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Abstract

The Standard Model is the most successful theory in physics, yet it leaves key
questions open. One question is the strong CP problem: the strong interaction
conserves parity and time reversal to better than 10−10, a smallness that finds no
explanation within the Standard Model. The Peccei–Quinn mechanism resolves
this dynamically through a Goldstone boson called the axion; however, a realistic
axion model must overcome the hierarchy problem of the Peccei–Quinn scale, the
axion quality problem, and the cosmological domain-wall problem, while the heavy
relics predicted by such models must not overclose the universe. Other questions
such as dark matter and the baryon asymmetry also require solutions beyond the
Standard Model. Some extensions of the Standard Model that attempt to address
dark matter or the baryon asymmetry have rich scalar sectors that can generically
support non-topological solitons. These solitons exchange charge and energy with
their surrounding environment, so understanding their interaction is essential. This
thesis takes up these two topics separately.

In the first part of this thesis, we construct explicit composite axion models, in
which the Peccei–Quinn scale arises from a new confining interaction rather than an
elementary scalar. We derive a general greatest-common-divisor criterion for com-
puting the domain-wall number, and then construct two models with domain-wall
number one in which the string-wall network self-annihilates: a deconstructed pair
of chiral SU(5) sectors, whose assumed confinement pattern we critically examine,
and two vector-like sectors sharing a gauged Abelian symmetry (an anomaly-free
direction orthogonal to the anomalous Peccei–Quinn direction). The leading oper-
ators that can explicitly break the Peccei–Quinn symmetry of both models appear
at dimension nine, high enough to leave the strong CP solution intact. Both models
predict stable colored relics, so we study the phenomenology of a short secondary
inflationary epoch that can dilute them, leaving viable parameter space in which the
string network re-enters the horizon near the QCD transition. This re-entry timing
preserves the standard post-inflationary axion cosmology.
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The second part of this thesis is independent of the first, and it concerns super-
radiant scattering from Q-balls; in particular, it determines when linear scattering
theory can be trusted. The charge and energy transferred to the Q-ball are fixed
by unitarity in terms of a single particle–antiparticle conversion probability, and we
show that the energy transferred coincides exactly with the energy cost µQ of the
transferred charge. Nonlinear lattice simulations confirm the linear description for
incident amplitudes below ∼ 10−2 of the soliton wall value. We also extend the
linear formalism to the two-field Friedberg–Lee–Sirlin soliton, where the additional
neutral field opens further conversion channels.

Together, these studies provide composite axion models that remain viable in
a post-inflationary cosmology, and a quantitative amplitude threshold below which
perturbative treatments of soliton scattering can be trusted.
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Part I

Post-Inflationary
Composite Axion Models:

NDW = 1 and the Quality Problem
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Chapter 1

Introduction

1.1 The strong CP problem

One of the unresolved puzzles in the Standard Model (SM) concerns a parameter
that experiments require to vanish to extraordinary precision [2]. The invariant
parameter, built from the combination of the QCD vacuum angle θ and the phase
of the quark mass matrix,

θ̄ ≡ θ + arg detMq , (1.1)

is a genuine physical parameter of the theory: it is P-odd and T-odd (hence CP-odd
by CPT theorem), and it is not fixed by any symmetry of the SM to a particular
value (as we establish in Section 2.1.3).

The parameter θ̄ gets contributions from two unrelated sectors; there is no phys-
ical reason for any cancellation between them, so the parameter should take an
order-one value θ̄ ∼ O(1), and no symmetry of the Standard Model protects it
against radiative corrections once generated, so a small value is not preserved au-
tomatically. The SM contains another CP-odd parameter, i.e., the CKM phase
δCKM ≈ 1.14 rad, which is measured and of order one [3]. The most sensitive physi-
cal effect of the parameter θ̄ that can be measured is the electric dipole moment of
the neutron (nEDM). Decades of experimental searches have yielded no observation
of this effect |dn| ≲ 10−26e cm, resulting instead in the severe upper bound [2]

|θ̄| ≲ 10−10 , (1.2)

a limit that the next-generation n2EDM experiment aims to sharpen by a further
order of magnitude |dn| ≲ 10−27e cm [4].

A striking puzzle is posed here: nothing in the Standard Model favors a value
of θ̄ so close to zero, yet experiments require it to vanish to better than one part in

3



1010. The SM supplies no explanation of this cancellation; this strong CP problem
is the starting point of Part I of this thesis, together with the models built around
its most compelling solution, the axion. Beyond the axion, two other classes of
solution have been proposed: spontaneously broken CP (Nelson–Barr models) and
a massless up quark. We do not pursue either; the former since avoiding radiative
regeneration of θ̄ there requires its own hierarchy of scales, while the latter, being
strongly disfavored by lattice QCD results, will be mentioned briefly in Chapter 2.

1.2 The axion and its challenges

The most compelling solution to the strong CP problem is provided by the Peccei–
Quinn (PQ) mechanism [5, 6]. The mechanism extends the SM to allow for a new
spontaneously broken global symmetry, known as the PQ symmetry, that is anoma-
lous with respect to QCD. The spontaneous symmetry breaking leaves behind a
pseudo-Goldstone boson, the axion [7, 8], which promotes the θ-angle to a dynam-
ical field. QCD effects generate a potential for this field whose minimum lies at
θ̄ = 0, dynamically solving the strong CP problem without requiring fine-tuning
beyond the existence of the symmetry. For comprehensive modern reviews of axion
physics and the PQ mechanism, see Refs. [9–11].

This elegant solution is, however, only as robust as the global symmetry it relies
on. The PQ symmetry, as an ordinary global symmetry, is not expected to survive
gravity unscathed. Quantum gravity is widely believed to respect no global symme-
try at all, so Planck-suppressed operators that explicitly break the PQ symmetry
are generically expected to appear in the low-energy effective theory [12–15]. This
is hazardous for the solution of the strong CP problem: it tilts the axion potential
away from the QCD minimum, and can reintroduce an effective θ̄ far above the
bound just quoted. This is the axion quality problem1, and it represents a major
theoretical challenge in constructing realistic axion models.

Another challenge concerns the PQ scale itself. The PQ symmetry must be
spontaneously broken; if the UV realization of the symmetry relies on an elemen-
tary scalar field, then the PQ scale inherits a hierarchy problem in the same technical
sense as the electroweak scale [16]: the scalar mass is not protected against radia-
tive corrections. The required tuning is, however, far milder in degree than the
electroweak case. The sharper motivation for compositeness is therefore structural
rather than a matter of degree: an elementary PQ scalar has no dynamical rea-

1We present them here in the order most natural for motivating the axion; Chapter 3 addresses
them in the order in which the chiral construction actually resolves them
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son for the shape of its potential, whereas a confining sector generates one through
dimensional transmutation, exactly as QCD generates fπ.

The severity of this hierarchy is tied to the phenomenologically required size
of the PQ scale. Astrophysical and cosmological observations strongly constrain
the allowed range of the PQ scale. The axion couplings are suppressed by inverse
powers of the scale fa, and axion emission from stellar environments can therefore
alter stellar evolution. These astrophysical constraints, together with cosmological
considerations, restrict the axion decay constant to the approximate window

108 GeV ≲ fa ≲ 1012 GeV, (1.3)

with the precise limits depending on the details of the axion model and cosmological
history [10, 17, 18]. This high scale renders the axion extremely light and weakly
interacting, giving rise to the class of models known as invisible axion models.

The large value of fa also has important implications for the cosmological history
of the axion field. Depending on whether PQ symmetry gets broken before or after
inflation, the resulting axion abundance and topological defects can differ signifi-
cantly. If the PQ breaking occurs before inflation, inflation homogenizes the axion
field to one value a/fa = θin (a free parameter of the scenario) over the observable
Universe and any topological defects are diluted away. Conversely, if the PQ break-
ing occurs after inflation, different regions acquire independent axion field values,
leading to the formation of axion strings, and and the initial misalignment angle is
effectively averaged over its distribution across causally disconnected patches, ⟨θ2

in⟩
(thus the abundance becomes a prediction rather than a free parameter).

The post-inflationary scenario introduces an additional challenge through the
formation of axion strings and domain walls. Axion strings form during the PQ
phase transition, while domain walls appear later when QCD effects generate the
axion potential and lift the continuous degeneracy of the axion direction to a discrete
set of vacua [19, 20]. The number of physically distinct vacua is called the domain-
wall number NDW, and it determines the number of domain walls attached to each
axion string. For NDW > 1, the resulting string-wall network is stable (in the absence
of explicit breaking) and eventually dominates the energy density of the Universe,
in conflict with cosmological observations. Therefore, requiring

NDW = 1 (1.4)

constitutes another major challenge, the domain-wall problem, in constructing viable
axion models, this time of cosmological origin.
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These challenges motivate axion constructions in which the PQ symmetry emerges
from a new strongly coupled sector. A composite axion provides a natural frame-
work for addressing the hierarchy problem by generating the PQ scale dynamically
through confinement, analogously to the generation of the pion decay constant fπ
in QCD [21, 22]. In such models, the axion is not the phase of an elementary scalar
field, but rather a composite pseudo-Nambu–Goldstone boson associated with the
spontaneous breaking of an approximate global symmetry of the new strong sec-
tor. However, composite axion models generally introduce additional structure in
the vacuum manifold, often leading to NDW > 1. The Lazarides–Shafi mechanism
provides a possible resolution by embedding the PQ symmetry into a larger gauge
symmetry, such that vacua related by gauge transformations are physically equiv-
alent and the effective domain-wall number is reduced below its naive value [23].
This mechanism therefore offers a route toward composite axion models that simul-
taneously address the hierarchy and domain-wall problems.

Finally, composite axion models introduce other challenges. The new confining
sector generally contains additional composite states, some of which may be stable
due to accidental symmetries. If these states are charged under QCD or otherwise
interact strongly with the Standard Model (known as charged massive particles
(CHAMPs)), they can survive as unwanted relics and lead to severe cosmological
constraints, ΩCHAMPh

2/0.12 ≲ 10−10–10−8. Ensuring that these states can decay
or are sufficiently diluted therefore represents another important requirement for
realistic composite axion models [24].

1.3 Objectives and Contributions

The quality, hierarchy, and domain-wall problems are usually treated as separate
difficulties, addressed, if at all, by separate machinery. Traditional composite axion
models, built on vector-like confining gauge theories, often struggle to reconcile these
requirements without additional model-building ingredients bolted on one problem
at a time. The unifying idea pursued in this part of the thesis is that gauge invariance
itself, rather than a global symmetry imposed by hand, is what protects the PQ
symmetry and fixes the discrete vacuum structure responsible for the domain-wall
problem. We realize this idea in two structurally distinct ways: in the first, the PQ
symmetry arises as an accidental consequence of a confining sector whose matter
content is chiral, so that chirality alone forbids any mass term for the confining
fermions and, with it, any low-dimensional operator that could explicitly break the
symmetry; in the second, we gauge the PQ symmetry directly, realizing it as the

6



anomaly-free Abelian direction orthogonal to an anomalous one, shared between
two vector-like confining sectors, so that gauge invariance forbids explicit breaking
outright rather than only up to some operator dimension.

This part of the thesis makes four constructive contributions, together with a fifth
that is deliberately critical rather than positive. First, we derive a general criterion
for the domain-wall number of a confining axion sector, NDW = gcd(kPQ, kG, · · · ),
in terms of the PQ and gauge-anomaly coefficients of the embedding. Second, we
use this criterion to construct a deconstructed pair of chiral SU(5) sectors, a chiral
extension of the automatic Peccei–Quinn mechanism of Ref. [25], with NDW = 1, in
which the string-wall network self-annihilates rather than persisting to threaten the
cosmology. Third, we construct a composite realization of a gauged PQ symmetry
built from two vector-like sectors, also with NDW = 1, which to our knowledge is the
first explicit ultraviolet completion of the gauged-PQ idea originally proposed by
Barr and Seckel [26, 27]; in both constructions, the lowest-dimensional PQ-breaking
operators are forbidden by gauge invariance, and the leading dangerous operators
that survive appear only at dimension nine, comfortably high enough to leave the
strong-CP solution intact against quantum-gravitational corrections. Fourth, we
show that both models’ stable, colored composite relics can be diluted by a short sec-
ondary period of cosmic inflation, while still allowing the axion string-wall network
to re-enter the horizon before the present, near the QCD transition; this re-entry
timing is what preserves the standard post-inflationary axion cosmology and, with
it, the predictive dark matter abundance that motivated the whole construction,
subject to an O(1) modeling uncertainty in the radiated axion spectrum that we
quantify in Section 3.4.5.

The fifth contribution is a critical re-examination, rather than a further con-
struction. The chiral SU(5) model of the second contribution rests on an assumed
pattern of confinement and chiral symmetry breaking that we have not derived from
first principles. In Section 3.2.3 we subject this assumption to scrutiny, and the out-
come is only partly reassuring. We report this qualification explicitly, rather than
leaving it to be discovered in the technical chapter, because a negative or qualified
result about one’s own working assumptions is, in our view, as much a part of this
thesis’ contribution as the positive constructions that precede it.

1.4 Outline of this part

The outline of Part I is organized as follows:

• Chapter 2 is an extended pedagogical review of the strong CP problem, the
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Peccei–Quinn mechanism, and the axion physics. It also introduces the axion
quality problem and the constraints on the PQ scale. After that, it discusses
axion astrophysics and cosmology, leading to the domain-wall problem, before
reviewing composite axion frameworks and the Lazarides–Shafi mechanism
that motivate the constructions developed in the next chapter. A reader fa-
miliar with axion physics may proceed directly to Chapter 3.

• Chapter 3 is the technical core of this part. Concretely, this part of the thesis
develops a general characterization of the domain-wall number in confining
axion sectors, presents two explicit constructions realizing NDW = 1 with
parametrically high-quality PQ symmetries, and studies their cosmological
viability as post-inflationary dark matter candidates.

• Chapter 4 summarizes the main results and discusses the principal open ques-
tions: the non-perturbative confinement dynamics on which the first construc-
tion rests, and the un-simulated string-population abundances entering the
cosmological viability of the composite gauged model.

8



Chapter 2

A Review of Axion Physics

In this chapter we review the standard lore of the strong CP problem and its axion
solution, providing the background needed for the remainder of Part I. Our aim is to
give a clear and self-contained account of the established physics, organized around
the key ideas that motivate the composite constructions developed later and the
theoretical and cosmological challenges they are designed to address.

We begin with the foundational puzzle of the QCD vacuum. Section 2.1 ex-
plains how the parameter θ̄ arises from gauge-field topology and the chiral anomaly,
while Section 2.2 works out its low-energy hadronic consequences through chiral
perturbation theory, culminating in the neutron electric dipole moment bound. Sec-
tion 2.3 then introduces the Peccei–Quinn mechanism and discusses the invisible-
axion framework and the axion quality problem. This discussion follows the standard
treatment of the subject, as reviewed for example in Refs. [9, 10, 28].

Having established the field-theoretic origin of the axion and its associated chal-
lenges, the chapter turns to the phenomenological and cosmological requirements
that any realistic realization must satisfy. Section 2.4 collects the astrophysical and
laboratory constraints on the axion decay constant fa as reviewed in [18], while
Section 2.5 examines the cosmological evolution of the axion field, the topological
defects that exist in this theory and the resulting domain-wall problem [11, 29].

We then introduce in Section 2.6 the composite-axion framework, in which the
PQ scale arises dynamically from a new confining interaction. Compositeness re-
moves the need for an elementary PQ-breaking scalar, addressing the hierarchy prob-
lem, while chiral realizations provide a framework for understanding axion quality
and domain-wall number through the underlying gauge structure. The Lazarides–
Shafi mechanism is discussed in this context as a route toward avoiding the domain-
wall problem and provides the conceptual foundation for the constructions developed
in Chapter 3.
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2.1 The vacuum structure of QCD

In this section we review how the structure of non-Abelian gauge theories introduces
a CP-violating parameter into the strong interactions. We start from the historic
U(1)A puzzle and its resolution through the chiral anomaly, which exposes the non-
trivial topology of the QCD configuration space. That topology forces the definition
of a continuous family of theta vacua, which in turn generates a new, physical CP-
violating parameter whose consequences we must ultimately track down to low-
energy hadronic scales.

2.1.1 The U(1)A problem

The Lagrangian of QCD, the gauge theory of the strong interactions, is deceptively
simple to write down, yet it conceals one of the most subtle vacuum structures in
quantum field theory. In the limit of Nf massless quark flavors, the QCD Lagrangian

LQCD = −1
4G

a
µνG

aµν +
Nf∑︂
j=1

q̄j i /D qj , (2.1)

with the field strength Ga
µν = ∂µA

a
ν − ∂νA

a
µ + gsf

abcAbµA
c
ν , possesses a large global

symmetry U(Nf )L×U(Nf )R, acting on left- and right-handed quarks independently,

qjL → (UL)jkqkL, qjR → (UR)jkqkR . (2.2)

For the two lightest flavors, mu,md ≪ ΛQCD, this appears to be an excellent
approximate symmetry of nature. The vector subgroups SU(2)I ×U(1)B are mani-
fest in the hadron spectrum, which is organized in isospin multiplets of well-defined
baryon number. The axial subgroups SU(2)A × U(1)A, however, do not show up in
the spectrum: the quark condensate ⟨ūu⟩ = ⟨d̄d⟩ ̸= 0 breaks the axial subgroups
spontaneously, so one expects four light pseudoscalar Nambu–Goldstone bosons.
Three of them are the isotriplet pions, so the fate of the subgroup SU(2)A is under-
stood. The fourth boson of this symmetry breaking was expected to be an isosinglet
of mass comparable to mπ (mη ≤

√
3mπ), yet the lightest isosinglet actually ob-

served, i.e., the η meson, is far heavier than the pions, m2
η ≫ m2

π.1 Weinberg [30]
named this the U(1)A problem: naively U(1)A should be an approximate symmetry
of the strong interactions, and yet nothing in the spectrum reflects it.

1ForNf = 3 the same argument applies to the η′ meson whose mass, 958 MeV, is even more
dramatically at odds with the expectation.
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The resolution, due to ’t Hooft [31, 32], is that the naive power counting is
simply wrong. The axial group U(1)A is not even an approximate symmetry of
QCD, because the U(1)A axial current JµA = ∑︁

q̄γµγ5q, even in the chiral limit,
suffers from the chiral anomaly [33–35]

∂µJ
µ
A = 2Nf

g2
s

32π2 G
a
µνG̃

aµν . (2.3)

The right-hand side is a total derivative (as seen in Eq. (2.10)), so one may for-
mally construct a conserved current by subtracting this Chern–Simons current from
JµA; however, this current is not gauge invariant (as we will see in the next sub-
section). Therefore, it does not define a physical U(1)A symmetry acting on the
gauge-invariant Hilbert space, and thus, Goldstone’s theorem implies the existence
of a massless boson no longer. Because this resolution is the fundamental prereq-
uisite for the strong CP problem, it merits a careful derivation, and it is to the
topology of the gauge vacuum that we now turn.

2.1.2 Gauge vacua and the theta vacuum

The Yang–Mills term in the Lagrangian (2.1) can be written in terms of chromo-
electric Ea

i = Ga
0i and chromomagnetic fields Ba

i = 1
2ϵijkG

a
jk,

−1
4G

a
µνG

aµν = 1
2E

a
i E

a
i − 1

2B
a
i B

a
i = 1

2Ȧ
a
i Ȧ

a
i − 1

2B
a
i B

a
i , (2.4)

where we have adopted the temporal gauge Aa0 = 0 in the last step. This gauge
choice is preserved by any time-independent gauge transformation g(x) ∈ SU(3) as
we can see from A0 → Ag0 = g−1(x)(A0 + ig−1

s ∂0)g(x) = 0, where gs is the QCD
coupling. The magnetic term plays the role of a potential energy for the spatial
gauge-field components Aai .

Since vacuum configurations minimize the energy, we restrict attention to finite-
energy configurations, which require Ba

i → 0 sufficiently rapidly at spatial infinity.
The field space of finite-energy, time-independent configurations is A = {Aai (x) :
Ba
i (∞) = 0}. The physical configuration space is obtained from the general field

space by quotienting out the time-independent gauge transformations g(x) that
preserve the finite-energy requirement, g(∞) = 1.

The condition on the gauge transformation suggests a one-point compactification
of physical space, R3 ∪ {∞} ∼= S3. Therefore, the relevant transformations are the
maps G = {g(x) : S3 → SU(3)}. The field space A becomes a fiber bundle over
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A/G with fibers G, and the associated long exact sequence reads

π1(A) → π1(A/G) → π0(G) → π0(A) . (2.5)

The field space A, being an affine space, has trivial topology, π0(A) = π1(A) = 0.
Consequently, the fundamental group of the configuration space is2

π1(A/G) = π0(G) = π3(SU(3)) = Z , (2.6)

so that maps from the compactified spatial slice into the gauge group fall into dis-
connected winding classes; this leads to large gauge transformations that cannot be
continuously deformed to the identity, and they are classified by an integer winding
number [36, 37].

Classical vacuum configurations minimize the magnetic energy and therefore
satisfy Ba

i = 0 [38], so every such configuration is locally pure gauge

Aai = g−1(x)(ig−1
s ∂i)g(x). (2.7)

Evaluated on a representative pure-gauge field from each homotopy class of g(x) :
S3 → SU(3), the associated Chern–Simons functional takes integer values:

NCS[A] = g2
s

32π2

∫︂
d3x ϵijk

(︃
AaiG

a
jk − gs

3 f
abcAaiA

b
jA

c
k

)︃
. (2.8)

These integers are not gauge-invariant observables: under a large gauge trans-
formation of winding m, NCS → NCS + m. Thus neighboring integer values corre-
spond to different representatives related by large gauge transformations rather than
physically distinct classical vacua. Consequently, only differences in Chern–Simons
number carry gauge-invariant meaning.

Although the Chern–Simons number depends on the choice of gauge representa-
tive, its change between two time slices is gauge invariant. This change is given by
the Pontryagin index

Q = g2
s

32π2

∫︂
d4x Ga

µνG̃
aµν = NCS(+∞) −NCS(−∞) , (2.9)

which follows from the identity

Ga
µνG̃

aµν = ∂µϵ
µνρσ

(︃
AaνG

a
ρσ − gs

3 f
abcAaνA

b
ρA

c
σ

)︃
. (2.10)

2Any simple compact group G has π3(G) = Z.
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Although the classical vacuum representatives are separated by an energy barrier,
Euclidean Yang–Mills theory admits finite-action solutions that interpolate between
representatives whose Chern–Simons numbers differ by an integer. These solutions
are the instantons [10, 39]. The simplest instanton, which carries unit Pontryagin
index Q = 1, is known as the BPST instanton solution, and is given by

Aµ(x) = (x− x0)2

(x− x0)2 + ρ2 g
−1(x) (ig−1

s ∂µ) g(x) , g(x) = σ̄µ (x− x0)µ/|x− x0| .

(2.11)

The family of instantons is described by a set of moduli: the center coordinate
x0, the instanton size ρ, and the orientation moduli of the coset SU(3)/H where
H stabilizes the embedded SU(2). These moduli act as collective coordinates, and
they will be important when we work with instantons in Section 2.1.4.

We denote by |n⟩ the semiclassical state built on the vacuum representative
with Chern–Simons number n. These states fail to qualify as physical vacua on
two counts: kinematically, a large gauge transformation maps one onto another,
and dynamically, instantons induce tunneling between neighboring representatives.
Physical vacuum states must therefore be eigenstates of the unitary operator Ω
implementing a large gauge transformation of unit winding, whose action on the
representatives is

Ω |n⟩ = |n+ 1⟩ . (2.12)

In temporal gauge, Gauss’s law enforces strict invariance of physical states only
under small gauge transformations; large transformations need only be represented
by a phase. Since Ω commutes with every gauge-invariant operator, in particular
the Hamiltonian, the true vacuum must diagonalize Ω along with H.

Consider a candidate vacuum |Ψ⟩ = ∑︁
n cn|n⟩ and demand that it be an Ω-

eigenstate; unitarity fixes the eigenvalue to a phase eiθ,

Ω |Ψ⟩ =
∑︂
n

cn|n+ 1⟩ =
∑︂
m

cm−1|m⟩ != eiθ|Ψ⟩ = eiθ
∑︂
m

cm|m⟩ . (2.13)

Matching coefficients of |m⟩ gives the recursion cm−1 = eiθ cm for every m. This re-
cursion has the unique solution cm = c0 e

−imθ, fixed entirely by the single parameter
θ up to the overall normalization c0. There is thus one family of Ω-eigenstates for
each choice of θ ∈ [0, 2π), and setting c0 = 1 gives the θ-vacuum [38, 40]

|θ⟩ =
∑︂
n

e−inθ |n⟩ , Ω |θ⟩ = eiθ|θ⟩ . (2.14)
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Because H commutes with Ω, the state |θ⟩ can simultaneously be chosen as an
energy eigenstate. Moreover, no gauge-invariant operator has non-zero matrix ele-
ments between states of different eigenvalue eiθ, so distinct values of θ label distinct
superselection sectors: physically inequivalent theories, each internally consistent,
between which no local measurement or time evolution can ever induce a transition.
The angle θ is therefore not a quantum number to be measured but a fixed parame-
ter of the theory, exactly like a coupling constant, and one particular value describes
the world we observe.

It remains to see explicitly how θ enters the path integral, since this is what
ultimately produces a genuine new term in the effective Lagrangian rather than a
mere bookkeeping device. Inserting (2.14) into the vacuum-to-vacuum transition
amplitude over a large time interval t, and using (2.12), we find

⟨θ|e−iHt|θ⟩ =
∑︂
m,n

eimθe−inθ ⟨m|e−iHt|n⟩

=
∑︂
ν

eiνθ
∑︂
n

⟨n+ ν|e−iHt|n⟩ , (2.15)

where ν = m− n is the net change in winding number between the initial and final
vacua. The amplitude from |n⟩ to |n + ν⟩ becomes a path integral in which the
boundary conditions force the field configurations to carry net topological charge
exactly ν, ∑︂

n

⟨n+ ν|e−iHt|n⟩ =
∫︂

DA(ν)
µ eiS[A] . (2.16)

Substituting back into (2.15) yields the full path integral of the theory,

Z(θ) =
∑︂
ν

eiνθ
∫︂

DA(ν)
µ eiS[A] . (2.17)

The θ-vacuum path integral is therefore identical to the ordinary QCD path integral
with an extra term added directly to the Lagrangian,

Lθ = θ
g2
s

32π2 G
a
µνG̃

aµν . (2.18)

This is the central conclusion of the subsection. The existence of inequivalent
θ-vacua implies that the most general gauge-invariant QCD Lagrangian contains the
topological term with a new fundamental parameter θ that has no reason a priori
to vanish. Because Ga

µνG̃
aµν is a total derivative it does not alter the perturbative

Feynman rules or the classical equations of motion; its effects are entirely non-
perturbative as they exist only through configurations that do not fall off fast enough

14



at infinity, i.e., instantons. Its physical relevance in the full theory, however, depends
on how the quarks respond to it, which is the question we take up next.

2.1.3 Quarks and the physical parameter θ̄

The analysis so far has been confined to the pure gauge sector. QCD, however,
contains quarks, and it is crucial to establish how they interact with the topological
vacuum, and in particular whether their presence can render the θ-term physically
harmless or even unphysical.

The physical status of the vacuum angle hinges on the behavior of the theory
under chiral transformations. Consider a global axial rotation of the quark fields,

qj → eiαjγ5qj , (2.19)

where j = 1, . . . , Nf indexes the flavors. The classical, massless Dirac action is
invariant under this rotation, but the quantum partition function is not. As was
showed by Fujikawa [41], the fermionic path-integral measure DqDq̄ transforms with
a non-trivial anomalous Jacobian. For a uniform axial rotation across all flavors,
αj = α/2Nf , this Jacobian shifts the topological vacuum angle,

θ → θ − α . (2.20)

The relation reveals at once that if even a single quark flavor were exactly mass-
less, say a massless up quark mu = 0, the corresponding axial rotation would be
an exact, unbroken symmetry of the rest of the QCD Lagrangian. One could then
choose α = θ to absorb the topological term entirely into the fermion fields with-
out altering any other physical parameter, rendering θ completely unphysical and
dissolving the strong CP problem.

The quark mass matrix Mq explicitly breaks the axial symmetry; under the same
chiral rotation (2.19) the mass term transforms as

q̄iM
ij
q qj → q̄ie

iαiγ5M ij
q e

iαjγ5qj , (2.21)

and thus the argument of its determinant shifts,

arg detMq → arg detMq + α . (2.22)

Comparing (2.20) and (2.22), neither θ nor arg detMq is invariant under a change
of chiral basis, but their sum is. This allows us to define a single, basis-independent,
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physically observable parameter,

θ̄ ≡ θ + arg detMq . (2.23)

Fermions therefore do not render the topological vacuum unphysical; they lock
it to the flavor sector. Any non-zero θ̄ induces genuine P and T violation, and hence
CP violation, in the hadronic sector, driven by the pseudotensor ϵµνρσ hidden inside
G̃aµν in (2.18). The parameter θ̄ is thus the true physical quantity to be constrained
by experiment, most sharply through the neutron electric dipole moment. Before
we can extract that bound, however, we need a controlled way to compute how
θ̄ affects the vacuum, and the natural first attempt is the semiclassical expansion
around instantons.

2.1.4 The dilute instanton gas approximation

By an appropriate chiral rotation the invariant parameter θ̄ of (2.23) can be moved
entirely into the topological gluon term (2.18). In this basis it is clear that θ̄ enters
the quantum theory only through non-perturbative, instanton-mediated configura-
tions, which generate a θ̄-dependence of the vacuum energy and hence observable
consequences. At weak coupling these effects can be evaluated in the dilute in-
stanton gas approximation (DIGA), which models the vacuum as an ensemble of
well-separated instantons and anti-instantons of topological charge Q = ±1.

In the semiclassical approximation of the path integral, the zero modes of the
spectrum of fluctuation around instantons are traded for integrals over the collective
coordinates of the solution: the center x0, the size ρ, and the color orientation.
The integration over x0 yields a constant factor of the spacetime volume, and the
orientation average contributes also a constant factor of the group volume. Together
with the one-loop determinant over the non-zero modes, these factors are absorbed
into the normalization of the instanton size distribution D(ρ), which is defined such
that the mean number of instantons with size between ρ and ρ+dρ in a four-volume
V4 is dN = V4 D(ρ) dρ. At one loop [31, 32], we have

D(ρ) = 1
ρ5 (Λρ)b0

Nf∏︂
j=1

(mjρ) , b0 = 11 − 2
3Nf , (2.24)

where the factor ρ−5 is fixed by dimensional analysis, and b0 is the one-loop con-
tribution to the QCD beta function, 8π2/g2

s(µ) = b0 log (µ/Λ) so that the classical
action SE = 8π2Q/g2

s gives the contribution e−8π2/g2
s(ρ−1) ∝ (Λρ)b0 evaluated at the

instanton scale µ = ρ−1. Each dynamical flavor supplies a factor mjρ, a direct conse-
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quence of the Atiyah–Singer index theorem: in a unit-charge background the Dirac
operator possesses an exact chiral zero mode for each flavor, and the Grassmann
integral over that mode vanishes unless a chiral-symmetry-breaking mass insertion
saturates it. Thus, a single massless quark would make θ̄ unobservable as we have
seen.

Because dilute instantons are widely separated and weakly interacting, a config-
uration of n+ instantons and n− anti-instantons, each carrying the topological phase
e±iθ̄, can be treated as an ideal gas in the grand-canonical ensemble. Summing over
all topological sectors, the partition function exponentiates [31, 32, 42–44],

Z(θ̄) =
∞∑︂

n+, n−=0

ei(n+−n−) θ̄

n+!n−!

(︃
V4

∫︂ ∞

0
dρ D(ρ)

)︃n++n−

= exp
(︃

2V4 cos θ̄
∫︂ ∞

0
dρ D(ρ)

)︃
.

(2.25)
Using the correspondence Z(θ̄) = e−V4E(θ̄) between the partition function and the
Euclidean vacuum energy density,

E(θ̄) = 2
(︂
1 − cos θ̄

)︂ ∫︂ ∞

0
dρ D(ρ) . (2.26)

This already captures the key features expected of the QCD vacuum: the energy
density is 2π-periodic in θ̄, and the CP-preserving point θ̄ = 0 is its absolute min-
imum. Moreover, if even a single flavor were massless mj → 0, D(ρ) would vanish
identically and the vacuum energy would be independent of θ̄, i.e., the strong CP
problem would again disappear, in complete agreement with the operator-level ar-
gument of the previous subsection.

For any realistic theory with b0 > 0, however, the size integral in Eq. (2.26) is
severely infrared-divergent: the integrand grows as ρ b0+Nf−5 (for three light flavors as
ρ7). This is the large-instanton problem of zero-temperature QCD. Because the run-
ning coupling gs(ρ−1) grows without bound in the infrared (µ = ρ−1 → 0), the large
configurations that dominate the integrand lie precisely where the weak-coupling,
semiclassical saddle-point underlying DIGA breaks down. The dilute gas therefore
provides the correct qualitative intuition for the θ̄-dependence of the vacuum, but
it cannot be used for a quantitative calculation of E(θ̄) at zero temperature [10].3

A genuinely controlled zero-temperature computation demands a different strategy,
one that abandons weak-coupling expansions and works instead with the physical
spectrum of the theory. That is the task of the next section.

3We return to this framework in Section 2.5.1, where DIGA becomes reliable once more: at high
temperature the thermal bath of the early universe supplies a natural infrared cutoff via Debye
screening, suppressing large instantons.
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2.2 IR observables and the strong CP bound

To sidestep the infrared breakdown of the semiclassical expansion, the low-energy
properties of QCD must be formulated in terms of the true physical degrees of
freedom, the light hadrons. This is the domain of chiral perturbation theory, the
low-energy effective field theory of QCD. By following the parameter θ̄ through
the hadronic sector we can extract concrete, non-perturbative predictions. In this
section we trace those consequences from the vacuum energy and meson masses
through the baryon mass splittings to the neutron electric dipole moment, and so
establish the empirical bound on the strong CP parameter.

2.2.1 The pion potential and the vacuum energy density

To study the low-energy implications of θ̄ in the hadronic sector, it is convenient to
rotate it out of the gauge sector and into the flavor sector. A suitable flavor-singlet
axial transformation of the light quarks removes the topological term from the action
and moves θ̄ into the phase of the quark mass matrix, Mq → Mq e

iθ̄/2 = Mq(θ̄).4

In the low-energy regime of QCD the pseudo-Goldstone bosons of the sponta-
neously broken chiral SU(2)L×SU(2)R symmetry are collected in the unitary matrix
U = exp(iπaτa/fπ), where τa are the Pauli matrices and fπ ≈ 92.4 MeV is the pion
decay constant. At leading order the effective Lagrangian for two light flavors is
given by the nonlinear sigma model [46–50],

LχPT = f 2
π

4 Tr
[︂
∂µU †∂µU

]︂
+ m2

πf
2
π

2 TrMq

Tr
[︃
U †Mq(θ̄) + h.c.

]︃
, (2.27)

where mπ ≈ 135 MeV is the physical neutral pion mass at θ̄ = 0 and the quark mass
is given by

Mq = m̄q 1 + δmq τ3, m̄q = mu +md

2 , δmq = mu −md

2 . (2.28)

Restricting ourselves to the configuration along the neutral pion direction, we set
U = exp(iπ̂0τ3) with π̂0 ≡ π0/fπ. Evaluating the trace in the potential term of (2.27)
gives the static pion potential

V (π̂0; θ̄) = m2
πf

2
π

[︄
1 − cos (π̂0) cos (θ̄/2) − δmq

m̄q

sin (π̂0) sin (θ̄/2)
]︄
. (2.29)

4We have chose the rotation to be distributed equally over the two light flavors for convenience,
αu = αd = θ̄/2 in the 2 × 2 block, so det picks up eiθ̄ as required. Other choices like the one used
in Ref. [45], distributes the phase in inverse proportion to the quark masses are equally as valid.
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A non-zero θ̄ generates a term linear in the pion field, which destabilizes the
naive vacuum at ⟨π0⟩ = 0. Minimizing with respect to π̂0 fixes the θ̄-dependent
vacuum expectation value of the pion field,

tan⟨π̂0⟩ = δmq

m̄q

tan(θ̄/2) . (2.30)

The physical vacuum thus realigns itself to minimize the explicit chiral breaking.
Substituting this saddle-point configuration back into (2.29) isolates the genuine
θ̄-dependence of the vacuum energy density [45],

E(θ̄) ≡ V
(︂
⟨π̂0⟩; θ̄

)︂
= m2

πf
2
π

[︂
1 −D(θ̄)

]︂
, (2.31)

where we define

D(θ̄) =
{︃

cos2 (θ̄/2) +
δm2

q

m̄2
q

sin2 (θ̄/2)
}︃1/2

. (2.32)

This is the rigorous, non-perturbative counterpart of the semiclassical instanton
result (2.26): a controlled, 2π-periodic function of θ̄, minimized at the CP-preserving
value θ̄ = 0. Expanding it to quadratic order will, in Section 2.3, directly supply
the axion mass, so we record for later use this expansion around the origin,

E(θ̄) ≃ 1
2 m

2
πf

2
π

mumd

(mu +md)2 θ̄
2 , θ̄ → 0 . (2.33)

The realignment also modifies the spectrum. For example, at the maximal value
θ̄ = π, taking the physical ratio md ≃ 2mu for illustration [3], the radical in
Eq. (2.31) reduces to 1/3, and the physical pion mass, when we expand the po-
tential around the shifted minimum, is strongly suppressed to m2

π(θ̄ = π) = m2
π/3.

Such a rearrangement of the light spectrum does not stay confined to the mesons;
because baryons couple to the same chiral order parameter, it also feeds into the
nucleon sector, to which we now turn.

2.2.2 The neutron–proton mass splitting

To map θ̄ onto baryonic observables, we evaluate the nucleon sector with the pion
fields set to their realigned vacuum value ⟨π̂0⟩ from (2.30). In the chiral limit the
nucleon field N = (p, n) is described by the Lagrangian [51]

LNuc, 0 = N̄
(︂
i /D −m

(0)
N − gAγ

µγ5uµ
)︂
N , (2.34)
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where the covariant derivative is defined as Dµ = ∂µ + Γµ. The chiral connection Γµ
and the chiral vielbein uµ are built from the square root of the chiral field, ξ2 = U ,

Γµ = 1
2(ξ†∂µξ + ξ∂µξ

†), uµ = 1
2i(ξ

†∂µξ − ξ∂µξ
†) . (2.35)

The vector coupling of the connection is fixed by geometry to gV = 1 while the
axial coupling was measured to have the value gA ≈ 1.27 [3]. The mass m(0)

N is the
chiral-limit nucleon mass from QCD effects. Away from the chiral limit, the nucleon
Lagrangian allows for more terms that break the axial symmetry,

LNuc = LNuc, 0 − m
(1)
N

4m̄q

N̄ Tr[χ(θ̄)]N − ∆mN

4δmq

N̄
(︃
χ(θ̄) − 1

2 Tr[χ(θ̄)]
)︃
N , (2.36)

where χ(θ̄) ≡ ξ†Mq(θ̄) ξ† + h.c. The quark masses lead to two contributions that
break the axial symmetry: one is m(1)

N which preserves the isospin symmetry, and
the other is ∆mN which breaks both isospin and axial symmetries. The nucleon
masses under the full Lagrangian (2.36) become

mp ≡ m
(0)
N + m

(1)
N

4m̄q

· Tr ⟨χ(θ̄)⟩ + ∆mN

4δmq

·
(︃

⟨χu(θ̄)⟩ − 1
2Tr[⟨χ(θ̄)⟩]

)︃
, (2.37)

mn ≡ m
(0)
N + m

(1)
N

4m̄q

· Tr ⟨χ(θ̄)⟩ + ∆mN

4δmq

·
(︃

⟨χd(θ̄)⟩ − 1
2Tr[⟨χ(θ̄)⟩]

)︃
, (2.38)

where ⟨χ(θ̄)⟩ is the value of χ(θ̄) at the shifted vacuum (2.30),

⟨χ(θ̄)⟩ = 2Mq cos ⟨π̂0⟩ cos (θ̄/2) + 2Mq τ3 sin ⟨π̂0⟩ sin (θ̄/2)

= 1
D(θ̄)

·
[︄
2Mq cos2 (θ̄/2) + 2Mqτ3

δmq

m̄q

sin2 (θ̄/2)
]︄
. (2.39)

The splitting at arbitrary θ̄ is [52]

mp −mn = ∆mN(θ̄) = ∆mN

4δmq

· Tr[⟨χ(θ̄)⟩ τ3] = ∆mN

D(θ̄)
, (2.40)

where ∆mN ∼ mu −md < 0 is the standard QCD splitting. At θ̄ = π the splitting
is enhanced, becoming proportional to the mass sum (mu + md) rather than the
difference. For md ≃ 2mu this is roughly a threefold increase, and once the QED
contribution is included the ratio ∆mN(π)/∆mN(0) grows even larger.

Because the phase space for neutron beta decay depends steeply on the split-
ting, with Γn ∝ Q5, Q = −∆mN − me, even an O(1) value of θ̄ would drastically
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accelerate neutron decay and disrupt Big Bang nucleosynthesis. Macroscopic nu-
clear observables thus already constrain θ̄, well before one invokes any dedicated
CP-violating observable. The sharpest such observable, and the one that sets the
actual bound, is the static electric dipole moment of the neutron, which we compute
next.

2.2.3 The neutron electric dipole moment

While the mass splitting provides an implicit bound, the definitive constraint on θ̄

comes from a direct CP-violating observable: the static electric dipole moment of
the neutron, dn. We shall isolate the one-pion couplings to the nucleons from the
Lagrangian (2.36), and extract dn accordingly.

The nucleon can couple to one pion through a vertex generated from the axial
coupling,

uµ = 1
2fπ

∂µπ
a τa + O(π2) (2.41)

or the mass splitting,

χ = ⟨χ⟩ + 2A
fπ

πaτa + · · · , (2.42)

where

A = m̄q cos ⟨π̂0⟩ sin (θ̄/2) − δmq sin ⟨π̂0⟩ cos (θ̄/2) =
m̄2
q − δm2

q

m̄q

sin θ̄
2D(θ̄)

. (2.43)

The Lagrangian of the pion-nucleon coupling is

LπNN = − gA
2fπ

∂µπ
a N̄γµγ5τaN − ∆mN

4δmq

2A
fπ

N̄πaτaN

= gπNN N̄ iγ5πaτaN + ḡπNN N̄π
aτaN . (2.44)

The CP-even pseudoscalar coupling gπNN is obtained by using integration by parts
and employing the nucleon’s equation of motion,

gπNN = gAmN/fπ ≈ 12.9 . (2.45)

The CP-odd scalar coupling ḡπNN is given to leading order in θ̄ by

ḡπNN = ∆mN

md −mu

mumd

mu +md

θ̄

fπ
≈ 0.016 θ̄ , (2.46)
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consistent with the range |ḡπNN | ≃ (0.015–0.027) |θ̄| obtained from QCD sum rules
and lattice determinations of ∆mN(0) [53].

n n

π−

p

π−

γ

gπNNḡπNN

+

n n

π−

p p

γ

gπNNḡπNN

Figure 2.1: The one-loop vertex diagrams contributing to the neutron electric dipole
moment via the CP-odd pion-nucleon vertex (red). In the left diagram, a virtual charged-
pion loop dresses the nucleon propagator, and the external photon is radiated from the
internal pion line. The right diagram has the photon vertex on the internal proton line.

The interplay of the two couplings in (2.44) generates an electric dipole form
factor F3(q2) in the electromagnetic vertex,

⟨N(p′)|JEM
µ |N(p)⟩ ⊃ ūn(p′)

[︄
F3(q2)
2mN

iγ5σµνq
ν

]︄
un(p) , (2.47)

with dn = F3(0)/2mN . Evaluating the one-loop diagrams of Fig. 2.1 in the heavy-
baryon expansion mπ ≪ mN gives, at leading non-analytic order [52],

dn = e gπNN ḡπNN
4π2mN

[︃
log mN

mπ

+ C
]︃
, (2.48)

where C is a scheme-dependent constant absorbing the local counterterm; only the
chiral logarithm is universal. The logarithm signals a long-distance, pion-cloud-
dominated contribution: dn is controlled by low-energy pion loops rather than
short-distance operators. Numerically, dn ∼ 10−16 θ̄ e · cm up to an O(1) hadronic
uncertainty, concretely, a factor of two to three due to the spread of sum-rule and
lattice determination of ḡπNN [10, 53]. The most recent experimental limit from
the nEDM collaboration is [2]

|dn| ≲ 1.8 × 10−26 e · cm , (2.49)

which, mapped onto the chiral-loop result, translates into an exceptionally stringent

22



bound on the fundamental parameter,

|θ̄| ≲ 10−10 . (2.50)

This value is the primary boundary condition of the strong CP problem. It is worth
pausing to ask why so small a number should be regarded as a problem at all, which
is the subject of the final subsection.

2.2.4 The strong CP problem as a fine-tuning crisis

This extreme smallness of the invariant angle, |θ̄| ≲ 10−10, constitutes a genuine
naturalness crisis within the Standard Model. As a parameter, θ̄ = θ + arg detMq

receives contributions from two entirely decoupled sectors: the topological struc-
ture of the non-Abelian SU(3)C gauge vacuum, which fixes θ, and the electroweak
Yukawa sector responsible for the complex quark mass matrices, which fixes the
phase arg detMq.

A strict CP symmetry acting on the whole Lagrangian would set θ̄ = 0 at tree
level, but CP is known to be badly broken in the electroweak sector: the CKM
matrix carries an unsuppressed CP-violating phase, δCKM ≈ 1.14 rad [3], of order
unity, which successfully describes all observed CP violation in the K- and B-meson
systems. Attributing the smallness of θ̄ to an accidental cancellation between the
QCD vacuum phase and the weak Yukawa phases, accurate to one part in ten billion,
is a severe fine-tuning. Moreover, the alternative escape due to a massless up quark
(mu = 0), which would make θ̄ unphysical through an unbroken axial U(1)A, is
strongly disfavored by lattice determinations that establish mu ≃ 2.16 MeV in MS
at 2 GeV [54].

The absence of any structural explanation for θ̄ → 0 is what defines the strong
CP problem, and it provides the direct motivation for a dynamical solution. The
most successful such proposal, the Peccei–Quinn mechanism, is the subject of the
next section, and it will make essential reuse of the vacuum energy (2.31) derived
above.

2.3 The Peccei–Quinn mechanism

The strong CP problem is a problem precisely because θ̄ is a fixed input with no
dynamics of its own. The Peccei–Quinn (PQ) resolution removes exactly this rigid-
ity: it introduces a new field a(x), the axion, which enters QCD only through the
combination θ̄+a/fa, so that the effective vacuum angle becomes a dynamical quan-
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tity free to relax to the CP-conserving point. Since the θ̄-dependence of the QCD
vacuum energy has already been derived in Eq. (2.31), the axion potential follows
immediately by replacing the constant vacuum angle with the dynamical field; no
new strong-interaction input is required.

We first set out the mechanism in general terms, and then work through its
concrete realizations: the ruled-out original model and the invisible DFSZ and KSVZ
constructions, as reviewed in [10, 28]. We close the section by determining the
periodicity of the axion potential and the number of its degenerate vacua, and
by confronting the axion quality problem that motivates the composite models of
Section 2.6.

2.3.1 Dynamical axion field

The core idea of the Peccei–Quinn mechanism is that the CP-violating parameter θ̄
can be compensated by a dynamical field through the introduction of a new global
symmetry U(1)PQ. The symmetry is spontaneously broken at a scale vPQ, and the
Nambu–Goldstone boson of this breaking is the axion a(x), which shifts under the
symmetry as a(x) → a(x) + α vPQ. Crucially, U(1)PQ is anomalous under QCD,
exactly as the axial rotations of Section 2.1.3. The low-energy effective theory
must therefore reproduce this anomaly, which it does through the coupling already
familiar from (2.18),

Ltotal = LSM + 1
2∂µa ∂

µa+
(︃
θ̄ +N

a

vPQ

)︃
g2
s

32π2G
b
µνG̃

bµν , (2.51)

where N is the model-dependent anomaly coefficient of the PQ symmetry, to be
associated later with the domain wall number. Absorbing the anomaly coefficient
into the definition of the physical axion decay constant, fa ≡ vPQ/N , the axion
enters the theory only through the shifted angle θ̄ + a/fa. The UV field of the
axion Φ can be coupled nontrivially to SM, and can thus allow for other types of
interaction such as the model-dependent derivative couplings ∂µa f̄γµγ5f and the
photon coupling aF F̃ . However, the axion interaction through θ̄+a/fa is universal.

The results obtained in Section 2.2 lead to understanding of the dynamics of the
axion. The QCD vacuum energy depends on its parameters only through the angle
multiplying GG̃, so the axion potential follows from the vacuum energy (2.31) by
direct substitution,

V (a) = E
(︃
θ̄ + a

fa

)︃
. (2.52)
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Because E is minimized at vanishing argument, the axion relaxes to

V ′(a) = 0 =⇒ ⟨a⟩ = − θ̄ fa , (2.53)

and the effective vacuum angle θ̄ + ⟨a⟩/fa vanishes identically. CP conservation
in the strong interactions is thus restored dynamically, for any initial value of θ̄
and without adjusting any parameter: the same vacuum energy that quantified the
strong CP problem now solves it provided noting else breaks the PQ symmetry.

Expanding V (a) about its minimum, with the curvature recorded in (2.33), gives
the axion mass

m2
a = E ′′(0)

f 2
a

= m2
πf

2
π

f 2
a

mumd

(mu +md)2 , (2.54)

which is numerically ma ≃ 5.7µeV(1012 GeV/fa) [45, 55] (this result is obtained
from the NLO calculation rather than the LO calculation (2.54)). The entire low-
energy phenomenology of the axion is therefore controlled by the single scale fa,
and the question becomes what physics determines it. The remainder of this section
examines the possible answers, beginning with the most economical one.

2.3.2 The original PQ model

The original implementation introduces only electroweak-scale degrees of freedom,
in the form of a second Higgs doublet [5–8]. With the single doublet of the Standard
Model, the Yukawa couplings Yuq̄LH̃uR and Ydq̄LHdR involve the same field through
H̃ = ϵH∗, whose phase enters the two terms with opposite signs, so no assignment
of PQ charges leaves both couplings invariant. Once uR and dR couple to two
independent doublets Hu, Hd, the obstruction disappears, and the Yukawa sector is
invariant under

qL → eiαqL , (uR, dR) → e−iα(uR, dR) , (Hu, Hd) → e2iα(Hu, Hd) . (2.55)

We parameterize the doublets about their vacuum expectation values vu, vd as

Hu = vu√
2
eiau/vu

(︄
1
0

)︄
, Hd = vd√

2
e−iad/vd

(︄
0
1

)︄
, (2.56)

suppressing the radial modes. One combination of the phase fields au, ad is eaten
by the Z boson, while the orthogonal combination is the physical axion a. After
symmetry breaking, the axion-dependent phases in the quark mass matrices can
equivalently be removed by chiral rotations of the left-handed quark fields uL →
e−iau/vuuL, dL → eiad/vddL, applied to each of the Ng generations, which results in
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the the anomalous shift of the QCD vacuum angle,

θ̄ → θ̄ −Ng
au
vu

+Ng
ad
vd

= θ̄ −Ng
a

vPQ
, vPQ = vuvd

vEW
, (2.57)

where vEW = (v2
u + v2

d)1/2 = 246 GeV.5 The anomaly coefficient is thus the number
of quark generations, N = Ng = 3, and the decay constant fa = vPQ/Ng is chained
to the electroweak scale. The master formula (2.54) then fixes the mass,

ma = Ng
mπfπ
vPQ

√
mumd

mu +md

≃ 140 keV
sin 2β , (2.58)

with tan β = vd/vu. Because this axion is built entirely from electroweak-scale
fields, its couplings to ordinary matter are suppressed only by 1/vEW. Such a weak-
scale axion is copiously produced in rare meson decays. Therefore, the predicted
branching ratio BR(K+ → π+ + a) ∼ 10−5 [56] was soon found to lie far above the
experimental limit BR(K+ → π+ + nothing) < 3.8 × 10−8 set at KEK [57].6 The
stellar energy-loss, which we shall see in Section 2.4, excludes it independently [60];
more recent population-based neutron-star bounds push the allowed QCD-axion
mass well below the meV scale [61], excluding it a fortiori. The original model is
therefore experimentally ruled out, but as we discuss next, the mechanism itself
survives.

2.3.3 The invisible axion models

What saves the PQ mechanism as a solution of the strong CP problem is the cru-
cial observation that the field responsible for PQ breaking need not participate in
electroweak symmetry breaking, allowing the two scales to be separated [62–65].
If the PQ-breaking scalar is a Standard-Model singlet, vPQ can be pushed to very
high values, and by (2.54) the axion becomes correspondingly light, weakly coupled,
and long-lived. Such an axion is dubbed “invisible” in the precise sense of evading
every then-existing search. Crucially, the relaxation mechanism and the mass for-
mula (2.54) hold unchanged; only the value of fa moves. We now discuss the two
surviving archetypes in turn.

5The overall sign of the shift is a convention, absorbed into a → −a; we conform to the sign of
Eq. (2.51).

6This bound has been further tightened by recent experiments at NA62 to be at the 10−11

level [58, 59].
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The DFSZ model

The Dine–Fischler–Srednicki–Zhitnitsky construction [62, 63] extends the two dou-
blet structure of the original model by an SM-singlet scalar Φ with a large vacuum
expectation value vΦ ≫ vEW, coupled to the doublets through the potential term
Φ2HuHd. Invariance fixes the PQ charges: (qL, uR, dR) → (eiαqL, e−iαuR, e

−iαdR),
(Hu, Hd) → e2iα(Hu, Hd), and Φ → e−2iαΦ. The same coupling does double duty
in the spectrum: of the three phase fields au, ad, aΦ, one combination is eaten by
the Z boson, and the Φ2HuHd term gives mass to the remaining unwanted CP-odd
combination rather than leaving an additional Nambu–Goldstone boson. Therefore,
exactly one light state survives. For vΦ ≫ vEW this state resides dominantly in the
phase of the singlet, and the decay constant is set by the singlet scale, fa ≃ vΦ/N

with N = 6. The distinctive feature of the DFSZ axion is that it nevertheless retains
direct, renormalizable couplings to all Standard Model quarks and leptons; this is
because the SM fermions acquire their masses from Hu, Hd, and the physical axion
is still partly composed of au and ad.

The KSVZ model

By contrast, another construction due to Kim, Shifman, Vainshtein, and Zakharov
introduces no additional Higgs doublet [64, 65]. It requires a single SM-singlet
complex scalar Φ and a heavy vector-like quark Q,7

L = |DµΦ|2 − V (Φ) −
(︂
YQ Q̄LΦQR + h.c.

)︂
, V (Φ) = λ

(︃
|Φ|2 − v2

Φ
2

)︃2
, (2.59)

with U(1)PQ acting only on the new fields, QL → eiαQL, QR → e−iαQR, Φ → e2iαΦ.
Parameterizing Φ = 1√

2(vΦ + ρ) eia/vΦ , the axion is purely the phase of the singlet.
The ordinary quarks carry no PQ charge, so the only PQ-charged fermion generating
the axion coupling to QCD is the heavy quark, which shifts the vacuum angle by
θ̄ → θ̄+a/vΦ. For a single heavy quark the anomaly coefficient is N = 1, so fa = vΦ,
and the master formula (2.54) gives

ma =
√
mumd

mu +md

mπfπ
fa

. (2.60)

This inverse proportionality to the PQ-breaking scale is the hallmark of every
invisible-axion model. The scale fa is now a free parameter, bounded only by the
astrophysical and cosmological considerations of Sections 2.4–2.5, and the KSVZ
axion can be made light and weakly coupled by raising fa subject to its bounds,

7Additional heavy quarks only increase the anomaly coefficient of the PQ symmetry.

27



evading every laboratory and stellar-cooling constraint that excluded the original
model. Having fixed the mass and couplings of each model, we now examine a
global feature of the axion potential that all of them share, and that will prove
decisive for cosmology: the number of degenerate minima.

2.3.4 Periodicity and the number of vacua

The axion potential inherits its periodicity from the QCD vacuum energy, which is
2π-periodic in the effective vacuum angle θ̄. The relevant question is therefore how
many times this fundamental period is traversed as the axion ranges over its own
field space. This number determines the multiplicity of the axion vacua.

Consider first the original Peccei–Quinn model. For a single quark generation,
the anomalous shift (2.57) gives θ̄ → θ̄− a/vPQ, so that the axion potential V (a) =
E(θ̄ − a/vPQ) contains a single minimum over the fundamental interval a/vPQ ∈
[0, 2π). With three generations, however, each generation contributes identically to
the anomaly, and the QCD periodicity is traversed three times as the axion covers
the same field range. The potential therefore develops three degenerate minima, as
shown in Figure 2.2, which correspond to representatives θ̄ = 0, 2π, 4π. Although
these values are physically equivalent because QCD depends only on θ̄ modulo 2π,
they correspond to distinct points of the axion vacuum manifold.

More generally, the number of times the QCD vacuum energy is traversed is
determined by the QCD anomaly coefficient of the PQ symmetry. This quantity is
the domain-wall number,

NDW = A(U(1)PQ · SU(3)2
c), (2.61)

which counts the number of degenerate axion vacua. Equivalently, the QCD anomaly
explicitly breaks the continuous PQ symmetry,

U(1)PQ → ZNDW ,

and the NDW vacua are precisely the points in axion field space related by this
residual discrete symmetry.

The distinction between these vacua is invisible in local axion physics. For
example, if we define the axion decay constant as fa = vPQ/NDW, the field variable
a/fa spans NDW 2π-periods. Local physics in a region of spacetime is built around
one of these vacua, so it sees but one period a/fa ∈ [0, 2π) which is convenient for
computing quantities such as the axion mass since we use only (2.54). This rescaling
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did not eliminate the global multiplicity of the vacuum manifold, as it delegated it to
a number of periods of a/fa. Whether the NDW vacua represent genuinely distinct
physical states, or are identified by an additional symmetry, determines whether
stable domain walls form. This question is the origin of the cosmological domain-
wall problem and motivates the discussion of its resolution through mechanisms such
as the Lazarides–Shafi mechanism in Section 2.6.

0 π 2π
a/vPQ

V
(a

)

0 2π/3 4π/3 2π

a/vPQ

V
(a

)

Figure 2.2: Axion potential of the original PQ model generated by one (top) vs three
(bottom) quark generations. The vacuum is traversed one (three) times in the 2π period
of a/vPQ. Adjacent regions of spacetime that occupy different vacua will have a defect
(domain wall) that interpolates between the vacua.

2.3.5 The quality of the Peccei–Quinn symmetry

The entire argument of Sections 2.3.1–2.3.4 rests on U(1)PQ being broken only by
the QCD anomaly. Suppose instead that some additional physics, in particular
physics associated with quantum gravity, explicitly breaks U(1)PQ through a non-
renormalizable operator of mass dimension n like O = |Φ|2k(Φ + Φ∗), suppressed
by the appropriate power of the Planck scale MPl. Such a term adds a second,
generically misaligned contribution to the axion potential,

V (a) ∼ Λ4
QCD f

(︃
a

fa

)︃
+ fna
Mn−4

Pl
g
(︃
a

fa

)︃
, (2.62)

with f, g generic O(1), 2π-periodic functions whose minima have no reason to coin-
cide.
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Because the second term knows nothing of θ̄, it pulls the axion away from the CP-
conserving point ⟨a⟩ = −θ̄fa of (2.53), reintroducing an effective θ̄+ ⟨a⟩/fa ̸= 0 and
directly undoing the purpose of the mechanism. This is the single most important
qualifier to attach to everything said so far: the PQ solution is only ever as good as
the smallness of whatever residual explicit breaking of U(1)PQ exists. Demanding
that the induced shift stay within the experimental bound |θ̄| ≲ 10−10 requires

fn−4
a

Mn−4
Pl

f 4
a

Λ4
QCD

≲ 10−10 . (2.63)

For fa ∼ 109 GeV this forces the lowest PQ-violating operator to have dimension
n ≥ 9. This is the axion quality problem. The concern is not merely formal. It is
widely believed, and sometimes elevated to the status of a folk theorem, that quan-
tum gravity violates every global symmetry not protected by an unbroken gauge
symmetry: virtual black holes and Euclidean wormholes can carry global charge
into or out of a region with no compensating gauge flux to forbid it, so any global
symmetry, however good an approximation at low energies, should be broken explic-
itly by Planck-suppressed operators of every dimension consistent with the unbroken
gauge symmetries [12–14].

Since U(1)PQ is, in every model above, a global symmetry with no gauge struc-
ture protecting it, this is precisely the threat just quantified. Minimal KSVZ and
DFSZ constructions provide no structural protection against such operators, and
must simply assume, with no justification beyond convenience, that quantum grav-
ity respects U(1)PQ far better than these general arguments suggest. Addressing
this threat structurally, rather than by assumption, is one of our central motiva-
tions. Before specializing to any ultraviolet completion, however, we first collect the
astrophysical and cosmological constraints that every invisible axion, composite or
elementary, must satisfy.

2.4 Astrophysical bounds and detection

The axion of every invisible model of Sections 2.3–2.6 couples to the photon, the
electron, and the nucleons with strengths suppressed by 1/fa but never exactly zero:
these are the couplings through which the QCD anomaly communicates with the
axion, dressed by whatever electromagnetic and Yukawa charges the PQ-breaking
sector happens to carry. This section is a study of those three couplings, probed
from two complementary directions by the same elementary processes. In the hot
plasma of a stellar interior the processes run forward, producing axions that stream
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out of the core; the energy-loss argument of Ref. [18] then bounds each coupling,
and hence fa from below, by requiring that this drain does not shorten the observed
lifetime of any stellar evolutionary phase. In the laboratory the same processes are
run in reverse, converting axions back into photons inside strong magnetic fields,
which is the only route to a discovery rather than an exclusion.

We first define the couplings and the two production processes from which every
bound in this section follows. We then apply the energy-loss argument in environ-
ments of increasing density, each of which isolates one coupling: the photon coupling
in horizontal-branch stars, the electron coupling in red giants and white dwarfs, and
the nucleon coupling in neutron stars and in Supernova 1987A. We close with the
laboratory program that inverts these processes. The complementary bound on
the opposite side of the axion window is cosmological in origin and is deferred to
Section 2.5.

2.4.1 Couplings and production processes

The two couplings of practical relevance are the axion–photon coupling, generated
by the electromagnetic anomaly of U(1)PQ,

Laγγ = −gaγγ
4 aF µνF̃µν , gaγγ = α

2πfa

(︃
E

N
− 1.92

)︃
, (2.64)

where E/N is the ratio of the electromagnetic to color anomaly of the PQ symmetry
and the number 1.92 encodes the model-independent contribution of axion–pion
mixing [45], and the axion–fermion coupling,

Laff = Cf
2fa

∂µa f̄γ
µγ5f , (2.65)

where f runs over the electron and the nucleons, the two cases of astrophysical
relevance, with coefficients Ce and CN . These are present at tree level whenever the
fermion carries PQ charge, as the electron does in DFSZ, and generated otherwise
at higher order: in KSVZ the nucleon couplings are induced through axion–pion
mixing and remain O(1), while the electron coupling arises only at one loop from
the photon coupling (2.64), suppressed by α2 and hence irrelevant for the bounds
below.

Two production processes, built from these couplings, dominate in any stellar
plasma, and both will reappear, inverted, in the detection techniques of Section 2.4.6.
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The first is the Primakoff process,

γ + Ze → a+ Ze , (2.66)

in which a thermal photon converts into an axion in the electrostatic field of a nucleus
or electron; the external field supplies the second photon leg of the vertex (2.64), so
the rate is controlled by gaγγ. The second is bremsstrahlung,

f + f ′ → f + f ′ + a , f ∈ {e,N} , (2.67)

in which an axion is radiated from an electron or nucleon line during a Coulomb
or nuclear collision, at a rate controlled by Ce or CN . Both cross sections scale as
1/f 2

a , so the energy-loss rate scales as 1/f 2
a ∝ m2

a: axions become more dangerous
as they become heavier, in contrast to a particle of fixed coupling. The observable
consequence is always the same. An open axion channel accelerates the consumption
of nuclear fuel and shortens the corresponding evolutionary phase, and the duration
of that phase can be read off from the relative population of stars occupying it within
a coeval system such as a globular cluster. We now apply this template, in order of
increasing density, to the environments that isolate each coupling.

2.4.2 Horizontal-branch stars: the photon coupling

The core helium-burning, or horizontal-branch, phase of low-mass stars is especially
sensitive to the Primakoff process (2.66). The core temperature and density during
helium burning are high enough for axion emission to compete with the nuclear
luminosity, and the duration of the phase is directly measurable from the observed
ratio of horizontal-branch to red-giant-branch stars in globular clusters, convention-
ally quantified by the R-parameter. Requiring that axion losses not shorten the
horizontal-branch lifetime beyond what this ratio allows gives [18, 66]

gaγγ ≲ 0.66 × 10−10 GeV−1, (2.68)

which, for an O(1) anomaly ratio E/N − 1.92, translates into fa ≳ 107 GeV, unless
the two unrelated terms cancel significantly which can also be seen as fine tuning.
This constraint defines the lower edge of the “axion window.” The electron coupling
is probed instead by the later evolutionary stages of the same low-mass stars, to
which we turn next.
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2.4.3 Red giants and white dwarfs: the electron coupling

For models in which the axion couples to electrons at tree level, most importantly
DFSZ, the bremsstrahlung channel (2.67) with f = e is best constrained by two
related classes of low-mass star.

The first is the tip of the red-giant branch. In a low-mass red giant, axion
bremsstrahlung on electrons in the degenerate helium core would drain energy and
delay the onset of helium ignition, allowing the core to grow more massive and the
tip of the red-giant branch to reach a higher luminosity than standard models pre-
dict. The observed tip luminosity in globular clusters therefore bounds the electron
coupling, with current analyses giving gaee ≡ Ceme/fa ≲ 1.5 × 10−13 [67, 68]. Some
of these analyses even report a mild preference for a non-zero value [68], a hint that
remains statistically weak but that motivates continued study.

The second class is cooling white dwarfs. A white dwarf cools by photon and
neutrino emission from a degenerate, non-burning interior, and the additional chan-
nel (2.67) would accelerate that cooling. The effect is observable in two independent
ways: in the shape of the white-dwarf luminosity function, which counts white dwarfs
per luminosity interval and would be depleted at the faint end by extra cooling, and
in the measured secular period drift Ṗ /P of pulsating white dwarfs, which tracks
the cooling rate directly. Both probes bound Ce and, for DFSZ-like models, trans-
late into fa ≳ 108–109 GeV [69–71]. Intriguingly, several white-dwarf datasets are
fit slightly better with a small non-zero axion coupling [10], the same weak “cooling
anomaly” hinted at by the red-giant tip, which is one reason the electron coupling
remains an active target. The nucleon coupling, by contrast, is probed most power-
fully in far denser environments, beginning with neutron stars.

2.4.4 Neutron-star cooling: the nucleon coupling

Neutron stars provide the densest laboratories accessible to the axion–nucleon cou-
pling. In the degenerate nuclear matter of a neutron-star core, axions are radiated
by the bremsstrahlung process (2.67) with f = N , at a rate that competes with the
standard neutrino emission governing the star’s thermal evolution. An open axion
channel would accelerate the cooling and lower the surface temperature of a neutron
star of given age below the value predicted by standard cooling models.

The most-studied case is the young neutron star in the supernova remnant Cas-
siopeia A, whose surface temperature has been monitored over roughly two decades
and appears to be dropping unusually fast. Standard explanations invoke enhanced
neutrino emission from the onset of neutron superfluidity, but the same rapid cool-
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ing also bounds any additional axion losses, giving limits on the nucleon coupling
that, for QCD-axion models, correspond to fa ≳ few×108 GeV [72, 73]. The cooling
trend itself is not universally accepted, however: part of the apparent decline has
been attributed to calibration drift in the Chandra ACIS instrument rather than
to the star’s intrinsic cooling, so this bound, while comparable in strength to the
globular-cluster bounds above, rests on an observation that is still debated. A more
robust, if slightly weaker, constraint follows from the thermal-luminosity distribu-
tion of the wider population of isolated neutron stars and magnetars, which gives
fa ≳ few × 108 GeV without relying on any single contested source [61].

A separate and intriguing data point comes from the stacked X-ray spectra of
the seven thermally emitting ‘Magnificent Seven’ isolated neutron stars, which show
an unexplained hard excess in the 2–8 keV band [74]. This excess is compatible
with an axion-like particle produced by nucleon bremsstrahlung in the stellar core
and reconverted to photons in the star’s magnetosphere, giving an allowed region
ma ≲ 2 × 10−5 eV, gaγγ gann ∈ (2 × 10−21, 10−18) GeV−1. Because the observable
constrains the product gaγγgann rather than either coupling alone, translating this
into a bound on the nucleon coupling requires an independent assumption on gaγγ;
we quote it here as a suggestive hint rather than list it alongside the exclusion bounds
above. These arguments probe the nucleon coupling in the same fa range as the
classic globular-cluster bounds, and they are sharpened decisively by the neutrino
burst of Supernova 1987A, to which we now turn.

2.4.5 Supernova 1987A

The most powerful astrophysical constraint comes from a single event: the core
collapse of Supernova 1987A, whose neutrino burst was recorded directly by the
Kamiokande-II [75], IMB [76], and Baksan [77] detectors, with a duration and total
energy in good agreement with standard core-collapse simulations. Axions produced
in the proto-neutron-star core through the bremsstrahlung process (2.67) would
carry away energy in addition to the neutrinos. Provided the axion mean free path
is long enough for it to escape the core freely rather than being reabsorbed, this
extra channel would shorten the observed neutrino signal below the several-second
duration actually recorded.

The condition is conventionally phrased as the energy-loss criterion of Ref. [18]:
a novel channel is excluded if, at the fiducial core conditions of density ρ ∼ 3 ×
1014 g cm−3 and temperature T ∼ 30 MeV, its emissivity per unit mass exceeds
roughly εa ≲ 1019 erg g−1s−1, comparable to the neutrino emissivity that sets the
observed cooling time. Applied to the axion, this criterion excludes a broad window
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of axion–nucleon couplings corresponding, very roughly, to

108 GeV ≲ fa ≲ few × 109 GeV . (2.69)

The two edges of the window have quite different physical origins. Above the
upper edge the coupling is too weak for the argument to bite: too few axions are
produced to affect the signal, so large fa is unconstrained. Below the lower edge the
axion mean free path becomes shorter than the core radius, and the axion is trapped:
it is reabsorbed and rethermalized before escaping, so that instead of streaming out
instantly it must diffuse out slowly, exactly as the neutrinos themselves diffuse out
over several seconds. In this trapping regime the axion once again fails to be an
efficient energy sink, and the exclusion window closes rather than extending to
arbitrarily small fa.8 The transition between free-streaming and trapped emission
reproduces, for the axion, the same physics that governs neutrino transport in the
collapsing core.

The precise boundaries of the window depend on the detailed nuclear physics of
the bremsstrahlung rate, in particular on the pion-exchange dynamics and multiple-
scattering suppression in dense matter, and they remain the subject of continued
refinement with modern supernova simulations [78, 79]. The SN1987A bound is con-
tested; it rests on single-event statistics, and the modeling is sensitive to uncertain
assumptions about the supernova’s explosion mechanism [80]. Together, the argu-
ments of Sections 2.4.2–2.4.5 are the origin of the commonly quoted lower bound
fa ≳ 108–109 GeV on every invisible-axion model, a bound that directly overlaps the
parameter space of the composite constructions of Chapter 3. What the energy-loss
argument can never do, however, is discover the axion. For that, the processes of
this section must be run in reverse.

2.4.6 Laboratory detection

Every laboratory search inverts a production process of Section 2.4.1. The relevant
interaction is the inverse Primakoff process: in a strong static magnetic field, which
supplies one photon leg of the vertex (2.64) exactly as the stellar electrostatic field
does in (2.66), an axion converts into a real photon,

a
B−−→ γ . (2.70)

The major detection techniques are all realizations of this conversion; what dis-

8However, the region fa ≲ 108 GeV is independently excluded by other bounds.
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tinguishes them is the assumed source of axions: the Sun, the laboratory itself, or
the galactic halo. We take them in that order, moving from an astrophysical source,
through none at all, to a cosmological one.

Helioscopes. The Sun is the nearest axion source: its core emits a Primakoff
flux (2.66) exactly analogous to the one bounded in horizontal-branch stars. A
helioscope is a long, strong dipole magnet pointed at the Sun, reconverting this flux
into X-ray photons through (2.70) at the far end of the magnet bore. The CERN
Axion Solar Telescope (CAST) is the leading realized example, setting gaγγ < 0.66×
10−10 GeV−1 for ma ≲ 0.02 eV [81], matching the horizontal-branch bound (2.68)
with an entirely independent technique, while its proposed successor IAXO [82]
would improve on this by more than an order of magnitude and reach into the
QCD-axion band for ma up to roughly 1 eV.

Light-shining-through-walls. A second class of experiments dispenses with any
external source. An intense laser beam in a magnetic field converts photons to axions
by the Primakoff process; the axions traverse an optically opaque wall unattenuated,
and are reconverted to photons by (2.70) in a second magnetic-field region beyond it;
the production and detection vertices of the stellar argument realized back to back
on a laboratory bench. Realized in the ALPS and OSQAR experiments [83, 84],
this technique is currently far less sensitive than the alternatives, but it makes no
astrophysical or cosmological assumption whatsoever about the axion’s origin or
abundance.

Microwave-cavity haloscopes. As we will see in Section 2.5, the axion is a
natural candidate for the galactic dark matter; anticipating this result, the halo
threads every laboratory with a non-relativistic axion field of narrow velocity dis-
persion, v/c ∼ 10−3. A haloscope, proposed by Sikivie [85], places a tunable, high-Q
microwave cavity inside a strong magnet: when the cavity resonance matches the
axion mass, ν = mac

2/h, halo axions convert resonantly into microwave photons
through (2.70), with the power enhanced by the quality factor. The ADMX collab-
oration has reached DFSZ sensitivity over the band 2.7µeV ≲ ma ≲ 4.2µeV [86, 87]
with recent results at 3.3µeV [88]. Couplings that cavity haloscopes cannot reach,
in particular the CP-odd axion–gluon coupling, which induces an oscillating nu-
cleon EDM, are instead targeted by nuclear-magnetic-resonance experiments such
as CASPEr [89], and by a broad next-generation program surveyed in [90].

The reach of these searches should be measured against the window established
above. Through ma ∝ 1/fa, the ADMX band corresponds to fa ≈ (1.4–2) ×
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1012 GeV: haloscopes have therefore already reached the QCD-axion line at the very
top of the viable window, but only in narrow mass slices, and only under the as-
sumption that axions constitute the entirety of the local dark matter. The middle
and lower reaches of the window, fa ∼ 108–1011 GeV, corresponding to masses from
tens of µeV to tens of meV, remain largely untested in the laboratory, with next-
generation haloscopes and IAXO advancing from the two ends. Over most of the
window, therefore, the astrophysical bounds of this section remain the most power-
ful experimental input into the parameter space of the composite constructions of
Chapter 3. Those bounds constrain the axion’s couplings; its cosmological history,
which we develop next, constrains its abundance, closes the window from above,
and determines whether the haloscope’s central assumption, axion dark matter, is
in fact realized.

2.5 Axion cosmology

The axion field leaves cosmological imprints that must satisfy the constraints of
early-universe observation. Its qualitative behavior hinges on a single timing ques-
tion: did the Peccei–Quinn phase transition, at which U(1)PQ spontaneously breaks,
occur before or after cosmic inflation? Did the maximum temperature after reheat-
ing exceed vPQ?

If the transition occurs before inflation, and the symmetry is not subsequently
restored during reheating, a single causal patch of the pre-inflationary universe is
inflated to cover the entire observable universe today. The axion field is then com-
pletely homogeneous on observable scales, characterized by a single number, the
initial misalignment angle θin, and no topological defects survive, since any that
formed before inflation are diluted to cosmologically irrelevant abundance. This is
the pre-inflationary scenario of Section 2.5.2.

If the transition occurs after inflation, causally disconnected patches of the post-
inflationary universe, regions that were never in causal contact and so could not
have agreed on a common value of the axion field, each select their own statistically
independent value of θin. Wherever such patches meet the field must interpolate,
and topological defects, first strings and later domain walls, inevitably form, each
with its own contribution to the axion abundance. This is the post-inflationary
scenario of Sections 2.5.3–2.5.5.

The treatment in this section follows the standard framework of Refs. [29, 91–
93]. We begin with the ingredient common to both scenarios, the temperature
dependence of the axion potential, then treat the pre- and post-inflationary cases in
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turn, and finally arrive at the domain-wall problem and its resolutions.

2.5.1 The axion potential in the early universe

The early universe is homogeneous, isotropic, and spatially flat on the largest scales,
so the metric takes the Robertson–Walker form, ds2 = dt2 − R2(t) dx · dx, with
Hubble rate H(t) = Ṙ(t)/R(t). The axion equation of motion in this background,
following from (2.51) and (2.54), is

ä+ 3H(t) ȧ− 1
R2(t)∇2a+ ∂V

∂a
= 0 , (2.71)

with the Hubble term acting as time-dependent friction.
At the high temperatures of interest the potential takes the cosine form of the

dilute instanton gas,

V (a, T ) = m2
a(T ) f 2

a

[︂
1 − cos(a/fa)

]︂
, (2.72)

matching onto the exact chiral result (2.52) as T → 0, with the zero-temperature
mass fixed by (2.54). This is precisely where the dilute instanton gas of Section 2.1.4,
set aside there because it was dominated by uncontrollably large instantons at zero
temperature, is properly cut off by the finite temperature. A thermal bath of gluons
endows the gauge field with a Debye screening mass,

m2
D(T ) = g2

s(T )T 2
(︃

1 + Nf

6

)︃
, (2.73)

which acts as an infrared regulator on the instanton-size integral (2.24): an instanton
larger than ρ ∼ m−1

D (T ) is exponentially suppressed, because its long-wavelength
gauge field is screened by the thermal plasma just as a long-wavelength electric field
is screened in an ordinary plasma of charges.

Repeating the partition-function construction of (2.24)–(2.25) with this thermal
cutoff,

m2
a(T ) f 2

a = 2
∫︂

dρ D(ρ) e−2π2(1+Nf/6)T 2ρ2 ∼ Λ4
(︃Λ
T

)︃7+Nf/3∏︂
q

mq

Λ , (2.74)

the integral is now cut off at exactly the scale that invalidated the T = 0 cal-
culation, so the semiclassical approximation is self-consistently under control for
T ≳ ΛQCD [94]. This thermal computation, and not the zero-temperature one of
Section 2.1.4 where chiral perturbation theory was the only reliable tool, underlies
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the temperature-dependent axion mass in (2.72),

ma(T ) ≃ ΛQCD

(︄
ΛQCD

fa

)︄(︄
ΛQCD

T

)︄4

, T ≳ ΛQCD . (2.75)

Lattice calculations find an effective exponent close to, but not exactly, 4 depending
on the temperature range [95], so we adopt the value 4 for convenience, and match
the mass in the zero-temperature limit to ma(0) fixed by (2.31). The mass is ex-
ponentially suppressed at T ≫ ΛQCD, and it is turned on rapidly as T approaches
ΛQCD, defining an onset temperature Tosc at which ma(Tosc) ∼ 3H(Tosc),

Tosc ∼ ΛQCD

(︃
MPl

fa

)︃1/6
∼ 1 GeV

(︄
1012 GeV

fa

)︄1/6

. (2.76)

The temperature Tosc marks the onset of coherent axion oscillations. To follow
the field through that onset in both scenarios at once, it is convenient to decompose
it into comoving Fourier modes,

a(x, t) =
∫︂ d3k

(2π)3 ak(t) eik·x . (2.77)

Linearizing the potential about the minimum, V ′
a(a) = m2

a(t)fa sin(a/fa) ≃ m2
a(t) a,

each mode obeys
äk + 3H(t) ȧk +

[︃
k2

R2(t) +m2
a(t)

]︃
ak = 0 . (2.78)

The friction term is removed by the rescaling ψk ≡ R3/2(t) ak, which recasts (2.78)
as an undamped oscillator with a time-dependent frequency,

ψ̈k + ω2
k(t)ψk = 0 , ω2

k(t) = k2

R2(t) +m2
a(t) − 9

4H
2(t) − 3

2Ḣ(t) . (2.79)

In the radiation era, H = 1/2t, the two curvature terms combine into +3/16t2,
which is negligible as soon as either ma(t) or k/R(t) rises above H(t), leaving ω2

k ≃
k2/R2 + m2

a. Once the frequency varies adiabatically, ω̇k ≪ ω2
k, the WKB solution

applies,
ak(t) ≃ Ck

R3/2(t)
√︂
ωk(t)

cos
(︃ ∫︂ t

ωk dt′ + φk

)︃
, (2.80)

and the adiabatic invariant R3 ωk A
2
k is conserved, with Ak the mode amplitude.

Eqs. (2.78)–(2.80) contain all the dynamics we need. The two cosmological scenarios
differ only in which modes are populated, and with what amplitude, a question
settled entirely by whether the PQ transition preceded or followed inflation. We
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take the pre-inflationary case first.

2.5.2 Pre-inflationary axions: misalignment and isocurva-
ture

If the PQ transition occurs before inflation, the axion field is stretched to scales
far outside the horizon during inflation. Modes that are initially sub-horizon os-
cillate and are diluted as ak ∝ R−3/2 until they exit the horizon; thereafter, their
amplitudes approach a constant while their physical momenta k/R continue to de-
crease exponentially. Thus inflation exponentially suppresses spatial gradients and
inhomogeneities on fixed physical scales, effectively leaving the axion field spatially
homogeneous over the observable Universe. The homogeneous mode is held in place
by Hubble friction for as long as the axion potential is negligible.

a(t) = a0 ≡ fa θin , θin ∈ [−π, π) , H(t) ≫ ma(t) , (2.81)

where the initial misalignment angle θin is a free parameter: with the entire observ-
able universe descending from a single PQ patch, the theory makes no prediction
for its value.

As the universe cools toward Tosc the growing mass overtakes the friction and
the zero mode (k = 0) begins to oscillate. Its evolution is the k = 0 case of the
WKB solution (2.80) with ω0(t) ≃ ma(t), so the amplitude redshifts as

A0(t) ≃ a0

R3/2(t)

(︃
ma(tosc)
ma(t)

)︃1/2
, (2.82)

normalized to a0 at the onset time tosc defined by ma(tosc) ≃ 3H(tosc), with R(tosc) ≡
1. Averaging over one oscillation, the energy and number densities of the coherent
condensate are

ρa = 1
2

⟨︂
ȧ2

0 +m2
aa

2
0

⟩︂
= 1

2 m
2
a(t)A2

0(t) , na = ρa
ma

= 1
2 ma(t)A2

0(t) ∝ R−3(t) .
(2.83)

The oscillating zero mode is thus a coherent condensate of non-relativistic axions
whose comoving number is conserved from the onset onward, which is precisely the
adiabatic-invariant statement below (2.80). Evaluating na at tosc gives [91–93]

na(tosc) ∼ ma(Tosc) f 2
a θ

2
in , (2.84)

and redshifting this conserved number to the present, where ma(0) fixes the energy
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density ρa(0) = ma(0)na(0), yields the misalignment relic abundance [17]9

Ωah
2 ≃ 0.45 θ2

in

(︄
fa

1012 GeV

)︄1.19 (︄ΛQCD

1 GeV

)︄
. (2.85)

This is the central formula of the pre-inflationary scenario. Requiring Ωah
2 not to

exceed the observed dark-matter density Ωcdmh
2 ≃ 0.12 [96] bounds fa from above

for generic θin = O(1); conversely, a smaller θin, for which the scenario offers no
dynamical explanation, allows fa to be pushed arbitrarily high.

For the sake of completeness, we will consider the question of isocurvature per-
turbations due to inflation. The inflationary expansion that homogenizes the field
also seeds fluctuations in it. During inflation the axion is an almost massless scalar,
so like any light field it acquires de Sitter fluctuations of order HI/2π per Hubble
time [97–99], which for the angle θ = a/fa shift the effective misalignment as

θ2
in −→ θ2

in +
(︃
HI

2πfa

)︃2
. (2.86)

Because these are fluctuations of the axion and not of the inflaton, they carry no
perturbation in the total energy density at the time they are generated, and instead
reappear later as spatial variations in the axion (dark-matter) fraction relative to
radiation. These are isocurvature perturbations [100], and they imprint a distinctive
signature on the cosmic microwave background that the adiabatic, inflaton-sourced
spectrum does not. Planck measures the adiabatic power to be Pad ≃ 2.2 × 10−9

and detects no isocurvature component, bounding its fraction to βiso ≡ Piso/(Pad +
Piso) < 0.038, so that Piso ≲ 8 × 10−11 [101]. Writing the isocurvature power in
terms of the axion parameters,

Piso =
(︃
δΩa

Ωcdm

)︃2
= 4
θ2

in

(︃
HI

2πfa

)︃2(︃ Ωa

Ωcdm

)︃2
, (2.87)

turns the Planck bound into a stringent upper limit on the inflationary Hubble scale
HI for any given fa, θin.

9The exponent of scale dependence is slightly different from the DIGA indced value ρa(0) ∼
ma(0)ma(Tosc)f2

a θ
2
inT

−3
osc ∼ θ2

inT
−7
osc ∼ θ2

inf
7/6
a since it becomes less reliable as temperature de-

creases.
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2.5.3 Post-inflationary axions: the mode spectrum and vac-
uum realignment

If the PQ transition occurs after inflation instead, which is the scenario of central
interest to this thesis, the field is genuinely inhomogeneous on scales up to the
horizon at the transition, and no single mode dominates: every ak in (2.78) must
be followed. A mode is super-horizon when λk(t) = 2πR(t)/k ≫ H−1(t), which is
equivalent to k/R ≪ H. Conversely, the mode is sub-horizon when k/R ≫ H; the
zero mode of Section 2.5.2 is the k → 0 limit of the former.

Before axion-mass dominance, T > Tosc. In this epoch, the axion mass ma(t)
is still negligible, so ω2

k ≃ k2/R2. Super-horizon modes have k/R ≪ H, hence the
WKB condition fails, the modes are overdamped, and they freeze at constant ampli-
tude with negligible energy density, exactly as the zero mode froze in Section 2.5.2.
On the other hand, sub-horizon modes have k/R ≫ H, so their own momentum
plays the role of a mass and drives oscillation even before the potential turns on. The
WKB solution (2.80) with ωk ≃ k/R gives amplitude Ak ∝ R−3/2(k/R)−1/2 ∝ R−1,
and hence

ρa,k = 1
2

⟨︂
ȧ2
k + (k2/R2) a2

k

⟩︂
≃ k2

R2 A
2
k ∝ R−4(t) , (2.88)

redshifting as radiation, as befits relativistic quanta.

After axion-mass dominance, T < Tosc. Once ma(t) > 3H(t) the frequency
becomes ω2

k ≃ m2
a + k2/R2. The modes require additional classification. Super-

horizon modes, with k/R ≪ H < ma, oscillate at ωk ≃ ma and automatically
redshift as matter, ρ ∝ ma(T )R−3. Sub-horizon modes, however, are classified
further into two bands. The middle band is defined through H ≪ k/R < ma; the
frequency of each of these non-relativistic modes is approximately given by the axion
mass, so that their energy density ρ ∝ ma(T )R−3. The third band of relativistic
sub-horizon modes, H < ma ≪ k/R, has the frequency approximately as k/R, then
they redshift as radiation ρ ∝ R−4.

In the post-inflationary axion scenario, the abundance of cold axions averages
over all initial angles, Ωah

2 ∝ ⟨θ2
in⟩ ∼ π2/3.10 The abundance is therefore a defi-

nite number rather than a free parameter, which is exactly what makes the post-
inflationary scenario predictive; however, it also makes its topological defects un-
avoidable.

10This average is obtained from using sin (a/fa) ≈ a/fa for the entirety of the interval a/fa ∈
[−π, π). The correct average needs to integrate using the full sine function instead.
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2.5.4 Axion strings

The independence of the patches carries a topological consequence with no pre-
inflationary counterpart. Each patch sits somewhere on the vacuum circle a ∈
[0, 2πNfa), and wherever several patches meet the field can wind: sampled around
a small loop, a/fa may run once, or several times, around the full circle. Continuity
then forbids the field from lying in the vacuum everywhere inside the loop, and it
is forced back up to the symmetric point ⟨|Φ|⟩ = 0 along a line threading the loop,
as sketched in Figure 2.3. By the Kibble mechanism [19] this line is a stable one-
dimensional defect, an axion string, classified by the winding number of π1(S1) = Z.
The tension of a string is dominated not by its thin core but by the slowly falling

Figure 2.3: An axion string. Around any loop encircling the core, the phase of Φ winds
once through 2π (left); on the vacuum manifold this is a full circuit of the brim of the
Mexican-hat potential (right). Continuity then forces the field inside the loop up to the
symmetric point |Φ| = 0, and the locus of such points traces out the string core.

gradient energy of the winding field around it. A straight string of unit winding
has an azimuthal gradient |∇a| ≃ fa/r at transverse distance r, so integrating the
gradient energy 1

2 |∇a|2 over the transverse plane gives [102]

µ = πN2f 2
a log

(︂
fa/H

)︂
, (2.89)

where the logarithm is cut off in the ultraviolet by the core size f−1
a and in the

infrared by the typical inter-string separation, of order the horizon H−1. The tension
thus grows logarithmically as the network coarsens.

Consider first a hypothetical network of non-interacting strings, simply carried
along by the expansion. With the number of strings per comoving volume held fixed
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and each physical length growing as R, the string length per unit physical volume
scales as R/R3 = R−2, so

ρfree
str = µ× length

volume ∝ R−2(t) (free stretching) , (2.90)

one power slower than radiation, because the string’s one-dimensional stretching
cancels one factor of the volume dilution. A network diluting only as R−2 would
eventually dominate, the string analog of the domain-wall problem below.

Simulations, however, find that the real network avoids this fate by relaxing
almost immediately into a scaling regime [103–105], in which long strings reconnect,
shed loops and radiate axions so as to keep their number per Hubble volume at an
O(1) constant. The length per Hubble volume is then ∼ H−1, the length density
∼ H2, and

ρstr(t) ≃ µH2(t) ∼ µ

t2
∝ R−4(t) (scaling) , (2.91)

the same dilution as radiation.
Maintaining scaling requires the network to shed its excess energy continuously,

which it does by radiating relativistic axions from oscillating loops and kinks. Book-
keeping the transferred energy and the resulting axion number gives the source
equations [106]

ρ̇str + 2H(t) ρstr = −Γstr→a(t) , ṅstr→a + 3H(t)nstr→a = Γstr→a(t)
ω(t) , (2.92)

where Γstr→a = dρstr→a/dt is the energy radiated per unit time and ω(t) the mean
energy of the emitted quanta. The string-radiated axions of (2.92) are a second cold-
axion source alongside vacuum realignment, and because ω(t) is set by the small-
scale structure of the network, which is numerically costly to resolve, their spectrum,
and hence the total post-inflationary abundance, remains actively debated. Strings,
though, are only the first half of the defect story: the instant the axion potential,
generated by QCD effects, switches on, every string becomes the rim of a second,
far more dangerous defect.

2.5.5 Domain walls and the domain wall problem

When the temperature reaches Tosc and the potential (2.72) switches on, the N de-
generate minima of Section 2.3.4 become physically realized vacua, and every patch
relaxes into whichever minimum lies nearest its local θin. Two patches that settle
into adjacent minima are separated by a surface across which the field interpolates
from one vacuum to the next: a domain wall. Its profile is the static kink of the
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potential (2.72), and minimizing the wall energy per unit area gives the sine-Gordon
solution a(z) = 4fa arctan emaz with surface tension [45]

σ =
∫︂

dz
[︃

1
2(∂za)2 + Va(a)

]︃
= 8ma(0) f 2

a , (2.93)

evaluated with the zero-temperature mass, since the walls form as ma(T ) saturates.
Because the field winds once around the entire vacuum circle on encircling a string,
it must pass through all N minima in doing so, so every string becomes the common
boundary of exactly NDW = N walls.

The fate of the resulting string-wall network turns entirely on whether NDW = 1
or NDW ≥ 2. If NDW = 1, a single wall ends on each string. Each wall is then
bounded on all sides by string, and its own tension pulls the bounding string taut
and reels it in, collapsing the wall-string system within about a Hubble time of
formation. Essentially all of the network energy is converted into axion radiation,
with a small fraction into gravitational waves, and no cosmological catastrophe
results.

If NDW ≥ 2, by contrast, NDW walls attach to every string and pull on it from
different directions; their tensions balance, and no wall can collapse its neighbors.
Here we must be careful about how the surviving network dilutes, because this is
exactly where a naive estimate misleads.

Treating the walls as non-interacting sheets merely stretched by the expansion,
one would fix the number of walls per comoving volume and let each physical area
grow as R2, giving an area-per-volume of R2/R3 = R−1 and

ρfree
DW = σ × area

volume ∝ R−1(t) (free stretching) . (2.94)

This is the two-dimensional analog of the free-string estimate (2.90), and it is not
what a real axion-wall network does, for exactly the reason the strings did not
dilute as R−2: the walls interact. They self-intersect and straighten under their
own tension, driving the network into a scaling regime with roughly one wall of
horizon-scale curvature per Hubble volume. The wall area per Hubble volume is
then ∼ H−2, the area density ∼ H, and

ρDW(t) ≃ σH(t) ∼ σ

t
∝ R−2(t) (scaling, radiation era) . (2.95)

The interacting network therefore dilutes asR−2, faster than the frozen estimate (2.94)
but still far slower than radiation (R−4) or matter (R−3), so a stable wall network
is guaranteed to overtake them.
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Figure 2.4: The two fates of the string-wall network. Top: for NDW = 1, each wall is
bounded by string; the wall tension reels the string in and the system collapses into axion
radiation within roughly a Hubble time. Bottom: for NDW ≥ 2, several walls pull on every
string, their tensions balance, and the network survives.

This is in gross conflict with the successful predictions of standard Big Bang
cosmology. This is the domain wall problem: any axion model with NDW ≥ 2
in a post-inflationary cosmology is, without further structure, ruled out. Three
logically distinct escapes exist. The first, and most commonly invoked, is to place
the PQ transition before inflation (Section 2.5.2), so that no strings or walls ever
form, whatever the value of NDW; the price is the loss of the scenario’s one sharp
prediction, the parameter-free relic abundance, in exchange for an unknown initial
angle θin. The second is to arrange NDW = 1 so that the network self-destructs even
after inflation, which requires understanding, specialized to the UV model, why
the naive vacuum count overstates the number of physically distinct vacua; this is
the Lazarides–Shafi mechanism, taken up next and made the organizing principle of
Chapter 3. The third is to add a small explicit breaking of the degeneracy-protecting
discrete symmetry, biasing one vacuum so that its walls collapse before tw; this works
only in a narrow window, since the bias must be large enough to destroy the walls
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in time yet small enough not to reintroduce an unacceptable shift in θ̄ through the
same quality-problem logic of Section 2.3.5. We will focus on the second option for
the rest of this part.

2.6 Composite axion models

The reader now holds three separate liabilities of the elementary invisible axion: the
hierarchy problem of a fundamental PQ scalar, the quality problem that Planck-
suppressed operators inflict on any global U(1)PQ (Section 2.3.5), and the cosmolog-
ical domain-wall problem of any NDW ≥ 2 post-inflationary scenario (Section 2.5.5).

This section seeks to see how the chiral gauge structure of a new confining sector
addresses these problems. Confinement generates fa by dimensional transmutation,
with no elementary scalar anywhere, dispatching the hierarchy problem outright. If
the confining gauge theory is chiral, the low-dimensional PQ-violating operators are
forbidden by gauge invariance rather than by assumption, parametrically protecting
the quality. And the unbroken discrete gauge structure that any confining group
carries supplies exactly the identification of vacua that the Lazarides–Shafi mecha-
nism uses to reduce NDW. We develop these three payoffs in turn: the Choi–Kim
model, which secures the first; the chiral moose, which secures the second; and the
Lazarides–Shafi mechanism, which secures the third and launches the constructions
of Chapter 3.

2.6.1 The Choi–Kim model

The first composite axion model was proposed by Choi and Kim [21, 22], by direct
analogy with QCD. Take an SU(N) gauge theory with four Dirac fermions in the
fundamental representation. Exactly as for two-flavor QCD, this theory has the chi-
ral symmetry breaking pattern SU(4)L × SU(4)R → SU(4)V below its confinement
scale. Embed SU(3)c in the diagonal SU(4)V , so that the fundamental quartet de-
composes into a colored triplet Q and a colorless singlet η, and take U(1)PQ to act
only on the left-handed fields, with the charges of Table 2.1 chosen traceless within
SU(4)L so that the current is non-anomalous under the confining SU(N) while re-
maining anomalous under color. Fixing the right-handed charges to zero in this way
is the most convenient normalization for the domain-wall counting of Chapter 3.11

Below the SU(N) confinement scale, the chiral condensate forms. Once the QCD

11The domain-wall number is a physical prediction, and it does not depend on the convention.
The convention was used merely to simplify the arguments.
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[SU(3)]QCD SU(4)L [SU(N)] SU(4)R U(1)PQ

QL 3
4

N +1

ηL 1 N −3

QR 3 N
4

0

ηR 1 N 0
Table 2.1: Matter content of the Choi–Kim model, where [G] denotes a gauged factor G.

coupling is switched on, the condensate aligns with the unbroken color group,

1
3⟨Q̄LQR⟩ = ⟨η̄LηR⟩, ⟨Q̄LηR⟩ = ⟨η̄LQR⟩ = 0 . (2.96)

Fifteen pseudo-Goldstone bosons appear in the adjoint of the approximate SU(4)V ,
decomposing under [SU(3)]QCD as 15 → 8 + 3̄ + 3 + 1. The colored states acquire
mass at one loop from gluon exchange, just as the charged pion is heavier than the
neutral one; these heavy colored states become charged massive particles (CHAMPs)
and overclose the universe if not attended for, which is what will be done in Sec-
tion 3.4.2. The singlet state is the composite axion who remains massless until the
QCD anomaly switches on, exactly as in Section 2.3. The axion decay constant
is the analog of fπ, set by the confinement scale of the new sector, fa ∼ ΛN : the
scale is generated by dimensional transmutation, and the hierarchy problem of an
elementary PQ-breaking scalar is solved.

The quality of PQ symmetry. The underlying SU(N) interaction is vector-like,
so the bilinear Q̄LQR is a gauge-invariant, PQ-violating Dirac mass term, and noth-
ing forbids it from appearing with an unsuppressed coefficient. The PQ symmetry is
protected only by an assumption of approximate global flavor symmetry, no better
justified here than in the elementary models of Section 2.3. What is needed is a
construction in which the dangerous mass term is forbidden by gauge invariance
itself, and that is the subject of the next subsection.

The domain-wall number. The quarks of Choi–Kim model can be interpreted
as N KSVZ quarks; therefore, the model has a domain-wall number NDW = N .
The derivation of this result is fairly simple, and is analogous to what we have done
before. We will come back to this result when we develop the master formula to
compute NDW in Section 3.1.
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2.6.2 Forbidding the mass term: chiral composite axions

The goal is a confining sector in which U(1)PQ is not merely embedded in an ac-
cidental flavor symmetry but to have its violating operators parametrically sup-
pressed. This is done through using gauge symmetries to forbid the low-dimensional
symmetry-breaking operators; this is precisely the logic for U(1)B in the Standard
Model: no gauge-invariant, renormalizable operator violates baryon number, simply
because no such operator can be built from the available fields. The Choi–Kim mass
term Q̄LQR is dangerous specifically because QL and QR are both charged under
the same confining SU(N) and the same representation, so a gauge-singlet bilinear
exists. If QL and QR are instead charged under different gauge groups, no such
bilinear can be written, and the mass term is forbidden by gauge invariance rather
than by assumption.

This can be engineered with Georgi’s moose (deconstruction) technology [107–
109]: arrange the confining dynamics along a linear chain of gauge groups, with
matter fields living only on the links between adjacent nodes, so that no single
gauge group ever sees both halves of a would-be Dirac mass term. A concrete
two-site realization [110] doubles the Choi–Kim construction, with gauge groups
SU(3)0 × SU(N)1 × SU(4)1 × SU(N)2 and matter arranged as in Table 2.2 and
Figure 2.5.

[SU(3)]0 SU(4)L [SU(N)]1 [SU(4)]1 [SU(N)]2 SU(4)R U(1)PQ

QL 3
4

N̄ +1

ηL 1 N̄ −3

χR N̄ 4 0

χL 4 N̄ 0

QR 3 N̄
4

0

ηR 1 N̄ 0
Table 2.2: Matter content of the moose-deconstructed extension of the Choi–Kim model.

Gauging SU(4)1 fully, and only an SU(3)0 subgroup of SU(4)L × SU(4)R, the
would-be mass term Q̄LQR is simply not gauge invariant: QL is charged under
SU(N)1, QR under SU(N)2, and these are now genuinely different groups. The
lowest PQ-violating operator allowed by the full gauge symmetry is the four-fermion
condensate Q̄LχR χ̄LQR, of dimension six rather than three. The quality of the
PQ symmetry has thus improved from “arbitrarily bad” to “parametrically sup-
pressed”: the two-site model realizes the mechanism, and each additional interme-
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SU(N)1 SU(4)1 SU(N)2

SU(3)0

χR χL

QL QR

qL, uR, dR

Figure 2.5: Moose diagram of the deconstructed Choi–Kim extension. Link fermions
sit in bifundamental representations of adjacent gauge groups, and the Standard Model
quarks are charged solely under SU(3)0.

diate site raises the dimension of the leading PQ-violating operator by three, to
3(d + 1) for d intermediate sites. Meeting the bound of Section 2.3.5, n ≥ 9 in
operator dimension for fa ∼ 109 GeV, therefore requires a chain of moderate length;
the quality problem is solved by structure, at the cost of replication.

The chiral gauge structure has addressed the quality and hierarchy problems
of the model. However, it does nothing to reduce the domain-wall number of
Choi–Kim model, NDW = N . Remarkably, the use of another kind of discrete
gauge structure can reduce this domain-wall number, through the Lazarides–Shafi
mechanism to which we finally turn.

2.6.3 The Lazarides–Shafi mechanism

The domain wall problem of Section 2.5.5 is a statement about the number of phys-
ically distinct vacua of the axion potential, not merely about the bare periodicity of
the U(1)PQ charge lattice computed in Section 2.3.4. Lazarides and Shafi observed
that these two countings need not agree [23]. After the QCD anomaly has done its
work, the surviving symmetry is the discrete ZN subgroup of U(1)PQ identified in
Section 2.3.4. Suppose this ZN (or even a discrete subgroup of it) coincides with,
or sits inside, some continuous gauge symmetry already present in the theory. Then
field configurations related by the discrete transformation are not merely degenerate
in energy but gauge equivalent: literally the same physical state, related by a redun-
dancy of description rather than a genuine distinct vacuum. Figure 2.6 illustrates
the idea for the simplest nontrivial case, N = 3. Identifying and exploiting such a
coincidence reduces the number of physically inequivalent vacua, and hence NDW,
below the naive anomaly-coefficient count, potentially all the way to one.

This mechanism is the single thread connecting every other topic of the chapter
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v1

v2 v3

(a) naive count: 3 vacua (b) physical count: 1 vacuum
Figure 2.6: The Lazarides–Shafi mechanism, illustrated for the simplest nontrivial case.
(a) The QCD anomaly alone leaves N = 3 discrete, equally spaced minima v1, v2, v3 on
the U(1)PQ vacuum circle – the naive counting of Section 2.3.4, which by itself would
give NDW = 3. (b) If a continuous gauge symmetry already present in the theory rotates
v1 → v2 → v3 → v1 into one another, the three configurations are not physically distinct
vacua but a single gauge orbit. Only NDW = 1 physically inequivalent vacuum survives,
and the domain-wall problem of Section 2.5.5 is absent identically.

into the research program pursued in the remainder of this thesis. Composite axion
models (Section 2.6) are built from confining gauge theories, which always possess
a center symmetry or other unbroken discrete gauge subgroup of exactly the kind
the Lazarides–Shafi mechanism requires. The domain wall problem (Section 2.5.5)
is the specific cosmological catastrophe that makes finding such an identification
not an aesthetic nicety but a strict prerequisite for any composite axion model
that hopes to support a post-inflationary cosmology. And quantifying precisely how
large an identification a given confining gauge group can supply, and whether it is
large enough to reach NDW = 1, requires a systematic, general formula for counting
gauge-equivalent vacua, which is the first order of business of Chapter 3.

2.7 Summary

This chapter has traced a logical chain from the structural vacuum of non-Abelian
gauge theories to the concrete model-building program of the rest of Part I. Non-
trivial gauge topology forces the existence of θ-vacua (Section 2.1); quarks lock
the vacuum angle to the flavor sector, producing the physical parameter θ̄ (Sec-
tion 2.1.3); chiral perturbation theory carries θ̄ down to the neutron electric dipole
moment, yielding the extraordinarily small empirical bound |θ̄| ≲ 10−10 (Section 2.2)
that constitutes the strong CP problem. The Peccei–Quinn mechanism resolves
this by promoting θ̄ to a dynamical field, the axion, whose relaxation to the CP-
conserving minimum is automatic and whose low-energy phenomenology is con-
trolled by the single scale fa (Section 2.3).
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Every axion, elementary or composite, must then survive three independent
gauntlets. Astrophysics and the laboratory bound fa from below, at roughly 108–
109 GeV, through the stellar-cooling and supernova arguments of Section 2.4. Cos-
mology puts an upper bound on fa from the abundance of axions with an undeter-
mined initial angle in the pre-inflationary scenario or without in the post-inflationary
scenario, and in the latter case cosmology also forces the theory to confront strings,
domain walls, and the wall problem of Section 2.5.5. And quantum gravity is ex-
pected to bound fa indirectly, by demanding that the leading PQ-violating operator
have dimension n ≥ 9 for fa ∼ 109 GeV, on pain of reopening the very problem the
axion was invented to solve (Section 2.3.5).

Compositeness, developed in Section 2.6, addresses two of these three challenges
by construction: the Choi–Kim model generates fa dynamically, solving the hierar-
chy problem, and the chiral moose forbids the dangerous PQ-violating mass term
by gauge invariance, solving the quality problem down to whatever operator di-
mension the chain length demands. Neither construction, on its own, touches the
domain-wall number: both inherit NDW = N directly from the confining gauge
group, unprotected and generically large. The Lazarides–Shafi mechanism is the
missing piece, and it is a genuinely different kind of solution: not a suppression, but
an exact identification of naively-distinct vacua by an unbroken gauge symmetry
the confining sector already possesses.

Chapter 3 inherits exactly three ingredients from this review: the operator-
dimension threshold n ≥ 9 that any UV completion must meet for a phenomeno-
logically viable fa (Section 2.3.5); the requirement NDW = 1, without which no
composite construction can support a post-inflationary cosmology (Section 2.5.5);
and the lower bound fa ≳ 108 GeV from astrophysics (Section 2.4), against which
every candidate construction must ultimately be checked.
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Chapter 3

Composite Axion Models with
Domain Wall Number One

Chapter 2 closed by identifying the Lazarides–Shafi mechanism, the possibility that
a discrete subgroup of U(1)PQ, left unbroken by the QCD anomaly, coincides with
a subgroup of a gauge symmetry, as the one mechanism capable of reducing the
domain wall number NDW below the naive anomaly-coefficient count, and hence of
rescuing a post-inflationary cosmology for a composite axion. This chapter, which
is based on a published collaboration [1], makes that idea precise and construc-
tive. Section 3.1 states the general formula used to compute NDW for an arbitrary
confining gauge theory. Sections 3.2 and 3.3 apply it to two structurally different
families of composite axion models, in each case reviewing the relevant pre-existing
construction before presenting our own extension to NDW = 1. Section 3.4 then
confronts both resulting models with a second, independent cosmological obstacle,
the stable, electromagnetically charged composite relics they predict, and shows
how a brief secondary inflationary epoch reconciles them with the post-inflationary
scenario that motivated the whole chapter.

3.1 A master formula for the domain wall number

The domain wall number NDW is the single quantity that decides whether a com-
posite axion can survive a post-inflationary cosmology, so computing it for a given
confining theory is the first technical task of this chapter. In this section we derive
a compact master formula, Eq. (3.5), that writes NDW as the greatest common di-
visor of a set of identification coefficients, one for the Peccei–Quinn symmetry itself
and one for possible unbroken gauged discrete symmetries that the theory happens
to possess, which is exactly the freedom exploited by the Lazarides–Shafi mecha-
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nism [23]. We build the formula in two steps: the identification of θ-vacua forced by
a trivial U(1)PQ rotation, and the further identifications supplied by any unbroken
discrete symmetry, most importantly the center of the confining gauge group, that
reduce this naive count.

3.1.1 Identification by a trivial rotation

Consider a confining gauge theory whose elementary fermions ψj carry Peccei–Quinn
charges pj, normalized so that they are mutually prime integers, gcd(p1, . . . , pn) = 1
(any common factor could simply be absorbed into the definition of the charge unit
and carries no physical content). The transformation

ψj −→ ψj × exp(i 2πpj) (3.1)

is, term by term, manifestly the identity on every field: each ψj is simply multiplied
by e2πipj = 1. The action is therefore exactly invariant under (3.1). Yet, the
transformation (3.1) is at the same time a finite U(1)PQ rotation, by angle α = 2π,
of exactly the kind that shifted the θ-vacuum in Section 2.1.2. Because U(1)PQ

is anomalous, performing this transformation inside the path integral picks up the
anomalous Jacobian of Section 2.1.2 for every confining or QCD-like gauge group G
under which the ψj are charged,

θ −→ θ + 2π kPQ , kPQ =
∑︂
j

pj × dim(rj) × 2 IG(sj) , (3.2)

where dim(rj) is the dimension of the representation of ψj under the confining group
and IG(sj) is its Dynkin index under the color group G, normalized to 1/2 for the
fundamental representation.

Since (3.1) is the identity transformation, and since the θ-dependence of the
physics is exactly 2π-periodic (Section 2.1.2), the only way to reconcile the statement
that the action is invariant under (3.1) with the statement that the action depends
on θ, which has just shifted by 2πkPQ, is to conclude that

θ ≡ θ + 2π kPQ (3.3)

are physically identical configurations, literally the same point in field space, reached
by a transformation that does nothing at all to any field. This is the precise sense
in which kPQ counts the number of vacua of the axion potential: it is the number
of distinct copies of the fundamental 2π period of θ that the trivial rotation (3.1)
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sweeps out before returning to its starting point, and hence it recovers the naive
guess one might make for NDW, equal to the anomaly coefficient A(U(1)PQ ·G2).

3.1.2 Identification by an unbroken gauge symmetry

The same logic applies when there is a gauge symmetry which intersects with the PQ
symmetry, either a center symmetry or a subgroup of an Abelian gauge symmetry.
We will be interested in the discrete intersection, so we will use a discrete gauge
symmetry like the center symmetry. The gauge redundancy of the discrete symmetry
offers another identification for θ. If the center is given by ZN , then the fermion
charges will be given by cj/N as ψj → ψj e

2πicj/N . Repeating the argument of (3.1)–
(3.3) for this transformation gives the identification,

θ ≡ θ + 2π kG , kG =
∑︂
j

cj
N

× dim(rj) × 2 IG(sj) . (3.4)

Both (3.3) and the center identification (3.4) must hold simultaneously, and more
generally so must any further identification supplied by other gauge symmetries
that the model happens to possess, which is exactly the freedom exploited by the
Lazarides–Shafi mechanism of Section 2.6.3. The number of vacua that survive all
such identifications at once is the greatest common divisor of every independent
identification coefficient [1],

NDW = gcd
(︂
kPQ, kG, . . .

)︂
, (3.5)

which is the master formula used throughout the remainder of this chapter. The
rest of this chapter is, in essence, a search for confining gauge theories generous
enough in their available center and discrete symmetries that (3.5) can be driven all
the way down to NDW = 1, the borderline, maximally favorable case in which the
string-wall network is expected to be unstable and to collapse, exactly as discussed
in Section 2.5.5.

3.2 Automatic PQ symmetry

The first of our two model families realizes U(1)PQ as the baryon number of a chiral
confining sector, an idea that makes the Lazarides–Shafi identification of Section 3.1
automatic rather than accidental. We begin by reviewing the original single-sector
proposal [25] and showing, with the master formula, that it stalls at NDW = 2.
We then present our own two-sector chiral moose [1], which reaches NDW = 1, and
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close with a critical examination of the strong-coupling assumption on which both
constructions rest.

3.2.1 The original automatic model

The composite constructions reviewed in Section 2.6 all embedded U(1)PQ inside
an approximate flavor symmetry of a vector-like confining theory. An entirely dif-
ferent strategy [25] is to identify U(1)PQ with the baryon number of the confining
gauge theory itself. The appeal of this identification is immediate from the discus-
sion of Section 3.1: the center of the confining SU(N) acts non-trivially on baryon
number, so identifying U(1)PQ with U(1)B automatically guarantees that the cen-
ter symmetry supplies a non-trivial kG in (3.5), with no further model-building
required to arrange the coincidence. This is exactly the kind of accidental align-
ment the Lazarides–Shafi mechanism asks for. There is, however, an immediate
obstruction: vector-like confining theories, of the kind used for Choi–Kim, do not
spontaneously break baryon number at all (Vafa–Witten theorem) [111, 112], so re-
alizing U(1)PQ = U(1)B as a spontaneously broken, axion-bearing symmetry requires
the confining sector to be chiral.1

The minimal realization is a chiral SU(5) gauge theory, with Weyl fermions
χ ∼ 10 and ψ ∼ 5̄, the same anomaly-free combination familiar from SU(5) grand
unification [113], additionally placed in a real representation r of SU(3)QCD (the
minimal choice being r = 3 ⊕ 3̄) so that the mixed SU(5)–SU(3) and the pure
SU(3) gauge anomalies cancel automatically, as in Table 3.1.

[SU(5)] SU(3)c U(1)PQ (= U(1)B) Z5

χ 10 3 ⊕ 3̄ +1 +2

ψ 5̄ 3 ⊕ 3̄ −3 −1
Table 3.1: Matter content of the automatic PQ model. U(1)PQ is identified with the
baryon symmetry of the SU(5) theory, and Z5 is the center gauge symmetry.

The condensates that break global symmetries. This model, being a chiral
gauge theory, does not possess the two-fermion gauge invariant condensates that
QCD has. Therefore, which fermion operators gets a condensate must be assumed.
this assumption is a dynamical question we re-examine critically in Section 3.2.3.

1The price we pay for this is to lose the comfort we have in QCD-like theories and the ability
to state results that have been compared against natural realizations and lattice results.
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The four-fermion operators χχχψ is the lowest dimension gauge-invariant opera-
tor available to this theory: being built out of four fermions, it can acquire a Lorentz-
invariant vacuum expectation value. It is energetically favored that this VEV be
invariant under QCD, hence the global symmetry of the model SU(6)χ × SU(6)ψ is
spontaneously broken to a subgroup H ⊇ SO(6) ⊃ SU(3)c. However, this operator
is neutral under PQ symmetry, so this VEV does not spontaneously break PQ and
does not provide the necessary axion.

In order to break the baryon symmetry in this mode, we have to resort to the six-
fermion operator ⟨χψψ χψψ⟩ ̸= 0, built from a pair of baryon-like composites χψψ,
each of them has a baryon charge −5, then U(1)PQ = U(1)B is spontaneously broken
and the composite axion appears as the phase of this condensate. Applying (3.2) to
Table 3.1,

kPQ = (−3)⏞ ⏟⏟ ⏞
pψ

× 5⏞ ⏟⏟ ⏞
dim(5̄)SU(5)

× 2⏞ ⏟⏟ ⏞
2ISU(3)(3⊕3̄)

+ (+1)⏞ ⏟⏟ ⏞
pχ

× 10⏞ ⏟⏟ ⏞
dim(10)SU(5)

× 2⏞ ⏟⏟ ⏞
2ISU(3)(3⊕3̄)

= −10 ,

(3.6)
naively suggesting ten degenerate vacua. The unbroken Z5 center of SU(5), however,
also acts on the fermions such that χ → e2πi · (2k/5)χ, ψ → e2πi · (−k/5)ψ for k =
0, . . . , 4, the N -alities of 10 and 5̄ under the Z5 center being 2 and −1 respectively,
giving, via (3.4),

kG = 2
5 × 10 × 2 + −1

5 × 5 × 2 = 6 , (3.7)

so that both identifications ultimately give NDW = gcd(kPQ, kG) = gcd(10, 6) = 2.
As a first non-trivial test of Eq. (3.5), it reproduces the result of Ref. [25], obtained
there by direct enumeration of gauge-inequivalent vacua.

The domain wall problem. By exactly the Lazarides–Shafi mechanism this
model was designed around, the number of inequivalent vacua decreased from ten to
two, but not all the way to one. The obstruction is structural: canceling the SU(3)
anomaly with a single SU(5) multiplet forced χ, ψ into the real representation 3⊕ 3̄,
and this particular choice of QCD representation ties kPQ to an even integer that
cannot be brought to coprimality with kG no matter how the Z5 center is exploited.
The original proposal accepts the resulting NDW = 2 domain wall problem and falls
back on the standard, pre-inflationary escape of Section 2.5.5.

The quality of PQ symmetry. The leading operators that explicitly break PQ
are the same operators that spontaneously break it. So the first contribution that
can affect the quality of the PQ symmetry of this model comes from a dimension-nine
operator saturating the bound d ≥ 9 derived in Section 2.3.5 for fa ∼ 109 GeV.
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3.2.2 A chiral moose realizing NDW = 1 [1]

The obstruction identified in Section 3.2.1 is specific to needing ψ, χ to have fun-
damental and antifundamental content in color. The natural fix, in direct analogy
with the moose construction that generalized the Choi–Kim model in Section 2.6.2,
is to deconstruct the automatic-PQ idea across two confining SU(5) sectors rather
than one. This allows the content of one sector SU(5)1, which will be used to carry
the PQ charges, to be only fundamental in color; this reduces the factor 2IG(SU(3))
from 2 to 1, so kPQ is no longer forced even. The QCD gauge anomaly that they
will introduce will be canceled by the content of the other sector SU(5)2.

SU(5)1 SU(4)1 SU(5)2

SU(3)0

χ1,1 ψ1,2

Q Q̄

qL, uR, dR

Figure 3.1: Moose diagram of the chiral SU(5) moose model. Q, Q̄ link the two confining
SU(5) sectors to SU(3)0, while χ1,1, ψ1,2 link them to SU(4)1.

Field [SU(3)0] SU(4)L [SU(5)1] [SU(4)1] [SU(5)2] SU(4)R U(1)PQ

Q 3
4

5̄ −3

η 1 5̄ −3

χ1,1 10 4 1

ψ1,2 4̄ 10 0

Q̄ 3̄ 5̄
4̄

0

η̄ 1 5̄ 0
Table 3.2: Matter content of the chiral SU(5) moose model.

The gauge group of the model is [SU(3)0] × [SU(5)1] × [SU(4)1] × [SU(5)2]
(Figure 3.1, Table 3.2). The two confining SU(5) sectors have each four flavors of
chiral fermions in 5̄ ⊕ 10 representation, and consequently, there is an approximate
flavor symmetry SU(4)5̄ × SU(4)10 per sector. A diagonal SU(3)0 subgroup of the
two SU(4)5̄ factors, and a diagonal SU(4)1 subgroup of the two SU(4)10 factors, are
weakly gauged, linking the two SU(5) sectors together exactly as the two SU(N)
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sectors of Section 2.6.2 were linked. The QCD gauge group is the unbroken subgroup
of SU(3)0 × SU(4)1.

As in Section 3.2.1, we assume the four-fermion condensates ⟨χ1,1χ1,1χ1,1Q⟩ and
⟨ψ1,2ψ1,2ψ1,2Q̄⟩ form in each sector, breaking SU(3)0 × SU(4)1 → SU(3), as well
as the PQ-charged six-fermion condensates QQχ1,1ψ1,2Q̄Q̄, and the analogues that
replace one or both pairs of (Q, Q̄) with (η, η̄), that break the PQ symmetry and
produces the composite axion.

After integrating out the heavy gauge bosons of SU(3)0 × SU(4)1, the tree level
matching conditions gives g−2

s = g−2
3 + g−2

4 . The surviving low-energy θ-angle of
QCD is the appropriately diagonal θ = θ3 + θ4 since the instanton of the diagonal
group is an instanton in each factor simultaneously. The identification (3.2) of the
master formula must be applied to both factors and added,

kPQ|SU(3)0 = (−3)⏞ ⏟⏟ ⏞
pQ

× 5⏞ ⏟⏟ ⏞
dim(5̄)SU(5)1

× 1⏞ ⏟⏟ ⏞
2ISU(3)0 (3)

,

kPQ|SU(4)1 = (+1)⏞ ⏟⏟ ⏞
pχ1,1

× 10⏞ ⏟⏟ ⏞
dim(10))SU(5)1

× 1⏞ ⏟⏟ ⏞
2ISU(4)1 (4)

,

kPQ = kPQ|SU(3)0 + kPQ|SU(4)1 = −15 + 10 = −5 . (3.8)

The domain-wall number. Since only Q,χ1,1 are charged under U(1)PQ, only
the center symmetry of SU(5)1 allows for identification of vacua. Using Eq. (3.4),
we get

kG

⃓⃓⃓
SU(5)1

= −1
5 × 5 × 1⏞ ⏟⏟ ⏞

Q

+ 2
5 × 10 × 1⏞ ⏟⏟ ⏞

χ1,1

= −1 + 4 = 3 . (3.9)

This identification coefficient kG = 3 [1] lets the domain wall number be

NDW = gcd(kPQ, kG) = gcd(5, 3) = 1 . (3.10)

This is the central result of the section. Doubling the confining sector removes
the obstruction that left the single-sector automatic model of Section 3.2.1 stuck
at NDW = 2: with the PQ-charged fermions in fundamental representation rather
than in 3 ⊕ 3̄, kPQ is no longer forced to be even, and the Z5 center of SU(5)1 then
supplies an identification coprime to it.

The quality of PQ symmetry. This model has exactly the same quality as
the original model demonstrated in the previous section. The leading operators
that explicitly break PQ are the nine-dimensional operators, QQχ1,1ψ1,2Q̄Q̄ and its
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analogues.2

At this point the construction is complete at the level of symmetry and anomaly
bookkeeping. There is, however, a separate dynamical question: does the assumed
chiral SU(5) theory actually realize the assumed pattern on which the construction
relies?

3.2.3 Critique: does the assumed confinement pattern ac-
tually occur?

Everything in Sections 3.2.1–3.2.2 rests on an assumption about strongly coupled,
chiral SU(5) dynamics that cannot be checked in perturbation theory: the spon-
taneous flavor symmetry breaking is realized through specific four- and six-fermion
condensates, which were posited above, while the confining group SU(5) remains
unbroken through this development. Then, and only then, the axion is produced due
to the baryon symmetry breaking from the six-fermion condensate. This is far from
guaranteed, and it deserves to be examined critically rather than simply assumed,
since the entire phenomenological payoff of Sections 3.2.1–3.2.2 depends on it.

’t Hooft anomaly matching does not decide the question. A first, model-
independent consistency check is whether the high-energy ’t Hooft anomalies of
U(1)B [117], namely A(U(1)3

B) and A(U(1)B · grav2), can be matched in the in-
frared. For the single-sector model of Table 3.1, they can: a single massless com-
posite baryon χψψ, of baryon charge −5, reproduces both anomalies exactly. This
means that a scenario in which U(1)B remains entirely unbroken, with no axion
at all and the spectrum populated instead by a massless, baryon-charged composite
fermion, is also a logically consistent possibility, on equal footing with the symmetry-
breaking scenario assumed above. Anomaly matching alone, in other words, cannot
distinguish between these two qualitatively different infrared phases; it is a necessary
consistency condition on either, not a selection principle between them.

The MAC analysis favors a different pattern altogether. A more quanti-
tative, but still heuristic, handle comes from the most-attractive-channel (MAC)
hypothesis [118, 119]. A condensation channel r1 ⊗ r1 → s is energetically favored

2The axion can acquire a potential from small instanton effects associated with the broken part
of SU(3)0 × SU(4)1 [114, 115]. Recent work on a related two-sector composite axion construction
identifies a symmetry condition under which such contributions remain parametrically small [116];
we have not checked whether it is satisfied here. The impact of the small instanton potential on
the domain wall problem in composite axion models is left for future work.
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to form if its associated change in quadratic Casimir,

∆C = C(r1) + C(r2) − C(s), (3.11)

from single-gauge-boson exchange is maximal. For χ ∼ 10 and ψ ∼ 5̄ of SU(5),
with C(10) = 36/5 and C(5̄) = 12/5,

10 ⊗ 10 → 5̄ : ∆C = 60
5 , 5̄ ⊗ 10 → 5 : ∆C = 36

5 , (3.12)

we can identify the two-fermion channel 10 ⊗ 10 → 5̄ as the MAC, contrary to the
four- and six-fermion condensates assumed in Section 3.2.1.

A non-zero ⟨χχ⟩ condensate of this kind would Higgs SU(5) → SU(4) directly,
via ⟨ϵabcdeχbcχde⟩ ∝ δa5, rather than leave SU(5) confined and unbroken: the theory
would become a strongly coupled SU(4) gauge theory below this Higgsing, with the
original 10, 5̄ multiplets decomposing under the unbroken SU(4) as 10 → 62 ⊕ 4−3

and 5̄ → 4̄−1 ⊕ 14 (where subscripts denote the charge under the residual U(1) ⊂
SU(5)/SU(4), which mixes with baryon number into a combination B′ = B−R/2).

The Majorana fermions in 60 acquire mass directly from the Higgsing condensate.
The Dirac fermion (4, 4̄) condenses through ordinary QCD-like SU(4) confinement.
The last surviving singlet 1−5 happens to carry exactly the baryon charge of the
composite state that would have matched the ’t Hooft anomalies in the alternative,
unbroken-U(1)B scenario above. This is a non-trivial, reassuring consistency check
between the two pictures, even though they describe physically inequivalent infrared
phases: one with a Higgsed SU(5) and no axion at all in this minimal field content,
the other with confined SU(5) and the composite axion of Section 3.2.1.

Functional renormalization group results. This concern is no longer purely a
matter of weak-coupling extrapolation. A recent functional renormalization group
study of Georgi–Glashow-type chiral gauge theories [120], tracking the renormal-
ization group flow of the relevant four-fermion operators without relying on the
perturbative MAC heuristic logic, finds a genuine, dynamically generated resonance
in precisely the two-fermion, antisymmetric-representation channel identified by the
MAC analysis above, for Nc < 11, squarely including the relevant case Nc = 5 used
throughout this section. This is a substantially stronger statement than the MAC
analysis alone: it indicates that the symmetry-breaking pattern actually generated
by the renormalization-group flow of the theory, not merely the pattern favored by
a static, weak-coupling estimate, is the Higgsing pattern, in direct tension with the
confinement with broken U(1)B assumption underlying Sections 3.2.1–3.2.2.
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Assessment. Neither the MAC analysis nor the functional renormalization group
result constitutes a rigorous proof that the automatic-PQ condensation pattern is
wrong: both are, in the end, extrapolations of weak-coupling or truncated-flow
intuition into a regime where the gauge coupling is, by construction, of order unity,
and a fully non-perturbative, lattice-based determination of the true infrared phase
of this chiral SU(5) theory does not yet exist. What can be said with confidence is
that the central dynamical assumption of Sections 3.2.1–3.2.2 is a genuinely open
question under active theoretical scrutiny, not a settled technical detail, and that
the best available quantitative tools beyond the original proposal’s own assumption
point, if anything, the other way. We proceed in the rest of this chapter exactly as
the original proposal does, on the assumption that the stated condensation pattern
is realized, because establishing the existence of an NDW = 1 solution conditional
on that assumption is already a non-trivial and useful result, and because doing so
does not require resolving the underlying non-perturbative dynamics, which is left
for future lattice work.

3.3 Gauged PQ symmetry

The first construction solved the domain-wall problem through an unbroken discrete
symmetry embedded in the confining dynamics. We now pursue a qualitatively
different route: to make the PQ symmetry intersect with a gauge U(1) symmetry.
Because a single anomalous U(1)PQ cannot itself be gauged (its mixed anomaly with
QCD is precisely what makes it a PQ symmetry), so one needs a second U(1) so
that an anomaly-free orthogonal combination exists to gauge.

We first explain why gauging a combination of the two PQ symmetries solves
the quality problem by forbidding low-dimensional operators, then we review what
is known about the cosmological string networks that a broken gauge symmetry
produces. Finally, we build an explicit composite realization from two gauged Choi–
Kim sectors and show that it, too, achieves NDW = 1.

3.3.1 The Barr–Seckel idea

An entirely different way to suppress dangerous Planck-suppressed PQ-violating
operators was proposed early on by Barr and Seckel [26, 27]: rather than relying
on an accidental symmetry of the matter content, gauge an orthogonal combination
of the Peccei–Quinn symmetry. If U(1)PQ is linked to a local gauge symmetry,
unbroken down to the PQ scale, then no operator that violates the gauge symmetry
can appear in the Lagrangian at all.
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This gauged U(1) does not come for free. It requires the duplication of the sector
that gives rise to PQ symmetry. In addition, having two sectors introduces two types
of topological defects, i.e., strings. Not all of the strings are going to be global with
divergent gradient energy as those introduced in Section 2.5.3. A local (gauge) string
has its long-range gradient energy screened by the massive gauge boson [121]. In
addition, such a string will not see the axion direction, so it attaches to no axion
domain walls, i.e., NDW = 0. The cosmological string network produced when a
gauged PQ symmetry breaks is therefore, in general, qualitatively different from the
global-string networks discussed throughout Chapter 2, and its consequences for the
domain wall problem of Section 2.5.5 are not automatically the same.

3.3.2 Local versus global strings

Whether a network formed by breaking a gauged PQ symmetry ends up dominated
by local (gauge) strings or by global strings is a genuinely dynamical question, and
it was addressed numerically in Refs. [122, 123] for a simulation of the cosmological
formation of strings in a model with two Abelian symmetries that get broken at
comparable scales, and a specific combination of the two symmetries is gauged.

These studies found that the network is not a uniform population of strings all
carrying the same domain wall number. The dominant population, by a clear mar-
gin, consists of local strings, which carry NDW = 0 in the present context: such a
string is not the boundary of any domain wall, since there is no surviving global
symmetry for a wall to interpolate across. The next most common population con-
sists of a type of global strings with NDW = 1, which, as established in Section 2.5.5,
are themselves cosmologically safe, collapsing on their own even in a fully post-
inflationary setting.

This result does not, by itself, eliminate every dangerous string from the network:
a subdominant population of strings with NDW ≥ 2 is still produced in the simula-
tion, and these remain just as catastrophic, in principle, as the uniform NDW = N

network of an ordinary global-symmetry-breaking model. What the gauging of PQ
symmetry achieves is therefore not a complete, first-principles solution to the do-
main wall problem by itself, but a substantial improvement in the odds: whereas an
ordinary composite axion model with NDW = N > 1 produces a network in which
every string carries the same dangerous winding number N , a gauged PQ model
produces a network in which the large majority of strings are either entirely harm-
less (NDW = 0) or self-resolving (NDW = 1). This observation is the cosmological
motivation for constructing an explicit composite realization of the gauged PQ idea,
to which we turn next.
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3.3.3 A composite two-sector realization [1]

We now construct a genuinely composite version of the Barr–Seckel idea, combining
two otherwise-ordinary, vector-like Choi–Kim sectors (Section 2.6.1), with confining
groups SU(NA) and SU(NB), NA ̸= NB, coupled only through an additional gauged
U(1) under which both sectors’ quarks are charged. Crucially, this U(1) gauging
is precisely what forbids the dangerous Choi–Kim mass terms Q̄LQR and η̄LηR of
Section 2.6.1: both fields are charged under the new U(1) in a way that makes
the theory chiral with respect to it, even though each SU(NA) (or SU(NB)) sector
remains, by itself, perfectly vector-like.

[SU(3)] [SU(NA)] [U(1)gPQ] U(1)PQA

QL 3 NA 2NB 1

ηL 1 NA 2NB −3

QR 3 NA 5NB 0

ηR 1 NA −7NB 0

[SU(3)] [SU(NB)] [U(1)gPQ] U(1)PQB

Q′
L 3 NB −2NA 1

η′
L 1 NB −2NA −3

Q′
R 3 NB −5NA 0

η′
R 1 NB 7NA 0

Table 3.3: Matter content and U(1)gPQ charge assignment of the gauged composite PQ
model. The charge assignment follows the anomaly-free set of [124].

Each sector has its own anomalous PQ symmetry, denoted as U(1)PQ1,2 and
defined as usual. The construction hinges on finding a particular linear combination
U(1)gPQ of U(1)PQ1,2 that cancels all gauge anomalies. We choose the charges of
fermions under U(1)gPQ such that its mixed gauge anomaly with both confining
groups SU(NA), SU(NB) cancels out separately. Since all U(1)gPQ-charged fermions
transform in the fundamental of SU(N), the gravitational and mixed anomalies are
proportional,

A(U(1)gPQ · grav2) = N · A(U(1)gPQ · SU(N)2) = 0 . (3.13)

The charge assignment, following the anomaly-free sets classified in Ref. [124], is
given in Table 3.3; it is not the unique possible choice, but it is simple enough to
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work with.3 The cubic gauge anomaly cancels per sector for this charge assignment,

A
(︂
U(1)3

gPQ

)︂
∝ 3 × 23 + 23 − 3 × 53 − (−7)3 = 0 . (3.14)

The mixed anomaly of U(1)gPQ with QCD for one sector successfully cancels out
the mixed anomaly of the other,

A
(︂
U(1)gPQ · SU(3)2

)︂
∝ NA × (2 − 5)NB +NB × (−2 + 5)NA = 0 . (3.15)

Identifying the axion. Below the two confinement scales, we are interested in
the phase fields of the condensates ⟨Q̄LQR⟩ ∼ eiaA/fA and ⟨Q̄′

LQ
′
R⟩ ∼ e−iaB/fB .

Any U(1)gPQ gauge transformation with some angle α is a gauge redundancy of the
configurations, and thus it is an identification of the phases,

aA
fA

≡ aA
fA

+ 3NBα,
aB
fB

≡ aB
fB

+ 3NAα (3.16)

The axion direction is the gauge invariant combination of these two phase fields

a

fa
≡ NA

aA
fA

−NB
aB
fB
, fa = fAfB{︂

N2
Bf

2
A +N2

Af
2
B

}︂1/2 . (3.17)

The phase along the direction orthogonal to the axion is eaten by the gauge boson.

The domain-wall number. To prove the possible existence of NDW = 1 strings
in this model, we consider a string with winding numbers (nA, nB). Depending on
the winding numbers, the physical axion possesses a definite domain wall number.

∆θA = 2πnA, ∆θB = 2πnB =⇒ ∆θ = 2π(NAnA −NBnB) . (3.18)

The number of domain walls that are going to attach themselves to a string of the
winding (nA, nB) is

NDW = NAnA −NBnB . (3.19)

This has an immediate consequence: the strings whose windings are given by nA ∝
NB, nB ∝ NA give NDW = 0, so the axion field does not wind around such a string
at all, and thus no domain wall needs to attach to this string in order to interpolate
between different axion vacua. It is also possible to see the existence of strings with
NDW = 1 when NA, NB are coprime; we will take (NA = 3, NB = 4) for a benchmark.

3The main result about the existence of NDW = 1 strings is independent of the choice of
gauged-PQ charges.
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The spectrum of strings also contains strings with higher values of NDW.

Cross-check in the limit of well-separated scales. The conclusion about
strings with NDW = 0, 1 may also be obtained, somewhat more laboriously but
with the virtue of being directly comparable to Sections 3.2.1–3.2.2, from Eq. (3.5).
Suppose, for definiteness, that ΛA ≫ ΛB, so that SU(NA) confines first; its conden-
sates ⟨Q̄LQR⟩, ⟨η̄LηR⟩ carry U(1)gPQ charge 3NB,−9NB, thus they break the gauge
symmetry U(1)gPQ → Z3NB . The surviving discrete subgroup acts on the fermions
of SU(NB) sector as Q′

L → e2πi · (−2NA/3NB)Q′
L, and likewise for the other fermions.

This surviving Z3NB supplies its own identification of vacua, computed exactly as in
Eq. (3.4) but for the discrete group Z3NB rather than a center symmetry,

kPQ|SU(NB) = NB , kG|Z3NB
= NB ×

(︃
− 2NA

3NB

+ 5NA

3NB

)︃
= NA . (3.20)

The domain wall number of strings in this case reads as

NDW = gcd
(︂
kPQ, kG

)︂
= gcd(NB, NA) = 1 . (3.21)

The separation of the scales signifies that the two sectors do not confine simul-
taneously. As the A-sector confines first, it forms local-string structures, which
are not relevant for the axion direction, and thus are the NDW = 0 strings in our
previous discussion. Later on, when the B-sector confines, it starts to form global
axion strings, and the domain wall number with NDW = 1 is given by Eq. (3.21) as
predicted in the previous discussion for coprime (NA, NB).

The simulation results [122, 123] find that gauging U(1)gPQ favors the formation
of the local strings by a huge proportion (it was ∼ 60% of the string population).
Out of global strings, the population of NDW = 1 strings was found to be of large
proportion compared to NDW ≥ 2 strings (which were suppressed to below ∼ 1%).
The dynamics can be seen to favor cosmologically benign strings, and it confirms
the results argued for above.

The quality of PQ symmetry. We write the generic gauge-invariant operator
that breaks PQ symmetry as

O = (Q̄LQR)αA(η̄LηR)βA(Q̄′
LQ

′
R)αB(η̄′

Lη
′
R)βB , (3.22)
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where the exponent αA,B, βA,B ∈ Z.4 The gauge invariance of this operator under
SU(3), SU(NA), SU(NB) is evident; however, the gauge-invariance under U(1)gPQ

requires that
3NB(αA − 3βA) − 3NA(αB − 3βB) = 0 . (3.23)

Thus, it is necessary that αA − 3βA ∝ NA, αB − 3βB ∝ NB with the same propor-
tionality constant. The PQ charge of this operator is obtained by applying

QL(ηL) → e−i pAaA/fAQL(ηL), Q′
L(η′

L) → e+i pBaB/fBQ′
L(η′

L), pQ(η) = 1(−3) .
(3.24)

Thus, the phase of the operator in (3.22) is

arg O = (αA − 3βA)aA
fA

− (αB − 3βB)aB
fB

∝ a

fa
, (3.25)

i.e., it breaks PQ symmetry. The leading operator5 that breaks PQ symmetry
minimizes (|αA|+|βA|)+(|αB|+|β|B) subject to the conditions from gauge invariance.
For our benchmark, this operator is given by the dimension-nine operator,

O = (η̄LηR)(Q̄′
RQ

′
L)(η̄′

Lη
′
R) . (3.27)

This operator, similar to the construction in the previous section, also saturates the
bound d ≥ 9 derived in Section 2.3.5 for fa ∼ 109 GeV.

This composite construction is, to our knowledge, the first explicit, ultraviolet-
complete model combining a solution to the quality problem (via gauging, Sec-
tion 3.3.1), a demonstrated NDW = 1 solution and a non-trivial dynamical reason
to expect the cosmologically dangerous higher-winding strings to be subdominant.

Each of the two sectors in the model has four flavors of Dirac fermions, hence
their asymptotic freedom is evident. There is no such requirement for QCD or
the Abelian U(1)gPQ; however, it is affordable to preserve the asymptotic freedom
of QCD like in the SM by demanding NA + NB ≤ 10. This, together with the
requirement for NDW = 1 given by gcd(NA, NB) = 1, provides a finite list of choices.

4A negative value of the exponent means the conjugate factor raised to the absolute value of
the exponent.

5There is a six-dimensional gauge-invariant operator that is PQ-charged, given by

O6 = (QLη
′
L)(ηLQ

′
L)† . (3.26)

However, this operator is charged under the vector-like symmetries U(1)A(B)
X ⊂ SU(4)A(B)

V where
SU(4)V is the unbroken global symmetry of the confining sectors. Since each sector is vector-like
under its confining group, the vector-like flavor symmetries are unbroken by Vafa–Witten theorem.
Therefore, the VEV of this operator must vanish ⟨O6⟩ = 0 and does not contribute to the axion
potential. It may contribute at next order via O†

6O6 but this is subleading to the operator in (3.27).
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The quality of PQ symmetry depends on the choice; we chose our benchmark merely
as a representative. The last gauge group in the model, U(1)gPQ, develops a Landau
pole; however, this is not a crippling condition. The coupling of the model can
be adjusted to push the Landau pole beyond MPl, or it can be assumed that the
Abelian gauge group is embedded in a simple group at a higher scale.

3.4 Heavy colored relics

Both constructions of Sections 3.2 and 3.3 solve the domain wall problem of Sec-
tion 2.5.5 in the sense made precise above, removing what Chapter 2 identified
as the principal obstacle to a post-inflationary cosmology for a composite axion.
They do not, however, solve a second problem, common to essentially every com-
posite axion model regardless of the strategy used to fix the domain wall number:
the new confining sector responsible for generating fa dynamically also generates
new hadron-like bound states, the baryons and mesons of the new strong dynamics,
some of which are charged under QCD. After the QCD phase transition, these heavy
colored states bind to ordinary quarks to form exotic, electromagnetically charged
heavy states (CHAMPs). This section first weighs the two generic strategies for
disposing of such relics, then works out in detail the dilution strategy we adopt and
the joint constraints it must satisfy.

3.4.1 Decay or dilution

There are, in principle, two strategies for dealing with a thermally produced popu-
lation of CHAMPs. The first is to render them unstable: assign U(1)EM charges to
the new fermions such that some of the resulting composite states can decay into
ordinary Standard Model particles, removing them from the late-universe inventory
entirely. This is not, in practice, as straightforward as it sounds, because the new
fermions’ gauge representations were chosen throughout Sections 3.2–3.3 specifically
to cancel a delicate web of SU(5)1,2, or SU(NA,B) and U(1)gPQ, and gravitational
anomalies. Introducing additional electromagnetic charge assignments generically
reopens some of these anomaly conditions, forcing the introduction of yet further
new fields to re-cancel them, which can in turn introduce their own new stable relics,
trading one heavy-relic problem for another rather than solving it.

The second, more model-independent strategy, and the one we pursue is dilution:
arrange for a brief secondary period of cosmic inflation [125], occurring after the relics
have already frozen out thermally but before the present day, and let the entropy
production dilute their comoving number density to an acceptable level. The price of
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this approach is that the same secondary inflation that dilutes the relics will, if it is
not carefully timed, also dilute away the axion string network of Sections 3.2–3.3, so
we require the construction below must simultaneously dilute the relics and preserve
a genuinely post-inflationary axion cosmology, a non-trivial joint requirement rather
than two independent ones.

3.4.2 Diluting the relic abundance

We model the relic abundance using ordinary thermal freeze-out: a heavy composite
state of mass mB (the scale of the new confining dynamics) annihilates with a cross
section set by its own size, ⟨σv⟩ ∼ 1/m2

B, exactly as for any strongly-interacting
thermal relic with no further small parameters. Standard freeze-out kinetics fixes
its abundance, at freeze-out temperature Tf to the estimate [126, 127]

mBnB(tI)
s(tI)

∼ xf
MPl⟨σv⟩

∼ xfm
2
B

MPl
, xf ≡ mB

Tf
. (3.28)

At a time tI after freeze-out, the secondary inflationary epoch under discussion starts
(the precise value of tI relative to the freeze-out will not matter, since both nB and
s separately redshift as R−3 between freeze-out and tI , leaving their ratio fixed).

Now let the universe undergo a second, brief inflationary epoch, beginning at
tI and temperature TI , ending at tend, followed by a matter-dominated period of
inflaton oscillation (the generic post-inflationary reheating behavior, R(t) ∝ t2/3)
that completes reheating at tR, and temperature TR. Because the comoving relic
number nBR3 is conserved throughout (the relics are far too heavy and rare to re-
annihilate or re-thermalize once frozen out), the dilution factor is purely geometric,
the ratio of comoving volumes before and after the combined inflation-plus-reheating
epoch,

nB(tR)
nB(tI)

=
[︄
R(tI)
R(tend)

]︄3 [︄
R(tend)
R(tR)

]︄3

. (3.29)

The first factor is the dilution during inflation itself, [R(tI)/R(tend)]3 ∼ e−3Ne

for Ne e-folds, by definition of the e-fold number; the second is fixed by energy
conservation during the matter-dominated reheating phase that follows any pe-
riod of inflaton oscillation, during which ρ ∝ R−3 while the temperature of the
eventually-thermalized radiation bath redshifts more slowly, giving the standard re-
sult [R(tend)/R(tR)]3 ∼ (tend/tR)2 ∼ T 4

R/T
4
I (the temperature at the start of inflation

is given by T 4
I ∼ M2

PlH
2
I ). Multiplying (3.28) by both dilution factors of (3.29), and

trading the explicit Ne for the more directly meaningful quantity introduced next,
gives the diluted relic abundance we will impose the phenomenological bounds on.
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3.4.3 Axion string reentry

The construction of Section 3.4.2 must not be allowed to simply erase the axion
strings of Sections 2.5.3 and 3.2–3.3 along with the CHAMPs. Since the secondary
inflationary epoch stretches every physical length scale by the same factor eNe , the
typical inter-string separation, of order the Hubble length at the time the strings were
last in their scaling regime, is stretched along with everything else, to a comoving
scale that temporarily exceeds the now much smaller post-inflationary horizon. The
strings do not, however, disappear: as in ordinary post-inflationary cosmology, the
horizon subsequently grows faster than this stretched comoving separation, and the
strings are assumed to eventually reenter the horizon at some later temperature
Tent < TR, after which the network resumes ordinary scaling behavior exactly as if
no secondary inflation had ever occurred. The number of e-folds can be written in
terms of the Tent [128], by comparing the physical distance at Tent with the horizon

dinter−string
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= eNe⏞ ⏟⏟ ⏞
inflation

T
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R⏞ ⏟⏟ ⏞
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ent

H−1
I

= T 2
I
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=⇒ e3Ne ∼ T 2
I TR
T 3

ent
,

(3.30)
eliminating Ne entirely in favor of the four directly physical scales fa (equivalently
the string-formation scale), TI , TR, and Tent. The number density of the CHAMPS
is diluted and the entropy is injected back at TR

nB(tR)
nB(tI)

= e−3Ne T
4
R

T 4
I

,
s(tR)
s(tI)

= T 3
R

T 3
I

, (3.31)

giving the diluted CHAMP yield

mBnB
s

∼ xfm
2
B

MPl

T 3
ent
T 3
I

. (3.32)

3.4.4 Axion abundance from the string-wall network

The question whether the string-wall network resumes ordinary post-inflationary
dynamics smoothly, or dilution has qualitatively changed the outcome, depends on
the relative ordering of Tent and the axion-oscillation temperature Tosc. If the strings
reenter well before domain walls would have formed, Tent > Tosc, the network simply
resumes the standard post-inflationary scaling behavior of Section 2.5.3, and the
present axion abundance is, to a good approximation, the same as in the standard
(undiluted) post-inflationary scenario evaluated with Tent → Tosc.
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An interesting and qualitatively new regime is Tent ≲ Tosc: the strings reenter the
horizon after the domain walls (of which there is, by construction, only NDW = 1
attached to each string) have already formed. While the domain wall is outside the
horizon, it pulls the string inward with acceleration,

a ∼ σwall

µstring
= 8
π

ma(T )
log (fa/H) . (3.33)

The earliest possible collapse is precisely horizon re-entry, and it depends on the
ratio of the time-scales the wall’s pull on the strings and the Hubble expansion’s
push against them. Collapse occurs when

ϵ ≡ tpush

tpull
∼ σ

µH
≳ 1 . (3.34)

At Tosc, this ratio is given by ϵ ∼ 8/70 ≈ 0.11. However, this grows quickly with
σ/µH ∝ T−6, so it is particularly sensitive to the re-entry temperature. The result-
ing boost, obtained from a = σ/µ, ∆t = H−1, is γ ∼

√
1 + ϵ2; therefore, if the walls

enter the horizon at Tent < Tosc such that the boost is large enough γ ∼ ϵ ≫ 1, then
the emitted axions from the collapse will also be boosted.6

For the entering network before or at Tosc, the axion abundance is

ρa
s

⃓⃓⃓⃓
⃓
0

∼ ma(0)
ma(Tent)

ρstring(Tent) + ρwall(Tent)
s(Tent)

, (3.35)

while the emitted axions take boosted values when the re-entry is later than Tosc,
Ea ∼ γ ma(Tent).

3.4.5 The viable parameter space

Four scales (fa, TI , TR, Tent) parametrize this construction, and a viable point must
simultaneously satisfy several conditions.

(i) The diluted CHAMP abundance of (3.32) must not exceed the percent-level
cosmic-microwave-background bound on any exotic charged relic and, more
restrictively in the mass range of interest here, the direct flux bounds from un-
derground and cosmic-ray detectors sensitive to anomalously ionizing particles,
principally the ICRR [129, 130] and Baksan [131, 132] experiments, which to-
gether limit ΩCHAMPh

2/0.12 ≲ 10−10–10−8 for 108 GeV ≲ mB ≲ 1011 GeV [24].

6In the standard scenario, since the string-wall network is inside the horizon, the collapse occurs
with ϵ ≳ 1, so the emitted axions are not significantly boosted, ⟨Ea⟩ ∼ ma(T ).
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(ii) The axion abundance of (3.35) must not exceed the observed dark matter
density, Ωah

2/0.12 < 1.

(iii) Thermal regeneration of CHAMPs during the secondary inflaton-oscillation
epoch must remain suppressed, which, using the maximum temperature reached
during that epoch, Tmax ∼

√
TITR [133], and mB ∼ 4πfa for the typical

confinement-scale baryon relics, requires Tmax ≲ 10−3–10−2 mB so as not to
thermally produce them after inflation.

(iv) The hierarchy fa > TI > TR > Tent must hold, simply to ensure the four scales
are used in a physically sensible order: the PQ-breaking scale above the onset
of the secondary inflation, which is above the reheating temperature it pro-
duces, which is above the temperature at which the diluted strings eventually
reenter the horizon.

Scanning these constraints, one finds that condition (i) is the binding one through-
out most of the relevant parameter space, and that satisfying it while also satisfying
(ii)–(iv) consistently pushes the viable region toward Tent of order a few GeV to a
few hundred MeV, that is, closer to the regime Tent ∼ Tosc identified in Section 3.4.4.
Figure 3.2 shows the resulting viable region in the (TR, fa) plane for a representa-
tive grid of TI/TR and Tent values, confirming that an open, non-empty parameter
space exists in which both the heavy-relic problem of Sections 3.4.2–3.4.3 and the
domain-wall problem of Section 2.5.5 are simultaneously resolved, for either of the
two NDW = 1 models constructed in Sections 3.2–3.3.

This parameter space comes with two practical caveats worth flagging explicitly,
beyond the open dynamical question of Section 3.2.3. First, the axions radiated di-
rectly by the string network during its pre-dilution and post-reentry scaling phases
(Section 2.5.3) have been folded into (3.35) only through the string energy density
at reentry, ρstring(Tent), rather than through a dedicated simulation of the radiated
spectrum; numerical studies of ordinary (undiluted) post-inflationary axion strings
suggest that this radiated component can be comparable to, or somewhat larger
than, the wall-collapse estimate used here, which would shift the viable fa in Fig-
ure 3.2 down by an O(1) factor without changing the qualitative shape of the allowed
region. Second, the premise of Section 3.3.2, that the subdominant NDW > 1 string
population produced alongside the dominant, benign one is small enough to neglect,
has not been verified for the specific gauge-coupling and symmetry-breaking-scale
hierarchies of the model constructed in Section 3.3.3, since the only existing simu-
lations of this kind were performed for simpler, non-composite gauged-PQ models
with different charge assignments; extending those simulations to the present set-
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Figure 3.2: Viable parameter space in the TR–fa plane, for a representative grid of
TI/TR and Tent values. Gray/blue shadings show CHAMP overabundance, red shows axion
overabundance, brown shows insufficient suppression of thermal CHAMP regeneration,
and purple shows violation of the scale ordering fa > TI > TR > Tent; uncolored regions
are simultaneously viable. Reproduced from our Ref. [1].
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ting is, together with the confinement-dynamics question of Section 3.2.3, among
the most pressing pieces of follow-up work motivated by this chapter.

3.5 Summary

This chapter turned the obstruction identified at the end of Chapter 2 into two
solved instances of it. The master formula NDW = gcd(kPQ, kG, . . . ) of Section 3.1
reduced the search for a working composite axion to a question of representation
theory, and two structurally different answers followed from it. Identifying U(1)PQ

with the baryon number of a chiral confining sector (Section 3.2) makes the required
identification automatic, at the price of a single-sector construction that stalls at
NDW = 2; doubling the confining sector into a chiral moose removes the obstruction
and reaches NDW = 1. Gauging an orthogonal combination of two ordinary Choi–
Kim sectors (Section 3.3) reaches the same destination by a different route, and does
so while also disposing of the quality problem by gauge invariance rather than by
a large operator dimension. Both constructions were then shown to share a second
obstacle common to essentially all composite axion models, thermally produced
colored relics, and a shared fix, dilution by a brief secondary inflation timed to
preserve the axion string network, was shown in Section 3.4 to open a genuine,
non-empty region of viable parameter space for either model.

Two open questions follow both constructions into Section 3.4 rather than be-
ing resolved by it: whether the assumed condensation pattern of the automatic-PQ
construction is actually realized by the strongly coupled dynamics, rather than the
Higgsing pattern favored by both the MAC estimate and the functional renormal-
ization group result of Section 3.2.3; and whether the subdominant population of
dangerous NDW ≥ 2 strings in the gauged construction is small enough to neglect
for its specific scales, which existing simulations have not directly tested. None of
these bear on the central group-theoretic result of this chapter, that NDW = 1 is
achievable by either route; they bear on how much confidence to place in the models
built to demonstrate it, and are left, honestly, as such. These threads are picked up
again in the concluding chapter.

74



Chapter 4

Conclusions

4.1 Summary of results

This part of the thesis set out from a single, sharply posed question, framed in our
introduction 1: can a composite axion, a construction that solves both the hierarchy
problem of an elementary PQ-breaking scalar and, through chiral confinement, the
axion quality problem, support a genuinely post-inflationary cosmology?

Chapter 2 built up the machinery needed to make this question precise: the
topological origin of the QCD θ-term and the strong CP problem (Section 2.1), the
PQ mechanism and its concrete realizations together with a quantitative statement
of the quality problem (Section 2.3), the astrophysical and laboratory constraints
that bound the viable decay-constant window (Section 2.4), and the cosmology of
the axion field, its strings and domain walls (Sections 2.5–2.5.5). Then we consid-
ered the Choi–Kim composite axion and its chiral, moose-deconstructed descendants
(Section 2.6) culminating in the identification of the Lazarides–Shafi mechanism as
the one available route to a domain wall number of one (Section 2.6.3).

Chapter 3 answered the question affirmatively in two structurally independent
ways. First, we provided a general master formula (Section 3.1) that makes the
Lazarides–Shafi identification of vacua easily computable directly from the repre-
sentation theory of a confining gauge theory, without relying solely on the generally
overcounting anomaly coefficient. It is model-independent and can be applied to
any confining axion sector, as we have checked against direct enumeration in exam-
ples of the literature. Applying it to a chiral moose extension of the automatic PQ
model (Section 3.2), and to a new composite realization of a gauged PQ symme-
try built from two Choi–Kim sectors (Section 3.3), gives, in both cases, NDW = 1:
the existence of an axion string solution whose attached domain wall is unstable
and collapses on its own, with no need to assume that the PQ transition predates
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inflation.
Both constructions simultaneously improve the axion quality problem, through

precisely the same chirality (in the first case) or gauging (in the second) that con-
trols the domain wall number, underscoring that these are not two independent
model-building choices but two faces of the same underlying structure. A critical
re-examination of the confinement dynamics underlying the automatic-PQ construc-
tion (Section 3.2.3), using both the most-attractive-channel heuristic and a recent
functional renormalization group analysis, showed that the assumed condensation
pattern is a real, open dynamical question rather than a settled technical detail,
a caveat that applies to the entire automatic-PQ literature and not merely to the
extension constructed here.-

Finally, Section 3.4 showed that the new colored composite relics generic to both
constructions, a second cosmological obstacle independent of the domain wall prob-
lem, can be diluted to acceptable levels by a brief secondary inflationary epoch, pro-
vided the axion string-wall network reenters the horizon close to the QCD transition,
identifying an explicit, non-empty viable parameter space in which both problems
are resolved together.

4.2 Limitations

Two open dynamical questions limit the constructions of Chapter 3, one for each.
For the automatic-PQ construction of Section 3.2, the result rests on an assumed

confinement pattern for the chiral SU(5) sector: that SU(5) confines while baryon
number is spontaneously broken, rather than Higgsing directly via a two-fermion
condensate. Section 3.2.3 showed, using both the most-attractive-channel heuristic
and a recent functional renormalization group study [120], that the latter may in-
stead occur for the phenomenologically relevant case N = 5. This is a genuinely
open, non-perturbative dynamics question that neither this thesis nor the existing
literature resolves; it can likely only be settled by a dedicated lattice simulation of
the chiral gauge theory itself, which remains technically challenging for chiral, as
opposed to vector-like, confining matter.

For the gauged-PQ construction of Section 3.3, the gap is cosmological rather
than dynamical. Its confining sectors are ordinary, vector-like Choi–Kim theories
whose infrared dynamics is comparatively well understood, so it does not share the
liability above. But the relative abundance of NDW = 0, NDW = 1, and NDW > 1
strings formed in the cosmological network, which is central to the argument of
Section 3.3.2 that the benign NDW ≤ 1 population dominates, has, to date, only been
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simulated for models in which the PQ-breaking field is an elementary scalar. Our
construction generates that field compositely, through confinement, and whether
the same relative string abundances carry over to the composite case has not been
checked.
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Part II

Q-Ball Superradiance:
Validity Regime of Linear Analysis

and Extension to Many-Field
Models
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Chapter 5

Introduction

5.1 Solitons in field theory

Classical field theories with nonlinear interactions admit smooth, localized, finite-
energy solutions that do not disperse under time evolution. These solutions, col-
lectively known as solitons, behave as particle-like objects despite being extended
configurations of classical fields. Their defining property is stability: once formed,
they cannot continuously relax into the vacuum [134].

Different solitons owe this stability to different conserved quantities. For topo-
logical solitons, stability is guaranteed by topology due to the presence of multiple
degenerate vacua; the vacuum and the soliton belong to different homotopy classes,
preventing any continuous deformation between them. Non-topological solitons, in
contrast, possess the same topology as the vacuum and therefore require no degen-
erate vacuum structure [135]. Their stability instead originates from a conserved
Noether charge associated with a continuous global symmetry. The existence of
such objects is therefore an energetic question: can the theory lower its energy by
storing a fixed conserved charge inside a localized field configuration rather than in
a collection of free particles?

The simplest realization of this idea is the Q-ball, a localized configuration of a
single complex scalar field carrying a conserved global charge [136]. Unlike an ele-
mentary particle, however, a Q-ball behaves as a finite-density object. Its conserved
charge is distributed throughout an extended classical configuration, allowing it to
exchange both charge and energy with its environment while remaining a coherent
soliton. Understanding this exchange in processes of wave scattering is the central
theme of this part of the thesis.
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5.2 Q-balls in cosmological environment

The cosmological significance of Q-balls stems not only from their formation, but also
from their subsequent interactions with their environment. In many extensions of the
Standard Model, scalar condensates carrying a global charge naturally arise during
inflation and may fragment into large populations of Q-balls through dynamical
instabilities [137–140]. Similar objects may also form during cosmological phase
transitions through the concentration of charge by expanding bubble walls [141, 142].
These mechanisms illustrate that non-topological solitons can arise under a broad
range of cosmological conditions.

Once formed, however, the evolution of a Q-ball is determined by how it ex-
changes charge and energy with its environment. Thermal particles may be ab-
sorbed, allowing the Q-ball to grow through solitosynthesis [143–146]. Conversely,
charge and energy may be released into the surrounding plasma through evaporation
or other scattering processes. The efficiency of these exchanges directly affects the
lifetime, relic abundance, and cosmological impact of any Q-ball population [147–
155].

Recently, a particularly striking example of such interactions has attracted con-
siderable attention. Under suitable conditions, incident scalar waves are amplified
after scattering from a Q-ball, extracting both charge and energy from the soliton
in a process known as Q-ball superradiance [156, 157]. This phenomenon provides
a direct example of charge and energy transfer between a soliton and an external
excitation, where the scattering process itself encodes the exchange of conserved
quantities.

5.3 Objectives and Contributions

Existing analyses of Q-ball superradiance have established the perturbative scat-
tering framework and demonstrated its predictions through comparisons with fully
nonlinear lattice simulations. In these studies, however, the nonlinear evolution was
typically examined at incident-wave amplitudes sufficiently small to remain within
the linear regime, confirming the consistency between the perturbative description
and the full dynamics. The range of amplitudes over which the linear approxima-
tion remains quantitatively reliable has not been systematically determined. Since
perturbative calculations of charge and energy transfer provide the basis for assess-
ing possible cosmological consequences, establishing the domain of validity of this
approximation is an essential step toward making quantitative predictions.

Alongside establishing the regime of validity of the perturbative description, we
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develop a clearer physical understanding of the scattering formalism itself. The mode
conversion appearing in the linearized equations can be interpreted as a microscopic
charge-exchange process between the incident wave and the Q-ball. By relating
the charge and energy carried by the perturbative modes to the energy difference
between neighboring Q-ball configurations, we clarify the thermodynamic origin of
the amplification factors.

Building upon this understanding, we perform a systematic scan over incident-
wave amplitudes using nonlinear lattice simulations. This allows us to determine the
range of amplitudes over which the linear scattering description accurately captures
the nonlinear dynamics and to identify the onset of genuinely nonlinear effects.

Finally, we extend this framework beyond the one-field Q-ball to the Friedberg–
Lee–Sirlin soliton [158–160]. The additional field introduces a richer perturbation
spectrum with multiple scattering channels, providing a non-trivial test of the gen-
erality of the scattering formalism. We construct the corresponding multichannel
perturbation theory, and analyze the dynamics in the linear regime.

Together, these results provide both a physical interpretation and a quantitative
validation of perturbative scattering off non-topological solitons, establishing when
the linear description can be reliably used to study charge and energy exchange.

5.4 Outline of this part

The remainder of Part II is organized as follows:

• Chapter 6 reviews the theory of non-topological solitons and constructs the
stationary solutions relevant for the subsequent analysis, including the Q-ball
and the Friedberg–Lee–Sirlin soliton. Then, we derive the properties needed
for the perturbative analysis that follows.

• Chapter 7 is the technical core of this part: it develops the linear perturbation
theory and scattering formalism for Q-balls, determines the range of validity
of the perturbative description through comparison with nonlinear lattice sim-
ulations, and extends the same framework to the Friedberg–Lee–Sirlin soliton.

• Chapter 8 summarizes the main results and discusses possible directions for
future work.

• Appendix A details the numerical methods to solve the background solutions
of the solitons. Appendix B expands on the s-wave analysis in Chapter 7 and
derives the cross section of a plane wave scattering off the Q-ball rather than
a spherical wave.
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Chapter 6

Non-topological Solitons and
Their Stationary Solutions

This chapter constructs the stationary solutions introduced qualitatively in Chap-
ter 5: the one-field Q-ball and its Friedberg–Lee–Sirlin (FLS) extension. We begin
with the Q-ball, arising from a complex scalar field with an unbroken global U(1)
symmetry. By minimizing the energy at fixed charge, we derive the stationary so-
lution, establish its thermodynamic interpretation, and determine the properties of
the background configuration relevant for perturbations analyzed in Chapter 7.

The discussion is then extended to the FLS soliton, in which the charged field is
coupled to an additional real scalar field. This additional degree of freedom modifies
the structure of the soliton and, as anticipated in Section 5.3, leads to a richer
perturbation spectrum with multiple scattering channels. The two constructions
share a common variational structure which we develop once, for the Q-ball, and
reuse directly for the FLS soliton.

6.1 The one-field Q-ball

The simplest non-topological soliton arises in a theory containing a single complex
scalar field with a global U(1) symmetry. The corresponding Lagrangian is

L = |∂µϕ|2 − V (ϕ) , (6.1)

where the potential function V (ϕ) ≥ 0 has a minimum at ϕ = 0. This vacuum
therefore preserves the global U(1) symmetry ϕ → e−iθϕ. By Noether’s theorem,
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this symmetry results in the conserved current

Jµ = −i (∂µϕ∗ ϕ− ϕ∗∂µϕ) , ∂µJµ = 0 , (6.2)

corresponding to a conserved charge Q. Likewise, the translation symmetry results
in the conservation of the stress–energy–momentum tensor current whose conserved
quantities are the momentum components Pν ,

Tµν = ∂µϕ
∗∂νϕ+ ∂µϕ ∂νϕ

∗ − gµνL , ∂µTµν = 0 . (6.3)

6.1.1 Energy minimization at fixed charge

The Q-ball is defined as the lowest-energy configuration that carries a fixed conserved
chargeQ. To find such a configuration, we solve a constrained minimization problem.
We begin by enforcing the charge constraint onto the energy through a Lagrange
multiplier ω such that the energy of configurations of charge Q becomes

EQ[ϕ,Q] = E[ϕ] + ω
(︂
Q−Q[ϕ]

)︂
=
∫︂

d3x T00 + ω
(︃
Q−

∫︂
d3x J0

)︃
. (6.4)

The constrained energy functional takes the form of the internal energy of a
thermodynamical system at zero-temperature [161],

EQ[ϕ,Q] = ωQ+ Ω[ϕ, ω] , (6.5)

where the grand canonical potential Ω[ϕ, ω] is

Ω[ϕ, ω] ≡
∫︂

d3x |ϕ̇+ iωϕ|2 + |∇ϕ|2 + V (ϕ) − ω2|ϕ|2 . (6.6)

Thus, the multiplier ω is interpreted as the chemical potential of this system.

The system’s state of equilibrium minimizes the grand potential,

δΩ[ϕ, ω] = δE[ϕ] − ω δQ[ϕ] = 0 . (6.7)

This equilibrium state corresponds to the lowest energy configuration that the field
can take at fixed charge, i.e., the Q-ball. Since the equilibrium solution satisfies the
variational equation δE = ωδQ, along the family of equilibrium solutions parame-
terized by Q, this becomes dE = ω dQ, i.e., the change of Q-ball energy per unit
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change in charge follows from (6.7),

dE
dQ = ω . (6.8)

This is in accordance with the interpretation of ω as the chemical potential: adding
one particle to the similarly-charged Q-ball (increase the charge by one unit) in-
creases the energy by an amount of ω.1 This is a key result that will be used later in
Chapter 7 when discussing the exchange of energy and charge between perturbative
excitations and the Q-ball.

6.1.2 Stationary solutions

The first term in the grand potential (6.6) is manifestly positive-definite, so setting
it to zero identically, ϕ̇ = −iωϕ, is a necessary step to minimize the grand potential.
This is naturally realized by the ansatz

ϕQ(x, t) = ϕQ(x) e−iωt , ϕQ(x) ∈ R . (6.9)

By a slight abuse of notation, ϕQ will denote both the full solution and its radial
profile whenever no confusion arises. We see that the multiplier ω acquires a com-
plementary dynamical interpretation: it is the internal phase-rotation frequency of
the Q-ball solution.

The Q-ball profile ϕQ(x) is determined equally from minimizing Ω[ϕ, ω] directly,
or by substituting (6.9) into the classical field equation that follows from (6.1),

□ϕ+ ∂V

∂ϕ∗ = 0 . (6.10)

Since spherically symmetric profiles can be shown to minimize the energy [162], we
restrict ourselves to ϕQ(x) = ϕQ(r), a spherical non-rotating nodeless profile, for
which the field equation reduces to the radial profile equation2

−ϕ′′
Q(r) − 2

r
ϕ′
Q(r) − ω2ϕQ(r) + 1

2
∂V

∂ϕQ
= 0 . (6.11)

1The free energy of the Q-ball thermodynamical system is exactly equivalent to the internal
energy since temperature is zero.

2The factor of 1/2 in the last term of (6.11) arises from converting the Wirtinger derivative
∂/∂ϕ∗ into a derivative with respect to the real profile ϕQ.
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Regularity at the origin and finiteness of the energy require

ϕ′
Q(0) = 0 , lim

r→∞
ϕQ(r) = 0 . (6.12)

Equation (6.11) admits a standard and very useful mechanical analogy [135, 136]:
it is the equation of motion of a unit-mass fictitious body at “position” ϕQ, moving
in “time” r under the Newtonian potential 3

VN(ϕQ;ω) ≡ ω2ϕ2
Q − V (ϕQ) , (6.13)

subject to a time-dependent friction with coefficient 2/r. Regularity at the origin
means the body starts at rest, ϕ′

Q(0) = 0, at some a priori unknown position
ϕQ(0) ≡ ϕ0; the friction then dissipates its mechanical energy as r grows, until
the friction coefficient itself becomes negligible at large r. Finiteness of the energy
requires the body to come to rest exactly at ϕQ = 0 as r → ∞.

6.1.3 Existence window for the Q-ball frequency

φQ

0

V
N
(φ

Q
;ω

)

φ0

Figure 6.1: Schematic Newtonian potential VN (ϕQ) of (6.13) for a frequency in the
allowed window [163]. The origin ϕQ = 0 is a local maximum, as required by (6.15), while
VN > 0 over a finite range of ϕQ > 0, as required by (6.14).

The mechanical analogy immediately constrains which frequencies ω may allow
for a soliton solution. Since VN(0;ω) = 0, the body can only dissipate a positive
amount of mechanical energy on its way to ϕQ = 0 if it starts in a region where

3The same factor of 1/2 is absorbed into the normalization of the force, F = − 1
2∂VN/∂ϕQ, and

reflects the non-canonical normalization of the kinetic term for the real variable ϕQ; the metric on
this line is ds2 = 2 dϕ2

Q.
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VN(ϕ0;ω) > 0; this requires

ω2 > min
ϕ̸=0

V (ϕ)
|ϕ|2

≡ ω2
− . (6.14)

Having a region with VN > 0 is necessary but not sufficient: if ϕQ = 0 were a
local minimum of VN rather than a local maximum, the solution would approach
the origin through oscillations, producing radially excited configurations with nodes,
which are not the subject of this analysis. Restricting to the nodeless ground-state
profile therefore requires ϕQ = 0 to be a local maximum of VN , i.e.

ω2 <
∂2V

∂ϕ∗∂ϕ

⃓⃓⃓⃓
⃓
ϕ=0

≡ m2 . (6.15)

The mass of the elementary scalar sets an upper bound on the Q-ball frequency [136].
The derived conditions (6.14), (6.15) are model-independent: any complex field

theory that can form Q-balls can only form Q-balls whose frequency lies in the
range ω− < ω < ω+ ≡ m. The qualitative shape of VN required, where it vanishes
at the origin, and becomes positive somewhere, with the origin a local maximum, is
sketched in Figure 6.1.

6.1.4 Q-ball stability

C

S

mQ

Q

E

QC QS

Figure 6.2: Schematic plot for the energy curve of Q-balls in 3 + 1 [164]. The upper
energy branch describes unstable small Q-balls with ω → m. The lower energy branch
describes stable large Q-balls ω → ω− and metastable Q-balls of charges QC < Q < QS .
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The stability of the Q-ball is determined by its energy–charge curve (Figure 6.2),
where the energy and charge contained in a Q-ball are given by

E = 4π
∫︂ ∞

0
dr r2

[︃
ω2ϕ2

Q + (ϕ′
Q)2 + V (ϕQ)

]︃
, Q = 4π

∫︂ ∞

0
dr r2 · 2ωϕ2

Q . (6.16)

There are two distinct notions of stability that follow from this curve, which we
are going to demonstrate. The first is classical stability against small perturbations
that preserve the charge: a Q-ball is a genuine local minimum of E at fixed Q only
where dQ/dω < 0 [135, 136],

d2E

dQ2 = dω
dQ < 0 . (6.17)

When it is dQ/dω > 0 instead, the configuration is a saddle point of the energy at
fixed charge, not a minimum, and is unstable to charge-conserving perturbations.
This defines a critical frequency ωC through

dQ
dω

⃓⃓⃓⃓
⃓
ω=ωC

= 0 , (6.18)

which separates the two branches of Figure 6.2: small Q-balls, ωC < ω < m, sit
on the upper, unstable branch, asymptoting to E → mQ as ω → m; large Q-balls,
ω− < ω < ωC , sit on the lower branch and are classically stable in this restricted
sense.

Classical stability along the lower branch does not yet make a Q-ball the true
ground state of its charge sector, since Q widely separated free quanta of mass m
are always an available, charge-conserving alternative configuration. The Q-ball is
absolutely stable only if its energy is below the mass of Q free scalars carrying the
same charge,

E < mQ . (6.19)

The lower branch crosses E = mQ at a single intermediate frequency ωS, defined by

E(ωS) = mQ(ωS) , ω− < ωS < ωC . (6.20)

This splits the lower branch into two physically distinct regimes: for ω− < ω < ωS,
Q-balls are absolutely stable, lower in energy than any collection of free quanta of
the same charge; for ωS < ω < ωC , they remain classically stable against small
perturbations but are only metastable, since decay into Q free particles is energeti-
cally allowed, and can proceed only through a finite-size fluctuation over the barrier
separating the two configurations [135, 136, 165].
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6.1.5 Symmetries broken by the Q-balls

The Q-ball solution (6.9) spontaneously breaks time translations and the global U(1)
individually, but leaves an unbroken diagonal combination of them,

ϕQ(r) e−iωt t→t−t0−−−−−→ ϕQ(r) e−iω(t−t0) θ=ωt0−−−−→ e−iθϕQ(r) e−iω(t−t0) = ϕQ(r) e−iωt .

(6.21)
Together with the three broken spatial translations, each Q-ball solution belongs
to a four-parameter family related by the broken generators that live in the space
R3 × S1 (the Q-ball’s position and its internal U(1) phase at some reference time).
These broken symmetries manifest themselves as zero modes in the perturbation
spectrum constructed in Chapter 7.

6.2 Q-balls of polynomial potentials

We will consider a specific class of potentials that can support such Q-ball solutions.
A polynomial potential capable of satisfying both (6.14) and (6.15) must grow more
slowly than m2|ϕ|2 for some range of |ϕ| before eventually turning over; the simplest
choice with this property [135] is the ϵ-deformed sextic potential

V (ϕ) = g2

1 + ϵ2 |ϕ|2
[︃(︂

|ϕ|2 −f 2
)︂2

+ ϵ2f 4
]︃

= g2f 4|ϕ|2 − 2g2f 2

1 + ϵ2 |ϕ|4 + g2

1 + ϵ2 |ϕ|6 , (6.22)

shown in Figure 6.3. The elementary excitations around ϕ = 0 have mass m2 =
g2f 4 and unit charge. Of the three parameters (g, f, ϵ), only ϵ is considered a free
parameter and will be specified, ϵ = 0.4, for our construction. The other two
parameters combine into dimensionless quantities: f sets the field scale and can be
absorbed into the dimensionless ratio ϕ/f , while the coupling g, or equivalently the
scalar mass m, sets the length scale via the dimensionless quantity mr. On the
other hand, ϵ controls the shape of the potential, specifically how far the would-be
second minimum at |ϕ| = f is lifted above V = 0, with larger ϵ corresponding to a
shallower, more single-welled potential. Substituting (6.22) into (6.14), (6.15) gives
the existence window in closed form,

ϵ2m2

1 + ϵ2 < ω2 < m2. (6.23)
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Figure 6.3: The sextic potential (blue) given by (6.22), together with the quadratic mass
term m2|ϕ|2 (orange) that sets the upper bound (6.15) on the Q-ball frequency and the
envelope quadratic (green) that sets the lower bound (6.14) on the Q-ball frequency.

6.2.1 Numerical construction: the shooting method
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Figure 6.4: Q-ball profiles obtained by shooting, for ϵ = 0.4 and three representative
frequencies: ω = 0.58 (blue), ω = 0.70 (orange), ω = 0.76 (green).

For a fixed ω in the existence window, (6.11) together with the boundary conditions
(6.12) is a two-point boundary value problem. We solve it by the shooting method:
rather than imposing the asymptotic condition directly, we solve the initial value
problem ϕQ(0) = ϕ0, ϕ′

Q(0) = 0 for a trial ϕ0 in the window identified above,
integrate (6.11) outward, and adjust ϕ0 until the numerical solution approaches
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ϕQ(r → ∞) = 0 to the desired accuracy. Values of ϕ0 that are too large cause ϕQ to
overshoot past zero and run off to large negative values; values that are too small
cause ϕQ to turn around before reaching zero. Bisecting between an overshooting and
an undershooting trial value converges geometrically to the unique soliton profile.

Figure 6.4 shows the resulting profiles for ϵ = 0.4 and three representative fre-
quencies ω = 0.58, 0.70, 0.76 (in units of mass m). Smaller ω (closer to ω−) gives
more extended profiles: from (6.23), decreasing ω lowers the maximum height of
VN(ϕ0) that the fictitious body can access, so it carries less mechanical energy to
dissipate and the friction term must act over a correspondingly longer “time” r be-
fore the body can settle at the origin. The limit ω → ω− is the thin-wall limit, in
which the profile approaches a step function with an increasingly sharp edge [136];
the opposite limit ω → m is the thick-wall limit, in which the profile becomes
increasingly Gaussian-like until no normalizable solution survives [149].

6.3 Friedberg–Lee–Sirlin (FLS) soliton

The construction of the previous section relied on a non-renormalizable sextic self-
interaction for a single complex scalar field. Friedberg, Lee and Sirlin showed that
non-topological solitons can instead be supported using only renormalizable inter-
actions by coupling the charged field to a second, real scalar field [158–160]. The
resulting model retains the conserved global U(1) symmetry responsible for the soli-
ton charge, while the additional scalar dynamically modifies the effective mass of the
charged field inside the soliton. Throughout this thesis we refer to the corresponding
stationary solution as the Friedberg–Lee–Sirlin (FLS) soliton.

The Lagrangian of the theory that admits such solution is given by

L = |∂µϕ|2 + 1
2(∂µσ)2 − V (ϕ, σ) , V (ϕ, σ) = g2 σ2|ϕ|2 + h2

8
(︂
σ2 − f 2

)︂2
, (6.24)

which is invariant under the unbroken global U(1) rotation of ϕ and the sponta-
neously broken discrete symmetry σ → −σ. The potential has two degenerate
vacua at (ϕ, σ) = (0,±f), both of which preserve the U(1) symmetry, as required
by non-topological solitons to exist. Expanding around either vacuum, the elemen-
tary excitations consist of a charged scalar of mass m2

ϕ = g2f 2 ≡ m2 and unit charge,
and a neutral scalar of mass m2

σ = κ2m2 = h2f 2. As in the previous section, m and
f simply define the natural length and field scales through the dimensionless combi-
nations mr, ϕ/f , and σ/f , leaving the mass ratio κ = mσ/mϕ as the only relevant
free parameter.
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Figure 6.5: Contour plot of the FLS potential V (ϕ, σ) (6.24). The two minima at
(ϕ, σ) = (0,±f) are degenerate; σ = 0 is a flat direction for ϕ at the classical level.

The physical mechanism differs qualitatively from that of the Q-ball presented in
the previous section, even though both support localized configurations carrying the
same conserved charge. Far from the soliton the real scalar approaches its vacuum
expectation value, σ → f , so that the charged field acquires its full vacuum mass mϕ.
Inside the soliton, where the amplitude of ϕ becomes large, the portal interaction
energetically favors smaller values of σ. This locally reduces the effective mass of
the charged field, allowing the conserved charge to be stored more efficiently inside
the soliton than in the vacuum. The resulting configuration therefore consists of a
charge-carrying core surrounded by a transition region in which σ relaxes back to
its vacuum value.

Unlike the polynomial potential of the previous section, the classical FLS poten-
tial possesses a flat direction. The most general renormalizable potential compatible
with the symmetries also allows an intrinsic mass term and quartic self-interaction
for the complex scalar, both of which have been omitted so that the portal interac-
tion provides its only source of mass. Consequently,

minV (ϕ, σ)/|ϕ|2 → 0 (6.25)

as σ → 0, implying that the classical lower edge of the existence window is ω− = 0.
Radiative corrections generate an effective self-interaction for ϕ, lifting this flat
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direction and restoring a finite lower threshold [166]. Since the present work concerns
the classical equations of motion, we retain the simplified potential throughout.

6.3.1 Field equations and the two-field mechanical analogy

The construction of stationary FLS solitons follows exactly the variational procedure
developed for the one-field Q-ball. The conserved U(1) charge is fixed by introducing
the same Lagrange multiplier ω, which again plays the dual role of chemical potential
and phase-rotation frequency. Consequently, the stationary solution is obtained from
the harmonic ansatz

ϕQ(x, t) = ϕQ(r) e−iωt , σQ(x, t) = σQ(r) , (6.26)

where the complex field carries the conserved charge while the real scalar remains
static. Rather than repeating the derivation of such an ansatz, we simply use it to
obtain the resulting coupled profile equations,

−ϕ′′
Q(r) − 2

r
ϕ′
Q(r) − ω2ϕQ(r) + 1

2
∂V

∂ϕQ
= 0, −σ′′

Q(r) − 2
r
σ′
Q(r) + ∂V

∂σQ
= 0 .

(6.27)

Together with the regularity conditions at the origin and the vacuum boundary
conditions at spatial infinity,

ϕ′
Q(0) = 0 , σ′

Q(0) = 0 , lim
r→∞

ϕQ(r) = 0 , lim
r→∞

σQ(r) = f . (6.28)

these equations determine the stationary FLS soliton for each frequency ω.

As in the one-field case, the coupled profile equations admit a useful mechanical
interpretation. The fictitious particle now moves in the two-dimensional field space
(ϕ, σ) under the Newtonian potential

VN(ϕQ, σQ;ω) = ω2ϕ2
Q − V (ϕQ, σQ) , (6.29)

while experiencing the same radial friction term 2/r. The trajectory begins at an
unknown point (ϕ0, σ0) with vanishing velocity, loses mechanical energy through
friction, and must come to rest precisely at one of the maxima (0,±f) of the New-
tonian potential as r → ∞. Throughout this thesis we choose the vacuum with
σ = f without loss of generality.
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Figure 6.6: Contour plot of the Newtonian potential VN (ϕQ, σQ;ω). The green contour
marks VN = 0; the body’s trajectory starts in the region VN > 0 and ends at one of the
local maxima (ϕQ, σQ) = (0,±f).

6.3.2 Numerical construction: multiple shooting

In contrast to the polynomial Q-ball, whose profile is determined by a single shooting
parameter, the FLS soliton requires the simultaneous determination of two unknown
central values, ϕ(0) and σ(0). The resulting two-dimensional boundary value prob-
lem is highly sensitive to the initial conditions, making conventional shooting numer-
ically unreliable. Throughout this thesis the profiles are instead constructed using
the method of multiple shooting [167], in which the integration domain is divided
into several subintervals whose solutions are matched iteratively. This substantially
improves numerical stability while preserving direct control over the matching ac-
curacy. The details of the implementation are presented in Appendix A.

Figure 6.7 shows representative FLS soliton profiles for κ = 2.0 and the same
three frequencies considered for the polynomial Q-balls. As the frequency decreases,
the charged field develops a broader core while the real scalar is increasingly driven
away from its vacuum expectation value inside the soliton. The opposite limit,
ω → m, corresponds to increasingly diffuse configurations that smoothly disappear
into the vacuum, analogous to the thick-wall limit of the one-field Q-ball.
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Figure 6.7: FLS soliton profiles obtained by multiple shooting, for κ = 2.0 for the three
representative frequencies: ω = 0.58 (blue), ω = 0.70 (orange), ω = 0.76 (green).

6.4 Summary

With the stationary profiles of both the one-field Q-ball and the FLS soliton now
constructed, we have assembled the static backgrounds required for the perturbative
analysis of Chapter 7. Two results from this construction carry forward directly.
First, the identity dE/dQ = ω (Section 6.1) ties a Q-ball’s energy and charge to
a single frequency label, and governs the exchange of energy and charge between
perturbative excitations and the soliton. Second, the existence window ω− < ω < ω+

and its stability subdivision into absolutely stable (ω− < ω < ωS), metastable
(ωS < ω < ωC), and unstable (ωC < ω < m) regimes (Section 6.1.4) fixes which
backgrounds are physically sensible scattering targets.

The FLS soliton is built from the same variational principle and the same me-
chanical analogy, extended to the two-field plane (ϕ, σ), but the physics is qualita-
tively different: the effective mass of the charged field is lowered inside the soliton
by the portal coupling to σ, rather than by the self-interaction of a single field. It is
this distinction that produces the richer perturbation spectrum of Chapter 7, where
the two constructions are treated in parallel throughout.
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Chapter 7

Scattering against Non-topological
Solitons

Having established the existence and properties of the stationary Q-ball and FLS
backgrounds in Chapter 6, we now turn to the central dynamical question of Part II:
how these solitons interact with their surroundings. While their internal structure is
encoded in the classical background solution itself, it is only through scattering that
one can determine how they exchange charge and energy with external radiation,
and ultimately how they respond to perturbations away from equilibrium.

For the Q-ball, this problem is qualitatively different from ordinary potential
scattering. The time-dependent phase of the rotating background couples particle
and antiparticle excitations into a genuinely two-channel system, allowing an inci-
dent mode to change its identity as it reflects off the soliton. This conversion process
is the microscopic mechanism through which charge and energy are transferred be-
tween the radiation field and the Q-ball, and understanding it is the central objective
of this chapter.

We proceed as follows. Section 7.1 derives the linearized two-channel equations
for perturbations of a rotating Q-ball background and classifies the resulting spec-
trum. Section 7.2 builds the associated scattering matrix from first principles, states
its unitarity and reciprocity properties, and settles precisely how the two channels
relate to one another under λ → −λ. Section 7.3 presents the resulting reflection and
conversion probabilities. Section 7.4 returns to the Noether currents of Chapter 6 to
derive the charge and energy exchanged during a scattering event, and shows that
the result admits an exact thermodynamic interpretation in terms of the Q-ball’s
chemical potential. Section 7.5 verifies the regime of validity of the linear theory
against fully non-linear lattice simulations. Section 7.6 extends the entire formalism
to the two-field FLS soliton, whose additional scalar channel introduces a second,
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higher scattering threshold and a genuinely new charge-conserving radiative process.
The results presented in this chapter are based on our work [168].

7.1 Linear perturbations of a rotating background

The perturbations on top of a static background are conceptually straightforward:
since the background is time-independent, perturbations of different frequencies
evolve independently, and the problem reduces to the familiar scattering of a wave
from a localized potential. A Q-ball is stationary in a subtler sense. Although its
radial profile is fixed, the field itself rotates uniformly in the complex plane with fre-
quency ω. This seemingly simple difference fundamentally changes the structure of
the perturbation theory: rather than evolving independently, particle and antipar-
ticle excitations become coupled to one another through the background’s rotation,
turning what would otherwise be an ordinary one-channel problem into a genuinely
coupled two-channel one. As we shall see, this coupling is precisely what allows the
Q-ball to exchange charge and energy with the surrounding radiation.

7.1.1 The dichromatic ansatz and the two-channel equations

An exact treatment of the full non-linear scattering problem is generally out of reach.
Throughout most of this chapter we therefore restrict ourselves to perturbations
whose amplitude is small enough that their backreaction on the background can
be neglected; the regime of validity of this approximation is tested explicitly in
Section 7.5. We perturb the background as

ϕ(x, t) = ϕQ(r) e−iωt + δϕ(x, t) . (7.1)

Substituting into the field equation (6.10) and retaining only terms linear in the
perturbation [169] gives

□ δϕ+ U(r) δϕ+M(r) e−2iωt δϕ∗ = 0 , (7.2)
∂2V

∂ϕ∗∂ϕ

⃓⃓⃓⃓
⃓
ϕQ

≡ U(r) , ∂2V

∂ϕ∗∂ϕ∗

⃓⃓⃓⃓
⃓
ϕQ

≡ M(r) e−2iωt , (7.3)

where the second derivative with respect to ϕ∗ carries the phase e−2iωt due to the
profile, so M(r) is the real, time-independent remainder. The two functions U(r)
and M(r) play distinct physical roles. The first is the effective scattering poten-
tial familiar from ordinary linear perturbation theory; the second is unique to the
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rotating background, coupling the perturbation directly to its own complex conju-
gate. Both are localized within the Q-ball core, approaching their free-theory values
U → m2, M → 0 at large distances (Figure 7.1), so that far from the Q-ball the two
channels decouple into free Klein–Gordon waves.
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Figure 7.1: The potentials U(r) (left), M(r) (right) of the linearized equation (7.3),
associated with the three backgrounds of Figure 6.4 (ϵ = 0.4; ω = 0.58, 0.70, 0.76). Both
approach their free-theory values (1, 0) outside the soliton core.

For an ordinary static potential, a disturbance of definite frequency remains at
that frequency for all time: the linear equation is diagonal in Fourier space. Equa-
tion (7.3) does not have this property. The term M(r)e−2iωtδϕ∗ ties δϕ to its own
complex conjugate through a phase rotating twice as fast as the background, so a
single Fourier mode δϕ ∝ φ(x)e−iEt cannot solve the equation on its own: substitu-
tion produces a term ∝ φ∗(x)e−i(2ω−E)t, an oscillation at a different frequency with
nothing already present to cancel it. This failure has nothing to do with the shape
of U or M and everything to do with the fact that the background itself rotates.

The minimal fix allows δϕ two frequencies rather than one, tied together in a
specific way [156, 157],

δϕ(x, t) =
∑︂
λ

aλ φ+,λ(x) e−iE+t + a∗
λ φ

∗
−,λ(x) e+iE−t , E± ≡ λ± ω . (7.4)

This dichromatic decomposition resolves the problem exactly, for a reason worth
stating plainly, since it is the observation on which the rest of this chapter turns,

E+ − E− = 2ω , (7.5)

identically, for every λ. Substituting (7.4) into (7.3), the troublesome potential term
M(r)e−2iωtδϕ∗ produces oscillations at ei(E+−2ω)t and e−i(E−+2ω)t; by (7.5) these are
exactly eiE−t and e−iE+t, the two frequencies the ansatz already contains. The
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hierarchy stops after two terms because the background’s own rotation frequency is
exactly the gap between them: feed the equation two frequencies separated by 2ω,
and the coupling closes the system on itself rather than generating a third.

Collecting the coefficients of the two phases e−iE+t, eiE−t defines the two-channel
Schrödinger-like system

−∇2Ψ(x) + U(r) Ψ(x) = E2Ψ(x), (7.6)

Ψ(x) =
⎛⎝φ+

φ−

⎞⎠ , U(r) =
⎛⎝U(r) M(r)
M(r) U(r)

⎞⎠ , E2 =
⎛⎝E2

+ 0
0 E2

−

⎞⎠ . (7.7)

The two labels + and − of the wavefunction components are, for now, purely formal:
they distinguish which of the two coupled equations a mode function solves, and
carry no physical (particle/antiparticle) content yet until Section 7.4. The two
channels are independent far from the soliton, where M → 0, and mixed only inside
the core, where the background’s rotation is felt.

Before turning to the scattering problem, it is worth asking what (7.6) conserves.
A direct computation shows that although neither channel’s own Schrödinger current
is separately conserved, since M pushes probability from one channel into the other,
their sum is:

J ≡ J+ + J− , J± ≡ 1
2i
(︂
φ∗

±∇φ± − φ±∇φ∗
±

)︂
, ∇ · J = 0 . (7.8)

Indeed ∇ · J+ ∝ M Im(φ∗
+φ−) and ∇ · J− ∝ −M Im(φ∗

+φ−) are equal and opposite
and cancel in the sum. This single conserved current is what turns (7.6) into an
honest scattering problem with a well-defined notion of incoming and outgoing flux,
and Section 7.2 builds the formalism directly on it.

7.1.2 Mode classification

Far outside the soliton, U → m2 and M → 0, so the two channels decouple into free
waves with wavenumbers k2

± = E2
± − m2. The signs of k2

± classify the spectrum of
δϕ into four kinds of mode, according to whether each channel is free to propagate
or bound to the soliton.

• Zero modes, λ = 0, encode the perturbations along the moduli mentioned in
Section 6.1.5. For the phase mode, δϕ = −iϕQ(r) e−iωt, substituting into (7.3)
gives us

U δϕ+M e−2iωt δϕ∗ = (U −M) δϕ, (7.9)
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U −M =
(︃
∂2V

∂ϕ∗∂ϕ
−
⃓⃓⃓⃓
∂2V

∂ϕ∗∂ϕ∗

⃓⃓⃓⃓)︃
ϕQ

= 1
ϕ

∂V

∂ϕ∗

⃓⃓⃓⃓
ϕQ

, (7.10)

which reduces the equation exactly to the background profile equation (6.11).
For the translation modes, δϕ = ∇ϕQ(r) e−iωt, the substitution gives

U δϕ+M e−2iωt δϕ∗ = (U +M) δϕ = ∇
(︃
∂V

∂ϕ∗

⃓⃓⃓
ϕQ

)︃
, (7.11)

and the equation reduces to the gradient of the profile equation (6.11).

• Bound modes, 0 < λ < m−ω: the energies of the two channels are E2
− < E2

+ <

m2, so both partner modes decay exponentially and exist only at discrete λ,
more readily for thinner-walled, larger Q-balls; a deeper, wider potential well
supports more bound states.

• Half-scattering modes, m − ω < λ < m + ω: one channel is free while the
other remains bound, since we have E2

− < m2 < E2
+. An incident free mode

then reflects with unit probability, having no way to convert; we return to this
simple but necessary limit in Section 7.3.

• Scattering modes, λ > m + ω: both channels are free, and the soliton can
convert one into the other. Only in this regime can charge and energy actually
be exchanged with the radiation field, and it is the only regime the remainder
of this chapter is concerned with.

The decomposition (7.4) double-counts: sending λ → −λ maps the + and −
equations into one another, so λ and −λ describe the same physical content with
the two channels exchanged φ+ ↔ φ−. We take λ ≥ 0 without loss of generality
when classifying modes, and return to the full two-sided domain in Sections 7.2.4–
7.3, where it becomes a convenient way of visualizing the charge-conjugate scattering
process without solving anything new.

7.2 The two-channel S-matrix

Having established the coupled two-channel equations and the current they conserve,
we now build the scattering matrix they define.

7.2.1 Partial waves and the s-wave reduction

The potentials U(r),M(r) inherit the spherical symmetry of the Q-ball profile, so
a general perturbation separates into partial waves, Ψ(x) = ∑︁

ℓ ψℓ(r)Yℓm(x̂), where
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ψℓ = (φ+,ℓ, φ−,ℓ), with each angular momentum sector obeying its own decoupled
radial system,

−ψ′′
ℓ − 2

r
ψ′
ℓ + ℓ(ℓ+ 1)

r2 ψℓ + U(r)ψℓ = E2 ψℓ . (7.12)

We restrict ourselves to s-waves throughout the remainder of this chapter, and thus,
we drop the subscript ℓ accordingly. The construction below applies unchanged,
channel by channel, to every ℓ > 0; we develop the resulting cross section, needed
for a genuine thermal accretion-rate calculation, separately in Appendix B.

For the s-wave components of the modes ℓ = 0, the system (7.12) becomes

−ψ′′ − 2
r
ψ′ + U(r)ψ = E2 ψ , (7.13)

and the regularity at the origin imposes the initial conditions, φ′
±(0) = 0, while

keeping φ±(0) ̸= 0 (Only for the s-wave). In the scattering regime, λ > m+ω, both
channels admit the flux-normalized asymptotic form

φ±(r) r→∞−−−→ 1√
4πk± r

(︃
Ain

± e
−ik±r + Aout

± e+ik±r
)︃
, k± ≡

√︂
E2

± −m2 , (7.14)

normalized so that |A±|2 is directly the particle flux carried by that channel, with
no extra kinematic prefactor to track.

7.2.2 Construction of the S-matrix

The propagating behavior of the modes in the far region is better studied by solv-
ing (7.12) twice, with two linearly independent regular initial data at r = 0, and
integrating both solutions outward to obtain two solution vectors ψ(1)(r), ψ(2)(r).
Matching each onto the asymptotic form (7.14) defines two 2 × 2 matrices,

(︂
Ain

)︂
sj

≡ Ain,(j)
s ,

(︂
Aout

)︂
sj

≡ Aout,(j)
s , s = ± , j = 1, 2 , (7.15)

whose columns record the incoming and outgoing content of the j-th regular solution.
Because every regular solution is a linear combination ψ = c1ψ

(1) + c2ψ
(2), and no

other solution is admissible (a singular piece at the origin is excluded by regularity),
the incoming and outgoing amplitudes of any physical scattering solution are related
by Aout · c = S Ain · c for every c = (c1, c2), i.e.,

S(λ) ≡ Aout(λ)
[︂
Ain(λ)

]︂−1
, (7.16)
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with
(︂
Aout

±

)︂
= S(λ)

(︂
Ain

±

)︂
. If the two regular solutions are chosen (or subsequently

recombined) so that Ain is already the identity matrix, S is simply read off as Aout;
this is the case used for the numerics of Section 7.3, where each column of S is
obtained directly by solving the scattering problem with unit incoming amplitude
in one channel and none in the other. In either case, the physical content of S is
the same: its first column is the pair of amplitudes (reflection, conversion) produced
by a unit-amplitude incoming + mode, and its second column the same pair for an
incoming − mode, ⎛⎝Aout

+

Aout
−

⎞⎠ =
⎛⎝S++ S+−

S−+ S−−

⎞⎠⎛⎝Ain
+

Ain
−

⎞⎠ , (7.17)

so that |S++|2 is the probability that an incoming + mode reflects as a + mode,
|S−+|2 the probability that it converts into an outgoing − mode, and correspondingly
for the second column.

7.2.3 Properties of the S-matrix

If we write ψ = r−1u, then writing Eq. (7.13) in terms of u removes the friction term
−2/r. The Wronskian defined on two independent solutions u(1), u(2) is constant,

W [u(1) ≡ rψ(1), u(2) ≡ rψ(2)] =
∑︂
s

(rφ(1)
s )(rφ(2)

s )′ − (rφ(1)
s )′(rφ(2)

s ) . (7.18)

The regularity at the origin ensures that W = 0. Eq. (7.13) is built from real
operators, then we can consider the two independent solutions are conjugate to each
other, ψ(2) = ψ(1) ∗ = ψ∗, then

W =
∑︂
s

(rφs)(rφ∗
s)′ − (rφs)′(rφ∗

s) = r2∑︂
s

φsφ
′ ∗
s − φ′

sφ
∗
s = 0 . (7.19)

The r-independence of the Wronskian is equivalent to the conservation of J , since
we can write ∂rW = −2i r2 ∇ · J = −2i∂r(r2Jr) = 0. Furthermore, since W = 0,
then we can prove the S-matrix is unitary,

W = r2∑︂
s

φsφ
′ ∗
s − φ′

sφ
∗
s = i

2π
∑︂
s

|Aout
s |2 − |Ain

s |2 = 0 =⇒ S†S − 1 = 0 . (7.20)

Now, we can take two genuinely independent solutions, then the S-matrix can
be shown to be symmetric; this property is called reciprocity,

W = i

2π
∑︂
s

Ain,(1)
s Aout,(2)

s − Ain,(2)
s Aout,(1)

s = 0 =⇒ ST − S = 0 . (7.21)
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Eqs. (7.20) and (7.21) are the two properties of S(λ) used throughout the rest of
this chapter, and both generalize without modification to the 3 × 3 FLS S-matrix of
Section 7.6.

7.2.4 The λ → −λ exchange

We can now make precise the redundancy of the decomposition (7.4), in the un-
ambiguous form needed for Section 7.3. Since U(r) and M(r) are properties of the
static background alone and carry no dependence on λ, while E2

+(−λ) = (−λ+ω)2 =
E2

−(λ) and E2
−(−λ) = (−λ − ω)2 = E2

+(λ), the radial system (7.12) evaluated at
−λ for (φ+, φ−) is identical to the system evaluated at +λ for (φ−, φ+). Since the
boundary conditions (regularity at the origin, the asymptotic form (7.14)) are them-
selves symmetric under exchanging the two channels, the mode functions and the
S-matrix inherit the exact relation

S(−λ) = P S(λ)P , P ≡

⎛⎝0 1
1 0

⎞⎠ . (7.22)

Solving the “+” scattering problem at −λ computes precisely S−−(|λ|) and S+−(|λ|),
which is exactly the reflection and conversion data of an incoming − mode at |λ|,
with the two channels simply relabelled. What Eq. (7.22) does not yet say is which of
the two channels is the physical particle and which the antiparticle; that identifica-
tion requires the charge each channel carries, which we introduce only in Section 7.4,
precisely because it is not fixed by (7.22) alone. Until then we consistently use the
labels “+” and “−”, not “particle” and “antiparticle”.

7.3 Reflection and conversion probabilities

We solve (7.12) numerically for unit incoming + amplitude, Ain
+ = 1, Ain

− = 0, fol-
lowing the construction of Section 7.2.2. Figure 7.2 shows the resulting reflection
probability |Aout

+ |2 = |S++|2 over λ > m + ω, for our three representative back-
grounds. For visualization we extend the plot to λ < −(m + ω) using the exact
exchange relation (7.22): a point on the negative branch is not an independent cal-
culation but, by that relation, exactly the reflection probability |Aout

− |2 = |S−−(−λ)|2

of an incoming − mode.
Between the two scattering windows, |λ| < m+ω, the plot is omitted rather than

populated with a curve. This region contains both the bound modes (|λ| < m− ω)
and the half-scattering modes (m− ω < |λ| < m+ ω) of Section 7.1.2. In the half-
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scattering window only one of the two asymptotic momenta k± is real, so an incident
mode in the open channel has no free channel to convert into; unitarity (7.20) then
forces |Aout

+ |2 = |S++|2 = 1 trivially, by kinematics alone, with no dynamical content
to plot. The gap is therefore a genuine kinematic exclusion zone, and its edges at
|λ| = m+ ω mark the true onset of the physics this chapter is about.
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Figure 7.2: The reflection probability |Aout
+ |2 = |S++|2 over the two-sided λ domain, for

an incoming + mode. Larger Q-balls, ω → ω− allow for more conversion probability for
the incident mode. As the energy of the incoming mode increases, the reflection process
becomes more dominant Aout

+ |2 → 1.

7.4 Charge and energy transfer

We now return to the conserved currents of Section 6.1. The number current J

of Section 7.1 resulted in the conservation relation (7.20). However, the Noether
currents: U(1) charge current (6.2) and stress-energy tensor (6.3) quantify the charge
and energy fluxes exchanged in the scattering. We expand (6.2), (6.3) to quadratic
order in δϕ, then by averaging over time, the linear terms average out to zero since
they oscillate with frequency λ. The fate of quadratic terms depends on the mode
content of the term: same-mode terms are time-independent so they survive, while
cross terms oscillate with frequency 2λ so they average out to zero as well. The time-
averaged radial components of the currents will be used to get the flux of charge JrQ
and energy JrE ≡ T rt,

⟨JrQ⟩ = −i
∑︂
s

s(φ∗
s∂rφs − ∂rφ

∗
s φs) , (7.23)

⟨JrE⟩ = −i
∑︂
s

Es(φ∗
s∂rφs − ∂rφ

∗
s φs) . (7.24)

107



We substitute with the asymptotic form (7.14), we get

⟨JrQ⟩ ≈ 2
4πr2

∑︂
s

s(|Aout
s |2 − |Ain

s |2) , (7.25)

⟨JrE⟩ ≈ 2
4πr2

∑︂
s

Es(|Aout
s |2 − |Ain

s |2) . (7.26)

By integrating over all directions, we get the charge and energy fluxes

FQ = 2
∑︂
s

qs
(︂
|Aout

s |2 − |Ain
s |2
)︂
, (7.27)

FE = 2
∑︂
s

Es
(︂
|Aout

s |2 − |Ain
s |2
)︂
, (7.28)

where qs = s (= ±1) is the U(1) charge carried by mode s. This weight is essential
for the charge flux, since a − mode genuinely carries the opposite charge to a +
mode; it is unnecessary for the energy flux, since Es already carries its own sign,
and energy does not flip sign between particle and antiparticle. Unlike J , neither
current vanishes at the origin, since both are conserved for the full field rather than
for the perturbation alone.

Throughout the rest of the chapter, we take ω > 0, so that Q > 0 in Eq. (6.16):
the Q-ball is positively charged, and q+ = +1 is genuinely the charge of the mode
that is a particle at λ > 0. The charge-conjugate, negatively charged soliton is
obtained by ω → −ω throughout, and is not treated separately here.

With F in
Q ,F in

E and Fout
Q ,Fout

E built from the incoming and outgoing amplitudes
separately, we can define the amplification factors

1 + ZQ ≡
Fout
Q

F in
Q

, 1 + ZE ≡ Fout
E

F in
E

, (7.29)

where a positive sign signals the extraction of charge or energy from the Q-ball, and
a negative signals the deposition of charge pr energy into it. 1

With Ain
+ = 1, Ain

− = 0, an incoming + mode either reflects, with probability
|Aout

+ |2, or converts into an outgoing − mode, with probability |Aout
− |2 = 1 − |Aout

+ |2.
At λ > 0, where the + mode is a genuine particle of charge +1, this is the process

(Q) + ϕ → (Q) + ϕ , (Q) + ϕ → (Q+ 2) + ϕ̄ . (7.30)

1This is trivial for the particle λ > 0 being represented by a + modes. When, we consider an
antiparticle λ < 0 being represented by a + mode as well, the sign of ZQ needs to be corrected to
account for q = −1 of the mode.
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Substituting the unitarity relation (7.20) into (7.29) gives, exactly,

ZQ = −2 |Aout
− |2 , ZE = − 2ω

E+
|Aout

− |2 . (7.31)

Both are exact consequences of unitarity alone, with no approximation yet made;
Figure 7.3 shows them over the same two-sided λ domain as Figure 7.2.
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Figure 7.3: Charge and energy amplification factors ZQ, ZE of Eq. (7.31) over the two-
sided domain, for an incoming + mode. When incoming is a particle state, λ > 0, it
deposits charge and energy into the Q-ball ZQ < 0, ZE < 0. When it is an antiparticle
state, λ < 0, it extracts charge and energy from the positively-charged Q-ball, ZQ < 0 (we
need to correct for qin = −1), and ZE > 0 (which is readily correct since Ein < 0).

The sign of ZQ on the two branches. With Ain
+ = 1 fixed, ZQ in (7.31) is

manifestly negative for every λ, on both branches of Figure 7.3. This does not mean
the Q-ball only ever absorbs charge. By Eq. (7.22), the result of the negative branch
|S−+(λ < 0)|2 is the same −2|Aout

+ |2 = −2|S+−(λ > 0)|2. Solving the “incoming +”
problem at λ < 0 computes exactly the scattering data of an incoming − mode (an
antiparticle, of charge −1) at λ > 0, and the conversion process there is the charge
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conjugate of (7.30),
(Q) + ϕ̄ → (Q− 2) + ϕ , (7.32)

in which the Q-ball genuinely loses charge. The reason ZQ does not display this by
its sign is that its normalization in (7.27) fixes q+ = +1 regardless of which physical
species is actually incoming; ZQ therefore reports the probability of converting the
incoming species, not the sign of the Q-ball’s own charge change, and that sign must
instead be read off from which branch, and hence which physical species, is being
examined. Energy has no analogous ambiguity, since F in

E is built from the actual
signed energy E+ of whatever is incoming, and E+ itself changes sign between the
two branches; consequently ZE flips sign correctly on its own, negative on the branch
of (7.30) and positive on its conjugate (7.32).

7.4.1 Kinematic interpretation

The result (7.31) has a purely kinematic reading. Recall the established thermo-
dynamical relation (6.8) where ω = dE/dQ is the chemical potential of the Q-ball,
the energy needed to add one unit of charge; transferring ∆Q = 2 should therefore
cost ∆E ≈ 2ω. Concretely,

Q− (Q+ 2) = −2 , E(Q) − E(Q+ 2) = −2 dE
dQ

= −2ω . (7.33)

Weighting the conversion probability |S−+|2 by these two differences reproduces
(7.31) exactly provided we divide by the charge/energy of the incident particle: the
dynamical S-matrix result and the equilibrium thermodynamics of the background
agree, because ω is nothing but the energy cost of the two units of charge the
process actually transfers. This is, to our knowledge, the first time this dynamical
amplification factor has been shown to coincide with the thermodynamic data of
the background alone, and it is the direct fulfillment of the objective set out in
Section 5.3.

7.5 Lattice verification

The linear theory of Sections 7.1–7.4.1 assumes the perturbation stays small enough
that its own backreaction on the background is negligible. We test this by evolving
the exact, non-linear field equation of Chapter 6 on a spatial lattice: a fourth-order
finite-difference discretization in r, evolved in time with a fourth-order Runge–Kutta
integrator.
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The initial data is the background profile plus an inward-directed, Gaussian-
enveloped wave packet of carrier frequency E+ = λ+ω, centered outside the soliton
core at radius r0 with width σr,

δϕ(r, 0) = δ
(︃
r0

r

)︃
exp

[︄
−(r − r0)2

2σ2
r

]︄
e−ik+r , ∂tδϕ(r, 0) = −iE+ δϕ(r, 0) . (7.34)

The wave-packet is set to start approaching the Q-ball starting from t = 0 (with
r0, σr chosen so that the packet does not yet overlap the soliton core, and σr large
enough compared to 1/k+ to resolve the carrier frequency, but small compared to
r0 so that the packet is well localized on arrival). Figure 7.4 shows the resulting
scattering event directly, as a contour of the perturbation amplitude in the (r, t)
plane: the incoming and outgoing wavefronts are both clearly resolved.

Figure 7.4: Non-linear lattice evolution of the perturbation amplitude in the (r, t) plane,
for an incoming wave packet of the form (7.34), with ω = 0.70, λ = 2.0, δ = 0.05.

To extract ZE from a single run, we track the energy current JrE through a detec-
tor sphere at fixed radius, and its flux integrated up to time t, shown in Figure 7.5.
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Figure 7.5: Energy current JrE(r, t) and its flux accumulated through a fixed detector
sphere, with the mid-time and late-time values used in (7.35) marked.

At an intermediate time, once the incoming packet has crossed the detector but
before it has reached the soliton, the accumulated flux is due entirely to the incoming
wave crossing inward, opposite to the outward normal, so FE(mid) = −F in

E . At late
times, once the scattering event is complete and all outgoing radiation has crossed
back out, the accumulated flux is the full difference FE(late) = Fout

E − F in
E = FE.

Combining these with the definition (7.29) gives

ZE = FE

F in
E

= −FE(late)
FE(mid) , (7.35)

a measurement requiring only the two values of a single accumulated flux, with no
need to isolate the incoming and outgoing packets in the field data directly.

The amplitude scan. The effective amplitude of the wavepacket grows as it gets
closer to the Q-ball such that its amplitude when it is about to hit the Q-ball is
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given by
δimpact = δ × r0

RQ

, (7.36)

where RQ is the Q-ball radius. We therefore report the validity range in terms of
the ratio of the wavepacket amplitude upon collision to the Q-ball profile itself,

δr ≡ δ × r0

RQ × ϕQ(0) . (7.37)

Repeating the flux measurement over a scan of δ (equivalently δr) at fixed λ, ω, and
comparing the lattice-extracted ZE of (7.35) against the linear prediction of (7.31)
at the same λ, ω, gives Figure 7.6.
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Figure 7.6: Energy amplification factor ZE from the non-linear lattice evolution, (7.35),
against the linear prediction (7.31), as a function of the rescaled amplitude δr of (7.37).
Agreement holds for δr ≲ 10−2.

The two agree closely for δr ≲ 10−2, and diverge above it, marking the ampli-
tude range over which the linear theory of this chapter can be trusted; the residual
discrepancies below this scale are dominated by finite wave-packet width close to
threshold (where one of k± is small and a correspondingly broader packet is needed
to resolve it), the numerical precision of the background profile itself, which other-
wise radiates a small amount of spurious charge and energy that contaminates the
measurement, and ordinary discretization error.

Physical implications. The bound on the relative impact amplitude δr ≲ 10−2

is only useful once translated into a statement about an actual radiation bath rather
than a single wave packet. For a localized packet, the amplitude is not affected by
the geometric focusing that a converging spherical shell undergoes, so the condition
on the relative amplitude is simply δ/ϕQ(0) rather than the focused amplitude used
for the shell; the packet’s coherence volume is correspondingly σ3. Imposing that
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the packet carries unit charge gives

Q = 1 ∼ E × δ2σ3 , (7.38)

so that the bound reads

δ

ϕQ(0) ∼ E−1/2σ−3/2

ϕQ(0) ≲ 10−2 . (7.39)

The coherence length σ here is a single-particle quantity, the size of one incident
quantum’s own wave packet, not a collective plasma scale such as the mean free
path or inter-particle spacing; for a thermal particle in the nonrelativistic regime it
is set by the spread in thermal momentum, σ ∼ (mT )−1/2, with energy dominated
by the rest mass, E ∼ m, since E =

√
p2 +m2 ≈ m for p ∼

√
mT ≪ m. Together

with E ∼ m ∼ f ∼ ϕQ(0), this gives

T ≲ 10−8/3 m ∼ 2 × 10−3 m. (7.40)

Above this temperature, the wave packets available in the thermal bath are too
short-lived for the linear description to apply at all.

7.6 Perturbations of the FLS soliton

We now extend the formalism of Sections 7.1–7.2 to the two-field FLS soliton of
Section 6.3. The construction is identical in spirit to the Q-ball perturbation with the
novelty of a third channel and an indirect mixing of +,− modes. The third channel
sets its own threshold, so that the mode classification of Section 7.1.2 acquires
additional windows, and the S-matrix of Section 7.2 grows from 2 × 2 to 3 × 3 (in
the window where all channels are open).

7.6.1 Linearized equations and mode classification

We follow the same procedure we have carried out for the Q-ball; we perturb the
FLS background

ϕ(x, t) = ϕQ(r) e−iωt + δϕ(x, t), (7.41)
σ(x, t) = σQ(r) + δσ(x, t), (7.42)
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and by this we linearize the field equations of the FLS theory Eq. (6.24),

□ δϕ+ Uϕ(r) δϕ+M(r) e−iωt δσ = 0, (7.43)
□ δσ + Uσ(r) δσ +M(r) (e+iωtδϕ+ e−iωtδϕ∗) = 0 , (7.44)

∂2V

∂ϕ∗∂ϕ

⃓⃓⃓⃓
⃓
(ϕ,σ)Q

≡ Uϕ(r) ,
∂2V

∂σ∂σ

⃓⃓⃓⃓
⃓
(ϕ,σ)Q

≡ Uσ(r) , ∂2V

∂ϕ∗∂σ

⃓⃓⃓⃓
⃓
(ϕ,σ)Q

≡ M(r) e−iωt.

(7.45)
The mixing of the modes of the FLS soliton needs to go through σ modes.
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Figure 7.7: The potentials Uϕ(r) (top left), M(r) (top right), Uσ(r) (bottom) of the
linearized system (7.43), (7.44), associated with the three FLS backgrounds of Figure 6.7
(κ = 2.0; ω = 0.58, 0.70, 0.76). All of them approach their free-theory values (1, 0, κ2 = 4)
outside the soliton core.

Following the same reasoning as for the Q-ball, we choose to decompose the per-
turbations through a dichromatic ansatz for the charged field and a monochromatic
ansatz for the neutral field,

δϕ(x, t) =
∑︂
λ

aλ φ+,λ(x) e−iE+t + a∗
λ φ

∗
−,λ(x) e+iE−t , E± ≡ λ± ω , (7.46)

δσ(x, t) =
∑︂
λ

aλ χ0,λ(x) e−iE0 t + a∗
λ χ

∗
0,λ(x) e+iE0 t , E0 ≡ λ . (7.47)
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Consequently, we can define the three-channel Schrödinger-like system

−∇2Ψ(x) + U(r) Ψ(x) = E2Ψ(x), (7.48)

Ψ(x) =

⎛⎜⎜⎜⎝
φ+

φ−

χ0

⎞⎟⎟⎟⎠ , U(r) =

⎛⎜⎜⎜⎝
Uϕ(r) 0 M(r)

0 Uϕ(r) M(r)
M(r) M(r) Uσ(r)

⎞⎟⎟⎟⎠ , E2 =

⎛⎜⎜⎜⎝
E2

+ 0 0
0 E2

− 0
0 0 E2

0

⎞⎟⎟⎟⎠ .
(7.49)

Similar to the two-channel system of the perturbations of the Q-ball, this three-
channel system of the FLS perturbations allows for a conserved current,

J ≡
∑︂
s=±,0

Js, ∇ · J = 0, (7.50)

J± = 1
2i(φ

∗
±∇φ± − φ± ∇φ∗

±), J0 = 1
2i(χ

∗
0∇χ0 − χ0 ∇χ∗

0) . (7.51)

Far outside the FLS soliton, Figure 7.7, Uϕ → m2
ϕ = m2, Uσ → m2

σ = κ2m2,M →
0, so the channels decouple from each other. Comparing the spectrum parameter λ
to the three thresholds of the system: m − ω,m + ω, κm, identifies whether some
of the channels becomes bound. This introduces much more variation than it was
for the Q-ball. We conveniently choose to have κ = 2 where the neutral scalar is
twice as massive as the charged scalar, and thus the threshold of the neutral scalar is
always higher than any of the charged scalars. Restricting to λ > 0 for definiteness,
the windows are:

• 0 < λ < m−ω: all three channels are bound. Zero and non-zero bound modes
live within this window (the direct generalization of the Q-ball bound-mode
window).

• m− ω < λ < m+ ω: only the + mode is a free mode in this window.

• m+ ω < λ < κm: both charged modes, ±, are free in this window, while the
neutral mode is bound.

• λ > κm: all three modes are free.

The numerical results below are restricted to the two- and three-channel scattering
windows, in direct analogy with restricting the Q-ball analysis to λ > m+ ω.

116



7.6.2 Reflection and conversion probabilities

We shall consider the s-wave content of (7.48),

−ψ′′ − 2
r
ψ + U(r)ψ = E2 ψ , (7.52)

repeating all steps for solving this system. However, unlike the Q-ball perturbations
where an incoming + mode was physically related to an incoming − mode once we
carry out λ ↔ −λ, in the FLS perturbations, we need to consider an incoming +
mode and an incoming 0 mode separately.

First, we solve the three-channel system for an incoming + mode: Ain
+ = 1,

Ain
− = Ain

0 = 0, scanned over both signs of λ (with the negative branch related
to an incoming − mode exactly as for the Q-ball). Figure 7.8 shows the outgoing
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Figure 7.8: Reflection and conversion probabilities |Ss+|2 = |Aout
s |2 for the FLS soliton,

κ = 2.0, for an incoming + mode. The cusp marks the opening of the χ0 channel at |λ| =
κm, separating the two-channel and three-channel scattering windows of Section 7.6.1.

amplitudes squared for the three channels for each λ. The reflection probability
|S++|2 = |Aout

+ |2 dominates over conversion probabilities (as it was for the Q-ball
perturbations). The conversion to − modes is symmetric across λ ↔ −λ due to
the indirect coupling between + and − modes. At |λ| = κm the neutral mode can
become a free propagating mode, so we get a cusp behavior of the probabilities.2

Below the threshold, we see parity across λ ↔ −λ in the behavior of both |S++|2 =
|Aout

+ |2 and |S−+|2 = |Aout
− |2 which is expected from two-channel systems.

2This is a clear signature of the threshold; even though it was not shown in the Q-ball, the
half-scattering window had a cusp where the reflection probability becomes exactly 1. This is
Wigner’s threshold law [170].
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Next, we consider an incoming 0 mode, Ain
0 = 1, Ain

+ = Ain
− = 0, for which both

signs of λ are independently informative. Figure 7.9 shows the reflection probability
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Figure 7.9: Reflection and conversion probabilities |Ss0|2 = |Aout
s |2 for the FLS soliton,

κ = 2.0 for an incoming neutral 0 mode.

dominate the process once again. The conversion probabilities to ± modes switch
identity when we have λ ↔ −λ, a result that stems from φ+ ↔ φ−,

|S+0(λ)|2 = |S−0(−λ)|2 . (7.53)

Furthermore, we find that the conversion probability of a 0 mode to a + mode is
exactly the same as the conversion probability of a + mode to a 0 mode due to the
reciprocity of the system,

|S+0(λ)|2 = |S0+(λ)|2 . (7.54)

7.6.3 Charge and energy transfer

The conversion probabilities that we see in the perturbation system of the FLS
soliton lead to charge and energy transfer in direct analogy to the analysis performed
for the Q-ball. When the incident quantum is a charged particle, we can derive the
amplification of charge and energy from Eqs. (7.27) and (7.28),

ZQ = −2|Aout
− |2 − |Aout

0 |2, ZE = − 2ω
E+

|Aout
− |2 − ω

E+
|Aout

0 |2 . (7.55)

This also follows directly from the kinematic understanding of the process,

(Q) +ϕ → (Q) +ϕ, (Q) +ϕ → (Q+ 2) + ϕ̄, (Q) +ϕ → (Q+ 1) +σ . (7.56)
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The transfer of charge and energy is related to the conversion probabilities; the
incoming flux loses ω (the chemical potential) of energy for each one unit of charge
it loses to the soliton, and we divide by the energy of the incoming flux to calculate
the amplification.

The same argument holds when the incident is antiparticle, just instead of de-
positing energy and charge into the soliton, the flux extracts out of it

(Q) + ϕ̄ → (Q− 2) + ϕ, (Q) + ϕ̄ → (Q− 1) + σ . (7.57)

When the incident is the neutral σ particle, we can define the transfer of energy as
usual by dividing the outgoing energy flux by the incoming energy flux,

ZE = ω

E0
|Aout

+ |2 − ω

E0
|Aout

− |2 , (7.58)

in association with the conversion processes,

(Q) + σ → (Q− 1) + ϕ, (Q) + σ → (Q+ 1) + ϕ̄ . (7.59)

However, it is not possible to define the charge transfer via dividing by the incoming
charge flux. Therefore, we use kinematics to calculate the charge transfer,

ZQ = |Aout
+ |2 − |Aout

− |2 . (7.60)

7.7 Summary

This chapter asked what happens when radiation scatters off a Q-ball, and answered
it by building an exact scattering theory around one structural fact: because the
background rotates, a perturbation does not stay at a single frequency but splits
into two channels locked together by E+ − E− = 2ω (7.5). Section 7.1 derived
the resulting two-channel equations and classified their modes; Section 7.2 built the
associated S-matrix and proved its unitarity, reciprocity, and the exchange relation
S(−λ) = PS(λ)P (7.22) relating the two channels.

The central result followed in Section 7.4: unitarity alone fixes the charge and
energy amplification factors, ZQ = −2|Aout

− |2 and ZE = −(2ω/E+)|Aout
− |2 (7.31),

and these agree exactly with what the Q-ball’s thermodynamics predicts through
its chemical potential ω = dE/dQ. Scattering microphysics and soliton thermody-
namics turn out to be the same statement seen twice, which is the fulfillment of the
objective set out in Section 5.3.
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Section 7.5 confirmed this linear picture against full non-linear lattice evolution,
finding agreement for δr ≲ 10−2 and translating this into a bath temperature bound
T ≲ 10−3m below which the scattering of particles off theQ-ball is described linearly.
Section 7.6 then showed the formalism extends directly to the two-field FLS soliton:
a third, neutral channel opens at κm, enabling the new process (Q)+ϕ → (Q+1)+σ,
with the same unitarity and reciprocity structure carrying over unchanged.
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Chapter 8

Conclusions

8.1 Summary of results

This part of the thesis studied how Q-balls and Friedberg-Lee-Sirlin solitons ex-
change charge and energy with scattered radiation, and asked over what range of
amplitudes a linear description of that exchange can be trusted. Chapter 6 built the
stationary backgrounds needed for this analysis: the one-field Q-ball, obtained by
the shooting method, and the two-field FLS soliton, obtained by multiple shooting,
along with the thermodynamic identity dE/dQ = ω and the stability windows that
determine which backgrounds are physically sensible.

Chapter 7 developed the scattering theory itself. Because the Q-ball background
rotates, a perturbation splits into two coupled channels linked by the closure relation
E+ − E− = 2ω. We built the S-matrix for this two-channel system, proved its
unitarity and reciprocity, and derived the charge and energy amplification factors
ZQ and ZE from unitarity alone. These factors agree exactly with the prediction
obtained from the background’s own thermodynamics through ω = dE/dQ, so
the scattering result and the equilibrium description of the Q-ball turn out to be
the same statement. We then tested the linear theory against a non-linear lattice
evolution of the full field equation, at (ω, λ) = (0.70, 2.0) scanned over incident
amplitude, and found agreement up to δr ≲ 10−2. Translating this bound to a
thermal bath gives the temperature range over which the linear treatment of Q-ball
scattering applies.

Finally, we extended the formalism to the FLS soliton. The two-field structure
introduces a third, neutral channel with its threshold at κm, and charge-changing
scattering proceeds only indirectly through this channel. We built the resulting
three-channel S-matrix and computed its reflection and conversion probabilities for
both a charged and a neutral incident mode.
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8.2 Limitations

No lattice check was performed for the FLS soliton. Whether the same threshold
δr ≲ 10−2 holds there, or is shifted by the extra neutral channel, is not known.

The partial-wave extension in Appendix B was carried out for the Q-ball only;
the same steps apply to the FLS soliton but were not repeated here. More broadly,
the treatment throughout this part is classical: the incident radiation is treated as a
wave rather than a quantum state, and spontaneous emission, which has no classical
counterpart, is not included in any of the results above.
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Appendix A

The Shooting and Multiple
Shooting Methods

In Section 6.2.1 we presented the numerical solution of the one-field Q-ball profile
equation (6.11) obtained by the ordinary shooting method. In Section 6.3.2 it was
noted that the same strategy is numerically unreliable for the two-field FLS soliton,
and the presented numerical solution was obtained by the multiple shooting method,
which will be demonstrated in this appendix. We work through both methods here:
Section A.1 makes the Q-ball shooting procedure explicit and illustrates the over-
shoot/undershoot behavior that drives the bisection method of refining the initial
condition; Section A.2 then builds the multiple shooting solver for the FLS soliton,
including the sensitivity matrix that measures the solution dependence on the initial
conditions and the Newton solver system for refining the solution.

A.1 Single shooting: the one-field Q-ball

The second-order profile equation (6.11) can be written as a first-order system

ϕ′
Q ≡ πQ , π′

Q = −2
r
πQ − ω2ϕQ + 1

2
∂V

∂ϕQ
. (A.1)

The regularity at the origin leads to the initial condition πQ(0) = 0, while the other
initial condition remains an indeterminate parameter, ϕQ(0) ≡ ϕ0. The mechanical
analogy of Section 6.1 already tells us where to look for it: ϕ0 must lie in the range
where the Newtonian potential VN(ϕ0;ω) of Eq. (6.13) is positive, bounded in the
interval from the onset of VN(ϕmin) ≥ 0 to the local maximum V ′

N(ϕmax) = 0; both
bounds are quadratic in ϕ2

0 for the sextic potential (6.22) and are solved for in closed
form to bracket the bisection search.
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For a trial ϕ0 inside this bracket, integrating (A.1) outward produces one of three
behaviors, exactly as anticipated in Section 6.2.1:

• ϕ0 too large: the fictitious body carries more mechanical energy than the
friction can dissipate before reaching the intended boundary condition ϕQ = 0,
so it overshoots and runs off to negative values.

• ϕ0 too small: the body loses its energy too early, turns around before reaching
ϕQ = 0 (πQ changes sign from negative back to positive), and diverges toward
ϕQ > 0 on the way back out.

• ϕ0 tuned exactly: the body approaches ϕQ = 0 asymptotically as r → ∞,
giving the genuine soliton profile.

Bisecting on this overshoot/undershoot classification converges geometrically to the
correct initial condition ϕ0. Figure A.1 shows this directly for the Q-ball with the
frequency ω = 0.7, ϵ = 0.4 of Figure 6.4: the converged profile sits between two
trial profiles differing from it by less than one percent in ϕ0, one already visibly
overshooting past zero, the other visibly turning back upward.

0 4 8 12 16 20
mr

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

φ
Q
(r

)/
f

0.0 0.5 1.0

1.05

1.08

Figure A.1: Illustration of the shooting method for the Q-ball of frequency ω = 0.7,
ϵ = 0.4. The converged profile (solid) is bracketed by an overshooting trial with ϕQ(0)
increased by 0.8% (dashed orange, crosses ϕQ = 0 and continues to oscillate around a
different, unphysical extremum) and an undershooting trial with ϕQ(0) decreased by 0.8%
(dashed green, turns around before reaching zero and likewise fails to settle). The inset
zooms in on the three trial values of ϕQ(0) themselves, indistinguishable at the scale of
the main plot.

126



A.2 Multiple shooting: the FLS soliton

The FLS soliton requires two indeterminate initial values, ϕQ(0) and σQ(0), but
there is no analogue of the one-dimensional Newtonian-potential bracket to localize
them: the search is genuinely two-dimensional. What is worse is that the sensitivity
of the endpoint behavior to the initial data grows with the length of the interval
integrated, so a single shot across the full domain amplifies any error in the trial
(ϕQ(0), σQ(0)) so severely that a Newton search on the full interval fails to converge
except from initial guesses too accurate to be available in practice. Multiple shooting
sidesteps this by never integrating across the full domain in one piece: the interval
is cut into N short segments, each mild enough that its own sensitivity to its own
starting point stays under control, and the pieces are then stitched together by a
Newton iteration acting on all of them simultaneously.

A.2.1 Discretization and the augmented state

The second-order FLS profile equation system (6.27) is cast as a first-order system
in y ≡ (ϕQ, σQ, πϕ, πσ), with πϕ ≡ ϕ′

Q, πσ ≡ σ′
Q,

y′ = F(r,y) , F(r,y) =

⎛⎜⎜⎜⎜⎜⎜⎝
πϕ

πσ

−2
r
πϕ + F1(ϕQ, σQ)

−2
r
πσ + F2(ϕQ, σQ)

⎞⎟⎟⎟⎟⎟⎟⎠ , (A.2)

where F1 ≡ −1
2∂VN/∂ϕQ = (σ2

Q−ω2)ϕQ and F2 ≡ −∂VN/∂σQ = 2σQ
[︂
ϕ2
Q+ 1

4κ
2(σ2

Q−
1)
]︂

follow directly from the FLS potential of Eq. (6.24) (in units mϕ = f = 1, so
h = κ).

Choose radial nodes 0 = r0 < r1 < r2 < · · · < rN = R, and let y
(i)
0 denote the

initial conditions for the ith node. These conditions, collected into a single vector
Y = (y(0)

0 ,y
(1)
0 , . . . ,y

(N−1)
0 ) ∈ R4N , are the unknowns of the problem; the solution at

the final node rN = R is obtained from integrating the last segment, and is required
to satisfy the boundary conditions. On each segment [ri, ri+1], propagating y

(i)
0

forward under (A.2) defines a flow map y
(i)
0 ↦→ y(i)(ri+1; y

(i)
0 ), and multiple shooting

demands that consecutive segments satisfy the matching conditions,

y(i)(ri+1; y
(i)
0 ) = y

(i+1)
0 , i = 0, . . . , N − 2 . (A.3)

In addition, the system has boundary conditions at the two ends of the full domain:

127



the regularity conditions at the origin,

πϕ(r0) = πσ(r0) = 0, (two conditions on y
(0)
0 alone), (A.4)

and the vacuum conditions at infinity,

ϕQ(R) = 0, σQ(R) = 1, (two conditions on y(N−1)(rN ; y
(N−1)
0 ) . (A.5)

Eq. (A.3) supplies 4(N−1) conditions, and the two boundary conditions (A.4), (A.5)
supply another four, so we have exactlyas many equations as the 4N unknowns in
Y ; the multiple shooting requires solving this Newton system.

The sensitivity matrix. The Jacobian of the equation system (A.3)–(A.5) with
respect to Y can be written in the sparse matrix format,

J =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

02 12

−S0(r1) 14

−S1(r2) 14
. . . . . .

−SN−2(rN−1) 14

−SN−1(rN)|row=1, 2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (A.6)

where Si(r) is the sensitivity matrix of the solution y(i)(r; y
(i)
0 ) on y

(i)
0 . It satisfies

the variational equation obtained from taking the derivative of (A.2) on the ith

segment with respect to y
(i)
0 ,

S ′
i = ∂F

∂y
(i)
0

· Si, Si(ri) = 14,
∂F
∂y

(i)
0

=

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 1 0
0 0 0 1

∂ϕF
(0)
1 ∂σF

(0)
1 −2/r 0

∂ϕF
(0)
2 ∂σF

(0)
2 0 −2/r

⎞⎟⎟⎟⎟⎟⎟⎠ .
(A.7)

The first and last two rows of the Jacobian (A.6) follow from (A.4), (A.5), and are so
arranged to make apparent the sparseness of the matrix. The variational equation
can be integrated together with the profile equation in terms of an augmented state
to accelerate the method.
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A.2.2 The Newton system and its block structure

The equation system is solved by enforcing the 4N matching and boundary condition
mismatch, collected into a single vector R(Y), to be zero. Thus, the mismatch
residual vector needs to be driven to zero,

R(Y) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

π
(0)
ϕ

π(0)
σ

y
(1)
0 − y(0)(r1; y

(0)
0 )

y
(2)
0 − y(1)(r2; y

(1)
0 )

...
y

(N−1)
0 − y(0)(rN−1; y

(N−2)
0 )

0 − ϕ
(N−1)
Q (rN ; y

(N−1)
0 )

1 − σ
(N−1)
Q (rN ; y

(N−1)
0 )

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

→ 0 , (A.8)

by evaluating its value after using a choice of unknowns Y , and then updating their
value Y → Y + α δY with J δY = −R where J ≡ ∂R/∂Y , repeated until ∥R∥ falls
below a chosen tolerance; the damping factor α < 1 keeps a single Newton step from
overcorrecting on early iterations, where the trial profile can still be far from the
true one.

A.2.3 Convergence of the Newton iteration

It is worth seeing directly what the matching conditions (A.3) are doing during the
iteration, rather than only trusting the residual norm to fall. Figure A.2 shows
the piecewise trajectory obtained from one Newton step past the initial guess of
Section A.2, for the ω = 0.7, κ = 2.0 background with N = 40 segments: every one
of the 39 interior nodes is still visibly a separate, independently-integrated segment,
stitched into a ragged sawtooth rather than a smooth curve, with residual ∥R∥ ≈
8.1. Four damped Newton steps later, Figure A.3 shows the same construction at
∥R∥ ≈ 3.6: the ϕQ segments already agree with one another closely enough to look
like a single smooth curve at this resolution, while σQ, which is still relaxing into
its own matching condition more slowly, retains a visible residual sawtooth. This
asymmetry is not a numerical accident: σQ is the slower of the two fields to settle
because the outer boundary condition constrains it only weakly relative to ϕQ near
the core, so its segments carry more of the mismatch for longer into the iteration.
By the time ∥R∥ has fallen below the tolerance used throughout this thesis, both
fields are smooth to the eye, exactly as in Figure 6.7.
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Figure A.2: The multiple-shooting trajectory after one Newton step, ω = 0.7, κ = 2.0,
N = 40, ∥R∥ ≈ 8.1. Every node still marks a visible discontinuity between adjacent
segments.
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Figure A.3: The same construction after five Newton steps (the damping factor was kept
small intentionally to generate this plot), ∥R∥ ≈ 3.6. The ϕQ segments have approximately
converged to a smooth profile; σQ still shows a residual sawtooth, reflecting its slower
relaxation into the matching and boundary conditions.
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Appendix B

Partial-wave scattering off the
Q-ball

Chapter 7 restricted the two-channel scattering problem to the s-wave ℓ = 0, since
it shows what we need to know about the reflection and conversion probabilities
|Sss′(λ)|2 to understand the charge- and energy-exchange mechanism in the super-
radiance. The incident particles on a Q-ball in realistic processes are not s-waves
but rather plane waves, so we need to pick up the higher partial waves ℓ > 0 that
we omitted.

This appendix supplies that step. Section B.1 extends the construction of Sec-
tion 7.2 to general ℓ; the extension is immediate, since every argument there was
already stated for the radial system (7.12) rather than its ℓ = 0 reduction. Sec-
tion B.2 then relates the resulting Sℓ(λ) to the cross section a physical incident
beam would see, and Section B.3 presents the resulting cross sections numerically.

B.1 The partial-wave S-matrix

Because the background potentials U(r) and M(r) depend on the radial coordinate
alone, the matrix U(r) of Eq. (7.6) commutes with orbital angular momentum, and
the general perturbation decomposes as Ψ(x) = ∑︁

ℓ,m ψℓ(r)Yℓm(x̂), with each (ℓ,m)
sector obeying the radial system already written down in Eq. (7.12),

−ψ′′
ℓ − 2

r
ψ′
ℓ + ℓ(ℓ+ 1)

r2 ψℓ + U(r)ψℓ = E2 ψℓ , ψℓ =
⎛⎝φ+,ℓ

φ−,ℓ

⎞⎠ . (B.1)

Since U(r) and E2 carry no dependence on the azimuthal number m, neither does
ψℓ or the scattering matrix built from it; m only re-enters when a specific physical
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beam is projected onto the partial-wave basis, in Section B.2. Chapter 7 used the
ℓ = 0 case of this same equation,

−ψ′′
0 − 2

r
ψ′

0 + U(r)ψ0 = E2 ψ0 , (B.2)

recovered from (B.1) by dropping the centrifugal term.

Regularity. Near r = 0 the centrifugal term dominates the two finite pieces
U(r)ψℓ and E2ψℓ, so the indicial equation for each component of ψℓ is the free one,
with roots rℓ and r−ℓ−1. The regular solution therefore has the boundary behavior

φs,ℓ(r) r→0−−→ cs r
ℓ , s = ± , (B.3)

independently for each channel s at leading order: the off-diagonal coupling M(r)
only sources a subleading correction at this order, since it multiplies a quantity that
is itself already O(rℓ). As in the ℓ = 0 case, this leaves a two-dimensional space
of regular solutions, spanned for instance by the two choices (c+, c−) = (1, 0) and
(0, 1).

The S-matrix at fixed ℓ. In the scattering window |λ| > m + ω, both channels
admit the same flux-normalized asymptotic form as Eq. (7.14), now labelled by ℓ,

φ±,ℓ(r) r→∞−−−→ 1√
4πk± r

(︃
Ain

±,ℓ e
−ik±r + Aout

±,ℓ e
+ik±r

)︃
, (B.4)

and the construction of Section 7.2.2 carries over verbatim: two regular solutions of
(B.1), matched onto (B.4), define Ain

ℓ , A
out
ℓ and hence

Sℓ(λ) ≡ Aout
ℓ (λ)

[︂
Ain
ℓ (λ)

]︂−1
. (B.5)

Unitarity and reciprocity follow exactly as in Sections 7.2.3–7.2.4, since neither the
flux argument behind (7.20) nor the Wronskian argument behind (7.21) used the
centrifugal term at any step; it appears identically in both channels and drops out
of J and W by the same cancellation as before:

S†
ℓ (λ)Sℓ(λ) = 1 , Sℓ(λ)T = Sℓ(λ) , Sℓ(−λ) = P Sℓ(λ)P , (B.6)

with P the same channel-exchange matrix as in Eq. (7.22). Equation (B.5) is solved
numerically for each ℓ exactly as S(λ) was solved at ℓ = 0; a representative ℓ-
dependence of Sℓ is discussed in Section B.3.
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B.2 From Sℓ to a cross section

The quantity a thermal or astrophysical incident flux couples to is not Sℓ at fixed
angular momentum but the total cross section for a directed beam. We derive it
here for an incident + (particle) beam; the incident − (antiparticle) beam follows by
the same steps with + ↔ − exchanged, and independently by the exchange relation
of Eq. (B.6).

Setup. Take the incident beam along ẑ with unit coefficient, eik+z, and allow both
an elastically reflected and a converted outgoing spherical wave,

Φ+(r, θ) = eik+z + f++(θ) e
ik+r

r
, Φ−(r, θ) = f−+(θ) e

ik−r

r
, (B.7)

with no incoming piece in the − channel, since the beam contains no antiparticles.
Expanding the plane wave and each scattering amplitude in Legendre polynomials,

eik+z =
∞∑︂
ℓ=0

(2ℓ+1) iℓ jℓ(k+r)Pℓ(cos θ) , fs+(θ) =
∞∑︂
ℓ=0

(2ℓ+1) fs+,ℓ Pℓ(cos θ) , (B.8)

and using Pℓ(cos θ) =
√︂

4π/(2ℓ+ 1)Yℓ0(θ) (the beam is azimuthally symmetric, so
only m = 0 appears), Eq. (B.7) is exactly the m = 0 partial-wave decomposition
Φs = ∑︁

ℓ φs,ℓ(r)Yℓ0(θ) used in Section B.1, with

φ+,ℓ(r) =
√︂

4π(2ℓ+ 1)
[︄
iℓjℓ(k+r) + f++,ℓ

eik+r

r

]︄
, φ−,ℓ(r) =

√︂
4π(2ℓ+ 1) f−+,ℓ

eik−r

r
.

(B.9)

Matching to Sℓ. Using the large-argument form jℓ(x) ∼ (2ix)−1
[︂
(−i)ℓeix−iℓe−ix

]︂
in (B.9) and comparing to the definition (B.4) of Ain,out

±,ℓ fixes both amplitudes for
the + channel,

Ain
+,ℓ

4π =
√︂
k+(2ℓ+ 1) (−1)ℓ+1

2ik+
,

Aout
+,ℓ

4π =
√︂
k+(2ℓ+ 1)

[︄
1

2ik+
+ f++,ℓ

]︄
, (B.10)

while the − channel, having no incoming piece by construction, gives Ain
−,ℓ = 0 and

Aout
−,ℓ/4π =

√︂
k−(2ℓ+ 1) f−+,ℓ. Forming the two ratios Ss+,ℓ = Aout

s,ℓ /A
in
+,ℓ, and solving

for the scattering amplitudes gives

f++,ℓ = i

2k+

[︃
1 + (−1)ℓS++,ℓ(λ)

]︃
, f−+,ℓ = (−1)ℓ+1

2i
√
k+k−

S−+,ℓ(λ) .

(B.11)
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The factor (−1)ℓ is not an extra convention layered on top of Sℓ; it is the direct
consequence of matching the flux-normalized Sℓ, which for a genuinely free channel
tends to Sℓ → (−1)ℓ+1 rather than 1, to the plane-wave phase convention of (B.8).
Correspondingly, for a free (unscattered) channel f++,ℓ → 0 exactly, as it must.

Total cross sections. A reaction i → f with a unit-amplitude incident beam in
channel i has differential cross section dσi→f/dΩ = (kf/ki) |ffi(θ)|2, the kf/ki weight
converting the outgoing spherical-wave flux into a rate per unit incident flux. Using∫︁

dΩPℓPℓ′ = 4π
2ℓ+1δℓℓ′ to integrate (B.8) over solid angle and inserting (B.11), the

sums over ℓ close into

σ++(E) = π

E2 −m2

∞∑︂
ℓ=0

(2ℓ+ 1)
⃓⃓⃓⃓
1 + (−1)ℓS++,ℓ(λ)

⃓⃓⃓⃓2
, (B.12)

σ−+(E) = π

E2 −m2

∞∑︂
ℓ=0

(2ℓ+ 1)
⃓⃓⃓
S−+,ℓ(λ)

⃓⃓⃓2
, (B.13)

where E = E+ = λ + ω is the physical energy of the incident particle, so that
λ = E−ω labels the Sℓ entering both sums, and E2 −m2 = k2

+. The corresponding
formulas for an incident − (antiparticle) beam of physical energy E = E− = λ −
ω follow by relabelling + ↔ − throughout the derivation above, equivalently by
evaluating the same Sℓ(λ) at λ = E + ω and reading off its second column, exactly
as the reflection probability of an incoming − mode was read off the same S(λ) used
for the incoming + mode in Section 7.3:

σ−−(E) = π

E2 −m2

∑︂
ℓ

(2ℓ+ 1)
⃓⃓⃓
1 + (−1)ℓS−−,ℓ(λ)

⃓⃓⃓2
, (B.14)

σ+−(E) = π

E2 −m2

∑︂
ℓ

(2ℓ+ 1)
⃓⃓⃓
S+−,ℓ(λ)

⃓⃓⃓2
. (B.15)

Because Sℓ is symmetric, S−+,ℓ = S+−,ℓ, and comparing (B.13) and (B.15) at the
same λ, i.e. at E+ = λ + ω for the first and E− = λ − ω for the second, gives a
cross-section reciprocity relation with no further input,

σ+−(E−) = E2
+ −m2

E2
− −m2 σ−+(E+) , E± = λ± ω . (B.16)

No such relation constrains σ++ and σ−− individually, since both carry the forward-
scattering interference term 1 + (−1)ℓS±±,ℓ, sensitive to the phase of S±±,ℓ and not
merely its modulus.
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B.3 Numerical results

Equations (B.12)–(B.15) are evaluated by solving (B.5) at each ℓ up to a trunca-
tion ℓmax, chosen adaptively from the impact-parameter estimate ℓmax ∼ RQ k +
(padding), with RQ the charge radius of the Q-ball of Section 6.1 and k the rele-
vant asymptotic momentum; each partial-wave contribution to (B.12)–(B.15) falls
off once ℓ exceeds this scale, since a mode of angular momentum ℓ classically misses
the soliton core once its impact parameter ℓ/k exceeds RQ.

Figure B.1 shows the cumulative sum ∑︁ℓ
ℓ′=0(2ℓ′ +1)| · · · |2 ×π/(E2 −m2) against

the partial-wave ℓ, for an incoming + mode on the ω = 0.7 background at λ = 2, 4,
confirming clean saturation for both the elastic channel σ(ϕ → ϕ) and the charge-
converting channel σ(ϕ → ϕ̄), well before the adaptively chosen ℓmax is reached.
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Figure B.1: Cumulative partial-wave sum for the total cross section, incoming + mode,
ω = 0.7 background, at λ = 2 and λ = 4. Both the elastic channel σ(ϕ → ϕ) and the
charge-converting channel σ(ϕ → ϕ̄) saturate well within the plotted range of ℓ.

These results are restricted, as throughout this thesis, to a non-spinning back-
ground: because U(r) in Eq. (B.1) depends on r alone, Sℓ carries no m-dependence,
and different values of ℓ do not mix. Both properties fail once the background it-
self carries angular momentum, since a rotating condensate is no longer spherically
symmetric and couples partial waves of adjacent ℓ to one another; the resulting per-
turbation theory for spinning Q-balls has been worked out in Ref. [171], to which
we refer for that extension.
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