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Mathematik. — Wir wollen die Feinheit und Strenge der Mathe-
matik in alle Wissenschaften hineintreiben, so weit diess nur irgend
möglich ist, nicht im Glauben, dass wir auf diesem Wege die Dinge
erkennen werden, sondern um damit unsere menschliche Relation
zu den Dingen festzustellen. Die Mathematik ist nur das Mittel der
allgemeinen und letzten Menschenkenntniss.

— Friedrich Nietzsche, Die fröhliche Wissenschaft, §246

Mathematics. — We want to bring the subtlety and rigor of mathe-
matics into all the sciences, as far as this is at all possible, not in the
belief that in this way we shall come to know things themselves, but in
order thereby to determine our human relation to things. Mathemat-
ics is only a means toward a general and ultimate human knowledge.

English translation
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Abstract

This thesis is primarily devoted to second-order optimality conditions in
geometric optimal control. After introducing the necessary background, we
present a unified framework for second-order necessary and sufficient conditions,
based on the second variation, the associated Jacobi curve, conjugate times,
and the Maslov index. This preliminary part reorganizes and adapts results
available in the literature, with the aim of providing a coherent set of tools for
the subsequent applications.

We then apply this framework to several classes of extremals and derive
the corresponding optimality conditions. First, we study singular extremals
for control-affine systems with an L1 cost, establishing second-order necessary
conditions and sufficient conditions for strong local optimality. Next, we con-
sider piecewise-regular extremals obtained by concatenating regular arcs. This
framework includes, as particular cases, regular extremals, that is extremals
satisfying the strong Legendre condition, and bang-bang extremals. For this
class, we characterize the second variation and the associated Jacobi curve, and
formulate optimality criteria in terms of the Maslov index of the Jacobi curve.
Finally, we partially extend the analysis to nice extremals, obtained by con-
catenating regular and singular arcs, and derive the corresponding optimality
conditions.

The last two chapters contain two further contributions in geometric op-
timal control, independent of the study of second-order optimality. The first
concerns the precise computation of the asymptotic motion complexity of a non-
admissible curve for a control-affine system. The second provides an explicit
formula for the Lyapunov exponents of a linear switched system alternating
between two matrices that generate the Lie algebra sl2(R).
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Chapter 1

Introduction

The mathematical theory of control concerns the study of dynamical systems governed
by equations involving some parameters, the controls, which can be changed during the
evolution of the system. By changing these parameters, one can influence the evolution of
the system and steer it in a desired direction.

This is a mathematical framework for modelling a vast number of different situations.
A typical example is driving a car: the driver controls the motion of the car by accelerating,
braking, and turning the steering wheel. In this case, the dynamical system is described by
the physical laws governing the motion of the car, while the controls describe the actions
available to the driver.

A large variety of phenomena, ranging from everyday situations to advanced techno-
logical applications, are modelled following the same philosophy. Concrete applications of
control theory appear in engineering, economics, biology, medicine, and many other fields.

Most importantly, in many of these applications one does not only want to control the
dynamics of the system, but wants to do so in an optimal way. For instance, when driving
a car from the city centre of Trieste to SISSA, one would like not only to find a path
reaching the desired destination, but perhaps the shortest path, the quickest one, or the
one requiring the least amount of fuel.

The mathematical theory of optimal control is the branch of mathematics devoted to
understanding the properties of this class of optimization problems.

Although control problems are ubiquitous, optimal control is a relatively recent field of
mathematics. With a few notable exceptions, until the twentieth century such problems
were not developed within a systematic mathematical theory and were mainly studied on
a case-by-case basis. It was only around the 1950s, with fundamental contributions by
figures such as Bellman, Pontryagin, and Kalman, that control theory fully developed as
an independent mathematical discipline.

One of the milestones of this theory is the Pontryagin Maximum Principle (PMP), a
very flexible theorem providing necessary conditions that optimal trajectories must sat-

11



12 CHAPTER 1. INTRODUCTION

isfy. In many situations, PMP reduces the original optimization problem to the study
of a Hamiltonian dynamical system together with a maximization condition, and there-
fore provides a way to characterize candidate optimal trajectories. Trajectories satisfying
these conditions, together with their corresponding Hamiltonian lifts, are called extremals;
informally, they are the candidate optimal trajectories selected by PMP.

However, the conditions provided by PMP are only necessary. They can be degenerate,
may leave a large family of candidate extremals, and an extremal satisfying PMP need
not be locally optimal. For this reason, stronger necessary conditions and sufficient con-
ditions have been developed in order to distinguish locally optimal trajectories among the
extremals selected by PMP. The theory of sufficient optimality conditions is substantially
less universal, and there is no single general principle with the scope and flexibility of PMP.

The main aim of this thesis is to contribute to both directions through the study of
second-order optimality conditions in optimal control. The adjective geometric in the title
reflects the fact that, in many applications, the natural state space of the system is not a
Euclidean space but a smooth manifold. For example, the configuration of a mechanical
arm with two rotating joints is naturally described by two angles and therefore belongs
to a two-dimensional torus S1 × S1, or to a subset of it if the joints have limited ranges.
More generally, using manifolds makes it possible to describe the configuration space of
a system without introducing artificial coordinates. At the same time, one of the central
tools of the theory is symplectic geometry, whose intrinsic formulation naturally lives on
the cotangent bundle of a manifold. Working intrinsically has an important practical
advantage: results formulated in coordinate-free terms apply directly to any new problem
satisfying the required assumptions, without having to adapt the underlying formulas case
by case. For general introductions to this viewpoint, we refer to [13, 5].

More precisely, our approach is based on the second variation, the Jacobi curve, con-
jugate times, the Maslov index, and the method of fields of extremals. As in ordinary
finite-dimensional optimization, second-order information provides a natural way to refine
first-order necessary conditions. Here the role of the Hessian is played by the second varia-
tion, which describes how the cost changes, to second order, under admissible perturbations
of an extremal. The central idea is that second-order information, naturally expressed ana-
lytically through the Hessian of the optimal control problem, can be encoded geometrically
by a curve of Lagrangian subspaces and studied using symplectic methods. This viewpoint
has been developed in several forms in the literature; some references particularly relevant
for the framework used here are [4, 3, 6].

This thesis is organized as follows. In Chapter 2, we introduce the general background
material: the basic notions of symplectic and Hamiltonian geometry, optimal control prob-
lems on smooth manifolds, and the Pontryagin Maximum Principle.

In Chapter 3, we introduce the general principles of second-order necessary optimality
conditions. Starting from constrained optimization and the linearization of the Lagrange
multiplier rule, we introduce the L-derivative and the Jacobi curve associated with an
extremal. The main result relates the Morse index of the constrained Hessian to the
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Maslov index of the Jacobi curve, connecting analytic second-order information with a
finite-dimensional symplectic invariant.

Chapter 4 provides the complementary approach yielding sufficient optimality condi-
tions. We recall the method of fields of extremals and its Hamiltonian formulation through
suitable super-Hamiltonians and formulate a version adapted to the applications developed
later in the thesis. Related Hamiltonian approaches to sufficient optimality conditions can
be found, for instance, in [14, 71] and references therein.

The material in Chapters 3 and 4 mostly adapts results already present in the literature,
with the purpose of providing a unified framework for the subsequent applications.

In Chapters 5, 6, 7, and 8, we apply these principles to increasingly general classes of
extremals. There is a natural progression among these chapters. Chapter 5 serves as a first
singular model and as a testing ground in which we developed both the super-Hamiltonian
technique and the analysis of singular second variations. Chapters 6 and 7 then study
piecewise regular extremals, extending the classical bang-bang setting to trajectories whose
maximizing Hamiltonian changes among smooth branches. Finally, Chapter 8 combines
the two constructions to treat trajectories formed by regular and first-order singular arcs,
a broad class of regular–singular patterns frequently encountered in applications.

Chapter 5 covers the joint work [7] and studies singular extremals for the problem of
minimizing the L1 norm of the control in a control-affine system. We derive a generalized
Legendre–Clebsch condition, determine the corresponding Jacobi equation, and, adapting
the approach in [70], we construct a super-Hamiltonian adapted to the singular dynamics.
This leads to necessary conditions and to sufficient conditions for strong local optimality,
first for short arcs and then in the absence of conjugate points.

Chapters 6 and 7 cover the joint work [12] and are devoted to piecewise regular ex-
tremals. We characterize their second variation and Jacobi curve by combining the smooth
evolution along regular arcs with discontinuities at switching times, obtaining necessary
and sufficient optimality criteria in terms of the Maslov index of this curve. Chapter 6
contains the main results and a detailed analysis of a non-convex one-dimensional exam-
ple, where piecewise regular extremals arise as candidate minimizers. The complete proofs
of our optimality conditions for this family of extremals are developed in Chapter 7.

Chapter 8 is devoted to an ongoing joint work and constitutes the last step of this
progression. We introduce nice extremals, obtained by concatenating regular and first-
order singular arcs. Although the ingredients developed in the preceding chapters extend
naturally to this setting, combining them is non-trivial, in particular at regular–singular
junctions. We develop the second-order theory and the super-Hamiltonian construction
for first-order singular arcs, characterize the Jacobi curve of nice extremals, and derive
the corresponding necessary optimality conditions. On the sufficient side, adapting the
technique used in [64], we prove strong local optimality in the absence of conjugate points
for nice extremals containing at most one singular arc. We expect that the restriction to
one singular arc is technical: we conjecture that the same result holds for an arbitrary
finite number of first-order singular arcs.
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The material contained in Chapters 9 and 10 consists of two further contributions in
geometric optimal control which are independent of the second-order optimality theory
developed in the central part of the thesis. Chapter 9 covers the joint work [58] with Dario
Prandi and gives precise asymptotic formulas, with explicit constants, for the motion-
planning complexity of tracking a non-admissible curve in control-affine systems. This
work extends the previous results in [69, 40] for control-linear systems. Chapter 10 covers
the joint work [11] with Andrei Agrachev and gives an explicit formula for the maximal
Lyapunov exponent of switched systems generated by two matrices spanning a Lie algebra
isomorphic to sl2(R), together with the switching strategies realizing it.

The results of the thesis also suggest several directions for further research. The most
immediate one is to complete the sufficient optimality theory for nice extremals with an
arbitrary finite number of singular arcs. A second natural objective is to turn the theoretical
criteria into an effective algorithmic procedure for testing optimality and locating conjugate
times, in the spirit of the numerical implementation developed for regular extremals in [24].
It would also be interesting to extend the theory to include higher-order singular extremals
and Fuller-type phenomena, where infinitely many switching times may accumulate in finite
time. Other extensions concern problems with free endpoints and costs depending on the
initial and final states, as well as optimal control problems with state constraints.

The results obtained in the different classes considered in this thesis suggest that the
combination of techniques developed throughout this work provides a robust framework
for the analysis of more general problems. Therefore, on the basis of this experience, we
think that a similar approach can be pushed beyond the cases treated here to address the
directions mentioned above.

As already pointed out, Chapters 2, 3, and 4 mainly rely on material already present in
the literature. The original research carried out in this PhD thesis appears in the following
preprints and publications:

• [11] Andrei A. Agrachev and Michele Motta, Lyapunov Exponents of Linear Switched
Systems. Regul. Chaot. Dyn. 30, 481–503 (2025).

• [7] Andrei Agrachev, Ivan Beschastnyi, Michele Motta, Singular extremals of optimal
control problems with L1 cost , arXiv:2511.21527.

• [58] Michele Motta and Dario Prandi, Asymptotics of motion planning complexity for
control-affine systems, arXiv:2511.17130.

• [12] Andrei A. Agrachev and Michele Motta, Second order optimality conditions for
piecewise regular extremals in Optimal Control , arXiv:2607.10434.

Finally, the material in Chapter 8 is part of an ongoing work, still in preparation:

• Andrei A. Agrachev and Michele Motta, Second order optimality conditions for nice
extremals in Optimal Control, in preparation.

https://doi.org/10.1134/S1560354725040033
https://doi.org/10.1134/S1560354725040033
https://arxiv.org/pdf/2511.21527
https://arxiv.org/pdf/2511.21527
https://arxiv.org/pdf/2511.17130
https://arxiv.org/pdf/2511.17130
https://arxiv.org/pdf/2607.10434
https://arxiv.org/pdf/2607.10434


Chapter 2

Preliminaries of Geometric
Control Theory

This chapter collects the notation and the standard notions in geometric control theory
used throughout the thesis. The presentation is deliberately concise and is mainly based
on [13, 5]. More specific assumptions, as well as the second-order constructions required
in the subsequent chapters, are introduced when needed.

2.1 Notation and conventions

In this thesis, all manifolds are assumed to be Hausdorff, second countable, and smooth;
throughout the thesis, smooth means C∞-smooth. We always denote by M a finite-
dimensional smooth manifold and, for q ∈M , we denote by TqM and T ∗

qM its tangent and
cotangent spaces at q, and by TM and T ∗M the corresponding bundles. The canonical
projection of the cotangent bundle is denoted by

π : T ∗M −→M.

The spaces of smooth functions and smooth vector fields on M are denoted by C∞(M)
and Vec(M), respectively. The duality pairing between tangent vectors and covectors is
written as ⟨λ, v⟩.

For a smooth map F : M → N , its differential at q ∈ M is denoted by dqF : TqM →
TF (q)N . When no confusion is possible, we also use F∗ for the push-forward and F ∗ for
the pull-back. For a subset A of a vector space, spanA denotes its linear span; for a linear
map B, its kernel and image are denoted by kerB and ImB. The identity map is denoted
by Id.

Curves are defined on compact intervals unless stated otherwise. An equality involving
a measurable control or the derivative of a Lipschitz continuous trajectory is understood

15
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to hold almost everywhere. We frequently write qt, ut, and λt in place of q(t), u(t), and
λ(t). The restriction of a curve q to an interval I is denoted by q|I .

The control set is denoted by U ⊂ Rm. The precise assumptions on U , on the dynamics,
and on the admissible-control space will be specified in each chapter.

2.2 Symplectic and Hamiltonian preliminaries

The symplectic framework introduced below provides the natural language for describing
Pontryagin extremals and, later, their second-order variations through Jacobi curves and
the Maslov index. We recall only the symplectic notions that will be used repeatedly. For
a more complete account, we refer to [5, Chapters 4 and 14] and [57].

2.2.1 Symplectic vector spaces

A symplectic vector space is a pair (V, σ), where V is a finite-dimensional vector space and
σ is a non-degenerate skew-symmetric bilinear form on V . In particular, dimV = 2n for
some n ∈ N. For a linear subspace Γ ⊂ V , its symplectic orthogonal is

Γ∠ := {z ∈ V | σ(z, w) = 0 for every w ∈ Γ} .

A subspace Γ is called isotropic if Γ ⊂ Γ∠, coisotropic if Γ∠ ⊂ Γ, and symplectic if
Γ ∩ Γ∠ = {0}. A subspace Λ ⊂ V is Lagrangian if it is isotropic and has dimension n.
Equivalently,

Λ is Lagrangian ⇐⇒ Λ = Λ∠.

We use the notation

L(V ) := {Λ ⊂ V | Λ is Lagrangian} . (2.2.1)

The set L(V ) is called Lagrangian Grassmannian and is studied in more detail in the next
subsection.

Given Π ∈ L(V ), consider another Lagrangian subspace ∆ such that

V = Π ⊕ ∆.

It is always possible to choose a basis {e1, . . . , en} of Π and a basis {f1, . . . , fn} of ∆ such
that

σ(ei, fj) = δij . (2.2.2)

Every vector v ∈ V can be written in these coordinates: v =
∑n

i=1 p
(i)ei + q(i)fi. Con-

sequently, denoting by (p, q) = (p(1), . . . , p(n), q(1), . . . , q(n)), the symplectic form takes the
Darboux form

σ
(
(p1, q1), (p2, q2)

)
= ⟨p1, q2⟩ − ⟨p2, q1⟩.
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A linear isomorphism A : (V1, σ1) → (V2, σ2) is a symplectomorphism if

σ2(Av,Aw) = σ1(v, w)

for every v, w ∈ V1. Symplectomorphisms preserve symplectic orthogonals and, in partic-
ular, map Lagrangian subspaces to Lagrangian subspaces.

2.2.2 The Lagrangian Grassmannian

In this subsection, we recall some properties of the Lagrangian Grassmannian L(V ), defined
in (2.2.1). It is a compact smooth submanifold of the Grassmannian of n-dimensional
subspaces of V , of dimension

dimL(V ) =
n(n+ 1)

2
.

We briefly recall its standard local coordinates and the identification of its tangent spaces
with quadratic forms (see [5, Chapter 14]).

Fix a pair of transverse Lagrangian subspaces Π,∆ ∈ L(V ), so that

V = Π ⊕ ∆.

Every Λ ∈ L(V ) transverse to ∆ is the graph of a linear map SΛ : Π → ∆:

Λ = {(p, SΛp) | p ∈ Π} .

Once a basis of Π and ∆ as in (2.2.2) is fixed, we can identify SΛ with its matrix. A direct
check shows that Λ is Lagrangian if and only if SΛ is symmetric.

Lagrangian subspaces transversal to ∆ form an open set

∆⋔ := {Λ ∈ L(V ) | Λ ∩ ∆ = {0}}

and is naturally identified with the vector space of linear maps on from Π to ∆. These
open sets, as ∆ varies in L(V ), form an atlas of L(V ). For fixed transversal Π,∆ ∈ L(V ),
we call these local coordinates the (Π,∆)-coordinates of ∆⋔. Since the space of symmetric
n×n matrices has dimension n(n+1)/2, this chart also gives the dimension formula above.

Now, let t 7→ Λ(t) be a smooth curve in L(V ) and fix t0. Given v ∈ Λ(t0), choose a
smooth curve v(t) ∈ Λ(t) satisfying v(t0) = v. The velocity of Λ at t0 is the quadratic form

Λ̇(t0)[v] := σ

(
v,
d

dt
v(t)

∣∣∣∣
t=t0

)
.

This definition is independent of the chosen extension v(t). To show this, we can fix
any ∆ ∈ L(V ), ∆ ∩ Λt0 = {0}, take Darboux coordinates such that Λt0 = {(p, 0)} and
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∆ = {(0, q)}, and compute σ
(
v(t0),

d
dt

∣∣
t=t0

v(t)
)

in these coordinates. Let S(t) be the

linear map corresponding to Λ(t). We have that v(t) = (p(t), S(t)p(t)) and

σ
((
p, Sp

)
,
(
ṗ, Ṡp+ Sṗ

))
= p⊤Ṡp,

where p, ṗ, S, Ṡ are all evaluated at t0. Thus, we see that the quantity depends only on
p(t0). Furthermore, from this computation we see that, if Λ(t) is represented by a family
of symmetric matrices S(t), then Λ̇(t) is represented by Ṡ(t).

A smooth curve Λ : [0, T ] → L(V ) is called monotone increasing if

Λ̇(t) ≥ 0, for every t ∈ [0, T ],

and strictly monotone increasing if the inequality is strict. Finally, we say that a curve Λ
is simple if there is ∆ ∈ L(V ) such that Λ(t) ∈ ∆⋔ for every t ∈ [0, T ].

2.2.3 The cotangent bundle

The cotangent bundle T ∗M carries a canonical symplectic structure. The tautological, or
Liouville, one-form ϑ is defined by

ϑλ(v) := ⟨λ, dλπ[v]⟩ , λ ∈ T ∗M, v ∈ Tλ(T ∗M).

We use the convention

σ = dϑ.

Thus, σ is a skew-symmetric non-degenerate 2-form, which is called the canonical symplectic
form of T ∗M . In local coordinates (p, q) on T ∗M , this reads

ϑ = p dq, σ = dp ∧ dq.

For every λ ∈ T ∗M , the vertical subspace is

Πλ := ker dλπ = Tλ
(
T ∗
π(λ)M

)
.

It is elementary to check that Πλ is a Lagrangian subspace of the symplectic vector space
Tλ(T ∗M).

2.2.4 Hamiltonian vector fields and Poisson brackets

Given h ∈ C∞(T ∗M), its Hamiltonian vector field h⃗ is defined by

dh = σ( · , h⃗).
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In local coordinates, the corresponding Hamiltonian system is

ṗ = −∂h
∂q
,

q̇ =
∂h

∂p
.

The Poisson bracket of a, b ∈ C∞(T ∗M) is

{a, b} := σ(⃗a, b⃗) = a⃗(b).

Hence, if λ solves λ̇ = a⃗(λ), then

d

dt
b(λt) = {a, b}(λt).

We will repeatedly use the standard identities

{a, b} = −{b, a}, {a, bc} = {a, b}c+ b{a, c}, [⃗a, b⃗] =
−−−→
{a, b}.

To every vector field f ∈ Vec(M) we associate the fiber-linear Hamiltonian

hf (λ) := ⟨λ, f(π(λ))⟩ .

With the preceding conventions, Lie brackets of vector fields and Poisson brackets of fiber-
linear Hamiltonians are related by

{hf , hg} = h[f,g].

Let Φh
s,t denote the flow of a possibly time-dependent Hamiltonian ht. In the autonomous

case we write Φh
t or et⃗h. Hamiltonian flows preserve the symplectic form:

(Φh
s,t)

∗σ = σ.

In particular, the differential

dλΦh
s,t : Tλ(T ∗M) −→ TΦh

s,t(λ)
(T ∗M)

is a linear symplectomorphism. We will often use this differential to transport Lagrangian
subspaces between tangent spaces based at different points of T ∗M .
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2.3 Control systems and optimal control problems

2.3.1 Control systems

Let M be a smooth manifold and let U ⊂ Rm. A control system on M is described by a
map

f : M × U −→ TM, f(q, u) ∈ TqM.

Given T > 0 and a measurable control u : [0, T ] → U , an admissible trajectory is a Lipschitz
continuous curve q : [0, T ] →M satisfying

q̇(t) = f(q(t), u(t)) (2.3.1)

for almost every t ∈ [0, T ]. When it is useful to emphasize the initial point and the
control, the corresponding trajectory is denoted by q(t; q0, u). Existence and uniqueness of
solutions of (2.3.1) are usually obtained by Carathéodory’s theorem, see [5, Theorem 2.15]
and references therein. In the following, we will always assume that f is regular enough to
satisfy the hypotheses of Carathéodory’s theorem.

We denote by UT the chosen space of admissible controls on [0, T ] and by

q( · ; q0, u)

the maximal trajectory with initial condition q0. If u is an admissible control and q is its
corresponding trajectory, We say that (u, q) is an admissible pair.

In this thesis, we will often fix a reference control and the corresponding reference
trajectory and compare them with nearby admissible controls and trajectories. Whenever
this is the case, we will denote by ũ, q̃ the reference control and its corresponding trajectory.

Moreover, since in all the cases that we will study all trajectories under consideration
are contained in a fixed relatively compact neighbourhood of q̃, without loss of generality
we will always assume completeness of all the relevant vector fields.

2.3.2 Optimal control problems

The common model considered in the thesis is the fixed-endpoint optimal control problem
with integral cost. That is, given a continuous function L : M × U → R, we want to
minimize

J(u) =

∫ T

0
L(q(t), u(t)) dt −→ min, (2.3.2)

subject to

q̇(t) = f(q(t), u(t)), q(0) = q0, q(T ) = q1. (2.3.3)

The final time T may be fixed or free, according to the problem under consideration. We
always specify this choice explicitly when it affects the statement of a result.
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The same formalism extends with minor modifications to problems in which the ini-
tial and final points are not fixed and to Bolza costs containing endpoint terms. Since
these extensions play no essential role in the arguments developed here, we formulate the
preliminary results only for fixed endpoints. The different optimization problem used in
Chapter 10 will be introduced directly there.

2.3.3 Local notions of optimality

Let ũ be an admissible control, let q̃ be the corresponding trajectory, and assume that the
boundary conditions are fixed. The control ũ is a global minimizer if

J(ũ) ≤ J(u)

for every admissible competitor u satisfying the same boundary conditions.
Local optimality depends on the topology chosen on the admissible controls or tra-

jectories. The conventional distinction between weak and strong local optimality is the
following.

Definition 2.3.1 (weak-local optimality). Assume that the set U is equipped with a
topology. An admissible control ũ ∈ U is weakly locally optimal for the OCP (2.3.2),(2.3.3)
if there is a neighbourhood U0 ⊂ U of ũ such that

J(ũ) ≤ J(u) (2.3.4)

for every u ∈ U0 satisfying q(0;u) = q̃(0), q(T ;u) = q̃(T ).

In the OCPs considered in this thesis, U will be either a subset of L∞([0, T ];U) or of
L1([0, T ];U) and we consider weak-local optimality with respect to the induced topology.

Definition 2.3.2 (Local-strong-optimality). Let ũ be an admissible control for the optimal
control problem (2.3.2),(2.3.3) with fixed final time T and denote by q̃ its corresponding ad-
missible trajectory. We say that q̃ is strongly locally optimal if there exists a neighbourhood
O of its image such that

J(ũ) ≤ J(u) (2.3.5)

for every admissible competitor u with

q(0;u) = q̃(0), q(T ;u) = q̃(T ) and q(t;u) ∈ O, t ∈ [0, T ].

If the final time T is free, we say that q̃ is strongly locally optimal if there exists a neigh-
bourhood O of q̃ and ε > 0 such that (2.3.5) holds for every admissible trajectory q(·;u)
satisfying

q(0;u) = q̃(0), q(T ′;u) = q̃(T ) and q(t;u) ∈ O, t ∈ [0, T ′].

with |T ′ − T | < ε.

A local minimizer is called strict if the inequalities in (2.3.5),(2.3.4) are strict for u ̸= ũ.



22 CHAPTER 2. PRELIMINARIES OF GEOMETRIC CONTROL THEORY

2.3.4 Cost augmentation

An integral cost can be incorporated into the state space by introducing an additional
variable q0 satisfying

q̇0(t) = L(q(t), u(t)), q0(0) = 0.

Then

q0(T ) = J(u).

Thus the original optimal control problem can be viewed as an endpoint problem for the
extended system on R×M . This elementary device underlies the geometric interpretation
of the cost multiplier in the Pontryagin Maximum Principle.

2.4 Pontryagin extremals

We recall the Pontryagin Maximum Principle in the fixed-endpoint setting. The statement
below is sufficient for the applications in this thesis; more general variants can be found in
[13].

2.4.1 The Pontryagin Maximum Principle

For ν ∈ R, λ ∈ T ∗
qM , and u ∈ U , define the Pontryagin Hamiltonian

hνu(λ) := ⟨λ, f(q, u)⟩ + νL(q, u).

Whenever the maximum exists, the maximized Hamiltonian is

Hν(λ) := max
u∈U

hνu(λ).

Theorem 2.4.1 (Pontryagin maximum principle (PMP)). Let ũ be a minimizer for the
OCP (2.3.2), (2.3.3) and let q̃ be its corresponding admissible trajectory. Then, there exists
a non-trivial pair

(ν, λ̃t) ̸= 0, λ̃t ∈ T ∗
q̃(t)M, ν ∈ R, t ∈ [0, T ],

such that the following conditions hold:

˙̃
λt = h⃗νũ(t)(λ̃t), for a.e. t ∈ [0, T ], (2.4.1)

hνũ(t)(λ̃t) = Hν(λ̃t) for a.e. t ∈ [0, T ],

ν ≤ 0.

Moreover, [0, T ] ∋ t 7→ hνũ(t)(λ̃t) is constant and, in the case of free final time, the constant
is equal to 0.
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The pair (ũ, λ̃) is called an extremal pair, λ̃ an extremal lift, and q̃ = π ◦ λ̃ an extremal
trajectory. Since the multiplier is defined up to multiplication by a positive constant, there
are two cases. If ν < 0, it is normalized to ν = −1 and the extremal is called normal. If
ν = 0, the extremal is called abnormal. In the normal case, we usually omit ν and write

hu(λ) = ⟨λ, f(q, u)⟩ − L(q, u).

Notice that in this thesis we will deal essentially only with normal extremals. For this
reason, unless it is specifically stated, we will always assume ν = −1. The Maximum
Principle is a first-order necessary condition: in general curves satisfying PMP need not to
be minimizers, not even locally.

2.4.2 Regular and singular arcs

Let (ũ, λ̃) be an extremal pair on an interval I. Suppose that there is a sufficiently small
open ball B ⊂ Rm such that U0 := U ∩ B is a smooth manifold and that the control ũ|I
takes values in U0. Assume moreover that h|T ∗M×U0 ∈ C2. The maximization condition
implies the stationarity relation

∂hu
∂u

∣∣∣∣
u=ũ(t), λ=λ̃(t)

[v] = 0, v ∈ Tũ(t)U0, t ∈ I.

The Legendre form is the quadratic form on Tũ(t)U0 defined by

Lt(v) :=
∂2hu
∂u2

∣∣∣∣
u=ũ(t), λ=λ̃(t)

[v, v]. (2.4.2)

Because the Pontryagin Hamiltonian is maximized with respect to u, every optimal ex-
tremal satisfies the ordinary Legendre condition

Lt ≤ 0, for a.e. t ∈ I.

The strong Legendre condition is

Lt < 0, for a.e. t ∈ I.

Under the strong Legendre condition, the implicit function theorem locally determines the
maximizing control as a smooth function of the covector,

u = û(λ),

and the corresponding maximized Hamiltonian is smooth:

H(λ) = hû(λ)(λ).
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On such an interval, the extremal is governed by the ordinary Hamiltonian system

λ̇ = H⃗(λ).

We call an extremal arc regular when the maximizing control is locally unique and is
determined smoothly in this way, with non-degenerate negative Legendre form. An arc is
called singular when the Legendre form has a non-trivial kernel.

2.4.3 Switching times and the switching Legendre condition

In the simple case where U is a finite collection of isolated points, which includes case of
bang-bang controls, the set U0 considered in the previous subsection is reduced to a single
point and the tangent space Tũ(t)U0 is {0}. Thus, there are no non-trivial variations of
ũ which are close to the original control in the L∞ norm. In particular, every control is
L∞-weakly-locally optimal. This motivates the following considerations.

Let (ũ, λ̃) be an extremal pair on an interval I and suppose that there are two sufficiently
small disjoint balls B0, B1 ⊂ Rm such that U0 = U ∩ B0, U1 = U ∩ B1 are two smooth
manifolds and there is t1 ∈ I such that ũ(t) ∈ U0 for t ≤ t1 and ũ(t) ∈ U1 for t > t1. We
say that t1 is a switching time.

We describe the analogous non-degeneracy condition at a switching time between two
regular arcs. Let H0 and H1 be the smooth maximized Hamiltonians on U0 and U1

respectively. At the switching time,

H0(λ̃t1) = H1(λ̃t1).

Introduce the switching function
χ := H1 −H0.

Its derivative at the switching time is

d

dt
χ(λ̃t)

∣∣∣∣
t=t1

= {H0, H1}(λ̃t1).

If the maximizing Hamiltonian changes from H0 to H1, then χ changes from non-positive
to non-negative. Consequently, the switching Legendre condition is

{H0, H1}(λ̃t1) ≥ 0.

The strong switching Legendre condition is

{H0, H1}(λ̃t1) > 0.

In this case, both Hamiltonian vector fields H⃗0, H⃗1 are transverse to the switching hyper-
surface {H0 = H1} and the switching time is isolated.



Chapter 3

Second-order necessary optimality
conditions: general principles

The Pontryagin Maximum Principle (PMP) provides first-order necessary conditions for
optimality and identifies a class of candidate minimizers, called extremals. Although PMP
encodes the distinction between minimization and maximization through the sign of the
cost multiplier, it does not in general distinguish locally optimal extremals from non-
optimal ones, such as saddle-type extremals. Moreover, even if an extremal arc is mini-
mizing, PMP does not by itself determine when it ceases to be minimizing. This is the
same phenomenon encountered in Riemannian geometry: sufficiently short segments of a
geodesic are locally minimizing, but the geodesic equation alone does not determine the
interval on which this minimizing property persists. Understanding this loss of optimality
requires studying the problem at the second order.

The purpose of this chapter is to present the general strategy underlying second-order
necessary conditions for optimality. From the analytic viewpoint, an optimal control prob-
lem with fixed boundary conditions is regarded as an infinite-dimensional constrained op-
timization problem, in which the endpoint map plays the role of the constraint. With
this viewpoint, the PMP encodes the first-order information, while the Hessian of the
constrained functional contains the corresponding second-order information.

The abstract criterion of Theorem 3.1.7 states that, if the negative Morse index of this
Hessian is at least the corank of the reference control, then the extended endpoint map is
locally open and the control cannot be a weak local minimizer. The problem is therefore
reduced to computing the Morse index of the constrained Hessian.

The geometric viewpoint provides an effective way to perform this computation. We in-
troduce the L-derivative, which is a Lagrangian subspace encoding the relevant information
carried by the second variation. If the set of the Lagrange multipliers is a smooth man-
ifold, its tangent space coincides with the L-derivative. The strength of the L-derivative
lies in the fact that it is a well defined Lagrangian subspace even when the set of Lagrange

25
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multipliers fails to be a smooth manifold.

By restricting the admissible variations to successive time intervals, one obtains a curve
of Lagrangian subspaces, called the Jacobi curve. Its intersections with the vertical sub-
space are measured by the Maslov index, and the Morse–Maslov formula of Theorem 3.4.11
identifies the Maslov index of the Jacobi curve, up to an explicit correction term, with the
negative Morse index of the constrained Hessian. The main aim of the chapter is thus to
construct a bridge between the analytic description of second-order variations and their
symplectic representation through the Jacobi curve.

The abstract framework presented in this chapter is largely based on the results of [6]
and on the earlier references cited therein. Since these techniques are quite involved and
are not usually presented in a unified form, we provide a detailed account adapted to the
notation and applications developed in this thesis.

Recall that an admissible control ũ satisfying PMP is said to have corank r if the
maximal number of pointwise linearly independent extremal lifts associated with ũ is r.
Equivalently,

r = codim ImDũ(F, J).

where we denote by F the endpoint map defined in Definition 3.1.1 and by J the minimized
functional in (2.3.2). We let µΠ be the Maslov index with respect to Π ∈ L(Tλ̃0

(T ∗M)),
see Section 3.4. We assume that the set of admissible controls U has a structure of Banach
manifold modelled on a separable Banach space. The general criterion developed in this
chapter can be summarized as follows.

Theorem 3.0.1 (Second-order necessary optimality condition). Let ũ be an extremal con-
trol for the optimal control problem (2.3.2), (2.3.3), and assume that ũ has corank r.

For every extremal lift λ̃ associated with ũ, let Λλ̃ be the corresponding Jacobi curve
and let

Πλ̃ := Tλ̃0

(
T ∗
q0M

)
.

Assume that −(λ̃, ν) Hessũ(F, J) has finite negative Morse index for every such lift. If

µ
Πλ̃

(
Λλ̃
)
− 1

2

d− dim

Πλ̃ ∩
⋂

t∈[0,T ]

Λλ̃
t

 ≥ r

for every extremal lift λ̃ associated with ũ, then ũ is not a weak-local minimizer in with
respect to the topology of U .

Thus, starting from a candidate minimizing control ũ selected by PMP, one must deter-
mine its corank, construct the corresponding Jacobi curve and compute its Maslov index.
Although these computations may be difficult in general, in the subsequent chapters we
carry them out for several classes of extremals.
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This chapter is organized as follows: Section 3.1 develops the abstract constrained-
optimization framework, Section 3.2 computes the first differential and the Hessian of the
endpoint map in Hamiltonian form, and Section 3.3 introduces the Jacobi curve through the
L-derivative. Finally, Section 3.4 introduces the Maslov index and establishes its relation
with the Morse index, completing the passage from the analytic to the geometric viewpoint.

3.1 Constrained optimization problems

In this first section, we recall some general facts and geometric objects from the theory
of constrained optimization problems. More precisely, we are interested in the following
class of problems. Let U be a smooth Banach manifold and M a finite dimensional smooth
manifold. We consider the functional J : U → R and a function F : U → M . We assume
that both J and F are smooth. Given a point q1 ∈M , we are interested in the minimization
problem:

min{J(u) | u ∈ F−1(q1)}. (3.1.1)

In the case of an optimal control problem, U is the space of admissible controls, M is the
state manifold, F is the endpoint map and J the minimized functional.

First, in Subsection 3.1.1 we show that optimal control problems are particular in-
stance of constrained optimization problems on an infinite dimensional space. Then, in
Subsections 3.1.2, 3.1.3, 3.1.4, we recall some concepts in the general abstract framework
of constrained optimization that we will apply to OCPs in Section 3.3.

3.1.1 OCP as a constrained optimization problem

First, we want to reformulate an OCP as a constrained optimization problem, motivating
the subsequent subsections.

Let M be a smooth manifold and consider the control system

q̇(t) = f
(
q(t), u(t)

)
, q(0) = q0, (3.1.2)

together with the cost functional

J(u) =

∫ T

0
L
(
q(t;u), u(t)

)
dt. (3.1.3)

Here, U denotes a Banach manifold of admissible controls and q(·;u) is the admissible
trajectory corresponding to u.

Throughout this chapter, the interval on which a control is defined is regarded as
part of the information carried by the control itself. Thus, if u is defined on [0, T ], the
corresponding evolution is understood to stop at time T .
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Definition 3.1.1 (Endpoint map). The endpoint map based at q0 is the map

F : U −→M, F (u) = q(T ;u).

The fixed-endpoint constraint qu(T ) = q1 can therefore be written as

u ∈ F−1(q1).

Definition 3.1.2 (Extended endpoint map). The extended endpoint map is the map

E : U −→M × R, E(u) =
(
F (u), J(u)

)
.

The extended endpoint map can itself be regarded as an ordinary endpoint map. Indeed,
introduce the augmented state space

M̂ := M × R

and the augmented control system

q̇(t) = f
(
t, q(t), u(t)

)
,

ż(t) = L
(
t, q(t), u(t)

)
,(

q(0), z(0)
)

= (q0, 0).

Its endpoint is (
q(T ;u), z(T ;u)

)
=
(
F (u), J(u)

)
= E(u).

Thus, the optimal control problem of minimizing (3.1.3) subject to (3.1.2) and q(T ;u) =
q1 is rephrased as the following constrained optimization problem:

min{J(u) | u ∈ F−1(q1)}.

3.1.2 First order condition: Lagrange multipliers

We recall the statement of the Lagrange multiplier rule. This is a classical consequence of
the open mapping theorem and can be found, for instance, in [15, 5].

Proposition 3.1.3 (The Lagrange multipliers rule). Suppose that u ∈ U is a critical point
of the function J |F−1(q1). Then, there is λ ∈ T ∗

q1M and ν ∈ {0,−1} such that

⟨λ,DuF [v]⟩ + νDuJ [v] = 0, ∀v ∈ TuU . (3.1.4)

The pair (λ, ν) is called a Lagrange multiplier. If ν = −1, we say that (λ, ν) is a
normal Lagrange multiplier. If instead ν = 0, we say that (λ, ν) is an abnormal Lagrange
multiplier. In the following, we consider only the normal case. Finally, if u is a critical
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point of the function J |F−1(q1) and λ ∈ T ∗
q1M is a normal Lagrange multiplier for u, we say

that the pair (u, λ) is a Lagrange point.
Let F ∗(T ∗M) be the pullback bundle of T ∗M over U , that is

F ∗(T ∗M) = {(u, λ) ∈ T ∗M × U | λ ∈ T ∗
F (u)M} ⊂ T ∗M × U .

We define the map

Ψ : F ∗(T ∗M) → T ∗U , Ψ(u, λ) = ⟨λ,DuF ⟩ −DuJ. (3.1.5)

Definition 3.1.4 (set of normal Lagrange multipliers). We define

L = {λ ∈ T ∗M | there is u ∈ U such that ⟨λ,DuF ⟩ = DuJ}.

The set L is called the set of normal Lagrange multipliers.

3.1.3 Second derivatives for constrained maps

We now introduce the second-order object associated with a constrained optimization prob-
lem at a Lagrange point. We first briefly recall the meaning of first and second derivatives
for maps between smooth manifolds.

Let F : U → M be a smooth map and let u ∈ U . Its first differential at u is the
intrinsically defined linear map

DuF : TuU −→ TF (u)M,

characterized by

DuF [v] =
d

ds

∣∣∣∣
s=0

F (γ(s)),

where γ is any smooth curve such that γ(0) = u and γ̇(0) = v.
Concerning second derivatives, in general, if the codomain is a manifold, there is no

intrinsic definition of second differential in TF (u)M . After choosing local coordinates, one
can define a bilinear mapD2

uF , but its value depends on the chosen coordinates. However, if
v, w ∈ kerDuF , a change of coordinates modifies D2

uF [v, w] only by an element of ImDuF .
Therefore [

D2
uF [v, w]

]
∈ TF (u)M/ ImDuF

is intrinsically defined for v, w ∈ kerDuF . For a real-valued function, the usual Hessian is
intrinsically defined at a critical point. We refer to Chapter 20 in [13] for a more detailed
discussion about the definitions of second order derivatives of a map with values in a
manifold.

Now, following [6], let u ∈ F−1(q1) be a critical point of J |F−1(q1) and let (λ, ν) be a
Lagrange multiplier associated with u. In local coordinates, we define the Hessian of the
extended endpoint map E = (F, J) by

(λ, ν) HessuE[v, w] := λD2
uF [v, w] + νD2

uJ [v, w], v, w ∈ kerDuF. (3.1.6)
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The Lagrange multiplier relation and the restriction to kerDuF imply that the right-hand
side of (3.1.6) is independent of the choice of local coordinates, and hence defines an intrinsic
symmetric bilinear form on kerDuF .

In the rest of this chapter we only consider normal Lagrange multipliers, normalized
by ν = −1. We therefore omit ν from the notation and write

λHessuE := (λ,−1) HessuE.

If F is a submersion at u, then F−1(q1) is a smooth Banach submanifold near u and

TuF
−1(q1) = kerDuF.

In this regular case, the Hessian can be identified with the ordinary Hessian of the restric-
tion of J to the constraint.

Proposition 3.1.5. Let J : U → R and F : U →M be smooth maps. Fix q1 ∈M and let
u ∈ F−1(q1) be a critical point of J |F−1(q1). Assume that F is a submersion at u and let
λ ∈ T ∗

q1M be a normal Lagrange multiplier associated with u. Then

Hessu
(
J |F−1(q1)

)
[v, w] = −λHessuE[v, w] = D2

uJ [v, w] − λD2
uF [v, w]

for every v, w ∈ kerDuF .

Before concluding this part, we recall the following second-order necessary condition,
which is a reformulation in the present setting of the local-openness criterion in [13, The-
orem 20.3]. To state the result, we need the notion of Morse index.

Definition 3.1.6 (negative Morse index). Let V be a vector space and Q : V → R a
quadratic form on V . The negative Morse index of Q is

ind−Q = sup{dimL | L linear subspace of V, dimL < +∞, Q|L\{0} < 0}.

Theorem 3.1.7. Let F : U → M and J : U → R be smooth maps and let u ∈ F−1(q1) be
a critical point of J |F−1(q1). Set r := codim ImDu(F, J). If

ind− ((−νD2
uJ [v, w] − λD2

uF [v, w]
)
|kerDuF

)
≥ r,

for every Lagrange multiplier (λ, ν) ∈ T ∗
q1M × {0,−1} associated with u, then E is locally

open at u. In particular, u is not a local-weak minimizer with respect to the topology of U .

The integer r defined above is called the corank of the control u.
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3.1.4 L-derivative: definition and general properties

In the previous subsection, we saw that if a control u ∈ U is a critical point of the functional
J |F−1(q1), then there is a Lagrange multiplier λ satisfying Equation (3.1.4). The aim of
this subsection is to introduce the L-derivative, which is a Lagrangian subspace obtained
by the linearization at a Lagrange point of the Lagrange multipliers equation.

From a geometrical point of view, suppose that, locally around the Lagrange point
(u, λ), the solutions of the Lagrange multiplier equation form a smooth manifold and
that their projection onto T ∗M is a local embedding, with image L near λ. Under these
regularity assumptions, the L-derivative coincides with the tangent space

L(u, λ) = TλL.

In general, however, the set L need not have such a regular structure, while the L-derivative
is still intrinsically well defined. First, we give an intrinsic definition of the L-derivative,
which does not rely on any choice of coordinates. Then, we give an explicit formula for it
in local coordinates.

Let (u, λ) be a Lagrange point, so that Ψ(u, λ) = 0u, where Ψ was defined in (3.1.5)
and 0u denotes the zero covector in T ∗

uU . Let

0U :=
{

0u′ ∈ T ∗U | u′ ∈ U
}

be the zero section of T ∗U . The differential of Ψ at (u, λ) is a linear map

D(u,λ)Ψ : T(u,λ)
(
F ∗(T ∗M)

)
−→ T0u(T ∗U).

Let W be a finite-dimensional submanifold of U containing u. We denote by FW := F |W
the restriction of F to W, and use analogous notation for J and Ψ. We also denote by
0W ⊂ T ∗W the zero section.

Definition 3.1.8 (Intrinsic L-derivative). Let U be a Banach manifold modelled on a
separable Banach space B and let M be a finite-dimensional smooth manifold. Let W be
a finite-dimensional submanifold of U containing u. We define

ΛW := p
([
D(u,λ)ΨW

]−1
(T0uZW)

)
, (3.1.7)

where
p : T(u,λ)

(
F ∗
W(T ∗M)

)
−→ Tλ(T ∗M)

is the differential of the canonical projection

F ∗
W(T ∗M) ∋ (u′, λ′) 7−→ λ′ ∈ T ∗M.

The space ΛW is the L-derivative of the problem (3.1.1) at the Lagrange point (u, λ)
restricted to the submanifold W.
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Now, take any sequence of finite-dimensional submanifolds (Wj)j∈N of U such that
Wj ⊂ Wj+1 and

∞⋃
j=1

Wj = U .

We define
Λ := lim

j→+∞
ΛWj ,

provided that the limit exists.

The use of the tangent space to the zero section in (3.1.7) is motivated by the fact
that, if we consider a smooth family of Lagrange points (us, λs), one has Ψ(us, λs) = 0us ,
and therefore its derivative with respect to the parameter s is a vector tangent to the zero
section. Consequently, the intrinsic definition above gives the linearization of the Lagrange
multiplier equation.

This construction is intrinsic, since it is expressed entirely in terms of bundle maps,
their differentials, and the zero section, and therefore does not depend on any choice of
coordinates.

Now, we want to give a more explicit description of the L-derivative using local coor-
dinates. Fix any two local charts U → B and M → Rd in a neighbourhood of u and F (u)
respectively. If we linearize (3.1.4) with respect to u and λ, we obtain

⟨ξ,DuF [w]⟩ + λD2
uF [v, w] −D2

uJ [v, w] = 0, DuF [v] = x, v, w ∈ TuU . (3.1.8)

Definition 3.1.9 (L-derivative with local coordinates). Let U be a Banach manifold mod-
elled on a separable Banach space and M a finite dimensional smooth manifold. Let
F : U → M and J : U → R be two smooth maps. Let u ∈ F−1(q1) be a critical point of
J |F−1(q1) and let λ ∈ T ∗

q1M be its Lagrange multiplier. Take a finite dimensional subspace
V ⊂ TuU . The L-derivative of (F, J) at (u, λ) over the subspace V is the vector space

L(u, λ)(V ) = {(ξ, x) ∈ Tλ(T ∗M) | ∃v ∈ V, (ξ, v) satisfy (3.1.8) ∀w ∈ V }.

Moreover, let (Vk)k∈N be an increasing sequence of finite dimensional subspaces of TuU ,
that is every Vk is finite dimensional, they satisfy Vk ⊂ Vk+1 and ∪k∈NVk = TuU . We define
the L-derivative of (F, J) over TuU as

L(u, λ) := lim
k→+∞

L(u, λ)(Vk), (3.1.9)

where the limit in the right-hand side is with respect to the topology of the Grassmannian
of Tλ(T ∗M). One can check that the limit does not depend on the choice of the sequence
(Vk)k∈N.

Remark 3.1.10. We recall some properties of the L-derivative, which are proved, for in-
stance, in [6] and [15].
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1. If dimV < +∞, then the space L(u, λ)(V ) is a Lagrangian subspace of Tλ(T ∗M),
that is dimL(u, λ)(V ) = d and, denoting by σ the standard symplectic form, we have
σλ|L(u,λ)(V ) = 0.

2. It is necessary to define L(u, λ) as a limit of the finite dimensional approximations
L(u, λ)(Vk) because Equation (3.1.8) might be ill-posed on infinite dimensional spaces
and the resulting space might have dimension strictly less than dimM .

3. The limit in (3.1.9) might not exist in general. However, if D2
uJ |F−1(q1) has finite

negative Morse index, then one can prove that the limit exists.

4. If V ⊂ TuU is a dense subspace, then L(u, λ) = L(u, λ)(V ).

3.2 Endpoint map, its differential and Hessian in optimal
control

The purpose of this section is to introduce the symplectic objects that are necessary to
adapt the previous ideas from constrained optimization theory to the geometric control
theory setting. To this aim, first we introduce the endpoint map and its cotangent lift.
Then, we need to transport back the entire dynamics to the fixed initial symplectic vector
space Tλ0(T ∗M). This way, all the relevant quantities that we are going to introduce are
defined in the same space, rather than in the moving space Tλ(t)(T

∗M). This fact allows
us to compute integral and derivatives without invoking complicate non-linear objects.
The same purpose could be achieved by introducing a local trivialization of the cotangent
bundle T ∗M in a neighbourhood of the reference extremal λ̃(t). The advantage of our
approach is that it is coordinate free.

Throughout this section, we assume that the range of ũ is contained in a smooth finite-
dimensional manifold U0 ⊂ U and that the dynamics f and the running cost L are smooth
with respect to the state and control variables in a neighbourhood of the reference pair. We
also assume that the admissible-control space U is a smooth Banach manifold with tangent
space naturally identified with a space of essentially bounded measurable functions

v(t) ∈ Tũ(t)U0, for a.e. t ∈ [0, T ].

3.2.1 Hamiltonian lifts

For u ∈ U , define the Hamiltonian associated with the dynamics by

h(λ, u) :=
〈
λ, f

(
π(λ), u

)〉
, λ ∈ T ∗M.

Its Hamiltonian vector field projects onto the controlled vector field:

dλπ
(
h⃗(λ, u)

)
= f

(
π(λ), u

)
.
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Hence, for every ℓ0 ∈ T ∗
q0M , the map

Fℓ0(u) := −→exp

∫ T

0
h⃗
(
· , u(t)

)
dt ◦ ℓ0

is a Hamiltonian lift of the endpoint map F defined in (3.1.1), in the sense that

π ◦ Fℓ0 = F.

The extended endpoint map has a canonical lift to T ∗M̂ . Identifying a covector in
T ∗
(q,z)M̂ with a pair

(λ, ν) ∈ T ∗
qM × R,

the Hamiltonian of the augmented system is

ĥ(λ, ν, q, z, u) = ⟨λ, f(q, u)⟩ + νL(t, q, u).

Since ĥ does not depend on z, the component ν is constant along the corresponding Hamil-
tonian flow. In this thesis, we are mainly interested in the case ν = −1, thus from now
on we assume ν = −1 and, to simplify the notation, we drop all the superscript ν. The
dynamics on T ∗M̂ therefore reduces to the Hamiltonian system on T ∗M generated by

h(λ, u) :=
〈
λ, f

(
π(λ), u

)〉
− L

(
t, π(λ), u

)
.

For ℓ0 ∈ T ∗
q0M , we denote the corresponding reduced Hamiltonian lift by

Eℓ0(u) := −→exp

∫ T

0
h⃗
(
· , u(t)

)
dt ◦ ℓ0.

Its projection onto M is again the endpoint of the state trajectory:

π ◦ Eℓ0 = F.

3.2.2 Transported-back dynamics

Fix a reference control ũ ∈ U . Let

Φ̃s,t : T ∗M −→ T ∗M

be the non-autonomous Hamiltonian flow generated by

h⃗
(
· , ũ(t)

)
.

Starting from λ̃0 ∈ T ∗
q0M , we write

λ̃(t) = Φ̃0,t(λ̃0).



3.2. ENDPOINT MAP, ITS DIFFERENTIAL AND HESSIAN 35

The transported-back Hamiltonian is defined by

Ht(u, ℓ) :=
(
h( · , u) − h

(
· , ũ(t)

))
◦ Φ̃0,t(ℓ).

By the variation formula of chronological calculus,

Eλ̃0
(u) = Φ̃0,T ◦ −→exp

∫ T

0
H⃗t

(
u(t), ·

)
dt ◦ λ̃0.

It is therefore convenient to introduce the transported-back lifted endpoint map

G :=
(
ΦT

)−1 ◦ Eλ̃0
.

It satisfies

G(u) = −→exp

∫ T

0
H⃗t

(
u(t), ·

)
dt ◦ λ̃0,

and, in particular,
G(ũ) = λ̃0.

The advantage of this representation is that all infinitesimal variations are transported
to the fixed symplectic space Tλ̃0

(T ∗M).

3.2.3 First differential

In this subsection, we compute the first differential of the maps F and E. In particular,
we will see how PMP can be reinterpreted using the Lagrange multiplier rule.

For every t ∈ [0, T ], define the linear map

Zt : Tũ(t)U −→ Tλ̃0
(T ∗M)

by

Ztv :=
∂H⃗t

∂u
(u, λ̃0)[v]

∣∣∣∣∣
u=ũ(t)

=
(
Φt

)−1

∗

 ∂h⃗

∂u
(λ̃(t), u)[v]

∣∣∣∣∣
u=ũ(t)

 . (3.2.1)

The map Zt describes how an infinitesimal variation of the control acts on the dynamics.
A variation of the control naturally produces a tangent vector at λ(t). Thus, the resulting
map Zt is the variation-to-tangent map written in a fixed symplectic frame along the
reference extremal. Since we have to compute integrals and time derivatives of Zt in the
following, we transport back the dynamics by applying the transformation (Φ−1

t )∗. This
way, the image of Zt is contained in the fixed vector space Tλ0(T ∗M).

The first term in the chronological expansion of G gives

DũG[v] =

∫ T

0
Ztv(t) dt.
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Consequently,

DũEλ̃0
[v] =

(
ΦT

)
∗

(∫ T

0
Ztv(t) dt

)
.

Taking ν = 0 and projecting onto the base manifold yields the first differential of F :

DũF [v] = dλ̃T
π ◦
(
ΦT

)
∗

(∫ T

0
Ztv(t) dt

)
.

Let
Πλ̃0

:= Tλ̃0

(
T ∗
q0M

)
be the vertical subspace at λ̃0. Since the flow of a fibrewise linear Hamiltonian is the
cotangent lift of the corresponding flow on M , it maps vertical spaces into vertical spaces.
It follows that

v ∈ kerDũF ⇐⇒
∫ T

0
Ztv(t) dt ∈ Πλ̃0

.

An analogous formula holds for the extended endpoint map on the augmented cotangent
bundle. Denoting by Φ̂t, Ẑt, and Π̂ the corresponding objects on T ∗M̂ , one has

DũE[v] = dπ̂ ◦ (Φ̂T )∗

(∫ T

0
Ẑtv(t) dt

)
,

and therefore

v ∈ kerDũE ⇐⇒
∫ T

0
Ẑtv(t) dt ∈ Π̂.

The first differential of E also admits a convenient scalar Hamiltonian representation.
Let (

λ̃T , ν
)
∈ T ∗

E(ũ)(M × R)

and let λ̃ be the corresponding solution of the Hamiltonian system generated by h( · , ũ(t)).
Then 〈(

λ̃T , ν
)
, DũE[v]

〉
=
〈
λ̃T , DũF [v]

〉
+ νDũJ [v]

=

∫ T

0

∂h

∂u

(
λ̃(t), u

)
[v(t)]

∣∣∣∣
u=ũ(t)

dt.

Equivalently, in transported-back coordinates, the latter equation reads〈(
λ̃T , ν

)
, DũE[v]

〉
=

∫ T

0

∂Ht

∂u
(u, λ̃0)[v(t)]

∣∣∣∣
u=ũ(t)

dt.

In particular, (
λ̃T , ν

)
∈
(
imDũE

)⊥
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if and only if
∂h

∂u

(
λ̃(t), u

)∣∣∣∣
u=ũ(t)

= 0 (3.2.2)

for almost every t, whenever arbitrary localized control variations are admissible.
From this discussion, we can see the connection between PMP and the first order

differential of the extended endpoint map E. Indeed, there exists a non-zero covector(
λ̃T , ν

)
∈
(
imDũE

)⊥
,

says that the endpoint map E = (F, J) cannot be a submersion at ũ. This condition is
equivalent to

Dũ

(
J |F−1(q1)

)
= 0 ⇐⇒ λ̃TDũF + νDũJ = 0.

Defining λ̃t := (Φ̃t,T )−1(λ̃T ), we see that the corresponding covector curve t 7→ λ̃t satisfies
the adjoint Hamiltonian equation of PMP, while (3.2.2) correspond to the maximization
principle. Notice that actually PMP say a bit more than what is done here: the control ũ
has to be a maximizer of h.

3.2.4 Second differential and Hessian

In this subsection, we recall the formula for the Hessian of the maps F and E, which will
be crucial to compute the L-derivatives at a Lagrange point.

The second differential of the transported-back lifted endpoint map G can be obtained
from the second term of the chronological expansion. To state it, let

Zt[v] :=
∂H⃗t

∂u
(u, · )[v]

∣∣∣∣∣
u=ũ(t)

be the corresponding vector field near λ̃0, so that

Ztv = Zt[v](λ̃0).

For every smooth function a on T ∗M , the second differential of a ◦ G is

D2
ũ(a ◦ G)[v, w] =

∫ T

0

 ∂2H⃗t

∂u2
[v(t), w(t)]

∣∣∣∣∣
u=ũ(t)

a

 (λ̃0) dt+

+

∫ T

0

∫ t

0

(
Zs[v(s)] ◦ Zt[w(t)] + Zs[w(s)] ◦ Zt[v(t)]

)
a(λ̃0) ds dt.

(3.2.3)

For the applications to second-order optimality conditions, it is more convenient to
express the scalarized Hessian directly in Hamiltonian form. Let(

λT , ν
)
∈
(
imDũE

)⊥
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and let λ̃t = Φt(λ̃0) be the associated extremal lift.
Following the convention introduced in Section 3.1, we define

Q(v, w) := −νD2
ũJ [v, w] − λ̃TD

2
ũF [v, w], v, w ∈ TũU .

With this notation, the linearized Lagrange multiplier equation becomes

⟨ξ,DũF [w]⟩ −Q(v, w) = 0, DũF [v] = x, v, w ∈ TũU .

By Equation (3.2.3), the bilinear form Q can be computed using the following formula:

Q(v, w) = −
∫ T

0

∂2Ht

∂u2
(
λ̃(t), u

)
[v(t), w(t)]

∣∣∣∣
u=ũ(t)

dt

− 1

2

∫ T

0

∫ t

0
σλ̃0

(
Zsv(s), Ztw(t)

)
ds dt

− 1

2

∫ T

0

∫ t

0
σλ̃0

(
Zsw(s), Ztv(t)

)
ds dt.

In particular, its associated quadratic form is

Q(v) = −
∫ T

0

∂2Ht

∂u2
(
λ̃(t), u

)
[v(t), v(t)]

∣∣∣∣
u=ũ(t)

dt

−
∫ T

0
σλ̃0

(∫ t

0
Zsv(s) ds, Ztv(t)

)
dt.

(3.2.4)

3.3 Jacobi curve and Jacobi equation

3.3.1 Jacobi curve

In this subsection, we are going to apply the theory of L-derivatives, which is discussed in
Subsection 3.1.4, to optimal control problems. This leads to the notion of Jacobi curve,
which is a generalization of the classical concept of Jacobi field from Riemannian geometry
to a non-smooth setting.

We use the notion of L-derivative only in Definition 3.3.1, to highlight the connection
with the second differential of the endpoint map and to justify some of its properties that
would otherwise not be straightforward to prove.

For brevity, we introduce some notation: we let V = TũU be the space of admissible
variations and

Vτ := {w ∈ V | suppw ⊂ [0, τ ]},
Vτ1,τ2 := {w ∈ V | suppw ⊂ [τ1, τ2]},

and K := kerDũG, Kτ = K ∩ Vτ and Kτ1,τ2 = Vτ1,τ2 ∩ Kτ2 .
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Definition 3.3.1 (Jacobi curve). Let (ũ, λ̃) be an extremal pair for the optimal control
problem (2.3.2),(2.3.3) defined on the time interval [0, T ]. Let E be the extended endpoint
map as defined in (3.1.2). Let L(u, λ) denote the L-derivative of E at the Lagrange point
(u, λ), see Definition 3.1.9. The Jacobi curve of ũ, λ̃ is the curve Λ : [0, T ] → L(Tλ0(T ∗M))
defined by

Λt := (Φ̃0,t)
−1
∗ L

(
ũ|[0,t], λ̃(t)

)
.

Moreover, given a subspace V ⊂ V, we denote by Λt(V ) := (Φ̃0,t)
−1
∗ L(ũ, λ̃(t))(V ).

Since throughout the thesis we consider only the Jacobi curve of a fixed reference
extremal pair (ũ, λ̃), we do not need to specify the dependence of Λt on (ũ, λ̃).

To justify the relation between the Jacobi curve and the Morse index of HessũJ |F−1(q1),
we recall the following result from [15] (see Lemma 1.2 in Chapter 1). This result shows
that there is a deep link between the kernel of HessũJ |F−1(q1) and the intersections of the
Jacobi curve with the vertical fibre. This serve as motivation for introducing the Maslov
index in the subsequent section, where we will recall a much stronger result.

Lemma 3.3.2. Assume that ũ is a regular point of F and that ker dũF ∩ kerQ = {0}.
Then

ker Hessũ
(
J |F−1(q̃(t))

)
= {0} ⇐⇒ Λt ∩ Πλ̃0

= {0}.

Equivalently, the constrained Hessian is non-degenerate if and only if Λt is transverse
to the vertical Πλ̃0

.

Remark 3.3.3. If (ũ, λ̃) is an extremal pair and λ̃ is a strictly normal extremal, i.e. ũ admits
no non-trivial abnormal multiplier, then ũ is a regular point of F . Moreover, ũ is a regular
point of F and (ξ, x) ∈ Λt satisfy the definition of L-derivative with v ∈ kerDũF ∩ kerQ,
then (ξ, x) = 0. Indeed, in this case we have x = DũF [v] = 0 and ξ must satisfy ξDũF [w] =
0 for every w ∈ TũU , which implies ξ = 0 since DũF is surjective.

Proof. Suppose that ker Hessũ
(
J |F−1(q(t))

)
= {0}, we want to prove Λt ∩ Πλ̃0

= {0}. Let
η ∈ Λt ∩ Πλ̃0

, η = (ξ, x). Then x = 0 and from the definition of the L-derivative, there is
a vector v ∈ TũU such that

dũF [v] = 0

and

⟨ξ, dũF [w]⟩ −Q(v, w) = 0 for every w ∈ TuU .

Taking w ∈ ker dũF gives

Q(v, w) = 0 for every w ∈ ker dũF,

which means that v ∈ ker Hessũ
(
J |F−1(q1)

)
. So, this implies v = 0, and hence ξ must

satisfy ⟨ξ,DũF [w]⟩ = 0 for all w ∈ TũU . But this forces ξ = 0 since DuF is surjective.
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Thus, we have proved that (ξ, x) ∈ Λt ∩ Πλ̃0
implies (ξ, x) = (0, 0). We point out that the

hypothesis ker dũF ∩ kerQ = {0} was not used to prove this implication.

Conversely, let
v ∈ ker Hessũ

(
J |F−1(q̃(t))

)
, v ̸= 0.

Then v ∈ ker dũF and

Q(v, w) = 0 for every w ∈ ker dũF.

Let us introduce the splitting TũU = V ⊕ kerDũF , where V is any linear subspace of TũU
spanning imDũF of minimal dimension. Then, writing w = w0 + w1, w ∈ TũU , w0 ∈
kerDũF, w1 ∈ V , the equation defining the L-derivative reduces to the finite dimensional
equation

⟨ξ, dũF [w1]⟩ −Q(v, w1) = 0 for every w1 ∈ V.

Notice that DũF : V → imDũF is an isomorphism, hence also (DũF
⊤)−1 is an isomor-

phism. The assumption ker dũF ∩ kerQ = {0} yields that Q(v, ·) ∈ V ∗ is non-zero, so
ξ := (DũF

⊤)−1Q(v, ·) is also non-zero and satisfies the previous equation. This shows that
η = (ξ, 0) ∈ Λt ∩ Πλ̃0

and η ̸= 0, proving the second implication. Notice that, in the proof
of the second implication, we have not used that ũ is a regular point of F .

Remark 3.3.4. The previous proof shows that if ũ is a critical point of F , that is, in
presence of non-trivial abnormal extremals, the intersection Λt ∩ Πλ̃0

is non-trivial even

if ker Hessũ
(
J |F−1(q(t))

)
= {0}. On the other hand, ker Hessũ

(
J |F−1(q(t))

)
̸= {0} yields

a non-trivial intersection Λt ∩ Πλ̃0
also when ũ is a critical point of F , provided that

ker dũF ∩ kerQ = {0}. Thus, if abnormal extremals are present, one should separate
carefully intersections coming from the fact that the extremal is abnormal from intersections
due to the degeneracy of Hessũ

(
J |F−1(q(t))

)
.

We give the following alternative characterization, which is much more practical and
can be used as working definition for the rest of this Section.

Proposition 3.3.5 (Jacobi curve, working definition). Let (ũ, λ̃) be an extremal pair for
the optimal control problem (2.3.2),(2.3.3). Let V ⊆ Vt be a linear subspace. Then, the
Jacobi curve Λt(V ) is the vector space generated by the vectors of the form

η0 +

∫ t

0
Zsw1(s)ds,

where η0 ∈ T ∗
q0M,w1 ∈ V satisfy the equation

Q
(
w1, w2

)
=

∫ t

0
σ(η0, Zsw2(s))ds (3.3.1)

for all w2 ∈ V .
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For a proof, see [6]. This characterization allows us to compute the Jacobi curve by
means of finite-dimensional approximations. The following Lemma was proved in [6]. It
allows us to compute Λt+ε from Λt.

Lemma 3.3.6. Take any τ1, τ2 ∈ (0, T ), with τ1 < τ2, and suppose that the negative
Morse index of the quadratic form Qτ2 |Kτ2

is finite. We denote by V2 ⊂ VT a subspace of
admissible variations supported on (τ1, τ2), that is V2 ⊆ Vτ1,τ2. Then, Λτ2(Vτ1 ⊕ V2) is the
Lagrangian subspace generated by vectors

η +

∫ τ2

τ1

Ztw1(t)dt, (3.3.2)

where η ∈ Λτ1 and w1 ∈ V2 satisfy

Qτ1,τ2(w1, w2) =

∫ τ2

τ1

σ(η, Ztw2(t))dt, (3.3.3)

for all variations w2 ∈ V2. In particular, Λτ2 is generated by vectors as in (3.3.2) where
η ∈ Λτ1 and w1 ∈ Vτ1,τ2 satisfy (3.3.3) for every w2 ∈ Vτ1,τ2.

Remark 3.3.7. Notice that this is possible thanks to the fact that the Jacobi curve Λt is
computed using the quadratic form Qt on all variations Vt and not just the Hessian of Gt,
which is defined on the kernel of the first variation Kt. Indeed, while Vτ2 = Vτ1 ⊕ Vτ1,τ2 ,
in general it does not hold that Kτ2 = Kτ1 ⊕ Kτ1,τ2 . This is the reason why we need to
consider the L-derivatives and the form Qt defined on the whole space Vt and not simply
on kerDGt.

3.3.2 Regular extremal arcs and Jacobi equation

In this subsection we recall that for a normal regular extremal arcs, i.e. under the strong
Legendre condition, the Jacobi curve is a smooth curve in the Lagrangian Grassmannian
and that it can be obtained as by solving an ODE, which goes under the name of Jacobi
equation. Since the same strategies for a regular extremal arc are reused and generalized in
Chapters 5,7,8, we recall them in this simpler case as guiding principles for more complex
extremals.

Let (ũ, λ̃) be a regular extremal pair on an interval [0, T ]. The Jacobi curve Λt associated
with the extremal arc λ̃ is the curve of Lagrangian subspaces of Tλ̃0

(T ∗M) introduced in
Definition 3.3.1.

We now give an equivalent description of Λt in terms of a linear Hamiltonian equation.
Recall the definition of

Ztv :=
∂H⃗t

∂u
(u, λ̃0)[v]

∣∣∣∣∣
u=ũ(t)

,
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which was given in (3.2.1), and of the Legendre form

Lt :=
∂2hu
∂u2

∣∣∣∣
u=ũ(t), λ=λ̃t

,

which was given in (2.4.2). Since the extremal arc is regular, Lt is non-degenerate for
every t ∈ [0, T ]. We identify the quadratic form Lt : TũU × TũU → R with the linear map
Lt : TũU → (TũU)∗, which is invertible as well and we denote its inverse by L−1.

Definition 3.3.8. The Jacobi equation along the regular extremal arc (ũ, λ̃) is the linear
non-autonomous Hamiltonian equation on Tλ̃0

(T ∗M)

η̇(t) = ZtL−1
t σλ̃0

(
Zt ·, η(t)

)
. (3.3.4)

The Jacobi equation is a linear Hamiltonian equation, whose Hamiltonian function is
given by the bilinear function

bt(η) := −1

2

〈
σλ̃0

(
Zt ·, η

)
,L−1

t σλ̃0

(
Zt ·, η

)〉
, η ∈ Tλ̃0

(T ∗M).

Following this notation, the Jacobi equation can be shortened as η̇ = b⃗t(η) and we denote
by

Bt = −→exp

∫ t

0
b⃗sds,

the flow of b⃗t. Notice that, by strong Legendre condition, Lt is negative definite, thus bt is
positive definite as well.

Theorem 3.3.9. Let (ũ, λ̃) be a regular extremal pair on an interval [0, T ] for problem
(2.3.2),(2.3.3) with fixed final time. Then

Λt = BtΠ,

that is, the Jacobi curve is generated by the flow of the Jacobi equation staring from the
vertical space.

Sketch of proof. Fix t ∈ [0, T ] and abbreviate σλ̃0
by σ. By the working characterization

of the Jacobi curve, a vector ηt belongs to Λt if and only if there exist η0 ∈ Π0 and v ∈ Vt

such that

ητ = η0 +

∫ τ

0
Zsv(s) ds, τ ∈ [0, t],

and

Qt(v, w) =

∫ t

0
σ
(
η0, Zτw(τ)

)
dτ for every w ∈ Vt. (3.3.5)
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Substituting the explicit expression of the second variation into (3.3.5), and rearranging
the integral terms, gives

−
∫ t

0

[
Lτ

(
v(τ), w(τ)

)
+ σ

(
ητ , Zτw(τ)

)]
dτ = 0 for every w ∈ Vt.

Since the test variation w is arbitrary and can be localized in time, it follows that, for
almost every τ ∈ [0, t],

−Lτ

(
v(τ), ·

)
− σ

(
ητ , Zτ ·

)
= 0. (3.3.6)

The strong Legendre condition implies that Lτ is non-degenerate. Hence (3.3.6) uniquely
determines the control variation:

v(τ) = L−1
τ σ

(
Zτ ·, ητ

)
. (3.3.7)

Differentiating the definition of ητ and using (3.3.7), we obtain

η̇τ = Zτv(τ) = ZτL−1
τ σ

(
Zτ ·, ητ

)
,

so η is a solution of the Jacobi equation with η(0) = η0 ∈ Π0.
Conversely, let η solve the Jacobi equation and assume that η(0) ∈ Π0. Define

v(τ) := L−1
τ σ

(
Zτ ·, η(τ)

)
.

The Jacobi equation gives η̇(τ) = Zτv(τ), and therefore

η(τ) = η(0) +

∫ τ

0
Zsv(s) ds.

Moreover, the definition of v is equivalent to (3.3.6). Integrating this identity against an
arbitrary w ∈ Vt recovers (3.3.5). Thus η(t) ∈ Λt, which proves Theorem.

Now, we prove that the Jacobi curve of an extremal arc is increasing. It is a consequence
of the following general proposition.

Proposition 3.3.10. Let ht be a time dependent quadratic Hamiltonian function on Tλ(T ∗M).
Define (Bt)t∈R the flow of ht. For a given Λ0 ∈ L(Tλ(T ∗M)), let Λt = Bt(Λ0). Suppose
moreover that there are Π,∆ ∈ L(Tλ(T ∗M)), with Π∩∆ = {0}, such that Λt∩∆ = {0} for
every t ∈ [0, T ] and Λt = {(p, Stp) | p ∈ Π}, where, as before, we are using the coordinates
in Tλ(T ∗M) such that Π = {(p, 0) | p ∈ Π} and St : Π → ∆ is symmetric. Then

p⊤Ṡtp = 2ht(p, Stp), p ∈ Π.

In particular, if ht is positive definite for every t ∈ [0, T ], then also Ṡt is positive definite
for every t ∈ [0, T ] and Λ is an increasing curve.
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Proof. Using the coordinates introduced in the statement, we have that any integral tra-
jectory of the Hamiltonian vector field h⃗t can be written as (p(t), q(t)) = (p(t), Stp(t)) and
in particular

q̇ = Ṡtp+ Stṗ,

that is h⃗t(p, q) = (ṗ, Ṡtp+ Stṗ). Moreover, since the Hamiltonian ht is quadratic, we have
that σ((p, q), h⃗t(p, q)) = 2ht(p, q). Thus, the left hand side of the previous equality reads

σ((p, Stp), h⃗t(p, Stp)) = σ((p, Stp), (ṗ, Ṡtp+ Stṗ)) = pT Ṡtp.

where we have used the fact that St is symmetric. Hence, we see that Ṡt(p) = 2ht(p, Stp),
as we wanted to show.

Corollary 3.3.11. Let (ũ, λ̃) be a regular extremal pair and let Λ be its corresponding
Jacobi curve. Then Λ is increasing.

This is a direct consequence of Proposition 3.3.10, since by the strong Legendre condi-
tion bt is positive definite.

Now, we provide an alternative interpretation of the Jacobi equation, which is more
close to the classical case in Riemannian geometry.

In our problem, there are two relevant dynamics: the Hamiltonian dynamics associated
with the reference regular control ũ (encoded by the flow Φ̃t), and the dynamics of the
maximized Hamiltonian H (encoded by the flow Φt). The composition

Φ̃−1
t ◦ Φt

compares these two dynamics after transporting both of them back to the reference frame.
Since the two flows agree along the reference extremal, this map fixes λ̃0. Its quadratic part
at λ̃0 therefore measures the first non-trivial discrepancy between the two dynamics, and,
as shown in Corollary 3.3.13 below, this discrepancy is exactly the quadratic Hamiltonian
governing the Jacobi equation.

We want to write it as the flow of another Hamiltonian function, i.e.

Φ̃−t ◦ Φt = −→exp

∫ t

0
φ⃗s ds, (3.3.8)

where here again we follow the notation of the chronological calculus (see Appendix A.1).
It follows by the variations formula (see (A.1.1)) that this is

φt(ℓ) =
(
H − hũ(t)

)
◦ Φ̃t (ℓ), ℓ ∈ T ∗M, t ∈ [0, T ].

Indeed, we have
−→φt =

−−−−−−−−−−−→(
H − hũ(t)

)
◦ Φ̃t =

(
Φ̃−t

)
∗

(
H⃗ − h⃗ũ(t)

)
,
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hence, by the variations formula (see Equation (A.1.1)), we obtain

−→exp

∫ t

0
φ⃗s ds = −→exp

∫ t

0

(
Φ̃−s

)
∗
H⃗ −

(
Φ̃−s

)
∗
h⃗ũ(s) ds =

= −→exp

∫ t

0
−
(

Φ̃−s

)
∗
h⃗ũ(s) ds ◦ −→exp

∫ t

0

(
Φ̃−s

)
∗

(
Φ̃s

)
∗
H⃗ ds =

=

(
−→exp

∫ t

0
h⃗ũ(s) ds

)−1

◦ −→exp

∫ t

0
H⃗ ds.

We have the following relation with the Jacobi equation.

Proposition 3.3.12. Under the previous notation, we have that

1

2
Hessλ̃0

φt = bt.

The proof of this proposition is just a standard computation, which is done, for instance,
in [13], see Proposition 21.3. We conclude this subsection with a corollary of Proposition
3.3.12.

Corollary 3.3.13. Under the previous setting, it holds the following identity:(
−→exp

∫ t

0
φ⃗s ds

)
∗,λ(0)

= −→exp

∫ t

0
b⃗s ds. (3.3.9)

Proof. If h : R2d → R is a quadratic Hamiltonian function, then

2h(v) = σ(v, h⃗[v]), v ∈ R2d, (3.3.10)

where σ is the standard symplectic form of R2d. To prove this identity, it suffices to show
that it holds with respect to any fixed basis. So, we fix any basis of R2d and we let σ and h
be represented by the matrices J and A respectively in this basis, that is h(v) = v⊤Av and
σ(v1, v2) = −v⊤1 Jv2. We have that h⃗(v) = 2JAv and σ(v, h⃗[v]) = −2v⊤JJAv = 2v⊤Av =
2h(v), as we claimed.

Since φt(λ0) = 0 and dλ0φt = 0 for every t ∈ [0, T ], then the left-hand side of (3.3.9) is
a linear Hamiltonian flow defined on Tλ0(T ∗M), whose Hamiltonian system is

η̇ = dλ0φ⃗t[η].

Recalling that dλ0φt = σλ0(· , φ⃗t) and differentiating in λ, we obtain

d2λ0
φt[η, η] = σλ0(η, dλ0φ⃗t[η]). (3.3.11)

By Proposition 3.3.12, the left-hand side of (3.3.11) is equal to the quadratic form 2bt.
Putting this fact together with Equation (3.3.10) yields

σλ0(η, b⃗t[η]) = 2bt(η) = d2λ0
φt[η, η] = σλ0(η, dλ0φ⃗t[η]), η ∈ Tλ0(T ∗M).
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Hence, since σ is non-degenerate, we have b⃗t = dλ0φ⃗t. Integrating the flow of both sides,
the statement of the Corollary follows.

Remark 3.3.14. The previous Corollary shows that solutions of the Jacobi equation are the
transported back solutions of the equation ξ̇ = dλ̃t

H⃗[ξ]. More precisely, let λ̃t be a regular
extremal. Let ξ(t) ∈ Tλ̃t

(T ∗M) solve the linearized Hamiltonian system

ξ̇(t) = dλ̃t
H⃗
[
ξ(t)

]
. (3.3.12)

Define its pull-back along the reference Hamiltonian flow by

η(t) := dλ̃t
Φ̃−1
t [ξ(t)] ∈ Tλ0(T ∗M).

By Equation (3.3.8) and Corollary 3.3.13, we obtain

η(t) =

(
−→exp

∫ t

0
b⃗s ds

)
∗
η(0),

that is, η satisfies the Jacobi equation (3.3.4).
Conversely, if η(t) solves the Jacobi equation, then ξ(t) := (Φt)∗,λ0η(t) solves (3.3.12).

Thus, one can re-obtain the Jacobi curve by first solving (3.3.12) with initial conditions in
Π, obtaining a curve of subspaces Ξt := (Φt)∗Π ∈ Tλ̃t

(T ∗M) and then transporting back

the curve at the initial point applying (Φ̃t)
−1
∗ , that is Λt = (Φ̃t)

−1
∗ Ξt = (Φ̃t)

−1
∗ (Φt)∗Π.

3.4 Morse and Maslov index

In this section, we put in relation the Morse index of the second variation of the endpoint
map as introduced in Section 3.2.4 with the Maslov index of the Jacobi curve. First, we
recall some definitions and notation needed in the sequel (we mainly refer to [57] for a
more extensive introduction to the Maslov index and to [6] for its application in optimal
control).

3.4.1 Maslov index for smooth curves

Let (V, σ) be a symplectic linear space. Fix a Lagrangian subspace L0 ⊂ V . The Maslov
train of L0 is the set of Lagrangian subspaces with non-trivial intersection with L0, that is

ML0
:= {W ∈ L(V ) : W ∩ L0 ̸= {0}}.

The Maslov train is a stratified manifold, whose strata are given by

Mk
L0

:= {W ∈ L(V ) : dim(W ∩ L0) = k}, k = 1, . . . ,
dimV

2
.

In this subsection we use the local coordinates of L(V ) and many definitions introduced in
Subsection 2.2.2.

We define the Maslov index of a C1 curve in the Lagrangian Grassmannian.
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Definition 3.4.1 (Maslov index of a curve). Let (Λt)t∈[0,T ] be a C1 curve in the Lagrangian
Grassmannian L(V ) and take Π ∈ L(V ). Suppose that the curve Λ has finitely many
intersections at times t1, . . . , tℓ with the Maslov train M1

Π. Suppose moreover that all
intersections are transverse. For j ∈ {1, . . . , ℓ}, let vj ∈ Λtj ∩ Π be any vector in the

intersection. We define the number i(j) = 1 if we have Λ̇tj (vj) > 0 and i(j) = −1 if

Λ̇tj (vj) < 0. The Maslov index of the curve Λ with respect to Π is defined as

µΠ(Λ) =

ℓ∑
j=1

i(j) +
1

2

(
dim(Λ0 ∩ Π) + dim(ΛT ∩ Π) − dim(Λ0 ∩ ΛT ∩ Π)

)
.

Remark 3.4.2. Since the stratum M1
Π has codimension one in MΠ and M2

Π has codi-
mension three, we have that the Maslov index defined as in Definition 3.4.1 is invariant
under homotopy of the curve Λ with fixed endpoints. Moreover, since M1

Π is dense in
MΠ, we can extend the previous definition of Maslov index to any curve Λ such that
Λ(0) ∩ Π = Λ(T ) ∩ Π = {0}.

Remark 3.4.3. In the classical references, see [57], the Maslov index µΠ is defined for
curves whose initial and final points are transverse to the subspace Π, hence the terms
dim(Λ0 ∩ Π), dim(ΛT ∩ Π), dim(Λ0 ∩ ΛT ∩ Π) are all zero. However, in the case of a
Jacobi curve associated with an extremal pair, we always have that the initial point has a
non-trivial intersection with the space Π. Including these terms in the definition of Maslov
index allows us to extend the classical definition to our case.

Remark 3.4.4. If (Λt)t∈[0,T ] is an increasing curve, then the function t 7→ µΠ(Λ|[0,t]) is

non-decreasing for every Π ∈ L(V ), since at every new intersection we must have Λ̇t > 0.

We introduce also the positive Maslov index of a triple of Lagrangian subspaces. Let
Π,Λ1,Λ2 ∈ L(V ) be three Lagrangian subspaces. Define the quadratic form q : (Λ1 +Λ2)∩
Π/(Π ∩ Λ1 ∩ Λ2) → R by

q(λ) = σ(λ1, λ2), λ1 ∈ Λ1, λ2 ∈ Λ2, λ = λ1 + λ2.

A direct computation shows that q does not depend on the choice of λ1, λ2.

Definition 3.4.5 (Maslov index of a triple). Let Π,Λ1,Λ2 ∈ L(V ) be three Lagrangian
subspaces. The positive Maslov index of the triple (Λ1,Π,Λ2) is defined as

indΠ(Λ1,Λ2) := ind+q +
1

2
ker q.

We call indΠ(Λ1,Λ2) the positive Maslov index, stressing the word positive, in contrast
with the Maslov index used by some other authors, which is instead the signature of the
quadratic form q. The positive Maslov index of a triple of Lagrangian subspaces enjoys
many nice properties, see [6] for more details. We further introduce the notion of increasing
and simple curve.

We have the following result, which is proved in [15].
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Proposition 3.4.6. Let (Λt)t∈[t0,t1] be a C1 curve in the Lagrangian Grassmannian L(V ).
Fix Π ∈ L(V ). Suppose that the curve Λ is simple and increasing. Then, the Maslov index
of the curve Λ with respect to Π is given by

µΠ(Λ) = indΠ(Λt0 ,Λt1).

That is, in the particular case of a simple increasing curve, the Maslov index depends only
on its endpoints.

For a proof of this Proposition, see [15], Lemma 2.8 in Chapter 1.

Proposition 3.4.7. Given any pair Λ1,Λ2 ∈ L(V ), there is ∆ ∈ L(V ) such that Λ1 ∩
∆ = Λ2 ∩ ∆ = {0} and satisfying S1 ≤ S2, where S1, S2 : Λ1 → ∆ denote the matrices
corresponding to Λ1,Λ2 respectively in the (Λ1,∆)-coordinates. In particular, given any
pair Λ1,Λ2 ∈ L(V ), it is always possible to find a simple increasing curve starting from Λ1

and ending at Λ2.

Proof. Set k = dim(Λ1 ∩ Λ2) and choose a Darboux basis e1, . . . , en, f1, . . . , fn adapted to
the pair (Λ1,Λ2), so that

Λ1 = span{e1, . . . , en}, Λ2 = span{e1, . . . , ek, fk+1, . . . , fn}.

Consider the Lagrangian subspace

∆ = span{f1, . . . , fk, fk+1 − ek+1, . . . , fn − en}.

Then ∆ is transverse to both Λ1 and Λ2. In the (Λ1,∆)-coordinates, Λ1 is represented by
S1 = 0, whereas Λ2 is represented by

S2 =

(
0k 0

0 In−k

)
.

Hence the curve t 7→ tS2, t ∈ [0, 1], has all the required properties.

This leads to the following alternative way to compute the Maslov index of an increasing
curve in the Lagrangian Grassmannian.

Corollary 3.4.8. Let (Λt)t∈[0,T ] be a C1 increasing curve in the Lagrangian Grassmannian
L(V ). Fix Π ∈ L(V ). Then, the Maslov index of the curve Λ with respect to Π is given by

µΠ(Λ) =
N∑
i=1

indΠ(Λti ,Λti+1) (3.4.1)

where the partition 0 = t0 < t1 < · · · < tN+1 = T is such that Λ|(ti,ti+1) is simple for every
i = 1, . . . , N − 1.
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3.4.2 Maslov index for increasing piecewise smooth curves

We can notice that the formula in (3.4.1) makes sense also for discontinuous curves in the
Lagrangian Grassmannian. This allows us to extend the definition of Maslov index to this
more general setting.

Definition 3.4.9 (Maslov index of a piecewise C1 and increasing curve). Let (Λt)t∈[0,T ] be a
piecewise C1 curve in the Lagrangian Grassmannian L(V ), with finitely many discontinuity
times. Suppose that for every interval I ⊂ [0, T ] such that Λ|I ∈ C1 we have that Λ|I is an
increasing curve. Let 0 ≤ t1 < · · · < tk ≤ T be the times of discontinuity and denote by

Λ+
j := lim

t→tj+
Λt, Λ−

j := lim
t→tj−

Λt, j = 1, . . . , k.

Fix Π ∈ L(V ). For any interval (tj , tj+1) we further consider the subdivision tj = tj0 <
tj1 < · · · < tjNj = tj+1 such that Λ is simple on each subinterval (tji, tj(i+1)), for i =

0, . . . , Nj − 1. By convention, we set Λj0 = Λ+
j and ΛjNj = Λ−

j+1.

The Maslov index of the curve Λ with respect to Π is defined as

µΠ(Λ) =
k∑

j=0

Nj−1∑
i=0

indΠ(Λtji ,Λtj(i+1)
) +

k∑
j=1

indΠ(Λ−
j ,Λ

+
j ).

This definition of Maslov index for an increasing piecewise C1 curve corresponds to the
Maslov index of a (globally) C1 curve obtained from the discontinuous one by connecting
the subspaces Λ−

j and Λ+
j with a simple increasing curve, which is always possible (see

Remark 3.4.7). By Proposition 3.4.6, we have that any simple increasing curve connecting
Λ−
j and Λ+

j gives the same result.

Remark 3.4.10. In the following, whenever we are dealing with a discontinuous piecewise
C1 curve in the Lagrangian Grassmannian, we can always replace it with a globally C1

curve having the same Maslov index.

3.4.3 Relation between the Maslov and the Morse index

Now, we go back to the setting of optimal control problems. As before, we consider an
extremal pair (ũ, λ̃) and its Jacobi curve Λt defined as in 3.3.1. We state a theorem which
shows how the Maslov index of the Jacobi curve can be used to compute the negative
Morse index of the Hessian of the constrained functional J |F−1(q1). Recall that we denote
by Π = T ∗

q0M the fiber over q0 in T ∗M and dim Π = d.

The following theorem is the second fundamental results on which is based the general
strategy for proving necessary optimality conditions of second order. It is proved in a
slighter general form in [6], see Theorem 2.4. Here, we recall a statement adapted to our
purposes.
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Theorem 3.4.11. Let (ũ, λ̃) be a an extremal pair for the OCP (2.3.2),(2.3.3). Suppose
that ind− HessDũJ |F−1(q1) is finite and denote by Λ the Jacobi curve associated with (ũ, λ̃).
Suppose that Λ is piecewise C1 and increasing. Then, it holds that

ind− (D2
ũJ |F−1(q1)

)
= µΠ(Λ) − 1

2

d− dim

Π ∩
⋂

t∈[0,T ]

Λt

 . (3.4.2)

The assumption that Λ is piecewise C1 is not necessary to prove the theorem, but
since we did not define µΠ for an arbitrary discontinuous monotone curve we assume it
explicitly. In the reference, the authors lift the Jacobi curve to the universal covering of
L(Tλ̃0

(T ∗M)) and prove Equation (3.4.2) for this lifted curve and the corresponding lifted
quantities. However, the convergence in the universal covering implies the convergence in
the Lagrangian Grassmannian. Thus, substituting the Leray index in the reference with
the Maslov index (see Lemma 2.4 in [6]), the result in the reference implies the one stated
above.

Remark 3.4.12. If dim Π∩
⋂

t∈[0,T ] Λt = {0}, then the term in the right-hand side inside the
parenthesis reduces to d. This takes into account that Λ0 = Π, but the initial time does
not contribute to the Morse index. Indeed, recalling the definition of q, we have that for
any ∆ such that ∆ ∩ Π = {0}, we have indΠ(Π,∆) = d

2 . Hence, if Λ is a simple increasing
curve starting from Π and going out from Π without other non-trivial intersections with
this subspace, then µΠ(Λ) = d

2 and we have to cancel this contribution. Finally, the term

dim
(

Π ∩
⋂

t∈[0,T ] Λt

)
is a correction that takes into account the fact that Λt can have a

constant intersection with Π for every t ∈ [0, T ], which already does not contribute to
µΠ(Λ) and so we do not have to subtract it from µΠ(Λ).

We are now in a position to prove Theorem 3.0.1. It is a consequence of Theorem 3.4.11
and Theorem 3.1.7.

Proof of Theorem 3.0.1. Let (ũ, λ̃) be an extremal pair and let Λ be the corresponding Ja-
cobi curve. By Theorem 3.1.7, we know that, under the hypothesis ind− Hess(J |F−1(q1)) ≥
r, the extended endpoint map is locally open at ũ. Thus, for every ε > 0 it is possible to
find uε ∈ U close to ũ in the topology of U such that F (uε) = F (ũ) and J(uε) = J(ũ) − ε.
It follows that, ũ is not a local minimizer in F−1(q1). Finally, applying Equation (3.4.2)
in Theorem 3.4.11, yields the desired result.



Chapter 4

Second-order sufficient conditions:
general principles

In the previous chapter, we developed the general framework for second-order necessary
conditions of optimality, based on the constrained Hessian, the Jacobi curve, and the
Maslov index. The aim of the present chapter is to describe a complementary approach
yielding sufficient conditions for local optimality.

The underlying idea is a generalization of the classical field of extremals method from
the calculus of variations and Riemannian geometry. Roughly speaking, one embeds the
reference extremal into a family of nearby extremals whose projections fill a neighbourhood
of the reference trajectory. If this family projects regularly onto the state space, it provides
a distinguished extremal passing through each nearby point. Then, the cost of nearby
trajectories can be compared by integrating the Poincaré–Cartan form. Thus, the problem
of proving local optimality is reduced to constructing a suitable field of extremals and
verifying the local invertibility of its projection onto the state space.

In geometric optimal control, this construction applies directly to normal regular ex-
tremals, see Chapter 17 of [13]. Indeed, under the regularity assumption, the maximization
condition determines uniquely the value of the control in a neighbourhood of the reference
extremal and the corresponding maximized Hamiltonian is smooth in this neighbourhood.
Its Hamiltonian flow therefore provides the natural family of nearby extremals to which
the classical argument can be applied.

This regular setting, however, does not cover many important extremals arising in op-
timal control. For singular extremals, or for extremals containing switching points, the
maximization condition may fail to determine a single smooth Hamiltonian in a neigh-
bourhood of the reference trajectory. The classical construction of the field of extremals
therefore cannot be applied directly.

A remarkable feature of the argument is that the maximized Hamiltonian itself is not
essential. It can be replaced by a suitable super-Hamiltonian, namely a Hamiltonian whose

51
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flow agrees with the reference extremal and which dominates the Pontryagin Hamiltonians
in the sense required by the comparison argument; see assumptions (H5) and (H6) in
Subsection 4.1.2. The existence of such a function is substantially weaker than the smooth
regularity of the maximized Hamiltonian and makes the field-of-extremals method appli-
cable to much more general classes of extremals. A systematic formulation of sufficient
conditions based on this idea is given in [71], and the strategy has proved effective in
several different optimal control problems; see, for instance, [70, 29, 61, 30].

In the first part of this chapter, we recall and adapt the general sufficient optimality
criterion developed in [71]. The formulation is deliberately flexible: the field of extremals
is only required to have the regularity needed for the Poincaré–Cartan argument, while its
dynamics is generated by a suitable super-Hamiltonian. The crucial remaining requirement
is the local invertibility of the restriction of the canonical projection π : T ∗M →M to the
field of extremals.

We then introduce a refinement of this criterion which, to the best of our knowledge,
has not been explicitly formulated in the literature. When the field of extremals is a
Lipschitz manifold admitting a piecewise smooth Lagrangian structure, we show that the
invertibility of the restriction of π can be characterized in terms of the Maslov index of the
corresponding curve of tangent Lagrangian subspaces. Although this result is essentially
a symplectic reformulation of the invertibility condition, it provides the key link with the
second-order theory developed in the previous chapter. In the applications considered later
in the thesis, the tangent Lagrangian curve can be obtained as a small perturbation of the
initial point of the Jacobi curve of the reference extremal, so that the sufficient optimality
criterion can be checked directly through the Maslov index of the Jacobi curve. The final
part of the chapter makes the relation with conjugate times and conjugate points explicit.

4.1 Sufficient conditions

The method of fields of extremals provides a geometric sufficient condition for strong local
optimality. Its basic idea is to embed the reference extremal into a suitably chosen family
of neighbouring extremals and to compare the cost of the reference trajectory with that of
any admissible competitor contained in the region covered by this family. The comparison
is based on the exactness of the Poincaré–Cartan form on the Hamiltonian flow-out defining
the field.

We formulate the construction for the free-final-time problem:

J(u) =

∫ T

0
L(q(t), u(t)) dt −→ min,

subject to

q̇(t) = f(q(t), u(t)), q(0) = q0, q(T ) = q1,



4.1. SUFFICIENT CONDITIONS 53

where the final time T > 0 is free. For u ∈ U , we denote by

hu(λ) := ⟨λ, f(π(λ), u)⟩ − L(π(λ), u)

the corresponding normal Pontryagin Hamiltonian. In what follows, we fix (ũ, λ̃) a reference
normal extremal pair, and let q̃ = π ◦ λ̃ be its projection. We assume that λ̃ is globally
Lipschitz and piecewise smooth.

4.1.1 The Poincaré–Cartan form

We first recall the integral invariant underlying the method of fields of extremals. Let
I ⊂ R be an open interval and let

H : I × T ∗M −→ R

be a possibly time-dependent Hamiltonian satisfying the regularity assumptions described
above. We denote its flow by ΦH

s,t.
On the extended phase space T ∗M × I, consider the one-form

αH := ϑ−H dt,

where ϑ is the Liouville form on T ∗M . The form αH is called the Poincaré–Cartan form
associated with H. In canonical coordinates (p, q) on T ∗M , it is given by

αH = p dq −H(t, p, q) dt.

When H is only locally Lipschitz, the form αH has locally Lipschitz coefficients. Its pull-
back by a Lipschitz map and its exterior differential are therefore understood almost ev-
erywhere, or equivalently in the weak sense.

Let a ∈ C∞(M) and consider the exact Lagrangian graph

L0 := {dqa | q ∈M} ⊂ T ∗M.

The restriction of the Liouville form to L0 is exact:

ϑ|L0 = d(a ◦ π)|L0 .

For every t ∈ I, set
Lt := ΦH

0,t(L0),

and define
F : L0 × I −→ T ∗M × I, F (λ0, t) =

(
ΦH
0,t(λ0), t

)
.

We denote its image by
L̂ := F (L0 × I).
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Proposition 4.1.1 (Exactness of the Poincaré–Cartan form). Assume that the Hamil-
tonian flow ΦH

s,t is well defined and locally bi-Lipschitz in a neighbourhood of L̂. Then

the pull-back of the Poincaré–Cartan form to L̂ is exact: there exists a locally Lipschitz
function

S : L0 × I −→ R

such that
F ∗αH = dS

almost everywhere.

A primitive can be written explicitly. If

λt = ΦH
0,t(λ0),

then one may take

S(λ0, t) = a(π(λ0)) +

∫ t

0

(
ϑλs

(
H⃗(s, λs)

)
−H(s, λs)

)
ds.

The proof is the same as the proof of the Poincaré–Cartan integral invariant in [13,
Section 17.1.1]. Indeed, the argument is an application of Stokes’ theorem, which holds
also in the present Lipschitz setting, and uses only that the sets Lt are obtained from
an exact Lagrangian manifold through a Hamiltonian flow; it does not use that H is
the maximized Hamiltonian of an optimal control problem. Consequently, it applies to
any Hamiltonian satisfying the preceding regularity assumptions. In the piecewise smooth
setting, the argument is applied on each smooth stratum of the flow-out. The corresponding
primitives agree on the common strata, and therefore define the locally Lipschitz primitive
S appearing in Proposition 4.1.1.

4.1.2 The free-time field of extremals and the super-Hamiltonian

We now use the super-Hamiltonian flow to construct a field of extremals adapted to the
free-final-time problem. Let a ∈ C∞(M) and denote by L0 the graph of its differential.
Assume that λ̃0 = dq0a ∈ L0. Let HS : R× T ∗M −→ R. We assume that:

(H1) HS is a Lipschitz continuous time-dependent Hamiltonian.

(H2) the Hamiltonian system associated with HS admits a unique flow

ΦS
s,t : T ∗M −→ T ∗M,

which satisfies the following regularity assumptions:

(H2a) the map (s, t, λ) 7−→ ΦS
s,t(λ) is Lipschitz continuous;
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(H2b) for every s, t ∈ R, the map ΦS
s,t : T ∗M → T ∗M is bi-Lipschitz, with inverse ΦS

t,s.

(H3) HS(0, ·) is smooth in a neighbourhood of λ̃0 and that 0 is a regular value of its
restriction to L0, namely

dλ (HS(0, ·)|L0) ̸= 0

We fix a relatively open connected subset

M0 ⊂ L0 ∩HS(0, ·)−1(0)

containing λ̃0. By the regular-value assumption, M0 is a smooth submanifold of dimension
d− 1. Since it is contained in the Lagrangian manifold L0, it is isotropic.

For every t ∈ I, define
Mt := ΦS

0,t(M0),

We denote the union of the Mt by

M := Ψ(M0 × I) =
⋃
t∈I

Mt,

and we consider the flow-out parametrization

Ψ : M0 × I −→ T ∗M, Ψ(λ0, t) = ΦS
0,t(λ0).

In general, by the Lipschitz regularity of Φs,t, M is only a Lipschitz immersed manifold.
We make the following assumptions on M:

(H4) for t ∈ I and λ0 ∈ M0, we have that HS(t,Ψ(λ0, t)) = 0.

We have two more assumption on HS .

(H5) For λ0 ∈ M0, t ≥ 0 and denoting λt = ΦS
0,t(λ0), the function HS satisfies

H(λt) ≤ HS(t, λt).

(H6) The function HS along the reference extremal λ̃ satisfies

HS(t, λ̃t) = hũ(t)(λ̃t) and H⃗S(t, λ̃t) = h⃗ũ(t)(λ̃t)

almost everywhere on I.

For a normal extremal couple (ũ, λ̃), if HS : I × T ∗M → R and M ⊂ T ∗M satisfy
hypotheses from (H1) to (H6), we say that HS is a super-Hamiltonian function and M
is a field of extremals. The idea of replacing the maximized Hamiltonian by a super-
Hamiltonian was first introduced in [70] and successfully reused in many other situations,
see [71] and references therein. Strictly speaking, the trajectories λt = Ψ(λ0, t) are not
extremals for the OCP considered above and some authors rather call the set M a field
of almost-extremals. By a slight abuse of terminology, we call it simply field of extremals
whenever it does not generate confusion.
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Remark 4.1.2 (Preservation of the zero level). Since the super-Hamiltonian may depend
explicitly on time, the inclusion of M0 in the zero level of HS(0, ·) does not by itself imply
that its flow-out remains in the zero level of HS . Indeed, if

λ̇t = H⃗S(t, λt),

then, at every smooth time,

d

dt
HS(t, λt) = ∂tHS(t, λt) + dλHS(t, λt)

[
H⃗S(t, λt)

]
= ∂tHS(t, λt),

since dλHS

[
H⃗S

]
= {HS , HS} = 0. We shall therefore explicitly assume that

HS |M = 0.

A useful way to verify this assumption is to identify an autonomous first integral of
the super-Hamiltonian flow. More precisely, suppose that there exist an invariant subset
Σ ⊂ T ∗M and an autonomous Hamiltonian K : T ∗M → R such that

HS(t, λ) = K(λ), λ ∈ Σ,

and

{HS(t, ·),K} = 0.

If

M0 ⊂ Σ ∩K−1(0),

then both Σ and the zero level of K are preserved by the super-Hamiltonian flow, and
consequently

HS |M = 0.

This mechanism applies to the nice-singular super-Hamiltonian, which will be intro-
duced in later chapters.

4.1.3 Sufficient optimality criterion

We now formulate the sufficient optimality criterion associated with the free-time field
constructed in the previous subsection.

Letting π : T ∗M →M be the canonical bundle projection, we assume that

(H7) the restriction π|M is a bi-Lipschitz map onto some open neighbourhood of q̃.

For brevity, we denote πM := π|M. The following theorem is a rephrasing of Theorem 3.10
in [71] adapted to our framework.
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Theorem 4.1.3 (Sufficient optimality criterion). Let (ũ, λ̃) be a normal extremal pair,
defined on [0, T ], for the free-final-time OCP. Suppose that there exist an Hamiltonian
function HS and an initial manifold M0 satisfying the hypotheses (H1) to (H7). Then,
the reference trajectory

q̃(t) = π(λ̃t)

is locally strongly optimal. Suppose furthermore that the following condition holds: let (u, q)
be an admissible pair defined on the interval I ′ and such that the image of q is contained
in πM(M). Let λt be defined by q(t) = πM(λt). If

H(λt) = HS(t, λt), t ∈ I ′

implies

f(q(t), u(t)) = dλtπM

[
H⃗S(t, λt)

]
, for a.e. t ∈ I ′ (4.1.1)

then q̃ is locally strongly strictly optimal.

Proof. Let u be an admissible control competitor defined on I ′ = [0, Tu], and let q be its
trajectory. Since πM is bi-Lipschitz and q is Lipschitz continuous, the curve

λt := π−1
M (q(t)),

is also Lipschitz continuous. We denote by (τ(t), λ0(t)) ∈ I × M0 the pair such that
λt = Ψ(τ(t), λ0(t)). The injectivity of πM and the boundary conditions imply

λ0 = λ̃0, λTu = λ̃T .

By Proposition 4.1.1, the pull-back of the Liouville form is exact:

Ψ∗ϑ = dSM

almost everywhere on M0 × I.
Denoting by S the concatenation of λ with the curve [0, T ] ∋ t 7→ λ̃(T − t), Stokes’

theorem for Lipschitz manifolds gives∫ Tu

0
ϑλt

(
λ̇t
)
dt−

∫ T

0
ϑλ̃t

( ˙̃
λt
)
dt =

∫
S
dSM = 0,

since the restriction of ϑ to the Lipschitz Lagrangian manifold M is closed.
Along the reference extremal, (H4) and (H6) give

hũ(t)(λ̃t) = HS(t, λ̃t) = 0.

Therefore,

ϑλ̃t

( ˙̃
λt
)

=
〈
λ̃t, ˙̃q(t)

〉
= hũ(t)(λ̃t) + L(q̃(t), ũ(t)) = L(q̃(t), ũ(t)).
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It follows that ∫ T

0
ϑλ̃t

( ˙̃
λt
)
dt = J(ũ). (4.1.2)

Along λt, the definition of the Liouville form gives

ϑλt

(
λ̇t
)

= ⟨λt, q̇(t)⟩ .

Since
q̇(t) = f(q(t), u(t)),

one has

ϑλt

(
λ̇t
)

= hu(t)(λt) + L(q(t), u(t)) ≤ HS

(
τ(t), λt

)
+ L(q(t), u(t)). (4.1.3)

The lifted curve belongs to the zero level of the super-Hamiltonian, and hence

HS

(
τ(t), λt

)
= 0.

Thus,
ϑλt

(
λ̇t
)
≤ L(q(t), u(t)) (4.1.4)

almost everywhere. Integrating and using equations (4.1.4) and (4.1.2), we obtain

J(ũ) =

∫ T

0
ϑλ̃t

( ˙̃
λt
)
dt =

∫ Tu

0
ϑλt

(
λ̇t
)
dt ≤

∫ Tu

0
L(q(t), u(t)) dt = J(u).

This proves local strong optimality.
Assume now that the condition (4.1.1) holds and that

J(u) = J(ũ).

Then, by (4.1.3), equality must then hold in the pointwise super-Hamiltonian inequality
for almost every t:

hu(t)(λt) = HS

(
τ(t), λt

)
.

Indeed, if hu(t)(λt) < HS

(
τ(t), λt

)
for some set of positive measure, then also J(ũ) < J(u).

Then, we must have H(λt) = HS(τ(t), λt) and Equation (4.1.1) implies

q̇(t) = dλtπM

[
H⃗S

(
τ(t), λt

)]
almost everywhere. Since πM is invertible, this implies

λ̇t = H⃗S

(
τ(t), λt

)
Differentiating λt = Ψ(λ0(t), τ(t)), yields

dλ0(t)Ψ(·, τ(t))[λ̇0(t)] + (τ̇(t) − 1)H⃗S

(
τ(t), λt

)
= 0.

Since dλ0(t)Ψ(·, τ(t))[λ̇0(t)] and H⃗S

(
τ(t), λt

)
are linearly independent and H⃗S

(
τ(t), λt

)
̸= 0,

yields τ(t) = t and λ0(t) = λ̃0 is constant. Therefore, λt = λ̃t and q̃ is strictly optimal.
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4.1.4 Invertibility of πM and the Maslov index

In the previous subsection, we have seen that very little regularity is required on the sub-
manifold M to prove Theorem 4.1.3. However, without additional structure, it is quite
difficult to check that M verify the hypothesis (H7) concerning the local invertibility of
πM. As we show in later application, if the reference extremal has a piecewise smooth struc-
ture, then M can be found so that it also have a piecewise smooth Lagrangian structure.
Namely, in the cases that we study, the field of extremals satisfy the following regularity:

(H8) M is the union of finitely many smooth d-dimensional Lagrangian submanifolds with
boundary

M1, . . . ,Mk+1 ⊂ T ∗M,

where d = dimM , such that

M =

k+1⋃
j=1

Mj .

The interiors of the manifolds Mi are pairwise disjoint and, for i = 2, . . . , k, we have
Mi ∩Mj ̸= ∅ only if j ∈ {i− 1, i, i+ 1}. For every i ∈ {1, . . . , k}, the intersection

Mi ∩Mi+1 = ∂Mi ∩Mi+1 = Mi ∩ ∂Mi+1,

is the non-empty common boundary component of Mi and Mi+1. Every boundary
component is a smooth (d− 1)-dimensional isotropic submanifold of T ∗M .

By this piecewise smoothness assumption, we coherently assume that the vector fields
H⃗ i := H⃗S |intMi and the corresponding flows Φi

s,t := ΦS
s,t|intMi are smooth and have a

smooth extension in some open neighbourhood of Mi in T ∗M .
The first consequence of these regularity assumptions is that the generalized tangent

family at the points where M is non-smooth can be explicitly characterized. We use the
notion introduced in Definition A.2.8.

Proposition 4.1.4. Let λ ∈ Mi ∩Mi+1 be a point where M is non-smooth. Then

TλM =
{
Tλ(Mi ∩Mi+1) + R

(
αH⃗ i+1(λ) + (1 − α)H⃗ i(λ)

) ∣∣∣ α ∈ [0, 1]
}
. (4.1.5)

This follows directly from Proposition A.2.9, applied to the flow-out parametrization Ψ,
since the two one-sided transverse derivatives are given by the corresponding Hamiltonian
vector fields. Now, let λ̃t be an extremal defined on the time interval [0, T ] and suppose
that there are

0 = t0 < t1 < · · · < tk < tk+1 = T,

such that λ|(tj−1,tj) ⊂ Mj , for j = 1, . . . , k + 1. We call the tj switching times. Then,

λ̃ is non-smooth at the switching times, and is smooth otherwise. For every t such that
t ∈ (tj−1, tj), consider the transported-back tangent space

Mt := (Φ̃0,t)
−1
∗ T

λ̃t
Mi. (4.1.6)
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At a non-smooth time tj , we denote by M−
tj

and M+
tj

the left and right limit at tj of Mt

respectively. In this way, M is a piecewise smooth curve in the Lagrangian Grassmannian
and, by Proposition 3.3.10, its smooth arcs are increasing. More formally, we have the
following result.

Proposition 4.1.5. Let the curve M defined in (4.1.6) be smooth on the time interval
(tj , tj+1). Define

φj
t =

(
HS(t, ·) − hũ(t)(·)

)
◦ Φ̃tj ,t,

and

bjt =
1

2
Hessλ̃tj

φj
t .

Let

Cj
t := −→exp

∫ t

tj

b⃗js ds,

and define the corresponding linear Hamiltonian flow on the fixed symplectic space Tλ̃0
(T ∗M)

by

Bj
t := (Φ̃0,tj )

−1
∗ ◦ Cj

t ◦ (Φ̃0,tj )∗.

Then, letting

M+
tj

:= lim
t→tj+

Mt,

we have

Mt = Bj
tM

+
tj
.

In particular, every smooth arc of the curve M is increasing.

Proof. For t ∈ (tj , tj+1), the field of extremals is generated by the super-Hamiltonian flow.
Therefore,

Tλ̃t
M = (ΦS

tj ,t)∗Tλ̃tj
Mj+1.

By the definition of M+
tj

,

Tλ̃tj
Mj+1 = (Φ̃0,tj )∗M

+
tj
.

Hence
Mt = (Φ̃0,t)

−1
∗ Tλ̃t

M

= (Φ̃0,tj )
−1
∗ (Φ̃tj ,t)

−1
∗ (ΦS

tj ,t)∗(Φ̃0,tj )∗M
+
tj
.

Following the same argument as in Subsection 3.3.2, the map

Φ̃−1
tj ,t

◦ ΦS
tj ,t
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is the Hamiltonian flow generated by φj
t . Since this flow fixes λ̃tj , its linearization at λ̃tj is

generated by the quadratic Hamiltonian bjt . Consequently,

(Φ̃tj ,t)
−1
∗ (ΦS

tj ,t)∗ = Cj
t = −→exp

∫ t

tj

b⃗js ds.

Substituting this identity into the previous expression yields

Mt = (Φ̃0,tj )
−1
∗ Cj

t (Φ̃0,tj )∗M
+
tj

= Bj
tM

+
tj
.

Moreover, since
HS(t, λ) ≥ hũ(t)(λ)

and the two Hamiltonians coincide at λ̃t, the function φj
t has a minimum at λ̃tj . Therefore,

Hessλ̃tj
φj
t ≥ 0,

and hence bjt ≥ 0. Proposition 3.3.10 then implies that the curve

t 7−→ Bj
tM

+
tj

is increasing. Thus the smooth arc t 7→ Mt is increasing.

Thanks to this property, we can compute the Maslov index of M using Definition 3.4.9.
This way, it is possible to link this Maslov index with the inveribility of the function πM.

More precisely, let Π := Π
λ̃0
. Let tj be a switching time. To emphasize the difference

at switching points, we denote by

Mtj :=
{

(Φ̃0,tj )
−1
∗ Λ

∣∣∣ Λ ∈ T
λ̃tj

M
}

the transported-back generalized tangent family at tj . If V,W are vector spaces, by writing
Mtj ∩ V = W we mean that for every M ∈ Mtj , we have M ∩ V = W .

We also denote by

Πt := T
λ̃t

(
T ∗
π(λ̃t)

M
)

the vertical subspace at λ̃t. For Λ ∈ T
λ̃t
M, we define

pΛ : Λ −→ d
λ̃t
π(Λ), [v] 7−→ d

λ̃t
π(v).

Define the following family of projected generalized tangent maps at λ̃tj is defined made
by the family of linear maps

∂
λ̃t
πM :=

{
pΛ

∣∣∣ Λ ∈ T
λ̃t
M
}

=
{
dλ̃t

π ◦A
∣∣∣ A ∈ ∂(λ̃0,0)

Ψ
}
.
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Theorem 4.1.6 (Maslov criterion for invertibility of the projection). Let (ũ, λ̃) be a nor-
mal extremal pair defined on the time interval [0, T ], and assume that there are a super-
Hamiltonian HS and a field of extremals M satisfying hypotheses from (H1) to (H6) and
(H8). If M0 ∩ Π = {0} or, if zero is a switching point, M0 ∩ Π = {0} and

µΠ(M) = 0,

then π|M is a bi-Lipschitz map onto its image.

Proof. Since hypothesis (H7) is local along the reference extremal, it is enough to prove
local invertibility of πM at every point λ̃t, t ∈ [0, T ]. Indeed, after possibly restricting M
to a sufficiently small relatively compact neighbourhood of the reference extremal, these
local inverses provide the required local bi-Lipschitz projection.

This way, it is enough to prove that the tangent spaces of M are transverse to the
vertical distribution along the reference extremal, including every element of the generalized
tangent family at the switching times.

Since the reference Hamiltonian flow Φ̃0,t projects onto the flow of the reference con-
trolled dynamics, its differential maps the vertical distribution onto itself. Hence

(Φ̃0,t)∗Π = Πt.

Suppose first that t is not a switching time and that λ̃t ∈ Mj . Then

ker dλ̃t
πM = Tλ̃t

Mj ∩ Πt.

Transporting this intersection back to Tλ̃0
(T ∗M) gives

(Φ̃0,t)
−1
∗

(
Tλ̃t

Mj ∩ Πt

)
= Mt ∩ Π.

Therefore

dλ̃t
πM is an isomorphism ⇐⇒ Mt ∩ Π = {0}.

Now recall that, by Definition 3.4.9, the Maslov index of M is the sum of the contribu-
tions of its smooth arcs and of the positive Maslov indices associated with its jumps. Every
smooth contribution is non-negative because the corresponding arc of M is increasing. The
jump contributions are non-negative by definition. Hence

µΠ(M) = 0

implies that every smooth contribution and every jump contribution vanish separately.

Starting from the initial transversality assumption, Proposition 3.4.6 therefore implies
that

Mt ∩ Π = {0}
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throughout the first smooth arc. Indeed, any non-trivial intersection with Π would give a
positive contribution to the Maslov index of this increasing arc.

Consider now a switching time tj . The corresponding contribution to the Maslov index
is

indΠ

(
M−

tj
,M+

tj

)
,

and, as observed above, it vanishes. Moreover, by the characterization of the generalized
tangent family in (4.1.5), the family Mtj can be parametrized as a simple increasing curve

connecting M−
tj

and M+
tj

. Thus, since indΠ

(
M−

tj
,M+

tj

)
= 0 and M−

tj
∩ Π = {0} every

element we have that Tλ̃tj
M∩Πtj = {0} as well. Repeating the same argument successively

on the following smooth arcs and at the remaining switching times along the whole curve.
Transporting these relations forward by (Φ̃0,t)∗ shows that

Tλ̃t
Mj ∩ Πt = {0}

at every smooth point and that

Tλ̃tj
M∩ Πtj = {0}.

at every switching point. Thus the classical differential of πM is invertible at smooth
points, while every element of the Clarke generalized differential associated with the flow-
out parametrization is invertible at switching points.

4.2 Conjugate times and conjugate points

In this section we introduce conjugate times and conjugate points using the Maslov index
of the Jacobi curve. The definition is formulated directly in terms of the Maslov index,
while the results below provide equivalent geometric characterizations involving only the
intersections of the Jacobi curve with the vertical subspace.

Definition 4.2.1 (Conjugate time, conjugate point). Let (ũ, λ̃) be an extremal pair defined
on the time interval [0, T ] for the OCP (2.3.2), (2.3.3), and denote by Λ its Jacobi curve.
Consider the function

mΛ(s) := µΠ
(
Λ|[0,s]

)
, s ∈ (0, T ].

We say that t ∈ (0, T ] is a time conjugate to 0 if mΛ is discontinuous at t. Moreover,
denoting by q̃ the trajectory corresponding to the extremal λ̃, we say that q̃(t) is conjugate
to q̃(0) along q̃.

Although this definition is concise, the definition of the Maslov index for a discontinuous
curve is rather technical. We therefore give alternative characterizations of conjugate times
involving only the Jacobi curve and the vertical subspace Π. We first consider a time t at
which Λ is continuous.
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For δ > 0 sufficiently small, consider the subspace

Π ∩
⋂

t−δ≤τ≤t

Λτ .

As δ decreases, these subspaces form an increasing family. Since the ambient space is
finite-dimensional, there exists δ0 > 0 such that this family is constant for every δ ∈ (0, δ0].
We denote its stabilized value by

K−
t := Π ∩

⋂
t−δ≤τ≤t

Λτ , 0 < δ ≤ δ0.

Thus, K−
t consists of the vertical directions which already belong to the Jacobi curve

throughout a left neighbourhood of t.

Proposition 4.2.2. Let (ũ, λ̃) be a normal extremal pair and let Λ be the corresponding
Jacobi curve. Let t ∈ (0, T ] be a time such that Λ is continuous at t, and assume that
µΠ(Λ|[0,t]) is finite. Then t is conjugate to 0 if and only if

K−
t ⊊ Π ∩ Λt. (4.2.1)

Proof. By the monotonicity of the Jacobi curve on every interval of continuity, the function
mΛ is non-decreasing. Moreover, its increments belong to 1

2Z. Since µΠ(Λ|[0,t]) is finite,
positive Maslov contributions cannot accumulate at t. Hence, after possibly decreasing δ0,
we may assume that no Maslov contribution occurs in [t− δ0, t).

By continuity of Λ at t, we may further decrease δ0 so that Λ|[t−δ,t] is simple for every
δ ∈ (0, δ0]. By additivity of the Maslov index and Proposition 3.4.6, we then have

mΛ(t) −mΛ(t− δ) = µΠ
(
Λ|[t−δ,t]

)
= indΠ (Λt−δ,Λt) . (4.2.2)

Set K := K−
t . By the choice of δ0, we have

K = Π ∩
⋂

t−δ≤τ≤t

Λτ

for every δ ∈ (0, δ0]. We can therefore reduce the simple increasing curve Λ|[t−δ,t] by the
common isotropic subspace K. By Corollary 3.4.8, this reduction does not change its
Maslov index. In the reduced symplectic space the common intersection with the reduced
vertical subspace is trivial, and therefore the local Maslov contribution at t vanishes if and
only if the reduced space Λt has trivial intersection with the reduced vertical subspace.
Equivalently,

indΠ (Λt−δ,Λt) = 0 ⇐⇒ Π ∩ Λt = K−
t .

Combining this equivalence with (4.2.2), we conclude that the Maslov index acquires a
positive contribution at t if and only if

K−
t ⊊ Π ∩ Λt.

This is precisely the claimed characterization of conjugate times.
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It remains to consider the discontinuity times of the Jacobi curve. Let t ∈ (0, T ) be a
discontinuity time of Λ, and denote by Λ− and Λ+ its left and right limits at t, respectively.
Recall that both spaces are contained in the fixed symplectic space Tλ̃0

(T ∗M). Set

λ := λ̃t,

and transport the two limiting spaces to the switching covector by defining

Λ̂− :=
(

Φ̃0,t

)
∗

Λ−, Λ̂+ :=
(

Φ̃0,t

)
∗

Λ+.

Thus,
Λ̂−, Λ̂+ ⊂ Tλ(T ∗M).

We denote by H− and H+ the super-Hamiltonians governing the extremal immediately be-
fore and after t, respectively. Under assumption (H8), the structure of the set of Lagrange
multipliers at λ gives

E := Λ̂− ∩ Λ̂+, Λ̂− = E ⊕ RH⃗−(λ), Λ̂+ = E ⊕ RH⃗+(λ). (4.2.3)

Proposition 4.2.3. Let (ũ, λ̃) be a normal extremal pair and let Λ be the corresponding
Jacobi curve. Let t ∈ (0, T ) be a discontinuity time of Λ, and use the notation introduced
above. Then t is conjugate to 0 if and only if

dλπ
(
H⃗−(λ)

)
and dλπ

(
H⃗+(λ)

)
belong to different connected components of

dλπ
(

Λ̂− + Λ̂+
)
\ dλπ(E).

Proof. Since the Jacobi curve is left-continuous, the discontinuity of mΛ at t is determined
by the Maslov contribution of the jump from Λ− to Λ+. More precisely,

lim
s↓t

mΛ(s) −mΛ(t) = indΠ

(
Λ−,Λ+

)
.

Hence t is conjugate to 0 if and only if

indΠ

(
Λ−,Λ+

)
> 0. (4.2.4)

Since Φ̃0,t is symplectic and maps the initial vertical space Π onto the vertical space

Πλ := Tλ

(
T ∗
π(λ)M

)
,

symplectic invariance gives

indΠ

(
Λ−,Λ+

)
= indΠλ

(
Λ̂−, Λ̂+

)
. (4.2.5)
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Set
V := dλπ

(
Λ̂− + Λ̂+

)
, W := dλπ(E).

By (4.2.3),
dimV − dimW = 1.

Therefore V \W has two connected components. The vectors dλπ(H⃗−(λ)) and dλπ(H⃗+(λ))
belong to different components if and only if there exists α ∈ (0, 1) such that

dλπ
(
αH⃗+(λ) + (1 − α)H⃗−(λ)

)
∈W. (4.2.6)

For α ∈ [0, 1], define

Λ̂α := E + R
(
αH⃗+(λ) + (1 − α)H⃗−(λ)

)
.

Moreover, set
Kλ := E ∩ Πλ.

Condition (4.2.6) is equivalent to

Λ̂α ∩ Πλ

Kλ
̸= {0}.

By Theorem 4.1.6, such an α exists if and only if

indΠλ

(
Λ̂−, Λ̂+

)
> 0.

Combining this equivalence with (4.2.4) and (4.2.5) proves the statement.



Chapter 5

Singular extremals of optimal
control problems with L1 cost

5.1 Introduction

In this Chapter, we study the optimal control problem of minimizing the L1 norm of the
control for a control affine system.

More precisely, we let M be a smooth manifold of dimension dimM = d and take
f0, f1, . . . , fm : M → TM , smooth vector fields. Also define U to be the closed Euclidean
unit ball, that is U = {u ∈ Rm | |u| ≤ 1}. We take the set of admissible controls

U = L∞([0, T ], U) =
{
u : [0, T ] → U | u measurable

}
.

The set U has a natural structure of Banach manifold with boundary. However, since in
most of the part of this chapter we consider controls satisfying |u| < 1, for our purposes
we can simply consider the structure of Banach manifold without boundary modelled on
L∞([0, T ];Rm). Given any two points on the manifold q0, q1 ∈ M , we want to find ũ ∈ U
minimizing

J(u) =

∫ T

0
|u(t)|dt→ min .

and subject to the control-affine dynamic

q̇ = f0(q) +
m∑
j=1

uj(t)fj(q), (5.1.1)

q(0) = q0, q(T ) = q1.

In the constrained optimization language, this optimal control problem is

min{∥u∥ | u ∈ F−1(q1)},

67
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where F : U →M denotes the endpoint map of the control system (5.1.1).

This optimal control problem is relevant for many applications. Indeed, the L1 norm
is a natural choice for every model in which the optimal trajectories are expected to have
some inactivated arcs, that is arcs along which the control is identically switched off. For
instance, this is the case when one wants to minimize the fuel consumption of a vehicle, see
[27, 68] and references therein, which has important applications in aerospace engineering.

Another circumstance where the minimization of the L1 arises is the motion of biological
systems. In [22, 37], the movements in animals and human beings were studied and the
authors found out that such trajectories have inactivated arcs. They found that these kinds
of movements minimize the “absolute work”, which can be modelled using the L1 norm of
the control.

The aim of the present Chapter is to provide effective general tools to study these
kinds of problems. As a first step, we apply the Pontryagin Maximum Principle (PMP) to
describe the extremals of these problems. As we are going to show in Section 5.2, according
to PMP, any optimal solution of Problem 5.1 is the concatenation of one of the following
three types of controlled arcs:

• arcs with controls taking values at the boundary of U , i.e. |u| = 1;

• inactivated controls, u = 0;

• singular controls, taking values in the interior of U , that is |u| < 1.

We will call the first two kinds of controls regular, in opposition to the singular ones. For
such extremal trajectories many efficient necessary or sufficient optimality conditions have
been developed over the years [14, 62, 18, 55, 60, 31].

In this Chapter, we focus entirely on controls which are purely singular. We prove
a generalized Legendre-Clebsch condition, which is a generalization version of the strong
Legendre condition discussed in Section 2.4.2. For the L1-problem the Legendre form has
a non-trivial time-dependent kernel, making it somewhere in between the usual regular
trajectories, when the Legendre form is non-degenerate, and classical singular trajectories,
when the Legendre form vanishes completely. We determine the second variation that
allows us to prove the Legendre condition for this type of extremals and reformulate it in
a ready-to-use form.

To formulate this result in a clean way, let us introduce the Hamiltonian functions

hi(λ) = ⟨λ, fi⟩, λ ∈ T ∗M, i = 0, 1, . . . ,m,

where fi are the vector fields appearing in Equation (5.1.1). Moreover, we define hc =
1
2

∑m
i=1 h

2
i , which is another Hamiltonian function that will be extensively used.

Now we can state one of the main results of the chapter.
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Theorem 5.1.1 (Necessary optimality condition). Let u ∈ U be a singular control which
is also an optimal solution of Problem 5.1. Let λ̃(·) be its corresponding extremal solving
the Hamiltonian system of the PMP. Then

{hc, {h0, hc}}
(
λ̃(t)

)
≥ 0, for t ∈ [0, T ]. (GLC)

In the literature, the conditions like the one in (GLC) are usually called generalized
Legendre-Clebsch conditions, or sometimes simply generalized Legendre conditions. They
play the same role of the strong Legendre but in the context of singular extremals. The
strengthening of this condition gives local strong optimality of short singular arcs.

Theorem 5.1.2 (Sufficient conditions, small time). Let u ∈ U be a singular control for
Problem 5.1. Denote by q̃(·) and λ̃(·) its corresponding singular trajectory and extremal
respectively. If

{hc, {h0, hc}}
(
λ̃(t)

)
> 0, for t ∈ [0, T ], (SGLC)

then for every t ∈ [0, T ] there is some τ > 0 such that q̃|[t,t+τ ] is strictly locally strongly
optimal.

Conditions like (SGLC) are known in the literature as strong generalized Legendre
conditions, where the word “strong” emphasizes that the inequality here is strict, while in
(GLC) the equal sign is allowed. To prove this theorem, we use the method of overmaxi-
mized (or super-) Hamiltonians introduced in Chapter 4.

In order to complete the local optimality study, we need to quantify the time τ in
Theorem 5.1.2. This is done via the theory of the Jacobi curve and conjugate points, which
were introduced in the previous chapters. We characterize conjugate points by a Jacobi
equation adapted to singular extremals, which we formulate in (5.4.3) of Section 5.4. Then,
we prove the following two criteria.

Theorem 5.1.3 (Necessary condition, conjugate points). Let λ̃(·) be a singular extremal
for Problem 5.1 satisfying condition (SGLC) and let q̃(·) be its corresponding trajectory on
M . Denote by Λ the Jacobi curve of the extremal pair (ũ, λ̃). Suppose that ũ is of corank r.
Let N = µΠ(Λ) − 1

2(d− dim∩t∈[0,T ]Λt). If N ≥ r, then q(·) is not a weak-local minimizer
of Problem 5.1 with respect to the L∞ topology of U .

Theorem 5.1.4 (Sufficient condition, absence of conjugate points). Let ũ ∈ U be a singular
control for Problem 5.1. Let λ̃(·) be its corresponding extremal and q̃(·) its corresponding
trajectory. Assume furthermore that the strong generalized Legendre condition (SGLC)
holds and that there are no conjugate points along the trajectory q̃(·), for t ∈ [0, T ]. Then
q̃(·) is strictly locally strongly optimal.

It should be stressed that Theorem 5.1.4 can be implemented numerically and used for
concrete problems as it was done in [24] for regular extremals.
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The structure of the Chapter is as follows. In Section 5.2, we describe the extremal
trajectories of our problem. We then study second-order conditions. To simplify the
exposition, we invert the order of the proofs. First, we prove the sufficient small-time
optimality result of Theorem 5.1.2 in Section 5.3. We then introduce the Jacobi equation,
prove Theorem 5.1.4 in Section 5.4, and provide examples in Section 5.5. The rest of the
Chapter is dedicated to the study of necessary conditions and the derivation of the Jacobi
equation. The reason is that the proofs of sufficient conditions are purely geometric, relying
on methods of symplectic geometry and dynamical systems. In contrast, the proofs of
necessary conditions are more technical and analytic in nature, and require a careful study
of the infinite-dimensional Hessian and the spaces of variations. Therefore, we postpone
them to the second half of the Chapter. This does not create any problem for the first part,
since only the correct form of the generalized Legendre conditions and the Jacobi equation
are needed for the proofs of the sufficient conditions. Finally, to make the main body of
the text more readable, we prove in Section 5.7 a number of propositions that are required
for the proofs of the three main theorems but involve lengthy technical calculations.

5.2 Description of extremal trajectories

In this section, we fix the notation used in this Chapter. We mainly follow the notation in
[5]. We then describe extremal trajectories of Problem 5.1 using PMP and separate them
into two categories: regular and singular extremals.

5.2.1 Definitions and notation

To shorten the formulas, we introduce the following notation. First, we use

hij := {hi, hj}, hijk := {hi, {hj , hk}}

to indicate nested Poisson brackets. Second, we set fI(q) := (f1, . . . , fm). so that the
system (5.1.1) can be abbreviated to

q̇ = f0(q) + ⟨u, fI(q)⟩.

We do the same for hI(λ) := (h1, . . . , hm), and define |hI |(λ) :=
√
h21(λ) + · · · + h2m(λ) to

be its Euclidean norm.

Finally we will often consider differentiation along the flow of a Hamiltonian system

λ̇ = H⃗(λ).

We will often abbreviate a function h(λ) just to h when there is no confusion, and abbreviate
h(λ(t)) to h(t), when we consider the values of h along an integral curve λ(t) of the
Hamiltonian system above.
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5.2.2 Description of extremal trajectories

To solve the OCP 5.1, we first apply PMP. By the notation of the previous subsection, the
Hamiltonian function hu ∈ C∞(T ∗M) in PMP can be written as:

hu = h0 + ⟨u, hI⟩ + ν|u|, hI = (h1, . . . , hm).

We study in detail only the normal case, that is, when we normalize ν = −1. The abnormal
case, corresponding to ν = 0, coincides with the time-optimal problem, which is already
well studied (see [9, 8]). So, henceforth we always assume ν = −1 for every extremal
trajectory.

Using spherical coordinates on U , that is, by writing u = rv, r = |u|, v ∈ Sm−1, the
Hamiltonian hu takes the form

hu = h0 + r
(
⟨v, hI⟩ − 1

)
,

and the corresponding Hamiltonian vector field becomes

h⃗u = h⃗0 + r⟨v, h⃗I⟩.

According to PMP, an optimal control u must maximize hu for almost every t. This can
only happen if v is collinear with hI . Therefore,

v =
hI
|hI |

,

which yields

hu = h0 + r(|hI | − 1).

If |hI | > 1, the maximum is achieved when r = 1, while if |hI | < 1, the Hamiltonian is
maximized for r = 0. Therefore, if along an extremal λ(t) we have |hI(t)| ̸= 1, at each
time the value of the maximizing control is uniquely determined by

u(t) =


hI(t)
|hI(t)| , if |hI(t)| > 1,

0, if |hI(t)| < 1.

We will call these controls regular.

Now, we want to analyse the case |hI(t)| ≡ 1 on the time interval [0, T ], which gives no
direct information on r since any r ∈ [0, 1] realizes same value of the Hamiltonian. We will
call these controls singular. Notice that, if |hI(t)| = 1 only for a set of zero measure, then
the maximizing control is still uniquely determined for a.e. t ∈ [0, T ] (recall that our space
of admissible controls is L∞([0, T ], U)). In general we know only that |hI |−1(1) is a closed
set. For simplicity of exposition, we will assume that |hI |−1(1) = [0, T ] is an interval, but
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similar conclusions hold if |hI |−1(1) has positive measure and t ∈ |hI |−1(1) is any point of
density.

The Hamiltonian vector field reads

h⃗u = h⃗0 + r
−−→
|hI |, r(t) ∈ [0, 1].

We define hc := 1
2 |hI |

2. Notice that on the hypersurface |hI | = 1 we have h⃗c =
−−−→
1
2 |hI |

2 =

|hI |
−−→
|hI | =

−−→
|hI |. So, every singular extremal λ can be described as a solution of the Hamil-

tonian system
λ̇ = h⃗0(λ) + r(t)⃗hc(λ), r ∈ L∞([0, T ]; [0, 1]).

Since we are on the surface |hI | = 1 we also have hc(t) ≡ 1
2 |hI(t)|2 ≡ 1

2 for all t ∈ [0, T ].
We can differentiate this equality in t:

0 =
d

dt
(hc(t)) = {h0 + rhc, hc}(t) = h0c(t).

This equation does not give us any information on r. However, it puts an additional
constraint on λ(t) in order to be a singular extremal. If we differentiate in t the previous
equality, we obtain:

d2

dt2
(hc(t)) = {h0 + rhc, h0c}(t) = h00c(t) + rhc0c(t) = 0.

If hc0c(λ) ̸= 0, we obtain the following feedback equation for the control r:

r(λ) = −h00c
hc0c

(λ) =
h00c
hcc0

(λ). (5.2.1)

The second equality follows from the antisymmetry of the Poisson bracket, which gives
hcc0 = −hc0c. Hence, the singular control is completely determined, that is

u(λ) = r(λ)hI(λ) (5.2.2)

and the Hamiltonian system reads

λ̇ = h⃗0(λ) + r(λ)⃗hc(λ). (5.2.3)

It is easy to check that the flow of (5.2.3) preserves the submanifold {λ ∈ T ∗M | |hI(λ)| =
1, h0c(λ) = 0}. In the following, we always assume that the singular control r is admissible
strictly singular, in the sense that 0 < r(t) < 1 for every t ∈ [0, T ].

In this work, we focus only on the case hc0c(t) ̸= 0. The case hc0c(t) ≡ 0 can happen
as well and can be treated similarly although it is a bit more delicate. One can go on and
differentiate the equalities hc0c(t) = 0 and h00c(t) = 0. Then, there are two possibilities:
either a non-trivial relation involving r is found after a finite number of differentiations,
or you obtain an infinite number of relations. In the first case, a similar analysis to
the one that we are going to show can be performed. In the second case, since T ∗M is
finite-dimensional, there is some k ∈ N such that all the relations that we obtain after k
differentiations must be linearly dependent. Again, from this fact, one can obtain some
information on the optimality of the solutions.
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5.3 The super-Hamiltonian function and strong local opti-
mality of short arcs

We now prove the small-time sufficient optimality condition stated in Theorem 5.1.2. Recall
that, along a singular extremal, the maximizing condition does not determine the control
uniquely, since on the hypersurface |hI | = 1 every control of the form u = rhI , with
r ∈ [0, 1], realizes the maximum of the PMP Hamiltonian. Consequently, contrary to the
case of regular extremal arcs, the maximized Hamiltonian does not provide a Hamiltonian
flow. On the other hand, Section 5.2 shows that, differentiating the identity |hI | = 1,
the singular control is determined by the relation in Equation (5.2.2). The purpose of
this section is to extend this dynamics to a smooth Hamiltonian dynamics in a open
neighbourhood of the reference extremal.

The construction is based on the method of fields of extremals and on the super-
Hamiltonian approach introduced in Chapter 4. For the present problem we only need a
smooth fixed-final-time version of the general sufficient criterion, which we restate below
in order to make the argument self-contained.

We denote by H the maximized Pontryagin Hamiltonian, namely

H(ℓ) := max
u∈U

hu(ℓ),

where
hu(ℓ) = ⟨ℓ, f0(q) + ⟨u, fI(q)⟩⟩ − |u|, ℓ ∈ T ∗

qM.

Let a ∈ C∞(M) and consider the exact Lagrangian graph

L0 := {dqa | q ∈M} ⊂ T ∗M.

Let HS ∈ C∞(R× T ∗M) be a time-dependent Hamiltonian and denote by ΦS
t the flow of

H⃗S from time 0 to time t. For ℓ0 ∈ L0, set

ℓt := ΦS
t (ℓ0), Lt := ΦS

t (L0),

and define
L := {(t, ℓ) ∈ [0, T ] × T ∗M | ℓ ∈ Lt} .

Theorem 5.3.1. Let u be a singular control and let q and λ be its corresponding trajectory
and normal extremal. Suppose that there exist a function a ∈ C∞(M) and a time-dependent
Hamiltonian HS ∈ C∞(R × T ∗M) such that, with the notation introduced above, the fol-
lowing properties are satisfied.

1. For every ℓ0 ∈ L0 and every t ∈ [0, T ], with ℓt = ΦS
t (ℓ0), it holds that HS(t, ℓt) ≥

H(ℓt).

2. Along the reference extremal one has HS(t, λt) = H(λt) for almost every t ∈ [0, T ].
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3. Along the reference extremal the previous inequality is a true equality: H⃗S(t, λt) =
h⃗u(t)(λt) for almost every t ∈ [0, T ].

4. There exist open neighbourhoods V ⊂ T ∗M and O ⊂ M of λ([0, T ]) and q([0, T ]),
respectively, such that

id×π : L ∩
(
[0, T ] × V

)
−→ [0, T ] ×O, (t, ℓ) 7−→

(
t, π(ℓ)

)
,

is a smooth diffeomorphism.

Then q is strictly locally strongly optimal.

This statement is the smooth fixed-final-time counterpart of the more general sufficient
criterion of Theorem 4.1.3.

We now apply this criterion to the singular extremal under consideration. The strong
generalized Legendre condition

hc0c(λt) > 0, t ∈ [0, T ],

is the strict version of the necessary condition stated in Theorem 5.1.1, whose proof will
be given in Section 5.6. We show that this condition provides exactly the non-degeneracy
needed to construct a super-Hamiltonian satisfying Theorem 5.3.1 on sufficiently short time
intervals.

The construction proceeds in three steps. First, we choose an initial submanifold L0

through the initial covector and contained in the hypersurface |hI | = 1. Second, using the
transversality implied by hc0c > 0, we construct a smooth Hamiltonian hS by extending
h0 along the integral curves of h⃗c. Finally, we combine hS with the singular control r(t)
to obtain the time-dependent Hamiltonian HS and verify the four assumptions of Theo-
rem 5.3.1.

Proof of Theorem 5.1.2. We fix a singular extremal trajectory λ(t) and t0 ∈ [0, T ). We
consider the restriction of the reference extremal to a sufficiently short interval [t0, t0 + τ ].
Since the statement is local in time, we may assume that t0 = 0. Set

λ0 := λ(0), q0 := q(0).

and all the objects constructed below are considered only in sufficiently small neighbour-
hoods of λ0 and q0.

We apply Theorem 5.3.1. More precisely, we construct a Lagrangian manifold L0 =
graph(da), a time-independent Hamiltonian hS , and a time-dependent Hamiltonian HS

such that the four assumptions of that theorem hold on [0, τ ].
Define

Σ := {ℓ ∈ T ∗M | |hI(ℓ)| = 1}, S := {ℓ ∈ T ∗M | h0c(ℓ) = 0}.

We have λ(t) ∈ Σ ∩ S. Moreover, the strong generalized Legendre condition gives

hc0c(λ0) > 0.
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Step 1 - Construction of the initial Lagrangian manifold. Consider the Hamilton–
Jacobi equation

hc(q, dqa) =
1

2
, equivalently

m∑
i=1

∣∣⟨dqa, fi(q)⟩∣∣2 = 1. (5.3.1)

Choose a hypersurface N ⊂M through q0 such that Tq0N = kerλ0, and prescribe a|N = 0.
This Cauchy datum is non-characteristic for (5.3.1) at (q0, λ0). Indeed, the differential in
the fibre directions of hc at λ0 is identified with

m∑
i=1

hi(λ0)fi(q0),

and 〈
λ0,

m∑
i=1

hi(λ0)fi(q0)

〉
= |hI(λ0)|2 = 1.

Hence this vector is not tangent to N . By the method of characteristics, after possibly
shrinking the neighbourhood of q0, there exists a ∈ C∞(M) satisfying (5.3.1), a|N = 0,
and dq0a = λ0. We set

L0 := {(q, dqa) | q close to q0}.

Then L0 is Lagrangian, λ0 ∈ L0, and (5.3.1) implies L0 ⊂ Σ.

Step 2 - Construction and properties of hS. Since

h⃗c(h0c) = hc0c,

the vector field h⃗c is transverse to S in a neighbourhood of λ0. Thus, after shrinking that
neighbourhood, the map

(s, ℓ0) 7−→ exp(sh⃗c)(ℓ0), ℓ0 ∈ S,

is a system of local coordinates. We define hS in these coordinates by

hS
(
exp(sh⃗c)(ℓ0)

)
:= h0(ℓ0), ℓ0 ∈ S. (5.3.2)

In particular,
hS = h0 on S, {hS , hc} = 0. (5.3.3)

The second identity follows because hS is constant along the integral curves of h⃗c. Notice
also that the flow of h⃗c preserves Σ, since hc = 1

2 |hI |
2.

We prove the following identity, that will be used below:

dℓ(hS − h0) = 0, ∀ℓ ∈ S ∩ Σ. (5.3.4)
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T ∗M
S

exp(t⃗hc)

ℓ0 ℓt

Figure 5.1: Construction of hS .

To prove this identity, we can consider the splitting

Tℓ(T
∗M) = TℓS ⊕ Rh⃗c(ℓ), ℓ ∈ S ∩ Σ.

By definition of hS , we have that hS(ℓ) = h0(ℓ) for any ℓ ∈ S, so, if v ∈ TℓS, then
⟨dℓ(hS − h0), v⟩ = 0. Moreover, we have

⟨dℓ(hS − h0), h⃗c⟩ = ⟨dℓhS , h⃗c⟩ − ⟨dℓh0, h⃗c⟩ = {hS , hc}(ℓ) − {h0, hc}(ℓ) = 0,

where the first Poisson bracket vanishes by the definition of hS and the second by definition
of S.

Step 3 - Construction of HS and verification of the hypotheses of Theorem 5.3.1.
Let

r(t) := r(λ(t)) =
h00c(λ(t))

hcc0(λ(t))
,

so that
u(t) = r(t)hI(λ(t))

by (5.2.1) and (5.2.2). Define

HS(t, ℓ) := hS(ℓ) + r(t)
(
|hI(ℓ)| − 1

)
. (5.3.5)

After restricting to a neighbourhood of Σ, the function |hI | is smooth. By (5.3.3) and the
identity {|hI |, hc} = 0, we have

{HS(t, ·), hc} = 0 for every t.



5.3. THE SUPER-HAMILTONIAN FUNCTION 77

Hence the flow ΦS
t of H⃗S preserves Σ. Since L0 ⊂ Σ, this gives

Lt ⊂ Σ for t ∈ [0, τ ], (5.3.6)

after possibly reducing τ .
We now verify the four assumptions of Theorem 5.3.1.

Condition (2). For every t ∈ [0, τ ], the reference extremal belongs to Σ ∩ S. Therefore, by
(5.3.3) and (5.3.5),

HS(t, λ(t)) = hS(λ(t)) = h0(λ(t)).

Since H = h0 on Σ, condition (2) follows.

Condition (3). At any point of Σ, one has

dhc = d|hI |, h⃗c =
−−→
|hI |.

Consequently, by (5.3.4),

H⃗S(t, λ(t)) = h⃗S(λ(t)) + r(t) ⃗|hI |(λ(t)) = h⃗0(λ(t)) + r(t)⃗hc(λ(t)).

The right-hand side is precisely h⃗u(λ(t)) by (5.2.3). Thus condition (3) holds.

Condition (1). In view of (5.3.6), it is enough to prove that hS ≥ h0 on Σ near λ0. Let
ℓ0 ∈ S ∩ Σ be close to λ0, and set

gℓ0(s) := hS
(
exp(sh⃗c)(ℓ0)

)
− h0

(
exp(sh⃗c)(ℓ0)

)
.

By (5.3.2) and the fact that ℓ0 ∈ S,

gℓ0(0) = 0, g′ℓ0(0) = 0, g′′ℓ0(0) = −hcc0(ℓ0) = hc0c(ℓ0).

By the strong generalized Legendre condition and the continuity of hc0c, we can conclude
that there is a neighbourhood W0 ⊂ T ∗M of λ0 such that hS(ℓ) ≥ h0(ℓ), for ℓ ∈ W0.
Therefore, for ℓ ∈ W0 ∩ Σ, we have HS(ℓ) = hS(ℓ) ≥ h0(ℓ) = H(ℓ). Recalling that
Lt = ΦS

t (L0) ⊂ Σ and after possibly shrinking L0 and τ , we have that condition (1)
follows.

Condition (4). Since L0 is the graph of da, the restriction

dλ0π
∣∣
Tλ0

L0
: Tλ0L0 −→ Tq0M

is an isomorphism. Consider

(id × π) : [0, τ ] × L0 −→ [0, τ ] ×M, (id × π)(t, ℓ0) :=
(
t, π(ΦS

t (ℓ0))
)
.

Its differential at (0, λ0) is given by

D(id × π)(0,λ0)(s, v) =
(
s, dλ0π(v) + s dλ0π

(
H⃗S(0, λ0)

))
, (s, v) ∈ R× Tλ0L0,
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and is therefore an isomorphism. The inverse function theorem, together with the smooth
dependence of ΦS

t on (t, ℓ0), yields the required local diffeomorphism property in condi-
tion (4), after possibly shrinking τ and the neighbourhood defining L0.

We have verified all the assumptions of Theorem 5.3.1. Therefore, q|[0,τ ] is strictly
locally strongly optimal.

5.4 Jacobi equation and sufficient conditions for optimality

In the previous Section we proved that, under the strong generalized Legendre condition,
short arcs of a singular extremal are locally strongly optimal. Now, we want to give a pro-
cedure to quantify how long these optimal singular arcs can be. To this aim, we introduce
a suitable Jacobi equation and the notion of conjugate points, which are analogous to the
one introduced in Section 3.3.2.

5.4.1 Jacobi curve and conjugate points

As before we fix a singular extremal λ̃(t) that satisfies the strong generalized Legendre
condition (SGLC). Again, we denote λ̃0 = λ̃(0).

We recall the definition of the transported-back Hamiltonian function:

Ht(u, ℓ) =
(
hu − hũ(t)

)
◦ Φt (ℓ), u ∈ U, ℓ ∈ T ∗M, t ∈ [0, T ],

where ũ(t) denotes the value of the singular control (5.2.2) and Φt is the flow on T ∗M of
the Hamiltonian system (5.2.3).

Recall also the definition of Zt : Tũ(t)U → Tλ0(T ∗M):

Ztv(t) :=
〈
v(t),

∂H⃗t

∂u
(u, λ̃(0))

∣∣∣∣∣
u=ũ(t)

〉
=

m∑
j=1

vj(t)
[
(Φ−1

t )∗h⃗j
]
(λ0), (5.4.1)

We can split Tũ(t)U = (RhI(t)) ⊕ (hI(t))⊥ by defining v(t) = ϕ(t)hI(t) + w(t). This
splitting separates the two qualitatively different types of control variations: the component
parallel to hI(t) changes the control in the singular direction, whereas the component
orthogonal to hI(t) changes its direction along the regular ones. To shorten the notation
we will abbreviate ZI(t) := ZthI(t). Then, using the previously defined splitting, we define

Ztv(t) := Ztw(t) − ŻI(t)ϕ(t).

The term −ŻI(t)ϕ(t) comes from an integration by parts, which is better motivated in
Section 5.6.
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The next object that we introduce is the generalized Legendre form lt. Its role is analogous
to that of the classical Legendre form in the regular case. It is a quadratic form on
Tũ(t)U ⊕ R defined by

lt(w, ϕ) :=
(
w ϕ

)( Id
r σ

(
Zt ·, ZI(t)

)
σ
(
Zt ·, ZI(t)

)T
σ
(
ZI(t), ŻI(t)

))(w
ϕ

)
, (5.4.2)

where w ∈ (hI(t))⊥.
Now, we introduce the Jacobi equation and the notion of conjugate time and conjugate

point, which are similar to the one given for regular extremals.

Definition 5.4.1. Let λ̃(t) be an extremal satisfying the strong generalized Legendre
condition and denote Π0 := Tλ̃0

(T ∗
q0M), where λ0 = λ̃(0) and q0 = π(λ0). A time T is

conjugate to 0 on λ̃ if and only if there is a non-constant solution to the following boundary
value problem

η̇ = −Ztl
−1
t σ

(
Zt· , η

)
for a.e. t ∈ [0, T ], (5.4.3)

η(0) ∈
(

Π0 + RZI(0)
)
∩
(
RZI(0)

)∠
= Π

RZI(0)
0 , η(T ) ∈ Π0. (5.4.4)

Equation (5.4.3) is called the Jacobi equation along the extremal λ̃. Moreover, if T is
conjugate to 0 on λ̃, we say that the point q(T ) is conjugate to q(0) along the trajectory
q. The multiplicity of a conjugate point is the number of linearly independent solutions of
(5.4.3), (5.4.4).

Theorem 5.4.2. Let (ũ, λ̃) be a singular extremal pair and let Λ denote the corresponding
Jacobi curve. Then,

Λt = {η(t) ∈ Tλ̃0
(T ∗M) | η solves (5.4.3), η(0) ∈ Π

RZI(0)
0 }

We prove this result in 5.6.4, where the Jacobi equation is derived from the second
variation.

We have the following property that will be used several times.

Lemma 5.4.3. ηI(t) = ZI(t) is a solution of (5.4.3).

Proof. If we apply the matrix in (5.4.2) to the variation w(t) = 0 and ϕ(t) = 1, we obtain(
Id
r σ

(
Zt ·, ZI(t)

)
σ
(
Zt ·, ZI(t)

)T
σ
(
ZI(t), ŻI(t)

))(0

1

)
= σ(Zt·w, ZI(t))−σ(ŻI(t), ZI(t)) = σ(Zt·, ZI(t)).

Hence, identifying l−1
t with the inverse of the matrix in (5.4.2), we have

−Ztl
−1
t σ

(
Zt· , ZI(t)

)
= −Zt(0, 1) = ŻI(t).
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This shows that η̇I(t) = ŻI(t) = −Ztl
−1
t σ

(
Zt· , ZI(t)

)
= −Ztl

−1
t σ

(
Zt· , ηI(t)

)
, that is

ZI(t) is a solution of the Jacobi equation.

The solution ZI(t) is distinguished because it is generated by the singular direction itself.
In general, it does not satisfy the final boundary condition in Definition 5.4.1. Its appear-

ance in the initial condition Π
RZI(0)
0 is intuitively explained by the fact that the singular

extremals are contained in a codimension 2 submanifold of T ∗M . As a consequence, a field
of extremals is also forced to be contained in a smaller submanifold, and then its tangent
space is forced to contain the direction ZI(t).

An explicit example involving the Jacobi equation written in this form is given in Sub-
section 5.5.3, where we study a concrete example on SU(2). One can also give an equivalent
definition of the Jacobi equation using the previously introduced super-Hamiltonian HS .
To do this, one should note that the Jacobi equation is a linear Hamiltonian equation on
Tλ̃0

(T ∗M) with a time-dependent quadratic Hamiltonian

bt :=

〈
σλ0(Zt·, η), l−1

t σλ0(Zt·, η)
〉

2
. (5.4.5)

It should be noted that invertibility of lt is guaranteed by the strong generalized Legendre
condition (see Lemma 5.4.5, which we prove after we introduce the second variation). So
it is enough to rewrite this Hamiltonian in terms introduced in the previous sections.

Finally, we can prove Theorem 5.1.3.

Proof of Theorem 5.1.3. Let λ̃ be a singular extremal for Problem 5.1 corresponding to the
singular control u and let q be its trajectory on M . Let N = µΠ(Λ)− 1

2(d−dim∩t∈[0,T ]Λt).
By Theorem 3.0.1, if ũ is of corank r, we have that if N ≥ r, then the endpoint map E is
locally open at ũ. In particular, u is not weakly-locally optimal.

In this problem, there are two dynamics: the Hamiltonian dynamics associated with the
reference singular control (encoded by the flow Φt), and the smooth super-Hamiltonian
dynamics (encoded by the flow ΦS

t ) used to construct a field of nearby extremals. Consider
the composition

Φ−1
t ◦ ΦS

t

Since the two flows agree along the reference extremal, this map fixes λ̃0. Its quadratic part
at λ̃0 therefore measures the first non-trivial discrepancy between the two dynamics, and,
as shown in Corollary 5.4.6 below, this discrepancy is exactly the quadratic Hamiltonian
governing the Jacobi equation.

We want to write it as the flow of another Hamiltonian function, i.e.

Φ−t ◦ ΦS
t = −→exp

∫ t

0
φ⃗s ds, (5.4.6)
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where here we follow the notation of the chronological calculus (see Appendix A.1), that
is −→exp

∫ τ1
τ0
h⃗tdt denotes the (non-autonomous) flow of h⃗t from time τ1 to time τ2. It follows

by the variations formula (see (A.1.1)) that this is

φt(ℓ) =
(
HS(t, ·) −H(ũ(t), ·)

)
◦ Φt (ℓ), ℓ ∈ T ∗M, t ∈ [0, T ].

Indeed, we have

−→φt =
−−−−−−−−−−−−−−−−−−−→(
HS(t, ·) −H(ũ(t), ·)

)
◦ Φt = (Φ−t)∗

(
H⃗S(t, ·) − H⃗(ũ(t), ·)

)
,

hence, by the variations formula (see Equation (A.1.1)), we obtain

−→exp

∫ t

0
φ⃗s ds = −→exp

∫ t

0
(Φ−s)∗ H⃗S(s, ·) − (Φ−s)∗ H⃗(u(s), ·) ds =

= −→exp

∫ t

0
− (Φ−s)∗ H⃗(u(s), ·) ds ◦ −→exp

∫ t

0
(Φ−s)∗ (Φs)∗ H⃗S(s, ·) ds =

=

(
−→exp

∫ t

0
H⃗(u(s), ·) ds

)−1

◦ −→exp

∫ t

0
H⃗S(s, ·) ds.

We have the following relation with the Jacobi equation.

Proposition 5.4.4. Under the previous notations, we have that for λ̃0 ∈ Σ

Hessλ0

[(
HS(t, ·) −H(ũ(t), ·)

)
◦ Φt

]
=
〈
σλ0(Zt·, η), l−1

t σλ0(Zt·, η)
〉

η ∈ Tλ0(T ∗M).

This proposition is a particular case of Proposition 8.3.2. Its proof is contained in
Appendix 8.4.

Finally, we note that there is an important connection between the Legendre condition
in Theorem 5.1.2 and the Legendre form lt.

Proposition 5.4.5. Given a singular extremal λ̃(t), we have the following equivalence:

lt ≥ 0 ⇐⇒ hc0c(t) ≥ 0.

and a similar equivalence holds for strong inequalities.

The proof is a lengthy computation that we postpone to Subsection 5.6.3. An impor-
tant corollary of this proposition is that the strong Legendre condition ensures that the
Hamiltonian bt in (5.4.5) is non-negative. We will use this fact in the proof of Theorem 7.6.1
presented in the next subsection.

We conclude this subsection with a corollary of Proposition 5.4.4.
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Corollary 5.4.6. Given a singular extremal λ̃(t), define φt as in (5.4.6) and let bt be the
quadratic Hamiltonian defined in (5.4.5). Then, it holds the following identity:(

−→exp

∫ t

0
φ⃗s ds

)
∗,λ(0)

= −→exp

∫ t

0
b⃗s ds.

We omit the proof since it is obtained by the very same argument used in Corollary
3.3.13. Finally, the same argument in Remark 3.3.14 yields that solutions to the Jacobi
equation (5.4.3) starting from ΠRZI(0) are in one-to-one correspondence with solutions of
ξ̇ = dλ̃(t)H⃗S [ξ] starting from ΠRZI(0).

5.4.2 Sufficient condition for optimality

This Subsection is entirely devoted to the proof of Theorem 5.1.4. The argument follows
closely the idea of the proof of Theorem 21.3 of [13].

We recall the statement of the Theorem that we are going to prove.

Theorem 5.4.7. Let λ̃(t), t ∈ [0, T ], be a singular extremal for Problem 5.1. Assume
furthermore that it satisfies the strong generalized Legendre condition (SGLC) and that
the Jacobi equation (5.4.3),(5.4.4) has no non-trivial solution. Then λ̃(t) is strictly locally
strongly optimal.

Proof. We apply Theorem 5.3.1, using the overmaximized Hamiltonian HS constructed in
Section 5.3. As in the proof of Theorem 5.1.2, it is enough to construct a Lagrangian
submanifold L0 ⊂ Σ through λ0 such that, if

Lt := ΦS
t (L0), t ∈ [0, T ],

then the restriction of the canonical projection π : T ∗M → M to Lt is a local diffeomor-
phism at λ̃(t). We organize the construction in four steps.

Step 1 - Reduction to finding a suitable initial linear subspace.
First, we show how the problem of finding L0 can be reduced to find a suitable initial
tangent space at λ̃0. Set

Πt := Tλ̃(t)
(
T ∗
q(t)M

)
.

Since Lt has the same dimension as M , by the inverse function theorem we have that π|Lt

is a local diffeomorphism at λ̃(t) if and only if

Tλ̃(t)Lt ∩ Πt = {0}, t ∈ [0, T ].

Let L0 := Tλ0L0. Since Tλ̃(t)Lt = (ΦS
t )∗L0 and Φt is the cotangent lift of a flow on M , we

have Πt = (Φt)∗Π0. So, dλ̃(t)π|Lt
is invertible if and only if

(ΦS
t )∗L0 ∩ (Φt)∗Π0 = {0}, t ∈ [0, T ]. (5.4.7)



5.4. JACOBI EQUATION AND SUFFICIENT CONDITIONS FOR OPTIMALITY 83

Moreover, recall that

ΦS
t = Φt ◦ −→exp

∫ t

0
φ⃗s ds,

where φt is defined in (5.4.6). Therefore, condition (5.4.7) is equivalent to

BtL0 ∩ Π0 = {0}, t ∈ [0, T ], (5.4.8)

where

Bt :=

(
−→exp

∫ t

0
φ⃗s ds

)
∗
.

By Corollary 5.4.6, we have that Bt coincides with the flow of the Jacobi equation. Thus
the remaining problem is purely linear: we must find a Lagrangian subspace L0 ⊂ Tλ0Σ
satisfying (5.4.8).

Step 2 - relation with the Jacobi equation and absence of conjugate points.
Define

Λ0 := Π
RZI(0)
0 .

This is the Lagrangian space of admissible initial conditions in the Jacobi boundary-value
problem (5.4.3),(5.4.4). The absence of conjugate points implies that, for every t ∈ (0, T ],

BtΛ0 ∩ Π0 = Ct, (5.4.9)

where Ct :=
{
v ∈ Π0

∣∣ Bsv = v for every s ∈ [0, t]
}

is the space of constant vertical
solutions. We first treat the case Ct = {0}: under this additional hypothesis, we have
BtΛ0 ∩ Π0 = {0} for t ∈ (0, T ]. Hence, to find a suitable initial space it suffices to find L0

close to Λ0 and transverse to Π0 also for t = 0. To achieve this, we use the local coordinates
of the Lagrangian Grassmannian introduced in 2.2.2. After that, we reduce the general
case Ct ̸= {0} to the case Ct = {0}.

Step 3 - construction of L0 if Ct = {0} for every t ∈ (0, T ].
We first explain the reduction imposed by the tangency condition L0 ⊂ Tλ0Σ. Since
ZI(t) /∈ Π0 for every t ∈ [0, T ], choose ζ(t) ∈ Π0 such that

σ
(
ζ(t), ZI(t)

)
̸= 0,

and choose a symplectic subspace Γ(t) ⊂ Tλ0Σ such that

Tλ0(T ∗M) = Γ(t) ⊕ RZI(t) ⊕ Rζ(t).

The subspace
Π̄0(t) := Γ(t) ∩ Π0 = Γ(t) ∩ Λ0

is Lagrangian in Γ(t). This is a concrete symplectic model for the quotient by the charac-
teristic direction RZI(t). In the sequel, the notation Bt also denotes the induced symplectic
flow in Γ(t).
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It is enough to construct a Lagrangian subspace L̄0 ⊂ Γ(0) such that

BtL̄0 ∩ Π̄0(t) = {0}, t ∈ [0, T ]. (5.4.10)

Indeed, once (5.4.10) holds, the space

L0 := L̄0 ⊕ RZI(0) (5.4.11)

is Lagrangian, belongs to Tλ0Σ, and satisfies (5.4.8).

Choose a Lagrangian subspace H(0) ⊂ Γ(0) transverse to Π̄0(0), and set H(t) =
BtH(0). In the corresponding local Lagrangian charts, Π̄0(t) is represented by the zero
symmetric matrix. Since bt ≥ 0 by Proposition 5.4.5, Proposition 3.3.10 yields the follow-
ing monotonicity property: if Ξ0 is represented by a positive definite symmetric matrix
S0 > 0 and Ξt = BtΞ0 is represented by St, then

Ṡt ≥ 0

as long as the curve stays in the chart. Hence St ≥ S0 > 0. In particular, after choosing
ε > 0 sufficiently small, every such curve with S0 > 0 sufficiently close to zero satisfies

BtL̄0 ∩ Π̄0(t) = {0}, t ∈ [0, ε]. (5.4.12)

It remains to show that there is S0 such that Equation (5.4.12) holds also for [ε, T ].
Suppose, by contradiction, that no sufficiently small positive S0 has this property. Then,

there would exist a sequence of positive definite matrices S
(k)
0 , k ∈ N, such that S

(k)
0 → 0 as

k → +∞ and times tk ∈ [ε, T ] for which the corresponding Lagrangian subspaces Ξ
(k)
tk

meet
Π̄0(tk). Passing to a subsequence, we may assume that tk → t∞ ∈ [ε, T ]. By continuity of
the linear flow and of the Lagrangian Grassmannian, this would imply

Bt∞Λ0 ∩ Π0 ̸= {0},

contradicting (5.4.9) and the assumption Ct∞ = {0}. Thus, in the case Ct = {0}, one can
choose L̄0 satisfying (5.4.10) on the whole interval [0, T ].

Step 4 - reduction of the general case to Step 3.

We now allow Ct ̸= {0}. The family (Ct)t>0 is monotone non-increasing:

Ct2 ⊂ Ct1 , 0 < t1 ≤ t2 ≤ T.

We set C0 := Π̄0(0). Since this family is left-continuous and the ambient space is finite-
dimensional, it has only finitely many discontinuity times. Let

0 = s0 < s1 < · · · < sk < sk+1 = T
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H

Π0 ∩ Λ0

V L0

O

(a) Good choice of L0, corresponding to
S0 > 0.

H

Π0 ∩ Λ0

VL0

O

(b) Bad choice of L0, corresponding to
S0 < 0.

Figure 5.2: The positive side of the local chart gives an initial Lagrangian subspace which
does not meet the vertical space for small positive times.

be these times. Choosing complements successively, we may write

Ct = Ei+1 ⊕ · · · ⊕ Ek, t ∈ (si, si+1], i = 0, . . . , k.

Thus Ei is the part of the space of constant vertical solutions which disappears at the time
si.

Choose a dual splitting in the reduced symplectic space,

H = F1 ⊕ · · · ⊕ Fk, σλ0(Ei, Fj) = 0 whenever i ̸= j.

The next finite-dimensional lemma is the standard iterative version of the construction in
Step 3; it is Lemma 21.3 in [13].

Lemma 5.4.8. Fix any Lagrangian subspace H0 ⊂ Γ(0) such that Π̄0(0) ∩ H0 = {0}.
Then there exist Lagrangian subspaces H1, . . . ,Hk, each transverse to Π̄0(0), and positive
numbers

ε1 ≥ · · · ≥ εk > 0

with the following property. Let L̄0 be the Lagrangian subspace represented by εId in the
local chart (Π̄0(0), H0), where 0 < ε < εi. Then

1. BtL̄0 ∩ Π̄0(t) = {0} for every t ∈ [0, si];
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2. BtL̄0 ∩Hi = {0} for every t ∈ [0, si], and the corresponding symmetric matrix in the
chart (Π̄0(0), Hi) is positive definite.

Applying the lemma with i = k and choosing 0 < ε < εk, we obtain a Lagrangian
subspace L̄0 satisfying (5.4.10) for every t ∈ [0, T ]. Define L0 by (5.4.11). Then L0 is
Lagrangian, is contained in Tλ0Σ, and satisfies (5.4.8).

Finally, since L0 is transverse to Π0, there exists a local Lagrangian manifold L0 ⊂ Σ
through λ0 with Tλ0L0 = L0; locally, L0 is the graph of da for a smooth function a defined
near q0. Condition (5.4.8) gives condition (4) of Theorem 5.3.1, while the construction of
HS in Section 5.3 gives the remaining hypotheses. Therefore Theorem 5.3.1 applies and
yields the strict local strong optimality of the reference trajectory.

Notice that, in the proof of Lemma 5.4.8, the subspaces Hi are necessary because in
general there can be a non-trivial intersection BtL̄0 ∩ H0. But we want to avoid it since
we want to use the local coordinates in H⋔, for some Lagrangian subspace H, and this is
always possible by means of a small perturbation of the Hi.

5.5 Examples

5.5.1 An example: the Heisenberg group with a drift

We are going now to show an example of Problem 5.1 modelled on the Heisenberg group.
We will show that there are some nontrivial singular extremals, but, thanks to the necessary
condition of Theorem 5.1.1, one can easily rule out their optimality.

Consider R3 with coordinates (x, y, z). Let X,Y, Z be the generators of the Heisenberg
algebra, which can be written as

X = ∂x −
y

2
∂z,

Y = ∂y +
x

2
∂z,

Z = ∂z.

The three vector fields satisfy

[X,Y ] = Z, [X,Z] = 0, [Y,Z] = 0.

We consider the following control system

q̇ = αX(q) + βY (q) + γZ(q) + u1(t)X(q) + u2(t)Y (q),

q(0) = q0,
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where α, β, γ ∈ R, u1, u2 : [0, T ] → B1(0) ⊂ R2. As before, we consider the cost functional
J(u) = ∥u∥L1 . The Hamiltonian function for this problem is

H(λ, u) = h0(λ) +
〈
u, hI(λ)

〉
− |u|

where

h0(λ) =
〈
λ, αX(q) + βY (q) + γZ(q)

〉
= αhX(λ) + βhY (λ) + γhZ(λ),

hI(λ) =
(
hX(λ), hY (λ)

)
,

and hX(λ) =
〈
λ,X(q)

〉
, hY (λ) =

〈
λ, Y (q)

〉
, hZ(λ) =

〈
λ, Z(q)

〉
.

The condition u = r hI
|hI | reads

(u1, u2) = r(t)
(hX , hY )√
h2X + h2Y

,

Indeed, the condition |hI(t)| = 1 implies 1
2 = hc = 1

2(h2X + h2Y ) along the whole trajectory.
If we differentiate in time this equation and simplify, we obtain

d

dt
[hc(λt)] = h0c(λt) =

(
αhY (λt) − βhX(λt)

)
hZ(λt) = 0,

d2

dt2
[hc(λt)] = {h0 + rhc, h0c} = (α2 + β2 + r(αhX + βhY ))h2Z = 0.

If hZ = 0 identically, then the two previous equations are trivial. In particular, we have
that hc0c(t) ≡ 0, so our theorems do not provide any information. We do not analyse in
detail this case here. However, a direct computation shows that hX(t) and hY (t) are both
constant. This forces λ(t) to be constant as well and any control r yields the same singular
extremal trajectory.

If instead hZ ̸= 0, we obtain that

(hX , hY ) = − (α, β)√
α2 + β2

, r =
√
α2 + β2,

where we have chosen the negative sign for hX and hY in order to have r ≥ 0. The formula
for the singular control u reads

u(t) = (−α,−β).

Thus, the system of equations 5.5.1 for this control is simply

q̇ = γZ(q).

Notice that hc0c(λt) = −
√
α2 + β2 < 0 if (α, β) ̸= (0, 0). So, by Theorem 5.1.1, any piece

of this extremal is not optimal between its endpoints. On the other hand, if (α, β) = (0, 0),
then the singular control is u = 0, which is also a regular control.
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5.5.2 A Martinet-type example

We are now going to show an example, modelled on the flat-Martinet sub-Riemannian
structure, for which the singular extremals satisfy the strong generalized Legendre condi-
tion. Hence, Theorems 5.1.2 and 5.1.4 apply, meaning that these extremal trajectories are
strongly locally optimal.

Let M = R3, f0 = α∂x + β∂y + γ∂z, f1 = ∂x, f2 = ∂y + x2

2 ∂z. We consider the control
system

q̇ = f0(q) + u1(t)f1(q) + u2(t)f2(q). (5.5.1)

The brackets of these vector fields are (we define fij = [fi, fj ] and fijk = [fi, [fj , fk]])

f01 = 0, f02 = αx∂z, f12 = x∂z,

f001 = 0, f002 = α2∂z, f101 = 0,

f102 = α∂z, f201 = 0, f202 = 0.

Let us also denote

px(λ) = ⟨λ, ∂x⟩, py(λ) = ⟨λ, ∂y⟩, pz(λ) = ⟨λ, ∂z⟩.

So, following the notation introduced above, we have:

h0c =
1

2
{h0, h21 + h22} = h1h01 + h2h02 = h2h02,

h00c = {h0, h2h02} = h202 + h2h002,

hc0c =
1

2
{h21 + h22, h2h02} = h1h12h02 + h1h2h102.

Since for singular extremals we must have h0c = 0, we have that a singular extremal must
satisfy either 1)h2 = 0 or 2)h02 = 0 along the trajectory. In case 1), it follows that

hc0c = h1h12h02 = αpxp
2
z,

r = −h00c
hc0c

= − h02
h1h12

= − α

px
= −αpx

1

p2x

As a result,

hc0c > 0 ⇐⇒ r < 0,

so the generalized Legendre condition does not hold in this situation.
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In case 2), since h02 = 0 implies x = 0, we have

r = −h00c
hc0c

= − h2h002
h1h2h102

= − h002
h1h102

= − α2pz
px(αpz)

= − α

px
.

Since h1 = px and h2 = py (when restricted to x = 0), we obtain

0 < hc0c = h1h2h102 = αpxpypz.

and the singular control is

u(t) = r(h1, h2) = − α

px
(px, py) =

(
−α,−αpy

px

)
.

The Pontryagin Hamiltonian, written in coordinates (x, y, z, px, py, pz) for this problem is

H(p, q, u) = αpx + βpy + γpz + u1px + u2

(
py +

x2

2
pz

)
− |u|.

Hence, the corresponding Hamiltonian system is

ẋ = u1 + α, ṗx = −u2xpz,

ẏ = u2 + β, ṗy = 0,

ż = u2
x2

2
+ γ, ṗz = 0.

Therefore, if x = 0, the only possibility for p is to be constant.
The trajectory of (5.5.1) corresponding to the control u starting from (0, y0, z0) is

x(t) = 0,

y(t) =

(
β − αpy

px

)
t+ y0,

z(t) = γt+ z0.

We can choose the following normalization for p: assume that α > 0 (the case α < 0
is similar). Since (h1, h2) = (px, py), we have p2x + p2y = 1, so that we can parametrize the
singular extremals with (px, py) = (cos θ, sin θ). To satisfy the condition 0 < r < 1, we
have to choose cos θ < −α. Finally, for any such θ, choosing pz = sign(sin(2θ)), we have
hc0c = α

2 | sin(2θ)| > 0.
To summarize, for any triple (α, β, γ) ∈ [−1, 1] × R2, α ̸= 0, the control system (5.5.1)

has an infinite family of singular extremals satisfying the strong generalized Legendre
condition. Their corresponding controls are constant and they can be parametrized as

u = (−α,−α tan θ),

for π − arccosα < θ < π + arccosα if α > 0,

for − arccos |α| < θ < arccos |α| if α < 0.
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5.5.3 Left-invariant problem in SU(2)

In this section we are going to illustrate an example where we use all the optimality
conditions developed in this chapter. In particular, we will write explicitly the Jacobi
equation and will find all the non-trivial solutions of this system.

Let us consider the following system:

U̇ = U
(
αA+ βB + γC + u1(t)A+ u2(t)B

)
, U(0) = Id,

where U ∈ SU(2), α, β, γ ∈ R, (u1, u2) : [0, T ] → B1(0) ⊂ R2 is measurable and

A = − i

2

(
0 1

1 0

)
, B = − i

2

(
0 −i
i 0

)
, C = − i

2

(
1 0

0 −1

)
.

From direct computations, we deduce the following relations:

[A,B] = C, [B,C] = A, [C,A] = B. (5.5.2)

Therefore our system is strong Lie bracket generating. We want to minimize

J(u) =

∫ T

0
|u(t)|dt.

Let F0 = αA+βB+γC, FI = (A,B) and define the left-invariant Hamiltonians as functions
living on the dual of the Lie algebra su(2)

hA(λ) = ⟨λ,A⟩, hB(λ) = ⟨λ,B⟩, hC(λ) = ⟨λ,C⟩,
h0(λ) = ⟨λ, F0⟩, hI(λ) =

(
hA(λ), hB(λ)

)
, λ ∈ (su(2))∗.

The Pontryagin (left-invariant) Hamiltonian function for our optimal control problem is

H(λ, u) = h0(λ) + ⟨u, hI(λ)⟩ − |u|

= αhA(λ) + βhB(λ) + γhC(λ) + r
(〈
v,
(
hA(λ), hB(λ)

)〉
− 1
)
.

From the commutation rules (5.5.2) it follows that

{hA, hB} = hC , {hC , hA} = hB, {hB, hC} = hA.

Singular extremals correspond to

|hI | = 1 ⇐⇒ 2hc = h2A + h2B = 1.
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The first derivative of hc is

ḣc = {h0, hc} =

{
αhA + βhB + γhC ,

1

2
(h2A + h2B)

}
=

=
(
αhB − βhA

)
{hA, hB} + γ

(
hA {hC , hA} + hB {hC , hB}

)
=

= (αhB − βhA)hC .

We can further compute

ḣA = {h0 + rhc, hA} = −βhC + γhB − r(t)hBhC ,

ḣB = {h0 + rhc, hB} = αhC − γhA + r(t)hAhC ,

ḣC = {h0 + rhc, hC} = −αhB + βhA − r(t)hAhB + r(t)hBhA = βhA − αhB.

And the second derivative of hc is

ḧc = (αḣB − βḣA)hC + (αhB − βhA)ḣC

=


(
(α2 + β2)hC + (rhC − γ)(αhA + βhB)

)
hC , if αhB ≡ βhA

0 if hC ≡ 0.

If hC ≡ 0 along the singular extremal, then hc0c(t) ≡ 0 along this extremal. Moreover,
from the equation ḣC = βhA − αhB it follows that either hA ≡ hB ≡ 0, which forces
λ(t) ≡ 0, or (α, β) = (0, 0). In the following, we focus only on the case hC ̸= 0. So, from
ḧc = 0, we must have

r(t) =

(
γ − (α2 + β2)hC

αhA + βhB

)
1

hC
.

In particular, if h2A + h2B = 1 and αhB = βhA, then

(hA, hB) = ± (α, β)√
α2 + β2

.

So, hA, hB are constant. Let us assume α2 + β2 = 1, so that

r =
γ

hC
− (±1)

Notice that if αhB − βhA = 0, then ḣC(t) = 0. So, r is constant.

In the end, the value of the singular control must be

u∗ = r(hA, hB) =

(
γ

hC
− (±1)

)
(α, β). (5.5.3)
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Let us check when this control satisfies the generalized Legendre condition. A straight-
forward computation shows that

hc0c = h2C(αhA + βhB) = ±h2C
√
α2 + β2.

Therefore, in order to have hc0c > 0 we need to choose the plus sign in (5.5.3).

Denote u∗ =
(
u
(1)
∗ , u

(2)
∗

)
and

X = αA+ βB + γC + u
(1)
∗ A+ u

(2)
∗ B =

γ

hC
(αA+ βB + hCC).

So, to summarize, we have found that the singular control is constant and the solution
to the Hamiltonian system is

U(t) = etX , p = const.

Now, we want to find the solutions to the Jacobi equation of this problem.
Let us define h⊥I = (−β, α). Notice that P1 = αA+ βB, P2 = −βA+αB, and C again

form a basis for SU(2). Since we have assumed α2 + β2 = 1,

[P1, P2] = C, [P2, C] = P1, [C,P1] = P2.

So, since the commutator relations are the same as (5.5.2), we can assume α = 1, β = 0.
Thus, we have

hI = (1, 0), h⊥I = (0, 1),

⟨hI , h⃗I⟩ = h⃗A, ⟨h⊥I , h⃗I⟩ = h⃗B.

Given an admissible variation v ∈ kerDuET , we can represent it as follows:

v(t) = ρ(t)hI + w(t) = ρ(t)(1, 0) + ω(t)(0, 1),

where ρ(t) := ⟨v(t), hI⟩ and w(t) := ⟨v(t), h⊥I ⟩.
In order to write down the Jacobi equation, we have to compute

Ztv = (Φt)
−1
∗ ⟨v, h⃗I⟩.

First, we have

(Φt)
−1
∗ = etadH⃗u∗ .

Let us compute this exponential in a suitable basis.
As discussed previously, hC is constant along the singular trajectory. In order to avoid

confusion in the following formulas, we introduce a parameter

κ := hC(λ0).
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On T (T ∗M), we can take the basis

H⃗1 = h⃗B, H⃗2 =
1√

1 + κ2
(−κh⃗A + h⃗C), H⃗3 = H⃗u∗ =

γ

κ
(⃗hA + κh⃗C), ∂H1 , ∂H2 , ∂H3 .

Note that ∂H1 , ∂H2 , ∂H3 are well defined, since all of those Hamiltonians are linear functions
on the fibres. In this basis, the operator adH⃗3 = γ

κad(⃗hA + κh⃗C) acts as follows:

[H⃗3, H⃗1] = kH⃗2, [H⃗3, ∂H1 ] = 0,

[H⃗3, H⃗2] = −kH⃗1, [H⃗3, ∂H2 ] = 0,

[H⃗3, H⃗3] = 0, [H⃗3, ∂H3 ] = 0,

where k = γ
√
1+κ2

κ . Also

[H⃗1, H⃗2] =
1

k
H⃗3.

So, the flow etadH⃗3 fixes the vertical directions ∂H1 , ∂H2 , ∂H3 and on the other directions it
acts as a rotation generated by the matrix

0 −k 0

k 0 0

0 0 0


The exponential of this matrix is then

etadH⃗3 =



cos(kt) − sin(kt) 0 0 0 0

sin(kt) cos(kt) 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1


Now, since ZthI = etadH⃗3 (⃗hA) and [H⃗u∗ , h⃗A] = γh⃗B, we have

d

dt
(ZthI) = etadH⃗3(adH⃗3(⃗hA)) = γetadH⃗3 h⃗B.
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So that

Ztv = − d

dt
(ZthI)ϕ(t) + (Zth

⊥
I )ω(t) =

=
(
ω(t) − γϕ(t)

)
etadH⃗3 h⃗B =

=
(
ω(t) − γϕ(t)

)
etadH⃗3H⃗1 =

=
(
ω(t) − γϕ(t)

)(
cos(kt)H⃗1 + sin(kt)H⃗2

)
.

Now, to compute the r.h.s. of the Jacobi equation, we need to evaluate σ(Zt·, η), for
η ∈ Tλ0(T ∗M). We can write

η = η1H⃗1 + η2H⃗2 + η3H⃗3 + η∗1∂H1 + η∗2∂H2 + η∗3∂H3 . (5.5.4)

The symplectic form in this basis is

σ(∂Hα , H⃗β) = ⟨dHβ, ∂Hα⟩ = δαβ,

σ(∂Hα , ∂Hβ
) = 0,

σ(H⃗α, H⃗β) = Hαβ.

We can calculate the Poisson brackets in a straightforward manner

{H1, H2}(λ0) =

{
hB,

1√
1 + κ2

(−κhA + hC)

}
(λ0) =

1√
1 + κ2

(κhC(λ0) + hA(λ0)) =
√

1 + κ2,

{H1, H3}(λ0) =
{
hB,

γ

κ
(hA + κhC)

}
(λ0) = γ(−hC(λ0)/κ+ hA(λ0)) = 0,

{H2, H3}(λ0) =

{
1√

1 + κ2
(−κhA + hC),

γ

κ
(hA + κhC)

}
(λ0) =

γ(1 + κ2)

κ
√

1 + κ2
hB(λ0) = 0.

Hence, we have

σ(cos(kt)H⃗1 + sin(kt)H⃗2, η) =

= σ
(

cos(kt)H⃗1 + sin(kt)H⃗2, η1H⃗1 + η2H⃗2 + η3H⃗3 + η∗1∂H1 + η∗2∂H2 + η∗3∂H3

)
= cos(kt)η2H12 − cos(kt)η∗1 − sin(kt)η1H12 − sin(kt)η∗2

=
√

1 + κ2(cos(kt)η2 − sin(kt)η1) − (cos(kt)η∗1 + sin(kt)η∗2).

Let us define ψ(t, η) :=
√

1 + κ2(cos(kt)η2 − sin(kt)η1) − (cos(kt)η∗1 + sin(kt)η∗2).
The inverse of the Legendre form is

lt =

(
1
r −κ
−κ γκ

)
=⇒ l−1

t =
(γκ
r

− κ2
)−1

(
γκ κ

κ 1
r

)
,
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so that

l−1
t σ

(
Zt·, η

)
=
(γκ
r

− κ2
)−1

(
γκ κ

κ 1
r

)(
1

−γ

)
ψ(t, η) = −ψ(t, η)

κ

(
0

1

)
.

Hence

η̇ = −Ztl
−1
t σ

(
Zt·, η

)
= (5.5.5)

= −γ
κ

(√
1 + κ2

(
η2 cos(kt) − η1 sin(kt)

)
− η∗1 cos(kt) − η∗2 sin(kt)

) (
cos(kt)H⃗1 + sin(kt)H⃗2

)
.

First, we are going to find six linearly independent solutions to equation (5.5.5) and then we
are going to determine solutions corresponding to conjugate times. If we compare equation
(5.5.5) with (5.5.4), we immediately see that η̇∗1 = η̇∗2 = η̇∗3 = η̇3 = 0. To determine the
solutions of equation (5.5.5), it is sufficient to study the variables η1 and η2 keeping the
other fixed. Let us denote by η = (η1, η2, η3, η

∗
1, η

∗
2, η

∗
3). Elements of the subspace

span
{

(0, 0, 1, 0, 0, 0), (0, 0, 0, 0, 0, 1), (0, 1, 0,
√

1 + κ2, 0, 0), (1, 0, 0, 0,−
√

1 + κ2, 0)
}

are zeros of the r.h.s. of (5.5.5), hence they form the space of constant solutions. So, by
linearity of the system, we can reduce to the study of a two-variable ODE, with (η1, η2) ̸= 0,
η∗ ≡ 0, η3 ≡ 0. Let a = cos(kt), b = sin(kt) and recall that k = γ(

√
1 + κ2)/κ. The

previous system can be written in matrix form:(
η̇1

η̇2

)
= k

(
ab −a2

b2 −ab

)(
η1

η2

)
. (5.5.6)

Notice that the matrix defining the system of equations is nilpotent:(
ab −a2

b2 −ab

)
=

(
a −b
b a

)(
0 −1

0 0

)(
a b

−b a

)
.

So, we can make a (time-dependent) change of variables(
ξ1

ξ2

)
=

(
a b

−b a

)(
η1

η2

)
, (5.5.7)

and rewrite system (5.5.6) in these new coordinates:(
ξ̇1

ξ̇2

)
= k

(
−b a

−a −b

)(
a −b
b a

)(
ξ1

ξ2

)
+ k

(
0 −1

0 0

)(
ξ1

ξ2

)
.
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Simplifying, one obtains {
ξ̇1 = 0,

ξ̇2 = −kξ1.

The solutions are

ξ(t) =

(
1 0

−kt 1

)
ξ(0) =

(
ξ1(0)

−ktξ1(0) + ξ2(0)

)
.

Moreover, since the change of basis in (5.5.7) is the identity for t = 0, we have ξ(0) =
(η1(0), η2(0)) and(
η1(t)

η2(t)

)
=

(
a −b
b a

)(
η1(0)

−ktη1(0) + η2(0)

)
=

((
cos(kt) + kt sin(kt)

)
η1(0) − sin(kt)η2(0)(

sin(kt) − kt cos(kt)
)
η1(0) + cos(kt)η2(0)

)
.

So, we have obtained a family of six linearly independent solutions for the equation (5.5.5).
We still have to determine the solutions with the appropriate boundary conditions, which
are

η(0) ∈
(
Tλ0(T ∗

q0M) + RZI(0)
)
∩ RZI(0)∠,

η(T ) ∈ Tλ0(Tq0M). (5.5.8)

Recall that ZI(0) = h⃗A = − κ√
1+κ2

H⃗2 + κ
γ(1+κ2)

H⃗3 =: c2H⃗2 − c3H⃗3. A direct verification

shows that(
Tλ0(T ∗

q0M) + RZI(0)
)

= span{∂H1 , ∂H2 , ∂H3 , h⃗A},

RZI(0)∠ = span{h⃗A, H⃗3, ∂H1 , c3∂H2 + c2∂H3 , H⃗1 −
√

1 + κ2∂H2}.

Therefore, (
Tλ0(T ∗

q0M) + RZI(0)
)
∩ RZI(0)∠ = span{h⃗A, ∂H1 , c3∂H2 + c2∂H3}.

and Tλ0(T ∗
q0M) = span{∂H1 , ∂H2 , ∂H3}. Here all the vector fields are intended to be evalu-

ated at λ0.

We have to find the solutions for η(0) ∈ span{h⃗A, ∂H1 , c3∂H2 +c2∂H3} and see for which
T > 0 we realize (5.5.8). In order to determine these solutions, for each of the three
vectors h⃗A, ∂H1 , c3∂H2 + c2∂H3 , we write it as the sum of a constant solution of (5.5.5) and
a time-varying solution.

• If η(0) = h⃗A = c2H⃗2 − c3H⃗3, then

η(t) = − sin(kt)c2H⃗1 + cos(kt)c2H⃗2 − c3H⃗3.
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• If η(0) =
√

1 + κ2∂H1 = (
√

1 + κ2∂H1 + H⃗2) − H⃗2, then

η(t) = (
√

1 + κ2∂H1 + H⃗2) + sin(kt)H⃗1 − cos(kt)H⃗2 =

=
√

1 + κ2∂H1 + sin(kt)H⃗1 + (1 − cos(kt))H⃗2.

• If η(0) = −
√

1 + κ2(c3∂H2 + c2∂H3) = (−
√

1 + κ2(c3∂H2 + c2∂H3) + c3H⃗1) − c3H⃗1,
then

η(t) = −
√

1 + κ2c2∂H3 + c3(H⃗1 −
√

1 + κ2)∂H2) − c3
(
(cos(kt) + kt sin(kt))H⃗1 + (sin(kt) − kt cos(kt))H⃗2

)
=

= −
√

1 + κ2c2∂H3 −
√

1 + κ2c3∂H2 + c3(1 − cos(kt) − kt sin(kt))H⃗1 − c3(sin(kt) − kt cos(kt))H⃗2.

We see that any initial condition of the form

a1h⃗A + a2
√

1 + κ2∂H1 − a3
√

1 + κ2(c3∂H2 + c2∂H3), ai ∈ R,

results in a solution that has a nonzero component along H⃗3, unless a1 = 0. So, since we
want to satisfy (5.5.8), we can restrict to this case. Hence, we have to find a2, a3 ∈ R such
that

a3c3
(
1 − cos(kt) − kt sin(kt)

)
+ a2 sin(kt) = 0,

−a3c3
(

sin(kt) − kt cos(kt)
)

+ a2(1 − cos(kt)) = 0.

So, in order to have a non-zero solution, we must require that the determinant of the matrix
defining the system of equations with respect to a2, a3 is zero:(

1 − cos(kt) − kt sin(kt)
)
(1 − cos(kt)) +

(
sin(kt) − kt cos(kt)

)
sin(kt) = 0,

which simplifies to

2 − 2 cos(kt) − kt sin(kt) = 0,

and applying the half-angle formula, we obtain

2 sin

(
kt

2

)2

− kt sin

(
kt

2

)
cos

(
kt

2

)
= 0.

Therefore, we have a conjugate point at t = 2π/k and for t̄ that satisfies

tan

(
kt̄

2

)
=
kt̄

2
.
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5.6 Second variation and the generalized Legendre condition

5.6.1 Definition of the endpoint map and the Hessian

In this section, we compute the Hessian of the extended endpoint map for the problem 5.1.
We recall that the endpoint map is defined by

F : U →M, F (u) = q(T ; q0, u),

while the extended endpoint-map is

E : U →M × R, E(u) =
(
qu(T ; q0), J(u)

)
.

Recall that, from Theorem 3.1.7, that if ind−(λ, ν) HessuE = +∞ for a critical point
u, then we immediately know that E is locally open at u, hence u is not a weakly locally
optimal. So, our first goal is to compute the Hessian of E and then to find a condition
that ensures ind−(λ, ν) HessuE < +∞. Moreover, in Subsection 5.6.4, we show that it is
possible to compute ind−(λ, ν) HessuE finding the solutions of the Jacobi equation, which
together with Theorem 3.1.7 will prove Theorem 5.1.3.

From now on we fix a critical point ũ ∈ U of E and we assume that it is a singular
control of the form (5.2.2). Moreover, we denote by λ̃ its corresponding singular extremal,
which is a solution of Equation (5.2.3). For the sake of brevity, we will also use the notation

Q := −(λ, ν) HessuE.

5.6.2 Explicit expression for the second variation form

The formula of the Hessian of the endpoint map E for a general control system is computed
in [13], Section 20.3. It reads as:

Q(v) =

∫ T

0

(
−d

2H(λ̃0, ũ(t))

du2
(v(t), v(t)) + σλ̃0

(
Ztv(t),

∫ t

0
Zsv(s) ds

))
dt,

for v ∈ kerDuE, where the first summand is the Hessian of the PMP Hamiltonian with
respect to the control variables. The map Zt : Tũ(t)U → Tλ̃0

(T ∗M) was defined in (5.4.1),
but we recall the definition here:

Ztv(t) :=
〈
v(t),

[
(Φ−1

t )∗h⃗I
]
(λ̃0)

〉
,

where Φt is the flow on T ∗M of the Hamiltonian system (5.2.3) defined by the PMP
Hamiltonian. We also recall that this quadratic form must be evaluated on the set of
admissible variations given by the kernel of the first differential. By definition, a variation
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v ∈ TuU = L∞([0, T ],Rm) is admissible if v ∈ kerDuET . In symplectic language, this can
be equivalently restated by the following equation (see [13], Equation (21.4)):

∫ T

0
Ztv(t) dt ∈ Π0, (5.6.1)

where Π0 = Tλ̃0
(T ∗

q0M) as before is the vertical fibre.

It is important to note that both the form Q and the first differential in (5.6.1) are
continuous in a weaker norm of L2([0, T ],Rm). As a first step we extend them to this
weaker topology.

As before we separate the component of v in the direction hI , which is the singular
control, from all the others. Namely, we write v = ρhI + w, where v ∈ kerDuET and
⟨hI , w⟩ = 0.

We compute explicitly the term d2H(λ̃0,ũ(t))
du2 (v, v). Since the only non-linear part is the

Euclidean norm of the control, we differentiate just this part and neglect the linear term.

Let g(u) = |u| =
(∑m

j=1 u
2
j

) 1
2
. We have ∂g

∂uj
= uj

(∑m
j=1 u

2
j

)− 1
2
, and

∂2g

∂ui∂uj
= −uiuj

 m∑
j=1

u2j

− 3
2

, if i ̸= j,
∂2g

∂u2j
= −u2j

 m∑
j=1

u2j

− 3
2

+

 m∑
j=1

u2j

− 1
2

.

We can represent the matrix associated with the Hessian of g as

Hessu g = |u|−1 Id−|u|−3uu⊤.

Let v ∈ kerDuET , v = ρhI + w, where ⟨hI , w⟩ = 0. Then, recalling the notation u = rhI ,
we obtain

Hessu g[v, v] =
1

r
|v|2 − 1

r3
(u⊤v)2 =

1

r
(ρ2 + |w|2) − 1

r3
(ρr)2 =

|w|2

r
,

and in particular

d2H(λ̃0, ũ(t))

du2
(v, v) = −|w|2

r
.
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Then we obtain

Q(v) =

∫ T

0

(
|w(t)|2

r
+ σλ̃0

(
Zt

(
ρ(t)hI(t) + w(t)

)
,

∫ t

0
Zs

(
ρ(s)hI(s) + w(s)

)
ds

))
dt =(5.6.2)

=

∫ T

0

|w(t)|2

r
dt +

+

∫ T

0
σλ̃0

(
ρ(t)ZI(t),

∫ t

0
ρ(s)ZI(s)ds

)
dt+ (5.6.3)

+

∫ T

0
σλ̃0

(
ρ(t)ZI(t),

∫ t

0
Zsw(s)ds

)
dt+ (5.6.4)

+

∫ T

0
σλ̃0

(
Ztw(t),

∫ t

0
ρ(s)ZI(s)ds

)
dt+ (5.6.5)

+

∫ T

0
σλ̃0

(
Ztw(t),

∫ t

0
Zsw(s)ds

)
dt.

The form Q is not coercive in the L2-topology. To see this, we can consider the family
variations of the form w ≡ 0 and ρε(t) = ρ1(t/ε), 0 < ε ≤ 1 and for any admissible ρ1.
The same argument used in Proposition 20.1 in [13] shows that, since v = ρhI is in the
kernel of ∂2uH, it holds that Q = O(ε2) for ε→ 0, while ∥ρε∥ = O(ε). To obtain coercivity
we introduce as a new variable

ϕ(t) =

∫ t

0
ρ(s) ds

and integrate by parts to replace the ρ variable with ϕ variable everywhere. For example,
if we integrate by parts the first order condition (5.6.1), we get∫ T

0
Ztv(t) dt =

∫ T

0
Zt

(
ρ(t)hI(λ̃t) + w(t)

)
dt =

= ϕ(T )ZI(T ) −
∫ T

0
ϕ(t)ŻI(t)dt+

∫ T

0
Ztw(t) dt = (5.6.6)

= ϕ(T )ZI(T ) +

∫ T

0
Ztv(t)dt ∈ Π0,

where we have shortened

Ztv(t) := −ϕ(t)ŻI(t) + Ztw(t).

Similarly, integrating by parts in the formula for Q (see Appendix 5.7) we obtain an
expression:

Q(v1, v2) = ϕ1(T )σ
(
ZI(T ) ,

∫ T

0
Ztv2(t)dt

)
+

∫ T

0
⟨v1(t), ltv2(t)⟩dt (5.6.7)

+

∫ T

0
σ

(
Ztv1(t) ,

∫ t

0
Zsv2(s) ds

)
dt,
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where

lt :=

(
Id
r σ

(
Zt ·, ZI(t)

)
σ
(
Zt ·, ZI(t)

)T
σ
(
ZI(t), ŻI(t)

)) .
and lt ∈ R(m+1)×(m+1) with Id ∈ Rm×m.

Proposition 5.6.1. The operator in (5.6.6) and the quadratic form (5.6.7) are continuous
on the space of variations

(ϕ(T ), ϕ, w) ∈ R× L2([0, T ]) × L2([0, T ],Rm−1).

Here ϕ(T ) and ϕ are considered as independent variations. It is not a problem, since
the image of the map

ρ 7→
(∫ T

0
ρ(t)dt,

∫ ·

0
ρ(t)dt

)
,

is dense inside R×L2([0, T ],R). We will slightly abuse the notation from now on and write
v = (w, ϕ) for the admissible variations.

Proof. Since the reference extremal is fixed, the maps t 7→ Zt, t 7→ ŻI(t), and t 7→ lt
are continuous on the compact interval [0, T ]; in particular they are uniformly bounded.
Hence, for v = (ϕ,w) ∈ L2([0, T ]) × L2([0, T ],Rm−1), the map

t 7−→ Ztv(t) = −ϕ(t)ŻI(t) + Ztw(t)

belongs to L2([0, T ], Tλ̃0
(T ∗M)). Since [0, T ] has finite measure, it also belongs to L1, and

therefore

v 7−→ ϕ(T )ZI(T ) +

∫ T

0
Ztv(t) dt

is a continuous linear map from R×L2([0, T ])×L2([0, T ],Rm−1) to Tλ̃0
(T ∗M). This proves

the continuity of the first-order operator in (5.6.6).

The same boundedness argument gives the continuity of the quadratic form in (5.6.7).
Indeed, the term ∫ T

0
⟨v1(t), ltv2(t)⟩ dt

is continuous by the Cauchy-Schwarz inequality and the uniform boundedness of lt. More-
over, the operator

v 7−→
(
t 7→

∫ t

0
Zsv(s) ds

)
is continuous from L2 to L∞, but L∞[0, T ] is continuously embedded into L2[0, T ]. Hence,
the map above is a continuous map from L2 to L2.
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5.6.3 Proof of Theorem 5.1.1

To prove Theorem 5.1.1 we restrict the form Q in (5.6.7) to the subspace of finite codimen-
sion with ϕ(T ) = 0. Then, essentially we have (see Appendix 5.7 for a precise formula)

Q(v) =

∫ T

0
⟨v(t), ltv(t)⟩dt+ other terms. (5.6.8)

Following the approach in [13, Chapter 20], we have to check that the form Q has a
finite negative index.

Proposition 5.6.2. If the quadratic form Q has finite negative index, then the Legendre
form lt is non-negative for almost all t ∈ [0, T ]. Moreover, if the Legendre form lt is strictly
positive definite for almost every t ∈ [0, T ], then for every τ ∈ [0, T ) there is ε > 0 such
that the form Q restricted to variations supported in [τ, τ + ε] is strictly positive definite.
In particular, Q has finite negative index.

The proof is analogous to the proof of Proposition 20.1 of [13] and we do not repeat
it, but only give the main idea. The proof is by contradiction. We assume, that there is
a small open interval I ⊂ [0, T ] on which the Legendre form is not non-negative definite.
Then choose t ∈ I and consider variations concentrated on a small interval [t, t+ ε]. This
will give us a family of quadratic forms parametrized by the parameter ε > 0. A suitable
rescaling can be used to transform it into a continuous family of forms on L2 functions
on the interval [0, 1]. By writing down the asymptotic expansion in ε, we find that the
dominating term is given exactly by the integral of the Legendre form (it is already written
as highest order term in (5.6.8)). By assumption, at every moment of time the Legendre
form has a non-trivial subspace on which it is negative-definite. By taking any bounded
variation v, such that for a.e. moment of time t it belongs to the negative subspace of the
Legendre form, we, hence, obtain a variation that for ε > 0 small enough will be on the
negative subspace of the Hessian. We can multiply this variation v by any smooth function
and it will still belong to the negative subspace of the Hessian. Therefore, its Morse index
is infinite and the extremal trajectory is not optimal.

Notice that technically we need to consider the form ⟨ltv, v⟩ restricted to the subspace
⟨hI(t), w⟩ = 0. Keeping an extra variable simplifies the exposition, and we will show that
this additional direction does not change the sign of the matrix lt. Let us now see when
lt ≥ 0. Since r > 0 by assumption, by Sylvester’s criterion it suffices to check that the
determinant of the matrix is positive. Notice that(

Id
r a

aT α

)
=

(
Id 0

raT 1

)(
Id
r 0

0 α− r|a|2

)(
Id ra

0 1

)
where a = σ

(
Zt ·, ZI(t)

)
and α = σ

(
ZI(t), ŻI(t))

)
. Hence, the previous matrix is non-

negative if and only if

σ
(
ZI(t), ŻI(t)

)
− r∥σ

(
Zt ·, ZI(t)

)
∥2 ≥ 0, (5.6.9)
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We point out that the form lt is non-negative definite for (w, ϕ) ∈ (Tũ(t)U ∩ h⊥I ) × R if
and only if it is non-negative definite for (w, ϕ) ∈ Tũ(t)U × R. One implication is obvious.
Concerning the other one, if you take (w, ϕ) ∈ Tũ(t)U ×R, then, writing w = w̃+ρhI , with

w̃ ∈ h⊥I , we have

(w̃ + ρhI , 0)lt(0, ϕ)T = ϕσ(Zt(w̃ + ρhI), ZthI) = ϕσ(Zt(w̃), ZthI) = (w̃, 0)lt(0, ϕ)T .

Hence, assuming (w̃, ϕ)lt(w̃, ϕ)T ≥ 0, we obtain that also (w, ϕ)lt(w, ϕ)T = (w̃, ϕ)lt(w̃, ϕ)T ≥
0, as we claimed.

Let us rewrite condition (5.6.9) explicitly in terms of the Hamiltonians hi. Recall, that
in Proposition 5.4.5 we claimed that lt ≥ 0 is equivalent to hc0c(t) ≥ 0. So, to prove the
Proposition, we only need to show that (5.6.9) is equivalent to hc0c(t) ≥ 0.

Proof of Proposition 5.4.5. From the definition of Zt, we have

ZI(t) = (Φ−1
t )∗

(
⟨hI(λ̃t), h⃗I⟩

)
.

If we differentiate in t, we obtain

ŻI(t) = (Φ−1
t )∗

〈
d

dt
[hI(λ̃t)], h⃗I

〉
+ (Φ−1

t )∗

[
h⃗0 + ⟨ũ(t), h⃗I⟩ ,

〈
hI(λ̃t), h⃗I

〉]
= (Φ−1

t )∗

〈
{h0 + ⟨ũ(t), hI⟩, hI}(λ̃t), h⃗I

〉
+ (Φ−1

t )∗

[
h⃗0 ,

〈
hI(λ̃t), h⃗I

〉]
= (Φ−1

t )∗

 m∑
i=1

h0i + r(t)
m∑
j=1

hj(λ̃t)hji

 h⃗i +
m∑
i=1

hi(λ̃t)⃗h0i

 =

= (Φ−1
t )∗

h⃗0c + r(t)
m∑

i,j=1

hj(λ̃t)hjih⃗i

 .

So, we can compute σλ̃0

(
ZI(t), ŻI(t)

)
:

σλ̃0

(
ZI(t), ŻI(t)

)
= σλ̃(t)

 m∑
i=l

hl(λ̃t)⃗hl , h⃗0c + r(t)
m∑

i,j=1

hj(λ̃t)hjih⃗i

 =

= hc0c + r

m∑
i,j,l=1

hjhlhjihli.
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The second sum is (every function now is evaluated in λ̃(t))

m∑
i,l,j=1

hihjlhjhil =
m∑

i,l=1

hihil

m∑
j

hjlhj =
m∑
l=1

 m∑
j

hjlhj

 m∑
i

hihil

 =
m∑
l=1

 m∑
j

hjlhj

2

=
∑
l

{hl, hc}2 = |{hc, hI}|2 = |hcI |2 ,

where hcI is the vector whose i-th component is hci. Thus, putting everything together,
we obtain

σλ̃0

(
ZI(t), ŻI(t)

)
= hc0c(λ̃t) + r(λ̃t)|hcI(λ̃t)|2. (5.6.10)

On the other hand, for any admissible variation v the second addendum in (5.6.9) is

σλ̃0
(Ztv, ZI(t)) = σλ̃0

(⟨v(t), (Φ−1
t )∗h⃗I⟩, ⟨hI(λ̃t), (Φ

−1
t )∗h⃗I⟩) =

∑
i,j

vi(t)hj(λ̃t)σλ(t)(⃗hi, h⃗j) =

=
∑
i,j

vi(t)hj(λt)hij .

Thus

|σλ̃0
(Zt·, ZI(t))|2 =

∑
i

∑
j

hjhij

2

= |hcI |2 . (5.6.11)

Finally, using (5.6.10) and (5.6.11), the left hand side of Equation (5.6.9) reads

σλ̃0

(
ZI(t), ŻI(t)

)
− r∥σλ̃0

(
Zt ·, ZI(t)

)
∥2 = hc0c + r|hcI |2 − r|hcI |2 = hc0c,

which proves the result.

5.6.4 Derivation of the Jacobi equation and proof of Theorem 5.1.3

We consider a singular extremal for which the strong Legendre condition is satisfied. In
this subsection we shorten σ = σλ̃0

.
In Proposition 5.6.2, we saw that the second variation is positive definite on short

intervals if strong generalized Legendre condition holds. Now, we describe how we can
quantify the length of these intervals. We define

Vt := {(ϕ(t), ϕ, w) ∈ R× L2([0, T ]) × L2([0, T ],Rm−1) | supp(ϕ,w) ⊆ [0, t]} ∩ kerDuE

t∗ := sup{t ∈ [0, T ] | Q|V(t) is positive definite}.
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If t∗ < T , we say t∗ is conjugate to 0 along the trajectory λ̃. The remaining part of this
subsection is devoted to proving that this notion of conjugate time is equivalent to the one
given in Definition 5.4.1.

We have the following result.

Proposition 5.6.3. Let λ̃ be a singular extremal of Problem 5.1 satisfying strong gener-
alized Legendre condition. Suppose that t∗ ∈ (0, T ]. Then Q|V(t∗) is singular.

The proof of this fact follows very closely the proof of Proposition 21.1 in [13], so we
omit it. Now, we show how this result can be translated in a more geometric framework
and obtain the so-called Jacobi equation. Since now we are interested only on the dynamics
up to time t∗, to simplify the notation we simply rename t∗ to T .

To derive the Jacobi equation, we look for admissible variations v̄ in the kernel of Q:

Q(·, v̄) = 0.

On the other hand, an admissible variation must satisfy (5.6.6) or, equivalently,

σ
(
·ϕ(T )

(
ZI(T )

)
+

∫ T

0
Zt ·v dt, ν

)
= 0, ∀ν ∈ Π0.

Therefore, kerDuET can be identified with a common kernel of a finite number of linear
forms. Since, by assumption Q(·, v̄) = 0 on kerDuET , it follows that there is ν ∈ Π0 such
that

Q(·, v̄) = σ
(
·ϕ(T )

(
ZI(T )

)
+

∫ T

0
Zt ·v dt, ν

)
, on TuU . (5.6.12)

The equation (5.6.12) splits into two equations:

σ
(
ZI(T ) ,

∫ T

0
Ztv̄dt

)
= σ

(
ZI(T ) , ν

)
(5.6.13)

∫ T

0
lt(·v , v̄)dt+

∫ T

0
σ

(
Zt·v ,

∫ t

0
Zsv̄ds

)
dt =

∫ T

0
σ
(
Zt ·v, ν

)
dt (5.6.14)

We denote

η(t) := ν −
∫ t

0
Ztv̄dt. (5.6.15)

Since we have the equalities for the forms in (5.6.14), we can pass to equality of the
integrands:

lt(·, v̄) = σ
(
Zt ·v, η(t)

)
for a.e. t ∈ [0, T ]

Then, since by assumption lt(·, v̄) is an invertible linear map, we can write

v̄(t) = l−1
t σ

(
Zt ·v , η(t)

)
for a.e. t ∈ [0, T ].
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Finally, using (5.6.15) we find

η̇(t) = −Ztv̄(t) = −Ztl
−1
t σ

(
Zt· , η(t)

)
for a.e. t ∈ [0, T ].

which gives us a non-autonomous linear ODE for η. Therefore, we have derived the Jacobi
equation.

Concerning (5.6.13), we have

σ
(
η(T ) , ZI(T )

)
= 0. (5.6.16)

It is common to rewrite this condition using skew-orthogonal complement. Using this
notation, we can take into account both (5.6.6) and (5.6.16) as

η(T ) ∈
(
Π0 + RZI(T )

)
∩
(
RZI(T )

)∠
= Π

RZI(T )
0 .

This motivates the following definition.

Definition 5.6.4. A time T is a conjugate time for 0 if and only if there is a non-trivial
solution to the following boundary value problem:

η̇(t) = −Ztl
−1
t σ

(
Zt· , η(t)

)
for a.e. t ∈ [0, T ], (5.6.17)

η(0) ∈ Π0, η(T ) ∈ Π
RZI(T )
0 . (5.6.18)

The corresponding point π(λ̃(T )) is said to be conjugate to π(λ̃(0)).

Recall that previously we have given a slightly different definition of a conjugate point
in Definition 5.4.1. But the two definitions are actually equivalent, even though Defini-
tion 5.6.4 is more convenient in practice.

Proposition 5.6.5. Definitions 5.4.1 and 5.6.4 are equivalent.

Proof. We show that solutions of Equation (5.6.17) satisfy boundary conditions (5.6.18) if
and only if they satisfy also the boundary conditions (5.4.4). By Lemma (5.4.3) η(t) = ZI(t)
is a solution of the Jacobi equation. However, ZI(0) /∈ Π0 and ZI(T ) /∈ Π0. Therefore,
this solution never satisfies (5.6.18) or (5.4.4). So, if T is conjugate to 0 there must be
some vector ν ∈ Π0 such that the corresponding solution to (5.6.17) with η(0) = ν is such
that η(T ) ∈ Π0 ∩ ZI(T )∠. Hence, we must have σ(η(T ), ZI(T )) = 0. Since the Equation
(5.6.17) is Hamiltonian, we will have that if and only if σ(η(0), ZI(0)) = 0.

5.7 Proof of formula (5.6.8)

Here we are going to show how to obtain (5.6.8) from (5.6.2). We have just to integrate
by parts with respect to ρ in every integral where it appears.
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For the first integral (5.6.3), we have

∫ T

0
ρ1(t)σ

(
ZI(t),

∫ t

0
ρ2(s)ZI(s)ds

)
dt =

int.by parts
=

∫ T

0
ρ1(t)σ

(
ZI(t), ϕ2(t)ZI(t) −

∫ t

0
ϕ2(s)ŻI(s)ds

)
dt =

= −
∫ T

0
ρ1(t)σ

(
ZI(t),

∫ t

0
ϕ2(s)ŻI(s)ds

)
dt

Fubini
= −

∫ T

0

(∫ T

s
ρ1(t)σ

(
ZI(t), ϕ2(s)ŻI(s)

)
dt

)
ds

= −
∫ T

0
ϕ2(s)σ

(∫ T

s
ρ1(t)ZI(t)dt, ŻI(s)

)
ds =

int.by parts
= −

∫ T

0
ϕ2(s)σ

(
ϕ1(T )ZI(T ) − ϕ1(s)ZI(s) −

∫ T

s
ϕ1(t)ŻI(t)dt , ŻI(s)

)
ds =

= −σ
(
ϕ1(T )ZI(T ),

∫ T

0
ϕ2(s)ŻI(s)ds

)
+

+

∫ T

0
ϕ1(s)ϕ2(s)σ

(
ZI(s), ŻI(s)

)
ds+

∫ T

0
σ

(
ϕ1(t)ŻI(t),

∫ t

0
ϕ2(s)ŻI(s)ds

)
dt.

A similar computation for (5.6.4) yields

∫ T

0
σ

(
ρ1(t)ZI(t),

∫ t

0
Zsw2(s)ds

)
dt

Fubini
=

∫ T

0
σ

(∫ T

s
ρ1(t)ZI(t)dt, Zsw2(s)

)
ds

=

∫ T

0
ϕ1(T )σ (ZI(T ), Zsw2(s)) ds−

∫ T

0
ϕ1(s)σ (ZI(s), Zsw2(s)) ds−

−
∫ T

0
σ

(∫ T

s
ϕ1(t)ŻI(t)dt, Zsw2(s)

)
ds =

= σ

(
ϕ1(T )ZI(T ),

∫ T

0
Zsw2(s)ds

)
+

∫ T

0
ϕ1(s)σ (Zsw2(s), ZI(s)) ds−

−
∫ T

0
σ

(
ϕ1(t)ŻI(t),

∫ t

0
Zsw2(s)ds

)
dt

And similarly for (5.6.5)
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∫ T

0
σ

(
Ztw1(t),

∫ t

0
ρ2(s)ZI(s)ds

)
dt =

=

∫ T

0
ϕ2(t)σ (Ztw1(t), ZI(t)) dt−

∫ T

0
σ

(
Ztw1(t),

∫ t

0
ϕ2(s)ŻI(s)ds

)
dt

So, in the end, we can write QT (v1, v2) = Q1(v1, v2) +Q2(v1, v2) +Q3(v1, v2), where

Q1(v1, v2) =

∫ T

0

(〈
w1(t), w2(t)

〉
r(t)

+ ϕ1(t)ϕ2(t)σ
(
ZI(t), ŻI(t)

)
+

+ ϕ1(t)σ (Ztw2(t), ZI(t)) + ϕ2(t)σ (Ztw1(t), ZI(t))

)
dt,

Q2(v1, v2) =

∫ T

0

(
σ

(
ϕ1(t)ŻI(t),

∫ t

0
ϕ2(s)ŻI(s)ds

)
− σλ0

(
ϕ1(t)ŻI(t),

∫ t

0
Zsw2(s)ds

)
−

− σ

(
Ztw1(t),

∫ t

0
ϕ2(s)ŻI(s)ds

))
+ σ

(
Ztw1(t),

∫ t

0
Zsw2(s) ds

)
dt,

Q3(v1, v2) = σ

(
ϕ1(T )ZI(T ),

∫ T

0
(−ϕ2(s)ŻI(s) + Zsw2(s))ds

)
One can recognize in Q1 the principal part of formula (5.6.8).



Chapter 6

Piecewise regular extremals - part
1: main results and a non-convex
one-dimensional example

6.1 Introduction

6.1.1 Formulation of the problem and motivations

In this chapter we study the following class of optimal control problems. We first give the
precise formulation and the problems and we state the related optimality conditions. Then,
we discuss in detail a class of examples to which we apply these optimality conditions and
finally, in Chapter 7 we give the complete proofs of our theorems.

Let U ⊂ Rm be a subset having the following structure: it is the union of finitely many
smooth submanifolds Ui without boundary

U =
n⋃

i=1

Ui,

with Ui ∩Uj = ∅ if i ̸= j. We denote by mi = dimUi. Moreover, let M be a d-dimensional
smooth manifold and f : M × U → TM such that f(·, u) is a smooth vector field for all
u ∈ U and f |M×Ui is smooth for every i ∈ {1, . . . , n}. For q0, q1 ∈ M , we consider the
control system

q̇ = f(q, u(t)), (6.1.1)

q(0) = q0, q(T ) = q1, (6.1.2)

where u ∈ L∞([0, T ];U). In this Chapter, we mainly focus on the case with free final time
T > 0. However, in Section 7.2 we show how the problem with fixed final time can be

109
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reduced to the free final time. For this reason, Theorems 6.1.7 and 6.1.8 are formulated
for both cases.

Let us denote by UT := L∞([0, T ];U) the class of admissible controls on the interval
[0, T ] and by U = ∪T>0UT . Moreover, given any control u ∈ U, we denote by q(t; q0, u)
the solution of Equation (6.1.1) with initial point q0 and control equal to u. If there is no
ambiguity on the initial point, we simply write q(t;u) instead of q(t; q0, u).

Let L : M × U → R be a continuous function such that for every Ui the restriction
L|M×Ui is smooth. We consider the cost of the form J : U → R defined as

J(u) =

∫ T

0
L(q(t;u), u(t)) dt, u ∈ UT . (6.1.3)

We want to study the following optimal control problem (OCP) with free final time

min{J(u) | u ∈ U, q(· ;u) satisfies (6.1.1),(6.1.2)}, (6.1.4)

and the optimal control problem with fixed final time

min{J(u) | u ∈ UT , q(· ;u) satisfies (6.1.1),(6.1.2), with T > 0 fixed}. (6.1.5)

To motivate our framework, we provide some examples of control systems which are in
the form described before.

Example 6.1.1 (Bang-bang control systems). Let us consider a control system of the form

q̇ =
n∑

i=1

ui(t)fi(q), u ∈ U =
n⋃

i=1

Ui.

where f1, . . . , fn are smooth vector fields on M and Ui = {ei}, ei being the ith-vector of the
canonical basis of Rn. We consider the time-optimal control problem, that is, we want to
minimize the final time T to reach a point q1 from a point q0. This corresponds to taking
L(q, u) = 1 in (6.1.3). This includes the well known case of bang-bang trajectories, whose
corresponding control are piecewise constant functions with values in U .

Example 6.1.2 (OCP with L1 cost). Let us consider a control system of the form

q̇ = f0(q) +

m∑
i=1

ui(t)fi(q), u ∈ U = {u ∈ Rm | |u| ≤ 1}.

where, again, f0, f1, . . . , fm are smooth vector fields on M . Given two points q0, q1 ∈ M ,
we consider the optimal control problem given by the minimization of the functional

J(u) =

∫ T

0
|u(t)| dt,
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among all controls steering the system from q0 to q1. Even though the integrand of J is not
smooth, the set of control values U can be conveniently divided into three submanifolds
without boundary: the origin U0 = {0}, the interior of the ball U1 = {u ∈ Rm | |u| < 1}
and the boundary of the ball U2 = {u ∈ Rm | |u| = 1}. It is straightforward to check that
this optimal control problem is in the form considered above.

Example 6.1.3 (Problem of Calculus of Variations with a non-convex Lagrangian). Let
M = Rd and U = Rd. We consider the free control system

q̇ = u, q(0) = q0, q(T ) = q1.

The set of admissible control over the time interval [0, T ] is UT = L∞([0, T ];Rd). Let
L ∈ C∞(Rd × Rd;R) be a positive and super-linear function, that is, for every q ∈ Rd it
satisfies

lim
|u|→+∞

L(q, u)

|u|
= +∞.

In the literature of Calculus of Variations, a function L satisfying the above assumptions
together with strict convexity is called a Tonelli Lagrangian. In our framework, we do not
assume convexity: we suppose that L is a double-well function, that is it has exactly three
distinct critical points, two of which are local minimum points and one is a local maximum
point. We want to minimize the functional

J(u) =

∫ T

0
L(q(t), u(t))dt.

Dividing U = Rd into domains of convexity for L, one can obtain this non-convex problem
as a problem in the form above. In Section 6.2, we discuss more details of this example in
the one-dimensional case.

In the general framework of optimal control, Pontryagin maximum principle (PMP)
provides a powerful tool for solving OCPs by characterizing necessary conditions for opti-
mality. One possible statement of PMP is given in Theorem 2.4.1. We refer to [13] for a
wider introduction to PMP and some of its applications. However, in general admissible
controls satisfying PMP need not to be optimal, not even locally. Furthermore, even if
PMP determines uniquely the control, it does not provide any information about where
the control ceases to be the optimal solution, similarly to what happens to the solution of
the geodesics equation on Riemannian manifolds.

For some OCPs, PMP alone can be enough to find the optimal solution, but there are
many instances for which this task can be quite difficult without additional information.
For this reason, in the Sixties some first examples of necessary conditions of second order
were introduced, see for instance [51, 46, 52]. These ideas were subsequently recast in a
geometric and symplectic framework, see for instance [1, 4, 3], and further developed in the
monograph [13]. In [24], a numerical implementation to check second order conditions in
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Name Symbol Definition Comments

PMP Hamiltonian hu(λ) ⟨λ, fu(q)⟩ − L(q, u) -

PMP Hamiltonian on the
Uj

hju(λ)
⟨λ, fu(q)⟩ − L(q, u),

u ∈ Uj
-

Maximized Hamiltonian
over Uj

Hj(λ)
maxv∈Uj hv(λ) =

huj(λ)(λ)
-

Maximized Hamiltonian H(λ)
maxv∈U hv(λ) =
humax(λ)(λ)

Along λ̃,
H(λ̃t) = Hj(λ̃t) for

t ∈ (tj−1, tj)

Transported-back
Hamiltonian vector fields at

λ̃0

H⃗j (Φ̃−1
0,t )∗H⃗

j
∣∣∣
λ̃0

Constant for
t ∈ [tj−1, tj ]

Transported-back
Hamiltonian

ht(λ, u) (hu(·) − hũ(t)) ◦ Φ̃t

At λ = λ̃0, hu(λ̃0) =
hu(λ̃t) −Hj(λ̃t) for

t ∈ (tj−1, tj)

Table 6.1: Notation for some Hamiltonian functions introduced throughout the chapter.

an automated way is studied. More recent contributions include [14, 62], where the case of
bang-bang extremals is studied, [59], where second order conditions for weak-optimality of
broken-extremals are considered, and [16, 71, 61, 29, 34, 33, 17], where significant advances
in second-order theory were made in many different directions.

The aim of this part of the thesis is to prove both a necessary and a sufficient con-
dition for optimality for the class of problems introduced before. The common feature
of the previous examples is that the strong Legendre condition is satisfied on portions of
the trajectory, but not on the whole time interval. Classical second-order theory applies
naturally to smooth regular extremals, see [13], Chapter 20 and 21. The purpose of this
part of the thesis is to provide a unified geometric framework for the wide class of piecewise
regular extremals, which includes as particular instances regular extremals and bang-bang
extremals, and to derive both necessary and sufficient second-order optimality conditions.

6.1.2 Second order optimality conditions for piecewise regular extremals

In this subsection we state the main results about piecewise regular extremals, which are
Theorems 6.1.7 and 6.1.8. First, we have to set some more notation. We recall the strong
Legendre condition, both for regular arcs and at and at switching points, in a form suited
to our formulation. As before, in the present chapter we consider only normal extremal
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trajectories. We denote by

hu(λ) = ⟨λ, f(q, u)⟩ − L(q, u), λ ∈ T ∗M, u ∈ U.

the normal PMP Hamiltonian function. For i ∈ {1, . . . , n}, we define hiu to be the restriction
of the Hamiltonian function hu to the submanifold Ui, i.e. hiu(λ) = hu(λ) for u ∈ Ui and
λ ∈ T ∗M . Moreover, we introduce the maximized Hamiltonian functionsH,H i : T ∗M → R
defined as

H i(λ) = max
u∈Ui

hiu(λ), H(λ) = max
u∈U

hu(λ).

In particular, we have that H(λ) = maxi=1,...,nH
i(λ). From PMP, we immediately obtain

the following Corollary (see Subsections 2.4.2 and 2.4.3).

Corollary 6.1.4 (Legendre condition). Let ũ ∈ UT be an optimal solution either for
Problem (6.1.4) or for (6.1.5). Suppose that λ̃ is an extremal trajectory of ũ. If for ℓ ∈
{1, . . . , n} we have

H(λ̃t) = Hℓ(λ̃t),

for t ∈ I ⊂ [0, T ], where I is an interval, then

∂2hℓu
∂u2

∣∣∣∣
u=ũ(t),λ=λ̃t

≤ 0, for a.e. t ∈ I. (LC1)

Moreover, if for τ ∈ [0, T ] and ε > 0 there are ℓ1, ℓ2 ∈ {1, . . . , n} such that it holds that
Hℓ1(λ̃τ ) = Hℓ2(λ̃τ ) > maxi̸=ℓ1,ℓ2{H i(λ̃t)} and

H(λ̃t) = Hℓ1(λ̃t) > max
i̸=ℓ1

{H i(λ̃t)}, t ∈ (τ − ε, τ),

H(λ̃t) = Hℓ2(λ̃t) > max
i̸=ℓ2

{H i(λ̃t)}, t ∈ (τ, τ + ε),

then {
Hℓ1 , Hℓ2

}
(λ̃τ ) ≥ 0. (LC2)

We recall that the bilinear form in the left-hand side of (LC1) is called Legendre form
and the inequalities in (LC1) and (LC2) are called Legendre conditions in the literature.
If the inequalities are strict, they are referred to as strong Legendre conditions and the
corresponding extremal arc is called regular.

In the book [13], extremal trajectories satisfying strong Legendre condition on the whole
time interval are studied in detail (in particular, see Chapter 20 and 21). However, in many
OCPs, see for instance Section 6.2, extremal trajectories are obtained by concatenating
many regular arcs, while (LC1) is not satisfied on the whole time interval. For this reason,
we introduce following class of extremal trajectories.
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Definition 6.1.5 (Piecewise regular extremal). Let λ̃ : [0, T ] → T ∗M be an extremal
trajectory either for Problem (6.1.4) or for (6.1.5), corresponding to a control ũ : [0, T ] → U .
We say that λ̃ is piecewise regular if it holds that:

1. there are 0 = t0 < t1 < · · · < tk < tk+1 = T such that for t ∈ (tj−1, tj) there is a
unique ℓ(j) ∈ {1, . . . , n} for which H(λ̃t) = Hℓ(j)(λ̃t) and it holds that

∂2h
ℓ(j)
u

∂u2

∣∣∣∣∣
u=ũ(t),λ=λ̃t

< 0, for a.e. t ∈ (tj−1, tj). (SLC1)

2. For every j = 1, . . . , k, we have
{
Hℓ(j), Hℓ(j+1)

}
(λ̃tj ) > 0.

We call t1, . . . , tk the switching times of the control ũ. Finally, we say that the pair (ũ, λ̃)
is a piecewise regular extremal pair.

To avoid using too many indices, we denote by Uj the submanifold Uℓ(j) for which Equation
(SLC1) holds for t ∈ (tj−1, tj), by uj the corresponding maximizing control on Uj and Hj

the maximized Hamiltonian over Uj .
If λ̃ is a piecewise regular extremal, there is a neighbourhood of λ̃ in T ∗M such that

the maximizing control

umax(λ) := arg max
v∈U

hv(λ), λ ∈ N

is a well defined piecewise smooth function (see Proposition 7.5.1). In particular, the flow
of H⃗ is well defined in N and is piecewise smooth and Lipschitz continuous.

Consequently, the set of Lagrange multipliers carries naturally a structure of piecewise
smooth Lagrangian manifold and, therefore, the corresponding Jacobi curve is a piecewise
smooth curve of Lagrangian subspaces. The purpose of our work is to characterize precisely
the Jacobi curve of a piecewise regular extremal pair and, as a consequence, obtain the
second-order optimality condition following the spirit of Chapters 3 and 4. To this aim,
we introduce the following objects:

1. the flow on T ∗M of h⃗ũ, which we denote by (Φ̃τ1,τ2)τ1,τ2∈R;

2. the autonomous flow on T ∗M of H⃗, denoted by Φt.

3. the transported-back flow ϕt is defined by

ϕt = Φ̃−1
0,t ◦ Φt−tj−1 ◦ Φ̃0,tj−1 t ∈ (tj−1, tj), j = 1, . . . , k + 1; (6.1.6)

4. the transported-back Hamiltonian vector fields at λ̃0, H⃗j := (Φ̃−1
0,t )∗H⃗

j |λ̃0
for j =

1, . . . , k + 1, t ∈ (tj−1, tj);
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Notice that (Φ̃−1
0,t )∗H⃗

j |λ̃0
= (Φ̃−1

0,tj−1
)∗H⃗

j |λ̃0
for t ∈ [tj−1, tj ] since H⃗j generates the flow

Φ̃τ1,τ2 for τ1, τ2 ∈ [tj−1, tj ]. Hence, the vector H⃗j does not depend on time.

Theorem 6.1.6 (Structure of the Jacobi curve). Let (ũ, λ̃) be a piecewise regular extremal
pair for Problem (6.1.4). Suppose that (ũ, λ̃) are defined on the time interval [0, T ]. Then,
the Jacobi curve Λ : [0, T ] → L(Tλ̃0

(T ∗M)) of the pair (ũ, λ̃) is constructed via the following
algorithm: we set Λ0 = Π; then, for j = 0, 1, . . . , k:

1. we have that Λ+
tj

= ΛH⃗j+1

tj ;

2. for t ∈ (tj , tj+1), Λt = BtΛ
+
tj
, where Bt := (ϕt)∗ is the linearization flow of the flow

ϕt;

3. for t = tj+1, Λtj+1 = limt→tj+1− Λt.

As an immediate corollary of Theorems 3.1.7 and 6.1.6, we obtain the following neces-
sary second-order condition of optimality for piecewise regular extremals.

Theorem 6.1.7 (Necessary condition for optimality). Let (ũ, λ̃) be a piecewise regular
extremal pair, either for Problem (6.1.4) or for (6.1.5). Suppose that ũ is of corank r.

Then, if µΠ(Λ) −
(
d
2 − dim

(
Π ∩

⋂
t∈[0,T ] Λt

))
≥ r, ũ is not a weak-local minimizer with

respect to the L1-topology of U.

Finally, the absence of conjugate points is a sufficient condition for optimality.

Theorem 6.1.8 (Sufficient condition, absence of conjugate times). Let (ũ, λ̃) be a piecewise
regular extremal pair, either for Problem (6.1.4) or for (6.1.5). Suppose that there are no
conjugate times along the trajectory λ̃. Then, q̃ is locally strongly strictly optimal.

6.2 A one-dimensional non-convex Lagrangian example

Before going into the details of the proofs of our main results, we discuss the class of
examples introduced in Example 6.1.3. This section has two purposes. First, it shows
that piecewise regular extremals are natural optimal candidates in a simple non-convex
variational problem. Second, it illustrates that, despite the abstract definition, the Jacobi
curve and conjugate points can be computed concretely and, in dimension one, this reduces
to a simple sign condition.

Consider the free control system
q̇ = u, (6.2.1)

where q ∈ R and u ∈ R, i.e., using the notation introduced before, we have U = R and
U = L∞([0, T ];R). The final time T > 0 can be either free or fixed. We fix two values
q0, q1 ∈ R and we want to minimize the functional

J(u) =

∫ T

0
L(q(t), u(t))dt, (6.2.2)
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L(q, u)

u

Figure 6.1: Example of double-well functional for fixed q, highlighting the bi-tangent line.

subject to (6.2.1) and q(0) = q0 and q(T ) = q1, where the function L ∈ C∞(R × R;R)
satisfies the following hypothesis:

1. for every q ∈ R, the function u 7→ L(q, u) is super-linear, that is lim
|u|→+∞

L(q, u)

|u|
=

+∞;

2. L(q, u) > 0 for every q, u ∈ R;

3. for every q ∈ R, ∂2uL(q, ·) has only simple zeros;

4. for every q ∈ R, L(q, ·) is a double-well function, that is it has exactly three distinct
critical points, two of which are local minimum points and one is a local maximum
point.

In the Calculus of Variations language, a function L satisfying assumptions 1. together
with strict convexity is said to be a Tonelli Lagrangian function. Here, we study this
minimization problem in dimension 1 but without the usual convexity assumption. We
refer to [56] for an introduction to Tonelli Lagrangian functions and their role in the
Calculus of Variations. We point out that Theorems 6.1.7 and 6.1.8 apply also to the case
d > 1, but a precise analysis of this case goes beyond the purpose of this thesis. Assumption
2. in the case of free final time is necessary to guarantee that infu J(u) > −∞. In the
case of fixed time, if L is negative somewhere and infq,u L(q, u) > −∞, then by adding a
constant to L assumption 2. is always satisfied and this modification of L does not change
the minimizing controls. Finally, assumptions 3. and 4. are present just to simplify the
exposition: our arguments generalize directly to the case of integrands admitting a many
local minima and maxima.

First, we state our results about this class of examples: our first theorem says that
minimizers of this OCPs exist and, under some natural conditions, the extremal trajectories
are piecewise regular; then, we give a practical characterization of conjugate points for both
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the free and fixed final time problem. After this first part, we discuss in more detail the case

of a particular Lagrangian function of the form L(q, u) = ϕ(u) + V (q), with V (q) = q2

2 ,
which corresponds to a “generalized” harmonic oscillator. This way, we illustrate some
intuitive ideas behind our analysis in a simpler case. Finally, we give a full proof of these
results.

6.2.1 Statements of the results

Our first result is about the structure of the extremal trajectories for this class of problems.
By PMP, we define the Hamiltonian function

hu(p, q) = pu− L(q, u), (6.2.3)

where p ∈ R∗ and q, u ∈ R as before. In the following, we identify R∗ with R by fixing a
global coordinate, so that T ∗R ≃ Rp × Rq. The corresponding Hamiltonian system readsq̇ = u,

ṗ = ∂qL(q, u),
(6.2.4)

where control u has to satisfy the maximization principle u(t) = arg maxv∈R hv(λt), where
λt = (p(t), q(t)) denotes the extremal trajectory. In this case, we show that there are two
competing controls, each being the maximizing one on some specific region of the plane
Rp×Rq. Each of these two regions corresponds, in some sense, to a convexity region of the
function L. Thus, in the terminology of Section 6.1.1, there are two submanifolds U1, U2

and the maximized Hamiltonian function is H(λ) = max{H1(λ), H2(λ)}, where the two
functions H1, H2 are smooth.

Theorem 6.2.1. Assume that the function L satisfies the assumptions 1. to 4. listed
above. Moreover, let H1, H2 : R2 → R be defined as in Equation 6.2.3 and define Σ =
{λ ∈ R2 | H1(λ) = H2(λ)} and S :=

{
λ ∈ R2 | {H1, H2}(λ) = 0}. Suppose that the set

S ∩ Σ =: Z is discrete. Then, the following conclusions hold.

1. The set of initial values of p0 ∈ R for which the corresponding extremal trajectory is
not piecewise regular is discrete.

2. If in addition to the previous assumptions we have that αH⃗1(λ) + (1 − α)H⃗2(λ) ̸= 0
for all α ∈ [0, 1] and all λ ∈ Z, then the minimum of the functional (6.2.2) exists for
both the free and the fixed final time problem.

The first assertion shows that, outside a discrete exceptional set of initial covectors,
these candidates fall within the piecewise regular framework developed in the Chapter.
The second one guarantees the existence of optimal candidates in this class of problems.
After the proof of these results, we also discuss briefly what happens when these hypotheses
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fail, see Remark 6.2.5. Notice that, for generic smooth functions H1, H2, the two sets Σ
and S intersect transversally. Hence, the hypothesis on Z is satisfied generically.

The next two propositions are not specific to the double-well Lagrangians considered in
this section. They apply to every one-dimensional optimal control problem for which the
reference extremal is piecewise regular. Their role is to give a concrete characterization of
conjugate times in dimension one, where the Jacobi curve has a rather easy and explicit
description.

First of all, since we have a global chart for the cotangent space, that is T ∗M =
T ∗Rq ≃ Rp×Rq, we do not need to transport back the dynamics to the initial point. More
precisely, the Jacobi curve in the case of free final time, since dim Λt = 1, is completely
determined by the condition H⃗(λ̃t) ∈ Λt and the discontinuities of Λ at the switching times
corresponds exactly to the discontinuities of H⃗(λ̃t). Conjugate times can be characterized
by the following property.

Proposition 6.2.2 (Conjugate times in one-dimensional problems with free final time).
Let (ũ, λ̃) be a piecewise regular extremal pair for problem (6.1.4) with M = R. Then,
denoting by q̃ = π(λ̃), we have that a time t ∈ [0, T ] is conjugate to 0 along λ̃ if and only if

• either ˙̃q(t) = 0, if t is not a switching time;

• or lim
τ→t+

sgn
(

˙̃q(τ)
)
̸= lim

τ→t−
sgn

(
˙̃q(τ)

)
, if t is a switching time.

For the problem with fixed final time, as explained in Section 7.2, we need to introduce
an additional time variable to reduce to the free final time case (see Equation (7.2.3)). So,
as in that Section, we let t = t(s), where s is the new time variable, so that the state
manifold is Rt×Rq and its cotangent space is identified with (Rτ ×Rp)× (Rt×Rq). Recall
that, along the reference extremal, we take ν ≡ 0, hence t(s) = s; we therefore use the
same symbols tj for the switching times in the original and reparametrized time. Thus,
the Jacobi curve is a curve of two-dimensional subspaces, which can be represented in a
matrix form as

Λ =


τ1 τ2

t1 t2

y1 y2

x1 x2

 , (6.2.5)

where (τi, ti, yi, xi), i = 1, 2 are any two vectors generating the subspace Λ. Here, with
a slight abuse of notation, we use again the letters t, τ to denote both the variables in
T ∗(Rt × M) and the corresponding variables in the tangent space T(t,λ)(T

∗(Rt × M)).
Clearly, replacing the one of the two column by any linear combination of these vectors
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yields the same subspace Λ. In this notation, the initial subspace Λ0 is given by

Λ0 =


1 0

0 0

0 1

0 0

 , (6.2.6)

and the algorithm to obtain the Jacobi curve goes as follows:

• Λ+
0 =

(
Λ0 ∩ (∂t + H⃗(λ0))

∠
)

+ R(∂t + H⃗(λ0)) ;

• Λs = (Φs)∗(Λ
+
0 ), s ∈ (0, t1]. Here Φs = esH⃗ and (Φs)∗ denotes its linearization in the

variable λ at the point λ̃s. Moreover, (Φs)∗(∂t|λ0) = ∂t|λ̃s
and (Φs)∗(∂τ |λ0) = ∂τ |λ̃s

,

so that the first two rows of Λ are constant for s ∈ (0, t1]. Notice also that H⃗(λ̃s)
coincides either with H⃗1(λ̃s) or with H⃗2(λ̃s) in this time interval.

• Λ+
t1

=
(
Λt1 ∩ (∂t + H⃗(λ̃t1+))∠

)
+ R(∂t + H⃗(λ̃t1+)), where H⃗(λ̃t1+) = lims→t1+ H⃗(λ̃s);

• then repeat the same procedure on the remaining part of the interval [0, T ].

In this case, the system of equations governing the evolution of Λt in the interval of smooth-
ness are obtained by linearizing with respect to p, q the Equation (6.2.4) with u equal to
the maximizing control. If T is fixed, the conjugate times can also be characterized in a
similar fashion to what happens in the case of T free.

Proposition 6.2.3 (Conjugate times in one-dimensional problems with fixed final time).
Let (ũ, λ̃) be a piecewise regular extremal pair for the problem (6.2.1),(6.2.2). Let Λ be
represented in matrix form as in Equation (6.2.5) and choose the representation such that
(τ1(s), t1(s), y1(s), x1(s)) = ∂t + H⃗(λ̃s) and τ2(s) = 1, t2(s) = 0 for all s ∈ [0, T ]. Then, a
time s ∈ [0, T ] is conjugate to 0 along λ̃ if and only if

1. either x2(s) = 0, if s is not a switching time;

2. or lim
ς→s+

sgn (x2(ς)) ̸= lim
ς→s−

sgn (x2(ς)), if s is a switching time.

Moreover, using again these coordinates, the right limit of Λ at a switching time tj can

be computed as follows: the first column can be chosen equal to ∂t + H⃗(λ̃tj+) and, letting

H⃗(λ̃tj−) = lims→tj− H⃗(λ̃s), the second one is equal to

∂τ + α(H⃗(λ̃tj−) − H⃗(λ̃tj+)) +

(
y2(tj)

x2(tj)

)
, where α =

σ(H⃗(λ̃tj+), (y2(tj), x2(tj))
⊤) − 1

σ(H⃗(λ̃tj−), H⃗(λ̃tj+))
.
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For every piecewise regular extremal in one-dimensional OCP, Propositions 6.2.2 and
6.2.3 provide an explicit test for the absence of conjugate points. Therefore, whenever the
corresponding sign condition rules out the presence of conjugate times on (0, T ], Theorem
6.1.8 yields strong local optimality of the trajectory. Conversely, if the Jacobi curve acquires
sufficient Maslov index, for instance, in the corank-one case after the first conjugate time,
Theorem 6.1.7 excludes local optimality.

6.2.2 Generalized harmonic oscillator

Before going into the details of the proof of the results exposed in the previous Subsection,
to give some intuition behind our arguments we discuss a particular example modelled on
the classical harmonic oscillator.

For this model, we can carry out exact computations, which also allows us to compare
the free final time and the fixed final time cases. More precisely, we find that switching times
are never conjugate to 0 in the free final time problem, while conjugate times may occur
along regular arcs. In the fixed final time problem, the additional time variable changes
the Jacobi curve and switching times may contribute to conjugacy according to the sign
condition in Proposition 6.2.3. We point out that most of the analysis in the remaining
part of this Subsection can be extended without substantial changes to any Lagrangian
function of the form L(q, u) = ϕ(u) − V (q) + C. Our particular choice is mainly due to
expository reasons: in this case computations are particularly simple and can be carried
out exactly, simplifying greatly the presentation although retaining the main ideas behind
the arguments for the general case.

We consider L(q, u) = ϕ(u) − V (q) + C, with V (q) = q2

2 , C > 0 and

ϕ(u) =

1
2(u+ 1

2)2 − 1
2 , u ≤ 1

2 ,

1
2(u− 1

2)2 + 1
2 , u ≥ 3

2 ,

is such that ϕ is globally C2 and ϕ(u) > u − 1
2 for u ∈ (12 ,

3
2). We notice that L does not

satisfy the assumption L > 0. In order to retain the existence discussion within the global
framework of Theorem 4.1, we modify the potential V outside a sufficiently large compact
set. More precisely, fix R > 0 and choose a function VR ∈ C∞(R) such that

VR(q) =
q2

2
for |q| ≤ R,

and such that VR is bounded from above on R. Since ϕ is bounded from below, one can
choose a constant CR > 0 such that

LR(q, u) := ϕ(u) − VR(q) + CR > 0 for every (q, u) ∈ R2.

The Lagrangian LR is super-linear in the control variable and has the same double-well
structure with respect to u as ϕ. Hence it satisfies the hypotheses of Theorem 4.1.
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In the following, we carry out the computations using the explicit expression

V (q) =
q2

2
.

If the reference extremal and the portion of its phase portrait considered below are con-
tained in {|q| < R}, then the Hamiltonian vector field associated with LR agrees there with
the Hamiltonian vector field of the oscillator model. Consequently, all the computations of
the extremal flow, the Jacobi curve, and the conjugate times remain unchanged along the
reference extremal. The globally modified Lagrangian LR is used only to ensure that the
existence statement follows from Theorem 4.1.

The PMP Hamiltonian function of this problem is hu(p, q) = pu − L(q, u) = pu −
ϕ(u) + V (q) − C, and, letting ψ(p) := maxu∈R pu − ϕ(u), the maximized Hamiltonian
function H = maxu∈R hu is

H(p, q) = ψ(p) + V (q) =
p2

2
+

|p− 1|
2

+
q2

2
− C.

Indeed, by the super-linearity assumption on L, we have that the maximum of hu is attained
at a critical point and ∂uhu(p, q) = 0 if and only if p = ϕ′(u). Hence, a direct computation
shows that hu(p, q) reaches its global maximum for u = p − 1

2 if p < 1 and u = p + 1
2 if

p > 1. For p = 1, the line y(u) = u − 1
2 is tangent to the graph of ϕ both at u = 1

2 and
at u = 3

2 . So, defining u1(p) = p − 1
2 and u2(p) = p + 1

2 , the maximized Hamiltonian is
the maximum of the two Hamiltonians H1(p, q) := hu1(p)(p, q) and H2(p, q) := hu2(p)(p, q).
First, we focus on the structure of the extremal trajectories, showing that most of them

p = 1

p

Figure 6.2: Graph of H(p, q) = p2

2 + |p−1|
2 + q2

2 − 1 for fixed q.

are piecewise regular, and we find the conjugate points. Then, in the last part of the
subsection, we prove existence of the minimum for the OCP.

By PMP, an extremal trajectory satisfies the Hamiltonian equations ṗ = −∂qV (q), q̇ =
∂pψ(p), which readsṗ = −q,

q̇ = p− 1
2 ,

if p(t) < 1, or

ṗ = −q,

q̇ = p+ 1
2 ,

if p(t) > 1, (6.2.7)
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and the set of switching points is Σ = {(1, q) | q ∈ R}. The Poisson bracket {H1, H2} is
easily computed:

{H1, H2}(p, q) =
∂H1

∂p

∂H2

∂q
− ∂H1

∂q

∂H2

∂p
=

(
p− 1

2

)
q −

(
p+

1

2

)
q = −q.

Thus, the set S = {(p, 0) | p ∈ R} and the set Z = Σ ∩ S = {(1, 0)} is discrete.
Since the system (6.2.1) is one-dimensional and by PMP the maximized Hamiltonian is

constant along extremal trajectories, the solutions of λ̇ = H⃗(λ) are contained in the level
sets of H (see Figure 6.3), that is, the system (6.2.4) is integrable. In particular, switching
points cannot accumulate and an extremal trajectory fails to be piecewise regular only if
the Poisson bracket {H1, H2} = 0 at the switching point. This is possible only at the
point (p, q) = (1, 0), which is contained in the level set H(λ) = 1

2 −C. Explicit solutions of

p = 1

q

p

(q0, 1)

H⃗1

π∗H⃗
1

H⃗2

π∗H⃗
2

q0

q

p

Figure 6.3: Phase portrait of H(p, q) = p2

2 + |p−1|
2 + q2

2 − 1. In this case, the vector fields

π∗H⃗
1 and π∗H⃗

2 have the same sign at switching points, thus switching points are never
conjugate.

these equations are easily computed: if p(0) < 1, then the first smooth arc of the solution
satisfies q̈ = −q, p̈ = −p+ 1

2 having solution

q(t) = q(0) cos t+

(
p(0) − 1

2

)
sin t, p(t) = −q(0) sin t+

(
p(0) − 1

2

)
cos t+

1

2
. (6.2.8)

If instead p(0) > 1, then

q(t) = q(0) cos t+

(
p(0) +

1

2

)
sin t, p(t) = −q(0) sin t+

(
p(0) +

1

2

)
cos t− 1

2
.

Then, when passing from one regular arc to the next one, one can find an analogous formula
by replacing the initial conditions (p(0), q(0)) with the initial point of the new regular arc.
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Now, we fix any piecewise regular extremal λ̃ and we want to determine its Jacobi
curve. We begin with the case of free final time. As already pointed out, the Jacobi curve
is Λ0 = (1, 0)⊤ and for t > 0

Λt = RH⃗(p(t), q(t)) =

RH⃗1(p(t), q(t)) = R
(
−q(t), p(t) − 1

2

)
if p(t) < 1,

RH⃗2(p(t), q(t)) = R
(
−q(t), p(t) + 1

2

)
if p(t) > 1,

and extended such that Λt is left-continuous at the switching times. If we apply Proposition
6.2.2, we see that for p(t) ≈ 1 we have that q̇ is positive and it follows that switching times
are never conjugate times. This is also seen clearly from the picture (see Figure 6.3): at the
switching point, we have Λtj +Λ+

tj
= R2 and Λtj∩Λ+

tj
= {0}, so π∗(Λtj +Λ+

tj
)\π∗(Λtj∩Λ+

tj
) =

R \ {0} and tj is conjugate if and only if π∗H⃗
1(λ̃tj ) and π∗H⃗

2(λ̃tj ) have different signs,
which is never the case in our example. Thus, conjugate times can occur only along regular
arcs on which p(t) < 1, since on an arc with p(t) > 1 one has

q̇(t) = p(t) +
1

2
>

3

2
,

and hence q̇ cannot vanish.
Let (a, b) be a time interval such that λ̃|(a,b) is a regular arc on which p(t) < 1, and

write
λ(a) = (pa, qa).

Setting s = t− a, the solution on this arc is obtained from (6.2.8) by taking (p(0), q(0)) =
(pa, qa). Therefore,

q̇(t) = p(t) − 1

2
= −qa sin s+

(
pa −

1

2

)
cos s.

By Proposition 4.2, the conjugate times in the interval (a, b) are precisely the times t = a+s
such that

−qa sin s+

(
pa −

1

2

)
cos s = 0, 0 < s < b− a.

If (qa, pa − 1
2) ̸= (0, 0), let s∗ ∈ (0, π] be the first positive solution of this equation. Then

all the conjugate times on the same regular arc are of the form

t = a+ s∗ + kπ, k ∈ N ∪ {0},

provided that t ∈ (a, b). After a switching time, the same computation applies by taking
as (pa, qa) the initial point of the next regular arc. This completes the discussion about
conjugate points in the case of free final time.

Let us analyse conjugate points for the fixed final time problem. As described before,
in this case we have to add a variable to the state space (and, consequently, another one
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to the cotangent space), so that the Jacobi curve is a curve of two-dimensional subspaces.
The initial space is given by (6.2.6). We assume, for simplicity, that on the time interval
[0, t1] the maximized Hamiltonian is equal to H1, on [t1, t2] is equal to H2, then on [t2, t3]
is again H1 and so on. The case with the reversed order can be dealt with similarly. Then,
following the convention introduced before, the right limit of Λ at t = 0 can be represented
as

Λ+
0 =


0 1

1 0

−q0 − 1
p0−1/2

p0 − 1
2 0

 .
where λ̃0 = (p0, q0) is the initial point of the extremal trajectory. For t ∈ (0, t1), the first
two rows are constant, while the last two rows evolve according to the equation obtained
by linearizing (6.2.7): we have that ẏi = −∂2qV (q(s))xi, ẋi = ∂2pψ(p(s))yi, which readsẏi = −xi,

ẋi = yi,
i = 1, 2, with

(
y1(0)

x1(0)

)
=

(
−q0
p0 − 1

2

)
,

(
y2(0)

x2(0)

)
=

(
− 1

p0−1/2

0

)
.

For p0 ̸= 1
2 , the solutions are

x2(s) = − 1

p0 − 1/2
sin s, y2(s) = − 1

p0 − 1/2
cos s.

and (y1(t1), x1(t1)) = H⃗1(p(t1), q(t1)). For p0 = 1
2 , the resulting Jacobi curve is continuous

at t = 0 and the solutions are x2(t) = 0, y2(t) = 0 constant. We see immediately that, if
p0 ̸= 1

2 , s = kπ are conjugate times.

We have now to characterize switching times that are also conjugate times. The Jacobi
curve is determined up to time t1:

Λt1 =


0 1

1 0

y1(t1) y2(t1)

x1(t1) x2(t1)

 .

Denote by η2(t) = (y2(t), x2(t))
⊤. By Proposition 6.2.3, the right limit of Λ at t1 is

Λ+
t1

=

 0 1

1 0

H⃗2 α(H⃗1 − H⃗2) + η2

 , where α =
σλt1

(H⃗2, η2) − 1

σλt1
(H⃗1, H⃗2)

,
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where H⃗1, H⃗2 are evaluated at λt1 and η2 is evaluated at t1. We have that

H⃗1 − H⃗2 =

(
0

−1

)
, σλt1

(H⃗2(λt1), η(t1)) = −q(t1)x2(t1) −
3

2
y2(t1).

After some simplifications, the formula for Λ+
t1

reads

Λ+
t1

=


0 1

1 0

−q(t1) y2(t1)
3
2 −3

2
y2(t1)
q(t1)

− 1
q(t1)

 .

In particular, by Proposition 6.2.3, t1 is conjugate to 0 if

x2(t1)

(
−3

2

y2(t1)

q(t1)
− 1

q(t1)

)
≤ 0.

If p0 = 1
2 , then x2(t1) = y2(t1) = 0 and the previous inequality holds true. Otherwise, since

−q = σ(H⃗1, H⃗2) > 0, it reduces to x2(t1)(3y2(t1) + 2) ≤ 0, and, replacing the formulas for
x2 and y2, this condition reads

3P 2
0 sin t1 cos t1 + 2P0 sin t1 ≤ 0,

where P0 = − 1
p0−1/2 . Letting θ = arccos 2p0−1

3 , a direct computation shows that t1 satisfies
this inequality if

1. t1 ∈ [π, 2π] if p0 ≤ −1;

2. t1 ∈ [θ, π] ∪ [2π − θ, 2π] if −1 ≤ p0 < 1.

Finally, since p(t1) = 1, from Equation (6.2.8) t1 must satisfy

−q(0) sin t1 +

(
p(0) − 1

2

)
cos t1 =

1

2
.

Thus, putting together these conditions one can find whether t1 is conjugate to zero de-
pending on p(0) and q(0).

We are left to prove that the minimum for the OCP exists. To this aim, one can
show that the set of extremal trajectories for the OCP with ϕ coincides with the set of
extremal trajectories for the OCP with the convexification of ϕ. More precisely, we define
ϕC(u) = u− 1

2 for 1
2 ≤ u ≤ 3

2 and ϕC(u) = ϕ(u) otherwise.
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Proposition 6.2.4. Under the assumptions of Theorem 6.2.1, a curve λ : [0, T ] → Rp×Rq

is an extremal trajectory for the OCP (6.2.1),(6.2.2) with L(q, u) = ϕ(u)−V (q) if and only
if λ is also an extremal trajectory for the OCP with L(q, u) = ϕC(u) − V (q).

Sketch of the proof. Since the maximizing control for the OCP with L(q, u) = ϕ(u)−V (q)
does not take values in the interval where the convexity of ϕ fails, any extremal trajectory
for the OCP with L(q, u) = ϕ(u) − V (q) is also an extremal trajectory for the OCP with
L(q, u) = ϕC(u) − V (q). On the other hand, an extremal trajectory (p(t), q(t)) for the
OCP with L(q, u) = ϕC(u) − V (q) is not an extremal trajectory for the problem with
L(q, u) = ϕ(u) − V (q) only if p(t) = 1 for some non-trivial time interval. But this is not
possible since p(t) = 1 forces q(t) = 0 in the same time interval and we have H⃗1(1, 0) ̸= 0,
H⃗2(1, 0) ̸= 0.

For ϕC , the existence of a minimizing trajectory follows by applying the direct method
of the Calculus of Variations. By the previous Proposition, a minimizing extremal for the
problem with L = ϕC − V is also an extremal for the problem with L = ϕ− V . Since the
minimum of the problem with L = ϕC − V is less than or equal to the infimum for the
problem L = ϕ− V , we obtain that this infimum is indeed a minimum coinciding with the
minimum of the problem with L = ϕC − V .

6.2.3 Proof of Theorem 6.2.1

The remaining part of this Section is devoted to the proof of the results stated in Subsection
6.2.1.

We apply PMP to the OCP defined by Equations (6.2.1), (6.2.2). That is, letting
λ = (p, q) ∈ T ∗R ≃ R2, we define the Hamiltonian function hu(p, q) = pu − L(q, u) as in
(6.2.3) and we want to determine the value of u maximizing hu(p, q) for fixed p and q. By
the super-linearity of the function L, for fixed (p, q), we have

hu(p, q) = |u|
(〈

p,
u

|u|

〉
− L(q, u)

|u|

)
≤ |u|

(
|p| − L(q, u)

|u|

)
−−−−−→
|u|→+∞

−∞.

Thus, the maximum point of the Hamiltonian hu(p, q) with respect to u is a critical point:

∂uhu(p, q) = 0, equivalently p = ∂uL(q, u).

Geometrically, if u0 is a critical point of u 7→ hu(p, q), then the affine function

yp,u0(u) := p(u− u0) + L(q, u0)

is tangent to the graph of L(q, ·) at u0. Thus, for fixed p, q ∈ R, to find the value of the
control maximizing hu(p, q) it suffices to find u0 such that the line yp,u0 is tangent to L(q, ·)
at the point u0.



6.2. A ONE-DIMENSIONAL NON-CONVEX LAGRANGIAN EXAMPLE 127

Step 1 - The two maximizing branches. By assumptions 3 and 4, for fixed (p, q)
the equation p = ∂uL(q, u) has either one or three solutions, apart from the limiting case
in which one of the solutions is double. When three distinct solutions are present, the
two outer ones correspond to strict local maxima of u 7→ hu(p, q), whereas the middle one
corresponds to a local minimum.

Therefore, by the implicit function theorem, there exist maximal open sets Ω1,Ω2 ⊂ R2

and smooth functions
ui : Ωi −→ R, i = 1, 2,

such that u1(p, q) < u2(p, q) whenever both are defined, and u1, u2 are precisely the two
local maximizing controls.

∂uL(q, u)

p

u1(p, q) u2(p, q)

p1(q)

p2(q)

u

Figure 6.4: The graph of ∂uL(q, ·) and the value of the slope of the bi-tangent line.

The domains of these two branches have a simple form. Indeed, there exist smooth
functions p1, p2 : R → R, with p2(q) < p1(q), such that

Ω1 ∩
(
R× {q}

)
= (−∞, p1(q)) × {q}, and Ω2 ∩

(
R× {q}

)
= (p2(q),+∞) × {q}.

To prove this, fix q and consider the values p1(q) and p2(q) corresponding respectively to
the local maximum and the local minimum of the function u 7→ ∂uL(q, u), see Figure 6.4.
Their smooth dependence on q follows from the implicit function theorem and assumption
3. Define

H i(λ) := hui(λ)(λ), λ ∈ Ωi, i = 1, 2,

and take any smooth extension of H i for λ ̸∈ Ωi. For p < p2(q), the only local maxi-
mum is u1(p, q), and it is necessarily the global maximum. Similarly, for p > p1(q), the
only local maximum is u2(p, q), and it is the global maximum. Then, we have H(λ) =
max{H1(λ), H2(λ)}. Define Σ = {λ ∈ T ∗R | H1(λ) = H2(λ)}.

Step 2 - The set Σ is a graph. We want to prove the following: for every q ∈ R, there
is a unique value p ∈

(
p2(q), p1(q)

)
such that H1(p, q) = H2(p, q), which depends smoothly

on q.
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q

p

p1

p∗

Σ = {H1 = H2}

p2

{H2 > H1}

{H1 > H2}

Ω1 ∩ (R× q1)

q1

Ω2 ∩ (R× q2)

q2

(a) Graphical illustration of Step 1.

q

p

p∗

λ̃0

H⃗1
λ̃TH⃗1

H⃗2
{
{H1, H2} > 0

} {
{H1, H2} < 0

}

(b) Structure of the extremal trajecto-
ries in the phase space.

Writing explicitly H1(p, q) = H2(p, q) and taking into account that, by our assumption,
we have u1 < u2, this equality is equivalent to

p =
L(q, u2(p, q)) − L(q, u1(p, q))

u2(p, q) − u1(p, q)
,

that is, the two straight affine lines

u 7→ p(u− u1(p, q)) + L(q, u1(p, q)) and u 7→ p(u− u2(p, q)) + L(q, u2(p, q)),

coincide. Notice that this is equivalent to saying that the line tangent to the graph of
L(q, ·) at u1(p, q) coincides with the tangent at u2(p, q). By the double-well shape of the
graph of L(q, ·), this can happen only for a single value of p, which depends smoothly on
q. This proves that Σ is a graph.

Step 3 - The maximizing Hamiltonian. As a corollary of the previous step, we
determine precisely the maximized Hamiltonian. For fixed q ∈ R and denoting by p∗(q)
the unique p ∈ R such that H1(p, q) = H2(p, q), by continuity of the functions H1, H2 we
have that

H(p, q) =

H1(p, q) if p ≤ p∗(q),

H2(p, q) if p ≥ p∗(q).

This gives the PMP description of the extremals. Away from Σ, an extremal satisfies

λ̇ =

H⃗1(λ) in {H1 > H2},

H⃗2(λ) in {H2 > H1}.
(6.2.9)

At points of Σ, both controls are maximizing. In particular, every extremal trajectory is
contained in a level set of the maximized Hamiltonian H. More precisely, H is constant
along each regular arc and its value is preserved when the extremal switches from one
branch to the other, that is, system (6.2.9) is integrable.
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Step 4 - Transversality at non-degenerate switching points. Let λ̄ ∈ Σ. Along
an arc generated by either H⃗1 or H⃗2, one has

d

dt
(H2(λt) −H1(λt)) = {H1, H2}(λt). (6.2.10)

Consequently, if {H1, H2}(λ̄) ̸= 0, then both Hamiltonian vector fields H⃗1 and H⃗2 are
transverse to Σ at λ̄. Thus an extremal reaching λ̄ crosses the switching set transversally,
and the corresponding switching time is isolated.

Furthermore, the maximizing branch changes when H2 −H1 changes sign. Therefore,
at every switching point outside

Z := {λ ∈ Σ : {H1, H2}(λ) = 0} ,

the strong switching Legendre condition is satisfied.

Step 5 - Finiteness of switching times and piecewise regularity. We can now prove
point 1. in Theorem 6.2.1. First, we prove that switching times cannot accumulate when Z
is discrete. Assume by contradiction that a non-constant extremal trajectory has infinitely
many switching times tj converging to some t∞. Since λ is continuous, the switching points
λ(tj) converge to λ(t∞) ∈ Σ. Moreover, consecutive switching arcs alternate between the
regions {H1 > H2} and {H2 > H1}. By (6.2.10), the corresponding values of {H1, H2}
have alternating signs. Hence,

{H1, H2}(λ(t∞)) = 0,

and therefore

λ(t∞) ∈ Z.

Since Z is discrete, the only possible accumulation configuration would be a piecewise
smooth spiral around the point λ(t∞). This is impossible because the dynamics admit
the first integral H: every extremal remains in a single level set of H, whereas a spiral
converging to an isolated attracting equilibrium would force H to be locally constant near
that equilibrium. Thus switching times cannot accumulate. It follows that every non-
constant extremal has only finitely many switching times.

Moreover, on every open interval between two consecutive switching times, the maxi-
mizing control is unique and satisfies

∂2uuhu(p, q) = −∂2uuL(q, u) < 0.

At a switching point outside Z, the strong switching Legendre condition follows from the
transversality argument above. Hence an extremal can fail to be piecewise regular only if
it meets Z.
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Fix q0 ∈ R. Since Z is discrete and the system is integrable, the set of initial covectors
p0 ∈ R for which the extremal with initial condition

λ(0) = (p0, q0)

meets Z is discrete. Therefore, outside a discrete set of initial covectors, the corresponding
extremal trajectory is piecewise regular.

It remains to prove the existence assertion in Theorem 4.1.

Step 6 - Existence of minimizers. Let LC(q, ·) denote the convexification of L(q, ·)
with respect to the control variable. The construction above shows that the maximized
Hamiltonian associated with LC coincides with H. Indeed, the common tangent line of
slope p∗(q) determines the affine portion introduced by the convexification, and the maxi-
mizers remain on the two outer branches where LC agrees with L.

The direct method in the Calculus of Variations yields the existence of a minimizing
control uC for the problem associated with LC .

If uC is such that LC(q(t), uC(t)) = L(q(t), uC(t)) for every t ∈ [0, T ], then, since LC ≤
L, uC is a minimizer also for the original functional L, and so point 2. of Theorem 6.2.1
follows.

Suppose, by contradiction, that LC(q(t), uC(t)) < L(q(t), uC(t)). Then, denoting by λC

the extremal for LC corresponding to the control uC , we must have that there is some non-
trivial time interval for which λCt ∈ Σ, since outside this set the Hamiltonian systems for the
extremals of LC and L are the same. This implies that λ̇t = α(t)H⃗1(λt)+(1−α(t))H⃗2(λt),
for some function α satisfying α(t) ∈ [0, 1]. But then the same computation as the one in
Equation (6.2.10) forces {H1, H2}(λCt ) = 0 on this time interval, i.e. λt ∈ Z. So, since
Z is discrete, λt is constant. But this is not possible since, by assumption αH⃗1(λ) + (1 −
α)H⃗2(λ) ̸= 0 for all α ∈ [0, 1] and all λ ∈ Z.

This completes the proof of Theorem 6.2.1.

Remark 6.2.5. Notice that if {H1, H2}(λ̄) = 0 at a switching point, i.e. λ̄ ∈ Z, then we
have three cases:

• either H⃗1(λ̄) = H⃗2(λ̄) = 0, in which case λ̄ is an equilibrium point and the only
possible extremal trajectory passing through λ̄ is the constant trajectory;

• either one among H⃗1(λ̄) or H⃗2(λ̄) is zero and the other one is non-zero, so that there
is still one unique way to extend any extremal trajectory passing through the point
λ̄;

• or both H⃗1(λ̄) ̸= 0 and H⃗2(λ̄) ̸= 0: in this case the extremal trajectory passing
through the point λ̄ is not uniquely determined after this point, because one can
choose both the vectors H⃗1(λ̄) and H⃗2(λ̄) to extend the trajectory, that is λ̄ is a
branching point;
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Even though the case {H1, H2}(λ̄) = 0 could be studied with our approach, a detailed
analysis of these degenerate cases goes beyond the purposes of this thesis.

6.2.4 Proof of Proposition 6.2.2

In this Subsection, we prove Proposition 6.2.2. Fix a reference piecewise regular normal
extremal pair (ũ, λ̃).

We point out that in the following computations we only need that the state manifold
M is one-dimensional and we do not require the structure introduced in the problem
(6.2.1),(6.2.2). So, the results contained in this subsection apply to any one-dimensional
control system of the form (6.1.4) or (7.2.2).

This characterization in the free final time case could be obtained as well by an ele-
mentary argument. Nonetheless, in our opinion it is a good illustration of our theory.

Proof of Proposition 6.2.2. As already pointed out in Section 6.2.1, the cotangent space
is trivial, T ∗M ≃ R∗ ×M , so we have a global chart and we do not have to transport
all the dynamics back to the initial point. Consequently, the tangent space Tλ̃0

(T ∗M) is
also identified with R∗ × R. The Lagrangian Grassmannian L(Tλ̃0

(T ∗M)) ≃ L(R∗ × R)

identifies with one-dimensional linear subspaces of R∗ ×R, i.e. RP1 ≃ S1. As a convenient
set of coordinates, we can choose to identify Tλ̃0

(T ∗
q0M) ≃ [0, 1]⊤ and Tλ̃0

(Tq0M) ≃ [1, 0]⊤.

Here we denote with the squared brackets [· , ·] points on the projective space RP1 and with
the round brackets (· , ·) points in the space R∗ × R. In these coordinates, the canonical
symplectic form is given by

σ
(
(0, 1)⊤, (1, 0)⊤

)
= 1,

and vectors rotating in the clockwise direction are given a positive orientation: to show
this, we parametrize points in S1 in a slightly unusual way, that is we set

S1 = {(sin θ, cos θ)⊤ | θ ∈ [0, 2π)},

so that the point corresponding to θ = 0 is the vertical subspace [0, 1]⊤ and as θ increases
the point (sin θ, cos θ) moves clockwise. We have to show that vectors moving clockwise
are given a positive orientation. Take any function θ : (−ε, ε) → R such that θ̇ > 0, we
have

σ

(
(sin θ0, cos θ0)

⊤,
d

dt

∣∣∣∣
t=0

(sin θ(t), cos θ(t))⊤
)

=

= θ̇(0)σ
(

(sin θ0, cos θ0)
⊤, (cos θ0,− sin θ0)

⊤
)

= θ̇(0) > 0,

as we wanted to show.
The Jacobi curve is the curve Λ : [0, T ] → RP1 given by Λ0 = [0, 1]⊤ and Λt = Rh⃗ũ(t)

for t > 0. Indeed, since dimM = 1, the condition h⃗ũ(t) ∈ Λ(t) completely determines the
Jacobi curve.
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In particular, if t is a switching time and we denote by h⃗− and h⃗+ the Hamiltonian
vector fields generating the maximized flow before and after t respectively and supposing
h⃗− = r−(sin θ−, cos θ−)⊤ and h⃗+ = r+(sin θ+, cos θ+)⊤, with r± > 0 and θ± ∈ [0, 2π), we
have that

σ(⃗h−, h⃗+) = r−r+ sin(θ+ − θ−).

Hence, we have σ(⃗h−, h⃗+) > 0 if and only if sin(θ+ − θ−) > 0, that is θ+ ∈ (θ−, θ− + π)
mod 2π.

Now, we want to characterize conjugate times. Suppose first that the curve Λ is con-
tinuous at t ∈ [0, T ]. Recall that, in this case, t is a conjugate time if and only if Equation
(4.2.1) holds. If h⃗ũ(t) is not constant in time, then the left-hand side is {0} and, since both

Λ and Π have dimension 1, this condition reduces simply to Rh⃗ũ(t) = [0, 1]⊤. This happens

if and only if π∗h⃗ũ(t) = 0, that is ˙̃q(t) = 0.

If instead t is a switching time and using the same notation introduced above, we have
that π∗(Λt + Λ+

t ) = R and π∗(Λt ∩ Λ+
t ) = {0}. Thus, t is a conjugate time if and only

if π∗h⃗− and π∗h⃗+ belong to different connected components of R \ {0}, that is they have
opposite sign.

This concludes the proof.

6.2.5 Proof of Proposition 6.2.3

In this Subsection we prove the characterization of conjugate points in the case of fixed
final time, see Proposition 6.2.3. As explained in Section 7.2, we have to consider the
extended state space R ×M , where the first R corresponds to the added time variable.
The purpose of the following calculation is only to track the second coordinate x2 of the
Jacobi curve (see notation introduced in Proposition 6.2.3): away from switching times,
x2 = 0 detects conjugacy, while at a switching time the relevant information is whether x2
changes sign.

Thus, the cotangent space is T ∗(R ×M) ≃ (R∗ × R) × T ∗M . First of all, we have to
write the Hamiltonian system with the time as additional variable:ṫ(s) = 1 + ν(s),

q̇(s) = (1 + ν(s))u(s).

τ̇(s) = 0,

ṗ(s) = (1 + ν(s))∂qL(q(s), u(s)).

We immediately notice that the right-hand sides of the equations for t and τ depend on nei-
ther p, q nor u. Thus, in the linearized system, i.e. the Jacobi equation, the corresponding
linearized variables are constant for s ∈ (tj−1, tj).

Proof of Proposition 6.2.3. Again, for simplicity of exposition, we deal with the simpler
case of one single switching time, but repeating the same argument one obtains the same
result for any finite number of switching times.
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We recall briefly the structure of the Jacobi curve: we have that Λ0 = ∂τ⊕Π. Then, the

discontinuity at 0 is computed as Λ+
0 = Λ

∂t+H⃗1(λ̃0)
0 . If H⃗1(λ̃0) is vertical, that is x1(0) = 0,

then Λ+
0 = Λ0. Otherwise, denoting by H⃗1(s) = H⃗1(λ̃s) = [0, 0, y1(s), x1(s)]

⊤, we have

Λ+
0 =


0 1

1 0

y1(0) −1/x1(0)

x1(0) 0

 .
Then, for s ∈ (0, t1], we have that the τ, t components are constant and the p, q components
evolve according to the linearized flow (Φ1

s)∗ (which was defined in (6.1.6)). Thus, we have

Λs =


0 1

1 0

y1(s) y2(s)

x1(s) x2(s)

 =
[
∂t + H⃗1(s) ∂τ + η(s)

]
, s ∈ (0, t1].

where η(s) = (Φ1
s)∗[− 1

x1(0)
, 0]⊤. Then, using a similar notation, we define Λ+

t1
= Λ

∂t+H⃗2(t1)
t1

and Λs = (Φ2
s)∗Λ

+
t1

for s ∈ (t1, t2], and then repeat the same algorithm for all the subsequent
regular subintervals.

If the vector field H⃗1(s) is non-constant in s, from ∂t + H⃗1(s) ∈ Λs it follows that there
are no constant vertical vectors contained in Λs.

First, suppose that the Jacobi curve is continuous at s ∈ [0, T ]. We can easily see that
the vector ∂t+ h⃗ũ(s) is never contained in R∂τ ⊕Π, since its projection on the ∂t component

is always non-zero. Moreover, every linear combination of ∂t + h⃗ũ(t) and ∂τ + η(t) with
non-zero coefficients cannot be in R∂τ ⊕ Π as well. Then, following our notation, the only
possibility for s to be a conjugate time is if x2(s) = 0.

If the Jacobi curve is not continuous at s, that is s = t1, then we can compute the
Maslov index indΠ(Λt1 ,Λ

+
t1

) of the curve (see Section 3.4).
The following computation shows that the Maslov index is non-zero at a switching

time if and only if the fourth component x2 changes sign. We know that Λ+
t1

= Λ
∂t+H⃗2(t1)
t1

.

Denoting by H⃗2 = [0, 0, w, z]⊤, we have to find η+ = α(∂t + H⃗1(t1))+∂τ +η(t1) ∈ Λt1 such
that σ(η+, ∂t + H⃗2(t1)) = 0. Writing explicitly, we obtain (we omit the dependence on t1,
since it is fixed):

σ(η+, ∂t + H⃗2) = σ
(
α(∂t + H⃗1) + ∂τ + η, ∂t + H⃗2

)
= ασ(H⃗1, H⃗2) + 1 + σ(η, H⃗2) = 0.

Solving for α yields

α =
σ
(
H⃗2, η

)
− 1

σ
(
H⃗1, H⃗2

) . (6.2.11)
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Notice that α can be computed using only the projection of Λt1 in Tλ̃t1
(T ∗M). So, the

right limit of the Jacobi curve is

Λ+
t1

=
[
∂t + H⃗2(t1) η+(t1)

]
=


0 1

1 α

w(t1) αy1(t1) + y2(t1)

z(t1) αu1(t1) + x2(t1)

 .

We can simplify the expression of the second column by subtracting α(∂t + H⃗2(t1)):

Λ+
t1

=
[
∂t + H⃗2(t1) η+(t1) − α(∂t + H⃗2(t1))

]

=


0 1

1 0

w(t1) α(y1(t1) − w(t1)) + y2(t1)

z(t1) α(x1(t1) − z(t1)) + x2(t1)

 .

We compute now the Maslov index. Recall that indΠ(Λt1 ,Λ
+
t1

) = ind+ q+ 1
2 ker q, where

q : ((Λt1 + Λ+
t1

) ∩ Π)/(Λt1 ∩ Λ+
t1
∩ Π) → R is defined by q(ν) = σ(v1, v2), with v1 + v2 = ν.

We have that q is a quadratic form defined on the one-dimensional space (Λt1 + Λ+
t1

) ∩ Π.
The space Λt1 + Λ+

t1
is given by

Λt1 + Λ+
t1

=
[
∂t + H⃗1(t1) ∂t + H⃗2(t1) ∂τ + η(t1)

]
.

We have to find ν ∈ R∂τ ⊕ Π such that

ν = β1

(
∂t + H⃗1(t1)

)
+ β2

(
∂t + H⃗2(t1)

)
+ β3 (∂τ + η(t1)) ,

for (β1, β2, β3) ̸= (0, 0, 0). Clearly, in order to eliminate the component in the direction ∂t,
we have to choose

β1 = −β2.

Since at a genuine switch we have x1(t1)−z(t1) ̸= 0, it follows that we must choose β3 ̸= 0.
In particular, up to rescale ν, we can always suppose β3 = 1. Hence

ν = β1

(
H⃗1(t1) − H⃗2(t1)

)
+ ∂τ + η(t1).

The condition ν ∈ ∂τ⊕Π is equivalent to β1

(
H⃗1(t1) − H⃗2(t1)

)
+η(t1) ∈ Π = span{(0, 1)⊤}.

This reads,

β1(x1(t1) − z(t1)) + x2(t1) = 0 ⇐⇒ β1 =
x2(t1)

z(t1) − x1(t1)
.
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Finally, we can compute q(ν)

q(ν) = σ(β1(∂t + H⃗1) + ∂τ + η, −β1(∂t + H⃗2)) =

= −β21σ(H⃗1, H⃗2) − β1 − β1σ(η, H⃗2) =

= −β21σ(H⃗1, H⃗2) + β1(σ(H⃗2, η) − 1).

Finally, the time t1 is conjugate to 0 if and only if indΠ(Λt1 ,Λ
+
t1

) > 0. So, t1 is not conjugate
to 0 if q(ν) < 0, which is equivalent to

β21 − β1
(σ(H⃗2, η) − 1)

σ(H⃗1, H⃗2)
= β21 − β1α = β1(β1 − α) > 0,

where α is the same as in (6.2.11) and we have used the fact that σ(H⃗1, H⃗2) > 0. We
compute the product x2(t1)x2(t1+) (for the sake of readability, we omit the s and denote
x2(t1+) by x2+):

x2x2+ = x22 + αx2(x1 − z) =

= β21(x1 − z)2 − αβ1(x1 − z)2 =

= β1(β1 − α)(x1 − z)2.

Thus, t1 is not a conjugate time if and only if x2(t1) and x2(t1+) have the same sign, as
we wanted to show.





Chapter 7

Piecewise regular extremals - part
2: proofs of main results

In this chapter, we apply the general principles developed in Chapters 3 and 4 to piecewise-
regular extremals. Our main purpose is to prove the second-order necessary and sufficient
optimality conditions stated in Chapter 6.

The chapter is divided into two parts. The first part is devoted to the necessary
optimality condition, whereas the second concerns the sufficient optimality condition.

We begin by introducing a Banach manifold structure on a suitable class of admissi-
ble controls that are close to a fixed reference control in an appropriate topology. This
construction provides the functional-analytic framework needed to define the extended
endpoint map, both for problems with free final time and for problems with fixed final
time, which are considered in Sections 7.1 and 7.2, respectively. We then focus on the
free-final-time problem. In Section 7.3, we compute the first and second differentials of the
extended endpoint map. The fixed-final-time case can be treated by analogous arguments
and is therefore not developed in detail. Building on these computations, in Section 7.4
we derive the characterization of the Jacobi curve stated in Theorem 6.1.6. The necessary
optimality condition of Theorem 6.1.7 then follows by applying the general criterion given
in Theorem 3.0.1.

The second part is devoted to sufficient optimality. In Section 7.5, we study the regu-
larity of the Hamiltonian flow generated by the maximized Hamiltonian. This regularity
allows us to construct a field of extremals satisfying the hypotheses introduced in Chap-
ter 4. Combining this construction with the absence of conjugate points, in Section 7.6 we
prove the sufficient optimality condition stated in Theorem 6.1.8.
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7.1 The endpoint map

The aim of this Section is to introduce the endpoint map associated with the problem
(6.1.4). To this aim, we build a structure of Banach manifold on control competitors of
a given reference control. Relying on this Banach manifold structure, in Section 7.3.2 we
compute the derivatives of the endpoint map.

The purpose of the next construction is to obtain a local parametrization of a class
of admissible control competitors whose corresponding extremal is in a neighbourhood of
the reference one. Two kinds of variations have to be considered. First, the control may
vary inside the same smooth submanifold of U . Second, the switching times themselves
must be allowed to change. The first type of variation is described by local coordinates on
the sets Uj , whereas the second is encoded by a time reparametrization. Combining these
two ingredients yields a Banach manifold of controls on which the endpoint map becomes
smooth.

Now, we make this construction rigorous. We take (time-dependent) local coordinates
on each Uj in a neighbourhood of ũ(t), depending on λ̃t, such that ũ(t) = 0. This way, we
can identify an open neighbourhood of ũ(t) in Uj with an open neighbourhood Vj ⊂ RdimUj

of 0 ∈ RdimUj for every j = 1, . . . , k + 1. Hence, any other control u ∈ L∞((tj−1, tj);Uj)
close enough to ũ|(tj−1,tj) can be identified with a control function with values Vj for
t ∈ (tj−1, tj). Using these coordinates, we can rewrite the Hamiltonian system (2.4.1) as

˙̃
λ = h⃗j0(λ̃), t ∈ (tj−1, tj), j = 1, . . . , k + 1.

We now introduce the time-reparametrization variable, whose purpose is to encode varia-
tions of the switching times. Let ν ∈ L∞(R) be a function such that ν(t) > −1 and we
denote by νj := ν|(tj−1,tj). The control system with time reparametrization ν is

λ̇ =
(
1 + νj(t)

)
h⃗j0(λ), t ∈ (tj−1, tj), j = 1, . . . , k + 1.

The Hamiltonian lift of system (6.1.1) with time reparametrization ν is

λ̇ =
(
1 + νj(t)

)
h⃗ju(t)(λ), u(t) ∈ Vj , t ∈ (tj−1, tj), j = 1, . . . , k + 1, (7.1.1)

where here we are using the identification of a neighbourhood of ũ(t) in Uj with Vj . The
cost functional with time reparametrizations is given by

J(ν, u) =

∫ T

0

(
1 + ν(t)

)
L
(
q(t; ν, u), u(t)

)
dt, (ν, u) ∈ U ,

where we are omitting the dependence on the initial point q0 since it is fixed.
We define the space of admissible controls with time reparametrizations on the interval

[0, T ] as

U := {(ν, u) | ν ∈ L∞([0, T ]; (−1,+∞)), u ∈ L∞([0, T ];Vj) for t ∈ (tj−1, tj)}.
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Moreover, for t ∈ [0, T ], we denote by Ut := {(ν, u) ∈ U | supp(ν, u) ⊂ [0, t]}. Notice that,
U has a structure of Banach manifold modelled on the Banach space

L∞([0, T ];R) ×
(
L∞([0, t1];RdimU1) × · · · × L∞([tk, T ];RdimUk+1)

)
.

As this choice of control variations plays a central role in all the rest of the Chapter, it
is worth spending a few more words to clarify the structure of this space:

• if ν(t) = 0 for t ∈ [0, T ], then the control u in the right-hand side of (7.1.1) corresponds
to a control whose value u(t) is in the same submanifold Uj where also ũ(t) is. In
particular, if ν(t) = 0 for t ∈ [0, T ], u is close to ũ in L∞;

• if ν(t) ̸= 0, then the control (ν, u) in (7.1.1) corresponds to the control v ∈ U
T+

∫ T
0 ν(s)ds

admissible for the system (6.1.1) defined by v(t +
∫ t
0 ν(s)ds) = u(t). In particular,

v(t) and ũ(t) can be in different submanifolds of U . This fact allows us to change the
switching times and the resulting control v is close to ũ in L1 but not in L∞.

Introducing time reparametrizations is crucial for several reasons: first of all, the manifolds
Uj may be reduced to a single point (see Example 6.1.1) and in this case there is no variation
of the control which is close to the reference one in the L∞ norm. Second, we can keep
T > 0 fixed, while still considering trajectories with different ending time. Furthermore,
time reparametrizations allow us to consider controls with values in a submanifold different
from Uj , but having at the same time a nice parametrization.

Indeed, the space U is a much smaller space than U. Of course, to obtain necessary
conditions for optimality we can restrict to consider control competitors in a smaller set.
The remarkable fact is that, as we are going to show, this class of variations is rich enough
to obtain sufficient conditions for local optimality as well.

We define the endpoint map on the cotangent bundle to be the map E : U → T ∗M
defined as

E(ν, u) = −→exp

T∫
0

(
1 + ν(t)

)
h⃗u(t) dt ◦ λ̃0,

and we denote by λ(t; λ̃0, ν, u) the solution of (7.1.1), with the convention that if (ν, u) ∈ Ut

we stop the evolution of the system at time t. Finally, we introduce the endpoint map on
the base manifold M to be the map E : U →M , E(ν, u) = π(E(ν, u)):

E(ν, u) = π ◦ −→exp

T∫
0

(
1 + ν(t)

)
h⃗u(t) dt ◦ λ̃0.
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7.2 Optimal control problems with fixed final time

In this section, we show how the problem with fixed final time can be rephrased as a
problem with free final time. In particular, we state the Theorem about the structure of
the Jacobi curve for the fixed final time problem, which is not given in the previous chapter.

The idea of reducing the fixed final time problem to the free final time one is classical.
Instead of prescribing the terminal time, we introduce the physical time as an additional
state variable. The resulting problem has free final time with respect to the new time
parameter s, while the original fixed-final-time constraint is recovered by imposing the
terminal condition t(S) = T . This reformulation allows us to apply directly the free-final-
time theory.

Let U be as in Section 6.1.1. We consider the control system on the manifold M

q̇(t) = f
(
q(t), u(t)

)
, q(0) = q0, q(T ) = q1, t ∈ [0, T ], (7.2.1)

where f, u, q0, q1 are defined as before, and T > 0 is fixed. Similarly, we take the cost
functional

J(u) =

∫ T

0
L
(
q(t), u(t)

)
dt.

We want to study the problem

min{J(u) | q(· ;u) satisfies (7.2.1)}. (7.2.2)

Again, we can apply PMP, obtaining the Hamiltonian system

λ̇ = h⃗u(t)(λ),

where hu(λ) = ⟨λ, f(q, u)⟩ − L(q, u), for λ ∈ T ∗M , u ∈ U , q = π(λ). We want to
define an endpoint map similar to the one introduced in Section 7.1. To this aim, we
introduce an extended control system on M × R, where we add the time t as a new
state-variable. In addition to the control u, we consider also time reparametrizations as
admissible trajectories. More precisely, on the extended state manifold M̂ = M × R we
consider q̇(s) =

(
1 + ν(s)

)
f
(
q(s), u(s)

)
,

ṫ = 1 + ν(s),

(q(0), t(0)) = (q0, 0), (q(S), t(S)) = (qT , T ), s ∈ [0, S].

Denoting by τ = ⟨dt, v⟩, for v ∈ T(q,t)M̂ , the new Hamiltonian is H(ν,u)(τ, λ) = (1 +

ν)
(
hu(λ) + τ

)
. We can introduce a Hamiltonian system in T ∗M̂ analogous to the one in



7.2. OPTIMAL CONTROL PROBLEMS WITH FIXED FINAL TIME 141

Equation (7.1.1), but where we keep this new time variable:
λ̇s =

(
1 + ν(s)

)
h⃗u(s)(λs),

τ̇ = 0,

ṫ = 1 + ν(s),

(7.2.3)

As in the case of free final time, we consider a piecewise regular extremal pair (ũ, λ̃) and
we study optimality of the corresponding trajectory q̃ = π ◦ λ̃ on M .

Along the reference extremal we have ν ≡ 0, so that t(s) = s and S = T . Therefore
the switching times are the same in both parametrizations. The only substantial difference
with the free-final-time case is that the Jacobi curve now lives in the tangent space of the
extended cotangent bundle T ∗M̂ , and the initial vertical space and jump transformations
must be modified accordingly. Notice that, by PMP, hũ(s)(λ̃s) is constant, hence for the

reference extremal with ν(s) = 0 we have that Hũ(s),0(λ̃s, τs) = 0, which reads τs =

−hũ(s)(λ̃s). As before, we can fix time-dependent coordinates in U such that ũ(s) = 0
for all s ∈ [0, T ] and parametrize the value of controls close to ũ(s) by means of these
coordinates. Therefore, the endpoint map of this system is

E(ν, u) = π̂ ◦ −→exp

∫ T

0
(1 + ν(s))

(
∂t + h⃗u(s)

)
ds ◦ (λ̃0, τ0, 0),

where here π̂ : T ∗M̂ → M̂ is the canonical bundle projection. In particular, we see that
the partial derivative of H⃗ with respect to ν is ∂t + h⃗u(s), while in the case of free final

time was simply h⃗u(t). Thus, the formula for the jumps at the switching points is simply

determined by replacing H⃗j+1 with ∂t + H⃗j+1.

Theorem 7.2.1 (Structure of Jacobi curve, fixed final time). Let (ũ, λ̃) be a piecewise
regular extremal pair for the Problem with fixed final time. The Jacobi curve Λ for this
problem is a curve of Lagrangian subspaces in L(T(λ̃0,τ0,0)

(T ∗M̂)) is obtained as follows:
we set Λ0 = Π ⊕ R∂τ , then, for j = 0, 1, . . . , k we set

1. Λ+
tj

= Λ∂t+H⃗j+1

tj
;

2. Λs = (ϕj+1
s )∗Λ

+
tj

for s ∈ (tj , tj+1].

Here ϕjs were introduced in Equation 6.1.6. Notice that the right-hand side of two
equations for τ and t in (7.2.3) does not depend on the state variables λ, τ, t, hence the
corresponding linearized variables are constant of the linearized dynamic. In particular,
the linearized flow (ϕs)∗ extends naturally to this case.
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7.3 Differential and Hessian of the endpoint map

In this section, we derive a formula for the differential and the Hessian of the endpoint map
introduced in 7.1. This formula is then used in Section 7.4 to prove Theorem 7.4.1 about
the structure of the Jacobi curve corresponding to a piecewise regular extremal. First, we
recall some formula of symplectic geometry which is needed in our computations. Then,
we deduce the formula for the Hessian from the general one recalled in (3.2.4) in which the
contributions of the time variations is separated by the one coming from control variations.

7.3.1 Useful formulas

In this subsection, we recall two elementary identities that will be used in the computation
of the Hessian. Let M,U1, U2 be smooth manifolds and let f i : M × Ui → TM be smooth
maps such that f i(·, u) ∈ Vec(M) for every u ∈ Ui, i = 1, 2. For u ∈ Ui, define the
fiber-linear Hamiltonian

hiu(λ) :=
〈
λ, f i

(
π(λ), u

)〉
, λ ∈ T ∗M. (7.3.1)

We denote by ϑ the tautological, or Liouville, one-form on T ∗M .

Lemma 7.3.1. Let ui : T ∗M → Ui, i = 1, 2, be smooth maps satisfying

∂hiu
∂u

(λ)

∣∣∣∣
u=ui(λ)

= 0, λ ∈ T ∗M.

Define hi(λ) := hiui(λ)
(λ), i = 1, 2. Then

ϑλ
(
h⃗i(λ)

)
= hi(λ), i = 1, 2,

and
ϑλ
(
[⃗h1, h⃗2](λ)

)
= σλ

(
h⃗1(λ), h⃗2(λ)

)
.

Proof. By definition of the Hamiltonian vector field, for every fixed u ∈ Ui we have

dλh
i
u = σλ

(
· , h⃗iu

)
.

The chain rule gives

dλh
i =

∂hiu
∂λ

∣∣∣∣
u=ui(λ)

+
∂hiu
∂u

∣∣∣∣
u=ui(λ)

◦ dλui.

The second term vanishes by (7.3.1), and therefore

dλh
i = σλ

(
· , h⃗iui(λ)

)
.
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Hence
h⃗i(λ) = h⃗iui(λ)

(λ).

Since hiu is fiber-linear, it follows that

ϑλ
(
h⃗iu(λ)

)
= hiu(λ),

which proves the first identity.
Concerning the second identity, the conventions of Section 2.2 give

[⃗h1, h⃗2] =
−−−−−→
{h1, h2} =

−−−−−−→
σ
(
h⃗1, h⃗2

)
.

The Hamiltonian
λ 7−→ σλ

(
h⃗1(λ), h⃗2(λ)

)
is fiber-linear. Applying the first identity to this Hamiltonian yields the conclusion.

7.3.2 Differential and Hessian of the endpoint map

Let
0 = t0 < t1 < · · · < tk < tk+1 = T

be the partition associated with the piecewise regular extremal pair (ũ, λ̃), and set

Ij := (tj−1, tj), j = 1, . . . , k + 1.

We use the local control coordinates introduced in Section 7.1, in which the reference
control is represented by ũ(t) = 0 on every interval Ij . For brevity, we denote the tangent
space to the control manifold at the reference control by

V := T(0,0)U .

Every variation w ∈ V is written as

w = (θ, v),

where (θ, 0) is called a time variation and (0, v) is called a control variation. For later use,
we introduce the subspaces

Vτ := {w ∈ V | suppw ⊂ [0, τ ]} , 0 ≤ τ ≤ T,

and
Vτ1,τ2 := {w ∈ V | suppw ⊂ [τ1, τ2]} , 0 ≤ τ1 < τ2 ≤ T.

Let Φ̃0,t denote the Hamiltonian flow of the reference extremal, so that

λ̃t = Φ̃0,t(λ̃0).
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We transport the lifted endpoint map back to the initial cotangent space by setting

G(ν, u) := Φ̃−1
0,T

(
E(ν, u)

)
,

and define the corresponding map on the base manifold by

G := π ◦ G.

In particular,
G(0, 0) = λ̃0, G(0, 0) = q0.

For t ∈ Ij , define the transported-back Hamiltonian

ht(λ, ν, u) :=
(
(1 + ν)hju − hj0

)
◦ Φ̃0,t(λ).

Its Hamiltonian vector field is

h⃗t(λ, ν, u) =
(
Φ̃−1
0,t

)
∗
(
(1 + ν )⃗hju − h⃗j0

)∣∣∣
Φ̃0,t(λ)

.

The variation formula of chronological calculus gives

G(ν, u) = −→exp

∫ T

0
h⃗t

(
· , ν(t), u(t)

)
dt ◦ λ̃0.

For w(t) = (θ(t), v(t)), define

Xt[w(t)] :=
∂h⃗t

∂(ν, u)

(
λ̃0, ν, u

)
[θ(t), v(t)]

∣∣∣∣∣
(ν,u)=(0,0)

,

and

Ztv(t) :=
∂h⃗t

∂u

(
λ̃0, 0, u

)
[v(t)]

∣∣∣∣∣
u=0

.

Recalling the transported-back Hamiltonian vector fields H⃗ j introduced in Chapter 6, we
have

Xt[θ(t), v(t)] = θ(t)H⃗ j + Ztv(t), t ∈ Ij .

We introduce the notation

Θj :=

∫ tj

tj−1

θ(t) dt, ηjv :=

∫ tj

tj−1

Ztv(t) dt.

The first-order formula of Chapter 3 now gives

DG[w] = dλ̃0
π

[∫ T

0
Xt[w(t)] dt

]
= dλ̃0

π

k+1∑
j=1

ΘjH⃗ j +

∫ T

0
Ztv(t) dt

 . (7.3.2)
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Pairing this identity with λ̃0 and using Lemma 7.3.1, we obtain

〈
λ̃0, DG[w]

〉
=

k+1∑
j=1

∫ tj

tj−1

θ(t)hj0(λ̃t) dt+
k+1∑
j=1

∫ tj

tj−1

∂hju
∂u

(λ̃t)[v(t)]

∣∣∣∣∣
u=0

dt.

The first integrand is the value of the Hamiltonian along the reference extremal, while the
second one is the contains the term with the derivative of the control variables. Thus,
arbitrary localized control variations recover the fact that optimal controls must be critical
points of the PMP Hamiltonian function, and arbitrary time variations recover the zero-
Hamiltonian condition for the free-final-time problem. Since (ũ, λ̃) satisfies PMP, the
covector λ̃0 annihilates the image of DG.

It follows from (7.3.2) that

kerDG =

(θ, v) ∈ V

∣∣∣∣∣∣
k+1∑
j=1

ΘjH⃗ j +

∫ T

0
Ztv(t) dt ∈ Π0

 ,

where
Π0 := Tλ̃0

(
T ∗
q0M

)
.

For brevity, we set

K := kerDG, Kτ := K ∩ Vτ , Kτ1,τ2 := K ∩ Vτ1,τ2 .

We now turn to the second differential. Unless otherwise specified, all derivatives of ht

and h⃗t appearing below are taken with respect to (ν, u) and evaluated at (λ̃0, 0, 0). The
general formula proved in Chapter 3 yields the quadratic form

Q(w) := −
∫ T

0
D2ht[w(t)]2 dt−

∫ T

0

∫ t

0
σλ̃0

(
Xs[w(s)], Xt[w(t)]

)
ds dt, w ∈ V. (7.3.3)

Its restriction to K is the second differential of the extended endpoint map:

Q|K = D2J − λ̃0D
2G.

The Legendre form D2ht in (7.3.3) depends only on control-control contributions. In-
deed, the transported Hamiltonian is affine in ν, and therefore

D2ht[θ(t), 0]2 = 0.

Moreover,

D2ht

[
(θ(t), 0), (0, v(t))

]
= θ(t)

∂hju
∂u

(λ̃t)[v(t)]

∣∣∣∣∣
u=0

= 0, t ∈ Ij .
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Consequently,
D2ht[w(t)]2 = D2ht[v(t)]2. (7.3.4)

The following identity allows us to separate the mixed time-control terms interval by
interval.

Proposition 7.3.2. For every j = 1, . . . , k+ 1, every t ∈ Ij, and every v ∈ T0Uj, one has{
hj0,

∂hju
∂u

[v]

∣∣∣∣∣
u=0

}
(λ̃t) = 0. (7.3.5)

Equivalently, in transported-back coordinates,

σλ̃0

(
H⃗ j , Ztv

)
= 0. (7.3.6)

Proof. In the local coordinates fixed in Section 7.1, the reference control is identically zero
on Ij . By the first order condition, we have that ũ(t) is a critical point of hju(λ̃t):

∂hju
∂u

(λ̃t)

∣∣∣∣∣
u=0

= 0, t ∈ Ij .

Differentiating this identity along the reference extremal and using

˙̃
λt = h⃗j0(λ̃t)

gives (7.3.5). Since Φ̃0,t is symplectic, transporting the two Hamiltonian vector fields back
to λ̃0 gives (7.3.6).

We first compute the term in (7.3.3) with the double integral in the case of a single
switching time. Assume therefore that k = 1, so that

I1 = (0, t1), I2 = (t1, T ).

For pure time variations, the contributions for which s and t belong to the same interval
vanish by skew-symmetry: for t, s ∈ I1,

σλ̃0

(
Xs[θ(s), 0], Xt[θ(t), 0]

)
= θ(s)θ(t)σλ̃0

(
H⃗ 1, H⃗ 1

)
= 0,

and similarly if t, s ∈ I2 we have σλ̃0

(
Xs[θ(s), 0], Xt[θ(t), 0]

)
= 0. Hence,∫ T

0

∫ t

0
σλ̃0

(
Xs[θ(s), 0], Xt[θ(t), 0]

)
ds dt =

∫ T

t1

∫ t1

0
θ(s)θ(t)σλ̃0

(
H⃗ 1, H⃗ 2

)
ds dt

= Θ1Θ2σλ̃0

(
H⃗ 1, H⃗ 2

)
.

(7.3.7)
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The control-control contribution is simply∫ T

0

∫ t

0
σλ̃0

(
Zsv(s), Ztv(t)

)
ds dt.

For the first mixed contribution, Proposition 7.3.2 eliminates the regions contained in
I1 × I1 and I2 × I2. Thus,∫ T

0

∫ t

0
σλ̃0

(
Xs[θ(s), 0], Xt[0, v(t)]

)
ds dt =

∫ T

t1

∫ t1

0
θ(s)σλ̃0

(
H⃗ 1, Ztv(t)

)
ds dt

= Θ1σλ̃0

(
H⃗ 1, η2v

)
.

Similarly, ∫ T

0

∫ t

0
σλ̃0

(
Xs[0, v(s)], Xt[θ(t), 0]

)
ds dt = Θ2σλ̃0

(
η1v , H⃗ 2

)
. (7.3.8)

Combining (7.3.4) and (7.3.7)–(7.3.8), we obtain

Q(θ, v) = −
∫ T

0
D2ht[v(t)]2 dt−

∫ T

0

∫ t

0
σλ̃0

(
Zsv(s), Ztv(t)

)
ds dt

− Θ1Θ2σλ̃0

(
H⃗ 1, H⃗ 2

)
− Θ1σλ̃0

(
H⃗ 1, η2v

)
− Θ2σλ̃0

(
η1v , H⃗ 2

)
.

The formula for finitely many switching times follows by decomposing the triangle{
(s, t) ∈ [0, T ]2 | s ≤ t

}
into the regions Ii×Ij , with i ≤ j. On each diagonal region Ij×Ij , the time-time contribu-
tion vanishes by skew-symmetry and the mixed contributions vanish by Proposition 7.3.2.
Every region Ii × Ij with i < j gives the same four cross terms as in the one-switch
computation. Consequently,

Q(θ, v) = −
∫ T

0
D2ht[v(t)]2 dt−

∫ T

0

∫ t

0
σλ̃0

(
Zsv(s), Ztv(t)

)
ds dt

−
∑

1≤i<j≤k+1

ΘiΘjσλ̃0

(
H⃗ i, H⃗ j

)
−

∑
1≤i<j≤k+1

[
Θjσλ̃0

(
ηiv, H⃗ j

)
+ Θiσλ̃0

(
H⃗ i, ηjv

)]
.

(7.3.9)

This is the required decomposition of the Hessian into the pointwise control term, the non-
local control-control interaction, the interaction between time variations on distinct arcs,
and the two mixed time-control interactions.
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Finally, for 0 ≤ τ1 < τ2 ≤ T , we define the quadratic form

Qτ1,τ2(w) := −
∫ τ2

τ1

D2ht[w(t)]2 dt

−
∫ τ2

τ1

∫ t

τ1

σλ̃0

(
Xs[w(s)], Xt[w(t)]

)
ds dt, w ∈ Vτ1,τ2 .

The quadratic forms Q and Qτ1,τ2 will be used in the next section to construct the L-
derivative and the Jacobi curve of the piecewise regular extremal.

7.4 Jacobi curve of a piecewise regular extremal

In the previous sections we introduced the endpoint map and computed its differential
and Hessian. Building on these results, in this section we prove the characterization of
the Jacobi curve of a piecewise regular extremal pair (ũ, λ̃) stated in Theorem 6.1.6. We
then give an interpretation of the regular arcs of the Jacobi curve analogous to the one
developed in Subsection 3.3.2, with the appropriate initial conditions and jumps produced
by the time variations at the switching points.

7.4.1 Proof of Theorem 6.1.6

The proof combines the working characterization of the Jacobi curve in Proposition 3.3.5
with the recursive construction of Lemma 3.3.6. Proposition 7.3.2 allows us to separate the
contribution of the time variations from that of the control variations on each interval of
regularity. More precisely, the time variations determine the right limit at the initial point
of each regular arc, while the subsequent evolution is governed by the Jacobi equation for
regular extremals.

For the reader convenience, we recall some notation and restate precisely the result.
For t ∈ (tj−1, tj), let bt : Tλ̃0

(T ∗M) → R be the quadratic Hamiltonian

bt(η) := −1

2

〈
σλ̃0

(
Zt ·, η

)
,L−1

t σλ̃0

(
Zt ·, η

)〉
, (7.4.1)

where Zt was introduced in (3.2.1), Lt is the Legendre form introduced in (2.4.2) and we
use the convention that both Zt and Lt for t ∈ (tj−1, tj) are defined on Tũ(t)Uj . Moreover
we define Bt to be the flow

Bt = −→exp

∫ t

tj−1

b⃗s ds, t ∈ (tj−1, tj), j = 1, . . . , k + 1.

Theorem 7.4.1. Let (ũ, λ̃) be a piecewise regular extremal pair for problem (6.1.4). Denote
by (Λt)t∈[0,T ] the Jacobi curve associated with (ũ, λ̃). Then, Λ is a left-continuous piece-
wise smooth curve in the Lagrangian Grassmannian of Tλ̃0

(T ∗M), with discontinuities at
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0, t1, . . . , tk. It is determined recursively by the following algorithm. We set Λ0 = Πλ̃0
and,

for every j = 1, . . . , k + 1, the following properties hold.

1. For every t ∈ (tj−1, tj ], one has H⃗ j ∈ Λt. In particular, the right limit at tj−1 is

Λ+
tj−1

= ΛH⃗ j

tj−1
=
(

Λtj−1 ∩
(
H⃗ j
)∠)

+ RH⃗ j .

2. For every t ∈ (tj−1, tj ], the space Λt is generated by the solutions of the Cauchy
problem on Tλ̃0

(T ∗M)

η̇(t) = ZtL−1
t σλ̃0

(
Zt ·, η(t)

)
, η(tj−1) ∈ Λ+

tj−1
. (7.4.2)

If Bt denotes the flow of the right-hand side of (7.4.2), then Λt = BtΛ
+
tj−1

.

Proof. We compute the Jacobi curve recursively by means of the following algorithm. For
each time interval (tj−1, tj), j = 1, . . . , k + 1:

1. we compute Λt(Vj), t ∈ (tj−1, tj ], where Vj = Vtj−1 ⊕ Vθ is the subspace of varia-
tions generated by Vtj−1 , that is, all admissible variations supported in [0, tj−1], and
Vθ = span{1[tj−1,t]}, the time variations supported in (tj−1, t). This is done apply-
ing Lemma 3.3.6, with V1 = Vtj−1 and V2 = Vθ. In particular, we will find that

Λt(Vj) = ΛH⃗j

tj−1
, that is, Λt(Vj) is constant for t ∈ (tj−1, tj). Notice that, since Qτ

depends only on the integral of the variations of time on the intervals (tj−1, tj), we
can restrict to consider θ constant on some subinterval of (tj−1, tj).

2. We compute Λt, t ∈ (tj−1, tj ], from the previous approximation Λt(Vj). This is done
by using the splitting Vt = Vj ⊕Wj , Wj being the set of control variations supported
in (tj−1, tj). Since Λt(Vj) is constant for t ∈ (tj−1, tj) and time variations commutes
with control variations, it is possible to characterize solutions of Equation (3.3.1)
as solutions of a suitable Jacobi type equation, following the same strategy that is
applied to the case of a regular arc.

We first prove points 1. and 2. in the Theorem’s statement on the interval (0, t1] and
then explain how the same construction is iterated on the subsequent intervals of regularity.

We begin with point 1. By definition,

Λ0 = Π = Tλ̃0

(
T ∗
q0M

)
⊂ Tλ̃0

(T ∗M).

Fix t ∈ (0, t1) and consider the one-dimensional space of time variations

Vθ := span
{(
1(0,t), 0

)}
.

We compute Λt(Vθ) from Λ0 by applying Lemma 3.3.6. Since the quadratic formQt depends
only on the integral of the time variations, as follows from Equation (7.3.9), it is enough
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to consider time variations that are constant on a subinterval of (0, t1). For w1, w2 ∈ Vθ,
the pointwise second-order term vanishes because D2hs|Vθ

= 0, while the term inside the
double integral vanishes because

σλ̃0

(
Xsw1(s), Xrw2(r)

)
= σλ̃0

(
H⃗1, H⃗1

)
= 0.

Consequently,

Qt(w1, w2) = 0, w1, w2 ∈ Vθ.

Moreover, the right-hand side of Equation (3.3.3) is∫ t

0
σλ̃0

(
η,Xsw2(s)

)
ds =

∫ t

0
σλ̃0

(
η, H⃗1

)
ds = t σλ̃0

(
η, H⃗1

)
, η ∈ Λ0. (7.4.3)

Since (H⃗1)∠ has codimension one in Tλ̃0
(T ∗M) and Λ0 has dimension d, Grassmann’s

identity gives

dim
(

Λ0 ∩ (H⃗1)∠
)
∈ {d− 1, d}.

Suppose first that this dimension is d. Then Λ0 ⊂ (H⃗1)∠ and, since Λ0 is Lagrangian,
H⃗1 ∈ Λ0. This implies that (7.4.3) also vanishes and Therefore,

ΛH⃗1

0 = Λ0 = Π.

Hence, Lemma 3.3.6 yields Λt(Vθ) = Π. Suppose instead that

dim
(

Λ0 ∩ (H⃗1)∠
)

= d− 1.

Then there exists η1 ∈ Λ0 such that σλ̃0
(H⃗1, η1) ̸= 0, and there exist d − 1 linearly inde-

pendent vectors η2, . . . , ηd ∈ Λ0 such that

σλ̃0

(
H⃗1, ηi

)
= 0, i = 2, . . . , d.

Thus η2, . . . , ηd annihilate the right-hand side of (7.4.3). In addition, the choice η = 0 and
w1 = 1(0,t) in Equation (3.3.2) satisfies Equation (3.3.3), because both sides vanish on Vθ.
Lemma 3.3.6 therefore yields

Λt(Vθ) = span
{
H⃗1, η2, . . . , ηd

}
.

Combining the two possible dimension cases, we obtain

Λt(Vθ) =
(

Π ∩ (H⃗1)∠
)

+ RH⃗1 = ΛH⃗1

0 , t ∈ (0, t1].
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We now add the remaining admissible variations. Let Wt ⊂ Vt be any space of variations
containing Vθ. Proposition 7.3.2 implies that the time variation commutes symplectically
with every additional variation, namely

σλ̃0

(
Xsw(s), Xswθ(s)

)
= σλ̃0

(
Xsw(s), H⃗1

)
= 0, s ∈ (0, t),

for every w ∈ Wt and wθ ∈ Vθ. Hence the vector H⃗1 satisfies Equation (3.3.1) also when
the test variations range over Wt. It follows that H⃗1 ∈ Λt(Wt). Passing to the generalized
limit over the finite-dimensional approximations gives

H⃗1 ∈ Λt, t ∈ (0, t1].

In particular, H⃗1 ∈ Λ+
0 , and point 1 is proved on the first interval.

We now prove point 2 on (0, t1]. Fix t ∈ (0, t1] and denote by Wt the space of control
variations supported in (0, t). We have already shown that the time variations generate
the constant Lagrangian subspace

Λt(Vθ) = Λ+
0 = ΛH⃗1

0 = ΠH⃗1
.

The crucial point is that the contribution of the time variations can be incorporated
entirely into this new initial condition before adding the control variations. Indeed, Equa-
tion (7.3.4) shows that the pointwise part of the second variation has no mixed time-control
terms, while Proposition 7.3.2 gives

σλ̃0

(
H⃗1, Zsv

)
= 0, v ∈ T0U1.

Hence, also the mixed time-control contributions in the double integral defining Qt vanish.
Since Qt vanishes on pairs of time variations, for θi ∈ Vθ and vi ∈Wt we obtain

Qt

(
θ1 + v1, θ2 + v2

)
= Qt

(
v1, v2

)
.

Therefore, once the equations corresponding to the time variations have been used to re-
place Π with Λ+

0 , the remaining equations involve only control variations and are identical
to those arising for a regular extremal arc. This allows us to repeat the proof of Theo-
rem 3.3.9 with the initial vertical space replaced by Λ+

0 .
More explicitly, we have to determine η0 ∈ Λ+

0 and v ∈Wt satisfying

Qt(v, w) =

∫ t

0
σλ̃0

(
η0, Zsw(s)

)
ds, w ∈Wt.

Setting

η(s) = η0 +

∫ s

0
Zrv(r) dr,
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the computation from Equation (3.3.5) to Equation (3.3.6) applies without modification
and gives

−Ls

(
v(s), ·

)
− σλ̃0

(
η(s), Zs ·

)
= 0.

The strong Legendre condition then yields

η̇(s) = ZsL−1
s σλ̃0

(
Zs ·, η(s)

)
, η(0) ∈ Λ+

0 .

The converse implication follows exactly as in the final part of the proof of Theorem 3.3.9:
every solution of this Cauchy problem determines a control variation satisfying the preced-
ing equation. Consequently,

Λt = B1
t Λ+

0 = B1
t ΠH⃗1

, t ∈ (0, t1].

Finally, Proposition 7.3.2 also shows that the constant curve

η(s) = H⃗1

solves the Jacobi equation, since its right-hand side vanishes. This is consistent with point 1
and with the inclusion H⃗1 ∈ Λt for every t ∈ (0, t1].

It remains to iterate the construction. Consider first the interval (t1, t2] and let Vθ
be the space of time variations supported in (t1, t2). These variations determine the new
initial condition at t1 for the Jacobi equation on the second regular arc. Since H⃗1 ∈ Λt1

and
σλ̃0

(
H⃗1, H⃗2

)
̸= 0,

the inclusion Λt1 ⊂ (H⃗2)∠ is impossible. Since (H⃗2)∠ has codimension one, it follows that

dim
(

Λt1 ∩ (H⃗2)∠
)

= d− 1.

We may therefore choose d− 1 linearly independent vectors η2, . . . , ηd in this intersection.
As on the first interval, Qt(w1, w2) = 0 for all w1, w2 ∈ Vθ, and the pair η = 0, w1 = 1(t1,t2)

satisfies Equation (3.3.3). Lemma 3.3.6 then gives

Λt(Vθ) = ΛH⃗2

t1 , t ∈ (t1, t2].

In particular,

Λ+
t1

= ΛH⃗2

t1 .

The same commutation argument used on the first interval shows that

H⃗2 ∈ Λt, t ∈ (t1, t2].

Finally, applying again Proposition 3.3.5 again to add the control variations, and repeating
the derivation above, shows that Λt on (t1, t2] is generated by the solutions of (7.4.2) with
initial condition in Λ+

t1
.
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Repeating the same two steps on every interval (tj−1, tj ] proves both assertions of
the theorem for j = 1, . . . , k + 1. On each interval the Jacobi curve is generated by
the flow of a linear differential equation and is therefore smooth. Its value at tj is the
endpoint of the smooth arc defined on (tj−1, tj ], while the time variations determine the
right limit Λ+

tj
. Hence the curve is left continuous and its only possible discontinuities occur

at 0, t1, . . . , tk.

7.4.2 Hamiltonian characterization of the regular arcs

We now give a characterization of the smooth pieces of the Jacobi curve parallel to the one
obtained for regular extremals in Subsection 3.3.2. First, we prove that regular arcs of the
Jacobi curve of a piecewise regular extremal are increasing.

Corollary 7.4.2. Let (ũ, λ̃) be a piecewise regular extremal pair and let Λ be its Jacobi
curve. Then the restriction of Λ to every interval (tj−1, tj) is increasing.

Proof. The strong Legendre condition implies that Lt is negative definite on each interval
(tj−1, tj). Hence the quadratic Hamiltonian bt in (7.4.1) is positive definite on each interval
(tj−1, tj). The conclusion follows from Proposition 3.3.10 applied to

Λt = BtΛ
+
tj−1

.

To compare the Jacobi equation with the maximized Hamiltonian dynamics, define

Ht :=
(
H − hũ(t)

)
◦ Φ̃0,t, t ∈ [0, T ]

The corresponding Hamiltonian flow compares the maximized flow with the flow generated
by the reference control after both have been transported back to λ̃0.

Proposition 7.4.3. For every j = 1, . . . , k + 1, the following identities hold on (tj−1, tj).

1. The transported-back flow ϕt is generated by Ht, namely

ϕt = −→exp

∫ t

tj−1

H⃗s ds.

2. The function Ht vanishes to first order at λ̃0 and its Hessian is the quadratic Hamil-
tonian of the Jacobi equation:

Ht(λ̃0) = 0, dλ̃0
Ht = 0, bt =

1

2
Hessλ̃0

Ht.
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3. The linearization of ϕt at λ̃0 is the flow of the Jacobi equation:

(ϕt)∗ = Bt.

Proof. The definition (6.1.6) and the variation formula for non-autonomous flows give

Φ̃−1
0,t ◦ Φt−tj−1 ◦ Φ̃0,tj−1 = −→exp

∫ t

tj−1

−−−−−−−−−−−−−→(
H − hũ(s)

)
◦ Φ̃0,s ds,

which proves the first identity. Along the reference extremal, the control ũ(t) maximizes hu,
so H and hũ(t) have the same value and the same first differential at λ̃t. After composition

with Φ̃0,t, this gives
Ht(λ̃0) = 0, dλ̃0

Ht = 0.

The computation of the second differential is exactly the regular-arc computation of Propo-
sition 3.3.12, applied on (tj−1, tj) after translating the initial time and transporting the
dynamics to Tλ̃0

(T ∗M).
Finally, a similar strategy combined with the argument used in Corollary 3.3.13 yields

also point 3. in the statement.

Remark 7.4.4. Equation (7.4.2) is written on the fixed symplectic space Tλ̃0
(T ∗M) because

the entire dynamics have been transported back along the reference flow. An equivalent
formulation is obtained in the moving spaces Tλ̃t

(T ∗M). Define

Ξt := (Φ̃0,t)∗Λt.

On the interval (tj−1, tj), the space Ξt is generated by the solutions of

ξ̇(t) = dλ̃t
H⃗
[
ξ(t)

]
, ξ(tj−1) ∈ Ξ+

tj−1
,

where

Ξ+
tj−1

= Ξ
H⃗

j
(λtj−1 )

tj−1
=
(

Ξtj−1 ∩ H⃗
j
(λtj−1)∠

)
+ RH⃗

j
(λtj−1).

Thus, the Jacobi curve is obtained by alternating the linearized Hamiltonian evolution on
each regular arc with the jump prescribed at each switching point.

7.5 The maximized Hamiltonian flow and the field of ex-
tremals

In the previous sections of this Chapter we found the structure of the Jacobi curve as-
sociated with a piecewise regular extremal and, as a direct consequence, we obtained a
second-order necessary condition for optimality. The purpose of the remaining part of this
Chapter is to prove a second-order sufficient optimality condition.
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In this section, we show that, in the case of a piecewise regular extremal, the maxi-
mized Hamiltonian produces a piecewise smooth flow in a neighbourhood of the reference
extremal, and then it can be used naturally as a super-Hamiltonian function. This allow
us to prove that the set of Lagrange multipliers in this case has a structure of Lipschitz
(piecewise-smooth) manifold and also to produce a suitable field of extremals, which will
be used to prove the sufficient optimality condition.

7.5.1 The maximized Hamiltonian and its flow

Let (ũ, λ̃) be a piecewise regular extremal pair for the optimal control problem (6.1.4), and
let

hu(λ) = ⟨λ, f(π(λ), u)⟩ − L(π(λ), u)

be the corresponding normal PMP Hamiltonian. We retain the notation introduced in
Definition 6.1.5: the switching times are

0 = t0 < t1 < · · · < tk < tk+1 = T,

and, on the interval (tj−1, tj), the reference control belongs to the smooth submanifold
Uj . In the following Proposition, we prove that the strong Legendre condition determines,
locally around the reference extremal, a smooth maximizing control uj , that is a smooth
function from a neighbourhood in T ∗M of a smooth arc of λ̃ to Uj such that

Hj(λ) = huj(λ)(λ).

Given a piecewise regular extremal λ̃ and a neighbourhood of its image N ⊂ T ∗M , we say
that the set

Nj := {λ ∈ N | Hj(λ) > max
i̸=j

H i(λ)}

is a regular region for λ̃ inside N , while we say that the set

Σj :=
{
λ ∈ N

∣∣Hj(λ) = Hj+1(λ)
}

is a switching set of λ̃ inside N . We recall that, since all the relevant dynamics are confined
in a relatively compact neighbourhood of λ̃, we assume, without loss of generality, that all
the vector fields under consideration are complete.

Proposition 7.5.1. Let (ũ, λ̃) be a piecewise regular extremal pair. There exist a neigh-
bourhood N ⊂ T ∗M of the image of λ̃ and an autonomous flow Φ on N with the following
properties:

1. on every regular region Nj for λ̃, there is a unique smooth maximizing control uj :
Nj → Uj, that is a smooth function realizing

H(λ) = Hj(λ) = huj(λ)(λ), λ ∈ Nj ;



156 CHAPTER 7. PIECEWISE REGULAR EXTREMALS - PART 2

2. the switching sets Σj are smooth hypersurfaces containing λ̃tj , and both H⃗j and H⃗j+1

are transverse to Σj at every point;

3. the maximized Hamiltonian H is locally Lipschitz on N and smooth outside the union
of the switching hypersurfaces;

4. in N \ (∪k
j=1Σj), the maximizing control

umax(λ) = argmax
u∈U

hu(λ)

is uniquely defined and smooth, while on Σj the two adjacent controls uj(λ) and
uj+1(λ) realize the same maximum;

5. the Hamiltonian flow of H, denoted by Φ, is obtained by concatenating the smooth
Hamiltonian flows of the Hj at their first intersections with the switching hypersur-
faces. The map (t, λ) 7→ Φt(λ) is Lipschitz on its domain, and every map Φt is locally
bi-Lipschitz, with inverse Φ−t. Every extremal trajectory sufficiently close to λ̃ is an
orbit of this flow. In particular,

H(Φt(λ)) = H(λ). (7.5.1)

Proof. We first work on a compact subinterval I of (tj−1, tj). Along the reference extremal,
PMP and the strong Legendre condition give

∂hu
∂u

∣∣∣∣
u=ũ(t), λ=λ̃t

= 0,
∂2hu
∂u2

∣∣∣∣
u=ũ(t), λ=λ̃t

< 0.

The implicit function theorem therefore gives a smooth feedback uj(λ), defined on a suffi-
ciently small neighbourhood in T ∗M of λ̃|I satisfying

∂hu
∂u

∣∣∣∣
u=uj(λ)

= 0.

After reducing the neighbourhood, the Legendre form remains negative definite, and hence
uj(λ) is the unique maximizer on the submanifold Uj . The strict separation of Hj from the
other H i along every compact subinterval, together with continuity, shows that Hj also
realizes the maximum over the whole control set in a neighbourhood of the corresponding
reference arc. Moreover,

dHj(λ) = dλhuj(λ)(λ),

because the derivative with respect to the control vanishes at uj(λ). Consequently,

H⃗j(λ) = h⃗uj(λ)(λ).
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We now consider a switching point λ̃tj and set

Gj := Hj+1 −Hj .

By the strong switching condition, we have
{
Hj , Hj+1

}
(λ̃tj ) ̸= 0. In particular,

dλ̃tj
Gj ̸= 0,

and the implicit function theorem shows that Σj = G−1
j (0) is a smooth hypersurface near

λ̃tj . Furthermore,

dGj

[
H⃗j
]

=
{
Hj , Hj+1

}
̸= 0, dGj

[
H⃗j+1

]
=
{
Hj+1, Hj

}
̸= 0,

so both adjacent Hamiltonian vector fields are transverse to Σj at λ̃tj . By continuity, the
transversality persists in a sufficiently small neighbourhood of the switching point.

Let Φj denote the smooth Hamiltonian flow of Hj . For λ close to λ̃tj−1 , the first
intersection with Σj is determined by the equation

Gj

(
Φj
s(λ)

)
= 0.

Let gj(s, λ) := Gj

(
Φj
s(λ)

)
. Since ∂sg(tj− tj−1, λ̃tj−1) =

{
Hj , Hj+1

}
(λ̃tj ) ̸= 0, the implicit

function theorem provides a smooth hitting-time function τj(λ). The local trajectory is
obtained by following Φj up to time τj(λ) and then following Φj+1 from the hitting point.
Repeating the construction at the finitely many switching hypersurfaces defines the local
flow Φ in a neighbourhood of the whole reference trajectory.

Thus, by this construction, (t, λ) 7→ Φt(λ) is Lipschitz continuous. The same construc-
tion performed backwards gives Φ−t, and therefore every Φt is locally bi-Lipschitz. Since a
nearby extremal must satisfy the maximizing condition on each regular region, uniqueness
of the maximizing feedback and of the crossing times shows that it coincides with an orbit
of Φ. Finally, on an arc governed by Hj one has

d

dt
Hj(Φt(λ)) =

{
Hj , Hj

}
(Φt(λ)) = 0.

At a switching point the two adjacent Hamiltonians have the same value. Therefore the
conserved values on consecutive arcs agree, which proves (7.5.1).

Corollary 7.5.2. The maximized Hamiltonian H is a super-Hamiltonian for (ũ, λ̃).

Proof. Let a ∈ C∞(M) satisfy

λ̃0 = dq0a,
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and suppose that 0 is a regular value of the restriction of H to the exact Lagrangian graph

L0 = {dqa|q ∈M} .

If M0 is a relatively open connected subset of

L0 ∩H−1(0)

containing λ̃0, then the flow-out

M = {Φt(λ0)|λ0 ∈ M0, t ∈ I}

satisfies hypotheses (H1)–(H6) of Chapter 4. Indeed, the regularity and local bi-Lipschitz
properties follow from Proposition 7.5.1, the super-Hamiltonian inequality holds with equal-
ity, and (7.5.1) implies thatH vanishes on the whole flow-out. Along the reference extremal,
PMP gives

H(λ̃t) = hũ(t)(λ̃t), H⃗(λ̃t) = h⃗ũ(t)(λ̃t)

for almost every t.

Thus, the only hypothesis of the sufficient criterion which remains to be verified is the
local invertibility of the projection of M onto M .

7.5.2 Structure of the set of Lagrange multipliers

We now apply the preceding construction to the set L of normal Lagrange multipliers
introduced in Definition 3.1.4. Our aim is to show that in the case of a piecewise regular
extremal, the set of Lagrange multipliers satisfies the hypothesis (H8) in Chapter 4. In
particular, it is possible to find a field of extremals satisfying that assumption. Let

Π = T ∗
q0M

be the initial vertical fiber and set

L0 = Π ∩H−1(0).

Locally around the reference extremal, PMP and the uniqueness statement in Proposi-
tion 7.5.1 identify L with the flow-out of L0:

L = {Φt(λ0)|λ0 ∈ L0, t ∈ I} . (7.5.2)

We first consider the regular case.
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Proposition 7.5.3 (Structure of L near a regular extremal). Let (ũ, λ̃) be a regular ex-
tremal pair. Assume that

H⃗(λ̃0) /∈ Tλ̃0
L0.

Then there exists a neighbourhood Oλ̃ ⊂ T ∗M of the image of λ̃ such that L ∩ Oλ̃ is a
smooth immersed Lagrangian submanifold of dimension d. If

λ = Φt(λ0), λ0 ∈ L0,

then

TλL = dλ0Φt (Tλ0L0) + RH⃗(λ). = dλ0Φt

(
Tλ0L0 + RH⃗(λ0)

)
. (7.5.3)

Proof. The transversality assumption implies that 0 is a regular value of H|Π near λ̃0,
hence L0 is a smooth (d − 1)-dimensional submanifold of the vertical fibre Π. Since Π is
Lagrangian, L0 is isotropic. Consider the flow-out map

Ξ : L0 × I −→ T ∗M, Ξ(λ0, t) = Φt(λ0).

Its differential is

d(λ0,t)Ξ(v, s) = dλ0Φt(v) + sH⃗(Φt(λ0)).

At (λ̃0, 0), the transversality assumption implies that this map has rank d. After reducing
L0 and the time interval, the same holds in a neighbourhood of the reference flow-out, and
hence Ξ is an immersion. Equation (7.5.2) then gives the smooth immersed structure of L
and the tangent-space formula (7.5.3).

It remains to prove that the tangent spaces are Lagrangian. If v ∈ Tλ0L0, then

σλ0

(
v, H⃗(λ0)

)
= dH(λ0)[v] = 0,

because L0 ⊂ H−1(0). Thus

Tλ0L0 + RH⃗(λ0)

is a d-dimensional isotropic subspace, and therefore it is Lagrangian. Since every smooth
Hamiltonian flow preserves the symplectic form, the image in (7.5.3) is Lagrangian as
well.

We now turn to the piecewise regular case. The local description of the switching flow
obtained in the proof of Proposition 7.5.1 already contains the coordinate construction
needed below. We shall therefore refer to that proof whenever the same hitting-time
argument is involved, and only record the additional geometric information specific to the
flow-out of L0.
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Proposition 7.5.4 (Structure of L near a piecewise regular extremal). Let (ũ, λ̃) be a
piecewise regular extremal pair, with switching times t1, . . . , tk. Assume that

H⃗1(λ̃0) /∈ Tλ̃0
L0.

Then there exists a neighbourhood Oλ̃ ⊂ T ∗M of the image of λ̃ such that L ∩ Oλ̃ is a
d-dimensional Lipschitz immersed manifold. It admits a decomposition

L ∩ Oλ̃ =

k+1⋃
j=1

Lj ,

where every Lj is a smooth Lagrangian submanifold with boundary and the interiors of the
Lj are pairwise disjoint. Consecutive pieces meet along the smooth (d − 1)-dimensional
isotropic submanifolds

Γj := Lj ∩ Lj+1 ⊂ Σj , j = 1, . . . , k.

In the relative topology of Oλ̃, their boundaries are

∂L1 = Γ1,

∂Lj = Γj−1 ∪ Γj , j = 2, . . . , k,

∂Lk+1 = Γk.

At every smooth point λ ∈ Lj, one has

H⃗j(λ) ∈ TλLj .

If λ ∈ Γj, then

TλLj = TλΓj ⊕ RH⃗j(λ),

TλLj+1 = TλΓj ⊕ RH⃗j+1(λ),

and consequently

TλLj ∩ TλLj+1 = TλΓj .

Finally, the generalized tangent family of L at λ ∈ Γj is

TλL =
⋃

α∈[0,1]

(
TλΓj + R

(
αH⃗j(λ) + (1 − α)H⃗j+1(λ)

))
. (7.5.4)

In particular, both H⃗j(λ) and H⃗j+1(λ) are transverse to Γj.
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L ∩ Oλ̃

L1 L2
L3

H⃗1

H⃗2

H⃗3

∂L1 ∂L2

λ̃

Figure 7.1: Graphical representation of Proposition 7.5.4.

Proof. Away from the switching hypersurfaces, the statement follows from Proposition 7.5.3,
applied on the regular arcs of the reference extremal. It is therefore sufficient to describe
the gluing near each λ̃tj .

Let Lj denote the smooth incoming Lagrangian piece. Since H⃗j is tangent to Lj and,
by Proposition 7.5.1, transverse to Σj , the intersection

Γj = Lj ∩ Σj

is a smooth submanifold of Lj of codimension one. Hence dim Γj = d−1, and Γj is isotropic
because it is contained in the Lagrangian manifold Lj .

The hitting-time construction in the proof of Proposition 7.5.1, restricted to the flow-
out of L0, gives the local parametrization

Θj : Γj × (−δ, δ) −→ L, Θj(η, s) =

Φj
s(η), s ≤ 0,

Φj+1
s (η), s ≥ 0.

(7.5.5)

As proved there, after reducing δ and the neighbourhood, Θj is bi-Lipschitz onto its image
and is smooth on each half-cylinder. This proves the local Lipschitz manifold structure.

The transversality of H⃗j and H⃗j+1 also yields

TλΓj = TλLj ∩ TλLj+1

Finally, the same piecewise smooth parametrization (7.5.5) gives the the generalized
tangent. Its generalized differential consists of the convex combinations of the two one-
sided differentials in the transverse variable, while the differential in the Γj-directions is the
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same on both sides. Definition A.2.8 therefore gives (7.5.4). Since there are finitely many
switching times, the local constructions can be patched after choosing disjoint switching
neighbourhoods, which completes the proof.

Remark 7.5.5 (Structure of fields of extremals). The proof of Proposition 7.5.4 uses only
the piecewise Hamiltonian structure established in Proposition 7.5.1, the transversality of
the switching hypersurfaces, and the isotropicity of the initial section contained in H−1(0).
It does not use the fact that the initial section is contained in the vertical fiber T ∗

q0M .
Consequently, if M0 is the codimension-one isotropic section of an exact Lagrangian graph
introduced after Proposition 7.5.1, then its flow-out M has the same piecewise smooth
Lagrangian structure and the same tangent-cone description as L. This is the field of
extremals to which the sufficient criterion will be applied in Section 7.6.

7.6 Sufficient condition for optimality

The aim of this section is to prove Theorem 6.1.8. We recall its statement for the reader’s
convenience.

Theorem 7.6.1. Let (ũ, λ̃) be a piecewise regular normal extremal pair. Assume that there
are no conjugate points along the trajectory q(·, ũ). Then, the trajectory q(·, ũ) is locally
strongly strictly optimal.

The proof is based on the sufficient optimality criterion developed in Chapter 4, see
Theorem 4.1.3. According to this criterion, it is enough to embed the reference extremal in
a field of extremals generated by a suitable super-Hamiltonian and whose projection onto
the state space is locally invertible.

Most of this construction has already been carried out in Section 7.5. More precisely,
Proposition 7.5.1 shows that the maximized Hamiltonian H generates a locally bi-Lipschitz
piecewise smooth Hamiltonian flow Φ in a neighbourhood of the reference extremal. More-
over, Remark 7.5.5 shows that the flow-out of any admissible initial exact Lagrangian graph
has the piecewise smooth Lagrangian structure required in Chapter 4. Consequently, the
maximized Hamiltonian and the corresponding flow-out satisfy hypotheses (H1)–(H6)
and (H8) of Theorem 4.1.3.

The only remaining point is therefore to choose the initial exact Lagrangian graph so
that the projection of its flow-out satisfies hypothesis (H7). We first show that this choice
can be reduced to the choice of the tangent space of the initial exact graph. We then study
the evolution of this tangent space and, by Theorem 4.1.6, we relate Maslov index of this
curve to the invertibility of π restricted to the corresponding field of extremals.

The argument is presented for the free-final-time problem. The fixed-final-time case
follows by applying the same construction to the extended free-time problem on M × R
introduced in Section 7.2.
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Step 1: reduction to the choice of the initial tangent space.
As before, set

Π := Tλ̃0

(
T ∗
q0M

)
.

We have to find a ∈ C∞(M) such that the corresponding fields of extremals satisfies the
hypothesis (H7). Again, to check the invertibility of the projection, we can apply the
inverse function theorem, so that it suffices to find the good initial tangent space to the
manifold.

More precisely, for fixed λ̃0 ∈ T ∗
q0M and L0 ∈ L(Tλ̃0

(T ∗M)), a function a ∈ C∞(M)
such that a(q0) = 0 and

dq0a = λ̃0, L0 := {dqa | q ∈M} , Tλ̃0
L0 = L0.

is determined uniquely as an equivalence class of the 2-jet at q0. Thus, the problem of
finding a and L0 is reduced to finding L0.

Since the reference trajectory is non-constant on its first regular arc, the Hamiltonian
vector field generating this arc is not vertical:

H⃗ 1 /∈ Π.

Hence, after taking L0 sufficiently close to Π, we also have

H⃗ 1 /∈ L0. (7.6.1)

Since L0 is Lagrangian, Equation (7.6.1) implies that 0 is a regular value of the restriction
of H to L0. Indeed, if

dλ̃0
(H|L0) = 0,

then
σλ̃0

(
v, H⃗ 1

)
= 0, v ∈ L0,

and therefore
H⃗ 1 ∈ L∠

0 = L0,

which contradicts Equation (7.6.1).
Let M0 be a relatively open connected neighbourhood of λ̃0 in

L0 ∩H−1(0),

and let M be its flow-out under the maximized Hamiltonian flow. The tangent space of
the initial section is

Tλ̃0
M0 = L0 ∩

(
H⃗ 1
)∠

.

The tangent space of the full flow-out at the initial point is consequently

M0 := Tλ̃0
M =

(
L0 ∩

(
H⃗ 1
)∠)

+ RH⃗ 1.
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Thus, L0 denotes the tangent space of the initial exact graph, whereas M0 denotes the tan-
gent space of the field of extremals obtained after imposing the zero-Hamiltonian constraint
and flowing in the Hamiltonian direction.

By the results of Section 7.5, the field M constructed in this way satisfies all the
assumptions of Theorem 4.1.3, except possibly hypothesis (H7). It remains to choose L0

so that the projection

πM := π|M

is locally invertible along the reference extremal.

Step 2: evolution of the tangent spaces.

We now describe the linear evolution of M0. Recall that the switching times are

0 = t0 < t1 < · · · < tk < tk+1 = T.

For t ∈ (tj−1, tj ], let

Bt = −→exp

∫ t

tj−1

b⃗s ds

be the linear symplectic flow introduced in Section 7.4. The dependence of Bt on the
regularity interval containing t will always be understood.

Starting from

M+
t0

:= M0 = LH⃗ 1

0 ,

we define recursively

Mt := BtM
+
tj−1

, t ∈ (tj−1, tj ], j = 1, . . . , k + 1.

At every switching time tj , the outgoing space is

M+
tj

:= MH⃗ j+1

tj =

(
Mtj ∩

(
H⃗ j+1

)∠)
+ RH⃗ j+1.

The following regular arc starts from the outgoing space M+
tj

.

At a regular time, we set

Bt(L0) := {Mt} .

At a switching time tj , define

Ej := Mtj ∩M+
tj
.

The generalized tangent family at tj is

Btj (L0) :=
{
Ej + R

(
αH⃗ j + (1 − α)H⃗ j+1

)
| α ∈ [0, 1]

}
.
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Proposition 7.5.4 and Proposition 7.4.3 show that this recursion describes the transported-
back tangent spaces of the field. At every regular time,(

Φ̃−1
0,t

)
∗
Tλ̃t

M = Mt.

At a switching time, the transported-back generalized tangent family is precisely Btj (L0).
The same construction starting from L0 = Π gives the Jacobi curve. Indeed,

M0 = ΠH⃗ 1
= Λ+

0 ,

and Theorem 7.4.1 yields

Bt(Π) = {Λt} , t ∈ (0, T ] \ {t1, . . . , tk} .

At a switching time,

Btj (Π) =
{(

Λtj ∩ Λ+
tj

)
+ R

(
αH⃗ j + (1 − α)H⃗ j+1

)
| α ∈ [0, 1]

}
.

The recursive construction involves only finitely many continuous linear symplectic
flows, extension operations, and compact families parametrized by α ∈ [0, 1]. Conse-
quently, the set-valued evolution (t, L0) 7→ Bt(L0) has a closed graph in the region under
consideration.

At a smooth point of M, the differential of πM is invertible if and only if the corre-
sponding tangent space is transverse to the vertical space. At a switching point, the same
condition must hold for every member of the generalized tangent family. After transporting
everything back to Tλ̃0

(T ∗M), hypothesis (H7) is therefore reduced to

L ∩ Π = {0}, t ∈ [0, T ], L ∈ Bt(L0). (7.6.2)

Thus, the construction of a suitable field of extremals is reduced to the finite-dimensional
problem of choosing an initial Lagrangian subspace L0 for which Equation (7.6.2) holds.

Step 3: the case without constant vertical solutions.
For t ∈ (0, T ], define the space of constant vertical directions by

Ct := Π ∩
⋂

0<τ≤t

Λτ .

The characterization of conjugate times given in Section 4.2 implies that the absence of
conjugate points is equivalent to

L ∩ Π = Ct, t ∈ (0, T ], L ∈ Bt(Π). (7.6.3)

We first consider the case

Ct = {0}, t ∈ (0, T ].
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In this case, Equation (7.6.3) shows that the Jacobi curve and all the intermediate spaces
at the switching times are transverse to Π for every positive time. The obstruction occurs
only at the initial time, since Λ0 = Π.

We make the following claim, which is proved afterwards.

Claim 7.6.2. There is ε > 0 such that for any neighbourhood N ⊂ L(Tλ̃0
(T ∗M)) of Π

there is L0 ∈ N \ {Π} such that

L ∩ Π = {0}, t ∈ [0, ε), L ∈ Bt(L0).

In particular, the claim implies that there exists ε > 0 and a sequence of Lagrangian
subspaces

L
(n)
0 −→ Π, as n→ +∞,

such that
L ∩ Π = {0}, t ∈ [0, ε), L ∈ Bt

(
L
(n)
0

)
,

for every n ∈ N.
We now show that, from the Claim and the assumption that there are no conjugate

times and no non-zero constant vertical directions, the same transversality property holds
on the whole interval for all sufficiently large n. Suppose, by contradiction, that this is
false. After passing to a subsequence, there exist times

tn ∈ [ε, T ]

and Lagrangian subspaces

Ln ∈ Btn

(
L
(n)
0

)
such that

Ln ∩ Π ̸= {0}. (7.6.4)

By compactness of [ε, T ], after extracting a further subsequence we may assume that

tn −→ t∞ ∈ [ε, T ].

The Lagrangian Grassmannian is compact, so we may also assume that

Ln −→ L∞.

Thus, by (7.6.4) we have that L∞ ∩ Π ̸= {0}. The closed-graph property of the evolution
B gives

L∞ ∈ Bt∞(Π).

This implies that t∞ is a conjugate time, which contradicts our assumptions.
Theorem 4.1.6 therefore shows that every element of the generalized differential of πM

is an isomorphism along the reference extremal. Equivalently, πM is a local diffeomorphism
in a neighbourhood of the reference extremal.

Thus, in the case of no constant vertical solutions, the proof is reduced to the previous
Claim.
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∆

Π

N M0

O

(a) A suitable choice, corresponding to
S0 > 0.

H

Π

NM0

O

(b) An unsuitable choice, corresponding
to S0 < 0.

Figure 7.2: In dimension one, the positive side of the local chart gives an initial Lagrangian
subspace whose evolution does not meet the vertical space for small positive times.

Proof of the Claim. To prove the claim, we use the local coordinate of L(Tλ̃0
(T ∗M)). Fix

a Lagrangian space ∆ such that Π ∩ ∆ = {0} and use the corresponding local (Π,∆)
coordinates in ∆⋔, in which Π is represented by the zero symmetric matrix. We can choose

∆ so that ΠH⃗1 ∈ ∆⋔. Since ∆⋔ is open, there is some ε such that also BtΠ
H⃗1 ∈ ∆⋔ for

t ∈ [0, ε].

Fix any neighbourhood N of Π. If L ∈ N and S is the symmetric matrix representing L
in these coordinates, then, without loss of generality, we can assume that N is represented
by the set of matrices {−δId < S < δId}.

Choose L0 represented in this chart by a positive definite symmetric matrix

S0 = δ0Id > 0.

By Proposition 3.3.10, the curve Bt(L0) is increasing. Thus, Bt(L0) belongs to ∆⋔ for
t ∈ [0, ε), provided that δ0 is small enough. Denoting by St its representing symmetric
matrix, monotonicity gives

St ≥ S0 > 0. (7.6.5)

Equation (7.6.5) implies that no member of Bt(L0) intersects Π on this interval. This
completes the proof of the Claim.

This completely proves Theorem 7.6.1 in the case Ct = {0} for t > 0.
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Step 4: reduction by the constant vertical directions.
We now consider the general case Ct ̸= {0} for t > 0. By definition, the family (Ct)t>0

is monotone non-increasing:

Ct2 ⊂ Ct1 , 0 < t1 ≤ t2 ≤ T.

Every strict inclusion decreases the dimension. Since the ambient space is finite-dimensional,
the family (Ct)t>0 takes only finitely many distinct values.

Choose times
0 = s0 < s1 < · · · < sm = T

such that Ct is constant on every interval (si−1, si]. We can decompose the vertical space
as

Π = E0 ⊕ E1 ⊕ · · · ⊕ Em

in such a way that

Ct = Ei ⊕ · · · ⊕ Em, t ∈ (si−1, si], i = 1, . . . ,m.

Set
Σ0 := Tλ̃0

(T ∗M).

Choose a Lagrangian subspace
∆0 ∈ L(Σ0)

such that
∆0 ∩ Π = {0}.

We can decompose ∆0 as
∆0 = F0 ⊕ F1 ⊕ · · · ⊕ Fm

so that
σλ̃0

(Ei, Fj) = 0, i ̸= j,

and every Ei ⊕ Fi is a symplectic subspace.
For each i, choose an isomorphism

Ii : Ei −→ Fi

such that the bilinear form
(v, w) 7−→ σλ̃0

(v, Iiw)

is symmetric and positive definite. We then set

I := I0 ⊕ · · · ⊕ Im : Π −→ ∆0.

In particular, the graph of εI is a Lagrangian subspace for every ε ∈ R and lies on the
positive side of the chart (Π,∆0) when ε > 0.

The following lemma constructs the initial subspace iteratively. At each step, the
constant vertical directions are removed by symplectic reduction, so that the argument of
Step 3 can be applied in the quotient.
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Lemma 7.6.3. There exist Lagrangian subspaces

∆1, . . . ,∆m ∈ L(Σ0)

transverse to Π and positive numbers

ε1 ≥ · · · ≥ εm > 0

with the following property. For 0 < ε < εi, let L0(ε) be the Lagrangian subspace represented
by εI in the chart (Π,∆0). Then:

1. every L ∈ Bt(L0(ε)) satisfies

L ∩ Π = {0}, t ∈ [0, si];

2. every L ∈ Bt(L0(ε)) is transverse to ∆i for t ∈ [0, si], and its representing symmetric
form in the chart (Π,∆i) is positive definite.

Proof. We argue by induction on i.

In the computations below, Bt denotes the linear symplectic propagator on a regular
arc or on one of the smooth monotone curves inserted at a switching time. Every member
of the generalized family Bt(L0(ε)) is reached by one of these propagators. Consequently,
the argument applies both to the regular tangent spaces and to all the intermediate spaces
at the switching times.

The case i = 0 corresponds to the initial choice made in the proof of the Claim. After
reducing the upper bound for ε if necessary, the initial spaces are transverse to both Π and
∆0, and their representing forms in the chart (Π,∆0) are positive definite.

Assume now that the conclusion holds up to time si for some i ∈ {0, . . . ,m − 1}. We
prove it on the larger interval [0, si+1].

For t ∈ (si, si+1], the space of constant vertical directions is

Ct = Ei+1 ⊕ · · · ⊕ Em.

Set
E′

1 := E0 ⊕ · · · ⊕ Ei,

E′
2 := Ct = Ei+1 ⊕ · · · ⊕ Em.

Choose a decomposition

∆i = F ′
1 ⊕ F ′

2

such that E′
1 ⊕ F ′

1 and E′
2 ⊕ F ′

2 are symplectic and mutually symplectically orthogonal.

Fix 0 < ε < εi and denote by

M0(ε)
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the unique member of B0(L0(ε)). Since the vectors in E′
2 are constant vertical solutions on

(si, si+1], every propagator occurring on this interval fixes E′
2:

BtE
′
2 = E′

2.

It follows that its symplectic orthogonal is invariant as well:

Bt

(
E′

2

)∠
=
(
E′

2

)∠
.

With the preceding decomposition,(
E′

2

)∠
= E′

1 ⊕ E′
2 ⊕ F ′

1.

Consider the symplectic quotient

Σ̃i :=
(
E′

2

)∠ /
E′

2

and the reduced vertical space
Π̃i := Π

/
E′

2.

The invariance relations above induce a symplectic evolution on Σ̃i.
The reduction of the initial tangent space is

M̃0(ε) :=
(
M0(ε) ∩

(
E′

2

)∠)
/E′

2.

More generally, if L ∈ Bt(L0(ε)), its reduction is

L̃ :=
(
L ∩

(
E′

2

)∠)
/E′

2.

By Equation (7.6.3), every member of the reference evolution satisfies

L ∩ Π = E′
2, t ∈ (si, si+1], L ∈ Bt(Π).

Therefore, after passing to the quotient,

L̃ ∩ Π̃i = {0}, t ∈ (si, si+1].

Thus, the reduced evolution has no non-zero constant vertical directions on this interval.
We can now apply in Σ̃i the sequential argument used in Step 3. After decreasing εi to

a number
0 < εi+1 ≤ εi,

we obtain

L̃ ∩ Π̃i = {0}, t ∈ (si, si+1], L ∈ Bt(L0(ε)), 0 < ε < εi+1. (7.6.6)
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We lift Equation (7.6.6) to Σ0. Fix a member

L = BtM0(ε) ∈ Bt(L0(ε)).

Since Π ⊂ (E′
2)

∠, we have

L ∩ Π = BtM0(ε) ∩Bt

(
E′

2

)∠ ∩ Π

= Bt

(
M0(ε) ∩

(
E′

2

)∠) ∩ Π.

Equation (7.6.6) implies that
L ∩ Π ⊂ E′

2. (7.6.7)

On the other hand, the induction hypothesis gives

M0(ε) ∩ E′
2 = {0},

because E′
2 ⊂ Π. Using the invariance of E′

2, we obtain

L ∩ E′
2 = BtM0(ε) ∩BtE

′
2

= Bt

(
M0(ε) ∩ E′

2

)
= {0}.

(7.6.8)

Combining Equations (7.6.7) and (7.6.8), we conclude that

L ∩ Π = {0}, t ∈ (si, si+1], L ∈ Bt(L0(ε)).

Together with the induction hypothesis, this proves the first part of the lemma on [0, si+1].
It remains to prove the second part. The family

{L | L ∈ Bt(L0(ε)), t ∈ [0, si+1], 0 ≤ ε ≤ εi+1}

is compact and every one of its members is transverse to Π. Consequently, we can choose
a Lagrangian subspace ∆i+1 sufficiently close to Π which is transverse to every member of
this family.

In the chart (Π,∆i), we choose ∆i+1 to be represented by the negative definite form

−δId, δ > 0.

Let S be the positive definite symmetric matrix representing one of the spaces under
consideration in the chart (Π,∆i). The same space is represented in the chart (Π,∆i+1)
by

S′ =
(
S−1 + δ−1Id

)−1
= δS (δId + S)−1 .

In particular,
S′ > 0.
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In the special case S = εId, this formula becomes

S′ =
ε

1 + ε/δ
Id > 0.

Every regular arc and every connecting curve is increasing. Hence, as long as the curve
remains in the chart (Π,∆i+1), its representing matrix satisfies

Ṡt ≥ 0.

Since ∆i+1 is transverse to the whole family, the chart is valid on [0, si+1]. Positivity at
the beginning of each new arc therefore implies

St > 0, t ∈ [0, si+1].

This proves the second part of the lemma and completes the induction.

Apply Lemma 7.6.3 with i = m and choose

0 < ε < εm.

The corresponding initial Lagrangian subspace L0(ε) satisfies

L ∩ Π = {0}, t ∈ [0, T ], L ∈ Bt(L0(ε)).

Since ε can be chosen arbitrarily small, L0(ε) can be taken in any prescribed sufficiently
small neighbourhood of Π.

The field of extremals constructed from L0(ε) therefore has no non-zero common vertical
directions and its curve of transported-back generalized tangent spaces has zero Maslov
index. By Theorem 4.1.6, the projection πM is locally bi-Lipschitz in a neighbourhood of
the reference extremal and hypothesis (H7) is satisfied.

All the remaining hypotheses of Theorem 4.1.3 were verified in Section 7.5. The
transversality of the Hamiltonian vector fields to the switching hypersurfaces gives the
strictness condition at the switching points. It follows that q̃ is locally strongly strictly
optimal.

The fixed-final-time case follows by applying the same construction to the extended free-
time problem introduced in Section 7.2. This fully completes the proof of Theorem 7.6.1.



Chapter 8

Second-order optimality conditions
for nice extremals

This chapter is a further step in the second-order optimality analysis developed in the pre-
ceding chapters. Our aim is to extend the theory of piecewise regular extremals introduced
in Chapters 6 and 7 to trajectories containing singular arcs, combining the regular and
singular constructions developed separately in the previous parts of the thesis.

We keep the general setting and notation introduced in Chapter 6. Recall that a
piecewise regular extremal λ̃ : [0, T ] → T ∗M admits a finite partition

0 = t0 < t1 < · · · < tk < tk+1 = T

such that, on every interval (tj , tj+1), the Pontryagin maximization condition determines
a unique smooth maximizing submanifold and the strong Legendre condition holds. The
corresponding maximized Hamiltonian vector field is therefore smooth along each interval,
while having jumps at isolated switching times. In Chapters 6 and 7, we described the Ja-
cobi curve by alternating its smooth Hamiltonian evolution with explicit discrete dynamics
at the switching times and derived both necessary and sufficient optimality conditions.

Important classes of optimal trajectories fall outside this framework because the de-
generacy of the maximization condition may occur on a whole time interval rather than
at isolated switching times. This is not merely a technical possibility. Already in simple
problems, such as the Dubins car, singular arcs are unavoidable for certain endpoint con-
figurations: in particular, connecting points that are sufficiently far apart requires optimal
trajectories containing a singular segment. Therefore, any general theory must be able to
accommodate such trajectories. Second-order analysis of trajectories containing singular
arcs has been the subject of a substantial literature; see, among others, [70, 64, 61, 63, 29,
30, 34, 19].

The singularities considered in this chapter are the simplest possible degeneracies arising
within the framework of Chapter 6. Roughly speaking, along a first-order singular arc

173
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exactly two smooth Hamiltonians among the Hj that are simultaneously maximizing. The
Pontryagin Maximum Principle therefore no longer determines the maximizing dynamics
completely. This is the main difference with the piecewise regular setting, where the
maximizer is uniquely determined away from isolated switching times.

The chapter is conceptually divided into two parts. The first part is devoted to the
second-order analysis of a single first-order singular arc. It extends the approach developed
in Chapter 5 for the singular L1 problem. The main novelty is that we no longer rely on
the particular control-affine and L1 structure considered there. Within this setting, we
derive the corresponding second-order necessary conditions, derive the Jacobi equation,
and introduce a suitable super-Hamiltonian whose linearization reproduces this dynamics.
Thus, this first part provides the singular analogue of the constructions used for regular
arcs in the preceding chapters.

The second part combines the analysis of singular extremal arcs with the piecewise
regular theory of Chapters 6 and 7. We call nice extremals the extremals obtained by
concatenating finitely many regular arcs and first-order singular arcs.

We first characterize the Jacobi curve of a nice extremal by combining the piecewise
regular evolution with the evolution along first-order singular arcs. Then, by applying
Theorem 3.0.1, we obtain the corresponding second-order necessary optimality condition.
We finally turn to sufficient optimality, where the new difficulty is the construction of a
field of extremals through regular–singular junctions. Following the approach used in [61],
we construct an appropriate super-Hamiltonian near these junctions and combine it with
the regular and singular constructions developed earlier. For nice extremals containing at
most one singular arc, this allows us to prove that the absence of conjugate points implies
strong local optimality. We believe that the restriction to one singular arc is technical, and
we expect the same result to hold for nice extremals containing an arbitrary finite number
of singular arcs. This final part is still a work in progress.

8.1 Analysis of first-order singular extremals

In this section, we introduce the notions of first-order singular extremal arcs and of nice
extremals, which are the main focus of this chapter. In particular. we derive a feedback
formula for controls corresponding to first-order singular extremal arcs.

The construction developed here combines the two classes of extremals studied in the
preceding chapters. In Chapter 5, we considered singular extremal arcs for which the
Pontryagin Maximum Principle does not determine the control and a feedback formula
is recovered by differentiating the singularity relations. In Chapters 6 and 7, instead, we
considered piecewise regular extremals for which a unique maximizing Hamiltonian governs
each open arc, while changes of maximizing Hamiltonian occur at isolated switching times.
The extremals studied in the present chapter may contain both regular arcs and intervals
along which two different Hamiltonians are simultaneously maximizing. On these latter



8.1. ANALYSIS OF FIRST-ORDER SINGULAR EXTREMALS 175

intervals, the relative weight of the two maximizing Hamiltonians plays the role of the
singular control and is determined through a differentiated switching relation, similarly to
the singular feedback of Chapter 5.

First, we recall our setting. Let U ⊂ Rm be the disjoint union of finitely many smooth
submanifolds without boundary,

U =
n⋃

i=1

Ui, Ui ∩ Uj = ∅ for i ̸= j.

On a smooth manifold M , we consider the control system

q̇(t) = f(q(t), u(t)), (8.1.1)

with boundary conditions

q(0) = q0, q(T ) = q1, (8.1.2)

where q0, q1 ∈ M , u ∈ UT := L∞([0, T ];U), and f : M × U → TM satisfies the regularity
assumptions of Section 6.1.1. As in Chapters 6 and 7, the final time may be either fixed or
free. We write U =

⋃
T>0 UT and denote by q(·; q0, u), or simply by q(·;u), the trajectory

corresponding to u.
Let L : M ×U → R satisfy the assumptions of Section 6.1.1 on every M ×Ui. The cost

functional is

J(u) =

∫ T

0
L(q(t;u), u(t)) dt.

We consider both the free- and the fixed-final-time formulations. The optimal control
problem with free final time is

min {J(u) | u ∈ U, q(·;u) satisfies (8.1.1) and (8.1.2)} . (8.1.3)

For a fixed final time T > 0, the corresponding problem is

min {J(u) | u ∈ UT , q(·;u) satisfies (8.1.1) and (8.1.2)} . (8.1.4)

Under the preceding assumptions, the set of admissible velocity–cost pairs need not be
convex. As a consequence, the minimum in the OCPs (8.1.3) and (8.1.4) does not exist in
general. For this reason, we now introduce a relaxation of the previous problem, for which
existence of the minimum is guaranteed by Filippov’s theorem.

For every q ∈M , define the extended set of admissible velocities at q:

A(q) :=
{(
f(q, u), L(q, u)

) ∣∣ u ∈ U
}
⊂ TqM × R.

The appropriate relaxation of the integral-cost problem is obtained by replacing A(q) with
its convex hull.
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Set
d := dimM, N := d+ 2,

and introduce the simplex

∆N :=

{
v = (v1, . . . , vN ) ∈ [0, 1]N

∣∣∣∣∣
N∑
l=1

vl = 1

}
.

By Carathéodory’s theorem, every element of coA(q) can be represented as

N∑
l=1

vl
(
f(q, ul), L(q, ul)

)
, v ∈ ∆N , ul ∈ U.

For T > 0, define the class of relaxed controls

Urel
T := L∞([0, T ];UN × ∆N

)
, Urel :=

⋃
T>0

Urel
T .

We write a relaxed control as

u = (u1, . . . , uN ), v = (v1, . . . , vN ).

The relaxed dynamics is

q̇(t) =

N∑
l=1

vl(t)f(q(t), ul(t)), (8.1.5)

with boundary conditions
q(0) = q0, q(T ) = q1. (8.1.6)

The corresponding relaxed cost is

J(u,v) :=

∫ T

0

N∑
l=1

vl(t)L(q(t), ul(t)) dt. (8.1.7)

Then, the relaxed problem with free final time is

min
{
J(u,v)

∣∣∣ (u,v) ∈ Urel, q satisfies (8.1.5) and (8.1.6)
}
. (8.1.8)

For a fixed final time T > 0, we consider

min
{
J(u,v)

∣∣∣ (u,v) ∈ Urel
T , q satisfies (8.1.5) and (8.1.6)

}
. (8.1.9)

Admissible trajectories for the original problems are contained in the relaxed ones by
choosing one of the the vi equal to 1 and all the other equal to 0. Under the standard
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compactness, regularity, and completeness assumptions ensuring existence for convex op-
timal control problems, the relaxed problems admit minimizers. Moreover, by a standard
argument, see for instance Theorem 8.2 in [13], any admissible trajectory for the relaxed
control system (8.1.5) can be uniformly approximated by an admissible trajectory of the
original control system (8.1.1).

Recall the definition of the normal Pontryagin Hamiltonian

hu(λ) = ⟨λ, f(q, u)⟩ − L(q, u), λ ∈ T ∗
qM.

Recall also the notation

H i(λ) = max
u∈Ui

hu(λ), H(λ) = max
u∈U

hu(λ).

As in the preceding chapters, we restrict the discussion to normal extremals. The normal
Hamiltonian of the relaxed problem is

hu,v(λ) =
N∑
l=1

vlhul
(λ).

Since this Hamiltonian is affine in the v, we have

max
u∈UN

v∈∆N

hu,v(λ) = max
u∈U

hu(λ) = H(λ).

Consequently, if (u,v) is maximizing at λ, then

vl > 0 =⇒ hul
(λ) = H(λ).

In other words, every control appearing with positive weight must be a maximizing control.
We now restrict the analysis to relaxed extremals for which exactly two different Hamil-

tonians among the H i are simultaneously maximizing. More precisely, assume that along
a reference extremal trajectory λ̃ there exist two distinct indices j0, j1 ∈ {1, . . . , n} such
that H(λ̃t) = Hj0(λ̃t) = Hj1(λ̃t) After possibly a relabelling, the relaxed dynamics and
cost take the form

q̇(t) = v(t)f(q(t), u0(t)) + (1 − v(t))f(q(t), u1(t)), (8.1.10)

and
L(q, u0, v, u1) = vL(q, u0) + (1 − v)L(q, u1), (8.1.11)

where v(t) ∈ [0, 1].
Whenever the strong Legendre condition holds

∂hjiu
∂u2

(λ̃t) < 0,
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for i = 0, 1, the implicit function theorem locally determines the maximizing control as a
smooth function ûi(λ), and the corresponding function H i(λ) = hiûi(λ)

(λ) is smooth. We
introduce the notation

H ij := {H i, Hj}, H ijk := {H i, Hjk}.

Definition 8.1.1 (First-order singular extremal arc). Let (ũ0, ṽ, ũ1, λ̃) be a normal ex-
tremal of either the relaxed free-final-time problem (8.1.8) or the relaxed fixed-final-time
problem (8.1.9), written in the reduced form (8.1.10). We say that λ̃|[τ1,τ2] is a first-order
singular extremal arc if there exist two distinct indices j0, j1 ∈ {1, . . . , n} such that

ũ0(t) ∈ Uj0 , ũ1(t) ∈ Uj1 ,

for almost every t ∈ [τ1, τ2], and the following conditions hold.

1. The Hamiltonians Hj0 and Hj1 are simultaneously maximizing along the arc:

Hj0(λ̃t) = Hj1(λ̃t) = H(λ̃t), t ∈ [τ1, τ2].

Moreover, they are the only maximizing Hamiltonians for t ∈ [τ1, τ2]:

Hj0(λ̃t) = Hj1(λ̃t) > max
k/∈{j0,j1}

Hk(λ̃t).

2. The strong Legendre condition holds on both Uj0 and Uj1 :

∂2hjiu
∂u2

∣∣∣∣∣
u=ũi(t), λ=λ̃t

< 0, i = 0, 1,

for almost every t ∈ (τ1, τ2), where

ũi(t) = ûji(λ̃t).

3. The first-order non-degeneracy conditions

Hj0j0j1(λ̃t) < 0, Hj1j1j0(λ̃t) < 0 (8.1.12)

hold for every t ∈ [τ1, τ2].

The first condition describes the failure of the maximization condition to select a unique
Hamiltonian evolution. We say that the two functions Hj0 and Hj1 are the active along
the extremal λ̃. Moreover, we call the points λ̃τ0 and λ̃τ1 the incoming and, respectively,
outgoing regular-singular junctions of the extremal λ̃. The strong Legendre condition nev-
ertheless determines uniquely the maximizing control inside each of the two submanifold
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Uj0 and Uj1 . The only variable that remains undetermined by the Pontryagin Maximum
Principle is therefore ṽ. The last condition allows us to be recover the value of ṽ by differ-
entiating the equality of the two maximizing Hamiltonians. We now derive this feedback
and the Hamiltonian dynamics generated by it. To simplify the notation, we consider a
purely first-order singular arc on [0, T ] and relabel the two maximizing Hamiltonians as
H0 and H1. Thus,

H0(λ̃t) = H1(λ̃t) = H(λ̃t), t ∈ [0, T ].

Proposition 8.1.2 (Singular feedback). Let λ̃ be a first-order singular extremal arc asso-
ciated with the two maximizing Hamiltonians H0 and H1. Then

H01(λ̃t) = 0, t ∈ [0, T ]. (8.1.13)

Moreover, ṽ is uniquely determined by

ṽ(t) =
H110(λ̃t)

H001(λ̃t) +H110(λ̃t)
, t ∈ [0, T ], (8.1.14)

and satisfies ṽ(t) ∈ (0, 1).

Proof. Along the relaxed extremal, the maximization with respect to u0 and u1 gives

˙̃
λt = ṽ(t)H⃗0(λ̃t) + (1 − ṽ(t))H⃗1(λ̃t).

Since H0(λ̃t) −H1(λ̃t) = 0, differentiating with respect to t yields

0 =
d

dt

(
H0 −H1

)
(λ̃t)

= ṽ(t){H0, H0 −H1}(λ̃t) + (1 − ṽ(t)){H1, H0 −H1}(λ̃t)

= −H01(λ̃t).

This proves (8.1.13). The first differentiated relation is again at least Lipschitz in t since
it does not contain ṽ(t), so we differentiate it once more and obtain

0 =
d

dt
H01(λ̃t)

= ṽ(t)H001(λ̃t) − (1 − ṽ(t))H110(λ̃t)

= ṽ(t)
(
H001(λ̃t) +H110(λ̃t)

)
−H110(λ̃t).

By (8.1.12), the coefficient
(
H001(λ̃t) +H110(λ̃t)

)
is strictly negative, and (8.1.14) follows.

The same inequalities also give

ṽ(t) =
H110(λ̃t)

H001(λ̃t) +H110(λ̃t)
> 0, 1 − ṽ(t) =

H001(λ̃t)

H001(λ̃t) +H110(λ̃t)
> 0.
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The preceding calculation explains the terminology first-order singular. The equality
H0 = H1 expresses the fact that the PMP Hamiltonian is constant with respect to the
control v, its first derivative gives the additional control-independent relation H01 = 0, and
its second derivative determines the control v. Geometrically, Equation (8.1.13) implies
that both H⃗0 and H⃗1 are tangent, along the reference arc, to the level set {H0 = H1}.
Moreover, the strict inequalities in (8.1.12) imply that the two vector fields are transverse
to the level set {H01 = 0} in opposite directions.

The Hamiltonian flow used in the subsequent second-variation computations is the flow
generated by the reference control. More precisely, we consider the Hamiltonian function
(denote ũ = (ũ0, ũ1) for brevity)

h(ũ(t),ṽ(t))(λ) := ṽ(t)h0ũ0(t)
(λ) + (1 − ṽ(t))h1ũ1(t)

(λ).

Then, a reference first-order singular extremal satisfies

˙̃
λt = h⃗(ũ(t),ṽ(t))(λ̃t), ṽ(t) =

H110(λ̃t)

H001(λ̃t) +H110(λ̃t)
. (8.1.15)

We denote by Φ̃s,t the Hamiltonian flow generated by Equation (8.1.15). This is the
reference Hamiltonian flow that will be used to transport the first and second variations
back to Tλ̃0

(T ∗M).
The feedback formula also defines an autonomous Hamiltonian dynamics that preserves

the singular locus. By continuity, after shrinking a neighbourhood O of the reference arc,
we may assume that

H001(λ) < 0, H110(λ) < 0, λ ∈ O. (8.1.16)

On O, define the smooth singular feedback

vs(λ) :=
H110(λ)

H001(λ) +H110(λ)

and the singular feedback Hamiltonian

Hs(λ) := vs(λ)H0(λ) + (1 − vs(λ))H1(λ).

Let
Σ := {λ ∈ O | H0(λ) = H1(λ)}, S := {λ ∈ O | H01(λ) = 0}.

Since
Hs = H1 + vs(H

0 −H1),

its Hamiltonian vector field satisfies

H⃗s(λ) = vs(λ)H⃗0(λ) + (1 − vs(λ))H⃗1(λ), λ ∈ Σ.
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In particular, the reference extremal is also an integral curve of H⃗s. A direct computation
gives

H⃗s(H
0 −H1) = −H01 on Σ,

and

H⃗s(H
01) = vsH

001 − (1 − vs)H
110 = 0 on S ∩ Σ.

Therefore, Σ∩S is invariant under the Hamiltonian flow of Hs. Moreover, by (8.1.16), the
differentials of H0 −H1 and H01 are independent along the reference arc, then Σ ∩ S is a
codimension-two submanifold of T ∗M near that arc.

Example 8.1.3 (The Dubins car). A classical example illustrating the preceding construc-
tion is provided by the Dubins car; see, for instance, [13, Section 13.5]. On the state space
M = R2 × S1, q = (x, y, θ), consider the time-optimal control system

ẋ = cos θ,

ẏ = sin θ,

θ̇ = u,

u ∈ U0 ∪ U1, U0 = {−1}, U1 = {1}.

The relaxation of this bang-bang control system gives the model with angular velocity
in [−1, 1]. In the reference, it is shown that every trajectory connecting any two points
sufficiently far apart from each other is obtained by concatenating a circular arc, a straight
segment, and another circular arc is a concrete example of a nice extremal:

regular arc − first-order singular arc − regular arc.

Thus, this shows that even in very simple control problems first-order singular trajectories
arises naturally.

Definition 8.1.4 (Nice extremal). A normal extremal λ̃ : [0, T ] → T ∗M of either the
relaxed free-final-time problem (8.1.8) or the relaxed fixed-final-time problem (8.1.9) is
called nice if there exists a finite partition

0 = t0 < t1 < · · · < tk < tk+1 = T

such that every restriction

λ̃|(tj ,tj+1)

is either a regular extremal arc satisfying the strong Legendre condition or a first-order
singular extremal arc in the sense of Definition 8.1.1.

Remark 8.1.5. We make explicit a consequence of the preceding definition. Suppose, for
instance, that a regular arc associated with a maximized Hamiltonian H0 is followed at
time tj by a first-order singular arc, and relabel the second active Hamiltonian on the
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singular arc as H1. The switching from the regular to the singular arc occurs when the
regular extremal reaches the equality set

Σ =
{
H0 = H1

}
.

Moreover, by Proposition 8.1.2, at the initial point of the singular arc one also has

H01(λ̃tj ) = 0.

Hence the regular Hamiltonian H0 is one of the two Hamiltonian that generates the singular
arc. In particular, instead of crossing the hypersurface Σ through an ordinary regular
switching, the extremal can remain tangent to Σ and continue according to the singular
control determined above, which combines the Hamiltonian vector fields H⃗0 and H⃗1. The
analogous statement holds when a first-order singular arc is followed by a regular one:
the outgoing regular Hamiltonian is one of the two Hamiltonians active on the preceding
singular arc.

This definition contains the piecewise regular extremals of Chapters 6 and 7 as the
special case in which every open arc is regular. When the extremal consists of a single
first-order singular arc, its analysis follows the same general scheme used for the singu-
lar extremals of Chapter 5: singular feedback, generalized Legendre condition, super-
Hamiltonian, Jacobi equation, and conjugate times. The genuinely new situation con-
sidered in this chapter is the concatenation of regular and first-order singular arcs. Its
second-order analysis combines the singular constructions of Chapter 5 with the switching
and concatenation techniques developed in Chapters 6 and 7.

The remainder of the chapter studies first the second variation and the Hamiltonian
geometry of a purely first-order singular arc and then extends these constructions to nice
extremals by concatenating the corresponding regular and singular contributions.

8.2 Second variation of first-order singular extremals

In this section, we develop the second-order analysis of a first-order singular arc. The con-
struction closely parallels the one carried out in Section 5.6.1 for the singular L1 problem:
starting from the endpoint map, we compute the second variation and, by applying an
integration by parts, we transform it to obtain a coercive form. We then introduce the
corresponding augmented space of variations and identify the generalized Legendre form,
corresponding to the leading term of the second variation. Finally, under the strong gen-
eralized Legendre condition, we derive the associated Jacobi equation and characterize the
Jacobi curve along the singular arc. The main difference with Chapter 5 is that the present
construction must simultaneously account for variations of the controls on the two active
submanifolds and for the singular direction.
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8.2.1 Endpoint map and admissible variations

As in the previous section, we fix a first-order singular extremal arc on [0, T ], relabel the
two active submanifolds as U0 and U1, and write the reference reduced control as

ũ = (ũ0, ũ1), ũi(t) ∈ Ui, ṽ(t) ∈ (0, 1).

In the following discussion, we keep the final time fixed. This is sufficient for the second-
order necessary conditions, since, by Proposition 7.3.2, time variations commute with con-
trol variation if there are no switching points.

As in Section 7.1, we use time-dependent local coordinates on the submanifolds Ui. For
i = 0, 1, let di = dimUi and choose smooth families of charts

κi(t, ·) : Vi ⊂ Rdi −→ Ui, κi(t, 0) = ũi(t).

After shrinking the sets Vi and a neighbourhood of ṽ in L∞([0, T ]), we obtain a Banach
manifold Using of controls

u = (u0, u1), ui(t) = κi(t, ξi(t)), v(t) ∈ (0, 1),

modelled on
L∞([0, T ];Rd0) × L∞([0, T ];R) × L∞([0, T ];Rd1).

We identify ui with its coordinate representative ξi whenever no confusion is possible.
Unlike the construction for piecewise regular extremals, no time-reparametrization variable
is introduced: the controls vary only inside the two maximizing submanifolds and in the
direction of v.

Now, we introduce the endpoint maps, the extended endpoint maps and their lifts,
similarly to what is done in Section 7.1. For (u, v) ∈ Using, let q(·;u, v) be the trajectory
with q(0;u, v) = q0 satisfying (8.1.10). Recall also the definition of J in (8.1.7). Define

F (u, v) := q(T ;u, v),

E(u, v) :=
(
F (u, v), J(u, v)

)
.

(8.2.1)

The fixed-endpoint competitors form the level set F−1(q1), and the maps in (8.2.1) by
their definition are smooth.

Recall also the Hamiltonian dynamics in (8.1.15) and the corresponding flow Φ̃s,t. Fix-
ing the initial covector λ̃0, define the corresponding Hamiltonian lift and its transported-
back version by

E(u, v) := −→exp

∫ T

0
h⃗(u(s),v(s)) ds ◦ λ̃0,

G(u, v) := Φ̃−1
0,T ◦ E(u, v),

G(u, v) := π ◦ G(u, v),
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These maps satisfy

π ◦ E = F, E(ũ, ṽ) = λ̃T , G(ũ, ṽ) = λ̃0, G(ũ, ṽ) = q0.

Finally, the tangent space of control variations is

V := T(ũ,ṽ)Using ≃ L∞([0, T ];Wt), Wt := Tũ0(t)U0 ⊕ R⊕ Tũ1(t)U1.

By our choice of coordinates, we can identify Wt ≃ Rd0+1+d1 . We write

w = (w0, ω, w1) ∈ V,

where wi(t) ∈ Tũi(t)Ui and ω is the infinitesimal variation of v. For later use, set

Vt := {w ∈ V | suppw ⊂ [0, t]} ,
Va,b := {w ∈ V | suppw ⊂ [a, b]} , 0 ≤ a < b ≤ T.

8.2.2 First and second variation of the endpoint map

We now compute the first and second variations of the endpoint map introduced in the pre-
vious subsection. As in the previous chapters, the entire dynamics is transported back along
the reference Hamiltonian flow and regarded within the fixed symplectic space Tλ̃0

(T ∗M).

Recall that the reduced relaxed Hamiltonian is

hu0,v,u1 = vh0u0
+ (1 − v)h1u1

.

For every t ∈ [0, T ], define the transported-back perturbation Hamiltonian by

ht(λ, u0, v, u1) :=
(
h(u0,v,u1) − h(ũ,ṽ)

)
◦ Φ̃0,t(λ).

By construction,

ht

(
λ̃0, ũ0(t), ṽ(t), ũ1(t)

)
= 0.

Moreover, the variation formula of chronological calculus gives

G(u, v) = −→exp

∫ T

0
h⃗s

(
· , u0(s), v(s), u1(s)

)
ds ◦ λ̃0.

Let

σ := σλ̃0
, Π := Tλ̃0

(
T ∗
q0M

)
.

For i = 0, 1, we introduce the transported-back reference Hamiltonian vector fields

H⃗ i
t :=

(
Φ̃−1
0,t

)
∗h⃗

i
ũi(t)

∣∣∣
λ̃t

∈ Tλ̃0
(T ∗M),
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whose difference is the distinguished singular direction

∆t := H⃗ 0
t − H⃗ 1

t .

The variation-to-tangent maps are defined by

Z0
t w0 := ṽ(t)

(
Φ̃−1
0,t

)
∗
∂h⃗0u
∂u

[
w0

]∣∣∣∣∣
u=ũ0(t), λ=λ̃t

and

Z1
t w1 :=

(
1 − ṽ(t)

) (
Φ̃−1
0,t

)
∗
∂h⃗1u
∂u

[
w1

]∣∣∣∣∣
u=ũ1(t), λ=λ̃t

.

Thus, for a variation

w = (w0, ω, w1) ∈ V,

we set

Xt[w(t)] := Z0
t w0(t) + ω(t)∆t + Z1

t w1(t). (8.2.2)

The first-order term in the chronological expansion gives

D(ũ,ṽ)G[w] =

∫ T

0
Xs[w(s)] ds.

Consequently,

D(ũ,ṽ)G[w] = dλ̃0
π

[∫ T

0
Xs[w(s)] ds

]
. (8.2.3)

In particular, we obtain

K := ker
(
D(ũ,ṽ)G|V

)
=

{
w ∈ V

∣∣∣∣ ∫ T

0
Xs[w(s)] ds ∈ Π

}
. (8.2.4)

The first differential also recovers the fact that the control is a critical point of the
PMP Hamiltonian along the reference extremal. Indeed, pairing (8.2.3) with λ̃0 and using
the transported Hamiltonian representation yields

〈
λ̃0, D(ũ,ṽ)G[w]

〉
=

∫ T

0

(
ṽ(t)

∂h0u
∂u

(λ̃t)
[
w0(t)

]∣∣∣∣
u=ũ0(t)

+ ω(t)
(
h0ũ0(t)

− h1ũ1(t)

)
(λ̃t)

+
(
1 − ṽ(t)

)∂h1u
∂u

(λ̃t)
[
w1(t)

]∣∣∣∣
u=ũ1(t)

)
dt.
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Since ((ũ, ṽ), λ̃) is a normal extremal pair, λ̃0 annihilates the image of D(ũ,ṽ)G. Arbitrary
localized variations in the three control components therefore give

∂hiu
∂u

(λ̃t)

∣∣∣∣
u=ũi(t)

= 0, i = 0, 1, (8.2.5)

and
h0ũ0(t)

(λ̃t) = h1ũ1(t)
(λ̃t),

for almost every t ∈ [0, T ]. These identities coincide with the maximization conditions on
the submanifolds Ui and with the simultaneous maximizing condition H0(λ̃t) = H1(λ̃t) =
H(λ̃t).

We now turn to the second variation. For w,w′ ∈ K, define the Hessian by

Q(w,w′) :=
〈
λ̃0,Hess(ũ,ṽ)G(w,w′)

〉
=
〈

(λ̃T ,−1),Hess(ũ,ṽ)E(w,w′)
〉
. (8.2.6)

As usual, we denote by Q(w) the associated quadratic form. The general second-variation
formula of Chapter 3 gives the following extension of Q to the whole space V:

Q(w) = −
∫ T

0
D2ht

[
w(t)

]2
dt−

∫ T

0

∫ t

0
σ
(
Xs[w(s)], Xt[w(t)]

)
ds dt. (8.2.7)

Its restriction to K is precisely the scalar second variation defined in (8.2.6).
It remains to describe the Hessian D2ht in the first integral of (8.2.7). Let w =

(w0, ω, w1) and w′ = (w′
0, ω

′, w′
1). Differentiating the affine relaxed Hamiltonian and eval-

uating along the reference extremal gives

D2ht[w,w
′] = ṽ(t)

∂2h0u
∂u2

(λ̃t)
[
w0, w

′
0

]∣∣∣∣
u=ũ0(t)

+
(
1 − ṽ(t)

)∂2h1u
∂u2

(λ̃t)
[
w1, w

′
1

]∣∣∣∣
u=ũ1(t)

+ ω

(
∂h0u
∂u

(λ̃t)
[
w′
0

]∣∣∣∣
u=ũ0(t)

− ∂h1u
∂u

(λ̃t)
[
w′
1

]∣∣∣∣
u=ũ1(t)

)

+ ω′

(
∂h0u
∂u

(λ̃t)
[
w0

]∣∣∣∣
u=ũ0(t)

− ∂h1u
∂u

(λ̃t)
[
w1

]∣∣∣∣
u=ũ1(t)

)
.

By (8.2.5), the last two lines vanish. Therefore,

D2ht

[
w(t)

]2
= ṽ(t)

∂2h0u
∂u2

(λ̃t)
[
w0(t)

]2∣∣∣∣
u=ũ0(t)

+
(
1 − ṽ(t)

)∂2h1u
∂u2

(λ̃t)
[
w1(t)

]2∣∣∣∣
u=ũ1(t)

.
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Equivalently, introducing the ordinary Legendre forms

L0
t := −ṽ(t)

∂2h0u
∂u2

(λ̃t)

∣∣∣∣
u=ũ0(t)

, L1
t := −

(
1 − ṽ(t)

) ∂2h1u
∂u2

(λ̃t)

∣∣∣∣
u=ũ1(t)

, (8.2.8)

we have
−D2ht

[
w(t)

]2
= L0

t

[
w0(t)

]2
+ L1

t

[
w1(t)

]2
. (8.2.9)

The forms L0
t and L1

t are positive definite by the strong Legendre condition on the two
active submanifolds. However, the pointwise term contains no contribution in the direction
ω, because both the relaxed dynamics and the relaxed cost depend affinely on v. The
Goh transformation introduced in the next subsection is precisely aimed at recovering the
missing coercive term in this singular direction.

8.2.3 Goh transformation

The expression in (8.2.7) is degenerate in the variation ω corresponding to the control v,
because the pointwise Hessian does not contain any quadratic term in this direction. We
remove this degeneracy by performing a Goh transformation.

Let
w = (w0, ω, w1) ∈ V,

and introduce the primitive

ϑ(t) :=

∫ t

0
ω(s) ds. (8.2.10)

The transformed variation is

ζ(t) :=
(
w0(t), ϑ(t), w1(t)

)
∈ Wt, (8.2.11)

where
Wt := Tũ0(t)U0 ⊕ R⊕ Tũ1(t)U1.

We define the desingularized variation-to-tangent map

Zt

(
w0, ϑ, w1

)
:= Z0

t w0 − ϑ∆̇t + Z1
t w1. (8.2.12)

Here and below, ∆̇t denotes the derivative of the Lipschitz curve t 7→ ∆t, defined for almost
every t ∈ [0, T ].

Since ω = ϑ̇ and ϑ(0) = 0, integration by parts gives∫ t

0
Xs[w(s)] ds = ϑ(t)∆t +

∫ t

0
Zsζ(s) ds. (8.2.13)

Consequently, the endpoint-preserving condition in (8.2.4) becomes

Kt =

{
w ∈ Vt

∣∣∣∣ ϑ(t)∆t +

∫ t

0
Zsζ(s) ds ∈ Π

}
.
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The first term in (8.2.13) is the boundary contribution generated by the transformation,
while the integral contains only the distributed variables ζ.

We now transform the second variation. For every t ∈ [0, T ], define the linear forms

a0t (w0) := σ
(
Z0
t w0,∆t

)
, a1t (w1) := σ

(
Z1
t w1,∆t

)
, (8.2.14)

and the scalar coefficient
αt := σ

(
∆t, ∆̇t

)
. (8.2.15)

The symmetric bilinear form lt on Wt is determined by

lt
[
(w0, ϑ, w1), (w

′
0, ϑ

′, w′
1)
]

:= L0
t [w0, w

′
0] + L1

t [w1, w
′
1]

+ ϑ′a0t (w0) + ϑa0t (w
′
0)

+ ϑ′a1t (w1) + ϑa1t (w
′
1)

+ αtϑϑ
′.

(8.2.16)

In particular,

lt
[
ζ(t), ζ(t)

]
= L0

t

[
w0(t)

]2
+ L1

t

[
w1(t)

]2
+ 2ϑ(t)a0t

(
w0(t)

)
+ 2ϑ(t)a1t

(
w1(t)

)
+ αtϑ(t)2.

Proposition 8.2.1 (Goh-transformed second variation). For every w = (w0, ω, w1) ∈ V,
with ϑ and ζ defined by (8.2.10) and (8.2.11), one has

Q(w) = ϑ(T )σ

(
∆T ,

∫ T

0
Ztζ(t) dt

)
+

∫ T

0
lt
[
ζ(t), ζ(t)

]
dt+

+

∫ T

0
σ

(
Ztζ(t),

∫ t

0
Zsζ(s) ds

)
dt.

(8.2.17)

Proof. Set
Yt := Z0

t w0(t) + Z1
t w1(t), Bt := ϑ(t)∆t.

By (8.2.2) and (8.2.12),
Xt[w(t)] = Ḃt + Ztζ(t).

Moreover, (8.2.13) yields ∫ t

0
Xs[w(s)] ds = Bt +

∫ t

0
Zsζ(s) ds. (8.2.18)

Using the skew-symmetry of σ, the double integral in (8.2.7) can be rewritten as

−
∫ T

0

∫ t

0
σ
(
Xs[w(s)], Xt[w(t)]

)
ds dt =

∫ T

0
σ

(
Xt[w(t)],

∫ t

0
Xs[w(s)] ds

)
dt.
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Substituting (8.2.18) in the formula (8.2.7) and integrating the term containing Bt by parts,
we obtain

−
∫ T

0

∫ t

0
σ
(
Xs[w(s)], Xt[w(t)]

)
ds dt

= ϑ(T )σ

(
∆T ,

∫ T

0
Ztζ(t) dt

)
+

∫ T

0

[
αtϑ(t)2 + 2ϑ(t)a0t

(
w0(t)

)
+ 2ϑ(t)a1t

(
w1(t)

)]
dt

+

∫ T

0
σ

(
Ztζ(t),

∫ t

0
Zsζ(s) ds

)
dt.

(8.2.19)

Combining (8.2.19) with (8.2.9) gives (8.2.17).

Formula (8.2.17) separates the transformed second variation into a boundary term, the
local form lt, and a Volterra-type symplectic term involving only the desingularized map
Zt. For variations in V, the terminal value ϑ(T ) is the trace of the primitive ϑ. In the next
subsection, these two quantities will be regarded as independent variables in the natural
completion of the transformed variation space. The algebraic structure and positivity of
the local form lt will be analyzed afterwards.

8.2.4 Augmented second variation

For a variation in V, the primitive introduced in (8.2.10) belongs to W 1,∞([0, T ]), satisfies
ϑ(0) = 0, and its terminal value ϑ(T ) is determined by the function ϑ. Formula (8.2.17),
however, depends continuously on ϑ and on its terminal value when these two quantities
are regarded as independent variables. We now introduce the corresponding completion,
which is the natural space for the construction of the L-derivative and of the Jacobi curve.

Using the time-dependent coordinates fixed in Subsection 8.2.1, we identify the spaces
Wt with Rd0+1+d1 and set

V̂ := R× L2
(
[0, T ];Wt

)
. (8.2.20)

An element of V̂ is denoted by

ŵ = (ϑT , ζ), ζ = (w0, ϑ, w1).

The scalar ϑT and the middle component ϑ of ζ are independent in (8.2.20). In particular,
no trace of the L2-function ϑ is prescribed at T . We equip V̂ with the Hilbert norm

∥(ϑT , ζ)∥2V̂ := |ϑT |2 +

∫ T

0
|ζ(t)|2 dt. (8.2.21)

The Goh transformation defines a linear map

TGoh : V −→ V̂,
w = (w0, ω, w1) 7−→ (ϑ(T ), (w0, ϑ, w1)) ,
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where ϑ(t) =
∫ t
0 ω(s) ds. We denote its image by VGoh.

Lemma 8.2.2. The subspace VGoh is dense in V̂.

Proof. It is sufficient to show that any pair (ϑT , ϑ) ∈ R×L2([0, T ];R) can be approximated,
with respect to the norm in (8.2.21), by a pair of the type (ϑ(T ), ϑ), where ϑ(t) =

∫ t
0 ω(s)ds,

for some ω ∈ L2([0, T ];R). Choose ψn ∈ C∞
c ((0, T )) such that ψn → ϑ in L2([0, T ]). Let

βn ∈W 1,∞([0, T ]) be supported in [T − 1/n, T ] and satisfy

βn(0) = 0, βn(T ) = ϑT , ∥βn∥L2 −→ 0.

Then
ϑn := ψn + βn

belongs to W 1,∞([0, T ]), satisfies ϑn(0) = 0 and ϑn(T ) = ϑT , and converges to ϑ in
L2([0, T ]). Setting ωn = ϑ̇n, we obtain the required approximation.

For every t ∈ [0, T ], define the extended first-variation operator

Ât : R× L2
(
[0, t];Ws

)
−→ Tλ̃0

(T ∗M),

Ât(ϑt, ζ) := ϑt∆t +

∫ t

0
Zsζ(s) ds.

(8.2.22)

For a variation w = (w0, ω, w1) ∈ V, formula (8.2.13) gives

Ât

(
ϑ(t), ζ|[0,t]

)
=

∫ t

0
Xs[w(s)] ds. (8.2.23)

The augmented endpoint-preserving space up to time t is therefore

K̂ :=
{

(ϑT , ζ) ∈ R× L2
(
[0, T ];W

) ∣∣∣ ÂT (ϑT , ζ) ∈ Π
}
.

We write Â := ÂT . In particular, (8.2.23) implies

TGoh(K) = VGoh ∩ K̂.

We next extend the transformed quadratic form. For (ϑT , ζ) ∈ R× L2([0, T ];Ws), set

Q̂(ϑT , ζ) := ϑTσ

(
∆T ,

∫ T

0
Zsζ(s) ds

)
+

∫ T

0
ls
[
ζ(s), ζ(s)

]
ds

+

∫ T

0
σ

(
Zsζ(s),

∫ s

0
Zrζ(r) dr

)
ds.

(8.2.24)

For every variation w ∈ V, Proposition 8.2.1 yields

Q(w) = Q̂
(
TGohw

)
.

The restriction of Q̂ to K̂ will be called the augmented second variation.
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Proposition 8.2.3. For every t ∈ [0, T ], the operator Ât and the quadratic form Q̂ are
continuous on their respective domains. Consequently, K̂ is a closed subspace of finite
codimension.

Proof. The curves ∆t, Z
0
t , Z1

t , ∆̇t, and lt are bounded on the compact interval under
consideration. Hence there is a constant C > 0 such that

∥Zsζ(s)∥ ≤ C|ζ(s)|

for almost every s. It follows from the Cauchy–Schwarz inequality that∥∥∥∥∫ r

0
Zsζ(s) ds

∥∥∥∥ ≤ C
√
t∥ζ∥L2([0,t]), r ∈ [0, t].

This estimate proves the continuity of Ât. The local term in (8.2.24) is continuous by the
uniform boundedness of lt. The same estimate gives∣∣∣∣∫ T

0
σ

(
Zsζ(s),

∫ s

0
Zrζ(r) dr

)
ds

∣∣∣∣ ≤ C∥ζ∥2L2([0,t]).

The boundary term is bounded by C|ϑT |∥ζ∥L2([0,T ]). Therefore,∣∣∣Q̂(ϑT , ζ)
∣∣∣ ≤ C

(
|ϑT |2 + ∥ζ∥2L2([0,T ])

)
,

which proves the continuity of Q̂. Finally, K̂ is the inverse image of the finite-dimensional
subspace Π under the continuous map Ât, so it is closed and has finite codimension.

Proposition 8.2.4 (Invariance of the L-derivative). Let ((ũ, ṽ), λ̃) be a first-order singular
extremal pair. If their Jacobi curve over the space of variation V is well defined, then it
coincide with the Jacobi curve obtained over the space of variations V̂.

This is a direct consequence of Lemma 8.2.2 and point 4. in Remark 3.1.10.
The augmented construction separates the terminal contribution ϑT∆T from the dis-

tributed contribution generated by Zt. This separation is essential in the subsequent con-
struction of the Jacobi curve, because the terminal variable produces the one-dimensional
extension in the direction ∆t, while the distributed variables determine the continuous
Jacobi evolution.

8.2.5 Generalized Legendre condition

The Goh transformation isolates in (8.2.17) the pointwise symmetric form lt on Wt. This
form contains the ordinary Legendre terms associated with the two maximizing submani-
folds and the additional direction generated by the primitive ϑ of ω. We now analyze its
algebraic structure and relate its positivity to the first-order non-degeneracy conditions
introduced in Definition 8.1.1.
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Definition 8.2.5 (Generalized Legendre condition). The symmetric form lt introduced
in (8.2.16) is called the generalized Legendre form of the first-order singular arc. We say
that the generalized Legendre condition holds if

lt ≥ 0 (8.2.25)

for almost every t ∈ [0, T ]. We say that the strong generalized Legendre condition holds if

lt
[
ζ, ζ
]
> 0 ζ ∈ Wt, (8.2.26)

for almost every t ∈ [0, T ].

With respect to the order (w0, ϑ, w1) fixed above, the generalized Legendre form has
the block representation

lt =

 L0
t a0t 0

(a0t )
∗ αt (a1t )

∗

0 a1t L1
t

 .

Here the linear forms a0t , a
1
t and the scalar αt are those defined in (8.2.14) and (8.2.15),

while L0
t ,L1

t are the ordinary Legendre forms in (8.2.8). We recall the following matrix
decomposition:A a 0

a⊤ α b⊤

0 b B

 =

Id A−1a 0

0 1 0

0 B−1b Id


⊤A 0 0

0 α̃ 0

0 0 B


Id A−1a 0

0 1 0

0 B−1b Id

 ,

where A,B are matrices and a, b vectors of appropriate dimensions, α ∈ R and α̃ =
α− a⊤A−1a− b⊤B−1b. By the strong Legendre condition on the submanifold Ui, L0

t and
L1
t are invertible, so we apply this decomposition to the generalized Legendre form lt and

define
γt := αt −

〈
(L0

t )
−1a0t , a

0
t

〉
−
〈
(L1

t )
−1a1t , a

1
t

〉
. (8.2.27)

Lemma 8.2.6 (Block reduction). Assume that L0
t and L1

t satisfy the strong Legendre
condition. Then, for almost every t ∈ [0, T ], the generalized Legendre form is congruent to

L0
t ⊕ γt ⊕ L1

t .

More precisely, for every (w0, ϑ, w1) ∈ Wt one has

lt
[
(w0, ϑ, w1), (w0, ϑ, w1)

]
= L0

t

[
w0 + ϑ(L0

t )
−1a0t

]2
+ γtϑ

2

+ L1
t

[
w1 + ϑ(L1

t )
−1a1t

]2
.

(8.2.28)

Consequently, lt is non-negative, respectively positive definite, if and only if γt is non-
negative, respectively positive, at that time.
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Proof. Formula (8.2.28) follows by expanding the two squares and using (8.2.27). The
remaining assertions follow from the positive definiteness of L0

t and L1
t .

It remains to compute an explicit formula for the scalar term γt. For this purpose, the
distinction between the brackets of the maximized Hamiltonians and the brackets obtained
by freezing the reference controls must be kept explicit. Set

h001t :=
{
h0ũ0(t)

,
{
h0ũ0(t)

, h1ũ1(t)

}}
,

h110t :=
{
h1ũ1(t)

,
{
h1ũ1(t)

, h0ũ0(t)

}}
.

(8.2.29)

These Hamiltonians are obtained by keeping ũ0(t) and ũ1(t) fixed when the Poisson brackets
are computed. They must not be confused with H001 and H110, for which the maximizing
feedbacks vary with the covector.

For a fixed t, abbreviate

δ⃗t := h⃗0ũ0(t)
(λ̃t) − h⃗1ũ1(t)

(λ̃t),

and define

ρit := dλ̃t
ûi[δ⃗t], i = 0, 1.

Lemma 8.2.7 (Identification of the scalar block). Along the reference first-order singular
arc, one has

ait(wi) = −Li
t[wi, ρ

i
t], i = 0, 1,

and

γt = −
(
H001 +H110

)
(λ̃t). (8.2.30)

Proof. In the following computation, all derivatives of hiu are evaluated at (λ̃t, ũi(t)) unless
a different base point is explicitly indicated. Differentiating the identity

∂hiu
∂u

∣∣∣∣
u=ûi(λ)

= 0

with respect to λ gives

dλ

(
∂hiu
∂u

[wi]

)
[ξ] +

∂2hiu
∂u2

[wi, dλûi[ξ]] = 0. (8.2.31)

By the symplectic invariance of the reference flow and the definition of Zi
t , we have

a0t (w0) = ṽ(t)σλ̃t

(
∂h⃗0u
∂u

[w0], δ⃗t

)
= ṽ(t)

∂2h0u
∂u2

[
w0, ρ

0
t

]
= −L0

t [w0, ρ
0
t ].
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The same computation gives a similar identity for a1t . Hence,〈
(Li

t)
−1ait, a

i
t

〉
= Li

t[ρ
i
t, ρ

i
t], i = 0, 1. (8.2.32)

We now compute αt. Differentiating the transported-back singular direction gives

∆̇t = (Φ̃−1
0,t )∗

(
h⃗10t +

∂h⃗0u
∂u

[ ˙̃u0(t)] −
∂h⃗1u
∂u

[ ˙̃u1(t)]

)
,

where

h10t :=
{
h1ũ1(t)

, h0ũ0(t)

}
.

Using (8.2.15), (8.2.31), and the identities in (8.2.29), we obtain

αt = −
(
h001t + h110t

)
(λ̃t) −

∂2h0u
∂u2

[
˙̃u0(t), ρ

0
t

]
+
∂2h1u
∂u2

[
˙̃u1(t), ρ

1
t

]
. (8.2.33)

Introduce

η0t := dλ̃t
û0

[
h⃗1ũ1(t)

]
, η1t := dλ̃t

û1

[
h⃗0ũ0(t)

]
.

Since the reference Hamiltonian vector field is

ṽ(t)⃗h0ũ0(t)
+ (1 − ṽ(t))⃗h1ũ1(t)

,

the derivatives of ũ0 and ũ1 satisfy

˙̃u0(t) = η0t + ṽ(t)ρ0t , ˙̃u1(t) = η1t − (1 − ṽ(t))ρ1t . (8.2.34)

Substituting (8.2.32), (8.2.33), and (8.2.34) into (8.2.27) yields

γt = −
(
h001t + h110t

)
(λ̃t) −

∂2h0u
∂u2

[η0t , ρ
0
t ] +

∂2h1u
∂u2

[η1t , ρ
1
t ]. (8.2.35)

Finally, set

B(λ, u0, u1) :=
{
h0u0

, h1u1

}
(λ).

Since

H01(λ) = B (λ, û0(λ), û1(λ)) ,

the chain rule in the direction δ⃗t gives

(
H001 +H110

)
(λ̃t) =

(
h001t + h110t

)
(λ̃t) +

∂2h0u
∂u2

[η0t , ρ
0
t ] −

∂2h1u
∂u2

[η1t , ρ
1
t ]. (8.2.36)

Comparing (8.2.35) and (8.2.36) proves (8.2.30).
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Proposition 8.2.8 (Positivity of the generalized Legendre form). Let λ̃ be a first-order
singular extremal arc in the sense of Definition 8.1.1. Then the strong generalized Legendre
condition (8.2.26) holds, that is lt is positive definite for almost every t ∈ [0, T ].

Proof. By the strong Legendre condition, the forms L0
t and L1

t are positive definite for
almost every t. By Lemma 8.2.7 and (8.1.12),

γt = −H001(λ̃t) −H110(λ̃t) > 0.

Then, the statement follows from Lemma 8.2.6.

We conclude by recording the variational consequences of the generalized Legendre
condition. For 0 ≤ a < b ≤ T , let Q̂a,b and K̂a,b denote the augmented second variation
and the augmented endpoint-preserving space obtained by repeating the construction of
Subsection 8.2.4 on the restricted arc [a, b], with all tangent vectors transported back to
Tλ̃a

(T ∗M).

Proposition 8.2.9 (Variational consequences). The following statements hold.

1. If the negative index of Q̂|K̂ is finite, then the generalized Legendre condition (8.2.25)
holds.

2. If the strong generalized Legendre condition holds, then, for every τ ∈ [0, T ), there
exists ε > 0 such that

Q̂τ,τ+ε

∣∣
K̂τ,τ+ε

> 0. (8.2.37)

In particular, Q̂|K̂ has finite negative index.

Proof. This is the same localization and rescaling argument used in Proposition 5.6.2. If
lt has a negative direction on a set of positive measure, one can construct infinitely many
variations with disjoint sufficiently small supports for which the local integral in (8.2.24) is
negative, while the term with the double integral is of lower order. After imposing the finite-
dimensional endpoint condition, this gives an infinite-dimensional negative subspace of the
augmented second variation, proving the first assertion by contradiction. Under (8.2.26),
the local integral is uniformly coercive. On a sufficiently short interval, the boundary term
and the term with the double integral are lower-order perturbations after rescaling, and the
finite-dimensional endpoint constraint does not destroy coercivity. This proves (8.2.37). A
finite covering of [0, T ] by such intervals gives the finite-index conclusion.

Proposition 8.2.8 shows that the first-order singularity assumptions recover precisely
the coercive direction that is absent from the original pointwise Hessian. The form lt
and the de-singularized map Zt will be used in the subsequent construction of the Jacobi
equation and of the Jacobi curve along a nice-singular arc.
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8.2.6 Jacobi equation and Jacobi curve of a first-order singular extremal

In this subsection, we derive a characterization of the Jacobi curve associated with a first-
order singular extremal similar to the one that was obtained in Subsection 5.4.1. That is,
we show that the evolution of the Jacobi curve is governed by a suitable Jacobi equation.
Since some of these arguments are a very close repetition of the ones already described
previously, the exposition is intentionally concise.

Let ((ũ, ṽ), λ̃) be the first-order singular extremal pair fixed throughout this section, and
let (Λt)t∈[0,T ] be its Jacobi curve, defined as the L-derivative associated with the filtration

of control variations introduced in Subsection 8.2.1. For every t ∈ (0, T ], denote by V̂t

and Q̂t the augmented variation space and the augmented second variation obtained by
repeating the construction of Subsection 8.2.4 on the interval [0, t]. By Lemma 8.2.2 and
Proposition 8.2.4, the space Λt can be computed equivalently using the original variations
or the augmented Goh variations.

We recall the following notation. If Λ is a Lagrangian subspace and Γ is an isotropic
subspace of the same symplectic vector space, we set

ΛΓ := (Λ + Γ) ∩ Γ∠ = (Λ ∩ Γ∠) + Γ.

By Proposition 8.2.8, the generalized Legendre form lt is positive definite for almost
every t ∈ [0, T ]. We identify it with the associated linear map

lt : Wt −→ W∗
t ,

and denote its inverse by l−1
t .

We now derive the equation governing the continuous evolution of the Jacobi curve.
Applying the same procedure described in 5.6.4 to the augmented second variation for a
first-order singular extremal and testing independently the ϑ component of the augmented
variations, we obtain the following relation

lt
[
ζ(t), ·

]
= σ

(
Zt ·, η(t)

)
. (8.2.38)

Hence,

ζ(t) = l−1
t σ

(
Zt ·, η(t)

)
.

Defining

η(t) = η0 −
∫ t

0
Zsζ(s)ds, t ∈ [0, T ], η ∈ Π,

and combining the last two identities, we obtain the Jacobi equation

η̇(t) = −Ztl
−1
t σ

(
Zt ·, η(t)

)
, for a.e. t ∈ [0, T ]. (8.2.39)
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Equation (8.2.39) is a linear Hamiltonian equation on Tλ̃0
(T ∗M). Its time-dependent

quadratic Hamiltonian is

bt(η) :=
1

2

〈
σ
(
Zt ·, η

)
, l−1

t σ
(
Zt ·, η

)〉
, η ∈ Tλ̃0

(T ∗M).

Indeed, with the symplectic convention fixed in Section 2.2, one has

b⃗t(η) = −Ztl
−1
t σ

(
Zt ·, η

)
.

We denote by

Bs,t := −→exp

∫ t

s
b⃗τ dτ, Bt := B0,t, (8.2.40)

the corresponding linear symplectic flow.
The distinguished singular direction is itself a solution of the Jacobi equation.

Lemma 8.2.10. The curve t 7→ ∆t satisfies Equation (8.2.39). Equivalently,

Bs,t∆s = ∆t, 0 ≤ s ≤ t ≤ T. (8.2.41)

Proof. Let ev := (0, 1, 0) ∈ Wt. By the definitions of lt and Zt, one has

lt
[
· , ev

]
= σ

(
Zt ·,∆t

)
, Ztev = −∆̇t.

Therefore,
−Ztl

−1
t σ

(
Zt ·,∆t

)
= −Ztev = ∆̇t,

which proves the first assertion. The identity (8.2.41) follows from uniqueness for the linear
Cauchy problem.

We can now identify the Jacobi curve explicitly.

Theorem 8.2.11 (Jacobi curve of a first-order singular extremal). The Jacobi curve as-
sociated with ((ũ, ṽ), λ̃) satisfies

Λ0 = Π, Λ+
0 = ΠR∆0 , Λt = B0,t

(
ΠR∆0

)
, t ∈ (0, T ]. (8.2.42)

Here Λ+
0 denotes the right limit of the Jacobi curve at t = 0.

Proof. Fix t ∈ (0, T ]. By Proposition 8.2.4, the space Λt can be computed on V̂t. The
distributed component ζ of an augmented variation is governed by the algebraic rela-
tion (8.2.38); hence its contribution to the L-derivative evolves according to the Jacobi
flow B0,t.

The independent terminal variable contributes the vector ϑt∆t to the first variation
through (8.2.22), while the restriction of the augmented quadratic form to this one-dimensional



198 CHAPTER 8. NICE EXTREMALS

variation space vanishes. The finite-dimensional extension argument of Lemma 3.3.6, ap-
plied after the distributed variations, therefore replaces the propagated Lagrangian sub-
space B0,tΠ with its Lagrangian extension in the direction R∆t. Consequently,

Λt = (B0,tΠ)R∆t .

Since B0,t is symplectic and, by Lemma 8.2.10, B0,t∆0 = ∆t, Lagrangian extension
commutes with the flow:

(B0,tΠ)R∆t = B0,t

(
ΠR∆0

)
.

The general definition of the Jacobi curve gives Λ0 = Π, whereas the preceding formula
yields the right limit Λ+

0 = ΠR∆0 . This proves (8.2.42).

8.3 Super-Hamiltonian and Jacobi equation

In this section, we construct a smooth super-Hamiltonian associated with a reference first-
order singular extremal pair ((ũ, ṽ), λ̃). We then show that, in the reference transported-
back frame, the linearization of its Hamiltonian flow coincides with the Jacobi flow Bs,t in-
troduced in Subsection 8.2.6. Throughout the section, H0 and H1 denote the two maximiz-
ing Hamiltonians, and Φ̃s,t denotes the reference Hamiltonian flow generated by h(ũ(t),ṽ(t)).

Recall the submanifolds introduced in Section 8.1,

Σ = {λ ∈ O | H0(λ) = H1(λ)}, S = {λ ∈ O | H01(λ) = 0},

where O ⊂ T ∗M is a neighbourhood of the reference arc on which

H001 < 0, H110 < 0.

In particular,

dH01
[
H⃗1 − H⃗0

]
= {H1 −H0, H01} = −H001 −H110 > 0 (8.3.1)

along the reference arc. After possibly shrinking O, the set S is therefore a smooth hyper-
surface and the vector field H⃗1 − H⃗0 is transverse to it.

We define H0
S as the solution of the characteristic Cauchy problem{H0

S , H
1 −H0} = 0 in O,

H0
S = H0 on S.

(8.3.2)

By (8.3.1), the method of characteristics gives a unique smooth solution after a further
restriction of O. We then set

H1
S := H0

S +H1 −H0.
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This definition immediately gives

H1
S = H1 on S, {H1

S , H
0 −H1} = 0,

and

H0
S −H1

S = H0 −H1.

In particular,

H⃗0
S − H⃗1

S = H⃗0 − H⃗1.

We can now introduce the time-dependent Hamiltonian

HS(t, λ) := H0
S(λ) +

(
1 − ṽ(t)

)(
H1 −H0

)
(λ)

= H1
S(λ) + ṽ(t)

(
H0 −H1

)
(λ).

(8.3.3)

We denote by ΦS
s,t its Hamiltonian flow.

Proposition 8.3.1 (Super-Hamiltonian properties). After possibly shrinking O, the Hamil-
tonian HS satisfies the following properties.

1. For every t ∈ [0, T ] and every λ ∈ O ∩ Σ,

HS(t, λ) ≥ H(λ).

2. Along the reference extremal,

HS(t, λ̃t) = H0(λ̃t) = H1(λ̃t) = H(λ̃t).

3. The reference extremal is an integral curve of H⃗S, namely

H⃗S(t, λ̃t) = ṽ(t)H⃗0(λ̃t) +
(
1 − ṽ(t)

)
H⃗1(λ̃t) =

˙̃
λt.

Consequently,

ΦS
0,t(λ̃0) = λ̃t. (8.3.4)

The proof of this Proposition is a repetition of the same argument used in the proof of
Theorem 5.1.2, just changing accordingly the notation. For this reason, we omit it.

We now compare the super-Hamiltonian dynamics with the reference dynamics. Define

C0,t := Φ̃−1
0,t ◦ ΦS

0,t.

By (8.3.4),

C0,t(λ̃0) = λ̃0. (8.3.5)
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The variations formula yields

C0,t = −→exp

∫ t

0
φ⃗s ds,

where
φt :=

(
HS(t, ·) − h(ũ(t),ṽ(t))

)
◦ Φ̃0,t. (8.3.6)

The value and the first differential of the two Hamiltonians agree along the reference
extremal, and therefore

φt(λ̃0) = 0, dλ̃0
φt = 0.

Thus, the first non-trivial derivative of φt at λ̃0 is its Hessian.

Proposition 8.3.2. For every η1, η2 ∈ Tλ̃0
(T ∗M),

Hessλ̃0
φt[η1, η2] =

〈
σ
(
Zt ·, η1

)
, l−1

t σ
(
Zt ·, η2

)〉
. (8.3.7)

In particular,
1

2
Hessλ̃0

φt[η, η] = bt(η).

The proof of Proposition 8.3.2 is given in Section 8.4. It is precisely at this point
that the two ordinary Legendre blocks and the Goh direction, collected in the generalized
Legendre form lt, enter the linearization of the super-Hamiltonian dynamics.

Corollary 8.3.3. The linearization of φt coincides with the Jacobi flow introduced in (8.2.40):

dλ̃0
C0,t = dλ̃0

(
Φ̃−1
0,t ◦ ΦS

0,t

)
= B0,t. (8.3.8)

Consequently, the Jacobi curve of Theorem 8.2.11 admits the representation

Λt = dλ̃0

(
Φ̃−1
0,t ◦ ΦS

0,t

)(
ΠR∆0

)
, t ∈ (0, T ]. (8.3.9)

Proof. By (8.3.5), the curve λ̃0 is a fixed solution of the Hamiltonian system generated by
φt. Its linearization is therefore generated by the quadratic Hamiltonian

η 7−→ 1

2
Hessλ̃0

φt[η, η].

By Proposition 8.3.2, this quadratic Hamiltonian is bt. Hence its linearized flow is B0,t,
which proves (8.3.8). Equation (8.3.9) then follows from (8.2.42).

Remark 8.3.4. The preceding result gives an equivalent formulation of the Jacobi equation
in the moving symplectic space Tλ̃t

(T ∗M). A curve η(t) ∈ Tλ̃0
(T ∗M) solves (8.2.39) if and

only if
ξ(t) := dλ̃0

Φ̃0,t[η(t)] ∈ Tλ̃t
(T ∗M)
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solves the linearized super-Hamiltonian equation

ξ̇(t) = dλ̃t
H⃗S(t, ·)[ξ(t)].

Thus, Equation (8.2.39) is exactly the linearized super-Hamiltonian dynamics written in
the transported-back reference frame.

8.4 Proof of Proposition 8.3.2

In this section, we prove the identity in Equation (8.3.7). First, we compute the Hessian
of φt and obtain an explicit expression. Then, show that the quadratic Hamiltonian bt
reduces to the same expression.

Fix t ∈ [0, T ] and set

λ := λ̃t, v := ṽ(t), ui := ũi(t), hi := hiui
, i = 0, 1.

We denote by ûi the maximizing feedback associated with H i and set

Di := dλûi, i = 0, 1.

Moreover, we introduce the notation

δ⃗ := H⃗0(λ) − H⃗1(λ) = h⃗0(λ) − h⃗1(λ),

and we denote by

δ⃗(1) := dλ̃0
Φ̃0,t[∆̇t].

Finally, set

Kt := HS(t, ·) − h(ũ(t),ṽ(t)).

By (8.3.6),

φt = Kt ◦ Φ̃0,t.

Since Kt(λ) = 0 and dλKt = 0, for every η1, η2 ∈ Tλ̃0
(T ∗M), setting

ξi := dλ̃0
Φ̃0,t[ηi], i = 1, 2,

we have

Hessλ̃0
φt[η1, η2] = HessλKt[ξ1, ξ2].

We also move the desingularized map to Tλ(T ∗M) by setting

Ẑ := dλ̃0
Φ̃0,t ◦ Zt.
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We also rewrite the generalized Legendre form in the moving symplectic space. To this
aim, define

Ẑ0w0 := dλ̃0
Φ̃0,t

[
Z0
t w0

]
= v

∂h⃗0u
∂u

∣∣∣∣
u=u0

[w0],

Ẑ1w1 := dλ̃0
Φ̃0,t

[
Z1
t w1

]
= (1 − v)

∂h⃗1u
∂u

∣∣∣∣
u=u1

[w1].

Thus,

Ẑ(w0, ϑ, w1) = Ẑ0w0 − ϑδ⃗(1) + Ẑ1w1.

Correspondingly, define the moved-forward coefficients

â0t (w0) := σλ
(
Ẑ0w0, δ⃗

)
, â1t (w1) := σλ

(
Ẑ1w1, δ⃗

)
,

and

α̂t := σλ
(
δ⃗, δ⃗(1)

)
.

The moved-forward generalized Legendre form l̂t is then defined, for (w0, ϑ, w1), (w̄0, ϑ̄, w̄1) ∈
Wt, by

l̂t
[
(w0, ϑ, w1), (w̄0, ϑ̄, w̄1)

]
= L0

t [w0, w̄0] + L1
t [w1, w̄1]

+ ϑ̄ â0t (w0) + ϑ â0t (w̄0)

+ ϑ̄ â1t (w1) + ϑ â1t (w̄1) + α̂tϑϑ̄.

Notice that the ordinary Legendre forms L0
t and L1

t act on the control spaces and there-
fore are not affected by the change of symplectic frame. Since dλ̃0

Φ̃0,t is symplectic, the
definitions in (8.2.41)–(8.2.42) give

â0t = a0t , â1t = a1t , α̂t = αt.

Consequently,

l̂t = lt.

Thus, in what follows, we continue to denote this common bilinear form by lt.
Since Φ̃0,t is Hamiltonian, it is enough to prove

HessλKt[ξ1, ξ2] =
〈
σλ
(
Ẑ ·, ξ1

)
, l−1

t σλ
(
Ẑ ·, ξ2

)〉
. (8.4.1)

We first record a preliminary identity that will be used repeatedly below. More pre-
cisely, we make the following claim.

Claim 8.4.1. For every ξ ∈ Tλ(T ∗M), we have that

σλ
(
ξ, δ⃗(1)

)
= −dλH01[ξ] + L0

t

[
D0δ⃗, D0ξ

]
+ L1

t

[
D1δ⃗, D1ξ

]
. (8.4.2)
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We derive this identity explicitly. The ingredients are the differentiated stationarity
relation (8.2.80), the formula for ∆̇t in (8.2.83), the representation of the maximized bracket
in (8.2.90)–(8.2.91), and the definition of the ordinary Legendre forms in (8.2.32).

Set

Y := vh⃗0 + (1 − v)⃗h1 =
˙̃
λt.

Since

ui = ûi(λ), i = 0, 1,

differentiating the feedbacks along the reference extremal gives

˙̃ui(t) = DiY, i = 0, 1.

Pushing forward (8.2.83) to Tλ(T ∗M) therefore yields

δ⃗(1) = h⃗10t +
∂h⃗0u
∂u

∣∣∣∣
u=u0

[D0Y ] − ∂h⃗1u
∂u

∣∣∣∣
u=u1

[D1Y ]. (8.4.3)

We shall use differentiated stationarity in the following form. For i = 0, 1, wi ∈ TuiUi,
and ξ ∈ Tλ(T ∗M), one has

σλ

(
ξ,
∂h⃗iu
∂u

∣∣∣∣
u=ui

[wi]

)
= −∂

2hiu
∂u2

∣∣∣∣
(λ,ui)

[wi, Diξ]. (8.4.4)

Indeed, the left-hand side is

dλ

(
∂hiu
∂u

∣∣∣∣
u=ui

[wi]

)
[ξ],

and differentiating the stationarity identity

∂hiu
∂u

∣∣∣∣
u=ûi(ℓ)

= 0

at ℓ = λ in the direction ξ gives precisely (8.4.4).

Pairing (8.4.3) with ξ and using h10t = −h01t together with (8.4.4), we obtain

σλ
(
ξ, δ⃗(1)

)
= −dλh01t [ξ] − ∂2h0u

∂u2

∣∣∣∣
(λ,u0)

[D0Y,D0ξ] +
∂2h1u
∂u2

∣∣∣∣
(λ,u1)

[D1Y,D1ξ]. (8.4.5)

It remains to replace the frozen-control bracket h01t by the maximized bracket H01.
Recall from (8.2.90)–(8.2.91) that

B(ℓ, u0, u1) = {h0u0
, h1u1

}(ℓ), H01(ℓ) = B
(
ℓ, û0(ℓ), û1(ℓ)

)
.
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The chain rule gives

dλH
01[ξ] = dλh

01
t [ξ] +

∂B

∂u0
[D0ξ] +

∂B

∂u1
[D1ξ]. (8.4.6)

We compute the two last terms separately. For w0 ∈ Tu0U0, using (8.4.4), we have

∂B

∂u0
[w0] =

{
∂h0u
∂u

∣∣∣∣
u=u0

[w0], h1

}

= −dλ

(
∂h0u
∂u

∣∣∣∣
u=u0

[w0]

)
[⃗h1] =

∂2h0u
∂u2

∣∣∣∣
(λ,u0)

[w0, D0h⃗1].

Similarly, for w1 ∈ Tu1U1,

∂B

∂u1
[w1] =

{
h0,

∂h1u
∂u

∣∣∣∣
u=u1

[w1]

}

= dλ

(
∂h1u
∂u

∣∣∣∣
u=u1

[w1]

)
[⃗h0] = −∂

2h1u
∂u2

∣∣∣∣
(λ,u1)

[w1, D1h⃗0].

Substituting these identities into (8.4.6) yields

dλH
01[ξ] = dλh

01
t [ξ] +

∂2h0u
∂u2

∣∣∣∣
(λ,u0)

[D0ξ,D0h⃗1] −
∂2h1u
∂u2

∣∣∣∣
(λ,u1)

[D1ξ,D1h⃗0].

Using this formula in (8.4.5), we obtain

σλ
(
ξ, δ⃗(1)

)
= −dλH01[ξ]+

∂2h0u
∂u2

∣∣∣∣
(λ,u0)

[
D0ξ,D0(⃗h1 − Y )

]
+
∂2h1u
∂u2

∣∣∣∣
(λ,u1)

[
D1ξ,D1(Y − h⃗0)

]
.

Since
h⃗1 − Y = −vδ⃗, Y − h⃗0 = −(1 − v)δ⃗,

the preceding identity becomes

σλ
(
ξ, δ⃗(1)

)
= −dλH01[ξ] − v

∂2h0u
∂u2

∣∣∣∣
(λ,u0)

[D0δ⃗, D0ξ]

−(1 − v)
∂2h1u
∂u2

∣∣∣∣
(λ,u1)

[D1δ⃗, D1ξ].

By the definition of L0
t and L1

t in (8.2.32), this is exactly (8.4.2). Thus, the claim is proved.
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Now, recalling that

S = {ℓ ∈ O | H01(ℓ) = 0},

we have

dλH
01[δ⃗] = H001(λ) +H110(λ) ̸= 0.

Hence δ⃗ is transverse to S, and therefore

Tλ(T ∗M) = Rδ⃗ ⊕ TλS. (8.4.7)

Computation of the left-hand side. Using (8.3.3), Kt can be written as

Kt =
(
H0

S −H0
)

+ v
(
H0 − h0

)
+ (1 − v)

(
H1 − h1

)
.

At λ, each of the three terms on the right-hand side, as well as its first differential, vanishes.

We first compute the Hessians of the last two terms. The point is that H i is obtained
by substituting the maximizing feedback into hiu,

H i(ℓ) = hiûi(ℓ)
(ℓ),

whereas hi = hiui
is obtained by freezing the maximizing control at its reference value

ui = ûi(λ). The two functions therefore have the same value and the same first differential
at λ, while their second-order difference is determined by the variation of the maximizing
feedback.

Indeed,we have
∂hiu
∂u

∣∣∣∣
(λ,ui)

= 0,

and hence, in a neighbourhood of λ,

dℓH
i[ξ1] = dℓh

i
ûi(ℓ)

[ξ1].

Differentiating this identity at ℓ = λ in the direction ξ2 gives

HessλH
i[ξ1, ξ2] = Hessλ hi[ξ1, ξ2]

+ dλ

(
∂hiu
∂u

∣∣∣∣
u=ui

[Diξ2]

)
[ξ1].

Applying (8.4.4) with wi = Diξ2, we conclude that

Hessλ
(
H i − hi

)
[ξ1, ξ2] = −∂

2hiu
∂u2

∣∣∣∣
(λ,ui)

[Diξ1, Diξ2].
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Multiplying by the corresponding coefficients and using again (8.2.8), we obtain

vHessλ
(
H0 − h0

)
[ξ1, ξ2] = L0

t [D0ξ1, D0ξ2],

(1 − v) Hessλ
(
H1 − h1

)
[ξ1, ξ2] = L1

t [D1ξ1, D1ξ2].
(8.4.8)

For the first term, H0
S − H0 vanishes on S, while the characteristic equation (8.3.2)

gives

d
(
H0

S −H0
)
[δ⃗] = −H01

along S. Since

dλ
(
H0

S −H0
)

= 0,

we obtain

Hessλ
(
H0

S −H0
)
[X1, X2] = 0, X1, X2 ∈ TλS,

and

Hessλ
(
H0

S −H0
)
[δ⃗, ξ] = −dλH01[ξ].

Combining these identities with (8.4.2) and (8.4.8), we find

HessλKt[δ⃗, ξ] = σλ
(
ξ, δ⃗(1)

)
,

HessλKt[X1, X2] = L0
t [D0X1, D0X2] + L1

t [D1X1, D1X2],
(8.4.9)

for every ξ ∈ Tλ(T ∗M) and X1, X2 ∈ TλS.

By (8.4.7), we can write

ξi = aiδ⃗ +Xi, ai ∈ R, Xi ∈ TλS, i = 1, 2.

By bilinearity and symmetry of the Hessian, Equation (8.4.9) yields

HessλKt[ξ1, ξ2] = a1a2σλ
(
δ⃗, δ⃗(1)

)
+ a1σλ

(
X2, δ⃗

(1)
)

+ a2σλ
(
X1, δ⃗

(1)
)

+ L0
t [D0X1, D0X2] + L1

t [D1X1, D1X2].

(8.4.10)

We now show that the right-hand side of (8.4.1) gives exactly the same expression.

Computation of the right-hand side. By the definition of Zt, the moving desingu-
larized map satisfies

Ẑ(w0, ϑ, w1) = v
∂h⃗0u
∂u

∣∣∣∣
u=u0

[w0] − ϑδ⃗(1)

+ (1 − v)
∂h⃗1u
∂u

∣∣∣∣
u=u1

[w1].
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Let
e := (0, 1, 0) ∈ Wt,

and, for X ∈ TλS, set
ωX :=

(
−D0X, 0,−D1X

)
∈ Wt.

We first identify the lt-representer associated with δ⃗. The definitions of a0t , a
1
t , αt, and

lt give
lt
(
·, e
)

= σλ
(
Ẑ ·, δ⃗

)
. (8.4.11)

We next identify the representer associated with a vector X ∈ TλS. Equation (8.4.4)
gives, for every (w0, 0, w1) ∈ Wt,

lt ((w0, 0, w1), ωX) = −L0
t [w0, D0X] − L1

t [w1, D1X]

= σλ

(
Ẑ(w0, 0, w1), X

)
.

Since X ∈ TλS, we have dλH
01[X] = 0, and therefore (8.4.2) gives

lt
(
e, ωX

)
= L0

t [D0δ⃗, D0X] + L1
t [D1δ⃗, D1X]

= σλ
(
X, δ⃗(1)

)
= σλ

(
Ẑe,X

)
.

By bilinearity, it follows that

lt
(
·, ωX

)
= σλ

(
Ẑ ·, X

)
, X ∈ TλS. (8.4.12)

Consequently, if
ξ = aδ⃗ +X, X ∈ TλS,

then (8.4.11) and (8.4.12) imply

lt
(
·, ae+ ωX

)
= σλ

(
Ẑ ·, ξ

)
.

By Proposition 8.2.8, the form lt is non-degenerate, and hence

l−1
t σλ

(
Ẑ ·, ξ

)
= ae+ ωX .

It follows that the right-hand side of (8.4.1) is〈
σλ
(
Ẑ ·, ξ1

)
, l−1

t σλ
(
Ẑ ·, ξ2

)〉
= lt

(
a1e+ ωX1 , a2e+ ωX2

)
.

It remains to expand the last expression. From (8.4.11) and the fact that

Ẑe = −δ⃗(1),
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we obtain

lt(e, e) = σλ
(
δ⃗, δ⃗(1)

)
.

Similarly, (8.4.12) gives

lt
(
e, ωX

)
= σλ

(
X, δ⃗(1)

)
.

Finally, applying (8.4.4) with (w0, w1) = (−D0X1,−D1X1) gives

lt
(
ωX1 , ωX2

)
= L0

t [D0X1, D0X2] + L1
t [D1X1, D1X2].

Therefore, 〈
σλ
(
Ẑ ·, ξ1

)
, l−1

t σλ
(
Ẑ ·, ξ2

)〉
= a1a2σλ

(
δ⃗, δ⃗(1)

)
+ a1σλ

(
X2, δ⃗

(1)
)

+ a2σλ
(
X1, δ⃗

(1)
)

+ L0
t [D0X1, D0X2] + L1

t [D1X1, D1X2].

This is exactly the expression obtained for the left-hand side in (8.4.10), and hence (8.4.1)
follows.

Finally, recalling that

ξi = dλ̃0
Φ̃0,t[ηi], Ẑ = dλ̃0

Φ̃0,t ◦ Zt,

the symplecticity of Φ̃0,t gives

σλ
(
Ẑ ·, ξi

)
= σ

(
Zt ·, ηi

)
, i = 1, 2.

Substituting this identity into (8.4.1), we conclude that

Hessλ̃0
φt[η1, η2] =

〈
σ
(
Zt ·, η1

)
, l−1

t σ
(
Zt ·, η2

)〉
.

This is (8.3.7) and completes the proof.

8.5 Jacobi curve for a nice extremal

The aim of this section is to establish a characterization of the Jacobi curve associated
with a nice extremal pair (ũ, λ̃) via an appropriate algorithm, similarly to what is done in
Theorem 6.1.6. We briefly state the definition of endpoint map and derive the first and
second differential, which are needed for the proof of the main theorem of the section. Since
this first part is very close to the corresponding part for the piecewise regular extremal, we
treat this part schematically just underlining the principal differences.
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8.5.1 Endpoint map near a nice extremal

Let (ũ, λ̃) be a nice extremal pair and let

0 = t0 < t1 < · · · < tk < tk+1 = T

be a partition as in Definition 8.1.4. We set

Ij := (tj−1, tj), j = 1, . . . , k + 1,

and denote by R and S the sets of indices corresponding respectively to regular and
first-order singular arcs.

We construct a local space of competitors by combining the constructions of Sections 7.1
and 8.2.1. If j ∈ R, we use time-dependent local coordinates on the unique maximizing
submanifold Uj containing ũ|Ij , exactly as in Section 7.1, and denote the corresponding
local control by uj . If j ∈ S , we denote by Uj,0 and Uj,1 the two active submanifolds and
use the reduced variables

uj = (uj0, u
j
1), vj ∈ (0, 1),

introduced in Subsection 8.2.1.

As in Section 7.1, we also introduce a time-reparametrization variable ν ∈ L∞([0, T ]),
with 1 + ν > 0, in order to encode variations of the switching times. We denote by u the
collection of all the local control variables just introduced and by ũ its reference value, that
is

u(t) =

u(t) if t ∈ Ij and j ∈ R,

(u0(t), v(t), u1(t)) if t ∈ Ij and j ∈ S .

For t ∈ Ij , set

hu(t) :=

h
j
uj(t)

, j ∈ R,

hj
(uj(t),vj(t))

, j ∈ S ,

where, on a singular interval,

h(uj ,vj) = vjhj,0
uj
0

+ (1 − vj)hj,1
uj
1

.

We denote by Unice the resulting Banach manifold of local competitors (ν, u). The
corresponding state endpoint map and extended endpoint map are defined as in Sections 7.1
and 8.2.1; on a regular interval the running cost is L, whereas on a singular interval it is
the reduced relaxed cost introduced in (8.1.11). We denote them by

F : Unice −→M, E = (F, J).
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Fixing the initial covector λ̃0, the Hamiltonian lift of the endpoint map is

E(ν, u) = −→exp

∫ T

0
(1 + ν(t))⃗hu(t) dt ◦ λ̃0.

Let Φ̃s,t denote the Hamiltonian flow of the control corresponding to the reference extremal.
As before, we transport the endpoint map back to the fixed initial symplectic space and
set

G(ν, u) := Φ̃−1
0,T ◦ E(ν, u), G := π ◦ G.

In particular,
G(0, ũ) = λ̃0, G(0, ũ) = q0.

Finally, we denote the tangent space of variations by

V := T(0,ũ)Unice.

A variation is written on a regular interval as

w|Ij = (θ, wj), j ∈ R,

and on a singular interval as

w|Ij = (θ, wj
0, ω

j , wj
1), j ∈ S .

For t ∈ [0, T ], we use the same support filtration as in Section 7.3.2,

Vt := {w ∈ V | suppw ⊂ [0, t]} .

The Jacobi curve considered below is the L-derivative associated with this filtration.

8.5.2 First and second differential of the endpoint map

We now record only the formulas needed to determine the Jacobi curve. The computations
are the same as in Section 7.3.2, with the singular contribution on each interval Ij , j ∈ S ,
replaced by the one derived in Section 8.2.

Define the transported perturbation Hamiltonian by

ht(λ, ν, u) :=
(

(1 + ν)hu(t) − h ˜u(t)

)
◦ Φ̃0,t(λ).

For w ∈ V, let
Xt[w(t)] := D(ν,u)h⃗t

(
λ̃0, 0, ũ

)
[w(t)].

On a regular interval Ij , the notation of Section 7.3.2 gives

Xt[w(t)] = θ(t)H⃗ j
t + Zj

tw
j(t), j ∈ R.
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On a singular interval, denote by

∆j
t := H⃗ j,0

t − H⃗ j,1
t

the distinguished singular direction and by

H⃗ j,s
t := ṽj(t)H⃗ j,0

t +
(
1 − ṽj(t)

)
H⃗ j,1

t

the transported vector field of the reference singular dynamics. Then the first variation
has the decomposition

Xt[w(t)] = θ(t)H⃗ j,s
t + Zj,0

t wj
0(t) + ωj(t)∆j

t + Zj,1
t wj

1(t), j ∈ S .

The general first-order variation formula therefore gives

DG[w] = dλ̃0
π

[∫ T

0
Xt[w(t)] dt

]
. (8.5.1)

Consequently, denoting by Π = Tλ̃0

(
T ∗
q0M

)
, the endpoint-preserving kernel is

K =

{
w ∈ V

∣∣∣∣ ∫ T

0
Xt[w(t)] dt ∈ Π

}
.

Similarly, the second differential is obtained directly from the general formula of Sec-
tion 7.3.2. The associated quadratic form on V is

Q(w) = −
∫ T

0
D2ht[w(t)]2 dt−

∫ T

0

∫ t

0
σ
(
Xs[w(s)], Xt[w(t)]

)
ds dt. (8.5.2)

Its restriction to K coincides with the constrained second differential of the endpoint map.
For later use, it remains only to identify the form taken by these expressions when the

variations are localized inside one of the intervals Ij . If j ∈ R, the restriction of (8.5.1)–
(8.5.2) to Ij is exactly the one studied in Sections 7.3.2 and 7.4.1. In particular, after the
contribution of the time variations has been incorporated into the initial Lagrangian sub-
space, the remaining control variations are described by Zj

t and by the ordinary Legendre
form Lj

t , and generate the regular Jacobi equation.
Suppose instead that j ∈ S and set a = tj−1. For a variation supported in [a, t] ⊂

[tj−1, tj ], introduce the Goh primitive

ϑj(s) :=

∫ s

a
ωj(r) dr

and the transformed distributed variation

ζj =
(
wj
0, ϑ

j , wj
1

)
.
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Repeating the construction of Subsections 8.2.3 and 8.2.4 on the interval [a, t], the con-
tribution of the singular control variations to the first differential extends continuously
to

Âj
a,t

(
ϑjt , ζ

j
)

= ϑjt∆
j
t +

∫ t

a
Zj
sζ

j(s) ds.

The corresponding quadratic form is the translated version of the augmented second varia-
tion of Subsection 8.2.4, with generalized Legendre form ljs and desingularized map Zj

s . By
Proposition 8.2.4, replacing the original singular variations with these augmented variations
does not change the associated L-derivative.

Therefore, on each regular interval the localized variational problem is exactly the
one used in the proof of Theorem 7.4.1, whereas on each singular interval it is exactly
the translated version of the variational problem studied in Subsection 8.2.6. The time
variations can be separated from the local control variations by the same argument used
in Proposition 7.3.2. These observations are the only ingredients from the endpoint-map
computation that will be needed in the proof of Theorem 8.5.1.

8.5.3 Structure of the Jacobi curve for a nice extremal

We can now characterize the Jacobi curve of a nice extremal by combining the recursive
construction of Theorem 7.4.1 with the analysis of a first-order singular arc developed in
Section 8.2. The preceding subsections show that, after the contribution of the variations
supported before tj−1 has been incorporated into Λtj−1 , the variational problem on (tj−1, tj)
is precisely one of the two problems already considered: the regular one of Section 7.4, or
the first-order singular one of Subsection 8.2.6.

For every j = 1, . . . , k+1, let Bj
s,t denote the linear symplectic flow associated with the

corresponding Jacobi equation on (tj−1, tj). If the j-th arc is regular, this is the regular
Jacobi flow of Theorem 7.4.1. If the j-th arc is first-order singular, it is the flow generated
by

η̇(t) = −Zj
t

(
ljt
)−1

σ
(
Zj
t ·, η(t)

)
. (8.5.3)

In the latter case, by Corollary 8.3.3, this flow is equivalently the linearization of the flow φt

introduced before, after identifying the tangent spaces through the reference Hamiltonian
flow.

Theorem 8.5.1 (Structure of the Jacobi curve). Let (ũ, λ̃) be a nice extremal pair asso-
ciated with the partition

0 = t0 < t1 < · · · < tk < tk+1 = T.

Denote by

Λ : [0, T ] −→ L
(
Tλ̃0

(T ∗M)
)
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the corresponding Jacobi curve. Then Λ is a left-continuous piecewise smooth curve whose
possible discontinuities are t0, . . . , tk. It is determined recursively by setting

Λ0 = Π

and applying the following rules on every interval (tj−1, tj ].

1. Suppose that the j-th arc is regular and denote by H⃗ j
t its transported Hamiltonian

vector field. Then

Λ+
tj−1

= Λ
RH⃗ j

tj−1

tj−1
, (8.5.4)

and
Λt = Bj

tj−1,t
Λ+
tj−1

, t ∈ (tj−1, tj ]. (8.5.5)

In particular,
H⃗ j

t ∈ Λt, t ∈ (tj−1, tj ].

2. Suppose that the j-th arc is first-order singular, with active Hamiltonians Hj,0 and
Hj,1, and set

∆j
t = H⃗ j,0

t − H⃗ j,1
t .

Then

Λ+
tj−1

= Λ
R∆j

tj−1

tj−1
, (8.5.6)

and
Λt = Bj

tj−1,t
Λ+
tj−1

, t ∈ (tj−1, tj ]. (8.5.7)

In particular,
∆j

t ∈ Λt, t ∈ (tj−1, tj ]. (8.5.8)

Proof. The proof follows recursively the same argument used for Theorem 7.4.1. Assume
that Λtj−1 has already been determined and fix t ∈ (tj−1, tj ]. By the causality property of
the L-derivative, all variations supported in [0, tj−1] are completely encoded by the initial
Lagrangian subspace Λtj−1 , so that it remains only to add the variations supported in
(tj−1, t).

If the j-th arc is regular, there is nothing new to prove. The argument of Theorem 7.4.1
applies verbatim after translating the initial time from 0 to tj−1 and replacing the initial
vertical subspace by Λtj−1 . The time variations give the new initial subspace (8.5.4), while
the ordinary control variations generate the regular Jacobi flow. This gives (8.5.5) and the
inclusion H⃗ j

t ∈ Λt.
Suppose now that the j-th arc is first-order singular. We apply on [tj−1, t] the con-

struction of Section 8.2, again replacing the initial vertical subspace Π by the already
constructed space Λtj−1 . By Proposition 8.2.4, passing from the original variations to the
augmented space does not modify the L-derivative. The independent terminal variable
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ϑT produces precisely the symplectic transformation yielding the new initial subspace, as
in Theorem 8.2.11, and therefore gives (8.5.6). The distributed augmented variations are
governed by the generalized Legendre form ljt and the map Zj

t , hence their contribution
evolves according to (8.5.3). This proves (8.5.7). Moreover, Lemma 8.2.10, translated to
the interval [tj−1, tj ], gives (8.5.8). By Corollary 8.3.3, the same evolution can equivalently
be described as the linearization of the flow φt of Section 8.3.

Iterating these two constructions for j = 1, . . . , k + 1 determines the Jacobi curve on
the whole interval. Each of its restrictions to (tj−1, tj) is smooth, while Λtj is obtained by
left continuation from the preceding arc. Hence Λ is left-continuous and piecewise smooth,
with possible right jumps only at the initial time and at the junction times.

Remark 8.5.2. Along a first-order singular arc, both active Hamiltonian directions belong
to the Jacobi curve. Indeed, ordinary time variations give

H⃗ j,s
t = ṽj(t)H⃗ j,0

t +
(
1 − ṽj(t)

)
H⃗ j,1

t ∈ Λt,

whereas (8.5.8) gives

H⃗ j,0
t − H⃗ j,1

t ∈ Λt.

Since ṽj(t) ∈ (0, 1), it follows that

H⃗ j,0
t , H⃗ j,1

t ∈ Λt. (8.5.9)

In particular, if a first-order singular arc is followed at tj by a regular arc, the remark
following Definition 8.1.4 shows that the Hamiltonian of the outgoing regular arc is one of
the two active Hamiltonians of the singular arc. Hence its transported Hamiltonian vector
field already belongs to Λtj by (8.5.9), and the extension prescribed by (8.5.4) is trivial:

Λ+
tj

= Λtj .

Thus the Jacobi curve is continuous at every junction from a first-order singular arc to a
regular arc. At a regular–singular junction, instead, the possible right jump is the extension
in the singular direction R∆j+1

tj
prescribed by (8.5.6).

8.6 The super-Hamiltonian near regular–singular junctions

In this section, we extend the construction exposed in Section 8.3 of the super-Hamiltonian
function for a purely first-order singular arc to a nice extremal containing a first-order
singular arc. The only new point is the behaviour of the field of extremals at the junctions
between regular and singular arcs. We follow the construction introduced for bang–singular
extremals in [64] and subsequently developed in [61], adapting it to the super-Hamiltonian
of Section 8.3.
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This part is still a work in progress. For this reason, the arguments leading to some
of the results of this section are not presented in full detail. In particular, in the end of
the section we state what we think is the natural conjecture about a sufficient optimality
condition for nice extremal without conjugate points. However, it does not follow directly
from the arguments presented here or present in the literature, but we think that it is
achievable by some refinement of these techniques.

For simplicity, we consider a nice extremal with the following regular–singular–regular
structure:

• the first arc, defined on [0, t1], is regular and is generated by the maximized Hamil-
tonian H0;

• the second arc, defined on [t1, t2], is a first-order singular arc with simultaneous
maximized Hamiltonians H0 and H1;

• the final arc, defined on [t2, T ], is regular and generated by H1.

We denote by H0
S , H1

S , and HS the Hamiltonians constructed in Section 8.3. Recall in
particular that

{H0
S , H

1 −H0}(λ) = 0, {H1
S , H

1 −H0}(λ) = 0, λ ∈ T ∗M,

so that the Hamiltonian flows of both H0
S and H1

S leave Σ invariant, while

HS(t, λ) = H0
S(λ) +

(
1 − ṽ(t)

)(
H1 −H0

)
(λ)

is the super-Hamiltonian associated with the singular arc.
In Section 7.5, we proved that, for a piecewise regular extremal, the maximized Hamil-

tonian generates an Hamiltonian flow which can be used to construct a field of extremals.
For a first-order singular arc, the maximized Hamiltonian do not produce a well defined
flow in a neighbourhood of the reference extremal. However, in Section 8.3 we showed
that a smooth super-Hamiltonian near the singular extremal can be constructed, so that
Theorem 4.1.3 can be still applied to prove local optimality. For a nice extremal, however,
simply concatenating these two constructions is not enough to obtain a field of extremals.

The obstruction occurs at the regular–singular junctions. Around these points, the
maximized Hamiltonian flow divides any neighbourhood of the preceding regular arc into
two families (see Figure 8.1d): trajectories on one side reach and cross the switching hyper-
surface Σ, whereas trajectories on the other side do not reach Σ. The trajectories reaching
Σ tangentially form the separating family, and the reference extremal belongs precisely to
this boundary. This is the local geometry underlying the bang–singular construction in [64,
61]. Consequently, the field obtained from the maximized Hamiltonian alone is one-sided
at the reference regular–singular extremal, and its projection cannot cover a full neigh-
bourhood of the reference trajectory in M . To overcome this problem, one can introduce
an additional segment of the dynamics generated by the Hamiltonians H0

S and H1
S .
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Σ

S{H01 > 0} {H01 < 0}

exp(tH⃗0)

λ̃t1

(a) Flow of H⃗0.

Σ

S{H01 > 0} {H01 < 0}

exp(tH⃗1)

λ̃t1

(b) Flow of H⃗1.

Σ

S{H01 > 0} {H01 < 0}

exp(tH⃗1)

exp(tH⃗0)

λ̃t1

(c) Flow of H⃗.

Σ

S{H01 > 0} {H01 < 0}

exp(tH⃗0)

exp(tH⃗1)

λ̃0

λ̃t1

(d) Flow of the maximized Hamiltonian em-
anating from a neighbourhood of λ̃0.

Figure 8.1: Flow of the maximized Hamiltonians in a neighbourhood of λ̃t1 . The horizontal
axis correspond to Σ = {H0 = H1}, while the vertical axis is S = {H01 = 0}. Above Σ we
have H0 > H1, below Σ we have H0 < H1.

First of all, we make this local geometry precise, that is we show that either trajectories
of H⃗0 nearby λ̃ crosses Σ, either they meet Σ transversally or they do not reach it.

Proposition 8.6.1 (Local geometry of a regular–singular junction). Let (ũ, λ̃) have the
regular–singular–regular structure described above, and let t ∈ (0, t1). Then, there is a
sufficiently small neighbourhood Nt of λ̃t and δ > 0 such that Nt is partitioned into three
non-empty sets: letting λs = exp(sH⃗0)(λ), the three sets are

N 1
t := {λ ∈ Nt | ∃!s ∈ [0, t1 − t+ δ], λs ∈ Σ, H01(λs) ̸= 0},

N 2
t := {λ ∈ Nt | ∃!s ∈ [0, t1 − t+ δ], λs ∈ Σ, H01(λs) = 0},

N 3
t := {λ ∈ Nt | H0(λs) > H1(λs), ∀s ∈ [0, t1 − t+ δ]}.
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Moreover, N 2
t is a smooth hypersurface through λ̃t.

Proof. Since H01(λ̃t1) = 0 and H⃗0(H01)(λ̃t1) = H001(λ̃t1) ̸= 0, by implicit function the-
orem there is a neighbourhood Nt ⊂ T ∗M of λ̃t and a function τ : Nt → R such that,
H01(λτ(λ)) = 0 for every λ ∈ Nt. Moreover, for every λ ∈ Nt, the function

s 7→ H0(λs) −H1(λs),

has a critical point at s = τ(λ), since d
ds [H0(λs) −H1(λs)] = H10(λs). Moreover

d2

ds2
[H0(λs) −H1(λs)] = −H001(λs),

and −H001(λ̃t1) > 0, thus the previous critical points are local minima. The value of
H1 −H0 at this local minima is either either negative, zero, or positive according as the
corresponding trajectory reaches Σ transversally, reaches it tangentially, or does not reach
it (see Figure 8.1a). Since Σ is a smooth hypersurface, the zero level of this maximal value
is itself a smooth hypersurface after reducing Nt. This gives the stated decomposition.

In view of Proposition 8.6.1, the maximized Hamiltonian flow has to be modified on
the side which does not provide a continuation compatible with the singular field.

Recall that, by the definitions given in Section 8.3, we have

H0
S(λ) = H0(λ), dλH

0
S = dλH

0 λ ∈ S, (8.6.1)

H1
S(λ) = H1(λ), dλH

1
S = dλH

1 λ ∈ S. (8.6.2)

In particular, {H0
S , H

01}(λt1) = H001(λt1) ̸= 0, and similarly {H0
S , H

01}(λt2) ̸= 0, so

that H⃗0
S(λ̃t1) and H⃗1

S(λ̃t2) are transversal to S. This fact allow us to define the following
correcting dynamics.

Proposition 8.6.2 (Hitting times at the junctions). There exist relatively open neighbour-
hoods N1 and N2 in Σ of λ̃t1 and λ̃t2 respectively and smooth functions τ0 and τ1, defined
respectively on these neighbourhoods, such that

H01
(

exp
(
(τ0(λ) − t1)H⃗

0
S

)
(λ)
)

= 0, λ ∈ N1

and
H01

(
exp
(
(τ1(λ) − t2)H⃗

1
S

)
(λ)
)

= 0 λ ∈ N2.

In particular,
τ0(λ̃t1) = t1, τ1(λ̃t2) = t2.

For points sufficiently close to the reference junctions satisfying H01(λ) < 0, one has

τ0(λ) < t1, τ1(λ) > t2.

Moreover, for i = 1, 2, τi(λ) = ti if and only if λ ∈ Σ ∩ S.
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Proof. For the incoming junction, apply the implicit function theorem to

H01
(

exp
(
(s− t1)H⃗

0
S

)
(λ)
)

= 0

near (s, λ) = (t1, λ̃t1). The derivative with respect to s at this point is, by (8.6.1),

{H0
S , H

01}(λ̃t1) = H001(λ̃t1) < 0,

so that a unique smooth solution s = τ0(λ) exists. Since the H0
S-flow preserves Σ, the

corresponding hitting point belongs to Σ∩S, and the sign of the preceding derivative gives
τ0(λ) < t1 when H01(λ) < 0. The outgoing junction is analogous, since

{H1
S , H

01} = −H110 > 0

on Σ ∩ S, which gives the function τ1 and the inequality τ1(λ) > t2.

We now use the hitting times introduced above to construct a local field of extremals
through the regular–singular–regular block.

Definition 8.6.3 (Regular-singular-regular field of extremals). Consider a sufficiently
small relatively open neighbourhood N1 of λ̃t1 in Σ and define N2 := ΦS

t1,t2(N1). Since
the flow of HS preserves Σ, after reducing the neighbourhood if necessary this produces a
neighbourhood of the reference singular arc contained in Σ, whose trajectories have their
values at t1 and t2 in N1 and N2, respectively.

We extend each of these trajectories through the two junctions with the regular arcs
as follows. More precisely, for each point λ ∈ N1, we construct a trajectory [0, T ] ∋ t 7→ λt
as follows:

1. For λ ∈ N1, we set λ = λt1 . Then, if H01(λ) ≥ 0, the trajectory is extended
backwards directly by the flow of H0, that is

λt = exp(−(t1 − t)H⃗0)(λ), for t ∈ [0, t1].

If instead H01(λ) < 0, it is first extended backwards by the flow of H0
S , for a time

equal to τ0(λ), so that it meets S, and then continued backwards by the flow of H0.
That is

λt =

exp(−(t1 − t)H⃗0
S)(λ), t ∈ [τ0(λ), t1],

exp(−(τ0(λ) − t)H⃗0)(λτ0(λ)), t ∈ [0, τ0(λ)].

2. On the singular interval [t1, t2], the trajectory is generated by the time-dependent
Hamiltonian HS .
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Σ

S ∩ Σ
{H01 ≥ 0}

{H01 < 0}
N1

λ̃t1

λ

−H⃗0
S

−H⃗0

Figure 8.2: Graphical representation of the construction on the side H01 < 0.

3. For λ ∈ N2 if H01(λ) ≥ 0, the trajectory is extended forward directly by the flow of
H1, that is

λt = exp((t− t2)H⃗
1)(λ), for t ∈ [t2, T ].

If H01(λ) < 0, it is first propagated forward by the flow of H1
S for a time equal to

τ1(λ), so that it meets S, and then continued forward by the flow of H1. That is

λt =

exp((t− t2)H⃗
0
S)(λ), t ∈ [t2, τ1(λ)],

exp((t− τ1(λ))H⃗0)(λτ1(λ)), t ∈ [τ1(λ), T ].

We call the resulting family a regular-singular-regular field of extremals.

The corrected portions generated by H0
S and H1

S remain in Σ. At their intersections
with S, Equations (8.6.1) and (8.6.2) imply that the corresponding Hamiltonian vector
fields agree with H⃗0 and H⃗1, respectively. Hence the corrected and ordinary portions join
with the same tangent vector.

After reducing the neighbourhoods if necessary, we can choose ε > 0 such that all the
relevant incoming and outgoing hitting times satisfy

t1 −
ε

2
< τ0(λ) ≤ t1, t2 ≤ τ1(λ) < t2 +

ε

2
.
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We can therefore prescribe the Hamiltonian generating this family of trajectories by

HS(t, λ) :=



H0(λ), 0 ≤ t ≤ t1 − ε,

H0(λ), t1 − ε < t < t1, H01(λ) ≥ 0,

H0
S(λ), t1 − ε < t < t1, H01(λ) < 0,

HS(t, λ), t1 ≤ t ≤ t2,

H1
S(λ), t2 < t < t2 + ε, H01(λ) < 0,

H1(λ), t2 < t < t2 + ε, H01(λ) ≥ 0,

H1(λ), t2 + ε ≤ t ≤ T.

(8.6.3)

This definition describes the Hamiltonian dynamics along the corrected field con-
structed above. To obtain a Hamiltonian defined on a full neighbourhood of this field,
we can follow the local matching procedure introduced in [64, 61].

The ingredients required for the same construction are available in the present setting.
Indeed, the flows of H0

S and H1
S preserve Σ, Proposition 8.6.2 provides smooth hitting

times of S, and the first-order contact relations (8.6.1)–(8.6.2) guarantee the compatibility
of the correcting and regular dynamics at the corresponding hitting points. Consequently,
after possibly reducing the neighbourhoods of the two junctions, the matching argument
of [64, 61] applies with H0, H0

S at the incoming junction and with H1
S , H1 at the outgoing

junction.
In this way, the definition in Equation (8.6.3) can be completed to a time-dependent

Hamiltonian, defined on a neighbourhood of the whole regular–singular–regular field and
having the regularity required in Theorem 4.1.3. Its Hamiltonian flow coincides, on the
relevant trajectories, with the regular-singular-regular field of extremals described above.
Since the detailed argument realizing this part would be quite long and technical, we do
not repeat it here.

With a slight abuse of notation, we continue to denote this local extension by HS .

Proposition 8.6.4 (Super-Hamiltonian at a regular–singular–regular junction). After pos-
sibly reducing the neighbourhood of the reference extremal, HS generates the corrected local
field described above and satisfies the super-Hamiltonian inequality

H
(
λt
)
≤ HS

(
t, λt

)
(8.6.4)

along every trajectory λt of this field. Moreover, the reference extremal is an integral curve
of H⃗S and

HS(t, λ̃t) = H(λ̃t)

for every t ∈ [0, T ].



8.6. THE SUPER-HAMILTONIAN NEAR REGULAR–SINGULAR JUNCTIONS 221

Proof. Outside of Σ, HS coincides with H0 or H1 in the regions where the corresponding
Hamiltonian is the maximizing one, so (8.6.4) holds with equality. For λ ∈ Σ ∩ {H01 < 0}
close to λ̃t1 , we have that exp(sH⃗0

S)(λ) ∈ Σ for s > 0 and similarly for λ ∈ Σ ∩ {H01 < 0}
close to λ̃t2 . Then, Proposition 8.3.1 gives

H0
S = H1

S = HS(t, ·) ≥ H on Σ.

The same Proposition gives the required domination and agreement with the reference ex-
tremal on the singular interval [t1, t2]. Finally, the localization described above is performed
away from the relevant field and therefore does not modify any of these properties.

This completes the construction of a super-Hamiltonian through a regular–first-order
singular–regular extremal. With minor modifications, the same geometric construction
applies to the case of a nice extremal containing one singular arc.

We can now combine the preceding construction with the analysis of the Jacobi curve
developed in Section 8.5.3. The essential point is that the super-Hamiltonian constructed
above provides the nonlinear field of extremals through the regular–singular and singular–
regular junctions, while its linearized evolution along the reference extremal agrees with
the evolution of the Jacobi curve described in the previous sections. Therefore, in the
absence of conjugate points, the same perturbation and local-invertibility argument used
for piecewise regular extremals in Section 7.6 applies without any further construction.

Theorem 8.6.5 (Sufficient optimality for nice extremals). Let (ũ, λ̃) be a nice normal
extremal pair containing at most one first-order singular arc. Suppose that there are no
points conjugate to q0 along the trajectory q̃ = π ◦ λ̃. Then q̃ is locally strongly optimal.

The restriction to a single singular arc appears to be only technical. Indeed, Theo-
rem 8.5.1 already describes the Jacobi curve for an arbitrary finite concatenation of regular
and first-order singular arcs, while the super-Hamiltonian construction developed above is
local at each regular–singular or singular–regular junction. This motivates the following
conjecture.

Conjecture 8.6.6. Let (ũ, λ̃) be a nice normal extremal pair containing a finite number
of first-order singular arcs. If there are no points conjugate to q0 along q̃ = π ◦ λ̃, then q̃
is locally strongly optimal.

The remaining difficulty is to iterate the local super-Hamiltonian modifications while
preserving a single globally consistent Lipschitz field and the compatibility of its generalized
tangent dynamics with the recursively defined Jacobi curve. No new local obstruction is
expected to arise from the presence of additional singular arcs.





Chapter 9

Asymptotics of motion planning
complexity for control-affine
systems

9.1 Introduction

Given a control system on a manifold M of the form

q̇ = f(q, u), q ∈M, u ∈ Rm,

the motion planning problem consists in finding an admissible trajectory qu steering the
system between a given initial position and a final one, usually under further requirements,
such as obstacle avoidance. One possible approach to solve such a problem is to split it into
two different tasks: (i) find a (usually non-admissible) trajectory Γ solving the problem
(i.e., connecting the two given points without touching the obstacles), and (ii) track Γ by
means of admissible trajectories. Since the first step depends only on the topology of the
manifold and of the obstacles, we focus on the second one, which depends only on the
control system near the path Γ.

To measure tracking accuracy, we introduce a distance d : M ×M → [0,+∞) and say
that a trajectory qu tracks Γ with precision ε if qu([0, T ]) ⊂ Tubeε(Γ), where

Tubeε(Γ) = {p ∈M | d(Γ, p) ≤ ε} .

Moreover, we assume that a cost function J : L∞ ([0, T ];Rm) → R is provided, and look
for trajectories solving step (ii) in time T > 0 while minimizing J . This is quantified by
the ε-complexity associated with a compact curve Γ ⊂ M connecting q1, q2 ∈ M , which
for ε > 0 is the quantity

MCε(Γ, T ) =
1

ε
inf

{
J(u) | qu([0, T ]) ⊂ Tubeε(Γ), qu(0) = q1, qu(T ) = q2

}
.

223
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When Γ is not an admissible trajectory of the control system, the complexity diverges as ε
tends to 0 and the aim of this Chapter is to precisely characterize its asymptotic behaviour
in a specific class of control-affine systems.

In the case of a sub-Riemannian (or nonholonomic) control system, i.e., of a control
system linear w.r.t. the control, a natural choice for the cost is the L1-norm of the controls.
Due to time reversibility of such systems, the associated value function is in fact a distance,
called the Carnot–Carathéodory distance, that endows M with a metric space structure.
In this context, various definitions of complexity have been proposed (see [21, 47]), and
asymptotic estimates up to multiplicative constants are known (see [48]). We also mention
that for a restricted class of sub-Riemannian systems, i.e., one-step bracket-generating
systems or systems with two controls in dimension ≤ 6, precise asymptotic estimates and
explicit asymptotically optimal syntheses are obtained in the series of papers [23, 44, 38,
40, 42, 43, 41, 39, 69] (see [36] for a review). We also mention [45], where approximate
optimal syntheses are derived.

In [49], the results of [48] have been partially extended to the control-affine case.
Namely, the authors define different notions of complexities for such systems and find
the corresponding rate of divergence under the strong Hörmander condition. The aim of
the current chapter is to refine the results of [49] in the case of co-rank one distributions,
providing precise asymptotics with explicit constants for all generic situations.

9.1.1 Setting and main results

Let M be a smooth and connected manifold of dimension n ≥ 3, on which is given a family
of smooth vector fields X0, X1, . . . , Xm ∈ Vec(M), m ∈ N∗, defining a control system of
the form

q̇ = X0(q) +
m∑
j=1

ujXj(q), u ∈ Rm. (9.1.1)

Throughout the Chapter, we assume that the distribution ∆ = span{X1, . . . , Xm} satisfies
the following assumptions:

(H0) Strong Hörmander condition: for any q ∈M , it holds Lie ∆(q) = TqM.

(H1) Co-rank one: dim ∆(q) = n− 1 for any q ∈M .

Assuming (H0), the control-linear part of system (9.1.1) defines a sub-Riemannian struc-
ture on M . We denote by g the associated metric and | · |g the corresponding norm, which
is defined by

|v|g = min

{
|u| |

m∑
j=1

ujXj(q) = v

}
, ∀q ∈M, v ∈ ∆(q). (9.1.2)
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For simplicity of notation, we set |v|g = +∞ whenever v /∈ ∆(q). It is standard to observe
that the motion complexity problem with cost J(u) = ∥u∥L1 for system (9.1.1) depends
only on the pair (∆, g) and not on the precise choice of frame {X1, . . . , Xm}.

In this situation, [49, Theorem 1.3] states that, for ε → 0, the complexity MCε(Γ, T )
diverges as ε−2 whenever Γ is not an admissible trajectory of the control system and T
is sufficiently small. In this work, following [69], we derive precise asymptotics. More
precisely, we consider curves Γ satisfying the following assumption:

(H2) The smooth curve Γ ⊂ M is oriented, compact with non-empty boundary, and such
that1 TΓ ⋔ ∆. We label the boundary points as ∂Γ = {q1, q2} consistently with this
orientation.

The choice of orientation is crucial because system (9.1.1) is not time-reversible: the
drift X0 may either assist or hinder our motion along Γ. To formalize this distinction, we
introduce the following definition.

Definition 9.1.1. Let T+Γ be the set of positively oriented tangent vectors to Γ. Then,
a one-form ω is associated with (∆,Γ) if ∆ = kerω and ω(v) > 0 for any v ∈ T+Γ.

Observe that the existence of forms associated with (∆,Γ) is guaranteed by assumption
(H1). One can check that the set of all forms associated with (∆,Γ) is given by {φω | φ ∈
C∞(M), φ > 0}, where ω is any form associated with (∆,Γ).

Since TqM = ∆(q) ⊕ TqΓ for any q ∈ Γ, we have the decomposition

X0(q) = X∆
0 (q) +XΓ

0 (q), with X∆
0 (q) ∈ ∆, XΓ

0 (q) ∈ TΓ, ∀q ∈ Γ. (9.1.3)

Then, we define
TΓ := inf{t > 0 | etXΓ

0 q1 = q2}. (9.1.4)

We say that X0 and Γ are co-oriented if TΓ < +∞. Observe that this is equivalent to the
fact that ω(X0) > 0 on Γ for any form ω associated with (∆,Γ).

Our first result concerns step 2 distributions. Here and henceforth, we let f(ε) ≃ g(ε)
if limε→0 f(ε)/g(ε) = 1.

Theorem 9.1.2 (Step 2 case). Assume that ∆ and Γ are respectively a distribution and
a curve on a smooth manifold M satisfying (H1), (H2). Assume moreover that ∆ is of
step 2 along Γ, i.e., that dim span{∆(q) + [∆,∆](q)} = n for any q ∈ Γ.

Let ω be a form associated with (∆,Γ) and define

α(q) := maxωq([X1, X2]), (9.1.5)

where the maximum is taken among all vector fields such that X1(q
′), X2(q

′) ∈ ∆ and
|X1(q

′)|g = |X2(q
′)|g = 1 for any q′ in a neighborhood of q.

Then, recalling the definition of TΓ in (9.1.4), we have:

1The assumption TΓ ⋔ ∆ is present just to simplify the exposition. See [69].
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• if TΓ < T :

MCε(Γ, T ) ≃ 2(T − TΓ)

ε2
min
q∈Γ

ω(X0(q))

α(q)
; (9.1.6)

• if TΓ = T :

MCε(Γ, T ) ≃ 1

ε

∫
Γ

|X∆
0 |

ω(X0)
ω, (9.1.7)

where X∆
0 is defined in (9.1.3);

• if TΓ > T : there exists Ω ⊂ Γ defined in Lemma 9.4.3, such that |Γ\Ω| > 0 , encoding
the portion of Γ where the drift helps reaching the endpoint. If |Ω| > 0, then

MCε(Γ, T ) ≃ 2

ε2

∫
Γ\Ω

1

α
ω. (9.1.8)

If, instead, |Ω| = 0, then

MCε(Γ, T ) ≃ 2

ε2

(∫
Γ

1

α
ω − T min

q∈Γ

|ω(X0)|
α(q)

)
. (9.1.9)

The three cases of the theorem can be interpreted as follows:

1. The drift is too strong along T+Γ, and thus we have to “slow down” the motion. The
optimal strategy is to do this when the ratio between the component of the drift along
TΓ and the maximal velocity at which the system can travel in the TΓ direction is
minimal.

2. The component of the drift along TΓ steers the system exactly to the desired end-
point, so it is sufficient to neutralize the components of the drift along ∆.

3. The component of the drift along T+Γ is either too weak or directed in the opposite
direction, so we also have to “push” the system towards the desired endpoint. In this
case, the set Ω corresponds to the parts of Γ where the drift is “helping” to reach
the endpoint. Consequently, on Ω we can simply follow the flow of the drift, while
on Γ \ Ω we have to push the system thus contributing to the overall complexity. If
Ω has zero measure, we have to push the system along the whole curve Γ, and the
additional term in Equation (9.1.9) takes into account the final time constraint.

Remark 9.1.3. Notice that, if ∆ is of step 2 along Γ, then at every point q ∈ Γ there are
X1, X2 tangent to ∆ such that [X1, X2](q) ⋔ ∆(q), hence [X1, X2](q) ̸= 0 and in particular
α(q) ̸= 0.
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Remark 9.1.4. The order of the above asymptotics is drastically different when T ̸= TΓ
or T = TΓ, passing from O(ε−2) to O(ε−1). A natural question, outside the scope of the
present Chapter, is whether the two regimes merge smoothly as T → TΓ. Notice that
this limit cannot be computed by elementary means from Theorem 9.1.2 by inverting the
order of the limit in T and in ε, since both the quantities MCε(Γ, T ) and 2

ε2
C0(Γ, T ) are

unbounded for every T as ε → 0. Indeed, such a result requires the derivation of finer
asymptotic expansions in the case T ̸= TΓ, of the type

MCε(Γ, T ) ≃ 2

ε2
C0(Γ, T ) +

1

ε
C1(Γ, T ) + o(ε−1),

where the small-o term is uniform as T → TΓ and C0(Γ, T ), C1(Γ, T ) are functions such
that

C0(Γ, T ) → 0, and C1(Γ, T ) →
∫
Γ

|X∆
0 |

ω(X0)
ω, as T → TΓ. (9.1.10)

Although the first condition in (9.1.10) is already contained in Theorem 9.1.2, the second
one is not, and it cannot be derived directly from our computations. Indeed, the asymptotic
optimal synthesis we exhibit is derived up to a O(ε−1) term, which cannot be easily tracked
(see, e.g., the proof of Theorem 9.3.3).

Remark 9.1.5. Letting X0 = 0 we recover the result of [69]. Indeed, in this case TΓ = +∞,
and Ω = ∅.

The technique of proof for Theorem 9.1.2 consists in explicitly exhibiting an asymp-
totic optimal synthesis. Although similar in spirit to the synthesis considered in [69] for
the control-linear case, the presence of a drift introduces some non-trivial technical diffi-
culties, for example in showing that controls driving the system “against the drift” cannot
be asymptotically optimal when the drift pushes the system in the direction of Γ (The-
orem 9.3.4). The argument proceeds by first treating the balanced case T = TΓ and
introducing normal coordinates adapted to (∆,Γ) in Section 9.2. Then, in Section 9.3 we
reduce the motion planning problem to a one-dimensional control problem for the variable
z, encoded by the reduced motion complexity rmcε. The core of the proof is the analysis
of this reduced problem, carried out in Section 9.3.2 and Section 9.4, where we determine
the sign of optimal controls according to the relation between T and TΓ and derive the
corresponding asymptotics.

Since the step 2 assumption holds generically in dimension n ≥ 4 (see the discussion
preceding Theorem 9.2.4), we henceforth focus on the case n = 3, and in particular on the
following situation , which is generic, as shown in [69].

Definition 9.1.6. For n = 3, we say that the couple (∆,Γ) is of generic type if Γ satisfies
(H2) and there exists a finite set of points Σ ⊂ Γ (possibly empty), called Martinet points,
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on which ∆ is step 3, while it is step 2 on Γ \ Σ. More precisely, for any q ∈ Σ,

dim span{∆(q) + [∆,∆](q)} = 2,

dim span
{

∆(q) + [∆,∆](q) + [∆, [∆,∆]](q)
}

= 3.

Moreover, we require that, at every Martinet point q ∈ Σ, it holds that dqα |∆(q) ̸= 0 and
dqα |TqΓ ̸= 0.

Remark 9.1.7. The assumption dqα |TqΓ ̸= 0 in the definition of generic type means that
the curve Γ intersects transversally the Martinet surface M = {q ∈ M | α(q) = 0}, which
contains all the points where ∆ is of step 3. The case where Γ can become tangent to M
is quite delicate, due among other things to the existence of abnormal extremals contained
in M, and is not treated in this Chapter.

Near Martinet points, tracking Γ can become more expensive, and indeed in the sub-
Riemannian case they dominate the asymptotic [69]. In the presence of a drift, however,
this is not always true: if the drift is co-oriented with Γ at Martinet points, we can exploit
it to bypass these points. We then have the following result.

Theorem 9.1.8. Assume that n = 3 and that (∆,Γ) is of generic type. Let ω be a form
associated with (∆,Γ) and let Σ− = {qi ∈ Σ | ω(X0(qi)) ≤ 0}. We have the following:

• If Σ− = ∅, the same conclusions as in Theorem 9.1.2 hold.

• If Σ− = {q1, . . . , qr}, then

MCε(Γ, T ) ≃ − log ε

ε2

r∑
i=1

4

κi
.

Here, κ1, . . . , κr are defined by

κi =
∣∣ω([WΓ, [X1, X2]](qi)) − dω(WΓ, [X1, X2](qi))

∣∣, i = 1, . . . , r, (9.1.11)

where {X1, X2} ⊂ Vec(M) is a local orthonormal frame for the metric g near qi, and
WΓ is any vector field such that ω(WΓ) = 1 and WΓ|Γ ⊂ TΓ.

This Theorem generalizes the result in [40] in the sub-Riemannian setting, which cor-
responds to X0 = 0 in our notations.

Remark 9.1.9. Replacing ω with another form associated with (∆,Γ) does not change the
value of κi, as can be checked by direct computations. Moreover, in Proposition 9.6.1
we show that the above definition of κi coincides with the one provided in [69], that is
κi = dα(WΓ(qi)). In particular, the above result generalises the result of that reference.



9.2. PRELIMINARIES AND NORMAL FORMS 229

Structure of the chapter

The remainder of the chapter is organized as follows: in Section 9.2 we prove some prelim-
inary results and establish the asymptotic in Equation (9.1.7); in Section 9.3 we introduce
the notion of reduced motion complexity and we show how the problem of finding an asymp-
totic for MCε can be reduced to the study of this new simplified quantity, see Section 9.3.1;
then, in Section 9.3.2 we prove some important properties of the reduced motion complex-
ity which will be used in the proof of Theorem 9.1.2; in Section 9.4 we prove Theorem
9.1.2; finally, in Section 9.5 we prove Theorem 9.1.8: we first deal with the case of a single
Martinet point (see Section 9.5.1) and then we show how the general case can be reduced
to this one.

9.2 Preliminaries and normal forms

In this Section we first prove a continuity result for the quantity MCε(Γ, T ). In particular,
this leads to a simple proof of Equation (9.1.7). Then in Section 9.2.3, we introduce normal
coordinates in Tubeε(Γ).

9.2.1 Continuity of motion complexity

Since we are going to consider motion complexities associated to different control sys-
tems, in this section we specify the dependence of the motion complexity on the vector
fields X0, X1, . . . , Xm: using the multi-index notation XI = (X0, X1, . . . , Xm), we write
MCε(Γ, T,XI).

Lemma 9.2.1. Let (Xj
I )j∈N be a sequence of (m + 1)-tuples of smooth vector fields on

M converging to X∞
I in the product topology of Vec(M)m+1 induced by the C0 topology of

Vec(M). Then, for every ε > 0, we have

lim
j→+∞

MCε(Γ, T,X
j
I ) = MCε(Γ, T,X

∞
I )

Proof. We begin by showing the following inequality:

lim inf
j→+∞

MCε(Γ, T,X
j
I ) ≥ MCε(Γ, T,X

∞
I ). (9.2.1)

We fix δ > 0 and for every j ∈ N we take a control uj admissible for MCε(Γ, T,X
j
I ) such

that
1

ε
∥uj∥1 ≤ MCε(Γ, T,X

j
I ) + δ. (9.2.2)

Let us denote by qj the trajectory associated to the control uj . By (9.2.1) and (9.2.2),
we have that supj ∥uj∥1 < +∞. We claim that, up to a subsequence, the qj converges
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uniformly to a limit trajectory q∞. Indeed, all the qj are contained in Tube∞ε+η(Γ) for some
η > 0, hence they are equibounded. Moreover, they are equi-Lipschitz continuous:

|qj(t1) − qj(t2)| =

∣∣∣∣∣
∫ t2

t1

Xj
0(qj) +

m∑
i=1

uj(s)Xi(qj)ds

∣∣∣∣∣ ≤ (C1 + ∥uj∥1C2) |t1 − t2|

where C1 = supj∈N, q∈Tubeε(Γ) |X
j
0(q)| and C2 = maxi∈1,...,m, q∈Tubeε(Γ) |Xi(q)|. Thus, by

Arzelà-Ascoli Theorem, the trajectories qj admit a converging subsequence and we denote
by q∞ its limit. Now, the same argument used in Theorem 3.41 in [5] in our case yields that
q∞ is admissible for the problem MCε(Γ, T,X

∞
I ). We point out two differences between our

case and the one treated in the reference: first, they take into consideration only control-
linear systems, but their proof does not require any particular structure of the control
system; second, in the reference the set of admissible velocities is the same for every
trajectory of the sequence, while in our case it changes for every j. However, this fact does
not affect the argument thanks to the assumption Xj

I → X∞
I uniformly as j → +∞.

Thus, denoting by u∞ the control corresponding to q∞, again by Theorem 3.41 in [5]
we have ∥u∞∥1 ≤ lim infj→+∞ ∥uj∥1. Hence, we obtain

MCε(Γ, T,X
∞
I ) ≤ 1

ε
∥u∞∥ ≤ 1

ε
lim inf
j→+∞

∥uj∥1 ≤ lim inf
j→+∞

MCε(Γ, T,X
j
I ) + δ,

which, thanks to the arbitrariness of δ, yields the desired inequality.

Now, we want to prove the opposite inequality with lim sup in place of lim inf. By
definition of MCε(Γ, T,X

∞
I ), for every δ > 0 there is a control u = (u1, . . . , um) admissible

for MCε(Γ, T,X
∞
I ) such that

1

ε
∥u∥1 ≤ MCε(Γ, T,X

∞
I ) + δ.

Let us denote by q∞ the trajectory associated to u. Now, for each j ∈ N, consider the
trajectory qj of the control system (9.1.1) with drift Xj

0 and control u. Then, standard

arguments show that the C0 convergence of Xj
I to X∞

I yields the uniform convergence of
qj to q∞ on [0, T ].

Since qj → q∞ uniformly, we have that, for every j big enough, there are some ηj > 0

and τj > 0 such that qj(t) ∈ Tubejε+ηj
(Γ), and |qj(T − τj) − q∞(T )| ≤ δ, where, Tubejε(Γ)

denotes the sub-Riemannian tube associated with the family Xj
I , and | · | denotes the

euclidean distance in a suitable local chart. Then, since for the driftless system the L1

cost to join qj(T − τj) to q∞(T ) is bounded by Cδ1/2 (this is the Ball-Box Theorem, see
[21] or [50, Corollary 2.1]), a standard time-rescaling argument (see also [65, Theorem 1.1])
yields that we can reach q∞(T ) from qj(T − τj) in time τj with a control vj , whose L1-

norm is bounded by
1

ε
∥vj∥1 ≤ C

(
δ1/2 + τ

1/2
j

)
. Since the concatenation of the trajectory
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qj |[0,T−τj ]
and the trajectory given by vj is admissible for MCε+ηj (Γ, T,X

j
I ), we have that

MCε+ηj (Γ, T,X
j
I ) is bounded by

1

ε

(∫ T−τj

0
|u(t)|dt+

∫ T

T−τj

|vj(t)|dt

)
≤ MCε(Γ, T,X

∞
I ) + δ + C

(
δ1/2 + τ

1/2
j

)
.

Notice that, as j → +∞, we can take ηj → 0 and τj → 0. Thus, taking the lim sup in

j, we obtain the inequality in (9.2.1). Here, we use the fact that ε 7→ MCε(Γ, T,X
j
I ) is

continuous for ε > 0, which can be proved by following the same arguments as in the first
part of this proof.

9.2.2 Decomposition of the drift and proof of (9.1.7)

In this section, we first prove that replacing the drift X0 with its vertical part XΓ
0 affects

the motion complexity by a factor of order O(ε−1). This allows us to prove (9.1.7) of
Theorem (9.1.2).

Proposition 9.2.2. Let X0 = X∆
0 + XΓ

0 , where X
∆
0 and XΓ

0 are vector fields defined in
a neighbourhood of Γ that satisfy (9.1.3). Then, denoting by XI = (X0, X1, . . . , Xm) and
XΓ

I = (XΓ
0 , X1, . . . , Xm), there are constants 0 ≤ C < +∞ and ε0 > 0 such that for

0 < ε < ε0 it holds that

|MCε(Γ, T,XI) − MCε(Γ, T,X
Γ
I )| ≤ Cε−1.

Proof. Let v be an admissible control for the problem MCε(Γ, T,X
Γ
0 ). Then

q̇v = XΓ
0 (qv) +

m∑
j=1

vj(t)Xj(qv)

Since, by definition, X∆
0 (q) =

∑m
j=1 aj(q)Xj(q), q ∈ M , for some suitable choice of a =

(a1, . . . , am) ∈ C∞(M)m, we have that v+a◦ qv is an admissible control for MCε(Γ, T,X0)
corresponding to the same trajectory qv. Notice that we can choose a such that |a| = |X∆

0 |g,
where |X∆

0 |g is the sub-Riemannian norm, which was introduced in (9.1.2), of the vector
field X∆

0 . So, for any admissible control v for MCε(Γ, X
Γ
0 ) there is a control u admissible

for MCε(Γ, X0) with cost

J(u) =

∫ T

0
|u(t)|dt ≤ J(v) +

∫ T

0
|a(qv(t))|dt ≤ J(v) + C1,

where 0 < C1 ≤ T maxq∈SR-Tubeε(Γ) |a(q)|. Similarly, for any control u admissible for
MCε(Γ, T,XI), defining v = u − a ◦ qu we obtain an admissible control for the problem
MCε(Γ, T,X

Γ
I ) corresponding to the same trajectory qu and

J(v) =

∫ T

0
|v(t)|dt ≤ J(u) +

∫ T

0
|a(qu(t))|dt ≤ J(u) + C2,
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where again 0 < C2 ≤ T maxq∈SR-Tubeε(Γ) |a(q)|. We conclude that there is some constant
C > 0 such that the following holds: for all u admissible for MCε(Γ, T,XI) (resp. v
admissible for MCε(Γ, T,X

Γ
I )) there is v admissible for MCε(Γ, T,X

Γ
I ) (resp. u admissible

for MCε(Γ, T,XI)) such that |J(u) − J(v)| ≤ C. Now, fix ε > 0 and take a minimizing
sequence (vk)k∈N for MCε(Γ, T,X

Γ
0 ) and let uk = vk + ak ◦ quk

, as above. We obtain
1

ε
J(vk) +

C

ε
≥ 1

ε
J(uk) ≥ MCε(Γ, T,X0), and passing to the limit for k → +∞, we obtain

MCε(Γ, X
Γ
0 ) + C

ε ≥ MCε(Γ, X0). Exchanging X0 with XΓ
0 , the very same argument yields

the opposite inequality, proving the statement.

Now, we can prove directly the asymptotic for T = TΓ in Theorem 9.1.2.

Proposition 9.2.3. Suppose that T = TΓ. Then (9.1.7) in Theorem 9.1.2 holds.

Proof. If T = TΓ, then the curve Γ is admissible for the control system

q̇u = XΓ
0 (qu) +

m∑
j=1

ujXj(qu),

with control v0 = 0, which is of course the unique minimizer for MCε(Γ, T,X
Γ
0 ) and in

particular MCε(Γ, T,X
Γ
0 ) = 0, for every ε ≥ 0. Moreover, we know that Γ is an ad-

missible trajectory also for MCε(Γ, T,X0), hence there is a constant C > 0 such that

MCε(Γ, T,X0) ≃ Cε−1, ε → 0. In particular, the control u0(t) = −a(etX
Γ
0 (q1)) is ad-

missible for MCε(Γ, T,X0) for every ε ≥ 0 and realizes the trajectory Γ. Hence, we
have limε→0 εMCε(Γ, T,X0) = J(u0). Choosing any form ω associated with (∆,Γ), the

parametrization Γ(t) = etX
Γ
0 (q1) yields the following intrinsic formula for J(u0):∫ T

0
|u0(t)|dt =

∫ T

0
|a(etX

Γ
0 (q1))|dt =

∫ T

0

|X∆
0 (Γ)|

ωΓ

(
X0(Γ)

)ωΓ(Γ̇) dt =

∫
Γ

|X∆
0 |

ω(X0)
ω.

Here, we used that ω(Γ̇)|Γ(t) = ω(X0)|Γ(t). This completes the proof.

9.2.3 Normal forms

Henceforth, we fix a form ω associated with (∆,Γ). By requiring that ω(Γ̇) ≡ 1, this singles
out an associated parametrisation Γ : [0, S] →M , that we will exploit to construct normal
coordinates in Tubeε(Γ).

In view of Proposition 9.2.3, from now on we always assume T ̸= TΓ. Since we are
going to show that MCε(Γ, T ) = O(ε−2), we can neglect every term in the asymptotic of
smaller order. This allows to introduce appropriate normal forms.

The choice of ω determines a skew-symmetric endomorphism Aq : ∆(q) → ∆(q) as
follows:

gq(Aqv, w) = dω(v, w) ∀v, w ∈ ∆(q).
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By skew-symmetry, Aq has purely imaginary spectrum, and we denote its non-zero eigen-
values by ±iα1(q), . . . ,±iαk(q), k = n/2 if n is even or k = (n − 1)/2 otherwise. Then,
there exists an orthonormal frame X1, . . . , Xn−1 such that Aq is block diagonal with k
two-dimensional blocks of the form (

0 αi(q)

−αi(q) 0

)
.

Notice that the step 2 assumption implies that Aq ̸= 0 and hence has at least a non-zero
eigenvalue. Moreover, by Lemma 9.2.1, it is not restrictive to suppose that the greatest
eigenvalue in absolute value is simple. That is, we can order the eigenvalues of Aq in such
a way that α1(q) > max{α2(q), . . . , αk(q)} ≥ 0. Notice that α1 = α, where α was defined
in (9.1.5).

Let X denote the set of those (∆, g,Γ) satisfying (H0), (H1), (H2). This is the set of
relevant motion planning problems, in the language of [69]. Then, adapting the argument
of [69, Theorem 2.2] one obtains that there exists an open and dense subset X∗ ⊂ X such
that for any (∆, g,Γ) ∈ X∗ it holds that: (i) if n ≥ 4, then ∆ is step 2; (ii) if n = 3, then
(∆,Γ) is of generic type according to Definition 9.1.6. We have the following, which can
be proved as [69, Theorem 3.4] and references therein.

Theorem 9.2.4 (Normal coordinates). Let (∆, g,Γ) ∈ X∗. Then, there exists ε0 > 0 and
a coordinate system (ξ, z) : Rn−1 × R → Tubeε0(Γ) such that

• Γ(s) = (0, s) for s ∈ [0, S]. In particular, q1 = (0, 0) and q2 = (0, S).

• There exists a generating frame {X1, . . . , Xn−1} for ∆, which is orthonormal for the
metric g, and that reads

Xi(ξ, z) =
n−1∑
j=1

Qij(ξ, z)∂ξj + Lj(ξ, z)∂z,

where the matrix Q(ξ, z) is symmetric, Q(ξ, z)ξ = 0, L(ξ, z) · ξ = 0, and

Q(ξ, z) = Id +O(|ξ|2) and L(ξ, z) = A(0,z)ξ +O(|ξ|2).

• If n = 3, letting ξ = (x, y) ∈ R2, the above orthonormal frame reads

X1(x, y, z) =
(
1 + y2β(x, y, z)

)
∂x − xyβ(x, y, z)∂y +

y

2
γ(x, y, z)∂z,

X2(x, y, z) = −xyβ(x, y, z)∂x +
(
1 + x2β(x, y, z)

)
∂y −

x

2
γ(x, y, z)∂z,

where β and γ are smooth functions and |γ(0, 0, z)| = |ω([X1, X2])|(0,0,z)| = α(0, 0, z),
where α is defined in (9.1.5).
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Remark 9.2.5. In the case n ≥ 4, [69, Theorem 3.4] holds under a stronger assumption
than the fact that ∆ is step 2. Namely, the authors assume that all non-zero eigenvalues of
Aq are simple, and that dim kerAq is the smallest possible while retaining genericity. This
requirement is due to the fact that in [69] the authors require a precise ordering of the
blocks in A(0,z), while we only need to identify the block corresponding to the eigenvalue
having largest modulus.

9.3 Step 2 case: the reduced motion complexity

In this Section we collect a series of technical results needed for the proof of the step 2 case.
Throughout this Section, we assume that the distribution ∆ satisfies the assumptions of
Theorem 9.1.2.

First, we introduce the notion of reduced motion complexity and we show that the
problem of finding an asymptotic as ε → 0 for MCε(Γ, T ) can be reduced to finding
an asymptotic of this reduced motion complexity (see Theorem 9.3.3 and Section 9.3.1).
Finally, in Section 9.3.2 we prove some properties of the reduced motion complexity which
are instrumental to the proof of Theorem 9.1.2.

We set a0 := ω(X0) ∈ C∞(M). Also, with a small abuse of notation, for z ∈ R, we
write α(z) := α(0, z) and a0(z) = a0(0, z), where in the r.h.s. we are using the coordinates
(ξ, z) introduced in Theorem 9.2.4.

Definition 9.3.1. Given zf > 0, for any ε > 0 and T > 0, the reduced motion complexity
is

rmcε(zf , T ) = inf
2

ε2
J(v), J(v) =

∫ T

0
|v| dt, (9.3.1)

where the infimum is taken over all controls v ∈ L∞([0, T ];R) such that there exists a
solution z : [0, T ] → R of

ż = a0(z) − α(z)v, with z(0) = 0 and z(T ) = zf . (9.3.2)

Remark 9.3.2. Under the step 2 assumption, the control system (9.3.2) is feedback equiv-
alent to the free system ż = ṽ(t), ṽ : [0, T ] → R. Indeed, α > 0 and thus the transfor-
mation v ∈ R 7→ a0(z) − r

2α(z)v is a diffeomorphism onto R. Hence, any function in
z ∈W 1,∞([0, T ]) is an admissible trajectory.

The main result of this Section is the following.

Theorem 9.3.3. Let T ̸= TΓ. Then,

MCε(Γ, T ) = rmcε

(∫
Γ
ω, T

)
+O(ε−1), as ε→ 0.
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As a consequence of the above, if there exists C > 0 such that rmcε
(∫

Γ ω, T
)
≃ C

ε2
,

then, MCε(Γ, T ) ≃ C
ε2

. Obtaining such a constant C is the aim of Section 9.4, and requires
the following, proved in Section 9.3.2.

Theorem 9.3.4. The infimum in the definition of rmcε(zf , T ) can be taken over controls
v such that the corresponding z coordinate is non-decreasing. Moreover, we can assume
that v ≤ 0 if T < TΓ and that v ≥ 0 if T > TΓ.

9.3.1 Proof of Theorem 9.3.3

The proof is composed of two steps: first, we show how to use the normal coordinates
introduced in Theorem 9.2.4 to rewrite the control system in a convenient way, which
allows us to perform precise computations. Then, we show how to reduce to considering
only the vertical variable.

From now on we denote d = ⌊n−1
2 ⌋. From Theorem 9.2.4, in the step 2 case, we

have two alternatives. If dimM is odd, then n = 2d + 1 and using the local coordinates
(ξ, z) = (x, y, z) ∈ Rd × Rd × R introduced above, the vector fields of the control system
(9.1.1) can be chosen in the form

X2i−1(x, y, z) = ∂xi + αi(z)
yi
2
∂z +O(|ξ|2), (9.3.3)

X2i(x, y, z) = ∂yi − αi(z)
xi
2
∂z +O(|ξ|2), (9.3.4)

for i = 1, . . . , d. If, instead, n = dimM is even, then n = 2d+ 2 and the normal forms for
the Xi are the same as (9.3.3),(9.3.4) for i = 1, . . . , d, and Xn−1 = ∂xn−1 +O(|ξ|2).

In both cases, one can introduce polar coordinates (ri, θi) ∈ R>0 × S1 in every (xi, yi)-
plane by letting (xi, yi) = ri(cos θi, sin θi). Moreover, we denote by v = (v1, . . . , vd) and
w = (w1, . . . , wd), where (wi, vi)

⊤ := Rθi(u2i−1, u2i)
⊤, the control system (9.1.1) reads

ṙi = wi +O(|r|),

θ̇i = −vi
ri

+O(|r|),

ż = a0(r, θ, z) −
∑d

i=1 αi(r, θ, z)
ri
2
vi +O(|r|),

for i = 1, . . . , d, (9.3.5)

with the extra equation ẋn−1 = un−1(t) +O(|r|2) if dimM is even. Here, O(|r|) stands for
a function ϕ such that |ϕ(r, θ, z)| ≤ C|r| for every (θ, z) ∈ Td × R, provided that r ∈ Rd

>0

is in a sufficiently small neighbourhood of 0.
The main idea is that, up to an error of order O(ε−1), we can ignore the θ variable

in (9.3.5), replace a0(r, θ, z) and αi(r, θ, z) with a0(0, 0, z) and αi(0, 0, z), respectively, and
ignore the O(|r|) terms. To make this precise, we introduce the following intermediate
notion of reduced motion complexity.
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Definition 9.3.5. Consider the control systemṙ = w,

ż = a0(z) −
∑d

i=1 αi(z)
ri
2
vi.

(9.3.6)

where ri ≥ 0, z ∈ R and v,w ∈ L∞([0, T ];Rd) are the controls. The auxiliary reduced
motion complexity is

a-rmcε(zf , T ) := inf ∥(v,w)∥L1 ,

where the infimum is taken over all controls v,w ∈ L∞([0, T ];Rd) such that the corre-
sponding solution of (9.3.6) satisfies the boundary conditions r(0) = 0, z(0) = 0, r(T ) = 0,
z(T ) = zf , and is subject to the constraint |r(t)| ≤ ε.

Lemma 9.3.6. We have the following asymptotic equivalence

MCε(Γ, T ) = a-rmcε

(∫
Γ
ω, T

)
+O(ε−1), as ε→ 0. (9.3.7)

Proof. Let ϕri , ϕθi , ϕz be the O(|r|) terms in the Equations 9.3.5 of ri, θi, z respectively,
i = 1, . . . , d. Replacing wi, vi in (9.3.5) by w̃i = wi − ϕri and ṽi = vi + 2ϕz

mriαi
, there exists

a constant C > 0 such that ∥wi − w̃i∥∞ ≤ C and ∥vi − ṽi∥∞ ≤ C. This yields 1
ε |J(ṽ, w̃) −

J(v,w)| ≤ 2dCT
ε . Then, using an argument similar to the one used in Proposition 9.2.2, one

obtains that this modification impacts the expansion of the motion complexity starting at
order ε−1. The equivalence in (9.3.7) follows. Finally, since the variables θi do not appear
in the equations of r, z, nor in the boundary conditions, we can neglect them.

It is quite reasonable to expect that, in order to minimize the cost in (9.3.6), one should
aim to obtain r1 = ε and then to only use the control v1 to move in the z direction, since α1

is the biggest eigenvalue of A(0,z). This effectively reduces the problem to a one-dimensional
control system for z, which is exactly the one appearing in the definition of rmcε. The
following makes this intuition precise.

Proposition 9.3.7. Let T ̸= TΓ. Then, for any zf > 0 the following asymptotic equiva-
lence holds:

a-rmcε (zf , T ) ≃ rmcε (zf , T ) +O(1) as ε→ 0.

In the proof of Proposition 9.3.7, we need the following technical Lemma.

Lemma 9.3.8. Fix ε > 0 and let (δk)k∈N be a sequence such that δk → 0 as k → +∞.
Then limk→+∞ a-rmcε(Γ, T + δk) = a-rmcε(Γ, T )

Since the proof of this Lemma is very similar to the first part of the proof of Lemma 9.2.1,
we omit it. Now, we prove Proposition 9.3.7.
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Proof. Letting u = 2v/ε in the definition of rmcε, we have

rmcε(zf , T ) = inf
1

ε
∥u∥1, where ż = a0(z) − α1(z)

ε

2
u, (9.3.8)

We remark that this dynamic coincides with that of the z variable in the dynamics (9.3.6)
of a-rmcε, if r = εe1, where e1 = (1, 0, . . . , 0).

We start by showing that a-rmcε(zf , T ) ≥ rmcε(zf , T ). Fix a control (v,w) that is
admissible for a-rmcε(zf , T ). Considering the corresponding z coordinates, given by (9.3.6),

we then let u =
∑d

i=1
ri
ε

αi(z)
α1(z)

vi, on [0, T ]. With this choice of control, the z coordinate given

by (9.3.6) is the same as the one appearing in the dynamic of (9.3.8). Recall that α1 ≥ αi

for any i = 1, . . . , d, and that, by definition of a-rmcε(zf , T ) we have |r| = |(r1, . . . , rd)| ≤
ε. Thus, on [0, T ], |u| ≤

∑d
i=1

∣∣ ri
ε

∣∣ |vi| ≤ |r|
ε |v| ≤ |v|. In particular, ∥u∥1 ≤ ∥(v,w)∥1,

completing the proof of the first inequality.
To complete the proof of the statement, we are left to show the opposite inequality.

To this aim, we prove that there exists C > 0, independent of ε, such that for any δ > 0

sufficiently small it holds a-rmcε(zf , T + δ) ≤ rmc(zf , T ) +C
(

1 + δ1/2

ε

)
. By Lemma 9.3.8,

taking the limit as δ → 0 yields that a-rmcε(zf , T ) ≤ rmc(zf , T ) + C.
Consider a control u admissible for rmcε(zf , T ), in the formulation (9.3.8). We have to

construct a control (v,w) that is admissible for a-rmcε(zf , T+δ) and such that ∥(v,w)∥1 ≤
∥w∥1 + C(ε+ δ). The control (v,w) can be obtained by concatenating three control arcs:

1. A control driving the system (9.3.6) from (0, 0) to (εe1, 0) on the time interval [0, δ/2];

2. The control w = 0 and v = (u(· − δ/2), 0, . . . , 0) on the time interval [δ/2, T + δ/2],
which drives the system to (εe1, zf );

3. A control driving the system to (0, zf ) on the time interval [T + δ/2, T + δ].

Using the Ball-Box Theorem and a time rescaling as in the proof of Lemma 9.3.8 (see also
[65, Theorem 1.1]), one proves that the cost for the first and the last step is bounded by
C(ε+ δ1/2), proving the second inequality and the statement.

Finally, putting together Lemma 9.3.6 and Proposition 9.3.7, Theorem 9.3.3 follows.

9.3.2 Proof of Theorem 9.3.4

We split the proof of Theorem 9.3.4 in two parts: first we prove that z is non-decreasing
(Lemmas 9.3.9 and 9.3.10), then we prove that the control v has a prescribed sign depending
on the difference T − TΓ (Lemma 9.3.11).

Lemma 9.3.9. Let v be an admissible control for rmcε(zf , T ). Then, there exists C > 0
such that for any η > 0, there exists an admissible control vη such that zvη is piecewise
affine and

∣∣∥v∥L1 − ∥vη∥L1

∣∣ ≤ Cη.
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Proof. Thanks to Remark 9.3.2, the set of admissible trajectories is W 1,∞([0, T ]), where
affine functions are dense in the W 1,1 topology. So, for any admissible trajectory zv with
control v, we can find another admissible trajectory zη with some other control vη, such
that zη is piecewise affine and ∥zv−zη∥W 1,1 ≤ η. Recall that żv = a0(z)−α(z)v. Hence, we
can obtain a formula of v in terms of z and ż, which guarantees the existence of a constant
C > 0 such that∣∣∣∣∫ T

0
|v(t)| − |vη(t)|dt

∣∣∣∣ ≤ C̃

(∫ T

0
|a0(zv(t)) − a0(zη(t))|dt+

∫ T

0
|żv(t) − żη(t)|dt

)
,

Since a0 is Lipschitz continuous, the statement follows by the approximation in W 1,1.

The following result proves the first part of Theorem 9.3.4.

Lemma 9.3.10. The infimum in (9.3.1) can be taken on controls v such that the corre-
sponding zv is non-decreasing.

Proof. Let v be a control admissible for (9.3.1),(9.3.2). The statement will be proved by
showing that then there exists an admissible control ṽ such that żṽ ≥ 0 and ∥ṽ∥1 ≤
∥v∥1. By Lemma 9.3.9, we can suppose that zv is piecewise affine, that is zv(t) =∑k

j=1 fj(t)1[tj ,tj+1](t), fj(t) = Ajt + Bj , where Aj , Bj ∈ R, 0 < t1 < · · · < tk < T . We
have to show that Aj > 0 for every j = 1, . . . , k. By contradiction, suppose that Aj0 < 0 for
some j0 ∈ {1, . . . , k}. Then there is some s1 > tj0 such that zv(tj0) = zv(s1) =: z1. Then,
the function zv attains a local minimum for some tj1 < s1, j1 > j0. Define z0 := zv(tj1).
Take any s0 ∈ [0, tj0) such that zv(s0) = z0. Since the function |a0|/α is continuous, it
must have a minimum point zmin in the interval [z0, z1]. Moreover, we can find τ0 ∈ [s0, tj0 ]
and τ1 ∈ [tj1 , s1] such that zv(τ0) = zv(τ1) = zmin.

As a consequence, there is some control ṽ such that zṽ coincides with zv in [0, τ0]
and [τ1, T ] and zṽ(t) = zmin for t ∈ (τ0, τ1). (See Figure 9.1.) Notice that ṽ(t) =
2a0(zmin)/(εα(zmin)) for t ∈ (τ0, τ1).

In order to complete the proof, we are left to show that ∥ṽ∥1 ≤ ∥v∥1. By definition of
ṽ, we have that∫ T

0
|ṽ(t)|dt =

∫ τ0

0
|v(t)|dt+

∫ τ1

τ0

|a0(zmin)|
α(zmin)

dt+

∫ T

τ1

|v(t)|dt.

Now, if |a0(zmin)| = 0, then we have ∥ṽ∥1 ≤ ∥v∥1 trivially. Otherwise, on the interval
[τ0, τ1] we have either a0 > 0 or a0 < 0. In both cases, we have∫ τ1

τ0

|a0(zmin)|
α(zmin)

dt ≤
∫ τ1

τ0

|a0(zv(t))|
α(zv(t))

dt = ±
∫ τ1

τ0

a0(zv(t))

α(zv(t))
dt

= ±
∫ τ1

τ0

(
żv

α(zv(t))
+ v(t)

)
dt ≤ ±

∫ zṽ(τ1)

zṽ(τ0)

1

α(z)
dz +

∫ τ1

τ0

|v(t)|dt =

∫ τ1

τ0

|v(t)|dt.
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Figure 9.1: Construction for the proof of Lemma 9.3.10 in case a0(zmin) = 0.

The last equality follows since zv(τ0) = zv(τ1). Hence, we obtain that ∥ṽ∥1 ≤ ∥v∥1, thus
completing the proof.

We conclude the proof of Theorem 9.3.4 thanks to the following result.

Lemma 9.3.11. The infimum in (9.3.1) can be taken on controls v such that

1. v ≤ 0 if T < TΓ;

2. v ≥ 0 if T > TΓ.

Proof. Assume that T > TΓ. In this case, the drift drives the system beyond the target.
Namely, letting z0 be the solution of (9.3.2) with v ≡ 0, we have z0(T ) > zf and thus, for
any control v admissible for rmcε(zf , T ), it holds that v(t) > 0 for some t ∈ [0, T ]. Let us
show that for any control v that is admissible for rmcε(zf , T ) and takes negative values,
there exists a non-negative admissible control with smaller L1-norm. By Lemma 9.3.9, we
can restrict to consider the case where v is affine. Letting t∗ := inf{t ∈ [0, T ] | v(t) < 0} ∈
[0, T ], define

ṽ(t) =

v(t) if t ∈ [0, t∗],

0 if t ∈ [t∗, T ].

Observe that if v(0) = 0, then t∗ = 0, and hence ṽ(t) = 0 for all t ∈ [0, T ].
There are three possibilities: 1. zṽ(T ) < zf , 2. zṽ(T ) = zf , 3. zṽ(T ) > zf . Clearly, if

zṽ(T ) = zf , then ṽ is the control we were looking for.
Assume that we are in the first case. Let us consider the function ϕ(t) := z0(T −

t; zv(t))−zf , where z0(s; ζ) denotes the solution of the Cauchy problem ż = a0(z), z(0) = ζ,
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zv(T )

t∗ T

zf

z0(T )

zṽ(T )

z0(T − t; zv(t))

tt1

zv(t)

z

(a) Case z0(T ) > zf and zṽ(T ) < zf .

zv(T )

t∗ T

zf

z0(T )

zṽ(T )

t2

z

(b) Case z0(T ) > zf and zṽ(T ) > zf .

zv(T )

t∗ T

z0(T )

zf

zṽ(T )

t2

z

(c) Case z0(T ) < zf and zṽ(T ) < zf .

zv(T )

t∗ T

z0(T )

zf

zṽ(T )

z0(T − t; zv(t))

tt1

zv(t)

z

(d) Case z0(T ) < zf and zṽ(T ) > zf .

Figure 9.2: Construction for Lemma 9.3.11.

evaluated at time s. By the continuous dependence on the initial value of a solution of a
differential equation, we have that ϕ is continuous. Moreover, it is positive at t = 0, and
we have ϕ(t∗) = zṽ(T ) − zf < 0. So, there exists a time t1 ∈ [0, t∗] such that the control
equal to v up to time t1 and 0 for t ≥ t1 steers the system from 0 to zf . By construction,
this control is never negative and its L1-norm is smaller or equal than the norm of v.

In the third case, it holds that zṽ(T ) > zv(T ). Moreover, T > TΓ implies a0 > 0 on
the whole curve Γ, and hence żv(t∗+) > żṽ(t∗+). Then, there exists t2 ∈ [t∗, T ] such that
zv(t2) = zṽ(t2). This implies that the control

˜̃v(t) =

v(t) if t ∈ [0, t∗] ∪ [t2, T ],

0 otherwise,

steers the system from 0 to zf and ∥˜̃v∥1 ≤ ∥v∥1. This ends the case T > TΓ. Assume
now T < TΓ. By Lemma 9.3.10 it holds that 0 < żv(t) = a0(z(t)) − α(z(t))v(t), which
implies that v(t) < a0(z(t))/α(z(t)). Hence, v(t) ≤ 0 for any t such that a0(z(t)) ≤ 0. This
allows us to restrict to the case of a0 > 0 on the whole Γ. In this case, one can adapt the
argument for the case T > TΓ to show that v ≤ 0 (see Figure 9.2). We have that ϕ(0) < 0,
where ϕ is defined as before. In case zṽ(T ) < zf , we have that the trajectory zṽ intersects
the trajectory z0 at some t2 > t∗ := inf{t ∈ [0, T ] | v(t) > 0}, so that one can argue as for
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point 3 in the case T > TΓ. On the other hand, if zṽ(T ) > zf we have that ϕ(t∗) > 0, so
one can argue as for point 1 in the case T > TΓ.

9.4 Step 2 case: proof of Theorem 9.1.2

In this section, we assume that T ̸= TΓ. First, we define the following quantities

I∗(Γ, T ) = sup

{∫ T

0

a0(z(t))

α(z(t))
dt | z solution of (9.3.2) with v ≤ 0

}
,

I∗(Γ, T ) = inf

{∫ T

0

a0(z(t))

α(z(t))
dt | z solution of (9.3.2) with v ≥ 0

}
.

Lemma 9.4.1. Under the assumptions of Theorem 9.1.2, we have

1. If T < TΓ: MCε(Γ, T ) ≃ 2

ε2

[∫ S

0

dz

α(z)
− I∗(Γ, T )

]
.

2. If T > TΓ: MCε(Γ, T ) ≃ 2

ε2

[
I∗(Γ, T ) −

∫ S

0

dz

α(z)

]
.

Remark 9.4.2. It is possible to give a direct proof that the quantities in the squared brackets
are indeed positive. We omit this, since it will follow directly from the explicit formulas
for I∗(Γ, T ) and I∗(Γ, T ) given in Lemma 9.4.3 and Lemma 9.4.4.

Proof. We only present an argument for the case T < TΓ, since the other follows by a
straightforward adaptation of the same argument. By Theorem 9.3.3, it suffices to prove
the statement replacing MCε(Γ, T ) by rmcε(zf , T ), where zf =

∫
Γ ω. Let v be an admissible

control for rmcε(zf , T ). By Lemma 9.3.11, we can assume v ≤ 0. By (9.3.2), we can express
v as a function of a0, α. Then, for every such control, we have that

∥v∥1 = −
∫ T

0
v dt =

∫ T

0

ż − a0(z)

α(z)
dt =

∫ TΓ

0

dz

α(z)
−
∫ T

0

a0(z)

α(z)
dt.

Thus, taking the infimum w.r.t. non-positive admissible controls for rmcε(Γ, T ), we obtain

rmcε(Γ, T ) =
2

ε2

[∫ TΓ

0

dz

α(z)
− sup

v≤0

∫ T

0

a0(z)

α(z)
dt

]
=

2

ε2

[∫ TΓ

0

dz

α(z)
− I∗(Γ, T )

]
.

In the following two lemmata, proved in Section 9.4.1, we present closed formulas for
I∗(Γ, T ) and I∗(Γ, T ). Henceforth, for any H ∈ R and c > 0, we denote by z(·;H, c) the
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solution of the ODE in (9.3.2), with initial condition z(0) = 0, and associated with the
piece-wise constant feedback control given by

v(z;H, c) =


−c if H >

a0(z)

α(z)
,

0 if H <
a0(z)

α(z)
.

(9.4.1)

Lemma 9.4.3. If T < TΓ, there exists a unique value of H∞ > 0 for which it holds that
limc→+∞ z(T ;H∞, c) = zf . Moreover, letting Ω = {z ∈ [0, zf ] | a0(z)

α(z) > H∞}, we have that

I∗(Γ, T ) =


∫
Ω

dz

α(z)
if |Ω| > 0

T min
q∈Γ

|ω(X0)|
α(q)

if |Ω| = 0.

Lemma 9.4.4. If T > TΓ, it holds that

I∗(Γ, T ) =

∫ S

0

dz

α(z)
+ (T − TΓ) min

Γ

a0
α
.

We are finally in a position to complete the proof of the theorem.

Proof. The case T = TΓ follows from Proposition 9.2.3. The case TΓ > T is an immediate
consequence of Lemma 9.4.1 and Lemma 9.4.4, recalling that a0(z) = ω(X0)|(0,0,z). The
case TΓ < T follows similarly, using Lemma 9.4.3 and observing that∫ S

0

dz

α(z)
=

∫
Γ

1

α
ω.

9.4.1 Proofs of the auxiliary lemmata

Proof of Lemma 9.4.3 First, observe that we have

I∗(Γ, T ) = sup

{∫ T

0

a0(z)

α(z)
dt | ż = a0(z) + α(z)v, z(0) = 0, z(T ) = zf , v ≥ 0

}
.

Here, we changed the sign of the control v to reduce possible confusion. For c ∈ (0,+∞],
we let

V (c) := inf {∥v∥1 | 0 ≤ v ≤ c, zv(T ) = zf} (9.4.2)
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Then, since ż = a0(z)+α(z)v, we have

∫ T

0

a0(z(t))

α(z(t))
dt =

∫ T

0

ż(t)

α(z(t))
−v(t) dt =

∫ zf

0

dz

α(z)
−

∥v∥L1 , which implies

I∗(Γ, T ) =

∫ zf

0

dz

α(z)
− V (+∞). (9.4.3)

Hence, in the following we focus on computing V (+∞).

First, we notice that we can apply the Pontryagin Maximum Principle (PMP) to com-
pute V (c) for any c < +∞. This will be enough thanks to the following result.

Proposition 9.4.5. The function V : (0,+∞] → R≥0 is non-increasing. Moreover,
limc→+∞ V (c) = V (+∞).

Proof. The monotonicity of V is immediate from the definition. This implies the existence
of the limit and the fact that limc→+∞ V (c) ≥ V (+∞). To see the opposite inequality,
we consider a maximizing sequence (vj)j∈N for V (+∞). Since any vj is in L∞, then it is
admissible for V (∥vj∥∞). This implies V (∥vj∥∞) ≤ ∥vj∥1 for every j ∈ N and, in particular,
limj→+∞ V (∥vj∥∞) ≤ limj→+∞ ∥vj∥1 = V (+∞).

Now, we distinguish two cases: first, we consider the case of maxz∈[0,zf ] a0(z) ≥ 0; then,
we study the case maxz∈[0,zf ] a0(z) < 0.

Applying the PMP (see [2]) to (9.4.2), we obtain the following.

Lemma 9.4.6. Assume that maxz∈[0,zf ] a0(z) ≥ 0. Let ṽ be an optimal solution to (9.4.2)
for c sufficiently big. Then there exists H ≥ 0 such that ṽ is the feedback control ṽ(t) =
−v(z(t);H, c), where v(z;H, c) is defined in (9.4.1).

Proof. In order to apply the PMP, we define the Hamiltonian function

h(ξ, ξ0, z, v) = ξ(a0(z) + α(z)v) + ξ0v, v ∈ [0, c], ξ, z ∈ R, ξ0 ∈ {0,−1}. (9.4.4)

Here, the choice ξ0 = −1 corresponds to normal extremals, while ξ0 = 0 corresponds to
abnormal extremals. By PMP, an extremal is a curve (ξ(t), z(t)), where ξ satisfies the
adjoint equation

ξ̇ = −ξ
(
a′0(z) + ṽα′(z)

)
. (9.4.5)

Here we denoted by a′0 (resp. α′) the derivative of a0 (resp. α) w.r.t. z. Moreover, the value
of the control ṽ maximizes the value of h, and hence the control satisfies

ṽ(t) =

c if ξα(z) + ξ0 > 0,

0 if ξα(z) + ξ0 < 0.
(9.4.6)

If ξα(z) + ξ0 = 0, ṽ is not determined directly, i.e., the control is singular.
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We start by showing that there are no abnormal extremals. These are associated with
ξ0 = 0, but ξ ̸= 0 for all times. As a consequence, (9.4.6) reads

ṽ(t) =

c if ξ > 0,

0 if ξ < 0,

and, thus, either v ≡ 0 or v ≡ c. But, since T ̸= TΓ, up to considering c sufficiently big,
these controls do not steer the system from 0 to zf .

We are then left with the normal case (ξ0 = −1). We now claim that there are no
singular controls, which by (9.4.6) amounts to asking that ξα(z) ̸= 1 a.e. on [0, T ]. We can
differentiate the identity ξ = 1/α to obtain:

ξ̇ = −α
′(z)ż

α(z)2
= −α

′(z)(a0(z) + α(z)ṽ)

α(z)2
(9.4.7)

Putting together (9.4.7) and (9.4.5), and using again ξ = 1/α, yields (log(a0/α))′ = 0,
which is equivalent to (a0/α)′ = 0. By Lemma 9.2.1, up to perturbing the drift X0 we can
assume that this identity cannot hold for z in an interval I ⊂ [0, z1]. So, this implies that
the trajectory z is constant. However, one can show that, under the hypothesis of (9.4.2),
trajectories for z which are constant on some time interval are not optimal.

From (9.4.6), we have thus shown that the control ṽ stands defined by

ṽ(t) =

c if ξ(t) > 1
α(z(t)) ,

0 if ξ(t) < 1
α(z(t)) .

(9.4.8)

Let H be the constant value of the Hamiltonian h along the extremal trajectory. Then,

solving for ξ the definition (9.4.4) of h we have ξ(t) =
H + ṽ(t)

a0(z(t)) + α(z(t))ṽ(t)
. Since a0 and

α are bounded, up to considering c sufficiently big, we have a0 +αc > 0. So, the statement
follows from the fact that ξ = 1/α(z) is equivalent to H > a0(z)/α(z), which is easily
checked using (9.4.8) and the definition of H.

From Lemma 9.4.6, we have simply to find for which value of H ∈ R the control ṽ
defined in (9.4.1) steers the system from z(0) = 0 to z(T ) = zf .

Claim 9.4.7. Assume that maxz∈[0,zf ] a0(z) ≥ 0. For any c ∈ R sufficiently large, there is
a unique value H(c) > 0 of H such that the control given in (9.4.8) is the optimal control.

For H > 0, let Ec(H) := z(T ;H, c) be the solution of ż = a0(z) + α(z)v, z(0) = 0,
evaluated at time T , where v is defined as in (9.4.1). Then, Ec is monotone non-decreasing.
Indeed, if H1 < H2, then ż(t;H1, c) ≤ ż(t;H2, c). Moreover, since T < TΓ, we have that
limH→0+Ec(H) < zf . On the other hand, for any fixed H > maxz∈[0,zf ] a0(z)/α(z), we
have that z(T ;H, c) → +∞ if c→ +∞. So, if c is large enough, we know that Ec(H) > zf
for H > maxz a0(z)/α(z). Since Ec is continuous, this proves the Claim.
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H

v = 0

v = c
z

a0(z)
α(z)

Figure 9.3: Graphical representation of the extremal controls. If the value of a0/α is above
H, then v = 0 and ż = a0. When the value of a0/α is below H, then v = c. As c grows,
the extremal trajectories move faster and faster through the region where a0/α < H.

Claim 9.4.8. The function c 7→ H(c) is monotone non-increasing. In particular, the
following limit exists H∞ := limc→+∞H(c).

Suppose, by contradiction, that there are c1 < c2 such that H(c1) < H(c2). Then,
denoting by z1, z2 the trajectories of the control system corresponding to the resulting
controls, we have that ż2 ≥ ż1, with strict inequality on a set of positive measure. So,
z2(T ) > z1(T ) = zf , which is impossible since z2 must satisfy the same boundary conditions
of z1. This proves the Claim.

Observe that H∞ can be also characterized by the property

lim
c→+∞

Ec(H∞) = lim
c→+∞

z(T ;H∞, c) = zf . (9.4.9)

Indeed, by the same argument above, the function c 7→ z(T ;H, c) is strictly increasing
for any H > 0, so the limit in (9.4.9) exists and the limit function is again a monotone
function of H. So, (9.4.9) uniquely determines the value of H∞. Concerning the limit
trajectory z∞ as c→ +∞, the optimal control strategy is characterized as follows (see also
Figure 9.3): whenever a0(z(t))/α(z(t)) > H∞, we apply zero control and the trajectory
evolves according to ż = a0(z); whenever a0(z(t))/α(z(t)) ≤ H∞, we apply maximum
control to reach the next point z′ ∈ (z(t), zf ] where a0(z

′)/α(z′) = H∞.

It remains to compute the value of I∗(Γ, T ), which can be done exploiting (9.4.3). To
this aim, we let

Ω(c) = {z ∈ [0, zf ] | a0(z)/α(z) > H(c)}. (9.4.10)

Then, denoting by zc the optimal solution of I∗(c), and omitting its dependence on t, we
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have

I∗(c) =

∫ T

0

a0(zc)

α(zc)
dt =

∫
z−1
c (Ω(c))

żc
α(zc)

dt+

∫
[0,T ]\z−1

c (Ω(c))

żc − α(zc)c

α(zc)
dt =

=

∫
Ω(c)

dz

α(z)
+

∫
[0,zf ]\Ω(c)

dz

α(z)
− c

∫
[0,zf ]\Ω(c)

dz

a0(z) + α(z)c
−−−−→
c→+∞

∫
Ω

dz

α(z)
,

Since limc→+∞ I∗(c) = I∗, this proves Lemma 9.4.3 in the case maxz∈[0,zf ] a0(z) ≥ 0.

In the case maxz∈[0,zf ] a0(z) < 0, we have the following analogue of Lemma 9.4.6

Lemma 9.4.9. Assume that maxz∈[0,zf ] a0(z) < 0. Let ṽ be an optimal solution to (9.4.2).
Then, for c sufficiently big, there are t1, t2 ∈ [0, T ], t1 < t2 such that ṽ(t) = c for t ∈ [0, t1]∪
[t2, T ] and ṽ(t) = |a0(zmin)|/α(zmin) for t ∈ (t1, t2), where zmin := arg min |a0(z)|/α(z).

The proof of this Lemma closely follows the one of Lemma 9.4.6. The difference here
is that, since a0(z) < 0 for every z ∈ [0, zf ], for any H > 0 we have that v(t;H, c) = c
for every t ∈ [0, T ]. For such control it clearly holds that z(T ;H, c) → +∞ as c → +∞,
hence it is not admissible for our control problem. In order to arrive at the final point zf
at time T , we can use a singular control that keep z constant for the time needed, which
corresponds to the time interval (t1, t2) in the statement. In this case, I∗ is

I∗ = T
|a0(zmin)|
α(zmin)

= T min
q∈Γ

|ω(X0)|
α(q)

.

and hence MCε(Γ, T ) ≃ 2
ε2

(∫
Γ

1
αω − T minq∈Γ

|ω(X0)|
α(q)

)
. This finally concludes the proof of

Lemma 9.4.3.

Proof of Lemma 9.4.4 Similar computations as those leading to (9.4.3) yield

I∗(Γ, T ) =

∫ zf

0

dz

α(z)
+ V (+∞).

We can then proceed as in the case of I∗(Γ, T ): we reduce to the optimal control problem
with controls v ∈ [0, c], then apply the PMP and take the limit as c→ +∞.

We have the same extremals as before. However, since by Lemma 9.3.10 we can restrict
to consider trajectories with ż ≥ 0, for c large enough it cannot happen that v(t) = c.
Thus, the only possible trajectories are concatenations of arcs that either correspond to
the control v = 0 or that are such that z remains constant.

By assumption, we have that minz a0(z)/α(z) > 0. We know that if we simply apply
the control v = 0 for every t > 0 we get to the point zf in time TΓ < T . So, in particular,
with this control strategy, we arrive at a point zmin realizing the minimum of a0/α at some
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time τ0 < TΓ. Consider the control

v̄(t) =


0 if t ∈ [0, τ0],

a0(zmin)
α(zmin)

if t ∈ [τ0, τ0 + T − TΓ],

0 if t ∈ [τ0 + T − TΓ, T ].

The control clearly drives the system to the desired endpoint, and, since for v = 0 we

have ż = a0(z), we have

∫ T

0

a0(z(t))

α(z(t))
dt =

∫
Γ

1

α
+ (T − TΓ)

a0(zmin)

α(zmin)
. Observe that v̄ is an

extremal control. It is easily checked that any other extremal control has bigger or equal
cost and thus that v̄ is the optimal control.

9.5 Distributions of generic type

The aim of this Section is to prove Theorem 9.1.8. As discussed in the Introduction, if
dimM ≥ 4, then the step 2 assumption in Theorem 9.1.2 is generic. If dimM = 3, this
is no longer true. For this reason, in this section we deal with the case dimM = 3, where
the pair (∆,Γ) is of generic type (see Definition 9.1.6).

We split the proof of Theorem 9.1.8 in two parts. First, in Section 9.5.1 we deal with
the case of a curve Γ with a single Martinet point, see Theorem 9.5.3. After that, in Section
9.5.2, we show how to reduce the general case to the first one, using some properties of the
motion complexity.

To simplify the statements, throughout all the remaining part of this section, ∆ is a
corank 1 distribution on M , Γ is a smooth simple curve transverse to ∆, ω is a 1-form
associated with (∆,Γ), which we suppose to be a pair of generic type. As before, we fix
a parametrization of Γ such that ω(Γ̇) = 1. Moreover, g is a sub-Riemannian metric over
(M,∆) and the drift X0 is tangent to Γ.

9.5.1 Case of a single Martinet point

In this section we assume that on the curve Γ there is only one Martinet point, which we
denote by q̄.

We start by recalling, from Theorem 9.2.4, a convenient coordinate frame to carry out
our computations. First, thanks to Theorem 9.2.4, we fix coordinates (x, y, z) : R3 →
Tubeε0(Γ) such that q̄ = (0, 0, 0), Γ(s) = (0, 0, s) for s ∈ [−S, S], and the expression of the
drift X0 and of an orthonormal frame {X1, X2} for the metric g is

X0(x, y, z) = a0(x, y, z)∂z +O(|x| + |y|)

X1(x, y, z) = ∂x −
y

2
γ(x, y, z)∂z +O(x2 + y2), (9.5.1)

X2(x, y, z) = ∂y +
x

2
γ(x, y, z)∂z +O(x2 + y2).
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Here, a0, γ are smooth functions and |γ(x, y, z)| = α(x, y, z), where α = |ω([X1, X2])| is
the function defined in (9.1.5).

Observe that the function γ appearing above differs from the one appearing in Theorem
9.2.4 if (x, y) ̸= (0, 0), but it follows from the following result that the two functions differ
by a O(x2 + y2) term.

Lemma 9.5.1. Let q̄ be a Martinet point of Γ, i.e., such that α(q̄) = 0. Then, α is Lipschitz
continuous and smooth on the set {α > 0}. Moreover, there exists a neighborhood U of
q̄ such that the set {α > 0} ∩ U has exactly 2 connected components, A+ and A−, which
are such that (0, 0, z) ∈ A+ if z > 0 and (0, 0, z) ∈ A− if z < 0. Then, there exists
(β1, β2) ̸= (0, 0) such that, in coordinates, we have

α(x, y, z) =

κz + β1x+ β2y +O(x2 + y2 + z2), on A+,

−κz − β1x− β2y +O(x2 + y2 + z2), on A−.
(9.5.2)

Here, κ > 0 is defined by (9.1.11).

Proof. The first part of the statement is a direct consequence of the definition of α and of
the generic type assumption. Formula (9.5.2) follows directly from a Taylor expansion of
α at the point (0, 0, 0). Indeed, by Lemma 9.6.1, we have that κ = limz→0 |∂zα(0, 0, z)|.
The last requirement in the generic type assumption implies that κ > 0. Finally,

(β1, β2, κ)T = lim
(x,y,z)→0
(x,y,z)∈A+

∇α(x, y, z) = ∇γ(0, 0, 0) = − lim
(x,y,z)→0
(x,y,z)∈A−

∇α(x, y, z),

due to the fact that α = γ on A+ and α = −γ on A−.

Now, using the notation of Definition 9.1.6, we have two possibilities: either Σ = Σ+ =
{q̄} and Σ− = ∅ or, vice-versa, Σ = Σ− = {q̄} and Σ+ = ∅. In both cases, the definition of
TΓ that we gave before is still meaningful (see (9.1.4)). Hence, for the first case, we have
the following result, which is a direct adaptation of Theorem 9.1.2.

Theorem 9.5.2. Assume that Σ = Σ+ = {q̄} and Σ− = ∅. Then, the same asymptotic
equivalences as in Theorem 9.1.2 hold. Moreover, in the case TΓ > T , we have that
q̄ ∈ int Ω. In particular, the integral in (9.1.8) is finite.

Proof. One can prove the first two points by proceeding exactly in the same way as in
Theorem 9.1.2. The only thing worth noticing is that, since limq→q̄ a0(q)/α(q) = +∞, the
minimum in (9.1.6) is not attained at q̄.

Also the third point follows as in Theorem 9.1.2, with minor adaptations. More pre-
cisely, the only fact one has to check is that the integral in (9.1.8) is finite. To show this,
we prove that the point q̄ ∈ int Ω, so that 1/α is bounded on Γ \ Ω. To prove this, recall
the definitions of Ω and the value H∞, see Equation (9.4.10) and Claim 9.4.8. From Claim
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q̄

H∞

Ω

v = 0

v = c

a0(q)
α(q)

Γ

Figure 9.4: Graphical representation of
for Theorem 9.5.2: The point q̄ lies in
the interior of Ω.

∆

z

limit
cycle

Figure 9.5: Graphical representation of
the trajectory z of point 1. in Claim 9.5.5.

9.4.8, we know that H∞ ≤ H(0) < +∞. Hence, H∞ must be finite. As a consequence,
since limq→q̄ a0(q)/α(q) = +∞, the set V := {q ∈ Γ | a(q)/α(q) > 2H∞} is an open
neighbourhood of q̄ and V ⊂ Ω. Thus, the point q̄ ∈ int Ω (see Figure 9.4).

On the other hand, the second case Σ = Σ− = {q̄} is more delicate.

Theorem 9.5.3. Suppose that Σ = Σ− = {q̄}, that is, there is a single Martinet point on
the curve Γ and we have ωq̄(X0(q̄)) < 0. Then, letting κ be defined as in (9.1.11), it holds
the following

MCε(Γ, T ) ≃ − 4

κε2
ln ε, ε→ 0. (9.5.3)

Remark 9.5.4. Notice that the above asymptotic depends only on κ, hence only on the
local structure of Γ near q̄: it involves neither the whole curve nor the time T .

Proof. Let us consider the coordinates and the orthonormal frame introduced in equation
(9.5.1). In these coordinates, after some simplifications very similar to those carried out in
Section 9.3.1, the control system (9.1.1) can be expressed in cylindrical coordinates as

ṙ = v1,

θ̇ = v2
r ,

ż = a0(z) + r
2γ(z)v2.

(9.5.4)

Here, with again a slight abuse of notation, we write a0(z) and γ(z) in place of a0(0, ·, z)
and γ(0, ·, z). As we showed in the case of a step 2 distribution, these simplifications in the
control system affect the asymptotic of MCε starting from the order O(ε−1). Hence, they
will not change the final result that we are going to obtain. We omit the details about these
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reductions, since it would be a very close repetition of all the arguments already exposed
in Section 9.3.1.

Fix ε > 0. As in the step 2 case (see Proposition 9.4.5), we can fix a uniform bound
c > 0 on the norm of the controls and then take the limit as c → +∞. Again as it was
done in the proof of the step 2 case, applying Pontryagin Maximum Principle one can
prove that an optimal control is the concatenation of bang arcs, and for each arc we have
either v2(t) = c or v2(t) = 0. Now, we restrict to a sufficiently small neighbourhood of the
Martinet point q̄, so that the Taylor expansion in Lemma 9.5.1 holds, and we want to find
a lower bound for the L1-norm of a bang arc with v2(t) = c in this neighbourhood of q̄. As
a consequence, from now on, we restrict to consider just controls of maximal norm steering
the system from some initial point z(t1) < 0 to a final point z(t2) > 0 not depending on ε.

By (9.5.4), we have that there exists C,K > 0 independent of ε such that

|ż(t)| ≤ C +
cε

2
(κ|z(t)| + εK), ∀t ∈ [t1, t2].

So, applying Gronwall’s Lemma, we obtain

|z(t2)| ≤

(
C̃ + cε2

2 K
cε
2 κ

+ |z(t1)|

)
e

cε
2
κ(t2−t1) =

(
2C̃

cεκ
+
εK

κ
+ |z(t1)|

)
e

ε
2
κ∥v∥1 ,

where we have used that c(t2 − t1) = ∥v∥1. Since c → +∞ and ε > 0 is fixed, we
can assume cε2 > 1, so that 2C̃/cεκ ≤ 2C̃ε/κ. Taking the logarithm on both sides and
neglecting lower-order terms, we obtain the desired estimate:

∥v∥1 ≥
2

κε
ln

(
κ

εK̃
|z(t2)|

)
= − 2

κε
ln ε+O

(
1

ε

)
.

By this argument, it already follows that the complexity of tracking a curve containing
a Martinet point is at least of order O(−ε−2ln ε), independent of the boundary conditions
and final time T > 0. Therefore, given a neighbourhood Vq̄ of q̄, it suffices to compute
the asymptotic of MCε(Γ ∩ Vq̄, T ) without imposing exact boundary conditions or fixing
T precisely. This is justified as follows: by Theorem 9.1.2, one can steer the system from
Γ(0) to a point near the Martinet point with cost O(ε−2), which is asymptotically negligible
compared to O(−ε−2ln ε). Similarly, after crossing the region near q̄, one can reach the
final point Γ(S) with an additional cost of O(ε−2). Thus, the Martinet point dominates
the total complexity.

The following claim completes the proof:

Claim 9.5.5. The asymptotically optimal synthesis for the motion planning problem re-
stricted to a neighbourhood of the Martinet point consists of three arcs:

1. a first bang arc, with v1(t) = 0 and v2(t) = c, starting from a point q0 = (ε, θ0, z0),
with z0 < 0, reaching a point q1 = (ε, θ1, z1), with z1 > 0 and z1 ≤ C̃ε3, for some
constant C̃ > 0.
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2. a second bang arc with v1(t) = c and v2(t) = 0 on a short time interval, steering the
system from q1 = (ε, θ1, z1) to q2 = (ε,−θ1, z2), where z1 > z2 > 0.

3. a third bang arc, with v1(t) = 0 and v2(t) = c, starting from a point q3 = (ε,−θ1, z2)
and reaching a point q4 = (ε, θ3, z3), where z3 > 0 is independent of ε.

Here, c > Cε−4 for some constant C > 0. The L1-norm of the control of the first and the
third bang arc can be bounded above by − 2

κε ln ε, while the norm of the second arc is of
lower order.

Since optimal trajectories are made by concatenations of bang arcs and that, for ε≪ 1,
the bang arcs with v2(t) = 0 do not yield trajectories crossing the Martinet surface, we
have that indeed the optimal synthesis must begin, as in point 1, with a bang arc with
v2(t) = c. Let us show that the maximal z coordinate obtained with such a bang control
starting from q0 is positive and of the order O(ε3). Moreover, we show that this can be
done with L1-norm of the control bounded above by − 2

κε ln ε.
Since we are localized near a Martinet point, up to modify the asymptotic of the motion

complexity by a O(ε−1) term, we can assume that the drift is constant a0(z) = −a, for
some a > 0. By (9.5.2), we have that α(r, θ, z) = −κz + rα̃1 cos(θ + θ̃) + o(|r| + |z|),
(r, θ, z) ∈ A−, and for some constants α̃1 ∈ R, θ̃ ∈ [0, 2π) and (r, z) → 0. Notice that,
under the generic type assumption, we have that α̃1 ̸= 0. Now, we can consider controls
for which r = ε and v2 = c constant. So, the solution for θ reads θ(t) = c

ε t+ θ0. Moreover,
the equation for z for such controls is

ż = −a− εc

2
κz +

ε2

2
cα̃1 cos

(
θ(t) + θ̃). (9.5.5)

This equation can be integrated explicitly:

z(t) = e−
εκct
2

[
z0 − 2a

e
εκct
2 − 1

εκc
+

+
α̃1ε

3

4 + κ2ε4

(
κε2

(
e

ε
2
κct cos θ(t) − cos θ0

)
+ 2
(
e

ε
2
κct sin θ(t) − sin θ0

)) ]
.

For fixed c and t→ +∞, the trajectory has a limit cycle, whose equations are:

r = ε, z = − 2a

εκc
+

α̃1ε
3

4 + κ2ε4
(
κε2 cos θ + 2 sin θ

)
. (9.5.6)

Notice that, since α̃1 ̸= 0, the limit cycle is transverse to the Martinet surface {α = 0} (see
Figure 9.5). The maximum value of z is attained at sin θ ≃ 1 and this is positive for every

ε > 0 if and only if − 2a
εκc + α̃1ε3

2 ≥ 0. Hence, we must choose c ≥ Cε−4 for C = 8a/(α̃1κ),
otherwise the corresponding trajectories cannot have z > 0. So, for fixed ε, t1 > 0 and
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c sufficiently large, starting from z0 < 0, we obtain that there is a point of the resulting
trajectory arbitrarily close to the point of the limit cycle above the Martinet point, that
is, we have z(t1) > 0. Notice that, by (9.5.6), z(t1) ≤ α̃1ε

3/2.
Now, we have to estimate the L1-norm of this control up to t1. Recall that the solution

to (9.5.5) with constant control is

z(t) = e
−εκct

2 z0 − a

∫ t

0
e

εκc(t−s)
2 ds+

α̃1ε
2

2

∫ t

0
e

εκc(t−s)
2 cos(θ(s) − θ̃) ds

≥ e
−εκct

2 z0 +
(
e

−εκct
2 − 1

)( 2a

κcε
+
α̃1ε

κc

)
,

where we have used cos(θ(s) − θ̃) ≥ −1. So, choosing z0 = −1
2( 2a

κcε + α̃1ε
κc ), we obtain(

z(t) +
2a+ α̃1ε

2

κcε

)
κcε

2a+ α̃1ε2
≥ exp

(
−κcεt

2

)
,

and taking the logarithm on both sides, for t = t1 we have ln
(
z(t1)

κcε

2a
+ 1
)
≥ −κcεt1

2
.

Neglecting lower order terms, we obtain

∥v∥1 = ct1 ≤ − 2

κε
ln ε. (9.5.7)

Notice that this is the L1-norm of the control v required to reach a point z(t) = O(ε3),
z(t) > 0. In particular, this depends only on the product ct1. Hence, up to enlarge c, we
can take t1 as small as we want. This ends the proof of point 1 in the Claim.

We have to prove point 2 and 3. By means of a constant control of the form v1(t) =
c, v2(t) = 0 on a time interval of length 2ε/c, we can go from a point (ε, θ, z1) to (ε,−θ, z1−
a2ε

c ). The L1-norm of this control is 2ε, so it is negligible in our asymptotic. If c is big
enough, then z1 − a2ε

c > 0, hence this piece of trajectory crosses the Martinet surface.
Thus, also point 2 follows. Finally, reversing the strategy applied to point 1, one can reach
a point whose z-coordinate is positive and independent of ε, and the required L1-norm of
the control is the same cost as in Equation (9.5.7). Thus, the total cost to cross the region
near the Martinet point is the right-hand side of (9.5.7) multiplied by 2, which yields the
asymptotic (9.5.3) in the Theorem.

The fact that the switching from point 2 to point 3 yields an asymptotically optimal
synthesis follows by the same argument as the one used to justify the switch from point 1
to point 2, applied to the backward problem obtained by considering the drift −X0 and
the curve Γ with reverse orientation.

9.5.2 Case of many Martinet Points

In this section we generalize Theorem 9.5.3 to the case of finitely many Martinet points,
completing the proof of Theorem 9.1.8.
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As before, let (∆,Γ) be a pair of generic type, and denote by q1 := Γ(s1), . . . , qr := Γ(sr)
the points in Σ−. We have that α(qi) = 0, i = 1, . . . , r, where α was defined in (9.1.5).
Recall also the definition of κ1, . . . , κr, see Equation (9.1.11). We have to prove that

MCε(Γ, T ) ≃
r∑

i=1

− 4

κiε2
ln ε, ε→ 0.

First, we show that the r.h.s. is a lower bound for the motion complexity and then we find
a sequence of controls realizing the asymptotic.

Take any control u admissible for MCε(Γ, T ) and denote by qu the corresponding tra-
jectory. Let Vi be an open neighbourhood of qi, Vi ⊂ Tubeε(Γ), for every i = 1, . . . , r. Let
Ii := q−1

u (Vi). Then, since the asymptotic in (9.5.3) does not depend on the exact initial
and final points of the curve that we are approximating, the curve qu|Ii is an admissible
competitor of the motion complexity of Γ ∩ Vi. Then, by Theorem 9.5.3, we must have∫
Ii

|u(t)|dt ≥ − 4

κiε2
ln ε. On the other hand, we have that the motion complexity of Γ away

from Martinet points is of order O( 1
ε2

). Thus, putting everything together, we obtain

1

ε

∫ T

0
|u(t)|dt =

1

ε

r∑
i=1

∫
Ii

|u(t)|dt+O

(
1

ε2

)
≥

r∑
i=1

− 4

κiε2
ln ε+O

(
1

ε2

)
, (9.5.8)

and taking the infimum on the left hand side, we obtain the desired inequality.

To conclude, we notice that, applying the procedure already used in the proof of The-
orem 9.5.3, it is possible to find a sequence of controls (uj)j∈N admissible for MCε(Γ, T )
and such that they realize the asymptotic as in Theorem 9.5.3 near each Martinet point

qi, that is, for every i = 1, . . . , r we have lim
j→+∞

∫
Ii

|uj(t)|dt = − 4

κiε2
ln ε. Thus, replacing

u with such uj in (9.5.8) and taking the limit as j → +∞, we obtain the desired result.
This concludes the proof of Theorem 9.1.8.

9.6 Intrinsic definition of κ

Let ω be a form associated with (∆,Γ). This form defines a vector field WΓ on Γ such that
WΓ(q) ∈ TqΓ and ω(WΓ) = 1. Pick any point qi ∈ Σ. Then the quantities κi are defined
in [69] as

κi =
∣∣φ′(0)

∣∣ , where φ(t) :=
d

dt

∣∣∣∣
t=0

ω
(
[X1, X2](e

tWΓ(qi))
)
.

Let us show that these coincide with the expression in (9.1.11).
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Lemma 9.6.1. Consider any extension of WΓ in a neighbourhood of Γ such that ω(WΓ) ≡
1. Then, for any qi ∈ Σ we have

φ′(0) = ω([WΓ, [X1, X2]])(qi) − dω(WΓ, [X1, X2])(qi). (9.6.1)

In particular, this value is independent of the choice of the extension.

Proof. By Cartan formula, we have

d

dt

∣∣∣∣
t=0

ω
(
[X1, X2](e

tWΓ(qi))
)

=
(
L[X1,X2]ω(WΓ) − i[X1,X2]dω(WΓ)

)
|qi

By definition of Lie derivative, we get

L[X1,X2]ω(WΓ) = [X1, X2](ω(WΓ)) − ω([[X1, X2],WΓ]) = ω([WΓ, [X1, X2]]).

Here, we used the fact that ω(WΓ) ≡ 1 and thus [X1, X2](ω(WΓ)) = 0. Finally, (9.6.1)
follows from the fact that i[X1,X2]dω(WΓ) = −dω(WΓ, [X1, X2]).

The fact that the resulting value is independent of the choice of the extension is a
consequence of the definition of κi. Let us anyway check it directly by considering a different
extension W̃ . Since ω(W̃Γ) = ω(WΓ) we have that W̃Γ = WΓ + Y for some Y ∈ kerω = ∆.
Then, the statement follows by linearity of the objects under consideration and the fact
that ω([Y, [X1, X2]]) = dω(Y, [X1, X2]) since both Y and [X1, X2] belong to ∆ at q.

Remark 9.6.2. If instead of ω we consider ω̃ = φω, for any φ > 0, we have

κ̃ = W̃Γ(φ)ω ([X1, X2]) + φ
d

dt

∣∣∣∣
t=0

ω
(

[X1, X2](e
tW̃Γ)

)
= WΓ

(
ω([X1, X2])

)
= κ,

where every function is evaluated at qi and we used the identities ω ([X1, X2]) |qi = 0 at
the Martinet point qi and W̃Γ = 1

φWΓ. So, κ does not depend on the choice of ω.



Chapter 10

Lyapunov exponents of linear
switched systems

10.1 Introduction

Let
ẏ = A(t)y, y ∈ Rn,

be a linear system of ordinary differential equations; here t 7→ A(t), t ≥ 0, is a measurable
bounded family of n × n-matrices. Let X(t) be the fundamental matrix of system (1.1),
the solutions of (1.1) have a form: y(t) = X(t)y(0).

Principal Lyapunov exponent of system (1.1) is defined as follows:

ℓ(A(·)) = lim sup
t→∞

1

t
ln ∥X(t)∥. (10.1.1)

This quantity does not depend on the choice of norm in the space of matrices and is
a natural measure of instability of system (1.1). Indeed, system (1.1) is asymptotically
stable with an exponential convergence rate if and only if ℓ(A(·)) < 0.

Principal Lyapunov exponents play a key role in the general theory of Dynamical Sys-
tems, see [72], [20].

If A(t) ≡ A is a constant matrix, then ℓ(A) is maximum of the real parts of the
eigenvalues of A. Moreover, for any A(·) and any c ∈ R, we have ℓ(A(·) + cI) = ℓ(A(·)) + c.

In what follows, we use standard notations: gln(R) is Lie algebra of all real n × n-
matrices and GLn(R) is Lie group of all nondegenerate real n × n-matrices. Similarly
sln(R) is Lie algebra of all real n× n-matrices with zero trace and SLn(R) is Lie group of
all real n× n-matrices whose determinant equals 1.

Let S ⊂ sln(R) be a compact subset. A switched system induced by S is the set of
systems of ordinary differential equations

ẏ = A(t)y, A(t) ∈ S, 0 ≤ t <∞,

255
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where t 7→ A(t), t ≥ 0, is any measurable map with values in S.

Let AS ⊂ L∞([0,∞);S) be the set of all such maps. Principal Lyapunov exponent of
the switched system is defined as follows:

ℓ(S) = sup
A(·)∈AS

ℓ(A(·)) .

Clearly, ℓ(S) ≥ sup
A∈S

ℓ(A) .

We say that the switched system is exponentially stable if ℓ(S) < 0. Stability of
switched dynamical systems is really important for applications and there is a big literature
devoted to this subject, see for instance [10, 25, 28, 54, 53, 66, 67] and references there.

A more natural mathematical problem is to compute or at least to estimate principal
Lyapunov exponent of any switched system; many results about stability can be naturally
generalized in this direction. This chapter is devoted to the detailed analysis of the most
simple but fundamental case of two matrices generating Lie algebra sl2(R). We give a
simple explicit formula of the maximal Lyapunov exponent as a function of the matrices
and explicitly describe switching functions which realize maximal Lyapunov exponents.

This work is mainly motivated by paper [10]. The paper [10] is about stability but if
you analyse proofs of the main results you will find the characterization of Lie subalgebras
g ⊂ gln(R) such that

ℓ(S) = sup
A∈S

ℓ(A), ∀S ⊂ g . (10.1.2)

Namely, a Lie subalgebra g ⊂ gln(R) has property (10.1.2) if and only if g does not
contain a subalgebra isomorphic to sl2(R).

In the current , we explicitly compute ℓ({A,B})1 for any pair of matrices A,B which
generates Lie algebra sl2(R). Such a formula automatically provides us with an explicit
expression of ℓ(A,B) for matrices A,B of any size if these matrices generate a Lie algebra
isomorphic to sl2(R).

Indeed, let Ψ : sl2(R) → Lie(A,B) be such isomorphism; then Ψ is a representation

of sl2(R). The representation Ψ is a direct sum of irreducible representations, Ψ =
k⊕

i=1
Ψi,

where Ψi : sl2(R) → slni(R), i = 1, . . . , k, n1 ≥ · · · ≥ nk ≥ 2. Then

ℓ(A,B) = (n1 − 1)ℓ(Ψ−1(A),Ψ−1(B)).

Indeed, for any n ≥ 2 there is a unique up-to an isomorphism irreducible n-dimensional
representation of sl2(R). The representation of the group SL2(R) generated by this repre-
sentation of sl2(R) is the (n − 1)th symmetric power of the basic two-dimensional repre-
sentation. If X ∈ SL2(R) has eigenvalues λ, λ−1, then the (n − 1)th symmetric power of
X has the eigenvalues λn−1, λn−3, . . . λ1−n. We hope that our computation will serve as

1In what follows we use shortened notation ℓ(A,B)
.
= ℓ({A,B})
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a building block for eventual estimates of the Lyapunov exponents in much more general
cases.
Our final result can be stated as follows. To simplify the notation, set a = tr(A2), b =
tr(B2), c = tr(AB).

Theorem 10.1.1 (Main Theorem). Suppose that A,B ∈ sl2(R), with a ≥ b.

1. If a ≥ 0 and c > a or a < 0 and c ≥
√
ab, then

ℓ(A,B) =
1

2

√
c2 − ab

c− a+b
2

;

2. If a ≥ 0 and c ≤ a, then

ℓ(A,B) =

√
a

2
;

3. If a < 0 and c ≤ −
√
ab, then

ℓ(A,B) =
2

π

1√
−2
a + 3

√
−2
b

arcosh

(
−c√
ab

)
.

We point out that for every A,B ∈ sl2(R) such that a, b ≤ 0, then c2 ≥ ab (see Lemma
10.6.1).
As we will show in the proof of this result, we also find the trajectories realizing these
exponents (see also Table 10.1). More specifically, in point 1. the value of the Lya-
punov exponent is not attained exactly, but it is the supremum among a family of periodic
piecewise constant right hand side switching faster and faster. We compute exactly this
trajectories and its limit as the switching time goes to zero. In point 2. the Lyapunov
exponent is exactly attained by the trajectory with a constant right hand side. In point 3.
the Lyapunov exponent is attained by a fixed periodic piecewise constant right hand side.
The whole is devoted to prove our Main Theorem and it is structured as follows: in Section
10.2 we show how computing the Principal Lyapunov exponent ℓ(A,B) can be reduced to
an optimal control problem and we apply Pontryagin Maximum Principle (PMP) to this
problem. In Section 10.3 we deduce from PMP some general properties of Pontryagin
extremals. In particular, we divide them into two categories: bang-bang extremals and
singular extremals. In Section 10.4 and 10.5 we study bang-bang and singular extremals
respectively. In Section 10.6 we show which extremal is the optimal one, depending on
tr(A2), tr(B2) and tr(AB).
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10.2 Reduction to OC Problem and application of PMP

As explained in the Introduction, we will study the switched system induced by two ma-
trices A,B ∈ sl2(R): {

Ẋ(t) = X(t)
(
u(t)A+ (1 − u(t))B

)
,

X(0) = Id,
(10.2.1)

where X : [0, T ] → SL2(R) and u ∈ U := {v : [0, T ] → {0, 1} | v measurable}. We sup-
pose moreover that A,B, [A,B] are linearly independent and, without loss of generality,
tr(A2) ≥ tr(B2).
We remark that taking A,B, [A,B] linearly independent is not restrictive, because other-
wise ℓ(A,B) can be computed as in [10].
Notice that in (10.2.1) we write Ẋ = XA(t), whereas in the Introduction, the expression
was Ẋ = A(t)X. Using the Introduction’s notation, system (10.2.1) should appear as
ẊT = XTA(t)T , where the superscript “T” represents the transpose. For simplification,
we will omit this superscript. We prefer to solve the system with A and X in reversed
order because system (10.2.1) is left-invariant.

Now, our aim is to find the principal Lyapunov exponent ℓ(A,B). Fixed u ∈ U , we will
denote by X(·;u) the solution of (10.2.1) with control equal to u.
A straightforward way to relax our problem (10.2.1) is to let u : [0, T ] → [0, 1] be a
measurable function rather than restricting to u(t) ∈ {0, 1}. This choice is quite natural,
since the trajectories with u(t) ∈ [0, 1] can be uniformly approximated by trajectories with
controls u(t) ∈ {0, 1} (see, for instance, Theorem 8.2 in [13]).
This relaxation will allow us to apply classical results from Control Theory, such as Filippov
theorem, which requires the convexity of the set of admissible velocities.
Given X ∈ SL2(R), we denote by λ(X) the eigenvalue of X bigger than 1 if both eigenvalues
are real. If X has complex eigenvalues, we denote by λ(X) the real part of these eigenvalues.
Another crucial observation is that if the norm in (10.1.1) is the norm induced by the
Euclidean metric on R2, then its value coincides with the absolute value of λ(X(T )).
Hence, if for every T > 0 we can compute

c(T ) := sup
u∈U

λ(X(T ;u)),

then, we obtain that

ℓ(A,B) = lim sup
T→+∞

1

T
ln c(T ). (10.2.2)

Strictly speaking, the previous equality should be a “less than or equal to” a priori, since
the optimal strategy to maximize λ up to time T may depend on T itself. However, a
posterori, we found that, once A and B are fixed, for any T1 < T2 the optimal control for
the problem with final time T1 is the restriction to [0, T1] of the optimal control for the
problem with final time T2. For this reason, we obtain the equality in (10.2.2).



10.2. REDUCTION TO OC PROBLEM AND APPLICATION OF PMP 259

In terms of Control Theory, the optimal strategy will be one of the following: 1. Con-
stant singular control (case 1 of the Main Theorem). 2. Constant control equal to 1 (case
2). 3. Bang-bang periodic control (case 3). These concepts will be defined later.

Now, instead of finding supu λ(X(T ;u)), one can find supu f
(
λ(X(T ;u))

)
, for a suitable f

monotone in λ. A convenient choice of f is the trace tr(X(T ;u)): besides being a monotone
function of λ, it is a linear function of X and it is invariant after a change of basis.
Summing up all these observations, we can reduce the original problem of computing
ℓ(A,B) into the following Optimal Control problem:

Problem 1. Let A,B ∈ sl2(R) such that A,B, [A,B] are linearly independent and fix
T ≥ 0. Let U = {u : [0, T ] → [0, 1] | u measurable} and for each u ∈ U denote by X(·;u)
the solution of the following Cauchy problem on SL2(R):Ẋ(t) = X(t)(u(t)A+ (1 − u(t))B),

X(0) = Id ∈ SL2(R),
t ∈ [0, T ]. (10.2.3)

We want to find ũ ∈ U which maximizes trX(T ):

trX(T ; ũ) = max
u∈U

trX(T ;u). (10.2.4)

If we are able to solve this problem for each fixed T , then from the estimate of trX(T ;u) we
can deduce an estimate for ∥X(T ;u)∥ which is uniform with respect to u ∈ U and depends
only on T . Then, the desired value of the principal Lyapunov exponent follows.

Existence of maximum in (10.2.4) follows by Filippov Theorem (see, for instance, Theorem
10.1 in [13]).
So, we can apply Pontryagin Maximum Principle (PMP) to our problem. For a general
reference, see Theorem 12.3 in [13]. We recall here the precise statement of PMP suited to
our setting.

10.2.1 Pontryagin Maximum Principle

Let M be a smooth manifold of dimension n, U ⊂ Rm, and (fu)u∈U , a family of smooth
vector field on M . Suppose furthermore that M×U ∋ (q, u) 7→ fu(q) and M×U ∋ (q, u) 7→
∂fu
∂q (q) are continuous.

Fix T > 0 and define U = {u : [0, T ] → U, u ∈ L∞
loc([0, T ], U)} the space of admissible

controls. Fix q0 ∈ M and for all u ∈ U denote by qu : [0, T ] → M the solution to the
Cauchy Problem q̇(t) = f(q(t), u(t)),

q(0) = q0.
(10.2.5)
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Existence and uniqueness of solution to (10.2.5) are guaranteed by Carathéodory Theorem,
see, for instance, [26].
Let a : M → R be a smooth function. We define the cost functional

J(u) = a(q(T ;u)), u ∈ U ,

where q(· ;u) denotes the solution to (10.2.5) corresponding to the choice of the control
u ∈ U . In the following, given any h ∈ T ∗M , we will denote by h⃗ the hamiltonian vector
field of h, that is dh = σ(·, h⃗), where σ is the standard symplectic form of T ∗M .

Theorem 10.2.1 (Pontryagin Maximum Principle). Let ũ ∈ U be a local maximum point
for J . Define hu(λ) = ⟨λ, f(q, u)⟩, for q ∈ M , u ∈ U and λ ∈ T ∗

qM . Then, there exists a
Lipschitz curve λ : [0, T ] → T ∗M such that

λ(t) ̸= 0,

λ̇(t) = h⃗ũ(t)(λ(t)), (10.2.6)

hũ(t)(λ(t)) = max
u∈U

hu(λt), (10.2.7)

for almost all t ∈ [0, T ], and moreover

λT = dqũ(T )a. (10.2.8)

We will call (10.2.6) the Hamiltonian system associated to (10.2.5), (10.2.7) is the
maximal condition and (10.2.8) is the transversality condition. We will call extremal any
curve λ satisfying all the necessary condition given by PMP.
We recall now some results about left-invariant Hamiltonian systems on Lie groups. For
more detailed reference see Chapter 18 in [13] and Section 7.6 in [5].
Let M ⊂ GL(N) be a Lie Group and M its Lie algebra. Given q ∈M , define Lq(p) = qp,
p ∈M , the multiplication on the left by q.
Take a Hamiltonian function h ∈ C∞(T ∗M) and define

H(ξ, q) = h(L∗
q−1ξ, q), ξ ∈ T ∗

qM, q ∈M.

We will call H the trivialized Hamiltonian function of h. We say that h is left-invariant if
H does not depend on q. In this case, the function H is smooth on M∗.
Recall the definition of the adjoint representation: given v ∈ M, adv(w) = [v, w], where
w ∈ M. The Killing form K of M is defined by K(v1, v2) := tr(adv1◦adv2), for v1, v2 ∈ M.

Proposition 10.2.2. Let M be a Lie group and take h ∈ C∞(T ∗M). Let M be the Lie
algebra of M and K the Killing form of M. Suppose that K is non-degenerate.
If h is left-invariant, then its associated Hamiltonian system can be rewritten asq̇ = Lq∗dH,

ξ̇ = (ad dH)∗ξ,
or

q̇ = Lq∗dH,

η̇ = [η,dH],
(10.2.9)
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where q : [0, T ] →M , ξ : [0, T ] → M∗, η : [0, T ] → M and ξ and η are dual with respect to
K:

K(η, v) = ⟨ξ, v⟩ ∀v ∈ M.

Now, we go back to the discussion about Problem 1.

Corollary 10.2.3 (PMP applied to Problem 1). Let ũ be an optimal solution to Problem
1. Define

H(η, u) = tr
(
η(uA+ (1 − u)B)

)
η ∈ sl2(R), u ∈ [0, 1]. (10.2.10)

Then there is η : [0, T ] → sl2(R) such that:

1. there is some η0 ∈ sl2(R) such that η satisfies the equation{
η̇(t) =

[
η(t), ũ(t)A+

(
1 − ũ(t)

)
B
]
,

η(0) = η0,
(10.2.11)

for a.e. t ∈ [0, T ].

2. the following two conditions hold

H(η(t), ũ(t)) = max
u∈[0,1]

H(η(t), u), for a.e. t ∈ [0, T ]. (10.2.12)

η(T ) = Xũ(T ) − tr(Xũ(T ))

2
I. (10.2.13)

We will call (10.2.10) the adjoint equation and its solution η adjoint trajectory.

Proof. We apply PMP as formulated in Theorem 10.2.1 to Problem 1: (10.2.10) is the
trivialized Hamiltonian function corresponding to the one in the statement of PMP, iden-
tifying tangent and cotangent space of SL2(R) through Killing form of sl2(R), which is
non-degenerate since sl2(R) is simple. Recall that Killing form K on sl2(R) can be com-
puted as

K(M1,M2) = 4tr(M1M2), M1,M2 ∈ sl2(R).

The system (10.2.11) is simply the equation in the fibers of (10.2.6) (see (10.2.9)).
Condition (10.2.12) is a straightforward consequence of (10.2.7) and (10.2.10).
It remains to prove (10.2.13). We have to apply (10.2.8). Let tr : SL2(R) → R be the trace
operator on SL2(R) and set X = Xũ(T ). In our setting (10.2.8) reads

tr(η(T )U) = ⟨dXtr, XU⟩, ∀U ∈ sl2(R).

On the other hand, we have

⟨dXtr, XU⟩ =
d

dt

(
tr(XetU )

)
|t=0

= tr(XU).
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Moreover tr(XU) = tr((X− tr(X)
2 I)U) andX− tr(X)

2 I ∈ sl2(R). So, we obtainedK(η(T ), U) =

K((X− tr(X)
2 I), U) for every U ∈ sl2(R). Since the Killing form of sl2(R) is a non-degenerate

bilinear form, (10.2.13) follows.

In the remaining part of the chapter, we are going to find all the possible extremal
trajectories that satisfy Corollary 10.2.3. We will see that there are four possibilities:
constant control u = 1, two different kinds of periodic piecewise constant controls and
singular controls (which will be defined later, Definition 10.3.5). Depending on the values
of tr(A2), tr(B2), tr(AB), some of them will be extremals and some of them will not.

Yes No No

No No No Yes

Yes No Yes Yes Yes

No Yes Yes

a > 0 and
c ≥ a

a ≥ 0 and
b ≤ c < a

a ≥ 0 and
c < b

a ≤ 0 and
c ≥ a

a ≤ 0 and
c < b

Regular constant
control u = 1

Yes Yes

Periodic control
of 1st kind

Yes

Periodic control
of 2nd kind

Singular constant
controls

Yes Yes

Table 10.1: Classification of the extremals, depending on the values of a = tr(A2), b =
tr(B2), c = tr(AB). In this table, for all the possible instances of a, b, c we wrote which are
the possible kind of extremals among all the families that we found. The green cells are
the optimal one.

10.3 General properties of extremals

In this Section we discuss some general properties of solutions of (10.2.11). In particular,
we are going to show that this Equation admits two first integrals. So, we can reduce the
number of the degrees of freedom from 3 to 1. So, we will determine geometrically the
trajectories of the solutions, without solving explicitly the equations.
In the following, if it is not important to specify the control we will denote by X the
solution of (10.2.3) instead of X(·;u).

Proposition 10.3.1. Let η be a solution of (10.2.11). Then

η(t) = X(t)−1η0X(t). (10.3.1)

This is an immediate consequence of

d

dt
[X(t)−1] = −X(t)−1Ẋ(t)X(t)−1.
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In particular, we obtain the following Corollary.

Corollary 10.3.2. Let η be a solution of (10.2.11). Then det η(t) = η0 = const. for every
t ≥ 0.

For M ∈ sl2(R), we have the formula 2 det(M) = −tr(M2). In what follows, it will be
more convenient to use the expression tr(M2) instead of detM .

Proposition 10.3.3. Let ũ be an optimal solution of (OCP) and let (X, η) be an extremal
corresponding to ũ. Then, if T > 0 is large enough, it holds

tr(η(t)2) > 0 ∀t ∈ [0, T ].

In particular, η(t) has real eigenvalues for any t ∈ [0, T ].

Proof. From transversality condition (10.2.13), it follows that

tr(η(T )2) =
1

2

(
trX(T )

)2 − 2.

So, since we want to maximize tr(X(T )), for large T we will have tr(X(T ))2 > 4. Moreover,
since tr(η2) is constant, we can deduce that tr(η(t)2) > 0 for all t ∈ [0, T ].

10.3.1 Invariant Hyperboloid

We now want to give a geometric interpretation of Corollary 10.3.2. Equation (10.2.11) is
invariant after a dilation, in the sense that for any c ∈ R, if η(·) is a solution with initial
value η(0) = η0, then η̃(t) = cη(t) is a solution with initial value η̃(0) = cη0.
So, it is not restrictive to suppose that tr(η(t)2) = tr(η20) = 1. Hence, the trajectory η is
contained in the set

H := {M ∈ sl2(R) | tr(M2) = 1},
which is a (connected) hyperboloid in the three-dimensional vector space sl2(R). To see
this, just take

M =

(
m1 m2

m3 −m1

)
.

Then

tr(M2) = 2(m2
1 +m2m3) = 2

(
m2

1 +

(
m2 +m3

2

)2

−
(
m2 −m3

2

)2
)
.

Since A,B, [A,B] are linearly independent, we can write

M = xA+ yB + z[A,B],

and the equation defining H reads

x2tr(A2) + y2tr(B2) + z2tr([A,B]2) + 2xytr(AB) = 1.

We recall an identity that we will use many times in this chapter.
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Lemma 10.3.4. Let A,B ∈ sl2(R). Then

tr([A,B]2) = 2tr(AB)2 − 2tr(A2)tr(B2).

The proof is an elementary exercise of Linear Algebra and we omit it.

10.3.2 Switching function, bang-bang and singular extremals

Now we want to analyze the condition on the Hamiltonian (10.2.12). It can be rewritten
more explicitly as

tr(η(t)B) + ũ(t)tr(η(t)(A−B)) = max
u∈[0,1]

[
tr(η(t)B) + utr(η(t)(A−B))

]
= tr(η(t)B) + max

u∈[0,1]
utr(η(t)(A−B)),

for almost every t ∈ [0, T ]. Hence, we are lead to define φ : [0, T ] → R,

φ(t) = tr(η(t)(A−B)). (10.3.2)

We will call φ switching function. Notice that φ is at least Lipschitz. If φ has only isolated
zeros, then a control u, in order to satisfy Pontryagin Maximum Principle, must be of the
form

u(t) =

{
1 if φ(t) > 0,

0 if φ(t) < 0,
(10.3.3)

that is, the isolated zeros of φ are exactly the times when there is a switch in the dynamics.
If φ(t0) = 0, we will call t0 a switching time and the corresponding η(t0) switching point.
If φ has any nonisolated zero, then Pontryagin Maximum Principle does not determine the
control directly, but, as we will see in Section 10.5, in our case it is still possible to bypass
this obstacle and determine the control.

Definition 10.3.5 (bang-bang control, singular control). We will call bang-bang a control
u and its corresponding extremal if φ has only isolated zeros.
If instead φ ≡ 0, we will call singular the corresponding control u and its extremal.

A control u which takes only extremal values, i.e. u(t) ∈ {0, 1} for a.e. t ∈ [0, T ],
is called bang-bang. We will first focus on bang-bang extremals and then we will discuss
separately the singular case.

10.4 Bang-bang extremals

10.4.1 Properties of bang-bang extremals

The goal of this Section is to prove that extremal controls must be either constant or
periodic piecewise constant.



10.4. BANG-BANG EXTREMALS 265

Theorem 10.4.1. Any admissible control corresponding to a bang-bang extremal must
belong to one of the following two families of controls:

• constant controls, that is either u(t) ≡ 1 or u(t) ≡ 0 for all t ∈ [0, T ];

• bang-bang periodic controls, that is controls in the form

u(t) =

1 if t ∈ [0, τ),

0 if t ∈ [τ, T/k),
(10.4.1)

for k ∈ N and τ ∈ (0, T/k) and then extended by periodicity on the whole interval
[0, T ].

We explain briefly the idea behind this result. We have two first integrals for equation
(10.2.11): the quantity det η(t) and the Hamiltonian H(η(t), u(t)). In the 3D linear space
sl2(R), the set {det η = const} is a connected hyperboloid, while {H(η, 0) = const, tr(η(A−
B) < 0} and {H(η, 1) = const, tr(η(A−B) > 0} form half-planes. Thus, any trajectory η
solving (10.2.11) must be in the intersections of these surfaces, resulting in a concateation
of conic paths, which can be either unbounded or a loop. If unbounded, after a finite
number of switches, the control remains constant. If instead η is contained in a loop, then
the solution η and the switching function are periodic, making the control periodic as well.

Before proving Theorem 10.4.1, we prove the following useful remark: the solution η of
(10.2.11) satisfies transversality condition (10.2.13) if and only if it is periodic.

Proposition 10.4.2. A couple (X, η) solution of (10.2.3) and (10.2.11) respectively satis-
fies transversality condition (10.2.13) at time T > 0 if and only if η is periodic of period
T .

Proof. If (10.2.13) is satisfied, then

X(T )−1η(0)X(T ) = η(T ) = X(T ) − tr(X(T ))

2
Id,

and simply multiplying both sides by X(T ) on the left and by X(T )−1 on the left one
obtains that also

η(0) = X(T ) − tr(X(T ))

2
Id = η(T ),

that is, η is periodic of period T .
Viceversa, if η(0) = η(T ), then, from η(T ) = X(T )−1η(0)X(T ), it follows that

X(T )η(0) = η(0)X(T ),
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that is, η(0), η(T ) and X(T ) commutes. But then also X(T ) − tr(X(T ))
2 Id and η(T ) com-

mutes, and since they are both matrices in sl2(R), which is semisimple, they must be
proportional, i.e. there is c ∈ R such that :

cη(T ) = X(T ) − tr(X(T ))

2
Id.

Hence, since we can always rescale η, transversality condition (10.2.13) is satisfied.

The remaining part of this section and Subection 10.4.2 are devoted to the proof of
Theorem 10.4.1.

In order to find the switches of a trajectory η, we define the plane of switching points,
that is the subset of sl2(R) where the switching function ϕ is zero:

Π = {M ∈ sl2(R) | tr(MA) = tr(MB)}.

Since the matrices A,B, [A,B] form a basis of sl2(R) by hypothesis, we can write the
equation tr(MA) = tr(MB) as

xa+ yc = xc+ yb,

where, according to the notation introduced in the Main Theorem, we set a = tr(A2),
b = tr(B2), c = tr(AB). So, if c ̸= b, we have

y =
c− a

c− b
x. (10.4.2)

So, if we impose tr(M2) = 1, that is if we intersect the hyperboloid H with the plane Π
we obtain the equation of a conic

(2c− a− b)(c2 − ab)(
c− b

)2 x2 + 2(c2 − ab)z2 = 1. (10.4.3)

Definition 10.4.3 (Switching curve). We will call switching curve S the intersection curve
Π ∩H, whose equation is given by (10.4.2), (10.4.3).

So, the coefficient in front of x is positive if and only if(
2c− a− b

)
(c2 − ab) > 0.

Hence, if c2 − ab > 0, then the switching curve is an ellipse if c > a+b
2 , and is an hyperbola

if c2 − ab > 0 and c < a+b
2 .

If instead c2− ab < 0 , the switching curve is an hyperbola if c < a+b
2 . Notice that c > a+b

2

implies c2 − ab > 0, so we can neglect the case c > a+b
2 and c2 − ab < 0 .
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Figure 10.1: Examples of switching curves. In both pictures you can see the orange hyper-
boloid H, the blue plane Π and their intersection, the switching curve S.

10.4.2 Hyperboloid foliation

Let us now fix an initial point on the hyperboloid:

η0 ∈ H.

Define the half spaces and the half hyperboloids

Π+ = {M ∈ sl2(R) | tr(MA) > tr(MB)}, H+ = H ∩ Π+,

Π− = {M ∈ sl2(R) | tr(MA) < tr(MB)}, H− = H ∩ Π−.

From condition (10.3.3), we can see that if η0 ∈ H+, the control u, in order to satisfy PMP,
must be equal to 1 until the trajectory η meets the switching curve S. Notice that, as far
as u(t) = 1, the Hamiltonian function of the problem is H(η(t), 1) = tr(η(t)A), hence the
quantity tr(η(t)A) is constant.
Similarly, if η(t) ∈ H− for t ∈ [τ1, τ2], for some 0 < τ1 < τ2, then H(η(t), 0) = tr(η(t)B) is
constant.

Define the planes

ΠA,γ = {M ∈ sl2(R) | tr(MA) = γ}
ΠB,γ = {M ∈ sl2(R) | tr(MB) = γ},

for γ ∈ R.
So, if η0 ∈ H+ is such that tr(η0A) = γ, then the trajectory η is contained in the curve
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H+∩ΠA,γ (see Figure 10.3). In particular, we can suppose that geometrically the trajectory
η coincides with the whole curve H+ ∩ΠA,γ . Indeed, if η accumulates at some point, then
the control u(t) is identically equal to 1 or to 0 for every t sufficiently large and, as we will
see, the corresponding Lyapunov exponents are easy to compute.
Now, we want to study all the possible configurations of H,S and the planes ΠA,γ ,ΠB,γ .
Consider the straight line given by the intersection of the three planes Π,ΠA,γ ,ΠB,γ :

rγ :


tr(MA) = γ,

tr(MB) = γ,

tr(MA) = tr(MB).

(10.4.4)

There are three cases: either this line does not intersect the hyperboloid H, either it is
tangent to the hyperboloid, or it has two distinct intersection with the hyperboloid (See
Figure 10.2).
We will see later that if rγ is tangent, then the corresponding trajectory η is constant and
in particular it is a singular trajectory. So, we will consider first the non-tangent cases and
we postpone the tangent case to the Section of singular extremals.

If rγ does not intersect the hyperboloid, then the trajectory η starting from η0 does not
meet the switching curve S. This means that η is confined either in the region H+ or H−,
so the control u is identically equal to 1 or 0 for all times. If instead there are two distinct

Figure 10.2: Example of possible position of the line rγ .

intersection between rγ and H, then there are three possibilities (see Figure 10.3):

1. there is exactly one switch;
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2. there are two switches and after the second switch the adjoint trajectory does not
meet anymore the switching curve;

3. the adjoint trajectory is periodic with infinite switches.

Since the trajectories with no switches give the same Lyapunov exponents as the trajectories
with a finite number of switches, we will not consider them. This ends the proof of Theorem
10.4.1.
Before ending this Subsection, we provide explicit formulas for the coordinates of the
switching points.
Using the same notation introduced before, we can write η0 = xA + yB + z[A,B]. Then,
from (10.4.2),(10.4.4) we obtain

x =
b− c

c2 − ab
γ, y =

a− c

c2 − ab
γ, z = ±

√(
a+ b− 2c

)
γ2 + c2 − ab

√
2|c2 − ab|

. (10.4.5)

Thus, there are two distinct intersection if γ is such that(
a+ b− 2c

)
γ2 + (c2 − ab) > 0.

If a+ b− 2c > 0 and c2 > ab then the previous condition holds for every γ ∈ R. If instead
a+ b− 2c > 0 and c2 < ab this condition corresponds to

γ >
1√
2

√
2(c2 − ab)

2c− a− b
or γ < − 1√

2

√
2(c2 − ab)

2c− a− b
.

If instead a+ b− 2c < 0 , this implies c2 > ab , hence γ can assume the values

− 1√
2

√
2(c2 − ab)

2c− a− b
< γ <

1√
2

√
2(c2 − ab)

2c− a− b
.

Notice that if γ = 0, then the line rγ is tangent to the hyperboloid.

As already mentioned in the Introduction, if the control u in equation (10.2.3) is constant
equal to 1, then the corresponding principal Lyapunov exponent is equal to the positive
eigenvalue of A, i.e.

ℓu=1(A,B) =

√
a

2
.

Analogously, if the control u is constant equal to 0, then

ℓu=0(A,B) =

√
b

2
.
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Figure 10.3: The figure illustrates the possible cases when the switching curve is a horizontal
circle: in the first figure the intersection between the hyperboloid H and the planes ΠA,γ

and ΠB,γ are two hyperbolas and the corresponding adjoint trajectory has only one switch.
In the second figure the intersection with one plane is an ellipse and the other is a hyperbola,
and the resulting adjoint trajectory has two switch. In the third case, the two intersections
between the hyperboloid and the planes are hyperbolas, but in this case there are three
connected components and one of them is closed, which corresponds to a periodic adjoint
trajectory. The last figure is similar to the third one but with ellipses instead of hyperbolas.
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Clearly, since we are assuming a ≥ b, we have ℓu=1 ≥ ℓu=0.
Concerning of a periodic periodic control, the principal Lyapunov exponent can be com-
puted as follows: let T be the period of the control, then

ℓper(T ) = lim sup
n→+∞

1

nT
log ∥X(nT )∥ =

= lim sup
n→+∞

1

nT
log ∥X(T )n∥ =

= lim sup
n→+∞

1

nT
log λ(T )n =

1

T
log λ(T ),

where λ(T ) is the greatest eigenvalue of X(T ). We can further simplify the expression for
ℓper(T ). Indeed, the functional of our Optimal Control Problem does not appear explicitly
in the formula for ℓper(T ). However, we can deduce the value the eigenvalue from the trace
solving

λ(T )2 − tr(X(T ))λ(T ) + 1 = 0,

which gives

λ(T ) =
tr(X(T )) +

√
tr(X(T ))2 − 4

2
.

Using the identity arcoshx = log(x+
√
x2 − 1), we obtain

ℓper(T ) =
arcosh

(
tr(X(T ))

2

)
T

.

10.4.3 Bang-bang periodic controls

Up to this point, we have demonstrated that adjoint trajectories can be classified into
two distinct categories: those without switches and those that are piecewise constant and
periodic.

For periodic adjoint trajectories, the switching function (10.3.2) is also periodic, thereby
the associated control is periodic too. Nevertheless, in order to satisfy PMP, we have to
choose carefully the switching time τ in (10.4.1). In this Section, we will see how we can
determine this τ .

From (10.3.1), finding all periodic solution to equation adjoint equation (10.2.11) amounts
to finding X(T ) in the form

X(T ) = eτAeσB,

with τ + σ = T and 0, τ, T switching times.

We will proceed as follows: for every t we will find σ = σ(τ) such that 0, τ, T = τ+σ(τ)
are switching points. The following result simplifies this task.



272 CHAPTER 10. LYAPUNOV EXPONENTS OF LINEAR SWITCHED SYSTEMS

Proposition 10.4.4. Define the bang-bang control

u(t) =

1 if t ∈ [0, τ ],

0 if t ∈ [τ, T ].

Let X be the corresponding solution of (10.2.3) and η be the solution of (10.2.11). Suppose
that η satisfies the condition of transversality (10.2.13) at time T . If τ is a switching time,
then also 0 and T are switching times.

So, if we know that η satisfies transversality condition at T and τ is a switching time,
we know that automatically T is a switching time, so we do not have to check that the
switching condition is satisfied also at time T .

Proof. We have to check that tr(η(T )A) = tr(η(T )B). From transversality condition
(10.2.13), this is equivalent to tr(X(T )A) = tr(X(T )B).
transversality condition also implies, by Proposition 10.4.2, that η is periodic of period T ,
so it must be

η0 = X(T ) −
tr
(
X(T )

)
2

Id.

So, putting together this identity with the formula (10.3.1), we obtain that

η(τ) = eσBeτA −
tr
(
X(T )

)
2

Id.

We are assuming that τ to be a switching time, so it must satisfy

tr(η(τ)A) = tr(η(τ)B).

Using the formula for η that we have just obtained, we get

tr(eσBeτAA) = tr(eσBeτAB). (10.4.7)

The left hand side can be rewritten as

tr(eσBeτAA) = tr(eσBAeτA) = tr(eτAeσBA) = tr(X(T )A).

Similarly, the right hand side of (10.4.7) is equal to tr(X(T )B). Hence, it follows that also

tr(X(T )A) = tr(X(T )B), (10.4.8)

which implies that T (and thus, since η is T -periodic, also 0) is a switching time.
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Remark 10.4.5. If we consider a solution of (10.2.3) with one switch, the final point is in
the form

X(T ) = X(τ, σ) = eτAeσB

where T = τ + σ. So, we can see the cost functional as a function of t and s:

Φ(τ, σ) = tr(eτAeσB).

With this notation, if τ is a switching point, from the previous proof follows that X(T )
must satisfy Equation (10.4.8), which can be rewritten as

∂Φ

∂τ
(τ, σ) =

∂Φ

∂σ
(τ, σ). (10.4.9)

To summarize, given any τ > 0, equation (10.4.9) give us a condition to find σ > 0 as
a function of τ such that the control

u(t) =

1 if t ∈ [0, τ ],

0 if t ∈ [τ, τ + σ],

satisfies Pontryagin Maximum Principle on the time interval [0, τ + σ]. The corresponding
solution to the adjoint system η satisfies transversality condition on the same time interval,
so one can extend this control by periodicity on the whole line [0,+∞).

10.4.4 Principal Lyapunov exponent for periodic controls

Now, we are going to compute the upper bound for Principal Lyapunov exponent of periodic
controls. As we saw previously, in order to find the extremals of our problem we have to
study the functional Φ : [0,+∞) × [0,+∞) → R

Φ(τ, σ) = tr(eτAeσB).

Since equations (10.2.3) and (10.2.11) are invariant after a change of basis, if A and B are
not nilpotent (see Remark 10.4.8 for the nilpotent case), without loss of generality we can
assume spec(A) = {λ,−λ}, spec(B) = {µ,−µ}, with λ, µ ∈ R ∪ iR. Up to exchange the
role of A and B, we can assume tr(A2) ≥ tr(B2).

Proposition 10.4.6. With this notations, the functional in (10.4.4) is

Φ(τ, σ) = 2 cosh(λτ) cosh(µσ) +
tr(AB)

λµ
sinh(λτ) sinh(µσ). (10.4.10)

This formula is a simple consequence of the following Lemma.
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Lemma 10.4.7. If M ∈ sl2(R), with positive eigenvalue α > 0, then

etM = cosh(αt)Id +
sinh(αt)

α
M. (10.4.11)

Proof. From the characteristic polynomial of M , we know that M2 = α2Id , and so M2k =
α2kId , M2k+1 = α2kM . Using these facts in the series expansion of etM one obtains the
formula above.

Remark 10.4.8. If M ∈ sl2(R) is nilpotent, i.e. M2 = 0, then

etM = Id + tM. (10.4.12)

So, if either A or B is nilpotent, one can just replace formula (10.4.10) with a formula for
Φ obtained using (10.4.12).

Imaginary eigenvalues

We are now going to examine a special case. Suppose that tr(A2), tr(B2) < 0, i.e. A,B
have imaginary eigenvalues.

Proposition 10.4.9. If both A,B have imaginary eigenvalues, the functional Φ is

Φ(τ, σ) = tr
(

exp(τA) exp(σB)
)

= 2 cos(λτ) cos(µσ) − 2γ sin(λτ) sin(µσ),

Where γ = |tr(AB)|√
tr(A2)tr(B2)

.

This is simply a consequence of formula (10.4.10) and cosh(iλτ) = cos(λτ), sinh(iµσ) =
i sin(µσ). With this formula, the switching equation (10.4.9) reads

(γλ− µ) cos(λτ) sin(µσ) = (γµ− λ) cos(µσ) sin(λτ),

from which we obtain immediately that there are always solutions for cos(λτ), cos(µσ) = 0,
that is

(τ, σ) ∈
{(

π

2λ
,

3π

2µ

)
,

(
π

2λ
,
π

2µ

)
,

(
3π

2λ
,
π

2µ

)}
.

From these choices the value of this functional is Φ(τ, σ) = ±2γ. Using formula (10.4.2)
one obtains

ℓper,im(A,B) =
1

τ + σ
arcosh(γ).

If tr(AB) < 0, then we have

ℓper,im(A,B) =
2

π
(√

−2
tr(A2)

+ 3
√

−2
tr(B2)

)arcosh

(
−tr(AB)√

tr(A2)tr(B2)

)
.
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Notice that we have chosen the couple (τ, σ) so to maximize 1
τ+σ under the hypothesis

tr(B2) < tr(A2) < 0.
If instead tr(AB) > 0, then

ℓper,im(A,B) =
2

π
(√

−2
tr(A2)

+
√

−2
tr(B2)

)arcosh

(
tr(AB)√

tr(A2)tr(B2)

)
.

We will see in the next subsection how to deal with the extremals with cos(λτ), cos(µσ) ̸=
0.

General case

We suppose now cosh(λτ), cosh(µσ) ̸= 0 (we already saw the case cosh(λτ), cosh(µσ) = 0,
which can happen if λ, µ ∈ iR). With this assumption, equation (10.4.9) becomes

tanh(µσ) =
µ

λ

tr(AB) − tr(A2)

tr(AB) − tr(B2)
tanh(λτ). (10.4.13)

If tr(AB)−tr(A2)
tr(AB)−tr(B2)

> 0, then, for every τ > 0 we can find σ = σ(τ) for which (10.4.13) holds.

In particular

σ(τ) =
tr(AB) − tr(A2)

tr(AB) − tr(B2)
τ + o(τ) as τ → 0. (10.4.14)

So, for every τ > 0 we obtained an σ(τ) such that the bang-bang control defined by

u(t) =

1 if τ ∈ [0, τ),

0 if τ ∈ [τ, τ + σ(τ)),

and extended by periodicity for t ∈ [τ + σ(τ),+∞), satisfies all conditions of Pontryagin
Maximum Principle.
Now, it remains just to determine for which τ the Principal Lyapunov exponent of the
system is maximal. Define the family of controls

uτ,σ(t) =

1 if t ∈ [0, τ),

0 if t ∈ [τ, τ + σ),
τ, σ > 0,

and denote by Xτ,σ the solution of (10.2.3) with control equal to uτ,σ. Let α(τ, σ) be the
greatest eigenvalue of Xτ,σ(τ +σ), so that the Principal Lyapunov exponent corresponding
to the control uτ,σ is

ℓ(τ, σ) =
1

τ + σ
log
(
α(τ, σ)

)
.

The following result helps us in this task.
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Lemma 10.4.10. With the notation introduced above:

1. if tr
(
[A,B]2

)
> 0, then ℓ( τ2 ,

σ
2 ) > ℓ(τ, σ);

2. if tr
(
[A,B]2

)
< 0, then ℓ( τ2 ,

σ
2 ) < ℓ(τ, σ);

We first show how to obtain the estimate for the Principal Lyapunov exponent, then
we prove the Lemma.

Theorem 10.4.11. If tr
(
[A,B]2

)
> 0, then for every τ > 0 it holds

ℓ(τ, σ(τ)) < lim
τ1→0

ℓ(τ1, σ(τ1)) =
1

2

√
tr
(
[A,B]2

)
2tr(AB) − tr(A2) − tr(B2)

(10.4.15)

If instead tr
(
[A,B]2

)
< 0, then control with switches are not optimal.

Proof. First, suppose that tr
(
[A,B]2

)
> 0. One can check that this condition implies that

the coefficient in (10.4.13) is smaller than 1:

µ

λ

tr(AB) − tr(A2)

tr(AB) − tr(B2)
< 1.

So, for every τ > 0 it makes sense to take the inverse hyperbolic tangent in (10.4.13) on
both sides. Moreover, from point (1) of Lemma 10.4.10, for any τ > 0 we have

ℓ

(
τ

2
,
σ(τ)

2

)
> ℓ(τ, σ(τ))

In particular, we can find τ1 < τ such that τ1 + s(τ1) = 1
2(τ + σ(τ)), so that

ℓ(τ1, s(τ1)) > ℓ

(
τ

2
,
σ(τ)

2

)
> ℓ(τ, σ(τ)).

So, the inequality in (10.4.15) follows. To evaluate the limit, one can use Taylor expansions
for σ(τ) as τ → 0.

Suppose now that tr
(
[A,B]2

)
< 0. Notice that this can happen only if tr(A2), tr(B2) >

0. Similarly to the previous case, this inequality implies

µ

λ

tr(AB) − tr(A2)

tr(AB) − tr(B2)
> 1.

So, we can find σ = σ(τ) solving (10.4.13) only for τ < τ̄ , where

τ̄ =
1

λ
arctanh

(
λ

µ

tr(AB) − tr(A2)

tr(AB) − tr(B2)

)
.
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Moreover, limτ→τ̄ σ(τ) = +∞. Then, from point (2) of Lemma 10.4.10, we have ℓ(2τ, 2σ(τ)) >
ℓ(τ, σ(τ)). So, similarly to the previous case, this implies that we can find τ1 such that

ℓ(τ1, σ(τ1)) > ℓ(τ, σ(τ)).

So, we obtain that
ℓ(τ, σ(τ)) < lim

τ1→τ̄
ℓ(τ1, σ(τ1)).

But as τ → τ̄ , the trajectory spends more and more time with control equal to 0. So,
this strategy is for sure worse than spending all the time with control equal to 1, which is
always admissible if tr

(
[A,B]2

)
< 0 . Hence, in this case switches are not optimal.

We now prove Lemma 10.4.10.

Proof of Lemma 10.4.10. Recall that

l(τ, σ) =
1

τ + σ
log
(
α(τ, σ)

)
.

Hence, we can write

ℓ
(τ

2
,
σ

2

)
− ℓ(τ, σ) =

2

τ + σ
log
(
α
(τ

2
,
σ

2

))
− 1

τ + σ
log
(
α(τ, σ)

)
=

1

τ + σ
log

(
α
(
τ
2 ,

σ
2

)2
α(τ, σ)

)
.

So, we can see that this difference is positive if and only if

α
(
τ
2 ,

σ
2

)2
α(τ, σ)

> 1.

Since α(τ, σ) > 1 for any τ, σ > 0, we have that

α
(τ

2
,
σ

2

)2
> α(τ, σ) iff α

(τ
2
,
σ

2

)2
+

1

α
(
τ
2 ,

σ
2

)2 > α(τ, σ) +
1

α(τ, σ)
,

which is the same as

tr

(
X
(τ

2
,
σ

2

)2)
> tr

(
X(τ, σ)

)
.

The term in the left hand side can be rewritten as

X
(τ

2
,
σ

2

)2
= X(τ, σ) + e

τ
2
A
[
e

σ
2
B, e

τ
2
A
]
e

σ
2
B.

So, in the end, it amounts just to compute tr
(
e

τ
2
A
[
e

σ
2
B, e

τ
2
A
]
e

σ
2
B
)

, which can be done

using formula (10.4.11). One obtains

tr
(
e

τ
2
A
[
e

σ
2
B, e

τ
2
A
]
e

σ
2
B
)

=
sinh(λ τ

2 )2 sinh(µσ
2 )2

2λ2µ2
tr
(
[A,B]2

)
.

So, if tr
(
[A,B]2

)
> 0 , then we obtained point (1) of the Lemma. If instead tr

(
[A,B]2

)
< 0,

then all inequalities are reversed and we obtain point (2).
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Remark 10.4.12. Notice that this is a completely general result about product of matrix
exponentials. Indeed, it holds for a generic control uτ,σ, even if it does not correspond to
a Pontryagin extremal.

Limit trajectory as switching time tends to zero

In the previous Subsection we saw that if tr([A,B]2) > 0, then the upper bound for the
principal Lyapunov is obtained as the switching time tends to zero. Now, we want to
discuss some more details about the limit trajectory as the switching time goes to zero.

Proposition 10.4.13. The limit trajectory as the switching time goes to zero is the singular
trajectory.

Proof. First, recall that from (10.4.14)

σ(τ) =
tr(AB) − tr(A2)

tr(AB) − tr(B2)
τ + o(τ) as τ → 0.

So, our trajectory spends τ time with control equal to 1, which corresponds to matrix A,

and approximately tr(AB)−tr(A2)
tr(AB)−tr(B2)

τ time with control equal to 0, corresponding to matrix B.

For simplicity, let us call

c =
tr(AB) − tr(A2)

tr(AB) − tr(B2)
,

the coefficient appearing in the expansion of σ(τ).
So, by convex approximation (see Theorem 8.2 in [13]), we know that as the number of
switches goes to infinity (i.e., τ goes to zero), the flow tends uniformly (in the C∞(SL2(R))-
topology) to

T 7→ exp
(
T (vA+ (1 − v)B)

)
,

where

v =
1

1 + c
=

tr(AB) − tr(B2)

2tr(AB) − tr(A2) − tr(B2)
,

which corresponds to the value of the singular control (see Section 10.5).

10.5 Singular extremals

In this Section we are going to deal with the case of singular extremals (see Definition
10.3.5). Recall the definition of the Hamiltonian function H and the switching function φ

H(η, u) = tr
(
η(uA+ (1 − u)B)

)
, φ(t) = tr

(
η(t)(A−B)

)
.
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Recall also that the singular extremals correspond to the case of φ(t) = 0 for t ∈ [τ1, τ2],
and τ1, τ2 > 0. In this case, since φ is Lipschitz, we can differentiate it:

0 = φ̇(t) = tr
(
η̇(t)(A−B)

)
= tr

([
η(t), uA+ (1 − u)B

]
(A−B)

)
= tr

(
η(t)[A,B]

)
,

where in the last equality we used the identity tr([M1,M2]M3) = tr(M1[M2,M3]). Notice
that φ̇ does not depend on u and in particular it is again a Lipschitz function. So, if η∗ is
a point of a singular trajectory, it must satisfy the two following conditions:{

tr
(
η∗(A−B)

)
= 0,

tr
(
η∗[A,B]

)
= 0

. (10.5.1)

These two conditions are linear in η∗, so, since A,B and [A,B] are linearly independent,
they determine a straight line in sl2(R).
If we write η∗ = xA+ yB + z[A,B], then the second equation implies z = 0. Hence, from
(10.4.5), we see that if we take γ∗ = tr(η∗A), the line rγ∗ is tangent to the hyperboloid H
(see discussion in Subsection 10.4.2).

There are two intersection between the line (10.5.1) and the hyperboloid H described in
Section 10.2 if and only if(

2tr(AB) − tr(A2) − tr(B2)
)
tr([A,B]2) > 0.

If there are no intersection, then there are no singular extremals. So, from now on we will
assume that this inequality hold.
We can compute explicitly these two intersection: let us call η∗ one of the two intersection
point. Then, from (10.4.2) and γ = 0 we obtain

η∗ = α∗A+ α∗
tr(AB) − tr(A2)

tr(AB) − tr(B2)
B,

where α∗ ∈ R is chosen such that tr(η2∗) = 1. Since the intersection between (10.5.1) and
H is a discrete set and since the solution η∗ is Lipschitz, the only possibility for η∗ is to be
constant. Hence

0 = η̇∗(t) = [η∗, u∗A+ (1 − u∗)B],

from which we can determine the value of the singular control u∗

u∗ =
tr(AB) − tr(B2)

2tr(AB) − tr(A2) − tr(B2)
.

In order to be an admissible control, it must hold u∗ ∈ [0, 1].

Proposition 10.5.1. The value u∗ is an admissible control if and only if

tr(AB) ≥ tr(A2) or tr(AB) ≤ tr(B2).
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So, if we take the constant singular control equal to u∗, then the associated Lyapunov
exponent is simply the greatest eigenvalue of u∗A+(1−u∗)B, which can be easily computed:

l =
1

2

√
tr
(
[A,B]2

)
2tr(AB) − tr(A2) − tr(B2)

. (10.5.2)

A direct computation shows that

ℓsing > ℓu=1 ⇐⇒ tr
((
u∗A+ (1 − u∗)B

)2) ≥ tr(A2)

⇐⇒ tr(AB) ≥ tr(A2) + tr(B2)

2
.

So, taking into account that singular control is admissible if tr(AB) ≥ tr(A2), we obtain
that singular constant control are better than constant control if tr(AB) ≥ tr(A2). On
the other hand, if tr(AB) ≤ tr(B2) then constant control is better than constant singular
control.
The following result ends the discussion about the singular case.

Proposition 10.5.2. There are no solutions to the adjoint system (10.2.11) containing a
bang-bang piece and a singular piece.

Proof. We already noticed that for η∗ we have γ = 0 in (10.4.5) and the intersection line
between the planes ΠA,c∗ and ΠB,c∗ is tangent to the hyperboloid H, where c∗ = tr(Aη∗).
Recall from Section 10.4 that as the switching time in a bang-bang trajectory in SL2(R)
tends to zero, the resulting trajectory tends to a singular trajectory. The convergence in
SL2(R) implies that also the sequence of the corresponding adjoint trajectories tends to the
singular adjoint trajectory, which is constant. Thus, in a neighbourhood of η∗ sufficiently
small and contained in the hyperboloid H, the phase portrait is as in Figure 10.4.
Thus, any possible trajectory starting from η∗ and escaping the switching curve S would
inevitably cross some of the periodic trajectories tending to η∗, contradicting the local
uniqueness of the solution of an ODE.

So, to resume, we found that if an extremal contains a singular piece, then the whole
extremal is singular, and the corresponding Lyapunov exponent is given by (10.5.2). This
is the optimal solution if tr(AB) ≥ tr(A2).

10.6 Final remarks

Since the nature of the extremals changes a lot with the values of tr(A2),tr(B2),tr(AB), we
end the discussion with some final remarks about which is the optimal strategy depending
on these values. As before, we always assume tr(A2) ≥ tr(B2).
So far, we have obtained that all possible extremals satisfying PMP are in one of the
following form:
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Sη∗

Figure 10.4: Phase portrait on the hyperboloid H for the adjoint system (10.2.11) near
η∗. The black line S is the switching curve, η∗ is the singular point. Above and below S
we have the two bang pieces, and as the switching time goes to zero the adjoint trajectory
tends to η∗.

• constant control;

• constant singular control;

• if tr(A2) < 0, bang-bang periodic control.

As already pointed out, principal Lyapunov exponent associated with the periodic bang-
bang extremals accumulating at singular extremals are bounded above by the principal
Lyapunov exponent associated with singular extremal, so we can omit them from the
discussion.
First, assume that tr(A2) ≥ 0. In this case we already saw in Section 10.5 that if tr(AB) ≥
tr(A2), then the value of the Principal Lyapunov exponent given by the constant singular
control is bigger than the one given by the constant control. Viceversa, if tr(AB) ≤ tr(A2),
then the optimal solution is obtained for u = 1 constant. So, the first two point of the
Main Theorem are proved.
We turn now to the tr(A2) < 0 case. We have the following restriction on the possible
values of tr(AB).

Lemma 10.6.1. If tr(B2) ≤ tr(A2) < 0, then |tr(AB)| ≥
√

tr(A2)tr(B2). In particular
tr([A,B]2) ≥ 0.

Proof. Up to a change of base, we can suppose

A =

(
0 −λ
λ 0

)
, B = P

(
0 −µ
µ 0

)
P−1, P =

(
a b

c d

)
∈ SL2(R), λ, µ ∈ R.
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Since A in this form commutes with rotations, that is matrix of the form

Rθ =

(
cos θ − sin θ

sin θ cos θ

)
, θ ∈ [0, 2π],

we can use another change of base given by a rotation matrix to kill one element of P .
That is, we can further assume that P is in the form

P =

(
α β

0 1
α

)
, α, β ∈ R, α ̸= 0.

With A,B in this form, we can compute directly tr(AB) :

tr(AB) = −λµ
(

1

α2
+ α2 + β2

)
.

Since 1
α2 + α2 ≥ 2 , we obtain

|tr(AB)| ≥ 2|λµ| =
√

tr(A2)tr(B2).

Remark 10.6.2. From the previous proof, we can give a geometric interpretation of the
sign of tr(AB) in the case tr(B2) ≤ tr(A2) < 0. Define the cone of imaginary matrices in
sl2(R):

C = {M ∈ sl2(R) | tr(M2) < 0}.

Using the form for A,B introduced in the previous proof, if tr(AB) < 0, then λµ > 0, that
is A,B are in the same connected component. If instead tr(AB) > 0, then λµ < 0, hence
A,B are in two different connected component.

In particular, if tr(AB) < 0, then the whole segment of velocities

{uA+ (1 − u)B | u ∈ [0, 1]}

is inside the cone C. In this case, if the singular control is admissible, then it has imaginary
eigenvalues, hence singular constant control cannot be optimal (the resulting trajectory in
SL2(R) would be periodic, hence bounded). So, in this case the best admissible strategy
is the one given in Subsubsection 10.4.4 “Imaginary eigenvalues”, and we obtain the third
point of Main Theorem.
If instead tr(AB) > 0, then part of the segment of velocities is outside the cone, and in
particular singular control is admissible since tr(A2) < 0.
The following Lemma shows that in this case constant singular control are again optimal.
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Lemma 10.6.3. If tr(B2) ≤ tr(A2) < 0 and tr(AB) ≥
√

tr(A2)tr(B2), then

2

π

1√
−2

tr(A2)
+
√

−2
tr(B2)

arcosh

(
tr(AB)√

tr(A2)tr(B2)

)
≤

√
1

2

tr(AB)2 − tr(A2)tr(B2)

2tr(AB) − tr(A2) − tr(B2)
.

Proof. First, notice that the two quantities are homogeneus in tr(A2), tr(B2), tr(AB). So,
left hand side can be rewritten as

2

π
a

√
b

1 +
√
b
arcosh

(
−c√
b

)
,

where a =
√

tr(A2)
−2 , b = tr(B2)

tr(A2)
, c = tr(AB)

tr(A2)
. From the hypothesis of the Lemma, we deduce

a > 0, b ≥ 1, c ≤ −
√
b ≤ −1. Using similar notation, the right hand side of the inequality

in the thesis is

a

√
c2 − b

b+ 1 − 2c
.

Define

f(b, c) =
2

π

√
b

1 +
√
b
arcosh

(
−c√
b

)
,

g(b, c) =

√
c2 − b

b+ 1 − 2c
.

Notice that for every b, if c→ −
√
b then both functions tend to zero, i.e.:

∀b ≥ 1 lim
c→−

√
b
f(b, c) = 0 = lim

c→−
√
b
g(b, c).

Hence, if for every b ≥ 1 and every c ≤ −
√
b we have

∂f

∂c
(b, c) ≥ ∂g

∂c
(b, c), (10.6.1)

then we obtain f(b, c) ≤ g(b, c) for every b ≥ 1 and c ≤ −
√
b. These derivatives are

∂g

∂c
(b, c) = − 2

π

√
b√

b+ 1

1√
c2 − b

∂g

∂c
(b, c) =

1√
c2 − b

(c− 1)(b− c)

(b+ 1 − 2c)
3
2

.

So (10.6.1) reduces to

2

π

√
b√

b+ 1
≤ (1 − c)(b− c)

(b+ 1 − 2c)
3
2

.
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Since we want this inequality to hold for every c ≤ −
√
b and since the right hand side is

decreasing in c, it is sufficient to prove

2

π

√
b√

b+ 1
≤ (1 +

√
b)(b+

√
b)

(b+ 1 + 2
√
b)

3
2

.

After a few simplifications, this reduces to

(
√
b+ 1)

3
2 ≥ 2

π
,

which is true for every b ≥ 1.

This concludes the proof of the fourth case of Main Theorem.
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Appendix

A.1 Chronological calculus and the variation formula

In this section, we briefly recall the notation and the main formulas of chronological calculus
that are used throughout the thesis. In particular, we recall the variation formula for non-
autonomous flows and the Volterra expansion up to second order. For a more complete
treatment, we refer to [13, Chapter 2] and [5, Chapter 6].

Let Xt be a complete non-autonomous smooth vector field on the manifold M . More
generally, the same formulas remain valid under the standard measurable-in-time assump-
tions for which the corresponding non-autonomous differential equation is well posed. For
s, t ∈ R, we denote by Φs,t its flow, so that, for every q ∈M , Φs,t(q) is the value at time t
of the solution of

q̇(τ) = Xτ (q(τ)), q(s) = q.

The flow satisfies

Φs,s = Id, Φr,t = Φs,t ◦ Φr,s, Φ−1
s,t = Φt,s.

We denote the flow from time s to time t by the right chronological exponential

Φs,t = −→exp

∫ t

s
Xτ dτ.

When the initial time is 0, we use the abbreviated notation

Φt := Φ0,t.

If F : M → M is a diffeomorphism and Y is a smooth vector field, we denote by F∗Y
its push-forward, defined by

(F∗Y )(q) = dF−1(q)F
[
Y (F−1(q))

]
.

285



286 APPENDIX A. APPENDIX

We now recall the variation formula. Let Xt and Yt be two non-autonomous vector
fields and denote by Φ0,t and Ψ0,t the flows generated by Xt and Xt + Yt, respectively.
The flow of the perturbed vector field can be decomposed into the reference flow and a
correction transported back by the reference dynamics.

Lemma A.1.1 (Variation formula). With the notation above, one has

Ψ0,t = Φ0,t ◦ −→exp

∫ t

0

(
Φ−1
0,s

)
∗
Ys ds. (A.1.1)

We omit the proof of this Lemma, which can be found in the references cited above.
The variation formula is particularly useful when the perturbation depends smoothly

on a parameter. In that case, the first and second derivatives of the perturbed flow can be
read directly from the first terms of the Volterra expansion. We recall only the order needed
in the subsequent applications; estimates for the remainder and the general expansion can
be found in [5, Sections 6.4 and 6.6].

Proposition A.1.2 (Volterra expansion up to second order). Let Y ε
t be a smooth one-

parameter family of non-autonomous vector fields such that

Y 0
t = 0,

∂Y ε
t

∂ε

∣∣∣∣
ε=0

= Yt,
∂2Y ε

t

∂ε2

∣∣∣∣
ε=0

= Zt. (A.1.2)

Denote by

P ε
t = −→exp

∫ t

0
Y ε
s ds

the corresponding flow. Then, for every a ∈ C∞(M),

a ◦ P ε
t = a+ ε

∫ t

0
Ysa ds

+
ε2

2

(∫ t

0
Zsa ds+ 2

∫
0≤s2≤s1≤t

Ys2
(
Ys1a

)
ds1 ds2

)
+ o(ε2).

(A.1.3)

Proof. Vector fields act as derivations on C∞(M). The Volterra expansion of the chrono-
logical exponential gives

a ◦ P ε
t = a+

∫ t

0
Y ε
s1a ds1 +

∫
0≤s2≤s1≤t

Y ε
s2

(
Y ε
s1a
)
ds1 ds2 +O(ε3).

Expanding Y ε
t at ε = 0 by (A.1.2) and collecting the terms of order one and two gives (A.1.3).

In particular, after applying the variation formula, the first differential of an endpoint
map is obtained from the first integral in (A.1.3), while its second differential contains both
the pointwise second-order variation of the infinitesimal generator and the time-ordered
double integral. This is the form of the chronological expansion used in Section 7.3.
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A.2 Lipschitz maps and piecewise smooth manifolds

In this section, we recall the elementary nonsmooth tools used in the construction of
piecewise smooth fields of extremals and in the study of their projections. Throughout the
first part of the section, Ω ⊂ Rn is an open set and f : Ω → Rm is a locally Lipschitz
continuous map. We write coS for the convex hull of a set S and S for its closure.

Definition A.2.1 (Clarke generalized differential). Let x ∈ Ω. The Clarke generalized
differential, or generalized Jacobian, of f at x is

∂f(x) := co

{
lim
k→∞

Df(xk)

∣∣∣∣ xk → x, f is differentiable at xk

}
.

The following standard properties follow from Rademacher’s theorem and the definition
of the generalized differential.

Proposition A.2.2 (Basic properties). Let f : Ω → Rm be locally Lipschitz and let x ∈ Ω.
Then the following statements hold.

1. The set ∂f(x) is a non-empty compact convex subset of Rm×n.

2. If f is C1 in a neighbourhood of x, then

∂f(x) = {Df(x)}.

3. The set-valued map x 7→ ∂f(x) is locally bounded and upper semicontinuous.

Here upper semicontinuity means that, for every open set O ⊂ Rm×n containing ∂f(x),
there exists a neighbourhood V of x such that ∂f(y) ⊂ O for every y ∈ V .

Definition A.2.3 (Clarke regular point). Assume that m ≤ n. A point x ∈ Ω is called a
Clarke regular point of f if

rankA = m for every A ∈ ∂f(x).

If m = n, this is equivalent to requiring every A ∈ ∂f(x) to be invertible.

The nonsmooth analogue of the classical inverse function theorem is the following result
of Clarke [32].

Theorem A.2.4 (Clarke’s local inverse function theorem). Let Ω ⊂ Rn be open and let
f : Ω → Rn be locally Lipschitz. If x0 is a Clarke regular point of f , then there exist open
neighbourhoods Ox0 of x0 and Of(x0) of f(x0) such that

f : Ox0 −→ Of(x0)

is a bi-Lipschitz map.
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We will also use the following elementary chain rule.

Proposition A.2.5 (Chain rule). Let f : Ω → Rm be locally Lipschitz and let g : O ⊂
Rm → Rk be a C1 map defined on a neighbourhood of f(x). Then

∂(g ◦ f)(x) = Dg(f(x)) ◦ ∂f(x),

where
Dg(f(x)) ◦ ∂f(x) := {Dg(f(x)) ◦A | A ∈ ∂f(x)} .

A particularly simple situation, which is the one occurring at the switching hypersur-
faces considered in this thesis, is that of a continuous map which is smooth on the two
sides of a smooth hypersurface.

Proposition A.2.6 (Generalized differential of a two-sided smooth map). Let S ⊂ Ω be
a smooth hypersurface and assume that, locally near x ∈ S, the complement Ω \ S has two
components Ω− and Ω+. Suppose that f is locally Lipschitz and that the restrictions of f
to Ω− and Ω+ admit C1 extensions up to S. Denote their differentials at x by D−f(x) and
D+f(x). Then

∂f(x) = co
{
D−f(x), D+f(x)

}
.

We now introduce the class of Lipschitz manifolds that will be used below.

Definition A.2.7 (Lipschitz manifold). A subset M ⊂ Rn is called a d-dimensional Lip-
schitz manifold if, for every x ∈ M, there exist an open neighbourhood Ox ⊂ Rn and a
locally Lipschitz map

f : Ox −→ Rn−d

such that
M∩Ox = f−1(0),

and every point of M∩Ox is a Clarke regular point of f . Equivalently, 0 is a Clarke regular
value of f along M∩Ox.

In the applications considered in this thesis, the local Lipschitz structure has a more spe-
cific form. Near every nonsmooth point, the manifold is given by a bi-Lipschitz parametriza-
tion which is smooth on the two sides of a smooth hypersurface. More precisely, locally we
consider maps of the form

Θ : V × (−δ, δ) −→ M, (A.2.1)

where V ⊂ Rd−1 is open, Θ is bi-Lipschitz onto its image, and its restrictions to V × (−δ, 0]
and V × [0, δ) admit smooth extensions to the corresponding closed half-neighbourhoods.
This is precisely the local structure arising from the flow-box parametrizations at the
switching hypersurfaces of a piecewise regular extremal.

For such parametrizations, it is useful to retain the whole family of limiting tangent
spaces rather than combining them into a single tangent cone.
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Definition A.2.8 (Generalized tangent family). Let Θ : W ⊂ Rd → M be a local bi-
Lipschitz parametrization, let y ∈ W , and set x = Θ(y). The generalized tangent family
associated with Θ at x is

TxM := {ImL | L ∈ ∂Θ(y)} .

The generalized differential in Definition A.2.8 is computed in any smooth ambient
coordinate system. Changes of smooth ambient coordinates act on its elements by com-
position with an invertible differential and therefore do not affect the corresponding rank
and transversality conditions. In the applications below, the parametrization Θ is fixed by
the geometric construction, so we suppress it from the notation. At a smooth point, the
generalized tangent family reduces to the ordinary tangent space:

TxM = {TxM}.

The two-sided structure described above yields an explicit formula for this family.

Proposition A.2.9 (Generalized tangent family at a switching hypersurface). Let Θ be
as in (A.2.1) and let

x = Θ(y0, 0).

Assume that the two one-sided differentials agree on the directions tangent to V , and denote
by

Ex := dy0Θ(Rd−1 × {0})

the corresponding (d− 1)-dimensional subspace. Let

v− := ∂−s Θ(y0, 0), v+ := ∂+s Θ(y0, 0)

be the two one-sided transverse derivatives. Then

TxM =
{
Ex + R

(
αv− + (1 − α)v+

) ∣∣ α ∈ [0, 1]
}
. (A.2.2)

Proof. Proposition A.2.6 gives

∂Θ(y0, 0) =
{
αD−Θ(y0, 0) + (1 − α)D+Θ(y0, 0)

∣∣ α ∈ [0, 1]
}
.

Since the two differentials coincide on the directions tangent to V , only the transverse direc-
tion is affected by the convex combination. Taking the images of these maps gives (A.2.2).

We finally record the local invertibility criterion in the form used in the thesis. Since
Theorem A.2.4 is local and invariant under smooth changes of coordinates, it immediately
extends to maps between finite-dimensional Lipschitz manifolds.
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Corollary A.2.10 (Local invertibility on a Lipschitz manifold). Let M be a d-dimensional
Lipschitz manifold, let N be a d-dimensional smooth manifold, and let F : M → N be
locally Lipschitz. Fix x ∈ M and a local bi-Lipschitz parametrization

Θ : W ⊂ Rd −→ M, Θ(y) = x.

If every element of the Clarke generalized differential of F ◦Θ at y is an isomorphism, then
F is a local bi-Lipschitz map near x. In particular, if M is contained in a smooth manifold
P and F is the restriction to M of a smooth map F̂ : P → N , it is sufficient that

dxF̂ ◦ L : Rd −→ TF (x)N

be an isomorphism for every L ∈ ∂Θ(y).

The case needed for fields of extremals is obtained by taking P = T ∗M , F̂ = π, and
dimM = dimM = d. Let λ ∈ M and let Θ be a local parametrization as above. Then
the restriction

πM := π|M
is locally bi-Lipschitz near λ provided

dλπ ◦ L : Rd −→ Tπ(λ)M

is an isomorphism for every L ∈ ∂Θ(y). Equivalently, in terms of the generalized tangent
family, this condition is

Λ ∩ Tλ
(
T ∗
π(λ)M

)
= {0} for every Λ ∈ TλM. (A.2.3)

Thus, at a smooth point (A.2.3) reduces to the usual transversality of TλM with the vertical
subspace, while at a switching point it must hold for every member of the connecting
family (A.2.2).

We conclude with a version of Stokes’ theorem for Lipschitz manifolds.

Theorem A.2.11 (Stokes’ theorem for Lipschitz manifolds). Let S be a compact oriented
d-dimensional Lipschitz manifold with boundary, contained in a smooth manifold P , and
let ω be a smooth (d− 1)-form defined on a neighbourhood of S in P . Then∫

S
dω =

∫
∂S
ω,

where ∂S is endowed with the orientation induced by S, and the integrals are understood
through oriented Lipschitz parametrizations.

Since Lipschitz manifolds are sets of finite perimeter, this formulation of the Stokes’
theorem is obtained, for instance, as a particular case of the Gauss–Green theorem for BV
functions. A standard reference for this result is, for instance, [35, Section 5.8].



Bibliography
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geografica rende più rare le occasioni per stare insieme, ma nononostante questo sento che
i nostri legami sono rimasti ben saldi e profondi. Vorrei nominarvi uno per uno, ma l’elenco
diventerebbe oltremodo lungo e trovare le parole giuste per ringraziarvi tutti non è facile.
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