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Abstract
Out-of-equilibrium quantum many-body systems stand at the forefront of mod-

ern theoretical physics, addressing fundamental questions on thermalization, trans-
port, and universal phenomena. These fields, already well established in condensed
matter, statistical physics, quantum optics, and quantum information theory, are
progressively gaining even greater relevance with the rapid development of quan-
tum technologies and simulation, which inherently operate in dynamical regimes.
In recent years, the traditional paradigm of unitary quantum evolution has been
expanded to include measurements, opening new directions in out-of-equilibrium
physics. At the core of these advances lie measurement-induced phase transitions
(MIPTs), which have emerged as a new class of dynamical critical phenomena char-
acterizing the general behavior of monitored quantum dynamics. When external
monitoring intertwines with unitary evolution, many-body quantum correlations
change their structure, giving rise to distinct entanglement phases of matter. This
discovery has sparked enormous interest in MIPTs, leading to significant advances
in open quantum systems, entanglement theory, and more broadly quantum com-
plexity.

Despite much progress, a full understanding of monitored many-body dynam-
ics is far from complete, leaving several open questions on the nature of MIPTs,
their experimental observability, and the possibilities offered by measurements to
enhance control over synthetic quantum matter. These issues persist due to the
intrinsic complexity of the problem and the lack of efficient tools to study it, mainly
caused by the stochastic character of monitored evolution. This thesis addresses
these challenges by expanding the investigation of measurement-induced phenom-
ena in new settings and introducing innovative probes of entanglement and many-
body quantum complexity for MIPTs. A core question we investigate is the role
of symmetries, non-ergodicity, and especially integrability in measurement-induced
criticality, which dramatically affect the non-equilibrium phases. We further explore
how these phenomena extend beyond bipartite quantum correlations to multipartite
entanglement and quantum non-stabilizerness, highlighting the non-trivial interplay
between measurements and complexity notions rooted in quantum information the-
ory. Finally, we focus on the compelling problem of decoherence, modeling how
noise spoils entanglement structures.

These findings, supported by advanced numerical simulations and theoretical
analysis, deepen the current understanding of entanglement, complexity, and inte-
grability in monitored quantum many-body systems, offering new perspectives on
their rich behavior. In parallel, we address the experimental problem of dissipation
in MIPTs, which is of key relevance for practical implementations. We anticipate
the present investigation to foster future research on the nature of monitored dy-
namical critical phenomena and, more broadly, the applications of measurements in
quantum state evolution.
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Introduction

Since its inception around a century ago, quantum mechanics has revolutionized our
understanding of the laws of Nature, shaping the development of modern science and
technology. Quantum systems are governed by rules that are foreign to the classical
world, introducing fundamental concepts such as state uncertainty and entangle-
ment [8, 9]. In many-body systems, these principles enable the emergence of rich
and complex out-of-equilibrium behavior. The broad problem of quantum dynamics
has become one of the most fascinating and insightful frontiers of contemporary
physics, encompassing key fields including thermalization [10–16], quantum ther-
modynamics [17–19], non-equilibrium universality [20, 21], and localization [22–26].
While many paradigms describing the evolution of quantum systems are now well
established, exploring quantum dynamics poses an outstanding challenge due to the
intrinsic complexity of quantum states, leaving several fundamental questions still
unanswered despite decades of progress. Crucially, the interest in non-equilibrium
quantum systems extends far beyond the realm of theoretical physics, finding ma-
jor applications in experimental studies and, especially, technological implementa-
tions. In recent years, remarkable advances in quantum computing and simula-
tion [27–30] have enabled unprecedented control over synthetic quantum matter.
Noisy intermediate-scale quantum devices [31–33] now allow the direct exploration
of paradigmatic models of quantum statistical physics, such as the Ising chain [34–
38], with never-before-seen coherence times and fidelity. Quantum simulators oper-
ate in regimes that are intrinsically far from equilibrium, as quantum operations are
implemented through sequences of gates that evolve the state. For these reasons,
developing a deep understanding of many-body dynamics and its mechanisms is es-
sential not just for science, but also for the development of next-generation quantum
technologies.

The investigation of quantum dynamics is not restricted to isolated systems, but
extends to the realm of open quantum systems [39–41]. The evolution of quantum
particles can be significantly altered by coupling to an environment, inducing state
mixing, decoherence, and relaxation toward a stationary regime. These phenomena
can even be leveraged to engineer non-equilibrium phases of matter and dissipative
phase transitions [42–44] with distinct properties from their unitary counterparts.
The main theoretical framework to model open systems is provided by the Lind-
blad master equation [39, 45, 46], which forms the foundation for characterizing
dissipation in quantum optics, condensed matter, and quantum computing plat-
forms. While this approach fully describes the evolution of quantum observables, it
is insufficient for capturing non-linear functionals of the state, including connected
two-point correlations, entanglement, and signatures of non-equilibrium critical-
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ity. However, such non-linear properties are essential, as their behavior determines
measurement-induced phase transitions(MIPTs) [47�69], a recently discovered class
of non-equilibrium critical phenomena that cannot be seen at the level of the Lind-
blad equation. These transitions arise inmonitored quantum many-body systems,
where unitary dynamics is perturbed by non-unitary, stochastic measurements, and
exhibit critical behavior in the properties of typical random trajectories. In this
context, the role of measurements extends beyond merely extracting information,
making them active elements that evolve the state.

MIPTs have been under intense investigation since their discovery and remain
an extremely active area in the study of non-equilibrium many-body systems. These
transitions elude the conventional framework of statistical physics, which is based
on order parameters, free energy landscapes, and spontaneous symmetry breaking.
Instead, they have a fundamentally distinct identity rooted in thequantum informa-
tion content of many-body wavefunctions, most notably given by the entanglement
entropy [8, 9, 70�72]. In generic systems, measurements act as disentangling opera-
tions, typically inducing a transition from volume-law to area-law entangled phases,
controlled by the monitoring rate. This paradigm, now relatively well understood,
has since been extended to di�erent probes of measurement-induced criticality, in-
cluding state purity [51, 73�75], quantum �uctuations [76�80], and quantum non-
stabilizerness [81�88]. Despite these advances, developing a complete description
of MIPTs remains a formidable task, mainly owing to the stochastic and far-from-
equilibrium nature of the dynamics. Crucial insights have been obtained through
random quantum circuit [48, 50, 89, 90] and replica Keldysh �eld-theoretical ap-
proaches [91�96], yet the search for exactly-solvable models of measurement-induced
phenomena is still ongoing. Monitored many-body systems also pose major chal-
lenges on the experimental side. The stochastic nature of the evolution demands
a probabilistic sampling over an exponentially large number of quantum trajecto-
ries, an issue known as thepostselection problem. Furthermore, extracting non-linear
quantities such as entanglement adds a second layer of exponential complexity, often
requiring state tomography techniques [97, 98]. As a result, cutting-edge experimen-
tal investigations struggle with scalability [99�101], and sometimes rely on hybrid
approaches that combine hardware data with classical simulations to mitigate re-
source overhead [102, 103].

The work presented in this thesis focuses on expanding the understanding of
monitored many-body systems by addressing key open questions on the nature and
manifestations of MIPTs. A major driving point of this research is the exploration
of the role of integrability [104�109] in entanglement transitions, particularly in rela-
tion to the Gaussian nature of non-interacting fermionic systems [110�119]. In fact,
contrary to generic models, it is now understood that monitored free fermions do not
exhibit any volume-law entangled phase at any �nite measurement rate, and may
instead give rise to a logarithmic phase depending on other symmetries [49, 55�57,
91, 92, 94]. In parallel, we investigate which probes of correlations and quantum
complexity, beyond entanglement, exhibit signatures of measurement-induced criti-
cal behavior, as well as what kinds of novel non-equilibrium phenomena can emerge
when a many-body system undergoes non-unitary dynamics. We further study how
external monitoring a�ects the structure of quantum correlations, potentially giv-
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ing rise to patterns and scalings that are atypical of standard quench dynamics or
ground-state properties. Finally, we analyze the impact of decoherence on MIPTs,
which is of fundamental importance for any experimental implementation.

To explore these directions, we combine analytical tools in exactly-solvable mod-
els and large-scale numerical simulations, employing techniques such as fermionic
Gaussian states, stabilizer (Cli�ord) circuits [120�124], and tensor networks [125�
129]. Beyond the conventional von Neumann entropy for bipartite entanglement,
we focus on di�erent quantum information-theoretic notions, most notablymulti-
partite entanglementand the quantum Fisher information (QFI) [8, 130�135], which
probe the long-range nature of quantum correlations, as well as non-stabilizerness or
magic, quantifying the complexity of states relative to e�ciently-simulable stabilizer
codes. Through this approach, we aim to achieve a well-rounded characterization
of monitored many-body systems. This not only lays the groundwork for future
theoretical developments on dynamical phase transitions and quantum complexity,
but also paves the way to potential practical implementations, as non-unitary evo-
lution realized by measurements o�ers a promising path for enhancing control over
quantum devices.

This thesis is organized as follows. The �rst two chapters provide the neces-
sary background on the main topics addressed in the subsequent sections. In de-
tail, Chapter 1 introduces key concepts of entanglement and complexity inclosed
many-body systems. The aim is to present the main notions, such as entanglement
entropy, stabilizer Rényi entropies (SREs), and Gaussianity, that play a central role
throughout the thesis. At the same time, we establish the behavior of these quanti-
ties under unitary dynamics, setting the stage for understanding how measurements
a�ect their evolution. Chapter 2 then o�ers a general overview of open quantum
systems. Starting from the Kraus operator formalism, we proceed through the Lind-
blad master equation and, eventually, address MIPTs. We review the key results on
monitored dynamics currently established in the literature, thereby clarifying the
context in which the present research develops.

As mentioned previously, one of the central questions of this thesis is understand-
ing how the presence of symmetries due to integrability alters the physics of MIPTs.
To this end, non-interacting fermionic systems provide a powerful framework to in-
vestigate monitored dynamics and benchmark it against generic random circuits.
This allows for the use of analytical tools based on quasiparticle descriptions, and
enables e�cient large-scale numerical simulations that are essential to distinguish
genuine entanglement scaling behavior from �nite-size e�ects. In Chapter 3, we
investigate MIPTs in the paradigmatic quantum Ising chain in a transverse �eld,
implementing a continuous monitoring protocol that preserves the free-fermionic
nature of the dynamics. Moving beyond the conventional study of the entanglement
entropy, we focus on multipartite quantum correlations witnessed by the QFI. We
demonstrate that the QFI not only exhibits a MIPT, but also reveals a richer non-
equilibrium phase diagram compared to that of the entanglement entropy. In detail,
measurements drive a transition between regimes where correlations are short-ranged
and where entanglement extends to long distances.

The main experimental challenge in probing measurement-induced phenomena
lies in the need to reproduce a given quantum trajectory multiple times to access its
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non-linear features. These properties are obscured when observables are averaged
over random measurement outcomes according to the Born rule. This suggests that
decoherence, arising from the mixing of di�erent quantum trajectories, can progres-
sively mask MIPTs. Chapter 4 is dedicated to investigating this problem. Building
on our previous results on the monitored Ising chain, we examine how partial infor-
mation loss of measurement outcomes impacts the critical correlations of the state.
The purpose of this study is twofold: on one hand, it models decoherence in mon-
itored systems, which is essential for any realistic implementation; on the other, it
addresses whether the postselection problem can be mitigated by relaxing the con-
straint of focusing solely on single realizations and allowing for a controlled degree
of trajectory averaging. We �nd that any �nite rate of information loss suppresses
long-range correlations, gradually interpolating toward the Lindblad limit, where no
signature of measurement-induced criticality remains.

In the following Chapter 5, we shift focus to a di�erent setting where given
quantum states, such as quantum Ising ground states, are perturbed by projective
measurements without any form of unitary dynamics. This framework, known as
that of projected ensembles, enables the investigation of how measurements alone
reshape the structure of quantum correlations, possibly giving rise to novel patterns
and e�ects. In particular, we show how this protocol can enhance entanglement by
generating new quantum correlations in atypical random realizations, as well as by
extending their spatial range.

While the most striking manifestation of MIPTs appears in entanglement, other
probes can also exhibit a dynamical transition. One such probe is quantum magic,
quanti�ed by SREs, which measures the classical complexity of tracking a state
using the stabilizer tableau formalism. In condensed matter systems governed by
Hamiltonian evolution, the dynamics of magic is typically trivial, showing a rapid
initial growth followed by volume-law saturation. In Chapter 6, focusing on vari-
ous free-fermionic systems, we show that subtle signatures of measurement-induced
criticality emerge in the subleadingscaling behavior of magic. Speci�cally, while
the SREs retain their linear scaling with system size for all measurement rates, we
observe a logarithmic correction that vanishes beyond a critical monitoring strength.
These results highlight that external monitoring in�uences quantum dynamics be-
yond entanglement, impacting broader notions of many-body complexity.

So far, we have focused on Gaussian dynamics generated by free-fermionic Hamil-
tonians, which cannot induce interactions. As mentioned, this constraint alters dra-
matically the phenomenology of MIPTs, notably by preventing the emergence of a
volume-law phase for the entanglement entropy. In the next chapters, we move be-
yond this paradigm by considering circuit and Hamiltonian models that incorporate
non-Gaussian resources.

To explore the gradual crossover from free- to interacting fermionic behavior,
Chapter 7 investigates how the entanglement structure generated by random cir-
cuits composed of Gaussian two-qubit unitaries changes upon the insertion of non-
Gaussian gates, both with and without measurements. To keep the problem analyti-
cally and numerically tractable, we restrict to the class of stabilizer circuits, focusing
on Cli�ord-Gaussian circuits doped with Cli�ord but non-Gaussian resources. We
�nd that several features unique to Gaussian dynamics, such as di�usive entangle-
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ment growth and the presence of a measurement-induced logarithmic phase, evolve
as non-Gaussianity increases, progressively giving way to generic many-body behav-
ior. Our results, supported by large-scale numerics and analytical insights from a
mapping to a classical model, highlight the crucial role of fermionic interactions in
enabling complex entanglement patterns unattainable through Gaussian dynamics
alone.

In Chapter 8, we address the broad problem of non-stabilizerness dynamics in
random quantum circuits. This is a notoriously challenging task due to the lack of
e�cient numerical tools for studying circuits beyond the Cli�ord group. To address
this, we propose a classical algorithm that signi�cantly simpli�es the framework by
enabling the calculation of magic measures without explicitly simulating the time
evolution of quantum states, which is often the main computational bottleneck.
This is achieved by iteratively restructuring the circuit geometry and gradually
mapping it to an equivalent Cli�ord representation, where the entire magic dynamics
is captured by a renormalization �ow of an e�ective initial state. As a result, we
unlock the study of SREs across a broad class of unitary and monitored settings at
unprecedented system sizes. Leveraging this formalism, we investigate how magic
stored in an initial state decays under monitored Cli�ord dynamics, revealing a
dynamical puri�cation transition controlled by the measurement rate.

In monitored many-body systems, the randomness introduced by measurements
typically erases memory of initial conditions, driving the dynamics toward station-
ary regimes that retain no dependence (apart from global symmetries) on the start-
ing state. To some extent, this e�ect is also present in purely unitary dynamics,
where quantum information scrambling [136�139] leads to local thermalization. A
natural question is how measurements a�ectnon-ergodicsystems [140�144], which
inherently preserve memory of their starting conditions and evade thermalization
at late times. Chapter 9 is dedicated to addressing this problem in the paradig-
matic PXP model [145�152], a minimal description of Rydberg atom arrays that
hosts many-body quantum scars. For particular initial states, the PXP dynamics
exhibits anomalously long-lived oscillations of observables and revivals in state �-
delity. Remarkably, measurements give rise to a dual phenomenology: when applied
randomly in time, they restore equilibration, signaling a loss of memory; in contrast,
when measurements are synchronized with the periodicity of the unitary dynamics,
they enhance non-ergodic behavior, reinforcing the athermal character of the evo-
lution. This not only shows that quantum scars interact with measurements in a
highly non-trivial way, but also demonstrates that a time-structured monitoring can
actively support coherent many-body behavior.

The physics of monitored many-body systems is remarkably rich, yet remains
challenging to fully characterize, leaving several open questions. To conclude, Chap-
ter 10 outlines promising directions for future investigations building upon the
present research.
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Chapter 1

Entanglement and many-body complexity

This chapter introduces the foundational concepts of entanglement and quantum
complexity that form the basis for the analysis of measurement-induced criticality
throughout this thesis. The discussion serves two main purposes. First, we review
the most commonly used measures of entanglement and their behavior in closed
quantum systems, both in and out of equilibrium, establishing the standard scal-
ing laws (such as area, logarithmic, and volume laws for the entanglement entropy)
typically encountered in condensed matter settings. This provides a benchmark
for comparison with monitored dynamics. Second, we present two key formalisms
employed in this thesis: fermionic Gaussian states and Cli�ord circuits. These
frameworks enable e�cient numerical simulations of many-body systems, used ex-
tensively throughout this work. Moreover, these paradigms naturally de�ne notions
of quantum complexity based on their inability to represent generic quantum states,
thereby distinguishing between �easy� and genuinely complex states.

1.1 Entanglement in many-body systems

Entanglement [8, 9] is a cornerstone of quantum physics, encapsulating the notion
that particles can exist in quantum correlated states. At its core, it re�ects the
impossibility of fully describing each constituent of a system individually without
accounting for the presence of the others, no matter the way (i.e., the basis) we look
at it. This intrinsic feature gives rise to many uniquely quantum phenomena, from
teleportation [28, 153] to superconductivity [154], that have no analogue in classical
physics.

In recent years, signi�cant emphasis has been placed on developing tools to quan-
tify entanglement. These e�orts, typically rooted in quantum resource theory [155,
156], have lead to the discovery of a variety of entanglement measures and witnesses.
From the perspective of quantum information, entanglement is viewed as a funda-
mental property that can be harnessed to implement speci�c tasks, for instance in
quantum computation. Beyond this, di�erent entanglement measures, most notably
the entropy, are now routinely used in condensed matter and statistical physics to
detect phases of matter [26, 70], topological order [157�159], and dynamical behav-
ior [23, 72, 160�162].

The existence of entanglement was �rst demonstrated decades ago in a ground-
breaking experiment con�rming the violation of the Bell inequalities [163]. Today,
advances in quantum control allow for its direct experimental quanti�cation using
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techniques such as quantum state tomography [97], classical shadows [98], or replica
interference methods [164, 165]. Entangled states can now be prepared reliably
across a range of platforms, and they play a central role in quantum metrology [166,
167], where they enhance the precision of parameter estimation protocols.

This section introduces three central entanglement measures that will appear
throughout the thesis: the entanglement entropy, the quantum Fisher information
(QFI), and the entanglement negativity. We also summarize their characteristic be-
havior in various standard states, which are now well established in both equilibrium
and dynamical settings.

1.1.1 Entanglement entropy

Entanglement can be characterized as the distribution of quantum information over
many degrees of freedom, in the sense that certain nonlocal correlations are lost
when a state is observed only locally. To illustrate this, consider a bipartite quantum
system composed of two parties,A and B, with associated Hilbert spacesH A and
H B , respectively. Any pure statej A;B i of the composite Hilbert spaceH A;B =
H A 
 H B can be expanded as

j A;B i =
DX

j =1

� j

�
�
� ' A

j

E



�
�
� ' B

j

E
; (1.1)

known as theSchmidt decomposition. Here, � j 2 (0; 1] are the Schmidt coe�cients,
whose number is bounded byD � minf dim(H A ); dim(H B )g, and they satisfy the
normalization condition

P
j � 2

j = 1. The setsf
�
�
� ' A

j

E
g and f

�
�
� ' B

j

E
g form orthonormal

bases belonging toH A and H B , respectively. The local properties of subsystemA
are fully encoded in the reduced density matrix

�̂ A = Tr B j A;B i h A;B j =
DX

j =1

� 2
j

�
�
� ' A

j

E D
' A

j

�
�
� ; (1.2)

obtained by tracing out the degrees of freedom ofB . For any D > 1, this is a
mixed state: subsystemA contains contributions form di�erent pure states

�
�
� ' A

j

E
,

weighted by probabilities� 2
j , and thus �̂ A does not correspond to any single state in

H A . This degree of uncertainty re�ects the presence of entanglement: tracing over
subsystemB misses nonlocal correlations betweenA and B, preventing a complete
deterministic description ofA alone. In contrast, whenD = 1 the state reduces to
the separable formj A;B i = j' A i 
 j ' B i , and no entanglement is shared between
the parties.

Bipartite entanglement can thus be quanti�ed based on how much information is
lost when part of the system is traced out, or equivalently how mixed the resulting
reduced density matrix becomes. This is captured by the Rényi entropies

S(n)
A = �

1
1 � n

log (Tr �̂ n
A ) ; (1.3)

with n > 1. Taking the limit of n ! 1, this expression reduces to the well-known
entanglement entropy [9]

SA = � Tr( �̂ A log �̂ A ); (1.4)
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de�ned as the von Neumann entropy of̂� A . It can be easily shown that the entangle-
ment entropy is a property of the bipartition, and thus satis�esSA = SB . Moreover,
for pure statesSA meets all the criteria to qualify as a proper measure of entan-
glement, as established by quantum resource theory [155, 156]. First, it vanishes if
and only if the state is separable, and it is strictly positive otherwise. Second, it
is monotonic under local operations and classical communication (LOCC), meaning
that such transformations cannot increase entanglement. Beyond these essential
features, it also possesses other desirable properties, including convexity, additivity,
and continuity.

For a many-body system ofL components, such as spins or lattice sites, the
entanglement entropy can be used to measure the bipartite quantum correlations
between a subsystemA � f 1; : : : ; Lg (usually corresponding to a compact region)
and its complementary. As discussed later, analyzing the scaling behavior ofSA as
a function of the subsystem sizejAj is a powerful tool to characterize distinct phases
of matter, both in ground states and in monitored dynamics. The main limitation of
the entanglement entropy is that it does not provide a reliable measure of quantum
correlations for mixed states. Indeed, if the composite system is described by a mixed
density matrix �̂ A;B , the reduced density matrix�̂ A can be mixed even in the absence
of entanglement, simply because the global state is not pure. As a consequence,SA

cannot be used to quantify bipartite correlations between two subsystemsA and B
that do not span the entire system. This problem can be addressed using alternative
quantities, such as the mutual information [8, 168], whose de�nition is based on
the entropy, or the entanglement negativity [8, 169�171] discussed in the following
subsection.

Besides its operational use, entanglement can be regarded as a �rst notion of
quantum complexity. While separable states are fully speci�ed byO(L) parameters
(e.g., the angles on the Bloch sphere for spin-1=2 qubits), highly-entangled states
generally need storing the full wavefunction, which contains a number of ampli-
tudes exponentially large inL. This concept is central to matrix product states
(MPSs) [127�129], which represent entangled states using tensors whose sizes are
controlled by the bond dimension� . In general, higher entanglement implies a
larger � 1, and thus requires bigger tensors to store a state faithfully. This induces a
natural distinction between �easy� states, which can be stored e�ciently as MPSs,
and genuinely complex ones, for which classical simulation becomes infeasible.

1.1.2 Entanglement negativity

Another important measure of entanglement is given by the negativity [8, 9, 169�
171], which can be applied to mixed states as well. First, let us generalize the notion
of separability to mixed state. Given a composite system of two partiesA and B, a
state is de�ned to be separable if its density matrix can be written as

�̂ sep
A;B =

X

j

pj �̂ A;j 
 �̂ B;j ; (1.5)

1Speci�cally, � is controlled by the number of non-zero (or non-negligible) Schmidt coe�cients
� j .
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where �̂ A;j and �̂ B;j are proper density matrices (not necessarily pure) for the cor-
responding subsystems. Let us introduce two basesf

�
�
� ' A

j

E
g and f

�
�
� ' B

j

E
g of H A and

H B , respectively. Given a generic density matrix expanded as

�̂ A;B =
X

i;j;m;n

� i;j ;m;n

�
�
� ' A

i

E D
' A

j

�
�
� 


�
�
� ' B

m

E D
' B

n

�
�
� ; (1.6)

we de�ne its partial transpose as

�̂ TA
A;B =

X

i;j;m;n

� i;j ;m;n

�
�
� ' A

i

E D
' A

j

�
�
� 


� �
�
� ' B

m

E D
' B

n

�
�
�
� T

=
X

i;j;m;n

� j;i ;m;n

�
�
� ' A

i

E D
' A

j

�
�
� 


�
�
� ' B

m

E D
' B

n

�
�
� ;

(1.7)
where the transposition is taken only with respect to basis elements ofA. This
notion can be used to de�ne mixed-state entanglement based on thePeres-Horodecki
criterion [172], stating that the partial transpose of any separablê� sep

A;B has non-
negative spectrum. In other words, �nding that �̂ TA

A;B has one or more negative
eigenvalue is a su�cient condition for the presence of bipartite entanglement.

This criterion enables the quanti�cation of entanglement based on the extent
to which the eigenvalues of the partial transpose become negative. We de�ne the
logarithmic entanglement negativity as

EA = log jj �̂ TA
A;B jj = log

0

@
X

j

j� j j

1

A ; (1.8)

where jj � jj denotes the trace norm, and� j are the eigenvalues of̂� TA
A;B . As for the

entropy, EA = EB . For separable states, all� j are non-negative, and the logarithmic
negativity vanishes due to the trace condition

P
j � j = 1. In contrast, if one or

more eigenvalue is negative the same constraint implies
P

j j� j j > 1, resulting in
non-zero entanglement. It is important to note that the Peres-Horodecki criterion
provides only a su�cient condition for entanglement, not a necessary one. In general,
there exist non-separable states whose partial transposes have non-negative spectra,
leading to a vanishing logarithmic negativity. This is possible becauseEA speci�cally
capturesdistil lable entanglement [9, 173], which refers to the possibility to extract
maximally entangled states from multiple copies of the original one through LOCC.
Despite this, the logarithmic negativity remains a valid entanglement measure within
quantum resource theory, o�ering a complementary characterization to that of the
entanglement entropy.

Physically, the Peres-Horodecki criterion can be interpreted by viewing transpo-
sition as the operation corresponding to time reversal. For separable states, applying
time reversal to only part of the system still yields a valid state, and thuŝ� TA

A;B must
have a non-negative spectrum. In contrast, where the two subsystem are entangled
the partial transpose may be unphysical, as signaled by negative eigenvalues. Fol-
lowing this interpretation, the de�nition of Eq. (1.8) applies to bosonic and spin
systems, but it is inadequate for fermions due to their anticommutative nature.
This lead to the introduction of the twisted partial transpose �̂

~TA
A;B , based on the

notion of fermionic time reversal, and of the fermionic logarithmic negativity [174�
178] NA = log jj �̂

~TA
A;B jj . We will discuss this quantity properly in Sec. 1.2.3 after

introducing the framework of fermionic systems.
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Figure 1.1: Cartoon illustrating the notion of k-producibility. Individual particles,
denoted by spheres, are connected by arcs that represent quantum correlations.
This is an example of a5-producible state, as it can be factorized in clusters whose
maximum size is5.

1.1.3 Quantum Fisher information

So far we have addressed the problem ofhow strongbipartite entanglement is. A
di�erent way of characterizing quantum correlations poses instead the di�erent ques-
tion of how many constituents of a many-body system are entangled with each
other. This point of view leads to the notion of multipartite entanglement[8, 9,
130�135]. Given a system ofL elementary components, we de�ne ak-producible
state j i 2 H if it can be written as j k-prod i = 
 M

j =1

�
�
� (n j )

j

E
, where

�
�
� (n j )

j

E
denotes

a state of nj � k parties, and
P M

j =1 nj = L. Essentially, this state is separable in
clusters of particles whose sizesnj do not exceedk, as schematized in the cartoon
of Fig. 1.1. From this de�nition, product states are1-producible. Finally, a state
is said to bek-partite entangled if it is k-producible but not (k � 1)-producible,
i.e., the size of the largest irreducible cluster is equal tok. The number k mea-
sures how widespread quantum correlations are, quantifying the minimum number
of simultaneously entangled elements. The notion of multipartite entanglement is
straightforwardly extended to mixed state, de�ning ak-producible density matrix
as �̂ k� prod =

P
j pj

�
�
� k j -prod

E D
 k j -prod

�
�
� with kj � k.

The previous de�nition of multipartite entanglement is impractical to calculate,
as it requires to �nd the optimal basis representation of a state that highlights the
true value of k. The QFI is a probe sensitive to multipartite quantum correlations
that can also be evaluated explicitly in many-body settings. Given a density matrix,
let �̂ =

P
j � j j j i h j j be its diagonal representation in terms of its eigenvalues� j
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and eigenstatesj j i . For any arbitrary Hermitian operator Ô, we de�ne the QFI of
�̂ as

FQ[�̂ ; Ô] = 2
X

i;j

(� i � � j )2

� i + � j

�
�
�h i j Ô j j i

�
�
�
2

; (1.9)

where the sum runs only over indices such that� i + � j > 0. Remarkably, Eq. (1.9)
simpli�es drastically for pure states, in which case

FQ[j i h j ; Ô] = 4Var[ Ô] = 4
�
h j Ô2 j i � h  j Ô j i 2

�
: (1.10)

The connection between the QFI and multipartite entanglement is established
by the following criterion, proposed independently by Refs. [131, 132]. For spin1=2
systems, consider the family of local operators

Ô[f n j g] =
1
2

X

j

n j � �̂ j ; (1.11)

where �̂ j = ( �̂ x
j ; �̂ y

j ; �̂ z
j ) is the array of Pauli operators, andn j = ( nx ; ny; nz) are

unit vectors satisfying jjn j jj = 1. When evaluated with respect to these operators,
the QFI of a k-producible state is bounded by

FQ

h
�̂ k� prod ; Ô[f n j g]

i
� sk2 + r 2; (1.12)

wheres = bL=kc is the integer part of L=k, and r = L � sk is its remainder. This
bound enables the estimation of multipartite entanglement: any violation of the
inequality implies that the state is not k-producible, making it at least (k + 1) -
partite entangled. Equation (1.12) assumes a simpli�ed form whenk is a divider of
L, in which case it reduces to

f Q

h
�̂ k� prod ; Ô[f n j g]

i
=

1
L

FQ

h
�̂ k� prod ; Ô[f n j g]

i
� k: (1.13)

Hence, the QFI densityf Q serves as a probe of multipartite quantum correlations,
as its value provides a direct estimate of how broadly quantum correlations ex-
tend across the system. Nevertheless, the QFI is only awitness of entanglement
rather than a proper measure: the inequality only sets a lower bound on the degree
multipartiteness, which could be higher than the value suggested by the previous
criterion.

The inequality of Eq. (1.12) holds for any operator in the form of Eq. (1.11). As
a consequence, di�erent choices of̂O[f n j g] provide inequivalent estimates of multi-
partite entanglement. One can obtain the strictest possible bound by maximizing
the QFI over the family of operators, i.e., over the unit vectorsn j . In many practical
situations, the state of interest may translational or even permutational invariance,
which simpli�es the task by assuming that the optimalÔ[f n j g] that maximizes the
QFI mirrors the symmetry of the system. This possibly enables analytic estimates of
multipartite entanglement. In general, disordered cases, however, the optimization
must be carried out numerically. For pure states, the QFI density reduces to the
simple form

f Q

h
j i h j ; Ô[f n j g]

i
=

X

�;� = x;y;z

X

i;j

n�
i C �;�

i;j n�
j ; (1.14)
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where
C �;�

i;j = h j �̂ �
i �̂ �

j j i � h  j �̂ �
i j i h j �̂ �

j j i (1.15)

are connected spin-spin correlators. Equation (1.14) is a quadratic functional of
the vector variablesn j , which can be maximized using heuristic algorithms such as
simulated annealing [179, 180]. In many cases,f Q exhibits multiple local maxima
that lie close to the global one, complicating the optimization process. However,
obtaining the true maximum is not strictly necessary, as near-optimal local maxima
yield similar estimates of multipartite entanglement.

The QFI plays a central role in quantum metrology [166, 167], which addresses
the problem of estimating a phase parameter� from an evolved state of the form
�̂ � = e� i Ĥ� �̂ 0ei Ĥ� . In this setting, the variance (� � )2 of any estimator is lower
bounded by the quantum Cramér-Rao bound

(� � )2 �
1

MF Q[�̂ � ; Ĥ ]
; (1.16)

where M is the number of independent repetitions of the experiment. For opera-
tors Ĥ in the form of Eq. (1.11), it can be easily shown that separable states have
FQ[�̂ sep; Ĥ ] � L . In contrast, multipartite entangled states can show a di�erent
scaling, in general bounded byFQ[�̂ ; Ĥ ] � L2: this allows to push the quantum
Cramér-Rao bound to much smaller values, thus indicating that multipartite entan-
glement enables greater precision in metrological applications.

In condensed matter settings, trulyk-producible states as de�ned above are
never encountered. In both equilibrium ground states and dynamical contexts, weak
correlations are almost always present, making it unrealistic to expect the system
to factorize exactly into independent clusters. This renders the formal notion of
k-producibility impractical. In contrast, the QFI o�ers a physically meaningful
characterization of multipartiteness, as it accounts not only for the mathematical
structure of the state, but also for the strength of correlations. In practice,FQ

is rarely maximal, even when the truek is. In this sense, the QFI witnesses the
metrologically-usefulmultipartite entanglement that can be harnessed in quantum
phase estimation. As discussed later, this quantity successfully distinguishes short-
and long-range correlations, thus proving its practical utility.

1.1.4 Entanglement in many-body eigenstates

The entanglement measures introduced so far exhibit particular scaling behaviors
in eigenstates of typical many-body Hamiltonians. For example, the entanglement
entropy features the well-known area-, logarithmic, and volume-law scaling forms,
which can be used to distinguish di�erent phases and regimes. Under the assump-
tion that the Hamiltonian is ergodic and contains only local interactions, Table 1.1
summarizes the conventional entanglement scalings observed in 1D systems [26, 70,
71, 167, 171]. Here we consider a compact subsystemA of size jAj � L=2 for
both SA and EA (for the negativity, the complementary subsystem is the rest of
the system). These results follow from both numerical simulations and analytic re-
sults from exactly-solvable models. The entanglement entropy and the logarithmic
negativity are usually similar and exhibit equal scaling behavior. In ground states,
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they are always subextensive, but their speci�c behavior depends on the range of
quantum correlations. For gapped (i.e., o�-critical) Hamiltonians, correlation func-
tions decay exponentially beyond a �nite characteristic lengthscale, resulting in an
area law 2 for bipartite entanglement. This fundamental result has been proved
rigorously by Hastings in Ref. [126]. In this case, the QFI can only be extensive,
resulting in an intensive multipartiteness of entanglement witnessed byf Q. In con-
trast, critical states with algebraic correlations exhibit the anomalous logarithmic
growth SA = c=3 logjAj (assuming closed boundary conditions), where the prefactor
c is the central charge of the associated conformal �eld theory. Such correlations
can give rise to a superextensive scaling ofFQ with L, which signals long-range
multipartiteness scaling as a power-lawf Q � L � .

State SA EA f Q

Gapped ground state const: (area law) const: const:
Critical ground state logjAj (logarithmic law) logjAj L �

Bulk excited state jAj (volume law) jAj const:

Table 1.1: Typical entanglement behavior in many-body eigenstates of generic 1D
Hamiltonians, under the assumptions of local interactions and ergodicity.

High-energy eigenstates lying in the bulk of the spectrum exhibit very di�erent
behavior. First, they manifest strong bipartite entanglement given by the volume
law SA � j Aj. In quantum chaotic systems, it is now well-understood that the entan-
glement entropy of these states corresponds to a microcanonical thermodynamic en-
tropy, as established by the Eigenstate Thermalization Hypothesis (ETH). Not only
this explains the extensive scaling, but also establishes a direct connection between
thermalization and scrambling of quantum information. Regarding multipartite en-
tanglement, highly-excited states usually feature short-ranged correlation functions,
resulting in an intensive QFI density. Having volume-law bipartite entanglement
but low multipartiteness may seem paradoxical, but it is actually fully reasonable:
in these states, quantum information is completely delocalized and accessible only
through non-local, many-point correlation functions; in contrast, few-body correla-
tions are typically weak.

In higher dimension, the previous paradigms of area and volume laws are still
conjectured to hold quite generally, but both numerical tools and analytic methods
are limited. In detail, assuming a subsystemA of sizejAj � Ld in d dimensions, the
area-law behavior of gapped ground states corresponds to a scalingSA � j @Aj �
Ld� 1, where@Ais the boundary ofA. In contrast, the volume law becomesSA �
Ld. For critical states, one expects an area law with a logarithmic correction, i.e.,
SA � Ld� 1 logL.

There exist several examples of models that elude the previous paradigm. A �rst
example is non-ergodic Hamiltonians [23�25, 140�144], which violate ETH through
mechanisms such as localization or quantum scars. In disordered systems, localiza-
tion prevents the scrambling of quantum information, resulting in excited eigenstates

2This nomenclature comes from the fact that the area enclosingA consists of isolated points,
and thus it does not scale with the subsystem size.
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with area-law entanglement entropy [26]. Quantum scars are instead special non-
ergodic states found in models that are otherwise chaotic, and they exhibit either
area-law or logarithmic scaling ofSA [145�152]. Another violation of Table 1.1
occurs in presence of long-range Hamiltonian interactions, such as in the Sachdev-
Ye-Kitaev model [181, 182]. In these cases, strong bipartite correlations may be
present even in the ground state, giving rise to a volume law [183].

1.1.5 Dynamics of entanglement

The unitary time evolution of quantum many-body systems typically induces a spa-
tial spread of quantum correlations, resulting in entanglement growth [26, 72, 108,
160, 161]. A standard framework to investigate this phenomenon is thequench dy-
namics [104, 184�187] protocol, where the system is initially prepared in a separable
state j 0i and evolved in time under a HamiltonianĤ to j t i = e� i Ĥt j 0i . In models
with local interactions and ergodic dynamics, bipartite entanglement builds up lin-
early in time, showing a ballistic growthSA (t) � t until it saturates to a volume-law
scalingSA � j Aj. This behavior re�ects the delocalized nature of quantum informa-
tion in time-evolved states: at large times, the unitary operatore� i Ĥt implements
a highly non-local transformation that entangles locally-de�ned degrees of freedom
across the entire system. The symmetries of̂H play a role in this process, typically
a�ecting the prefactor of the saturation value.

In integrable systems, the linear growth of the entanglement entropy in time
is understood analytically in terms of the celebratedquasiparticle picture [161].
Within this framework, the initial state j 0i acts as a uniform source of entangled
pairs of quasiparticle excitations, which spread ballistically through the system with
opposite momenta. Each couple shared between regionsA and B contributes O(1)
to the total entanglement entropy, leading to the growthSA (t) � t and the eventual
volume-law saturation. This formalism, now developed into the broader framework
of generalized hydrodynamics [105, 107, 109], successfully captures several aspects
of out-of-equilibrium dynamics in integrable systems, including transport and local
equilibration to generalized Gibbs ensembles [11, 106, 186, 188].

In parallel to quantum quenches, analogous entanglement behavior is observed in
random quantum circuits [50, 72, 189�191]. These provide a simpli�ed description
of generic many-body dynamics by digitizing the time evolution into sequences of
local gates, as shown in Fig. 1.2. This approach o�ers the key advantage of enabling
analytical calculations using random matrix theory (RMT) [192]. In the case of
2-qubit Haar-random gates, a �rst qualitative technique to estimate entanglement
growth is given by the minimal cut method [50, 72], which does not even require
RMT. Starting from the bipartition point between subsystemsA and B at the �nal
layer of the circuit, one considers all possible paths reaching the initial layer while
avoiding the �blocks� corresponding to local unitaries. These paths are referred to
as cuts, as they divide the circuit into two parts, and each of them intersects a
number ncut of gate legs. De�ningnmin � cut as the minimal ncut over all cuts, one
can show that the Rényi entropies satisfy the bound

Sn � nmin-cut logq; (1.17)
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Figure 1.2: Illustration of the minimal cut method in random quantum circuits. (a)
Given a circuit with brickwall structure, the minimal cut is given by the red path.
(b) Sketch of the typical average entanglement entropy growth in random quantum
circuits. After an initial ramp of extensive duration t � � j Aj, SA saturates to a
volume law.

whereq is the local Hilbert space dimension. In brickwall circuits, the optimal path
proceeds directly toward the boundary (see Fig. 1.2), leading to a linear growth
nmin-cut � t with the number of layers t. In �nite-size systems, the cut eventually
reaches the boundary is reached for su�ciently deep circuits, and can then continue
to the start without crossing any other leg. This impliesnmin-cut = min fj Aj; jB jg.
While only upper bounds, these results reproduce the ballistic growth and volume-
law saturation observed in random quantum circuits. Remarkably, this argument
can be made rigorous using RMT, yielding the exact result

S(2)
A (t) = nmin-cut log

 
2q

q2 + 1

!

(1.18)

for the second Rényi entropy, valid in the regimet � L .
Regarding multipartite entanglement, the QFI densityf Q typically saturates to

an intensive value after a quantum quench, indicating short-range correlations [193].
The explanation is similar to that for highly-excited Hamiltonian eigenstates: after
a long time evolution, the system typically develops a �nite correlation length, and
multipartiteness thus remains low despite the presence of strong bipartite entangle-
ment.

The standard picture of ballistic growth followed by volume-law saturation can
break down in models featuring non-ergodicity, long-range interactions, or special
symmetries. For instance, Anderson and many-body localized models typically ex-
hibit much slower entanglement entropy growth after a quench [25, 26, 194], often
logarithmic in time, and can thus take exponentially long to relax. On the other
hand, long-range models can build up entanglement much more rapidly, potentially
reaching the volume-law regime in an intensive timet � = O(1). Finally, symmetries
play key roles in entanglement dynamics and can sometimes slow down its growth.
For example, in random circuits composed of fermionic Gaussian gates, also known
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asmatchgates, the entropy exhibits a peculiar di�usive growthSA (t) �
p

t [72, 195],
and saturates to an extensive value after a time scaling ast � � j Aj2.

1.2 Fermionic Gaussian states and non-Gaussian
resources

Free-fermionic systems [110�115] are ubiquitous in quantum many-body physics. In
condensed matter theory, they provide the simplest microscopic description of met-
als, and constitute one of the main pillars of standard perturbative approaches in the
presence of weak interactions. Despite their relative simplicity, free fermions provide
the foundational basis for understanding a wide range of many-body phenomena,
including s-wave superconductivity [154], localization [22], topological e�ects [157],
and quantum phase transitions [21, 117].

The de�ning feature of non-interacting fermions is the Gaussian structure of
their quantum correlations. Speci�cally, free-fermionic states obey Wick's theorem,
meaning that all higher-order correlators can be expressed in terms of two-point
functions. As a result, Gaussian states are completely characterized by their cor-
relation matrices [116, 117]. This property makes free systems e�ciently simulable
on classical computers and enables the analytic solvability of a broad class of mod-
els. These techniques are not only relevant to condensed matter theory but also to
quantum statistical physics, as paradigmatic 1D spin models, such as the quantum
Ising chain, can be mapped to non-interacting fermions. As a key application, this
formalism enables the e�cient computation of entanglement measures, and played
a crucial role in establishing many of the typical entanglement features discussed in
the previous section.

Importantly, e�ciently simulable free-fermionic states can exhibit large entan-
glement entropy. This underscores that entanglement alone is not a su�cient mea-
sure of genuine quantum complexity, as its presence does not automatically imply
classical intractability. A complementary notion of complexity is provided by non-
Gaussianity [155, 196, 197], which quanti�es how much the correlation structure of
a state deviates from that of a non-interacting system satisfying Wick's theorem.
Non-Gaussianity thus captures the di�culty of representing a generic state within
the fermionic Gaussian formalism, and serves as a meaningful indicator of classical
hardness.

In this section, we introduce the formalism of fermionic Gaussian states, which
will be employed extensively in the thesis. We begin with the Jordan-Wigner map-
ping from spin chains to free-fermionic models, and then we review the standard
techniques for studying ground-state and dynamical properties. Finally, we discuss
non-Gaussianity as a measure of complexity and its key role in enabling universal
quantum computation. A thorough discussion on the topics covered can be found,
for instance, in Refs. [116, 117].

11



1.2.1 Jordan-Wigner transformation

A remarkable result in quantum many-body physics is the Jordan-Wigner transfor-
mation, which establishes a one-to-one correspondence between spin1=2 degrees of
freedom and fermionic operators. This mapping enables the exact solution of fun-
damental models of statistical physics, including the quantum Ising and XY chains.
Below, we outline the main aspects of the Jordan-Wigner transformation and its
applications.

Consider a system ofL spin 1=2 variables and the associated Pauli operators
�̂ �

j , with � = x; y; z. For each local Hilbert space, let us introduce the standard
computational basis statesfj" j i ; j#j ig , de�ned as the eigenstates of̂� z

j . We may
interpret j" j i � j 0j i as a local vacuum state, andj#j i � j 1j i as a state hosting an
excitation. Since each site is either empty or occupied, this perspective resembles the
behavior of fermionic particles, as no more than one can occupy the same position
at once due to the exclusion principle. To connect spin and fermionic degrees of
freedom, consider the raising and lowering operators

�̂ �
j =

�̂ x
j � i �̂ y

j

2
; (1.19)

that act as �̂ +
j j#j i = j" j i , �̂ �

j j" j i = j#j i . These behave analogously to fermionic
creation and annihilation operatorŝcy

j ; ĉj . A proper relation is established by de�ning

�̂ +
j = ei�

P
i<j

n̂ i ĉj ; (1.20a)

�̂ �
j = ei�

P
i<j

n̂ i ĉy
j ; (1.20b)

where n̂j = ĉy
j ĉj are fermionic occupation number operators. The phase operators

ei�
P

i<j
n̂ i appearing in Eq. (1.20) are known as Jordan-Wigner strings, and they are

fundamental to reproduce the correct fermionic algebra. Their necessity is due to
the fact that spin operators on di�erent site commute, whereas fermionic operators
must anticommute, as

h
�̂ +

i ; �̂ �
j

i
= 0;

n
ĉi ; ĉy

j

o
= 0 for i 6= j: (1.21)

The Jordan-Wigner string counts the number of sign �ips required before raising or
lowering the state, thereby enforcing the correct fermionic anticommutation relations
at the cost of non-locality. Finally, Eq. (1.20) can be equivalently formulated in terms
of Pauli operators, yielding

�̂ x
j = ei�

P
i<j

n̂ i (ĉy
j + ĉj ); (1.22a)

�̂ y
j = iei�

P
i<j

n̂ i (ĉy
j � ĉj ); (1.22b)

�̂ z
j = 1 � 2n̂j : (1.22c)

The Jordan-Wigner transformation can be used to map certain 1D spin models
into quadratic fermionic Hamiltonians, which are thus non-interacting. Relevant
examples that allow this take the form of XY chains of type

Ĥ = �
LX

j =1

�
J x

j �̂ x
j �̂ x

j +1 + J y
j �̂ y

j �̂ y
j +1 + hj �̂ z

j

�
; (1.23)
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which play crucial roles in the theory of quantum phase transitions. Indeed, after
applying Eq. (1.22) this Hamiltonian reduces to

Ĥ = �
L � 1X

j =1

h
(J x

j + J y
j )ĉy

j ĉj +1 + ( J x
j � J y

j )ĉy
j ĉ

y
j +1 + h :c:

i
+

LX

j =1

hj (2n̂j � 1)

+ ei� N̂
h
(J x

L + J y
L )ĉy

L ĉL +1 + ( J x
L � J y

L )ĉy
L ĉy

L +1 + h :c:
i

;

(1.24)

assuming periodic boundary conditionŝ� �
L +1 � �̂ �

1 . The boundary term on the
second line of Eq. (1.24) contains the Jordan-Wigner stringei� N̂ , whereN̂ =

P L
j =1 n̂j

is the total number of fermions. In general, fermionic Hamiltonians always enjoy the
Z2 parity symmetry

h
Ĥ; ei� N̂

i
= 0. As a consequence, it is always possible to �x the

parity sector to be even or odd by settingei� N̂ = 1 or ei� N̂ = � 1, respectively. In
both cases Eq. (1.24) is bilinear in the fermionic operators, and can thus be solved
analytically through explicit diagonalization (see the next subsection).

As a key example, forJ x
j = 1, J y

j = 0, and hj = h Eq. (1.23) reduces to the
paradigmatic quantum Ising chain in transverse �eld

Ĥ Ising = �
X

j

(�̂ x
j �̂ x

j +1 ) + h
X

j

�̂ z
j ; (1.25)

whose behavior under external monitoring will be discussed in detail in future chap-
ters. Its fermionic counterpart obtained through the Jordan-Wigner transformation
is the Kitaev chain

ĤKitaev = �
X

j

(ĉy
j ĉj +1 + ĉy

j ĉ
y
j +1 + h :c:) + h

X

j

(2n̂j � 1); (1.26)

with periodic or antiperiodic boundary conditions for the odd and even parity sec-
tors, respectively. This model is of central interest in condensed matter theory
and quantum information, as it provides a minimal description of topological edge
modes.

A crucial aspect of the Jordan-Wigner transformation is that̂� z
j corresponds to

a quadratic number operatorn̂j , as seen from Eq. (1.22c). As a consequence, terms
like �̂ z

j �̂ z
j +1 map to quartic fermionic forms. These couplings break the Gaussian

structure of the theory, making the model no longer solvable exactly.
Another limitation of this technique is its restriction to 1D systems. The mapping

relies on a linear ordering of sites to de�ne the Jordan-Wigner strings in Eq. (1.20).
In 1D, this sorting is natural, as it follows the indexing of lattice sites. When taking
the product of two operators like�̂ x

j and �̂ x
j +1 , their Jordan-Wigner strings cancel

out because they are contiguous on the chain. Ind > 1 dimensions, however, this
simpli�cation can be applied to only 1 of the d lattice directions: as a result, some
interactions inevitably retain non-trivial Jordan-Wigner strings, thus preventing a
general mapping to a quadratic fermionic Hamiltonian.

1.2.2 Formalism of Gaussian states

Free-fermionic states form a special subset of the Hilbert space characterized by hav-
ing correlation functions with a factorizable structure according to Wick's theorem.
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Mathematically, they are represented by density matrices that have a Gaussian form
of type

�̂ =
1
Z

e�
P 2L

�;� =1
 ̂ y

� K �;�  ̂ � ; (1.27)

where ̂ =
�
ĉ1; : : : ; ĉL ; ĉy

1; : : : ; ĉy
L

�
and Z is a normalization coe�cient. As discussed

below, the eigenstates of any quadratic Hamiltonian̂H are in the form of Eq. (1.27),
and the time-evolution operatore� i Ĥt preserves Gaussianity throughout the dynam-
ics.

The matrix appearing in the exponential can always be parameterized as

K =

 
A B

� B T � AT

!

; (1.28)

whereA = Ay and B = � B y areL � L matrices. Assuming this particular structure,
it is possible to expressK in terms of the covariance matrix

G�:� = Tr
�
�̂  ̂ y

�  ̂ �

�
; (1.29)

which encodes all properties of the state. Speci�cally, it can be shown that

G =
1

1 + e2K
: (1.30)

Diagonalization of quadratic Hamiltonians � The main advantage of quadratic
models is the possibility of diagonalizing them explicitly, providing access to their
spectrum and many-body eigenstates. Consider the Hamiltonian

Ĥ =
X

�;�
 ̂ y

� H�;�  ̂ � ; (1.31)

and let us diagonalizeH = Hy as

H = Uy� U; (1.32)

where U = Uy is a unitary rotation, and � is a diagonal matrix storing the eigen-
values. Without any loss of generality, we may assume thatH is in the form of
Eq. (1.28): this can always be achieved by adding a constant that simply shifts the
zero of energy, and thus does not a�ect physical properties. Following this choice,
it can be shown that bothU and � assume the particular structures

U =

 
U V �

V U�

!

; (1.33)

whereU and V are L � L matrices, and

� = diag ( � 1; : : : ; � L ; � � 1; : : : ; � � L ) : (1.34)

After de�ning the new fermionic operators

d̂j =
LX

i =1

Uj;i ĉi +
LX

i =1

V �
j;i ĉy

i ; (1.35)
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which satisfy the canonical anticommutation relations
n
d̂i ; d̂y

j

o
= � i;j , the Hamilto-

nian can �nally be rewritten as

Ĥ =
LX

j =1

� j (d̂
y
j d̂j � d̂j d̂

y
j ) =

LX

j =1

� j (2d̂y
j d̂j � 1): (1.36)

The new fermionic representation is often referred to as the quasiparticle basis.
Indeed, the Hamiltonian of Eq. (1.36) is written in a trivial form, containing a sum
of L commuting number operatorsd̂y

j d̂j that count elementary excitations carrying
energies� j . As a consequence, the many-body eigenstates ofĤ coincide with the
Fock states in this basis, and are identi�ed by a set ofL quasiparticle occupations
f n1; : : : ; nL g. Assuming � n � 0 3, the ground state is the quasiparticle vacuum
characterized byd̂y

j d̂j jGSi = 0. Let us introduce �̂ = ( d̂1; : : : ; d̂L ; d̂y
1; : : : ; d̂y

L ), in
analogy to  ̂ . In general, any eigenstate speci�ed byjn1; : : : ; nL i has a diagonal
covariance matrix in this basis, speci�ed by

D �:� = Tr
�
�̂ �̂ y

� �̂ �

�
=

8
<

:
n� � �;� if � � L;

(1 � n� )� �;� if � > L:
(1.37)

The full covariance matrix G in the original fermionic representation is given by

G = UT DU� : (1.38)

At last, it is straightforward to observe that the eigenstates ofĤ have Gaussian
structure. The density matrices of eigenstates can be formally written as

jn1; : : : ; nL i hn1; : : : ; nL j = lim
� !1

e� �
P L

j =1
(� 1)n j d̂y

j d̂j ; (1.39)

which is the exponential of a quadratic fermionic form.
Dynamics of Gaussian states � Another great advantage of working with

free-fermionic states is that unitary evolution generated by quadratic Hamiltonians
preserves Gaussianity, thus allowing to simulate the dynamics e�ciently. A generic
Gaussian unitary transformation takes the form

Û = e� i
P

�;�
 ̂ y

� H�;�  ̂ � ; (1.40)

whereH = Hy. These operations form the groupGN that the set of Gaussian states
into itself. Gaussian operators, both unitary and not, always multiply into other
Gaussian operators according to the product rule

e�
P

�;�
 ̂ y

� A �;�  ̂ � e�
P

�;�
 ̂ y

� B �;�  ̂ � = �e �
P

�;�
 ̂ y

� C�;�  ̂ � ; (1.41)

whereA = � AT and B = � B T , � is a scalar factor, andC is determined by

eC = eA eB : (1.42)

3If a negative � n is present, it is su�cient to switch the roles of particles and holes by changing
d̂j $ d̂y

j to rede�ne it to � � j .
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As an immediate application, for any Gaussian initial statê� 0 and quadratic Hamil-
tonian Ĥ , the time evolved state�̂ t = e� i Ĥt �̂ 0ei Ĥt is always Gaussian, thus proving
the previously mentioned statement.

While in principle Eq. (1.41) can be used to compute the time evolution of a
state, it is often more practical to work with correlation matrices directly. When
the Hamiltonian Ĥ is �xed, it is optimal to work in the quasiparticle basis. From
Eq. (1.37), we have

D �;� (t) = Tr
�
�̂ t �̂ y

� �̂ �

�
= Tr

�
�̂ 0ei Ĥt �̂ y

� e� i Ĥt ei Ĥt �̂ � e� i Ĥt
�

= M �
�;� (t) Tr

�
�̂ 0�̂ y

� �̂ �

�
M �;� (t) = M �

�;� (t)D �;� (0)M �;� (t);
(1.43)

where M (t) = diag( e� i� 1 t ; : : : ; e� i� L t ; ei� 1 t ; : : : ; ei� L t ). Using Eq. (1.38), the time-
dependent covariance matrix reads

G(t) = UT M � (t)U� G(0)UT M (t)U� : (1.44)

In some cases, for instance in circuits of Gaussian gates or in presence of measure-
ments disrupting the unitary evolution, it may be convenient to evolve the covariance
matrix by integrating its equation of motion. Let us de�ne the L � L matrices

Ci;j (t) = Tr
�
�̂ t ĉi ĉ

y
j

�
; (1.45a)

Fi;j (t) = Tr( �̂ t ĉi ĉj ); (1.45b)

which fully parameterizeG(t) as

G(t) =

 
1 � CT F y

F C

!

: (1.46)

Consider a quadratic Hamiltonian as in Eq. (1.31), with the matrixH in the
form

H =

 
H1 H2

� H2 � H1

!

; (1.47)

which can always be assumed up to an overall constant energy shift ofĤ . Starting
from the Schrödinger equation and applying Wick's theorem, we obtain

@tCm;n (t) = i Tr
�
�̂ t

�
Ĥ yĉm ĉy

n � ĉm ĉy
nĤ

��

= � 2i
�
[H1; C(t)] + H2F y(t) + F (t)H2

�
;

(1.48a)

@tFm;n (t) = i Tr
�
�̂ t

�
Ĥ yĉm ĉn � ĉm ĉnĤ

��

= � 2i
h
f H1; F (t)g + H2(1 � CT (t)) � C(t)H2

i
:

(1.48b)

1.2.3 Calculation of entanglement

Gaussian states enable the e�cient computation of the entanglement probes intro-
duced in Sec. 1.1. Before explaining how the calculations are made, it is convenient
to introduce the Majorana fermionic operators


̂ 2j � 1 = ĉy
j + ĉj ; (1.49a)
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̂ 2j = i (ĉy
j � ĉj ); (1.49b)

which satisfy the anticommutation relation f 
̂ � ; 
̂ � g = 2� �;� . In the following calcu-
lations, it is more convenient to express Gaussian operators in this basis, rather than
using creation and annihilation ones. To this purpose, we introduce the Majorana
covariance matrix

� �;� =
1
2

Tr ( �̂ [
̂ � ; 
̂ � ]) ; (1.50)

which is purely imaginary and anti-symmetric.
Entanglement entropy � In order to compute the entanglement entropySA ,

we need access to the reduced density matrix̂� A . Let us assume thatA contains
jAj = ` sites. If the full system is described by a free-fermionic state,̂� A will also
be a Gaussian operator. In particular, the covariance matrix that speci�es it is
obtained by taking the submatrix of G with rows and columns corresponding to
sites contained in subsystemA. Let

�̂ A =
1

ZA
e� Ĥ A =

1
ZA

e
1
4

P 2`
�;� =1


̂ � W �;� 
̂ � ; (1.51)

where the operatorĤA is known asentanglement Hamiltonian, as it fully encodes the
entanglement entropy. Analogously to Eq. (1.30), one can show that the correlation
matrix relative to subsystemA is given by

� A = tanh
� W

2

�

: (1.52)

This matrix contains all information required to evaluate the entanglement entropy
of subsystemA with the remainder. Here we report the main result, while a detailed
derivation can be found in Refs. [116, 117]. The spectrum of� A features eigenvalues
appearing in opposite pairs� � j 2 [� 1; 1]. The entanglement entropy is then given
by

SA = �
X̀

j =1

� 1 + � j

2
log

� 1 + � j

2

�

+
1 � � j

2
log

� 1 � � j

2

��

: (1.53)

Fermionic logarithmic negativity � As mentioned in Sec. 1.1.2, the de�nition
of the entanglement negativity for fermionic system requires particular care. We now
summarize the generalization of the partial transpose operation and the procedure
to compute the fermionic logarithmic negativity. A complete discussion on the topic
can be found in Refs.[174�178]. The idea to generalize the Peres-Horodecki criterion
to fermionic systems relies on extending the partial transpose to a partial time
reversal operation. Consider a density matrix

�̂ =
X

x
wx 
̂ x1

1 : : : 
̂ x2L
2L (1.54)

expanded in the basis of Majorana operators, wherex = ( x1; : : : ; x2L ) is a binary
strings of 0's and 1's, and wx are amplitudes (notice that these must vanish for odd
values ofjx j). Let xA be the substring obtained by considering only indices relative
to subsystemA. The partial transpose for fermions is de�ned as

�̂ TA =
X

x
wx i jx A j 
̂ x1

1 : : : 
̂ x2L
2L : (1.55)
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In contrast to the bosonic version, this de�nition ensures that for any Gaussian̂�
its partial transpose is also Gaussian. A closely related object is the twisted partial
transpose

�̂
~TA = �̂ TA (� 1)N̂A ; (1.56)

which has a real spectrum and de�nes the fermionic logarithmic negativity

NA = log jj �̂
~TA jj : (1.57)

Let �̂ be the Gaussian density matrix of the full system, divided in two comple-
mentary subsystemsA and B. Let jAj = ` be the size of the �rst subsystem. We
may represent the Majorana covariance matrix in block form as

� =

 
� A � A;B

� B;A � B

!

; (1.58)

where � A and � B are the covariance matrices of the two subsystems, whereas� A;B

and � B;A are cross-correlation matrices betweenA and B. It can be shown that the
covariance matrix of�̂ TA is given by

� + =

 
� � A i � A;B

i � B;A � B

!

; (1.59)

and it is connected to the covariance matrix~� of �̂ ~TA by the relation

1 + ~�
1 � ~�

=
1 + � +

1 � � +

 
� 12`� 2` 02`� 2(L � `)

02(L � `)� 2` 12(L � `)� 2(L � `)

!

: (1.60)

Analogously to the entanglement entropy, the logarithmic negativity can be com-
puted from the eigenvalues of~� , which appear in pairs � ~� j . The �nal formula
is

NA =
LX

j =1

log
� �

�
�
�
1 � ~� j

2

�
�
�
� +

�
�
�
�
1 + ~� j

2

�
�
�
�

�

+
q

det � A (1.61)

Quantum Fisher information and correlation functions � Given the ex-
plicit form of Eq. (1.14), calculating the QFI requires the knowledge of all connected
spin-spin correlation functions. In spin systems, it is possible to evaluate them by
mapping the Pauli expectation values into multi-point fermionic correlators using
the Jordan-Wigner transformation, and breaking them down through Wick's theo-
rem. Here we list the �nal results of these calculations [198, 199]. First, instead of
working with the full covariance matrix � , let us introduce

(M o,o) i;j = Tr( �̂ 
̂ 2i � 1
̂ 2j � 1); (1.62a)

(M e,e) i;j = Tr( �̂ 
̂ 2i 
̂ 2j ); (1.62b)

(M o,e) i;j = Tr( �̂ 
̂ 2i � 1
̂ 2j ) = � (M e,o) j;i ; (1.62c)

where the indices �o� and �e� refer to odd and even Majorana operators, respectively.
The correlation functions de�ned in Eq. (1.15) are given by

Cz;z
m;n = ( M o;o)m;n (M e;e)m;n � (M o;e)m;n (M e;o)m;n : (1.63a)
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Cx;x
m;n = ( � 1)

( n � m � 1)( n � m )
2 Pf

 
(1 � M e,e)[(m;n � 1);(m;n � 1)] � iM [(m;n � 1);(m+1 ;n)]

e,o

� iM [(m+1 ;n);(m;n � 1)]
o,e � (1 � M o,o)[(m+1 ;n);(m+1 ;n)]

!

;

(1.63b)

Cy;y
m;n = ( � 1)

( n � m +1)( n � m )
2 Pf

 
� (1 � M o,o)[(m;n � 1);(m;n � 1)] � iM [(m;n � 1);(m+1 ;n)]

o,e

� iM [(m+1 ;n);(m;n � 1)]
e,o (1 � M e,e)[(m+1 ;n);(m+1 ;n)]

!

;

(1.63c)

Cx;y
m;n = i (� 1)

( n � m +1)( n � m )
2 Pf

 
(1 � M e,e)[(m;n );(m;n )] � iM [(m;n );(m+1 ;n� 1)]

e,o

� iM [(m+1 ;n� 1);(m;n )]
o,e � (1 � M o,o)[(m+1 ;n� 1);(m+1 ;n� 1)]

!

;

(1.63d)
where M [( r 1 ;r 2 );(c1 ;c2 )] indicates the submatrix of M with rows from r1 to r2 and
columns fromc1 to c2. The other spin-spin correlators vanish: since they are given
by expectation values of strings of an odd number of fermionic operators, they must
be zero due to theZ2 parity symmetry.

1.2.4 Non-Gaussianity as a form of complexity

Fermionic Gaussian states provide a powerful framework for investigating many-
body phenomena with e�cient numerical simulations and analytic approaches. This
possibility already indicates that the free-fermionic class cannot be considered gen-
uinely �hard�, as it does not harness the full exponential complexity of generic
many-body states. Indeed, Gaussianity constrains correlations to obey Wick's the-
orem, thus preventing more complicated structures. For this reason, free-fermionic
states supplemented with Gaussian unitaries are unable to achieve universal quan-
tum computation, which requires the addition of non-Gaussian resources [155, 196,
197].

Once the Gaussian structure of a state is spoiled, it is no longer possible to
represent it fully in terms of a covariance matrix. This makes it immediately harder
to keep track of, requiring more computational time and resources. If the amount of
injected non-Gaussian elements (e.g., gates) is low enough, it might still be possible
to write the density matrix as a sum of Gaussian operators, enabling a generalization
of the covariance matrix formalism to address this problem. However, the resource
cost of this approach grows exponentially with non-Gaussianity, and this method
quickly becomes unsustainable.

For these reasons, non-Gaussianity can be interpreted as a genuine notion of
quantum complexity on par with entanglement. Given a density matrix̂� , a way of
characterizing its non-Gaussianity quantitatively is through therelative entropy[196]

� NG = min
Gaussian �̂ G

[Tr( �̂ log �̂ ) � Tr( �̂ log �̂ G)] : (1.64)

This expression is a quantum Kullback-Leibler divergence comparinĝ� to the closest
Gaussian density matrix �̂ G, and it is non-negative. It can be shown that the
minimum of Eq. (1.64) is achieved by the statê� G = �̂ G[�] de�ned by the fermionic
covariance matrix � of �̂ [196]. Moreover, the relative entropy of non-Gaussianity
simpli�es to

� NG = Tr( �̂ log �̂ ) � Tr( �̂ G[�] log �̂ G[�]) : (1.65)

For pure states, the von Neumann entropy of̂� vanishes, and� NG reduces to the
entropy of �̂ G[�] .
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1.3 Cli�ord circuits and magic

Cli�ord operations are a special class of unitary gates spanned by the elementary
set f Ĥ; Ŝ; ^CNOTg, and they play a central role in quantum computation[120�124].
A key feature is that stabilizer states produced by Cli�ord circuits can be e�ciently
simulated by classical computers, as established by the Gottesman-Knill theorem.
As a consequence, Cli�ord evolution provides a natural framework for exploring
digitized quantum many-body dynamics, addressing fundamental questions such
as entanglement growth and quantum information scrambling. For this reason, as
discussed in the next chapter, stabilizer states have proven essential in the study
of monitored systems, where many foundational results on measurement-induced
phase transitions have been obtained using these models.

A second fundamental application of Cli�ord transformations is in quantum error
correction[120, 200�203]. Stabilizer codes lie at the core of most modern strategies to
protect quantum algorithms against noise and decoherence. Within this framework,
quantum information is encoded in logical states that are preserved by Cli�ord
operations, enabling the possibility of measuring Pauli strings to detect and correct
errors. This is essential for building fault-tolerant quantum devices that can be used
to perform reliable quantum computations.

The theoretical formalism of Cli�ord operations is completely di�erent from that
of fermionic Gaussian states. Stabilizer states are fully characterized by a set of Pauli
operators of which they are eigenstates. Thus, while both Cli�ord and Gaussian
states are classically simulable, their simplicity stems from fundamentally di�erent
properties. The absence of Cli�ord structure, known as non-stabilizerness or quan-
tum magic [81�88], de�nes yet another notion of quantum complexity, independent
of non-Gaussianity. Magic quanti�es the deviation from the stabilizer class, and
serves as an essential resource for quantum universality.

We start this section by introducing the stabilizer formalism that enables the
e�cient simulation of Cli�ord evolution, and explain how to compute correlation
functions and the entanglement entropy. We then introduce the stabilizer Rényi
entropies (SREs), which are among the most widely used measures of quantum
magic.

1.3.1 Stabilizer formalism

Given a system ofL qubits, de�ne the set of Pauli stringsPL = f 1̂; �̂ x ; �̂ y; �̂ zg
 L .
A state j i is a stabilizer if there existL independent, commuting Pauli strings
ĝj 2 f� 1gPL , [ĝi ; ĝj ] = 0, that stabilize j i , i.e., ĝi j i = j i . In this context,
independence of Pauli strings refers to the property that eacĥgj is not spanned by the
set of all others. The operatorŝgj generate the stabilizer groupS = ĥg1; : : : ; ĝL i =
f

Q L
j =1 ĝx j

j jx j = 0; 1g of Pauli strings that stabilize j i . The knowledge of theL
generators fully determines the state. Indeed, the density matrix̂� = j i h j can be
expressed as the product of projectors onto positive eigenstates ofĝj , i.e.,

�̂ =
LY

j =1

1 + ĝj

2
=

1
2L

X

P̂ 2S

P̂ : (1.66)
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Crucially, the generators can be stored e�ciently in anL � (2L + 1) binary
stabilizer tableauT in numerical simulations. Each rowi describes âgi , specifying
which local Pauli operator amongf 1̂; �̂ x ; �̂ y; �̂ zg appears on each site. This requires
2 bits per site, plus an additional bit to indicate the overall sign̂gi . A common way
to encode this information in the tableau is given by

Ti; 2j =

8
<

:
0 if ĝi has 1̂ or �̂ x on site j;

1 if ĝi has �̂ z or �̂ y on site j;
(1.67a)

Ti; 2j +1 =

8
<

:
0 if ĝi has 1̂ or �̂ z on site j;

1 if ĝi has �̂ x or �̂ y on site j:
(1.67b)

Each pair (Ti; 2j ; Ti; 2j +1 ) indicates the presence or absence of�̂ z
j and �̂ x

j , respectively.
In this representation, �̂ y

j corresponds to both bits being1, since �̂ y
j / �̂ z

j �̂ x
j . The

signssi = � 1 of the stringsĝi can be stored in the �rst columnTi; 1 = (1 � si )=2. As
an example, the state(j00i + i j11i )=

p
2 is stabilized byĝ1 = �̂ z

1 �̂ z
2 and ĝ2 = � �̂ x

1 �̂ y
2,

and its tableau is

T =

 
0 1 0 1 0
1 0 1 1 1

!

: (1.68)

Stabilizer states can be generated by Cli�ord operators starting from computa-
tional basis states. This class of operations is realized by the combination of three
elementary gates, namely, the Hadamard gate

Ĥ =
1

p
2

 
1 1
1 � 1

!

; (1.69)

the phase gate

Ŝ =

 
1 0
0 i

!

; (1.70)

and the two-qubit CNOT gate

^CNOT =

0

B
B
B
@

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

1

C
C
C
A

: (1.71)

These basic constituents produce the Cli�ord group, which contains all unitary
operators that map Pauli strings into other Pauli string. In detail, for anyÛ 2 CL

and P̂ 2 f� 1gPL , we haveÛP̂Ûy = P̂0 2 f� 1gPL . Like stabilizer states, Cli�ord
unitaries can also be represented e�ciently using suitable tableaus. AnŷU 2 CL is
fully speci�ed by its action on Pauli strings, which can be determined by tracking
the conjugations �̂ z

j ! Û�̂ z
j Ûy and �̂ x

j ! Û�̂ x
j Ûy for every site j . As a result, the

unitary tableau has size2L � (2L + 1) , where each row encodes a Pauli string with
sign obtained by evolving�̂ z;x

j .
The dynamics generated by Cli�ord circuits can be tracked e�ciently, as it

preserves the stabilizer character of quantum states. This is established by the
Gottesman-Knill theorem [122], ensuring that many-body systems prepared inj 0i =
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j0i 
 L and evolved only with Cli�ord unitaries and projective measurements in the
computational basis can be simulated e�ciently on classical computers. The �rst
part of the theorem is a direct consequence of how a Cli�ord̂U 2 CL acts on Pauli
matrices. In fact, if j 0i is stabilized byĝj (which are ĝj = �̂ z

j for the computational
basis state considered above), the evolved̂U j 0i is stabilized by ĝ0 = Ûĝj Ûy. This
follows from

ĝ0
j Û j 0i = Ûĝj j 0i = Û j 0i : (1.72)

Hence, Cli�ord dynamics can be implemented by simply updating the stabilizer
generatorsĝj ! ĝ0

j , which will then describe the evolved state.
Measurements in the computational basis are implemented by the projector(1 �

�̂ z
n )=2, where the sign corresponds to the measurement outcome picked randomly by

sampling the Born rule probabilities (see Sec. 2.1 for a detailed review of quantum
measurements). The state is updated to

j i =
1
N

1 � �̂ z
n

2
j 0i ; (1.73)

where N =
q

(1 � h  0j �̂ z
n j 0i )=2 guarantees the correct normalization. The new

stabilizer generatorŝg0
j are determined as follows, depending on which of two cases

applies.

1. If the measured operator̂� z
n commutes with all generatorŝgj , these operators

will continue to stabilize the state even after the measurement. This is seen
from

ĝj j i =
1
N

1 � �̂ z
n

2
ĝj j 0i = j i : (1.74)

Sincej i and j 0i are stabilized by the same generators, they must coincide.
This means that j 0i is an eigenstate of the measured operator, and thus the
projection has no e�ect.

2. If �̂ z
n does not commute with one or morêgj , then it must anticommute with

them. Without any loss of generality, supposef �̂ z
n ; ĝ1g = 0. We proceed by

de�ning ĝ0
1 = � �̂ z

n (where the sign is the same as the measurement outcome),
and

ĝ0
j =

8
<

:
ĝj if [�̂ z

n ; ĝj ] = 0;

ĝ1ĝj otherwise:
(1.75)

for j > 1. We can immediately check that the new setf ĝ0
j g stabilizes the

projected state of Eq. (1.73), as all̂g0
j commute with �̂ z

n .

Hence, computational basis measurements keep the state a stabilizer, and the update
rule of its generators can be applied e�ciently. This proves the second part of the
Gottesman-Knill theorem.

1.3.2 Measuring Pauli correlators and entanglement

Stabilizer statesj i exhibit a particular correlation structure. First, all expectation
values of Pauli strings is either zero or equal to� 1. In addition, for any bipartition of
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the system, the entanglement entropy assumes only values that ar integer multiples
of log 2. Below, we explain how to evaluate these quantities from the stabilizer
tableau of a state.

Pauli expectation values � Given a Pauli string P̂ 2 P L , consider the expec-
tation value h j P̂ j i . Suppose� P̂ =2 S, which occurs if P̂ anticommutes with at
least one generator̂gj . In this case, using Eq. (1.66) we have

Tr
�
�̂ P̂

�
=

1
2L

X

P̂ 02S

Tr
�
P̂0P̂

�
= 0; (1.76)

becauseTr
�
P̂0P̂

�
is non-zero only if P̂ = � P̂0 (Pauli strings di�erent from the

identity are traceless), and this never occurs by assumption.
The expectation value ofP̂ is non-zero only when either̂P or � P̂ is a stabilizer,

in which caseh j P̂ j i = +1 or � 1, respectively. This occurs when̂P commutes
with all generators. In this case, there exists a bitstringx = ( x1; : : : xL ) such
that P̂ = �

Q L
j =1 ĝx j

j . To determine x, let us introduce a binary representation
b = ( b1; : : : b2L ) of the string P̂ using the convention from Eq. (1.67). Let us also
de�ne ~T as the submatrix obtained by discarding the �rst column of the state tableau
T. The bitstring x is found by solving the linear system

~TT x = b (1.77)

over the Galois �eldGF(2) (i.e., modulo2 arithmetic). Oncex is known the operator
Q L

j =1 ĝx j
j is constructed e�ciently, and comparing it to P̂ determines the sign of the

expectation value.
Entanglement entropy � The entanglement entropy of a stabilizer state can be

evaluated e�ciently from the tableau as well [72]. Given the expansion of Eq. (1.66),
the reduced density matrix of any subsystemA is given by �̂ A = 1

2L

P
P̂ 2S Tr B P̂ .

The partial trace Tr B P̂ is non-zero only ifP̂ is fully contained in subsystemA, i.e.,
its portion de�ned on the sites ofB is the identity; in this case,Tr B P̂ = 2L �j A jP̂A .
Let SA be the set of substringsP̂A obtained from non-vanishing partial traces. It is
trivially observed that SA is a group itself. This implies that

�̂ 2
A =

1
22jA j

X

P̂A ;P̂ 0
A 2S A

P̂A P̂0
A =

dim SA

22jA j

X

P̂A 2S A

P̂A =
dim SA

2jA j
�̂ A ; (1.78)

and thus �̂ A is proportional to a projector. As a consequence, the reduced density
matrix has a �at spectrum, i.e., all its non-zero eigenvalues� n are equal. The
previous equation then yields

� n =
dim SA

2jA j
: (1.79)

Lastly, the entanglement entropy is given by

SA

log 2
= �

1
log 2

2j A j =dim SAX

n=1

� n log� n = jAj � log2(dim SA ); (1.80)

where the number of non-zero eigenvalues is obtained by the normalization condition
Tr �̂ A = 1.
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The integer log2(dim SA ) is equal to the number of independent generators ofSA .
Let ~TB be the submatrix of the tableauT obtained by dropping all columns2j; 2j +1
with j 2 A, as well as the �rst column storing signs. ThisL � 2(L � j Aj) matrix
stores the generators of all partial stringŝPB . By de�nition, the dimension of SA is
equal to the number ofP̂B equal to the identity. If we compute the upper triangular
representation of~TB through Gaussian elimination overGF(2), the dimension ofSA

will be given by 2 to the power of the number of rows of zeros, as they correspond
to the identity 1̂B . Hence, we havelog2(dim SA ) = L � rank( ~TB ). Finally recalling
that SA = SB , it is possible to swap the roles ofA and B in Eq. (1.80) to obtain

SA

log 2
= jB j � log2(dim SB ) = L � j Aj � [L � rank( ~TA )] = rank( ~TA ) � j Aj; (1.81)

where ~TA is the tableau submatrix of subsystemA de�ned analogously to ~TB .

1.3.3 Magic and stabilizer Rényi entropies

Stabilizer states are a viable tool for quantum error correction and for investigat-
ing many-body Cli�ord circuit dynamics. Still, they constitute a very special and
discrete subset of the full Hilbert space, and they deviate from the complex be-
havior of generic quantum states in several aspects. Analogously to free-fermionic
systems, universal quantum computation can be achieved by supplementing Cli�ord
operations with a resource that breaks the stabilizer character of states, known as
non-stabilizerness or quantum magic. The most common way to inject magic is
through the non-Cli�ord T gate

T̂ =

 
1 0
0 ei�= 4

!

; (1.82)

which is su�cient to break the stabilizer representation despite its simplicity. Hence,
the gradual inclusion of non-stabilizer resources drives the state away from the e�-
ciently simulable class of stabilizers.

Magic [81�88] constitutes another way of characterizing quantum complexity al-
ternative to entanglement and non-Gaussianity. While these di�erent notions are
not fully independent, in general they are inequivalent, and provide di�erent per-
spectives on what it means for a state to be complicated. For instance, stabilizer
states can have volume-law entanglement, and in contrast there exist product states
with high non-stabilizerness. Understanding the connections between di�erent ways
of characterizing complexity and how their presence impacts many-body behavior
is currently subject of intense investigation [204�237].

There exist several quantitative probes of non-stabilizerness. In this thesis, we
focus on the SREs [83, 84] and the stabilizer nullity, which will be used in the
following chapters. Other well-known measures, such as mana [82] and robustness
of magic [86, 238], are not considered here. Then-SRE of a pure state is de�ned as

M n =
1

1 � n
log2

0

@
X

P̂ 2P L

1
2L

h j P̂ j i 2n

1

A : (1.83)
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This quantity essentially measures the delocalization of the density matrix over the
basis of Pauli string. For stabilizer states, there are2L Pauli operators for which
h j P̂ j i 2n = 1 (see Eq. (1.66)), whereas the expectation value vanishes for all oth-
ers, thus yielding M n = 0. Generic states can instead have a larger number of
strings for which 0 < h j P̂ j i 2n � 1, resulting in a �nite M n > 0 for any non-
stabilizer state. The SREs ful�ll additivity and for n � 2 also monotonicity [84].
Despite the apparently complicated form of Eq. (1.83), which involves a sum over
the exponentially many elements of the Pauli group, this quantity can be evaluated
explicitly in fermionic Gaussian and matrix-product state through a stochastic sam-
pling algorithm, making it a valuable probe of magic in many-body systems. For
free-fermionic states, a description of the algorithm can be found in App. A.

A second useful measure is the stabilizer nullity� , de�ned as the L minus the
number of generators of a stabilizer groupS of a statej i . In fact, general states may
still have a partial stabilizer nature, in the sense that there existk < L generators
ĝj 2 f� 1gPL that are however insu�cient to fully represent the state through the
stabilizer formalism. Formally, we de�ne the stabilizer dimensionr of j i as the
maximum integer R for which it is possible to write

j i = ÛCli�

�
j0i 
 R

�
�
� ' (L � R)

E�
; (1.84)

whereÛCli� is a suitable Cli�ord operator, and
�
�
� ' (N � R)

E
is a state ofL � R qubits.

The dimensionr coincides with the number of generatorŝgj , and it quanti�es how
many single-qubit stabilizer states can be distilled out ofj i using only Cli�ord
operations. Thus, the stabilizer nullity is de�ned as� = L � r . Formally, it is also
given by � = lim n!1 (n � 1)M n , and it can be shown to upper bound all SREs.
Notice that the nullity is a discrete notion of magic, and as such it is rarely useful
in condensed matter settings.

Similarly to the entanglement entropy, the previous measures of magic can ex-
hibit volume-law scaling, and are bounded from above by the system sizeL. In
generic quantum dynamics, either generated by a Hamiltonian or by a quantum
circuit with non-stabilizer gates, the SREs grow rapidly and saturate to extensive
values in a �nite time. Ground states of typical many-body systems usually exhibit
a volume law as well. Qualitatively, the SREs (and even more the nullity) can be
intuitively thought as measures of how many elementary magic resources, likeT
gates, are needed to realize a state having Cli�ord operations available.

Mixed-state stabilizers and magic � The notion of stabilizerness can be
generalized to mixed states. In analogy to Eq. (1.66), we de�ne mixed stabilizer
states [51, 123, 239] as the set of density matrices�̂ in the form

�̂ =
kY

j =1

1 + ĝj

2
; (1.85)

whereĝ1; : : : ; ĝk arek � L independent Pauli generators that stabilizê� . For k = L,
the set is complete and we recover pure stabilizer states. The SREs introduced above
are no longer good measures of non-stabilizerness, as, for instance, they can be larger
than zero for states in the form of Eq. (1.85). Still, as proposed in Ref. [83], this
problem can be overcome for the second SRE by generalizing it to

~M 2 = M 2 � S(2) ; (1.86)
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whereS(2) is the second Rényi entropy (see Eq. (1.3)). This quantity is zero for mixed
stabilizer states, non-negative, and it can be intuitively interpreted analogously to
the original SRE for pure states.

It is worth pointing out that other notions of stabilizerness for mixed states have
been considered in the literature. For example, Ref. [83] actually de�nes a larger
class of mixed states as stabilizers, comprised by all density matrices in the form
�̂ =

�
1̂ +

P
P̂ 2 G P̂

�
=2L , whereG is an arbitrary subset off� 1g(PL nf 1̂g). ~M 2 van-

ishes for all these states. Instead, a completely di�erent de�nition is often adopted
when quantifying the robustness of magic [86, 238], where any convex combination
of pure stabilizer states is regarded as a mixed stabilizer density matrix. This char-
acterization is analogous to the notion of mixed-state separability. Based on this
alternative de�nition, Eq. (1.86) is not a proper magic measure.

26



Chapter 2

Dynamics of open quantum systems

In quantum mechanics, measurements play a fundamentally di�erent role compared
to classical physics, as they can actively alter the state of the system through projec-
tive evolution. The addition of external monitoring to unitary quantum dynamics
leads to the framework of open quantum systems, giving rise to a broad class of phe-
nomena that depart from closed-system behavior [39�41]. This chapter reviews the
main theoretical concepts describing quantum measurements, beginning with the
formalism of positive operator-valued measures(POVMs) and expanding to quan-
tum trajectories and the Lindblad master equation [45, 46]. These tools form the
necessary background for understanding monitored quantum dynamics, which is the
central focus of the thesis.

In the second part, we summarize the key results on measurement-induced phase
transitions (MIPTs), establishing the general phenomenology of typical models stud-
ied in the literature. In particular, we discuss the standard MIPTs in random quan-
tum circuits and free-fermionic systems, highlighting their main di�erences, and
provide a perspective on recent experimental progress.

2.1 Quantum measurements and trajectories

Measurements arguably represent the central distinguishing feature between quan-
tum and classical physics, owing to their intrinsically stochastic nature. In the
early years of quantum theory, this challenged the classical notion of determinism,
revealing that Nature is fundamentally probabilistic. When a quantum system is
observed, not only is the outcome of the process inherently random, but the action
also perturbs the state by collapsing it. As a result, measurements provide a sec-
ond mechanism for altering quantum states, complementing unitary dynamics with
non-unitary and stochastic evolution.

When unitary dynamics is interspersed with measurements, the evolution of the
system branches into multiple possible paths in the Hilbert space, known as quantum
trajectories [240�244]. This often complicates the theoretical analysis of open quan-
tum systems due to the lack of tools to investigate disordered quantum dynamics.
In practical implementations, each separate run of a monitoring protocol generates a
di�erent trajectory, making it possible to measure e�ciently only ensemble-averaged
observables in experiments. These are fully captured by the evolution of the aver-
age density matrix, which is governed by the celebrated Lindblad master equation
under Markovian assumptions. This equation is also central to the theory of deco-
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herence and dissipation due to environmental coupling, and has been instrumental
in understanding steady-state relaxation and the e�ects of noise in open quantum
systems.

This section introduces the standard formalism of POVMs and Kraus opera-
tors [39, 40, 240, 245], which are essential to describe generalized quantum mea-
surements. We then present the concept of quantum trajectories and the stochastic
Schrödinger equation, providing examples of commonly studied monitoring pro-
tocols. Finally, we derive and discuss the Lindblad master equation and its key
properties.

2.1.1 Kraus operators

The theory of POVMs provides the framework to describe the most general type of
quantum measurement. A measurement withM > 1 outcome is a stochastic process
that maps a (not necessarily pure) initial state�̂ into one of M possible �nal states
�̂ (m) , selected with probabilities determined by the Born rule. Within the formalism
of POVMs, a measurement is speci�ed by the assignment ofM Kraus operatorsÂm ,
satisfying the completeness relation

MX

m=1

Ây
m Âm = 1̂: (2.1)

These determine the possible post-measurement states, which are de�ned as

�̂ (m) =
1

pm
Âm �̂ Ây

m ; (2.2)

where pm = Tr
�
�̂ Ây

m Âm

�
is the Born rule probability corresponding to them-th

outcome. Equation (2.1) ensures that
P M

m=1 pm = 1 for any possible initial state,
thus guaranteeing conservation of probability.

The simplest application of this formalism is that of a projective measurement of
an observableÔ, in which case the each Kraus operator coincides with a projector
onto an eigenstate ofÔ; in this case, we haveÂm = Ây

m = Ây
m Âm

1. For instance,
a computational basis measurement of̂� z is represented by the Kraus operators
Â0 = j0i h0j and Â1 = j1i h1j (we start counting from m = 0 for convenience of nota-
tion). For projective measurements, di�erent Kraus operators project the state into
mutually orthogonal subspaces of the Hilbert space. As a consequence, subsequent
measurements of the same operator̂O yield the same outcome.

Beyond this case, the POVM formalism also allows the Kraus operators to not be
projectors. This leads to generalized measurements, where the di�erentÂm do not
act on orthogonal eigenspaces. Such measurements can be practically implemented
by coupling ancilla qubits to the physical ones and measuring them afterwards, which
results in an indirect observation of the main system. To illustrate the general setup,
let �̂ be the state of the system,j' A i be that of an ancilla qubit, andÛS;A be a unitary
operator coupling the two. We de�ne the measurement protocol as the action ofÛS;A

1The Kraus operators are always de�ned modulo a global phase. Indeed, any rede�nition
Âm ! ei' m Âm is completely inconsequential in Eq. (2.2).
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followed by a projective measurement of the ancilla in the computational basis. The
two possible post-measurement states are given by

�̂ (m) 
 j mA i hmA j =
hmA j ÛS;A j' A i �̂ h' A j Ûy

S;A jmA i
pm


 j mA i hmA j (2.3a)

wherepm = Tr S

�
hmA j ÛS;A j' A i �̂ h' A j Ûy

S;A jmA i
�
, and m = 0; 1. From this result,

we can describe the measurement on the system alone by introducing the Kraus
operators

Âm = hmA j ÛS;A j' A i ; (2.4)

which only act on S and are not projectors in general. It is immediate to check
that Eq. (2.1) is satis�ed. Notice that the Kraus operators strictly depend on the
details of how the couplingÛS;A is implemented, as well as the statej' A i the ancilla
is prepared in.

A particular case of this is given byweak measurements[56, 240], obtained when
the coupling is a short evolutionÛS;A = e� i� Ĥ S;A , where� ! 0 is ideally in�nitesimal.
Since the interaction between system and ancilla is in�nitesimal, the measurement
performed on the latter will typically a�ect the former very weakly. An example of
this is given by the single-qubit Kraus operators

Â0 =
1

p
2

"

j0i h0j + (1 � � ) j1i h1j

#

+ O(� 2); (2.5a)

Â1 =
1

p
2

"

j0i h0j + (1 + � ) j1i h1j

#

+ O(� 2); (2.5b)

which both slightly perturb the original state to �̂ (m) = �̂ + O(� ) and havepm � 1=2.
An alternative example of weak measurement is given by the Kraus operators

Â0 = j0i h0j + cos� j1i h1j ; (2.6a)

Â1 = sin � j1i h1j : (2.6b)

In this case, the �rst Kraus operator Â0 impacts in�nitesimally the state, and it
happens with probability p0 � 1, whereasÂ1 implements a drastic projection to
j1i but occurs only with a small probability p1 = O(� 2). In the limit � ! 0, weak
measurements are meaningful only in a suitable continuous time limit, where they
are performed subsequently at each in�nitesimal timestepdt of the dynamics. In this
case, the appropriate scaling behavior for� is � /

p
dt, and Eqs. (2.5) and (2.6) de�ne

the so-called quantum state di�usion and quantum jump protocols, respectively.

2.1.2 Quantum trajectories

Quantum measurements can be combined with unitary evolution, either continuous
or generated by a circuit, to generate interesting non-equilibrium phenomena, such
as MIPTs [47�52]. In this hybrid dynamics, the randomness of the monitoring
induces multiple possible paths the system can take, giving rise to a number of
quantum trajectories that is exponentially large in the number of measurements.
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Figure 2.1: Schematic illustration of the branching of quantum trajectories induced
by monitoring. Here we assume that each measurement hasM = 2 possible out-
comes, and it thus bifurcates each path.

This is pictorially illustrated in Fig. 2.1, showing the branching induced by binary
measurements. Fixing the times at which all measurements are performed and their
Kraus operators, a trajectory can be labelled by its record of measurement outcomes
(m1; m2; : : : ).

Let us now consider a many-body system ofL qubits evolving under the Hamil-
tonian Ĥ . A commonly used monitoring protocol consists of performing projective
measurements of single-site Hermitian operatorŝOj at random times, assuming a
constant rate of measurement
 j per qubit, typically taken to be uniform, 
 j = 
 .
When a measurement needs to be performed, the unitary evolution is momentarily
stopped and resumed afterwards. In this setup the dynamics exhibits two sources
of randomness, i.e., on the measurement outcomes as well as on their times and
positions. When carrying out the hybrid evolution for a total timeT, the average
number of measurements performed on the full system will be
LT , which implies
an exponentially large number� e
LT of quantum trajectories. As an alternative to
the projective measurement protocol, continuous monitoring is also typically con-
sidered, where each qubit of the system is uninterruptedly coupled to a detecting
apparatus (i.e., a set of ancillae) implementing weak measurements at each instant
of time [240].

In quantum circuits, the standard way of adding a monitoring is to alternate be-
tween a layer of unitary gates and a layer of (usually projective) measurements. This
is illustrated in Fig. 2.2. In a measurement layer, each site is measured with a prob-
ability p 2 [0; 1], which is analogous to the rate
 in continuous implementations.

Stochastic Schrödinger equation � The evolution of a monitored system can
be described theoretically through a stochastic Schrödinger equation, a formalism
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Figure 2.2: Typical structure of a monitored quantum circuit, alternating unitary
layers to measurement ones.

particularly useful for continuous monitoring protocols [49, 55, 56, 246�250]. To
illustrate it, consider the quantum jump protocol introduced in Eq. (2.6), which will
also be used in the upcoming chapters. For convenience, we de�ne the projector
L̂ j = j0j i h0j j acting on the lattice site j . We set � = 
dt , in such a way that the
Kraus operators acting on each qubit are given bŷA0;j = 1̂j � 
dt

4 L̂ j and Â1;j =
p


dt L̂ j to �rst order in dt. Here 
 controls the frequency of quantum jump events,
corresponding to the sudden projections implemented bŷA1. Starting from a pure
state j 0i , let j t i be the state at time t. j t i is the result of a non-deterministic
evolution, as quantum jumps occur probabilistically. Let us de�ne the stochastic
process

d� j;t =

8
<

:
1 with probability pj;t = h t j Ây

1;j Â1;j j t i = 
dt h t j L̂ j j t i ;

0 otherwise;
(2.7)

which captures the statistics of quantum jumps: ifd� j;t = 1 we apply the Kraus
operator Â1;j , otherwise we useÂ0;j . We can write this compactly in the form of
the evolution equation

j t+ dt i =
LY

j =1

"

(1 � d� j;t )
Â0;jp
1 � pj;t

+ d� j;t
Â1;j
p pj;t

#
�
j t i � i Ĥdt j t i

�
+ O(dt2); (2.8)

whereĤ is the Hamiltonian of the system. The product of operators applied to the
state generates all possible combinations of jump events occurring at timet. Since
the probability of each jump scales withdt, we may neglect all terms of typed� i;t d� j;t

as well asdtd� j;t , as they contribute only at orderO(dt2). After a straightforward
calculation keeping only terms up toO(dt), we obtain the stochastic Schrödinger
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equation

j t+ dt i = j t i � idt

2

4Ĥ � i


4

LX

j =1

�
L̂ j � h  t j L̂ j j t i

�
3

5 j t i

+
LX

j =1

d� j;t

0

@ L̂ jq
h t j L̂ j j t i

� 1

1

A j t i :

(2.9)

The previous equation can be split into two contributions. First, we have a
deterministic evolution governed by the e�ective Hamiltonian

Ĥe� = Ĥ � i


4

LX

j =1

�
L̂ j � h  t j L̂ j j t i

�
; (2.10)

which is not Hermitian. In particular, the measurement backaction corresponding
to the outcome of not observing any jump generates an imaginary contribution that
sums up to the original Hamiltonian. Notice that the constant termsh t j L̂ j j t i
ensure that normalization is preserved, as one can immediately check explicitly.
Equation (2.10) alone generates the so-calledno-click limit in which no quantum
jump is recorded by the detectors. This is very di�erent from not measuring the
system at all: the qubits are still a�ected by the monitoring, which causes a non-
unitary evolution. As we will see later, this limit provides a simple framework to
understand basic features of MIPTs.

The other part of Eq. (2.9) (second line) encodes the quantum jumps, and it is en-
tirely stochastic. These operators implement the projectionŝL j wheneverd� j;t = 1.
Numerically, one can simulate the dynamics of the stochastic Schrödinger equation
by implementing the no-click evolution and samplingd� j;t at each timestep2. When
a jump occurs, the corresponding projection is applied.

2.1.3 Lindblad master equation

The evolution of observable expectation values averaged over the set of all quantum
trajectories is captured by the ensemble-averaged statê� t . For Hamiltonian models
with monitoring protocols of the kinds mentioned above, the dynamics of the mean
density matrix is governed by the well-known Lindblad master equation [39�41, 44]

@t �̂ t = L �̂ t (2.11a)

L � = � i
h
Ĥ; �

i
+

X

k

�

L̂ k � L̂ y
k �

1
2

n
L̂ y

k L̂ k ; �
o�

; (2.11b)

where L is the Lindblad superoperator acting on the space of density matrices.
Here, Ĥ is the Hamiltonian, and L̂ k are the Lindblad jump operators describing
the interaction of the system with the external world, either representing the e�ect
of measurements or the coupling with an environment; the corresponding part of

2In practical implementations, it is often more convenient to check whether or not a jump
happens on each site independently, as in the original Eq. (2.8). This is usually simpler and
mitigates errors due to using �nite values of dt.
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the Lindbladian is referred to as a dissipator, and it encodes non-unitary e�ects.
This equation constitutes a foundational tool for studying open quantum systems
in quantum optics, condensed matter theory, and quantum information. Its impact
extends far beyond monitored systems, as it �nds common applications in noise
modeling, decoherence, and dissipation induced by coupling to a bath.

Equation (2.11b) provides the most general Lindbladian generating Markovian
completely-positive and trace-preserving (CPTP) dynamics. This is also known as
a quantum channel, meaning that it maps any valid density matrix �̂ into a new one
that is still physical, preserving trace and positive de�niteness.

We can immediately derive the Lindblad equation for some of the monitoring
protocols discussed previously. For example, consider a Hamiltonian evolution inter-
spersed with local projective measurements on each sitej , described by the Kraus
operatorsÂm;j and occurring with a rate 
 . At each timestep, there are two possi-
bilities:

1. No measurement is performed. This happens with a probability(1 � 
dt )N =
1 � 
Ldt + O(dt2).

2. Only one site, which we labelj , is measured. This happens with a proba-
bility 
dt . In this case, a Kraus operatorÂm;j is picked using the Born rule
probabilities pm;j .

Processes involving two or more measurements at the same time contribute to order
O(dt2) and are thus neglected. The updated average density matrix is given by the
sum over all possible �nal states weighted by their probabilities3, yielding

�̂ t+ dt = �̂ t � i
h
Ĥ; �̂ t

i
� 
dt

X

j

�
Âm;j �̂ t Â

y
m;j � �̂ t

�
+ O(dt2); (2.12)

where we also introduced the Hamiltonian contribution. After using the com-
pleteness relation of Eq. (2.1) to rewrite1 =

P
m Ây

m;j Âm;j and de�ning @t �̂ t =
limdt! 0(�̂ t+ dt � �̂ t )=dt, Eq. (2.12) assumes the Lindblad form of Eq. (2.11) with
L̂m;j =

p

 Âm;j . An analogous derivation can be performed for the case of continu-

ous measurements.
While a monitoring protocol is described by a unique master equation, the op-

posite is not true: each Lindblad equation can describe multiple possible stochastic
Schrödinger equations, known asunravelings. These are useful for simulating en-
sembles of trajectories that average to the Lindblad result, which is almost always
more convenient than working directly with the mixed average density matrix. Still,
individual trajectories may exhibit very di�erent properties in di�erent unravelings.

Steady state � The Lindblad master equation is guaranteed to always have at
least one steady state, corresponding to a �xed point of the dynamics [44]. This
can be seen from the eigendecomposition of the Liouvillian. Let� n and �̂ n be the
eigenvalues and eigenoperators ofL , respectively, satisfyingL �̂ n = � n �̂ n . The set
f �̂ ng forms a basis for the space of operators, allowing any initial statê� 0 to be

3Note that the Born rule probabilities pm;j cancel out in Eq. (2.12) due to the denominator
appearing in Eq. (2.2).
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expanded as�̂ 0 =
P

n an �̂ n . From Eq. (2.11), the time-evolved density matrix is
given by

�̂ t = eL t �̂ 0 =
X

n
ane� n t �̂ n : (2.13)

It can be shown that at least one eigenvalue, which we pick to be� 0, vanishes, and all
others satisfy Re(� n ) � 0. This implies that the term proportional to �̂ 0 in Eq. (2.13)
stays constant in time, whereas all others decay over a timescale� 1=Re(� � n ).
Hence, �̂ 0 corresponds to a steady state of the open system evolution. In many
situations it is unique, but particular models may exhibit additional in�nite-lifetime
modes with Re(� n ) = 0 . In these cases, the steady state reached at long times may
depend on the initial conditions, or the system might exhibit perpetual oscillations
between modes that never decay. Assuming that̂� 0 is the only steady state, the
timescale needed to relax to it is controlled by the inverse of the Liouvillian gap
� = min n6=0 Re(� � n ).

Suppose that the Kraus operators used in the monitoring satisfy the property

MX

m=1

Âm Ây
m = 1̂; (2.14)

which resembles the completeness relation of Eq. (2.1) but imposes a distinct con-
dition. In this case the quantum channel is calledunital, and it guarantees that
the in�nite-temperature (maximally mixed) state �̂ 1 = 1̂=2L is a steady state of
the corresponding Lindblad equation. In fact, recalling that the jump operators
L̂m are proportional to Âm as derived earlier, it can be checked by explicit sub-
stitution in Eq. (2.11b) that unitality ensures L �̂ 1 = 0. This condition is always
met for projective measurements, and often applies to generalized ones as well. An
example of non-unital channel is the following. Given a set of Kraus operatorŝAm

satisfying Eq. (2.14), introduce a set of outcome-dependent unitarieŝUm and de�ne
Â0

m = Ûm Âm . The new operators still describe a legitimate quantum measurement,
as they ful�ll Eq. (2.1), but they no longer obey Eq. (2.14). Physically, this corre-
sponds to applying unitary gates conditional to the observed measurement outcome.
This introduces biases in the dynamics, preventing the ensemble of trajectories from
averaging to the in�nite-temperature state.

2.2 Measurement-induced phase transitions

In many-body systems, monitored time evolution can give rise to dynamical phase
transitions in the structure of quantum correlations. The basic mechanism is sim-
ple: unitary dynamics spreads quantum correlations and builds up entanglement,
whereas local measurements disentangle degrees of freedom. The competition be-
tween these two e�ects, controlled by the monitoring rate, naturally suggests the
existence of a critical transition. Since the pioneering works of Refs. [47�49], the lit-
erature on MIPTs has expanded rapidly [51�69, 247�265], investigating a variety of
models and exploring the roles of symmetries, measurement protocols, and quantum
complexity.
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The main di�culty in studying MIPTs is that they are invisible to conventional
ensemble-averaged observables. Entanglement transitions are properties of individ-
ual trajectories of the ensemble, and they typically show no signatures in the average
density matrix generated by the Lindbladian [266, 267]. As mentioned before, in
many cases the mean density matrix relaxes to the featureless in�nite-temperature
state at long times, regardless of the measurement rate, thus erasing any trace of
the transition. As a consequence, probing MIPTs requires access to non-linear func-
tionals of each trajectory, such as the entanglement entropy, which do not commute
with ensemble averaging.

This theoretical issue extends to experiments. In practical implementations,
trajectories are sampled from their ensemble. Measuring the non-linear properties
of each path requires to reproduce it several times to collect statistics. However,
the probability of each realization is exponentially suppressed in the total number
of measurements, and thus recreating quantum trajectories randomly demands a
prohibitive number of independent experimental runs. The problem of e�ciently
postselecting quantum trajectories, i.e., generating them with speci�c measurement
outcomes on demand, remains arguably the main challenge of MIPTs. Some pro-
posals to address this have been put forward [102, 268�272], either valid for special
models or leveraging classical simulation, but no general solution is known. Finally,
the di�culty is aggravated by the fact that measuring entanglement itself typically
requires a large sample of copies of the same state, as in quantum state tomography.

In the following, we review the key properties of measurement-induced entangle-
ment transitions, focusing on hybrid random circuits and monitored free fermions.
For these models, we present the main results understood from numerical simula-
tions and analytic insights. We then discuss alternative probes of MIPTs beyond
the entanglement entropy, and �nally summarize the key experimental realizations.

2.2.1 Entanglement transitions in hybrid random circuits

The standard setup of MIPTs in quantum circuits is shown in Fig. 2.2. The state,
usually prepared inj 0i = j0i 
 L , is evolved under alternating unitary and measure-
ment layers of a 1D circuit, for an overall deptht of each of them. The probability
of measurement per site at each layer is �xed to bep, and the monitoring is typically
projective in the computational basis. The gates are usually sampled randomly from
a given set, a common choice being the2-qubit Cli�ord group C2 [47, 51, 53, 59�61],
as it enables e�cient simulation of the problem.

The key quantity we are interested in tracking is the entanglement entropy
SA (t) � S` (t) for a compact subsystem of sizejAj = ` � L=2, averaged over the
ensemble of random realizations of the circuit. At long times, the entropy relaxes
to a steady-state valueSA (1 ) that exhibits three regimes depending onp:

1. Volume-law phaseS` (1 ) � ` for p < pc.

2. Logarithmic scalingS` (1 ) � log` at the critical point p = pc.

3. Area-law phaseS` (1 ) � const: for p > pc.
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This is the standard behavior of measurement-induced entanglement transitions,
holding for the majority of circuit models. Below the critical point, the system
retains the strong volume-law correlations typical of the unitary case, whereas for
p > pc the disentangling due to monitoring is too frequent to enable the build-
up of entanglement. At p = pc, the system becomes scale-invariant, featuring a
logarithmic entanglement entropy characteristic of standard quantum critical points.
Simulations suggest that the critical point may be described by a conformal �eld
theory, though no rigorous microscopic connection is currently available.

The main numerical evidence for MIPTs is obtained by studying Cli�ord circuits,
which enable the investigation of system sizes of hundreds of qubits. Haar-random
circuits have also been studied [48, 52, 54, 58] for smaller values ofL, and are
consistent with the same behavior. In higher dimensions, the scaling behaviors of
the di�erent phases generalize to the corresponding volume and area laws, with a
logarithmically-corrected area law at the critical point.

The critical point pc is a non-universal property determined by the gate and
measurement choices. Some universal features, such as critical exponents, emerge
at criticality [48, 58�63, 273]. These indicate the existence of di�erent universality
classes for MIPTs, controlled by dimensionality, symmetries, and the unitary en-
semble considered. For instance, Cli�ord and Haar-random circuits exhibit distinct
correlation length critical exponents. It is worth noting that special symmetries
may dramatically change the nature of the volume-to-area transition. For instance,
if the circuit is composed of matchgates (corresponding to fermionic Gaussian uni-
taries), a logarithmic phase appears instead of a volume one forp < pc [274, 275].
In this case, the phenomenology is more similar to that of monitored free-fermionic
Hamiltonians, discussed in the upcoming subsection.

Heuristic percolation mapping � The minimal cut approach introduced in
Sec. 1.1.5 can be generalized to hybrid quantum circuits, and provides a qualitative
understanding of the volume and area scalings of entanglement in the two phases.
Here we brie�y present the main idea, while a more detailed discussion can be found
in Refs. [48, 50].

To complement the minimal cut method described earlier, we consider what
happens when a path crosses a leg hosting a measurement in Fig. 2.2. Single-qubit
projective measurements reset the system locally into a well-de�ned state, decoupled
from the rest. This enables the cut to pass �for free� across a measurement, without
increasingncut , as no entanglement to be erased is present. Hence, each measurement
opens a wall, as represented schematically in Fig. 2.3a. The Rényi entropies still
satisfy Eq. (1.17), and thus the tightest bound is obtained by �nding the path that
minimizesncut by passing through multiple broken legs.

This description enables an exact mapping to a classical bond percolation prob-
lem in 2D, as illustrated in Fig. 2.3b. The legs now de�ne a square lattice where
each side is open with probabilityp and closed with1� p. This statistical model can
be solved exactly, and features a phase transition atpc = 1=2 between a percolating
phase forp > pc, where the open bonds realize a cluster of in�nite length, and a
non-percolating one forp < pc, where all clusters have �nite size. In this context,
nmin-cut corresponds to the minimal number of walls crossed by the optimal path on
the graph, and exhibits an analogous phase diagram. Assuming1 � L � t, one
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Figure 2.3: Illustration of the minimal cut mapping to a classical percolation model,
taken from Ref. [48]. Left: in the hybrid circuit, local measurements break gate legs,
allowing cuts to cross them without incrementingncut . Right: equivalent description
in terms of a 2D percolating square lattice.

�nds nmin-cut � ` for p < pc, nmin-cut � log` at p = pc, and nmin-cut � const: for
p > pc.

While only qualitative, this simple description captures key features of entangle-
ment transitions. The scaling behaviors shown bynmin-cut capture the standard ones
of MIPTs through the upper bound set by Eq. (1.17). However, the valuepc = 1=2
predicted by this mapping does not coincide with the true critical point found in
explicit simulations of the hybrid circuit, and the associated critical exponents can
di�er from those of classical percolation.

2.2.2 Entanglement transitions in free-fermionic systems

We now shift to a Hamiltonian setting, considering free-fermionic systems subject
to external monitoring that preserves Gaussianity, corresponding to Gaussian Kraus
operators. Given their e�cient classical simulability, these models provide a natural
platform for investigating measurement-induced e�ects. In the standard protocol,
the system is initially prepared in a product state, and undergoes unitary dynamics
with either projective or continuous local monitoring using a rate
 per site.

The most striking feature of monitored free fermions is the instability of the
volume-law entanglement scaling of the unitary evolution: any �nite
 > 0 collapses
it to a subextensive behavior [49, 55�57, 246�249]. The scaling properties of the
entropy in weakly monitored free fermions in 1D have been the subject of intense
debate over the last few years. Some studies reported the presence of a stable
logarithmic phase below a critical
 c, while others claimed that only an area law
is present. Although no rigorous proof is available, it is now understood that the
symmetry of the Hamiltonian plays a decisive role in the structure of the phase
diagram. Models withU(1) particle-number conservation do not exhibit any MIPT,
and entanglement saturates to an area lawS` (1 ) for any �nite value of 
 . In
contrast, BCS-like Hamiltonians with onlyZ2 symmetry possess an entangling phase
exhibiting logarithmic scaling below a critical point 
 c.

This controversy was resolved also thanks to the development of �eld-theoretical

37



descriptions of monitored free fermions, given by non-linear sigma models (NLSMs)
[91�95]. These are Keldysh �eld theories supplemented by a replica approach, en-
abling the calculation of non-linear properties. In particular, Ref. [92] considered
a chain of hopping fermions with local density measurement, and found that at
low 
 the system develops a �nite, though possibly very large, correlation length
� . As a consequence, the entanglement entropy appears to scale logarithmically for
L . � , but eventually saturates to an area law at larger system sizes. This result
has been con�rmed analytically by an independent study presented in Ref. [93], as
well as numerically in Ref. [276] implementing large-scale simulations reaching up to
L � 16000in the 1D case. In contrast, Ref. [91] studied a Majorana model without
U(1) symmetry and obtained a scalingS` (1 ) � log2 ` at low 
 from the NLSM.
This suggests that, in the absence of particle-number conservation, monitored free
fermions exhibit a stable entangling phase characterized by

S` (1 ) = a log2 ` + blog` + O(1) (2.15)

for 
 < 
 c. The factor a is typically quite small, making the leading order behav-
ior visible only at very large values ofL. This explains why previous numerical
simulations only detected a standard logarithmic growth.

Hybrid Gaussian fermionic circuits feature analogous phenomenology to the
Hamiltonian case, exhibiting a logarithmic region at low measurement rates [89,
274, 275]. This will be explored in more detail in Chapter 7, where we analyze
unitary gates that are simultaneously Gaussian and Cli�ord. In this setting, the
dynamics of entanglement can be mapped to a Majorana loop model [253, 277],
which is a classical statistical model proposed in the context of measurement-only
quantum circuits. This enables an analytical approach to understand the phase
transition.

Finally, generic monitored many-body Hamiltonians beyond free fermions typ-
ically exhibit a volume-to-area entanglement phase transition, as in Cli�ord and
Haar-random circuits. The same holds for quadratic Hamiltonians with non-Gaussian
measurement operators [258]. The fragility of the volume-law phase appears to
be a direct consequence of Gaussianity, making it a de�ning characteristic of free
fermions.

2.2.3 Signatures of measurement-induced criticality beyond
entanglement

While the entanglement entropy is the standard probe for MIPTs, other non-linear
quantities can reveal signatures of these critical phenomena as well. A notable exam-
ple is found in Ref. [51], which considers an alternative point of view on monitored
evolution. This work studies hybrid Cli�ord circuits initialized in the maximally-
mixed density matrix �̂ 1 = 1̂=2L . Throughout the dynamics, projective measure-
ments gradually restore purity, eventually driving the system to a pure state. The
puri�cation time T of this process exhibits a phase transition controlled by the mea-
surement rate. Forp > pc, measurements purify the density matrix rapidly in an
intensive timeT � const. independent ofL, whereas forp < pc the puri�cation time
grows exponentially asT � e�L . The critical point pc � 0:16 coincides with that of
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the entanglement phase transition in the same model, suggesting that the dynamical
puri�cation transition is a complementary manifestation of the same MIPT.

Quantum magic can also show qualitative changes in its scaling behavior in-
duced by monitoring. When measuring a generic sitej in the computational basis,
the resulting state is stabilized by� �̂ z

j , partially restoring the stabilizer structure
and thus erasing some magic. Therefore, as for entanglement, measurements act as
a destruction mechanism for non-stabilizerness that competes with unitary evolu-
tion, potentially generating critical behavior. This problem has been addressed in
Refs. [278, 279], which study measurement-induced magic transitions inT-doped
hybrid Cli�ord circuits. When the number of T gates per layer is tuned to be
O(1), non-stabilizerness measures display a rich phase diagram, featuring area-,
subvolume-, and volume-law scaling of the stabilizer Rényi entropies (SREs). This
phenomenon is not necessarily directly related to the entanglement transition, and
thus it can present distinct phase boundaries. In Chapter 6 we report another type
of magic MIPT in a Hamiltonian setting, where a phase transition is observed in
the subleadingbehavior of SREs.

Quantum �uctuations of observables, quanti�ed by variances of kind(� O)2 =
hÔi 2 � h Ôi 2, may also probe measurement-induced criticality. Note that this is a
quadratic functional of the state, due to the presence of the squared expectation
value of Ô. An interesting example is given bysharpening transitions[76�79]. Con-
sider a model with a conserved chargêQ that commutes with the measurement
protocol. For instance, one may consider local density measurements and takeQ̂ to
be the total particle number. We prepare the system in a statej 0i that spreads over
multiple charge sectors (i.e., it is not an eigenstate of̂Q). Throughout the dynamics,
measurements will �sharpen� the charge, in the sense that they progressively col-
lapse the state onto a unique eigensector. As a result, at long times(� Q)2 = 0. The
measurement rate can tune a phase transition in the dynamical timescale for this
sharpening, distinguishing fast and slow regimes. Unlike the mixed-state puri�ca-
tion transition, the sharpening critical point can di�er from that of the entanglement
transition, highlighting a fundamental di�erence between these phenomena.

As a last example, multipartite entanglement provides another probe of many-
body entanglement transitions that is inequivalent to the bipartite entropy. Its �rst
application to the study of MIPTs is presented in Chapter 6. This and subsequent in-
vestigations [280] demonstrate that the phase diagram of quantum multipartiteness
reproduces that of the entanglement entropy and highlights new phase boundaries,
establishing its value as a complementary probe of MIPTs.

2.2.4 Experimental results

Due to the aforementioned problems of postselecting quantum trajectories and mea-
suring entanglement, MIPTs have remained inaccessible to experiments for a long
time. Despite these severe challenges, some outstanding experimental investigations
have been recently carried out on di�erent platforms. While standard implemen-
tations of the entanglement phase transition are limited to small system sizes that
cannot be scaled up, they still manage to capture signatures of distinct measurement-
induced phases. In addition, strategies that combine experimental data with clas-
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Figure 2.4: Experimental observation of a MIPT in Ref. [99]. The second Rényi
entropy is measured as a function of the system size for two measurement rates
p = 0:1; 0:8, setting a subsystem lengthjAj = L=4 (when L=4 is not integer, an
interpolation between the closest ones is made). The labels �RO� and �RE� denote
data points obtained implementing error-mitigation techniques.

sical simulations have been introduced to mitigate the exponential complexity of
the problem, enabling the observation of MIPTs through hybrid quantum-classical
probes.

Purely experimental approaches � A direct observation of a volume-to-area
entanglement transition has been made by Ref. [99], implementing a hybrid quan-
tum circuit on a superconducting processor. Here, the exponential overheads of
postselection and quantum state tomography (needed to access the second Rényi
entropy) are addressed by brute-force sampling an extremely large number of quan-
tum trajectories. This allows the collection of su�cient statistics, but this approach
is not scalable and is limited toL = 14. Figure 2.4 shows a strikingly clear sig-
nature of two scaling phases, visible even at the current system size. Analogous
methods and results are reported by Ref. [102], which performs the experiment on
superconducting qubits as well.

The complexity of the problem can be partially mitigated by abandoning the
measurement of the entanglement of an extended subsystem, and focusing on the cor-
relation of a single probe qubit instead [281]. This approach is followed by Ref. [100],
which implements a monitored Cli�ord circuit evolution on a trapped-ion platform
of up to L = 14 qubits. A single reference qubitR is initially entangled with the
system, and the latter is then evolved with unitaries and measurements for a depth
T. For p < pc, measurements performed on the system are unable to disentangle the
reference because its quantum correlations are scrambled, and thus the �nal reduced
density matrix �̂ R remains mixed. In contrast, measurements successfully decouple
the reference in the disentangling phasep > pc, yielding a pure �nal state.
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Figure 2.5: Signatures of criticality in the quantum-classical linear cross entropy
presented in Ref. [103]. The number of physical qubits isL=2. Data from di�erent
system sizes exhibits a crossing, and collapses to a universal scaling function upon
suitable rescaling.

Hybrid quantum-classical techniques � Given the scalability barriers set
by postselection and quantum state tomography, hybrid quantum-classical order
parameters have emerged as promising strategies to overcome these limitations. In
Ref. [102], they experimentally demonstrate this idea on a system of up toL =
70 superconducting qubits. Similar to Ref. [100], the transition is witnessed by a
reference qubit initially coupled to the monitored system. In this case, for each
trajectory, the single-shot outcome of the �nal state of the reference qubit is cross-
correlated with a classical prediction evaluated through numerical simulations. This
enables the estimation of the von Neumann entropy of the probe qubit without the
need to repeat quantum trajectories, which exhibits signatures of a dynamical phase
transition.

A related proposal of a quantum-classical order parameter is the linear cross
entropy. Given an initial state �̂ , let m = ( m1; m2; : : : ) be the collection of mea-
surement outcomes of the monitored dynamics. We denote byp�

m the probability
of each quantum trajectory labeled bym. The linear cross entropy for two initial
states �̂ 1;2 is given by

� =
P

m p� 1
m p� 2

mP
m (p� 2

m )2
; (2.16)

and measures how distinguishable the two states are based on their measurement
records. Eq. (2.16) can be interpreted as a statistical average ofp� 2

m =
P

m (p� 2
m )2 over
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the distribution p� 1
m . In an experiment, one explicitly implements the dynamics of

�̂ 1, whereas the probabilitiesp� 2
m are obtained through classical simulation of the

evolution of �̂ 2. This is demonstrated in Ref. [103] with a superconducting device,
considering hybrid Cli�ord circuits to perform this task e�ciently. Figure 2.5 shows
signatures of a MIPT in the linear cross entropy. Within this approach, the purpose
of the experiment is to generate the outcomesm according to the correct statistics,
while the averaged quantity is computed classically.
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Chapter 3

Multipartite entanglement in the monitored
quantum Ising chain

As discussed in the previous chapter, the most common way of characterizing
measurement-induced phase transitions (MIPTs) is based on their bipartite entan-
glement, measured by the entanglement entropy. This approach is based on the
interpretation that measurements compete with unitary dynamics in a clash be-
tween the erasure and the creation of quantum correlations. Investigations of the
entanglement entropy have proved fundamental in distinguishing the behavior of
generic interacting systems, exhibiting a volume-law phase [52, 257, 264, 282�284],
from free-fermionic ones, which instead feature a logarithmic region at most [55, 56,
248, 285, 286]. Nevertheless, MIPTs also manifest in other properties [51, 73�77,
278, 279] of quantum trajectories, suggesting that the entanglement entropy alone
might be insu�cient to gain a complete picture of monitored quantum criticality.

Driven by this intuition, we now explore entanglement in a monitored many-
body system beyond the bipartite level. The structure of multipartite correlations
is potentially richer [130, 274, 287] and could give new insights for the characteriza-
tion of the di�erent phases. Speci�cally, in this chapter we investigate multipartite
entanglement in a continuously monitored quantum Ising chain by means of the
quantum Fisher information (QFI) [131, 132, 134, 135]. The goal is to understand if
and to what extent multipartite correlations are sensitive to measurement-induced
criticality. As our main result, we show that not only is the QFI a valid probe
of MIPTs, but it also provides more information than the entanglement entropy,
enabling a more in-depth analysis of the structure of quantum correlations.

The dynamics of the system we consider is described by a stochastic Schrödinger
equation in the form of Eq. (2.9). Given its random nature, no analytical treatment
of the full dynamics is available. For this reason, in order to develop a theoretical
understanding of the properties of this system, we begin our analysis by investigating
the no-click limit [56, 250, 264] generated by the e�ective non-Hermitian Hamilto-
nian. While not completely faithful to the full physics of the ensemble of quantum
trajectories, this approach proves useful in establishing the scaling behaviors shown
by the QFI density, which features a power-law regimef Q � Lp with p > 0 and a
bounded phase withf Q � const:. Interestingly, multipartite entanglement exhibits
the same phase boundaries as the entanglement entropy in the no-click limit, thus
providing an equivalent characterization of measurement-induced criticality.

After this preliminary study, we move to the full dynamics generated by the
stochastic Schrödinger equation, now relying on numerical results obtained from
e�cient Gaussian-state simulations. Here, the behavior of the QFI appears more

43



complex. While we still observe a transition between intensive and scaling entangle-
ment, both bipartite and multipartite, qualitatively analogous to the no-click limit,
we also �nd a third region with bounded QFI density yet logarithmic entanglement
entropy. This highlights the presence of a third phase with strong yet �nite-ranged
correlations that is invisible from the calculation of bipartite entanglement alone.

The rest of the chapter is organized as follows. In Sec. 3.1, we introduce the
quantum Ising chain and the quantum jump monitoring protocol we consider. Then,
Sec. 3.2 presents the exact solution of the no-click limit and our results for the QFI,
whereas Sec. 3.3 covers the case of the full dynamics involving quantum jumps. Last,
we summarize our �ndings in Sec. 3.4.

3.1 Setup

Below, we consider MIPTs in a quantum Ising chain in transverse �eld

Ĥ0 = �
X

j

�̂ x
j �̂ x

j +1 � h
X

j

�̂ z
j ; (3.1)

with L lattice sites and periodic boundary conditions. Within the formalism of
positive operator-valued measures [240, 243, 244, 288, 289] presented in Sec. 2.1.1, we
characterize entirely the measurement protocol by assigning suitable Kraus operators
Âm , m = 1; : : : ; M , satisfying

P
m Ây

m Âm = 1̂. In detail, given a state j t i , the
evolved statej t+ dt i is obtained by applying a projectorÂm to j t i and restoring
the norm to 1. The choice of the Kraus operator is performed randomly with
probabilities set by pm = hÂy

m Âm i t (where hÔi t = h t j Ô j t i ). In our case, we
assume to measure thez-component of each spin randomly and independently of all
others with a �xed rate 
 . Since the full protocol can be broken down into single-site
measurements, we use the local Kraus operators

Â0;j = ( 1̂ � L̂ j ) +
q

1 � 
dt L̂ j ; (3.2a)

Â1;j =
q


dt L̂ j ; (3.2b)

where L̂ j = 1
2(1̂ + �̂ z

j ), corresponding to a quantum jump protocol (see Eq. (2.6)).
Â0;j has a probabilityp0;j = O(1), and implements an in�nitesimal drift towards a lo-
cal spin state with downz-component. In contrast,Â1;j represents a rare but sudden
jump to the state with up z-component, occurring withp1;j = O(
dt ). The interplay
of these Kraus operators can induce non-trivial magnetization dynamics [259, 290].

Using this generalized measurement protocol, the dynamics of the system is ruled
by the stochastic Schrödinger equation [40, 291]

d j t i = � i Ĥdt j t i +
X

j

d� j;t

0

@ L̂ jq
hL̂ j i t

� 1

1

A j t i ; (3.3)

where
Ĥ = Ĥ0 � i



4

X

j

�
�̂ z

j � h �̂ z
j i t

�
(3.4)
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is a non-Hermitian Hamiltonian [292] describing an e�ective non-unitary evolution in
absence of jumps. The functionsd� j;t = 0; 1 are increments of independent Poisson
processes satisfyingd� j;t = 
dt hL̂ j i t . The derivation of Eq. (3.3) follows the same
discussion presented for Eq. (2.9).

The quantum Ising chain undergoing this monitoring protocol has been inves-
tigated in previous studies [56, 247, 248, 250], which highlighted a MIPT for the
entanglement entropy. The scope of our study is to investigate the QFI in the
stationary state of the dynamics generated by Eq. (3.3) and compare its behav-
ior to SA . Our goal is to understand whether multipartite entanglement exhibits
any form of out-of-equilibrium critical behavior induced by measurements. As dis-
cussed in Sec. 1.1.3, the QFI of a state purej i is given by FQ[j i h j ; Ô], and
it is sensitive to the number of entangled degrees of freedom when evaluated with
respect to operators of kindÔ[f n j g] = 1

2

P
j n j � �̂ j . In this case, it reduces to

FQ =
P

�;� = x;y;z
P

i;j n�
i C �;�

i;j n�
j (omitting the dependence on the state and the unit

vectors for brevity), whereC �;�
i;j = ĥ� �

i �̂ �
j i � h �̂ �

i ih�̂ �
j i are connected spin-spin corre-

lators.

3.2 No-click limit

We start our analysis from the no-click limit, namely, the speci�c quantum trajectory
generated by Eq. (3.3) in which alld� j;t are zero at all times, and no quantum
jump occurs. Due to the non-Hermitianity of the e�ective Hamiltonian Ĥ , at long
times the dynamics converges to a pure stationary state, which can be determined
analytically by diagonalizing the quadratic model. Even though this trajectory
is exponentially unlikely, it can provide information on what can be expected in
generic realizations of the full dynamics. In this section, we start by solving the
model exactly and then present our results for the QFI, highlighting a MIPT.

3.2.1 Diagonalization of the non-Hermitian Hamiltonian

The e�ective Hamiltonian Ĥ remains integrable even if non-Hermitian, and can be
diagonalized by using the Jordan-Wigner transformation 1.2.1 and proceeding in the
same way as done for regular Hermitian quadratic models. The following derivation
is similar to the one presented in Ref. [260].

The Hamiltonian of Eq. (3.4) can be mapped to a quadratic fermionic model by
means of Eq. (1.22), which yields

Ĥ = �
L � 1X

j =1

�
ĉy

j ĉj +1 + ĉy
j ĉ

y
j +1 + h :c:

�
+ ( � 1)N̂

�
ĉy

L ĉ1 + ĉy
L ĉy

1 + h :c:
�

+ 2
�

h + i


4

� LX

j =1

n̂j ;

(3.5)
whereN̂ =

P
j n̂j is the total number of fermions. Here and in all following instances,

any additive constant to the Hamiltonian is disregarded. For simplicity, we also
assume thatL is even. WhileN̂ itself is not conserved, its parity is a good quantum
number. In our study, we work only with states in the even parity sector, and thus
Ĥ is a BCS Hamiltonian with anti-periodic boundary conditions.
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We shift to momentum space by introducing the momentak satisfyingeikL = � 1,
yielding k = � 2m� 1

L � , m = 1; : : : ; L=2. We de�ne the Fourier-space fermionic
operators

d̂k =
e� i�= 4

p
L

X

j

e� ikj ĉj ; (3.6)

which allow us to rewrite the Hamiltonian asĤ =
P

k> 0 Ĥk , where

Ĥk =
�
d̂� k d̂y

k

�
 

2 cosk � 2h � i 

2 � 2 sink

� 2 sink � 2 cosk + 2h + i 

2

!  
d̂y

� k

d̂k

!

=
�
d̂� k d̂y

k

�
 

� k � k

� k � � k

!  
d̂y

� k

d̂k

!

:

(3.7)

The two-particle Hamiltonian Ĥk acts on the manifold of statesj0k i , jki = d̂y
k j0k i ,

j� ki = d̂y
� k j0k i , and jk; � ki = d̂y

k d̂y
� k j0k i , where j0k i is the vacuum of fermions

with momenta � k. It is immediately checked thatĤk acts trivially on states with a
single fermion, namely,Ĥk jki = Ĥk j� ki = 0. As a consequence, these states have
no dynamics, and thus we focus on states with even occupation of� k fermionic
modes.

The eigenvalues of the HamiltonianĤk are found in opposite pairs� � k , where

� k = 2

s

1 � 2h cosk + h2 �

 2

16
+ i



2

(h � cosk): (3.8)

The complex square root requires the choice of a branch. For eachk, we are free
to de�ne it in such a way that � k = Ek + i � k (with Ek ; � k 2 R) has non-positive
imaginary part � k � 0. This choice is always possible, as eigenvalues come in pairs
of opposite sign1. The Hamiltonian takes the diagonal form

Ĥk = � k

�
�̂
 � k 
̂ � k + �̂
 k 
̂ k

�
(3.9)

in terms of new fermionic operators

�̂
 k =
� (� k � � k)d̂y

� k + � k d̂kq
2� k(� k � � k)

; (3.10a)


̂ k =
� (� k � � k)d̂� k + � k d̂y

kq
2� k(� k � � k)

: (3.10b)

The diagonal fermions satisfy the canonical anticommutation relations
n

�̂
 k ; 
̂ k0

o
=

� k;k 0,
n

�̂
 k ; �̂
 k0

o
= f 
̂ k ; 
̂ k0g = 0, but, di�erently from the Hermitian case, we have

�̂
 k 6= 
̂ y
k . Nevertheless, these can still be interpreted as creation and annihilation

operators for non-Hermitian quasiparticles carrying complex energies� k , and the
operators �̂
 k 
̂ k and �̂
 � k 
̂ � k have the meaning of (non-conserved) number operators.

1The speci�c choice of the branch of the square roots is irrelevant, as long as a unique convention
is adopted consistently.
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3.2.2 Vacuum state and no-click dynamics

We now introduce the vacuum state of non-Hermitian quasiparticles. For eachk,
we de�ne jvack i as the state that is annihilated by
̂ � k , obtaining

jvack i =
(� k � � k) j0k i � � k jk; � ki

q
j� k � � k j2 + � 2

k

: (3.11)

When acting on this state, the operatorŝ�
 � k add quasiparticles with complex energy
� k . In particular, within the same parity sector, we may de�ne the state with two
non-Hermitian quasiparticles�̂
 k �̂
 � k jvack i , which, together with jvack i , spans the
same space asj0k i and jk; � ki . Any initial state within this space can then be
represented as

j k(0)i = � jvack i + � �̂
 k �̂
 � k jvack i ; (3.12)

wherej� j2 + j� j2 = 1. Since we de�nedIm � k to be negative, it follows from

j k(t)i =
e� i Ĥ k t j k(0)i

q
h k(0)j ei Ĥ y

k te� i Ĥ k t j k(0)i
(3.13)

that jvack i is the steady state of the dynamics reached fort ! 1 , as the exponential
factor e2� k t suppresses the relative weight of the state with quasiparticles. Consider-
ing all modesk, the overall vacuum state of the system is simplyjvaci = 
 k> 0 jvack i .

The fermionic correlation matrix of the vacuum state can be computed ana-
lytically from Eq. (3.11). After a straightforward calculation (see Supplemental
Material of Ref. [56] for the details), we obtain

(M o;o)m;n = hvacj 
̂ 2m� 1
̂ 2n� 1 jvaci = � m;n �
4i
L

X

k> 0

sin(k(n � m))
� k Im(� k � � k)
j� k � � k j2 + � 2

k
;

(3.14a)

(M e;e)m;n = hvacj 
̂ 2m 
̂ 2n jvaci = � m;n +
4i
L

X

k> 0

sin(k(n � m))
� k Im(� k � � k)
j� k � � k j2 + � 2

k
;

(3.14b)

(M o;e)m;n = hvacj 
̂ 2m� 1
̂ 2n jvaci = �
2i
L

X

k> 0

cos(k(n � m))
j� k � � k j2 � � 2

k

j� k � � k j2 + � 2
k

�
4i
L

X

k> 0

sin(k(n � m))
� kRe(� k � � k)
j� k � � k j2 + � 2

k
;

(3.14c)

already in the form de�ned in Eq. (1.62). These matrices then enable the calculation
of spin-spin correlators through Eq. (1.63).

As reported by previous studies [247, 250], the no-click steady-state manifests
a MIPT in the entanglement entropy S` = � Tr ( �̂ ` ln �̂ ` ) (where �̂ ` is the reduced
density matrix associated to a compact subsystem of` spins) from an area law
S` � const: to a logarithmic S` � log`. The development of scaling behavior in the
stationary state can be directly linked to the closure of a gap in the decay rate of
elementary excitations. Forjhj < 1 and 
 < 
 c(h) = 4

p
1 � h2, the imaginary part

� k of the quasiparticle spectrum is gapless, and the entanglement entropy follows
a logarithmic law. In contrast, outside this region it is gapped, and the entropy
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Figure 3.1: Spin-spin correlation functions of the no-click stationary state in the
logarithmic phase, for a chain ofL = 8192spins, usingh = 0:2 and (a) 
=
 c(h) = 0 :3,
(b) 
=
 c(h) = 0 :95. The correlator with the slowest decay isCx;x

m;n in both cases, but
near the boundary of the phase it decreases faster than in the bulk.

obeys an area law. This establishes a net phase separation obtained analytically.
The momentum at which the gap of� k closes below the critical line
 c(h) is k� =
arccosh 2. Physically, this means that the system exhibits quasiparticle excitations
with momentum � k� that do not decay in time.

3.2.3 Quantum Fisher information in the no-click limit

Beyond the entanglement entropy, signatures of the no-click MIPT can also be
observed in the shape of correlation functions, which are crucial to the QFI (see
Eq. (1.14)). In the gapped phase, the correlatorsC �;�

i;j relax exponentially to zero
with the distance jj � i j, whereas in the gapless phase they exhibit power-law decay
modulated by sine-like oscillations, as shown in Fig. 3.1.

This di�erence impacts the QFI in the two phases. The maximization of the
QFI can be equivalently seen as the search for the ground state energy of the clas-
sical energy functionalHcl = � FQ[f n j g], in which the correlation functions set the
interaction strengths. Hence, a shift ofC �;�

i;j from exponential to power-law implies
a change from short- to long-range couplings inHcl. In particular, in the gapped
phaseHcl is a short-range Hamiltonian, and thus it must have an extensive ground
state energyEGS � L ; as a consequence, the QFI densityf Q = � EGS=L can only be
intensive. Instead, in the gapless phase, the power-law decay of correlations opens
up the possibility that EGS scales super-extensively asEGS � L1+ p with p > 0, which
would give rise tof Q � Lp. This is not automatically guaranteed by the algebraic
shape of correlations, as it also depends on the exponent of the decay. Recalling
the connection between the QFI density and multipartite entanglement, a scaling
f Q � Lp would imply that the degree of multipartiteness of entanglement diverges
as � Lp only in the logarithmic phase.

2This speci�c value depends on the convention adopted for the Jordan-Wigner transformation
of Eq. (1.22). In fact, swapping the de�nitions �̂ +

j $ �̂ �
j results in the changeh ! � h, and thus

k� ! � � k�
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Figure 3.2: Exponentp of f Q � Lp as a function ofh and 
 in the no-click limit.
The dashed curve corresponds to the critical line
 c(h) that separates the gapped
and gapless phases. The exponent is extrapolated by �tting data forL = 40 � 170.

We now test numerically this hypothesis. Numerically, the maximization of the
QFI is performed with a classical simulated annealing algorithm [179, 180]. For each
choice of the parametersh and 
 , we evaluate the maximal QFI at di�erent sys-
tem sizes, and we �t the scaling off max

Q to extrapolate the exponentp. Figure 3.2
showsp in the parameter space. Based on whetherp = 0 or p > 0, we distin-
guish two phases, which overlap very well with the area-law and logarithmic phases
for the entanglement entropy delimited by the critical curve
 c(h). This indicates
that the entanglement transition in the no-click limit is witnessed by multipartite
entanglement as well.

Our numerical results suggest thatp might be a universal function of the ratio

=
 c(h) for all values ofh. This is shown in Fig. 3.3, demonstrating a good collapse
of data upon rescaling of the measurement rate. We point out that the e�ective
central charge of the entanglement entropy behaves similarly, being a function of

=
 c(h) only [260].

Optimal unit vectors � Surprisingly, despite the translational symmetry of the
system, the operatorÔ[f n j g] maximizing the QFI is not translationally invariant.
In the gapless phase the optimalf n j gopt are approximately aligned along the longi-
tudinal direction, and alternate between+ x and � x with a wavevectork = � � k� ,
wherek� is the momentum at which the gap of the quasiparticle decay rate closes.
This is understood in terms of correlation functions. As seen in Fig. 3.1,Cx;x

i;j is the
slowest-decaying spin-spin correlator, ant thus the one that contributes the most to
the QFI. This explains why the QFI is maximized by a con�guration of unit vectors
n j along the x direction. Moreover, Cx;x

i;j oscillates with a periodicity set precisely
by � � k� : while we could not prove it analytically, the ansatz

Cx;x
m;n �

cos((� � k� )jn � mj)
jn � mj �

; (3.15)
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Figure 3.3: Exponentp of f max
Q � Lp as a function of 
=
 c(h) for multiple values

of h. The exponent decreases fromp � 0:5 at 
 = 0 to zero at 
 � 
 c(h), and it
appears to depend onh only through 
=
 c(h).

�ts very well the asymptotic behavior. This correlation function rules the leading
order behavior of f max

Q with L, and thus the optimal con�guration f n j gopt must
maximize its contribution in Eq. (1.14). Assuming Eq. (3.15) with� < 1, and
considering for simplicity a con�guration nx

j = cos((� � k� )ji � j j), we obtain a
contribution to the QFI that scales as� L2� � . Hence, the scaling exponentp of the
QFI density may be estimated asp = 1 � � > 0.

The operator Ô[f n j gopt ] that maximizes the QFI can be interpreted as a local
order parameter due to its �uctuations, which are super-extensive exclusively in
the critical gapless phase. This identi�cation holds, for instance, for the quantum
Ising chain Ĥ0, where the order parameter

P
j �̂ x

j maximizes the QFI providing
f max

Q � L3=4 at the critical point [133]. In the absence of any conventional order
parameter Ô that changes from hÔi = 0 to hÔi 6= 0 when crossing the phase
boundary, we believe this characterization is the most reasonable.

3.3 Dynamics with quantum jumps

The results on the QFI found in the no-click limit extend only partially to the full
dynamics produced by Eq. (3.3). As we show in this section, bipartite and multi-
partite entanglement do not manifest equivalent behavior, and thus provide distinct
information and phase boundaries. In particular, we observe a region featuring
logarithmic entanglement entropy but intensivef Q.

3.3.1 Entanglement dynamics and scalings

In our numerics, we start from a product statej 0i with all spins along the posi-
tive z direction, and evolve it according to the stochastic Schrödinger equation. The
quantum jump operatorsL̂ j are Gaussian, and thus preserve the free-fermionic char-
acter of the state throughout the time dynamics. As a consequence, the dynamics
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Figure 3.4: Dynamics of the disorder-averaged QFI density (top panels) and entan-
glement entropy (bottom panels) forh = 0:2 and (a), (d) 
 = 5, (b), (e) 
 = 2, and
(c), (f) 
 = 0:3.

can be fully characterized by the covariance matrix in the fermionic representa-
tion, enabling the e�cient simulation of the problem. In detail, the evolution can
be realized by generalizing Eq. (1.48) to the case of a non-Hermitian Hamiltonian,
and implementing appropriate update rules to account for the e�ect of jumps. The
details on the implementation are presented in App. B.

For each trajectory generated, we compute the maximal QFI using simulated
annealing, as in the no-click limit. We then repeat the procedure multiple times
independently, and take a statistical average. Performing the maximizationbe-
fore averaging over the state is crucial: this makes the optimal observablêO[f n j g]
trajectory-dependent, and makes the average maximal QFI density a proper non-
linear functional of the state. To make a comparison, we also evaluate the average
entanglement entropy for a subsystem of length̀= L=4.

The dynamics of these two quantities is shown in Fig. 3.4 for three choices of the
measurement rate and a �xedh, though similar results are obtained qualitatively for
other choices of the transverse �eld. After an initial growth, both the QFI density
and the entanglement entropy saturate to steady-state values that exhibit di�erent
scaling properties. The entropy shows a shift from an area law at large
 to a scal-
ing behavior at lower measurement rates. In contrast, the average maximal QFI
density appears to saturate to an intensive value both at large and small
 , mani-
festing inde�nite growth with the system sizeL only at intermediate measurement
frequencies.

This behavior is better highlighted in Fig. 3.5, which presents directly the steady-
state saturation values as functions of the system size. When
 is reduced below

 c(h) (
 c � 4 for h = 0:2) f max

Q (1 ) appears to grow inde�nitely with the system size
L, as seen from the left panels. Our numerics suggest that the crossover off Q from
an intensive to a size-dependent value occurs at the same
 c at which S` transitions
from area to logarithmic law, even though determining the critical measurement
rate precisely is challenging. The growth of the QFI density below
 c is consistent
with a power-law � Lp, as in the no-click limit.
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Figure 3.5: Disorder-averaged stationary QFI density and entanglement entropy,
as functions ofL, for h = 0:2 and multiple values of 
 . Large (left panels) and
small (right panels) values of
 are presented separately to help visualization. The
stationary values are evaluated as long-time averages.

When 
 is reduced further, we observe a new e�ect completely at odds with the
no-click limit. The steady-state QFI density transitions back to an intensive value,
as illustrated in the right panels of Fig. 3.5, in contrast to the entanglement entropy
that instead grows further. Eventually, SL=4 develops a volume law at very small
measurement rates, which is a known �nite-size e�ect occurring at
 � 1=L [55],
where the dynamics is approximately unitary and jumps are rare. These observations
support the existence of a third measurement-induced phase, characterized by an
intensive f Q but a logarithmic entanglement entropy.

Given the �nite-size e�ects shown by the entanglement entropy, one may suspect
that the intensive behavior of the QFI density at low
 might be also due to the
limited values of L considered. Indeed, volume-law entangled states often exhibit
a boundedf Q, especially in the long-time unitary dynamics following a quantum
quench [193]: as such, whenSL=4 approaches an extensive scaling it is natural to
expect the Fisher density to also converges to an intensive value. While the available
numerics cannot rule out this possibility completely, there are two key observations
that go against it. First, our results suggest that the entropy crossover takes place
at around 
 � 0:1, whereas the QFI density shows clear intensive behavior already
at 
 � 0:5. Second, in the upper right panel of Fig. 3.5 we observe that, at low

 , f Q is monotonically decreasing withL. If the true behavior wasf Q � Lp, one
would expect the opposite trend, as �nite-size e�ect are weaker at larger system
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(a) h = 0 :7 (b) h = 1 :2

Figure 3.6: Disorder-averaged stationary QFI density and entanglement entropy, as
in Fig. 3.5, for (a) h = 0:7 and (b) h = 1:2.

sizes. These observations support the conclusion that multipartite entanglement is
intensive below a second critical point
 0

c(h), and the third phase is stable.
In Fig. 3.6, we present analogous numerical results to Fig. 3.5 for other choices

of h. We observe the same behavior qualitatively, and the boundaries of the three
regions likely depend onh. Notice that a transition from area-law to logarithmic
scaling in the entanglement entropy can be observed also forh > 1, in sharp contrast
to the no-click limit. Hence, we conclude that while the analysis of Sec. 3.2 provides
important analytic insights on the MIPT, its phase diagram is not inherited in
presence of quantum jumps [247].

3.3.2 Shape of correlation functions

As in the no-click limit, the behavior of the QFI can be related to the shape of spin-
spin correlation functions. Focusing on single quantum trajectories in the long-time
regime, wheref max

Q (t) has already reached saturation, we de�ne the new distance-
dependent correlators

~C �;�
` =

1
L

X

j

�
�
�C �;�

j;j + `

�
�
� : (3.16)

Numerically, we observe that all ~C �;�
` are exponential at large
 > 
 c, whereas they

decay as power laws at smaller
 , see Fig. 3.7. This crossover already indicates
a qualitative di�erence between the two regimes. The power-law correlators sug-
gest that the entangling phase is an extended critical region, compatible with the
observation of a logarithmic entanglement entropy.

Given the analogy with the no-click limit, we expect that scaling behaviorf Q �
Lp with p > 0 is associated with a slow decay of correlations, namely,~C �;�

` � j ` j � � �;�

with � �;� < 1. To test this, we simulate multiple trajectories and estimate� �;� at
long times through numerical �ts. Figure 3.8 presents the di�erent exponents of a
sample ofM = 50 trajectories as functions of time. For
 = 2, at any time there is a
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(a) 
 = 2 (log-log scale) (b) 
 = 6 (log-linear scale)

Figure 3.7: Correlators~C �;�
` at long time t = 200, for (a) 
 = 2 and (b) 
 = 6, using

L = 256 and h = 0:2. The plots show 10 di�erent random realizations. The overall
trend is algebraic for
 = 2 and exponential for
 = 6.

�nite number of trajectories with � �;� < 1, indicating that this behavior is typical.
In contrast, we never observe� �;� < 1 for 
 = 0:3, at least for the sample size
considered.

Our results thus indicate that trajectories with � �;� < 1 become atypical at low
enough
 , and thus are no longer able to support a scaling behavior for multipartite
entanglement. To better visualize this, we simulateM = 100 independent realiza-
tions and, for some �xed timest, we count the numberM< of them with at least
one � �;� < 1. The ratio M< =M thus estimates the probability of �nding a trajec-
tory able to support a scaling multipartite entanglement. As shown in Fig. 3.9, we
estimate that a �nite fraction of the ensemble of all trajectories yields slow-decaying
correlators in the region
 . 4, which indicates an unbounded growth off Q with
L in the thermodynamic limit. In contrast, M< =M vanishes in a �nite region at
low 
 , meaning that no random realization can support extended multipartiteness.
This explains whyf Q returns intensive at low measurement rates. Still, our limited
sample ofM = 100 trajectories is not su�cient to establish whether or not a sharp
transition takes place from this analysis.

3.4 Conclusions

In this chapter we presented the investigation of a continuously monitored quantum
Ising chain from the novel point of view of multipartite entanglement, witnessed
by the QFI. In the post-selected trajectory without quantum jumps, the multipar-
titeness of quantum correlations changes from limited to extended, reproducing the
same phase diagram obtained from the entanglement entropy. When quantum jumps
are introduced, the entanglement entropy and the QFI manifest distinct behaviors,
and we observe a new region with bounded QFI density yet logarithmic entangle-
ment entropy emerging at low
 . Our �ndings suggest that this is a third stable
phase, visible only when combining the phase boundaries of bipartite and multi-
partite correlations. This is supported by the related investigation of Ref. [280] in
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(a) 
 = 2 (b) 
 = 0 :4

Figure 3.8: Exponents� �;� of M = 50 di�erent quantum trajectories at long times
t � 200, using L = 256, h = 0:2, (a) 
 = 2 and (b) 
 = 0:4. The exponents
are extrapolated by �tting the power laws for L = 10 � 100. Multiple typical
trajectories have exponents below1 when
 is large enough, whereas no one is found
at low measurement rates.

random quantum circuits, where they also observe that the QFI and the entangle-
ment entropy provide distinct critical lines. We stress that, in general, the bipartite
and multipartite entanglement should not be expected to necessarily behave in the
same way, as they probe very di�erent aspects of quantum correlations.

In the no-click limit, we argue that the optimal operator Ô[f n j gopt ] maximizing
the Fisher information shows properties resembling a conventional notion of order
parameter. This interpretation is no longer straightforward in presence of jumps.
For each random realization and at each time, the QFI is maximized by a di�erent
operator, making it impossible to design a unique, trajectory-independent order
parameter. However,Ô[f n j gopt ] may still characterize criticality for each individual
trajectory.

Some previous works in the literature [76�78, 80] characterize MIPTs using the
�uctuations of observables, rather than entanglement. Since our investigation re-
volves around quantum �uctuations too, we now compare our manuscript with these
studies, clarifying that our results are fundamentally di�erent. First, Refs. [78, 80]
demonstrate that the �uctuations of the total charge of a subsystem (e.g., half of
the chain) manifest a phase transition, shifting from intensive to extensive when
tuning the measurement rate. Unfortunately, no information on multipartite en-
tanglement can be gained from this result, as the observable under investigation is
not in the required form of Eq. (1.11). One may also be interested in the multipar-
tite entanglement content of a subsystem alone, but in this case the QFI takes the
more complicated form presented in Eq. (1.9), and is no longer directly related to
quantum �uctuations. In contrast, Refs. [76, 77] do consider �uctuations of glob-
ally de�ned operators. Nevertheless, the models treated in these works are not
spin systems as considered in the original Refs. [131, 132] that connect the QFI to
multipartite entanglement. Still, even leaving aside this technicality, these papers
observe a transition from zero to intensive �uctuations, and both cases correspond
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Figure 3.9: Fraction M< =M of trajectories with exponents� �;� < 1, for M = 100,
h = 0:2, and multiple values of 
 . Di�erent curves correspond to di�erent times
t = 200; 201; 202; 203; 204(light to dark colors) at which the exponents are measured.
Data for L = 256, the power laws are �tted for L = 10 � 100.

to a vanishing QFI density. In contrast, our analysis features a shift from extensive
to super-extensive variance, explicitly demonstrating extended multipartiteness of
quantum correlations.

We believe this study establishes the QFI as a valid probe of MIPTs, clarifying
that multipartite entanglement can exhibit critical behavior under monitoring as
well. Hence, this analysis paves the way to future investigations of multipartite
correlations in monitored quantum dynamics [269, 280, 293]. Another compelling
open problem is the development of a theoretical understanding of the whole phase
diagram beyond the simplistic no-click description. Finally, our study does not
attempt to determine the values of the critical points accurately due to the limited
numerical results. In particular, performing the maximization of the QFI is the main
computational bottleneck, allowing us to explore only up toL = 100. A precise
characterization of the critical lines, and thus the shape of the phase diagram, is left
for future work.
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Chapter 4

Information loss in measurement-induced
transitions

One of the main obstacles to the experimental observation of measurement-induced
phase transitions (MIPTs) is the postselection problem. As discussed previously, the
average state, often described by a Lindbladian evolution, typically does not preserve
signatures of the phase transition, which are instead encoded in the properties of
each trajectory. This introduces the necessity to postselect random realizations in
order to resolve their individual properties, like we did in our analysis of correlation
functions in the previous chapter. In realistic implementations, this issue is further
complicated by imperfect detector e�ciencies. For instance, when a quantum jump
occurs, a faulty measurement apparatus might fail to capture it correctly, thereby
reporting an incorrect outcome. The unreliability of measurement records inevitably
introduces uncertainty in the trajectory followed by the system, and makes perfect
postselection of a speci�c quantum trajectory impossible.

To address these challenges, in this chapter we investigate whether signatures of
MIPTs persist under partial postselection [294�299], i.e., averaging over a restricted
class of trajectories as opposed to the full ensemble. In other words, we ask if some
features of the transition can still be observed when some measurement outcomes
are not recorded, resulting in partial loss of information specifying a given trajec-
tory. First, this approach allows us to examine how imperfect detection impacts the
properties of the system. Second, it investigates whether the stringent requirement
to focus on a unique trajectory can be relaxed, or if a perfect, resource-expensive
postselection is inevitable. A positive answer would potentially o�er an experimental
advantage in accessing the elusive MIPTs.

Concretely, we consider a continuously monitored fermionic Kitaev chain whose
evolution is governed by an e�ective non-Hermitian Hamiltonian with local fermionic
losses. The protocol we use is very similar to the dynamics of the Ising chain
discussed in the previous chapter, and in particular it exhibits the exact same no-
click limit already presented in Sec. 3.2. We introduce a Liouvillian model that
interpolates between the no-click trajectory, corresponding to a fully postselected
evolution, and the Lindbladian limit [294], where no postselection occurs and all
measurement outcomes are averaged over.

Our goal is to investigate the robustness of the no-click phase diagram under
information loss. By computing exact fermionic correlators, the entanglement neg-
ativity, and the Liouvillian gap, we demonstrate that any degree of trajectory av-
eraging destroys the no-click critical phase, thus eliminating the phase transition.
This implies that the postselection problem cannot be mitigated, at least for the
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model we consider. We show that imperfect postselection introduces an e�ective
lengthscale that suppresses long-range correlations. Our �ndings clarify the mecha-
nism by which trajectory averaging obscures MIPTs, and establish a framework for
investigating partially postselected monitored dynamics.

The chapter is organized as follows. In Sec. 4.1 we introduce our Liouvillian
model of partially postselected monitored dynamics. Section 4.2 details the deriva-
tion of the equation characterizing the steady state and its solution. Then, Sec. 4.3
presents the main result of our investigation: we compute the correlation length
and demonstrate that only the fully postselected no-click limit can be critical. We
substantiate this by evaluating the entanglement negativity of the steady state and
the Liouvillian gap. Finally, we summarize and discuss our �ndings in Sec. 4.4.

4.1 Liouvillian Model

In this section we introduce the protocol we consider and derive the Liouvillian
model that describes it. The open system description interpolates between two
limit, the Lindbladian one where all trajectories are considered and the case of full
postselection to a unique pure state. This approach enables a continuous crossover
between these extremes, corresponding to partial postselection.

4.1.1 Protocol

We consider a Kitaev chain

Ĥ = �
LX

j =1

�
ĉy

j ĉj +1 + ĉy
j ĉ

y
j +1 + h :c:

�
+ 2�

LX

j =1

ĉy
j ĉj (4.1)

with periodic boundary conditions subject to a weak measurement protocol [240,
243, 289] de�ned by the Kraus operators

Â0;j = e� dt
2 L̂ y

j L̂ j ; (4.2a)

Â1;j =
p

dtL̂ j ; (4.2b)

where L̂ j =
p


 ĉj . This model is very similar to the one studied in the previous
chapter. The Kitaev Hamiltonian is the fermionic version of the quantum Ising
chain of Eq. (3.4) with � = h, but this time with periodic boundary conditions;
moreover,Â0;j is the same as in Eq. (3.2a) at orderO(dt). The Kraus operatorÂ1;j

can induce the sudden emission of a fermion from the chain, which is spotted by a
detector and will be referred to as a click. Since the losses occur randomly, di�erent
realizations of the protocol will give rise to distinct stochastic quantum trajectories,
each labeled by the times and positions of its clicks.

We aim to investigate how the properties of the system are a�ected when the
information identifying a speci�c trajectory is partially lost. To this end, we choose
the no-click trajectory, identifying it with the limit of perfect postselection. We then
assume that the monitoring instruments have a limited e�ciency, so that they can
miss clicks. Speci�cally, we assume that whenever a click occurs it is recorded only
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with a certain probability 0 � q � 1, whereas with probability 1 � q the event goes
unnoticed by the observer (false negative). As a consequence, when detectors report
zero clicks, there is a �nite probability that the state is not truly the no-click one.
This implies that the no-click measurement record does not correspond to a pure
state, but is instead described by an ensemble of trajectories a�ected by undetected
events.

The paradigm of partial postselection has already been considered by Refs. [295,
296]. These works focus on quantities that are non-linear in the density matrix, and
compute their averages over a restricted ensemble of trajectories. In our case, we
are instead interested in linear observables and in the properties of the mixed steady
state.

4.1.2 Liouvillian model

Let �̂ t be the density matrix of the system averaged over the ensemble of trajectories
generated by the partially postselected dynamics. We will now derive a compact
equation of motion in the form of a Liouville equation. The derivation is similar to
that of Sec. 2.1.3, but accounting for the possibility that a measurement outcome is
postselected to0 (i.e., no click) with a probability q. For simplicity, consider the a
single weak measurement on sitej 1. At each timestep, there are two possibilities:

1. The outcome is postselected to the no-click realization, and the state is up-
dated by Â0;j . This happens with probability q.

2. No postselection is performed, and there is uncertainty on the measurement
outcome. This happens with probability1 � q. In this case, the choice of the
Kraus operator to apply is performed randomly by sampling the Born rule
probabilities pm;j = Tr

�
�̂ t Â

y
m;j Âm;j

�
.

Overall, the average density matrix at timet + dt is a mixture of all possible �nal
states, each weighted with the corresponding probability, thus yielding

�̂ t+ dt = q
Â0;j �̂ t Â

y
0;j

p0
+ (1 � q)

2

4p0;j
Â0;j �̂ t Â

y
0;j

p0;j
+ p1;j

Â1;j �̂ t Â
y
1;j

p1;j

3

5 : (4.3)

By expanding Â0;j � 1̂ � dt
2 L̂ y

j L̂ j in Eq. (4.3) and keeping only the leading order in
dt, we �nally get

�̂ t+ dt = �̂ t �
dt
2

n
L̂ y

j L̂ j ; �̂ t

o
+ qdthL̂ y

j L̂ j i t �̂ t + (1 � q)dtL̂ j �̂ t L̂ j ; (4.4)

and by reordering terms we �nd

@t �̂ t = �
1
2

n
L̂ y

j L̂ j ; �̂ t

o
+ qhL̂ y

j L̂ j i t �̂ t + (1 � q)L̂ j �̂ t L̂
y
j : (4.5)

1As seen in Sec. 2.1.3, di�erent sites eventually provide mutually independent contributions to
the Lindblad equation, and can thus be treated individually.
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For measurements acting on all sites, since they act independently, we simply need
to add a sum over the lattice indexj on the right-hand side of Eq. (4.5). Finally, in-
cluding also the coherent Hamiltonian evolution term, we obtain the master equation

@t �̂ t = L t �̂ t ; (4.6a)

L t � = � i
h
Ĥ; �

i
+

LX

j =1

"

(1 � q)L̂ j � L̂ y
j �

1
2

n
L̂ y

j L̂ j ; �
o

+ qhL̂ y
j L̂ j i t �

#

; (4.6b)

An alternative but equivalent interpretation that leads to Eq. (4.6) is the fol-
lowing. We assume that quantum trajectories are sampled regularly without any
postselection, and we bias this process by discarding some realizations. For a ran-
domly generated trajectory, we introduce a probabilityq to drop it whenever a click
occurs, meaning it is completely disregarded and excluded from the ensemble over
which observables are computed. This biased sampling protocol yields the same
Liouvillian of the partial postselection paradigm, and constitutes an experimentally
viable way to realize it. In both interpretations, the parameterq penalizes the rela-
tive probability of trajectories with many clicks, making them less likely to occur.

Properties of the Liouvillian � While apparently similar to a Lindblad master
equation, Eq. (4.6) is not in the form of Eq. (2.11), mainly due to the factor(1� q) in
front of the quantum jump part of the dissipator. The evolution of the density matrix
is formally non-linear, as it involves the expectation valuehL̂ y

j L̂ j i t = Tr
�
�̂ t L̂

y
j L̂ j

�
.

This term guarantees a trace-preserving evolution, and arises naturally from the
derivation. However, the evolution can be made linear by discarding that term and
renormalizing the density matrix at the �nal time.

The Liouvillian of Eq. (4.6b) is called quasi-free because the Hamiltonian is
quadratic and the jump operators are linear in the fermionic operators. Notably, it
can be solved exactly by diagonalizing it2 through the formalism of third quanti-
zation [300�302]. Most importantly, it can be proven that the dynamics generated
by quasi-free Liouvillians preserves the Gaussianity of the state [297], and thus�̂ t is
fully characterized by its fermionic correlation matrix [116].

There are two notable limiting cases of the Liouvillian. Forq = 0, Eq. (4.6) re-
duces to a regular Lindblad master equation, which describes the evolution obtained
by averaging accross all possible, randomly generated, trajectories. In this case, it
can be proven that the steady state can never be critical [303], and must have a
�nite correlation length. In the opposite limit of q = 1, each trajectory with one or
more clicks is discarded, leaving only the no-click trajectory. This case is described
by a deterministic pure state evolution, governed by a non-Hermitian Schrödinger
equation [240, 243].

The no-click limit of this model coincides exactly with the one discussed in
Sec. 3.2. Indeed, the monitoring protocols considered in this chapter and in the
previous one di�er only by the choice of the Kraus operatorÂ1;j , which never
plays a role in the no-click trajectory. Hence, all properties discussed previously
are inherited in this setup, most importantly the phase diagram. Forj� j < 1 and

2To be precise, its eigenoperators can be computed exactly, whereas its eigenvalues are deter-
mined up to the constant term qhL̂ y

j L̂ j i t that depends on the current state.
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 c(� ) = 4
p

1 � � 2 [56, 260, 263, 304], the system lies in an extended critical
region with in�nite-ranged correlations.

By tuning the parameterqwe can interpolate between this state and the Lindblad
limit. The main goal of our investigation is to understand whether the critical
properties of the no-click limit are retained forq < 1. As detailed in the subsequent
sections, we anticipate a negative answer: for allq < 1, we observe a �nite correlation
length and the absence of criticality, making the logarithmic phase unstable against
imperfect detection.

4.2 Steady-State Correlation Matrix

We now move to the main focus of our study, which regards the investigation of the
steady-state properties of Eq. (4.6). By exploiting the property that the Liouvillian
L t of Eq. (4.6b) preserves the Gaussianity of the state, we derive a Riccati equation
that yields the exact correlation matrix of the steady state. We point out that Li-
ouvillians similar to the one considered here have been recently studied in Ref. [297]
with related techniques. The authors of that work characterize dynamical aspects of
the model by computing quantities like the click waiting-time distribution and the
no-click probability. In contrast, we work directly with the steady state to study its
spatial correlations and entanglement properties.

4.2.1 The Riccati equation

From here on, it is convenient to work using the Majorana fermionic operators.
Instead of using the
̂ � introduced in Eq. (1.49), let us de�neŵj; 1 = ( ĉy

j + ĉj )=
p

2 =

̂ 2j � 1=

p
2, ŵj; 2 = i (ĉy

j � ĉj )=
p

2 = 
̂ 2j =
p

2, which satisfy the anticommutation relation
f ŵm;� ; ŵn;� g = � m;n � �;� . The Hamiltonian and jump operators are rewritten as

Ĥ =
LX

m;n =1

2X

�;� =1

H(m;� );(n;� )ŵm;� ŵn;� ; (4.7)

whereH = � HT 3, and

L̂ j =
LX

m=1

2X

� =1

` (j )
m;� ŵm;� : (4.8)

For later convenience, let us introduce the so-called bath matrix

M (m;� );(n;� ) =
LX

j =1

` (j )
m;�

�
` (j )

n;�

� �
; (4.9)

which is easily shown to be Hermitian. We are interested in computing the correla-
tion matrix

� (m;� );(n;� ) =
i
2

Tr ( �̂ [ŵm;� ; ŵn;� ]) (4.10)

3There are multiple equivalent ways to de�ne H. The requirement of H = � HT selects a unique
one, and is convenient for later calculations.
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in the steady state of the dynamics. To achieve this, we use the Liouville equation
of Eq. (4.6) to obtain an equation of motion for� . In the process, one �nds the
appearance of expectation values of products of4 Majorana operators. By exploiting
the Gaussianity of the density matrix �̂ t , we can apply Wick's theorem to reduce
these fourth order terms, and obtain a closed equation for� . After a tedious but
straightforward calculation, this leads to

@t � t = X � t + � tX T + Y + � tZ � t ; (4.11)

where the matricesX , Y, and Z are given by

X = � 2iH � (1 � q) ReM; (4.12a)

Y = (1 � q=2) Im M; (4.12b)

Z = 2qIm M: (4.12c)

Equation (4.11) is known with the name of Riccati equation, and it appears in the
�eld of optimal control theory.

We can exploit translational symmetry to simplify the problem by moving to
momentum space. ForA 2 f � ; X; Y; Z g, the matrix elementsA (m;� );(n;� ) = A �;� (m�
n) are functions of the distancem � n. Introducing the momentum-space matrices
~A �;� (k) =

P L
x=1 e� ikx A �;� (x), Eq. (4.11) yields L independent equations for each

k-mode. Finally, by imposing@t
~� t (k) = 0 we obtain the steady-state equation

~X (k)~�( k)+ ~�( k) ~X T (� k)+ ~Y(k)+ ~�( k) ~Z(k)~�( k) = 0 ; (4.13)

which has the form of a2 � 2 algebraic Riccati equation (ARE).

4.2.2 Exact solution for the steady state

Despite its non-linearity, there exists a standard technique to solve the ARE. First,
we introduce the block matrix

Q =

 
~X T (� k) ~Z(k)
� ~Y(k) � ~X (k)

!

; (4.14)

which allows us to rewrite the ARE in matrix form as

�
~�( k) � 1

�
Q

 
1

~�( k)

!

= 0: (4.15)

Consider the eigenvalue problemQW = W� , where � = diagf � 1; � 2; � 3; � 4g con-
tains the eigenvalues ofQ. The columns of the solutionW are thus the right
eigenvectors ofQ. If we rewrite W as a block matrix

W =

 
W1;1 W1;2

W2;1 W2;2

!

; (4.16)

where each blockWm;n has size2 � 2, the solution of the ARE is given by

~�( k) = W2;1W � 1
1;1 : (4.17)
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This can be checked by inserting this ansatz in Eq. (4.15) and using the identity
Q = W� W � 1. Equation (4.17) involves only two columns ofW, i.e., only two
eigenvectors ofQ. Any reordering of the eigenvectors provides a valid solution of
the ARE. Since the number of inequivalent permutations is six, we conclude that
there are these many solutions.

Most of these solutions must be unphysical. The correct one should satisfy the
following two properties, which are immediately proved:

1. ~�( k) = � ~� y(k) (anti-Hermitianity). This is easily seen by rewriting

(~� y(k)) �;� = ~� �
�;� (k) =

X

m
eikx � �

�;� (m) = �
X

m
eikx � �;� (� m) = � ~� �;� (k);

(4.18)
where we used� = � � y, following directly from its de�nition.

2. ~� 1;1(k) = � ~� 2;2(k) (tracelessness). This is a consequence of a symmetry
of the Liouvillian under a swap of type-1 and type-2 Majorana operators
plus an inversion of the lattice chain. Denoting byL [f ŵj; 1g; f ŵj; 2g] the Li-
ouvillian written in terms of the Majorana operators, it is easily checked
that it satis�es L [f ŵj; 1g; f ŵj; 2g] = L [f ŵL � j; 2g; f� ŵL � j; 1g]. It follows that
� 1;1(x) = � 2;2(� x). Combining this with the identity � �;� (x) = � � �;� (� x),
which is a direct consequence of its de�nition, we obtain� 1;1(x) = � � 2;2(x),
and thus ~� 1;1(k) = � ~� 2;2(k).

The most general traceless anti-Hermitian matrix can be parameterized as

~�( k) = iA

 
1 a + ib

a � ib � 1

!

; (4.19)

whereA; a; b 2 R. By inserting this ansatz in the ARE we obtain three independent
equations to determine these parameters, allowing to obtain their analytic expres-
sions. This approach produces two solutions~� � to the problem, corresponding to
the parametersf A � ; a� ; b� g. For our Liouvillian, we explicitly have

~X (k) =

 
� (1 � q) 


2 2� � 2e� ik

� 2� + 2eik � (1 � q) 

2

!

; (4.20a)

~Y(k) = � (1 �
q
2

)


2

 
0 1

� 1 0

!

; (4.20b)

~Z(k) = � q


 
0 1

� 1 0

!

: (4.20c)

De�ning for convenience
R = 2� � 2 cosk; (4.21a)

I = 2 sin k; (4.21b)

S =
q


 4 + 16(R2 + I 2)2 + 8
 2[(1 � 4q+ 2q2)I 2 + R2]; (4.21c)

we �nd

a� = �
2
p

2R
q


 2 � 4(R2 + I 2) + S
; (4.22a)
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b� = �
1 + a2

�

a�

R
I

; (4.22b)

A � =
(1 � q)
a � + 2R

2q
 (1 + a2
� )R

I: (4.22c)

At last, we need to pick the correct solution between the two. It is useful to
consider the limits ofq ! 0 and q ! 1. In the latter, the analytic expression of the
correlation matrix is already available [1, 250, 260] by manipulating Eq. (3.14), and
it coincides with ~� � . We conclude that ~� � is the physically meaningful solution of
the ARE describing the steady state. This is further established by looking at the
limit of q ! 0, in which A � behaves regularly whileA+ is singular, diverging as
1=q. Thus, we now have access to the steady-state correlation matrix, enabling the
calculation of all its physical properties.

4.3 Lengthscale of correlations

We now leverage the previous formalism to study the critical properties of our model.
Using complex analysis tools, we are able to set an upper bound to the lengthscale
� of the correlation functions, valid in the thermodynamic limit. This allows us to
demonstrate that � is always �nite for q < 1, which implies that any amount of
partial averaging over trajectories forbids algebraically decaying correlations with
the distance.

4.3.1 Analytic continuation approach

A useful approach to establish whether a correlation function decays as an exponen-
tial or as a power law consists in studying the singularities of its Fourier transform
in the complex plane. We promote the momentumk to a complex variablek 2 C,
and we look for non-analiticities of~�( k). Two examples are provided in Fig. 4.1,
where Im ~� 1;2(k) is displayed (a) in the no-click limit (q = 1) for critical values of
the parameters, and (b) forq < 1, with all the other parameters left unchanged.

The correlation matrix features lines of discontinuity rather than isolated poles.
We denote byC the collection of these lines forIm k � 0. For q = 1 the lines touch
the real axis Im k = 0, which is a necessary condition for a diverging correlation
length, as shown later. In contrast, forq < 1 we observe that~�( k) is regular on
the real axis. In this case, we can write the real-space correlation matrix�( x) as a
contour integral. After performing the change of variablez = eik , we obtain

�( x) =
1

2�i

I

S
zx� 1~�( k(z))dz; (4.23)

where S is the unit circle centered at the origin, encircling the singular linesC
mapped to the new variablez. Proceeding as detailed in App. C, it is straightforward
to prove that

j�( x)j � C exp
�

� min
k2C

f Im kgx
�

; (4.24)
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Figure 4.1: Pro�le of the correlation functionIm ~� 1;2 for complex argumentk, using
� = 0:4, 
 = 1, and (a) q = 1, (b) q = 0:5. In the no-click limit (a) the discontinuous
line extends to Im k = 0, whereas in (b) it terminates at the point highlighted by
the black circle.

whereC is a constant andmink2C f Im kg is the imaginary part of the closest point
of C to the real axis. This �nally sets the upper bound

� � � up =
�

min
k2C

f Im kg
� � 1

: (4.25)

We can now study the correlation length of the Liouvillian steady state by looking
for the singular linesC and computing their minimal distance from the real axis.
Fig. 4.2 shows the upper lengthscale� up as a function ofq and 
 , �xing the chemical
potential � . In general, we observe that the lengthscale is a monotonically increasing
function of q for all parameter choices. This indicates that the less postselection is
performed, the less information is retained on the long-range behavior of correlations.
In particular, we observe that � up can diverge only forq = 1, which demonstrates
that the steady states forq < 1 are not critical (see the in-depth discussion below).

Finally, we also evaluated the true correlation length� by reconstructing �( x)
and �tting its decay 4. Figure 4.3 shows a comparison between� up and the �tted
� . Despite the former being only an upper bound, we observe that it approximates
quite well the true correlation length. At small values ofq the estimation becomes
noisy because we are �tting an exponential decay with very small lengthscale� � 1.

Almost perfect detection � Here we analyze the limit of almost perfect de-
tection, where 1 � q � 1. In this case, we can extract� up analytically. First, let

4We assume the formj� �;� j � Ae�j x j=� =jxj � and optimize the three parametersA, � , and � . We
point out that the exact correlation functions manifest oscillations as well, but these are treated
as noise around the previous decay pro�le.
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Figure 4.2: Inverse upper correlation length� � 1
up for � = 0:4, as a function of
 and

q. The dashed line indicates the critical
 c(� ) of the no-click limit. We observe
� � 1

up > 0 for any q < 1.

us prove rigorously that it cannot manifest singular behavior fork 2 R if q < 1.
It is convenient to analyze the no-click limit ofq = 1 �rst. For j� j < 1, the term
R de�ned in Eq. (4.21a) vanishes at momentumk� = arccos� . It is easy to check
that A � , a� , and b� are regular functions ofk at k� if 
 > 
 c(� ) = 4

p
1 � � 2. In

contrast, for 
 < 
 c(� ) one can check thata� � Sign(k � k� ), b� � j k � k� j, whereas
A � is still regular. These behaviors are responsible for the algebraic correlations
observed in the no-click limit. In the case ofq < 1, a� can be singular only if its
denominator vanishes atk� . This yields the condition

�

S2 �
�

 2 � 4(R2 + I 2)

� 2
� �

�
�
�
�
k �

= 0; (4.26)

which is satis�ed only at q = 1. We thus conclude thata� is regular at k� for q < 1,
and speci�cally we havea� � R. From Eqs. (4.22b) and (4.22c) we then see that
alsob� and A � must be regular atk� .

Beyond observing that� � 1
up > 0 for q < 1, we can actually evaluate it explicitly

for 1 � q � 1. In this limit and for 
 < 
 c(h), the non-analitic (complex) k-point
with smallest imaginary part will stay close tok� . By assumingk = k� + dk, where
dk = O(1 � q), and evaluating the denominator of Eq. (4.22a) at leading order in
1 � q, we obtain

a� /
1

q
(1 � q)2 + ( dk)2

: (4.27)

This function develops a jump discontinuity forjdkj > 1 � q, caused by the branch
cut of the square root. Since this condition can be met only forIm(dk) > 1 � q, we
conclude that � � 1

up = 1 � q+ O((1 � q)2).
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Figure 4.3: Decay of the correlation length induced by partial averaging, as a func-
tion of the detector ine�ciency 1 � q. We set � = 0:4 and (a) 
 = 2 < 
 c(� ), (b)

 = 4 > 
 c(� ), corresponding to critical and o�-critical no-click limits, respectively.
� is �tted from the correlation matrix computed for a system size ofL = 2048,
whereas� up is the theoretical upper bound of Eq. (4.25).

4.3.2 Entanglement negativity and Liouvillian gap

We complement the previous �ndings by computing additional quantities that are
indicators of critical behavior. We start from the entanglement negativity [8, 9,
169�171] of the steady state, which is an good measure of entanglement even if the
density matrix is mixed for q < 1. We then consider the Liouvillian gap of the
spectrum of Eq. (4.6b), and observe that the model can becomes gapless only in the
no-click limit of q ! 1.

As discussed in Sec. 1.1.2, since we are studying a fermionic system, it is appro-
priate to consider the logarithmic fermionic negativity [174�178]NA = log jj �̂ ~TA jj
de�ned in Eq. (1.57), which can be evaluated e�ciently. In our case, we pickA to
be a compact subsystem of length̀and B to be the rest of the chain. We show our
results in Fig. 4.4. Forq = 1 we observe an unbounded logarithmic growth, which
is expected due to the critical nature of the state for the chosen parameters. In
contrast, N ` eventually saturates to a constant for anyq < 1. This is expected for
states with a �nite correlation length: the ground states of gapped one-dimensional
models manifest an initial logarithmic growth � log` for ` . � , and an eventual
saturation to � log� at larger subsystem sizes [305]. The entanglement negativity
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Figure 4.4: Scaling of the entanglement negativityN ` as a function of the chord
length L

� sin(�`=L ) [70]. Here we useL = 512, � = 0:4, and 
 = 1.

shows that the steady state has quantum correlations, but these get smaller and
smaller as more trajectories are considered in the averaging.

Phase transitions in open quantum systems can also be characterized through
the Liouvillian spectral gap [43, 44, 306]. Denoting by� i , i = 0; : : : ; 4N � 1, the Li-
ouvillian eigenvalues and ordering them such thatRe� 0 � Re� 1 � � � � � Re� 4N � 1,
the Liouvillian gap is de�ned as� = Re( � 1 � � 0) (see also Sec. 2.1.3). Since� 0 cor-
responds to the slowest-decaying mode, the gap quanti�es how quickly it is reached.
The closure of the Liouvillian gap is often a signature of a phase transition. We
can evaluate it numerically by diagonalizing the Liouvillian using the formalism of
third quantization, which is discussed in App. D. In Fig. 4.5 we show� as a func-
tion of the parameters of our model. The gap closes only in the no-click limit of
q = 1, thus con�rming that no phase transition can occur for imperfect postselection
corresponding toq < 1.

4.4 Conclusions

This chapter explores the impact of imperfect detection and partial postselection on
quantum correlations in an analytically-solvable model of monitored dynamics. By
computing the exact correlation matrix and employing complex analysis methods,
we establish an upper bound to the correlation length of the system, which closely
approximates the exact one. We reveal that trajectory averaging introduces an e�ec-
tive lengthscale for correlation functions, causing the entanglement phase transition
observed in the fully postselected no-click limit to vanish for any degree of infor-
mation loss (q < 1). This conclusion is further supported by our analysis of the
entanglement negativity and the Liouvillian gap. Although non-trivial correlations
persist at lengthscales below� , the latter diminishes rapidly asq decreases.

68



Figure 4.5: Liouvillian gap as a function ofq and 
 for L = 128 and � = 0:4. We
display � 1=4 instead of � to improve graphical visibility. The dashed line indicates
the critical 
 c(� ) of the no-click limit. For any q < 1 the gap is always �nite.

A crucial question following our �ndings is whether this result generalizes beyond
our model. Our Liouvillian is integrable, and it may not be representative of generic
monitored models. We expect that the appearance of aq-dependent correlation
length holds quite generally, in line with the common understanding that deco-
herence destroys long-range quantum correlations. Still, there might exist models
featuring an extended critical region with� � 1 = 0 above some criticalqc < 1.

Future investigations could study the role of partial postselection in systems
with Hamiltonian interactions or more complex jump operators, possibly producing
non-Gaussian dynamics. Beyond Gaussianity, the problem becomes much harder
to approach, as analytical tools are limited. At the same time, numerical simula-
tions based on quantum trajectory unravelings are always restricted to �nite system
sizes, making it challenging to distinguishing between a very large� and a formally
diverging one. In this context, the framework of the algebraic Riccati equation for
the steady-state correlation matrix could be valuable for developing a perturbative
approach in the presence of weak integrability-breaking terms.

Another important consideration is to what extent the instability of the no-click
phase transition depends on the criterion used to discard quantum trajectories: in
our study, partial postselection excludes trajectories with many jumps, but alterna-
tive criteria could be explored.

Finally, it would be interesting to investigate the role of dimensionality. Unlike
fermions, monitored bosonic systems in two or more dimensions can exhibit critical-
ity even without postselection [303]. In such cases, one might expect a non-trivial
phase diagram at0 < q < 1, bridging the Lindbladian and no-click limits. These
intriguing questions are left for future investigations.
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Chapter 5

Measurement-altered Ising model

So far, we have focused on non-equilibrium protocols where measurements, together
with unitary evolution, induce non-trivial dynamics and generate di�erent kinds of
entanglement structures at long times. More recently, the study of measurement-
altered phases of matter has also been pursued in astatic scenario, addressing the
question of how a �nite density of measurements a�ects the properties of a given
quantum state. In detail, Refs. [307�312] investigate measurement-altered critical
ground states, focusing on correlation functions and on the entanglement properties
of Luttinger liquids and free-fermionic states. Compared to the dynamical setup of
monitored systems [1, 55�57, 246�250, 313�318], this approach reveals equilibrium
aspects of the underlying model, and constitutes a natural framework to explore the
e�ect of measurements in many-body systems.

In this chapter, we expand the previous investigations beyond the gapless case to
non-critical quantum Ising ground states, exploring the robustness of their quantum
correlations and entanglement properties to a �nite densityp 2 [0; 1] of measure-
ments. We develop a comprehensive picture by focusing on three entanglement
witnesses of bipartite and multipartite quantum correlations: the entanglement en-
tropy, the quantum Fisher information (QFI), and the two-body fermionic nega-
tivity. By considering both Born-rule and forced (postselected) measurements, we
uncover how these protocols exhibit inequivalent phenomenology across the di�erent
phases of the Ising chain.

Our main result is that, contrary to common belief, local measurements do not
necessarily reduce entanglement, but can even enhance it in atypical random real-
izations. This clari�es that the action of external monitoring goes beyond a simple
disentangling role, and in fact a�ects the correlation structure of many-body systems
in a non-trivial way. To understand this e�ect, we develop a perturbative theoretical
approach and a network toy model that captures how quantum projections reshape
the entanglement structure of a state. This clari�es that while measurements erase
some correlations, they can generate new ones as well, potentially expanding the
spatial reach of entanglement.

Finally, we extend our analysis to a measurement-altered non-Hermitian Ising
chain, found in the no-click limits considered in the previous chapters. This approach
aims at establishing to what extent non-Hermitian models can describe accurately
the physics of the full ensemble of trajectories in MIPTs [1, 250, 304], and is partially
motivated by the di�erences observed in Chapter 3 between the two. Our �ndings
indicate that the scaling behaviors of entanglement witnesses are unchanged by
the measurement protocol, thus indicating that any discrepancy between the non-
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Hermitian description and the stochastic evolution must be a consequence of the
interplay between dynamics and measurements.

The rest of this chapter is organized as follows. First, we de�ne the framework of
our study in Sec. 5.1, as well as the entanglement witnesses we consider. Afterward,
we showcase numerical simulations in Sec. 5.2 and explain them using perturba-
tion theory. Motivated by these results, in Sec. 5.3 we introduce a toy model of an
entanglement network that describes the enhancement of correlations under mea-
surements. Section 5.4 extends our investigation to the non-Hermitian case, where
we characterize the impact of forced projections on the no-click limit of continu-
ously monitored systems. A conclusive discussion of the results obtained is given in
Sec. 5.5.

5.1 Model and Entanglement Witnesses

This section presents the paradigm of projected ensembles, generated by applying
local measurements to a many-body system initially prepared in a given statej	 0i .
We also introduce the key entanglement witnesses that we will use to characterize
how quantum correlations are a�ected by this process. Speci�cally, we consider the
ground state of the quantum Ising chain

Ĥ = �
X

j

�̂ x
j �̂ x

j +1 � h
X

j

�̂ z
j ; (5.1)

with periodic boundary conditions. The perturbation of this state with measure-
ments has already been considered in Refs. [308, 312] in the critical case. Here
we extend the study to generic choices ofh, including non-Hermitian setups (cf.
Sec. 5.4).

5.1.1 Projected ensembles

Starting from the state j	 0i , we are interested in studying the ensemble of states
obtained by performing a �nite density of local projective measurements of the
observables�̂ z

j . For convenience, throughout this chapter we adopt the notation
j1j i � j" j i or j� 1j i � j# j i for the eigenstates of̂� z

j . The details of the protocol
are the following. Each lattice sitej has a �nite probability p of being addressed
by a measurement, in such a way thatpL spins are measured on average. To
this purpose, for every qubit j we introduce a discrete random variablemj such
that mj = 0 with probability 1 � p and mj 6= 0 with probability p, corresponding
to a spin being measured or not, respectively. Whenevermj 6= 0, it can assume
the valuesmj = � 1, which indicate the possible outcomesj� 1j i of the projective
measurement. Any post-observation state can be characterized by assigning the
string m = ( m1; m2; : : : ; mL ), and it is explicitly given by

j	 m i =
�̂ m j	 0i

jj �̂ m j	 0ijj
; �̂ m =

LY

j =1

Âm j ;j ; (5.2)

whereÂ0;j =
p

1 � p1j , and Â � 1;j =
p

pj� 1j i h� 1j j are the local Kraus operators.
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When mj 6= 0, the choice of the local post-measurement statejmj i depends on
the speci�c measurement protocol we adopt, which is one of the following:

(i) forced up measurements (M up), where the post-measurement state isj1j i ;

(ii) forced down measurements (M down ), where the post-measurement state is
j� 1j i ;

(iii) Born-rule measurements (M Born ), where the measurement outcomes are ex-
tracted randomly according to the Born rule, i.e.,jmj i is picked with proba-
bility jhmj j	 ij 2.

We point out that (i) and (ii) do not constitute proper quantum measurements, but
rather they are exponentially unlikely post-selected realizations of (iii). Still, certain
quantum-jump unravelings of Lindbladian dynamics can actually give rise to pro-
jections in a �xed direction, together with an e�ective non-Hermitian Hamiltonian
evolution, like the no-click limit covered in the previous chapters [1, 248, 250, 319].
In this context, the investigation of forced jumps can be used to characterize the
stability against sudden projections of the non-Hermitian physics produced by the
Hamiltonian alone, which has been investigated in models of MIPTs (see Sec. 5.4).
Moreover, as we demonstrate below, forced projections can a�ect entanglement in
unexpected ways, thereby elucidating how quantum jumps perturb a state in general.
Their investigation thus provides information on the behavior of atypical random
realizations.

We frame our discussion in a uni�ed perspective using the concept ofprojected
ensembles[320�327] by introducing the outcome probability distributions

PM up (m) = p
P

j
jm j j(1 � p)

P
j
(1�j m j j) Y

j

(1 � � m j ;� 1); (5.3a)

PM down (m) = p
P

j
jm j j(1 � p)

P
j
(1�j m j j) Y

j

(1 � � m j ;1); (5.3b)

PM Born (m) = p
P

j
jm j j(1 � p)

P
j
(1�j m j j) h	 0j �̂ m j	 0i (5.3c)

for the di�erent protocols. A measurement-altered system is described by the ensem-
ble EM (j	 0i ) = f (PM (m); j	 m i )g. The statistical properties ofEM (j	 0i ) contain
more information than the average statê� 1 =

P
m PM (m)j	 m ih	 m j. Indeed, while

�̂ 1 perfectly describes all linear functions ofj	 m ih	 m j averaged over the distribution
PM (m), it does not capture the typical properties of non-linear functionals of the
density matrix. Such functionals include e�ects of thek-replicated density matrix

�̂ k =
X

m
PM (m)( j	 m ih	 m j)
 k ; (5.4)

and reveal non-trivial beyond-average quantum correlations that are often witnesses
of critical behavior in monitored many-body systems.
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5.1.2 Entanglement witnesses

Entanglement measures and witnesses are examples of non-linear quantities, and
they are the main focus of the present manuscript. Speci�cally, we consider the
entanglement entropy and the QFI as functions of the measurement densityp. Fur-
thermore, we also investigate the fermionic negativity of spin pairs, from which we
can extract the typical lengthscale of quantum correlations. Given our choice of
the initial state and of the measurement operators, the problem can be studied ef-
�ciently using Gaussian states [116], using the methods presented in App. B. This
makes the calculation of the entanglement witnesses e�cient, allowing us to explore
large system sizes.

As seen also in the previous chapters, the entanglement entropy [8, 26, 70, 71]
between a compact intervalA of ` spins and the complementary subsystem is de�ned
as S` = � Tr ( �̂ A ln �̂ A ). We also remind the expression for the QFI [1, 135, 149,
162, 167, 193]. of a pure statej	 i with respect to an observableÔ[f n j g] in the
form of Eq. (1.11), which is given byFQ[Ô[f n j g]] =

P
�;�

P
i;j n�

i n�
j C �;�

i;j , where
C �;�

i;j = ĥ� �
i �̂ �

j i�h �̂ �
i ih�̂ �

j i . As discussed previously, the densityf Q = FQ=L witnesses
multipartite entanglement (see Sec. 1.1.3), and should be maximized with respect
to the unit vectors n j to do this e�ectively. In the following, we always perform the
maximization using the same annealing algorithm used in the analysis of Chapter 3.

Finally, we study the fermionic logarithmic negativity [174�178, 328�335] dis-
cussed in Sec. 1.2.3, which properly measures entanglement in mixed states, di�er-
ently for instance from the quantum mutual information [8, 168]. Given a tripar-
tition of the system in distinct subsetsA1, A2, and A1 [ A2, the negativity allows
us to investigate the entanglement betweenA1 and A2 alone. Di�erently from how
we used it in the previous chapter, in the following, we assume thatA1 and A2 are
single spins at positionsi and j , and we investigate the decay of their negativity
with the distance jj � i j. To do so, we �rst de�ne A = A1 [ A2, and we consider the
reduced density matrix�̂ A . The pair fermionic negativity is then given by

E f
i;j = log jj �̂

~TA 1
A jj ; (5.5)

where�̂
~TA 1
A is the twisted partial transpose of�̂ A with respect to subsystemA1. The

numerical calculation of the negativity is described in Sec. 1.2.3.

5.2 Numerical phenomenology and perturbative
explanation

One of the main results of the present investigation is the demonstration that mea-
surements do not simply degrade entanglement, but might actually strengthen it.
In this section, we demonstrate this phenomenon using numerical simulations, and
develop a qualitative theoretical explanation based on perturbation theory. We
report numerical results for the quantities introduced in Sec. 5.1.2 using di�erent
measurement densitiesp and various protocols.
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Before proceeding, let us illustrate a basic manifestation of entanglement growth
produced by measurements with a simple example on the3-qubit state

j� i =
1

p
6

 

2j � 1A ; 1B ; 1C i + j1A ; � 1B ; 1C i + j1A ; 1B ; � 1C i

!

: (5.6)

The entanglement entropy betweenC and the remainder isSC � 0:62. Now,
we perform a projective measurement onA. If the outcome is j� 1A i , the post-
measurement state is a product statej� 0

� 1i = j1B 1C i with no entanglement, i.e.,
S0

C j � 1 = 0. In contrast, if the outcome isj1A i , the post-measurement state is the
Bell pair j� 0

1i = ( j1B � 1C i + j � 1B 1C i )=
p

2 and the post-observation entropy is
S0

C j+1 = ln 2 � 0:69. Therefore, depending on the outcome, the measurement ofA
can either destroy or enhance entanglement betweenB and C. This phenomenon
is referred to as measurement-induced entanglement enhancement [336�338]. In the
following, we investigate in which cases this e�ect appears in a many-body context.

In the following, we analyze the measurement-altered quantum Ising ground
state considering both ordered and disordered phases, as well as the transition point
h = 1. As anticipated, the model has been previously investigated in Ref. [177,
308�310] at criticality. These works demonstrate that the critical properties present
crossover e�ects, with an e�ective central charge renormalized for forced up mea-
surements and unaltered in the Born rule case. Here, we extend these considerations
to the o�-critical phase, and consider forced down measurements as well. Our main
result is that the paramagnetic phase reveals an entanglement enhancement for the
forced measurementsM down , while a trivial crossover e�ect is observed forM up=Born .
Instead, the ferromagnetic phase shows robustness to measurements, irrespective of
the measurement-altering protocol.

5.2.1 Disordered phase h > 1

We begin our analysis by considering the paramagnetic disordered phase ath > 1.
Fig. 5.1 summarizes our results for the representative choice ofh = 1:5. In Fig. 5.1(a-
c), we report the average entanglement entropy for varyingp at di�erent subsystem
sizes. The protocolsM Born and M up yield a similar size-independent behavior,
monotonously decreasing withp. For Born measurements this is expected, as any
entanglement monotone cannot increase on average under local operations [169, 339].
In contrast, we �nd that forced down projections result in larger entanglement as
compared to the unperturbed state. In particular,S` develops a peak as a function
of p, migrating toward p = 1 as ` is increased. This suggests that in the limit of
` ! 1 the entanglement entropy as a function ofp tends to a limiting curve that
saturates to a constant forp ! 1. Our numerics suggests thatlimp! 1 lim ` !1 S` is
independent of`, which implies that the enhanced entangled state still follows an
area law.

Next, we analyze multipartite entanglement in Fig. 5.1(d-f). The average QFI
density reveals a behavior similar to that of the entanglement entropy: for the proto-
colsM up=Born , the QFI decreases when varyingp, while forced down measurements
yield enhanced QFI, with a peak value, saturated at largeL, of f max

Q ' 4. The
maximal QFI is attained at around p ' 0:45, demonstrating that the measurements
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Figure 5.1: (a-c) Entanglement entropy, (d-f) maximal QFI density, and (g-i) pair-
wise fermionic negativity of the perturbed GS of the quantum Ising chain with
h = 1:5. Left column: protocol M up . Center column: protocolM down . Right
column: protocol M Born . We adopt L = 1024 for the entanglement entropy and
L = 512 for the fermionic negativity.

a�ect inequivalently multipartite and bipartite quantum correlations. The saturat-
ing behavior off Q reveals bounded multipartiteness of entanglement.

Lastly, in Fig. 5.1(g-i) we report the average pairwise fermionic negativityE f
i;j

as a function of the distancejj � i j for di�erent measurement densities. The overall
envelope of the decay is exponential, which is consistent with the presence of a
�nite length scale in the system, as demonstrated by the area-law entanglement
previously discussed. Importantly, forM up=Born the decay rate is independent of
the measurement rate. Instead, forM down , the negativity features a renormalized
length scale, which grows as the measurement densityp increases. This reveals that
the range of quantum correlations is e�ectively extended by the local measurements
for M down , whereas forM up=Born it remains una�ected. In Sec. 5.3, we develop a
toy model to explain this e�ect qualitatively.

We stress that entanglement enhancement is a consequence of the monitoring
alone, and no form of feedback is required. It is well known that many state-
preparation protocols use measurements to realize long-range entangled states [340,
341], but these techniques also rely on entangling unitary gates, often conditioned to
the measurement outcomes. Moreover, these paradigms usually operate on special
simple states, whereas our observation of enhancement applies to complex many-
body states. We point out, however, that the forced setups discussed in this chapter
are impractical for the preparation of entangled states, as they rely on heavy post-
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selection. In contrast, feedback operations enable countering the randomness of
measurements and allow deterministic control of states.

Perturbative description � The observed phenomenology can be understood
by considering the structure of the initial state j	 0i within perturbation theory.
For h � 1, we expand the ground state of the quantum Ising chain of Eq. (5.1)
in powers ofh� 1 starting from the ground state for h ! 1 , which is simply the
product state j11 : : : 1L i . Throughout the following calculations, the normalization
of the state is disregarded, as it is irrelevant for the purposes of our discussion. For
later convenience, let us label this state asjvaci . Perturbative corrections consist of
states with local defects, i.e., spins opposite orientations with respect to the rest of
the chain. We denote a state withk defects at positionsj 1; : : : ; j k by jj 1; : : : ; j k i =
(
Q k

m=1 �̂ x
j m

) jvaci . Using standard perturbation theory, the Ising ground state is
expanded up to second order as

j	 0i = jvaci +
1

4h

X

i

ji; i + 1 i

+
1

16h2

X

j>i +1

ji; i + 1; j; j + 1 i +
1

8h2

X

i

ji; i + 2 i + O(h� 3):
(5.7)

Notice that defects always appear in pairs, which is a crucial feature leading to
entanglement enhancement.

Usually, an expansion like this is not particularly useful for many-body systems,
as any �nite truncation does not provide a good approximation of the true state. The
way we will use Eq. (5.7) is to understand how measurements modifyall perturbative
orders collectively. As discussed below, this framework explains qualitatively all our
numerical observations on the entanglement entropy and fermionic negativity for
h < 1 and h > 1.

Let us focus onM up �rst. When we apply j1n i h1n j to j	 0i , some components
of the expansion are �ltered out, namely, all states with a difect at siten. We
see from Eq. (5.7) that the leading0th-order state is left unchanged, whileO(Ln� 1)
states are removed from each ordern > 0. Since the population of each perturbative
order is una�ected at leading order inL, the post-measurement state takes the form
j	 0i = j1j i j ' i , where j' i is a state of (L � 1) spins with analogous structure to
j	 0i . Since the overlapjh	 0j	 0ij ' 1, we conclude that the projection represents
a small perturbation to the hierarchical structure of the expansion. Furthermore,
the weights of the di�erent states in the superposition are modi�ed only slightly by
the renormalization of the wavefunction. For this reason, quantum correlations can
only decrease, as one spin has been factorized while no properties of the rest of the
chain have changed signi�cantly.

Crucially, a very di�erent phenomenology is present for the protocolM down , as
applying j� 1n i h� 1n j to j	 0i alters the state remarkably. In this case, the projected
state reads

j	 0i =
1

4h
(jn � 1; ni + jn; n + 1i ) +

1
16h2

X

i 6= n;n � 1;n� 2

ji; i + 1; n � 1; ni

+
1

16h2

X

i 6= n;n � 1

ji; i + 1; n; n + 1i +
1

8h2
(jn � 2; ni + jn; n + 2i ) + O(h� 3):

(5.8)
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Figure 5.2: (a-c) Entanglement entropy, (d-f) maximal QFI density, and (g-i) pair-
wise fermionic negativity of the perturbed GS of the quantum Ising chain with
h = 0:5. Left column: protocol M up . Center column: protocolM down . Right
column: protocol M Born . We adopt L = 1024 for the entanglement entropy and
L = 512 for the fermionic negativity.

Therefore, the projection alters the structure of the state, shifting all orders by
one. Most importantly, the populations of the various orders are renormalized.
While the two leading orders of Eq. (5.7) contain one andL states, respectively,
those of Eq. (5.8) contain twice as many (considering the leading power ofL). As
a consequence, more states participate to the superposition with relatively large
amplitudes, and thus more entanglement is present. It is worth noting that the two
new leading-order states of Eq. (5.7) form a Bell pair con�guration for the spins on
sites n � 1 and n + 1, further indicating an increase in entanglement. We stress,
however, that entanglement enhancement cannot be reduced to the change of the
leading-order, but rather it is an e�ect produced by thecollective renormalization
of populations of the various orders. In fact, the overlap of the fullj	 0i with the
leading-order state only is exponentially small inL, and thus it cannot impact the
entanglement properties alone. When multiple down projections are performed, one
may expect that the populations of lower orders increase exponentially in the number
of measured sites, possibly leading to entanglement growth despite the decimation
of the measured spins.

Finally, the Born rule protocol represents an intermediate case between forced
up and down projections. Sincejh1j j	 0ij 2 > jh� 1j j	 0ij 2, entanglement enhancing
jumps are rare, and the expected behavior is similar to theM up protocol.
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5.2.2 Ordered phase h < 1

Di�erent entanglement behavior is observed in the ordered ferromagnetic phase, as
we show in Fig. 5.2 for the representative value ofh = 0:5 1. In the following,
we consider the symmetry unbroken ground state, namely, with no net longitudinal
magnetizationĥ� x

j i = 0. In Fig. 5.2(a-c) we show the average entanglement entropy.
All projection protocol yield qualitatively similar results: thus, in contrast to the
disordered phase, no enhancement is present for anyM . Additionally, for large
subsystem sizes̀, the entanglement entropy appears to be approximately una�ected
by the measurements, only decreasing whenp is close to1. As a consequence, the
entanglement entropy for anyp < 1 is qualitatively captured by the limit p = 0, i.e.,
by j	 0i , provided the subsystem size is su�ciently large.

We complement this analysis with the study of the QFI, reported in Fig. 5.2(d-
f). Since the ordered phase features ferromagnetic long-range order, and we are
considering a state withĥ� x

j i = 0, the correlator Cx;x
i;j approaches a �nite value for

jj � i j ! 1 . As a consequence, the QFI density is extensive atp = 0. We observe
that this remains true for all p > 0, and measurements renormalize the amplitude of
the linear scaling. As for the entanglement entropy, all protocols yield qualitatively
similar results.

Last, Fig. 5.2(g-i) shows the two-spin fermionic negativity. Despite the absence
of entanglement entropy nor QFI enhancement,E f

i;j decays exponentially with a
length scale that grows withp, as in the case ofM down in the disordered phase.
Interestingly, this result applies to all protocols we consider, consistent with the
results of the other witnesses.

Perturbative description � Also in this case, we can develop an analytical
understanding using perturbation theory. In the ferromagnetic phase, we expand
the state around the symmetry-unbroken GHZ ground state forh = 0, obtaining

j	 0i =
j+ 1 � � � + L i + j� 1 � � � � L i

p
2

+
h
4

X

i

j+ 1 � � � � i � � � + L i + j� 1 � � � + i � � � � L i
p

2
+ O(h2);

(5.9)

where �̂ x j�i = � j�i . States at ordern in the expansion presentn defects, corre-
sponding to spin �ips. Given that the spin states in Eq. (5.9) are in thex basis,
both projectors j1n i h1n j and j� 1n i h� 1n j impact the state in similar ways. The
di�erence only relies in the phases acquired by the projected wavefunction, be-
causeh1j�i = 1=

p
2 while h� 1j�i = � 1=

p
2. As a consequence, it is not surpris-

ing to observe that the di�erent protocols yield similar entanglement entropy [cf.
Fig. 5.2(a-c)], even thoughj	 0i has a �nite transverse magnetization and thus the
jump probabilities are asymmetric.

To explain the behavior of entanglement withp, let us assume the case ofM up .
For simplicity, let us consider the action of the projectorj11i h11j on the �rst lattice

1We considerL �nite and then take the thermodynamic limit L ! 1 , following Ref. [342].
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site. This yields a projected statej	 0i = j11i j ' i , where

j' i =

 

1 +
h

2
p

2

!
j+ 2 � � � + L i + j� 2 � � � � L i

p
2

+
h
4

LX

i =2

j+ 2 � � � � i � � � + L i + j� 2 � � � + i � � � � L i
p

2
+ O(h2):

(5.10)

Apart from subleading corrections to the amplitudes of each order, this state shares
the same structure asj	 0i , with the di�erence that it involves only L � 1 spins.
As a consequence, the action of the projector approximately amounts to decimating
a spin and mapping the remaining others to the Ising ground state with one less
spin (and slightly modi�ed parameters). Due to this chain renormalization, if we
measure spinn, the entanglement between spinsi < n and j > n after the projection
is approximately the same as the entanglement between spinsi and j � 1 before
the projection. This implies the growth of the average entanglement length scale
shown in Fig. 5.2(d-f). Notice, however, that this mechanism simply shifts quantum
correlations spatially, but does not grow their magnitude. As a consequence, as
shown in Fig. 5.2(a-c), there can be no enhancement in the entanglement entropy.
For large `, S` is independent ofp because the quantum correlations that cross the
bipartition are still intact, even though they may have been translated spatially by
the measurements. For small̀, instead, the entropy starts decreasing at largep, as
most spins in the subsystem are decimated.

5.2.3 Critical point h = 1

Finally, in Fig. 5.3 we report the numerical results for the critical pointh = 1.
As we demonstrate in Fig. 5.3(a-c), overall bipartite entanglement decreases with
p for all protocols M . In particular, M up=Born reproduce the results in the litera-
ture [308, 309], which are understood in terms of a defect perturbed �eld theory.
Interestingly, for M down , the critical behavior is reminiscent to that of the o�-critical
phases, namely, the entropy appears to reach zero discontinuously forp ! 1. For all
protocols, we observe that at any givenp < 1 the entanglement entropy maintains
logarithmic dependence oǹ, with a central chargece� (p) renormalized by the exter-
nal monitoring, consistently with previous results in the literature. Notice that for
M down it may appear that the curves corresponding to di�erent values of̀ converge
to a limiting line for ` ! 1 at large p [see Fig. 5.3(b)]. This fact would indicate a
transition to an area law. However, performing a �nite-size analysis, we investigated
this possibility by estimating the central chargece� (p) using the largest values of̀
available, and found that it reaches zero only atp = 1.

Next, we analyze the QFI, summarizing our �ndings in Fig. 5.3(d-f). WhileM up

and M Born yield a qualitatively similar decrease with the measurement densityp,
for the M down protocol we observe enhanced multipartite entanglement. In detail,
a small density of projectionsp can increase the QFI density. The peak position
appears to shift towards largerp asL increases. Nevertheless, the e�ect of monitor-
ing does not alter the scaling behavior off Q on L, analogously to the entanglement
entropy.
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Figure 5.3: (a-c) Entanglement entropy, (d-f) maximal QFI density, and (g-i) pair-
wise fermionic negativity of the perturbed GS of the quantum Ising chain withh = 1.
Left column: protocol M up . Center column: protocolM down . Right column: pro-
tocol M Born . We adopt L = 1024 for the entanglement entropy andL = 512 for the
fermionic negativity.

Finally, Fig. 5.3(g-i) highlights the pairwise negativity at the critical point. In
this case, the decay is power law, and mirrors the divergence of the length scale of
quantum correlations. All protocols maintain the same behavior and do not a�ect
the exponent of the power law. However, forM down this holds only asymptotically
in the distance jj � i j ! 1 , whereas a distinct behavior arises at short distances
within a region whose size grows withp.

Our numerical �ndings show that a �nite density of measurements can give
rise to both bipartite and multipartite entanglement enhancement, as well as to a
renormalization of the length scale of quantum correlations. In the next section, we
describe this e�ect by means of a network toy model.

5.3 Entanglement network toy model

Our results on the pairwise fermionic negativity highlight that some measurement
protocols can increase the typical length scale� of quantum correlations. Local
projections disentangle a spin from the chain, and consequently break some local
correlations within the scale� . Nevertheless, if the projected spin is partially cor-
related with some other, new quantum correlations can be developed among these
additional degrees of freedom. Motivated by our numerical results, we formulate
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a network toy model that captures the qualitative features of this phenomenon. It
describes the action of measurements as cutting and sewing of quantum correlations,
and, as we demonstrate below, it reproduces the key feature of entanglement en-
hancing, i.e., the renormalized average length scale of entanglement� . We anticipate
that the model is not intended as a quantitative method, as it does not discriminate
between di�erent measurement protocols, nor it involves any notion of strength of
entanglement. Rather, its purpose is to provide a simpli�ed description of those
quantum projections that alter the state signi�cantly (as in the cases ofh > 1 for
M down and h < 1 for all protocols), and develop a qualitative understanding of the
microscopic mechanism that leads to the average growth of� .

In our toy model, we describe quantum correlations between two spins at posi-
tions i and j as bonds in a ring network withL vertices. The presence or absence
of a bond is indicated by the binary variableE i;j = E j;i = 0; 1, whose values one
and zero refer to the spins being entangled or not, respectively. This picture is a
simpli�ed version of the pairwise negativity (cf. Sec. 5.1). Heuristically, this de-
scription corresponds to a 0th-order negativity spectrum, a pathological limit that
measures only the rank of̂� ~T1 (cf. Sec. 5.1). We represent an initial state with �nite
entanglement length scale� 0 using the input state ansatz

E i;j =

8
<

:
1 if jj � i j � � 0;

0 otherwise.
(5.11)

Quantum projections act on the network as follows. Let us denote byE i;j and E 0
i;j

the network con�gurations before and after the measurement. Suppose that the
measured spin is at siten. First, since the projection disentangles it from the chain,
we must have

E 0
i;n = 0 8i: (5.12)

In addition, we assume that the degrees of freedom that were initially entangled with
site n develop new correlations by recoupling among themselves. (En passant, we
note this procedure resembles methods of strong disorder decimations, cf. Ref. [343,
344]. ) In detail, for i; j 6= n we impose

E 0
i;j =

8
<

:
1 if E i;n = E j;n = 1;

E i;j otherwise.
(5.13)

In other words, the sub-network of spins initially coupled ton becomes all-to-all
connected, whereas the rest of the system remains una�ected. Notice that these rules
will generally lead to multiple bonds for each site: this distinguishes our approach,
for instance, from the network model presented in Ref. [89] where only pairwise links
are allowed.

We formulated this recoupling scheme by investigating how the true negativity
E f

i;j is a�ected by individual quantum measurements, and found that this mechanism
works reasonably well for a binary representation of quantum correlations. Moreover,
we point out that the previous rules guarantee the commutativity of measurements,
which must hold since projectors acting on di�erent sites commute.

We implement numerically the toy model as follows. Starting from an initial
con�guration with small � 0, we select randomly a fractionp of the spins to project
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Figure 5.4: Average entanglementE i;j of the toy model for L = 256 and � 0 = 2.
The entanglement estimator decays exponentially, with a lengthscale that increases
with p.

according to the previous network recoupling rule. We then repeat the procedure
multiple times to compute the averageE i;j . Figure 5.4 shows the results for� 0 = 2,
representative of an area-law correlated state. We observe that bonds remain short-
ranged on average, asE i;j decays exponentially, but the length scale increases withp.
This reproduces the entanglement enhancement observed in Sec. 5.2 for the pairwise
fermionic negativity.

5.4 Stability test for the no-click limit of weak-
measurement dynamics

Several works in the literature on monitored quantum dynamics discuss MIPTs in
the no-click limit [1, 73, 250, 260, 304, 345, 346], already encountered in the pre-
vious chapters (see Sec. 3.2). The corresponding non-Hermitian Hamiltonian can
often be approached theoretically to achieve analytical results. While it provides
a simpli�ed scenario to investigate the phenomenon, it is now understood that the
no-click limit is unable to fully capture the more complex physics found in stochastic
monitored dynamics, as the two manifest di�erences in phase boundaries [1, 265,
347] and critical exponents [296]. In the following, we leverage the framework of
projected ensembles to investigate whether these discrepancies can be at least par-
tially reproduced by perturbing the no-click limit with a layer of measurements,
which is the simplest way to incorporate a key ingredient of the stochastic dynam-
ics. Concretely, we repeat the analysis of the measurement-altered Ising chain for
a di�erent initial state j	 0i , which this time is the no-click stationary state. Since
the monitored evolution does not include Born-rule measurements, we focus only on
a single forced measurement protocol, corresponding to the quantum jumps of the
stochastic dynamics.

Let us summarize the main properties of the no-click limit, reminding that a
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complete treatment can be found in Sec. 3.2. We consider the pure steady state of
the dynamics generated by the non-Hermitian Ising chain

ĤNH = Ĥ � i


4

X

j

�
�̂ z

j � h �̂ z
j i t

�
: (5.14)

The no-click model features two distinct phases. Forjhj < 1 and 
 < 
 c(h) =
4
p

1 � h2, the entanglement entropy of the stationary state scales logarithmically
with `, whereas outside this region it saturates to an area law. A relationship
between the measurement-induced transition, where no post-selection is present,
and the non-Hermitian model has been recently proposed in Ref. [247]. However, it
is not clear in which setups and up to what extent the non-Hermitian Hamiltonian
describes quantitatively the properties of the system.

Let us now investigate how quantum jumps perturb the entanglement scaling
properties of the no-click limit. In particular, we are interested in establishing
whether the phase diagram is robust against measurements. For instance, it might
occur that a state with logarithmic entropy scaling is unstable against measurements,
which could degrade it to an area law. Choosingj	 0i to be the stationary state
of ĤNH , we perturb it with a layer of forced up projections corresponding to the
protocol M up of Eq. (5.3a), as this is the jump direction introduced by the stochastic
Schrödinger equation of Eq. (3.3).

For j	 0i in the area-law phase, all results on the entanglement witnesses are
completely analogous to the case of the disordered Ising ground state (cf. Fig. 5.1).
This is highlighted in the right column of Fig. (5.5), which shows numerical results
for 
 > 
 c(h). The only di�erence between the Hermitian and non-Hermitian cases
is that the roles ofM up and M down are swapped. This is easily understood in terms
of the transverse magnetization ofj	 0i . For the Hermitian Ising chain at h > 1, the
ground state hasĥ� z

j i > 0, and quantum jumps produce entanglement enhancement
only for measurements that oppose this magnetization, i.e., the protocolM down . In
contrast, the stationary state of Eq. (5.14) for
 > 0 has net magnetizationĥ� z

j i < 0,
and thus the enhancing protocol isM up . In particular, forced up projections applied
to the stationary state result in enhanced entanglement entropy and QFI, as well as
in an enhanced length scale� of the pairwise fermionic negativity.

Regarding the logarithmic phase of the non-Hermitian model, we present our
results in the left column of Fig. (5.5), which considers
 < 
 c(h). The behaviors of
the various witnesses are qualitatively similar to those of the critical Ising ground
state of Fig. 5.3, provided swappingM up and M down as discussed above. The only
notable di�erence is that the QFI density of Fig. 5.5(c) does not feature a peak, as
opposed to Fig. 5.3(h). This is not surprising, as the Hermitian and non-Hermitian
statesj	 0i considered do not feature identical entanglement structures. For instance,
in both cases the QFI density atp = 0 scales as a power law, but the exponents are
not the same.

Overall, the behaviors of the non-Hermitian model for
 < 
 c(h) and 
 > 
 c(h)
closely resemble what we found in the Hermitian case forh = 1 and h > 1, re-
spectively. The scaling laws of all entanglement witnesses are una�ected by the
measurement-altering scheme, proving that a single layer of measurements is not
enough to a�ect them drastically and induce a crossover to the physics of the full
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Figure 5.5: (a-b) Entanglement entropy, (c-d) maximal QFI density, and (e-f) pair-
wise fermionic negativity of the perturbed stationary state of the non-Hermitian
Ising chain with (h; 
 ) = (0 :5; 2) (left column) and (h; 
 ) = (0 :5; 5) (right column),
representative of other choices in the two phases. The protocol used isM up . We
adopt L = 1024 for the entanglement entropy andL = 512 for the fermionic nega-
tivity.

monitored dynamics. We then conclude that the phenomenology generated by the
full stochastic Schrödinger equation requires the interplay between random mea-
surements and unitary evolution, and cannot be recovered by the simple description
of a perturbed no-click limit considered here.

5.5 Conclusions

We investigated the entanglement properties of the measurement-altered Ising chain
for di�erent measurement protocols, measurement densities, and initial states. As
our main result, we observe that local measurements alone may increase the system's
entanglement for suitable outcomes. The principle beyond this e�ect is based on
the monogamy of entanglement, and is exempli�ed in the perturbative analysis of
Sec. 5.2 and in the toy model discussed in Sec. 5.3. This explicitly shows how
postselected realizations of the monitoring can exhibit signi�cant di�erences from
the behavior of the full ensemble. In our investigation, enhancement is always
intensive, implying that the measurement-altering protocol is unable to change the
(non-)critical nature of the state.
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The framework considered also provides insights into the relationship between
the properties of non-Hermitian Hamiltonians and measurement-induced phases.
Recalling that projections in forced directions arise naturally in quantum jump
stochastic Schrödinger equations, we studied the stability of the non-Hermitian sta-
tionary state. The critical or non-critical nature of the starting state persists at
all �nite measurement densities, demonstrating its stability under this protocol. As
a consequence, we conclude that any discrepancy between non-Hermitian physics
and measurement-induced transitions must be looked for in the dynamical nature
of latter.

It would be interesting to investigate the occurrence of entanglement enhance-
ment in di�erent models with distinct entanglement structure, as well as with inter-
actions [348]. For instance, a natural question may be what happens to measurement-
altered systems in two or more dimensions, where area-law entanglement entropy
corresponds to a scalingS` . Another option not considered here regards the e�ects
of di�erent projection operators, e.g., local projectors in the longitudinal direction
of spontaneous symmetry breaking, which likely change the phenomenology by de-
stroying integrability. Lastly, one may expect even richer entanglement behavior
in presence of entangling measurements, such as projections onto neighboring Bell
pairs.
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Chapter 6

Measurement-induced magic transitions in
Gaussian dynamics

Quantum non-stabilizerness [81�88], a.k.a. magic, has recently emerged as a fun-
damental notion of quantum complexity whose relevance is comparable to that of
entanglement. Conceptually, it constitutes a central resource for quantum computa-
tion, enabling the jump from the limited class of stabilizer states to the full Hilbert
space. Although magic is more naturally de�ned in circuit models, both with and
without measurements, over the last few years it has been used to characterize
many-body phases in Hamiltonian settings as well. Remarkably, magic measures
have been reported to manifest signatures of quantum phase transitions [205�209,
349], highlighting their usefulness as quantum information-based probes of critical
behavior analogous to entanglement.

Recently, non-stabilizerness has also been investigated in monitored quantum dy-
namics, extending the paradigm of measurement-induced entanglement transitions
to the broader framework of quantum complexity. Speci�cally, previous studies on
hybrid Cli�ord circuits doped with non-stabilizer gates have highlighted critical be-
havior in magic measures, especially the stabilizer Rényi entropies (SREs). These
quantities are challenging to compute directly for large systems [88, 234, 349�353],
but recent advances in Majorana sampling techniques provide a powerful tool for
handling fermionic Gaussian states, thus enabling the e�cient computation of SREs
even for systems with hundreds of lattice sites [354].

Motivated by this progress, in this chapter we address the problem of quanti-
fying non-stabilizerness in the dynamics of free-fermionic systems. Speci�cally, our
numerical investigation considers both the unitary and the monitored cases, looking
for signatures of measurement-induced phase transitions (MIPTs) in magic. As dis-
cussed in Sec. 2.2.2, these models exhibit distinct entanglement phases depending on
the particle number symmetry they exhibit, eitherU(1) or Z2. For this reason, we
explore the behavior of magic in both cases, aiming at understanding their discrep-
ancies and, most importantly, the di�erences with respect to the behavior shown
by the entanglement entropy. This consolidates the evidence that non-stabilizerness
and entanglement generally exhibit distinct behavior in monitored dynamics, and
their MIPTs do not necessarily match, as also highlighted in Ref. [278].

Unsurprisingly, in Hamiltonian models, the SREs always feature extensive be-
havior in all regimes, both with and without measurements. However, in monitored
evolution, we highlight that critical behavior appears in thesubleadingcorrections
to the volume-law scaling. As our main result, the SREs exhibit logarithmic terms
that disappear beyond a critical measurement rate, making them subtle yet striking
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signatures of a novel form of MIPTs. Remarkably, this phenomenology is observed
also in presence ofU(1) symmetry, thus highlighting its fundamental di�erence with
entanglement which, instead, shows no MIPT in the corresponding monitored Gaus-
sian model.

The chapter is organized in two parts. In Sec. 6.1, we investigate a chain of
hopping fermions withU(1) symmetry. We start by considering SREs in the unitary
dynamics, and then shift to the monitored case. In contrast, Sec. 6.2 performs the
same analysis on the quantum Ising chain, which can be mapped to a fermionic
Kitaev chain with only Z2 symmetry. In the monitored case, instead of studying
the full ensemble of quantum trajectories, we focus on the no-click limit considered
in Chapter 3. Finally, we conclude with a discussion and outlook in Sec. 6.3.

6.1 Non-stabilizerness of hopping fermions

The �rst model we consider consists on spinless fermions hopping on a ring with
periodic boundary conditions, described by the Hamiltonian

Ĥ = �
1
2

LX

j =1

�
ĉy

j ĉj +1 + ĉy
j +1 ĉj

�
; (6.1)

which preserves the total particle numberN̂ . The dynamics is Gaussian due to the
quadratic form of Ĥ , and can be simulated e�ciently as described in Sec. 1.2.2.

We consider the� -SREs

M � =
1

1 � �
log2

0

@
X

P̂ 2P L

1
2L

h j P̂ j i 2�

1

A (6.2)

introduced in Eq. (1.83), particularly for � ! 1 and � = 2. For Gaussian states,
these can be evaluated e�ciently from the correlation matrix using the stochastic
sampling algorithm of Ref. [354], which is presented in App. A. In the following,
we study numerically the SREs in both the unitary case, which we refer to as
plain dynamics, and the monitored one, where projective measurements of fermionic
occupations are implemented randomly on all sites.

6.1.1 Plain dynamics

We begin our analysis by considering the purely unitary dynamics generated by the
hopping Hamiltonian: the dynamics is fully deterministic, and the presence of a
U(1) symmetry in the model can signi�cantly in�uence the stationary value of the
non-stabilizerness reached at late times.

We consider two di�erent initial conditions corresponding to distinct particle-
number sectors, namelyN = L=2 and N = L=4. These are prepared as generalized
Néel states with �xed particle densities, i.e.,j1010: : :i and j10001000: : :i , respec-
tively. The SREsM � increase over time and eventually reach stationary values that
scale linearly with the system size. The data are subject to �uctuations due to the
probabilistic technique used in computing the SREs. In particular, they have been
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Figure 6.1: Left panels . Plain time evolution (no measurement, i.e. 
 = 0)
under the hopping Hamiltonian in Eq. (6.1) of the SREM 1 after having initialized
the system into the Néel state with particle densityn = N=L = 1=2 (top) and
n = N=L = 1=4 (bottom). Each point has been obtained by averaging overS =
1000 Pauli strings. Gray horizontal lines correspond toL log(2). Right panels .
Extensive behavior of the stationary stabilizer entropies averaged over a time window
� t = [ L=8; L=4] for n = 1=2, and � t = [ L=4; L=2] for n = 1=4. The dashed line
corresponds toL log(2) while, for n = 1=4 also log

�
L

L=4

�
is drawn (dot-dashed line).

computed by averaging overS = 1000 samples. Notably, after performing a time av-
erage over a suitable window to suppress �nite-time �uctuations (see Fig. 6.1, where
we show the typical dynamics ofM 1 for di�erent system sizes), we observe that the
stationary value of the magic exhibits, on top of the expected extensive behavior,
sub-leading logarithmic corrections such thatM � (L) � a� L � b� logL � c� . Here
the coe�cients a� ; b� ; c� generally depend on both the Rényi index� and the initial
conditions, i.e. the �xed particle densityn = N=L that characterizes the dynamical
sector. For notational simplicity, we omit below the explicit dependence onn.

In Fig. 6.1, we display the leading behavior of the stationary values of the SREs
for the two initial particle densities and for Rényi indices� = 1; 2. At half �lling,
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Figure 6.2: Top panels . Late-time SREs after a plain dynamics in the hopping
fermions forn = 1=2 and n = 1=4, after subtracting the (non-symmetric) Haar av-
erageL log(2). Bottom panels . Logarithmic corrections to the non-stabilizerness,
extracted via �nite-size analysis (see main text for details).

the non-stabilizerness exhibits extensive behavior that asymptotically approaches
the Haar average value ofL log(2) In the large-L limit, the curves become nearly
parallel to this reference, indicating convergence. This agreement becomes even more
apparent when examining the subleading logarithmic corrections. This behavior
aligns with what has been observed for random Gaussian states [354], even though
is not clear which role is playing theU(1) symmetry. In contrast, for the case with
particle number N = L=4, the SREs do not appear to relax to the Haar value
associated with the full Hilbert space. This may still occur, but, as expected for
systems initialized with lower particle densities, reaching the thermodynamic limit
likely requires signi�cantly larger system sizes and longer times. Nonetheless, the
SREs also deviate from the bound set by the Hilbert space dimension within the
�xed-particle-number sector. In this case, the maximal scaling would be proportional
to log

�
L

L=4

�
, which disagrees with our numerical �ndings, as the numerics actually

exceed this value. We �nd this interesting, as to the best of our knowledge, the non-
stabilizerness uniformly averaged over a �xed particle-number sector is expected to
be bounded from above by the logarithm of its dimension [355].

Subleading logarithmic corrections � As mentioned previously, the SREs
are expected to exhibit sub-leading logarithmic corrections to the leading exten-
sive behavior. In Fig. 6.2, we report a detailed analysis for both cases. As a �rst
naive approach, we subtract from the stationary entropies the maximal Haar value,
L log(2), and plot the residuals on a logarithmic scale, disregarding the presence
of conserved quantities constraining the dynamics of non-stabilizerness. Remark-
ably, for the half-�lling case n = 1=2, the remaining corrections display a striking
logarithmic growth. This unambiguously con�rms that the extensive coe�cient of
quantum magic under plain unitary dynamics, starting from a canonical Néel state,
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Figure 6.3: Log-linear plot of the relaxation dynamics of the SREs after having
subtracted the best-�t �nite-size stationary values M � (L) � a� L � b� logL � c� ;
dashed lines are size-dependent exponential decay drown as guide for the eyes.

indeed coincides with the Haar value. The quarter-�lling casen = 1=4 shows a
di�erent behavior. After subtracting the Haar average, no clear logarithmic trend
is observed, suggesting that the Haar value is not the appropriate leading term to
subtract in this case.

To further investigate the logarithmic subleading corrections, without relying
on any assumed leading extensive contribution, we analyze the �nite-size di�erence
M � (2L) � 2M � (L). This combination cancels out any extensive linear scaling, al-
lowing us to isolate potential logarithmic terms (see the bottom panels of Fig. 6.2).

This re�ned analysis enables us to extract the logarithmic coe�cients for both
particle densities and Rényi indices. Interestingly, the logarithmic corrections appear
to be weakly dependent on the particle density, yet they depend on the Rényi index
� . Our best-�t estimates yield the following coe�cients:

n = 1=2; b1 = 1:50(1); b2 = 2:33(9);

n = 1=4; b1 = 1:42(2); b2 = 2:57(6):

Temporal dependence � We conclude our discussion of the plain unitary dy-
namics of hopping fermions by examining the time evolution of non-stabilizerness
itself, i.e., how the SREs relax toward their stationary values. While our previous
analysis focused on the asymptotic behavior, it is equally insightful to investigate
the dynamical approach to stationarity. To this end, we consider the SRE density
M � (t; L )=L, which depends on both time and system size, and focus on its behavior
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at late times, t � 1. The limits L ! 1 and t ! 1 do not necessarily commute.
In this section, although we analyze both then = 1=2 and n = 1=4 cases, as well
as the two Rényi indices� = 1; 2, it is evident that the data are signi�cantly more
accurate for n = 1=2. This is due to reduced �uctuations and, most importantly,
the necessity of knowing the extensive contribution to the SREs in the stationary
regime with high precision. Consequently, one must exercise caution when interpret-
ing relaxation dynamics in �nite systems, especially when aiming to infer asymptotic
scaling behavior.

The �rst question that naturally emerges is how the SREs approach their asymp-
totic form at large times. As a purely �nite-size e�ect, and in line with observations
from both random circuit dynamics and Gaussian evolutions [213, 354], the ap-
proach to stationarity may follow an exponential decay. As a preliminary analysis,
we thus consider how the time-dependent data approach the �nite-size stationary
values. These stationary values have been carefully extracted from our best-�t anal-
ysis, which accounts for the extensive (� L), logarithmic (� logL), and decaying
(� L � 1) corrections, as already discussed. To this end, we study the quantity
(M � (L) � M � (t; L ))=L (see Fig. 6.3). This di�erence exhibits an exponential decay
toward the �nite-size stationary values, indicating that the t ! 1 limit is taken �rst
in this analysis. However, as the system size increases, the curves begin to bend on
the log-linear scale and increasingly overlap in the early-time regime. This signals
the emergence of a di�erent universal behavior associated with the thermodynamic
limit. This feature is particularly evident for the � = 1, n = 1=2 case, where the
data are especially clean and reliable.

A more systematic and conceptually sound analysis requires taking the thermo-
dynamic limit ( L ! 1 ) before the long-time limit (t ! 1 ). In this regime, the
time-dependent behavior should become independent ofL, and data from di�erent
system sizes are expected to collapse onto a universal thermodynamic scaling curve.
As shown in Fig. 6.4, after shifting the data by a constant o�setlog(2) the SRE
density M � (t; L )=L displays an algebraic relaxation at intermediate times. However,
once �nite-size e�ects become relevant, i.e., beyond a characteristic crossover time
t � (L), the dynamics transitions to the previously discussed exponential approach to
the �nite-size stationary value. Importantly, this exponential regime is delayed to
progressively later times as the system size increases, and in the thermodynamic
limit, it ultimately disappears, leaving the algebraic decay as the dominant relax-
ation behavior.

Since the model we consider is integrable, local properties relax to values that are
described by Generalized Gibbs Ensembles [11, 186] at long times. This approach
enables to determine stationary reduced density matrices exactly in the thermody-
namic limit. We may leverage this formalism to analyzesubsystemSREs. This
analysis is presented in Appendix E.

6.1.2 Monitored dynamics

In the following, we investigate the unitary hopping dynamics interspersed with lo-
cal projective measurements of occupation numberŝnj = ĉy

j ĉj , which are Gaussian
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Figure 6.4: Time evolution of the SRE density approaching its thermodynamic
limit for quenches with the Hopping Hamiltonian. The log-log plot highlights the
thermodynamic scaling regime for timest < t � (L), where �nite-size e�ects are neg-
ligible. The dashed line indicates the algebraic decay observed in this regime, as
discussed in the main text.

operations. As such they preserve the Gaussianity of the problem. Speci�cally, af-
ter introducing a rate 
 , we implement the monitoring protocol as in Ref. [57]: for
each sitej , we perform a measurement of̂nj with probability 
dt . If a measure-
ment occurs, the outcomen = 0; 1 is drawn randomly according to the Born-rule
probabilities. We restrict our analysis to the half-�lling sector with particle density
n = 1=2 where the system is initialized in the Néel state.

For each value of the system sizeL and measurement rate
 , we have collected
N traj = 500 independent quantum trajectories, each corresponding to a distinct ran-
dom realization of local projective measurements. For each trajectory, the stabilizer
Rényi entropies are evaluated via perfect sampling, using at leastS 2 [1000; 2000]
con�gurations of Majorana string operators depending on the system size.

Our �rst analysis focuses on the impact of a �nite measurement rate on the time-
dependent behavior of the SREs. In particular, Fig. 6.5 illustrates the dynamics of
non-stabilizerness for system sizesL = 16; 32; 64; 128 and for some representative
values of the measurement rate
 2 [0; 1]. As expected, once the SREs are rescaled
to their extensive component (i.e., plotting their density) the overall qualitative be-
havior remains robust across di�erent measurement regimes. The relaxation towards
the stationary value appears to retain an algebraic character, at least qualitatively.
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Figure 6.5: Time evolution of the SRE densitiesM 1=L (left panel) and M 2=L (right
panel) under unitary free-fermionic dynamics interspersed with local projective mea-
surements performed at various rates
 . The system is initialized in the Néel state
at half �lling ( n = 1=2), and averages are taken overN traj = 500 independent quan-
tum trajectories. The rescaled entropies exhibit an overall extensive behavior, with
�nite-size corrections becoming increasingly suppressed as the measurement rate

increases.

What is particularly notable is the behavior of the subleading �nite-size correc-
tions, visible as deviations from the thermodynamic-limit curves. These are more
pronounced for small values of
 , but decrease and eventually become negligible as
the measurement rate increases. This suggests that larger measurement rates sup-
press the features associated with �nite-size e�ects, promoting faster convergence to
the thermodynamic limit.

To characterize more accurately the leading behavior of non-stabilizerness in
the stationary regime, we follow an approach analogous to that used in the case of
purely unitary dynamics. Speci�cally, we compute the time average of the SREs
over a suitable late-time window, and then analyze the scaling of these averaged
values as a function of the total system sizeL.

The raw time-averaged data are shown in the left panels of Fig. 6.6, plotted as a
function of the system size for several representative values of the measurement rate

 . The same data are displayed in the right panels as a function of
 , for various
�xed system sizes. To extract the leading extensive contribution, we perform a linear
�t in the range L 2 [16; 128]. The resulting slope, which corresponds to the density
of non-stabilizerness, is indicated by a solid black line in the right panels of Fig. 6.6.

Our results con�rm that the extensive behavior of non-stabilizerness persists un-
der projective measurements and evolves smoothly as a function of the measurement
rate 
 . Notably, no abrupt transition is observed in this scaling behavior, suggesting
a continuous crossover rather than a sharp dynamical phase transition.

On the contrary, as already hinted at the level of the time-dependent data, and in
line with recent observations on canonical participation entropies [61], the stationary
quantum magic appears to exhibit an abrupt transition in its subleading corrections
(here logarithmic), rather than in its leading extensive behavior. To further investi-
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Figure 6.6: Scaling of the SRE densitiesM 1=L and M 2=L in the stationary regime
for various values of the measurement rate
 . In each panel, the data points represent
time-averaged values obtained from average time series (cfr. Fig. 6.5), computed over
a suitable late-time window. Left panels . The entropy densities as functions of
the system sizeL, highlighting their extensive scaling behavior (the dashed black
line is L log(2)). Right panels . The extracted leading coe�cients (i.e., slopes from
linear �ts in L 2 [16; 128]) as functions of
 (full black lines), demonstrating that
the non-stabilizerness density varies smoothly with the measurement rate without
exhibiting abrupt transitions.

gate this feature we once again analyze the �nite-size di�erenceM � (2L) � 2M � (L),
as done in the unitary case. We study the behavior of this quantity as a function
of the measurement rate
 , shown in Fig. 6.7. From the numerical data, we ex-
tract the slope, which corresponds to the coe�cient of the logarithmic correction
in the thermodynamic limit. Although our system sizes are limited toL � 128,
the results allow us to clearly identify a qualitative change in this coe�cient as
the measurement rate increases beyond a threshold value
 � � 0:4. Speci�cally,
upon rescaling the �nite-size di�erences bylog(L) and plotting them as a func-
tion of 
 , the data become statistically compatible with zero above this threshold.
This observation strongly indicates that the e�ect of measurements manifests itself
predominantly in the sub-leading corrections to the non-stabilizerness of the moni-
tored non-interacting hopping fermions, with a sharp suppression of the logarithmic
contribution once 
 & 
 � .
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Figure 6.7: Left panels . Finite-size di�erenceM � (2L) � 2M � (L) as a function of
log(L) for various values of the measurement rate
 . Dashed lines indicate the best
linear �ts, from which the logarithmic coe�cients are extracted. Right panels . The
same data, rescaled bylog(L), are shown as a function of
 . Solid black lines denote
the extrapolated values of the coe�cient of the logarithmic corrections. Vertical
gray lines mark the threshold
 � � 0:4, above which the numerical data become
statistically compatible with zero within 2� .

6.2 Non-stabilizerness of the Quantum Ising chain

The second scenario we consider consists of a transverse �eld Ising model with
periodic boundary conditions, given by

Ĥ = �
L � 1X

j =0

�
�̂ x

j �̂ x
j +1 + h �̂ z

j

�
: (6.3)

As discussed in Sec. 1.2.1, the model can be exactly mapped to a system of free
fermions through the Jordan-Wigner transformation, and further reformulated in
terms of Majorana fermions. The dynamics is thus Gaussian and fully encoded by
the Majorana covariance matrix.

We initialize the system in a fully polarized state along thez-direction j " : : : "i ,
which in the fermionic language represents the vacuum statej00: : :i , or in the Néel
state j "#"# : : : i which corresponds toj0101: : :i . Both initial states are Gaussian. As
for the case of hopping fermions, we start our analysis from the case of plain unitary
dynamics. We then proceed to investigate magic in the no-click limit discussed in
Sec. 3.2.
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