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Abstract. In this paper, we study the existence and summability of the solutions to the following parabolic–
elliptic system of partial differential equations with discontinuous coefficients:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ut − div(A(x, t)∇u) = − div(uM(x)∇ψ) + f (x, t) in �T ,

− div(M(x)∇ψ) = |u|θ in �T ,

ψ(x, t) = 0 on ∂� × (0, T ),

u(x, t) = 0 on ∂� × (0, T ),

u(x, 0) = 0 in �

Here, � is an open and bounded subset of RN , N > 2, θ ∈ (0, 2
N ) and 0 < T < +∞. We prove existence

results for data f ∈ L1(�T ) and a corresponding increase in summability that obeys the L p-regularity
theorems for parabolic equations found in [1] and [5]. Moreover, despite the term uM(x)∇ψ not being

regular enough, the solution u belongs to Ls (�T ) ∩ Lq (0, T ;W 1,q
0 (�)) for suitable s > 1 and q > 1.

1. Introduction and main results

1.1. Introduction

Consider the following parabolic–elliptic system with zero Dirichlet boundary con-
ditions
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ut − div(A(x, t)∇u) = − div(uM(x)∇ψ) + f (x, t) in �T ,

− div(M(x)∇ψ) = |u|θ in �T ,

ψ(x, t) = 0 on ∂� × (0, T ),

u(x, t) = 0 on ∂� × (0, T ),

u(x, 0) = 0 in �.

(1.1)

Here, N ≥ 3, � is an open and bounded subset of RN , T > 0 and �T = � × (0, T ).
We assume that thematrix-valuedmeasurable functions A(x, t) andM(x) are bounded
and uniformly elliptic, that is:

α |ξ |2 ≤ A(x, t)ξ · ξ ≤ β |ξ |2 ∀ξ ∈ R
N , for a.e. (x, t) ∈ �T ,

α |ξ |2 ≤ M(x)ξ · ξ ≤ β |ξ |2 ∀ξ ∈ R
N , for a.e. x ∈ �,
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for someβ ≥ α > 0.Moreover, f is a nonnegative functionwhich belongs to L1(�T ),
and θ ∈ (0, 2

N ).
System (1.1) is loosely related to the minimal version of the Keller–Segel system

[15], which is a fully parabolic system used to describe chemotaxis. Our system is a
discontinuous-coefficient version of such model with an added source term f ≥ 0 and
zero Dirichlet boundary conditions. Furthermore, the second equation of our system
is elliptic and the dependence on u in the second term is sublinear (recall that N > 2,
which implies θ < 2

N < 1), while the original model features a linear dependence on
u in the second equation.
This system has been studied by Boccardo, Orsina and Porzio in [11] (see also [13])

with f = 0 and Dirichlet boundary conditions
⎧
⎨

⎩

ψ(x, t) = 0 on ∂� × (0, T ),

u(x, t) = 0 on ∂� × (0, T ),

u(x, 0) = u0(x) in �,

(1.2)

for any initial datum u0 ∈ L1(�). Under these assumptions, the authors proved the
existence of distributional solutions (u, ψ) such that u ∈ L∞(t, T ; Lq(�)) for every
q ∈ (1,+∞) and t > 0, and satisfying the bound (also known as supercontractive
estimate [18,19])

‖u(t)‖Lq (�) ≤ Cq
‖u0‖L1(�)

t
N
2

(
1− 1

q

) . (1.3)

Note that such estimate is very close to the one in place for solutions of the heat
equation with L1(�) data, which is

‖u(t)‖Lq (�) ≤ C
‖u0‖L1(�)

t
N
2

.

On the other hand, it was proved in [10] that, for equations of the type

ut − div(A(x, t)∇u) = − div(uE(x, t)) with E ∈
(
L2(�T )

)N
, (1.4)

it is only possible to find a solution u ∈ L1(�T ) such that

log(1 + |u|) ∈ L2(0, T ; H1
0 (�))

(see also [3] for a similar result in the elliptic case). This, together with the fact that

the vector field E(x, t) = M(x)∇ψ(x, t) only belongs to
(
L2(�T )

)N
, indicates that

the interplay between the two equations in (1.1) allows to improve the summability
that the first equation would lead to.
A similar phenomenon was observed by Boccardo and Orsina in [7], where the

stationary version of (1.1)
⎧
⎪⎪⎨

⎪⎪⎩

− div(A(x)∇u) + u = − div(uM(x)∇ψ) + f (x) in �,

− div(M(x)∇ψ) = |u|θ in �,

ψ = 0 on ∂�,

u = 0 on ∂�

(1.5)
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was studied. Here, the interplay between the two equations allows to prove the exis-
tence of solutions which obey the L p-regularity theorems proved by Stampacchia and
Boccardo–Gallouët [6,22] (note that this is a great improvement over the summabil-
ity attained by considering the first equation alone [3]). Further analyses of systems
related to (1.5) have been carried out in [8,9,12].

1.2. Main results

Motivated by [7,11], we establish existence and summability results for solutions
(u, ψ) to (1.1). The notion of solution and the summability attained depend on the
integrability of the datum f .
Throughout the paper, p	 and p		 will denote the real numbers which satisfy (for

p < N + 2 and p < N+2
2 , respectively)

1

p	
= 1

p
− 1

N + 2
and

1

p		
= 1

p
− 2

N + 2
.

This choice of notation is suggestedby the results ofAronson–Serrin [1] andBoccardo–
Dall’Aglio–Gallouët–Orsina [5], where L p regularity results for parabolic equations
have been established, and the fact that these results are formally equivalent to the ones
for elliptic equations (up to writing N + 2 instead of N in the Sobolev exponents).

This paper contains four main theorems, which are ordered depending on the
summability requirements on the datum f (the first being the one with the highest
requirements and the last dealing with the case f ∈ L1(�T )). We begin by stating
Theorem 1.1, which establishes existence of bounded weak solutions to (1.1).

Theorem 1.1. Let f ∈ Lm(�T ) with m > N+2
2 , then there exist u, ψ which solve

(1.1). More precisely, there exist

u ∈ C0([0, T ]; L2(�)) ∩ L2(0, T ; H1
0 (�)) ∩ L∞(�T ) such that ut ∈ L2(0, T ; H−1(�))

and
ψ ∈ C0([0, T ]; H1

0 (�)) ∩ L∞(�T )

such that u ≥ 0, ψ ≥ 0 and, for all ϕ ∈ L2(0, T ; H1
0 (�)) and all v ∈ H1

0 (�),

⎧
⎪⎪⎨

⎪⎪⎩

∫ T

0
H−1〈ut , ϕ〉H1

0
+
∫

�T

A(x, t)∇u · ∇ϕ =
∫

�T

uM(x)∇ψ · ∇ϕ +
∫

�T

f (x, t)ϕ

∫

�

M(x)∇ψ(t) · ∇v =
∫

�

u(t)θv ∀ t ∈ (0, T ).

(1.6)
Moreover, the initial condition is satisfied in the strong sense for both u and ψ , that
is u(0) = 0 and ψ(0) = 0 almost–everywhere in �.

If the summability of f is not enough to guarantee the boundedness of the solution
u, we prove that the summability of u depends on the one of f , accordingly with the
results of [5].
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Theorem 1.2. Let f ∈ Lm(�T ) with 2N+4
N+4 ≤ m < N+2

2 , then there exist

u ∈ L∞(0, T ; L Nm
N+2−2m (�)) ∩ L2(0, T ; H1

0 (�)) ∩ Lm		

(�T )

such that ut ∈ L1(0, T ;W−1,1(�)) and

ψ ∈ C0([0, T ]; H1
0 (�)) ∩ L∞(�T )

such that u ≥ 0, ψ ≥ 0 and, for all ϕ ∈ L∞(0, T ;W 1,∞
0 (�)) and all v ∈ H1

0 (�),
⎧
⎪⎪⎨

⎪⎪⎩

∫ T

0
〈ut , ϕ〉 +

∫

�T

A(x, t)∇u · ∇ϕ =
∫

�T

uM(x)∇ψ · ∇ϕ +
∫

�T

f (x, t)ϕ

∫

�

M(x)∇ψ(t) · ∇v =
∫

�

u(t)θv ∀ t ∈ (0, T ).

(1.7)
Finally, the initial condition for u is satisfied in the followingweak sense: there exists

a sequence {un}n of functions in C0([0, T ]; L2(�)) ∩ L2(0, T ; H1
0 (�)) converging

to u in L1(�T ) such that un(0) = 0, and ψ(0) = 0 almost–everywhere in �.

Remark 1.3. The choice of test functions belonging to L∞(0, T ;W 1,∞
0 (�))may seem

somewhat restrictive since, arguably, the distributions that appear in the equation act
on larger function spaces. Our choice, however, has the advantage of simplifying the
notation while remaining in a Sobolev space context. Moreover, since the aforemen-
tioned larger spaces are of the form La(0, T ; Lb(�T )), one can recover the complete
set of test functions arguing by density.

To prove the existence of a distributional solution with smooth test functions (such
as in Theorem 1.2), we need the term uM(x)∇ψ to belong to L1(�T ). For this to be

possible, since we only know that ∇ψ belongs to
(
L2(�T )

)N
, it is necessary for u to

belong to (at least) L2(�T ). Such requirement is satisfied if

m		 = (N + 2)m

N + 2 − 2m
≥ 2,

which implies that m shall be greater than 2N+4
N+6 (recall that m		 is only defined for

m < N+2
2 ). We thus have the following result

Theorem 1.4. Let f ∈ Lm(�T ) with 2N+4
N+6 ≤ m < 2N+4

N+4 , then there exist

u ∈ L∞(0, T ; L Nm
N+2−2m (�)) ∩ Lm	

(0, T ;W 1,m	

0 (�)) ∩ Lm		

(�T )

such that ut ∈ L1(0, T ;W−1,1(�)) and ψ ∈ C0([0, T ]; H1
0 (�)) ∩ L∞(�T ) such

that u ≥ 0, ψ ≥ 0 and for all ϕ ∈ L∞(0, T ;W 1,∞
0 (�)) and all v ∈ H1

0 (�)

⎧
⎪⎪⎨

⎪⎪⎩

∫ T

0
〈ut , ϕ〉 +

∫

�T

A(x, t)∇u · ∇ϕ =
∫

�T

uM(x)∇ψ · ∇ϕ +
∫

�T

f (x, t)ϕ

∫

�

M(x)∇ψ(t) · ∇v =
∫

�

u(t)θv ∀ t ∈ (0, T ).

(1.8)
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Finally, the initial condition for u is satisfied in the followingweak sense: there exists
a sequence {un}n of functions in C0([0, T ]; L2(�)) ∩ L2(0, T ; H1

0 (�)) converging
to u in L1(�T ) such that un(0) = 0, and ψ(0) = 0 almost–everywhere in �.

For highly singular data, since uM(x)∇ψ does not belong to L1(�T ), we cannot
prove the existence of a distributional solution and we will need to use entropy solu-
tions. The definition of entropy solutions was introduced in [2] for elliptic problems
and in [20] for parabolic problems. We will consider solutions to the form (u, ψ)

where u is an entropy solution to the first equation of (1.1) and ψ is a weak solution
to the second equation.
From now on, we will use the notation

Tk(s) =

⎧
⎪⎪⎨

⎪⎪⎩

k if s ≥ k

s if |s| < k

−k if s ≤ −k

and Gk(s) = s − Tk(s).

Definition 1.5. The couple (u, ψ) is an entropy solution to (1.1) if:

• u ∈ L1(�T );
• Tk(u) ∈ L2(0, T ; H1

0 (�)) for every k > 0;
• ψ ∈ C0([0, T ], H1

0 (�));
• ψ(0) = 0 almost–everywhere in �;
• u(0) = 0 in the sense that there exists a sequence {un}n of functions inC0([0, T ];

L2(�)) ∩ L2(0, T ; H1
0 (�)) converging to u in L1(�T ) such that un(0) = 0 for

every n ∈ N.

and, for everyϕ ∈ L∞(�T )∩L2(0, T ; H1
0 (�)) such thatϕt ∈ L1(�T )+L2(0, T ; H−1

(�)) and ϕ(0) = 0, every v ∈ H1
0 (�), almost every t ∈ (0, T ) and every k ≥ 0, we

have
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

∫

�

�k(u − ϕ)(t) +
∫ t

0
〈ϕt , Tk(u − ϕ)〉 +

∫

�t

A(x, s)∇u · ∇Tk(u − ϕ) ≤
∫

�t

uM(x)∇ψ · ∇Tk(u − ϕ) +
∫

�t

f (x, s)Tk(u − ϕ)

∫

�

M(x)∇ψ(t) · ∇v =
∫

�

u(t)θv.

(1.9)

Here �k(s) denotes the primitive of Tk(s) that is zero for s = 0.

Theorem 1.6. Let f ∈ Lm(�T ) with 1 ≤ m < 2N+4
N+6 , then there exists an entropy

solution (u, ψ) to (1.1) such that:

• if m > 1, u ∈ L∞(0, T ; L1(�)) ∩ Lm		
(�T ) ∩ Lm	

(0, T ;W 1,m	

0 (�));

• if m = 1, u ∈ L∞(0, T ; L1(�)) ∩ Ls(�T ) ∩ Lq(0, T ;W 1,q
0 (�)) for every

s < 1		 and q < 1	;

and ψ ∈ C0([0, T ], H1
0 (�)) ∩ L∞(�T ). Moreover, u ≥ 0 and ψ ≥ 0.
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2. Proof of the main results

To prove the existence and regularity of solutions, we proceed by approximation.
To this end, we consider the following approximating system:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(un)t − div(A(x, t)∇un) = − div(Tn(un)M(x)∇ψn) + Tn( f (x, t)) in �T ,

− div(M(x)∇ψn) = |Tn(un)|θ in �T ,

ψn(x, t) = 0 on ∂� × (0, T ),

un(x, t) = 0 on ∂� × (0, T ),

un(x, 0) = 0 in �.

(2.1)
In Sect. 2.1, we prove the existence of a weak solution (un, ψn) to (2.1) for every

n ∈ N. Then, depending on the summability of the datum f , we prove that one can
pass to the limit as n → +∞ under suitable a priori bounds on (un, ψn)n to obtain a
solution to (1.1). In particular, Sect. 2.2 contains the proof of Theorem1.1 andTheorem
1.2, Sect. 2.3 contains the proof of Theorem 1.4, and Sect. 2.4 contains the proof of
Theorem 1.6.

2.1. Existence of an approximate solution

Theorem 2.1. Let f ∈ L1(�T ). Then, there exist un ∈ L2(0, T ; H1
0 (�)) such that

(un)t ∈ L2(0, T ; H−1(�)) and ψn ∈ C0([0, T ]; H1
0 (�)) ∩ L∞(�T ) which solve

(2.1) in the sense that, for all ϕ ∈ L2(0, T ; H1
0 (�)) with ϕt ∈ L2(0, T ; H−1(�)) and

all v ∈ H1
0 (�),

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∫ T

0
H−1 〈(un)t , ϕ〉H1

0
+
∫

�T

A(x, t)∇un · ∇ϕ =
∫

�T

Tn(un)M(x)∇ψn · ∇ϕ +
∫

�T

Tn( f )ϕ

∫

�
M(x)∇ψn(t) · ∇v =

∫

�
|Tn(un)|θ v ∀ t ∈ (0, T ).

(2.2)
and satisfy the boundary conditions in (2.1).

Remark 2.2. To simplify the notation,wewillwrite 〈(un)t , ϕ〉 instead of H−1〈(un)t , ϕ〉
H1
0
during computations.

Remark 2.3. By choosing test functions of the type ρ(x)η(t) and arguing by density,
it can be shown that an equivalent definition of solution to the first equation to (2.1) is

H−1〈(un)t , ϕ〉H1
0

+
∫

�

A(x, t)∇un · ∇ϕ =
∫

�

Tn(un)M(x)∇ψn · ∇ϕ +
∫

�

Tn( f )ϕ

(2.3)
for a.e. t ∈ (0, T ).

Remark 2.4. The function un appearing in Theorem 2.1 belongs toC0([0, T ]; L2(�))

(see [14, Section 5.9.2]).
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Proof of Theorem 2.1. We start by fixingw ∈ C0([0, T ]; L2(�)) such thatw(x, 0) =
0 and considering the system
{

vt − div(A(x, t)∇v) = − div(Tn(w)M(x)∇η) + Tn( f (x, t)) in �T ,

− div(M(x)∇η) = |Tn(w)|θ in �T ,
(2.4)

with zero boundary conditions. We claim that there exists a unique choice of v ∈
L2(0, T ; H1

0 (�)) such that vt ∈ L2(0, T ; H−1

(�)) and η ∈ L∞(�T ) ∩ L∞(0, T ; H1
0 (�)) which solve (2.4).

The existence of a solution to the second equation follows from Lax–Milgram’s
theorem. Moreover (see [22, Théorème 4.1]), there exists a constant C > 0 such that

‖η(t)‖H1
0 (�) ≤ Cnθ and ‖η(t)‖L∞(�) ≤ Cnθ ∀t ∈ [0, T ]. (2.5)

Thus, η ∈ C0([0, T ]; H1
0 (�)). Moreover, by linearity and [22, Théorème 4.1], we

have (up to increasing the constant C)

‖η(t) − η(t ′)‖H1
0 (�) ≤ C‖w(t) − w(t ′)‖θ

L2(�)
,

and the right hand side term goes to zero as
∣
∣t − t ′

∣
∣→ 0.

We now focus on the first equation: observe that
{ |Tn(w)M(x)∇η| ≤ nβ |∇η| ∈ L∞(0, T ; L2(�))

|Tn( f )| ≤ n.
(2.6)

This implies (see, for example, [16]) that there exists a unique solution v ∈ L2(0, T ;
H1
0 (�)) to the first equation such that v(0) = 0. Such solution also satisfies the

condition vt ∈ L2(0, T ; H−1(�)) and, since (up to increasing the constant C)

‖Tn(w)M(x)∇η‖L∞(0,T ;L2(�)) + ‖Tn( f )‖L∞(�T ) ≤ Cnθ+1,

we have the estimate

‖v‖L2(0,T ;H1
0 (�)) ≤ Cnθ+1 and ‖vt‖L2(0,T ;H−1(�)) ≤ Cnθ+1. (2.7)

Observe that estimate (2.7) implies (see [14, Section5.9.2]) thatv ∈ C0([0, T ]; L2(�))

and
‖v‖C0([0,T ];L2(�)) ≤ Cnθ+1. (2.8)

We now want to apply Schauder’s fixed point theorem to prove the existence of a
solution to (2.1). Consider the nonlinear operator

S : C0([0, T ]; L2(�)) → C0([0, T ]; L2(�))

w �−→ v.

By (2.8), we know that the closed ball of C0([0, T ]; L2(�)) of radius R = Cnθ+1 is
invariant for S. Moreover, by (2.8) and [21, Corollary 4], S is a compact map.
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Wenowprove that S is continuous.Consider a sequence (wk)k ⊂ C0([0, T ]; L2(�))

such that wk strongly converges to some w ∈ C0([0, T ]; L2(�)). Let ηk and η be the
corresponding solutions to the second equation to (2.4) (recall that both η and the ηk’s
belong to C0([0, T ]; H1

0 (�))). Then, by linearity, we have

‖ηk(t) − η(t)‖H1
0 (�) ≤ C‖wk(t) − w(t)‖θ

L2(�)
≤ C‖wk − w‖θ

C0([0,T ];L2(�))

for every t ∈ (0, T ). Taking the supremum over t , it follows that ηk → η in
C0([0, T ]; L2(�)).

By the compactness of S, we know that any subsequence of S(wk) has a subsequence
which converges in C0([0, T ]; L2(�)) to some ṽ (which may depend on the chosen
subsequence). At the same time, we have that

{
Tn(wk) → Tn(w) in C0([0, T ]; L p(�)) for any p ∈ (1,∞) by Lebesgue’s theorem

∇ηk → ∇η in C0([0, T ]; L2(�)).

(2.9)
Hence, ṽ satisfies the equation

ṽt − div(A(x, t)∇ṽ) = − div(Tn(w)M(x)∇η) + Tn( f (x, t)).

and, since S(wk)(0) = 0 for every k, ṽ(0) = 0. This implies, by uniqueness, that
ṽ = S(w) and thus S is continuous. We conclude the proof by invoking Schauder’s
fixed point theorem. �

We now prove several properties of the approximate solutions (un, ψn). First, we
prove that the positivity of the datum f implies the positivity of the solutions.

Lemma 2.5. The solutions un, ψn to (2.1) are nonnegative.

Proof. First, we choose ψnχ {ψn≤0} as a test function in the second equation to obtain

α

∫

�

∣
∣∇ψ−

n

∣
∣2 = α

∫

ψn≤0
|∇ψn|2 ≤

∫

ψn≤0
|Tn(un)|θ ψn ≤ 0

which, applying Poincaré’s inequality, implies that ψ−
n = 0.

We now prove that un ≥ 0: choosing Th(unχ {un≤0}) as a test function, we get (using
Young’s inequality)

〈(un)t , Th(unχ {un≤0})〉 + α

∫

�

∣
∣∇Th(unχ {un≤0})

∣
∣2 ≤

1

2α

∫

−h≤un≤0
Tn(un)

2 |M(x)∇ψn |2+α

2

∫

�

∣
∣∇Th(unχ {un≤0})

∣
∣2+
∫

�
f (x, t)Th(unχ {un≤0}).

After cancellations (notice that the last term is negative, since f ≥ 0), this leads us to

〈(un)t , Th(unχ {un≤0})〉 ≤ β2 h2

2α

∫

−h≤un≤0
|∇ψn|2 .
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We now divide by h and take the limit h → 0, obtaining

d

dt

∫

�

∣
∣unχ {un≤0}

∣
∣ ≤ 0.

Thus, integrating from 0 to t , we have un(t) ≥ 0 a.e. for every t ∈ (0, T ). �

We now prove that, for every n ∈ N, the function un is bounded. This will allow us
to choose powers of un as test functions in (2.1) (without requiring a truncation). To
prove the boundedness of un , we will use the following Lemma from [22].

Lemma 2.6. Let λ : R+ → R
+ be a nonincreasing function such that

λ(h) ≤ Mλ(k)δ

(h − k)γ
, ∀ h > k ≥ 0,

for M > 0, δ > 1 and γ > 0. Then λ has a zero d ∈ R, where

dγ = Mλ(0)δ−12
δγ
δ−1 .

We will also use the following parabolic version of the Gagliardo–Nirenberg in-
equality, which follows from the interpolation inequality for Lebesgue spaces.

Proposition 2.7. Letv ∈ L∞(0, T ; L2(�))∩L2(0, T ; H1
0 (�)). Thenv ∈ L2 N+2

N (�T )

and ∫

�T

|v|2 N+2
N ≤ C‖v‖

4
N
L∞(0,T ;L2(�))

‖∇v‖2L2(�T )
, (2.10)

where C is a positive constant which depends on N and �.

Lemma 2.8. For any n ∈ N, un belongs to L∞(�T ).

Proof. Let�n(s)be theprimitive ofTn(s) and let k ≥ 0.Wechoose [�n(un) − �n(k)]+
as a test function in the second equation of (2.1). This leads us to

∫

�

M(x)∇ψn∇ [�n(un) − �n(k)]
+ =

∫

�

|Tn(un)|θ [�n(un) − �n(k)]
+ .

Notice that
∇ [�n(un) − �n(k)]

+ = Tn(un)∇Gk(un) (2.11)

and that (recall that un ≥ 0)

[�n(un) − �n(k)]
+ =

∫ un

k
Tn(σ )dσχ {un≥k} ≤ nGk(un). (2.12)

We now choose Gk(un) as a test function in the first equation of (2.1) to obtain
(integrating from 0 to t)

∫ t

0
〈(un)t ,Gk (un)〉 + α

∫

�t

|∇Gk (un)|2 ≤
∫

�t
Tn(un)M(x)∇ψn∇Gk (un) +

∫

�t
Tn( f )Gk (un),
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that is (here we observe that 〈(un)t ,Gk(un)〉 = d
dt

1
2

∫

�
Gk(un)2 and apply (2.11)),

1

2

∫

�
Gk(un(t))

2+α

∫

�t

|∇Gk(un)|2 ≤
∫

�t

|Tn(un)|θ [�n(un) − �n(k)]
+ +

∫

�t

nGk(un),

which implies, thanks to (2.12)

1

2

∫

�

Gk(un(t))
2 + α

∫

�t

|∇Gk(un)|2 ≤
∫

�T

nθ+1Gk(un) +
∫

�T

nGk(un).

We thus have, since both terms on the left hand side are positive, there exists a constant
C > 0 such that

⎧
⎪⎪⎨

⎪⎪⎩

‖Gk(un)‖2L∞(0,T ;L2(�))
≤ Cnθ+1

∫

�T

Gk(un)

‖∇Gk(un)‖2L2(�T )
≤ Cnθ+1

∫

�T

Gk(un).
(2.13)

By Proposition 2.7, it follows that there exists a positive constant C(N ,�, n) such
that

∫

�T

Gk(un)
2 N+2

N ≤ C(N ,�, n)

(∫

un≥k
Gk(un)

) N+2
N

, (2.14)

We now define
Ak = {(x, t) ∈ �T : un(x, t) ≥ k} (2.15)

and apply the Hölder inequality with exponent 2 N+2
N to the last term, obtaining (up

to increasing the constant C(N ,�, n))

∫

Ak

Gk(un)
2 N+2

N ≤ C(N ,�, n)

(∫

Ak

Gk(un)
2 N+2

N

) 1
2 |Ak | N+4

2N .

Now choose h > k to obtain (after cancellations)

(h − k)
N+2
N |Ah | 12 ≤ C(N ,�, n) |Ak | N+4

2N ,

which implies

|Ah | ≤ C(N ,�, n)
|Ak | N+4

N

(h − k)2
N+2
N

.

Observing that N+4
N > 1, we now invoke Lemma 2.6 with

λ(k) = |Ak |
to conclude that

∣
∣Akn

∣
∣ = 0 for some kn ≥ 0, which ends the proof. �

Observe that, since the constantC(N ,�, n) appearing in (2.14) diverges as n → ∞,
the estimate used to prove Lemma 2.8 depends on n. In other words, we cannot derive
a uniform bound on (un)n in L∞(�T ) from this result.

The following two results only require a control on the L1(�T ) norm of the datum
f and, thus, are independent of n. First, we prove an estimate on the L∞(0, T ; L1(�))

norm of un in the spirit of the L1 estimate proved in [3,7].



J. Evol. Equ. Existence and regularity of solutions Page 11 of 30   102 

Lemma 2.9. Let un be a solution to the first equation to (2.1), then un ∈ L∞(0, T ;
L1(�)) and

‖un‖L∞(0,T ;L1(�)) ≤ ‖ f ‖L1(�T ).

Proof. Choose Th(un) as a test function at a fixed time t to obtain

〈(un)t , Th(un)〉 + α

∫

�
|∇Th(un)|2 ≤

∫

�
Tn(un)M(x)∇ψn · ∇Th(un) +

∫

�
f (x, t)Th(un).

Applying Young’s inequality to the right hand side (and recalling that |Th(un)| ≤ h)
we obtain

〈(un)t , Th(un)〉 + α

∫

�
|∇Th(un)|2 ≤ β2 h2

2α

∫

�
|∇ψn |2 + α

2

∫

�
|∇Th(un)|2 +

∫

�
h | f (x, t)|

After simplifying, we divide by h and pass to the limit as h → 0, obtaining

d

dt

∫

�

un(t) ≤
∫

�

| f (x, t)| .

Integrating from 0 to t leads to

‖un(t)‖L1 ≤
∫ t

0

∫

�

| f (x, t)| ≤
∫

�T

| f | = ‖ f ‖L1(�T )

which, taking the supremum over all t ∈ (0, T ), concludes the proof. �

We now focus on the solution ψn . In the next Lemma, we show that, for any datum
f ∈ L1(�T ), uniform bounds on the sequence (ψn)n can be obtained.

Lemma 2.10. The sequence (ψn)n is bounded in L∞(�T ) and (∇ψn)n is bounded
in L∞(0, T ; L2(�)). Moreover, there exists a constant C > 0 such that the following
estimate holds:

‖ψn‖L∞(�T ) + ‖∇ψn‖L∞(0,T ;L2(�)) ≤ C‖ f ‖θ
L1(�T )

. (2.16)

Proof. First, observe that Tn(un)θ ≤ uθ
n and that, by the Hölder inequality and Lemma

2.9, there exists a constant C > 0 such that

∫

�

un(t)
θ ≤ C

(∫

�

un(t)

)θ

≤ C‖ f ‖θ
L1(�T )

∀ t ∈ (0, T ).

Recalling that 1
θ

> N
2 , we apply [22, Théorème 4.1] to obtain

‖ψn(t)‖L∞(�) ≤ C‖uθ
n‖L 1

θ (�)
≤ C‖ f ‖θ

L1(�T )
∀ t ∈ (0, T ). (2.17)

To estimate ∇ψn , we choose ψn as a test function in the second equation of (2.1),
obtaining
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α

∫

�
|∇ψn(t)|2 ≤

∫

�
Tn(un)θψn ≤ ‖un‖θ

L1(�)
‖ψn(t)‖L∞(�) ≤

(
C‖ f ‖θ

L1(�T )

)2 ∀ t ∈ (0, T ),

from which we have

‖∇ψn(t)‖L2(�) ≤ 1

α
1
2

C‖ f ‖θ
L1(�T )

∀ t ∈ (0, T ). (2.18)

Taking the supremum over t in (2.17) and (2.18) (up to increasing the constant C)
concludes the proof. �

2.2. Existence and regularity of a solution with finite energy

In this section, we focus on the finite energy case: that is, when f ∈ Lm(�T ) for
somem ≥ 2N+4

N+4 . Depending on the summability of f , we prove two a priori estimates.

Lemma 2.12 shows that, if f belongs to Lm(�T ) for some 2N+4
N+4 ≤ m < N+2

2 , the

sequence (un)n is bounded in Lm		
(�T ) and in L2(0, T ; H1

0 (�)). If the summability
of f is higher (that is, if f ∈ Lm(�T ) for m > N+2

2 ), Lemma 2.14 shows that the
sequence (un)n is bounded in L∞(�T ).

Remark 2.11. Since �T has finite measure, f ∈ L p(�T ) for some p > 1 implies
f ∈ Lq(�T ) for every q ∈ [1, p]. Thus, the assumptions of Lemma 2.12 are satisfied
throughout the whole section.

Lemma 2.12. Let f ∈ Lm(�T ) with 2N+4
N+4 ≤ m < N+2

2 , then the sequence of

approximating solutions (un)n is bounded in Lm		
(�T ) and in L2(0, T ; H1

0 (�)).

Proof. Let γ ≥ 1. We define the function

Fn(s) =
∫ s

0
σ 2γ−2Tn(σ )dσ

and choose Fn(un) as a test function in the second equation of (2.1) to get
∫

�

u2γ−2
n Tn(un)M(x)∇ψn · ∇un =

∫

�

M(x)∇ψn · ∇Fn(un) =
∫

�

Tn(un)
θ Fn(un)

≤ 1

2γ

∫

�

Tn(un)
θu2γn

Now choose u2γ−1
n (which belongs to L∞(�T ) by Lemma 2.8) as a test function in

the first equation of (2.1) to get

1

2γ

d

dt

∫

�

u2γn +α(2γ − 1)
∫

�

|∇un|2 u2γ−2
n

≤ (2γ − 1)
∫

�

u2γ−2
n Tn(un)M(x)∇ψn · ∇un +

∫

�

f (x, t)u2γ−1
n .
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Thus

1

2γ

d

dt

∫

�

u2γn + α(2γ − 1)

γ 2

∫

�

∣
∣∇uγ

n
∣
∣2 ≤ 2γ − 1

2γ

∫

�

uθ
nu

2γ
n +

∫

�

f (x, t)u2γ−1
n .

(2.19)
Now we split the integration domain in the third term and apply the Hölder inequality
to get

∫

�

uθ+2γ
n =

∫

un≤k
uθ+2γ
n +

∫

un≥k
uθ+2γ
n

≤ kθ+2γ |�| +
(∫

un≥k
u

θ N
2

n

) 2
N
(∫

un≥k
u

γ 2N
N−2

n

) N−2
N

≤ kθ+2γ |�| + S
(‖ f ‖L1(�T )

k1−θ N
2

) 2
N
∫

�

∣
∣∇uγ

n
∣
∣2

(2.20)

where the last estimate comes from the Sobolev inequality. Thus, choosing k large
enough, we have

1

2γ

d

dt

∫

�

u2γn + α(2γ − 1)

2γ 2

∫

�

∣
∣∇uγ

n
∣
∣2 ≤ 2γ − 1

2γ
kθ+2γ |�| +

∫

�

f (x, t)u2γ−1
n .

Integration from 0 to t leads to

1

2γ

∫

�

u2γn (t) + α(2γ − 1)

2γ 2

∫

�t

∣
∣∇uγ

n
∣
∣2 ≤ 2γ − 1

2γ
kθ+2γ |�| T +

∫

�T

f (x, t)u2γ−1
n .

Since both terms on the left hand side are positive, it follows that there exists a constant
C > 0 (which we will tacitly increase if needed) such that

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

‖uγ
n ‖2L∞(0,T ;L2(�))

≤ C

(

kθ+2γ |�| T +
∫

�T

f (x, t)u2γ−1
n

)

.

‖∇uγ
n ‖2L2(�T )

≤ C

(

kθ+2γ |�| T +
∫

�T

f (x, t)u2γ−1
n

)

.

(2.21)

Hence, applying Proposition 2.7 to v = uγ
n , we obtain

∫

�T

u
2γ N+2

N
n ≤ C

(

kθ+2γ |�| T +
∫

�T

f (x, t)u2γ−1
n

) N+2
N

.

We now apply the Hölder inequality to the last term, obtaining

∫

�T

f (x, t)u2γ−1
n ≤ ‖ f ‖Lm (�T )

(∫

�T

u(2γ−1)m′
n

) 1
m′

. (2.22)

Setting 2γ N+2
N = (2γ − 1)m′ leads to

γ = Nm

2(N + 2 − 2m)
and 2γ

N + 2

N
= (N + 2)m

N + 2 − 2m
= m		,
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hence
(∫

�T

u
m(N+2)
N+2−2m
n

) N
N+2 ≤ C

(

kθ+2γ |�| T + ‖ f ‖Lm (�T )

(∫

�T

u
m(N+2)
N+2−2m
n

) 1
m′
)

.

(2.23)
Moreover, we have

1

m′ = 1 − 1

m
< 1 − 2

N + 2
= N

N + 2
.

This implies that the right-hand side of (2.23), seen as a function of
∫

�T
u

m(N+2)
N+2−2m
n ,

grows at a slower rate than the term on the left-hand side. It follows that the sequence
(un)n is bounded in Lm		

(�T ).

Observe that, since f ∈ L
2N+4
N+4 (�T ), we can repeat the same calculations with

m = 2N+4
N+4 and γ = 1, which implies, thanks to (2.21), that the sequence (un)n is

bounded in L2(0, T ; H1
0 (�)). �

Note that, although

γ ≥ 1 ⇐⇒ m ≥ 2N + 4

N + 4
, (2.24)

the requirement γ ≥ 1 in the previous proof could be relaxed to γ > 1
2 after (2.19).

Indeed, a similar approach (with a slight modification of the test functions) will be
used to prove Lemma 2.16, which deals with the case 1 < m ≤ 2N+4

N+4 .

Remark 2.13. Thanks to (2.21) and (2.22), the sequence (un)n is bounded in L∞(0, T ;
L2γ (�)), which is L∞(0, T ; L Nm

N+2−2m (�)).

Lemma 2.14. Let m > N+2
2 and f ∈ Lm(�T ). Then, the sequence of approximating

solutions (un)n is bounded in L∞(�T ).

Proof. Choosing the same test functions we chose in the proof of Lemma 2.8, we get

1

2

∫

�
Gk (un(t))2 + α

∫

�t

|∇Gk (un)|2 ≤
∫

�t

|Tn(un)|θ [�n(un) − �n(k)]+ +
∫

�t
Tn( f )Gk (un).

Observe that

[�n(un) − �n(k)]
+ =

∫ un

k
Tn(σ )dσχ {un≥k} ≤ unGk(un), (2.25)

which implies

1

2

∫

�

Gk(un(t))
2 + α

∫

�t

|∇Gk(un)|2 ≤
∫

�T

uθ+1
n Gk(un) +

∫

�T

f (x, t)Gk(un).

Define the function f̃n(x, t) = uθ+1
n (x, t) + f (x, t), so that the right-hand side can

be written as follows:

1

2

∫

�

Gk(un(t))
2 + α

∫

�t

|∇Gk(un)|2 ≤
∫

�T

f̃n(x, t)Gk(un). (2.26)
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Observe that, by Lemma 2.12, the sequence (un)n is bounded in L p(�T ) for all
p < ∞, which implies that the sequence ( f̃n)n is bounded in Lm(�T ). In particular,
there exists a constant C > 0 (which we will tacitly increase if needed) such that

‖ f̃n‖Lm (�T ) ≤ C(1 + ‖ f ‖Lm (�T )). (2.27)

By repeating the argument used in the proof of Lemma 2.12, we obtain
⎧
⎪⎪⎨

⎪⎪⎩

‖Gk(un)‖2L∞(0,T ;L2(�))
≤ C

∫

�T

f̃n(x, t)Gk(un)

‖∇Gk(un)‖2L2(�T )
≤ C

∫

�T

f̃n(x, t)Gk(un).
(2.28)

Which, by Proposition 2.7, implies

∫

�T

Gk(un)
2 N+2

N ≤ C

(∫

un≥k
f̃n(x, t)Gk(un)

) N+2
N

. (2.29)

We nowproceed as in the proof of Lemma 2.8: consider the set Ak defined in (2.15) and
apply the Hölder inequality with exponent 2 N+2

N to the last term of (2.29), obtaining

∫

Ak

Gk(un)
2 N+2

N ≤ C

(∫

Ak

Gk(un)
2 N+2

N

) 1
2
(∫

Ak

f̃n(x, t)
2N+4
N+4

) N+4
2N

,

which implies
∫

Ak

Gk(un)
2 N+2

N ≤ C

(∫

Ak

f̃n(x, t)
2N+4
N+4

) N+4
N

.

Since m > N+2
2 > 2N+4

N+4 , a further use of the Hölder inequality, along with (2.27),
yields ∫

Ak

Gk(u)2
N+2
N ≤ C(1 + ‖ f ‖Lm (�T ))

2(N+2)
N |Ak | N+4

N − 2(N+2)
Nm .

Let h > k. After cancellations, we obtain

|Ah | (h − k)2
N+2
N ≤

∫

Ak

Gk(u)2
N+2
N ≤ C(1 + ‖ f ‖Lm (�T ))

2(N+2)
N |Ak | N+4

N − 2(N+2)
Nm

Setting λ(h) = |Ah | and recalling that m > N+2
2 , we can apply Lemma 2.6 to

conclude. �

We can now prove the existence of a solution in the finite-energy case. Using the
bounds established so far, we pass to the limit in (2.1) as n → +∞. In this way, we
obtain a solution (u, ψ) to (1.1) with the summability properties stated in Lemma 2.14
and Lemma 2.12.
Although the proofs of Theorem 1.1 and Theorem 1.2 are based on the same general

strategy, some technical details differ slightly. For clarity, we therefore present them
separately.
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Proof of Theorem 1.1. We write the first equation of (2.1) as

(un)t = div(A(x, t)∇un) − div(Tn(un)M(x)∇ψn) + Tn( f (x, t))

and observe that, by Lemma 2.12 and Lemma 2.14,

• div(A(x, t)∇un) is bounded in L2(0, T ; H−1(�));
• Tn(un)M(x)∇ψn is bounded in L2(�T );
• Tn( f (x, t)) is bounded in Lm(�T ).

Thus, the sequence ((un)t )n is bounded in L2(0, T ; H−1(�)). We now apply [21,
Corollary 4] to obtain that the sequence (un)n has a converging subsequence in
L2(�T ). Let u be the limit of such a subsequence: we have that u ∈ L2(0, T ; H1

0 (�))

(since (un)n is bounded in L2(0, T ; H1
0 (�)) and, up to a further subsequence,∇un ⇀

∇u). Moreover, ut ∈ L2(0, T ; H−1(�)) and, by Lemma 2.14, u ∈ L∞(�T ). This
also implies (see [14, Section 5.9.2]) that u ∈ C0([0, T ]; L2(�)).
By Lemma 2.10, there exists a subsequence of (ψn)n that strongly converges in

L2(�T ) and weakly converges in L2(0, T ; H1
0 (�)) to some function ψ(x, t) which

is a weak solution to

− div(M(x)∇ψ) = uθ (x, t) in �

for every t ∈ (0, T ), with zero Dirichlet boundary conditions. Moreover, since uθ
n is

strongly convergent in L p(�T ) with p > N
2 , by applying standard elliptic estimates

[4] to the equation
− div(M(x)∇(ψn − ψ)) = uθ

n − uθ ,

we get (up to subsequences):

• ψn → ψ in L∞(0, T ; H1
0 (�)), which implies that ψ ∈ C0([0, T ]; H1

0 (�));
• ψn → ψ in L∞(�T ), which implies that ψ ∈ L∞(�T ).

Let ϕ and v be test functions as in the statement of Theorem 1.1. Then, we take the
limit (up to subsequences) as n → ∞ in

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∫ T

0
〈(un)t , ϕ〉 +

∫

�T

A(x, t)∇un · ∇ϕ =
∫

�T

Tn(un)M(x)∇ψn · ∇ϕ +
∫

�T

Tn( f )ϕ

∫

�
M(x)∇ψn(t) · ∇v =

∫

�
un(t)

θ v,

(2.30)
to conclude that the couple (u, ψ) is a solution to (1.1) in the sense (1.6). �

Proof of Theorem 1.2. We write the first equation of (2.1) as

(un)t = div(A(x, t)∇un) − div(Tn(un)M(x)∇ψn) + Tn( f (x, t))

and observe that, by Lemma 2.12:

• div(A(x, t)∇un) is bounded in L2(0, T ; H−1(�));
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• Tn(un)M(x)∇ψn is bounded in L p(�T ) with 1
p = 1

2 + 1
m − 2

N+2 (note that
p ≥ 1);

• Tn( f (x, t)) is bounded in Lm(�T ).

This implies that the sequence ((un)t )n is bounded in L1(0, T ;W−1,1(�)). Thus,
we can apply [21, Corollary 4] to obtain that the sequence (un)n has a converging
subsequence in L2(�T ). Let u be the limit of such a subsequence: we have that
u ∈ L2(0, T ; H1

0 (�)) (since (un)n is bounded in L2(0, T ; H1
0 (�)) and since, up to a

further subsequence, ∇un ⇀ ∇u).
By Lemma 2.10, there exists a subsequence of (ψn)n that strongly converges in

L2(�T ) and weakly converges in L2(0, T ; H1
0 (�)) to some function ψ(x, t) which

is a weak solution to

− div(M(x)∇ψ) = uθ (x, t) in �

for every t ∈ (0, T ), with zero Dirichlet boundary conditions. Moreover, since uθ
n is

strongly convergent in L p(�T ) with p > N
2 , by applying standard elliptic estimates

[4] to the equation
− div(M(x)∇(ψn − ψ)) = uθ

n − uθ ,

we get (up to subsequences):

• ψn → ψ in L∞(0, T ; H1
0 (�)), which implies that ψ ∈ C0([0, T ]; H1

0 (�));
• ψn → ψ in L∞(�T ), which implies that ψ ∈ L∞(�T ).

Let ϕ and v be test functions as in the statement of Theorem 1.2. Then, we take the
limit (up to subsequences) as n → ∞ in

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∫ T

0
〈(un)t , ϕ〉 +

∫

�T

A(x, t)∇un · ∇ϕ =
∫

�T

Tn(un)M(x)∇ψn · ∇ϕ +
∫

�T

Tn( f )ϕ

∫

�
M(x)∇ψn(t) · ∇v =

∫

�
un(t)

θ v,

(2.31)
to conclude that the couple (u, ψ) is a solution to (1.1) in the sense (1.7). �
Remark 2.15. Recall that, due to (2.21) and (2.22), the sequence (un)n is also bounded

in L∞(0, T ; L2γ (�)) and in L2γ N+2
N (�T ) with 2γ = Nm

N+2−2m . We can interpolate
between the two spaces with exponents r and q such that (letting λ ∈ [0, 1])

1

r
= λ

2γ N+2
N

1

q
= 1 − λ

2γ
+ λ

2γ N+2
N

to obtain
∫ T

0
‖un‖rLq (�) ≤

∫ T

0
‖un‖r(1−λ)

L∞(0,T ;L2γ (�))
‖un(t)‖rλ

L2γ N+2
N (�)

= ‖un‖r(1−λ)

L∞(0,T ;L2γ (�))
‖un‖rλ

L2γ N+2
N (�T )

.

It follows that (un)n is bounded in Lr (0, T ; Lq(�)) and thus, by Fatou’s Lemma,
u ∈ Lr (0, T ; Lq(�)).
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2.3. Existence of a distributional solution with singular data

If the datum f belongs to Lm(�T ) withm ∈ [1, 2N+4
N+4 ), we can prove the existence

of a solution found by approximation. Recall that all the properties of the sequence
(ψn)n proved in the previous sections only require f to belong to L1(�T ).

We now prove a boundedness result for the sequence (un)n which extends Lemma
2.12 to the range 1 < m < 2N+4

N+4 .

Lemma 2.16. Let f ∈ Lm(�T ) with 1 < m < 2N+4
N+4 , then the sequence (un)n is

bounded in Lm		
(�T ).

Proof. Let γ > 1
2 and ε > 0. We define the function

Fε
n (s) =

∫ s

0
(σ + ε)2γ−2Tn(σ )dσ

and choose Fε
n (un) as a test function in the second equation of (2.1) to get

∫

�
(un + ε)2γ−2Tn(un)M(x)∇ψn · ∇un =

∫

�
M(x)∇ψn · ∇Fε

n (un) =
∫

�
Tn(un)

θ Fε
n (un)

≤ 1

2γ

∫

�
Tn(un)

θ (un + ε)2γ ≤ 1

2γ

∫

�
uθ
n(un + ε)2γ

where we used

Fε
n (s) ≤

∫ s

0
(σ + ε)2γ−1dσ ≤ (s + ε)2γ − ε2γ ≤ (s + ε)2γ .

Now choose

gε(un) = (un + ε)2γ−1 − ε2γ−1

2γ − 1

(which belongs to L∞(�T ) by Lemma 2.8) as a test function in the first equation of
(2.1) to get

〈(un)t , gε(un)〉 +
∫

�

(un + ε)2γ−2A(x, t)∇un · ∇un

≤
∫

�

(un + ε)2γ−2Tn(un)M(x)∇ψn · ∇un +
∫

�

f (x, t)gε(un).

Thus

〈(un)t , gε(un)〉 +
∫

�
(un + ε)2γ−2A(x, t)∇un · ∇un ≤ 1

2γ

∫

�
uθ
n(un + ε)2γ +

∫

�
f (x, t)gε(un).

Integration from 0 to t leads to

∫

�
Gε(un(t)) +

∫

�t
(un + ε)2γ−2A(x, s)∇un · ∇un ≤ 1

2γ

∫

�t
uθ
n(un + ε)2γ +

∫

�t
f (x, s)gε(un),
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where Gε is the primitive of gε such that Gε(0) = 0.
We can now apply Fatou’s Lemma (notice that Gε(s) → 1

2γ (2γ−1) s
2γ as ε → 0

and that Gε(s) ≥ 0 for s ≥ 0) to obtain

1

2γ (2γ − 1)

∫

�

u2γn (t)+ α

γ 2

∫

�t

∣
∣∇uγ

n
∣
∣2 ≤ 1

2γ

∫

�t

uθ
nu

2γ
n + 1

2γ − 1

∫

�t

f (x, s)u2γ−1
n .

At this point, it suffices to follow the proof of Lemma 2.12 to conclude. �

Remark 2.17. The previous result also implies that
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

‖uγ
n ‖2L∞(0,T ;L2(�))

≤ C

(

kθ+2γ |�| T +
∫

�T

f (x, t)u2γ−1
n

)

.

‖∇uγ
n ‖2L2(�T )

≤ C

(

kθ+2γ |�| T +
∫

�T

f (x, t)u2γ−1
n

)

.

(2.32)

Since (2γ − 1)m′ = m		, (2.32) implies that the sequence (uγ
n )n is bounded in

L∞(0, T ; L2(�)) and in L2(0, T ; H1
0 (�)).

Recall that, in the elliptic case (see, e.g. [7]), singular data (that is, f ∈ Lm(�T )

withm < 2N
N+2 ) prevent the solution from having finite Dirichlet energy. However, the

sequence of approximating solutions is bounded in W
1, Nm

N−m
0 (�) whenever 1 < m <

2N
N+2 . Since the parabolic L p-regularity results [1,5] typically behave as the elliptic

ones in dimension N + 2, we expect (∇un)n to be bounded in
(
Lm	

(�T )
)N

. Indeed,

this is the case.

Lemma 2.18. Let f ∈ Lm(�T ), with 1 < m < 2N+4
N+4 . Then, the sequence (un)n of

approximating solutions is bounded in Lm	
(0, T ;W 1,m	

0 (�)) (where m	 = (N+2)m
(N+2)−m ).

Proof. To prove this result, we use the same technique employed in [3]. Our objective
is to exploit the Hölder inequality, Lemma 2.16 and the fact that 1

2 < γ < 1 (see
(2.24)) to gain an estimate on the Lm	

norm of ∇un . More precisely, we have

∫

�T

|∇un |m	 =
∫

�T

|∇un |m	

um
	(1−γ )

n

um
	(1−γ )

n ≤
(∫

�T

|∇un |2
u2(1−γ )
n

)m	

2
(∫

�T

u
2m	

2−m	 (1−γ )

n

)1−m	

2

.

Now observe that, choosing γ as in the proof of Lemma 2.16, we get

2m	

2 − m	
(1 − γ ) = (N + 2)m

2N + 4 − 4m − Nm

2N + 4 − 4m − Nm

(N + 2) − 2m
= (N + 2)m

(N + 2) − 2m
= m		,

which implies that, by Lemma 2.16,

∫

�T

u
2m	

2−m	 (1−γ )

n =
∫

�T

um
		

n ≤ C.
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On the other hand, notice that
∫

�T

|∇un|2
u2(1−γ )
n

= 1

γ 2 ‖∇uγ
n ‖2L2(�T )

,

which is bounded by Remark 2.17. This concludes the proof. �

We now prove Theorem 1.4. Recall that, to apply [21, Corollary 4] to gain com-
pactness of the sequence (un)n in some strong topology, we need a uniform bound on
the time derivatives of the sequence (un)n , which requires the convection term

− div(Tn(un)M(x)∇ψn)

to be bounded in (at least) L1(0, T ;W−1,1(�)). For this to be possible, since we only

know that (∇ψn)n is bounded in
(
L2(�T )

)N
, it is necessary for (un)n to be bounded

in (at least) L2(�T ). Such requirement is satisfied if

m		 = (N + 2)m

N + 2 − 2m
≥ 2,

which means that m shall be greater than 2N+4
N+6 .

Proof of Theorem 1.4. We write the first equation of (2.1) as

(un)t = div(A(x, t)∇un) − div(Tn(un)M(x)∇ψn) + Tn( f (x, t))

and observe that, by Lemma 2.18:

• div(A(x, t)∇un) is bounded in L(m	)′(0, T ;W−1,1(�));
• Tn(un)M(x)∇ψn is bounded in L1(�T );
• Tn( f (x, t)) is bounded in Lm(�T ).

This implies that the sequence ((un)t )n is bounded in L1(0, T ;W−1,1(�)). Thus,
we can apply [21, Corollary 4] to obtain that the sequence (un)n has a converg-
ing subsequence in Lm		

(�T ). Let u be the limit of such subsequence: we have

u ∈ L∞(0, T ; L Nm
N+2−2m (�)), u ∈ Lm	

(0, T ;W 1,m	

0 (�)) (since (un)n is bounded in

Lm	
(0, T ;W 1,m	

0 (�)) and since, up to a further subsequence, ∇un ⇀ ∇u), and u ∈
Lm		

(�T ) by Fatou’s Lemma and Lemma 2.16. Moreover, ut ∈ L1(0, T ;W−1,1(�)).
By Lemma 2.10, there exists a subsequence of (ψn)n that strongly converges in

L2(�T ) and weakly converges in L2(0, T ; H1
0 (�)) to some function ψ(x, t) which

is a weak solution to

− div(M(x)∇ψ) = uθ (x, t) in �

for every t ∈ (0, T ), with zero Dirichlet boundary conditions. Moreover, since uθ
n is

strongly convergent in L p(�T ) with p > N
2 , by applying standard elliptic estimates

[4] to the equation
− div(M(x)∇(ψn − ψ)) = uθ

n − uθ ,

we get (up to subsequences):
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• ψn → ψ in L∞(0, T ; H1
0 (�)), which implies that ψ ∈ C0([0, T ]; H1

0 (�));
• ψn → ψ in L∞(�T ), which implies that ψ ∈ L∞(�T ).

Let ϕ and v be test functions as in the statement of Theorem 1.2. Then, we take the
limit (up to subsequences) as n → ∞ in

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∫ T

0
〈(un)t , ϕ〉 +

∫

�T

A(x, t)∇un · ∇ϕ =
∫

�T

Tn(un)M(x)∇ψn · ∇ϕ +
∫

�T

Tn( f )ϕ

∫

�
M(x)∇ψn(t) · ∇v =

∫

�
un(t)

θ v,

(2.33)
to conclude that the couple (u, ψ) is a solution to (1.1) in the sense (1.8). �
2.4. Existence of entropy solutions

Since 2N+4
N+6 > 1 if and only if N > 2, which is our assumption, the techniques

we have employed up until now fail for any m ∈ [1, 2N+4
N+6 ). More precisely, since

the terms Tn(un)M(x)∇ψn are not bounded in L1(�T ), it is impossible to pass to the
limit as n → +∞ in ∫

�T

Tn(un)M(x)∇ψn · ∇ϕ

to prove the existence of a distributional solution to (1.1). Instead, we prove the ex-
istence of an entropy solution (see Definition 1.5) to (1.1) system with any datum
f ∈ L1(�T ).

In the next lemma,we show that, even though for data f not belonging to L
2N+4
N+4 (�T )

one should not expect the sequence of approximate solutions (un)n to be bounded in
L2(0, T ; H1

0 (�)), the sequence (Tk(un))n given by their truncations at any height
k > 0 is, indeed, bounded in L2(0, T ; H1

0 (�)).

Lemma 2.19. Let k ≥ 0 and f ∈ L1(�T ). Then, the sequence (Tk(un))n is bounded
in L2(0, T ; H1

0 (�)).

Proof. Let us choose Tk(un) as a test function in the first equation of (2.1)

∫ t

0
〈(un)t , Tk (un)〉 + α

∫

�t

|∇Tk (un)|2 ≤
∫

�t
Tn(un)M(x)∇ψn · ∇Tk (un) +

∫

�t
f (x, t)Tk (un).

Applying Young’s inequality to the right hand side (note that |Tn(un)| ≤ k where
∇Tk(un) �= 0) we obtain

∫

�
�k (un) + α

∫

�t

|∇Tk (un)|2 ≤ k2
β2

2α

∫

�T

|∇ψn |2 + α

2

∫

�t

|∇Tk (un)|2 + k
∫

�T

f (x, t).

Here, as before,�k denotes the primitive of Tk such that�k(0) = 0. After simplifying
the gradient term and dropping the first (positive) term, we end up with

α

2

∫

�

|∇Tk(un)|2 ≤ k2β2T

2α
‖ψn‖2L∞(0,T ;H1

0 (�))
+ k‖ f ‖L1(�T ).



  102 Page 22 of 30 M. Picerni J. Evol. Equ.

Which, in view of Lemma 2.10, concludes the proof. �

Notice that Lemma 2.16 does not include the case f ∈ L1(�T ). The following
result, whose proof follows [7], gives an a priori estimate on the sequence (un)n in
this case.

Lemma 2.20. Let f ∈ L1(�T ), then the sequence of approximating solutions (un)n
is bounded in L p(�T ) for every p < N+2

N = 1		 and the sequence of gradients

(∇un)n is bounded in Lq(�T ) for every q < N+2
N+1 = 1	.

Proof. Let 1 < λ < 2. Repeating the same steps as in the proof of Lemma 2.16, we
define the function

Fn(s) =
∫ s

0
(σ + 1)−λTn(σ )dσ

and choose Fn(un) as a test function in the second equation of (2.1) to get

∫

�

(un+1)−λTn(un)M(x)∇ψn ·∇un =
∫

�

M(x)∇ψn ·∇Fn(un) =
∫

�

Tn(un)
θ Fn(un)

≤
∫

�

Tn(un)
θ (un + 1)2−λ − 1

2 − λ
≤
∫

�

uθ
n
(un + 1)2−λ − 1

2 − λ

Now choose

g(un) = 1 − (1 + un)1−λ

λ − 1

(which is bounded from above by 1
λ−1 ) as a test function in the first equation of (2.1)

to get

〈(un)t , g(un)〉 +
∫

�

(un + 1)−λA(x, t)∇un · ∇un

≤
∫

�

(un + 1)−λTn(un)M(x)∇ψn · ∇un +
∫

�

f (x, t)g(un).

(2.34)

Which implies

〈(un)t , g(un)〉 + α

∫

�

|∇un|2
(un + 1)λ

≤
∫

�

uθ
n
(un + 1)2−λ − 1

2 − λ
+ 1

λ − 1

∫

�

f (x, t).

(2.35)
We now focus on the term

∫

�

uθ
n
(un + 1)2−λ − 1

2 − λ
.

Let k ≥ 0 and apply the Hölder inequality (with exponent N
2 ) along with Lemma 2.9

to get
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∫

�
uθ
n
(un + 1)2−λ − 1

2 − λ
≤
∫

un(t)≤k
uθ
n
(un + 1)2−λ − 1

2 − λ
+
∫

un(t)>k
uθ
n
(un + 1)2−λ − 1

2 − λ

≤ kθ (k + 1)2−λ

2 − λ
|�| + 1

2 − λ

(‖ f ‖L1(�T )

k1−θ N
2

) 2
N
(∫

�

(
(un(t) + 1)2−λ − 1

) N
N−2

) N−2
N

.

(2.36)

Since, for every η ≥ 0, the following inequality holds

[
(1 + η)2−λ − 1

] 1
2 ≤ (1 + η)

2−λ
2 =

[
(1 + η)

2−λ
2 − 1

]
+ 1,

we have
∫

�

[
(1 + un)

2−λ − 1
] N

N−2 ≤
∫

�

{[
(1 + un)

2−λ
2 − 1

]
+ 1
} 2N

N−2

≤ C

(

1 +
∫

�

[
(1 + un)

2−λ
2 − 1

] 2N
N−2
)

,

for some C > 0. It follows that

∫

�
uθ
n

(un + 1)2−λ − 1

2 − λ

≤ kθ (k + 1)2−λ

2 − λ
|�| + C

2 − λ

(‖ f ‖L1(�T )

k1−θ N
2

) 2
N

⎛

⎜
⎝1 +

⎡

⎣

∫

�

[

(1 + un)
2−λ
2 − 1

] 2N
N−2

⎤

⎦

N−2
N
⎞

⎟
⎠ .

(2.37)
On the other hand, by the Sobolev inequality, we have

∫

�

|∇un|2
(1 + un)λ

= 4

(2 − λ)2

∫

�

∣
∣
∣∇
[
(1 + un)

2−λ
2 − 1

]∣
∣
∣
2

≥ 4S
(2 − λ)2

[∫

�

[
(1 + un)

2−λ
2 − 1

] 2N
N−2
] N−2

N

.

(2.38)

Notice that, if we define G(s) = ∫ s0 g(σ )dσ , the term on the left-hand side of (2.35)
becomes d

dt

∫

�
G(un). Thus, putting together (2.35), (2.37) and (2.38), we obtain

d

dt

∫

�

G(un)+
⎛

⎜
⎝α − C

(2 − λ)2

4S
‖ f ‖

2
N
L1(�T )

(2 − λ)k
2
N −θ

⎞

⎟
⎠

∫

�

|∇un|2
(1 + un)λ

≤ 1

λ − 1

∫

�

f (x, t) + kθ (k + 1)2−λ

2 − λ
|�| + C

2 − λ

‖ f ‖
2
N
L1(�T )

k
2
N −θ

.

(2.39)



  102 Page 24 of 30 M. Picerni J. Evol. Equ.

Choosing k = k0 such that

α − C
(2 − λ)2

4S
‖ f ‖

2
N
L1(�T )

(2 − λ)k
2
N −θ

0

= α

2
,

we have

d

dt

∫

�
G(un) + α

2

∫

�

|∇un |2
(1 + un)λ

≤ 1

λ − 1

∫

�
f (x, t) + kθ

0
(k0 + 1)2−λ

2 − λ
|�| + C

2 − λ

‖ f ‖
2
N
L1(�T )

k
2
N −θ

0

.

Integrating from 0 to t , we obtain

∫

�

G(un)(t) + α

2

∫

�t

|∇un|2
(1 + un)λ

≤ 1

λ − 1

∫

�T

f (x, t) + kθ
0
(k0 + 1)2−λ

2 − λ
|�| T

+ C

2 − λ

‖ f ‖
2
N
L1(�T )

k
2
N −θ

0

T,

which is

∫

�

G(un)(t) + α

2

∫

�t

|∇un|2
(1 + un)λ

≤ C
(‖ f ‖L1(�T ), λ, T, |�| , θ) , (2.40)

where C
(‖ f ‖L1(�T ), λ, T, |�| , θ) is a positive constant which tends to infinity as

λ → 1+.
An explicit integration of g gives

G(s) = 1

λ − 1

[

s − (1 + s)2−λ − 1

2 − λ

]

, s ≥ 0,

which is nonnegative and nondecreasing, since g ≥ 0 on [0,+∞). Moreover, as
2 − λ ∈ (0, 1), we have G(s)/s → 1

λ−1 and
[
(1 + s)2−λ − 1

]
/s → 0 as s → +∞,

so that

lim
s→+∞

(1 + s)2−λ − 1

1 + G(s)
= 0.

The function s �→ (1+s)2−λ−1
1+G(s) being continuous on [0,+∞), it is therefore bounded:

there exists c = c(λ) > 0 such that

(1 + s)2−λ − 1 ≤ c (1 + G(s)) for every s ≥ 0.
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Since un ≥ 0, integrating the last inequality over � and using (2.40) we obtain, up to
increasing the constant C

(‖ f ‖L1(�T ), λ, T, |�| , θ),
⎧
⎨

⎩

‖(un + 1)2−λ − 1‖L∞(0,T ;L1(�)) ≤ C
(‖ f ‖L1(�T ), λ, T, |�| , θ)

‖∇
(
(un + 1)

2−λ
2 − 1

)
‖2L2(�T )

≤ C
(‖ f ‖L1(�T ), λ, T, |�| , θ) . (2.41)

Recall that, by Proposition 2.7, there exists C = C(N ,�) > 0 such that

‖(un + 1)
2−λ
2 − 1‖2

N+2
N

L
2 N+2

N (�T )

≤ C‖(un + 1)
2−λ
2 − 1‖

4
N
L∞(0,T ;L2(�))

‖∇
(

(un + 1)
2−λ
2 − 1

)

‖2
L2(�T )

.

Moreover, since 2−λ
2 ∈ (0, 1) and un ≥ 0 we have, by concavity,

(un + 1)
2−λ
2 − 1 ≤ u

2−λ
2

n ,

while, again because un ≥ 0 and 2 − λ > 0,

u2−λ
n ≤ (1 + un)

2−λ =
[
(1 + un)

2−λ − 1
]

+ 1.

These two inequalities imply

‖(un + 1)
2−λ
2 − 1‖L∞(0,T ;L2(�)) ≤ ‖u

2−λ
2

n ‖L∞(0,T ;L2(�))

=‖u2−λ
n ‖

1
2
L∞(0,T ;L1(�))

≤
(
‖(un + 1)2−λ − 1‖L∞(0,T ;L1(�)) + |�|

) 1
2

.

(2.42)

To sum up, we have proved that, for any λ ∈ (1, 2), there exists a positive constant
C = C

(‖ f ‖L1(�T ), λ, N ,�, T, θ
)
such that

‖(un + 1)
2−λ
2 − 1‖

L2 N+2
N (�T )

≤ C, (2.43)

which implies that the sequence (u
2−λ
2

n )n is bounded in L2 N+2
N (�T ). This means that

(un)n is bounded in L(2−λ) N+2
N (�T ) for any λ ∈ (1, 2), i.e. (un)n is bounded in

L p(�T ) for any p < N+2
N .

We now follow the argument in the proof of Lemma 2.18. Choosing q < 2 and
using the Hölder inequality, we obtain

∫

�T

|∇un |q =
∫

�T

|∇un |q

(1 + un)
qλ
2

(1 + un)
qλ
2 ≤

(∫

�T

|∇un |2
(1 + un)λ

) q
2
(∫

�T

(1 + un)
qλ
2−q

)1− q
2

,

thus, by (2.40), we get

∫

�T

|∇un|q ≤ 2C
(‖ f ‖L1(�T ), λ, T, |�| , θ)

α

(∫

�T

(1 + un)
qλ
2−q

)1− q
2

.
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Setting qλ
2−q = (2−λ) N+2

N and recalling (2.43),we conclude that (∇un)n is bounded
in Lq(�T ) with

q = q(λ) = 2(2 − λ)(N + 2)

λN + (2 − λ)(N + 2)
.

Note that q(λ) is always smaller that N+2
N+1 and tends to

N+2
N+1 as λ → 1. This concludes

the proof. �

To prove the existence of an entropy solution, it is necessary to pass to the limit in
the integral ∫

�T

Tn(un)M(x)∇ψn∇Tk(un − ϕ).

To do so, the weak convergence of the sequence (un)n is not sufficient. Thus, we
employ a technique of [17] to prove the convergence of smooth truncations of (un)n .
This, in turn, implies the strong convergence of (un)n in L1(�T ).

Lemma 2.21. The sequence (un)n converges, up to subsequences, almost–everywhere
in �T .

Proof. Consider a smooth truncation function Tk(s) such that:

• Tk(s) = s whenever |s| ≤ k
2 ;

• Tk(s) = k whenever |s| ≥ k;
• 0 ≤ T ′

k (s) ≤ 2χ [−k,k](s).
Then, choose T ′

k (un)ϕ, with ϕ smooth, as a test function in the first equation of (2.1)
to obtain
∫ T

0
〈(Tk(un))t , ϕ〉+

∫

�T

A(x, t)∇unT ′
k (un)∇ϕ +

∫

�T

A(x, t)∇unT ′′
k (un)∇unϕ

=
∫

�T

Tn(un)M(x)∇ψnT ′
k (un)∇ϕ

+
∫

�T

Tn(un)M(x)∇ψnT ′′
k (un)∇unϕ +

∫

�T

Tn( f )T ′
k (un)ϕ,

(2.44)

which can be written, in the sense of distributions, as

(Tk(un))t− div(A(x, t)∇Tk(un)) + A(x, t)∇un · ∇unT ′′
k (un)

= − div(Tn(un)M(x)∇ψnT ′
k (un))

+ Tn(un)M(x)∇ψn · ∇unT ′′
k (un) + Tn( f )T ′

k (un).

(2.45)

By the assumption on T ′
k (s), the term Tn(un)T ′

k (un) is bounded in L∞(�T ) and∣
∣T ′

k (un)
∣
∣ ≤ 2χ {|un |≤k}. This estimate, along with Lemma 2.19 and Lemma 2.10

(specifically, the boundedness of (ψn)n in L2(0, T ; H1
0 (�))) implies that (Tk(un))t is

bounded in L1(0, T ;W−1,1(�))with respect to n. At the same time, Lemma 2.19 im-
plies that the sequence (Tk(un))n is bounded in L2(0, T ; H1

0 (�))with respect to n.We
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can thus apply [21, Corollary 4] to conclude that (Tk(un))n is compact in L2(�T ). It
follows that, for every k ≥ 0 there exists a subsequence of (Tk(un))n which converges
in L2(�T ) and almost–everywhere.
We can now prove that the sequence (un)n is Cauchy in measure. Let λ > 0 and

notice that

|{|un − um | ≥ λ}| ≤
∣
∣
∣
∣

{

|un| ≥ k

2

}∣
∣
∣
∣+
∣
∣
∣
∣

{

|um | ≥ k

2

}∣
∣
∣
∣+ |{|Tk(un) − Tk(um)| ≥ λ}| .

Since the sequence (un)n is bounded in some Lebesgue space, the first two terms on
the right-hand side are arbitrarily small choosing k large enough, while the last term
tends to zero as n and m tend to infinity for any chosen k. It follows that the sequence
(un)n converges in measure, which implies the almost–everywhere convergence up to
subsequences. �

Corollary 2.22. Let u be a weak limit of (un)n in Ls(�T ) for some s > 1. Then, up
to subsequences, un → u strongly in L1(�T ).

We can now prove Theorem 1.6.

Proof of Theorem 1.6. We start by proving the existence of an entropy solution (u, ψ)

to (1.1). Let k ≥ 0 and ϕ ∈ L∞(�T ) ∩ L2(0, T ; H1
0 (�)) such that ϕt ∈ L1(�T ) +

L2(0, T ; H−1(�)) and ϕ(0) = 0. We choose Tk(un − ϕ) as a test function in the first
equation of (2.1) to obtain

∫ T

0
〈(un)t , Tk(un − ϕ)〉 +

∫

�t

A(x, s)∇un · ∇Tk(un − ϕ)

=
∫

�t

Tn(un)M(x)∇ψn · ∇Tk(un − ϕ) +
∫

�t

Tn( f )Tk(un − ϕ). (2.46)

We will now examine each term of (2.46). First, notice that
∫ t

0
〈(un)t , Tk(un − ϕ)〉 =

∫

�

�k(un − ϕ)(t) +
∫ t

0
〈ϕt , Tk(un − ϕ)〉.

Then, by the almost–everywhere convergence of the sequence (un)n , we have that
�k(un − ϕ)(t) → �k(u − ϕ)(t) almost–everywhere (which allows to apply Fatou’s
Lemma, since �k is a positive function). Also, notice that

∫ t

0
〈ϕt , Tk(un − ϕ)〉

passes to the limit as n → +∞ by the weak convergence in L2(0, T ; H1
0 (�)) and the

∗−weak convergence in L∞(�T ) of Tk(un − ϕ) to Tk(u − ϕ).
In the second term of (2.46), we proceed similarly:

∫

�t
A(x, s)∇un · ∇Tk (un −ϕ) =

∫

�t
A(x, s)∇(un −ϕ) · ∇Tk (un −ϕ)+

∫

�t
A(x, s)∇ϕ · ∇Tk (un −ϕ).
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Notice that every integral is well-defined, since the right-hand side is equal to

∫

�t

A(x, s)∇Tk(un − ϕ) · ∇Tk(un − ϕ) +
∫

�t

A(x, s)∇ϕ · ∇Tk(un − ϕ).

This allows us to take the liminf in the first term by weak lower semicontinuity of
the quadratic form induced by A(x, t) on L2(0, T ; H1

0 (�)) and the limit (by weak
convergence) in the second term.
For the third term of (2.46), we have

∫

�t

Tn(un)M(x)∇ψn ·∇Tk(un−ϕ) =
∫

�t∩{|un−ϕ|≤k}
Tn(un)M(x)∇ψn ·∇Tk(un−ϕ).

Notice that, since ϕ ∈ L∞(�T ), the integral is computed only where

|un| ≤ k + ‖ϕ‖L∞(�T ) =: M.

Thus, if n ≥ M , we can write it as

∫

�t∩{|un−ϕ|≤k}
Tn(TM (un))M(x)∇ψn ·∇Tk(un−ϕ) =

∫

�t

TM (un)M(x)∇ψn ·∇Tk(un−ϕ).

Note that, by Vitali’s theorem and Corollary 2.22, the sequence uθ
n is strongly conver-

gent in L p(�T ), with p = 1
θ

> N
2 . Thus, by reasoning as in the proof of Theorem

1.2, we prove that (up to subsequences):

• ψn → ψ in L∞(0, T ; H1
0 (�)) (which also implies thatψ ∈ C0([0, T ]; H1

0 (�)));
• ψn → ψ in L∞(�T ) (which also implies that ψ ∈ L∞(�T )).

It follows that

TM (un)M(x)∇ψn → TM (u)M(x)∇ψ in
(
L2(�T )

)N
,

which allows us to pass to the limit as n → ∞ in the third term of (2.46). The last
term of (2.46) poses no difficulties in the passage to the limit.
We can now pass to the limit as n → +∞ along a suitable subsequence to conclude

that, for almost every t ∈ (0, T ), we have

∫

�

�k(u − ϕ)(t) +
∫ t

0
〈(ϕ)t , Tk(u − ϕ)〉 +

∫

�t

A(x, s)∇u · ∇Tk(u − ϕ)

≤
∫

�t

uM(x)∇ψ · ∇Tk(u − ϕ) +
∫

�t

f (x, s)Tk(u − ϕ), (2.47)

which, along with Lemma 2.19, proves that (u, ψ) is an entropy solution to (1.1). To
conclude, we observe that the bounds on the sequence (un)n in Lemmata 2.9, 2.16,
2.18 and 2.20 also hold for u. �
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