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Abstract: We initiate a systematic study of the perturbative nonlinear dynamics of cosmo-
logical fluctuations in dark sectors comprising a fraction of non-cold dark matter, for example
ultra-light axions or light thermal relics. These mixed dark matter scenarios exhibit suppressed
growth of perturbations below a characteristic, cosmologically relevant, scale associated with
the microscopic nature of the non-cold species. As a consequence, the scale-free nonlinear
solutions developed for pure cold dark matter and for massive neutrinos do not, in general,
apply. We thus extend the Effective Field Theory of Large Scale Structure to model the
coupled fluctuations of the cold and non-cold dark matter components, describing the latter
as a perfect fluid with finite sound speed at linear level. We provide new analytical solutions
wherever possible and devise an accurate and computationally tractable prescription for the
evaluation of the one-loop galaxy power spectrum, which can be applied to probe mixed dark
matter scenarios with current and upcoming galaxy survey data. As a first application of
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this framework, we derive updated constraints on the energy density in ultra-light axions
using a combination of Planck and BOSS data. Our refined theoretical modeling leads to
somewhat weaker bounds compared to previous analyses.

Keywords: cosmological parameters from LSS, cosmological perturbation theory, dark
matter theory, particle physics - cosmology connection
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1 Introduction and main results

Dark matter (DM) is one of the pillars of the cosmological model. In the standard picture, the
so-called ΛCDM scenario, DM is described on large scales as a collisionless, cold fluid whose
energy density redshifts like the volume while the Universe expands. These properties imply
that the formation and evolution of the Large Scale Structure (LSS) proceeds hierarchically,
from the smaller scales first to the larger ones later [1, 2]. In other words, the clustering of DM
particles is a process with no physical scale, fully controlled by gravity, and structure formation
can proceed indefinitely down to the smallest scales.1 A mathematical formulation of these
statements is that the root mean square amplitude of DM fluctuations is a monotonically
increasing function of k, where smaller physical scales correspond to larger values of k.

This sharp prediction of the ΛCDM scenario can be tested against observations. If
DM growth is strongly suppressed below some characteristic scale, we expect 𝒪(1) changes

1Baryonic physics alters this picture on very small scales, but it can be taken into account using hydrody-
namical simulations.

– 1 –



J
C
A
P
0
1
(
2
0
2
6
)
0
4
7

in the abundance and clustering properties of astrophysical objects whose size is right at
or smaller than that scale. Counts of the Milky Way satellites [3–6], measurements of the
Lyman-α transmitted flux through the Intergalactic Medium [7–11], or strong lensing of
galaxies [12–14] already place important bounds on scenarios where all of DM has vanishing
fluctuations at wavenumbers larger than some characteristic value. Prototypical models
realizing such suppressed growth are thermal warm DM, where the DM particles have a
sufficiently high temperature that their random velocities prevent structure from forming
below the free-streaming scale, and ultra-light scalar DM, where power is suppressed below a
scale determined by quantum pressure support. The above-mentioned astrophysical probes
are sensitive to characteristic wavenumbers ks in the ballpark of 10 h Mpc−1.

If the scale of the DM power suppression is cosmologically relevant, i.e. much larger
than individual astrophysical objects, then it can be probed using the anisotropy of the
Cosmic Microwave Background (CMB) and measurements of the LSS obtained from the
clustering of galaxies. In this regime, the possibility that all of DM has suppressed fluctuations
above ks is already ruled out by data. This is reminiscent of the constraints on massive
neutrinos [15], whose characteristic wavenumber is roughly 0.01 h Mpc−1: given current
uncertainties, neutrinos can form at most a ∼ 0.5% fraction of the matter density [16–20].

Nevertheless, scenarios where a fraction fχ < 1 of the DM energy density has suppressed
growth of fluctuations above a certain cosmologically relevant ks,2 while the remainder is cold,
are still allowed and highly plausible from a particle physics perspective. Using a common
terminology, in this paper we refer to such models as mixed DM scenarios. The non-cold
component can be composed, to name but a few possibilities, of ultra-light axions produced via
vacuum misalignment in the early Universe [21–23], perhaps originating from string theory [24],
or by light but massive thermal relics, including fermions such as gravitinos [25, 26] or bosons
such as hot axions [27]. Furthermore, a suppression of clustering can be realized even for a cold
DM component, in the presence of interactions with additional dark sector species [28, 29].

As the size of fχ probed by cosmological observations decreases with increasing sensitivity,
it becomes imperative to refine the theoretical predictions in order to avoid a biased inference.
This is especially true in the current era of galaxy surveys, with DESI [30], Euclid [31],
and the Vera Rubin Observatory [32] poised to revolutionize our understanding of the dark
sector over the next few years [33–36]. Of particular interest are scenarios where the new
characteristic scale ks is within the perturbative range, and the theory is therefore amenable
to ab-initio theoretical predictions for the LSS observables.

In this paper, focusing on such perturbative scales, we extend the Effective Field Theory
of Large Scale Structure (EFTofLSS) [37–41] to mixed DM scenarios where a fraction fχ of
the DM energy density is not cold. Our working assumption is that the non-cold species can
be modeled, within linear perturbation theory, as a perfect fluid with non-negligible pressure
perturbation, parametrized by a finite sound speed c2

s. As a consequence, its fluctuations are
suppressed below a characteristic scale ∼ cs/ℋ, where ℋ is the Hubble scale. We consider
general forms for the time and scale dependences of c2

s. These encompass, for example,
both ultra-light axions and light thermal relics, which we adopt as benchmarks to illustrate

2To be precise, in this paper we define fχ as the fraction of the total matter with characteristic wavenumber
ks. However, that distinction is neglected in the present section.
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our results, as well as many other microscopic dark sector models whose detailed study
we leave for future work.

The novel two-fluid extension of the EFTofLSS we develop here is most impactful when
the characteristic wavenumber is within the observational window of galaxy surveys, very
roughly 0.01 h Mpc−1 ≲ ks ≲ 1 h Mpc−1. It is constructed via a perturbative expansion
for small fχ, which is justified a posteriori by the constraints we derive. While we are,
perhaps, the first to approach this problem with physics beyond the Standard Model (BSM)
in mind, similar questions have been studied in previous literature. In particular, our work
heavily draws inspiration from, and is indebted to, the nearly two-decades-long effort of
the LSS community to model the clustering of massive neutrinos in perturbation theory
beyond the linear regime [42–60]. For related efforts in the context of the CDM-baryon
system see refs. [61, 62].

As already mentioned, at linear level we model the non-cold species as a perfect fluid,
i.e., the presence of a finite sound speed is the only difference with respect to the CDM
description. It should, however, be kept in mind that the phenomenology of some BSM
scenarios goes beyond the perfect fluid regime. For instance, light relics that decoupled from
thermal equilibrium while relativistic have a non-zero anisotropic shear. Although it decays
with time, the shear can still contribute to the evolution of the density perturbations of the
warm species, see ref. [15] for a review.3 In this work we assume that such additional effects,
unless they can be approximately reabsorbed into an effective value for c2

s (as it is indeed
the case for the shear of thermal relics), are negligible.

Beyond linear level, in general each BSM model can introduce intrinsic nonlinearities
associated with its microphysical description. These need to be added to the nonlinearities of
pure gravitational origin, which are universal and are the only ones included in our framework.
Nevertheless, in appendix D we study the intrinsic nonlinearities in the two scenarios we
adopt as benchmarks in this paper, namely ultra-light scalar fields and thermal relics. In
the former case the intrinsic nonlinearities are associated with the wave-like nature of the
field [64], whereas in the latter they originate from the Vlasov equation. We show that the
effects of intrinsic nonlinearities are minor in both scenarios, thus supporting our approach.

Our main results are briefly summarized as follows. First, even though our focus is on
the nonlinear regime of clustering, in section 2 we present new analytical linear solutions
that accurately describe the evolution of the perturbations of the two coupled fluids, for any
power-law dependence of the sound speed on both time and scale. These linear solutions,
which are obtained by means of an expansion for small fχ, are useful to elucidate the
dependence of the observables on the underlying model parameters, but also represent the
input for the subsequent nonlinear calculations.

Moving beyond linear order, it is well known that analytical solutions in the presence
on a finite sound speed cannot be attained for all kinematic configurations. Nevertheless,
in section 3.1 we present nonlinear analytical expressions valid in the kinematic regimes
where the involved momenta are well separated from ks, which could be relevant for future
measurements of the matter and galaxy bispectra. We do so for a specific choice of the

3For ultra-light scalar fields, the linear theory dynamics can be exactly mapped onto that of a perfect fluid
with non-zero sound speed [63].

– 3 –



J
C
A
P
0
1
(
2
0
2
6
)
0
4
7

time dependence of c2
s, which applies to both ultra-light axions and light thermal relics.

Furthermore, in section 3.1.2 we identify for the first time the exact solutions in the infrared
limit. In section 3.1.3 we clarify the ultraviolet structure of the two-fluid model and the
associated new EFTofLSS counterterms required to absorb any possible divergences.

An important goal of this paper is to apply the new two-fluid EFTofLSS to perform
cosmological tests of mixed DM scenarios, in particular using measurements of the galaxy
power spectrum by current and upcoming redshift surveys. For this purpose, in section 3.4
we devise a prescription, motivated by the exact infrared results presented earlier, which
allows us to evaluate the perturbative solutions for both CDM and the non-cold species with
sufficient speed to be implemented in a Markov Chain Monte Carlo parameter exploration.
When compared to the exact, but computationally very expensive, numerical solutions, our
prescription makes an error significantly smaller than the uncertainties in the measurements
by current and upcoming surveys, as we show in section 3.4.3.

As a first, proof-of-principle application of our framework, in section 4 we present updated
constraints on the energy density in ultra-light axions from a combination of Planck CMB
and BOSS LSS data. In the range of axion masses where the characteristic wavenumber ks

falls within the BOSS observational window, our bounds are somewhat weaker than found
in previous single-fluid analyses [65, 66], due to the new EFTofLSS parameters present in
our refined theoretical modeling of the galaxy power spectrum. These results highlight that
a consistent description of BSM effects is essential to ensure the robustness of potential
discoveries by galaxy surveys. An outlook to future directions is given in section 5, while a
complete description of our constraints on ultra-light axions can be found in appendix C.

2 Framework and linear cosmology

We assume the presence of a non-cold DM species χ and a cold component c. For simplicity
we will always refer to χ as the “warm” component, even though this may technically be a
misnomer for some microscopic realizations. Assuming the starting point of the evolution aini
to be in matter domination, the coupled equations governing the dynamics of the perturbations
for the two fluids [67] read, in the sub-horizon limit k ≫ ℋ,

δ′
χ + θχ = −∇i(δχvi

χ) , (2.1a)

θ′
χ + ℋθχ + 1

ρ̄χ
∇2δ𝒫χ + 3

2ℋ
2Ωm[fχδχ + (1 − fχ)δc] = −∇i(vj

χ∇jvi
χ) , (2.1b)

δ′
c + θc = −∇i(δcv

i
c) , (2.1c)

θ′
c + ℋθc + 3

2ℋ
2Ωm[fχδχ + (1 − fχ)δc] = −∇i(vj

c∇jvi
c) , (2.1d)

where primes denote conformal time derivatives and ℋ = a′/a. We split the density and
pressure for the two species as ρx = ρ̄x + δρx and 𝒫x = 𝒫x + δ𝒫x for x = χ, c and define the
density contrast δx ≡ δρx/ρ̄x and velocity divergence θx ≡ ∇iv

i
x. In addition, we denote with

fχ ≡ Ωχ

Ωm
(2.2)

the fraction of the matter energy density in the warm species, where Ωi ≡ ρ̄i/ρ̄tot and
Ωm = Ωχ + Ωc. Throughout this paper the subset c refers to the combined CDM+baryon

– 4 –
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fluid: δc = (fcdmδcdm + fbδb)/(fcdm + fb) and similarly for vi
c. The background pressure is

assumed to be negligible for both species, wx = 𝒫x/ρ̄x = 0, hence the background energy
densities redshift as ρ̄x ∝ a−3 at all times a > aini where the description in eqs. (2.1) applies.
It is also useful to define the total and relative density perturbations as

δm ≡ fχδχ + (1 − fχ)δc , δr ≡ δχ − δc , (2.3)

with analogous expressions for the velocity fields.
The perturbed Euler equation for the warm component (2.1b) contains a pressure term

∇2δ𝒫χ/ρ̄χ. We do not include a possible anisotropic shear stress term, which would manifest
as −∇2σχ on the left-hand side of eq. (2.1b). This is fully accurate for some microscopic
scenarios described by our framework (such as ultra-light axions [68]), whereas in other
scenarios it is possible to absorb at least partially the effect of shear stress into a suitable
modification of the pressure term. The latter possibility is discussed in section 2.2.2 for light
thermal relics, including massive neutrinos [69].

To solve eqs. (2.1) we change the time variable to η ≡ log DΛCDM, where DΛCDM is the
linear growth factor of a ΛCDM cosmology with the same total matter energy density as
the mixed warm/cold scenario we are considering [56]. We obtain

∂ηδχ−Θχ =∇i(δχV i
χ), (2.4a)

∂ηΘχ+
(

3Ωm

2f2
ΛCDM

−1
)

Θχ− ∇2δ𝒫χ

f2
ΛCDMℋ2ρ̄χ

− 3Ωm

2f2
ΛCDM

[fχδχ+(1−fχ)δc]=∇i(V j
χ ∇jV i

χ), (2.4b)

∂ηδc−Θc =∇i(δcV
i

c ), (2.4c)

∂ηΘc+
(

3Ωm

2f2
ΛCDM

−1
)

Θc− 3Ωm

2f2
ΛCDM

[fχδχ+(1−fχ)δc]=∇i(V j
c ∇jV i

c ), (2.4d)

where we introduced the definitions

fΛCDM = d log DΛCDM
d log a

, V i
x = − vi

x

fΛCDMℋ
, Θx = ∇iV

i
x . (2.5)

Henceforth, we work in Fourier space. Setting Ωm/f2
ΛCDM → 1, which is known to be a highly

accurate approximation in ΛCDM cosmologies even during vacuum energy domination (see
e.g. ref. [56] for an appraisal), we rewrite the equations as

∂ηδχ(k, η) − Θχ(k, η) =
∫

k
dk12α(k2, k1)δχ(k1, η)Θχ(k2, η) , (2.6a)

∂ηΘχ(k, η) + 1
2Θχ(k, η) + 3

2 c2
s,effk2δχ(k, η) − 3

2[fχδχ(k, η) + (1 − fχ)δc(k, η)]

=
∫

k
dk12β(k1, k2)Θχ(k1, η)Θχ(k2, η) , (2.6b)

∂ηδc(k, η) − Θc(k, η) =
∫

k
dk12α(k2, k1)δc(k1, η)Θc(k2, η) , (2.6c)

∂ηΘc(k, η) + 1
2Θc(k, η) − 3

2[fχδχ(k, η) + (1 − fχ)δc(k, η)]

=
∫

k
dk12β(k1, k2)Θc(k1, η)Θc(k2, η) , (2.6d)

– 5 –
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where c2
s,eff = 2c2

s/(3ℋ2Ωm) and

c2
s ≡ δPχ(k, η)

δρχ(k, η) (2.7)

is the sound speed of the warm fluid. In eqs. (2.6) we also introduced the standard mode-
coupling functions

α(k1, k2) = 1 + k1 · k2
k2

1
, β(k1, k2) = (k1 + k2)2k1 · k2

2k2
1k2

2
, (2.8)

and the shorthand notation

∫
k

dk1...j ≡
∫ d3k1 . . . d3kj

(2π)3(j−1) δD

k −
j∑

i = 1
ki

 , (2.9)

where δD denotes the Dirac delta.
The temporal and spatial variations of the sound speed in eq. (2.7) encode the model

dependence. We assume power-law scalings with wavenumber and scale factor,

c2
s ∝ kpa−γ , (2.10)

where the coefficients p and γ are a priori arbitrary. The matching to several concrete
microphysical scenarios will be discussed later in section 2.2. Since ℋ2Ωm ∝ a−1, we
parametrize

c2
s,eff ≡ kp

k2+p
s∗

(
a∗
a

)γ−1
≃ kp

k2+p
s∗

e(η∗−η)(γ−1) (2.11)

where we found it convenient to define a reference time a∗. In the last equality we have made
the Einstein-de Sitter (EdS) approximation DΛCDM = a, which implies η = log a. This is the
only instance where the EdS approximation (which also implies Ωm/f2

ΛCDM → 1, but is more
restrictive) is used in the present paper and it will be justified a posteriori, by showing in
section 2.2.3 that our analytical linear solutions accurately reproduce exact numerical results
down to the redshift z ∼ 0.5 of observational relevance for galaxy surveys.

After substituting eq. (2.11) into eqs. (2.6), we observe that the explicit dependence on
k introduced by the χ sound speed term can be removed (for γ ̸= 1) by switching to the
new momentum-dependent time variable

η̃ ≡ η − η∗ − 2 + p

γ − 1 log k

ks∗
. (2.12)

– 6 –
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Since dη̃ = dη, the equations are then cast in their final form

∂η̃δχ(k, η̃) − Θχ(k, η̃) =
∫

k
dk12α(k2, k1)δχ(k1, η̃)Θχ(k2, η̃) , (2.13a)

∂η̃Θχ(k, η̃) + 1
2Θχ(k, η̃) + 3

2 e−(γ−1)η̃δχ(k, η̃) − 3
2[fχδχ(k, η̃) + (1 − fχ)δc(k, η̃)]

=
∫

k
dk12β(k1, k2)Θχ(k1, η̃)Θχ(k2, η̃) , (2.13b)

∂η̃δc(k, η̃) − Θc(k, η̃) =
∫

k
dk12α(k2, k1)δc(k1, η̃)Θc(k2, η̃) , (2.13c)

∂η̃Θc(k, η̃) + 1
2Θc(k, η̃) − 3

2[fχδχ(k, η̃) + (1 − fχ)δc(k, η̃)]

=
∫

k
dk12β(k1, k2)Θc(k1, η̃)Θc(k2, η̃) , (2.13d)

In what follows, we solve eqs. (2.13) perturbatively in the density and velocity fluctuations.
At each perturbative order, we further perform an expansion for fχ ≪ 1. Hence, we write
for the density fields

δx(k, η̃) =
∞∑

n = 1
δ[n]

x (k, η̃) =
∞∑

n = 1

[
δ(0)[n]

x (k, η̃) + fχδ(1)[n]
x (k, η̃) + 𝒪(f2

χ)
]

, (2.14)

and analogously for the velocity fields Θx, with x = χ, c. The [n] index denotes the
perturbative order, while the (0) and (1) indices denote the order in the small fχ expansion.
In practice, we will find that the key physical effects are captured by truncating the small
fχ expansion to the first nontrivial order for each species: 𝒪(f0

χ) for χ and 𝒪(fχ) for c,
which behaves as CDM at zeroth order.

As common practice, we also define a time-dependent characteristic wavenumber ks(a)
via the relation c2

s,effk2 ≡ [k/ks(a)]2+p, so that the sound speed term in the Euler equation
for χ takes the form 3

2 [k/ks(a)]2+pδχ. From eq. (2.11) we thus obtain

ks(a) = ks∗

(
a

a∗

) γ−1
2+p

(2.15)

and η̃ can be written as

η̃ ≃ − 2 + p

γ − 1 log k

ks(a) (2.16)

by using the EdS approximation. From a microscopic perspective, ks(a) can have a variety
of origins. Some examples will be provided in section 2.2.

2.1 General linear solutions

First, we focus on solving eqs. (2.13) at linear level, keeping the parameters γ and p arbitrary.
At zeroth order in fχ, the equations for c are combined into(

∂2

∂η̃2 + 1
2

∂

∂η̃
− 3

2

)
δ(0)[1]

c = 0 , (2.17)

– 7 –
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where we recall that [1] indicates the first (linear) perturbative order, while (0) indicates
the zeroth order in fχ. The above equation is solved by the standard growing mode for
CDM, δ

(0)[1]
c (k, η̃) = Θ(0)[1]

c (k, η̃) = eη̃−η̃iniδ0(k). Plugging this result into the equations for
χ gives, still at zeroth order in fχ,(

∂2

∂η̃2 + 1
2

∂

∂η̃
+ 3

2e−(γ−1)η̃
)

δ(0)[1]
χ = 3

2eη̃−η̃iniδ0(k) . (2.18)

This is solved by

δ(0)[1]
χ (k, η̃) =

∫ +∞

−∞
dη̃′Gχ(η̃, η̃′)3

2eη̃′−η̃iniδ0(k) , Θ(0)[1]
χ (k, η̃) = ∂η̃ δ(0)[1]

χ (k, η̃) , (2.19)

where the Green’s function is expressed in terms of the homogeneous solutions as

Gχ(η̃, η̃′) =
A2(η̃) − A1(η̃)A2(η̃′)

A1(η̃′)(
∂A2
∂η̃ − ∂A1

∂η̃
A2
A1

)
(η̃′)

θH(η̃ − η̃′) , A1, 2(η̃) = e−η̃/4 J ∓ 1
2(γ−1)

(√
6 e−(γ−1)η̃/2

γ − 1

)
,

(2.20)
with Jα denoting the Bessel function of order α and θH the Heaviside step function. Introducing
a notation that will be used throughout the paper, we define the ratios of linear perturbations

g(η̃) ≡ δ
[1]
χ (k, η̃)

δ
[1]
c (k, η̃)

, h(η̃) ≡ Θ[1]
χ (k, η̃)

δ
[1]
c (k, η̃)

, s(η̃) ≡ Θ[1]
c (k, η̃)

δ
[1]
c (k, η̃)

. (2.21)

Assuming adiabatic initial conditions, as we do in this work, the quantities above are simply
ratios of linear transfer functions. Notice that

s(η̃) = ∂η̃ log δ[1]
c ≡ f(k)

fΛCDM
, (2.22)

where the last equality defines the scale-dependent linear growth rate f(k).
In the left panel of figure 1 we show g(0), evaluated at the leading order in the small

fχ expansion, for some (integer) choices of γ. We see that our framework encompasses very
different possible time evolutions of the characteristic scale ks(a) in eq. (2.15), which can
either increase with time (as observed for γ = 2, 3 in the figure) or decrease (γ = 0).4 We also
have h(0) = g(0) + ∂η̃g(0), whereas for the cold species we simply have s(0) = 1 at this order.

Next, we solve the equations for the cold fluid at 𝒪(fχ). The correction to the growth
rate, s(η̃) = 1 + fχs(1)(η̃), satisfies the first order differential equation(

∂η̃ + 5
2

)
s(1) = 3

2
(
g(0) − 1

)
, (2.23)

whose solution reads

s(1)(η̃) =
∫ +∞

−∞
dη̃′Gs(η̃, η̃′)3

2
(
g(0)(η̃′) − 1

)
, Gs(η̃, η̃′) = e− 5

2 (η̃−η̃′)θH(η̃ − η̃′) . (2.24)

4For γ = 1 the characteristic scale is time-independent. In this case we solve the equations directly in
η, obtaining at zeroth order in fχ the solutions δ

(0)[1]
c (k, η) = Θ(0)[1]

c (k, η) = eη−ηini δ0(k) and δ
(0)[1]
χ (k, η) =

Θ(0)[1]
χ (k, η) = δ

(0)[1]
c (k, η)/

[
1 + (k/ks∗)2+p

]
.
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Figure 1. Left: The ratio of the linear density perturbations of χ and c, g = δ
[1]
χ /δ

[1]
c , evaluated at

zeroth order in the small fχ expansion as a function of the k-dependent time variable η̃, for some
illustrative choices of the parameter γ that sets the time dependence of the characteristic scale ks(a).
Right: For γ = 2, the ratios of linear transfer functions g and h = Θ[1]

χ /δ
[1]
c at zeroth order in fχ,

while s = Θ[1]
c /δ

[1]
c is evaluated up to first order with fχ = 0.05 or 0.15. One has s(0) = 1 identically,

whereas s(1) = −3/5 for k ≫ ks(a) (namely, η̃ ≪ 0).

We then invert the relation s(η̃) = ∂η̃ log δ
[1]
c to arrive at

δ(1)[1]
c (k, η̃) =

∫ η̃

η̃ini
dη̃′s(1)(η̃′) δ(0)[1]

c (k, η̃) , (2.25a)

Θ(1)[1]
c (k, η̃) =

(∫ η̃

η̃ini
dη̃′s(1)(η̃′) + s(1)(η̃)

)
δ(0)[1]

c (k, η̃) . (2.25b)

The linear solutions for the χ fluid at 𝒪(fχ) can be derived similarly, however their expressions
are not especially illuminating and we do not report them here.

2.2 Linear solutions for γ = 2 and matching to microscopic models

In the remainder of this section we focus the discussion on γ = 2, corresponding to a time
dependence of the sound speed c2

s ∝ kpa−2. This case encompasses two widely-studied
scenarios, which in this paper we adopt as benchmarks to illustrate our results: (i) ultra-light
axions (ULAs, p = 2), where ks is identified with the Jeans scale induced by quantum
pressure support; and (ii) thermal relics (p = 0), including the standard neutrinos, where ks is
interpreted as the free streaming scale remnant of a thermal distribution. Before proceeding,
we emphasize that we expect the framework developed in this paper to be applicable to a
much broader range of dark sector models, whose exploration is left for future work.

For γ = 2, eq. (2.19) gives the closed-form expressions

δ(0)[1]
χ (k, η̃) = g(0)(η̃)δ(0)[1]

c (k, η̃) , Θ(0)[1]
χ (k, η̃) = h(0)(η̃)δ(0)[1]

c (k, η̃) , (2.26)

where h(0) = g(0) + ∂η̃g(0) and

g(0)(η̃) = G(0)
(√

6e−η̃/2
)

, G(0)(x) ≡ 1 + x2
[(

Si(x) − π

2

)
sin x + Ci(x) cos x

]
. (2.27)
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Si and Ci denote the sine integral and cosine integral functions.5 For k ≫ ks(a) (namely
η̃ ≪ 0) the χ perturbations are extremely suppressed and g(0), h(0) → 0 with h(0)/g(0) → 2.
Conversely, for k ≪ ks(a) (corresponding to η̃ ≫ 0) the χ species becomes indistinguishable
from the cold component and g(0), h(0) → 1.

Including 𝒪(fχ) corrections, the growth rate of the cold species takes the constant value
s = 1 − 3fχ/5 for k ≫ ks(a). This result is familiar from the study of massive neutrinos
(see ref. [15] for a review): on small enough scales a fraction fχ of the total matter does
not cluster, hence the gravitational potential is reduced by a factor 1 − fχ, which in turn
suppresses the growth of the cold perturbations as δ

[1]
c (k, η̃) ≃ e(1−3fχ/5)(η̃−η̃ini)δ0(k). By

contrast, on large scales k ≪ ks(a) the growth rate takes the ΛCDM value, s = 1. In the
right panel of figure 1 we show the behavior of the ratios of transfer functions g, h and s for
γ = 2. Each of them is evaluated to the first non-trivial order in the small fχ expansion,
namely 𝒪(f0

χ) for g and h and 𝒪(fχ) for s.
We now turn to a brief description of our two benchmarks of choice, ULAs and light

thermal relics, as well as their matching to our framework.

2.2.1 Ultra-light axions

ULAs develop a Jeans scale due to quantum pressure support [71] and correspond to γ = p = 2.
While the characteristic scale ks(a) is fixed by the ULA mass ma, see eq. (2.28) below, the
fraction fχ = Ωa/Ωm of energy density made of ULAs is determined by the earlier cosmological
history and is model-dependent. For instance, the χ energy density can be generated by an
interaction of the ULA with CDM [72], or by an initial condition if the ULA is assumed
not to couple to other species [65, 66, 73, 74]. In this paper we focus on the latter scenario,
where fχ can be traded for an initial condition on the ULA field value.

We model the ULA as a real scalar field ϕ with potential V (ϕ) = m2
af2

a [1 − cos(ϕ/fa)],
where fa is chosen to be large enough that ϕ ≪ fa is always satisfied during the cosmological
evolution, hence the potential is well approximated by a pure mass term V (ϕ) = m2

aϕ2/2 .
At the background level, the dynamics of the scalar field is governed by the Klein-Gordon
equation ϕ

′′ + 2ℋϕ
′ + a2∂V/∂ϕ = 0, with initial conditions ϕ

′(ai) = 0 and ϕ(ai). The
latter can be traded for the present-day fraction of energy density in ULAs via a shooting
procedure. The cosmological evolution of both background and perturbations is computed
using the Einstein-Boltzmann solver AxiCLASS [75, 76].

At early times, the dynamical equations for the scalar field are solved exactly. Eventually
ϕ begins to oscillate when a = ama , with 3H(ama) = ma, with a timescale much shorter than
the expansion of the Universe. This allows us to accurately describe the evolution of the
energy density and pressure of ϕ using an effective fluid approximation [71, 74, 77, 78]. The
description in our eqs. (2.6), with γ = p = 2, starts applying at aini = ama if the ULA begins
to oscillate in matter domination (MD), whereas it starts at aini = aeq if the oscillations
begin during radiation domination (RD). Taking c2

s = k2/(4m2
aa2) [71, 74, 79], we obtain

5Solutions similar to eqs. (2.26) and (2.27) were given in ref. [70] where, however, Heaviside function-like
initial conditions were assumed. Our results are consistent with eq. (4.9) in ref. [70], but we automatically
implement the natural initial conditions, which yield the far simpler expression for g(0) in eq. (2.27) above.

– 10 –



J
C
A
P
0
1
(
2
0
2
6
)
0
4
7

for the characteristic (Jeans) scale

ks(a) ≈ a1/4 3.9 × 10−4 h

Mpc

(
ma

H0

)1/2
(

Ω0
m

0.3

)1/4

, (2.28)

where H0 = 2.1 × 10−33 h eV. Notice that the assumption σ(k, τ) = 0 made in our framework
is fully justified for ULAs, because a scalar field minimally coupled to gravity has zero
anisotropic stress at linear order in perturbation theory [63]. However, a complete fluid-
dynamical description for ULAs would also include intrinsic wave nonlinearities, which stem
from the higher-order terms in a perturbative expansion of the quantum pressure (see for
instance ref. [64]). In appendix D.1 we show that the impact on our results of these intrinsic
nonlinearities is mild, which justifies our choice to omit them.

The matter power spectrum for ULA cosmologies has a drop-like feature, as a consequence
of the Jeans scale. The location of the feature is determined by ma, whereas its depth is
fixed by fχ. To obtain an analytical estimate of the location, we need to distinguish between
ULAs that became nonrelativistic during MD or RD. For ULAs that became nonrelativistic
during MD, the condition 3H(ama) = ma is satisfied at ama = [3(Ω0

m)1/2H0/ma]2/3. Imposing
that ama > aeq then sets the upper edge of this region as ma/H0 < 3 × 105 or equivalently
ma < 4 × 10−28 eV. The drop in the power spectrum is located at the smallest k that is
affected by the suppressed growth [80], namely ks(ama). From eq. (2.28) we find

kdrop = ks(ama) ≈ 4.2 × 10−4 h

Mpc

(
ma

H0

)1/3
(

Ω0
m

0.3

)1/3

,
(
ma/H0 < 3 × 105

)
(2.29)

with a m
1/3
a scaling.6 For ULAs that became nonrelativistic during RD, kdrop saturates at

the value of ks at matter-radiation equality, which yields

kdrop = ks(aeq) ≈ 5.2 × 10−2 h

Mpc

(
ma

106H0

)1/2
,

(
ma/H0 > 3 × 105) (2.30)

scaling as m
1/2
a .

2.2.2 Light but massive thermal relics

Light but massive thermal relics [82–84] correspond to γ = 2 and p = 0. These species
decouple from the thermal bath while relativistic, preserving their unperturbed phase space
distribution, which takes a Fermi-Dirac or Bose-Einstein form. Eventually, they become
nonrelativistic at a = anr, but they retain a cosmologically relevant free-streaming scale.
In general, light relics are characterized by their mass, number of degrees of freedom and
temperature. The temperature, in turn, depends on when the species decoupled from the
thermal bath. The application of the two-fluid EFTofLSS proposed in this paper to general
light relics, going beyond refs. [82, 84] where the clustering of the warm species was not
included, will be presented elsewhere [85].

6An alternative definition of the location of the drop is the horizon crossing scale km = ama H(ama ), which
was used for instance in ref. [65]. As it was pointed out in ref. [81], the two definitions agree aside from 𝒪(1)
numbers: we find km = (2/9)2/3 kdrop ≈ 0.37 kdrop.
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In this work, to illustrate the main features of the application to light relics we focus
exclusively on the most familiar among them, namely the standard massive neutrinos [15].
These decoupled from the thermal bath at temperature around T ∼ MeV and therefore have
Tν,0/Tγ,0 ≈ 0.716 today. One neutrino of mass mν is described in our framework by starting the
fluid description at zini = znr, where znr ≈ 1890 (mν/eV) is the point of the matter-dominated
era when ⟨p⟩ = 7π4

180 ζ(3) Tν = mν . For massive neutrinos the shear stress σ(k, τ) does not vanish,
and in principle accounting for its evolution would require one to truncate the Boltzmann
hierarchy at a multipole lmax ≥ 2, going beyond the fluid approximation based on δ and θ.
However, it has been shown that at late times the effect of the shear can be approximated in
the fluid description as an additional contribution to the pressure term, effectively rescaling
it by a factor 9/5 [69]. We follow this approach and furthermore we approximate c2

s with
the (k-independent) adiabatic sound speed c2

g = 𝒫′
/ρ′ ≃ 5σ2

ν/9, where σν is the velocity
dispersion [56, 69]. Thus we arrive at the choice c2

s = 9
5c2

g ≃ σ2
ν = 15 ζ(5)

ζ(3) T 2
ν,0/(m2

νa2).7 Then
the characteristic wavenumber in eq. (2.15), which is interpreted here as the neutrino free
streaming scale, reads

ks(a) ≈ a1/2 3.7 × 10−2 h

Mpc

(
mν

0.1 eV

)(Ω0
m

0.3

)1/2

. (2.31)

A general fluid description of thermal relics would also include intrinsic nonlinearities, which
arise upon taking moments of the Vlasov equation to derive the continuity and Euler
equations. In appendix D.2 we show that these intrinsic nonlinearities have a mild impact
on our results, supporting our approach where only nonlinearities of pure gravitational
origin are accounted for.

Thermal freeze-out determines the warm matter fraction as

fχ ≈ 1
h2Ω0

m

∑
mν

93.14 eV ≈ 1.1 × 10−2 h−2
(∑

mν

0.3 eV

)( 0.3
Ω0

m

)
. (2.32)

Similarly to ULAs, in cosmologies involving light thermal relics the matter power spectrum
displays a drop-like feature. For massive neutrinos, its location kdrop is approximately given
by ks(anr) if the transition to the nonrelativistic regime happens during MD and by ks(aeq)
if it happens during RD, with ks(a) defined in eq. (2.31).

Since in this work we view the standard neutrinos as a convenient proxy for more general
light thermal relics, for the sake of illustration we show results for a variety of neutrino
masses, including values up to mν ∼ 1 eV that have already been excluded by data.

2.2.3 Accuracy of the analytical linear solutions and discussion

The time evolution of ks is illustrated in the left panel of figure 2 for two example cosmologies,
one containing ULAs and the other containing thermal relics in the form of massive neutrinos.
For the former we assume ma = 10−27 eV with fχ = 0.1, whereas for the latter we take
one neutrino of mass mν = 1 eV, corresponding to a warm fraction fχ ≈ 0.08 according
to eq. (2.32).

7Alternative definitions of the velocity dispersion, differing by 𝒪(1) factors, are common in the literature.
In particular, σ2

ν = 3ζ(3)
2 log 2 T 2

ν,0/(m2
νa2) in refs. [82, 84, 86], which would lead to ks(a) being larger by a factor

≈ 2.2 compared to our expression in eq. (2.31).
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Figure 2. Left: Time evolution of the characteristic wavenumber ks(a) for two example models
described by our framework: an ULA field with ma = 10−27 eV and fχ = 0.1 (purple line) and
a thermal relic massive neutrino with mν = 1 eV and fχ ≈ 0.08 (dashed green line). The black
curves show the evolution of the Hubble scale ℋ for the ULA (solid) and massive neutrino (dashed)
cosmologies. The dotted horizontal line indicates a representative k mode that evolves differently in
the two models. Right: The ratio of linear perturbations δ

[1]
χ /δ

[1]
c as a function of k/ks, evaluated at

z = 0.5, for the same cosmologies shown in the left panel. Dashed curves correspond to our universal
closed-form approximation g(0)(− 2+p

γ−1 log k
ks

)
, with γ = 2 and p = 2 (p = 0) for ULAs (massive

neutrinos). Solid curves show the same ratios as obtained from CLASS.

For the same two cosmologies, in the right panel of figure 2 we compare our closed-form
approximation for the ratio of transfer functions δ

[1]
χ /δ

[1]
c , which recalling eq. (2.16) we write as

g(0)(− 2+p
γ−1 log k

ks

)
with the g(0) function defined in eq. (2.27), to the numerical value obtained

from the numerical Einstein-Boltzmann solver CLASS [87, 88]. Specifically, for massive
neutrinos we use the standard CLASS release [89] with ncdm_fluid_approximation = 1 [63],
while for ULAs we employ AxiCLASS [75, 76]. Excellent agreement is observed in both
cases: our universal description of linear fluctuations accurately predicts the ratios of linear
transfer functions. The ULA model has larger p, therefore a sharper transition around
k ∼ ks is observed.

As can be seen in the left panel of figure 2, the parameters of the two benchmark
cosmologies were chosen to yield similar values of ks(zobs) at the low redshift zobs ∼ 0.5
observed by galaxy surveys. The warm fraction fχ also takes similar values in the two
scenarios. Nevertheless, we expect different imprints on the matter power spectrum due
to the different time dependence of ks: for instance, the k = 0.08 h Mpc−1 mode (dotted
horizontal line in the left panel of figure 2) starts growing later in the massive neutrino
model, hence the power spectrum will be more suppressed at this wavenumber than in
the ULA scenario. These expectations are confirmed by figure 3, where the CLASS output
for the linear power spectrum of total matter, P L

δmδm
, is shown for the ULA (left panel)

and massive neutrino (right panel) cosmologies, both normalized to the ΛCDM prediction.
For comparison, we also show the ratio of transfer functions δ

[1]
χ /δ

[1]
c that appeared in the

right panel of figure 2.
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Figure 3. Left: Ratio of the linear matter power spectrum to ΛCDM (solid purple) compared to
the ratio of linear perturbations δ

[1]
χ /δ

[1]
c (solid blue) for the same ULA cosmology as in figure 2:

ma = 10−27 eV and fχ = 0.1. Both ratios are evaluated at z = 0.5 and obtained from CLASS.
The dot-dashed vertical lines show analytical approximations for the two relevant dynamical scales:
kdrop = ks(zeq), which determines the beginning of the drop in the linear power spectrum, and ks(z),
which marks the end of the step. Right: Same as in the left panel, but for the massive neutrino
cosmology considered in figure 2: mν = 1 eV and fχ ≈ 0.08. Here the dot-dashed vertical lines show
kdrop ≃ ks(znr) and ks(z).

Figure 3 highlights the clear separation between the two scales at play: kdrop, which
corresponds to the smallest k where P L

δmδm
is suppressed relative to ΛCDM, and ks(zobs),

which is relevant for dynamics at the low redshift zobs and marks the end of the step-like
feature. The ratio between the two scales, which determines the width of the step, is
bounded from above by

ks(zobs)
kdrop

≤
( 1 + zeq

1 + zobs

) 1
2+p

, (2.33)

where the inequality is saturated when kdrop = ks(zeq). Taking a representative zobs = 0.5,
we find an upper bound of ∼ 7 for ULAs (p = 2), which is indeed saturated in the left
panel of figure 3 because for the considered mass the axion field starts oscillating before
matter-radiation equality. The hierarchy between the two scales can be much larger for light
thermal relics (p = 0), with an upper bound of ∼ 50. In the cosmology assumed in the
right panel of figure 3 the neutrino becomes nonrelativistic during MD, hence kdrop ≃ ks(znr)
and the ratio is about 30.

On the other hand, the depth of the step in the matter power spectrum is determined
by the fraction fχ. At the linear level, using our analytical solutions we readily estimate
the depth as

P L
δmδm

P L, ΛCDM
δmδm

∣∣∣∣∣
k ≫ ks(zobs)

= (1 − fχ)2 exp
(
−6

5fχ log 1 + zini
1 + zobs

)
. (2.34)

For the ULA (neutrino) cosmology in figure 3 this gives ≈ 0.32 (0.42), in ∼ 20% agreement with
the numerical result ≈ 0.28 (0.34). This is reasonable, if one considers that in the estimate for
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the ULA we assumed instantaneous transition from radiation to matter domination (zini = zeq),
whereas for the neutrino we assumed instantaneous transition from the relativistic to the
nonrelativistic regime (zini = znr).

Importantly, we note that expanding the linear power spectrum for small fχ would
not be appropriate, due to the large logarithm appearing in the exponent of eq. (2.34)
(and the relatively large size of fχ considered). It is well known that such large logarithm,
which corresponds to a time-integrated effect, can invalidate the expansion of the linear
perturbations of the cold species [49]. For this reason, in our approach the expansion in
fχ ≪ 1 is never performed on δ

[1]
c , but only on quantities that are by construction free from

large time logarithms, namely ratios of linear perturbations (δ[1]
χ /δ

[1]
c and Θ[1]

x /δ
[1]
c for x = χ, c)

and nonlinear kernels. In our framework and results the linear power spectrum of the cold
species, P L

δcδc
, is always obtained from a full numerical solution computed with CLASS.

3 Galaxy power spectrum in redshift space

In this section we present all the theoretical ingredients needed to predict the 1-loop power
spectrum of galaxies in redshift space, which can be compared to data.

3.1 Matter nonlinearities

We begin by discussing solutions beyond the linear order to eqs. (2.13), which describe the
dynamics of the two coupled fluids χ and c. Using the notation introduced in eq. (2.14), we
define the perturbative expansion of the solutions as

δ[n]
χ (k, η̃) =

∫
k

dk1...n F [n]
χ (k1, . . . , kn; η̃) δ[1]

χ (k1, η̃) . . . δ[1]
χ (kn, η̃) , (3.1a)

Θ[n]
χ (k, η̃) =

∫
k

dk1...n G[n]
χ (k1, . . . , kn; η̃) δ[1]

χ (k1, η̃) . . . δ[1]
χ (kn, η̃) , (3.1b)

δ[n]
c (k, η̃) =

∫
k

dk1...n F [n]
c (k1, . . . , kn; η̃) δ[1]

c (k1, η̃) . . . δ[1]
c (kn, η̃) , (3.1c)

Θ[n]
c (k, η̃) =

∫
k

dk1...n G[n]
c (k1, . . . , kn; η̃) δ[1]

c (k1, η̃) . . . δ[1]
c (kn, η̃) . (3.1d)

Note that we chose to expand the nonlinear corrections for the χ species in terms of its own
linear field δ

[1]
χ , rather than δ

[1]
c . Importantly, our definition of the momentum-dependent

time variable η̃ always refers to the external momentum k = k1 + . . . + kn . The linear
solutions found in section 2.1 set

F [1]
χ (k1; η̃k1) = F [1]

c (k1; η̃k1) = 1 , G[1]
χ (k1; η̃k1) = h(η̃k1)

g(η̃k1) , G[1]
c (k1; η̃k1) = s(η̃k1) , (3.2)

where we defined

η̃q ≡ η̃ − 2 + p

γ − 1 log q

k
(3.3)

for an arbitrary vector q.
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At nonlinear order, differential equations for the kernels are found by substituting the
expansions (3.1) into eqs. (2.13). For example, at second order (n = 2) we obtain(

∂η̃ + h

g
(η̃k1) + h

g
(η̃k2)

)
F [2]

χ − G[2]
χ = 1

2

(
α(k1, k2)h

g
(η̃k1) + α(k2, k1)h

g
(η̃k2)

)
, (3.4a)(

∂η̃ + 1
2 + h

g
(η̃k1) + h

g
(η̃k2)

)
G[2]

χ + 3
2
(
e−(γ−1)η̃ − fχ

)
F [2]

χ − 3
2(1 − fχ) F

[2]
c

g(η̃k1)g(η̃k2)

= β(k1, k2)h

g
(η̃k1)h

g
(η̃k2) , (3.4b)(

∂η̃ + s(η̃k1) + s(η̃k2)
)
F [2]

c − G[2]
c = 1

2
(
α(k1, k2)s(η̃k1) + α(k2, k1)s(η̃k2)

)
, (3.4c)(

∂η̃ + 1
2 + s(η̃k1) + s(η̃k2)

)
G[2]

c − 3
2fχF [2]

χ g(η̃k1)g(η̃k2) − 3
2(1 − fχ)F [2]

c

= β(k1, k2)s(η̃k1)s(η̃k2) , (3.4d)

where the argument of the kernels is understood to be (k1, k2; η̃).
At 𝒪(f0

χ) we have s(0)(η̃) = 1 and the equations for c are solved by the standard,
η̃-independent EdS kernels for all n,

F (0)[n]
c (k1, . . . , kn; η̃) = Fn(k1, . . . , kn) , G(0)[n]

c (k1, . . . , kn; η̃) = Gn(k1, . . . , kn) , (3.5)

where the Fn and Gn functions can be found e.g. in ref. [90]. All the remaining pieces of the
nonlinear solutions depend on the value of γ. In the rest of this section we focus on γ = 2,
building upon the linear results presented in section 2.2.

3.1.1 Analytical solutions for γ = 2

Although a general solution for the nonlinear kernels defined in eq. (3.1) requires numerical
integration, analytical expressions can be derived for kinematic configurations where all the
momenta are well separated from the characteristic scale ks. In that respect, three distinct
physical regimes can be identified depending on the size of ks relative to the observational
window of galaxy surveys, which is roughly given by keq ≲ k ≲ kNL (with keq ≡ ℋeq):

• When kdrop ≳ kNL (and therefore ks(zobs) ≫ kNL), the χ and c species are indistin-
guishable on all scales probed by galaxy surveys, hence a standard description in terms
of a single CDM fluid is adequate.

• When ks(zobs) ≲ keq, the χ perturbations are strongly suppressed in the whole region
of wavenumbers relevant to LSS data. Massive neutrinos with mν ≲ 0.1 eV are a
well-known realization of this case, as eq. (2.31) shows. A description in terms of a
single fluid c is appropriate, however the presence of the non-clustering species χ affects
the evolution of the c perturbations in a nontrivial way.

• When keq < ks(zobs) and kdrop < kNL are both satisfied,8 the characteristic scale leaves
direct imprints in the fluctuations of both χ and c. A computationally efficient yet
accurate modeling of the 1-loop galaxy power spectrum in this regime is the main goal
of this paper.

8For instance, in the case of ULAs this regime corresponds, recalling eq. (2.33), to keq < ks(zobs) < 7 kNL.
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We now present analytical results for the nonlinear matter kernels corresponding to each
of the three regimes.

If all momenta are much smaller than ks(a), then the χ and c species are indistinguishable.
This is a trivial limit where we just have a single fluid behaving as CDM, with kernels given
by the standard Fn and Gn.

If all momenta are much larger than ks(a), the χ perturbations are entirely negligible
and we only need to solve for the dynamics of the cold species c. In appendix A we show that,
perhaps surprisingly, in this limit the equations obeyed by the c perturbations are tightly
related to the equations found in refs. [91, 92] for a different type of new dynamics affecting
the CDM+baryon fluid: DM self-interactions mediated by a massless (scalar) field. As a
consequence, and as detailed in appendix A, solutions for this regime where all momenta
are large are immediately obtained from the results of ref. [92]. For instance, up to second
perturbative order for k1, k2, k ≫ ks(a), with k = k1 + k2, we find

F [2]
c (k1, k2; η̃) = F2(k1, k2) + 6fχ

245
[
αs(k1, k2) − β(k1, k2)

]
+ 𝒪(f2

χ) , (3.6a)

G[2]
c (k1, k2; η̃) =

(
1 − 3fχ

5

)
G2(k1, k2) + 12fχ

245
[
αs(k1, k2) − β(k1, k2)

]
+ 𝒪(f2

χ) . (3.6b)

These expressions can, of course, also be obtained by solving directly eqs. (3.4) in the
appropriate limit. The dominant beyond-ΛCDM imprint is the suppression of the linear
growth rate f(k)/fΛCDM ≃ 1 − 3fχ/5, which results in the factor multiplying G2 in eq. (3.6b).
Additional effects are strongly suppressed by accidentally small coefficients, such as 6/245 ≈
0.024, which make them practically unobservable. This picture is consistent with the results
obtained in refs. [57, 93] for massive neutrino cosmologies.9

Finally, we turn to the regime where some momenta are large relative to ks(a), while
others are small. This is the most relevant situation for our purposes, as well as the most
complex one. The analytical results we present below are, to our knowledge, entirely new.

At second perturbative order and 𝒪(f0
χ), eqs. (3.4a) and (3.4b) yield in the k1 ≪ ks(a) ≪

k2 configuration

F (0)[2]
χ (k1, k2; η̃) = F2(k1, k2) , (3.7a)

G(0)[2]
χ (k1, k2; η̃) = 2G2(k1, k2) − 3

14αs(k1, k2) + 1
2αa(k1, k2) − 2

7β(k1, k2) , (3.7b)

where we have defined the symmetric and antisymmetric components of α as

αs,a(k1, k2) ≡ 1
2
[
α(k1, k2) ± α(k2, k1)

]
. (3.8)

For the cold species at 𝒪(fχ) we obtain

F (1)[2]
c (k1, k2; η̃) =− 69

490αs(k1, k2) + 3
14αa(k1, k2) − 18

245β(k1, k2) , (3.9a)

G(1)[2]
c (k1, k2; η̃) =−3

5G2(k1, k2) − 15
98αs(k1, k2) + 9

70αa(k1, k2) + 6
245β(k1, k2) . (3.9b)

9Equations (3.6) also agree with eq. (15) in ref. [94], after correcting obvious typos in that reference.
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We have chosen to write the right-hand sides of eqs. (3.7) and (3.9) so that the infrared (IR)
divergence for k1 → 0, where present, is fully captured by the term proportional to F2 or
G2. The appearance of the antisymmetric mode coupling function αa, which is absent in
ΛCDM, is enabled by the presence of the new scale ks(a). The source terms of the continuity
equations (3.4a) and (3.4c), which must be symmetric under k1 ↔ k2 exchange, contain
products of αa times antisymmetric combinations of the new functions of momentum h/g

and s. For example, for the χ species one finds

αa(k1, k2)
[

h

g
(η̃k1) − h

g
(η̃k2)

]
⊂ α(k1, k2)h

g
(η̃k1) + α(k2, k1)h

g
(η̃k2) , (3.10)

which leads to the appearance of αa in eq. (3.7) after using the limits h(0)/g(0) → 1 for
k1 ≪ ks(a) and h(0)/g(0) → 2 for k2 ≫ ks(a). It should be noted that this momentum
coupling is not present in bootstrap approaches to LSS [95, 96], as the latter are constructed
for scale-free theories where such a structure cannot appear.

The simplest observables where the new dynamics we derived above for the k1 ≪ ks(a) ≪
k2 configuration will appear, are tree-level bispectra. However, since the LSS data analysis
of section 4 considers only the galaxy power spectrum, we defer a detailed study of the
signatures of mixed DM scenarios in higher-point correlators to future work.

3.1.2 Infrared structure

Here we discuss the IR behavior of the matter solutions. We begin with χ at 𝒪(f0
χ). Taking

k1 = q and k2 = k−q with q → 0, the second-order equations (3.4a) and (3.4b) are solved by

F (0)[2]
χ (q, k −q; η̃) q → 0= F2(q, k −q) , G(0)[2]

χ (q, k −q; η̃) q → 0= h(0)

g(0) (η̃) G2(q, k −q) , (3.11)

which should be understood as equalities of the 1/q poles.10 They were derived by setting
g(0)(η̃q), h(0)(η̃q) q → 0→ 1 and employing the linear equation (2.18) for g(0)(η̃). Hence, at 𝒪(f0

χ)
the IR divergence in F

[2]
χ is the same as in a standard EdS cosmology. By contrast, the

residual of the IR pole in G
[2]
χ is time dependent and proportional to the χ linear growth rate

h/g. A similar calculation at the third perturbative order results in the equalities

F (0)[3]
χ (k, q, −q; η̃)q → 0= F3(k, q, −q) , G(0)[3]

χ (k, q, −q; η̃) q → 0= h(0)

g(0) (η̃) G3(k, q, −q) , (3.12)

which hold for the 1/q2 poles.
An analogous IR structure is observed in the solutions for the cold species. At 𝒪(fχ),

the second-order equations (3.4c) and (3.4d) are solved by

F (1)[2]
c (q, k − q; η̃) q → 0= 0 , G(1)[2]

c (q, k − q; η̃) q → 0= s(1)(η̃) G2(q, k − q) , (3.13)

obtained by setting s(1)(η̃q) q → 0→ 0 and g(0)(η̃q) q → 0→ 1 and making use of the linear equa-
tion (2.23) for s(1)(η̃). Therefore, up to 𝒪(fχ) the IR divergence of F

[2]
c is not modified

10Equation (3.11) is found to be consistent with eq. (3.7) after recalling that in the former h(0)/g(0) → 2 for
k ≫ ks(a), while in the latter only the terms proportional to F2 or G2 are IR divergent.
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relative to standard cosmology, whereas the residual of the IR pole in G
[2]
c is proportional

to the linear growth rate s. Similarly, at third order we find

F (1)[3]
c (k, q, −q; η̃) q → 0= 0 , G(1)[3]

c (k, q, −q; η̃) q → 0= s(1)(η̃) G3(k, q, −q) . (3.14)

It is easy to guess, then, that eqs. (3.11)–(3.14) generalize to all orders in fχ, namely

F [n]
χ

q → 0= Fn , G[n]
χ

q → 0= h

g
(η̃) Gn , F [n]

c
q → 0= Fn , G[n]

c
q → 0= s(η̃) Gn , (3.15)

where the arguments of the kernels are understood to be (q, k − q; η̃) for n = 2 and
(k, q, −q; η̃) for n = 3.

Equation (3.15) guarantees, at all orders in fχ, the absence of IR divergences in all
1-loop power spectra, as a direct consequence of their well-known cancellation in ΛCDM. For
instance, the 1-loop correction to the δc - Θχ cross power spectrum reads

P 1-loop
δcΘχ

(k) = 4
∫

d3q

(2π)3 F [2]
c (q,k−q)G[2]

χ (q,k−q)P L
δcδχ

(q)P L
δcδχ

(|k−q |)ΘH(|k−q|−q)

+3P L
δcΘχ

(k)
∫

d3q

(2π)3 F [3]
c (k,q,−q)P L

δcδc
(q)+3P L

δcδχ
(k)
∫

d3q

(2π)3 G[3]
χ (k,q,−q)P L

δχδχ
(q) , (3.16)

where the dependence on the time variable η̃ is understood. Exploiting eq. (3.15), it is
immediate to verify that in the q → 0 limit the integrand in P 1-loop

δcΘχ
is proportional to

4F2(q, k − q)G2(q, k − q) + 3F3(k, q, −q) + 3G3(k, q, −q) , (3.17)

where divergences cancel exactly.
Furthermore, eq. (3.15) ensures that all tree-level bispectra are free from IR poles. For

example, consider

BδcδcΘχ(q, p1, p2) = 2
[
F [2]

c (p1, p2; η̃q)P L
δcδc

(p1)P L
δcΘχ

(p2) + F [2]
c (q, p2; η̃p1)P L

δcδc
(q)P L

δcΘχ
(p2)

+ G[2]
χ (q, p1; η̃p2)P L

δcδχ
(q)P L

δcδχ
(p1)

]
. (3.18)

Making use of eq. (3.15) one easily verifies that BδcδcΘχ is proportional to F2(q, −p1) +
G2(q, p1) in the q → 0 limit, hence the IR divergence cancels.

3.1.3 Ultraviolet structure

The sensitivity of the 1-loop matter power spectra to UV modes is dominated by the P 13

contributions, which involve the third-order kernels. For the χ species we find the following
behavior at 𝒪(f0

χ),

F (0)[3]
χ (k, q, −q; η̃) ks(a) ≪ q= u(0)(η̃)F3(k, q, −q)

g(0)(η̃) g(0)(η̃q)2 , (3.19a)

G(0)[3]
χ (k, q, −q; η̃) ks(a) ≪ q= (∂η̃u(0) + 3u(0))(η̃)F3(k, q, −q)

g(0)(η̃) g(0)(η̃q)2 , (3.19b)
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where
u(0)(η̃) = U (0)

(√
6e−η̃/2

)
, with U (0)(x) = 1

7 − x2

140 + x4

840G(0)(x) . (3.20)

Accordingly, the 1-loop density power spectra involving the χ species scale as

P
(0)13
δcδχ

(k) UV−−→ − 61
630π2

1
2

(
1 + u(0)

g(0) (η̃)
)

k2P
(0)L
δcδχ

(k)
∫ ΛUV

dqP
(0)L
δcδc

(q) , (3.21)

P
(0)13
δχδχ

(k) UV−−→ − 61
630π2

u(0)

g(0) (η̃) k2P
(0)L
δχδχ

(k)
∫ ΛUV

dqP
(0)L
δcδc

(q) . (3.22)

Thus, the standard UV dependence ∼ k2P L(k) is further modulated, already at 𝒪(f0
χ), by

the ratio u(0)/g(0), which smoothly transitions from 1/7 at k ≪ ks(a) to 1 at k ≫ ks(a).
For the cold species, we can evaluate analytically the UV behavior at 𝒪(fχ) when the

external wavenumber is well separated from ks(a),

F (1)[3]
c (k, q, −q) k ≪ ks(a) ≪ q−−−−−−−−→ 1

1890(−116µ̄4 + 397µ̄2 − 71)
(

k

q

)2
+ 𝒪

(
(k/q)4 ), (3.23a)

F (1)[3]
c (k, q, −q) ks(a) ≪ k ≪ q−−−−−−−−→ 4

6615
(
49µ̄4 − 71µ̄2 + 22

)(k

q

)2
+ 𝒪

(
(k/q)4 ), (3.23b)

where µ̄ ≡ k · q/(kq). As a consequence, at 𝒪(fχ) the UV limit of the 1-loop power spectrum
of δc deviates from the standard k2P L

δcδc
(k) dependence. Interpolating between the two limits

in eq. (3.23) gives the approximate expression

P 13
δcδc

(k) UV−−→ − 61
630π2

{
1 − fχ

[
16
105 + 3028

6405 g(0)
(

−(2 + p) log k

ks(a)

)]}

× k2P L
δcδc

(k)
∫ ΛUV

dqP L
δcδc

(q) , (3.24)

which indeed agrees with the numerical solution up to tiny 𝒪(f2
χ) corrections, as shown

in figure 4. In principle, then, the standard k2P L
δcδc

(k) counterterm should be modified to
account for this new UV sensitivity at first order in fχ.

Finally, analogous UV structures are found for the power spectra involving the velocity
divergences: for instance,

P
(0)13
δcΘχ

(k) UV−−→ − 61
630π2

1
2

(
1 + ∂η̃u(0) + 3u(0)

h(0) (η̃)
)

k2P
(0)L
δcΘχ

(k)
∫ ΛUV

dqP
(0)L
δcδc

(q) , (3.25)

where (∂η̃u(0) + 3u(0))/h(0) smoothly transitions from 3/7 at k ≪ ks(a) to 2 at k ≫ ks(a).

3.2 Bias expansion with two fluids

The response of galaxy (and halo) formation to the presence of multiple fluid species has
been studied extensively [53, 82, 92, 97–101]. The bias expansion for two fluids is naturally
expressed in terms of the total matter (m) and relative (r) perturbations, defined in eq. (2.3).
However, in this work we limit a full description of bias to linear operators, for which the
map between the (m, r) and (χ, c) field bases is straightforward. Therefore we prefer to work
with the latter basis, which we have used thus far to express our solutions.

– 20 –



J
C
A
P
0
1
(
2
0
2
6
)
0
4
7

10−3 10−2 10−1 100 101 102 103

k/ks

0.90

0.92

0.94

0.96

0.98

1.00

1.02

ra
ti

o
to

Λ
C

D
M

P 13
δcδc divergence (numerical)

1− fχ( 16
105

+ 3028
6405

g(0))

Figure 4. Coefficient of the UV divergence for the P 13
δcδc

(k) loop integral, as a function of k/ks(a),
normalized to the standard ΛCDM value. The solid blue line shows the numerical result for p = 0,
obtained by setting fχ = 0.1. The two dotted lines show the analytical limits for k ≪ ks(a) and
k ≫ ks(a), calculated using eqs. (3.23). The dashed purple line corresponds to the analytical
interpolation given within curly brackets in eq. (3.24). The residual discrepancies observed between
numerical and analytical results are due to terms of 𝒪(f2

χ) ∼ 1%, which were neglected in the analytical
expansion for small fχ.

The galaxy number density perturbation δg ≡ ng/n̄g − 1 admits the bias expansion [53,
92, 100]

δg = bcδc + bχδχ + bΘ (Θχ − Θc) + . . . , (3.26)

where the dots stand for nonlinear operators. What is the expected size of bχ? A simple
argument indicates that bχ must vanish as fχ → 0 . If this were not the case, the galaxy
perturbation would experience a finite jump from δg = (bc + bχ)δc to δg = bcδc around ks(a)
despite the χ energy density being negligible, which is unphysical. Furthermore, studies of
the scale dependence of bias in the presence of massive neutrinos [82, 97, 98] indicate that
bν is of order fν and has negative sign, bν = −fν b̂ν with 0 < b̂ν < bc.

However, in general it is not guaranteed that an expansion of bχ for fχ ≪ 1 is meaningful
when fχ is as large as 𝒪(0.1), much bigger than the realistic values for the neutrino fraction fν ,
as it will be considered in this work. For this reason, as our baseline choice we conservatively
treat bχ as an 𝒪(1) parameter and similarly for bΘ. Nonetheless, in section 4 we will also
discuss the impact of tightening the prior on bχ to 𝒪(fχ) size. Under our baseline assumptions,
a formally consistent analytical calculation of galaxy correlators would require one to solve
for the χ perturbations up to 𝒪(fχ), which is beyond the scope of this paper. In practice,
however, we expect the key physical effects to be already captured by the leading non-trivial
order, which for χ is 𝒪(f0

χ) and which we have retained throughout.
Expanding the galaxy density perturbation as

δ[n]
g (k, η̃) =

∫
k

dk1...n F [n]
g (k1, . . . , kn; η̃) δ[1]

c (k1, η̃) . . . δ[1]
c (kn, η̃) , (3.27)
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Figure 5. The ratio P L
δgδg

/P L
δcδc

calculated at linear order from the bias expansion in eq. (3.26), as a
function of η̃. Solid lines correspond to a set of bias coefficients (bc, bχ, bΘ). Dotted lines correspond
to a different set, where bΘ = 0 but bc and bχ have been appropriately shifted, which reproduces well
the shape of the galaxy power spectrum. The small residual difference depends on the size of bΘ.

we find at linear level (recall that s(η̃) = f(k)/fΛCDM)

F [1]
g (k1; η̃k1) = bc + bχg(η̃k1) + bΘ

[
h(η̃k1) − f(k1)

fΛCDM

]
. (3.28)

The 𝒪(f0
χ) results s = 1 and h ∼ g, the latter meaning that the two functions have similar

qualitative behaviors (see the right panel of figure 1), suggest that the effect of bΘ can be
largely absorbed into redefinitions of bc and bχ. This is confirmed by figure 5, which shows
that the impact of a non-zero bΘ on the linear galaxy power spectrum can be approximately
captured by shifting bc → bc − bΘ and bχ → bχ + bΘ.

Nonlinear bias operators can be systematically included in eq. (3.26) by applying the
general results of ref. [92] (which built upon refs. [53, 100]), and are constructed using the
perturbations of both species. However, given that the impact of the nonlinear bias coefficients
on the extraction of cosmological parameters is, in general, numerically smaller than for
linear bias, in this paper we adopt a simplified approach where only nonlinear bias operators
containing the cold species alone are included. The prescription for kernels presented in
section 3.4 below also implies that nonlinear bias operators involving δχ and vi

χ can be viewed
as scale-dependent corrections to the already largely uncertain nonlinear bias parameters
with respect to the CDM plus baryon fluid.

3.3 Redshift space distortions

Our next step is to perform the mapping between real and redshift space, see e.g. ref. [90].
To derive the redshift-space expression of the galaxy number density perturbation, which
we denote δg,s, we also require the bias expansion of the galaxy velocity vi

g ,

vi
g = (1 − bv)vi

c + bvvi
χ + . . . , (3.29)
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where the dots indicate again nonlinear operators. The presence of a single linear velocity
bias coefficient bv is fixed by invariance under generalized Galilean transformations, which
boost all velocities by the same (spatially constant) amount.

Expanding the divergence of the galaxy velocity in analogy with eq. (3.27), we write

Θ[n]
g (k, η̃) =

∫
k

dk1...n G[n]
g (k1, . . . , kn; η̃) δ[1]

c (k1, η̃) . . . δ[1]
c (kn, η̃) . (3.30)

At linear level we obtain

G[1]
g (k1; η̃k1) = (1 − bv) f(k1)

fΛCDM
+ bvh(η̃k1) , (3.31)

and by comparison with eq. (3.28) we expect the effect of bv to be largely degenerate with
the one of bΘ. We do not consider any nonlinear velocity bias operators in this work, since
their effects are expected to be very suppressed. However, if desired they could be included
in eq. (3.29) by exploiting previous results [92, 100].

Defining the expansion of δg,s as in eq. (3.27), but with redshift space galaxy kernels
labeled by F

[n]
g,s , we obtain up to third perturbative order

F [1]
g,s(k1; η̃k1) = F [1]

g (k1; η̃k1) + fΛCDMµ2
1G[1]

g (k1; η̃k1) , (3.32a)

F [2]
g,s(k1, k2; η̃) = F [2]

g (k1, k2; η̃) + fΛCDMµ2G[2]
g (k1, k2; η̃)

+ fΛCDMkµ
[ µ1
2k1

F [1]
g (k2; η̃k2)G[1]

g (k1; η̃k1) + k1 ↔ k2
]

+ f2
ΛCDMk2µ2 µ1µ2

2k1k2
G[1]

g (k1; η̃k1)G[1]
g (k2; η̃k2) , (3.32b)

F [3]
g,s(k1, k2, k3; η̃) = F [3]

g (k1, k2, k3; η̃) + fΛCDMµ2G[3]
g (k1, k2, k3; η̃)

+1
3
{

fΛCDMkµ
[µ1

k1
G[1]

g (k1; η̃k1)F [2]
g (k2, k3; η̃k23) + µ23

k23
F [1]

g (k1; η̃k1)G[2]
g (k2, k3; η̃k23)

]
+f2

ΛCDMk2µ2
[µ1

k1

µ23
k23

G[1]
g (k1; η̃k1)G[2]

g (k2, k3; η̃k23)

+ µ2µ3
2k2k3

F [1]
g (k1; η̃k1)G[1]

g (k2; η̃k2)G[1]
g (k3; η̃k3)

]}
+ k1 ↔ k2 + k1 ↔ k3

+f3
ΛCDMk3µ3 µ1µ2µ3

6k1k2k3
G[1]

g (k1; η̃k1)G[1]
g (k2; η̃k2)G[1]

g (k3; η̃k3) , (3.32c)

where µ ≡ k·ẑ/k with k = k1+. . .+kn, µi1...im ≡ ki1...im ·ẑ/ki1...im with ki1...im = ki1+. . .+kim

and ẑ is the unit vector along the line of sight, which we take as our z axis. In the ΛCDM
limit, eqs. (3.32) reproduce standard results [102, 103]. The 1-loop contribution to the
redshift-space galaxy power spectrum is therefore

P 1-loop
δgδg ,s (k, µ) = 2

∫
d3q

(2π)3
[
F [2]

g,s(q, k − q; η̃)
]2

P L
δcδc

(q)P L
δcδc

(|k − q |)

+ 6 F [1]
g,s(k; η̃)P L

δcδc
(k)

∫
d3q

(2π)3 F [3]
g,s(k, q, −q; η̃)P L

δcδc
(q) . (3.33)

The redshift-space galaxy power spectrum is then expanded in its multipoles

Pℓ(k) ≡ 2ℓ + 1
2

∫ +1

−1
dµ Pδgδg ,s(k, µ)ℒℓ(µ) , (3.34)

where ℒℓ are the Legendre polynomials. As customary, in this work we consider the ℓ = 0, 2, 4
multipoles.
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3.4 Prescription for nonlinear kernels

The analytical understanding of the matter kernels we obtained in section 3.1 by means of the
small fχ expansion, allows us to design a prescription that strongly simplifies the evaluation
of Pδgδg ,s(k, µ) up to 1-loop order, while retaining sufficient accuracy. The prescription is
obtained by imposing that all IR limits in eq. (3.15) are reproduced exactly, leading us to define

F [n]
χ (k1, . . . , kn; η̃)p = g(η̃) Fn(k1, . . . , kn)

g(η̃k1) . . . g(η̃kn) , (3.35a)

G[n]
χ (k1, . . . , kn; η̃)p = h(η̃) Gn(k1, . . . , kn)

g(η̃k1) . . . g(η̃kn) , (3.35b)

F [n]
c (k1, . . . , kn; η̃)p = Fn(k1, . . . , kn) , (3.35c)

G[n]
c (k1, . . . , kn; η̃)p = s(η̃)Gn(k1, . . . , kn) . (3.35d)

We will denote any quantities evaluated according to this prescription with a “p” subscript.
We see that the standard ΛCDM kernels Fn and Gn are the only nonlinear quantities

appearing on the right-hand sides of eqs. (3.35). They multiply the ratios of linear transfer
functions g, h and s evaluated on the external momentum k = k1 + . . . + kn, whereas the
products of g functions in the denominators of eqs. (3.35a) and (3.35b) simply rephrase the
perturbative expansions of eqs. (3.1) in terms of only one linear field, namely δ

[1]
c . As a

consequence of these properties, the application of the prescription casts the 1-loop corrections
to the matter power spectra into a simple factorized form. For instance, eq. (3.16) becomes

P 1-loop
δcΘχ

(k)p = h(η̃)
{

4
∫

d3q

(2π)3 F2(q, k − q)G2(q, k − q)P L
δcδc

(q)P L
δcδc

(|k − q |)

× ΘH(|k − q| − q) + 3P L
δcδc

(k)
∫

d3q

(2π)3
[
F3(k, q, −q) + G3(k, q, −q)

]
P L

δcδc
(q)
}

, (3.36)

where the quantity in curly brackets is simply the standard form of the 1-loop correction
calculated with ΛCDM kernels, taking as input the linear power spectrum for the cold species,
P L

δcδc
(k), as obtained from CLASS. Standard methods developed for ΛCDM then enable a

fast evaluation of eq. (3.36) suitable for MCMC analysis.
One immediate consequence of the prescription is that, at all perturbative orders, the

χ fields are obtained from the c fields through multiplication by ratios of linear transfer
functions, namely

δχ(k, η̃)p = g(η̃)δc(k, η̃)p , Θχ(k, η̃)p = h

s
(η̃)Θc(k, η̃)p . (3.37)

The first relation in eq. (3.37) was indeed assumed in some previous studies of massive
neutrino cosmologies [43, 48, 57].

In the rest of this section we thoroughly analyze the accuracy and implications of our
prescription in eqs. (3.35). Before doing so, however, we stress again that this prescription
is motivated by the need to efficiently compute the galaxy power spectrum at 1-loop order.
Indeed, since analytical expressions for the kernels covering the entire kinematic regime where
the loops have support are not available, we are naturally prompted to adopt the above
ansatz in order to manageably perform the required hundreds of thousands of evaluations.
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Figure 6. Comparison of numerical solutions and analytical limits for the second order kernels of
the cold species, F

[2]
c (q, k − q; η̃) and G

[2]
c (q, k − q; η̃), normalized to the respective values F

[2]
c, p and

G
[2]
c, p defined by the prescription in eqs. (3.35). We set fχ = 0.1 and choose µ̄ = k · q/(kq) = 0 to

remove the 1/q IR pole, which is exactly reproduced by the prescription. Solid curves correspond
to the numerical solution for p = 0, while dashed lines show analytical limits. Left: k ≪ ks(a). The
q ≪ ks(a) limits are trivial, recovering ΛCDM. The q ≫ ks(a) analytical limits are derived from
eqs. (B.4) in appendix B. Right: k ≫ ks(a). The q ≪ ks(a) [q ≫ ks(a)] analytical limits are obtained
from eqs. (3.9) [eqs. (3.6)].

Nevertheless, the analytical expressions we presented in section 3.1 (which were based on the
small fχ expansion, but did not rely on any ansätze) may be used to compute other observables
exactly, for instance the tree-level galaxy bispectrum in some kinematic configurations, as
argued in section 3.1.1.

3.4.1 Accuracy for kernels

While the prescription reproduces exactly, by construction, the behavior of the complete
solutions in the IR limit, it does introduce inaccuracies for general configurations of the
momenta. Nevertheless, it preserves the correct structure of the kernels even far away from
the IR, modulo momentum- dependent corrections that are a priori of 𝒪(f0

χ) for the χ fields
and 𝒪(fχ) for the c fields.

In figure 6 we compare numerical and analytical solutions for the second order kernels of
the cold fluid in the (q, k − q) configuration of momenta relevant for the P 22 contribution to
the 1-loop power spectrum. Both numerical and analytical solutions are normalized to the
value prescribed by eqs. (3.35c) or (3.35d). We set fχ = 0.1 and evaluate the numerical results
for p = 0 (as well as γ = 2, as we always assumed from section 3.1.1 onwards). We choose k
and q to be orthogonal in order to remove the IR pole at small q (by construction, the IR
pole is exactly reproduced by our prescription). The figure shows two conceptually distinct
aspects. (i) First, we observe that the numerical solutions (solid curves) are in good agreement
with the analytical approximations (dashed lines) when all momenta are separated from ks(a).
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Figure 7. Comparison of numerical solutions and analytical limits for the second order kernels of
the warm species, F

[2]
χ (q, k − q; η̃) and G

[2]
χ (q, k − q; η̃), normalized to the respective values F

[2]
χ, p and

G
[2]
χ, p defined by the prescription in eqs. (3.35). We set fχ = 0.1 and choose µ̄ = k · q/(kq) = 0 to

remove the 1/q IR pole, which is exactly reproduced by the prescription. Solid curves correspond
to the numerical solution for p = 0, while dashed lines show analytical limits. Left: k ≪ ks(a). The
q ≪ ks(a) limits are trivial, recovering ΛCDM. The q ≫ ks(a) analytical limits are derived from
eqs. (B.2) in appendix B. Right: k ≫ ks(a). The q ≪ ks(a) [q ≫ ks(a)] analytical limits are obtained
from eqs. (3.7) [eqs. (B.2) in appendix B].

The small residual differences are due to corrections of 𝒪(f2
χ) that we have not calculated.

This validates the analytical results presented in section 3.1.1. (ii) Second, the deviations of
the solid curves from unity show that our prescription does indeed introduce errors of 𝒪(fχ)
with respect to the exact numerical result, as expected. This is the price we accept to pay, in
exchange for the fast evaluation of the 1-loop corrections illustrated by eq. (3.36).

In figure 7 we perform an analogous comparison, but for the second order kernels of the
warm species χ. Here we observe that: (i) numerical solutions (solid curves) and analytical
limits (dashed lines) agree, modulo 𝒪(fχ) corrections which we have not calculated, thus
confirming the results of section 3.1.1; and (ii) the prescription introduces 𝒪(f0

χ) errors with
respect to the exact numerical result in some regions of momenta, as the deviations of the
solid curves from unity show. The deviations are especially large for G

[2]
χ (solid purple),

whereas the prescription provides a better approximation to F
[2]
χ (solid blue).

3.4.2 Ultraviolet behavior and counterterms

Next, we focus on the behavior of the prescription in the UV limit. For the 1-loop power
spectra of matter density perturbations we find

{
P 13

δcδχ
(k), P 13

δχδχ
(k), P 13

δcδc
(k)
}

p

UV−−→ − 61k2

630π2
{
P L

δcδχ
(k), P L

δχδχ
(k), P L

δcδc
(k)
} ∫ ΛUV

dqP L
δcδc

(q) . (3.38)
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By comparing these to the exact perturbative results for the UV limits in eqs. (3.21),
(3.22) and (3.24), respectively, we see that the prescription does not capture the additional
scale-dependent effects seen in those equations. Nevertheless, we expect these additional
scale-dependent effects to be small for two separate reasons. For power spectra involving
the χ fields, where the additional scale dependence formally arises at 𝒪(f0

χ), because the
χ transfer functions are suppressed for k ≳ ks(a). For power spectra involving only the
CDM+baryon perturbations, because the additional scale dependence appears only at 𝒪(fχ).

Owing to the presence of both δc and δχ in the two-fluid bias expansion of eq. (3.26) and
in accordance with the UV behavior obtained with the prescription, eq. (3.38), our prediction
for the galaxy power spectrum multipoles will need to include the following counterterms

P ctr
ℓ (k) = −2ccc,ℓ k2P L

δcδc
(k) − 2ccχ,ℓ k2P L

δcδχ
(k) − 2cχχ,ℓ k2P L

δχδχ
(k) . (3.39)

When ks ≫ kNL these reduce to the usual counterterms of ΛCDM analyses [103] expressed
in terms of the total matter power spectrum, namely −2cmm,ℓ k2P L

δmδm
(k). Conversely,

when ks ≪ kNL the power spectra involving χ are strongly suppressed and one is left with
−2ccc,ℓ k2P L

δcδc
(k). This is the relevant situation for the standard massive neutrinos [57].

Qualitatively similar results are obtained for power spectra of the velocity fields, for
instance

P 13
δcΘχ

(k)p
UV−−→ − 25k2

126π2 P L
δcΘχ

(k)
∫ ΛUV

dqP L
δcδc

(q) , (3.40)

which should be compared with the exact perturbative expression in eq. (3.25). In principle,
the presence of the velocity divergences in the bias expansion of eq. (3.26) would then require
the introduction of new counterterms. In practice, since f(k) = fΛCDM and h(η̃) ∼ g(η̃) at
zeroth order in fχ, we expect the set of counterterms in eq. (3.39) to adequately capture
all the UV sensitivity.

3.4.3 Accuracy for power spectra

In figure 8 we compare the 1-loop matter power spectra computed with our prescription
to those obtained from exact numerical solutions of the fluid equations. We do so for the
two benchmark cosmologies we have already considered in section 2, namely an ULA with
ma = 10−27 eV (top row) and a neutrino with mν = 1 eV (bottom row). The low-redshift
characteristic scale is ks(zobs) ∼ 0.3 h Mpc−1 ∼ kNL for both models, corresponding to the
physical regime where accurately modeling the nonlinear corrections is most challenging.

We discuss first the ULA cosmology. The quantitative comparison confirms the ex-
pectations based on the previous discussion: the relative deviations of the 1-loop terms
(P 1-loop − P 1-loop

p )/P 1-loop observed in the top row of figure 8 are somewhat smaller than 1
for the χχ and cχ power spectra and somewhat smaller than fχ for the cc and mm power
spectra. This happens because, although the prescription introduces inaccuracies of 𝒪(f0

χ) in
the χ kernels and 𝒪(fχ) in the c kernels, by construction these inaccuracies do not affect the
IR limits of the kernels, which give the largest contributions to the loop integrals.

As a result, our prescription ensures a relative accuracy better than fχP 1-loop/P L in
the predictions of the cc and mm power spectra. For the benchmark ULA cosmology with
fχ = 0.1 shown in the top row of figure 8, we obtain a ≲ 2% accuracy up to k = 0.4 h Mpc−1.
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Figure 8. Top row: Comparison of the computations of the 1-loop terms of the matter power spectra
using our prescription for the nonlinear kernels, eqs. (3.35) (dashed lines) to the full numerical results
(solid lines). From left to right: χχ, cχ, cc and mm density power spectra at zobs = 0.5, representative
of the redshift observed by galaxy surveys. Red, blue and black correspond to the 22, (minus) 13 and
total loop contributions. The solid gray line indicates the linear power spectrum. The bottom inset
shows (P 1-loop − P 1-loop

p )/P 1-loop in black and (P 1-loop − P 1-loop
p )/(P L + P 1-loop) in gray. We have

used as inputs the linear power spectra for an ULA cosmology with ma = 10−27 eV and fχ = 0.1,
corresponding to p = 2 and ks(zobs) ≈ 0.29 h Mpc−1. Bottom row: Same as in the top row, but using
as inputs the linear power spectra for a massive neutrino cosmology. We assume a single neutrino
species with mν = 1 eV, corresponding to fχ ≈ 0.08, p = 0 and ks(zobs) ≈ 0.30 h Mpc−1.
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Figure 9. Left: Fractional contributions of the cc, cχ and χχ components to the real space
power spectrum of δg = bcδc + bχδχ up to 1-loop order. Solid lines show the full numerical results,
e.g. b2

cPδcδc
/Pδgδg

, whereas dashed lines correspond to evaluating the 1-loop terms in the numerator
with the prescription, e.g. b2

cPδcδc,p/Pδgδg
. The bottom inset shows the difference between solid and

dashed curves, e.g. b2
c(P 1-loop

δcδc
− P 1-loop

δcδc,p )/Pδgδg . In black we show the difference for the full galaxy
power spectrum, (P 1-loop

δgδg
−P 1-loop

δgδg,p)/Pδgδg
, which is dominated by the cχ component and would remain

constant even for fχ → 0. Right: Comparison between the full numerical result for Pδgδg
, its value

obtained with the prescription, and the additional effect of summing cχ and χχ counterterms with
fitted coefficients. The bottom inset shows the differences between the predictions, compared to the
BOSS Q0 errorbars [104] for reference. In both panels we have set bc = 1.5, bχ = 0.5 and used as
inputs the linear power spectra for an ULA cosmology with ma = 10−27 eV and fχ = 0.02.

This implies, in particular, that our prescription can be used to accurately evaluate lensing
observables, which are only sensitive to Pδmδm . On the other hand, for the χχ and cχ power
spectra the prescription gives a relative accuracy that is better than P 1-loop/P L, but is not
proportional to fχ. In the top row of figure 8 we find ≲ 20% for cχ and ≲ 30% for χχ

(recall that fχ = 0.1 here). These results are confirmed by figure 9, where the same ULA
mass as in the top row of figure 8 is assumed but the fraction is smaller, fχ = 0.02. The
real-space galaxy power spectrum is evaluated up to 1-loop order, starting from the simplified
two-fluid linear bias expansion δg = bcδc + bχδχ. In the left panel of figure 9 we observe that
the prescription reproduces the cc component of Pδgδg with negligible error. However, since
based on the discussion in section 3.2 we conservatively assume bχ ∼ 𝒪(1), the prescription
introduces relative errors in the cχ and χχ components that are not proportional to fχ, and
would remain constant even for vanishingly small fχ.

Nonetheless, this limitation of the prescription does not hinder our ability to extract
reliable cosmological constraints. The reason is that the spurious terms introduced by the
prescription in the cχ and χχ components of the galaxy power spectrum are largely reabsorbed
into the free coefficients of the k2P L

δcδχ
(k) and k2P L

δχδχ
(k) counterterms in eq. (3.39). This is

demonstrated by the right panel of figure 9: after summing cχ and χχ counterterms with
fitted coefficients to Pδgδg ,p(k), the residual difference with the full numerical calculation of
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Pδgδg (k) is entirely negligible relative to the BOSS error bars. The cχ counterterm gives
the most important effect. We view this as strong evidence that our prescription does not
introduce unwanted spurious effects in the derivation of constraints on fχ from the galaxy
power spectrum, when bχ is treated as an 𝒪(1) coefficient in the two-fluid bias expansion.11

The prescription remains valid even when intrinsic nonlinearities associated to the wave-like
nature of ULAs are included, see appendix D.1 for a discussion.

In the bottom row of figure 8 we check the accuracy of the prescription for our benchmark
massive neutrino cosmology. Relative to the ULA scenario, the massive neutrino yields a
smaller P 1-loop/P L ratio for the cχ and χχ power spectra, hence our prescription performs
better. Nevertheless, the genuine 1-loop inaccuracy (P 1-loop −P 1-loop

p )/P 1-loop has comparable
size to the ULA scenario and all the lessons we learned there still apply. Furthermore, the
prescription is robust against the inclusion of intrinsic nonlinearities originating from the
Vlasov equation, as shown in appendix D.2.

3.4.4 Redshift space treatment

The 1-loop contribution to the redshift-space galaxy power spectrum, which was given in
eq. (3.33), simplifies considerably after the prescription (3.35) is applied to the redshift-
space galaxy kernels (3.32). The resulting form can be worked out explicitly by means of
the formulas for the real-space galaxy kernels, which we report in eqs. (B.5) of appendix B
(retaining only linear bias operators for brevity). Even after the application of the prescription,
the evaluation of momentum integrals over the scale-dependent linear functions that appear
in F

[1]
g and G

[1]
g is still required. For instance, the third line of eq. (3.32c) yields the following

contribution to the 13 piece,

P 13
δgδg ,s(k, µ)p ⊃ 4 F [1]

g,s(k; η̃)P L
δcδc

(k)f2
ΛCDMk2µ2

×
∫

d3q

(2π)3
µq
q

µk−q
|k − q|

G[1]
g (q; η̃q)G[1]

g (k − q; η̃|k−q|)G2(k, −q)P L
δcδc

(q) , (3.41)

where the expression of G
[1]
g was given in eq. (3.31). Analogous terms appear in the 22

piece. Additionally, there are terms built out of linear fields only, which are insensitive to
the application of the prescription. In the 13 piece, these arise from the fourth and fifth
lines of eq. (3.32c) and yield

P 13
δgδg ,s(k, µ) ⊃ −F [1]

g,s(k; η̃)P L
δcδc

(k)f2
ΛCDMk2µ2

[
F [1]

g (k; η̃) + fΛCDMµ2G[1]
g (k; η̃)

]
×
∫

d3q

(2π)3
µ2

q
q2
[
G[1]

g (q; η̃q)
]2

P L
δcδc

(q) . (3.42)

In principle, the fast evaluation of momentum convolution integrals such as those in eqs. (3.41)
and (3.42) could be achieved through a new application of FFTLog methods [105–107]. A
similar strategy was followed in ref. [57] for massive neutrino cosmologies. In the analysis of
section 4, however, we adopt a simplified approach where the scale dependence of the linear
functions is fully retained outside the q integrals, but the scale-independent expressions for

11If bχ ∼ 𝒪(fχ) is assumed, the prescription automatically yields an accuracy on Pδgδg comparable to the
one for the total matter power spectrum.
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standard CDM are used inside the integrals. Namely, in the integrands we set g, h → 1 and
f → fΛCDM. This implies in particular G

[1]
g → 1, hence the integrals in eqs. (3.41) and (3.42)

reduce to standard expressions for which the FFTLog procedure is well known.12

4 Planck plus BOSS constraints on ultra-light axions

The in-depth discussion of the previous sections on the extension of the EFTofLSS in the
presence of multiple fluids with finite sound speed provides the theoretical framework to
investigate the parameter spaces of such models with cosmological data. The two benchmark
scenarios considered so far in this work are ULAs and light thermal relics. In the latter case
the relic abundance and the suppression of the matter and galaxy power spectra depend on
the mass of the new particle, the number of its bosonic or fermionic degrees of freedom and
its temperature. For illustrative purposes, in section 2.1 the latter two were identified with
those of the standard neutrinos. A complete analysis, which includes varying the freeze-out
temperature and matching to relevant particle physics models, goes beyond the scope of
this work and will be presented in a forthcoming publication [85]. For this reason, in this
first proof-of-principle analysis we only consider ULAs. Our goal is to constrain their energy
density Ωah2 as a function of their mass ma.

4.1 Data specification and modeling choices

The data considered in this work are the CMB temperature, polarization and lensing power
spectra as measured by Planck [16, 108], combined with the measurement of the full shape
of the galaxy power spectrum performed by spectroscopic surveys. To enable a direct
comparison with the previous cosmological constraints on ULAs presented in ref. [66], we
restrict ourselves to SDSS/BOSS data [109, 110] and do not use the recent BAO measurements
from DESI [17].13 The BOSS sample consists of approximately one million galaxies divided
in two redshift slices, centered at zeff = 0.38 and zeff = 0.61, and in two regions above and
below the galactic plane, for a total of four sets of measured galaxy power spectra.

Similarly to previous full-shape analyses of the ΛCDM model [102, 103, 110, 111],
when inferring cosmological parameters we marginalize over four bias parameters, one EFT
counterterm for each multipole of the power spectrum, and three free parameters to account for
the amplitude and the scale dependence of the galaxy shot noise. These nuisance parameters
completely characterize the dependence of the galaxy fluctuations on the CDM+baryon
density and velocity fields (labeled by c in this work).

In addition, and drawing from the discussion in section 3, we include the following new
ingredients. The galaxy bias model contains one extra free parameter quantifying the response
of the galaxy number density to the ULA density field,

δg ⊃ bcδc + bχδχ , (4.1)

12In fact, eq. (3.42) is fully degenerate with a linear combination of counterterms and it is therefore dropped
from the theory prediction.

13At the time of writing, the covariance matrices necessary for a likelihood analysis of DESI full-shape data
are not yet publicly available.
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where the ULA is labeled by χ consistently with previous sections. Importantly, in eq. (4.1)
the axion density field δχ is computed up to n-th order in perturbation theory using the
prescription in eqs. (3.35), i.e.

δ[n]
χ (k) =

(
δ

[1]
χ (k)

δ
[1]
c (k)

)
CLASS

δ[n]
c (k) (4.2)

in terms of the linear theory transfer functions.14 As noted in section 3.1.1, for a proper
parameter exploration that involves δχ it is imperative to include nonlinearities of this field, at
least in an approximate way. Neglecting those, e.g. keeping δχ only at linear level, would lead
to spurious effects in the regime of small deviations from pure standard CDM, which is where
precision cosmological data are the most powerful. As discussed in section 3, we expect eq. (4.1)
evaluated according to eq. (4.2) to capture the main novelty of the two-fluid description.

The new dependence of the galaxy field on δχ also requires the inclusion of two new
classes of counterterms proportional to the linear power spectra P L

δcδχ
(k) and P L

δχδχ
(k), see

eq. (3.39). Then all other effects arising at the nonlinear level are very degenerate with bχ,
or too small given BOSS errorbars. A similar argument applies to any difference between
our prescription in eq. (4.2) and the numerical solution, see section 3.4.3. In total we vary,
at fixed ma, the six ΛCDM cosmological parameters plus the energy density in the axion,
Ωah2, and 16 nuisance parameters for each of the four sets of BOSS galaxy power spectra.
Finally, the new scale dependences introduced by the χ perturbations and by the linear
growth rate of the cold species are neglected inside redshift space loops, as discussed in
section 3.4.4. A more detailed description of the setup, code and priors on cosmological and
nuisance parameters used in the analysis is reported in appendix C.

4.2 Discussion

The constraints from Planck CMB data in the (ma, Ωah2) plane are shown by the red curve in
figure 10 and reported in table 1. The shape of these bounds is well known [66, 74, 112, 113]
and represents the baseline which the addition of LSS data can further improve upon.

For ma ≫ H(aeq) ∼ 10−28 eV the ULAs transition to a DM behavior before matter-
radiation equality. At the high-mass end the transition happens early during radiation
domination, thus leaving the pre- and post-recombination physics unchanged compared to
a ΛCDM Universe. Consequently, the constraining power of the primary CMB evaporates
quickly, as we observe in figure 10 for ma ≳ 10−26 eV. For lighter ULAs, such that the
transition from wa ≃ −1 to wa ≃ 0 happens close to equality and hence recombination, the
diffusion damping scale is modified and the evolution of the potential wells in which the
baryon-photon plasma propagates is affected, leading to an early Integrated Sachs-Wolfe
(ISW) contribution. These effects impact the relative heights of the acoustic peaks. The
CMB lensing power spectrum is not measured with sufficient precision by Planck to alter
significantly the above conclusions, though this is expected to change [112] with the recent
ACT results [114] and future data from the Simons Observatory [115] and CMB-S4 [116].

14The linear power spectra of the CDM+baryon component, δc, and of the axion field, δχ, are obtained
directly from the Einstein-Boltzmann solver AxiCLASS [75, 76].
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10−30 10−29 10−28 10−27 10−26 10−25 10−24

ma [eV]
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10−1

Ω
a
h

2

Planck

Planck+BOSS (this work)

Figure 10. Our final constraints on ULAs from Planck+BOSS (blue), compared to those from Planck
only (red). For each value of the ULA mass, ma, we report the 95% CL upper bound on its energy
density today, Ωah2.

ma/eV Ωah2 < (Planck) Ωah2 < (Planck+BOSS)
10−24 0.11 0.11
10−25 0.099 0.034
10−26 0.0063 0.0066
10−27 0.0033 0.0031
10−28 0.0020 0.0013
10−29 0.00158 0.00087
10−30 0.00179 0.00089

Table 1. 95% CL upper bounds on the ULA energy density obtained in this work, as a function of
the ULA mass. We report bounds from Planck CMB data alone and from the combination of Planck
with BOSS galaxy power spectrum measurements.

For ma < H(aeq) the ULAs retain wa ≃ −1 until some time during matter domination
(or even Λ domination, for the lightest masses). If the redshift of matter-radiation equality
is kept fixed, the presence of the axion modifies the expansion history post-recombination
and in particular the distance to the last scattering surface, thereby shifting the location of
the CMB acoustic peaks. This shift can be compensated by a different value of the Hubble
constant H0, and consequently (assuming flatness) of the energy density in Λ, leaving a
residual modification of the late ISW amplitude. These effects lead to the strongest Planck
constraints on ULAs, fχ ≲ 0.01 for 10−30 < ma/eV < 10−28. For even smaller masses (not
shown in our plots), the modification of the distance to last scattering is progressively reduced
and the constraints arise primarily from the ISW effect, resulting in weaker sensitivity [65, 66].
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Figure 11. Constraints on the parameter space of ULAs, at 68% and 95% CL, for ma = 10−25 eV
(left) and ma = 10−26 eV (right). Red contours correspond to Planck alone, cyan contours to BOSS
only, and blue contours to our final Planck+BOSS combination.

Finally, as ma approaches H0 ∼ 10−33 eV the constraint on Ωah2 disappears as the ULAs
cannot be distinguished from a Cosmological Constant.

The LSS data are sensitive to a similar range of masses, bracketed by the ULA becoming
indistinguishable from a Cosmological Constant at the lower end and from standard CDM at
the upper end. The latter happens when the scale kdrop (and therefore also the late-time Jeans
scale ks(zobs)) becomes larger than the nonlinear scale kNL, hence the ULA behaves as CDM
in the whole perturbative range where the EFTofLSS applies. Our Planck+BOSS constraints
are shown by the blue line in figure 10 and listed in table 1. We find that the addition
of LSS data improves the bounds by roughly a factor of 2 for lower ULA masses, mostly
driven by a better determination of the matter density, which helps reduce the geometric
degeneracies of CMB data. At the higher end, by setting kdrop ∼ kNL ∼ 0.4 h Mpc−1 we
estimate that ma ∼ 10−25 eV is the largest mass that can be meaningfully constrained, as
confirmed by figure 10. A subset of the contour plots for ma = 10−25 eV is shown in the left
panel of figure 11: the constraints are dominated by BOSS (cyan), while Planck data cannot
distinguish between ULAs and standard CDM, as shown by the very elongated red contour in
the direction of constant Ωah2 + Ωch

2. The BOSS sensitivity arises from shape information,
as it probes the suppression of the galaxy power spectrum at the largest perturbative k

included in our analysis (see the left panel of figure 14 in appendix C). The combination of
both datasets is slightly less constraining than BOSS alone, which we attribute to projection
effects. Similarly to ref. [66], we find a preference for non-zero Ωah2 at ma = 10−26 eV, whose
posterior is shown in the right panel of figure 11. This is likely due again to projection effects
after marginalizing over the bias and EFT nuisance parameters [66], since not only is the value
of Ωah2 preferred by BOSS incompatible with Planck, but also the other ΛCDM parameters,
especially As and ns, present significant shifts compared to the best fit CMB values.
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ma [eV]
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Planck+BOSS, one fluid

Planck+BOSS, two fluids, tight bχ prior

Planck+BOSS, two fluids, wide bχ prior

0.1 1
ks(zobs) [hMpc−1]

Figure 12. Impact of our refined theoretical modeling of the galaxy power spectrum on the constraints
on the ULA energy density. All curves show 95% CL upper bounds. Results from the Planck+BOSS
combination are reported in blue, while the red curve corresponds to Planck alone. Relative to
figure 10, we zoom in on the mass range where the effect of our two-fluid EFTofLSS extension is
important. The solid blue curve shows our baseline results, whereas the dashed blue curve corresponds
to a single-fluid analysis following ref. [66]. The dotted blue curve reports the constraints when
restricting the prior on bχ from 𝒪(1) to a tighter interval of 𝒪(fχ), see the main text for details. The
Jeans scale ks is evaluated at zobs = 0.5.

In figure 12 we quantify the effect on the bounds of our refined model of the galaxy power
spectrum. In the displayed ULA mass range, the addition of the new bias parameter bχ

and of the accompanying new counterterms (solid blue curve, matching figure 10) markedly
reduces the improvement over Planck brought by a single-fluid analysis of LSS data (dashed
blue curve) we performed following closely those already present in the literature [65, 66].15

As expected, the effect of marginalizing over a larger set of EFT nuisance parameters starts
being important once the Jeans scale is well inside the region of wavenumbers probed by
galaxy surveys, ks(zobs) ≳ 0.05 h Mpc−1. The effect is most pronounced for ks(zobs) ∼ kNL,
corresponding to ma ∼ 10−27 eV, and eventually becomes negligible again when the mass
is so large that kdrop is beyond the smallest scales included in our analysis, hence BOSS
cannot distinguish the ULA fluid from standard CDM (kdrop > 0.4 h Mpc−1, corresponding
to ks(zobs) ≳ 3 h Mpc−1).

Finally, some of the information gain over Planck is recovered if one is able to impose
a less conservative prior on the linear bias parameter bχ, which one could expect to be of

15We checked that our single fluid analysis reproduces to high accuracy the results presented in ref. [66].
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𝒪(fχ) based on the discussion in section 3.2. This is shown by the dotted curve in figure 12,
obtained by restricting the prior on bχ from 𝒰(−3, 3), as assumed in our baseline analysis, to
𝒰(−0.2, 0.2). Complete details on the analysis presented in this section, as well as additional
contour plots, are provided in appendix C.

Since we focus on the region of ULA masses where our novel two-fluid modeling has
an impact, we do not show results for ma < 10−30 eV. In this range ks(zobs) is so small
that a single-fluid analysis is fully appropriate. Moreover, the accidental suppression of the
coefficients multiplying new momentum structures in, e.g., eqs. (3.6) implies that using the
standard EdS kernels supplemented by the 1 − 3fχ/5 suppression of the linear growth rate
suffices for all practical purposes.

5 Outlook

Having already tested the endurance of the reader to a significant degree, we will keep
this outlook to a minimum, by only mentioning some of the many directions in which this
work can be expanded.

Our two-fluid extension of the EFTofLSS lays the foundation to test mixed DM scenarios
with future LSS data from DESI, Euclid and Rubin. This includes the ultra-light axions we
have discussed here, but also massive thermal relics, which we have only considered briefly
and will be the focus of a separate publication [85], as well as models where a fraction of
DM develops a high temperature due to interactions with other species.

More generally, the framework we have introduced opens up the possibility to derive
“model-independent” constraints in the space of mixed DM models. For each choice of the
parameters γ and p that determine the time- and scale-dependence of the sound speed (see
eq. (2.11)), one may express, with minimal assumptions, the cosmological constraints in
terms of the fraction of the energy density of the non-cold species, fχ, versus its characteristic
scale, ks. Such constraints could then be projected onto any microscopic models of interest
that feature a sound speed with the assumed scaling dependences. This strategy is part of
a broader program aimed at identifying a representative set of scenarios for BSM physics
in the dark sector, which can be tested with LSS data. Carrying it out will likely require
one to solve the nonlinear equations considered in this work for other time dependences of
the sound speed term, going beyond the γ = 2 case we have focused on.

Furthermore, the exact analytical expressions we have derived for nonlinear kernels in
certain kinematic configurations provide the starting point to investigate the signatures
of mixed DM scenarios in higher-point correlation functions. Finally, this work can serve
as a stepping stone to investigate the effects of BSM dynamics beyond the perfect fluid
approximation. We intend to return to several of the above questions in the near future.
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A Universality of perturbation dynamics in scale-free beyond-ΛCDM
scenarios

The “hot” limit of the two-fluid setup we consider, namely k modes for which the clustering
of χ is entirely negligible, is a regime where the dynamics of the CDM+baryon fluid c is
affected non-trivially by new physics, but without the appearance of a new scale. Here we
show that, remarkably, the dynamics in this regime is tightly related to the one found in
refs. [91, 92] for another example of scale-free new dynamics affecting the CDM+baryon fluid:
DM self-interactions mediated by a massless (scalar) field. Such tight relation is present
even though the background dynamics is modified away from ΛCDM in the self-interacting
DM scenario, while it is not modified in the mixed warm/cold DM scenario we study here.
This result suggests a universal nature of the dynamics of cosmological perturbations in
the scale-free regime, even beyond ΛCDM.

For k modes where χ does not cluster, δχ → 0, the eqs. (2.4c) and (2.4d) describing the
dynamics of the cold species read, after setting Ωm/f2

ΛCDM → 1,

∂ηδc − Θc = ∇i(δcV
i

c ) , (A.1a)

∂ηΘc + 1
2Θc − 3

2δc(1 − fχ) = ∇i(V j
c ∇jV i

c ) . (A.1b)

We now define V i
c ≡ (1−3fχ/5)V̄ i

c , leading to the following form for the equations up to 𝒪(fχ),

∂δc

∂[
(
1 − 3

5fχ
)
η]

− Θ̄c = ∇i(δcV̄
i

c ) , (A.2a)

∂Θ̄c

∂[
(
1 − 3

5fχ
)
η]

+ 1
2Θ̄c

(
1 + 3

5fχ

)
− 3

2δc

(
1 + 1

5fχ

)
= ∇i(V̄ j

c ∇j V̄ i
c ) . (A.2b)

Next, we consider the evolution of the matter perturbations in a scenario where 100% of DM
χ self-interacts via an effectively massless scalar mediator s. We start from the first two of
eqs. (A5) in ref. [92] for δm = 𭟋χδχ + (1 − 𭟋χ)δb and the analogously-defined vi

m, where to
avoid confusion we have introduced one modification to the notation used in that reference:
here we denote 𭟋χ = ρ̄χ/(ρ̄χ + ρ̄b). We define V i

m ≡ −vi
m/(fmℋ) and take ηm ≡ log D1m

as time variable, obtaining

∂δm

∂ηm
− Θm = ∇i(δmV i

m) , (A.3a)

∂Θm

∂ηm
+ Θm

[3
2

Ωm

f2
m

(1 + 𭟋χε) − 1
]

− 3
2

Ωm

f2
m

δm(1 + 𭟋χε) = ∇i(V j
m∇jV i

m) , (A.3b)
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where ε = βm̃2
s𭟋χ. Here β is the self-interaction strength normalized to gravity and m̃s =

d log mχ(s)/ds, where mχ(s) is the field-dependent DM mass. Finally, in matter domination
we have Ωm = (ρ̄χ+ρ̄b)/ρ̄tot = 1−𭟋χε/3 and fm = 1+𭟋χε [92],16 leading us to the expressions

∂δm

∂ηm
− Θm = ∇i(δmV i

m) , (A.4a)

∂Θm

∂ηm
+ 1

2Θm

(
1 − 4𭟋χε

)
− 3

2δm

(
1 − 4

3 𭟋χε

)
= ∇i(V j

m∇jV i
m). (A.4b)

We observe that making the following replacements in eqs. (A.4a) and (A.4b) gives exactly
eqs. (A.2a) and (A.2b):

δm → δc , Θm → Θ̄c , D1m → e(1− 3
5 fχ)η , 𭟋χε → − 3

20fχ . (A.5)

Thus, at all orders in perturbation theory, the solutions for the hot limit of the scenario
we study in this paper are immediately obtained from the results for the m perturbations
given in ref. [92], by substituting

δm → δc , − θm

fmℋ
→
(

1 + 3
5fχ

)
Θc , D1m → e(1− 3

5 fχ)η , 𭟋χε → − 3
20fχ , (A.6)

where we recall that 𭟋χε was called fχε in ref. [92].

B More analytical expressions for nonlinear kernels

This appendix contains additional analytical results for the nonlinear kernels in the two-fluid
EFTofLSS, which did not find space in the main text. We start by recalling the expressions
of the standard EdS second-order kernels in terms of the mode-coupling functions αs and β,

F2(k1, k2) = 5
7αs(k1, k2) + 2

7β(k1, k2) , G2(k1, k2) = 3
7αs(k1, k2) + 4

7β(k1, k2) . (B.1)

At second perturbative order, the configurations of the χ kernels that enter the 1-loop power
spectra have the following UV behavior at 𝒪(f0

χ),

F (0)[2]
χ (q, k − q; η̃) ks(a) ≪ q= t(0)(η̃)F2(q, k − q)

g(0)(η̃q) g(0)(η̃|k−q|)
, (B.2a)

G(0)[2]
χ (q, k − q; η̃) ks(a) ≪ q= (∂η̃t(0) + 2t(0))(η̃)F2(q, k − q)

g(0)(η̃q) g(0)(η̃|k−q|)
, (B.2b)

where
t(0)(η̃) = T (0)

(√
6e−η̃/2

)
, with T (0)(x) = 3

10 − x2

20G(0)(x). (B.3)

The ratio t(0)/g(0) [(∂η̃t(0) + 2t(0))/h(0)] smoothly transitions from 3/10 [3/5] at k ≪ ks(a)
to 1 [3/2] at k ≫ ks(a).

16We thank the authors of ref. [117] for pointing out to us that in the analytical treatment of sub-horizon
perturbations in refs. [91, 92], Ωm was incorrectly set to 1. Rectifying this leads to small changes in the
coefficients of some formulas. These corrections have already been made in arXiv v4 of ref. [91], and will also
be implemented in an upcoming v3 of ref. [92].
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For the cold species at 𝒪(fχ) we find, in the k ≪ ks(a) ≪ q configuration,

F (1)[2]
c (q, k − q; η̃) = 3

490
[
19αs(q, k − q) + 2β(q, k − q)

]
, (B.4a)

G(1)[2]
c (q, k − q; η̃) = − 6

245
[
αs(q, k − q) + 13β(q, k − q)

]
, (B.4b)

whereas in the ks(a) ≪ k, q configuration one finds the results already reported in eq. (3.6),
with k1 = q and k2 = k − q. Equations (B.4) and (B.2) correspond to some of the analytical
limits shown in figures 6 and 7 in the main text, respectively.

Considering for brevity only linear bias parameters, the real space galaxy kernels at
second and third order are found to be

F [2]
g (k1,k2; η̃) = bcF

[2]
c (k1,k2; η̃)+bχF [2]

χ (k1,k2; η̃)g(η̃k1)g(η̃k2)

+bΘ
[
G[2]

χ (k1,k2; η̃)g(η̃k1)g(η̃k2)−G[2]
c (k1,k2; η̃)

]
, (B.5a)

G[2]
g (k1,k2; η̃) = (1−bv)G[2]

c (k1,k2; η̃)+bvG[2]
χ (k1,k2; η̃)g(η̃k1)g(η̃k2) , (B.5b)

F [3]
g (k1,k2,k3; η̃) = bcF

[3]
c (k1,k2,k3; η̃)+bχF [3]

χ (k1,k2,k3; η̃)g(η̃k1)g(η̃k2)g(η̃k3)

+bΘ
[
G[3]

χ (k1,k2,k3; η̃)g(η̃k1)g(η̃k2)g(η̃k3)−G[3]
c (k1,k2,k3; η̃)

]
, (B.5c)

G[3]
g (k1,k2,k3; η̃) = (1−bv)G[3]

c (k1,k2,k3; η̃)+bvG[3]
χ (k1,k2,k3; η̃)g(η̃k1)g(η̃k2)g(η̃k3) . (B.5d)

We recall that our definition of η̃ always refers to the external momentum k = k1 + . . . + kn.
Applying our prescription (3.35) to eqs. (B.5) is the first step needed to derive the exemplary
redshift-space expression shown in eq. (3.41) in the main text.

C Details of the ultra-light axion analysis

In this appendix we discuss the technical background to the constraints on ULAs presented
in section 4. We combine CMB data from Planck with full-shape galaxy power spectrum
data from BOSS. For the former we use Planck 2018 temperature, polarization and lensing
angular power spectra [16, 108] in the same setup as ref. [66]. In particular, ref. [66] has
shown that even for ULAs whose masses are large enough that they cluster on observationally
relevant scales, the impact of non-linearities [118] on the lensing potential power spectrum
can be safely ignored in the considered multipole range L ≤ 400 and for Planck errorbars.
For galaxy clustering data we follow refs. [66, 119] in using the windowless measurements
of the BOSS DR12 samples [109] at zeff = 0.38 and zeff = 0.61 provided in ref. [110]. As
in ref. [66] we fit the galaxy power spectrum multipoles Pℓ up to kmax = 0.2 h Mpc−1 and
the RSD-free combination Q0 [104] for k ∈ [0.2, 0.4] h Mpc−1. Differently from ref. [66],
we do not use post-reconstruction BAO information from BOSS or BAO data from other
surveys. Theoretical predictions for the galaxy power spectrum are obtained with the PBJ
code [119, 120], which has been integrated in the Cobaya framework [121] for the purpose.
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Relative to the previous analysis [66], our theoretical model has one new bias parameter,
bχ, and additional counterterms. In practice, we fix ma and vary the parameters(

Ωah2, Ωch
2, Ωbh

2, h, log (1010As), ns, τreio
)

×
4∏

i = 1

(
bc, bχ, b2, b𝒢2 , bΓ3 , ccc,ℓ, ccχ,ℓ, cχχ,ℓ′ , Pshot, a0, a2

)
i (C.1)

where i indexes the redshift/sky cut bins, while ℓ = 0, 2, 4 and ℓ′ = 0, 2 run over the power
spectrum multipoles. We assume one massive neutrino with fixed mν = 0.06 eV. The first
line of eq. (C.1) contains the cosmological parameters that are varied in the fit, whereas
the second line contains the EFTofLSS parameters. The linear bias coefficients bc and bχ

are defined in eq. (4.1). We set to zero bΘ and bv (see eqs. (3.26) and (3.29), respectively)
because, based on the discussion in section 3, we expect that their effects can be largely
absorbed into redefinitions of bc and bχ. The nonlinear bias coefficients b2, b𝒢2 and bΓ3 are
given in the basis of ref. [122]; we recall that in our analysis only the perturbations of the cold
species c (but not χ) are used to build the associated nonlinear operators. The counterterms
are introduced in eq. (3.39), those proportional to the ccχ,ℓ and cχχ,ℓ′ coefficients being new
additions associated to our two-fluid treatment. The cχχ,4 counterterm is not included in our
analysis, because the associated operator Pδgδg ,s(k, µ) ⊃ µ4k2P L

δχδχ
(k) is not generated under

our assumption that bΘ = bv = 0 (see the discussion in section 3.4.4). We have checked that
adding also cχχ,4 or, vice versa, removing cχχ,2, affects the bounds on Ωah2 by less than 5%.

Stochastic effects are included through [110]

P stoch
δgδg

(k, µ) = n̄−1
[
1 + Pshot + a0

(
k

kNL

)2
+ a2µ2

(
k

kNL

)2 ]
, (C.2)

where kNL = 0.45 h Mpc−1 and the background galaxy number densities are n̄−1 = 3500
[Mpc/h]3 for the low zeff samples and n̄−1 = 5000 [Mpc/h]3 for the high zeff samples [66].

We adopt wide uninformative priors for the cosmological parameters, as they are all
well constrained by our combination of observables. By contrast, the priors we choose for
the EFTofLSS parameters require a detailed discussion.

For the linear bias coefficients, by default we assume the wide uniform priors bc ∼
𝒰(−1.5, 3) and bχ ∼ 𝒰(−3, 3). This allows us to capture, in particular, the perfect degeneracy
between the two parameters for large values of ma: since all observationally relevant scales
satisfy k ≪ ks, both underlying fluids are effectively cold and only the sum bc+bχ is constrained.
This is shown in figure 13 for ma = 10−25 eV, corresponding to ks(zobs) ≈ 3 h Mpc−1 ≫ kNL.
For comparison we also show the degeneracy for a much smaller mass, ma = 10−30 eV: in
this case k ≫ ks(zobs) ≈ 0.01 h Mpc−1 for all relevant scales, hence the ULA clustering is
nearly negligible and only bc is significantly constrained. Finally, ma = 10−28 eV shows an
intermediate situation, with ks(zobs) ≈ 0.1 h Mpc−1 falling in the middle of the observational
window: in this case both linear bias parameters are significantly constrained. The impact
of modifying the prior on bχ to a narrow informative one, bχ ∼ 𝒰(−0.2, 0.2), is discussed
in section 4.

For the nonlinear bias coefficients we adopt the same Gaussian priors as in ΛCDM
analyses [110], as we also do for the counterterms of the cold species ccc,ℓ. For the new
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Figure 13. Posteriors for the linear bias coefficients bc and bχ of one redshift/sky cut bin (zeff = 0.38,
NGC), for different ULA masses, in our Planck+BOSS analysis. The different degeneracy directions
are manifest, depending on whether ks ≫ kNL (blue), ks ∼ kNL (purple) or ks ≪ kNL (red).

counterterms, on the other hand, we perform tests to select priors that are wide enough to
be uninformative. In summary, for the counterterms we assume

ccc,0, ccc,4
[Mpc/h]2 ∼ 𝒩(0, 302) ,

ccc,2
[Mpc/h]2 ∼ 𝒩(30, 302) ,

ccχ,ℓ, cχχ,ℓ′

[Mpc/h]2 ∼ 𝒩(0, 602) . (C.3)

Finally, we discuss our priors on the stochastic parameters in eq. (C.2). For the largest
ULA masses we consider, which yield a suppression of power at the smallest scales probed
by our analysis, the effect of scale-dependent stochasticity is found to be partly degenerate
with the one of Ωah2. This is illustrated in figure 14 for ma = 10−25 eV. For this mass
we estimate kdrop ≈ 0.44 h Mpc−1, hence the galaxy power spectrum is (mildly) suppressed
relative to ΛCDM only in the k window probed by the Q0 observable, which provides all the
constraining power (left panel).17 In the right panel we show how enlarging the priors on the
stochastic parameters results in a weaker constraint on Ωah2. We checked that doubling the
standard deviation of these Gaussian priors with respect to the ΛCDM analysis of ref. [110]
saturates this effect, therefore we adopt Pshot, a0, a2 ∼ 𝒩(0, 42). This highlights how standard
assumptions may need to be revised when considering beyond-ΛCDM dynamics.

Notice that we perform an analytical marginalization over the parameters that enter
linearly in the model. This is the case of bΓ3 , all the counterterm coefficients ccc,ℓ, ccχ,ℓ and
cχχ,ℓ′ and the stochastic parameters Pshot, a0 and a2.

As a validation of our setup, we reproduced with high accuracy the Planck constraints
presented in ref. [66]. In addition, we reproduced with high accuracy their Planck+BOSS

17Although kdrop for this ULA mass is larger than k = 0.4 h Mpc−1, the largest wavenumber for which
we fit Q0, with our definition of kdrop the linear matter power spectrum is somewhat suppressed already at
k ≲ kdrop (this can be observed in the left panel of figure 3 for a different ma), hence meaningful constraints
are still obtained.
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Figure 14. Planck+BOSS constraints on ULAs with ma = 10−25 eV. Left: Comparison of the
combinations Planck+Pℓ and Planck+Pℓ+Q0, showing that the constraining power comes dominantly
from the RSD-free observable Q0 due to the larger wavenumbers it probes. Right: Impact of enlarging
the priors for the stochastic parameters, for the combination Planck+Pℓ+Q0. Due to a partial
degeneracy with the imprint of the ULAs, doubling the priors used for ΛCDM analyses [110] gives a
weaker constraint on Ωah2.

constraints by restricting the theoretical model presented above to a single-fluid description
and setting the priors to the standard ΛCDM values [66, 110].

D Impact of intrinsic nonlinearities

In this work we described the warm species as a perfect fluid characterized by a sound speed
c2

s at linear level, and with nonlinearities of pure gravitational origin. This is, however, an
approximation, as in general each microscopic model can predict intrinsic nonlinearities,
too. In this appendix we discuss such intrinsic nonlinearities for the two benchmark models
studied in this paper: ULAs, where they arise from the wave nature of the scalar field,
and light but massive thermal relics, where they originate from the Vlasov (or collisionless
Boltzmann) equation. In both cases, we demonstrate quantitatively that neglecting the
intrinsic nonlinearities has a minor impact on our results.

D.1 Wave nonlinearities for ultra-light axions

In this work we approximated ULAs as a perfect fluid characterized by a sound speed
c2

s = k2/(4m2
aa2) at linear level, and with nonlinearities given only by the gravitational mode

coupling. However, it is well known that, after taking the nonrelativistic approximation
for the axion field ϕ, the resulting Schrödinger-Poisson system can be recast into a fluid
dynamics formulation that also includes nonlinearities intrinsic to the wave-like nature of the
ULAs (see refs. [64, 123] for previous discussions in the scenario where heavier scalars with
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ma ∼ 10−22 eV form the entirety of DM). In our framework, this formulation is reproduced
by making in the Euler equation for χ, eq. (2.1b), the substitution

+ 1
ρ̄χ

∇2δ𝒫χ → − 1
2m2

aa2 ∇2 ∇2√
ρχ

√
ρχ

= − 1
4m2

aa2 ∇2
[ ∇2δχ

1 + δχ
− 1

2
∇iδχ∇iδχ

(1 + δχ)2

]
. (D.1)

The continuity equation (2.1a) is unchanged. The quantity −∇2√
ρ

χ
/
√

ρχ is known as
quantum pressure and arises from a stress-energy tensor containing off-diagonal terms [64].
In this paper we retained only the linear piece of the quantum pressure in eq. (D.1), which
led us to the perfect fluid formulation. Here, we quantitatively show that neglecting the
intrinsic wave nonlinearities has a minor effect on our results.

After changing the time variable to η = log DΛCDM, setting Ωm/f2
ΛCDM → 1 and going

to Fourier space, we find that eq. (2.6b) is extended to

∂ηΘχ(k, η) + 1
2Θχ(k, η) − 3

2[fχδχ(k, η) + (1 − fχ)δc(k, η)]

=
∫

k
dk12β(k1, k2)Θχ(k1, η)Θχ(k2, η)

+ c2
sk2

ℋ2Ωm

∞∑
r = 1

(−1)r
∫

k
dk1...r Pr(k1, . . . , kr)δχ(k1, η) . . . δχ(kr, η) , (D.2)

where we defined

Pr(k1, . . . , kr) ≡ 1
2r

[
1 +

∑r
i = 1 k2

i

(
∑r

i = 1 ki)2

]
. (D.3)

The r = 1 term in the third line of eq. (D.2) reproduces the linear sound speed term in
eq. (2.6b), whereas the r ≥ 2 terms represent the intrinsic ULA nonlinearities.

Finally, switching to the k-dependent time variable η̃ we arrive at the extended version
of eq. (2.13b),

∂η̃Θχ(k, η̃) + 1
2Θχ(k, η̃) + 3

2 e−η̃δχ(k, η̃) − 3
2[fχδχ(k, η̃) + (1 − fχ)δc(k, η̃)]

=
∫

k
dk12β(k1, k2)Θχ(k1, η̃)Θχ(k2, η̃) + 3

2e−η̃
∫

k
dk12P2(k1, k2)δχ(k1, η̃)δχ(k2, η̃)

− 3
2e−η̃

∫
k

dk123P3(k1, k2, k3)δχ(k1, η̃)δχ(k2, η̃)δχ(k3, η̃) + . . . (D.4)

where we used the fact that γ = 2 for ULAs. The dots in eq. (D.4) indicate terms with
at least four fields, which we omitted since they are not needed for the calculation of the
power spectra up to 1-loop order. In summary, to include intrinsic wave nonlinearities in a
mixed DM scenario containing a fraction fχ of ULAs, one needs to solve the four coupled
equations (2.13a), (D.4), (2.13c) and (2.13d).

To gain some insight on the impact of the intrinsic ULA nonlinearities, we derive analytical
solutions for the kernels at second perturbative order. For n = 2, eq. (D.4) reads(

∂η̃ + 1
2 + h

g
(η̃k1) + h

g
(η̃k2)

)
G[2]

χ + 3
2
(
e−(γ−1)η̃ − fχ

)
F [2]

χ − 3
2(1 − fχ) F

[2]
c

g(η̃k1)g(η̃k2)

= β(k1, k2)h

g
(η̃k1)h

g
(η̃k2) + 3

2e−η̃P2(k1, k2) , (D.5)
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which extends eq. (3.4b). At 𝒪(f0
χ) and considering the k1 ≪ ks ≪ k2 kinematic configuration,

the solutions for the χ kernels in eqs. (3.7) are extended to

F (0)[2]
χ (k1, k2; η̃) = F2(k1, k2) + P2(k1, k2) , (D.6a)

G(0)[2]
χ (k1, k2; η̃) = 2G2(k1, k2) − 3

14αs(k1, k2) + 1
2αa(k1, k2) − 2

7β(k1, k2) + 3P2(k1, k2) ,

(D.6b)

whereas the solutions for the cold species in eqs. (3.9) are unaffected, because they are sourced
only by gravity in this configuration. The solutions for c in the hot limit, eqs. (3.6), are
also unaffected. Importantly, since the P2(q, k − q) kernel does not have a 1/q pole, the IR
structure discussed in section 3.1.2 is not altered. The IR structure is unchanged even at higher
perturbative orders, hence one still arrives at the prescription we presented in section 3.4.

Finally, we revisit the UV structure of the second-order χ kernels. At 𝒪(f0
χ), eqs. (B.2)

are extended to

F (0)[2]
χ (q, k − q; η̃) ks ≪ q= t(0)(η̃)F2(q, k − q)

g(0)(η̃q) g(0)(η̃|k−q|)
+ c(0)(η̃)P2(q, k − q) , (D.7a)

G(0)[2]
χ (q, k − q; η̃) ks ≪ q= (∂η̃t(0) + 2t(0))(η̃)F2(q, k − q)

g(0)(η̃q) g(0)(η̃|k−q|)
+ (∂η̃c(0) + 4c(0))(η̃)P2(q, k − q) ,

(D.7b)

where

c(0)(η̃) = C(0)
(√

6e−η̃/2
)

, with C(0)(x) = x2

42 − x4

840 + x6

5040G(0)(x) . (D.8)

We find that c(0) [∂η̃c(0) + 4c(0)] → e−η̃/7 [3e−η̃/7] for k ≪ ks and → 1 [4] for k ≫ ks. We
observe that, even in the k ≫ ks regime where the wave nonlinearities are relevant, the new
pieces on the right-hand sides of eqs. (D.7) are strongly suppressed by the linear transfer
functions, relative to the perfect-fluid solutions proportional to F2. We thus conclude that
the wave nonlinearities give negligible contributions to the kernels in the UV limit.

In summary, by solving the second-order equations we have shown that the intrinsic wave
nonlinearities do not modify the IR and UV limits of the kernels with respect to the perfect
fluid description assumed in this paper. As illustrated by eqs. (D.6), away from the IR and UV
limits modifications of 𝒪(1) are expected for the χ kernels, as long as the external momentum
is comparable to or larger than the characteristic scale. We expect these results to hold even
at higher orders. This is confirmed by figure 15, where we compare the 1-loop matter power
spectra obtained by solving numerically the equations with (purple) and without (black and
gray) the wave nonlinearities associated with the quantum pressure. As expected, we observe
mild differences in the χχ and cχ power spectra at k ≳ ks, which will be anyway reabsorbed
by counterterms (recall figure 9). There are also small differences at k ≲ 0.1 h Mpc−1, but
these are due to the finite numerical precision. The impact on the cc power spectrum, instead,
is tiny. These results demonstrate that our prescription for the evaluation of the 1-loop galaxy
power spectrum remains valid even when wave nonlinearities are considered. Nonetheless,
it would be interesting to study the impact of the latter on other observables that can be
calculated exactly, such as the tree-level bispectrum. We leave this for future work.
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Figure 15. Impact of including intrinsic wave nonlinearities due to quantum pressure in the
computation of the 1-loop terms of the matter power spectra, for a mixed DM scenario containing
ULAs. Black and gray lines are identical to the top row of figure 8, while the purple lines correspond
to the full numerical solutions including wave nonlinearities. From left to right: χχ, cχ, cc and mm

density power spectra at zobs = 0.5, representative of the redshift observed by galaxy surveys. We
have used as inputs the linear power spectra for an ULA cosmology with ma = 10−27 eV and fχ = 0.1,
corresponding to p = 2 and ks(zobs) ≈ 0.29 h Mpc−1.

D.2 Nonlinearities from the Vlasov equation

To examine the role of intrinsic nonlinearities for light thermal relics, we start from the
Vlasov equation for the particle phase space density fχ(x, t, p),

dfχ

dt
= ∂fχ

∂t
+ dxi

dt

∂fχ

∂xi
+ dpi

dt

∂fχ

∂pi
= 0 , (D.9)

where x denotes comoving coordinates while p is the physical momentum. In the nonrelativistic
limit and in the sub-horizon regime, taking the first two moments of the Vlasov equation yields

ρ′
χ + 3ℋρχ + ∇i(ρχvi

χ) = 0 , (D.10)
(ρχvi

χ)′ + ∇jΣij
χ + 4ℋρχvi

χ + ρχ∇iΨ = 0 , (D.11)

where primes denote conformal time derivatives, ρχ = mχ
∫

d3pfχ/(2π)3 is the energy density,
vi

χ = ρ−1
χ

∫
d3ppifχ/(2π)3 is the peculiar velocity, and Σij

χ = m−1
χ

∫
d3ppipjfχ/(2π)3 is related

to the stress tensor σij
χ by Σij

χ = ρχvi
χvj

χ +σij
χ . From these one obtains the standard continuity

equation (2.1a) and the Euler equation in the form

θ′
χ + ℋθχ + ∇i

(∇jσij
χ

ρχ

)
+ ∇2Ψ = −∇i(vj

χ∇jvi
χ) . (D.12)

Extensions of perturbation theory for CDM, where the velocity dispersion tensor σij
χ /ρχ is

included as a dynamical variable, were developed in refs. [124–129].
We now assume that the stress tensor of the warm species contains a non-negligible

pressure perturbation, while dropping viscous terms (and the negligible background pressure):
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σij
χ = δ𝒫χδij . After application of the Poisson equation, our final form of the Euler equation

is eq. (2.1b) with the substitution

+ 1
ρ̄χ

∇2δ𝒫χ → + 1
ρ̄χ

∇i

(∇iδ𝒫χ

1 + δχ

)
= + 1

ρ̄χ

[∇2δ𝒫χ

1 + δχ
− ∇iδ𝒫χ∇iδχ

(1 + δχ)2

]
. (D.13)

In this work, only the linear piece of the pressure term on the right-hand side of eq. (D.13)
was retained. We now demonstrate that including the additional intrinsic nonlinearities
has a minor impact on our results.

After changing the time variable to η, setting Ωm/f2
ΛCDM → 1 and going to Fourier

space, we assume that the χ sound speed is k-independent, δ𝒫χ(k, η) = c2
s(η)δρχ(k, η). This

is appropriate, in particular, when the perturbations are adiabatic, as it is the case for
thermal relics (recall that in section 2.2.2 we took c2

s proportional to the adiabatic sound
speed). We thus arrive at an equation that is formally identical to eq. (D.2) as derived
above for ULAs, but with a different (and simpler) form for the intrinsic nonlinear kernels,
Pr(k1, . . . , kr) = 1/r. Notice that this result was already obtained in ref. [130]. Since γ = 2
for thermal relics, eq. (D.4) also holds. Then, the solutions to the equations including intrinsic
nonlinearities for ULAs, which were given in eqs. (D.6) - (D.8), also apply here provided the
appropriate form of the Pr kernels is used. As we did for ULAs, we can thus conclude that
the prescription we propose in this paper remains valid even when nonlinearities intrinsic
to the Vlasov equation are considered.
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