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Efficient computational screening of strongly correlated materials - Multi-orbital
phenomenology within the ghost Gutzwiller approximation

Carlos Mejuto-Zaera∗ and Michele Fabrizio
International School for Advanced Studies (SISSA), Via Bonomea 265, 34136 Trieste, Italy

(Dated: July 10, 2023)

The theoretical description of strongly correlated materials relies on the ability to simultaneously
capture, on equal footing, the different competing energy scales. Unfortunately, existing approaches
are either typically extremely computationally demanding, making systematic screenings of cor-
related materials challenging or are limited to a subset of observables of interest. The recently
developed ghost Gutzwiller Ansatz (gGut) has shown great promise to remedy this dichotomy. It
is based on a self-consistency condition around the comparatively simple static one-particle re-
duced density matrix, yet has been shown to provide accurate static and dynamical observables
in one-band systems. In this work, we investigate its potential role in the modelling of correlated
materials, by applying it to several multi-orbital lattice models. Our results confirm the accuracy
at lower computational cost of the gGut, and show promise for its application to materials research.

I. INTRODUCTION

Materials with strong electronic correlations present
exciting avenues for device design, owing to the vast
palette of different phases of matter they can change be-
tween through slight variations of external parameters
like temperature or pressure. The underlying principle
enabling this ability to transition between various insu-
lating, metallic, superconducting or magnetic phases is
the presence and, crucially, the competition of different
energy scales governing the electron dynamics, most no-
tably, the band energy favouring electron delocalization
and the Coulomb interaction hampering it. The theoret-
ical prediction and proposal of correlated materials with
targeted properties hinges thus on the ability to accu-
rately model these competing energy scales on equal foot-
ing. This in turn precludes usual mean-field-type mod-
els, and the description of strongly correlated materials
remains an outstanding challenge in physics.

Arguably the most successful approaches to capture
strong correlation in materials are based on the notion
of embedding. This refers to mapping the interacting
system of interest into an auxiliary impurity model in
which the interaction as well as other local effects are
inherited by the impurity, while the band energy is rep-
resented by the hybridisation with non-interacting de-
grees of freedom, called baths. The self-consistency con-
dition required by the embedding procedure entails that
the competing energy scales emerge in the distribution
of the bath parameters, specifically on their energy lev-
els. The predominant example of this type of modelling
is the dynamical mean-field theory (DMFT) [1, 2], which
has found several successful applications [3–10]. Unfortu-
nately, the self-consistency condition in DMFT is formu-
lated around the frequency-dependent one-body Green’s
function, which is typically hard to approximate accu-
rately since it involves the full spectral structure of the
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system. Consequently, using DMFT for materials screen-
ing or phase space exploration can be impractical. While
alternative, computationally more inexpensive approxi-
mations exist [11], they can fail to recover the full spec-
tral information. There is hence a need for a flexible,
simplified yet accurate model for correlation in materi-
als.

A recent promising Ansatz in this front is the ghost
Gutzwiller (gGut) variational approach [12]. This is a
generalization of the Gutzwiller approximation [13, 14],
which can be formulated as an embedding strategy.
While in the traditional Gutzwiller method the number
of baths is equal to the number of local atomic orbitals,
in gGut this is a free parameter, allowing for a more flexi-
ble description of competing energy scales. Moreover, the
self-consistency in this approach is formulated in terms of
the static one-particle reduced density matrix, and yet it
can model full spectral functions accurately [15–17]. The
gGut Ansatz fulfills thus the conditions of being com-
paratively computationally inexpensive, while providing
with a reliable approximation of static and spectral fea-
tures of correlations. So far it has been mainly applied
to single-band models, and hence it is necessary to assess
its accuracy in multi-orbital systems to determine its ac-
tual promise for materials design. We address this here,
and test the gGut approximation on several multi-orbital
based phenomenologies, including orbital-selective Mott
transitions, Mott-to-band insulator transitions, as well
as Hund’s metallicity resilient to high interactions. We
find overall excellent performance of the gGut Ansatz and
paint a bright perspective for its application in materials
applications.

II. GHOST GUTZWILLER APPROXIMATION

A. Review of Gutzwiller Appromiximation

Before describing the basic structure of the gGut ap-
proximation, let us summarize the traditional Gutzwiller
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Ansatz for lattice models [13, 14, 18–20]. We will refer to
the Hamiltonian of the system of interest as the physical
Hamiltonian Hphys. This we will formally split into a
non-local, non-interacting contribution Hlatt, depending
on the lattice geometry, and all local terms Hloc

Hphys = Hlatt +
∑
i

Hloc,i,

Hlatt =
∑

i̸=j,α,β

tα,βi,j c†i,α cj,β =
∑
k,α,β

ϵα,βk c†k,α ck,β

Hloc,i =
∑
α,β

tα,βi,i c†i,α ci,β

+
∑

α,β,γ,δ

Uαβ δγ c
†
i,α c

†
i,β ci,δ ci,γ .

(1)

Here we use the Latin indices (i, j) to identify lattice
sites, and Greek indices (α, β, . . . ) for physical orbitals,
including the spin quantum number σ =↑, ↓, unless spec-
ified. In the second equality of the second line of Eq. (1),
we have exploited the lattice periodicity to transform
from real space orbitals (i, j) to the momentum basis k.
Within the Gutzwiller approximation, one employs the

following variational Ansatz [20–23]: starting from an ef-
fective single-particle solution to the physical Hamilto-
nian |ψqp⟩, e.g. a mean-field solution, recover correlation
effects by applying a parametrized projection operator
P to it. The variational degrees of freedom of the ap-
proach are thus twofold: the parameters of P as well as
those of the effective single-particle solution |ψqp⟩. This
“mean-field” solution is completely determined by an ef-
fective single-particle Hamiltonian, which we will refer
to as quasi-particle Hamiltonian Hqp. As in any mean-
field approximation, its role is capturing some of the two-
body interaction U through an effective, static one-body
Hamiltonian. In the context of a lattice Hamiltonian
with local interactions, this can be done by adding a lo-
cal one-body potential λ, as well as by rescaling the non-
interacting bands of the physical Hamiltonian ϵk with
some coefficients R. Hence, one proposes as parametriza-
tion for Hqp the following expression

Hqp =
∑
k,a,b

∑
α,β

R†
a,α ϵ

α,β
k Rβ,b − λa,b

 d†k,a dk,b. (2)

To distinguish the orbitals in the quasiparticle Hamil-
tonian from the physical ones, we use Latin indices
(a, b)∈ [1, 2, . . . , Nphys], and denote the creation opera-
tors by d instead of c. In the parametrization of Eq. (2),
a direct connection can be drawn between the rescaling
factors R†, R and the quasiparticle renormalization fac-
tors Z.
The projection operator P is defined, in general, as a

linear map between the Hilbert spaces of Hqp and Hphys.
Therefore, it involves a number of variational parameters
which grows exponentially in the number of particles.

This is reduced somewhat in the case of strictly local in-
teractions, by decomposing P into a product of identical
local projectors. Still, an exponential scaling in the num-
ber of quasiparticle and physical orbitals remains, which
would result in an extremely tedious optimization proce-
dure. This explicit optimization can be avoided in the
infinite dimensional limit, where expectation values over
the Gutzwiller Ansatz wave function |ψ0⟩ = P |ψqp⟩ are
equivalent to expectation values over wave functions of a
local impurity model Himp defined over both the phys-
ical and quasiparticle orbitals [19]. The larger number
of orbitals ensures that the wave functions of the impu-
rity model have the same number of degrees of freedom
as the operator P . The variational optimization of the
parameters in P turns thus into finding the ground state
wave function of Himp, defined as

Himp = Hloc +
∑
α,a

(
Vα,ad

†
a cα + h.c.

)
−
∑
a,b

λca,b d
†
a db.

(3)

Here, Hloc corresponds to the local interaction term in
the physical Hamiltonian Hphys, for a single lattice site.
As anticipated, Himp is a Hamiltonian with 2Nphys or-
bitals, involving at the same time the physical (cα) and
the quasiparticle states (da). The quasiparticle orbitals
have their own effective one-body potential λc, related
to λ in Hqp, and are coupled to the physical orbitals
through the hybridization V , which takes a similar role
as R. Finally, the λ and R parameters need to be fixed,
and this is done through a self-consistency condition, in-
volving the one-body reduced density matrices (1-RDM)
of the impurity and quasiparticle ground states

⟨ db d
†
a ⟩imp

!
=

1

VBZ

∑
k

⟨ d†k,a dk,b ⟩qp . (4)

where VBZ is the Brillouin zone volume. Taking ev-
erything into account, this substitutes the original vari-
ational optimization with an exponentially large number
of degrees of freedom by a self-consistently coupled pair
of impurity and non-interacting lattice problems, within
an infinite dimensional approximation.
Despite its wide application for describing strong cor-

relation in extended and molecular systems alike [19, 24–
32], the Gutzwiller approximation has some clear short-
comings. In the example of the Mott transition in a sin-
gle band Hubbard model at half-filling, the Gutzwiller
Ansatz describes the onset of insulating behaviour at
large U/t in terms of a divergent effective electronic
mass [33]. While this satisfactorily accounts for the nar-
rowing and eventual vanishing of the coherent metallic
band at the Fermi level, it fails to describe the incoher-
ent high energy Hubbard bands, which characterize the
nature of the insulating state and relate it to the atomic
limit [34]. Essentially, the Gutzwiller approach fails here
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to describe the competing low and high energy features
of the model simultaneously. In a multi-orbital setting,
where this competition becomes key to understanding
the different possible phases, this is a serious limitation.
The ghost Gutzwiller formulation addresses precisely this
matter.

B. Heuristic of ghost Gutzwiller

Starting from the above scheme for the Gutzwiller ap-
proximation, the ghost Gutzwiller (gGut) extension in-
creases the variational flexibility by including Ng addi-
tional orbitals, often referred to as ghosts, to the quasi-
particle (and hence impurity) Hamiltonian [12, 15–17].
From a variational standpoint, there is no need to re-
strict the number of quasiparticle orbitals to be Nphys,
as is done in standard Gutzwiller. Indeed, the quasi-
particle orbital index a can in principle run from 1 to
Neff > Nphys, as long as the subsequent projector oper-
ator P restricts the Ansatz wave function to the physical
orbitals.

Besides pure optimizational flexibility, this generaliza-
tion resolves the problem of describing multiple compet-
ing energy scales simultaneously: The additional auxil-
iary quasiparticle orbitals take the role of capturing the
different energy scales that are missing in the regular
Gutzwiller approximation. They fulfill essentially the
same role as that of bath orbitals in embedding mod-
els of electronic correlation [1, 35–39], and hence we will
refer to them also as baths. In this light, the limitations
of the standard Gutzwiller approach when describing the
Mott insulating phase in the single-band Hubbard model
at half-filling becomes intuitive to understand: the single
quasiparticle degree of freedom (bath) in that case can-
not possibly account simultaneously for both Hubbard
bands at ±U/2 in the insulating phase as well as the co-
herent peak at zero energy in the metallic phase. But just
adding two additional auxiliary degrees of freedom, for a
total of three (Neff = Nphys +Ng = 1+ 2) quasiparticle
orbitals, it becomes possible to model both the metal-
lic band, already captured in regular Gutzwiller, and the
Hubbard bands. In this way, the ghost Gutzwiller Ansatz
can account for a homogeneous spectral description of the
full metal-insulator Mott transition [12, 15–17]. Further
increasing the number of baths allows then to account for
more competing energy scales, making this generaliza-
tion particularly attractive for multi-orbital models and
ab initio simulations.

C. Procedural Formulation

In this subsection, we discuss the central equations
of the gGut formalism, motivating their physical signifi-
cance and providing a minimal prescription for its imple-
mentation. Some more specialized details are collected
in the appendices. We refer the interested reader to the

existing literature for a formal derivation of these equa-
tions [12, 19].
As described heuristically above, gGut can be for-

mulated as a self-consistent problem relating a non-
interacting lattice Hamiltonian Hqp with an interacting
finite size impurity Hamiltonian Himp through their re-
spective 1-RDMs. The input for the approximation is
a system Hamiltonian of interest Hphys, and the num-
ber of auxiliary degrees of freedom Ng to be included
in Hqp and Himp. Upon convergence, the output of
the calculation are the quasiparticle renormalizations R
and potential λ which define Hqp (cf. Eq. (2)). One
can then evaluate quantities of interest of Hqp, such as
one- and two-body correlators, and thereby estimate the
corresponding properties of Hphys upon projecting with
R. While this suggests a formulation of gGut around
the self-consistent convergence of variationally optimal
R and λ, it is computationally advantageous to instead
consider the convergence for R and the quasi-particle 1-

RDM ∆ab = ⟨ d†a db ⟩qp.
At the ℓ-th iteration, having a pair of parameters Rℓ

and ∆ℓ, the first step in the gGut approach is finding the
quasiparticle potential λℓ that, for the given renormaliza-
tion factors Rℓ, generates the current target 1-RDM ∆ℓ.
In other words, to enforce the self-consistency condition
in Eq. (8), one finds the λℓ such that the ground-state
|ψqp⟩ of Hqp fulfills

1

VBZ

∑
k

⟨ψqp|d†k,a dk,b|ψqp⟩ = ∆ℓ
a,b. (5)

This represents an optimization problem, essentially a
fit for the components of λℓ. Details on its implementa-
tion are given in the appendix.
Next, having Rℓ and λℓ, we can evaluate the terms

defining the impurity Hamiltonian. We start with the hy-
bridizations V ℓ, which describe the coupling of the local
(physical) impurity orbitals in Himp to the bath. Since
the bath essentially substitutes the rest of the lattice, V ℓ

needs to capture the effective kinetic energy of electrons
leaving the local unit cell, including approximate corre-
lation effects due to the interactions with electrons in
the other unit cells. Consistent with this intuition, the
formal derivation of the method leads to the following
expression for V ℓ at the ℓ-th iteration,√

∆ℓ
(
I−∆ℓ

)
· V ℓ =

1

VBZ

∑
k

∆ℓ,t
k ·Rℓ† · ϵk, (6)

where ·marks matrix products, I is the identity matrix,

and ∆ℓ,t
k is the transpose of the quasiparticle 1-RDM in k-

space, ie. ∆ℓ,t
k,a,b = ⟨ψqp|d†k,b dk,a|ψqp⟩. We observe that

the RHS of the equation does indeed contain the effec-
tive lattice (quasiparticle) kinetic energy, half-projected
into the physical degrees of freedom with Rℓ. Note that,
consistently with Eq. (3), V ℓ is a (Neff ×Nphys) matrix.
Further, since ∆ℓ has eigenvalues between 0 and 1, the
radical of the square-root is always positive semi-definite.
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Next follows the evaluation of λℓc, the bath potential in
the impurity Hamiltonian. This term should model the
effective lattice correlations, and hence has to be directly
related to the quasiparticle potential λℓ at the same it-
eration. Indeed, it equals λℓ up to a correction term due
to the feedback coupling between the local impurity and
the rest of the lattice, involving the renormalization R,
hybridization V and the following matrix derivatives

λcℓa,b = −λℓa,b

+

{
∂

∂∆ℓ
a,b

[
Rℓ ·

√
∆ℓ(I−∆ℓ) · V ℓ

]
+ h.c.

}
.

(7)

Note that the derivative only acts on the square root
over ∆ℓ(I−∆ℓ).
Having the V ℓ and λcℓ matrices, the impurity Hamil-

tonian Himp is fully defined, and its ground state 1-RDM
∆ℓ

imp can be determined numerically. This can be done in
principle, with any impurity solver, as long as one obtains
a faithful representation of ∆ℓ

imp. When practical, exact
diagonalization (ED) can be used [35, 40], and otherwise
truncated approximations such as configuration interac-
tion (CI) [41–48] or tensor network approaches [49–57]
can be readily implemented. In this work, we use ED.

Finally, we can close the self-consistent cycle by eval-
uating a new quasipartcile renormalization Rℓ+1 and
quasiparticle 1-RDM ∆ℓ+1 from the impurity 1-RDM as:

∆ℓ+1 = I−∆ℓ
imp,bath−bath,

Rℓ+1 ·
√
∆ℓ+1(I−∆ℓ+1) = ∆ℓ,t

imp,bath−imp.
(8)

Here, ∆ℓ
imp,bath−bath refers to the ℓ-th step impurity 1-

RDM restricted to the bath degrees of freedom, whereas
∆ℓ

imp,bath−imp is its off-diagonal component mixing bath
and impurity orbitals.

The described iteration is repeated until either the ma-
trices (R,∆) converge within some threshold, or until the
variational lattice energy does. This energy is evaluated
at each iteration as the sum of the energy of the projected
quasiparticle lattice and the local energy of the impurity
model

Evar = ⟨ψimp|Hloc|ψimp⟩+ ⟨ψqp|R ·Hqp ·R†|ψqp⟩ . (9)

Before turning to the reliability of the gGut approx-
imation to multi-orbital contexts, a brief discussion on
its similarities and differences with dynamical mean-field
theory follows in the next subsection. We just note in
passing that Eq. (6) and the second equation in Eq. (8)
are ill-defined if ∆ℓ or ∆ℓ+1 have eigenvalues of exactly
0 or 1. This may happen because some of the effective
orbitals represent fully uncorrelated bands, cf. the band
insulator phase at high crystal-field splitting in the re-
sults section. In this case, the iteration can be stabilized
by adding some artificial one-body coupling terms into
the Hamiltonian, to enforce a finite degree of partial oc-
cupation in all bands.

D. Parallels with Dynamical Mean-field Theory

In the impurity model based formulation presented
above, the gGut approximation shares many similarities
with a different non-perturbative approach to describe
strong electronic correlation: the dynamical mean-field
theory (DMFT), particularly in its Hamiltonian formu-
lation. In this subsection, we will briefly discuss these
similarities, as well as point out the main differences be-
tween these complementary frameworks.
Perhaps the most obvious similarity between the two

is the central role of the infinite dimensional limit. As
mentioned above, this is invoked in the gGut formalism
to allow for the evaluation of expectation values with
the Gutzwiller Ansatz P |ψqp⟩ in terms of a completely
local impurity model. This infinite dimensional limit
underlies the formulation of DMFT as well, but there
is a key difference to be acknowledged: DMFT repre-
sents, in its single site formulation, the exact solution of
the many-body problem in the infinite dimensional limit,
whereas the gGut method in its impurity model formal-
ism is the exact solution of a variational wavefunction.
However, this distinction is in no way indicative that
gGut is inferior in general terms to DMFT, particularly
since both find their applications predominantly in finite
dimensional systems, where both are approximate. In
this equal ground, gGut carries the advantage of being
(approximately) variational in the ground state energy,
and hence offering a more transparent way of choosing
between competing fix-points of the self-consistency. In
both cases, spatially non-local approximations are only
captured at a single-particle level.
From a modelling perspective, both Hamiltonian based

DMFT and gGut operate in a completely analogous way:
They substitute a fully interacting lattice by a pair of
an interacting impurity model and non-interacting lattice
coupled via a self-consistency condition. The main steps
in these self-consistencies are in both cases the solution
of the impurity problem, and a fit of the parameters of
the non-interacting lattice model. The impurity problem
is significantly simpler in the gGut case, since the quan-
tity of interest is the static 1-RDM, which is less compu-
tationally expensive to evaluate and approximate than
the frequency dependent Green’s function at the core of
DMFT. In this regard, gGut is reminiscent of the den-
sity matrix embedding theory (DMET) approach [38, 39].
Surprisingly, despite being formulated around the static
1-RDM, gGut can provide qualitatively excellent Green’s
functions in great agreement with DMFT [12, 15–17].
This marks gGut as particularly attractive to treat multi-
orbital systems and even ab initio models of materials,
which can be more challenging to access with DMFT.
Although the impurity problem in gGut is relatively

simpler than in DMFT, this is not the case for the fit-
ting step. As discussed in the appendix, the momentum
summation that is intrinsic in the optimization problem
in gGut makes it considerably harder than the fitting
step in DMFT. Moreover, while numerical strategies to
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simplify the fitting in DMFT have been proposed [58],
it is not obvious that these can be applied in the gGut
setting. Still, from a computational complexity scaling
point of view, the main bottleneck is the impurity solver,
and hence the simplifications presented by gGut in this
regard outweigh the increased complications of the fit.

Taking everything into account, gGut presents a flexi-
ble and qualitatively accurate approximation method to
study the spectral features of strongly correlated systems.
Its reduced computational scaling, when compared with
established methods as DMFT, identifies it as an ideal
candidate to perform extensive phase space explorations
of multi-orbital models and ab initio systems alike. In
the following section, we present exemplary results for
investigations of that kind in 2- and 3-band models with
markedly different phenomenologies.

III. MULTI-ORBITAL PHENOMENOLOGY
WITH GHOST GUTZWILLER

To investigate the reliability of the gGut approx-
imation for the description of strong correlation in
multi-orbital systems, we concentrate on three differ-
ent paradigmatic and well-established phenomenologies.
These include

• Orbital-selective Mott transitions on a 2-band Hub-
bard model with orbital-dependent bandwidths Di,
i = 1, 2 (cf. Refs. [59, 60]).

• Mott insulator to band insulator transition in 2-
band Hubbard model with Hund coupling J and
crystal field splitting ∆ (cf. Ref. [61]).

• Mott vs. Hund insulating behaviour, with an inter-
mediate Hund metallic phase surviving high inter-
action strengths on a 3-band Hubbard model with
Kanamori interaction (cf. Ref. [62]).

The competing energy scales in these models are repre-
sented by the local Hubbard repulsion U , the bandwidths
Di, the crystal field terms ∆ and the Hund coupling J .
The one-body terms Di and ∆ allow for more realistic,
i.e. materials-like, model Hamiltonians, which effectively
capture the inequivalent spatial overlap of different local
orbitals, and the coupling of electronic motion to lattice
distortions respectively. The Hubbard repulsion U al-
lows for the minimal description of electronically driven
metal-insulator transitions, bridging between the delocal-
ized and atomic limits [63]. Finally, the Hund coupling J
accounts for multiplet splitting in the atomic electronic
configuration, and has been shown to be central to the
description of the electronic properties in Fe-based su-
perconductors [11, 64–72].

In all simulations, we set the number of effective or-
bitals Neff equal to three times the number of physical
orbitals Nphys, which as discussed above is the minimal
ratio to describe the Mott transition accurately within

0.0

0.5

1.0

Z 1
,Z

2

t2/t1 = 0.5 Z1
Z2

0.0

0.5

1.0

Z 1
,Z

2

DM
FT

t2/t1 = 0.25

0 1 2 3 4 5 6 7 8
U/t1

0.0

0.5

1.0

Z 1
,Z

2

DM
FT

DM
FT

t2/t1 = 0.15

FIG. 1. Quasiparticle renormalization factors Zi for the two-
band model in Eq. (10), for three different bandwidth ratios
t2/t1. An orbital selective Mott transition is observed for the
largest bandwith difference t2/t1 = 0.15. Where available,
the critical U/t from DMFT are shown as vertical lines, taken
from Ref. [59].

gGut. The impurity models in the 2 and 3 band models
have thus 8 and 12 orbitals respectively, and are solved
with exact diagonalization (ED). Further, unless other-
wise specified, a Bethe lattice to simplify the momentum
summation is assumed.

A. Orbital-Selective Mott Transition

The first immediate complication when moving away
from the single-band picture of the Mott transition con-
cerns the fact that, in realistic systems, multiple bands
are involved with potentially different nature. This can
be represented by different associated bandwidths, or
even on-site energies (c.f. next subsection). In the for-
mer case, this can lead to orbital-selective metal insu-
lator transitions, corresponding to systems where some
of the electrons are itinerant (metallic), while others are
localized (insulating). This possibility attracted special
interest after Ca2−xSrxRuO4 was proposed to exhibit
exactly this behavior [73], which was then eventually
shown to be theoretically possible using different mod-
els [59, 60, 74, 75]. It is therefore of interest to investi-
gate the description of orbital-selective Mott transitions
within the gGut framework. We focus here on the two
band Hubbard model in Ref. [59]. The local Hamiltonian
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here reads

Hloc,i = −µ
∑
a,σ

niaσ + U
∑
a

nia↑ nia↓

+ (U − 2J)
∑
σ

ni1σ ni2σ̄

+ (U − 3J)
∑
σ

ni1σ ni2σ

− J
[
c†i1↑ ci1↓ c

†
i2↓ ci2↑ + c†i1↑ c

†
i1↓ ci2↑ ci2↓ + h.c.

]
,

(10)

with an orbital dependent hopping amplitude ta in the
lattice Hamiltonian implied. We perform gGut simu-
lations with six baths (four ghosts), at half-filling with
J = 0 and different ratios t2/t1 = 0.5, 0.25, 0.15. Fig. 1
shows the resulting quasiparticle renormalization factors
Za for both bands as a function of the local Coulomb
repulsion strength U/t1. As can be seen already for
t2/t1 = 0.25, gGut captures the markedly different be-
havior of the quasiparticle renormalization between both
bands, driven by the difference in their bandwidths.
Upon further decreasing the hopping amplitude ratio the
gGut approximation is also able to satisfactorily recover
the expected orbital-selective Mott transition, presenting
a regime of phase space where one of the two bands is
metallic while the other becomes Mott insulating. The
onset of the orbital-selective Mott transition as well as
the overall values for Za as a function of U/t1 are in good
agreement with the DMFT calculations in Ref. [59]. The
critical interaction strength at which the metal to insula-
tor transition occurs is slightly overestimated in the gGut
description, which is reasonable given its larger mean-
field character compared to DMFT.

B. Mott Insulator to Band Insulator Transition

Insulator to insulator transitions are a common and
central motif in the understanding of electronically driven
lattice geometry transitions in several materials, such as
ferroelectric perovskites [76] and organic charge-transfer
compounds [77, 78]. This becomes particularly relevant
in multi-orbital models, where lattice distortions can lead
to asymmetric crystal fields breaking orbital degeneracy.
In this spirit, we study crystal-field driven Mott-to-band
insulator transitions in the two-band Hubbard-Kanamori
model in Ref. [61]. The local Hamiltonian in this case
follows

H̃loc,i = Hloc,i +∆
∑
σ

(
ni1σ − ni2σ

)
, (11)

where Hloc,i is defined in Eq. (10), and we have intro-
duced a crystal field splitting term ∆. We perform gGut
simulations with six baths (four ghosts) at half-filling for
different ratios of ∆/t and J/U . The final local orbital
occupation of the upper band ⟨n1σ ⟩ is shown in Fig. 2.
For large crystal-field splitting and moderate J/U , the
local orbital occupation of the upper band goes to zero

0.0

0.2

0.4 /t = 0.2
DMFT
J/U = 0.00
J/U = 0.05

J/U = 0.10
J/U = 0.15
J/U = 0.25

0.0

0.2

0.4

n 1

/t = 0.6

0 1 2 3 4 5 6 7 8 9
U/t

0.0

0.2

0.4 /t = 1.0

FIG. 2. Average charge density in the first band of the two-
band model with crystal-field splitting of Eq. (11), for differ-
ent parameter regimes. Values of the crystal-field splitting
∆/t = 0.2, 0.6, 1.0 are presented in different subfigures. For
each crystal-field splitting, different ⟨n1⟩ vs U/t are shown
for different values of J/U , in a gradated color scheme with
various markers. A clear difference is seen between band in-
sulators (for which ⟨n1⟩ → 0) and Mott insulators (where
⟨n1⟩ → 0.5). For comparison, results from CTQMC-DMFT
from Ref. [61] are presented as solid lines.

at large U/t. By particle-hole symmetry, the other band
is completely full in this scenario, and hence the sys-
tem essentially becomes a simple band insulator [79]. At
smaller crystal field splitting, or sufficiently large Hund’s
coupling, the local occupation of the upper band goes
instead towards 0.5, and similarly so for the lower band.
This corresponds to a conventional Mott insulator.

The differences between the band and Mott insulator
become especially apparent when examining the orbital
resolved spectral functions Ai(ω) = − 1

πℑGii(ω), which
we present in Fig. 3. In the “Mott regime” shown in the
upper panels of Fig. 3, i.e. for large Hund interaction
and small crystal-field splitting ∆, the spectral function
develops in the usual Mott-Hubbard way as a function
of U/t: At small interactions the full A(ω) =

∑
iAi(ω)

is formed by a single metallic dome at the Fermi level,
composed of single domes for each orbital shifted by ∆.
Increasing the interaction strength, the metallic band
at the Fermi level narrows, while high-energy Hubbard
bands form. Noticeably, these Hubbard bands are also
composed from contributions from both orbitals, shifted
from each other. Finally, after some critical interaction,
the metallic feature at ω = 0 vanishes, and only the Hub-
bard bands remain. Then “band regime”, corresponding
to small Hund interactions and large crystal-field split-
tings, is shown in the lower panels of Fig. 3. For small
Hubbard interactions, the situation is similar to the one
found in the “Mott regime”, except for a larger splitting
between the bands of each orbital. However, increasing
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FIG. 3. Orbital resolved spectral functions Ai(ω) = − 1
π
ℑGii(ω) for the two-band model with crystal-field splitting of Eq. (11).

Results are shown for the Mott-regime (high J/U , small ∆/t, upper panels), and the band regime (low J/U , large ∆/t, lower
panels), for different values of U/t. The inset in the lower right panel shows that all features have a finite width.

the Hubbard interaction strength does not generate the
appearance of high-energy Hubbard bands, but instead
just increases the shift between the two bands, until they
eventually completely separate, resulting in an insulating
gap. This is clearly a simple, one-body band insulator,
in contrast with the Mott insulator shown in the upper
panels of Fig. 3.

The gGut description predicts this transition in excel-
lent agreement with DMFT results using a continuous
time quantum Monte Carlo solver [61], which notably
does not discretize the bath. In fact, the local occupa-
tion numbers in Fig. 2 agree in this case to a quantita-
tive level with the DMFT results. This is partly because
static properties, such as occupation numbers, are signif-
icantly easier to capture than dynamical quantities, such
as the renormalization factor Z. Nonetheless, this level of
agreement shows the immense value of the gGut approxi-
mation as a reliable and yet computationally inexpensive
variant to explore strongly correlated phenomena in the
phase space of multi-orbital systems.

In between the Mott and band insulating phases of this
2-band model with crystal field splitting, the system re-

mains metallic. Still, for any field strength ∆/t and Hund
coupling J/U there is some Hubbard repulsion U/t at
which the lattice turns insulating. A remarkably different
phenomenon can be observed in a three-band model with
Hubbard-Kanamori interactions, namely the survival of
the metallic phase to large interactions [62, 80]. We thus
turn to the description this so-called Hund metal within
gGut.

C. Hund Metal

The Hund coupling J , formally responsible for choos-
ing the most stable atomic multiplets in molecules and
solids, plays a central role in the understanding of the
electronic properties in Fe-based correlated materials.
Perchance, one of the most striking phenomenologies
that this interaction mediates is the existence of metallic
phases that survive the onset of large Hubbard U and
Hund J interactions [62]. This is the result of the careful
balance between two insulating phases of different nature:
a Mott insulator on the one hand, and a Hund insulator
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FIG. 4. Quasiparticle renormalization factor Z vs Hubbard
repulsion U for the three-band Kanamori model in Eq. (12).
Results are shown for two electrons per atom, for different
ratios of the Hund coupling to Hubbard repulsion J/U . Clear
differences between regular Mott insulator (J/U < 1

3
), Hund

metal (J/U = 1
3
) and Hund insulator phases (J/U > 1

3
) can

be observed. For comparison, reference results from DMFT
calculations in ref. [80] are shown as dashed lines.

on the other. In contrast to the Mott-to-band insula-
tor scenario in the previous model, here both insulating
phases are correlated, and can be understood by invok-
ing the atomic limit. In this light, the Mott insulator is
a spatially homogeneous state of high-spin atoms, while
the Hund insulator is a spatially-inhomogeneous charge-
disproportionate mix of different atomic multiplets.

We investigate whether the gGut approximation can
capture this delicate balance between correlated insulat-
ing states, resulting in an interaction-resilient metal, in
the simplest example of three orbitals at a partial fill-
ing of n = 2 electrons per atom. Specifically, the local
Hamiltonian in this case can be written compactly as

Hloc,i = −µ
3∑

a=1

∑
σ

niaσ + (U − 3J)
n2

2

− J

(
2S2 +

1

2
L2

)
,

(12)

where n is the total particle number operator, S =
1
2

∑
aσσ′ c†aστσσ′caσ′ is the local spin operator in a given

atom (with Pauli matrices τ = {τx, τy, τz}). The oper-

ator L =
∑

abσ c
†
aσℓabcbσ is the atomic angular momen-

tum, where ℓ = {lx, ly, lz} with lα, α = x, y, z, the an-
gular momentum operators projected in the three-orbital
basis, which we assume describe p orbitals, although they
could as well represent t2g ones. The local configura-
tions can be labelled by the number of electrons n, total
spin S and total angular momentum L and have energy
Eloc(n, S, L). The lowest states for n = 1, 2, 3 have ener-

gies

E(1, 1/2, 1) = −µ+
1

2
(U − 3J)− 5

2
J ,

E(2, 1, 1) = −2µ+ 2(U − 3J)− 5J ,

E(3, 3/2, 0) = −3µ+
9

2
(U − 3J)− 15

2
J ,

so that the effective Hubbard interaction projected in
that subspace reads

Ueff = E(1, 1/2, 1) + E(3, 3/2, 0)− 2E(2, 1, 1)

= U − 3J .
(13)

It follows that J > 0 effectively reduces U to such an
extent that, at J > U/3, the model prefers to have sites
with n = 1 and n = 3 rather than the average n = 2.
Even though such extreme circumstance is maybe un-
realistic in the lattice scenario, still the net effect of a
J < U/3 is to make a metallic state survive longer than
expected and with the anomalous property that each site
is with highest probability in the configuration favoured
by Hund’s rules, contrary to the conventional metal at
small J .
We carry out gGut simulations on this three-band

Hamiltonian at one-third filling for different ratios J/U ,
using nine baths (six ghosts). In Fig. 4 we report the
quasi-particle renormalization factor of one of the equiv-
alent bands as a function of U/D. As can be seen in
the figure, the gGut approximation perfectly captures
the qualitative picture presented in Ref. [62, 80]. Start-
ing from a regular Mott transition at J/U = 0, increas-
ing the Hund’s coupling ratio starts showing the typical
initial Z decay with subsequent metallic plateau, which
eventually drops into a high angular momentum Mott
insulating phase. At large J/U > 1

3 the lattice shows
a similar behaviour with increasing U/t, where the final
insulating state is instead a Hund insulator.
Besides correctly describing both correlated insulating

phases, the gGut approximation also successfully cap-
tures the Hund metallic behavior. At the precise ratio
J/U = 1

3 , thus Ueff = 0 in Eq. (13), the model exhibits a
finite Z, i.e. a metallic phase, which essentially plateaus
for a large range of interaction strengths, all the way
to interactions over nine times larger than the lattice’s
bandwidth. While, as was the case of the orbital-selective
Mott transition, the quasiparticle renormalization fac-
tors Z are systematically larger than those obtained by
dynamical mean-field theory [80], the results in Fig. 4
clearly show that the gGut approximation can perfectly
describe the Hund metal phenomenology.
We can further analyze the gGut data, better illustrat-

ing the differences between the Mott insulating, Hund
insulating and Hund metallic phases, by looking at the
probability distribution of the local electronic configura-
tions for the different atomic multiplets in the n = 1, 2, 3
sectors. This can be done by projecting the converged
impurity model wave function in the gGut Ansatz into
the |n, S, L⟩ multiplets of interest, identified by their par-
ticle number (n), total spin angular momentum (S) and
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(a) Low interaction regime (U/D = 0.05).
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FIG. 5. Impurity multiplet structure for the converged impurity models in the three band Hubbard-Kanamori model at one-
third filling, different Hubbard interaction strengths and three Hund-to-Hubbard rations J/U = 0 (blue), 0.33 (orange) and
0.5 (green). Shown are the probabilities for different impurity multiplets |n, S, L⟩ defined by the impurity number of particles
n, total spin S and total orbital angular momentum L. These probabilites, shown in the bar plots, are weighted by the inverse
degeneracies of each multiplet (gS = (2S + 1), gL = (2L + 1)). The inset pie-charts show the probability distribution of the
number of particles alone for each J/U ration.

total orbital angular momentum (L). For n = 1, the
only possible multiplet is |1, 1/2, 1⟩, for n = 2 the local
electronic configuration can be either |2, 1, 1⟩, |2, 0, 2⟩ or
|2, 0, 0⟩, and finally for n = 3 the possible multiplets are
|3, 3/2, 0⟩, |3, 1/2, 2⟩ and |3, 1/2, 1⟩. At one-third filling,
i.e. an average local particle number of n = 2, the Hub-
bard repulsion will favor the n = 2 multiplets, with all
different S and L quantum numbers being equally likely.
Meanwhile, the Hund term will select the multiplet with
highest spin, namely S = 3/2, and hence will eventually
favor a charge disproportionated configuration where half
of the atoms have n = 3 and the other half have n = 1.
This different multiplet selection is another way to inter-
pret the effective Hubbard interaction Ueff in Eq. (13).

In Fig. 5, we show the probability distribution as bar
plots for the aforementioned multiplets in the converged
impurity models of the gGut solution of the three band
model at different interaction regimes. To analyze the
differences between the Mott insulator, Hund insulator
and Hund metal, we consider the gGut solutions at three
different Hund to Mott ratios: J/U = 0 (pure Hub-
bard scenario), J/U = 0.33 (balanced competiton be-
tween Hubbard and Hund), and J/U = 0.5 (dominat-
ing Hund scenario). For a more transparent compari-
son, we devide each multiplet probability by its degener-
acy, which is given by (2S + 1)(2L + 1). Moreover, we
show the pure occupation-number probability distribu-
tion (i.e. integrating out the S and L quantum numbers)
as inset pie-charts for each J/U ratio. We consider two
interaction strength regimes: a small interaction regime
(U/D = 0.05, left panel) in which for all J/U ratios the
system is a weakly correlated metal, and the high in-

teraction regime (right panel) where for J/U ̸= 0.33 we
tune the Hubbard repulsion strength to be just before the
metal-insulator transition, and for J/U = 0.33 we ramp
up the interaction to U/D = 9.

In the low interaction regime (left panel, U/D = 0.05),
the multiplet distribution is quite similar for all J/U ra-
tios. Exactly at J/U = 0, all the (S,L) multiplets for
a given n are equally likely, as they should, and turn-
ing J/U on does not change this significantly with these
small interaction strengths. Examining the n probabil-
ity distributions in the inset pie charts, the n = 2 sector
seems to be slightly favored, as makes sense for a positive
U at one-third filling, but the distributions for n = 1, 2, 3
are approximately equivalent. Occupations of n = 0 or
n > 3 are comparatively disfavored through the Hub-
bard repulsion. This is a consistent picture for a weakly
correlated metal for all J/U ratios.

In contrast to that, in the high interaction regime
(right panel), the distinction between the J/U ratios,
and hence the outcome of the competition between the
Hubbard and Hund energy scales, is more dramatic. For
J/U = 0, at a U/D interaction shy of the Mott transition,
the impurity is almost exclusively in the n = 2 sector (cf.
the leftmost inset pie chart in the right panel), while
all three corresponding (S,L) multiplets are still equally
likely. This is decidedly different for the metal shy of
the Hund insulator transition at J/U = 0.5, where the
n = 3 is the dominant one, while n = 1, 2 still contribute
sizeably to the atomic electronic configuration (cf. the
rightmost inset pie chart in the right panel). Moreover,
inside the n = 3 sector at J/U = 0.5, the impurity is al-
most exclusively in the S = 3/2 multiplet, showing a per-
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fect following of the first Hund rule. In the regime where
both Hubbard and Hund energy scales are evenly bal-
anced, J/U = 0.33, the n probability distribution resem-
bles the most the weakly correlated metal (cf. the central
pie chart in the right panel, compared to the pie charts
in the left panel). There are noticeable quantitative de-
viations, most importantly the n = 3 sector increasing in
weight in detriment of n = 1 and the n > 3, n = 0 con-
tributions, but the n = 2 sector is still the dominant one.
This is not completely surprising, since the quasi-particle
renormalization factor in Fig. 4 plateaus into a metallic
value in this regime. Notwithstanding these similarities
however, the detailed multiplet distribution is fundamen-
tally different between this Hund metallic phase and the
weakly correlated metal phase in the left panel of Fig. 5.
Indeed, each n sector is essentially dominated by a single
(S,L) multiplet, precisely the one maximizing the total
spin, and fulfilling thus the first Hund rule.

The analysis of the multiplet probability distributions
in Fig. 5 gives thus a clear picture as to how a corre-
lated metallic phase can emerge through the competi-
tion of two markedly distinct insulating phases, yet still
showing some degree of resemblance with both of them.
Moreover, our study shows that the gGut Ansatz per-
fectly captures this competition and its underlying phe-
nomenology. This is done in excellent agreement with
established approaches such as DMFT, despite the fact
that gGut is formulated around the computationally and
physically much simpler 1-RDM.

IV. CONCLUSIONS AND OUTLOOK

We have tested the reliability of the ghost Gutzwiller
(gGut) approximation in a wide range of different
strongly correlated phenomena occurring in multi-orbital
systems, including orbital-selective Mott transitions,
Mott-to-band insulator transitions as well as Hund
metallicity resilient to high interactions. Using a minimal
number of additional degrees of freedom (baths/ghosts),
we have shown that for a moderate computational cost,
gGut can provide accurate results comparable to well-
established approaches such as dynamical mean-field the-
ory (DMFT), as well give a correct picture for the un-
derlying physical phenomenology. The main figure of
merit concerns the fact that gGut can provide an accu-
rate description of spectral functions despite being for-
mulated as a self-consistency around the computation-
ally inexpensive static one-body reduced density matrix
(1-RDM). Consequently, this method represents an excel-
lent approach to perform rapid yet reliable phase space
explorations in model Hamiltonians, to chart out possi-
ble phases of matter which can then be investigated with
more accurate methodologies.

The variational nature of the gGut approximation and
its formulation around the 1-RDM make it particularly
attractive for two extensions beyond the equilibrium
properties of model Hamiltonians. First, the 1-RDM is

significantly easier to accurately approximate than the
one-body Green’s function, particularly in ab initio cal-
culations. This, together with the impressively accurate
Green’s functions in gGut, on par with DMFT, makes
the modelling of realistic materials via an LDA+gGut
scheme particularly promising. Finally, the variational
formulation of gGut makes it especially amenable to gen-
eralizations to non-equilibrium, as is indeed the case with
the standard Gutzwiller approximation [81–83]. Despite
its significantly simplified structure when compared to
non-equilibrium DMFT [84], here as well the Gutzwiller-
based formalism can provide a reliable description of
electron dynamics after quenches. Given the signifi-
cant improvement of equilibrium results when adding
the ghost degrees of freedom, extending gGut to the
non-equilibrium regime presents an exciting avenue of
research, in which initial results are highly encourag-
ing [85, 86]. Taking everything into account, the gGut
approximation promises to be a flexible and reliable tool
to study correlated materials in and out of equilibrium.
Note Added : Durint the reviewing process, two papers

have come forth studying the convergence of gGut in the
number of baths for the multi-orbital setting [87], and
the formal connection of gGut with the density-matrix
embedding theory (DMET) [88].
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APPENDIX A: FIT OF QUASIPARTICLE
POTENTIAL λ

The first step in each gGut iteration involves the search
for a quasiparticle potential λ which, for a given renor-
malization R, defines a quasiparticle Hamiltonian Hqp

whose local 1-RDM matches the impurity 1-RDM in the
previous iteration. At its core, this problem can be for-
mulated as an optimization, or fitting, problem for the
matrix λ. In our current implementation, we treat this
as a multi-root finding problem, with cost function

f⃗(λ) = ∆I [λ]−∆I−1 !
= 0⃗. (14)

where f⃗ is a vectorized representation of the matrix
difference in the RHS. The solution of this multi-root
problem is found iteratively using GSL’s implementation
of the hybrid Powel method [89], which requires providing
an expression for the Jacobian of the cost function with
respect to the optimization parameters. In other words,
we need to evaluate the derivatives of the components of

f⃗ with respect to the elements in λ, which in turn means
we need the derivatives of the ground state 1-RDM with
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respect to the local quasiparticle potential. These can
be expressed analytically and evaluated numerically at
the same cost and with the same precision than the 1-
RDM itself. For that purpose, we will suppose that λ
is parametrized by some basis of Hermitian expansion
matrices {Li}, such that we can write

λ[{li}] =
∑
i

li Li, (15)

where the expansion coefficients li will be assumed real
for simplicity. This notation will simplify expressing the
∆I derivatives, as we will write them in terms of the
real coefficients li. Moreover, a judicious choice of the
expansion matrices {Li} will simplify the implementation
of the symmetries of relevance in the model of interest,
greatly increasing the convergence speed of the fit as well
as that of the whole gGut self-consistency.

1. Derivatives of ∆

Since the quasiparticle Hamiltonian is non-interacting,
the local 1-RDM ∆I can be written in terms of the quasi-
particle potential λ as

∆I [{li}] =
1

VBZ

∑
k

F (R† · ϵk ·R− λ[{li}]), (16)

where F denotes the Fermi distribution at the tem-
perature of interest. The above equation sets the formal
functional dependence of ∆I with respect to the expan-
sion coefficients li. Since the momentum sum is a linear
operator, it commutes with the derivatives with respect
to li, and hence we need just concern ourselves with the
derivative of the Fermi distribution. Now, the F is eval-
uated over a matrix, hence we compute it by changing to
the eigenbasis of the argument R† · ϵk · R − λ. Let the
eigenvectors and eigenvalues be given by |vk,n[{li}]⟩ and
βk,n[{li}], such that

(
R† · ϵk ·R− λ

)
|vk,n⟩ = βk,n |vk,n⟩ , (17)

where for clarity of notation we have omitted the ex-
plicit dependency on {li}. By taking the derivative of
Eq. (17) with respect to a given li, and following essen-
tially the same arguments as when deriving Rayleigh-
Schrödinger perturbation theory, we can find the expres-
sions for the derivatives of the eigenvectors and eigenval-
ues in the absence of degeneracies. These follow

∂

∂li
βk,n = −⟨vk,n|

∂

∂li
λ|vk,n⟩ ,

∂

∂li
|vk,n⟩ =

∑
m ̸=n

⟨vk,m| ∂
∂li
λ|vk,n⟩

βk,m − βk,n
|vk,m⟩ .

(18)

Hence, writing the 1-RDM at a given momentum vec-
tor k, denoted as ∆I

k, in the eigenbasis of R† ·ϵk ·R−λ as
∆I

k =
∑

n F (βk,n) |vk,n⟩ ⟨vk,n|, we can express its deriva-
tive as

∂

∂li
∆I

k =
∑
n,m

δ̃kn,m |vk,n⟩ ⟨vk,m| , (19)

where we have defined the δ̃k matrix as

δ̃kn,m =

{
−F ′(βk,n) ⟨vk,n| ∂

∂li
λ|vk,n⟩ , n = m

F (βk,n−F (βk,m)
βk,m−βk,n

⟨vk,n| ∂
∂li
λ|vk,m⟩ , n ̸= m

(20)
In the previous equation, we evaluate the derivatives

of λ following Eq. (15) as ∂
∂li
λ = Li, and F ′(E) is the

derivative of the Fermi distribution with respect to en-
ergy. To make the latter a numerically stable magnitude,
we assign a small but finite temperature to the evaluation
of these derivatives. Finally, the derivative of the local
quasiparticle 1-RDM can then be evaluated by integrat-
ing Eq. (19) over k. In the case of a degenerate spectrum
of the k-Hamiltonian R† · ϵk ·R− λ, we can approximate
the quotient in the off-diagonal components of δ̃k with
the derivative of F .

2. ∆ parametrization

As mentioned above, the choice of expansion matrices
Li in the expansion of λ, cf. Eq. (15), can significantly
improve the convergence of both the fit and the overall
gGut self-consistency. For the former, it defines the direc-
tions in parameter space along which the hybrid Powell
method will be defined, and for the latter it can help en-
force the right system symmetries. These symmetries are
direcly imposed on λ, but have of course a direct effect
on the elements of ∆I .
In points of phase space where no particular symme-

tries are preserved, the only restriction that can be im-
posed on λ is its Hermiticity. In this work, we chose the
generalized Gell-Mann matrices [90] as basis in this case.
When particular symmetries arise in the system of in-
terest, the number of expansion matrices can be further
reduced. The most common case in our current study is
that of particle-hole symmetry. Here, one can formally
collect all bath orbitals in pairs, up to possibly a sin-
gle orbital in case of an odd number of effective orbitals,
which is paired with itself. By particle-hole symmetry,
the on-site energies of any given bath orbital is minus
the energy of its pair. Further, there can be no hopping
term in λ coupling an orbital with its particle-hole sym-
metric pair, and if a hops to b with some amplitude λa,b,
then their particle-hole symmetric partners must have
the same hopping amplitude between each other.

Another bath parametrization of interest pertains to
the multi-orbital case. It is not uncommon for the or-
bitals in the local Hamiltonian to be equivalent to each
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(a) Different band widths. (b) Crystal field splitting

FIG. 6. Bath parametrizations for the two-band models studied in the main paper. Left panel: two-band model at half-filling
with different band widths for each band. Right panel: two-band model at half-filling with crystal field splitting.

other, in which case a natural λ parametrization involves
splitting the bath orbitals among all local impurity or-
bitals, such that each impurity is coupled to an equivalent
bath. Further, in the absence of explicit inter-orbital hop-
pings in the impurity, one can further restrict these indi-
vidual bath groups such that they stay decoupled from
each other.

In summary, it is important to choose the right λ
parametrization to ensure a reasonable convergence of
the gGut self-consistency. The parametrizations em-
ployed for the two-band models in the main paper, both
studied at half-filling and hence presenting particle-hole
symmetry, are summarized and graphically represented
in Fig. 6. For the three band model, since we consid-
ered the one-third filling case, there are no symmetries
besides the equivalency and decoupling between each
band. Hence, the bath parametrization corresponded to

λ ∈

h 0 0
0 h 0
0 0 h

, where h is a general, hermitian 3×3 ma-

trix.

APPENDIX B: DERIVATIVE OF
√

∆I(I−∆I)

For completeness, we briefly go over the evaluation of
the derivatives of

√
∆I(I−∆I) that enters the compu-

tation of λc in Eq. (7). A useful trick to perform this
derivative involves defining the auxiliary matrix X =√
∆I(I−∆I), and writing

d(X ·X) = d(∆I(I−∆I)),

X · dX + dX ·X = d(∆I(I−∆I)).
(21)

Now, the right hand side can be easily evaluated, since
it does not involve the square root of a matrix. Eq. (21) is
an example of a Sylvester equation, which can be solved
as a linear system of equations upon vectorizing the ma-
trix dX, which incidentally is the derivative we are after.
The vectorized equation reads

(
I⊗X +Xt ⊗ I

)
· d⃗X = b⃗, (22)

where ⊗ denotes a Kronecker product, and b⃗ is the
vectorized form of d(∆I(I−∆I)).

[1] A. Georges, G. Kotliar, W. Krauth, and M. J. Rozen-
berg, Dynamical mean-field theory of strongly correlated
fermion systems and the limit of infinite dimensions, Rev.
Mod. Phys. 68, 13 (1996).

[2] G. Kotliar, S. Y. Savrasov, K. Haule, V. S. Oudovenko,
O. Parcollet, and C. Marianetti, Electronic structure cal-
culations with dynamical mean-field theory, Rev. Mod.
Phys. 78, 865 (2006).

[3] G. Kotliar and E. Abrahams, Correlated electrons in
delta-plutonium within a dynamical mean-field picture,
Nature 410, 793 (2001).

[4] R. Arita, K. Held, A. V. Lukoyanov, and V. I. Anisimov,
Doped mott insulator as the origin of heavy-fermion be-
havior in liv2o4, Phys. Rev. Lett. 98, 166402 (2007).

[5] J. H. Shim, K. Haule, and G. Kotliar, Modeling the
Localized-to-Itinerant Electronic Transition in the Heavy
Fermion System CeIrIn5, Science 318, 1615 (2007).

[6] M. Takizawa, M. Minohara, H. Kumigashira, D. Toy-

ota, M. Oshima, H. Wadati, T. Yoshida, A. Fujimori,
M. Lippmaa, M. Kawasaki, H. Koinuma, G. Sordi, and
M. Rozenberg, Coherent and incoherent d band disper-
sions in srvo3, Phys. Rev. B 80, 235104 (2009).

[7] K. Haule, C.-H. Yee, and K. Kim, Dynamical mean-
field theory within the full-potential methods: Electronic
structure of ceirin5, cecoin5, and cerhin5, Phys. Rev. B
81, 195107 (2010).

[8] H. Park, A. J. Millis, and C. A. Marianetti, Comput-
ing total energies in complex materials using charge self-
consistent dft + dmft, Phys. Rev. B 90, 235103 (2014).

[9] K. Haule and T. Birol, Free energy from stationary im-
plementation of the DFT+DMFT functional, Phys. Rev.
Lett. 115, 256402 (2015).

[10] A. Paul and T. Birol, Applications of dft+ dmft in ma-
terials science, Annual Review of Materials Research 49,
31 (2019).

[11] L. de’ Medici and M. Capone, Modeling many-body

https://doi.org/10.1126/science.1149064


13

physics with slave-spin mean-field: Mott and hund’s
physics in fe-superconductors, in The Iron Pnictide Su-
perconductors: An Introduction and Overview , edited by
F. Mancini and R. Citro (Springer International Publish-
ing, Cham, 2017) pp. 115–185.
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