LONDON

Nonlinearity MATHEMATIGAL  10P Publishing
PAPER * OPEN ACCESS You may also like
. . - Instability of semi-Riemannian close
Index theorems for graph-parametrized optimal i—%,ﬂf N 'd:
ijjun Hu, Alessandro Portaluri an an
control problems Yang

- Morse index and bifurcation for figure-eight
choreographies of the equal mass three-
body problem
Hiroshi Fukuda, Toshiaki Fujiwara and
Hiroshi Ozaki

To cite this article: Andrei Agrachev et al 2023 Nonlinearity 36 2792

- Morse index for figure-eight
. . . choreographies of the planar equal mass
View the article online for updates and enhancements. three-body problem
Hiroshi Fukuda, Toshiaki Fujiwara and
Hiroshi Ozaki

This content was downloaded from IP address 93.35.169.146 on 25/07/2023 at 16:40


https://doi.org/10.1088/1361-6544/acc5d4
/article/10.1088/1361-6544/ab1c87
/article/10.1088/1361-6544/ab1c87
/article/10.1088/1751-8121/ab1270
/article/10.1088/1751-8121/ab1270
/article/10.1088/1751-8121/ab1270
/article/10.1088/1751-8121/aab06d
/article/10.1088/1751-8121/aab06d
/article/10.1088/1751-8121/aab06d

OPEN ACCESS

IOP Publishing | London Mathematical Society Nonlinearity

Nonlinearity 36 (2023) 2792—-2838 https://doi.org/10.1088/1361-6544/acc5d4

Index theorems for graph-parametrized
optimal control problems

Andrei Agrachev', Stefano Baranzini'~*
and Ivan Beschastnyi’

! Scuola Internazionale Superiore di Studi Avanzati (SISSA), via Bonomea 265,
Trieste (TS), Italy

2 Center for Research and Development in Mathematics and Applications, University
of Aveiro, Aveiro, Portugal

E-mail: sbaranzi @sissa.it

Received 24 January 2022; revised 5 January 2023
Accepted for publication 20 March 2023
Published 5 April 2023

Recommended by Dr Richard Montgomery @

CrossMark
Abstract
In this paper we prove Morse index theorems for a big class of constrained vari-
ational problems on graphs. Such theorems are useful in various physical and
geometric applications. Our formulas compute the difference of Morse indices
of two Hessians related to two different graphs or two different sets of boundary
conditions. Some applications such as the iteration formulas and lower bounds
for the index are proved.

Supplementary material for this article is available online
Keywords: constrained optimization, Morse index, second variation,

metric graph
Mathematics Subject Classification numbers: 49K30, 81Q35, 53D12

(Some figures may appear in colour only in the online journal)

3 Current address: Department of Mathematics, University of Turin, Via Carlo Alberto 10, Turin, Italy.
" Author to whom any correspondence should be addressed.

Original Content from this work may be used under the terms of the Creative Commons Attribution
3.0 licence. Any further distribution of this work must maintain attribution to the author(s) and the

title of the work, journal citation and DOI.

1361-6544/23/+47$33.00 © 2023 IOP Publishing Ltd & London Mathematical Society Printed in the UK 2792


https://doi.org/10.1088/1361-6544/acc5d4
https://orcid.org/0000-0003-4964-4424
mailto:sbaranzi@sissa.it
http://crossmark.crossref.org/dialog/?doi=10.1088/1361-6544/acc5d4&domain=pdf&date_stamp=2023-4-5
https://doi.org/10.1088/1361-6544/acc5d4
https://creativecommons.org/licenses/by/3.0/
https://creativecommons.org/licenses/by/3.0/

Nonlinearity 36 (2023) 2792 A Agrachev et al

1. Introduction

1.1. Motivation

The aim of this paper is to derive effective ways of computing the Morse index of second
variation of constrained variational problems on graphs. Such problems can be conveniently
formulated as optimal control problems. The results of this article can be used to study min-
imality and stability in a variety of geometrically and physically interesting problems.

Let us start with some examples which motivate the overall set-up in which we are working.
Given three points a, b, c on a plane R?, place a point d € R? such that the sum of the distances
between d and each of the points a, b, ¢ is minimal. It is well known that d should be placed at
the Fermat point. In particular, each of the angles Zadb, Zadc, Zbdc should be of 120°.

We can formulate the same problem in a slightly different but equivalent way. Consider the
tree graph G in figure 1 and denote by Gy = {A, B, C,D} the set of its vertices and by G, the
set of its edges. We can parametrize each edge by the interval [0, 1], an operation which also
assigns orientations to each of them. Then the goal is to find a continuous map F : G — R?
with smooth restrictions to each edge such that

F(A)=a,
F(B)=b,
F(C)=c

and
> I(F(e)) — min,
e€g

where [ is the Euclidean length. So, we have reformulated our problem as a minimal immersion
of the graph G into the Euclidean subspace R.

Let us consider another example. Assume that we have a set of elastic rods and rigid beams
soldered together to form a graph-like structure. Some vertices of this graph are assumed to
be fixed, while others are free. What shapes can it take? This question arises often in civil
engineering, for example in the construction of bridges, towers and various other structures
(figure 2). Such structures have some parts firmly fixed on the ground, which correspond to
fixed vertices, while others are free to move in the space. It is known that the elastic rods are
extremal curves in certain constrained variational problems and stable configurations corres-
pond to local minimizers of the bending energy [14].

We can generalize the previous examples in several ways in order to encompass a great
variety of situations commonly encountered in applications. For example, we can consider
more general metric graphs G, a manifold M instead of R?, we can choose a different func-
tional to minimize and, most importantly, we can assume that each edge satisfies a differential
constraint.

In this reformulation the following well-known notion plays a central role.

Definition 1. A metric graph is a graph G = (Gy,G1), where Gy is the set of vertices and G,
is the set of parametrized edges. Each edge e € G is parametrized either by a finite interval
[0,1,] for some [, > 0 or by [0, +00).

In this paper we will discuss necessary optimality conditions for the following class of
problems:

Definition 2. Given a metric graph G = (Gy,G;) and a manifold M, consider the following
data:
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Figure 1. The graph G associated to the Fermat problem and two possible embeddings
in R?.

Figure 2. An example of a truss bridge, which can be viewed as a number of connected
elastic beams forming a graph.

(1) Control constraints U,, e € Gy, which are subsets U, C R¥ for some k, € N;

(2) Families of time-dependent complete vector fields [, € Vec(M), where e € Gy and u € U,;
(3) Lagrangians ¢° : [0,1,] x M x U, — R, where e € G;.

(4) Boundary conditions given by a subset N C M1%!.

A graph-parametrized optimal control problem is the problem of finding a control u and
a continuous map ¢ : G — M with almost everywhere differentiable restrictions to edges g, :
[0,1,] = M, such that it minimizes the following functional

Lo
o= / £ (qelt), o (1))dt — min (1)

e€G

subject to constraints

9e :ft,eug(t) (qe): ue € L>([0,L], Ue), 2
(q(vl)aq(VZ)a"'vQ(V\g(ﬂ) EN 3
where vy,...,v|g,| are vertices in Go.

Let us illustrate the definition with another interesting example coming from quantum
mechanics. A quantum graph is a metric graph G with a possibly nonlinear Schrédinger (NLS)
equation defined on it. A ground state ¢ : G — C of a quantum graph is a global minimizer of
the functional
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L1712 «
Z/O W’;' —W;' dr — min, 4)

e€g)
under the constraint of fixed total mass u:

1
> /0 [pelde = p, 5)

e€G

together with a regularity condition v € H'(G):

le
Z/ |e|” + [¢he[2dt < o0, (6)
ecG ”0
and certain boundary condition on the value of 1 at the vertices Gy which are usually taken to
be Dirichlet, Neumann or Kirchhoff (or a combination of the above). Here ), are restrictions
of v to the edge e, [, is the length of edge and 2 < o < 6 is a constant.
We can reformulate it as an optimal control parametrized by G taking as cost

Le
Z/ —ue‘z - 7|¢e|adt—>min
0

2
ecG @

under the differential constraints

{ QZJE = Mea
me = W}e|2a

with additional condition at the boundary

Z me(le) =M,

ecG

and the same continuity conditions for values of 1, at the vertices. In section 2.5 we study
numerically some critical points of the NLS energy on binary trees in greater detail.

There is an extensive literature concerning quantum graphs. In particular regarding exist-
ence of global minimizers for the NLS energy with fixed total mass, see for example [4-6, 22]
(or [2, 20] for overviews of the results) and references therein. Or [3, 19, 35] for more recent
result and variations of the problem. Situation that do not fit in our current framework have
been investigated too, see for example [27] where the same problem is discussed on a graph
with an infinite number of edges. For the linear case, i.e. when o =2, see [18].

Another important application comes from quantum physics. In the perturbative approach to
quantum mechanics and quantum field theory via the path integral method, a formal analogue
of the stationary phase method is used. This formula requires to know the index and a suitable
generalization of the determinant of the second variation at a critical point [29, 32]. The index
is computed in the current paper, while the determinant is investigated in [16].

1.2. General setting and problem statement

All of the examples from section 1.1 can be formulated as graph-parametrized optimal control
problems. The goal of this article is to study the second variation of such minimization prob-
lems and characterize local minimizers. Local minimizers play an important role in modelling
various physical phenomena, since they usually correspond to stable configurations observable
in nature, which makes them relevant even if there are no global minima. In order to transmit
better the ideas and simplify the proofs we will make several technical assumptions, starting
with the following ones.
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Assumption 1. (1) The graph G has a finite number of edges;

(2) N is an embedded submanifold;

(3) U, =R¥forsome ke Nand all e € G;

(4) Vector fields f; and functions ¢¢ are jointly smooth in the space variables g and in the
control variables u, piecewise smooth in ¢ for all e € G;.

We can reformulate a graph-parametrized optimal control problem (1)—(3) as an equivalent
standard optimal control problem with non-fixed boundary conditions of the form:

q:f;f(t)(Q)7 qu? u ELOO([O71]aRk)7 (7)

(4(0),4(1)) e NC M x M; ®)
1

©lu] :/ £(t,q(t),u(t))dt — min. 9)
0

We will show the precise algorithm to reformulate problems (1)—(3) as problems (7)—(9) later
on, in section 2.1. Note that equations (7)—(9) by itself is a special case of a graph-parametrized
optimal control problem where the metric graph G is the interval [0, 1].

We recall now some definitions concerning problems (7)—(9).

Definition 3. (1) Letu € L>°([0, 1], R) be a control and ¢’ € M. We say that (¢',u) is admiss-
ible if the solution to the Cauchy problem:

{‘.]—fut(;)(Q)a (10)
q(0)=q'

is defined up to time 7= 1.
(2) We say thata curve v : [0, 1] — M is admissible if there exists a control u such that ((0),u)
is admissible, i.e.:

Y =fun(y), forae.relo,1].

(3) Suppose that (¢’,u) is admissible and define the map (q’,u) — ¢, (z), where g,(z) is the
solution of equation (10) evaluated at time 7 € [0, 1]. We will refer to this map as Evaluation
map and denote it by F'(g’,u) when final time is implicit. We will call the restriction of
F'to {(q’,u) : ¢’ = qo} for a fixed qo € M the Endpoint map and denote it by E,,.

(4) Anadmissible curve +y is said to be an admissible variation if it satisfies the boundary condi-
tions ((0),v(1)) € N. In terms of the Evaluation map, admissible variations are elements
of the set (F* x F1)~1(N).

Denote by U the collection of admissible controls (go,u). It is an open set of M x
L>([0,1],R¥) (see for instance [10, 13]). Moreover, it is a smooth Banach manifold mod-
elled over RY™M) x 12°([0, 1], R¥). It turns out that the map (¢’,u) — ¢, (1) defined on U is
smooth and a submersion. On the contrary, the differential of the Endpoint map may fail to be
surjective.

Admissible curves are, in particular, Lipschitz continuous under assumption 1. Thus, the
space of admissible curves is the subset of Lipschitz paths v satisfying 4, € U,cf(7y) for
almost every ¢ € [0, 1].
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When an admissible curve v = g,, satisfying (7(0),~v(1)) € Nis fixed and the differential of
the Endpoint map E,, at u is surjective, the space (F* x F!')~!(N) admits a structure of Banach
manifold. In particular we can talk about its tangent space ), which is a finite codimension
subspace of RUI™M) 5 12°([0, 1], R¥).

Let us turn now to our minimization problem. The usual approach for identifying local
minimizers can be roughly described as follows. First one applies first order minimality con-
ditions and identifies critical points of the functional . These critical points are called extremal
curves.

They have arelatively simple characterization, known as the Pontryagin maximum principle
(PMP). In order to describe the PMP in this setting we introduce a family of Hamiltonian
functions on T*M

h(N) = (Mfula)) —vli(qu),  g=m(N),
where v € {0,1} and u € R. For any submanifold N C M x M define
A(N) = {()\0,)\1) ceT"MxT*M : <)\(),X0> = <)\1,X1>, V(X(),X]) S Tﬂ(AOJ\I)N}, (11)
called the annihilator of N.
Theorem. Suppose that u € L*°([0, 1], R*) is an optimal control and let q : [0,1] — M the cor-
responding trajectory. Then, there exists a curve X\ :[0,1] = T*M and v > 0 such that for
almost all t € [0,1]
(1) the curve q is the projection of \:

q(1) =7 (A());

(2) A satisfies the following Hamiltonian system:

d\ -
FPRLTOIO (12)

(3) the control u is determined by the maximum condition:

i (A1) = maxy, (A(1));

(4) the non-triviality condition holds: (\(t),v) # (0,0);
(5) and the transversality conditions holds:

(AM0),A(1)) € A(N). (13)

A solution to the Hamiltonian system (12) is called an extremal. It is known that extremal
curves in optimal control problems can have very different behaviour. They are usually separ-
ated into several classes, such as regular, singular, bang-bang and others [12, 15, 34, 37].

After critical points are identified, one proceeds to study second order conditions.

Definition 4. Suppose that (go,u) is a critical point of the functional ¢ restricted to (F° x
F')~!(N). Suppose that the differential of the Endpoint map E,, is surjective at u. The Hessian
(or the second variation) is a quadratic form Q defined on the tangent space V to the space of
admissible variations. It is given by the (intrinsic) second derivative of the functional ¢ (see
section 3.2 and equation (37) for an explicit representation).
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Often, in constrained variational problems, the space of admissible variations is not a man-
ifold. For this reason we have to make additional assumptions on the Endpoint map in order
to guarantee that this space is at least locally smooth, in a neighbourhood of a critical point.

The quadratic form Q encodes information about minimality of a given extremal curve
through the dimension of its kernel and its negative inertia index ind~ Q. In the classical the-
ory of calculus of variations, a necessary and sufficient condition for an extremal curve to
be a local minimizer is ind~ Q = 0, whenever the second variation is non-degenerate. Note
that this is not always true for constrained variational problems. Sometimes a critical point
stops being a local minimizer only when the inertia index of Q exceeds a certain threshold
(see [11, theorem 20.3]). Thus we need to find good algorithms for computing ind™ Q. This
paper provides several efficient ways of doing this in the context of graph-parametrized
problems.

We will now list the last pair of assumptions that will allow us to focus on a rather broad
class of extremals for which a good geometric description of the second variation is possible.

Assumption 2. The maximized Hamiltonian

H'(\) = maxhl,(\), AeT'™M
uet

is well-defined and C? on T*M x [0,1].

Assumption 3. If \:[0,1] > T*M is an extremal satisfying PMP with control u €
L>°([0,1],R*), then it satisfies the strong Legendre condition. Which means that there exists a
constant ¢ > 0 such that

O*h
8u2” (v,v) < —c|v))*. (14)

u=u(r)

Assumption 2 allows us to state the results in a simple form using the Hamiltonian flow of
H', while assumption 3 guarantees that the quadratic form Q in definition 4 has finite negative
index, and that small arcs of a given extremal curve are local minimizers [11, theorem 20.1].

1.3. Main results and structure of the paper

We are now ready to formulate and discuss the main results of this paper. Consider an extremal
A of an optimal control problem (7)-(9), which satisfies a Hamiltonian system

A=H'(\) (15)
under the assumption 2. H generates the flow ¥, : T*M — T*M. Denote by
L(0,) = {(A\T,(\): A€ T*M} C T*M x T*M

its graph, which is a smooth submanifold of the product space T*M x T*M. We will simply
write T' () to denote I'( ¥ ). We have the following main index theorem for the optimal control
problem on the interval.

Theorem 1. Let \: [0,1] » T*M be an extremal for (7), (9) and simultaneously for two dif-
ferent boundary conditions N and N in (8). Let Qy and Qj, be the two quadratic forms for
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free fixed

AN T A

(o, O O O O O

M M

Figure 3. Variation of v in the original problem and a problem with extra fixed vertices.

the second variation corresponding to the two boundary conditions. Denote A = (A(0), A(1)).
Then, under the assumptions 1-3, the negative inertia indices ind~ Qy, ind™ Qf, are finite and

ind” Qy —ind™ Oy = i(TAA(N), TAF(\I/), TAA(N)) + dim(TANﬂ TAN) —dim TN + ko
(16)

where ky = dim(TAA(N) n TAF(\I/)) — dim(TAA(N) n TAF(\I/) N TAA(N)).

Only one term on the right hand-side still requires an explanation. The term
i(TAA(N), TAT'(¥), TAA(N)) denotes the negative Maslov index of the triple of Lagrangian
subspaces. Roughly speaking this number measures the relative position of three Lagrangian
subspaces of a common symplectic space, in this case the symplectic space is T\ ) (T*M) x
Ty (T*M) with the form (— o)) @ 0x(1). A precise definition of Lagrangian spaces and
of the Maslov index can be found in appendix section ‘Intersection index of Lagrangian sub-
spaces’. For now it is enough to know that it is a certain symplectic invariant of the triple of
subspaces, which can be computed in an explicit algebraic way.

A relevant example to keep in mind is when N C N. In this case if ) satisfies the transvers-
ality conditions for N, then it satisfies the transversality conditions for N too. In particular, N
can be just the product of two points N = {qo} x {q }, for which transversality conditions are
trivially satisfied.

Theorem 1 has many interesting applications and allows us to have a fresh view on some
classical results. When we consider a graph-parametrized problem (1)—(3) and reformulate
it as problem on an interval (7)—(9), the structure of the graph G is completely encoded in
the boundary conditions N. It is often the case that a single critical point satisfies two graph-
parametrized problems with different boundary constraints or even with different underlying
graphs.

For example, we can introduce an extra vertex on an edge of a graph, and assume that this
vertex is free. This obviously does not change the possible critical points. However, now, we
can compare it to a problem where the new vertex is fixed. A possible (and simple) applica-
tion of this technique would be to consider a fixed boundary optimal control problem on an
interval (1)-(3) with N = {qo} x {q1}. Then introduce several free vertices in the interior of
the interval and compare it with a problem where each one of the vertices is fixed, as depicted
in figure 3.
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In order to formulate the next result, we need the definition of conjugate times and conjugate
points. Given p € T*M, denote by 11, := T, (T wM ), the tangent space to the fibre over w(u).
We will often refer to it as the vertical subspace.

Definition 5. Given an extremal ) : [0,1] — T*M of an optimal control problem (7)—(9), we
say that # € [0,1] is a conjugate time if the linear map

s © (\I/t)*hh(o)
has a kernel. The corresponding point ¢(¢) = w(A(f)) is said to be a conjugate point.

To simplify notation we will denote by O, = (U,),. the differential of the extremal flow. It
is straightforward to check that the tangent space T,I'() is actually the graph of the linear
map O, : T\T*M — Ty, »)T*M. We will denote by I'(©,) said graph and by I'(©) the graph
attime r=1.

A consequence of theorem 1 is the following result.

Theorem 2 (Discretization). Ler A : [0, 1] — T*M be an extremal for equations (7)—(9) with
N={qo} x{q1} and let = = {1y,...,t,} be a partition of [0, 1]. Denote by Oy, ; the restric-
tion fo the interval [t;,1;+1] of the differential of the extremal flow in equation (15). The follow-
ing formula holds:

n—1

ind~ Q> i (07 ;(ix1),11;,0;;—10...00; o(Iy)), 17)
i=0

where II; = T/\(ti)(T:(A(;,-))M) > T\ (u)yM- Moreover, equality holds if max; |tip1 — ;| is suf-
ficiently small and no t; is a conjugate time.

As previously discussed a necessary condition for minimality under assumptions 1-3 is
ind™ Q = 0. For this reason a necessary condition for minimality of a critical point is that
the right hand side of equation (17) equals zero. In practice, this allows us to determine non-
optimal solutions and greatly reduce the number of candidates for the minimal solution.

Another example of this type is given by the kth iterate ¥ of a periodic extremal trajectory
~. If  has period 7, we can view v as a periodic trajectory of period kT. Hence it is a graph-
parametrized problem with the graph having one edge of length kT and a single vertex. We
can add k more equispaced vertices and compare the problem to the k copies of smaller circle
graphs which correspond to y as depicted in figure 4. We denote by O the linearization of the
flow given in equation (15) along ~ at t =T7. Again an application of theorem 1 gives us the
following iteration formulae:

Theorem 3 (lteration formulae). Let k > I and ~y be an extremal curve for the problem (7)—(9)
with N = A, where A C M x M is the diagonal of M. It holds:

k
ind” Q. —kind~ @, => i(T'(©/7"),ThA(A),['(©7)) — dim(M) + dim(ker(6©/~" — 1))

(18)
k—1
=) dim(M) — dim(ker(® — w’)) — i (I'(©), TAA(A),T'(w/©)) (19)
j=1

where w is a primitive kth root of unity.
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free free

O O

Figure 4. Variations of a periodic extremal trajectory -y as a periodic trajectory ran twice
(left) and as two separate periodic trajectory (right).

Equality 18 is much in the spirit of [25, 28]. Formula (19) is obtained using a complexi-
fied version of Maslov index described in appendix section ‘Intersection index of Lagrangian
subspaces’, yielding a result very similar to Bott’s original approach given in [21].

The theorems above are examples of index formulas, which try to encode the information
about the index of the second variation of variational problems in terms of geometric quant-
ities such as the Maslov index. In the context of variational problems on 1D objects such as
curves or graphs, it is possible to reduce the problem of studying index of a linear operator
on an infinite-dimensional space to the study of non-autonomous linear ordinary differential
equation (ODEj5) in finite dimensional spaces. There exist various analogues of this result. For
example, in the context of classical calculus of variations an infinite-dimensional version of
Morse index formulas was proven by several groups in works [23, 24, 28, 38]. In the case
of strongly indefinite problems the index formulas are replaced by spectral flow theorems,
which are valid both in finite [30, 33, 39] and infinite dimensions [36]. There are also various
approaches to infinite-dimensional Morse homology [1]. A very general index theorem for
optimal control problems was proven by the first and third author in [9], which encompasses
many separate classical constructions for various types of extremals [8, 12, 15, 34, 37].

A variant of theorem 1 was proven by Baryshnikov in [17]. His formula is true in the gen-
eric case for graph-parametrized problems in classical calculus of variations with separated
boundary conditions. In the generic picture, the various intersection terms in equation (16)
disappear. Our formula holds without the genericity assumption and extends to a large class
of optimal control problems with arbitrary boundary conditions. The authors of [31] study
the Morse index of Schrodinger operators on graphs. After reducing the problem to an inter-
val, they provide a Morse index formula involving intersection theory. The Morse index is
computed as the Maslov index of a curve in a Lagrangian Grassmanian of a sufficiently big
dimension. Instead our formulas separate the contribution to the index coming from varying
the edges and the contribution to index coming from varying vertices. This allows us to perform
various manipulations on graphs to reduce dimensions and simplify final formulas.
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The paper has the following structure. In section 2 we focus on applications for the graph-
parametrized problems. We prove our main applications, theorems 2 and 3, as well as a formula
to reduce the dimensionality in theorem 1 using a filtration of the vertices. In section 2.5 we
discuss some numerical application of our formula to NLS equation on graphs. This section
relies only on theorem 1 and properties of the Maslov index. The reader who only wants to
understand how to compute the index and apply the main theorems can focus just on section 2
and appendix, which contains all the necessary information regarding symplectic geometry,
Lagrangian spaces and Maslov index. In section 3 we prove theorem 1.

2. Applications and proofs of theorems 2 and 3

2.1. Reduction of the problem on a graph to a problem on an interval

It will be convenient to assume that, in problems (1)—(3), all edges are parametrized on the
interval [0, 1]. When [, < 400, we can rescale time appropriately. If I, = +00 we can compac-
tify the semi-line [0, 400) via a suitable change of coordinates in the time variable, provided
that the compactification satisfies assumption 3, fact that may depend on the choice of change
of variables. This will merely change the Lagrangians £ and the vector fields £/, which can
be redefined accordingly.

Let us ignore for the moment the boundary conditions (3) and treat the restriction of the
optimal control problem to every edge as an independent problem. Define the map , : M9 —
M, as the projection onto the copy of M relative to edge e. The functional J[u] and the control

system can be seen as an optimal control problem on M9'. We define the new Lagrangian
£:[0,1] x M9 x (RK)9 as

0(t,q,u) = L(1,qeste)
ecg

and a new family of time dependent vector fields f! € Vec(M9"') such that for a fixed edge
e€G

(me)w (fi) =i

Let us consider the boundary conditions (3). In order to make this construction cleaner, we
need the following definitions.

Definition 6. Let I = {i;,is,...,i,} be a finite set and W an arbitrary set. A I-parametrized
direct product of W is

W =W, x...xW,,
where W;, = Wiorallj =1,...,m.
Since we use [ as an index set, for a given subset J C [ we can define the projection map
T W= W
by forgetting the copies of W indexed by the elements of I\ J.

Definition 7. Let /,J be two finite index sets, W an arbitrary set and f: I — J a surjective map.
Then the pull-back product f*(W’) is a subset of W! characterized by the property that for
everyjcJ

T (W) ={(@.9...9) e WD g e Wi}
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Similarly if X C WY, then the pull-back f* (X) is a subset of W/ defined by the property that for
everyjeJ

-1y (X)) = {(qquu-,q) ew 0 .ge m(x)}.

Let us look at an example when / = {1,2} and J = {1} and f(1) = f(2) = 1. In this case the
preimage of 1 is all of 7, hence

S W) =m0y (fF W) ={(g,9) e W : g € W},

which is just the diagonal. Similarly, if X C W then f*(X) is the intersection of the diagonal
withX x X C Wx W.

Now we can describe the reduction procedure. The idea is intuitive. We want to use the
orientations on edges of G and pull-back the set of boundary constraints N, a priori defined
just on the vertex set Gy, to a new manifold embedded in (M x M)9". This allows us to separate
the dynamic on each edge from the boundary conditions, exactly as we did a few lines above.

Saying that each edge e € G, is oriented is equivalent to having source and target maps
s,t: G — Goy. The image of the source and the target of an edge e are

(9(0),q.(1)) € M, x M, =M x M.
Taking a product indexed by G; we obtain that
(4(0),4(1)) € (M x M) = M9,

where G LI G, is a disjoint union of two copies of G;. The source and the target maps induce
a surjective map s Ut : G; LG, — Go. This allows us to pull-back the boundary conditions to

N=(suo*().

Hence we have reduced the optimal control problem (1)-(3) to an optimal control
problem (7)~(9) with the configuration space M9' and the boundary conditions (s #)*(N),
which encode all the information about the graph structure.

The final remark concerns the symplectic form on (7*M x T*M)9' that will be used for
the calculation of the Maslov index. We will assume that each copy of 7*M corresponding to
a source vertex carries minus the standard symplectic form —o, while every target copy T*M
carries o, the standard one.

2.2. Discretization

In this subsection we prove theorem 2. Fix a partition = = {¢; : 1o = 0,7, = 1,; < t;11 } of the
unit interval.

We will work with an optimal control problem and assumptions 1-3. In particular, assump-
tion 3, ensures that the Morse index is finite and that the conjugate points form a discrete set.
This will guarantee that, under mild conditions and after enough successive refinements of the
partition, formula (17) will give exactly the Morse index of the extremal.

Let us first prove the formula when only one extra vertex is introduced. Let v = 7() be an
extremal curve in a problem with fixed end-points. Take a point t* € (0, 1). Let us call v, =
Yljo,r+) and 42 = |- 17 the restrictions. @, will denote the second variation of the segment
as an extremal curve with fixed points. Recall that IT; = T}, (T;( A(li))M) ~ T;( A)M is the
vertical subspace over the point y(#;).
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Proposition 1. The index of the second variation Q., satisfies:
ind” Q, =ind~ Q,, +ind~ Q,, +i(05 ' (IL),11;,0; (1)) +, (20)
where k = dlm(@z(nl) n Hz) + d1m(®1 (Ho) N Hl) — d1m((92_1(H2) NI NO; (Ho))

Proof. Let us consider the following three points in M:

q0=7(0), q=7(r"), @=~(1).

Variations of vy as a curve from g to ¢, do not necessarily pass through the point ¢, at time
t*. They satisfy a continuity condition instead. We perform the reduction to a single interval
as discussed in section 2.1. To do this we break up [0, 1] in two intervals and consider the
dynamics separately (i.e. duplicate the variables). The new boundary conditions which allow
us to glue the two pieces together are of the form:

(71(0),72(");n (#),72(1)) € {qo} x A x{q2} ={(q0.91,91,92)| q1 € M}.

Now we are going to compare the following two problems. The first one prescribes fixed
end-points, we impose that the curve starts from (go,q;) and arrives to (g1,¢>). The second
one prescribes the constraints given by the manifold N = {¢o} x A X {¢»} defined above.

Recall that «y is a projection of a solution A : [0, 1] — T*M of the Hamiltonian system. Let us
consider the tangent space to the annihilator of N at the point A = (A(0), A(1), A(1),A(2)). Fix
a system of coordinates, which determines a complement to the subspace kerm, = II; which
we call B. In these coordinates the annihilator reads:

14
a+X
a+X

n

TAA(N): o,y €10, X€EB

The other space appearing is the graph of the two symplectomorphisms ©; and ©; com-
ing from the Hamiltonian flows of PMP on intervals [0,#*] and [¢*, 1]. It will be denoted by
F(@l X @2)

Let us look at the subspace on which the Maslov form m is defined, (T)\A(N) +I1*) N
['(©; x ©,), where IT* = TIj x I1? x II,. This is defined by the following equations,

&1 Vi K1

X
oy [=2EX] 4] | = acmen eme-ow@ e,
@2(&2) 1% Ha

where «, v;, for i = 1,2 and p; for j = 1,...4 lie in the vertical subspace over the respective
points, whereas X € B is in the horizontal space. In particular Maslov form reads:

m(&1,&) = o(ps — p2,X) = 0(01(&1) — &,&) = 0(01(81),6) = (&2, —01(&1)).

So, if we call n=0,(&) €10, and € = ¢, then we have ¢ € Iy, € IT, and ©;'(n) —
01(¢) €1 and:

m(I1*,T(0 x ©,),ThA(N)) = m(©; ' (I1),11;, 8, (o))
The additional terms popping up in theorem 1 are
dim(T(0; x ©,) N1I*) = dim(6, (Tly) N11;) + dim(6; ' (I1,) N1I;)
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and
dim(T'(0; x ©,) NTI* NTHA(N)) = dim(6; ' (TI,) N O, () NTI;)
as a quick calculation shows. O
We can now prove theorem 2.

Proof of theorem 2. The statement follows from proposition 1. First of all notice that in
equation (20) all terms are positive, hence ind™ Q > i (@; l(1'[),117@1(1_[)) when the parti-
tion is = = {0,7*,1}. For a general = apply proposition 1 iteratively to {0,#,_;,z;} where j
runs from 2 to n. This allows to express the index of the second variation of | [0,;] as the sum
of the index of the second variation of ~| [0,5_,) and 7; := ol [_1.1;) Plus other terms.

Iteratively replacing the terms ind™ Q. , we obtain the following formula:
o

n—1
ind~ @, = ind~ 0y +i(0;) ;(I11), 11,01 0.0 Oy o(ITy)) + dim(©; (ITy) N1I;)
j=0

+dim(641, (1) NT41) — dim(6;,0(lo) NG N O ;(Ti1)).-

Here as described in the statement the maps ©; ;_; are the linearization of the Hamiltonian
flow of equation (15). The notation comes from the composition law of non-autonomous flows,
we have ®j7k o @kJ = @j,l«

The index is presented as sum of three positive terms: the first one ind™ O, is zero
when each segment 7|, ;. is minimizing [11, theorem 21.3]. Under assumption 3 this is
the case when sup; |t; —#;_;| is small enough (see [11] for instance). The same goes for
dim(@H_l)i(H,‘) N HH—I) — dlm(G),o(Ho) N H,‘ N 9;117,'(1_[1'-&-1))- Moreover dim(@i)o(no) N H,)
is zero precisely when ¢; is not a conjugate time for +.

Thus equality holds exactly when our hypotheses on the partition are satisfied. O

Remark 1. The hypothesis on the partition = can be weakened if we change a bit our way of
counting. If we add to the dimension of the negative space the dimension of the null space of
the Maslov form we can essentially forget about avoiding conjugate points of 7.

You can see that the correction term k in proposition 1 is in fact the dimension of

the kernel of the Maslov form m(©, ' (IL,),IT;,©;(IL;)). The quantity > /— (ind~ +ker)

(m(@;llyi(HiJrl),Hi,®i7i_1 o...o@ho(Ho))) still approximates from below the negative

index and includes the contribution of conjugate points of y that are possibly present in the
partition.

Remark 2. If we combine theorems 1 and 2 we can obtain a formula for the index involving
just the Maslov index i and dimension of intersections for arbitrary boundary conditions.

2.3. Filtration formula

In the previous subsection we have proven a discretization formula for the fixed end-point
problem on an interval. The idea was to introduce extra vertices inside the single edge and
apply an iterative procedure consisting in fixing each of the new vertices one by one. Note
that, if we had fixed all of the vertices at the same time, a direct application of equation (16)
would have resulted in a computation of the Maslov index in a very big symplectic space.
Instead, the recursive nature of the proof allows us to reduce greatly the dimensionality of the
problem.
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A way of reducing the dimensionality in formula (16) for problems with separated boundary
conditions is discussed in [17]. The argument works when all of the Lagrangian spaces in the
final formula are transversal. We can reproduce this argument in a greater generality using
theorem 1.

Assume that each vertex v € G is constrained to lie on a separate submanifold N, C M. We
denote by N the boundary conditions, which are obtained after the reduction of the problem
to an interval. We can introduce a filtration of vertices

h=G6ycgic..cglol =g,
such that
G =1G7"+1,  i=1,....|G|-

To each set g{) we associate boundary conditions N; C N in the following way. We assume that

vertices v € _C'/(’) vary on N,, while vertices v € go\g{) are assumed to be fixed. Thus we activate
variations of each individual vertex at a time and track how the index changes as we do so.
We now apply theorem 1 to compute ind™ Qy,,, —ind™~ Q. Let us introduce some simpli-

fying notations. Recall that s, : G; — Gy are the source and the target maps. Let v; € ,C'/{)'H \Q{)
be the activated vertex. We introduce a separate notation for the set of edges that are incident
tov;:

gl =s""vy)ur'(y).

A naive guess would be that, when we activate a vertex, the only relevant contributions come
from the edges incident to a given vertex. Thus we define forgetful projections 7 which
1

forget all the edges except the ones incident to v;:
7 TR (T"M)9 X T5(T"M)% — T5(T*M)% x T (T*M)9.

Subspaces T5A(Nj—1) and T5A(N;) can have a big intersection. For sure this intersection
contains the subset V; = 7rgf/l-1 (0), which is an isotropic subspace. This means that we can per-
form a symplectic reduction to the space le /V;. Let

m TR (T M) 9 T5(T*M) 91— Vit v,

be the projection maps for eachj = 1,...,|G;|. We can then define shortened notations for the
images:

A = m(TRA(Nj-1)),
Al = m(T5AN;)),
I'(©;) = m(I'(©)).
By property (54), we can factor out V; in the definition of the Maslov index and get

i(T3A(N;1),T(0), TRAN) = i (4]_,,T(6;),4])

]
and for the same reason
dim (T5A(N;—1) NT(©)) — dim (T5A(N;) NT(©) N T3A(N;-1))
= dim (4]_, NT())) —dim (4]_,NT(©) N4]).
Finally, since N;_; C Nj, we have that

dim(Ty 3y N1 N T ) Np) — dim(T 3, N1) = 0.
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Now we collect all of the terms and sum by the index j = 1,...,|Gy|. As a result, we obtain
a formula that expresses the difference between the index of the second variation Q of the
original problem with the index of the second variation Qg := Qy, of the problem with the
same graph and fixed vertices:

|Gol
ind” Q—indQp = ind” Qy, —ind~ Qy,_,
j=1
|Gol ' '
—Z ( ol Aj)—i-dlm( i lﬂF(G)) dlm(AJ lﬁF(@j)ﬂAj.).

This is the same formula as in [17] modulo terms containing dimensions of intersections.

We end this subsection with a couple of remarks regarding this formula. First of all, in
practice, the dimensions are reduced even more because Aj 1 ﬂA’ # (). Nevertheless further
reductions depend on the structure of the graph and the filtration chosen Secondly, at first sight
it may seem that the formula is a sum of local contributions, because we have used only edges
incident to a given vertex in the derivation. However, this is not the case. The non-locality is
hidden in the reduced space Vf‘ /V; and the corresponding projection ;.

For example, in the case when G is a tree, we can define a partial order < on G by saying
that v < w if the minimal path from v to the root crosses less or equal number of vertices than
the minimal path from w to the root. If we choose a filtration, which orders vertices one by one
compatible with the partial ordering, one can identify the set G} with a sub-tree of G. Then the

formula for the indices i(4]_|,

I‘(@j),Aj) will contain terms involving symplectomorphisms
of all of the edges in the sub-tree determined by 96 and not only of the incident edges. This

can be checked via a long but straightforward calculation.

2.4. lteration formulae

Now we prove theorem 3. For clarity we prove separately the two formulas since the strategies
in the two cases are a bit different.

Suppose that v is a closed periodic extremal trajectory. It is straightforward to see that
iterations (i.e. concatenation of  with itself) are still critical points.

We will use the following notation: 7* will denote the kth iteration of «y whereas ind ™~ 04
and ind™ Q.« the Morse index of v and ~* respectively as periodic trajectories. We want to
compute the difference ind™ Q.« — kind™ Q.

First of all we compute the difference ind™ Q.« —ind™ Q1. Let us consider the following
manifolds of constraints:

©={(q1,92:92,q1) : : €M} CM* x M*,
A ={(q1,92,q1.92) 1 i € M} C M* x M*.

When we restrict to variations satisfying the boundary conditions given by A®, we consider
variations of +* as a periodic trajectory, whereas when we take boundary conditions A2, we
consider independent variations of v*~! and  as periodic trajectories. See figure 4 for a visual
explanation. Now we prove the following lemma:

Lemma 1. Let IV =T'(&/) the graph of ©'. Then:
ind” Q. —ind™ Q-1 =ind~ Q. +i (I* ', ThA(A),T*) — dim(M)
+ dim (ker(© ' —1)).
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Proof. The statements follows applying theorem 1. We take as N; = A® and as N, = A”. The
part coming from the dimension is straightforward, the intersection of the tangent spaces has
dimension dim(M) while the dimension of A? is 2dim(M). So we get a —dim(M).

For the part concerning the intersection between annihilators and graphs, one can check
that T(x(0),1(0))A(A?) N (B! x ©) is isomorphic to the sum ker(6*~! — 1) @ ker(© — 1).
The triple intersection consists of ker(© — 1) and thus the term in the statement.

From the definitions it follows that, when we impose the boundary conditions A?, we have
ind” Oy, =ind™ Q. x—1 +ind~ O, so the only thing to check is the Maslov index part.

The equation defining the subspace are the following:

&1 X1+ Y
52 _ Xo+ Y v . %
ey | T | X Xi,Yi,& € Txo)(T™M).
(&) Xi+1

By subtracting the second and the third equations, and then the first and the fourth we find

&H-01 ) =1, -1,

O 1(&) - 04(&) =01 (1 - 7).

Changing coordinates and setting n = O~ 1(¢)), ¥; — Y» = n; and 1, = &, we get:

- +m
, eTAAﬂF"1+Fk<:><n):< _ )
(77 77) R ( ) ( ) n ok l(nl)+®k(772>
So the Maslov form reduces to a form on A N (I*~! 4 T'%). It reads:

m(&1,&) =o(Xo, Y1 —Y2) —o(X1,Y1 — Y2) = 0(& — ©(&), Y1 — 12)
=o(m—0(m),m)

a(m,m) —o(©(n2),m)

=—o(n,m) + (0" (n),0"(n))

which is exactly m(I'*=!, T\A(A),T*) in the coordinates just introduced. And thus the formula
is proved. O

The first iteration formula is now a direct consequence of the Lemma just proved:

Theorem (lteration formulae l). The index of the kth iteration of v as a periodic trajectory
satisfies:
k
ind” Q« —kind™ Q, = Z i(D(©/71),ThA(A),[(07)) — dim(M) + dim(ker(6/ ' — 1)).
j=1
1)

Proof. We will use an inductive procedure in a similar spirit as in the proof of theorem 2. First
we will look at ¥ as the concatenation of v¥~! and v and express the difference ind ™~ O —
ind” Q in terms of ind™ Q1.

2808



Nonlinearity 36 (2023) 2792 A Agrachev et al

This is the first step of the scheme and was proved in lemma 1. Then, we apply the argument
iteratively to obtain equation (21). 0

Now we prove the second iteration formula.

Theorem (lteration formulae Il). The index of the kth iteration of v as a periodic trajectory
satisfies:
k—1
ind~ Q. —kind~ Q, = dim(M) — dim(ker(© — w’)) — i (I'(©),A,T(w/©)) (22)
j=1

where w is a primitive kth root of the unity.

Proof. We work on the space M* = M x ... x M. The first set of boundary conditions we are
going to consider is the following:

AC = LGy sqryr1e-1%) i Ti,qi EM,q; =11} c MF x M*.

Set go = 7(0) = ~(1). Any curve satisfying the boundary conditions A® gives a variation
of the kth iterate of +y seen as periodic trajectory.
The other sets of constraints we are going to introduce are the following:

Ak: {(QIa"'aqkaqh"'vqk) - qi GM} CMk XMk,
4, = {(40,---,q0) : o =7(0) = 7(1)}.

The first boundary condition is the product of 2k copies of the diagonal. Any curve satis-
fying this set of constraints at point (go,...,qo) is a variation of ¥* as k independent periodic
trajectories . The second boundary condition corresponds to k copies of a single point g.
Variations of ~* satisfying these latter conditions are k independent variations of vy as a traject-
ory with fixed points.

To simplify notation, set AF = ThA(AF), A® = TH\A(A®) and T =T(O x ... x ©) to be
the product of k copies of I'(©). We have T)A(g,) = H%\k(o) = 1% where \(0) is the initial
covector of the lift to the cotangent bundle.

First of all we compute directly ind™ Q.+ using theorem 1, comparing with the fixed end-
points problem. We get:

ind” Q« =kind~ Qo +i(I1*,T', A®) +dim(I' N I1*) — dim(I' N TT* N A(A®)).

Here the notation ind™ Qy stands for the index of Q at -y seen as a trajectory with fixed end
points. We analyse first the term i (TI%*,T", A®). To compute it, we present the Maslov form as
the direct sum of k forms defined on a dim(M)-dimensional subspace. This is done in lemma
2, where we use the complexified version of Maslov index. The term i (II1*,I", A®) is thus the
sum of contributions of the type i (II*,I'(w’©), A) where w is a primitive root of unity

k—1
i(I,1,A%) =) i (I, T(w/0),A).
j=0

Now we apply theorem 1 to the second set of boundary conditions, i.e. A*. We find that:

kind~ Q, = kind~ Qp +i (II*,I", A*) + dim(I' N II*) — dim(I' NII* N A*).
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Exactly as in the previous case the piece i (II*, T, A¥) splits as a sum. But this time the reason
is more apparent: we are considering independent variation on each iteration. It follows that
i(IP*, T, AF) = ki (I12,T(0),A).
Now we subtract the two equations and we are left with the following expression for
ind” O« —kind™ Q:
k—1
ind” Q. —kind~ Q, => (i (I1%,I'(w/©),A®) —i (1%, 1(0), A)) +dim(T' NI N A%
j=0
—dim(T'NIT* N AC).

Let’s rewrite the term involving the intersections. It is straightforward to see that dim(I' N
1% N A¥) = kdim(T'(©) N2 N A). In turn, this rewrites as kdim(ker(© — 1) N1I).
For the second piece it holds that:

k—1
dim(I' NI NAY) = " dim(ker(© — w/) N1I).
j=0

We prove this below, in proposition 2. Putting all together we get:
k=1
dim(T NI NAY) — dim(T' NI N AY) = “dim(I'(©) NP N A)
j=0

— dim(ker(© — w’) N1I). (23)

Now we can use the cocycle property given in equation (55) with the subspaces
I,T'(w/O),['(O©) and A to rewrite the difference of Maslov indexes using the subspaces
I'(w/©) and A. These computations are collected in proposition 2. What we find is that:

i(I*,I(w/0),A) —i (II,T(0),A) = —i (I'(0),A,T'(w/O)) + dim(M)

— dim(ker(© — 1) N1II) + dim(ker(® — w™) N1I)
— dimker(© —w™).
Since we are summing over j =0,...,k— 1 and w is a primitive kth root of unity, we have
that ij;(l) dim(ker(© —w ™) N1I) = Zj]f;é dim(ker(© — «/) N1II) and thus the intersection of
the eigenspaces with the fibre cancel out with the part coming from triple intersection given in

equation (23). Summing up we finally obtain equation (21).
O

Lemma 2. Let w € C be a primitive kth root of the unity. The Maslov form m(I1%*, T, A®) =
@k_(]) m; where:

m; =m(I1*,T'(w' ©),A).

Proof. We will use the Hermitian version of Maslov index. Any real subspace V appearing in
the proof will stand for its complexification V& C without any mention to the tensor product
operation. Let us write down the equation defining the space (IT* + A®)NT

vel «— v= (fl,...,fk,@(£1)7...,@(fk)), fj S T)\O(TZOM).
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On the other hand belonging to IT1** + A© means:
VGH2k+AO — v= (H17'~'aﬂk7yla"'ayk)a Hit1 — Vi GHa

where fi+1 = p1. So the space (II* + A®) N T is given by {(&1,...,&) : &1 — O(&) € 11}
Maslov form is computed in the following way. Let

& =X+ q,
O(&) = Xiy1 + 6i,

where oy, 5; € IL, X; € Tx,(T*M). Then we have

k k k
Z o (@i, X;) + o (Bi, Xit1) Z o(a;, X;) +o(Bi-1,X, ZU a; + Bi-1,Xi)
i=1 i=1

i=1

>~

k k
o(—i+Bi1,6) =Y o(O(&1) —&:&) =Y o(0(&1),&) —o(6,6)
i=1 i=1

i=1

where in the third equality we simply shifted the second index cyclically.
Suppose that w is a primitive kth root of the identity and make the following change of
variables

k k
€= (E1n) (Zg,, Za/(i‘1>§,-,...7Zw<k—‘)<f—‘>gi>:;77,
i=1 i=1

which, essentially, is just the Kronecker product of the identity with the transpose of Van-
dermonde’s matrix obtained with {1,w,...,w*"'}. In the new coordinates the equation reads:

L k
m—w'e(n) = Zw(lfl)(’;l)fi - Zw(lil)i@(&)
i=1 i=l
k
=) Wl ig — W)
=1

k
=Y Wl Vig —eE) el
i=1

. . . . k
So in the new coordinates the space (II* +A®) N T splits as the direct sum @,_,{n : n—
w'O(n) e 11},

The inverse transformation is given by the following rule:

k

& Z (=001,
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If we plug it in the second term of the Maslov form we have:

M»

k
1 i—1)(s—1) — —i(l—
o(OE),61) = 15 > o@D, w1-0y)

i=1 i,l,s=1

k
1 i(s— —(s— =
=3 Z w O D= 6D (O (x,),m)

i,l,s=1

1 k k
= (Z( ) P <@<ﬁs>,m>>.

lLis=1 \i=1

In particular, the only non-zero terms are those for which s =/ since the sum of powers of
any primitive root (up to k) is zero.

We can handle similarly the first term. In this way we find that the Maslov form on our
subspace splits in the following way:

k

1 _

- E 0'(,()A l@ 77s ns)—0(77m77s)~
s=1

».

The factor % is irrelevant for us and comes just from the change of coordinates. The last step

is to identify the summands with m(II?,I"(w*~'©),A). Let’s write down the kernel for these
forms. The space we have to look at is (IT2 + A) NT'(w*~!O). It is defined by:

n=a+X w'OMm)=B+X a,Becll
By the definition the Maslov form is given by

m(ﬁ) = —U(d,X) +U(B7X) = U(W’_IG(U) - 77777)'

Proposition 2. The following relation holds:
i(I7, N (w’/0),A) —i (II*,T(0),A) = —i (T'(0),A,T'(w/©)) + &im(M) + d;, (24)
where d; = — dim(ker(© — 1) N II) + dim(ker(© — w™/) NII) — dimker(© — w™). Moreover
the space T NI1% N AC splits as a direct sum and its dimension is given by:
k—1
dim(I'NII* N A®) =) " dim(ker(® — w) N1I).
j=0
Proof. The second part can be deduced by the proof of lemma 2. In fact the space 11N
I' N A is isomorphic to @, ker(© — w’) NIL. This can be either directly computed from the
definition of the spaces or deduced in the following way.
Let P represent the standard k-cycle which maps & — &1 and § — &;. A direct calculation
shows that A© = T'(P). Thus any element of A® NT" can be written as

(Pi) - <diag(£@)(§)> < P 'diag(©)(¢) =¢ <= diag(©)P~'(n) =n, where n = P¢
i.e. an eigenvalue problem.
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The core of the proof of lemma 2 consisted in the diagonalization of the following matrix:
e w’e
P~ :
C] wle
with the remaining elements understood to be zero. The transformation diagonalizing the mat-
rix we used preserves the fibre. So it follows that II** N T' N A© is the sum of the eigenspaces

ker(© — w/) intersected with the fibre II.
Now we prove the first part of the proposition. Let us apply the cocycle property to

12, (w/0),I'(0) and A
i(I”,T'(w/©),A) —i (II*,1'(0),A)
=i([(0),I*,I(w/0)) —i(['(0),A,I'(w'0)) +c,
¢; = dim(©(IT) N1I) — dim(ker(© — 1) N1I) + dim(ker(© — w™/) NII)+
— dimker(© —w™).
The formula is almost the one given in the statement except for the terms dim(©(II) N1I)
and i(I'(©),11*,I'(w/©)) and a lacking dim(M).
We can compute the Maslov index term in the following way. Notice that I'(w/©) and
['(w'©) are transversal if the index j is different form L. It follows that the space on which the

form is defined is IT1>. Moreover the equations are & + & = vy € Il and O (& +w/&) =1, €
II. Thus Maslov form reads:

m(vi, 1) = —0(£,6) +w/o(0(£),0(&)) = (W — 1o (&1, 6).

We can invert the equations to write them on II>. We get & = = (11 —©7!(11)) and
& = l%w, (©~1(1») — w/vy) and thus the form is equivalent to:
1 —i e A
m(vi,v2) = (0(72,0(1)) +w o (01,07 (1n))).

wi—1
This form has zero signature and kernel isomorphic to two copies of ©(II) NII. This is a

general fact and can be seen as follow. Suppose the matrix representing the quadratic form has
the following expression:

0 X y
M: (X* 0) m(V17V2): <17]7XV2>+<172,X l/]>,

Let be Q and R unitary matrices which gives the singular values decomposition for X, i.e.
QXR = D for D = diag(d?), diagonal and with non negative entries.
Apply the following change of coordinates to M:

0 0 0 X\/0* 0\ _ (0 D

0 R*)\X* 0 0 R/ \D 0/
And then apply another change:

1 -1\ /0 D 1 1\ _(-2D O

1 1 D 0)\-1 1) \ 0 2D)°

Thus the non-zero eigenvalues of the matrix M are +d?, where d? > 0 are the positive
singular values of X. The kernel of M has dimension 2dimker(X).
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This is precisely our situation: fix a Lagrangian complement to the fibre II, and consider

w“fllJ@_l. In blocks they can be written as:

(A B o [(C A _(-C -D
e(C D>7 /o (D* _B*>, Je<A B).

We are using coordinates in which the fibre II is the span of the first n coordinates. Thus the
block we have to consider is always the upper left one. Our form, with this conventions, is

written as:
_ 1 _ w™ "
m(vy, 1) = <V27 1 _w_jCV1> + <V1’w—f—lc V2>~

So for us X = lf;/,/- C*. Thus our form has zero signature, is defined on a 2dim(M) dimen-
sional vector space and the kernel is isomorphic to two copies of the kernel of X. The latter is
easily seen to be O(II) NII.

Thus it follows that i (I'(©), I1*, I (w/©)) = dim(M) — dim(©(II) N II). Inserting above we

get equation (24). O

the matrices associated to © and

In order to give a complete discussion, we consider the function S'> 7+
i(T'(0),A,T'(z0)) and study its properties. We give an explicit description in terms of the
monodromy matrix © and its spectrum. These ideas are collected in the following proposition.

Proposition 3. The number i (I'(©),A,I'(w/©)) corresponds to the number of negative
eigenvalues of the following matrix:

M, = .J(w7j+1—w7j@—@7l).
1—w™

If we consider the function S' 5 z+— i(T'(©),A,I'(z0)), it is locally constant with at most 2n
Jumps at eigenvalues of ©. Moreover the jumps are bounded in amplitude by dim(ker(© — z))
where z € S'.

Proof. The first part is just a straightforward computation. Take for any a € S':

( & > " ( & > _ (X> N (I-a)=X-07'(X),
(&) a©(&) X (a—1)¢ =aX—-071(X).

If o # 1 the two graphs are always transversal and the Maslov quadratic form can be written
in terms of the variable X:

m(X) = —o(£1,6) +a0(0(6),0(&)) = (a — 1)o(&1,&)
= ! a(ax—@—l(X),x—@—l(X))

- ?j;U(XX)— 1_170((d9+@_1)(X),X).

It follows that the kernel is M, = %J(o_& +1—-—a0 — @’1>.
For the second part notice that the map o — M|, is continuous away from 1 with values in
the space of Hermitian matrices.
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A change of index can occur only at those points in which the determinant of M, is zero,
thus at most 2n times. Moreover the jumps are the following:

det(M,) =0 <= det(a+1-a®-0"")=0,a#1.

In particular, notice that © and ©~! can be put in the same block triangular form. For
example one can choose to put © in its Jordan form. On the diagonal, at a block corresponding
to eigenvalue A of O, the elements are & + 1 — &\ — % This quantity is zero if and only if
a= ﬁ i.e. if «v is an eigenvalue of O that lies on the circle.

Thus the jumps are at most 2n. The part on the bound follows by this observation: take a
Jordan block of © with eigenvalue \. Then the corresponding block of ©~! will have A on the
diagonal and (—1)*\**! on the kth upper diagonal. This implies that on the first upper diagonal
of the \ block of A© 4+ ©~! we considered you end up with —\ 4+ A2, which is different from
zero. Thus each A\—block contributes with a single eigenvalue and so the jumps are controlled
by dim(ker(© — X)). O

2.5. Numerical study of NLS on trees

Formulas (16)—(19) are used to determine whether a given extremal is a local minimum. These
formulas can be difficult to apply because of a complicated parametrization of critical points or
a complex graph structure. Nevertheless, we can always use them to construct reliable numer-
ical algorithms for studying stability or testing theoretical hypothesis. In this subsection we
illustrate this claim by examining numerically solutions of the NLS on a symmetric rooted tree
graph with a finite number of edges.

More precisely, consider a rooted tree whose finite edges have all length /. Each vertex is of
degree d except the root, and there are d* vertices in total. We denote such a tree by 7; 4 ;. We
look for a minimizer of the functional (4) under the constraints (5) and (6) with G; = 7; 4 ; and
Neumann condition at the root. This problem has a discrete symmetry given by exchanging
various branches. Hence a very natural question is to understand whether the global minima
have this symmetry as well. If this is the case, then the value of a minimizer at a given point
only depends on the distance to the root. We call such minimizers symmetric. It is known that
for the tree with only one branching the minimizers are indeed symmetric [5, theorem 2.7]. For
trees with several branchings this is unknown. Let us consider numerically the local minimality
of an asymmetric critical point in the simplest case with the nonlinearity power o =4 and a
rooted tree with s =2 and d =2 depicted in figure 5.

The algorithm follows the following steps, which are universal for any graph-parametrized
problem:

Step 1: Reformulate the considered problem on a graph as an optimal control problem on a
subset of the line;

Step 2: Write down the Hamiltonian system for each edge and transversality conditions;

Step 3: Identify an extremal of interest using numerical integration;

Step 4: Linearize the Hamiltonian system and integrate it numerically to obtain the graph of
the flow ¥,. One needs to integrate it until the end of the edge or the first conjugate
point, i.e. until ¥,(IT) NI # (). One can encode this condition as vanishing of the
determinant of a submatrix of W,.

Step 5: If there are no internal conjugate points, write down the Maslov form from
equation (16) and compute numerically its eigenvalues.
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Figure 5. Symmetric tree 7; 2. Numbers correspond to the numbering of the edges in
the text.

In Step 1 we transform the problems (4)—(6) into an optimal control problem by introducing
new variables:

ge = l/}ea Ue = qga me(t) = /(; |w€<s)|2ds'

This gives us the functional

7 /15
e=1 0

and differential constraints

é]e = Ue,
tite = |qe|?.
Usually ¢, are taken to be complex-valued. However, it is known that the minimizer can be

assumed to be real [5]. For this reason we minimize only among real-valued functions and
avoid writing the absolute values any further. In addition equation (5) is equivalent to

u

o
-

|g.[*
4

df — min,

7
> me(le) = pu. (25)
e=1

Equation (6) implies that g.(occ) = 0 for the infinite edges e =4,5,6,7 of the tree and the
Neumann condition at the root is equivalent to assuming that the value of g; (0) is free. Finally
we have the continuity condition of g at each vertex.

Next we apply the PMP and deduce that at each edge restrictions of a critical point must
satisfy the Hamiltonian system

qe :p€27

me = qe7

. 26
DPe = —2Xeqe — 612, (26)
Ae =0.
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Figure 6. Phase portrait of the subsystem (g., p.) of equation (26).

The transversality conditions gives us conditions on p, and A, at various vertices. From
equation (25) we get that all A\, must be equal to some fixed ), that at the root p;(0) =0,
and that

pi(l) = p2(0) +p3(0),
p2(1) = pa(0) +ps(0),
p3(l) = ps(0) +p7(0). (7)

Those are just the standard Kirchhoff boundary conditions. Finally, if we are interested in
minimizers in H'(7;52), we need to put an extra condition that p,(co) = 0 for infinite edges
of the graph.

Now we can start constructing possible extremal solutions. The phase portrait of
equation (26) is depicted in figure 6 and qualitatively it is the same for all negative \.

Since p.(00) = g.(00) = 0, the restrictions to the last edge are either trivial or pieces of
the separatrix solution also called the soliton. For positive A there are no soliton solutions.
In [5] the authors prove, using the decreasing rearrangement technique, that at the very last
branching the solitons must be symmetric, i.e. p.(0) of the two edges attached to one of the
last vertices must coincide. Hence we need to choose values of ¢ for each soliton piece at the
final vertices.

After those values are chosen, we solve numerically equation (26) backward in time for
each edge using Kirchhoff conditions (27). Unfortunately, the solutions may fail to satisfy
the Neumann condition at the root and continuity conditions at other vertices. We need to
find the initial values of the solitons that would guarantee that those conditions are met. This
can be done using any quasi-Newtonian method. There are always symmetric critical points.
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Figure 7. Graphs of ¢(r) and p(?) of an asymmetric extremal point as the distance to the
root. The dotted lines indicate branchings.

However, one can also find some asymmetric candidates. Figure 7 shows the plot of such a
critical point as a multivalued function for A = —1 and / = 1. In this case the two initial values
of g of the soliton are approximately 1.77 094 and 0.243 391.

Once an extremal solution is found, we linearize system (26) and add them to the original
system. This gives

qe = Pe; X, = Y}7

me = f]Z> Me = 2q:3Xe7

Pe=—2\qe — G, Y, = —2\.X, — 2A.q. — 3¢%X., @%)
A = 0. A, =0.

From here we can compute numerically the fundamental solution W, of the linearized sys-
tem for each edge and check that the minimum candidate depicted in figure 7 do not contain
conjugate points.

Remark 3. One should be careful when integrating equation (28) along the soliton. It is diffi-
cult to follow numerically the separatrix solution for long times, since a small error will result
in a solution inside or outside the region bounded by this solution. Thus one should take only
a finite piece of a soliton, where the numerical error is sufficiently small.

It only remains to check whether the index of the Maslov form in equation (16) is positive.
Now we explain in detail how to write down explicitly its associated symmetric matrix. The
symplectic form is the standard symplectic form on the double space R* x R*. We denote
its matrix by J. We write down the two orthogonal projectors 7 and 77y, where the first
one is the projector to the vertical space and 7yy is the projector to the tangent space of the
boundary constraints. Note that the whole projector to the tangent of the annihilator is not
needed, because the vertical part cancels out due to the skew-symmetry of the symplectic
form. Now we need to find the vectors which lie in the intersection (T)A(N) + II) N T\ I'(T).
We can do this by using the previously defined orthogonal projections. In order to do this, find
numerically the kernel of (1 — 71 — 7y) W. From here we can construct the projector 7mpas
onto the domain of the Maslov form. The matrix of the Maslov is now the symmetrization of
the matrix (71 © W 0 inas ) 7T (77 © ¥ 0 Tinas )-

For our example depicted in figure 7, when we take the length of the soliton piece to be
equal to one, one of the eigenvalues is equal to —0.544 933. Hence this critical point is not
a local minimum. In exactly the same manner one can study local minimality of any other
critical state of the NLS on a rooted tree.
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3. Index formulas and proof of theorem 1

3.1 Reduction to a variational problem with fixed end-points

In this section we prove theorem 1. We will consider first the case in which the boundary
constraints in equation (8) are separated. This means that we look for a minimizer + with initial
point (0) in Ny and final point (1) in N;, where Ny, N; C M are embedded submanifolds.
The general case will be reduced to this one.

Given an extremal trajectory ~ of the optimal control problems (7)—(9) with N = Ny X Ny,
we will now construct a new optimal control problem with fixed end-points and interpret ~
as the restriction of an extremal 4. Moreover, we will show that the two problems are locally
equivalent.

Denote g; = (i) € N; for i =0,1. We want to construct an extended control system in
such a way that all admissible curves &, connecting gy with g; and sufficiently close to ~, are
concatenations & = o * « * ¢y, where «; are curves inside N; and « connects Ny to V.

To do so, fix neighbourhoods O(g;) C M, of the points ¢;. If O(g;) are sufficiently small,
we can construct regular foliations of O(g;) such that N; N O(g;) are leaves passing through g;.
Consider the union of all tangent space to each leaf of the foliation. This gives two integrable
distributions Dy and D in each neighbourhood. After shrinking the neighbours if necessary,
we can choose a set of vector fields f/,j = 1,...,dimN; defined on O(g;), which generate these
distributions:

span {f{'(q),j - 1,...,dimN,-} =Di(q), YgeO(q), i=0,1.

Using these vector fields, we extend our control system on [—1,2], adding a part linear in the
controls for ¢ € [0, 1]°. Namely:

A Jo(q)uo = ZdlmNofo( Jugj, if 1 <0,
fula) = { filq), ifr€0,1],
Si(qu == ZdlmN‘fl( Juyj, ift>1

where uy € RIMM and i, € RIMM | The space of the extended controls (ug,u,u;) is iso-
morphic to 2 = R4 & ([0, 1], R¥) @& RE™M and can be identified with functions which
are constant on [—1,0] and on [1,2] with values in Ri™No and R4™MN: respectively.

In figure 8 the construction is explained visually. The local foliations are depicted in grey
scale with the white surfaces being Ny and N;. An admissible curve & of an extended system
is confined to the leaf of the starting point up to time 0, evolves with the law prescribed by the
initial system and then continues inside the leaf reached at time 1. In particular, if we restrict
a curve & connecting go and g; to [0, 1], then we get a curve that connect Ny to N;.

We define the new optimal control problem as

G=Fip(a),  a€RMYOGL2([0,1],RY) @R, (29)
ng;up Hélgll/ 0(t,u(t),q,(t))de 31

where u = it|[o ;.

Lemma 3. Optimal control problems (7)—(9) with N = Ny x Ny and (29)—(31) are locally
equivalent.
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Figure 8. An admissible extended variation & of an extremal curve +y.

Proof. Suppose that « is an admissible curve of the original control system. Let u be its control
and assume that «(i) € O(g;) NN; fori =0, 1. Then, « can be lifted to an admissible curve of
the new system connecting g and ¢q;. Indeed, take the unique controls u; for which

exp (fo(-)uo) go = (0),  exp(fi(-)ur)a(l) = g1,

where exp denotes the flow of the vector field inside the brackets at time # = 1. Hence, the lift
& is defined as

eXP(IfO(')uO)‘Zm 1ft<07 Uop, 1ft<07
a(t) =< af), ifre[0,1], u(t) =< u(r), ifrelo,1],
exp (tfi(up) a(l), ift>1, up, ifr>1.

Conversely, if we have an admissible curve & such that &(—1) = go, @(2) = ¢1 and a(i) €
O(gi), then its restriction o = é&|[o,) is a curve connecting Ny to Ni. Thus we obtain a local
bijection between the two spaces of admissible curves.

Lastly, notice that ¢(it) = (). Hence, the two problems are locally equivalent. O

3.2. Computation of first and second variation of the extended problem

Let A: [0,1] = T*M be an extremal satisfying PMP for the problems (7)—(9) with N = Ny X
N . Denote by & the corresponding control and by () = w(A(¢)), ¢ € [0, 1] the extremal curve
on the manifold M. As discussed in the proof of lemma 3, we can extend -y to an admissible
curve of equations (29)—(31) as

qo, ifr<0, 0, ift<0,
F=aq(r), ifref0,1],  a()=qa(), ifrelo,1],
qi, ift>1u 0, ift>1.

In order to simplify slightly the notations, we will omit in the future the hat symbol for u by
essentially identifying & with (0,,0).

In this section we compute the first and second variations of the problem (29)—(31) at a
critical point #. In order to so this, we use the already existing formulas for the fixed end-point
problem which can be found in several references such as [11].

For the reader’s convenience, we recall here the main ideas behind this differentiation pro-
cess. The first differential of E,, at a point u has an integral expression. This comes from an
asymptotic expansion for flows, known as Volterra series, used in Chronological Calculus [11].
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Namely, assume that X, is a smooth and complete vector field. Its flow can be characterized
using a differential or integral equation:

P =X, 0P ! T

T = p=1 +/ XTdT—i-/ / X, oX,drds+....
Py=1 0 0 Jo
When the vector field X; depends on a parameter € we can use this expansion to compute the

derivative with respect to the parameter e. Without loss generality set X¢ and X, = X" and let P¢
be the flow of X¢. Define g¢ := (P;); ! (X¢ — X;) o P, and let ¥ be its flow. One can check that
P, o VU7 = P;. Differentiating this expression with respect to € and using Volterra expansion
yields:

t
86P1‘6|E:0 = (Pt)* O/ (P;l)*aexfr‘e:()opﬂ'd7-~
0

Remark 4. We use g; to differentiate the Endpoint map mainly for two reasons. The first one
is that, since g? is zero, only finitely many terms of the expansion appear. The second one is
that, in this way, all the integrals are performed in a fixed tangent space.

We can apply this procedure to the Endpoint map of our system at u = u. Let P, be the
flow generated by fi(q) and ¢, = P,(qo). As usual we denote P := P;. We obtain the following
integral expression for the first derivative:

1
Al ) = P. [ (P 0fi a0 o) 32

Differentiating twice yields an expression for the second derivative:

2Ey (v, ) = P, < / (P1). 0272 (g0) (v(0) o) + / / ((P:). 07 (gr)w(r)
o (P71, Ouft(anv() det) . (33)

Remark 5. Notice that in equation (33) we have a quadratic mapping (i.e. vector valued).
Moreover this expression is coordinate dependent, unlike equation (32). The invariant second
derivative of a smooth mapping F : M — N is defined only at critical points, with values in the
cokernel of the differential. Namely:

d>F :kerdF C T,M — Tr(,)N/im(dF).

Recall now our setting. We have a smooth map E,,, the Endpoint map, defined on an open
subset of L>°([0, 1], R¥). We are assuming that the control i is a regular point of E,,. Hence,
E(;)l (¢1) is smooth around . We are looking for local minima of a functional ¢ on the level set
E(;)‘ (q1).If it is a critical point, we formulate second order optimality conditions in terms of the
Hessian of the cost (. To get an expression for this quadratic form restricted to T,;E;)1 (1) =
kerd;E,,, we differentiate a suitable modification of the Endpoint map. We extend the state
space to M x R and we look for critical points of the Endpoint map of the following system:

t
d _ f;(q)
a0 = (i)
This is essentially the same idea behind Lagrange multipliers rule. Since we are assuming that
diE,, is surjective, there exists a unique covector (up to multiples) (A,) such that A\dzE,, +
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vdyp = 0and v # 0. We take v to be negative since we are looking for minima and normalize
it to —1. We obtain:

dip (v) = MdzE, (v), Vv e L=([0,1],R¥).

Thus the kernel of the new Endpoint map coincides with the kernel of the old one. Now we
can apply equation (33) to get an expression for the second derivative of the Endpoint map
and then project onto R using the covector (\,v) (recall that the second derivative is well
defined only as a map with values in the cokernel). We will need a little bit of symplectic
geometry to simplify the expression above. Denote by P, the flow generated by X%(I)(q,x).

Set 79 := P*(\,v), the pull back of (),v). One can check that 79 and (), v) lie on the same
solution of the Hamiltonian system generated by the Hamiltonian

E%()‘a ) <(>‘ V) f((t)> = <)‘afif(z)> +V€(tvﬁ(t)vq)a
]jl;t()\ﬂ/) = Ijlfl()\7y)|M:L~t(l‘)7 Ijlfd()VV) = <)‘7fut> + Vf(t7u>Q)'

We denote the Hamiltonian flow by ®,.
Notice that, if we project M X R, the 4/, (\,v) are precisely the Hamiltonians appearing in
PMP. Using these conventions, the first term in equation (33) reads:

7o / (). 02X (q,) / O2Ta((P;1y o) (1) ()t
- / 62z 0 B, (10) (1), w(1) ).

For the second one we have to work a little more. First of all one has the following identity
for all v,w € kerdzEy,:

no / / ). 0XT (g )w(7)) o (P),0,XL(qi)v(1)) drde
/ / 10, [(P7 )20 (g )w(7), (P),0,XC (g,)v(1)] ) drdr.

We also have an useful identity, valid on all cotangent bundles, involving functions linear on
fibres of the form hx(n) = (n,X), for a smooth vector field X. It holds:

<)‘7 [Xv YD = U(I;XJ;Y)'
We can modify the integrand using this formula. Let us substitute the commutators with the

symplectic pairing of Hamiltonian fields of 9, (A% o P,)v(t) and 0, (h% o P, )w(7). We obtain:

/Ol /Ol Uno(au(ﬁg OPT)W(T), 8,4(}:1)% ] Pt)V(t))dth,

_ The expression of the second derivative of the Endpoint map now involves just the functions
K (A, v) and their derivatives. It is not hard to check that we can forget the R component and
work on M directly. For more details we always refer to [11, chapter 2 and section 20.3].

Remark 6. The quadratic form coincides indeed with d2 restricted to kerd; E,, . For a detailed
discussion on this equivalence and further reference one can check [11, section 20.1] or [9].
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Now, we specialize the formulas for the derivatives of the Endpoint mapping to the exten-
ded system (29)—(31). The Hamiltonian of PMP, which is everything needed to compute the
derivatives. It is given by:

<)\7 0MQ> =: houy, if 1 <0,
(A = § WAL T(N)) — £t um(N), ifre o, 1],
(ASiur) =: by, ifr>1.

According to PMP a minimal control must maximize iz;()\) Given an extremal \ : [—1,2] —
T*M, let Ao and A, be its restrictions to the intervals [—1,2] and [0, 1]. Since this family is
linear in uy and u;, A; must lie in the annihilators A(N;). In particular, if A : [0, 1] — T*M was
an extremal of the original problem such that v(7) = w(\(¢)), V¢ € [0, 1], we can extend A to
an extremal \ of problem (29)—(31) exactly as before:

A(0), ifr<O,
A1) = A@), ifre(o,1],
A1), ifr>1.

Denote by &, the flow generated by fzf}, or more precisely

I, if 1 <0,
b, =, ifre[0,1],
D=, ifr>1.

Since the vector field associated to i is zero on [—1,0] U [1,2] the flow is a constant transform-
ation. Composing the Hamiltonian with the flow ®, gives us

. o . (A fouo), ift <0,
bi(A\) = (ha — hay) © 2:(N) = { B,(N), ifre0,1],
(- fiu)o®y(N), ifr>1.

Then we can define

N 7>t
Z = 0a b i x=x(0)

and denote Z, and Z; to be restrictions of Z, to the time intervals [—1,0] and [1,2] correspond-
ingly, so that

Zy, ifr<O0,
Z[ = Zl? re [07 1],
Z, ift>1.

It is worth noting that Z and Z, are constant, since b}, () is linear in uo and u; for r € [0, 1]°.
Finally we can define the quadratic form

9%b!
Hi= 50

=i

Note that since %, is linear in the control parameters for # € [—1,0] U [1,2], we have H; = 0 on
the two intervals.
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Recall that II := II\, denotes the vertical subspace, namely the tangent space to fibre 7, M
described in equation (50). With the notation set above, the kernel of the differential of the
endpoint mapping and the second variation are:

2
kerd;E = {f) € RI™Mo gy 12°(]0, 1], RF) @ RUImM: / Z(t)dt € H}7 (34)
—1

2 1
06#) = [ [~ HG0.5(0) - | a(zitr) zil)r]a (35)
—1
where ¥, W € kerd;E. We can expand the expressions for the first and second variations know-
ing the particular form of Z,. We split the integrals into three integrals over the intervals [—1,0],

[0,1] and [1,2] and simplify the integrands using the skew-symmetry of o:
They read as:

1
kerd;E = {v € L>[0,1],v; € RImN: . / Zy(t)dt + Zovo + Zyvy € H} ., (36)
0

0(v, W) = /O l {—H,(v(t),w(t)) —0 (Zovo + /O tzrv(T),z,w(z)> dT] dr

1
— 0 <20V0+/ Z,v(t)dt,le1> R 37
0

where we have used the fact that Z, is constant for 7 € [0, 1]¢ and its image lies in a Lagrangian
subspace, and hence o (Z;¥(t),Z,w(7)) = 0 for all 7,1 € [~1,0], all 7,7 € [1,2] and any vari-
ations v,w € Kerd;E.

We finish the discussion of the first and second variations with an important observation
concerning Zv;, i =0, 1.

Lemma 4. For any vy € RI™MNo) Zov is tangent to A(Ny). Similarly, for any v, € RE™MN),
D, Z vy is tangent to A(Ny).

Proof. By PMP the initial (and final) covector annihilates Ny (resp. Ny).
Recall that f; generate the tangent space to Ny close to go. We define the Hamiltonians

L) = (M), i=1,...,dimNp.

Then A(Ny) can be equivalently described as the common part of the zero locus of /;:
ANg) ={Ae€T*M:m(A) €Np, ;(A\)=0,i=1,...,dimNy}.

But then by the definition of a Hamiltonian vector field
dxo)li(Zovo) = d)\(o)li(}_iOVO) =0\ (0) (hovo, 1) = (M0), [fovo,foil) = 0,

where the last equality is due to involutivity of the family fyvo.
Similarly, one has that ®,Z,u, is always tangent to the image of A(Ny).
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3.3. Jacobi equation and second variation

Set V = kerd;E. Inside )V we consider the following subspace
Vo={veV:vy=0,v, =0}. (38)

Wy corresponds to the tangent space of the manifold of variations that fix the end-points gy and
g1 of an extremal curve . Hence Q|y, is the second variation of the optimal control problem
with fixed end-points and there exist efficient ways of computing the index of this quadratic
forms using generalizations of classical Jacobi fields [11, section 21]. Our goal is to compute
the difference

indQ —ind Q|y,

in terms of geometric objects on the manifold M, which will result in formula (16) when
N = Ny x Nj. The main tool for computing the difference of indices is the following folklore
lemma.

Lemma 5. Suppose that Q is a continuous quadratic form on a Hilbert space H. Then, for
any subspace V of finite codimension it holds:

indQ = indQ|y +ind Q|+, +dim (VN V*¢/(VNkerQ)). (39)
We will take V as Hilbert space and the second variation as Q. Thus
Vil ={heV:Qh,w) =0, eV},
and the kernel of Q on V is
kerQ={veV:0(w)=0"weV}.

Now, we reformulate each term appearing in equation (39) as a boundary value problem
for a differential equation on T, 7*M. For t € [0, 1], let H, and Z, be the matrices appearing
in equations (35) and (34). Jacobi equation (see [11, theorem 21.1]) is the following linear
system:

() =ZH; ' o(Ze (1), 0(1) € Tao)TM. (40)
Proposition 4. Consider system (40). To any solution 1 satisfying

m.n(0) € Ty,No, men(1) € (7 OP;I)*(quA(Nl))v

we can associate an element v € VOl ©. This correspondence is unique modulo solutions satis-
fring n(0),n(1) € I and 1) = 0. Moreover:

(i) elements in VyN Vd‘ ¢ correspond to solutions of equation (40) satisfying the boundary
conditions:

n(0) €I, n(1) €1l
(ii) elements of ker Q NV correspond to solutions satisfying the boundary conditions:
1(0) € TLNTr@)A(No), (1) € TLNTx)®; ' (A(N));

(iii) elements in ker Q correspond to solutions of equation (40) satisfying the boundary condi-
tions:

1(0) € Tro)A(No),  n(1) € Ty @7 (AN)).
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Proof. By definition, the subspace V) is the set of infinitesimal variations ¥ = (vg,v,v1) such
that fol Zv(t)dt € I and vy = 0, v = 0. Moreover, since II is a Lagrangian subspace

1 1
/ Zy(dtell <= o (/ Zv(t)de, u) =0,Vrell
0 0

and so:

2
— 0(h,W) :/ o(v,Zow(1))dt, Vv eILYWw e V.

Using the explicit formula for Q given in equation (37), we have that v € II such that, for
almost every ¢ € [0, 1]:

H(v(t),) +o ( /O Zo(r)dr +zov0,z,.> = 0(Zi,v).

By the strong Legendre condition H, is invertible. This allows us to solve the equation for the
variation v and obtain

t
v(t)=H o (Zf,/ Z-v(T)dT + Zovo + V) ) 41)
0
Set
t
n(t) = / Zv(7)dT + Zovg + V. (42)
0

Differentiating 1 and plugging in the expression for the variation v above, shows that n
satisfies the following equation for almost all 7 € [0, 1]:

n(t) = ZtHflff(Zr,n(t))-

Using the definition of Z, and lemma 4 we find that 7(¢) satisfies equation (40) with 7,.7(0) €
T,,No. Boundary conditions at =1 follow from the fact that ¥ € V. In fact, equation (36)
implies that there exists £ € II such that:

1
n(1) :/ Zv(T)dr +Zyvo+v =&+ v —Zvy.
0

Thus a variation v € VOl ¢ determines a function ) : [0, 1] — T) () (T*M) which solves the fol-
lowing boundary value problem

{ﬁ(t) = ZH, "o (Z, (1)),

. (43)
m1(0) € TyyNo, (1) € T (Tr(0) @ 'A(NY)).

Notice that the second space appearing as boundary condition is the image of the tangent
space of N; at q; through the differential of flow generated by the optimal control #. From
equation (43) we can compute the dimension of VN Vé‘ 2 If we substitute v; = 0 in the above
equations, we get solutions starting from II and arriving to II. Since the Jacobi equation derived
above is exactly the same as the Jacobi equation for problem with fixed points, we immediately

see that dim()p N VOl ?) is the multiplicity of the point g; as conjugate point.

2826



Nonlinearity 36 (2023) 2792 A Agrachev et al

In a similar fashion we can compute the dimension of ker Q NV, we have
kerQNVo={v€Vy: 0(h,w) =0, Viw € V}.
Using the same argument as above we find that for every v € 11

02210(2b~7y)
Q)(v,-) ::(T(ZZ'aV)
o (fo' Z,v(t)dt,Z1-> = 0(Zy,v).

The second equation tells us that we are dealing with a solution of equation (43). The first
equality gives us a condition on v and consequently on 7(0), while the third condition give us
a condition for 7(1). Namely:

n(0) € INTaANo),  n(1) €TLN Ty (D7 A(No)).

This settles points (i) and (if). Point (iii) follows similarly.

Up until now, we have built linear maps from VOL ¢ kerQ, VOL NV and VOl 2 NkerQ to suit-
able subspaces of solution of equation (40). Now we have to prove that these correspondences
are actually bijections. Let us prove injectivity. Suppose that v is mapped to the zero solution of
equation (40). It follows, by the injectivity of Zy and Z; that vy and v; are both zero. Moreover
7(t) = Zv(t) = 0 and consequently, by definition of Vd‘Q,

1
0= QW) = /0 HO@),w)d,  WeV.

In particular H,(v(¢),v(¢)) = 0 for almost every ¢ € [0,1]. But then by the strong Legendre
condition v=0 and thus ¥ = 0.

Now we try to invert the correspondence control-solution. Suppose that 7(7) is a solution
of equation (43). We can define a function v(¢) using equation (41), namely:

w(1) = H- o(Z,.,n(1)).

The initial and final boundary conditions of equation (43) implies that there are unique v and
vy such that (0) — Zyvg and n(1) — Zyvy. Set £(z) = fOZZTvT + Zoug + v for v € II. Differenti-
ating the function n(¢) — £(¢) yields that v is determined up to constant solutions starting from
the fibre. Hence the correspondence solution-control is injective if and only if there are no
constant solutions in the fibre. O

As before, let U be the differential of the Hamiltonian flow given in equation (15) and T'(0)
the graph of W.

Remark 7. It can be shown that equation (40) is closely related to the linearization of the
extremal flow along the fixed extremal \ we are considering, see for example [12]. It is the
linearization at A(0) of the Hamiltonian flow of b3, () = (H — k() o ®;(A) which coincides
with the linearization of (®,)~! o ', Let us denote by O, the flow of the Jacobi equation (40)
at time one and let

I'(©,) ={(n(0),n(1)) : n(0) € Tx)(T™M)} C Tao)(T"M) X Tx(0)(T*M)
be its graph. Then in this notation
T(P)=(Ix®).I(0,).

We can now compute the restriction of Q to VOl ¢ and prove the following result.
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Proposition 5. Let Q be the quadratic form of second variation for the problem (29)—(31) and
Vo be the subspace of variations defined in equation (38). Then

ind~ Q =ind™ Q|y, + (I3, [(¥), TaA(N)) +dim(I(¥) N I13) — dim (D (¥) N I3 N TaA(N)).

Moreover; the Maslov index of the triple can be replaced by l((Hi) YT (W)Y, TAA(N)Y) where

W=T)A(N)N H%\ and the superscript means everything is computed on the space reduced
by W. -

Proof. In view of proposition 4 and remark 7 it only remains to prove that

ind”Q 1, = i (II3,T(V), ThA(N)).
- A
Since (vg,v,v;) € VJ‘Q, we have that:

1 ' 1
/ {H,(v,w) +o (Zovo —|—/ ZTV(T)dT,Z;W(I)>:| dt=o (/ Zw(1)dt, l/) . VYwelL0,1],Vv eI,
0 0 0
1
Zovo + Z1vq +/ Ztv(l)dl = f eIl
0

Combining these expressions with equation (37) gives us:

o(V)=—-0o (Zovo +/0 Z;v(t)dt,Z1V1> —0 (/0 Zv(t)de, u)

= —0(§,Z1V1) —|—U(Z1V1 +Z()V07V)
=—o(v,Zovo) + o (§+v,—Ziw). (44)

From equation (42) follows that:
1
n(0) =v+Zyvo n(1)=v+Zovo +/ Zyv(t)dt=v+&—Zv.
0

Hence the restriction of Q to VOL 2 coincides with the quadratic form
m(I1%,T(0,), Tx)A(No) X Tr(0) (27 'A(M)))-

Note that Zovy do not span the whole T')A(Np) and correspondingly Z;v; does not span
Tx) (@ 'A(N})). Nevertheless we obtain the correct Maslov form. In fact, the map Z : R¥ —
T 0)A(No) is injective and its image is transversal to IT N T’y gyA(No) (and the same is true for
the Z1). Hence imZy + II = T,\(O)A(NO) + II (and similarly for Z;). Moreover, we can either
reduce by W=1II N Ty()A(No) & II N Ty (o) (2; 'A(Ny)) or work on the original space. The
index is the same since W C kerm.

We now apply the map I x (®y), to each Lagrangian space inside the Maslov index of the
triple above. By remark 7 and invariance with respect to symplectomorphism we get

i (I, T(0,), Ta@)A(No) X Ty (@7 'A(NY))) =i (I3, (¥), TAA(N)).
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3.4. Proof of theorem 1

Before proving the general formula, we prove a corollary of proposition 5. Assume that we
have an optimal control problems (7)—(8) and two sets of possible boundary conditions:

(9(0),q(1)) € No x Ny =:N

and

<Q<O)aCI(1)> S No X Nl =:N

and assume that a curve X : [0, 1] — TM is an extremal for both problems. This amounts to say
that A is a solution of the Hamiltonian system of PMP and satisfies the transversality conditions
for both boundary conditions at the same time, i.e. ); annihilates the sum T\,N; + T)\i]V[. A
relevant example to keep in mind is when N C N. In this case if \ satisfies the transversality
conditions for N, then it automatically satisfies the transversality conditions for N.

Consider the two second variations Qy and Qf, corresponding to the two optimal control
problems with boundary conditions like above. We apply proposition 5 to express the differ-
ence between the Morse indices of those two quadratic forms.

Corollary 1. Using the notations just introduced, the following formula holds:

ind~ Q5 —ind~ Qv = i (TaA(N),T(¥), TrAA(N)) + dim(T'(¥) N TAA(N)) +
— dim(L(¥) N TAA(N) N TAA(N)) + dim (T (3)N N T (a)N) — dim T (3)N.
45)

Proof. Apply proposition 5 to get an expression for ind™ Qy and ind™ Q. Subtracting them
gives

ind~ Qg —ind™ Qy =i (113, T'(¥), ThA(N)) — i (L, (V) TAA(N))
+dim(T (V) NI, N THA(N)) — dim(T'(¥) NIy N THA(N)).

Apply formula (55) with Ly =113, L; = T'(¥), L, = ThA(N) and L = TA(N). After cancel-
lations this results in B

ind~ Qg —ind™ Qy = i(T'(¥), TAA(N), THA(N)) — i (I13, TAA(N), TAA(N) )
+dim(T(¥) N THA(N)) — dim(T(¥) N THA(N) N THA(N))
— dim(I13 N ThA(N)) + dim(IT3 N THA(N) N THA(N)).

We simplify the terms different to dim(I'(¥) NTHA(N)), dim(T'(¥) NThA(N) NTAA(N)),
which appear in the formula in the statement.
By formula (56) it follows
i(D(0), TAA(N), TAA(N)) = i (TAA(N), T (9), Ty A(N)).
By lemma 7 we have
i (5, VAN, TYA(N)) = i (TyA(N), IS, THA(N)) = 0.
Finally, straight from the definition of an annihilator, it follows that
dim(II3 NTHA(N)) = 2dimM — dim T ()N
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and
dim(IT5, N TAA(N) N TAA(N)) = 2dimM — dim T ()N — dim Ty 3y N + dim (T ()N O T () N).

Combining all of the above results in formula (45).
O

Remark 8. Notice that if N={qo} x {¢1} we obtain exactly the formula from proposition 4,
as expected. Another necessary remark is that formula (45) might seem asymmetric at first.
We expect, that if we exchange N and N, then the resulting right-hand side will change sign.
This is not entirely obvious just from the expression itself. However, this is indeed the case.
The difference between i(ThA(N),I'(¥), TAA(N)) and i (TAA(N),T(¥), TAA(N)) is not zero,
but an expression involving dimensions of intersections of various subspaces as can be seen
from formula (55).

Now we are ready to prove theorem 1. We will reduce the case of general boundary con-
ditions (qo,q1) € N C M x M to the case with separated boundary conditions by introducing
extra dummy variables.

Proof of theorem 1. Consider optimal control problems (7)—(9). We can lift it to an optimal
problem on M x M by considering a new control system:

=0 (46)
q :fu(t) (q)a

with boundary conditions
(x(0),4(0),x(1),4(1)) € Ax N C M". @7

There is a one-to-one correspondence between admissible curves of equations (7)—(9) and
admissible curves of equations (46) and (47). For this reason we can consider admissible
curves (46) and (47) which minimize the functional (9). The Hamiltonian system of PMP
is then given by

:[1’:07 *
T \peT*M
{A=H(A), :

and its flow is given by I x .. 5
We can now apply directly corollary 1 to the boundary conditions A x N and A x N. In
order to see that everything indeed reduces to formula (16), we show how to rewrite each term
of equation (45), without writing explicitly the lengthy formula here. Let us go term by term
starting from the ones involving dimensions. Let A = (—A(0),A(0), —A(0), A(1)), initial and
final point of the extremal lift. We have
dim (T, (3) (A X N) N Tr(a) (A x N)) — dim (T () (A x N))
= dim Tﬂ.(A)A + dim(Tﬂ(A)Nﬂ TW(A)N) —dim TTF(A)A —dim TTK‘(A)N
= dim (T (\)N N Tr(x)N) — dim Ty () N.
We wish to work on the same symplectic space T,7*M. Thus we perform the following

change of coordinates S: (\,n) — (—\,n) on T*M. This changes the sign of the symplectic
form: we will work with (—o) @ o. Moreover, this change of coordinates maps

A(N) = {(Ao, A1) : (Ao, Xo) + (A1, X1) =0,Y(Xp,X,) € TN}
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to the submanifold:
SA(N) = {()\0,/\1) : <>\0,X()> = <)\1,X1>,V(X0,X1) S TN},

we will have to use the latter in the formulas.
Let us write down explicitly each individual subspace entering the formula.

TASA(A XN) = {(€7€a’/171’2) : 5 S Z,(V],I/z) S TASA(N)L
TASA(A x N) = {(£,€,01,1) : € € B, (i1,1) € TASA(N)},
D(Ix U) = {(n1,m2,m,¥m) : 1,12 € B} (48)

Notice that we used that {(S,S€) : & € Ty)T*M} = I'(I) in the last identification. From the
expressions in equation (48) it follows directly that

dim(I(I x ¥) NTHA(A x N)) = dim(T'(¥) N ThA(N))
dim(T'(I x U) NTHA(A x N) NTHA(A x N)) = dim(I'(¥) N TAA(N) N ThA(N)).

In order to simplify the Maslov index term, we note that the intersection of annihilators
contains the following isotropic subspace

W= {(57570;0) 35 S T,\(O)T*M},
We can thus perform a reduction to the space W-/W. We have
Wt = {(¢;¢:6m):¢€ € T)\(O)T*MJ] € T)\(l)T*M}.
Thus we can identify W- /W with the image of the projection
* 3 * * *
M (T,\(o)T M) SThA)T™M — Ty T"M S T\(y\T*M

to the symplectic space (TA(O) T*"M® Ty T™M, (—U,\(o)) &) 0,\(1)). Let us consider the space
(WE+W)NT(Ix ©), it is straightforward to check that it projects to {(n,¥n):n € Z}.
Hence:

i(TASA(A x N),T(I x ¥), TASA(A x N)) =i (TASA(N),I(¥), TASA(N)).

O
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Appendix

Symplectic geometry

A symplectic vector space is a finite dimensional vector space X with a non degenerate skew-
symmetric bilinear form o (the symplectic form). A symplectic manifold M, is a manifold
whose tangent space TM is endowed with a symplectic structure at each point (i.e. M together
with a closed non degenerate 2-form).

Cotangent spaces of smooth manifolds are always endowed with a symplectic structure
which is given by the so called rautological form. Call 7 : T*M — M the canonical projection.
Take A\ € T*M and define the 1—form sy (X) = A(7.X). One can check that ds is non degen-
erate and thus (T*M,ds) is a symplectic manifold. The 2-form o = ds on T*M is called the
canonical symplectic form.

A linear map ¥ between symplectic vector spaces (X1,07) — (X2,07) is called a (linear)
symplectomorphism if U*o, = ;. A diffeomorphism is a symplectomorphism if its differen-
tial is a linear symplectomorphism.

A natural way to obtain diffeomorphisms is trough flows. Given a (complete) vector field
X one obtains a family of diffeomorphisms ®, by solving the ODE system

o, = X(P,),
o = 1Id.

In a similar way one can produce symplectomorphisms using special classes of vector fields:
Hamiltonian and symplectic fields. A vector field X, is Hamiltonian if there is a smooth func-
tion H such that dH(Y) = o (Y, X) for all smooth vector fields Y. H is called Hamiltonian func-
tion and X is often denoted by H. A vector field for which we can find a Hamiltonian only
locally, i.e. in a neighbourhood of every point, is called symplectic. The flow of Hamiltonian
and symplectic vector fields is always a one parameter group of symplectomorphisms.

Given a subspace W of a symplectic vector space ¥, we can define its skew-orthogonal

complement W+ using the symplectic form
Wt ={uec¥:o(u,w)=0,vwec W}.
Since the symplectic form is non degenerate, dim(W) + dim(W) = dim(X) and (V+ W)+ =
vEnwt,
Inside a symplectic vector space we distinguish the following classes of subspaces:

e Isotropic V such that o(v,w) =0, Vu,v € V,i.e. VC V1
e Lagrangian V isotropic and maximal, i.e. V= V+;
e Coisotropic V such that V- C V.

Lagrange subspaces are extremely important in symplectic geometry, their collection is a
compact manifold called Lagrange Grassmannian. It is denoted by
Lag(X) ={VC o:V=V*}.
If dim(X) = 2n its dimension is n(n+ 1) /2.
The following examples of Lagrangian subspaces are often considered:

Example 1. If U is a linear symplectomorphism then the graph of ¥ is a subspace of the
product space Yo @ 3. The product space can be endowed with a symplectic structure con-
sidering (—o¢) @ 1. Graphs of symplectomorphisms are always Lagrangian subspaces with
this choice.
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Example 2. If N C M is a submanifold of a smooth manifold then we can always consider the
following submanifold of the cotangent bundle 7*M:

AN) == {AeT*M:7(\) € NA(X) =0,YX € Tr(n)N}. (49)

The tangent space to the annihilator at a point A is a Lagrangian subspace of T (T*M),
which means that A(N) is a Lagrangian submanifold.

If M is a product space i.e. M = M x M, the annihilator of a submanifold N is a Lagrangian
submanifold only with respect to o & o, which coincides with the canonical symplectic form
on T*(M() X Ml).

To get a Lagrangian submanifold of (T*My ® T*M,,(—op) ® 01) one has to change the
sign to the first or the second covector and thus consider the submanifold A(N) defined in
equation (11). Notice that this distinction is unnecessary when N itself is a product, i.e. when
N=Np x Nj.

Example 3. A particular instance of the example above is the vertical fibre i.e. the tangent
space to 7M. This space can be characterized as the annihilator of the point g or as the kernel
of the natural projection, kerm,:

I = {€ € T\ (T*M) : w,(€) = 0}. (50)

Example 4. Consider as symplectic space R*" = {x = (p,q) : p,q € R"} with the canonical
symplectic form o (x,x’) = {p,q’) — (g,p’). Using the Euclidean scalar product we can rep-
resent o as:

o(x,x") = (Jx,x") where J= (? _01) . (51)
The two subspaces B = {p =0} and II = {g =0} are Lagrangian and any subspace of the
form Vs = {(q,Sq)} and V§ = {(Sp,p)} is Lagrangian provided that § = S*.

It turns out that if we take two transversal Lagrangian subspaces Ly and L, there always
exists a choice of basis, for which Ly is B and L, is II, and such that the symplectic form o
has the canonical form as in equation (51) (see [26, theorem 1.15]). These coordinates are
sometimes called Darboux or symplectic.

Using these coordinates we can build charts for the Lagrange Grassmannian Lag(3]). The
map S +— Vs from the space of symmetric matrices to Lag(3) maps onto the set of planes
transversal to II (see for example [26] for details).

Intersection index of Lagrangian subspaces

It is well known that the all pairs of transversal Lagrangian subspaces can be mapped to each
other with a linear symplectomorphism [26, theorem 1.15]. This is no longer true for a triple
of Lagrangian subspaces.

Definition 1 (Maslov index). Take three Lagrangian subspaces Ly, L;,L,. Consider the iso-
tropic subspace L{ := Ly N (Lo + Ly), if I, € L{ then I} =y + I, with [; € L;. The following
quadratic form is called the Maslov form of the triple (Lo, L;,L,):

m(li) = U(lo,lz).

By a slight abuse of notation we will also write m(Ly,L;,L;) instead of just m when we want
to be explicit about which Lagrangian subspaces are used.
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The numbers ind ™ m, ind™ m and sgm and dimker m are invariants of the triple (Lo, L;,L,).
The Kashiwara index is the signature of the Maslov form:
7(Lo,L1,Ly) = sgm =ind" m —ind ™ m.
The negative Maslov index is defined as
i(Lo,Ly,Ly) =ind™ m.

Example 5. Suppose Ly and L, are transversal. We can identify the symplectic space with the
standard one (R?", ) as given in equation (51). Since any couple of Lagrangian subspaces can
be mapped into each other, we can find a symplectomorphism which simultaneously maps Lo
to B and L, to II.

Any L; can be represented as L; = {Ag+ Cp =0,q € B,p € I} where AC* = CA* and
rank[A, C] = n. If A or C is invertible then the matrix expression of the Maslov form is given
by —A~!C or C~'A respectively, which have the same signature of TAC*.

The Kashiwara index and the Maslov index have the following properties:

e Alternating 7 (L), Ly(1), Ls(2)) = (— 1)¢6)7(Lg, Ly, Ly), where s is a permutation.
e Cocycle property [26, theorem 1.32]

7(Lo,L1,Ly) — 7(Ly,Ly,L3) +7(Lo, Lo, L3) — 7(Lo,L1,L3) = 0. (52)
¢ Relation between the negative index [7, lemma 5]

T(L(),Ll ,Lz) = 72i(L0,L1 ,Lz) + dim(L1 N (L(] +L2)) — dimkerm
= —Zi(L(),Ll,Lz) +n— dlm(LQ ﬂLz) — dlm(LO ﬂLl)
- d1m(L1 mLz) + 2d1m(L0 NLy mLz). (53)

e Symplectic reduction If V C Ly N L, is an isotropic subspace we can consider LV := (LN
V1 +V)/V which is a Lagrangian subspace of the reduced space. It holds that:

i(Lo,Li,Ly) =i(Ly,LY,Ly). (54)

The Maslov index satisfies only a generic cocycle property. The next lemma will be used
in the proof of theorem 1 and shows that the defect of being a cocycle is measured by the
intersections of the four Lagrangian subspaces one considers.

Lemma 6. The following formulas hold:

3
> (=D)i(Lo,... Ly . Ls) = dim(Ly N L) — dim(Lo N Ly) +
i=0
3
+Y (=D dim(LoN...NL;N...NL3) (55)
i=0

i(Lo,Ly,Ly) = i(Ly,La,Ly) = i(La,Lo,L1). (56)

Proof. The proof is just a computation using equations (52) and (53). First apply equation (53)
to express the index in terms of the signature and the dimensions of some intersections. Then
use equation (52) to cancel the signature part.
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The dimensions of the intersections of couple of subspaces, after the summation, give the
following contribution:

Z(dim(Ll ALs) — dim(Lo N L2)>.

The triple intersection do not simplify and thus their coboundary appears. Sometimes it is
useful to think of this remainder as the difference of the dimensions of two quotient spaces.
L; N L3 in which we factor out the space L; N L3N Ly+ L; N L3N Ly and Ly N L, quotient by
LoNnLyNL;+LyNLy,NLs.

Finally equation (56) follows from equation (55) choosing L3 = L. O

The following lemma will be used in the sequel.

Lemma 7. Given the standard symplectic structure (X,0) = (Tx(T*M),dsy) and three
submanifolds No,Ni,N, C M. Assume that X\ € A(Ny) NA(N1)NA(N,) and Ny C Ny (or
N1 C N,), then the following formula holds

m(TAA(No), TAA(N1), TAA(N>)) = 0.

Moreover if M=M' xM’, T*M is endowed with the form (—c') @ c’ and A(N;) are
defined as in equation (11), the same is true.

Proof. Let Ly = T\A(Ny), Ly = ThA(N;) and L, = T\A(N,). Fix some coordinates in a neigh-
bourhood of A such that ds), is the standard form on R¥" ~ T}, (T*M). The subspace Lo + L; is
the space:

120 9]
(Xo) + <X2> . X €TeNi, wi(Tr)Ni) =0,

for i =0,2. Since the sum above should lie in L; N (Lo + L), we have that Xo + X, = X €
Tr\)Ni and vg + v, = vy, with vy such that vy (T (y)N1) = 0. If we compute now the Maslov

form, we get:
Y v
<J (Xﬁ) ; <X2>> = (10,X2) — (v2,X0)-

Suppose without loss of generality that Ny C Ny. The equation X + X, = X, implies that X, =
X1 — Xo € Tr(x)No and thus (v9,X2) = 0. Therefore the quadratic form is the zero form since:

(112,X0) = (1, X0+ X2) = (1o + 110, X0 + X2) = (11, X1) =0.

For the second part, we work on the cotangent bundle of M = M’ x M’ which is isomorphic
to T*M’ x T*M’. Label the coordinates as (A, A1), call the standard form on 7*M’, o’ and
consider the following diffeomorphism:

S: ()\0,)\1) — (—)\0,)\1).
It is straightforward to check that S*(¢' @ o’) = (—0’) @ o’ and S maps A(N;) as given in

equation (49) to the corresponding A(N;) as given by equation (11). Since Maslov index is
invariant with respect to the action of symplectomorphisms, the statement follows. O
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Hermitian Maslov index

In the proof of Iteration Formulae it will be convenient to introduce complex coefficients and
work on C?". Maslov form extends to this setting in the obvious way. Consider the complex
version of the symplectic form:

oc(X,Y) =0(X,Y), X, YeC>.

If V is Lagrangian as a real vector space, then V® C is Lagrangian with respect to the new
symplectic form. If we take three Lagrangian subspaces the Maslov form is still well defined.
Suppose that A\; € L1 N (Lo + Ly):

m(A) = oc(Xo, A2) =0 (Ao, Aa).
Lemma 8. The Maslov form is a Hermitian form.

Proof. Notice that m(\;) = o(\g, A\2) = m(\;). We have to show that m()\;) = m()\;) but this
follows from the fact the subspaces are Lagrangian

m()\l) —m(j\l) = U(;\Q,/\z) —0'(/\0,5\2) = 0(;\0+5\2,)\2) —O'()\(),;\Q +;\0)
:J()\l,)\z) —0’()\0,>\1) = O'()\l,>\1) =0.

This means that the quadratic form is real and thus m is Hermitian. O

Thus the eigenvalues of m are real and the index and the signature is well defined exactly as
in the real case. Here we list some of the properties of the o¢ and complex Lagrange subspaces:

¢ Darboux basis Since o¢ is non degenerate, every time two Lagrangian subspaces Ly, L; are
considered, there exists a basis in which o¢ has the standard form.

¢ Grassmannian of Lagrangian subspaces In the real case the Lagrange Grassmannian is
a homogeneous space diffeomorphic to U(n)/O(n). It turns out that the complex one is
diffeomorphic to U(n) (and thus still real as a manifold). We can diagonalize the symplectic
form obtaining:

L -1\ /0 -1 —i 1\ _ (i O

2\1 —=i)\1 O /J\-1 i) \0 =i}’
Thus we have two subspaces on which o¢ is non degenerate, the eigenspace V; relative to i
and V_;, the one relative to —i. It is thus clear that if V is Lagrangian, V must be transversal
to both the eigenspaces. So it can always be represented as a graph of an invertible linear

operator from V; — V_; (or vice versa). It remains to check what kind of linear maps are
allowed. Using again the coordinates in which o is diagonal we get:

oc ((1@ , (Ryy» —i(%,y) — i (R*R%,y) =i ((1 — R*R)%,).

Since we need this quantity to be zero for any x,y € C" we get RR* = 1 and thus R € U(n).
It follows that the complex Grassmannian is diffeomorphic to U(n).

o Atlas for the Lagrange Grassmannian Take two transversal subspaces Ly, L;. Using Dar-
boux coordinates, we can build an affine chart as in the real case (compare with example 4).
This time though we consider Hermitian matrices. The subspaces Vs = {(x,Sx) : S = 8§*,x €
Lo} are Lagrangian subspaces.
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e Properties of Kashiwara index The proof of the cocycle property given in [26, theorem
1.32] works in the Hermitian case as well since our quadratic forms are all real by lemma
8. It suffice to substitute the word symmetric with the word Hermitian. In particular all the
properties listed in the previous section remain true in this setting, with real dimensions
replaced by complex ones.
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