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1 Introduction

The geometric bipartite entanglement between complementary spatial regions can be explored
through the corresponding reduced density matrices or, equivalently, the corresponding
entanglement Hamiltonians, which provide the modular Hamiltonian of the bipartition [1–
3]. Consider a quantum system in a state characterised by its density matrix ρ and a
geometric bipartition of its space identified by a region A and its complement B. By
assuming that the Hilbert space H can be factorised accordingly, namely as H = HA ⊗HB,
the reduced density matrices of A and B are defined as ρA ≡ TrHB

ρ and ρB ≡ TrHA
ρ

respectively, with the normalisation condition TrHA
ρA = TrHB

ρB = 1. Since ρA is hermitian
and positive semidefinite, when the zero eigenvalue is not in its spectrum it can be written
as ρA ∝ e−KA , where the hermitian operator KA is the entanglement Hamiltonian of the
region A. The spectrum of ρA, which is known as the entanglement spectrum, provides
important quantities like the Rényi entropies S(n)

A ≡ 1
1−n log

[
TrHA

ρn
A

]
, labelled by the integer

n ⩾ 2 (the Rényi index), and the entanglement entropy SA ≡ −TrHA
(ρA log ρA). The

entanglement entropy can be obtained also from the Rényi entropies through the replica
limit, i.e. the analytic continuation SA = limn→1 S

(n)
A ; hence these quantities are often called

entanglement entropies. When ρ is a pure state, we have that S(n)
A = S

(n)
B and SA = SB . The

entanglement Hamiltonian contains more information than the quantities obtained purely
from the entanglement spectrum.

In quantum field theories, the analytic expression of the entanglement Hamiltonian in
terms of the fundamental fields is known in very few cases. In a generic number of spacetime
dimensions, these include the seminal result of Bisognano and Wichmann [4, 5], which holds
for any relativistic quantum field theory in the vacuum when A is the half space x > 0, and
states that KA is proportional to the generator of the boosts in the x-direction. Focusing
on a conformal field theory (CFT) in the vacuum, this fundamental result and the proper
conformal map provide KA when A is a spherical region [6, 7]. In a two-dimensional CFT,
where the conformal symmetry is infinite dimensional, other explicit expressions can be found
when A is an interval [8, 9]. A universal result for KA is also known when the CFT is defined
either on the half line with a conformally invariant boundary condition or on the segment
with the same conformally invariant boundary condition imposed at both boundaries, hence
the model is a boundary conformal field theory (BCFT), when A is an interval adjacent to
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Figure 1. Bipartition of the segment given by an interval A (red region) in a generic position. The
same boundary condition is imposed at both endpoints of the segment.

the boundary [9, 10]. In these cases, the entanglement Hamiltonian KA is a local operator.
In particular, KA is written as the integral over A of the energy density multiplied by a
weight function that depends on the global geometry of the space, on the endpoints of A
and on the state of the entire system. In this BCFT setup, KA for an interval A adjacent to
the boundary has been written explicitly also for a specific class of spatially inhomogeneous
backgrounds where the background metric is Weyl equivalent to the flat metric through a
Weyl factor that depends only on the spatial coordinate and is even about the centre of
the segment [10]. When the underlying BCFT model is the free massless Dirac field, whose
central charge is c = 1, this class of spatially inhomogeneous backgrounds has interesting
applications. Indeed, it captures the continuum limit of the low energy excitations of some
free fermionic systems around a varying energy scale. Some interesting examples of such
models are the rainbow chain [11–15], the free Fermi gas in a harmonic trap [16–20] and
an XXZ chain with a gradient [21]. Furthermore, these inhomogeneous backgrounds are
also related to optical metrics [22–25], arising in the study of light propagation through
media with a spatially varying refractive index. In this manuscript, the numerical checks
are performed in the rainbow chain, where a volume law for the entanglement entropy is
observed in the regime of large inhomogeneity for certain bipartitions.

A qualitatively different class of entanglement Hamiltonians is provided by the cases
where KA contains local and bilocal operators. All the examples where analytic expressions
are known involve the massless Dirac field, and all of them are inspired by the case where A
is the union of an arbitrary finite number of disjoint intervals in the line and the massless
Dirac field is in its ground state [26]. In this class, we also find KA of an interval A when
the massless Dirac field is at finite temperature and on a circle [27, 28]. As for cases where
the underlying model is not invariant under translations, it is worth mentioning KA for the
massless Dirac field in its ground state when A is either an interval in the half line [29] or
the union of two equal intervals in the line at the same distance from a pointlike defect [30].

The main result of this manuscript is another example where KA for the massless Dirac
field is known analytically and it is made by a local and a bilocal term. We consider the BCFT
model defined by the massless Dirac field in the segment where the same conformally invariant
boundary condition is imposed at both endpoints. In the case where the whole system is in
the ground state, we find the entanglement Hamiltonian KA of an interval A in a generic
position in the segment, not adjacent to the boundary (see figure 1, where A corresponds to
the red region), for the class of spatially inhomogeneous backgrounds mentioned above.

Another quantity that we find worth investigating is the contour function for the entangle-
ment entropies [31, 32]. This scalar function is a spatial density for the entanglement entropies
constrained by additional requirements guaranteeing a proper behaviour of this quantity under
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local unitary transformations, subregion inclusions and possible symmetries [32]. Although the
contour function for the entanglement entropies does not provide a complete characterisation
of the bipartite entanglement like the entanglement Hamiltonian, it contains more information
than the entanglement spectrum because its definition involves also the eigenvectors of KA.
In homogeneous CFT, some contour functions for the entanglement entropies have been
written through the weight function of the local term in the corresponding entanglement
Hamiltonian [8, 9, 32, 33]. In the inhomogeneous BCFT mentioned above, this observation
has been applied to the bipartition in figure 1 when A is adjacent to the boundary [10].

In this manuscript, for the ground state of the inhomogeneous BCFT given by the
massless Dirac field on the segment and the bipartition shown in figure 1, we study the
contour function for the entanglement entropies provided by the weight function of the local
term in the entanglement Hamiltonian. The entanglement entropies of A are computed by
integrating this contour function, recovering the result of [15] obtained through the twist
fields method [34].

A comparison with the exact numerical results obtained in a lattice model is performed
for the rainbow chain. The rainbow chain [11] is an inhomogeneous free fermionic chain in
a finite segment whose hopping coefficients depend on a single real and positive parameter
in such a way that, for certain bipartitions, the entanglement entropy of a block obeys
the volume law in the regime of large inhomogeneity [12–15]. The continuum limit of the
rainbow chain provides the rainbow model in the continuum. The entanglement Hamiltonian
in the rainbow chain and its continuum limit are investigated by employing the Peschel
formula [3, 35] and the continuum limit procedure discussed in [36–39]. Our analysis is
different from the numerical study performed in [10] for a block A adjacent to an endpoint
of the segment, where only the local term occurs. The entanglement entropies and their
contour functions in the rainbow chain for the bipartition in figure 1 are also explored. The
analytic predictions in the continuum are obtained by specialising the aforementioned BCFT
results for the entanglement Hamiltonian and the contour function for the entanglement
entropies to the case of the rainbow model.

The outline of the paper is as follows. In section 2, focusing on the homogeneous back-
ground, we construct the entanglement Hamiltonian of the interval A and the corresponding
contour function for the entanglement entropies. In section 3, these quantities are investigated
in the specific class of spatially inhomogeneous backgrounds of interest. Within this class, the
explicit expressions for the special case of the rainbow model are reported (see section 3.2).
The rainbow chain is explored in section 4, where a continuum limit procedure is applied
to the entanglement Hamiltonian of a block of contiguous sites and to the contour function
for the entanglement entropies, finding a remarkable agreement with the corresponding
analytic expressions in the rainbow model. Conclusions are drawn in section 5, where possible
directions for future studies are also mentioned.

2 Entanglement Hamiltonian of an interval in a segment

In this section we discuss the entanglement Hamiltonian KA of an interval A for the free
massless Dirac field on a segment with the same boundary condition imposed at both its
endpoints, when A is not adjacent to the boundary (see figure 1).
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The free massless Dirac field ψ on the infinite strip 𝕊 ≡ [−L,L] × ℝ of width 2L,
parameterised by the complex coordinate z = x+ itE (the Euclidean time tE ∈ ℝ is related
to the Lorentzian time t by t = −itE) with x ∈ [−L,L], is described by the following
two-dimensional Euclidean action

S[ψ] ∝
∫
𝕊

(
ψ∗

2
↔
∂z̄ψ2 + ψ∗

1
↔
∂zψ1

)
dz dz̄ (2.1)

where ψ1 and ψ2 denote the left and right chiral components of the Dirac field, which
become the antiholomorphic and holomorphic components of the field in Euclidean signature,
respectively. We focus on the case where the same boundary condition is imposed at both
boundaries of the strip 𝕊. This model is a BCFT with central charge c = 1.

Since this model is a BCFT, it is convenient to introduce a conformal map sending the
strip 𝕊 onto the right half plane ℍR, parameterised by the complex coordinate ẑ = x̂+ it̂E,
with x̂ ⩾ 0 and t̂E ∈ ℝ. The boundary conditions on 𝕊 are obtained from the one imposed at
the boundary of ℍR. The conformal map that will be employed in our analysis also depends
on the bipartition of the segment [−L,L], which is determined by an interval in a generic
position, and will be discussed below (see (2.11)).

Considering the massless Dirac field ψ̂ on the half line parameterised by the real coordinate
x̂ ⩾ 0, the vanishing of the energy flow through the boundary is imposed to guarantee the
global energy conservation [40–42], and this condition is satisfied for either

λ̂1
∣∣
x̂=0 = eiαv λ̂2

∣∣
x̂=0 αv ∈

[
0, 2π

)
(2.2)

or
χ̂1
∣∣
x̂=0 = e−iαa χ̂∗

2
∣∣
x̂=0 αa ∈

[
0, 2π

)
(2.3)

for any value of t̂E ∈ ℝ, where the components of the Dirac field have been denoted by λ̂j

and χ̂j to distinguish the two cases. The boundary conditions (2.2) or (2.3) provide two
different models that are called the vector phase and the axial phase respectively. Indeed, at
quantum level, either the charge or the helicity is conserved [43]. In particular, the charge is
conserved in the vector phase, while the helicity is conserved in the axial phase.

In order to shorten the forthcoming expressions, following [29], we find it convenient to
treat the boundary conditions (2.2) and (2.3) in a unified way. This is done by introducing
the antiholomorphic field ψ̂1 and the holomorphic field ψ̂2, which correspond to λ̂1 and λ̂2
in the vector phase and to χ̂∗

1 and χ̂2 in the axial phase, respectively. In terms of the fields
ψ̂1 and ψ̂2, the boundary conditions (2.2) and (2.3) read

ψ̂1
(
−it̂E

)
= eiα ψ̂∗

2
(
it̂E
)

α ∈
[
0, 2π

)
(2.4)

where α = αv in the vector phase and α = αa in the axial phase.
Consider the bipartition of the half line determined by the interval Â ≡

[
â, b̂

]
, which

is not adjacent to the boundary for â > 0. When the massless Dirac field is in its ground
state, the entanglement Hamiltonian of this bipartition reads [29]

K̂Â = 2π
∫ b̂

â
β̂loc(x̂) Ê(x̂) dx̂+ 2π

∫ b̂

â
β̂biloc(x̂) T̂ (α)

biloc(x̂, x̂c) dx̂ (2.5)
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where the local operator Ê(x̂) is the normal ordered version of the energy density on the
half line, namely

Ê(x̂) ≡ i
2 :
[(

(∂x̂ψ̂
∗
1) ψ̂1 − ψ̂∗

1 (∂x̂ψ̂1)
)
(x̂) −

(
(∂x̂ψ̂

∗
2) ψ̂2 − ψ̂∗

2 (∂x̂ψ̂2)
)
(x̂)
]
: (2.6)

and the bilocal operator is defined as follows

T̂ (α)
biloc(x̂, ŷ) ≡ i

2

{
eiα :

[
ψ̂∗

1(ŷ) ψ̂2(x̂) + ψ̂∗
1(x̂) ψ̂2(ŷ)

]
: −e−iα :

[
ψ̂∗

2(ŷ) ψ̂1(x̂) + ψ̂∗
2(x̂) ψ̂1(ŷ)

]
:
}
.

(2.7)
This bilocal operator is evaluated at ŷ = x̂c in (2.5), where x̂c ∈ Â is the point conjugate
to x̂, given by

x̂c(x̂) ≡ â b̂

x̂
. (2.8)

In the entanglement Hamiltonian (2.5), the weight function of the local term is

β̂loc(x̂) =
(
b̂2 − x̂2 )( x̂2 − â2 )

2
(
b̂− â

)(
â b̂+ x̂2) (2.9)

while the weight function of the bilocal term reads

β̂biloc(x̂) = β̂loc(x̂c)
x̂+ x̂c

=
â b̂
(
b̂2 − x̂2 )( x̂2 − â2 )

2
(
b̂− â

)
x̂
(
â b̂+ x̂2 )2 . (2.10)

In a neighbourhood of the endpoints of the interval, the expansion of the weight function of
the local term in (2.9) is β̂loc(x̂) = x̂−â+O

(
(x̂−â)2) as x̂→ â and β̂loc(x̂) = b̂−x̂+O

(
(b̂−x̂)2)

as x̂→ b̂, hence β̂loc(x̂) satisfies the behaviour expected from the Bisognano-Wichmann result;
while the asymptotic behaviours for the weight function of the bilocal term in (2.10) are given
by β̂biloc(x̂) = b̂

â(â+b̂)(x̂− â) +O
(
(x̂− â)2) as x̂→ â and β̂biloc(x̂) = â

b̂(â+b̂)(b̂− x̂) +O
(
(b̂− x̂)2)

as x̂ → b̂.
In terms of the complex coordinates z and ẑ parameterising 𝕊 and ℍR respectively, we

employ the following holomorphic map sending 𝕊 onto ℍR

ŵ(z) ≡ â
tan

[
π(z+L)

4L

]
tan

[
π(a+L)

4L

] ≡ â

aL
zL (2.11)

where ŵ(z) ∈ ℍR and the parameter a corresponds to the first endpoint of the interval A
in the segment. This map satisfies ŵ(a) = â with â > 0, and in the last step it is written
through the shorthand notation given by

zL ≡ tan
[
π(z + L)

4L

]
aL ≡ tan

[
π(a+ L)

4L

]
bL ≡ tan

[
π(b+ L)

4L

]
. (2.12)

The conformal map (2.11) sends the segment having Im(z) = 0 in 𝕊 onto the half line having
Im(ẑ) = 0 in ℍR; hence the image of the second endpoint of A is real and reads

b̂ ≡ ŵ(b) = â

aL
bL . (2.13)
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The inverse and the first derivative of the map in (2.11) are given respectively by

z(ŵ) = 4L
π

arctan
(
aL

â
ŵ

)
− L ŵ′(z) = â

aL

π

4L
(
cos
[

π(z+L)
4L

])2 . (2.14)

Other conformal maps relating a strip and the half plane have been employed e.g.
in [9, 10, 15, 44] to explore the bipartite entanglement in critical systems with a boundary.

A vertical line in 𝕊 parameterised by x0 + i tE ∈ 𝕊 with x0 ∈ [−L,L] and tE ∈ ℝ, is
mapped by (2.11) onto a circular arc whose endpoints are ẑ = ±i ŵ(0), where ŵ(0) = â/aL is
positive. The circle supporting this arc is given by (x̂− C0)2 + t̂ 2

E = R2
0 with x̂ ⩾ 0 and

C0 ≡ ŵ(x0)2 − ŵ(0)2

2 ŵ(0) R0 ≡ ŵ(x0)2 + ŵ(0)2

2 ŵ(0) . (2.15)

In particular, the central vertical line corresponding to x0 is mapped onto the half circle in
ℍR centred at the origin ẑ = 0 with radius equal to ŵ(0). As a further consequence, the left
and right boundaries of 𝕊, corresponding to x0 = −L and x0 = L respectively, are mapped
onto the vertical segment given by ẑ = i t̂E with −ŵ(0) < t̂E < ŵ(0) and onto its complement
on the boundary of ℍR, respectively. Another property of the conformal map (2.11) is that
the image of a horizontal segment in the strip 𝕊 made by the points x + i t̂E,0 is the half
circle x̂2 +

(
t̂E − C1

)2 = R2
1 centred on the boundary of ℍR, where

C1 ≡ ŵ(L+ i t̂E,0) + ŵ(−L+ i t̂E,0)
2 R1 ≡

∣∣ŵ(L+ i t̂E,0) − ŵ(−L+ i t̂E,0)
∣∣

2 . (2.16)

The conformal map (2.11) and the boundary condition (2.2) or (2.3) imposed at the
boundary of ℍR provide the boundary conditions at the boundaries of 𝕊. In particular,
from the second expression in (2.14), we find

ŵ′(z)−1/2
∣∣∣
z=−L+itE

=

√
4LaL

π â
cosh

(
π tE

4L

)
¯̂w′(z̄)−1/2

∣∣∣
z̄=−L−itE

=

√
4LaL

π â
cosh

(
π tE

4L

)
(2.17)

and

ŵ′(z)−1/2
∣∣∣
z=L+itE

= −i

√
4LaL

π â
sinh

(
π tE

4L

)
¯̂w′(z̄)−1/2

∣∣∣
z̄=L−itE

= i

√
4LaL

π â
sinh

(
π tE

4L

)
(2.18)

which are real and purely imaginary, respectively. Since the conformal weights of the
antiholomorphic field ψ1 and of the holomorphic field ψ2 are (0, 1

2) and (1
2 , 0) respectively [45,

46], under the holomorphic map z 7→ ŵ(z) they transform as ψ̂1( ¯̂w) = ¯̂w′(z̄)−1/2 ψ1(z̄) and
ψ̂2(ŵ) = ŵ′(z)−1/2 ψ2(z). By combining these transformations with (2.17) and (2.18), the
boundary conditions (2.2) and (2.3) are mapped respectively into

λ1(−L− i tE) = eiαv λ2(−L+ i tE) λ1(L− i tE) = −eiαv λ2(L+ i tE) (2.19)

in the vector phase and into

χ1(−L− i tE) = e−iαa χ∗
2(−L+ i tE) χ1(L− i tE) = e−iαa χ∗

2(L+ i tE) (2.20)
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in the axial phase, for any tE ∈ ℝ. Although different signs occur in the two r.h.s.’s of (2.19),
associated with the two boundaries of the strip, the two conditions in (2.19) are obtained
from a single boundary condition characterising the vector phase in ℍR, and in this sense
they correspond to the same boundary condition imposed at both boundaries of 𝕊.

The entanglement Hamiltonian KA of the interval A ≡ [a, b] in the segment [−L,L] for
the massless Dirac field with the same boundary condition imposed at both endpoints of the
segment, given by either (2.19) or (2.20), is obtained from the entanglement Hamiltonian
of the massless Dirac field on the half line (see (2.5)) and the transformation law of the
fields involved in its expression. This gives

KA = 2π
∫ b

a
βloc(x) E(x) dx+ 2π

∫ b

a
βbiloc(x)T (α)

biloc(x, xc) dx (2.21)

where the operators E(x) and T (α)
biloc(x, y) are defined respectively as (2.6) and (2.7) with the

hatted fields replaced by the corresponding ones on the strip (without the hat, in our notation).
The weight function of the local term in (2.21) is obtained from the local term in the

modular Hamiltonian (2.5) by employing the fact that the conformal dimension of the energy-
momentum tensor is equal to 2. Thus, from (2.9) and (2.11), for this weight function we find

βloc(x) ≡
β̂𝕊,loc

(
ŵ(x)

)
ŵ′(x) = 4L

π

[
cos
(
π(x+ L)

4L

)]2 (
b2

L − x2
L

)(
x2

L − a2
L

)
2
(
bL − aL

)(
aL bL + x2

L

) (2.22)

where β̂𝕊,loc(x̂) is defined as β̂loc(x̂) in (2.9) with b̂ and â replaced by ŵ(b) and ŵ(a) respectively.
In fact, β̂𝕊,loc(x̂) = β̂loc(x̂) because ŵ(a) = â and ŵ(b) = b̂, from (2.11) and (2.13) respectively.
In the last expression of (2.22), the notation introduced in (2.12) has been employed. The
weight function (2.22) can be written more explicitly as follows

βloc(x) = 2L
π

[
sin
(

πb
2L

)
− sin

(
πx
2L

)] [
sin
(

πx
2L

)
− sin

(
πa
2L

)]
sin
(π(b−a)

2L

)
+
[
cos
(

πb
2L

)
− cos

(
πa
2L

)]
sin
(

πx
2L

) . (2.23)

We remark that βloc(a) = βloc(b) = 0. The asymptotic behaviour of (2.22)–(2.23) close to the
endpoints of A is the one expected from the Bisognano-Wichmann result, namely

βloc(x) = (x− a) +O
(
(x− a)2) x→ a

βloc(x) = −(x− b) +O
(
(x− b)2) x→ b .

(2.24)

We find it worth anticipating here that in section 4 the weight function in (2.22)–(2.23)
is obtained from exact numerical results for a homogeneous free fermionic chain in the
segment through a continuum limit procedure (see the solid blue curves in figure 6 and
in the top panels of figure 11).

It is instructive to consider some limiting regimes of the weight function in (2.22)–(2.23).
The limiting case where the interval is adjacent to the boundary is recovered by taking

e.g. b → L in (2.22)–(2.23), finding the result of [10]

lim
b→L

βloc(x) = 2L
π

sin
[
πx/(2L)

]
− sin

[
πa/(2L)

]
cos
[
πa/(2L)

] . (2.25)
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The well known parabolic profile occurring in the entanglement Hamiltonian of the
interval in the infinite line [6, 7] is obtained in the limit L→ +∞. Indeed, for (2.22)–(2.23)
in this limiting regime we find βloc(x) = (b−x)(x−a)

b−a + O(1/L2).
The case of the interval in the half line studied in [29] can be recovered by first setting

a = â− L, b = b̂− L and x = x̂− L in (2.22)–(2.23) and then taking L→ +∞. This gives
βloc(x) = β̂loc(x̂) + O(1/L2) as L → +∞, i.e. the O(1) term is (2.9), as expected.

In order to write the weight function of the bilocal term in (2.21), we have to introduce
the point xc(x) ∈ A conjugate to x ∈ A, which can be obtained from (2.8) through the
inverse function z(ŵ) in (2.14) as follows

xc(x) = z(x̂c) = 4L
π

arctan
(
aL b̂/ŵ(x)

)
− L = 4L

π
arctan

(
aL bL/xL

)
− L (2.26)

where it has been used that x̂ = ŵ(x) = â xL/aL, from (2.11) and (2.13). By employing the
notation defined in (2.12), the last expression in (2.26) can be written as

xc,L(x) = aL bL

xL
. (2.27)

From (2.26), notice that xc(a) = b, xc(b) = a, and xc(0) = 4L
π arctan(aL bL) − L.

There exists a special point xsc ∈ A which is self-conjugate, meaning that it coincides
with its conjugate point. It is determined by the condition xc(xsc) = xsc, which can be
written by exploiting (2.27), finding

x2
sc,L = aL bL (2.28)

where xsc,L ≡ tan[π(xsc + L)/(4L)], according to (2.12). From (2.28), one obtains an explicit
expression for the point xsc, namely xsc = 4L

π arctan
(√
aL bL

)
− L.

In the symmetric case, the centre of A coincides with the centre of the segment (i.e. a = −b
with 0 < b < L) and, from (2.26) and (2.28), we find that xc(x) = −x and xsc = 0 respectively.

The expression (2.26) in the limiting case of the interval in the half line can be explored
as done above for βloc(x), namely by setting a = â−L, b = b̂−L, x = x̂−L and xc = x̂c −L

in (2.26) first, and then sending L→ +∞. This gives x̂c → â b̂/x̂ in this limit, as expected
from the results reported in [29].

Finally, in the special case where A is adjacent to the boundary, namely when either b→ L

or a→ −L, for (2.26) we find that either xc(x) → L or xc(x) → −L respectively, for all x ∈ A.
The weight function of the bilocal term in (2.21) is obtained from the weight function (2.10),

by employing the conformal map (2.11) and the fact that the chiral fermion field has conformal
dimension equal to 1/2, and reads

βbiloc(x) =
√
ŵ′(x)
ŵ′(xc)

β̂𝕊,biloc
(
ŵ(x)

)
=

cos
[

π(xc+L)
4L

]
cos
[

π(x+L)
4L

] aL bL

(
b2

L − x2
L

) (
x2

L − a2
L

)
2 (bL − aL) xL

(
aL bL + x2

L

)2 (2.29)

where ŵ′(x) is given in (2.14), xc in (2.26) and β̂𝕊,biloc(x̂) is defined as β̂biloc(x̂) in (2.10) with
b̂ and â replaced by ŵ(b) and ŵ(a) respectively. Similarly to (2.22), since the map (2.11)
satisfies ŵ(a) = â and ŵ(b) = b̂, we have that β̂𝕊,biloc(x̂) = β̂biloc(x̂). In (2.29) it has been also
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used that π(x+L)
4L ∈ (0, π

2 ) for x ∈ (−L,L). Notice that, in (2.29), ŵ′(x)1/2 occurs because
also the transformation of the volume element of the integral must be taken into account to
get the bilocal term in (2.21). From (2.26) and (2.12), we observe that

cos
[
π(xc + L)

4L

]
= xL√

a2
L b

2
L + x2

L

(2.30)

which leads us to write (2.29) in terms of the notation introduced in (2.12) as follows

βbiloc(x) =
aL bL

(
b2

L − x2
L

)(
x2

L − a2
L

)
2
(
bL − aL

)
cos
[π(x+L)

4L

]√
a2

L b
2
L + x2

L

(
aL bL + x2

L

)2 . (2.31)

A more explicit form for the weight function given in (2.29) or (2.31) reads

βbiloc(x) = 1√
tan2

[
π(a+L)

4L

]
tan2

[
π(b+L)

4L

]
+ tan2

[
π(x+L)

4L

] tan
[

π(a+L)
4L

]
tan

[
π(b+L)

4L

]
2
(
tan

[
π(b+L)

4L

]
− tan

[
π(a+L)

4L

])

×

(
tan2

[
π(b+L)

4L

]
− tan2

[
π(x+L)

4L

]) (
tan2

[
π(x+L)

4L

]
− tan2

[
π(a+L)

4L

])
cos
[

π(x+L)
4L

] (
tan

[
π(a+L)

4L

]
tan

[
π(b+L)

4L

]
+ tan2

[
π(x+L)

4L

])2 . (2.32)

The weight functions (2.31) and (2.22) are related as follows

βbiloc(x) = π

4L
aL bL

(
1 + x2

L

)3/2√
a2

L b
2
L + x2

L

(
aL bL + x2

L

) βloc(x) . (2.33)

We find it worth writing an equivalent form for this relation. By using the first equality
both in (2.29) and in (2.10), we find that

βbiloc(x) =
√
ŵ′(x)
ŵ′(xc)

β̂biloc
(
ŵ(x)

)
=
√
ŵ′(x)
ŵ′(xc)

β̂loc
(
âb̂/ŵ(x)

)
ŵ(x) + âb̂/ŵ(x)

(2.34)

where we can use that, from (2.11), (2.13) and (2.27), the following relation holds

ŵ
(
xc(x)

)
= â bL

xL
= b̂ aL

xL
= â b̂

ŵ(x) . (2.35)

From (2.22) we get β̂loc
(
ŵ
(
xc
))

= ŵ′(xc)βloc(xc) and, combining this relation with (2.34)
and (2.35), we find

βbiloc(x) =
√
ŵ′(x) ŵ′(xc)

βloc(xc)
ŵ(x) + ŵ(xc)

=
√
ŵ′(x) ŵ′(xc)
â/aL

βloc(xc)
xL + xc,L

. (2.36)

In the last expression of (2.36), by employing (2.12), (2.14) and (2.30), we observe that

√
ŵ′(x) ŵ′(xc)
â/aL

= π

4L

√
a2

L b
2
L + x2

L

sin
[π(x+L)

4L

] . (2.37)
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Finally, from (2.36) and (2.37), we conclude that (2.33) can be written as follows

βbiloc(x) = π

4L

√
a2

L b
2
L + x2

L

sin
[π(x+L)

4L

] βloc(xc)
xL + xc,L

(2.38)

whose structure is similar to the relation between the weight functions found in [29].
At the endpoints of A, the weight function in (2.29), (2.31) or (2.32) vanishes in a linear

way; indeed, we have that βbiloc(a) = βbiloc(b) = 0 and

βbiloc(x) = π

4L
cos

(
πb
2L

)
cos

(
πa
2L

)
cos

[
π(b+a)

4L

] (x− a) +O
(
(x− a)2

)
x→ a (2.39)

βbiloc (x) = π

4L
cos

(
πa
2L

)
cos

(
πb
2L

)
cos

[
π(b+a)

4L

] (b− x) +O
(
(x− b)2

)
x→ b . (2.40)

Let us discuss the weight function βbiloc(x) in (2.29), (2.31) or (2.32) in the same limiting
regimes considered above for βloc(x).

When A is adjacent to the boundary [10], the entanglement Hamiltonian KA becomes local.
Indeed, considering βbiloc(x) for any given x that does not coincide with the endpoints of A and
taking its limit for either b→ L or a→ −L, we find either O(b−L) or O(a+L) respectively.

Another limiting case where KA becomes local corresponds to the interval A in the infinite
line [6, 7]; indeed, βbiloc(x) = π(b−x)(x−a)

4L (b−a) + O(1/L2) as L → +∞.
Instead, a limiting regime where βbiloc(x) remains non trivial corresponds to the case

of the interval in the half line explored in [29], which can be recovered by applying the
limiting procedure discussed above for βloc(x). Thus, setting a = â − L, b = b̂ − L and
x = x̂ − L in βbiloc(x) first and then taking L → +∞ in the resulting expression, we find
βbiloc(x) = β̂biloc(x̂) +O(1/L2) as L→ +∞, which is the weight function (2.10) of the bilocal
term in the entanglement Hamiltonian of an interval Â ≡

[
â, b̂

]
in the half line, as expected.

As also done for the weight function of the local term, we anticipate that in section 4 the
weight function of the bilocal term in (2.29), (2.31) or (2.32) agrees with the exact numerical
results obtained for the homogeneous free fermionic chain on the segment (see the solid blue
curves in figure 7 and in the bottom panels of figure 11).

The weight function of the local term in (2.22)–(2.23) allows us to evaluate the entan-
glement entropies for the setup that we are investigating. Indeed, following [9, 32, 33], let
us introduce the contour function for the entanglement entropies as

C
(n)
A (x) ≡ c

12

(
1 + 1

n

) 1
βloc(x) x ∈ A (2.41)

where the integer n ⩾ 2 is the Rényi index while the case n = 1 corresponds to the
entanglement entropy, c = 1 for the massless Dirac field, and βloc(x) is the weight function
of the local term given in (2.22)–(2.23). A candidate for the entanglement entropies of the
interval A in the segment is obtained by integrating the contour function (2.41) over the
interval Aϵ ⊊ A, where Aϵ ≡ [ a+ ϵ , b− ϵ ], with ϵ ≃ 0+ defined as the UV cutoff [9, 47]. This
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integral can be performed by employing the definition of βloc(x) in (2.22), finding

I(r, s) ≡
∫ s

r

dx
βloc(x) =

∫ ŵ(s)

ŵ(r)

dŵ
β̂𝕊,loc(ŵ)

=
(

log
[(
ŵ(y) − ŵ(a)

) (
ŵ(y) + ŵ(b)

)(
ŵ(b) − ŵ(y)

) (
ŵ(y) + ŵ(a)

)])∣∣∣∣y=s

y=r

= log
[(
bL − rL

) (
bL + sL

) (
rL + aL

) (
sL − aL

)(
bL + rL

) (
bL − sL

) (
rL − aL

) (
sL + aL

)] (2.42)

in terms of (2.11) and (2.12), where a < r < s < b. The expression for the Rényi entropies is
obtained by first specialising (2.42) to the endpoints of Aϵ and then expanding as ϵ → 0+.
By employing (2.11), this gives

I(a+ ϵ , b− ϵ) = 2 log
[

2
ϵ

√
ŵ(a) ŵ(b)
ŵ′(a) ŵ′(b)

ŵ(b) − ŵ(a)
ŵ(a) + ŵ(b)

]
+O(ϵ) (2.43)

= 2 log
(

8L
π ϵ

√
aL bL cos

[
π(a+ L)

4L

]
cos
[
π(b+ L)

4L

]
bL − aL

aL + bL

)
+O(ϵ) .

From (2.41) and (2.43), for the Rényi entropies of an interval A in the segment we find

S
(n)
A = n+ 1

6n log

 4L
π ϵ

√
cos
(
πa

2L

)
cos
(
πb

2L

) sin
[

π(b−a)
4L

]
cos
[

π(a+b)
4L

]
+O(1) (2.44)

which is the result obtained in [15] by employing that S(n)
A can be expressed as the two-point

function of branch-point twist fields [34] located at the endpoints of the interval A. We
remark that the procedure employed above to obtain the entanglement entropies (2.44) is
based on the contour function (2.41) and therefore it is different from the twist fields method.

It is instructive to consider (2.44) in some relevant limiting regimes.
In the limit L→ +∞, the argument of the logarithm in (2.44) simplifies to b−a

ϵ and the
Rényi entropies of an interval in the infinite line are recovered, as expected.

Another regime that is worth considering for the massless Dirac field corresponds to
the interval in the half line, whose Rényi entropies have been discussed in [29]. This limit
can be explored by setting a = â − L, b = b̂ − L and x = x̂ − L in (2.44) first and then
taking L → +∞, as done above for βloc(x) and βbiloc(x). Following these steps, for the
argument of the logarithm in (2.44) one obtains 2

√
â b̂ (b̂− â)/[(â+ b̂)ϵ] +O(1/L2); hence,

the result obtained in [29] is recovered.
The limit of (2.44) as the interval A becomes adjacent to the boundary is more subtle

because the regularisation procedure discussed in [9, 47] requires that b+ϵ < L and a−ϵ > −L.
However, by setting e.g. b = L− ϵ in (2.44) and expanding as ϵ→ 0+, the leading term of
the argument of the logarithm is

√
8L
πϵ cos

(
πa
2L

)[
1 +O(ϵ)

]
; hence, the result obtained in [10]

for the interval adjacent to the boundary is recovered (up to a factor of 2 in the definition
of the UV cutoff).

We also find it insightful to introduce the following contour function for the entanglement
entropies over the entire spatial segment

C
(n)
A,B(x) ≡ c

12

(
1 + 1

n

) 1∣∣βloc(x)
∣∣ x ∈ A ∪B (2.45)
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which becomes (2.41) when x ∈ A. A candidate for the entanglement entropies of B is obtained
by integrating (2.45) in Bϵ ⊊ B, where Bϵ ≡ [−L , a− ϵ ] ∪ [ b+ ϵ , L ]. As a consistency check
of (2.45), by employing (2.42) we find that S(n)

A = S
(n)
B at leading order when ϵ→ 0+ (in this

computation it has been used that I(−L+ ϵ0, L− ϵ0) → 0 as ϵ0 → 0+), as expected from the
fact that the entire system is in a pure state. Notice that, while the identity S

(n)
A = S

(n)
B is

straightforward when the twist fields method is employed, it provides a non trivial consistency
check when the entanglement entropies are obtained from their contour function.

3 Entanglement Hamiltonian in inhomogeneous backgrounds

In this section we extend the analysis of section 2 about the entanglement Hamiltonian
and the contour function of the entanglement entropies to the specific class of spatially
inhomogeneous backgrounds defined by (3.1). The expressions for these quantities for a
generic background belonging to this class are given in section 3.1, while in section 3.2 they
are specialised to the rainbow model, providing the predictions for the continuum limit of
the numerical analysis in the rainbow chain, discussed in section 4.

3.1 Generic background

We consider the class of two-dimensional manifolds given by the strip 𝕊 introduced in
section 2 equipped with a metric of the following form

ds2 = e2σ(x) dt2E + dx2 = e2σ(x) (dt2E + dx̃2) = e2σ(x) dζ dζ̄ (3.1)

where we restrict to the cases having σ(−x) = σ(x) and x̃(x) is defined as follows

x̃(x) ≡
∫ x

0
e−σ(y) dy x̃′(x) = e−σ(x) ζ ≡ x̃+ i tE . (3.2)

Notice that x̃(x) is an odd function. The inverse function of x̃(x) will be denoted by f̃ in the
following, namely x = f̃(x̃). The Ricci scalar of the metric in (3.1) is R = −2

[
σ′(x)2 +σ′′(x)

]
.

From the second equality in (3.1), notice that the Riemannian manifold that we are considering
is conformally equivalent to the flat strip 𝕊̃, described by the coordinates (x̃, tE) in Euclidean
signature and whose width is given by 2L̃, with L̃ ≡ x̃(L).

The inhomogeneous backgrounds characterised by (3.1) occur in the continuum limit of
one-dimensional free fermionic systems with a Fermi velocity that depends on the position, i.e.
vF(x) = J(x) = eσ(x) (see also the Hamiltonian (4.1)). This includes the rainbow chain [11–15]
(see also [25, 48–54] and the discussions in section 3.2 and section 4), the Fermi gas trapped in
a harmonic potential [16, 18, 19, 55–60], the gradient chain [54, 61–63] and other interesting
models discussed e.g. in [20, 64]. Furthermore, the Lorentzian metrics obtained by setting
t = −itE in (3.1) are also called optical metrics [22–25] and they occur in the study of the
light propagation in a medium with an inhomogeneous index of refraction.

We consider a free massless Dirac field on this curved background in Euclidean signature,
whose action reads

S[ψ] ∝
∫
𝕊

eσ
(
ψ∗

2
↔
∂ζ̄ ψ2 + ψ∗

1
↔
∂ζ ψ1

)
dζ dζ̄ . (3.3)
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The boundary conditions for the components of the Dirac field are obtained from the ones
described in section 2 in the flat strip (see (2.19) and (2.20)) through the map x̃(x) in (3.2)
and the Weyl transformation in (3.1). Here the flat strip to consider is 𝕊̃, whose boundaries
are parameterised by ∓L̃ + i tE with tE ∈ ℝ. By performing the change of variable given
by x̃(x) in the boundary conditions (2.19) and (2.20) specified for 𝕊̃, where x̃′(x) in (3.2)
is real and positive, and considering the factors provided by the Weyl transformation, one
finds that the boundary conditions supporting (3.3) are given by (2.19) and (2.20) also in
the inhomogeneous case that we are considering.

The entanglement Hamiltonian K(σ)
A of an interval A in the segment at tE = 0 embedded

in the strip 𝕊 can be found from the entanglement Hamiltonian KA in the flat strip 𝕊̃, given
in (2.21), by adapting to this case the procedure that provides KA from (2.5), discussed
in section 2. The result is

K(σ)
A = 2π

∫ b

a
β(σ)

loc (x) E(x) dx+ 2π
∫ b

a
β(σ)

biloc(x)T (α)
biloc(x, xc,σ) dx (3.4)

where the local operator E(x) and the bilocal operator T (α)
biloc(x, y) have the same form as the

corresponding ones occurring in (2.21), with the fields in 𝕊̃ replaced by the corresponding
fields in the curved manifold 𝕊.

The weight function β(σ)
loc (x) in the local term of (3.4) can be found by adapting to

this case the calculation performed above to obtain (2.22), discussed in section 2. In
particular, combining (2.22), (3.2) and the fact that the energy-momentum tensor has
conformal dimension equal to 2, for the weight function β(σ)

loc (x) we find

β(σ)
loc (x) ≡

β̃loc
(
x̃(x)

)
x̃′(x) = eσ(x) 4L̃

π

[
cos
(
π(x̃+ L̃)

4L̃

)]2 (
b̃2

L − x̃2
L

)(
x̃2

L − ã2
L

)
2
(
b̃L − ãL

)(
ãL b̃L + x̃2

L

) (3.5)

where β̃loc(y) is defined as (2.22) with a, b and L replaced by ã ≡ x̃(a), b̃ ≡ x̃(b) and L̃ ≡ x̃(L)
respectively through (3.2), and we have introduced

x̃L ≡ tan
[
π
(
x̃(x) + L̃

)
4L̃

]
ãL ≡ x̃L

∣∣
x=a

b̃L ≡ x̃L

∣∣
x=b

(3.6)

in terms of the notation defined in (2.12). By employing (2.23), (3.2) and (3.6), the weight
function (3.5) can also be written in the following form

β(σ)
loc (x) = eσ(x) 2L̃

π

[
sin
(
πb̃/(2L̃)

)
− sin

(
πx̃/(2L̃)

)] [
sin
(
πx̃/(2L̃)

)
− sin

(
πã/(2L̃)

)]
sin
(
π(b̃− ã)/(2L̃)

)
+
[
cos
(
πb̃/(2L̃)

)
− cos

(
πã/(2L̃)

)]
sin
(
πx̃/(2L̃)

) .
(3.7)

The weight function β(σ)
biloc(x) in the bilocal term of (3.4) is obtained by adapting the

calculation that gives (2.29). In order to write the result, let us first employ (2.26) and (3.6)
to define

x̃c(x) ≡ 4L̃
π

arctan
(
ãL b̃L

x̃L

)
− L̃ (3.8)

that provides the point xc,σ conjugate to x as follows

xc,σ(x) = f̃
(
x̃c(x)

)
(3.9)
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through the inverse function of x̃(x), introduced in the text below (3.2). Notice that
xc,σ(x) ∈ A when x ∈ A. Indeed, first one observes that xc,σ(a) = b, xc,σ(b) = a and
ãL < x̃L < b̃L for a < x < b. This implies that the argument of the arctan in (3.8)
belongs to

(
ãL , b̃L

)
. Then, since both arctan and f̃ are monotonic functions, we have that

xc,σ(x) ∈ A when x ∈ A. The self-conjugate point at x = xsc,σ is defined by the condition
xc,σ(xsc,σ) = xsc,σ, which is typically a transcendental equation, depending on σ(x).

An interesting feature of (3.9) concerns the special case where A is in the centre of
the segment, i.e. a = −b with 0 < b < L. In this case, since σ(−x) = σ(x), we have that
ã = −b̃ and ãL = 1 / b̃L. Then, by using also the identity arctan[cot(y + π/4)] = π/4 − y

for y ∈ (−π/4, π/4), for (3.8) we find that x̃c(x) = −x̃, which can be combined with the
fact that f̃ is an odd function, finding that (3.9) for a = −b simplifies to xc,σ(x)

∣∣
a=−b

= −x.
Hence, in this symmetric configuration the self-conjugate point is the central point of the
segment, namely xsc,σ

∣∣
a=−b

= 0.
The weight function β(σ)

biloc(x) can be written in terms of (3.2) and (3.9) as follows

β(σ)
biloc(x) =

√
x̃′(x)

x̃′
(
xc,σ(x)

) β̃biloc
(
x̃(x)

)
(3.10)

being β̃biloc(x) defined as (2.29) (see also the equivalent expressions in (2.31) and (2.32)) with
a, b and L replaced by ã, b̃ and L̃ respectively. More explicit expressions for the weight
function (3.10) are obtained from either (2.29) or (2.31), finding respectively

β(σ)
biloc(x) = e[σ(xc,σ)−σ(x)]/2

cos
[

π(x̃c+L̃)
4L̃

]
cos
[

π(x̃+L̃)
4L̃

] ãL b̃L

(
b̃2

L − x̃2
L

)(
x̃2

L − ã2
L

)
2
(
b̃L − ãL

)
x̃L

(
ãL b̃L + x̃2

L

)2 (3.11)

=
e[σ(xc,σ)−σ(x)]/2 ãL b̃L

(
b̃2

L − x̃2
L

)(
x̃2

L − ã2
L

)
2
(
b̃L − ãL

)
cos
[

π(x̃+L̃)
4L̃

]√
ã2

L b̃
2
L + x̃2

L

(
ãL b̃L + x̃2

L

)2 (3.12)

in terms of (3.6), (3.8) and (3.9).
The weight function β(σ)

biloc(x) in (3.12) is related to β(σ)
loc (x) in (3.5) as follows

β(σ)
biloc(x) = e[σ(xc,σ)−3σ(x)]/2 π

4L̃
ãL b̃L

(
1 + x̃2

L

)3/2√
ã2

L b̃
2
L + x̃2

L

(
ãL b̃L + x̃2

L

) β(σ)
loc (x) (3.13)

which becomes (2.33) when σ(x) vanishes identically, as expected. Combining (3.10) and (2.38),
the relation (3.13) can be written also as

β(σ)
biloc(x) = e[σ(xc,σ)−σ(x)]/2 π

4L̃

√
ã2

L b̃
2
L + x̃2

L

sin
[

π(x̃+L̃)
4L̃

] β̃loc(x̃c)
x̃L + x̃c,L

= e−[σ(xc,σ)+σ(x)]/2 π

4L̃

√
ã2

L b̃
2
L + x̃2

L

sin
[

π(x̃+L̃)
4L̃

] β(σ)
loc (xc,σ)
x̃L + x̃c,L

(3.14)
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where the last expression has been obtained by using that, from the first equality in (3.5)
evaluated in xc,σ, we have

β̃loc
(
x̃(xc,σ)

)
= e−σ(xc,σ) β(σ)

loc (xc,σ) (3.15)

whose l.h.s. is β̃loc(x̃c) because x̃(xc,σ) = x̃c, from (3.9).
By adapting the analysis of [54] to our setup, it could be worth introducing

γ(σ)
loc (x) ≡ e−σ(x) β(σ)

loc (x) γ(σ)
biloc(x) ≡ e−[σ(xc,σ)−σ(x)]/2 β(σ)

biloc(x) . (3.16)

For instance, in the case of the rainbow model, whose weight functions are discussed in
section 3.2, the auxiliary weight functions (3.16) do not display a singular behaviour, unlike
the corresponding weight functions.

The derivation of the entanglement entropies S(n)
A from their contour function that we

discussed in section 2 for the homogeneous case can be straightforwardly adapted to the
inhomogeneous background that we are investigating. Following [10], from the weight function
β(σ)

loc (x) reported in (3.5) or in (3.7), we introduce the contour function for the entanglement
entropies given by

C
(n)
A;(σ)(x) ≡ c

12

(
1 + 1

n

) 1
β(σ)

loc (x)
x ∈ A (3.17)

where c = 1 for the massless Dirac field. By employing the expression of β(σ)
loc (x) in (3.5)

and the integral in (2.42), it is straightforward to observe that the integral occurring in the
determination of the entanglement entropies from the contour function (3.17) reads

I(σ)(r, s) ≡
∫ s

r

dx
β(σ)

loc (x)
=
∫ x̃(s)

x̃(r)

dy
β̃loc(y)

= log
[(
b̃L − r̃L

) (
b̃L + s̃L

) (
r̃L + ãL

) (
s̃L − ãL

)(
b̃L + r̃L

) (
b̃L − s̃L

) (
r̃L − ãL

) (
s̃L + ãL

)]
(3.18)

where a < r < s < b and we have defined r̃L ≡ x̃L|x=r and s̃L ≡ x̃L|x=s, according to the
notation introduced in (3.6). The entanglement entropies S(n)

A are obtained from (3.18), by
setting r = a+ ϵ and s = b− ϵ first and then expanding as ϵ→ 0+, as done in section 2 to
obtain (2.44). At leading order, since r̃L = ãL + x̃′L(a) ϵ + O(ϵ2) and s̃L = b̃L − x̃′L(b) ϵ +
O(ϵ2), we find

I(σ)(a+ ϵ , b− ϵ) = 2 log
[

2
ϵ

√
ãL b̃L

x̃′L(a) x̃′L(b)
b̃L − ãL

ãL + b̃L

]
+O(ϵ) (3.19)

= 2 log
(

8L̃
π ϵ

√
ãL b̃L

x̃′(a) x̃′(b) cos
[
π
(
ã+ L̃

)
4L̃

]
cos
[
π
(
b̃+ L̃

)
4L̃

]
b̃L − ãL

ãL + b̃L

)
+O(ϵ)

where in the last step we also exploited that, from (3.6), we have

x̃′L(x) = π x̃′(x)

4L̃
(
cos
[

π(x̃(x)+L̃)
4L̃

])2 . (3.20)
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The entanglement entropies of the interval A in the segment for the massless Dirac field in
the inhomogeneous background characterised by (3.1) and in its ground state are obtained
from (3.17) by using (3.19), and read

S
(n)
A = n+ 1

6n log

4L̃ e[σ(a)+σ(b)]/2

π ϵ

√
cos
(
π ã

2L̃

)
cos
(
π b̃

2L̃

) sin
[

π(b̃−ã)
4L̃

]
cos
[

π(ã+b̃)
4L̃

]
+O(1) . (3.21)

Since this expression coincides with the result obtained in [15] through the twist fields method,
this computation provides an important consistency check for (3.17).

In the case of the homogeneous segment, the contour function for the entanglement
entropies on the entire segment has been introduced in (2.45), showing that it is consistent
with the identity S

(n)
A = S

(n)
B at leading order as ϵ → 0+, as expected from the purity of

the ground state. Similarly, in the inhomogeneous background characterised by (3.1), the
contour function for the entanglement entropies on the entire segment can be defined through
the weight function β(σ)

loc (x) (see (3.5) or (3.7)) as

C
(n)
A,B;(σ)(x) ≡ c

12

(
1 + 1

n

) 1∣∣β(σ)
loc (x)

∣∣ x ∈ A ∪B (3.22)

that becomes (3.17) for x ∈ A. The expression (3.22) provides a contour function of the
entanglement entropies for x ∈ B; hence, S(n)

B can be found by integrating over Bϵ ≡ [−L , a−
ϵ ]∪ [ b+ ϵ , L ]. As a consistency check, by using the property σ(−x) = σ(x) and the fact that
I(−L̃+ ϵ0, L̃− ϵ0) → 0 as ϵ0 → 0+, we verified that S(n)

A = S
(n)
B at leading order as ϵ→ 0+.

In the remaining part of this subsection, we explore some limiting regimes for the
entanglement Hamiltonian, the contour functions and the entanglement entropies, by assuming
that σ(x) is independent of the parameters a, b and L.

First, we verify that the main results reported in section 2 are recovered when σ(x)
vanishes identically, as expected. From (3.2), one observes that x̃(x) becomes simply x, hence
any tilded quantity becomes the corresponding untilded one. For the weight function of
the local term, this implies that (3.5) and (3.7) become (2.22) and (2.23) respectively. This
tells us that, as for the contour function of the entanglement entropies, we have that (3.17)
and (3.22) give (2.41) and (2.45) respectively. Considering the weight function of the bilocal
term, in this limiting regime of homogeneous background, the expressions (3.11) and (3.12)
simplify to (2.29) and (2.31) respectively. Finally, as for the entanglement entropies, it is
straightforward to find that (3.21) becomes (2.44).

It is interesting to explore the behaviour of the weight functions β(σ)
loc (x) and β(σ)

biloc(x) close
to the endpoints of A. First, by using (3.20) and (3.2), we observe that at the endpoints
of A the following identities hold

eσ(a) 4L̃
π

[
cos
(
π(ã+ L̃)

4L̃

)]2
x̃′L(a) = eσ(b) 4L̃

π

[
cos
(
π(b̃+ L̃)

4L̃

)]2
x̃′L(b) = 1 . (3.23)

Then, as for the expansion of (3.5) as x→ a and x→ b, by employing (3.23) we find that

β(σ)
loc (x) = (x− a) +O

(
(x− a)2) x→ a (3.24)

β(σ)
loc (x) = (b− x) +O

(
(x− b)2) x→ b (3.25)
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which is the behaviour expected from the Bisognano-Wichmann theorem, for any σ(x) in
the class that we are considering. As for β(σ)

biloc(x), by combining the relation (3.13) with
the expansions (3.24)–(3.25), we find respectively

β(σ)
biloc(x) = e[σ(b)−3σ(a)]/2 π

4L̃
b̃L

(
1 + ã2

L

)3/2

ãL

(
ãL + b̃L

) (
1 + b̃2

L

)1/2 (x− a) +O
(
(x− a)2) x→ a

(3.26)

β(σ)
biloc(x) = e[σ(a)−3σ(b)]/2 π

4L̃
ãL

(
1 + b̃2

L

)3/2

b̃L

(
ãL + b̃L

) (
1 + ã2

L

)1/2 (b− x) +O
(
(x− b)2) x→ b

(3.27)
where we have also used that xc,σ(a) = b and xc,σ(b) = a (see the text below (3.9)).

We find it worth concluding this discussion by considering two limiting regimes where
the entanglement Hamiltonian becomes a local operator. They correspond to A adjacent to
the boundary and to L→ +∞ with the additional condition that L̃∞ diverges in this limit.

As for the former limiting case, considering e.g. the limit b→ L in the weight function
of the local term (see (3.5) and (3.7)) and of the bilocal term (see (3.11) and (3.12)), we
find respectively

β(σ)
loc (x) → eσ(x) 2L̃

π

sin
[
πx̃/(2L̃)

]
− sin

[
πã/(2L̃)

]
cos
[
πã/(2L̃)

] β(σ)
biloc(x) → 0 (3.28)

where the second result has been obtained by employing the fact that xc,σ(x) → L as
b → L in (3.9). As for the entanglement entropies in this limit, the same considerations
made in section 2 for the homogeneous case (see the text below (2.44)) can be adapted
to the expression (3.21), finding the result of [10] (up to a factor of 2 in the definition of
the UV cutoff), namely

S
(n)
A → n+ 1

12n log
[

eσ(a) 8 L̃
π ϵ

cos
(
π ã

2 L̃

)]
+O(1) . (3.29)

In the limit L→ +∞, we have to distinguish between the two cases of divergent and finite
L̃∞, where L̃∞ denotes the limiting value of L̃ as L→ +∞. When L̃∞ diverges (like e.g. in the
rainbow model discussed in section 3.2), by adapting to (3.5)–(3.7) and (3.11) and (3.12) the
computation performed in section 2 for the homogeneous background, we obtain respectively

β(σ)
loc (x) → eσ(x) (b̃− x̃) (x̃− ã)

b̃− ã
β(σ)

biloc(x) → 0 (3.30)

where the second result is obtained by using that xc,σ(x) → f̃(ã + b̃ − x̃) in (3.9). The
entanglement entropies (3.21) in this limiting regime become

S
(n)
A → n+ 1

6n log
(

e[σ(a)+σ(b)]/2 b̃− ã

ϵ

)
+O(1) (3.31)

in agreement with the infinite volume limit of the expression found in [65] for this quantity
on the circle (see e.g. [66–70] for further interesting related results). Instead, when L̃∞ is
finite, the entanglement Hamiltonian remains non-local. Indeed, the limit of the weight
functions in (3.5)–(3.7) and (3.11)–(3.12), of the contour function in (3.17) and of the
entanglement entropies in (3.21) can be obtained simply by replacing L̃ with L̃∞ in the
corresponding expressions.
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3.2 Rainbow model

In the following, the general results presented in section 3.1 are applied to the rainbow
model [11–13], which is defined by the metric (3.1) with

σ(x) = −h|x| = −λ |x/L| λ ≡ hL (3.32)

and by the action (3.3) in the vector phase (2.19) with αv = 3π/2, as discussed in section 4.
The Ricci scalar of the metric given by (3.1) and (3.32) is R(R) = 4h δ(x) − 2h2; hence, the
curvature is constant and negative everywhere except for the point at x = 0, where a curvature
singularity occurs, which corresponds to the black dot in figure 2. Various interesting features
of the rainbow model have been explored e.g. in [10, 15, 25, 48–54].

Specialising (3.2) to (3.32), for the rainbow model we find that

x̃(x) =
∫ x

0
eh|y| dy = sign(x) eh|x| − 1

h
= L sign(x/L) eλ|x/L| − 1

λ
= LRλ(x/L) (3.33)

where, in order to highlight that x̃(x)/L is a function of x/L parameterised by λ, in the
last step we have introduced

Rλ(y) ≡ sign(y) eλ|y| − 1
λ

−1 ⩽ y ⩽ 1 . (3.34)

Hence, from the text below (3.5), we have that L̃ = LRλ(1) for this model. Since sign(x̃) =
sign(x), the inverse of (3.33) reads

f̃(x̃) ≡ sign(x̃)
h

log
(
1 + h|x̃|

)
= L

sign(x̃/L)
λ

log
(
1 + λ |x̃/L|

)
= LRλ(x̃/L) (3.35)

where Rλ denotes the inverse function of (3.34).
From (3.32) and (3.35), the Weyl factor in the intermediate expression of (3.1) specialised

to the rainbow model becomes

e−2h|x| = e−2λ |Rλ(x̃/L)| = 1(
1 + h|x̃|

)2 . (3.36)

The metric of Euclidean AdS2 in Poincaré coordinates is ds2 = (RAdS/y)2 (dt2E + dy2) with
y > 0. Comparing this metric with (3.1) having the Weyl factor (3.36), it has been observed
in [15] that, by introducing the manifold made by two copies AdS+

2 and AdS−
2 of Euclidean

AdS2 corresponding to y > 0 and y < 0 respectively, the Euclidean manifold supporting the
rainbow model can be seen as P+∪P−, being P± ⊊ AdS±

2 the two strips defined by first setting
RAdS = 1/h and then considering y ∈

(
1/h , ehL/h

]
and y ∈

[
− ehL/h ,−1/h

)
respectively.

By employing (3.33), the expressions (3.6) specialised to the rainbow model become

x̃L = tan
[
π

4

(
1 + Rλ(x/L)

Rλ(1)

)]
ãL ≡ x̃L

∣∣
x=a

b̃L ≡ x̃L

∣∣
x=b

(3.37)

which depend on the parameter λ through (3.34).
Consider the rainbow model in the ground state and the bipartition of the segment given

by the interval A. Various features of the bipartite entanglement depend on the position of
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(d)

Figure 2. Bipartitions of the segment through an interval A (solid red line) not adjacent to the
boundaries, when the middle point of the segment (black dot) plays a special role, like e.g. in the
rainbow model.

A with respect to the singularity at x = 0 (corresponding to the black dot in figure 2), as
discussed below. Since σ(x) is an even function, we can consider b > 0 and |a| ⩽ b without
loss of generality. Thus, only four possibilities occur, and are shown in figure 2: (a) a = 0
and b > 0; (b) a = −b with b > 0 (i.e. x = 0 is the middle point of A); (c) a < 0 < b with
|a| ⩽ b; (d) 0 < a < b (i.e. 0 /∈ A). Notice that, while for the entanglement Hamiltonian
of A in the configurations (a), (c) and (d) the limit where A is adjacent to the boundary
can be considered, recovering the corresponding result in [10], for the configuration (b) this
limit is trivial because B vanishes.

As for the weight function of the local term, by using (3.32) and (3.33), we find that (3.5)
and (3.7) specialised to the rainbow model give respectively

β(R)
loc (x) = 2LRλ(1)

π eλ|x/L|

[
cos
(
π

4

(
1 + Rλ(x/L)

Rλ(1)

))]2 (
b̃2

L − x̃2
L

)(
x̃2

L − ã2
L

)(
b̃L − ãL

)(
ãL b̃L + x̃2

L

) (3.38)

and

β(R)
loc (x) = 2LRλ(1)

π eλ|x/L|

[
sin
(
πb̃/(2L̃)

)
− sin

(
πx̃/(2L̃)

)] [
sin
(
πx̃/(2L̃)

)
− sin

(
πã/(2L̃)

)]
sin
(
π(b̃− ã)/(2L̃)

)
+
[
cos
(
πb̃/(2L̃)

)
− cos

(
πã/(2L̃)

)]
sin
(
πx̃/(2L̃)

)
(3.39)

where x̃/L̃ = Rλ(x/L)/Rλ(1). Thus, the ratio β(R)
loc (x)/L is a function of x/L parameterised by

a/L, b/L and λ, which provides the solid curves in figure 6 and in the top panels of figure 11.
The weight function for the bilocal term can be written by first introducing the position

xc,R of the point conjugate to a generic point x. From (3.33) and (3.35), we find that (3.8)
and (3.9) specialised to the rainbow model give respectively

x̃c(x)
L

≡ Rλ(1)
[ 4
π

arctan
(
ãL b̃L

x̃L

)
− 1

]
xc,R(x) = LRλ

(
x̃c(x)/L

)
(3.40)

hence also xc,R(x)/L is a function of x/L parameterised by a/L, b/L and λ. The conjugate
point xc,R(x) in (3.40) provides the black solid curves in figure 4, figure 5, and figure 10.

By specialising (3.12) to the rainbow model and employing (3.40), we find that the weight
function of the bilocal term in the rainbow model is

β(R)
biloc(x) =

e−λ(|xc,R/L|−|x/L|)/2 ãL b̃L

(
b̃2

L − x̃2
L

)(
x̃2

L − ã2
L

)
2
(
b̃L − ãL

)
cos
[

π
4

(
1 + Rλ(x/L)

Rλ(1)

)]√
ã2

L b̃
2
L + x̃2

L

(
ãL b̃L + x̃2

L

)2 (3.41)
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whose r.h.s. is a function of x/L parameterised by a/L, b/L and λ. The analytic expres-
sion (3.41) provides the solid curves in all the panels of figure 7 and in the bottom panels
of figure 11.

When the singular point x = 0 belongs to A (i.e. a < 0 < b), it is worth considering also
its conjugate point xc,R(0). From (3.40), by using that x̃L|x=0 = 1, we find

xc,R(0)
L

= Rλ

(4Rλ(1)
π

arctan
(
ãL b̃L

)
−Rλ(1)

)
(3.42)

which gives the vertical dash-dotted coloured lines in the bottom left panel of figure 7.
As for the auxiliary functions introduced in (3.16) for a generic σ(x), in the special case

of the rainbow model, from (3.32), they become respectively

γ(R)
loc (x) = eh|x| β(R)

loc (x) γ(R)
biloc(x) = eh(|xc,R|−|x|)/2 β(R)

biloc(x) . (3.43)

These auxiliary weight functions do not contain absolute values and are smooth over the entire
segment, unlike β(R)

loc (x) and β(R)
biloc(x), which display isolated singular points. In particular,

β(R)
loc (x) exhibits a cusp singularity at x = 0, while β(R)

biloc(x) typically displays such a singularity
at both x = 0 and x = xc,R(0), as a consequence of the bilocal nature of the bipartite
entanglement in the setup that we are exploring. When a = −b with b > 0 (see the top
right panel of figure 2), since xc,R(x) = −x we have that β(R)

biloc(x) = γ(R)
biloc(x); hence β(R)

biloc(x) is
regular for this type of bipartition (see the solid curves in the top right panel of figure 7).

The contour function for the entanglement entropies in the rainbow model can be easily
written by specialising (3.17) and (3.22) to the weight function in (3.38)–(3.39). We find

C
(n)
A;(R)(x) ≡ 1

12

(
1 + 1

n

) 1
β(R)

loc (x)
x ∈ A (3.44)

in the interval A, while over the entire segment it reads

C
(n)
A,B;(R)(x) ≡ c

12

(
1 + 1

n

) 1∣∣β(R)
loc (x)

∣∣ x ∈ A ∪B . (3.45)

The contour function in (3.44) provides the solid curves in figure 8, and the contour function
in (3.45) gives the solid curves in figure 12 and figure 13. From (3.38)–(3.39), it is straightfor-
ward to observe that LC(n)

A;(R)(x) and LC
(n)
A,B;(R)(x) are functions of the dimensionless ratio

x/L, parameterised by the dimensionless parameters a/L, b/L and λ = hL.
Finally, as for the entanglement entropies of the interval A in the rainbow model, by

specialising (3.21) to this model through (3.32) and (3.33), we find

S
(n)
A = n+ 1

6n log

4L̃ e−h(|a|+|b|)/2

π ϵ

√
cos
(
π ã

2L̃

)
cos
(
π b̃

2L̃

) sin
[

π(b̃−ã)
4L̃

]
cos
[

π(ã+b̃)
4L̃

]
+O(1) (3.46)

which provides the solid curves in figure 9, once the O(1) term has been specified, as
discussed in section 4 (see (4.23)). The argument of the logarithm in (3.46) depends on the
dimensionless quantities ϵ/L, a/L, b/L and λ = hL.

In the remaining part of this subsection, we describe some interesting limiting regimes
of the analytic expressions for the rainbow model reported above. The limits where h→ 0
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(i.e. the limit of homogeneous background), where A becomes adjacent to the boundary, and
where A is the interval in the line have been discussed in the final part of section 3.1 for a
generic background, and it is straightforward to specialise the expressions derived there to the
rainbow model, by using (3.32). In the following, we focus on the limit of large h, i.e. large λ
when L is kept fixed, which is the most interesting limiting regime for the rainbow model.

In this limit of large inhomogeneity, let us first observe that (3.37) becomes

x̃L = 1 + π

2 rλ(x/L) + . . . rλ(y) ≡ sign(y) e−λ(1−|y|) −1 ⩽ y ⩽ 1 (3.47)

where rλ(x/L) ≪ 1, and the dots denote subleading terms. This observation allows us to
write the weight function of the local term in (3.38) at large λ as

β(R)
loc (x) = eλ(1−|x/L|)

h
QA,λ(x/L) + . . . (3.48)

where we have introduced the following ratio

QA,λ(y) ≡
[
rλ(b/L) − rλ(y)

] [
rλ(y) − rλ(a/L)

]
rλ(b/L) − rλ(a/L) . (3.49)

It is very instructive to specify this result to the types of bipartitions displayed in figure 2.
We recall that these configurations, where |a| ⩽ b, correspond to all the possible choices
because σ(x) is an even function. In particular, in our analysis we will consider bipartitions
of type (a) and (b) for x ∈ A (see figure 6), and of type (c) for x ∈ A ∪ B (see figure 6
and figure 11). The behaviour of β(R)

loc (x) for a configuration of type (d) is qualitatively the
same as the one for type (a). When the singularity is contained in A (i.e. a < 0 < b) it is
convenient to introduce the interval A0 ⊊ A given by A0 ≡ (−|a|, |a|) when |a| ⩽ b, which is
symmetric with respect to the origin. Let us denote by A∗ the complement of A0 in A that
does not contain the entangling points, by B∗ its mirror image with respect to the origin,
namely B∗ ≡

{
− x

∣∣ x ∈ A∗
}
, and by B0 the complement of B∗ in B that does not contain

the entangling points. For a bipartition of type (a) and (d) in figure 2 we have A0 = ∅, for
type (b) we have A∗ = ∅, whereas for type (c) we have both A0 ̸= ∅ and A∗ ̸= ∅. In particular,
for type (c) these domains are given by A0 = (−|a|, |a|), A∗ = (|a|, b), B∗ = (−b,−|a|) and
B0 = [−L,−b) ∪ (b, L]. The relevance of A∗ and B∗ is due to the fact that the limit of large
h while L is kept fixed in (3.48) gives∣∣β(R)

loc (x)
∣∣ = 1

h
+ . . . x ∈ A∗ ∪B∗ (3.50)

meaning that β(R)
loc (x) displays a plateau in these regions. Since for a bipartition of type

(b) we have that A∗ = ∅, such a plateau does not occur in this case. In the ground state
of the rainbow chain in the regime of large inhomogeneity, A∗ and B∗ play an important
role, as discussed in section 4 (see figure 3).

Instead, an exponential behaviour in x occurs in this limit when x /∈ A∗ ∪ B∗ and
is not close to the endpoints of A. For instance, for a bipartition of type (b), we have
rλ(a/L) = −rλ(b/L) and rλ(x/L) < rλ(b/L) for any x ∈ A; hence, from (3.48) one obtains

β(R)
loc (x) = eh(b−|x|)

2h + . . . a = −b x ∈ A0 . (3.51)
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As for a bipartition of type (c), from (3.48) we get

β(R)
loc (x) = eh(|a|−|x|)

h
+ . . . a < 0 < b |a| < b x ∈ A0 (3.52)

and

∣∣β(R)
loc (x)

∣∣ = eh(|x|−b)

h
+ . . . a < 0 < b |a| < b x ∈ B0 . (3.53)

We highlight the exponential behaviour of β(R)
loc (x) in (3.51), (3.52) and (3.53) as h→ +∞.

Instead, in the cases given by the bipartitions of type (a) and (d) in figure 2, where A0 = ∅,
such an exponential behaviour of β(R)

loc (x) does not occur in A.
As for the conjugate point, assuming |a| ̸= |b| and taking h→ +∞ in the first expression

in (3.40), we find

x̃c(x) = 1
h

[
sign(a) eh|a| + sign(b) eh|b| − sign(x) eh|x|

]
+ . . . (3.54)

where (3.47) has been employed, and the dots denote subleading terms. By using (3.54) in
the second expression in (3.40), the leading term of the conjugate point in this limit is

xc,R(x) = sign
(
x̃c(x)

)
max

{
|a| , |b| , |x|

}
+ . . . (3.55)

which is independent of x when x ∈ A and whose sign can be read from (3.54). For the
symmetric configuration (i.e. a = −b with b > 0), we have that xc,R(x) = −x, as shown in
the text below (3.9) for a generic inhomogeneous background belonging to the class (3.1)
that we are considering.

In the large inhomogeneity regime, by using (3.47), for the weight function of the bilocal
term in (3.41) we find that the leading term can be written in terms of (3.49) as

β(R)
biloc(x) = π

4 e−λ(|xc,R/L|−|x/L|)/2 QA,λ(x/L) + . . . . (3.56)

As done above for β(R)
loc (x), in the following we specify this result to the types of bipartitions

shown in figure 2. In particular, we will again consider bipartitions of type (a) and (b) for
x ∈ A (see figure 7), and of type (c) for x ∈ A∪B (see figure 7 and figure 11). The behaviour
of β(R)

biloc(x) for a configuration of type (d) is qualitatively the same as the one for type (a).
In a bipartition of type (b), we find that (3.56) simplifies to

β(R)
biloc(x) = π

8 e−h(L−b) + . . . a = −b x ∈ A0 (3.57)

which is independent of x, like (3.50). Remarkably, in the regime of large inhomogeneity, a
plateau occurs in β(R)

biloc(x) for the configuration where β(R)
loc (x) does not display any plateau in

A. However, the height of this plateau is exponentially suppressed as h grows. In all the other
cases, β(R)

biloc(x) has an exponential behaviour in x in this regime. For instance, considering the
bipartitions of type (a), (c) and (d), where |a| < b with b > 0, we find that (3.56) simplifies to∣∣β(R)

biloc(x)
∣∣ = π

4 e−h α(x) + . . . |a| < b b > 0 (3.58)
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where α(x) =
(
L − |x|

)
+ 1

2
(
b − |x|

)
for the bipartitions of type (a) and (d) in x ∈ A∗ and

of type (c) in x ∈ A∗ ∪ B∗, while for a bipartition of type (c) in x ∈ A0 and in x ∈ B0 we
have that α(x) =

(
L− |a|

)
+ 1

2
(
b− |x|

)
and α(x) =

(
L− |x|

)
−
(
|x| − b

)
respectively. Since

α(x) > 0 for any x ∈ A, we conclude that β(R)
biloc(x) goes to zero as h → +∞ for x ∈ A. In

a bipartition of type (b), where A∗ = ∅, such an exponential behaviour in x ∈ A does not
occur for β(R)

biloc(x), but it still vanishes as h→ +∞ because the height of the plateau (3.57)
is exponentially suppressed in h.

As for the auxiliary weight functions (3.43), from (3.48) and (3.56) we see that their
expansions in the large h regime read

γ(R)
loc (x) = eλ

h
QA,λ(x/L) + . . . γ(R)

biloc(x) = π

4 QA,λ(x/L) + . . . (3.59)

in terms of the ratio (3.49), which therefore determines the behaviour in x of both auxiliary
weight functions in this regime.

As for the entanglement entropies for the rainbow model in (3.46), their limits for A
adjacent to the right boundary and A in the line are obtained by specialising to (3.32) the
expressions reported in (3.29) and (3.31) for a generic σ(x), respectively. Some of them have
been largely discussed in the literature on the rainbow chain [11–13, 15].

In the following, we consider the limit of (3.46) as h→ +∞. When |a| ̸= |b|, we find

S
(n)
A = (n+ 1)h

12n max
{
|b| − |a| , |a| − |b|

}
− n+ 1

6n log(h ϵ) + . . . (3.60)

where the dots denote subleading terms. Thus, for the bipartitions of type (a) and (d) in
figure 2 the entanglement entropies S(n)

A display a scaling behaviour given by the length of A,
namely a volume law. The Gibbs entropy Sth of a system of finite length ℓ coming from the
Stefan-Boltzmann law for a two-dimensional CFT with central charge c is Sth = π c ℓ/(3β) [71–
73]. Comparing this result specialised to c = 1 and ℓ = b − a with SA in the rainbow
model for the bipartitions of type (a) and (d) obtained from (3.60), one finds the following
effective (large) temperature [13]

TR = h

2π . (3.61)

As for the bipartition of type (c), the scaling of S(n)
A in (3.60) is given by the length of A∗,

i.e. by b− |a| < b− a; hence, (3.61) is obtained by comparing SA with the Gibbs entropy of a
system of effective length ℓ = b− |a|. Instead, in the symmetric configuration where |b| = |a|
(i.e. the bipartition of type (b) in figure 2), while the result (3.60) still holds (the first term
in the r.h.s. does not occur and only the term proportional to log(h ϵ) remains), SA does not
scale as a length anymore, and therefore it cannot be interpreted as a thermal entropy.

We find it worth remarking that, since the entanglement entropies S(n)
A can be found

from the contour function (3.44), these observations can be made also by employing the
asymptotics given by (3.50), (3.51) and (3.52).

The analogy between the mixed state ρA obtained from the ground state of the rainbow
model in the large h regime and the thermal state at effective temperature TR given by (3.61)
performed at the level of the density matrices allows us to refine the previous discussion.
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Indeed, by employing the above considerations about the behaviour of the weight functions
β(R)

loc (x) and β(R)
biloc(x) as h → +∞ (see (3.48)–(3.52) and (3.56)–(3.58) respectively), for the

entanglement Hamiltonian KA (see (3.4) specialised to the rainbow model) in this regime
we find KA = 1

TR

∫
A E(x) dx + . . . for the bipartitions of type (a) and (d) in figure 2, in

terms of the energy density E(x) and the large effective temperature (3.61), where the dots
denote subleading terms. Hence, in these cases the reduced density matrix becomes the
density matrix of a thermal state. Instead, for the bipartitions of type (c), the expansion of
KA does not give 1

TR

∫
A∗

E(x) dx + . . . , because of the exponential behaviour of β(R)
loc (x) in

x ∈ A0 given by (3.52). Also for a bipartition of type (b) we find that ρA is not approximated
by a thermal density matrix in the large inhomogeneity regime, since in this case β(R)

loc (x)
displays the exponential behaviour (3.51) over the entire interval A (except close to the
entangling points, where a linear behaviour occurs). In all bipartitions of figure 2, the weight
function β(R)

biloc(x) is exponentially suppressed in h at large inhomogeneity, and therefore its
contribution is negligible with respect to β(R)

loc (x). Thus, the thermal behaviour at the effective
temperature (3.61) for ρA in the regime of large inhomogeneity is determined by the local
term of KA, and it is observed only when A0 = ∅, namely when SA satisfies a proper volume
law, which scales with the length of A.

4 Entanglement Hamiltonian of a block in the rainbow chain

In this section we explore the quantities discussed in the previous section for the rainbow
chain, providing numerical checks of the analytic expressions reported in section 3.2.

Consider the class of inhomogeneous free fermionic chains characterised by the following
Hamiltonian (see e.g. [11–13, 15, 25])

H = −
∑

m∈𝕄

Jm
(
c†m cm+1 + h.c.

)
(4.1)

where c†m and cm are the usual creation and annihilation operators of a fermionic particle
at the m-th site, 𝕄 contains the discrete values labelling the sites of the chain and Jm > 0
are the hopping parameters characterising the inhomogeneity of the free fermionic chain.
The models described by (4.1) in the continuum limit are related to the ones considered in
section 3.1; indeed, in the continuum limit, the hopping parameters Jm provide the function
J(x) = eσ(x), where σ(x) is the function occurring in the metric (3.1).

The rainbow chain [11–15] belongs to the class defined by (4.1); indeed, its Hamiltonian is

H = −J0
2 c†1

2
c− 1

2
− J0

2

L−3
2∑

m= 1
2

e−hm
[
c†m cm+1 + c†−m c−(m+1)

]
+ h.c. (4.2)

where J0 > 0 provides the energy scale, h ⩾ 0 is the parameter characterising the inho-
mogeneity of the hopping amplitudes and 2L is the total number of sites. The boundary
conditions are given by the following requirements [13]

c±(L+1/2) = 0 . (4.3)
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Rainbow cartoons
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(d)

Figure 3. Rainbow state for the bipartitions in figure 2. The grey strip corresponds to A, and the
vertical dashed green line identifies A∗ ⊊ A for the configuration of type (c).

A Jordan-Wigner transformation brings (4.2) into the Hamiltonian of an inhomogeneous
spin-1

2 XX chain. The case h = 0 corresponds to the homogeneous free fermionic chain in a
segment made by 2L sites. In the regime of strong inhomogeneity, the ground state of (4.2)
becomes a valence bond state (the rainbow state) that can be explored by applying the strong
disorder renormalization group algorithm of Dasgupta and Ma [74] (see also [11, 12, 75]).
In the XX version of the Hamiltonian, this valence bond state is constructed from singlets
between the sites labelled by m and −m carrying an energy proportional to J0 e−2mh, with
m = 1/2, . . . , L − 1/2 (see figure 3, where each coloured curve corresponds to a singlet).
In the segment supporting the rainbow chain (4.2), we consider the bipartition given by a
block A in generic position, made by LA contiguous sites, and its complement B, containing
LB = 2L−LA sites. Notice that B is made by contiguous sites only when A is adjacent to one
of the boundaries of the rainbow chain. In the strong inhomogeneity regime, the entanglement
entropy SA of a certain bipartition is obtained simply by counting the number of bonds
having one endpoint in A and one in B. Hence, when A is adjacent to the boundary and it
contains at most L sites, the entanglement entropy satisfies a volume law. This important
feature is also observed for some configurations where the block A is not adjacent to the
boundary, as discussed below in more detail (in particular, see the bipartitions of type (a) and
(d) in figure 2 and figure 3). We remark that, while the entanglement entropy of a gapped
lattice model in one spatial dimension characterised by local interactions and in its ground
state always satisfies an area law [76], this behaviour is quite unusual in lattice models at
the critical point. In the rainbow chain, which is a critical lattice model, the volume law
is induced by the particular form of the hopping parameters.

For the bipartitions of the rainbow chain shown in figure 2, an illustrative representation
of the rainbow state is displayed in figure 3, where the different colours of the singlets
denote the different energies needed to break them. This valence bond structure holds in the
asymptotic limit of large inhomogeneity h→ +∞. In figure 3, the grey rectangle delimited
by the vertical dashed black lines corresponds to the block A. The linear scaling of SA in
the regime of strong inhomogeneity is determined by the singlets having one endpoint in A

and the other one in B. Hence, in the configurations of type (a) and (d) the entanglement
entropy satisfies a genuine volume law. In the configuration of type (c), where the endpoints
a and b of A are such that a < 0 < b and |a| < b, it is worth identifying the block A∗ ⊊ A

(see the text above (3.50) and the vertical dashed green line in the bottom left panel of
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figure 3); indeed, SA scales like the length LA∗ of A∗, which is LA∗ < LA and therefore we
do not have a proper volume law scaling in this case. Also in the configuration of type (b) a
volume law scaling does not occur because in this case all the singlets of the rainbow state
have both their supporting sites either in A or in B; hence, the entanglement entropy of this
bipartition vanishes in the regime of large inhomogeneity [11].

The weak inhomogeneity regime in the rainbow chain leads to study its continuum limit,
which provides the rainbow model [13] (see section 3.2). This is done by first introducing
the lattice spacing a and then taking the limit a → 0, h→ 0 and L→ +∞, while h/a and
L a are kept fixed; hence, λ = hL is independent of the lattice spacing. The position in the
segment is labelled by x = am. In this limiting procedure, it is convenient to rename h/a
and L a as h and L respectively. Thus, in the continuum limit h and L have the dimensions
of inverse length and length respectively. The two chiral fields ψ1(x) and ψ2(x) in the
continuum limit are introduced as the slow varying modes of cm expanded around ±kF at
half filling kF = π/(2a), namely

cm√
a ≃ ei kF x ψ1(x) + e−i kF x ψ2(x) . (4.4)

Combining this expansion with the boundary conditions (4.3), in the continuum limit one
finds the following boundary conditions at the endpoints of the segment [13]

ψ2(±L) = ∓iψ1(±L) (4.5)

which couple the fields with different chirality at the boundaries. Comparing (4.5) with (2.19)
and (2.20) at tE = 0, we observe that the boundary conditions of the rainbow model
correspond to the case αv = 3π/2 of the vector phase.

Since the fermionic model (4.2) is quadratic and its ground state is Gaussian, the crucial
quantity to consider in order to explore the bipartite entanglement is the correlation matrix
C in the ground state, whose generic element is Cm,n ≡ ⟨c†mcn⟩. This correlation matrix
can be found by first writing (4.2) as H =

∑
m,nHm,n c

†
m cn with Hm,n = Jm δn,m+sign(m) +

Jn δm,n+sign(n), Jm = −J0 e−h |m|/2 and m,n ∈
{
−
(
L − 1

2
)
, . . . , L − 1

2
}
. Here, δr,s is the

Kronecker delta, and Hm,n = −J0/2 for either (m,n) =
(1

2 ,−
1
2
)

or (m,n) = (−1
2 ,

1
2). In our

numerical analysis (where the map m 7→ m +
(
L − 1

2
)

+ 1 has been used in order to work
with positive integers for the labels of the sites), we set J0 = 1. The generic element of the
ground state correlation matrix is obtained through the numerical diagonalisation of the
matrix Hm,n as Cm,n =

∑
q∈Q0 vq(m) vq(n), where vq(m) is the real eigenvector associated

with the eigenvalue Eq of Hm,n and Q0 ≡
{
q
∣∣ Eq < 0

}
(see e.g. [50]).

The entanglement entropy SA and the Rényi entropies S(n)
A in the free fermionic chain (4.2)

are obtained through the standard procedure [3, 35, 77–81]. In particular, one first constructs
the reduced correlation matrix CA by restricting the ground state correlation matrix C to
the subsystem A, namely (CA)i,j ≡ Ci,j for i, j ∈ A, and then computes the eigenvalues ζk

of CA numerically. This spectrum provides SA and S
(n)
A as

SA =
LA∑
k=1

f1(ζk) S
(n)
A =

LA∑
k=1

fn(ζk) (4.6)

– 26 –



J
H
E
P
0
2
(
2
0
2
6
)
2
2
4

where

f1(x) ≡ −x log(x) − (1 − x) log(1 − x) fn(x) ≡ 1
1 − n

log
[
xn + (1 − x)n] (4.7)

that satisfy fn(x) → f1(x) as n→ 1; hence, S(n)
A → SA as n→ 1. The complementary region

B is made by two disjoint blocks of contiguous sites when A is not adjacent to the boundary,
and its entanglement entropies are obtained in the same way from the reduced correlation
matrix CB, whose generic element is (CB)i,j ≡ Ci,j for i, j ∈ B.

A crucial role in our work is played by a specific construction of the contour functions
for the entanglement entropy and the Rényi entropies that has been first proposed for the
homogeneous free fermionic chain in [32]. These contour functions provide a more refined
description of the bipartite entanglement with respect to the corresponding entanglement
entropies. Indeed, also the eigenvectors ϕk(i) of the reduced correlation matrix CA are involved
in their construction and not only the eigenvalues ζk. Since the eigenvectors ϕk(i) of CA are
normalised by the condition

∑
i∈A

∣∣ϕk(i)
∣∣2 = 1 for every 1 ⩽ k ⩽ LA, it is natural to introduce

pk(i) ≡
∣∣ϕk(i)

∣∣2 i ∈ A 1 ⩽ k ⩽ LA (4.8)

which are often called mode participation functions [31] and allow us to write the entanglement
entropies in (4.6) respectively as

SA =
∑
i∈A

CA(i) S
(n)
A =

∑
i∈A

C(n)
A (i) (4.9)

where CA(i) ⩾ 0 and C(n)
A (i) ⩾ 0 are the contour functions for the entanglement entropy and

the Rényi entropies respectively. These contour functions can be written through (4.7) and
the mode participation functions in (4.8) as follows

CA(i) ≡
LA∑
k=1

f1(ζk) pk(i) C(n)
A (i) ≡

LA∑
k=1

fn(ζk) pk(i) i ∈ A . (4.10)

They provide information about the spatial structure of the bipartite entanglement between
A and its complement. It is worth remarking that the construction of the contour functions
for the entanglement entropies is highly non-unique. Despite the fact that some properties
have been proposed [32], a complete list of properties characterising the contour functions
in a unique way is still not available. Moreover, infinitely many contour functions can be
written among the ones associated with mode participation functions pk(i) satisfying the
condition

∑
i∈A pk(i) = 1 with pk(i) ⩾ 0. However, it is natural to expect that the most

reasonable ones are constructed from the eigenvalues and the eigenvectors of the reduced
correlation matrix. The definitions of the mode participation function and of the contour
functions given in (4.8)–(4.10) for the block A can be adapted also to the subsystem B.
One of the main results of this manuscript consists in providing numerical evidence that the
continuum limit of the contour functions (4.10) with pk(i) given by (4.8) is related to the
functions defined in (3.44) and (3.45) through the weight function of the local term of the
entanglement Hamiltonian (see figure 8, figure 12 and figure 13). Some contour functions
have been constructed also in harmonic lattices [31, 33, 82].
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Case (a);   lambda={0,5}

-148.9

-100.0

-50.0

0.

1.9

-85.38

-68.00

-51.00

-34.00

-17.00

0.

0.19

-148.9

-100.0

-50.0

0.

1.9

-85.38

-68.00

-51.00

-34.00

-17.00

0.

0.19

Figure 4. Elements of the matrix (4.12) characterising the entanglement Hamiltonian (4.11) of a
block in the configuration of type (a) (see figure 2) with a = 0 and b = 0.8L, when the block has
LA = 120 sites in a rainbow chain made by 2L = 300 sites, with either λ = 0 (left) or λ = 5 (right).
The black solid curve indicates the position of the conjugate point (3.40).

The most complete description of the subsystem A is given by its reduced density matrix
ρA or, equivalently, by the corresponding entanglement Hamiltonian KA, provided that ρA has
non vanishing eigenvalues. For the rainbow chain (4.2) in its ground state, the entanglement
Hamiltonian takes the following quadratic form

KA =
∑

i,j∈A

Ki,j c
†
i cj (4.11)

where the LA × LA matrix K is obtained from the reduced correlation matrix CA through
Peschel’s formula [35]

K = log
(
C−1

A − 1
)

(4.12)

which tells us that K and CA have the same real eigenvectors ϕk(i). Hence, the matrix K
can be written through its spectral representation as follows

Ki,j =
LA∑
k=1

εk ϕk(i)ϕk(j) (4.13)

where the single-particle entanglement energies εk read

εk ≡ log
(
1/ζk − 1

)
1 ⩽ k ⩽ LA (4.14)

in terms of the eigenvalues ζk of CA, which provide the entanglement entropies through (4.6).
We remark that, while the entanglement entropies (4.6) are fully determined by the

eigenvalues ζk of CA, both in the contour functions (4.10) and in the entanglement Hamiltonian
matrix (4.12)–(4.13) also the eigenvectors ϕk(i) of CA occur.

In figure 4 and figure 5 we show the elements of the matrix (4.12) characterising the
entanglement Hamiltonian (4.11) in the case of a bipartition of type (a) and (c) respectively
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Case (c);   lambda={0,3}

-203.3

-160.0

-120.0

-80.0

-40.0

0.

2.4

-193.27

-140.00

-100.00

-50.00

0.

0.47

-203.3

-160.0

-120.0

-80.0

-40.0

0.

2.4

-193.27

-140.00

-100.00

-50.00

0.

0.47

-331

-250

-170

-80

0

50

-249

-200

-150

-100

-50

0

19

-249

-200

-150

-100

-50

0

19

-331

-250

-170

-80

0

50

Case (c);   lambda={5, 7.5}

Figure 5. Elements of the matrix (4.12) characterising the entanglement Hamiltonian (4.11) of a
block for a configuration of type (c) (see figure 2) with a = −0.3L and b = 0.7L, when the block has
LA = 150 sites in a rainbow chain made by 2L = 300 sites, with either λ = 0 (top left), λ = 3 (top
right), λ = 5 (bottom left), or λ = 7.5 (bottom right). The black solid curve indicates the position of
the conjugate point (3.40).

(see figure 2), for different values of the inhomogeneity parameter h (or λ equivalently, since
L is kept fixed). The largest elements are located on the odd diagonals around the main
diagonal. All the elements of the even diagonals, including the main diagonal, are zero. It is
crucial to also understand the role played by the smaller matrix elements located away from
the main diagonal in the continuum limit procedure. Indeed, they are essential to obtain
the weight functions of both the local and non-local terms of the entanglement Hamiltonian
in the continuum. However, their presence alone is not sufficient to determine whether the
entanglement Hamiltonian in the continuum also contains non-local terms. This feature is
encoded in the specific structure of the terms along all the odd diagonals away from the main
diagonal [36, 37, 39]. For instance, the solid black curve indicates the position of the conjugate
point in A given by (3.40), which nicely describes the front formed by the off-diagonal matrix
elements. This front could indicate the occurrence of a bilocal term in the entanglement
Hamiltonian. The dash-dotted green segments in figure 5 denote the position of the centre of
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the chain, which supports the singularity of the background in the continuum limit. This
point plays a special role in the off-diagonal structure of the entries that becomes evident
in the regime of large inhomogeneity, as shown in the bottom right panel of figure 5. The
effect of the inhomogeneity in the rainbow chain on the matrix elements of K in (4.12) can
be observed by comparing the two panels in figure 4 or the four panels in figure 5. The
matrix in the left panel of figure 4 is qualitatively similar to the matrix occurring in the
entanglement Hamiltonian of a block in a homogeneous chain of free fermions on the half line
when the block is not adjacent to the boundary [39], i.e. when the first site of the block does
not coincide with the first site of the infinite chain on the half line. As the inhomogeneity
grows, the solid black curve (3.40) deforms towards the bottom right corner of the matrix
plot until this front disappears. This can be seen from (3.55), which tells us that xc,R(x) → b

in the large inhomogeneity limit for the bipartitions considered in figure 4 and figure 5.
In order to test numerically the weight functions β(R)

loc (x) and β(R)
biloc(x) obtained in section 3.2

for the rainbow model in the continuum (see (3.38)–(3.39) and (3.41) respectively) through
the entanglement Hamiltonian matrix (4.12) specialised to the rainbow chain, we follow
the procedure introduced in [36, 37, 39] for the homogeneous fermionic chain, that has
been developed by building also on the results of [83, 84] about the thermodynamic limit
of the diagonals of (4.12).

As for the weight function of the local term, let us introduce the combination of the
matrix elements of (4.12) given by [36, 37]

β(R)
loc (i) = − 1

π

pmax∑
p=0

(−1)p (2p+ 1)Ki−p,i+p+1 (4.15)

where the cutoff pmax corresponds to the maximal choice guaranteeing that both indices of
Ki−p,i+p+1 belong to A, for each i ∈ A. In particular, pmax depends on i and is given by
pmax ≡ min

{
i−ma ,mb − (i+ 1)

}
, where ma and mb label the first and last site of the block

A respectively (see also [39]). A slightly different combination of matrix elements reads

β(R)
loc (i) = − 1

2π
∑
j ∈A

sin
[
π(j − i)/2

]
(j − i)Ki,j (4.16)

which involves the elements along the i-th row. In the case of the entanglement Hamiltonian
of a block in harmonic chains, the results corresponding to different combinations of matrix
elements have been compared in [38]. This analysis for the rainbow chain is too cumbersome
to be reported here; hence we just provide the choice corresponding to the best agreement
with the expressions in the continuum limit among the ones we have considered. In our
numerical analysis, we have employed (4.15) in A and (4.16) in B, as discussed below.

In order to improve the agreement observed between the numerical data points and the
corresponding analytic results, we find it convenient to introduce the following average

β̄(R)
loc (i) ≡ β(R)

loc (i)
2 + β(R)

loc (i+ 1) + β(R)
loc (i− 1)

4 (4.17)

as done e.g. in eq. (53) of [39]. While this averaging does not provide a relevant improvement
for (4.15) in A, it becomes important for (4.16) in B.
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x/L

Figure 6. Weight function of the local term in A for the rainbow chain, obtained through (4.15)
and (4.17), for a configuration of type (a) (top left), (b) (top right) and (c) (bottom panels). The solid
lines correspond to the analytic expression for β(R)

loc (x), given in (3.38)–(3.39). The vertical dash-dotted
yellow line in the bottom right panel identifies A∗.

In figure 6 we compare the data points in A obtained numerically through (4.15) and (4.17)
against the analytic expression for the weight function β(R)

loc (x) reported in (3.38)–(3.39),
which provides the solid lines. In the top left panel, top right panel and bottom panels,
the bipartitions of type (a), (b) and (c) have been considered, respectively. The results
corresponding to the bipartition of type (d) have not been reported because they are
qualitatively analogous to the ones for a bipartition of type (a). As L increases, a remarkable
agreement is observed between the data points obtained from the numerical calculations
on the lattice and the corresponding analytic expression found in the continuum. The
cusp of β(R)

loc (x) at x = 0 is also nicely observed through the lattice data points. For large
inhomogeneity, the convergence to the expected curve is faster away from the singularity
and slower around the singularity (see e.g. the data points having λ = 15 in the bottom
right panel of figure 6). When a < 0 < b, the vertical dash-dotted black line corresponds
to x = 0, where, from (3.38), we find that

β(R)
loc (0)
L

=
Rλ(1)

(
b̃2

L − 1
)(

1 − ã2
L

)
π
(
b̃L − ãL

)(
ãL b̃L + 1

) (4.18)

which becomes the global maximum of the solid curve at large λ, and diverges as λ→ +∞.
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x/L

Figure 7. Weight function of the bilocal term in A for the rainbow chain, obtained from (4.19)
and (4.20), for the same configurations considered in figure 6. The solid lines correspond to the
analytic expression for β(R)

biloc(x), given in (3.41). In the bottom left panel, the vertical dash-dotted
coloured lines correspond to (3.42).

The most interesting feature to highlight in figure 6 is the plateau with height 1/h
occurring in A∗ (see the text above (3.50)) when λ is large. Although the expression (3.50)
for the plateau is derived for λ→ +∞, our numerical results for λ = 15 (see the top left and
bottom right panels of figure 6) already display a plateau of height 1/h in a proper subset of
A∗. We remind that A∗, which is identified by the vertical dash-dotted yellow line at x = −a
in the bottom right panel, is given by A∗ = (|a|, b) in the bottom panels, and by A∗ = (a, b)
in the top left panel. Instead, A∗ = ∅ in the top right panel. This plateau in the weight
function of the local term combined with the contour function (3.44) explains the scaling of
S

(n)
A as the length of A∗ (see the corresponding discussion in section 3.2, and figure 3). In

the regime of large inhomogeneity, besides the plateau, the exponential behaviour discussed
in section 3.2 for the analytic expressions is confirmed by the numerical data points. At any
value of the inhomogeneity parameter, the linear behaviour of β(R)

loc (x) close to the endpoints
of A is nicely captured by the lattice data.

The case λ = 0 corresponds to the results obtained in section 2. Indeed, in figure 6
the weight function of the local term given in (2.22)–(2.23) has been employed (see the
solid blue lines).

For the special case of A adjacent to the boundary, these observations have been made
also in [10], where a different method has been used to obtain the data points for the rainbow
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chain. It would be insightful to compare in a more systematic way these two methods
employed to study the weight function of the local term.

The weight function of the bilocal term found in section 3.2 for the rainbow model
(see (3.41)) can be obtained through a continuum limit procedure similar to the one described
above for the weight function of the local term. In particular, let us consider the combination
of matrix elements introduced in [39], namely

β(R)
biloc(i) = 1

2π
∑
j ∈A

cos
[
π(j + i)/2

]
Ki,j (4.19)

and also the corresponding average analogous to (4.17), namely

β̄(R)
biloc(i) ≡

β(R)
biloc(i)

2 + β(R)
biloc(i+ 1) + β(R)

biloc(i− 1)
4 . (4.20)

This averaging plays a crucial role in obtaining a good agreement with the analytic expres-
sion (3.41) in the continuum, like the averaging (4.17) for (4.16) in the case of the local term.

In figure 7 we have reported the data points obtained from (4.19) and (4.20), for the same
configurations considered in figure 6. As L increases, we observe a remarkable agreement
between the numerical data points from the lattice and the solid curves provided by the
analytic expression for β(R)

biloc(x), given in (3.41). The vertical dash-dotted black line indicates
the curvature singularity at x = 0 (see the text below (3.32)), whenever it is contained
in A, while the vertical dash-dotted coloured lines in the bottom left panel correspond to
x = xc,R(0) (see (3.42)), which depends on λ. These lines also show the positions of the
singular points of the weight functions. Indeed, because of the curvature singularity at x = 0
of the inhomogeneous background, the weight function β(R)

biloc(x) exhibits a cusp singularity
not only at x = 0 (like β(R)

loc (x)), but also at its conjugate point x = xc,R(0), as a consequence
of the bilocal nature of the bipartite entanglement in this setup. Notice that the weight
functions are regular for the homogeneous background. Also the linear behaviour close to
the entangling points (see (3.26)–(3.27)) is nicely captured by the numerical data points.
However, the singular behaviour of β(R)

biloc(x) at x = 0 is not captured by the lattice data
points for the values of L that we have considered. Nonetheless, notice that the support of
the oscillations around x = 0 decreases as L increases. We remark the vanishing of β(R)

biloc(x)
in the regime of large inhomogeneity, as shown in (3.58). For the bipartitions of type (b),
where a = −b with b > 0 (see the top right panel in figure 7), we have that xc,R(0) = 0, i.e.
the two singular points coincide, and, as a consequence, β(R)

biloc(x) is smooth at x = 0 (see the
discussion below (3.43)). In this case, a plateau occurs in the regime of large inhomogeneity,
whose height is given by (3.57).

The case λ = 0 corresponds to the results obtained in section 2. Indeed, the solid blue
lines in figure 7 are obtained from the analytic expression of the weight function of the
bilocal term given in (2.29), (2.31) or (2.32).

Besides the two weight functions β(R)
loc (x) and β(R)

biloc(x), we also find it worth exploring
the contour functions of the entanglement entropies in the rainbow chain. We consider CA(i)
and C(n)

A (i) in (4.10), and we compare the numerical data from the rainbow chain with the
analytic expressions of C(n)

A;(R)(x) and C
(n)
A,B;(R)(x), defined in (3.44) and (3.45) respectively.
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LCA;(R)(x)
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Inverse of the contour (c)
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Figure 8. Contour function for the entanglement entropy in A for the rainbow chain, obtained
from (4.10) and (4.21), for the same configurations considered in figure 6 and figure 7. The solid lines
correspond to the analytic expression of CA;(R)(x), given by (3.44) for n = 1.

As done in (4.17) and (4.20) for the weight functions, also for the contour functions for the
entanglement entropy and for the Rényi entropies in A it is worth introducing an averaging
procedure that allows to obtain a more precise agreement with the analytic results in the
continuum. In particular, we consider the combinations given respectively by

C̄A(i) ≡ CA(i)
2 + CA(i+ 1) + CA(i− 1)

4 (4.21)

and

C̄(n)
A (i) ≡ C(n)

A (i)
2 + C(n)

A (i+ 1) + C(n)
A (i− 1)

4 (4.22)

which can be extended to the complementary region B in a straightforward way.
In the case of the contour function for the entanglement entropy, the results of our

numerical analysis for (4.10) and (4.21) in A are reported in figure 8, where the same
configurations explored in figure 6 and figure 7 have been considered. Since the solid curves
are proportional to those occurring in figure 6, the same qualitative observations can be easily
adapted to this contour function. However, we find it worth highlighting the remarkable
agreement between the analytic expressions (solid curves) and the numerical data points as
L increases in this analysis. The case λ = 0 (solid blue lines and blue data points) provides
the result (2.41) for the contour function in the homogeneous background. It is instructive to
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Figure 9. Entanglement entropy (left) and Rényi entropy with n = 3 (right) for the rainbow chain,
obtained through (4.6). The solid lines are given by (3.46) combined with (4.23).

explain the features of the entanglement entropies through the behaviour of their contour
functions C(n)

A;(R)(x) in (3.44). For instance, the logarithmic divergence in SA originates from
the behaviour of β(R)

loc (x) close to the entangling points, which is given by (3.24) and (3.25).
The entanglement entropies in the rainbow chain have been largely explored in the

literature [10–13, 15] through (4.6), extending the results obtained in homogeneous fermionic
chains in the presence of boundaries (see e.g. [85–89]). In the rainbow model, by also employing
the results of [90–93], it has been found [15] that the entanglement entropies of an interval A
in a generic position are (3.46) with the O(1) term given by the constant ℭn defined as follows

ℭn ≡
(

1 + 1
n

){ log(2)
6 +

∫ ∞

0

[
n2

n2 − 1

( 1
n sinh(t/n) − 1

sinh(t)

) 1
sinh(t) − e−2t

6

]
dt
t

}
.

(4.23)
Our numerical results for the entanglement entropy and for the Rényi entropy with n = 3

in the rainbow chain (for b = 0.8L and a ∈ [−L, b)) are reported in the left and right panel
of figure 9 respectively, for various values of λ. The data points for λ = 0 are obtained in
the homogeneous free fermionic chain, and the corresponding expressions in the continuum
limit are discussed in section 2. The solid curves correspond to the analytic expressions for
the rainbow model in the continuum, given by (3.46) and (4.23) with UV cutoff ϵ set to 1.
The vertical dash-dotted black and yellow lines indicate x = 0 and x = −b respectively. For
the symmetric case where a = −b with b > 0 (i.e. the configuration (b) in figure 2), we refer
the reader to the results in [15]. In the regime of large inhomogeneity, agreement is found
with (3.60). We remark that subleading oscillatory terms occur in the numerical data points
for S(n)

A with n ̸= 1, and are more visible for small values of λ, as also observed in [15]. It
would be very interesting to find analytic expressions for these subleading oscillatory terms.

Since the system that we are considering is defined on a segment, both the interval A
and its complement B have finite volume. Let us stress again that B is made by two disjoint
blocks when A is separated from the boundaries of the segment. While in the previous
analyses the various entanglement quantifiers have been considered only in A, in the following
we explore them also in B. Since the purity of the ground state guarantees that S(n)

A = S
(n)
B ,

it is not useful to consider the entanglement entropies of B. On the contrary, the other

– 35 –



J
H
E
P
0
2
(
2
0
2
6
)
2
2
4

-249

-200

-150

-100

-50

0

19

-221.7

-180.0

-130.0

-90.0

-40.0

0.

2.4

-249

-200

-150

-100

-50

0

19

-221.7

-180.0

-130.0

-90.0

-40.0

0.

2.4

Case (c);   lambda={0, 5}

Figure 10. Matrix elements characterising the entanglement Hamiltonian of A and B (see (4.12) for
A and the analogous formula for B, where CA is replaced by CB). The bipartition is a configuration
of type (c) (see figure 2) with a = −0.3L and b = 0.7L, and it is made by LA = LB = 150 sites.
Here, either λ = 0 (left) or λ = 5 (right). The black solid curve indicates the position of the conjugate
point (3.40). See also the top left and bottom left panel of figure 5, corresponding to the central block
of the left and right panel respectively.

quantities that we investigated exhibit interesting properties in B. The contour functions for
the entanglement entropies in B can be studied by replacing CA with CB (introduced in the
text below (4.7)) in the analysis performed above for A. As for the weight functions (2.9)
and (2.10) for the interval in the half line, which play a crucial role in our analysis and have
been derived in [29] for the interval Â, it is not obvious that their extension to the complement
of Â in the half line (that is not connected) provides the correct weight functions for the
entanglement Hamiltonian in this subsystem. In the following we provide some numerical
evidence supporting this assumption.

In the numerical analyses of the entanglement quantifiers in A for the rainbow chain,
we have always studied subsystems having LA ⩽ L because of the occurrence of vanishing
eigenvalues when LA > L. The same observation holds for B. Hence, in order to avoid
vanishing eigenvalues in the entanglement spectrum either in A or in B, in the following
we consider bipartitions having LA = LB = L.

Let us briefly discuss here the sign of the weight functions as x varies in the whole segment.
The analytic expressions of β(R)

loc (x) and β(R)
biloc(x) (see (3.38)–(3.39) and (3.41) respectively)

vanish only at the entangling points and they are positive in A and negative in B. The
combinations of matrix elements introduced in (4.15)–(4.17) and in (4.19)–(4.20) allow us to
explore the continuum limit of the weight functions of the local and bilocal term respectively.
Since these combinations provide positive results, in the following the numerical data points
from the rainbow chain are compared with |β(R)

loc (x)| and |β(R)
biloc(x)|.

In figure 10 we show the elements of the matrices given by (4.12) for A and by the
analogous formula for B, where CA is replaced by CB. The dashed grey lines separate the
central block corresponding to A (shown in figure 4 and figure 5) from the other ones. The
blocks corresponding to B are the ones whose elements are labelled by position indices that
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Figure 11. Weight functions of the local (top) and bilocal (bottom) term in A ∪B for the rainbow
chain, obtained by employing (4.15)–(4.17) and (4.19)–(4.20) respectively, also in B. The configurations
(of type (c)) are the same ones considered in the bottom panels of figure 6 and figure 7. The solid
lines correspond to the analytic expressions for |β(R)

loc |/L and |β(R)
biloc| (see (3.38)–(3.39) and (3.41)

respectively). The insets zoom in on the region around the first entangling point.

both belong to B. The remaining blocks, whose elements have one index in A and the other
one in B, have been filled with zeros. The dash-dotted green lines indicate the centre of
the segment, where the singularity is located, like in figure 5. The choice of the bipartition
and of the inhomogeneity parameter, described in the caption of figure 10, implies that the
central block in the left and right panel coincides with the top left and bottom left panel
of figure 5 respectively. As we saw for A in figure 4 and figure 5, also in B the largest
elements are located on the odd diagonals around the main diagonal. The position of the
conjugate point (3.40) corresponds to the black solid curve in figure 10, and it nicely captures
a front of the off-diagonal matrix elements associated with A and with B. The effect of
the inhomogeneity on the matrix elements of K in (4.12), both for A and for B, can be
observed by comparing the two panels in figure 10. Note that, while for x ∈ A the conjugate
point (3.40) tends to b as the inhomogeneity grows, for x ∈ B we have xc,R(x) → −x as
λ → ∞ (see (3.55) and figure 10).

Regarding the weight functions of the entanglement Hamiltonian, in figure 11 we have
reported some results obtained by extending to B the expressions in (4.15)–(4.17) for the
local term (top panels) and in (4.19)–(4.20) for the bilocal term (bottom panels), which
have been previously employed for A. In particular, in the top panels, the best agreement
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Figure 12. Contour function for the entanglement entropy in A ∪B for the rainbow chain, obtained
from (4.10) and (4.21) in A and their straightforward extension to B, for the configurations considered
in figure 11. The results in A are the ones in the bottom panels of figure 8. The solid lines are provided
by the analytic expression of CA,B;(R)(x), given by (3.45) for n = 1.

between the data points and the analytic predictions for the local term has been obtained by
employing (4.15) with (4.17) in A and (4.16) with (4.17) in B. Notice that the configurations
of type (c) (see figure 2) considered in the left and right panels of figure 11 are the same
ones analysed in the bottom panels of figure 6 and figure 7; hence the same colour code
has been adopted. The vertical dashed grey lines correspond to the entangling points at
x = a and x = b, while the vertical dash-dotted black line denotes the centre of the segment.
The dash-dotted yellow lines in the top right panel identify A∗ and B∗, and the coloured
dash-dotted lines in the bottom left panel have been already introduced in the bottom left
panel of figure 7. The solid lines in the top and bottom panels are given respectively by
|β(R)

loc |/L from (3.38)–(3.39) and by |β(R)
biloc| from (3.41), which are functions of x/L. The curves

and the data points for λ = 0 correspond to the homogeneous case considered in section 2.
The agreement between the data points from the rainbow chain as L increases and the
analytic curves for |β(R)

loc |/L and |β(R)
biloc| is very satisfactory (see also the insets in figure 11,

that highlight the nice collapse of the data on the solid curves around the first entangling
point), except for the regions close the boundaries of the segment, where the support of the
unstable behaviour of the data points should vanish for larger values of L. We find it worth
remarking that in the regime of large inhomogeneity, the expected plateau given by (3.50) is
observed also in B∗ for large enough values of λ (see also the bottom left panel of figure 3),
as shown e.g. in the top right panel of figure 11 for λ = 15.

We find it very instructive to also consider the contour functions for the entanglement
entropies of the rainbow chain in the entire segment. These quantities have been obtained by
using (4.10), (4.21) and (4.22) in A (see figure 8 for the n = 1 case), and here we employ
the analogous expressions adapted to B in a straightforward way, as previously discussed.
In the continuum limit, (3.45) is the natural candidate for these quantities, for a generic
value of the Rényi index. In figure 12 we show the contour function for the entanglement
entropy in the case of the configurations already considered in figure 11 (also the same colour
code has been employed); hence, in A the data points coincide with the ones reported in
the bottom panels of figure 8. The agreement between the data points for the rainbow
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Figure 13. Contour function for the Rényi entropy with n = 3 in A ∪B for the rainbow chain, for
the same configuration considered in the right panel of figure 12. The quantities C̄(3)

A (i) (see (4.22))
and C(3)

A (i) (see (4.10)) for i ∈ A ∪ B are shown in the left and right panel respectively. The solid
lines correspond to the analytic expression in (3.45) for n = 3.

chain and the analytic expression for CA,B;(R)(x) (i.e. (3.45) for n = 1) is excellent along the
entire segment. Notice that the oscillations of the data points observed in the top panels
of figure 11 close to the endpoints of the segment for the weight function of the local term
do not occur for the contour function of the entanglement entropy. We remark that the
average (4.21) plays a crucial role in finding such remarkable agreement with the analytic
expressions in the continuum. Indeed, in the results for the contour function reported in [10]
for the case of a block adjacent to the boundary (where (4.21) was not employed), oscillations
are observed in the vicinity of the boundary.

The crucial role of the averaging procedure given by (4.21) and (4.22) is evident when the
contour functions of the Rényi entropies are considered. In figure 13 we report our numerical
data points for the contour function of the Rényi entropy with n = 3. In particular, in
the left and right panel of this figure we show C̄(3)

A (i) (see (4.22)) and C(3)
A (i) (see (4.10))

respectively, extended to the entire segment in the straightforward way. The bipartition is
the same one considered in the right panel of figure 12 to facilitate the comparison with
the n = 1 case. This gives some insights into the n-dependence of the contour functions
for the entanglement entropies. Large oscillations occur in the data points for C(n)

A (i) with
n ≠ 1, whose amplitude significantly increases with n, especially in the regions close to the
boundaries of the segment. This has been observed also in figure 11 of [10] for the case of a
block adjacent to the boundary. By comparing the two panels of figure 13, it is evident that
the averaging procedure introduced in (4.22) leads to a significant improvement in finding
agreement with the analytic expression (3.45). For both C(n)

A (i) and C̄(n)
A (i), the oscillations

increase towards the boundaries and for increasing values of n, but they are suppressed as
the inhomogeneity grows. Indeed, the largest oscillations are observed in the homogeneous
case. It would be very insightful to find analytic results for these oscillations.

5 Conclusions

In this paper we studied the entanglement Hamiltonian and the contour functions for the
entanglement entropies of an interval A for the massless Dirac field on a segment with an

– 39 –



J
H
E
P
0
2
(
2
0
2
6
)
2
2
4

inhomogeneous background and in the ground state. The class of spatially inhomogeneous
backgrounds (3.1) was explored, and the same boundary condition was imposed at both
endpoints of the segment. The position of the interval A in the segment is generic (see
figure 1). The analytic results for these quantities are given in section 2 for the homogeneous
case and in section 3.1 for a generic background. The latter expressions have been specialised
to the rainbow model in section 3.2, and in section 4 they have been checked against the
continuum limit of the corresponding exact numerical results in the rainbow chain (4.2),
for the configurations in figure 2. In the limit where A is adjacent to the boundary, the
results of [10] are recovered.

The massless Dirac field on a segment is a BCFT with c = 1. Since the same boundary
condition is imposed at both endpoints, we have employed the entanglement Hamiltonian of
an interval in the half line found in [29]. Our results for the homogeneous case are discussed
in section 2. Combining the conformal map (2.11) with the weight functions found in [29],
we have obtained the entanglement Hamiltonian (2.21) with the weight functions (2.22)–
(2.23) and (2.29) (or (2.31) or (2.32) equivalently) for the local and bilocal term respectively.
From the weight function of the local term, we have obtained the contour function for the
entanglement entropies in A and in the entire segment (see (2.41) and (2.45) respectively).
The corresponding entanglement entropies are reported in (2.44).

These analytic results for the homogeneous case have been employed to find the same
quantities for the class of inhomogeneous backgrounds defined by (3.1). In particular, the
entanglement Hamiltonian of the interval is (3.4), where the weight functions are given by
either (3.5) or (3.7) for the local term and by (3.11)–(3.12) for the bilocal term. In the case
of these inhomogeneous backgrounds, we have written a candidate expression for the contour
functions for the entanglement entropies by employing the weight function of the local term
(see (3.17) in A and (3.22) in the entire segment). This provides the expression (3.21) for
the entanglement entropies, first found in [15] through the twist fields method.

In the second part of the paper, our analytic results have been specialised to the rainbow
model (see section 3.2 and section 4), whose Weyl factor is given by (3.32). In this model,
the weight functions for the local and bilocal term become (3.38) (or equivalently (3.39))
and (3.41) respectively. Considering the bipartition in figure 1 of the rainbow chain (4.2) in
its ground state, in section 4 we studied the continuum limit of the entanglement Hamiltonian
and of the contour functions for the entanglement entropies, finding a remarkable agreement
with the analytic expressions obtained in section 3.2. The matrix (4.12) determining the
entanglement Hamiltonian (4.11) on the lattice displays the inhomogeneous and the non-local
nature of this operator, as shown in figure 4 and figure 5 for A and in figure 10 for the entire
segment. The method that we have employed to study the continuum limit is based on the
analysis performed in [39] for entanglement Hamiltonians in homogeneous fermionic chains
(either on the line or on the half line), which contain also a bilocal term. Our numerical
results for the weight function of the local and bilocal term are shown in figure 6 and figure 7
respectively, and those for the contour functions and the corresponding entanglement entropies
in figure 8 and figure 9 respectively. These quantities have been explored also in the entire
segment, obtaining the results reported in figure 11, figure 12 and figure 13. The agreement
between the analytic expressions and the numerical data for these quantities in B provides
evidence that the analytic formulas derived in section 2 and section 3 are also valid when
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x ∈ B. As for the numerical approach to the continuum limit, it would be interesting to
further explore the differences between (4.15) and (4.16) for the weight function of the local
term in x ∈ B. It would also be insightful to understand why the lattice formula for the
contour function for the entanglement entropy captures the CFT prediction in a very nice
way, whereas the ones employed for the weight function of the local term display oscillations
in B near the boundaries of the segment (see figure 12 and the top panels of figure 11).

Our results confirm the interesting relation between the reduced density matrix of some
bipartitions obtained from the ground state of the rainbow chain in the regime of large
inhomogeneity and the density matrix of a thermal state in the subsystem [11–13, 15] (see
figure 3). Indeed, the weight function of the local term can develop a plateau (3.50) in this
regime, as observed in bottom right panels of figure 6 and figure 8, in the top right panel
of figure 11, and in the right panels of figure 12 and figure 13. Interestingly, the weight
function of the bilocal term can also display a plateau in the regime of large inhomogeneity
(see e.g. (3.57) and the top right panel of figure 7), which however does not admit a thermal
interpretation, as discussed in section 3.2. In figure 13, where the contour function for the
Rényi entropy with n = 3 is considered, the improvement provided by the averaging defined
in (4.22) is highlighted. The same figure shows the relevant role played by oscillatory terms
in the lattice data points, and it would be insightful to describe them analytically. We remark
that the numerical methods employed in this work and in [10] are qualitatively different;
hence, it could be interesting to perform a systematic comparison between them.

The results discussed in this work suggest various directions for future studies.
It would be interesting to apply the method discussed in [36–39, 83, 84] to study the

entanglement Hamiltonians in other inhomogeneous free models [21, 54, 94–115], considering
with particular attention the entanglement Hamiltonians that contain also non-local terms [26–
30, 116–120] and the limiting regimes where they become local. The extension of these analyses
to interacting models would be of great relevance (see e.g. the numerical results in [121]).
In the case of free fermionic chains, it is important to explore also the role played by the
filling parameter in the entanglement Hamiltonian (see e.g. [39, 50]). In these setups, it
would also be worth investigating other interesting quantities related to the entanglement
Hamiltonian. These include e.g. the entanglement spectra [9, 35, 77–80, 122–128], important
measures of bipartite entanglement in mixed states such as the logarithmic negativity [129–
141], and other quantities probing various features of entanglement [25, 50, 142, 143]. The
latter class includes also alternative expressions for the spatial density of the entanglement
entropy, like e.g. the one discussed in [144]. The aforementioned entanglement Hamiltonians
containing non-local terms should be explored also in more complicated models (see e.g. [145–
152] for the entanglement entropies). It is important to study entanglement Hamiltonians
for inhomogeneous models also in higher dimensions [13, 23, 100, 153–157] and in out of
equilibrium scenarios [9, 158–164]. Finally, pivotal insights could arise from the analysis
of entanglement Hamiltonians and related quantities in the context of the gauge/gravity
correspondence (see e.g. [165–174]).
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