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Abstract

Machine learning interatomic potentials (MLIPs) achieve DFT-level accuracy by re-

placing rigid functional forms with neural network architectures that allow for much

more effective regression at the cost of less intuitive representations. This thesis ex-

plores how representations of atomic environments used by MLIPs behave in two

regimes: at short range in how body-ordered expansions converge with respect to

their basis functions, and at long range, in improving the modeling of the electronic

response of systems sensitive to electrostatic interactions.

We determined that Atomic Cluster Expansion (ACE) models are only able to

recover the DFT dimer curve if the self-interactions inherent in their efficient tensor

product construction are filtered with a purification operator. Moreover, we highlight

that the canonical many-body expansion has a non-monotonic and non-convergent

scaling with higher body orders in trimers and systems with symmetric interactions.

We also studied the ad hoc modeling of long-range electrostatics through physi-

cally motivated charge flow models, namely charge equilibration (QEq). We showed

how QEq-based treatments that parametrize through local atomic descriptors fail to

capture the correct dielectric response, as diagnosed by the bare susceptibility χ0, and

extended the capabilities of our in-house code PANNA to include the split charge equi-

libration (SQE) model. Phonon dispersions from trained SQE models show signatures

of finite longitudinal optical-transverse optical splitting in MgO where short-range and

charge equilibration counterparts fail to manifest, suggesting that the SQE model has

the necessary ingredients to capture finite screening in ionic crystals.

Both results show that physically grounded constraints on MLIP representations

recover behavior that unconstrained flexibility misses: recovering the canonical ex-

pansion through purification methods as well as imposing constraints on charge flow

through the bond topology in SQE.
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Chapter 1

Introduction

1.1 Classical force fields and ab initio molecular

dynamics

Prior to the use of machine learning techniques to model the potential energy surfaces

of materials, there have been two paradigms in building force fields. On one hand,

we have classical force fields which use an inflexible functional form that is fixed a

priori from physical reasoning. It traces its roots to Lennard-Jones potentials, where

intermolecular forces are modeled with a pair interaction,

ELJ (R) = 4ε

(( σ
R

)12
−
( σ
R

)6)
, (1.1)

which has become the prototypical model in describing repulsion and attraction be-

tween particles. Parameters such as well-depth ε and distance at zero potential σ

are interpretable which allows a very intuitive understanding of the functional forms

used. Other pair potentials such as the Morse or Buckingham potentials increase

the number of physical parameters to improve fitting. The benefit of pair potentials

goes beyond pedagogy and simplicity as they are able to capture physical phenom-

ena well despite their pairwise-additive nature (i.e. ignoring 3-body and higher-order

interactions).

These pairwise potentials unfortunately are not able to distinguish higher-order

correlations. They miss the effects from higher body-order physics from even sim-

ple cases: a pair potential would provide the same energy for a water molecule that

changes its bond angle while keeping its bond lengths constant. Pair potentials also

suffer from missing many-body effects, and incorrectly predict elastic constants [2].

Pair potentials have then been augmented with environment-dependent descriptions

of the local environment to implicitly capture the many-body character of interatomic

interactions, one of the first being the Embedded Atom Method (EAM) [3, 4], which
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has been successfully employed to describe metallic deformations and surfaces. The

Stillinger-Weber potential [5] introduced explicit 3-body terms through angular de-

scriptors, providing a much better description of tetrahedral phases. 4-body terms

were later introduced for condensed matter systems [6] which were parametrized with

the help of ab initio molecular dynamics (AIMD). These models gave rise to the bond-

order potentials [7–10] where the orders were systematically parametrized leading to

a much better description of the local atomic environment. The catch of bond-order

potentials is that the number of functions needed to describe the system grows com-

binatorically large as the body-order goes higher, and the many-body expansion on

which these bond-order potentials rely fails to adequately model systems lacking sym-

metries such as surfaces [11, 12]. Despite these improvements, physically motivated

force fields also suffer from a lack of transferability. As a simple example, the set of

parameters to describe an elemental carbon system may perform rather poorly when

applied to an amorphous structure or even a molecule.

A different method that tackles the problem of interatomic modeling is through

the already mentioned AIMD, either Born-Oppenheimer or Car-Parrinello [13] where

Kohn-Sham orbitals are given a fictitious mass and propagated as dynamical variables

alongside the nuclei through a Lagrangian formalism. In AIMD, forces are generated

directly from density functional theory (DFT) at each MD time step, which removes

the need for an intuited functional form. This method allows for a description of

the quantum mechanical effects that is grounded in the DFT level of theory, using

fewer priors than classical force fields. It also has the benefit of accessing electronic

properties such as dipoles, band structures, and response functions alongside energies

and forces. Unfortunately, its dependence on DFT is double-edged as it inherits the

O(N3) scaling with N degrees of freedom as opposed to the sub-cubic scaling present

in classical force fields.

The top-down and bottom-up paradigms of classical interatomic potentials and

AIMD have their particular strengths and weaknesses, and one typically must discern

which method works well for the system, properties, and scale that they want to

study. The breakthrough in bridging the time and length scales accessible to these

methods came with the use of artificial neural networks to parametrize the potential

energy surface.

1.2 Machine learning interatomic potentials

The limited number of parameters that hinder the transferability of classical force

fields was addressed by Behler and Parrinello [14] by using a fully connected feed-

forward neural network (NN) to address the difficulty of modeling silicon across its

different phases. Similar to classical force fields, machine learning interatomic po-
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tentials (MLIPs) rely on the assumption that the total energy of any system can be

decomposed into atomic contributions,

Etot({R}) =
∑
i

Ei ({R}) . (1.2)

Their descriptors, called atom-centered symmetry functions (ACSFs), ensured that

translation, rotation, inversion, and permutation symmetries were followed. They

used supervised learning to train on a small set of structures that were labeled from

DFT calculations, and regressed the model on energies and forces. With the inter-

atomic distances as inputs, they were able to describe 2- and 3-body terms, and they

were able to capture the radial distribution function of silicon melts much closer to

the DFT result compared to other classical force fields. The strength of MLIPs lies in

having orders of magnitude more parameters than any classical force field, a number

that can be tuned through the size of the network architecture. This allowed them

to have an unprecedented level of transferability. From the perspective of AIMD, the

overhead of regressing the model to its target energies and forces is much lower than

the costs needed by standard DFT calculations.

The silent cost of using MLIPs comes from interpretability. The parameters that

NNs have are not grounded in physical intuition, which makes it difficult to extract in-

sight beyond the results. Classical force fields, while rigid in their form, are built from

physical intuition and analyses of their successes and failures are easier to manage and

harder to dismiss as a black-box model. Because of this, research on representations

of atomic environments for the use of MLIPs was, and continues to be, an active area

of research. In the next few sections we see how descriptors for MLIPs represent local

environments, as well as how established methods are adapted to capture effects that

are not captured by radial cutoffs of typical lengths.

1.3 Local atomic representations and body-ordering

To make atomic descriptors tractable, each atom i should have a finite number of

atoms it interacts with in its neighborhood. A reasonable way to limit the list of

neighbors per atom is through imposing a finite radial cutoff where atoms farther

than some distance Rc from the central atom do not contribute to the atomic energy,

Ei. To ensure that the force fields calculated do not suffer from discontinuities at the

boundaries, the energy must vanish smoothly. This is typically done through cutoff
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functions, and the ACSFs and their modifications employ the following [15, 16],

fc (Rij) =


1
2

(
cos
(

πRij

Rc

)
+ 1
)
, Rij ≤ Rc

0, Rij > Rc

. (1.3)

The use of these cutoff functions to describe electronic effects is supported by

the nearsightedness of electronic structure as discussed by Prodan and Kohn [17],

where systems with finite gaps have density matrix elements that vanish quickly

with distance. Local electronic structure is then insensitive to distant perturbations,

permitting the validity of instituting these cutoffs.

In the subsequent discussion, we see how these local descriptors have evolved since

their first iteration in ACSFs. ACSFs were the first descriptors that were created for

MLIPs. Modifications have been made [16] to make them more efficient, and the

modified functions are given as,

GRad
i [s, Rij] =

∑
j ̸=i

e−η(Rij−Rs)
2

fc (Rij) , (1.4)

GAng
i [s, Rij, Rik] = 21−ζ

∑
j,k ̸=i

(1 + cos (θijk − θs))ζ

× e−η(Rij/2+Rik/2−Rs)
2

× fc(Rij)fc(Rik), (1.5)

where the geometric hyperparameters needed to sample the relevant space are sam-

pling centers Rs, and angular parameters θs, η, and ζ.

A different perspective in modeling the local environments came from the works of

Bartók et al. in using Gaussian-smeared neighbor densities, called the Soft Overlap of

Atomic Positions (SOAP) [18]. SOAP describes the atomic environment by smooth-

ing the densities, allowing for a descriptor that captures up to 3-body interactions

as the power spectrum is expanded in radial basis functions and spherical harmon-

ics (angles). These descriptors are implemented with similarity kernels through the

Gaussian Approximation Potential (GAP) [19].

Despite the initial success of these MLIPs, studies such as [20] have shown that

descriptors going even up to 4-body terms encounter degeneracies in describing simple

atomic environments, and thus may need higher-order correlations to provide faith-

ful descriptions. Breakthroughs that achieved arbitrary N -body scaling came from

moment tensor potentials (MTP) by Shapeev [21] and the Atomic Cluster Expansion

(ACE) by Drautz [22] and coworkers wherein a so-called “density trick” is used to

collapse the neighborhood into a set of one-body projections, or the atomic base.

Higher body orders K are then achieved by taking recursive products of these projec-

tions, thus avoiding the combinatoric O(NK) scaling as typically done to construct

the higher K terms. The cost of these tensor products is O(N) as the construction
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of the projections needs to pass through the neighbor list once. ACE uses a spheri-

cal basis of radial functions with spherical harmonics, and symmetrizes the products

using generalized Clebsch-Gordan coefficients to provide a basis that has fine control

over the correlation order ν1.

A subtle caveat, and possible disadvantage over the standard way of constructing

the body-ordered terms, is that the tensor product is unrestricted, so the K-th body

order feature will inevitably contain renormalized lower-order or “self-interaction”

terms. These tensor product-based descriptors have proven to be effective, and have

been utilized in message-passing graph neural networks such as MACE [23] and its

foundational model variant [24].

The ability of MLIP descriptors to capture the local environments has consistently

been proven, and a review of these physically-inspired features has been undertaken

in [25]. The next section discusses a particular instance when implementing finite Rc

may not provide an accurate description of the system and why an ad hoc treatment

is needed.

1.4 Long-range electrostatics and charge flow mod-

els

In electrostatics, the fraction of the energy that has failed to be captured by these

interaction spheres, Etail, scales as [26],

Etail ∼
∫ ∞
Rc

4πr2u(r)dr, (1.6)

where the distance scaling of u(r) ∝ rα depends on the nature of the interaction. Etail

will be finite only if α < −3. Electrostatic interactions have α = −1, which makes

the cutoff approximation invalid.

The treatment of electrostatic interactions of atomic charges QRs in potentials goes

as far back as the Ewald method, where the Coulomb energies of periodic systems,

ECoul =
1

2

∑
Rs,R′s′

QRsQR′s′

|τRs − τR′s′|
, (1.7)

are summed in both real and reciprocal spaces. τRs is the position of an atom s in

the cell at lattice site R.

A second failure concerns charge transfer even if the atomic neighborhoods can be

covered by reasonable Rc. Test systems studied by Ko et al. [27] show that similar

initial states relax to different configurations depending on the charge states. An

1In the notation of Drautz [22], the correlation order ν = K − 1.
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MLIP without the atomic charge information will not be able to distinguish between

these states, which asserts the need to codify charge information when the system

requires it.

To this day, finding suitable ad hoc solutions to long-range forces remains an

active area of research for MLIPs [28]. One can categorize the solutions into two

strategies. The first learns nonlocal features: LODE [29, 30] constructs descriptors

from a long-range potential field rather than a density, and related schemes embed a

reciprocal-space channel similar to the Ewald summation [31–33]. These retain the

flexibility of neural network-based models and are agnostic to physical descriptions

of charge, but they inherit the expressivity of the network. The second strategy

fixes a physically motivated parametrization of atomic charges and learns only its

parameters. Some methods incorporate additional information such as the location of

Wannier centroids in the training protocol [34, 35], or leverage charge equilibration-

based models in the workflow [27, 36–39]. The methods inspired by physical models

typically do not perform consistently well for both metals and insulators, and one

has to choose depending on their system of interest. It remains a challenge to model

systems that have metal-insulator interfaces, or to model an electrostatically sensitive

system without declaring too many priors on whether it is metallic or insulating. This

thesis focuses on the latter, particularly in capturing charge flow in the environment as

discussed by Jensen in his review connecting the dominant models [40]. He discusses

the failures of the charge equilibration/fluctuating charge model as the first successful

one, details its pathological shortcomings, and gives an overview of the other methods

that try to address their shortcomings:

• Charge Response Kernel (CRK) uses a charge response kernel matrix K over

all atom pairs. Uses fixed charges so it does not allow charge transfer between

fragments.

• Split Charge Equilibration (SQE) uses a bond-space parameterization of charge

flow and is a natural extension of charge equilibration, but the penalty of charge

flow between atoms diverge as the bond dissociates.

• Atom-Condensed Kohn-Sham DFT Approximated to Second-Order (ACKS2)

uses a Legendre transform to use both charge and potential degrees of freedom

to provide a mixed-variable representation of charge flow. Its derivations follow

closely linear response and conceptual DFT [41].

• Bond Capacity (BC) uses potential degrees of freedom (but atomic charges are

recoverable) and utilizes the atomic softness, which has a more numerically rea-

sonable behavior at bond dissociation (goes to 0 instead of infinity for hardness).
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1.5 Thesis outline

In this thesis, we aim to answer two problems arising from the representations of

atomic environments in MLIPs. Chapter 2 investigates if it is possible to systemati-

cally converge body-ordered descriptors order by order to eventually construct more

efficient feature representations. We also perform simple investigations into the origi-

nal many-body expansion to see if the commonly assumed convergence at low orders

(i.e., K = 4) is valid in general. For the long-range interactions, Chapter 3 dis-

cusses the missing ingredients from charge equilibration-based models through linear

response functions and Chapter 4 explains the implementation of the split-charge

equilibration model to address the pathological shortcomings of charge equilibration.

We summarize the findings and discuss future outlooks in Chapter 5.

Original contributions from this work are highlighted in Fig. 1.1.

Figure 1.1: Graphical summary of projects, highlighting original contributions. Chap-
ter 2 (in blue) discusses how body orders, whether calculated using the original or
tensor product expansion, do not converge fast even at simple data and constrained
models, at DFT and tight-binding levels of theory. Chapter 3 (orange) forwards that
the split-charge equilibration (SQE) model improves upon the linear response descrip-
tion of the more commonly used charge equilibration (QEq) ad-hoc fix for capturing
long-range interactions. Finally, Chapter 4 showcases the how a bond-based SQE
model is built on top of the existing PANNA code, and provides results that corrob-
orate the assertion from the previous chapter.
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Chapter 2

Convergence of body orders in

MLIPs

This chapter covers the discussions found in our work on ”Convergence of Body-Orders

in Linear Atomic Cluster Expansions”, in JPC A [1]. We investigated the convergence

of body-ordered descriptors in short-ranged MLIPs as well as a brief exploration of

the many-body expansion itself. The first section discusses the underlying structures

of the descriptors built from tensor products, their advantages and caveats. Then

we discuss the computational setup and the results from the tests highlighting that

the ACE basis, whether self-interacting or purified, fails to recover the two-body

energetics. The final section discusses whether the purified or canonical expansion

itself is worth the trouble as a study of body-orderedness by Chong et al. [42] suggests

that convergence of clusters at lower orders may not be as intuitive as thought. Simple

tests on trimers and symmetric cases are done at the tight-binding level of theory.

2.1 Body-ordering in force fields

The total energy of a system can be decomposed into N -body contributions through

the (canonical) cluster expansions,

E ({Ri}) = V (0) +
∑
i

V (1) (Ri) +
∑
i,j
i̸=j

V (2) (Ri,Rj) +
∑
i,j,k

i̸=j ̸=k ̸=i

V (3) (Ri,Rj,Rk) + ...,

(2.1)

and have been used as the local environmental descriptors to study thermodynamics

in substitutional alloys [43] as well as empirical potentials of condensed matter and

molecular systems [5, 8, 44].

It has been shown that the expansion in Eq. 2.1 is complete [45] when the number

of atoms matches the highest order of the expansion. The caveat comes from its
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intractability, i.e. going to higher orders is combinatorially prohibitive. Its usefulness

comes from the fact that the total energy seemingly converges after a few body orders

K [5, 12, 44].

The cluster expansion has also been used to describe local environments in MLIPs.

The assumption behind these descriptors stems from the atomic energy decomposition

of the total energy as described by Eq. 1.2. The atomic energies Ei are expanded in the

number of neighbors. Methods to construct Ei have undergone rapid developments in

the last few years, with symmetry-respecting descriptors that truncate the expansion

after a few terms [14, 18, 46, 47] or even take advantage of tensor products to obtain

an arbitrarily high body order [21–23]. A detailed review on symmetry-respecting

local descriptors has been done in [25], but recent developments can even start from

unconstrained models [48].

A widely adopted version of the tensor products is the Atomic Cluster Expansion

(ACE) proposed by Drautz [22]. Each Ei is expanded with a non-orthogonal basis

with unrestricted sums. We first start by describing a one-particle basis function ϕk,

ϕk(Rij) = Rn(Rij)Ylm(R̂ij), Rij = Ri −Rj (2.2)

where k = (n, l,m) is the compound index that describes the quantum numbers need

for the radial basis function (e.g. Chebyshev or Bessel radial) and spherical harmonics

Ylm(R̂ij) that take as inputs the unit vectors of Rij. To collect all neighbors of the

atom i, we pool all its neighbors to its atomic basis,

Ak,i =
∑

j∈N (i)

ϕk (Rij) . (2.3)

These atomic basis functions sum all ϕk(Rij) neighbors of atom i. We note that Ak,i

is two-body by nature as it just sums all the pairs in the neighborhood N of i. From

here, the basis functions of higher body-orders centered around i are created through

repeated products of the atomic basis which we denote with Ak,i,

Ak,i = Ak1Ak2 ...Akν =
νmax∏
t=1

Akt,i. (2.4)

k = (k1, k2, ..., kν) is short for all the different k multiplied together ν times, which

we call the correlation index. Using a trimer for an example, the highest order basis

function is created with,

Ak,i = Ak1Ak2 =
ν=3∏
t=1

Akt,i.

A 3-body term is built with a ν = 2 correlation index, so we have ν = K− 1. Finally,
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the atomic energy described by a K-body basis using ACE is,

Ei ({Ri}) =
νmax∑
ν=0

∑
k=k(k1,...,kν)

ckAk,i =
∑
k

c
(1)
k Ak,i +

∑
k1≥k2

c
(2)
k1k2

Ak1,iAk2,i + ..., (2.5)

This version of the expansion is also complete [49] and respects the necessary

symmetries1, and its implementations have been effective in MLIPs [50–54]. MACE

[23, 24], one of the state-of-the-art families of MLIPs, extends the formalism of ACE

as a graph neural network, but the interpretability of the expansion is traded for a

much more expressive model than linear potentials.

Implementations of these interatomic potentials using the ACE framework need

to consider the basis complexity, in particular the number of basis functions and

the maximum K. Typically, the selection is a heuristic process and no systematic

construction has been proposed yet. While linear ACE potentials achieve competitive

fitting and validation errors, the stability of these solutions and the interpretability

of the basis functions have not been studied as much beyond efforts to eliminate the

self-interactions inherent in the tensor products [55] and uncertainty quantification

studies [56].

Nowadays, MLIPs are increasingly used through foundation models [24] as base-

lines: MLIPs that do not need to be trained from scratch. These stand in stark

contrast to training bespoke models where the full generation process is considered.

The scope of this study is to answer: do body-ordered bases converge system-

atically at lower-order energetics? We investigate the convergence of linear ACE

models at different maximum body order Kmax in terms of their projection onto the

lowest terms of the original cluster expansion in Eq. 2.1. In particular, we look at the

convergence of the MLIPs in energies and forces on different datasets as a function

of the number and type of basis functions, and compare it to the stability of a real

body-ordered expansion. Our study focuses on the first nontrivial term: the pair in-

teraction or the two-body term. This can be easily obtained from a given potential by

studying the energy profile of two isolated atoms, a dimer, as a function of distance,

E2b,i (ri, rj) = V (2) (ri − rj) . (2.6)

We try to determine whether the pair energetics might converge to the real dimer

dissociation curve, or to another arbitrary function for a dataset that may not contain

dimers.

It is worth noting that while nonlinearities inherent in neural network architectures

can improve the performance of MLIPs by representing higher-order terms when the

1Rotational symmetry is preserved through by coupling them with generalized Clebsch-Gordan
coefficients, as discussed in the original ACE paper by Drautz [22].
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expansion is truncated, caution must be exercised in how they are applied in the sense

of keeping the body-ordering faithful [57]. We aim not to build the most accurate

potentials but simply to have a slightly more grounded understanding of the ACE

framework. As such, we limit our tests to training simpler linear models as well as

not employing very high body orders, where returns are diminished.

2.2 Datasets and methods

2.2.1 Datasets

To make the study as controlled as possible, we use elemental structures of carbon and

silicon in this work. For carbon, three datasets were used: the first set has 247 dimer

structures at distances between 0.5 and 8 Å, with half selected for the validation set.

The other two are sets of 1000 structures (out of the 50000 full training set) coming

from a collection of carbon allotropes at low pressures, between 0 and 0.1 GPa [58].

One subset is a homogeneous collection of diamond-like structures clustered using a

Euclidean distance of configurations X and Y [59, 60],

dXY =
1

2

 1

Nat
Y

Nat
Y∑

i=1

|gX − gY |2
1/2

, (2.7)

where g is a versor of some fingerprint vector G that describes the atomic environment

of all atoms in the unit cell for a given configuration. This set is characterized through

a histogram of distances to a reference diamond structure in Fig. 2.1. The final set

consists of structures obtained using farthest-point sampling [61] to ensure that the

subset best represents the diversity from the full set done by SHaidu et al. [60]. We

will refer to these two latter subsets as the diamond and diverse subsets. A validation

set was constructed from 1000 diverse structures that have not been seen in any of

the training sets. The carbon data were calculated using Quantum Espresso [62] with

the rVV10 functional [63] with basis set kinetic energy cutoff for wavefunctions and

charge density at 80 and 480 Ry, respectively as discussed in the original work by

Shaidu.

Another dataset of molecular silicon structures taken from [56] was also considered

as a simpler case where the maximum K in the basis sets used is comparable to the

number of neighbors of the structures. A 90:10 split was done for the training and

validation sets.
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Figure 2.1: Histogram of fingerprint distances of the configurations in the carbon
dataset in [60] relative to a reference diamond-like structure (inset).

2.2.2 Descriptors

We use ACE descriptors as implemented in the pacemaker [52] and ACEpotentials.jl

[54] packages. We briefly show the two equivalent forms of the expansion, indicat-

ing the usual ACE expansion containing the self-interacting terms and the purified

expansion discussed throughout the results.

Expansions begin from the atomic energy Ei found as the summands in Eq. 1.2.

They are built from the one-particle basis ϕk (Eq. 2.2) which are then pooled into the

atomic basis Ak,i in Eq. 2.3 that describes the neighborhood of atom i. Low n, l were

chosen to keep a minimal basis and to maintain rotational symmetry.

From here we specify two different ways to pool the ϕk:

1. First, the self-interacting expansion as described earlier from Eqs. 2.2-2.5,

Ei =
∑
k

cself,k Ak,i, Ak,i =
ν∏

t=1

Akt,i =
ν∏

t=1

∑
j

ϕkt (Rij) . (2.8)

The product in Eq. 2.8 is what makes ACE efficient. Ak,i scales linearly in the

number of neighbors J , whereas the distinct-neighbor sum in Eq. 2.10 scales

as
(
J
K

)
. The price is the pair interaction with itself2, as seen by expanding the

2Note that this is different from the self-interaction of DFT, where a spurious interaction of an
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two-body case,

Ak1k2,i =
∑
j1 ̸=j2

ϕk1(Rij1)ϕk2(Rij2)︸ ︷︷ ︸
Ac

k1k2,i

+
∑
j

ϕk1(Rij)ϕk2(Rij)︸ ︷︷ ︸
self-interaction

, (2.9)

2. We avoid the renormalization of terms coming from the self-interactions with a

purification algorithm by Ho et al. [55]. Each K-body term is generated from

distinct neighbors, and its atomic basis is indicated by Ak,i,

Ei =
∑
k

cpure,kAk,i, Ak,i =
∑

j1 ̸=···̸=jK

ν∏
t=1

ϕkt (Rijt) , (2.10)

where Ak,i refers to the pooled basis for the canonical expansion. To avoid

the combinatorial construction of the body-ordered terms with the purification

operator Pk1k2
g with linearizes the product of one-particle functions ϕk(Rij),

ϕk1(Rij)ϕk2(Rij) =
∑
g

Pk1k2
g ϕg(Rij), (2.11)

where the operator Pk1k2
g are linearization coefficients and the index g runs

over all one-particle basis functions that are part of the linearization. Eqs. 2.10

and 2.8 span the same space but distribute energy across body-orders differently.

We provide an example for the differences between bases in Fig. 2.2.

Figure 2.2: Trimer example showing the differences in bases used for the self-
interacting and canonical expansion. The terms on the right describe a three-body
interaction, surrounding atom i. Ak1k2,i has each term built from unique pairs Ril, Rim

whether built combinatorially or through the purification operator P . The self-
interacting counterpart Ak1k2,i will have products of ϕk coming from the same pair,
which effectively describes a pair, hence the renormalized interaction.

We distinguish the coefficients of the two bases as cpure and cself: the former isolate

the contribution of each order, while the latter carry the self-interaction absorbed from

atom with itself is corrected.
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Figure 2.3: Decomposition of the body-ordered energies of a 4-atom system using the
(top) canonical and (bottom) self-interacting expansions.

lower orders. A generalized visualization of the difference between the self-interacting

and purified bases with the coefficients may be seen in Fig. 2.3.

2.2.3 Fitting protocol

Training was performed with a least-squares error method for both the pacemaker

and ACEpotentials.jl packages. For pacemaker, the loss function is,

LP = (1− λ) ∆2
E + λ∆2

F + ∆coeff + ∆rad. (2.12)

∆2
E and ∆2

F are the corresponding energy and force root-mean-square errors (RMSE),

and λ is the coefficient that balances energy and force contributions to LP . ∆coeff

penalizes the basis function coefficients, which include both L1 and L2 regularizations.

∆rad regularizes the coefficients of the radial components of the basis function.

On the other hand, ACEpotentials.jl minimizes the loss function LA through a

kernel ridge regression method,

LA = ||W (y −Ac) ||2 + λ||Γc||2, (2.13)

where W encodes the relative loss weightings for energies and forces, y is the labeled

data, and A is the basis matrix. The model regresses the parameters c by minimizing

LA. Γ is a more generic L2 regularization matrix, and λ is the hyperparameter

coefficent with details discussed in the original paper by Witt et al. [54]. For the

regression methods, we used Bayesian Linear Regression to let the model dictate

appropriate values for λ and Γ. Evaluation of the dimer curves was done using

the Atomic Simulation Environment (ASE) [64]. Besides the parameters involving

descriptor complexities, other parameters were set to default for both tests to keep

the comparison controlled.
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For the bases, we start from the K = 2 body-ordered functions and introduce

more terms of the same order. We validate the models at each addition of basis

functions, and check when the current version of the model begins to overfit. Before

the validation error deviates from the training error, we introduce higher-order terms

from K = 3 while keeping the number of lower-order terms fixed, and then repeat the

procedure for higher orders up to K = 5.

2.3 Results and Discussion

2.3.1 Carbon datasets

The initial test is fitting the dimer dataset with an increasing number of basis func-

tions, Nf , up to 250 elements and K = 4 body order. The loss and dimer curves are

shown in Fig. 2.4. The colors of the curves indicate the complexity of the basis set

used, from exclusively K = 2 body order functions, up to K = 3 and up to K = 4

body orders. The top plot shows the loss LP as a function of the number of functions

in the system. The validation loss converges even with just two-body functions and

overfits with the addition of higher-order functions, jumping 2 orders of magnitude

as even more complex functions are added. This is to be expected as the dataset

consists solely of 2-body structures. The bottom panel shows the dimer curves of the

potentials with the largest Nf for each Kmax. We see that all potentials are able to

reproduce the DFT dimer curve.

The energy loss for the representative potentials is around 5 meV/at, while the

force RMSE exceeds 2500 meV/Å for the overfitting potential (Nf = 250). This

is due to the short-range region of the curve having diverging energies, making the

deviation from DFT results more sensitive to errors. A comparison of the forces at

the short-range region may be found in Fig. A.1 in the Appendix.

The results for the homogeneous diamond-like dataset are shown in Fig. 2.5. One

can see that the training loss from the diamond-trained potentials is considerably

lower upon the introduction of K = 3 functions. We see that the validation on the

diverse set shows overfitting when K = 4 functions are added. The dimer curves

from these potentials do not show a convergent behavior despite the losses converging

already, and they remain far from the expected dimer behavior dictated by DFT.

This may be attributed to the dataset not having a diverse collection of structures,

resulting in small variations in the radial distribution function and hence a flat curve.

We also look at the dimer curves produced by the diverse sets, but we extend

the basis complexity to Kmax = 5 in Fig. 2.6. For this part, we have also included

the full set of 50000 structures. These curves have higher variability compared to

the ones produced by the diamond-like dataset. Within a particular Kmax, there is
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Figure 2.4: (Top) Loss vs. number of basis functions Nf for the dimer dataset. Train-
ing and validation errors are presented as dashed and solid curves. Colors indicate
potentials built from different basis sets: exclusively two-body or Kmax = 2 (light
green), Kmax = 3 (green), and Kmax = 4 functions (dark green). Light solid lines
indicate the loss if more functions were introduced without introducing higher K.
(Bottom) dimer curves for each of the potentials trained at certain Nf , with reference
DFT data as points. Heavy lines represent the potential with the largest Nf before
functions of higher K are introduced.

little variability in the curves when more functions are added, but the curves with

increasing Kmax do not seem to converge even with 5-body ordered terms.

We note that the lack of pairs around the 2.0 Å region is due to the low-pressure

nature of the data, which limits the degree of distortion. Both the subset and the

full set had a similar distribution of pair distances, owing to the subset being able to

represent the full set closely from the farthest point sampling.

Next, we try the same setup using ACEpotentials.jl with the diverse subset

in Fig. 2.7. The dimer curves show improvements in the equilibrium bond length

r0 and the energy minimum. We can attribute this to ACEpotentials.jl requiring

additional geometric priors and more rigorous regularization schemes. The routines

involving Bayesian Linear Regression used in the code [54] to calculate the coefficients

c also allow for the automatic selection of regularization parameters λ in Eq. 2.13 thus

21



Figure 2.5: LP vs. Nf (top) and dimer curves (bottom) for the homogeneous,
diamond-like dataset. Orange, pink, and purple plots correspond to Kmax = 2, 3,
and 4 potentials, respectively. Black dots indicate reference DFT values. The x-
values of the dimer curve start at the minimum distance found in the homogeneous
dataset.

reducing the number of hyperparameter sweeps done. In contrast, pacemaker lacks a

more detailed radial basis construction3, so the qualitative features of its curves rely

more heavily on a richer dataset.

Still, it seems that the potentials made from purified bases do not produce a

marked improvement over the self-interacting basis, as seen from the overlapping

curves. Despite this, the study of the Gram conditioning matrix from [55] indicates

that the potentials lose stability when the total number of neighbors J exceeds Kmax

of the basis used to describe the potential.

We also compare the performance of the linear models through their losses to

the performance of different bespoke MLIPs trained on the same dataset in [65] in

Table 2.14. We found that the linear ACE models with the most complex descriptor

3The radial basis construction in pacemaker focuses on inner cutoffs that penalize oscillatory
behavior at the short-range regions where data is absent, but optimizing this region is outside of the
scope of this work.

4ACEpotentials.jl has no results from nset = 50000 due to memory issues.
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Figure 2.6: Dimer curves for the diverse 1000-structure (blue-green) and 50000-
structure (orange-red) datasets for various descriptor sizes. Histogram of pair dis-
tances across the full dataset are included in gray. No convergence is observed for
either set as higher K functions are introduced.

sets were able to outperform all PANNA potentials and even the l = 1 version of

the NequIP potential [66]. We may attribute the poor performance of the neural

network potentials to the fact that 1000 structures may not be enough, and the

resulting potentials may overfit given the limited data. However, the linear models still

perform relatively worse than their NN counterparts when the full carbon set is used,

suggesting that nonlinearities provide the improvement in training larger datasets.

Despite this, the inability of the linear models to capture the two-body interaction is

not due to poor losses, but to the nature and truncation of the expansion used.

2.3.2 Silicon datasets and the purified bases

A similar investigation was done on a dataset of silicon structures. These contain

dimers, trimers, tetramers, and pentamers, so the maximum number of neighbors

matches Kmax = 5. We train potentials from subsets of 100 trimers, 100 tetramers,

and 500 pentamers, and a mixture of the structures leaving out the dimers to mimic

the diverse carbon set setup. Fig. 2.8 shows that the out-of-distribution (OOD) silicon

potentials, those trained without dimers, also have curves that do not converge to

the DFT result. Additionally, the mixed (Si345) set bears the closest resemblance

to the diverse carbon dataset. The potentials trained from this set also exhibit the

overlapping of purified and self-interacting potentials. The non-overlapping expansion

coefficients may suggest the instability of the solutions for the potentials at different

K.
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Figure 2.7: Dimer curves for the 1000-structure carbon dataset obtained from the
ACEpotentials.jl model. Dashed lines indicate the ACE basis (Kmax = 3, 4, 5) with
self-interactions similar to the one in pacemaker, while the solid lines are trained with
a basis purified of self-interactions. Using a purified basis for the carbon dataset yields
practically identical dimer curves to those from the self-interacting basis for Kmax = 4,
with a qualitative difference in the energy well for the Kmax = 5 potential.

For the potentials trained from pure trimers (Si3), we see signatures of convergence

in the purified basis. The dimer curves at all Kmax overlap, and the basis coefficients

cpure for the 2- and 3-body functions (in the blue region) are consistent with each

other. The pure coefficients corresponding to K ≥ 4 functions are zero, suggesting

that the self-interactions are absent. In the tetramer-trained potentials, curves for

the Kmax = 3 basis set already deviate from the others due to the lower-order cpure

misrepresenting the higher-order tetramer interactions. A similar trend is seen for

the pentamer-trained potentials with the K = 4 basis sets, which misrepresent the

higher-order interactions. Overall, the features from the dimer curves do not converge

as basis functions become more complex with higher K. This makes it difficult to

apply the potentials to structures not present in the training sets.

While generalization to the DFT curve did not occur, we can still see how the

purified coefficients of the models perform when doing interpolative tasks and dimers

are included in the training set, which we call in-domain testing. It can be seen in

Fig. 2.9 that all curves converge to the DFT results regardless of the Kmax of the

potentials. By also looking at the coefficients of the potentials we see that the purifi-

cation method is successful in disentangling lower-order terms from the contributions

of functions at higher K. We also note a similar set for cself and cpure for the dimer-

trained potentials. This may be because the self-interaction terms are not needed to
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Table 2.1: Comparison of linear ACE models to neural network potentials in MAE for
energies and forces for the carbon dataset in [60] for datasets containing nset = 1000
and 50000 structures. Energy errors (E) with respect to the DFT results are in
meV/atom and force components (F) are in meV/Å.

nset = 1000 nset = 50000
Linear Potentials E F E F

pacemaker
K = 4, Nf = 250 48.50 241.27 44.06 222.42
K = 4, Nf = 493 18.30 199.23 17.55 176.48
K = 4, Nf = 930 15.40 167.73 15.27 166.70
K = 5, Nf = 793 14.88 160.78 14.74 159.80
ACEpotentials.jl
K = 3, Nf = 297 38.10 336.84 - -
K = 4, Nf = 802 18.00 210.14 - -
K = 5, Nf = 929 16.72 202.78 - -

Neural Networks
PANNA small 22.40 248.85 17.76 162.37
PANNA mid 20.93 241.36 12.41 137.45
PANNA big 17.88 242.02 8.21 166.95
NequIP l = 1 20.40 213.00 7.96 110.00
NequIP l = 2 6.83 105.00 5.21 51.40
MACE 6.81 103.14 1.82 51.31

describe the energetics for just the dimers.

Finally, we check the mismatch of the overlap of cpure in the K = 2, 3 functions

for the Si234 sets and the K = 2, 3, 4 functions for the Si2345 sets. These mismatches

may be signatures of aliasing that happens because the basis is not complex enough

to capture the higher orders of the many-body expansion. To get a deeper look

at the stability of the pair potential, we look at the cpure of the K = 2 functions

for datasets where Kmax matches the maximum number of particles J in Fig. 2.10.

We include the Si2 potential with the K = 3 basis as the reference coefficient set.

Interestingly, no other potential captured the reference coefficients completely, with

greater deviations coming from the Si234 and Si2345 potentials. The high validation

error for the Si234 suggests that more K = 5 basis functions are needed as well as

more pentamer structures.

25



Figure 2.8: (Bottom of each quadrant) Dimer curves of potentials from the silicon
structures in [56] trained on different subsets. Simn indicates that potentials were
trained from datasets that include m-mers and n-mers, black points show the DFT
dimer energies, and gray bars indicate the distributions of pairs in the dataset. (Up-
per plots of each quadrant) Coefficients of the purified (cpure) and self-interacting
(cself ) potentials. Blue, orange, and green lines correspond to coefficients of poten-
tials capped at K = 3, K = 4, and K = 5 body-ordered functions while blue, orange,
and green shaded regions indicate coefficients corresponding to K = 3, K = 4, and
K = 5 body-ordered functions.

2.4 Convergence of the MBE in tight-binding mod-

els

Although MLIPs are excellent interpolants, their ability to extrapolate remains ques-

tionable. Without the purification of self-interactions in ACE-based models that

effectively decouple terms of different orders, convergence of clusters by body-order

remains difficult. While formulating a training protocol to train order-by-order seems

to be the next step (i.e., obtaining low and stable errors in the two-body terms first,
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Figure 2.9: (Top of each quadrant) ACE coefficients and (bottom of each quadrant)
dimer curves of silicon potentials trained on different subsets, including dimers in
all of them. All dimer curves recover the correct DFT values, and purified potentials
behave as expected with no higher-order renormalizations. All cself , except for the Si2
training, had higher-order renormalizations as seen in the nonzeroK = 3, 4 coefficients
for Si23 and K = 4 for Si234. cpure coefficients are similar for the K = 2, 3 terms in
Si23-trained potentials, and similar for K = 4 terms in the Si234 potentials.

then three-body, etc.), we want to verify if a typically assumed empirical convergence

of cluster expansions is true. Thus we try to answer the question: how does the

canonical cluster expansion converge in body-orders when using simple data such as

purely dimers or trimers, without help from the model?

This section responds to the recent results from Chong et al. [42], which chal-

lenges the claim that body-ordering helps ACE-based potentials [52, 54] learn lower-

dimensional representations. We try to investigate conditions at which the expansion

is convergent. In [42], hydrogen clusters of m-mers (m = 2, ..., 8) were sampled from

earlier ab-initio work on Hydrogen clusters by Cheng et al. [67], and their energet-

ics were calculated for each m-mer. Fig. 2.11 shows the m-mer convergence from
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Figure 2.10: cpure of the K = 2 basis functions for potentials with basis complexities
matching the max number of particles, K = J .

two subsets: clusters with low density ρ and high-pressure bulk at high ρ5. Results

were surprising because the body-orders were not converging for either subset as m

increases. The energetic contributions of the higher m-mers were not decaying fast

enough for different levels of theory: from MLIPs, to DFT, and even methods using

density matrix renormalization group (DMRG). Upon further investigation, it seems

that not only does this poor convergence of MBEs apply to structures with poor

symmetries such as surfaces in [11], but it is more of a rule than an exception.

2.4.1 Nonconvergence of hydrogen clusters

Further work on body-ordering in MLIPs [42] showed body-ordered decomposition

experiments of hydrogen octamers, with specific energetics tied to a particular sub-

cluster. We review the pertinent equations following their notation. The many-body

expansion (MBE) of a system/structure A of N atoms is given by,

EA (R1,R2, ...,RN) =
N∑
i=1

V (1)(Ri) +
∑
i<j

V (2) (Ri,Rj) +
∑
i<j<k

V (3) (Ri,Rj,Rk) + ...

+ V (N) (R1,R2, ...,RN) , (2.14)

5High density clusters were created by taking a random hydrogen bulk configuration, and selecting
the m − 1 nearest neighbors to create a dataset of m-clusters. Low density clusters were sampled
by selecting each atom and its nearest neighbor, then adding the other necessary pairs of atoms to
create the m-mer. Additional details of the sampling may be read from the work by CHong et al.
in [42].
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where i, j, k are atom indices and R are the corresponding positions. They define the

clusters V (m) as the energetics of the m-th body order with lower-order contributions

removed,

V (m) (R1,R2, ...,Rm) = E(m) (R1,R2, ...,Rm)−
∑

1≤K<m

∑
i′<j′<...<K′

V (K) (Ri′ ,Rj′ , ...,RK′) .

(2.15)

The inner sum is identical to the one in Eq. 2.14 and the outer sum contains all the

lower-order contributions.

The body-orderedness of the systems was tested by extracting hydrogen m-mers

Hm from structures generated in [67]. Along with keeping consistency with the study

of body-orderedness done by Chong, Hydrogen is the simplest choice in showing the

convergence, especially when calculating on the tight-binding level of theory as will be

done in Sec. 2.4.2. Different levels of theory (DMRG, DFT (PBE, B3LYP), MLIPs)

were tested to show how each order m was contributing to the total system energy.

For a fair comparison, the m-th order contribution was normalized by both the com-

binatorial weight and the number of atoms in the cluster,

Ṽ
(m)
A =

∑
i<j<...<m V

(m) (Ri,Rj, ...,Rm)
N !

m!(N−m)!
·m

, (2.16)

which showed non-convergent behavior for all levels of theory, regardless of whether

the m-mers were sampled from low- or high-density structures. For the last part, we

Figure 2.11: Alternating energetics of Ṽ
(m)
A for structure A and subcluster m. Taken

from [42].

investigated if this non-convergent trend is present in the opposite direction: a lower
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level of theory, namely tight-binding models.

2.4.2 Tight-binding approximation on m-mers

Consider a two-atom system, situated at positions RA,RB. A generic wavefunction

describing the system is a linear combination of atomic states,

|ψ⟩ = cA|A⟩+ cB|B⟩.

We obtain the dimer energy from the following secular equation,∣∣∣∣∣Eat − ε tAB

tAB Eat − ε

∣∣∣∣∣ = 0. (2.17)

Without loss of generality, we shift energies such that Eat = 0 leading to eigenvalues

ε = ±tAB. Assuming ground state conditions, we expect the eigenstate with the lower

energy to be filled since the hopping term is attractive, tAB ≤ 0. Finally, the system

has both electrons occupying the lowest state6, ε = +tAB < 0. The total energy E(2)

is then just the sum of the eigenenergies. Since m = 2 is the smallest subcluster,

E(2) = 2tAB = V (2) (RAB) , (2.18)

where RAB is the distance between atoms A and B.

In the case of a trimer (m = 3), the wavefunction is now a linear combination of

three states,

|ψ⟩ = cA|A⟩+ cB|B⟩+ cC |C⟩.

There will also be three electrons to fill the energy levels. Two will occupy the lowest

level due to spin degeneracy, and another one will occupy the next lowest energy. The

secular determinant is, ∣∣∣∣∣∣∣
−ε tAB tAC

tBA −ε tBC

tCA tCB −ε

∣∣∣∣∣∣∣ = 0. (2.19)

From symmetry, tij = tji. The corresponding characteristic equation is,

−ε3 + 2tABtBCtCA + ε(t2AB + t2BC + t2CA) = 0. (2.20)

When all three particles interact, Eq. 2.20 has a closed form and so does the total

6Assume that the two spin states are degenerate.
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trimer energy ground state,

E(3) = 2ε0 + ε1. (2.21)

ε0, ε1 are the ground and first excited energy levels, respectively. Trimer subcluster

energetics following Eq. 2.15 for m = 3 for a configuration A are determined from,

V
(3)
A = E(3) −

∑
1≤K<3

∑
i′<j′<...<K′

V (K) (Ri′ ,Rj′ , ...,RK′) ,

= E(3) −
∑
i′<j′

V (2) (Ri′ ,Rj′) ,

V
(3)
A ({tij}) = 2ε0 ({tij}) + ε1 ({tij})− 2 (tAB + tBC + tCA) . (2.22)

We also use Eqs. 2.18 and 2.21 for V (2) and E(3), respectively. The parameters {tij}
can be obtained by parametrizing an H2 dimer curve, and give us the trimer eigenen-

ergies.

2.4.3 Parametrizing hopping terms

We parametrize tij from SCF calculations using Quantum Espresso at the same level

of theory and parameters from PBE calculations of bulk Hydrogen in [67], using

ecutwfc=80.0 with a smearing of 2e-3. H2 (R) was fit using a generic Morse inter-

atomic potential [2],

V
(2)
fit (r) = U0

(
en(1−r/r0) − 2en(1−r/r0)/2

)
, (2.23)

where U0 is the well depth, r0 is the equilibrium bond distance, and n controls the well

width. Before fitting the DFT data, we shift the energies by setting the energy of the

configuration with the largest r to be E(2) (rmax) = 0. From this procedure we get7

Eat = −0.918960405 Ry. Optimized parameters were then obtained using a nonlinear

least squares fit in scipy, and are: U0 = 6.71959298, r0 = 0.79502698, n = 2.3883543.

We then use the parametrized form of Eq. 2.23 to calculate the hopping term via

Eq. 2.18,

tij =
1

2
V (2) (Rij) ,

on a set of configurations {A}. We try this on a set of simple hydrogen trimers that are

rescaled from silicon structures in an earlier study of uncertainty measures for ACE

potentials in [56]. Both the cell dimensions and the positions are rescaled according

to the nearest neighbor distance.

7Divide E(2) (rmax) by 2. The departure of the result from the expected 1 Ry may come from the
computational choices (e.g., PBE pseudopotential, ecutwfc=80, etc.) aiming to be consistent with
[67].
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(a) (b)

Figure 2.12: (a) Fitted Morse potential, Vfit, for hydrogen dimer data calculated using
similar parameters and pseudopotentials in [67]. Repulsive region (r < 0.43 Å) not
included in fit. Distances in the rescaled H3 dataset are indicated in light blue. (b)
Recreated subcluster contribution plots from [42] using the H3 dataset rescaled from

Si3 data from [56]. Blue and orange markers show normalized subcluster values, Ṽ
(m)
A ,

in Eq. 2.16 and base values, V
(m)
A , in Eq. 2.15, respectively.

2.4.4 Trimer cases

Figure 2.13: Geometric cases for the trimer: case 1 equilateral, case 2 isolated atom,
and case 3 quasi-linear molecule.

In case 1 of Fig. 2.13, the interaction t is constant. The relevant determinant in

the atom basis is,

|A⟩ |B⟩ |C⟩
−ε t t

t −ε t

t t −ε

= 0, (2.24)

leading to the characteristic equation, ε3−3t2ε−2t3 = 0. The eigenvalues are ε0 = 2t,
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and two degenerate ε1/2 = −t8. E(3) and the subcluster V (3) are then,

E(3) = 2ε0 + ε1 = 2(2t)− t = 3t, (2.25)

V (3) = E(3) −
∑
i′<j′

V (2) (Ri′ ,Rj′) = 3t− 3(2t) = −3t > 0. (2.26)

Recalling from Eq. 2.18 that V (2) = 2t, we see that the K = 2 and K = 3 energies

have opposite signs.

In case 2 of Fig. 2.13 we consider the isosceles trimer with a base corresponding

to the interaction tAB = t and the legs corresponding to tAC = tBC = w. The secular

determinant is,

|A⟩ |B⟩ |C⟩
−ε t w

t −ε w

w w −ε

= 0.

We first consider the limiting case of w = 0 corresponding to atom C being fully

isolated from the dimer. The system reduces to two degrees of freedom leading to

the eigenvalues ε0 = t, ε1 = 0, ε2 = −t. The eigenvectors corresponding to ε0/ε2 will

be the bonding/antibonding pair. The total energy will only come from the dimer

without any 3-body interaction so, E(3) = 2t and V (3) = 2t− 2t = 0.

When all atoms interact we have,0 t w

t 0 w

w w 0

 . (2.27)

The dominant V (2) interaction is t, so we intuit a transformed basis where the isolated

atom C interacts with the bonding/antibonding states of A and B,

{|ψ⟩} =

 1√
2

1

1

0

 ,
1√
2

 1

−1

0

 ,

0

0

1


 . (2.28)

We then represent the Hamiltonian in Eq. 2.27 in this basis and swap the second and

8In the atomic basis, the corresponding eigenvectors are,

|ψ0⟩ =
1√
3

1
1
1

 , |ψ1⟩ =
1√
2

−10
1

 , |ψ2⟩ =
1√
2

−11
0

 ,

but in principle other suitable orthonormal vector pairs in the degenerate subspace of ε = −t can be
chosen.
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third basis states (rows and columns) to get a block diagonal form,

H ′ =

 t 0
√

2w

0 −t 0√
2w 0 0



H ′ =

|ψ1⟩ |C⟩ |ψ2⟩
⟨ψ1| t

√
2w 0

⟨C|
√

2w 0 0

⟨ψ2| 0 0 −t

. (2.29)

Solving for the upper left block gives,

ε± =
t

2

(
1±

√
1 + 8

(w
t

)2)
. (2.30)

Since the full trace vanishes and ε2 = −t, we have ε+ + ε− = t. As t < 0, ε+ is the

lowest out of the three eigenvalues. Checking which is the next highest eigenvalue,

ε− ≷ ε2√
1 + 8

(w
t

)2
− 1 ≷ 2

ε− < ε2. (2.31)

Note that this inequality is conditional on the ordering of eigenvalues. Once done, we

can then get the total energy of the system,

E(3) = 2ε+ + ε− = t

(
3

2
+

1

2

√
1 + 8

(w
t

)2)
, (2.32)

as well as the m = 3 subcluster contribution,

V (3) = E(3) −
∑
{rij}

V (2) (rij) (2.33)

= t

(
−1

2
− 4

(w
t

)
+

1

2

√
1 + 8

(w
t

)2)

V (3) ≈ t

(
2
(w
t

)2
− 4

(w
t

))
, (2.34)

where we use the approximation w ≪ t. We want to see if V (3) decays faster than

V (2). Looking explicitly, ∑
V (2) = t

(
4
(w
t

)
+ 2
)
. (2.35)
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Eqs. 2.34–2.35 show that V (3) and V (2) both scale linearly with w/t, which is curious

as the typical notion that higher body orders decay faster seems not to hold even for

a simple case.

For the last case corresponding to the red lines of Fig. 2.13, the Hamiltonian

is similar to Eq. 2.27, but with the symmetric interaction stronger, w ≫ t. Doing

similar calculations as done in the isolated atom case, we have the energies and 3-body

subcluster contributions as,

E(3) = t

√
1 + 8

(w
t

)2
, (2.36)

V (3) = t

(√
1 + 8

(w
t

)2
−
(

2 + 4
(w
t

)))
. (2.37)

We compare with the two-body subcluster,
∑
V (2) = t (4w/t+ 2), and note that the

limiting behaviors are when the particles are collinear (corresponding to w/t = 2), and

when the triangle becomes equilateral, with w/t = 1. The three cases are summarized

in Fig. 2.14. We see the non-smooth behavior at the equilateral case due to how E(3)

is calculated: the ordering of the eigenenergies is changed upon moving from the

isolated atom to the quasilinear case.

Figure 2.14: Subcluster V (m)/t for the three cases as a function of w/t. Non-smooth
behavior in the equilateral case, w/t = 1, due to switching of second lowest ε for the
E(3) calculation according to Eq. 2.21.

2.4.5 Fully symmetric H-clusters

The trimer cases above suggest that the higher body orders do not intuitively con-

verge. This is made explicit by a case that can be solved for arbitrary size: the fully
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symmetric cluster of N hydrogen atoms, where each pair interacts with the same

hopping t < 0, so that Hij = t (1− δij). With all atomic offsets set to zero, the

many-body expansion collapses to a purely combinatorial sum, E(N) =
∑

K

(
N
K

)
V (K),

since all subclusters of a given order K are equivalent,

HU =


0 t ... t

t 0
. . . t

...
. . . . . . t

t ... t 0



U1

U2

...

UN

 = εU. (2.38)

The eigenvectors Ua,j = N−1/2ei2πaj/N diagonalizeH exactly, with the phases summing

to zero for every a ̸= 0, and gives the spectrum

εa =

(N − 1) t, a = 0

−t, a = 1, . . . , N − 1,
(2.39)

i.e., a single bonding level and an (N − 1)-fold degenerate manifold. Filling the N

electrons with spin degeneracy, E(N) = 2ε0 + (N − 2) ε(a̸=0) = Nt for N ≥ 2 (with

E(0) = E(1) = 0): the total energy is strictly linear in cluster size, as each added atom

contributes one bond’s worth of energy regardless of how many pairs it forms.

Inverting the expansion order by order, V (N) = E(N)−
∑

K<N

(
N
K

)
V (K), then yields

V (N) = (−1)N Nt, N ≥ 2, (2.40)

which is confirmed in closed form by recognizing the alternating sum as a derivative

of the binomial expansion of (1− x)N evaluated at x = 1.

Eq. 2.40 highlights a curious result that supports the trimer investigations and

corroborates results from [42] as seen in Fig. 2.11: body-order contributions grow

linearly in magnitude while alternating in sign. The linear total energy Nt is recovered

only through the near-total cancellation of terms that individually diverge with N ,

so truncating the expansion at an arbitrary order has no guarantee of convergence.

This is the symmetric N -body extension of the trimer result of Sec. 2.4.4, where V (3)

was already found to decay no faster than V (2). In fact, a study by Hermann et al.

in 2007 [68] shows that the MBE does not generally converge, and only convincingly

does so for closed-shell systems such as noble gases. A more detailed discussion may

be found in Appendix A.3.
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2.5 Summary

Overall, we endeavored to determine if there is a systematic way to converge cluster

expansions order by order, and our results were published in [1]. Looking at simple

elemental systems of carbon and silicon, in-domain and out-of-domain tests were

done in determining convergence to the pair interactions. Our tests show that all

extrapolative tests failed to capture the correct dimer curves predicted by DFT, while

the in-domain tests show that signatures of body-ordered convergence appear only

when the non-orthogonal ACE basis is purified to recover the canonical MBE in

Eq. 2.1. Additionally, our tests on simple trimers and symmetric systems show that

the canonical MBE itself does not converge in body order in general, even at the tight-

binding level of theory. While body-ordered descriptors have proven to be effective

in MLIPs, this study suggests that caution must be exercised in claiming that they

learn the lower-order energetics systematically.
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Chapter 3

Ad-hoc electrostatics in force fields

We begin with a short overview of the response functions and properties from Den-

sity Functional Perturbation Theory (DFPT) from [69], then elucidate the charge

equilibration (QEq) methods from [36, 37, 70]. We then discuss the shortcomings of

the QEq method, which is mainly obtained from unpublished work by Coiana and

de Gironcoli [71]. Two methods seeking to address these pathologies are highlighted

subsequently:

1. Split-charge equilibration (SQE) as an empirical extension of QEq [72, 73], and

2. Atom-condensed Kohn-Sham approximated to second order (ACKS2) [74, 75]

as an reframing of charge flow using conceptual DFT.

The connections of the two models are inspired from [40].

The physical examples, and derivations of the response functions from these two

models, in particular to the independent particle susceptibility χ0, are original work

coming from this thesis. A summary of the chapter may also be seen in Fig.

3.1 DFT linear response

The total energy functional in DFT is given by the Hohenberg-Kohn formulation,

E [n] = F [n] +

∫
Vext (r)n (r) dr, (3.1)

where Vext is the external potential felt by the system and F [n] is the universal

functional,

F [n] = Ts [n] +
1

2

∫
drdr′

n(r)n(r′)

|r− r′|
+ Exc [n] . (3.2)
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Figure 3.1: Summary of Chapter 3. Original contributions are highlighted in blue.

Ts and Exc are the non-interacting kinetic energy and exchange-correlation functionals

of the density, respectively. The minimization of E [n] provides its ground state energy,

0 =
δF

δn
+ Vext(r). (3.3)

When Vext is perturbed by some δVext, we get the linear response,∫
dr′

δ2F

δn(r)δn(r′)
δn(r′) + δVext(r) = 0. (3.4)

3.1.1 Susceptibility, χ

Differentiating with respect to the density once more leads to the inverse susceptibil-

ity1, χ−1,

χ−1(r, r′) :=
δVext(r)

δn(r′)
= − δ2Ts

δn(r)δn(r′)
− 1

|r− r′|
− fxc (r, r′) , (3.5)

where fxc is the exchange-correlation kernel,

fxc (r, r′) =
δ2Exc

δn(r)δn(r′)
. (3.6)

We also consider the Kohn-Sham energy functional,

Es[n] = Ts[n] +

∫
Vs(r)n(r)dr, (3.7)

1We refer to the susceptibility in bold, χ, to distinguish it from the electronegativity in later
sections, χ.
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whose second-order response defines the inverse of the bare susceptibility. We can

thus re-express the inverse susceptibility in terms of its bare counterpart,

χ−10 (r, r′) :=
δVs(r)

δn(r′)
= − δ2Ts

δn(r)δn(r′)
, (3.8)

χ−1(r, r′) = χ−10 (r, r′)− 1

|r− r′|
− fxc (r, r′) . (3.9)

3.1.2 Dielectric matrix, ϵ

From χ, we can determine the dielectric matrix (DM) in terms of the scalar potentials

V (see Appendix E4 of [76]). How a system responds to linear perturbations caused

by an external potential is modulated by the inverse dielectric matrix (IDM) [77],

∆Vint (r) =

∫
dr′ϵ−1 (r, r′) ∆Vext (r′) , (3.10)

where ∆Vint is the internal response of the system, and ∆Vext is the perturbation of the

external potential. The IDM characterizes the electronic response of the materials,

ϵ−1 (r, r′) =
δVint (r)

δVext (r′)
=
δVext (r) + δVH (r)

δVext (r′)
, (3.11)

ϵ−1 (r, r′) = δ (r− r′) +
δVH (r)

δVext (r′)
. (3.12)

Here, VH is the Hartree potential, and we have also exploited translational invariance.

The relation to the density can be made explicit by applying a functional chain rule

to Eq. 3.12,

ϵ−1 (r, r′) = δ (r− r′) +

∫
ds
δVH (r)

δn (s)

δn (s)

δVext (r′)

ϵ−1 (r, r′) = δ (r− r′) +

∫
ds

1

|r− s|
χ (r, s) . (3.13)

The derivative of VH is 1
|r−s| , and the other term is just the susceptibility (inverse of

Eq. 3.5).

We can deal with the convolution in the integral in Eq. 3.13 much more easily in re-

ciprocal space. Taking the Fourier transform (FT) for a monochromatic perturbation

with wave vector q,

ϵ−1GG′ (q) = δGG′ +
4π

|q + G|2
χ (q + G,q + G′) , (3.14)

where G are the reciprocal lattice vectors, and 4π/|q+G|2 and χ (q + G,q + G′) are
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the FTs of 1/R and the susceptibility, respectively. As we are mainly concerned with

the macroscopic effects, and thus the macroscopic dielectric constant, we restrict our

focus to the G = G′ = 0 component of the IDM and neglect “local-field” (LF) effects
2,

ϵ−100 (q) = 1 +
4π

q2
χ (q) . (3.15)

Throughout the discussion, the IDM refers to the ϵ−100 component. Taking the FT of

χ from Eq. 3.9,

ϵ−1 (q) = 1 +
4π

q2

(
FT
[
χ−10 (r, r′)

]
− FT

[
1

|r− r′|

]
− FT [fxc (r, r′)]

)−1
. (3.16)

We use the random phase approximation (RPA) by neglecting contributions from fxc

in Eq. 3.16 as it does not provide a qualitative difference in the results3. With these

two approximations, we can express the macroscopic ϵ with a simpler form,

ϵ−1 (q) ≈ 1 +
4π

q2

(
χ−10 (q)− 4π

q2

)−1
, (3.17)

ϵ (q) ≈ 1− 4π

q2
χ0 (q) . (3.18)

We see that Eq. 3.18 takes on the well-known form of ϵRPA. The behavior of the

dielectric constant ϵ relies on the bare susceptibility, χ0.

3.1.3 χ0 is crucial

χ0 is also known as the Kohn-Sham polarizability [80] or linear response kernel [74, 81–

83]. This is related to the form listed in Eq. 14 of the review of charge flow models

by Jensen [40],

χ0(r, r
′) =

(
δρ(r)

δu(r′)

)
N

=

(
δ2E

δu(r)δu(r′)

)
N

.

For nonmagnetic systems it has the form,

χ0(r, r
′) = 2

∑
vc

f(εc)− f(εv)

εc − εv
⟨c|r′⟩⟨r′|v⟩⟨v|r⟩⟨r|c⟩, (3.19)

where the sum runs over valence v and conduction c KS orbitals {⟨r|i⟩} = {ψi(r)}.
f and ε are the electron occupations and eigenenergies of the KS orbitals. To give a

better understanding of its behavior at different perturbations of wave vector q, we

2While the effects coming from the G ̸= 0/off-diagonal components of ϵ−1 introduce quantitative
differences, they do not change the overall behavior of the IDM at the macroscopic limit. Further
discussions may be found in [78, 79].

3The choice of fxc does matter when doing DFT calculations, but this approximation is made to
simplify the form of the q→ 0 limit of the IDM.
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look into its corresponding Fourier Transform (FT) [79, 84, 85],

χ0 (q,G,G′) ∝
∑
vc,k

f(εc)− f(εv)

εc(k + q)− εv(k)
⟨k + q, c|ei(q+G)·r|k, v⟩⟨k, v|e−i(q+G′)·r′|k + q, c⟩,

where the sum (or integral) over wave vectors k is performed over the Brillouin zone

(BZ). We are interested in the macroscopic contribution, so we focus on the G =

G′ = 0 part of χ0,

χ0 (q) ∝
∑
vc,k

f(εc)− f(εv)

εc(k + q)− εv(k)
⟨k + q, c|eiq·r|k, v⟩⟨k, v|e−iq·r′ |k + q, c⟩. (3.20)

In the succeeding discussion, we split the sum into the inter-band (v ̸= c) and intra-

band (v = c) contributions. The inter-band contribution will always have a finite

ratio ∆f/∆ε, but the leading term of the orbital factor scales quadratically with q

because there is no overlap, so ⟨k + q, c|k, v⟩ = 0 and,

lim
q→0

χ0(q) ∝ iq⟨k + q, c|r|k, v⟩ ∼ O
(
q2
)
. (3.21)

In metals, some bands cross the Fermi energy εF , and ∆f and ∆ε can vanish. In

this limit, the ratio becomes the derivative and this may give an O (1) contribution,

and that the ratio turns to a derivative, ∂f/∂ε, which is the density of states at the

Fermi energy level,

χ0 (q) ∝ ∂f

∂ε
= n(εF ). (3.22)

The electron occupation follows the Fermi-Dirac distribution and its derivative is

proportional to the energy gap ∆ε = ε− εF ,

f (ε) =
1

1 + exp (β∆ε)
, (3.23)

df

dε
=

β exp (β∆ε)

(1 + exp (β∆ε))2
, (3.24)

with ∆ε < 0, and the density of states at the Fermi energy level is proportional to

the exponential of this gap. |∆ε| is much larger for insulators than for metals, so

the density of states at the Fermi level is almost always zero for insulators. For the

intra-band contribution,

χ0 (q) =

O (q2) for insulators,

n (εF ) for metals.
(3.25)
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We recognize that reproducing the distinct behavior for χ0 (q) for metals and

insulators is an essential component in modeling the correct response. In the fol-

lowing section, we discuss a commonly used ad hoc treatment of electrostatics that

describes nonlocal charge transfer, charge equilibration, and see how well it describes

polarization.

3.2 Charge Equilibration (QEq)

Charge Equilibration (QEq) [70] is a second-order expansion about charges. It is

also known as the electronegativity equalization method (EEM), chemical potential

equalization (µEq), or the fluctuating charge (FQ) model. For finite systems, it is

given by,

EQEq ({Qj}, {Rij}) =
N∑
i

E
(0)
i +

N∑
i

χiQi +
1

2

N∑
i

JiQ
2
i +

1

2

∑
i̸=j

QiVij(Rij)Qj, (3.26)

EQEq = E0 + QTχ+
1

2
QT J̃Q (matrix form), (3.27)

where Ei, χi, and Ji are the single-atom energy, atomic electronegativity4, and atomic

hardness of each atom i, respectively. Vij is the Coulomb kernel between two different

charges. We combine the atomic hardness and Coulomb terms with J̃ ,

J̃ij = Jijδij + Vij (1− δij) , (3.28)

with the diagonals being the atomic hardness terms and the off-diagonal terms cov-

ering the Coulomb interactions. Point charges have a bare 1/R interaction that can

diverge at short distance, so the kernel can be modified to describe smeared Gaussian

charges [37],

Vij =
erf (γijRij)

Rij

, γij =
(
α2
i + α2

j

)−1/2
, (3.29)

where αi is the smearing width of charge i and Rij = |Rj − Ri| is the interatomic

distance between atoms i, j. The sums run over all N atoms.

Calculating the charges requires minimizing the Lagrangian5 of Eq. 3.26 with

4This can also include the coupling of the charges to some electric field, E .
5The Lagrangian counterpart of Eq. 3.26 is given by,

LQEq =
∑
i

E
(0)
i +

∑
i

χiQi +
1

2

∑
i

JiQ
2
i +

1

2

∑
i̸=j

QiVijQj + λ

(∑
i

Qi −Qtot

)
. (3.30)
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respect to the charges, subject to charge neutrality,

∂LQEq

∂Qī

= 0, (3.31)

= χī + λ+ JīQī +
∑
j ̸=ī

VījQj,

Q = −J̃−1 (χ+ 1λ) . (3.32)

The equilibration of χ for all atoms and the charge conservation condition account

for a rank-N linear system,

∂EQEq

∂Q1

=
∂EQEq

∂Q2

= · · · = ∂EQEq

∂QN

,

N∑
i

Qi = Qtotal. (3.33)

The linear system can be cast in matrix form as

Q1

Q2

...

QN

λ


=



J1 V12 ... V1N 1

V12 J2 ... V2N 1
...

. . . . . .
... 1

V1N V2N . . . JN 1

1 1 1 1 0



−1

−χ1

−χ2

...

−χN

Qtot


, (3.34)

where λ is the Lagrange multiplier that ensures total charge conservation.

The charges Q obtained from QEq suffer from (1) overshooting of polarization

with system size, and (2) unphysical charge transfer at large interatomic distances.

Evidence of this has been well documented [38–40, 86], and various methodologies have

been proposed to mitigate this by working in bond space [72, 87, 88], capturing missing

elements from DFT specifically [74, 75], or exploring capacitance-based models [89].

A more comprehensive review of the different charge-flow models can be found in [40].

The next section details, from density response functions, what is missed by the QEq

model.

3.3 QEq has an incorrect χ0

To connect QEq to the density response functions in Sec. 3.1, we start with the

definition of a charge Qi of atom i as a sum of contributions coming from the nucleus

Q0 that is kept constant and a variational contribution, ∆,

Qi = Q0
i + ∆i. (3.35)
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EQEq in Eq. 3.26 is re-expressed as an expansion of ∆ about Q0 and the electrostatic

potentials due to the nuclei, ϕext,

E
(
{Qi}, {ϕext}

)
=
∑
i

E(0)
s +

∑
i

∂E

∂Qi

∣∣∣∣
Q0

Qi +
1

2

∑
i

∂2E

∂Q2
i

∣∣∣∣
Q0

Q2
i +

1

2

(
ϕext
i + ϕH

i

)
Qi.

(3.36)

The first- and second-order derivatives are defined to be the atomic electronegativities

and hardnesses,
∂E

∂Qi

∣∣∣∣
Q0

= χi,
∂2E

∂Q2
i

∣∣∣∣
Q0

= Ji. (3.37)

The nuclear ϕext and Hartree ϕH potentials are,

ϕext
i =

∑
j

Q0
j

Rij

, ϕH
i =

∑
j

∆j

Rij

. (3.38)

Equilibrating Eq. 3.36 with respect to Q gives,

0 =
dE

dQi

=
∑
j

∂2E

∂Qi∂Qj

dQj +
∂2E

∂Qi∂ϕext
j

dϕext
j

0 =
∑
j

∂2E

∂Qi∂Qj

dQj + dϕext
i , (3.39)

where we note that the total energy couples to ϕext linearly with Q,

∑
j

∂2E

∂Qi∂ϕext
j

dϕext
j =

∂

∂Qi

(∑
j

∂E

∂ϕext
j

)
dϕext

j = δijdϕ
ext
j .

Taking another charge derivative in Eq. 3.39 gives the linear response condition noting

that dϕext
i /dQj ∝ 1

Rij
,

d2E

dQidQj

=
∂2E

∂Qi∂Qj

δij +
1

Rij

,

−χ−1ij := Ji +
1

Rij

, (3.40)

where we have used Eq. 3.37 to substitute J for the hardness. Comparing with Eq. 3.9,

we note that Ji accounts for the negative inverse of the bare susceptibility, Ji = −χ−10 ,

and 1/Rij is the 1/|r − r′| contribution with which Ewald sums or Gaussian charge

treatments can be applied to avoid its divergence at short distances.

We recall that the IDM is the ratio of internal to external perturbations, as in
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Eq. 3.11. It can be expressed in QEq as,

ϵ−1 (Ri,Rj) =
dϕint

i

dϕext
j

=
dϕext

i + dϕH
i

dϕext
j

= δij +
∑
k

dϕH
i

dQk

dQk

dϕext
j

ϵ−1 (Ri,Rj) = δij +
∑
k

1

Rik

χkj, (3.41)

where we recognize dQk/dϕ
ext
j as the atom-centered analog of the density response

to scalar potentials, δn/δVext like in Eq. 3.5. Taking the FT of the IDM as done

in Eqs. 3.14 to 3.18, we recover a form similar to the one obtained from DFPT in

Eq. 3.16,

ϵ−1 (q) = 1 +
4π

q2
χ (q) ,

ϵ−1 (q) = 1 +
4π

q2

(
−J (q)− 4π

q2

)−1
, (3.42)

ϵ (q) = 1 +
4π

q2
J−1 (q) . (3.43)

This ϵ bears similarity to the DFPT-derived one in Eq. 3.18, with the bare suscepti-

bility being the inverse of the negative hardness,

χ0 (q) = −J−1 (q) . (3.44)

Hence, the behavior of J (q) at q → 0 dictates the q-scaling of ϵ in a related man-

ner to how χ0 does. If the atomic hardnesses J(Rij) are only determined for short

interatomic distances, J (q→ 0) ≁ q−2 and cannot cancel the denominator coming

from the bare Coulomb term. Thus, ϵ (q) scales as q−2 regardless of the material

and diverges at the macroscopic limit. Regardless of the material being modeled, this

divergence leads to metallic polarization.

Getting the correct polarization behavior, whether through χ0 or J(q), can be

addressed by modeling Ji at atom pairs to supply the long-range character of the

hardness, which can be done by calculations with bond degrees of freedom [72, 87, 88].

Alternately, elements from conceptual DFT can be introduced to explicitly describe

χ0. In the next few sections, we discuss two improvements to QEq, the split-charge

equilibration (SQE) method and the atom-condensed Kohn-Sham DFT approximated

to second order (ACKS2), and how they recover the proper polarization.
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3.4 Split-charge equilibration (SQE)

The original idea of using bond degrees of freedom to introduce restoring forces not

just on atoms but on bonds for empirical force fields began with the atom-atom charge

transfer (AACT) model proposed by Chelli et al. [87]. They aimed to improve upon

the shortcomings of QEq by addressing the cubic polarization and nonzero charge

transfer at large interatomic distances [86]. Nistor et al. reintroduced the atomic

hardnesses Ji, resulting in the split-charge equilibration (SQE) model [72].

Before discussing the extension of the QEq models, we first discuss the basic

elements of moving from atom space to bond space.

3.4.1 Elements and properties of bond-space variables

The bond degrees of freedom were added by describing the atomic charge Qi as a sum

over split-charges,

Qi =
∑
j

Lijpij =
∑′

j

pij, (3.45)

where pij is defined as the charge transferred from atom j to i. Antisymmetry upon

switching indices is implied from this definition,

pij = −pji, (3.46)

as the charge transferred from i to j is the negative of the charge transferred from j

to i. The sum in Eq. 3.45 can be mediated by a topology/incidence matrix Lij that

maps the split charges to the corresponding atomic charge. The topology matrix can

be thought of as a transformation of variables from atom-space to bond-space, and

has also been called the transfer matrix [75, 88].

Through the antisymmetry condition in Eq. 3.46, Lij encodes charge neutrality

through a zero column sum, ∑
i

Lij = 0.

As such, minimizing a Lagrangian is not necessary for solving SQE systems. More

generally, charge conservation can be enforced in the SQE model by modifying Eq. 3.45

to account for reference charges Q0 [90, 91],

Q = Lp + Q0, (3.47)

∆ = Q−Q0 = Lp. (3.48)

∆ = Q−Q0 is the vector of atomic charge differences from their reference values, as

in Eq. 3.35.
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We consider the test systems visualized in Fig. 3.2. The first example is a water

molecule in which charge transfer between the hydrogen atoms is not allowed. Label-

ing the atoms (H0, H1, O2), we have the following equations for the atomic charges,

∆0 = p02,

∆1 = p12,

∆2 = p20 + p21 = −p02 − p12.

Due to antisymmetry6, the number of p needed to describe the charge transfer of the

system reduces from 4 to 2. Eq. 3.45 can be cast in a matrix form to better understand

Lij,

∆ = Lp, (3.49)∆0

∆1

∆2

 =

 1 0

0 1

−1 −1

(p02
p12

)
. (3.50)

For a fully connected system, the system of equations becomes,

∆0 = p01 + p02,

∆1 = p10 + p12 = −p01 + p12,

∆2 = p20 + p21 = −p02 − p12,

and the corresponding linear system,∆0

∆1

∆2

 =

 1 1 0

−1 0 1

0 −1 −1


p01p02
p12

 . (3.51)

We consider a third system in which atom 1 is fully separated from the rest of the

atoms, leaving only one bond,

∆0 = p02,

∆1 = 0,

∆2 = p20 = −p02.

∆1 = 0 means that the charge at atom 1 is not allowed to vary from its reference

6For fully connected systems with all N atoms allowed to transfer charge to one another, the
maximum number of bond variables goes as N(N − 1)/2. In most cases, there will be more bond
variables than atoms, so this example is one of the few exceptions.
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value. This atom contributes nothing to the energetics of the system beyond a shift

in the reference. As such, the linear system is trivial,∆0

∆1

∆2

 =

 1

0

−1

(p02) . (3.52)

Figure 3.2: Visualization of the restricted (left), fully connected (center), and disso-
ciated/trivial (right) systems corresponding to the linear systems in Eqs. 3.50, 3.51,
and 3.52. The left and center systems lead to the same {∆i} owing to indirect charge
transfer pathways. The dissociated system will have no allowed charge transfer for
atom 1, thus leading to Q1 = Q0

1 and will generally have a different {∆i}.

As long as atoms are connected to one another, whether directly through a sin-

gle pij or indirectly through multiple connected ones, the bond-space variables will

describe the same system as it belongs to the same bond topology. Different bond

topologies arise from dissociated fragments of the system, between which a bond-based

system will disallow charge transfer. In a general way, the conversion to bond vari-

ables already inhibits charge transfer between separated fragments, which addresses

the incorrect dissociation limits in QEq.

Note that L in Eq. 3.51 is not full rank, which is a consequence of the charge-

transfer variables forming a closed loop, leading to a nontrivial null space that corre-

sponds to cyclic charge transport [88]. Unless the bond networks are explicitly crafted

to avoid these cyclic modes, it is inevitable that L will have a nonzero null space and

is generally noninvertible. The reverse mapping from pij to Qi will then require pseu-

doinverses of the topology matrix, L+, and has the gauge freedom of the cyclic mode

vector z belonging to the null space of L (where Lz = 0),

p = L+
(
Q−Q0

)
+ z = L+∆ + z. (3.53)

As there are almost always more bonds than atoms, L is not full rank and thus LTL

is non-invertible. Getting the correct pseudoinverse would then require the use of

Tikhonov/ridge regression or singular value decomposition (SVD). As an example,
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we use ridge regression to provide a suitable L+,

L+ =
(
LTL + αIb

)−1
LT , (3.54)

where Ib is the identity matrix commensurate to the number of bonds, and α is a

small but positive constant to allow the inversion of LTL. Note that choosing p in

Eq. 3.53 to recover the atomic charges Q incurs information loss. The regularization

parameter α attenuates the eigenvalues of L and will be a source of an imperfect

mapping when a double transformation of Q from Eqs. 3.48 and 3.53 is done,

Q′ = Lp + Q0,

= L
(
L+
(
Q−Q0

)
+ z
)

+ Q0,

Q′ = LL+Q +
(
Ia − LL+

)
Q0, (3.55)

where Ia is the identity matrix with the length of the number of atoms. z does not

contribute to the recovery of atomic charges since Lz = 0. Eq. 3.55 suggests that the

Q′ obtained from gathering p cannot be an exact mapping of the reference charges

owing to the regularized inverse L+ leading to an imperfect projection LL+. Selection

of α can be heuristically done to be small enough to preserve the projection as much

as possible while still allowing for inverting linear systems that are bond-based. In

the next section we discuss its practical use case in the SQE model.

3.4.2 SQE model

With the elements introduced in the previous section, we now introduce the extensions

to the QEq model introduced by Nistor et al. [72]. The SQE energy is almost identical

to EQEq in Eq. 3.26, but with the bond penalty term κb,

ESQE ({Qi}) = EQEq ({Q}) +
1

2

∑′

b=(ij)∈L

κbp
2
b , (3.56)

ESQE ({Qi}) = E(0) + QTχ+
1

2
QT J̃Q +

1

2
pTκp. (3.57)

The last term on the RHS is the new addition: the energy associated with the bond-

hardness of the system. We adopt the b = (ij) ∈ L bond index, where it runs over

all ij atom pairs that are counted by the topology matrix. The restricted sum closely

follows the one set by Lij in Eq. 3.45, where bonds can be selected explicitly7, or

7In AACT [87] and the original SQE work [72], they only allow covalently bonded atoms to be
part of the topology. The review of charge flow models from Jensen [40] suggests allowing pij between
atoms i, j with an appreciable overlap in electron orbitals.
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through a radial cutoff Rc,SQE,

L = {(i, j) | ∀ (i, j) s.t. Rij < Rc,SQE}. (3.58)

The form in Eq. 3.57 uses a mixed atom-bond representation, but numerical calcula-

tions for terms with bond-variables are typically done exclusively in atom [88, 92] or

bond space [72, 73, 90]. For this, a transformation of the terms in QEq to bond space

must be done by expressing the charges Qi in terms of pij. Denoting ∆ESQE as the

SQE energy without the short-range terms, E
(0)
i ,

∆ESQE ({p}) = QTχ+
1

2
QT J̃Q,

= (Lp)T χ+
1

2
(Lp)T J̃ (Lp) +

1

2
pTκp

∆ESQE ({p}) = pT
(
LTχ

)
+

1

2
pT
(
LT J̃L

)
p +

1

2
pTκp

∆ESQE ({p}) = pTχSQE +
1

2
pT (JSQE + κ)p, (3.59)

where we define the electronegativities and the combined Coulomb and hardness ker-

nels as,

χSQE = LTχ =
∑
b=(ij)

(∑
i

Lbiχi

)
=
∑
ij

(χi − χj) , (3.60)

JSQE = LT J̃L =
∑

b=(ij),b′=(i′j′)

(∑
ij

LbiJ̃ijLjb′

)
=
∑
ij,i′j′

(
J̃ii′ − J̃ij′ − J̃ji′ + J̃jj′

)
.

(3.61)

In the three-atom, two-bond example in Eq. 3.50, χSQE looks like,

χSQE =

(
1 0 −1

0 1 −1

)χ0

χ1

χ2

 =

(
χ0 − χ2

χ1 − χ2

)
=

(
χ02

χ12

)
,

where each element of the χSQE vector is just the difference between the atomic elec-

tronegativities of the bond ij, χSQE,ij = χi−χj. χSQE describes the electronegativity

difference between atoms.
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The combined Coulomb-hardness (atomic and bond hardness) kernel is,

JSQE + κ = LT J̃L =

(
1 0 −1

0 1 −1

) J0 V01 V02

V01 J1 V12

V02 V12 J2


 1 0

0 1

−1 −1

+

(
κ02 0

0 κ12

)
,

J̃SQE =

(
J0 + J2 − 2V02 + κ02 V01 − V02 − V12 + J2

V01 − V02 − V12 + J2 J1 + J2 − 2V12 + κ12

)
.

The bond hardness terms are added to the diagonals of the bond-space matrix. With

no guarantees that JSQE will be invertible, one can think of the κij as a regularizer

similar to the α in getting L+.

From the energy term, we see the equilibration condition for split charges. In

QEq, the equilibration condition says that all of the first-order derivatives of the total

energy wrt each atomic charge are equal as in Eq. 3.33 and their differences should

sum to 0,

∂EQEq

∂Qk

=
∂EQEq

∂Qk′
→ 0 =

∂EQEq

∂Qk

− ∂EQEq

∂Qk′
.

The charge equilibration in bond space means that the first-order derivative of the

energy wrt the split charges for all pkk′ becomes 0 [72],

0 =
∂ESQE

∂pkk′
,

−χkk′ =
∑
i

(Jkpki − Jk′pk′i) +
∑
i<j

(Jik − Jik′ − Jjk + Jjk′) pij + κkk′pkk′ , (3.62)

−χSQE = (JSQE + κ)p = J̃SQEp. (3.63)

The split charges can then be determined by inverting Eq. 3.63. While JSQE is

generally not invertible because it inherits the null modes of L8, the bond hardnesses

κ allow inversion of the system as long as they are strictly positive. The split charges

can then be recovered as,

p = J̃−1SQE (−χSQE) . (3.64)

Since the construction of the p vector can be unbiased (through the cutoff Rc,SQE),

8Starting from the definition that z belongs in the null space of L,

Lz = 0,

JSQEz = LT J̃Lz = 0,

∴ ker (L) ⊆ ker
(
LT J̃L

)
,

That is, the eigenvector z that corresponds to a zero eigenvalue for L will also provide a zero
eigenvalue for JSQE .
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it adds another level of arbitrariness. To get properties that QEq calculates, one

can recover the atomic charges Q using the original definition in Eq. 3.45, keeping in

mind that the double transformation is inexact owing to regularization as discussed

in Eq. 3.55.

The complications brought by bond-space variables make the connections to linear

response functions χ0 and ϵ less straightforward. One way to link it is by using the

reverse mapping in Eq. 3.53 to describe the bond hardness terms in atom space. In

a simple case where κ is taken to be homogeneous, the contributions proportional to

the bond hardness may be represented by,

pTκp =
(
L+∆

)T
κ
(
L+∆

)
pTκp = ∆T

((
L+
)T

κL+
)
∆ = ∆TW∆, (3.65)

leading to a mapping of the bond hardness in atom space,

W =
(
L+
)T

κL+. (3.66)

This gives a version of SQE that is fully in atom space,

ESQE (∆) = E(0) + ∆Tχ+
1

2
∆T

(
J̃ + W

)
∆. (3.67)

In a more general case where κ is geometry-dependent and heterogeneous, Eqs. 3.65

and 3.66 do not hold because p should be determined from a minimization of the

energy related to the penalties to the bonds which includes κ,

Eκ =
1

2
pTκp.

A way to reduce the general case to the previous one (with a constant κ0 = 1) is by

rescaling L and p via,

L̃ = Lκ−1/2, (3.68)

p̃ = pκ1/2, (3.69)

which then gives

W =
(
L̃+
)T

L̃+ = (L̃L̃T )+ =
(
Lκ−1LT

)+
. (3.70)

Another way to look at the generic case is found in Appendix B.

SQE encounters issues whether it is solved in atom or bond space. Solving in atom

space encounters difficulties in getting the correct dissociation limits as this requires
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the Wij elements to diverge to infinity [40]. In bond space, L has an abrupt behavior

for included and dissociated bonds: it either recognizes that a bond is included as a

variable (Lij = 1) or not (Lij = 0). There is no smooth transition in dissociation,

and the transformation from κbb → Wij depends on L+, which depends on the

regularization. Despite these drawbacks, SQE has been used to describe nonmetallic

[72, 90] systems as well as some metallic systems [73, 92], and has been able to address

the overpolarization present in QEq models.

3.5 ACKS2

Verstraelen et al. [74, 75] introduce ACKS2 as a formalization of improvements to

QEq under the lens of conceptual DFT (cDFT) [41]. It relies on partitioning the

charge density n(r) into atomic populations Ni of each atom i,

Ni =

∫
ni(r)dr. (3.71)

ni(r) is the Atoms-in-Molecules (AIM) atomic density given by,

ni(r) = wi(r)n(r), (3.72)

with the weight function 0 ≤ wi(r) ≤ 1 specifying which part of the density n(r)

belongs to atom i. Different schemes, such as the Bader, Becke, and Hirshfeld parti-

tionings, all decompose the electronic density n(r) into atomic populations N . The

total energy of the system, Epop, can then be defined by constraining the density to

atomic populations,

E ({Ni}) = min
n

Ni=
∫
wi(r)n(r)dr

Eν [n] , (3.73)

where Eν [n] is the energy functional for a given external potential9, ν. The ground

state energy is then determined variationally like DFT by optimizing a Lagrangian

with N constraints for each atom instead of a single multiplier µ,

L = max
λ1,...,λN

min
n

(
E [n]−

∑
i

λi

(∫
wi(r)n(r)dr−Ni

))
. (3.74)

λi are the chemical potentials for each partition.

9External and KS potentials, Vext and VKS , are written as ν and u like in [75] for brevity.
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3.5.1 QEq from cDFT

From cDFT, we can define second-order expansions of the energy with respect to

{N} as is done in QEq with atomic charges. We first define reference densities and

energies,

n(0)(r) = n(N (0)
1 , ...,N (0)

N ; r), (3.75)

E(0) = E
(
N (0)

1 , ...,N (0)
N

)
= Eν

[
n(0)
]
, (3.76)

where reference populations relate to Ni with,

Ni = N (0)
i + ∆i, (3.77)

where ∆i are the relative variations of the populations. These ∆i relate to the variable

charges in Eq. 3.35 with a sign flip10. Densities and energies can then be expanded

around these references,

n
(
{N (0)

i + ∆i}; r
)
≈ n(0)(r) +

∑
i

∂n(r)

∂Ni

∣∣∣∣
N (0)

∆i = n(0)(r) +
∑
i

fi(r)∆i, (3.78)

where the derivative is evaluated at the reference value, N (0) =
(
N (0)

1 , ...,N (0)
N

)
. The

variation of the density with the changes in atomic populations is defined as the AIM

Fukui function,

fi(r) =
∂n(r)

∂Ni

∣∣∣∣
N (0)

. (3.79)

Linearized density perturbations are sufficient to expand the energy to second order

[69],

E
(
{N (0)

i + ∆i}
)
≈ Epop

(
{N (0)

i }
)

+
∑
i

∂E

∂Ni

∣∣∣∣
N (0)

∆i +
1

2

∑
ij

∆i
∂2E

∂Ni∂Nj

∣∣∣∣
N (0)

∆j.

(3.80)

10From the definition of the atomic charge with Zi as the nuclear charge,

Qi = Zi −Ni = Zi − (N (0)
i +∆i) = Q

(0)
i −∆i.
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The derivatives are the chemical potential (negative electronegativity) and the com-

bined atomic hardness and Coulomb kernel,

−χi =
∂E

∂Ni

∣∣∣∣
N (0)

= −
∫
χ
[
n(0)
]

(r)fi(r)dr (3.81)

J̃ij =
∂2E

∂Ni∂Nj

∣∣∣∣
N (0)

=

∫
J
[
n(0)
]

(r, r′)fi(r)fj(r
′)drdr′ = Ji + Vij. (3.82)

The integrands χ
[
n(0)
]

and J
[
n(0)
]

are calculated with HK-DFT,

χ
[
n(0)
]

(r) =

∫
n(0)(r′)

|r− r′|
dr′ + Vtxc

[
n(0)
]

(r) + V (r) (3.83)

J
[
n(0)
]

(r, r′) =
1

|r− r′|
+ Jtxc

[
n(0)
]

(r, r′), (3.84)

with Vtxc and Jtxc being the first- and second-order derivatives of the combined kinetic

energy and exchange-correlation functionals, Etxc [n],

Vtxc
[
n(0)
]

=
∂Etxc [n]

∂n(r)

∣∣∣∣
n(0)

, (3.85)

Jtxc
[
n(0)
]

=
∂2Etxc [n]

∂n(r)∂n(r′)

∣∣∣∣
n(0)

. (3.86)

Note that Eq. 3.80 is similar to the QEq expansions in Eqs. 3.26 and 3.36. In fact,

the exchange-correlation contributions are ignored for QEq and J
[
n(0)
]

resolves to

a form similar to the hardness and the Coulomb kernel, and would share the same

pathologies of QEq models in Sec. 3.3.

3.5.2 ACKS2: explicitly adding kinetic energy

ACKS2 treats the kinetic energy separately from the exchange-correlation energy.

We re-express the total energy functional as a sum of terms that either explicitly or

implicitly depend on n,

Eν [n] = Eexp [n] + Ts [n] +

∫
n(r)ν(r)dr. (3.87)

The kinetic energy, Ts, implicitly depends on the density through the KS orbitals11,

Ts [n] = −1

2

∑
n∈occ.

∫
ψ∗n(r)∇2ψn(r)dr, (3.88)

11Following atomic units, so ℏ = e = 4πϵ0 = 1.
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where n runs over the occupied KS orbitals. The explicit functional is just the uni-

versal functional in Eq. 3.2 without Ts,

Eexp [n] =
1

2

∫
drdr′

n(r)n(r′)

|r− r′|
+ Exc [n] . (3.89)

While contributions from exchange and correlation effects are still neglected, separat-

ing out the kinetic energy allows an extension of EQEq with TACKS2,

EACKS2 ({∆i}) =
∑
i

(
E

(0)
i − χi∆i +

1

2

∑
j

∆iJ̃ij∆j

)
+ Ts ({∆i}) . (3.90)

To understand what TACKS2 looks like, we minimize the KS energy functional from

Eq. 3.7,

EKS
0 [u,N ] ≤

(
Ts [n] +

∫
n(r)u(r)dr

)
, (3.91)

where u is the auxiliary potential. The crucial step is taking the Legendre transfor-

mation of the KS energy functional EKS [u,N ] to include u as the dual variable, and

combing through all possible trial KS potentials u to find the maximum12,

Ts [u;n] = max
u

(
EKS

0 [u,N ]−
∫
n(r)u(r)dr

)
. (3.92)

The variations of u needed to maximize the RHS of Eq. 3.92 can be linearized,

u(r) = u(0)(r) +
∑
i

Uiwi(r). (3.93)

u(0)(r) is the KS potential needed to obtain the reference charge density, n(0), wi are

the atomic weight functions from the schemes in Eq. 3.72, and Ui are the variations in

the potential felt by the electrons in the i-th atom. The constraint
∑

i Ui = 0 excludes

a trivial overall shift in the potential. Since Ts is determined from a maximization of

the RHS, the linearization and limited basis expansions will systematically underes-

timate its contribution. We express the kinetic energy perturbation, δTs = Ts − T (0)
s

as a perturbation of the density and auxiliary potentials13 using Eqs. 3.78 and 3.93,

δTs ({∆i}, {Ui}) =
∑
i

∂EKS
0

∂Ui

Ui +
1

2

∑
ij

∂2EKS
0

∂Ui∂Uj

UiUj

+
∑
i

(
∂Eu

∂Ni

∆i +
∂Eu

∂Ui

Ui

)
+
∑
ij

∂2Eu

∂Ni∂Uj

∆iUj, (3.94)

12While it is safer to use the supremum, the population density n was already determined from a
constrained Lagrangian optimization in Eq. 3.74, ensuring ν-representability.

13No second derivatives of Eu with respect to u or n are present due to the linear coupling.

57



where Eu is the integral of the coupling of the density n(r) to the KS potentials u(r),

Eu (u, n) =

∫
n(r)u(r)dr.

We expand each of the derivatives in Eq. 3.94 starting with EKS
0 , which only relies

on Ui,

∑
i

∂EKS
0

∂Ui

Ui =
∑
i

Ui

∫
∂EKS

0

∂u(r)

∣∣∣∣
n(0)

∂u(r)

∂Ui

dr =
∑
i

Ui

∫
n(0) (r)wi (r) dr

∑
i

∂EKS
0

∂Ui

Ui =
∑
i

UiN 0
i (3.95)

1

2

∑
ij

∂2EKS
0

∂Ui∂Uj

UiUj =
1

2

∑
ij

UiUj

∫
∂2EKS

0

∂u(r)∂u(r′)
wi(r)wj(r

′)drdr′ =
1

2

∑
ij

UiXijUj,

(3.96)

with the Xij, called the KS linear response kernel, expanded in terms of the atomic

weight basis,

Xij =

∫
χ0

[
u(0)
]

(r, r′)wi(r)wj(r
′)drdr′. (3.97)

This kernel can be shown to be negative semidefinite, and has a zero eigenvalue

corresponding to the eigenvector of all ones [74]. Note that the second derivative of

EKS
0 with respect to u provides the bare susceptibility. The integrand relates to the

bare response χ0 as,

χ0

[
u(0)
]

(r, r′) =
δ2EKS

0

δu(r)δu(r′)
= χ0(r, r

′). (3.98)

For the derivatives of Eu,

∑
i

∂Eu

∂Ni

∆i =
∑
i

∫
∂Eu

∂n(r)

∣∣∣∣
u(0)

∂n(r)

∂Ni

∆idr =
∑
i

∆i

∫
u(0)(r)fi(r)dr∑

i

∂Eu

∂Ni

∆i =
∑
i

(−χs,i) ∆i, (3.99)

where χs,i is the KS contribution to the atomic electronegativity [74],

χs,i = −
∫
fi(r)u

(0)(r)dr. (3.100)
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For the first derivative with respect to U ,

∑
i

∂Eu

∂Ui

Ui =
∑
i

Ui

∫
∂Eu

∂u(r)

∣∣∣∣
n(0)

∂u(r)

∂Ui

dr =
∑
i

Ui

∫
n(0)(r)wi(r)dr∑

i

∂Eu

∂Ui

Ui =
∑
i

UiN 0
i . (3.101)

The UiN 0
i term is just a shift in the reference population, but the terms in Eqs. 3.95

and 3.101 (Eu enters with a minus sign in Ts) cancel out. For the mixed derivative,

∑
ij

∂2Eu

∂Ni∂Uj

∆iUj =
∑
ij

∆iUj
∂

∂Ni

∫
∂Eu

∂u(r′)

∣∣∣∣
n(0)

∂u(r′)

∂Uj

dr′

=
∑
ij

∆iUj
∂

∂Ni

∫
n(0)(r′)wj(r

′)dr′

∑
ij

∂2Eu

∂Ni∂Uj

∆iUj =
∑
i

∆iUi, (3.102)

where we have used the independence of atomic partitions from each other (see

Eqs. 24–27 of [74]),

∂

∂Ni

∫
n(0)(r′)wj(r

′)dr′ =

∫
∂nj(r

′)

∂Ni

dr′ = δij. (3.103)

Collecting all of the terms gives us the expression of Ts in Eq. 3.92 in terms of the

basis expansions of u, n,

Ts ({∆i}, {Ui}) = max
U∗∑
i Ui=0

(
1

2

∑
ij

UiXijUj −
∑
i

Ui∆i

)
= max

U

(
1

2
UTXU−UT∆

)
.

(3.104)

The χs,i∆i coupling in Eq. 3.99 is not included, as it contributes to the total atomic

electronegativity χi from QEq and can be parametrized with a single parameter.

With the kinetic energy described in terms of atom-condensed variables ∆, U , the

total energy of ACKS2 from Eq. 3.90 can then be described as,

EACKS2 ({∆i}, {Ui}) =
∑
i

(
E

(0)
i − χi∆i +

1

2
Ji∆

2
i +

1

2

∑
j

∆iVij∆j

)

+ max
U∗∑
i Ui=0

(
1

2

∑
ij

UiXijUj −
∑
i

Ui∆i

)
. (3.105)

Numerical implementations of ACKS2 [40, 74, 75] involve a Lagrangian formalism

similar to QEq for both charge and potential conservation, but these are not the

59



focus of this work. In the succeeding section we see a deeper connection between

TACKS2 and the response functions.

3.5.3 ACKS2 and response functions

In this section, we try to extract expressions for the response functions determined

from Secs. 3.1 and 3.3 for ACKS2. For this, we begin with the Lagrangian form of

Eq. 3.87 for a constant number of particles N ,

Lv [n, u, µ;N ] = Eexp [n] + EKS
0 [u] +

∫
n(r) (v(r)− u(r)) dr + µ

(∫
n(r)dr−N

)
,

(3.106)

with µ as the chemical potential for the whole system. L depends parametrically on

N , and this dependence is omitted from this point. Taking the stationary point of

the Lagrangian with respect to its variables gives,

δL
δn(r)

=
δEexp

δn(r)
+ v(r)− u(r) + µ = 0, (3.107)

δL
δu(r)

=
δEKS

0

δu(r)
− n(r) = 0, (3.108)

δL
δµ

=

∫
n(r)dr−N = 0. (3.109)

Charge conservation is ensured in Eq. 3.109. Taking another derivative with respect

to n and u gives the response functions. Starting with n,

δ2L
δn(r)δn(r′)

=
δ2Eexp

δn(r)δn(r′)
+
δv(r)

δn(r′)
− δu(r)

δn(r′)
+

δµ

δn(r′)
= 0,

χ(r, r′)−1 :=
δv(r)

δn(r′)
= − δ2Eexp

δn(r)δn(r′)
+
δu(r)

δn(r′)
− δµ

δn(r′)
, (3.110)

where we define the inverse of the density response to the external potential v as

χ−1(r, r′). The u derivative leads to the bare susceptibility,

δ2L
δu(r)δu(r′)

=
δ2EKS

0

δu(r)δu(r′)
− δn(r)

δu(r′)
= 0,

χ0(r, r
′) :=

δn(r)

δu(r′)
=

δ2EKS
0

δu(r)δu(r′)
, (3.111)

where the density response with respect to the KS potential is the bare susceptibility.

Substituting χ0 into Eq. 3.110 and noting Eexp in Eq. 3.89,

χ(r, r′)−1 = − 1

|r− r′|
− fxc(r, r′) + χ−10 (r, r′)− δµ

δn(r′)
. (3.112)
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Using the same assumptions in Eq. 3.16 to ignore fxc and noting that we are keeping

the system at N particles to set µ constant14, we return to a χ that is similar to the

one from DFPT in Eq. 3.9,

χ(r, r′)−1 ≈ χ−10 (r, r′)− 1

|r− r′|
. (3.113)

The bare susceptibility χ0 is directly modeled in ACKS2 using atomic degrees of

freedom {∆i}, {Ui} through Xij from Eq. 3.98. In the next section, we see how Xij

is represented by the bond hardness κ.

Finally, the dielectric tensor in ACKS2 can be determined similarly by inserting

the FT of the inverse of Eq. 3.113 into ϵ(q) in Eq. 3.15,

ϵ (q) ≈ 1− 4π

q2
χ0 (q) ,

with the difference being that χ0 is parametrized by the atom-condensed Xij in

Eq. 3.97. Under the lens of ACKS2, we see that the explicit presence of the bare

susceptibility solves the overpolarization issues present in plain QEq models. In the

succeeding part, we will see how the additions of ACKS2 and SQE are related to one

another, and posit that the bond-hardness terms in SQE can provide the presence of

χ0.

3.5.4 Linking SQE to ACKS2

The connection between ACKS2 and SQE requires the mappings from atom to bond

variables (and vice versa) introduced in Sec. 3.4.1. Derivations are detailed in [40, 74],

but an overview is provided below.

We first have to express EACKS2 purely in terms of atomic populations/charges,

∆. Eq. 3.104 requires a maximization with respect to U , which we perform by finding

the extremum,

0 =
∂Ts
∂U

= XU−∆

∆ = XU. (3.114)

The corresponding U that maximizes Ts needs the pseudoinverse of X, as the KS

linear response kernel is generally non-invertible [74]15,

U = X+∆. (3.116)

14For nonconserving systems, δµ/δn(r′) ̸= 0, and care must be taken when dealing with it. It is
defined in [93] as the unconstrained local hardness term.

15While this is not true for metals because a constant shift may change it due to a nonzero density
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This definition of U leads to the kinetic energy purely as a function of ∆,

Ts (∆) =
1

2

(
X+∆

)T
X
(
X+∆

)
−
(
X+∆

)T
∆,

=
1

2
∆T

(
X+XX+ − 2X+

)
∆,

Ts (∆) = −1

2
∆TX+∆, (3.117)

where we have used the weak inverse condition of the pseudoinverse,

A+AA+ = A+.

From Eq. 3.105, the ACKS2 energy is then fully described by ∆,

EACKS2 ({∆i}) =
∑
i

(
E

(0)
i + χi∆i +

1

2

∑
j

∆iJ̃ij∆j

)
− 1

2

∑
ij

∆i(X)+ij∆j,

=
∑
i

(
E

(0)
i + χi∆i +

1

2

∑
j

∆i

(
J̃ij − (X)+ij

)
∆j

)
,

EACKS2 (∆) = E(0) + ∆Tχ+
1

2
∆T

(
J̃ −X+

)
∆. (3.118)

Notice that Eq. 3.118 is equal to the generic case of the atomic version of SQE in

Eq. 3.70 if,

W =
(
Lκ−1LT

)+
= −X+. (3.119)

We see that χ0 is modeled in the SQE model through its atomic representation Xij in

Eq. 3.97. Jensen [40] further states that if the κij penalty terms are included between

all possible atom pairs, with values corresponding to −X+
ij , then the ACKS2 and SQE

models become equivalent. One should note that the pseudoinverse enters twice in

the relation:

1. once through the inversion of the topology matrix. The pseudoinverse only

maps back the eigenvectors of Lib that return a neutral charge as discussed in

Sec. 3.4.1, and

2. once through X+
ij , as X is generally non-invertible due to the row-sum condition

of states (DOS) and its derivative at the Fermi energy level,

dn(ϵ)

dϵ

∣∣∣∣
ϵ=ϵF

̸= 0, (3.115)

we have to consider insulating cases where the DOS is zero.
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in Eq. 68 of the original paper [74],∑
i

Xij = 0,

ensuring that n(0) does not change under a constant N .

We summarize the chapter by recapping that appropriate polarization for both

insulators and metals can be obtained from the correct χ0 behavior from the discus-

sions in DFPT, and how the absence of this ingredient in QEq leads to its patholog-

ical metallic behavior. We then show how SQE adds a penalty term for long-range

charge transfer through the bond hardnesses κ. ACKS2 then provides a theoretical

framework of explicitly modeling the atom-condensed susceptibility kernel Xij, and

is related to SQE through pseudoinverses of both L and X.

The succeeding chapter provides a detailed discussion of a practical implementa-

tion of SQE in our existing in-house code.
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Chapter 4

Long-range improvements to

PANNA

This chapter introduces the main computational work done for this dissertation: mod-

eling improvements to QEq through SQE, a bond-based model. We first discuss the

Properties from Artificial Neural Network Architectures (PANNA) code [47, 65], as

well as an improved N -body descriptor [94], which constitute the baseline short-range

potentials and descriptors whose physics the ad hoc long-range descriptors extend. We

then discuss the methodology of parametrizing the coefficients of QEq using short-

range ingredients with electrostatic PANNA [37] as well as how it is integrated into

the current architecture.

The main work in this part of the dissertation involves two parts of the code. The

workflow is shown in Fig. 4.1. The main contributions are highlighted in bold, where

changes to data loading, as well as training, are included.

1. Patching the original QEq routine of PANNA (PANNA long range) to adapt it

to the JAX module [95], which supports just-in-time (jit) compilation, graphics

processing units (GPUs), and auto-differentiation. This allows for a leaner user

interface, needing only one input file compared to the original work in [47], and

improves training speed by up to two orders of magnitude.

2. Implementation of the SQE model to correct the pathologies inherent in QEq.

Discussions regarding the periodicity as well as code are original contributions

by me. Current work uses a constant bond hardness with no deduplication to

account for periodic boundary conditions. All calculations are exclusively done

in bond space.
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Figure 4.1: Additions to the PANNA workflow, where dissertation work is highlighted
in bold. Changes to neural network output are in green for PANNA-QEq, and orange
are proposed changes to future work for PANNA-SQE as the current work only im-
plements a constant bond hardness.

4.1 Short-range MLIP and descriptor: PANNA

and LATTE

PANNA [47, 65] is a Python software package that trains fully connected, feed-forward

networks on ab initio data that originally used modified Behler-Parrinello (BP) de-

scriptors [14, 16], which included 2-body (radial) and 3-body (angular) terms as its

feature vectors. From the original work, PANNA has undergone software overhauls

to use modern machine-learning backends such as JAX to allow autodifferentiation.

To address the issue that descriptors beyond 3-body order are needed to generally

distinguish between atomic environments [20], the Local Atomic Tensors Trainable

Expansion (LATTE) [94] was also added in the code as a way to capture descriptors

of arbitrary body order that respect the required invariances. Following the tensor-

product method of contracting the feature vectors [21, 22], the basic element of the

LATTE descriptor is a local tensor around atom i,

A
α1,...,αp

i,u ({Rij}) =
∑
j∈Ni

σu (si, sj) fu,si (|Rij|) r̂α1
ij ⊗ ...⊗ r̂

αp

ij , (4.1)

where the sum runs over all the neighbors j around atom i dictated by Rc. r̂ij =

r⃗ij/|r⃗ij| are versors/unit vectors corresponding to each vector up to the tensor of

order p. Each tensor contraction enters as a bin in the final descriptor, which is
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indexed by u. σu is a learnable scalar that accounts for species combinations, and the

radial function fu,si contains learnable parameters,

fu,si (r) =
1

r2u,si

(
ReLU

(
1−

(
r − ru,si
ωu,si

)2
))3

. (4.2)

The parameters ru,si , ωu,si are the learnable centers and widths for each bin u and

species si, and ReLU is the Rectified Linear Unit.

Each A is then fully contracted to a final descriptor G for each atom i of bin u as,

Gi,u ({Rij}) =
∑

α1,...αm

N∏
k=1

A
αk
1 ,...,α

k
pk

i,uk
({Rij}) . (4.3)

Each bin element Gi,u is a scalar that maintains the relevant invariances:

• translational symmetry, as relative positions rij = ri − rj are used in A
αk
1 ,...,α

k
pk

i,uk
,

• rotational symmetry since the final contraction of versors r̂α1
ij ⊗...⊗r̂

αp

ij transforms

as a scalar under SO(3) rotations,

• inversion symmetry as each of the indices α1, ...αm shows up twice among the

αk
j (each tensor component is contracted with each other component), and

• permutation invariance from the unordered sum in A,
∑

j∈Ni
.

As an example, for a 4-body descriptor of the type 100(α, α, αβ), each bin of a single

atom is contracted as,

Gi,u =
∑
α,β

Aα
i,u1
Aβ

i,u2
Aααβ

i,u3
, (4.4)

with u running up to 100. Further details of the LATTE descriptor may be found in

the original work by Pellegrini in [94].

For all types of descriptors, PANNA uses the fully connected ANN, with each node

j at the l-th layer being described by the element [58, 65],

alj = g

(
nl−1∑
i=1

al−1i W l
ij + blj

)
, (4.5)

where g is a nonlinear activation function and W is the matrix of weights. The

last layer of the short-range PANNA models always has a single node to predict the

short-range atomic energy E
(0)
i , which sums to the total energy ESR =

∑
iE

(0)
i .

Training uses mini-batch stochastic gradient descent (SGD), which reduces mem-

ory use and speeds up training, together with the Adam optimizer [96].
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4.2 PANNA-QEq

The first iteration of including long-range electrostatics in PANNA used QEq as the

ad hoc solution [37]. The QEq energy is succinctly given by,

EQEq = ESR + ECoul, (4.6)

where ECoul is the long-range energy given by,

ECoul =
1

2

∑
i̸=j

QiVijQj, (4.7)

where the Coulomb kernel Vij is modeled by Gaussian charges as given by Eq. 3.29.

The short-range energy is modified to follow the local terms from QEq in Eq. 3.26,

ESR =
∑
i

[
E

(0)
i (Gi) +

(
E

(1)
i (Gi) + χ0

i

)
Qi +

1

2

(
E

(2)
i + J0

i

)
Q2

i

]
,

ESR =
∑
i

[
E

(0)
i (Gi) + Ẽ

(1)
i Qi +

1

2
Ẽ

(2)
i Q2

i

]
, (4.8)

where χ0
i , J

0
i are offset parametrizations based on the ionization potential (IP) and

electron affinity (EA) [70, 97],

χ0
i =

1

2
(IP + EA) , (4.9)

J0
i = IP− EA. (4.10)

The atomic electronegativity and hardness depend on local environments through the

descriptors Gi, which must each be parametrized by including additional heads in the

output layer. ECoul is calculated through Vij coming from the Ewald sums,

Vij =


erf(γijRij)

Rij
(1− δij) +

(
2γij√

π

)
δij, real space,

4π
Ω

∑
G̸=0

exp(iG·Rij)

G2 exp
(
− G2

4γ2
ij

)
, reciprocal space.

(4.11)

In the original implementation [37], Vij is calculated using only the reciprocal-space

term of the Ewald sum for periodic systems and only the real-space term for non-

periodic systems.

Forces are determined from the negative gradient of the energies with respect to

positions, F = −∇RE. We go through each of the force terms from EQEq for a
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particular atom l. Starting with the Q-independent term,

F
(0)
l = −∂E

(0)

∂Rl

= −
∑
a

∑
ij

(
∂E

(0)
a

∂Gij

∂Gij

∂Rij

)
∂Rij

∂Rl

,

F
(0)
l =

∑
a

∑
ij

(
∂E

(0)
a

∂Gij

∂Gij

∂Rij

)
(δil − δjl) . (4.12)

The index a runs through all atoms in the system. The derivatives inside the paren-

theses of Eq. 4.12 can be evaluated explicitly or through auto-differentiation1, and

are abbreviated as ∂E/∂Rij from here on. The pair derivative is,

∂Rij

∂Rl

=
∂ (Rj −Ri)

∂Rl

= δjl − δil.

The Q-dependent terms in ESR are differentiated with respect to positions only

through the coefficients, not through the charges, due to the Hellmann-Feynman

theorem. Starting with the energy relating to the electronegativities, Eχ =
∑

a χaQa,

F
(1)
l = −

∑
a

∑
ij

∂Eχ

∂E
(1)
a

∂E
(1)
a

∂Rij

∂Rij

∂Rl

=
∑
ij

∂

∂Rij

(∑
a

QaE
(1)
a

)(
−∂Rij

∂Rl

)
. (4.13)

For the forces related to the atomic hardness,

F
(2)
l = −

∑
a

∑
ij

∂EJ

∂E
(2)
a

∂E
(2)
a

∂Rij

∂Rij

∂Rl

=
∑
ij

∂

∂Rij

(∑
a

Q2
aE

(2)
a

)(
−∂Rij

∂Rl

)
. (4.14)

The long-range forces coming from ECoul are calculated as,

FCoul,l =


[
erfc(γilRil)

R3
il

+ 2γil√
πR2

il
exp (−γ2ilR2

il)
]
Ril, real space,

4π
Ω

∑
G̸=0

sin(G·Ril)
G2 exp

(
− G2

4γ2
il

)
Gl, reciprocal space.

(4.15)

The charge equilibration condition is similar to Eq. 3.31 with charge conservation

imposed,

∂EQEq

∂Qi

=
∑
j

[
Ẽ

(2)
i δij + Vij (1− δij)

]
Qj + Ẽ

(1)
i (Gi) + λ = 0, (4.16)

where λ is the Lagrange multiplier/chemical potential of the system needed for charge

conservation, and the matrix equation to be solved is in Eq. 3.34. Solving this yields

the charges Q, which enter the energies, the forces, and eventually the loss. The

1In PANNA, modified BP descriptors explicitly evaluate these derivatives, while derivatives of
LATTE descriptors are calculated through auto-differentiation.
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short-range PANNA model can be regressed on energies and forces with Tikhonov

or L2 regularization, but PANNA-QEq also allows the option to regress on atomic

charges as reflected by its loss function,

L = γELE + γFLF + γqLQ + γRLR, (4.17)

where the γ weight the importance of each property in the regression, and the losses

are,

LE (W) =
∑

c∈batch

(
Eref

c − Etot,c(W)
)2
, (4.18)

LF (W) =
∑

c∈batch

1

3Nc

Nc∑
i=1

|Fref
i − Fi(W)|2, (4.19)

LQ (W) =
∑

c∈batch

1

Nc

Nc∑
i=1

(
Qref

i −Qi(W)
)2
, (4.20)

LR (W) =
|W|2

2
. (4.21)

W is the (flattened) vector of weights from the network and Nc is the number of atoms

in structure c. The workflow can be seen in Fig. 4.2. It has been shown in the original

Figure 4.2: Workflow for the PANNA-QEq model. Graphic from original work in [37].

work [37] and other studies [32, 98] that regression on atomic charges is not neces-

sary, and can even be detrimental as it depends on a particular partitioning/atom-

condensing of atomic charges from electronic densities (see Sec. 3.5 for another dis-

cussion).
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4.3 PANNAJAX-QEq

As mentioned at the start of this chapter, the third iteration of PANNA (PANNAJAX-

QEq) uses the JAX module as the backend (with tensorflow being used for data

loading), and uses the LATTE descriptor. The training is also accelerated due to

auto-differentiation which allows for a much faster evaluation of the chain-rule terms

in Eq. 4.12. This means that factors of the form,

∑
a,ij

∂Ea

∂Gij

∂Gij

∂Rij

→
∑
a,ij

∂Ea

∂Rij

, (4.22)

can be differentiated without explicitly calculating derivatives relating to Gij
2. A test

to verify the improvements in PANNAJAX-QEq is found in Appendix C.

Despite improvements in code performance and descriptors, the pathological short-

comings of QEq from earlier classical force fields persist in MLIP codes [38, 39]. These

studies have also shown the QEq problems to persist despite using message-passing

equivariant neural networks [23, 24]. Using an improved charge-flow model over QEq

[40] instead of the standard MLIP elements may be considered as another way to

improve the long-range description of MLIPs. We discuss in the succeeding section a

property that, for some systems, is correctly represented with the appropriate elec-

trostatics: phonons.

4.4 Long-range forces and phonon dispersions

The main physical quantities this chapter aims to tackle are the phonon dispersions,

particularly the splitting of the longitudinal optical (LO) and transverse optical (TO)

normal modes in ionic crystals such as magnesium oxide (MgO). We show that, more

than getting nonzero long-range forces, the correct response functions are needed to

manifest this splitting. We briefly review some concepts in lattice dynamics.

4.4.1 Phonon dispersions

The energy of a lattice system in equilibrium as a function of its displacements can

be represented as a second-order Taylor expansion [99],

E (R) = E0 +
1

2

∑
iα,jβ

Cαβ (Ri,Rj)RiαRjβ. (4.23)

2Numerically, it involves taking the gradient with respect to the neighbor lists from the data
loading.
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Cαβ is the matrix of interatomic force constants (IFC) that indicates how the system

responds to displacements and can be likened to a stiffness matrix.

It is convenient to represent properties in periodic systems in reciprocal space to

utilize their translational symmetries. We introduce the dynamical matrix Diα,jβ(q)

as the lattice Fourier transform of Ciα,jβ,

Diα,jβ =
1

√
mimj

∑
l

Cαβ

(
R

(l)
i ,R

(0)
j

)
e
−iq·

(
R

(l)
i −R

(0)
j

)
. (4.24)

Solving the eigenvalue problem of Eq. 4.24 gives the phonon frequencies of the system,

D (q) · e = ω2
ν (q) · e, (4.25)

where ν = 1, ..., 3N indexes the 3N phonon branches.

Phonon dispersions can be determined from force fields by building the IFCs first

through a finite difference/“frozen phonon” method, where the positions of the nuclei

are clamped to allow the electronic degrees of freedom to relax. As an example, the

forces F(R) determined from a trained MLIP can be used to build an approximated

Ciα,jβ through,

Ciα,jβ = − ∂Fiα

∂Rjβ

≈ −Fiα(Rj + ∆)− Fiα(Rj −∆)

2∆
. (4.26)

The dynamical matrix at a particular wave vector q is then calculated from a system

with a cell size commensurate to it using Eq. 4.24 and subsequently diagonalized to

get the phonon bands. To calculate finer phonon resolutions, the use of larger and

larger supercells is needed3 for the finite displacement method.

Larger supercells have interatomic distances that will exceed the radial cutoff

chosen for constructing the neighbor lists of the force field. Because of this, phonon

dispersions coming from long-range interactions will be absent: the q close to the

high symmetry points will not be calculated. We next discuss a simple model where

electrostatics manifests in lattice dynamics.

4.4.2 Phonons from long-range electrostatics

If the system responds to electric fields through the presence of charges, we can add

it as an additional degree of freedom for its total energy. We can express the generic

3This is in contrast to DFPT where D (q) are directly calculated in reciprocal space for an
arbitrary q without the need for supercells.
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quadratic form for the energy of a (cubic) system as [99, 100],

E (R,E) = E0 +
1

2

∑
iα,jβ

Ciα,jβRiαRjβ + q
∑
iαβ

RiαZ
⋆
iαβEβ −

Ω

8π

∑
αβ

ϵαβEαEβ. (4.27)

Ω is the unit cell volume, ϵαβ is the dielectric tensor, and the coupling between the

displacements R and E is the Born effective charge of the ions, Z⋆. The last two terms

of Eq. 4.27 provide couplings to the electric field due to the presence of charges. We

use the Hamilton equations of motion for momentum piα to determine the additional

effect of the electric field on the phonons,

dpiα
dt

= −
∑
jβ

Ciα,jβRjβ − q
∑
β

Z⋆
iαβEβ. (4.28)

In the absence of free charges, E and the electric displacement D follow the Maxwell

equations,

∇× E ∼ iq× E = 0, ∇ ·D ∼ iq ·D = 0. (4.29)

These two fields are related by the polarization vector P ,

D = E + 4πP . (4.30)

We take the derivative of Eq. 4.27 with respect to the electric field,

∂E({R},E)

∂Eβ

= q
∑
iα

RiαZ
⋆
iαβ −

Ω

4π

∑
αβ

ϵαβEα. (4.31)

Rearranging Eq. 4.31 provides expressions for the electric displacement and polariza-

tion,

Dβ = −4πq

Ω

∑
iα

RiαZ
⋆
iαβ +

∑
αβ

ϵαβEα, (4.32)

Pβ = − q
Ω

∑
iα

RiαZ
⋆
iαβ +

∑
αβ

ϵαβ − δαβ
4π

Eα. (4.33)

Differentiation with respect to R and E provides expressions for the dielectric constant

and the Born effective charges in terms of polarization,

ϵαβ = δαβ + 4π
dPβ

dEα

, Z⋆
iαβ = −Ω

q

dPβ

dRα

. (4.34)
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Since D is divergence-free, we can express q ·D = 0 as,

−4πq

Ω

∑
iα

RiαZ
⋆
iαβq̂β +

∑
αβ

q̂αϵαβq̂β(q̂ · E) = 0. (4.35)

Isolating the electric field provides,

E = q̂
4πq

Ω

∑
kβ

∑
γ Z

⋆
kβq̂γ∑

αβ q̂αϵαβq̂β

Rkβ. (4.36)

Upon substitution into Eq. 4.28 we get an expression for the long-range contribution

to the dynamical matrix,

Diα,jβ = Dan
iα,jβ +Dna

iα,jβ, (4.37)

where,

Dna
iα,jβ =

4π

Ω

(q · Z⋆
i )α
(
q · Z⋆

j

)
β

q · ϵ∞ · q
. (4.38)

It is labeled as non-analytic because Eq. 4.38 has an undefined limit at the Γ point,

q = 0. This term affects the phonon branches differently: transverse modes have

ET ⊥ q so ET = 0 and will be unaffected by the electric field. In longitudinal modes,

EL ∥ q thus affecting ωL. At the zone center, the frequencies are given as,

ω2
T = ω2

0, (4.39)

ω2
L = ω2

0 +
4π(Z⋆)2

Ωϵ∞M
, (4.40)

where ω0 are the phonon frequencies obtained from Dan
iα,jβ. The longitudinal modes

in Eq. 4.40 rely on the dielectric constant ϵ∞, which depends on a proper description

of the susceptibility as discussed in Ch. 3.

4.4.3 Phonons for short-range and QEq models

To illustrate this effect, we train a short-range (PANNAJAX) and a charge equilibra-

tion (PANNAJAX-QEq) model on 2 × 2 × 2 supercells of MgO in the conventional

cell, with a lattice parameter a ≈ 8.4 Å. SCF calculations were performed with the

PBESol exchange-correlation functional using the projector augmented-wave (PAW)

method. We take around 1200 structures, of which 400 are sampled at 100, 300, 500 K

each, and a few structures at a higher temperature at 1000 K to allow for variations

in the displacements. The data are split 90:10 into training and validation sets.

As for the model, we use a LATTE descriptor with 150 bins each for the 2- and

3-body descriptors, and 50 bins for the 4-body contractions. The architecture chosen

was 64 : 32 : M , where M = 1, 3 for the short-range and QEq models, respectively. A
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neural network cutoff of Rc = 4.0 Å was used. Fig. 4.3 shows the coverage of the radial

cutoff used, noting that only a fraction of the interactions contributing to the forces

can be covered. The phonon dispersions for both models are shown in Fig. 4.4. DFPT

Figure 4.3: Sample structure for the MgO supercell showing an atom with its con-
nected neighbors with Rc = 4.0 Å.

results are obtained from a nq1,nq2,nq3=4,4,4 grid mesh, which explicitly evaluates

q points halfway along the Γ→ X → L path. From the finite displacement method,

it is expected that larger supercells are able to capture commensurate q points closer

to Γ from the X point and exhibit the LO-TO splitting. It is worth noting that even

if ϵ∞ and Z⋆ can be calculated from DFT, the model is only explicitly regressed in

energies and forces.

Results show that the dispersions are independent of the supercell size. This is

expected in the short-range model, as an Rc = 4.0 Å cutoff will not be able to see most

of the atoms beyond the unit cell as shown in Fig. 4.3. That the QEq model shows a

virtually identical dispersion to its short-range counterpart may be attributed to the

fact that a metallic ϵ∞ effectively suppresses the difference in the LO and TO modes

as ω2
L − ω2

T ∝ 1/ϵ∞ from Eqs. 4.39–4.404. As discussed in Sec. 3.3, improvements in

the QEq model are needed to temper the screening of ϵ. We will see in the following

section how the SQE model is implemented in PANNA, and how well it performs in

training and phonons.

4It is also possible that the solution reached by the QEq model provides atomic charges that are
very close to 0, making it effectively a short-range model.
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(a) (b)

Figure 4.4: Phonon dispersions evaluated at different supercell sizes for (a) short-
range and (b) QEq models. DFPT results are shown in black dashed lines with x
markers indicating non-interpolated results.

4.5 PANNAJAX-SQE

Following Sec. 3.4, the SQE model extends from QEq by adding a bond penalty term

shown in Eq. 3.56,

ESQE ({Qi}) = EQEq ({Q}) +
1

2

∑′

b=(ij)∈L

κbp
2
b .

The bond hardness term works similarly to the atomic hardness terms Ji, but corre-

sponds to how likely a charge is allowed to stay between the orbitals of the two atoms

that share it. While it is ideal that we allow the model to fully parametrize κb for

all present bonds in the system, the current implementation of SQE is done with a

constant hardness as a hyperparameter.

4.5.1 Creating the Lib matrix

The fundamental element to be added in the SQE implementation is the topology

matrix, Lib. To allow for an unbiased method of selecting the bonds, we create L

based on a cutoff, Rc,SQE, distinct from the neural network cutoff (see Eq. 3.58),

Lib = {b = (i, j) | ∀ (i, j > i) s.t. Rij < Rc,SQE}.

Details in the code implementation are discussed in Appendix C.2. With L created,

we then discuss the peculiarities of solving the SQE system: the ill-conditioned nature

of solving in bond space5, and what pij represents for periodic systems. We discuss

5Solving in atom space carries its own problems, namely not getting the dissociation limits (dis-
cussed in the Supplementary Material of [40]) and the off-diagonal elements of Wij diverging to
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both in the succeeding sections.

4.5.2 Bond variables are ill-conditioned

Following the discussion from Sec. 3.4.1, bond variable-based models carry the issue of

generally being overcomplete: most of the time, the number of bonds is much larger

than the number of atoms. The number of atoms in a structure is a well-defined

property, whereas there are multiple ways to define a set of bonds connecting the

atoms. Because of this, models that use bond variables almost always encounter

linear systems with matrices that are ill-conditioned [40, 88]. That is, solutions of

linear systems are very sensitive to its parameters. We revisit the Lib of the fully

connected system in Eq. 3.51,

Lib =

 1 1 0

−1 0 1

0 −1 −1

 .

The columns of the matrix are not linearly independent (col0 + col2 = col1), consistent

with the fact that this system has a cyclic flow6. Generally, pseudoinverses are needed

either when projecting back to atom space (Eq. 3.55) or the inversion of the SQE

kernel to solve for p (Eq. 3.64). The current implementation in PANNAJAX-SQE

uses ridge regression instead of truncated SVD, as the addition of bond-hardnesses κ

or the regularization α act as ridge regularizers rather than abrupt truncations.

4.5.3 Periodic pb are renormalized

The elements of Lib have a direct meaning in non-periodic systems: there will be

as many rows as there are atoms in the system, and the columns indicate all the

permitted bonds b = (ij) from L. A more careful approach must be taken for periodic

systems. Consider a simple periodic system with two atoms as shown in Fig. 4.5. The

worst-case scenario (memory-wise) is to include all possible bonds. For the time being,

let us introduce a notation on the split charges to determine from which cell the charge

may be transferred, p
(c←c′)
ij . c← c′ means the atom i from cell c (which is always the

original cell indexed at 0) receives a charge from neighbor j at cell c′. We only consider

split charges of the type 0← c′ since only atoms in the unit cell are considered. From

here we simplify the set of bonds b considered for periodic systems. First, interactions

within the unit cell, p
(0←0)
ij , are always included (solid orange line), as is done in

infinity for dissociating bonds.
6Three distinct bonds connecting three atoms create the simplest possible cyclic flow. More

complex cyclic flows can be present (e.g., benzene rings), but 3-bond cyclic flow sets are very common
in bond topologies that are unbiased/not dictated explicitly.
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Figure 4.5: A sample periodic system with two atoms. The gray lines indicate a con-
nection of the atom to its own periodic image, which constitutes a cyclic flow (overall
charge transfer 0) and should not be included in Lib. After considering redundant

pb/columns in Lib, only a single independent variable, p
(0←0)
01 , is left. This can be

understood as the renormalized interaction between atom 0 and atom 1 and all its
periodic images within the neighborhood of 0.

non-periodic systems. The first simplification comes from bonds referring to atoms

that receive charges from their own replicas, p
(0←c)
ii (gray lines). These contribute a

net zero charge transfer, and thus a cyclic flow, as periodicity dictates that it will

receive the same charge that it gives. Secondly, interactions between different atoms

at different replicas, p
(0←c)
ij (orange dotted lines), cannot be easily disregarded but

show redundancies when represented in the topology matrix. From Fig. 4.5 we see

that these two interactions are antisymmetric pairs of each other,

p
(0←−1)
01 = −p(0←1)

10 .

This leaves us with the remaining bonds p
(0←0)
01 and p

(0←−1)
01 ,

Lib =

p
(0←0)
01 p

(0←−1)
01( )

Q0 1 1

Q1 −1 −1
→ Lib =

(
1

−1

)
,

which leads to identical columns, suggesting that these bond variables are redundant.

Thus, there is only one independent variable in the system which is the sum of the

two p01 = p
(0←0)
01 + p

(0←−1)
01 , leading to a topology matrix that only considers the

connections within a unit cell.

Having one independent pij for this system does not mean that the interactions

from other cells are ignored. For periodic systems, it implies that pij accounts for a

collective charge transfer: coming into atom i from its neighbors j as well as all its
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periodic replicas7,

pb,eff =
∑
b∈(ij)

pb. (4.41)

This also means that the hardnesses κb that are coupled to the corresponding split

charges pb may be represented with an effective hardness,

κb,eff =

∑
b∈(ij)

1

κb

−1 . (4.42)

The regularization methods discussed in Sec. 3.4.2 still allow the SQE linear system

to be inverted even in the presence of repeated bonds. Nevertheless, future imple-

mentations should reduce as many redundancies in the topology matrix, collapsing all

contributions to a collective flow and hardness with a procedure to obtian the effective

quantities. A proposed algorithm is discussed in Appendix C.2.

4.6 Phonon dispersions in SQE

We now try to see if the long-range forces coming from the SQE models are able to

produce the correct response in the phonons.

Like in Fig. 4.4, we plot the phonons in an ionic crystal, MgO, that has LO-TO

splitting at the zone center using trained SQE models with a constant bond-hardness.

4.6.1 SQE parameters

The hyperparameters to be optimized for the SQE model are both the constant hard-

ness κb → κ and the cutoff for the topology matrix, Rc,SQE. κ was chosen from

a uniform logarithmic grid running from 100 to 10−9, with a higher κ imposing a

stronger penalty for charge transfer. The selected Rc,SQE were 2.2, 3.0, and 5.0 Å

corresponding to capturing the first-nearest neighbors, second-nearest neighbors, and

a range that captures most of the cell and some periodic images.

4.6.2 Results

The training curves corresponding to the parameter sweeps are found in Fig. 4.7. We

select Rc,SQE = 5.0 Å and κ = 10−6 as the reference hyperparameters. Also included

are the short-range and QEq models as black solid and dashed lines. That both

models achieve similar errors in energies and forces hints that the QEq potential may

have resulted in atomic charges close to zero, reverting to a short-range model. We

7From here on we drop the superscript (0← c).
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(a) (b) (c)

Figure 4.6: Connections of an Mg atom in a 2 × 2 × 2 MgO supercell at different
cutoffs used for dictating Lib. From left to right: Rc,SQE = 2.2, 3.0, 5.0 Å.

Figure 4.7: Training curves for different hyperparameter combinations of κb, Rc,SQE.
For reference, solid and dashed black lines indicate the short-range and QEq models,
respectively.

also see that the SQE models are sensitive to the hyperparameters, and almost always

have higher errors than the SR and QEq models. The almost one order of magnitude

difference in the energy can be attributed to the fact that the bond hardness is kept

uniform and constant throughout, restricting the capability of the SQE models to

achieve lower bounds. The smaller difference in the force errors is due to the constant

bond hardness contributing nothing to the derivatives with respect to the neural

network vectors.
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Despite the poorer performance relative to the other two models, the energy (∼ 20

meV/atom) and force (∼ 30 meV/Å) errors still lead to stable phonon dispersions

in Fig. 4.8. Promisingly, we see that larger supercells, whose commensurate q points

lie closer to Γ, bring the LO-TO splitting closer to the DFPT results. While this is

already different from the SR and QEq dispersions in Fig. 4.4, we also see that the

phonons from the SQE model consistently underestimate the DFPT results. As stated

earlier, the forces from the geometry-dependence of κb are notably absent as it was

set to be constant8. We also plot the difference in squares of the LO and TO modes

Figure 4.8: Phonon dispersion curves for a selected SQE model using the finite dis-
placement method. The actual phonon calculations from commensurate q points are
marked by black crosses, whereas phonon interpolation is shown by the dashed lines.

at the Γ→ X branch in Fig. 4.9 as this is proportional to the ratio of (Z⋆)2/ϵ∞. We

highlight all the commensurate q from all the supercell sizes and see that, near Γ, the

difference tends to a value of about 125 THz2 as opposed to the DFPT value of 289

THz2. Coming back to Eqs. 4.39–4.40, we can provide values for the ratio from the

difference,
(Z⋆)2

ϵ∞
=
MΩ

4π

(
ω2
L − ω2

T

)
. (4.43)

With a lattice parameter a = 4.22 Å, the estimated ratio from the SQE models has

8Studies on the linear response kernel [82, 101] indicate thatXij are distance dependent and relate
to the overlap of the orbitals between two atoms, and Xij is linked to κ as discussed in Sec. 3.5.4.
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(Z⋆)2/ϵ∞ ≈ 0.51 as compared to the DFPT value of 1.18. While the ratio is less than

half of the expected value, we already see that an approximate SQE model with a

constant hardness is able to produce a qualitative difference of ∆(ω2) with various

supercell sizes, which may be attributed to the dielectric constant ϵ∞ being finite

leading to a less metallic behavior.

Figure 4.9: Difference of squared LO and TO modes ω2
L−ω2

T from Γ→ X. Reference
DFPT values are marked with x, with interpolated values in dashed lines. Lightly
colored lines are the interpolated differences for the various supercell sizes.

We can further improve the results via (a) data by training on larger supercells and

(b) model by a proper parametrization of κb. For the data, even extending to 4×4×4

supercells allows for finer commensurate q points (e.g., having X/4, 3X/4 calculated

in the path Γ→ X) to get a splitting that is more consistent with the DFPT results.

While this may be more computationally expensive, one can train not directly on

DFT data but on data from a model that is cheaper but still captures the important

physical phenomena [102]. For the model, a parametrizable and heterogeneous κb

allows for greater flexibility and a fuller description of the forces coming from the

geometry-dependence of the bond-hardness terms.
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Chapter 5

Summary and outlook

This thesis investigates two ways in which representations of atomic environments

affect the performance of MLIPs. In particular, we look into the convergence of

body-ordered basis functions in the short-range regime and improvements to the ad

hoc treatments of long-range electrostatics.

The ACE family of MLIPs takes advantage of an explicit body-ordered construc-

tion of their descriptors, and we try to answer the question, “Do body-ordered

basis functions converge to an effective lower-order (pair) interaction?”

We hoped that if it does, there is a way to employ truncation methods to make the

descriptors more efficient. The self-interactions inherent in the unrestricted tensor

products make it difficult to decorrelate the contributions of different orders K from

each other, and only through the application of purification methods from Ho et al.

[55] as well as a laborious training procedure of elemental systems do signatures of

convergence in the coefficients manifest. Moreover, we confirm through tight-binding

experiments in simple and symmetric systems that the canonical many-body expan-

sion does not converge in general. Our study of body-order convergence suggests that

the success of body-ordered potentials in describing quantum mechanical effects does

not necessarily stem from capturing the lower-order energetics correctly, as they fail

to do so even for simple systems.

We have also implemented a split-charge equilibration model in the PANNA MLIP

as a way to address the metallic screening inherent in charge-equilibration schemes.

For this part we endeavored to answer the question: “Can a split-charge model

be integrated into the MLIP pipeline to describe signatures of long-range

interactions, namely the LO-TO splitting?” We show that a more realistic rep-

resentation of the bare susceptibility χ0 is needed to provide finite dielectric behavior,

and the SQE model is able to correct this behavior by dictating a bond topology

through which atoms are allowed to transfer charge to one another. Despite not yet

parametrizing the bond hardnesses κb, the SQE models are able to distinguish phonon

dispersions calculated using the finite difference method at different supercell sizes,
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and estimate a nonzero ratio of the (Z⋆)2/ϵ∞ where the short-range and QEq models

failed to do so. To the best of our knowledge, there has not been an extensive study

of phonon dispersions with the SQE model, which is why we prioritized this initial

test.

We envision further developments in each of the investigations. While we have seen

that the canonical many-body expansion is conditionally convergent, it may be worth

looking at situations in which the expansion may be re-expressed in a way that can be

truncated early. Techniques similar to Haydock [103] may be used as motivation. It

is worth noting that not only are 3-body descriptors insufficient [20] in differentiating

more complicated geometries, but a recent study by Domina and Ceriotti [104] has

also shown that even descriptors up to K = 7 result in degeneracies in describing

atomic environments. While converging the energetics order by order may seem like

a good direction in making the descriptors used by MLIPs more interpretable, it may

be a futile effort to find efficient truncation methods as more complicated structures

do not converge in body order even in the canonical expansion, which is itself difficult

to construct.

Tests of the SQE extension of PANNA are ongoing and suggest multiple avenues

for improvement:

1. Data: using much larger or asymmetric (e.g., 2 × 2 × 16) supercells allows the

models to be trained at commensurate q points closer to the Γ point.

2. Model construction: κb can be fully parametrized, which can reduce the training

errors of the SQE models. Additionally, the topology matrix Lib only has 0,±1

as its entries, and modifying them to be distance-dependent may allow for a

smoother behavior at the dissociation limits.

3. Training targets: Calculations for the dielectric constants have been studied

by Nistor and Muser [73] for NaCl, and having an expression for ϵ∞ calculated

from SQE elements can be leveraged as an additional target as ϵαβ can be readily

calculated from DFT.

4. Different physical tests: SQE has also been studied to get proper dissociation

behavior [86, 90] in molecular systems.

The SQE models are also related to other charge-flow models as discussed by Jensen

[40]: ACKS2 as discussed in Ch. 3 and bond capacity models [89, 105]. These models

are atom-centered and have the advantage of not using bond degrees of freedom, which

almost always result in overdetermined systems as we have shown. Moving forward,

we want to see how these charge flow models compare to state-of-the-art long-range

MLIPs [106, 107] which have ingredients inspired by conceptual DFT.

83



With the advent of foundation or universal MLIPs, training bespoke models, while

more time-consuming, has distinct merits in understanding how these surrogate mod-

els work so well. By having a greater amount of control in the MLIP construction

pipeline, one has greater flexibility to probe and better understand how different

descriptor architectures learn atomic environments, whether local or long-ranged.
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Appendix A

Supplementary information for the

body-order convergence project

A.1 Simulation parameters

For all runs: The cutoff is set to 5 Å for both the force and neighbor list cutoffs. The

potential does not use the nonlinear version of the Finnis-Sinclair potential which

is enabled by default in the pacemaker package. The radial basis is the Chebyshev

expansion with cosine cutoff function. The energy-force cost balancing is set so that

the RMSE for forces is weighted 50 times more than the energies. The optimizer is set

to BFGS with a maximum of 3000 iterations and a batch size of 100. Details about

the input files may be found in the documentation of pacemaker.

Table A.1 lists the training parameters used for the dimer curves presented in

Chapter 2.
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Table A.1: Simulation parameters for dimer curve experiments

Training set Descriptor label Train steps Validation set nmax lmax

Dimer 124
K = 2, Nf = 45 3000 val dimer 123 100 0
K = 3, Nf = 90 3000 val dimer 123 45/8 0/2
K = 4, Nf = 250 3000 val dimer 123 45/5/4 0/2/2

Diamond 1000 K = 2, Nf = 45 3000 val diverse 123 100 0
K = 3, Nf = 90 3000 val diverse 123 45/8 0/2
K = 4, Nf = 250 3000 val diverse 123 45/5/4 0/2/2

Diverse 1000 K = 2, Nf = 45 3000 val diverse 1000 100 0
K = 3, Nf = 90 3000 val diverse 1000 45/8 0/2
K = 4, Nf = 250 3000 val diverse 1000 45/5/4 0/2/2
K = 4, Nf = 493 3000 val diverse 1000 45/8/4 0/3/3
K = 4, Nf = 930 3000 val diverse 1000 45/9/5 0/6/3
K = 5, Nf = 793 3000 val diverse 1000 45/8/4/3 0/3/3/2

Diverse 50000 K = 4, Nf = 250 3000 val diverse 1000 45/5/4 0/2/2
K = 4, Nf = 493 810 val diverse 1000 45/8/4 0/3/3
K = 4, Nf = 930 418 val diverse 1000 45/9/5 0/6/3
K = 5, Nf = 793 1151 val diverse 1000 45/8/4/3 0/3/3/2

A.2 Additional plots

A.2.1 Force plots between DFT and dimer-trained potential

Fig. A.1 shows the force values from the reference DFT data (blue scatter) as com-

pared with the values predicted by the NNP (orange line) at the short-range region for

the dimer-trained potential with K = 4 and Nf = 250. We see that despite low rela-

tive errors (maximum at 13%), the absolute force errors are large, which contributes

to the large validation errors at the overfitting region.
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Figure A.1: Forces at the short-range region for the dimer-trained potential and the
difference between the forces of the DFT and the dimer-trained potential (green, right
y-axis).

A.2.2 Loss analysis of diverse dataset dimer curves

Fig. A.2 (top) shows the loss L vs. number of functions Nf for the potential trained

on the diverse dataset and (bottom) the corresponding dimer curves at the terminal

Nf for each body-order K. We see from the loss curves that opening the channel for

more complex basis functions by increasing K does help improve training. Further

evidence of this comes from the faint lines, which are loss data from potentials still

trained with K = 2 (or K = 3) but with the same number of functions as the next

higher K. Nevertheless, the dimer curve shows a more prominent qualitative change

going from K = 2 to K = 3 than from K = 3 to K = 4, even though the drop in

losses is smaller. From here we see that the parameters at which the loss converges

do not indicate that the curves have already converged.
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Figure A.2: L vs. Nf (top) and dimer curves (bottom) for the diverse dataset. Orange
and pink plots correspond to potentials with only K = 2 and up to K = 3 functions,
respectively, while purple curves include K = 4 functions. The x-values of the dimer
curve start at the minimum distance found in the diverse dataset.

A.2.3 Biasing the diverse dataset with dimer data

Fig. A.3 shows the effect of biasing the diverse dataset with an increasing number of

dimer structures. These tests were done to verify that the linear ACE potentials are

fully capable of learning the correct interaction curve if sufficient data is provided.

We show that once around 10% of the dataset is composed of dimer structures, the

potential is able to approach the DFT data. We also added an additional potential

trained on the dataset with 50 dimers added but initialized with a different seed to

ensure that initialization effects are minimal.
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Figure A.3: Dimer curves of potentials trained from the mixture of the 1000 structures
from the diverse dataset with an increasing number of structures from the dimer
dataset. An additional potential was also trained on the dataset with 50 dimers
added but initialized with a different seed to check the initialization effects. Prominent
oscillations at short range are due to the absence of bond pairs in structures in the
dataset at the sub-1 Å distance region.

A.2.4 Learning curves of diverse dataset runs

Figs. A.4 and A.5 show the learning curves for the diverse dataset with 1000 and 50000

structures, respectively. The different colors indicate the descriptor sets of varying

complexity and body-order as controlled by K and Nf . In general, we see that

the potentials trained on the dataset with fewer structures approach the overfitting

regions much faster, which indicates that less complex descriptor sets, which have

fewer parameters, are less susceptible to overfitting. On the other hand, the potentials

trained with 50 times as much data have still not overfit. Both learning curves have

losses around the same order of magnitude, which indicates that the larger dataset

benefits from the more complex descriptor sets1.

1We did not train for longer as it would be computationally expensive without the promise that
the losses and dimer curves would have improved by then.
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Figure A.4: Learning curves for (upper left) energy, (lower left) force, and (right)
total for the diverse dataset with 1000 structures. Different colors indicate different
descriptor sets with varying K and Nf .

Figure A.5: Learning curves for (upper left) energy, (lower left) force, and (right)
total for the diverse dataset with 50000 structures.

90



A.2.5 Learning curves and dimer curves for 5k and 10k runs

Figs. A.6 and A.7 show the learning curves for the diverse dataset with 5000 and 10000

structures, respectively. The different colors indicate the descriptor sets of varying

complexity and body-order as controlled by K and Nf . Less prominent overfitting

is observed in the 5000 dataset as compared to the learning curve of the potentials

trained on the 1000-structure dataset. The learning curves of the 10000 dataset do

not show any signs of overfitting after the runs were completed. Their corresponding

dimer curves in Figs. A.8 and A.9 show behavior similar to that of the potentials

trained on the 1000 and 50000 structures in that the dimer curves do not approach a

defined curve as higher K basis functions are introduced in the descriptor set.

Figure A.6: Learning curves for (upper left) energy, (lower left) force, and (right)
total for the diverse dataset with 5000 structures. Different colors indicate different
descriptor sets with varying K and Nf .

Figure A.7: Learning curves for (upper left) energy, (lower left) force, and (right)
total for the diverse dataset with 10000 structures.
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Figure A.8: Dimer curves for the diverse dataset with 5000 structures. Different colors
indicate different descriptor sets with varying K and Nf .

Figure A.9: Dimer curves for the diverse dataset with 10000 structures. Different
colors indicate different descriptor sets with varying K and Nf .

A.3 Derivation of the symmetric tight-binding re-

sult

At the tight-binding level of theory, we already see that the higher orders of the many-

body/cluster expansion may not necessarily converge. We look at symmetric systems

of N hydrogen atoms, i.e., systems in which all the pairwise V (K=2) interactions are

equal to each other, and likewise for higher orders up to the highest possible order,

K = N . The shortened form of Eq. 2.14 is,

E(N) =
N∑

K=0

∑
i1<i2<...<iK

V (K) (Ri1 ,Ri2 , ...,RiK ) . (A.1)

We examine a highly symmetric case wherein all the interactions V (K) are identical

for a particular body order K due to highly symmetrized systems CN . Physically

realizable systems run from K = 0 to 4, where C0 refers to the background energy,
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and C4 the regular tetrahedron2. The sum over indices {ik} in Eq. A.1 simplifies to a

combinatoric factor,

E(N) =
N∑

K=0

(
N

K

)
V (K). (A.2)

All V (K) of a given order are identical, and each order appears with a combinatoric

multiplicity. The corresponding Schrödinger equation in matrix form is,

HU =


0 t ... t

t 0
. . . t

...
. . . . . . t

t ... t 0



U1

U2

...

UN

 = εU. (A.3)

Before we continue, we list the properties we expect of our solutions:

Wishlist

1. In a system of N particles with a particle removed, we want the energy

to go from EN → EN−1.

2. In the eigenvalue level occupation for the tight-binding case, the a-th

eigenvalue is,

εa =

(N − 1) t, a = 0

−t, a = 1, ..., N − 1,
(A.4)

with t < 0. One can show this by induction starting from the N = 2, 3

symmetric Hamiltonians as before. This should hold except when N = 0

as the vacuum energy is defined to be 0.

3. The K-th subcluster is obtained by isolating the lower-order subclusters,

V (N) = E(N) −
N−1∑
K=0

(
N

K

)
V (K), (A.5)

and should be,

V (K) = (−1)K K t, K ≥ 2. (A.6)

Hamiltonians of the form in Eq. A.3 have eigenvectors which are cyclic. This

2While it is difficult to realize symmetric geometries forK ≥ 5, clusters wherein all the interactions
between each permutation of bonds are symmetric are possible.
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suggests an ansatz Ua,j where3,

Ua,j =
1√
N
ei2πaj/N . (A.7)

Looking at the j-th row of the LHS,

(HUa)j =
N∑
l=1

HjlUa,l,

=
N∑
l=1

Hjl

(
1√
N
ei2πal/N

)
,

=
N∑
l=1

t (1− δjl)
1√
N
ei2πal/N ,

(HUa)j =
t√
N

(
N∑
l=1

ei2πal/N − ei2πaj/N
)
. (A.8)

Because of the cyclic nature of the solution, the sum on the RHS goes to 0 unless

a = 0,

(HUa)j =
t√
N

(
Nδa0 (1)− ei2πaj/N

)
,

=
t√
N

(
Nδa0

(
ei2πaj/N

)
− ei2πaj/N

)
,

(HUa)j = t (Nδa0 − 1)Ua,j, (A.9)

where we declare δa0 = δa0
(
ei2πaj/N

)
. Eq. A.9 satisfies the second item in the wishlist

corresponding to the a-th eigenenergy, in particular the nondegenerate ε0,

ε0 = (N − 1) t, N ≥ 1. (A.10)

By induction and reviewing the equilateral trimer case in Eqs. 2.24–2.26 we know that

the rest of the eigenvalues will be degenerate. Since the full trace must be zero, all of

the other eigenvalues must be −t, which validates the second case of wishlist item 2.

Since the system is nonmagnetic, two electrons will always occupy the lowest

energy level ε0, and the remaining N − 2 electrons occupy the degenerate −t levels.

As an example, we calculate the trimer energy and V (3) subclusters using Eqs. A.10

3a is the eigenvalue index and j is the component of the solution.
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and 2.25,

E(3) = 2ε0 + (3− 2)ε(a̸=0)

E(3) = 2(2t) + (−t) = 3t,

V (3) = E(3) −
(

3

2

)
V (2) −

(
3

1

)
V (1) −

(
3

0

)
V (0),

V (3) = 3t− 3(2t)− 0− 0 = −3t,

which confirms the equilateral trimer results from Eqs. 2.25–2.26. Doing so again for

the tetramer and pentamer,

E(4) = 2ε0 + (4− 2)ε(a̸=0)

E(4) = 2(3t) + 2(−t) = 4t,

V (4) = E(4) −
(

4

3

)
V (3) −

(
4

2

)
V (2)

V (4) = 4t− 4(−3t)− 6(2t) = 4t.

E(5) = 2(4t) + 3(−t) = 5t,

V (5) = E(5) −
(

5

4

)
V (4) −

(
5

3

)
V (3) −

(
5

2

)
V (2)

V (5) = 5t− 5(4t)− 10(−3t)− 10(2t) = −5t.

By induction, we notice a general trend for the subclusters of symmetric systems in

Wishlist item 3, Eq. A.6. This expression also confirms the result from [42].

Finally, we confirm wishlist item 1: that we recover consistent energetics when a

particle is removed from the system. We denote the energy of the highly symmetric

system of originally N atoms with one atom removed as E
(N)
extract. The goal is to show,

E
(N)
extract = E(N−1).

We look at the trimer case as an example. An intuitive way of looking at this term

is,

E
(3)
extract = E(3) − “energy added by including a 3rd atom in the two-particle case.”

= E(3) − V (3) − 2V (2)

E
(3)
extract = 3t− (−3t)− 2(2t) = 2t = E(2).
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For the tetramer case, we calculate using a form similar to Eq. A.5,

E
(4)
extract = E(4) − V (4) −

[(
4

3

)
−
(

3

3

)]
V (3) −

[(
4

2

)
−
(

3

2

)]
V (2),

E
(4)
extract = 3t = E(3),

where the prefactor in brackets indicates “the number of K-terms when there are 4

particles minus the number of terms when one particle is removed”. Both the N = 3

and 4 cases show that the tight-binding cases for symmetric systems follow wishlist

item 1, which provides a reasonable model in describing the many-body expansion.

A general expression for the total energy of a symmetric system with one particle

removed may be given as,

E(N−1) = E(N) − V (N) −
N−1∑
K=2

[(
N

K

)
−
(
N − 1

K

)]
V (K). (A.11)

From here we verify the expected behavior that a removal of a single particle from a

structure of N particles will have the energy of a system with N − 1 particles.
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Appendix B

Generic case for the atom-space

mapping of SQE

We thank the reviewer, Federico Grasselli, for pointing out the subtlety in properly

representing the split charge variable p in transforming it back to atom space. Below

we detail an alternate discussion of what was presented from the referee review.

As seen from Eq. 3.53,

p = L+∆ + z = p0 + z,

the reverse mapping of p should include the cycle mode vectors z to indicate the

gauge freedom. The contributions of bond-hardness in atom space as presented in

Eq. 3.66 only work coincidentally in the case of homogeneous hardness κ as discussed

in the main body of the thesis. A more careful atomic representation of the energy

related to the bond penalty requires finding p that minimizes,

Eκ =
1

2
pTκp =

1

2
(p0 + z)Tκ(p0 + z).

Getting the right p can be done through a constrained minimization of Eκ. We

minimize a Lagrangian of the following form,

F (z, λ) =
1

2
(p0 + z)Tκ(p0 + z)− λT (Lz), (B.1)

where the constraint is ensuring that Lz = 0, or that z belongs to the kernel of L.

Minimizing F wrt. z,

∂F

∂z
=

1

2
p0κp0 + pT

0κz +
1

2
zTκz−

(
LTλ

)T
z

0 = κ (p0 + z)− LTλ

p = κ−1LTλ. (B.2)
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Acting L on p gives the Lagrange multiplier,

Lp = ∆ = L
(
κ−1LTλ

)
λ =

(
Lκ−1LT

)+
∆, (B.3)

where we use a pseudoinverse since L is generally non-invertible. We substitute λ to

get the appropriate value for p,

p = κ−1LT
(
LκLT

)+
∆, (B.4)

and subsequently plug in p to the bond energy to get the correct W,

Eκ =
1

2
(κ−1LT

(
Lκ−1LT

)+
∆)Tκ(κ−1LT

(
Lκ−1LT

)+
∆)

=
1

2
∆T

(
Lκ−1LT

)+
Lκ−1κκ−1LT

(
Lκ−1LT

)+
∆

=
1

2
∆T

(
Lκ−1LT

)+
Lκ−1LT

(
Lκ−1LT

)+
∆

Eκ =
1

2
∆T

(
Lκ−1LT

)+
∆ =

1

2

1

2
∆TW∆. (B.5)

We then recognize the generic W as,

W =
(
Lκ−1LT

)+
. (B.6)
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Appendix C

Additional information for

PANNA code implementation

C.1 Carbon chain test

A test run was done to see if the extension of PANNA-QEq to use upgraded libraries

and auto-differentiation provides the same advantages as discussed in [37]. To verify

consistency with the original model, tests were done on the carbon chain dataset

from [27] for two similar structures, C10H
+
3 and C10H2, visualized in Fig. C.1. A

cutoff radius of Rc = 4.23 Å was chosen, as shown in Fig. C.1. The validation error

Figure C.1: Carbon chain structures, C10H
+
3 and C10H2. The chosen cutoff radius,

Rc = 4.23 Å, is shown.

curves of the different versions of the models are shown in Fig. C.2. We see that the

PANNAJAX-QEq model is able to achieve the same losses as a bespoke PANNA-QEq

model and the reference values. The short-range model does not go below 100 meV/Å

unless the cutoff radius is doubled, at the cost of poorer scaling of the neighbor lists

in training time and memory. We also show that the PANNAJAX-QEq model trains

adequately whether charges were regressed or not.
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Figure C.2: Validation curves for energy (left), force components (center), and
charges (right) for different models. The different models are PANNA-QEq (red),
PANNAJAX-QEq (blue), and a short-range model (green). An additional model for
a doubled Rc (purple) is included. Dashed lines are reference values from [37]. All
models were trained without regressing on charges, γq = 0.

Figure C.3: Parity plot for energies (left) and forces (right) for the PANNAJAX-QEq
models regressed (orange) and not regressed (blue) on charges.

C.2 Creating the topology matrix

The process for creating the topology matrix is written below1.

1. Fill the neighbor list for neighbors j for each atom i,

Rij = Rj −Ri, (C.1)

where Rj runs over all neighbors in the unit cell and periodic images that are

within the cutoff Rc,SQE.

2. Concatenating inda_sqe and indb_sqe gives the row indices, which record each

time an atom appears in the split-charge variables. Each pair ij appears twice:

the second time from its antisymmetric ji counterpart (Eq. 3.46).

1The same process is done for getting the neighbor list for the neural networks, except the indices
do not need to be unique (i.e., it includes both (0, 1) and (1, 0)).
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3. The columns represent all the relevant bonds, which are ordered the same way

as (inda_sqe,indb_sqe). In the index tuple, each bond will appear twice (i.e.,

p10 is implicitly included as a −1 in L). To ensure this, the range(nbonds)

function is entered twice for the col indices.

4. L will always have an equal number of 1 and -1 entries due to charge conser-

vation. The L_elem list has the right number of these elements, with all the

positive entries first before the negative ones, in correspondence to col.

5. Scatter L_elem into L at (row,col).

Code

def build_L(inda_sqe,indb_sqe,nats):

nb = len(inda_sqe) # no. of bonds

# rows collect all of the times atom appears in a bond.

# second half is negative as atom enters in 2nd index.

rows = np.concatenate([inda_sqe, indb_sqe])

cols = np.concatenate([np.arange(nb), np.arange(nb)])

L_elem = np.concatenate([np.ones(nb), -1*np.ones(nb)])

L = np.zeros((nats, nb)).astype(np.float32)

L[rows, cols] = L_elem

assert np.allclose(np.sum(L,axis=0),0), "L colsum must be 0"

return L

Note that this version of the code does not have the deduplication procedure for

periodic systems yet, but I propose the following high-level implementation:

1. A code that collects all of the bond vectors chosen by L via the indices inda_sqe

and indb_sqe and puts it in a list.

2. Pass the bond vector list as an argument of build_L. Let the function flag

any duplicate instances (whenever the index tuple is identical), and search from

the bond vector list the lengths of these vectors. This works as the current

implementation identically orders the indices and the bond vectors.

3. Collect the duplicate bonds and calculate for peff and κeff from Eqs. 4.41-4.42.

Replace all the columns relating to a particular ij pair with a single column

representing peff with a corresponding keff.
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C.3 Parameterizing bond hardness

There is currently a code that pulls from the 4th head κi as shown in Fig. 4.1 the

atomic outputs of the network distinct from atomic hardnesses Ji, and uses them as

inputs to create the bond hardnesses κij. The function is shown below,

Code

def kij_func(E3, inda_s, indb_s, func=’sum’):

if func == ’sum’: # kij = k[i] + k[j]

return E3[inda_s]+E3[indb_s]

if func == ’harmonic’: # kij = k[i]*k[j]/(k[i]+k[j])

return E3[inda_s]*E3[indb_s]/(E3[inda_s]+E3[indb_s])

if func == ’geom’: # kij = (k[i]*k[j])**0.5

return (E3[inda_s]*E3[indb_s])**0.5

raise ValueError("Unsupported func: {}".format(func))

inda_s and indb_s are the atom, neighbor indices of the bonds selected by the

topology matrix L, and the tuple (inda_s,indb_s) should list all of the relevant bond

variables chosen. This is the mechanism that produces the bond-specific κb from

atomic outputs. We ensure positivity of the bond hardness by applying a softplus

function to the κi.

Unfortunately, this method is not used in the current implementation of the code

as the differentiation wrt atomic positions such as in Eq. 4.22,

∑
a,ij

∂Ea

∂Gij

∂Gij

∂Rij

→
∑
a,ij

∂Ea

∂Rij

,

needs care when dealing with bond-variables.
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Kovács, Janosh Riebesell, Xavier R. Advincula, Mark Asta, Matthew Avaylon,

William J. Baldwin, Fabian Berger, Noam Bernstein, Arghya Bhowmik, Filippo
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