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The Raychaudhuri equations for the expansion, shear, and vorticity are generalized in a spacetime with
torsion for timelike as well as null congruences. These equations are purely geometrical like the original
Raychaudhuri equations and could be reduced to them when there is no torsion. Using the Einstein-Cartan-
Sciama-Kibble field equations, the effective stress-energy tensor is derived. We also consider an
Oppenheimer-Snyder model for the gravitational collapse of dust. It is shown that the null energy
condition is violated before the density of the collapsing dust reaches the Planck density, hinting that the
spacetime singularity may be avoided if there is a nonzero torsion, i.e., if the collapsing dust particles
possess intrinsic spin.
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I. INTRODUCTION

The evolution of a congruence in a spacetime is
determined by the so-called Raychaudhuri equation [1].
An important fact about those equations is that they are
purely geometrical and do not assume any theory of gravity.
This feature gives freedom to use any theory to fix the
geometry and then study the evolution of congruence. Its
importance was realized greatly upon its use in establishing
the so-called Hawking-Penrose singularity theorem [2–4].
Einstein’s theory of gravity considers spacetime on

Riemannian manifolds which assumes vanishing torsion
and zero nonmetricity. The most general spacetime can be
found relaxing these assumptions. The generalization of
Einstein’s gravity in a spacetime with torsion is known as
Einstein-Cartan theory (ECT). The origin of this torsion in
ECT is due to intrinsic spin of elementary particles. The
field equations for ECT were found by Sciama [5] and
Kibble [6] independently in the 1960s. Remarkably, outside
of matter distributions, the geometry is completely deter-
mined by Einstein’s general relativity (GR) due to the
nonpropagating nature of torsion in ECT.
To understand the evolution of congruences in ECT it is

necessary to generalize the Raychaudhuri equation in a
spacetime with torsion. These can be found in some articles
in the literature [7–11]but not for the full set ofN-dimensional

Raychaudhuri equations for expansion, shear, and vorticity
considering both timelike and null congruences as we present
it here. While we cannot do justice in mentioning all efforts
available in the literature, we shall try at least to mention the
most relevant ones for this work. In particular, the generali-
zation of the Raychaudhuri equations in the presence of
torsion was studied in [7–12]. In the most general case, i.e.,
considering also nonzero nonmetricity, the Raychaudhuri
equation was found in [13]. Null geodesic congruences in the
presence of torsionwere studied in [14]. In [15], the properties
of Killing’s horizon in the spacetime with torsion were
investigated.
In stellar objects evolution, the degenerate pressure due

to the Pauli exclusion principle may replace thermonuclear
fusion in counterbalancing the inward self-gravity, leading
in this case to white dwarfs or neutron stars. However, for
sufficiently massive objects this is not possible so that
gravitational collapse cannot be avoided and eventually
possibly leading to black hole formation. Oppenheimer and
Snyder (OS) [16] studied the gravitational collapse of
pressureless dust, i.e., matter formed by noninteracting
particles characterized by nonzero mass density but neg-
ligible pressure.1 While this might seem to be a very
idealistic model, its analytical form is sometimes very
helpful in gaining an intuitive understanding of the most
relevant physical effects at work and for this reason we
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1A generalization of the Oppenheimer and Snyder solution
was found in close analytical form by Vaidya in [17] where he
considered the collapsing dust with radiation flowing outward.
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shall use it here for a first-hand exploration about the
possible effects on torsion.
One of the requirements for Penrose’s singularity theo-

rem [2] to hold is that the null energy condition (NEC)
—Tμνkμkν ≥ 0 for any null vector kμ—should always be
satisfied during the gravitational collapse. In this sense, the
violation of NEC at some point of the collapse indicates
that the formation of a spacetime singularity might be
avoided. Indeed, we shall see that the presence of torsion
may cause such a violation after the formation of a trapping
horizon but well before a Planckian (quantum gravity)
regime is reached. Although this is projected to happen at
very high densities, at which we do not have yet a full
understanding of matter behavior, it is true that the latter is
not expected at these late stages to be dominant over
gravitational effects. Also our results lend support to
previous investigations on the possible role of torsion in
avoiding singularities. For example, an intuitive argument
on this can be found in [18] within the asymptotically safe
gravity framework. Similarly, it was shown that the
cosmological singularity might be avoided in ECT [19].
Also OS collapse in ECT was numerically studied finding
that the singularity formation is avoided by a bounce [20].
Our analytical study can be considered as complementary
to this last one.
The paper is structured as follows: After setting our

conventions and notation in Sec. II, we generalize in
Sec. III to spacetimes with torsion the usual description
of the evolution of the separation vector for curves in a
congruence. In Sec. IV we then derive the Raychaudhuri
equations for expansion, shear, and vorticity for a timelike
congruence. In Sec. V we derive the same equations for a
null congruence. After reviewing in Sec. VI we review the
Einstein-Cartan-Sciama-Kibble field equations, we then
discuss the OS collapse in the presence of torsion in
Sec. VII. In Sec. VIII we summarize our results and
discuss future perspectives.
Finally, note that while in the first part of the paper, i.e.,

in deriving the Raychaudhuri equations for spacetime with
torsion, we take G ¼ c ¼ 1, in the second part of the
manuscript, concerning the OS collapse model in ECT, we
restore the actual values of these constants so to provide
numerical estimates for the relevant physical quantities at
play. Throughout the manuscript we use the signature
ð−;þ;þ;þÞ, Greek indices run from 0 to 3 while Latin
ones run from 1 to 3.

II. DEFINITIONS AND NOTATIONS

The covariant derivative for a generic four-vector Xβ is
defined as

∇αXβ ¼ ∂αXβ þ Cβ
ασXσ: ð1Þ

In our considerations the connection Cγ
αβ will have the

only constraint of being metric compatible i.e.,

∇αgβγ ¼ 0 ðzero nonmetricityÞ: ð2Þ

The torsion tensor is defined as the antisymmetric part of
the generic connection which is given by

Sαβγ ≡ Cγ ½αβ� ¼
1

2
ðCγ

αβ − Cγ
βαÞ: ð3Þ

Sαβγ is antisymmetric in its first two indices i.e.,

Sαβγ ¼ −Sβαγ: ð4Þ

The general metric compatible connection can be written as
the addition of the Levi-Civita (Γγ

αβ) connection and
contorsion tensor (Kαβ

γ),

Cγ
αβ ¼ Γγ

αβ þ Kαβ
γ; ð5Þ

where

Kαβ
γ ≡ Sαβγ þ Sγαβ − Sβγα: ð6Þ

Let us now consider the Lie derivative of a vector v along
another vector u takes the form

Luv≡ ½u; v�γ ¼ uα∂αvγ − vα∂αuγ: ð7Þ

We can see that by using Eq. (1), the expression in Eq. (7)
can be written as

Luv ¼ uα∇αvγ − vα∇αuγ − 2Sαβγuαvβ; ð8Þ

where we use the definition of the torsion tensor given
in (3).
The definition of the Riemann tensor is given by

Rαβγ
ρ ¼ ∂βCρ

αγ − ∂αCρ
βγ þ Cρ

βσCσ
αγ − Cρ

ασCσ
βγ: ð9Þ

The commutator of the covariant derivative reads

½∇α;∇β�wγ ¼ Rαβγ
ρwρ − 2Sαβρ∇ρwγ; ð10Þ

and here we use the commutativity of the partial derivative.
Similarly, the generalized Ricci tensor is

Rαβ ≡ Rαγβ
γ ¼ ∂γCγ

αβ − ∂αCγ
γβ þ Cρ

αβCγ
γρ

− Cρ
γβCγ

αρ; ð11Þ

and the Ricci scalar is defined as usual,

R≡ gαβRαβ: ð12Þ
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III. EVOLUTION OF SEPARATION VECTOR

In this section we review the formalism introduced in
Ref. [11] for describing the calculation of the separation
vector among curves of a congruence. Let us consider a
congruence γsðλÞ where s changes from one curve to
another and λ changes along the curve. Let us choose
two points p and q lying on two adjacent curves having
coordinates xαðλÞ and x0αðλÞ ¼ xαðλÞ þ ξα respectively.
Here ξα is the separation vector and is given by

ξα ¼ ∂xα
∂s : ð13Þ

The tangent vector along the curve is defined as

uα ¼ ∂xα
∂λ : ð14Þ

In these coordinates the Lie derivative of the tangent vector
along the separation vector (and vice versa) ξα is trivially
null

Lξu ¼ 0 ¼ Luξ: ð15Þ
Using (8) and (15) we then get

uβ∇βξ
α ¼ Bβ

αξβ; ð16Þ

where Bαβ is given by

Bαβ ≡∇αuβ þ 2Sγαβuγ: ð17Þ

In general, Bαβ can be decomposed in orthogonal and
parallel components to the congruence

Bαβ ¼ B⊥αβ þ Bkαβ: ð18Þ
Defining as usual the projection operator as hαβ ¼
gαβ − σuαuβ where σ is equal to −1 or 1 depending on
whether the tangent vector is timelike or spacelike, we can
write these components as

B⊥αβ ≡ hαγhβσBγσ; ð19Þ
Bkαβ ≡ Bαβ − B⊥αβ: ð20Þ

Expansion, shear and vorticity are then defined as

θ ¼ B⊥γ
γ; ð21Þ

σαβ ¼ B⊥ðαβÞ −
hαβ
hγγ

θ; ð22Þ

ωαβ ¼ B⊥½αβ�; ð23Þ
so that B⊥αβ can be decomposed as

B⊥αβ ¼
hαβ
hγγ

θ þ σαβ þ ωαβ: ð24Þ

IV. RAYCHAUDHURI EQUATIONWITHTORSION
FOR TIMELIKE CONGRUENCES

Let us now consider timelike congruences. The projec-
tion operator in this case is

hαβ ≡ gαβ þ vαvβ; ð25Þ

and satisfies

hαβvα ¼ 0; hαγhγβ ¼ hαβ; hγγ ¼ N − 1; ð26Þ

where N is the dimension of the spacetime. Using the
definitions given in Eq. (19) and Eq. (25), we get

B⊥αβ ¼ ∇αvβ þ 2Sραβvρ þ 2Sρασvρvσvβ þ vαaβ; ð27Þ

where aβ ¼ vγ∇γvβ. Here we used the metric compatibility
and the contraction of antisymmetric (torsion) and sym-
metric tensor (vαvβ) is zero. Rewriting Eq. (27) in terms of
Levi-Civita derivatives one gets

B⊥αβ ¼ ∇̃αvβ − Kαβ
σvσ þ 2Sραβvρ þ 2Sρασvρvσvβ

− Kρβ
σvρvσvα: ð28Þ

From the definitions Eq. (20) and Eq. (17), it then follows
that

Bkαβ ¼ −2Sρασvρvσvβ − vαaβ: ð29Þ

The perpendicular component of Bαβ without torsion can be
written as

B̃⊥αβ ¼ ∇̃αvβ; ð30Þ

where ∇̃ is the covariant derivative with respect to the Levi-
Civita connection.

A. Raychaudhuri equation for the
congruence expansion

Using (30), the expansion θ̃ (without torsion) reads

θ̃ ¼ hαβB̃⊥αβ ¼ hαβ∇̃αvβ: ð31Þ

With the help of Eq. (28), the expansion θ can be written as

θ ¼ hαβB⊥αβ

¼ hαβð∇̃αvβ − Kαβ
σvσ þ 2Sραβvρ

þ 2Sρασvρvσvβ − Kρβ
σvρvσvαÞ: ð32Þ

Using the antisymmetric properties of contorsion and
torsion tensors one can easily see that the contraction of
all terms in the parentheses with a projection metric does
vanish except the first term. Therefore we get
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θ ¼ hαβ∇̃αvβ ¼ θ̃: ð33Þ

So we see that the expansion is the same with or without
torsion (this result confirms the one of [11]). The rate of
change of θ with respect to proper time (τ) along the
timelike congruence reads

Dθ

dτ
¼ vμ∇μθ ¼ vμ∂μθ ¼ vμ∂μθ̃ ¼ vμ∇̃μθ̃ ¼ D̃θ̃

dτ
: ð34Þ

D̃θ̃
dτ is the Raychaudhuri equation for expansion without
torsion, so we see that the Raychaudhuri equation for
expansion for timelike congruence is unchanged in the
presence of torsion. So we get

Dθ

dτ
¼ D̃θ̃

dτ

¼ −R̃γρvρvγ −
�

1

N − 1
θ̃2 þ σ̃αβσ̃

αβ þ ω̃αβω̃
βα

�
; ð35Þ

where ˜ quantities are calculated with respect to the Levi-
Civita connection. Let us stress that while this equation is
identical to the one obtained without torsion, it will in
general lead to a different phenomenology once the
dynamics, i.e., the field equation relating the Ricci tensor
to the matter content, are used. We shall discuss this in
detail later on.

B. Raychaudhuri equation for the
congruence shear

According to the definition of shear given in (22) and
using (30), (31), the expression of the shear without torsion
reads

σ̃αβ ¼ ∇̃ðαvβÞ −
1

N − 1
hαβ∇̃αvα: ð36Þ

Using (22) and (28) the expression of shear reads

σαβ ¼ σ̃αβ þ Fαβ; ð37Þ

where

Fαβ ¼ −KðαβÞσvσ þ 2SρðαβÞvρ þ 2SρðαjσvρvσvjβÞ

− KρðβjσvρvσvjαÞ: ð38Þ

Now we calculate the Raychaudhuri equation governing
the shear using (37)

Dσαβ
dτ

¼ vμ∇μσαβ

¼ vμ∇̃μσ̃αβ þ vμ∇̃μFαβ − vμKμα
ρσ̃ρβ − vμKμα

ρFρβ

− vμKμβ
ρσ̃αρ − vμKμβ

ρFαρ

¼ D̃σ̃αβ
dτ

þ vμ∇̃μFαβ − vμKμα
ρσ̃ρβ − vμKμα

ρFρβ

− vμKμβ
ρσ̃αρ − vμKμβ

ρFαρ: ð39Þ

Substituting the Raychaudhuri equation for shear ðD̃σ̃αβ
dτ Þ

we get

Dσαβ
dτ

¼
�
−

2

N−1
θ̃σ̃αβ− σ̃α

γσ̃γβ−ω̃α
γω̃γβ

þ 1

N−1
hαβðσ̃γρσ̃γρ−ω̃γρω̃

γρÞ−C̃αγβρvρvγþ
1

N−2
R̃T
αβ

−
1

ðN−1ÞðN−2ÞhαβðR̃ργhργÞ
�

þvμ∇̃μFαβ−vμKμα
ρσ̃ρβ−vμKμα

ρFρβ−vμKμβ
ρσ̃αρ

−vμKμβ
ρFαρ; ð40Þ

where R̃T
αβ ¼ hαρhβγR̃ργ and C̃αγβρ is the usual Weyl tensor.

This is the Raychaudhuri equation for the shear in the
presence of torsion, all the additional terms with respect to
the standard ones being grouped outside of the squared
brackets.

C. Raychaudhuri equation for the
congruence vorticity

Using (23) and (30), the expression for vorticity without
torsion reads

ω̃αβ ¼ ∇̃½αvβ�: ð41Þ

Using (21) and (28) we get

ωαβ ¼ ω̃αβ þGαβ; ð42Þ

where

Gαβ ¼ −K½αβ�σvσ þ 2Sρ½αβ�vρ þ 2Sρ½αjσvρvσvjβ�

− Kρ½βjσvρvσvjα� ð43Þ

We get the Raychaudhuri equation for vorticity
using (42)
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Dωαβ

dτ
¼ vμ∇μωαβ

¼ vμ∇̃μω̃αβ þ vμ∇̃μGαβ − vμKμα
ρω̃ρβ − vμKμα

ρGρβ

− vμKμβ
ρω̃αρ − vμKμβ

ρGαρ

¼ D̃ω̃αβ

dτ
þ vμ∇̃μGαβ − vμKμα

ρω̃ρβ − vμKμα
ρGρβ

− vμKμβ
ρω̃αρ − vμKμβ

ρGαρ: ð44Þ

Substituting the Raychaudhuri equation without torsion

ðD̃ω̃αβ

dτ Þ we get

Dωαβ

dτ
¼

�
−

2

N − 1
θ̃ω̃αβ − σ̃αγω̃

γ
β − ω̃αγσ̃

γ
β

�
þ vμ∇̃μGαβ

− vμKμα
ρω̃ρβ − vμKμα

ρGρβ − vμKμβ
ρω̃αρ

− vμKμβ
ρGαρ; ð45Þ

where in square brackets we grouped the analogous
equation for the torsion-free case.

V. RAYCHAUDHURI EQUATION WITH
TORSION FOR NULL CONGRUENCES

Let us consider an auxiliary null vector field ϵα,
such that

kαϵα ¼ −1; ð46Þ

ϵαϵ
α ¼ 0: ð47Þ

The projector operator is defined as

h̃αβ ¼ gαβ þ kαϵβ þ ϵαkβ ð48Þ

satisfying

h̃αβkα ¼ h̃αβϵα ¼ 0; ð49Þ

h̃α
σh̃σβ ¼ h̃αβ; ð50Þ

h̃α
α ¼ N − 2: ð51Þ

The photon follows geodesics determined by the Levi-
Civita connection,

kα∇̃αkβ ¼ 0: ð52Þ

The perpendicular component of Bαβ can be calculated by

B⊥αβ ¼ hαγhβσBγσ

¼ ∇̃αkβ − Kαβ
ρkρ − 2Sαγβkγ − 2Sαγσkγkσϵβ þ ϵσkβ∇̃αkσ − ϵσkβKασ

ρkρ − 2Sαγσkγkβϵσ þ ϵγkα∇̃γkβ

− ϵγkαKγβ
ρkρ þ 2Sργβkρkαϵγ þ 2Sργσkρkαkσϵγϵβ þ ϵγkαϵσkβ∇̃γkσ − ϵγkαϵσkβKγσ

ρkρ þ 2Sργσkρkαkβϵγϵσ

þ 2Sβγσkσkγϵα þ 2kβϵαϵσSσγρkρkγ: ð53Þ

The perpendicular component of Bαβ without presence of
torsion can be written as

B̃⊥αβ ¼ ∇̃αkβ þ ϵσkβ∇̃αkσ þ ϵγkα∇̃γkβ þ ϵγkαϵσkβ∇̃γkσ:

ð54Þ

A. Raychaudhuri equation for the congruence
expansion

Following the definition of expansion given in (21) and
using (54) we get

θ̃ ¼ hαβB̃⊥αβ ¼ hαβ∇̃αkβ: ð55Þ

Similarly like timelike congruence we can write using (21)
and (53)

θ ¼ hαβB⊥αβ ¼ hαβ∇̃αkβ ¼ θ̃: ð56Þ

So even in the case of null congruence, expansion does not
get affected due to the presence of torsion. Evolution of
expansion along the null congruence reads

Dθ

dλ
¼ kμ∇μθ ¼ kμ∂μθ ¼ kμ∂μθ̃ ¼ kμ∇̃μθ̃ ¼ D̃θ̃

dλ
: ð57Þ

Substituting the Raychaudhuri equation for expansion ðD̃θ̃
dλÞ

[11] we get

Dθ

dλ
¼ D̃θ̃

dλ

¼ −R̃ηρkηkρ −
�

1

N − 2
θ̃2 þ σ̃αβσ̃

αβ þ ω̃αβω̃
βα

�
: ð58Þ

Equation (58) is the Raychaudhuri equation for expansion
in the case of null congruence. As in the case of the timelike
analog expression, it is worth stressing that while the above
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equation is identical to the one obtained without torsion, it
will in general lead to a different phenomenology once the
dynamics, i.e., the field equation relating the Ricci tensor to
the matter content, are used.

B. Raychaudhuri equation for the congruence shear

Using (22) and (54) we get that the expression of shear
without torsion reads

σ̃αβ ¼ ∇̃ðαkβÞ þ ϵσkðβj∇̃jαÞkσ þ ϵγkðαj∇̃γkjβÞ

þ ϵγkðαjϵσkjβÞ∇̃γkσ −
1

N − 2
hαβ∇̃αkα: ð59Þ

Using (22) and (53) we get

σαβ ¼ σ̃αβ þHαβ; ð60Þ

where

Hαβ ¼ −KðαβÞρkρ − 2SðαjγjβÞkγ − 2SðαjγσkγkσϵjβÞ
− ϵσkðβjKjαÞσρkρ − 2SðαjγσkγkjβÞϵσ − ϵγkðαjKγjβÞρkρ

þ 2SργðβjkρkjαÞϵγ þ 2SργσkρkðαjkσϵγϵjβÞ
− ϵγkðαjϵσkjβÞKγσ

ρkρ þ 2SργσkρkðαjkjβÞϵγϵσ

þ 2SðβjγσkσkγϵjαÞ þ 2kðβjϵjαÞϵσSσγρkρkγ: ð61Þ
The evolution of shear along the null congruence can be
written as

Dσαβ
dλ

¼ kμ∇μσαβ

¼ kμ∇̃μσ̃αβ þ kμ∇̃μHαβ − kμKμα
ρσ̃ρβ − kμKμα

ρHρβ

− kμKμβ
ρσ̃αρ − kμKμβ

ρHαρ

¼ D̃σ̃αβ
dλ

þ kμ∇̃μHαβ − kμKμα
ρσ̃ρβ − kμKμα

ρHρβ

− kμKμβ
ρσ̃αρ − kμKμβ

ρHαρ: ð62Þ

Substituting the Raychaudhuri equation for shear without

torsion ðD̃σ̃αβ
dλ Þ we get

Dσαβ
dλ

¼
�
−

2

N − 2
θ̃σ̃αβ − σ̃α

γσ̃γβ − ω̃α
γω̃γβ

þ 1

N − 2
hαβðσ̃γρσ̃γρ − ω̃γρω̃

γρÞ − C̃αγβρkρkγ

þ 1

N − 2
R̃T
αβ þ

1

ðN − 2Þ2 hαβðR̃ργhργÞ
�
þ kμ∇̃μHαβ

− kμKμα
ρσ̃ρβ − kμKμα

ρHρβ − kμKμβ
ρσ̃αρ

− kμKμβ
ρHαρ: ð63Þ

The above equation is the Raychaudhuri equation for
the shear in the presence of torsion. Again the expression

in square brackets is the usual one for the torsion-free
case.

C. Raychaudhuri equation for the
congruence vorticity

Following the definition of vorticity given in (23) and
(53) we get

ω̃αβ ¼ ∇̃½αkβ� þ ϵσk½β∇̃α�kσ þ ϵγk½αj∇̃γkjβ�: ð64Þ

Using (23) and (54) the expression of vorticity can be
written as

ωαβ ¼ ω̃αβ þWαβ; ð65Þ

where

Wαβ ¼ −K½αβ�ρkρ − 2S½αjγjβ�kγ − 2S½αjγσkγkσϵjβ�
− ϵσk½βKα�σρkρ − 2S½αjγσkγkjβ�ϵσ − ϵγk½αjKγjβ�ρkρ

þ 2Sργ½βjkρkjα�ϵγ þ 2Sργσkρk½αjkσϵγϵjβ�
þ 2S½βjγσkσkγϵjα� þ 2k½βϵα�ϵσSσγρkρkγ: ð66Þ

The evolution of vorticity along the null congruence is
given by

Dωαβ

dλ
¼ kμ∇μωαβ

¼ kμ∇̃μω̃αβ þ kμ∇̃μWαβ − kμKμα
ρω̃ρβ − kμKμα

ρWρβ

− kμKμβ
ρω̃αρ − kμKμβ

ρWαρ

¼ D̃ω̃αβ

dλ
þ kμ∇̃μWαβ − kμKμα

ρω̃ρβ − kμKμα
ρWρβ

− kμKμβ
ρω̃αρ − kμKμβ

ρWαρ: ð67Þ

Substituting the Raychaudhuri equation for vorticity with-

out torsion ðD̃ω̃αβ

dλ Þ we get

Dωαβ

dλ
¼

�
−

2

N − 2
θ̃ω̃αβ − σ̃αγω̃β

γ − ω̃αγσ̃β
γ

�
þ kμ∇̃μWαβ

− kμKμα
ρω̃ρβ − kμKμα

ρWρβ − kμKμβ
ρω̃αρ

− kμKμβ
ρWαρ: ð68Þ

The above equation is the Raychaudhuri equation for
vorticity in the presence of torsion with the torsion-free
expression separated in squared brackets.2

2To the best of our knowledge the N-dimensional Raychaud-
huri equation for vorticity and shear in the case of both timelike
and null congruences are original at least in the form we cast here.
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VI. EINSTEIN-CARTAN-SCIAMA-KIBBLE
FIELD EQUATIONS

We have already stressed that the Raychaudhuri equa-
tions are exquisitely geometrical in nature, in the sense that
they do not depend on the specific field equations of the
gravitational theory describing the dynamics of the metric
and torsion. However, when describing the outcome of
physical phenomena like a gravitational collapse, one needs
to connect these equations with the matter-energy content,
and hence the gravitational field equations must be sup-
plemented. In particular, for our purposes we shall need to
consider the Raychaudhuri equation for the expansions of
null congruence (as in Penrose’s theorem) and remember,
as anticipated, that in a theory with torsion, such as ECT,
the Ricci tensor R̃γρ will not be the same as in Einstein
gravity.
Among the possible theories of gravity with torsion we

consider ECT for its simplicity and naturalness as an
extension of GR in this setting. Indeed, in ECT torsion
does not propagate in vacuum, but it is generated dynami-
cally in the presence of matter with spin. The generalization
of Einstein’s field equations for a particle with intrinsic
spin, known as Einstein-Cartan-Sciama-Kibble equations
[5,6], reads

Gμν ¼ kΣμν; ð69Þ

Tμν
γ ¼ kτμνγ; ð70Þ

where k ¼ 8πG=c4, Gμν is the Einstein tensor, and

Tμν
γ ¼ Sμνγ þ δμ

γSνζζ − δν
γSμζζ ð71Þ

is the modified torsion tensor. Σμν is the modified stress-
energy tensor (SET) given by [21]

Σμν ¼ tμν þ∇ξðτμνξ − τν
ξ
μ þ τξμνÞ; ð72Þ

where ∇ξ is the covariant derivative with the presence of

torsion and ∇̃ξ is the covariant derivative without torsion
related by ∇ξ ≡ ∇̃ξ þ 2Sξνν and

tμν ≡ 2

e
δL
δgμν

ðstress-energy tensorÞ; ð73Þ

τk
νμ ≡ 1

e
δL

δKμν
k ðspin angular momentum tensorÞ; ð74Þ

while e ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðgμνÞ

p
, L is the matter Lagrangian and Kμν

k

is the contorsion tensor given by Eq. (6). Equation (70) can
be solved to give [22]

Sμνξ ¼ k

�
τμν

ξ þ 1

2
δμ

ξτνσ
σ þ 1

2
δν

ξτσμ
σ

�
: ð75Þ

The Ricci tensor can be written from Eq. (69) as

Rμν ¼ kΣμν −
1

2
kgμνΣ; ð76Þ

where Σ ¼ gμνΣμν. By expanding the left-hand side of
Eq. (76) and rearranging, the Ricci tensor with respect to
the Levi-Civita connection can be written as

R̃μν ¼ kΣμν−
1

2
kgμνΣ

− ð∂σKμν
σ −∂μKσν

σþKμν
ϵKδϵ

δ−Kδν
ϵKμϵ

δÞ
− ðΓϵ

μνKδϵ
δþKμν

ϵΓδ
δϵ−Γϵ

δνKμϵ
δ−Kδν

ϵΓδ
μϵÞ: ð77Þ

In Eq. (77), we see that the left-hand side is symmetric
being the Ricci tensor of the Levi-Civita connection. So the
right-hand side of Eq. (77) should be symmetric as well.
Let us then write the terms or the right-hand side of the
above equation as a combination of symmetric and anti-
symmetric tensors as

R̃μν ¼
1

2
kðΣμν þ ΣνμÞ þ

1

2
kðΣμν − ΣνμÞ −

1

2
kgμνΣ

−
1

2
½ð∂σKμν

σ − ∂μKσν
σ þ Kμν

ϵKδϵ
δ − Kδν

ϵKμϵ
δÞ þ ð∂σKνμ

σ − ∂νKσμ
σ þ Kνμ

ϵKδϵ
δ − Kδμ

ϵKνϵ
δÞ�

−
1

2
½ð∂σKμν

σ − ∂μKσν
σ þ Kμν

ϵKδϵ
δ − Kδν

ϵKμϵ
δÞ − ð∂σKνμ

σ − ∂νKσμ
σ þ Kνμ

ϵKδϵ
δ − Kδμ

ϵKνϵ
δÞ�

−
1

2
½ðΓϵ

μνKδϵ
δ þ Kμν

ϵΓδ
δϵ − Γϵ

δνKμϵ
δ − Kδν

ϵΓδ
μϵÞ þ ðΓϵ

νμKδϵ
δ þ Kνμ

ϵΓδ
δϵ − Γϵ

δμKνϵ
δ − Kδμ

ϵΓδ
νϵÞ�

−
1

2
½ðΓϵ

μνKδϵ
δ þ Kμν

ϵΓδ
δϵ − Γϵ

δνKμϵ
δ − Kδν

ϵΓδ
μϵÞ − ðΓϵ

νμKδϵ
δ þ Kνμ

ϵΓδ
δϵ − Γϵ

δμKνϵ
δ − Kδμ

ϵΓδ
νϵÞ�: ð78Þ
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Rewriting the right-hand side of Eq. (78) to be symmetric implies the condition

kðΣμν − ΣνμÞ ¼ ½ð∂σKμν
σ − ∂μKσν

σ þ Kμν
ϵKδϵ

δ − Kδν
ϵKμϵ

δÞ − ð∂σKνμ
σ − ∂νKσμ

σ þ Kνμ
ϵKδϵ

δ − Kδμ
ϵKνϵ

δÞ�
þ ½ðΓϵ

μνKδϵ
δ þ Kμν

ϵΓδ
δϵ − Γϵ

δνKμϵ
δ − Kδν

ϵΓδ
μϵÞ − ðΓϵ

νμKδϵ
δ þ Kνμ

ϵΓδ
δϵ − Γϵ

δμKνϵ
δ − Kδμ

ϵΓδ
νϵÞ�: ð79Þ

Equation (79) is indeed the generalization of special relativistic conservation law of total angular momentum in a Riemann-
Cartan geometry [23]. Imposing this condition (79) on Eq. (78) we get

R̃μν ¼
1

2
kðΣμν þ ΣνμÞ −

1

2
kgμνΣ

−
1

2
½ð∂σKμν

σ − ∂μKσν
σ þ Kμν

ϵKδϵ
δ − Kδν

ϵKμϵ
δÞ þ ð∂σKνμ

σ − ∂νKσμ
σ þ Kνμ

ϵKδϵ
δ − Kδμ

ϵKνϵ
δÞ�

−
1

2
½ðΓϵ

μνKδϵ
δ þ Kμν

ϵΓδ
δϵ − Γϵ

δνKμϵ
δ − Kδν

ϵΓδ
μϵÞ þ ðΓϵ

νμKδϵ
δ þ Kνμ

ϵΓδ
δϵ − Γϵ

δμKνϵ
δ − Kδμ

ϵΓδ
νϵÞ�: ð80Þ

Now the Einstein tensor of the Levi-Civita connection takes the form

G̃μν ¼ R̃μν −
1

2
gμνgαβR̃αβ: ð81Þ

So using (80) we can rewrite the field equations for ECT in a form which closely resemble the GR one

G̃μν ¼ kΣeff
μν ; ð82Þ

where

Σeff
μν ¼ 1

2
ðΣμν þ ΣνμÞ þ

1

2
gμνΣ −

1

4
gμνgαβðΣαβ þ ΣβαÞ

−
1

2k
½ð∂σKμν

σ − ∂μKσν
σ þ Kμν

ϵKδϵ
δ − Kδν

ϵKμϵ
δÞ þ ð∂σKνμ

σ − ∂νKσμ
σ þ Kνμ

ϵKδϵ
δ − Kδμ

ϵKνϵ
δÞ�

−
1

2k
½ðΓϵ

μνKδϵ
δ þ Kμν

ϵΓδ
δϵ − Γϵ

δνKμϵ
δ − Kδν

ϵΓδ
μϵÞ þ ðΓϵ

νμKδϵ
δ þ Kνμ

ϵΓδ
δϵ − Γϵ

δμKνϵ
δ − Kδμ

ϵΓδ
νϵÞ�

þ 1

4k
gμνgαβð½ð∂σKαβ

σ − ∂αKσβ
σ þ Kαβ

ϵKδϵ
δ − Kδβ

ϵKαϵ
δÞ þ ð∂σKβα

σ − ∂βKσα
σ þ Kβα

ϵKδϵ
δ − Kδα

ϵKβϵ
δÞ�

þ ½ðΓϵ
αβKδϵ

δ þ Kαβ
ϵΓδ

δϵ − Γϵ
δβKαϵ

δ − Kδβ
ϵΓδ

αϵÞ þ ðΓϵ
βαKδϵ

δ þ Kβα
ϵΓδ

δϵ − Γϵ
δαKβϵ

δ − Kδα
ϵΓδ

βϵÞ�Þ: ð83Þ

It is easy to check that for vanishing spin-current, Einstein
equations are recovered as expected. This form is mostly
convenient for its use in the previously found Raychaudhuri
equations for the expansion given their form functionally
identical to those in purely metric geometries.

VII. GRAVITATIONAL COLLAPSE
IN EINSTEIN-CARTAN THEORY

Having derived the full set of Raychaudhuri equations in
the presence of torsion, and recasting the ECT field
equation in a GR form which identifies a generalized
SET, we can now discuss the possible fate of a gravitational
collapse in this gravitational setting. To keep things simple
and manageable at the analytical level, we adopt an OS
collapse framework with collapsing mass and initial radius
equal to those of a typical neutron star, say M ¼ 2 ×M⊙

and Ri ¼ 104 m, whereM⊙ is a solar mass. As said, in this
model the collapsing matter is considered a homogeneous
dust ball with pressure, P ¼ 0.

A. Oppenheimer-Snyder collapse

Let us start by presenting a brief overview of the OS
collapse geometry; more details can be found in the
standard references [24,25]. The line element of the OS
collapse geometry reads

ds2 ¼ −c2dτ2 þ a2ðτÞðdχ2 þ sin2χdΩ2Þ; ð84Þ

where aðτÞ is the scale factor, dΩ2 ¼ dθ2 þ sin2 θdϕ2 and
the coordinate 0 ≤ χ ≤ χ0 (the surface of the star located at
χ ¼ χ0) is comoving with collapsing dust. From Einstein’s
field equation and SET conservation we can write

SUDIPTA HENSH and STEFANO LIBERATI PHYS. REV. D 104, 084073 (2021)

084073-8



_a2 þ c2 ¼ 8πG
3

ρa2; ð85Þ

ρ0a3 ¼ constant ¼ 3c2

8πG
am; ð86Þ

where ρ0 is the mass density measured by a comoving
observer and am is the maximum value of the scale factor.
From Eqs. (85) and (86) we can write parametrically

a ¼ 1

2
amð1þ cos ηÞ; ð87Þ

τ ¼ 1

2c
amðηþ sin ηÞ; ð88Þ

where η is the conformal time defined as dη ¼ cdτ=a. We
see from Eq. (87) that the collapse begins at η ¼ 0when the
scale factor is maximum i.e., a ¼ am and it ends at η ¼ π
when the scale factor is zero i.e., a ¼ 0. Matching the
solution with Schwarzschild exterior one gets total mass
and time dependent radius,

M ¼ c2

2G
amsin3χ0; and RðτÞ ¼ aðτÞ sin χ0; ð89Þ

where the initial radius can be written from above as
Ri ¼ Rð0Þ ¼ am sin χ0. From the above expression, the
initial as well as maximum values of the scale factor and the
maximum value of the χ coordinate can be written as

am ¼
ffiffiffiffiffiffiffiffiffiffiffi
c2R3

i

2GM

r
; ð90Þ

χ0 ¼ arcsin

ffiffiffiffiffiffiffiffiffiffiffi
2GM
c2Ri

s
: ð91Þ

The density varies with proper time as

ρ0ðτÞ
ρ0ð0Þ

¼
�

am
aðτÞ

�
3

; ð92Þ

where ρ0ð0Þ ¼ 3M=4πR3
i is the density measured at τ ¼ 0

by a comoving observer. Using (87) in (92) we can write
the density as a function of the conformal time as

ρ0ðηÞ ¼
3M
4πR3

i
sec6

�
η

2

�
: ð93Þ

Using Eqs. (88) and (90), the line element in (84) can be
rewritten as

ds2 ¼ c2R3
i

2GM
cos4

�
η

2

�
½−dη2 þ dχ2 þ sin2χdΩ2�: ð94Þ

So it will take a finite amount of proper time τðπÞ ¼
πMffiffiffi
G

p ð Ri
2MÞ3=2 for each collapsing dust particle to reach the

singularity.

B. SET for spinning dust

Now let us see how a SET can be defined for collapsing
dust. We consider a dust distribution like Weyssenhoff [26]
consisting of particles having intrinsic spin angular
momentum [22] characterized by a stress-energy tensor
and a spin-angular momentum tensor given by

Σμν ¼ pμuν and τμνη ¼ sμνuη; ð95Þ

where uν is four velocity, pμ is density of four momentum
given by

pμ ¼ ρ0uμ −
1

c2
_sμνuν; ð96Þ

and sμν is the tensor of spin angular momentum density of
collapsing dust.
We consider the fluid at rest which implies

uν ¼ ðc ffiffiffiffiffiffiffiffiffi−gηη
p

; 0; 0; 0Þ: ð97Þ

The spin-angular momentum density tensor is an anti-
symmetric tensor satisfying

sμν þ sνμ ¼ 0: ð98Þ

C. Spin angular momentum density tensor

In what follows we shall assume that all the components
of the spin angular momentum density are zero with the
exception of

sϕχ ¼ −sχϕ ¼ a2ðηÞ σðηÞ sin θ tan θ sin χ tan χffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tan2θ tan2χ þ sin2χ

p ; ð99Þ

sϕθ ¼ −sθϕ ¼ a2ðηÞ σðηÞ sin θsin3χffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tan2θ tan2χ þ sin2χ

p : ð100Þ

It is important to note that the Frenkel condition sαβuβ ¼ 0
holds which basically closes the system of Matthison-
Papapetou equations [28a,28].

D. Effective SET

Following the above considerations we can now derive
for the effective SET (83) for our neutron star

Σeff
ηη ¼ c4R3

i ρ0ðηÞcos4 η
2

2GM
−
16πG2Ma4ðηÞσ2ðηÞ

c4R3
i cos

4 η
2

; ð101Þ
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Σeff
χχ ¼ −

16πG2Ma4ðηÞσ2ðηÞ
c4R3

i cos
4 η
2

; ð102Þ

Σeff
θθ ¼ −

16πG2Ma4ðηÞσ2ðηÞsin2χ
c4R3

i cos
4 η
2

; ð103Þ

Σeff
ϕϕ ¼ −

16πG2Ma4ðηÞσ2ðηÞsin2θsin2χ
c4R3

i cos
4 η
2

: ð104Þ

E. Spin contribution to the effective SET

The spin density in the above expression can be
established as

σðηÞ ¼ γ ×
ℏρ0ðηÞ
2mn

; ð105Þ

where γ is the spin-alignment parameter determined by the
amount of alignment of the neutron’s spin. (For example,
among ten neutrons one is along the negative z axis and the
rest of the neutrons are along the positive z axis, in this case
the value of gamma will be 0.8. So gamma basically
determines effective spin per neutron.)mn is the mass of the
neutron and ρ0ðηÞ is given by (93). Let us now check when
the spin contribution to the SET is of the same order as the
pure dust contribution. From (101), we can separate the
pure dust and torsion part as

Σdust
ηη ¼ c4R3

i ρ0ðηÞcos4 η
2

2GM
;

Σspin
ηη ¼ −

16πG2Ma4ðηÞσ2ðηÞ
c4R3

i cos
4 η
2

: ð106Þ

The absolute value of the ratio of the spin contribution to
the dust one is then

����Σ
spin
ηη

Σdust
ηη

���� ¼ 32πG3M2a4ðηÞσ2ðηÞ
c8R6

i ρ0ðηÞcos8 η
2

: ð107Þ

Using (87), (89), (105) and plugging in the value of all
quantities (see Appendix A) we get

����Σ
spin
ηη

Σdust
ηη

���� ¼ 6γ2G3M3a7mℏ2sin3χ0
c8R9

i m
2
nR3

≈
2 × 10−28γ2

R3
: ð108Þ

When the spin contribution is comparable to the pure dust
contribution then the ratio in (108) approaches unity. We
can then compute the radius RðγÞ, at which this ratio
becomes unity, for various values of spin-alignment γ. As a
matter of fact such radius turns out to be weakly sensitive to
the strength of the spin-alignment parameter so that for
example RðγÞ ranges from Rð0.2Þ ¼ 1.99 × 10−10 m to

Rð1Þ ¼ 5.81 × 10−10 m. It is worth noticing that this radius
is much smaller that the one at which a trapping horizon
form R ¼ 2GM ∼ 6 km meaning that torsion cannot pre-
vent the formation of the latter. Nonetheless, the equality
between spin and dust contribution equality is reached also
well before the onset of Planck densities ρPl ¼ MPl=VPl ≈
1095 kg=m3 which for our neutron star are reached
for R ≈ 10−23 m.

F. Null-energy condition

A general null four vector can be written as

kμ ¼
�
1;

ffiffiffiffiffiffiffiffiffi−gηη
gχχ

r
; 0; 0

�
¼ ð1; 1; 0; 0Þ: ð109Þ

Using Eqs. (101)–(104) and (109), the null energy
condition reads

Σeff
μν kμkν ¼

c4R3
i ρ0ðηÞcos4 η

2

2GM
−
32πG2Ma4ðηÞσ2ðηÞ

c4R3
i cos

4 η
2

≥ 0: ð110Þ

Our main goal is to check if there will be violation
of NEC at any stage of collapse. Using (87), (89), (105)
and putting in all numerical values (as of Appendix A)
we get

Σeff
μν kμkν ¼

3c4am sin χ0
8πGR

−
9γ2G2M3a8mℏ2sin4χ0

2πc4R9
i m

2
nR4

≈
1.45 × 1047

R
−
5.68 × 1019γ2

R4
: ð111Þ

If Σeff
μν kμkν is negative then NECwill be violated. This again

can happen for η → π; indeed one can easily find the radius
RðγÞ of the configuration for various values of spin-
alignment parameter γ below which NEC will be violated.
The result is again relatively insensitive to the strength of
the spin alignment so that RðγÞ ranges from Rð0.2Þ ¼
2.5 × 10−10 m to Rð1Þ ¼ 7.32 × 10−10 m. It can be shown
that for similar RðγÞ ¼ Oð10−10Þ m all the other energy
conditions are also violated (see Appendix C).

G. Avoidance of singularity

We just saw that the equivalence of the spin and dust
components of the SET happens basically at the same
radius at which the NEC is violated. This is not so
surprising as the spin component is always NEC violating
and more so as the radius shrinks. Let us stress again that
this happens for radii of order R ¼ Oð10−10Þ m which are
small but still larger than the scale at which the stars density
becomes Planckian R ¼ Oð10−23Þ m (see Appendix B) or
even more of the order of the Planck length R ¼
Oð10−35Þ m. This implies that one of the assumptions,
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on which Penrose’s singularity theorem rests, will break
down in the late stages of our collapse model before
reaching a quantum gravity regime due to the presence
of torsion sourced by the spin current in ECT.
In order to be more concrete, let us consider how the

violation of the NEC entails the removal of the starting
point of Penrose’s theorem, i.e., the presence of focusing
points for the null geodesic of the collapse geometry. The
Raychaudhuri equation for the expansion of null geodesics
congruences is given in (58). Specializing to our spherically
symmetric OS collapse it becomes

Dθ

dλ
¼ −

1

2
θ2 − R̃ηρkηkρ: ð112Þ

Using (82) and (111), we can write

R̃ηρkηkρ ¼ kΣeff
μν kμkν

¼ 3c4am sin χ0
c4R

−
36γ2G3M3a8mℏ2sin4χ0

2πc8R9
i m

2
nR4

: ð113Þ

We can write the expression of expansion parameter (θ) as
follows:

θ ¼
�
2 cot χ − 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ri

R
− 1

r �
: ð114Þ

One can clearly see from expression (114) that expansion
diverges at χ ¼ 0. This is an artifact of the OS model. Using
(113), (114) and putting all numerical values (as of
Appendix A) we get

Dθ

dλ
¼ −

1

2

�
2 cot χ − 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ri

R
− 1

r �2

−
3c4am sin χ0

c4R

þ 36γ2G3M3a8mℏ2sin4χ0
2πc8R9

i m
2
nR4

≈
1

2

�
2 cot χ − 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ri

R
− 1

r �2

−
3 × 104

R

þ 1.18 × 10−23γ2

R4
: ð115Þ

To provide an example, let us investigate the bounce from
the above equation at a star’s surface i.e., χ ¼ χ0 and when
spins are fully aligned i.e., γ ¼ 1, the radius at which we
see a bounce is R ¼ 5.52 × 10−10 m.

VIII. DISCUSSION

We have derived here the modified Raychaudhuri
equations in a spacetime with torsion for expansion, shear,
and vorticity considering both timelike and null congruen-
ces. Remarkably, the form of the Raychaudhuri equation
for the expansion is formally the same as for purely metric

geometries for both timelike and null congruences.3

However, it is important to stress that in both cases [see
Eqs. (35) and (58)] the Ricci tensor is not the same as it
would be without torsion, and indeed it is rather given by
Eq. (80). So while the Raychaudhuri equation for the
expansion does not formally change in a spacetime with
torsion, still torsion affects it.
We then considered an OS collapse model which

assumes the ideal case of the collapse of a star made of
pressureless (P ¼ 0) dust. In addition, we considered the
collapsing dust being composed of particles with intrinsic
spin (so to have a source for torsion as e.g., in [19]) and
calculated the effective energy-momentum tensor given in
Eq. (83). While spin alignment could be expected in the
presence of large magnetic fields such as those character-
izing neutron stars, we took into account some degree of
disruption of the spin alignment by introducing a suitable
parameter (to which nonetheless our results resulted to be
weakly sensitive).
Although one could argue that inside typical neutron

stars the density is very high (even more so in the late stages
of the collapse after the horizon crossing), so that consid-
ering the OS solution may not be appropriate, more realistic
forms of matter would add pressures which however, due to
the much faster growth of the spin component of the stress-
energy tensor for small radii [see e.g., Eq. (108) or
Eq. (111)] would not radically change our conclusions.
Hence, this toy model has the merit to be easily manageable
and to be able to provide a physical intuition about the role
that spin currents and the associated torsion could have in
the late phases of a stellar collapse after the formation of a
horizon.
At least in the present scenario considering a two solar

masses collapsing star, it is found that the torsion con-
tribution in the stress-energy tensor is comparable to the
dust one when the radius is of order ∼10−10 m. At roughly
the same radius all the energy conditions are also violated.
We saw that this radius is much bigger than the radius at
which the density becomes Planckian, ∼10−23 m, and
hence one would need a full quantum gravity treatment.
This indicates that if the constituent particles of the
collapsing dust star have an intrinsic spin then at some
point of the collapse the discrepancies between Einstein-
Cartan theory and Einstein gravity would become evident
and due to this the formation of a singularity could in
principle be avoided, possibly leading to some form of
regularized black hole interior [29,30]. This conclusion
seems also to lend support to the outcome of the numerical
investigation carried out in [20]. There an OS collapse in
ECTwas also considered and it was found, via a numerical
analysis, that the singularity formation is resolved by a
bouncing geometry (another typical scenario in quantum

3While our results are in accordance with those of Ref. [11], to
our knowledge the timelike case was not analyzed before.
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gravity settings [31–34]). We hope to further explore this
possibility in future work.
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APPENDIX A: NUMERICAL VALUES OF
PARAMETERS/CONSTANTS

This appendix gives the numerical values as follows:

gravitational constant; G ¼ 6.67408 × 10−11 m3 kg−1 s−2;

velocity of light; c ¼ 3 × 108 ms−1;

reduced Planck constant; ℏ ¼ 6.626 × 10−34

2π
kgm2 s−1ðJ sÞ;

mass of the neutron; mn ¼ 1.6749 × 10−27 kg;

solar mass; M⊙ ¼ 2 × 1030 kg;

mass of the neutron star; M ¼ 2 ×M⊙;

initial radius of the neutron star; R0 ¼ 104 m: ðA1Þ

APPENDIX B: PLANCK DENSITY

Let us consider that at η ¼ η� the density of thedistribution
is equal to Planck density, ρPlanck ¼ 1096 kgm−3.

ρ0ðη�Þ ¼ ρPlanck;

3M
4πR3

0

cos−6
�
η�
2

�
¼ 1096;

cos6
�
η�
2

�
¼ 3M

4πR3
0

× 10−96;

cos

�
η�
2

�
¼

�
3M
4πR3

0

× 10−96
�

1=6
;

η� ¼ 2 arccos

�
3M
4πR3

0

× 10−96
�

1=6
: ðB1Þ

The density of the distribution in our consideration reaches
Planck density at η� ¼ 0.999999999999937π and then the
scale factor is ∼10−22 m. We can also find that the actual
radius of the dust cloud is ∼10−23 m.

APPENDIX C: OTHER ENERGY CONDITIONS

1. Weak energy condition

Weak energy condition (WEC) states that

Σeff
μνuμuν ≥ 0 ∀ uμ timelike; ðC1Þ

where in our consideration uν is given by Eq. (97). Using
Eqs. (97) and (101)–(104), the weak energy condition takes
the form

Σeff
μνuμuν ¼ c4ρ0ðηÞ −

32πG3M2a4ðηÞσ2ðηÞ
c4R6

i cos
8 η
2

≥ 0: ðC2Þ

Plugging all numerical values [as of A] we get

Σeff
μνuμuν ¼

3c4Ma3msin3χ0
4πR3

i R
3

−
9γ2G3M4a10m ℏ2sin6χ0

2πc4R12
i m2

nR6

≈
7.73 × 1063

R3
−
1.51 × 1036γ2

R6
: ðC3Þ

If Σeff
μνuμuν is negative then WEC will be violated. By a

similar treatment like we did using (111), one gets the
radius (RðγÞ) of the configuration below which in WEC
violation occurs ranging from Rð0.2Þ ¼ 1.99 × 10−10 m
to Rð1Þ ¼ 5.81 × 10−10 m.

2. Dominant energy condition

Using Eq. (97), the flux measured by an observer along
the congruence is given by

Fμ¼Σeff
μνuν

¼cos2 η
2
ð32πG3M2a4ðηÞσ2ðηÞsec8 η

2
−c8R6

i ρ0ðηÞÞffiffiffiffiffiffiffiffiffiffiffi
2GM

p
c4R9=2

i

: ðC4Þ
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Dominant energy condition (DEC) states that WEC holds
plus the above flux vector is not spacelike for any timelike
observer uν i.e.,

FμFμ ≤ 0: ðC5Þ

We find the norm of the flux vector

FμFμ ¼ −
ðc8R6

i ρ0ðηÞ − 32πG3M2a4ðηÞσ2ðηÞsec8 η
2
Þ2

c10R12
i

:

ðC6Þ

In our case, we clearly see that flux is always timelike
which means that there is no superluminal flux. But as
WEC is violated at late time of collapse (η → π) so
does DEC.

3. Strong energy condition

Strong energy condition (SEC) requires that�
Σeff
μν −

1

2
Σeffgμν

�
uμuν ≥ 0 ∀ uμ timelike; ðC7Þ

where Σeff ¼ gμνΣeff
μν . Using Eqs. (97) and (101)–(104), the

strong energy condition reads

�
Σeff
μν −

1

2
Σeffgμν

�
uμuν ¼ c4ρ0ðηÞ

2
−
64πG3M2a4ðηÞσ2ðηÞ

c4R6
i cos

8 η
2

≥ 0: ðC8Þ

Putting all values [as of A] we get�
Σeff
μν −

1

2
Σeffgμν

�
uμuν

¼ 3c4Ma3msin3χ0
8πR3

i R
3

−
9γ2G3M4a10m ℏ2sin6χ0

πc4R12
i m2

nR6

≈
3.87 × 1063

R3
−
3.03 × 1036γ2

R6
: ðC9Þ

We also see at late time of collapse (η → π) SEC is violated.
Again, we compute the radius RðγÞ of the configuration
below in which the above expression becomes negative
i.e., violation of SEC occurs; indeed one can easily find
RðγÞ ranging from Rð0.2Þ ¼ 3.15 × 10−10 m to Rð1Þ ¼
9.22 × 10−10 m.
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