�ective
dimension relation using scaling theory and demonstrates its validity at leading order in a
perturbative renormalization group (RG) analysis around the Gaussian �xed point. Section
2.2 applies known perturbative RG results to derive an explicit formula for the e�ective
dimension, valid up to corrections of orderO("3). Section 2.3 presents a modern approach
based on functional RG techniques, extending the e�ective dimension approximation be-
yond one-loop corrections by incorporating wavefunction renormalization e�ects. Section
2.4, compares the e�ective dimension approach predictions with numerical data from the
conformal bootstrap for the two-dimensional Ising model with long-range interactions,
demonstrating high accuracy.

Chapter 3 explores the quantum thermodynamics of long-range systems. Sections 3.1
and 3.2 introduce the �eld of quantum thermodynamics and the concept of quantum work
statistics. Section 3.3 determines conditions under which long-range interactions reduce
energy losses due to defect generation during non-adiabatic evolution, emphasizing their
robustness against dynamic excitations compared to local systems. These �ndings are
applied in Section 3.4 to optimize the performance of a �nite-time quantum Otto cycle
with a working substance featuring long-range couplings.

Chapter 4 presents results on Floquet physics in long-range systems. Section 4.1 in-
troduces Discrete Floquet Time Crystals (DFTCs), a nonequilibrium many-body phase
characterized by the breaking of discrete time translation symmetry and persistent oscil-
lations of an order parameter. Section 4.2 introduces the long-range kicked quantum Ising
chain as a prototypical model for studying Floquet-driven long-range systems. Section 4.3
explores the generation of DFTCs in clean systems with strong long-range interactions
and introduces a novel order parameter for detecting these phases. This tool is applied
to characterize the out-of-equilibrium phase diagram of the long-range kicked Ising model,
revealing a rich landscape with self-similar fractal boundaries. Section 4.4 presents re-
sults from digital quantum simulations addressing qubit connectivity limitations in noisy
intermediate-scale quantum devices, demonstrating how to implement couplings among
physically disconnected qubits. This section also includes quantum simulation results on
IBM superconducting quantum processors, benchmarking the prethermal stabilization of
discrete Floquet time crystalline response with increasing interaction range.

Chapter 5 studies the behavior of the ground state entanglement entropy for Kitaev
chains with long-range hopping and pairing couplings that decay as a power law of the dis-
tance. Sections 5.1 and 5.2 introduce the framework for the study of entanglement in many
body quantum systems and review the main techniques for the analytic calculation of the
entanglement scaling in lattice quadratic fermionic models. Sections 5.3 and 5.4 provide
analytical and numerical characterizations of the ground state entanglement asymptotic
growth in the large subsystem size limit, in the weak and strong long-range regimes re-
spectively. This analysis reveals a rich phenomenology due to the model non-local nature.
Notably, in the strong long-range regime, the system ground state can exhibit logarith-
mic, fractal, or volume-law entanglement scaling, depending on the values of the relevant
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parameters.
The Thesis concludes with a summary of the main �ndings and potential future research

directions in Chapter 6.
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Chapter 1

Long-range interacting quantum
systems

1.1 Why long-range interactions?

The interest for long-range physics has steadily risen in recent years, driven by continuous
advancements in experimental techniques for controlling and manipulating atomic, molecu-
lar, and optical (AMO) systems [16]. Speci�cally, experimental platforms such as Rydberg
atoms [17], dipolar quantum gases [18], polar molecules [19], quantum gases coupled to
optical cavities [20, 21], and trapped ions [22, 23, 24] have successfully realized ensembles
of long-range interacting quantum particles.

These systems are powerful tools for quantum computing and quantum simulation be-
cause they enable the realization of highly entangled dynamical states [25, 26, 27]. Long-
range interactions are crucial in these technological applications, as their collective nature
leads to metastable states and novel forms of dynamical scaling not observed in systems
with only local interactions. The physics of long-range interacting atomic assemblies pro-
vides a route to circumventing constraints such as thermalization and fast decoherence,
making them promising candidates for e�cient quantum technologies.

Two core questions emerge from this perspective:

1. What novel phenomena, induced by long-range couplings, display many-
body quantum correlations and may serve as proper tool for quantum
information?

2. Which regimes are most suitable for exploiting the stability of long-range
systems against external perturbations and their resilience against fast
thermalization?

These questions are the main motivation of the work presented in this Thesis. We ad-
dress them by investigating the unique properties of long-range interacting quantum sys-
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14 CHAPTER 1. LONG-RANGE INTERACTING QUANTUM SYSTEMS

tems, focusing on identifying potential advantages that harness the presence of long-range
coupling to enhance their utility for quantum technological applications. Additionally, we
explore the universal behavior of these non-local systems near quantum critical points,
aiming to isolate universal features applicable to a wide range of experimentally relevant
long-range systems, regardless of the microscopic details of the model. To this end, we
employ the e�ective dimension framework, which is introduced and justi�ed in Chapter 2.

We focus on three main aspects of long-range systems that lead to explicit advantages
over their local counterparts:

ˆ Quantum Thermodynamics : One primary goal of quantum thermodynamics is
developing e�cient microscopic thermodynamic machines operating in the quantum
regime. A signi�cant limitation of such devices is the unavoidable trade-o� between
power and e�ciency in �nite-time thermodynamic cycles. Long-range systems sta-
bility against external perturbations reduces energy losses due to defect generation
during non-adiabatic evolution, crucial for enhancing the power-to-e�ciency ratio of
quantum thermal devices. The quantum thermodynamics of long-range systems and
its application to optimizing a �nite-time quantum thermal cycle are discussed in
Chapter 3.

ˆ Stabilization of out-of-equilibrium phases : The e�cacy of quantum techno-
logical applications depends on the ability to preserve systems out-of-equilibrium,
avoiding the detrimental e�ects of thermalization, which lead to the loss of locally
stored quantum information. Long-range systems can host long-lived quasi-stationary
states with lifetimes diverging with system size, making them promising candidates
for this purpose. Speci�cally, in periodically (Floquet) driven many-body quantum
systems, long-range interactions allow the stabilization of Discrete Floquet Time
Crystals (DFTCs), which are nonequilibrium many-body phases exhibiting a unique
form of spatiotemporal order. The discrete time translation symmetry of the Flo-
quet driving is broken, and an order parameter displays persistent oscillations with a
period that is an integer multiple of the driving period. The Floquet physics of long-
range interacting quantum systems is analyzed in Chapter 4 from both theoretical
and quantum simulation perspectives.

ˆ Highly entangled states : A crucial feature for systems used in quantum tech-
nologies is the ability to host highly entangled states. However, the ground state
of local Hamiltonians is constrained by the entanglement area law. Long-range cou-
plings overcome this limitation, allowing for violations of the area law even outside
criticality. In Chapter 5, we provide a comprehensive analytical and numerical char-
acterization of the asymptotic growth of ground state entanglement in the large sub-
system size limit. The truly non-local nature of the model leads to an extremely rich
phenomenology, with the ground state potentially exhibiting logarithmic, fractal, or
volume-law entanglement scaling, depending on the relevant parameters.
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1.2 Main features of long-range systems

1.2.1 Weak and Strong long-range regimes

A physical system is said to be long-range when the coupling matrixJ ij decays as a power
law of the distance r = ji � j j between the microscopic components:

J ij / r � � =N� ; with � > 0; N � =
nX

j =1

j � � ; (1.1)

where the factor N � is introduced to ensure that the internal energy remains extensive
[28]. In a d dimensional system, depending on the value of the decay exponent� , three
di�erent regimes can be identi�ed:

ˆ The strong long range regime (0 < � < d ): The system energy is non-additive,
and standard thermodynamics is not strictly valid [29, 30].

ˆ The weak long range regime (d < � < � � ): In this regime, thermodynamics
is well-de�ned, but long-range interactions signi�cantly a�ect phase transitions and
the universal scaling near classical and quantum critical points [31, 32, 33, 34]. The
threshold value � � depends on the speci�c model and phenomenon considered.

ˆ Short-range regime (� > � � ): The system's behavior mimics that of nearest-
neighbor interactions.

1.2.2 The long-range spectrum

As a �rst minimal model of long-range quantum system we consider a generic system
of particles hopping on a one-dimensional (d = 1) lattice with long-range translational
invariant hopping amplitudes and possibly interacting among each other. This model is
described by the Hamiltonian

Ĥ = �
NX

i =1

N=2� 1X

i =1

t r

�
ây

i âi + r + h:c:
�

+ �
NX

i =1

ây
i âi + Ĥ int : (1.2)

where the ây
i (âi ) are the creation (annihilation) operators for quantum particles at site i

of the chain and N is the total number of sites. The nature of the particles (bosons or
fermions) and the speci�c form of the interaction Hamiltonian Ĥ int are not crucial at this
stage. The long-range hopping amplitudes are de�ned as in Eq. (1.1).

In general, the spectrum of the interacting Hamiltonian in Eq. (1.2) can be obtained by
means of perturbation theory [35]. Then, we start by diagonalizing the noninteracting part.
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Assuming periodic boundary conditions, the spectrum of the noninteracting Hamiltonian
is

" � (k) = � � f � (k); (1.3)

where

f � (k) =
1

N �

N=2� 1X

r =1

cos(kr )
r � ; (1.4)

is the Fourier transform of the hopping amplitudes t r . The periodic boundary conditions
impose the usual restriction on the momentumk � kn = 2 �n=N with n 2 Z and n =
b� N=2c; : : : bN=2c (the lattice spacing has been set to 1).

As we will see throughout this manuscript, the behavior off � (k) for di�erent values of
� , plays a crucial role in the physics of long-range quantum systems, therefore it is worth
spending this Section to characterize its peculiar behavior.

First of all we notice that the Kac normalization N � scales di�erently with the system
sizeN � 1 depending on� :

N � �

8
><

>:

N 1� � =c� if � < 1

ln N if � = 1

� (� ) if � > 1

; (1.5)

where c� = (1 � � )21� � and � (x) is the Riemann zeta function.
As long as we are in the weak long-range regime� > 1, the Kac scaling is �nite in the

N ! 1 limit. Accordingly the calculation proceeds similarly to the nearest-neighbor case,
allowing the thermodynamic limit of Eq. (1.4) to be taken safely, substituting the discrete
momentum valueskn with the continuous variable k 2 [� �; � ). Therefore, the spectrum
of the Hamiltonian for � > 1 becomes continuous andf � (k) reads [36]

f � (k) �
1

� (� )

h
Li � (eik ) + Li � (e� ik )

i
(1.6)

where Lix (z) =
P 1

n=1 zn=nx is the polylogarithm [37].
While the speci�c choice of the lattice type may in
uence the detailed form of f � (k),

the physics of long-range interacting systems is typically a�ected only by its asymptotic
behavior at low energy. In particular, we are interested in the low k modes of the single
particle spectrum, which determine the dispersion relation of the long-range system. This
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is obtained by taking the Taylor expansion of Eq. 1.6 aroundk = 0 leading to [36]

f � (k) = 1 + sin
� ��

2

� �(1 � � )
� (� )

jkj � � 1 + O(k2) if 1 < � < 3; (1.7)

f � (k) = 1 +
2 ln(k) � 3

4� (3)
k2 + O(k3) if � = 3 ; (1.8)

f � (k) = 1 �
� (� � 2)

2� (� )
k2 + O(k� � 1) if � > 3: (1.9)

Then, at the gapless point � = 1, we �nd the � dependent dispersion relation" � (k) �
jkj � � 1, as long as� < 3, while we retrieve the standard dispersion relation for a nearest
neighbor tight binding model " � (k) � j kj2 when � > 3. Once the dispersion relation is
known we can compute the low energy density of states as

g(" ) =
Z �

� �

dk
2�

� (" � " � (k)) �

(
g� "

1
� � 1 � 1 1 < � < 3

" � 1=2 � > 3
; (1.10)

with g� = (sin ( ��= 2) �(1 � � )� (� )) � 1=(� � 1)=(� � 1). This result can be compared with
the standard power-law scaling of the density of states in a local system, leading to the
de�nition of the spectral dimension [38, 39]

g(" ) � "ds =2� 1: (1.11)

This is the �rst example of the dimensional correspondence relating the behavior of a
long-range system ind = 1 dimensions to that of a local system in an e�ective fractional
dimension

de� = ds =

(
2=(� � 1) if 1 < � < 3

1 if � > 3
: (1.12)

The threshold at which short-range physics is recovered, in this case� � = 3, corresponds
to the value of � at which the e�ective dimension matches the actual spatial dimension of
the system.

As we will explore in the following sections of this manuscript, this identi�cation, which
naturally arises from the fundamental spectral properties of long-range systems, proves
to be a powerful tool for investigating and interpreting the universal properties of these
systems (see Chapter 2).

The situation changes dramatically in the strong long-range regime� < 1. Indeed, as
shown in Eq. (1.5), the Kac normalization factor N � diverges at largeN ensuring energy ex-
tensivity. Accordingly, the thermodynamic limit of Eq. (1.4) must be carefully considered.
To this aim, it is convenient to write Eq. (1.4) explicitly for large N as

lim
N !1

1
N �

N=2� 1X

r =1

cos(kr )
r � �

c�

N

N=2X

r =1

cos(2�n r
N )

(r=N ) � : (1.13)
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Due to the 1=N scaling of the discrete momenta on the lattice, the summation depends
only on the variable r=N . Therefore, for N ! 1 , we can take the continuum limit by
transforming the sum over r into an integral with respect to s = r=N , leading to

f � (n) = lim
N !1

f � (k) =
Z 1=2

0
ds

cos(2�ns )
s� : (1.14)

Despite its simplicity, the result in Eq. (1.14) has profound physical implications: it demon-
strates that the spectrum of a quantum system with long-range harmonic couplings remains
discrete even asN ! 1 . Speci�cally, for � < 1 , the gap between neighboring eigenvalues
"n+1 � "n , labeled by the consecutive momentakn , kn+1 in Eq. (1.4), does not vanish in the
thermodynamic limit, as it would for � > 1. Consequently, the energy eigenvalues depend
only on the integer index n 2 Z rather than on the continuous momentum k:

"n = � � f � (n): (1.15)

Notably, for � = 0, we �nd that f � (n) ! � n;0, leading to a fully degenerate discrete
spectrum as described by Eq. (1.15): "n = � for n 6= 0 and "n = � � 1 for n = 0.
Additionally, it is important to observe that the energies "n are not densely distributed.
Instead, each energy eigenvalue is isolated, with the only accumulation point occurring at
the maximum energy maxn "n = � . This follows from the Riemann{Lebesgue lemma [40],
which implies

lim
n!1

f � (n) = 0 : (1.16)

The core result in Eq. (1.14) remains robust regardless of the nature of the particles
(bosons or fermions) or most interaction termsĤ int . This claim can be substantiated by
examining the perturbative corrections to the eigenvalues of the Hamiltonian induced by
the interaction term Ĥ int

�E n = h n j Ĥ int j n i +
X

n6= n0

j h n j Ĥ int j 0
n i j

En � En0
+ : : : (1.17)

Here, j n i are the symmetric (or antisymmetric) products of the single-particle eigenstates
jkn i of the periodic chain, andEn represents their energy. As long as the system is �nite, the
spectrum can be safely assumed to be discrete and nondegenerate, making the perturbative
results a good approximation for the spectrum ofĤ under weak perturbations.

Conventionally, one might expect perturbative arguments to break down in the ther-
modynamic limit due to divergent contributions near critical points. However, this is not
the case for strongly long-range systems, where the long-range nature of the couplings
suppresses strong 
uctuations [41]. Consequently, the discreteness of the noninteracting
spectrum persists in the thermodynamic limit, and the perturbative contributions on the
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right-hand side of Eq. (1.17), should not develop any divergence. Therefore, the discrete-
ness of the spectrum, is expected to persist in most interacting Hamiltonians. One of the
main consequences of discreteness is the suppression of strong interaction contributions
in perturbation theory. Thus, the physics of thermodynamically large long-range systems
resembles the one of a �nite bounded Hamiltonian more closely than that of short-range
many-body systems.

Summarizing, the shape off � (k) shrinks from f � !1 (k) = cos(k) (for � ! 1 ) to
f � ! 0(k) = � k;0, becoming increasingly singular atk = 0 as � is decreased. Moreover,
in the strong long-range regime (0< � < d ), we �nd that the excitation spectrum takes
discrete values also in the thermodynamic limit N ! 1 and that f � (k) squeezes towards
a delta function as N ! 1 with a speed N � (1� � ) for � < 1 and 1=ln N for � = 1. This
phenomenon can be explained by the slow decay of interactions with spatial distance, which
results in the system behaving like a permutationally invariant system over �nite length
scales. Consequently, observables cannot distinguish �nite wavelengths, and only modes
with extensive wavelengthskn / 1=N, have a signi�cant impact on physical properties. As
� increases beyondd, all modesk 6= 0 eventually become activated.

1.2.3 Universality of weak long-range systems

The presence of non-local interactionsJ (r ) / r � � may alter the standard picture provided
by the Mermin-Wagner theorem [42] allowing for transition at dimensions smaller than
the lower critical one for local systems [43], as observed in various experiments [44, 45].
Depending on the parameter� three regimes can be identi�ed: (i) for � � � mf , where � mf

can be calculated in the mean-�eld approximation, the mean-�eld approximation correctly
describes the universal behavior; (ii) for� mf < � � � � the system exhibits peculiar long-
range critical exponents; (iii) for � > � � the critical behavior corresponds to the nearest-
neighbors (� ! 1 ) one.

The e�ective dimension approach provides an intriguing framework for interpreting
these �ndings. This concept suggests that the critical properties of a long-range model
in dimension d with a power-law exponent � can be deduced from those of a short-range
model in an e�ective fractional dimension de� . A relation linking this e�ective dimension
to d and � can be determined through general renormalization group arguments leading
to [46]

de� =
d(p � � SR(de� ))

� � d
; (1.18)

wherep is the power of the low-energy dispersion relation of the short-range single particle
spectrum.

A key advantage of the e�ective dimension approach is its ability to reproduce be-
haviors both within and beyond the mean-�eld approximation range by varying a single
parameter [46]. Moreover, although Eq. (1.18) is not exact for non-Gaussian �xed points,
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it serves as a highly accurate approximation. It o�ers an e�cient means to estimate criti-
cal exponents with minimal error, achieving an accuracy higher than 97% for equilibrium
critical exponents when compared to precise numerical estimates.

In Chapter 2 we provide a detailed introduction to the e�ective dimension framework
from a renormalization group perspective and we justify the validity of the approximation
leading to the dimensional correspondence in Eq. (1.18).

1.3 Experimental quantum simulation platforms

From the experimental side several platforms exist with the possibility to implement long-
range couplings. In particular, in this Section we brie
y summarize the current state of
experimental setups for quantum technological applications with a speci�c focus on the
physical systems which naturally host long-range interactions.

In the past decade various platforms have successfully implemented universal quantum
gates and precise readouts, meeting the Di Vincenzo criteria [47]. Ongoing hardware and
fabrication developments have facilitated qubit integration, enabling prototype demonstra-
tions in quantum computing, including analog/digital quantum simulation, quantum error
correction (QEC), fault-tolerant quantum operations, and quantum algorithms.

Google's �rst claim of quantum supremacy, demonstrated by randomized circuit sam-
pling on their 53-qubit Sycamore processor [48], stands as a pivotal moment in this journey.
Followed by other "quantum advantage" experiments, spanning superconducting systems
[49, 50] and photon-based approaches [51, 52, 53]. Quantum annealing in commercialized
quantum machines, such as D-Wave annealing machines [54] and photonic boson sampling
circuits [51, 52, 53], have propelled the industrialization of quantum computing. Functional
quantum simulators [55, 56] addressing preliminary problems in quantum chemistry [57]
and condensed matter physics [58], stand as additional noteworthy achievements. More-
over, several experimental platforms have been explored for quantum computing, including
trapped ions [60, 61, 62, 63], neutral Rydberg atoms [64, 65, 66], coherent photons [67, 52],
nuclear spins in molecules [68, 69], NV centers [70, 71], semiconductor quantum dots [72],
and superconducting qubits [73, 74, 75]. Each platform has distinct advantages and draw-
backs [59]. Figure 1.1, shows a schematic representation of di�erent paltforms for quantum
computing. Here, we will focus on only three of them which are more suited for many-
body quantum simulation: superconducting qubits (Fig. 1.1a), trapped ions (Fig. 1.1b) and
Rydberg atoms (Fig. 1.1e).

Superconducting qubits are relatively easy to fabricate and can be densely packed, al-
lowing for the construction of large-scale quantum computers. This makes them a promis-
ing platform for scaling up quantum computing applications [75]. Moreover, they can
be manipulated using a wide range of microwave frequencies, making them versatile and

exible for implementing various quantum gates [73]. The number of quantum simula-
tions implemented on noisy superconducting devices has steadily risen in recent years,
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Figure 1.1: Schematic representation of di�erent platforms for quantum computing: a)
superconducting qubits, b) trapped ions, c) electron or hole spins in semiconductor (silicon)
quantum dot, d) NV centers, e) Rydberg atoms, f) nuclear spins in molecules, g) photons
h) topological quantum computing (physical system not found yet). Figure adapted from
Ref. [59].

also thanks to the possibility to easily access these machines from remote, for example
through the python based Qiskit package [76] which allows access to IBM quantum ma-
chines. A signi�cant challenge for superconducting devices lies in their limited connectivity,
since superconducting qubits are typically arranged in a one or two-dimensional grid with
nearest-neighbor couplings, making them often unsuitable to target long-range enabled
phenomena. In principle, to overcome this limitation, one could harness the universality of
native gates for implementing couplings among physically disconnected qubits. However,
this approach comes at the expense of increased circuit depth, subsequently amplifying
the noise that impacts the raw quantum simulation results (see Section 4.4). To e�ciently
pursue this strategy, there is a critical need for enhanced noise mitigation techniques [77].
These techniques are essential to consider the in
uence of noise and subsequently eliminate
its detrimental e�ects from the experimental data.

Trapped-ion systems, which involve laser-cooled atomic ions con�ned in ultra-high vac-
uum setups, provide an excellent degree of isolation from external noise sources. These
systems encode high-�delity qubits in stable pairs of electronic energy levels for each ion,
resulting in long coherence times [78] and the possibility to be initialized and measured
with extremely high �delity [79]. Quantum processors built upon ion-based platforms
have demonstrated e�cient manipulation capabilities, handling dozens of qubits e�ectively
[80, 81]. The prowess of ion-based systems has been exempli�ed in small-scale imple-
mentations of quantum algorithms, showcasing achievements such as Shor's algorithm
and Grover's search algorithm [82, 83]. Furthermore, ion-based quantum simulators have
successfully reached up to 53 qubits, enabling exploration into novel aspects of complex
many-body quantum spin models [24]. Notably, trapped ions qubits exhibit long-range
phonon-mediated interactions, with the coupling matrix decay, denoted asJ ij , following a
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System � Comments
Trapped ions systems � 0-3 Phonon mediated interactions

Dipolar Gases 3 Anisotropic interactions
Single-mode cavity QED systems 0 Cavity photons mediated interactions

Table 1.1: Table listing di�erent applications where systems are governed by long-range
interactions. Table adapted from Ref. [16].

power law of the distancer = ji � j j: J ij / r � � . In this perspective, trapped ions are an
extremely versatile tool as they allow the simulation of the entire 0. � . 3 range.

Neutral atom arrays have emerged as a promising platform for quantum computing and
particularly for quantum simulation [17]. Controlled interactions between atomic qubits
are mediated by the long-range dipole-dipole interactions via Rydberg states. The inher-
ent property of long-range Rydberg interactions enables the creation of speci�c quantum
Hamiltonians, fostering straightforward analog quantum simulations. This distinctive fea-
ture, intrinsic to the atoms, plays a crucial role in entanglement generation within the
simulator. The scalability of this model, demonstrated through experiments involving
hundreds of atoms [66, 84, 85], establishes Rydberg atom arrays as a robust and versatile
tool, capable to simulate complex phases of matter such as topological spin liquids [86].

Finally, quantum gases in cavities can be used to engineer all-to-all interacting, fully-
connected models [87, 21], such as the Lipkin-Meshov-Glick model [88] or the Hamiltonian
Mean Field model [89, 90]. Such systems are formed by neutral Bose-Einstein condensates
inside an optical cavity and illuminated by a transverse standing-wave laser �eld, far-
detuned from the atomic resonance so that the condensate behaves as a dielectric medium.
By tuning the frequency of the cavity frequency, the atoms of the condensate e�ectively
interact by scattering photons in the cavity mode and back. As such photons are delocalized
over the cavity mode, this interaction is 
at.

1.4 The quantum Ising chain with long-range interactions

All the experimental platforms described in the previous section, under suitable approxi-
mations, can be described in terms of a long-range spin Hamiltonian

Ĥ = �
1
2

X

�;i 6= j

J �
ij �̂ �

i �̂ �
j �

X

i

h � �̂ i ; (1.19)

where the indicesi; j run over the n sites of ad-dimensional lattice and �̂ �
i represents the

� 2 f x; y; zg components of a spin-1=2 operator, i.e. � = ( �̂ x ; �̂ y ; �̂ z) [21, 24, 91]. While
the coupling matrices J �

ij can, in principle, be engineered to depend on the index� . In
this thesis we will focus on the case in whichJ y;z

ij = 0, J x
ij = J ij and hx;y = 0, hz = h,
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namely the long-range quantum Ising model in a transverse �eld. Moreover, we consider
the long-range coupling matrix introduced in Sec. 1.2.1, i.e.,J ij / j i � j j � � .

For ferromagnetic interactions J i;j � 0 the system has an equilibrium zero-temperature
phase transition for small enoughjhj, associated with the spontaneous breaking of itsZ2

spin-inversion symmetry of the x-component. The longitudinal magnetization mx = ĥ� x
j i

undergoes an abrupt change frommx = 0 in the unique paramagnetic ground state for
jhj > h c to mx = � m(h) 6= 0 in the two degenerate ferromagnetic ground states for
jhj < h c.

1.4.1 Equilibrium properties

Let us start analysing this model from the strong long-range regime, with� < d . For
simplicity, we �rst consider the case of a completely 
at interaction with � = 0. In this
case the Hamiltonian can be more conveniently written in terms of the total spin operators

S� =
X

i

� �
i ; � = x; y; z; (1.20)

and Ŝ = ( Ŝx ; Ŝy ; Ŝz), leading to the so called Lipking-Meshkov-Glick (LMG) Hamiltonian

Ĥ0 = �
S2

x

N
+ hSz (1.21)

This expression highlights that the � = 0 Hamiltonian is a function of a single degree of
freedom: the collective spin. All other non-collective spin modes are frozen. The collective
spin magnitude Ŝ

2
= Ŝ2

x + Ŝ2
y + Ŝ2

z = S(S + 1), with S = N=2; N=2 � 1; : : : ; 0 or 1=2,
is conserved [S2; Ĥ0] = 0. Moreover, it is crucial to notice that for all states with a spin
magnitude S which grows with N , the thermodynamic limit N ! 1 is equivalent to a
semiclassical limit. Indeed, the rescaled spin satis�es commutation relations of the form
[92]

"
Ŝ�

S
;
Ŝ�

S

#

=
i
S

� ���
Ŝ�

S
(1.22)

Thus, the system has an e�ective Planck constant~e� = 1=S and the limit N ! 1 realizes
a classical limit with a continuous spin hŜi =S ! Scl of (conserved) length 1.

The absolute ground state minimizes energy across all sectors, for ferromagnetic in-
teractions the ground state is realized for maximal collective spin polarization,S = N=2.
Moreover, as N ! 1 , the ground state expectation valueshŜi =S of the collective spin
components converge to the minimum pointS �

cl of the classical Hamiltonian H cl on the
unit sphere [92].
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It is convenient to de�ne a rotated reference frame adapted to the ground state polar-
ization, i.e., such that S �

cl is aligned in the newz-direction. Using spherical coordinates we
can parametrize the rotation of the total spin coordinate frame as

0

@
Ŝx

Ŝy

Ŝz

1

A =

0

@
cos� cos� � sin � sin � cos�
cos� sin � cos� sin � sin �

� sin � 0 cos�

1

A

0

@
�̂ x

�̂ y

�̂ z

1

A : (1.23)

In particular the rotated coordinate frame is aligned with the equilibrium magnetization
frame of the model by choosing

� =

(
0 if h > h c

arctan(h) if h < h c
; � = 0 (1.24)

We are now in the position to consider the leading order quantum corrections to this
classical limit. For this purpose we introduce the Holstein-Primako� expansion, which
shall be valid around the ground state of the LMG Hamiltonian. The expansion consists
in expressing the rotated spin operator in terms of the variables of a quantum harmonic
oscillator, i.e.,

�̂ x

N
=

x̂
p

2N
+ O(N � 3=2) =

1
p

2N
(ây + â) + O(N � 3=2); (1.25a)

�̂ y

N
=

p̂
p

2N
+ O(N � 3=2) =

i
p

2N
(ây � â) + O(N � 3=2); (1.25b)

�̂ z

N
=

1
2

�
x̂2 + p̂2 � 1

N
+ O(N � 2) =

1
2

�
âyâ
N

+ O(N � 2); (1.25c)

where x̂, p̂ are �ctitious position and momentum operators of an e�ective quantum har-
monic oscillator that describes the quantum 
uctuations of the rotated total spin operator
in the proximity of the LMG ground state, while ây and â are the corresponding bosonic
creation and annihilation operators, respectively.

In this way, using (1.25) to represent the LMG Hamiltonian , we obtain the following
1=N-expansion

Ĥ0

N
� E 0 +

Ê1p
N

+
Ê2

N
(1.26)

where, under this approximation, all the higher-order terms in 1/N are neglected, andEl ,
with l = 0 ; 1; 2 depend onh, � and � . Then, choosing� and � as in Eq. (1.24) we obtain
[93]

E0 =

(
� h if h > h c

� 1+ h2

2 if h < h c
; Ê1 = 0 ; Ê2 =

p̂2

2m
+

m
2

! 2x̂2 + �e; (1.27)
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where

m =

(
1=2h if h > h c

1=2 if h < h c
; ! =

(
4h(h � 1) if h > h c

4(1 � h2) if h < h c
; �e =

(
h � 1=2 if h > h c

1=2 if h < h c
:

(1.28)

As a result, the leading-order contribution of the LMG Hamiltonian to quantum 
uctua-
tions around the ground state, in terms of the Holstein-Primako� expansion, is the term
E2 which has the form of a harmonic oscillator with massm(h) and frequency ! (h). This
can be diagonalized in terms of the creation and annihilation operators

b̂ =

r
m!
2

�
x̂ +

i
m!

p̂
�

; b̂y =

r
m!
2

�
x̂ �

i
m!

p̂
�

; (1.29)

leading to the following form for the LMG Hamiltonian

Ĥ0 � N E0(h) + �e(h) + ! (h)b̂yb̂: (1.30)

whereE0(h) is the thermodynamic mean-�eld energy density, �e(h) is a constant mean-�eld
shift, while the quantum 
uctuations are described by the quadratic harmonic oscillator
term whose frequency is the gap! (h).

To study the �nite � corrections corrections, we need to separate the contributions for
� = 0 and � 6= 0:

H = H � =0 + V� : (1.31)

Next, we introduce the Fourier transform of the spin operators

~S�
k =

X

j

eikj � �
j ; � = x; y; z; ~S�

k = � x � i� y : (1.32)

This leads to the expressions

V� = �
J

4N

X

k6=0

f � (k)
�
S+

k S�
� k + S�

k S+
� k + S+

k S+
� k + S�

k S�
� k

�
; (1.33)

where the coupligns are given by the functionf � (k), whose peculiar properties have been
analyzed in detail in Section 1.2.2. In particular, f � (k = 0) = 1 by construction, moreover
as� approaches 0 the couplingsf � (k) decrease, andH reduces to a Hamiltonian describing
a single collective degree of freedom,H0. When � 6= 0 spatially modulated interactions
couple the collective spin to all �nite-wavelength modes representing spatially non-trivial
spin 
uctuations. Moreover, due to the peculiar nature of the couplings f � (k), as we
have seen in Section 1.2.2, as long as� < d long-range interactions preferentially generate
coupling to long-wavelength modes only [94].
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Figure 1.2: Time evolution of the expectation value of the transverse �eld magnetization
mz for a quench h ! 0 of the long-range quantum Ising chain, for di�erent values of �
and of the system sizeN . (a) � = 2, an apparent decay is observed, superimposed over
oscillations. The N dependence of the time evolution is so weak that the curves for the
various system sizes cannot be discerned in the plot. (b)� = 0 :5, the expectation value
again appears to be decaying, but on a time scale that depends strongly on the system size
N (note the logarithmic scale). Figure adapted from Ref. [95].

1.4.2 Dynamical properties

The simplest evolution protocol we can think of for studying the dynamical properties of
the long-range quantum Ising chain is a quench dynanics in which the trasverse magnetic
�eld is suddenly set to zero h ! 0. Then we consider the evolution of the transverse
magnetization

mz(t) = hŜz(t)i =
1
N

NX

j =1

ĥ� z
j (t)i ; (1.34)

where ĥ� z
j (t)i = h (0)j e� iH h =0 t �̂ z

j eiH h =0 t j (0)i . Then assuming that the initial state is
diagonal in the �̂ z

j tensor product eigenbasis we �nd [95]

mz(t) = mz(0)
NY

r =1

cos2 (Jr t) = mz(0)
NY

r =1

cos2
�

Jt
N � r �

�
; (1.35)

wheremz(0) =
P N

j =1 h (0)j �̂ z
j j (0)i =N. The above expression describes a relaxation from

the initial value mz(0) to its equilibrium value lim t !1 mz(t) = 0. The time scale for such
relaxation in the thermodynamic limit can be estimated by using the following inequality
[95]

lim
N !1

jmz(t)j � j mz(0)je� cN � t2
: (1.36)
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where c is a positive constant. As long as� > 1 the large-N limit of the normalization
N � is �nite and strictly positive (see Eq.(1.5)), proving a stretched exponential approach
of mz to its equilibrium value (see Fig. 1.2 (a)).

On the other hand, in the strong long-range regime 0< � < 1, because of the divergence
of the factor N � in the large N limit (see Eq. (1.5)), it can be shown that the timescale
on which the relaxation happens diverges withN , so that in the thermodynamic limit the
system is trapped in a quasi-stationary state (see Fig. 1.2(b) and Ref. [95]).

In general to handle the �nite time case, we need to generalize the Holstein{Primako�
approach introduced in Section 1.4.1, to the non-equilibrium context [92]. When the system
is driven out of equilibrium, the direction of the collective spin con�guration (parametrized
by the polar coordinates � (t) and � (t)) moves along the corresponding classical trajectory
on the unit sphere. We thus let the adapted frame of reference (̂� x (t); �̂ y(t); �̂ z(t)) in
Eq.(1.23) vary in time, in such a way that the new z-axis follows the instantaneous direction
of the collective spin hŜ(t)i [92]. This is achieved through a time-dependent rotation
generated by

V(t) = e� i� (t )Sz
e� i� (t )Sy

: (1.37)

The spin components in this time-dependent frame are governed by the inertial Hamiltonian

~H (t) = V H(t)V y + iV V y: (1.38)

Holstein-Primako� transformations are then applied to the individual rotating spins. The
resulting transformed Hamiltonian can be organized as

~H (t) = H0(t) + H1(t) + H2(t) : : : (1.39)

The leading-order term in the N ! 1 limit, H0(t), describes the classical motion of the
global spin hS(t)i . The H1(t) Hamiltonian describes a single harmonic mode corresponding
to the k = 0 leading spin-wave excitation. Finally, the dynamics of �nite � corrections is
described, at quadratic order, by theH2(t) Hamiltonian.

1.5 The Kitaev chain with long-range interactions

Another approach for approximating the Hamiltonian in Eq. (1.19) involves using a trun-
cated Jordan{Wigner transformation. Speci�cally, we apply the standard Jordan{Wigner
mapping of spin variables onto fermionic ones as follows

�̂ z
j = 1 � 2ĉy

j ĉj ; (1.40a)

�̂ x
i = �

" j � 1Y

m=1

�
1 � 2ĉy

m ĉm

�
#

�
ĉj + ĉy

j

�
; (1.40b)

�̂ y
i = � i

" j � 1Y

m=1

(1 � 2ĉy
m ĉm )

#
�

ĉj � ĉy
j

�
; (1.40c)
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where ĉy
j and ĉj are the fermionic creation and annihilation operators at site j , satisfy-

ing the canonical anticommutation relations f ĉl ; ĉj g = 0 and f ĉl ; ĉy
j g = � l;j . Applying

this transformation to the Hamiltonian of the long-range quantum Ising chain yields its
fermionic form

Ĥ = �
NX

j =1

N=2X

r =1

Jr

�
ĉy

j � ĉj

�
2

4
j + r � 1Y

l= j +1

�
1 � 2ĉy

l ĉl

�
3

5
�

ĉy
j + r + ĉj + r

�

� h
NX

j =1

�
1 � 2ĉy

j ĉj

�
: (1.41)

This Hamiltonian is not exactly solvable due to the presence of higher-than-quadratic terms
in the fermionic operators. Therefore, we employ the approximation

j + r � 1Y

l= j +1

�
1 � 2ĉy

l ĉl

�
= 1 ; (1.42)

for every r � 2, neglecting the string operators in the �rst line of Eq. (1.41). This truncated
Jordan-Wigner transformation leads to the quadratic Hamiltonian

ĤLRK = �
NX

j =1

N=2� 1X

r =1

h
t r ĉy

j + r ĉj + � r ĉy
j + r ĉy

j + h:c:
i

� h
NX

j =1

h
1 � 2ĉy

j ĉj

i
; (1.43)

which we refer to as the long-range Kitaev chain [96, 97, 98]. More generally, we can
allow the hopping and pairing amplitudes t r and � r to have di�erent dependencies on the
intersite distance r . Speci�cally, we choose the generic power law behaviors

t r =
1

N � 1

J
r � 1

; � r =
1

N � 2

�
r � 2

; (1.44)

with the hopping exponent � 1 > 0, the pairing exponent � 2 > 0, and the Kac normalization
factor N � =

P N=2
r =1 r � � . The integrable nature of this model makes it amenable to both

analytical and numerical treatment.

1.5.1 Equilibrium properties

The quadratic nature of the Hamiltonian (1.43) allows its exact diagonalization in Fourier
space via the Bogolyubov transformation

ĉk = cos
� k

2

̂ k + sin

� k

2

̂ y

� k : (1.45)
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Here, ĉk represents the momentum space fermionic operators de�ned as

ĉk =
e� i �

4
p

N

NX

j =1

eikj ĉj ; (1.46)

where k = 2 �n=N and n is an integer such that n = � N=2 + 1; : : : ; N=2. The Bogoliubov
angles� k are de�ned by the conditions

tan � k = ~� k=(h � ~tk ) (1.47)

with the Fourier transforms of the hopping and pairing amplitudes given by

~tk =
J

N � 1

N=2� 1X

r =1

cos(kr )
r � 1

; ~� k =
�

N � 2

N=2� 1X

r =1

cos(kr )
r � 2

: (1.48)

Hereafter, we setJ = � = 1 as the energy scale and work in units of ~ = 1. In terms of
the Bogoliubov fermions, the Hamiltonian then takes the diagonal form

ĤLRK =
X

k

! k (h)
�


̂ y
k 
̂ k � 1=2

�
; (1.49)

with the quasiparticle spectrum

! k (h) = 2
q

(h � ~tk )2 + ~� 2
k : (1.50)

Since! k (h) � 0, the ground state corresponds to the Fock space vacuum for the Bogoliubov
modes, de�ned by the condition 
̂ k jgsi = 0 ; 8k. Moreover, the properties of the single
particle spectrum in Eq. (1.50) crucially depend on the values of� 1 and � 2.

As shown in Section 1.2.2, in the weak long-range case,� 1; � 2 > 1, when the system size
goes to in�nity, we can safely perform a continuum limit in the k variable. In particular,
Eq. (1.48) may be written as

~tk = Re
h
Li � 1 (eik )

i
=� (� 1); ~� k = Im

h
Li � 2 (eik )

i
=� (� 2); (1.51)

where Li� (z) denotes the polylogarithm function. This leads to a continuum spectrum
! k characterized, at the critical points, by a dispersion relation that depends on� 1 and
� 2. In particular, for � 1; � 2 > 1, the system possesses two di�erent phases separated by
two quantum critical points hc = 1 ; � 1 + 21� � 1 , in correspondence of which the dispersion
relation becomes gapless near the critical modekc = 0 ; � , respectively [99, 16]. The critical
modes of the spectrum are shown in Fig. 1.3(a) where! 0(� ) (blue(red) lines in the plot) is
plotted as a function of h for di�erent values of � 1 = � 2. The nature of the transition is
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Figure 1.3: (a) Critical modes k = 0 ; � of the quasiparticle spectrum as a function of the
chemical potential h for di�erent values of � 1 = � 2, two critical points emerge at h = ~t0; ~t �

where, in the thermodynamic limit, ~t0 = 1 8� 1, while ~t � = � 1 + 21� � 1 if � 1 > 1, and
~t � = 0 if 0 < � 1 < 1. (b) Phase diagram of the long-range Kitaev chain in the plane
(� 1; h), for the pairing decay exponent � 2 = � 1, � 1 is the hopping decay exponent andh
is the chemical potential. The topological order parameter isq = � 1 in the topological
phase (blue shaded region) andq = +1 in the trivial phase (red shaded region). The phase
space boundaries correspond to the solid linesh = ~t0 and h = ~t � .

topological and the two topological phases can be distinguished by the value of the bulk
topological invariant [100]

w =
I

d� k

2�
=

(
1 if h 2 [� 1 + 21� � 1 ; 1]

0 otherwise
: (1.52)

Moreover, in the nontrivial phase with w = 1, the ground state is doubly degenerate, and
can support Majorana edge modes [101].

In the strong long-range regime 0< � 1; � 2 < 1 the scenario is more involved. Indeed,
as shown in Section 1.2.2, in this case, the hopping and pairing amplitudes~tk , ~� k , remain
discrete also in the thermodynamic limit and they are labeled by the integern, reading

lim
N !1

~tk = c� 1

Z 1=2

0
ds

cos(2�ns )
s� 1

= ~tn ; (1.53)

lim
N !1

~� k = c� 2

Z 1=2

0
ds

sin(2�ns )
s� 2

= ~� n ; (1.54)

with c� = (1 � � )21� � . Therefore, the presence of long-range couplings leads to a discrete

spectrum ! k ! ! n = 2
q

(h � ~tn )2 + ~� 2
n also at N ! 1 . The persistence of the discrete
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spectrum in the thermodynamic limit does not allow us to de�ne a continuous theory
and hinders the conventional de�nition of quantum critical points in the Kitaev chain.
In particular, the winding number in Eq. (1.52) is ill-de�ned as a consequence of the
discontinuity in the Bogolyubov angle distribution [100]. Yet, the transition can still be
characterized by the quantity

q = sign[( h � ~t0)(h � ~t � )] =

(
1 if h 2 [~t � ; ~t0]

� 1 otherwise
: (1.55)

This quantity has proven to be a good topological invariant in cases in which the winding
number turns out to be ill-de�ned [100, 102]. Then, also in the strong long-range regime, the
behavior of the order parameterq is still consistent with a change of phase at the critical
points h = ~t0; ~t � [103]. However, as shown in [104], the bulk boundary correspondence
turns out to be weakened by the presence of strong long-range couplings. Consequently,
the change ofq at the critical points is not guaranteed to be in one-to-one correspondence
with the appearance of boundary topological edge states. Nevertheless, we expect bulk
properties to remain consistent with a change of phase. Figure 1.3(b) shows the model
phase diagram as characterized by the value ofq = � 1 as a function of the chemical
potential h and of the hopping power law decay exponent� 1. Two quantum critical lines
appear when varying the � 1 parameter. In particular, we notice that the location of the
critical point corresponding to ! 0 = 0 is �xed to h = ~t0 = 1 for any value of � 1 (blue bold
line in Fig. 1.3(b)). On the contrary, the critical point corresponding to ! � = 0 (red bold
line in Fig. 1.3(b)) is � 1 dependent with two di�erent behaviors in the weak and strong
long-range regimes, in particular in the thermodynamic limit we �nd

lim
N !1

~t � =

(
� 1 + 21� � 1 if � 1 � 1

0 if 0 < � 1 < 1
: (1.56)

Finally, the mean-�eld case with � 1 = � 2 = 0 needs to be treated separately. Indeed,
in this case, the spectrum becomes strongly degenerate and this may alter the nature of
the ground state. In particular, for completely 
at couplings the sums in Eq. (1.48) can
be exactly computed and, in the thermodynamic, they read

~tn (� 1 = 0) = � n;0; ~� n (� 2 = 0) =
1 + ( � 1)n+1

�n
: (1.57)

Accordingly, the single-particle spectrum becomes

! 0
n =

8
><

>:

2jhj if jnj even

2
p

h2 + 4=(�n )2 if jnj odd

2jh � 1j if n = 0

; (1.58)
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where we have introduced the shortcut notation! 0
n = ! n (� 1 = 0 ; � 2 = 0). It follows that

an extensive number of single-particle energy levels corresponding to all the even modes
become degenerate. In particular, when the chemical potential is zeroh = 0 all the even
modes become zero modes since at this point we have! 0

2n (h = 0) = 0, ! 0
2n+1 (h = 0) =

2=j�n j and ! 0
0(h = 0) = 1. This fact deeply a�ects the nature of the many-body ground

state which is no more given by the Bogoliubov vacuum, on the contrary, it allows for
a �nite population of Bogoliubov fermions in an extensive number of zero modes. More
precisely, the ground state for � 1;2 = 0 and h = 0 is given by a generic superposition of
the form

jgsi � =0 ;h=0 =
N0X

n0=0

Cn0 jn0i ; (1.59)

where n0 is the number of fermions occupying theN0 available zero modes. This ground
state is highly degenerate indeed eachjn0i state can be realized in

� N0
n0

�
ways, leading to

the exponential degeneracy

Deg[jgsi � =0 ;h=0 ] =
N0X

n0=0

�
N0

n0

�
= 2 N0 : (1.60)

As a concluding remark for this section, we stress the importance of the Kac scaling
in the stabilization of the topological order in the strong long-range regime. Indeed, had
we considered not properly rescaled couplings, the presence of long-range hopping� 1 < 1
would have moved the critical point to hc = O(N 1� � 1 ) ! 1 , thus destroying the transition.

1.5.2 Dynamical properties

In general, the unitary evolution generated by ĤLRK (h(t)) is such that it only mixes the
states j0k ; 0� k i and j1k ; 1� k i , where j1k i = ĉy

k j0k i , for each value ofk. Consequently, the
dynamics of the Kitaev chain can be exactly described byN independent evolution equa-
tions, each restricted to the two-dimensional subspace associated with the corresponding
k-mode [105]. These can be cast into a matrix evolution for the Bogoliubov coe�cients
uk ,vk :

i
d
dt

�
uk

vk

�
= H k (t)

�
uk

vk

�
; (1.61)

with H k = ( h(t) � tk )� z
k + � k � x

k , where � (a)
k , a = x; y; z are the sigma Pauli operators.

As a �rst example, we consider a sudden quench dynamics in whichh abruptly changes
from hi � 1 to hf < 1 in a long-range Kitaev chain with � = � 1 = � 2. In this case
Eq. (1.61) can be solved analytically leading to

�
uk (t)
vk (t)

�
=

�
cos(! k t) � i cos(� k ) sin(! k t) i sin(� k ) sin(! k t)

i sin(� k ) sin(! k t) cos(! k t) + i cos(� k ) sin(! k t)

� �
uk (0)
vk (0)

�
(1.62)
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where the � k are the Bogoliubov angles diagonalizing the �nal Hamiltonian.
As for the case of the quantum Ising chain, we study the dynamics of the transverse

magnetization, which is related to the density of fermionic excitations produced during the
dynamics as

mz = 1 �
2
N

NX

j =1

ĥcy
j ĉj i : (1.63)

As long as� > 1, the time evolution of mz is consistent with the expectations for an inte-
grable system. At t = 0 the observable has its initial value and, then, rapidly equilibrates
to a di�erent constant expectation, which is maintained along the entire dynamics apart
from a few rapid time 
uctuations appearing at the Poincar�e recurrence times. The 
uctu-
ations become increasingly more uncommon as the system approaches the thermodynamic
limit, in agreement with the expected divergence of the recurrence times (See Fig. 1.4 (a)
and (b)).

The picture is radically altered in the � < 1 case (See Fig. 1.4 (c) and (d)). At
intermediate system sizes the qualitative features remain similar to the� > 1 case, with
the transverse magnetization rapidly moving from its initial value mz(0) � 1 to a di�erent
long-time expectation, around which it steadily oscillates. However, as the system size
is increased the discrepancy with the traditional case is noticed. At largerN the large-
time magnetization value tends to steadily grow, approaching the initial value mz = 1.
Moreover, the timescales of the oscillatory 
uctuations are not altered by the increase in
the system size, but rather manifest at almost equal time intervals at all sizes, consistent
with the existence of �nite recurrence times in the long-range systems at� < d . These
observations are consistent with the presence of quasi stationary states in the long-range
Kitaev chain and are analogous to the picture obtained in the long-range Ising Hamiltonian
in Section 1.4.2.

Another example in which the system dynamics is analytically solvable is the case of
a linear driving of the form h(t) = 1 � vt. In this case Eq. (1.61) can be mapped onto a
Landau-Zener-St•uckelberg-Majorana (LZSM) problem [106, 107, 108, 109, 105] by means
of the transformation t0 = � k (tk � h + vt)=v, leading to

i
d

dt0

�
uk

vk

�
=

�
� 
 k t0 1

1 
 k t0

� �
uk

vk

�
; (1.64)

where 
 k = �=� 2
k . The exact general solution of Eq. (1.64) can be written in terms of

Weber (or parabolic cylinder) D-functions D � (z), (see Ref. [105]), leading to

vk (t0) = aD � s� 1(� iz ) + bD� s� 1(iz ); (1.65)

uk (t0) =
�


 k t0� 2i
@

@t0

�
vk (t0); (1.66)
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Figure 1.4: Transverse magnetizationmz(t) after a quench in the long-range Kitaev chain
with hi > 1 and hf < 1, for di�erent values of � and of the system sizeN . (a) � � 3 , (b)
� = 1 :75, (c) � = 0 :9, (d) � = 0 :4. Figure adapted from Ref. [103].

with s = (4 i 
 k ) � 1, z =
p


 k t0ei�= 4, and a; b arbitrary complex parameters to be �xed by
the initial conditions uk (t i ), vk (t i ). Accordingly, the solution of Eq. (1.61) reads

j (t)i =
Y

k

j k (t)i ; (1.67)

j k (t)i = uk (t)j0k ; 0� k i + vk (t)j1k ; 1� k i ; (1.68)

where uk (t) = uk (t0(t)) ; vk (t) = vk (t0(t)).
We can introduce the instantaneous eigenstates of the two-level HamiltoniansH k (t) at

time t, given by

j� �
k (t)i = �uk (h(t)) j0k ; 0� k i � �vk (h(t)) j1k ; 1� k i ; (1.69)

with �uk (h) = cos(� k (h)=2), �vk (h) = sin( � k (h)=2), where � k (h) = arctan(� k=(h � tk ))
is the Bogoliubov angle for a chemical potentialh = h(t). The non-adiabatic transition
probabilities then read

pk (t) = 1 � jh � �
k (t)j k (t)ij 2

= 1 � j �uk (h(t))uk (t) + �vk (h(t))vk (t)j2: (1.70)

By inserting the expression for uk , vk in Eqs. (1.65), (1.66), in the above expression,
one obtains an analytical expression forpk (t) [110]. This exact solution, however, is rather
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cumbersome. Considering the limit of a slow driving protocol v ! 0, with �nal time
� = jhf � hi j=v ! 1 allows for a simpler description that captures and better grasp the
relevant physics involved in the dynamics. In this regime, the �rst non-trivial correction
to pk takes the celebrated LZSM form

pk ' exp
�

�
� � 2

k

v

�
+ O(v2): (1.71)

See Ref. [111] for its derivation using adiabatic perturbation theory. Although for �nite � k

the O(v2) contributions is leading, as the transition point is crossed, the physics is domi-
nated by the soft modes with small � k . As a consequence, in any relevant thermodynamic
quantity, the O(v2) contribution in the r.h.s. of (1.71) is negligible with respect to the
non-analytic exponential one.





Chapter 2

The e�ective dimension approach

Before delving into the potential advantages of incorporating long-range interacting systems
in quantum technological setups, we �rst review some methodological aspects that will
be useful in exploring the universal properties of these systems throughout the thesis.
Speci�cally, we examine the e�ective dimension approach (already introduced in Section
1.2.3 of the introduction), which connects the scaling exponents of a critical system ind
spatial dimensions with power-law decaying interactionsJ (r ) / r � � to those of a local
system with �nite-range interactions in an e�ective fractal dimension de� . This method
simpli�es the study of long-range models by leveraging known results from their local
counterparts.

Although the validity of this approximation beyond the mean-�eld level has been de-
bated, in this Chapter we demonstrate that the e�ective dimension approach, while ap-
proximate for non-Gaussian �xed points, accurately estimates the critical exponents of
long-range models with an accuracy typically exceeding 97%. This result validates the
application of this method in the following chapters and enables a concise overview of the
primary techniques used to investigate the critical properties of long-range systems.

To this end, we review perturbative renormalization group (RG) results, extend the
validity of the approximation using functional RG techniques, and compare our �ndings
with precise numerical data from conformal bootstrap for the two-dimensional Ising model
with long-range interactions.

2.1 E�ective dimension and scaling theory

We begin our analysis by showing how the e�ective dimension relation in Eq. (1.18) can
be obtained using scaling theory. Our prototypical model belongs to the family of classical

37
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O(N )-symmetric spin models, characterized by the Hamiltonian

H = �
1
2

X

i 6= j

J i;j Si � Sj ; (2.1)

where Si is an N -component spin vector with unit modulus, J ij > 0 are ferromagnetic
translational invariant couplings, and the indices i and j run over all the sites of any
d-dimensional regular lattice of V sites. Speci�cally, we consider the case of power law
decaying couplingsJ i;j = J=r i;j

� , where r i;j is the distance between two sites. Since in this
Chapter we will be dealing only with weak long-range systems with� > d , it is convenient
to rewrite the power-law exponent as� = d + � , with � > 0.

From a �eld-theoretic perspective, the Hamiltonian in Eq. (2.1) lies in the same univer-
sality class as the continuous action

S =
Z

ddk
(2� )d ! (k)j' (k)j2 + u

Z
ddxj' (x)j4; (2.2)

where the dispersion relation encodes only the low-energy momentum contribution! (k) =
a� k� + a2k2 + r and ' is an N -component bosonic �eld [112]. At a Gaussian level (u = 0),
long-range interactions become relevant for� < 2, so that, at this level, the threshold of
� above which the universal properties are the one of the local model is� � = 2. The
corresponding length dimension of the bosonic �eld is given by

[' ] �

(
L � (d� � )=2 for � < 2

L � (d� 2)=2 for � > 2
: (2.3)

Accordingly, at criticality, for � < 2, we �nd

h' (x)' (0)i �
1

xd� � =
1

xd� 2+ � LR
; (2.4)

where � LR = 2 � � is the anomalous dimension computed with respect to the canonical
dimension of the local theory. Thus, it quanti�es the deviation in the decay of correlations
from those in a local system.

Let us now introduce interactions into our framework as a perturbation to the Gaussian
theory. Considering the quartic term in the action (2.2), we have [' 4] � L � 2(d� � ) for
� < 2, so that the perturbation is irrelevant as long as � < d= 2. Consequently, in this
regime, mean-�eld results are exact, and for O(N ) models the thrashold below which the
universality becomes the mean-�eld one is� mf = d=2.

To probe values of� beyond the mean-�eld region, we can use perturbative RG around
the d = 4 ; � = 2 Gaussian �xed point, expanding in terms of " = d � 2� . This problem
was addressed in the seminal papers by Fisher and Sak [112, 43]. A key �nding from these
studies is that the / k� j' (k)j2 term in the action (2.2) does not acquire anomalous scaling.
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This can be intuitively understood, as the perturbative expansion can only generate integer
powers ofk2,, leaving the non-analytic / k� behavior una�ected.

As a consequence, even in the presence of interactions, the scaling dimension of the
long-range kinetic term in the Hamiltonian is given by

� � = 2� ' + �: (2.5)

However, when interactions are present, the actual scaling of the local theory reads

� ' = ( d � 2 + � SR)=2; (2.6)

leading to [112]

� � = d + � SR � � LR : (2.7)

Thus, the boundary between long-range and local behavior must be identi�ed at the value
� � such that � LR (� ) = � SR. By comparing the scaling behaviors of the two interacting
theories, we can justify the e�ective dimension relation in Eq. (1.18).

To elucidate this, we follow the procedure introduced in Refs. [113, 46] and consider
the general scaling form of the singular part of the free energy density for a long-range
system in d dimensions and a local system inde� dimensions. Equating them, we get

f s =
1
V

� LR (V yLR
� =d�; V yLR

h =dh; V yLR
u =du)

=
1
V

� SR(V ySR
� =de� �; L ySR

h =de� h; V ySR
u =de� u); (2.8)

where V is the total number of spins, � is the reduced temperature, h is the reduced
magnetic �eld, and u is the coupling of the irrelevant operator that gives the leading
corrections. The exponentsy� , yh , yu are connected to the eigenvalues of the linearized
form of the RG transformation around the critical �xed point. The connection between
long-range and short-range exponents is thus

yLR =d = ySR=de� : (2.9)

Combining this condition with the relations of the ys with the critical exponents, we obtain
[46]

d� LR = de� � SR;
2 � � LR

d
=

2 � � SR

de�


 LR = 
 SR; ! LR =d = ! SR=de� : (2.10)

Interestingly, the critical exponents describing the scaling of global quantities, such as
 ,
directly correspond within the two theories, while the �nite-size scaling exponents, such as
� correspond once scaled via the e�ective dimension.



40 CHAPTER 2. THE EFFECTIVE DIMENSION APPROACH

Figure 2.1: E�ective dimension de� of the long-range O(N ) models with N = 1 (blue),
N = 2 (red) and N = 3 (green), plotted as a function of the long-range power law exponent
� . The results are computed using functional RG (solid lines), perturbative RG (dashed
lines), and at the mean �eld level (dot dashed line).

To derive Eq. (1.18), we assume that interactions do not shift the Gaussian estimate
of the long-range anomalous dimension� LR = 2 � � . This assumption appears to be
exact as it has been con�rmed by perturbative arguments at O("3) [43], functional RG
studies [114, 115], Monte-Carlo [116, 117] and bootstrap calculations [118]. Combining this
result with the relation between � LR and � SR in Eq. (2.10) leads to the dimensional identity
in Eq. (1.18). leads to the dimensional identity in Eq. (1.18). Based on the same argument,
one can derive the analytical expression for the threshold value� � , which coincides with
the traditional result �rst obtained by perturbative RG [112], i.e., � � = 2 � � SR.

2.2 Perturbative RG approach

Leveraging known perturbative Renormalization Group (RG) results, an explicit formula
for de� can be derived, accurate up to corrections of orderO("3). Speci�cally, the epsilon
expansion result from [119] for the� exponent of the local model in dimensionde� is given
by

� de�
SR =

N + 2
2(N + 8)

(4 � de� )2 + O((4 � de� )3): (2.11)

By substituting this expression into Eq. (1.18), we can solve for the e�ective dimension
de� , yielding two potential solutions. Then, to identify the physical solution for de� , we
impose the correct mean-�eld threshold � = d=2 at the upper critical dimension, i.e.,



2.3. FUNCTIONAL RG APPROACH 41

de� (� = d=2) = 4. This condition leads to the explicit expression

de� � 4 �
1
d

N + 8
N + 2

"

� �

s

� 2 +
(4d2 � 8d� )(N + 2)

(N + 8)

#

; (2.12)

valid for N and � values within the range

d=2 � � �
2d(4 + 2N �

p
3N (N + 2))

N + 8
: (2.13)

For larger � values, the perturbative expression becomes invalid as Eq. (2.12) becomes
complex, indicating the necessity to consider higher orders in the"-expansion.

By calculating the critical exponents of the local model in the "-expansion up toO("3)
and employing the relations with the long-range exponents in Eq. (2.10) and the expression
for the e�ective dimension in Eq. (2.12), we can directly determine the long-range exponents
as functions of � and d, at the same level of approximation.

We observe that the "-expansion results provide a good approximation only near� =
d=2 = 1, which is expected since in this regionde� � 4. This is illustrated by the dashed
lines Fig. 2.1. This also corresponds to the validity region of theO("3) approximation
determined by Eq. (2.13). Consequently, for these values of� , the e�ective dimension
approach provides a straightforward method to generalize"-expansion results for the SR
model to the long-range case.

Additionally, we note that for continuous theories with N > 1, the mean �eld results
de� = 2d=� and � LR = d� � , which become exact in theN ! 1 limit, perfectly interpolate
between the known exact results ind = 2 and d = 4, see the red and green solid lines in
Fig. 2.1. On the other hand, the Ising caseN = 1 (blue solid line in Fig. 2.1) exhibits a
peculiar behavior, reachingde� = 2 for � = � � = 7=4. This distinct behavior is due to the
discrete symmetry of the Ising model, which results in a �nite anomalous dimension even
in d = 2.

2.3 Functional RG approach

The Functional Renormalization Group (FRG) is a modern RG framework that allows for
the derivation of an in principle exact equation for the 
ow of the e�ective action, � k of
the model under study. This framework, pioneered by the seminal works of Wilson [120]
and Polchinski [121], is more conveniently expressed in terms of the Wetterich equation
[122]

@t � k =
1
2

Tr
�

@t Rk

� (2) + Rk

�
: (2.14)

where t = ln( k=k0), � (2) is the second derivative of the e�ective action with respect to
the order parameters, andRk (q) is a momentum space regulator function that cuts o�
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the infrared divergences caused by slow modesq � k, while leaving the high-momentum
modesq � k almost untouched.

To handle Eq. (2.14), one must project it onto a restricted functional space, parame-
terized by a �nite number of functional operators. In this perspective, a convenient ansatz
for the e�ective action of the long-range interacting O(N ) model is given by [114]

� k [' ] =
Z

ddx[Zk@
�
2

� ' i @
�
2

� ' i + U(� )] (2.15)

where ' i is the i th component of ' , � = ' i ' i =2 and the summation over repeated indexes

is assumed. The notation@
�
2

� indicates that the inverse propagator of the e�ective action
in Fourier space depends onq� . Then, introducing the dimensionless variables

�Uk ( �� ) = k� dUk (� ); �� = Zkkd� � �; �q = k� 1q; (2.16)

and de�ning the generalized Litim cuto� [123] suitable for long-range interactions [114,
124, 33]

Rk (q) = Zk (k� � q� )� (k� � q� ); (2.17)

we obtain the following 
ow equation for the e�ective potential

@t �Uk = � d �Uk ( �� ) + ( d � � + �� ) �� �U0
k ( �� )

+
�
2

cd(N � 1)
d + � � ��

(d + � )(1 + �U0
k ( �� ))

+
�
2

cd(N � 1)
d + � � ��

(d + � )(1 + �U0
k ( �� + 2�� �U00

k ( �� )))
; (2.18)

where c� 1
d = (4 � )d=2�( d=2 + 1) and �� = � @t ln Zk . Allowing the wavefunction renormal-

ization Zk to be a running but �eld-independent coupling, we �nd its 
ow equation to
be

@t Zk = lim
p! 0

d
dp� @t �

(2)
k (p; � p): (2.19)

However, since the 
ow equation generates no non-analytic terms inp, from its de�ni-
tion we �nd that �� = 0, in agreement with the previously presented Sak's picture [112].
Consequently, in Eq. (2.18), the�� terms can be omitted.

Also in the functional RG framework, one can establish a mapping, between the long-
range critical exponents in d dimensions and the equivalent local ones at the e�ective
dimension de� . For the correlation length critical exponent � , this correspondence is ob-
tained by formulating an eigenvalue equation for the stability of perturbations around
�Uk = �U �

k ( �� ), the �xed point solution of Eq. (2.18). Then by making the substitution

�Uk ( �� ) = �U �
k ( �� ) + ky �uk ( �� ); (2.20)
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Figure 2.2: The correlation length exponent� LR of the long-range Ising model obtained via
the functional RG approach within the LPA framework, see Eq. (2.18) is compared with
accurate conformal bootstrap (CFT) result. The accuracy of functional RG in reproducing
the CFT data lies within 92%.

one derives a functional equation for the stability matrix exponents ys of the RG 
ow,
which are related to the correlation length critical exponent by the relation � � 1 = min f yg.

Next, comparing Eq. (2.18), and its stability matrix extension with their local coun-
terparts in de� dimensions [125], and reabsorbing the constantcd into the de�nition of the
�eld [126], one reestablishes the dimensional equivalence as given in Eq. (1.18) [114]. This
shows that the dimensional correspondence described by the relations in Eq. (2.10) can be
derived outside the heuristic scaling theory framework of Sec. 2.1, suggesting it is a highly
accurate approximation for the actual critical exponents of the long-range model.

The approximate nature of the e�ective dimension correspondence becomes evident
when going beyond the ansatz in Eq. (2.15) and including a local kinetic term

� k [' ] =
Z

ddx[@
�
2

� ' i @
�
2

� ' i + Zk@� ' i @� ' i + U(� )] (2.21)

where the running wave-function renormalization for the non-analytic kinetic term is omit-
ted as it has been shown to be irrelevant. The study of the ansatz (2.21), performed in
Ref. [114], demonstrated that the resulting 
ow equations are not consistent with the ef-
fective dimension relations, unlike the simpler case of Eq. (2.18). However, the discrepancy
between the numerical values obtained using the two ansatz in Eq. (2.15) and Eq. (2.21) is
quite small, remaining well below 5% for all values of� , reinforcing the expectation of the
high accuracy of the e�ective dimension relation [114].

A �rst con�rmation of this expectation comes from comparing the numerical estimate
for � LR obtained through the study of Eq. (2.18) with the (possibly) exact results recently



44 CHAPTER 2. THE EFFECTIVE DIMENSION APPROACH

obtained via conformal bootstrap [127], as shown in Fig. 2.2. The �gure illustrates that de-
spite the rather crude approximation de�ned by Eq. (2.15), the functional RG results (full
blue circles) e�ectively capture the trend of the CFT data, with numerical error remaining
within 7%. However, as will be argued in the next section, the e�ective dimension corre-
spondence actually surpasses the functional RG accuracy when applied to exact numerical
estimates.

2.4 Comparison with exact numerics

On the numerical side, the validation of the Sak's scenario and the e�ective dimension
correspondence has sparked a long-standing debate. Early Monte Carlo (MC) studies, using
algorithms speci�cally designed for long-range interactions [128], supported� � = 2 � � SR

[116]. However, more recent MC results have challenged Sak's scenario [129], reporting
� � = 2. Furthermore, MC studies of a percolation model with long-range probabilities
[130] mirrored the �ndings of Ref. [129] and did not reproduce Sak's result, although
they did not explicitly discuss it. Additionally, MC results for the Ising model with long-
range interactions in d = 2 presented in Ref. [46] showed the presence of logarithmic
corrections in the correlation function when � is very close to the� � = 2 � � SR boundary.
This implies numerical di�culty in extracting reliable results for the critical exponents
with small error bars around � � = 2 � � SR. While theoretical investigations now almost
unanimously support Sak's picture [114, 118], a precise estimate of the accuracy of the
e�ective dimension correspondence remains an open question.

Here, we assess this accuracy by comparing numerically exact estimates for the correla-
tion length exponent of the Ising model. These comparisons are only possible for the Ising
N = 1 case, where conformal bootstrap techniques have recently provided highly accurate
estimates of the scaling dimensions in the long-range case [127]. While the study of the
nearest-neighbour Ising model in generic fractional dimension has been already available
for almost a decade [131].

These data are compared in Fig. 2.3, where the exponent 1=� de�
SR (blue dots) is plotted

as a function of de� and compared with the corresponding long-range exponent in two
dimensions 1=� d

LR (red crosses) appropriately rescaled according to Eq. (2.10). While the
match between the curves is not perfect, con�rming the approximate nature of the e�ective
dimension paradigm, the accuracy of the e�ective dimension approach clearly surpasses
the predictions from previous one-loop arguments. Indeed, as shown in the inset of Fig.
2.3, the ratio d� d

LR =de� � de�
SR is always greater than approximately 0:97, indicating a 97%

accuracy accuracy in the estimates for the long-range exponents obtained using the e�ective
dimension correspondence, well beyond the accuracy of the functional RG argument used
to derive the e�ective dimension relation in Sec. 2.3.

It is worth noting that the Ising model ( N = 1) is expected to represent the worst-case
scenario for the e�ective dimension prediction among the O(N ) models. Indeed, the cor-
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Figure 2.3: Comparison between the correlation length exponent of the local Ising model in
de� dimension (� de�

SR , blue dots) and that of the long-range Ising model ind = 2 dimensions,
scaled by a factor d=de� (d� d

LR =de� , red crosses), plotted as a function of the e�ective
dimension de� (� ). The numerical data have been obtained through conformal bootstrap
methods as reported in Refs. [131] and [127], respectively. The inset shows the accuracy
of the e�ective dimension prediction, estimated as the ratio d� d

LR =de� � de�
SR , plotted as a

function of de� .

rections to the e�ective dimension relation arise due to high-order momentum corrections
to the vertexes of O(N ) �eld theories, which are not parametrized by the ansatz (2.15).
These same vertex corrections cause the emergence of a �nite anomalous dimension in local
theories. Thus, the larger the anomalous dimension of a local theory, the lower we estimate
the accuracy of the e�ective dimension correspondence with its long-range counterpart. As
the Ising model displays the largest anomalous dimension within O(N ) �eld theories, we
expect the e�ective dimension correspondence to be more accurate asN increases.

2.5 Closing remarks

In summary, the study presented in this Chapter has thoroughly examined the critical
behavior of long-range interacting systems using a combination of perturbative and func-
tional renormalization group (RG) approaches. Our primary objective was to establish
and validate the e�ective dimension framework, which correlates the critical properties of
long-range models with those of local models in a suitably de�ned e�ective dimensionde� .

We began by revisiting Sak's seminal results with perturbative RG techniques, con�rm-
ing that the e�ective dimension approach holds at leading order in perturbation theory.
This approach provides a robust approximation for the critical exponents of long-range
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models, particularly accurate near the mean-�eld threshold� = d=2, and remains valid up
to O("3) corrections. Our analysis demonstrated that the e�ective dimensionde� and the
corresponding critical exponents can be explicitly computed, o�ering an e�cient method
for estimating the critical properties of long-range systems.

Subsequently, we extended our investigation to functional RG methods, enabling a
more comprehensive treatment beyond the limitations of perturbative expansions. By
deriving 
ow equations for the e�ective potential and wavefunction renormalization, we
showed that the e�ective dimension approach is consistent with functional RG results.
This consistency underscores the reliability of the e�ective dimension as a predictive tool
for long-range critical phenomena, even when interactions and 
uctuations are considered
more rigorously.

Finally, we compared the predictions of the e�ective dimension approach with exact
numerical data obtained from conformal bootstrap methods for the two-dimensional Ising
model with long-range interactions. The comparison indicated excellent agreement, with
an accuracy greater than 97%.

In conclusion, our study provides strong evidence that the e�ective dimension approach,
while approximate, o�ers an accurate and practical framework for estimating critical expo-
nents in long-range interacting models. It e�ectively bridges the gap between perturbative
RG predictions and exact numerical results, delivering a comprehensive understanding of
the universal features of critical phenomena in systems with long-range interactions.



Chapter 3

Quantum Thermodynamics of
long-range systems

3.1 Quantum thermodynamics

Thermodynamics originated in the nineteenth century from practical concerns, speci�cally
the need to understand and optimize the operation of thermal machines such as heat
engines and refrigerators. Since then, the performance of these devices has seen signi�cant
advancements to meet the demands of modern technology. These advancements span
a wide range of applications, from fuel-based vehicles and household air conditioners to
the most advanced dilution refrigerators used today [132]. The pursuit of fault-tolerant
quantum computing represents the latest technological frontier, garnering considerable
research attention in recent years [133]. In particular the route towards fault tolerance of
available quantum processors is dictated by the quantum threshold theorem [134, 135, 136],
which states that error correction is feasible even with noisy gates, provided the noise level
remains below a critical threshold.

Cooling quantum hardware to su�ciently low temperatures theoretically enables achiev-
ing this threshold. However, the integration of large classical apparatuses, such as ther-
mal baths, may introduce additional sources of decoherence. Therefore, the development
of microscopic and coherent thermodynamic machines has emerged as a pressing tech-
nological challenge [137]. This challenge has driven research into quantum thermal en-
gines, i.e., heat engines and refrigerators operating directly within the quantum domain
[138]. Extensive theoretical [139, 140, 141, 142, 143, 144, 145, 146] and experimental
[147, 148, 149, 150, 151, 152, 153, 154] studies have been conducted, recently demonstrat-
ing their potential applicability to existing quantum processors [12, 11, 155].

However, these devices are subject to a well-known trade-o� between power and e�-
ciency [146]. This trade-o� arises from two main factors: the �rst being the fundamental
constraints imposed by the second law of thermodynamics on irreversible processes, which

47
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implies that the thermodynamic e�ciency of a heat engine must be lower than that of a
Carnot engine [156]. Additionally, any practical cycle operates over a �nite time, introduc-
ing further losses due to dynamic excitations that dissipate energy, thereby degrading the
device performance. As a result, increasing power typically leads to greater dissipation, ad-
versely a�ecting e�ciency. Various strategies have been proposed to mitigate non-adiabatic
transitions, known as shortcuts to adiabaticity, to address this issue [157, 158, 159, 160].
However, these techniques often involve activating additional driving �elds, which incurs
an energetic cost that reduces the actual output of the device [161, 162].

In this section, we explore a novel approach to minimize these adverse e�ects by em-
ploying a long-range interacting quantum system as the working substance of the engine,
determining the conditions under which the presence of long-range interactions reduces the
energy losses due to defect generation during non-adiabatic evolution.

3.2 Quantum work statistics

A foundamental object in the study of thermodynamic e�ciency is the statistics of work
exchanged by a quantum system with an external driving during a non-adiabatic evolution.

The study of quantum work statistics delves into the dynamics of a quantum system
governed by a Hamiltonian H (h), which depends on an external work parameterh. The
system starts in the initial state � i and a driving protocol modi�es the work parameter
from hi to hf . Consequently, the initial and �nal Hamiltonians are

H i = H (hi ) =
X

n

� i
n j� i

n ih� i
n j; H f = H (hf ) =

X

m

� f
m j� f

m ih� f
m j; (3.1)

respectively. Under the in
uence of external driving, the system evolves unitarily, resulting
in the �nal state � f = U� i Uy with

U = T exp
�
� i

Z �

0
dtH (ht )

�
; (3.2)

the unitary evolution operator, where T exp denotes the time-ordered exponential. Through-
out this process, the system exchanges energy with the external drive, manifested as work
W , which is a stochastic variable with a probability density given by [163, 164]

P(W ) =
X

n;m

pn;m �
�

W � (� f
m � � i

n )
�

; (3.3)

where pn;m represents the probabilities associated with all the possible energy di�erences
between the energy levels of the initial and �nal Hamiltonians. For an initial state that
is incoherent with respect to H i , i.e., [� i ; H i ] = 0 [7], we have pn;m = pi

npnjm , where

pi
n = Tr[ � i j� i

n ih� i
n j] is the initial population of the nth energy level, andpnjm = jh� i

n jUj� f
m ij 2
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denotes the transition probability between the nth and mth energy levels during the unitary
evolution [164].

To analyze the probability P(W ) we may use its moment generating function

G(s) =
Z

dWe� sW P(W ) = Tr
h
Uye� sH f UesH i � i

i
: (3.4)

From which all the moments of the distrubution can be obtained by deriving with respect
to the s variable.

Considering, for example, a linear driving protocol,h(t) = hi � vt, over a time interval
t 2 [0; � ] and with a quench rate v = ( hi � hf )=� . We can investigate the system's response
to di�erent quench velocities v. At this scope we focus on the statistics of irreversible work
Wirr = W � � � 0, where � � 0 = � f

0 � � i
0 represents the adiabatic work contribution, i.e.,

the di�erence between �nal and initial ground state energies. Wirr accounts for the energy
irreversibly dissipated during the evolution due to the dynamic generation of defects in
�nite-time dynamics.

In the following we explore two opposite limits: the sudden quench scenario where
v ! 1 (� ! 0) and the slow quench case wherev ! 0 (� ! 1 ).

3.3 Universal quantum work statistics in long-range systems

In this section, we provide a comprehensive characterization of the universal properties of
quantum work statistics in long-range interacting quantum systems subjected to various
external drivings, ranging from a sudden quench to in�nitely slow linear driving. We aim
to determine the conditions under which long-range interactions reduce energy losses due
to defect generation during non-adiabatic evolution. To achieve this in a general setup, we
utilize the e�ective dimension approach, detailed and justi�ed in Chapter 2, to analyze the
universal behavior of systems with long-range interactions. Finally, we apply our �ndings
to two concrete examples: the long-range quantum Ising chain and the long-range Kitaev
chain.

3.3.1 The sudden quench case

In the sudden quench scenario, and assuming that the system is initially in the ground
state, Eq. (3.4) simpli�es to

G(s) = h� i
0jesH i e� sH f j� i

0i = e� � � 0sZ (s) (3.5)

whereZ (s) = h� i
0je� (H f � � f

0 ) j� i
0i . This expression can be interpreted as the partition function

of a d + 1-dimensional classical system on a �lm of thicknesss, with two boundary states
j� i

0i and a transverse areaL d [165, 166]. This mapping is schematically illustrated in panels
(a) and (b) of Fig. 3.1 Within this interpretation, the cumulant generating function F =
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Figure 3.1: Schematic representation of the quantum-to-classical mapping for the quantum
work statistics problem in long-range interacting systems. (a) The original quantum model
in d dimensions with power-law decaying couplings, subjected to a sudden quench to the
critical point|transitioning from a massive m1 > 0 initial Hamiltonian to a massless �nal
Hamiltonian m2 = 0, where mi denotes the mass of the lightest quasiparticle describing
the system's excitations. (b) The corresponding equilibrium long-range interacting classical
system in d + 1 dimensions, obtained through the quantum-to-classical mapping. (c) The
local classical system in equilibrium inde� + 1 dimensions, derived in the �nal step of our
mapping using the e�ective dimension approach.

� ln G(s) represents the free energy per unit temperature of the corresponding classical
system [165].

Then, as s, increases, the free energy density per unit areaf = F =Ld decomposes into

f = sf b + 2 f s + f c(s); (3.6)

where f b = � � 0=Ld and f s = � (ln jh� f
0 j� i

0ij )=Ld can be interpreted as bulk and surface
free energy densities in the corresponding classical system in a �lm geometry [165, 166].
The term f c(s) is a subleading contribution in the large s limit but is signi�cant in critical
quencheshf = hc as it embodies the critical Casimir e�ect and exhibits the universal
scaling form [167, 168, 169]:

f c(s) � s� d�( s=� ) for s � a; (3.7)

where � � a denotes the correlation length anda represents a microscopic length scale.
The scaling function �( x) is universal, depending solely on the universality class of the
bulk classical critical point and the surface universality class [170].

Once the scaling behavior of the characteristic function is established, it reveals univer-
sal properties of the work distribution. In particular, we examine the intensive irreversible
work w = ( W � � � 0)=Ld. Our focus lies on the probabilities of large deviation events,
where w is signi�cantly smaller than its mean value hwi , indicating proximity to the adia-
batic limit where w = 0. The probability of such large deviations is expected to decrease
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exponentially with system sizeL d, i.e.,

P(w) / e� I (w)L d
; (3.8)

whereI (w) is the non-negative rate function, vanishing atw = hwi . The quadratic approx-
imation of I (w) around w = hwi reproduces typical Gaussian 
uctuationsw�h wi � 1=

p
N

predicted by the central limit theorem [171, 172, 173].
Additionally, we observe that P(w < 0) = 0, implying I (w < 0) = + 1 , and assuming

a bounded spectrum,P(w > w M ) = 0, where wM represents the maximum work that can
be introduced into the system, corresponding to a fully �lled spectrum. As L ! 1 , the
rate function is obtained through the Legendre-Fenchel transform [171]:

I (w) = � inf
s2 R

f sw � 2f s � f c(s)g: (3.9)

In particular, for a critical quench with � ! 1 , we obtain

I (w) � 2f s �
d + 1

d
�(0)

�
w

�(0)

� d=(d+1)

: (3.10)

Long-range interactions crucially in
uence the scaling above. Speci�cally, as detailed in
Chapter 2, if we consider a quantum system ind dimensions whose Hamiltonian contains
a power-law decaying coupling of the formJ (r ) / 1=r � , the universal properties of the
system at criticality are well captured by considering the short-range version of the model
in a fractal dimension de� , related to � and d by equation (1.18).

This mapping, schematically shown in Fig. 3.1, illustrates how the out-of-equilibrium
work statistics problem in a quantum long-range system ind dimensions (panel (a)) can be
mapped to a classical local problem at equilibrium in a �lm geometry in dimensionde� + 1
(panel (c)).

Thus, the rate function for a long-range system is obtained by simply replacingde� in
Eq.(3.10). Typically, de� � d for any d < � < � � , indicating that in the large deviation
region, I SR(w) < I LR , meaning that the probability of having w � h wi is larger in the long-
range case. This is a �rst indication that long-range interaction decrease the irreversible
work performed by the system.

3.3.2 The slow quench case

In the slow quench scenariov ! 0, it is useful to express the logarithm of the characteristic
function as a series expansion

ln G(s) =
1X

n=1

sn

n!
� n ; (3.11)
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where � n is the nth cumulant of the work distribution. By analyzing how these cumulants
scale with the small but �nite driving velocity v, we can deduce the universal properties of
the work distribution in this regime.

In particular, we consider a time-dependent Hamiltonian of the form H (� (t)) which is
slowly driven across a quantum critical point at � = 0. Adopting the standard assump-
tions of adiabatic perturbation theory [174, 111], we consider the condition that at the
critical point, the energy gap vanishes due to the dispersion relation of low-energy (small
k) modes scaling as! k = cjkjz, where c is a non-zero constant. Additionally, we apply the
approximation of a low density of quasiparticles excited after the quench in each mode,
i.e., nk . 1 for all k, where nk denotes the occupation number of thekth mode at the end
of the process. Under these conditions, the work performed during the process is given by

W = � � 0 +
X

k

! knk : (3.12)

The probability of having nk excitations in the kth mode is

pnk =0 = 1 � pk ; pnk =1 � pk ; pnk > 2 � 0: (3.13)

Thus, the logarithm of the characteristic function reads [175, 176, 177]

ln G(s) = s� � 0 +
X

k

ln[1 + pk (e� s! k � 1)]: (3.14)

Then, expanding lnG(s) in powers of s, the cumulants of work are

� n � � n;1� � 0 +
X

k

! n
k pk : (3.15)

For small driving velocity v ! 0, the scaling of the work cumulants is determined by the
low-energy modes. More precisely, within adiabatic perturbation theory, the excitation
probability of the kth-mode quasiparticle pk is dominated by (assuming that there is no
additional Berry phase) [174, 111, 105]

pk �

�
�
�
�

Z hf

h i

dhh1k (h)j@h j0k (h)i e
i
v

Rh
h i

dh0! k (h0)
�
�
�
�

2

(3.16)

where jnk (h)i denotes the instantaneous energy eigenstate of modek of H (h) with occu-
pation number nk . In order to remove the quantity 1=v in the exponential function in the
integral of pk (Eq. (3.16)), we introduce two rescaled quantities,x and y, de�ned by

h = xv1=(1+ �z ) ; k = yv�= (1+ �z ) : (3.17)
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Also following Ref. [111, 105], we introduce the general scaling argument

! k (h) = jhj �z F (k=jhj � ); (3.18)

h1k (h)j@h j0k (h)i = h� 1G(k=jhj � ); (3.19)

where F and G are two model-dependent scaling functions satisfyingF (x) / xz and
G(x) / x � 1=� for jxj � 1. This is motivated by dimensional considerations and the
requirement that the spectrum of the high energy modes should be insensitive toh. Thus,
assuming a critical quench with ! k (hf ) � cjkjz, the work cumulants reads

� n � � � 0� n;1 + cnv� n

Z
ddy
2�

jyjnz f (y); (3.20)

where

� n =
(d + nz)�

1 + �z
; (3.21)

and we have introduced the function

f (y) =

�
�
�
�

Z x f

x i

dx
x

G(y=jxj � )ei
Rx

x i
dx0jx0j �z F (y=jx0j � )

�
�
�
�

2

: (3.22)

Consequently, as long as� n < 2, the scaling of the work cumulants is dominated by the
low energy modes,f (y) is convergent asv ! 0, and � n � � � 0� n;1 � anv� n . On the other
hand, when � n > 2 the integral is not dominated by the low energy modes and the leading
term comes from the high-energy contribution, which can be approximated by the regular
analytic adiabatic perturbation theory [174, 178, 111], resulting in the quadratic scaling
� n � � � 0� n;1 � anv2. Finally, when � n = 2, logarithmic corrections are expected leading
to the scaling � n � � � 0� n;1 � anv2 ln v. Summarizing we have that

� n � � � 0� n;1 �

8
><

>:

anv� n � n < 2

anv2 ln v � n = 2

anv2 � n > 2

: (3.23)

Also in this case the universal scalings for a long-range interacting system are derived
using the e�ective dimension approach. The scaling exponent becomes

� n;� =
(d + nzd

LR )� d
LR

1 + � d
LR zd

LR

�
(de� + nzde�

SR )� de�
SR

1 + � de�
SR zde�

SR

: (3.24)

The approximate sign accounts for minor corrections due to the anomalous dimension in
the frequency dependence of the low-energy propagator of the quantum long-range theory
[1].
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Figure 3.2: (a) Rate function as a function of the intensive irreversible workw for di�erent
values of � following a sudden critical quench of the long-range Kitaev chain withhi = 21
and hf = 1. Bold lines depict exact numerical results, dashed lines show the quadratic
approximation near the averagew � h wi , and dot-dashed lines illustrate the universal
scaling in the large deviation limit w � h wi . (b)-(c) First and second moments of the
irreversible work distribution as a function of the driving velocity v, for di�erent values of
� during slow linear critical driving of a long-range Kitaev chain with hi = 5 and hf = 1.
Dots represent exact numerical results, while solid lines indicate power law �ts of the
numerical data. The system size isN = 1024.

The result in Eq. (3.24) readily provides a means to estimate long-range advantage.
Indeed, if there is a valuea value� adv such that

� n;� >
(d + nzd

SR)� d
SR

1 + � d
SR

; (3.25)

then, the addition of long-range couplings improves the performance of the slow quench
work protocol by reducing the irreversible work dissipated during the evolution.

3.3.3 Explicit examples of long-range advantage

We now provide few concrete examples where the applicability of the advantage principle
in Eq. (3.25) can be veri�ed explicitly. Firstly, we consider an analytically solvable model,
i.e., the long-range Kitaev chain introduced in Section 1.5 and described by the fermionic
Hamiltonian in Eq.(1.43).

Thanks to the quadratic nature of the model, the cumulant generating function of the
work statistics, as de�ned in Eq. (3.4), can be computed analytically and reads:

ln G(s) = � s� � 0t +
X

k> 0

ln
�

1 + tan 2 �� ke� 2s! k; 2

1 + tan 2 �� k

�
(3.26)

where �� k = � f
k � � i

k represents the di�erence between the Bogoliubov angles diagonaliz-
ing the �nal and initial Hamiltonians, respectively. The bulk free energy density can be
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expressed as

f b =
s� � 0

L
=

s
2L

X

k> 0

(! k;1 � ! k;2); (3.27)

the surface free energy density as

f s =
1
L

X

k> 0

ln
�
1 + tan 2 �� k

�
; (3.28)

and the critical free energy density as

f c(s) = �
1
L

X

k> 0

ln
�
1 + tan 2 �� ke� 2s! k; 2

�
: (3.29)

As shown in Section 1.5, in the weak long-range regime (1< � < 2), the quasiparticle
spectrum is continuous in the thermodynamic limit. Accordingly, in the L ! 1 limit,
the sums over Fourier modesk can be approximated by integrals. The critical free energy
density can then be written as

f c(s) = �
Z �

0

dk
2�

ln
�
1 + tan 2 �� ke� 2s! k; 2

�
: (3.30)

To explore the large deviation region of the work distribution where w � h wi , we consider
the limit s ! 1 . In this limit, the integral in Eq. (3.29) is dominated by the low-energy
modes neark � 0. Then, expanding the spectrum aroundk � 0, for 1 < � < 2, we obtain

f c(s) � �
Z �

0

dk
2�

ln
�
1 + tan 2

�
� (� � 1)

4

�
e� 2sC� k � � 1

�
; (3.31)

where C� = 2 j�(1 � � )=� (� )j. By changing variables to y = 2sC� k� � 1 we get

f c(s) � �
1

s1=(� � 1)

1
2� (2C� )1=(� � 1)

Z 2C� � � � 1s

0
dyy

1
� � 1 � 1 ln

�
1 + tan 2

�
� (� � 1)

4

�
e� y

�

(3.32)

This integral converges and in the limit s ! 1 can be carried out explicitly, yielding

f c(s) �
�

�
1

� � 1

�
Li 1+ 1

� � 1

�
� tan2

�
� (� � 1)

4

��

2� (2C� )1=(� � 1)
s� 1

� � 1 ; (3.33)

where Lix (z) =
P 1

n=1 zn=nx is the polylogarithm function. Comparing this with the e�ec-
tive dimension prediction f c(s) � �(0) s� de� , we identify

�(0) = �
�

�
1

� � 1

�
Li 1+ 1

� � 1

�
� tan2

�
� (� � 1)

4

��

2� (2C� )1=(� � 1)
; de� =

1
� � 1

; (3.34)
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which matches the e�ective dimension predicted by Eq. (1.18).
Then, performing the Legendre transform explicitly, we derive the rate function

I (w) = 2 f s;� � �K �

�
w

K �

� 1
�

= 2 f s;� �
de� + 1

de�
K �

�
w

K �

� de�
de� +1

; (3.35)

where we have introduced the� dependent factor

K � = de� �(0) = �
�

�
1

� � 1

�
Li 1+ 1

� � 1

�
� tan2

�
� (� � 1)

4

��

2� (� � 1)(2C� )1=(� � 1)
: (3.36)

Next, we consider the regime of an in�nitely slow linear quench with h(t) = hi � vt,
t 2 [0; (hi � hf )=v] and v ! 0. Here, it is useful to express the cumulant generating function
G(s) in terms of the excitation probabilities pk of each Fourier mode during the dynamics,
leading to

ln G(s) = � s� � 0 + L
Z �

0

dk
2�

ln
�
1 + pk (e� 2s! k; 2 � 1)

�
(3.37)

Expanding the logarithm in powers of pk (e� 2s! k; 2 � 1), we get

ln G(s) = � s� � 0 + L
1X

n=1

(� 1)n+1

n

Z �

0

dk
2�

pn
k

�
e� 2s! k; 2 � 1

� n
; (3.38)

where the series converges as long asjpk (e� 2s! f
k � 1)j < 1.

As shown in Section 1.5 in the limit of a slow driving protocol v ! 0, the �rst non-
trivial correction to pk takes the form of Eq. (1.71). Then, inserting this expression into
the integral in Eq. (3.38), we obtain

f (s) = �
1
L

(ln G(s) + s� � 0) � �
1X

n=1

(� 1)n+1

n

Z �

0

dk
2�

e�
n� � 2

k
v

�
e� 2s! k; 2 � 1

� n
: (3.39)

Due to the exponential decay ofpk , only low-energy modes can get excited. Therefore, the
integral is dominated by the contributions at small Fourier modes k and we can replace
the expressions for � k and ! k;2 with their expansions around k = 0. Consequently, for a
critical quench with h2 = 1 and 1 < � < 2 we obtain

f (s) � �
1X

n=1

(� 1)n+1

n

Z �

0

dk
2�

e� n�B 2
�

v k2� � 2
�

e� 2sC� k � � 1
� 1

� n
; (3.40)
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Figure 3.3: Scaling exponents for the �rst two cumulants, � 1 (blue) and � 2 (red) , of the
irreversible work statistics with respect to the driving velocity v, plotted as a function of � .
The left panel shows results for a slow quench of the long-range Ising model, while the right
panel displays results for the long-range Kitaev chain. In the long-range Ising case, dots
represent numerical data obtained by combining the e�ective dimension prediction with
precise numerical estimates of the short-range Ising critical exponents in the e�ective fractal
dimension de� . For the long-range Kitaev chain, dots indicate the exponents obtained by
�tting the exact numerical data for the work cumulants as a function of v with a power law
function. Horizontal dashed lines represent the short-range values of the scaling exponents,
and the gray vertical dashed line marks the value of� = � � , above which the short-range
results apply.
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where B � = cos(��= 2)�(1 � � )=� (� ). Then, performing the change of variable y2 =
k2� � 2n�B 2

� =v, we have

f (s) � �
1

2� (� � 1)

�
v

�B �

� 1
2( � � 1)

�
1X

n=1

(� 1)n+1

n

Z � � � 1 jB � j
p

�
v

0
dyy

1
� � 1 � 1e� y2n

�
e� 2s C �

B �

p
v
� y � 1

� n
: (3.41)

Finally, keeping only the leading order contributions asv ! 0 we �nd

f (s) �
1

2� (� � 1)

�
v

�B �

� 1
2( � � 1)

1X

n=1

1
n

Z 1

0
dyyn+ 1

� � 1 � 1e� y2n
�

2s
C�

B �

� n � v
�

� n
2 (3.42)

=
1X

n=1

f n;� (s)v
1

2( � � 1) + n
2 : (3.43)

This gives us the scaling of thenth cumulant

� n / v
1

2( � � 1) + n
2 : (3.44)

As expected, also this scaling is in agreement with the e�ective dimension prediction with
de� = 1=(� � 1).

Finally, as a second example, we consider the long-range quantum Ising chain which, as
shown in Section 1.4 is an interacting and experimentally relevant model. In this case, the
scaling exponents for the work cumulants� n in the slow quench scenario can be approxi-
mated by inserting precise numerical estimates for the critical exponents of the short-range
Ising model in de� dimension [131] into the e�ective dimension prediction of Eq. (3.24). The
resulting � n for the �rst two cumulants n = 1 ; 2 are plotted as a function of� in Fig. 3.3(b)
and compared with their corresponding shor-range values (horizontal dashed lines). No-
tably, in this interacting example, the �rst two cumulants of the work statistics satisfy the
long-range advantage condition (3.25) as long as� < � � , with � � � 3� � SR(de� = 1) = 2 :75.

3.4 Application to quantum heat-engines

With the results from Section 3.3 in our hands, we are now equipped to design a quan-
tum thermal cycle that leverages the presence of long-range interactions in its working
substance. Speci�cally, we focus on the paradigmatic example of the long-range Kitaev
chain undergoing a quantum Otto cycle. We identify several advantages arising from the
presence of long-range interactions:

1. Enhanced adiabatic optimal performance : In the limit of an in�nitely slow
cycle, we observe enhanced optimal performances of the device in its most useful
operation modes: the heat-engine mode and the refrigerator mode.
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Figure 3.4: Schematic representation of the quantum Otto cycle.

2. Reduction in Nonadiabatic Losses : In a �nite-time cycle involving the crossing
of a quantum critical point, selecting a long-range interacting working substance leads
to a signi�cant reduction in nonadiabatic energy losses compared to its short-range
counterpart. This aligns with the general results presented in Section 3.3.

3.4.1 The quantum Otto cycle

The quantum Otto cycle,[145, 146, 13] consists of the following four strokes (see Fig. 3.4):

ˆ First stroke: unitary decrease of h (1 ! 2) . Initially, the system is in thermal
equilibrium with a hot reservoir at temperature T1 = 1=� 1 and h = h1. The system
is decoupled from the bath and undergoes a unitary evolution where the driving
parameter h changes fromh1 to h2.

ˆ Second stroke: thermalization at �xed h (2 ! 3) . The driving parameter is
kept �xed at h = h2, and the system is coupled to a thermal bath at temperature
T2 = 1=� 2, allowing it to reach thermal equilibrium.

ˆ Third stroke: unitary increase of h (3 ! 4) . The system undergoes another
unitary evolution that brings the chemical potential back to its initial value h2 ! h1.

ˆ Fourth stroke: thermalization at �xed h (4 ! 1) the system at �xed h = h1 is
coupled again to the hot bath, reaching equilibrium at temperatureT1 and completing
the cycle.
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At each stage, the system's state and corresponding average energy are given by

� 1 = e� � 1H 1 =Z1; E1 = Tr � 1H1; (3.45a)

� 2 = U� 1Uy; E2 = Tr � 2H2; (3.45b)

� 3 = e� � 2H 2 =Z2; E3 = Tr � 3H2; (3.45c)

� 4 = ~U� 3 ~Uy; E4 = Tr � 4H1; (3.45d)

where H i = H (hi ), Z i = Tr e� � i H i i = 1 ; 2, U and ~U are the unitary evolution operators
associated to the �rst and the third stroke respectively. As in the previous Section also
here we assume, for simplicity, a linear time dependence of the driving parameter during
the unitary strokes. Then the driving protocol corresponding to the �rst step 1 ! 2 can
be written as

h(t) = h1 � vt for t 2 [0; � ]; (3.46)

where v = ( h1 � h2)=� is the sweep rate. The driving protocol during the third step of the
cycle 3! 4 is given by ~h(t) = h(� � t), for t 2 [0; � ]. The corresponding unitary evolutions
are then

U = T exp
�
� i

Z �

0
dtH [h(t)]

�
; (3.47)

~U = T exp
�
� i

Z �

0
dtH [~h(t)]

�
; (3.48)

where T exp denotes the time-ordered exponential. During the second and fourth strokes,
the system interacts only with the baths, reaching thermal equilibrium. While long-
range interacting systems are known to evade thermalization allowing for quasistationary
states [90, 103], it can be shown that thermal equilibrium is safely reachable when� 1; � 2 > 1
[179]. Then, all the thermodynamic quantities can be computed using the equilibrium pop-
ulations for the Fourier modes. For the example of the long-range Kitaev chain these are
simply given by the Fermi-Dirac distribution, of the Bogoliubov fermions diagonalizing
the chain, at an inverse temperature� i and with the dispersion relation ! k;i = ! k (hi ) of
Eq. (1.50), for i = 1 ; 2, reading

h
 y
k 
 k i = f (! k;i ) =

1
1 + e� i ! k;i

: (3.49)

Then, in this case, the internal energy is given by

Ei =
X

k

! k;i

�
h
 y

k 
 k i � 1=2
�

= �
X

k> 0

! k;i tanh
�

�! k;i

2

�
:
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Since during the second and the fourth strokes the external driving is switched o� and
the system interacts only with the baths, then energy is exchanged with them only in the
form of heat

Q1 = E3 � E2 (3.50)

Q2 = E1 � E4: (3.51)

Then, according to the �rst law of thermodynamics, the work done over the cycle is

W = Q1 + Q2: (3.52)

The average energy exchangesQ1,Q2 and W fully characterize the cycle's operation. De-
pending on the signs ofQ1, Q2 and W , our engine may operate in any of the following four
modes

[E ] : Q1 � 0; Q2 � 0; W � 0; (3.53a)

[R] : Q1 � 0; Q2 � 0; W � 0; (3.53b)

[A] : Q1 � 0; Q2 � 0; W � 0; (3.53c)

[H ] : Q1 � 0; Q2 � 0; W � 0; (3.53d)

where [E ] denotes energy extraction (heat engine), [R] denotes refrigerator, [A] denotes
thermal accelerator, and [H ] denotes heater [15, 13].

In the case of the long-range Kitaev chain the energy exchanges take the form

Q1 = �
X

k> 0

! 1;k (f 2;k + f 1;k (2pk � 1)) ; (3.54a)

Q2 = �
X

k> 0

! 2;k (f 1;k + f 2;k (2pk � 1)) ; (3.54b)

W = Q1 + Q2; (3.54c)

where pk , are the nonadiabatic transition probabilities during the unitary stroke of the
cycle, and we have introduced the shortcut notationf i;k = tanh( � i ! i;k ), for i = 1 ; 2.

3.4.2 Adiabatic cycle

Let us now analyze the case of an in�nitely slow cycle, i.e., the limit v ! 0. This regime
is usually referred to as adiabatic, since the unitary evolution is su�ciently slow for the
adiabatic theorem to hold, preventing transitions between the instantaneous eigenstates of
the Hamiltonian, and leading to pk � 0. The adiabatic approximation breaks down as the
energy gap closes. Strictly speaking, however, this happens only in the thermodynamic
limit N ! 1 . Accordingly, for any �nite N , one can choose the driving time scale such
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Figure 3.5: Operation mode diagram illustrating regions in the parameter space of� 1=� 2

and h2=h1, corresponding to di�erent operation modes. Distinct colors represent di�erent
operation modes: blue for the refrigerator [R], green for the heat engine [E ], yellow for the
thermal accelerator [A], and red for the heater [H ]. White lines denote the boundaries of
the operation mode regions for a working substance composed of identical and independent
qubits (3.57). Panel (a) depicts the nearest neighbor case with� ! 1 , while panel (b)
shows the long-range case with� = 1 :5. The system size is �xed atN = 200, with initial
temperature T1 = 100, and initial value of the driving parameter h1 = 2.
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that the adiabatic approximation is justi�ed, allowing us to set pk � 0 in Eqs. (3.54)
obtaining

Q1 =
X

k> 0

! 1;k (f 2;k � f 1;k ) ; (3.55a)

Q2 = �
X

k> 0

! 2;k (f 2;k � f 1;k ) ; (3.55b)

W =
X

k> 0

(! 1;k � ! 2;k ) ( f 2;k � f 1;k ) : (3.55c)

Figure 3.5 illustrates the regions of parameters� 2 and h2, for �xed values of � 1 and h1,
corresponding to the di�erent operation modes de�ned in Eq. (3.53). Panel (a) shows
the nearest neighbor case corresponding to the� ! 1 limit, while panel (b) shows the
long-range case with� = 1 :5.

To highlight the e�ects of long-range couplings, these plots are compared with the
regions obtained when the long-range Kitaev chain is replaced byN identical and inde-
pendent single qubits. Each qubit has a frequency given by the average spectrum of the
corresponding fermionic chain over all Fourier modes:

�! =
1
N

X

k

! k : (3.56)

The boundaries of the regions for the independent qubits case are depicted as white lines
in Fig. 3.5 and o�er a rough estimation for the engine operation mode. In this scenario,
where only one level-spacing is present, the region boundaries can be derived using the
results from Ref. [13] for the operation modes of a single qubit:

[E ] :
� 1

� 2
�

�! 2

�! 1
� 1; (3.57a)

[R] :
�! 2

�! 1
�

� 1

� 2
; (3.57b)

[A] :
�! 2

�! 1
� 1; (3.57c)

where �! 1;2 corresponds to Eq. (3.56) forh = h1;2 respectively, and we have assumed,
without loss of generality, � 1 � � 2.

Note that conditions (3.57) rule out the possibility of a single qubit acting as a heater
([H ]). Therefore, this regime cannot be well described within the mean-spacing approxima-
tion in the adiabatic limit. On the other hand, in the region h2=h1 > 0, where the heater
phase is absent, the operation mode phase diagram is well reproduced by the mean-spacing
approximation, see Eq. (3.57), regardless of the value of� .

By comparing the two diagrams in Fig. 3.5, we observe that the heater region in the
long-range case (panel (b)) is signi�cantly reduced compared to the nearest neighbor case
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Figure 3.6: Work output (panel a) and engine e�ciency (panel b), plotted as a function
of h2=h1, for di�erent values of h1 corresponding to di�erent colors. Exact values (3.55c)
are represented as scatter plots with di�erent markers (one for each value ofh1), while
bold lines refer to the approximated result of Eq. (3.59). The system size isN = 200, the
temperatures of the baths are �xed to T1 = 100, T2 = 0 :01.

(panel (a)). Additionally, operation mode regions shapes are closer to the identical and
independent qubits even in theh2=h1 < 0 region. Moreover, the [R] (refrigeration) and [E ]
(engine) regimes, which are the most relevant to technological applications, are enhanced
and become prevalent across the entire parameter regionjh2=h1j < 1. In the following, we
focus on optimizing these two regimes within the parameter space, identifying the advan-
tages that arise from the presence of long-range couplings compared to the corresponding
local systems.

3.4.3 Heat Engine operation mode

The purpose of a heat engine is to harness the energy 
ow from a hot reservoir to a cold
one, extracting useful energy in the form of work. Thus, optimizing the performance of a
device operating in the [E ] mode involves maximizing the work output. Another estimator
of the engine performance is the heat engine e�ciency, de�ned as the ratio between the
energy gained as work and the heat extracted from the hot reservoir:

� [E ] =
W
Q1

= 1 +
Q2

Q1
: (3.58)

According to the second law of thermodynamics, this e�ciency is always less than the
Carnot e�ciency � C

[E ] = 1 � T2=T1 [156]. The functioning of a heat engine is naturally
boosted when the temperature di�erence between the reservoirs is large, favoring energy
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Figure 3.7: Work output (panel a) and engine e�ciency (panel b), plotted as a function
of h2=h1, for di�erent values of � 1 = � 2 = � corresponding to di�erent colors. Exact
values (3.55c) are represented as scatter plots with di�erent markers (one for each value of
� ), while bold lines correspond to the approximate result of Eq. (3.59). The system size
is N = 200, the temperatures of the baths are �xed to T1 = 100, T2 = 0 :01 and the initial
chemical potential value is h1 = 2.


ow and consequently the work extraction. Indeed, in this regime, the Carnot e�ciency gets
close to unity. This basic physical intuition leads us to focus on the region of parameters
where T2 � T1 as the most interesting for the [E ] operation. Speci�cally, we consider
T2 � �! (h) � T1, with �! (h) playing the role of a typical energy scale of the system. Thus,
the working substance is near the ground state when in equilibrium with the cold bath and
near the maximally mixed state when in equilibrium with the hot bath. This leads to the
following expression for the work extracted

W ' W0 � N (�! 1 � �! 2)=2; (3.59)

which is fully determined by the average level spacing �! i , i = 1 ; 2 for h = h1;2. It follows
that the optimal work output is reached for the values of h1, h2 that respectively maximise
and minimise the function �! (h) in Eq. 3.56, namely

Wmax ' W0;max =
N
2

(max
h

[�! ] � min
h

[�! ]); (3.60)

where the optimization has to be performed over the values ofh compatible with the
approximation (3.59), i.e., such that T2 � �! (h) � T1. Within the same approximation,
the heat engine e�ciency reads

� [E ] ' � 0
[E ] � 1 �

�! 2

�! 1
� 1 �

minh [�! ]
maxh [�! ]

(3.61)
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Figure 3.8: Average level spacing (3.56), as a function of the chemical potentialh. Di�erent
colors correspond to di�erent values of� . The system size isN = 500.

Remarkably, this choice ofh1 and h2 allows to maximize both the work output and the
cycle e�ciency. In Fig. 3.6(a) and (b) the exact work output W , and the exact engine
e�ciency � [E ] respectively (scatter plots) are compared withW0 and � 0

[E ] (solid lines) for
di�erent values of h1, h2 and with T1 = 100; T2 = 0 :01 and � = 1 :5. We notice that the
approximation W ' W0 breaks down for large values ofh1, when �! (h1) becomes of the
same order ofT1, while � 0

[E ] remains a good estimate of� [E ] even in this regime. Finally,
let us notice that, regardless of the validity of the approximation, the maxima of � [E ] and
W are actually close.

In Fig. 3.7 we plot W and � [E ] againsth2=h1, for di�erent values of � , showing that they
grow as the range of the interaction increases (� decreases), signaling a clear advantage
of the long-range regime. This advantage can be traced back to the properties of the
spectrum of the system, encoded in the average level spacing �! . In fact, the minimum of
�! (h2), which corresponds to the maximum of bothW0 and � 0

[E ], is a�ected by the presence
of long-range interactions as shown in Fig. 3.8.

3.4.4 Refrigerator operation mode

In the typical situation in which a quantum refrigerator operates we may expect the two
temperatures to be pretty similar T2 . T1, since we can imagine that also the baths are
embedded in the same quantum hardware of the working substance. Additionally, to ensure
the system operates deeply within the quantum regime, the temperatures involved in the
cycle should be much smaller than the system's energy scale, speci�callyT2 . T1 � �! .
Under these assumptions, the heat extracted from the cold reservoir can be expressed as
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Figure 3.9: Heat extracted from the cold reservoirQ2, as a function of h2=h1. Scatter
plots indicate the exact values (3.55b), bold lines indicate the approximated result (3.62).
Di�erent colors correspond to di�erent values of � 1 = � 2 = � . The baths temperatures
are �xed to T1 = 0 :1, T2 ' 0:099.

follows

Q2 '
X

k> 0

! 2;ke� � 2 ! 2;k

�
1 � tanh

�
� 2! 2;k � � 1! 1;k

2

��
: (3.62)

Since the above expression is positive de�nite, we can conclude that within the considered
approximation the Otto cycle always operates as a refrigerator. However, far from the
quantum critical points, the heat extracted from the cold reservoir can be approximated
as

Q2 ' N min
k

[! 2;k ]e� � 2 min k [! 2;k ]: (3.63)

ndicating that Q2 exhibits an exponentially decaying behavior asT2 ! 0. On the other
hand, as h2 becomes close tohc(� ) the spectrum is no longer gapped, so the above con-
siderations do not apply. Instead in this regime, the main contribution to Q2 comes from
the soft modes, resulting in a power law decay inT2

Q2 ' NK (� )T1+1 =z
2 ; (3.64)

where K (� ) is an � dependent prefactor, andz is the dynamical critical exponent which,
in general, depends on� . Speci�cally, as detailed in Section 1.5, at theh2 = 1 critical
point of the long-range Kitaev chain we have

z =

(
� � 1 for � < 2

2 for � > 2;
(3.65)
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while for the h2 = � 1 + 2 � � 1 critical point z = 1.

Since close to theh2 = 1 critical point 1 =z grows inde�nitely as � ! 1, the presence
of long-range interactions does not result in any advantage at low temperatures. However,
near the h2 = � 1+2 � � 1 critical point, z does not depend on� . In this scenario, the factor
K (� ) can indeed provide an advantage. This is con�rmed by the data shown in Fig.,3.9,
where Q2=N is plotted as a function of h2 for di�erent values of � and temperatures
T1 = 0 :1 and T2 = 0 :099. The �gure clearly demonstrates an advantage as the range of the
interaction increases.

The distinct low-temperature scalings in Eq. (3.64) result in peaks inQ2 at h2=h1 =
hc(� )=h1, indicating enhanced cooling capability at quantum criticality, as illustrated in
Fig. 3.9. This e�ect is ampli�ed by the presence of long-range interactions, leading to
progressively larger peaks as� ! 1, thereby showing a long-range advantage in the most
signi�cant regime, i.e., refrigerator operation. It is noteworthy that while the heat engine
con�guration is optimized by a long-range interacting machine operating close to theh2 = 1
critical point, the refrigerator operates optimally in the vicinity of the h2 = � 1 + 21� �

critical point.

3.4.5 Finite time cycle

Finally, we consider the �nite-time performance of the device. Speci�cally, we examine
a linear driving protocol for the unitary step of the cycle, characterized by the driving
velocity v (see Eq. (3.46)), which we choose to be small but �nite. In this case, the general
results of Section 3.3.2 apply, allowing us to identify the origin of the long-range advantage
in the reduction of nonadiabatic energy losses generated during the �nite-time dynamics.

Before delving into the role of long-range couplings in �nite-time performances, let us
�rst consider a single mode and the corresponding two-level system formed byj0k ; 0� k i and
j1k ; 1� k i . It is known [13] that when pk > 0, a region in parameter space corresponding to
the heater [H ] appears and becomes the only possible regime whenpk � 1=2, as in this case
the energy exchanges become negative de�nite. This behavior occurs for the long-range
Kitaev chain as well if the driving is so fast that pk > 1=2 for all values of k.

Moreover, for any �nite-time driving, the presence of �nite transition probabilities pk

hinders engine performance by enhancing the irreversible character of the cycle. This can
be demonstrated by explicitly computing the entropy production of the cycle, de�ned as
� = � 1Q1+ � 2Q2 in the �nite-time case. The second law of thermodynamics, in the form of
the Clausius inequality, constrains this quantity to be non-positive (� � 0), with equality
holding only if the cycle is perfectly reversible. Therefore, we can view � as an indicator
of the cycle's irreversibility, re
ecting how close the device performance is to the optimal
Carnot bound. Interestingly, in our case, the entropy production can be written as the



3.4. APPLICATION TO QUANTUM HEAT-ENGINES 69

Figure 3.10: Nonadiabatic work loss ratio as a function of the driving velocity� , for di�erent
values of� 1 = � 2 = � , corresponding to di�erent colors and markers. Scatter plots indicate
the exact numerical values while bold lines indicate the approximated result (3.69). The
cycle parametersh = 2, h2 = 0, T1 = 100, T2 = 0 :01. The system size isN = 500.

sum of two contributions: � = � 0 + � v . The �rst term, given by

� 0 =
X

k> 0

(� 1! 1;k � � 2! 2;k ) [f 2;k � f 1;k ] ; (3.66)

is present even in the in�nitely slow cycle and is unavoidable, as it is due to the intrinsic
irreversibility of the two thermalization strokes of the cycle. Thus, � 0 = 0 only at the
Carnot point, where all energy exchanges are null (Q1 = Q2 = W = 0). On the other
hand, the second contribution, given by

� v =
X

k> 0

[� 1! 1;k f 2;k � � 2! 2;k f 1;k ] (1 � Pk ); (3.67)

is present only when the unitary strokes are performed at a �nite velocity. Notably, each
term in the sum of Eq. (3.67) is proportional to the nonadiabatic transition probability
1� Pk , explicitly showing that these provide an additional source of irreversibility, resulting
in poorer e�ciency in �nite-time cycles.

With these concepts in mind, we are now ready to consider the �nite-time performance
of two relevant operation modes: the heat engine ([E ]) and the refrigerator ([R]).

For the [E ] operation mode, we examine the nonadiabatic work losses, i.e., the di�erence
between the adiabatic work W0 extracted in an in�nitely slow cycle and the work W
extracted in a more realistic �nite-time scenario. This di�erence can be expressed as [180]

W0 � W =
X

k> 0

[2! 1;k f 2;k + 2 ! 2;k f 1;k ] pk (3.68)
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In the optimal regime for the heat engine (T2 � �! � T1), this becomes

W0 � W ' 2
X

k> 0

! 1;kpk : (3.69)

This expression matches the one obtained in Eq. (3.15) for the irreversible work in slow
quench dynamics, derived through completely general arguments. Since! 1;k remains �nite
as k ! 0, the above expression leads to the scaling withv ! 0,

W0 � W / v� ; (3.70)

where

� =

(
(2� � 2)� 1 for � � 2;

1=2 for � > 2:
(3.71)

Thus, if the system is su�ciently long-range ( � < 2), then � LR = 1=(2� � 2) > � SR =
1=2. This observation indicates that in the limit of a slow cycle (v ! 0), dynamical
excitations are suppressed in the presence of long-range interactions. This long-range
advantage mitigates one of the main limitations of quantum thermal devices: the trade-o�
between power and e�ciency. Figure 3.10 shows the nonadiabatic work loss ratio 1� W=W0

as a function of v, for di�erent values of � . We notice that, excellent agreement is found
between the exact numerical data (scatter plots) and the approximated result (3.69) we
used to extract the universal scaling in Eq. (3.70). Moreover, as predicted, work losses are
signi�cantly reduced when � < 2.

Finally, a similar reasoning applies to the refrigerator [R] in its most realistic tem-
perature setting T2 . T1 � �! . As discussed in Sec. 3.4.4, in this case, the relevant
quantity to be optimized is the heat extracted from the cold reservoir Q2. As discussed
in Sec. 3.4.4, the relevant quantity to be optimized is the heat extracted from the cold
reservoir, Q2. Considering the di�erence between the adiabatic cooling capabilityQ2;0 and
the heat extracted in a �nite-time cycle, for the temperature range T2 . T1 � �! , we have

Q2;0 � Q2 ' 2
X

k> 0

! 2;kpk : (3.72)

To determine the scaling of this quantity for a slow cycle (v ! 0), we must distinguish
whether h2 is critical or not. In the non-critical case, we �nd the same result as in Eq. (3.70).
Instead, for h2 = 1 the dynamical scaling is a�ected by the presence of soft modes in! 2;k

as well, and we obtain the scaling of Eq. (3.44). We �nd then the two di�erent scaling
behaviors

Q2;0 � Q2 /

(
� � h2 6= 1

� � + 1
2 h2 = 1

; (3.73)

In any case, we conclude that the presence of long-range couplings leads to an advantage
for cooling capability in �nite-time cycles as well.
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3.5 Closing remarks

In this Chapter, we have explored the robustness of long-range interacting quantum sys-
tems against dynamic excitation generation during non-adiabatic dynamics, compared to
short-range systems. By examining the universal behavior of quantum work statistics,
we identi�ed conditions under which long-range interactions reduce energy losses during
non-adiabatic evolution, which is crucial for improving the e�ciency and power output of
quantum engines, especially in �nite-time quantum thermal cycles.

Speci�cally, in the sudden quench scenario, we demonstrated that the work statistics
in a quantum system can be mapped to a classical problem on a slab geometry in a higher
e�ective dimension de� +1. This mapping reveals a higher probability of observing reduced
irreversible work in long-range systems compared to systems with short-range interactions,
con�rming that long-range interactions e�ectively decrease non-adiabatic energy losses dur-
ing rapid quenches.

Moreover, for slow driving protocols, we derived the scaling behavior of the cumulants of
the work distribution. The e�ective dimension approach accurately predicts these scalings,
showing that long-range systems exhibit a distinct advantage in reducing non-adiabatic
excitations over a broad range of interaction exponents� . We identi�ed a critical range of
� values where the scaling exponents� n exceed those of short range systems, highlighting
the long-range advantage.

Our general �ndings were substantiated through two prototypical examples: the long-
range Kitaev chain and the long-range quantum Ising chain. In the Kitaev chain, we
analytically computed the work statistics, demonstrating excellent agreement with our
e�ective dimension predictions. For the Ising chain, numerical estimates of critical expo-
nents validated the long-range advantage condition across the signi�cant range of values
� 2 [d=2; � � ], where long-range interactions actually play a role in a�ecting the system's
universal properties.

We further investigated the performance of a quantum thermal machine consisting
of a chain of fermions with power-law decaying interactions undergoing a quantum Otto
cycle. By exactly computing the energy exchanged during the cycle, we provided a detailed
characterization of the device, identifying the most useful operation modes for quantum
technological applications, namely the heat-engine and refrigerator modes. Focusing on
these two modes, we examined the role of long-range interactions in optimizing device
performance, detecting several sources of long-range advantage compared to the nearest-
neighbor case. Remarkably, these results demonstrate high thermodynamic e�ciency even
when operating at �nite power.

Overall, our comprehensive characterization of the quantum thermodynamics of long-
range systems provides a robust framework for understanding their enhanced performance
in quantum thermodynamic cycles. These insights pave the way for developing more e�-
cient quantum thermal engines leveraging the unique properties of long-range interactions.





Chapter 4

Floquet Physics in long-range
systems

4.1 Discrete Floquet time crystals

The e�cacy of technological application of quantum mechanics, such as reliable quan-
tum communication [181], high-precision quantum metrology [182], and fault-tolerant quan-
tum computation [133], depends on the capability of preserving systems out-of-equilibrium,
evading the detrimental e�ects of thermalization, which naturally leads to the loss of lo-
cally stored quantum information. Accordingly, much theoretical and experimental e�ort
has been devoted to the study of out-of-equilibrium phenomena [178, 183, 184, 185] includ-
ing, among the others, thermalization of isolated quantum many-body systems [186, 187,
188, 189], dynamical phase transitions [190, 191, 192, 193, 194] and, �nally, the celebrated
Discrete Floquet Time Crystals (DFTC).

The concept of spontaneous breaking of continuous time-translational symmetry in
quantum many-body systems was �rst brought to broad attention in Ref. [195]. Shortly
thereafter, it was established that such non-equilibrium phases are impossible in equi-
librium settings [196, 197]. However, discrete time-translational symmetry, achievable in
periodically (Floquet) driven systems, can indeed be spontaneously broken [198, 199, 200].
This phenomenon is referred to as DFTC, where the discrete time-translation symmetry
inherent in the periodically driven Hamiltonian H (t) = H (t + T) is spontaneously broken.
Consequently, expectation values of relevant observables exhibit oscillations with a period
that is an integer multiple of T. Several experimental observations of DFTCs have been
reported in the past decade [201, 202, 203, 204].

Following Ref. [205] we say that a DFTC phase exists if, for a class of statesj i with
short-ranged connected correlations [199], there always exists an observablêO, such that

73
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the time-evolved expectation value in the thermodynamic limit N ! 1 ,

O(t) = lim
N !1

h	( t)jÔj	( t)i ; (4.1)

satis�es the following conditions [205]:

1. Time-translation symmetry breaking : O(t + T) 6= O(t), although H (t) =
H (t + T). This is equivalent to have long-range correlated Floquet eigenstates of
the propagator UF = U(t + T; t) [199].

2. Rigidity : O(t) must display periodic oscillations, with some period� , in a �nite and
connected region of the Hamiltonian parameters space.

3. Persistence : in the large system size limit N ! 1 , the oscillations of O(t) must
persist for in�nitely long time.

These criteria cannot be met by a generic local many-body quantum system due to the
external driving, which typically induces relaxation towards an in�nite-temperature state,
thereby hindering long-lived oscillations. To protect ordering against relaxation, a mecha-
nism is required to control the impact of dynamically generated excitations.

Prethermal stability can be maintained through long-range interactions, which are
known to produce metastable states with lifetimes that increase as the system size ap-
proaches the thermodynamic limit [206, 95, 103]. Then, it is natural that the investigation
of DFTCs in clean systems has been primarily focused on long-range interacting models
where the robustness of collective oscillations in presence of periodic drive is guaranteed.
More precisely, stable DFTC phases can only be found for� < d [205, 207, 208, 209],
while for � > d , the lifetime of oscillations is expected to be �nite in the N ! 1 limit
[210, 211, 212].

4.2 The long-range kicked quantum Ising chain

The kicked Ising spin chain is a prototypical model for studying Floquet-driven quantum
systems and has been extensively analyzed from a theoretical perspective [205, 213, 212,
210, 4]. Speci�cally, we consider a time-dependent version of the long-range quantum Ising
Hamiltonian introduced in Eq. (1.19), where the time dependence arises from a periodically
driven transverse magnetic �eld h(t) with period T. The driving �eld is expressed as

h(t) =  
1X

n=1

� (t � nT ): (4.2)

Additionally, for later purposes, we also consider a generalized version of the model where
the spins interact with their �rst R neighbors. Initially, we will focus on the truly long-
range case withR = N (see Section 4.3), while the �nite R case will be considered for
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quantum simulation applications (see Section 4.4). The system Hamiltonian is then given
by

H (t) = �
NX

j =1

RX

r =1

Jr �̂ x
j �̂ x

j + r + h(t)
N � 1X

j =0

�̂ z
j ; (4.3)

The e�ect of the impulsive magnetic �eld applied at integer multiples of the driving period
t = nT is to impose a global rotation of each spin by an angle 2 along the z-axis.
Accordingly, the Floquet dynamics is obtained by periodically intertwining the evolution
generated by the Ising Hamiltonian at zero transverse �eld

V =
NY

j =1

RY

r =1

eiT J r �̂ x
j �̂ x

j + r ; (4.4)

with the instantaneous kick operator,

K  =
NY

j =1

e� i �̂ z
j : (4.5)

The resulting evolution operator for a single step of the Floquet protocol is

UF = K  V: (4.6)

The system is initialized at t = 0 in the fully polarized state with positive magnetization
along the ẑ direction: j (0)i = j: : : """ : : :i , where j"i and j#i denote the eigenstates of
the � x Pauli matrix with eigenvalues +1 and � 1, respectively. In the quantum simula-
tion context, these eigenstates will correspond to the computational basis of the quantum
processor, with the conventionj"i = j0i and j#i = j1i .

The simplest realization of time-crystalline spatiotemporal order is achieved by setting
the kick operator K  to rotate each spin by an angle� around the z-axis. In this scenario,
the kick operator reads =

K �= 2 =
NY

j =1

e� i �
2 �̂ z

j =
NY

j =1

�̂ z
j : (4.7)

Consequently, the time-evolved state aftern kicks, j (n)i = Un
F j (0)i , shows a sequence

of perfect transitions between the j : : : """ : : : i and j : : : ### : : : i states, resulting in a
persistent non-vanishing order parameter in both space and time. The order parameter is
given by

mx (n) = h (n)j�̂ x
j j (n)i = ( � 1)n ; (4.8)
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This represents the simplest example of a subharmonic response, where the period of the
order parameter evolution is twice the period of the Floquet driving. However, this behavior
relies on the �nely tuned choice of the kick angle 2 = � . To observe a proper discrete
time-crystalline phase, the spatiotemporal order must remain stable under su�ciently weak
perturbations of the Hamiltonian parameters,  = �= 2 + � , in the thermodynamic limit
N ! 1 .

4.3 The strong long-range regime

In this section, we focus on the truly long-range case where the system exhibits all-to-
all connectivity, i.e., R = N . Our attention will be directed towards the strong long-
range regime characterized by 0< � < d , where stable DFTC phases can exist in the
thermodynamic limit.

4.3.1 Mean-�eld DFTC

First, we consider the mean-�eld limit with � = 0 and N ! 1 , focusing on the evolution
of the components of the system's magnetizationm� =

P
j ĥ� �

j i =N, with � = x; y; z. Given
the impulsive nature of the magnetic �eld h(t) in Eq. (4.2), the Floquet propagator can be
expressed as the product of two distinct operators:

UF = e� 2i Ŝz eiJT Ŝ2
x =N ; (4.9)

where we utilize the global spin operators de�ned in Eq. (1.20). The kick terme� 2i Ŝz in
Eq. (4.9) acts on the observablem = ( mx ; my ; mz) as a rotation around the z-axis. The
other term describes the evolution over one periodT of m induced by the mean-�eld Ising
Hamiltonian. The Heisenberg equations of motion corresponding to this evolution for the
operators Ŝa are: 8

>>>>><

>>>>>:

d
dt

Ŝx = 0 ;

d
dt

Ŝy =
J
N

�
Ŝx Ŝz + ŜzŜx

�
;

d
dt

Ŝz = �
J
N

�
Ŝx Ŝy + ŜyŜx

�
:

(4.10)

Due to the mean-�eld nature of the problem, spin{spin correlations can be neglected in the
thermodynamic limit N ! 1 [214], meaning that hŜaŜbi ' h ŜaihŜbi . Then, by averaging
both sides of Eqs. (4.10), we derive a closed set of equations for the magnetization:

8
><

>:

_mx = 0 ;

_my = Jmxmz ;

_mz = � Jmxmy :

(4.11)
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Consequently, after a time interval T, the vector m undergoes a clockwise rotation around
the x-axis by an angle ofJTmx (t). The Z2 symmetry of the model is represented in the
dynamical symmetry  !  + �= 2, m n ! Rz(�n )m n in Eq. (4.11), where R� (� ) denotes
the rotation matrix for an angle � around the axis � = x; y; z. Therefore, with J = 1,
the overall e�ect of the unitary Floquet evolution operator in (4.9) on the observable m is
described by the mean-�eld map [214]

m n+1 = f (m n ) � Rz(2 )Rx (� mx;n T)m n ; (4.12)

with m 0 = (1 ; 0; 0).
Given the periodic nature of the drive, the map in Eq. (4.12) exhibits a Hamiltonian

structure, preserving the area of the region on the spherem 2 = 1 traced by the dynamics.
Using polar coordinates along thez-axis m = (sin � cos�; sin � sin �; cos� ), the area element
is expressed asdS = d(cos� )d� . Consequently, the coordinates� and I = cos � are natural
canonical conjugate variables for the system. Following Ref. [214], the actionI can be
interpreted as the z-component of the angular momentum and� as the rotation angle
around the same axis.

Then, in the small period limit T ! 0 the map can be rewritten as

I n+1 = I n ;

� n+1 = � n + 2  ;
(4.13)

with I 0 = 0,  0 = �= 2. This corresponds to the Poincar�e map obtained by taking a strobo-
scopic section of the integrable dynamics. Essentially, the motion of the order parameter
m n at vanishing drive periods is quasi-periodic with a period�= . When the kicking period
T is slightly increased, the map in Eq. (4.13) is perturbed, and the system's behavior follows
the Kolmogorov{Arnold{Moser (KAM) theorem [215, 216, 217]. According to the theorem,
small perturbations of the form in Eq. (4.2) only slightly deform the torus I = const, as
long as the drive frequency is not resonant. Hence, the motion remains quasi-periodic for
drive strengths  su�ciently far from rational multiples of � . However, when a resonance
is approached and �  r = r� , where r = q=p and p and q are coprime integers, pairs
of elliptic and unstable �xed points emerge in the dynamics due to the Poincar�e{Birkho�
theorem [218].

Then, distinct regions in the phase space (I; � ) can be identi�ed based on the action
of the p-iterated map f p(m), which also correspond to di�erent evolutions of m n . Quasi-
periodic behavior persists for initial conditions (I 0; � 0) su�ciently distant from the �xed
points, where rotation dynamics occur with � periodically spanning the interval [0; 2� ].
Conversely, when the initial conditions (I 0; � 0) are near the �xed points, a libration dy-
namics arises, with� oscillating around a �nite value. As a result, successive map iterations
do not signi�cantly alter the magnetization value, with m n+ p � m n , indicating a DFTC
phase. Finally, the boundary between the DFTC and quasi-periodic regimes is occupied
by chaotic regions, which expand and eventually dominate the regular regions at largeT.
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