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We compute new exact analytic expressions for one-loop scalar effective actions in Kerr (A)dS black hole
(BH) backgrounds in four and five dimensions. These are computed by the connection coefficients of the Heun
equation via a generalization of the Gelfand-Yaglom formalism to second-order linear ordinary differential
equations with regular singularities. The expressions we find are in terms of Nekrasov-Shatashvili special
functions, making explicit the analytic properties of the one-loop effective actions with respect to the
gravitational parameters and the precise contributions of the quasinormal modes. The latter arise via an
associated integrable system. In particular, we prove asymptotic formulas for large angular momenta in terms
of hypergeometric functions and give a precise mathematical meaning to Rindler-like region contributions.
Moreover, we identify the leading terms in the large distance expansion as the point particle approximation of
the BH and their finite size corrections as encoding the BH tidal response. We also discuss the exact properties
of the thermal version of the BH effective actions by providing a proof of the Denef-Hartnoll-Sachdev
formula and explicitly computing it for new relevant cases. Although we focus on the real scalar field in
dS-Kerr and (A)dS-Schwarzschild in four and five dimensions, similar formulas can be given for higher

spin matter and radiation fields in more general gravitational backgrounds.
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I. INTRODUCTION

The study of quantum field theory in curved spaces
has many important applications ranging from more
formal ones such as anti—de Sitter/conformal field theory
(AdS/CFT) correspondence to more phenomenological
such as the study of the production (and the propagation)
of gravitational waves by black holes (BH)—and more in
general heavy compact objects—as well as the behavior of
radiation and quantum matter in their vicinity, determining
for example the properties of their photosphere. In order
to obtain exact analytic results in this framework, the first
approach is to start from the analysis of BH linear
perturbation theory while postponing that of nonlinear
effects. These might be important to understand fine
structure effects in gravity and systems coupled to it.

The linearization of Einstein equations around BH sol-
utions has been a classical subject of investigation in parallel
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with that of the study of one-loop effective actions in BH
metric backgrounds. As it is well known, the high degree of
symmetry of many BH solutions allows the reduction of the
problem to second-order ordinary differential equations
(ODEs), namely the Teukolsky equation [1], due to the
separation of variables. The relevant differential operators are
second-order linear operators related to Fuchsian equations
with four regular singularities on the Riemann sphere, also
known as the Heun equation. Notice that this holds for Petrov
type D metrics in general [2].

Recently an exact analytic formalism to handle spinning
(A)dS BH has been developed [3-6] from a powerful
technique arising in the context of supersymmetric quantum
field theory in four dimensions and conformal field theory in
two dimensions. This is based on the Nekrasov instanton
counting formulas in D = 4 N/ = 2 gauge theories [7], the
Alday-Gaiotto-Tachikawa correspondence with Liouville
conformal field theory (CFT) [8], and the link of these to
integrable systems developed by Nekrasov and Shatashvili
[9]. In this context, the semiclassical limit of Liouville
correlation functions concretely realizes the explicit solution
of the Heun differential equation, and crossing-symmetry of
2D CFT allows to compute the matrix of connection
coefficients in terms of the so-called Nekrasov-Shatashvili
(NS) function [10]. See also [11] for parallel speculations.

In this paper, we apply the above techniques to compute
the one-loop Euclidean quantum action of scalar particles

Published by the American Physical Society
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in full four and five-dimensional Kerr-(A)dS backgrounds,
whose field equations separate in Heun equations. Let us
observe, moreover, that the same techniques can be applied
in higher dimensions, which typically give rise to ODEs
with more regular and/or irregular singularities.

A general formalism for the study of the quantum
effective actions in a black hole background in Euclidean
quantum gravity [12] was settled in [13], where a formula
for the computation of determinants in thermal spacetimes
in terms of quasinormal modes was proposed. However,
explicit calculations were so far restricted to three-
dimensional BHs or more in general problems reducible
to hypergeometric operators. The general structure of the
determinant was conjectured to be given as a product over
the (anti)quasinormal modes of the BH background. We
provide an explicit calculation and proof of this statement
in this paper, by making use of an improved computational
technique by which the relevant analytic properties of the
effective actions are manifest. We devise a method to
compute the one-loop determinants directly from the
connection coefficients of the Heun equations by general-
izing the Gelfand-Yaglom method [15] to differential
operators with singularities. These results are obtained
via simple manipulations in Appendix A and then applied
in the paper to the Heun differential operator. Similar
formulas appear also in [16]. The application of the
Gelfand-Yaglom method to higher dimensional differential
operators admitting separation of variables is not a novelty,
as it has been studied in the elegant analysis of [17].

Our computations make contact with previous results as
follows. As it is well known [13,18], the quantum effective
actions are parameterized in terms of the QNMs up to the
exponent of a polynomial function in the background
parameters (see also [19] for more recent developments).
In this paper, we give closed formulas for the determinants
leading to the one-loop effective action and the rule to
compute their spectrum from the NS function of the quantum
integrable system associated to the specific Heun equation
arising in the gravitational model in the above perspective.

An interesting feature of our results is that the formulas in
the full BH background, when computed at the leading order
in perturbation theory in the BH radius and for large enough
angular momenta of the perturbation, undergo a simplifica-

tion corresponding to the point-like approximation for the
|

BH in the sense of [20]. In this approximation, the one-loop
effective action can be obtained by approximating to a
hypergeometric problem with shifted parameters, which
explicitly change the arguments of the Gamma functions
[see formulas (5.22) and (5.23)]. The complete determinant
is instead computed by taking into account the full extended
structure of the horizon which is relevant to keep track of the
tidal properties of the BH and is given in (5.29).

Moreover, the formula for the determinant of the Sturm-
Liouville operator with two regular singularities at z = 0
and z = 1 has a clear physical meaning when specialized to
the near-horizon analysis as in [18]. We indeed get

2 2 Cl2
det| —+V = =
© <dz2+ (Z)> I(1+ag+a)l(ag+ay)C,

(1.1)

where ay and a; (supposed to have a positive real part) are
the indices of the two singular points, C denotes the Heun
connection matrix between two bases of independent nor-
malized solutions around z =0 and z = 1, C;, being the
connection coefficient in front of the discarded local solution
at z=1, and C;, denotes the corresponding connection
coefficient in a reference simplified hypergeometric problem
whose singularities at z = 0 and z = 1 have the same indices
(see Appendix C for the derivation of the above formula).
The factors in the denominator coincide with the ones that
were used in [18] to normalize the effective action to extract
the physical single-particle density of states of an ideal
thermal gas of scalar particles in the BH background. This
physically correspond to the normalization of the effective
action due to the Rindler-like region, which is obtained by
zeta-regularizing the exact hypergeometric computation.
This gives a direct explanation and explicit proof of the
observation made in [18] that the Euclidean path integral
uniquely fixes the reference for normalization.

By a};plying the results of [10] for the connection
matrices” in (1.1) and the proper dictionary between gauge
theory and gravity variables, one can use the above
determinant formula to compute the one-loop effective
action in Petrov type D BH (or their thermal counterpart)
backgrounds. Concretely, after the separation of variables,
the determinants of the radial modes at given frequency and
angular quantum numbers is given in terms of the
Nekrasov-Shatashvili function F as

22T(=20/a)T(1 — 20'a)

det(Drad - Afﬁz)[w] =

X t—a0+0’a exp <_

%aHOF(t) + %dllF(t) - gaaF(f))'

;Ha:if(% —ay—0a+ aa,)l“(% —0a+a, +oay)

o (12)

'A related observation was done in [14] where the propagator in Lorentzian signature was proposed to have a similar structure, the
one-loop effective action being the integral of the logarithm of the Fourier transformed propagator.

%See also [21] for a mathematical counterpart of the analysis.

106006-2



ONE LOOP EFFECTIVE ACTIONS IN KERR-(A)DS BLACK ...

PHYS. REV. D 110, 106006 (2024)

These get re-summed in the quantum numbers [see (2.8)]
leaving behind the one-loop BH effective action

T = [ a0y log (et(Dog = Agmla)). (13

o £,

In the above formula, we used the fact that the contributions
of the QNMs coincide with those of the anti-QNMs (see
Sec. V for a detailed explanation), and the factor 1/2
coming from the functional determinant of the Klein-
Gordon operator for the real scalar simplifies. The concrete
dictionaries connecting the gauge theorylike variables
in (1.2) and the gravitational variables of the specific cases
we study are in (3.26) for the Kerr-de Sitter case, in (3.40)
for the Schwarzschild-de Sitter case, and in (4.8) for the
Schwarzschild-anti-de Sitter case. Note that the formula
itself also depends on the dictionary through the sign of
Re(ag) and Re(a, ) [see Appendix C 2]. In Eq. (1.2), F(¢) is
a new special function which is explicitly calculable and is
crucial for the solution of the Heun connection problem.
We briefly review its definition and calculation in
Appendix E. As anticipated, the above exact formulas
reduce to simpler hypergeometriclike ones if one of the two
channels labeled by ¢ and the contribution of exponential
factors can be neglected in the evaluation of the quasinor-
mal modes. This corresponds to the point-particle approxi-
mation for the black hole, while the neglected channel takes
into account the finite-size effects of the black hole itself.

After Wick rotation to the thermal circle, the one-loop
effective action can be computed via {-function regulari-
zation from

1 odt 1+e
= — —_ l“Y _—
So(s) =15 [) PR

Z d,e

ZEQNM

(1.4)

the regularized physical QNM character of the thermal
space-time being given by —(p;;(0). The QNMs in (1.4) get
explicitly computed via the associated quantum integrable
system as explained below, with d, being the associated
degeneracy. In particular, the zeros of (3.34) provide the
(anti)QNMs in the 4D Kerr-dS case and those of (4.16)
those in the 5D Schwarzschild-AdS case.

The content of the paper is the following. In Sec. II
we discuss the technique we use to compute the relevant
determinants via an extension of the Gelfand-Yaglom
theory to second-order operators with regular singularities.
In Sec. IIT we apply the above method to the computation of
the one-loop effective action in the Kerr-de Sitter back-
ground in four dimensions and we discuss its limits to
Schwarzschild-de Sitter and pure de Sitter cases. In Sec. [V
we consider the five-dimensional Schwarzschild-Anti
de Sitter background and discuss its limit to pure AdSs.
Finally, in Sec. V we discuss the thermal version of our
results via Wick rotation and compactification on the circle
of (1.3) and we compare the leading expression in the BH

radius expansion with previous results in the literature. In
the Appendices we discuss more mathematical aspects of
GY theorem and its applications and we provide a brief
account of the gauge theory formulas for the NS function
which are relevant to the computations in the main text.

Let us close this introductory section by discussing few
open points for further explorations. In this paper, we
obtained exact analytic formulas for the one-loop effective
actions of a scalar field in BH backgrounds. We remark that
these formulas display the explicit contribution of each
quasinormal mode in an analytic form and are therefore
amenable to single out the contribution of individual ones
to study their physical relevance. It would be also very
important to fully exploit the properties of the concrete
expressions we get and their physical content in order to
better understand the behavior of quantum matter in
presence of stationary BHs. Similar analysis have been
initiated in parallel for Kerr-Compton scattering amplitudes
in [20]. For later related developments see [22,23].

Let us also remark that the extension of the Gelfand-
Yaglom theorem to operators with regular singularities
presented in this paper opens the possibility to numerically
evaluate the determinants from the properly normalized
Heun functions, whose numerical values are available in
Mathematica. For example, the numerical implementation
of Heun functions is described in [24], where also QNMs of
Kerr-de Sitter black holes are computed.

It would be interesting to investigate higher spin per-
turbations within this method.’> Perturbations up to spin
two of the four-dimensional Kerr black hole were studied
in [10]. These results can be used to describe the one-loop
Euclidean gravitational partition function and complement
the analysis of logarithmic corrections to Kerr and Kerr-
AdS BH thermodynamics recently studied in [25,26].
We remark that one-loop effective actions in supergravity
were used to compute logarithmic corrections to the
entropy of supersymmetric BHs [27,28]. By comple-
menting the analysis performed in this paper with the
study of the zero-modes of the one-loop operators one
should be able to compute logarithmics corrections to the
entropy of Kerr-(A)dS BHs.

Our computations are performed in zeta-function
regularization, it would be interesting to compare with
direct MS Feynman diagram dimensional regularization
procedure, as done in [29] in the context of false vacuum
decay calculations.

Other gravitational backgrounds can be analyzed with
the same methods, see [5,6,30—-40] for QNMs analysis, and
it should therefore be possible to extend our method to the
study of one-loop effective actions also in these cases (see
also [41]). Related parallel investigations on QNMs appear
in [42-47]. As the results in the realm of microstate

3See [19] for a discussion about one-loop effective actions in
this case.
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counting have been encouraging, these should also apply
to the framework considered in [48]. On the other hand,
effective near-horizon symmetries have been analyzed
in [49,50] and it could be interesting to consider them in
the light of our results.

We remark that the same methods have been applied also
to the study holographic thermal correlation functions for
five-dimensional AdS BHs in the large N limit [14,51-54]
and for four-dimensional AdS BH in the hydrodynamical
limit [55], while the one-loop contributions computed here
should allow to investigate the leading 1/N corrections.

Let us remark that the instanton series used to compute
perturbatively the Nekrasov function relevant for the
problems studied in this paper have finite radius of
convergence [56]. Although its Nekrasov-Shatashvili limit
is believed to share the same convergence properties, it
would be important to establish this rigorously via a
direct analysis. Let us also mention that other methods
exist to evaluate the NS function in terms of Fredholm
determinants and of TBA equations [57-59], and they
have been applied to the study of BH QNMs [60,61]. It
would be useful to use these methods also in the
evaluation of BH effective actions.

A relevant question in this context is about the com-
pleteness of the quasinormal modes [62-68] and also
about the pseudo-spectrum of these differential operators.
The latter is relevant to discuss the stability of BHs against
linear perturbations and the stability of the QNMs against
perturbations of the potential of the wave equation (see for
example [69-72]).

As the original results of [4] were giving also exact
information on the tidal Love number—see also [73]—of
the BH, it would be interesting to consider the analogue
computational problem for the spinning de-Sitter BH case.

II. ONE-LOOP BLACK HOLE EFFECTIVE
ACTIONS AND GELFAND-YAGLOM THEOREM

In this section we apply the Gelfand-Yaglom theorem
(see Appendix A) to compute determinants of the second-
order separable differential operators which compute the
one-loop effective actions in the BH backgrounds. More
precisely, we consider the conformally coupled Klein-
Gordon differential operator in four-dimensional Kerr-de
Sitter black holes and the Klein-Gordon differential oper-
ator in Schwarzschild anti-de Sitter black holes in five
dimensions. In both cases, the action of the scalar field can
be written as

1 1
S[®.g,] = / dew/_—g<—§g’““vﬂq)vy(l)—§,u2q)2>, (2.1)

where g, is the metric of the spacetime, and the resulting
differential operator can be written as

1
S0 Ir0) - e =[0-ple =0, (22)
where, for Kerr-de Sitter BH in four dimensions, we fix
u> =2, whereas, for Schwarzschild anti-de Sitter black
hole in five dimensions, we consider u to be generic. In the
latter case, it is convenient to reparametrize y as

W= A(A-4), (2.3)
where A corresponds to the conformal dimension of the
scalar field living in the holographic dual 4d CFT. We
require A ¢ Z in order to avoid logarithmic solutions for
the radial function around the AdS boundary.

The Gelfand-Yaglom theorem provides a way to com-
pute the logarithm of the inverse of the partition functions
associated with the above Klein-Gordon differential oper-
ators. The computation of the full determinant det ((J — y?)
can be reduced to the computation of the determinant
of a radial 1-dimensional operator which depends on the
eigenvalues of the other separated problems and their
degeneracies. We use the following decomposition in
Fourier modes of the wave function ®

Otr. @) = [0S S, @R ). (24)

o £.m

In the spherically symmetric cases, the angular functions
So.r.m(Q) coincide with the spherical harmonics Y, ; ().
Starting from the problem

(0 - u?)® = A0, (2.5)
and using (2.4), we obtain a system of coupled second-
order differential equations for S, () and R,, /. (r), of
the form

DradRa),fﬁl(r) = (Az,”ﬁ% + )“)Rw,f,rﬁ(r)’

DangSw,zf’,rﬁ(Q) = _AfrﬁSw,f,rﬁ“z)v (26)
for some second-order differential operators D,q and Dy,
and where A,; denotes the separation constant at fixed
values of the quantum numbers.

The expression of the separation constant is obtained
from the angular equation and then, when substituted into
the radial equation, gives the determinant in terms of @
and the quantum numbers. In the Kerr-de Sitter case, the
separation constant is expressed as an instanton expansion
in terms of NS functions. In the Schwarzschild-(anti-)de
Sitter cases, the angular eigenfunctions reduce to the
spherical harmonics and the separation constant has an
exact expression in terms of the quantum number 7.

In the asymptotically de Sitter black hole problems,
around the points in which the boundary conditions are
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imposed—which are horizons of the BH geometry—a basis
of independent solutions of the radial equation behaves like
Ra},t’,r?l(r) ~ exp(:l:iwr*), (27)
where r, is the tortoise coordinate. When w is analytically
continued to assume values in the complex plane, the
boundary conditions select the correct local solutions
according to the sign of the imaginary part of w. In the
asymptotically anti—de Sitter black hole problem, this still
holds for the boundary condition imposed around the black
hole horizon, but the second boundary condition is imposed
at the AdS boundary which is a regular point, and the
selected solution depends on the value of the mass of the
scalar perturbation.
The full determinant has an expression of the form

log(det (0= %)) = [~ 4wy log (det (D = A

- C.n

(2.8)

When applying the Gelfand-Yaglom theorem to the
1-dimensional radial operator, we introduce a new variable
z such that the radial differential equation can be brought in
Heun’s form

Py (2)  [1=9 i
dz? (z—1)?

j—at—a}—a}+ak+u u
z2(z—-1) z2(z—t

+A
2 (z—1)?

] w(z)=0, (2.9)

and z =0 and z = 1 become the two singular points in
which we impose the boundary conditions. Let

WE?(Z) = (z=2)*%[14+0(z-2), i=12 (2.10)
be the fundamental system of local solutions around z = Z.
The solution selected by the boundary condition at z = Z is
the one having in front of the exponent a; the same sign
of Re(a:). For the problems we consider, this condition
changes according to the values of the gravitational
quantities. In particular, around the singularities corre-
sponding to horizons of the geometry, the condition
depends on the sign of Im(w), when this is analytically
continued to take values on the complex plane.

Let us denote with wﬁz,)l(z) the solution selected by the
boundary condition at z = Z. Using the connection for-
mulas, we can write

W<1(,)z) (z) =C 1.411153(1) + Clz,,ﬂl’gz) (z), (2.11)

where we denote with Cy;;,Cy,, the connection coeffi-
cients, which depend on A (but are independent of 7).

In order to apply the Gelfand-Yaglom theorem, we
introduce a reference problem whose differential operator
D, is a hypergeometric one, obtained by simplifying the
Heun differential equation keeping the indices of the
singular points at z = 0 and z = 1 fixed. When computing
ratios of the determinants of the two radial operators (the
one of the original problem and the one of the reference
problem), we have

det (Drad - Afm B )“)

det (D — 4)

612.2
- b
ClZ,ﬁ

(2.12)

where C denotes the connection matrix of the reference
problem. The above statement holds since both the left-
hand side (lhs) and the right-hand side (rhs) (as functions
of 1) have zeros in the eigenvalues of D,y — A, and poles
in the eigenvalues of D,,. The fact that the connection
coefficient Cy, ; has zeroes in the eigenvalues is due to the

fact that, if 1 is an eigenvalue, then ng,i:;l(l) = 0 because

of the boundary condition, and wﬁo;i(l) = 0 if and only if
Ci,3 = 0. Moreover, in the limit 4 — oo the ratio (2.12)
tends to 1. We thus conclude that

det (Dyag — Azm)  Cizi—o

det(prad)

== (2.13)
ClQ./le

Finally, as described in Appendix C, we can compute the
regularized determinant for the reference hypergeometric
potential. This provides a solution for the determinant of
the radial Heun differential operator, which is of the form

C] 2,A=0

det(D,qg— A =2 ,
¢ ( rad fm) ﬂF(l + 290610)F(291a1>

(2.14)

as obtained in Appendix C3, where a,, a; denote the
indices of the singularities at z = 0 and z = 1 of the Heun
differential operator, and where 6, ; = =, the signs being
the same of the ones of the real parts of the indices ay, a;,
respectively.

In the following sections, we concretely compute the
determinants for the gravitational problems, and in the last
section (see Sec. V) we discuss the results and rewrite the
previous formulas more explicitly.

ITII. KERR-DE SITTER SPACETIME
IN FOUR DIMENSIONS

The four-dimensional Kerr-de Sitter metric in Chambers-
Moss coordinates can be written as

106006-5
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2 2 2 2 A az. — x2 1_|_Ax2
=" TEY e = (o =) (14 3 ar
A, (agg —x°)(1 +5x (P +x )( 3314)
(afy — X% [ ( 2) }
+ r? + ai 1+—x (a? .| dg?
G+ (1 + gt [T R

o) o

agu(r* +x%)(1 + % agy)?

where

X = agy cos b,

A
A (r)=r*=2Mr + aky — §r2(r2 +ady)

A

= -S=R)(-

3 R_)(r—Ry,)(r—R;). (3.2)

In the previous equations, M is the mass parameter of the
black hole, apy is the parameter characterizing its angular
momentum, A > 0 is the cosmological constant, and we

(3.1)

have factorized A,(r) in linear terms, where R, is the event
horizon, R; is the inner horizon, and R, represent cosmo-
logical horizons, one of which is negative, R_ €R_, and
the other one is positive and bigger than the event horizon,
R, > Ry, In the following discussion, we fix A = 3 and we
work in the small black hole regime, which corresponds to
taking the black hole radius small compared to the norm of
the de Sitter radius, R, < 1.

Using the decomposition (2.4), the conformally coupled
Klein-Gordon equation can be separated into an angular
equation and a radial equation which read

— agym]*(1 4 agy)?

4 (1) 300 o [ )

-2r7 - r) =
5,00 27 = ) =0

df , ds(x) {(1 + agy)[@(agy — x*) — agum]}’
— - 1 - —2x% + Agp | S(x) = 0, 33
|G-+ S+ el 1) 4 A 52 33)
|
where with A,,, we denote the separation constant. Both  and
equations can be written in Heun’s form [74-76]. We first
address the problem of quantization of the separation
1-a3,—\/aly—14a%,+1
constant. j:\/ BHVBH B
(3.7)

A. Angular problem

The singularities of the angular equation are

:I:CZBH, +i. (34)
The Kerr-de Sitter black hole solution is well defined if the
agy parameter lies in the range 0 < apy < 2 — /3. Indeed,
the extreme cases in which two or more singularities
coincide can be obtained by solving the system

A, (r) =0,
oAr) = (3.5)
Al(r) =
Solving the system in r and M, gives the solutions
M =r— agyr—2r, (3.6)

2 7 2
4 \/l _aBH+\/aBH_]4aBH+]
6 .

These are consistent with the physical requirements M > 0

and 0 < agy < 1 if and only if 0 < agy < 2 — /3.
Let us perform the following change of variables

_ 2i(x+ agy)
T lagn ) +i) (38)

This change of variables maps

(x4 =—i,X| =—agy,X» =1,X3 :ClBHv°°)
4iaBH 21
= OO,Z1:O,Z2:1,Z3:= .27Zoo:: L]
(app+1i) agy +1

(3.9)
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We note that, for 0 < agy < 2 — v/3, one has [t] < 1. Let
us define

A(x) = (agy —x%)(1 + %),

9@ — _ (1 + agy)[@(agy — x3) — agum|
) —

, k=1,2,3.
Al (xk)

(3.10)

If we transform the angular wave function as

S(x) = (z = 2e0) [ (z = 20 w(2),

k=1

(3.11)

we can remove the apparent singularity in z, and the
angular equation becomes a Heun equation

d? y 6 e \ d afz—q
—+(T+—+ —+ =0,
{dz2 <z z—1 z- t) dz  z(z=1)(z—1) w(z)

(3.12)
with
4iaBH
 (apy +i)*
a=1—iw+ iagy(m — apyw), p=1,
y=1-m, 6=1—-iw+iagy(m—aggw), €=1+m,
g = Afm + 261]3].[[(1 - azBH)a) + (aBH B i)m + i] ) (313)

(apy +i)?

The dictionary that gives the parameter of the Heun’s
operator in normal form (2.9), is given by

m m i i
do =7 ah==5 aj :E[W(IJFQ%H)—GBH’"L aoo:_z[w(l"i_a]z%H)_aBHm]?
1
u= T (14244, —m? + 2agy(i — im* + 2mw) + a3y (=1 + 8m — 3m?) + 4agy,;(m — 2)w). (3.14)
agyg — 1
We impose as boundary conditions the regularity of the 1 » s 2 OF (1)
solutions at @ = 0, z, which correspond to x = *agy, and ==y TarTay—at T+t ot (3.18)

sotoz=¢tand z=0.
For x ~agy the original angular function has the
following two behaviors

SU() ~ (x—agy)t. (3.15)

SU(x) ~ (x = agn)?
Therefore, we take S ~ S if m > 0, and we take S ~ S@
it m<0.

For x ~ —agy the original angular function has the
following two behaviors
SO) ~ (x+apn)® S (x) ~ (x+ap)t. (3.16)
Therefore, we take S ~ SO if m < 0, and we take S ~ SES)
it m>0.

The boundary conditions are satisfied if the following
requirement is imposed on the vacuum expectation
value (vev) parameter a (see Appendix E for the relevant
definitions and conventions) which parametrizes the
composite monodromy around x =0 and x = #:

1
a:f—i—i, with £ >|m| and Ze€N. (3.17)

The vev parameter a is related to the parameter u of the
Heun differential equation through the Matone relation

where F(r) is the instanton partition function with four
fundamental multiplets in the NS limit (see Appendix E for
the relevant definitions and conventions). Using the gravi-
tational dictionary for # and the quantization condition
a=7¢ —I—%, we obtain the following expansion of the
separation constant:

Apps = (agn — 1)25(5 +1) + zaBHm<a%Hw — agym — o)
oF (t
- (aBH - 1)2t¥ (319)

As expected, expanding this expression around agy = 0
gives

Apms = (€ + 1) = 2magpw + O(aky). (3.20)

B. Radial problem and expression
for the determinant

For the radial equation, let us perform the following
change of variables:

R,-R_ r—R,
R.—R, r—R_’

z= (3.21)
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This sends
R,—R_ R;—R R, —-R_
(ry=R_.ry=R;.r,=R,,r3=R;,00) <oo,zl =0,2,=1,23 ==r:R*+‘_Rh 'R:—Rf’z‘” = Ri—Rh>' (3.22)
|
We remark that 7 < 0, so that in the interval z € ]0, 1] there (r—1)
are no singularities. Let us define g = (t—1)(ay+a,) + t(a, +a,) — P
(r) i 2, 2 2 2R? + A
O = [w(rg + agn) — apum](1 + agy), t L m 3.25
£ T Ay PV T BH +ta + Ry —R)R,—R)’ (3.25)
k=1,...4. (3.23)

where the indices of the singular points are
If we transform the radial function as

[0(R; + agy) — agum](1 + agy).

3 0 /
. Al(R
R(r) = (z-2c) H(z - zl-)“gi )w(z), (3.24) (z 2
k=l “= AR (R} + agy) — agum](1 + agy),
we can remove the singularity in z, and the radial equation i 5 5 5
becomes a Heun equation (3.12) with 4 A(R,) [@(R + agy) — agam](1 + agy),
_R.-R_ R-R, e = ZR [w(R? + adyy) — agum](1 + ady).  (3.26)
R, -R, R,—-R_’ r(R-)
a=1+ % [( R2 + a%H) — agym](1 + a%H), and the parameter u in the Heun equation (2.9) is given by
=1, —2q + 2t —tly+6
B | . ~2a+21af +ye—i(y +)e (3.27)
2i 5, 5 2(r—1)
y=1- AR, [@(R}, + agy) — apum](1 + agy).
We distinguish two cases according to the sign of Im(w).
! 2 2 2 .
=1~ A(R.) [(RY + agy) — agum](1 + agy), Let us start from the case Im(w) > 0. In this case
r2, - Re(ap) <0 and Re(a;) > 0. Then, the local solutions
e=1-— ! [0(R? + adyy) — agym](1 + ady), of the normal form of the Heun equation [and normalized
AL(R;) as in (A16)] selected by the boundary conditions are
|
w0 (z) = 17¢/227/%2(7 = 1)%/%(z — 1)*/*Heun(t, q, @, B. 7. 5, 2).
1 —€ - €
Wi (@) = (1= )P (e = 1) 2P (2 = )2
z7—1t —a—1+0 1-7
“\ 1 Heun| t,g—a(f+6-2)+ (- 1)(a+pf—-1—1ty),a+1 —5,1+y—ﬂ,2—5,y,tt— .
- -z
(3.28)

The connection formula between the two local solutions changes according to the position of the singularity ¢ in the z-space.
The small black hole regime corresponds to the regime |¢| < 1.* The connection coefficient in terms of which we can

express the determinant is the one in front of l//(_”(z) starting from the solution y(?)(z) in the connection formula (B19)

1

5 Mo, 050) M- ari )0 exp (5

1 0
00 F(1) + =0, F(1) — = 0,F (1) ). 3.29
() +30F(0 =5 0.F0) (3.29)

“The other regime || > 1, would lead to a simpler connection formula, more similar to a hypergeometriclike connection problem, but
still involving the presence of the NS functions (see Appendix B 3).
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In the case Im(w) < 0, the local (normalized) solutions selected by the boundary conditions are

l//f)(z) = !m(=8/2=¢/2)=€/271=1/2 (7 — 1)9/2(z — t)/*Heun(t, g — (y = 1) (1 + €),a+ 1=y, f+1—7,2—7,5,2).
—t\ @ 1-—
w(z) = (1= 1)=g12(z = 1)%2(z — 1)/ <i—) Heun <t, g+a6-p),a,6+y—p67v, tt—z>
-z

(3.30)

The connection coefficient in terms of which we can express the determinant is the one in front of l//(+1> (z) starting from the

solution 1//10)(2) in the connection formula (B19)

, 1 1 %
> Mg (ag. asa) Mgy (a. ay;ag) o 7@ exp (E 0u, F (1) = 504, F(1) = EaaF(t)> . (3.31)
0=+

C. Determinant of radial operator

We can finally write the result for the determinant of the radial differential operator, following the procedure explained in
Appendix C 1 and C 2. The reference problem we consider for the radial operator is a hypergeometric problem having the
same indices at the singular points z =0 and z = 1.

For Im(w) > 0, we have Re(ag) < 0 and Re(a;) > 0. The formula for the (regularized) determinant reads

24T(=20'a)[(1 - 20'a)
[I,-sTG—ay—0a+oca)T(3—0a+a, +oay)

b 1 1 0
(a0t exp<—§aaoF(t) +§0a]F(t) —EaaF(t)).

(3.32)

o=+
For Im(w) < 0, we have Re(ay) > 0 and Re(a;) < 0. The formula for the (regularized) determinant reads

2aT(-26'a)T(1 — 26'a)
= ngir(é +ay—0a+ aa,)l“(% —0a-a, +oay)

1 1 4

3 0y, F (1) = 3 0, F (1) = 5 aaF(t)> .

taot0a exp( (3.33)

We can summarize the two formulas together introducing 7 = Im(w)/[Im(w)| as

(D = Ar) = 3 2aT(=20'a)T(1 — 20'a)
e o 0=+ Hn:ir(% —napg — 9/(1 + Gat)r(% - 9/61 + na + aaoo)

X 7M190+0'a exp <— 1

10, F (1) + 9, F(r) - o aaF(t)> .

/

(3.34)

2 2

The (anti-)quasinormal modes are directly given by the zeroes of the above expression.

D. Schwarzschild-de Sitter spacetime
in four dimensions

In this subsection, we want to briefly comment on
how the previous formula also gives the solution for the
determinant of the same operator around the four-
dimensional Schwarzschild-de Sitter black hole, which is
a spherically symmetric spacetime. In particular, the
angular problem, in this case, is solved by the spherical
harmonics, and the only nontrivial problem is the radial
one, which can be solved precisely as in the previous
discussion, but with a simplified dictionary.

The metric describing the Schwarzschild-de Sitter black
hole in four dimensions (SdS,) is

ds? = —f(r)de? + f(r)7'dr? + 23 (3.35)

with

(3.36)

where M is the mass of the black hole and A > 0 is the
cosmological constant. In what follows, we fix A =3,
therefore requiring M to be in the range 0 < M? < 1/27,in
order to have a physical solution with three real roots for the
equation rf(r) = 0. We denote these roots by

th Riv (3.37)

where R, G}O,% [, the smallest positive real root, repre-

sents the event horizon, and R are real and given in terms
Of Rh by

_ Ry /4-3R;

R
* 2

(3.38)
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The conformally coupled Klein-Gordon equation in the
SdS geometry can be obtained from the Kerr-dS one by
sending the rotation parameter agy — 0. This also sends
the singularity R; — 0 and the angular equation becomes
trivial, giving an exact result for the separation constant

App =¢(€+1). (3.39)
The radial equation, instead, remains a Heun equation (2.9),

whose parameters can be deduced from the ones in (3.26)
and (3.27):

ti&‘RJF—R_ _ 22(¢+1)+ (R, +R.)?
~ R_ R, —-R,’ 2R, (2R, +R,)
ioR), iR,
aog = 3 a; = )
* " (Ry—RO)(Ry —Ry) ' (R —R)(R,—RY)
iR
a,=0, ay= 1o~ (3.40)

(R, —R_)(R-—R.)’

With this new dictionary, the expression of the determinant
is given by (3.34), as in the Kerr case.

E. Pure de Sitter spacetime in four dimensions

An additional simplification can be obtained from the
previous problem in the limit in which R;, — 0. This leads
to the determinant of the same operator in the pure de Sitter
spacetime in four dimensions. In this case, the radial
problem reduces to a hypergeometric differential equation

d_2+4f(f+ D(z=1)+ (@* +1)z?
dz? 4(z - 1)

w(z) =0. (3.41)

The indices of the singularities z =0 and z =1 are

1 .
Cl():—f——, (11:§.

5 (3.42)

The sign of Re(ay) is always negative, whereas the sign of
Re(a;) depends on the sign of the imaginary part of
the frequency. Therefore, the local solution selected around
z~ 0 is the one behaving like

w0 (z) = 21 (1 + O(2)). (3.43)
|

27 g+ M_g(ag, a;a,)M_g)_(a,ay; Ao, )10 F0a eXP(—%aaOF(f) + %aalF(t) - %aaF(t>)

The selected solution around z ~ 1 is

yW(2) = (z=1Dr%(1+ 0z = 1)),
) (2) = (z— DFE(1+ 0z - 1)),

if Im(w) > 0,

0
if Im(w) < 0.
(3.44)

Redefining the wave function as

w(z) =27 (2= 1) %w(2) (3.45)

we can rewrite the differential equation as in (B1) with

a=¢+1, b=(f+l—iow, c=20+2. (3.46)

Using the connection formulas (B4) and the results in
Appendix C 2, the determinant can be written as

2m
L+ D¢ +1—-inw)’

(3.47)

where 7 = Im(w)/|Im(w)|. The zeros in @ of the previous
functions are given by the quasinormal mode frequencies
w=—-i(f/+n+1) and by the anti-quasinormal mode
frequencies w = i(£ +n+1).

F. Reduction of the determinant from Schwarzschild-de
Sitter to pure de Sitter

In this subsection, we want to comment on how the result
of the determinant in the pure de Sitter geometry can
be obtained from the Schwarzschild-de Sitter case in the
limit R, — O (or, equivalently, sending to zero the mass of
the black hole M — 0). We already stressed that starting
from the determinant in the Kerr-de Sitter case and sending
the rotation parameter agy — 0, one obtains the determi-
nant of the Schwarzschild-de Sitter case, which has the
same expression but with the reduced dictionary. This is a
smooth limit, in the sense that the result can be obtained
simply by looking at the limit of the parameters for
agy — 0. In the reduction to the pure de Sitter case, the
equation becomes a hypergeometric equation in a nontrivial
way, namely by a collision of singularities.

Let us start by rewriting the determinant of the
Schwarzschild-de Sitter case written in the following form

(1 —2a0)T(2a,) ’

(3.48)

where we took the Im(w) < 0 case (the Im(w) > 0 case is analogous).
By considering the limit R;, — 0, we have to implement the limit # — 0 in the Heun differential operator (C1). Comparing
the reduced operator with (3.41), we can see that the new index &, at z = 0 is given by

Nt

1
2 24 2
=—-——-—utajta =
0 4 0 tRh_’

(26 +1)?

. " (3.49)
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Note that this is not obtained smoothly from a, by sending R, — 0 because of the collision of singularities. Moreover,

u+af+at = ag.

(3.50)

Indeed, when 0 and ¢ collide, the monodromy parametrized by a becomes simply the monodromy around z = 0. Therefore,
in (3.48), the first connection matrix M_g(ay, a; a,) trivializes and reduces to the identity matrix.’
Let us now fix, consistently with the previous subsections, the signs dy,=—¢Z—1 and a — ¢ + % Then, the

determinant (3.48), in the limit R, — 0, reduces to

r'(1-20¢+ %) + O(Ry))I'iw)

2

2
r(2¢ + 2)[(iw) Lz:: IrG-0Z+5)+0OR))TG-0(¢+1) + i)
[(=2¢ + O(Ry))

+
2n (22 +2)

<—2Rh>f+%+9’<f+%>} 1+ O(Ry log(R,))]

TT2¢+2) {r(f F DI + 1+ io)
27
T DI+ 1+ io)

[1+ O(Ry, log(Ry))].

which is the result obtained in the previous subsection,
(3.47). Passing to the final result, we used the fact that the
choice of the sign & = + forces the corresponding channel
to go to zero, as can be seen from the dependence on Rff“
and noticing that the ratio of Gamma functions
(=2 + O(R;,))/T'(=¢ + O(R;,)) gives a finite quantity
in the R;, — 0 limit.

IV. SCHWARZSCHILD ANTI-DE SITTER
SPACETIME IN FIVE DIMENSIONS

The metric of the five-dimensional Schwarzschild-anti-
de Sitter black hole (SAdS;s) is

ds? = —f(r)de® + f(r)~'dr* + r2d§2§, (4.1)
where dQ3 is the volume element of the 3-sphere and,
normalizing the AdS radius to 1,

r (4.2)

RZ
f(r)= (1 ——;> (P +R;+1),
where R}, is the radius of the black hole horizon. We again
work in the small black hole regime, 0 < R, < 1.
The wave equation satisfied by (the Fourier modes ¢, ,
of) a massive scalar field ® in this black hole background is
given by

>This can also be seen from the Liouville three-point functions
by considering one of the three insertions to reduce to the identity
insertion, see Appendix A in [10] for the detailed definitions and
conventions.

[(=¢ + O(R,))T(=¢ + io)

<—2Rh>2f+'] 1+ O(Ry log(Ry))]

(3.51)

(4.3)

where A is the dimension of the scalar-operator dual to
the scalar field in the bulk, related to the mass u of the
field by u = +/A(A—4). The problem is symmetric
under A — 4 —A. We assume in what follows A > 2
and A € N in order not to be in a log case.

Defining a new variable

P2 — R%

=" 4.4
CTAYR A (44

and redefining the wave function as

_ ioRj,
Pro(r) = (2= 1)z ", (2), (4.5)
where
R2 wR
= =1 0T 53 A, =1, (4.6)
Ry +1 2R; +1

the differential equation becomes a Heun equation (3.12),
where the complete dictionary is given by
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R;
R+
 (4-AMCR;+1)+oV/R, +1—-iRw
B 4R? +2 '
ﬂ_(4—A)(1+2R%l)—a)\/R§l+1—iRhw
B 4R7 +2 ’
iR
y=lo—Sh o 5=3-A, =1,
2R; + 1
g (2R2 + 1)(£(€ +2) + (A —4)(A —2)R?) + 2iR,w((A = 2)R? + 1) — Riw? (4.7)

8R} + 12R; + 4

We remark that again 7 is real and negative. The parameters of the equation in normal form (2.9) are

y iR, 0 _A-2 _w\/Rp+1 L +2)+ 2R +2
0— B > a, =V, ay = —(5—, [ erras — . (48)
2(2R; +1) 2

2R+ 1) T 8R2 + 4

In the z variable, the black hole horizon is located at z = 0 and the AdS boundary at z = 1. The main important difference in
this case with respect to the problems in an asymptotically de Sitter spacetime is the fact that the choice of the local solution
near the AdS boundary does not depend on the sign of the imaginary part of w, but just on the parameter A. This is because
the corresponding boundary condition is imposed at the AdS boundary and not in a horizon of the geometry. With the
assumptions we made on A, the local solution of the Heun equation in normal form selected at z = 1 is given by

v (@) = (1= )P (e = 1) (e = 1)

— 1\ —a-1+5 1-
X(_i t) Heun(t,q—(é—1)yt—(ﬂ—1)(a—5+1),—ﬁ+7+1,a—5+1,2—5,7,tt—z>- (4.9)
— —Z

For the choice of the local solution around r = R;,, we again divide the cases according to the sign of Im(w). In the

case Im(w) > 0 we have Re(q;) < 0 and the local solution of the normal form of the Heun equation [and normalized
as in (A16)] selected by the boundary condition is

w0 (z) = 17¢221/%2(7 = 1)%/%(z — 1)*/*Heun(t, q, @, . 7.5, 2). (4.10)

Considering again the regime in which |#| < 1, the connection coefficient in terms of which we can express the determinant
is the one in front of y(!)(z) starting from the solution ) (z) in the connection formula (B19), namely

, 1 1 o
ZM-e/(ao, a3 a) Mgy (a, ay; ag) 0 exp <_ 5a%F(t) +50, F(1) - EaaF(r)> . (4.11)
0=+

In the case Im(w) < 0, the local (normalized) solution around z = 0 selected by the boundary condition is
w'(2) = eim(=3/2-c/D =¢/271=1/2 (7 — 1)3/2(z — {)/?Heun(t, g — (y = )(t5 + €).a+ 1 =y, f+ 1 —7.2—7.8.2). (4.12)

The connection coefficient in terms of which we can express the determinant is the one in front of ") (z) starting from the

solution 1//<+0)(z) in the connection formula (B19), that is

/

' 1 1 0
§ M+gl(ao,a;a,)/\/l(_gr>_(a,a1;aoo)t“°+9a exp<§aa0F(l‘) +§aalF(t) —EaaF(t)). (413)
0=+
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A. Determinant of radial operator

We can again write the expression of the (regularized) determinant according to the sign of Im(w), remembering that we

always have Re(a;) > 0.

For Im(w) > 0, we have Re(a,) < 0 and the formula for the (regularized) determinant reads

2720(=20'a)T(1 — 20'a)

9,; [I,-sTG—ay—0a+oca)T(3—0a+a, +oay)

1 o

a0t exp <—laa0F(t) + 20, F(1) - —aaF(t)) . (414

2 2 2

For Im(w) < 0, we have Re(ay) > 0 and the formula for the (regularized) determinant reads

24T(=20'a)l'(1 = 20'a)

(yz::il_[(;:ir(%"‘“o —0a+o0a,)(-0a+a +oay)

We can unify the two formulas above by introducing 7 = Im(w)/[Im(w)| and get

det(Drad - Azf’m) =

, 1 1 o
tao+9¢1 exp <5 aaOF(I) =+ EaalF(t) - EauF(t)) . (415)
5 240(=20'a)0(1 - 20'a)
i HG:iF(% —nay—0a+ aa,)l“(% —0a+a; +oay)
—nayg+60'a n 1 &
Xt exp( — 50, F(t) + EaalF(t) - EdaF(t) . (4.16)

B. Pure anti-de Sitter spacetime in five dimensions

As in the asymptotically de Sitter case, sending R;, — 0
simplifies the problem, reducing it to the pure AdSs case,
whose relevant differential equation is again of hyper-
geometric type. Following the same procedure of the
SAdSs problem, or reducing the dictionary in the limit
R, =0, we can write the radial differential equation in
normal form as

(£ +2)(z=1) +z[w*(1-2) +2—(A=2)°]

v (2)+ 2(e=172 w(z)=0,

(4.17)

which is a hypergeometric differential equation.

The boundary conditions are imposed at the origin z = 0
and at the AdS boundary z = 1. We notice that both points
do not represent horizons of the geometry, and the indices
in these singular points do not depend on @

£+1 A

ag = 3 s alzl—i. (418)

Assuming again A > 2 and A ¢ N, the determinant can be
written as

2w
F(Lg—a))[‘(Lgﬂv) ’

(4.19)

‘We notice that the zeros in w of the determinant are real and
given by the normal modes of AdSs

w=——A-2n and w=7+A+2n, with neZ,.
(4.20)

V. DETAILED ANALYSIS OF THE
EFFECTIVE ACTIONS

In the previous sections, we computed the determinant of
the radial differential operator in Heun’s form, which can be
written as

CIZ
F(l + 290a0)r(291a1) ’

det <Drad - Afm) =2n (51)

where a, a; denote the indices of the singularities at z = 0
and z = 1 of the Heun differential operator, C;, denotes the
Heun connection coefficient between the local solution at
z = 0 satisfying the boundary condition and the discarded
local solution at z = 1, and where 6, 8; = =+, according to
the sign of Im(w).

However, it is important to notice that the problems
we considered are PT-symmetric, and the full determinants
(2.8) are symmetric for the transformation o > —w.
In particular, the contribution coming from the analytic
continuation for Im(w) < 0 gives the same result obtained
for the analytic continuation for Im(w) > 0. More pre-
cisely, our determinant for the radial part has the following

property:

det (Dyyq — Agin) (0]

B { det™) (D — Agi)[w], for Im(w) > 0, (5.2)
B det)(Dyq — Agii) @],  for Im(w) < 0, '
with
det<_) (Drad - Afrﬁ)[w] = det(+) (Drad - Afrﬁ)[_a)] (53)
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We conclude that our final result for the one-loop effective action of a real scalar field is given by

tog(det (0= 7)) = [~ 4wy log (det ) (Do = )] (5.4)
—o Zm
In the above formula, one has to substitute
270(=20"a)’(1 =20’
det(+>(Drad - Az,’m)[w] = 1 i (, a) ( 1 /a)
i HU:iF(j —ay—0a+ aa,)F(§ —0a+a; +oay)
_ +0! 1 1 9/

x %t exp —E%F(f) +§0a1F(t) —EaaF(t) . (5.5)

where, for the analyzed problems, the dictionaries of the quantities are given in (3.26) for the Kerr-de Sitter case, in (3.40)
for the Schwarzschild-de Sitter case, and in (4.8) for the Schwarzschild-anti-de Sitter case.
One can see that the two summands in (5.5) have different behaviors, which are determined by the exponential factor 77,
Since we always took a to be positive, in the limit in which ¢ is small (that in our problems corresponded to the small
black hole regime) we can argue that the term proportional to 7 is subleading compared to the one proportional to r¢. In

particular, we can write

10g (det<+> (Drad - Afm) [a)])
270 (2a)(1 + 2a)

=lo
® (HUZJ(% —ag+a+oa)l(3+a+a +oag

A-ap+a+o0a)T(3+a+a, +oay)

| 404 exp <_%0aOF(t) + %aalF(t) + %%F(t)) )

(=2a)* T )
o (1 - F(2a)2 H F(% —ap—a-+ Gat)r(l —a+a+ aaoo) t2 Cxp(—auF(;))> )

o=+ 2

where the second line encodes the correction terms to the leading result in the first line.

This suggests that, in the decomposition in (5.5), the
effects due to the presence of the black hole are subleading
compared to the ones due to the asymptotic geometry. This
is equivalent to saying that the contribution to the near-
horizon zone is subleading compared to the far-zone (for a
discussion on the distinction of these regions see [20]).

We add that, since the leading order of a in the small
black hole regime is determined by the angular quantum
number 7, the previous decomposition is also significant in
the limit # > 1. Indeed, for large values of Z, the term 24 is
exponentially suppressed, and the first line of the previous
decomposition already gives a good estimate for the
(logarithm of the) radial determinant.

We finally remark that, in the Schwarzschild-de Sitter
case, this small R, expansion gives purely imaginary
QNMs (see [55,77]), as it happens for pure de Sitter
spacetime. Analogously, in the Schwarzschild-anti-de
Sitter case, neglecting the second channel in (5.5), produces
purely real QNMs (see [S1]), as it happens for pure anti-de
Sitter spacetime.

More precisely, in the small R;, expansion of the QNMs,

w = E R,

k>0

(5.7)

where the dependence on the quantum numbers is implied,
the first orders w; can be found by looking at the zeros of

I'2a)'(1 4+ 2a)
[[-sTG —ao+a+0a,)l(+a+a +oay)

1 1 1
=0, F(1) + 3 0y F(t) 4+ 0aF(t)> ,

{~d—a _
X exp ( > 5

(5.8)

which is equivalent to looking at the poles in the Gamma
functions in the denominator.® For the four-dimensional
Schwarzschild-de Sitter case this gives the correct coef-
ficients w;, for 0 <k <27+ 1 (see [55]), while for
the five-dimensional Schwarzschild-anti-de Sitter case
this gives the correct coefficients w; for 0 < k <27+ 2
(see [51]).

®This is justified by gauge theory considerations, since F(r)
can be expressed as a series expansion in 7 (see Appendix E), and,
therefore, there are no zeroes in the exponential functions.

"In [51] the small expansion parameter is 4 which in the small
black hole regime behaves like u ~ R;. The near-horizon zone
starts contributing when the QNMs develop an imaginary part,

which behaves like u’*2.
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For the higher-order coefficients wy, the quantization condition involves both channels of the connection coefficient

r'2a)(1 + 2a)
[[-sTG —ao+a+0a,)0(+a+a +oay

o 1 1 1
) =%~ exp (—EaaoF(t) + EaalF(t) + E%F(t))

(-2a)T(1 - 2a) I 1 !
+ tdota =50, F(t) + 50, F(t) —509,F(t) | =0, 5.9
[To—:TG—ay—a+0a)T(3—a+a; +oay) P\ T2 % ()+2 ) 2 ) (39)
that is
I'(=2a)°T],_.T(t —ay + a+6a)T(t +a + a, + ca,
(=20)[l,—slG—ao +a+oa)lG+a+ta +oax) ,, exp(—0d,F (1)) = 1. (5.10)

I'(2a)*[[,-.T(G—ay—a+oa,)T(3—a+a, +oay)

Again, this is a manifestation of the fact that in the small R;, regime the contribution of the near-horizon zone is delayed
compared to the far-zone, and the order of delay is determined by the angular quantum number 7.

A. Wick rotation and the thermal version

In this final part, we analyze the thermal version of the one-loop quantum effective actions, show how our results
generalize the ones already present in the literature [13,18] and reduce to the latter when the relevant differential equation
reduces to the hypergeometric one.

Let us Wick rotate the spacetime metric to real-time by defining ¢ = iz, where 7 has periodicity equal to the inverse of the
temperature 7" of the spacetime. We can introduce the thermal frequencies by setting

iw, = 21Tk,  keZ. (5.11)

With these redefinitions, it is possible to connect our results with the one in [13]. In particular, the results for @ with a
positive imaginary part correspond to computation with k < 0, whereas the results for @ with a negative imaginary part
correspond to computation with k£ > 0.

Let us see the match in the pure de Sitter and anti—de Sitter cases, where the radial differential equations are of
hypergeometric type.

In the four-dimensional de Sitter case, our result, using also the PT symmetry, can be rewritten as®

27 2w
log (det(T-4) Zzlog( T(/+1)0 (f+1+2;sz|> ZZ 2f+1)10g<f'l“(f+1+277T|k|)) (5.12)

keZ ¢.m keZ =0

where we used that the degeneracy for each £ > 0 is equal to 2¢ + 1 due to spherical symmetry.
Using Weierstrass’s definition of the Gamma function

exp(=y(£ + 1 + 2aT |k])) 15 £+ 1+ 22TIk[\"'  (£+1+2aT|k|
(£ + 1+ 2aT|k|) = 7+ 17 2eTTA IT(r+ - exp(—————— |,

(5.13)

n=1

we can write the full determinant as (for the equality in the formula see the comment in footnote 8)

> [ 27+ 1+2zTlk|) ], (1 _|_f+‘+—2’f”k\) 20+1
det(D—/ﬂ):HH |

ez v=o L exp(— y(f+1+27zT|k|))H lexp(w
_ ﬁ [ 27(2xT) [, % f;°:0(|k| +f;7,;;1) :|2f+1
icz7=0 L exp(—y (€ + 1+ 2xT|k|)) n:lexp(w)

B ﬁ [ 27 [T, (22T) 2641 1"—"[1"—"[ K+ £+n+ 1\
N £ exp(=y (¢ + 1+ 22T [k]) [T, nexp(E22TH) 2xT '

keZ ¢=0n=0

m

(5.14)

*In writing the equality, we neglect UV divergencies due to the infinite products over the quantum numbers in the rhs. These should
be cured by subtracting local counterterms, which can be analyzed, for example, with heat kernel methods or WKB-type
approximations. In [18], the authors also comment on the possibility of absorbing these divergences into the cosmological constant,
Newton’s constant, and local couplings to higher curvature terms in the gravity sector.
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where, in the final result, the first line is just an overall entire function (without any poles and zeroes in k, which corresponds
to ). Notice that since the QNMs of pure de Sitter spacetime are given by —i(¢ + n + 1), this result is consistent with
formula (2.10) in [18].

In the pure AdS;s case, the reasoning is analogous and, up to the overall factor, the structure of zeros can be seen from the
infinite product arising from the Gamma functions

1 1
— — = — T (5.15)
F(A-‘r? k)I“(A+€+ k) I—‘(A+f+22 T‘k‘)r‘(AJrsz T|k‘)
The infinite product contribution gives
det (O — p?)
< A+ £+ 27iT|k| A+ € = 2xiT k| A+ ¢+ 2T k| A+ ¢ =2xiT|k|\ ¢+
~11 2 o ()
kEZ7=0 n n
ﬁ 2miT |k|+A+f 2mT i A+r 1°—°[27riT ‘k|+2n+A+f 2mT " 2n+ A+ £\
i L 2xiT 2xiT ) L4 2 2xiT 2xiT
€z¢=0
1 [T 2ntA+e 2ntA+s (£+1)?
~ H H k| —i————— || |k| +i———— (5.16)
ies 70 L 22T 2xT
€Z¢=0

where we used that the degeneration for each # > 0 is given by (£ + 1)2. This again coincides with formula (2.10) in [18]
using (4.20).

For the cases considered in (5.14) and (5.16) we can also give the explicit formula for the {-function regularized one-loop
action as in (1.4). We have

¢ (S)_L/ at 1+€_ﬁt§:§: 20+ 1)e i(C+n+1)t (5.17)
dSy F(s) o t —pt o et '
in the four-dimensional de Sitter case, and
1 o dt .1 —|— N ) —(Ofn
Caas, (5) :m/) —r _ﬂlzz (£ + 1o+l | g=Cesntay) (5.18)
=0 n=0

in the five-dimensional anti—de Sitter case.

In the black hole problems, extracting explicitly the relevant factors as in (5.16) from the Heun connection coefficients is
complicated, since the zeros come from requiring the sum of the two channels in (5.5) to vanish, and it is no longer possible
to look only in the infinite product structure of the Gamma functions.

However, if we consider the small R;, limit and the decomposition (5.6), the leading contribution of the determinant is
given by

22T (2a)T(14-2a)t %0~ < 1 1 1 )
det(O— | | | | exp| —=9d, F(t)+=0, F(t)+=0,F(t) |, 5.19
—#’) kezfml_[gzil“(%—ao—I—a+0at)l"(%+a+a1+0a°°) P\ 75 % (1) 2@ () 2 () (5.19)

where again the substitution iw = 2zTk is implied.

In all the considered cases, the leading order of « in the expansion in R, (and also in the small agy expansion for the Kerr-
de Sitter case) depends only on the angular quantum number 7, and both indices a, and a, start with higher orders in R,
therefore, neglecting the corrections in the last line in (5.6), the factors

27T (2a)T(1 + 2a)t~0=¢
[Tl G —ao+a+oq,

sexp (—%aaoF(t) 4 %%F(t) + %aam)) (5.20)
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only contribute as entire functions and do not give any contributions to zeros or poles in w, and all the analytic structure can
be written by the infinite products in the Gamma functions

1 1 = lva4a £a,\™!
I'=+a+4+a +a - 42— 5.21
(2 ! w)oc%—l—a—i—al:taoonl_[l( n > ( )

Moreover, since ¢ ~ R;,, only the leading order of a contributes, and the reasoning proceeds as in the hypergeometric cases.

In the final analytic structure, there is also one important difference between the Kerr-de Sitter case and the spherically
symmetric cases, which is given by the degeneracies coming from the angular problem. In the spherically symmetric
problems in four dimensions, these are given by N (#) = 2¢ + 1, and in five dimensions by N®)(#) = (£ + 1), for each
¢ > 0. In this approximation, the analytic structure in the leading order can therefore be read from

. 1 @ (¢)
det (O — p?) HH{H( +a+a, +oay )HH(l—i—é—Fa—'—Zl—'—Gam)}N f, (5.22)

keZ =0 n=1o=%

with d = 4, 5. In the Kerr-de Sitter case, instead, the formula reads

det (00 = 42) HH H {H( ta+a +oa, )ﬁH(wHaJFZ‘JrM“)}, (5.23)

keZ ¢=0 m=— n=1 o=+

and each pair of values (£, m) gives a different contribution.

Although there are no closed expressions for the QNMs of the generic BH, we still can write approximate formulas by
expanding in the BH radius R;, by using the explicit power expansion of the QNMs (5.7). As these, to the first order can be
found from the zeros of (5.22) and (5.23), we get the following approximated expressions.

For the four-dimensional Kerr-de Sitter case in the small-rotating regime, one gets

1 dr 1 & -
Ckas, (5) = = / - +€_ﬂlz Z Ze [i(£+n+1)~apnm+O(Ry agy )i (5.24)

F(S> 0 =0 m=—¢ n=0

where we used that the first order correction in R;, of the QNMs vanishes for any value of the quantum numbers. This
reduces in the agy — 0 Schwarzschild limit to (see [55])

1 © d[ 1 —|— e_ﬂt © = 2 3
— s E E 2f [l (f+n+1)-m, Ry +O(R;, )] 5.25
CSdS4 (S) F(S) A t 1—e? =0 n=0 ! e ( )

where, for £ > 0°and n > 0,

i[£3(60n? + 60n + 22) + £2(120n° 4 122n + 45) + £(16n> + 191 + 8) — (44n> + 43n + 15)]
8(£ 4 1)(2¢ 4 1)(2¢ - 1)(2¢ + 3) ‘

0, = — (5.26)

For the five-dimensional Schwarzschild-anti-de Sitter case one has, instead,

1 o dt eSS :
CSAdS5 (S) = mA 7 1 e_ﬁt ZZ f+ {6 2¢+n+A— u)szJrO(R‘)] +e [2f+n+A+maR2+(9(RZ)]t}7 (527)
£=0 n=0

where (see Eq. (47) in [51])

2 n — n\n —
6)2:_A +A(62(f£2;r)6 ( 1)‘ (5.28)

°For ¢ > 0 the correction @, can be found from the zeros of (5.22). See Eq. (3.23) in [55] at s = 0. The case £ = 0 is more subtle. The
full quantization condition (5.10) must be used in this case. However, in the expansion in R}, the leading order of the vev parameter a
equals 1/2, and the NS function F () has a pole for this value of the parameter. To find the analytic expression for w,, we first assume £
to be generic in (5.10), and only in the final expansion in R;, we send £ — 0.

106006-17



ARNAUDO, BONELLI, and TANZINI

PHYS. REV. D 110, 106006 (2024)

The full result, rewritten in a form that makes explicit the analytic structure depending on the QNMs [see the quantization
condition (5.10)], is (for the equality in the formula see the comment in footnote 8)

22 (2a)(1 + 2a)

1 1 1
det (O — 43) = a0 ——0, F(t)+=0, F(t) +=0,F(t
et ( w) HH{Hz;:ir(%—ao+Cl+0at)r(%+a+al—l—aaoo) 6Xp< 5 Ya ()+2 a, ()+2 a ()>

keZ ¢.m

{ F(—Za)ZHU:iF(% —ay+a+ oat)F(% +a+a, +oay)
F(Za)znﬂzir(% —ay—a-+ Ja,)l"(% —a+a; +oay)

24 exp(—duF(t))] } (5.29)

where the substitution (5.11) is implied, and the structure depending on QNMs can be read from the second line.

We remark again that, given a fixed ¢, the coefficients
of the QNMs expansion (5.7) up to order 2£,+ 1 (for
the four-dimensional cases) or 2, + 2 (for the five-
dimensional case) in R; can be determined by the poles
in (5.21), where the additional complication compared to
the hypergeometric cases comes from the fact that a is
expressed as an instanton expansion and @ (or, equiva-
lently, k) appears in the coefficients of such expansion.
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APPENDIX A: GELFAND-YAGLOM THEOREM

1. Gelfand-Yaglom theorem for regular
differential operators

Let us introduce the setting in which the standard
Gelfand-Yaglom theorem applies. Let

d2
D=—+V(z)

a2 (A1)

be a second-order differential operator defined on the
interval z = [0, 1]. Let us consider the eigenvalue problem

DWn = /1an’ (Az)

|
with y,, satisfying the Dirichlet boundary conditions

1/111(0> = l//n(l) =0,

where {1,}, is the set of eigenvalues of D, which is
required to be discrete, nondegenerate, and bounded from
below. Suppose we can solve the associated problem

(A3)

Du,l = /lbt/l, (A4)
with u; satisfying the boundary conditions
u,(0) =0, uf(0) = 1. (A5)

We call this u;(z) the normalized solution of (D — A)u =0
at z = 0.

Then, one has that u,(1) is equal to zero if and only if A is
an eigenvalue of the operator D. Indeed, u,;(1) = 0 if and
only if u, satisfies both the Dirichlet boundary conditions at
z=0 and at z = 1, but then u, coincides with one of the
eigenfunctions of D, that is 4 = 4,, for some n.

Let D be some reference differential operator and ii; the
corresponding eigenfunction satisfying (A5). D is obtained
by D by considering a deformation of the potential V(z). It
holds

det (D —4)
det (D — 1)

i (1)

Indeed, seen as functions of 4, both the lhs and the rhs have
zeros in the eigenvalues of D and poles in the eigenvalues
of D. Therefore, the two must coincide up to a constant.
Moreover,

det(D-4)

im = =1, (A7)
i=eo det (D — 2)

assuming the deformation of the potential V(z) to be
bounded and not modifying the asymptotic of the spectrum.
Hence, we can conclude that

det(D) det(D-A)|  wu;o(1)
det(D) det(D—2)|, fiy—o(1)’

(A8)
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Remark A.I1. As a consequence of the theorem, we
conclude that the ratio of determinants of two differential
operators only depends on the normalized solutions of the
corresponding differential equation.

We also comment on the fact that it is not restrictive to
consider differential operators in the normal form (Al).
Indeed, let us consider a second-order differential equation
of the form

d? d

a006;+b@kg+ (A9)

with the properties that b(y) is differentiable and a(y) is
twice differentiable. We can first redefine the variable as

y g 1
kY Ts v
z=—-—+—" with C= dy —,
0 a(y)

(A10)

so that the interval y = [0, 1] is mapped onto the interval
z = [0, 1] and the differential equation becomes of the form

d? d )
T O g Cr@)|#@) =0, (A1)
where
b(y)—3d
po =220 o). an)
a(y)
Then, redefining the wave function ¢ as
1
00 =ep(-5 [acp@ . @)
the differential equation becomes
d2
[d_zz + V(z)] w(z) =0, (A14)
with
2
V() = Crle) - LA -5HE). (A1)

2. Gelfand-Yaglom version for regular singular points

Suppose now that the potential V(z) has regular singular
pointsat z = O and z = 1. We denote with § & ag the roots of
the indicial equation at z = 0. Then, supposing not to be in a
log case, there exists a fundamental system of solutions of the
differential equation Dy(z) = 0 around z = 0 given by

vl =21+ 0().

yy) =1+ 0(2)], (Al6)

and the Wronskian between the two solutions is (constant
in z) equal to 2a.

Let us suppose Re(ap) > 0. In order to apply the
Gelfand-Yaglom theorem in the regular singular case,
the standard vanishing Dirichlet boundary condition at
z = 0 is reformulated by asking the function y to satisfy

lim(z2~%) "y (z) = 0.

z=0

(A17)

Analogous formulas hold at z = 1.

Suppose that the points z =0 and z =1 are regular
singular points of both the equations Dy(z) =0 and
Dyr(z) =0 with equal indices ay=a, and a; = a,.
Suppose, moreover, Re(ag) > 0 and Re(a;) > 0. Then,

det(D) B @
det(f)) B é]z

(A18)

where C;, is the connection coefficient relating the local
solutions around the two regular singular points

V@) =@+ vy 2). (A19)
and the same for @“ and 812.

Let us prove (A18). The strategy is to consider the
associated problem as in the standard Gelfand-Yaglom
theorem, but taking the normalized solution at a point
close to z = 0 in terms of the corresponding local solutions
(A16). Then, using the connection matrix, it is possible to
analytically continue the solution close to the point z = 1
and evaluate it there. Removing the cutoff, we get (A18).

The normalized solution at z = 0 satisfying u;(6) = 0
and u’[ﬁ](é) =1 is given by

(0) (0)
v (9) ) wi (0) (0
ug(z) =—————~——e¢€;w; (2) = e (2),
Wl 20 )
(A20)
where
0 1
= . A21
() (A21)

Let us now analytically continue this solution to the
neighborhood of z =1, as

v (2) = Gl (2), (A22)

and evaluate

v (5)
2610

u[,;](l +d) = €; C]kl//k (14+48). (A23)
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By using the expansion of the local solutions around
z=0 and z =1, and denoting

0 1 0 |1
ﬂ(1)—§+a07 Pg>—§—ao,
1 1
,01)—54'“1, Py =54 (A24)
one finds
1 |
g (148) =5 (& )eyCiu( )1+ 0(.8)].  (A25)
0
Consider now the ratio
us (1 -+
éﬂ——#, (A26)
u[(g] (1 + 1) )

where the denominator is given by the above procedure for
the reference operator D and with the same cutoff assign-
ment. As we remove the cutoff, in the limit §,5 — 0 and
using the assumptions a, a; > 0, the leading order term is
given by

det(D)

det(D)

M[(s]( +5)
550" u[g]( &)
lim —5TC (8 ) _Ci
800 gl (8 Cpy

(A27)

Similar results were obtained in [16].

APPENDIX B: CONNECTION PROBLEMS
FROM z~0TOz~1

In this appendix, we recall the connection coefficients
that analytically continue the local solutions around the
singularity at z = 0 in the region around the singularity
at z =1 for the Heun and hypergeometric differential
operators.

1. Hypergeometric connection formulas

For the hypergeometric equation

2

ot (e—(atbt1) 99— ab|wiz) =0,

z(1-2) =

(B1)
|

— 1)%+”lz%+”02F1 (Clo + ap, ag + a + 1, 1 + 2610;Z),

a basis of local solutions around z = 0 is given by

F\(a,b;c;z),

= Fi(a—c+1,b—c+1;2-c;2), (B2)

and a basis of local solutions around z = 1 is given by

wl(z) =,F,(a,b;a+b+1-c;1-2),
WE:)(z):(1—z)C_"_szl(c—a,c—b;c—a—b+l;l—z).
(B3)

The connection formulas between these solutions are

I'(c)l'(c—a-Db)

wl(z) = T(c—a)X(c—b) wl(2)
F(C)F(a +b— C) W(l)
Hare) "
0, TF2=cl(c—a=-b)
W (2) = (1= a)r(1-b) W)

r2-c)(a+b--c) W(l)
Tla—c+D(b—c+1)

(z). (B4)

Let us consider the normal form of the equation but
supposing the index of the singularity at z = oo to satisfy
aZ, = 1/4 (as we do in the normalizations introduced to the
main part of the work):

1 2 1 2 1 2 2

1-c¢

= ) , B6
o 3 ap 3 ( )

and with inverse
a=l-ag—a,, b=-ay—a;, c=1-2ay. (B7)

A basis of local solutions around z = 0 is given by

— 1)%+”‘z%_“02F1(—a0 —|— ap, —ao + a + 1, 1 - ZGO;Z),

(B8)
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whose Wronskian is equal to 2a,, and a basis of local solutions around z = 1 is given by

pW(2) = (2= izmowl(z) = (z = 79200, Fy (ag — ar, 1 +ag = ap; 1 = 2a;31 = 2),
p(2) = (2= Do) (2) = (z = D9z, F (ag +ap. 1+ ag + a1 +2a;31 = 2), (BY)

whose Wronskian is equal to 2a;. The corresponding connection formulas read

T(1-2a)T(2a)) 1 ['(1 = 2ay)'(—2a,) (1)
"’(‘())(Z)_r(—a0+al)r(1—a0+a1)l"(‘)(z’ (1 -ay—a)l(—ag—ay)’ * (2).
OO+ 2000 Ca) oy MT+%§7W)$M. (B10)
ap — ay ag — a;

y(2) =
+ C(ag+ a))T(1 + ag + ay)

2. Heun connection formula for |¢f| <1

The analogous problem was solved for the Heun equation in [10], where connection formulas between semiclassical
Liouville conformal blocks were studied. In the main part of the work, we consider the regime in which |¢z| < 1. In the next

subsection, we show the analogous formulas in the regime |7| > 1.
The conformal block for small ¢ around z = 0 reads

a a; 21
: % : (B11)

The conformal block for small ¢ around z = 1 reads

20 Ao x2 |
7—
l’AooJrAl‘FAZAI_At_AO(l — Z’)Am*’AOJ’»AZAI_AI_Al (Z — t)—ZAzAI % a Ay it _[ X (Blz)
7 —
a; %51
In the semiclassical limit, these read
ap a; ar
Z
F a Aoy ;t,; ,
Ay ag
ap Ao as |
1 Z—
(l(l —[)>_7(Z—Z)f a ayg ,[,—t . (B13)
7 —
a; a

The connection formula between the two semiclassical blocks, written in terms of the connection matrices of the

hypergeometric functions

I'(=26"a,)'(1 + 20

Mg (ar, ar;a3) = — (, a)l( 1+ a) v , where 0,0’ = £ (B14)
F(E + 9611 -0 ay + a;)F(E + 9611 -0 a; — a3)

reads
a a; a1 0
Z '
F a dog ;t,; = Z Mee’(ao,a;at)M(—e’)e”(Cha1;am)f€aexp<—§aaF(t)>
0.0'=+
(4299 ago
do Uoo az, |
<((1=0)7Fe-0F| @ aw T (B15)
7 —
a; ap
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F(t) being the classical 4-point conformal block (see Appendix E)

a a;
F(l):F a 31

(4298 ag

(B16)

We also need to relate the expansions of these semiclassical blocks to the local solutions of the Heun equation in

normal form

vy (2) ~ (1 + O(2)),

vy (2) ~ (2= DFP 1+ Oz = 1))
The semiclassical blocks’ expansions read

a a; a

0
7 a dos ;fé ~t‘g““eXp(—EaaoF(t)>z%+"“o[1+O<r,§>},
Ao ao
do oo as
‘ Z_l t 1/2 1,1 9// Z_l
|~ ()@= exp( — -0, F(1) ) [1+0O( .5
e N e S
a; ag

where F(¢) is the conformal block (B16).
It follows that the connection formula between the solutions of the Heun equation reads

W(HO)(Z) = Zceeﬁl[/g}/)(z), with

"=+
' 0 0" o
Coor = ZMW(CZ(), a;a; ) Mgy (a, ay; Ao ) 1990104 exp <— 0y F(t) —— 04, F(1) — —OHF(Z)> .
2 2 2 2

3. Heun connection formula for |¢f| > 1

(B17)

(B18)

(B19)

The connection formula between the points z = 0 and z = 1 in the regime |¢| > 1 is simpler since the two singular points

are on the same side of the pants decomposition of the four-punctured sphere.
In the semiclassical limit, the conformal blocks around z = 0 and z = 1 read

a aj az |
tl/zf a Aaog 5 ; s 21,
(29 ag
a; ao a1 |
(t—l)l/zeei”“f a ag — 1=z,
t—1
U ap
respectively. The connection formula between them reads
a; a az | a; a az |
1 1 /
eF a agg Lz = E Mg (ag, ar;a)(t —1)2e% 7@ F a aoer 1 1,1 -
- —
A ap 0=+ (2299 [Z%)
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The semiclassical blocks’ expansions read

a; ay az | 1 0 ] |
F a agp el f_zexp<—§aaoF(f)>ZZ+9“° [1 + 0(;&)],
Ao ag
a; do a1 | o | e 1
F a Aoy S L=z | ~(t=1)2e?7 (7 — 1)+ exp (—EOQIF(t)) [1 + O(t——l’ 1- z)]
Ao a
(B22)
where F(r) is the conformal block
a, aj
F=F a ;% . (B23)
Ao ag

It follows that the connection formula between the solutions of the Heun equation with the expansion (B17) reads

vy () = Copwy (). with
0=+

(% 0
ng/ = Meg/(ao, ap, a) exXp <§ 0auF(t) - Eaal F(l)) (B24)

APPENDIX C: DETERMINANT OF HEUN DIFFERENTIAL OPERATORS
AND GELFAND-YAGLOM THEOREM

1. Heun normalized with hypergeometric

In the main part of the work we need to compute (ratio of) determinants of differential operators of Heun’s and
hypergeometric’s type.

Indeed, the spectral problems in which we are interested are encoded by Heun differential equations with both boundary
conditions imposed at singular points. If we consider the normal form of the Heun operator

. dz+F—a%+ 1—a} +i—a% _%—a%—a%—a%Jra%oJru_i_ u } 1)
dz? 7 (z—=1)2%  (z-1)? 72(z—=1) 2(z=1)]
the simpler problem can be taken to be a hypergeometric operator, which can be obtained by modifying the potential setting
u =0, a} = . For simplicity, we also set aZ, = J. This gives
T): d_2 |:All_a(2)+ All_a% _é—a%—aé} (CZ)
dz? 2 (=1 z(z-1)

This simplification is such that the indices of the singularities at z = 0 and z = 1 are kept fixed. Using the connection
coefficients for the Heun equation and hypergeometric equation (see Appendix B), we can take the ratio of determinants as

the ratio of connection coefficients, distinguishing the cases according to the signs of Re(q,) and Re(a,).
For example, in the case Re(qy) > 0 and Re(a;) > 0, we have

det(D) YoM g (ao, a5 a) M) (a, ar; ag )1 exp(5 9q, F (1) + 304, F (1) = § 9,F (1)) (C3)
—/ I'(142a)I"(2a;) .
det(D) Fragran o ar)
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2. Computation of determinant for hypergeometric operators

In this Appendix, we use a different method to compute the determinant of generic hypergeometric differential operators.
Using the result of the ratio of determinants (C3), this gives a prescription on how to compute the (regularized) determinant
for Heun differential operators.

Let D, be the hypergeometric differential operator in normal form with generic indices of the singularities, parametrized
by the parameters a, b, c:

@ 2c[zla+b—1)+ 1]+ z[-z(a — b)> —4ab + 7] — ¢*

D: — Cc4
! de * 4(Z - 1)2Z2 ( )
Let D, be the hypergeometric differential operator in the form
@ [c—(a+b+1)7]d ab

Dy: —+ — = . (O8]
242 z(1-72) dz z(1-2) (©5)

We have that if v, ;(z) is an eigenfunction for D, with corresponding eigenvalue A, then
Y2u(2) = 72 = 1)y () (Co6)

is an eigenfunction for D, with the same eigenvalue 4. Indeed,
Dzlllz,/1<Z) — [Z—c/2<Z _ l)—(a+b+1—c)/2D1Zc/2(Z _ 1>(a+b+1—c)/2] [Z—c/2(Z _ 1)_<a+b+l_c)/2¥/1,z(z)]

= (= 1)L Dy (2) = 272 (2 = )Ty 4 (2) = dyaa(2). (C7)

Therefore, the determinant of the two differential operators is the same, since the two have the same eigenvalues.
Now, thanks to the Gelfand- Yaglom theorem and the Remark A.1, the determinant of D, is equal to the determinant of the
operator

2

d d
Dy z(l—z)d—22+[c—(a+b+1)z}d—z—ab, (C8)

since the differential equations D,y (z) = 0 and D3y (z) = 0 have the same solutions. Indeed, to apply the Gelfand-Yaglom
theorem and compute the determinants of D, and Ds, one can transform them in the normal form using the procedure
outlined in Appendix A, and finally, normalizing with respect to the same reference operator, one finds the same result for
the two computations.

Finally, in order to compute the determinant of D5, we can look into the eigenvalue problem

(Ds — )w(z) = 0. (C9)

A basis of independent solutions of this differential equation around z = 0 is given by

a b1
_+__

1 b
w9 (z) =,F, <—§\/a2—2ab+b2—4/1+2 2,2\/a2—2ab+b2—4/1+%+§;c;z>,

a

1
WE:))(Z) :Z]_czFl <—§\/Cl2—2ab—|—b2—4ﬂ+2

b 1 b
+§—c+1,§\/a2—2ab+b2—4/1+g+§—c+1;2—c;z). (C10)

The selected solution around z = 0 is wf) (z). The connection coefficient in front of the discarded solution around z = 1 is

given by
Ir'2-c)I'(c—a->b)
C(1+1vVa> =2ab+b* =4 -2 =501 - 1Va® —2ab + > — 44— 2 =)

(C11)
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Therefore, the A, that ensure the correct boundary con-
ditions for the solution are obtained by the quantization
condition

L /5 5 a b
1+§\/Cl —2ab+b —4ﬂ,n—§—§_—n or
L /5 2 a_b_
1—5\/(1 —2ab+b —4/1”—5—5——1’1, neZZO’
(C12)
that is,
b= =b+n)(=1+a-n). (C13)

Hence, denoting with a tilde the regularization of the
previous infinite product, the determinant is given by

detDy =[] (1 —=b+n)(=1+a—n)
2
TT(1-bI(1-a)

(C14)

27T(-20'a)l(1 — 20'a)

where we used the Zeta regularization and the Lerch’s
formula [78].

3. Regularized determinant for Heun
differential operators
Comparing the differential operator D; in (C4) with the
operator D in (C2), we have that the two are related by the
dictionary

a=1-ay—a;, and b= —ay—a. (C15)

With the result of the previous subsection, we have that

detD = ano(l +ag+a;+n)(—ay—a, —n)

2
p— . C16
(1 +ay+a)(ag + ay) (C16)

We conclude that we can give a formula for the (regular-
ized) determinant of the Heun differential operator (C1),
under the assumption Re(ag) > 0 and Re(a;) > O:

1 1 o

detD = Z
0=+

Let us remark that this result is equal to the Heun connection
coefficient in front of the discarded solution at z = 1, divided
by the two Gamma functions whose arguments depend on
the indices of the singularities where the two boundary
conditions are imposed. The 2z factor comes from the Zeta
function regularization. This normalization gives analogous
results as the ones obtained in the work [18], where the
subtraction of the Gamma functions is motivated by physical
arguments, introducing the Rindler-like region.

4. Example of equality of determinants

We show explicitly that the ratio of the determinants of
the differential operators where one is obtained by multi-
plying the other for z(1 — z) is equal to 1 in the simplest
case, in which we take

d? d?
D =——s Dy = —z(1 —2)—.
1 dzza 2 Z( Z)dZZ

(C18)
This is just a consistency check of the previous remark that
comes from the proof of the standard version of the
Gelfand-Yaglom theorem. For the determinants of these
operators, we can use the standard form of the Gelfand-
Yaglom theorem, and consider the associated problems

DluM:ﬂuu, Wlth ML/{(O):O and MIM(O):L
=1.

Dzuz’izl,{uz’l, Wlth MZ,A(O):O and M'U(O) (Clg)

[I,-:TG+ag—0a+06a,)T(3—0a+ a; + cay,)

otda exp (2 aaoF(t) +§aa1F(t) _EaaFU))' (C17)

The solutions satisfying these boundary conditions are
given by

sin(v/Az)

WMrp=—"F7% "

VA
11 1 1
Uy =2, 5—5\/4/1-# 1,5\/4/1—1— 1 +§;2;z . (C20)
Therefore, the ratio of determinants of the original oper-
ators is given by

det(Dy) _ Uy 1—o(1) _ 1
det(D;)  wup,;—0(1) 1 '

(C21)

This could be seen more easily from the standard version of
the Gelfand-Yaglom theorem, since in both cases the
solution (z) of the differential equation Dy (z) =0
satisfying y(0) = 0 and y'(0) = 1 is given by w(z) =z,
and we have (1) = 1.

APPENDIX D: REDUCTION OF CONNECTION
COEFFICIENT

Here, we prove that in the limit in which the Heun
differential operator D reduces to the hypergeometric one,

1n (C15) the parameter a denotes the parameter of the
hypergeometric equation, whereas in (C17) it denotes the vev
parameter.
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the ratio in (C3) becomes equal to 1. Notice that we are not
taking a collision limit, but we are just fitting the param-
eters so that the singularity at z = ¢ becomes an appar-
ent one.

The differential operator D in (C1) reduces to Din (C2)
by setting

a[:am:

Using the instanton expansion

Myglag.asa)M_g)-(a.a1;a5) =

1 OF (t
u:—z—l—a,z—l—a%—az—l—t# (D2)
we get
u=0. (D1) a=+a,,  F(1)=0. (D3)
|
Let us choose the plus sign. In the hypergeometric connection matrices appearing in the determinant of D

I'(142ay)T(-20'a)T(1 =20'a)T'(2a,)
FG+ay—0a+a)l(+ag—0a—a,)FG-0a+a +a )T (3—0a+a —ay)
(D4)

one can see that the choice ' =

+ makes one of the arguments of the Gamma functions in the denominator equal to O under
the dictionary (D1) (if we had chosen the different sign a, =

—a, then the reasoning would have been the same with

¢ = —). Therefore, the determinant of D reduces to channel corresponding to ' = —

(1 + 2a0)0(2a)T(1 + 2a)T(2a,)

FG+ag+a+a)lG+a+a—a)TG+a+a+an)TG+a+a —ag
F(l +2a0)r(2a|)

(1 + 2a0)?0'(2a,)T(2a;)

1 1 1
w-aexp(~a, F(t)+=0, F(t) +=0,F
) 1%~ exp <2 0., F (1) + 20a1 (1) + Za“ (t))

(1 + 2a0)0(2ag)0(1 + ag + a)(ag + a1)

where we used (D1) to pass to the second line. The last
result is precisely the determinant of D appearing in the
denominator of (C3) (equivalently, one of the hypergeo-
metric connection coefficients).

APPENDIX E: GAUGE THEORY CONVENTIONS

This appendix collects the notations and conventions
used when applying the gauge theory approach to the Heun
connection problems. The relevant theory is N' = 2 SU(2)
gauge theory with Ny = 4 fundamental hypermultiplets.

If Y is a Young diagram, we denote with (Y, > Y, > ...)
the heights of its columns and with (Y| >Y/,...) the
lengths of its rows. For every Young diagram Y and for

(1 +ag+a)(ag+ay)

Zhyp (Zi, Y, m) = H

(Ds)

every box s = (i, j), we denote the arm length and the leg
length of s with respect to the diagram Y as

Aij)=Y;—i,  Lyij)=Yi—j. (El)
We now introduce the main contributions crucial for the
definition of the instanton partition function of N =2

SU(2) gauge theory with fundamental matter. Let us denote

with ¥ = (Y,,Y,) a pair of Young diagrams. We denote
with @ = (a;,a,) the vev of the scalar in the vector
multiplet and with €|, €, the parameters characterizing
the Q-background. We define the hypermultiplet and vector
contribution as [79,80]

1 1
1L ool -]
klz(ij)eYk[ 2 2

1

b 1
Zvec a’Y H H aj—elLyj(S)+€2<AYi<s)+l) H

i,j= lseY

—a;+a;+ e (Ly,(1) +1) - 24y, (s) )

t€Y;

We always take ¢, = 1 and a@ = (a, —a). Let us denote with m,, m,, msz, m, the masses of the four hypermultiplets and let
us introduce the gauge parameters a, a,, d;, do, satisfying

m; = —a, — ag, m, = —a, + ay, mi; =dae +a, my = —ay + aj. (E3)
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Moreover, we denote with ¢ the instanton counting parameter ¢ = ¢>**, where 7 is related to the gauge coupling by

Ar

=5 + lg%{ . (E4)
The instanton part of the NS free energy is then given as a power series in ¢ by
~ 4

F(r) = lime, log| (1 = =& ralbra)y 2z, (@,7) H Zhyp(@. Y, m,-)} : (ES)
2 =

The gauge parameter a is expressed in a series expansion in the instanton counting parameter ¢, obtained by inverting the

Matone relation [81]

1
w=—g—d (), (E6)

where the parameter u appearing in the differential equation (2.9) is the complex moduli parametrizing the corresponding

SW curve. Explicitly, the expansion reads as follows

G4u—a} —al—al +ak)(§+u—2a})

1
a== \/—Z—u—i-a,z—l—a(z)—i—

2(1+2u—2a?—20%)\/—i—u+a%+a%

t+0(#) ¢ (E7)
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