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Abstract

In this thesis we study an intrinsic connection relating the fourth Painlevé equation and the sextic
anharmonic oscillator. Mostly, it is the analog of the framework provided by Bertola, Grava and
Chavez-Heredia in [BCHG24] where it was proven the conjecture formulated by Shapiro and Tater
in [ST21] about the second Painlevé equation and the quartic anharmonic oscillator. This
connection has emerged from the investigation of the similarity of two sets of points in the complex
plane. On one side is the set of zeroes of the Okamoto or generalized Hermite polynomials, that is,
the poles of rational solutions of the fourth Painlevé equation
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where u = u(t) is a complex function of the complex variable t. On the other side it is the values
of t € C for which the algebraic spectrum of the exact-solvable sextic oscillator

d?y

ﬁ_( 64 otat + (2 +2M +3)2? +
T

(2N - M)(2N - M +1)

72

Ju=-Ay,  NeZs, MeC,

has eigenvalues A of algebraic multiplicity at least 2. We prove that for

m+n+1
N=m+n-1, GOZT’
3 and where m,n € Z1,
M=n+2m—§, g n-m+l
(o] 2 )

in one region of the complex t-plane the coincidence is exact for the Hermite case. For M € Z and
% < N < M the similarity between those two sets happens asymptotically in the Okamoto case.
Together they will prove he analog of Shapiro-Tater conjecture for the fourth Painlevé equation.
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Chapter 1

Introduction

1.1 Overview

The study of Painlevé equations and their special solutions occupies a central place in modern
mathematical physics, with deep connections to random matrices, orthogonal polynomials, and
exact WKB analysis. In recent years, surprising correspondences have been uncovered between
nonlinear Painlevé dynamics and spectral problems for anharmonic oscillators, most notably in the
work [ST21] of Shapiro and Tater for Painlevé IT and the quartic oscillator. These dualities suggest
that hidden algebraic and geometric structures may govern both the pole distributions of rational
Painlevé solutions and the eigenvalue configurations of quasi-exactly solvable Schrédinger operators.
The aim of this thesis is to explore such a correspondence for the fourth Painlevé equation and
the sextic anharmonic oscillator, and to formulate and analyze an analogue of the Shapiro—Tater
conjecture in this new setting.

In this work we investigate the duality between the sextic anharmonic oscillator and rational
solutions of the Painlevé IV equation of Hermite and Okamoto type. On the oscillator side, we
characterize the algebraic eigenvalues arising from quasi-exact solvability and analyze their behavior
via tridiagonal recursions, resultants, and exact WKB analysis in the spectral variable. Particular
attention is given to degenerations of the algebraic spectrum, where multiple eigenvalues collide.
On the Painlevé side, following [MR18|, we derive a scalar anharmonic oscillator directly from the
Lax pair at poles of rational solutions, which provides a bridge between the differential equation
and the quasi-exactly solvable model. By comparing the quantization conditions obtained in both
settings and showing that they are governed by the same period geometry (after a natural iden-
tification of cycles), we will establish that the resulting lattices of points match asymptotically in
the semiclassical regime, thereby formulating an analogue of the Shapiro—Tater correspondence for
PIV.

The structure of this thesis is the following.

Chapter [2|introduces the sextic oscillator and formulates its eigenvalue problem. We analyze
the algebraic spectrum arising from quasi-polynomial-type solutions, establish solvability conditions,
and describe the occurrence of multiple eigenvalues using resultants and Stokes data.

Chapter [3|reviews the Painlevé IV equation and its rational solutions of Hermite and Okamoto
type. We discuss the Lax pair formulation, associate anharmonic oscillator in the spectral variable,
fix monodromy data, and formulate the equivalent Riemann—Hilbert problem.



Chapter [ reformulates the sextic oscillator as a quadratic anharmonic oscillator in the spectral
variable. This alternative viewpoint is technically useful for later WKB analysis and prepares the
ground for comparison with the poles of the rational solutions of the Painlevé IV equation.

Chapter [5| (Core result I). We establish the correspondence between the sextic oscillator
and Hermite-type rational solutions of PIV. In particular, we show how the algebraic eigenvalues
of the sextic oscillator coincide with the pole distribution of Hermite rational solutions, and we
prove an exact identification with Hermite polynomials. This chapter provides the first concrete
realization of the sextic oscillator-PIV duality.

Chapter [6] (Core result IT). We extend the duality to Okamoto-type solutions. After in-
troducing a suitable rescaling, we perform a detailed WKB analysis in the spectral variable and
examine the associated Stokes graphs. We identify admissible configurations and formulate quan-
tization condition in one case.

Chapter [7)investigates additional Stokes configurations. We classify possible patterns, describe
admissible and excluded cases.

Chapter (8| presents numerical simulations for the sextic oscillator, Hermite polynomials, and
Okamoto polynomials. These computations confirm the theoretical predictions, illustrating eigen-
value collisions, asymptotic zero distributions, and validating the Shapiro—Tater-type correspon-
dence.

We will now describe our results in more detail.

1.2 The analog of Shapiro-Tater conjecture

The fourth Painlevé equation

Az 2u

du 1 (du)2 3 862
dt

+§u3+4tu2+2(t2+1—29m)u——0, 0o,000 € C (1.1)
u

admits rational solutions
e cither (0,0 ) € Ag (the Okamoto family), where

1 2 1
Ag ::{(00,900)6(:2! 90=E——,900=M,m,n€Z}, (1.2)
2 6 2
and the solutions are given by
\/§ Qm,n+1(t)Qm+1,n—1(t)

u(t) =uo(t;m,n) = —== OO (1.3)

Here @, for m,n € Z denotes the recursively defined polynomials

Qm+1,n(t)Qm71,n(t) = %[Qm,n(t)Q%,n(t) - Qfm,n(t)ﬁ + [th + 3(277’L +n- 1)]Qm,n(t)2
Qmn+1(H)Qmn-1(t) = F[Qun (1)@ (£) = Qi ()] + [26% + 3(1 = m = 21) Qo (£)°

with Qoo(t) = Q10(t) = Qo1(t) = 1 and Q1.1 (t) = V/2t.

(1.4)
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e or (0g,00) €Ay = Ag]_ U Ag]_ U ASH (3 types of the Hermite family). We describe Agh

1 - 1
AT {(eo,em)e@Z: 9():&:%, w:%,m,nezzo}, (1.5)
and the solutions are given by
Hm,n(t)Hm+1,n+1(t)

u(t) = ul (t;m,n) = -

Hm,n+1(t)Hm+17n(t)' (16)

The Hermite type 1 and Hermite type 2 solutions are similar and described in section (3.1

Here H,, 5 for m,n € Zso denotes the recursively defined polynomials

2mH 1,0 (t) Hn-1,0(t) = Hpp o (£)Hp o, (8) = Hpy, 1 (£)% + 2mHyp, 0 ()

(1.7)
20 H o1 () Hinno1 (8) = =Hpn o (£) Hy, 1 (8) + HY, o (8)7 4 20 Ho i (8)°

with initial conditions Hoo(t) = H1,0(t) = Ho,1(t) =1 and Hy 1 (t) = 2t.

Okamoto in [Oka86] first introduced these special rational solutions of Painlevé IV. Their
representation in terms of determinantal polynomials was later clarified by Noumi and Yamada
in [NY97], who introduced the Okamoto polynomials Q. and generalized Hermite polynomials
H,, , and their role in describing all rational PIV solutions was further developed by Clarkson
in |[Cla03|. The distribution of poles and zeros of rational solutions of PIV has been studied exten-
sively [MR18,MR21, BM22]

A seemingly unrelated problem is the study of the quasi-exact solvability of the sextic oscillator
[ST17]
d2
(2 + 200t + (B-2M-3) 2? +

dz2 F};)y: _Aya b,M7’YE Ca (18)

x
that is, the eigenvalue problem (A,y;) where

4 be

9z x
yi(x) = Qu(x)e”™,  v(x) = ~ 5 (1.9)
with finite sum
N
Q1(x) == (Z cok(A) :U_Qk);vM, co # 0, cgr € C. (1.10)
k=0
The problem is equivalent to the study algebraic spectrum (A, Q1) of the operator
d’ 3 d 2 v
Er(Q)=0 Epi=——+2(z°+bx)— - (2Mz" -b- =) - A, (1.11)
dz? dz x?

or say that it is exact solvable.
Upon setting v = (2N — M)(2N — M + 1) where N € N, one readily notices that the operator E
preserves the finite-dimensional space with basis {mM , M2 M2N } We prove that this is a
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criteria for the operator to be exactly solvable, so we can interpret E(Q1) = AQ directly as the
matrix eigenvalue problem

CaN CaN
C2N-2 CaN-2
M : = -A : , co# 0,
Co C2
Co (&)

where M = M(b; M) is an (N +1) x (N + 1) tridiagonal matrix with entries
My = 31k AN +1=k) + 8;4(4AN +2M +3-4k)b + 511 5(2k - 2) (4N +2M +3 - 2k). (1.12)
In this way we can obtain the algebraic the spectrum for N € N from the characteristic equation
det(M(b) = AI) =0

The matrix M(b) has eigenvalues of algebraic multiplicity greater than 1 if the resultant with

respect to A

Rasn (b) = resA(det(M(b) ~AD), a% det (M(b) - AI)) _ 0, (1.13)

The quantity Ras,n(b) is a polynomial in b where N € N and M € C are arbitrary. The values of b
such that Rys n(b) = 0 forms a regular lattice in the complex plane (see Figure . This fact was
first observed for the case v =0 and M € Z by Shapiro and Tater in [ST17]. However they missed to
notice that this lattice is related to the poles of the rational solutions of the Painlevé IV equation.

The conjecture made by Shapiro and Tater in [ST21] and proved by Bertola, Grava and Chavez-
Heredia in [BCHG24], relates the Painlevé equation II and the quartic anharmonic oscillator. Mo-
tiveted by the similarity of the plots in [ST17] and [BM22|, and also by the possibility to apply
the same technics from [BCHG24], we studied the analog of the Shapiro-Tater conjecture for the
Painlevé equation PIV and the sextic oscillator

Strategy and main results.

Following the preliminary work of Shapiro and Tate [ST21] we observe the similarity between the
families of (rescaled) roots of the resultant and zeros of the Okamoto polynomials and the
Hermite polynomials for certain parameters, (see Figure .

We found unexpected exact matching between some roots of the discriminant and the general-
ized Hermite polynomials, see figure [5.3 and prove

Theorem 1.1. Consider N € Zsy, M € Z + %, such that

M 1
—+—SN£M—1.
2 4 2

Then, the resultant, as a polynomial in the variable t, is factorized as follows

Rasn(V3t) = resy (det(/vl(ﬁt) +A), a% det(M(V/3t) + A)) = (1)L oy () ra(t) - Hon (8)?,
(1.14)
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Figure 1.1: The roots (scaled) of the resultant Ry n(v/2t) , when (M, N) = (28,20) in red; the

roots of the Okamoto polynomials Qp,(t), when (m,n) = (-12,-8) in gray; the roots of the

(8,12) in green.

generalized Hermite polynomials H,, ,,(t), when (m,n)



where ¢ € C\{0} is a constant and

m::M—N+%21, n::2N—M+%21.

Here H,, () corresponds to the middle rectangle, where roots are doubled, and r1(t), r2(t) to
the horizontal and vertical pair of spikes. The details are provided in the theorem The proof
consists of the three steps:

1.

to show the factorization formula of the determinant p(A) = det(M(b) — AI) = p1(A)p2(A)
for M, N as in the assumption.

. to show the factorization formula of the discriminant

op(A)
OA

0 0
) =(=1)""resp (pl, %) -Tesp (pg, %) - (resp (pl,pg))Q.

resy (p(A),

. to show the coincidence of the zeros of resy (p1(vV/2t),p2(v/2t)) and Hy,,(t) by using the

results of [MR21| and identification between oscillators from chapter

The theorem might be important from different perspectives, for example it provides a realization
of generalized Hermite polynomial H,,,, as a resultant of two polynomials of degree m and n.
By analogy with [BCHG24] we tackle the Okamoto polynomials.

Conjecture 1.2. Consider N € Z>g, M € Zyg+ 6, 6 € {0,3} and M + 6 < N <2M - 26. If

m=2N-M+0d6, n=M-N +§6,

M
then, as M, N — oo, in such a way that N remains bounded and in a neighbourhood of t =0, the

zeros of Ryr v (V2t) and Q_p—m(t) coincides up to an error O ((2m +n)72).

The idea of the proof consists of several steps

1.

to study the Stokes data corresponding to the algebraic spectrum of the sextic oscillator and
to derive the repeated eigenvalue condition, see theorem [2.11

. to derive the potential of the anharmonic oscillator related to the poles of the rational solution

of Painlevé IV. This is obtained as the limit of the Jimbo-Miwa Lax pair of PIV at the poles,
see (OSCpryl). The same has been done done by Masoero and Roffelsen in [MR18].

. To make an identification between the two oscillators. This was easy to see for Painleve II,

here we need to do a change of the independent variable \ = %xz, for the sextic oscillator.
This also implies that we need to track the change of monodromy data and Stoke data.

. To do the simultaneous rescaling of the two oscillators, so that we can compare them using

the same WKB analysis.

. From the monodromy data of the rational solutions of the Painlevé IV equation provided

by [Kap98,BM22| and the monodromy data plus the repeated eigenvalue condition derived by
us, we write the quantization conditions for both the oscillators. This part is more complicated
than in [BCHG24| because of the many topological cases of the Stokes graph.

. Show that both quantization conditions provide similar lattices up to O(n~2), where 7 is the

large parameter in the WKB analysis.



Chapter 2

Sextic Oscillator

Consider the eigenvalue problem for the sextic oscillator

2
%—( 6+ 2bat + (02 +2M +3) 2% +
x

y

—)y=—Ay, baM>7E(C7 (SXt)
.CE2

where —A € C denotes the eigenvalue. Equivalently, consider the ODE

2
% = V(xz,N)y, V(z,A) = x6+2bx4+(b2+2M+3)x2—A+l2. (2.1)
€T T

Standard computation of a formal solution shows that for any A € C this problem has a solution of

the form

2 bz

y@) = Qe o) =T T 22)

where

Q(x) = (Z cor(A) x_%)xM, cor €C, g £0.
k=0

In this chapter, we study the algebraic spectrum of , that is, the values of A for which the
eigenvalue problem has a solution finite sum

N
Q1(x) == (];]Cgk(A).CU_Qk)QZM, co % 0. (2.3)

If such a truncation happens, the eigenvalue problem (sxt|) is said to be exactly solvable. See also
Definition below.

Proposition 2.1. The problem 1) has a solution (A,y(x)) of the form (2.3)) if and only if
v=02N-M+1)(2N-M) (2.4)

for some N € Zsp, and A is an eigenvalue of an (N + 1) x (N + 1) tridiagonal matric M = M(b)
with entries

M = 650k AN +1=k) + 65 (4N +2M +3 - 4k)b + 6;.1(2k - 2) (4N +2M + 3= 2k), (2.5)

8



for 5,k=0,1,...,N. Moreover,

CaN C2N
CaN-2 CaN-2
M| = -A : , co # 0. (2.6)
C2 C2
Co Co

The geometric multiplicity of any eigenvalue —A in (2.6) is always equal to 1.

Proof. Preliminarily, let
A(k) == A+b(4k-2M - 1),

B(k) = (2k = M)(2k +1 - M) -~

Observe that B(N) = 0 if and only if v = (2N - M)(2N +1 - M). In this case, B(k) = 2(N -
k)(2M - 2N -1 - 2k).

Substitution of an expression y(z) = Q(z)e™?® into yields
d 3 d 2
Ex(Q)=0, Ep:=-—-2(z +b:c)d—+(2Mx +A—b——). (2.7)
x x
i) The condition = (2N - M)(2N +1 - M) is sufficient.

The differential operator Ej preserves the linear space over C generated by the elementary
functions 2™~%*_ Lk e N, because

2 -

Ep(aM72F) = gM72k (4kx2 + A(k) + B(k) ) . k>0.

Moreover, it preserves the linear space over C generated by M2 k=0,1,...,N eN, if and only if
B(N) =0. Therefore, if v = (2N - M)(2N +1- M), there exists a non-trivial solution of Fx(Q) =0
of the form

N
Q1(x) = Z copz 2F M ¢y # 0.
k=0

ii) The condition v = (2N - M)(2N +1 - M) is necessary.
Substituting
Qz) =Y copr™?F M
k=0

into Ex(Q) =0, we obtain the recurrence relations

{402 +A(0)c =0,
4(h+1)62(h+1) +A(h)62h+B(h—1)62(h_1) =0, h >0,

(2.8)

In order for Q(x) to be non-trivial, there exists N > 0 such that con # 0. We now impose that
cop =0 forall h> N +1.



—If N =0, then ¢y # 0. The next equation determines
462 = —A(O)Co.

Hence ¢z = 0 if and only if A(0) = 0. Imposing ¢o = 0, that is A(0) =0, then A = b(2M +1). The
next equation is

4-2¢c4+ A1) c2 +B(0) ¢ =0, h=1.
—— ~——
=0 +0

Hence, ¢4 = 0 if and only if B(0) = 0. With ¢ = ¢4 = 0, the next recurrence relations determine all
the cop =0 for all k> 1. This proves the necessity of the condition B(N) =0 in case N = 0.

— Now, assume con # 0 for a certain N > 1 and impose cop, =0 for all A > N + 1. The recurrence
relations at h = N, imposing

cav+1) =0,
is
A(N)CQN + B(N = 1)02(]\[,1) =0, h=N. (29)

Since cony and cy(y_1) have been determined in previous steps, as polynomials in A, this relation is
a polynomial in A of degree N + 1, which has N + 1 roots, counting multiplicity (it will determine
the algebraic spectrum, see below).

The next relation is

4(N+2)C2(N+2) +A(N+ 1)62(N+1) +B(N) cany =0, h=N+1.
N— — ~——
=0 #0

Therefore
CQ(N+2) ZO p— B(N) ZO.

With cy(vi1) = ca(v+2) = 0, the next recurrence relations determine all the gy, = 0 for all £ > 1. This
proves the necessity of the condition B(/N) =0 in general.

We finally observe that for v = (2N — M)(2N + 1 - M) the recurrence relations are equivalent
to the matrix formulation ({2.6]), with matrix (2.5)). O

In the above proposition, with v = (2N - M)(2N +1 - M), all the equations but the last one,
determine co, ¢y, ..., Cop,...con as multiples of ¢y and polynomials in A, being ¢y, of degree k. The
last equation ([2.9) is a polynomial of A of degree N + 1, divisible by c¢y. Explicitly, (2.9)) is in the
form

(A + b(4N -2M - 1))CQN(A) = 2(4N -2M - 1)02]\7_2(/\). (210)
It reduces to A(0) =0 in case N =0, that is
A=b(2M +1).

Definition 2.2. The (possibly repeated) roots Aq,...,Ay41 of (2.10) — or equivalently the roots
of the characteristic polynomial of M — are called algebraic spectrum of (2.1]), and the eigenvalue
problem is said to be ezxactly solvable.

10



Figure 2.1: Roots of the resultant of the sextic oscillator in the b-plane, when (M, N) = (16,10),
or equivalently (m,n) = (6,4), where m =M — N, n=2N — M. The central rectangle has width m
and height n.

2.1 Eigenvalues with algebraic multiplicity > 2

Fix M € C and N € Zsg. An eigenvalue A has algebraic multiplicity > 2 if and only if
det(M(b) -AI)=0 and % det(M(b) - AI) = 0. (2.11)

The values of b for which such double eigenvalues occur are the roots of the resultant (as a polyno-
mial in b of degree N(N +1))

R(b: M, N) = resA(det(M(b) AT, a% det (M(b) - AI)) _ 0. (res)

Here the parameter M is arbitrary complex number, depending on the values of M the roots
of the resultant form different shapes, see figure [2.3

Algebraic multiplicity 3

If MeZor MceZ+ % and N < M < 2N, futher degeneration occurs. In figure or there
are 5 visible regions: 4 triangles and a rectangle in the middle. The points in the rectangular are

doubled, so they correspond to eigenvalues with algebraic multiplicity 3. See figure of collisions
of A.
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M-N-3 .
5L
.
1
M-N-=
2
2N - M L
) : 2 . . . 'Y 1. . .
—> -
4 M=N+3 .
. . . . . . . .
-6 41. 2 2 2 4 6
i 1
AN - M- R
5
.

Figure 2.2: Roots of the resultant of the sextic oscillator in the b-plane, when (M, N) = (16+ %, 10),
or equivalently (m,n) = (7,4), where m = M — N + %, n=2N-M+ % The central rectangle has
width m and height n.
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Im M

N =10
‘167} ioi
16*} 3i
0 ! T 2 Re M
16+ 3
16 + 10i
Figure 2.3: The roots of R(b; M,10), scaled by %, under the variation of M.
e when M is an integer, it is convenient to introduce the integers
m:=M-N, n:=2N-M, (2.12)
e when M is a half-integer, it is convenient to introduce the integers
1 1
m::M—N+§, n:=2N—M+§. (2.13)

Observe that in both cases
. .M |
m>landn>1 if and only if TSNS

In these cases, the roots are arranged in a 4-spiked star with a rectangular region as in figures [2.1
[2.2] of base m and height n.

"When M is half-integer the condition is % + i <SN<M- % but they are equivalent.
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2.2 Monodromy and Stoke data of the sextic harmonic oscillator

The goal of this sub-section is to set up the monodromy and Stoke data for the sextic harmonic
oscillator. For the purpose we re-write the Schrodinger equation (sxt)) as a first order linear system

dY 0 1
(v o)r (21

for a column vector solution Y (z) = (y(x),y'(x))T. The system has a regular singularity at = = 0
and an irregular singularity of Poincaré rank 2 at infinity.

Analysis at =0

The shearing trasformation
Y = ((1) qu) Y,
yields the following system with Fuchsian singularity at « = 0:
FE L ) Rl () R PR VRO R O R (i
The characteristic exponents (see (2.16)) are
S0 /T i),

Hence, system ([2.14) admits a fundamental matrix solution with the following structure at = = 0:

0o 1(14+/T719)
O/~ _[1 0Y 0 (0) 2k)[72 0 R
Y (a:)—(o x‘l)G (I+kZlF2k x )( . LT ", (2.15)

where the series converges and defines a holomorphic matrix on C, and

1
@10 1) o) _ [3(1+V1+4y) 0y,-1/4
o (0 o (HOVIT b ) o1

Here 0, 14 =1 for v=-1/4 and d, _;4 = 0 otherwise. The matrix R is zero except for the resonant
cases

01 .
0 0) if y=-1/4
0 Riz . o
R= 0 0 it \/1 + 4~ positive integer (2.17)
0 O . o
R 0 if \/1 + 4~ negative integer
21
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Lemma 2.3. If v= (2N - M)(2N +1—- M), then the characteristic exponents at x = 0 are
2N+1-M and M -2N.

The resonant case occurs for
AN -2M € Z.

In this case, M ¢ % VA

Proof. For 4= (2N -~ M)(2N +1- M), then 1 +4vy = (4N +1-2M)?, and

{(1+/1+49)/2, (1-\/1+4v)/2} ={2N+1-M, M -2N}.

The case 4N — 2M € Z is resonant, because the difference of the characteristic exponents is

(M-2N)-(2N-M+1)=2M -4N -1 €Z.

Remark 2.4. When con(A) # 0, the quasi-polynomial solution behaves at x =0 as
N
y(m) = Z CQkx—QkxMe—ﬂ(z) _ (C2N " 0(562))1:M_2N, (218)
k=0

so it has the exponent M —2N. When 4N —2M =1 and caon(A) =0 (see Remark ?77?), it has the
exponent 2N — M + 1:

N-1

y(ﬂf) _ Z CQkx—QkxMe—ﬂ(;B) _ (62N72 4 O($2))JJM_2N+2 = (62N72 4 O($2))$2N_M+1
k=0

= (can—p + O(a?))2?/?

Proposition 2.5. The resonance may determine a logarithmic behaviour only in the following
cases.

1. There is always a logarithm when

AN - 2M =1 with cony =0 and A £ 0.

al

#0.
2
Aoy o

In this case Ryg =

1. There might be a logarithm when
AN -2M < -1.

Here it may possibly be that Ris 0.

In the above cases, the logarithm is in the second column (YI(QO),%(QO))T

15



Proof. In case 4N —2M €N, with in particular con # 0 if 4N —2M =1 (notice that then A =0), a
fundamental matrix solution in Levelt form can be represented as

con Fri(@)z 2N + Ry [Y (O (2)]1pInw T Fia(x)a?N+1-M
v O (z) = |
(M -2N)can ‘7-"21(x)$M—2N—1 + Roy [Y(O)(:E)]22 Inz (2N +1-M)e f22($)m2N—M

where the F are holomorphic at x = 0. At the same time it can be represented as
Y1 Y2
y(© = (dyl dy: ) :
dr dx

where

N
yi(x)=(1+ Z cor(A) $_2k)xMe_l9(x)
k=1

is a quasipolynomial solution, while yo is another suitable solution. It immediately follows that
Ro1 = 0. On the other hand, if AN—2M =1 and can (A) = 0, consider the gauge Y = diag(1, 2 )GV,

which gives

N C
ay 1[(3/2 0 S1owle o o AT e
%‘{( ;) T i Bmglyy, e

The standard formulae that reduce to the Levelt form give

Ry = (Z2)12 and FQ(O) _ (O arbltrary).

0 0

Analysis near z = o

We use the notation

(1t 0
0’3.—0 1)

A formal solution of (2.14]) at co (with certain uniquely determined complex matrices Fy, Fy,...) is

Yp(z) = (—i?’ ;3) (I + Y Fy x_%) x[\‘*e_ﬁ(x)‘”, (2.19)
k>1

~ M
A4Z: O s
0 -M-3
4

where we recall that J(z) = % + %. We define the Stokes rays:

where

+7T 2v-1 <7 T
argz =T, =Tp+ —V = T, VEL, To = ——.
& 07y 8 0773

16



T4 73

T = —

00|y

Stokes rays
T6

Ss
To =71 + 27
S6 o

T7 S~ T8

Figure 2.4: The sectors where the open sector S; = S(7;-1,7i+1) contains only the Stokes ray
argr = T;.

and the canonical sectors (see figure [2.4):

2v - 2v -1
SVIZS(TV_177V+1):{ V8 57r<arg)\< V8 7r}.

In each canonical sector there is a the unique canonical fundamental matrix solution Y; such that
Yo(xz) ~Yp(z), x—oc0ins;.
That is

(1+0(z72)zMe @) (1+0(x72)) a M3

V(o) = ((_1 +O(@2) ™M@ (14 0(272)) 2M+3e7()

), x— o0inS,. (2.20)

The Stokes matrices are defined by
Yy (z) = Yy () SEY,
with

[sxt] 1 0

SX 1 SX

Sgy:% = (0 Szi‘*l) s Sgu t] = (S[SXt] 1) ve.
2v

They admit the symmetry

[sxt] _ imAy [sxt] —imAy
S, . =e™S e .

We use the following notiation

o0y 1= +exp{z£(y—1)}oo.

17



Lemma 2.6. Lety=(2N-M+1)(2N-M), N €N, and let A take values in the algebraic spectrum.
Then, the canonical solutions of (2.14]) at infinity satisfy Sa, = I, and are given by

1 yéy)
Yo, = Yap1 = » | 2.21
2 2u+1 % dyé ) ( )
dzx dx
where
N “ok\. M _-9(z) ) T dg
y1(x) = (1 + Z cor(N)z )x e , Yy (x) 1= 2y1(a;)/ —, (2.22)
k=1 009y, yl(é‘)

Here, y1(x) is the solution in Proposition [2.1] with c = 1.

Proof. The condition on v and Proposition imply that y; (x) solves the sextic oscillator, hence
(y1,97)" is a column vector solution of (2.14)). The asymptotic behaviour

yi(2) = (1+0@@2)zMe @ o () = (=1 + O(22))aM*3e @),
is the required one, so that

vi(@)  (Yo())22

and therefore Sy, = I. It follows from the Abel’s identity that another independent solution yo
of the sextic oscillator is (here the fact that the Wronskian satisfies the equation w’ = 0, so that
w =constant, is used)

Y, (z) - (yl(x) (Yu(x))12)

(@)= an (@) [ p(6) 2, aeC\(0).

From the asymptotic behaviour of 1, it follows that for any v the integral converges for example
for xg = 009, (and for any direction z¢g - oo inside Sg, N Say41). With the choice a = 2 we receive
the asymptotic behaviour (2.20]), because

T

yéy)(ac) = 2y1(m)/ yl(g)_2d§ =(1+ O(x_2))x_M_369(z), T — oo in Sz, USo,41.

2y
Indeed,
! -2 v e ¢ 20(€) o—2M i —2k\—2
| ey G [ O o Y ene )
2u 002y W1 5) 009y, k=1
= %x72M73(062 + O(:(Q))ew(z), T — 0o in So, N Sapiq.

Since €?(®) is subdominat in So, N Sou41, the asymptotic representation of yéy)(aj) extends onto
S2u U Sap41. O

Proposition 2.7. System (2.14)) admits canonical solutions at infinity satisfying Yo, = Yay41 (equiv-
alently, Sa, = 1) for any v € Z, if and only if for some N € N

v=2N-M+1)(2N -M), and A is in the algebraic spectrum.

18



In this case

W (v) v dg
Yo, =Yo41 = » |, v =2 —_— 2.23
2 w+1 dy, dyé ) Yp () y1(x) /OOQV u1(€)2 ( )
dx dx
where
N
y1(x) = (1 +y c2k(A):zf2k)xMefﬁ(z), (2.24)
k=1

is the solution of the sextic oscillator (2.1)), normalized with ¢y = 1. The upper right entry of the
Stokes matriz So,41 s

[sxt] o2 2
Sop+l = 2/ y1(&) " d¢
0021 +2

The simple path of integration does not enclose x =0, as in Figure[2.5.

Proof. The ”if” part of Proposition is Lemma while the "only if” part is proved as follows.
Assume that Sy, = I for all v € Z. Thus, there are only upper triangular Stokes matrices, so that
the first column of every Y, is the same, call it (91,97)T. From its asymptotic behaviour and the
Wronskian, as in the proof of Lemma [2.6] it follows that

U1 Yo )

Y, = . v |, x) =2 (x
@ dy_é) ( ) yl( ) oo, Y 1(£
dx dzx

For = + e?™gz, the monodromy of Yy is 2mika (81838587)_1. It is upper triangular, so that
i (2e®™) = g1 (2)e*™™M | Moreover, for some coefficients co,

g1~ (1+ Z czka:_Qk):L‘Mc, z — oo in C\{0} = |J S,.
k=1 veZ

Thus, the function g2~ e?(*) is single valued with asymptotic expansion in a sector of amplitude
greater than 27. Hence, 1+ Y77, corx™2F converges and defines an analytic function at = co but
also for z € C\{0}. Then,

yr=(1+ Z CQkI_2k)fL’M€_19(I)
k=1

is defined in C\{0}. Now, z = 0 is a regular singularity for both g, and zMe 7@ Tt follows
that 1+ Y72, corpz2¥ must have regular singularity at x = 0, so there must exist N € N such that
Yreq copx~ 2k = O(a:_QN), which means that the series is a finite sum, and so

1 =yi(x) = (1 + Z CopT~ ) M =9(x)
k=1

Next, we show that v= (2N - M +1)(2N - M). Observe that
y1 = 22N (1 4+ 0(2?)).

19



From the monodromy exponents at x = 0 if follows that for one sign + it must be

1
M—2N=§(1:I:\/1+4’y)

Taking squares, the above is solved for 7, with solution v = (2N - M + 1)(2N — M), independently
of the sign =+.

Having established that v = (2N - M +1)(2N - M), Proposition applies, hence the ¢y, must
solve the recurrence (?77?), whose last equation imposes that A is a root of (?7).

Next, (2.23)) follows from the method of the Wronskian, as in Lemma

Last, we prove the formula of the Stokes matrices. Since Sof = I for each k € Z, we have
Yo, = Yo,41 and Yo,0 = Yo,,3 for every v € Z. The relation Ya,.9 = Yo,41S9,+1 implies (see (2.23))

y(””) =Sop+1lY1 + y(”),
that is . ac "
[
021 +2 y%(C) ’ 2y y%(c)
The point z is any in Ss, U Soy41 U Soyio U Sayy3, from which the shape of the paths in Figure

O
The above discussion has a corollary, which is now an exercise to prove.
Theorem 2.8. The “boundary value problem”
y" =V(z,A)y,
(2.25)

y(x) =0 forx— +ooei”£/2, leZ,
has non trivial solution if and only if
y=(2N-M+1)(2N-M), NEeN,

and A is in the corresponding algebraic spectrum. In this case, the solution is

N
y(x) = Z CQk(A)$_2k$M€_ﬁ(x),
k=0

of Proposition [2-1).

20
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s
T = —¢Q
Stokes rays 8
76 To =T, + 27

7 T8

Figure 2.5: The paths of integration used to compute s; and s3.
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2.3 Connection matrices

We assume that v = (2N -M +1)(2N - M), and A is in the algebraic spectrum, so that Ys, = Y5,41,
with first column determind by y; ().

Definition 2.9. The connection matrices C5,,1, are defined by

1 a9
VO =¥5,,1C01, Coprr = (O 21+1)a v e (2.26)

Proposition 2.10. Assume that v= (2N — M +1)(2N — M), and A is in the algebraic spectrum,
or equivalently that Sey, = I for every v € Z. Futher assume that there is no resonance, i.e.

either AN = 2M + -1 -2n, Vn € Zso,
or 4N -2M =1 with A=0.

Relatively to the fundamental matriz solution Y, and Yy (©) of system (2.14]) the connection matrices

are
1 1 . p—2miM _-2miM
Cy = (0 (111)’ Cs = (0 CL13)’ Cs = ((1) alel )’ Cr = ((1) a3€1 ’
and -
sxt
SFXt] = (1) 811 ) , SESXt] = a1 - as;
) _ (1 55 [sxt] i M
Sy 7= 0 E s5 " =ag+aie ;
S[sxt] _ 1 —SESXt] e2imM S[Sxt] _ 1 _Si[))sxt] e2itM .
b 0 1 CT 0 1

All the monodromy data are encoded in the three complex parameters M, a1, as.

Proof. This relations come from the definitions of the Stokes sectors and the connection matrices
Y(O) ZYEJ,Cg =Y18103 ZY(O)Cl_lSng = az +Ss1 —ap =0 = 81 =a1 —as

Y(O) = Y5C5 = }/3S305 = Y(O)C?:ngC% 4 as + 83 —ag = 0
One can see
yl(e_mﬂf) _ G_ZWMSL‘M (Z Cgk$_2k) 619(;17) _ e—szyl (.’L’)
k=0
Thus,
[sxt] ooz 2 o —im N2 g, 2imM [sxt]
Sov+1+4 = 2/_ y1(§)7dE = 2/ yi(eTE) e = —e" s, 10
67‘77'00(21,+2) °°(2l/+2)

This way

s3=as—as = as +a e™

22



Figure 2.6: Paths of integration.

2.4 Integral condition

Theorem 2.11. Let v= (2N - M)(2N - M + 1), let A be in the algebraic spectrum. Then, A has
algebraic multiplicity > 2 if and only if

P2 +1
{/ Q?(2)e?@dz=0, v=1,2,3 (2.27)

o02v-1
where the paths of integration do not surround z =0, as in figure [2.0,

Proof. The proof is almost verbatim that of [BCHG24|]. We have established that the geometric
multiplicity of —A for M is at most one, and hence —A has multiplicity 2 if and only if there
is a solution to the generalized eigenvector prolem (M + A)w = u, with u being the eigenvector.
This is the collection of coefficients of the polynomial Q).

The existence of the generalized eigenvector is then equivalent to the existence of a polynomial
solution R to the non-homogeneous ODE

Ex(R)=Q,

where the differential operator E is defined in (2.7)) and @ solves Fx(Q) =0, A priori one can solve
this non-homogeneous ODE by the method of variation of parameters. The associated homogeneous
equation has two solutions, one that is @), the second solution can be written as the integral (refer

to Fig. . a9
e“V\Fdz

S(z) = Q(z) 02

This standard computation yields special solutions R of the form

T d z
Ri(z) = Q(x) Mm L 1 Q2 (w)e 2" dyy
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with the whole set of solutions to being R(z) + aQ(x) + bS(z), for arbitrary constants a,b.
Since S(z) has exponential growth in any of the directions oog;, for R(x) to even have a chance
of being a polynomial we need to impose b = 0 from the start. Now R(x) is from its definition
a function of at most polynomial growth in the direction ooy (this is proved following the same
lines of [BCHG24], proof of Thm. 3.9). By the same argument the following function also has
polynomial growth towards ocos:

dz #
R3(x) = Q(x —_— 2(w)e ) qy
0= | iy | @)
The relationship between R; and Rj3 is then, from the fundamental theorem of calculus,

Ri(2) =Rs(2) + Q(a) /m QQL/““" O (w)e 2"y =

(2)6—219(2)

xT

=R3(z) + ( - QZ(w)e—W(w)dw) S(z). (2.28)

01

Since S(z) has exponential growth in the direction of co3, we conclude that the necessary and
sufficient condition for the existence of a polynomial solution R (hence for a repeated eigenvalue)
is the vanishing of the stated integral:

oo3
Q*(w)e W dy = 0.
007

The other conditions are proved similarly.

2.5 Anharmonic oscillator in A-plane

In order to compare with the poles of the rational solution of the Painlevé equation we need to
make a change of independent variable. We recall that the sextic oscillator (sxt| is equivalent to
the linear ODE

y(@)
dY 0 1 .
e (V(w) 0) Y for vector solution Y(z) = dy(z) |- (2.14))
dx
The transformation

2 =VEN, UV =2 Py() = (VENT((VENY?), (2.29)

yields
¥(A)
dv 0 1 .
o (‘7()\) 0) U for vector solution W(\) = dy(N) (2.30)
dA
- 1 V2A v -3/4
_\2 2
V(M) =\ +\/§b)\+§(b - (M +3)) - =S+ 3 (2.31)
Hence, the sextic oscillator is equivalent to the anharmonic oscillator
d? 5 1,5 V2A vy -3/4
sz ()\ +\/§b)\+§(b _(2M+3))—TX+ 2 w (OSCSXt)
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Chapter 3

Painlevé equation PIV

3.1 Rational solutions of PIV
The Painlevé equation Pry is

du 1 (du)2+3 5 862
dt2  2u

— ) +Sud At + 212 +1- 2000 )u - —2, 0,00 € C. (PIV)
dt 2 U

Under some special values of parameters 0y and 6., this equation has rational solution. All possible
rational solutions and corresponded parameters were discribed in [BM22], we repeat it below.
The Painlevé-IV equation in the form (PIV]) has a rational solution if the parameters satisfy

either (0p,0c) € Ay = AE}} U AE} U AEH (the generalized Hermite family), where

AE}]_ = {(907900) € C2 : (90 + 00,00 — 900) € Z2700 <0,00 > _00}
AR = {(B0,800) € €2+ (B + 80, 60 — Boo) € Z2,60 < 0,000 < 6} (3.1)
AE;H = {(907000) € C2 : (90 + 000, 0y — eoo) € Z2,00 >0,-0p <0 < 00}7
or (0y,0) € Ag (the Okamoto family), where
A :={(00,000) € C*: (Bp + oo — 3,00 — 0o + 3) € Z*} . (32)

Note that Ay nAg = @.

Type j | 05} (mon) | 64, (m,m) )t m,m)
H t)H, 1(t
1 _%n 1+m+%n m, m,n+1( ) m+1,n 1( )
Hm,n(t)Hm+1,n(t)
9 1 1 Hpy 1041 (8) Hi1,0(2)
—5m —5m-—n -2m
Hm,n(t)Hm,nJrl(t)
H (t)H +1 n+1(t)
3 ilman) | L+ln-m - mres
2 +3( ) | 2+l ) s () Honexn (1)

Table 3.1: Representation of H solutions of Painlevé-IV in terms of H polynomials.
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The generalized Hermite polynomials {Hm,n(t)}(m,n)ezzoxzzo are determined from the recurrence

relations
2mH 1,0 (t) H1,0(t) = Hop o (£)Hypy o (8) = H, o (£)7 + 2mH ()

" / 2 2 (3'3)
2nHpn1 (8) Hin 1 (t) = =Hpn () Hyy, 0 (8) + Hy, o, (8)° + 20 Hy (1)
with initial conditions Hoo(t) = H10(t) = Ho1(t) =1 and Hj 1(¢) = 2¢.
Table 3.2: Representation of gO solutions of Painlevé-IV in terms of gO polynomials.
Type j ol (m,n) gl (m,n) um(t'm n)
07Q b OO,Q ) Q ) )
m,n t m n— t
| Ly | emeln | -Y29man®@mana(®)
3 Qm,n(t)Qm+1,n(t)
9 11 11 V2 Qm-1,001(8) Qma1.n(t)
6 2m 3TN |
3 Qm,n(t)Qm,m—l(t)
V2 Qo (1) Qa1 s ()
3 Liltmen) | L+i(n-m AL i
6 2( ) 2 2( ) 3 Qm,n+1(t)Qm+1,n(t)
The Okamoto polynomials {Qumn(t)}(m n)ez2 are defined by the recurrence relations
Q1,0 (1) Qum-1.(t) = §[Qun()Q (1) = Q1 ()] + [262 + 3(2m + 1 = 1)]Qu () (3.4)

Qm,n+1(t)Qm,n—1(t) = %[Qm,n(t)Q;’z,n(t) - Q;n,n(t)z] + [2t2 + 3(1 -m- 2”)]Qm,n(t)2

with the initial conditions Qo o(t) = Q1.0(t) = Qo1(t) = 1 and Q11(t) = V2t. If both indices are
positive, Q. (t) has degree mn+m(m—-1)+n(n-1) which exceeds the degree of Hy, ,(t) by twice
the sum of two triangular numbers.

3.2 Lax pair for PIV at a pole with residue -1

It is well known (see [JM81]) that the Painlevé equation can be written as the integrability condition
of the Lax pair

0P
— = A\ )P 3.5
= AND2, (35)
0P
— =B(\1)® 3.6
= BOL0, (36)
where u
10 ¢ ul g ~Erh _7y
A()\,t)z[o _1])\+ 2(z—0p—0) 22 - 260) ol (3.7)
u uy
Lo 0
B(A,t):[o _1])\+ 2(z = 0o — o) ol (3.8)
Y
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Here

w=u(t): solves (PI1V)),
y(t):  solves % = —(2t +u(t))y,

1
z(t) defined by z(t) := 1 ( 2 % + 2tu + 400) .

By Painlevé property any local solution of PIV has unique continuation to a meromorphic
function in the entire complex plain . Moreove, by plugging the exspansion at a pole t = a

+00

u(t)= Y up(t-a)k, reN,
k=-r

one can show that the poles can be only simple (of 7 = 1) with residue € = £1. In the case of Okamoto
(or Hermite) rational solutiona the poles with residues +1 and -1 are zeros of two distinct Okamoto
(or Hermite) polynomials. To reach the correspondence in the main conjecture of this thesis, it will
be enough to consider only one residues.

Let a be a first order pole of u(t) with residue € = —1, then solutions have asymptotics

1 a® 40 2
+—+ =
3 3 3

u(t)z—m—a— )(t—a)+uz(t—a)2+(9(t—a)3,

2
2(t) = 0 + 0o — (g +us)(t—a)+ (2930 - % ~ aus -293) (t-a)?+O(t-a)?,

y(t)=w[(t—a)—a(t—a)2+g(a2+€w—1)(t—a)3+%(—a3—2a9°o+2a—u2)(t—a)4+(’)(t—a)5 ,

where usg is a term in the Laurant series of u(t). Here y(t) is defined up to multiplicative constant
w € C\{0} but also y(t) is not involved in futher equation (3.12)). As it was shown in [MR18],
solutions of PIV are actually parametrized by the data (0y,0c,a,uz).

Consider only the first equation of the Lax pair

d - [Au(\t)  A(\t)

A [Aa (Nt —An(ht) ® (3.9)
Consider the gauge transform, same as in [Mas10],
A2 0
V(A t) =G\ t)P(\t), with G:= 1 dAp  Ap | (3.10)
Ao af
Then
%W:(§G1+GAG1)\P: [V(g,t) (1)]\1, (3.11)
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where

dAp 1 dAy, 1 d?Ap 30 1 dAp)?
V(ML) =ApgAgy + A2 + S50 4 — _ _(_ )
(A1) = Aoz + Al + = = An e =~ o e T a\d, da
~ 3u? . u @A -w)(Au(fo + 0o —2) +2(200 — 2))  u(fo + A(A+1) —2)
CAN2(u-20)2 0 A2(2X -u) A2y, A2(2) - u)
O+ XA +t)=2)2 z-6
G (/\2 )=2) )\20+1. (3.12)

1}}) satisfies

Therefore,the first entry of a column vector solution (

O
v V(A 6. (3.13)

At a pole t = a with residue —1 the potential reduces to

—4a9°o+a—2u2+9(2)—%

VA2 (N) = A% + 20\ +a” = 2000 +2 + 5 2 (3.14)
So we get
G —dafo +a—2uy 03— ] =
W—(A2+2a/\+a2—29m+2+ o + /\24 ¢ =0. (0SCpiy)
Similarly, at a pole t = ¢ with residue +1 we get
0% —4afs + 3a — 2us 93 -1
Evia ()\2 +2a\ +a% - 20o, + N + 2 L)y =0. (OSCIJS%V)
In the same way one considers expasion of u(t) at a zero t = a with sign € = +1
u(t) = 4ebp(t — a) +uz(t —a)* + O ((t- a)g)
and gets for e = -1
% uz  Oo(fo+1) -
W—()\2+2a)\+a2+1—2900+ﬁ+T ’l/J:O, (OSCPIV)
and gets for € = +1
9?1 uz  0o(0o—1)
W—()\2+2a/\+a2+1—2«900+ﬁ+T Y =0. (OSCfy)

The same computations were previously done in [MR18].
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Figure 3.1: The sectors of the Stokes phenomenon of the PIV isomonodromic system.

3.3 Monodromy data for PIV isomonodromic system

From the standard isomonodromy theory, it follows that the first equation (3.5)) of the Lax pair
of PVI admits fundamental matrix solutions with constant monodromy data, that also satisfy the

second equation of the pair. We introduce the monodromy data below.
The ODE ({3.5) has irregular singularity at A = co with Poincaré rank

r=2.

The Stokes rays are defined by (see figure [3.1):

3
argA=r71,, T,:= —Zﬂ +Vg, v e

Unique formal solution (with certain uniquely determind matrices Fi, Fs,...) is
2

. ) A 0o3e9ONTs (g N = % +1tA

Pr(Nt)=|1
PO = (1 0 B

For each v € Z there exists a unique fundamental matrix solution
D,(\t)~Pp(A\t), forA—>o0inS,,
where S, is the sector (see figure (3.1

T T
SVZZ{TV—§<8Ig)\<Ty+§}.

The Stokes matrices S, are defined by

B, (Mt) =D, (A 1)Sy, AeS, NSy
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To describe the Stokes phenomenon we need 5 fundamental matrix solutions ®1, ®9, &3, P4, P5:

(I)Q()\) = @1()\)81, A€ 81 I"ISQ = {—71'/4 < arg)\ < 7['/4},

D3(N\) = Pa(N)S2, AeSanSs={r/d<arg<3m/4}, (3.18)
Dy(N) =DP3(N)S3, AeS3nSy={3r/d<arg)<br/4},
D5(A) =Py(N)Sy, ANeSyinSs5={bm/d<arg) < Tm/4}.
The last relation involving S, is equivalent to
B1(N) = Py(NeZ™)Sye?™ =3 Ne{-3n/d<arg)<-m/4} =Sy N S;. (3.19)

The Stokes matrices are

(1 0 1 s2 (1 0 1 s4 b om0
S1‘(31 1)7 82—(0 1), 83_(33 1), 84—(0 1), Spia=e Sve )

By the Jimbo-Miwa isomonodromic theory, ®, also are fundamental matrix solutions of the second
equation (3.6)), and the Stokes matricies S, are constant.

As an ODE in variable A, at A = 0 equation (3.5 has Fuchsian singularity (Poincaré rank r = 0).
If 26y ¢ Z, a fundamental matrix solution (in Levet form) at A =0 is

O\, 1) = GO ) (I + O(N)) A% (3.20)

where the columns of G(?) are eigenvectros of the residue matrix. The only case when a resonance
260 € Z may occur is for the rational soluitions associated with the generalized Hermite polynomials.
It is proved in [BM22| that there are no logarithmic contributions to the fundamentsl matrix
solution, namely A =0 is an apparent singularity.

The central connection matrix E is defined by

o1\ 1) =N HE, AeS. (3.21)
Here the relations that follow from previous definitions
O (Ae?™) = @O (1) 27073, (3.22)
—
Mo
By(Ae?™) = By () e ™03 (S1S,S58,) ! (3.23)
—_—
Mco
E'MyFE = Moo (S1S2S384) 7. (3.24)
Taking the trace, of the last relation
(1 + 5253)€2™0= 4 (5154 + (1 + 5354) (1 + s152) )e 2™ = 2 cos(2mb)). (3.25)

In general, the connection matrix defined in (3.21]) depends on ¢, namely E = E(t), but it is
possible to choose ®©) in such way that F is constant, with the matrix GO taking the form [Kap98|

yu
O = ops 2By, | detc® =1, (3.26)
Cyu 200k
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where k = k(t) solves

1dk _ 2z(1)

Edt  u(t)
and u = u(t) is the Painlevé IV solution and y = y(t), z = z(t) are defined in the isomonodromic
problem (3.7)) and (3.8). Thus k(¢) is defined up to a multiplicative constant.

Freedom in the monodromy data

The matrix ®© is not unique. Fixed G(?) as in (3.26]) and the corresponding ® | all other possible
Levelt forms at A =0 are

o =0 D, D=diag(p,q), p.qeC\{0},

because . )
3 =GO (r+0N) A% D =GO D(1+00)) o2 GO =g p

One can choose D = diag(p,p~!) to preserve det{é(o)} = det(G(O)) = 1. This changes F as follows

3, =0VFE=6VE=0"DF — FE=DE. (3.27)

The fundamental matrix solution @ defined (3.16]) is unique, and the fundamental matrices
®, are uniquely determined by the asymptotics ®, ~ ®r in S,. However, we can do a gauge
transformation ® = C® of the system, where

C = diag(c,c™h), ce C\{0}.

This gives for ® _
0P

—=CTTANDCD
o\ ADCP,
where 0
Attt 0% %(1—i)
CTAN)C = A ‘ 2
9 - 2 _ —
< (9:-90, g+ ZE=20)) _\_, fo=z
Y Au A
This leaves u, z unchanged and changes
y > c%_

Remark 3.1. Notice that there is not a more generality in taking C' = diag(ci,c2). The effect of
the gauge is the same as C = diag(c,c™t), with ¢? = ¢1/ca.

The gauge preserves the canonical behaviour at A = oo, with new matrix coefficients Fj —
C~'F,C, namely

~ > F
(I)F = C_l(I)FC = C_l (I+ kZ:l )\_Z) )\_0000'389(>‘7t)0'30
) -1
- (I +> < ch) A3 e8(At)os
k=1

)\k
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Therefore, the fundamental matrix solutions
®,(\z):=C"'d,(\1)C,
are the canonical solutions with behaviour
d,(\,z) ~Pp(\t), A-ocoind,.

In conclusion, changing y to y/c* leaves PIV invariant and changes the canonical solutions to
®, =C7'®,C. After the gauge, a Levelt form at A =0 is

3O - 1),
The transformation in the Stokes matrices and the central connection matrix is as follows.
$,=Cc'o,c=0c"0VECc=3"ECc — E=EC
D,1=C0"9,.1C=C"9,8,C=9,C'S,C = §,=07'S,C.

= (1 0y & (1 so/*\ = (1 0 & (1 safc?
Sl_(0231 1)’ SQ_(O 1 )’ S3_(0233 1)’ 84_(O 1)
The monodromy relation (3.25)) is invariant under

Hence

(s1,82,53,83) — (c*s1, 52/c?, ¢*s3, 54/¢%). (3.28)
Putting together the above and , we conclude that the freedom in the monodromy data,
which does not change PIV, is
E. $1,S2,S3,S4 — DEC, C7'S,C, C7's,C, ¢71s;C, ¢71s,C,
that is »
o (En E12) . e EEH

Es1 Ea q
qc ko CE22 (3.29)

(s1,82,83,83) —> (?s1, s2/c?, P53, s4/c?).
This freedom is usefull for WKB computations.

Remark 3.2. One can take ¢ = 1/p, and rename p = 1/( ¢). Further, rename ¢ = 1/\/a. Then, the
transformation above becomes the one in [MR18], namely

(E11 E12) B_l Ell Oéﬂ E12
E = —
En By o 'BEy B Ex

(s1,52,83,83) — (a 's1, asz, a”'s3, asa).
Theorem 3.3 ( [MR18|). If 0 ¢ 5 - Z, there is a one to one correspondence
Wy — My

where Wy is the space of solutions of PIV with given 0y, 0. is the space of PIV with given 0y, 0,
and My is the set of monodromy data (s1,s2,S3, 84, 11, E12, Eo1, E29) satisfying equation (3.25)),
modulo relation (3.29)).
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Stokes data of rational solutions

The results of [BM22] for our Stokes matrices, using (3.47)), read as follows.

Proposition 3.4. Let
D =diag(p,q), C =diag(c,c’"), p,q,ceC\{0}.

Fiz m,n eZ and let

9022_17 900:2m+n+1.
2 6 2

Then, (PIV)) has the Okamoto rational solution

_ﬁ Qmn+1(t)Qm+1,n-1(1)
3 Qmat)Q@mirn(t) ’

u(t) = uo(t;m,n) =

if and only if

22"
In this case,
e—iﬂ/ﬁ 1
2
E=D C.
_2 e L
V3 V3

Proposition 3.5. Let D and C be as in Proposition[6.8 Fiz m,n €N and let

eozim+n+17 Hoo:n—m+1
2 2

Then, (P1V)) has the Hermite rational solution of type 3

Hm,n(t)Hm+1,n+1 (t)
Hm,n+1 (t)Hm+1,n(t) 7

u(t) = ug](t;m,n) =—

if and only if

S§1 =82 =83=254=0, E=D(_11 (1))0

3.4 Stokes phenomenon after the gauge (3.10))

Consider the isomonodromic fundamental matrix solutiuons

T,(\ 1) = GNP, (M) 1<v<h; TOM ) =GN0 D (A1)

We consider the first rows
[@Zéy) ()‘a t)a ¢§V) ()‘a t)]v [@0(0);1 ()‘a t)a ¢(0);2()‘a t)]
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We renormalize

v I w 1
P (N) = ﬁwﬁ (\a), Yoya(A) = T (o),
so that
IOVE (1 +0 (1)) Az 0= o (M),
A A—ooinS,;
- (o) e
and

[0)1 (M), $oy2(M)] = [ko(1 + O(A»A@O*%,—@(l +O(A))AT],

It is proved in [MR21] that the monodromy data are unchanged in the limit.
We have

[0, 657 ()] = [0y V), Yoy (M]E,

PPN =M ) sV, (2P0 =P (),
() =P (), D) = 0P (A) + 5200 (),

{Wm =P (A) + 5308 (V) {W(A) = M),
) = 0P (), D) = S () + stV (),

Due to /A (see equation ([3.49)), the last relation also reads

{%1)()\) _ _¢£4)()\e2m)ezmew’
¢§1)()\) = —(¢§4)()\) + 54%4)()\))@‘2“1’9%,

3.5 Riemann-Hilbert problem for the same system

In some literature inestead of Monodromy data they use equivalent Riemann-Hilbert problem.
Below we recall notations from [BM22].
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[@+(A), - (A)]

Figure 3.2: The Riemann-Hilbert problem A-plane from [BM22] .

The irregular singular point has four Stokes sectors:

S1:={XeC, A #0, ——7r<arg( ) <0}
So:={AeC, A#0, OSarg()\)Siﬂ}
S3:={AeC, A %0, %wgarg()\)gw}
Sy:={AeC, A#0, -7 <arg(\) S—%ﬂ}.

(3.38)

Associated with each Stokes sector Sj, there is a simultaneous fundamental solution matrix ¥ =
\Il(oo) (A, t) of both equations of the Lax pair (3.5)), (3.6) determined by the normalization condition

T (N )AN=7e”GXHVT 1L O(ATY), Ao, AeS;, j=1,2,3,4, (3.39)

The five simultaneous fundamental solutions are necessarily related pairwise on certain overlap
domains by right-multiplication by constant matrices. In particular, the following constant matrices
are well-defined and have unit determinants:

Vo =00 0w (A1), arg()) =0, (3.40)
Vg = W (0 0) 1w (), arg(N) = i, (3.41)
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Vg = 007w (A1), arg(-A) =0, (3.42)

Vi =800 e ™ (), arg(V) = -4, (3.43)

V=80T ON ), Aes;, =13, (3.44)
and

V=8O, Aes;, j=24 (3.45)

These matrices are always related by the following identities:

—9mif 1 1 2mife
V21=V1Va, Vo3=V3Vy Vy1=ViVy, Vy3=V3e TV, Vo3V5 1V 1V g=eT"%

S—————
A\
(3.46)
We have the following identification (see fig.
Vo1 =51, Vi3 =S,
V43e27ri0°<,a'3 — SBa 627ri9°<,0'3 Vle e—27ri9°oa'3 - 84, (347)
Vil=E.

After the gauge transform the jumps corresponding to the Stokes matrices and the connection
matrix remain the same. For the correction to monodromy look at the limit ¢ - a of A from eq.
The matrix A becomes

(a _ b + )\) 2

A 2A
A‘f’lw()\) = 9 9 . (3.48)

—a\+ 290 - 2900 — 2)\11,2 (—CL + 9;.0 _ )\)
Ac A
. w
Knowing Ao = N we have
~App 2 0

GOC™) = 1 44, Ay |7 GO (3.49)

3/2 1/2 T2
2432 dx Al

The Riemann-Hilbert problem after the gauge described on figure [3.4
Till G()) is entire function up to monodromy, the Stokes matrices S, and the connection matrix
E are the same
Uy1(A) = GA)Pyi1(N) = GA)PL (NS, = T, (N)S,.

The "monodromy” equation

Ty (Ae?™) = GA™)GTHN) Ty (N)e m0293(8,858384) 7L, To(Ae?™) = G(A®™)GH(N) Tg(\)emitors

-1 -1

is only different by —1 that commutes with ¥, so it can be included in the monodromy.
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Figure 3.3: Riemann-Hilbert problem for ®(\) = [®*()),d7(N)].
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Figure 3.4: Riemann-Hilbert problem for ¥(\) = [T* (), T~ (\)].

38



Chapter 4

Quadratic anharmonic oscillator

The sextic oscillator (sxt|) is equivalent to the quadratic oscillator (see Section

d? 5 1,5 V2A  y-3/4
—=(A 200+ =(b"-(2M +3)) - ——+ ——— | ¥. OSCex
Sev= (e van s de - @y - 2R, 05
For Painlevé equation (PIV|) we got for a pole ¢t = a with residue +1
Py [ ) ~dafoy +3a—2uy 0} -1
W—()\ F2ah +a? <20+ 20 S 1) -0 [0SCiL)
and for a pole ¢ = ¢ with residue —1
2 4000 +a—2uy 05— 7
%—(A2+2aA+a2—29w+2+ a0 2*;‘ 42, °A24)¢=o. (0SC.L)
All equations are formally identical. Consider anharmonic oscillator of the structure
d? 2 2 Ay T
e :(/\ L 2AN+ A -E+7+ﬁ)¢, A EA.TeC, (4.1)
or equivalently eigenvalue problem
d? 2 2 Ay r
—sz + ( AT+24AN+ A o e )z/; = Ev. (phys)
—— ——

shifted harmonic oscillator
Coulomb-like centrifugal term

Proposition 4.1. Equations (OSCsyl)) and (OSCphiv]), (OSCpyyl) can be obtained from equation (1))
or . Indeed by choosing in (4.1)

2A 1
A:i’ E:M+§, Alz_L’ F:—(7—§),
NG 2 4 4\77 1
one recover the rescaled sextic oscillator (OSCgyi). By choosing
3
E=20,, A\ :_U2+a(§_2000), for residue +1, 1
A =a, F = 0(2) - Z_l

1
E=20,-2, Alz—uQ+a(§—20m), for residue — 1,

one recovers (OSCh1y) and (OSCppy|) respectively.
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Remark 4.2. The equation (4.1]) can be rescaled to obtain an equation suitable to WKB analysis
by choosing 7 := E as the big parameter, A = n%z and

1 1
A=mir, Ai=miW, T=-2+(n(a-3))"

Then one obtain

,d%y

W (a-1/2)2 -1 _
2 2 2 _
—dz2—(z +26z+ (K —1)—;4-74‘@7] )7/1—07 (WKBJ)
~——
Qo(2) Q2(z)

The term Qo(z) and @Q2(z) have a second order pole at z = 0, so they satisfy the technical
assumptions for performing the WKB analysis (Assumption 2.3, [IN14]).
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Chapter 5

Sextic Oscillator vs Hermite polynomials

In this chapter we consider the resultant

resA(det(M(b) - AI), a%det(./\/l(b) —AI)) =0 (res)

M 1 1
for half-integer M and > + 1 <SN<M- 3 We compare its roots, see figure to the roots of
generalized Hermite polynomials Hy, ,,(a), see figure
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Figure 5.1: Roots of the resultant of the sextic oscillator in the a-plane, where a = b/\/2, when
(M,N) =(35/2, 13), or equivaletly (m,n) =(5,9), where m=M - N +1/2, n=2N - M +1/2. The
central rectangle has base m and height n.

5.1 Identification with the sextic oscillator

From propositionone can derive formal transform of equations (OSC1y)), (OSCpiy)) to (OSCaxl).-
So, for both residues +1 and -1, we have the identifications

1
b=v2a, ~=460%-=,

4
and

M 2A

900=—+§, ’LLQZCL(§—2000)+ V2 , for residue +1;
2 4 2 4
M 1 2A

9m=_+Z, u2=a(——29m)+\/_ , for residue —1.
2 4 2 4

5.2  Poles of Hermite type rational solutions

In case of the rational solutions of PIV, the zeros and poles are roots of either the generalized
Hermite polynomials or Okamoto polynomials.

We concentrate here on the case of Hermite polyniomials. The Noumi-Yamada generalized
Hermite polynomials H,,,(a) are defined by well known recurrence relations (involving second
order derivatives). The degree of Hp,,(a) is m-n, and its (simple) roots form an almost rectangular

lattice [MR18,|MR21| as in figure
The following statement, from Theorem 2.2., point H.3, of [MR1§] will be important for us.

Theorem 5.1. [MR18] Fiz m,n € Ny1. Then z = a is a zero of the generalised Hermite polynomial
Hp.n(a) if and only if there exists ug € C (unique), such that the anharmonic oscillator (4.1))
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Figure 5.2: Roots of the generalized Hermite polynomial H,, , in the a-plane, with (m,n) = (5,9).

corresponding to residue —1, and with

o = m+n 0 — n-m+2
0= 9 ) oo = 9 )
has two linearly independent solutions
Wo(s) = P(s) s (D2 gmols0), (5.1)
¢1(8) _ Q(S) 8—(m+n—1)/2 eg(s,ob)7 (52)

where )
g(s,A) = 552 +as.

and P(s) and Q(s) are polynomials of degree n—1 and m — 1 respectively without repeated roots,

with P(0) #0 and Q(0) # 0.

5.3 Exact correspondence Sextic oscillator — Hermite polynomials

Let M be half integer and M /2 +1/4 < N < M -1/2. Both numerical and symbolic computations
with a computer show that the lattice of the roots of H,,,(a) (see figure and the central
rectangular part of the lattice of the roots of the resultant in variable a = b/\/2 (see figure
are experimentally equal. The following theorem proves their exact coincidence. The theorem also
gives the factorization of the resultant , which accounts for the 4-spiked star, and provides a
representation of H,,, as the resultant of two polynomials of degrees n and m.

Theorem 5.2. Consider the sextic oscillator with v = (2N -M+1)(2N-M), N € N. Assume that
MeZ+1, and M+13N£M—1,
2 2 4 2

so that the lattice of the roots of the resultant admits a central rectangular region. Then, the
resultant , as a polynomial in the variable a, is factorized as follows

res), (det(M(ﬂa) 2), %det(M(ﬁa) +)\)) — (c1)™¢ L i (a) - ra(a) - Hom(@)?,  (5.3)
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Figure 5.3: The roots of the polynomials in the factorization (5.3), for (m,n) = (5,9),
are represented in the a-plane in different colours corresponding to different factors: green
for r1, red for ro and blue for H,,,. Each blue dot represents a double root of

resy (det(M(v/2a) + \), 8% det(M(V/2a) + \)).

where ¢y € C\{0} is a constant, Hy,y,(a) is the generalized Hermite polynomial relative to
1 1
mz:M—N+§21, n::2N—M+§21,
and ri(a) and ro(a) are the following polynomials, of degrees n(n—1) and m(m — 1) respectively,

ri(a) = resA(det(Mj(\/ia) + )\), % det(./\/lj(\/ia) + /\)), j=1,2,

where M1 and Mo are respectively the left upper n x n minor and the lower m x m minor of M.
The generalized Hermite polynomial is, up to a constant cpy,, represented as a resultant

Hppn(a) = cnmres,\(det(/\/ll(ﬁa) + )\),det(./\/lg(\/ia) + A))

The factorization above is responsible for the star shaped distribution of the zero of the resultant
(res). See Figure Note that this factorization is possible because

Mn,n+1 = 07
as will be explained in the proof. The property M, ,4+1 =0 occurs if M is half integer.

Proof. Step 1: factorization of the characteristic polynomial of M. Consider the three-
diagonal (N +1)x (N +1) = (m+n)x (m+n) matrix M in (2.5)), associated with the eigenfunction
[2-3). The k' row has three non-zero entries corresponding to columns k-1, k and k+1 respectively:

row kof M —  [0,...,0, m+n-k+1), V2a(2n+2-4k), 4k(k-n), 0, ...,0], (5.4)

column k-1 column k column k+1
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where it is understood that there is no column k£ -1 for k£ = 1 and no column k£ +1 for k = m + n.
The above implies that
Mn,n+1 = 0.

Let M7 and M> be the upper left n x n minor and the lower right m x m minor respectively. For
example, in case n =3 and m = 2, we have

4 2a -8 0 0 0
6 0 -8 0 0
MH2a)=| 0 12 -4/2a 0 0 |, with M3 =0,
0 0 8 -8V2a 16
0 0 0 4 -12/2a
and
412a -8 0 _8v3a r
M, = 16 0 -8 . My = L 1934 |-
0 12 -42a a
Let

p(\;a) = det(./\/l(\/ﬁa) + )\In,m).

Since M, n+1 = 0, the characteristic polynomial is factorized:
p(Na) =p1(X;a) - pa(Aia),

where

p1(A;a) i=det(My + AL,), p2(X;a) =det(Msy+ Aly,).

Step 2: factorization of the resultant. From the factorization of the charactyeristic polynomial
above, we find a first factorization of the resultant (we omit a):

Ip(N\)

reSA(p(A), o

) = ress (1 20, 5 (11 2(V))
0 0
= xes (1) 51 (1 0P (V) ) resi (20 5 (1 (O () )

The last line follows from the properties of the resultant [GKZ94]. Let us consider the first factor
in the last line above, the second being treated in an analogous way. We have

resy (pl —6 (p1p2)) =Tes) (Pl _ap1 pP2tp1 _8p2) .
TON o)\ o\
We claim that
A 1’8)\2 16)\ A 1’8)\2'

In order to prove this, we recall the Bezout formula [GKZ94]. Consider two polynomials of degrees
r and s respectively:
fN) :ag)\r+a,,_1)\’"71+-~+a0, with ag =1,

9()\) = b A° + bsf1>\s_1 +---+bs, withs>r+1.
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Then, Bezout formula says that

Cs Cs+1 v Cspr-1
resy(f,g) = det 08;1 C:S CH:PQ )
Cs—r+1 Cs—r+2 Cs
where o
g(A 2 = L
—ZCO+01)\+62)\ +... = Cg/\,
f(N) 2
is the Taylor expansion at A = 0. If ag # 0 is not equal to 1, then
_ 48 r ._ f
resx(f,9) = ag-resx(f.g),  f:= e

so that we can proceed with the Bezout formula for res,\(f, g).

In our case, let
pi(A)
p1(0)
Since p1(0) = p1(0;a) is a polynomial in a, it can vanish for a finite number of values of a. If a is
different from a zero of p;(0;a), we have

fFA) =

Op1
P2t

0 _ 0
B 1 SE2) < pr ()™ e (1, Ly f

oF 9p2 )
oA oA '

Tes) (ph 5

We apply Bezout formula to f(\) and g()\), where

e 20,

g(A) = =P (A) + F(A)

Let us write
f(>\) = an)\n + G/n_1>\n_1 4o 1’
P2(A) = B AT + B N+ + By

We need some of the coefficients ¢, of the Taylor expansion at A = 0 of the ratio g/f, namely of

n_l DI m .
1 af + % — (naTL)\ + +a1)(/3m)\ + +/80) +mﬁm>\m_1 +"'+Bl-
f@)\ oA apA” +---+ 1
(2)

(1) ) (1)

Notice that in this case the degrees in Bezout formula are
r=n, s=m+n-1.
We need the coefficients ¢, for
s—r+1<l<s+r—-1, thatis m<l<m+2n-2.
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The term (2) contributes up to cq, 1, ..., ¢m-1. Only (1) contributes to ¢, A™ +++ -+ Ciyyon o A H2772,
This and Bezout formula prove that

resy (f, %pz f%) =Tres)y (fv gm)

The claim is proved if a is not a zero of p;(0;a). These zeroes are poles of resy(f,Oxf -p2+ f-Or\p2).
They are cancelled in the final result by p;(0;a)™" " 1. So, the claim resy (pl, Gxp2+ D1 %pf) =

res) (pl, %pg) is proved by analytic continuation also at the zeros of p;(0;a). The same procedure
proves that

res) (pZ()\)a %(pl()\)pg()\))) = res), (Pz()\) ) 3]92()\) )) '

The above results imply that

), Ip(\) e ( 8p1p2)res ( 3p1p2)
b N A plv—a)\ A\ P2, N

Op1 Op2
=Tres)y plvam resy Pmapl

= (=1)""resy (ph a)\)'lfeS,\ (Pz; a)\) (vesy (p1,p2))*

Step 3: identification of res) (p1,p2) with H,,,. We show that

Hpm(a) = emp - tesy (p1(N\;a),p2(X;a)), (5.5)

where ¢y, # 0 is a constant. In order to do this, we make use of the result of [MR18], expressed in
Theorem The two solution (5.1) and (5.2)) are both solutions of (4.1)), that is

d21/1
ds?

02 -+
_(s +2as + (a® +2 - 20, )+Al 0 4
S

)w, At = —us +a(% %) (56)

In analogy with (OSCs)), that represents the eigenvalue problem (sxtf), it will be convenient to
introduce the ”eigenvalue” Ay (analogous of A) by

2A 1 2A
A1::—\/_ 2, thatlsug—a( - 2000 ) V2A;
4 4
and rewrite (5.6)) as
2 2hy 05—
a9 _ 2 +2as+ (a®>+2 - 29)—\/_ 2,0 1)y (5.7)
ds? 4s 52

First, consider the solution ([5.1)):
Q,ZJO(S) _ P(S) S—(m+n—1)/2 e—g(s,a)’
and write

n-1
P(s)=> P.s®.
k=0
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The direct substitution of (5.1) into the anharmonic oscillator ([5.7)) gives a recurrence relation for
the coefficients Py, of the following form (the equation for &k = 0 is identically satisfied):

V2 As
4

(1-m-n)Pi+a(m+n-1)Py=- Py, fork=1,

V2 Az

k(k—-m-n)P,—a(2k-1-m-n)Py1-2(k-1-n)Pyo=- P,_q, fork>2.

The coefficient =2(k — 1 —n) of Py_s vanishes for k = n + 1. This implies that, for a chosen initial
value Py, it is possible to solve the recurrence uniquely with P; = 0 for all j > n. The recurrence
relations are equivalent to

jf Py
vl 2 Py i
o(a)| ~. |=-A2| . |, and det(No(a)+A2) =0, (5.8)
Pn—l Pn—l

which is an eigenvalue problem for a certain tridiagonal n x n matrix Ny(a), that we will explicitly

write below (see ((5.10])).
Successively, we consider the solution (5.2]):

’l/}l(s) = Q(S) 8_(m+n_1)/2 eg(s,tz)7
and write
m—1 B
Q(s) = >, Qps".
k=0
Repeating a construction analogous to the above, we find the recurence relations

V2 Az
4

(I-m-n)Qi+a(l-m-n)Qo=- Qo, k=1,

V2 As

E(k—=m-n)Qr+a(2k-1-m-n) Qp1+2(k-1-m) Q_o4p = — 1

Qr-1, k22

Since k—1-m =0 for k = m + 1, the recurrence has solution (Qq,Q1, ..., Qm-1, 0, 0, ....), with all
Qj =0 for j > m. The above is equivalent to an eigenvalue problem

Qo Qo
Ni(a) Q:1 =Ny Q:l , and det(Ni(a) +A2) =0, (5.9)
Qm—l Qm—l

for a certain tridiagonal m x m matrix N (a). Explicit forms will be writen below (see (5.11))) .

Theorem is now rephrased as follows: t = a is a zero of H,,,(t) if and only if there exists us
— that is an eigenvalue As — such that both eigenvalue problems and , with the given a,
have solution with the same A. Equivalently, ¢ = a is a zero of H,,,,(t) if and only if det(Ny(a) + \)
and det(N7(a) + A) have a common root, that is

resA(det(No(a) +A), det(Ni(a) + /\)) =0.
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Due to the linear dependence on a of the recurrence relations (i.e. of the matrices Ny and A7), the
Lh.s. above is a polynomial in a of degree m -n. On the other hand, also the degree of H,,,(a) is

m - n. Hence, by Theorem resA(det(J\/’o(a) + ), det(Ni(a) + )\)) and H,,,(a) must have the

same roots, so there is a constant c¢,,, # 0 such that

Hpn(a) = comn res,\(det(/\/o(a) + ), det(Ni(a) + )\))

Instead of the matrices My and N7, it will be convenient to consider the matrices
By = ~(No +2av/2m 1), By:=—(Ny+2av2m1,,).

The eigenvalue problems (5.8) and (5.9) are still have the same eigenvalue 2av/2m — Ay. The
resultant is unchanged, so that

Hynn (@) = mn resy (det(Bo(a) +A), det(Bi(a) + ) ).

In place of By we write the “inverted” matrix .A; defined by reverting the order of the entries, that
is

(A1)je = (B1)m-j+1,m—t41-

Our eigenvalue problem

Qo Qo
B Q:1 = (2aV/2m - Ay) Q:1
Qm—l Qm—l
becomes
Qm—l Qm—l
A |92 | (203 m - Ag) | 92
Qo Qo

The resultants do not change, so that
Hpn(a) = cmn resA<det(Bg(a) +A), det(Ai(a) + )\))
From the recurrence relation, we can write the explicit form of the matrices:

By: rowk — [0,...,0, A2 (n+1-k), V2a(2n+2-4k), -2v2k(m+n—k), 0, ...,0],
column k-1 column k column k+1
(5.10)

where k =1,...,n (there is no column k — 1 for k =1 and no column k + 1 for k =n).

A tow k — [0,...,0, W2 (m-k+1)(1-n-k), V2a(2-2n-4k), -4V/2k .0, o]
column k-1 column k& column k+1

(5.11)
where k =1,...,m (there is no column k-1 for k£ =1 and no column k + 1 for k =m).

The proof of the theorem is completed by observing that
res (p1(A;a),p2(A;a)) = res,\(det(BO(a) + ), det(Ai(a) + /\))
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This follows from the fact that By is similar to My, and A; is similar to Msy. We prove the
similarity.

i) By and M are similar: the similarity is realized by a diagonal matrix
diag(ala T an)_l B() diag(al, ey an) = Ml-

Indeed, the k™ row of diag(ay, -, o)t By diag(ov, -, o) is

[0,.,0, 4vV2(n+1- k) 2L (20 + 2 - 4k), ~2V/2 k(m +n - k) 2L 0,...,0], k=1,..m,

column k-1 %k column k column k+1 Ak

so that comparison with M, whose rows are the first n rows of (5.4) (up to the n'" column), shows
that the similarity is realized by aj, ..., oy, satisfying

=(m+n-k), k=1,..,n-1.
1

ii) A(()m) and My are similar, by
diag(B1, -+ Bn) " AT diag(B1, -+, Bm) = Mz,
To see this, observe that the k™ row of diag(S1,--, Bm) " Agn) diag(51, -+, Bm) is

[0,.,0, 22 (m -k +1)(1-n- k) Pt o L V2a(2-2n - 4k), —4f1<:ﬁ’““
k

column k
column k-1 column k+1

o] k=1,..,m,

The rows of My are obtained form the last m rows of (5.4). The k™ row of My is
[o,...,o, A(m-k+1), V2a(2-2n-4k), -4k (n+k), 0, ...,0], k=1,..,m.
column k-1 column k column k+1

Comparison shows that the similarity can be realized by i, ..., B solving the system

B V2

Br+1 n+k

The proof is finished. ]
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Chapter 6

Sextic oscillator vs Okamoto polynomials

Due to proposition we know that oscillators (OSCsyt| and ‘OSCEHIII ), (OSCpiy]) can be formally
scaled to (WKB)). In this chapter we obtain the Stoke data of (OSCqyt)) and (OSCpyy| via the WKB
analysis. We then show that the ”quantum” conditions produce at leading order the same lattice

of points.
For the Painlevé IV equation we consider the following set of parameters

900:2m+n+1

1
= A mneZ (6.1)
6 2

>
S
|
|3
|

that provides the Okamoto solutions, see Proposition For sextic oscillator we remember

parametrization

e when M is an integer,
m:=M-N, n:=2N-M, (12.12))

e when M is a half-integer, it is convenient to introduce the integers

2.13)

N |

1
rh::M—N+§, n:=2N-M+

6.1 Rescaling

In this chapter we assume that v = (2N - M)(2N - M +1). We have two oscillator equations

2 1 2A (2N-M)(2N-M +1)-3/4
Shapiro-Tater: %_(A2+\/§bA+§(b2_(2M+3))_§X+ ( )( e +1) -3/ )¢:
OSCsxt
2 40 +a—2uy 05—
Painlevé: % - (/\2 £2aN+a? - 90 + 2+ 220 2*; Y, °A2 4 ) W =0, (CE[eRN|
that are formally equivalent by the transform
1 V2A 7T M 5 1
b=av2 == -20c y oo =—+—, =405 - -. 2
w2 w (2 )“ 1 PRI 1 6.2)
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Proposition 6.1. Both equations (OSCsyi) and 1OSC]_>IW can be tranformed to

_yd% W (a-1/2)2 -1 _
2 2 2 2\, _
n @—(z +2K2 + (K _1)_?+T+EU )lﬁ—oa (WKB)
——
Qo(2) Q2(2)

where 1 := 2000 —2=M + % (=2n+m+1). Here we use non-homogeneous rescaling of us to exclude

Q1(A).
Proof. To get (WKB|) we rescale the variable \ = n%z, ¥(A) =1(z) and the parameters

2N +2
oM +3’

3
Shapiro-Tater: b:n%\/i/s, M:U_§7 N=an-1, A:n%2%W, where « =

v=(2a-1)2n2-1/4

(6.3)

Painlevé: a = 7]%,{’ O = g -1, 6p=n(a- 5)’ Uy = -5 773/21]2 - 5/67]1/2, where o= 02200 "
(6.4)
O

6.2 WKB analysis

In this section we apply WKB analysis (Wentzel-Kramers—Brillouin) to equation . The
aim is to get quantization conditions from monodromy date of Okamoto case solutions and eigen-
values with multiplicity > 2. that describes their lattice structure. Below we remind basics of WKB
analysis and fix our notations.

Consider the Schrodinger equation

o d?
(12455 - QG w0 65)
where 1 € C* is large parameter and

Q(zm) = Qo(2) + Q1(2)n ™ + Qa(2)n? +...+ Qn(2)n V.

In our case Q(2,1) = Qo(2) + Q1(2)n ! + Q2(2)n~? where

Qo(2) =Z2+2nz+(/@2—1)_y+wj
z z
Q1(2) =0,
1
Q2(2) = —E.

Here we recall how to construct the WKB solutions of eq. (6.5]). Assume that the ansatz (formal
series)

y(2) = [ TSGmAc), where S(zim) = nSa(2) + T Si(2) (6.6)

k>0
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is a formal solution of eq. (6.5)). It implies that S(z,7) satisfies the following Riccati equation:

d
52+ S0 < Q). (6.7

Comparing each power of 1 we get a recursive relation for the coefficients Sk (z) of the formal series:

Sgl = Q07
ds, 6.8
25 1Sk41 + d_zk + Ynem=k InSm = Qrsz (kK 2-1). (6.8)

’er>

The first three coefficients S/ (z) are

ST =V Qo(2), (6.9)
_ 2v/QoQ1 - Q)
4Qo ’

S = Wlw(ﬁl@o@a’—m’ - 4Q0Q7 + 8/ QoQ1Q) - 8Qy* Q1 +16Q5Qs).  (6.11)
0

So

The first three coefficients S, (z) are

71 = —/Qo(2), (6.12)

_ =2/QoQ1 - Qg
Sy = , 6.13
i (613)
_ 1
51 = 32@5/2( 4QoQY +5Q)? + 4Q0Q? + 8v/Qo@1 Q) - 8QYQ) - 16Q2Q2) (6.14)
By definition
1 _
Sodd (2:1) =5 (5™ (2,m) = 57(2,m)), (6.15)
1 _
Seven(231) =5 (57 (2,m) + 57 (2,m)) (6.16)
but both series contain terms of even and odd degrees in n
_ 1 _ " ’2 2 2 -1
Soad(z;m) =/ Qo(2)n 2\/—0 32Q5/2( 4Q0Q0 +5Q0” +4QoQT - 16Q5Q2)n " + ...,
Seven(2;1) = _& ! (QIQ QOQ, )7771
’ 1Qo | 1Q2 0 !
The even and odd parts are related as
1d
Seven(z;n) = ___logsodd(z§77)- (6'17)
2dz
The regular part
Saa(z:m) = Soaa(23m) =/ Qo(2)n. (6.18)
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Definition 6.2. We define normalize WKB solutions as

e Near a turning point 7 of the potential Q(z) we define the normalized WKB solutions to
be:

Wi (z,m) = P(i/TZ Sodd(C;U)dC) (6.19)

\V/ Sodd(z; 77)

e Near infinity and zero we define the normalized WKB solutions to be:

v 1
W8 (z,m) = s—z-neXp{*R”(z’”)} V=00, 0
odd 5

where

Re(on) = lim [ [ va© dg———m+—1og ] [ simcmac

2
=n(%+nz—llog(z))+0(2 )(9(77_1) (6.20)
Rozo) = lim | [ V@3¢ - (=3 )ioe()]+ [ sicimac
:n(a— i)log(z) +(’)(z)(9(77_ ). (6.21)

Here we take all logarithms as principal ones, which means arg(z) € (-, 7).

6.3 Stokes graphs

Definition 6.3 (Stokes’ curve). A Stokes curve of the potential Q(z;n) is a horizontal trajectory
of the quadratic differential Qq(z)dz? where one of the end-points is a turning point, see Fig.
In other words, in a local coordinate z, it is a curve emanating from a turning point 7 and satisfying

Im / NG (6.22)

Furthermore:

1. The orientation of a Stokes curve is defined by the direction in which Re f: Q(u)du is
increasing.

2. The directions near the point at oo are indicated by ® or © if the function Re [~ +/Qo(u)du
is increasing or decreasing, respectively, along the corresponding Stokes curve. We say the
Stokes curve is oriented towards @ or oriented away from 6, respectively. At a pole all lines
will have the same orientation and we don’t write a sign there.

54



73
T2 T4

Figure 6.1: The support of Stokes curve for the Qo(z) with zeros 7 = -8 + 0.5¢, 79 = -3 = 0.5i, 73 =
2 +1, 74 = 8 and pole at the origin.

For potential

Q0(2)222+2/€2+(F&2—1)—K+M, (6.23)

z 22
we consider Stokes curves under the following assumptions.

Assumption 6.4. o Simplicity. The roots of the potential are all simple. In the case of the
potential Q(z;s, E), there are no repeated roots and a root doesn’t coincide with the origin
if and only if
(k, W, ) € C3\ A, where

A = {dise. (Qo(2)- %) = 0} L {ai%}

e Genericity. There are no saddle trajectories i.e. there are no Stokes’ curves connecting two
turning points. Saddle trajectories can only occur if there is v in the homology group of the
Riemann surface w? = Qo(z) for which

Im&lg Qo(z)dz=0. (6.24)

Definition 6.5 (Stokes graph). The Stokes’ graph associated to the potential Qo(z) is the graph
embedded in C where the edges are the Stokes curves and the vertices are the turning points 7;

of the potential and the directions near the infinities ocoq, 00g, 003, 004,0. The graph is oriented
according to definition The Stokes curve is indicated with blue and red lines in Figl6.3]

Furthermore, we decorate the Stokes graph with the following additional contours.

1. Branch cuts. We draw additional paths called branch-cuts between all pairs of turning
points in such a way that they do not intersect any Stokes curve. Their orientation is fixed
in an arbitrary way that we shall specify in each case. These branch cuts are indicated by
green lines in Fig. for each possible Stokes graph configuration.
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2. Ideal paths. In the compliment to the Stokes curves in C we connect the different ooy, 0o, 003, 004, 0

in all possible, topologiacally different, ways. These paths are indicated by dashed lines in
Fig. [6.3] and determine an ideal triangulation of an ideal square with a point in the middle.
We call these paths ideal paths and the resulting partition of the plane the ideal triangulation.
We orient the outer ideal paths that form the square in the clockwise way (see Fig. , while
the remaining inner ideal paths are oriented towards the & directions. Note that the ideal
paths separating Stokes regions intersect one and only one branch-cut, and the orientation of
an ideal path on the two sides of a branch cut is opposite. Refer to Fig. [6.3

The construction in Def. under the Assumptions is crafted so that each Stokes region
2 has precisely one and only one turning point on its boundary.

In the fig. we show all possible topological configurations of Stokes graphs. Here signs,
always the same as on and Stokes curves are ommited and we draw only the ideal paths that
triangulate the square with a point inside. We draw them as a graph where

e the nodes are triangulations.

e the edges: two nodes are connected if corresponded triangulations differe by one ideal path.

Infact, there is higher combinatorial structure called associahedron, a convex polytope in the space
of dimension 4 (number of the inner ideal pathes), with the same nodes and edges. Moreover, it
has

e convex sides that have the same triangulations up to two edges,

e convex 3-d polytopes that have the same triangulations up to three edges.

It is difficult to draw.
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Figure 6.2: All possible topologies of triangulations associated to the Stokes grpaph. The red figures
denote the areas of spectrum degeneration. The blue figure denote areas of Okamoto solutions.

Theorem 6.6 ( || ) Let & be a Stokes region. Then there exist unique solutions \Ifi@),
of (6.5)), that we refer to as normalized solutions, that are asymptotic to the WKB solutions in
Def. uniformly in x in the Stokes region, that is:

() ~ {7 (@) o0, z€D. (6.25)

Furthermore, let Dy, 2, be two adjacent Stokes regions separated by the Stokes curve vy oriented
same way as in [BCHG24| with 9, on the left and 9, on the right of v. Then the corresponding

57



solutions \Ilf’z, ‘I’ij’“ are related by:

1 0
B:=] 1] if v is oriented towards &
17 9 17 17 -1
[\nge)q,(/z)] _ [\Ilgj’“)\lf(,j’“)] . (6.26)
i
R:= 0 1] if v is oriented away from ©.

Proposition 6.7 (WKB jumps). Fiz a potential Qo of our type and suppose that it has one of the

generic Stokes graph configuration from the fig. [7.3, [71), [6-3, [7.3, ! q 6. The Riemann-
vy

Hilbert problem for the vector valued function ¥ such that ‘If|9 ( ) with U|g defined in
Theorem . consists of the following oriented contours in C with thezr associated jump matrices.

1. Square root branch cuts of finite length: To each square-root branch cut (coloured green),
with the orientation, we associate the jump matric

0 ¢
G:= |:Z 0]. (6.27)

2. Fourth-root branch cuts: in the configurations Ty, Ty, T3, Ts, Tg,r> o Ty there is an extra
jump contour corresponding to the fact that

Soaa(z,n) ~ n"2Qu(2)* + O(n1/?). (6.28)

To each fourth-root branch cut we associate the jump matrix Y = —1. The fourth-root branch
cuts are coloured in yellow. Note there is no need to specify the orientation of these contours.

3. Stokes curves: along each Stokes curve oriented towards & or away from © we assign the
Jjump matrices B and R (respectively)

1 0 1 1
B::|:_Z, 1], R::[O 1]. (6.29)

The Stokes curves are coloured blue or red, respectively, in Fig. [7.5

4. Inner ideal paths: along the inner ideal paths with the orientation, we associate the follow-
mg jump matrix

evi

k 0 Tk
Vji, = exp (o3v55,) = [ 0 6-%], vk (1) :/ Sodd(z+,n)dz (6.30)
7

where j,k €{0,1,2,3} and 7,7, are turning points, with T; the one on the region to the left
and Ty, the one to the right. These contours are denoted by a brown dashed line in Fig. [6.3

5. Outer tdeal paths: along the outer ideal paths separating the external regions from the
Stokes regions we associate the jump matriz corresponding to the connection formula between
turning points and infinity in the Stokes region v € Z:

W ;
W} = exp(azu”)) = l <u>], w” () 1= Roo(2:5m) - / Soda(z,m)dz,  (6.31)
i

0 e
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where j € {0,1,2,3}, 7 is a turning point and Re(2;n) is the particular antiderivative in
, and v denotes the Stokes region. These contours are denoted by a black dashed line in
Fig. 6.3

The superscript (v) denotes the Stokes’ region. This is necessary because these connection
formulas will connect an unbounded Stokes’ region abutting oo and another one abutting a
particular turning point 7;. We recall that the antiderivative Roo is defined with the principal
determination of the logarithm. Hence the contour of integration in the counter-term in
must be taken along a path in a well-defined simply connected domain. This domain can be
defined rather arbitrarily, but we choose it as the domain obtained by removing the branch-
cuts [11,72],[73,74] as well as a path [19,73] passing through the origin and an unbounded ray
from [14,00-e"™] (along the negative real direction).

6.4 Configuration T3

\‘(

(@35 | ()

Figure 6.3: Configuration T;.

Here the yellow fourth root branch cut goes over the blue line, so that the jump is - B.

Proposition 6.8 ( [BM22]). Let
D = diag(p,q), C =diag(c,c™"), p,q,ceC\{0}. (6.32)
Fixm,neZ and let

6. = 2m+n+1.

1
z 6.33
67 2 ( )
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Then, (PIV)) has the Okamoto rational solution

_Q Qmun+1(2)Qms1,n-1(T)

u(x) = ugo(z;m,n) = 6.34
( ) & ( ) 3 Qm,n(x)QWHl,n(-T) ( )
if and only if
S§1 =83, S92 =854, 8182 =8354 = -1. (6.35)
In this case,
e*iﬂ/G
E=D C. (6.36)

_2 infe

1
2
1
V3 V3

In the computation of the Stokes’ matrices in terms of Voros’ symbols we need the parameters
3, @) 1 . (2) (1)
wy Wy 4 Wy 4

(2)
4

. We observe that with our choice of branch cut the Voros’ parameters w
(3)
1

and w

. : : . 4) . . :
coincide and hence we will omit the superscript. However w;”’ and wi ) differ since in

(3)

this latter case the contour of integration defining w;™’ sets off from 71 and goes to oo in the sector

3, leaving the cut of our domain below, while for w§4) the cut is left above. Thus the relationship

between the two, referring to (6.31)), is

and w

wgg) = w§4) - 24w res Sodd(z,m)dz = w§4) - 22% = w§4) - 2im(foo — 1). (6.37)

Note that given our choices of cuts for Syqq (green in Fig. we have the following relationship

T T1
v2= [ Sua(eermdz o = [ Spaaee i (6.38)
T1 T2

This is so because the boundary value z, here is meant to signify the left side of the path of
integration from 7; to 7; and hence reversing their order also flips the side of the boundary value,
changing the sign twice. Similarly vs4 = v43. Consequently in the formulas below

203, _ a
Gij=e", &2=Eu, &34=8s. (6.39)
Different is the pair ve3, v32 since Syqq has non-zero residue at z = 0 and the path used in v;; leaves

z =0 on the right so that for vez the path must run within the Stokes’ domains C’é’T while for wvsg
the path is in C’i’r. Moreover there is no branch-cut between m,735. Thus

U2g + Vs = 2imTes Soda(z,n)dz = ~2imby, = Ea3€30 = e 1™, (6.40)
z=
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_ 1 0
S, = Wy ' BW, = [_iem 1], (6.41)

(3)-1 i ewgg)—w4—v14 _Z-e—w§3)—w4 (1+E21+E21§32+§21§32§43)
Sy = (W) RV51RV3oRVysRW4) ™ = ) ev1d _
0 Wi FWwatvig
. _9,,(3)
|1 —iemr (1 + &or + €160 + E21€3263) (6.42)
0 1 '
4 _p(® _9irg 1 0

w1 g @ 2ty _ | €1 M = 0 _

S3 = Wl BWI ¢ - [_iew§3)+w§4)—2iﬂ'0°o ew§3)—w§4)+2i7r9°o B —i€2w§3) 1 (643)

(4) (4)

Wa—W; ' =041 _ja—Wa—w;  +4im0e—v41
S1 = (Wi RV34RVsaRVisRW(V) ! = le : e (L fos + Laals + Laalaalio)

4
0 e—’w4+w§ )+’U41

_ [1 —ie 20at Il (1 4 €34 + E34803 + 534523512)] (6.44)
0 1 )
M = _ _ -1_ 1 0 ~03(v23+v32)
Mo = (Vas(-B)V32(-B)) ™ = [z‘(l + ) l]e : (6.45)
B = Wi RV R = e [(1) i *1543)] gvias (6.46)

where we have used (6.37) in (6.43). In simplifying (6.44) instead we have used that, from the
definitions

T4
wi —wi? = vy +va3 + v34 = 014 = / Soaa(z;1m), (6.47)
T1

where the contours of integrations of each v;; here runs below the cut (i.e. in the Stokes’ domain
in the lower half plane in Fig. [6.3)). Similar considerations apply to (6.42]).

Okamoto solutions

The system ((6.35)) corresponding to the Okamoto solution yields finally the following system for
the parameters

62(wf)_w“)@ §12623634) = 1

§12 = &21
§34 = &43
_ . . —2imly _ im
eV287V32 = oxp (2z7r12"<3(s). Sodddz) =e ™= (-1)"es (6.48)

1+ &34 + 623834 + £12803834 = 1

1+ €43 + €43832 + £43832601 = 1

The bracket in the first equation signifies an identity (as a reminder) that follows from the defini-
tions. The unique solution then found

2im

fo=Cn=Cu=&s=Ep=Ci=e 3, 27 =(-1)"%. (6.49)
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The monodromy around zero is computed by ([6.45)), (6.46) using the solution (6.49)and results
in
- 2wy

A = 1
G ENE™G = (1) [ie_zw‘l Zeo ] (6.50)

to be compared with the Okamoto solution

E—1€—27ri9003E _ (_1)77,
21

(6.51)

O N .

The matching is provided by the residual freedom of conjugating the whole monodromy data by a

diagonal matrix C = diag(c, ¢™*) for ¢ = %ew‘* and hence there are no further constraints.

We summarize the above computation with the following.

Proposition 6.9. In the region T3 the quantization conditions are

/ Sodd(z+,m)dz = 277/ VQo(z:)dz+0O(n™h) = — U 2imly, 11 € Z, (6.52)

2 Sodd(ervT/)dZ = 277 \/QO(Z+ )dz+O(n) = Z— +2imly, Iy € Z, (6.53)
T3
T3
2 Sodd(2z+,m)dz = 277 \/Qo(z+ Ydz+O(nh) = =— U 2irls, l3€Z, (6.54)

T2

where the contour in the latter condition leaves z =0 to the right.

Remark 6.10. Not all the above integrals are independent. Indeed since

T2 T4
2/ Sodd(z+7 77)d2 + 2/ Sodd(z+777)dz = 27”.(900 -1+ 90)
T1 T3
and using (6.33]), we have the constraint
2 4
O —1+0g=m+n—-—-=—-+11 +1
o=m+n 373 1162

where m,n € Z. Therefore l1 +ls =m+n— 2.

Remark 6.11. The above quantization conditions should be equivalent to the one derived by
Buckingham and Miller in [BM22].

Sextic oscillator

1 0]. These conditions imply that

A quasi-polynomial solution requires that So = Sy = [0 1

{1 + &1+ §21832 + £21832843 = 0, (6.55)

1+ &34 +&34803 + E34623812 =0
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with the extra condition

~4im(N-2L+1)

1 M 1
V93 +U39 = 217 res Sodd(z,m)dz = —2i7T77(0¢—§) = _2i7T(N_7+Z)’ = o33 =e =-1.
z=
(6.56)
| T1 /\ T2 T3 u T4 |
m (S e S S S S D )
Figure 6.4: Configuration T35 with the path of integration.
We recall that

Gj=e™, Ga=8n, &a=Cus, (6.57)

so that we have a one-parameter family of solutions, and we still need another equation. This is ob-
tained by requiring repeated eigenvalues for the sextic oscillator, namely the condition of vanishing
of the integrals . To impose this further condition we need to express the solution in terms of
the WKB approximation and substitute it in the integral. We recall that the condition was
established before the change of variable 22 = z, and the solutions transform as antisemicanonical
differentials. Thus, in the end, the condition for the particular solution is that

002;5+1 d
| veeg-o

002;-1 2z

where ¥ is the (unique) solution that is recessive along both directions. With reference to Fig.
[6.3] we will express this integral in terms of the WKB approximation piecewisely in each Stokes’
region. We start from the recessive solution oA in the region A; and then express it, using the
jump matrices, in the adjacent subsequent regions Bi’T,Ci’T,Di’T,El. After doing that we know
that we obtain a multiple of the recessive solution WD, the fact that there is no contribution of

the dominant solution \Ingl) is due to the fact that we have already imposed the conditions so that
the Stokes’ matrix S = 1.
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Now, the same arguments used in [BCHG24] show that in the end we only have the contributions
(to leading order in h) coming from integrals along the branchcuts [71,72] and [73,74]. In those
regions we have the identity:

G (1) - {w@%z; DRRIE)) ze (B U(B))

e (=i (z:0) + 0 (2:h))  ze (DY) U (DY), (6.58)

Then the condition (6.4) reads:
o1 (A1) (L 5))2 T (7). ()¢, . T4 (M), . (ta) (¢, .
/ (\IJ— (Z—ﬂh)) dZ§2Z/ 1/}+ (Z—7h),l/]— (Z—7h)dz_2~ ’U14/ w-ﬁ- (Z—7h)w— (Z—ﬂh)dz

ie
o3 z ) z z

A (™ dz /T4 dz
=2 - " | 6.59
(/7'1 280ad(z-;h) T3 280dd(z-; h) ) ( )

where the choice of boundary value is dictated by the choice we made of Stokes’ regions (which are

on the — side of the branchcuts as we traverse them in the direction 7 - 72 and 73 - 74).

Now the integrands read simply (to leading order) ——3.—— and hence coincide with the
‘/H§:1 z2=Tj)

3

holomorphic differential on the elliptic curve w? = H?zl(z —7;). Thus the two integrals are in fact

one opposite to the other and we arrive at the condition:

o (W) (2 )2 /W dz
= ) qee2i | ———(1+e") =0
/ - ZSodd(z—;h)( )

o3 z

This gives the required extra condition; recalling that V14 = £15€93€34 we thus finally obtain the
complete system:

1+ &1 +&21832 +€21832843 = 0,
1+ &34 + &34803 + €34623812 = 0,
§12623834 =1

6.60
§12 = &1 (6.60)
&34 = &u3
&23832 = 1.

This system has the unique solution

§i2=821=8a =83 =-1, &fa=E&2=1
Expressing this in terms of the Voros symbols we obtain the parallel of Prop.

Proposition 6.12. In the region T3 the quantization conditions for the Shapiro—Tater problem are

T2 T2
2/ Sodd(z+,m)dz = 277/ VQo(z:)dz +O(™h) = im + 2inky, k1 € Z (6.61)
71 1

T4 T4
2 Sodd(z+,m)dz =21 VQo(z:)dz + O™ = im + 2inky, ky € Z, (6.62)
T3 T3
T3 T3
2| Seaa(ze,n)dz=2n | /Qo(z:)dz+O(n™t) = 2inks, kseZ, (6.63)
T2 T2

where the contour in the latter condition leaves z = 0 to the right.
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While the conditions in Prop. [6.12) and Prop[6.9] are not the same, they translate to the same
condition for the branch-points up to O(h) since the term S,qq at leading order is O(h™!), here
h =n~" where 7 is the large parameter. It would be interesting to derive precise deviations of these
conditions in terms of the Painleve’ variable, thus localizing the poles/branching conditions more
accurately. Nonetheless, these are sufficient to explain the structural similarity of the patterns.

Analysis of the two lattices

A B

Figure 6.5: The choise of (A, B) cycles for configuration T3.

Lemma 6.13. Let A and B be the canonical homology basis as in figur [6.5]and consider the periods

Iy:= ﬁ\/Qo(z;m,W)dz, Ig = é\/Qg(z;n,W)dz. (6.64)

Then
oL Ol
ok OW )
det =-2 .
e ol ol iT (6.65)
ok OW

Proof. For Qo(z) = Qo(2; k, W) from (6.23)), namely Qo(2) = 22 +2kz + (k2 1) - % + (O‘_Zl#, the
following relations hold

Ol 4 / z+k
— = zyk,W)dz =
ok J40k Qo ,/—Qo(z

g{/[f/l /8WW /22 Qo(z

The same is true for B-cycle. We observe that % is a second kind differential with second
order pole at co* with asymptotic behaviour as z — oo
k)d
GRdz L4 o 2))de, (6.66)
Qo(2)

while \/—_dz is a holomorphic differential and its integral has the following expansion at co*

Qo(2)
© e oo —dg 1 L
6.67

/n QC\/QO(C 1 Qo(¢) F2 oG (667
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The determinant can be obtained from the celebrated Riemann bilinear identity

0In 0l 91a0Ip _ztk - dz_/—_l dz 2tk dz
Ok OW  OW Ok Jay/ Qo(z B 2z\/ Qo(z A22/Qo(2) /B VO (2)
, (z+k)dz -d¢ ] 1 1
=2im Z res [ (————):—2z7r
p=oco* : VQo(2) Jr 2¢\/Qo(C) 2 2
O
We observe that for configuration T3
:%:_/ dz , ’:%:_/ dz (6.68)
oW 2/ Qo(z4; K, W) ow n 2/ Qo(z4; K, W)

are the half-periods of the holomorphic differential — For the other configurations, we will

dz
Qo(2)
have the same integrants but different limits 7;.

Proposition 6.14. Consider the subspace (r, W) c C? such that the Stokes graph has the topology
of T3, moreover, the quantization conditions (6.52)-(6.54) hold. Let (ko, Wy) be a solution to the
quantization conditions and (k, W) = (kg, Wo)+(Ak, AW) a neighbouring point in the lattice. Then

1
R~ —(—’w(l{o, Wo)All + w’(Ko, Wo)Alg), All, Alg € Z, (669)
n

where w(ro, Wp) and w'(ko, Wo) are the half periods of the holomorphic differentials in (6.68)
evaluated at kg and W.

Proof. The notations come from the variation of quantization conditions ((6.52)-(6.54) with ¢4 =
B = —%’r. Variation of the period integrals can be written as

I I
(IA(KO,WO) 2 =N gV;}Aw) L O(Y) = i a0, Wo) + 2im(ls + AlL), (6.70)
(IB(KO,WO) + aIBA givsmv) + O™ = o (0, Wo) + 2im (I + Als), 6.71)

where [q, I3 € R are cosidered as continuous parameters. From this we write the relatation between

variations
o, Ol
All i Ok OW Ak (6 72)
Alg| 2im|0lg Ol AW | ‘
ok OW
Using lemma we get the inverse
o1, ol
oA AW | '
The first row gives us the eqaution for Ak. O
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An analogous relation can be obtained for the variation of the quatization conditions (6.61),
(6.63) for quasi-polynomials.

Proposition 6.15. Let (kg, Wy) correspond to the first order quantization conditions , ,
(6.54) or (6.61)), (6.62), (6.63)) in the bulk, namely ™5 <1;/ <m+n. Then the neighbor points in
the k plane to the point kg, form a slowly modulated lattice in the sense that the closest neighbours
of sg are the points

/

ko — 2ol + L6l (6.74)
n n
where
(5l17 513) € {(17 0)7 (07 1)7 (_170)7 (07 _1)} (675)

Proof. We use variations (6.70)), together with quantization conditions (6.52), (6.53)), (6.54):
now variation Al; needs to be integer, so we write 0l;. Let (l1,l2,l3) be a triplet for Okamoto
quantization conditions. The neighbour points correspond to adding/substracting 1 from each,
subject to the constraints

(5[1 + 6[2 = 0, (5[1 € {—1,0, 1}

There are 4 elemetary possibilities
(011, 6l2,013) € {(1,0,-1),(0,1,0),(-1,0,1),(0,-1,0)}.
Similar is true for the sextic oscillator case. O

Near the origin. Let (x, W) = O(n~!). Then
-1/2)?
Qo=2"-1+ (o= 1/2)7 2/ ) +O(n™h).
z
In the limit n,m — oo with * = const
1
T =+ Ei\/a(l—a).

If % < a <1, then all 7; lay on real line and spectral curve is of the shape as on figure Moreover,

/ \/ CE; %ra

/ \/ L (a-1p2)? 1/2)2

2% - /(1 -2a)2 + 428 — 422 \\ |
4(\/(1 20)2 + 424 — 422 + log (- 222+\/(1—2(1)2+4z4—4z2+1)+(4a—2)tanh_1(Z V(-20)7+4s Z))

200 -1

1
LT

= 50&7 for T1 = —

+vVa(l-a),m=- %—\/a(l—a).

N =
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Theorem 6.16. Let M € Zso+6, 5 €{0,1} and M +6 < N <2N -25. If
m=2N-M+6, n=M-N +6,

then, as M, N — oo, close to t =0 the zeros of

1. RMN(\/_t) scaled by nSX/T, where ngxr =2m+n + g’,

2. Qon,—m(t) scaled by 171_3}/5, npry =2m+n+1
coincide with the discrepancy O(n~2).

Proof. Let us now set x =n '8k, W = 16W. Then we use the following linear approximation

= B 0K dz 5W 9
/T1 Qo(z, k,W)dz = / VQo(z,0,0)dz + / \/m / —22 —Qo(z > 0)dz+(9(77 )
= %a+ — (10K + c20W) + O(n~ ) (6.77)

We can write the quantization condition (A-cycle) (6.52) for PIV and (6.61)) for SXT as
] 2
2 (2m +n+ 1) %r apry + 015/6 + 025W + 0(77_1) = giﬂ‘ + 2’L'7T(ll + 5[1), (6.78)
2 (2m +n+ g) % QsxT + 10K + c20W + (’)(77’1) =im + 2im(ky + 0k1). (6.79)

We remind, that

Op+ 0o —1 m+n+2/3 2N+2  m+n+1

% -2  2mintl’ TN 3T omint32

After the identification Iy = k1 and dl; = dk1, subtracting from gives
c1 (0K - 37—5) + o (6W - W) =O(n™.

The computation is similar for B cycle and gives
cs (0 - ;57%) +cq (6W - (TW) =0(n™).

Together they ensure that 6k — ok = O(n1).
Since the uncertainty of 8% —dr is of order O(n~1), it follows that the uncertamty on k =110k,
and & =116, is of order O(n~?). To finish the proof we remind the scaling from (6.3)), (6-4)

1 1
b= WSQXT\/§“= a=nprhk-
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Chapter 7

Other configurations

7.1 Possible configurations

Here we consider other possible topological configurations.

Configuration 75

Figure 7.1: Configuration 75.
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Stokes matrices are

R |1 0

Sy =W5 " BWjs = [_iegws 1], (7.1)
~ . —2wg4 -1

S5 = Wi RVas RViy RV = [(1) ie (1 + 5124 +&24853 )] : (7.2)

= _ 1 0

Ss = W' BVi4BW) = [—i62w1(1 +éu) 1] ; (7.3)
~ - —2w3

SZl _ ngR‘/é3R‘/i2RW1 _ I:(l) e (1 + é1'23 + 523512)] ’ (74)
Mo = V42 BV BV B = ¢73(v12+0217014) ! 0 7.5

0 12 41 24 (& _1/(1 +£24+§24§1_i) 1 9 ( . )

N - —2w3
TP ) R -,

For generalized Okamoto polynomials we scale Buckingham-Miller’s monodromi date by

c= i%ewl. The Stokes matrices need to satisfy

—iele,

. 2wy 1 -1\ _ ;2w
e (1 + Eoq + £24&53 ) = i€,
—ie?WL (1 + £14) = —ie?,
ie72W3 (1 + Egg + E93€12) = e 2L,

That third equation can’t be solved (see the remark .
A quasi-polynomial solution requires

—je?ws =

1+ &g+ Eouéq3 =0 (Stokes matix),
1+ &3 +&23812 =0 (Stokes matix), (7.8)

er1ztraaTle = ] (Monodromy around 0),

The next two equations below derived from the fact that solutions normalazied the same way in
all sectors contating infinity

ST (LA CIOR SR ) 2 e (B)u (B, 79)
- iev120 (™ (zim) + e 20 (2:), 2 e (C7)u(CY).
09 .y - [P i)+ 0 ), 2 € (Bj)u(BY). (7.10)
T e e () + e (2), 2 e (CF) U (C).

For degeneration of algebraic spectrum the next integrals must be equal to 0

(A1) 2
o1 (W27 (2;m) 2 () (N (T (. 73 0 (73) (e N (T3) (.
_ / ( )dz:2i/ ey (zm)Yl (z,n)dzwi/ Y (e (=)
T z T z

03 z 2

1

T2 T3
- 2z(/ dz +/ dz ) -0, (7.11)
n #Sdd(23m)  Jry 28caa(z3m)
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(A2) 2
cor (W17 (23m) 73 (T (e N (1) (. a1 (T3) (N (T8) (.
vy / ( )dzg%/ e G (z,n)dﬂm/ Y (e ()
T z . z

3 z 3

3 dz i dz
_ 9 / . / ) - 0. 7.12
( T ZSodd(z;n) T3 ZSodd(Z;n) ( )

2

This way

2 dz /T4 dz /73 dz
_— _— ~ _ 7.13
/rl ZSodd(Z;n) T3 ZSodd(Z;n) T2 ZSodd(Z;n) ( )

One condition should be enough, the second follows automatically.

Configuration r2 o T}

Figure 7.2: Configuration r2 o T}.

The Stokes matrices are
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—je?ws 1

S3' = Wit RVa1 RVa3 RVay RVsy RVis RW)

Sy =W;'BW, = [ 1 O], (7.14)

_ [1 e (1 €55 + €360 + €13 E23€n + 13 €a32bas + E13 €3622€25651) (7.15)
0 1 ’ '

& -1 B 1 0

S3 = Wl BWl = [—’iele 1 5 (716)
~ - 2wy
M = Vay B = 73722 [_1Z (1’] , (7.18)
51 _ -1 -l eTATIsTSL et Tas T (—] + €3y + £34603)

E = W4 RG ‘/34RV23R = —jeWatv23+u3s eWa—V23+V34 (1 + 523) (719)

i

N

For generalized Okamoto polynomials, after the scaling ¢ = —=z¢e"#, the Stokes matrices

need to satisfy

—je?Ws = _je

ie™ 2 (1 + &4 + €73 a3 + 13 €oson + E13 Ea3bonos + €13 Eaanbasésy ) = ie 24,
—je?W1 = —je?wa

je 2wa (1 + {34 + 634513) = je 2Wa,

2wg4
)

(7.20)

That is equivalent to

514 = 11
1+ &73 + €73 Ea3 + €73 Ea3bon + £13 Eo3€oos + &1 Ea360080séa) = 1, (7.21)
1+ &34+ 834813 = 1.

That is equivalent to

§1a =1,
§13 =1, (7.22)
1+ Eo3 + Ea3&an + E23€ala3 + £23€20€03851 = 0.

A quasi-polynomial solution requires

1+ &73 + &3 603 + €13 Ea3bon + £13 o380 803 + £13 E2360282385, =0 (Stokes matix),
L+&34+ 834813 =0 (Stokes matix), (7.23)
eV =-1 (Monodromy around 0),

7.2 Excluded configurations

Here we pose topological configurations and conditions, that shows, that these configurations can’t
satisfy necessary condtions on Stokes data for both Okamoto and quasi polynomial cases.
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Configuration T3

(%)

(E3)

03 o001
00y
Figure 7.3: Configuration T7.
The Stokes matrices (see the eq. (3.18))) are
5 ol N 1 0
Sl = W]_ BVQIBWQ = -—’L.€2w2(1 +€21) 1 3
s (1 de22(1
S5 = W5 RVag RV, = . ie (1 +§23)] ’
S3 = W3 'BVisBW, = ! 0
3713 43 4= _—i€2w4(1 +€43) 1|’
s [1 de21(1
Sl = Wi RVi RW; = . e (1 +§41)]’
1 0

My = Vi1 BV34BVa3 BVio B = 73V vartvas—vaa) | L ep g :
o T [—z(1+£211+523€211+€4§523€211) 1

~ 1
-1 _ -1 _ _—o3w1
Er=W'R=e [0 1]

Remark 7.1. (Consistancy.) The product of matrices around 7
GB'RB™' =1
gives trivial monodromy as it must be for Airy equation. The same is true for 7, 73, 74.

73

(7.24)
(7.25)
(7.26)
(7.27)
(7.28)

(7.29)

(7.30)



For generalized Okamoto polynomials we scale Buckingham-Miller’s monodromi date by

c= i%ew? The Stokes matrices need to satisfy

—ie?2 (1 + &) = —ie?"2,
i€ 23 (1 + &93) = i€,
—i62w4(1 + 543) = —i62w2,

je~2w (1 + 541) = je?w2,

(7.31)

The first equation of the system (7.31) equivalent to 31 = 0 which is impossible by its definition
as an exponent. The configuration 77 doesn’t appear for the parameters of rational solutions of
Okamoto type.

Remark 7.2. Given a WKB triangulation, consider the expressions, like , of the Stokes data
for Okamoto-type solutions in terms of the triangulation variables. If there is a direction ooy that
has exacly two Stokes lines that go trough it (in the corresponding triangulation in the fig. there
is a corner with only one internal edge), an equation of the form

L+&;=1 (7.32)

will appear. This equation has only the zero solution that is not admissible. Only the configurations
Ty,70Ts, Ty, 70Ty, 72 0Ty, 73 o Ty don’t have corners with only one edge, so they can appear in the
case of Okamoto-type solutions.

The degeneration condition of algebraic spectrum from the theorem [2.11|can be written through
WKB solution as

003 003 (A1) (. 2
Q2(2)e 2@ g = /2 / Gy, g, (7.33)

o1 o1 z

This integral can be expanded over 7, the eq. (7.33]) means that every coefficient in the expansion
equals 0. For the triangulation T3

oo (A1) 2 71, (T1) (m1)
3 \I] . 1 . .
e [ P G oy
001 z T4 <
1 dz o 1
:22'/ — 02 :2in‘1/ —————dz+O(n7?). 7.35
1 %80da(2;m) (™) 2/ Qo(2) o) (739

The coefficient of i cannot be equal to 0.
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Configuration T5

Figure 7.4: Configuration T5.

The Stokes matrices are

& el ~ 1 0
Sl = W4 BW4 = [—Z.e2w4 1] 5 (736)
5 - —2ws3 -1
§51 = Wil RVis RW = [(1) e (11 +&34 )] ’ (7.37)
Ss = W5 ! BVas BVio BW; = L 0 (7.38)
3 3 BEVLREIL T _je2ws (1 4 €19 + £19603) 1|7 '
B . —2w4
SZI — W471R‘/:34R‘/23R‘/12RW1 — I:g‘) e (1 + 534 + 5;134523 + 634523512)] , (739)
My = Va1 BV1oB = ¢73("127v2) | ! o (7.40)
—Z(l + 512) 1

For generalized Okamoto polynomials, after the scaling ¢ = %ew“, the Stokes matrices

need to satisfy
—je?a = —jePwa,
ie7s (1 +§59) = ™,
—ie?"3 (1 + &2 + E10€os) = —ie*™,
i€ (1 + &y + E3aos + E3aoséin) = ie 24

(7.41)
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That is equivalent to

a1 +&34) =1,
E34(1+ &1z + &12603) = 1, (7.42)
1+ &34 + &34803 + E34823812 = 1.

Quasi-polynomials don’t appear in this configuration because the integral from the theo-

rem 217

| /oog (\I/(_AQ)(CW))ZdCN%/Ts ¢£T4)(C;n)w£74)(<;n)d<:27;/“L~§/T3 1 g
L 2 ¢ m CSoad(Gin) — m Jr ¢\/Qo(Q)
(7.43)

can’t here be equal to 0.

Configuration T

Figure 7.5: Configuration T§.
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Stokes matrices are

a1 0
Si = WitBW, = [_w?uu 1], (7.44)
B . —2ws3 -1
S;' = W3 ' RVi3RW, = [(1) e (11 + )] , (7.45)
S3 = W5 'BVi3sBW, = L 0 (7.46)
3 = 3 13 1= _i62w3(1+§13) 1 ) .
Si' = Wi RVs4RVi3RVa1 RVay RVio RW)
_ [1 i€ (1 + €34 + E34€13 + E3a€13€01 + E34€13621622 + E34€13E21 622651 ) (7.47)
0 1 ’ '
"/ o3V 1 0
M = Vas B = €73v22 [_i 1]. (7.48)

For generalized Okamoto polynomials, after the scaling ¢ = %ew“, the Stokes matrices

need to satisfy

—je2Wa = —jePwa,
i€ 23 (1+&51) = ie” 4,
—i62w3(1 + 513) = —i€2w4,

je~2wa (1 + &34 + E34€13 + E34813801 + E34€13801800 + 534513521{225511) = e~

(7.49)

That is equivalent to

Eaa(1+&51) =1,
Gi(1+&3) = 1, (7.50)
1+ &34 + E34&13 + E34€13801 + E34€13E01 €00 + E34€13E01€22651 = 1.

Quasi-polynomials don’t appear in this configuration because the integral from the theo-

rem 2.17]

03 (\IJ(_AQ)(C‘H))2 T3 ¢(T4)(C' (Ta) (. T3
, ’ o b (G2 (Gm) L d¢
we [ ; =2 GGy Y

can’t here be equal to 0.
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Configuration r3 o Ty

Figure 7.6: Configuration 3o T%.

Stokes matrices are

= _ 1 0
Si = W4 1BW4 = |:—i62w4 1] R (752)
~ : —2ws3 -1
S5 = Wy 'RV;sRW, = [(1] Le (11 + &34 )] ’ (7.53)
Ss = W5 ' BVi3BVa1 BVaa BV12 BW;
1 0
=1 . _ _ , 7.54
[—162“’3 (1+ &2 + E106on + E12622675 + E12622615E13) 1] (7:54)
- o~ 2Wy
My = Vo B = e73v22 [_1z (1)] . (7.56)

For generalized Okamoto polynomials, after the scaling ¢ = %ew“, the Stokes matrices
need to satisfy

—je?a = —jePwa,

ie 23 (1+&5y) = ie” 4,
—ie2Ws (1 + €10 + E1200 + E12802€7a + E10€ané s E13) = —ie?W4,
i€_2w4(1 + 534 + §34§13) = i€_2w4.

(7.57)
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That is equivalent to

Ea(1+&30) = 1,
&1 (1+ &a + E12bon + E12€0&1a + E12602&ia&as) = 1, (7.58)
1+ &34+ 834813 = 1.

Quasi-polynomials don’t appear in this configuration because the integral from the theo-

rem [2.17]

o /°°3 (‘I’SAQ)(CS”)):C:% /Twiu)(c;n)w@(c;n) oo [T 2 /

1
. —d
001 ¢ 4 ¢ T4 CSOdd(C;T]) N Jry (\/QO(C)
(7.59)

¢

can’t here be equal to 0.
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Chapter 8

Numerical simulations

8.1 Sextic oscillator

By comparing figures and (the small plots are done for the same parameters), we can see
how collision of eigenvalues A actually happens. Indeed in the mid part a collision of 3 eigenvalues

occurs.

e o
— inn pa } i

(~5.10) (5.10) (10,10

(16.10) (20.10) (25.10)

(0.0) M

Figure 8.2: The roots of R(b; M, N) for M € Z.
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Re b

Figure 8.1: The eigenvalues A under the variation of b for fixed M =16, N = 10.
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(5.5.10) (16.5,10)
(25.5,10)

(16.5,6)

Figure 8.3: The roots of R(b;M,N) for M € Z + 1.
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1.1 + 4.5i

R
SN

-5.5 5.5

: ?S.N—4.5i

Figure 8.4: The roots of R(b;16,10).

The plots of eigenvalues A on figure [8.5] and anti Stokes lines on figure are done for the
chosen parameter a from different regions, see figure Here we can see that all A, v,<,>,0
correspond to different topologies of Stokes graph. The correspondence is depicted at the figure [6.2
in blue.
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-40
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(b) b=-5.5

Figure 8.5: The eigenvalues A for differen parameter b.
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(d) b=55
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Figure 8.6: The portrets of Anti Stokes lines for differen parameter b.
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af i Jl
Y2 o .' : .‘ ‘ N 2}
=10 -5 5 100 =10 ;5. : 5 10
2L : © -2
41 t. -4l
Figure 8.7: M =5, N =10. Figure 8.8: M =5+ %,N =10.

Figure 8.9: M =16, N = 10. Figure 8.10: M =16+ 1, N =10.

For M € Z + % there is an iteresting spliting. Vertical shift

1
M'=M, N'=M-N-_, (8.1)

inspired by Vieta’s jump for quadratic equation, gives top and bottom triangles. Composition of
rotation (N, = N, M, =3N — M), vertical shift and then rotation, that is equal to

3 1
M”:—§+3N—2M, N”:2N—M—§, (8.2)

gives left and right triangles.
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Figure 8.11: M =25, N =10. Figure 8.12: M =25+ %,N =10.

>>>>>>>>>>>>>>>>

Figure 8.13: M" = -4-1
N" =3.

Figure 8.14: M =16+ 3, N = 10. Figure 8.15: M’ =16+ 3,
N’ =6.

In the figures and we show the examples when —%(M +3)<N<-M-3 (or —%(M +
3+ %) SN<-M-3+ %) and M €Z (or M + % € Z). They are identical to the ﬁgures and

87



3 M —N" 3=oM-=N+1L

. . . . . . . . . . . . . 2‘
N TQ]\J.|..]\4+3. N T?]\(‘+.M+.3‘Jr%.‘

Figure 8.16: M =-19, N = 10.

Figure 8.17: M =-19 - 3, N =10.
There are similar formula for rotation by /2
r: M'=-6-M-3N, N' =N (8.3)
and factorisation in the case of M + % ezl
byert : M’ =M, N =-M-3-N-1
-1 " 1 " ?1 (84)
¢h0r:T ¢Vert'r: M :_8_2M_3N+§, N :3+M+2N—§
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8.2 Numerical computations for Okamoto polynomials

0.8 + 3.3i

L 0.4 + 0.4i

20
/:4 ‘2
-0.4 . o . L
_2f
° o-4f o °
ol 0.8 - 3.3i

Figure 8.18: The zeros of O_4 _¢(a).

The plots of anti Stokes lines on figure are done for the chosen parameter a from different
regions, see figure [8.18] Here we can see that A, v and <,0,>> correspond to three different
topologies of Stokes graph. The correspondence is depicted at the figure in red.
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Figure 8.19: The portrait of anti Stokes lines for Okamoto for differen parameter a.
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