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Abstract

In this thesis we study an intrinsic connection relating the fourth Painlevé equation and the sextic
anharmonic oscillator. Mostly, it is the analog of the framework provided by Bertola, Grava and
Chavez-Heredia in [BCHG24] where it was proven the conjecture formulated by Shapiro and Tater
in [ST21] about the second Painlevé equation and the quartic anharmonic oscillator. This
connection has emerged from the investigation of the similarity of two sets of points in the complex
plane. On one side is the set of zeroes of the Okamoto or generalized Hermite polynomials, that is,
the poles of rational solutions of the fourth Painlevé equation

d2u

dt2
=

1

2u
(
du

dt
)

2

+
3

2
u3 + 4tu2 + 2(t2 + 1 − 2θ∞)u −

8θ20
u
, θ0, θ∞ ∈ C,

where u = u(t) is a complex function of the complex variable t. On the other side it is the values
of t ∈ C for which the algebraic spectrum of the exact-solvable sextic oscillator

d2y

dx2
− (x6 + 2t x4 + (t2 + 2M + 3)x2 +

(2N −M)(2N −M + 1)

x2
)y = −Λ y, N ∈ Z≥0, M ∈ C,

has eigenvalues Λ of algebraic multiplicity at least 2. We prove that for

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

N =m + n − 1,

M = n + 2m −
3

2
,

and

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

θ0 =
m + n + 1

2
,

θ∞ =
n −m + 1

2
,

where m,n ∈ Z≥1,

in one region of the complex t-plane the coincidence is exact for the Hermite case. For M ∈ Z and
M
2 ≤ N ≤ M the similarity between those two sets happens asymptotically in the Okamoto case.
Together they will prove he analog of Shapiro-Tater conjecture for the fourth Painlevé equation.
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Chapter 1

Introduction

1.1 Overview

The study of Painlevé equations and their special solutions occupies a central place in modern
mathematical physics, with deep connections to random matrices, orthogonal polynomials, and
exact WKB analysis. In recent years, surprising correspondences have been uncovered between
nonlinear Painlevé dynamics and spectral problems for anharmonic oscillators, most notably in the
work [ST21] of Shapiro and Tater for Painlevé II and the quartic oscillator. These dualities suggest
that hidden algebraic and geometric structures may govern both the pole distributions of rational
Painlevé solutions and the eigenvalue configurations of quasi-exactly solvable Schrödinger operators.
The aim of this thesis is to explore such a correspondence for the fourth Painlevé equation and
the sextic anharmonic oscillator, and to formulate and analyze an analogue of the Shapiro–Tater
conjecture in this new setting.

In this work we investigate the duality between the sextic anharmonic oscillator and rational
solutions of the Painlevé IV equation of Hermite and Okamoto type. On the oscillator side, we
characterize the algebraic eigenvalues arising from quasi-exact solvability and analyze their behavior
via tridiagonal recursions, resultants, and exact WKB analysis in the spectral variable. Particular
attention is given to degenerations of the algebraic spectrum, where multiple eigenvalues collide.
On the Painlevé side, following [MR18], we derive a scalar anharmonic oscillator directly from the
Lax pair at poles of rational solutions, which provides a bridge between the differential equation
and the quasi-exactly solvable model. By comparing the quantization conditions obtained in both
settings and showing that they are governed by the same period geometry (after a natural iden-
tification of cycles), we will establish that the resulting lattices of points match asymptotically in
the semiclassical regime, thereby formulating an analogue of the Shapiro–Tater correspondence for
PIV.

The structure of this thesis is the following.

Chapter 2 introduces the sextic oscillator and formulates its eigenvalue problem. We analyze
the algebraic spectrum arising from quasi-polynomial -type solutions, establish solvability conditions,
and describe the occurrence of multiple eigenvalues using resultants and Stokes data.

Chapter 3 reviews the Painlevé IV equation and its rational solutions of Hermite and Okamoto
type. We discuss the Lax pair formulation, associate anharmonic oscillator in the spectral variable,
fix monodromy data, and formulate the equivalent Riemann–Hilbert problem.
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Chapter 4 reformulates the sextic oscillator as a quadratic anharmonic oscillator in the spectral
variable. This alternative viewpoint is technically useful for later WKB analysis and prepares the
ground for comparison with the poles of the rational solutions of the Painlevé IV equation.

Chapter 5 (Core result I). We establish the correspondence between the sextic oscillator
and Hermite-type rational solutions of PIV. In particular, we show how the algebraic eigenvalues
of the sextic oscillator coincide with the pole distribution of Hermite rational solutions, and we
prove an exact identification with Hermite polynomials. This chapter provides the first concrete
realization of the sextic oscillator–PIV duality.

Chapter 6 (Core result II). We extend the duality to Okamoto-type solutions. After in-
troducing a suitable rescaling, we perform a detailed WKB analysis in the spectral variable and
examine the associated Stokes graphs. We identify admissible configurations and formulate quan-
tization condition in one case.

Chapter 7 investigates additional Stokes configurations. We classify possible patterns, describe
admissible and excluded cases.

Chapter 8 presents numerical simulations for the sextic oscillator, Hermite polynomials, and
Okamoto polynomials. These computations confirm the theoretical predictions, illustrating eigen-
value collisions, asymptotic zero distributions, and validating the Shapiro–Tater-type correspon-
dence.

We will now describe our results in more detail.

1.2 The analog of Shapiro-Tater conjecture

The fourth Painlevé equation

d2u

dt2
=

1

2u
(
du

dt
)

2

+
3

2
u3 + 4tu2 + 2(t2 + 1 − 2θ∞)u −

8θ20
u
, θ0, θ∞ ∈ C (1.1)

admits rational solutions

• either (θ0, θ∞) ∈ ΛQ (the Okamoto family), where

ΛQ ∶= {(θ0, θ∞) ∈ C2
∶ θ0 =

n

2
−
1

6
, θ∞ =

2m + n + 1

2
,m,n ∈ Z} , (1.2)

and the solutions are given by

u(t) = uO(t;m,n) = −

√
2

3

Qm,n+1(t)Qm+1,n−1(t)

Qm,n(t)Qm+1,n(t)
. (1.3)

Here Qm,n for m,n ∈ Z denotes the recursively defined polynomials

Qm+1,n(t)Qm−1,n(t) =
9
2[Qm,n(t)Q

′′
m,n(t) −Q

′
m,n(t)

2
] + [2t2 + 3(2m + n − 1)]Qm,n(t)

2

Qm,n+1(t)Qm,n−1(t) =
9
2[Qm,n(t)Q

′′
m,n(t) −Q

′
m,n(t)

2
] + [2t2 + 3(1 −m − 2n)]Qm,n(t)

2
(1.4)

with Q0,0(t) = Q1,0(t) = Q0,1(t) = 1 and Q1,1(t) =
√
2t.
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• or (θ0, θ∞) ∈ ΛH = Λ
[1]−
H ⊔Λ

[2]−
H ⊔Λ

[3]+
H (3 types of the Hermite family). We describe Λ

[3]+
H

Λ
[3]+
H ∶= {(θ0, θ∞) ∈ C2

∶ θ0 = ±
m + n + 1

2
, θ∞ =

n −m + 1

2
,m,n ∈ Z≥0} , (1.5)

and the solutions are given by

u(t) = u
[3]
H (t;m,n) = −

Hm,n(t)Hm+1,n+1(t)

Hm,n+1(t)Hm+1,n(t)
. (1.6)

The Hermite type 1 and Hermite type 2 solutions are similar and described in section 3.1.

Here Hm,n for m,n ∈ Z≥0 denotes the recursively defined polynomials

2mHm+1,n(t)Hm−1,n(t) =Hm,n(t)H
′′
m,n(t) −H

′
m,n(t)

2
+ 2mHm,n(t)

2

2nHm,n+1(t)Hm,n−1(t) = −Hm,n(t)H
′′
m,n(t) +H

′
m,n(t)

2
+ 2nHm,n(t)

2
(1.7)

with initial conditions H0,0(t) =H1,0(t) =H0,1(t) = 1 and H1,1(t) = 2t.

Okamoto in [Oka86] first introduced these special rational solutions of Painlevé IV. Their
representation in terms of determinantal polynomials was later clarified by Noumi and Yamada
in [NY97], who introduced the Okamoto polynomials Qm,n and generalized Hermite polynomials
Hm,n, and their role in describing all rational PIV solutions was further developed by Clarkson
in [Cla03]. The distribution of poles and zeros of rational solutions of PIV has been studied exten-
sively [MR18,MR21,BM22]

A seemingly unrelated problem is the study of the quasi-exact solvability of the sextic oscillator
[ST17]

d2y

dx2
− (x6 + 2bx4 + (b2−2M−3)x2 +

γ

x2
)y = −Λ y, b,M, γ ∈ C, (1.8)

that is, the eigenvalue problem (Λ, y1) where

y1(x) = Q1(x) e
−ϑ(x), ϑ(x) ∶=

x4

4
+
bx2

2
, (1.9)

with finite sum

Q1(x) ∶= (
N

∑
k=0

c2k(Λ)x
−2k
)xM , c0 ≠ 0, c2k ∈ C. (1.10)

The problem is equivalent to the study algebraic spectrum (Λ,Q1) of the operator

EΛ(Q) = 0 EΛ ∶= −
d2

dx2
+ 2(x3 + bx)

d

dx
− (2Mx2 − b −

γ

x2
) −Λ, (1.11)

or say that it is exact solvable.

Upon setting γ = (2N −M)(2N −M + 1) where N ∈ N, one readily notices that the operator E
preserves the finite-dimensional space with basis {xM , xM−2, . . . , xM−2N}. We prove that this is a
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criteria for the operator to be exactly solvable, so we can interpret E(Q1) = ΛQ1 directly as the
matrix eigenvalue problem

M

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

c2N

c2N−2
⋮

c2
c0

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

= −Λ

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

c2N

c2N−2
⋮

c2
c0

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, c0 ≠ 0,

whereM=M(b;M) is an (N + 1) × (N + 1) tridiagonal matrix with entries

Mjk = δj−1,k 4 (N + 1 − k) + δj,k(4N + 2M + 3 − 4k)b + δj+1,k(2k − 2)(4N + 2M + 3 − 2k). (1.12)

In this way we can obtain the algebraic the spectrum for N ∈ N from the characteristic equation

det(M(b) −ΛI) = 0

The matrix M(b) has eigenvalues of algebraic multiplicity greater than 1 if the resultant with
respect to Λ

RM,N(b) ∶= resΛ(det(M(b) −ΛI),
∂

∂Λ
det(M(b) −ΛI)) = 0, (1.13)

The quantity RM,N(b) is a polynomial in b where N ∈ N and M ∈ C are arbitrary. The values of b
such that RM,N(b) = 0 forms a regular lattice in the complex plane (see Figure 1.1). This fact was
first observed for the case γ = 0 andM ∈ Z by Shapiro and Tater in [ST17]. However they missed to
notice that this lattice is related to the poles of the rational solutions of the Painlevé IV equation.

The conjecture made by Shapiro and Tater in [ST21] and proved by Bertola, Grava and Chavez-
Heredia in [BCHG24], relates the Painlevé equation II and the quartic anharmonic oscillator. Mo-
tiveted by the similarity of the plots in [ST17] and [BM22], and also by the possibility to apply
the same technics from [BCHG24], we studied the analog of the Shapiro-Tater conjecture for the
Painlevé equation PIV and the sextic oscillator

Strategy and main results.

Following the preliminary work of Shapiro and Tate [ST21] we observe the similarity between the
families of (rescaled) roots of the resultant (1.13) and zeros of the Okamoto polynomials and the
Hermite polynomials for certain parameters, (see Figure 1.1).

We found unexpected exact matching between some roots of the discriminant and the general-
ized Hermite polynomials, see figure 5.3, and prove

Theorem 1.1. Consider N ∈ Z≥0,M ∈ Z + 1
2 , such that

M

2
+
1

4
≤ N ≤M −

1

2
.

Then, the resultant, as a polynomial in the variable t, is factorized as follows

RM,N(
√
2t) = resΛ (det(M(

√
2t) +Λ),

∂

∂Λ
det(M(

√
2t) +Λ)) = (−1)mnc−1m,n ⋅r1(t)⋅r2(t)⋅Hm,n(t)

2,

(1.14)

5



-5 5

-5

5

t

Figure 1.1: The roots (scaled) of the resultant RM,N(
√
2t) , when (M,N) = (28,20) in red; the

roots of the Okamoto polynomials Qm,n(t), when (m,n) = (−12,−8) in gray; the roots of the
generalized Hermite polynomials Hm,n(t), when (m,n) = (8,12) in green.
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where cm,n ∈ C/{0} is a constant and

m ∶=M −N +
1

2
≥ 1, n ∶= 2N −M +

1

2
≥ 1.

Here Hm,n(t) corresponds to the middle rectangle, where roots are doubled, and r1(t), r2(t) to
the horizontal and vertical pair of spikes. The details are provided in the theorem 5.2. The proof
consists of the three steps:

1. to show the factorization formula of the determinant p(Λ) = det(M(b) −ΛI) = p1(Λ)p2(Λ)
for M,N as in the assumption.

2. to show the factorization formula of the discriminant

resΛ (p(Λ),
∂p(Λ)

∂Λ
) = (−1)mnresΛ (p1,

∂p1
∂Λ
) ⋅ resΛ (p2,

∂p2
∂Λ
) ⋅ (resΛ (p1, p2))

2 .

3. to show the coincidence of the zeros of resΛ (p1(
√
2t), p2(

√
2t)) and Hm,n(t) by using the

results of [MR21] and identification between oscillators from chapter 4.

The theorem might be important from different perspectives, for example it provides a realization
of generalized Hermite polynomial Hm,n as a resultant of two polynomials of degree m and n.

By analogy with [BCHG24] we tackle the Okamoto polynomials.

Conjecture 1.2. Consider N ∈ Z≥0,M ∈ Z≥0 + δ, δ ∈ {0, 12} and M + δ ≤ N ≤ 2M − 2δ. If

m = 2N −M + δ, n =M −N + δ,

then, as M,N →∞, in such a way that
M

N
remains bounded and in a neighbourhood of t = 0, the

zeros of RM,N(
√
2t) and Q−n,−m(t) coincides up to an error O((2m + n)−2).

The idea of the proof consists of several steps

1. to study the Stokes data corresponding to the algebraic spectrum of the sextic oscillator and
to derive the repeated eigenvalue condition, see theorem 2.11.

2. to derive the potential of the anharmonic oscillator related to the poles of the rational solution
of Painlevé IV. This is obtained as the limit of the Jimbo-Miwa Lax pair of PIV at the poles,
see (OSC−1PIV). The same has been done done by Masoero and Roffelsen in [MR18].

3. To make an identification between the two oscillators. This was easy to see for Painleve II,
here we need to do a change of the independent variable λ = 1√

2
x2, for the sextic oscillator.

This also implies that we need to track the change of monodromy data and Stoke data.

4. To do the simultaneous rescaling of the two oscillators, so that we can compare them using
the same WKB analysis.

5. From the monodromy data of the rational solutions of the Painlevé IV equation provided
by [Kap98,BM22] and the monodromy data plus the repeated eigenvalue condition derived by
us, we write the quantization conditions for both the oscillators. This part is more complicated
than in [BCHG24] because of the many topological cases of the Stokes graph.

6. Show that both quantization conditions provide similar lattices up to O(η−2), where η is the
large parameter in the WKB analysis.

7



Chapter 2

Sextic Oscillator

Consider the eigenvalue problem for the sextic oscillator

d2y

dx2
− (x6 + 2bx4 + (b2 + 2M + 3)x2 +

γ

x2
)y = −Λ y, b,M, γ ∈ C, (sxt)

where −Λ ∈ C denotes the eigenvalue. Equivalently, consider the ODE

d2y

dx2
= V (x,Λ) y, V (x,Λ) ∶= x6 + 2bx4 + (b2 + 2M + 3)x2 −Λ +

γ

x2
. (2.1)

Standard computation of a formal solution shows that for any Λ ∈ C this problem has a solution of
the form

y(x) = Q(x) e−ϑ(x), ϑ(x) ∶=
x4

4
+
bx2

2
, (2.2)

where

Q(x) = (
∞
∑
k=0

c2k(Λ)x
−2k
)xM , c2k ∈ C, c0 ≠ 0.

In this chapter, we study the algebraic spectrum of (sxt), that is, the values of Λ for which the
eigenvalue problem has a solution finite sum

Q1(x) ∶= (
N

∑
k=0

c2k(Λ)x
−2k
)xM , c0 ≠ 0. (2.3)

If such a truncation happens, the eigenvalue problem (sxt) is said to be exactly solvable. See also
Definition 2.2 below.

Proposition 2.1. The problem (sxt)–(2.1) has a solution (Λ, y(x)) of the form (2.3) if and only if

γ = (2N −M + 1)(2N −M) (2.4)

for some N ∈ Z≥0, and Λ is an eigenvalue of an (N + 1) × (N + 1) tridiagonal matrix M =M(b)
with entries

Mjk = δj−1,k 4 (N + 1 − k) + δj,k(4N + 2M + 3 − 4k)b + δj+1,k(2k − 2)(4N + 2M + 3 − 2k), (2.5)
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for j, k = 0,1, . . . ,N . Moreover,

M

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

c2N

c2N−2
⋮

c2
c0

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

= −Λ

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

c2N

c2N−2
⋮

c2
c0

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, c0 ≠ 0. (2.6)

The geometric multiplicity of any eigenvalue −Λ in (2.6) is always equal to 1.

Proof. Preliminarily, let
A(k) ∶= Λ + b(4k − 2M − 1),

B(k) ∶= (2k −M)(2k + 1 −M) − γ

Observe that B(N) = 0 if and only if γ = (2N −M)(2N + 1 −M). In this case, B(k) = 2(N −
k)(2M − 2N − 1 − 2k).

Substitution of an expression y(x) = Q(x)e−ϑ(x) into (2.1) yields

EΛ(Q) = 0, EΛ ∶=
d2

dx2
− 2(x3 + bx)

d

dx
+ (2Mx2 +Λ − b −

γ

x2
) . (2.7)

i) The condition γ = (2N −M)(2N + 1 −M) is sufficient.

The differential operator EΛ preserves the linear space over C generated by the elementary
functions xM−2k, k ∈ N, because

EΛ(x
M−2k

) = xM−2k (4kx2 +A(k) +
B(k)

x2
) , k ≥ 0.

Moreover, it preserves the linear space over C generated by xM−2k, k = 0,1, . . . ,N ∈ N, if and only if
B(N) = 0. Therefore, if γ = (2N −M)(2N +1−M), there exists a non-trivial solution of EΛ(Q) = 0
of the form

Q1(x) =
N

∑
k=0

c2kx
−2k xM , c0 ≠ 0.

ii) The condition γ = (2N −M)(2N + 1 −M) is necessary.

Substituting

Q(x) =
∞
∑
k=0

c2kx
−2k xM

into EΛ(Q) = 0, we obtain the recurrence relations

⎧⎪⎪
⎨
⎪⎪⎩

4c2 +A(0)c0 = 0,

4(h + 1)c2(h+1) +A(h)c2h +B(h − 1)c2(h−1) = 0, h ≥ 0,
(2.8)

In order for Q(x) to be non-trivial, there exists N ≥ 0 such that c2N ≠ 0. We now impose that
c2h = 0 for all h ≥ N + 1.

9



– If N = 0, then c0 ≠ 0. The next equation determines

4c2 = −A(0)c0.

Hence c2 = 0 if and only if A(0) = 0. Imposing c2 = 0, that is A(0) = 0, then Λ = b(2M + 1). The
next equation is

4 ⋅ 2 c4 +A(1) c2
´¸¶
=0

+B(0) c0
´¸¶
≠0

= 0, h = 1.

Hence, c4 = 0 if and only if B(0) = 0. With c2 = c4 = 0, the next recurrence relations determine all
the c2k = 0 for all k ≥ 1. This proves the necessity of the condition B(N) = 0 in case N = 0.

– Now, assume c2N ≠ 0 for a certain N ≥ 1 and impose c2h = 0 for all h ≥ N + 1. The recurrence
relations at h = N , imposing

c2(N+1) = 0,

is

A(N)c2N +B(N − 1)c2(N−1) = 0, h = N. (2.9)

Since c2N and c2(N−1) have been determined in previous steps, as polynomials in Λ, this relation is
a polynomial in Λ of degree N + 1, which has N + 1 roots, counting multiplicity (it will determine
the algebraic spectrum, see below).

The next relation is

4(N + 2)c2(N+2) +A(N + 1) c2(N+1)
´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¶
=0

+B(N) c2N
´¸¶
≠0

= 0, h = N + 1.

Therefore

c2(N+2) = 0 ⇐⇒ B(N) = 0.

With c2(N+1) = c2(N+2) = 0, the next recurrence relations determine all the c2k = 0 for all k ≥ 1. This
proves the necessity of the condition B(N) = 0 in general.

We finally observe that for γ = (2N −M)(2N + 1 −M) the recurrence relations are equivalent
to the matrix formulation (2.6), with matrix (2.5).

In the above proposition, with γ = (2N −M)(2N + 1 −M), all the equations but the last one,
determine c2, c4, . . . , c2h, . . . c2N as multiples of c0 and polynomials in Λ, being c2k of degree k. The
last equation (2.9) is a polynomial of Λ of degree N + 1, divisible by c0. Explicitly, (2.9) is in the
form

(Λ + b(4N − 2M − 1))c2N(Λ) = 2(4N − 2M − 1)c2N−2(Λ). (2.10)

It reduces to A(0) = 0 in case N = 0, that is

Λ = b(2M + 1).

Definition 2.2. The (possibly repeated) roots Λ1, . . . ,ΛN+1 of (2.10) – or equivalently the roots
of the characteristic polynomial ofM – are called algebraic spectrum of (2.1), and the eigenvalue
problem is said to be exactly solvable.

10
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<latexit sha1_base64="14xeqYElOOl00JfEJ6ZqvLc3swY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4MSQi6rHgxYtS0X5AG8pmO22XbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmhYng2njet7O0vLK6tl7YKG5ube/slvb26zpOFcMai0WsmiHVKLjEmuFGYDNRSKNQYCMcXk/8xhMqzWP5aEYJBhHtS97jjBorPdye3nVKZc/1piCLxM9JGXJUO6WvdjdmaYTSMEG1bvleYoKMKsOZwHGxnWpMKBvSPrYslTRCHWTTU8fk2Cpd0ouVLWnIVP09kdFI61EU2s6ImoGe9ybif14rNb2rIOMySQ1KNlvUSwUxMZn8TbpcITNiZAllittbCRtQRZmx6RRtCP78y4ukfub6F65/f16uuHkcBTiEIzgBHy6hAjdQhRow6MMzvMKbI5wX5935mLUuOfnMAfyB8/kDpg2NUg==</latexit>

M � N

<latexit sha1_base64="14xeqYElOOl00JfEJ6ZqvLc3swY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4MSQi6rHgxYtS0X5AG8pmO22XbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmhYng2njet7O0vLK6tl7YKG5ube/slvb26zpOFcMai0WsmiHVKLjEmuFGYDNRSKNQYCMcXk/8xhMqzWP5aEYJBhHtS97jjBorPdye3nVKZc/1piCLxM9JGXJUO6WvdjdmaYTSMEG1bvleYoKMKsOZwHGxnWpMKBvSPrYslTRCHWTTU8fk2Cpd0ouVLWnIVP09kdFI61EU2s6ImoGe9ybif14rNb2rIOMySQ1KNlvUSwUxMZn8TbpcITNiZAllittbCRtQRZmx6RRtCP78y4ukfub6F65/f16uuHkcBTiEIzgBHy6hAjdQhRow6MMzvMKbI5wX5935mLUuOfnMAfyB8/kDpg2NUg==</latexit>

M � N

<latexit sha1_base64="pTr9yRR+4+2BmAXHZI6lctzp+o4=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4MSRF1GPBixelgv2ANpTNdtMu3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyacaeN5387K6tr6xmZpq7y9s7u3Xzk4bOk4VYQ2Scxj1QmxppxJ2jTMcNpJFMUi5LQdjm9yv/1ElWaxfDSThAYCDyWLGMEml2r353f9StVzvRnQMvELUoUCjX7lqzeISSqoNIRjrbu+l5ggw8owwum03Es1TTAZ4yHtWiqxoDrIZrdO0alVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBxmTSWqoJPNFUcqRiVH+OBowRYnhE0swUczeisgIK0yMjadsQ/AXX14mrZrrX7r+w0W17hZxlOAYTuAMfLiCOtxCA5pAYATP8ApvjnBenHfnY9664hQzR/AHzucPF2SNjg==</latexit>

2N � M

<latexit sha1_base64="pTr9yRR+4+2BmAXHZI6lctzp+o4=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4MSRF1GPBixelgv2ANpTNdtMu3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyacaeN5387K6tr6xmZpq7y9s7u3Xzk4bOk4VYQ2Scxj1QmxppxJ2jTMcNpJFMUi5LQdjm9yv/1ElWaxfDSThAYCDyWLGMEml2r353f9StVzvRnQMvELUoUCjX7lqzeISSqoNIRjrbu+l5ggw8owwum03Es1TTAZ4yHtWiqxoDrIZrdO0alVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBxmTSWqoJPNFUcqRiVH+OBowRYnhE0swUczeisgIK0yMjadsQ/AXX14mrZrrX7r+w0W17hZxlOAYTuAMfLiCOtxCA5pAYATP8ApvjnBenHfnY9664hQzR/AHzucPF2SNjg==</latexit>

2N � M

Figure 2.1: Roots of the resultant of the sextic oscillator in the b-plane, when (M,N) = (16,10),
or equivalently (m,n) = (6,4), where m =M −N, n = 2N −M . The central rectangle has width m
and height n.

2.1 Eigenvalues with algebraic multiplicity ≥ 2

Fix M ∈ C and N ∈ Z≥0. An eigenvalue Λ has algebraic multiplicity ≥ 2 if and only if

det(M(b) −ΛI) = 0 and
∂

∂Λ
det(M(b) −ΛI) = 0. (2.11)

The values of b for which such double eigenvalues occur are the roots of the resultant (as a polyno-
mial in b of degree N(N + 1))

R(b;M,N) ∶= resΛ(det(M(b) −ΛI),
∂

∂Λ
det(M(b) −ΛI)) = 0. (res)

Here the parameter M is arbitrary complex number, depending on the values of M the roots
of the resultant form different shapes, see figure 2.3.

Algebraic multiplicity 3

If M ∈ Z or M ∈ Z + 1
2 and N ≤ M ≤ 2N , futher degeneration occurs. In figure 2.1 or 2.2, there

are 5 visible regions: 4 triangles and a rectangle in the middle. The points in the rectangular are
doubled, so they correspond to eigenvalues with algebraic multiplicity 3. See figure 8.5 of collisions
of Λ.
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<latexit sha1_base64="Jd/d/6t7lSF0Ea2zsx6Bh5hWU44=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIgliSIuqx4MWLUsF+QBvKZrtpl242YXcj1JBf4sWDIl79Kd78N27bHLT1wcDjvRlm5vkxZ0o7zrdVWFldW98obpa2tnd2y/befktFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vh66rcfqVQsEg96ElMvxEPBAkawNlLfLt+e3Z32AolJ6mZpLevbFafqzICWiZuTCuRo9O2v3iAiSUiFJhwr1XWdWHsplpoRTrNSL1E0xmSMh7RrqMAhVV46OzxDx0YZoCCSpoRGM/X3RIpDpSahbzpDrEdq0ZuK/3ndRAdXXspEnGgqyHxRkHCkIzRNAQ2YpETziSGYSGZuRWSETQraZFUyIbiLLy+TVq3qXlTd+/NKvZrHUYRDOIITcOES6nADDWgCgQSe4RXerCfrxXq3PuatBSufOYA/sD5/AL0/knE=</latexit>

M � N +
1

2

<latexit sha1_base64="peV3grgq1t+McCoShffoTWSV/U8=">AAAB+HicbVBNS8NAEJ3Ur1o/WvXoZbEIXhqSIuqx4MWLUsF+QBvKZrtpl242YXcj1JBf4sWDIl79Kd78N27bHLT1wcDjvRlm5vkxZ0o7zrdVWFvf2Nwqbpd2dvf2y5WDw7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/Mn1zO88UqlYJB70NKZeiEeCBYxgbaRBpXxbu6v1A4lJ6mZpPRtUqo7tzIFWiZuTKuRoDipf/WFEkpAKTThWquc6sfZSLDUjnGalfqJojMkEj2jPUIFDqrx0fniGTo0yREEkTQmN5urviRSHSk1D33SGWI/VsjcT//N6iQ6uvJSJONFUkMWiIOFIR2iWAhoySYnmU0MwkczcisgYmxS0yapkQnCXX14l7brtXtju/Xm1YedxFOEYTuAMXLiEBtxAE1pAIIFneIU368l6sd6tj0VrwcpnjuAPrM8fwF2Scw==</latexit>

M � N � 1

2

<latexit sha1_base64="peV3grgq1t+McCoShffoTWSV/U8=">AAAB+HicbVBNS8NAEJ3Ur1o/WvXoZbEIXhqSIuqx4MWLUsF+QBvKZrtpl242YXcj1JBf4sWDIl79Kd78N27bHLT1wcDjvRlm5vkxZ0o7zrdVWFvf2Nwqbpd2dvf2y5WDw7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/Mn1zO88UqlYJB70NKZeiEeCBYxgbaRBpXxbu6v1A4lJ6mZpPRtUqo7tzIFWiZuTKuRoDipf/WFEkpAKTThWquc6sfZSLDUjnGalfqJojMkEj2jPUIFDqrx0fniGTo0yREEkTQmN5urviRSHSk1D33SGWI/VsjcT//N6iQ6uvJSJONFUkMWiIOFIR2iWAhoySYnmU0MwkczcisgYmxS0yapkQnCXX14l7brtXtju/Xm1YedxFOEYTuAMXLiEBtxAE1pAIIFneIU368l6sd6tj0VrwcpnjuAPrM8fwF2Scw==</latexit>

M � N � 1

2

<latexit sha1_base64="5Tv5yVpiRSKlCJxxMHK4kEzk1Pg=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSIIYkiKqMeCFy9KBfsBbSib7aZdutmE3U2hhPwTLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g4U9p1v62V1bX1jc3SVnl7Z3dv3z44bKo4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkrGN1O/daYSsVi8aQnCfUjPBAsZARrI/Vsu/pwcX/eDSUmmZdn1bxnV1zHnQEtE68gFShQ79lf3X5M0ogKTThWquO5ifYzLDUjnOblbqpogskID2jHUIEjqvxsdnmOTo3SR2EsTQmNZurviQxHSk2iwHRGWA/VojcV//M6qQ5v/IyJJNVUkPmiMOVIx2gaA+ozSYnmE0MwkczcisgQmxS0CatsQvAWX14mzarjXTne42Wl5hRxlOAYTuAMPLiGGtxBHRpAYAzP8ApvVma9WO/Wx7x1xSpmjuAPrM8fMSWSrQ==</latexit>

2N � M +
1

2

<latexit sha1_base64="dOzGp40Xm2k3K5y6unu4cSoRJ98=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBS0NSRD0WvHhRKlhbaEPZbDft0s0m7G4KJeSfePGgiFf/iTf/jds2B219MPB4b4aZeUHCmdKu+22V1tY3NrfK25Wd3b39A/vw6EnFqSS0RWIey06AFeVM0JZmmtNOIimOAk7bwfhm5rcnVCoWi0c9Tagf4aFgISNYG6lv2/X72l2tF0pMMi/P6nnfrrqOOwdaJV5BqlCg2be/eoOYpBEVmnCsVNdzE+1nWGpGOM0rvVTRBJMxHtKuoQJHVPnZ/PIcnRllgMJYmhIazdXfExmOlJpGgemMsB6pZW8m/ud1Ux1e+xkTSaqpIItFYcqRjtEsBjRgkhLNp4ZgIpm5FZERNiloE1bFhOAtv7xKnuqOd+l4DxfVhlPEUYYTOIVz8OAKGnALTWgBgQk8wyu8WZn1Yr1bH4vWklXMHMMfWJ8/NEOSrw==</latexit>

2N � M � 1

2

<latexit sha1_base64="dOzGp40Xm2k3K5y6unu4cSoRJ98=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBS0NSRD0WvHhRKlhbaEPZbDft0s0m7G4KJeSfePGgiFf/iTf/jds2B219MPB4b4aZeUHCmdKu+22V1tY3NrfK25Wd3b39A/vw6EnFqSS0RWIey06AFeVM0JZmmtNOIimOAk7bwfhm5rcnVCoWi0c9Tagf4aFgISNYG6lv2/X72l2tF0pMMi/P6nnfrrqOOwdaJV5BqlCg2be/eoOYpBEVmnCsVNdzE+1nWGpGOM0rvVTRBJMxHtKuoQJHVPnZ/PIcnRllgMJYmhIazdXfExmOlJpGgemMsB6pZW8m/ud1Ux1e+xkTSaqpIItFYcqRjtEsBjRgkhLNp4ZgIpm5FZERNiloE1bFhOAtv7xKnuqOd+l4DxfVhlPEUYYTOIVz8OAKGnALTWgBgQk8wyu8WZn1Yr1bH4vWklXMHMMfWJ8/NEOSrw==</latexit>

2N � M � 1

2

Figure 2.2: Roots of the resultant of the sextic oscillator in the b-plane, when (M,N) = (16+ 1
2 ,10),

or equivalently (m,n) = (7,4), where m =M −N + 1
2 , n = 2N −M +

1
2 . The central rectangle has

width m and height n.
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<latexit sha1_base64="IrI37jOqQRj0Wd2Nch/2ZUxwr7I=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVRIpKq4KbtwIVewDmlAm05t26GQSZiaFEvonblwo4tY/ceffOGmz0NYDA4dz7uWeOUHCmdKO822V1tY3NrfK25Wd3b39A/vwqK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8W3udyYgFYvFk54m4EdkKFjIKNFG6tu2FxE9klH2CDPs3eD7vl11as4ceJW4BamiAs2+/eUNYppGIDTlRKme6yTaz4jUjHKYVbxUQULomAyhZ6ggESg/myef4TOjDHAYS/OExnP190ZGIqWmUWAm85xq2cvF/7xeqsNrP2MiSTUIujgUphzrGOc14AGTQDWfGkKoZCYrpiMiCdWmrIopwV3+8ippX9Tcy5r7UK826kUdZXSCTtE5ctEVaqA71EQtRNEEPaNX9GZl1ov1bn0sRktWsXOM/sD6/AGpo5L6</latexit>

Re M

<latexit sha1_base64="ZZiw+hL7ExdePQugUx+jZ9yiGIU=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRSVFwV3OhCqGAf0IQymU7aoTNJmJkUSuifuHGhiFv/xJ1/46TNQlsPDBzOuZd75gQJZ0o7zrdVWlvf2Nwqb1d2dvf2D+zDo7aKU0loi8Q8lt0AK8pZRFuaaU67iaRYBJx2gvFt7ncmVCoWR096mlBf4GHEQkawNlLftj2B9UiK7F7MkHeDHvp21ak5c6BV4hakCgWaffvLG8QkFTTShGOleq6TaD/DUjPC6azipYommIzxkPYMjbCgys/myWfozCgDFMbSvEijufp7I8NCqakIzGSeUy17ufif10t1eO1nLEpSTSOyOBSmHOkY5TWgAZOUaD41BBPJTFZERlhiok1ZFVOCu/zlVdK+qLmXNfexXm3UizrKcAKncA4uXEED7qAJLSAwgWd4hTcrs16sd+tjMVqyip1j+APr8weoEJL5</latexit>

Im M

<latexit sha1_base64="ZwWp+u/Etl2jkvelS6IWsabm7mk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W966rXrFXqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AdtuMrA==</latexit>
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<latexit sha1_base64="AKM3DJvEVOnJ0Ptb6c8So/fs7IQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqBeh4MWTVLAf0Iay2W7apbubsLsRSuhf8OJBEa/+IW/+GzdpDtr6YODx3gwz84KYM21c99spra1vbG6Vtys7u3v7B9XDo46OEkVom0Q8Ur0Aa8qZpG3DDKe9WFEsAk67wfQ287tPVGkWyUczi6kv8FiykBFsMun+xnOH1Zpbd3OgVeIVpAYFWsPq12AUkURQaQjHWvc9NzZ+ipVhhNN5ZZBoGmMyxWPat1RiQbWf5rfO0ZlVRiiMlC1pUK7+nkix0HomAtspsJnoZS8T//P6iQmv/ZTJODFUksWiMOHIRCh7HI2YosTwmSWYKGZvRWSCFSbGxlOxIXjLL6+SzkXdu6x7D41as1HEUYYTOIVz8OAKmnAHLWgDgQk8wyu8OcJ5cd6dj0VrySlmjuEPnM8fBDCNhg==</latexit>

N = 10

<latexit sha1_base64="Ocwyr+MGgR5g1fkgns8x2ylsYEk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1GPBi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z+oHh61TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj25nffuLaiEQ94iTlQUyHSkSCUbTSg+/1qzXP9eYgq8QvSA0KNPrVr94gYVnMFTJJjen6XopBTjUKJvm00ssMTykb0yHvWqpozE2Qzy+dkjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vm2F0E+RCpRlyxRaLokwSTMjsbTIQmjOUE0so08LeStiIasrQhlOxIfjLL6+S1oXrX7n+/WWt7hZxlOEETuEcfLiGOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/AHzucP5GaM4Q==</latexit>

10
<latexit sha1_base64="2m0boHwClfJgWIv27hv6vyniOU8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkR9Vjw4rGK/YA2lM120i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLU8G18bxvZ219Y3Nru7RT3t3bPzisHB23dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis91Lx+peq53hxklfgFqUKBRr/y1RskLItRGiao1l3fS02QU2U4Ezgt9zKNKWVjOsSupZLGqIN8fumUnFtlQKJE2ZKGzNXfEzmNtZ7Eoe2MqRnpZW8m/ud1MxPdBDmXaWZQssWiKBPEJGT2NhlwhcyIiSWUKW5vJWxEFWXGhlO2IfjLL6+SVs31r1z//rJad4s4SnAKZ3ABPlxDHe6gAU1gEMEzvMKbM3ZenHfnY9G65hQzJ/AHzucP5euM4g==</latexit>

20
<latexit sha1_base64="TKrnYOw8A1Rpi8nr171MnPfBj/4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseCF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1Bqw8GHu/NMDMvTAXXxvO+nNLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXByM/c7j6g0T+SDmaYYxHQkecQZNVa69+uDas1zvQXIX+IXpAYFmoPqZ3+YsCxGaZigWvd8LzVBTpXhTOCs0s80ppRN6Ah7lkoaow7yxaUzcmaVIYkSZUsaslB/TuQ01noah7YzpmasV725+J/Xy0x0HeRcpplByZaLokwQk5D522TIFTIjppZQpri9lbAxVZQZG07FhuCvvvyXtC9cv+76d5e1hlvEUYYTOIVz8OEKGnALTWgBgwie4AVenYnz7Lw578vWklPMHMMvOB/f7X6M5w==</latexit>

16
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Figure 2.3: The roots of R(b;M,10), scaled by 1√
2
, under the variation of M .

• when M is an integer, it is convenient to introduce the integers

m ∶=M −N, n ∶= 2N −M, (2.12)

• when M is a half–integer, it is convenient to introduce the integers

m ∶=M −N +
1

2
, n ∶= 2N −M +

1

2
. (2.13)

Observe that in both cases

m ≥ 1 and n ≥ 1 if and only if
M

2
≤ N ≤M1.

In these cases, the roots are arranged in a 4-spiked star with a rectangular region as in figures 2.1,
2.2 of base m and height n.

1When M is half-integer the condition is M
2
+ 1

4
≤ N ≤M − 1

2
but they are equivalent.
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2.2 Monodromy and Stoke data of the sextic harmonic oscillator

The goal of this sub-section is to set up the monodromy and Stoke data for the sextic harmonic
oscillator. For the purpose we re-write the Schrödinger equation (sxt) as a first order linear system

dY

dx
= (

0 1
V (x,Λ) 0

)Y, (2.14)

for a column vector solution Y (x) = (y(x), y′(x))T . The system has a regular singularity at x = 0
and an irregular singularity of Poincaré rank 2 at infinity.

Analysis at x = 0

The shearing trasformation

Y = (
1 0
0 x−1

) Ỹ ,

yields the following system with Fuchsian singularity at x = 0:

dỸ

dx
=
1

x
{(

0 1
γ 1
) + x2 (

0 0
−Λ 0

) + x4 (
0 0

b2 − 2M − 3 0
) + x6 (

0 0
2b 0

) + x8 (
0 0
1 0
)} Ỹ .

The characteristic exponents (see (2.16)) are

1

2
(1 ±
√
1 + 4γ).

Hence, system (2.14) admits a fundamental matrix solution with the following structure at x = 0:

Y (0)(x) = (
1 0
0 x−1

)G(0)(I +
∞
∑
k=1

F
(0)
2k x2k)

⎛

⎝

x
1
2
(1+
√
1+4γ) 0

0 x
1
2
(1−
√
1+4γ)

⎞

⎠
xR, (2.15)

where the series converges and defines a holomorphic matrix on C, and

G(0)
−1
(
0 1
γ 1
)G(0) = (

1
2(1 +

√
1 + 4γ) δγ,−1/4
0 1

2(1 −
√
1 + 4γ)

) . (2.16)

Here δγ,−1/4 = 1 for γ = −1/4 and δγ,−1/4 = 0 otherwise. The matrix R is zero except for the resonant
cases

R =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
0 1
0 0
) if γ = −1/4

(
0 R12

0 0
) if

√
1 + 4γ positive integer

(
0 0
R21 0

) if
√
1 + 4γ negative integer

(2.17)
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Lemma 2.3. If γ = (2N −M)(2N + 1 −M), then the characteristic exponents at x = 0 are

2N + 1 −M and M − 2N.

The resonant case occurs for

4N − 2M ∈ Z.

In this case, M ∈ 1
2 ⋅Z.

Proof. For γ = (2N −M)(2N + 1 −M), then 1 + 4γ = (4N + 1 − 2M)2, and

{(1 +
√
1 + 4γ)/2, (1 −

√
1 + 4γ)/2} = {2N + 1 −M, M − 2N}.

The case 4N − 2M ∈ Z is resonant, because the difference of the characteristic exponents is

(M − 2N) − (2N −M + 1) = 2M − 4N − 1 ∈ Z.

Remark 2.4. When c2N(Λ) ≠ 0, the quasi-polynomial solution behaves at x = 0 as

y(x) =
N

∑
k=0

c2kx
−2kxMe−ϑ(x) = (c2N +O(x

2
))xM−2N , (2.18)

so it has the exponent M − 2N . When 4N − 2M = 1 and c2N(Λ) = 0 (see Remark ??), it has the
exponent 2N −M + 1:

y(x) =
N−1
∑
k=0

c2kx
−2kxMe−ϑ(x) = (c2N−2 +O(x

2
))xM−2N+2 ≡ (c2N−2 +O(x

2
))x2N−M+1

= (c2N−2 +O(x
2
))x3/2

Proposition 2.5. The resonance may determine a logarithmic behaviour only in the following
cases.

i. There is always a logarithm when

4N − 2M = 1 with c2N = 0 and Λ ≠ 0.

In this case R12 =
αΛ

4c22N−2
≠ 0.

ii. There might be a logarithm when

4N − 2M ≤ −1.

Here it may possibly be that R12 ≠ 0.

In the above cases, the logarithm is in the second column (Y
(0)
12 , Y

(0)
22 )

T

15



Proof. In case 4N − 2M ∈ N, with in particular c2N ≠ 0 if 4N − 2M = 1 (notice that then Λ = 0), a
fundamental matrix solution in Levelt form can be represented as

Y (0)(x) =
⎛
⎜
⎝

c2N F11(x)x
M−2N +R21[Y

(0)(x)]12 lnx c̃ F12(x)x
2N+1−M

(M − 2N)c2N F21(x)x
M−2N−1 +R21[Y

(0)(x)]22 lnx (2N + 1 −M)c̃ F22(x)x
2N−M

⎞
⎟
⎠
,

where the F are holomorphic at x = 0. At the same time it can be represented as

Y (0) =
⎛

⎝

y1 y2
dy1
dx

dy1
dx

⎞

⎠
,

where

y1(x) = (1 +
N

∑
k=1

c2k(Λ)x
−2k
)xMe−ϑ(x)

is a quasipolynomial solution, while y2 is another suitable solution. It immediately follows that
R21 = 0. On the other hand, if 4N−2M = 1 and c2N(Λ) = 0, consider the gauge Y = diag(1, x

−1)G(0)Ŷ ,
which gives

dŶ

dx
=
1

x

⎧⎪⎪
⎨
⎪⎪⎩

(
3/2 0
0 −1/2

) +
4

∑
q=1

Â2qx
2q
⎫⎪⎪
⎬
⎪⎪⎭

Ŷ , with Â2 =
Λ

2

⎛
⎜
⎜
⎝

−1 −
c̃

c2N−2c2N−2
c̃

1

⎞
⎟
⎟
⎠

.

The standard formulae that reduce to the Levelt form give

R12 = (Â2)12 and F
(0)
2 = (

0 arbitrary
0 0

) .

Analysis near z = ∞

We use the notation

σ3 ∶= (
1 0
0 −1

) .

A formal solution of (2.14) at ∞ (with certain uniquely determined complex matrices F2, F4, . . .) is

YF (x) = (
1 1
−x3 x3

)(I +
∞
∑
k≥1

F2k x
−2k
)xΛ̃4e−ϑ(x)σ3 , (2.19)

where

Λ̃4 ∶= (
M 0

0 −M − 3
) ,

where we recall that ϑ(x) ∶= x4

4 +
bx2

2 . We define the Stokes rays:

arg z = τν ∶= τ0 +
π

4
ν =

2ν − 1

8
π, ν ∈ Z, τ0 ∶= −

π

8
.
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τ6

τ7 τ8

τ1 = −
π
8

τ9 = τ1 + 2π

τ2

τ3τ4

τ5

S5

S6
S7

S8

S1

S2

S3

S4

Stokes rays

x

Figure 2.4: The sectors where the open sector Si = S(τi−1, τi+1) contains only the Stokes ray
argx = τi.

and the canonical sectors (see figure 2.4):

Sν ∶= S(τν−1, τν+1) = {
2ν − 5

8
π < argλ <

2ν − 1

8
π} .

In each canonical sector there is a the unique canonical fundamental matrix solution Yi such that

Yν(x) ∼ YF (x), x→∞ in Si.

That is

Yν(x) = (
(1 +O(x−2))xMe−ϑ(x) (1 +O(x−2))x−M−3eϑ(x)

(−1 +O(x−2))x−Me−ϑ(x) (1 +O(x−2))xM+3eϑ(x)
), x→∞ in Sν . (2.20)

The Stokes matrices are defined by

Yν+1(x) = Yν(x)S[sxt]ν ,

with

S[sxt]2ν+1 = (
1 s

[sxt]
2ν+1

0 1
) , S[sxt]2ν = (

1 0

s
[sxt]
2ν 1

) ν ∈ Z.

They admit the symmetry

S[sxt]ν+4 = e
iπΛ̃4 S[sxt]ν e−iπΛ̃4 .

We use the following notiation

∞ν ∶= + exp{i
π

4
(ν − 1)}∞.
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Lemma 2.6. Let γ = (2N−M+1)(2N−M), N ∈ N, and let Λ take values in the algebraic spectrum.
Then, the canonical solutions of (2.14) at infinity satisfy S2ν = I, and are given by

Y2ν = Y2ν+1 =

⎛
⎜
⎜
⎜
⎝

y1 y
(ν)
2

dy1
dx

dy
(ν)
2

dx

⎞
⎟
⎟
⎟
⎠

, (2.21)

where

y1(x) = (1 +
N

∑
k=1

c2k(Λ)x
−2k
)xMe−ϑ(x), y

(ν)
2 (x) ∶= 2y1(x)

ˆ x

∞2ν

dξ

y1(ξ)2
, (2.22)

Here, y1(x) is the solution in Proposition 2.1, with c0 = 1.

Proof. The condition on γ and Proposition 2.1 imply that y1(x) solves the sextic oscillator, hence
(y1, y

′
1)

T is a column vector solution of (2.14). The asymptotic behaviour

y1(x) ∶= (1 +O(x
2
))xMe−ϑ(x), y′1(x) ∶= (−1 +O(x

2
))xM+3e−ϑ(x),

is the required one, so that

Yν(x) = (
y1(x) (Yν(x))12
y′1(x) (Yν(x))22

)

and therefore S2ν = I. It follows from the Abel’s identity that another independent solution y2
of the sextic oscillator is (here the fact that the Wronskian satisfies the equation w′ = 0, so that
w =constant, is used)

y2(x) ∶= αy1(x)

ˆ x

x0

y1(ξ)
−2dξ, α ∈ C/{0}.

From the asymptotic behaviour of y1, it follows that for any ν the integral converges for example
for x0 = ∞2ν (and for any direction x0 → ∞ inside S2ν ∩ S2ν+1). With the choice α = 2 we receive
the asymptotic behaviour (2.20), because

y
(ν)
2 (x) ∶= 2y1(x)

ˆ x

∞2ν

y1(ξ)
−2dξ = (1 +O(x−2))x−M−3eθ(x), x→∞ in S2ν ∪ S2ν+1.

Indeed, ˆ x

∞2ν

y1(ξ)
−2dξ =

ˆ x

∞2ν

e2ϑ(ξ)

Q2
1(ξ)

dξ =

ˆ x

∞2ν

e2ϑ(ξ)ξ−2M(c0 +
N

∑
k=1

c2kξ
−2k
)
−2dξ

=
1

2
x−2M−3(c−20 +O(x

−2
))e2ϑ(x), x→∞ in S2ν ∩ S2ν+1.

Since eϑ(x) is subdominat in S2ν ∩ S2ν+1, the asymptotic representation of y
(ν)
2 (x) extends onto

S2ν ∪ S2ν+1.

Proposition 2.7. System (2.14) admits canonical solutions at infinity satisfying Y2ν = Y2ν+1 (equiv-
alently, S2ν = I) for any ν ∈ Z, if and only if for some N ∈ N

γ = (2N −M + 1)(2N −M), and Λ is in the algebraic spectrum.
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In this case

Y2ν ≡ Y2ν+1 =

⎛
⎜
⎜
⎜
⎝

y1 y
(ν)
2

dy1
dx

dy
(ν)
2

dx

⎞
⎟
⎟
⎟
⎠

, y
(ν)
2 (x) ∶= 2y1(x)

ˆ x

∞2ν

dξ

y1(ξ)2
, (2.23)

where

y1(x) ∶= (1 +
N

∑
k=1

c2k(Λ)x
−2k
)xMe−ϑ(x), (2.24)

is the solution of the sextic oscillator (2.1), normalized with c0 = 1. The upper right entry of the
Stokes matrix S2ν+1 is

s
[sxt]
2ν+1 = 2

ˆ ∞2ν

∞2ν+2

y1(ξ)
−2dξ

The simple path of integration does not enclose x = 0, as in Figure 2.5.

Proof. The ”if” part of Proposition 2.7 is Lemma 2.6, while the ”only if” part is proved as follows.
Assume that S2ν = I for all ν ∈ Z. Thus, there are only upper triangular Stokes matrices, so that
the first column of every Yν is the same, call it (ẙ1, ẙ

′
1)

T. From its asymptotic behaviour and the
Wronskian, as in the proof of Lemma 2.6, it follows that

Yν =

⎛
⎜
⎜
⎜
⎝

ẙ1 y
(ν)
2

dẙ1
dx

dy
(ν)
2

dx

⎞
⎟
⎟
⎟
⎠

, y
(ν)
2 (x) ∶= 2ẙ1(x)

ˆ x

∞2ν

dξ

ẙ1(ξ)2
,

For x ↦ e2πix, the monodromy of Y0 is e2πiΛ̃4(S1S3S5S7)−1. It is upper triangular, so that
ẙ1(xe

2πi) = ẙ1(x)e
2πiM . Moreover, for some coefficients c2k,

ẙ1 ∼ (1 +
∞
∑
k=1

c2kx
−2k
)xMc, x→∞ in C̃/{0} = ⋃

ν∈Z
Sν .

Thus, the function ẙ1x
−Meϑ(x) is single valued with asymptotic expansion in a sector of amplitude

greater than 2π. Hence, 1 +∑∞k=1 c2kx
−2k converges and defines an analytic function at x = ∞ but

also for x ∈ C/{0}. Then,

ẙ1 = (1 +
∞
∑
k=1

c2kx
−2k
)xMe−ϑ(x)

is defined in C/{0}. Now, x = 0 is a regular singularity for both ẙ1, and xMe−ϑ(x). It follows
that 1 + ∑∞k=1 c2kx

−2k must have regular singularity at x = 0, so there must exist N ∈ N such that

∑
∞
k=1 c2kx

−2k = O(x−2N), which means that the series is a finite sum, and so

ẙ1 ≡ y1(x) = (1 +
N

∑
k=1

c2kx
−2k
)xMe−ϑ(x).

Next, we show that γ = (2N −M + 1)(2N −M). Observe that

y1 = x
M−2N

(1 +O(x2)).
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From the monodromy exponents at x = 0 if follows that for one sign ± it must be

M − 2N =
1

2
(1 ±
√
1 + 4γ)

Taking squares, the above is solved for γ, with solution γ = (2N −M + 1)(2N −M), independently
of the sign ±.

Having established that γ = (2N −M +1)(2N −M), Proposition 2.1 applies, hence the c2k must
solve the recurrence (??), whose last equation imposes that Λ is a root of (??).

Next, (2.23) follows from the method of the Wronskian, as in Lemma 2.6.

Last, we prove the formula of the Stokes matrices. Since S2k = I for each k ∈ Z, we have
Y2ν = Y2ν+1 and Y2ν+2 = Y2ν+3 for every ν ∈ Z. The relation Y2ν+2 = Y2ν+1S2ν+1 implies (see (2.23))

y(ν+1) = s2ν+1y1 + y
(ν),

that is

2

ˆ x

∞2ν+2

dζ

y21(ζ)
= s2ν+1 + 2

ˆ x

∞2ν

dζ

y21(ζ)
.

The point x is any in S2ν ∪ S2ν+1 ∪ S2ν+2 ∪ S2ν+3, from which the shape of the paths in Figure 2.5.

The above discussion has a corollary, which is now an exercise to prove.

Theorem 2.8. The “boundary value problem”

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

y′′ = V (x,Λ)y,

y(x) → 0 for x→ +∞eiπℓ/2, ℓ ∈ Z,
(2.25)

has non trivial solution if and only if

γ = (2N −M + 1)(2N −M), N ∈ N,

and Λ is in the corresponding algebraic spectrum. In this case, the solution is

y(x) =
N

∑
k=0

c2k(Λ)x
−2kxMe−ϑ(x),

of Proposition 2.1.
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∞1

∞2

∞3

∞4

∞5

∞6

∞7

∞8

[
1 s1
0 1

] = [
1
´∞0

∞2
y−21

0 1
]

[
1 0
s2 1

] = [
1 0
0 1
]

[
1 s3
0 1

] = [
1
´∞2

∞4
y−21

0 1
]

[
1 0
s4 1

] = [
1 0
0 1
]

[
1 s5
0 1

]

[
1 0
s6 1

]

[
1 s7
0 1

]

[
1 0
s8 1

] = [
1 0
0 1
]

Anti Stokes lines

τ6

τ7 τ8

τ1 = −
π
8

τ9 = τ1 + 2π

τ2

τ3τ4

τ5

Stokes rays

x

Figure 2.5: The paths of integration used to compute s1 and s3.
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2.3 Connection matrices

We assume that γ = (2N −M +1)(2N −M), and Λ is in the algebraic spectrum, so that Y2ν = Y2ν+1,
with first column determind by y1(x).

Definition 2.9. The connection matrices C2ν+1, are defined by

Y (0) = Y2ν+1C2ν+1, C2ν+1 = (
1 a2ν+1
0 1

) , ν ∈ Z. (2.26)

Proposition 2.10. Assume that γ = (2N −M + 1)(2N −M), and Λ is in the algebraic spectrum,
or equivalently that S2ν = I for every ν ∈ Z. Futher assume that there is no resonance, i.e.

either 4N − 2M ≠ −1 − 2n, ∀n ∈ Z≥0,
or 4N − 2M = 1 with Λ = 0.

Relatively to the fundamental matrix solution Yν and Y (0) of system (2.14) the connection matrices
are

C1 = (
1 a1
0 1

) , C3 = (
1 a3
0 1

) , C5 = (
1 −a1e

−2πiM

0 1
) , C7 = (

1 −a3e
−2πiM

0 1
) ,

and

S
[sxt]
1 =

⎛

⎝

1 s
[sxt]
1

0 1

⎞

⎠
, s

[sxt]
1 = a1 − a3;

S
[sxt]
3 =

⎛

⎝

1 s
[sxt]
3

0 1

⎞

⎠
, s

[sxt]
3 = a3 + a1 e

2iπM ;

S
[sxt]
5 =

⎛

⎝

1 − s
[sxt]
1 e2iπM

0 1

⎞

⎠
, S

[sxt]
7 =

⎛

⎝

1 − s
[sxt]
3 e2iπM

0 1

⎞

⎠
.

All the monodromy data are encoded in the three complex parameters M,a1, a3.

Proof. This relations come from the definitions of the Stokes sectors and the connection matrices

Y (0) = Y3C3 = Y1S1C3 = Y
(0)C−11 S1C3 ⇒ a3 + s1 − a1 = 0 ⇒ s1 = a1 − a3

Y (0) = Y5C5 = Y3S3C5 = Y
(0)C−13 S3C5 ⇒ a5 + s3 − a3 = 0

One can see

y1(e
−iπx) = e−iπMxM (

N

∑
k=0

c2kx
−2k
) eϑ(x) = e−iπMy1(x).

Thus,

s
[sxt]
2ν+1+4 = 2

ˆ eiπ ⋅∞2ν

eiπ ⋅∞
(2ν+2)

y1(ξ)
−2dξ = 2

ˆ ∞2ν

∞
(2ν+2)

y1(e
−iπξ)−2de−iπξ = −e2iπMs

[sxt]
2ν+1

This way

s3 = a3 − a5 = a3 + a1e
2iπM .
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∞1

∞2

∞3

∞4

∞5

∞6

∞7

∞8

Anti Stokes lines

x

Figure 2.6: Paths of integration.

2.4 Integral condition

Theorem 2.11. Let γ = (2N −M)(2N −M + 1), let Λ be in the algebraic spectrum. Then, Λ has
algebraic multiplicity ≥ 2 if and only if

{

ˆ ∞2ν+1

∞2ν−1

Q2
1(z)e

−2ϑ(z)dz = 0, ν = 1,2,3 (2.27)

where the paths of integration do not surround z = 0, as in figure 2.6.

Proof. The proof is almost verbatim that of [BCHG24]. We have established that the geometric
multiplicity of −Λ forM (2.5) is at most one, and hence −Λ has multiplicity 2 if and only if there
is a solution to the generalized eigenvector prolem (M + Λ)w = u, with u being the eigenvector.
This is the collection of coefficients of the polynomial Q1.

The existence of the generalized eigenvector is then equivalent to the existence of a polynomial
solution R to the non-homogeneous ODE

EΛ(R) = Q,

where the differential operator E is defined in (2.7) and Q solves EΛ(Q) = 0, A priori one can solve
this non-homogeneous ODE by the method of variation of parameters. The associated homogeneous
equation has two solutions, one that is Q, the second solution can be written as the integral (refer
to Fig. 2.6)

S(x) = Q(x)

ˆ x

∞2

e2ϑ(z)dz

Q2(z)
.

This standard computation yields special solutions R of the form

R1(x) = Q(x)

ˆ x

∞2

dz

Q2(z)e−2ϑ(z)

ˆ z

∞1

Q2
(w)e−2ϑ(w)dw
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with the whole set of solutions to (2.4) being R(x) + aQ(x) + bS(x), for arbitrary constants a, b.
Since S(x) has exponential growth in any of the directions ∞2j , for R(x) to even have a chance
of being a polynomial we need to impose b = 0 from the start. Now R(x) is from its definition
a function of at most polynomial growth in the direction ∞2 (this is proved following the same
lines of [BCHG24], proof of Thm. 3.9). By the same argument the following function also has
polynomial growth towards ∞3:

R3(x) = Q(x)

ˆ x

∞2

dz

Q2(z)e−2ϑ(z)

ˆ z

∞3

Q2
(w)e−2ϑ(w)dw

The relationship between R1 and R3 is then, from the fundamental theorem of calculus,

R1(z) =R3(z) +Q(x)

ˆ x

∞2

dz

Q2(z)e−2ϑ(z)

ˆ ∞3

∞1

Q2
(w)e−2ϑ(w)dw =

=R3(z) + (

ˆ ∞3

∞1

Q2
(w)e−2ϑ(w)dw)S(z). (2.28)

Since S(z) has exponential growth in the direction of ∞3, we conclude that the necessary and
sufficient condition for the existence of a polynomial solution R (hence for a repeated eigenvalue)
is the vanishing of the stated integral:ˆ ∞3

∞1

Q2
(w)e−2ϑ(w)dw = 0.

The other conditions are proved similarly.

2.5 Anharmonic oscillator in λ-plane

In order to compare with the poles of the rational solution of the Painlevé equation we need to
make a change of independent variable. We recall that the sextic oscillator (sxt) is equivalent to
the linear ODE

dY

dx
= (

0 1
V (x) 0

)Y for vector solution Y (x) =

⎛
⎜
⎜
⎝

y(x)

dy(x)

dx

⎞
⎟
⎟
⎠

. (2.14)

The transformation

x2 =∶
√
2λ, ψ(λ) ∶= x1/2y(x) = (

√
2λ)1/4y((

√
2λ)1/2), (2.29)

yields

dΨ

dλ
= (

0 1

Ṽ (λ) 0
)Ψ for vector solution Ψ(λ) =

⎛
⎜
⎜
⎝

ψ(λ)

dψ(λ)

dλ

⎞
⎟
⎟
⎠

(2.30)

Ṽ (λ) = λ2 +
√
2bλ +

1

2
(b2 − (2M + 3)) −

√
2

4

Λ

λ
+
γ − 3/4

4λ2
(2.31)

Hence, the sextic oscillator is equivalent to the anharmonic oscillator

d2

dλ2
ψ = (λ2 +

√
2bλ +

1

2
(b2 − (2M + 3)) −

√
2

4

Λ

λ
+
γ − 3/4

4λ2
)ψ. (OSCsxt)
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Chapter 3

Painlevé equation PIV

3.1 Rational solutions of PIV

The Painlevé equation PIV is

d2u

dt2
=

1

2u
(
du

dt
)

2

+
3

2
u3 + 4tu2 + 2(t2 + 1 − 2θ∞)u −

8θ20
u
, θ0, θ∞ ∈ C. (PIV)

Under some special values of parameters θ0 and θ∞ this equation has rational solution. All possible
rational solutions and corresponded parameters were discribed in [BM22], we repeat it below.

The Painlevé-IV equation in the form (PIV) has a rational solution if the parameters satisfy

either (θ0, θ∞) ∈ ΛH = Λ
[1]−
H ⊔Λ

[2]−
H ⊔Λ

[3]+
H (the generalized Hermite family), where

Λ
[1]−
H ∶= {(θ0, θ∞) ∈ C2

∶ (θ0 + θ∞, θ0 − θ∞) ∈ Z2, θ0 < 0, θ∞ > −θ0}

Λ
[2]−
H ∶= {(θ0, θ∞) ∈ C2

∶ (θ0 + θ∞, θ0 − θ∞) ∈ Z2, θ0 < 0, θ∞ ≤ θ0}

Λ
[3]+
H ∶= {(θ0, θ∞) ∈ C2

∶ (θ0 + θ∞, θ0 − θ∞) ∈ Z2, θ0 > 0,−θ0 < θ∞ ≤ θ0} ,

(3.1)

or (θ0, θ∞) ∈ ΛQ (the Okamoto family), where

ΛQ ∶= {(θ0, θ∞) ∈ C2
∶ (θ0 + θ∞ −

2
3 , θ0 − θ∞ +

1
3) ∈ Z

2} . (3.2)

Note that ΛH ∩ΛQ = ∅.

Type j θ
[j]
0,H(m,n) θ

[j]
∞,H(m,n) u

[j]
H (t;m,n)

1 −1
2n 1 +m + 1

2n 2n
Hm,n+1(t)Hm+1,n−1(t)

Hm,n(t)Hm+1,n(t)

2 −1
2m −1

2m − n −2m
Hm−1,n+1(t)Hm+1,n(t)

Hm,n(t)Hm,n+1(t)

3 1
2 +

1
2(m + n)

1
2 +

1
2(n −m) −

Hm,n(t)Hm+1,n+1(t)

Hm,n+1(t)Hm+1,n(t)

Table 3.1: Representation of H solutions of Painlevé-IV in terms of H polynomials.
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The generalized Hermite polynomials {Hm,n(t)}(m,n)∈Z≥0×Z≥0 are determined from the recurrence
relations

2mHm+1,n(t)Hm−1,n(t) =Hm,n(t)H
′′
m,n(t) −H

′
m,n(t)

2
+ 2mHm,n(t)

2

2nHm,n+1(t)Hm,n−1(t) = −Hm,n(t)H
′′
m,n(t) +H

′
m,n(t)

2
+ 2nHm,n(t)

2
(3.3)

with initial conditions H0,0(t) =H1,0(t) =H0,1(t) = 1 and H1,1(t) = 2t.

Table 3.2: Representation of gO solutions of Painlevé-IV in terms of gO polynomials.

Type j θ
[j]
0,Q(m,n) θ

[j]
∞,Q(m,n) u

[j]
Q (t;m,n)

1 1
6 −

1
2n

1
2 +m +

1
2n −

√
2

3

Qm,n+1(t)Qm+1,n−1(t)

Qm,n(t)Qm+1,n(t)

2 1
6 −

1
2m

1
2 −

1
2m − n −

√
2

3

Qm−1,n+1(t)Qm+1,n(t)

Qm,n(t)Qm,n+1(t)

3 1
6 +

1
2(m + n)

1
2 +

1
2(n −m) −

√
2

3

Qm,n(t)Qm+1,n+1(t)

Qm,n+1(t)Qm+1,n(t)

The Okamoto polynomials {Qm,n(t)}(m,n)∈Z2 are defined by the recurrence relations

Qm+1,n(t)Qm−1,n(t) =
9
2[Qm,n(t)Q

′′
m,n(t) −Q

′
m,n(t)

2
] + [2t2 + 3(2m + n − 1)]Qm,n(t)

2

Qm,n+1(t)Qm,n−1(t) =
9
2[Qm,n(t)Q

′′
m,n(t) −Q

′
m,n(t)

2
] + [2t2 + 3(1 −m − 2n)]Qm,n(t)

2
(3.4)

with the initial conditions Q0,0(t) = Q1,0(t) = Q0,1(t) = 1 and Q1,1(t) =
√
2t. If both indices are

positive, Qm,n(t) has degree mn+m(m−1)+n(n−1) which exceeds the degree of Hm,n(t) by twice
the sum of two triangular numbers.

3.2 Lax pair for PIV at a pole with residue −1

It is well known (see [JM81]) that the Painlevé equation can be written as the integrability condition
of the Lax pair

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

∂Φ

∂λ
= A(λ, t)Φ,

∂Φ

∂t
= B(λ, t)Φ,

(3.5)

(3.6)

where

A(λ, t) = [
1 0
0 −1

]λ +

⎡
⎢
⎢
⎢
⎢
⎣

t u
2(z − θ0 − θ∞)

u
−t

⎤
⎥
⎥
⎥
⎥
⎦

+
1

λ

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−z + θ0 −
uy

2
2z(z − 2θ0)

uy
z − θ0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (3.7)

B(λ, t) = [
1 0
0 −1

]λ +

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0
y

2
2(z − θ0 − θ∞)

y
0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (3.8)
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Here

u = u(t) ∶ solves (PIV),

y(t) ∶ solves
y

t
= −(2t + u(t))y,

z(t) ∶ defined by z(t) ∶=
1

4
(u2 −

u

t
+ 2tu + 4θ0) .

By Painlevé property any local solution of PIV has unique continuation to a meromorphic
function in the entire complex plain . Moreove, by plugging the exspansion at a pole t = a

u(t) =
+∞
∑
k=−r

uk(t − a)
k, r ∈ N,

one can show that the poles can be only simple (of r = 1) with residue ϵ = ±1. In the case of Okamoto
(or Hermite) rational solutiona the poles with residues +1 and −1 are zeros of two distinct Okamoto
(or Hermite) polynomials. To reach the correspondence in the main conjecture of this thesis, it will
be enough to consider only one residues.

Let a be a first order pole of u(t) with residue ϵ = −1, then solutions have asymptotics

u(t) = −
1

t − a
− a − (

a2

3
+
4θ∞
3
+
2

3
)(t − a) + u2(t − a)

2
+O(t − a)3,

z(t) = θ0 + θ∞ − (
a

2
+ u2)(t − a) + (2θ

2
∞ −

a2

2
− au2 − 2θ

2
0)(t − a)

2
+O(t − a)3,

y(t) = w

⎡
⎢
⎢
⎢
⎢
⎣

(t − a) − a(t − a)2 +
2

3
(a2 + θ∞ − 1) (t − a)

3
+
1

3
(−a3 − 2aθ∞ + 2a − u2) (t − a)

4
+O(t − a)5

⎤
⎥
⎥
⎥
⎥
⎦

,

where u2 is a term in the Laurant series of u(t). Here y(t) is defined up to multiplicative constant
w ∈ C/{0} but also y(t) is not involved in futher equation (3.12). As it was shown in [MR18],
solutions of PIV are actually parametrized by the data (θ0, θ∞, a, u2).

Consider only the first equation of the Lax pair

d

dλ
Φ = [

A11(λ, t) A12(λ, t)
A21(λ, t) −A11(λ, t)

]Φ. (3.9)

Consider the gauge transform, same as in [Mas10],

Ψ(λ, t) = G(λ, t)Φ(λ, t), with G ∶=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

A12
−1/2 0

−
1

2A
3/2
12

dA12

dλ
+
A11

A
1/2
12

A
1/2
12

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (3.10)

Then
d

dλ
Ψ = (

dG

dλ
G−1 +GAG−1)Ψ = [

0 1
V (λ, t) 0

]Ψ, (3.11)
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where

V (λ, t) ∶=A12A21 +A
2
11 +

dA11

dλ
−A11

1

A12

dA12

dλ
−

1

2A12

d2A12

dλ2
+
3

4
(

1

A12

dA12

dλ
)

2

=
3u2

4λ2(u − 2λ)2
+

u

λ2(2λ − u)
−
(2λ − u)(λu(θ0 + θ∞ − z) + z(2θ0 − z))

λ2u
−
u(θ0 + λ(λ + t) − z)

λ2(2λ − u)

+
(θ0 + λ(λ + t) − z)

2

λ2
+
z − θ0
λ2

+ 1. (3.12)

Therefore,the first entry of a column vector solution (
ψ
f
) satisfies

∂2ψ

∂λ2
= V (λ, t)ψ. (3.13)

At a pole t = a with residue −1 the potential reduces to

V a,u2

−1 (λ) = λ
2
+ 2aλ + a2 − 2θ∞ + 2 +

−4aθ∞ + a − 2u2
2λ

+
θ20 −

1
4

λ2
, (3.14)

so we get

∂2ψ

∂λ2
− (λ2 + 2aλ + a2 − 2θ∞ + 2 +

−4aθ∞ + a − 2u2
2λ

+
θ20 −

1
4

λ2
)ψ = 0. (OSC−1PIV)

Similarly, at a pole t = a with residue +1 we get

∂2ψ

∂λ2
− (λ2 + 2aλ + a2 − 2θ∞ +

−4aθ∞ + 3a − 2u2
2λ

+
θ20 −

1
4

λ2
)ψ = 0. (OSC+1PIV)

In the same way one considers expasion of u(t) at a zero t = a with sign ϵ = ±1

u(t) = 4ϵθ0(t − a) + u2(t − a)
2
+O ((t − a)3)

and gets for ϵ = −1

∂2ψ

∂λ2
− (λ2 + 2aλ + a2 + 1 − 2θ∞ +

u2
2λ
+
θ0(θ0 + 1)

λ2
)ψ = 0, (OSC−PIV)

and gets for ϵ = +1

∂2ψ

∂λ2
− (λ2 + 2aλ + a2 + 1 − 2θ∞ +

u2
2λ
+
θ0(θ0 − 1)

λ2
)ψ = 0. (OSC+PIV)

The same computations were previously done in [MR18].
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τ1
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λ

Figure 3.1: The sectors of the Stokes phenomenon of the PIV isomonodromic system.

3.3 Monodromy data for PIV isomonodromic system

From the standard isomonodromy theory, it follows that the first equation (3.5) of the Lax pair
of PVI admits fundamental matrix solutions with constant monodromy data, that also satisfy the
second equation of the pair. We introduce the monodromy data below.

The ODE (3.5) has irregular singularity at λ = ∞ with Poincaré rank

r = 2.

The Stokes rays are defined by (see figure 3.1):

argλ = τν , τν ∶= −
3π

4
+ ν

π

2
, ν ∈ Z. (3.15)

Unique formal solution (with certain uniquely determind matrices F1, F2, . . .) is

ΦF (λ, t) = (I +
F1(t)

λ
+
F2(t)

λ2
+ . . .)λ−θ∞σ3eg(λ,t)σ3 , g(t, λ) ∶=

λ2

2
+ tλ (3.16)

For each ν ∈ Z there exists a unique fundamental matrix solution

Φν(λ, t) ∼ ΦF (λ, t), for λ→∞ in Sν ,

where Sν is the sector (see figure 3.1)

Sν ∶= {τν −
π

2
< argλ < τν +

π

2
} . (3.17)

The Stokes matrices Sν are defined by

Φν+1(λ, t) = Φν(λ, t)Sν , λ ∈ Sν ∩ Sν+1.
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To describe the Stokes phenomenon we need 5 fundamental matrix solutions Φ1,Φ2,Φ3,Φ4,Φ5:

Φ2(λ) = Φ1(λ)S1, λ ∈ S1 ∩ S2 = {−π/4 < argλ < π/4},

Φ3(λ) = Φ2(λ)S2, λ ∈ S2 ∩ S3 = {π/4 < argλ < 3π/4},

Φ4(λ) = Φ3(λ)S3, λ ∈ S3 ∩ S4 = {3π/4 < argλ < 5π/4},

Φ5(λ) = Φ4(λ)S4, λ ∈ S4 ∩ S5 = {5π/4 < argλ < 7π/4}.

(3.18)

The last relation involving S4 is equivalent to

Φ1(λ) = Φ4(λe
2πi
)S4e2πiθ∞σ3 , λ ∈ {−3π/4 < argλ < −π/4} = S0 ∩ S1. (3.19)

The Stokes matrices are

S1 = (
1 0
s1 1

) , S2 = (
1 s2
0 1

) , S3 = (
1 0
s3 1

) , S4 = (
1 s4
0 1

) , Sν+4 = e2πiθ∞Sνe−2πiθ∞ .

By the Jimbo-Miwa isomonodromic theory, Φν also are fundamental matrix solutions of the second
equation (3.6), and the Stokes matricies Sν are constant.

As an ODE in variable λ, at λ = 0 equation (3.5) has Fuchsian singularity (Poincaré rank r = 0).
If 2θ0 ∉ Z, a fundamental matrix solution (in Levet form) at λ = 0 is

Φ(0)(λ, t) = G(0)(t)(I +O(λ))λθ0σ3 (3.20)

where the columns of G(0) are eigenvectros of the residue matrix. The only case when a resonance
2θ0 ∈ Z may occur is for the rational soluitions associated with the generalized Hermite polynomials.
It is proved in [BM22] that there are no logarithmic contributions to the fundamentsl matrix
solution, namely λ = 0 is an apparent singularity.

The central connection matrix E is defined by

Φ1(λ, t) = Φ
(0)
(λ, t)E, λ ∈ S1. (3.21)

Here the relations that follow from previous definitions

Φ(0)(λe2πi) = Φ(0)(λ) e2πiθ0σ3

´¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¶
M0

, (3.22)

Φ1(λe
2πi
) = Φ1(λ) e

−2πiθ∞σ3

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
M∞

(S1S2S3S4)−1 (3.23)

E−1M0E =M∞(S1S2S3S4)−1. (3.24)

Taking the trace, of the last relation

(1 + s2s3)e
2πiθ∞ + (s1s4 + (1 + s3s4)(1 + s1s2))e

−2πiθ∞ = 2 cos(2πθ0). (3.25)

In general, the connection matrix defined in (3.21) depends on t, namely E = E(t), but it is
possible to choose Φ(0) in such way that E is constant, with the matrix G(0) taking the form [Kap98]

G(0)(t) =

⎛
⎜
⎜
⎝

k
yu

4kθ0

−
2kz

yu
−
z − 2θ0
2θ0k

⎞
⎟
⎟
⎠

, detG(0) = 1, (3.26)
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where k = k(t) solves
1

k

dk

dt
= −

2z(t)

u(t)

and u = u(t) is the Painlevé IV solution and y = y(t), z = z(t) are defined in the isomonodromic
problem (3.7) and (3.8). Thus k(t) is defined up to a multiplicative constant.

Freedom in the monodromy data

The matrix Φ(0) is not unique. Fixed G(0) as in (3.26) and the corresponding Φ(0), all other possible
Levelt forms at λ = 0 are

Φ̃(0) = Φ(0)D, D = diag(p, q), p, q ∈ C/{0},

because

Φ̃(0) = G(0) (I +O(λ))λθ0σ3 D = G(0)D (I +O(λ))λθ0σ3 , G̃(0) = G(0)D

One can choose D = diag(p, p−1) to preserve det{G̃(0)} = det(G(0)) = 1. This changes E as follows

Φ1 = Φ
(0)E = Φ̃(0)Ẽ ≡ Φ(0)DẼ Ô⇒ E =DẼ. (3.27)

The fundamental matrix solution ΦF defined (3.16) is unique, and the fundamental matrices
Φν are uniquely determined by the asymptotics Φν ∼ ΦF in Sν . However, we can do a gauge
transformation Φ = CΦ̃ of the system, where

C = diag(c, c−1), c ∈ C/{0}.

This gives for Φ̃
∂Φ̃

∂λ
= C−1A(λ, t)C Φ̃,

where

C−1A(λ, t)C =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

λ + t +
θ0 − z

λ

y

c2
(1 −

u

2λ
)

c2

y
(2z − 2θ∞ − 2θ0 +

2z (z − 2θ0)

λu
) −λ − t −

θ0 − z

λ

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

This leaves u, z unchanged and changes

y z→
y

c2
.

Remark 3.1. Notice that there is not a more generality in taking C = diag(c1, c2). The effect of
the gauge is the same as C = diag(c, c−1), with c2 = c1/c2.

The gauge preserves the canonical behaviour at λ = ∞, with new matrix coefficients Fk ↦

C−1FkC, namely

Φ̃F ∶= C
−1ΦFC = C

−1
(I +

∞
∑
k=1

Fk

λk
)λ−θ∞σ3eg(λ,t)σ3C

= (I +
∞
∑
k=1

C−1FkC

λk
)λ−θ∞σ3eg(λ,t)σ3 .
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Therefore, the fundamental matrix solutions

Φ̃ν(λ,x) ∶= C
−1Φν(λ, t)C,

are the canonical solutions with behaviour

Φ̃ν(λ,x) ∼ Φ̃F (λ, t), λ→∞ in Sν .

In conclusion, changing y to y/c2 leaves PIV invariant and changes the canonical solutions to
Φ̃ν = C

−1ΦνC. After the gauge, a Levelt form at λ = 0 is

Φ̃(0) = C−1Φ(0).

The transformation in the Stokes matrices and the central connection matrix is as follows.

Φ̃ν = C
−1ΦνC = C

−1Φ(0)EC = Φ̃(0)EC Ô⇒ Ẽ = EC.

Φ̃ν+1 = C
−1Φν+1C = C

−1ΦνSν C = Φ̃ν C
−1SνC Ô⇒ S̃ν = C−1SνC.

Hence

S̃1 = (
1 0

c2 s1 1
) , S̃2 = (

1 s2/c
2

0 1
) , S̃3 = (

1 0
c2 s3 1

) , S̃4 = (
1 s4/c

2

0 1
) .

The monodromy relation (3.25) is invariant under

(s1, s2, s3, s3) z→ (c
2s1, s2/c

2, c2s3, s4/c
2
). (3.28)

Putting together the above and (3.27), we conclude that the freedom in the monodromy data,
which does not change PIV , is

E, S1, S2, S3, S4 z→ DEC, C−1S1C, C−1S2C, C−1S3C, C−1S4C,

that is
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

E = (
E11 E12

E21 E22
) z→

⎛
⎜
⎜
⎝

p cE11
p

c
E12

q cE21
q

c
E22

⎞
⎟
⎟
⎠

(s1, s2, s3, s3) z→ (c2s1, s2/c
2, c2s3, s4/c

2
).

(3.29)

This freedom is usefull for WKB computations.

Remark 3.2. One can take q = 1/p, and rename p = 1/(β c). Further, rename c = 1/
√
α. Then, the

transformation above becomes the one in [MR18], namely

⎧⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

E = (
E11 E12

E21 E22
) z→

⎛

⎝

β−1E11 αβE12

α−1β E21 β E22

⎞

⎠

(s1, s2, s3, s3) z→ (α−1s1, αs2, α
−1s3, αs4).

Theorem 3.3 ( [MR18]). If θ0 ∉
1
2 ⋅Z, there is a one to one correspondence

Wθ Ð→Mθ

where Wθ is the space of solutions of PIV with given θ0, θ∞ is the space of PIV with given θ0, θ∞,
and Mθ is the set of monodromy data (s1, s2, s3, s4,E11,E12,E21,E22) satisfying equation (3.25),
modulo relation (3.29).
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Stokes data of rational solutions

The results of [BM22] for our Stokes matrices, using (3.47), read as follows.

Proposition 3.4. Let

D = diag(p, q), C = diag(c, c−1), p, q, c ∈ C/{0}. (3.30)

Fix m,n ∈ Z and let

θ0 =
n

2
−
1

6
, θ∞ =

2m + n + 1

2
. (3.31)

Then, (PIV) has the Okamoto rational solution

u(t) = uO(t;m,n) = −

√
2

3

Qm,n+1(t)Qm+1,n−1(t)

Qm,n(t)Qm+1,n(t)
, (3.32)

if and only if

s1 = s3 = 2ic
2, s2 = s4 =

i

2c2
. (3.33)

In this case,

E =D

⎛
⎜
⎜
⎜
⎝

e−iπ/6
1

2

−
2
√
3
eiπ/6

1
√
3

⎞
⎟
⎟
⎟
⎠

C. (3.34)

Proposition 3.5. Let D and C be as in Proposition 6.8. Fix m,n ∈ N and let

θ0 = ±
m + n + 1

2
, θ∞ =

n −m + 1

2
. (3.35)

Then, (PIV) has the Hermite rational solution of type 3

u(t) = u
[3]
H (t;m,n) = −

Hm,n(t)Hm+1,n+1(t)

Hm,n+1(t)Hm+1,n(t)
, (3.36)

if and only if

s1 = s2 = s3 = s4 = 0, E =D (
1 0
−1 1

)C. (3.37)

3.4 Stokes phenomenon after the gauge (3.10)

Consider the isomonodromic fundamental matrix solutiuons

Ψν(λ, t) = G(λ, t)Φν(λ, t) 1 ≤ ν ≤ 5; Ψ(0)(λ, t) = G(λ, t)Φ(0)(λ, t)

We consider the first rows

[ψ
(ν)
1 (λ, t), ψ

(ν)
2 (λ, t)], [ψ(0);1(λ, t), ψ(0);2(λ, t)].
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We renormalize

ψ
(ν)
j (λ) ∶=

1
√
2
ψ
(ν)
j (λ, a), ψ(0);1(λ) =

1
√
2
ψ(0);1(λ, a),

so that

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

ψ
(ν)
1 (λ) = (1 +O(

1

λ
))λ

1
2
−θ∞eg(λ,a),

ψ
(ν)
2 (λ) = (−

1

2
+O(

1

λ
))λθ∞−

3
2 e−g(λ,a),

λ→∞ in Sν ;

and

[ψ(0);1(λ), ψ(0);2(λ)] = [k0(1 +O(λ))λ
θ0+ 1

2 ,−
1

4k0θ0
(1 +O(λ))λ

1
2
−θ0].

It is proved in [MR21] that the monodromy data are unchanged in the limit.

We have

[ψ
(1)
1 (λ), ψ

(1)
2 (λ)] = [ψ(0);1(λ), ψ(0);2(λ)]E,

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

ψ
(2)
1 (λ) = ψ

(1)
1 (λ) + s1ψ

(1)
2 (λ),

ψ
(2)
2 (λ) = ψ

(1)
2 (λ),

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

ψ
(3)
1 (λ) = ψ

(2)
1 (λ),

ψ
(3)
2 (λ) = ψ

(2)
2 (λ) + s2ψ

(2)
1 (λ),

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

ψ
(4)
1 (λ) = ψ

(3)
1 (λ) + s3ψ

(3)
2 (λ),

ψ
(4)
2 (λ) = ψ

(3)
2 (λ),

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

ψ
(5)
1 (λ) = ψ

(4)
1 (λ),

ψ
(5)
2 (λ) = ψ

(4)
2 (λ) + s4ψ

(4)
1 (λ),

Due to
√
λ (see equation (3.49)), the last relation also reads

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

ψ
(1)
1 (λ) = −ψ

(4)
1 (λe

2πi)e2πiθ∞ ,

ψ
(1)
2 (λ) = −(ψ

(4)
2 (λ) + s4ψ

(4)
1 (λ))e

−2πiθ∞ .

3.5 Riemann-Hilbert problem for the same system

In some literature inestead of Monodromy data they use equivalent Riemann-Hilbert problem.
Below we recall notations from [BM22].
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∞1
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∞3

∞4

V4,1

V2,3

V2,1V4,3 V0

V4 V1

V2V3

λ

[Φ+(λ),Φ−(λ)]

4 1

23

Figure 3.2: The Riemann-Hilbert problem λ-plane from [BM22] .

The irregular singular point has four Stokes sectors:

S1 ∶= {λ ∈ C, λ ≠ 0, −1
2π ≤ arg(λ) ≤ 0}

S2 ∶= {λ ∈ C, λ ≠ 0, 0 ≤ arg(λ) ≤ 1
2π}

S3 ∶= {λ ∈ C, λ ≠ 0, 1
2π ≤ arg(λ) ≤ π}

S4 ∶= {λ ∈ C, λ ≠ 0, −π ≤ arg(λ) ≤ −1
2π}.

(3.38)

Associated with each Stokes sector Sj , there is a simultaneous fundamental solution matrix Ψ =

Ψ
(∞)
j (λ, t) of both equations of the Lax pair (3.5), (3.6) determined by the normalization condition

Ψ
(∞)
j (λ, t)λθ∞σ3e−(

1
2
λ2+tλ)σ3 = I +O(λ−1), λ→∞, λ ∈ Sj , j = 1,2,3,4, (3.39)

The five simultaneous fundamental solutions are necessarily related pairwise on certain overlap
domains by right-multiplication by constant matrices. In particular, the following constant matrices
are well-defined and have unit determinants:

V2,1 ∶=Ψ
(∞)
1 (λ, t)−1Ψ

(∞)
2 (λ, t), arg(λ) = 0, (3.40)

V2,3 ∶=Ψ
(∞)
3 (λ, t)−1Ψ

(∞)
2 (λ, t), arg(λ) = 1

2π, (3.41)

35



V4,3 ∶=Ψ
(∞)
3 (λ, t)−1Ψ

(∞)
4 (λ, t), arg(−λ) = 0, (3.42)

V4,1 ∶=Ψ
(∞)
1 (λ, t)−1Ψ

(∞)
4 (λ, t), arg(λ) = −1

2π, (3.43)

Vj ∶=Ψ
(∞)
j (λ, t)−1Ψ(0)(λ, t), λ ∈ Sj , j = 1,3, (3.44)

and
Vj ∶=Ψ

(0)
(λ, t)−1Ψ

(∞)
j (λ, t), λ ∈ Sj , j = 2,4. (3.45)

These matrices are always related by the following identities:

V2,1 =V1V2, V2,3 =V3V2, V4,1 =V1V4, V4,3 =V3 e
−2πiθ0σ3

´¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
V−10

V4, V2,3V
−1
2,1V4,1V

−1
4,3 = e

2πiθ∞σ3 .

(3.46)
We have the following identification (see fig. 3.3)

V21 = S1, V−123 = S2
V43e

2πiθ∞σ3 = S3, e2πiθ∞σ3V−141e
−2πiθ∞σ3 = S4,

V−11 = E.

(3.47)

After the gauge transform the jumps corresponding to the Stokes matrices and the connection
matrix remain the same. For the correction to monodromy look at the limit t→ a of A from eq. 3.9.
The matrix A becomes

Aa,u2

−1 (λ) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

(a −
θ∞
λ
+ λ)

w

2λ

−aλ + 2θ20 − 2θ
2
∞ − 2λu2

λc
(−a +

θ∞
λ
− λ)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (3.48)

Knowing A12 =
w

2λ
, we have

G(λe2πi) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−A12
−1/2 0

1

2A
3/2
12

dA12

dλ
−
A11

A
1/2
12

−A
1/2
12

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= −G(λ). (3.49)

The Riemann-Hilbert problem after the gauge described on figure 3.4.
Till G(λ) is entire function up to monodromy, the Stokes matrices Sν and the connection matrix

E are the same
Ψν+1(λ) = G(λ)Φν+1(λ) = G(λ)Φν(λ)Sν = Ψν(λ)Sν .

The ”monodromy” equation

Ψ1(λe
2πi
) = G(λe2πi)G−1(λ)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

−I

Ψ1(λ)e
−2πiθ∞σ3(S1S2S3S4)−1, Ψ0(λe

2πi
) = G(λe2πi)G−1(λ)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

−I

Ψ0(λ)e
2πiθ0σ3

is only different by −1 that commutes with Ψν , so it can be included in the monodromy.
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∞1
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∞3
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e−2πiθ∞σ3S−14 e2πiθ∞σ3 = [
1 −s4e

−4πiθ∞

0 1
]

S−12 = [
1 −s2
0 1

]

S1 = [
1 0
s1 1

]S3e2πiθ∞σ3 = [
e2πiθ∞ 0

s3e
2πiθ∞ e−2πiθ∞

]
e2πiθ0σ3 = [

e2πiθ0 0

0 e−2πiθ0
]

E−1

λ

[Φ+(λ),Φ−(λ)]

4 1

23

Figure 3.3: Riemann-Hilbert problem for Φ(λ) = [Φ+(λ),Φ−(λ)].
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Figure 3.4: Riemann-Hilbert problem for Ψ(λ) = [Ψ+(λ),Ψ−(λ)].

38



Chapter 4

Quadratic anharmonic oscillator

The sextic oscillator (sxt) is equivalent to the quadratic oscillator (see Section 2.5)

d2

dλ2
ψ = (λ2 +

√
2bλ +

1

2
(b2 − (2M + 3)) −

√
2

4

Λ

λ
+
γ − 3/4

4λ2
)ψ. (OSCsxt)

For Painlevé equation (PIV) we got for a pole t = a with residue +1

∂2ψ

∂λ2
− (λ2 + 2aλ + a2 − 2θ∞ +

−4aθ∞ + 3a − 2u2
2λ

+
θ20 −

1
4

λ2
)ψ = 0. (OSC+1PIV)

and for a pole t = a with residue −1

∂2ψ

∂λ2
− (λ2 + 2aλ + a2 − 2θ∞ + 2 +

−4aθ∞ + a − 2u2
2λ

+
θ20 −

1
4

λ2
)ψ = 0. (OSC−1PIV)

All equations are formally identical. Consider anharmonic oscillator of the structure

d2

dλ2
ψ = (λ2 + 2Aλ +A2

−E +
Λ1

λ
+

Γ

λ2
)ψ, A,E,Λ1,Γ ∈ C, (4.1)

or equivalently eigenvalue problem

−
d2

dλ2
ψ + ( λ2 + 2Aλ +A2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
shifted harmonic oscillator

+
Λ1

λ
´¸¶

Coulomb-like

+
Γ

λ2
´¸¶

centrifugal term

)ψ = Eψ. (phys)

Proposition 4.1. Equations (OSCsxt) and (OSC+1PIV), (OSC−1PIV) can be obtained from equation (4.1)
or (phys). Indeed by choosing in (4.1)

A =
b
√
2
, E =M +

3

2
, Λ1 = −

√
2Λ

4
, Γ =

1

4
(γ −

3

4
) ,

one recover the rescaled sextic oscillator (OSCsxt). By choosing

A = a,

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

E = 2θ∞, Λ1 = −u2 + a(
3

2
− 2θ∞) , for residue + 1,

E = 2θ∞ − 2, Λ1 = −u2 + a(
1

2
− 2θ∞) , for residue − 1,

Γ = θ20 −
1

4

one recovers (OSC+1PIV) and (OSC−1PIV) respectively.

39



Remark 4.2. The equation (4.1) can be rescaled to obtain an equation suitable to WKB analysis

by choosing η ∶= E as the big parameter, λ = η
1
2 z and

A = η
1
2κ, Λ1 = η

3
2W, Γ = −

1

4
+ (η(α −

1

2
))

2.

Then one obtain

η−2
d2ψ

dz2
− ( z2 + 2κz + (κ2 − 1) −

W

z
+
(α − 1/2)2

z2
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Q0(z)

+
−1

4z2
´¸¶
Q2(z)

η−2)ψ = 0, (WKB)

The term Q0(z) and Q2(z) have a second order pole at z = 0, so they satisfy the technical
assumptions for performing the WKB analysis (Assumption 2.3, [IN14]).
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Chapter 5

Sextic Oscillator vs Hermite polynomials

In this chapter we consider the resultant

resΛ(det(M(b) −ΛI),
∂

∂Λ
det(M(b) −ΛI)) = 0 (res)

for half-integer M and
M

2
+
1

4
≤ N ≤M −

1

2
. We compare its roots, see figure 5.1, to the roots of

generalized Hermite polynomials Hm,n(a), see figure 5.2.
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Figure 5.1: Roots of the resultant of the sextic oscillator in the a-plane, where a = b/
√
2, when

(M,N) = (35/2, 13), or equivaletly (m,n) = (5,9), where m =M −N + 1/2, n = 2N −M + 1/2. The
central rectangle has base m and height n.

5.1 Identification with the sextic oscillator

From proposition 4.1 one can derive formal transform of equations (OSC+1PIV), (OSC−1PIV) to (OSCsxt).
So, for both residues +1 and −1, we have the identifications

b =
√
2a, γ = 4θ20 −

1

4
,

and

θ∞ =
M

2
+
3

4
, u2 = a(

3

2
− 2θ∞) +

√
2Λ

4
, for residue +1;

θ∞ =
M

2
+
7

4
, u2 = a(

1

2
− 2θ∞) +

√
2Λ

4
, for residue −1.

5.2 Poles of Hermite type rational solutions

In case of the rational solutions of PIV, the zeros and poles are roots of either the generalized
Hermite polynomials or Okamoto polynomials.

We concentrate here on the case of Hermite polyniomials. The Noumi-Yamada generalized
Hermite polynomials Hmn(a) are defined by well known recurrence relations (involving second
order derivatives). The degree of Hmn(a) is m ⋅n, and its (simple) roots form an almost rectangular
lattice [MR18,MR21] as in figure 5.2.

The following statement, from Theorem 2.2., point H.3, of [MR18] will be important for us.

Theorem 5.1. [MR18] Fix m,n ∈ N≥1. Then z = a is a zero of the generalised Hermite polynomial
Hmn(a) if and only if there exists u2 ∈ C (unique), such that the anharmonic oscillator (4.1)
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Figure 5.2: Roots of the generalized Hermite polynomial Hm,n in the a-plane, with (m,n) = (5,9).

corresponding to residue −1, and with

θ0 =
m + n

2
, θ∞ =

n −m + 2

2
,

has two linearly independent solutions

ψ0(s) = P (s) s
−(m+n−1)/2 e−g(s,a), (5.1)

ψ1(s) = Q(s) s
−(m+n−1)/2 eg(s,a), (5.2)

where

g(s, λ) ∶=
1

2
s2 + as.

and P (s) and Q(s) are polynomials of degree n − 1 and m − 1 respectively without repeated roots,
with P (0) ≠ 0 and Q(0) ≠ 0.

5.3 Exact correspondence Sextic oscillator – Hermite polynomials

Let M be half integer and M/2 + 1/4 ≤ N ≤M − 1/2. Both numerical and symbolic computations
with a computer show that the lattice of the roots of Hmn(a) (see figure 5.2) and the central
rectangular part of the lattice of the roots of the resultant (res) in variable a = b/

√
2 (see figure 5.1)

are experimentally equal. The following theorem proves their exact coincidence. The theorem also
gives the factorization of the resultant (res), which accounts for the 4-spiked star, and provides a
representation of Hmn as the resultant of two polynomials of degrees n and m.

Theorem 5.2. Consider the sextic oscillator with γ = (2N −M +1)(2N −M), N ∈ N. Assume that

M ∈ Z +
1

2
, and

M

2
+
1

4
≤ N ≤M −

1

2
,

so that the lattice of the roots of the resultant (res) admits a central rectangular region. Then, the
resultant (res), as a polynomial in the variable a, is factorized as follows

resλ (det(M(
√
2a) + λ),

∂

∂λ
det(M(

√
2a) + λ)) = (−1)mnc−1mn ⋅ r1(a) ⋅ r2(a) ⋅Hmn(a)

2, (5.3)
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Figure 5.3: The roots of the polynomials in the factorization (5.3), for (m,n) = (5,9),
are represented in the a-plane in different colours corresponding to different factors: green
for r1, red for r2 and blue for Hmn. Each blue dot represents a double root of
resλ (det(M(

√
2a) + λ), ∂

∂λ det(M(
√
2a) + λ)).

where cmn ∈ C/{0} is a constant, Hmn(a) is the generalized Hermite polynomial relative to

m ∶=M −N +
1

2
≥ 1, n ∶= 2N −M +

1

2
≥ 1,

and r1(a) and r2(a) are the following polynomials, of degrees n(n − 1) and m(m − 1) respectively,

rj(a) ∶= resλ(det(Mj(
√
2a) + λ),

∂

∂λ
det(Mj(

√
2a) + λ)), j = 1,2,

where M1 and M2 are respectively the left upper n × n minor and the lower m ×m minor of M.
The generalized Hermite polynomial is, up to a constant cnm, represented as a resultant

Hm,n(a) = cnmresλ(det(M1(
√
2a) + λ),det(M2(

√
2a) + λ)).

The factorization above is responsible for the star shaped distribution of the zero of the resultant
(res). See Figure 5.3. Note that this factorization is possible because

Mn,n+1 = 0,

as will be explained in the proof. The propertyMn,n+1 = 0 occurs if M is half integer.

Proof. Step 1: factorization of the characteristic polynomial of M. Consider the three-
diagonal (N +1)×(N +1) = (m+n)×(m+n) matrixM in (2.5), associated with the eigenfunction
(2.3). The kth row has three non-zero entries corresponding to columns k−1, k and k+1 respectively:

row k ofM Ð→ [0, . . . ,0, 4(m + n − k + 1)
column k−1

,
√
2a (2n + 2 − 4k)

column k

, 4k(k − n)
column k+1

, 0, . . . ,0], (5.4)
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where it is understood that there is no column k − 1 for k = 1 and no column k + 1 for k = m + n.
The above implies that

Mn,n+1 = 0.

LetM1 andM2 be the upper left n × n minor and the lower right m ×m minor respectively. For
example, in case n = 3 and m = 2, we have

M(
√
2a) =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

4
√
2a −8 0 0 0

16 0 −8 0 0

0 12 −4
√
2a 0 0

0 0 8 −8
√
2a 16

0 0 0 4 −12
√
2a

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, withM34 = 0,

and

M1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

4
√
2a −8 0

16 0 −8

0 12 −4
√
2a

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, M2 = [
−8
√
2a 16

4 −12
√
2a
] .

Let
p(λ;a) ∶= det(M(

√
2a) + λIn⋅m).

SinceMn,n+1 = 0, the characteristic polynomial is factorized:

p(λ;a) = p1(λ;a) ⋅ p2(λ;a),

where
p1(λ;a) ∶= det(M1 + λIn), p2(λ;a) ∶= det(M2 + λIm).

Step 2: factorization of the resultant. From the factorization of the charactyeristic polynomial
above, we find a first factorization of the resultant (res) (we omit a):

resλ(p(λ),
∂p(λ)

∂λ
) = resλ (p1(λ)p2(λ),

∂

∂λ
(p1(λ)p2(λ)))

= resλ (p1(λ),
∂

∂λ
(p1(λ)p2(λ))) ⋅ resλ (p2(λ),

∂

∂λ
(p1(λ)p2(λ))) .

The last line follows from the properties of the resultant [GKZ94]. Let us consider the first factor
in the last line above, the second being treated in an analogous way. We have

resλ (p1,
∂

∂λ
(p1p2)) = resλ (p1,

∂p1
∂λ

p2 + p1
∂p2
∂λ
) .

We claim that

resλ (p1,
∂p1
∂λ

p2 + p1
∂p2
∂λ
) = resλ (p1,

∂p1
∂λ

p2) .

In order to prove this, we recall the Bezout formula [GKZ94]. Consider two polynomials of degrees
r and s respectively:

f(λ) = a2λ
r
+ ar−1λ

r−1
+ ⋅ ⋅ ⋅ + a0, with a0 = 1,

g(λ) = bsλ
s
+ bs−1λ

s−1
+ ⋅ ⋅ ⋅ + bs, with s ≥ r + 1.
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Then, Bezout formula says that

resλ(f, g) = det

⎛
⎜
⎜
⎜
⎝

cs cs+1 ⋯ cs+r−1
cs−1 cs ⋯ cs+r−2
⋮ ⋮ ⋱ ⋮

cs−r+1 cs−r+2 ⋯ cs

⎞
⎟
⎟
⎟
⎠

,

where
g(λ)

f(λ)
= c0 + c1λ + c2λ

2
+ . . . =

∞
∑
ℓ=0
cℓλ

ℓ,

is the Taylor expansion at λ = 0. If a0 ≠ 0 is not equal to 1, then

resλ(f, g) = a
s
0 ⋅ resλ(f̃ , g), f̃ ∶=

f

a0
,

so that we can proceed with the Bezout formula for resλ(f̃ , g).

In our case, let

f(λ) ∶=
p1(λ)

p1(0)
.

Since p1(0) = p1(0;a) is a polynomial in a, it can vanish for a finite number of values of a. If a is
different from a zero of p1(0;a), we have

resλ (p1,
∂p1
∂λ

p2 + p1
∂p2
∂λ
) = p1(0)

m+n−1
⋅ resλ (f,

∂f

∂λ
p2 + f

∂p2
∂λ
) .

We apply Bezout formula to f(λ) and g(λ), where

g(λ) ∶=
∂f(λ)

∂λ
p2(λ) + f(λ)

∂p2(λ)

∂λ
.

Let us write
f(λ) = anλ

n
+ an−1λ

n−1
+ ⋅ ⋅ ⋅ + 1,

p2(λ) = βmλ
m
+ βm−1λ

m−1
+ ⋅ ⋅ ⋅ + β0.

We need some of the coefficients cℓ of the Taylor expansion at λ = 0 of the ratio g/f , namely of

1

f

∂f

∂λ
p2

´¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¶
(1)

+
∂p2
∂λ
´¸¶
(2)

=
(nanλ

n−1 + ⋅ ⋅ ⋅ + a1)(βmλ
m + ⋅ ⋅ ⋅ + β0)

anλn + ⋅ ⋅ ⋅ + 1
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

(1)

+mβmλ
m−1
+⋯ + β1

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
(2)

.

Notice that in this case the degrees in Bezout formula are

r = n, s =m + n − 1.

We need the coefficients cℓ for

s − r + 1 ≤ ℓ ≤ s + r − 1, that is m ≤ ℓ ≤m + 2n − 2.
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The term (2) contributes up to c0, c1, ..., cm−1. Only (1) contributes to cmλ
m+⋅ ⋅ ⋅+cm+2n−2λ

m+2n−2.
This and Bezout formula prove that

resλ (f,
∂f

∂λ
p2 + f

∂p2
∂λ
) = resλ (f,

∂f

∂λ
p2) .

The claim is proved if a is not a zero of p1(0;a). These zeroes are poles of resλ(f, ∂λf ⋅p2+f ⋅∂λp2).

They are cancelled in the final result by p1(0;a)
m+n−1. So, the claim resλ (p1,

∂p1
∂λ p2 + p1

∂p2
∂λ ) =

resλ (p1,
∂p1
∂λ p2) is proved by analytic continuation also at the zeros of p1(0;a). The same procedure

proves that

resλ (p2(λ),
∂

∂λ
(p1(λ)p2(λ))) = resλ (p2(λ), p1(λ)

∂p2(λ)

∂λ
)) .

The above results imply that

resλ (p(λ),
∂p(λ)

∂λ
) = resλ (p1,

∂p1p2
∂λ
) resλ (p2,

∂p1p2
∂λ
)

= resλ (p1,
∂p1
∂λ

p2) resλ (p2,
∂p2
∂λ

p1)

= (−1)mnresλ (p1,
∂p1
∂λ
) ⋅ resλ (p2,

∂p2
∂λ
) ⋅ (resλ (p1, p2))

2 .

Step 3: identification of resλ (p1, p2) with Hmn. We show that

Hnm(a) = cmn ⋅ resλ (p1(λ;a), p2(λ;a)) , (5.5)

where cnm ≠ 0 is a constant. In order to do this, we make use of the result of [MR18], expressed in
Theorem 5.1. The two solution (5.1) and (5.2) are both solutions of (4.1), that is

d2ψ

ds2
= (s2 + 2as + (a2 + 2 − 2θ∞) +

Λ1

s
+
θ20 −

1
4

s2
)ψ, Λ1 = −u2 + a(

1

2
− 2θ∞) (5.6)

In analogy with (OSCsxt), that represents the eigenvalue problem (sxt), it will be convenient to
introduce the ”eigenvalue” Λ2 (analogous of Λ) by

Λ1 =∶ −

√
2Λ2

4
, that is u2 = a(

1

2
− 2θ∞) +

√
2Λ2

4

and rewrite (5.6) as

d2ψ

ds2
= (s2 + 2as + (a2 + 2 − 2θ) −

√
2Λ2

4s
+
θ20 −

1
4

s2
)ψ (5.7)

First, consider the solution (5.1):

ψ0(s) = P (s) s
−(m+n−1)/2 e−g(s,a),

and write

P (s) =
n−1
∑
k=0

Pks
k.
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The direct substitution of (5.1) into the anharmonic oscillator (5.7) gives a recurrence relation for
the coefficients Pk, of the following form (the equation for k = 0 is identically satisfied):

(1 −m − n)P1 + a (m + n − 1)P0 = −

√
2Λ2

4
P0, for k = 1,

k (k −m − n)Pk − a (2k − 1 −m − n)Pk−1 − 2 (k − 1 − n)Pk−2 = −

√
2Λ2

4
Pk−1, for k ≥ 2.

The coefficient −2(k − 1 − n) of Pk−2 vanishes for k = n + 1. This implies that, for a chosen initial
value P0, it is possible to solve the recurrence uniquely with Pj = 0 for all j ≥ n. The recurrence
relations are equivalent to

N0(a)

⎛
⎜
⎜
⎜
⎝

P0

P1

⋮

Pn−1

⎞
⎟
⎟
⎟
⎠

= −Λ2

⎛
⎜
⎜
⎜
⎝

P0

P1

⋮

Pn−1

⎞
⎟
⎟
⎟
⎠

, and det(N0(a) +Λ2) = 0, (5.8)

which is an eigenvalue problem for a certain tridiagonal n×n matrix N0(a), that we will explicitly
write below (see (5.10)).

Successively, we consider the solution (5.2):

ψ1(s) = Q(s) s
−(m+n−1)/2 eg(s,a),

and write

Q(s) =
m−1
∑
k=0

Qks
k.

Repeating a construction analogous to the above, we find the recurence relations

(1 −m − n)Q1 + a (1 −m − n)Q0 = −

√
2Λ2

4
Q0, k = 1,

k (k −m − n) Qk + a (2k − 1 −m − n) Qk−1 + 2 (k − 1 −m) Q−2+k = −

√
2Λ2

4
Qk−1, k ≥ 2.

Since k − 1 −m = 0 for k = m + 1, the recurrence has solution (Q0,Q1, ...,Qm−1, 0, 0, ....), with all
Qj = 0 for j ≥m. The above is equivalent to an eigenvalue problem

N1(a)

⎛
⎜
⎜
⎜
⎝

Q0

Q1

⋮

Qm−1

⎞
⎟
⎟
⎟
⎠

= −Λ2

⎛
⎜
⎜
⎜
⎝

Q0

Q1

⋮

Qm−1

⎞
⎟
⎟
⎟
⎠

, and det(N1(a) +Λ2) = 0, (5.9)

for a certain tridiagonal m ×m matrix N1(a). Explicit forms will be writen below (see (5.11)) .

Theorem 5.1 is now rephrased as follows: t = a is a zero of Hmn(t) if and only if there exists u2
– that is an eigenvalue Λ2 – such that both eigenvalue problems (5.8) and (5.9), with the given a,
have solution with the same Λ2. Equivalently, t = a is a zero of Hmn(t) if and only if det(N0(a) + λ)
and det(N1(a) + λ) have a common root, that is

resλ(det(N0(a) + λ), det(N1(a) + λ)) = 0.
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Due to the linear dependence on a of the recurrence relations (i.e. of the matrices N0 and N1), the
l.h.s. above is a polynomial in a of degree m ⋅ n. On the other hand, also the degree of Hmn(a) is

m ⋅ n. Hence, by Theorem 5.1, resλ(det(N0(a) + λ), det(N1(a) + λ)) and Hmn(a) must have the

same roots, so there is a constant cmn ≠ 0 such that

Hmn(a) = cmn resλ(det(N0(a) + λ), det(N1(a) + λ)).

Instead of the matrices N0 and N1, it will be convenient to consider the matrices

B0 ∶= −(N0 + 2a
√
2mIn), B1 ∶= −(N1 + 2a

√
2mIm).

The eigenvalue problems (5.8) and (5.9) are still have the same eigenvalue 2a
√
2m − Λ2. The

resultant is unchanged, so that

Hmn(a) = cmn resλ(det(B0(a) + λ), det(B1(a) + λ)).

In place of B1 we write the “inverted” matrix A1 defined by reverting the order of the entries, that
is

(A1)jℓ ∶= (B1)m−j+1,m−ℓ+1.

Our eigenvalue problem

B1

⎛
⎜
⎜
⎜
⎝

Q0

Q1

⋮

Qm−1

⎞
⎟
⎟
⎟
⎠

= (2a
√
2m −Λ2)

⎛
⎜
⎜
⎜
⎝

Q0

Q1

⋮

Qm−1

⎞
⎟
⎟
⎟
⎠

becomes

A1

⎛
⎜
⎜
⎜
⎝

Qm−1
Qm−2
⋮

Q0

⎞
⎟
⎟
⎟
⎠

= (2a
√
2m −Λ2)

⎛
⎜
⎜
⎜
⎝

Qm−1
Qm−2
⋮

Q0

⎞
⎟
⎟
⎟
⎠

.

The resultants do not change, so that

Hmn(a) = cmn resλ(det(B0(a) + λ), det(A1(a) + λ)).

From the recurrence relation, we can write the explicit form of the matrices:

B0 ∶ row k Ð→ [0, . . . ,0, 4
√
2 (n + 1 − k)
column k−1

,
√
2a (2n + 2 − 4k)
column k

, −2
√
2k(m + n − k)
column k+1

, 0, . . . ,0],

(5.10)
where k = 1, ..., n (there is no column k − 1 for k = 1 and no column k + 1 for k = n).

A1 ∶ row k Ð→ [0, . . . ,0, 2
√
2 (m − k + 1)(1 − n − k)

column k−1
,
√
2a (2 − 2n − 4k)
column k

, −4
√
2k

column k+1
, 0, . . . ,0],

(5.11)
where k = 1, ...,m (there is no column k − 1 for k = 1 and no column k + 1 for k =m).

The proof of the theorem is completed by observing that

resλ (p1(λ;a), p2(λ;a)) = resλ(det(B0(a) + λ), det(A1(a) + λ))
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This follows from the fact that B0 is similar to M1, and A1 is similar to M2. We prove the
similarity.

i) B0 andM1 are similar: the similarity is realized by a diagonal matrix

diag(α1,⋯, αn)
−1
B0 diag(α1,⋯, αn) =M1.

Indeed, the kth row of diag(α1,⋯, αn)
−1B0 diag(α1,⋯, αn) is

[0, . . . ,0, 4
√
2(n + 1 − k)

column k−1

αk−1
αk

,
√
2a (2n + 2 − 4k)
column k

, −2
√
2k(m + n − k)
column k+1

αk+1
αk

, 0, . . . ,0], k = 1, ..., n,

so that comparison withM1, whose rows are the first n rows of (5.4) (up to the nth column), shows
that the similarity is realized by α1, ..., αn satisfying

√
2 (n − k)

αk

αk+1
= (m + n − k), k = 1, ..., n − 1.

ii) A
(m)
0 andM2 are similar, by

diag(β1,⋯, βm)
−1
A
(n)
1 diag(β1,⋯, βm) =M2.

To see this, observe that the kth row of diag(β1,⋯, βm)
−1A

(n)
1 diag(β1,⋯, βm) is

[0, . . . ,0, 2
√
2 (m − k + 1)(1 − n − k)

βk−1
βk

column k−1

,
√
2a(2 − 2n − 4k)
column k

, −4
√
2k

βk+1
βk

column k+1

, 0, . . . ,0], k = 1, ...,m,

The rows ofM2 are obtained form the last m rows of (5.4). The kth row ofM2 is

[0, . . . ,0, 4(m − k + 1)
column k−1

,
√
2a (2 − 2n − 4k)
column k

, −4k (n + k)
column k+1

, 0, . . . ,0], k = 1, ...,m.

Comparison shows that the similarity can be realized by β1, ..., βm solving the system

βk
βk+1

= −

√
2

n + k
.

The proof is finished.
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Chapter 6

Sextic oscillator vs Okamoto polynomials

Due to proposition 4.1, we know that oscillators (OSCsxt) and (OSC+1PIV), (OSC−1PIV) can be formally
scaled to (WKB). In this chapter we obtain the Stoke data of (OSCsxt) and (OSC−1PIV) via the WKB
analysis. We then show that the ”quantum” conditions produce at leading order the same lattice
of points.

For the Painlevé IV equation we consider the following set of parameters

θ0 =
n

2
−
1

6
, θ∞ =

2m + n + 1

2
, m,n ∈ Z (6.1)

that provides the Okamoto solutions, see Proposition 6.8. For sextic oscillator we remember
parametrization

• when M is an integer,

m̃ ∶=M −N, ñ ∶= 2N −M, (2.12)

• when M is a half–integer, it is convenient to introduce the integers

m̃ ∶=M −N +
1

2
, ñ ∶= 2N −M +

1

2
. (2.13)

6.1 Rescaling

In this chapter we assume that γ = (2N −M)(2N −M + 1). We have two oscillator equations

Shapiro-Tater:
d2ψ

dλ2
− (λ2 +

√
2bλ +

1

2
(b2 − (2M + 3)) −

√
2

4

Λ

λ
+
(2N −M)(2N −M + 1) − 3/4

4λ2
)ψ = 0,

(OSCsxt)

Painlevé:
d2ψ

dλ2
− (λ2 + 2aλ + a2 − 2θ∞ + 2 +

−4aθ∞ + a − 2u2
2λ

+
θ20 −

1
4

λ2
)ψ = 0, (OSC−1PIV)

that are formally equivalent by the transform

b = a
√
2, u2 = (

1

2
− 2θ∞)a +

√
2Λ

4
, θ∞ =

7

4
+
M

2
, γ = 4θ20 −

1

4
. (6.2)
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Proposition 6.1. Both equations (OSCsxt) and (OSC−1PIV) can be tranformed to

η−2
d2ψ

dz2
− ( z2 + 2κz + (κ2 − 1) −

W

z
+
(α − 1/2)2

z2
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Q0(z)

+
−1

4z2
´¸¶
Q2(z)

η−2)ψ = 0, (WKB)

where η ∶= 2θ∞ − 2 =M +
3
2 (= 2n+m+ 1). Here we use non-homogeneous rescaling of u2 to exclude

Q1(λ).

Proof. To get (WKB) we rescale the variable λ = η
1
2 z, ψ(λ) = ψ(z) and the parameters

Shapiro-Tater: b = η
1
2

√
2κ, M = η −

3

2
, N = αη − 1

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
γ=(2α−1)2η2−1/4

, Λ = η
3
2 2

3
2W, where α =

2N + 2

2M + 3
,

(6.3)

Painlevé: a = η
1
2κ, θ∞ =

η

2
− 1, θ0 = η(α −

1

2
), u2 = −

W

2
= η3/2ũ2 −

3

2
κη1/2, where α =

θ0 + θ∞ − 1

2θ∞ − 2
.

(6.4)

6.2 WKB analysis

In this section we apply WKB analysis (Wentzel–Kramers–Brillouin) to equation (WKB). The
aim is to get quantization conditions from monodromy date of Okamoto case solutions and eigen-
values with multiplicity ≥ 2. that describes their lattice structure. Below we remind basics of WKB
analysis and fix our notations.

Consider the Schrödinger equation

(η−2
d2

dz2
−Q(z;η))ψ(z, η) = 0, (6.5)

where η ∈ C∗ is large parameter and

Q(z;η) = Q0(z) +Q1(z)η
−1
+Q2(z)η

−2
+ . . . +QN(z)η

−N .

In our case Q(z, η) = Q0(z) +Q1(z)η
−1 +Q2(z)η

−2 where

Q0(z) = z
2
+ 2κz + (κ2 − 1) −

W

z
+
(α − 1/2)2

z2
,

Q1(z) = 0,

Q2(z) = −
1

4z2
.

Here we recall how to construct the WKB solutions of eq. (6.5). Assume that the ansatz (formal
series)

y(z) = exp(

ˆ z

S(ζ; η)dζ) , where S(z;η) ∶= ηS−1(z) + ∑
k≥0

η−kSk(z) (6.6)
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is a formal solution of eq. (6.5). It implies that S(z, η) satisfies the following Riccati equation:

S2
+
dS

dz
= η2Q(z;η). (6.7)

Comparing each power of η we get a recursive relation for the coefficients Sk(z) of the formal series:

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

S2
−1 = Q0,

2S−1Sk+1 +
dSk
dz
+∑n+m=k

n,m≥0
SnSm = Qk+2 (k ≥ −1).

(6.8)

The first three coefficients S+k (z) are

S+−1 =
√
Q0(z), (6.9)

S+0 =
2
√
Q0Q1 −Q

′
0

4Q0
, (6.10)

S+1 =
1

32Q
5/2
0

(4Q0Q
′′
0 − 5Q

′
0
2
− 4Q0Q

2
1 + 8
√
Q0Q1Q

′
0 − 8Q

3/2
0 Q′1 + 16Q

2
0Q2). (6.11)

The first three coefficients S−k (z) are

S−−1 = −
√
Q0(z), (6.12)

S−0 =
−2
√
Q0Q1 −Q

′
0

4Q0
, (6.13)

S−1 =
1

32Q
5/2
0

( − 4Q0Q
′′
0 + 5Q

′
0
2
+ 4Q0Q

2
1 + 8
√
Q0Q1Q

′
0 − 8Q

3/2
0 Q′1 − 16Q

2
0Q2) (6.14)

By definition

Sodd(z;η) ∶=
1

2
(S+(z, η) − S−(z, η)) , (6.15)

Seven(z;η) ∶=
1

2
(S+(z, η) + S−(z, η)) , (6.16)

but both series contain terms of even and odd degrees in η

Sodd(z;η) =
√
Q0(z)η −

Q1

2
√
Q0
+

1

32Q
5/2
0

( − 4Q0Q
′′
0 + 5Q

′
0
2
+ 4Q0Q

2
1 − 16Q

2
0Q2)η

−1
+ . . . ,

Seven(z;η) = −
Q′0
4Q0

+
1

4Q2
0

(Q1Q
′
0 −Q0Q

′
1)η
−1
+ . . . .

The even and odd parts are related as

Seven(z;η) = −
1

2

d

dz
logSodd(z;η). (6.17)

The regular part

Sreg
odd(z;η) ∶= Sodd(z;η) −

√
Q0(z)η. (6.18)
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Definition 6.2. We define normalize WKB solutions as

• Near a turning point τ of the potential Q(z) we define the normalized WKB solutions to
be:

ψ
(τ)
± (z, η) ∶=

1
√
Sodd(z;η)

exp(±

ˆ z

τ
Sodd(ζ;η)dζ) (6.19)

• Near infinity and zero we define the normalized WKB solutions to be:

ψ
(ν)
± (z, η) ∶=

1
√
Sodd(z;η)

exp{±Rν(z, η)} ν = ∞, 0

where

R∞(z, η) ∶= η lim
z′→∞

[

ˆ z

z′

√
Q0(ζ)dζ −

z′
2

2
− κz′ +

1

2
log(z′)] +

ˆ z

∞
Sreg
odd(ζ;η)dζ

= η (
z2

2
+ κz −

1

2
log(z)) +O (z−1)O (η−1) , (6.20)

R0(z, η) ∶= η lim
z′→0
[

ˆ z

z′

√
Q0(ζ)dζ − (α −

1

2
) log(z′)] +

ˆ z

0
Sreg
odd(ζ;η)dζ

= η (α −
1

2
) log(z) +O (z)O (η−1) . (6.21)

Here we take all logarithms as principal ones, which means arg(z) ∈ (−π,π).

6.3 Stokes graphs

Definition 6.3 (Stokes’ curve). A Stokes curve of the potential Q(z;η) is a horizontal trajectory
of the quadratic differential Q0(z)dz

2 where one of the end-points is a turning point, see Fig. 6.1.
In other words, in a local coordinate z, it is a curve emanating from a turning point τ and satisfying

Im

ˆ z

τ

√
Q0(ζ)dζ = 0. (6.22)

Furthermore:

1. The orientation of a Stokes curve is defined by the direction in which Re
´ z
τ

√
Q(u)du is

increasing.

2. The directions near the point at ∞ are indicated by ⊕ or ⊖ if the function Re
´ z
τ

√
Q0(u)du

is increasing or decreasing, respectively, along the corresponding Stokes curve. We say the
Stokes curve is oriented towards ⊕ or oriented away from ⊖, respectively. At a pole all lines
will have the same orientation and we don’t write a sign there.
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0
τ1τ2

τ3
τ4

λ

Figure 6.1: The support of Stokes curve for the Q0(z) with zeros τ1 = −8 + 0.5i, τ2 = −3 − 0.5i, τ3 =
2 + i, τ4 = 8 and pole at the origin.

For potential

Q0(z) = z
2
+ 2κz + (κ2 − 1) −

W

z
+
(α − 1/2)2

z2
, (6.23)

we consider Stokes curves under the following assumptions.

Assumption 6.4. • Simplicity. The roots of the potential are all simple. In the case of the
potential Q(z; s,E), there are no repeated roots and a root doesn’t coincide with the origin
if and only if
(κ,W,α) ∈ C3 /∆, where

∆ ∶= {discz (Q0(z) ⋅ z
2) = 0} ∪ {α = ±

1
√
2
} .

• Genericity. There are no saddle trajectories i.e. there are no Stokes’ curves connecting two
turning points. Saddle trajectories can only occur if there is γ in the homology group of the
Riemann surface w2 = Q0(z) for which

Im

˛
γ

√
Q0(z)dz = 0. (6.24)

Definition 6.5 (Stokes graph). The Stokes’ graph associated to the potential Q0(z) is the graph
embedded in C where the edges are the Stokes curves and the vertices are the turning points τj
of the potential and the directions near the infinities ∞1,∞2,∞3,∞4,0. The graph is oriented
according to definition 6.3. The Stokes curve is indicated with blue and red lines in Fig.6.3.

Furthermore, we decorate the Stokes graph with the following additional contours.

1. Branch cuts. We draw additional paths called branch-cuts between all pairs of turning
points in such a way that they do not intersect any Stokes curve. Their orientation is fixed
in an arbitrary way that we shall specify in each case. These branch cuts are indicated by
green lines in Fig. 6.3 for each possible Stokes graph configuration.
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2. Ideal paths. In the compliment to the Stokes curves in C we connect the different∞1,∞2,∞3,∞4,0
in all possible, topologiacally different, ways. These paths are indicated by dashed lines in
Fig. 6.3 and determine an ideal triangulation of an ideal square with a point in the middle.
We call these paths ideal paths and the resulting partition of the plane the ideal triangulation.
We orient the outer ideal paths that form the square in the clockwise way (see Fig. 6.3), while
the remaining inner ideal paths are oriented towards the ⊕ directions. Note that the ideal
paths separating Stokes regions intersect one and only one branch-cut, and the orientation of
an ideal path on the two sides of a branch cut is opposite. Refer to Fig. 6.3.

The construction in Def. 6.5, under the Assumptions 6.4, is crafted so that each Stokes region
D has precisely one and only one turning point on its boundary.

In the fig. 6.2 we show all possible topological configurations of Stokes graphs. Here signs,
always the same as on 6.3, and Stokes curves are ommited and we draw only the ideal paths that
triangulate the square with a point inside. We draw them as a graph where

• the nodes are triangulations.

• the edges: two nodes are connected if corresponded triangulations differe by one ideal path.

Infact, there is higher combinatorial structure called associahedron, a convex polytope in the space
of dimension 4 (number of the inner ideal pathes), with the same nodes and edges. Moreover, it
has

• convex sides that have the same triangulations up to two edges,

• convex 3-d polytopes that have the same triangulations up to three edges.

It is difficult to draw.
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T1

T2

�

r2 ○ T2

�

r3 ○ T2

r ○ T2

T3

◻� ◻�

r ○ T3

T4

▽

r2 ○ T4

△

r3 ○ T4

▽

r ○ T4

△

T5

r2 ○ T5

r ○ T5

r3 ○ T5

r3ix ○ T5

rix ○ T5

ix ○ T5

r2ix ○ T5

r3ix ○ T7 r3ix ○ T6

r2 ○ T7r2 ○ T6
rix ○ T7

T6 T7

rix ○ T6

ix ○ T6

r ○ T7 r3 ○ T6

r2ix ○ T7

r ○ T6

ix ○ T7

r3 ○ T7

r2ix ○ T6

Figure 6.2: All possible topologies of triangulations associated to the Stokes grpaph. The red figures
denote the areas of spectrum degeneration. The blue figure denote areas of Okamoto solutions.

Theorem 6.6 ( [Vor83], [Nov08]). Let D be a Stokes region. Then there exist unique solutions Ψ
(D)
± ,

of (6.5), that we refer to as normalized solutions, that are asymptotic to the WKB solutions in
Def. 6.2 uniformly in x in the Stokes region, that is:

Ψ
(D)
± (x) ∼ ψ

(τ)
± (x;η) η →∞, x ∈ D . (6.25)

Furthermore, let Dℓ,Dr be two adjacent Stokes regions separated by the Stokes curve γ oriented
same way as in [BCHG24] with Dℓ on the left and Dr on the right of γ. Then the corresponding
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solutions ΨDℓ
± ,Ψ

Dr
± are related by:

[Ψ
(Dℓ)
+ Ψ

(Dℓ)
− ] = [Ψ

(Dr)
+ Ψ

(Dr)
− ]

⎧⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

B ∶=

⎡
⎢
⎢
⎢
⎢
⎣

1 0

−i 1

⎤
⎥
⎥
⎥
⎥
⎦

if γ is oriented towards ⊕

R ∶=

⎡
⎢
⎢
⎢
⎢
⎣

1 i

0 1

⎤
⎥
⎥
⎥
⎥
⎦

if γ is oriented away from ⊖.

(6.26)

Proposition 6.7 (WKB jumps). Fix a potential Q0 of our type and suppose that it has one of the
generic Stokes graph configuration from the fig. 7.3, 7.1, 6.3, 7.2, 7.4, 7.5, or 7.6. The Riemann-

Hilbert problem for the vector valued function Ψ such that Ψ∣D = (Ψ
(D)
+ ,Ψ

(D)
− ) with Ψ∣D defined in

Theorem 6.6, consists of the following oriented contours in C with their associated jump matrices.

1. Square root branch cuts of finite length: To each square-root branch cut (coloured green),
with the orientation, we associate the jump matrix

G ∶= [
0 i
i 0
] . (6.27)

2. Fourth-root branch cuts: in the configurations T1, T2, T3, T5, T6, r
3 ○ T7 there is an extra

jump contour corresponding to the fact that
√
Sodd(z, η) ∼ η

1/2Q0(z)
1/4
+O(η−1/2). (6.28)

To each fourth-root branch cut we associate the jump matrix Y = −1. The fourth-root branch
cuts are coloured in yellow. Note there is no need to specify the orientation of these contours.

3. Stokes curves: along each Stokes curve oriented towards ⊕ or away from ⊖ we assign the
jump matrices B and R (respectively)

B ∶= [
1 0
−i 1

] , R ∶= [
1 i
0 1
] . (6.29)

The Stokes curves are coloured blue or red, respectively, in Fig. 7.3.

4. Inner ideal paths: along the inner ideal paths with the orientation, we associate the follow-
ing jump matrix

Vjk ∶= exp (σ3vjk) = [
evjk 0
0 e−vjk

] , vjk(η) =

ˆ τk

τj

Sodd(z+, η)dz (6.30)

where j, k ∈ {0,1,2,3} and τj , τk are turning points, with τj the one on the region to the left
and τk the one to the right. These contours are denoted by a brown dashed line in Fig. 6.3.

5. Outer ideal paths: along the outer ideal paths separating the external regions from the
Stokes regions we associate the jump matrix corresponding to the connection formula between
turning points and infinity in the Stokes region ν ∈ Z:

W ν
j ∶= exp(σ3w

(ν)
j ) =

⎡
⎢
⎢
⎢
⎢
⎣

ew
(ν)
j 0

0 e−w
(ν)
j

⎤
⎥
⎥
⎥
⎥
⎦

, w
(ν)
j (η) ∶= R∞(z+;η) −

ˆ z

τj

Sodd(z+, η)dz, (6.31)

58



where j ∈ {0,1,2,3}, τj is a turning point and R∞(z;η) is the particular antiderivative in
(6.20), and ν denotes the Stokes region. These contours are denoted by a black dashed line in
Fig. 6.3.

The superscript (ν) denotes the Stokes’ region. This is necessary because these connection
formulas will connect an unbounded Stokes’ region abutting ∞ and another one abutting a
particular turning point τj. We recall that the antiderivative R∞ is defined with the principal
determination of the logarithm. Hence the contour of integration in the counter-term in (6.31)
must be taken along a path in a well–defined simply connected domain. This domain can be
defined rather arbitrarily, but we choose it as the domain obtained by removing the branch-
cuts [τ1, τ2], [τ3, τ4] as well as a path [τ2, τ3] passing through the origin and an unbounded ray
from [τ4,∞ ⋅ e

iπ] (along the negative real direction).

6.4 Configuration T3

p
∞3

∞4

∞1

∞2

1

23

4

τ1 τ2 τ3 τ4

(A1) (Bl
1) (Br

1) (C l
1) (Cr

1) (Dl
1) (Dr

1) (E1)

(E2) (Dr
2) (Dl

2) (Cr
2) (C l

2) (Br
2) (Bl

2) (A2)

Figure 6.3: Configuration T3.

Here the yellow fourth root branch cut goes over the blue line, so that the jump is −B.

Proposition 6.8 ( [BM22]). Let

D = diag(p, q), C = diag(c, c−1), p, q, c ∈ C/{0}. (6.32)

Fix m,n ∈ Z and let

θ0 =
n

2
−
1

6
, θ∞ =

2m + n + 1

2
. (6.33)
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Then, (PIV) has the Okamoto rational solution

u(x) = ugO(x;m,n) = −

√
2

3

Qm,n+1(x)Qm+1,n−1(x)

Qm,n(x)Qm+1,n(x)
, (6.34)

if and only if

s1 = s3, s2 = s4, s1s2 = s3s4 = −1. (6.35)

In this case,

E =D

⎛
⎜
⎜
⎜
⎝

e−iπ/6
1

2

−
2
√
3
eiπ/6

1
√
3

⎞
⎟
⎟
⎟
⎠

C. (6.36)

In the computation of the Stokes’ matrices in terms of Voros’ symbols we need the parameters

w
(3)
1 ,w

(4)
1 and w

(1)
4 ,w

(2)
4 . We observe that with our choice of branch cut the Voros’ parameters w

(1)
4

and w
(2)
4 coincide and hence we will omit the superscript. However w

(3)
1 and w

(4)
1 differ since in

this latter case the contour of integration defining w
(3)
1 sets off from τ1 and goes to ∞ in the sector

3, leaving the cut of our domain below, while for w
(4)
1 the cut is left above. Thus the relationship

between the two, referring to (6.31), is

w
(3)
1 = w

(4)
1 − 2iπ res

z=∞
Sodd(z, η)dz = w

(4)
1 −

2iπη

2
= w

(4)
1 − 2iπ(θ∞ − 1). (6.37)

Note that given our choices of cuts for Sodd (green in Fig. 6.3) we have the following relationship

v12 =

ˆ τ2

τ1

Sodd(z+, η)dz = v21 =

ˆ τ1

τ2

Sodd(z+, η)dz. (6.38)

This is so because the boundary value z+ here is meant to signify the left side of the path of
integration from τi to τj and hence reversing their order also flips the side of the boundary value,
changing the sign twice. Similarly v34 = v43. Consequently in the formulas below

ξij = e
2vij , ξ12 = ξ21, ξ34 = ξ43. (6.39)

Different is the pair v23, v32 since Sodd has non-zero residue at z = 0 and the path used in vij leaves

z = 0 on the right so that for v23 the path must run within the Stokes’ domains C l,r
2 while for v32

the path is in C l,r
1 . Moreover there is no branch-cut between τ2, τ3. Thus

v23 + v32 = 2iπ res
z=0

Sodd(z, η)dz = −2iπθ0, ⇒ ξ23ξ32 = e
−4iπθ0 . (6.40)
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S1 =W4
−1BW4 = [

1 0
−ie2w4 1

] , (6.41)

S2 = (W
(3)
1

−1
RV21RV32RV43RW4)

−1
=

⎡
⎢
⎢
⎢
⎢
⎣

ew
(3)
1 −w4−v14 −ie−w

(3)
1 −w4 (1+ξ21+ξ21ξ32+ξ21ξ32ξ43)

ev14

0 e−w
(3)
1 +w4+v14

⎤
⎥
⎥
⎥
⎥
⎦

=

= [
1 −ie−2w

(3)
1 (1 + ξ21 + ξ21ξ32 + ξ21ξ32ξ43)

0 1
] (6.42)

S3 =W
(3)
1

−1
BW

(4)
1 e−2iπθ∞σ3 =

⎡
⎢
⎢
⎢
⎢
⎣

ew
(4)
1 −w

(3)
1 −2iπθ∞ 0

−iew
(3)
1 +w

(4)
1 −2iπθ∞ ew

(3)
1 −w

(4)
1 +2iπθ∞

⎤
⎥
⎥
⎥
⎥
⎦

= [
1 0

−ie2w
(3)
1 1

] (6.43)

S4 = (W−1
4 RV34RV32RV12RW

(4)
1 )

−1
=

⎡
⎢
⎢
⎢
⎢
⎣

ew4−w(4)1 −v41 −ie−w4−w(4)1 +4iπθ∞−v41(1 + ξ34 + ξ34ξ23 + ξ34ξ23ξ12)

0 e−w4+w(4)1 +v41

⎤
⎥
⎥
⎥
⎥
⎦

=

= [
1 −ie−2w4+4iπθ∞(1 + ξ34 + ξ34ξ23 + ξ34ξ23ξ12)
0 1

] (6.44)

M̃0 = (V23(−B)V32(−B))
−1
= [

1 0
i(1 + ξ32) 1

] e−σ3(v23+v32), (6.45)

Ẽ =W −1
4 RV34R = e

−w4σ3 [
1 i(1 + ξ43)
0 1

] ev43σ3 (6.46)

where we have used (6.37) in (6.43). In simplifying (6.44) instead we have used that, from the
definitions

w4 −w
(4)
1 = v12 + v23 + v34 = v14 =

ˆ τ4

τ1

Sodd(z;η), (6.47)

where the contours of integrations of each vij here runs below the cut (i.e. in the Stokes’ domain
in the lower half plane in Fig. 6.3). Similar considerations apply to (6.42).

Okamoto solutions

The system (6.35) corresponding to the Okamoto solution yields finally the following system for
the parameters

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

e2(w
(3)
1 −w4)(= ξ12ξ23ξ34) = 1

ξ12 = ξ21
ξ34 = ξ43

ev23+v32 = exp(2iπ res
z=0

Sodddz) = e
−2iπθ0 = (−1)ne

iπ
3

1 + ξ34 + ξ23ξ34 + ξ12ξ23ξ34 = 1

1 + ξ43 + ξ43ξ32 + ξ43ξ32ξ21 = 1

. (6.48)

The bracket in the first equation signifies an identity (as a reminder) that follows from the defini-
tions. The unique solution then found

ξ12 = ξ23 = ξ34 = ξ43 = ξ32 = ξ21 = e
− 2iπ

3 , ev23+v32 = (−1)ne
iπ
3 . (6.49)
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The monodromy around zero is computed by (6.45), (6.46) using the solution (6.49)and results
in

G−1ẼM̃0Ẽ
−1G = (−1)n [

1 ie2w4

ie−2w4 0
] (6.50)

to be compared with the Okamoto solution

E−1e−2πiθ0σ3E = (−1)n
⎡
⎢
⎢
⎢
⎢
⎢
⎣

1
i

2

2i 0

⎤
⎥
⎥
⎥
⎥
⎥
⎦

. (6.51)

The matching is provided by the residual freedom of conjugating the whole monodromy data by a
diagonal matrix C = diag(c, c−1) for c = 1√

2
ew4 and hence there are no further constraints.

We summarize the above computation with the following.

Proposition 6.9. In the region T3 the quantization conditions are

2

ˆ τ2

τ1

Sodd(z+, η)dz = 2η

ˆ τ2

τ1

√
Q0(z+)dz +O(η

−1
) =

2iπ

3
+ 2iπl1, l1 ∈ Z, (6.52)

2

ˆ τ4

τ3

Sodd(z+, η)dz = 2η

ˆ τ4

τ3

√
Q0(z+)dz +O(η

−1
) =

2iπ

3
+ 2iπl2, l2 ∈ Z, (6.53)

2

ˆ τ3

τ2

Sodd(z+, η)dz = 2η

ˆ τ3

τ2

√
Q0(z+)dz +O(η

−1
) =

2iπ

3
+ 2iπl3, l3 ∈ Z, (6.54)

where the contour in the latter condition leaves z = 0 to the right.

Remark 6.10. Not all the above integrals are independent. Indeed since

2

ˆ τ2

τ1

Sodd(z+, η)dz + 2

ˆ τ4

τ3

Sodd(z+, η)dz = 2πi(θ∞ − 1 + θ0)

and using (6.33), we have the constraint

θ∞ − 1 + θ0 =m + n −
2

3
=
4

3
+ l1 + l2

where m,n ∈ Z. Therefore l1 + l2 =m + n − 2.

Remark 6.11. The above quantization conditions should be equivalent to the one derived by
Buckingham and Miller in [BM22].

Sextic oscillator

A quasi-polynomial solution requires that S2 = S4 = [
1 0
0 1
]. These conditions imply that

⎧⎪⎪
⎨
⎪⎪⎩

1 + ξ21 + ξ21ξ32 + ξ21ξ32ξ43 = 0,

1 + ξ34 + ξ34ξ23 + ξ34ξ23ξ12 = 0,
(6.55)
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with the extra condition

v23+v32 = 2iπ res
z=0

Sodd(z, η)dz = −2iπη(α−
1

2
) = −2iπ(N−

M

2
+
1

4
), ⇒ ξ23ξ32 = e

−4iπ(N−M
2
+ 1

4
)
= −1.

(6.56)

p
∞3

∞4

∞1

∞2

1

23

4

(A1) (Bl
1) (Br

1) (C l
1) (Cr

1) (Dl
1) (Dr

1) (E1)

(E2) (Dr
2) (Dl

2) (Cr
2) (C l

2) (Br
2) (Bl

2) (A2)

τ1 τ2 τ3 τ4

τ−1 τ+1 τ+2 τ−2 τ−3 τ+3 τ+4 τ−4

Figure 6.4: Configuration T3 with the path of integration.

We recall that
ξij = e

2vij , ξ12 = ξ21, ξ34 = ξ43, (6.57)

so that we have a one-parameter family of solutions, and we still need another equation. This is ob-
tained by requiring repeated eigenvalues for the sextic oscillator, namely the condition of vanishing
of the integrals (2.11). To impose this further condition we need to express the solution in terms of
the WKB approximation and substitute it in the integral. We recall that the condition (2.11) was
established before the change of variable x2 = z, and the solutions transform as antisemicanonical
differentials. Thus, in the end, the condition for the particular solution is that

ˆ ∞2j+1

∞2j−1

Ψ2
(z)

dz

2z
= 0,

where Ψ is the (unique) solution that is recessive along both directions. With reference to Fig.
6.3 we will express this integral in terms of the WKB approximation piecewisely in each Stokes’

region. We start from the recessive solution Ψ
(A1)
− in the region A1 and then express it, using the

jump matrices, in the adjacent subsequent regions Bl,r
1 ,C l,r

1 ,Dl,r
1 ,E1. After doing that we know

that we obtain a multiple of the recessive solution Ψ
(E1)
− : the fact that there is no contribution of

the dominant solution Ψ
(E1)
+ is due to the fact that we have already imposed the conditions so that

the Stokes’ matrix S4 = 1.
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Now, the same arguments used in [BCHG24] show that in the end we only have the contributions
(to leading order in h̵) coming from integrals along the branchcuts [τ1, τ2] and [τ3, τ4]. In those
regions we have the identity:

Ψ
(A1)
− (z; h̵) =

⎧⎪⎪
⎨
⎪⎪⎩

iψ
(τ1)
+ (z; h̵) + ψ

(τ1)
− (z; h̵) z ∈ (Br

1) ∪ (B
ℓ
1)

ev14(−iψ
(τ4)
+ (z; h̵) + ψ

(τ4)
− (z; h̵)) z ∈ (Dr

1) ∪ (D
ℓ
1).

(6.58)

Then the condition (6.4) reads:

ˆ ∞1

∞3

(Ψ
(A1)
− (z−; h̵))

2

z
dz ≃ 2i

ˆ τ2

τ1

ψ
(τ1)
+ (z−; h̵)ψ

(τ1)
− (z−; h̵)

z
dz − 2iev14

ˆ τ4

τ3

ψ
(τ4)
+ (z−; h̵)ψ

(τ4)
− (z−; h̵)

z
dz

= 2i(

ˆ τ2

τ1

dz

zSodd(z−; h̵)
− ev14

ˆ τ4

τ3

dz

zSodd(z−; h̵)
) (6.59)

where the choice of boundary value is dictated by the choice we made of Stokes’ regions (which are
on the − side of the branchcuts as we traverse them in the direction τ1 → τ2 and τ3 → τ4).

Now the integrands read simply (to leading order) dz√
∏4

j=1(z−τj)
and hence coincide with the

holomorphic differential on the elliptic curve w2 = ∏
4
j=1(z − τj). Thus the two integrals are in fact

one opposite to the other and we arrive at the condition:

ˆ ∞1

∞3

(Ψ
(A1)
− (z−; h̵))

2

z
dz ≃ 2i

ˆ τ2

τ1

dz

zSodd(z−; h̵)
(1 + ev14) = 0

This gives the required extra condition; recalling that e2v14 = ξ12ξ23ξ34 we thus finally obtain the
complete system:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 + ξ21 + ξ21ξ32 + ξ21ξ32ξ43 = 0,

1 + ξ34 + ξ34ξ23 + ξ34ξ23ξ12 = 0,

ξ12ξ23ξ34 = 1

ξ12 = ξ21

ξ34 = ξ43

ξ23ξ32 = 1.

(6.60)

This system has the unique solution

ξ12 = ξ21 = ξ34 = ξ43 = −1, ξ23 = ξ32 = 1.

Expressing this in terms of the Voros symbols we obtain the parallel of Prop. 6.9.

Proposition 6.12. In the region T3 the quantization conditions for the Shapiro–Tater problem are

2

ˆ τ2

τ1

Sodd(z+, η)dz = 2η

ˆ τ2

τ1

√
Q0(z+)dz +O(η

−1
) = iπ + 2iπk1, k1 ∈ Z (6.61)

2

ˆ τ4

τ3

Sodd(z+, η)dz = 2η

ˆ τ4

τ3

√
Q0(z+)dz +O(η

−1
) = iπ + 2iπk2, k2 ∈ Z, (6.62)

2

ˆ τ3

τ2

Sodd(z+, η)dz = 2η

ˆ τ3

τ2

√
Q0(z+)dz +O(η

−1
) = 2iπk3, k3 ∈ Z, (6.63)

where the contour in the latter condition leaves z = 0 to the right.
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While the conditions in Prop. 6.12 and Prop.6.9 are not the same, they translate to the same
condition for the branch-points up to O(h̵) since the term Sodd at leading order is O(h̵−1), here
h̵ = η−1 where η is the large parameter. It would be interesting to derive precise deviations of these
conditions in terms of the Painleve’ variable, thus localizing the poles/branching conditions more
accurately. Nonetheless, these are sufficient to explain the structural similarity of the patterns.

Analysis of the two lattices

pτ1 τ2 τ3 τ4

BA

Figure 6.5: The choise of (A,B) cycles for configuration T3.

Lemma 6.13. Let A and B be the canonical homology basis as in figur 6.5 and consider the periods

IA ∶=

˛
A

√
Q0(z;κ,W )dz, IB ∶=

˛
B

√
Q0(z;κ,W )dz. (6.64)

Then

det

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∂IA
∂κ

∂IA
∂W

∂IB
∂κ

∂IB
∂W

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= −2iπ (6.65)

Proof. For Q0(z) = Q0(z; κ,W ) from (6.23), namely Q0(z) = z
2 + 2κz + (κ2 − 1) − W

z +
(α−1/2)2

z2
, the

following relations hold

∂IA
∂κ
=

ˆ
A

∂

∂κ

√
Q0(z;κ,W )dz =

ˆ
A

z + k
√
Q0(z)

dz,

∂IA
∂W

=

ˆ
A

∂

∂W

√
Q0(z)dz =

ˆ
A

−1

2z
√
Q0(z)

dz.

The same is true for B-cycle. We observe that
(z+k)dz√
Q0(z)

is a second kind differential with second

order pole at ∞± with asymptotic behaviour as z →∞

(z + k)dz
√
Q0(z)

= ±(1 +O(z−2))dz, (6.66)

while −1
2z
√
Q0(z)

dz is a holomorphic differential and its integral has the following expansion at ∞±

ˆ z

τ1

−dζ

2ζ
√
Q0(ζ)

= ±

ˆ ∞
τ1

−dζ

2ζ
√
Q0(ζ)

±
1

2z
+O(z−2). (6.67)
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The determinant can be obtained from the celebrated Riemann bilinear identity

∂IA
∂κ

∂IB
∂W
−
∂IA
∂W

∂IB
∂κ
=

ˆ
A

z + k
√
Q0(z)

dz

ˆ
B

−1

2z
√
Q0(z)

dz −

ˆ
A

−1

2z
√
Q0(z)

dz

ˆ
B

z + k
√
Q0(z)

dz

= 2iπ ∑
p=∞±

resp
⎡
⎢
⎢
⎢
⎣

(z + k)dz
√
Q0(z)

ˆ z

τ1

−dζ

2ζ
√
Q0(ζ)

⎤
⎥
⎥
⎥
⎦
= 2iπ (−

1

2
−
1

2
) = −2iπ.

We observe that for configuration T3

w ∶=
∂IA
∂W

= −

ˆ τ2

τ1

dz

z
√
Q0(z+; κ,W )

, w′ ∶=
∂IB
∂W

= −

ˆ τ3

τ2

dz

z
√
Q0(z+; κ,W )

(6.68)

are the half-periods of the holomorphic differential − dz

z
√
Q0(z)

. For the other configurations, we will

have the same integrants but different limits τj .

Proposition 6.14. Consider the subspace (κ,W ) ⊂ C2 such that the Stokes graph has the topology
of T3, moreover, the quantization conditions (6.52)-(6.54) hold. Let (κ0,W0) be a solution to the
quantization conditions and (κ,W ) = (κ0,W0)+(∆κ,∆W ) a neighbouring point in the lattice. Then

∆κ ≃
1

η
(−w(κ0,W0)∆l1 +w

′
(κ0,W0)∆l3), ∆l1,∆l3 ∈ Z, (6.69)

where w(κ0,W0) and w′(κ0,W0) are the half periods of the holomorphic differentials in (6.68)
evaluated at κ0 and W0.

Proof. The notations come from the variation of quantization conditions (6.52)-(6.54) with φA =
φB = −

2π
3 . Variation of the period integrals can be written as

η (IA(κ0,W0) +
∂IA
∂κ

∆κ +
∂IA
∂W

∆W) +O(η−1) = iφA(κ0,W0) + 2iπ(l1 +∆l1), (6.70)

η (IB(κ0,W0) +
∂IB
∂κ

∆κ +
∂IB
∂W

∆W) +O(η−1) = iφB(κ0,W0) + 2iπ(l3 +∆l3), (6.71)

where l1, l3 ∈ R are cosidered as continuous parameters. From this we write the relatation between
variations

⎡
⎢
⎢
⎢
⎢
⎣

∆l1

∆l3

⎤
⎥
⎥
⎥
⎥
⎦

≃
η

2iπ

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∂IA
∂κ

∂IA
∂W

∂IB
∂κ

∂IB
∂W

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎣

∆κ

∆W

⎤
⎥
⎥
⎥
⎥
⎦

. (6.72)

Using lemma 6.13, we get the inverse

1

η

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−
∂IB
∂W

∂IA
∂W

∂IB
∂κ

−
∂IA
∂κ

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎣

∆l1

∆l3

⎤
⎥
⎥
⎥
⎥
⎦

≃

⎡
⎢
⎢
⎢
⎢
⎣

∆κ

∆W

⎤
⎥
⎥
⎥
⎥
⎦

. (6.73)

The first row gives us the eqaution for ∆κ.
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An analogous relation can be obtained for the variation of the quatization conditions (6.61),
(6.63) for quasi-polynomials.

Proposition 6.15. Let (κ0,W0) correspond to the first order quantization conditions (6.52), (6.53),
(6.54) or (6.61), (6.62), (6.63) in the bulk, namely m+n

2 < li/ < m + n. Then the neighbor points in
the κ plane to the point κ0, form a slowly modulated lattice in the sense that the closest neighbours
of s0 are the points

κ0 −
w

η
δl1 +

w′

η
δl3, (6.74)

where

(δl1, δl3) ∈ {(1,0), (0,1), (−1,0), (0,−1)}. (6.75)

Proof. We use variations (6.70), (6.71) together with quantization conditions (6.52), (6.53), (6.54):
now variation ∆li needs to be integer, so we write δli. Let (l1, l2, l3) be a triplet for Okamoto
quantization conditions. The neighbour points correspond to adding/substracting 1 from each,
subject to the constraints

δl1 + δl2 = 0, δli ∈ {−1,0,1}.

There are 4 elemetary possibilities

(δl1, δl2, δl3) ∈ {(1,0,−1), (0,1,0), (−1,0,1), (0,−1,0)}.

Similar is true for the sextic oscillator case.

Near the origin. Let (κ,W ) = O(η−1). Then

Q0 = z
2
− 1 +

(α − 1/2)2

z2
+O(η−1).

In the limit n,m→∞ with m
n = const

τi = ±

√
1

2
±
√
α(1 − α).

If 1
2 ≤ α ≤ 1, then all τi lay on real line and spectral curve is of the shape as on figure 6.5. Moreover,

ˆ τ2

τ1

√

z2 − 1 +
(α − 1/2)2

z2
=
iπ

2
α.1

1

ˆ τ2

τ1

√
z2 − 1 + (α − 1/2)

2

z2
=

1

4

⎛
⎝
√
(1 − 2α)2 + 4z4 − 4z2 + log (−2z2 +

√
(1 − 2α)2 + 4z4 − 4z2 + 1) + (4α − 2) tanh−1 ⎛⎝

2z2 −
√
(1 − 2α)2 + 4z4 − 4z2

2α − 1
⎞
⎠
⎞
⎠
RRRRRRRRRRR

τ2

τ1

= iπ

2
α, for τ1 = −

√
1

2
+
√
α(1 − α), τ2 = −

√
1

2
−
√
α(1 − α).
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Theorem 6.16. Let M ∈ Z≥0 + δ, δ ∈ {0, 12} and M + δ ≤ N ≤ 2N − 2δ. If

m = 2N −M + δ, n =M −N + δ,

then, as M,N →∞, close to t = 0 the zeros of

1. RM,N(
√
2t) scaled by η

−1/2
SXT, where ηSXT = 2m + n +

3
2 ,

2. Q−n,−m(t) scaled by η
−1/2
PIV , ηPIV = 2m + n + 1

coincide with the discrepancy O(η−2).

Proof. Let us now set κ = η−1δκ, W = η−1δW . Then we use the following linear approximation

ˆ τ2

τ1

√
Q0(z, k,W )dz =

ˆ τ2

τ1

√
Q0(z,0,0)dz +

δκ

η

ˆ τ2

τ1

zdz
√
Q0(z; 0,0)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
c1

+
δW

η

ˆ τ2

τ1

−1

2z
√
Q0(z; 0,0)

dz

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
c2

+O(η−2)

=
iπ

2
α +

1

η
(c1δκ + c2δW ) + O(η

−2
) (6.77)

We can write the quantization condition (A-cycle) (6.52) for PIV and (6.61) for SXT as

2 (2m + n + 1)
iπ

2
αPIV + c1δκ + c2δW +O(η

−1
) =

2

3
iπ + 2iπ(l1 + δl1), (6.78)

2 (2m + n +
3

2
)
iπ

2
αSXT + c1δ̃κ + c2δ̃W +O(η

−1
) = iπ + 2iπ(k1 + δk1). (6.79)

We remind, that

αPIV ∶=
θ0 + θ∞ − 1

2θ∞ − 2
=
m + n + 2/3

2m + n + 1
, αSXT ∶=

2N + 2

2M + 3
=

m + n + 1

2m + n + 3/2
.

After the identification l1 = k1 and δl1 = δk1, subtracting (6.79) from (6.78) gives

c1 (δκ − δ̃κ) + c2 (δW − δ̃W) = O(η
−1
).

The computation is similar for B cycle and gives

c3 (δκ − δ̃κ) + c4 (δW − δ̃W) = O(η
−1
).

Together they ensure that δκ − δ̃κ = O(η−1).
Since the uncertainty of δκ− δ̃κ is of order O(η−1), it follows that the uncertainty on κ = η−1δκ,

and κ̃ = η−1δκ̃, is of order O(η−2). To finish the proof we remind the scaling from (6.3), (6.4)

b = η
1
2
SXT

√
2κ, a = η

1
2
PIV κ.

68



Chapter 7

Other configurations

7.1 Possible configurations

Here we consider other possible topological configurations.

Configuration T2

p
∞3

∞4

∞1

∞2

1

23

4

τ1

τ2

τ3

τ4

(A1) (Bl
1)

(Br
1) (C l

1) (Cr
1) (D1)

(Gl
1)

(Gr
1)

(D2) (Cr
2)

(C l
2) (Br

2) (Bl
2) (A2)

(Er
3)

(El
3)

(F l
3)

(F r
3 )

Figure 7.1: Configuration T2.
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Stokes matrices are

S̃1 =W−1
3 BW3 = [

1 0
−ie2w3 1

] , (7.1)

S̃−12 =W
−1
4 RV24RV32RW3 = [

1 ie−2w4(1 + ξ24 + ξ24ξ
−1
23 )

0 1
] , (7.2)

S̃3 =W−1
4 BV14BW1 = [

1 0
−ie2w1(1 + ξ14) 1

] , (7.3)

S̃−14 =W
−1
3 RV23RV12RW1 = [

1 ie−2w3(1 + ξ23 + ξ23ξ12)
0 1

] , (7.4)

M̃0 = V12BV41BV24B = e
σ3(v12+v24−v14) [

1 0
−i(1 + ξ24 + ξ24ξ

−1
14 ) 1

] , (7.5)

Ẽ−1 =W−1
3 RV23(−R) = −[

1 ie−2w3(1 + ξ23)
0 1

] eσ3(v23−w3) (7.6)

For generalized Okamoto polynomials we scale Buckingham-Miller’s monodromi date by
c = i 1√

2
ew1 . The Stokes matrices need to satisfy

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

−ie2w3 = −ie2w1 ,

ie−2w4(1 + ξ24 + ξ24ξ
−1
23 ) = ie

−2w1 ,

−ie2w1(1 + ξ14) = −ie
2w1 ,

ie−2w3(1 + ξ23 + ξ23ξ12) = ie
−2w1 .

(7.7)

That third equation can’t be solved (see the remark 7.2).
A quasi-polynomial solution requires

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

1 + ξ24 + ξ24ξ
−1
23 = 0 (Stokes matix),

1 + ξ23 + ξ23ξ12 = 0 (Stokes matix),

ev12+v24−v14 = −1 (Monodromy around 0),

(7.8)

The next two equations below derived from the fact that solutions normalazied the same way in
all sectors contating infinity

Ψ
(A1)
− (z;η) =

⎧⎪⎪
⎨
⎪⎪⎩

iΨ
(τ1)
+ (z;η) +Ψ

(τ1)
− (z;η), z ∈ (Br

1) ∪ (B
ℓ
1),

iev12Ψ
(τ2)
+ (z;η) + e−v12Ψ

(τ2)
− (z;η), z ∈ (Cr

1) ∪ (C
ℓ
1).

(7.9)

Ψ
(A2)
− (z;η) =

⎧⎪⎪
⎨
⎪⎪⎩

iΨ
(τ3)
+ (z;η) +Ψ

(τ3)
− (z;η), z ∈ (Br

2) ∪ (B
ℓ
2),

iev32Ψ
(τ2)
+ (z;η) + e−v32Ψ

(τ2)
− (z;η), z ∈ (Cr

2) ∪ (C
ℓ
2).

(7.10)

For degeneration of algebraic spectrum the next integrals must be equal to 0

γ1 ∶

ˆ ∞1

∞3

(Ψ
(A1)
− (z;η))

2

z
dz ≃ 2i

ˆ τ2

τ1

ψ
(τ1)
+ (z;η)ψ

(τ1)
− (z;η)

z
dz + 2i

ˆ τ3

τ2

ψ
(τ3)
+ (z;η)ψ

(τ3)
− (z;η)

z
dz

= 2i(

ˆ τ2

τ1

dz

zSodd(z;η)
+

ˆ τ3

τ2

dz

zSodd(z;η)
) = 0, (7.11)
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γ2 ∶

ˆ ∞1

∞3

(Ψ
(A2)
− (z;η))

2

z
dz ≃ 2i

ˆ τ3

τ2

ψ
(τ1)
+ (z;η)ψ

(τ1)
− (z;η)

z
dz + 2i

ˆ τ4

τ3

ψ
(τ3)
+ (z;η)ψ

(τ3)
− (z;η)

z
dz

= 2i(

ˆ τ3

τ2

dz

zSodd(z;η)
+

ˆ τ4

τ3

dz

zSodd(z;η)
) = 0. (7.12)

This way

ˆ τ2

τ1

dz

zSodd(z;η)
≃

ˆ τ4

τ3

dz

zSodd(z;η)
≃ −

ˆ τ3

τ2

dz

zSodd(z;η)
. (7.13)

One condition should be enough, the second follows automatically.
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Figure 7.2: Configuration r2 ○ T4.

The Stokes matrices are
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S̃1 =W−1
4 BW4 = [

1 0
−ie2w4 1

] , (7.14)

S̃−12 =W
−1
1 RV31RV23RV22RV32RV43RW4

= [
1 ie−2w1(1 + ξ−113 + ξ

−1
13 ξ23 + ξ

−1
13 ξ23ξ22 + ξ

−1
13 ξ23ξ22ξ23 + ξ

−1
13 ξ23ξ22ξ23ξ

−1
34 )

0 1
] , (7.15)

S̃3 =W−1
1 BW1 = [

1 0
−ie2w1 1

] , (7.16)

S̃−14 =W
−1
4 RV34RV13RW1 = [

1 ie−2w4(1 + ξ34 + ξ34ξ13)
0 1

] , (7.17)

M̃0 = V22B = e
σ3v22 [

1 0
−i 1

] , (7.18)

Ẽ−1 =W−1
4 RG−1V34RV23R = [

e−w4+v23+v34 ie−w4−v23−v34(−1 + ξ34 + ξ34ξ23)
−iew4+v23+v34 ew4−v23+v34(1 + ξ23)

] . (7.19)

For generalized Okamoto polynomials, after the scaling c = i√
2
ew4 , the Stokes matrices

need to satisfy

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

−ie2w4 = −ie2w4 ,

ie−2w1(1 + ξ−113 + ξ
−1
13 ξ23 + ξ

−1
13 ξ23ξ22 + ξ

−1
13 ξ23ξ22ξ23 + ξ

−1
13 ξ23ξ22ξ23ξ

−1
34 ) = ie

−2w4 ,

−ie2w1 = −ie2w4 ,

ie−2w4(1 + ξ34 + ξ34ξ13) = ie
−2w4 .

(7.20)

That is equivalent to

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

ξ14 = 1,

1 + ξ−113 + ξ
−1
13 ξ23 + ξ

−1
13 ξ23ξ22 + ξ

−1
13 ξ23ξ22ξ23 + ξ

−1
13 ξ23ξ22ξ23ξ

−1
34 = 1,

1 + ξ34 + ξ34ξ13 = 1.

(7.21)

That is equivalent to

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

ξ14 = 1,

ξ13 = −1,

1 + ξ23 + ξ23ξ22 + ξ23ξ22ξ23 + ξ23ξ22ξ23ξ
−1
34 = 0.

(7.22)

A quasi-polynomial solution requires

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

1 + ξ−113 + ξ
−1
13 ξ23 + ξ

−1
13 ξ23ξ22 + ξ

−1
13 ξ23ξ22ξ23 + ξ

−1
13 ξ23ξ22ξ23ξ

−1
34 = 0 (Stokes matix),

1 + ξ34 + ξ34ξ13 = 0 (Stokes matix),

e−v22 = −1 (Monodromy around 0),

(7.23)

7.2 Excluded configurations

Here we pose topological configurations and conditions, that shows, that these configurations can’t
satisfy necessary condtions on Stokes data for both Okamoto and quasi polynomial cases.
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Figure 7.3: Configuration T1.

The Stokes matrices (see the eq. (3.18)) are

S̃1 =W−1
1 BV21BW2 = [

1 0
−ie2w2(1 + ξ21) 1

] , (7.24)

S̃−12 =W
−1
3 RV23RW2 = [

1 ie−2w3(1 + ξ23)
0 1

] , (7.25)

S̃3 =W−1
3 BV43BW4 = [

1 0
−ie2w4(1 + ξ43) 1

] , (7.26)

S̃−14 =W
−1
2 RV41RW1 = [

1 ie−2w1(1 + ξ41)
0 1

] , (7.27)

M̃0 = V41BV34BV23BV12B = e
σ3(v41−v21+v23−v43) [

1 0
−i(1 + ξ−121 + ξ23ξ

−1
21 + ξ

−1
43 ξ23ξ

−1
21 ) 1

] , (7.28)

Ẽ−1 =W−1
1 R = e−σ3w1 [

1 i
0 1
] (7.29)

Remark 7.1. (Consistancy.) The product of matrices around τ1

GB−1RB−1 = I (7.30)

gives trivial monodromy as it must be for Airy equation. The same is true for τ2, τ3, τ4.
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For generalized Okamoto polynomials we scale Buckingham-Miller’s monodromi date by
c = i 1√

2
ew2 . The Stokes matrices need to satisfy

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

−ie2w2(1 + ξ21) = −ie
2w2 ,

ie−2w3(1 + ξ23) = ie
2w2 ,

−ie2w4(1 + ξ43) = −ie
2w2 ,

ie−2w1(1 + ξ41) = ie
2w2 .

(7.31)

The first equation of the system (7.31) equivalent to ξ21 = 0 which is impossible by its definition
as an exponent. The configuration T1 doesn’t appear for the parameters of rational solutions of
Okamoto type.

Remark 7.2. Given a WKB triangulation, consider the expressions, like (7.31), of the Stokes data
for Okamoto-type solutions in terms of the triangulation variables. If there is a direction ∞k that
has exacly two Stokes lines that go trough it (in the corresponding triangulation in the fig. 6.2 there
is a corner with only one internal edge), an equation of the form

1 + ξij = 1 (7.32)

will appear. This equation has only the zero solution that is not admissible. Only the configurations
T3, r ○T3, T4, r ○T4, r

2 ○T4, r
3 ○T4 don’t have corners with only one edge, so they can appear in the

case of Okamoto-type solutions.

The degeneration condition of algebraic spectrum from the theorem 2.11 can be written through
WKB solution as

ˆ ∞3

∞1

Q2
1(x)e

−2ϑ(x)dx = η1/2
ˆ ∞3

∞1

(Ψ
(A1)
− (z;η))2

z
dz = 0. (7.33)

This integral can be expanded over η, the eq. (7.33) means that every coefficient in the expansion
equals 0. For the triangulation T1

γ1 ∶

ˆ ∞3

∞1

(Ψ
(A1)
− (z;η))2

z
dz = 2i

ˆ τ1

τ4

ψ
(τ1)
+ (z;η)ψ

(τ1)
− (z;η)

z
dz +O(η−2) (7.34)

= 2i

ˆ τ1

τ4

dz

zSodd(z;η)
+ O(η−2) = 2iη−1

ˆ τ1

τ4

1

z
√
Q0(z)

dz +O(η−2). (7.35)

The coefficient of η cannot be equal to 0.
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Configuration T5
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Figure 7.4: Configuration T5.

The Stokes matrices are

S̃1 =W−1
4 BW4 = [

1 0
−ie2w4 1

] , (7.36)

S̃−12 =W
−1
3 RV43RW4 = [

1 ie−2w3(1 + ξ−134 )
0 1

] , (7.37)

S̃3 =W−1
3 BV23BV12BW1 = [

1 0
−ie2w3(1 + ξ12 + ξ12ξ23) 1

] , (7.38)

S̃−14 =W
−1
4 RV34RV23RV12RW1 = [

1 ie−2w4(1 + ξ34 + ξ34ξ23 + ξ34ξ23ξ12)
0 1

] , (7.39)

M̃0 = V21BV12B = e
σ3(v12+v−21) [

1 0
−i(1 + ξ12) 1

] . (7.40)

For generalized Okamoto polynomials, after the scaling c = i√
2
ew4 , the Stokes matrices

need to satisfy
⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

−ie2w4 = −ie2w4 ,

ie−2w3(1 + ξ−134 ) = ie
−2w4 ,

−ie2w3(1 + ξ12 + ξ12ξ23) = −ie
2w4 ,

ie−2w4(1 + ξ34 + ξ34ξ23 + ξ34ξ23ξ12) = ie
−2w4 .

(7.41)
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That is equivalent to

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

ξ34(1 + ξ
−1
34 ) = 1,

ξ34(1 + ξ12 + ξ12ξ23) = 1,

1 + ξ34 + ξ34ξ23 + ξ34ξ23ξ12 = 1.

(7.42)

Quasi-polynomials don’t appear in this configuration because the integral from the theo-
rem 2.11

γ2 ∶

ˆ ∞3

∞1

(Ψ
(A2)
− (ζ;η))

2

ζ
dζ ≃ 2i

ˆ τ3

τ4

ψ
(τ4)
+ (ζ;η)ψ

(τ4)
− (ζ;η)

ζ
dζ = 2i

ˆ τ3

τ4

dζ

ζSodd(ζ;η)
≃
2i

η

ˆ τ3

τ4

1

ζ
√
Q0(ζ)

dζ

(7.43)

can’t here be equal to 0.
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Figure 7.5: Configuration T6.
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Stokes matrices are

S̃1 =W−1
4 BW4 = [

1 0
−ie2w4 1

] , (7.44)

S̃−12 =W
−1
3 RV43RW4 = [

1 ie−2w3(1 + ξ−134 )
0 1

] , (7.45)

S̃3 =W−1
3 BV13BW1 = [

1 0
−ie2w3(1 + ξ13) 1

] , (7.46)

S̃−14 =W
−1
4 RV34RV13RV21RV22RV12RW1

= [
1 ie−2w4(1 + ξ34 + ξ34ξ13 + ξ34ξ13ξ21 + ξ34ξ13ξ21ξ22 + ξ34ξ13ξ21ξ22ξ

−1
21 )

0 1
] , (7.47)

M̃0 = V22B = e
σ3v22 [

1 0
−i 1

] . (7.48)

For generalized Okamoto polynomials, after the scaling c = i√
2
ew4 , the Stokes matrices

need to satisfy

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

−ie2w4 = −ie2w4 ,

ie−2w3(1 + ξ−134 ) = ie
−2w4 ,

−ie2w3(1 + ξ13) = −ie
2w4 ,

ie−2w4(1 + ξ34 + ξ34ξ13 + ξ34ξ13ξ21 + ξ34ξ13ξ21ξ22 + ξ34ξ13ξ21ξ22ξ
−1
21 ) = ie

−2w4 .

(7.49)

That is equivalent to

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

ξ34(1 + ξ
−1
34 ) = 1,

ξ−134 (1 + ξ13) = 1,

1 + ξ34 + ξ34ξ13 + ξ34ξ13ξ21 + ξ34ξ13ξ21ξ22 + ξ34ξ13ξ21ξ22ξ
−1
21 = 1.

(7.50)

Quasi-polynomials don’t appear in this configuration because the integral from the theo-
rem 2.11

γ2 ∶

ˆ ∞3

∞1

(Ψ
(A2)
− (ζ;η))

2

ζ
dζ ≃ 2i

ˆ τ3

τ4

ψ
(τ4)
+ (ζ;η)ψ

(τ4)
− (ζ;η)

ζ
dζ = 2i

ˆ τ3

τ4

dζ

ζSodd(ζ;η)
(7.51)

can’t here be equal to 0.
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Configuration r3 ○ T7
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Figure 7.6: Configuration r3 ○ T7.

Stokes matrices are

S̃1 =W−1
4 BW4 = [

1 0
−ie2w4 1

] , (7.52)

S̃−12 =W
−1
3 RV43RW4 = [

1 ie−2w3(1 + ξ−134 )
0 1

] , (7.53)

S̃3 =W−1
3 BV13BV21BV22BV12BW1

= [
1 0

−ie2w3(1 + ξ12 + ξ12ξ22 + ξ12ξ22ξ
−1
12 + ξ12ξ22ξ

−1
12 ξ13) 1

] , (7.54)

S̃−14 =W
−1
4 RV34RV13RW1 = [

1 ie−2w4(1 + ξ34 + ξ34ξ13)
0 1

] , (7.55)

M̃0 = V22B = e
σ3v22 [

1 0
−i 1

] . (7.56)

For generalized Okamoto polynomials, after the scaling c = i√
2
ew4 , the Stokes matrices

need to satisfy

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

−ie2w4 = −ie2w4 ,

ie−2w3(1 + ξ−134 ) = ie
−2w4 ,

−ie2w3(1 + ξ12 + ξ12ξ22 + ξ12ξ22ξ
−1
12 + ξ12ξ22ξ

−1
12 ξ13) = −ie

2w4 ,

ie−2w4(1 + ξ34 + ξ34ξ13) = ie
−2w4 .

(7.57)
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That is equivalent to

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

ξ34(1 + ξ
−1
34 ) = 1,

ξ−134 (1 + ξ12 + ξ12ξ22 + ξ12ξ22ξ
−1
12 + ξ12ξ22ξ

−1
12 ξ13) = 1,

1 + ξ34 + ξ34ξ13 = 1.

(7.58)

Quasi-polynomials don’t appear in this configuration because the integral from the theo-
rem 2.11

γ2 ∶

ˆ ∞3

∞1

(Ψ
(A2)
− (ζ;η))

2

ζ
dζ ≃ 2i

ˆ τ3

τ4

ψ
(τ4)
+ (ζ;η)ψ

(τ4)
− (ζ;η)

ζ
dζ = 2i

ˆ τ3

τ4

dζ

ζSodd(ζ;η)
≃
2i

η

ˆ τ3

τ4

1

ζ
√
Q0(ζ)

dζ

(7.59)

can’t here be equal to 0.
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Chapter 8

Numerical simulations

8.1 Sextic oscillator

By comparing figures 2.3 and 8.1 (the small plots are done for the same parameters), we can see
how collision of eigenvalues Λ actually happens. Indeed in the mid part a collision of 3 eigenvalues
occurs.

<latexit sha1_base64="dH57eplB0KFL/HKPeSDKsIzNeYM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWat71yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV9Uvcuq16xV6rU8jiKcwCmcgwdXUIdbaEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AKRTjMo=</latexit>
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<latexit sha1_base64="xktOthvcWkpfHZldF785YGgHLos=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQZcd8XUMePEYwTwgWcLsZDYZMju7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2njet1NYWV1b3yhulra2d3b3yvsHTR2nirIGjUWs2gHRTHDJGoYbwdqJYiQKBGsFo7up33piSvNYPppxwvyIDCQPOSXGSq3q+dUZ9k575YrnejOgZYJzUoEc9V75q9uPaRoxaaggWnewlxg/I8pwKtik1E01SwgdkQHrWCpJxLSfzc6doBOr9FEYK1vSoJn6eyIjkdbjKLCdETFDvehNxf+8TmrCWz/jMkkNk3S+KEwFMjGa/o76XDFqxNgSQhW3tyI6JIpQYxMq2RDw4svLpHnh4msXP1xWam4eRxGO4BiqgOEGanAPdWgAhRE8wyu8OYnz4rw7H/PWgpPPHMIfOJ8/8pyN8g==</latexit>

(�5, 10)
<latexit sha1_base64="kXZtKXvBOwxnrP0iooMldwU0l1M=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQZZd8XUMePEYwTwgWcLsZDYZMzuzzMwKYck/ePGgiFf/x5t/4yTZgyYWNBRV3XR3hQln2njet1NYWV1b3yhulra2d3b3yvsHTS1TRWiDSC5VO8SaciZowzDDaTtRFMchp61wdDv1W09UaSbFgxknNIjxQLCIEWys1Kxenvneaa9c8VxvBrRM/JxUIEe9V/7q9iVJYyoM4Vjrju8lJsiwMoxwOil1U00TTEZ4QDuWChxTHWSzayfoxCp9FEllSxg0U39PZDjWehyHtjPGZqgXvan4n9dJTXQTZEwkqaGCzBdFKUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oJINwV98eZk0z13/yvXvLyo1N4+jCEdwDFXw4RpqcAd1aACBR3iGV3hzpPPivDsf89aCk88cwh84nz+IcY27</latexit>

(5, 10)
<latexit sha1_base64="EdQyGmy/lQWpsbAF77EucjdpTu0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahgoSsiHosePFYwX5AG8pmu2mXbjZhdyOU0B/hxYMiXv093vw3btMctPXBwOO9GWbmBYng2njet1NaW9/Y3CpvV3Z29/YPqodHbR2nirIWjUWsugHRTHDJWoYbwbqJYiQKBOsEk7u533liSvNYPpppwvyIjCQPOSXGSp069i6wdz6o1jzXy4FWCS5IDQo0B9Wv/jCmacSkoYJo3cNeYvyMKMOpYLNKP9UsIXRCRqxnqSQR036WnztDZ1YZojBWtqRBufp7IiOR1tMosJ0RMWO97M3F/7xeasJbP+MySQ2TdLEoTAUyMZr/joZcMWrE1BJCFbe3IjomilBjE6rYEPDyy6ukfeniaxc/XNUabhFHGU7gFOqA4QYacA9NaAGFCTzDK7w5ifPivDsfi9aSU8wcwx84nz/xGI3x</latexit>

(10, 10)

<latexit sha1_base64="oJicSZc/3QvfrItQQvFIPeX3aZM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJUkJIUUY8FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEScJ9yM6VCIUjKKV2pWae+m5F/1S2a26c5BV4uWkDDka/dJXbxCzNOIKmaTGdD03QT+jGgWTfFrspYYnlI3pkHctVTTixs/m507JuVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz1M6GSFLlii0VhKgnGZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtoQvOWXV0mrVvWuq97DVblezeMowCmcQQU8uIE63EMDmsBgDM/wCm9O4rw4787HonXNyWdO4A+czx/yoY3y</latexit>

(20, 10)
<latexit sha1_base64="YDWoAjeXBz4lEP8BE9G81URF5u0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQZbd4OsY8OIxgnlAsoTZyWwyZHZ2mJkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuCiVn2njet1NYW9/Y3Cpul3Z29/YPyodHLZ2kitAmSXiiOiHWlDNBm4YZTjtSURyHnLbD8d3Mbz9RpVkiHs1E0iDGQ8EiRrCxUrtau7rwvfN+ueK53hxolfg5qUCORr/81RskJI2pMIRjrbu+J02QYWUY4XRa6qWaSkzGeEi7lgocUx1k83On6MwqAxQlypYwaK7+nshwrPUkDm1njM1IL3sz8T+vm5roNsiYkKmhgiwWRSlHJkGz39GAKUoMn1iCiWL2VkRGWGFibEIlG4K//PIqadVc/9r1Hy4rdTePowgncApV8OEG6nAPDWgCgTE8wyu8OdJ5cd6dj0VrwclnjuEPnM8f+kmN9w==</latexit>

(25, 10)
<latexit sha1_base64="XPm5/3OPFpw/D1MfHoGOIZ/uGQ8=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgiybItVjwYvHCvYD2qVk02wbms0uSVYoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZFySCa+N5305hY3Nre6e4W9rbPzg8Kh+ftHWcKspaNBax6gZEM8ElaxluBOsmipEoEKwTTO7mfueJKc1j+WimCfMjMpI85JQYK3WquH6FvctBueK53gJoneCcVCBHc1D+6g9jmkZMGiqI1j3sJcbPiDKcCjYr9VPNEkInZMR6lkoSMe1ni3Nn6MIqQxTGypY0aKH+nshIpPU0CmxnRMxYr3pz8T+vl5rw1s+4TFLDJF0uClOBTIzmv6MhV4waMbWEUMXtrYiOiSLU2IRKNgS8+vI6addcXHfxw3Wl4eZxFOEMzqEKGG6gAffQhBZQmMAzvMKbkzgvzrvzsWwtOPnMKfyB8/kD+kiN9w==</latexit>

(16, 10)

<latexit sha1_base64="EO3wVHepKpClkCkBVyLaJpbJw5Q=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgoRERD0WvHisYNpCG8pmu2mX7m7C7kYoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMi1LOtPG8b6e0tr6xuVXeruzs7u0fVA+PWjrJFKEBSXiiOhHWlDNJA8MMp51UUSwiTtvR+G7mt5+o0iyRj2aS0lDgoWQxI9hYKah7F955v1rzXG8OtEr8gtSgQLNf/eoNEpIJKg3hWOuu76UmzLEyjHA6rfQyTVNMxnhIu5ZKLKgO8/mxU3RmlQGKE2VLGjRXf0/kWGg9EZHtFNiM9LI3E//zupmJb8OcyTQzVJLFojjjyCRo9jkaMEWJ4RNLMFHM3orICCtMjM2nYkPwl19eJa1L1792/YerWsMt4ijDCZxCHXy4gQbcQxMCIMDgGV7hzZHOi/PufCxaS04xcwx/4Hz+ABCzjXs=</latexit>

(0, 0)

Figure 8.2: The roots of R(b;M,N) for M ∈ Z.
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<latexit sha1_base64="nHZQ0a2xsA4BHAQWyDshiUiPMxY=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRUXFVcOOyin1AZyiZNG1Dk8yQZApl6J+4caGIW//EnX9jpp2Fth4IHM65l3tyooQzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRS8epIrRJYh6rToQ15UzSpmGG006iKBYRp+1ofJf77QlVmsXyyUwTGgo8lGzACDZW6rluILAZKZE90hkKblHUc6tezZsDrRK/IFUo0Oi5X0E/Jqmg0hCOte76XmLCDCvDCKezSpBqmmAyxkPatVRiQXWYzZPP0JlV+mgQK/ukQXP190aGhdZTEdnJPKde9nLxP6+bmsFNmDGZpIZKsjg0SDkyMcprQH2mKDF8agkmitmsiIywwsTYsiq2BH/5y6ukdVHzr2r+w2W1flnUUYYTOIVz8OEa6nAPDWgCgQk8wyu8OZnz4rw7H4vRklPsHMMfOJ8/yXeTDw==</latexit>

Re b

<latexit sha1_base64="aqgK9x2+LL6c5FlOpzImxa3+1gY=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRUXFVcKO7CvYBnaFk0kwbmmSGJFMoQ//EjQtF3Pon7vwb03YW2nogcDjnXu7JiVLOtPG8b6e0tr6xuVXeruzs7u0fuIdHLZ1kitAmSXiiOhHWlDNJm4YZTjupolhEnLaj0d3Mb4+p0iyRT2aS0lDggWQxI9hYqee6gcBmqET+IKYouEVRz616NW8OtEr8glShQKPnfgX9hGSCSkM41rrre6kJc6wMI5xOK0GmaYrJCA9o11KJBdVhPk8+RWdW6aM4UfZJg+bq740cC60nIrKTs5x62ZuJ/3ndzMQ3Yc5kmhkqyeJQnHFkEjSrAfWZosTwiSWYKGazIjLEChNjy6rYEvzlL6+S1kXNv6r5j5fV+mVRRxlO4BTOwYdrqMM9NKAJBMbwDK/w5uTOi/PufCxGS06xcwx/4Hz+AMfkkw4=</latexit>

Im b <latexit sha1_base64="BLnV0VM1uUmj1uD7STFjfy/HaSY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUr0IBS9ehAr2A9qlZNNsG5tNliQrlKX/wYsHRbz6f7z5b0y3e9DWBwOP92aYmRfEnGnjut9OYW19Y3OruF3a2d3bPygfHrW1TBShLSK5VN0Aa8qZoC3DDKfdWFEcBZx2gsnN3O88UaWZFA9mGlM/wiPBQkawsVL7Dl0jrz4oV9yqmwGtEi8nFcjRHJS/+kNJkogKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepQJHVPtpdu0MnVlliEKpbAmDMvX3RIojradRYDsjbMZ62ZuL/3m9xIRXfspEnBgqyGJRmHBkJJq/joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6Lq1avefa3SqOVxFOEETuEcPLiEBtxCE1pA4BGe4RXeHOm8OO/Ox6K14OQzx/AHzucPuC6N3w==</latexit>

M = 16
<latexit sha1_base64="tQVGsV/RFeQGO4uHE+3sXX+SHv0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqBeh4MWTVLAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXpgIbqzvf3uFldW19Y3iZmlre2d3r7x/0DQq1ZQ1qBJKt0NimOCSNSy3grUTzUgcCtYKRzdTv/XEtOFKPthxwoKYDCSPOCXWSc07dI2w3ytX/Ko/A1omOCcVyFHvlb+6fUXTmElLBTGmg/3EBhnRllPBJqVualhC6IgMWMdRSWJmgmx27QSdOKWPIqVdSYtm6u+JjMTGjOPQdcbEDs2iNxX/8zqpja6CjMsktUzS+aIoFcgqNH0d9blm1IqxI4Rq7m5FdEg0odYFVHIh4MWXl0nzrIovqvj+vFI7z+MowhEcwylguIQa3EIdGkDhEZ7hFd485b14797HvLXg5TOH8Afe5w+wn43a</latexit>

N = 10
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Figure 8.1: The eigenvalues Λ under the variation of b for fixed M = 16,N = 10.

81



<latexit sha1_base64="dH57eplB0KFL/HKPeSDKsIzNeYM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWat71yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV9Uvcuq16xV6rU8jiKcwCmcgwdXUIdbaEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AKRTjMo=</latexit>

N

<latexit sha1_base64="kv8EzdzAI3Z5fl7/HHGSfJidEbc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCFy9CC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+GbmPzyh0jyW92aSoB/RoeQhZ9RYqXnXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpH1R9S6rXrNWqdfyOIpwAqdwDh5cQR1uoQEtYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6LPjMk=</latexit>

M

<latexit sha1_base64="sUcPlshJ+ytXNP6h4VcxduadsRc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ8OJFqWDaQhvKZjtpl242YXcjlNLf4MWDIl79Qd78N27bHLT1wcDjvRlm5oWp4Nq47rdTWFldW98obpa2tnd298r7Bw2dZIqhzxKRqFZINQou0TfcCGylCmkcCmyGw5up33xCpXkiH80oxSCmfckjzqixkn9Prsldt1xxq+4MZJl4OalAjnq3/NXpJSyLURomqNZtz01NMKbKcCZwUupkGlPKhrSPbUsljVEH49mxE3JilR6JEmVLGjJTf0+Maaz1KA5tZ0zNQC96U/E/r52Z6CoYc5lmBiWbL4oyQUxCpp+THlfIjBhZQpni9lbCBlRRZmw+JRuCt/jyMmmcVb2LqvdwXqmd53EU4QiO4RQ8uIQa3EIdfGDA4Rle4c2Rzovz7nzMWwtOPnMIf+B8/gBsZ428</latexit>

N = M
<latexit sha1_base64="3RS5ov/Urh/UkyLwgE0ZYjjVwNs=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkpSinoRCl68KBXsB7ShbLabdulmE3Y3Qg35JV48KOLVn+LNf+O2zUFbHww83pthZp4fc6a043xbhbX1jc2t4nZpZ3dvv2wfHLZVlEhCWyTikez6WFHOBG1ppjntxpLi0Oe040+uZ37nkUrFIvGgpzH1QjwSLGAEayMN7PIdukL9QGKS3mZpLRvYFafqzIFWiZuTCuRoDuyv/jAiSUiFJhwr1XOdWHsplpoRTrNSP1E0xmSCR7RnqMAhVV46PzxDp0YZoiCSpoRGc/X3RIpDpaahbzpDrMdq2ZuJ/3m9RAeXXspEnGgqyGJRkHCkIzRLAQ2ZpETzqSGYSGZuRWSMTQraZFUyIbjLL6+Sdq3qnlfd+3qlUc/jKMIxnMAZuHABDbiBJrSAQALP8Apv1pP1Yr1bH4vWgpXPHMEfWJ8/q22Saw==</latexit>

N =
M

2
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4

<latexit sha1_base64="fFlKRkP97zqOnH41INf4LU8Z2+k=">AAAB73icbVBNSwMxEJ34WetX1aOXYBEqyLIrVj0WvHisYD+gXUo2zbah2eyaZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QSK4Nq77jVZW19Y3Ngtbxe2d3b390sFhU8epoqxBYxGrdkA0E1yyhuFGsHaiGIkCwVrB6Hbqt56Y0jyWD2acMD8iA8lDTomxUrtSdarnnnvWK5Vdx50BLxMvJ2XIUe+Vvrr9mKYRk4YKonXHcxPjZ0QZTgWbFLupZgmhIzJgHUsliZj2s9m9E3xqlT4OY2VLGjxTf09kJNJ6HAW2MyJmqBe9qfif10lNeONnXCapYZLOF4WpwCbG0+dxnytGjRhbQqji9lZMh0QRamxERRuCt/jyMmleON6V491flmtOHkcBjuEEKuDBNdTgDurQAAoCnuEV3tAjekHv6GPeuoLymSP4A/T5A2rejjI=</latexit>

(5.5, 10)

-6 -4 -2 2 4 6

-5

5

<latexit sha1_base64="9TmFlqHV2qfgZfBoaLHwHmttR6c=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQQZZd8XUMePEYwTwkWcLsZDYZMjO7zMwKYclXePGgiFc/x5t/4yTZgyYWNBRV3XR3hQln2njet1NYWV1b3yhulra2d3b3yvsHTR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC0e3Ubz1RpVksH8w4oYHAA8kiRrCx0mPVv3Ivz3zvtFeueK43A1omfk4qkKPeK391+zFJBZWGcKx1x/cSE2RYGUY4nZS6qaYJJiM8oB1LJRZUB9ns4Ak6sUofRbGyJQ2aqb8nMiy0HovQdgpshnrRm4r/eZ3URDdBxmSSGirJfFGUcmRiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLIh+IsvL5PmuWtT8+8vKjU3j6MIR3AMVfDhGmpwB3VoAAEBz/AKb45yXpx352PeWnDymUP4A+fzB90djm4=</latexit>

(16.5, 10)

-4 -2 2 4

-10

-5

5

10

<latexit sha1_base64="dO0ljdhuYEDq3wyzuM40QFp7OsQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgiy7xarHghePFeyHtEvJptk2NMkuSVYopb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8bye3tr6xuZXfLuzs7u0fFA+PmjpOFaENEvNYtUOsKWeSNgwznLYTRbEIOW2Fo9uZ33qiSrNYPphxQgOBB5JFjGBjpcdypepWL3zvvFcsea43B1olfkZKkKHeK351+zFJBZWGcKx1x/cSE0ywMoxwOi10U00TTEZ4QDuWSiyoDibzg6fozCp9FMXKljRorv6emGCh9ViEtlNgM9TL3kz8z+ukJroJJkwmqaGSLBZFKUcmRrPvUZ8pSgwfW4KJYvZWRIZYYWJsRgUbgr/88ippVlz/yvXvL0s1N4sjDydwCmXw4RpqcAd1aAABAc/wCm+Ocl6cd+dj0Zpzsplj+APn8wfdHo5u</latexit>

(25.5, 10)

-2 -1 1 2

-5

5

<latexit sha1_base64="khMhC2vxpk2ifRYm6CL9BqExa/w=">AAAB73icbVBNSwMxEJ34WetX1aOXYBEqyLIrWj0WvHisYD+gXUo2zbah2eyaZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QSK4Nq77jVZW19Y3Ngtbxe2d3b390sFhU8epoqxBYxGrdkA0E1yyhuFGsHaiGIkCwVrB6Hbqt56Y0jyWD2acMD8iA8lDTomxUrviVZ2r8+pZr1R2HXcGvEy8nJQhR71X+ur2Y5pGTBoqiNYdz02MnxFlOBVsUuymmiWEjsiAdSyVJGLaz2b3TvCpVfo4jJUtafBM/T2RkUjrcRTYzoiYoV70puJ/Xic14Y2fcZmkhkk6XxSmApsYT5/Hfa4YNWJsCaGK21sxHRJFqLERFW0I3uLLy6R54djQvPvLcs3J4yjAMZxABTy4hhrcQR0aQEHAM7zCG3pEL+gdfcxbV1A+cwR/gD5/AHWFjjk=</latexit>

(16.5, 6)-6 -4 -2 2 4 6
-1.0
-0.5

0.5
1.0

<latexit sha1_base64="UwHV/Qpp5BjJPKs0msgINoeAGCA=">AAAB73icbVDLSsNAFL2pr1pfVZduBotQQUNS62NZcOOygn1AG8pkOmmHTiZxZiKU0J9w40IRt/6OO//GaZuFth64cDjnXu69x485U9pxvq3cyura+kZ+s7C1vbO7V9w/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH91O/dYTlYpF4kGPY+qFeCBYwAjWRmqXz6v25dnFaa9YcmxnBrRM3IyUIEO9V/zq9iOShFRowrFSHdeJtZdiqRnhdFLoJorGmIzwgHYMFTikyktn907QiVH6KIikKaHRTP09keJQqXHom84Q66Fa9Kbif14n0cGNlzIRJ5oKMl8UJBzpCE2fR30mKdF8bAgmkplbERliiYk2ERVMCO7iy8ukWbHdK9u9r5ZqdhZHHo7gGMrgwjXU4A7q0AACHJ7hFd6sR+vFerc+5q05K5s5hD+wPn8AZ7yOMA==</latexit>

(�4.5, 3)

Figure 8.3: The roots of R(b;M,N) for M ∈ Z + 1
2 .
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5.5-5.5

Figure 8.4: The roots of R(b; 16,10).

The plots of eigenvalues Λ on figure 8.5 and anti Stokes lines on figure 8.6 are done for the
chosen parameter a from different regions, see figure 8.9. Here we can see that all △, ▽,�,�,◻
correspond to different topologies of Stokes graph. The correspondence is depicted at the figure 6.2
in blue.
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Figure 8.5: The eigenvalues Λ for differen parameter b.
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Figure 8.6: The portrets of Anti Stokes lines for differen parameter b.
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<latexit sha1_base64="dH57eplB0KFL/HKPeSDKsIzNeYM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWat71yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV9Uvcuq16xV6rU8jiKcwCmcgwdXUIdbaEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AKRTjMo=</latexit>

N

<latexit sha1_base64="dH57eplB0KFL/HKPeSDKsIzNeYM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWat71yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV9Uvcuq16xV6rU8jiKcwCmcgwdXUIdbaEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AKRTjMo=</latexit>

N

Figure 8.7: M = 5,N = 10.
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<latexit sha1_base64="dH57eplB0KFL/HKPeSDKsIzNeYM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWat71yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV9Uvcuq16xV6rU8jiKcwCmcgwdXUIdbaEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AKRTjMo=</latexit>

N

<latexit sha1_base64="dH57eplB0KFL/HKPeSDKsIzNeYM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWat71yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV9Uvcuq16xV6rU8jiKcwCmcgwdXUIdbaEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AKRTjMo=</latexit>

N

Figure 8.8: M = 5 + 1
2 ,N = 10.
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<latexit sha1_base64="14xeqYElOOl00JfEJ6ZqvLc3swY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4MSQi6rHgxYtS0X5AG8pmO22XbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmhYng2njet7O0vLK6tl7YKG5ube/slvb26zpOFcMai0WsmiHVKLjEmuFGYDNRSKNQYCMcXk/8xhMqzWP5aEYJBhHtS97jjBorPdye3nVKZc/1piCLxM9JGXJUO6WvdjdmaYTSMEG1bvleYoKMKsOZwHGxnWpMKBvSPrYslTRCHWTTU8fk2Cpd0ouVLWnIVP09kdFI61EU2s6ImoGe9ybif14rNb2rIOMySQ1KNlvUSwUxMZn8TbpcITNiZAllittbCRtQRZmx6RRtCP78y4ukfub6F65/f16uuHkcBTiEIzgBHy6hAjdQhRow6MMzvMKbI5wX5935mLUuOfnMAfyB8/kDpg2NUg==</latexit>

M � N

<latexit sha1_base64="14xeqYElOOl00JfEJ6ZqvLc3swY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4MSQi6rHgxYtS0X5AG8pmO22XbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmhYng2njet7O0vLK6tl7YKG5ube/slvb26zpOFcMai0WsmiHVKLjEmuFGYDNRSKNQYCMcXk/8xhMqzWP5aEYJBhHtS97jjBorPdye3nVKZc/1piCLxM9JGXJUO6WvdjdmaYTSMEG1bvleYoKMKsOZwHGxnWpMKBvSPrYslTRCHWTTU8fk2Cpd0ouVLWnIVP09kdFI61EU2s6ImoGe9ybif14rNb2rIOMySQ1KNlvUSwUxMZn8TbpcITNiZAllittbCRtQRZmx6RRtCP78y4ukfub6F65/f16uuHkcBTiEIzgBHy6hAjdQhRow6MMzvMKbI5wX5935mLUuOfnMAfyB8/kDpg2NUg==</latexit>

M � N

<latexit sha1_base64="pTr9yRR+4+2BmAXHZI6lctzp+o4=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4MSRF1GPBixelgv2ANpTNdtMu3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyacaeN5387K6tr6xmZpq7y9s7u3Xzk4bOk4VYQ2Scxj1QmxppxJ2jTMcNpJFMUi5LQdjm9yv/1ElWaxfDSThAYCDyWLGMEml2r353f9StVzvRnQMvELUoUCjX7lqzeISSqoNIRjrbu+l5ggw8owwum03Es1TTAZ4yHtWiqxoDrIZrdO0alVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBxmTSWqoJPNFUcqRiVH+OBowRYnhE0swUczeisgIK0yMjadsQ/AXX14mrZrrX7r+w0W17hZxlOAYTuAMfLiCOtxCA5pAYATP8ApvjnBenHfnY9664hQzR/AHzucPF2SNjg==</latexit>

2N � M

<latexit sha1_base64="pTr9yRR+4+2BmAXHZI6lctzp+o4=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4MSRF1GPBixelgv2ANpTNdtMu3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyacaeN5387K6tr6xmZpq7y9s7u3Xzk4bOk4VYQ2Scxj1QmxppxJ2jTMcNpJFMUi5LQdjm9yv/1ElWaxfDSThAYCDyWLGMEml2r353f9StVzvRnQMvELUoUCjX7lqzeISSqoNIRjrbu+l5ggw8owwum03Es1TTAZ4yHtWiqxoDrIZrdO0alVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBxmTSWqoJPNFUcqRiVH+OBowRYnhE0swUczeisgIK0yMjadsQ/AXX14mrZrrX7r+w0W17hZxlOAYTuAMfLiCOtxCA5pAYATP8ApvjnBenHfnY9664hQzR/AHzucPF2SNjg==</latexit>

2N � M

Figure 8.9: M = 16,N = 10.
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<latexit sha1_base64="Jd/d/6t7lSF0Ea2zsx6Bh5hWU44=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIgliSIuqx4MWLUsF+QBvKZrtpl242YXcj1JBf4sWDIl79Kd78N27bHLT1wcDjvRlm5vkxZ0o7zrdVWFldW98obpa2tnd2y/befktFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vh66rcfqVQsEg96ElMvxEPBAkawNlLfLt+e3Z32AolJ6mZpLevbFafqzICWiZuTCuRo9O2v3iAiSUiFJhwr1XWdWHsplpoRTrNSL1E0xmSMh7RrqMAhVV46OzxDx0YZoCCSpoRGM/X3RIpDpSahbzpDrEdq0ZuK/3ndRAdXXspEnGgqyHxRkHCkIzRNAQ2YpETziSGYSGZuRWSETQraZFUyIbiLLy+TVq3qXlTd+/NKvZrHUYRDOIITcOES6nADDWgCgQSe4RXerCfrxXq3PuatBSufOYA/sD5/AL0/knE=</latexit>

M � N +
1

2

<latexit sha1_base64="peV3grgq1t+McCoShffoTWSV/U8=">AAAB+HicbVBNS8NAEJ3Ur1o/WvXoZbEIXhqSIuqx4MWLUsF+QBvKZrtpl242YXcj1JBf4sWDIl79Kd78N27bHLT1wcDjvRlm5vkxZ0o7zrdVWFvf2Nwqbpd2dvf2y5WDw7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/Mn1zO88UqlYJB70NKZeiEeCBYxgbaRBpXxbu6v1A4lJ6mZpPRtUqo7tzIFWiZuTKuRoDipf/WFEkpAKTThWquc6sfZSLDUjnGalfqJojMkEj2jPUIFDqrx0fniGTo0yREEkTQmN5urviRSHSk1D33SGWI/VsjcT//N6iQ6uvJSJONFUkMWiIOFIR2iWAhoySYnmU0MwkczcisgYmxS0yapkQnCXX14l7brtXtju/Xm1YedxFOEYTuAMXLiEBtxAE1pAIIFneIU368l6sd6tj0VrwcpnjuAPrM8fwF2Scw==</latexit>

M � N � 1

2

<latexit sha1_base64="peV3grgq1t+McCoShffoTWSV/U8=">AAAB+HicbVBNS8NAEJ3Ur1o/WvXoZbEIXhqSIuqx4MWLUsF+QBvKZrtpl242YXcj1JBf4sWDIl79Kd78N27bHLT1wcDjvRlm5vkxZ0o7zrdVWFvf2Nwqbpd2dvf2y5WDw7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/Mn1zO88UqlYJB70NKZeiEeCBYxgbaRBpXxbu6v1A4lJ6mZpPRtUqo7tzIFWiZuTKuRoDipf/WFEkpAKTThWquc6sfZSLDUjnGalfqJojMkEj2jPUIFDqrx0fniGTo0yREEkTQmN5urviRSHSk1D33SGWI/VsjcT//N6iQ6uvJSJONFUkMWiIOFIR2iWAhoySYnmU0MwkczcisgYmxS0yapkQnCXX14l7brtXtju/Xm1YedxFOEYTuAMXLiEBtxAE1pAIIFneIU368l6sd6tj0VrwcpnjuAPrM8fwF2Scw==</latexit>

M � N � 1

2

<latexit sha1_base64="5Tv5yVpiRSKlCJxxMHK4kEzk1Pg=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSIIYkiKqMeCFy9KBfsBbSib7aZdutmE3U2hhPwTLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g4U9p1v62V1bX1jc3SVnl7Z3dv3z44bKo4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkrGN1O/daYSsVi8aQnCfUjPBAsZARrI/Vsu/pwcX/eDSUmmZdn1bxnV1zHnQEtE68gFShQ79lf3X5M0ogKTThWquO5ifYzLDUjnOblbqpogskID2jHUIEjqvxsdnmOTo3SR2EsTQmNZurviQxHSk2iwHRGWA/VojcV//M6qQ5v/IyJJNVUkPmiMOVIx2gaA+ozSYnmE0MwkczcisgQmxS0CatsQvAWX14mzarjXTne42Wl5hRxlOAYTuAMPLiGGtxBHRpAYAzP8ApvVma9WO/Wx7x1xSpmjuAPrM8fMSWSrQ==</latexit>

2N � M +
1

2

<latexit sha1_base64="dOzGp40Xm2k3K5y6unu4cSoRJ98=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBS0NSRD0WvHhRKlhbaEPZbDft0s0m7G4KJeSfePGgiFf/iTf/jds2B219MPB4b4aZeUHCmdKu+22V1tY3NrfK25Wd3b39A/vw6EnFqSS0RWIey06AFeVM0JZmmtNOIimOAk7bwfhm5rcnVCoWi0c9Tagf4aFgISNYG6lv2/X72l2tF0pMMi/P6nnfrrqOOwdaJV5BqlCg2be/eoOYpBEVmnCsVNdzE+1nWGpGOM0rvVTRBJMxHtKuoQJHVPnZ/PIcnRllgMJYmhIazdXfExmOlJpGgemMsB6pZW8m/ud1Ux1e+xkTSaqpIItFYcqRjtEsBjRgkhLNp4ZgIpm5FZERNiloE1bFhOAtv7xKnuqOd+l4DxfVhlPEUYYTOIVz8OAKGnALTWgBgQk8wyu8WZn1Yr1bH4vWklXMHMMfWJ8/NEOSrw==</latexit>

2N � M � 1

2

<latexit sha1_base64="dOzGp40Xm2k3K5y6unu4cSoRJ98=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBS0NSRD0WvHhRKlhbaEPZbDft0s0m7G4KJeSfePGgiFf/iTf/jds2B219MPB4b4aZeUHCmdKu+22V1tY3NrfK25Wd3b39A/vw6EnFqSS0RWIey06AFeVM0JZmmtNOIimOAk7bwfhm5rcnVCoWi0c9Tagf4aFgISNYG6lv2/X72l2tF0pMMi/P6nnfrrqOOwdaJV5BqlCg2be/eoOYpBEVmnCsVNdzE+1nWGpGOM0rvVTRBJMxHtKuoQJHVPnZ/PIcnRllgMJYmhIazdXfExmOlJpGgemMsB6pZW8m/ud1Ux1e+xkTSaqpIItFYcqRjtEsBjRgkhLNp4ZgIpm5FZERNiloE1bFhOAtv7xKnuqOd+l4DxfVhlPEUYYTOIVz8OAKGnALTWgBgQk8wyu8WZn1Yr1bH4vWklXMHMMfWJ8/NEOSrw==</latexit>

2N � M � 1

2

Figure 8.10: M = 16 + 1
2 ,N = 10.

For M ∈ Z + 1
2 there is an iteresting spliting. Vertical shift

M ′
=M, N ′ =M −N −

1

2
, (8.1)

inspired by Vieta’s jump for quadratic equation, gives top and bottom triangles. Composition of
rotation (Nr = N, Mr = 3N −M), vertical shift and then rotation, that is equal to

M ′′
= −

3

2
+ 3N − 2M, N ′′ = 2N −M −

1

2
, (8.2)

gives left and right triangles.
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<latexit sha1_base64="dH57eplB0KFL/HKPeSDKsIzNeYM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWat71yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV9Uvcuq16xV6rU8jiKcwCmcgwdXUIdbaEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AKRTjMo=</latexit>

N

<latexit sha1_base64="dH57eplB0KFL/HKPeSDKsIzNeYM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWat71yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV9Uvcuq16xV6rU8jiKcwCmcgwdXUIdbaEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AKRTjMo=</latexit>

N

Figure 8.11: M = 25,N = 10.
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<latexit sha1_base64="6wYqANPtKaxB5Jz1ToympDr9zJs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1GPBiydpwX5AG8pmO2nXbjZhdyOU0l/gxYMiXv1J3vw3btsctPXBwOO9GWbmhang2njet1NYW9/Y3Cpul3Z29/YPyodHTZ1kimGDJSJR7ZBqFFxiw3AjsJ0qpHEosBWObmd+6wmV5ol8MOMUg5gOJI84o8ZK9fteueK53hxklfg5qUCOWq/81e0nLItRGiao1h3fS00wocpwJnBa6mYaU8pGdIAdSyWNUQeT+aFTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5noJphwmWYGJVssijJBTEJmX5M+V8iMGFtCmeL2VsKGVFFmbDYlG4K//PIqaV64/pXr1y8rVTePowgncArn4MM1VOEOatAABgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/ooWMxA==</latexit>

N

<latexit sha1_base64="6wYqANPtKaxB5Jz1ToympDr9zJs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1GPBiydpwX5AG8pmO2nXbjZhdyOU0l/gxYMiXv1J3vw3btsctPXBwOO9GWbmhang2njet1NYW9/Y3Cpul3Z29/YPyodHTZ1kimGDJSJR7ZBqFFxiw3AjsJ0qpHEosBWObmd+6wmV5ol8MOMUg5gOJI84o8ZK9fteueK53hxklfg5qUCOWq/81e0nLItRGiao1h3fS00wocpwJnBa6mYaU8pGdIAdSyWNUQeT+aFTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5noJphwmWYGJVssijJBTEJmX5M+V8iMGFtCmeL2VsKGVFFmbDYlG4K//PIqaV64/pXr1y8rVTePowgncArn4MM1VOEOatAABgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/ooWMxA==</latexit>
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Figure 8.12: M = 25 + 1
2 ,N = 10.
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Figure 8.13: M ′′ = −4 − 1
2 ,

N ′′ = 3.
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Figure 8.14: M = 16 + 1
2 ,N = 10.
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Figure 8.15: M ′ = 16 + 1
2 ,

N ′ = 6.

In the figures 8.16 and 8.17 we show the examples when −1
2(M + 3) ≤ N ≤ −M − 3 (or −1

2(M +
3 + 1

2) ≤ N ≤ −M − 3 +
1
2) and M ∈ Z (or M + 1

2 ∈ Z). They are identical to the figures 8.9 and 8.10.
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Figure 8.16: M = −19,N = 10.
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Figure 8.17: M = −19 − 1
2 ,N = 10.

There are similar formula for rotation by π/2

r ∶ M ′
= −6 −M − 3N, N ′ = N (8.3)

and factorisation in the case of M + 1
2 ∈ Z

ϕvert ∶ M ′ =M, N ′ = −M − 3 −N − 1
2

ϕhor = r
−1ϕvertr ∶ M ′′ = −8 − 2M − 3N + 1

2 , N ′′ = 3 +M + 2N − 1
2

(8.4)
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8.2 Numerical computations for Okamoto polynomials

-4 -2 2 4
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-2

2

4

6 a

0.4 + 0.4i

0.4-0.4

0.8 + 3.3i

0.8 - 3.3i

Figure 8.18: The zeros of O−4,−6(a).

The plots of anti Stokes lines on figure 8.19 are done for the chosen parameter a from different
regions, see figure 8.18. Here we can see that △, ▽ and �,◻,� correspond to three different
topologies of Stokes graph. The correspondence is depicted at the figure 6.2 in red.
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(a) a = 0.8 + 3.3i
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(b) a = −4
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(c) a = 0.4 + 0.4i
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(d) a = 4
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(e) a = 0.8 − 3.3i

Figure 8.19: The portrait of anti Stokes lines for Okamoto for differen parameter a.
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