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Quantum Monte Carlo Annealing with Multi-Spin Dynamics
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! Theoretische Physik, ETH Zurich, 8093 Zurich, Switzerland
2 Quantum Architectures and Computation Group, Microsoft Research, Redmond, WA 98052, USA

We introduce a novel Simulated Quantum Annealing (SQA) algorithm which employs a multispin
quantum fluctuation operator. At variance with the usual transverse field, short-range two-spin flip
interactions are included in the driver Hamiltonian. A Quantum Monte Carlo algorithm, capable of
efficiently simulating large disordered systems, is described and tested. A first application to SQA,
on a random square lattice Ising spin glass reveals that the multi-spin driver Hamiltonian improves
upon the usual transverse field. This work paves the way for more systematic investigations using
multi-spin quantum fluctuations on a broader range of problems.

I. INTRODUCTION

Discrete combinatorial optimization problems can be
encoded into minimizing the energy of classical Ising-
type Hamiltonians' and it has been proposed that adding
quantum mechanics could help in finding the ground
state of these frustrated Ising system faster than any clas-
sical technique. One can define a suitable time-dependent
quantum Hamiltonian that connects an initial Hamilto-
nian, whose ground state is easy to prepare, to the fi-
nal classical Ising Hamiltonian. At sufficient low tem-
peratures a quantum system undergoing such adiabatic
relaxation reaches its ground state and solves the op-
timization problem. This technique is called quantum
annealing (QA)?7.

Early numerical studies predicted QA% to be a com-
petitive computational resource for solving spin glass
problems, compared to its closely related classical coun-
terpart, the simulated annealing (SA) algorithm”. How-
ever, so far no quantum speedup has been observed in
experiments®®. The essential difference between these
two heuristic methods relies on the type of fluctuations
which drive the system away from the multiple local min-
ima, occuring in rugged energy landscapes.

Quantum fluctuations are expected to give an advan-
tage to quantum annealing in particular when the free
energy landscape displays tall but narrow barriers. These
are easier to tunnel through quantum-mechanically, com-
pared to climbing over them by means of thermally acti-
vated escape events.

In QA the system closely follows the ground state
of a time-dependent Hamiltonian H(¢) which at ¢ = 0
is dominated by a pure quantum fluctuation part Hg
whereas the final Hamiltonian H (tg,a1) encodes only the
cost function Hp of the combinatorial optimization prob-
lem. The Hamiltonian as a function of the time ¢ may
read, in the case of simple linear annealing schedules,

H(t) :Hp—i-(tﬁnal—t) Hg . (1)

Since random ensembles of hard problems are closely
connected to spin glass models, we choose, for our tests,
the problem Hamiltonian as an Ising spin glass

HP = Z JijO'izO']z- 5 (2)

]

where o7 are Pauli matrices, acting on spins 4, and J;; is
the coupling between spins ¢ and j, which are randomly
uniformly distributed in a range [—1,1] .

Most QA studies so far employed a single type of the
quantum term Hg, a transverse-field (TF)

HY =-TY of, (3)

where the of operator acts locally on the spin index
1 inducing quantum fluctuations. This is simplest to
implement both in physical devices, such as the D-
Wave devices®197'2 and in simulated quantum anneal-
ing (SQA) by means of quantum Monte Carlo (QMC)
methods® 13717,

However, as pointed out by Ref. 16, it is possible to
choose also different types of quantum fluctuations oper-
ators Hg. Following Ref. 16 we define a two body fluc-
tuation operator with ferromagnetic interactions (FI) as

HE'=-T> of =AY ofoy, (4)
i i,j

where 4,7 are nearest neighbours, so that the interaction
is short-range.

The adiabatic theorem states that the system follows
the instantaneous ground state as long as the total an-
nealing time t¢jpq > 1/A?% where A is the minimum
energy gap from the ground state, which is encountered
along the annealing run of Eq. (1). It has been con-
jectured and shown for simple models, that employing
quantum fluctuations beyond the TF term could be ben-
eficial to avoid these small gap events'%'7, which are the
bottlenecks of QAS%1829  Another argument in support
of this possibility is that, in Eq. (4), we are effectively
adding a new schedule parameter A which can be also
optimized to increase the QA performance.

Moreover, it has been found that quantum annealing
with transverse fails to identify all degenerate ground-
state configurations, preventing a fair sampling of equally
probable states?!:22. Multi-spin quantum fluctuations
could alleviate or possibly remove this issue.

In this paper we devise a QMC algorithm to perform
SQA with this two-spin transverse ferromagnetic inter-
action. We note that the minus sign in front of A makes



this Hamiltonian stoquastic for A > 0. This means that it
is sign-problem free and can thus be simulated by QMC
methods. On the other hand, the existence of a sign prob-
lem precludes the possibility to simulate the two spin
transverse antiferromagnetic (A < 0) interaction®*2°
within the same approach unless the graph of couplings
is bipartite.

The paper is organized as follows, in Sect. II we de-
scribe the QMC algorithm, which is tested against exact
results for small systems in Sect. IT1. In Sect. IV we report
a first illustrative application to the relevant problem of
Ising glass SQA. We discuss the results as well as possible
future developments in Sect. VI.

II. QUANTUM MONTE CARLO METHODS
A. Overview

Quantum Monte Carlo (QMC) methods are the only
classical approaches for simulating quantum annealing
on systems as large as the ones realized experimentally,
which consider more than NV = 1000 qubits. Other nu-
merical methods such as unitary evolution®* scale ex-
ponentially with N and are therefore limited to much
smaller numbers of spins (N = 20).

The most widely used QMC technique in the context
of QA is Path Integral Monte Carlo (PIMC). PIMC re-
lies on the path integral formalism of quantum mechan-
ics and samples the density matrix corresponding to the
quantum Hamiltonian H by means of a classical Hamil-
tonian H. on an extended system having an additional
dimension, the imaginary time direction®1314. The orig-
inal transverse field quantum spin system is then mapped
into a classical one, which can be simulated by standard
Metropolis Monte Carlo.

It has recently been shown'#?6 that for tunneling
through a barrier the PIMC efficiency scales as a func-
tion of the system size as a physical QA would . This
connection exists due to the fact that the tunneling rate
in QMC and in the exact real-time quantum evolution
scales in the same way, to leading order, as a function of
the relevant parameters.

This connection has two implications. The first is that
a QMC annealing simulation is relevant for investigating
the behaviour of a real quantum annealer, as long as it is
stoquastic and the QMC simulations thus do not suffer
from a sign problem. The second is that it makes QMC-
SQA a competitive tool compared to QA in real devices,
by precluding a scaling advantage of stoquastic QA over
SQA (cfn. also Ref. 15).

Starting from this mapping, other quantum inspired
algorithms can be developed such as PIGS, where open
boundary conditions in imaginary time are used'* for fur-
ther acceleration. In this case QMC represents only a
classical optimization algorithm and the physical mean-
ing of the simulation is lost. Similarly, it has been re-
cently shown that performing PIMC away from the con-

verged physical limit, provides a more efficient algorithm
compared to the continuos time one!®. This can be also
considered a quantum inspired algorithm. For this rea-
son we focus here on implementing a discrete-time PIMC
algorithm rather than a continuos time PIMC.

B. Local versus Cluster Updates

The simplest Metropolis algorithm performs local up-
dates: one generates trial configurations by simply flip-
ping one spin at a time. While this algorithm is er-
godic, it can be very inefficient. For non-frustrated sys-
tems considerable improvements is obtained by cluster
algorithms?”?%. They allow simultaneous flips of clus-
ters of spins and are especially advantegeous when large
scale fluctuations are important, usually around phase
transitions, where local update algorithms slow down.

Standard cluster algorithms®7-2® allow the clusters
to grow without restrictions. While efficient for non-
frustrated systems this approach breaks down for frus-
trated spin systems, as spin glasses. Due to the frustra-
tion the clusters grow to fill a very large fraction of the
lattice, if not the entire lattice. The clusters are then
larger than the physical domains that should be flipped
and the algorithm becomes inefficient?*32. Essentially
the whole system freezes out and one flips almost all
spins.

Therefore, in the context of SQA of spin glasses with
transverse field an hybrid approach is usually employed,
in which restricted clusters are built'®33. Here, local
clusters can grow on a single site only in the imaginary
time dimension, where there is no frustration. In this
paper we employ the same strategy with an important
modification. Due to the non local nature of the two-spin
interaction as cannot restrict ourselves to strictly local
clusters but allow a small extent in the spatial direction.

C. Cluster QMC for Pure Two-Spin Couplings

We start with the case I' = 0, i.e. considering only
the two-spin term in Eq. (4). The Hamiltonian H =
Hp + (tana — t) Hg, at any time ¢ is as a special case of
the anisotropic quantum XYZ model®*. In this Section
we present a modified version of the loop algorithm3® used
to simulate the thermodynamics of this model. Readers
unfamiliar with the loop algorithm arte referred to the
review>® for details.

For sake of simplicity we consider a ferromagnetic
Hamiltonian with homogeneous couplings J > 0 in this
discussion, defined on an arbitrary graph of N sites con-
nected by B bonds (the disordered case J;; will be con-
sidered at the end):

H=—|JY oioi+AY ofoy | . (5)
(2] 2]



The generalization of the algorithm to spatially varying
couplings is straightforward.

We first identify the non-commuting pieces of this
Hamiltonian to perform a Trotter breakup. This pro-
cedure is less straightforward compared to the transverse
field case where the Hamiltonian splitting was a trivial
splitting H = Hp + HSF Here we need to split the

Hamiltonian H = Zszl hi into a sum of commuting
bond Hamiltonians hy

Z H;, j, =

be{b}tr

> Hy, (6)

be{b}tr

where iy, jp are two sites connected by the bond b and
Hy, = —(Joj 05 + Ao} of,). Each set {b}) is defined
such that its elements don’t share any site, i.e. no site
i appears twice (see Fig. 1.a) . The number K of non-
commuting terms hj depends on the graph’s connectiv-
ity. For example, in a linear chain we have K = 2 and
the standard checkerboard decomposition®®, whereas for

a square lattice K = 4.

a) b) c)
=4 '
=3
=2 =2
hi ! h3
)/ - =1
i=4 v hi' I
i=1 io, lo

Figure 1. a) Splitting of non-commuting bond Hamiltonians
hi for a simple, non regular graph with four sites. In this
specific case K = 3. b) Extendend graph with shaded pla-
quettes construction along the imaginary time direction. The
bond Hamiltonian h; acts at the time slice l = 1 mod K, etc.
The primitive cell repeats vertically each K = 3 slices. ¢)
Example of cluster building (see Sect. IIC 1). In this sketch
we add 6 sites after the initial (io,lo), following the Loop Al-
gorithm procedure detailed in Ref. 35. The cluster building
will continue until we reach again the starting site (io,lo).

The partition function then reads

M
K
Z=tr e PH = A}iglootr (H elf\ihk) . (7)

k=1

Inserting complete sets of o* eigenstates, and following

Ref. 35 we write
Z=> wW{siH=>_ [[Wo{sp}) . (8)

{s5,} {spt P

where the outer summation is carried over all possible
spin configuration on the extended lattice. The index 4

runs over the original graph sites¢ =1, -- , N, whereas [
label the imaginary time coordinatel = 1,--- , M K. The
index p extends over all the shaded plaquettes of the ex-
tended lattice (cfn. Ref. 35). We define a plaquette as the
4-spin configuration p = p(b,l) = {(ip,!), (Jp,1), (G, +

1), (4b, 1 + 1). The statistical weight of each plaquette
p=p(b1)is
Wy(sp) = (5(ibs DsCins Dl [s(ip, L+ 1)s(ips L+ 1))

(9)
where A = /M. W,(s,) is different from 1 only when
the piece of Hamiltonian hy acts on the bond b at the
correct time | = (¢ — 1)K + k, with £ = 1,--- , M. This
condition defines the shaded plaquettes. For each bond b
we have exactly M shaded plaquettes, one for each Trot-
ter time step ¢ (see Fig. 1.b) . The non-trivial Hamil-
tonian evolution in imaginary time occurs only on these
special 4-spins configurations. For the simple case of the
spin chain, the shaded plaquettes construction resembles
a checkerboard lattice. There are only eight non vanish-
ing matrix elements on the shaded plaquettes, which can
be divided in four types:

W)= (++ e 2| 4 4) ~ 1+ AJ (10)
W(2) = (+—le? |+ —) ~1-AJ (11)
W(3) = (+— e[ —+) ~ AA (12)

W(4) = (++ e 2] — ) ~ AN, (13)

expanding the exponential for small A, and taking into
account that, for example W (1) = (+ + [e" 2| + 4) =
(— —|e=AHo| — —) since the one body magnetic field op-
erator o, is absent. Since Hy preserves the parity of the
magnetization, only 8 out of the 16 possible states give a
non-zero contribution. Notice that this property would
not hold in the transverse field case.

The simplest Monte Carlo algorithm usually employs
local updates, i.e. by proposing to flip one spin at a
time. This is not a good choice for XX couplings as un-
constrained single spin flips lead to forbidden plaquette
configurations with zero weight. Our strategy is therefore
to implement directly a cluster MC algorithm which au-
tomatically avoids sampling of forbidden configurations
and minimizes the autocorrelation times. The key feature
of the loop algorithm?® is that it allows nonlocal changes
of spins configurations, by making only local stochastic
decisions on the shaded plaquettes. We refer the reader
to the original Ref. 35 for an exhaustive and rigorous
justification of the algorithm. Here we simply describe
the outline of our optimized version for XX couplings,
which, as it usually happens in most MC algorithms, can
be divided in two steps: cluster formation and cluster
flip.

1. Outline of the Algorithm

We first restrict the growth of the cluster to a subset
of bonds B,, such that |J,, B, = B contains all the B



bonds of the graph (see Fig. 2). For example, a possible
choice could be these set of bonds which constitute all
the possible smallest loops in the graph, as in Sect. IV B.
This is necessary to keep the cluster size small in the
N — oo limit (see Sect. II B).

Next we explicitely show how to combine to stan-
dard Loop algorithm?® with the restricted update scheme,
therefore in the following we implicitely refer to the Loop
algorithm terminology and we suggest that the reader
should become familiar first with the standard version
described in Ref. 35.

The algorithm proceeds as follows:

1. We randomly select the set B,,, of spins on which we
want to build a cluster. Then we choose one bond by €
B, and a Trotter time-slice { = 1,--- , M. This identifies
the corresponding shaded plaquette p = p(bo,lp). Fi-
nally we randomly select one of the two sites, i.e. (ip,lo),
connected by the bond b, at the imaginary time lo. This
will be the first site added to the cluster

1. We follow the Loop Algorithm rules to add spins
to the cluster. In this case we add only spins which are
connected by a bond in the set B,,.

1ii. We propose to flip this cluster with suitable prob-
ability pyiip, i.e. we reverse each spin s — —s belonging
to the cluster. pyf;;, = min[l,exp(6E K/A)] is given by
the change in energy dF due to the cluster flip. Notice
that only the bonds outside the set B, will be taken into
account in computing § E since the cluster building rules
take care of detailed balance for all bonds within B,,. In
this way we evaluate the energy gain of the cluster flip
restricted to B,,, which is embedded in the graph. This
is the main difference compared to Ref. 35.

Notice also that if B,, = B already contains all the
possible edges of the graph, then step . simplifies to
flipping the cluster with probability 1, and we recover
the single cluster formulation of the Loop Algorithm. We
label this type of move as unrestricted or global update.
If instead the cluster is restricted to be on a localized set
of bonds, we are performing a semi-local update.

2. Breakup Probabilities

The essential ingredients of the Loop Algorithm are
the so-called “breakups weights”. In short, this set of
weights w;; (i,7 = 1,2,3,4) determines the shape and
the size of the clusters. For example, the weight wj;
sets the probability that a shaded plaquette of type 7 is
changed into a plaquette type j, after the accepted MC
update [cfn. Eq. (10)]. In particular, this probability is
given by p;_,; = w;;/W(i). For example, if we connect
and flip the spins at the bottom of a type-1 plaquette, we
obtain a type-4 plaquette. The flip of two spins inside
a shaded plaquette always produce a different type of
configuration, which is in turn a valid plaquette configu-
ration, by construction. This is the main idea of the Loop
algorithm. One needs to define every possible i — j tran-
sition weight. Some of these weights can also be zero, this

a) T b)
i
A
] |
> space
Figure 2. Different types of cluster update, unrestricted in

panel a) and restricted, b) . Colors (red, orange and pink)
depict loops that are glued together after that the cluster
formation procedure is terminated, if freezing breakups occur
(cfn. Ref 35). In the restricted case, the cluster is confined
into a 4 bond loop in the physical lattice (green square), other
choices are obviously possible. While in the unrestricted case
the cluster is always flipped, in the restricted case the cluster
is flipped according to a suitable Boltzmann probability (see
text).

means that some particular transitions are not-allowed.

We refer the interested reader to the original Loop Al-
gorithm>® for details, derivations and discussions. Here
we simply provide our choice for the breakups weights for
future reproducibility.

While the plaquette weights W (i), with ¢ = 1,2,3,4,
are fixed by the Hamiltonian [cfn. Eq. (10)], there is
freedom in choosing the breakup weights w;;, provided
that the following constraints are met

3wy = W), (19)
| Wi; > 0. (15)

Experience showed that one should optimize these
weights for an efficient algorithm. Indeed, the auto-
correlation time dramatically increases with non-optimal
choices of w;;, which gives the probability to remain in
the same plaquette configuration. We thus aim to min-
imize this weight. The optimal weight’s set varies as a
function of the annealing schedule. Let us assume that
A is small so that W (1), W (2) > W (3),W(4) > 0.

Let us consider first the case A > |J|, i.e. at the begin-
ning of the annealing. Under this condition it is possible
to set all the freezings to zero. The non-zero weights are:

w1 = 1-AJ (16)
w13 = W14 — AJ (17)
W34 = A(A - J) s (18)



with wi; = wjs, 1,7 = 1,2,3,4. In the later stage of the
annealing we have A < |.J| instead, so we find

wis=1—AJ (19)
W13 =— W14 — AA (20)
wy = 2A(J — A) . (21)

In this case is not possible to have w;; = 0, but this is
the optimal choice as pointed out also in Ref. 36. Notice
that these two sets always satisfy Eq. (14) and work both
for ferromagnetic and anti-ferromagnetic couplings.

D. Adding the Transverse Field

To obtain an algorithm for the full Hamiltonian
H=> Jyoio; =T> of =AY ooy, (22
i, i i,

we need to include the transverse field term o7 to the
Loop Algorithm (I' = 0) described in Sect. II C. This
extension is hinted in Ref. 35 and is not trivial as the
transverse field term of breaks the parity of the mag-
netization within each interaction plaquettes. Instead of
enlarging the total number of allowed plaquette configu-
rations, taking into account all these possible states, we
treat this operator stochastically by adding additional
single-site breakups. The transverse field operator can
end a loop cluster at any spacetime point (%,1), whereever
of acts. In our algorithm we add the possibility to stop
the cluster when entering into a shaded plaquette at site
1, with probability given by p, = sinh (AT'/K;), where
K; denotes the number of physical neighbours of the site
i in the graph. This is the generalization to arbitrary
graphs of the procedure sketched in Ref. 35 for a linear
chain In the following we give details on the actual im-
plementation of this idea.

i. Suppose we start the cluster from position (i, lp).

7. When we jump into a shaded plaquette, say at
position (4,1), if the plaquette type is not of type 3 or
437 we stop the cluster with probability p,.

111. Each time we stop we keep track of this position by
inserting a o operator label. We put this label on the
bond above (below) site i, if the direction was upward
(downward) in imaginary time direction. Otherwise we
continue to build the cluster following the procedure de-
scribed in Sect.IIC 1.

iv. If we stop the cluster then we restart from (ig,lo)
and proceed in the opposite direction until we stop again,
notice that now we can stop either by inserting a new o7
operator or by touching an existing one already in place.

v. The cluster flipping decision remains unchanged.

vi. Finally, remove the of operator labels between seg-
ments of equal orientation. This completes one update.

The last issue concerns the existence of plaquettes hav-
ing an odd number of spin up (down), which fall out-
side the breakup selection rule of the XX loop algorithm.

These plaquettes certainly occur if I' > 0. Since in our
approximation we can encounter the o7 operator only
going vertically along the imaginary time direction, the
decision rule can be adapted from the standard trans-
verse field cluster algorithm?33 in this case: suppose we
are at site (4,1) and we are proceeding upward, if there is
not a of operator already in place above (4,1), then we
check whether the spin at (i,! + 1) is parallel to (¢,1), or
not . In the latter case we stop the cluster.

Finally we notice that, in the A = 0 case, this al-
gorithm does not reduce to the common TF algorithm
for disordered systems>3, in which clusters are built only
along the imaginary time direction, if a non-empty bond
set B,, is considered. Indeed, the cluster can still span the
entire bond region B,,, due to the occurence of the freez-
ing plaquettes, which make the cluster non-local. We use
therefore the same cluster algorithm, within the same
choice of B,,,’s, to compare FI and TF Hamiltonians, also
considering the limiting I' = 0 case.

III. PHASE DIAGRAM OF THE XX MODEL
WITH A TRANSVERSE FIELD

We test the accuracy of the algorithm against exact
diagonalization (ED) results®®, for a small uniform fer-
romagnetic chain and square lattices with spacial peri-
odic boundary conditions, having Hamiltonian given by
Eq. (22), i.e. without bond disorder. In Fig. 3 we plot the
(0f07%) correlation function, for nearest neighbours, as a
function of the inverse temperature (3, for several choices
of the parameters A and I". The agreement of QMC with

ED is satisfactory in the full temperature range.

0.25 —
7 AZ02 T =0
A=1T=01
A=1T=05 =
0.2 - A=1, T'=1+—+— 1
A=2 T=0r
S 0.15 /*Jf~, ]
01} .. ]
— e
005 1 1 1 1 1 1 1 1 1
O 1 2 3 4 5 6 7 8 9 10

BJ

Figure 3. Nearest neighbours (o707) correlation function as
a function of the inverse temperature (3, for several choices
of the parameters A and I'. The system is a ferromagnetic
8-site chain. Points label QMC results, while continuos lines
represent ED results. For each temperature we use an appro-
priate number of Trotter slices M to ensure convergence to

the continuos imaginary time limit.

Next, in Fig. 4, we focus on the low-temperature



regime relevant for SQA and benchmark simulations ob-
tained with different combinations of A and I' values,
which can be realized along a generic SQA run.

0.25 T T T 0.25 = s

o %o

IS

0.2 0.2

0.15 \‘\'__/ 0.15

0.1 | B 0.1

= o
L

g

(o707)
io5)

{

0.05 F E 0.05

O 1 1 1
0 025 05 075 1

A A

Figure 4. Low temperature (8J = 5) nearest neighbours
(07 07) correlation function for several combinations of A and
I". We parametrize these values as A =AZ and I' = (1 - \)Z
and we plot (07 07) as a function of X, for Z = 0.5, 1,2. Points
label QMC results, while continuos lines represent ED results.
The left panel refers to a 8-sites ferromagnetic chain, while the
right panel to a 16-sites square lattice.

Finally in Fig. 5, we show, as an example, the
low-temperature phase diagram of the Hamiltonian in
Eq. (22), with J;; = 1, on a 2D square lattice. Gener-
alizing the breakup weights in Sect. (IIC2) for an ar-
bitrary XYZ Hamiltonian, it would be possible to study
the phase diagram of sign-problem free XYZ models with
transverse field on arbitrary lattice.

IV. SIMULATED QUANTUM ANNEALING
A. Annealing schedule

We now report a first application of the algorithm
to SQA, to assess the annealing sensitivity to the HSI
driver Hamiltonian. We consider a spin glass problem
Hamiltonian, defined on a 10 x 10 square lattice, with
periodic boundary conditions, and uniformly randomly
distributed couplings in the range [—1,1]. Following
previous SQA studies®!?, we plot the residual energy
Eres(trinat) = E(tfinal) —Eo as a function of different an-
nealing times  f;,q1, Where Fjy is the exact solution®? and
E(tfina1) is the ground state of the Hamiltonian found at
the end of the annealing.

In order to compare the performance of different an-
nealing strategies in the I' — A parameters space, we need
to rigorously define the computational effort for a QMC
algorithm having unrestricted and semi-local updates.
Different annealing schedules lead to different average
cluster sizes, and, the larger is the cluster built, the heav-
ier is the computational cost of each update. This cost

0 02040608 1 12141618
r

Figure 5. Low temperature (8 = 20) phase diagram of the
model (22), with J;; = 1, on a 10 x 10 square lattice. We
plot the (o707) correlation, with 4, j nearest neighbours, as a
function of A and I" parameters, both in the range [0, 1.9]. The
phase boundary between the ordered (below) and disordered
(above) phases roughly lies along the A +1'/2 =1 line.

is proportional to the cluster size n and to the number
of bonds one has to check for evaluate § E in the accep-
tance/rejection step. We notice that, in the algorithm,
the computationally expensive operations are made on
the shaded plaquettes. Therefore, the total effort is still
proportional to the number of sites N (or generically to
the bond number B) and the number of Trotter slices M,
although the total number of slices along the imaginary
time direction is M x K.

Here we thus define the computational cost associated
we each annealing run as

C(tfinal) = tfinal n, (23)

where ¢4 is the total number of Monte Carlo updates.

We notice that the QMC algorithm is efficient, for low
A and in the thermodynamic limit, only if we restrict the
cluster growth, at each update, to a small bond subset
with #B,, < B. In this way n < N x MK

Usually, with TF-SQA, a linear schedule with start-
ing field Ty = I'(t = 0) > max [|J;;| is employed'?, in
our notations, this would correspond to decrease linearly
the transverse field parameter as I'(t) = To(1 — t)/t fina
and set A = 0, Vt. In the following we will compare to
the simplest annealing path for SQA with ferromagnetic
interactions (FI-SQA), given by

F(t) = FO(I - t)/tfinal

A(t) = Ao(1 = 1)/t finar » (24)
namely, decreasing linearly both the control parameters.
We will also compare to the choice A(t) = Ag(1—1t)/t fina
and I' = 0, V¢, i.e. employing only the two pure two-
body operator. The optimization of the annealing path
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Figure 6. Residual energy E(tfinq1) as a function of total an-
nealing time ¢f;nqi, renormalized in order to express the total
theoretical computational effort of each run as in Eq. (23).
Here, the QMC algorithm employs restricted cluster updates.
Dashed lines with empty symbols indicate SQA with stan-
dard TF Hamiltonian (with 'y = 2), while continuos ones
with solid symbols refer to FI-SQA, with annealing schedule
given by Eq. (24), with T'9 = 1 and Ag = 1. Each color
(orange,blue, and red) labels different SQA setup, having dif-
fent M and . The FI Hamiltonian always performs better,
for sufficiently long ¢finai, than the TF, within the same M, 8
setup. Finally, we perform SQA without TF component (pur-
ple dot-dashed line). This choice gives poor perfomances.

to non-trivial A(t),I'(¢) time-dependences is left for fu-
ture studies.

B. 2D Spin Glass Results

In Fig. 6 we show the residual energy as function of the
annealing time, for 10 x 10 lattice, and using the semi-
local loop update, an approach that remains efficient for
large disordered systems. In this case, each possible bond
subset B,,, withm = 1,--- , N, is defined to be the small-
est 4-bonds loop that can be constructed on the square
lattice (see Fig. 2). The four lattice sites which belong to
these sets are given by (i, ), (i+1,5), (i+1, j+1), (i, j+1),
withi,j=1,---, L.

With this choice the QMC algorithm is ergodic as the
original loop algorithm (with global updates) and main-
tains efficiency in the disordered case, in the N — oo
limit. In the general case, each bond subset B, has to
be provided as an input, and varies with the graph under
consideration.

The bond subsets defining each non-commuting Hamil-
tonian hy, k= 1,--- , K is also an input of the algorithm.
Generally, performing this decomposition can be also an
hard optimization task, which is related to the edge col-
oring problem, but it can always be solved by using a
sub-optimal K, one larger than the minimal value (which
depends on the graph complexity)*?. For regular graphs,

such as the square lattice, these sets arte always easy to
construct.

In this study we compare TF and FI-SQA as classi-
cal optimization algorithms. Therefore we renormalized
the annealing time in such a way to fairly compare the
theoretical computational effort of each run, as discussed
above. We also define the residual energy as the min-
imum energy F.,.;, among all the possible M Trotter
slices. We perform the simulations at different inverse
temperatures S = 20, 40, and 80. We keep the Trotter
time-step /M = 0.3125, constant and close to conver-
gence to the physical limit (cfn. also Fig. 8).

In Fig. 6 we observe that, for fixed M and g, TF and
FI-SQA display different behaviour, as the two curves are
not related by a trivial shift along the time axis. We no-
tice that the FI driver always outperforms the standard
TF, for sufficiently large annealing times, at each tem-
perature, despite the larger complexity of the FI driver.
Interestingly, the lower is temperature, the larger is the
difference between the FI and TF residual energies.

Surprisingly, performing the annealing at zero trans-
verse field, I' = 0, results in a drastic decrease of the
performance. These observations can be explained in the
following way: i. For short annealing time, a large part
of the residual energy can be recovered by simple one-flip
moves, then the TF driver is more effective in eliminat-
ing the defects in the extended lattice. . The pure
two body driver Hamiltonian o707 is way less efficient in
this regards, as the clusters are usually bigger and always
closed in the extended lattice. Therefore, the transverse-
field operator is still an important ingredient for a QA
driver Hamiltonian.

Finally, we also check the performance using the global
update algorithm. In this case the cluster can freely tra-
verse the extended lattice. We consider the same sys-
tem and perform the same set of simulations and show
the results in Fig. 7. We notice that the trend is pre-
served, although the annealing profiles are slightly dif-
ferent. In particular, the pure two-body driver performs
significantly worse than the mixed FI-SQA, having both
A and T non-zero. However, FI-SQA still outperforms
TF-SQA for sufficiently long annealing times, as in the
previous semi-local algorithm. Interestingly, this global
updates version of the algorithm displays a better effi-
ciency compared to the previous approach. Indeed such
system size can be considered still small and the global
update scheme does not suffer much from a critical slow-
ing down.

Note though the non-monotonicity as a function of the
annealing time compared to the TF (cfn. also Ref. 13),
which hints at inefficiencies of the global updates. This
feature disappears when the average energy is used (see
Fig. 8), instead of the lowest one among the Trotter slices.
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Figure 7. Residual energy E(tfinq1) as a function of total an-
nealing time ¢f;nqi, renormalized in order to express the total
theoretical computational effort of each run as in Eq. (23).
Here, the QMC algorithm employs unrestricted cluster up-
dates. Dashed lines indicate SQA with standard TF Hamil-
tonian (with I'g = 2), while continuos ones refer to FI-SQA,
with annealing schedule given by Eq. (24), with (with 'y = 1,
Ao = 1). Each color (orange,blue, and red) labels different
SQA setup, having diffent M and S. The FI Hamiltonian
always performs better, for sufficiently long ¢finq;, than the
TF, within the same M, 8 setup.

V. EFFICIENCY OF QUANTUM ANNEALING

In this last section we perform simulations indicative of
the relative efficiency between the FI and TF operators
in a real QA device instead of as a classical optimization
algorithm. QMC is expected to reproduce the perfor-
mance of physical QA for typical tunneling problems as
discussed in Refs. 14 and 26. This time we take the con-
tinuous time limit by using a large enough number of
time slices M, and we measure the annealing time sim-
ply using the Monte Carlo steps, as the computational
effort related to the different update scheme is not rel-
evant for the study of the physical machine. Moreover,
following Ref. 13 we average the final energy over all the
M Trotter slices. In Fig. 8 we observe the same trend as
in SQA, where the FI operator eventually outperforms
the TF at later stages of the annealing.

VI. CONCLUSIONS

We introduced a novel QMC algorithm to perform
SQA with a transverse ferromagnetic two-spin driver
Hamiltonian Eq. (4). This type of fluctuation extends
the standard TF-SQA, adding also a two-body transverse

operator of the form ofo7. Though this possibility has

been introduced already some years ago'S, it has never
been used before with QMC simulations, and therefore
never applied so far on large optimization problems. We

FI, M=64
TF, M=64 o
FT, M=128 o
TF, M=128
B
%010 !
g
=
=
=
%
[t
10~
10° 10° 107 108

Annealing time [QMC sweeps]

Figure 8. Residual energy E(tfinq1) as a function of total an-
nealing time tfinq for different operators and Trotter slices
M.. Here, the QMC algorithm employs the same restricted
cluster updates for the different operators TF and FI. The
annealing time is not renormalized taking into account the
computational effort (which is proportional to M) and we ob-
tain the final energy by averaging over all the Trotter slices.
Dashed lines indicate simulations with standard TF Hamilto-
nian (with I'y = 2), while continuos ones refer to the FI op-
erator, with annealing schedule given by Eq. (24), with (with
T'o =1, Ag = 1). We use an inverse temperature 8 = 20 and
we check the continuos time limit convergence using M = 64
and 128. The FI Hamiltonian always performs better, for suf-
ficiently long ¢ finai, than the TF, within the same M, f setup.

notice that, since QMC techniques are limited by the
so-called sign problem, we can simulate only the ferro-
magnetic version of two body transverse interaction.

Our discrete-time path-integral Monte Carlo algorithm
is an extension of the well established Loop Algorithm?®,
with the inclusion of the transverse field operator, and
implements restricted cluster updates to simulate effi-
ciently large disordered systems.

A first application to quantum annealing, on a random
square lattice, reveals that the new driver Hamiltonian
improves upon the usual transverse field, though more
systematic studies are required to address conclusively
this question. Indeed it will be interesting to optimize
the interplay of the two parameters I'(¢) and A(t) along
the annealing schedule and to perform a size scaling anal-
ysis. Morover it will be important to find other classes of
problem Hamiltonians which can benefit more from this
technique.

We notice that the range of applicability of the present
algorithm can go beyond SQA, since it would be also pos-
sible to explore phase diagrams of XYZ sign-problem free
Hamiltonians with transverse field, defined on arbitrary
lattices, by performing equilibrium simulations with a
converged number of Trotter time steps.
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