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Existence and regularity of solutions to parabolic—elliptic nonlinear
systems

MARCO PICERNI

Abstract. 1In this paper, we study the existence and summability of the solutions to the following parabolic—
elliptic system of partial differential equations with discontinuous coefficients:

ur —div(A(x, 1)Vu) = —diviuM (x)Vy) + f(x,1) in Q7,

—div(M (x)Vy) = |ul? in Qr,
Y(x, 1) =0 on Q2 x (0, T),
ulx,t)=0 on dQ2 x (0, 7),
u(x,0) =0 in Q

Here, €2 is an open and bounded subset of RN, N >2,60¢€ (0, %) and 0 < T < +o00. We prove existence

results for data f € LY(Qr) and a corresponding increase in summability that obeys the L”-regularity
theorems for parabolic equations found in [1] and [5]. Moreover, despite the term uM (x)Vyr not being

regular enough, the solution u belongs to L5 (Q7) N L9(0, T WO] *4(Q)) for suitable s > 1 and qg > 1.

1. Introduction and main results
1.1. Introduction

Consider the following parabolic—elliptic system with zero Dirichlet boundary con-
ditions

uy — div(A(x, t)Vu) = —diviuM (x)Vy) + f(x, 1) in Q7,

—divi(M (x)VY) = |ul? in Qr,
V(x, 1) =0 ondQ x (0,7), (1.1
u(x,t) =0 ondQ x (0, 7),
u(x,0 =0 in Q.

Here, N > 3, Q is an open and bounded subset of RN, T >0and Q7 = Q x (0, 7).
We assume that the matrix-valued measurable functions A (x, t) and M (x) are bounded
and uniformly elliptic, that is:

alE? < Ax,0E-E<BIE]> VEeRN, forae. (x,1) € Qr,

alEP < Mx)E-£ <BlE* VEeRY, forae x e,
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forsome 8 > « > 0. Moreover, f is a nonnegative function which belongs to L' (Q7),
and 0 € (0, 3).

System (1.1) is loosely related to the minimal version of the Keller—Segel system
[15], which is a fully parabolic system used to describe chemotaxis. Our system is a
discontinuous-coefficient version of such model with an added source term f > 0 and
zero Dirichlet boundary conditions. Furthermore, the second equation of our system
is elliptic and the dependence on u in the second term is sublinear (recall that N > 2,
which implies 6 < % < 1), while the original model features a linear dependence on
u in the second equation.

This system has been studied by Boccardo, Orsina and Porzio in [11] (see also [13])
with f = 0 and Dirichlet boundary conditions

Y(x,t) =0 ondQ x (0,7),
u(x,t) =0 ondQ x (0, 7), (1.2)
u(x,0) = ug(x) in ,

for any initial datum uo € L'(). Under these assumptions, the authors proved the
existence of distributional solutions (u, ¥) such thatu € L*°(¢, T'; L1(K2)) for every
q € (1,400) and ¢t > 0, and satisfying the bound (also known as supercontractive

estimate [18,19]) o
uollL1()

N1}~
1?2 (1 q )
Note that such estimate is very close to the one in place for solutions of the heat
equation with L' () data, which is

lu@llLa) < Cq (1.3)

luollz1 (@)
lu@lLa < C T

On the other hand, it was proved in [10] that, for equations of the type
N
ur — div(A(x, )Vu) = — divwE(x, 1)) with E € <L2(QT)) , (1.4)

it is only possible to find a solution u € L'(7) such that
log(1 + ul) € L*(0, T; Hy ()

(see also [3] for a similar result in the elliptic case). This, together with the fact that
the vector field E (x, t) = M(x)V (x, t) only belongs to (LZ(QT))N, indicates that
the interplay between the two equations in (1.1) allows to improve the summability
that the first equation would lead to.

A similar phenomenon was observed by Boccardo and Orsina in [7], where the
stationary version of (1.1)

—div(A(x)Vu) +u = —divuM(x)Vy) + f(x) in Q,

—div(M(x)VY) = |ul? in Q, (15)
v =0 on 9€2, '
u=20 on 0£2
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was studied. Here, the interplay between the two equations allows to prove the exis-
tence of solutions which obey the L”-regularity theorems proved by Stampacchia and
Boccardo—Gallouét [6,22] (note that this is a great improvement over the summabil-
ity attained by considering the first equation alone [3]). Further analyses of systems
related to (1.5) have been carried out in [8,9,12].

1.2. Main results

Motivated by [7,11], we establish existence and summability results for solutions
(u, ) to (1.1). The notion of solution and the summability attained depend on the
integrability of the datum f.

Throughout the paper, p* and p** will denote the real numbers which satisfy (for

p<N+4+2and p < NT“, respectively)

1 1 1 1 1 2

S a [ —

p* p N+2 p* p N+2

This choice of notation is suggested by the results of Aronson—Serrin [1] and Boccardo—
Dall’ Aglio—Gallouét-Orsina [5], where L? regularity results for parabolic equations
have been established, and the fact that these results are formally equivalent to the ones
for elliptic equations (up to writing N + 2 instead of N in the Sobolev exponents).
This paper contains four main theorems, which are ordered depending on the
summability requirements on the datum f (the first being the one with the highest
requirements and the last dealing with the case f € L'(Qr)). We begin by stating
Theorem 1.1, which establishes existence of bounded weak solutions to (1.1).

Theorem 1.1. Let f € L™ (Q27) withm > NTH, then there exist u, y which solve

(1.1). More precisely, there exist

u e CO0, T1; L2(2)) N L2(0, T; HE(R)) N L*(Qr) such that uy € L*0, T; H~1(Q))
and
¥ € CO[0, T1; Hy () N L®(Qr)
such thatu > 0, ¥ > 0 and, for all ¢ € L*(0, T; H} (Q)) and all v € HJ (Q),

T
/ g-1{Ur, @) g1 +/ A(x,t)Vu~V(p:/ MM()C)VI/I'V(p-l-f fx, e
0 0 Qr Qr Qr

/ Mx)Vy(t) - Vv = / u®)?v Vre,T).
Q Q

(1.6)
Moreover, the initial condition is satisfied in the strong sense for both u and , that
is u(0) = 0 and ¥ (0) = 0 almost—everywhere in 2.

If the summability of f is not enough to guarantee the boundedness of the solution
u, we prove that the summability of u depends on the one of f, accordingly with the
results of [5].
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Theorem 1.2. Let f € L™ (Q27) with % <m< %, then there exist

Nm

u e L®0, T; L¥2-21 (Q)) N L0, T; HY (2)) N L™ (Qr)

such that u; € LY(0, T; W—1(Q)) and
¥ e CO([0, T1; Hy () N L®(Qr)
such that u > 0, ¥ > 0 and, for all p € L*°(0, T; WOI‘OO(Q)) and all v € HOl (),

T
/ (ul,(p)—i—/ A(x,t)Vu-V(p:/ uM(x)le~Vgo+/ fx, e
0 Qr Qr Qr

/ M@x)Vy () - Vv = / u@®)lv Vi e (0,7).
Q Q
.7
Finally, the initial condition for u is satisfied in the following weak sense: there exists
a sequence {u,}, of functions in CO([O, T, LZ(Q)) N LZ(O, T; HO1 (2)) converging
to u in LY(Qr) such that u, (0) = 0, and ¥ (0) = 0 almost—everywhere in 2.

Remark 1.3. The choice of test functions belonging to L*°(0, T'; W(} "°()) may seem
somewhat restrictive since, arguably, the distributions that appear in the equation act
on larger function spaces. Our choice, however, has the advantage of simplifying the
notation while remaining in a Sobolev space context. Moreover, since the aforemen-
tioned larger spaces are of the form L% (0, T'; LP (£27)), one can recover the complete
set of test functions arguing by density.

To prove the existence of a distributional solution with smooth test functions (such
as in Theorem 1.2), we need the term u M (x) Vi to belong to L'(Q27). For this to be
possible, since we only know that Vi belongs to (Lz(QT))N, it is necessary for u to
belong to (at least) L2(27). Such requirement is satisfied if

_ (N+2)m
CN+2-2m ~
2N+4
N+6
m < %). We thus have the following result

m 1 2N+4 2N+4 .
Theorem 1.4. Let f € L™ (Q27) with N6 =m < JFig then there exist

*k
’

which implies that m shall be greater than

(recall that m** is only defined for

N

w e L0, T; LF2-7m () N L™ (0, T; W™ () N L™ (Qr)

such that u, € LY(0, T; W=11(Q)) and ¥ € C°([0, T1; HL(R)) N L>®(Qr) such
that u > 0, ¢ > 0 and for all p € L*°(0, T WO]’OO(Q)) and all v € H(} ()

T
/ <u,,<o>+/ A(x,ow-w:/ uM(x)vw-w+f Fx 00
0 Qr Qr Qr

/M(x)vw(z).w:/ u®)?v Ve 7).
“ “ (1.8)
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Finally, the initial condition for u is satisfied in the following weak sense: there exists
a sequence {u,}, of functions in CO([O, T, LZ(Q)) N LZ(O, T; HO1 (2)) converging
to u in LY(Qr) such that u, (0) = 0, and ¥ (0) = 0 almost—everywhere in Q.

For highly singular data, since uM (x) Vi does not belong to LY($7), we cannot
prove the existence of a distributional solution and we will need to use entropy solu-
tions. The definition of entropy solutions was introduced in [2] for elliptic problems
and in [20] for parabolic problems. We will consider solutions to the form (u, V)
where u is an entropy solution to the first equation of (1.1) and v is a weak solution
to the second equation.

From now on, we will use the notation

k if s>k
Ti(s) =3s if |s| <k and Gi(s) =5 — T (s).
—k if s < —k

Definition 1.5. The couple (u, ¥) is an entropy solution to (1.1) if:

o ucLY(Qr);

e Ti(u) € L*(0, T; H} () for every k > 0;

o ¥ € C[0, T], H}(Q)):

e /(0) = 0 almost—everywhere in 2;

e 1(0) = Ointhe sense that there exists a sequence {u, }, of functions in coo, 71;
L?(Q)) N L?(0, T; H} () converging to u in L'(Q7) such that u,(0) = 0 for
every n € N.

and, forevery ¢ € L®(Q7)NL*(0, T; Hy () suchthaty, € L' (Qr)+L?(0, T; H!
(2)) and ¢(0) = 0, every v € H(} (£2), almost every ¢ € (0, T) and every k > 0, we
have

t
/;2(91((” —¢)(®) +/(; (@1, T (u — @) +/Q Ax,$)Vu - VTi(u — ¢) <

/ uM(x)vw~VTk(u—<p>+/ £ 9Tl = 9) (19)
Q; Q;

/M(x)vw(t).wzf u®)?v.
Q Q

Here ®(s) denotes the primitive of 7} (s) that is zero for s = 0.

Theorem 1.6. Ler f € L™ (Qr) with1 <m < %, then there exists an entropy
solution (u, V) to (1.1) such that:

o ifm>1ueL>®0,T;L'(Q)NL" (Qr)NL" 0, T; W(}”"*(sz)),-

e ifm=1u € L*0,T, LYQ) N LS(Qr) N LY, T; W(;’q(Q)) for every

s < 1™

and € C°([0, T1, H}(Q)) N L®(Qr). Moreover, u > 0 and y > 0.

and q < 1*;
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2. Proof of the main results

To prove the existence and regularity of solutions, we proceed by approximation.
To this end, we consider the following approximating system:

(up)r — div(A(x, 1)Vup) = = div(Ty (up) M) Vi) + Tp (f (x, 1)) in Qr,

—div(M (x)Vr) = | Ty (un)|? in Qr,
Yp(x, 1) =0 on a2 x (0, T),
up(x,t) =0 on dQ2 x (0,7),
up(x,0)=0 in Q.

2.1

In Sect.2.1, we prove the existence of a weak solution (u,,, V) to (2.1) for every

n € N. Then, depending on the summability of the datum f, we prove that one can

pass to the limit as n — 400 under suitable a priori bounds on (u,,, ¥,), to obtain a

solution to (1.1). In particular, Sect. 2.2 contains the proof of Theorem 1.1 and Theorem

1.2, Sect.2.3 contains the proof of Theorem 1.4, and Sect. 2.4 contains the proof of
Theorem 1.6.

2.1. Existence of an approximate solution

Theorem 2.1. Let [ € LY Q7). Then, there exist u, € L*(0, T; H&(Q)) such that
(un); € L*(0, T; H-1(Q)) and ¥, € CO([0, T1; Hy(R)) N L>(Qr) which solve
(2.1) in the sense that, for all ¢ € L*(0, T; H} (Q)) with ¢, € L*(0, T; H~1(Q)) and
allv € HJ (),

T
/ H_1<<un),,<p>H1+/ A(x,z>Vun~w=f Tn(un>M(x>vwn~w+/ Ta(f)¢
0 o Jar Qr Qr

/ M(x)Viyy(t) - Vv = / |Tn(un)|9 v Vte(0,T).
Q Q

(2.2)
and satisfy the boundary conditions in (2.1).

Remark 2.2. To simplify the notation, we will write ((u,);, ¢) instead of ;-1 {((un);, @)
H] during computations.

Remark 2.3. By choosing test functions of the type p (x)n(¢) and arguing by density,
it can be shown that an equivalent definition of solution to the first equation to (2.1) is

-1 (Wn)es @) g +/QA(x,t)VMn Vo =/§2Tn(un)M(X)V1ﬁn : V<.0+/9Tn(f)<ﬂ
(2.3)
fora.e.t € (0, 7).

Remark 2.4. The function u,, appearing in Theorem 2.1 belongs to C°([0, T']; L>(2))
(see [14, Section 5.9.2]).
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Proof of Theorem 2.1. We start by fixing w € C°([0, T]; L?(2)) such that w(x, 0) =
0 and considering the system

{ vy —div(A(x, H)Vv) = —div(T,(w)M (x)Vn) + T,(f(x, 1)) in Qr, 2.4)

—div(M () V1) = [T (w)|’ in Qr,
with zero boundary conditions. We claim that there exists a unique choice of v €
L?(0, T; H} () such that v € L%, T; H!
() and n € L®(Q7) N L>®(0, T; Hy (Q)) which solve (2.4).

The existence of a solution to the second equation follows from Lax—Milgram’s
theorem. Moreover (see [22, Théoreme 4.1]), there exists a constant C > 0 such that

IOl g < Cn” and  [In@) =@ < Cn® V1[0, T]. (2.5)

Thus, n € CO([O, Tl; HO1 (£2)). Moreover, by linearity and [22, Théoreme 4.1], we
have (up to increasing the constant C)

1) = ()l g1 < Cllw@®) — w1 g

and the right hand side term goes to zero as |t -1 | — 0.
We now focus on the first equation: observe that

{ | T, (w)M (x)Vn| < nB|Vn| € L=, T; L*(Q)) 2.6)

1T, ()] = n.

This implies (see, for example, [16]) that there exists a unique solution v € L2(O, T;
HO1 (2)) to the first equation such that v(0) = 0. Such solution also satisfies the
condition v, € L%(0, T; H~'()) and, since (up to increasing the constant C)

175 (w)M )Vl oo 0,7 12000y + 1 Ta (P llLx @y < Cn®F

we have the estimate

f+1 f+1
Il 20,75} @) = €1 Toand vl 1@ < CnYT (2.7)

Observe that estimate (2.7) implies (see [ 14, Section 5.9.2]) thatv € co ([0, T1; L? (R))
and

lollcogo,ry,r2y < Cn ™. (2.8)

We now want to apply Schauder’s fixed point theorem to prove the existence of a
solution to (2.1). Consider the nonlinear operator

S C0([0, T1; L*(R2)) — €°([0, T1; L*(2))

w H—— 0.

By (2.8), we know that the closed ball of CO([0, T1; L3()) of radius R = Cnt is
invariant for S. Moreover, by (2.8) and [21, Corollary 4], S is a compact map.
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We now prove that S is continuous. Consider a sequence (wy )y C ([0, T1; L3())
such that wy strongly converges to some w € CO([O, T]; Lz(Q)). Let nx and n be the
corresponding solutions to the second equation to (2.4) (recall that both 7 and the n;’s
belong to co(o, T71; HO1 (£2))). Then, by linearity, we have

Ik (®) = 1Ol g3 @y < Cllw (@) = w75 ) < Cllwk = wilgog. 7112

for every t € (0, T). Taking the supremum over ¢, it follows that ny — 7 in
CO([0, T1; LA(R)).

By the compactness of S, we know that any subsequence of S(wy) has a subsequence
which converges in C 0([0, T1; L%(£2)) to some ¥ (which may depend on the chosen
subsequence). At the same time, we have that

Tn(wg) = T (w) in CO([O, T]; LP(2)) for any p € (1, 00) by Lebesgue’s theorem
Ve — Vi in C0([0, TT; L2(9)).
2.9)

Hence, v satisfies the equation
v — div(A(x, )VY) = —div(T, (w)M (x)Vn) + T, (f (x, 1)).

and, since S(wg)(0) = 0 for every k, v(0) = 0. This implies, by uniqueness, that
v = S(w) and thus S is continuous. We conclude the proof by invoking Schauder’s
fixed point theorem. 0

We now prove several properties of the approximate solutions (i, ¥,,). First, we
prove that the positivity of the datum f implies the positivity of the solutions.

Lemma 2.5. The solutions u,, ¥, to (2.1) are nonnegative.

Proof. First, we choose ¥, X {y, <o) as a test function in the second equation to obtain

a/ |w;|2=af |wn|25/ Ty (un)|? Yy <0
Q Y <0 Y <0

which, applying Poincaré’s inequality, implies that vy, = 0.
‘We now prove that u,, > 0: choosing T}, (i, X (4, <0}) as a test function, we get (using
Young’s inequality)

() T Gin X, <o) +an IV T G X g, <o) > <

1

20 J—h<u,<0

a 2
T (un)? |M<x)vl/fn|2+§/Q |V T (X g, <0))| +/Q F @ DT n X, <0))-
After cancellations (notice that the last term is negative, since f > 0), this leads us to

/32 h2
5 IVl
o —h=<u, <0

((up)r, Th(unx{u,,fm)) =<
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We now divide by 4 and take the limit # — 0, obtaining

d
E/Q|unx{u,,§0}| <0.

Thus, integrating from O to 7, we have u, () > 0 a.e. forevery t € (0, T). O

We now prove that, for every n € N, the function u,, is bounded. This will allow us
to choose powers of u, as test functions in (2.1) (without requiring a truncation). To
prove the boundedness of u,,, we will use the following Lemma from [22].

Lemma 2.6. Let A : RT — R be a nonincreasing function such that

Ma(k)®
Ah) < ————, VYh>k>0,
(h — k)Y

forM > 0,8 > 1landy > 0. Then X has a zero d € R, where
)
d” = MA(0)’ 25T

We will also use the following parabolic version of the Gagliardo—Nirenberg in-
equality, which follows from the interpolation inequality for Lebesgue spaces.

Proposition 2.7. Letv € L0, T; L2(2))NL3(0, T; H( (). Thenv € L'V (Qr)

and
4

2042 N 2
where C is a positive constant which depends on N and 2.

Lemma 2.8. Foranyn € N, u,, belongs to L*°(Q2r).

Proof. Let®,(s) bethe primitive of 7;,(s) and letk > 0. We choose [®,, (4,,) — O, )1+
as a test function in the second equation of (2.1). This leads us to

LM(X)anV [®,(un) — ("Dn(k)]+ = /;2 |Tn(un)|0 [®,(un) — Oy (k)]+ .

Notice that
V[0, (un) — O, ()" = T, (un) VG (uy) (2.11)

and that (recall that u,, > 0)

[0, (n) — O (k)" = /kun T1(0)do X ju,=k) < nG(un). (2.12)

We now choose G (u,) as a test function in the first equation of (2.1) to obtain
(integrating from O to #)

t
/(; ((un)e, Gi(un)) +01/;2 |VGk(un)‘2 5/9 Tn(un)M(x)VWnVGk(un)"‘/ Tn (/)G (un),
1 t

Q4
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that is (here we observe that ((u,);, Gi(un)) = %3 [ Gi(un)? and apply (2.11)),

1 2 2 ) G +
B Gr(un()” +ao VG (un)l” < [Tn (un)|” [On(un) — O (k)™ + nGy(upn),
Q Q Q Q2

which implies, thanks to (2.12)

3/ Gk<un<t)>2+a/ |VGk<un)|25f n9+le(un>+f nGr(uy).
2 Q Q Qr Qr

‘We thus have, since both terms on the left hand side are positive, there exists a constant
C > 0 such that

”Gk(un)llioc(()’T;LZ(Q)) S Cn9+l'/;_2 Gk(“n)
r (2.13)

IVGLIEs g, = Cn' [ Grtw)
Qr

By Proposition 2.7, it follows that there exists a positive constant C(N, €2, n) such

that
N+2

N4 N
/ G2 < C(N, 2. m) ( / Gk(un)) , 2.14)
Qr M,,Zk

‘We now define
A ={(x,1) € Qr : up(x,t) > k} (2.15)

and apply the Holder inequality with exponent ZNTH to the last term, obtaining (up
to increasing the constant C (N, €2, n))

1
2
/ Grlun)*' ™ < C(N, Q1) (f Gk(un)zNNﬂ) 1A 27
A Ay
Now choose & > k to obtain (after cancellations)
N2 1 N4
(h—k)"~ |Ap|2 < C(N, Q,n) [A| 2V,

which implies

N+4
|[Ag| V"
[Anl < C(N, €, ")W-
(h — k) N
Observing that %‘ > 1, we now invoke Lemma 2.6 with
(k) = | Akl
to conclude that |Akn = 0 for some k, > 0, which ends the proof. O

Observe that, since the constant C (N, 2, n) appearing in (2.14) divergesasn — 00,
the estimate used to prove Lemma 2.8 depends on n. In other words, we cannot derive
a uniform bound on (u,), in L°°(27) from this result.

The following two results only require a control on the L' (Q7) norm of the datum
f and, thus, are independent of n. First, we prove an estimate on the L°°(0, T'; L! (R))
norm of u, in the spirit of the L! estimate proved in [3,7].
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Lemma 2.9. Let u, be a solution to the first equation to (2.1), then u, € L*(0, T}
LY(Q)) and
||Mn||L00(0,T;L1(Q)) = ||f||L1(QT)~

Proof. Choose Ty, (uy) as a test function at a fixed time ¢ to obtain

<(un)t,Th(un)>+a/Q|VTh(un)|2 S/QTn(un)M(x)VT/fn‘VTh(Mn)'f‘/Qf(xst)Th(un)-

Applying Young’s inequality to the right hand side (and recalling that |7}, (u,)| < h)
we obtain

2 _ B2 2, @ 2
((un)r,Th(un))-Fa/ [V T}, (un)| 57/ [Vl +f/ VT (un)l +/ h|f(x, 1)
Q 20 Jo 2 Ja Q

After simplifying, we divide by & and pass to the limit as 7 — 0, obtaining

d
E/Qunu)s/szv(x,tn.

Integrating from O to ¢ leads to

t
lun ()l s/ / If(x,t)IS/ =1y,
0 Q Qr

which, taking the supremum over all ¢ € (0, T'), concludes the proof. O

We now focus on the solution ;. In the next Lemma, we show that, for any datum
fe LY(Q7), uniform bounds on the sequence (), can be obtained.

Lemma 2.10. The sequence (), is bounded in L*°(Q27) and (Vyry,), is bounded
in L0, T; LZ(Q)). Moreover, there exists a constant C > 0 such that the following
estimate holds:

Wl + 1V¥nll 0,22 < CIEIG - (2.16)

Proof. First, observe that T}, (un)9 < ug and that, by the Holder inequality and Lemma
2.9, there exists a constant C > 0 such that

0
n(2)° C(/ 0 ) clrne, Vie ., T).
[u@" <c([mo) =cififg,, vieo.n

Recalling that 0% > % we apply [22, Théoreme 4.1] to obtain

0 0
[Vn@llLe@) < CIIM,,IIL%(Q) =Cllflp g,y Yre€(©,T). 2.17)

To estimate V,,, we choose v, as a test function in the second equation of (2.1),
obtaining
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a/ vy (z>\2<f Tt ¥ < lnly g I9n Oy < (CUF101 ) ¥ie ©.7)
o n = o n\Un n = n L'(Q) n L>®(Q) = L](QT) 5 5

from which we have
1
IVY®ll o) < a—%cnfnil(m) Vie (7). (2.18)

Taking the supremum over ¢ in (2.17) and (2.18) (up to increasing the constant C)
concludes the proof. 0

2.2. Existence and regularity of a solution with finite energy

In this section, we focus on the finite energy case: that is, when f € L™ (Q27) for

somem > 2,{,\’%‘. Depending on the summability of f, we prove two a priori estimates.

Lemma 2.12 shows that, if f belongs to L™ (27) for some 21<,ij <m< N—+2 the

sequence (u,), is bounded in L™ (Q7) and in L2(0, T; HO1 (2)). If the summablhty
of f is higher (thatis, if f € L™ (Q7) form > NT”), Lemma 2.14 shows that the
sequence (u,), is bounded in L% (7).

Remark 2.11. Since Qr has finite measure, f € L?(Q2r) for some p > 1 implies
f € L1(Q27) for every g € [1, p]. Thus, the assumptions of Lemma 2.12 are satisfied
throughout the whole section.

Lemma 2.12. Let f € L™(Q27) with ZNN—:_T <m < NTH, then the sequence of

approximating solutions (uy), is bounded in L™ (Qr) and in L*(0, T} H(} ().

Proof. Let y > 1. We define the function

S
F,(s) = / o272, (0)do
0
and choose F; (u,) as a test function in the second equation of (2.1) to get

/ W2 2T, ) M)V - Vit = / MOV -V Fy () = / Ty )’ Fo 1)
Q Q Q

= 2]/ T (”n) u

Now choose un (Wthh belongs to L°°(27) by Lemma 2.8) as a test function in
the first equation of (2.1) to get

1

2 2y =2
o u/+a<2y—1>/9|wn|2u/

<Qy—1) f wy! AT ) M ()Y - Vi, + / fe,uy ™
Q
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Thus

1 d 2y Ol(ZJ/—l)/' yi2 2)/—1/ 0,27 / 21
—— _— \% < — t .
2ydt/9u” = Q| up|” < 2 + | fxDu
(2.19)
Now we split the integration domain in the third term and apply the Holder inequality

to get
0+2 0+2 0+2
/ Up v Z/ Up v +/ Up v
Q u, <k up>k

2 N-=2
N\ N W\
§k9+27’|§2|+</ uiz) (/ up N2 ) (2.20)
u, >k up>k
§k9+2V|9|+5<”f”“(““> /|v i

1-6%
where the last estimate comes from the Sobolev inequality. Thus, choosing k large
enough, we have

1 d 2y — 1
——/un +°‘( i )/ Vil | < k9+2y|9|+/ £ nud’ ™"
2y dt

|

Integration from O to ¢ leads to
1 a2 1
E/Miy(l‘)—l- @ )f \vul|* < k9+2V|S2|T+ e Huy
Q

Since both terms on the left hand side are positive, it follows that there exists a constant
C > 0 (which we will tacitly increase if needed) such that

e, Hul’ ™ 1>.

”Mn ||LOO(0 T; LZ(Q)) C <k9+2)/ |Q| T +

Qr

(2.21)
Vi 132q,, < € (k“y QT+ | fe.Du™ ‘).
Qr
Hence, applying Proposition 2.7 to v = u),, we obtain
2VM 042 21 %
[ se (e [ e
Qr
We now apply the Holder inequality to the last term, obtaining
€
2y—1 2y—1 '
Foe 0w ™ < e ( f =" ) : (2.22)
Qr Qr

Setting 2y == N2 — (29 — 1)m’ leads to

Nm N+2 (N +2)m
y=————— and 2y = =
2(N+2—2m) N N+2-2m

Kok
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hence
N 1
AL e R
f ul < (K 11T + 1 f f ul
Qr Qr
(2.23)
Moreover, we have
1 1 2 N
—_—=l-—<l-—=—
m’ m N+2 N+2
m(N+2)

This implies that the right-hand side of (2.23), seen as a function of fQT u N

grows at a slower rate than the term on the left-hand side. It follows that the sequence
(un)n is bounded in L™ (Q7).
Observe that, since f € L%(QT), we can repeat the same calculations with
= %ij and y = 1, which implies, thanks to (2.21), that the sequence (u;), is
bounded in L2(0, T; Hj (Q)). a

Note that, although

2N +4
>

S e T
V= "= N4

(2.24)
the requirement y > 1 in the previous proof could be relaxed to y > % after (2.19).
Indeed, a similar approach (with a slight modification of the test functions) will be

used to prove Lemma 2.16, which deals with the case | < m < %.

Remark 2.13. Thanksto (2.21) and (2.22), the sequence (u,,), is bounded in L°°(0, T';
N

L27(Q)), which is L®(0, T; L+~ (Q)).

Lemma 2.14. Letm > NTH and f € L™(Q2r). Then, the sequence of approximating

solutions (i), is bounded in L*° (7).

Proof. Choosing the same test functions we chose in the proof of Lemma 2.8, we get

1
5/ Gk<un<r>>2+a/ |vck(un>|25/ T () I? [®n<un)—®n(k>1++/ T ()G (up).
Q Q Q

Q

Observe that
Un
[On(un) — ®n(k)]+ = /k Tn(O')dO'X{unZk} < unGi(uy), (2.25)
which implies

%/Gk(un(r»%a/ |VGk(un>|2sf uz“Gk<un>+/ £ DG ().
Q Q Qr Qr

Define the function fn(x, 1) = uﬁ“ (x,1) + f(x,1), so that the right-hand side can
be written as follows:

% [ Grlin (D)’ +a / VG (un)P < / Fo. G (). (2.26)
Q Q; Qr
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Observe that, by Lemma 2.12, the sequence (uy), is bounded in L”(27) for all
p < oo, which implies that the sequence ( f,,)n is bounded in L™ (27). In particular,
there exists a constant C > 0 (which we will tacitly increase if needed) such that

I fulln@py < CA+ 1 fllLn@p)- (2.27)

By repeating the argument used in the proof of Lemma 2.12, we obtain

1Gk g 712y = € / Far. 0Giun)

(2.28)
IIVGk(un)IILz(Q y = / Jo @, D) Grluy).
Which, by Proposition 2.7, implies
N+2
+2 ~ N
| Gran? < c( fut, r>Gk(un)) . (2.29)
Qr un>k

We now proceed as in the proof of Lemma 2.8: consider the set Ay defined in (2.15) and
apply the Holder inequality with exponent ZNTJFZ to the last term of (2.29), obtaining

+4
/Gk(unVNN”fC(/ Gr(un)? ) (/ Fulx, t)Nfo> N,
Ax Ak

which implies
N4
o N+2 ~ 2N+4 N
Grup)* v <C Su(x, 1) N+
A Ag

Since m > % > ZNN:f , a further use of the Holder inequality, along with (2.27),

yields

N+2 N+4 2(N+2)
GL* % < CU+ [ flmiap) ¥ 1A'~ F
Ak
Let h > k. After cancellations, we obtain
N42 N2 2(N+2) N+4  2(N+2)
|Anl (h — k)*'% 5/ Gi)*' N < CU+|Ifln@n) 8 1Al ¥ v
Ak
Setting A(h) = |Ap| and recalling that m > NTH, we can apply Lemma 2.6 to
conclude. O

We can now prove the existence of a solution in the finite-energy case. Using the
bounds established so far, we pass to the limit in (2.1) as n — +-o00. In this way, we
obtain a solution (u, ¥) to (1.1) with the summability properties stated in Lemma 2.14
and Lemma 2.12.

Although the proofs of Theorem 1.1 and Theorem 1.2 are based on the same general
strategy, some technical details differ slightly. For clarity, we therefore present them
separately.
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Proof of Theorem 1.1. We write the first equation of (2.1) as
(un)r = div(AQx, )Vup) — div(T, () M)V ) + To(f (x, 1))

and observe that, by Lemma 2.12 and Lemma 2.14,

e div(A(x, 1)Vu,) is bounded in L2(0, T; H~'(Q));

o T, (uy,)M(x)Vi, is bounded in L*(Q7);

o T,(f(x,t))is bounded in L™ (27).
Thus, the sequence ((u,);), is bounded in L2%(0, T; H~Y(Q)). We now apply [21,
Corollary 4] to obtain that the sequence (u,), has a converging subsequence in
L2(27). Let u be the limit of such a subsequence: we have that u € L?(0, T; HO1 (£2))
(since (uy), is bounded in L2(0, T; H(} (2)) and, up to a further subsequence, Vu,, —
Vu). Moreover, u; € L?(0, T; H~'(Q)) and, by Lemma 2.14, u € L*®(Q27). This
also implies (see [14, Section 5.9.2]) that u € co(o, T1: LZ(Q)).

By Lemma 2.10, there exists a subsequence of (), that strongly converges in
LZ(QT) and weakly converges in L0, T; HO1 (2)) to some function v (x, r) which
is a weak solution to

—diviM)Vy) =ul(x, 1) inQ

for every t € (0, T'), with zero Dirichlet boundary conditions. Moreover, since ug is
strongly convergent in L”(Q27) with p > %, by applying standard elliptic estimates
[4] to the equation
—div(M )V (Y — ) = uy —u”,

we get (up to subsequences):

e Y, — ¥ in L>(0, T; H} (2)), which implies that ¢ € C°([0, T1; H}(R));

e Y, — v in L°°(Q27), which implies that ¢ € L*°(Q7).

Let ¢ and v be test functions as in the statement of Theorem 1.1. Then, we take the
limit (up to subsequences) as n — 00 in

T
/ (@n)r, ) +/ A(x, )Vuy - Vo = / Tn(up) M (x)Vipy - Vo +/ Th(Ne
0 Qr Qr Qr

[ Mevin - vo= [ wwt
Q Q

(2.30)
to conclude that the couple (u, V) is a solution to (1.1) in the sense (1.6). O

Proof of Theorem 1.2. We write the first equation of (2.1) as
(un)e = div(A(x, )Vuy) — div(T, (un) M (x) Vi) + T, (f (x, 1))

and observe that, by Lemma 2.12:
e div(A(x, 1)Vu,) is bounded in L2(0, T; H~1(Q));
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o T, (un)M(x)V, is bounded in L?(Q7) with % =1+
p =1

o T,(f(x,t))is bounded in L™ (Q27).
This implies that the sequence ((u,);), is bounded in LY, T; w=11(Q)). Thus,
we can apply [21, Corollary 4] to obtain that the sequence (u,), has a converging
subsequence in L%(Q7). Let u be the limit of such a subsequence: we have that
ueL*0,T: HO1 ()) (since (uy), is bounded in L2(0, T'; HO1 (£2)) and since, up to a
further subsequence, Vu,, — Vu).

By Lemma 2.10, there exists a subsequence of (), that strongly converges in
L2(Q7) and weakly converges in L%, T; Hé (£2)) to some function v (x, ) which
is a weak solution to

— NL+2 (note that

1
m

—diviM)VY) =uf(x, 1)  inQ

for every t € (0, T), with zero Dirichlet boundary conditions. Moreover, since uf is

strongly convergent in L”(Q27) with p > % by applying standard elliptic estimates
[4] to the equation
—div(M @)V (Y — V) = uyy —u”,

we get (up to subsequences):

e Y, — ¥ in L®(0, T; H}()), which implies that v € C°([0, T]; H} (Q));

e Y, — Y in L°°(Q7), which implies that ¢ € L*(Q7).

Let ¢ and v be test functions as in the statement of Theorem 1.2. Then, we take the
limit (up to subsequences) as n — 00 in

T
f<<un>,,¢>+/ A(x,t>wn~w=/ Tn(un)M<x>vwn-w+f To(f)p
0 Qr Qr Qr

/ M(x) Vi (1) - Vv = / un ()%,
Q Q

(2.31)
to conclude that the couple (u, V) is a solution to (1.1) in the sense (1.7). O
Remark 2.15. Recall that, due to (2 21) and (2.22), the sequence (u;,), is also bounded
in L0, T3 L% () and in L "V (Q7) with 2y = 52— We can interpolate
between the two spaces with exponents r and g such that (letting A € [0, 1])

1 A 1 1—2x A

r 2yN+2 g 2y +2VN+2

to obtain

T T
r r(l=2) ri
/() ||un||Lq(Q) S A ||u”||L°°(O,T;L2V(Q))”””(t)”LzyNﬁz @

1
= lunl o 12y o il sz
L°(0,T; L% (Q)) 252 @
It follows that (uy), is bounded in L" (0, T; L9(£2)) and thus, by Fatou’s Lemma,

uel (0,T; L1(Q)).
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2.3. Existence of a distributional solution with singular data

If the datum f belongs to L™ (Q27) withm € [1, %), we can prove the existence
of a solution found by approximation. Recall that all the properties of the sequence
(¥)n proved in the previous sections only require f to belong to L!(Q27).

We now prove a boundedness result for the sequence (u;),, which extends Lemma

2N+4
212 totherange | <m < 77
Lemma 2.16. Let f € L™(Q7) with 1 < m < %, then the sequence (uy), is
bounded in L™ (7).

Proof. Lety > % and ¢ > 0. We define the function

Fi(s) = / "6 + 07T, (0)do
0

and choose F (u,) as a test function in the second equation of (2.1) to get

/ (n + &) 2T (un) M)V - Vit = / M)V - VE; (un) = / T () F (un)
Q Q Q

1 1
< — | Tun)?@n+ )% < — / ul) (un + )%
2y Jo 2y Jo

where we used
S
Fi(s) < / 0+ o < (s+6)% —& < (s+ ).
0

Now choose
(Uy + )21 —g2r-1

2y —1
(which belongs to L°°(27) by Lemma 2.8) as a test function in the first equation of
(2.1) to get

ge(uy) =

((n)rs e (n)) + / (tn + &)%Y 2A(x, 1)V, - Vuy,
Q

= / (un + 8)2y72Tn(un)M(x)an - Vuy, +/ fx, 0)ge(un).
Q Q

Thus

1
(un)r, 8o (un)) +/ (un + &)%Y 2 A(x, )Vuy - Vuy < 2—/ ul uy + )% +/ Fx, 0)ge (un).
Q Y JQ Q

Integration from O to ¢ leads to

1
f Ge(un (1)) + / (n + &)%Y "2 ACx, $)Vup - Vity < — f ul) (un + &% + f F(x,9)ge (),
Q Q 2y Jo, o
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where G is the primitive of g, such that G.(0) = 0.
We can now apply Fatou’s Lemma (notice that G.(s) — msh ase - 0
and that G.(s) > 0 for s > 0) to obtain

1 / 2y Ol/ vz 1 / 6,27 / 2y—1
—— | u, ()+— Vu,|” < — + fx, Hu, .
2yQy — D Jo " y? Q,‘ a 2y Jo, " Ty

At this point, it suffices to follow the proof of Lemma 2.12 to conclude. U

Remark 2.17. The previous result also implies that
2y—1
e 17 oo 0.7 120627 < € (k“zy |9|T+/ fG ™ )
Qr

(2.32)
1V 12, < (k9+2V|9|T+f £ nud’™ 1).

Since 2y — )m’ = m**, (2.32) implies that the sequence (u}), is bounded in
L°°(0, T; L*(Q)) and in L?(0, T; H} ().

Recall that, in the elliptic case (see, e.g. [7]), singular data (that is, f € L™ (Q27)

withm < 7 +2) prevent the solution from having finite Dirichlet energy. However, the
Nm
sequence of approximating solutions is bounded in W, "~ () whenever 1 < m <

N +2 Since the parabolic LP-regularity results [1,5] typically behave as the elliptic

ones in dimension N + 2, we expect (Vuy), to be bounded in (Lm (QT)> . Indeed,
this is the case.

Lemma 2.18. Let [ € L™ (Qr), with1 <m < 2N44 Then, the sequence (uy), of

N+4
approximating solutions is bounded in L™, T; Wol’m (RQ)) (wherem* = (%\f%).

Proof. To prove this result, we use the same technique employed in [3]. Our objective
is to exploit the Holder inequality, Lemma 2.16 and the fact that % <y < 1 (see
(2.24)) to gain an estimate on the L™ norm of Vu,. More precisely, we have

* m* [ m*
m* [Vun|™ m*(1—y) |Vun|2 : 22”,1,1* (I1=y) :
Vunl™ = [ sty n = 2—7) U ~
Qr Qr Uy Qr Uy Qr

Now observe that, choosing y as in the proof of Lemma 2.16, we get

2m* a ) (N +2)m 2N +4—4m — Nm (N +2)m -
— = = =m
2—m VT ONY4A—dm—Nm (N+2) —2m (N+2)—

)

which implies that, by Lemma 2.16,

2m*

5w (1=y) wox
/ ur™m = uy < C.
Qr Qr
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On the other hand, notice that

2
f Wl _ Loz,
Q7 ui(]*y) )/2 L*(Qr)

which is bounded by Remark 2.17. This concludes the proof. O

We now prove Theorem 1.4. Recall that, to apply [21, Corollary 4] to gain com-
pactness of the sequence (i, ), in some strong topology, we need a uniform bound on
the time derivatives of the sequence (u,),, which requires the convection term

—div(T, (uy ) M (x)Vfr,)

to be bounded in (at least) LYo, 7; w1 (£2)). For this to be possible, since we only
know that (V1/,,),, is bounded in (LZ(QT))N, it is necessary for (i), to be bounded
in (at least) L2(27). Such requirement is satisfied if

o (N+2)m
CN+2-2m ~

2N+4
N+6 °

which means that m shall be greater than

Proof of Theorem 1.4. We write the first equation of (2.1) as
(un)r = div(A(x, )Vuy) — div(T, (un) M () V) + T, (f (x, 1))

and observe that, by Lemma 2.18:

e div(A(x, 1)Vuy,) is bounded in L™V (0, T; W=1-1(Q));

o T, (uy,)M(x)Vi, is bounded in L'(Q7);

o T,(f(x,t))is bounded in L™ (Q27).
This implies that the sequence ((u,);), is bounded in LY, T; w=11(Q)). Thus,
we can apply [21, Corollary 4] to obtain that the sequence (u,), has a converg-

ing subsequence in L™ (Q7). Let u be the limit of such subsequence: we have
Nm

u € L0, T; L¥+2-2 (Q)), u € L™ (0, T; Wg™ () (since (u,), is bounded in
Lm O, T; Wol’m*(Q)) and since, up to a further subsequence, Vu,, — Vu), and u €
" (27) by Fatou’s Lemma and Lemma 2.16. Moreover, u; € LYo, T; w=L1(Q)).

By Lemma 2.10, there exists a subsequence of (i), that strongly converges in
L*(Q7) and weakly converges in L0, T; Hé (£2)) to some function v (x, ) which
is a weak solution to

—diviM ) VY) =ul(x,1) inQ

for every t € (0, T'), with zero Dirichlet boundary conditions. Moreover, since ug

strongly convergent in L”(Q27) with p > %, by applying standard elliptic estimates
[4] to the equation

is

— div(M()V (Y — ) = u — u’,

we get (up to subsequences):
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e Y, — ¥ in L®(0, T; H} (), which implies that v € C°([0, T1; H]} (Q));

e Y, — ¥ in L°°(Q7), which implies that ¢ € L*(Q7).

Let ¢ and v be test functions as in the statement of Theorem 1.2. Then, we take the
limit (up to subsequences) as n — 00 in

T
/ ((un)t, @) +/ A(x,)Vuy - Vo = / Tn(up)M(X)Vipy - Vo +/ Tu(f)e
0 Qr Qr Qr
f M)V (1) - Vv = / un ()%,
Q Q
(2.33)
to conclude that the couple (u, V) is a solution to (1.1) in the sense (1.8). O

2.4. Existence of entropy solutions

Since Zlflng‘ > 1 if and only if N > 2, which is our assumption, the techniques

, %). More precisely, since
the terms T}, (u,,) M (x) Vfr,, are not bounded in LY(Q7),itis impossible to pass to the

limit as n — 400 in

we have employed up until now fail for any m € [1

/ Ty () M)V - Vo
Qr

to prove the existence of a distributional solution to (1.1). Instead, we prove the ex-
istence of an entropy solution (see Definition 1.5) to (1.1) system with any datum
feLllQr).

In the nextlemma, we show that, even though for data f notbelonging to L pe (Q7)
one should not expect the sequence of approximate solutions (u,), to be bounded in
L%, T; HO1 (£2)), the sequence (Ty(un)), given by their truncations at any height
k > 0is, indeed, bounded in L*(0, T; H} (Q)).

Lemma 2.19. Letk > 0 and f € L' (Q7). Then, the sequence (Ty () is bounded
in L2(0, T; H} (Q)).

Proof. Let us choose Ty (uy) as a test function in the first equation of (2.1)

t
f<(un)t,rk<un>>+af \VTk(umzsf Tn(un>M(x>vwn~VTk(un>+/ £ D Ticlun).
0 Q Q; Q

Applying Young’s inequality to the right hand side (note that |7, (u,)| < k where
VT (u,) # 0) we obtain

2
/@)k(un)w/ \vrk(un)\zsk”g—/ |wfn|2+3/ \VTk(un)\2+k/ £
Q Q 2a Jor 2 Jo, Qr

Here, as before, ®; denotes the primitive of 7} such that ®; (0) = 0. After simplifying
the gradient term and dropping the first (positive) term, we end up with

K*B*T 5
2 ||‘ﬁn||Loo(0’T;H01(Q)) +k||f||Ll(QT)

o 2
) VT (un)|” <
Q
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Which, in view of Lemma 2.10, concludes the proof. O

Notice that Lemma 2.16 does not include the case f € L!(Qr). The following
result, whose proof follows [7], gives an a priori estimate on the sequence (u), in
this case.

Lemma 2.20. Let f € L'(Q27), then the sequence of approximating solutions (i),

is bounded in LP(Q21) for every p < NTH N: 21** and the sequence of gradients
NA2 _ qx

(Vuy,)y is bounded in L9(27) for every g < Nt =

Proof. Let1 < A < 2. Repeating the same steps as in the proof of Lemma 2.16, we
define the function

F(s) = f S(o + 1) T (0)do
0

and choose F;, (1) as a test function in the second equation of (2.1) to get

/ (U1~ T (1) M) V- Vit = / M) V-V F (i) = / Ty ()’ Fo 1)
Q Q Q

2—A _ 2-1 _
o 2— A o 2— A

Now choose
1— (1 +u)' ™

guy) = 1

(which is bounded from above by ﬁ) as a test function in the first equation of (2.1)
to get

((un)i, g(up)) +/(un + D)* A, )V, - Vuy,
Q

= / (un + 1)7ATn(Mn)M(x)an - Vuy, +/ Sfx, ) g(up).
Q Q

(2.34)
Which implies
|V, |? g Uy + D24 —1 1
((“n)tyg(un»‘i‘a/;sz/g;un ) +)L_1'/S;f(3€,f)~
(2.35)

We now focus on the term

/ o (n + 1> 4 — 1
u,——————(———.
Q " 2— X

Let k > 0 and apply the Holder inequality (with exponent %) along with Lemma 2.9
to get
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2—1 _ 2—A _ 2—A _
/uz(un—l—l) 1 S/ ug(un—l—l) 1+/ ug(un—l—l) 1
Q 2—A un (1) <k 2—A un (1)>k 2—A

2 N-2
(k-l—l)z_)L 1 ”f”Ll(Q ) N 9 A
<k’ Q r / DE* -1 .
S el h ey i (@ 1774 1)

(2.36)
Since, for every n > 0, the following inequality holds
2 % 2= 2-1
[+ 1] a4+ =[a+nT —1]+1,
we have
2 N2 2-2 %
[ faur? =] < [ o+ —1]+1)
Q Q
- 2N_
< c(1+f [(l-i—un)T - 1]’”),
Q
for some C > 0. It follows that
/ g (un + 1> =1
S
Q" 2—A
N-2

2 2N TN
k4 12> c (hAlrS: N 2-1 N2
<0 g L) (1| [ [ -]
2—A 2—A 07 Q

On the other hand, by the Sobolev inequality, we have

fsz (1|ZMZ,|,2)A e —4x)2 /Q ‘V[(l Fu)T — 1]‘2
N2 (2.38)

N 17
z%[fg[(wun)zzk—l]’”] :

Notice that, if we define G(s) = fg g(o0)do, the term on the left-hand side of (2.35)
becomes % fQ G(uy). Thus, putting together (2.35), (2.37) and (2.38), we obtain

2

d 202 IfIY Vi, |?
—/G(un)—i- a—ct ) LI(QZT) / el B
dt Jo 45 -kt | Ja (I +uy)

2
1 (k +1)>* c g,

< — )+ kY Q L.

—x—lfgf(x e w L R e

(2.39)
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Choosing k = k¢ such that

- 2)2 IIfIILl(QT) _a

s

S it 2
we have
Vi, 2 g (ko + 12 c “f“u(m
/g<n)+ ,/;2(1—0-14,,))‘_7/]‘()([)4_]( e e S

ko'

Integrating from O to ¢, we obtain

/gw Yo+ /M
" o (1 +up)

< e 0+ 8 iy
%
L C ||fk||§l_(;2T)T,
0
which is
/g(un>(r>+ | IVl (1l T 1R1L6). 240)
Q (1 +uy)

where C (||f||L|(QT), AT, |2, 9) is a positive constant which tends to infinity as
A— 1T
An explicit integration of g gives

1 1+s)>* -1
Q(S)—k_l[s— ) } 5 =0,

which is nonnegative and nondecreasing, since g > 0 on [0, +00). Moreover, as
2 — € (0,1), we have G(s)/s — s and [(1 +5)>* — 1] /s — Oas s — +o0,
so that
(14> * -1
im —————
s— 400 14+ G(s)

The function s — % being continuous on [0, +00), it is therefore bounded:

there exists ¢ = c(A) > 0 such that
(A+s5)>*—1<c(1+G(@s)) foreverys > 0.
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Since u, > 0, integrating the last inequality over €2 and using (2.40) we obtain, up to
increasing the constant C (||f||L1(QT), A, T, |2 ,9),

1w + D> = Ll 7210 < € (1 113y 2o T 121 6)
. ) (2.41)
IV (G + D = 1) oy, = € (1f iy T2 121,6).

Recall that, by Proposition 2.7, there exists C = C(N, €2) > 0 such that

2-1 N¥2
ln+1)72 =117 N =Clin+1)
L™ N (Qr)

_1”L°°(0,T;L2(Q))”V (un+1) 2 —1 ||L2(QT)'
Moreover, since 2%)‘ € (0, 1) and u, > 0 we have, by concavity,

22

2—X
(p+1D7 —1<u,”,
while, again because u,, > 0and2 — A > 0,
= )™ = [ w1+ 1

These two inequalities imply

22 25
lwn + 172" =Tl oo 7120 = un® oo, 7:02(02)
1 1
2—A2 2—h 2
=13 2o 0 21y = (1000 + D27 = T oo 7,11 +121) 7

(2.42)

To sum up, we have proved that, for any A € (1, 2), there exists a positive constant
c=cC (”f”Ll(QT)s AN, Q,T, 9) such that

2—A
N2 —1 < 2.43
It + 1) xS 6 (243)

2—)

which implies that the sequence (u,> ), is bounded in Lz% (27). This means that
(un), 1s bounded in L(2*)‘)¥(QT) for any A € (1,2), i.e. (u,), is bounded in
LP(Qr) forany p < %

We now follow the argument in the proof of Lemma 2.18. Choosing ¢ < 2 and
using the Holder inequality, we obtain

q 1—
Vi |4 g Vug? \?2 ar
/ |Vun|q=f '”7"'A<1+un)25f [Vienl” (14 un) 24
Qr Q g Qr (1 +up) Qr

T (1+uy) 2

q
2

thus, by (2.40), we get

2C AT, |1, 0 2\~
/‘ Vi, |7 < (1@ 12|, 6) < 1 +un)2qq)
Qr o Qr

[N
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Setting % =2-X) % andrecalling (2.43), we conclude that (Vu,,), is bounded

in L9(Q7) with
22 —=M(N +2)

= )\, = .
=4 = T - DN+ 2)
Note that g (A) is always smaller that %—ﬁ and tends to %—ﬁ as A — 1. This concludes
the proof. 0

To prove the existence of an entropy solution, it is necessary to pass to the limit in
the integral

/Q Ty (1) M)V VT Gt — 0).

To do so, the weak convergence of the sequence (u,), is not sufficient. Thus, we
employ a technique of [17] to prove the convergence of smooth truncations of ().
This, in turn, implies the strong convergence of (u,), in LY(Qp).

Lemma 2.21. The sequence (u,,), converges, up to subsequences, almost—everywhere
in QT.

Proof. Consider a smooth truncation function 7 (s) such that:

e Ti(s) = s whenever |s| < ’%;

o 7Ti(s) = k whenever |s| > k;
o 0<T/(s) < 2X[—kx1(5).

Then, choose ’Z;(’(un)go, with ¢ smooth, as a test function in the first equation of (2.1)
to obtain

T
/ (g (un))s, (PH‘/ A(x, t)Vun’ZZ(u,,)V(p + f A(x, t)vunlzz/(un)vunw
0 Qr Qr

:/Q T (un) M (X)VY, T (un) Ve

+ /Q Ty (1) M)V T 1) Vitp + /Q T ()T (g,
! ! (2.44)

which can be written, in the sense of distributions, as

(T (up))i— div(A(x, OV T (un)) + Ax, )Vuy - Vi, T (un)
= — div(T, (un) M (X) VY, T (ur)) (2.45)
+ T (up)) M(x)V, - Vun'];{”(un) + Tn(f)/];(/(“n)

By the assumption on 7)/(s), the term T, (u,)7, (u,) is bounded in L*°(Qr) and
|7/ (un)| < 2X{u,1<k)- This estimate, along with Lemma 2.19 and Lemma 2.10
(specifically, the boundedness of (), in L%(0,T; HO1 (£2))) implies that (Z; (u,)); is
bounded in L1 (0, 7; W—1-1(Q)) with respect to n. At the same time, Lemma 2.19 im-
plies that the sequence (7 (u,)), is bounded in L0, T; HOl (2)) withrespectto n. We
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can thus apply [21, Corollary 4] to conclude that (7 (1)), is compact in LZ(QT). It
follows that, for every k > 0 there exists a subsequence of (7 (1)), which converges
in LZ(QT) and almost—everywhere.

We can now prove that the sequence (u,), is Cauchy in measure. Let A > 0 and
notice that

Hlup —uml = A} <

k k
{Iunl > 5” + Hluml > 5” + {1 Tk (un) — Tp(um)| = A} .

Since the sequence (u,), is bounded in some Lebesgue space, the first two terms on
the right-hand side are arbitrarily small choosing k large enough, while the last term
tends to zero as n and m tend to infinity for any chosen k. It follows that the sequence
(un)n converges in measure, which implies the almost—everywhere convergence up to
subsequences. 0

Corollary 2.22. Let u be a weak limit of (u,), in L*(2r) for some s > 1. Then, up
to subsequences, u, — u strongly in L' (7).

We can now prove Theorem 1.6.

Proof of Theorem 1.6. We start by proving the existence of an entropy solution (u, V)
to (1.1). Let k > 0 and ¢ € L>®(Q7) N L*(0, T; H (Q)) such that ¢, € L1(Qr) +
L%0,T; H1(Q)) and ©(0) = 0. We choose Ty (u, — ¢) as a test function in the first
equation of (2.1) to obtain

T
/O (n)e, Ti(un — @) +/Q A(x, $)Vuy - VT (up — @)

_ fQ Ty (1) M)V - VTt — 0) + /Q T, () Telitn — @), (2.46)

We will now examine each term of (2.46). First, notice that

t

t
/0 ((un)r, Ti(un — @) =/Q®k(un —</))(t)+/0 (01, Ti(un — ¢)).

Then, by the almost—everywhere convergence of the sequence (u,),, we have that
Oy — @)(t) = Or(u — ¢)(¢r) almost—everywhere (which allows to apply Fatou’s
Lemma, since Oy is a positive function). Also, notice that

t
f @1, Tt — )
0

passes to the limit as n — 400 by the weak convergence in L2(0, T’; Hé (2)) and the
x—weak convergence in L>(Q7) of Ty (u, — ¢) to Ty (u — ¢).
In the second term of (2.46), we proceed similarly:

/ A(x, $)Vup - VT (up — @) = / A(x, )V (up — @) - VT (up — ¢) +/ A(x,5)Ve - VTi(un — ¢).
Q

Q Q4
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Notice that every integral is well-defined, since the right-hand side is equal to

/ AGe, )V Tt — 9) - VT (it — ) +/ Ax. )V - VTi(uty — ).
Q 19

This allows us to take the liminf in the first term by weak lower semicontinuity of
the quadratic form induced by A(x, ) on LZ(O, T; H(} (£2)) and the limit (by weak
convergence) in the second term.

For the third term of (2.46), we have

/ T (un) M ()N Yy -V Ti (n — @) =/ T (un) M (x)Vrn - VTi(ttn — ).
Q (i —pl <k}

Notice that, since ¢ € L (Q7), the integral is computed only where
lun] <k + ll@llLe@y) = M.

Thus, if n > M, we can write it as

/ Tn (T (un))M )V - Vi (un — ) = / Ty (un) M ()N Y-V Ti (un — ).
QN {lup —p| <k} Q
Note that, by Vitali’s theorem and Corollary 2.22, the sequence “2 is strongly conver-
gent in L?(Q27), with p = % > % Thus, by reasoning as in the proof of Theorem
1.2, we prove that (up to subsequences):
e Y, — YinL®(0, T; H}(R)) (whichalsoimplies thaty € CO([0, TT; H (Q)));
e Y, — ¥ in L°°(Q7) (which also implies that ¥y € L(Q27)).
It follows that

T ()M VY, > Tu@M@VY in (L2@n)

which allows us to pass to the limit as n — o0 in the third term of (2.46). The last
term of (2.46) poses no difficulties in the passage to the limit.

We can now pass to the limit as n — +00 along a suitable subsequence to conclude
that, for almost every ¢ € (0, T'), we have

t
/QG)k(M—(P)(I)-i—/O ((‘p)t,Tk(”_‘P))+/ A(x, $)Vu - VTi(u — ¢)

Q

< f UMY - VT — ) + / Fa)Telu— ), (247)
Q 97

which, along with Lemma 2.19, proves that (u, ¥) is an entropy solution to (1.1). To
conclude, we observe that the bounds on the sequence (u;), in Lemmata 2.9, 2.16,
2.18 and 2.20 also hold for u. O
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