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A note on the homogenization of incommensurate thin films

Irene Anello, Andrea Braides and Fabrizio Caragiulo
SISSA, via Bonomea 265, Trieste, Italy

Abstract

Dimension-reduction homogenization results for thin films have been obtained under hy-
potheses of periodicity or almost-periodicity of the energies in the directions of the mid-plane
of the film. In this note we consider thin films, obtained as sections of a periodic medium
with a mid-plane that may be incommensurate; that is, not containing periods other than
0. A geometric almost-periodicity argument similar to the cut-and-project argument used for
quasicrystals allows to prove a general homogenization result.

1 Introduction

The energy of heterogeneous thin films of a hyperelastic material in R%*t! can be described by
integral functionals of the form
1

— fe(x, Vu)dz, 1.1
2e wX(—¢,e) ( ) ( )

where f. are hyperelastic energy densities satisfying suitable growth conditions, w C R? is the
middle section of the thin film, 2¢ is its thickness, and u : w x (—¢,&) — R™ is the displacement
(in the physical case, d = 2 and m = 3). We use dz to denote integration with respect to the
Lebesgue measure in R* both for k = d and k = d + 1, which one being clear from the context. In
the seminal paper by Le Dret and Raoult [9], in the case f. = f independent of ¢ and homogeneous
(i.e., z-independent), the behaviour of such energies as ¢ — 0 has been proven to be described by
a dimensionally reduced hyperelastic energy of the form

/ fEPR (Vo) dy, (1.2)

where now v : w — R™ has a domain identified as the mid-section of the film, and PR is a
quasiconvex function explicitly described from f. For general energies (1.1) a compactness theorem
[5] ensures that, up to subsequences, their behaviour can be described by a possibly heterogeneous
dimensionally reduced energy

/ foly, Vv) dy, (1.3)

with fo possibly depending on the subsequence. In the case of a periodic integrand we can suppose,
as this is the relevant case, that the oscillation be at the same scale of the thickness, so that we
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assume f.(z, A) = f(%, A) with f(-, A) periodic in the coordinate directions. In this case we have
homogenization [5]; that is, the limit fy is homogeneous and independent of the subsequence of e,
and described by a suitable asymptotic formula. In order to prove this result, a key argument is
the invariance property of the energies by translations of the form ee; for j € {1,...,d}, where
{e; : i € {1,...,d + 1}} is the canonical orthonormal basis of R4T! entailing the translation
invariance of fy. This argument is made possible by the assumption that the middle plane of the
thin film contains a d-dimensional lattice of periods for f: that is, it is ‘commensurate’ with Z4+1.

In this paper we consider the general case of a periodic energy density f, when the middle plane
of the thin film contains a n-dimensional lattice of periods for f with n < d. ‘Incommensurate’ thin
films are those with n = 0; that is, when the middle plane of the thin film does not contain any
period for f except 0.

In order to treat general, possibly incommensurate, thin films, we introduce some notation,
slightly different from the one used for commensurate thin films, due to the necessity to distinguish
between the periods of the energy density and the directions of the thin film. We choose to maintain
7M1 as set of periods, considering a Carathéodory function f : R x Mm™*(@+D) 5 [0, 400)
satisfying the standard p-growth conditions

al AP < f(z, A) < B(1+ A7) (1.4)

for all z € R™! and A € M™*9*! and some a,3 > 0, which is 1-periodic in all coordinate
directions; i.e., _ _

Fla+ e A) = f(w, A) (L5)
for all z € R4 all matrices A € M™*(4+1) and all vectors e; of the standard orthonormal basis
of R¥1, We use the notation M"** for the space of m x k matrices with real entries.

We fix a unit vector v and consider the hyperplane II = {z : (z,v) = 0}. The interesting case,
to keep in mind as the most relevant one, is when II is an irrational hyperplane in R4+!; that is,
such that

Nz = {0}. (1.6)

We fix @ a bounded subset of II, open in the relative topology, h > 0, and for each £ > 0 consider

the functional )
~ ~/T
1 = — —,Vu)d 1.7
=g [ (e (17)

with domain WP(w + (—he, he)v, R™), which ideally represents the elastic free energy of a thin
film of size 2he > 0 around w. The introduction of a constant A > 0 amounts to assuming that
thickness and periods are comparable, so that h represents their ratio, which we highlight for possible
future reference. We will prove that there exists a function fuom: M™*% — [0, +00) satisfying an
asymptotic formula, such that

F—g%fa(u) = /a From (Vu(y)) dy.

The T-limit is performed in a dimension-reduction fashion, using a convergence of u. € WP (& +
(—he, he)v,R™) to u € WHP(w,R™), where @ is identified with a subset of R? in order for the
integration to be well defined.

The result is obtained by first resorting to the theory of [5]. To that end we rewrite the
functionals in the form (1.1), with f.(z, A) = f(%, A), and f obtained from f by a linear change of



variables. Using the dimension-reduction convergence of functions as in [9], we can then apply the
compactness theorem in [5] to obtain a limit of the form (1.3). Since f may not be periodic in the
coordinate directions we cannot immediately conclude that homogenization takes place, since an
invariance-by-translation argument does not apply. However, we can use a sort of geometric almost
periodicity property: the set of periods for f which are close to II (closeness suitably quantified
by a small parameter) is projected to a uniformly dense set in II. We remark that the former set
corresponds also to the set of periods for f which are close to the hyperplane identified with R,
This argument reminds the cut-and-project arguments typical of quasicrystalline structures (see
[7, 2, 8, 10, 6, 3]). The existence of such geometric quasi-periods is not sufficient to prove the
necessary translation-invariance properties for fy and the homogenization asymptotic formula. To
that end it is necessary to construct test functions by using translation arguments, which are not
directly at hand since translation by a quasi-period may exit the thin film domain. The key technical
point of the paper is a novel lemma, which ensures that in the constructions of test functions it
is sufficient to modify functions defined in a smaller thin film, which is then mapped inside the
original thin film by any of the above-mentioned translations (scaled by ¢).

1.1 Statement of the results

We now formalize what we anticipated in the Introduction, rewriting the energies I~s in (1.7) in order
to apply the results in [5] with more ease. To that end, we make a change to coordinates more

suitable to the problem: we let ¢ be the linear isometry in R4*! sending e1, . . ., eq to an orthonormal
basis 71, ...,mq of Il and eqy; to v. Let w be the open set in R? such that ¢~1 (@) = w x {0}, so
that

¢~ (@ + (—he,he)v) = w x (—he, he) = Q. C R x R
After this change of variables, setting

1 x
I(u) = M/ﬂgf(g,Vu(x)) de, (1.8)
where u € WHP(Q2.,R™) and, denoted by R the constant matrix equal to V¢, having set
fla,A) = f(6(x), AR), (1.9)
we have _
I.(u) = I.(u), where u(@)=u(¢""(2)). (1.10)

Hence, the functionals I. and 175 are equivalent, up to a linear change of variables. In order to
simplify the statement of the convergence, as is customary we scale all functionals to a common
domain, obtaining

R =g [ (L (Vaulen)|20,u(en) ) dedy (1.11)
2h Juox(—np) " \€E €

for u € WhP(w x (—h,h),R™), so that F.(u) = I.(u), where u(z,y) = u(z,cy). Here, we have
rewritten, with a little abuse of notation, a variable in R%*! as a pair (z,y) with € RY, and
identified a matrix A € M™*4+! with a pair which we denote (A4’|¢), where A’ € M™*4 and ¢ € R™
is a (column) vector. The notation V,u denotes the gradient with respect to the coordinates of
z. We will keep the standard notation Vu when the gradient is performed with respect to all the
variables in the domain, be it in R% or R4+,



We will use the following notion of convergence.

Definition 1.1 (convergence to dimensionally reduced parameters). A sequence of functions u.
with u. € WHP(Q., R™) converges to u € WP (w, R™) if the corresponding functions %. defined by
U (z,y) = us(x,ey) converge to some U weakly in WP (w x (—h,h),R™) and u(z,y) = u(x).

We recall that I. are equicoercive with respect to this convergence, in the sense that if I (u.)
is equibounded and . are bounded in LP(2 x (—h,h),R™) then u. converge to some u, up to
subsequences [5].

Definition 1.2 (convergence to dimensionally reduced energies). We say that I. T-converges to Fy
with respect to the convergence of u. above if the corresponding F; I'-converge to the functional
Fy on functions independent of y, defined by Fy(u) = Fo(u) if u(x,y) = u(x), with respect to the
weak convergence in WP,

We can then state the homogenization result as follows.

Theorem 1.3 (homogenization theorem). Let v be a unit vector and Il = {x : (x,v) = 0} be a
hyperplane in R4, Let f: R4t x M™*(@+1) 5 R be a Carathéodory function satisfying the p-
growth conditions (1.4) for p > 1 and periodic in the coordinate direction as in (1.5). Let ¢ be
the linear isometry defined above and let f: R x M™*(d+1) 5 R be the Carathéodory integrand
defined by (1.9). Let h > 0, let w be an open and bounded subset of R? and let I. be defined by
(1.8), where Q. = w x (—he, he). Then I. T'-converges to Fyom with respect to the convergence in
Definition 1.1 as € — 0, where

Fhom(u) = / Jhom (Vu) dz (1.12)

for u € WHP(w,R™), and from: M™*¢ — R is a quasiconvex function satisfying a p-growth condi-
tions and the asymptotic homogenization formula

. 1. 1
o) = 10 75 8630 /510 (8 T dy} Y

where
Wr = {u e WH((0,7)" x (=h, ), R™): u=0 on 8((0,T)%) x (~h, ) }.

Remark 1.4 (homogenization on IT). By using (1.10) we can interpret the result as a homogeniza-
tion theorem directly on II, with the related homogenized energy

ﬁhom(u):[fhom(Vuﬁ_l)de(x),

where R is the matrix related to the restriction of the linear isometry to the subspace of R4t! pa-
rameterized as R?, and the Sobolev space W' (@, R™) (with underlying measure the d-dimensional
Hausdorff measure restricted to @) is suitably defined.

Remark 1.5 (connections with almost periodicity). The theorem above has been proved in [5] if
f is periodic in the first variable, which is the case if the lattice II N Z*! has dimension d (or,
equivalently, if it spans IT). In the case at hand we will use a sort of geometric quasi-periodicity.



Figure 1: An irrational Z2-periodic thin film in R? with an n-neighbourhood of its middle line.

Namely, we will use the fact that, for fixed n > 0 the set 7, of 7 € II such that dist(r, 7Y < nis
uniformly dense in IT; that is, there exists an inclusion length L, > 0 such that 7, + [0, L, ]! > II.
This is an immediate consequence of the periodicity of the function v (x) = dist(x, Z?*1) on RI+!
and the consequent quasi-periodicity of its restriction to II. This property in turn implies its
uniform almost periodicity (see [1] Definition 1.7), which exactly states that for all n > 0 there
exist a uniformly dense set of n-almost periods; i.e., T such that |[¢(x+7) —(x)| < n for all x € II.
In particular, taking = 0, we have that ¢ (7) < n, which proves the claim. Note that this property
is most relevant if II is irrational, and is trivial if II N Z?*! has dimension d + 1. In Fig. 1, in a
two-dimensional setting, we picture an element of 7, on II (black dot) and its closest element in Z?
(grey dot).

This quasi-periodicity argument also shows that if fis continuous in the first variable uniformly
with respect to the second one, then f is almost periodic in the z-directions uniformly with respect
to the second variable, and we can apply the results of [4] Chapter 24. This observation suggests
that we can then generalize Theorem 1.3 by supposing that for all > 0 there exists a uniformly
dense set 7, in II such that for all 7 € 7, there exists z; € R4T! such that |7 — 2| < 1 and

If(z + 2., A) — f(z,A)| < n(1+ |AJP) for all z € R¥! and A. This trivially holds if f is periodic
as above taking z, € Z4*.

The geometric quasi-periodicity property highlighted above must be complemented by a lemma,
which will be used to cope with the fact that periods may not belong to II, so that translation
arguments within the thin film cannot be directly applied.

Lemma 1.6. Let h > 0 and let g : [0,h] — [0,4+00) be an integrable function and define

h
C :=/ g(y) dy < +oo.
0

Then, for every § >mn > 0, the set

C
Ey = {ye [h=0,h] = (h+n—y)g(y) < log((s/n)} (1.14)

has positive measure.



Proof. Suppose, by contradiction, that for some ¢ there exists a 1 such that E), has null measure,
then
C

~ log (6/1)’

Thus the strict inequality would persist under integration, and

(h+n—v)g(y) for almost all y € [h — 6, h].

C 1
c > / g(y)dy > ——— / ——dy
(h—5,h] @) log (6/1) Jih—sn B +n—y
C log (6/n+1)
= ———(log(6+n) —log(n) =C————=>C
tog 57) )= og (57m)
providing a contradiction. O

A

zv+R ™R

-
----
----
----

Figure 2: Translation of a rectangle R by an n-almost period.

The key geometric argument in the proof will be the use of Lemma 1.6 to define test functions on
translated copied of sets by an almost period. In Fig. 2 we have drawn a cartoon in two dimensions
of the argument in the original irrational thin-film geometrical setting (that is, before changing
variables with ¢), supposing f periodic: we have a function up defined on a rectangle R inside
the thin film and need to define a function in the translation of R by some n-almost period 7 € II
with an energy that differs very little from that of the original function. We cannot directly use
a translation by the period corresponding to 7, which in this setting is of the form 7 4 z,v € Z2,
since to do this we would need that the function be defined on the (slightly) translated rectangle
z:v + R. We then restrict the original function ug slightly inside R is such a way that we control
the energy on the upper and lower boundary (dotted lines) and extend this restriction to a function
upr defined on the whole strip orthogonal to the thin film, with controlled energy. This can be
done by a construction that uses Lemma 1.6. It is then possible to simply use a translation of this
extended function by 7 + z,v, and restrict it to 7 + R.



2 Proof of the homogenization theorem

We directly prove the theorem under the more general assumptions in Remark 1.5, which can be
stated as follows for the function f: for all > 0 there exists L, > 0 and 7, in R? such that

Tn+ [0, Ln]d = Rd7
and for all 7 € 7, there exists z; € R such that |z.| <7 and
[f(@+ (7, 27), A) = [z, A)] < (1 + |A]") (2.1)

for all z € R*! and A.

We first note that, by the compactness theorem for thin structures ([5] and [4] Theorem 24.20)
for every sequence {ej}1 of positive real numbers, g5, — 0, there exist a subsequence (still denoted
by e;) and a Carathéodory function fo : RY x M™*4 — [0, +00) satisfying

0 < folz, A) < B(1+ |A]P),

for all x € w and A € M™*? guch that

- lim Iek(u):/fo(a:,Vu)dx (2.2)

k— oo

for all u € WHP(w,R™) with respect to the convergence in Definition 1.1. We then have to prove
that fo does not depend on the space variable and is given by formula (1.13), which also implies
that it does not depend on the subsequence ¢;. To that end, we will use localization arguments
and results ensuring the possibility of fixing boundary values taken from [5] and Lemma 1.6.

In the following result we prove that f; depends only on the gradient, fo(z, A) = fo(A).

Proposition 2.1. For any sequence {ey }r such that the T-limit in (2.2) exists, fo depends only on
the gradient; that is, fo(z, A) = fo(A).

Proof. For any open subset U C w we consider the localized functionals

1

F. (u,U) = — flentz,y, (Vmu|5;16yu))dm dy
2h Jux(—n,n

Fo(u,U) = — folie, V) dardy.
2h Jus(=hn)

Let Bg(x) denote the ball of radius p and center z in R% It suffices to prove that given any
2/, 2" € wand p > 0 such that B%(z') € w and Bl(2”) € w, and any A € R™*“, we have

Fo(Az, Bl(2')) = Fy(Az, Bi(2")). (2.3)

Up to fixing lateral boundary values, we find a sequence {uy}, € WP (Bg(x/) x (—h, h),]Rm)
with u, = 0 on (OBg(x")) x (—h,h) and such that uj, — 0 in L?(€;,R™) and

lim F., (Az +ug, Bl(2')) = Fy(Az, B(2')) (2.4)

k—+oco



(see [5]).
Let § > 0 be fixed, and let € (0,6). From now on we use the shorthand 0, for the partial
derivative with respect to y. Applying Lemma 1.6 to the integrable functions

g(t) = / |(A + Vuk(z, t)|6;1 Oyug(z, t)) |p dz
Bd(z')

for ¢ € [0, h], we get the existence of y; € (h — 4, h) such that

htn
/ / A—I—quk(as,yyf)‘ek Oyug(x y77 )| dz dy
Y

m Bd m/)x(OMKA_Fv cur(@, gy )| e dyun(a,y))|" dr dy

G
allog(d/n)|’

where Cy, := Fy, (Az + uy, B&(2')). Hence, we obtain

h+n
[ (et (A Vo) o)) do dy
v Bg(z')

< B (IBﬁ(af’)I(é +1) + OM(%C(’W) : (2.5)
= B <cpd(5 0 sl log(]}/nﬂ) 7 (2.6)

being ¢ := |B!|. Similarly, we obtain the existence of Yy, € (—=h,—h+ §) such that

Yn
/ / f(&:];lxazh (A+VTUk(I,y;)}6;13yUk(l'7y;))) dl'dy
- Bd(z’)

Define @y, : B(2') x R — R™ as

ug(z,yr) ify >y
ug(z,y) = Qup(z,y)  ify, <y <yl
up(z,y,)  ify<y,.

Note that u(z,y) = 0 if # € dBI(z').

Let {73 }1 be a sequence in €7, (the set of scaled almost-periods) such that 7, — 2" —2’. Such
a sequence exists by the uniform density of 7,. Let z, = z,, be such that (2.1) holds, and define
vp(z,y) = Ug(z — 7k, ¥y — 2z1). Noting that vi, can be extended by 0 outside (Tk + B,‘f(a:’)) x (=h,h)
we get from almost-periodicity, (2.5) and (2.7):

F., (Ax + vk, Tk + B;l(x’))



1
= — U, A+ Vy 0 )d d
2h (mB;,f(z/))x(—hyh)f( Y ( Uk’ Uk) T

T

1
1 f(+m7y+zk,(A+Vu;€‘ 8uk>>dxdy
2h Bg(r’)x(—h—zk,h-i-zk) Ek £

1
< L . (A + Vo] —o,a,) )ded
T 2k Bﬁ(r’)x(—h—n,h+n>f(5k Ty ( - uk‘ uk)) T
< ﬁcpd(}?+5)
1 28 T 1
#5 (" aTos@) /ngx(_h,h) 15+ T (A Vol o) Jasay
Bept 1 28 / ( )
< — . _
< St e (U i) SEA s <A+V“k‘ ) )dady
i 25 P
Bept(n +9) 28 s
= (1 a|1‘og(5‘/n>\>ka (Az + i, Bj(a')
n L d l dy.t
a1 a|log(5/n)|)(2h0p + o Fo (A, BY(W) ).

Fix now r > 1, and note that for k large enough we have 7, + B4(z') C Bf, (") € w. Since v, — 0
in LP(BE,(z') x (—=h, h),R™):

Fy (Ax,Bg(JU”)) Fy(Az, BY L (2"))
liminf F., (Az + vg, B, ("))

k—+oo

IN N

IN

(14 2) (0 gt i o 4+ v B0

cp'n 28 Bept(n +9)
+( auog<5/n)|) h
1 4 |A‘p)‘B // \Bd( //)’

26 B

aTTog o7) 0 B5«)

24 Bep*

* h <1+a\log(6/n)|)+ h
2
h

+
>l

IN
S
—
_|_
Q|3
[STR N
—_
+

(n+9)
+ 1+|A‘p)‘B // \Bd< //)’
Letting first » — 1, then n — 0 and eventually § — 0, we finally obtain the inequality

Fy(Az, Bﬁ(x”)) < Fy(Az, B;l(z’)) .



By symmetry we then obtain also equality and the claim. O

We can then proceed in the proof of Theorem 1.3. Take w = (0,1)? and let {e;} be a subsequence
given by (2.2). The I-limit of the family F;, exists and, for Proposition 2.1, is equal to

Fo(u) = /(0 b fo(Vu) dz.

This functional is sequentially weakly lower semicontinuous on W?(£2;, R™) so the function fy is
WP quasiconvex. This means we can write

fo(A) = min{/(o b fo(A+ Vu)dz : uw =0 on 0(0, 1)d} (2.8)

for all A € M™*¢. From the property of convergence of minima for I'-convergence and a change of
variable in the right-hand side we obtain

fo(A) = min{/(OI)dfo(AJrVu)d:c:u00n5‘(071)d}

min {1/ fo(A+ Vyu)daz : uw =0 on 9((0, l)d) X (—h, h)}
2 J(0,1)2 % (—h,h)

1
k——+oo 2h (0,1)@x(—h,h) Ek

= lim inf{ / f(z,y, (A+ Vouldyu)) dedy : u € Wy, }, (2.9)
(0,T%)¢x (—h,h)

1
(‘%u)) dedy:u e Wl}
€k

k— 400

2hT¢

where T}, = 1/e.
The following proposition states the existence of the limit in (1.13), giving in particular the
independence of fy from the subsequence.

Proposition 2.2. For every A € M™*? the following limit exists

1
om A= 1 inf ey Yy A x : 2.1
From (A) Tirq{loouérll/\/T{Qth /(07T)dx(_hyh)f(x ¥, (A+V uayu))dxdy} (2.10)

Proof. For every T > 0 let
1
T)= inf { — A U0 dzdy ;.
gA( ) ugil/\/T{2th /(O,T)dx(—h,h)f(m7y’( +v U| yU)) v y}
Fix § > 0 and let  be such that 6 > n > 0. Now fix " > 0 and let uy € Wr be such that

1

1
L - 1
2hT /(O,T)'ix(—h,h) f@ 3, (A+ Vourldyur)) dedy < 9aT) + 7

:ZCT

We want to estimate ga(S) in terms of ga(T) when S > T. For this purpose, we construct test
functions ug € Wg by a patchwork procedure, and we then exploit the almost-periodicity of the

10



energy density f, extending ur to a function which has an energy contribution of 0(%)CT. More
precisely, we apply Lemma 1.6 to the integrable functions defined for ¢ € [0, h] by

o(t) = / A+ Vur (e, £1), 0 ur (s, £4)[P do.
(0,T)4
We then obtain two values y," € (h —d,h) and y, € (h, —h + ) such that

[OvT]dX(yjfvh‘i‘n)

< (14 (A + Vaur (@, 53| dyur(e,u) ") dady
[O’T]dx(y;;—’h‘i’n)
8
< AP [ [y 4+ Tt @D durtoi ) oy
Cr
< d e )
< (M09 + srgtor) (210

and

(0,779 x (—h—m,yx )
Cr
gﬁ(TdaH—cS +>. 2.12
00 S Tos(6/m) (212)
Thus, we can modify ur setting
ur(z,y,r) ify >yl
ur(z,y) = qur(z,y) ify, <y<yr
ur(z,y,) ify<y,

Let L, be the inclusion length related to 7, and let S > T + L,. Define

= o2y | 1)

and, for every ¢ € Zg, choose
Te € ((T + Lyt + [O»Ln]d)) N Ty,

and the related z,. We then define a new test function by

w (:17 y) _ :LZT(x — T, Y — ZZ) (LU, y) € (TZ + (OaT)d) X (_ha h)
S 0, otherwise,

for every (x,y) € (0,5)¢ x (—h, h).
Note that ug is equal to zero on the set

Qs = (0.9 {J 7+ 0.1)7) x (=h.h).

lels

11



‘We have

T T\¢d
< 2hS%(1— -=) ).
@51 <245 (1- (7~ 5) )

We can now estimate g4(S) using (2.11) and (2.12)

250 < [ e Ak Vaus(ry), s ) dedy
,8)dx (—h,h

f(xayu A+ vaT(x — T, Y — 24)7 ayaT(x — T, Y — Zf)) dx dy

P /m+<o,T>d>x(—h,h>

+ [ flz,A)dzdy
Qs

< Z/ flre+ 2,20+ y, A+ Vaur(z,y), dyur(z,y)) dz dy
ez ) (0,1)4x(=h,h)

n { S Jd 268CT { S
T+ Lyl allog(d/n)] T+ Ly
Now, exploiting the almost-periodicity of f we get

d S /
25%94(8) < {T + LnJ ( (0,7)4x (=h,h) f(x7y’ (A + unT(%y)’ayuT(l’vy)) dz dy

JdQTdﬂ((; +n)+ flz, A)dady
Qs

wn [ L[4+ our(efoyurte ) s dy)
(0,T)4x (—h,h)

L L S Jd 28CT { S

T+ L,1 a|log(é/n)| T+ L,

Jd2TdB(5+77) + f(x, A)dz dy
Qs

Using the p-growth conditions

28%g4(8) < (1 + g) {TanJd/(QT)dX(_h»h) f(x7y’ (A+ VmuT(a:,y)myuT(a:,y)) dzdy
S d S d BC S
+2nthtT+L,7J + {T—i—LnJ a|lig(5T/77)| {T+Ln

+2BhSd(1 . (TfL . g)d) (1+14)"
n

d
J 2T3(5 + 1)

We now exploit Cr/(2T%) < ga(T) +1/T

)= (757) (14 2) (1+ gz (o0 + 7)

+ (nh+6(5+n))(Tan)d+5h(1 = (T+TL77 - g)d> (1+]4))7

Taking the limit, first as S — oo and then as T — oo

. n 2B o
1 <(1+—=)(1 1 fga(T
o aa(9) < (14 2) (1 Sy ) Bk oa 1) w5 80 )
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We first send n — 0 and obtain

limsup g4 (S) < liminf g4 (T') + B9,
S——4o00 T—+o0

and then conclude by the arbitrariness of §. O

Eventually, it suffices to remark that Proposition 2.2 implies that fo(A) is independent on the

subsequence {ej}, so that we simultaneously have the existence of the limit as ¢ — 0 and the
representation (1.12), which concludes the proof of the theorem.
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