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Abstract

In the present thesis, we study instabilities in different classes of linear dispersive PDEs,
in the form of weak turbulence formation and energy cascades. We use the growth in
time of positive Sobolev norms of solutions as an indicator of instability in terms of
transfer of energy towards higher frequencies.

We identify a resonant mechanism responsible for instability formation in different
models. More precisely, we base our procedure on a combination of resonant normal
forms, pseudodifferential techniques and positive commutator arguments, and we re-
duce the instability problem to the study of the underlying classical dynamics. We
obtain three different results.

The first concerns time dependently perturbed quantum harmonic oscillators in
R2, where the perturbation is a selfadjoint pseudodifferential operator of degree zero,
2π-periodic in time. We identify sufficient conditions on the principal symbol of the
potential that ensure existence of solutions exhibiting unbounded growth in time of
their positive Sobolev norms and we show that the class of symbols satisfying such
conditions is generic in the Fréchet space of classical 2π-time periodic symbols of order
zero. To prove our result we apply the abstract Theorem of [69]: the main difficulty
is to find a conjugate operator A for the resonant average of the perturbation. We
construct explicitly the symbol of the conjugate operator A, called escape function,
combining techniques from microlocal analysis, dynamical systems and contact topol-
ogy.

In the second result, we study linear and time-dependent perturbations of periodic
transport equations on the two-dimensional torus. For generic perturbations, we prove
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the existence of a large class of initial data whose Sobolev norms diverge exponentially
fast. In higher dimensions, the same conclusion holds under a Morse-Smale assump-
tion on the resonant part of the perturbation. In both cases, the proof is based on a
normal form procedure and on the study of Sobolev instabilities for time-dependent
perturbations of Morse-Smale transport equations. The latter are analyzed on general
compact manifolds using techniques from microlocal analysis and hyperbolic dynamics.

Finally, we consider the one-dimensional instance of the previous model: we study
linear, time-dependent and skewadjoint perturbations of periodic transport equations
on the one-dimensional torus. In this low-dimensional setting, we are able to describe
the long-time behavior of solutions for all non-degenerate perturbations in resonant
regime, proving that either there exist solutions whose Sobolev norms grow exponen-
tially fast, provoking an energy transfer towards higher frequencies, or all solutions
remain stable over arbitrarily long time scales. In this case as well, the proof combines
pseudodifferential tools with dynamical systems techniques: a resonant normal form
procedure reduces the problem to the analysis of the classical dynamics associated
with the resonant equation. The main difficulty lies in the instability mechanism, for
which we explicitly construct an escape function adapted to the dynamics and use the
associated operator for a positive commutator estimate.
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Chapter 1

Introduction

The study of instabilities in linear and nonlinear PDEs is a problem of broad mathe-
matical interest and an active area of current research, that has been approached from
different viewpoints. The phenomena considered in the present thesis are weak turbu-
lence formation and energy cascades in dispersive equations. In this framework, the
time evolution of the Sobolev norms of solutions is a widely used tool to depict unstable
paths: an unbounded growth in time of the positive Sobolev norms of solutions is an
indicator of instability, in the form of transfer of energy from low to high modes in the
frequency space.

The present thesis provides new results in this direction: we analyze resonant time-
dependent perturbations of certain classes of linear dispersive equations, and we identify
models admitting generic sets of perturbations that trigger instability phenomena.

In the next paragraphs, we will describe precisely the models we study. Nonetheless,
we anticipate here some common features they share, to motivate our results. A first
common feature is the conservation of a low norm (in our case the L2´norm) of all
solutions along the time evolution. This is due to the selfadjointness of the operators
governing the dynamics. We use this conservation law to describe the common principle
underlying all our instability results: the formation of instabilities that we describe
is entirely caused by a redistribution of energy across frequencies (and not by other
mechanisms). In this sense, an unbounded growth in time of some positive Sobolev
norms is an indicator of weakly turbulent dynamics.
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2 INTRODUCTION

A second common feature is that the underlying mechanism behind the instability
phenomena is purely resonant. All the models considered in the present thesis are
obtained as time-periodic perturbations of principal operators whose solutions are all
periodic in time and have the same period. Equivalently, this property can be read
at the spectral level by noting that the unperturbed operator has discrete spectrum
with constant spectral gaps. For this reason, the time-frequency of the perturbation
is tuned to be resonant with the spectral gaps of the unperturbed operator. Con-
sequently, the philosophy underlying the results presented is to identify the resonant
component of the perturbation, and use it to determine sufficient conditions to enhance
resonant interactions between Fourier modes, giving rise to the instability phenomena
and, ultimately, to unbounded trajectories.

Finally, for all the equations we consider we have at our disposal global upper
bounds for the growth in time of the Sobolev norms of all solutions. More precisely,
in the work [72] by Maspero and Robert the authors consider an abstract framework
encompassing all the models studied in this thesis and obtain global upper bounds
for the Sobolev norms of all solutions. In all the cases considered, we identify large
classes of perturbations for which these upper bounds are saturated: the growth rates
we obtain are thus the optimal ones.

In order to contextualize our results, we briefly review the main developments that
laid the groundwork for this line of research, referring to Section 1.3 for a complete
overview of the literature.

The problem of growth of Sobolev norms for linear, Schrödinger-type equations
on the torus has been first issued by Bourgain in [18] in 1999 and, since then, the
research in this direction has been very active. In recent years, many authors have
produced examples of time-dependent perturbations provoking unbounded growth in
time of some positive Sobolev norms of some solutions of the corresponding equations.
Here we only mention that, after the pioneering work of Bourgain in [18], Delort in [29]
is the first to construct unbounded trajectories for quantum harmonic oscillators. We
postpone to Section 1.3 a wider overview of the literature for results of this kind.

A new paradigm in this direction is developed by Maspero in [69]: the author stud-
ies time-periodic perturbations of operators with constant spectral gaps and introduces
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a new approach to detect instability. The main idea is to isolate the time-independent,
resonant component of the perturbation via a resonant normal form procedure, and
then establish a Mourre positive commutator estimate for the resulting operator. As
shown in [69], such Mourre estimate is a sufficient condition for the existence of un-
bounded trajectories.

The challenge in implementing this strategy is the verification of the Mourre esti-
mate: this in turn requires to construct a conjugate operator for the resonant average
of the perturbation or, in the pseudodifferential setting, an escape function for its
principal symbol.

The first work in which this goal is achieved is [70], where the author studies time-
periodic perturbations of quantum harmonic oscillators on R. As a result, it is proven
that the set of perturbations generating solutions with unbounded growth in time of
their positive Sobolev norms is generic among time-periodic, classical pseudodiffer-
ential operators of order zero. The argument used in [70] crucially relies on the low
dimensionality of the problem, where it turns out that the escape function can be
constructed explicitly. However, it is not possible to extend such construction in di-
mension greater or equal than two: different techniques and ideas need to be introduced
to tackle the higher dimensional setup.

The present thesis aims at proceeding in this direction by developing a general
strategy to construct escape functions in higher-dimensional settings. To this aim, we
combine techniques of dynamical systems, contact topology and microlocal analysis,
thereby extending the applicability of the instability criterion of [69] to a broad class
of higher-dimensional models. All our results provide explicit sufficient conditions
on the perturbation to provoke growth of Sobolev norms, and show that the sets of
perturbations verifying them are very large. Indeed, we emphasize once more that the
main novelty of these results is to identify generic (in a sense to be specified later in
this introduction) sets of resonant, time-periodic perturbations of first-order operators
that generate unstable dynamics. This is the main distinction with the previously
mentioned results where isolated instances of such perturbations were constructed.
The ideas briefly introduced in this paragraph will be better explained in Sections
1.2.1-1.2.3.
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We conclude by presenting informally the results that we prove in this thesis, and
providing reference to the articles where these problems are studied:

1. Quantum harmonic oscillators in R2: we consider

iBtu “ H0u ` V pt, x,Dqu, x “ px1, x2q P R2,

where

H0 :“
1

2
p´B

2
x1

´ B
2
x2

` x21 ` x22q, D :“ pD1, D2q “ ´ piBx1 , iBx2q ,

and V pt, x,Dq is a pseudodifferential operator of degree zero, selfadjoint for ev-
ery t and 2π-periodic in time. We prove existence of a generic set of perturba-
tions, among classical pseudodifferential perturbations V of order zero, provoking
growth of Sobolev norms.

This is object of study of the work "Growth of Sobolev norms for completely
resonant quantum harmonic oscillators on R2" ([61]), joint work with B. Langella
and A. Maspero, published in Journal of Differential Equations.

2. Unstable perturbations of periodic transport equations: we study the
following class of transport equations on n-dimensional tori Tn :“ pR{2πZqn

Btuε “ pν ` εV pt, xqq ¨ ∇xuε `
ε

2
divxpV pt, xqquε, x P Tn, t P R, ε ą 0, (1.0.1)

where ν P Nn, V pt, xq P C8pT ˆ Tn;Rnq is a time-dependent vector field, divp¨q

denotes the divergence with respect to the standard Euclidean volume on Tn and
ε ą 0 plays the role of a parameter. We prove that, in the case n “ 2 and for
generic potentials V P C8pT3;R2q there exist solutions whose positive Sobolev
norms grow exponentially.
In fact, we also prove our result in the more general framework of linear, skew-
adjoint transport equations on arbitrary compact manifolds. We identify an open
set of transport coefficients leading to instability, and we prove that it is also dense
in the set of smooth vector fields on compact surfaces (i.e., in dimension two).

This is object of study of the work "Sobolev instability for perturbations of periodic
transport equations" ([79]), joint work with G. Rivière, submitted.



1.1. MAIN RESULTS 5

3. Long-time behavior of resonant transport equations in dimension one:

we study the particular case of equation (1.0.1) when n “ 1 and we prove that,
depending on the choice of the perturbation, only two possibilities occur: either
all Sobolev norms of all solutions are uniformly bounded for long time scales, or
instability phenomena arise. This provides a complete characterization of both
the sets of stable and unstable potentials in this one-dimensional setting.

This is object of study of the work "Long-time behavior of resonant time-dependent
perturbations of periodic transport equations on R" ([80]), published in Nonlin-
earity.

1.1 Main results

In this section, we state our main results in a precise form. For each model, we introduce
the notation required to formulate the theorems and we complete the statements with
some comments.

1.1.1 Resonant quantum harmonic oscillators in R2

We consider
iBtu “ H0u ` V pt, x,Dqu, x “ px1, x2q P R2, (1.1.1)

where
H0 :“

1

2
p´B

2
x1

´ B
2
x2

` x21 ` x22q, D :“ pD1, D2q “ ´ piBx1 , iBx2q,

and V pt, x,Dq is a pseudodifferential operator of degree zero (see Definition 1.1.3),
selfadjoint for every t and 2π-periodic in time, and we prove existence of global in time
solutions fulfilling

lim
tÑ`8

}uptq}s “ `8 , s ą 0 ;

here the norm }¨}s is the one of the Sobolev space

Hs
H0

pR2
q :“ tu P L2

pR2;Cq : }u}s :“ }Hs
0u}L2 ă `8u, s P R . (1.1.2)

Note immediately that, when V ” 0, every solution of (1.1.1) has constant Hs
H0

-norm
for every s and every time. Hence, as already alluded, the existence of solutions
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with unbounded paths depends on the ability of the perturbation V pt, x,Dq to couple
together sufficiently many different Fourier modes to provoke energy cascades towards
higher and higher frequencies.

We now define the set of functions and then the class of symbols that we will use:

Definition 1.1.1 (Homogeneous function). A smooth function f : R4zt0u Ñ C is said
to be positively homogeneous of degree m if

fpλx, λξq “ λm fpx, ξq, @ λ ą 0, @ px, ξq ‰ 0, (1.1.3)

and definitely homogeneous if it is smooth at zero and (1.1.3) holds only for λ ě 1 and
|px, ξq| ě 1.

Definition 1.1.2 (Symbols). We define the class of symbols of order ρ P R as

SρH0
:“

!

f P C8
pR4,Cq : @α, β P N2

0, DCα,β ą 0

such that |B
α
xB

β
ξ fpx, ξq| ď Cα,βp1 ` |x|

2
` |ξ|

2
q
ρ´

|α|`|β|

2

)

.

We say that a symbol f P SρH0
is classical of order ρ if there exist fρ definitely

homogeneous of degree 2ρ and µ ă ρ such that

f ´ fρ :“ fµ P SµH0
.

We call fρ the principal symbol of f , and denote by Sρcl the set of classical symbols of
order ρ. Note that the inclusion S0

cl Ă S0
H0

holds.

The space SρH0
, endowed with the family of seminorms

℘ρj pfq :“
ÿ

|α|`|β|ďj

sup
x,ξPR2

|BαxB
β
ξ fpx, ξq|

p1 ` |x|2 ` |ξ|2qρ´
|α|`|β|

2

, @j P N,

is a Fréchet space with distance defined as

dρpf, gq :“
ÿ

jě0

1

2j
℘ρj pf ´ gq

1 ` ℘ρj pf ´ gq
.

Analogously, we also define the Fréchet space C0pT;SρH0
q of continuous in time maps

f : t Ñ fpt, ¨q P SρH0
, with finite seminorms:

℘ρT,jpfq :“
ÿ

|α|`|β|ďj

sup
x,ξPR2

tPT

ˇ

ˇ

ˇ
BαxB

β
ξ fpt, x, ξq

ˇ

ˇ

ˇ

p1 ` |x|2 ` |ξ|2qρ´
|α|`|β|

2

, @j P N.
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The distance between two functions f, g P C0pT;SρH0
q is hence given by:

d
ρ
Tpf, gq :“

ÿ

jě0

1

2j
℘ρT,jpf ´ gq

1 ` ℘ρT,jpf ´ gq
. (1.1.4)

We now define pseudodifferential operators of order ρ:

Definition 1.1.3 (Pseudodifferential operators). We say that the operator F belongs
to SρH0

, the class of pseudodifferential operators of order ρ, if there exists a symbol
f P SρH0

such that F “ Opwpfq, where

Opw
pfqrψspxq :“

1

2π

ĳ

y,ξPR2

eipx´yqξ f
´x ` y

2
, ξ

¯

ψpyq dydξ (1.1.5)

is the Weyl quantization of the symbol f .

Finally, we define the resonant average of a symbol v and the average of an operator
V : we denote by ϕth0px1, x2, ξ1, ξ2q the classical flow of the harmonic oscillator in R4

with initial datum px1, x2, ξ1, ξ2q, where h0 is defined as in (2.1.2):

ϕth0px, ξq “ px1 cos t ` ξ1 sin t , x2 cos t ` ξ2 sin t , ´x1 sin t ` ξ1 cos t , ´x2 sin t ` ξ2 cos tq .

(1.1.6)

One easily checks the following result:

Lemma 1.1.4. Let apt, x, ξq P C0pT;S0
H0

q, then apt, ϕth0px, ξqq P C0pT;S0
H0

q.

Definition 1.1.5 (Resonant average). Given a symbol v P C0pT;S0
H0

q, we define the
resonant average xvyh0 with respect to the flow (1.1.6) of the harmonic oscillator as:

xvyh0 px, ξq :“
1

2π

ż 2π

0

vpt, ϕth0px, ξqq dt, (1.1.7)

which is a time independent symbol of order zero. In addition if v P C0pT;S0
clq, then

xvyh0 P S0
cl. We define the average of the pseudodifferential operator V P C0pT,S0

H0
q,

V pt, x,Dq “ Opwpvpt, x, ξqq, as:

xV yH0
:“ Opw

pxvyh0q , (1.1.8)

which is a time independent operator, xV yH0
P S0

H0
.
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We are finally ready to state our theorem:

Theorem 1.1.6. Denote by

V :“
!

v P C0
pT;S0

clq : D I Ă Ranpxv0yh0q, D a P S1
cl and D δ ą 0

such that txv0yh0 , au ě δ @ px, ξq P xv0y
´1
h0

pIq X t|px, ξq| ě 1u

)

,
(1.1.9)

where v0 denotes the principal symbol of v. Then

(i) Genericity: The set V is generic in C0pT;S0
clq; precisely it is open and dense

with respect to the metric d0T in (1.1.4).

(ii) Instability: for every v P V, for every s ą 0, there exist a function u0 P

Hs
H0

pR2q and a time T ą 0 such that the solution upt, xq of equation (1.1.1) with
V pt, x,Dq “ Opwpvq and initial datum u0 satisfies

}uptq}s ě Cs,u0 xtys , @ t ą T, (1.1.10)

for some positive constant Cs,u0.

The proof of Theorem 1.1.6 is the content of Chapter 2. We conclude this section
with some comments about Theorem 1.1.6:

- First of all, we remark that the lower bound in (1.1.10) is sharp, indeed in [72]
the authors prove that, for all s ą 0 and for all u0 P Hs

H0
, there exists a constant

C̃s ą 0 such that }uptq}s ď C̃s xtys }u0}s, showing that our unstable solutions
grow with the optimal speed.

- We also point out that, in the recent paper [70], the author proves that, in one-
spatial dimension, generic 2π-periodic pseudodifferential perturbations V pt, x1, D1q

of the harmonic oscillator provoke growth of Sobolev norms. However, such one-
dimensional perturbations, when considered as perturbations on R2, are neither
pseudodifferential, nor generic in the higher dimensional setting. Moreover, as
we will detail in Section 1.2.1, in the one-dimensional setting of [70], both the
construction of the escape function and the proof that (1.1.10) holds for generic
symbols can be done in a rather direct and explicit way. This is not possible in
the present higher dimensional setting and has further motivated the study of
this problem with new different techniques.
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We refer to Section 1.2.1 for a description of the main ideas used in the proof.

1.1.2 Unstable perturbations of periodic transport equations

In [79], in collaboration with Gabriel Rivière, we identify a class of equations for which
the previous instability result (described in Section 1.1.1) can be generalized to ar-
bitrary compact and smooth manifolds M . In particular, we are able to extend the
study of the resonant mechanism leading to instability formation to this more general
topological setting. Nevertheless, due to the peculiar properties of the torus, we are
able to achieve two different but closely related goals in the cases M “ Tn, and M

arbitrary. We now state and comment separately both results.
We first study a class of transport equations on n-dimensional tori. More precisely,

for any n ě 1, we denote by Tn`1 (with T :“ R{2πZ) the Euclidean pn`1q-dimensional
torus. Given ν P Rn and ω P R, we consider the following equations

Btuε “ pν ` εV pωt, xqq ¨ ∇xuε `
ε

2
divxpV pωt, xqquε, x P Tn, t P R, ε ą 0, (1.1.11)

where V pt, xq P C8pT ˆ Tn;Rnq is a time-dependent vector field, divp¨q denotes the
divergence with respect to the standard Euclidean volume on Tn and ε ą 0 plays the
role of a parameter. Note immediately that, in analogy with (1.1.1), the transport
operator on the right-hand side of the equation is formally skew-adjoint on L2pTnq for
every t P R. Thus one has

}uεptq}L2 “ }uεp0q}L2 , @t P R, @ε ě 0.

Moreover, it is worth noting that, for ε “ 0, all the Sobolev norms are preserved, i.e.

}u0ptq}σ “ }u0p0q}σ, @t P R, @σ P R.

Here we denote by

Hσ
pTnq ” Hσ

Tn :“ tu P L2
pTn;Cq : }u}

2
σ :“

ÿ

kPZn

xky
2σ

|uk|
2

ă `8u, (1.1.12)

(where we use the notation xky :“
a

1 ` |k|2 for the Japanese brackets and we denote
by tukukPZn the Fourier coefficients of the function u). Our first main result is the
following theorem:
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Theorem 1.1.7. Let n “ 2, ω “ 1 and ν P N2zt0u. Then there exists an open and
dense subset Oν of 1 C8pT3;R2q such that, for every V P Oν, the following holds.

There exists δ0 ą 0 such that, for every 0 ď σ ď δ0 and for every 0 ď ε ď δ0σ
2, one

can find vε P HσpT2q and r :“ rpε, σ, vεq ą 0 such that

}uεp0q ´ vε}σ ď r ùñ }uεptq}σ ě δ0e
δ0σtε }uεp0q}σ , for any t ą 0,

where uεptq is the solution to equation (1.1.11) with initial datum uεp0q.

The proof of Theorem 1.1.7 is presented in Chapter 3. Here follow some comments
on the result:

- We immediately remark that, for every potential V P C8pTˆT2;R2q, the Sobolev
norms of all solutions to equation (1.1.11) grow at most exponentially fast with
the L2-norm being preserved – see [72, Th. 1.2]. Thus, as anticipated, we identify
a large class of time dependent transport equations for which this exponential
growth is indeed sharp. Yet, we emphasize that the growth from this lower bound
is effective for times t " ε´1.

- Note that, in Theorem 1.1.7, we consider a resonant regime, i.e., the potential
V has the same time-period as the solution to the unperturbed equation, since
this may create resonance phenomena. This choice, which is in clear continuity
with the previously outlined case of the harmonic oscillator, is nevertheless fur-
ther motivated: in the previous work [10, Th. 2.4] (see also [39]), the authors
study long-time dynamics of equation (1.1.11) in a complementary non-resonant
regime. They prove that, for generic choices of parameters pω, νq in r1, 2sn`1

satisfying some Diophantine conditions, equation (1.1.11) is reducible. Roughly
speaking, it means that, up to a bounded transformation on the Sobolev space
HσpTnq, one can conjugate the equation to a diagonal one in the Fourier basis
(up to smoothing remainders). A direct consequence of this result is that either
there exist solutions whose positive Sobolev norms grow exponentially (in the
case where the diagonal operator has eigenvalues with nonzero real parts) or the
Sobolev norms }uεptq}σ remain bounded (for instance, if V is even). See [10,
Cor. 2.5] for details;

1The set is endowed with its standard Fréchet topology.



1.1. MAIN RESULTS 11

- In order to produce instabilities we exploit the resonant part of the perturbation
V pt, xq. Namely, we rely on the dynamical properties of the resonant vector field

xV yνpxq :“
1

2π

ż 2π

0

V pτ, x ´ τνqdτ, x P Tn. (1.1.13)

Indeed, after a normal form procedure (see Section 3.4), instabilities for (1.1.11)
can be obtained from unstable solutions to time dependent perturbations of trans-
port equations generated by xV yν .

Note that here we call resonant vector field (associated with the perturbation V )
the vector field xV yν defined in (1.1.13) and in Section 1.1.1 we define instead
the resonant average of the perturbation as in Definition 1.1.5. Clearly the two
definitions do not coincide, and this is a slight abuse of terminology. However,
this is heuristically due to the fact that both are obtained performing a time
average of the perturbation along the flow of the unperturbed equation.

- As we will explain later on (see Section 1.2.2), the set Oν consists of all per-
turbations V P C8pT3;R2q such that the resonant average (1.1.13) satisfies some
dynamical properties (see Definition 1.1.8). We refer to Section 1.2.2 for a descrip-
tion of this class of vector fields, and we only anticipate here that, in dimension 2

these form a generic set among smooth vector fields (see [78]). This property is,
however, peculiar of dimension 2 and we are not aware of analogous generic sets
of vector fields in higher dimension. Hence, in higher dimensions, we will only be
able to produce unstable solutions for an open set of perturbations.

We now state our second main result concerning transport equations on arbitrary
compact manifolds M . In order to motivate the statement, we anticipate here that
the proof of Theorem 1.1.7 proceeds in two steps: first, we perform a resonant normal
form reduction, to conjugate equation (1.1.11) to a new transport equation having
as leading term the resonant average xV yν of V , up to small-in-size, time dependent
perturbations. Next, we obtain an instability result for this latter class of equations. We
postpone to Section 1.2.2 a more detailed explanation of our proof, but we anticipate
here that the main technical accomplishment of the work is the study of instabilities for
Morse-Smale transport equations (see Definition 1.1.8) on arbitrary smooth, compact
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and Riemannian manifolds of arbitrary dimension. This is the content of the second
theorem that we will prove in Chapter 3, and that we now state below.

We consider M a smooth (C8), compact and oriented manifold of dimension n ě 1,
without boundary. We endow the manifold M with a Riemannian metric that we
denote by g and we let υg be the corresponding Riemannian volume on M . We denote
by XpMq the set of smooth vector fields on M and we consider the following class of
transport equations:

Btuε “ LV`εPptquε `
1

2
divυgpV ` εPptqquε, x P M, t P R, ε ą 0, (1.1.14)

where V P XpMq, Pptq P C0
b pR;XpMqq and divυg is the divergence with respect to the

Riemannian volume form. Here, L denotes the usual Lie derivative, i.e., the order one
differential operator defined by LY u :“ durY s, for every Y P XpMq, and C0

b pR;XpMqq

denotes the set of time dependent vector fields onM , which are continuous and bounded
in time. Note that, as in equation (1.1.11), the addition of the divergence term in
equation (1.1.14) ensures that the operator on the right-hand side is skew-adjoint for
every time t P R so that

}uεptq}L2pM,υgq “ }uεp0q}L2pM,υgq, @t P R, @ε ą 0.

Our main goal is to prove existence of unstable solutions for equation (1.1.14),
where we again identify unstable solutions with the ones that exhibit an unbounded
growth in time of their positive Sobolev norms. To this aim, recall that the Sobolev
spaces HσpMq are defined as

Hσ
pMq :“

!

u P L2
pM ;Cq :

›

›p1 ´ ∆gq
σ
2 u

›

›

L2pM,υgq
ă `8

)

, σ P R,

where ∆g is the Laplace-Beltrami operator on M . The corresponding Sobolev norm
will be denoted by }.}σ. We emphasize that, also in this general case, one has only the
a priori bound for every σ ą 0 [72, Th. 1.2]

}uεptq}σ ď Cσe
Cσ |t|

}uεp0q}σ, @t P R, for some Cσ ą 0.

Our main theorem shows that this exponential growth is in fact sharp for the class of
Morse-Smale vector fields in any dimension. Originally introduced by Smale in [82] as a
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generalization of gradient flows induced by Morse functions, Morse-Smale vector fields
on compact manifolds are characterized by a non-wandering set consisting exclusively
of a finite number of hyperbolic critical elements (both fixed points and periodic orbits),
with no saddle-to-saddle connections. Precisely, they are defined as follows:

Definition 1.1.8 (Morse-Smale vector fields). We say that a smooth vector field V P

XpMq is Morse-Smale if

1. V has a finite number of critical elements (i.e. critical points and closed orbits),
which are all hyperbolic (see Definition 3.5.1);

2. for any pair Λ1,Λ2 of critical elements, the stable manifold W spΛ1q and the
unstable one W upΛ2q (see Definition 3.5.5) intersect transversally;

3. the non-wandering set (see Definition 3.5.3) NWpV q coincides with the union of
the critical elements of V .

We denote by XMSpMq Ă XpMq the set of Morse-Smale vector fields on M .

We are now in position to state our second main result for transport equations:

Theorem 1.1.9. Let V P XpMq and P P C0
b pR,XpMqq. Suppose that V is a Morse-

Smale vector field (see Definition 1.1.8) and, if n “ 1, suppose in addition that it has
at least one critical point.

Then, there exists δ0 ą 0 such that, for every 0 ď σ ď δ0 and for every 0 ď ε ď δ0σ
2,

one can find vε P HσpMq and r :“ rpε, σ, vεq ą 0 such that

}uεp0q ´ vε}σ ď r ùñ }uεptq}σ ě δ0e
δ0σt}uεp0q}σ, for any t ą 0, (1.1.15)

where uεptq is the solution to equation (1.1.14) with initial datum uεp0q.

The proof of Theorem 1.1.9 is given in Chapter 3, and we refer to Section 1.2.2 for
an outline of the main ideas used.
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1.1.3 Long-time behavior of resonant transport equations in

dimension one

In this section, we state our main result concerning one-dimensional transport equations
in resonant regime: in this low dimensional setting, we are indeed able to completely
classify the long-time dynamics of solutions, depending on the perturbation (and not
only to identify the ones generating instability). Precisely, we consider

Btu “ pν ` εV pt, xqqBxu `
ε

2
BxV pt, xqu, x P T :“ R{2πZ, t P R, ε ą 0, (1.1.16)

where ν P N`, ε is a positive parameter, V P C8pT2;Rq, and we use the definition in
(1.1.12) with n “ 1 for the scale of Sobolev spaces on T. Roughly speaking we prove
that, depending on the choice of the perturbation V , only two possibilities occur (up
to a nowhere dense set of degenerate perturbations): either all Sobolev norms of all
solutions are uniformly bounded for finite but arbitrarily long time scales, or instability
phenomena arise. In other words, exploiting the simpler one-dimensional Hamiltonian
dynamics associated with the problem, we completely characterize both the sets of
stable and unstable perturbations. We now state precisely our result. First, we report
here an equivalent definition of (1.1.13).

Definition 1.1.10 (Resonant average). Let V P C8pT2;Cq. For k, ℓ P Z denote by
tvk,ℓuk,ℓPZ the Fourier coefficients of V , i.e., V pt, xq “

ř

k,ℓPZ vk,ℓe
ipkx`ℓtq, for all t, x in

T. We define the resonant average of V with respect to the frequency ν P N` as

xV yν pxq :“
ÿ

kPZ

vk,νke
ikx. (1.1.17)

We say that a function V pt, xq is completely resonant with respect to the frequency
ν P N` if vk,ℓ “ 0 for all ℓ ‰ νk, or equivalently if V pt, xq ” xV yν px ` νtq.

Definition 1.1.11. We say that a function W P C8pT;Cq has a degenerate zero in
x0 P T if W px0q “ 0 and W 1px0q “ 0. We say that a function is non degenerate if it
does not have any degenerate zero.

We also introduce the following terminology:

Definition 1.1.12. We say that a function V P C8pT2;Rq is
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• resonantly stable with respect to the frequency ν P N` (or simply resonantly
stable) if its resonant average xV yν (see Definition 1.1.10) does not have any
zero;

• resonantly unstable with respect to the frequency ν P N` (or simply resonantly
unstable) if its resonant average xV yν (see Definition 1.1.10) has at least one zero,
but all its zeroes are non degenerate.

Our main result is the following theorem.

Theorem 1.1.13. For any ν P N` let

Vν,s :“ tV P C8
pT2;Rq : V is resonantly stable u, (1.1.18)

Vν,u :“ tV P C8
pT2;Rq : V is resonantly unstable u, (1.1.19)

Vν,d :“ tV P C8
pT2;Rq : xV yν has degenerate zeroes u, (1.1.20)

where we recall Definitions 1.1.10, 1.1.11 and 1.1.12. The following holds:

1. Long-time stability: for any V P Vν,s, for any N ą 0 there exists εNpV q ą 0 such
that, for any 0 ă ε ă εNpV q and for any s ą 0, there exists C1 ą 0 (independent
of ε) such that, for any u0pxq P HspTq, the corresponding solution upt, xq of
equation (1.1.16) (i.e. up0, xq “ u0pxq) satisfies

}uptq}s ď C1 }u0}s @ |t| ď CV ε
´pN`1q, where C1 ” C1ps, V q

for some CV ą 0.

2. Instability: for any V P Vν,u there exist εpV q ą 0, δ2 ą 0 such that, for any 0 ă

ε ă εpV q and for any s ě 1 there exists u0 P HspTq, such that the corresponding
solution upt, xq of equation (1.1.16) satisfies:

}uptq}s ě eεδ2tδ1pu0q, @ t ą 0 , (1.1.21)

for some δ1pu0q ą 0.

3. Genericity: The set Vν,u Y Vν,s is open and dense in C8pT2;Rq endowed with its
Fréchet topology.
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The proof of Theorem 1.1.13 is the content of Chapter 4. We conclude this section
with some comments about Theorem 1.1.13:

- First remark that

C8
pT2;Rq “ Vν,s Y Vν,u Y Vν,d

(see (1.1.18),(1.1.19), (1.1.20)). Thus, from the genericity property in point 3,
Theorem 1.1.13 answers the question of stability of equation (1.1.16) for the vast
majority of time-dependent, 2π-periodic perturbations V .

- We note again that the lower bound in (1.1.21) is sharp: in [72] the authors
prove that all positive Sobolev norms of all solutions of (1.1.16) grow at most
exponentially fast. We remark that, in analogy with Theorem 1.1.7, also in this
case our bound (1.1.21) is effective for t Á ε´1.

- We now motivate the definitions of the sets (1.1.18), (1.1.19), and (1.1.20). The
main difficulty encountered in the proofs of the previous results is the identifica-
tion of sufficient conditions on the dynamics generated by the resonant averages
of the perturbation for the formation of instability phenomena. This procedure
involves the study of hyperbolic vector fields on high-dimensional manifolds, to-
gether with the analysis of their dynamics in nontrivial topologies. As expected,
this strategy becomes considerably simpler in one-dimensional settings: in the
one-dimensional case, this property follows directly from the structure of the
function xV yν (see Section 4.3). In particular, a necessary condition for insta-
bility is that the resonant average admits at least one non degenerate zero (see
Definition 1.1.11). As we will explain in detail in Chapter 4, this condition is
closely related to the dynamics of the system 9x “ xV yν pxq, since such a zero cor-
responds to a hyperbolic equilibrium point for this one-dimensional ODE. On the
other hand, the absence of zeroes for the resonant average is a sufficient condition
for the long time stability.

We refer to Section 1.2.3 for an idea of the techniques used in the proof of Theorem
1.1.13.
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1.2 Strategies of the proofs

In this section, we outline the central elements used in the proofs of our main results.

1.2.1 Ideas of the proof of Theorem 1.1.6

In order to prove Theorem 1.1.6, two distinct objectives must be achieved. First, given
a symbol v in the set V (see (1.1.9)), one has to prove that the corresponding operator
V “ Opwpvq (see (1.1.5)) generates instability in the sense of (1.1.10). Next, we need
to establish the genericity of the set V . We now briefly describe the ideas underlying
these two steps.

Instability: The instability result relies on the abstract framework developed in [69].
In Section 2.1.1, we present the abstract result in detail together with a minor adapta-
tion required in our setting. In particular, Theorem 2.1.6 states that instability follows
as soon as three classes of assumptions are verified by the operators H0 and V pt, x,Dq

(see I, II, III). Therefore, our main task for this part of the proof is to show that these
assumptions hold for every perturbation V P V (see (1.1.9)).

The assumptions in I are purely algebraic and concern the operator algebras where
both the principal operator and the perturbation must lie. In our framework, these are
automatically satisfied since we work in the pseudodifferential class. The assumptions
in II concern the spectral properties of the unperturbed operator, which is required to
have purely discrete spectrum and constant spectral gaps; again, these properties hold
for the harmonic oscillator H0.

The core of the analysis is therefore the verification of the Mourre estimate in III.
The fundamental intuition behind the abstract result of [69] is that the formation of
instability is driven by the time-average of the perturbation along the flow generated
by the unperturbed dynamics. At the operator level, this mechanism is encoded in a
positive commutator estimate for the averaged perturbation, called Mourre estimate.

For this reason, in Section 2.4 we prove that every operator V ptq “ Opwpvptqq with
symbol vptq P V (recall the definition of the set V in (2.0.3)) has resonant average of
its principal symbol xv0yh0 satisfying a Mourre estimate (see (1.2.1)) on the interval



18 INTRODUCTION

I appearing in the definition of V . More precisely, we show that there exist A P

C8pT;S1
H0

q, gI P C8
c pR;Rě0q with gI ” 1 on I, and θ ą 0 such that

gIpxV yH0
qirxV yH0

, AsgIpxV yH0
q ě θgIpxV yH0

q
2

` K, (1.2.1)

where K is a compact remainder. The key difficulty in establishing (1.2.1) is the
construction of the conjugate operator A. This is precisely the motivation behind
the definition of V in (1.1.9). Indeed, in Section 2.4 we prove that, if one defines
A :“ Opwpaq, where a is the escape function appearing in the definition of V in (1.1.9),
then A is a valid conjugate operator for the averaged perturbation. The passage from
the symbolic condition

txv0yh0 , au ě δ, on I Ă Ranpxv0yh0q

to the operator estimate (1.2.1) is achieved through pseudodifferential calculus and, in
particular, Gårding inequality. This correspondence between dynamical properties at
the symbolic level and positive commutator estimates at the operator level constitutes
the core of the instability proof. We refer to Section 2.4 for a detailed description.

Genericity: We now turn to the proof of the genericity statement. This is the most
delicate part of the proof, where we introduce the main novelties of this approach.
Given the characterization of the set V , the main issue is to show that a generic
classical symbol v (see Definition 1.1.2) has resonant average xv0yh0 of its principal
symbol (see Definition 1.1.5) which admits an escape function. We accomplish this in
two steps.

At a first stage, in place of the definitively homogeneous function xv0yh0 we consider
an arbitrary function h P C8pR4zt0u;Rq positively homogeneous of degree zero. In
Section 2.2 we establish sufficient conditions for the existence of an escape function a

(see Definition 2.2.2) associated with h at a regular value e0 of h. This result is obtained
adapting to our framework a construction introduced by Colin de Verdière in [26] for
symbols on the torus (see also [27]). The crucial point is that such sufficient conditions
are entirely of dynamical nature. More precisely, they depend on the properties of the
vector field X̃h obtained as follows: first, one restricts the Hamiltonian vector field Xh

to the energy surface h “ e0, which has a conic structure due to the homogeneity of h;



1.2. STRATEGIES OF THE PROOFS 19

then one projects the resulting dynamics onto the unit sphere S3 (see (2.2.6)). The key
dynamical assumption that we make is that the projected vector field X̃h is of Morse-
Smale type on the surface Zh

e0
:“ h´1pe0q XS3: we prove that this property is sufficient

to construct the escape function. Even though a more general dynamical condition
is sufficient (see Proposition 2.2.9), we focus here on the Morse-Smale framework to
provide the geometric intuition for our main argument. Before outlining the second
step of our proof, we now briefly explain the properties of Morse-Smale vector fields
that are relevant for our construction.

To this aim, recall the general definition 1.1.8 of Morse-Smale vector fields on com-
pact manifolds. However, the following is an equivalent definition for the particular
case of Morse-Smale vector fields on surfaces (this is the case of the manifold Zh

e0
):

Definition 1.2.1 (Morse-Smale vector fields). A vector field X on a closed, orientable
surface M is said to be of Morse-Smale type if it has the following properties:

1. There are finitely many singularities and closed orbits, all of which are non de-
generate;

2. There are no trajectories connecting saddle points;

3. The α and ω–limit set of each flow line is either a singular point or a closed orbit.

Broadly speaking, the motivation for choosing Morse-Smale vector fields comes from
both the possibility to provide a global dynamical picture of the associated flow, and
their structural stability. We now explain both such properties.

- The hyperbolicity of the flow allows to identify two disjoint, compact, and invari-
ant subsets of M that act as a global attractor and repellor respectively, for the
dynamics; in particular, the entire manifold is covered by their basins of attrac-
tion. This provides a global picture of the flow: roughly speaking, all trajectories
start from the repelling set and move towards the attractor, to which they even-
tually converge. As first pointed out by Colin de Verdière in [27], this global
structure of the trajectories is sufficient to construct an escape function. More
precisely, this is done progressively following the trajectories: first, one defines a
local escape function near the attractor and repellor, and then extends it to the
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whole basins of attraction of the two sets. We refer to Section 2.2 for the details
of this construction in our framework.

- The second crucial information about Morse-Smale vector fields, is that they
form an open and dense set among smooth vector fields on closed and oriented
surfaces: this is a famous result by Peixoto in [78](see Theorem 2.1.9). This
genericity property ensures structural stability of the vector field X̃h, going in
the direction of the genericity result achieved in Theorem 1.1.6.

We now turn to the second step in our proof of the genericity result. At this point,
our problem reduces to proving that, for the generic symbol vpt, x, ξq, the resonant
average xv0yh0 of its principal symbol (see (1.1.7)) generates a projected vector field
X̃xv0yh0

which is Morse-Smale. Even though we already emphasized that Morse-Smale
vector fields are generic among smooth vector fields on closed oriented surfaces, this
is not enough to immediately achieve our goal: the vector fields X̃xv0yh0

form a rather
specific set, so that Peixoto’s theorem cannot be applied directly. The key point is
therefore to exploit the additional geometric structure of projected vector fields of
the form X̃h, with h homogeneous of degree zero. To this end, we regard Zh

e0
as

a submanifold of the contact manifold S3 (see Section 2.1.3 for the main definitions
and results of contact geometry used), endowed with the standard contact structure
inherited from the symplectic structure of R4. This contact structure naturally induces
a foliation on Zh

e0
, called the characteristic foliation (Definition 2.1.17). We prove

that the vector field X̃h is precisely the vector field generating such characteristic
foliation (Proposition 2.3.5). This geometric interpretation allows us to exploit tools
from contact geometry. In particular, by applying a local version of Gray’s theorem (the
contact version of Darboux’s theorem in symplectic geometry), see Theorem 2.1.15, we
show that one can always slightly deform Zh

e0
into a nearby submanifold Zhε

e0
, where hε

is an arbitrarily small perturbation of h, in such a way that the associated vector field
X̃hε is Morse-Smale (Proposition 2.3.6). This ultimately yields the desired genericity
result. We refer to Section 2.3 for the details of this construction.
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1.2.2 Ideas of the proof of Theorems 1.1.7 and 1.1.9

We now outline the proof of Theorems 1.1.7 and 1.1.9. While Theorem 1.1.7 comes as
an application of Theorem 1.1.9, the proof of the latter is where we introduce the main
novelties of our approach. For this reason, we first anticipate the strategy of the proof
of Theorem 1.1.9.

Proof of Theorem 1.1.9 In analogy with the harmonic oscillator problem described
in Section 1.2.1, the core of the proof of the instability result in Theorem 1.1.9 relies on
a positive commutator estimate. However, due to the different nature of the problem
at hand, in this case we are able to establish a stronger commutator estimate than
the Mourre estimate obtained in (1.2.1). This is essentially due to the fact that the
perturbation considered in (1.1.14) is of the same order as the principal operator. This
feature, in turn, yields the exponential growth in (1.1.15). Note that this growth is
stronger than the polynomial one in (1.1.10) derived via the Mourre estimate.

We now explain this mechanism in more detail. For convenience, throughout this
section we write equation (1.1.14) in the compact form Btuε “ Huε.

The energy estimate. Given a Morse-Smale vector field V P XpMq and for a suffi-
ciently small ε ą 0, we look for a conjugate operator A P Sσ, with σ ą 0, and a positive
constant α̃ ą 0 such that, up to bounded remainders, we have

rA,Hs ě α̃σA, @t P R. (1.2.2)

Then, defining for every uε solution of (1.1.14)

Aptq :“ xAuεpt, xq, uεpt, xqyL2pMq
, @t P R,

and computing the time derivative, we get

d

dt
Aptq ě α̃σAptq ´ βσ }uεp0q}L2pMq

, @t P R, (1.2.3)

where βσ ą 0 takes into account the contributions given by the bounded remainders
in (1.2.2). Inequality (1.2.3) follows from skew-adjointness of the operator H, and is
the content of Lemma 3.3.14, to which we refer for a precise statement of our energy
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estimate. We now show how to obtain the instability result from (1.2.3): integrating
(1.2.3) we obtain

Aptq ě eα̃σt
ˆ

Ap0q ´
βσ
α̃σ

}uεp0q}L2pMq

˙

loooooooooooooooomoooooooooooooooon

“:Fpuεp0qq

, @t ě 0. (1.2.4)

Finally, recalling that A P Sσ with σ ą 0, a Cauchy-Schwarz inequality yields

Aptq :“ xAuεpt, xq, uεpt, xqyL2pMq
ď CAσ }uεptq}σ }uεp0q}L2pMq

. (1.2.5)

Putting together (1.2.5) and (1.2.4), we obtain the growth result for all solutions uεpt, xq

with initial condition uεp0q satisfying Fpuεp0qq ą 0, and for all norms }uptq}s, with
s ě σ. Thus, given V P XpMq Morse-Smale vector field, two goals must be achieved:

- find a conjugate operator A satisfying (1.2.2);

- find initial conditions satisfying Fpuεp0qq ą 0 (see (1.2.4)).

These results are the core of the argument, and establishing them requires the main
new ideas of this part of the work. They are obtained respectively in Sections 3.2 and
in Section 3.3.5. We now describe the general ideas behind each of the two steps.

Construction of the conjugate operator. In order to construct the conjugate op-
erator A, we first use results of symbolic calculus and translate the problem at the level
of the corresponding symbols (see Section 3.3.1 for an introduction to pseudodifferen-
tial operators on compact manifolds and related properties). Recalling that the symbol
associated with the commutator rA,Hs coincides, at leading order, with the Poisson
brackets between the symbols of A and H respectively, this translates condition (1.2.2)
in searching for a function a P C8pT ˚Mzt0uq, positively homogeneous of order σ ą 0,
such that

ta, hu ě α̃σa, @t P R,

where h :“ ξ ¨ V pxq (see (1.1.14)).

This reduces our problem to studying the Hamiltonian dynamics generated by h :“

ξ ¨ V pxq on T ˚M . Using the dynamical ingredients introduced in [24], we develop a
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general and robust construction of an escape function a associated with the symbol
h, whenever the vector field V is Morse–Smale. This setting differs substantially from
the previously discussed case of the harmonic oscillator (see Section 1.2.1), making
it impossible to adapt the construction of Colin de Verdière [26] to this case. This
motivates the introduction of new ideas and techniques.

Heuristically, the main difference is that, even though in both situations the Hamil-
tonian dynamics for which we seek an escape function is associated with an underlying
Morse–Smale dynamics (in the present case, the dynamics of V on M , whereas in
the harmonic oscillator case it is the dynamics of X̃h on Zh

e0
, see Section 1.2.1 for a

description of these objects), the resulting Hamiltonian flows have significantly dif-
ferent structures. More precisely, in the harmonic oscillator case, one can construct
global, disjoint, conic attractors and repellors for the Hamiltonian flow starting from
the attractors and repellors of the underlying Morse–Smale vector field. In the present
setting, this is no longer true: although global attractors and repellors can still be iden-
tified, they are not necessarily disjoint (see Proposition 3.1.10 and [24] for a detailed
description of the dynamics). This introduces the main obstacle to constructing the
escape function and motivates the introduction of a different approach. More precisely,
we construct an escape function a P C8pT ˚Mzt0uq of the form

apx, ξq :“ mpx, ξqfpx, ξq,

where m P C8pT˚Mzt0uq is a positively homogeneous function of degree zero, and
fpx, ξq is positively homogeneous of order σ ą 0, where σ depends on the vector field
V .

To perform such construction, we follow the microlocal point of view introduced
in [37] to study the correlation (or Ruelle) spectrum of dynamical systems with hyper-
bolic behavior, which was further developed in [32, 31, 24, 52, 38, 73], among others.
Roughly speaking, the main difference with these references is that the function f that
we consider is of order σ ą 0, whilst they use a function of order logp1 ` }ξ}

2
xq.

This is due to the different nature of the problems tackled, and the quite strong
nature of the time-dependent perturbations that we consider: we need to adapt the
dynamical results from these references carefully, and we can not directly apply them.
For this reason, we also revisit the dynamical construction from [24] which deals with
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the Morse-Smale case.
We refer to Section 3.2 for a more detailed description of our construction and an
overview of the related literature.

The choice of the initial condition. As one can see from (1.2.4), the exponential
growth of the solution is conditioned to the proper choice of the initial condition uεp0q:
to this aim, we provide an explicit microlocal criterium (3.3.32). Roughly speaking, ini-
tial data for which the Sobolev norms will grow exponentially will be highly oscillating
in the conormal direction to the stable manifold for the Hamiltonian flow. Somehow
equivalently, we will pick initial data whose semiclassical wavefront set [86, Section 8.4]
intersects this direction in a nontrivial way.

We conclude by anticipating here that Theorem 1.1.9 holds true for more general
time dependent perturbations of equation (1.1.14) and we refer to equation (3.3.9) for a
more general class of equations (including unbounded pseudodifferential perturbations
of (1.1.14)) to which Theorem 1.1.9 applies – see Theorem 3.3.13.

Proof of Theorem 1.1.7 For simplicity in the exposition, we rewrite here equation
(1.1.11) in its resonant form and with n “ 2, as considered by Theorem 1.1.7: for
ν P N2zt0u, ε ą 0 we study

Btuε “ pν ` εV pt, xqq ¨ ∇xuε `
ε

2
divxpV pt, xqquε, x P T2, t P R, ε ą 0. (1.2.6)

The proof of Theorem 1.1.7 consists of two main steps. First, we perform a resonant
normal form reduction to reduce the transport coefficient to a time-independent one:
this reduces our problem to the same setting of Theorem 1.1.9, that we apply to
conclude. We describe each of these steps separately. As anticipated above, the goal of
the normal form procedure is to conjugate equation (1.2.6) to a new transport equation
whose leading transport coefficient is given by the resonant average of the perturbation
V (see (1.1.13)). More precisely, we prove that for ε ą 0 sufficiently small there exist
a 2π´periodic in time, invertible linear map Φεptq, bounded on Hσ for every σ P R,
invertible with bounded inverse, and a smooth vector field Wν,ε P C8pT3;R2q such
that, for any solution uε of equation (1.2.6), defining vε as uε “ Φεptqvε, then vε solves

Btvε “ Opw
piξpε xV yν pxq ` ε2Wν,εpt, xqqqvε. (1.2.7)
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We refer to Proposition 3.4.3 for a precise statement of our conjugation result. Note
immediately that the conjugated operator in (1.2.7) is still skew-adjoint, thus in par-
ticular the conservation of the L2´norm of solutions is preserved for equation (1.2.7).
We also emphasize that, since both Φε and Φ´1

ε are bounded on Hσ, for any σ P R, we
reduce our initial problem to the study of the growth of Sobolev norms for equation
(1.2.7) (see Corollary 3.4.4). We now describe in detail the conjugation procedure,
anticipating first that it is inspired by the ideas of [10]. This procedure holds in any
dimension n ě 1 (and not only for n “ 2), thus we report it here in its full generality.
We consider a class of diffeomorphisms of the torus of the form

φptq : Tn Ñ Tn, x ÞÑ x ` εβpt, xq,

where β P C8pT ˆ Tn;Rnq has to be determined, and we define the associated trans-
formation as

Φ̃εptq :“ detpId`ε∇xβpt, xqq
1
2u˝φpt, xq, @u P C8

pT;Hσ
pTnqq, @t P R, σ P R. (1.2.8)

Both φ and Φ̃ε are invertible for ε sufficiently small, moreover Φ̃ε is a unitary transfor-
mation. We refer to Section 3.4.1 for details on these properties. Remark that, writing
equation (1.2.6) in compact form as Btuε “ Hεuε, and defining ṽε as ṽε :“ Φ̃εptquε, then
ṽε solves

Btvε “ Φ̃εptq˚Hεvε, where Φ̃εptq˚Hε :“ Φ̃εptq
´1

rHεΦ̃εptq ´ BtΦ̃εptqs. (1.2.9)

The core of this first part thus reduces to computing the pushforward in (1.2.9) with
Φ̃ε in (1.2.8). This is the content of Lemma 3.4.6, to which we refer for details. We
emphasize here that, due to the simple expression of our transport operator in (1.2.6),
and the properties of the map Φ̃ε, this computation can be done explicitly and both
terms of the pushforward are pseudodifferential operators and we can express explicitly
their symbols (see (3.4.15), (3.4.16)).

We only report here the resulting operator: for ε ą 0 small enough we get

Φ̃εptq˚Hε “ Opw
piξ ¨ pν ` εpV pt, xq ` ν ¨ ∇xβ ´ Btβq ` OC8pε2qqq.

Thus, we look for β P C8pTn`1;Rnq such that the following homological equation is
satisfied:

V pt, xq ` ν ¨ ∇xβ ´ Btβ “ xV yν px ` νtq, @pt, xq P T ˆ Tn. (1.2.10)
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This can be achieved passing to the Fourier expansion of (1.2.10). This is the point
in which the resonant nature of our problem crucially enters: due to the choice of
the resonant parameters pω, νq in (1.1.11), one can not hope to reduce the left hand
side of (1.2.10) to constant coefficients, but only to eliminate the Fourier modes of the
perturbation which are non-resonant with the constant coefficient ν, collecting in the
resonant average xV yν the remaining resonant modes. In other words, the solution of
(1.2.10) is given by βpt, xq “

ř

k,ℓ βk,ℓe
ipkx`ℓtq, with

βk,ℓ :“

$

&

%

vk,ℓ
ipℓ´k¨νq

if ℓ ‰ k ¨ ν,

0 otherwise,

where V pt, xq “
ř

k,ℓ vk,ℓe
ipkx`ℓtq is the Fourier series of the perturbation V . Again,

from the expression of the Fourier coefficients of β, it is clear that one can eliminate
all and only the non-resonant modes of the function V pt, xq ` ν ¨∇xβ´ Btβ, due to the
presence of the denominator ℓ´ k ¨ ν, which has to be different from zero. Finally, one
performs a time translation of (1.2.10) to recover the operator in (1.2.7).

In the second part of the proof, we note that equation (1.2.7) is a particular instance
of (1.1.14). Thus, applying Theorem 1.1.9 we obtain the instability result for all vector
fields V P C8pTn`1;Rnq which have Morse-Smale resonant average. This is the content
of Corollary 3.4.4.

Finally, we are left to prove that, when n “ 2, such perturbations form a generic
set in C8pT3;R2q. Recall that, in the case of the harmonic oscillator, this point is
one of the key difficulties of the proof, since the projected vector field generating the
Morse-Smale dynamics relates in a non-trivial way with the Hamiltonian vector field
induced by the resonant average (see Section 1.2.1). In this case instead, the proof
of the genericity result is much more direct: the projected dynamics studied coincides
exactly with the one generated by the ODE 9x “ xV yν pxq on T2. Thus, genericity
follows in a rather direct way by the fact that Morse-Smale sets are generic among
smooth vector fields on surfaces, and by continuity of the map

C8
pT3;R2

q Q V pt, xq Ñ xV yν pxq P C8
pT2;R2

q.

We refer to Section 3.4.2 for details on this last part of the proof.
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1.2.3 Ideas of the proof of Theorem 1.1.13

In this section, we describe the main tools needed to prove Theorem 1.1.13.
The proof of Theorem 1.1.13 is naturally divided in two parts, corresponding to

the stability and instability results described in the statement. Even though the two
strategies are quite different and lead to radically different dynamical behaviors, both
analyses originate from the same normal form procedure, which constitutes the first
technical step of both arguments. Given any smooth function V P C8pT2;Rq we are
able to eliminate, through an iterative conjugation scheme, the non-resonant compo-
nents of the perturbation, reducing, at the n-th iteration, to a new transport equation
having as leading coefficient the resonant average xV yν pxq of the perturbation. More
precisely we prove that, for ε ą 0 sufficiently small and for any N P N, there exists a
2π´periodic in time linear map ΨN,ε, bounded on Hs for every s P R, invertible with
bounded inverse, such that, given any upt, xq solution of (1.1.16) and defining uN as
upt, xq “ ΨN,εuNpt, xq, then uN solves

BtuN “ pε xV yν pxq`ε2Zpxq`εN`1W̃Npt, xqqBxuN`
ε

2
div

´

xV yν pxq ` εZpxq ` εNW̃Npt, xq

¯

uN ,

(1.2.11)
where Z P C8pT;Rq is a time independent smooth function, and W̃N P C8pT2;Rq. We
refer to Lemma 4.2.2 for a precise statement of our conjugation result. Remark that,
in order to construct the map ΨN,ε, we define at each step a close to the identity map
of the following form: at the n-th step we consider a class of diffeomorphisms of the
torus of the form

φptq : T Ñ T, x ÞÑ x ` εnβpt, xq,

where β P C8pT ˆ T;Rq has to be determined, and we define the associated transfor-
mation as

Φ̃εptq :“
a

1 ` εnBxβpt, xqqu ˝ φpt, xq, @u P C8
pT;Hs

pTqq, @t P R, s P R.

This first step is analogous to the one used to prove Theorem 1.1.7. For this reason
we do not detail further this construction referring to Section 1.2.2 for an idea of the
technique and to Section 4.1.2 for the precise conjugation procedure.

At this stage, the original time-dependent problem has been reduced to the study
of an autonomous effective transport equation whose leading coefficient is the resonant



28 INTRODUCTION

average xV yν . Consequently, the qualitative behavior of the solutions is encoded in the
geometric properties of this function. In particular, the presence or absence of zeros
of xV yν (see (1.1.18), (1.1.19)) will determine whether the reduced dynamics is stable
or exhibits hyperbolic mechanisms leading to growth. The second part of the proof
therefore splits into two different procedures tailored for the stability and instability
result respectively, and it is in particular for the instability result that we need to
introduce new constructions.

The stable regime. In the stable regime, we assume that V is resonantly stable
(see (1.1.18) and Definition 1.1.12), or, in other words xV yνpxq ‰ 0, for all x P T.
This allows one to straighten the vector field by means of a time-independent change
of variables on the torus, transforming the principal transport operator into one with
constant velocity, up to arbitrarily small-in-size remainders: in other words, the reduced
equation (1.2.11) can be further conjugated to a constant-coefficient transport equation,
up to smaller size remainders. More precisely, in Proposition 4.2.1 we prove that, if
V P Vν,s we can reduce the transport coefficient of equation (1.2.11) to m̂N `εNW pt, xq,
where m̂N P Rzt0u and W pt, xq P C8pT2;Rq. This is done performing a change of
variable with a similar structure as the previous one, but with a time independent
diffeomorphism of the torus. We only write here the explicit expression of the constant
coefficient

m̂N :“ 2π

ˆ
ż 2π

0

pxV yν pxq ` εZNpxqq
´1dx

˙´1

.

From this formula we explicitly see that the fact that xV yν pxq never vanishes is crucial
to properly define m̂N , and thus to successfully conclude the conjugation argument.

Finally, since constant-coefficient transport equations always preserve all Sobolev
norms of all solutions, in order to conclude the proof of the stability result the problem
reduces to estimating the contributions given by the smoothing terms. Note that,
after N steps of normal forms, the remainder is of size εN . Thus one can show, using
standard energy estimates, that its contribution remains negligible on polynomial time
scales and therefore does not affect the leading-order conservation of Sobolev norms
induced by the constant-coefficient transport dynamics, up to timescales |t| À ε´pN`1q.
We refer to Proposition 4.2.1 for details on the proof.
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The unstable regime. We now describe the proof of the instability result. In this
case, we assume that V is resonantly unstable (see (1.1.19) and Definition 1.1.12): we
require that xV yν has at least one non degenerate zero, and that it has no degenerate
zeroes. In analogy with the proof of Theorem 1.1.7, also in this case the core of the
proof is a positive commutator estimate analogous to (1.2.2). Once this is established,
the proof of the growth result proceeds exactly as in the proof of Theorem 1.1.7. Thus,
we refer to Section 1.2.2 for details on this mechanism.

Here we focus instead on the strategy used to obtain the commutator estimate,
which in this context, is significantly different with respect to the higher dimensional
context of Theorem 1.1.7, and constitutes the core novelty of this part. Recall that
the goal is to construct a conjugate operator A such that, writing in compact form
equation (1.1.16) as Btu “ Hu, A satisfies

rA,Hs ě cA, @t P R,

for some c ą 0. Using again pseudodifferential techniques, we consider the associated
problem at the level of symbols, and we provide a general and explicit construction of
an escape function a for every Hamiltonian h :“ ξ xV yν P C8pT ˆ R;Rq, when xV yν

has nondegenerate zeroes. Unlike the higher-dimensional one described above, the one-
dimensional setting allows for a different construction, which is more direct, explicit,
and simpler.

In this case indeed, the presence of non-degenerate critical points for the ODE
9x “ xV yν pxq automatically gives rise to a hyperbolic structure in phase space. In the
higher dimensional setting this corresponds to requiring Morse-Smale structure of the
flow induced by xV yν . Exploiting this simpler dynamical setting, we are able to identify
global, disjoint attractors and repellors for the Hamiltonian flow, thereby recovering an
attractor–repellor structure similar to the one used by Colin de Verdière in [27] (and
which we also exploit in the harmonic oscillator case; see Section 1.2.1).

Finally, we anticipate that, due to the low dimensionality of the problem, we are
able to find an escape function a such that

th, au ě c̃|ξ|, @t P R,
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for some c̃ ą 0. In other words, the escape function a is positively homogeneous of order
one and strictly increasing along the trajectories of the Hamiltonian flow induced by
h, differently from the one constructed in the higher-dimensional setting (see Section
1.2.2). Both these results were not achievable in the higher-dimensional case: depend-
ing on the perturbation we were able to construct an escape function of order σ ą 0,
but typically σ ă 1. Moreover, we were not able to achieve strict growth of the escape
function along the trajectories but only a bound of the form th, au ě a.

The final step consists in quantizing the escape function and transferring the posi-
tivity of the Poisson bracket to the quantum level recovering the positive commutator
estimate.

1.3 Previous results

The problem of the growth of Sobolev norms for solutions to Hamiltonian dispersive
PDEs emerged in the 1990s and has, since then, become a valuable framework for
the study of asymptotic phenomena such as long-time stability, weak turbulence, and
energy transfer to high frequencies. Although related questions had already appeared in
earlier works, the formulation that attracted the greatest attention is due to Bourgain
in 2000 in his survey [1] Problems in Hamiltonian PDE’s. There, Bourgain considers
the cubic defocusing nonlinear Schrödinger equation on the two-dimensional torus and
raises the question of whether there exist solutions whose higher Sobolev norms grow
unbounded as time tends to infinity. He identifies this problem as one of the central
open questions in the theory of Hamiltonian partial differential equations.

Starting from this pioneering work, substantial progress has been made in the study
of growth of Sobolev norms for nonlinear dispersive PDEs. We mention in this direc-
tion the seminal contributions of Kuksin [58, 59], the breakthrough work of Colliander,
Keel, Staffilani, Takaoka, and Tao [23], and the refinements and extensions obtained
in [50, 53, 56, 49, 48, 45] that exhibit strong forms of norm inflation. However, truly
unbounded trajectories for nonlinear Hamiltonian PDEs are known only in a handful
of cases; see [42, 54, 43, 14, 46]. We also emphasize the recent result of [20], concerning
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time-dependent perturbations of nonlinear harmonic oscillators on R2.

Motivated by the scarcity of genuinely unbounded nonlinear examples and by the
intrinsic difficulty of constructing unstable trajectories in nonlinear settings, in the
present thesis we focus on linear models, for which instability mechanisms can be
investigated in a more transparent framework.

In particular, in this section we discuss the present literature concerning the study of
Sobolev instabilities for time dependent perturbations of abstract, linear Schrödinger-
type equations

iBtu “ Lu ` Qptqu, t P R, (1.3.1)

where L is a linear operator and Qptq is smooth and real valued. From the perspective
of quantum mechanics, this is a classical problem addressed already by Bellissard in
the ’80s in [15, Section I.2] (in this setting L ” ´∆). In this context, the growth of
Sobolev norms of solutions can be viewed as an indicator of instabilities at the quantum
level. Indeed, a growth for the Sobolev norms of solutions to (1.3.1) amounts to say
that the quantum state does not stay in a bounded region of phase space. As explained
in [15], this can be understood as the quantum analogue that an Hamiltonian flow has
unbounded trajectories.

For what concerns linear, time-dependent Schrödinger equations on the torus, the
problem has been first issued by Bourgain in [18] where the author construct a so-
lution with growing positive Sobolev norms when Qptq is quasiperiodic in time and
multiplicative operator.

In the last years a lot of efforts have been done in the construction of time de-
pendent perturbations Qptq giving rise to solutions with unbounded trajectories. In
particular, concerning the case of harmonic oscillators (ie., L ” H0 with H0 as in
(1.1.1)), the one-dimensional case has been first investigated by Delort in [29], where
the author constructs the first example of bounded, pseudodifferential V admitting
solutions whose Hs-norm grows as ts. Then, Maspero in [68] construct an example of
V , still bounded and pseudodifferential, provoking ts growth of Sobolev norms for all
the solutions. In [5], Bambusi, Grebert, Maspero and Robert construct an example of
unbounded V generating solutions with Hs´norm growing as t2s, while examples of
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multiplication operators provoking a logarithmic growth are exhibited in [35] by Faou
and Raphael.
Then Maspero in [69] uses for the first time Mourre’s positive commutator theory to
perform the key energy estimate for the growth result and exhibits a wider class of
such perturbations which in [70] are proven to be generic among pseudodifferential
operators of order zero.
In the peculiar case of pseudodifferential perturbations which are quadratic polyno-
mials both in x and D, the growth rate at infinity of Hs-norms of the solutions in
the one-dimensional setting has been completely described in the works [65, 67, 66] by
Liang, Luo, Zhao and Zhou, and recently extended in [64] to higher dimensions.
Considering different models, we also mention [7] for perturbations of the Landau
Hamiltonian, [55] for anharmonic oscillators on Rd, [84] for perturbations causing in-
finite growth of solutions in the Bargmann-Fock space, and [21] for a recent result in
the same formulation as [18], for a smooth perturbation on the two-dimensional torus,
decaying in time along with all its time derivatives and admitting growing solutions
with logarithmic speed.

On the other hand, the closely related question of exhibiting a priori upper bounds
on the growth of Sobolev norms for all solutions of linear time-dependent systems has
been widely investigated. A first important class of results in this direction, concerns
tε upper bounds, with ε ą 0 arbitrarily small. We mention the pioneering result [17] by
Bourgain, in the quasi-periodic case, and more recent results for systems with increas-
ing spectral gaps (such as the one-dimensional anharmonic oscillator or the Laplace-
Beltrami operator on Zoll manifolds) in [76, 30, 72, 6, 85, 34], and for perturbations of
the Laplacian on d-dimensional flat tori in [17, 28, 16, 11]. In this last case, it is impor-
tant to exploit the specific cluster structure of the spectrum of the Laplacian on tori. A
generalization of such structural property has recently been identified in [12, 9, 8] and
used to extend the tε upper bound to a wider class of Schrödinger equations, such as
perturbations of the Laplace-Beltrami operator on Lie groups and of the anharmonic
oscillators on R2.

We separately mention the work by Maspero and Robert [72], where upper bounds
for different abstract classes of Schrödinger equations in arbitrary spatial dimension
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are obtained. Note that both the case of the harmonic oscillator equation (1.1.1) and
the transport equation (1.1.11) considered in this thesis are particular instances of the
equations considered in [72], and our results saturate the corresponding upper bounds
(see Theorems 2.0.1 and 1.1.7). We also refer to [29] for a proof of a ts upper bound for
the growth of the Hs-Sobolev norm of all solutions of harmonic oscillators in spatial
dimension one.

We mention for completeness that there are different classes of results that study
the complementary question of reducibility for non-resonant, Schrödinger-type equa-
tions. We do not provide a complete overview of these results here since these involve
completely different methods and models with respect to the ones considered in this
thesis. We only mention the ones strictly related with the models considered in the
present thesis: first the result by Bambusi, Grebert, Maspero and Robert, and the one
by Grebert and Paturel [5, 47], where reducibility for small-in-size perturbations of
harmonic oscillators is obtained, implying uniform Hs´boundedness in time of the so-
lutions, and the ones by Bambusi [4] [3] and Bambusi, Montalto [13] where reducibility
is achieved for different instances of one-dimensional Schrödinger operators with un-
bounded, quasiperiodic perturbations. Concerning transport equations we refer to the
results by Bambusi, Langella Montalto [10] and Feola, Giuliani, Montalto and Procesi
[39] where, as already mentioned, reducibility for non-resonant transport equations as
(1.1.11) is obtained.

Finally we point out that the techniques developed in this thesis have recently
proven to apply also to nonlinear models. First we mention the work by Maspero and
Murgante [71], in which the method of the escape function is successfully extended to
a one-dimensional fractional quasilinear Schrödinger equation, allowing to construct
solutions undergoing growth of Sobolev norms. Next, the one by Langella, Maspero,
Murgante and Terracina [60], in which the authors study two-dimensional periodic
gravity water waves with constant nonzero vorticity in infinite depth and with peri-
odic boundary conditions. Under suitable non resonance conditions on the wave num-
ber, they prove that the system admits smooth small-amplitude solutions exhibiting a
transfer of energy toward high frequencies. This yields the first rigorous construction
of weakly turbulent solutions for a quasilinear hydrodynamic wave system. Finally, the
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work by Chaubet, Han-Kwan and Rivière [22], in which strategies similar to the one
used to prove Theorem 1.1.9 are used to study the exponential stability of nonlinear
Vlasov equations on negatively curved manifolds.

Notational remark

In the rest of this thesis, each chapter is devoted to the proof of one of the main results
stated in this introduction and is independent from the others. Precisely, in Chapter
2 we prove Theorem 1.1.6, in Chapter 3 we prove Theorem 1.1.7 and Theorem 1.1.9,
whilst in Chapter 4 we prove Theorem 1.1.13. As a consequence, the notation is local
to each chapter and should be understood as valid only within that chapter.

For this reason, to simplify the notation, in the rest of the thesis we will always
denote by Hs (or HspRdq, HspTdq) the Sobolev spaces or order s, omitting the subscripts
since no ambiguity arises. More precisely, in Chapter 2 Hs will always refer to Hs

H0

defined in (1.1.2), whilst in the remaining chapters it will always denote the standard
Sobolev spaces of the torus defined in (1.1.12).

Analogously, we will denote by Sρ the set of symbols of order ρ, omitting the
subscripts: in Chapter 2 Sρ will always refer to SρH0

(see Definition 1.1.2), and in the
other chapters Sρ will always refer to the space of symbols of order ρ on the torus. The
same convention will hold for the space Sρ of pseudodifferential operators of order ρ.



Chapter 2

Resonant quantum harmonic

oscillators in R2

In this chapter, we consider

iBtu “ H0u ` V pt, x,Dqu, x “ px1, x2q P R2, (2.0.1)

where
H0 :“

1

2
p´B

2
x1

´ B
2
x2

` x21 ` x22q, D :“ pD1, D2q “ ´ piBx1 , iBx2q,

and V pt, x,Dq is a pseudodifferential operator of degree zero (see Definition 1.1.3),
selfadjoint for every t and 2π-periodic in time. As anticipated, we prove existence of
global in time solutions undergoing unbounded growth in time of their positive Sobolev
norms, where we define the norm }¨}s as the one of the Sobolev space

Hs
pR2

q :“ tu P L2
pR2;Cq : }u}s :“ }Hs

0u}L2 ă `8u, s P R . (2.0.2)

For simplicity in the exposition, we now state the main result of this chapter,
referring to previous chapter for the preliminary definitions and notations used, and
for a broader introduction to our result.

Theorem 2.0.1. Denote by

V :“
!

v P C0
pT;S0

clq : D I Ă Ranpxv0yh0q, D a P S1
cl and D δ ą 0

such that txv0yh0 , au ě δ @ px, ξq P xv0y
´1
h0

pIq X t|px, ξq| ě 1u

)

,
(2.0.3)

where v0 denotes the principal symbol of v. Then

35
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(i) Genericity: The set V is generic in C0pT;S0
clq; precisely it is open and dense

with respect to the metric d0T in (1.1.4).

(ii) Instability: for every v P V, for every s ą 0, there exist a function u0 P

Hs
H0

pR2q and a time T ą 0 such that the solution upt, xq of equation (2.0.1) with
V pt, x,Dq “ Opwpvq and initial datum u0 satisfies

}uptq}s ě Cs,u0 xtys , @ t ą T,

for some positive constant Cs,u0.

We refer to Section 1.1.1 for a detailed explanation of our result, and to Section
1.2.1 for an overview of the techniques used in the proof. The rest of the chapter is
devoted to the proof of Theorem 2.0.1.

Organization of the Chapter. The central element, as already discussed, is the
construction of the escape function a for generic symbols v P C0pT;S0

clq, for which
we proceed as follows. In Section 2.2 we consider an arbitrary function h, positively
homogeneous of degree zero, a regular value e0 for h and the projection X̃h of the
Hamiltonian vector field Xh on the manifold Zh

e0
:“ h´1pe0q X S3. Following Colin de

Verdière [26], we prove that if the flow of X̃h has a weakly hyperbolic simple structure
(see Definitions 2.2.8, 2.2.7) then there exists an escape function a for h at e0, i.e.
th, au ě δ ą 0 for any px, ξq on h´1pe0q (Proposition 2.2.9).

In Section 2.3 we prove genericity of the set V . The main difficulty is to prove
its density. This is achieved in several steps. First we prove that X̃h directs the
characteristic foliation of Zh

e0
(Proposition 2.3.5). Then, via a local Gray’s theorem, we

slightly perturb h to a new positively homogeneous function hε whose projected vector
field X̃hε is Morse-Smale (Proposition 2.3.6), and actually has even weakly hyperbolic
simple structure (Proposition 2.3.9). This implies the genericity result in C0pT;S0

clq

(Proposition 2.3.10).

In Section 2.4 we prove instability using the abstract result of [69], reported in
Theorem 2.1.6. We verify its assumptions by proving that any operator V with symbol
v P V fulfills the Mourre estimate (2.1.7).
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Notational remark: we recall that in this Chapter we denote by Hs, s P R, the
Sobolev spaces defined in 2.0.2, by Sm, m P R, the class of symbols of order m (see
Definition 1.1.2) and by Sm the class of pseudodifferential operators of degree m (see
Definition 1.1.3). For simplicity in the notation we will also denote simply by x¨y the
average of a symbol (or an operator), omitting the subscript x¨yh0 since no ambiguity
arises.

2.1 Preliminaries and abstract results

We start by giving some preliminary definitions and results that we will need in the
rest of the chapter.

2.1.1 Symbolic calculus and the abstract result of [69]

In this section we state some results of symbolic calculus and next we report the abstract
result of [69] (which in particular also applies to our pseudodifferential setting), that
we use to prove point piiq of our main Theorem 2.0.1 (see Section 2.4).

Symbolic calculus. We refer for example to [81] for the results of symbolic calculus.

Proposition 2.1.1. Let a P Sm, b P Sn, m,n P R. Then:

1. For any s P R, there exist C, M ą 0 such that: }Opwpaqu}s´m ď C℘mMpaq}u}s;

2. Opwpaq˚ “ Opwpaq, (here ˚ denotes the adjoint operator);

3. There exists c P Sm`n such that Opwpaq ˝Opwpbq “ Opwpcq. Furthermore c´ab P

Sm`n´1, and

@k P N , DN,C ą 0 : ℘m`n´1
k pc ´ abq ď C℘mNpaq℘nNpbq; (2.1.1)

4. There exists d P Sm`n´1 such that irOpwpaq,Opwpbqs “ Opwpdq. Moreover d ´

ta, bu P Sm`n´3, and

@k P N , DN,C ą 0 : ℘m`n´3
k pd ´ ta, buq ď C℘mNpaq℘nNpbq;
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5. If m ă 0, then Opwpaq is compact as an operator from L2pR2q to itself.

Remark 2.1.2. piq The symbol

h0px, ξq :“
|x|2 ` |ξ|2

2
, px, ξq P R2

ˆ R2 , (2.1.2)

is definitely homogeneous of degree two, therefore it belongs to S1
cl.

piiq If vpx, ξq is a positively homogeneous function of degree 0, then

dvr∇h0s “ x∇vpx, ξq,∇h0px, ξqy “ 0 . (2.1.3)

Theorem 2.1.3 (Exact Egorov Theorem). Let a P Sρ, ρ P R. Then eitH0 Opwpaqe´itH0 “

Opwpa ˝ϕth0q for any t P R, where ϕth0 is the Hamiltonian flow generated by h0 (written
explicitly in (1.1.6)).

Next we state a strong Gårding inequality [81], referring to [70] for a proof of this
statement.

Theorem 2.1.4 (Strong Gårding inequality). Let a P S0 be a symbol of order zero,
and suppose that there exists R ą 0 such that

apx, ξq ě 0, @ |px, ξq| ě R.

Then there exists a positive constant C such that

xOpw
paqu, uy ě ´C }u}

2
´ 1

2
, @ u P L2

pR2
q.

We conclude by stating the following result about composition of symbols with
compactly supported functions. It is an application of pseudodifferential functional
calculus, for which we refer to [25] and [69, Appendix B].

Lemma 2.1.5. Consider a smooth compactly supported real function g P C8
c pR;Rq.

(i) Let a P S0 be real valued. Then the operator gpOpwpaqq, defined via functional
calculus, is a pseudodifferential operator of order zero: gpOpwpaqq P S0. Moreover
gpOpwpaqq ´ Opwpgpaqq P S´1.

(ii) Let A, B be bounded selfadjoint operators in an Hilbert space. If A´B is compact,
so is gpAq ´ gpBq.
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The abstract result of [69]. We now report the abstract result proven in [69], in
a small variant suited for our setting. Given an Hilbert space H, endowed with the
scalar product x¨, ¨y, let K0 be a selfadjoint, positive operator, with compact resolvent.
Define a scale of Hilbert spaces by Hr :“ DpKr

0q (the domain of the operator Kr
0) if

r ě 0, and Hr “ pH´rq1 (the dual space) if r ă 0, and denote by H´8 “
Ť

rPR Hr and
H`8 “

Ş

rPRHr. We endow Hr with the norm }ψ}r :“ }Kr
0ψ}0, where }¨}0 is the norm

of H0 ” H.

On Hr consider the abstract Schrödinger equation

iBtψ “ K0ψ ` V ptqψ, (2.1.4)

with V ptq a time dependent selfadjoint operator.

Next assume to have a graded algebra A of operators which mimic pseudodiffer-
ential operators. For m P R let Am be a linear subspace of

Ş

sPR LpHs,Hs´mq (where
LpHs,Hs´mq denotes the space of linear and bounded operators from Hs to Hs´m) and
define A :“

Ť

mPRAm. We notice that the space
Ş

sPR LpHs,Hs´mq, is a Fréchet space
equipped with the seminorms: }A}m,s :“ }A}LpHs,Hs´mq. We say that A is of order m
if A P Am.

We shall also use the following notations. For Ω Ď Rd and F a Fréchet space, we
denote by C0

b pΩ;Fq the space of Cm maps f : Ω Q x ÞÑ fpxq P F such that, for every
seminorm }¨}j of F , one has

sup
xPΩ

}B
α
xfpxq}j ă `8 , @α P Nd : |α| ď m . (2.1.5)

If (2.1.5) is true for any m, we say f P C8
b pΩ;Fq. Similarly we denote by C8pT;Fq the

space of smooth maps from the torus T “ R{p2πZq to the Fréchet space F . Given two
operators A,B P LpHq, we write A ě B with the meaning xAφ,φy ě xBφ,φy @φ P H.

We now state a list of assumptions on A, K0, V ptq required to apply the abstract
theorem in [69].

I. Pseudodifferential algebra

(i) For each m P R, Km
0 P Am; in particular K0 is an operator of order one.
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(ii) For each m P R, Am is a Fréchet space for a family of filtering semi-norms
t℘mj ujě0 such that the embedding Am ãÑ

Ş

sPR LpHs,Hs´mq is continuous1.
If m1 ď m then Am1 Ď Am with a continuous embedding.

(iii) For all m,n P R, if A P Am and B P An then AB P Am`n and the map
pA,Bq ÞÑ AB is continuous from Am ˆ An into Am`n.

(iv) If A P Am and B P An, then the commutator rA,Bs P Am`n´1 and the map
pA,Bq ÞÑ rA,Bs is continuous from Am ˆ An into Am`n´1.

(v) A is closed under perturbation by smoothing operators in the following
sense: let A be a linear map: H`8 Ñ H´8. If there exists m P R such that
for every N ą 0 we have a decomposition A “ ApNq `SpNq, with ApNq P Am

and SpNq is N -smoothing2, then A P Am.

(vi) If A P Am then also the adjoint operator A˚ P Am. The duality here is
defined by the scalar product x¨, ¨y of H “ H0. The adjoint A˚ is defined by
xu,Avy “ xA˚u, vy for u, v P H8 and extended by continuity.

II. Properties of K0

(i) The operator K0 has purely discrete spectrum fulfilling, for some λ ě 0,
σpK0q Ď N ` λ.

(ii) For any m P R and A P Am, the map defined on R by τ ÞÑ Apτq :“

eiτK0 A e´iτK0 belongs to C8
b pR,Amq and one has:

@j DN s.t. sup
τPR

℘mj pApτqq ď C ℘mNpAq,

for some positive constant Cpm, jq.

III. Properties of the potential V ptq

The operator V P C0pT,A0q, V ptq is selfadjoint for any t P T, and its resonant

1A family of seminorms t℘m
j ujě0 is called filtering if for any j1, j2 ě 0 there exist k ě 0 and

c1, c2 ą 0 such that the two inequalities ℘m
j1

pAq ď c1℘
m
k pAq and ℘m

j2
pAq ď c2℘

m
k pAq hold for any

A P Am.
2Namely, if @s P R, it can be extended to an operator in LpHs,Hs`N q. When this is true for every

N ě 0, we call it a smoothing operator.
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average

xxV yy :“
1

2π

ż 2π

0

eisK0 V psq e´isK0ds (2.1.6)

fulfills:

(i) There exists an interval I0 Ă R such that |σpxxV yyq X I0| ą 0; here |¨| denotes
the Lebesgue measure.

(ii) Mourre estimate over I0: there exist a selfadjoint operator A P A1 and a
function gI0 P C8

c pR,Rě0q with gI0 ” 1 on I0 such that

gI0pxxV yyq irxxV yy, As gI0pxxV yyq ě θ gI0pxxV yyq
2

` K, (2.1.7)

for some θ ą 0 and K a selfadjoint compact operator.

The following is a small variant of the abstract result in [69]:

Theorem 2.1.6. Assume that A is a graded algebra as in Assumption I, and that K0

and V ptq P C0pT;A0q satisfy Assumptions II and III. Then for any r ą 0 there exist a
solution ψptq of (2.1.4) in Hr and constants C, T ą 0 such that

}ψptq}r ě C xtyr , @t ě T .

Proof. The proof goes through exactly as the one of Theorem 2.7 of [69], which is
proven in Section 3 therein. The only difference is that here we only suppose V P

C0pT;A0q, instead of requiring the stronger hypothesis V P C8pT;A0q, assumed in
[69]. In particular, all the results of Section 3 of [69] remain unchanged, with the only
exception of Lemma 3.3, which is the only point where this hypothesis might enter.
Given a time periodic family W P C8pT;Amq for some m, such lemma ensures the
existence of a solution X of the homological equation

BtX ` irK0, Xptqs “ W ptq ´

ż 2π

0

e´isK0W pt ` sqeisK0 ds .

However, for our purpose it is sufficient to note that X gains regularity in time w.r.t.
W , namely X P C1pT;Amq if W P C0pT;Amq.
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2.1.2 Morse-Smale vector fields

In this section we recall the definition of Morse-Smale vector fields and state a genericity
result by Peixoto, that we shall use in Section 2.3.

Given M a smooth manifold and X a smooth vector field on M , we denote by
ϕtXpxq the flow of X that passes through x at time t “ 0. We refer to [77] for most of
the definitions related to dynamical systems.

Definition 2.1.7 (Attractor and repellor). Let M be a smooth closed manifold and X
a smooth vector field on M . A compact, invariant subset K` Ă M [respectively K´]
is called an attractor [respectively a repellor] if there exists an open neighbourhood U`

of K` [respectively U´ of K´] in M such that

K`
“

č

tě0

ϕtXpU`
q

“

respectively K´
“

č

tď0

ϕtXpU´
q
‰

. (2.1.8)

If K` is an attractor, the basin of K` is the set of points x such that ϕtXpxq Ñ K` as
t Ñ `8. One defines analogously the basin of K´.

We recall the definition of Morse-Smale vector field on a surface, referring to [41,
Definition 4.6.8]:

Definition 2.1.8 (Morse-Smale vector field). A vector field X on a closed, orientable
surface M is said to be of Morse–Smale type if it has the following properties:

1. There are finitely many singularities and closed orbits, all of which are non-
degenerate 3;

2. There are no trajectories connecting saddle points;

3. The α and ω–limit set of each flow line is either a singular point or a closed orbit.

An important property of Morse-Smale vector fields is that, on any given closed and
orientable surface, they are dense in the set of smooth vector fields, as it was proven
by Peixoto [78, Theorem 2].

3Recall that a fixed point p is non-degenerate if any eigenvalue of the linearized vector field at p has
non-vanishing real part. A closed orbit γ is called non-degenerate if given p P γ, p is a non-degenerate
fixed point of the Poincaré return map.
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Theorem 2.1.9 (Peixoto). Let S be a smooth closed orientable surface. The set of
smooth Morse-Smale vector fields is open and dense in the set of smooth vector fields
on S, with respect to the C8–topology.

We also recall that, given compact smooth manifolds M and N , the CkpM ;Nq

norm of a function f : M Ñ N is defined once finite atlases pMi, ϕiq, pNi, ψiq and a
partition of the unity tχiui subordinated to tMiui are fixed on M and N . Then

}f}CkpM ;Nq
:“ max

i,j
sup
xPMi

0ď|α|ďk

|B
α
x pψj ˝

`

pχifq ˝ ϕ´1
i

˘ˇ

ˇ

Mj
q|.

Furthermore, given a vector field X on a compact smooth manifold M of class Ck, we
define its norm as

}X}Ck :“ max
i

}Xi}CkpM ;Rq
(2.1.9)

where Xi are the components of X. In order to define rigorously }X}C8pM ;Nq we first
recall that, given a Fréchet space F equipped with a sequence of seminorms t℘jujPN,
we define on F the natural distance

dFpf, gq :“
ÿ

jě0

1

2j
℘jpf ´ gq

1 ` ℘jpf ´ gq
. (2.1.10)

Then the C8 norm of a vector field X is defined as in (2.1.10) with ℘kpXq :“ }X}Ck .

2.1.3 Contact geometry

In this section we recall some basic concepts of contact geometry, referring to [41, 44].

Definition 2.1.10 (Contact structure). Let M be a odd dimensional smooth manifold.
We say that a smooth field of hyperplanes κ Ă TM is a contact structure on M if there
exists a 1-form α such that κ “ kerpαq and dα|kerpαq is non-degenerate. We say that α
is a contact form on M and we say that the pair (M , κ) is a contact manifold .

Remark 2.1.11. The contact form is not uniquely determined by the contact structure:
indeed if α is a contact form, then for every f : M Ñ R never vanishing, fα is also a
contact form for pM,κq.



44 CHAPTER 2

Remark 2.1.12. Let α be a 1-form on M , dimM “ 2n ` 1, then dα|kerpαqis non-
degenerate if and only if α^ pdαqn ‰ 0, (where by pdαqn we denote the wedge product
of dα repeated n times) see e.g. [44, Section I.1.A].

The following lemma is well known (see [41, Lemma 1.4.5]), but we sketch its proof
for completeness.

Lemma 2.1.13. Let pV,Ωq be an exact symplectic manifold of dimension 2n and let
X be a Liouville vector field on V , namely a vector field fulfilling LXΩ “ Ω. Every
hypersurface E Ă V of dimension 2n´ 1 and transverse to X (i.e. Xppq R TpE, @ p P

E) is a contact hypersurface with contact form α :“ iXΩ|E and contact structure
κp “ kerpαpq.

Proof. We show the equivalent condition α ^ pdαqpn´1q ‰ 0. Using Cartan’s formula
and that X is a Liouville vector field we have

dα “ dpiXΩq “ LXΩ “ Ω ùñ α ^ pdαq
n´1

“ iXΩ ^ Ωn´1
“
iXpΩnq

n
.

We now claim that iXpΩnq ‰ 0 as 2n´ 1 form on E, thus proving the lemma. Indeed,
since E is transversal to X, it is possible to pick, for every point p P E Ă V , a
basis for TpV of the form B “ te1, . . . , e2n´1, Xppqu, where teju

2n´1
j“1 is a basis of TpE.

Evaluating the volume form Ωn at this basis we have that 0 ‰ ΩnpXppq, e1, . . . , e2n´1q “

iXpΩnqpe1, . . . , e2n´1q, proving that iXpΩnq ‰ 0.

As a consequence we have:

Corollary 2.1.14. The sphere S3 ” tpx, ξq P R4 : |px, ξq| “ 1u is a contact manifold,
with contact form locally given by α :“ 1

2
p´ξ1dx1 ´ ξ2dx2 ` x1dξ1 ` x2dξ2q

ˇ

ˇ

S3 .

Proof. We regard S3 as a submanifold of the exact symplectic manifold pR4,Ωq, with Ω

the standard symplectic form. A Liouville vector field is given by 1
2
∇h0, with h0 as in

(2.1.2), which is transverse to S3. Lemma 2.1.13 yields the result, with α :“ i∇h0
2

Ω|S3

having the claimed form.

The following result is a local reformulation of the result in [41, Theorem 2.2.2].
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Proposition 2.1.15 (Local Gray Theorem). Let M be a smooth closed contact mani-
fold and S Ă M a codimension one smooth compact submanifold. Let δ ą 0. Suppose
that there exist UpSq Ă M tubular neighbourhood of S, and tαtutPr0,1s smooth family of
contact forms defined on UpSq such that4

} 9αt}C8pUpSqq
ă δ1 . (2.1.11)

Then there exists δ1
0 ą 0 such that, if δ1 ă δ1

0, there exist a neighborhood U 1pSq Ă UpSq

of S, and two smooth families of maps tψtutPr0,1s, ψt : U 1pSq Ñ UpSq, tλtutPr0,1s, λt :

UpSq Ñ R`, such that, for any t, ψt is a diffeomorphism on ψtpU 1pSqq,

}ψt ´ 1}C8pU 1pSqq ă δ , (2.1.12)

ψ˚
t αt “ λtα0 (2.1.13)

as 1-forms on U 1pSq .

Proof. The idea is to look for ψt as the flow at time t of a suitable vector field Yt P

κt :“ kerpαtq, defined in UpSq. More precisely, suppose that

}Yt}C8pUpSqq ă δ2 (2.1.14)

for some positive δ2. Take local coordinates pz, ζq around S such that S can be identified
with the surface tz “ 0u and, given r ą 0, let UrpSq be the neighborhood of S
corresponding to |z| ă r. If r and δ2 are small enough, then Ur`δ2pSq Ă UpSq. Then the
Cauchy problem 9ψt “ Ytpψtq, ψ0 “ 1, is well defined on U 1pSq :“ UrpSq, ψtpzq P UpSq

for any z P U 1pSq and t P r0, 1s. Furthermore, by (2.1.14) one deduces that @k P N
there exists Dk ą 0 such that }ψt ´ 1}CkpU 1pSqq ď δ2tDk thus, recalling (2.1.10) with
℘kp¨q :“ } ¨ }CkpU 1pSqq, and eventually shrinking δ2, also }ψt ´ 1}C8pU 1pSqq ď δt. Thus, to
prove the result it is sufficient to find Yt such that (2.1.13), (2.1.14) hold.
Now, derive (2.1.13) with respect to time. Since d

dt
ψ˚
t pαtq “ ψ˚

t p 9αt ` LYtpαtqq (see for
example [41, Lemma 2.2.1]), using Cartan’s formula, and the fact that Yt P κt, we

4Here to define }α}C8pUpSqq we pick a finite open covering tUiu of UpSq on which local coordinates
y “ py1, y2, y3q are defined, and we write locally α “

ř3
i“1 αipyqdyi in such coordinates. Then, for

every k P N, the Ck norm of α is }α}Ck :“ maxi
ř3

j“1 sup yPUi

0ď|β|ďk

|Bβ
yαjpyq|, and the C8 norm is

defined via the Fréchet distance (2.1.10).
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obtain
d

dt
ψ˚
t pαtq “ ψ˚

t p 9αt ` iYtdαtq “ 9λtα0 . (2.1.15)

Since
9λtα0 “

9λt
λt
ψ˚
t pαtq “ ψ˚

t pµtαtq, with µt :“ Btplogpλtqq ˝ ψ´1
t ,

equation (2.1.15) reads:

ψ˚
t p 9αt ` iYtdαtq “ ψ˚

t pµtαtq ðñ 9αt ` iYtdαt “ µtαt . (2.1.16)

Let now Rαt be the Reeb vector field associated to αt, i.e. the vector field on UpSq

uniquely defined by αtpRαtq “ 1, dαtpRαt , ¨q “ 0. Evaluating (2.1.16) in Rαt gives
µt “ 9αtpRαtq , which defines µt. Hence, by (2.1.16), we obtain

dαtpYt, ¨q|κt “ pµtαt ´ 9αtq |κt “ ´ 9αt|κt ,

which uniquely determines Yt due to the non degeneracy of dαt|κt . Finally, the smallness
condition (2.1.14) with δ2 “ Cδ1 for some positive C, depending only on the coefficients
of dαt, follows from (2.1.11).

Lemma 2.1.16. Let tψtutPr0,1s as in Proposition 2.1.15. For any t P r0, 1s there exists
δ0 ą 0 such that, if δ ă δ0, then S Ă ψtpU 1pSqq.

Proof. Take a tubular neighborhood U2pSq of S such that U2pSq Ă U 1pSq and for any
ζ P S consider the map Ft,ζ : U2pSq Ñ UpSq defined by Ft,ζpηq :“ ζ´pψtpηq´ηq. Then
by (2.1.12), if δ ă δ0 is small enough, Ft,ζ maps U2pSq into itself and it is a contraction.
Moreover, compactness of S ensures that δ0 can be taken independently of ζ. Then
the map Ft,ζ admits a fixed point η0, namely a point such that ψtpη0q “ ζ.

Characteristic foliation. First recall that a 1-dimensional oriented foliation F on
a manifold S is the equivalence class of vector fields on S positively proportional to
a given vector field X on S, which we say to direct the foliation. Note that F is a
singular foliation since X might vanish.

Consider now a hypersurface S embedded in a contact manifold pM,κq. We define
its characteristic foliation [44, 41]:
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Definition 2.1.17. Let S be a oriented hypersurface in a contact 3-dimensional mani-
fold pM,κq and fix µ a volume form on S (compatible with the given orientation). The
characteristic foliation F is the foliation directed by the vector field X such that

iXµ “ α|S, (2.1.17)

where α is a contact form for pM,κq.

Note that different choices of volume form µ and of contact form α differ by a
positive function (Remark 2.1.11), so the vector field X in (2.1.17) is defined only up
to a positive function, however the induced foliation is the same.

2.2 Construction of the escape function

In this section we consider a smooth function h : R4zt0u Ñ R positively homogeneous
of degree zero (see Definition 1.1.1) and prove that, under suitable dynamical condi-
tions on its flow, it is possible to construct an escape function for it (see Definition
2.2.2). Our construction extends to our setting the one done by Colin de Verdière in
[26] for pseudodifferential operators on the two-dimensional torus.

Notation: We denote by Xh the Hamiltonian vector field of the function hpx, ξq, i.e.

Xh :“

˜

0 1

´1 0

¸ ˜

∇xh

∇ξh

¸

“ J∇x,ξh

and the Poisson bracket

th, fu :“ ∇ξh ¨ ∇xf ´ ∇xh ¨ ∇ξf “ df rXhs . (2.2.1)

Remark 2.2.1. If h is a positively homogeneous function of degree 0, its Hamiltonian
vector field Xh is homogeneous of degree ´1; consequently the flow Φt

Xh
px, ξq satisfies

Φt
Xh

pλx, λξq “ λΦ
t{λ2

Xh
px, ξq, @λ ą 0, t P R.



48 CHAPTER 2

2.2.1 Setting and main result

We first give the definition of escape function.

Definition 2.2.2 (Escape function). Let h : R4zt0u Ñ R be a positively homogeneous
function of degree zero (see Definition 1.1.1), and let e0 P R be a regular value for h
(i.e. dhpe0q ‰ 0). Denoting by

Σh
e0
:“ h´1

pe0q (2.2.2)

the energy shell associated to e0, we say that a function a : R4zt0u Ñ R, positively
homogeneous of degree two, is an escape function for h at e0 if the Poisson brackets
th, au (see (2.2.1)) satisfy:

th, au ě δ ą 0 on Σh
e0
. (2.2.3)

Let π be the projection of R4zt0u on S3, i.e.,

π : R4
zt0u Ñ S3, πpx, ξq “

´x

ρ
,
ξ

ρ

¯

“: ζ, ρ :“
a

|x|2 ` |ξ|2 (2.2.4)

and denote by Zh
e0

the set

Zh
e0
:“ πpΣh

e0
q “ Σh

e0
X S3 . (2.2.5)

Note that Zh
e0

is a smooth manifold of dimension 2 since, due to the homogeneity
property of h, e0 is still a regular value of h|S3 (this follows from (2.1.3) with v ⇝ h),
and that, due to the homogeneity of h, the energy shell Σh

e0
is a cone.

Remark 2.2.3. Note that Zh
e0

is compact, thus it only has a finite number of connected
components5. Moreover, if Zh

e0
has n connected components, then Σh

e0
is the disjoint

union of n open connected cones. Therefore in the present section we are going to
assume without loss of generality that Zh

e0
and Σh

e0
are connected, since if they are

not, the construction of the escape function presented in this section can be repeated
separately on each one of the finitely many open cones forming Σh

e0
.

5To see this, recall that the union of all the connected components of Zh
e0

is an open covering of Zh
e0

,
see for instance Proposition 1.8(d) of [62]; then the finiteness of the covering follows by compactness.
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Due to its cone structure, we can parametrize Σh
e0

with “polar” coordinates of the
form pρ, ζq P R` ˆ Zh

e0
. We now express the Hamiltonian vector field Xh in such

coordinates.

Lemma 2.2.4. Let h be a positively homogeneous function of degree 0, and let Xh be
its Hamiltonian vector field. There exists a vector field X̃h on Σh

e0
, homogeneous of

order 0, such that X̃h|Zh
e0

P TZh
e0

and

Xh “
th, h0u

ρ2
∇h0 `

1

ρ
X̃h , (2.2.6)

where h0 is defined in (2.1.2).

Proof. First note that Xh is homogeneous of degree ´1. Hence the vector field

X̃h :“ ρ
´

Xh ´
th, h0u

ρ2
∇h0

¯

(2.2.7)

is homogeneous of order zero. We show that X̃h|Zh
e0

P TZh
e0

. In view of (2.2.5), it is
sufficient to show that, at each point of Zh

e0
, X̃h is tangent to both Σh

e0
and S3. It is

tangent to Σh
e0

since

dhrX̃hs
(2.2.7)

“ ρdhrXhs ´
th, h0u

ρ
dhr∇h0s

(2.1.3)
“ 0.

Next we show that the vector field X̃h is tangent to S3 ” tpx, ξq : h0px, ξq “ 1
2
u. Indeed,

as ρ2 “ 2h0, we also have

dh0rX̃hs
(2.2.7)

“ ρ
´

dh0rXhs ´
th, h0u

ρ2
dh0r∇h0s
loooomoooon

“2h0

¯

“ ρ
`

dh0rXhs ´ th, h0u
˘

“0,

proving (2.2.6).

Remark 2.2.5. Similarly it follows that dρrX̃hs “ 0 and dρrXhs “
th,h0u

ρ
.

It is convenient to decompose also the Liouville measure on the energy level Σh
e0

in
a “radial part” and a component supported on Zh

e0
. So let us denote by ν0 the Liouville

measure induced on the energy level Σh
e0

(see (2.2.2)) by the standard Liouville measure
ν on R4; it is given explicitly by

ν0 :“ iV ν|
Σh
e0

, where V :“
∇h

|∇h|
(2.2.8)

and i is the contraction operator on differential forms. We have
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Lemma 2.2.6. The Liouville measure ν0 in (2.2.8) can be written as

ν0 “ ρ3dρ ^ µ̃, (2.2.9)

where µ̃ is the two dimensional volume form on Zh
e0

defined by

µ̃ :“ ´iV νS3 , (2.2.10)

with V in (2.2.8) and νS3 the spherical measure on S3. One has

i∇h0µ̃ “ 0 . (2.2.11)

Proof. In spherical coordinates ν “ ρ3dρ ^ νS3 . Then using (2.2.8) and dρrV s “

1
|∇h|

dρr∇hs “ 0 (which follows from (2.1.3)), we obtain (2.2.9) with µ̃ in (2.2.10).
We now show (2.2.11). From the definition of µ̃ and since iX iY “ ´iY iX , we have
i∇h0µ̃ “ iV i∇h0 νS3 “ 0, concluding the proof.

We denote by F h the 1-dimensional, oriented, singular foliation generated by X̃h

on Zh
e0

, namely

F h :“ tX P TZh
e0

| Dλ P C8
pZh

e0
;R`

q s.t. X “ λX̃hu .

It turns out that the existence of an escape function (according to Definition 2.2.2)
is guaranteed by certain dynamical conditions on the foliation F h that we now de-
scribe. Following [26], we now recall the definitions of simple structure and of weak
hyperbolicity (recall also Definitions 2.1.7 of attractor, repellor, and of their basins of
attraction).

Definition 2.2.7 (Simple structure). An oriented one-dimensional singular foliation
F h of the compact manifold Zh

e0
admits a simple structure pK`, K´q if Zh

e0
“ K` Y

K´ Y G as a disjoint union where:

- K` is a compact attractor of the oriented foliation F h;

- K´ is a compact repellor of the oriented foliation F h;

- all leaves of points in G converge to K` for positive times and to K´ for negative
times. In particular the basin of attraction of K` is G Y K` and the basin of
attraction of K´ for the reversed orientation of F h is G Y K´.
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We introduce a further property of an invariant set, namely weak hyperbolicity. In
order to do this, we recall that, given a volume form µ on a manifold M and a vector
field X on TM , the divergence divµpXq is the function defined by

divµpXqµ “ dpiXµq . (2.2.12)

We also recall the following standard formulas: if f is a smooth function on M ,

divµpfXq “ dfpXq ` fdivµpXq , divfµpXq “
dfpXq

f
` divµpXq . (2.2.13)

Definition 2.2.8 (Weakly hyperbolic sets). Let pK`, K´q be a simple structure of a
one-dimensional singular foliation F h on Zh

e0
. The invariant sets K˘ are called weakly

hyperbolic if there exist neighbourhoods U˘ Ą K˘ and a smooth density µ, abso-
lutely continuous with respect to µ̃ (i.e. a density of the form f̃ µ̃, with f̃ smooth and
strictly positive function defined on Zh

e0
), such that divµpX̃hq ă 0 on U` respectively

divµpX̃hq ą 0 on U´. Here X̃h is the vector field in (2.2.6) and µ̃ the measure on Zh
e0

in (2.2.10).

We are now able to state the main result of this section.

Proposition 2.2.9. Let h : R4zt0u Ñ R be a positively homogeneous function of
degree 0 (according to Definition 1.1.1). If e0 P R is a regular value for h such that
the foliation F h induced by X̃h on Zh

e0
(see (2.2.5) and (2.2.6)) has simple structure

pK`, K´q with K` and K´ weakly hyperbolic, then there exists an escape function for
h at e0 (see Definition 2.2.2).

Let us give now an example of a definitely homogeneous function having a weakly
hyperbolic simple structure; see Section 2.5 for the proof.

Lemma 2.2.10. The definitely homogeneous function h‹ : R4zt0u Ñ R defined by

h‹px, ξq :“
1

2

x21
h0px, ξq

induces on the surface Zh‹
1
2

a foliation F h‹ with weakly hyperbolic simple structure.

The rest of the section is devoted to the proof of Proposition 2.2.9. The construction
is rather involved and follows the following steps:



52 CHAPTER 2

1. we construct local escape functions for h in small neighbourhoods of Γ` :“

π´1pK`q and Γ´ :“ π´1pK´q;

2. we extend the local escape functions to the basins of attraction BpΓ˘q of Γ˘ (see
(2.2.21)), and we show that their union covers the entire Σh

e0
;

3. we glue together the local escape functions defined on BpΓ˘q obtaining a global
escape function on Σh

e0
, which we finally extend to the whole R4zt0u.

Since the function h is fixed, from now on we shall simply denote Σe0 :“ Σh
e0

,
Ze0 :“ Zh

e0
and F :“ F h.

2.2.2 Construction of a local escape function

The goal of this section is to construct a local escape function for h in a neighbourhood
of

Γ` :“ π´1
pK`

q and Γ´ :“ π´1
pK´

q.

In all this section, we shall denote by U˘ the open sets defined in Definition 2.2.8 of
weak hyperbolicity. First we write the Hamilton equations of h in the "radial" variables
pρ, ζq P R` ˆ Ze0 :

Lemma 2.2.11. The variables pρ, ζq P R` ˆ Ze0 defined in (2.2.4) satisfy

˜

9x

9ξ

¸

“ Xhpx, ξq ô

$

’

&

’

%

9ρ “
th, h0u

ρ

9ζ “
1

ρ2
X̃hpζq.

Proof. We compute the time derivatives of ρ and ζ:

9ρ “
1

ρ
x∇h0, p 9x, 9ξqy “

1

ρ
dh0rXhs “

1

ρ
th, h0u. (2.2.14)

Similarly

9ζ “
ρp 9x, 9ξq ´ 9ρpx, ξq

ρ2
(2.2.14)

“
1

ρ2

´

ρXh ´
th, h0u

ρ
∇h0

¯

(2.2.7)
“

1

ρ2
X̃h.
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Next we also prove the following identity.

Lemma 2.2.12. One has

2th, h0u ` ρ divµ̃pX̃hq “ 0 on Σe0 . (2.2.15)

Proof. We start from the identity divν0Xh “ 0 on Σe0 , which follows from the fact that
the Hamiltonian flow of h preserves the Liouville measure. We have

divν0pXhq ν0
(2.2.12)

“ dpiXh
ν0q “ d

`

ρ2th, h0uµ̃ ´ ρ2dρ ^ iX̃h
µ̃

˘

,

where in the last equality we used (2.2.9), Remark 2.2.5 and

iXh
µ̃

(2.2.6)
“

th, h0u

ρ2
i∇h0µ̃ `

1

ρ
iX̃h

µ̃
(2.2.11)

“
1

ρ
iX̃h

µ̃ .

Finally, taking the external differential and observing that, since th, h0u is an ho-
mogeneous function of degree zero and µ̃ is a volume form on Zh

e0
, then, by (2.1.3),

dth, h0u ^ µ̃ “ 0, we obtain

divν0pXhq ν0 “ 2ρ th, h0u dρ^µ̃`ρ2dρ^dpiX̃h
µ̃q

(2.2.9)
(2.2.12)

“
`

2 th, h0uρ
´2

`ρ´1 divµ̃pX̃hq
˘

ν0 .

As divν0pXhq “ 0, we get (2.2.15). Remark that divµ̃pX̃hq is a function homogeneous
of order ´1.

Remark 2.2.13. Identity (2.2.15) on Ze0 reads 2th, h0u ` divµ̃pX̃hq “ 0.

We begin now the construction of the global escape function for h. The first step
is to construct two functions k˘, which are local escape functions in neighbourhoods
of Γ˘.

Proposition 2.2.14. Assume that the foliation F has a simple structure pK`, K´q

with K˘ weakly hyperbolic and let f̃ : Ze0 Ñ R be the strictly positive, smooth function
given by Definition 2.2.8. Define the functions

k˘ : Σe0 Ñ R, k˘ :“ ˘
h0

f̃
, (2.2.16)

then there exists δ ą 0 such that

th, k˘
u ě δ ą 0 on π´1

pU˘
q. (2.2.17)
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Proof. We prove the statement with “`”. From weak hyperbolicity of K` one has

divf̃ µ̃pX̃hq ă 0 in U` . (2.2.18)

We compute:

th, k`
u “ dk`

rXhs “ d
´h0

f̃

¯

rXhs “
1

f̃
dh0rXhs ´

h0

f̃ 2
df̃ rXhs. (2.2.19)

Evaluating separately the term df̃ rXhs we have:

df̃ rXhs
(2.2.6)

“
th, h0u

ρ2
df̃ r∇h0s `

1

ρ
df̃ rX̃hs “

1

ρ
df̃ rX̃hs, (2.2.20)

where the last inequality holds by (2.1.3), recalling that f̃ is homogeneous of degree 0.
Inserting this last identity in (2.2.19) and using h0 “ 1

2
ρ2 gives

th, k`
u

(2.2.20)
“

1

f̃
th, h0u ´

h0
ρ

df̃ rX̃hs

f̃ 2
“

1

f̃

”

th, h0u ´
ρ

2

df̃ rX̃hs

f̃

ı

.

By identity (2.2.15), th, h0u “ ´
ρ
2
divµ̃pX̃hq so we obtain

th, k`
u “ ´

ρ

2f̃

”df̃ rX̃hs

f̃
` divµ̃X̃h

ı

(2.2.13)
“ ´

ρ

2f̃
divf̃ µ̃pX̃hq.

Then, by (2.2.18) and since the function ρ

2f̃
divf̃ µ̃pX̃hq is homogeneous of degree 0, there

exists a strictly positive δ such that

th, k`
u “ ´

ρ

2f̃
divf̃ µ̃pX̃hq ě δ ą 0 on π´1

pU`
q ,

proving (2.2.17). The statement with “´” is analogous.

2.2.3 Extension to the basins of attraction of Γ˘

The next goal is to extend the local escape functions of Proposition 2.2.14 to the whole
basins of attraction BpΓ˘q of Γ˘ “ π´1pK˘q defined as

BpΓ˘
q :“ tz “ px, ξq P Σe0 : dist

`

Φt
Xh

pzq,Γ˘
˘

Ñ 0 as t Ñ ˘8u . (2.2.21)

We first characterize BpΓ˘q and prove several properties of these sets.



2.2. CONSTRUCTION OF THE ESCAPE FUNCTION 55

Proposition 2.2.15. One has BpΓ`q Y BpΓ´q “ Σe0. Precisely:

(i) There exist open sets U˘ Ă Ze0, U˘ Ą K˘, such that for any z0 P π´1pU˘q the
flow Φt

Xh
pz0q is globally defined for ˘t ě 0 and Φt

Xh
pπ´1pU˘qq Ď π´1pU˘q for

˘t ě 0.

(ii) If z0 P Γ`, the flow Φt
Xh

pz0q exists globally positively in time and Φt
Xh

pz0q Ď Γ`

for any t ě 0, whereas there exists a time T`pz0q ă 0 such that

Φt
Xh

pz0q ÝÝÝÝÝÝÑ
tŒT`pz0q

0;

(iii) If z0 P Γ´, the flow Φt
Xh

pz0q exists globally negatively in time and Φt
Xh

pz0q Ď Γ´

for any t ď 0, whereas there exists a time T´pz0q ą 0 such that

Φt
Xh

pz0q ÝÝÝÝÝÝÑ
tÕT´pz0q

0.

(iv) If z0 P Σe0zpΓ` Y Γ´q, then the flow Φt
Xh

pz0q exists globally both positively and
negatively in time, and one has

Φt
Xh

pz0q ÝÝÝÝÑ
tÑ`8

Γ`, Φt
Xh

pz0q ÝÝÝÝÑ
tÑ´8

Γ´;

in particular z0 P BpΓ`q X BpΓ´q.

The long proof of this Proposition is postponed to Section 2.5.2.

We shall also use the following lemma.

Lemma 2.2.16. There exists a positively homogeneous function m of degree zero, de-
fined on Σe0, such that

m “ th, k˘
u on π´1

pU˘
q , and mpzq ě

δ

2
@z P Σe0 , (2.2.22)

where δ is the positive value fixed by (2.2.17) and U˘ are as in Proposition 2.2.15.

Proof. Take open sets V ˘ with V ˘ Ą U˘, V ˘ X U¯ “ H and complete tV `, V ´u

to a covering of Ze0 via finitely many open sets tViui. Up to restricting V ˘ one has
th, k˘u ě δ

2
on V ˘, with δ in (2.2.17). Consider a smooth, non-negative, partition
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of the identity φ`, φ´, tφiui with the properties supppφ˘q Ă V ˘ and φ˘ ” 1 on U˘,
supppφiq Ă Vi. Define the smooth function

m̃ : Ze0 Ñ R, m̃ :“ th, k`
uφ`

` th, k´
uφ´

` δ
ÿ

i

φi .

One has m̃ ” th, k˘u ě δ
2

on V ˘ and thus m̃ ě δ
2

on Ze0 . Then extend m̃ by homogeneity
to a function m on Σe0 , namely put mpzq :“ m̃pπpzqq.

We are finally ready to extend the local escape functions k˘ in (2.2.14) to escape
functions on the whole basins of attraction BpΓ˘q.

Lemma 2.2.17. For z P BpΓ˘q, define

ℓ˘
pzq :“ lim

tÑ˘8

´

k˘
pΦt

Xh
pzqq ´

ż t

0

mpΦs
Xh

pzqqds
¯

. (2.2.23)

Then

(i) the functions ℓ˘ are well defined on BpΓ˘q, smooth and positively homogeneous
of degree two;

(ii) ℓ˘ are escape functions on BpΓ˘q, namely there exists δ ą 0 such that

th, ℓ˘
u ě δ ą 0 in BpΓ˘

q . (2.2.24)

Proof. We prove the statement with “+”, the other being analogous.
piq Well defined: Let z P BpΓ`q and let t0pzq ą 0 be such that Φ

t0pzq

Xh
pzq P π´1pU`q,

with U` as in Proposition 2.2.15. By definition of BpΓ`q, t0pzq is finite. We show
that for any t ą t0pzq, the argument of the limit in (2.2.23) is constant. Since, by
Proposition 2.2.15 piq, the set π´1pU`q is positively invariant, by (2.2.22) we have
mpΦt

Xh
pzqq “ th, k`upΦt

Xh
pzqq for any t ě t0pzq. Therefore for t ě t0pzq one has

k`
pΦt

Xh
pzqq ´

ż t

0

mpΦs
Xh

pzqqds

“k`
pΦt

Xh
pzqq ´

ż t0pzq

0

mpΦs
Xh

pzqqds ´

ż t

t0pzq

th, k`
upΦs

Xh
pzqqds

“k`
pΦt

Xh
pzqq ´

ż t0pzq

0

mpΦs
Xh

pzqqds ´ k`
pΦt

Xh
pzqq ` k`

pΦ
t0pzq

Xh
pzqq

“ ´

ż t0pzq

0

mpΦs
Xh

pzqqds ` k`
pΦ

t0pzq

Xh
pzqq, (2.2.25)
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and thus the argument of the limit is definitely constant, proving that ℓ` is well defined.
Smoothness: fix z0 P BpΓ`q and let Vz0 Ă BpΓ`q be a neighbourhood of z0. We observe
that, again by Proposition 2.2.15, there exists t1pVz0q ą 0, eventually larger than t0pz0q,
such that Φt

Xh
pzq P π´1pU`q for all z P Vz0 and t ě t1pVz0q. Then, by (2.2.25), on the

set Vz0 the function ℓ` reduces to

ℓ`
pzq “ ´

ż t1pVz0 q

0

mpΦs
Xh

pzqqds ` k`
pΦ

t1pVz0 q

Xh
pzqq, @z P Vz0 , (2.2.26)

which is smooth.
Homogeneity: It follows using the homogeneities of k` and m and Remark 2.2.1.
piiq Given z0 P BpΓ`q and Vz0 Ă BpΓ`q a small neighbourhood of z0, let t1pVz0q as
above. We have

th, ℓ`
upzq

(2.2.26)
“ th, k`

˝ Φ
t1pVz0 q

Xh
upzq ´

ż t1pVz0 q

0

th,m ˝ Φs
Xh

pzqquds

“ th, k`
upΦ

t1pVz0 q

Xh
pzqq ´

d

dt

ˇ

ˇ

ˇ

t“0

ż t1pVz0 q

0

mpΦt`s
Xh

pzqqds

“ th, k`
upΦ

t1pVz0 q

Xh
pzqq ´ mpΦ

t1pVz0 q

Xh
pzqq ` mpzq

“mpzqě
δ

2
,

where in the last two passages we used (2.2.22). Finally rename δ ⇝ 2δ.

2.2.4 Construction of the global escape function

In this section we glue together the local escape functions ℓ` and ℓ´ of Lemma 2.2.17,
defined in BpΓ`q and BpΓ´q respectively, to obtain a global escape function on Σe0 .
We start by proving the following result.

Proposition 2.2.18. Given ε ą 0 sufficiently small, there exists a smooth function
ηε : Σe0 Ñ R such that

(i) ηε is homogeneous of degree 0;

(ii) ηεpΓ
`q ” 1, ηεpΓ´q ” 0;

(iii) |dηεpζqrX̃hpζqs| ď ε for any ζ P Ze0.
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To prove this proposition we shall use the following result, whose proof is postponed
to Section 2.5.3.

Lemma 2.2.19. There exist a smooth function L̃ : Ze0 Ñ R and an interval pα, `8q Ă

R such that the open set V ´ :“ L̃´1ppα, `8qq has the following properties:

piq V ´ Ą K´ is invariant by the flow of X̃h for negative times, and Ze0zV ´ Ą K`

is invariant by the flow of X̃h for positive times;

piiq BV ´ is transverse to the flow of X̃h, in particular X̃hrL̃s ă 0 on BV ´.

We use this result to define the gluing function. Take ζ P Ze0zpK` Y K´q. Since
Φt
X̃h

pζq Ñ K˘ when t Ñ ˘8, by Lemma 2.2.19 there will be a unique time tζ P R
such that Φ

´tζ

X̃h
pζq intersects BV ´; we then put

t̃pζq :“

$

’

’

’

&

’

’

’

%

tζ , ζ P Ze0zpK` Y K´q

`8, ζ P K`

´8, ζ P K´.

(2.2.27)

Next, given ε ą 0 sufficiently small, take a smooth non-decreasing function ϕε : R Ñ R
such that

ϕεpτq :“

$

’

’

’

&

’

’

’

%

0, τ ď ´ε

ετ, ε ă τ ď ε´1 ´ ε

1, τ ą ε´1 ` ε

and sup
τPR

|ϕ1
εpτq| ď 10ε . (2.2.28)

The gluing function of Proposition 2.2.18 is

ηεpzq :“ ϕ ε
10

pt̃pπpzqqq , z P Σe0 , (2.2.29)

where t̃ is defined in (2.2.27) and ϕε in (2.2.28).

Proof of Proposition 2.2.18. It is clear from its definition that ηε is homogeneous of
degree 0. Moreover from (2.2.27), (2.2.28) we have ηεpzq :“ ϕ ε

10
pt̃pπpzqqq “ 1 for any

z P Γ`; similarly ηεpΓ´q ” 0. This proves items piq and piiq.
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We prove now item piiiq. Let ζ P Ze0 and note that, by (2.2.27), for any τ P R one
has

t̃pΦτ
X̃h

pζqq “ t̃pζq ` τ ; (2.2.30)

hence we compute

dηεpζqrX̃hpζqs “
d

dτ

ˇ

ˇ

ˇ

τ“0
ηε

´

Φτ
X̃h

pζq

¯

(2.2.30)
“

d

dτ

ˇ

ˇ

ˇ

τ“0
ϕ ε

10
pt̃pζq ` τq “ ϕ1

ε
10

pt̃pζqq ,

and piiiq follows from (2.2.28).

We are left to prove that ηε is smooth. Remark that, due to the homogeneity
of ηε, we can assume z “: ζ P Ze0 . We are going to prove that ηε is constant on
sufficiently small neighbourhoods of K˘, whereas outside such neighbourhoods we will
prove smoothness of t̃ (and thus of ηε) by implicit function theorem. Take a point
ζ P Ze0zpK` Y K´q and consider the corresponding point y “ Φ

´t̃pζq

X̃h
pζq P BV ´, with

V ´ the set of Lemma 2.2.19. Recall that BV ´ “ L̃´1pαq. Then, let Uζ be a small
neighbourhood of ζ with Uζ X pK` Y K´q “ H: the function

F : Uζ ˆ R Ñ R , F pζ, tq :“ L̃pΦ´t

X̃h
pζqq ´ α

is smooth, F pζ, t̃pζqq “ 0 by the very definition of t̃ and, being BV ´ transverse to X̃h

by Lemma 2.2.19 piiiq,

BtF pζ, t̃pζqq “ ´dL̃pyqrX̃hpyqs ą 0 .

Then, by implicit function theorem, in Uζ the function ζ ÞÑ t̃pζq is smooth. We conclude
that ηε is smooth in every point of Ze0zpK` Y K´q.

The final claim is that there exist W˘ neighbourhoods of K˘ such that ηε ” 0 in
W´ and ηε ” 1 in W`. We prove this claim with "+". To this aim it suffices to define

W` :“ Φε´1`1

X̃h
pZe0zV ´

q .

First remark that W` is a neighbourhood of K` since K` Ă Ze0zV ´, and since
K´ Ć Ze0zV ´, one has Ze0zV ´ is contained in the basin of attraction of K`; then
using (2.1.8)

K`
“

č

tą0

Φt
X̃h

pZe0zV ´
q Ă Φε´1`1

X̃h
pZe0zV ´

q “ W`.
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Next, for any ζ P W`, there is υ P Ze0zV ´ such that ζ “ Φε´1`1

X̃h
pυq and with t̃pυq ě 0,

hence t̃pζq
(2.2.30)

“ ε´1 ` 1 ` t̃pυq ą ε´1 ` ε ; therefore ηεpζq “ ϕ ε
10

pt̃pζqq “ 1 by the
properties of ϕε in (2.2.28).
The same argument can be repeated for K´ taking W´ :“ Φ´1

X̃h
pV ´q, obtaining that

ηε ” 0 in W´.

We are now in position to construct a global escape function. First we construct
it on Σe0 and then extend it to the whole R4zt0u. Using all previous notation for the
local escapes and the gluing functions, we prove the following result:

Proposition 2.2.20. There exists a function a : R4zt0u Ñ R positively homogeneous
of degree 2, such that a is an escape function for h at e0 in the sense of Definition
2.2.2.

Proof. Step 1: First we construct a smooth function ã : Σe0 Ñ R, positively homo-
geneous of degree 2, that satisfies (2.2.3) for some δ ą 0. To this goal, it suffices to
define, for ε sufficiently small,

ãpzq :“ ηεpzqℓ`
pzq ` p1 ´ ηεpzqqℓ´

pzq ,

with ηε defined in (2.2.29) and ℓ˘ in (2.2.23). Remark that ã is well defined: indeed,
from Lemma 2.2.19, ηε ” 0 in Γ´where ℓ` is not defined, whereas 1 ´ ηε ” 0 in Γ`

where ℓ´ is not defined.

Next note that ã is smooth, since all terms in its expression are smooth and ã is
positively homogeneous of degree 2, since both ℓ` and ℓ´ are (see Lemma 2.2.17) and
ηε is positively homogeneous of degree zero (see Proposition 2.2.18). We now show
that ã satisfies (2.2.3). One has:

th, ãu “ th, ηεuℓ
`

`th, ℓ`
uηε`th, ℓ´

up1´ηεq`th, p1´ηεquℓ´
(2.2.24)

ě th, ηεupℓ`
´ℓ´

q`δ .

(2.2.31)
Next we remark that, by (2.2.6) we have

th, ηεu “ dηεrXhs “
th, h0u

ρ2
dηεr∇h0s `

1

ρ
dηεrX̃hs “

1

ρ
dηεrX̃hs,
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where the last equality is obtained using (2.1.3) and the homogeneity of ηε. Since
dηεrX̃hs is homogeneous of degree ´1, using Proposition 2.2.18 piiiq and writing z ”

ρπpzq P Σe0 , we get

|th, ηεu pzq| “

ˇ

ˇ

ˇ

ˇ

1

ρ
dηεrX̃hspzq

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

1

ρ2
dηεrX̃hspπpzqq

ˇ

ˇ

ˇ

ˇ

ď
ε

ρ2
.

In conclusion, using also that ℓ˘ are positively homogeneous functions of degree 2, we
have the following bound:

|th, ηεupzqpℓ`
pzq ´ ℓ´

pzqq| ď
ε

ρ2
sup
zPΣe0

|ℓ`
pzq ´ ℓ´

pzq| ď ε sup
ζPZe0

|ℓ`
pζq ´ ℓ´

pζq| ď Cε .

Hence, shrinking ε, we obtain from (2.2.31) the lower bound

th, ãu ą δ ´ Cε ą
δ

2
on Σe0 . (2.2.32)

Step 2: We extend ã to the whole R4zt0u. To this aim consider first the restriction
ã|Ze0

: Ze0 Ñ R. It is a smooth function defined on the closed submanifold Ze0 of S3. By
classical extension Lemma (see e.g. [62, Lemma 2.26]), given an open neighbourhood
U of Ze0 in S3, there exists a smooth function â,

â : S3
Ñ R, such that â “ ã on Ze0 and supppâq Ă U .

Then we define a as the extension of â by homogeneity on the whole R4zt0u. Due to the
cone structure of Σe0 and the fact that ã and a are both homogeneous of degree two,
ã “ a on the whole Σe0 , since they coincide on Ze0 . In particular th, au “ th, ãu ě δ

2

on Σe0 .

Remark 2.2.21. If Σe0 is not connected, one proves Step 1 of the proof of Proposition
2.2.20 separately for each one of its n connected components Σj, obtaining n functions
ãj : Σj Ñ R, homogeneous of degree 2, such that th, ãju ą

δj
2

for all j and for some
positive δ1, . . . , δn. Then one defines ã on the whole Σe0 as ã “ ãj on Σj; (2.2.32) holds
with δ “ mintδju ą 0, and Step 2 follows unchanged.

We conclude this section proving that if a is an escape function for h at e0 in the
sense of Definition 2.2.2, then a is also an escape function for h at ω, for ω sufficiently
close to e0. Precisely we have:
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Corollary 2.2.22. Let e0 be a regular value of h. If a is an escape function for h at
e0 (see Definition 2.2.2), there exists a neighbourhood I of e0, contained in the image
of h, such that a is still an escape function for h at all values ω P I.

Proof. Let δ ą 0 be such that (2.2.3) is satisfied on Σe0 ; we start by showing that there
exists a sufficiently small interval I Q e0 such that

th, au ě
δ

2
, @ px, ξq P

ď

ωPI

Σω. (2.2.33)

Since the function th, au is homogeneous of degree zero, it is sufficient to prove (2.2.33)
for any ζ P

Ť

ωPI Zω, with Zω :“ h´1pωq X S3. From continuity of th, au|S3 and (2.2.3),
there exists an open neighbourhood UZe0

Ă S3 of Ze0 such that

th, au ě
δ

2
@ ζ P UZe0

.

We show that, choosing ε ą 0 small enough, the interval I :“ pe0 ´ ε, e0 ` εq fulfills
h´1pIq Ă UZe0

, thus proving (2.2.33). Suppose by contradiction that D N P N, such
that, defining

In :“
´

e0 ´
1

n
, e0 `

1

n

¯

, (2.2.34)

one has
th´1

pInq X S3
u Ć UZe0

, @ n ą N.

Take now a sequence txnunPN such that xn P th´1pInq X S3u z UZe0
. By compactness,

up to a subsequence it converges to a point x8 P S3zUZe0
. From continuity of h we get

hpxnq Ñ hpx8q, but In Q hpxnq Ñ e0 from the definition (2.2.34) of In, whilst x8 R Ze0 ,
hence hpx8q ‰ e0, obtaining a contradiction.

Finally remark that, since e0 is a regular value of the smooth function h, up to
shrinking ε we can assume that I is contained in the image of h and only consists of
regular values, concluding the proof.

2.3 Genericity of the set V

The goal of this section is to show that the set V defined in (2.0.3) is generic (i.e., open
and dense) in C0pT;S0

clq (see Definition 1.1.2) with respect to the distance d0T defined
in (1.1.4), proving Theorem 2.0.1 piq.
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2.3.1 The set V is open

Proposition 2.3.1. The set V defined in (2.0.3) is open with respect to the distance
d0T defined in (1.1.4).

We separately state the following preliminary lemma.

Lemma 2.3.2. Let v P C0pT;S0
clq and let xvy be its average along the flow of h0 (see

Definition 1.1.5), then
ÿ

|α|`|β|ď1

sup
|px,ξq|ě1

ˇ

ˇ

ˇ
B
α
xB

β
ξ xvy px, ξq

ˇ

ˇ

ˇ
ď 4

ÿ

|α|`|β|ď1

sup
|px,ξq|ě1
tPT

ˇ

ˇ

ˇ
B
α
xB

β
ξ vpt, x, ξq

ˇ

ˇ

ˇ
.

Proof. We only show the bound for the case α “ p1, 0q and β “ p0, 0q, all the others
being analogous. Using the explicit form (1.1.6) of the classical flow pxptq, ξptqq :“

ϕth0px, ξq of the harmonic oscillator, and the definition (1.1.7), we have

sup
|px,ξq|ě1

|Bx1 xvy px, ξq| ď
1

2π

ż 2π

0

sup
|px,ξq|ě1
tPT

p|Bx1vpt, xptq, ξptqq| ` |Bξ1vpt, xptq, ξptqq|q dt

ď sup
|px,ξq|ě1
tPT

p|Bx1vpt, x, ξq| ` |Bξ1vpt, x, ξq|q .

Analogously one bounds the other terms with |α| ` |β| ď 1, obtaining the claim.

Proof of Proposition 2.3.1. Take v P V . We show the existence of ε ą 0 sufficiently
small such that

d0Tpv, v ` wq ă ε ñ v ` w P V (2.3.1)

for any w P C0pT;S0
clq. Decompose v “ v0 ` v´µ, and w “ w0 ` w´µ1 following

Definition 1.1.2, where v0 and w0 are the principal symbols of v and w respectively,
and v´µ P C0pT;S´µq and w´µ1 P C0pT;S´µ1

q, with µ, µ1 ą 0.
By the very definition of V in (2.0.3), since v P V there exist a P S1

cl, I Ă Ranpxv0yq

and δ ą 0 such that

txv0y , au ě δ, @ px, ξq P xv0y
´1

pIq X t|px, ξq| ě 1u.

We are going to show that there exist J Ă Ranpxv0 ` w0yq and δ1 ą 0 such that

txv0 ` w0y , au ě δ1, @ px, ξq P xv0 ` w0y
´1

pJq X t|px, ξq| ě 1u . (2.3.2)
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To this aim, we claim that

ÿ

|α|`|β|ď1

sup
|px,ξq|ě1
tPT

ˇ

ˇ

ˇ
B
α
xB

β
ξw0pt, x, ξq

ˇ

ˇ

ˇ
ď 10ε . (2.3.3)

Assuming this estimate, we continue with the proof of (2.3.2). We decompose

txv0 ` w0y , au “ txv0y , au ` txw0y , au ,

and we observe that, by Lemma 2.3.2,

sup
|px,ξq|ě1

|txw0y , au| ď 2℘1
1paq

ÿ

|α|`|β|ď1

sup
|px,ξq|ě1

ˇ

ˇ

ˇ
B
α
xB

β
ξ xw0y px, ξq

ˇ

ˇ

ˇ

(2.3.3)
ď 80℘1

1paqε .

Thus, choosing ε ď δ
160℘1

1paq
, estimate (2.3.2) follows with δ1 “ δ

2
in xv0y

´1
pIq X

t|px, ξq| ě 1u. In order to conclude the proof of (2.3.2) we show that there exists
J Ă I such that, for all w satisfying the bound in (2.3.1),

xv0 ` w0y
´1

pJq X t|px, ξq| ě 1u Ă xv0y
´1

pIq X t|px, ξq| ě 1u . (2.3.4)

From equation (2.3.3) and Lemma 2.3.2 we have that

sup
|px,ξq|ě1

| xw0y px, ξq| ď 4 sup
|px,ξq|ě1

tPT

|w0pt, x, ξq| ď 40ε . (2.3.5)

Hence, denoting by I “: ra, bs, we choose J :“ ra` 40ε, b´ 40εs. Up to shrinking ε we
have H ‰ J Ă I, and by (2.3.5) J satisfies (2.3.4). Thus (2.3.2) is proven.
It remains to prove (2.3.3). We first notice that, from the definition (1.1.4) of the
distance, if d0Tpv, v ` wq ă ε, up to shrinking ε we have

℘0
T,1pwq “

ÿ

|α|`|β|ď1

sup
px,ξqPR4

tPT

ˇ

ˇ

ˇ
BαxB

β
ξwpt, x, ξq

ˇ

ˇ

ˇ

p1 ` |x|2 ` |ξ|2q´
|α|`|β|

2

ď 4ε . (2.3.6)

Recall the decomposition w “ w0`w´µ1 ; since w´µ1 P C0pT;S´µ1

q (see Definition 1.1.2),
we have

ˇ

ˇ

ˇ
BαxB

β
ξw´µ1pt, x, ξq

ˇ

ˇ

ˇ

p1 ` |x|2 ` |ξ|2q´
|α|`|β|

2

ď
Cα,βpwq

p1 ` |x|2 ` |ξ|2qµ
1 , @α, β P N2.
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Fix now λε “ λεpwq ě 1 sufficiently large such that

ÿ

|α|`|β|ď1

Cα,βpwq

p1 ` λ2εq
µ1 ă ε. (2.3.7)

We have

ÿ

|α|`|β|ď1

sup
|px,ξq|ěλε

tPT

ˇ

ˇ

ˇ
BαxB

β
ξw0pt, x, ξq

ˇ

ˇ

ˇ

p1 ` |x|2 ` |ξ|2q´
|α|`|β|

2

ď
ÿ

|α|`|β|ď1

sup
|px,ξq|ěλε

tPT

ˇ

ˇ

ˇ
BαxB

β
ξw´µ1pt, x, ξq

ˇ

ˇ

ˇ

p1 ` |x|2 ` |ξ|2q´
|α|`|β|

2

` ℘0
T,1pwq

(2.3.6),(2.3.7)
ď ε ` 4ε “ 5ε .

(2.3.8)
Finally remark that, for all |px, ξq| ě 1,

ˇ

ˇ

ˇ
BαxB

β
ξw0pt, x, ξq

ˇ

ˇ

ˇ

p1 ` |x|2 ` |ξ|2q´
|α|`|β|

2

ď 2

ˇ

ˇ

ˇ
BαxB

β
ξw0pt, x, ξq

ˇ

ˇ

ˇ

p|x|2 ` |ξ|2q´
|α|`|β|

2

ď 2

ˇ

ˇ

ˇ
BαxB

β
ξw0pt, x, ξq

ˇ

ˇ

ˇ

p1 ` |x|2 ` |ξ|2q´
|α|`|β|

2

, (2.3.9)

and that, since w0 is definitely homogeneous of degree zero (see Definition 1.1.1), then

sup
|px,ξq|ěλε

tPT

ˇ

ˇ

ˇ
BαxB

β
ξw0pt, x, ξq

ˇ

ˇ

ˇ

p|x|2 ` |ξ|2q´
|α|`|β|

2

“ sup
|px,ξq|ě1
tPT

ˇ

ˇ

ˇ
BαxB

β
ξw0pt, x, ξq

ˇ

ˇ

ˇ

p|x|2 ` |ξ|2q´
|α|`|β|

2

, (2.3.10)

hence

ÿ

|α|`|β|ď1

sup
|px,ξq|ě1
tPT

ˇ

ˇ

ˇ
BαxB

β
ξw0pt, x, ξq

ˇ

ˇ

ˇ

p1 ` |x|2 ` |ξ|2q´
|α|`|β|

2

(2.3.9)
ď 2

ÿ

|α|`|β|ď1

sup
|px,ξq|ě1
tPT

ˇ

ˇ

ˇ
BαxB

β
ξw0pt, x, ξq

ˇ

ˇ

ˇ

p|x|2 ` |ξ|2q´
|α|`|β|

2

(2.3.10)
ď 2

ÿ

|α|`|β|ď1

sup
|px,ξq|ěλε

tPT

ˇ

ˇ

ˇ
BαxB

β
ξw0pt, x, ξq

ˇ

ˇ

ˇ

p1 ` |x|2 ` |ξ|2q´
|α|`|β|

2

(2.3.8)
ď 10ε,

proving (2.3.3).

2.3.2 The set V is dense

The starting point to prove density of V is to use Proposition 2.2.9 to characterize a
subset A Ă V , that we will prove to be dense in C0pT;S0

clq.
We recall the definitions of classical symbol 1.1.2, resonant average of a symbol 1.1.5
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and that of Ze0 (2.2.4).
Throughout this section we will profusely use the results of Section 2.2, where the func-
tions are positively homogeneous and not definitely homogeneous as in the definition
of classical symbols. In particular we need to transform the definitely homogeneous
symbol xv0y (averaged with respect to time), into a positively homogeneous function;
we do this defining

rv0s :“ π˚
xv0y “ xv0y ˝ π , π in (2.2.4) . (2.3.11)

Remark 2.3.3. Note that rv0s “ xv0y for |px, ξq| ě 1.

We shall use repeatedly the notations and definitions of Section 2.2.1. The main
result of this section is the following:

Proposition 2.3.4. With the notation in (2.3.11), denote by

A :“tv P C0
pT;S0

clq : D v0 principal symbol of v such that the vector field X̃rv0s

induces a foliation on Zrv0s
e0

with weakly hyperbolic simple structure,

for some regular value e0 P Ranprv0squ .

(2.3.12)
Then A Ď V, with V in (2.0.3), and A is dense in C0pT;S0

clq with respect to the distance
d0T (see (1.1.4)).

In the rest of this section we prove Proposition 2.3.4, that, together with Proposition
2.3.1, proves Theorem 2.0.1 point piq. To prove Proposition 2.3.4 we shall follow the
following scheme:

1. given any positively homogeneous function h of degree zero and a regular value
e0 for h, the foliation F h induced by X̃h on Zh

e0
is the characteristic foliation of

Zh
e0

regarded as a submanifold of a contact manifold;

2. given h as in point 1, there exists hε, positively homogeneous of degree zero and
arbitrarily close to h (when restricted to S3), such that the foliation induced by
X̃hε is Morse-Smale;

3. given hε as in point 2, the induced characteristic foliation F hε has actually weakly
hyperbolic simple structure;
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4. given v P C0pT;S0
clq, let h “ rv0s, and hε as in point 3, there exists a definitely

homogeneous symbol vε P C0pT;S0
clq arbitrarily close to v0 and such that rvεs “

hε. This concludes the proof of density of the set A.

5. Prove that A Ă V .

We now prove each step of the scheme.

The induced foliation is a characteristic foliation

To prove the first step we are going to identify Zh
e0

as a submanifold of S3, which we
regard as a contact manifold with contact structure induced by the symplectic structure
of pR4,Ωq, where Ω is the standard symplectic form, Ω :“ dx1 ^ dξ1 ` dx2 ^ dξ2.

Proposition 2.3.5. Let h : R4zt0u Ñ R be a positively homogeneous function of degree
zero, fix a regular value e0 for h and let X̃h be the vector field on Zh

e0
(see (2.2.5)) defined

in (2.2.6). Let µ̃ be the volume form on Zh
e0

defined in (2.2.10). Then X̃h directs the
characteristic foliation of Zh

e0
induced by the contact manifold pS3, κq with κ “ kerpαq

and α defined by Corollary 2.1.14. In particular,

iX̃h
µ̃ “ p2|∇h| αq |Zh

e0
. (2.3.13)

Proof. We compute iX̃h
µ̃. Using the definition (2.2.7) of X̃h and identity (2.2.11), we

have iX̃h
µ̃ “ iρXh

µ̃. Next, from the definition (2.2.10),

µ̃ “ ´i ∇h
|∇h|

i∇h0ν “ i ∇h
|∇h|

i∇h0
Ω ^ Ω

2

with Ω the standard symplectic form in R4. Recalling the expression of α in Corollary
2.1.14, the equality (2.3.13) reads

iρXh
i ∇h

|∇h|
i∇h0

2

Ω ^ Ω “ p2|∇h| i∇h0
2

Ωq|Ze0
.

We now verify it. Recalling that Ω
´

∇h
|∇h|

, Xh

¯

“ |∇h|, a direct computation yields

iXh
i ∇h

|∇h|
i∇h0

2

pΩ ^ Ωq “ 2|∇h|i∇h0
2

Ω ´ Ω
´ ∇h

|∇h|
,∇h0

¯

iXh
Ω ` Ω

´

Xh,∇h0
¯

i ∇h
|∇h|

Ω .

Now note that the coefficient Ω
´

Xh,∇h0
¯

“ 0 due to (2.1.3), whereas the one form
iXh

Ω|Zh
e0

“ dh|Zh
e0

vanishes on TZh
e0

since Zh
e0

is inside the energy manifold h´1pe0q.
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Density of functions h such that X̃h has Morse-Smale foliation

The main result of this section is the following:

Proposition 2.3.6. For any h : R4zt0u Ñ R positively homogeneous of degree zero,
for any regular value e0 of h and for any ε ą 0, there exists hε, positively homogeneous
of degree zero, such that X̃hε directs a Morse-Smale characteristic foliation on Zhε

e0
, and

dC8pS3qph, hεq ă ε.

We need a preliminary result.

Lemma 2.3.7. Let M , N be smooth compact manifolds of dimension two and let
f :M Ñ N be a smooth diffeomorphism. If X is a Morse-Smale vector field on N (see
Definition 2.1.8), then also f˚pXq is a Morse-Smale vector field on M .

Proof. Recalling the definition of the vector field f˚pXq as

f˚
pXqppq “ df´1

pfppqqrXpfppqqs,

one starts with observing that the number of critical elements of f˚pXq coincides with
the number of critical elements of X, hence it is finite. Furthermore, since f´1˝ϕtX˝f “

ϕtf˚pXq
, one checks that if every orbit of X has one and only one critical element as α

limit and one and only one as ω limit, then the same holds for every orbit of f˚pXq.
Finally, since the Jacobian matrix of X is similar to that of f˚pXq, the hyperbolicity
of the critical points is preserved. If there are no saddle connections for the flow of X,
the same holds for the flow of f˚pXq.

We say that a smooth family of maps ψt : M Ñ M , t P r0, 1s, has size ε ą 0 if
dC8pψt,1q ď ε for all t P r0, 1s. In particular it is possible to write

ψ1 “ 1 ` εϕ1, dC8pϕ1, 0q ď 1 . (2.3.14)

Proof of Proposition 2.3.6. Fix h : R4zt0u Ñ R positively homogeneous function of
degree zero, e0 regular value for h and ε ą 0. Let X̃h be the vector field on Zh

e0
defined

in (2.2.6). Using the genericity result of Theorem 2.1.9 by Peixoto, for any ε0 ą 0
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there exists a Morse-Smale vector field X1 on Zh
e0

, such that, recalling the definition of
distance between vector fields in (2.1.9),

dC8pZh
e0

qpX̃h, X1q ă ε0. (2.3.15)

Note that X1 does not necessarily direct the characteristic foliation on Zh
e0

(hence we
cannot guarantee that it is a vector field induced by a positively homogeneous function).
However, we shall prove that it is possible to slightly deform Zh

e0
to a new submanifold

Zhε
e0

whose characteristic foliation (which is directed by X̃hεq is actually also directed
by the pullback of X1, and so it is Morse-Smale.

Precisely, we are going to show that for any ε ą 0, provided ε0 is small enough,
there exist a positively homogeneous function of order zero hε : R4zt0u Ñ R, a dif-
feomorphism ψ : Zhε

e0
Ñ Zh

e0
and a smooth strictly positive function f on Zhε

e0
such

that

ψ˚
pX1q “ fX̃hε as vector fields on Zhε

e0
and dC8pS3qph, hεq ă ε. (2.3.16)

This concludes the proof since, from Lemma 2.3.7, the flow of ψ˚pX1q on Zhε
e0

is still
Morse-Smale, and fX̃hε directs the same foliation of X̃hε .
We now prove (2.3.16). The key idea is to regard Zh

e0
as a submanifold of the contact

manifold S3, and use the local Gray theorem 2.1.15 to deform it to a new submanifold
whose characteristic foliation is Morse-Smale. So define α0 :“ 2|∇h|α and α the
Liouville 1-form as in Corollary 2.1.14. Note that α and α0 define the same contact
structure in a neighbourhood UpZh

e0
q Ă S3 since they differ for function never-vanishing

on UpZh
e0

q (provided the neighbourhood is chosen sufficiently small, since |∇h||Zh
e0

is
non-vanishing).

So define on Zh
e0

the 1-form given by β :“ iX1´X̃h
µ̃. By (2.3.15) on a sufficiently

small neighborhood UpZh
e0

q it is possible to extend β to a 1-form, which we still denote
by β, such that }β}C8pUpZh

e0
qq ď 2ε0.

Thus for any t P r0, 1s the 1-form

αt :“ α0 ` tβ

is well defined on UpZh
e0

q, and it is still a contact form, since

αt ^ dαt “ α0 ^ dα0 ` tα0 ^ dβ ` tβ ^ dα0 ` t2β ^ dβ
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is non-degenerate on UpZh
e0

q, due to the fact that α0 is positively proportional on UpZh
e0

q

to the contact form α and to (2.3.15). Moreover on Zh
e0

, in view of (2.3.13) and the
very definition of β,

iX1µ̃ “ α1|Zh
e0
. (2.3.17)

Since αt is a family of contact forms in UpZh
e0

q with } 9αt}C8pUpZh
e0

qq “ }β}C8pUpZh
e0

qq ď 2ε0,
we can now use Gray’s Theorem 2.1.15: for any ε1 ą 0 (which will be fixed later), if ε0 is
small enough, there exists a family of smooth diffeomorphisms tψtutPr0,1s on UpZh

e0
q and

a family of strictly positive smooth functions λt on UpZh
e0

q such that ψ˚
t pαtq “ λtα0 and

(2.3.14) holds, with ε replaced by ε1. Define now the positively homogeneous function

hε :“ h ˝ ψ1 ˝ π ;

clearly Zhε
e0

“ ψ´1
1 pZh

e0
q. Now we show that the diffeomorphism in equation (2.3.16)

can be taken as ψ “ ψ1. We first evaluate ψ˚
1 pα1q on Zhε

e0
:

ψ˚
1 pα1q

(2.3.17)
“ ψ˚

1 piX1µ̃q “ iψ˚
1 pX1qψ

˚
1 pµ̃q .

Combining this identity with (2.1.13) and using the definition of α0, we have:

iψ˚
1 pX1qψ

˚
1 pµ̃q “ λ1α0 “ 2|∇h|λ1α on Zhε

e0
. (2.3.18)

We define on Zhε
e0

the volume form µ̃ε :“ ´i ∇hε
|∇hε|

νS3 , with νS3 as in Lemma 2.2.6; by
Proposition 2.3.5 with h replaced by hε and µ̃ replaced by µ̃ε, we have

iX̃hε
µ̃ε “ 2|∇hε|α on Zhε

e0
. (2.3.19)

Moreover, we observe that both µ̃ε and ψ˚
1 pµ̃q are volume forms on Zhε

e0
, thus there

exists a smooth function g : Zhε
e0

Ñ R` such that ψ˚
1 pµ̃q “ gµ̃ε. Then comparing

(2.3.19) and (2.3.18) one gets that on Zhε
e0

iψ˚
1 pX1qµ̃ε “ g´1iψ˚

1 pX1qψ
˚
1 pµ̃q “ 2g´1

|∇h|λ1α “ g´1λ1|∇h||∇hε|´1iX̃hε
µ̃ε ,

thus, the two vector fields ψ˚
1 pX1q and X̃hε are proportional.

To prove (2.3.16), it only remains to show that dC8ph, hεq ă ε. First choose N P N
large enough such that

ř`8

n“N`1
1
2n

ď ε
2
, so that:

dC8ph, hεq ď

N
ÿ

n“0

1

2n
}h ´ hε}CnpS3q

1 ` }h ´ hε}CnpS3q

`
ε

2
. (2.3.20)
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Note that it is sufficient to prove that @n “ 0, . . . , N there exists Cn ą 0 such that

}h ´ hε}CnpS3q
ď Cnε1 , (2.3.21)

since then (2.3.20) and (2.3.21) give dC8pS3qph, hεq ď
řN
n“0Cnε1` ε

2
ă ε , up to choosing

ε1 ă εp2
řN
n“0Cnq´1. To deduce (2.3.21), with a direct computation one inductively

checks that, @n P N and α, β P N2 with |α| ` |β| “ n, one has

B
α
xB

β
ξ ph´hεqpx, ξq “ f

p1q

ε1,α,β
px, ξq ´f

p1q

ε1,α,β
ppx, ξq ` ε1ϕ1px, ξqq `ε1f

p2q

ε1,α,β
px, ξq , (2.3.22)

with f
pjq

ε1,α,β
smooth functions, whose CkpS3q norms are finite and have uniform upper

bound in ε1 for any k, and ϕ1 as in (2.3.14). Then (2.3.22) gives

sup
S3

|B
α
xB

β
ξ ph ´ hεqpx, ξq| ď ε1

ˆ

sup
S3

|∇f p1q
| sup

S3
|ϕ1| ` sup

S3
|f

p2q

ε1,α,β
|

˙

ď ε1Cα,β,

for some positive Cα,β, and taking the sup over all α, β with |α| ` |β| ď n (2.3.21)
follows, concluding the proof.

If F is Morse-Smale, it has weakly hyperbolic simple structure

In this section we show that if the foliation F h induced by X̃h on Zh
e0

is Morse-Smale,
then it has weakly hyperbolic simple structure (see Definition 2.2.8). To state precisely
the result we need the following preliminary definition:

Definition 2.3.8. Let ζ0 be a hyperbolic critical point of the foliation F h. Then ζ0

is called weakly stable if there exists a strictly positive function f : Zh
e0

Ñ R such that
divµ̃pfX̃hqpζ0q ă 0 . Similarly, ζ0 is called weakly unstable if there exists a positive
function f : Zh

e0
Ñ R such that divµ̃pfX̃hqpζ0q ą 0 .

The following result is a small variant of Theorem 6.2 of [26]:

Proposition 2.3.9. Let F h be the foliation induced by X̃h on Zh
e0
. If F h is Morse-

Smale, then it admits a weakly hyperbolic simple structure (see Definitions 2.2.7 and
2.2.8). In particular K` is the finite union of the stable critical points and closed
orbits, and of the unstable manifolds of the weakly stable saddle points, whereas K´

is the finite union of the unstable critical points and closed orbits, and of the stable
manifolds of the weakly unstable saddle points.
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Proof. The proof follows the same construction of Theorem 6.2 in [26]. The only
difference is that, due to the difference in the homogeneity classes of the involved
functions, we need to show in a different way that all critical points of X̃h are either
weakly stable or weakly unstable, according to Definition 2.3.8. In order to prove it,
we proceed as follows: suppose by contradiction that there exists ζ0 P Zh

e0
such that,

for any smooth function f defined in a neighborhood of ζ0 and such that fpζ0q ą 0,

divµ̃pfX̃hqpζ0q “ 0 . Then, choosing f such that fpζ0q “ 1 and using (2.2.15), we get
th, h0upζ0q “ 0 . But then, since ζ0 is a critical point of X̃h, from (2.2.6) we deduce
Xhpζ0q “ 0, contradicting that e0 is a regular value for h.

Density of symbols whose characteristic foliation is Morse-Smale

In this section we put together the results obtained so far, and we show that, given
any symbol v P C0pT,S0

clq, it is possible to slightly perturb it into a new symbol vε
whose projected vector field directs a foliation with weakly hyperbolic simple structure.
Precisely we have (recall the notation (2.3.11) and (2.2.5)):

Proposition 2.3.10. Let v P C0pT,S0
clq. Given any ε ą 0, there exists vε P C0pT,S0

clq

of the form vε “ vε0 ` v´µ, with vε0 positively homogeneous and v´µ P C0pT,S´µq,
µ ą 0, and e0 regular value of rvε0s, such that d0Tpv, vεq ă ε, and the foliation induced
by X̃rvε0s on Z

rvε0s
e0 has weakly hyperbolic simple structure.

Proof. First we observe that, without loss of generality, we can assume that the defi-
nitely homogeneous symbol v admits the decomposition v “ v0 ` v´µ, with

v0px, ξq “ v0pλx, λξq @λ ě 1 , |px, ξq| ě
1

4
, v0 P C0

pT;S0
q , v´µ P C0

pT;S´µ
q , µ ą 0.

(2.3.23)
Note that the homogeneity is here required to hold in |px, ξq| ě 1

4
and not only in

|px, ξq| ě 1 as in Definition 1.1.1 of definitely homogeneous symbol. However, we
can always reduce to (2.3.23) by a different definition of the smoothing component.
Precisely, since v P C0pT;S0

clq, we have v “ ṽ0 ` ṽ´µ, with ṽj P C0pT;Sjclq, j “ 0,´µ,
and ṽ0 definitely homogeneous according to Definition 1.1.1. Then to obtain (2.3.23)
it is sufficient to choose

v0 :“ p1 ´ ηqpṽ0 ˝ πq , v´µ :“ ṽ0 ´ p1 ´ ηqpṽ0 ˝ πq ` ṽ´µ ,
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with η P C8pR4;Rq a non-negative radial cut-off function satisfying

ηpx, ξq “

$

&

%

1 |px, ξq| ď 1
8
,

0 |px, ξq| ě 1
4
.

Note that v0pt, ¨q is a smooth function, since the function ṽ0 ˝ π has a singularity
only at px, ξq “ 0, where 1 ´ η identically vanishes; furthermore v0 coincides with
ṽ0 P C0pT;S0

clq outside the ball B1p0q :“ tpx, ξq P R4 | |px, ξq| ď 1u, thus one also has
v0 P C0pT;S0

clq, and v0 satisfies the homogeneity property in (2.3.23) by construction.
Similarly, we observe that the function ṽ0 ´ p1 ´ ηqpṽ0 ˝ πq has no singularities and
identically vanishes outside B1p0q, thus we deduce that ṽ0´p1´ηqpṽ0˝πq P C0pT;S´8

cl q

and v´µ P C0pT;S´µ
cl q. This proves (2.3.23).

Assume now that v0 is as in (2.3.23). We fix a smooth, non-negative, radial cut-off
function χ fulfilling

χ P C8
c pR4, r0, 1sq, χpx, ξq “

$

&

%

1 |px, ξq| ď 1
4

0 |px, ξq| ě 1
, (2.3.24)

and we are going to construct vε as follows:

vε :“ vε0 ` v´µ ,

where
vε0pt, ¨q :“ v0 `

`

p1 ´ χqphε ´ rv0sq
˘

˝ ϕ´t
h0
,

and hε P C8pR4zt0u;Rq is a suitable smooth, positively homogeneous function of degree
0, that we now are going to exhibit. We shall require that hε also satisfies the following
properties:

piq dC8pS3qprv0s, hεq ă ε;

piiq there exists e0 P Ranphεq, regular value for hε, such that the foliation induced by
X̃hε on Zhε

e0
has weakly hyperbolic simple structure.

If hε is as above, then observing that, on the support of 1 ´ χ, both hε and rv0s are
smooth and positively homogeneous functions of degree 0, and using Lemma 1.1.4, it
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is clear that vε0 is a smooth, definitely homogeneous function of degree 0. Thus we
have vε “ vε0 ` v´µ P C0pT;S0

clq and, by piq,

d0Tpv, vεq ď d0prv0sp1 ´ χq, hεp1 ´ χqq ď ε .

Furthermore, by construction we have that xvε0y “ xv0y ` p1 ´ χqphε ´ rv0sq (see
Definition 1.1.5), and using that χ ” 0 on |px, ξq| ě 1, we also have rvε0s “ hε , thus
by piiq there exists e0 P Ran rvε0s such that the foliation induced by X̃rvε0s on Zrvε0s

e0 has
weakly hyperbolic simple structure.

Then it remains to exhibit hε with the above properties in order to prove the
proposition. To this aim, consider the positively homogeneous function rv0s. Two
cases are given: either rv0s is identically constant, or not. In the first case, we define

hε :“ rv0s ` εh‹ ,

with h‹ as in Lemma 2.2.10 and we take e0 “ rv0s ` ε
2
, and items piq and piiq follow

from Lemma 2.2.10 and the arbitrariness of ε.
In the second case, let e0 be a regular value of rv0s; the existence of a smooth, definitely
homogeneous, function hε such that item piq holds and the foliation induced by X̃hε

on Zhε
e0

is Morse-Smale is guaranteed by Proposition 2.3.6. Finally, item piiq holds by
Proposition 2.3.9.

Proof of Proposition 2.3.4

First we show that A Ď V . Take v P A; by the very definition (2.3.12), the vector
field X̃rv0s induces a foliation on Zrv0s

e0 with a weakly hyperbolic simple structure, with
e0 a regular value of rv0s. By Proposition 2.2.9 and Corollary 2.2.22, there exist a
positively homogeneous function ã of degree two and an interval I Q e0 and contained
in Ranprv0sq, such that ã is an escape function for rv0s at any ω P I and for any
px, ξq P rv0s

´1pIq X t|px, ξq| ě 1u.

Since ã is only positively homogeneous of degree 2, we regularize it at 0 with the
cut-off in (2.3.24), i.e. we put a :“ p1 ´ χqã. Then

txv0y , au “ trv0s, ãu ě δ, @ px, ξq P xv0y
´1

pIq X t|px, ξq| ě 1u.
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Since, by Remark 2.3.3, xv0y
´1

pIq X t|px, ξq| ě 1u “ rv0s
´1pIq X t|px, ξq| ě 1u, we have

thus showed that v P V .

The density of A in C0pT,S0
clq with respect to the distance d0T is Proposition 2.3.10.

2.4 Growth of Sobolev norms for potentials in V

In this last section we prove Theorem 2.0.1 point piiq, by applying the abstract Theorem
2.1.6 with K0 :“ H0 and V ptq “ Opwpvptqq, v P V . We verify that assumptions I, II,
III are met.

Verification of Assumption I: it holds trivially by the symbolic calculus of pseu-
dodifferential operators (see Proposition 2.1.1).
Verification of Assumption II: piq holds since σpH0q “ N ` 1, whereas piiq by the
exact Egorov Theorem (see Proposition 2.1.3).
Verification of Assumption III: First note that, applying again Theorem 2.1.3, if
K0 “ H0, then the two operators xxV yy and xV y respectively defined in (2.1.6) and
(1.1.8) coincide.
piq Decompose as usual v “ v0 ` v´µ, µ ą 0, then by (2.1.6), (1.1.7) and the exact
Egorov theorem 2.1.3, one has

xV y “ xV0y ` xV´µy , xV0y :“ Opw
pxv0yq P S0 ,

and xV´µy “ Opwpxv´µyq P S´µ a compact operator. In particular σesspxV yq “

σesspxV0yq and the last spectrum is known to be

σesspOpw
pxv0yqq “ rmin xv0y |S3 ,max xv0y |S3s ,

see e.g [70, Theorem 2.7] or [26, Theorem 2.1]. Since for symbols in V the function
xv0y is not constant on S3 (otherwise txv0y , au ” 0 in |px, ξq| ě 1), Assumption III piq

holds taking an interval I0 Ă Ranpxv0y |S3q.
piiq Put A :“ Opwpaq, where a P S1

cl and I Ă I0 are the escape function and the interval
in (2.0.3). Let g P C8

c pR,Rě0q be a smooth and compactly supported function such
that supppgq Ă I .
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We verify (2.1.7) for some θ ą 0 and K compact and selfadjoint operator in L2pR2q,
and eventually shrinking I. It is sufficient to show (2.1.7) for V0, i.e.

gIpxV0yq i rxV0y , AsgIpxV0yq ě θg2I pxV0yq ` K , (2.4.1)

since then by Lemma 2.1.5 and the fact that rxV ´ V0y , As is a compact operator

gIpxV yq irxV y , As gIpxV yq “ gIpxV0yqirxV0y , AsgIpxV0yq ` K,

with K compact, proving (2.1.7).
To show (2.4.1) we use first symbolic and functional calculus (see Section 2.1.1) to

write

gIpxV0yq irxV0y , As gIpxV0yq “ Opw
pg2I pxv0yqtxv0y , auq ` K (2.4.2)

with K a pseudodifferential operator of strictly negative order, hence compact.
Next we remark that, from the definition of the set V in (2.0.3) and the support

properties of gI :

g2I pxv0yqptxv0y , au ´ δq ě 0, @ |px, ξq| ě 1,

so the strong Gårding inequality 2.1.4 yields
@

Opw
pg2I pxv0yqptxv0y , au ´ δqqu, u

D

ě ´C }u}
2
´ 1

2
. (2.4.3)

Hence
@

Opw
pg2I pxv0yqtxv0y , auqu, u

D (2.4.3)
ě δ

@

Opw
pg2I pxv0yqu, u

D

´ C }u}
2
´ 1

2

(2.0.2)
“ δ

@

rOpw
pg2I pxv0yqq ´ CH´1

0 su, u
D

,

(2.4.4)

and since from (2.1.1)

Opw
pg2I pxv0yqq “ Opw

pgIpxv0yqq
2

` K1, with K1 P S´1, (2.4.5)

we obtain

Opw
pg2I pxv0yqtxv0y , auq

(2.4.4),(2.4.5)
ě δOpw

pgIpxv0yqq
2

` K “ δg2I pxV0yq ` K, (2.4.6)

where again the compact contribution K changes at each equality.
Plugging (2.4.6) in (2.4.2) we obtain (2.4.1) with θ “ δ, concluding the proof.
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2.5 Proof of technical results

2.5.1 Proof of Lemma 2.2.10

First note that the energy level Σh‹
1
2

“ tpx, ξq P R4 : x21 “ ξ21 ` x22 ` ξ22u. Then, by
(2.2.5),

Zh‹
1
2

“ tx1 “ ˘
1

?
2

u Y tξ21 ` x22 ` ξ22 “
1

2
u

which is topologically S2 Y S2. We now compute the induced vector field X̃h‹
on one

of the spheres, say the one corresponding to x1 “ 1?
2
. Such sphere is described, in the

coordinates ζ of (2.2.4), by

ζ22 ` ζ23 ` ζ24 “
1

2
, (2.5.1)

where we have identified
´

x1
ρ
, x2
ρ
, ξ1
ρ
, ξ2
ρ

¯

” pζ1, ζ2, ζ3, ζ4q. We now compute X̃h‹
pζq via

its definition (2.2.7), getting

X̃h‹
pζq “ 2

x1
ρ3

¨

˚

˚

˚

˚

˝

0

ξ1x2 ´ x1ξ2

ξ21 ` x21 ´ 2h0px, ξq

x1x2 ` ξ1ξ2

˛

‹

‹

‹

‹

‚

“
?
2

¨

˚

˚

˚

˚

˝

0

ζ3ζ2 ´ 1?
2
ζ4

ζ23 ´ 1
2

ζ3ζ4 ` 1?
2
ζ2

˛

‹

‹

‹

‹

‚

.

By (2.5.1), each variable ζj is defined in the interval r´ 1?
2
, 1?

2
s. Consider first the

equation for ζ3, given by 9ζ3 “
?
2pζ23 ´ 1

2
q. The dynamics is clear: the fixed point

´ 1?
2

is a global attractor and the fixed point 1?
2

a global repellor. Then, in view of
(2.5.1), ζ˘ :“ p 1?

2
, 0,¯ 1?

2
, 0q are fixed points for the dynamics of X̃h‹

. Moreover, since
ζ3ptq Ñ ¯ 1?

2
for t Ñ ˘8 whenever ζ3p0q ‰ ˘ 1?

2
, still from (2.5.1) we deduce that

p 1?
2
, ζ2ptq, ζ3ptq, ζ4ptqq Ñ ζ˘ when t Ñ ˘8. This, putting K˘ :“ tζ˘u, shows that

the foliation has a simple structure (Definition 2.2.7). Note that the flow of X̃h‹
is the

simplest Morse-Smale flow on S2! See Figure 2.1.
To show that the foliation is also weakly hyperbolic, it is easier to use formula

(2.2.15), that reads
divµ̃pX̃h‹

q “ ´2th‹, h0u “ 4x1ξ1|Zh‹
1
2

,

with µ̃ as in (2.2.10). Then, at the point ζ`, corresponding to K`, the right hand
side is strictly negative, hence by continuity the l.h.s is strictly negative also in a
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{1/√2}⨯𝕊2 {-1/√2}⨯𝕊2

Figure 2.1: The flow of the vector field X̃h˚
. The repellor K´ consists in the two

blue dots, whereas the attractor K` is formed by the orange dots.

neighbourhood of K`. Analogously, in a neighbourhood of K´, the l.h.s. is strictly
positive, proving the weak hyperbolicity (Definition 2.2.8).

As a final comment, an escape function for h‹ can be directly computed: put
apx, ξq :“ ´x1ξ1 to get

th‹, au “
ξ21x

2
1

2h20
`
x21
h0

`

1 ´
x21
2h0

˘

ě 2h‹p1 ´ h‹q

which is strictly positive on any energy level Σh‹
e0

with e0 P p0, 1q.

2.5.2 Proof of Proposition 2.2.15

Before starting the proof, we recall the following topological properties of attractors
[57, Lemma 1.6].

Lemma 2.5.1. Let K` be an attractor and V a neighbourhood of K`. Then there
exists an open neighbourhood U of K` such that K` Ă U Ă V ,

Ş

tě0 ϕ
t
XpUq “ K` and

ϕtXpUq Ă U for all positive times.

We divide the proof of Proposition 2.2.15 in several steps. A key point will be to
observe that, by Lemma 2.2.11, if zptq solves the Cauchy problem 9z “ Xhpzq, zpt0q “ z0

for some t0 P R, then its components ρptq, ζptq solve the Cauchy problem

$

&

%

9ζ “ ρ´2X̃hpζq

9ρ “ ρ´1th, h0u

,

$

&

%

ζpt0q “ ζ0 :“ πpz0q

ρpt0q “ ρ0 :“ }z0}
.
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For this reason, we will often reparametrize time as

τt0ptq :“

ż t

t0

ρ´2
psq ds (2.5.2)

and exploit the fact that, for any time interval I Q t0 such that ρptq ą 0 @t P I, one has

ζptq “ wpτt0ptqq @ t P I , (2.5.3)

where w solves the Cauchy problem

dw

dτ
pτq “ X̃hpwpτqq , wp0q :“ ζpt0q . (2.5.4)

Note that the flow of (2.5.4) is globally defined in time, since Ze0 is a compact mani-
fold. Moreover, let U` be the open set given by the definition of weak hyperbolicity
2.2.8. Since K` is an attractor, Lemma 2.5.1 guarantees the existence of an open
neighbourhood of K`, Ũ` Ă U` such that, if wp0q P Ũ`,

wptq P Ũ`
@ t ě 0 and wptq Ñ K` as t Ñ `8 .

Up to shrinking U` we are going to suppose Ũ` “ U`.

Step 1: Item piq holds, namely there exist open neighborhoods U˘ Ă Ze0 of K˘

such that for any z0 P π´1pU˘q, the flow Φt
Xh

pz0q is globally defined for ˘t ě 0 and
Φt
Xh

pπ´1pU˘qq Ď π´1pU˘q for ˘t ě 0.

Proof of Step 1. We prove the statement with “`”. The idea is to exploit that the
projected flow ζptq stays in U` for all times; the difficulty is that the radial component
ρptq can either blow up or go to 0 in finite time. While the first possibility is ruled out
by homogeneity of the vector field, the second one would contradict the existence of
the local escape function k`.

Let z0 “ pρ0, ζ0q P π´1pU`q (recall (2.2.4)) with ρ0 ‰ 0, and denote Φt
Xh

pρ0, ζ0q “

pρptq, ζptqq. We need to show that for all positive times ρptq P p0, `8q and ζptq P U`.
Denote by Tmax P p0;`8s the maximal time such that ρptq P p0, `8q. First remark
that ρptq can’t blow up in finite time, since ρ “

?
2h0 and one has

| 9h0| “ |th, h0u| ď max
Ze0

|th, h0u| “: ν (2.5.5)
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that leads to the upper bound

|h0ptq ´ h0p0q| ď νt , @t ě 0 . (2.5.6)

Hence the only possibility to have Tmax ă `8 is that ρptq Ñ 0 as t Ñ T´
max. This is

not possible as long as ζptq belongs to U`, as we now show. Denote by t˚ the escape
time from π´1pU`q, namely

t˚ :“ inftt ě 0: ζptq R U`
u .

As ζp0q P U`, t˚ ą 0. Now, by (2.2.17), the escape function k`ptq is strictly increasing
as long as ζptq belongs to U` and, by (2.2.16), it is equivalent to h0:

c2h0ptq ě k`
ptq ě k`

p0q ě c1h0p0q ą 0 , @ t P r0, t˚s . (2.5.7)

This gives also that Tmax ą t˚.
We are now going to prove that t˚ “ `8, implying both that Φt

Xh
pπ´1pU`qq is

defined for all t ě 0, and that π´1pU`q is invariant along Φt
Xh

for t ě 0.
Assume by contradiction that t˚ ă `8. Then, recalling t˚ ă Tmax, take ε ą 0 so

small that t˚ ` ε ă Tmax, so that we have

ρptq ě ρ̄ ą 0 , @t P rt˚ ´ ε, t˚ ` εs . (2.5.8)

Then the time reparametrization τt˚´εptq in (2.5.2) is well defined in the time interval
of (2.5.8). On this time interval, the identity (2.5.3) holds with t0 :“ t˚ ´ ε and
wp0q “ ζpt˚ ´ εq P U`. Since wpτq is globally defined in time and wpτq P U` for any
τ ě 0, we get ζpt˚ `εq “ w

`

τt˚´εpt˚ `εq
˘

P U` contradicting the maximality of t˚.

Step 2: The set Γ˘ is invariant for all ˘t ě 0.

Proof of Step 2. We prove the statement with “`”. Denote again by Φt
Xh

pρ0, ζ0q “

pρptq, ζptqq the flow of Xh with initial datum z0 “ pρ0, ζ0q, written in the coordinates
(2.2.4). We point out that ρptq and ζptq are well defined for all t ě 0 from Step 1 and

ρpsq ě ρ̄t ą 0 , @s P r0, ts .

In particular the function τ0ptq in (2.5.2) is well defined for all t ě 0.
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We must show that whenever ρ0 ą 0 and ζ0 P K`, ζptq P K` for any t ą 0. We
have that ζptq “ wpτ0ptqq and since wp0q “ ζp0q P K` and K` is invariant for all t ą 0

under the flow of X̃h, ζptq P K` for all t ě 0, which proves Step 2.

Step 3: If z0 P Γ˘, there exists a finite time ˘T˘pz0q ă 0 such that

Φt
Xh

pz0q P Γ˘
@t s.t. ˘ T˘

pz0q ă ˘t , (2.5.9)

Φt
Xh

pz0q Ñ 0 as t Ñ T˘
pz0q

˘ . (2.5.10)

In particular, the maximal time of existence of Φt
Xh

pz0q for z0 P Γ` is pT`pz0q,`8q,
and it is p´8, T´pz0qq for z0 P Γ´.

Proof of Step 3. We prove the statement with “`”. Let T`pz0q ă 0 be the smallest
time such that Φt

Xh
pz0q exists. The fact that the invariance property (2.5.9) holds for

all t ą T`pz0q can be shown exactly as in Step 2.

We now prove that (2.5.10) holds for a finite time T`pz0q. Pick z0 P Γ`, and
consider the escape function k` defined in (2.2.16). The evolution of k` along the flow
is given by the equation 9k`ptq “ th, k`u for all t P pT`pz0q, 8q. From (2.2.17), in Γ`

we have a strictly positive bound from below on th, k`u, and since Γ` is invariant for
the flow Φt

Xh
as proved in (2.5.9), we have:

9k`
ptq ě δ, @t P pT`

pz0q, 8q.

Integrating both sides between t ă 0 and 0 we have:

ż 0

t

9k`
psqds ě ´δt ùñ k`

ptq ď δt ` k`
p0q . (2.5.11)

Then, combining (2.5.7) with (2.5.11), we deduce the existence of positive constants
c1, c2 ą 0 such that

h0ptq ď c1δt ` c2h0p0q .

The right hand side above tends to 0 as t Ñ ´
c2h0p0q

c1δ
ă 0 (recall h0p0q ą 0). Thus

there exists a negative time T`pz0q P
“

´
c2h0p0q

c1δ
, 0

˘

such that ρptq “
a

2h0ptq Ñ 0 as
t Ñ T`pz0q , proving (2.5.10).
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Steps 2 and 3 prove Items piiq and piiiq of Proposition 2.2.15.

Step 4: If z0 P Σe0 and Φt
Xh

pz0q is defined for all t ě 0, resp. t ď 0, then z0 P BpΓ`q,
resp. BpΓ´q.

Proof of Step 4. We prove the statement with “`”. It suffices to show that

distpζptq, K`
q Ñ 0 as t Ñ 8 . (2.5.12)

By Step 2, this holds for z0 P Γ` and we restrict to the case z0 R Γ`. To show (2.5.12),
we note that, since ρ2 “ 2h0 and Φt

Xh
pz0q is defined for all times,

τ0ptq “

ż t

0

ρ´2
psqds

(2.5.6)
ě

ż t

0

1

2ph0p0q ` νsq
ds Ñ 8 as t Ñ 8 .

Hence, since wpτq Ñ K` as τ Ñ `8, so does ζptq “ wpτ0ptqq.

Step 5: If z0 P Σe0zpΓ` Y Γ´q, then Φt
Xh

pz0q exists for all times t P R.

Proof of Step 5. We show that if z0 P Σe0zΓ´ then Φt
Xh

pz0q exists for any t ě 0.
Analogously one can prove that if z0 P Σe0zΓ` then Φt

Xh
pz0q exists for any t ď 0

concluding the proof.
To this aim, we prove that there exists a sequence of sets tVkukPN0 Ă Ze0 satisfying

Σe0zΓ´
“

ď

kPN0

π´1
pVkq , (2.5.13)

and we prove, inductively on k, that

@k P N0 , Φt
Xh

pπ´1
pVkqq is well defined @t ě 0 . (2.5.14)

The set V0. To ensure (2.5.14) for k “ 0, it is sufficient to choose V0 :“ U`, with U`

the set of Step 1.

The set Vk. For k ě 1, we recursively define

Vk :“ Φ´t

X̃h
pVk´1q, where t :“

1

4ν̃
ln

ˆ

3

2

˙

, ν̃ :“ max t1, νu ,
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with ν defined in (2.5.5). Suppose now that (2.5.14) holds for k ´ 1. We are going to
prove that (2.5.14) holds for k. Let z0 P π´1pVkq and suppose by contradiction that
there exists 0 ă Tmax :“ Tmaxpz0q ă `8 such that

ρptq Ñ 0, as t Ñ T´
max .

Then for all t P r0, Tmax{2s, Φt
Xh

pz0q is well defined and ρptq ě ρ ą 0 for some ρ ą 0,
thus on such time interval one also has ζptq “ wpτ0ptqq. We now claim that

τ0

ˆ

Tmax

2

˙

ě 2t . (2.5.15)

Indeed, passing to the limit t Ñ T´
max in (2.5.6), one has

Tmax ě
h0pz0q

ν̃
. (2.5.16)

This, recalling that, again by (2.5.6), ρ2ptq “ 2h0pzptqq ď 2ph0pz0q ` ν̃tq, gives

τ0

ˆ

Tmax

2

˙

“

ż
Tmax

2

0

1

ρ2psq
ds

(2.5.16)
ě

ż

h0pz0q

2ν̃

0

1

ρ2psq
ds

ě

ż

h0pz0q

2ν̃

0

1

2ph0pz0q ` ν̃sq
ds

“
1

2ν̃

ż 1
2

0

1

1 ` s
ds “

1

2ν̃
ln

ˆ

3

2

˙

“ 2t ,

which proves the claim in (2.5.15). Now, one observes that τ0 is an increasing continuous
function on r0, Tmax{2s satisfying τ0p0q “ 0 and τ0

`

Tmax

2

˘

ą t, thus D! t‹ P p0, Tmax{2q

such that τ0pt‹q “ t. But then, recalling ζp0q “ wp0q P Vk :“ Φ´t

X̃h
pVk´1q, one has

ζpt‹q “ wpτ0pt‹qq “ wptq P Vk´1 ,

namely Φt‹
Xh

pz0q P π´1pVk´1q. Then, for any t ě t‹, one has

Φt
Xh

pz0q “ Φt´t‹
Xh

pΦt‹
Xh

pz0qq P Φt´t‹
Xh

`

π´1
pVk´1q

˘

,

which is well defined by the inductive hypothesis. This then implies that Tmaxpz0q “

`8, which gives the contradiction.
It remains to show that (2.5.13) holds; but this is a consequence of the fact that K` is a
global attractor, thus for any z0 P Σe0zΓ´, there exists k0 P N0 such that Φk0t

X̃h
pζ0q P U`,

namely z0 P π´1pVk0q .

Steps 4 and 5 prove Item pivq of Proposition 2.2.15.
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2.5.3 Proof of Lemma 2.2.19

The idea is to construct V ´ as the sublevel of a smooth Lyapunov function defined on
Ze0 for the flow of X̃h. The first step is to construct a continuous Lyapunov function,
for which we invoke the following classical result, see e.g. [40, Proposition 1.4.21].

Proposition 2.5.2. There exists a continuous Lyapunov function L : Ze0 Ñ r0, 1s

associated to the flow of X̃h, such that L´1pt0uq “ K`, L´1pt1uq “ K´, and L is
strictly decreasing along orbits lying outside K` Y K´.

The next step is to regularize the Lyapunov function. We shall exploit a result by
Fathi-Pageault [36] that adapts to our case. First we need the following definitions:

Definition 2.5.3. Given a Lyapunov function L :M Ñ R for a flow ϕt on a compact
manifold M , the neutral set NpLq is defined as

NpLq :“ tx P M : D t ą 0 : Lpϕtpxqq “ Lpxqu.

Theorem 2.5.4. [36, Theorem 2.1] Let M be a smooth manifold, and let ϕt be a
continuous flow on M . Assume that

(i) the vector field Xpxq :“ d
dt
ϕtpxq|t“0 exists everywhere, is continuous and is a

Lipschitz vector field;

(ii) the flow ϕt admits a continuous Lyapunov function L :M Ñ R such that LpNpLqq

is contained in a closed subset of R with empty interior.

Then we can approximate L in the compact open topology of C0pM,Rq by a C8 Lya-
punov function L̃ : M Ñ R, arbitrarily close to L and such that NpL̃q “ CritpL̃q, the
set of critical points of L̃, and XrL̃s ă 0 on MzNpL̃q.

We apply this result to the continuous Lyapunov function L : Ze0 Ñ R constructed
in Proposition 2.5.2. Clearly item piq of Theorem 2.5.4 is fulfilled since the vector field
X̃h is smooth. To check piiq, note that NpLq “ K` Y K´, and again by Proposition
2.5.2 we have LpNpLqq “ t0, 1u which is a closed subset of R with empty interior.
Hence Theorem 2.5.4 yields a smooth Lyapunov function L̃ : Ze0 Ñ R such that

||L̃ ´ L||C0 ă
1

10
. (2.5.17)

Note that L̃pZe0q Ď r´ 1
10
, 11
10

s.
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Proof of Lemma 2.2.19. Since L´1p1q “ K´, we deduce from (2.5.17) that K´ Ă

L̃´1pr 9
10
, 11
10

sq, and analogously K` Ă L̃´1pr´ 1
10
, 1
10

sq. Then choose ε1 P p 1
10
, 9
10

q which is
not a critical value of L̃; such number exists by Sard’s theorem being L̃ non-constant.
Put V ´ :“ L̃´1ppε1,

11
10

sq; then V ´ contains K´ and pV ´qc contains K`, V ´ is invariant
for negative times being the superlevel of a Lyapunov function, and its boundary
BV ´ “ L̃´1pε1q is transverse to X̃h since, by Theorem 2.5.4, X̃hrL̃s ă 0.



Chapter 3

Unstable perturbations of periodic

transport equations

In this Chapter, we study instabilities in linear transport equations with time-dependent
perturbations on compact manifolds. As explained in the introduction, we consider two
different but closely related models: first, we study time-dependent perturbations of
linear, skew-adjoint transport equations with constant coefficients on tori, and then
we turn to the more general case of time-dependent perturbations of Morse-Smale
transport equations on compact manifolds.

We now state the two results separately, referring to Section 1.1.2 for a broader
introduction to to the models, and to Section 1.2.2 for an outline of the techniques
used in the proofs.

For any n ě 1, we denote by Tn`1 (with T :“ R{2πZ) the Euclidean pn ` 1q-
dimensional torus. Given ν P Rn and ω P R, we consider the following equations

Btuε “ pν ` εV pωt, xqq ¨ ∇xuε `
ε

2
divxpV pωt, xqquε, x P Tn, t P R, ε ą 0, (3.0.1)

where V pt, xq P C8pT ˆ Tn;Rnq is a time-dependent vector field, divp¨q denotes the
divergence with respect to the standard Euclidean volume on Tn and ε ą 0 plays the
role of a parameter. Here we denote by

Hσ
pTnq ” Hσ :“ tu P L2

pTn;Cq : }u}
2
σ :“

ÿ

kPZn

xky
2σ

|uk|
2

ă `8u,

86
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(where we use the notation xky :“
a

1 ` |k|2 for the Japanese brackets and we denote
by tukukPZn the Fourier coefficients of the function u). Our first main result is the
following theorem:

Theorem 3.0.1. Let n “ 2, ω “ 1 and ν P N2zt0u. Then there exists an open and
dense subset Oν of 1 C8pT3;R2q such that, for every V P Oν, the following holds.

There exists δ0 ą 0 such that, for every 0 ď σ ď δ0 and for every 0 ď ε ď δ0σ
2, one

can find vε P HσpT2q and r :“ rpε, σ, vεq ą 0 such that

}uεp0q ´ vε}σ ď r ùñ }uεptq}σ ě δ0e
δ0σtε }uεp0q}σ , for any t ą 0,

where uεptq is the solution to equation (3.0.1) with initial datum uεp0q.

As we explained in Section 1.2.2, the set Oν consists of all perturbations V P

C8pT3;R2q such that the resonant average (1.1.13) is Morse-Smale (see Definition
1.1.8). For this reason, our second main result concerns the study of instabilities for
Morse-Smale transport equations on arbitrary smooth, compact, and Riemannian man-
ifolds of arbitrary dimension.

We consider M a smooth (C8), compact and oriented manifold of dimension n ě 1,
without boundary. We endow the manifold M with a Riemannian metric that we
denote by g and we let υg be the corresponding Riemannian volume on M . We denote
by XpMq the set of smooth vector fields on M and we consider the following class of
transport equations:

Btuε “ LV`εPptquε `
1

2
divυgpV ` εPptqquε, x P M, t P R, ε ą 0, (3.0.2)

where V P XpMq, Pptq P C0
b pR;XpMqq and divυg is the divergence with respect to the

Riemannian volume form. Here, L denotes the usual Lie derivative, i.e., the order one
differential operator defined by LY u :“ durY s, for every Y P XpMq, and C0

b pR;XpMqq

denotes the set of time dependent vector fields onM , which are continuous and bounded
in time. The Sobolev spaces HσpMq are defined as

Hσ
pMq :“

!

u P L2
pM ;Cq :

›

›p1 ´ ∆gq
σ
2 u

›

›

L2pM,υgq
ă `8

)

, σ P R, (3.0.3)

1The set is endowed with its standard Fréchet topology.
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where ∆g is the Laplace-Beltrami operator on M . The corresponding Sobolev norm
will be denoted by }.}σ.

Theorem 3.0.2. Let V P XpMq and P P C0
b pR,XpMqq. Suppose that V is a Morse-

Smale vector field (see Definition 1.1.8) and, if n “ 1, suppose in addition that it has
at least one critical point.

Then, there exists δ0 ą 0 such that, for every 0 ď σ ď δ0 and for every 0 ď ε ď δ0σ
2,

one can find vε P HσpMq and r :“ rpε, σ, vεq ą 0 such that

}uεp0q ´ vε}σ ď r ùñ }uεptq}σ ě δ0e
δ0σt}uεp0q}σ, for any t ą 0,

where uεptq is the solution to equation (3.0.2) with initial datum uεp0q.

This Chapter is devoted to the proof of Theorems 3.0.1 and 3.0.2.

Organization of the Chapter. The core of our proof is the construction of an
escape function for the transport operator in the Morse-Smale case. This requires a
detailed description of the Hamiltonian flow induced by its principal symbol. Thus we
devote Section 3.1 to a brief reminder of Morse-Smale dynamics and their symplectic
lifts and then Section 3.2 to the construction of the corresponding escape function. In
Section 3.3.1, we review tools from microlocal analysis and apply them to the proof of (a
slightly stronger version of) Theorem 3.0.2 by a positive commutator argument making
use of the escape function from Section 3.2. Once this is done, we prove Theorem 3.0.1
in Section 3.4 by combining Theorem 3.0.2 with a normal form procedure. Finally, the
auxiliary section 3.5.1 reviews a few definitions from dynamical systems theory that are
used all along the Chapter (especially in Sections 3.1 and 3.2) and in Section 3.5.2 we
prove global well posedness for the class of transport equations that we use in Section
3.3.2.

3.1 Review of dynamical setting

In this section, we recall the properties of the class of Morse-Smale vector fields V on
a smooth compact manifold M (see Definition 1.1.8) and of their symplectic lift to the
cotangent bundle T ˚M . Along the way, we collect some of their properties that will be
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used in the following. More precisely, in Paragraph 3.1.1, we review the definition of
such vector fields. After that, we briefly recall in Paragraph 3.1.2 how to lift a vector
field in a symplectic manner to T ˚M and we review in Paragraph 3.1.3 some material
from [24] on the dynamics of symplectic lifts for Morse-Smale vector fields.

Remark 3.1.1. We refer to [77, Chapter 4] for a detailed introduction to Morse-Smale
vector fields and flows on smooth manifolds and to [24] for a detailed study of the lifted
dynamics on the cotangent bundle. We collect in Section 3.5.1 standard definitions from
the theory of dynamical systems that are used in this section.

3.1.1 Morse-Smale flows

In this section we will always refer to Definition 1.1.8 of Morse-Smale vector fields
on arbitrary compact manifolds (confront with Definition 1.2.1, for an equivalent for-
mulation on surfaces). We also recall the notation XMSpMq Ă XpMq for the set of
Morse-Smale vector fields on M . Given a vector field V P XpMq, we denote by φtV pxq

its flow on M with starting point x P M :

d

dt
φtV pxq “ V pφtV pxqq, @ t P R. (3.1.1)

We recall that, from compactness of the manifold M , the flow φtV pxq is complete, i.e.,
for each initial datum x P M , the flow line φtV pxq exists globally in time – see e.g. [62,
Corollary 9.17]. We denote by

CritpV q :“ tΛ1, . . . ,ΛKu (3.1.2)

the set of critical elements (basic sets) of V , which are either critical points or closed
orbits. It will be important for the final steps2 of our analysis that n ě 2 or that
CritpV q ‰ M if n “ 1.

From the Definition 1.1.8 of Morse-Smale vector fields, one can prove the following
properties:

Lemma 3.1.2. Let V P XMSpMq.

2More precisely, this is used when we pick the initial data generating unstable solutions.
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(i) For every x P M there exists a unique pair pi, jqx P t1, . . . , Ku2 such that

x P W s
pΛiq X W u

pΛjq,

(recall notation in (3.1.2) and Definition 3.5.5).

(ii) The unstable manifolds of the critical elements of V form a partition of M , pre-
cisely:

M “

K
ď

i“1

W u
pΛiq, and W u

pΛiq X W u
pΛjq “ H, @ i ‰ j.

We refer for instance to [24, Lemmas 3.3, 3.4] for the proof of these statements.

Energy function. We now report a result by Meyer [74], that proves the existence of
a function which is non-decreasing along the flow that we call energy function following
the literature. It will be a fundamental element for our construction in Section 3.2.

Lemma 3.1.3 ([74] Energy function). Let V P XMSpMq. Then there exists a function
E P C8pMq such that

LV E ě 0, everywhere on M, and LV E ą 0 on MzCritpV q. (3.1.3)

Remark 3.1.4. In the case where V is a gradient vector field associated with a Morse
function f , such a function is given by f itself.

Morse-Smale vector fields on surfaces. The case of Morse-Smale vector fields on
compact surfaces (i.e. n “ 2) is peculiar and further motivates the choice of such class
of vector fields. Indeed, as we already emphasized (see Definition 1.2.1), in this case,
the definition of Morse-Smale vector fields can be simplified.

Remark 3.1.5. We recall that the set XMSpMq is generic in XpMq (i.e., it is open and
dense with respect to the C8 topology), for M smooth, compact manifold of dimension
two. This important property of Morse-Smale vector fields has been proved by Peixoto
in [78, Theorem 2]. As anticipated, we will use this result in Section 3.4 in order to
prove Theorem 3.0.1. In higher dimension, it is still an open set which is contained in
the larger class of Axiom A flows (with appropriate transversality properties). However,
Axiom A flows are not generic in higher dimensions even if they are structurally stable.
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3.1.2 Symplectic lift on the cotangent bundle

From now on, we will use the notation T ˚Mzt0u :“ tpx, ξq P T ˚M : ξ ‰ 0u where T ˚M

is the cotangent bundle of M . The main dynamical object considered in this Chapter
is the Hamiltonian flow of

h : T ˚M Ñ R, hpx, ξq :“ ξpV pxqq. (3.1.4)

It turns out that the dynamics of such flow is linked to that of the flow of V pxq on M
and, in this paragraph, we make this connection precise.

We denote by ωp¨, ¨q the canonical symplectic form on T ˚M and by Xh be the
Hamiltonian vector field defined by h (see (3.1.4)) through the relation

dhpY q “ ωpXh, Y q, @ Y P XpMq. (3.1.5)

The upcoming definitions and results in this paragraph hold for any vector field, not
necessarily Morse-Smale and we denote by π : px, ξq P T ˚M ÞÑ x P M the canonical
projection.

Definition 3.1.6 (Symplectic lift). Let V P XpMq and let φtpxq be a flow on M .

I) The symplectic lift of V to T ˚M is the vector field Y P XpT ˚Mq such that

a) dπpY q “ V ;

b) the vector field Y satisfies LY ω “ 0.

II) The symplectic lift of a flow φt on M is the flow Φt on T ˚M such that

a) π ˝ Φt “ φt ˝ π, for all t P R, as maps on T ˚M ;

b) pΦtq
˚
ω “ ω, @t P R,

where ˚ denotes the pullback of ω with respect to Φt.

In order to write down explicitly the relation between a flow onM and its symplectic
lift on T ˚M , we recall the following definition.
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Definition 3.1.7 (Transposed operator). Let Φ : TM Ñ TM and set π0 : px, vq P

TM ÞÑ x P M . We define the transposed map ΦJ as

ΦJ : T ˚M Ñ T ˚M, ΦJ
pξqpwq :“ ξpΦpwqq, @ξ P T ˚

π0˝ΦpwqM, w P TM.

The following Lemma explicits the relation between a vector field V pxq and the Hamil-
tonian vector field Xh on T ˚M , as defined in (3.1.4) and (3.1.5). We only state the
next result, since the proof is standard and follows directly applying Definitions 3.1.6
and 3.1.7.

Lemma 3.1.8. For every V P XpMq, the vector field Xh defined by (3.1.5) is the
symplectic lift of V on T ˚M . Moreover, for every flow φtpxq on M , its symplectic lift
is given by

Φt
px, ξq “

´

φtpxq,
“

dxφ
t
pxq

‰´J
ξ
¯

, (3.1.6)

where rdxφ
tpxqs

´J is the inverse of the transposed operator of dxφtpxq, as in Definition
3.1.7.

In particular remark that, as an immediate consequence of Lemma 3.1.8, the flow
of the Hamiltonian vector field Xh on T ˚M , with h in (3.1.4), coincides with the lift
of the flow φtV . Thus we will use the notation Φt

V px, ξq for such flow, whose explicit
expression is the one in (3.1.6).

3.1.3 Dynamics of Morse-Smale symplectic lifts

In this paragraph, we take V P XMSpMq and we describe the dynamics of the Hamil-
tonian flow induced by the Hamiltonian vector field Xh, with h : T ˚M Ñ R defined
in (3.1.4). In particular, we describe global attractors and repellors for the lifted flow
on T ˚M and some of their properties, using that V is Morse-Smale. We closely follow
[24], to which we refer for the proof of most results.

Let S˚M denote the unit cotangent bundle of M :

S˚M :“ tpx, ξq P T ˚M : }ξ}x “ 1u,

where }¨}x is the norm on the cotangent space at the point x, T ˚
xM , induced by the

metric gx. The flow Φt
V of Xh on T ˚M , which is explicitly given in (3.1.6), induces a
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projected flow on S˚M :

Φ̃t
V px, ξq :“

¨

˝φtV pxq,
rdxφ

t
V pxqs

´J
ξ

›

›

›
rdxφtV pxqs

´J ξ
›

›

›

x

˛

‚, (3.1.7)

and we denote by X̃h the induced smooth vector field on S˚M , which is the generator
of Φ̃t

V .
We now identify global attractors and repellors for such flows on S˚M . To this aim,

we start with the general definition of conormal bundle of a submanifold. Let S Ă M

be a smooth submanifold of M . We define the submanifold N˚S of T ˚M as

N˚S :“ tpx, ξq P T ˚M such that x P S, ξ ‰ 0, ξpwq “ 0, @ w P TxSu,

and we call it the conormal bundle of S. We define the following sets:

Rp :“
K
ď

i“1

N˚
pW s

pΛiqq X S˚M, Ap :“
K
ď

i“1

N˚
pW u

pΛiqq X S˚M. (3.1.8)

Next we recall that every stable and unstable manifold is foliated by a family of sub-
manifolds (see Definition 3.5.6):

W u
pΛiq “

ď

xPΛi

W uu
pxq, W s

pΛiq “
ď

xPΛi

W ss
pxq, @1 ď i ď K.

On the one hand, this foliation is trivial for critical points. On the other hand, for every
x P Λi with Λi closed orbit, W sspxq has codimension one in W spΛiq and analogously
W uupxq in W upΛiq. As we shall see, they also turn out to be relevant for the dynamics.
Hence, we define

Rr
p :“

K
ď

i“1

ď

xPΛi

N˚
pW ss

pxqq X S˚M, Aap :“
K
ď

i“1

ď

xPΛi

N˚
pW uu

pxqq X S˚M. (3.1.9)

Remark 3.1.9. The transversality assumption in Definition 1.1.8 can be written ex-
plicitely as follows: for any pi, jq P t1, . . . , Ku2, for any x P W spΛiq X W upΛjq we
have

TxM “ TxW
s
pΛiq ` TxW

u
pΛjq.

Using this decomposition of TxM , one can verify that transversality implies

Rp X Ap “ H, Rp X Aap “ H, Rr
p X Ap “ H. (3.1.10)
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We are now in position to describe the dynamics of Φ̃t
V px, ξq in (3.1.7) on S˚M .

Proposition 3.1.10 ([24], Lemma 5.1, Theorem 5.2). Let V P XMSpMq. Then, the
sets Rp, Ap, Rr

p, Aap in (3.1.8) and (3.1.9) are compact subsets of S˚M . Moreover,
denoting by d the induced Riemannian distance on S˚M , the following holds:

for every px, ξq P S˚MzAp we have lim
tÑ´8

dpΦ̃t
V px, ξq, Rr

pq “ 0,

for every px, ξq P S˚MzRr
p we have lim

tÑ`8
dpΦ̃t

V px, ξq, Apq “ 0,

and
for every px, ξq P S˚MzRp we have lim

tÑ`8
dpΦ̃t

V px, ξq, Aapq “ 0,

for every px, ξq P S˚MzAap we have lim
tÑ´8

dpΦ̃t
V px, ξq, Rpq “ 0.

We refer to [24] for the proof of this statement, which involves a careful study of the
Morse-Smale structure of the flow induced by V on M . Strictly speaking, the proof in
that reference is given under the extra assumption that the vector field is C1-linearizable
near critical elements. Yet, this hypothesis is removed by Meddane in [73, Lemma 3.2,
Prop. 3.3] where he deals with general Axiom A flows satisfying the corresponding
transversality property. We emphasize that one of the main technical issue in proving
this statement is the compactness property. Finally, for later purpose, we define:

A :“
K
ď

i“1

N˚
pW s

pΛiqq, R :“
K
ď

i“1

N˚
pW u

pΛiqq.

Analogously we define Aa and Rr as subsets of T ˚Mzt0u, obtained extending by ho-
mogeneity the projective ones in (3.1.9).

3.2 Construction of the escape function

We are now in position to construct the main dynamical ingredient for the proof of
Theorem 3.0.2: an escape (or Lyapunov) function for the Hamiltonian hpx, ξq defined
in (3.1.4). Roughly speaking, we are looking for a function that increases along the
flow lines of Φt

V in view of applying a positive commutators argument in our analysis
of the transport equation. Before stating the main dynamical result we are aiming at,
we start by giving a general definition of escape functions in our context.
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Definition 3.2.1 (Positively homogeneous function). We say that a smooth function
f : T ˚Mzt0u Ñ C is a positively homogeneous function of degree σ ě 0 if

fpx, λξq “ λσfpx, ξq, @λ ą 0, px, ξq ‰ 0.

Definition 3.2.2 (Escape function). Let h : T ˚M Ñ R be the Hamiltonian function
defined in (3.1.4). We say that a smooth function a : T ˚Mzt0u Ñ R is an escape
function of order σ ą 0 for h if a is positively homogeneous of degree σ ą 0 and if
there exist δ ą 0 and a closed conic set E Ă T ˚Mzt0u such that

Xhpaq ě δ }ξ}
σ
x , on tpx, ξq P T ˚MzEu, (3.2.1)

Xhpaq ě 0 and apx, ξq ě δ }ξ}
σ
x , on tpx, ξq P Eu, (3.2.2)

where we recall the notation Xh in (3.1.5) for the Hamiltonian vector field defined by
h.

Remark 3.2.3. We remark that, if h is a positively homogeneous function of degree
σ1 and a is a positively homogeneous function of degree σ2, then Xhpaq is a positively
homogeneous function of degree σ1`σ2´1. In particular this means that, in Definition
3.2.2, both Xhpaq and a are homogeneous of degree σ.

The main result of this section is the following Proposition:

Proposition 3.2.4. Let V P XMSpMq be a Morse-Smale vector field on M and let
hpx, ξq :“ ξpV pxqq. Then there exist a neighborhood U of NWpV q (see 3.5.3), c0 ą 0

and 0 ă σ0 ă 1, depending on V such that, for every 0 ă σ ă σ0, h admits an escape
function a of order σ in the sense of Definition 3.2.2, with E being a closed conic
neighborhood of Aa X Rr X T ˚U and with δ “ c0σ. Moreover, if n ě 2 or if V has at
least one critical point, there exists a nonempty open conic subset C satisfying

apx, ξq ď ´
c0
2

}ξ}
σ
x on tpx, ξq P Cu. (3.2.3)

Remark 3.2.5. Observe that when V has no closed orbits, Aa X Rr is empty and our
proof will in fact show that E is empty.
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In order to prove Proposition 3.2.4, we will use all the dynamical ingredients intro-
duced in Section 3.1. We will construct an escape function a P C8pT ˚Mzt0uq of the
form

apx, ξq :“ mpx, ξqfpx, ξq, @px, ξq P T ˚Mzt0u, (3.2.4)

where m P C8pT ˚Mzt0uq is a positively homogeneous function of degree zero (recall
Definition 3.2.1) that we call order function following the literature (see e.g. [37]) and
fpx, ξq is a positively homogeneous function of degree σ ą 0, with σ to be determined
depending on the vector field. Our construction is close to the one appearing in the mi-
crolocal approach to Ruelle resonances in dynamical systems and we refer for instance
to [37, 24, 73] for presentations close to ours. We also mention [63] for a recent com-
prehensive description of microlocal techniques and applications to dynamical systems.
The main difference with these references is that we pick f to be σ-homogeneous while
these earlier works use symbols of order σ for any σ ą 0. Roughly speaking, they use
logp1 ` }ξ}2xq while we use }ξ}σx. This is due to the different nature of the problems at
hand: growth of Sobolev norms for time dependent vector fields in our case compared
with the spectral study that is considered in these previous contributions.

We will first construct the functionm that will strictly decay away from the repellors
and attractors of the lifted flow. A similar construction has been already achieved in [24]
in the case of Morse-Smale flows. In view of our application, the only thing we need to
pay attention to, compared with this reference, is to specify the values of m near the
various subsets Ap, Aap, Rp and Rr

p. This is the content of paragraph 3.2.1 and more
specifically of Lemma 3.2.8. Once this is done, we will construct in paragraph 3.2.2 the
function f and show that it has the expected properties (up to signs issues) near the
attractors and repellors. We will also verify that its Poisson bracket with h behaves
nicely away from these sets. Once this is done, we will gather these two functions as
in (3.2.4) and prove Proposition 3.2.4 in paragraph 3.2.3.

3.2.1 Construction of the order function

In this section, we construct the first component of the escape function, the order
function m P C8pT ˚Mzt0uq in (3.2.4). Recall the definition of the sets in (3.1.8) and
(3.1.9). Our first ingredient is the following lemma, which is an adaptation to our
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context of [37, Lemma 2.1] (in which the authors deal with Anosov flows instead of
Morse-Smale ones).

Lemma 3.2.6. Let V P XMSpMq and let X̃h be the induced vector field on S˚M (see
3.1.7). For every ε ą 0 and for all neighborhoods V pRpq and V pAapq (of Rp and Aap

respectively), there exist η1 ą 0, neighborhoods W pRpq Ă V pRpq, W pAapq Ă V pAapq (of
Rp and Aap respectively) and a function m1 P C8pS˚M ; r0, 1sq such that

X̃hpm1q ě 0 on the whole S˚M,

X̃hpm1q ě η1 on S˚MzpW pRpq Y W pAapqq. (3.2.5)

Moreover m1 ă ε on W pRpq and m1 ą 1 ´ ε on W pAapq.

The proof of this Lemma was given in [24, Lemma 8.2] using the exact same ar-
gument as that of [37, Lemma 2.1]. Note that, in order to follow this argument, one
needs compactness of the sets Aap and Rp and existence of invariant neighborhoods of
these sets for the flow – see [24, Th. 5.4 and 7.1]. While this is obvious in the Anosov
case, these two properties are much more subtle in the Morse-Smale case. Again, we
emphasize that [24] made the assumption that the flow is C1-linearizable and this re-
striction was removed by Meddane who performed this construction in the general case
of Axiom A flows without any linearization assumption [73, Sect. 8].

Remark 3.2.7. By applying the flow in backward time, the analog of Lemma 3.2.6 holds
for Rr

p and Ap. For every ε ą 0 and for every V pRr
pq and V pApq (neighborhoods of

Rr
p and Ap respectively), there exist η2 ą 0, W pRr

pq Ă V pRr
pq and W pApq Ă V pApq

(neighborhoods of Rr
p and Ap respectively) and m2 P C8pS˚M ; r0, 1sq satisfying the

analog of properties (3.2.5) and such that m2 ă ε in W pRr
pq and m2 ą 1´ ε in W pApq.

Notations. We denote by W pRq, W pRrq,W pAq, W pAaq the extensions by homo-
geneity to the whole T ˚Mzt0u of the sets in Lemma 3.2.6 and Remark 3.2.7. We
define

B :“ pW pRq X W pRr
qq Y pW pAq X W pAaqq Y pW pRr

q X W pAaqq. (3.2.6)
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Remark that, up to shrinking the W -neighborhoods, we can suppose that all the other
intersections among such neighborhoods are empty (see (3.1.10)). Given a neighbor-
hood U of NWpV q (see 3.5.3), we also define

BU :“ B X T ˚U . (3.2.7)

Recall that, from Definition 1.1.8, NWpV q coincides with the set of critical elements of
V .

We can now state the main result of this paragraph.

Lemma 3.2.8. Let V P XMSpMq, let Xh be the induced Hamiltonian vector field on
T ˚Mzt0u (see (3.1.4)), let B as in (3.2.6) and let U be a neighborhood of NWpV q.
There exists a function m P C8pT ˚Mzt0u; r´4, 4sq, positively homogeneous of degree
zero, such that

Xhpmq ě 0, on the whole T ˚Mzt0u; (3.2.8)

and

Xhpmq ě η ą 0, on T ˚MzBU . (3.2.9)

Moreover,

(i) m ă ´1
2

on W pRrq X W pRq;

(ii) m ą 1
2

on W pAq X W pAaq;

(iii) m ą 1
4

on W pAaq X W pRrq.

Proof. In order to prove the Lemma, we construct a function rm P C8pS˚M ; r´4, 4sq

such that conditions (3.2.8), (3.2.9) and items piq, piiq and piiiq hold for rm and X̃h on
S˚M . Then, defining by homogeneity

mpx, ξq :“ rm

ˆ

x,
ξ

}ξ}x

˙

, @px, ξq P T ˚Mzt0u, (3.2.10)

we have m P C8pT ˚Mzt0u;Rq and Xhpmq “ X̃hpm̃q. Thus we now turn to defining
the function rm following the lines of [24]. To this aim we recall the definition of the
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energy function Epxq in Lemma 3.1.3 and we claim that, choosing ε ą 0 small enough
in Lemma 3.2.6, we can put

m̃

ˆ

x,
ξ

}ξ}x

˙

:“ Epxq ´ 1 `
3

2
m1

ˆ

x,
ξ

}ξ}x

˙

`
1

2
m2

ˆ

x,
ξ

}ξ}x

˙

, (3.2.11)

(we recall thatm1 andm2 defined in Lemma 3.2.6 and Remark 3.2.7 depend on ε). First
of all we remark that rm is smooth since both E , m1 and m2 are. Next we immediately
see that X̃hp rmq ě 0 since

X̃hp rmq
(3.2.11)

“ X̃hpEq
loomoon

(3.1.7)
“ LV pEq

(3.1.3)
ě 0

`
3

2
X̃hpm1q `

1

2
X̃hpm2q

(3.2.5)
ě 0,

proving the first condition. Moreover, outside BU , we have

X̃hp rmq
(3.1.3)

“ X̃hpEq `
3

2
X̃hpm1q `

1

2
X̃hpm2q ě min

"

min
MzU

LV pEq,
3

2
η1,

η2
2

*

“: η ą 0,

where we recall the definition of BU in (3.2.7) and we use, for the last inequality,
condition (3.2.5), the analog in Remark 3.2.7 for the function m2 and Lemma 3.1.3 for
E . Thanks to (3.2.10), this concludes the proof of (3.2.8) and (3.2.9). We are left to
prove items piq, piiq and piiiq. To this aim we make the assumption

sup
M

|E | ă
1

8
, (3.2.12)

that we will use along the proof of the three items. Notice that this is not in contra-
diction with previous part of the proof nor restrictive: indeed the function E is clearly
bounded and, up to now, we have only used that LV pEq ą 0, which is still true if we
rescale E by a positive factor and impose (3.2.12).

Item piq. For this item, we have to look at the set W pRr
pq X W pRpq, where both

m1 ă ε and m2 ă ε. Thus we have

m̃ “ Epxq ´ 1 `
3

2
m1 `

1

2
m2

(3.2.12)
ď ´

7

8
` 2ε ă ´

1

2
,

choosing 0 ă ε ă 3
16

. From (3.2.10), this concludes the proof of the first item.
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Item piiq. For this item, we have to look at the set W pApq X W pAapq, where both
m1 ą 1 ´ ε and m2 ą 1 ´ ε. Thus we have

m̃ “ Epxq ´ 1 `
3

2
m1 `

1

2
m2

(3.2.12)
ě ´

9

8
` 2p1 ´ εq “

7

8
´ 2ε ą

1

2
,

choosing again 0 ă ε ă 3
16

. From (3.2.10), this concludes the proof of the second item.

Item piiiq. For this item, we have to look at the set W pAapq X W pRr
pq, in which

m1 ą 1 ´ ε. We also use that m2 ě 0. We have:

m̃ “ Epxq ´ 1 `
3

2
m1 `

1

2
m2

(3.2.12)
ě ´

9

8
`

3

2
p1 ´ εq “

3

8
´

3

2
ε ą

1

4
,

choosing 0 ă ε ă 1
12

.
In conclusion choosing any 0 ă ε ă 1

12
and the corresponding functions m1 and m2, all

three items are satisfied, concluding the proof.

3.2.2 Construction of the function f

In this section we construct the second component of the escape function, i.e. the
function denoted by f in (3.2.4). Precisely, we have the following Lemma.

Lemma 3.2.9. There exist conical neighborhoods V pAq, V pAaq, V pRq and V pRrq (re-
spectively of A, Aa, R and Rr) and a neighborhood U of NWpV q such that the following
holds.

For any σ ą 0 one can find a function fσ : T ˚Mzt0u Ñ R, smooth, positively
homogeneous of degree σ, with restriction to S˚M positive, which satisfies the following
properties:

(i) Xhpfσq ď ´γ1σfσ, in V pRq X V pRrq X T ˚U ;

(ii) Xhpfσq ě γ2σfσ, in V pAq X V pAaq X T ˚U ;

(iii) fσpx, ξq “ |hpx, ξq|σ, in V pRrq X V pAaq X T ˚U ;

for some γ1, γ2 ą 0 independent of σ. Moreover, there exists a constant c0 ą 0 such
that, for every 0 ă σ ď 1,

c´1
0 }ξ}

σ
x ď fσpx, ξq ď c0}ξ}

σ
x and |Xhpfσqpx, ξq| ď c0σ}ξ}

σ
x, @px, ξq P T ˚Mzt0u.

(3.2.13)
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In order to prove this Lemma, we need the following result, which follows from the
hyperbolic properties of the non-wandering set (see Definition 1.1.8).

Lemma 3.2.10. Let V P XMSpMq and consider the associated Hamiltonian vector
field Xh with hpx, ξq :“ ξpV pxqq.

Then, there exist θ, Ca, Cr ą 0 such that, for every px, ξq P T ˚M verifying x P

NWpV q,

›

›rdφ´t
V pxqs

´Jξ
›

›

φ´t
V pxq

ď Cae
´θt

}ξ}x , in A X Aa, and @t ą 0, (3.2.14)

and
›

›rdφtV pxqs
´Jξ

›

›

φt
V pxq

ď Cre
´θt

}ξ}x , in R X Rr and @t ą 0. (3.2.15)

We are now ready to prove Lemma 3.2.9.

Proof of Lemma 3.2.9. Mimicking the proof of [52, Lemma 2.4], we first define the two
functions f r1 and fa1 as

f
a{r
1 px, ξq :“ eI

a{rpx,ξq, (3.2.16)

with

Ia{r
px, ξq :“

$

&

%

T´1
1

şT1
0
ln

›

›rdφ´t
V pxqs´Jξ

›

›

x
dt, in V pAq X V pAaq

T´1
1

şT1
0
ln

›

›rdφtV pxqs´Jξ
›

›

x
dt, in V pRq X V pRrq,

for T1 ą 0 to be chosen big enough and for small neighborhoods V p¨q. First of all we
remark that the functions fa{r

1 are positively homogeneous of degree 1 in their domains.
Indeed, via a direct computation one obtains

Ia{r
px, λξq “ lnλ ` Ia{r

px, ξq ùñ f
a{r
1 px, λξq “ λf

a{r
1 px, ξq, @λ ą 0, px, ξq ‰ 0.

(3.2.17)
Next we claim that, up to considering slightly smaller neighborhoods, the functions
f
a{r
σ :“ pf

a{r
1 qσ verify the inequalities of items piq and piiq of the Lemma. Let us

postpone this verification and conclude the proof extending fa{r
1 to the whole T ˚Mzt0u.

To this aim, we exploit homogeneity (3.2.17) and construct a function f̃1 P C8pS˚Mq

such that

f̃1 “

$

’

’

’

&

’

’

’

%

fa1 in V pApq X V pAapq

f r1 in V pRpq X V pRr
pq

ˇ

ˇ

ˇ
h

´

x, ξ
}ξ}x

¯
ˇ

ˇ

ˇ
in V pRr

pq X V pAapq.
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Recall that, from (3.1.10), the three sets V pRq X V pRrq, V pAq X V pAaq and V pAaq X

V pRrq do not intersect (up to restricting the neighborhoods if needed). Moreover the
function f̃1 is positive in the closed set B defined by 3.2.6. It is then possible to
extend f̃1 to a positive smooth function on the whole compact manifold S˚M (see
for example [62, 2.26]). Note that, by compactness, the extended function and its
derivatives are uniformly bounded. Finally we extend f̃1 by homogeneity to the whole
T ˚Mzt0u and obtain f1 positively homogeneous of degree 1. We define then fσ :“ pf1qσ

so that (3.2.13) is automatically satisfied using the fact that f1 is 1-homogeneous.
We are thus left to prove the initial claim, i.e., that fa1 and f r1 in (3.2.16) verify items

piq and piiq of the Lemma (the bound for σ ą 0 follows again directly by construction).
We show only item piq since the two calculations are exactly the same. We first prove
the claim on R X Rr X NWpV q. To this aim, we first we evaluate Xhpf r1 q:

Xhpf r1 q “
d

ds

ˇ

ˇ

ˇ

s“0
f r1 pΦs

V px, ξqq
(3.2.16)

“ f r1 px, ξq
d

ds

ˇ

ˇ

ˇ

s“0
IrpΦs

V px, ξqq, (3.2.18)

and, using Lemma 3.2.10, we have, on R X Rr X NWpV q:

d

ds

ˇ

ˇ

ˇ

s“0
IrpΦs

V px, ξqq “
1

T1

ż T1

0

d

ds
lnp

›

›rdφt`sV pxqs
´Jξ

›

›q

ˇ

ˇ

ˇ

s“0
dt (3.2.19)

“
1

T1

ż T1

0

d

dt

`

lnp
›

›rdφtV pxqs
´Jξ

›

›q
˘

dt

“
1

T1

`

ln
`
›

›rdφT1V pxqs
´Jξ

›

›

˘

´ ln }ξ}
˘

(3.2.15)
ď

1

T1
plnpCrq ´ θT1q .

Thus, choosing T1 big enough so that lnpCrq´θT1 ă 0 and plugging (3.2.19) in (3.2.18)
we have

Xhpf r1 q ď f r1

ˆ

lnpCrq

T1
´ θ

˙

ă ´f r1γ1,

with γ1 “ ´
lnpCrq

T1
` θ ą 0. This proves item piq for f r1 on R X Rr X NWpV q. Then

we can extend by continuity the inequality to a sufficiently small conical neighborhood
C of R X Rr X NWpV q. Recall that we aim at showing such an upper bound inside
V pRq X V pRrq X T ˚U . Up to shrinking the size of the neighborhood U of NWpV q and
of the conical neighborhoods V pRq X V pRrq and recalling from Proposition 3.1.7 that
Rr
p and Rp are both compact subsets, one finds that C contains V pRq X V pRrq X T ˚U

in its interior, proving item piq. One analogously proves item piiq using (3.2.14).
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3.2.3 Proof of Proposition 3.2.4

We now put together Lemmas 3.2.8 and 3.2.9 to prove Proposition 3.2.4. Let m P

C8pT ˚Mzt0uq and tfσ P C8pT ˚Mzt0uqu0ăσă1 be respectively the order function given
by Lemma 3.2.8 and the family of functions given by Lemma 3.2.9, for the vector field
V P XMSpMq. We note that the neighborhoods U and W pSq in Lemma 3.2.8 are chosen
in terms of the neighborhoods U and V pSq given by Lemma 3.2.9.

We will prove that it is possible to choose σ ą 0 small enough, such that the
function

apx, ξq :“ mpx, ξqfσpx, ξq, @px, ξq P T ˚Mzt0u, (3.2.20)

satisfies Definition 3.2.2 for some δ ą 0 and E a closed conical neighborhood containing
Aa XRr in its interior (where we recall the definition of the sets Aa and Rr in (3.1.9)).
Note that (3.2.3) is satisfied in W pRq XW pRrq thanks to item (i) in Lemma 3.2.8 and
to (3.2.13). We now use the explicit expression of Xhpaq to show that a satisfies the
requirements of Definition 3.2.2:

Xhpaq
(3.2.20)

“ Xhpmfσq “ Xhpmqfσ ` Xhpfσqm. (3.2.21)

Next, recalling the notation in (3.2.7), we split the cotangent space in

T ˚M “ pT ˚MzBUq Y BU ,

and treat the two regions separately. Remark that W pAaq X W pRrq X T ˚U Ă BU is
one of the three components of the set BU . Let us start with T ˚MzBU , for which we
have to prove (3.2.1). Using non-negativity of fσ and equations (3.2.9) and (3.2.13),
we have:

Xhpaq “ Xhpmqfσ ` Xhpfσqm
(3.2.9)

ě ηfσ ` Xhpfσqm
(3.2.13)

ě pηc´1
0 ´ σc0q }ξ}

σ
x . (3.2.22)

Thus choosing σ small enough (precisely 0 ă σ ă η{p2c20q), we can conclude that

Xhpaq
(3.2.22)

ě
η

2c0
}ξ}

σ
x , on T ˚MzBU , (3.2.23)

proving (3.2.1) in this set. Remark that it is not restrictive to suppose that σ ă 1, as
in the statement of Proposition 3.2.4.

We now consider the three components of the region BU and use the properties of
m and fσ in each of them (see Lemma 3.2.9 and Lemma 3.2.8).
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• In the set W pRq X W pRrq X T ˚U
¯

, (3.2.1) is given by:

Xhpaq “ Xhpmqfσ ` Xhpfσqm
(3.2.8)

ě Xhpfσqm ě
γ1σ

2
fσ,

where for the last inequality we have used point piq of Lemma 3.2.8 and point piq

of Lemma 3.2.9. This concludes, for this set, the proof of (3.2.1). Using (3.2.13),
we have
γ1σ

2
fσ ě

γ1σ

2c0
}ξ}

σ
x , ùñ Xhpaq ě

γ1σ

2c0
}ξ}

σ
x , @px, ξq P W pRqXW pRr

qXT ˚U .
(3.2.24)

Remark that in this set we have not used any smallness of σ and that this bound
is valid for any 0 ă σ ď 1.

• In the set W pAq X W pAaq X T ˚U
¯

analogously, (3.2.1) is obtained from:

Xhpaq “ Xhpmqfσ ` Xhpfσqm
(3.2.8)

ě Xhpfσqm ě
γ2σ

2
fσ,

where for the last inequality we have used point piiq of Lemma 3.2.8 and point
piiq of Lemma 3.2.9. This concludes the proof as in previous point using (3.2.13):

Xhpaq ě
γ1σ

2
fσ ě

γ2σ

2c0
}ξ}

σ
x . (3.2.25)

• In the set W pRrq X W pAaq X T ˚U
¯

, we instead have to prove (3.2.2). First of all
remark that, from point piiiq of Lemma 3.2.9, we have that, for every σ ą 0,
fσ ” |hpx, ξq|σ, thus in particular

Xhpfσq “ 0. (3.2.26)

Plugging this expression in (3.2.21) we obtain

Xhpaq
(3.2.21)

“ Xhpmqfσ ` Xhpfσqm
(3.2.26)

“ Xhpmqfσ ě 0,

from (3.2.8) and the fact that fσ is non negative. This concludes the proof, since
from point piiiq of Lemma 3.2.8 mpx, ξq ą 1

4
in this region, thus, using (3.2.13)

one more time
a

(3.2.20)
ě

1

4
fσ ě

1

4c0
}ξ}

σ
x . (3.2.27)

In conclusion, we obtain, for every σ ą 0 small enough, (3.2.1) and (3.2.2) with
δ :“ σ

2c0
mintη, γ1, γ2, 1{2u (see (3.2.23), (3.2.24), (3.2.25) and (3.2.27)).
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3.3 Instability and growth of Sobolev norms

We are now in position to prove Theorem 3.0.2. The two main ingredients we use
are the existence of an escape function for the Hamiltonian hpx, ξq “ ξpV pxqq with
V a Morse-Smale vector field on M (proven in Proposition 3.2.4) and some results of
symbolic calculus on M . For this reason, before proving Theorem 3.0.2, we will start
this section by reviewing some preliminary material on pseudodifferential operators in
paragraph 3.3.1. We refer to [86, Ch. 14] and [33, App. E] for an introduction to
pseudodifferential calculus on compact manifolds. See also [22, Appendix A2, A3] for
a brief presentation close to ours.

Once these preliminary tools are settled, we introduce a generalized transport equa-
tion (3.3.9) in paragraph 3.3.2 for which we will prove existence of solutions whose
positive Sobolev norms grow exponentially. This is achieved in two steps. We intro-
duce first in paragraph 3.3.3 an energy type functional that is bounded from above
by the Sobolev norm of the solution and we prove a growth property (3.3.13) for this
functional. Then, in paragraph 3.3.5, we introduce appropriate initial data such that
this functional indeed blows up exponentially in time along the corresponding trajecto-
ries. This concludes the proof of Theorem 3.0.2 in the case of the generalized transport
equation (3.3.9).

3.3.1 Pseudodifferential operators

Some of the definitions and results presented in this section are analogous to those
introduced in Section 2.1.1. However, the different topological setting considered in
this chapter requires a number of minor modifications. For the reader’s convenience,
we therefore present here all the material needed in the sequel, making this section
self-contained rather than referring back to Section 2.1.1.

Pseudodifferential operators in Rn. We start by giving here some results of sym-
bolic calculus in the case of pseudodifferential operators on Rn, as the case of manifolds
will be locally modeled on it. First, we recall the definition of the set of symbols of



106 CHAPTER 3

order ρ P R over Rn:

SρpR2n
q :“ ta P C8

pR2n
q : @α, β P Nn

|B
α
xB

β
ξ apx, ξq| ď Cα,β xξy

ρ´|β|
u

(where we denote by xξy :“ p1` |ξ|2q
1
2 ), and the definition of the Weyl quantization of

symbols a P SρpR2nq:

Opw
paqrus :“

1

p2πqn

ż

Rn

ż

Rn

eipx´yqξa
´x ` y

2
, ξ

¯

upyqdydξ. (3.3.1)

This last definition makes sense apriori only for a and u belonging to the Schwartz class
but one can show that this still makes sense for a P SρpR2nq and u in the Schwartz
class. In this setting, we say that an operator F belongs to SρpRnq, the class of
pseudodifferential operators of order ρ, if there exists a symbol f P SρpR2nq such that
F “ Opwpfq. The following general results for pseudodifferential calculus over Rn hold.
We refer for example to [81, 86] for proofs.

Lemma 3.3.1. Let f P Sρ1pR2nq, g P Sρ2pR2nq, ρ1, ρ2 P R. Then:

1. For any s P R, there exist Cf,s ą 0 such that:

}Opw
pfqu}s´ρ1 ď Cf,s}u}s, (3.3.2)

where we recall the definition of Sobolev norms in (3.0.3) (with M ⇝ Rn);

2. Opwpfq˚ “ Opwpfq (here ˚ denotes the adjoint operator) and in particular skew-
adjoint operators have purely imaginary symbols;

3. There exists h P Sρ1`ρ2pR2nq such that Opwpfq ˝Opwpgq “ Opwphq. Furthermore,

h :“ fg ´
i

2
tf, gu mod Sρ1`ρ2´2

pR2n
q;

4. There exists ℓ P Sρ1`ρ2´1pR2nq such that irOpwpfq,Opwpgqs “ Opwpℓq. Moreover

ℓ :“ tf, gu mod Sρ1`ρ2´2
pR2n

q;

5. If ρ1 ă 0, then Opwpfq is compact as an operator from L2pRnq to itself.
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We conclude this introductory section with the following observation, that is a cru-
cial ingredient to consider pseudodifferential operators on manifolds. Given a smooth
diffeomorphism γ : Rn Ñ Rn, with bounded derivatives and such that also γ´1 is
bounded with bounded derivatives, one can define its symplectic lift as

rγ : T ˚Rn
» R2n

Ñ T ˚Rn, px, ξq Ñ
`

γ´1
pxq, dγpxq

Jξ
˘

. (3.3.3)

It is possible to prove that if a P SρpR2nq, then a ˝ rγ P SρpR2nq, see for example [86,
Theorem 9.4].

Pseudodifferential operators on a compact manifold M. Following [86], we
first fix a finite atlas for M ,

tpUi, γiqu
N
i“1,

N
ď

i“1

Ui “ M, (3.3.4)

where tUiuNi“1 are coordinate patches and γi : Ui Ñ Vi Ă Rn are smooth homeomor-
phisms onto open subsets tViu

N
i“1 of Rn. We are now in position to introduce symbols

on the compact manifold M . This definition is given for example in [86, Sections 14.2.2,
14.2.3], and the idea is that a function a P C8pT ˚Mq is a symbol over M if, in local
coordinates, it corresponds to a symbol on each open subset γipUiq over Rn.

Definition 3.3.2 (Symbols on M). We say that a smooth function a P C8pT ˚Mq

is a symbol of order ρ on M if, for any i “ 1, . . . , N , the pullback of a under the
identification (3.3.3)

Vi ˆ Rn
Ñ T ˚Ui

belongs to SρpT ˚Viq. Equivalently we can define the set of symbols of order ρ P R on
M as:

SρpT ˚Mq :“ ta P C8
pT ˚Mq : @α, β P Nn

|B
α
xB

β
ξ apx, ξq| ă Cα,β xξy

ρ´|β|
u, (3.3.5)

where the derivatives are again understood in local coordinate charts.

We remark that Definition 3.3.2 does not depend on the choice of the atlas in (3.3.4).
We record the following property:
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Lemma 3.3.3. Let a P C8pT ˚Mq be a compactly supported function, then a P SρpT ˚Mq

for any ρ ă 0.

Following [86], we now set

Definition 3.3.4 (Pseudodifferential operators of order ρ). We say that a linear op-
erator A : C8pMq Ñ C8pMq is a pseudodifferential operator of order ρ on M if the
following two conditions hold:

1. for every coordinate patch Ui there exists a symbol ai P SρpR2nq such that

φApψuq “ φγ˚
i Opw

paiqpγ´1
i q

˚
pψuq, @φ, ψ P C8

c pUiq, @u P C8
pMq,

where γi is the homemorphism associated to Ui (see (3.3.4)), ˚ denotes the pull-
back operator and Opwpaiq is defined as in (3.3.1);

2. for every φ1, φ2 P C8pMq such that supppφ1q X supppφ2q “ H, the operator
φ1Aφ2 is bounded from H´kpMq to HkpMq for every k P N (recall (3.0.3)).

We denote by ΨρpMq the class of pseudodifferential operators of order ρ on M .

Remark 3.3.5. We will use the notation ΨρpMq, ρ P R, for the class of operators of
order ρ on a generic Riemannian manifold M . For coherence with the rest of the thesis,
we will instead denote by SρpTnq, ρ P R, n P N, the set of pseudodifferential operators
of order ρ on Tn.

It is non-trivial to associate to each symbol in SρpT ˚Mq an operator in ΨρpMq and
vice versa (see [86, Theorem 14.1]). Following [51, Sect. 4] (see also [22, App. A]) and
in view of simplifying some aspects of the discussion, we now assume that the atlas in
(3.3.4) is an isochore atlas in the sense of the following definition:

Definition 3.3.6 (Isochore atlas). We say that the atlas tpUi, γiquNi“1 is isochore if

γ˚
i pdµgq “ LebRn , @ i “ 1, . . . , N,

where dµg is the Riemmanian volume form on M and Leb is the Lebesgue measure.
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Roughly speaking, Definition 3.3.6 can be rephrased saying that an atlas is isochore
if, for every change of coordinates between two patches Ui and Uj, the determinant of
the Jacobian matrix related to such transformation is equal to one. It is a general
result that there always exists an isochore atlas on a compact smooth and oriented
Riemmanian manifold (see [75]). Next, we fix a partition of unity tχiu

N
i“1 subordinated

to the atlas, i.e.,

N
ÿ

i“1

χ2
i pxq “ 1, @x P M, and χi P C8

c pUi; r0, 1sq, @i “ 1, . . . , N.

Finally, following [86, Ch. 14], we can define the quantization of a symbol a P SρpT ˚Mq:

OpM
paq :“

N
ÿ

i“1

χiγ
˚
i Opw

pprγ´1
i q

˚
prχiaqqpγ´1

i q
˚χi, (3.3.6)

where we recall the notation in (3.3.3) for rγi and where rχi P C8
c pUi; r0, 1sq is such that

rχiχi “ χi.

Remark 3.3.7. Let us briefly motivate the expression in (3.3.6). Given a symbol a P

SρpT ˚Mq, in order to define its quantization we need to use its expression in local
charts to rewrite it as sum of symbols over Rn. Indeed, each tprγ´1

i q˚pχiaquNi“1 is a
symbol over R2n. Thus we can quantize it using the Weyl quantization over Rn (see
(3.3.1)), and then go back to the manifold localizing in the desired chart, thanks to the
composition with pγ´1

i q˚χi and its inverse.

We now state the main result related to this choice of the quantization and of an
isochore atlas: roughly speaking, the quantization of a symbol is independent on the
choice of charts, up to lower order remainders. Precisely, we have the following result
(see [51] or [22, Remark A.2], to which we refer for a proof):

Lemma 3.3.8. Let a P SρpT ˚Mq be a symbol of order ρ over M and let tpUi, γiquNi“1

be an isochore atlas in the sense of Definition 3.3.6. Let OpMpaq be the quantization
of a in the sense of (3.3.6). Then the principal symbol of OpMpaq is well defined and
independent of the chart, up to symbols in Sρ´2pMq.

We also record the following useful properties (see [22, Remark A.3] for a proof of
the second point):
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Lemma 3.3.9. 1. Let f P C8pMq be a smooth function on M . Then f P S0pT ˚Mq

and OpMpfq P Ψ0pMq is a multiplicative operator with factor f , i.e.,

OpM
pfqupxq :“ fpxqupxq, @x P M, @u P C8

pMq.

2. Let X P XpMq be a smooth vector field on M , then

LXupxq “ OpM
piξpXpxqq ` rpxqqupxq, @u P C8

pMq,

where r P S0pT ˚Mq is a smooth function on M .

We now state the main properties of pseudodifferential operators that we will need
in our proof. We proceed in analogy with the ones of Lemma 3.3.1 on Rn.

Lemma 3.3.10. Let a P Sρ1pT ˚Mq and b P Sρ2pT ˚Mq, with ρ1, ρ2 P R. Then

1. For any s P R there exists Ca,s ą 0 such that
›

›OpM
paqu

›

›

s´ρ1
ď Ca,s }u}s ; (3.3.7)

2. OpMpaq˚ “ OpMpaq (here ˚ denotes the adjoint operator) and in particular purely
imaginary symbols correspond to skew-adjoint operators;

3. There exists a symbol c P Sρ1`ρ2pT ˚Mq such that

OpM
pcq “ OpM

paq ˝ OpM
pbq modΨ´8

pMq.

Moreover, the operator OpMpcq is given by

OpM
pcq “ OpM

ˆ

ab `
1

2i
ta, bu

˙

mod Ψρ1`ρ2´2
pMq;

4. The symbol for the commutators between OpMpaq and OpMpbq is given by

rOpM
paq,OpM

pbqs “ ´iOpM
pta, buq modΨρ1`ρ2´2

pMq; (3.3.8)

5. if ρ1 ă 0, then OpMpaq is a compact operator.

Observe that item 2 follows from our choice of isochore charts. Finally, we also
need the following Gårding inequality:

Lemma 3.3.11. Let a P SρpT ˚Mq, a ě 0. Then, for every u P C8pMq, we have
@

OpM
paqu, u

D

L2pMq
ě ´Cρ,a }u}

2

H
ρ´1
2 pMq

.

We refer to [86, Theorem 9.11] for a proof in Rn from which the case on M follows.
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3.3.2 Generalized transport equations

In the rest of this section, we prove our main result, namely Theorem 3.0.2. The
starting point is to rewrite the transport equation (3.0.2) in terms of the symbols
associated to pseudodifferential operators in view of using the above microlocal tools.
Precisely, using Lemma 3.3.9, we can in fact consider more generally the transport like
equation:

Btuε “ OpM
piξpV pxq ` εPεpt, xqqquε ` OpM

pibεpt, x, ξqquε, x P M, t P R, ε ą 0,

(3.3.9)
where

• V belongs to XMSpMq,

• Pεpt, xq is a smooth time dependent vector field belonging to C0
b pR;XpMqq with

all semi-norms uniformly bounded in terms of 0 ď ε ď 1,

• there exists ρ ă 1 such that bε,1pt, x, ξq :“ Re bεpt, x, ξq P C0
b pR;SρpT ˚Mqq with

all seminorms uniformly bounded in terms of 0 ď ε ď 1,

• bε,2pt, xq :“ ε´1Im bεpt, xq P C0
b pR;S0pT ˚Mqq with all seminorms uniformly bounded

in terms of 0 ď ε ď 1.

Note that the function bεpt, x, ξq appearing in Theorem 3.0.2 would not depend on ξ

(thanks to Lemma 3.3.9) and that it would be of order 0 (and proportional to ε). Yet,
as our proof allows to handle this more general case, we consider such a general bε.

Remark 3.3.12. According to [72, Th. 1.2], one has that, for any σ ě 0 and for any
u0 P HσpMq, the solution upt, xq exists globally in time and belongs to C0pR;HσpMqq

when bε,2 ” 0. Here, we want to allow this extra selfadjoint term and we postpone the
existence of the solution to Section 3.5.2 following the results from this reference and
classical perturbative arguments from ordinary differential equations.

Our main result reads

Theorem 3.3.13. Suppose that the above assumptions on V , Pε and bε hold and, if
n “ 1, suppose in addition that V has at least one critical point.
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There exists δ0 ą 0 such that, for every 0 ď σ ď δ0 and for every 0 ď ε ď δ0σ
2, one

can find vε P HσpMq and r :“ rpε, σ, vεq ą 0 such that

}uεp0q ´ vε}σ ď r ùñ }uεptq}σ ě δ0e
δ0σt}uεp0q}σ, for any t ą 0,

where uεptq is the solution to equation (3.3.9) with initial datum uεp0q.

Observe that this Theorem implies Theorem 3.0.2. Yet the equation considered
in (3.3.9) is slightly more general and it encompasses the case where the right-hand
side of the equation is not necessarily skew-adjoint. We emphasize that the selfadjoint
perturbation in (3.3.9) is small both in terms of ε and of the order. As anticipated, the
key ingredient of our proof is the existence of an escape function for hpx, ξq “ ξpV pxqq,
proven in Proposition 3.2.4. Thus, we start associating a symbol to the escape function.

Let f be any positively homogeneous function of order σ ą 0, in the sense of
Definition 3.2.1. Let χ P C8

c pT ˚M ; r0, 1sq be a bump function on T ˚M , such that

supppχq Ď tpx, ξq : x P M, }ξ}x ď 2u, χpx, ξq ” 1, @ }ξ}x ď 1. (3.3.10)

Then the function f̃px, ξq :“ fpx, ξqp1 ´ χpx, ξqq is a symbol of order σ, i.e., f̃ P

SσpT ˚Mq. Indeed, it is immediate to see from its definition that f̃ is a smooth function
on the whole T ˚M . Moreover using the characterization in (3.3.5) of SσpT ˚Mq, one
obtains the decay property of symbols from homogeneity of f .

In particular, for every choice of 0 ă σ ă σ0 (where the threshold σ0 is given by
Proposition 3.2.4), the escape function a for hpx, ξq “ ξpV pxqq is a positively homoge-
neous function of order σ, where σ depends on the vector field V (recall the Definition
3.2.2 of escape function). Thus we denote by

ãpx, ξq :“ apx, ξqp1 ´ χpx, ξqq P SσpT ˚Mq, (3.3.11)

a smooth symbol associated with the escape function. We remark that, choosing χ as
in (3.3.10), we have ã ” a in tpx, ξq P T ˚M : }ξ}x ě 2u, so that, in this set, conditions
(3.2.1) and (3.2.2) hold for ã as well.

3.3.3 Energy type estimate

Let uεpt, xq be a solution of equation (3.3.9) and define

Aptq :“
@

OpM
p´ãquεpt, xq, uεpt, xq

D

L2pMq
, @t P R, (3.3.12)



3.3. INSTABILITY AND GROWTH OF SOBOLEV NORMS 113

where ã is given in (3.3.11). The main result of this paragraph is the following Lemma.

Lemma 3.3.14. There exist ε0 ą 0, 0 ă σ0 ă 1 and α̃ ą 0 such that, for any
0 ă σ ď σ0, one can find βσ ą 0 so that, for every 0 ă ε ď σ2ε0, the function Aptq in
(3.3.12) satisfies

d

dt
Aptq ě α̃σAptq ´ βσ}uεptq}

2
L2 , @ t P R, (3.3.13)

where uεpt, xq is the solution of (3.0.2) with initial condition uεp0, xq.

For simplicity of notations, from now on we drop the index ε and just write uε “

u. Before proving the Lemma, we remark that, from the properties of the operator
Bptq :“ OpMpiξpV pxq ` εPpt, xqq ` bεpt, x, ξqq and the definitions of the functions bε1 ,
bε2 in (3.3.9), we have

d

dt
}uptq}

2
L2 “ 2εxOpM

pbε,2quptq, uptqy ď 2Cbε}uptq}
2
L2 ,

where we used the Calderón-Vaillancourt property (3.3.2) in the last inequality and
where the involved constant Cb ą 0 is uniform for 0 ď ε ď 1. In particular,

}uptq}L2 ď eCbεt}up0q}L2 , @t ě 0, (3.3.14)

and equation (3.3.13) also reads, for any c ą 0,

d

dt

`

Aptq ´ c}uptq}
2
L2

˘

ě α̃σ

ˆ

Aptq ´
βσ ` 2cCbε

α̃σ
}uptq}

2
L2

˙

, @ t P R.

Hence, if we set c “ βσ,ε :“
βσ

α̃σ´2Cbε
for 0 ď ε ď α̃σ{4Cb (recall that 0 ď ε ď ε0σ

2), we
find that

d

dt

`

Aptq ´ βσ,ε}uptq}
2
L2

˘

ě α̃σ
`

Aptq ´ βσ,ε}uptq}
2
L2

˘

, @ t P R. (3.3.15)

In paragraph 3.3.5, we will explain how one can derive Theorem 3.3.13 from this energy
estimate in (3.3.15).

3.3.4 Proof of Lemma 3.3.14

First of all, we remark that, using (3.3.9) and the properties of the operator Bptq, we
can write:

d

dt
Aptq “

@

rOpM
p´ãq,OpM

piξpV pxq ` εPεpt, xqq ` ibε,1pt, x, ξqqsu, u
D

` 2εRe
@

OpM
pãqOpM

pbε,2qu, u
D

.
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Using the Gårding inequality from Lemma 3.3.11, one can find a constant Cb (uniform
for t P R and 0 ď ε ď 1) such that this equality implies

d

dt
Aptq ě

@

rOpM
p´ãq,OpM

piξpV pxq ` εPεpt, xqq ` ibε,1pt, x, ξqqsu, u
D

´Cbε
@

OpM
pxξy

σ
qu, u

D

,

(3.3.16)
where xξyσ :“ p1 ` }ξ}2xq

σ
2 .

Hence, we are left with studying the operator rOpMp´ãq,OpMpiξpV pxq`εPεpt, xqq`

ibε,1qs. We first use Lemma 3.3.10 to recover its symbol:

rOpM
p´ãq,OpM

piξpV pxq ` εPεpt, xqq ` ibε1qs

(3.3.8)
“ OpM

p´it´ã, iξpV pxq ` εPεptqq ` ibε,1uq mod Ψσ´1
pMq

“ OpM
ptξpV pxq ` εPεptqq ` bε,1, ãuq mod Ψσ´1

pMq

“ OpM
ptξpV pxqq, ãuq ` OpM

pεPãptq ` Pb,εptqq mod Ψσ´1
pMq (3.3.17)

where the remainder in Ψσ´1pMq results from the symbolic calculus operations (see
(3.3.8)) with all the seminorms of the symbols uniformly bounded in terms of t P R,
0 ă σ ď 1 and 0 ă ε ă 1. Here, we have denoted by Pãptq :“ tξpPεpt, xqq, ãu and
Pb,εptq :“ tbε,1, ãu, just to shorten the notation. Remark that Pãptq P C0

b pR;SσpMqq,
that it depends implicitly on ε and that it is a homogeneous function of degree σ

on tpx, ξq : }ξ}x ě 2u for all t P R. Similarly, Pb,εptq belongs to C0pR;Sσ`ρ´1pMqq.
Consider now a cutoff function χ3 P C8

c pT ˚M ; r0, 1sq, such that

supppχ3q Ď tpx, ξq : }ξ}x ď R0 ` 1u, and χ3px, ξq ” 1 in tpx, ξq : }ξ}x ď R0u,

(3.3.18)
where R0 ě 2 will be determined later on. We can rewrite

tξpV pxqq, ãu`εPãptq`Pb,εptq´Cbεxξy
σ

“ ptξpV pxqq, ãu`εPãptq`Pb,εptq´Cbεxξy
σ
qp1´χ3q

` ptξpV pxqq, ãu ` εPãptq ` Pb,εptq ´ Cbεxξy
σ
qχ3. (3.3.19)

Since the cutoff function is compactly supported, we have from Lemma 3.3.3 that

OpM
pptξpV pxqq, ãu ` εPãptq ` Pb,εptq ´ Cbεxξy

σ
qχ3q P C0

b pR;S´ν
q, @ν ą 0, (3.3.20)

with the involved constants in the semi-norms being uniform for t P R, 0 ď ε ď 1,
0 ď σ ď 1 and R0 varying in a compact interval of p0,8q. Thus the right-hand side of
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(3.3.16) reads:

rOpM
p´ãq,OpM

piξpV pxq ` εPεpt, xqq ` ibε1qs ´ CbεOpM
pxξy

σ
q

(3.3.19)
(3.3.20)

“ OpM
pptξpV pxqq, ãu ` εPãptq ` Pb,εptq ´ Cbεxξy

σ
qp1 ´ χ3qq mod Ψσ´1

pMq,

(3.3.21)

where the remainder takes into account both the remainder in (3.3.17) and the compact
operator in (3.3.20). One more time, all the seminorms of the symbols in this remainder
are uniformly bounded in time and in terms of 0 ă ε ă 1 and 0 ă σ ď 1. Yet it is
worth noting that the constants depend on R0 ě 2.

We now claim that, from (3.2.1) and (3.2.2), there exist ε0, σ0 ą 0 small enough
and a positive constant C` such that, for every 0 ă σ ď σ0, one can find R0 ě 2 so
that, for every 0 ď ε ď ε0σ

2,

ptξV pxq, ãu`εPãptq`Pb,εptq´Cbεxξy
σ
qp1´χ3q ą ´C`σãp1´χ3q, @px, ξq P T ˚M, @t P R.

(3.3.22)
Let us postpone the proof of (3.3.22) and conclude the proof of (3.3.13). Applying
Gårding inequality (see Lemma 3.3.11) with 0 ă σ ă 1, we indeed obtain from (3.3.22)
that, for every 0 ă ε ă ε0σ

2:

OpM
pptξV pxq, ãu`εPãptq`Pb,εptq´Cbεxξy

σ
qp1´χ3qq ě C`σOpM

p´ãq´C0Id, (3.3.23)

where C0 ą 0 is the constant resulting from Gårding inequality and the remainder in
Ψσ´1pMq. It is again uniformly bounded for t P R but now depends on 0 ă σ ď 1

(through its dependence in R0). Plugging (3.3.21) and (3.3.23) in (3.3.16) we obtain

d

dt
Aptq ě C`σ

@

OpM
p´ãqu, u

D

´ pCK ` C0q}uptq}
2
L2 , (3.3.24)

with CK ą 0 taking into account the compact remainder from (3.3.20). Observe that
again this remainder depends implicitly on R0 ě 2 and thus on 0 ď σ ď σ0. See
Remark 3.3.15 for discussion on this dependence. This concludes the proof, since
(3.3.24) is (3.3.13) with α̃ :“ C` and β̃σ :“ CK ` C0 ą 0.

We are left to prove (3.3.22). To this aim, we first recall that, from the properties
of χ3 in (3.3.18), we only have to verify (3.3.22) in tpx, ξq P T ˚M : }ξ}x ě R0u, since
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p1 ´ χ3q ” 0 otherwise. We thus claim that

tξV pxq, ãu ` εPãptq ` Pb,εptq ´ Cbεxξy
σ

ą ´C`σã, in tpx, ξq P T ˚M : }ξ}x ě R0u,

(3.3.25)
for some C` ą 0 (depending only V ) and 0 ă ε ă ε0σ

2 with ε0 to be determined.
Clearly (3.3.25) implies (3.3.22) since p1 ´ χ3q ě 0 everywhere. We remark that in
this remaining region ã ” a, where a is the homogeneous escape function given by
Proposition 3.2.4. To prove (3.3.25) we split the domain as

tpx, ξq P T ˚M : }ξ}x ě R0u “ tpx, ξq P E : }ξ}x ě R0u
loooooooooooooomoooooooooooooon

“:E

Y tpx, ξq P T ˚MzE : }ξ}x ě R0u
loooooooooooooooooomoooooooooooooooooon

“:I

,

(3.3.26)
where E is the set appearing in the Definition 3.2.2 of the escape function. First, we
look at the set I. Using (3.2.1) (with δ “ c0σ given by Proposition 3.2.4), we have
that

tξV pxq, ãu ` εPãptq `Pb,εptq ´Cbεxξy
σ

ě pc0σ´ εpM2 ` 2Cbq ´ C̃bR
ρ´1
0 q }ξ}

σ
x , (3.3.27)

where C̃b ą 0 is a constant (uniform in 0 ď ε ď 1 and 0 ď σ ď 1) that depends on
the seminorms of bε and where M2 :“ maxtPR,px,ξqPI

ˇ

ˇ

ˇ
Pã

´

t, x, ξ
}ξ}

¯ˇ

ˇ

ˇ
ą 0 is again uniform

for 0 ă σ ď 1. Moreover, using again homogeneity of a, one has apx, ξq ě ´Ca }ξ}
σ
x

for some Ca ą 0 (that is uniform for 0 ď σ ď 1) and for all px, ξq P I. Thus choosing
εI :“ c0

4pM2`2Cbq
ą 0 and Rρ´1

0 ď c0σ
4C̃b

, we obtain from (3.3.27) that, for all 0 ă ε ă εIσ

we have:

tξpV pxqq, ãu ` εPãptq ` Pb,εptq ´ Cbεxξy
σ

ě
c0σ

4
}ξ}

σ
x ě ´

c0
4Ca

σa.

Finally, from condition (3.2.2) (with δ “ c0σ from Proposition 3.2.4), we see that, in
E (see (3.3.26)):

ã ” a ě c0σ }ξ}
σ
x

and

tξV pxq, au ` εPãptq ` Pb,εptq ´ Cbεxξy
σ

(3.2.2)
ě ´pεpM1 ` Cbq ` C̃bR

ρ´1
0 q }ξ}

σ
x ,

where M1 :“ maxtPR,px,ξqPE

ˇ

ˇ

ˇ
Pã

´

t, x, ξ
}ξ}x

¯
ˇ

ˇ

ˇ
ě 0 (since Pãptq is positively homogeneous

of degree σ in E) is uniformly bounded with respect to the parameter 0 ă σ ď 1. Thus
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choosing εE :“
c20

8pM1`CbqCa
and Rρ´1

0 ď
c20σ

2

8C̃bCa
, we obtain that, for all 0 ă ε ă εEσ

2,

tξV pxq, au ` εPãptq ` Pb,εptq ´ Cbε xξy
σ

ě ´
c20σ

2

4Ca
}ξ}

σ
x ě ´

c0σ

4Ca
a.

This proves (3.3.25) with C` :“ c0
4Ca

ą 0 and ε0 :“ mintεI , εEu ą 0, concluding the
proof of the energy estimate (3.3.13).

Remark 3.3.15. Observe that, the smaller σ is, the larger R0 ě 2 has to be. If bε,1 was
of the form εb̃ε,1 with b̃ε,1 P C0

b pR;SρpMqq having all its seminorms uniformly bounded
in terms of 0 ď ε ď 1, one could in fact pick R0 “ 2 up to shrinking the value of ε0.
In particular, β̃σ could be chosen uniformly in terms of 0 ď σ ď σ0. Finally, note that
the choice of the parameter ε0 depends not only on V and Pε but also on bε,2.

3.3.5 Initial data and end of the proof of Theorem 3.3.13

We are now ready to prove Theorem 3.3.13. According to Equation (3.3.15), one has
that, for any 0 ă σ ď σ0, for any 0 ă ε ď σ2ε0 and for any initial datum u0 P L2,

Aptq ě eα̃σt
`

Ap0q ´ βσ,ε}u0}
2
L2

˘

` βσ,ε}uptq}
2
L2 , @t ě 0. (3.3.28)

Cauchy-Schwarz inequality together with (3.3.14) now gives:

Aptq
(3.3.12)

“
@

OpM
p´ãqupt, xq, upt, xq

D

L2pMq
ď

›

›OpM
p´ãqu

›

›

L2pMq
eCbεt}u0}L2 . (3.3.29)

Since ã P SσpT ˚Mq, Lemma 3.3.10 (inequality (3.3.7)) gives:

›

›OpM
pãqu

›

›

L2pMq
ď Cã }u}Hσ , @u P C8

pMq. (3.3.30)

Thus, plugging (3.3.30) and (3.3.29) in (3.3.28), we have, for every 0 ă σ ď σ0 ă 1,

Cã }u}Hσ }u0}L2 ě epα̃σ´Cbεqt
`

Ap0q ´ βσ,ε}u0}
2
L2

˘

ě epα̃´Cbε0σqσt
`

Ap0q ´ βσ,ε}u0}
2
L2

˘

.

(3.3.31)
Hence, we will be done with the proof of Theorem 3.3.13 if we are able to find initial
datum u0 such that

F pu0q :“ ´pAp0q ´ βσ,ε }u0}
2
L2q ”

@

OpM
pãqu0, u0

D

L2pMq
` βσ,ε}u0}

2
L2 ă 0. (3.3.32)
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Remark 3.3.16. Note that the proof is valid for any 0 ă σ ă σ0 with σ0 given by
Proposition 3.2.4. Yet, since for every s ě σ, we have }u}s ě }u}σ, exponential blow
up of the Sobolev norm of the solutions to (3.3.9) holds for any s ě σ.

Let us now construct u0 verifying (3.3.32). To that aim, we recall property (3.2.3)
of the escape function a, namely that it is ď ´c0}ξ}σ{2 in some non empty3 closed
conic subset C. Hence, we will construct initial data which are microlocalized in this
region where a ă 0. To that aim, we fix χ P C8pM ; r0, 1sq such that the support
of χ intersects C and such that the support of χ is contained in an isochore local
chart γ : Uj Ă M Ñ Bp0, 1q :“ tx P Rn : }x} ă 1u. In order to work with the
Weyl quantization on Rn, we will consider initial data of the form u0 “ χv0 ˝ γ with
v0 P C8

c pBp0, 1qq. This allows us to write

@

OpM
pãqu0, u0

D

L2pMq
“

@

γ´1˚χOpM
pãqχγ˚v0, v0

D

L2pRnq
.

Thanks to the rule for the change of coordinates for pseudodifferential operators [86,
Th. 9.9], one finds that

@

OpM
pãqu0, u0

D

L2pMq
ď

@

Opw
ppχ2ãq ˝ γ̃qv0, v0

D

L2pRnq
` C}v0}

2
L2pRnq, (3.3.33)

for some constant C that depends only on the coordinate chart, on ã and on the choice
of the quantization procedure OpM and with γ̃ defined in (3.3.3). We now fix some
ξ0 ‰ 0 such that ξ0 lies in the region where pχ2ãq ˝ γ̃ ď ´cγ}ξ}σ and we set

ṽhpxq “ χ0pxqe
iξ0¨x

h , 0 ă h ď 1,

with χ0 P C8
c pBp0, 1qq which is not identically 0. With this definition at hand, one has

Lemma 3.3.17. There exists a constant C0 ą 0 (depending on ξ0 and χ0) such that,
for every 0 ă h ď 1 and for every 0 ď σ ď 1, one has

C´1
0 ď }ṽh ˝ γ}L2 ď C0, and }ṽh ˝ γ}σ ď C0h

´σ. (3.3.34)

Proof. Regarding the L2-norm, one has

}ṽh}L2pRnq “

ż

Rn

|χ0pxq|
2dx,

3This is exactly for this reason that we need to impose that V has a critical point when n “ 1.
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from which we deduce the expected equality as we have chosen an isochore chart.
Regarding the Sobolev norm, one has

}ṽh}
2
σ “

ż

Rn

p1 ` }ξ}
2
q
σ

ˇ

ˇ

ˇ

ˇ

ż

Rn

χ0pxqeix¨p
ξ0
h

´ξqdx

ˇ

ˇ

ˇ

ˇ

2

dξ,

where }.}σ denotes here the Sobolev norm in Rn (endowed with the standard Euclidean
metric). Hence, denoting by pχ0 the Fourier transform of χ0, one finds

}ṽh}
2
σ “

ż

Rn

˜

1 `

›

›

›

›

ξ `
ξ0
h

›

›

›

›

2
¸σ

|pχ0pξq|
2dξ ď 2σ

ˆ

1 ` 2
}ξ0}2

h2

˙σ

}χ0}σ.

The conclusion follows then from the fact that the Sobolev norm induced by the Rie-
mannian metric g on M and the one induced by the Euclidean metric in the local
chart are uniformly equivalent (with constants that can be made uniform in terms of
0 ď σ ď 1).

Remark 3.3.18. Recall that ã is σ homogeneous for }ξ}x ě 2 with 0 ă σ ă 1. Hence,
its pullback to T ˚Rn is also σ-homogeneous for }ξ} large enough, say R0 (where }.}

now denotes the Euclidean norm in Rn). Hence, we pick }ξ0} ą 2R0 in order to have
this covector in the region where the pullback symbol pχ2ãq ˝ γ̃ is σ-homogeneous.

We now study the behavior of

@

Opw
ppχ2ãq ˝ γ̃qṽh, ṽh

D

L2pRnq
, as h Ñ 0`. (3.3.35)

Observing that the L2 norm of ṽh is uniformly bounded in terms of 0 ă h ď 1, we will
be done with the proof of (3.3.32) if we can prove that (3.3.35) tends to ´8 as h Ñ 0`.
Indeed, from Cauchy-Schwarz inequality and (3.3.33), we will obtain (3.3.32). This is
the content of the next Lemma.

Lemma 3.3.19. With the above conventions, there exist 0 ă c1, h1 ă 1 such that, for
every 0 ă h ă h1 and for every 0 ď σ ď 1,

@

Opw
ppχ2ãq ˝ γ̃qṽh, ṽh

D

L2pRnq
ď ´c1h

´σ
ď ´c1C

´2
0 }ṽh}σ}ṽh}L2 .

Note that the last inequality follows from (3.3.34) (thus the constant C0 depends
on ξ0 and χ0). The above discussion combined with this Lemma yields that, for h ą 0
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small enough (depending on 0 ă σ ď 1),

F pṽh ˝ γq ď ´
c1C

´2
0

2
}ṽh ˝ γ}σ}ṽh ˝ γ}L2 . (3.3.36)

As already explained, this yields the proof of Theorem 3.3.13 with vε “ ṽh ˝ γ. More
precisely, we have shown the existence of a constant δ1 ą 0 such that, for every 0 ă

σ ď δ1 and for every 0 ă ε ď δ1σ, one can find vεp0q P Hσzt0u (even C8) such that

@t ą 0, }vεptq}σ ě δ1
`

eσδ1t}vεp0q}σ ` }vεp0q}L2

˘

, (3.3.37)

where we have picked δ1 :“ mintα̃, β̃{pCãα̃q, c1C
´2
0 {p2Cãqu and where vεptq is the solu-

tion to (3.3.9) with initial datum vε.
We will explain below why this remains true in a small neighborhood of vεp0q “ ṽh˝γ

and thus we will be done with the proof of Theorem 3.3.13.

Proof of Lemma 3.3.19. We will make use of semiclassical pseudodifferential calculus
as in [86]. First, we introduce ψ in C8

c pp´2, 2q; r0, 1sq which is identically equal to 1

on r´1, 1s and we set ψRpξq :“ ψp}ξ}{Rq. Using non stationary phase Lemma [86] and
that }ξ0} ą 2R0, one can prove that }OpwpψR0h´1qṽh}L2 “ Ophq. Now using Calderon-
Vaillancourt property 3.3.2 with s “ ρ1 “ σ and Lemma 3.3.17, one finds that

›

›Opw
ppχ2ãq ˝ γ̃qṽh

›

›

L2 ď C̃a }ṽh}σ “ Oph´σ
q.

Hence, gathering these two properties with the Cauchy-Schwarz inequality, one finds
that
@

Opw
ppχ2ãq ˝ γ̃qṽh, ṽh

D

L2pRnq
“

@

Opw
p1 ´ ψR0h´1qOpw

ppχ2ãq ˝ γ̃qṽh, ṽh
D

L2pRnq
`Oph1´σ

q.

Using the composition rule for pseudodifferential operators together with (3.3.2) and
the fact that }ṽh}L2 “ Op1q, we get

@

Opw
ppχ2ãq ˝ γ̃qṽh, ṽh

D

L2pRnq
“

@

Opw
pp1 ´ ψR0h´1qpχ2ãq ˝ γ̃qṽh, ṽh

D

L2pRnq
` Op1q.

Thanks to the introduction of the cutoff p1 ´ ψR0h´1q, the function pχ2ãq ˝ γ̃ is now
σ-homogeneous in the support of our cutoff function. Hence, using the semiclassical
quantization Opw

h as in [86, Ch.4], one finds
@

Opw
ppχ2ãq ˝ γ̃qṽh, ṽh

D

L2pRnq
“ h´σ

@

Opw
h pp1 ´ ψR0qpχ2ãq ˝ γ̃qṽh, ṽh

D

L2pRnq
` Op1q.
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Let now ψ̃ P C8
c pRnq which is equal to 1 near ξ0. Another application of the non

stationary phase lemma yields that
@

Opw
ppχ2ãq ˝ γ̃qṽh, ṽh

D

L2pRnq
“ h´σ

A

Opw
h pψ̃p1 ´ ψR0qpχ2ãq ˝ γ̃qṽh, ṽh

E

L2pRnq
` Op1q.

The conclusion follows then from an application of the stationary phase Lemma (see [86,
Ch. 5, Ex. 2] for the exact same integral) which gives

A

Opw
h pψ̃p1 ´ ψR0qpχ2ãq ˝ γ̃qṽh, ṽh

E

L2pRnq
“

ż

Rd

pχ2ãq ˝ γ̃px, ξ0qχ
2
0pxqdx ` op1q.

By construction, this quantity is negative thanks to (3.2.3) as h Ñ 0`.

We can now conclude the proof of Theorem 3.3.13.

Proof of Theorem 3.3.13. Thanks to (3.3.37), we have already the candidate for the
center of the ball vεp0q ‰ 0 in Hσ and it remains to prove that exponential growth
is true in a small neighborhood of vεp0q. We let }uεp0q ´ vεp0q}σ ď r with r ą 0 to
be determined. Thanks to (3.3.32), one has exponential growth if F puεp0qq ă 0. By
continuity of the map F on Hσ and thanks to (3.3.36), one has that, for r ą 0 small
enough,

F puεp0qq ď
F pvεp0qq

2
ď ´

c1C
´2
0

4
}vεp0q}σ}vεp0q}L2 .

Hence, using (3.3.31), one finds that, for t ě 0,

Cã}uεptq}σ}uεp0q}L2 ě eα̃σt
c1C

´2
0

4
}vεp0q}σ}vεp0q}L2 .

Choosing r ď }vεp0q}L2{2, one has, for every 0 ď σ ď 1,

}uεp0q}σ ď r ` }vεp0q}σ ď
3

2
}vεp0q}σ,

from which we infer the expected result

Cã}uεptq}σ ě eα̃σt
c1C

´2
0

9
}uεp0q}σ.

Remark 3.3.20. Observe that our proof dealt with the general equation (3.3.9) whose
principal symbol is given by a (time-dependent) transport perturbation term. In
fact, instead of εξpPpt, xqq, we could also have considered perturbations of the form
εpεpt, x, ξq with pε P C0

b pR;S1pMqqq with pε real valued and with all the seminorms of
pε uniformly bounded in terms of 0 ď ε ď 1.
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3.4 Application to periodic transport equations

In this last section we prove Theorem 3.0.1 and its extension in dimension n ą 2. Let
us recall the equation we consider (see equation (3.0.1)):

Btu “ pν ` εV pt, xqq ¨ ∇xu `
ε

2
divpV pt, xqqu, x P Tn, t P R, (3.4.1)

where ν P Nn
`, V pt, xq P C8pT ˆ Tnq and divp¨q denotes the divergence with respect

to the Euclidean volume on Tn. In this section, we often drop the index ε for the
solution of equation (3.4.1) and we simply use upt, xq even if the solution depends on
the parameter ε ą 0 (which requires some attention at certain steps).

Let us start by recalling the scheme of the proof (see Section 1.2.2 for more details),
in order to explain why this result comes as an application of Theorem 3.0.2. We first
perform a resonant normal form reduction adapted from [10], conjugating equation
(3.4.1) to an equation with the same structure as (3.3.9), but with leading transport
term which is completely resonant with respect to the frequency ν (see Definition
(3.4.1)). This reduces the study of instabilities of equation (3.4.1), to that of an
equation analogous to the one previously studied in this Chapter. Indeed, after the
normal form procedure, the transport term ν ` εV pt, xq in (3.4.1) is reduced to a time
independent one (up to small-in-size remainders), given by the resonant average

xV yνpxq :“
1

2π

ż 2π

0

V pτ, x ´ τνqdτ P C8
pTnq

of V . Equivalently, xV yν is obtained selecting only the resonant Fourier modes of V
(see (3.4.3)) with respect to the periodic flow φτ pxq “ x`τν, x P Tn. Loosely speaking,
these Fourier modes are the ones provoking the unstable dynamics.

Next, using Theorem 3.0.2, we can identify the set of perturbations V such that
their resonant average xV yν will provoke unstable dynamics. Finally, we show that, for
n “ 2, such set of potentials is generic. Let us remark that it is for this last part of the
proof that we need to ask that M “ T2. We are indeed able to perform the resonant
normal form on all tori, i.e. M “ Tn, for all n P N, but in order to achieve genericity,
we need to use the fact that Morse-Smale vector fields are generic in compact manifolds
of dimension two (see Peixoto [78] and Remark 3.1.5). This is the reason why the only
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possible choice (through our approach) to state Theorem 3.0.1 is to pick M “ T2 if we
aim at proving genericity among smooth perturbations.

3.4.1 The resonant normal form

In this section, we perform the normal form reduction. We use the ideas from [10] and
we adapt them to our context. First of all, given a C8 function V : TˆTn Ñ Rn, with
components V pt, xq :“ pV1pt, xq, . . . , Vnpt, xqq, we use the standard compact notation
for the Fourier coefficients of V :

V pt, xq :“
ÿ

kPZn

ℓPZ

vk,ℓ
loomoon

PCn

eipk¨x`ℓtq, @pt, xq P T ˆ Tn, (3.4.2)

where tvk,ℓuk,ℓ are the Fourier coefficients of V . We recall the definition of resonant
average of a function V .

Definition 3.4.1 (Resonant average). Let V pt, xq P C8pTn`1;Rnq and recall the nota-
tion in (3.4.2) for the Fourier coefficients of V . For any ν P Nn

`, we define the resonant
average of V with respect to the frequency vector ν as

xV yν pxq :“
ÿ

kPZ2

vk,ν¨ke
ik¨x, x P Tn. (3.4.3)

Remark 3.4.2. One can verify that this definition coincides with the earlier convention,

xV yν pxq :“
1

2π

ż 2π

0

V pt, x ´ νtqdt.

The main result of this section is the following Proposition:

Proposition 3.4.3. There exists ε0 ą 0 sufficiently small such that, for every 0 ď ε ď

ε0, there exists an invertible linear map

Φεptq : D1
pTnq Ñ D1

pTnq,

and a vector field Wν,ε P C8pTn`1;Rnq, with all its seminorms uniformly bounded in
terms of ε P r0, ε0s such that the following properties hold:

1. Φεptq is 2π-periodic,
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2. for all σ P R`, there exists Cσ ą 0 such that, for all 0 ď ε ď ε0 and for all t P R

}Φεptq}HσÑHσ `
›

›Φεptq
´1

›

›

HσÑHσ ď Cσ,

3. the constant Cσ is uniformly bounded when σ lies in a compact interval,

4. for any solution uεpt, xq to equation (3.4.1), the function vεpt, xq defined by uεpt, xq :“

Φεptqvεpt, xq satisfies

Btvεpt, xq “ Opw
piξpε xV yν pxq ` ε2Wν,εpt, xqqqvεpt, xq. (3.4.4)

Remark that equation (3.4.4) is a particular case of (3.3.9) with bε “ 0. Before
proving this proposition, let us write the following corollary that motivates the choice
of the normal form and that allows to derive unstable solutions to (3.0.1) from the
unstable solutions arising in Theorem 3.0.2 (as soon as xV yν is Morse-Smale).

Corollary 3.4.4. Let uεpt, xq be a solution of (3.4.1) and let vεpt, xq be the corre-
sponding solution of (3.4.4) (i.e. uε “ Φεptqvε with Φεptq given in Proposition 3.4.3).
If

}vεptq}σ ě δ̃0e
δ̃0σεt }vεp0q}σ , for some δ̃0 ą 0, σ ě 0, (3.4.5)

then one has

}uεptq}σ ě C´2
σ δ̃0e

δ̃0σεt }uεp0q}σ , for some δ̃0 ą 0, σ ě 0,

where Cσ is the constant from Proposition 3.4.3.

Equivalently, the behavior of the Sobolev norms of solutions to (3.4.4) is the same
as that to (3.4.1), up to constants. Recall that the existence of solutions to (3.4.4)
verifying (3.4.5) follows from Theorem 3.3.13 as soon as xV yν has the Morse-Smale
property:

Theorem 3.4.5. Let ω “ 1 and ν P N2zt0u. Suppose that xV yν satisifies the Morse-
Smale property and, if n “ 1, suppose in addition that xV yν has at least one critical
point.
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Then, there exists δ0 ą 0 such that, for every 0 ď σ ď δ0 and for every 0 ď ε ď δ0σ
2,

one can find vε P HσpT2q and r :“ rpε, σ, vεq ą 0 such that

}uεp0q ´ vε}σ ď r ùñ }uεptq}σ ě δ0e
δoσtε }uεp0q}σ , for any t ą 0,

where uεptq is the solution to equation (3.0.1) with initial datum uεp0q.

We now turn to the proof of Proposition 3.4.3.

Preliminary constructions

As already explained, we drop the index ε at several places (e.g. u, v,Φ instead of
uε, vε,Φε) in view of alleviating the notations. We now report some preliminary remarks
and notation that we introduce following [10, Section 3.1]. Some of these definitions
where already presented in Section 1.2.2. For convenience of the reader we collect here
all the material needed to avoid any confusion. First of all, recalling the definition in
(3.0.3) of the Sobolev spaces Hσ, σ P R, let Aptq : Hσ Ñ Hσ be any linear invertible
transformation, periodic in time of period 2π. For any differential equation of the form
Btu “ Hu, defining the function vpt, xq as u “ Aptqv, one can check that v solves
9v “ Aptq˚Hv, where the pushforward Aptq˚H is given by

Aptq˚H :“ Aptq´1
rHAptq ´ BtAptqs. (3.4.6)

We remark, to avoid any confusion in the notation, that BtAptq is the derivative in
time of the linear transformation (and not the composition Bt ˝ Aptq). The core of
the proof of Proposition 3.4.3 consists in choosing the proper transformation Aptq and
computing the corresponding pushforward in (3.4.6). To this aim, we consider a family
of diffeomorphisms of the torus of the form

φptq : Tn Ñ Tn, x ÞÑ x ` εβpt, xq, (3.4.7)

where β P C8pT ˆ Tn;Rnq is a function to be determined. It has been proved (see for
example [2, Lemma B.4]) that, for ε ą 0 small enough, this diffeomorphism is invertible
and its inverse has the form

φptq´1 : Tn Ñ Tn, y ÞÑ y ` εβ̃εpt, yq, (3.4.8)



126 CHAPTER 3

for β̃ε P C8pT ˆ Tn;Rnq. Moreover, β̃ε has all its derivatives uniformly bounded in
terms of ε ą 0 in the admissible range of ε. Note that β is chosen independently of ε
in our construction and that φ depends implicitly on ε.

We define the transformation associated with (3.4.7) as:

Φ̃ptqupt, xq :“ detpId ` ε∇xβpt, xqq
1
2u ˝φpt, xq, @u P C8

pT;Hσ
pTnqq @t P T, @σ P R,

(3.4.9)
with inverse

Φ̃ptq´1upt, xq :“ detpId`ε∇xβ̃εpt, xqq
1
2u˝φ´1

pt, xq, @u P C8
pT;Hσ

pTnqq @t P T, @σ P R.
(3.4.10)

Remark that

detpId ` ε∇yβ̃εpt, yqq “
1

detpId ` ε∇xβpt, xqq|x“y`εβ̃pt,yq

, @y P Tn. (3.4.11)

Using (3.4.11) and via a direct computation one can check that

Φ̃ptq˚
“ Φ̃ptq´1, @t P T, (3.4.12)

where ˚ denotes the adjoint with respect to the standard inner product on L2. Finally,
defining

Hptq :“ pν ` εV pt, xqq ¨ ∇x `
ε

2
divpV pt, xqq, (3.4.13)

where ν and V are as in (3.4.1), (so that equation (3.4.1) reads 9u “ Hptqu), and using
formula (3.4.6), we see that the pushforward of Hptq in (3.4.13) with respect to Φ̃ptq

in (3.4.9) is given by

Φ̃ptq˚H “ Φ̃ptq´1HΦ̃ptq ´ Φ̃ptq´1
BtΦ̃ptq. (3.4.14)

The following Lemma computes explicitly this pushforward.

Lemma 3.4.6. Let H as in (3.4.13) and Φ̃ as in (3.4.9). Then the order one differential
operator Φ̃ptq´1HΦ̃ptq is skew-adjoint and the following identities hold:

Φ̃ptq´1HΦ̃ptq “ Opw
piξpν ` εV pt, xq ` εν ¨ ∇xβ ` ε2R1

εpt, xqqq, (3.4.15)

and
Φ̃ptq´1

BtΦ̃ptq “ Opw
piξpεBtβ ` ε2R2

εpt, xqqq, (3.4.16)
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with R1{2
ε pt, xq P C8pTn`1;Rq having all their seminorms uniformly bounded in terms

of ε P r0, ε0s.

Here, we use the formalism of pseudodifferential operators (see section 3.3.1) in
order to identify the symbols of Φ̃ptq´1HΦ̃ptq and Φ̃ptq´1BtΦ̃ptq, that we will need to
prove Proposition 3.4.3. We remark that on the torus it is possible to use the Weyl
quantization exactly as over Rn and that all properties in Lemma 3.3.1 hold. See [86,
Ch. 5] for details.

Proof. First of all remark that, since Hptq defined as in (3.4.13) is skew-adjoint, using
(3.4.12) we have

rΦ̃ptq´1HΦ̃ptqs
˚

“ Φ̃ptq˚H˚
pΦ̃ptq´1

q
˚ (3.4.12)

“ ´Φ̃ptq´1HΦ̃ptq,

which proves skewadjointness of Φ̃ptq´1HΦ̃ptq. Moreover, from its definition, Φ̃ptq´1HΦ̃ptq

is a real valued differential operator of order one. Thus, from point 2 of Lemma 3.3.1,
we have

Φ̃ptq´1HΦ̃ptq “ Opw
piξpfεpt, xqqq, (3.4.17)

for some fε P C8pTn`1q, real valued. We now compute such a function fε in order to
prove (3.4.15). For every u P C8pTn`1q we have

Φ̃ptq´1HΦ̃ptqupt, xq “ Φ̃ptq´1
rpν`εV pt, xqq¨∇xpdetpId`ε∇xβpt, xqq

1
2upt, x`εβpt, xqqqs mod S0

pTn`1
q

“ Φ̃ptq´1
rpν`εV pt, xqq¨detpId`ε∇xβpt, xqq

1
2 pId`ε∇xβpt, xqq¨∇xupt, x`εβpt, xqqs modS0

pTn`1
q

(3.4.10)
(3.4.11)

“ pν`εV pt, x`εβ̃pt, xqqqpId`ε∇xβpt, x`εβ̃pt, xqqq∇xupt, xq mod S0
pTn`1

q.

Since we are interested in finding the first term of the expansion in ε of fε in (3.4.17),
we now perform a Taylor expansion in a neighborhood of ε “ 0 and we obtain:

Φ̃ptq´1HΦ̃ptqupt, xq “ rpν`εV pt, xqqpId`ε∇xβpt, xqq`OC8pε2qs∇xupt, xq mod S0
pTn`1

q,

which gives the expansion in (3.4.15).
We now prove (3.4.16). We first show that there exists gε P C8pTn`1q such that

Φ̃ptq´1
BtΦ̃ptq “ Opw

piξgεpt, xqq. (3.4.18)
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This proves that Φ̃ptq´1BtΦ̃ptq is a skew-adjoint operator (see Lemma 3.3.1). Next, we
derive the explicit expression in (3.4.16). In order to prove (3.4.18), we first remark
that

Φ̃ptq´1
BtΦ̃ptqruspt, xq “ Φ̃ptq´1

BtrΦ̃ptquspt, xq ´ Btupt, xq, @u P C8
pTn`1

q. (3.4.19)

Next we compute Φ̃ptq´1BtrΦ̃ptquspt, xq:

Φ̃ptq´1
BtrΦ̃ptquspt, xq

(3.4.9)
“ Φ̃ptq´1

BtrdetpId ` ε∇xβpt, xqq
1
2upt, x ` εβpt, xqqs

“ Φ̃ptq´1
”´

Bt detpId ` ε∇xβpt, xqq
1
2

¯

upt, x ` εβpt, xqq

ı

` Φ̃ptq´1
”

detpId ` ε∇xβpt, xqq
1
2 pBtupt, x ` εβpt, xqq

ı

` Φ̃ptq´1
”

detpId ` ε∇xβpt, xqq
1
2 εBtβpt, xq ¨ ∇xupt, x ` εβpt, xqqq

ı

(3.4.10)
“

´

Bt detpId ` ε∇xβpt, xqq
1
2

¯

|y“x`εβ̃ε
detpId ` ε∇xβ̃εpt, xqq

1
2upt, xq

` Btupt, xq ` εBtβpt, x ` εβ̃εpt, xqq ¨ ∇xupt, xq.

(3.4.20)

Thus, plugging (3.4.20) in (3.4.19), we obtain that

Φ̃ptq´1
BtΦ̃ptqruspt, xq “

´

Bt detpId ` ε∇xβpt, xqq
1
2

¯

|y“x`εβ̃ε
detpId ` ε∇xβ̃εpt, xqq

1
2

loooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooon

gε,1pt,xq

upt, xq

` εBtβpt, x ` εβ̃εpt, xqq
looooooooooomooooooooooon

gε,2pt,xq

¨∇xupt, xq.

(3.4.21)

Recalling now that, from the composition rule for pseudodifferential operators (see
Lemma 3.3.1), for any hpt, xq P C8pTn`1q we have

hpt, xq ¨ ∇x `
divxhpt, xq

2
“ Opw

piξ ¨ hpt, xqq,

we are done with the proof of (3.4.18) if we show that

divgε,2pt, xq

2
“ gε,1pt, xq, (3.4.22)
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with gε,1 and gε,2 given in (3.4.21). Indeed, plugging (3.4.22) in (3.4.21) we obtain
(3.4.18) with gεpt, xq :“ εBtβpt, x ` εβ̃εpt, xqq. We show that (3.4.22) holds with a
direct computation:

gε,1pt, xq
(3.4.21)

“

´

Bt detpId ` ε∇xβpt, xqq
1
2

¯

|y“x`εβ̃ε
detpId ` ε∇xβ̃εpt, xqq

1
2

(3.4.11)
“

1

2
Bt detpId ` ε∇xβpt, x ` εβ̃εpt, xqqq detpId ` ε∇xβ̃εpt, xqq

“
1

2
tr

`

pId ` ε∇xβq
´1

BtpId ` ε∇xβq
˘

(3.4.11)
“

1

2
tr

´

pId ` ε∇xβ̃εqεBt∇xβq

¯

(3.4.23)

where for the unlabeled equality we used Jacobi identity. On the other hand we also
have:

divgε,2pt, xq
(3.4.21)

“ divpεBtβpt, x ` εβ̃εpt, xqqq

“ tr
´

εBt∇yβpt, yq|y“x`εβ̃εpt,xqpId ` ε∇xβ̃εpt, xqq

¯

.
(3.4.24)

Putting together (3.4.23) and (3.4.24), we obtain (3.4.22). Thus we have shown that

Φ̃ptq´1
BtΦ̃ptqruspt, xq “ Opw

piξ ¨ εBtβpt, x ` εβ̃εpt, xqqq. (3.4.25)

Finally, we obtain (3.4.16) performing a Taylor expansion of (3.4.25) in a neighborhood
of ε “ 0, concluding the proof of the lemma.

Proof of Proposition 3.4.3

Let Φ̃ptq be a transformation of the form in (3.4.9), with β P C8pTn`1q to be determined
and recall the expression for its inverse in (3.4.10). Take upt, xq solution of (3.4.1), that
we rewrite as Btu “ Hptqu with Hptq in (3.4.13), and recall from previous discussion
that defining vpt, xq via upt, xq “ Φ̃ptqvpt, xq then vpt, xq solves

Btvpt, xq “ Φ̃ptq˚Hptqvpt, xq. (3.4.26)

See (3.4.6). We claim that it is possible to choose ε0 ą 0 small enough and β P

C8pT ˆ Tn;Rnq such that, for every 0 ă ε ă ε0,

Φ̃ptq˚Hptq “ Opw
piξpν ` εVRν pt, xq ` ε2W̃ν,εpt, xqqq @t P T, (3.4.27)
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where W̃ν,εpt, xq P C8pT ˆ Tn;Rnq with semi-norms uniformly bounded in terms of ε
and

VRν pt, xq :“
ÿ

kPZn

vk,ν¨ke
ik¨px`νtq

” xV yν px ` νtq, (3.4.28)

where vk,ν¨k are the resonant Fourier coefficients of V (see (3.4.2) and (3.4.3)). Let
us postpone the proof of this claim, and conclude the proof of the proposition assum-
ing (3.4.27). Defining indeed the time translation Uptq : Hσ Ñ Hσ, which acts as
Uptqwpt, xq :“ wpt, x ´ νtq, for all t P R and for all w P C8pT ˆ Tn;Rnq, we consider

u1pt, xq :“ Uptqvpt, xq “ vpt, x ´ νtq, (3.4.29)

where vpt, xq solves equation (3.4.26). First we compute the equation solved by u1pt, xq:

Btu1pt, xq “ Btvpt, x ´ νtq ´ ν ¨ ∇xvpt, x ´ νtq

“ Btvpt, x ´ νtq ´ Opw
piν ¨ ξqvpt, x ´ νtq

(3.4.26)
(3.4.27)

“ Opw
piξ ¨ pεVRν pt, x ´ νtq ` ε2W̃ν,εpt, x ´ νtqqqvpt, x ´ νtq

(3.4.28)
(3.4.29)

“ Opw
piξ ¨ pε xV yν pxq ` ε2Wν,εpt, xqqqu1pt, xq,

where Wν,ε :“ W̃ν,εpt, x´ νtq. Thus u1pt, xq defined as in (3.4.29) solves (3.4.4). More-
over the transformation Φptq :“ UptqΦ̃ptq´1 : Hσ Ñ Hσ is linear, 2π-periodic and
bounded for every σ P R, since both Uptq and Φ̃ptq´1 are. Furthermore, the continuity
constants are uniform in terms of 0 ď ε ď ε0 (recall that Φptq depends implicitly on ε).
This concludes the proof of the proposition since upt, xq “ Φptqu1pt, xq by construction.

Thus we are left with finding ε0 ą 0 and β P C8pTˆTn;Rnq, so that (3.4.27) holds.
First of all, we plug the expansions (3.4.15) and (3.4.16) in (3.4.14), obtaining

Φ˚ptqHptq “ Opw
piξ ¨ pν ` εV pt, xq ` εν ¨ ∇xβ ´ εBtβ ` OC8pε2qqq, (3.4.30)

in a neighborhood of ε “ 0. Next we consider the Fourier expansion of the term
T pt, xq :“ ν ` εV ` εν ¨ ∇xβ ´ εBtβ:

T pt, xq “ ν`εV `εν ¨∇xβ´εBtβ “ ν`ε
ÿ

pk,ℓqPZn`1

pvk,ℓ` ipk ¨ν´ℓqβk,ℓqe
ikx`iℓt, (3.4.31)
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where V pt, xq “
ř

k,ℓ vk,ℓe
ipkx`ℓtq and βpt, xq “

ř

k,ℓPZ βk,ℓe
ipkx`ℓtq. Define

βk,ℓ :“

$

&

%

vk,ℓ
ipℓ´k¨νq

if ℓ ‰ k ¨ ν,

0 otherwise.
(3.4.32)

The corresponding β is a well defined and smooth function over Tn. Substituting the
Fourier coefficients of β (see (3.4.32)), in the expression of T pt, xq in (3.4.31), we get:

T pt, xq “ ν ` ε
ÿ

ℓ`ν¨k“0
kPZ

vk,ν¨ke
ikpx`νtq

“ ν ` εVRν pt, xq, (3.4.33)

where we recall the definition of VRν in (3.4.28). Thus recognizing that Φ˚ptqHptq “

OpwpiξpT pt, xq `OC8pε2qqq (se (3.4.31) and (3.4.30)) and plugging (3.4.33) in (3.4.30),
we obtain

Φ˚ptqHptq “ Opw
piξpν ` εVRν pt, xq ` W̃ν,εqq,

where W̃ν,ε is the remainder in the order one operator. This gives (3.4.27). Remark
that ε0 is chosen so that both (3.4.8) and the Taylor expansions hold for all 0 ă ε ă ε0.

3.4.2 Genericity in dimension 2 and proof of Theorem 3.0.1

In this last section we conclude the proof of Theorem 3.0.1. Fix any ν P N2
` and define

Aν :“ tV P C8
pT3;R2

q : xV yν pxq P XMS
pT2

qu.

Recall that C8 is endowed with its natural Fréchet topology, i.e. the one induced by
the seminorms p}.}Ckqkě0. One can verify that the map

V P C8
pT3;R2

q ÞÑ xV yν P C8
pT2;R2

q

is linear and continuous with respect to the Fréchet topology on each space. In partic-
ular, XMSpT2q being an open subset of C8pT2;R2q, one finds that Aν is open for the
Fréchet topology on C8. Regarding density, we let V0 P C8pT3;R2q and we decompose
it as

V0pt, xq “ xV0yνpx ` tνq ` pV0pt, xq ´ xV0yνpx ` tνqq .

The second term on the right hand side has all its Fourier coefficients in Z3ztpk ¨ ν, kq :

k P Z2u. In particular, it average x¨yν is identically zero. Now recalling that XMSpT2q
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is a dense subset of C8pT2;R2q, one can find W in XMSpT2q arbitrarly close to xV0yν .
Letting

V pt, xq :“ W px ` tνq ` pV0pt, xq ´ xV0yνpx ` tνqq ,

one finds that V can be made arbitrarly close to V0. This shows that Aν is dense and
concludes the proof of Theorem 3.0.1 when combined with Theorem 3.4.5.

3.5 Preliminary and auxiliary results

3.5.1 Definitions in dynamical systems

In this section, we review the definitions of dynamical systems theory that we use in
Sections 3.1 and 3.2. We refer to [77] for Morse-Smale theory and to [19, 40] for a
complete review of the theory related to hyperbolic dynamical systems. Let V be a
smooth vector field on a smooth manifold M of dimension n ě 1. We denote by φtV pxq

its flow at time t P R (see (3.1.1)).

Definition 3.5.1. A point Λ P M is a critical point of V if V pΛq “ 0. We say that a
critical point is hyperbolic if dV pΛq : TΛM Ñ TΛM has eigenvalues tλ1, . . . , λnu such
that Repλiq ‰ 0, for all i “ 1, . . . , n.

Definition 3.5.2. A point x0 P M is a periodic point if V px0q ‰ 0, and there exists
T0 ą 0 such that φT0V px0q “ x0. Moreover, a periodic point x0 is hyperbolic if dφT0V px0q

has 1 as a simple eigenvalue and no other eigenvalues of modulus 1. The set Λ “

tφtV px0q : 0 ď t ď T0u is then called a hyperbolic closed orbit.

Definition 3.5.3 (Non-wandering set). We say that a point x P M is wandering if
there exist some open neighborhood O of x and a time Tx ą 0 such that

O X

¨

˝

ď

|t|ąTx

φtV pOq

˛

‚“ H.

We denote by NWpV q “ NWpφtV q the non-wandering set of V , i.e., the union of all
points y P M which are not wandering.
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Definition 3.5.4 (α and ω limit sets). Let x P M . We define

αpxq :“
č

Tď0

tφtV pxq : t ď T u, and ωpxq :“
č

Tě0

tφtV pxq : t ě T u.

We remark that, if x P Λi, with Λi P CritpV q (see (3.1.2)), then αpxq “ ωpxq “ Λi.

Definition 3.5.5 (Stable and unstable manifolds). Let K be a closed invariant subset
of M . We define the stable and unstable manifolds associated with K as

W s
pKq :“ tx P M : ωpxq Ă Ku and W u

pKq :“ tx P M : αpxq Ă Ku.

Definition 3.5.6. Let Λ P CritpV q be a hyperbolic closed orbit of period T0. The stable
and unstable manifolds W s{upΛq are foliated by the family of smooth submanifolds of
codimension one tW ss{uupx0qux0PΛ, where

W ss
px0q :“ tx P M : lim

nÑ`8
φnT0pxq “ x0u,

and
W uu

px0q :“ tx P M : lim
nÑ`8

φ´nT0pxq “ x0u.

We remark that the same foliation can be trivially defined also in the case of critical
points, for which W ss{uupx0q “ W s{upx0q.

3.5.2 Existence of solutions to transport equations

In this section, we discuss the existence of solutions to (3.3.9). Recall that the main
difference with [72] is the presence of a non skew-adjoint term εOpMpbε,2q in the right-
hand side of the equation with bε,2ptq being real valued, lying in C0

b pR,S0q and having
all its seminorms uniformly bounded in terms of 0 ď ε ď 1 and t P R. To deal with
this issue, we will apply a perturbative argument compared with the results from this
reference. For the sake of simplicity, we set

B0ptq “ OpM
piξpV pxq ` εPpt, xqq ` ibε,1q, and R0ptq “ εOpM

pbε,2q.

We denote by U0pt, sq P C0pR ˆ R;LpHσqq the flow associated with B0ptq. Recall
from [72, Th. 1.2] that it satisfies

}U0pt, sq}HσÑHσ ď Cσe
Cσ |t´s| (3.5.1)
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for every σ ě 0 and t, s P R and that it is unitary in L2 (i.e., for σ “ 0). Thanks
to Duhamel’s principle, the equation we are interested in can be rewritten under an
integral form, for every t in R,

uεptq “ U0pt, 0quεp0q `

ż t

0

U0pt, τqR0pτquεpτqdτ.

Hence, we fix u0 P Hσ, T ą 0 and we consider the functional

F : u P C0
pr´T, T s;Hσ

q ÞÑ U0pt, 0qu0 `

ż t

0

U0pt, τqR0pτqupτqdτ P C0
pr´T, T s;Hσ

q.

Our goal is to prove the existence of a fixed point F pvq “ v in Hσ. To do that, we
proceed by induction and we set

v0 “ u0, vn`1 “ F pvnq.

One has

}vn`1ptq ´ vnptq}σ ď Cσ,T

ż t

0

}vnpτq ´ vn´1pτq}σdτ, @ ´ T ď t ď T, @n P N,

where we used (3.5.1) and the property that R0pτq : Hσ Ñ Hσ is a bounded operator
thanks to (3.3.2). We remark that Cσ,T ą 0 depends only on σ, T and the norms of B0

and R0. By induction, one finds

}vn`1ptq ´ vnptq}σ ď
pCσ,T tq

n

n!
sup

τPr´T,T s

}v1pτq ´ v0pτq}σ,

from which we can infer that pvnqně0 is a Cauchy sequence in C0pr´T, T s,Hσq. By
continuity of the functional F , we find that the limit v8 satisfies F pv8q “ v8. The
same argument shows that the solution is unique. As T can be chosen arbitrarily, we
find that there exists an unique solution to (3.3.9) that is defined on R.



Chapter 4

Long-time behavior of resonant

transport equations in dimension one

This chapter complements the study carried out in the previous one: we consider the
same class of transport equations, but we restrict ourselves to the one-dimensional case.
In this setting, we are able to completely classify the long-time dynamics of solutions
for any non-degenerate perturbation (and not only to identify the potentials generating
instability). Precisely, we consider

Btu “ pν ` εV pt, xqqBxu `
ε

2
BxV pt, xqu, x P T :“ R{2πZ, t P R, ε ą 0, (4.0.1)

where ν P N`, ε is a positive parameter, V P C8pT2;Rq, and we use the definition
in (1.1.12) with n “ 1 for the scale of Sobolev spaces on T. As anticipated in the
introduction, we prove that, depending on the choice of the perturbation V , only two
possibilities occur (up to a nowhere dense set of degenerate perturbations): either all
Sobolev norms of all solutions are uniformly bounded for finite but arbitrarily long time
scales, or instability phenomena arise. We recall Definition 1.1.10 of resonant average
of a given perturbation and of completely resonant function, and Definitions 1.1.11-
1.1.12 of resonantly stable and unstable functions. Our main result is the following
theorem.

Theorem 4.0.1. For any ν P N` let

Vν,s :“ tV P C8
pT2;Rq : V is resonantly stable u, (4.0.2)

135
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Vν,u :“ tV P C8
pT2;Rq : V is resonantly unstable u, (4.0.3)

Vν,d :“ tV P C8
pT2;Rq : xV yν has degenerate zeroes u,

where we recall Definitions 1.1.10, 1.1.11 and 1.1.12. The following holds:

1. Long-time stability: for any V P Vν,s, for any N ą 0 there exists εNpV q ą 0 such
that, for any 0 ă ε ă εNpV q and for any s ą 0, there exists C1 ą 0 (independent
of ε) such that, for any u0pxq P HspTq, the corresponding solution upt, xq of
equation (4.0.1) (i.e. up0, xq “ u0pxq) satisfies

}uptq}s ď C1 }u0}s @ |t| ď CV ε
´pN`1q, where C1 ” C1ps, V q (4.0.4)

for some CV ą 0.

2. Instability: for any V P Vν,u there exist εpV q ą 0, δ2 ą 0 such that, for any 0 ă

ε ă εpV q and for any s ě 1 there exists u0 P HspTq, such that the corresponding
solution upt, xq of equation (4.0.1) satisfies:

}uptq}s ě eεδ2tδ1pu0q, @ t ą 0 , (4.0.5)

for some δ1pu0q ą 0.

3. Genericity: The set Vν,u Y Vν,s is open and dense in C8pT2;Rq endowed with its
Fréchet topology.

We refer to Section 1.1.3 for a broader introduction to this result and to Section
1.2.3 for an idea of the main tools used in the proof. The rest of the Chapter is devoted
to the proof of Theorem 4.0.1.

Organization of the chapter. In Section 4.1 we collect preliminary results needed
along the chapter. In particular, in Section 4.1.1 we introduce the class of pseudod-
ifferential operators along with some of their properties, whilst in Section 4.1.2 we
define the class of transformations that we will use all along the chapter. In Section
4.2 we prove the first point of Theorem 4.0.1, using first a normal form procedure to
reduce equation (4.0.1) to constant coefficients up to small-in-size remainders, and then
proving estimate (4.0.4).
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In order to prove the second point of Theorem 4.0.1, we need to construct an escape
function for the Hamiltonian lift of the flow generated by the resonant average of V
on the torus. Thus in Section 4.3.1 we construct the escape function and in Section
4.3.2 we use it to prove estimate (4.0.5). Finally, in Section 4.4 we conclude the proof
of Theorem 4.0.1 studying the structure of the sets Vν,s,Vν,u.

4.1 Preliminary results

In this section we collect some preliminary results that we will use in the rest of the
chapter. Precisely, in Section 4.1.1 we collect some definitions and results of symbolic
calculus and in Section 4.1.2 we define a class of linear transformations (that we will
need to prove both the reducibility and the instability results in Theorem 4.0.1) and
we study their action on transport operators. Some of the material of this section was
already presented in the previous chapter, but for the reader’s convenience (and in
order to make the chapter selfcontained) we report here all the preliminary material
we will use in the chapter.

4.1.1 Pseudodifferential operators

We define the class of symbols of order ρ P R as

SρpTq :“ ta P C8
pTˆRq : @α, β P Nn

|B
α
xB

β
ξ apx, ξq| ď Cα,β xξy

ρ´|β|
u, @ρ P R. (4.1.1)

We also denote by C8pT;Sρq the space of smooth maps t ÞÑ apt, ¨q P SρpTq, for every
ρ P R. For every a P SρpTq we define the Weyl quantization Opwpaq of a as

Opw
paqruspxq :“

1

2π

ż

TˆR
eipx´yqξa

´x ` y

2
, ξ

¯

upyqdydξ.

We say that an operator A is pseudodifferential of order ρ if there exists a P C8pTˆRq

such that A “ Opwpaq. We write A P Sρ and we denote by C8pT;Sρq the set of smooth
maps t ÞÑ Aptq P Sρ, for every ρ P R. We now collect in the following lemma the main
results of symbolic calculus that we will need in the Chapter. We refer for example to
[81], [86] for the proofs.
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Lemma 4.1.1. Let f P Sρ1pTq, g P Sρ2pTq, ρ1, ρ2 P R. Then:

1. For any s P R, there exist Cf,s ą 0 such that:

}Opw
pfqu}s´ρ1 ď Cf,s}u}s, @u P Hs, (4.1.2)

where we recall the definition of Sobolev norms in (1.1.12);

2. Opwpfq˚ “ Opwpfq (here ˚ denotes the adjoint operator) and in particular skew-
adjoint operators have purely imaginary symbols;

3. There exists h P Sρ1`ρ2pTq such that Opwpfq ˝ Opwpgq “ Opwphq. Furthermore,

h :“ fg ´
i

2
tf, gu mod Sρ1`ρ2´2

pTq; (4.1.3)

4. There exists ℓ P Sρ1`ρ2´1pTq such that irOpwpfq,Opwpgqs “ Opwpℓq. Moreover

ℓ :“ tf, gu mod Sρ1`ρ2´2
pTq; (4.1.4)

5. If ρ1 ă 0, then Opwpfq is compact as an operator from L2pTq to itself.

6. If a P C8pT ˆ Rq is a compactly supported function, then a P Sρ for any ρ ă 0.

Remark 4.1.2. Let p P C8pTq. Then p P S0 and Opwppqruspxq “ ppxqupxq. Moreover

Opw
piξppxqq “ ppxqBx `

1

2
p1

pxq.

Finally, we state the following Gårding inequality, referring to [86, Theorem 9.11] for
a proof.

Lemma 4.1.3. Let a P SρpTq, a ě 0. Then for every u P C8pTq we have

xOpw
paqu, uyL2pTq

ě ´Cρ,a }u}
2
ρ´1
2
, (4.1.5)

for some Cρ,a ą 0.
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4.1.2 Conjugation results

In this section we define a class of linear, invertible transformations and study their
action on transport equations. This conjugation technique is already used in [10] and
[39]. The same transformation as the one presented in this section is studied in [79]
(and described in Section 3.4.1 of the present thesis) for tori of any dimension. We
report it here since we slightly modify the discussion to adapt it also to the proof of
the stability result (see Section 4.2).

First of all we remark that a linear, invertible transformation u “ Aptqu1, with Aptq

periodic in time of period 2π, transforms equation 9u “ Hu into 9u1 “ Aptq˚Hu1, where
the pushforward Aptq˚H is given by

Aptq˚H :“ Aptq´1
rHAptq ´ BtAptqs. (4.1.6)

We remark, to avoid any confusion in the notation, that BtAptq is the derivative in time
of the linear transformation (and not the composition Bt ˝ Aptq). Next, we consider a
family of time-dependent diffeomorphisms of the torus of the form

φkptq : T Ñ T, x ÞÑ x ` εkβpt, xq, k P N`, ε ą 0, β P C8
pT2;Rq. (4.1.7)

It has been proved (see for example [2, Lemma B.4]) that for ε ą 0 small enough φkptq

is an invertible diffeomorphism and its inverse has the form

φ´1
k ptq : T Ñ T, y ÞÑ y ` εkβ̃pt, yq, k P N`, ε ą 0, (4.1.8)

for some β̃ P C8pT2;Rq. We define the transformation associated with (4.1.7) as:

Φ̃kptq : upxq ÞÑ p1 ` εkBxβq
1
2 pu ˝ φkqpxq, @t P T, k P N`, (4.1.9)

with inverse given by

Φ̃kptq´1 : upyq ÞÑ p1 ` εkBxβ̃q
1
2 pu ˝ φ´1

k qpyq, @t P T, k P N`. (4.1.10)

We stress here that Φ̃kptq ” Φ̃k,ε,βptq, i.e., the transformation depends both on β and
ε, but we will always write as in (4.1.9), omitting such labels to simplify the notation.
Remark that, for every k P N`, both Φ̃kptq and Φ̃kptq´1 are 2π-periodic in time. We
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now show that, for every k P N`, the operator Φ̃kptq in (4.1.9) is unitary: substituting
the explicit expressions of (4.1.7) and (4.1.8) in the identity

φk|x“y`εkβ̃pt,yq ˝ φ´1
k pyq “ y @t P R, y P T, k P N`, (4.1.11)

and deriving (4.1.11) with respect to y one obtains that, for every ε ą 0 and β P

C8pT2;Rq,

1 ` εkByβ̃pt, yq “
1

1 ` εkBxβpt, xq|x“y`εkβ̃pt,yq

, @y P T, k P N`. (4.1.12)

This in turn gives, via a direct computation, unitarity of Φ̃kptq, namely

Φ̃kptq˚
“ Φ̃kptq´1, @t P T, k P N`, (4.1.13)

where Φ̃kptq˚ denotes the adjoint operator of Φ̃kptq. We now turn to studying the action
of Φ̃kptq on transport operators.

Lemma 4.1.4. Take any f , g P C8pT2;Rq, n P N` and ε ą 0. Define

Hnptq :“ Opw
piξpfpt, xq ` εngpt, xqqq. (4.1.14)

For any β P C8pT2;Rq there exists εβ ą 0 such that, for every 0 ă ε ă εβ, the
associated transformation Φ̃nptq defined as in (4.1.9) satisfies

Φ̃nptq´1HnptqΦ̃nptq “ Opw
piξpfpt, xq ` εnpgpt, xq ` fpt, xqBxβpt, xqq ` εn`1R1

n,εpt, xqqq

(4.1.15)
and

Φ̃nptq´1
BtΦ̃nptq “ Opw

piξpεnBtβpt, xq ` εn`1R2
n,εpt, xqqq, (4.1.16)

where R1
n,ε, R2

n,ε P C8pT2;Rq have all seminorms uniformly bounded in terms of ε P

r0, εβs.

Proof. Given β P C8pT2;Rq, let Φ̃nptq be the associated transformation in (4.1.9), with
k ⇝ n and recall the expression for its inverse in (4.1.10). Fix εβ ą 0 such that, for
every 0 ă ε ă εβ, Φ̃nptq is a bounded and invertible transformation (recall previous
discussion in (4.1.7) and (4.1.8) and see [2, Lemma B.4]). We first prove (4.1.15). To
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this aim, first remark that, since Hnptq in (4.1.14) is skew-adjoint (see Lemma 4.1.1),
using (4.1.13) we have

rΦ̃nptq´1HnptqΦ̃nptqs
˚ (4.1.13)

“ ´Φ̃nptq´1HnptqΦ̃nptq.

Next, using Lemma 4.1.1, we can rewrite Hnptq in (4.1.14) as

Hnptq “ pfpt, xq ` εngpt, xqqBx `
1

2
Bxpfpt, xq ` εngpt, xqq. (4.1.17)

Thus, using (4.1.17), (4.1.9), (4.1.10), (4.1.12) and performing a direct computation
one obtains

Φ̃nptq´1HnptqΦ̃nptq “ pf ` εngqpt, φ´1
n ptqrxsqp1 ` εnBxβpt, φ´1

n ptqrxsqqBx

`
1

2
Bx

`

pf ` εngqpt, φ´1
n ptqrxsqp1 ` εnBxβpt, φ´1

n ptqrxsqq
˘

(4.1.3)
“ Opw

piξppf ` εngqpt, φ´1
n ptqrxsqp1 ` εnBxβpt, φ´1

n ptqrxsqqq.

(4.1.18)

Analogously, the expression for Φ̃nptq´1BtΦ̃nptq can be explicitly computed and is given
by

Φ̃nptq´1
BtΦ̃nptq “ εnBtβpt, φ´1

n ptqrxsqBx `
εn

2
Bx

`

Btβpt, φ´1
n ptqrxsq

˘

(4.1.3)
“ Opw

piξBtβpt, φ´1
n ptqrxsqq.

(4.1.19)

Finally, performing a Taylor expansion of both (4.1.18) and (4.1.19) in a neighbor-
hood of ε “ 0 we obtain respectively (4.1.15) and (4.1.16) concluding the proof.

We conclude this preliminary section with the following Lemma, which contains a
computation that we will use repeatedly along the Chapter.

Lemma 4.1.5. Let ν P N` and V P C8pT2;Rq. There exists a smooth function
βν,V P C8pT2;Rq such that

V pt, xq ` νBxβν,V pt, xq ´ Btβν,V pt, xq “ xV yν px ` νtq (4.1.20)

(recall the definition (1.1.17) of resonant average of V with respect to ν).
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Proof. Denote by T pt, xq :“ V ` νBxβν,V ´ Btβν,V , with βν,V P C8pT2;Rq to be deter-
mined and write the Fourier expansion of T :

T pt, xq “
ÿ

k,ℓPZ

pvk,ℓ ` ipkν ´ ℓqβν,V k,ℓ
qeikx`iℓt, (4.1.21)

where V pt, xq “
ř

k,ℓ vk,ℓe
ipkx`ℓtq and βν,V pt, xq “

ř

k,ℓPZ βν,V k,ℓ
eipkx`ℓtq. Define

βν,V k,ℓ
:“

$

&

%

vk,ℓ
ipℓ´kνq

if ℓ ‰ kν,

0 otherwise.
(4.1.22)

The corresponding function βν,V pt, xq :“
ř

βν,V k,ℓ
eipkx`ℓtq is a well defined smooth

function over T2. This can be directly checked using that V is smooth and that, since
ν P N`, the sequence tℓ ´ kνuℓ‰kν in (4.1.22) never accumulates to zero. Substituting
the Fourier coefficients of βν,V (see (4.1.22)), in the expression of T pt, xq in (4.1.21),
one obtains (4.1.20), concluding the proof.

4.2 Long-time stability

In this section we prove the first point of Theorem (4.0.1). We recall here the idea of
the proof (see Section 1.2.2 for a wider presentation of the strategy): first we take any
V P C8pT2;Rq and, using the diffeomorphisms of the torus introduced in Section 4.1.2,
we conjugate equation (4.0.1) to a new transport equation having as leading transport
term the resonant average xV yν of V (see (4.2.2) and recall Definition 1.1.10 of resonant
average). This is done in Lemma 4.2.2.

Next, we exploit the characterization of the set Vν,s to reduce such equation to
constant coefficients (up to arbitrarily small in size remainders) and obtain the estimate
in (4.0.4). Precisely, the main result of this section is the following Proposition:

Proposition 4.2.1. For any V P Vν,s in (4.0.2), for any N P N` there exists εNpV q ą 0

such that, for any 0 ă ε ă εNpV q, there exists a 2π-periodic in time, invertible linear
map ΦN,εptq, m̂N P Rzt0u and a smooth function WN P C8pT2;Rq such that

1. for all s P R, there exists CN,s ą 0 such that, for all 0 ď ε ď εNpV q and for all
t P R

}ΦN,εptq}HsÑHs `
›

›ΦN,εptq
´1

›

›

HsÑHs ď CN,s; (4.2.1)
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2. for any solution u of equation (4.0.1), defining vNpt, xq as u “ ΦN,εptqvN , then
vN solves

BtvN “ Opw
piξεpm̂N ` εNWNpt, xqqqvN , @t P R. (4.2.2)

In the rest of this Section we will prove Proposition 4.2.1, but we first use it to
conclude the proof of point 1 of Theorem 4.0.1.

Proof of Theorem 4.0.1, point 1. Fix V P Vν,s, N ą 0, let εNpV q ą 0 be the thresh-
old given by Proposition 4.2.1 and, for every 0 ă ε ă εNpV q let ΦN,ε be the cor-
responding transformation given by Proposition 4.2.1. Recall that, defining vNpt, xq

as u “ ΦN,εptqvN , then vN solves (4.2.2). Since ΦN,εptq satisfies condition (4.2.1) it
is enough to prove that, for every s P R there exists CV,s ą 0 such that, for any
vN0 P C8pTq,

}vNptq}s ď 2 }vN0}s @ |t| ď CV,sε
´pN`1q, (4.2.3)

where vNpt, xq is the solution of (4.2.2) satisfying vNp0, xq “ vN0pxq. Indeed, from the
definition of vN , this gives (4.0.4) with C1 :“ 2C2

ΦN ,s
(recall (4.2.1)). In order to prove

(4.2.3), we claim that there exists CWN ,s ą 0 such that

d

dt
}vN}

2
s ď 2εN`1CWN ,s }vN}

2
s , @t, s P R. (4.2.4)

This immediately implies (4.2.3) since integrating (4.2.4) one obtains

}vN}s ď eCWN,sε
N`1t

}vN0}s , @ t, s P R,

which is (4.2.3) with CV,s :“ logp2qC´1
WN ,s

ą 0. Thus we are left to show (4.2.4). To
this aim, we introduce the compact notation HNptq :“ Opwpiξεpm̂N `εNWNpt, xqqq, so
that equation (4.2.2) reads BtvN “ HNptqvN . We obtain via a direct calculation, using
skewadjointness of HN

d

dt
}vN}

2
s “ 2RepxrOpw

pxξy
s
q, HN svN ,Opw

pxξy
s
qvNyq. (4.2.5)

Next, using the explicit expression of HNptq we have

rOpw
pxξy

s
q, HN s “ εN`1

rOpw
pxξy

s
q,Opw

piξWNpt, xqqs P C8
pT;Ssq. (4.2.6)
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Thus, via Cauchy-Schwarz inequality we get

d

dt
}vN}

2
s

(4.2.5)
(4.2.6)

ď 2εN`1
}rOpw

pxξy
s
q,Opw

piξWNpt, xqqsvN}L2 }vN}s ď 2εN`1CWN,s
}vN}

2
s ,

with CWN ,s :“ }rOpwpxξy
s
q,OpwpiξWNpt, xqqs}HsÑL2 , proving inequality (4.2.4) and

concluding the proof.

We now turn to the proof of Proposition 4.2.1. We first prove the following Lemma,
to reduce the transport operator of equation (4.0.1) to a new one, having as leading
term the resonant average of the potential. Precisely, we have the following result:

Lemma 4.2.2. Let V P C8pT2;Rq and take upt, xq any solution of equation (4.0.1).
For every N P N` there exists εNpV q ą 0 such that, for every 0 ă ε ă εNpV q there
exists a 2π-periodic, linear, invertible transformation ΨN,εptq : Hs Ñ Hs, bounded
for every s P R and with bounded inverse, such that, defining uNpt, xq as upt, xq “

ΨN,εptquNpt, xq, then uNpt, xq solves

BtuN “ Opw
piξpε xV yν pxq ` ε2ZNpxq ` εN`1W̃Npt, xqqquN , (4.2.7)

where ZN ” ZNpx, εq P C8pT;Rq, W̃N ” WNpx, εq P C8pT2;Rq have all seminorms
uniformly bounded in terms of ε P r0, εNpV qs.

Remark 4.2.3. We remark that this first step can be performed for a generic V P

C8pT2;Rq and we still do not use the characterization of Vν,s given in (4.0.2).

Proof. Take V P C8pT2;Rq, upt, xq solution of (4.0.1) and fix any N P N`. We
claim that there exists εNpV q ą 0 such that, for every 0 ă ε ă εNpV q there exists
a sequence of 2π-periodic, linear and invertible transformations Φ̃1ptq, . . . , Φ̃Nptq such
that, defining up1q

N as upt, xq “ Φ̃1ptq ˝ . . . ˝ Φ̃Nptqu
p1q

N pt, xq, then up1q

N pt, xq solves

Btu
p1q

N “ HNptqu
p1q

N ,

HNptq :“ Opw
piξpν ` ε xV yν px ` νtq ` ε2Z̃Npt, xq ` εN`1ŴNpt, xqqq,

(4.2.8)

where Z̃Npt, xq is real valued and completely resonant with respect to ν (see Definition
1.1.10), ŴN P C8pT2;Rq. We stress that also in this case Φ̃iptq ” Φ̃i,εptq, for all i “
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1, . . . , N , but we omit the dependence on ε to simplify the notation. Let us postpone
the proof of (4.2.8) and show first how to conclude the proof of the proposition: denote
by Tν the following translation in space

rTνuspt, xq :“ upt, x ´ νtq, @u P C8
pT2

q,

and define the function uN as uN :“ Tνup1q

N , where up1q

N solves (4.2.8). From (4.2.8) we
see that uN solves

BtuN “ Opw
piξpε xV yν pxq ` ε2Z̃Npt, x ´ νtq ` εN`1ŴNpt, x ´ νtqqquN .

Remark that, since Z̃N is completely resonant with respect to ν (see Definition 1.1.10),
then Z̃Npt, x ´ νtq “ Z̃Np0, xq. Thus defining ZNpxq :“ Z̃Np0, xq, and W̃Npt, xq :“

ŴNpt, x ´ νtq, we obtain that uN solves (4.2.7), concluding the proof. Remark that
u “ ΨN,εuN , with

ΨN,εptq :“ Φ̃1ptq ˝ . . . ˝ Φ̃Nptq ˝ T ´1
ν .

We now turn to the proof of (4.2.8). To this aim, we use Lemma 4.1.4 and proceed
inductively. First consider the case N “ 1: denote by

Hptq :“ Opw
piξpν ` εV pt, xqqq,

(so that equation (4.0.1) reads Btu “ Hptqu) and apply Lemma (4.1.4) with n “ 1,
f “ ν and g “ V : let β P C8pT2;Rq to be fixed later and consider the associated
transformation Φ̃1ptq defined in (4.1.9) and define up1q

1 pt, xq as u “ Φ̃1ptqu
p1q

1 . Recall
from previous discussion that up1q

1 pt, xq satisfies Btu
p1q

1 “ Φ̃1ptq˚Hptqu
p1q

1 . Using Lemma
4.1.4 and the expression of the pushforward in (4.1.6), we have

Φ̃1ptq˚Hptq “ Opw
piξpν ` εpV pt, xq ` νBxβpt, xq ´ Btβpt, xqq ` ε2R1,εpt, xqqq,

where R1,ε “ R1
1,ε ` R2

1,ε is the sum of the remainders given by (4.1.15) and (4.1.16).
We now apply Lemma 4.1.5 to fix β: there exists β1

ν,V P C8pT2;Rq such that

V pt, xq ` νBxβ
1
ν,V pt, xq ´ Btβ

1
ν,V pt, xq “ xV yν px ` νtq, (4.2.9)

where we recall the definition of resonant average in (1.1.17). Thus up1q

1 pt, xq solves
(4.2.8) with N ⇝ 1, Z̃1 “ 0 and Ŵ1pt, xq “ R1,εpt, xq. This concludes the proof of
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(4.2.8) when N “ 1. Let us remark that we fix ε̃1pV q :“ εβ1
ν,V

ą 0, where εβ1
ν,V

is given
by Lemma 4.1.4 and is in turn fixed by the choice of β1

ν,V in (4.2.9).
Finally, we take any 0 ă n ă N and consider equation (4.2.8) with N ⇝ n. Remark

that Hnptq in (4.2.8) is a particular instance of (4.1.14) with f “ ν ` ε xV yν px `

νtq ` ε2Z̃npt, xq and gpt, xq “ εŴnpt, xq. Thus we can apply Lemma 4.1.4: define
u

p1q

n`1pt, xq as up1q
n :“ Φ̃n`1ptqu

p1q

n`1pt, xq, where Φ̃n`1ptq is given in (4.1.9), (with βpt, xq

to be determined). Again up1q

n`1 solves Btu
p1q

n`1 “ Φ̃n`1ptq˚Hnptqu
p1q

n`1. From (4.1.15) and
(4.1.16) we have

Φ̃n`1ptq˚Hnptqu
p1q

n`1 “ Opw
piξpν ` ε xV yν px ` νtq ` ε2Z̃npt, xq

` εn`1
pŴnpt, xq ` νBxβpt, xq ´ Btβpt, xqq

` εn`2Rn`1,εpt, xqqq,

(4.2.10)

where Rn`1,ε “ R1
n`1,ε ` R2

n`1,ε is the sum of the remainders given by (4.1.15) and
(4.1.16). We can now conclude as in the previous step: applying Lemma 4.1.5, we can
find βnν,V pt, xq P C8pT2;Rq such that

Ŵnpt, xq ` νBxβ
n
ν,V pt, xq ´ Btβ

n
ν,V pt, xq “

A

Ŵn

E

ν
px ` νtq, (4.2.11)

(recall (1.1.17)). Substituting (4.2.11) in (4.2.10) we obtain that up1q

n`1pt, xq solves (4.2.8)
with N ⇝ n` 1, Z̃n`1 :“ Z̃n ` εn`1

A

Ŵn

E

ν
px` νtq, which is still completely resonant

with ν (see Definition 1.1.10) and Ŵn`1pt, xq :“ Rn`1,ε. Finally define ε̃npV q :“ εβn
ν,V

ą

0 given by Lemma 4.1.4, in turn fixed by βnν,V . This concludes the proof of the Lemma,
choosing εNpV q :“ mintε̃1pV q, . . . , ε̃NpV qu ą 0.

We are now in position to prove Proposition 4.2.1.

Proof of Proposition 4.2.1. Fix V P Vν,s, N P N` and let εNpV q ą 0 and ΨN,εptq be
respectively the threshold and the transformation given by Lemma 4.2.2. Recall that,
defining uN as upt, xq “ rΨN,εptquN spt, xq, then uN solves equation (4.2.7). Let now

rΛuspt, xq :“ p1 ` λ1
pxqq

1
2upt, x ` λpxqq, @u P C8

pT2
q (4.2.12)

where λ P C8pT;Rq has to be determined. We claim that it is possible to choose
λ P C8pT;Rq such that, considering the corresponding transformation Λ in (4.2.12)
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and defining uN “ ΛvN , where uN solves (4.2.7), then vN solves (4.2.2). Moreover
such transformation Λ is bounded and invertible with inverse bounded in Hs for every
s P R. This would conclude the proof with ΦN,εptq :“ ΨN,εptq ˝ Λ.

To prove our claim, we first remark that if 1 ` λ1pxq ‰ 0 for any x P T, then Λ in
(4.2.12) is invertible with inverse of the form

rΛ´1uspt, yq :“ p1 ` λ̃1
pyqq

1
2upt, y ` λ̃pyqq, @u P C8

pT2
q, pt, xq P T ˆ T, (4.2.13)

for some λ̃ P C8pT;Rq. We now proceed to identify the claimed function λ P C8pT;Rq

assuming that 1`λ1pxq ‰ 0 and thus formally writing Λ´1 as in (4.2.13). We will check
in the end that the condition 1 ` λ1pxq ‰ 0 is satisfied. Denote by

ωpt, xq :“ ε xV yν pxq ` ε2ZNpxq ` εN`1W̃Npt, xq, (4.2.14)

where ZN and W̃N are given by Lemma 4.2.2, so that equation (4.2.7) reads BtuN “

Opwpiξωpt, xqquN . Then from (4.1.6) vN defined as uN “ ΛvN solves

BtvN “ Λ´1Opw
piξωpt, xqqΛvN

(recall (4.2.14) and (4.2.12) and notice that the transformation Λ is time independent).
Noticing that

Opw
piξωpt, xqq “ ωpt, xqBx `

1

2
Bxpωpt, xqq

and performing a direct computation one can show that

Λ´1Opw
piξωpt, xqqΛ “ ωpt, yqp1 ` λ1

pyqq|y“x`λ̃pxqBx `
1

2
Bx

´

ωpt, yqp1 ` λ1
pyqq|y“x`λ̃pxq

¯

(4.1.3)
“ Opw

piξωpt, yqp1 ` λ1
pyqq|y“x`λ̃pxqq.

(4.2.15)

Recalling now the explicit expression of ωpt, xq in (4.2.14), we can rewrite

Λ´1Opw
piξωpt, xqqΛ

(4.2.15)
“ Opw

´

iξpε xV yν pyq ` ε2ZNpyqqp1 ` λ1
pyqq|y“x`λ̃pxq

¯

` εN`1 Opw
´

W̃Npt, yqp1 ` λ1
pyqq|y“x`λ̃pxq

¯

.

(4.2.16)

We now find λ P C8pTq such that

p1 ` λ1
pxqqpxV yν pxq ` εZNpxqq “ m̂N , (4.2.17)
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for some m̂N P R. Notice that, since V P Vν,s, up to shrinking εNpV q ą 0 we can
suppose that, for every 0 ă ε ă εNpV q, the function xV yν pxq ` εZNpxq does not
have any zero (recall (4.0.2)). Thus (4.2.17) immediately implies 1 ` λ1pxq ‰ 0 prov-
ing invertibility of Λ in (4.2.12). Plugging (4.2.17) in (4.2.16) we obtain (4.2.2) with
WNpt, xq :“ W̃Npt, yqp1 ` λ1pyqq|y“x`λ̃pxq concluding the proof.

To find λ satisfying (4.2.17), we first rewrite it as

λ1
pxq “

ˆ

m̂N

xV yν pxq ` εZNpxq
´ 1

˙

, (4.2.18)

using again that xV yν ` εZNpxq has no zeroes. Next, requiring λ P C8pTq and inte-
grating equation (4.2.18) on T one finds

m̂N “ 2π

ˆ
ż 2π

0

pxV yν pxq ` εZNpxqq
´1dx

˙´1

P R.

Remark that, since V P Vν,s and since xV yν ` εZNpxq has no zeroes, then the function
pxV yν pxq ` εZNpxqq´1 has constant sign, and thus m̂N can not be zero.

Finally, in order to find λpxq, write its Fourier series as λpxq “
ř

kPZ λke
ikx, for all

x P T. Next, let fpxq :“
´

m̂N

xV yνpxq`εZN pxq
´ 1

¯

and write its Fourier series as fpxq “
ř

kPZ fke
ikx. Remark that, from (4.2.18), fpxq has zero average, i.e., f0 “ 0. Thus

(4.2.18) reads

λk “
fk
ik

@k ‰ 0, λ0 “ 0. (4.2.19)

One can check that, since f P C8pT;Rq, then λpxq :“
ř

kPZ λke
ikx, with tλkukPZ given

by (4.2.19) is a well defined, real valued and smooth function as well. By construction
λ verifies (4.2.17), concluding the proof.

4.3 Instability

In this section we prove the second point of Theorem 4.0.1. As anticipated, the core of
the proof is the construction of an escape function for hpx, ξq “ ξ xV yν pxq, with V P Vν,u
(see (4.0.3)). This is done in Section 4.3.1, adapting the construction of [26] (see also
[61]). Next, in section 4.3.2 we prove existence of unstable solutions performing first
a normal form reduction as the one in Lemma 4.2.2 and then a positive commutator
estimate in which we exploit the properties of the escape function.
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4.3.1 Construction of the escape function

In this section we consider a smooth function

hpx, ξq :“ ξXpxq, px, ξq P T ˚T » T ˆ R, X P C8
pTq, (4.3.1)

we assume that that X is non degenerate and has at least one zero (see Definition
1.1.11) and we construct an escape function for h. We denote by Xh the Hamiltonian
vector field of h on T ˚T, that in coordinates reads

Xhpx, ξq “ pXpxq,´ξBxXpxqq, @px, ξq P T ˚T, (4.3.2)

and we denote by Φt
Xh

px, ξq the flow of Xh on T ˚T. Finally, for every f P C8pT ˚Tq we
write the Poisson brackets between h and f as

th, fu :“ BξhBxf ´ BxhBξf.

We now give the definition of escape function. For all this section we will use the
notation T ˚Tzt0u “ tpx, ξq P T ˚T : ξ ‰ 0u.

Definition 4.3.1. We say that a smooth function f : T ˚Tzt0u Ñ R is positively
homogeneous of degree ρ if

fpx, λξq “ λρfpx, ξq, @px, ξq ‰ 0, @ λ ą 0.

Definition 4.3.2 (Escape function). Let h : T ˚T Ñ R be as in (4.3.1). We say that a
function a P C8pT ˚Tzt0uq, positively homogeneous of degree one (see Definition 4.3.1)
is an escape function for h if there exists some positive δ such that

th, au ě δ|ξ|, @px, ξq P T ˚Tzt0u. (4.3.3)

The main results of this section is the following proposition.

Proposition 4.3.3. Let X P C8pTq and suppose that X has at least one zero and that
all the zeroes are non degenerate (see Definition 1.1.11). Then the function h defined
in (4.3.1) admits an escape function in the sense of Definition 4.3.2. Moreover, there
exists an open subset W Ă T such that

apx, ξq ď ´
|ξ|

2
, @x P W . (4.3.4)
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Dynamical properties. In order to prove Proposition 4.3.3 we need some dynamical
properties of the Hamiltonian flow induced by hpx, ξq in (4.3.1), that we list in this
section. First of all, we recall (see, for example, [62, Chapter 9]) that a smooth vector
field is complete if it generates a global flow, or equivalently if, for every initial datum,
the associated flow exists for all in times. We have the following result, for whose proof
we refer to [83, Section 5.2].

Lemma 4.3.4. Let h as in (4.3.1). Then the Hamiltonian vector field Xh (see (4.3.2))
is complete.

Remark 4.3.5. Denoting by Φt
Xh

px, ξq “ pX tpx, ξq,Ξtpx, ξqq the components of the flow
of Xh in (4.3.2) with initial datum px, ξq P T ˚T, the following homogeneity property
holds:

pX t
px, λξq,Ξtpx, λξqq “ pX t

px, ξq, λΞtpx, ξqq, @λ P R, @px, ξq P T ˚T, @t ě 0.

We now identify global attractors and repellors for the flow. In particular, we show
that the dynamics of Xh on T ˚T is completely determined once the zeroes of X are
known. To this aim let us first introduce the following terminology:

Definition 4.3.6 (Attractor-Repellor structure). We say that the flow Φt
Xh

on T ˚T
has a global attractor-repellor structure if there exist A, R closed invariant subsets of
T ˚T such that:

for every px, ξq P T ˚TzR, Φt
Xh

px, ξq Ñ A as t Ñ `8,

for every px, ξq P T ˚TzA Φt
Xh

px, ξq Ñ R as t Ñ ´8.

We denote the basins of attraction of A and R respectively as BpAq :“ T ˚TzpRq and
BpRq :“ T ˚TzpAq.

Lemma 4.3.7. Let hpx, ξq “ ξXpxq and suppose that X has at least one zero, but does
not have any degenerate zero (see Definition 1.1.11). Denote by

K` :“ tx P T : Xpxq “ 0, X 1
pxq ă 0u and K´ :“ tx P T : Xpxq “ 0, X 1

pxq ą 0u,

(4.3.5)
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and by

Γ` :“ tpx, ξq : x P K`
u » K`

ˆR and Γ´ :“ tpx, ξq : x P K´
u » K´

ˆR. (4.3.6)

Then the sets Γ`, Γ´ and T :“ tξ “ 0u are invariant for the flow of Xh in (4.3.2).
Moreover the flow Φt

Xh
has a global attractor-repellor structure (see Definition 4.3.6)

with attractor Γ` and repellor Γ´. In particular, for all px0, ξ0q P T ˚TzpΓ` Y Γ´q we
have

Φt
Xh

px0, ξ0q Ñ Γ`, as t Ñ `8, and Φt
Xh

px0, ξ0q Ñ Γ´, as t Ñ ´8. (4.3.7)

Proof. First of all remark that, since X has no degenerate zeroes, then

X´1
p0q “ K`

Y K´.

Moreover, using the explicit expression of Xh in (4.3.2), one can check that T , Γ`

and Γ´ are the only invariant sets for the flow. We now prove (4.3.7): let px0, ξ0q P

T ˚TzpΓ` Y Γ´q and recall that, from Lemma 4.3.4, the flow Φt
Xh

px0, ξ0q exists for all
t P R. Thus, in order to prove (4.3.7) we have to show that xptq Ñ K` as t Ñ `8 and
xptq Ñ K´ as t Ñ ´8 (see (4.3.5) and (4.3.6)). This follows immediately from the
fact that the dynamics of xptq is determined by the one-dimensional system 9x “ Xpxq

(see (4.3.2)) and from the definitions of K` and K´ in (4.3.5), thus we omit the details
of this last part of the proof.

Remark 4.3.8. From the structure of the flow described in Lemma 4.3.7 one can check
that any conical neighborhood U` of Γ` is positively invariant for the flow (i.e.,
Φt

Xh
pU`q Ă U`, for all t ą 0) and analogously any conical neighborhood of Γ´ is

invariant for the flow at negative times.

Construction of the escape function

In this section we use the structure of the flow of Xh (see (4.3.2)) described in Lemma
4.3.7 and the sets defined therein ((4.3.5),(4.3.6)) to construct an escape function for
hpx, ξq in the sense of Definition 4.3.2. We first construct a local escape function close
to the zeroes of X and then we progressively extend it to the whole space.



152 CHAPTER 4

Lemma 4.3.9. Let hpx, ξq “ ξXpxq and suppose that X P C8pTq has at least one zero
and is non degenerate (see Definition 1.1.11). There exist conical neighborhoods U˘ of
Γ˘ (see (4.3.6)), δ ą 0 and a smooth function k P C8pT ˚Tzt0uq such that

kpx, ξq “ ˘|ξ| on Γ˘, and th, ku ě δ|ξ|, @px, ξq P U`
Y U´. (4.3.8)

Moreover the function k is positively homogeneous of degree one (see Definition 4.3.1)
on its domain.

Proof. Denote by tx1, . . . , xnu the zeroes of Xpxq and, using non-degeneracy of X, let
µ :“ mini |X 1pxiq| ą 0. Let Ũ˘ Ď T be neighborhoods of K˘ in T (see (4.3.5)) to be
fixed later, and let k̃ P C8pTq be such that

k̃pxq “

$

&

%

1 if x P Ũ`

´1 if x P Ũ´.
(4.3.9)

Set kpx, ξq :“ |ξ|k̃pxq. Clearly k is positively homogeneous of degree one and k “ ˘|ξ|

on Γ˘. Moreover, computing th, kupxiq for any i P t1, . . . , nu we also have

th, kupxi, ξq “ ´|ξ|X 1
pxiqk̃pxiq “ |ξ||X 1

pxiq| ě |ξ|µ, @i “ 1, . . . , n,

where for the last equality we have used (4.3.9) and the definition of K˘ in (4.3.5).
Thus, up to choosing Ũ˘ small enough, we have by continuity th, ku ě

µ
2
|ξ| on U` YU´

(where U˘ :“ Ũ˘ ˆ R), concluding the proof of (4.3.8) with δ :“ µ
2
.

The next goal is to extend the local escape function k to the basins of attraction
BpΓ˘q :“ T ˚TzΓ¯ (see Definition 4.3.6). To this aim we first need the following
auxiliary function, which extends the Poisson brackets th, ku, defined on U˘, to a
positive function defined on the whole T ˚T.

Lemma 4.3.10. There exists a smooth function m : T ˚Tzt0u Ñ R, positively homoge-
neous of degree one, such that

mpx, ξq “ th, kupx, ξq, @px, ξq P U˘, and mpx, ξq ě
δ

2
|ξ|, @ px, ξq P T ˚T,

(4.3.10)
where k, δ and U˘ are as in Lemma 4.3.9.
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Proof. Let U˘ be the conical neighborhoods of Γ˘ given by Lemma 4.3.9. Denote by
Ũ˘ Ă T the neighborhoods of K˘ obtained projecting U˘, i.e. Ũ˘ :“ tx P T : px, ξq P

U˘, @ξ P Ru. Then it is possible to define m̃ : T Ñ R, a smooth function satisfying

m̃pxq “ th, kupx, 1q @ x P pU` Y U´q and m̃ ě
δ

2
@ x P T. (4.3.11)

This can be done since, from (4.3.8), it possible to extend th, kupx, 1q in a smooth way
outside Ũ˘, preserving positivity as in (4.3.11). Finally, we define m : T ˚Tzt0u Ñ R
extending m̃ by homogeneity, i.e. mpx, ξq :“ m̃pxq|ξ|, for all px, ξq P T ˚T, obtaining
that m is a positively homogeneous function of degree one and satisfies (4.3.10).

We can now extend the local escape functions to the sets BpΓ˘q :“ T ˚TzΓ¯ (see
Definition 4.3.6). In the next Lemma we write z :“ px, ξq P T ˚T for simplicity in the
notation.

Lemma 4.3.11. Let z “ px, ξq P BpΓ˘q and define

ℓ˘
pzq :“ lim

tÑ˘8

”

kpΦt
Xh

pzqq ´

ż t

0

mpΦs
Xh

pzqqds
ı

, (4.3.12)

where k is given by Lemma 4.3.9 and m by Lemma 4.3.10. Then

(i) ℓ˘ are well defined on BpΓ˘q, smooth, positively homogeneous of degree one and
ℓ˘ “ k on Γ˘;

(ii) ℓ˘ are escape functions on BpΓ˘q. In particular, let δ ą 0 be given by Lemma
4.3.9, then

th, ℓ˘
u ě

δ

2
|ξ|, @z P BpΓ˘

q. (4.3.13)

Proof. We prove the statement with +.
Let z P BpΓ`q and let t0pzq ě 0 be such that Φt0pzq

Xh
pzq P U`, with U` the neighborhood

of Γ` defined in Lemma 4.3.9. By Definition 4.3.6 of BpΓ`q, t0pzq is finite. We show
that for any t ą t0, the argument of the limit in (4.3.12) is constant. Since the set
U` is positively invariant for the flow of Xh (see Remark 4.3.8), we have mpΦt

Xh
pzqq “



154 CHAPTER 4

th, kupΦt
Xh

pzqq for any t ě t0pzq (recall (4.3.10)). Therefore, for t ě t0pzq one has

kpΦt
Xh

pzqq ´

ż t

0

mpΦs
Xh

pzqqds “ kpΦt
Xh

pzqq ´

ż t0pzq

0

mpΦs
Xh

pzqqds ´

ż t

t0pzq

th, kupΦs
Xh

pzqqds

“kpΦt
Xh

pzqq ´

ż t0pzq

0

mpΦs
Xh

pzqqds ´ kpΦt
Xh

pzqq ` kpΦ
t0pzq

Xh
pzqq

“ ´

ż t0pzq

0

mpΦs
Xh

pzqqds ` kpΦ
t0pzq

Xh
pzqq, (4.3.14)

and thus the argument of the limit is definitely constant, proving that ℓ` is well defined.
Moreover, if z P Γ`, then t0pzq “ 0 and (4.3.14) reads ℓ`pzq “ kpzq.
Smoothness: fix z0 P BpΓ`q and let Vz0 Ă BpΓ`q be a neighborhood of z0. We observe
that, from the global picture of the flow of Xh in Lemma 4.3.7 and Remark 4.3.8, there
exists t1pVz0q ą 0, possibly larger than t0pz0q, such that Φt

Xh
pzq P U` for all z P Vz0 and

t ě t1pVz0q. Then, by (4.3.14), on the set Vz0 the function ℓ` reduces to

ℓ`
pzq “ ´

ż t1pVz0 q

0

mpΦs
Xh

pzqqds ` kpΦ
t1pVz0 q

Xh
pzqq, @z P Vz0 , (4.3.15)

which is smooth.
Homogeneity: Using remark 4.3.5 and recalling the homogeneity properties of m and
k given in Lemma 4.3.10 and 4.3.9 respectively, then one can directly check from the
definition of ℓ` in (4.3.12) that ℓ`px, λξq “ λℓ`px, ξq, for all λ ą 0, proving that ℓ` is
positively homogeneous of degree one.

piiq Given z0 P BpΓ`q and Vz0 Ă BpΓ`q a small neighborhood of z0, let t1pVz0q as
above. We have

th, ℓ`
upzq

(4.3.15)
“ th, k ˝ Φ

t1pVz0 q

Xh
upzq ´

ż t1pVz0 q

0

th, m ˝ Φs
Xh

pzqquds

“ th, kupΦ
t1pVz0 q

Xh
pzqq ´

d

dt

ˇ

ˇ

ˇ

t“0

ż t1pVz0 q

0

mpΦt`s
Xh

pzqqds

“ th, kupΦ
t1pVz0 q

Xh
pzqq ´ mpΦ

t1pVz0 q

Xh
pzqq ` mpzq

“ mpzq
(4.3.10)

ě
δ

2
|ξ|,

concluding the proof.
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Finally we conclude the construction gluing together the functions ℓ` and ℓ´ of
Lemma 4.3.11.

Lemma 4.3.12. Given σ ą 0 sufficiently small, there exists a smooth function ησ :

T Ñ R, satisfying ησpK`q ” 1, ησpK´q ” 0, and such that
ˇ

ˇ

ˇ

ˇ

d

dt
|t“0ησrX t

px, ξqs

ˇ

ˇ

ˇ

ˇ

ă σ, @px, ξq P T ˆ R. (4.3.16)

where we recall the notation in Remark 4.3.5 for the components of the flow of Xh.

Proof. Recalling the definition of K´ in (4.3.5), let Ũ´ Ď T be an open neighborhood
of K´. Using again the dynamics of X tpx, ξq (see (4.3.2)), we deduce that for any
x R K` Y K´ there exists a unique tx P R such that X´txpx, ξq P BŨ´ (see Remark
4.3.8). Define then

t̃pxq :“

$

’

’

’

&

’

’

’

%

tx, x P TzpK` Y K´q

`8, x P K`

´8, x P K´.

(4.3.17)

Remark that for any t P R one has

t̃pX t
px, ξqq “ t̃pxq ` t. (4.3.18)

Next take a smooth non-decreasing function ϕσ : R Ñ R, such that

ϕσpτq :“

$

’

’

’

&

’

’

’

%

0, τ ď ´σ

στ, σ ă τ ď σ´1 ´ σ

1, τ ą σ´1 ` σ,

and sup
τPR

|ϕ1
σpτq| ď 10σ. (4.3.19)

We now prove that the function ησ claimed by the lemma is ησpxq :“ ϕ σ
10

pt̃pxqq, for all
x P T, with t̃ defined in (4.3.17) and ϕ σ

10
in (4.3.19). First of all notice that, from the

definition of t̃ in (4.3.17), if x P K` then ησpxq “ 1 and analogously if x P K´, then
ησpxq “ 0. Next notice that, for any px, ξq P T ˆ R we have:

ˇ

ˇ

ˇ

ˇ

d

dt
|t“0ησrX t

px, ξqs

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

d

dt
|t“0ϕ σ

10
pt̃pX t

px, ξqqq

ˇ

ˇ

ˇ

ˇ

(4.3.18)
“

ˇ

ˇ

ˇ

ˇ

d

dt
|t“0ϕ σ

10
pt̃pxq ` tq

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ
ϕ1

σ
10

pt̃pxqq

ˇ

ˇ

ˇ

(4.3.19)
ă σ.

This proves point piiq and concludes the proof of the Lemma.
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We can now conclude the proof of Proposition 4.3.3.

Proof of Proposition 4.3.3. Define, for σ ą 0 sufficiently small and to be fixed later,

apx, ξq :“ ησpxqℓ`
px, ξq ` p1 ´ ησqℓ´

px, ξq,

with ησ defined in Lemma 4.3.12 and ℓ` and ℓ´ in Lemma 4.3.11. First of all notice
that a is well defined, since ησpxq “ 0 for all px, ξq P Γ´, where ℓ` is not defined and
analogously p1 ´ ησqpxq “ 0 for all px, ξq P Γ` where ℓ´ is not defined. Next remark
that a is smooth in T ˚Tzt0u, since both ℓ˘ and ησ are and, from the homogeneity
properties of ησ and ℓ˘, we infer that a is positively homogeneous of degree one.

Next we show property (4.3.4). We remark that apx, ξq “ ´|ξ| on Γ´: indeed,
ησ “ 0 on K´ from Lemma 4.3.12 and putting together (4.3.8) and point piq of Lemma
4.3.11, we get ℓ´px, ξq “ kpx, ξq “ ´|ξ| on Γ´. Thus from continuity of a there exists
W neighborhood of K´ such that (4.3.4) holds for all x P W .

We are left to prove (4.3.3). We have

th, au “ th, ησuℓ`
`th, ℓ`

uησ `th, ℓ´
up1´ησq´th, ησuℓ´

(4.3.13)
ě

δ

2
|ξ|`th, ησupℓ`

´ℓ´
q.

(4.3.20)
Finally, remark that

th, ησupx, ξq “ Xpxqη1
σpxq “

d

dt
|t“0ησpX t

px, ξqq,

thus using (4.3.16) we have |th, ησu| ă σ and this gives

th, au
(4.3.20)

ě
δ

2
|ξ| ´ |th, ησu||ξ|max

T

ˇ

ˇ

ˇ

ˇ

pℓ`
´ ℓ´

q

ˆ

x,
ξ

|ξ|

˙
ˇ

ˇ

ˇ

ˇ

loooooooooooooomoooooooooooooon

“:C

“ |ξ|

ˆ

δ

2
´ Cσ

˙

,

where for this last inequality we have used homogeneity of ℓ˘. In conclusion, choosing
σ ă δ

4C
we obtain (4.3.3) with δ ⇝ δ

4
.

4.3.2 Energy estimate

We are now in position to prove the second point of Theorem 4.0.1. We need to first
transform equation (4.0.1) in a new transport equation, having xV yν pxq as leading
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transport term (recall Definition 1.1.10). Precisely, given any V P Vν,u, we apply
Lemma 4.2.2 with N “ 1 (see Remark 4.2.3): there exists ε1pV q ą 0 and for every 0 ă

ε ă ε1pV q a 2π-periodic, linear transformation Ψ1,εptq, such that, given upt, xq solution
of equation (4.0.1) and defining u1pt, xq as upt, xq “ Ψ1,εptqu1pt, xq, then u1pt, xq solves

Btu1 “ Opw
piξpε xV yν pxq ` ε2W pt, xqqqu1pt, xq, (4.3.21)

for some W P C8pT2;Rq. Moreover, the transformation Ψ1,εptq : Hs Ñ Hs is bounded
for any s P R with bounded inverse. We now show that there exists u10 P C8pTq such
that, if u1pt, xq is the solution of (4.3.21) satisfying u1p0, xq “ u10pxq, then for every
s ą 1 we have

}u1ptq}s ě δ̃1pu0qe
εδ2t, @t P R, (4.3.22)

for some δ̃1 ” δ̃1pu0q ą 0, δ2 ą 0. Remark that, from boundedness of the transformation
Ψ1,ε and of its inverse, this implies inequality (4.0.5), concluding the proof. Thus in
the rest of this section we prove (4.3.22). Note that we will perform an energy estimate
analogous to the one presented in Section 3.3.3, with the due modifications.

Energy Estimate. In order to prove (4.3.22) first recall that, since V P Vν,u, we can
apply Proposition 4.3.3 to hpx, ξq “ ξ xV yν pxq: denote by apx, ξq P C8pT ˚Tzt0uq the
escape function for hpx, ξq constructed in Proposition 4.3.3. We start by associating
a symbol ã P S1pTq (see (4.1.1)) to the escape function: take χ P C8

c pT ˚T; r0, 1sq,
satisfying χpx, ξq “ 1 for all |ξ| ď 1

2
and χpx, ξq “ 0 for all |ξ| ě 1 and define

ãpx, ξq “ p1 ´ χqpx, ξqapx, ξq, @px, ξq P T ˆ R. (4.3.23)

Clearly ã P C8pT ˚Tq and ã “ a on |ξ| ě 1. Using the homogeneity of a one can check
that ã P S1. We now use a virial argument like in [71]: given any u1pt, xq solution of
(4.3.21), we define

Aptq :“ xOpw
p´ãqu1ptq, u1ptqyL2pTq

@t P R. (4.3.24)

We have the following result:
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Lemma 4.3.13. Let u1pt, xq be a solution of equation (4.3.21) with initial condition
u1p0, xq “ u10pxq. There exist constants δ2, βε,W,ã ą 0 such that

9Aptq ě ε
´

δ2Aptq ´ βε,W,ã }u10}
2
L2pTq

¯

, @t P R, (4.3.25)

where Aptq is defined in (4.3.24).

Before proving Lemma 4.3.13 let us remark that, integrating inequality (4.3.25) one
obtains

Aptq ě eεδ2t
ˆ

Ap0q ´
βε,W,ã
δ2

}u10}
2
L2pTq

˙

. (4.3.26)

On the other hand, using Cauchy-Schwarz inequality and property (4.1.2), we find
Cã ą 0 such that

Aptq
(4.3.24)

ď }Opw
p´ãqu1ptq}L2pTq

}u1ptq}L2pTq

(4.1.2)
ď Cã }u1ptq}H1 }u10}L2pTq

, (4.3.27)

where in the last inequality we used that, for any solution u1pt, xq of (4.3.21) we have
conservation of the L2-norm of the solution, i.e., }u1ptq}L2pTq

“ }u10}L2pTq
, for every

t P R, due to skewadjointness of the operator Opwpiξpε xV yν pxq ` ε2W pt, xqqq (see
(4.3.21). Thus putting together (4.3.26) and (4.3.27) we have

}u1ptq}H1 ě

´

Cã }u10}L2pTq

¯´1

eεδ2t
ˆ

Ap0q ´
βε,W,ã
δ2

}u10}
2
L2pTq

˙

. (4.3.28)

In the next paragraph we will show how to find u10 ‰ 0 such that
ˆ

Ap0q ´
βε,W,ã
δ2

}u10}
2
L2pTq

˙

“: c0 ą 0. (4.3.29)

This would conclude the proof of (4.3.22) for s “ 1 since using (4.3.29), then (4.3.28)
gives (4.3.22), with δ̃1 :“ c0pCã }u10}L2pTq

q´1 ą 0. Finally remark that }u}s ě }u}1 for
every s ě 1, thus exponential blow up of the Sobolev norm of the solutions to (4.3.21)
holds for any s ě 1. We now prove Lemma 4.3.13.

Proof of Lemma 4.3.13. First of all remark that, computing the time derivative of Aptq

in (4.3.24) and using skewadjointness of Opwpiξpε xV yν pxq`ε2W pt, xqqq in (4.3.21), we
have

9Aptq “
@

rOpw
p´ãq,Opw

piξpε xV yν pxq ` ε2W pt, xqqqsu1, u1
D

L2pTq
. (4.3.30)
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Next, using results of symbolic calculus we have

rOpw
p´ãq,Opw

piξpε xV yν pxq ` ε2W pt, xqqqs

(4.1.4)
“ Opw

pt´ã, ξpε xV yν pxq ` ε2W pt, xqquq ` εBptq

“εOpw
ptξ xV yν pxq, ãuq ` ε2Opw

ptξW pt, xq, ãuq ` εBptq,

(4.3.31)

with Bptq P C8pT,S0q bounded remainder resulting from (4.1.4). Since ã P S1,
then tã, ξW pt, xqu P C8pT,S1q (see (4.1.4)). In particular, denoting by MW :“

max|ξ|“1 |tξW pxq, ãpx, ξqu| ě 0 one has

Opw
ptξW pt, xq, auq ě ´MW Opw

p|ξ|q. (4.3.32)

Moreover, from boundedness of Bptq there exists CB ą 0 such that

xBptqu1, u1yL2pTq
ě ´CB }u1}

2
L2pTq

, @t P R. (4.3.33)

Recalling again that }u1ptq}L2pTq
“ }u10}L2pTq

and plugging (4.3.33), (4.3.32) and (4.3.31)
in (4.3.30) we get

9Aptq ě ε xOpw
ptξ xV yν pxq, ãu ´ εMW |ξ|qu1, u1yL2pTq

´ εCB }u10}
2
L2pTq

, @t P R.
(4.3.34)

Thus we are left to show that there exists δ2, C̃ã ą 0 such that

xOpw
ptξ xV ym pxq, ãu ´ εMW |ξ|qu1, u1yL2pTq

ě δ2Aptq ´ C̃ã }u10}
2
L2pTq

, @t P R
(4.3.35)

Indeed, putting together (4.3.35) and (4.3.34), we get (4.3.25) with βε,W,ã :“ CB ` C̃ã.
To prove (4.3.35), let χ1 P C8

c pT ˆ R; r0, 1sq be such that χ1 “ 1 if |ξ| ď 1 and χ1 “ 0

if |ξ| ě 2 and write

Opw
ptξ xV yν pxq, ãu ´ εMW |ξ|q “ Opw

pptξ xV yν pxq, ãu ´ εMW |ξ|qp1 ´ χ1qq

` Opw
pptξ xV yν pxq, ãu ´ εMW |ξ|qχ1q.

Remark that, by (4.3.23), tξ xV yν pxq, ãup1 ´ χ1q “ tξ xV yν pxq, aup1 ´ χ1q. Moreover,
from point 6 of Lemma 4.1.1 we have Opwpptξ xV yν pxq, ãu ´ εMW |ξ|qχ1q P Sρ, for any
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ρ ă 0. In particular there exists Cχ1 ą 0 such that

xOpw
ptξ xV yν pxq, ãu ´ εMW |ξ|qu1, u1y ě xOpw

pptξ xV yν pxq, au ´ εMW |ξ|qp1 ´ χ1qqu1, u1y

´ Cχ1 }u1}
2
L2pTq

.

(4.3.36)

We exploit now (4.3.3) and we apply Gårding inequality:

xOpw
pptξ xV yν pxq, au ´ εMW |ξ|qp1 ´ χ1qqu1, u1y

(4.3.3)
(4.1.5)

ě pδ ´ εMW q xOpw
pp1 ´ χ1q|ξ|qu1, u1y

´ CG,1 }u1}
2
L2pTq

,

(4.3.37)

where CG,1 ą 0 is the constant resulting from Gårding inequality and δ ą 0 is given
by (4.3.3). Recalling now the definition of ã in (4.3.23) and using the fact that a is
positively homogeneous of degree one, there exists C2,a ą 0 such that apx, ξq ě ´C2,a|ξ|

for all px, ξq P T ˆ R. Thus, applying again Gårding inequality, we obtain:

xOpw
pp1 ´ χ1q|ξ|qu1, u1y ě ´

1

C2,a

xOpw
pp1 ´ χ1qaqu1, u1y ´ CG,2 }u1}

2
L2pTq

ě ´
1

C2,a

xOpw
pãqu1, u1y ´ pCG,2 ` CKq }u1}

2
L2pTq

,
(4.3.38)

where CG,2 ą 0 is the constant resulting from Gårding inequality and CK ą 0 results
from the compact correction to pass from Opwpp1 ´ χ1qaq to Opwpãq.

Finally, plugging (4.3.38) and (4.3.37) in (4.3.36) and choosing 0 ă ε ă δ
2MW

we
obtain (4.3.35) with C̃ã “ CG,1 ` CG,2 ` CK ` Cχ1 ą 0 and δ2 :“ δ

2C2,a
ą 0 and

concluding the proof.

Initial datum. In this section we prove that there exists u10 P C8pTq, such that
}u10}L2pTq

“ 1 and

xOpw
p´ãqu10 , u10yL2pTq

´
βε,W,ã
δ2

ą 0, (4.3.39)

where the constants δ2, βε,W,ã are given by Lemma 4.3.13. This gives (4.3.29) and,
as discussed above, concludes the proof of the second point of Theorem 4.0.1. To
prove (4.3.39) we recall the property (4.3.4) of the escape function, and we define
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χ3 P C8
c pT; r0, 1sq, such that supppχ3q Ă W , with W given in (4.3.4). Next we define

the family of functions

uξ0pxq :“
χ3pxq

}χ3}L2pTq

eiξ0x, @x P T.

We claim that there exist constants Cχ, Cr ą 0 such that

xOpw
p´ãquξ0 , uξ0yL2pTq

ě Cχ|ξ0| ´ Cr. (4.3.40)

Thus choosing ξ0 big enough, (4.3.40) proves (4.3.39) with u10 “ uξ0 . To prove (4.3.40)
first remark that, using symbolic calculus results in Lemma 4.1.1 we have

xOpw
p´ãquξ0 , uξ0yL2pTq

(4.1.3)
“

1

}χ3}
2
L2pTq

@

Opw
p´ãχ2

3qe
iξ0x, eiξ0x

D

L2pTq
`xOpw

pr0quξ0 , uξ0yL2pTq
,

(4.3.41)
where r0 P S0pTq results from the remainders in the pseudodifferential operations.
Next, recalling the definition of ã in (4.3.23) and using (4.3.4) we obtain

@

Opw
p´ãχ2

3qe
iξ0x, eiξ0x

D

L2pTq
ě

B

Opw

ˆ

|ξ|

2
p1 ´ χqχ2

3

˙

eiξ0x, eiξ0x
F

L2pTq

´ Cg

“

B

Opw

ˆ

|ξ|

2
p1 ´ χq

˙

χ3e
iξ0x, χ3e

iξ0x

F

L2pTq

´ Cg

`
@

Opw
pr1qe

iξ0x, eiξ0x
D

L2pTq
,

(4.3.42)

where Cg ą 0 is the constant resulting from the Gårding inequality and where for
the last equality we used again Lemma 4.1.1 and thus r1 P S0pTq results from the
remainders in the pseudodifferential operations. Finally, using the definition of Weyl
quantization and performing a direct computation one obtains
B

Opw

ˆ

|ξ|

2
p1 ´ χq

˙

χ3e
iξ0x, χ3e

iξ0x

F

L2pTq

(4.3.23)
ě

ż

|ξ|ě1

|ξ|

ˆ
ż

T2

χ3pyqχ3pxqeipξ´ξ0qpx´yqdydx

˙

dξ.

(4.3.43)
Using the Fourier series of χ3 given by χ3pxq “

ř

kPZ cke
ikx, one can check that

ż

T2

χ3pyqχ3pxqeipξ´ξ0qpx´yqdydx “ p2πq
2

ÿ

kPZ

|ck|
2δpξ ´ ξ0 ´ kq, (4.3.44)



162 CHAPTER 4

where δp¨q denotes the dirac-delta. Thus plugging (4.3.44) in (4.3.43), we obtain
B

Opw

ˆ

|ξ|

2
p1 ´ χq

˙

χ3e
iξ0x, χ3e

iξ0x

F

L2pTq

ě p2πq
2

ÿ

k

|ck|
2

ż

|ξ|ě1

|ξ|δpξ ´ ξ0 ´ kqdξ

“ p2πq
2

ÿ

k

|ck|
2
|ξ0 ` k|

ě p2πq
2
|ξ0| }χ3}

2
L2 ´ C0 }χ3}

2
1
2
.

(4.3.45)

Thus putting (4.3.45) and (4.3.42) in (4.3.41) we obtain (4.3.40) with Cχ “ p2πq2 and
Cr resulting from the sum of the constants Cg and C0 }χ3} 1

2
and the remainders r0 and

r1 (see (4.3.42) and (4.3.41)). This concludes the proof.

4.4 Genericity and conclusion of the proof of Theo-

rem 4.0.1

We now conclude proving Point 3 of Theorem 4.0.1. To this aim we first define the set

R :“ tf P C8
pTq : fpxq “ 0 ùñ f 1

pxq ‰ 0u Ă C8
pTq, (4.4.1)

of smooth non degenerate functions on T (see Definition 1.1.11). We have the following
property:

Lemma 4.4.1. The set R is open and dense in C8pTq endowed with its Fréchet topol-
ogy (i.e., the one induced by the family of seminorms p}¨}Ckqkě0).

Let us postpone the proof of this fact and first use it to conclude the proof. To this
aim, consider the application

F : C8
pT2

q Ñ C8
pTq, FpV pt, xqq “ xV yν pxq.

One can verify that F is linear and continuous. Moreover Vν,s Y Vν,u “ F´1pRq. This
immediately implies that Vν,s Y Vν,u is open. We now prove density of Vν,s Y Vν,u. To
this aim, take any W P C8pT2q, and consider its resonant average xW yν pxq (recall
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Definition 1.1.10). From density of the set R in (4.4.1), for every ε ą 0 there exists
V0 P R such that dC8pTqpV0, xW yνq ă ε. Thus, considering the function

W0pt, xq :“ V0px ` νtq ` pW pt, xq ´ xW yν px ` νtqq

one finds that xW0yν pxq “ V0pxq P R by construction. Moreover,

dC8pT2qpW0,W q “ dC8pTqpV0, xW yνq ă ε,

concluding the proof.
We now sketch the proof Lemma 4.4.1.

Proof of Lemma 4.4.1. We omit the proof of the fact that the set R is open, since it
is a direct application of Sard’s Lemma and of the properties of the Fréchet topology
(which ensures a control both on the C0 and C1 norms). We now prove that R is dense
in C8pTq: take any function g P C8pTqzR (this means that g has some degenerate
zeroes). Using Sard’s Lemma, for any ε ą 0, there exists ε0 P r´ε, εs,regular value for
g. Thus defining hpxq :“ gpxq ´ ε0, we obtain that dC8pTqph, gq “ ε0 ă ε. Moreover,
the zeroes of hpxq are the points such that gpxq “ ε0, thus h1pxq “ g1pxq ‰ 0, for all
such x P T since ε0 is a regular value for g. Thus h P R concluding the proof.
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