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Abstract

Quantum Field Theories (QFTs) have a universal protected sector provided by topological operators.
They generalize the ordinary notion of symmetry in various directions, allowing to transport many
familiar concepts (symmetry breaking, anomalies, gauging, etc...) in a much more general framework.
This thesis is devoted to the study of several aspects of these topological properties, and their interplay
with the dynamics. A central tool is provided by a Topological Quantum Field Theory (TQFT) living
in one higher dimension, that encodes all the properties of the topological sector in an elegant way,
and allows to extract, from topology, dynamical constraints that would be inaccessible otherwise.
Some of the applications that we will find include the holographic dual of the so-called categorical
symmetries, constraints on the infrared imposed by generalized symmetries, the discovery of new
topological properties of certain gapless phases, a new class of exotic TQFTs, and the derivation of

the holographic dual of any Goldstone theory describing spontaneous symmetry breaking.
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Introduction

One exciting fact in physics is that, often, completely different phenomena can be described by the
same formalism. The reason for this is not unique. In some cases, the underlying deep fact is that the
phenomena were not really distinct but merely two aspects of the same thing. That is the case for
falling objects on Earth and the motion of planets in the solar system. In other cases, this fascinating
fact can be understood by recognizing that the formalism with which we are working is extremely
broad and powerful. The main example in contemporary physics is Quantum Field Theory (QFT).
This is the language we use to describe a surprisingly large class of systems, ranging from high-energy
physics, including both particle physics and gravity, to critical phenomena in statistical mechanics,
passing through condensed matter systems, quantum computation, and many others. As a by-product
QFT also provided deep insights for basically all branches of mathematics, creating a lot of connections
to these fields.

Probably the main reason why QFT has so diverse applications is that it is very hard, has many
aspects, and encompasses numerous facets. It is so hard that it is not even clear how to define it
rigorously. The only instances in which QFTs have mathematically rigorous definitions are Topolog-
ical Quantum Field Theories (TQFT) and two-dimensional Conformal Field Theories (CFT). In all
other cases, physicists think about QFTs in a heuristic way, defined by some path integral, which is
notoriously ill-defined mathematically. Moreover, even if we accept this lack of a rigorous definition,
a path integral formulation requires a Lagrangian, or equivalently the existence of a classical system

that one quantizes, and this is a luxury that we are often not granted.

Despite lacking a first principle definition, several quantities and the underlying physics have
been computed and analyzed in various cases. The common factor in these successes is that some
QFT properties are so robust that they persist regardless of the precise mathematical definition of
the theory. An example is conformal field theories, where the conformal algebra is so constraining
that some correlation functions are determined by it. An other successful instance is supersymmetry,
especially in the extended case, where several quantities are protected against quantum corrections and
can be determined exactly. While robust properties may be seen merely as a sort of trick to analyze
the system, they can actually be interpreted as instrumental toward giving an actual definition of
the theory. Indeed, the reason why TQFTs and 2d CFTs have mathematically rigorous definitions
is because they are completely determined by their robust properties. In the TQFT case these are

symmetries, localities, and so on, while for 2d CFT is the infinite-dimensional Virasoro algebra.

While supersymmetric and conformal field theories are very good laboratories for our understand-
ing of QFT, it is equally important to understand how much the knowledge we acquired in these toy
models can be applied to more general theories. Analyzing the dynamics of non-supersymmetric the-
ories requires looking for some other robust properties. In recent years there has been a huge activity
in understanding universal robust properties related with the topological sector of QFTs. This is the

set of operators (or defects), whose support is generically extended, with the property that any corre-
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Figure 1: The action of a topological codimension one operator when it crosses a charged local operator.

lation function with those operators inserted is independent of the deformation of the supports that
do not change their topological class. The topological class is modified when the operator’s support
moves in a way such that it intersects with another operator. In such scenarios, the adjustment of the
correlation functions can be non-trivial and defines the data of the topological sector. These data are
precisely the robust properties that can be analyzed reliably.

The most basic example of our discussion is provided by conventional global symmetries represented
by a Lie group G. This is associated with some conserved current J,(z) = Jj(z)T* leading to Ward

identities and, as we will review in Section (1] following , we can construct a topological operator

Ug(X4-1) = exp iea’/ xJ| .
Ya—1

Here g = €"T" € G is a group element labelling the operator, while J* = Jidz# is a 1-form so that
its Hodge dual xJ* can be integrated on any (d — 1)—dimensional submanifold ¥;_1, the support of
the operator Uy(34—1). The Ward identities imply that we can reshape the submanifold ¥;_; without
altering the value of the correlation function, as long as we do not intersect a point where a local
operator O(z) is placed. If O(x) transforms in a non-trivial representation 2R of G, the topological
defect acts on the operator when it is intersected (fig. [1)). This property is robust: starting from a
weakly coupled theory and deforming by RG flow or additional interactions, the conclusions hold as
long as symmetry is preserved. Thus, whenever a QFT has a G global symmetry, the operator algebra
and the Hilbert space remain organized in representations of G even at strong coupling. Although
this is very standard, reformulating it as a consequence of a topological operator Uy (34-1) is crucial,
as it will allow us to generalize it to less standard situations.

The interplay between the topological operator Uy(2X4—1) and the charged local operators O(z) is
not the only important information. When two or more topological operators intersect in junctions,
modifying their structure can introduce a phase in the correlation functions. This is the manifestation
of a 't Hooft anomaly for the symmetry G, which is an important and robust datum. Indeed, there
are (at least) two highly non-trivial facts related to 't Hooft anomalies. First, they are invariant
under continuous deformations of the theory, being a motion in a conformal manifold, an RG flow,
or any continuous deformation. Second, a non-trivial 't Hooft anomaly is incompatible with a trivial
theory. These two facts have a strong consequence: a weakly coupled theory with a ’t Hooft anomaly,
if deformed and driven to strong coupling, cannot flow to a trivial IR. Moreover, certain anomalies
are incompatible with certain IR theories, for instance, perturbative anomalies of continuous groups

require a gapless sector. Hence in such cases, the theory cannot develop a mass-gap. This highly non-
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Figure 2: The action of a U(1) 1-form symmetry in three-dimensions. The topological operator is
labelled by a ~ a4 27 and supported on a 1-dimensional manifold ¥;. It can act on a 1-dimensional

line operator Wy, (1) of charge n € Z, multiplying it by a phase.

trivial result is a modern form of 't Hooft anomaly matching [12], and follows from the topological
nature of the operator Uy (X4-1).

While ordinary global symmetries lead to topological operators, the topological sector of QFT is all
but exhausted by them. Starting from [11], the intense activity of the last years focused on identifying
other types of topological operators in QFT, understanding the structure of the topological sector, and
extracting the pieces of information that lead to consequences for the dynamics. These more general
topological operators are commonly called generalized global symmetries, even if the word symmetry
is more appropriate for some of them than for othersﬂ

The generalizations are of various levels of complication. The simpler one concerns topological
operators still labeled by some group G, but whose support is of higher co-dimension p + 1. These
are called higher-form symmetries of degree p, or p—form symmetries. Ordinary symmetries are then
0—form symmetries. If p > 0, a p-form symmetry cannot act on local operators, but on operators of
dimensionality at least p. The action of a p-form symmetry defects on a p—dimensional operator is
by linking (see fig. . In fact, in a d—dimensional manifold, submanifolds whose dimensions sum up
to d — 1 can be geometrically linked. Moreover, it turns out that higher-form symmetries must be
Abelian.

If a theory has various higher-form symmetries of different degrees, the corresponding topological
operators can have a non-trivial interplay among themselves. For instance, the topological operators
of a 1-form symmetry can be permuted when they cross a co-dimension one topological defect of a

0-form symmetry:

2 All the symmetries are the same, but some are more symmetric than others.
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Figure 3: Left: categorification of a group G in terms of a category with a unique object (that can be
thought of as a quantum mechanical system) and endomorphisms labelled by group elements. Right:
the realization of this structure on a (041)-dimensional theory, namely a quantum mechanical system,

where the endomorphisms of the category are topological local operators.

There can be more intricate interplay arising from the co-existence of higher-form symmetries of
various degrees, forming a structure called higher-group |13H16], that is well known in mathematics
[17].

This is the simplest non-trivial appearance of higher-categorical structures which will play an
important role. Higher categories are algebraic structures that abstract ordinary notions of groups,
algebras, and so on, allowing very interesting generalizations. Roughly speaking a category C is
a collection of objects a € Ob(C) together with maps among them f : a — b, called morphisms,
that can be composed. A group G can be understood as a category with a unique object, with
endomorphisms labelled by g € G, and whose composition is governed by the group law of G. In
particular all morphisms are invertible, namely are isomorphisms. This is how one may like to think
group-symmetries in Quantum Mechanics (QM): the unique object is the QM system itself, and the
group elements act on it. In QFT language a QM is a (0+1)-dimensional theory, the symmetry
operators are topological local operator, hence being points they do not have higher structures (see
fig. |3| for an illustration). That is the reason why they are described by category theory, as opposite
to higher-category theory.

In a (D + 1)—dimensional QFT the topological operators are extended, so they can have higher-
codimension topological operators placed on it, or more generally there can be topological interfaces
between two difference symmetry group operators. They can be understood as morphisms between
morphisms, or 2-morphisms. These are the building blocks of a higher-category: an algebraic structure
with objects whose morphisms form itself a category with 2-morphsims among them, which again can
form a category with 3-morphisms among them and so on. An n—category is such that there are
morphisms up to degree n. A 0-form group symmetry G in a d-dimensional QFT can be thought of as
a d-category with a unique object (the QFT itself), and 1-morphisms labeled by g € G that compose

according to the group law.

This structure has room to accommodate 1-form symmetry defects that are of dimension d —

2. These are 2-(endo)morphisms of the identity 1-morphism, and are composed according to the
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group law of an Abelian group A. We can then go higher by introducing 2-form symmetry operators
as 3-endomorphisms, and so on up to (d — 1)-form symmetries that are given by topological local
operators. The 2-endomorphisms of the identity 1-morphism must induce 2-endomorphisms of any
other 1-morphism: codimension two defects can be pushed on top of codimension one defects.

A mathematical structure putting together various higher-form symmetries is called a higher-
group, whenever all morphisms are invertible, hence each set of (higher)endomorphism of the identity
form some group. The possible non-trivial interplay among the various layers arise from the various
associativity conditions. For instance taking three O-form symmetry defects U, Uy, U, we may com-
pose (UyUp)Uy, or Uy(UpUy) and they could not coincide, but being related a non-trivial 2-morphism,
namely a 1-form symmetry defect 3(g, h, k) € A. If this is non-trivial we have an interesting interplay
between the 0-form and the 1-form symmetry.

Let us pause for a moment to clarify some terminology. As we discussed, the higher-form symme-
tries of a d-dimensional QFT combine in d-category with a unique object. These categories are called
monoidal. The unique object is the QFT itself. This is a trivial information that does not play a role.
For this reason it is customary to just look at the (d — 1)-category of endomorphisms, whose objects
are the 0-form symmetry defects. Since these objects started their life as morphisms, they inherit an
additional structure from the composition, which is called a tensor product: monoidal d-categories are
often called tensor (d — 1)-categories, and it is often stated that that symmetries of a d-dimensional
QFT are given by a (d — 1)-category. Mathematicians have mostly studied higher-categories with
finitness properties, called fusion categories and are suitable for describing finite symmetries in QFT.
The terminology can be somewhat confusing for physicists, since the world fusion does not really have
to do with the possibility of fusing the objects, which remains true even for continuous symmetries.

At this point, one may ask if there is some reason why the topological sector of QFTs must be
described by these special types of higher categories governed by various layers of group symmetries.
Indeed, there is no such reason, and we can look for general tensor (d — 1)-categories where some
morphism does not have an inverse. After all, we are looking for the most general robust properties,
and these only depend on having topological defects that can be fused and combined in various ways.
These more general structures are often called non-invertible symmetries by physicists, even if the
word symmetry is probably not appropriate here. Symmetry is a word used for some action on some
system that does not change its fundamental properties (e.g. a rotated ball is still a ball, not an ellipse)
and is always reversible. This property does not apply to non-invertible symmetries whose action is
not reversible and often modify some very fundamental properties. For instance, spontaneously broken
non-invertible symmetries can map one vacuum to a physically distinguishable one. Non-invertible
symmetries are really associated with some conservation law (namely a topological operator) that does
not come from any symmetry of the theory. For this reason, it would be much better to call them
non-invertible topological operators, or non-symmetries. Nevertheless, we will use the terminology
non-invertible symmetries since it is now standard in the physics community.

Non-invertible symmetries described by fusion (1-)categories are well known to exist in two-
dimensional Rational Conformal Field Theories (RCFT) since many decades and are provided by
Verlinde lines [18]. However, only in recent years have they been recognized to fit within the framework
of generalized symmetries [19-21]. Many people started to study their structure, 't Hooft anomaly,
gauging, spontaneous breaking, and all that. This program proved to be extremely successful even
for non-conformal theories obtained by deforming some RCFT with a symmetry preserving relevant
operator, resulting in striking dynamical predictions [22].

The developments in higher dimensions are much more recent, starting with [23-29], constituting
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a very active area of current research. One side of the activity puts a lot of effort into understanding
the general structure of the topological sector of QFTs. The broad question in this business is how to
classify and compute all possible robust data associated with a generalized symmetry structure. An
other side of the activity concerns deriving physically relevant consequences from these structures. Of
course, the two analyses are all but unrelated.

A fundamental role in this story is played by Topological Quantum Field Theories (TQFTSs).
Roughly speaking, a TQFT is a theory with a vanishing stress-energy tensor. Since the stress-energy
tensor generates all space-time symmetries, in a TQFT all operators are topological. In a sense,
a TQFT is completely determined by its symmetries and for this reason can be rigorously defined.
Hence, the study of TQFTs is an important and active area of mathematics, which is helpful for physics,
since we can use many results that mathematicians proved for us. For instance, in sufficiently low
dimensions, TQFTs have been essentially classified. There are many reasons why TQFTs are relevant
for non-topological theories. First, they describe the infrared limit of gapped phases. Second, a QFT
with finite symmetry C can be coupled with a TQFT with the same symmetry by stacking the two
theories and gauging the diagonal symmetry [30]. This operation modifies the global properties of the
original theory, for instance changing the number of vacua on non-trivial space-manifolds. Similarly, in
a d-dimensional QFT with a higher-form finite symmetry we can construct further topological defects
by staking on some submanifold a lower-dimensional TQFT with the same finite symmetry, whose
degree is such that the dimensionality of the topological operators match, and again performing a
diagonal gauging on the submanifold |26, 31].

However, there is an other application, much more subtle but also much more general, of TQFTs
to non-topological theories. This has really to do with the fact that symmetries are identified with
topological operators, which intuitively are those that do not interact with the stress-energy tensor.
One may then be tempted to conjecture that the full set of topological operators of any given d-
dimensional QFT produces a consistent d-dimensional TQFT that captures all the properties of the
symmetries. However, this is not true for two distinct reasons. First, standard TQFTs as rigorously
defined and studied by mathematicians can only capture finite symmetries, while general QFTs also
have continuous symmetries. We will see how a new type of TQFTs (Appendix can also capture
continuous symmetries in Chapter reviewing [5], but for the moment we restrict to finite symmetries.
However, the temptation above is not valid even with this restriction, for the very basic reason that
among the important robust data relevant for the topological sector, is the interplay of topological
operators with non-topological charged operators.

It turns out that a TQFT capturing completely the data associated with the topological sector of
d-dimensional QFT exists, but it lives in d + 1 dimensions. In the high-energy community it is called
the Symmetry Topological Field Theory (SymTFT) [11}[32-36], while the same concept appears both in
mathematics and in condensed matter theory with other namesﬂ. Roughly speaking, the d-dimension
QFT we want to study lives at the boundary of the SymTFT. An intuitive reason why we need to
go one dimension higher is the following. Both the topological defects of a p—form symmetry, and
the charged operators, arise from topological operators of the TQFT. But while the topological ones

are just d — p — 1 dimensional operators pushed at the boundary, for the charged operators we need

3The first construction was given for a 3d TQFT associated with a fusion category in mathematics by Turaev and Viro
137, 138], and successively extended by Barrett and Westbury |39, 40|, hence it known as Turaev-Viro-Barrett-Westbury
theory. Later on the same technique was used to construct TQFTs in various dimensions from the datum of a fusion
category in one dimension less, and these construction are generically known as state-sums. In the condensed matter
community, on the other hand, the SymTFT is often called bulk-boundary correspondence, or symmetry-topological order

correspondence, generalizing one original construction by Levin and Wen [41].
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some mechanism to make them non-topological. The mechanism is that the p—dimensional charged
operator is the end-surface of a p + 1 dimensional topological defect of the TQFT. We then notice
that a d —p—1 and a p+ 1 dimensional operators cannot link in d—dimensions, but they can in d+ 1.

More precisely the set-up is the following:

topological
hosical SymTFT boundary
physica condition
QFT

The TQFT is placed on a slab with two diffeomorphic boundaries. One supports the physical QFT
we are interested in but is coupled to the TQFT in the bulk. A common terminology is to call this
QFT a relative theory, since once we couple it to a higher-dimensional TQFT it no longer exists on its
own (is not absolute) but it is relative to the TQFT. The precise statement is that it does not have
a unique partition function, but a vector of them. To get a unique partition function and recover an
absolute theory, one needs to project the partition vector onto another given vector. This is realized
by adding the other boundary, which is a topological boundary condition for the TQFT.

Given the original higher category C that we want to describe, we get an additional structure
on the TQFT. We may think of this additional structure as a presentation of the TQFT (a duality
frame). More precisely, the additional structure is the datum of a canonical topological boundary
condition, which projects the partition vector on the partition function of the theory we started with.
The topological boundary condition is equivalent to the prescription of which bulk defects can end on
it. These defects are trivialized if we push them parallel to the topological boundary. All the other
defects can be pushed on the boundary remaining non-trivial but are identified modulo those that can
end. On the other hand, all bulk defects can end consistently at the physical boundary, but their end
points are generically non-topological.

The slab is topological, and we can compactify it with the cost of (at most) a normalization factor.
This operation reproduces the absolute theory, where the topological sector is provided by the bulk
defects that are not trivialized by the topological boundary, while the charged operators are obtained
from the bulk defects that end on both boundaries, as in the picture above.

Then we can start playing with the topological boundary conditions, modifying them away from
the canonical one. This operation reshuffles which bulk defects can end and which stay non-trivial
after the slab compactification. The absolute theories we get will be different versions of the original
one, sharing the same local dynamics but different global properties [34]. They are obtained one from
the other by one of the operations we described above: coupling some of original theory with a TQFT
by the diagonal gauging of some finite symmetry. These are often called topological manipulations,
and these different versions are usually called global variants [42]. They have different symmetries
related by some type of generalized gauging, but they all share the SymTFT. The latter is indeed the
full invariant of this equivalence class of symmetries, called Morita class.

The SymTFT is very powerful since it contains not only the full information on the topological
sector of a QF T, but also those related by topological manipulations. This observation is the starting

point that allows to detect t Hooft anomalies of all possible generalized symmetries (including the
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non-invertible ones) using the SymTFT. In fact, anomalies are, roughly speaking, the obstruction in
performing certain topological manipulations, so they can be computed by studying the topological
boundary conditions of the SymTFT [3} |5, 43-45]. This is a very important step, since it allows one to
extract the robust data relevant for constraining the dynamics, from a part of the topological sector
that does not come from ordinary symmetries, and hence it would not be accessible by other (known)
methods[4

The SymTFT allows us to completely disentangle the topological sector from the dynamics, and
concretely provides a framework where one can use tools from topological quantum field theories
in non-topological theories. In a sense, it replaces the complicated study of higher-categories and
their action on QFTs, with the simpler problem of analyzing TQFTs. Moreover some non-invertible
symmetries that cannot be related with invertible symmetries, can be actually understood in terms
of invertible symmetries of the SymTFT, simplifying drastically the analysis [2} 3, 46]. Least but not
last, the SymTFT provides a classification of the possible non-invertible symmetries of d-dimensional
QFTs in terms of classification of d+1 dimensional TQFTs. For instance it provides an explanation of
the richness of topological defect lines of 2d RCFT in terms Wilson lines of 3d Chern-Simons theory,
through the 2d/3d correspondence [47-50], while it rules out finite O-form non-invertible symmetries
in 4d other than the known ones [45] by using a classification result for 5d TQFTs [51].

This thesis is organized as follows. Chapter [1| is a review of some basic concepts in generalized
global symmetries, not including non-invertible topological operators. Before introducing them in
Chapter [3] it is necessary to give an overview on ideas and techniques of TQFTs in Chapter [2l The
background material concludes with Chapter [4] that introduces the SymTFT construction.

The original work of the author is presented in the Chapters [f][6][7][][0] In Chapter [5] based on
[2], we study how non-invertible self-duality defects arise in theories with a holographic dual. One
important observation is that the supergravity theory contains a topological sector that coincides with
the SymTFT. We will use this to deduce the SymTFT for certain non-invertible defects (confirming
also the finding of [52]), and use it to derive many properties holographically, and in a controlled
setup.

In Chapter |§|7 which reviews [3], we use the SymTFT derived holographically in Chapter |5| to
study anomalies of non-invertible symmetries. We do this both in 2d, where some results were already
available and we could compare with them, and in 4d where the results are new.

The study of anomalies can be viewed as understanding which symmetries are compatible with a
trivial gapped phase, technically a Symmetry Protected Topological (SPT) phase. Recently, it was
realized that, at least in two space-time dimensions, these phases can also exist in gapless systems,
leading to the notion of gapless SPT (gSPT) phases. Some of them do not have an analog in gapped
systems, hence are intrinsically gapless (igSPT). Chapter 7] is based on the recent work [4], and shows
that we can use the SymTFT approach to understand these (intrinsically) gapless topological phases in
a more general way, which is not tight to two dimensions. Hence, we generalize them to three and four
dimensions. In the last case, in particular, igSPT phases acquire a beautiful physical interpretation
as obstruction to confinement in 4d gauge theories.

In Chapter [§ we review [5] where we extend the formalism of the SymTFT, that traditionally is
restricted to finite symmetries, to include continuous symmetries. The SymTFT describes the struc-
ture of the symmetry, its anomalies, and possible topological manipulations. One should notice that
the bulk theories used here are beyond the standard realm of TQFTs as introduced in Chapter [2, and

“In 2d, thanks to the well-developed theory of fusion categories, alternative methods are often available. However

they are hard to generalize to higher dimensions.
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we provide a hint toward their mathematical definition in appendix [E] We also propose an operation
that produces the SymTFT for the theory obtained by dynamically gauging the U(1) symmetry, and
discuss many examples. Finally we propose that the various SymTFTs of theories related by dynam-
ical gauging can be realized as different boundary conditions of a unique d + 2 dimensional TQFT,
that is a dynamical version of the anomaly polynomial.

In the final Chapter |§|7 that is based on [6], we propose a different interpretation of the TQFTs
usually employed in the SymTFT business. Focusing on continuous symmetries, we propose that these
TQFTs can be viewed as theories of gravity, holographically dual to the universal effective field theory
(EFT) that describe spontaneous symmetry breaking on the boundary. This provides a concrete and
controlled model for holography, where the boundary dynamics arises from edge modes of the bulk,
and can be viewed as a generalization of the CS/WZW correspondence to higher dimensions and
higher symmetries. We also comment on some expectations of how to incorporate this framework as

the limit of standard holography with dynamical gravity.
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Chapter 1

Topological operators in quantum field

theory

In this chapter, we explain that symmetries in QFT give rise to topological operators [11]. We argue
that the latter can be taken as an intrinsic definition and can be used to generalize the notion of
symmetry. The only generalization discussed in detail in this chapter is higher-form symmetries,
which act on extended operators, leaving more drastic generalizations for the next chapters. We
introduce several basic concepts such as anomalies, inflow, gauging, and so on, that are common to

this generalized notion of symmetry, and we discuss several examples.

1.1 Symmetries as topological operators

Consider a d—dimensional local Euclidean QFT. The theory comes with a family of Euclidean opera-
tors (or defects) O(x), L(v1), S(X2), ... labeled by submanifolds of various dimensionality. The theory
can be put into an arbitrary Riemannian manifold X; (we denote by vol(Xj) its volume form) and pro-
duces Euclidean correlation functions, which can include local and extended operators. Suppose that
the theory has a connected Lie group global symmetry G with conserved currents J¢(z) = J(x)dz*

(a is a Lie algebra index, with generators 7},). The currents satisfy Ward identities
<d* J4(2)O1 (z1) - - O(wn)> =~} 6z — ;) vol(Xy) <01(x1) 80 O4(ah) - (’)n(xn)> (1.1.1)
i=1

where 6,0; is the action of the Lie algebra vector T, on O;. Assuming O; is in an irreducible repre-
sentation R;, 0,0; = iR;(Ty) - O;.

The Ward identities can be rewritten in a finite form as follows [11]. We take an open region
Dy C X4 whose boundary is a compact, homologically trivial submanifold ¥;_; of codimension one,
and we integrate on Dy. Defining the extended codimension one charge operator

@)= [ ) (1.1.2)
DIFEE]

the result is
(Q(a1)01(@1) -+ Oan) ) = S LK(Sa-1,2:) (Or(wr) -+ Ri(To) Oi(wi) -+ Onlan) ) . (1.1.3)
i=1
We introduced the linking number

Lk(zd—b l’) =

{1 if z € Dy 114

0 if x ¢ Dy
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Figure 1.1: Graphical representation of the Ward identity.

In general, we can consider Lk(3,, %) for any homologically trivial submanifolds, where:
p+g=d—1. (1.1.5)

It is defined as the number of intersections of ¥, with a p 4 1 dimensional filling of ¥, or vice Versaﬂ
For ¢ = 0, the result depends on the orientation of ¥;_1.

The linking number is topological: it is invariant under any deformation of one of the submanifolds,
provided that we do not allow them to intersect. In the case p = d—1, ¢ = 0 considered here, this means
that we can deform ¥4 1 in any way, as long as the point z stays inside. Then ([1.1.3)) tells us that
Q*(X4-1) is a topological operator: correlation functions with its insertions depend only topologically
on the support, but are invariant under small deformations of it. When we move the support from

Y41 to X/, crossing exactly one point, say 1, we have

(RSO (@1) - O@n) ) = (Q(Far)O1(w1) -+ Oan) ) = (Ri(T)Or (1) -+ On(an) ) - (1.1.6)
There is one more step we can take. Given any group element g = e*’e € G, we construct
Uyg(Sa-1) = exp (i€,Q*(Za-1)) - (1.1.7)
By expanding it, and using repeatedly (L.1.3), we get
(Ug(Ca1)01(@1) - Ofwn) ) = (9 (g1 - Oy y) - 3, (gHF02)) Oy () . (11.8)

This relation, that is the finite-group form of the Ward identity, tells that the insertion of the topolog-
ical operator Uy(X4_1) can be removed at the cost of transforming all the local operators inside 3.
More locally, we may express this as the property that, if we deform the support passing through one

local operator, we act on it with g, as summarized in figure [I.I] In formulae we write
Uy(Sar) Oz) = Rolg) - O(x) Uy() 1) | (1.1.9)

The reason why formulating the Ward identities in terms of Uy(X4_1) instead of J%(z) or Q*(3g4—1) is
preferable, is that this makes sense also for discrete symmetries. In that case, there is no current; hence
Ug(X4-1) will not always have an explicit expression, but the Ward identity formulated as (1.1.8) can

be taken as an intrinsic definition of a discrete symmetry action in the QFT. The punchline is that

e Any global group symmetry in QFT leads to codimension-one topological operators labeled by
g€ aqG.

I The result is independent of this choice
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Figure 1.2: Left: parallel fusion of two topological operators labelled by g and h, producing a topo-
logical operator labelled by gh. Right: triple junction among topological operators, obtained by

topologically deforming the parallel configuration on the left and using the fusion property.

A crucial property of topological operators is that they are not subject to short-distance diver-
gences. Therefore, there is a perfectly well defined notion of products among them: two or more

topological operators can be fused. From ([1.1.8]) it follows that
Uyg(Za-1)Un(Zd-1) = Ugn(Za-1) - (1.1.10)

This corresponds to the possibility of performing parallel fusion, as in the left picture in figure [1.2
For this picture to make sense we need to choose an orientation of the codimension one surface inside
the space-time.

The configuration in the left picture of can be topologically deformed to the one on the right
of the figure by performing the parallel fusion only in half of the surface. This configuration has a
junction of codimension two where two topological defects meet and become a third topological defect
obtained by fusion. This operation, however, is all but trivial, since we are now placing our defects
on singular manifolds. What happens on the singular locus, the junction, is not completely specified
by what happens outside of it; hence, we should specify further data to completely characterize the
symmetry. For invertible symmetries, this leads to the notion of symmetry fractionalization |15] |53,
54] (see Section for a review), or even more drastically to higher-groups [15] while it will result in
a richer structure for more general non-invertible categorical symmetries. For the moment the only
important thing to notice is that the right picture in figure contains more information than the
left picture.

1.2 Anomalies and inflow

A natural operation with global symmetries is to couple them to background gauge fields: if the
system has a global symmetry G we can introduce a principle G—bundle with connection A, which is
coupled with the QFT. For a continuous symmetry we have conserved currents J¢ and the coupling

is achieved by adding a term in the action

S[A]:S—I—i/ Al N xJY . (1.2.1)
Xq

Consider the U(1) case for simplicity. The gauge field is subject to gauge invariance A — A + dA.
For flat backgrounds, the coupling A A xJ can be interpreted as the insertion of a topological defect

configuration. Indeed, by Poincare’ duality a closed 1-form can be written as A = a5<d—1>(zd_1), with
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a ~ « + 27 representing the holonomy on a closed curve that crosses ¥;_1 once. Hence the coupling

with the current is equivalent to the insertion of

Ua(X4-1) = exp (ia/z *J) (1.2.2)

in the path integral, with o determined by the holonomy of the gauge field. A gauge transformation
A — A+ dX modifies ¥4 1 into a homologous support, and this does not change the correlation
functions because the operator is topological. Equivalently, gauge invariance is a consequence of the
conservation d x J = 0.

There are interesting situations where, while this conservation equation holds in the absence of
background fields (hence the theory has the symmetry), it is broken as soon as the symmetry is coupled
to the background, and there is no way to rescue this. Hence, even if the theory has a symmetry, it
is impossible to couple it to a background field that preserves the invariance of the partition function
under background gauge transformations: the theory has an ’t Hooft anomaly [12]. A familiar textbook
example is the theory of a 4d free massless Weyl fermion. The O-form U(1) symmetry rotating the
fermion is associated with a current .J,, and famously the conservation equation is violated in the

three-point function of the current by a contact term, which in momentum space is

i
pT<Ju(p1) Ju(p2) Jp(p3)> = 163 €vpen D5 D - (1.2.3)

Equivalently, when the current is coupled with a background field A, since the latter is a source for

the current, the conservation equation is violated by an A dependent term:
i
d«J=—=FAF. 1.24
872 ( )

This means that the partition function coupled with A is not gauge invariant under A — A = A+d),

but it takes a phase expressed as a local integral

Z1A] = Z[AY] = exp <8;2 /X AF A F>Z[A] . (1.2.5)

We may try to fix this by modifying the action with a local functional of the background field S, =
fX4 Lt (A), namely a local counterterm, such that §)Scy = —# fX4 AMF A F. Tt is easy to see that
there is no such local counterterm. However, if we view X, as the boundary of a 5d manifold X5,
extending A to the bulk, we can write a local functional

)

Sinﬂow(A) == 2472

/ ANdANdA (1.2.6)
X5

whose gauge variation is a boundary term exactly cancelling the anomalous variation. This mechanism
is called anomaly inflow [55, |56].

The exponentiated action Zipaow|A] = e~ Simflow ig g phase that can be thought of as the partition
function of a 5d TQFT on Xj5, coupled to a background A for a U(1) symmetry. Since this is a
phase, the TQFT is trivial: the Hilbert space on any 4-manifold is one-dimensional. Technically we
say that the TQFT is invertible [57) 58], but it has a global U(1) symmetry. In the condensed matter
literature this is called a Symmetry Protected Topological (SPT) phase [59]. The combined 4d/5d
system consisting of a 4d Weyl fermion coupled with the 5d SPT is perfectly gauge invariant when we
couple the U(1) symmetry to A.

The fact that anomalies of global symmetries can be canceled by coupling the system to a higher-

dimensional trivial TQFT by inflow is very deep and powerful. In fact, TQFTs are rigid: their space
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is discrete, and in particular invertible TQFTs are classified, in the bosonic case by group cohomology
[59], and more generally by cobordism [60, 61]. Hence, deformations of the d-dimensional QFT that
preserve the symmetry cannot change the value of the anomaly, simply because the deformations are
continuous and the anomaly cannot jump. Moreover, TQFTs are clearly renormalization group (RG)
invariant; hence 't Hooft anomalies are also RG invariant. This is essentially a modern version of the 't
Hooft argument about anomaly matching [12]. This is one of the facts that makes the study of global
symmetries incredibly powerful for studying the dynamics of QFTs: if we compute the anomalies of a
UV theory, any symmetry-preserving relevant deformation generates an RG flow whose IR fixed point
must reproduce the same anomaly. This puts severe constraints on possible strongly coupled RG flows.
Moreover, reformulating anomaly matching in terms of anomaly inflow is a huge step forward. As we
shall see shortly, the anomaly inflow paradigm holds also for the generalizations of global symmetries

we are going to consider, hence it allows us to derive additional constraints.

There are two general disbeliefs about anomalies. One is that they only exist in fermionic systems,
and the other is that they necessarily have to do with some subtle issue concerning the regularization
of the path integral measure. While it is true that anomalies of fermionic systems often come from
the path integral measure, anomalies can very well exist in bosonic systems and they can show up in

much more elementary fashion. The simplest example is a 2d compact boson

2
S:R/ dd A #d® | O~ P+ 27 . (1.2.7)
47 Xo

This theory has two U(1) symmetries, denoted respectively by U(1)y and U(1)y. The momentum
(or shift) symmetry ® — ® + « and the winding (or topological) symmetry that measures how many

times ® winds around a 1-cycle. The currents are respectively

| R? 4
PG Jw = % (1.2.8)
27 27

While Jj; is conserved because of the equations of motion, Jyy is conserved off-shell. For this reason,
the winding symmetry is sometimes called a topological symmetry: it follows from the topology of the

field space.

From the currents we can construct the topological operators

2
Ua(Z1) = exp <}Z:/E *dCD) , Vs(21) = exp (w/z ‘;i’) . (1.2.9)

n®(*) and on vortices Hy, (), whose insertion

They act respectively on the vertex operators O, (z) = e
in a correlation function is obtained by path integrating over singular field configurations that wind

w € Z times around z.

We can follow the standard prescription to couple these symmetries to background fields. Let
us start with U(1)y,. By adding the current-gauge field coupling iA A xJp; we modify the action to
%Q, J (d® A *d® — 2A A\ %d®). However, this is not gauge invariant since Jj; itself changes under gauge

. R2 . . .
transformations Jy; — Jyr + %da. This issue does not represent an anomaly, since it can be fixed
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by adding a local counterterm %Q_A A *A obtaining a new actio

R2

S[A] gy

/(d‘b —A) A x(dP — A) . (1.2.12)
Coupling the compact boson to a background B for U (1) is smoother: we simply have the action

R? dd
Bl=— [dPA*d®+1: | — A B 1.2.1
S[B] 4W/ Ak +z/27TA (1.2.13)
and this is gauge invariant for B + B + df. The troubles come if we try to couple the full U(1)5s x
U(1)w to backgrounds A and B. Indeed the action
S[AB]—RQ/(dCPA)/\*(d@A)+i/d<I>/\B (1.2.14)
T A 27 -
fails to be gauge invariant for ® — ® + a, A — A + da because of the B—coupling. We can try to fix
this by adding a counterterm proportional to A A B:
, R? i
S'TA,B]=— [(d®—A)A*x(dP—A)+ — [(dP—-A)AB. (1.2.15)
47 2T
This restores gauge invariance for the momentum symmetry, but is not gauge invariant for B — B+dg.

The final result is the same as in the massless Weyl fermion: the theory has a U(1)y x U(1)w
symmetry but there is no way to couple it to background fields without breaking the symmetry. This
is again a 't Hooft anomaly. This time is a mixed anomaly because it involves two symmetry, each
of them by its own being non-anomalous. The origin of the phenomenon appears to be different
with respect to the massless Weyl case. There are no fermions here, and there is no issue with the
regularization of the path integral measure, but the phenomenon is definitely the same.

Also in this case the only way to turn on consistently both backgrounds is to add an invertible
TQFT in one dimension higher that cancels the anomaly by inflow. If we define the coupling as in
(1.2.14]) we are lacking gauge invariance for U(1)ys as dS[A, B] = ﬁ f da N\ B, and this is cancelled
by the following inflow action in 3d:

Sinflow = — | AAdB . (1.2.16)
27T X3
This action is gauge invariant on closed manifold, but in presence of a boundary fails to be gauge
invariant for A — A + da by a boundary term that exactly cancel the one of the 2d theory. If we
define the coupling as in ([1.2.15) we have 05’[A, B] = —% J A A dp that is cancelled by the inflow
action
, 7

: = — dANB . 1.2.17
inflow ot /X3 ( )

We see that Sipaow and S7 only differ by a boundary term (they are obtained one from the other

inflow

integrating by parts), that is precisely the local counterterm A A B we added in the 2d theory.

2Equivalently this can be understood as a modification of the definition of the current when the background is turned
on. Indeed the current can be in general defined through the functional derivative of the action with respect to the

background as

_ 0S[4]
*xJ = ZW . (1.2.10)
Hence the new current is
Ji —@(dd)fA) (1.2.11)
M=o 2.

and this is gauge invariant.
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This is a general fact: anomalies can appear in different ways by modifying local counterterms in
terms of the background fields, and the corresponding inflow actions will be related by boundary terms.
The non-triviality of the anomaly, namely the impossibility of fixing the lack of gauge invariance by
adding counterterms (as we did for instance in the case of U(1)y; alone), is measured by the non-
triviality of the inlow action. The anomaly inflow paradigm is the idea of classifying all possible
anomalies in terms of invertible TQFTs in one dimension higher. As we shall see, this principle is
valid also for finite symmetries, and more generally to the higher-form symmetries that we are going

to introduce. With some modification, this paradigm is valid for any type of generalized symmetry.

1.3 Higher-form symmetries

So far we have arrived at the intrinsic notion of ordinary symmetries as topological codimension
one operators satisfying Ward identities ((1.1.8]). The simplest generalization considers topological
operators on submanifolds with codimension greater than one. Clearly if the codimension is p + 1,
with p > 0, the surface cannot link with a point operator, but can with an operator supported on a
p—dimensional submanifold (see figure . This means that such d — p — 1 dimensional topological
operators cannot lead to non-trivial Ward identities in correlation functions of local operators, but
something interesting can arise if the correlation function contains some extended p—dimensional
operator. If this happens, these new objects are called higher-form symmetries of degree p, or p—form
symmetries. The existence of these symmetries has been clearly stated in [11, 30] for the first time.
They have properties very similar to ordinary symmetries, which in this context are referred to as
0-form symmetries. Before discussing these properties in general, let us consider a few concrete

examples.

1.3.1 Abelian gauge theories

Maxwell theory One of the simplest examples is pure U(1) gauge theory, namely Maxwell theory

1
S=— FAxF . 1.3.1
4e2? /Xd * ( )

F = dA is the curvature of a U(1) connection A, and satisfies Dirac quantization condition sz % e,
with 39 C Xy any compact 2-manifold. The path integral sums over all topological classes of U(1)
bundles, meaning that all possible integer values of the fluxes are included, and for each given bundle

we sum over all possible connections A modulo gauge transformations
A AA=A+ ). (1.3.2)

A is a globally defined closed 1-form, with quantized periods f% A = 2mn,,, n,, € Z. For n,, =0 on
all v, A = d@ is exact and this is a small gauge transformation. If this is not the case, A — A% is a
large gauge transformation. In both cases these are redundancies of the path integrals, so no operator
can transform non-trivially under them, and they do not correspond to a global symmetry of any type.

In particular this implies that Wilson line operators
Wi () =™ (1.3.3)
must have integer charge n € Z.
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The main observation is that, shifting A — A+ & by a closed 1-form £ with non-quantized periods,

we still leave the action invariant. But the Wilson lines transform non-trivially

A A+E = Waln) = eWaln),  a= [ (eR/2aZ=U(1), (1.3.4)
Y1

hence this is not a redundancy, but a true global symmetry of the type described above, more precisely
a I-form symmetry. Here a ~ a + 27, because the 27 periods belong to large gauge transformations.

To translate this observation into a robust quantum statement, we need a Ward identity for a
codimension-two topological operator. We derive it by using the same trick that is usually employed:
we change variable in the path integral, applying a symmetry transformation with a non-constant
parameter. For 1-form symmetries, this amounts to changing A into A + £ where £ is a non closed

1-form. The action changes by

1
08 =

=— | ¢ndxF. 135

Therefore we get

<2—22d w F@)Wo, (4™) - Wy (5) ) = iv:niédl (W) (W () -+ W (5) )
=1

(1.3.6)
Here 691 ('ﬁni)) is the Poincare’ dual of 'yim). It is a d — 1 form with the property that for any

- (ni)
n A& (y :/ n . (1.3.7)
/Xd ( ! > )

Consider a d — 2 dimensional closed, but homologically trivial submanifold ¥; 5. It is the boundary

of an open d — 1 dimensional manifold Dg_; C X4_1. The integral of §¢ 1 (’y}n")> on Dy 1 gives

the number of intersections of ’yf”) with Dg_1, that is the linking number Lk (Zd,g,%m)). Then

integrating (1.3.6) on Dg_1 we get

(QEaa)Way (5™ - Wy (™)) ) = iniLk (Sacznf™) (Way (470) - Way (1))
=1

1-form 1 we have

where Q(34-2) = ﬁ fzd,2 xF'. By exponentiating we conclude that

Ua(X4-2) = exp <;€[2/2 *F) (1.3.9)

is a topological codimension two operator labelled by an angle o ~ a+ 27 and satisfy a relation similar

to (1.1.9), but involving a Wilson line (see figure :
Ua(Zq_2) - Wa(71) = €™ Wi(71) Ua(Zh_s) - (1.3.10)

This 1-form symmetry is called electric 1-form symmetry: it acts on Wilson lines that can be thought

of as world-lines electrically charged particles. Its underlying group is U(1), which means that the
defects Uy (X4—2) fuse according to the U(1) group law.

Maxwell theory has another U(1) higher-form symmetry of degree d—3, called magnetic symmetry:
it acts on 't Hooft operators Hy,(y4—3). They can be defined as disorder operators. Inserting Hy,(v4—3)
in a correlator amounts to modifying the path integral domain, including singular connections on v4_3
such that

F —

— = Lk(S% v 3)=1. 1.3.11
g2 2m o (5% 7a-3) (1.3.11)
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Ua(Sd_2) Ua(E4_5)

, Wa(m) Wi(m1)

Figure 1.3: The action of the codimension two topological defect on a Wilson line.

Tautologically, the two-dimensional topological operators are

Va(X2) = exp (ia /22 ;) : (1.3.12)

In d = 3 the H,(z) is a local operator, the monopole operator, and the magnetic symmetry is a 0-form

U(1) symmetry. For d =4 it is 1-form symmetry, and H, () are 't Hooft lines.

Inclusion of matter Consider Abelian gauge theories with matter (QED-like theories), bosonic
or fermionic. Suppose that there is a matter field ¢(x) of charge g € Z, which means the covariant
derivative is D = d — igA. A gauge transformation A — A + X acts on the matter field as ¢(z) —
¢'49(®) (), where 6(z) is a compact scalar such that locally A = d0

While in pure Maxwell theory the Wilson lines must be closed by gauge invariance, now some of
them can be opened, ending on the matter fields: a Wilson line W,,(y1) of charge n = N¢ can end on

the local non gauge-invariant operator ¢(x)" producing a gauge invariant line operator:

Wig(11)o" (2) =

¢ ()

This implies that most of the electric 1-form symmetry defects Uy (Xgq—2) = eﬁ Joas ¥ can no longer
be topological. In fact, suppose that U,(X4_2) is topological. Putting it in a configuration where it
links with an open Wilson line Wy (y1)¢(z), close to the line. We can unlink it in two ways: directly,
or first sliding it below the end point ¢(z) and then closing the surface ¥4 5. In the first way, we get

a phase €'®?, while nothing happens in the second case. By consistency

2
a="2 " a=0,...q-1€72,. (1.3.13)
q

All the other operators must be non-topological.
This argument alone does not prove that Uz is still topological, but we will show in the next

q
example — discussing a more general context — that this endability argument works in both directions:

3Even though strictly speaking A = d@ is only valid locally, the condition fm A € 277 allows to extend the validity
of A = df at the global leave, at the prize of making 6 multi-valued, with 2m-periods. Hence, the transformation
B(z) = %™ p(x) makes perfect sense.
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a topological operator of the pure gauge theory remains topological if and only if all endable lines are
uncharged under it. Hence, the theory has a discrete electric 1-form symmetry in Z,.

The magnetic symmetry is still there even in presence of matter. In d = 3 it is a 0-form symmetry,
and it can be broken by adding the monopole operator to the action. For d = 4 it is a 1-form symmetry,
and to break it one would need to add magnetically charged matter. For d > 4 the magnetic symmetry

has degree p > 1 and is not broken by any natural operation.

1.3.2 Non-Abelian gauge theories

Consider pure G-Yang-Mills theory, with connection A and field strength F' = dA +iA A A:

1

5= 5

/ Tr(F A xF) (1.3.14)
Xa

This discussion generalizes the Abelian case and clarifies previously overlooked subtleties. The path
integral sums over all G bundles and their connections, modulo gauge transformations. It is convenient
to describe a GG bundle by decomposing space-time into patches U; and assigning transition functions

gij : Uiy = U; NU; — G, satisfying the cocycle condition on triple intersections:
9ij 9ik 9ki = 1 . (1.3.15)
The connection A is given by local 1-forms A; € Q!(U4;, g) glued on double intersections:
Aj= gigl Ai gij + gigldgij . (1.3.16)

This is not to be confused with gauge transformations: it’s just the connection’s defining property.

Gauge transformations are redundancies of the path integral that act on both A; and g;;
A; — Ui_l A; Ui—i-Ui_l dU; , Gij — Uigij Uj_l R (1.3.17)

with U; : U; — G a family of locally defined functions. All operators, including the Wilson lines
Wx(y) = Tr Pexp (z/A) , (1.3.18)
v
are invariant under ((1.3.17)).

To define the path-ordering exponential (holonomy) on an arbitrary curve -y, we cut small arcs v; C
U; and use A; to compute its holonomy hol,, (A4;) = Pexp (z f% Ai). Under a gauge transformation,
this transforms into U;(z1)hol,, (4;)U;(z2) ™! (21, 22 are the initial and final points). The full holonomy

is constructed choosing a base-point x € 7;,:

Pexp (z / A) = [ holy, (Ai)gi i, - (1.3.19)
v

k=1,...

This transforms under conjugation by Uj, (z), hence the Wilson loops are gauge invariant.

Electric 1-form symmetry. The pure Yang-Mills theory has a 1-form center symmetry Z(G)
under which the Wilson loops are charged. Under a transformation by g € Z(G), a Wilson loop in

representation R picks a phaseﬂ
_ Trx(g)

- Trm(1)

xn(9) eU(1) (1.3.20)

“The center is an Abelian group (it is either Zy or Zs X Z»), and every representation of G' descents to a representation
of Z(G), hence xxw(g) € U(1) it is just its character.

36



To see where this 1-form symmetry comes from, let us first return to the case G = U(1), where
a 1-form symmetry transformation is A — A + A, with A a globally defined closed 1-form. In every
patch, we can write )“u- = dn;, and completely eliminate its action on the connection by local gauge
i

transformations with U; = e™". The prize is that we modify the transition functions as

gij = Gijlij » b = e M) 1.3.21
J 77 J

This reproduces the action on the Wilson lines, carefully defined using ([1.3.19)).
This reformulation has an obvious generalization to the non-Abelian case. We define the action of

the 1-form symmetry directly on transition functions
gij V> Gijtij - (1.3.22)

To preserve the cocycle condition, all the ¢;; must commute with any possible g;;, hence t;; € Z(G).
On top of this we must impose
Lij ik ts = 1. (1.3.23)

A Wilson line Wi () transforms as
Wa(v) = xn(@Wa() 9= [ ty€2(Q). (1.3.24)
YU 70

For G = SU(N) the center is Zy, and the 1-form symmetry a € Zy on Wy is a multiplication by
2miga

e N , where ¢ =0,..., N — 1 is the N—ality of the representation.

The codimension-two topological operators Uy(¥X4_2) do not have a very explicit expression. They
can be defined as disorder operators: their insertion in a correlation function is specified by modifying

the path integral summing over connections which are singular on ¥;_o, such that
holgi(A) =g € Z(G),  Lk(Z4.1,8)=1. (1.3.25)

They are usually called Gukov-Witten (GW) operators, since they are similar to those introduced in
[62] in 4d N =4 SYM.

Magnetic (d—3)—form symmetry. Like in the Abelian case, G—gauge theories have a d—3 degree
magnetic symmetry with the group 71(G)Y. The charged objects are 't Hooft operators: monopoles
in 3d, 't Hooft lines in 4d and so on. Contrary to the electric symmetry, the charged objects do not
have an explicit representation, while the topological operators do. We use that G = G /T, with G
the universal cover and T' 2 71(G) C Z(G). There is a characteristic class [w] € H2(Xy, 71(G)) of
G — — bundles —-sometimes called the Stiefel-Whitney (or Breuer) class— measuring the obstruction
to lift them to é—bundles, and it is defined as follows. Pick a lift of the transition functions g;; € G
to gi; € G. The cocycle condition is modified:

Gij Gk ki = wigk € m(G) C Z(G) . (1.3.26)
On quadruple intersections U;;r; we have

Wijk Wikl Wkt Wiij = 1. (1.3.27)

Hence w;j), defines [w] € H*(Xg4,m(G)). In the G gauge theory we sum over all possible G bundles,

hence [w] is dynamical and we can construct 2-dimensional topological operators

Vy(22) = x (6%2 “’) ,  xem(G@) (1.3.28)
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Gauge theories with matter. Let us add matter in representation SR of GG. This will not affect
the magnetic symmetry, but the electric 1-form symmetry will be generally reduced to a subgroup.
Indeed, the Wilson lines in representation 93 can end on the matter field. For the same argument as
in the Abelian case, the operators U, labeled by central elements g € Z(G) that are non-trivial in the

representation R, can no longer be topological. We remain with the subgroup
Iy = {g € Z(G) ‘ xmn(g) = 1} c 2(@) . (1.3.29)

Let us argue now that we indeed have this 1-form symmetry. A matter field ¢ is given by a family of

locally defined ¢; on each U;, valued in the R, and glued on the double intersections asE|

¢j = R(gi5) - ¢ (1.3.30)

A 1-form symmetry transformation g;; — g;;t;; affects the matter field modifying the gluing condition,
unless t;; € I'y. If this condition is satisfied, the matter field does not see the action of the 1-form

symmetry transformation, hence it remains a good symmetry.

1.3.3 General properties of higher-form symmetries

The first important observation is that higher-form symmetries are always Abelian: when we fuse
two topological operators of codimension greater than one, there is no concept of ordering and the
multiplication of the labels must be commutative.

Also, higher-form symmetries cannot act on local operators and therefore cannot be explicitly
broken by adding interactions, in sharp contrast with ordinary 0-form symmetries. As discussed, 1-
form symmetries realized as center symmetries of some gauge group G can be broken adding matter.
For this reason, these symmetries are often emergent: they arise in the IR of some theories with
massive matter charged under the center of the gauge group. However, in contrast with emergent

0-form symmetries, emergent 1-form symmetries are not violated by any irrelevant operator.

Background fields and anomalies. As for ordinary symmetries, p—form symmetries can be cou-

pled with background gauge fields, which are p+1 forms. A U(1) p—form symmetry has a (p+1)—form

conserved current d * J,11 = 0. The topological operators are exp (ia fEd . *Jp+1>. We can couple
o

the symmetry to a background Bpy1 as

S[B] =5 + Z/ Bp+1 A *Jp+1 . (1331)
Xa

The background field gauge transformation is Bpy1 — Bp11 + dAp, with A, a p—form gauge field.
If the background field is flat dB,4+1 = 0, (1.3.31)) can be understood as the insertion of a topological
defect. Indeed, by Poincare’ duality, a closed p + 1 form gauge field can be realized as Bpy1 =

adPt(2,_,_1) for a closed submanifold ¥4, 1 and a certain a ~ a + 27 (its holonomy). Then

/ Bpi1 AxJpp1 <= insertion of exp ia/ *xJpp1 | - (1.3.32)
Xa Eolfpfl

A gauge transformation By — Bpy1+dA, deforms 4,1, and this does not modify anything since
the operator is topological. Equivalently, gauge invariance is a consequence of d * J,11 = 0.
As for O-form symmetries, higher-form symmetries can have anomalies: it might be impossible to

couple the symmetry to a background field in a gauge-invariant way, unless we add a d + 1 invertible

SMathematically ¢ is a section of an associated vector bundle.
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TQFT. We will discuss the discrete case in Section In the continuous world, the simplest example
is Maxwell theory, say in 4d. The currents for the electric and magnetic 1-form symmetries are
respectively

) *xF

Je = = —
‘ 27
They have a mixed anomaly similarly to 2d compact boson: coupling U(1). to a background B,
amounts to shifting ' — F' — B, in the actionﬂ On the other hand, U(1),, is coupled to a background
B,, by adding a coupling

i

— FAB 1.3.34

2T X4 m ( )
that is not gauge invariant for U(1).. It might be made so by adding a counterterm —ﬁBe A B,

which spoils gauge invariance for U(1),,. This clash represents an anomaly with a 5d inflow action

Sinflow = —21 B. A dBy, (1.3.35)

s X5

Selection rules. In compact space-times a p—form symmetry implies selection rules for correlation
functions of p—dimensional operators: a correlator containing extended operators wrapping non-trivial
homologous p—cycles vp.1,7Vp,2, ---, Yp,n can be non-zero only if the p—form symmetry charges of the
operators sum up to zero. Moreover, this selection rule is valid independently for each homology class
of cycles.

The derivation is straightforward. In the correlator, we nucleate a topological operator for the
symmetry element e’®, whose support is not linked with any operator. Then we enlarge the support,
crossing various operators until we shrink the topological operator back to a point. For each crossing,
we get a phase et with ¢ the charge of the operator. This process can be done in topologically
distinct ways, each crossing only the operators on a given cycle. The final result, for each distinct

process, is that the correlation function gets multiplied by a phase

exp (ioz Z qi> (1.3.36)
=1

which must be one to allow a non-zero correlator. For a U(1) symmetry, this implies ), ¢; = 0, while

for a Zxn symmetry, this implies ), ¢; = 0 mod(N).

Spontaneous breaking and phases of gauge theories. If the space-time is non-compact this
argument may fail. After the topological operator crosses all the extended operators, we remain with
a very big topological operator in the exterior of the region containing all operator insertions. Hence,
to make the previous argument work, we need the extra assumption that this big operator is still the
identity. This is the same as requiring that the vacuum state is invariant, namely that the symmetry
is not spontaneously broken. If this is not the case, then the selection rules are not valid.

To possibly have a violation of the selection rule due to spontaneous symmetry breaking, we
need to place charged extended operators on homologically non-trivial cycles. Consider a 4d SU(N)
gauge theory with adjoint matter (having 1-form symmetry Zy) on R3 x S'. Place a Wilson loop
in the fundamental representation on S! and examine its VEV. If non-zero, the 1-form symmetry is

spontaneously broken. In the decompactification limit of S, the theory is on R* with the Wilson loop

6As in the 2d compact boson, this includes a counterterm Be A *B. that is necessary for gauge invariance
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on a straight line closed at infinity. If the theory confines, the Wilson loop obeys area law, and the

VEV of a large Wilson loop vanishes:
confinement: <W(Sl)> ~em A2 g, . (1.3.37)

If the theory does not confine, this VEV is either a constant (Coulomb phase) or follows perimeter
law. In the second case we can modify the definition of the operator by a counterterm localized on

the line (its line element) to make the VEV a non-zero constant. Hence in both cases we have
deconfinement: <W(S§o)> —c#0. . (1.3.38)

This observation puts confinement and deconfinement phases in the realm of Landau paradigm, which
identifies phases of QFTs in terms of their symmetries and how they are realized on the vacuum [11].

The confinement criterion we discussed, Wilson criterion [63], uses electric probes (Wilson lines),
and cannot be applied if the gauge group does not have a center. However, a second criterion due to 't
Hooft [64] can be used when 71 (G) # 1, and hence there is a magnetic 1-form symmetry. The idea is
that confinement is dually described in terms of monopole condensation, and hence in the presence of
a magnetic symmetry it is detected by spontaneous breaking of it. On the other hand, deconfinement

takes place if 't Hooft loops have area law.

Spontaneous breaking of finite symmetries: topological order. For ordinary O-form symme-
tries, spontaneous breaking implies degeneracy of vacua. One might expect the same to be true for
higher-form symmetries. There is, however, a very interesting difference: the number of such ground
states depends on the topology of space. This phenomenon is known as topological order (65}, 66).
Consider a gapped theory with spontaneously broken discrete p—form symmetry. Below the gap we
do not have local excitations, hence we can only find a discrete set of vacua. These vacua are mapped
to each other by the action of the topological operators that generate the symmetry. However, if the
space is S%~1 and p > 0, there is no p— cycle in space, and the symmetry defect acting on the vacuum
is necessarily trivial: even if the symmetry is broken the number of local vacua, namely the vacua on
the sphere, is one. To obtain multiple vacua, we need the space to contain p—cycles. For example, if
X471 = 8% P~1 x SP (we assume d # 2p + 1), then we can wrap the d — p — 1 dimensional topological
symmetry defects on S%P~1 and by acting on the vacuum we generate other states. If we have a
symmetry breaking pattern A — B C A, we will have ‘A/IB%‘ vacua. More generally, the number of

vacua on a spatial manifold X; 1 is the cardinality of
Hyg p1(X4-1,A/B) . (1.3.39)

We can reinterpret this fact in terms of an effective low-energy theory below the gap. Since there
are no local excitations, this theory must be topological. Consider again the example of 4d gauge
theories with 1-form center symmetry Zy, and assume it to be in a deconfined gapped phase. All
Wilson lines have perimeter law; hence, they have zero tension at low energy and become topological.
Moreover, we have N topological surfaces U,—o,... ~N-1(72) for the 1-form symmetry, which produce
a braiding phase 2% when passing a Wilson line of N—ality b = 0,...,n — 1. There is a simple
topological theory with N lines and N surfaces with this braiding: a Zy gauge theory. It can be
presented in the continuum [30] in terms of two U(1) gauge fields, a 1-form A and a 2-form B:

iN

S="" [ AndB. (1.3.40)
2 X4
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This is called a BF theory, and we will analyze these simple TQFTs in more detail in Chapter
For the moment let us just notice that it has lines W,(y1) = el 4 and surfaces Up(72) = e ha B
with braiding phase 2N Gauge invariance requires a, b, € Z, while the braiding phase is periodic
for shifts of @ and b by NV, hence a,b € Zy. From the viewpoint of the UV gauge theory, the surfaces
Up(y2) are identified with the topological operators of the center symmetry, while the lines W, () are
identified with the IR limit of the Wilson lines.

The theory nicely encodes the vacuum structure. Let us take the spatial manifold to be
S? x 81, and consider the operators W,(S') and U,(S?) acting on the Hilbert space. Due to the

braiding phase they do not commute, but
W, (SY) Up(S2) = 2% U,(S2) W,(SY) . (1.3.41)

This is called Heisenberg algebra. The states can be labeled in terms of their eigenvalues for W, (S'):
W,o(SY) [b) = e N [b) . (1.3.42)
By using the algebra we realize that

Up(S?) V) = b+ V) . (1.3.43)

We conclude that there are N ground states mapped among each other by the action of the 1-form

symmetry defect wrapped on S2, and distinguished by the phase of the VEV of the Wilson lines.

Spontaneous breaking of continuous higher-form symmetries. While spontaneous breaking
of finite higher-form symmetries in gapped phases implies topological order, breaking continuous
higher-form symmetries produces Goldstone bosons and requires a gapless theory. For a p—form U(1)
symmetry the Goldstone bosons are p—form gauge fields A, with a Maxwell action [11]:

1

9=
4e2

/ dA, N *dA, . (1.3.44)
Xa

In the modern perspective the photon is interpreted as the Goldstone boson of the spontaneously
broken magnetic U(1) 1-form symmetry. Indeed, while in a 4d QED-like theorieﬂ the electic 1-form
symmetry is generically explicitly broken by the presence of charged matter, the magnetic symmetry
is robust but spontaneously broken by the VEV of 't Hooft line operators. Notice that the IR will
contain a decoupled Maxwell sectmﬂ hence also an electric U(1) 1-form symmetry. This is an emergent
symmetry: the matter must be integrated out below the energy scale set by the masses, and hence
the Wilson lines can no longer be cut open at those scales.

Another example is 4d non-Abelian gauge theories in the Coulomb phase. This can be realized
with adjoint scalars that condense and generically break the gauge group as G — U(1)", with r the
rank of G. In the UV there might be no 1-form symmetry at all. However, below the scale of the
condensation, the theory is effectively Abelian and there is an emergent magnetic 1-form symmetry.
This is also spontaneously broken and implies the existence of r photons in the low-energy spectrum.
How do we understand the explicit breaking of this magnetic symmetry at high energy? The breaking
pattern G — U(1)" implies the presence of dynamical monopoles labeled w5 (G/U(1)"), with a mass
of the order VEVs. The ’t Hooft lines of the low-energy Abelian gauge theory are world-lines of these
massive monopoles that ere effectively probes in the IR. Hence, going up in energy, at scales where the
monopoles become dynamical, the 't Hooft lines become endable on the monopoles, and the 1-form

magnetic symmetry is broken.

"We assume all the matter fields to be massive, in order to avoid IR divergences that would make the theory ill-defined.
8The electric charge is determined by the smallest mass. Indeed, the running coupling stops at that scale.
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1.4 Gauging finite symmetries

1.4.1 Background fields and anomalies

As we have seen, coupling a continuous symmetry to a flat background is equivalent to inserting
a topological operator. For discrete symmetries we do not have currents, but we extrapolate this
principle and define the coupling with background fields as a network of topological defects. By
construction, a background field for a discrete symmetry A is necessarily flat. The defects of the
network intersect in junctions, as in the right picture in Figure [1.2] For a p—form symmetry the
generic junction is not in codimension two, but in codimension p + 2, and it is made by p + 3 defect
Uays -y Ua,, 5. For consistency

a1 - ag:--apy3 = 1. (1.4.1)

Using this cocycle condition repeatedly, it is easy to convince himself that, if we go around a con-
tractible cycle, the product of all symmetry transformations is 1. Only if we go around a non-
contractible cycle we can have a non-trivial transformation. This path must be orthogonal to the
planes of the network, hence the cycle needs to be of complementary dimension to the defects: it is
(p+ 1)—cycle.

We can make this description more systematic by using a simplicial decomposition, or triangulation,
S of X4. A d—dimensional simplex is an open subset bounded by (d+1)—many codimension-one planes,
and we cover Xy with simplices, joining along the planes. .S has planes of all possible dimensions: each
plane of dimension n is bounded by n+ 1 planes of dimension n—1. The topological defects are placed
on the dual triangulation S*: we place a point at the center of each simplex and join the various points
through edges orthogonal to the codimension one faces of the simplex. We then have two-dimensional
planes orthogonal to codimension-two planes of S, and so on. This means that m—dimensional planes
of S* meet in (d — m + 2)—valent junctionsﬂ The defects of a p—form symmetry are of dimension
m =d —p— 1, so their junctions are (p + 3)—valent, as we wanted.

It is natural to introduce a function that, to any (p + 1) dimensional plane A,y of S*, associates
the symmetry element A(A,41) € A of the defect placed on the (d — p — 1)—dimensional orthogonal
simplex ¥g_,_1. It is convenient to label the vertices of S* with i = 1,2, ..., so that A, is identified

by the p + 2 vertices delimiting it, and the function A(Ap 1) is represented in components:

A €A (1.4.2)

10,81 50+ yTp+1

This is called a co-chain A € CP*1(X4,A). The cocycle condition (1.4.1)) becomes (using additive

notation for A)

(5‘4) - Ai07i27~'7ip+2 et (_1)p+2‘4i0,i1,.-.,ip+1 =0 (1-4'3)

10,815 lpt2 T A1177»27~~,Zp+2

This means that A is a cocycle A € ZPT1(Xy, A) in singular cohomology. This is the precise mathe-
matical concept for a discrete gauge field, and makes much more manageable the definition in terms
of network of topological defects. One way to think about A € ZPT!1(Xy, A) is as a map that assigns

an holonomy to each (p 4+ 1)—dimensional cycle

hol(vps1) = / AeA (1.4.4)

Tp+1

9Indeed m—dimensional planes are orthogonal to (d — m)—dimensional simplices of S, and (d —m+2) of them bound

a (d — m + 1)—dimensional simplex of S.
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where the integral is obtained by decomposing 7,11 in (p+ 1)—simplices, and summing over the value
of A on all of them.

To gauge the discrete p—form symmetry A, we need to compute the partition function Z[A] as a
function of the background A, and sum over it. Notice that the choice of the precise location of the
simplices is arbitrary and the independence of Z[A] on it is ensured by the topological nature of the
defects. There is one more redundancy that we need to mod-out though. The network of defects can
be modified locally near junctions, using the so-called Pachner moves. For instance, for line defects

in 2d we can perform

a1azas a1a2a3

a1a2 - a2a3

a az as ay a2 as

This does not change the holonomy hol(v,+1), and the two configurations should be physically indis-
tinguishable. Indeed, one can easily convince himself that they are obtained one from the other by
nucleating a topological defect from a point, and enlarging to adhere to other defects of the network.
In this specific example, it is U,,. From the point of view of the cocycle A € ZPT!(X4, A), this

operation adds a coboundary
A AA=A+6\, NeCP(XgA), (1.4.5)

and it is interpreted as a gauge transformation for A.

As we emphasized at the end of Section [I.1] introducing junctions requires specifying further data
there. There is no a priori reason why the local modification of the junction must leads to a strict
equality, and might in principle introduce a phase. In the 2d example above it is (a1, az, ag) € U(1).

In terms of the gauge field A, we may generically have
Z[A] = Z[AY = a(A; N) Z[A] (1.4.6)

with a(A; ) € U(1) that should be expressed as a local function of A and A. If this phase cannot
be eliminated by redefining the coupling of the theory with A, this represents an inconsistency in
coupling with background: it is a 't Hooft anomaly. Indeed, even if the symmetry is there and produces
topological operators, as soon as we couple the symmetry with a background, the topological nature of
the defects is broken: nucleating a bubble of the defects does not lead to an equivalent configuration.

A natural example of a discrete 't Hooft anomaly of this kind arises in 4d N' = 1 SYM theory
with gauge group SU(N). The theory has a classical U(1)r R-symmetry, but it suffers from an ABJ
anomaly that reduce the true quantum-machanical symmetry to Zoy C U(1)g. This inherits the
standard cubic anomaly of the classical U(1)g, hence Zyy has an anomaly (only the Zy = (—1)F
subgroup is anomaly free), which can be captured by a Pachner move similar to the one above, with
the only difference that it involves five 3-dimensional defects joining to create a sixth one.

If the symmetry is of higher-form, p > 0, there are other types of local modifications of the network
that we should take care of. The prototypical example is for d = 3, p = 1 (with a straightforward

generalization for any d odd and p = %) The topological operators are lines, and they can link
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non-trivially inside the network. Thus, a possible move is

i

and in general we may get a phase a(ay,az). If this is non-trivial, we have an ’t Hooft anomaly.
This phase is detected with the action by linking of a symmetry generator on the other: an 't Hooft
anomaly of this kind arises if the symmetry generator are charged among themselves. The typical
example of this kind of anomaly is 3d U(1)y Chern-Simons theory (see Section for details)
s="N [ snda. (1.4.7)
dr Jx,

There is a 1-form symmetry Zy generated by the lines W, = = A a=0,...,N—1, that also coincide

with the charged objects since two linked lines of charges a and b give rise to a braiding phase 2T
This example has many generalizations, but the important thing to notice is that this kind of anomaly
by linking can arise whenever we have two higher-form symmetries of degree p and ¢, whose topological
defects have the right dimensionality to link, namely p4+ ¢ =d — 1.

As for continuous symmetries, also anomalies of discrete symmetries can be canceled by inflow with
a (d 4+ 1)—dimensional invertible TQFT, which it is coupled with A. Hence, the partition function of
o EinﬂOW[A], with Linfow[A4] a (d + 1)—form that depends locally

on A. An alternative description of the gauge field A, is as a map

this anomaly theory is Zingow = €

A:X — BPYIA (1.4.8)

with BPT'A = K(A,p + 1) the classifying space, or, in this case, the FEilenberg-MacLane space [67).
We can generate Linfiow[A] taking a class w € H¥1(BPA,R/Z) and setting

Linflow| A] = 2miA* (w) . (1.4.9)

Indeed it turns out that the group HYT!(BP'A R/Z) classifies (bosonic) anomalies for a p—form
symmetry A in d—dimensions.

The specific form of the anomaly theory, written in terms of the background, can often distinguish
between the types of anomalies. For instance, the Pachner move type of anomaly for Zy 0-form
symmetries exists for d even, is classified by H*1(BZy,U(1)) = Zx and has inflow action

2mik
N

AUBAY?,  k=0,..,N—-1, (1.4.10)

Xat1

with 8 : H(X,Zy) — H?(X,Zy) the Bockstein map associated with the sequence 1 — Zy — Zpy2 —
Zyn — 1. On the other hand, the braiding type of anomaly can exist as a mixed anomaly between
a p—form symmetry A and a g—form symmetry B, if one group can be understood as the set of
charges for the other, namely B = Hom(A,R/Z) = AV, and p+ ¢ = d — 1. The two backgrounds are
respectively A € ZPH1(X,A), B € Z4P(X,AY), and the anomaly theory is

27ri/ AUB (1.4.11)
Xdt+1
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with U the cup product associated with the canonical pairing A x AV — R/Z. If p=q = % the two
symmetries can also coincide, but for the anomaly to be non-trivial we need p odd. This is precisely
the case of U(1)y CS theory.

1.4.2 Gauging: twisted sectors and dual symmetry

When the anomaly is non-trivial, the symmetry cannot be gauged. If it vanishes, the gauge invariant
content of the background field is obtained by modding out coboundaries; hence it is described by the
singular cohomology group HP*!(X4, A). Now we assume to have a theory 7 with non-anomalous
p—form symmetry A, and we want to describe the theory 7 /A after gauging the symmetry. The

partition function is, up to a normalization constant,

Zrpw= Y,  ZrlA]. (1.4.12)
AeHP1(X4,A)

The topological operators U,(¥X4—p—1) that generates A in the theory 7, become trivial in 7 /A.
Indeed, if we try to insert a topological operator, it can be reabsorbed into the network of defects we
use for the gauging, and since we are summing over all possible networks this operation has no effect.
Equivalently, if we turn on a background A’ the summand becomes Z7[A + A’], and we can simply
shift A— A — A’ in the sum.

However, we can turn on a different background field, that is (d —p—1)—form gauge field valued in
AY = Hom(A,R/Z), the Pontryagin dual: given B € Z9P~1(X,4, AY) we can modify the path integral

(1.4.12)) as

ZrpmBl= ) exp <2m' BUA) Z7[A] . (1.4.13)

AEHPH (X 4,A) Xa

Here U is the cup product associated with the natural pairing A x AY — R/Z. This suggests that
T /A has a dual symmetry of degree d — p — 2 and based on the group A" [11]@ Notice that B must
be a cocycle to not spoil gauge invariance under A — A + é\. It is already clear from that
AY is anomaly free (B — B + ¢ leves Z7/4[B] invariant since A = 0) and gauging it in 7 /A brings

back to 7 (eventually up to an outer automorphism of A):
(T/A) /A =T . (1.4.14)

Indeed (|1.4.13)) is a sort of discrete Fourier transform, that it is involutive

Zirpmyu A= 2, ew <2m/ (AUB+BY A)) rrid=arie- Al
BeHI—P~1(X4,AV) ACHPF1(X4,A) A

(1.4.15)

Here ¢ : A — A is 1 if d is odd, or d and p + 1 are both even, while it is ¢(a) = —a if d is even and
p+ 1 is odd.

We can describe the dual symmetry concretely. The upshot is that the topological operators

ﬁa(EpH) are the holonomies of the dynamical gauge field

[Nfa(ZpH) = exp (271'2'04 . / A) , a:A—-R/Z (1.4.16)
Ep+1

while the charged operators are the twisted sectors of A.

°Tn two dimension this was well known [68].
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Twisted sectors. Let us expand on the second statement. In theory 7 we have topological operators
Uy(X4q—p-1), and we can try to open the support on a boundary 0X4_,_1 = Y4—p—2. This operation is
all but trivial: the operator placed on an open manifold is, in general, non-gauge invariant unless we
specify something on the boundary, eventually placing there a non-gauge invariant operator 7,(v4—p—2)
that compensates for the anomalous variation. This is called a twisted sector operator (or twist defect)
of theory 7T it is a non-genuine (d—p—2)—dimensional operator living at the boundary of a topological
operator. As such, the twist defects are labeled by a € A.

One important observation is that, if the symmetry A acts faithfully, namely there are operators
charged by linking under it, the twist defects cannot be topological: if they were so, we could trivialize
the linking by cutting the topological operator on the twisted sector and contracting it.

Similarly, if the symmetry is faithfully acting but the charged operators are also topological, then
the twisted sector must be empty. Indeed, it must be impossible to cut the topological operator (even
on a non-topological twisted sector), or otherwise we could trivialize the linking by moving the charged
object. This is related with the fact that a symmetry whose charged objects are topological has an 't
Hooft anomaly.

To give a simple concrete example, consider 4d Maxwell theory, and we focus on the subgroup

Zn C U(1) of the magnetic 1-form symmetry. Their topological operators are

F
Ua(5s) = exp <2m'a/ > ., a=0,.,N—1. (1.4.17)
N 3o 27
Making Yo open, 039 = 71, is inconsistent unless we add a wrongly quantized Wilson line on the
boundary ‘
Wa =eN It (1.4.18)
N

Therefore this wrongly quantized line lives in the twisted sector of the magnetic 1-form symmetry.

A general explicit description of the twisted sectors can be given in the cochain description of the
background field A € CP*1(X4, A). A sensible background field is closed §A = 0, and this is equivalent
to satisfying the cocycle condition at all junctions. If, however, we want to include an open defect, we

need to relax d A = 0 at the location of the boundary. Specifically we impose
A=z, 2€ZP%(XyA). (1.4.19)

The cocycle z specifies the location of the twist defect: it is the Poincare’ dual of v4_,_2, where the
defect is located. This means that if we allow U,(X4-p—1) to end on 74(v4—p—2), the cocycle z assigns
a € A to the (p+ 2)—simplex A5 orthogonal to v4_,—2. In particular, the boundary I'p;1 = 04,12

links with v4_,42, and we have

a= / z= A =hol(T'p41) . (1.4.20)
Ap+2 Lpt1

This has a clear interpretation: the holonomy of A around a cycle that links with the support of the
twist defect is nothing but the symmetry transformation going around this cycle, that is the label of
the twist defect.

Notice that a twisted sector can contain several operators. For instance if the theory has genuine
(d—p—2)—dimensional operators, we can bring them at the boundary of U,(¥4—p—1), thus producing
various different twist defects that specify the same holonomy of A around them. One case to notice is
when p = %, since d—p—2 = p and so the operators charged under A have the same dimensionality of
the twist defects, and we can construct new operators by bringing them at the boundary of Ug(Xgq—p—1).

The resulting twist defects will also get a charge by linking under A.
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When we gauge A we only keep A-invariant operators: inserting a non-invariant operator in a
correlation function gives a vanishing answer. Moreover, the A symmetry defect becomes trivial, and
as a consequence the A-singlet operators living in the twisted sectors become genuine. These are
Ta(Yd—p—2), explaining why the dual symmetry is of degree d — p — 2, and the underlying group is
AV: A = (AV)Y is now the set of charges. In fact, from the description we just gave of the twisted
sectors, it is clear why 7,(74—p—2) is charged under the new topological operators ﬁa(EpH) defined in
: they evaluate the holonomy around Y, in the representation o € AV, but by construction
the holonomy around a twist defect is a, hence we get a braiding phase e2™(@)

An equivalent way of deriving this fact is by noting that inserting ﬁa(EpH) with ¥,41 a contractible
surface that links with 4,2, is equivalent to activating a specific configuration of B = d¢ in Z7/4[B],
with fw_p_z & = . This does not modify the partition function, but it is a non-trivial operation if we

insert a twist defect 74(74—p—2): A fails to be closed there, and

2mi BUA = (—1)%P2m; EUz= (—1)d_p27ri/ €(a) = 2mia(a) . (1.4.21)
Xg Xa Yd—p—2

Discrete torsion. When we gauge the p—form symmetry A we can, in general, twist the sum
(T.4.13) by adding discrete torsion. We take a cohomology class v € HY(BPA,R/Z) and construct the

theory 7 /A, whose partition function is

Zr/a,|B) = > exp (m / BUA+ A*@)) Zr[A] . (1.4.22)
AcHP (X 4,A) Xa

This can be understood as a two-steps process:

1. First, we stack a d—dimensional SPT phase on 7. The SPT phase has p—form symmetry A

2mi fXd A*(v)

and partition function Zgpp[A] = e . This operation is the same as modifying 7 by a

local counterterm.
2. Second, we gauge A is the combined system 7 +SPT.

The first operation makes the twist defects 7,(7q—p—2) no longer transparent to the action of the
topological operators Uy(X4—p—1). In fact, inserting a twist defect modifies the cocycle condition to
§A = z, and the term 2i [ A*(v) will generally fail to be gauge invariant under A — A + §A.

It is complicated (and not very illuminating) to try to determine in full generality the interplay be-
tween the twist defects and the symmetry A, since the net effects are qualitatively different depending
on d,p and the discrete torsion v. Moreover, depending on the actual effect, the sharp consequence of
the gauging is different. We will see various examples later on. Here we just point out one possibility.
Ifp= %, notice that (d —p —2) 4+ (d —p—1) = d — 1, so the symmetry defect Uy(X4—p—1) can link
with 7,(y4—p—2). Moreover, for dimensional reasons, in this case A*(v) can be a quadratic function
of A. For example, for d = 2,p = 0, an element v € H%(BA, R/Z) defines an antisymmetric product
Xv A xA—R/Z |69 and

omi | A*(v) = 2mi / Xu (A, UA) . (1.4.23)
X2 X2

Similarly for d = 4,p = 1, v € H*(B?A,R/Z) defines a symmetric product y, : A x A — R/Z
that allows to write a similar expression. In both cases, if we perform a gauge transformation A +—
A+ 0\ that corresponds to shrinking the defect Uy(Xq_,—1) around 74(v4—p—2) (namely f’Yd—p—Q A=0b),
we see that the discrete torsion makes the twist defect charged under A, giving a braiding phase

exp (2mix,(a,b)). Because of this, when we gauge A the twist defects are not gauge invariant and do
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not become genuine (d — p — 2)—dimensional operator of 7 /A,. Rather, we need to combine them
with other charged objects under A, which also become non-gauge invariant, to create gauge invariant
defects.

The result is that the theory 7 /A, still has dual symmetry AY, but the charged objects are a
combination of the twist defects and the operators charged under A in 7. The story for p # % and

different forms of the discrete torsion can be qualitatively different.

1.4.3 Examples

2d Ising CFT. The 2d Ising CFT is the simplest minimal model (see [70]). It has ¢ = % and three

primaries:

L () = (0,0), o) : ()= (116116) L @) (W) = <;;) L (14.20)

The CFT can be realized as the phase transition of the 2d ¢* theory
L= (0¢)* + m?¢* + \p* . (1.4.25)

This has a Zs symmetry ¢ — —¢. For large m? > 0 the theory is gapped and Zy is preserved, while
for large m? < 0 the theory is still gapped, but Z, is spontaneously broken and there are two vacua.
Hence, there is a phase transition on the m? axis (conventionally we can take it at m? = 0), which
turns out to be of second order, and is described by the Ising CFT. o(z) is the low energy limit of
#(), while e(z) <+ ¢?(x). Hence, the Zs 0-form symmetry acts on the CFT flipping the sign of o(z),
while leaving e(z) invariant.

Let us denote by 7 the topological line that generates the Z, symmetry. It can end on a point

operator pu(x), the disorder operator

()

Modular invariance of the torus partition function with the 7 line inserted, relates the trace of the
identity operator on the twisted Hilbert space, with the trace of  on the untwisted Hilbert space.
This can be used to show that zi(z) has the same conformal weights (h,h) = ({=, &) as o(z) (see,
e.g., |71] for a detailed discussion). Moreover, u(x) is neutral under the Zs symmetryE

Gauging Z, amounts to sum over all networks of 7, or equivalently a gauge field A € H' (X5, Zs).

1 becomes transparent, while we get a new topological line
7=em/A (1.4.26)

that generates the dual Zg = Zjy O-form symmetry. p(z) becomes a genuine local operator and is
charged under the dual symmetry. On the other hand o(x) is no longer a gauge invariant operator,

since it transforms under a non-trial representation of the gauge symmetry. We can make a gauge

""There are other two operators 1. (z),¥r(z) in the twisted sector, with weights (1,0) and (0,1), and they are

charged under Zo.
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invariant operator by attaching o(z) at the end of a Wilson line constructed with the Zo gauge field:
this is nothing but 7. Therefore, in Ising/Zs, o(x) lives in the twisted sector of the dual Zg symmetry.

Notice that the situation is perfectly symmetric between o(x) and u(x) in the two theories, Ising
and Ising/Zs. Gauging Zo has just reshuffled the information between the twisted and untwisted
sectors, but nothing physical really changed.

Moreover, while most of the things we said are valid in any 2d theory with a Zo symmetry, the
Ising CFT is completely determined by its primaries and their conformal dimensions. Therefore, the
CFT Ising/Zs is physically indistinguishable from Ising: the two theories are dual. This is the famous
Kramers-Wannier duality |72].

Finally, we notice that we cannot twist this story with discrete torsion, since H?(BZa,R/Z) = 0.

Four-dimensional gauge theories. We consider 4d gauge theories whose gauge group has Lie
algebra su(N). The discussion here applies to both Yang-Mills theories or gauge theories with only
adjoint matter. As emphasized in [42], to completely specify the theory, one needs to choose a global
form of the gauge group, and to specify what the set of genuine line operators is inside the lattice of
all possible Wilson-"t Hooft lines |73]. All of these choices are obtained one from the other by gauging
the 1-form symmetry, possibly with discrete torsion [30].

Let us start from the SU(V) gauge theory. Here we have Wilson lines in all representations that are
charged under the electric 1-form symmetry Zy. To understand the result of the gauging, we use again
the description in patches U; of the 1-form symmetry, which acts by redefining the transition functions
9ij = Gijtij, tij € Z(SU(N)) = Zn, and t;tj,tr; = 1. Turn on a background field B € H?(Xy,Zy) for
the 1-form symmetry. Since 0 B = 0, locally B = dt, with ¢ a locally defined 1-cochain, valued in Z .
This modifies the transition functions as g;; — gi; = ¢ijti;. However, the new transition functions do
not satisfy the SU(NN) cocycle condition, but

Gij Gk Gki = Wik € ZN ,  Wijk = tij tik thi = Bijg - (1.4.27)

This is not a good SU(NN) bundle: it is a "singular” bundle, that is a PSU(N) = SU(N)/Zx bundle
whose characteristic class [w] € H?(Xy,Zy) is fixed to be w = B.

The bottom line is that the partition function Zgy(ny[B] of the SU(N) theory coupled with a
background B € H?(Xy,Zy) for the 1-form symmetry is obtained by performing the path integral
over all PSU(N) connections whose characteristic class is w = B. If follows immediately that by

gauging the 1-form symmetry we get the PSU(NV) gauge theory:

Z D[Apsy(n)l e ® = /D[APSU(N)] e ? (1.4.28)
BeH2(X4,Zy) " W=B

The dual symmetry is generated by the surfaces operators

Ua(5) = N I P (1.4.29)
and because B = w, these are nothing but the topological operators for the magnetic 1-form
symmetry w(PSU(N))Y = Z}; = Zn: the dual of the electric symmetry is the magnetic one.
Regarding the charged objects, we already know that line operators charged under the magnetic
symmetry are the 't Hooft lines. In the SU(N) theory they are indeed non-genuine, and only exist
at the boundary of the electric 1-form symmetry generators. In other words, they are twist defects
that become genuine after the electric symmetry is gauged. Conversely, the Wilson lines of the SU(N)

theory become non gauge invariant in the PSU(V) version. Since we know that gauging the magnetic
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symmetry of PSU(N) should bring us back to the SU(N) theory, the Wilson lines must be non-genuine
and live in the twisted sector of the magnetic symmetry. Specifically, a Wilson line in a representation
R on N—ality a € Zy lives at the boundary of U,.

From this presentation is appears manifest the parallel with the Ising story: we just replaced 2d
with 4d, O-form with 1-form, and Zy with Zy. Clearly, however, a generic SU(N) gauge theory has
many more element and operators that Wilson and ’t Hooft lines, hence differently from the Ising case
we cannot claim that the SU(N) and the PSU(N) theories are equivalent. It turns out, however, that
is some special theories the matching of the 1-form symmetries is one of the ingredients that strongly
suggest the existence of a duality between the two theories. This is the case in N' =4 SYM theory at
7 =1, and the duality is the Montonen-Olive duality, or S-duality [74].

Obviously, there are other global forms of the gauge group. If N has a divisor k, then there is a
subgroup Zj C Zy of the center and we can have the group SU(N)/Zg. It should be clear from the
above discussion that this can be realized by gauging the subgroup Z; C Zy of the electric 1-form
symmetry of SU(N).

These are not all global variants of SU(N) gauge theories: there can be theories with the same
gauge group, but a different choice of genuine lines. They are obtained from the SU(N) theory by
gauging the 1-form symmetry with discrete torsion. Indeed H*(B?Zy,R/Z) = Zged(N,2)N, and we can
modify the SU(NV) theory coupled with a background B € H?(X4,Zy) by stacking an SPT phasﬂ

2mir

2N Jx,

BUB, r=0,.,N—1. (1.4.30)

As we explained below this modifies the charges of the twisted sectors, namely the 't Hooft
lines here, under the electric 1-form symmetry. In particular, a 't Hooft line H, of charge a € Zy
under the magnetic 1-form symmetry of PSU(N), in the theory SU(N) + Z5r x, B'U B becomes
charged under the electric 1-form symmetry, with charge (ra)mod(N). If this is non-trivial, after

gauging H, will not become a genuine line. This does not mean that the dual symmetry is modified
or acts non-faithfully: we can combine H, with a Wilson line of charge —ra mod(/N) under the electric
symmetry, to create a dyonic line. This dyonic line lives in the same twisted sector as H, is the
SU(N) variant, but being uncharged under the electric symmetry becomes genuine after gauging Zy .
The resulting theory is denoted by PSU(N),. It is a gauge theory with gauge group PSU(N), but
where the lines with fundamental charge under the magnetic 1-form symmetry is HW_,., with H the
fundamental 't Hooft line and W_, the Wilson line of N—ality (—r) mod(N).

For instance, if IV is a prime number, all 't Hooft lines are charged under the electric symmetry,
and hence in PSU(N), all the lines are dyonic if  # 0. In total, there are N + 1 global variants, the
SU(N) theory and N PSU(N), theories with » =0, ..., N — 1.

An other interpretation of r, or more precisely of 2—]7\7, is as a discrete theta-angle. To understand
this, let us consider how the story considered so far is modified by adding a theta-term in the SU(N)
theory

So= 2 [ mEpar)=io [ eoa). (1.4.31)

82 X, Xa
Here c3(A) € H*(X4,7Z) is the second Chern-class of the SU(N) bundle, and its integral is an integer.
Therefore, 6 is 27 periodic.
We then gauge Zy (without discrete torsion) to obtain the PSU(N) theory. The crucial step
(1.4.28) is still valid, but is less innocent than for § = 0. In fact, in a PSU(N) bundle, the instanton
1

number ¢ J Tr(F A F) is not necessarily an integer, but can be an integral multiple of 1/N. PSU(N)

12Here we assume X4 to be spin, so that fX4 B U B is even. Hence r ~ r + N also for N even.
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bundles with integral instanton numbers are precisely those that can be lifted to SU(N') bundles, while

in general

Tr(F A F) :/ ca(A) + 2 wUw . (1.4.32)

@ X4 X4 2N Xy
The immediate consequence is that 6 is no-longer 27-periodic, but 6 ~ 6 + 27 N. Moreover, since w is
identified with B € H?(X4, Zy), shifting § — 6+ 277 in the PSU(NV) theory is equivalent to modifying
the action by
2mir
AS = BUB. 1.4.33
o ) (1.4.33)

This is precisely the discrete torsion (SPT) (1.4.30) we added to construct the PSU(N), theory.
Therefore, different gauge theories with PSU(N') gauge group are obtained one from the other shifting

0 by an integer multiple of 27.

This fact also provides a nice physical interpretation for the modification of the genuine line
operators in the various versions: the 't Hooft lines get a charge under the electric 1-form symmetry
if  # 0 because of the Witten effect [75]. A magnetic monopole of magnetic charge ¢, acquires an

electric charge in the presence of a theta-angle

S
3
R

G = 7 (1.4.34)

The integer part of % precisely reproduce the charge of the 't Hooft line under the electric 1-form

symmetry.

4d N =1 SU(N) SYM. 4d N =1 SYM theory with gauge group SU(N) provides an interesting
example of a mixed ’t Hooft anomaly involving the 1-form symmetry. The theory has a chiral Zoyn

0-form symmetry acting on the gaugino

2mim

Zon: A—esn A, m=0,..,2N—1 (1.4.35)

and we have already seen that it has a pure anomaly. However, there is also a 1-form symmetry Zy,
and the two have a mixed anomaly.
To see this we use that the the theory has a classical symmetry U(1)g, A — €**\ which does not
leave invariant the path integral measure, changing it by the exponential of
talN

0o =17

Tr(FAF). (1.4.36)
This is equivalent to a shift of the theta-angle

A= e\ = 0—0+2Na. (1.4.37)

The subgroups Zony C U(1l)g remains at the quantum level because for a = 22”—1\,’”, 0 shifts by 27r.

However, this is not a trivial operation as soon as we turn on a background field B € H?(X4,Zy)
for the 1-form symmetry. As we have seen, the action shifts by . Unlike what happened in
the PSU(V) theory, we do not go to a different global variant, but we multiply the path integral by
a B-dependent phase. To be more precise, consider coupling the theory both to B and a background
field A € HY(Xy,Zoy) for the Zoyn O-form R-symmetry. A gauge transformation A — A + dn with
n =1 € Zon constant is equivalent to § — 0 + 27r and produces a phase in the path integral

2mir
BUB| . 1.4.38
exp ( sl /X 4 ) (1.4.38)
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This cannot be cancelled by modifying the action with a local counterterm of A and B. It represents

a mixed anomaly between Zyn and Zy with inflow action

211

— UBUB. 1.4.39
o [ A (1.4.39)

Sinﬂow =
A very similar anomaly exists in pure SU(N) Yang-Mills (YM) theory at § = m, involving time
reversal and the 1-form center symmetry, and provides a very strong evidence that time reversal is

spontaneously broken [76].

1.5 Symmetry fractionalization

The coexistence of various symmetries, generally of different degrees, can make the computation of
their anomalies ambiguous, as pointed out in 15} [53, 54] which we briefly review. The phenomenon
discussed here will be relevant for Chapter [6 and Section The slogan is that:

e Since anomalies are a lack of invariance of the path-integral under background gauge transforma-
tions, they can be uniquely determined only once we specify completely how the theory couples
to background fields.

If the theory has various symmetries, the coupling to the background can mix them by activating
certain fractionalization classes.
Consider, for instance, a 4d theory with a finite Abelian O-form symmetry G, and a finite Abelian

1-form symmetry A, with mixed anomaly["]

Swisea = 21 [ ) UR(E) (1.5.2)

with A € HY(X,G), B € H*(X,A) and p € H' (BG, H*(B?A,R/Z)) the class specifying the anomaly.
The mixed anomaly of 4d N =1 SYM is an example of this for G = Zon and A = Zy.

The 0-form symmetry can also have a pure, cubic anomaly

Spure = 2mik [ AUB(A)? (1.5.3)
X5

specified by a class k € H°(BG,R/Z). However, its value is ambiguous. It can be shifted by modifying
how the theory couples to the background fields, formally replacing

B+ B =B+ A*() (1.5.4)

where n € H?(BG, A) is called fractionalization class. This modifies Spyre by

H(A) U(A" () = 2midk(n) [ AUBAP (1.5.5)

ASpure = 27ri/
X5

X5

Ak(u,m) € H>(BG,R/Z) is the shift of the anomaly.

13Gee Appendix for discussion of this topological action. The bottom line is that 3(B) = B*P € H*(X,T(A)), with
P € H*(B?A,T(A)) the Pontryagin square, and T'(A) 2 H*(B2A,R/Z)" the universal quadratic group. The anomaly is
specified by a class p € H' (BG, H*(B*A,R/Z)) and written as

271'2'/)( w(A) UB(B) , (1.5.1)

with the cup product associated with the canonical pairing I'(A)Y x T'(A) — R/Z.
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The shift has the following interpretation. If we started from a reference coupling of G' and
A to the backgrounds, the shift tells us that the new background for A is B + A*(n). In particular, a
background A for the 0-form symmetry also activates a background for the 1-form symmetry. At the
level of topological defects, a network of G’ defects must also introduce A defects. Since n € H?(BG,A),
A*(n) is quadratic in A, which means that the (codimension two) junctions of codimension one defects

Ug(X4-1) of the O-form symmetry are dressed by a defect V;(34_2) of the 1-form symmetry, with
a =1(g, h):

UG(Ed—l)

Vig.n) (Xd—2)
Uh(zldﬂ)

The fact that (g, h) must be a 2-cocycle is a consequence of requiring associativity of the fusion of
G-defects. This is the same as asking the absence of a non-split 2-group structure [15, 53]@

Since there are lines charged under the defects V,(X4_2) of the 1-form symmetry A, a non-trivial
fractionalization class n € H?(BG, A) implies that these lines transform non-trivially under the 0-form
symmetry G. Since this effect arises only by putting two G-defects together, n specifies a projective
representation of the lines under the 0-form symmetry.

This observation has a beautiful physical interpretation that explains the name symmetry frac-
tionalization. The theory we are discussing can arise as the IR of some microscopic model where the
1-form symmetry is absent because of the presence of massive degrees of freedom that screen the lines
at higher energy. The IR lines are thought of as the world-lines of these massive particles. The fact
that they transform projectively under GG, means that the massive particles in the UV also transform
projectively. Hence the faithfully acting 0-form symmetry group in the microscopic theory is a central

extension

1—A—G—A—1 (1.5.6)

specified by n € H%(BG, A).
From the UV point of view, we just started from a larger O-form symmetry group é, where the
only degrees of freedom charged under A C G are also charged under the center of a gauge group G.

More precisely, the total (global times gauge) UV group is
(é X g) e (1.5.7)

The matter charged under A is massive, and integrating it out gives rise to an emergent 1-form
symmetry A at low energy. The non-trivial extension determines a non-trivial fractionalization class.
If the emergent 1-form symmetry has a mixed anomaly with the quotient G = G /A, then this also

determines an emergent anomaly for G (see Chapter [7| for a class of very similar phenomena).

14This is measured by the Postnikov class 3 € H3(BG, A), that is in fact sometimes called obstruction to symmetry

fractionalization |77].
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Let us remark that not only a mixed anomaly, but also a pure anomaly for the 1-form symmetry
can do the job. For instance in 3d the 1-form symmetry can have a pure anomaly that is quadratic
in the background field (e.g. if we have a gauge group with a Chern-Simons level), and a non-trivial
fractionalization class can induce a pure anomaly for the O-form symmetryiﬂ

Although this nice interpretation in terms of symmetry extension in the UV is really tight to the
mixture of 0- and 1-form symmetries, the idea that changing the coupling to the background of the
higher-form symmetry can modify the 0-form symmetry anomaly is general. If we have a p—form
symmetry A and a O-form symmetry G, the generic junction of (p + 1) 0-form symmetry defects
Ugys -y Uy, to create a further one Ug,...g,,
Vi(g1,.gpsr) OF the p—form symmetry. Here n € HPTY(BG, A). This amounts to modify the coupling
with background fields by shifting

is of codimension p + 1, and can be dressed by a defect

Bpi1— By =By +A%(n), By € HPY (X4, A), A€ H'(Xy,G) . (1.5.8)

A mixed G — A anomaly, or a pure anomaly for A, will modify the pure anomaly for G. We will
continue to refer to this phenomenon as (higher) symmetry fractionalization, although the name is
more appropriate to the case p = llﬂ In Section we will also see a generalization to the case of

continuous symmetries.

15This requires G to be the product of at least two cyclic groups, since H*(BZy,R/Z) = 0.
16Tn Chapter @ to offer a unified viewpoint, we will use the same name also in the case p = 0, where what happens is

just coupling the background to a diagonal symmetry.
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Chapter 2

A TQFT primer

In this chapter we introduce the basic tools of Topological Quantum Field Theories (TQFTs) that will
be of great importance in the following chapters. Physically, TQFTs are a special type of QFTs with
vanishing stress-energy tensor. As such, they provide the low-energy effective description of gapped
systems. All observables are independent on the space-time metric; hence these theories can be
formulated on smooth manifolds, without introducing a Riemannian structure. Intuitively, this means
that the theory does not have propagating degrees of freedom. This is the basic fact that allows to
define in a mathematically rigorous way the path integral of the theory. We start by reviewing these
definitions somewhat abstractly, and we gradually move to more concrete approaches and techniques
that will be used in the rest of the thesis.

2.1 TQFT axioms

The idea to define a d—dimensional TQFT [78], is to extrapolate the properties that a path integral
based on a generally covariant action should have, and promote them to axioms (see [79] for a detailed
review on the material of this subsection). We view the path integral as a function of the space-time
manifold M, . This that can be closed, hence the path integral must give back a number Z(My) € C,
the partition function, or can have a boundary X ;_1 = dMy. In the second case, to get a number,
we need to fix boundary conditions for the field ®|x, , = ¢. Hence we have a functional Z(Mg)[¢]
of the boundary condtion ¢, that we view as an element of a vector space Hx, , associated with
the boundary Xy 1. This is a model of a space-like slice, to which the quantum theory associates a
states-space. Moreover, if M has two boundaries, the path integral computes the evolution from the
state in one boundary to that in the other. This is a linear map between the two vector spaces.

The space of manifolds, on which the path integral is seen as a function, is formalized in terms of
oriented bordism category BordSO. Objects are closed-oriented (d — 1)—dimensional manifolds X1,
while morphisms Yy : X4 — X, , are oriented bordisms. This is a d—dimensional oriented manifold
Yy with boundary 0Y; = X4 U Y;_l (the bar denotes the orientation reversal), together with a
choice of incoming and outgoing components, X, 1 and Y;,l, respectively. This choice is a pair
of embeddings i, : Xg-1 — 0Yy, tout @ X (’1_1 — 0Yy, where the first preserves the orientation, and
the second reverses it. Notice that the same manifold Y; can be viewed as a bordism in various
ways, depending on the choices of the in- and out-components. The composition of two bordisms
Yy: Xg1 — X}, Yy X | — X/ | is obtained as follows. By definition 0Y; = X4 4 I_JY/d,l,
oYy =Xl | I_IYZ_l, so that we can construct a manifold Y;#Yy by gluing along X/, which appears

with opposite orientations in the two factors. The result of the gluing is seen as a bordism Y, o Y :
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X4-1 — X[ . The category Bordso also has a monoidal structure, namely there is a sense of
compositing two objects, simply taking the disjoint union of closed (d — 1)—dimensional manifolds.

Atiyah [78] defines a d—dimensional TQFT as a symmetric monoidal functor
Z : Bord$® — Vecc . (2.1.1)

The target is the monoidal category of topological complex vector spaces, where the monoidal structure
is given by the tensor product. The functor assigns a vector space Hx, , = Z(X4-1) to any closed

manifold, with the property that
Z(Xg1UX,) 1) =2Z(Xq1)®Z(X})_,) . (2.1.2)
Given a bordism Yy : Xq_1 — X, the functor Z associates a linear map

Z(Ya) : Hxy, — Hxe

d—1 °

(2.1.3)

Functoriality means that, if Yy : Xg1 — X and Yy : X/, | — X/ | are glued to create Y o Yy :
Xq-1 — X} , the linear map Z(Y o Yy) : Hx, , — Hxn s the composition

Z(Y}oYy) = Z(Y}) o Z(Yy) . (2.1.4)

This is the basic property that we want to ask to the path integral, namely locality: if we perform the
path integral on a manifold, we must be able to cut it in smaller pieces, compute the path integral on
each of them and then reconstruct the full answer by putting the pieces together.

Let us list some immediate consequences of the definition.
e The empty d — 1 dimensional manifold is the identity for the disjoint union, hence Hy = C.

e A closed manifold Y; can be viewed as a bordism () — (), hence the functor produces a linear

map C — C that is uniquely identified with a number
Z(Yy) eC. (2.1.5)
This is the partition function on the closed manifold.

e Given a manifold Yy with boundary 0Yy; = X4_1, we can view it as bordism in two ways. Either
Yd(om) : ) — X4 or Yd(m) : X4-1 — 0. In the first case, the functor produces a linear map
C — Hx, , that selects a vector

V(Yy) = |Yg) € Hx,_, (2.1.6)
as the image of 1 € C. In the second case, we get He, , — C, namely a linear functional
a(Yo) = (Yol € Hy (2.1.7)

e The orientation reversal Y, has boundary dY; = X;_;, hence we have a bordism ?E;Ut) :
) - X4_1 and a bordism an) : Xg_1 — 0. These define respectively |[Y,) € Hx, | and
(V4| € H}/(dil. By composing YU : ) — X;_; above with ?idn : Xg-1 — 0 we get a bordism
My : 0 — 0 associated with the closed manifold constructing by gluing Y, with its orientation

reversal along the common boundary. The functor gives
Z(Ma) = (Ya|Ya) = (V(Ya), V(Ya)) €C, (2.1.8)
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that is the norm of the vector V(Y;). More generally, given two manifolds Yy, Y, with the
same boundary X4_1 we can glue them constructing a closed manifold Yd#?il and its partition

function is

Z(Ya#tV q) = Vol Ya) = (V(Y), V(Y)) €C , (21.9)
which is the scalar product between states V(Yy), V(Y}).

Notice that we have not endowed the Hilbert spaces Hx, , with an extra inner structure: this is
automatically given by the functor Z and the composition of bordisms. However, if we want a unitary

TQFT we need to further require the scalar product to be Hermitian and positive definite.

Cylinder constructions Given a closed X; 1 we can construct the cylinder X 1 x [0,1]. It can

be viewed as a bordism in three distinct ways.

1. As I: X431 — Xg4_1. We can represent it graphically as a straight cylinder:

= | )
. / ( t)
Xaly

This satisfies 12 = I, that is, Z(I) : Hx, , = Hx, , is a projector. Up to restricting every

vector space to the image of Z(I), we can assum{]
Z(I) =idyy, | - (2.1.10)

Physically, this is the statement that the time-evolution is trivial, hence the Hamiltonian on any
space-like slice is zero, and so is the stress-tensor. In particular, the theory does not have any

propagating degree of freedom.

2. As a bordism Xgz_; U X4_1 — 0, that we represented as the downwards horseshoe

The image under the functor n(Xg4_1) : Hx,_, ®%Yd—1 — C is a bilinear pairing between Hx, ,
and Hy, . Choosing two basis {eq}, {€} this can be represented by

Nab = 1(€a, &) € C . (2.1.11)

3. As a bordism @ — X4_1 U X4_1, that we represent graphically as the upwards horseshoe

"Without this restriction the theory is non-unitary



The image under the functor y(X4—1) : C — Hx,  ©@Hx, , gives a distinguished vector, as the

image of 1. In a basis
Y(Xag-1)(1) = Z’Yab € ey - (2.1.12)
ab
These three maps constructed out of the cylinder have a relation among them: gluing the left out-going
boundary of the upwards horseshoe with the right in-coming boundary of the downwards horseshoe
we get the cylinder Xy 1 — Xg—1. Similarly gluing the right out-going boundary of the upwards
horseshoe with the left in-coming boundary of the downwards horseshoe gives the oppositely oriented

cylinder X471 — X4_1. These translate into a conditions for n,, and 'yab:
Zn(v,éa)ew“b =0, Zn(eb,ﬁ)éavab =7, YVweHx, ,, WeHg, . (2.1.13)
ab ab

Setting v = e., U = €, we get
D ey =062 > e = 0% (2.1.14)
a b

namely v and 7 are one the inverse of the other. In particular n(Xy4_1) gives a non-degenerate pairing

that produces an isomorphism
Hx,  =H, , - (2.1.15)

Gluing rules Practically, to define a TQFT in this language, one wants to define a certain set of data,
namely the result under the functor of simple bordisms that can be glued together to construct more
complicated ones. The objects just introduced (n and ) are important to reverse the orientations. In
particular 7 can convert an out-going boundary Xy_; into in in-coming boundary X ;_;, while  does
the opposite.

In practice, we choose a basis for any Hilbert space Hx, ,, and for any d—dimensional manifold
i=1,2,..
j=1,2,... we assign a tensor Z(Yy){(a,},(b,}- This specifies the linear map ), Hin; —

Y, with connected boundary components incoming and outgoing, respectively Xé_

J
and de 1,out’

® j Houw

1,in?

Z(Yd) (6a1 X egy @ -+ ) = Z Z(Yd){ai},{bj} <€b1 XK epy, & -+ > . (2.1.16)
bj

Clearly, a disconnected bordism gives a tensor that is just the product of the two. Then we can start
attaching various pieces and generate other tensors. The common boundaries along which we glue
must have opposite orientations. However, while the gluing is simply the composition in the case in
which one boundary is incoming and the other is outgoing, when are both incoming (or both outgoing)
we use 1),. More concretely, let Y; be a (possibly disconnected) bordism LliXé_l’m — UJXé—l, out- I

X é_l’in = Xcll_Lout, then we can generate ?d by gluing the two, and the associated tensor is
4 <Yd> {027---7} {bQ } - Z 4 (Yd){a‘l’(Z?"'w}v{alb?w'} : (2117)
) yee ai

If instead X;_Lin = Yj—l,in? the tensor associated with the manifold obtained by gluing along these

boundary components is

Z (?d> ft ) > Z(Ya) (a1 05,8, 3, (b1, 111 (Xd-1in) gy 0, - (2.1.18)

ai,a2

An immediate consequence of these considerations concerns the partition function on X4_; x S

In fact, this manifold can be obtained from the straight cylinder by gluing the outgoing boundary
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with the incoming one. Equivalently, it is obtained gluing the upwards and downwards horseshoes,

and the result is the trace of idy Xy 1 that is
Z(X4-1 x SY) =dimHx, , (2.1.19)

All of these pieces of data cannot be assigned randomly. Indeed, if a manifold can be obtained
in two different ways by gluing smaller pieces, the results must coincide. Ideally, one would like to
define the tensors associated with the few bordisms that constitute the building blocks of all possible
manifolds, and write down a finite set of consistency conditions that ensure the independence on the
decomposition. In practice, this is incredibly complicated except in very low dimensions (2 and 3),

because we do not know what these building blocks are.

Two-dimensional TQFTs In 2d the situation is particularly easy for two reasons.

e Any 1-dimensional closed manifold is the disjoint union of circles, hence the only Hilbert space

we need to define is Hg1.

e Any 2-dimensional manifold has a decomposition in pair of pants.

Because of the second point, the only other bordism that one needs on top of the horseshoes, is the

pair of pants p: Hg1 @ Hgr — Hgr

required to be symmetric. This endows Hg1 with an algebra structure. Sometimes it is also necessary,

in order to construct closed 2-manifolds, to fill the holes attaching a disk, hence we also need to specify

he =

that defines a distinguished state
|HH) = E h%eq € Hg1 (2.1.20)
a

called the Hartle-Hawking state. It behaves as the unit for the algebra defined by u. Hence p, and

h® are required to satisfy
> g ht =67 (2.1.21)
b

The only other consistency condition is the independence on the pair of pants decomposition,
which is reduced to the so-called Froboenius condition. This is nothing but the associativity of the

product u:
D Habkia =D Hackha - (2.1.22)
c c

These facts completely characterize 2d TQFTs, and imply the famous result that these theories

are classified by commutative Froboenius algebras [80].
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Example: 2d Zy gauge theories Let us consider a simple non-trivial example in 2d. We take
Hgr = CN with a basis |a), a = 0,..., N. Tt is easy to verify that the data

he = §40 | Nab = Oa—b » 115y = Satbc (2.1.23)

satisfy (2.1.21)) and (2.1.22)), hence they define a good TQFT. The sphere S? is obtained by gluing
two disks, hence we have Z(S?) = 1, while we already know that Z(T?) = dimHg = N. A torus

with a boundary, instead, is constructed by gluing one in-coming boundary of a pair of pants with the

out-going boundary. Denoting by a the label of the remaining boundary the result is

Z(T* N Py) =) by = Nbag - (2.1.24)
b

This piece allows to attach a handle to other 2d-manifolds. For instance a genus-two surface can be
constructed by gluing two of these pieces along the common boundary, the result being Z(33) = N2,

Proceeding in this way we can construct any Riemann surface and in general

Z(%g) = N9 = /|H (g, Zn)| - (2.1.25)

2.2 Discrete gauge theories and BF theories

While the approach of the previous subsection is mathematically rigorous and clean, it is not very
manageable especially when we want to discuss operators and defects. Moreover, in physics, TQFTs
have many connections with non-topological theories, either because a dynamical theory can flow to
a TQFT in the IR, or because we may want to couple a dynamical theory with a TQFT. To this aim,
we introduce a more heuristic approach based on topological actions and path integrals. However, it is
important to keep in mind the axiomatic formulation, which is sometimes useful to fix some subtleties

in the path integral formulation.

2.2.1 Discrete gauge theories

Cohomological formulation We start with path integrals in terms of discrete gauge fields A €

HP(X,4,Zy). First, consider a vanishing action, hence the path integral is just a finite sum

Z=C(Xa) Y. (2.2.1)

AeHP?(Xa,ZN)

where C(X,) is normalization constant, generically depending on X, that we will fix later on by
comparison with the axiomatic formalism. This theory is called the pure p—form Zy gauge theory.

One class of operators that we can consider are electric defects

Uy(p) = exp (27%;\([/ A) , XE€ELY =Ty, (2.2.2)
Tp

with 7, any p—cycle, possibly also homologically trivial. Since A is closed, the operators are topo-
logical. There are also magnetic (or 't Hooft) defects Vo(v;_, ;) supported on d —p — 1 dimensional
cycles 7&—p—17 and labeled by a € Zpy. This is defined declaring that inserting it into a correlator

modifies the path integral, summing over discrete gauge fields on Xy ~\ 'Vél—p—l such that

. A=a (2.2.3)

60



Group | Topological operators | Charged objects

p — form A VaeA(’Y&_p_l) Uyeav (7p)

(d—p—1)— form AY Uyeav (p) VagA(’y&_p_l)

Table 2.1: Symmetries of the pure p—form A gauge theory in d—dimensions.

where S? is a sphere linking with ’VZi—p—l' Hence, by construction

2mixa

<Ux(’7p) Va(vé_p_1)> = exp < Lk('va&_p_l)) (2.2.4)

where Lk('yp,ﬂy&_p_l) is the linking number. More generally we can establish an operator equation,

namely an identity valid in any correlation function:

Ux ()
Ux(p) C
Q = Blx,a)
Va(Va_p-1) Va(Vg—p-1)
B(x,a) is called braiding phase and is given by
-
B(x,a) = exp ( W]ZVXG> . (2.2.5)

Moreover, both classes of U, and V, can be fused, and they follow the group low of ZY;, and Zy
respectively.

All of this can be summarized saying that the theory has two (generically) higher-form symmetries:
a p—forms symmetry Zy generated by Va(yéfpfl) with charged objects Uy (7;), and a (d—p—1)—form
symmetry Zy; generated by U, (7,) with charged objects Vj, ('yé_p_l). Notice that this discussion stays
untouched if we replace Zy with any other finite Abelian group A: the p—form symmetry is A, while
the (d — p — 1)—form symmetry is given by its Pontryagin dual AY. This is summarized in table
The braiding phase is given by the canonical pairing A x AV — R/Z:

B(x,a) = exp (2mwix(a)) € U(1) . (2.2.6)

Co-chain formulation From this discussion notice that there is a symmetry for the replacement
A+ AY pe—p'=d—p-—1 (2.2.7)

A pure p—form A gauge theory is equivalent to a pure p¥—form A" gauge theory. The only difference
is that the defects defined electrically in one formulation become magnetic in the other and vice-versa.
This is called electro-magnetic duality of the discrete gauge theory.

However, the way we presented the theory is not manifestly symmetric. A manifestly self-dual
formulation is obtained by performing the path integral over general (non-necessarily closed) co-chains
A € CP(Xg4,A), integrating in another co-chain B € C*P~1(X,4, AY), and using the action

S = 2mi AUB . (2.2.8)
Xq
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Here U is the cup product associated with the canonical pairing A x AY — R/Z. Integrating out B
we get a delta function imposing §A = 0, hence we recover the original formulation of the p—form
A gauge theory. If we integrate out A instead, the path integral over B is reduced to co-cycles and
we get the formulation as a (d — p — 1)—from AV gauge theory. In this way of formulating the path

integral, we need to mod-out by the redundancies
A A+6N, AeCP Y (X4A), B B+dp, neCi™P2(X4AY). (2.2.9)

These are gauge transformations, and modding them out has the very important role of reducing the
final path integral from a sum over co-cycles to a sum over cohomology. The formulation (2.2.8)) is

manifestly symmetric in the two fields, and both classes of defects have an electric presentation

Uy (vp) = exp <2m'x/ A) , Va(Vg_p_1) = exp (2711’@/ B) . (2.2.10)
Tp Yd—p—1

Electro-magnetic symmetry A special feature arises if d is odd and
d—1
p=——. (2.2.11)
2
In this case p¥ = p, and electro-magnetic duality gives rise to a 0-form symmetry of the theory that
exchange A and B or, more intrinsically, exchanges U, and V,. Notice that this requires that we

specify a map of the labels, namely an isomorphism
oA —" AV, (2.2.12)

A finite Abelian group is always isomorphic to its Pontryagin dual, but it is non canonically so, hence
defining this symmetry requires a choice. Importantly, ¢ cannot be any isomorphism: it must preserve
the braiding phase
¢(a) (671 (X)) = x(a) - (2.2.13)
This condition is made more explicit by introducing the non-degenerate bi-character v : A x A — R/Z
as y(a,b) = ¢(a)b. Hence the condition is that v must be symmetri(ﬂ
Naively one may think this symmetry is Zs. This is not always true. To see this, notice that for

p = p¥ the most general defects are dyons

Dy.a(p) = Ux(9p)Va(p) = exp <2m/ (XA + aB)) , (2.2.14)

and we have a p—forms symmetry group A x AV. The braiding B ((xl, ay), (x2, ag)) is a bilinear form
on this group, and involve both x1(az2) and x2(a1). However there is possibly a relative sign between
these two terms, that arise because to compare the two one needs to use the action integrated
by parts, namely B U dA, and this picks a minus sign if p is even. Therefore

B((Xl,al), (XQ,a2)> = exp <2m' (x1(a2) + (—1)p+1><2(a1))> (2.2.15)

The electro-magnetic symmetry is an automorphism of the p—forms symmetry group, ® : A x AY —
A x AV, that must preserve the braiding. Since the two terms in will be exchanged by the
action of the symmetry, for p even we need to twist the naive action by a minus sign:
(971 (x), ¢(a)) p odd
®(a,x) = (2.2.16)
(—¢7'(x), ¢(a)) p even

2This is the same as requiring that ¢¥ = ¢, where for any homomorphism of Abelian groups f : A — B we define

[V BY =AY as fY(B)a = B(f(a)).
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For this reason ®2 = —1 if p is even. The —1 automorphism is typically called charge conjugation
and denoted by C. Hence charge conjugation extends non-trivially electromagnetic duality for p even,

while it is a decoupled factor for p odd. Thus the electro-magnetic symmetry is

Zo p odd
Gem = (2.2.17)
2y p even

Dijkgraaf-Witten theories: two dimensions The discrete gauge theories have certain twisted
modifications, known as Dijkgraaf-Witten (DW) theories [81]. Let us first focus on the case p = 1,
and consider a group-cohomology class w € HY(BA,R/Z). The discrete gauge field A € C'(Xg4, A)
can be equivalently represented as map A : Xy — BA, that we can use to pull-back w and produce
A*w € H%(X4,R/Z). In the cohomological formulation, where A € H'(X4, A) and we do not introduce
B, the DW theory consists in modifying the path integral into

Z=0xy Y &M (2.2.18)
ACH(Xg,A)

In the cochain formulation, on the other hand, we modify the action as
S = 27m'/ (AUOB + A*(w)) . (2.2.19)
Xa

To make it gauge invariant we need to modify the gauge transformations, in a way that A — A+dJX also
acts on B. The precise modification must be studied case-by-case. Dijkgraaf-Witten theories can also
be generalized to p > 1, but they are not classified by group cohomology. Indeed A € CP(Xy, A) can
be realized as a map A : Xq — BPTTA, and this can be used to pull-back a class w € HY(BPT1A,R/7Z).

Here we discuss in some detail the 2d case for illustration, leaving some higher-dimensional cases for
the coming sections. A key fact (that will be of utmost importance in Chapter @ is that H2(BA,R/Z)

is canonically isomorphism to the group Alt(A) of alternating bicharacters on A, namely

x(a+d',b) = x(a,b) + x(d',b) , x(a,a) =0 . (2.2.20)
In particular x is antisymmetric. The isomorphism is [69]E|

H*(BA,R/Z) > w + xw(a,b) = w(a,b) —w(b,a) . (2.2.21)

This is clearly a well defined homomorphism (it is independent on the representative of w), and x,, is
alternating. The proof that it is an isomorphism is more complicated and can be found in [69]. The
alternating bicharacter defines an antisymmetric pairing A x A — R/Z. This allows us to construct a

cup product U, , that is non-vanishing on cochains of odd degree. The DW action is

S=2ri [ AUSB+AU, A. (2.2.22)
X2

For instance if A is the direct product of K Zy factors, an alternating bicharacter is given by an
antisymmetric K x K matrix x;; with Zy entries, a 1-cochain is given by A = (A4, ..., Ax) with A4; a
Zy gauge field (and similarly for the 0-cochain B = (Bjy, ..., Bx)) and the DW twist is [82]

2mi
W /X inin U Aj . (2223)

2 4<y

3Here we are using the additive notation for all Abelian groups. In other places it will be more convenient to use the

multiplicative notation, and this should be clear from the context.
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Here U is the standard cup product associated with the ring structure of Zy.
For A = Zy there is no alternating bicharacter, and the simplest example of non-trivial DW twist
arises for, A = Zy x Zy (see [30] for more details on this example). An alternating bicharacter is

determined by a single number p € Zx the corresponding DW theory is

.
S = % (A1 U8By + Ay U8By + pA;y U Ay) . (2.2.24)
Xo

The gauge transformations areﬂ

Ay — Ay + M, Aoy Ag+6As By — B —p\o By — By + p)1 . (2.2.25)

This modifies the set of gauge invariant operators. In fact V(z)( ) = e N Bi@) is no longer gauge

invariant, but can be made so by attaching a line defect to it:

17”(11)(3:;1)) = exp <2mmB1 27szm / A2> , )(3: L) =exp <27§\zme2 2mpm / A1> .
(2.2.26)

Here L is an open line ending on x. The topological operators supported on open manifolds are

essentially triviaﬂ there is no non-trivial configuration of defects we can make with them, and we
can always deform them topologically to the trivial defect.

If p and N are coprime, all local operators are non-genuine, and all line operators N A can
be opened on some point operator. Hence the theory is essentially trivial. If ged(N,p) # 1, some

local operators become genuine and some of the lines cannot be cut-opened. Defining k = W%’ we

notice that 17155) loose their dependence on L, hence
Vi@ L) = V@), 1=0,..,gcd(N,p) = 1 € Zyeainp) C Zn (2.2.27)

are genuine topological operators.
In addition, the lines that can be opened and become trivial are U (v) with n = pamod(N) for
some a, or equivalently n = ged(V,p)a’ mod(N) for some a’. These form the subgroup Zj C Zy,

hence the unbreakable lines are
U@, n=0,..,gcd(N,p) — 1 € Zn/Zk = Lgea(np) - (2.2.28)

These lines detect the genuine local operators through non-trivial braiding:

. V' (x)
minl lk
- exp (gch(N.p) 52])

U () U (7)

At the level of genuine and unbreakable operators, this theory is essentially equivalent to the
untwisted pure Zgeq(n,p) X Lgea(N,p) gauge theory in 2d. However, the theory is different in the fact
that the trivialized subgroup Zj x Zj, has a non-trivial SPT phase, as can be detected by studying the
theory on manifolds with boundary [30]. In particular, if gcd(V, p) = 1, the DW theory is an SPT for
7N X 7.

4B, are 0-forms, hence they do not have their own gauge transformations.
5We will see shortly that non-triviality of these objects arise on space-times with boundary. Intuitively, that is because

the end-points can be on the boundary.
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2.2.2 Continuous fields formulation

We can introduce another formulation of discrete gauge theories, in terms of standard U(1) gauge
fields [30, |83-85]. This approach is mathematically less rigorous, but is often more manageable, and
allows one to incorporate TQFTs into dynamical theories. For definiteness, we consider A = Zy, but
everything can be extended to any finite Abelian group. We consider the BF theory

iN

S =

= A, NdBg_,_1 . 2.2.29
27T X, P d—p—1 ( )

A, and By_p,_1 are U(1) gauge fields, respectively a p—form and a (d — p — 1)—from. The gauge

transformations that we have to mod out in the path integral are
Ap—= Ay +dr—1 By p_1+ By_p_1+d{g_p—2 , (2.2.30)

with dA\,—1 and d{;—,—2 closed forms with periods multiple of 2r. When they are exact (vanishing
periods), this is a small gauge transformation, otherwise it is a large gauge transformation.

This way of writing the theory does not really make sense, since it involves integration of the gauge
potential. The problem is very similar to that of correctly defining Wilson lines, and the solutions are

also analogous (see [86] for a discussion)

e If we assume the existence of a (d + 1)—dimensional manifold Yzy; such that 0Yy11 = Xgy1,

then we can define
dA, A dBi_p—1

S :=2mN
i 2 2

Yai1

(2.2.31)

from which we immediately read the quantization N € Z as a requirement for the independence
dBd—p—l
2

definition requires the existence of the extension Y;11, which is not guaranteed for d > 4, where

on the extension Yyi1, due to the integrality of the periods of d;%, However, this

the bordism group is nontrivial.

e One can define the action patchwise, choosing a local trivialization of all bundles and local
representatives of the connection. This approach is quite cumbersome, since it requires precisely

defining higher-form bundles, formalized in terms of gerbes [87].

e Finally, it is possible to correctly define the action using differential cohomology [88] (see [89]

for a review).

The gauge invariant operators are

Un(7p) = exp (Zn/ Ap) , Vin(Vg—p—1) = €xp (im // Bd—p—l) (2.2.32)
Yp Yd—p—1

with n, m € Z to ensure gauge invariance under large gauge transformations. The equations of motion
dA, =0, dBg—p—1 =10 (2.2.33)

impose that A, and B;_,_1 are flat connections. Hence, the operators Uy, V,, are topological. More-
over, by taking into account that A, and By_,_; are not globally defined differential forms, but U(1)
connection, we also have

Uv=Vy=1 (2.2.34)
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hence n ~ n+ N,m ~ m + N, and therefore n,m € Zy. To show this fact we can decompose one

of the fields, say Bg_,_1, into a globally defined part Ed_p_l and a representative 8 of the bundle,

namely
d
b HYP(Xy,7) . (2.2.35)
2w
The action is rewritten as
N ( . iN ~
e Ay AdB — (—1)P By lAdA):zN Ay — (=122 [ By, AdA, (2.2.36
e (~1)Bay- agany o~ g [ Bacpanddy (2230)

where PD~! (%) € H,(X4,Z) is the Poincare’ dual cycle of %, and we can decompose it into a basis

bp(Xa)
PD™ < ) Z Y, %, €Hy(2,7Z), aj €L . (2.2.37)

The path integral over B;_,_1 decomposes into a path integral over Ed_p_l, and sums over the integers
a; € Z. The first gives a delta function that imposes dA4, = 0. Hence, the path integral over A, is

reduced to an integral over flat U(1) connections. Moreover the sums over a; give

H Z exp (zNaj/ p> = H5 (eiNfzj Ap 1) (2.2.38)
J

Jj ajE€Z

and this implies Uy = 1. The same argument reversing the role of A, and Bg_,_1 proves that Vi = 1.

It is not hard to compute the correlation function of linking defects

Vm (’Yé—p— 1 )

(Y )

(2.2.39)

Here ~yp, v4—p—1 are both homologically trivial inside X4, but each one is non-trivial in the space-time

where the other is removed. Inserting the defects is equivalent to modifying the action into
iN
. 27TA ANdBg_p_1 —inAy NPD(v,) —imBg_p_1 APD(v)_, 1) | - (2.2.40)
d

Integrating out A,, we produce a delta function that imposes

N
%dBd_p_l =nPD(v,) . (2.2.41)
This is solved by
2mn
By p1 = WPD(DPH) + By, (2.2.42)

with D,41 a disk with boundary -,, and Bél_p_l a flat connection. The path integral over it reproduces
the partition function, cancelled by the denominator in normalized correlation functions. The result
is given by the remaining piece of the action, evaluated in the non-homogeneous term of the solution

(12.2.42)
2minm

; PD(Dyi1) APD(Yy_p 1) - (2.2.43)
d

The integral counts the number of intersections of D1 and 'Y¢/1—p—17 namely Lk(7p, ’y(’i_p_l) =1:

2minm

<Un(7p) Vm('yzlifpfl)> =e N . (2.2.44)
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This is the same as (2.2.4]). Given the matching of gauge-invariant operators and their correlators,
the BF theory (2.2.29) is simply another representation of the pure Zy gauge theoryﬁ [84, [85].

We can also deduce a heuristic rule for going from discrete to continuous gauge fields. The discrete

gauge field formulation i{]

o
S = % ApUdBap1, Ay €CP(X4,Zy), Bip1 € CTPN Xy, Zy) . (2.2.46)
Xq

A discrete field A, has integers periods defined mod (IV), while the continuous field A, has periods

that are integer multiples of QW” Also, by matching the operators (2.2.2]) with (2.2.32), we are led to
identify A, with %Ap. The U is identified with the A. To match § with the ordinary differential,

d—p—1

one notices that MT is the Bockstein homomorphism, that is the discrete analogue of the first

dBd—p—l
2

Chern-class . To summarize we got the dictionary

N 2 '

N
Ay, — %Ap , U+— A, (2.2.47)

As a check notice that this replacement maps (2.2.46)) into (2.2.29)).

Mixed anomaly The p—form A gauge theory has a p—form symmetry A and a (d — p — 1)—form
symmetry AV, and, in virtue of the braiding, the two symmetries have a mixed anomaly: inserting
the defects of the two symmetries is equivalent to coupling them to background fields, and un-linking
two defects is a background gauge transformation that modifies the partition function by a phase.
Using the BF theory formulation ([2.2.29)), allows us to describe the inflow action concretely. Here
we focus on A = Zy. We describe background fields with flat U(1) gauge fields a1, 84—p with periods
multiple of QW” Coupling the p—form symmetry with a;,41 amounts to modifying the action into
iN »
S[Oép+1] = % ; (Ap A dBd,p,1 + (—1) Qpt1 N Bd,pfl) . (2248)
d
Indeed, a way to understand the p—form symmetry in the continuous fields formulation is as a shift
Ay, — Ap + Ny, with d)\, =0 and f,yp Ap € %Z. The coupling above makes the action invariant, even
if it is dA\p # 0, provided that we transform apy1 — qp1 + dA,,.
Similarly, coupling the (d — p — 1)—symmetry with 34—, is achieved by
iN
S[/Bd—p] = o (Ap NdBg_p_1 — Ap N 5d—p) , (2.2.49)
Xa

with Bd—p — Bd—p + dé'd—p—l while shifting Bg—p-1+ Bg—p-1+E&i—p-1-

SThere is a caveat in this statement. In the BF theory, it makes sense to consider non-genuine p—dimensional and

(d — p — 1)—dimensional operators,

OoDp) =exp (i [ G2} Vi) —ep (5 [ Pt (2.2.45)
Dp+1 271' D&—p 271'

with Dp41 and ij_p disks bounded by 7, and ’y&_p_l. Here o, 8 € R, and these operators become genuine and coincide

with Uy, Vi, for integer values. For «, 8 € (0, 1), they have no analogue in the discrete Zy gauge theory. If the boundary
vp of Dpy1 links with the support fyél,p,l of V., it creates a braiding phase exp 2’”% that breaks the identification
m ~ m + N. Thus, with these additional operators, Un = VN = 1 is not true. Indeed, the argument around is
invalid if such operators are in the path integral. However, it is consistent to consider the BF theory truncation excluding

these continuous operators. This truncation coincides with the Zy gauge theory.
"We are changing notation with respect to the previous discussion to distinguish discrete from continuous.
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The ability of making the action gauge invariant by coupling the two symmetries singularly to
backgrounds, reflects the absence of pure anomalies. The mixed anomaly, on the other hand, is
detected by coupling both symmetries to backgrounds:
iN

Slapt1, Ba—p) = o
d

<Ap A dBd—p—l + (—1)pap+1 A Bd—p—l - Ap A /Bd—p> . (2250)

Notice that there is no topological local counterterm that can be added. This is not gauge invariant:

iN
Slapr1+drp, Ba—pt+déa—p-1] = S[ap+laﬁd—p}+% . <(1)pap+1/\§d—p—1+(1)pd)‘p/\£d—p—l)‘p/\ﬁd—p> :
d
(2.2.51)
The anomalous variation can be cancelled by inflow with the SPT
iN
Sinflow = 7 Qpt1 N Bd—p . (2.2.52)
T JXg41

Anomalies that are quadratic in the background fields are tight in having symmetry generators charged

among themselves by braiding.

Example: canonical quantization 2d Zy gauge theories. The continuous fields formulation is
useful to canonically quantize the TQFT. We consider the example of d = 2 and A = Z, which allows
us to make a connection with the axiomatic formulation of Section 2.1 and the example discussed at
the end of that Section (see Appendixfor a discussion of the non-compact case, relevant for Chapters
and E[)
We discuss the theory .
S = N pdA (2.2.53)
2 Jx,

where ¢ ~ ¢ + 27 is a compact scalar and A is a U(1) gauge field. We want to construct the Hilbert
space on the circle Hg1 by canonical quantization. We place the theory on S' x R with time ¢ € R,
and decompose A = Aldt + j, d = Oydt + d (all the tildas denote the spatial S! part). Hence
iN

dA = —8,A N dr + dAS A di "
21 Js1xr

(qbatﬁdt + JqﬁAgdt) . (2.2.54)

We can choose the temporal gauge A = 0, that imposes the Gauss law ng = 0. This means that ¢

only depends on time, and after introducing the holonomy

X = /Sl A (2.2.55)

(that also depends on time) the action becomes a quantum mechanical system

S— —% dt 6(1) i (t) - (2.2.56)

Notice that ¢ ~ ¢+ 2w, x ~ x + 27. This system can be quantized canonically, identifying coordinate
and canonical momentum as N
— v, - 2.2.57
¢=Xx, P=-5-9 ( )
with canonical commutation relation:
_ 2mi

o= = L (2.2.58)

The operators eV, eNX commute with all other operators (because ¢, x are not good operators), hence

they are proportional to the identity in any irreducible representation. Without loss of generality, we
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take them to be the identity. This means that the eigenvalues of €'?, e’ are N’th roots of unity. To

construct a representation we start from an eigenstate of e*X:

eX|k)=e N k), k=0,.,N—1. (2.2.59)

Acting on |k) with e’® we get an eigenstate of e’X with eigenvalue 62 i Since € is unitary we
can take

k) =k +1) . (2.2.60)

We conclude that the Hilbert space Hg1 is N dimensional and generated by states |k), k =0, ..., N —1.

The same Hilbert space Hg1 can also be obtained by radial quantization, placing the theory on
X5 = R? with time going radially. The states on S' are obtained, by state/operator correspondence,
placing local operators e’*®(®) at the origin. Identifying |0) with the state prepared by the empty disk,

namely the Hartle-Hawking state, we recognize that
state/operator map: k) +— eFo@) (2.2.61)

This observation allows to make connections with both the Euclidean treatment in terms of defects
and their braiding, as well as with the axiomatic formulation. Regarding the first, the operator e™X is
nothing but the line operator U, (v) = i)y A placed on the space-like slice. In radial quantization we
can start contracting it toward the origin and making it disappear. However, at some point, it must
pass the operator ¢*?(*) that creates the state, thus producing a phase exp (%) that is precisely
the eigenvalue of e’X.

The connection with the axiomatic formulation is that we are now able to derive the data .
The Hartle-Hawking state is obtained with the path integral on the disk with no insertion, hence it
is |0), in agreement with h* = 6%, Since the states |k) are created with the unitary operators e**¢,

f_ e~ %% hence M &/

taking the orientation reversal amounts to consider the state created by (eik‘f’)
that determines the isomorphism H ¢, = Hag iS Mk = Op,—w - Regarding u,’::/k,, this defines an algebra
structure on Hg1, but by state/operator correspondence this must coincide with the OPE of local
operators eh9eik'® — ¢ilk+k)é and hence ,u’g:;, = Okt k-

We can also use the axiomatic formulation to fix the normalization of the path integral in for
d = 2. In fact, we already computed, using the axiomatic formulation, that Z(X,) = \/m .
Hence we have

C(2,) = [H (S, Zn)| V2 . (2.2.62)

Fixing the normalization constant for d > 2 and for general degree p of the form is slightly more
complicated, but can always be done by comparison with the axiomatic formulation that guarantees

the consistency under cutting and gluing [90].

2.2.3 3d Dijkgraaf-Witten theory

We consider 3d 1-form Dijkgraaf-Witten theory with twist w € H?(BA,R/Z) [81]. We do not attempt
to write the topological action for general A, since it would involve several different terms depending
on w (see e.g. [82]). Some of them are cubic in the gauge fields, and are morally similar to the DW
twist we discussed in 2d. Instead, for simplicity we just study A = Zy (for which these cubic terms

are absent) and we can write the most general action, that involves a genuinely new term.
We have H*(BZy,U(1)) = Zy, and the DW theory with twist k € Zy is

B 211

k
s=% /. (A UoB+ AU 5A> (2.2.63)
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with A, B 1-form Zy gauge fields. To arrive at this form of the action starting from A*(wy), wi €
H3(BZyN,R/Z), there are several steps with an interpretation that is interesting to explain. The
explicit expression of the cocycle wy : Z3; — R/Z is (see e.g. [91])

wi(a,b,c) = <kc(a b= ((z\; ) mod(N)> mod (1) =

0 ifa+b<N
{ tatb< (2.2.64)

%mod(l) ifa+b>N

This can be canonically identified with the cocycle ¢, € H?(BZy, ZY;) = Zx whose explicit expression
is (here we think ZY, as Hom(Zy,R/Z)):

ex(a,b) - c = (kc(a +b) - (‘fN*; b) mod(N )> mod (1) = wy(a, b, ¢) . (2.2.65)

€; determines an Abelian extension I'y j:
1= Z§ =Tk —Zy—1. (2.2.66)

In turns, this determines a long exact sequence of singular cohomology groups, with connecting map
the Bockstein B : HY(X,Zy) — H" (X, ZY;). In particular, from the gauge field A € C1(X3,Zy)
we can construct Bg(A4) € C?(X3,7ZY;), hence the term

Spw =2mi | AU BL(A) (2.2.67)

X3
with U associated with the canonical pairing Zy x Z¥, — R/Z. To get the expression (2.2.63) from
(2.2.67) we use an isomorphism ZY, = Zy to convert the cup product and divide by N, and we notice
that B = kf, with 5(A) = % the Bockstein associated with the sequence 1 — Zy — Zpy2 — Zy — 1.
For k = 1, we have I'y =1 = Zy2. Indeed, using the expression of €, we see that N times the
generator of the quotient Zy, gives the generator of the subgroup Zy,. For general k = 0,...,N — 1,

N times the generator of Zy gives k times the generator of ZY;, hence

Ty & <9€, y |2V =" N =12y = y9€> X ZN2jged(Nk) X Lged(N k) - (2.2.68)

We want to show that all this mathematics has a nice physical interpretation in the TQFT (2.2.63)).
Unlike the 2d case, the presence of § in the DW twist makes its effect very different. It does not modify
the gauge transformations, but it modifies the braiding. It is easier to discuss this in the continuum
formulation. Using the dictionary ([2.2.47]) we get the continuous field theory

N ik
S="2 [ AndB+= | AndA. (2.2.69)
2 X3 s X3
It turns out that the second term can be further divided by 2, at the prize of introducing an extra
structure on X3, namely a spin-structure, on which the theory will depend [81]
N ”
S:Z/ ANdB+ 2 [ AndA. (2.2.70)
2 X3 4

78 X3

In this notation k € Zsn, but needs to be even in order for the theory to be strictly topological.
TQFTs that can be only formulated on spin-manifolds are called spin-TQFTs [92]. We will assume &
even for simplicity in the following.

The most general (topological) line operator is a dyon labeled by a,b € Z

Uns(y) = exp <m A A+ib L B) . (2.2.71)
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With the same computation that led to (2.2.44]) one obtains

211

(Ua(2) Uurir (7)) = exp [N (ab’ +a'b— ]@bb’)} . (2.2.72)

Because of the last term, this is no longer invariant under separate shifts of ¢ and b by N. Instead

the correct identifications are
(a,b) ~ (a+ N,b) , (a,b) ~(a+k,b+ N) . (2.2.73)

Therefore the 1-form symmetry I' of the theory is not Zy x Zp, but it is the quotient of Z x Z by the
identification above. I" has a subgroup isomorphic to Zy, generated by Uy o. The quotient I'/Zx = Zy
can be taken to be generated by Uy _1, and has the property that

U&[—l =Up-~n =Ukpo = Uﬁo . (2.2.74)
Therefore we conclude that the 1-form symmetry is precisely the group extension discussed above
I'=Tnp= ZN2/gcd(N,lc) X chd(N,k) . (2.2.75)

2.2.4 Kapustin-Seiberg TQFT in four-dimensions

In 4d a 2-form A gauge theory is equivalent to a 1-form AY gauge theory, since in the cochain formu-
lation this is
S = 2m'/ BUGSA,  BeC*Xy4,A), AcCHXy,AY). (2.2.76)
X4

Viewed as a 2-form A gauge theory, it has an interesting modification discussed in [14, [93] on the
lattice, and in [13} 30| in the continuum. It consists of adding a twist, that is the integral of B*w €
H*(X4,R/Z), with w € H*(B2A,R/Z). This group is isomorphic to the group Q(A) of R/Z—valued
quadratic functions on A. A quadratic function g : A — R/7Z satisfies

x(a,b) = q(a+b) —q(a) — q(b) Dbilinear in a,b,  q(—a)=q(a) . (2.2.77)

Intuitively the twist is given by a quadratic function of B, but to understand precisely the form of the
term we need to introduce the universal quadratic group T'(A) and the Pontryagin square (see |15} (93]
for more details).

I'(A) is a group endowed with a quadratic function @ : I'(A) — A, such that for any Abelian group
V and a quadratic function g : A — V there is a linear map ¢ : I'(A) — V such that

q(a) = q(Q(a)) . (2.2.78)

This means that the group Q(A, V') of V-valued quadratic functions on A is isomorphic to Hom(I'(A), V).

The universal quadratic group enters in the game because one can show that [67]
Hy(B*A,Z) =T(A) . (2.2.79)
The universal coefficients theorem then implies that
HY(B?A,V) = Hom(T'(A),V) = Q(A, V) . (2.2.80)

There are two interesting choices of V. First, taking V = R/Z, we identify H*(B%*A,R/Z) with

R/Z—valued quadratic functions, as we stated above. Second, taking V' = I'(A), we can consider the
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identity in Hom(T'(A),T'(A)), and it will correspond to a distinguished element 8 € H*(B2A,T'(A)),
called the Pontryagin square. In turn, this can be identified with a quadratic function A — I'(A).
Now, given B € C?(X4,A) we can consider

B(B) := B*P € HY (X4, T(A)) . (2.2.81)

Then for any discrete torsion class in H*(B%A,R/Z), represent it as a quadratic function q : A — R/Z,
and let ¢ : I'(A) — R/Z be the associated linear map, we construct the action

S = omi /X (B USA +G(B(B) )) (2.2.82)

Following Seiberg and Kapustin [30], for A = Zy we can describe this TQFT with continuous U (1)

gauge fields A, B, respectively a 1—form and a 2—form. The most general quadratic function on Zy
is q(a) = % mod(1), where p € Zon and must be even if NV is odd, hence taking values in Zy C Zay.
This agrees with the fact that I'(Zy) = Zy for N odd, while I'(Zy) = Zon for N even. The twist
should be a quadratic term in B, hence the only possibility is to write
S:ﬂ B/\dA+ZN—p BAB. (2.2.83)
27 Jx, T Jx,
p is identified with the number determining the quadratic function. To argue this, we have to show

that it must be an integer defined modulo 2N, and must be even if N is odd. Using the dictionary

(2.2.47)) the action is

21

sz/ BUGSA + 2™
N Jx,

2N Jx,

Hence p must be integer, and the second term is trivial for p = 2NV, so that p ~ p+ 2N. Moreover, to

BUB. (2.2.84)

make the second term invariant (up to 274) under shifts of B by a cochain proportional to N we need
Np e 2Z.
To analyze the theory, let us use the continuous fields formulation for definiteness. The quadratic

term in B modifies the gauge transformation into
B— B+d\, A— A+do —p. (2.2.85)

¢ is a compact scalar, while A a 1-form U(1) gauge field, namely the periods of % are integers. Under
(2.2.85) the action changes by
dx dA Np / dx  dA
X

5§ =2miN [ SSASE _omtl [ S2 00 2.2.86
B e T T N (2.2.86)

The first term is multiple of 27, and the same is true for second provided Np € 2Z. In this formulation
we also see that the second condition can be relaxed on a spin 4-manifold, since the integral of % A %
is even. The theory for NV and p both odd however, will depend on the choice of a spin-structure. This
is similar to the 3d DW theory we discussed in the last Section, and as in that case we will assume p
even if N is odd for simplicity.

Let us look at the gauge invariant operators. While

Uy(72) = exp (z’b [m B> (2.2.87)

are gauge invariant provided b € Z, the lines of A are generically not gauge invariant under B — B+d,

A~ A —p), and require an open surface of B attached:

Lo(71; D2) = exp (ia/ A+ipa/ B) . (2.2.88)
m Do
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Here 0Dy = 7,. The braiding between a (generically non-genuine) line and a surface is given by

(Ll D) Ust) = exp (T k) ) (2.2.89)

from which we read the usual identification a ~a + N, b~ b+ N.

However, the non-genuine lines are essentially trivial operators, as well as the surfaces that can be
cut-opened. The situation is very similar to that of the 2d Zy x Zn DW theories discussed above. L,
becomes genuine when the dependence on the surface disappears, namely if pa is proportional to V.
Introducing k = m, this is the case in which a is proportional to k. Hence there are ged(N, p)
genuine lines Ly(71), a = nk, n = 0,...,ged(N, p) — 1, generating the subgroup Zgcq(np)y C Zn, that
is the non-trivial 2-form symmetry of the theory. Moreover, surfaces U, can be cut open on a line if
b is proportional to ged(N,p), hence the subgroup Zy C Zy forms a trivial 1-form symmetry. The
non-trivial one is described by the quotient Zy/Zy = Zgyeq(n,p)- These surfaces are also the charges
of the non-trivial 2-form symmetry.

As in 2d DW theory, at the level of genuine and unbreakable operators, the theory seems equivalent
to the untwisted Zgcq(n,p) 2-form gauge theory. However, the Zj subgroup has a non-trivial SPT phase.

In particular, the Kapustin-Seiberg theory is by itself a 1-form Zy SPT if ged(N,p) =1 [30].

2.3 Abelian TQFTSs in three-dimensions

Three space-time dimensions are very special for TQFTs, because of the existence of Chern-Simons
theory [47]. The Abelian theory with gauge group U(1) has Lagrangian description

ik

s:Z/ ANdA (2.3.1)

47 X3
with A a U(1) gauge field and k € Z. If k is odd, the theory requires the choice of a spin structure.
As for the BF theory, the correct definition of the action requires extending X3 = 0Y4 and writing the
integral of % A % on Yy. The independence on the choice of Yj implies that k is an integer on spin
manifolds, and an even integer on non-spin manifolds.

Everything is encoded in the topological lines

Wa(7) = exp <zn [y A) (2.3.2)

that have braiding

Wa(v) )
al”
Q = exp (%lia—b) © Q
Wi(7')

Wy(+')

It seems this identifies a ~ a + k and reduces the set of lines to Z;. This is not quite true because
of a subtle effect called framing anomaly [47]: the lines of Chern-Simons theory are framed, namely
they require a choice of a section of the normal bundle to v C Xj3. Intuitively, this is a specification

of a normal direction to any point of the curve that can be interpreted by saying that the lines are
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effectively ribbons. The effect is detected by a non-trivial phase 6, arising in

0, is called the topological spin of the line, and measures a sort of self-braiding due to the ribbon
nature of the line. Notice that the braiding B(a,b) = exp (%Tmb) defines a bilinear form on the set
of lines. By comparison between the braiding and the definition of 6,, we see that 6, is a quadratic
refinement of B(a,b) (in comparing with notice that this is written in the multiplicative

notation):

ea—l—b
B(a,b) = . 2.3.4
(a7 ) eaeb ( )
Up to an arbitrary (and unphysical) gauge choice, we have
2mia’
a = . 2. .
0, = exp ( ok > (2.3.5)

If k € 27 this formula is well defined over Zj (namely 0, = 6,), but if k is odd, 6y = —1. In this
case Wy, has trivial braiding with all other lines but has nontrivial (-1) spin: it is called a transparent
fermion. The set of lines for k € 2Z 4 1 should be enlarged to Zsg, where the second k lines are
obtained by fusing the first k lines with the transparent fermion.

We will focus on k € 27Z for simplicity. In a sense, the U(1); Chern-Simons theory is the square
root of the 3d Z; gauge theory. The latter has a Z; x Zj 1-form symmetry with a mixed anomaly,
while CS only has Zj with a self-anomaly: the generators are charged among themselves. The inflow

action, written in terms of a background B € H%(X,Zy), is

211
inflow = BUB. 2.3.
Sinfl o Iy, U (2.3.6)

This can be derived in the very same way we arrived at the mixed anomaly for the Zy gauge theory

2-2.52)

The intuition that U(1) is a square root of the Zj; gauge theory is actually precise: U (1), xU(1)_g
is exactly equivalent to the Zj; gauge theory, as can be shown by taking the sum and difference of
the two Chern-Simons gauge fields. More generally, it turns out that any 3d Abelian TQFT can be

written as a Chern-Simons theory with gauge group U(1)":
Sk=> J/ A; NdA; (2.3.7)
g1 471' X3

Here Aij—1,. , are U(1) gauge fields, and K is an r x r symmetric non-degenerate matrix with integer
entries. The theory is bosonic if K;; € 27, while it requires a spin structure otherwise. We focus on
the bosonic case (see [92] for the general case). The line operators are labelled by a vector of integers
a=(ay,..,a,)" €L

Wa(y) = exp <ZZa / Az-) (2.3.8)

and have braiding
B(a,b) = exp <2m’gTKflb) . (2.3.9)

The lines W, with b = Kn, n € Z", have trivial braiding with all other lines, and are therefore trivial.
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The set of non-trivial lines is given by the quotient of lattices

ZT’

D(K) = 7— .

(2.3.10)

This is a finite Abelian group called discriminant group. This is the 1-form symmetry group of the

theory, and it is easy to see that
|D(K)| = det(K) . (2.3.11)

The braiding B(a,b) defines a symmetric bilinear form on the discriminant group. A quadratic refine-

ment of it gives the topological spin 6, of the lines

>

|

B(a,b) =

; (2.3.12)

>
=

We conclude that the spins completely determine the theory.

2.4 Topological boundary conditions

An important application of TQFTs in this thesis will be the Symmetry Topological Field Theory
(SymTFT), which will be introduced in Chapter and used in all the following chapters. This consists
in coupling a dynamical QFT to a TQFT in one dimension higher and then studying its topological
boundary conditions. For this reason, in this section we want to briefly explain the basic methods to
deal with these boundary conditions. Many other aspects will be explained in detail in the coming

chapters when necessary. Here we just want to illustrate the very important principle that
P: Topological boundary conditions are specified by maximal sets of mutually transparent objects.

We will refer to these maximal sets as Lagrangian algebras. This correspondence, strictly speaking,
is not one to one for d > 3: from any topological boundary condition we can always produce others
by stacking a (d — 1)—dimensional TQFT on the boundaryﬁ However, what is always true is that
a Lagrangian algebra specifies a topological boundary condition. Roughly speaking, defects in the
Lagrangian algebra are allowed to terminate on the boundary.

In general, a condensable algebra A of a TQFT is a set of topological defects that constitute an
anomaly free symmetry, hence can be gauged. The condensable algebra is called Lagrangian, and
denoted by £, if it is maximal, in the sense that we cannot add other defects to it while preserving
the anomaly free condition. This means that any other defect is charged under at least one element
of the Lagrangian algebra. Hence by gauging (or condensing) £ we get rid off all defects not in £.
On the other hand, the defects inside £ becomes trivial, and the resulting theory is completely empty.
One may wonder about the dual symmetry arising from the gauging. However this would act on the
twisted sectors, and those are always empty in TQFT. We conclude that an equivalent characterization

of Lagrangian algebras is the following
C: Lagrangian algebras of a TQFT are anomaly free symmetries whose gauging trivialize the theory.

This explains how to get a topological boundary condition form £. In general, given any condensable

(anomaly free) algebra A of a TQFT T, and given a codimension one submanifold Xy 1 C X, dividing

8For d < 3, a (d — 1)—dimensional TQFT, in order to be non-trivial, has topological local operators, and they would

make the boundary non simple.
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X into two regions, we can construct a topological interface Z 4 between T and T /A, simply gauging

A in one of the two halves

T T/A

Za

If A = £ is Lagrangian, then the theory on the right is trivial, and the interface becomes a boundary

condition Bg:

T 7trivial”

B

This also explains the previous heuristic definition that, on the boundary condition B defined by £,
we allow all the topological defects inside £ to terminate. Indeed, if U € £, it will be transparent on

the right hand, side, and appears to be absorbed by the boundary:

T 7trivial”

B

Example: discrete gauge theories. To illustrate this abstract discussion, let us discuss a concrete
example. We consider the Zy p—form gauge theory in d—dimensions, that we can present as a BF
theory . In this Lagrangian presentation, boundary conditions can be analyzed by requiring
a good variational principle in presence of a boundary 90Xy = X4_1 # (). The variation of the action
produces the equations of motion dA, = dB;_,—1 = 0 in the bulk, provided we cancel the boundary
term

i(—1)PN

95]p = - 27 X,

Ap VAN 6Bd7p71 . (241)

A topological boundary condition should set this to zero imposing some condition on the fields that
does not require introducing some extra structure on the boundary other than the smooth structureﬂ

This is achieved by setting Dirichlet boundary conditions for By_,_i:
6Bi—p-1|y=0. (2.4.2)

A note on the terminology, which could be confusing otherwise. It really makes sense to call this
boundary condition ”Dirichlet” if we think about this theory as a (d — p — 1)—form gauge theory in
terms of By_,_1. Thinking about it as a p—form gauge theory for A,, the same boundary condition
is typically called ”Neumann”. It is clear that there is no intrinsic meaning in TQFT, since the

terminology really depends on the presentation.

9For instance if the boundary condition requires to use a conformal structure of the boundary it is called a conformal

boundary condition.
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Coming back to the boundary condition, this can be interpreted in terms of the defects

Un(7p) = exp (ZTZ/ Ap> , Vin(Yg—p—1) = exp (Zm/ Bd_p_1> . (2.4.3)
p “/[i,p,1

Since By_p_1 is a gauge field, fixing its value on the boundary requires to freeze its gauge transforma-
tions there: By_,_1 + Bq_p—1 + d€q—p—2 requires §d,p,2| 5 =0 Therefore, it makes perfect sense to
consider the defect V,,, supported on an open manifold, provided that its boundary 87(/17;771 is inside
0X4_1. Hence, the topological boundary condition can be described by allowing all the defects V;,, to

topologically terminate on the boundary. This corresponds to the Lagrangian algebra
L={Vm|meZyn} . (2.4.4)

In fact, this set of defects is non-anomalous, and is maximal since any other defect, that is one of the
U,, is charged under the V,,.
There is another obvious boundary condition, that we can call Neumann for B;_,_; or Dirichlet
for A,, namely
§Apl,=0. (2.4.5)

To get a good variational principle out of this, we first need to add a boundary term proportional to
Ap N Bg_,—1, that is equivalent to present the action in the integrated by parts form:
i(—1)PN

S=-
2 Xy

dAp A Bd—p—l . (2.4.6)
This other boundary condition allows all the defects U,, to terminate on the boundary, and corresponds
to the Lagrangian algebra

L={U,|neZy} (2.4.7)

that is also anomaly free and maximal.

One of the powers of characterizing topological boundary conditions in terms of Lagrangian alge-
bras is that there are certain boundary conditions that are less evident in terms of explicit conditions
on the fields (at least in terms of continuous fields). For example, suppose N = pq. Recall that
the braiding between U,, and V,,, defects is B(n,m) = exp (27”%) Then the defects Uy, Vyy, with

x=0,...,q—1,and y =0, ...,p — 1 are all mutually transparent, hence
L={Up Voy | v €Z¢ .y €Ly} =Ly x Ly (2.4.8)

is an anomaly free symmetry. It is also maximal, since any other defect braids non-trivially with at
least one defect inside £. Hence £ is a Lagrangian algebra and can be used to define a topological
boundary condition.

One general fact is that the dimension of a Lagrangian algebra is always the square root of the
total dimension of the symmetry defects of the TQFT. This also motivates the name Lagrangian,

resonating with the same notion in symplectic geometry.

Which TQFTs have topological boundaries? Not all TQFTs admit topological boundary con-
ditions, hence Lagrangian algebras. The prototypical example is U (1) Chern-Simons theory discussed

in Section The reason is very simple: U(1) has a Zj, 1-form symmetry whose lines have braiding

Ba,b) = exp <2”2“b> . (2.4.9)

7



The whole 1-form symmetry is anomalous, and a Z, C Zj subgroup (here k = pq) is generated by
lines Wy, € Zj, that have braiding

B(qz,qy) = exp ( (2.4.10)

27Tiqu>
Hence Z,, is anomaly free only if p divides ¢, namely ¢ = lp and k = Ip?. Moreover, if [ > 1 (that is,
p # q), the lines W), that form the subgroup Z, are transparent to those of the subgroup Z,, but the
two do not coincide; hence Z, is not maximal. It might be that [ is itself divisible by a perfect square
and we can continue this way, but the process will stop unless k is not a perfect square. We conclude
that

e U(1); admits topological boundaries if and only if k = p? is a perfect square.

It is interesting to ask: when does a TQFT admit topological boundary conditions? Using the de-
scription in terms of Lagrangian algebras, the answer is very simple and elegant: topological boundary
conditions exist if and only if the theory can be presented as a discrete gauge theory for some discrete
(generalized) symmetry C. In fact, gauging the Lagrangian algebra corresponding to the topological
boundary produces a trivial theory £. As we have already argued, the theory is trivial because the
dual symmetry C does not act on anything, the twisted sector being empty. But precisely for this
reason, we can reconstruct the original TQFT by gauging back C, and presenting the theory as a pure
C gauge theory.

The argument presented in this form might appear to be restricted to TQFTs whose set of topo-
logical defects forms a group-like symmetry. But it is not: the same argument makes sense also for
TQFTs with non-invertible symmetries, replacing the gauging with a generalized gauging. This is the
basic principle behind the fact that all d—dimensional TQFTs that admits topological boundaries have
a so-called state-sum construction from the datum of a (d — 2) fusion category |94], which generalize
the famous Turaev-Viro model [38].

Returning to U(1); Chern-Simons, we have seen that if k& = p? it admits topological boundary
conditions. It is natural to ask if it is indeed a gauge theory. It is easy to check that the answer is
affirmative: it is nothing but Dijkgraaf-Witten theory Z, with twist 1:

ip 1
or XsB/\alC’—F—7T XSC/\dC. (2.4.11)
Indeed as we discussed in Section @ the presence of the twist combines the two Z, symmetries into

Z.2, and the braiding can be also checked to be the correct one.

p?s
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Chapter 3

Introduction to non-invertible

symmetries

In this chapter, after a qualitative explanation motivating the appearance of category theory in the
study of symmetries, we will review four interesting constructions of non-invertible higher categorical
symmetries in QFT. A main ingredient is given by condensation defects introduced in [26], that we
review in Section These are an almost trivial type on non-invertible symmetries which do not
impose dynamical constraints, but appear universally in all other types of categorical symmetries. We
will then review duality defects [24] (that will be the heroes of Chapters [5][6), KOZ defects [25], and
the non invertible chiral symmetry in 4d [28] 29].

3.1 Symmetries and category theory

One crucial realisation of the last years is that all topological operators in QFT have many properties
that are natural generalisations of those of symmetries. They are robust, being preserved along RG
flows and continuous variation of the parameters of the theory. Inserting them into the path integral
can be viewed as a generalised notion of coupling with backgrounds, and as such they give rise to notions
of ’t Hooft anomalies that impose dynamical constraints. In addition, if these anomalies vanish, the
topological defects can be gauged. For this reason, it has become common law to call symmetries all
possible topological defects of a QFT symmetries, even if they do not fuse according to any group.
They are typically called non-invertible or categorical symmetries. The reason for the second name
is that it has been recognised [8 20, [24-27, 91, 95] that the most general mathematical structure
governing topological defects is that of higher fusion categories |96l 97).

A higher category is an algebraic structure with objects, morphsims between objects, 2-morphisms
between morphisms, 3-morphsims between 2-morphisms, and so on. An n-category has n levels of
morphisms. All the morphisms can be composed. If there is also a concept of composing (or fusing)
the objects, the higher-category is called monoidalﬂ The word fusion is mathematically appropriate
only under certain finitness conditions. In general we do not want to assume them, since QFTs also
have continuous symmetries, but we will use the abuse of notation of calling fusion higher categories
any monoidal higher category.

The idea is that d-dimensional QFTs have codimension one topological defects (0-form symmetries)

that can be fused without encountering UV divergences, and they are objects of a (d — 1)-category.

!The reason is that a monoidal n-category can be thought of as a (n + 1) category with a unique (monoid) object,

and the objects of the n-category are realized as morphisms of it.
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Topological defects of codimension two (1-form symmetries) can generically be interfaces between
two codimension one defects, and are identified as (1-)morphisms. If they live in the bulk, they are
thought of as endomorhisms of the identity object. Then topological defects of codimension three (2-
form symmetries) separate two codimension two objects, and are 2-morphsims, and so on. In general,
codimension p + 1 objects are (p+ 1) morphisms, and they can exist until p = d — 1 (topological local
operators).

This structure can be very complicated, and a complete understanding of its consequences for QF T
is still lacking. A great simplification takes place in two dimensions, where the formalism of fusion
(1-)categories is very well developed (see, e.g. [98] for a comprehensive review). Two-dimensional
QFTs are in fact the place where non-invertible symmetries were first discovered and analyzed in
great detail |20} 21, 91}, 99|, following the very well-known existence of topological defect lines in 2d
CFTs |18} 100-102]. We will not furnish a detailed treatment of fusion category symmetries in 2d,
that is a well established subject, and for which the reader can consult the references above. In the
following, instead, we want to emphasize the more general viewpoint that emerged in the last years,
without relying on the power tight to two dimensions.

We will not present a general mathematically abstract theory of higher categorical symmetries,
but instead we will use a physics based approach of constructing these symmetries and analyzing their
consequences in QFT. We hope that this bottom-up analysis can furnish insights on the more general
and unified structures.

Truthfully speaking, a hint towards a unification driven by the physical approach has already
emerged: it is the Symmetry Topological Field Theory (SymTFT) that we will introduce in the next
chapter. This is the idea that for any categorical symmetry C in d-dimensions, we can associate a
(d+1)-dimensional TQFT Z(C) that encodes all the properties of C. This approach essentially moved
the problem of studying complicated algebraic structures, the fusion higher categories, into a problem
of TQFTs that is often more accessible. This will be the subject of the Chapters [B][6][7][§[0} In
the remaining sections of this chapter, we will review some of the most important constructions of

categorical symmetries in higher dimensions.

3.2 Condensation defects

Condensation defects are one of the main ingredients in higher categorical symmetries. In a sense
they are the most trivial type of non-invertible symmetries in higher dimensions, but they universally
appear in all other types of non-invertible symmetries, making them an indispensable tool. Moreover,
they play a very important role in TQFTs, where 0-form symmetry defects have an explicit realisation
in terms of condensation defects. This makes them very valuable in the SymTFT (Chapter 4) and
will be extensively used in Chapter

3.2.1 Generalities

A d-dimensional QFT with a p-form symmetry A, with p > 0, automatically has a class of topological
defects supported on n-dimensional manifold, for any n > d — p — 1, called condensation defects |26,
50, [103]. The idea is very simple. Given X, C Xg, the defects Uy(v4—p—1) = U(V4—p—1) generating
the p-form symmetry (yq—p—1 C Xg is the geometric cycle, Yg—p—1 € Zg—p—1(X4, A) takes into account
also a € A) can be placed on ¥, where they are of co-dimension n —d + p + 1, and they formally

generate a g-form symmetry there, with

g=n—d+p. (3.2.1)
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If this symmetry in non-anomalous, we can construct a m-dimensional defect C'(%,) by formally

gauging this symmetry [26]:

C(Sn) = N(Zn) 3 URi—p-1)=NS) Y. PDYB). (3.2.2)
Va—p-1€Hg—p_1(Zn,A) BeHt1(Z,,,A)

Here N(X,,) is a normalization constant, that is the same appearing in pure n-dimensional g-form A
gauge theory. PD7!(B) is the (inverse) Poincare’ dual of the gauge field B, namely the network of
topological defects corresponding to that specific background. In other words, inserting C'(%,,) into a
correlator produces a sum of correlators, each with a specific network of U, (yq—p—1) defects inserted
along Y,,. This has straightforward generalizations, gauging subgroups B C A, and also adding discrete
torsion v € H"(B"bB,R/Z) if allowed.

The procedure of gauging the symmetry in some sub-manifold has been called higher-gauging in
[26]. It must be emphasized that it is a completely different procedure from ordinary gauging of a
discrete symmetry. The latter produces a new theory, while higher-gauging does not change the theory
but defines a defect in that theory.

C(X,) (or its generalizations) is automatically topological, because so is Uy(vq—p—1), hence we
regard it as a generalized symmetry. However, it should be noted that these defects are a sort of bonus
whenever we have higher-form symmetries: they are not really new symmetries, and they are not
expected to imply new consequences for theory, on top of those implied by A. From a mathematical
perspective [97, 103], we should take them into account to nicely complete the categorical symmetry
of the theory. This is called Karoubi or condensation completion. Physically, there are two natural

question we need to ask:
1. How do these defects interact with the other operators in the theory?
2. Where are these defects likely to show up in a natural way?

Since C'(X,,) is made by defects of the p-form symmetry A, it is intuitively clear that the only operators
C(X,) can interact with are those that are charged under A. Therefore, even though C'(X,,) generates
a (d —n — 1)-form symmetry, defects of dimension < p are transparent for C(%,). In particular, since
d—mn—1<p, C(3,) cannot act by linking. This is because the defect is porous.

Regarding the second question, there are at least two situations in which condensation defects
appear. One is in TQFTs where, for n = d — 1, they turn out to generate all possible unitary O-form
symmetries that act on the lower-dimensional topological defects as automorphisms. The other is
more surprising: they universally appear in the fusion rules of all non-invertible symmetries in d > 2.

It turns out that the condensation defects themselves are often non-invertible, with fusion rules of
projectors: C(X,) x C(X,) ~ C(X,). More precisely, the condensation defect is non-invertible when-
ever the higher-gauging we perform in n-dimensions would also be allowed in the bulk d-dimensional
space. For instance, the Zy 1-form symmetry of a 4d SU(IV) gauge theory is non-anomalous and we
can gauge it in the bulk. Therefore, if we construct a 3d condensation defect C'(33) by higher-gauging,
this is non-invertible. On the other hand, higher-gauging the Zy 1-form symmetry of the 3d U(1)y
Chern-Simons theory on a two-dimensional surface would produce an invertible defect.

Moreover, even higher-gauging a non-anomalous symmetry can sometimes produce an invertible
defect, if the higher-gauge utilizes a discrete torsion that is not allowed in the bulk. We will discuss
examples of this in 5d TQFTs in Chapter[5] A 5d Zx gauge theory has 2-form symmetry Zy x Zy with
an anomaly, but each of the two Zy factors is anomaly free. However, while there is no 5-dimensional

SPT phase for a Zy 2-form symmetry, higher-gauging the surfaces on a 4-manifold is equivalent to
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gauging a 1-form symmetry, for which we can add discrete torsion r € H*(B?Zy,R/Z) = Zged(N,2)-N-

We will see that if this is non-trivial, the condensation defect will be invertible.

We will now discuss in some more detail condensation defects in TQFTs, focusing on three-
dimensions, that is the first non-trivial cases. This mostly riviewes [26]. Many higher-dimensional

generalizations will be discussed in great detail in Chapter

3.2.2 Condensation defects in TQFTs

In TQFTs condensation defects can be constructed and analyzed very explicitly. Consider the 3d Zy
gauge theory

N
S="2[ BndA. (3.2.3)

T X3

This has 1-form symmetry Zy X Zy, generated by dyons

Was(7) = exp <z L (aA+bB)> , a,be Zy (3.2.4)

with braiding and topological spin given by

B((a,b); (d',b)) = exp (ivm(ab’ + a’b)> , 0(a,p) = €XP (27;?[)) (3.2.5)

Hence the full 1-form symmetry is anomalous, while the two Zy subgroups generated by W, o) and
W) are non-anomalous. However the anomaly is only caused by the braiding, hence when the
topological lines are thought as generating a O-form symmetry on a two-dimensional surface, even the

full Zx x Zn can be higher-gauged. Hence we can construct a condensation defect

O(5n) = 1 & > Y Wawt (3:2.6)

H1 (22, ZN X ZN) YEH(22,Z) a,bELN

Although it is a codimension-one operator, hence generating a 0-form symmetry, it does not act
on local operators, as there are none. Even in presence of local operators, it would not act on them,
since it is made out of lines that cannot have a non-trivial interactions with points in 3d. C(X2) has

an action on lines, not by standard lining, but by surrounding them:

<
\
\
! —
T
/
/
7/

When the cylinder is shrinked around a line W, ,,,(L) we remain with a generically different line, that

could also be non-simple, but a sum of lines. To determine this action we use the definition of C'(X2)

as sum of lines on the cycles of the cylinder. We assume N odd for simplicity here. The generic
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element of the sum takes the form

(a1 — as

(a2, b2)

(a1,b1)

This must be summed over ai,bq,a2,b2 € Zyn. This network can be resolved in four steps. First
we pass the blue line through the upper piece of the red line, costing a factor of half-braiding
exp (%(albg + agbl). The factor of 2 at the denominator is understood as multiplying the numerator
by 271, that exists because N is odd. Second, junctions among the red, green and blue lines can be

resolved without any additional cost into

< |

A
Wa17b1

Third, we pass the blue line through the brown one, getting a braiding phase exp (%(agm + bgn)),
and the blue line can be made to disappear. Finally, we fuse the red and brown lines into W, 4y 5, +m-
We conclude that the action of C(X3) on the line W, (L) is given by

C(X2) Wypm(L) = % Z exp <2Nm(2_1a1b2 + 27 Yaghy + agm + b2ﬂ)> Wa, 4npi4+m (3.2.7)
a1,b1,a2,b20€7ZN
The sum over as, by cancel the N2 factor and gives two Kronecker delta imposing
ay = —2n , by = —2m . (3.2.8)
This is solved by the sums over a1, b1, and the result is

C(22) Wy =Wep—m - (3.2.9)

We conclude that C'(39) is the topological operator implementing charge conjugation symmetry in
the TQFT: (n,m) — (—n,—m).
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This example has a twisted generalization, including discrete torsion r € H?(BZy x Zy,R/7Z) =
Zy in the higher-gauging, producing a different condensation defect C,.(X2). Recall that H?(BZy x
Zn,R/Z) is given by alternating bicharacters

2mair

Xr ((a1,b1); (a2, b2)) = ¥

(albg — agbl) (3.2.10)

hence this factor must be included at the exponent in the twisted higher-gauging. We assume 2r +

1,2r — 1 to be invertible numbers in Zy. The same computation above gives
Cr(Z2)  Waim = Weng-tm g=2r+1)712r—1). (3.2.11)

Therefore C,.(%,) implements the action of the automorphism (n,m) + (qn,q~'m), that is indeed a
symmetry of the TQFT, since it preserves the spin.

It turns out that all automorphism O-form symmetries of 3d TQFTs can be realized in a similar
way with condensation defects [26]. As an other interesting example, that will be relevant in Chapter
[l we consider electro-magnetic duality of pure A gauge theories, introduced in Section 2.2.1 We
recall that the theory has lines labeled by (a,a) € A x AY with braiding B ((a1, 1), (a2, a2)) =
exp (2mi(az(a1) + ai(ag)), and electro-magnetic duality is a Zs symmetry subordinated to a choice of

a symmetric isomorphism ¢ : A — AV and given by

®: (a,0) = (¢ (a),0(a)) . (3.2.12)

To construct a topological operator that implements this O-form symmetry, we first look at the
subset of ®-fixed lines

F={(a,0) [ ®-(a,a) = (a,0)} = {(a,$(a)) la € A} (3.2.13)
and its orthogonal with respect to the braiding
Ft= {(a,0) | B((a,); (d',/)) =1 ,V(d/,d') € F} = {(a,—¢(a)) | a € A} . (3.2.14)

We claim that the action of @ is implemented by a condensation defect Cy(¥2) resulting from higher-
gauging F- without torsion. We can follow the same steps as above. First we notice that, using the

symmetry of ¢, the half-braiding between (a1, —¢(a1)) and (az, —¢(a2)) is given by

{B((al, —¢ (a1)), (a2, —¢(a2))>] v = exp (—2mi¢ (a1) az) . (3.2.15)

Therefore the action of C¢(¥2) on Wy 4 is

Cy(X2) - Woo = |1§| Z exp <2m' (—qb (a1) ag — ¢ (a2) a + a(a2))>Wa+a1,a—¢(a1) . (3.2.16)

a1,a2€A

The sum over ay cancels the factor |A| and imposes that a; = —a + ¢~ («). Hence the result is

C¢(22) . Wa,a = W¢>—1(a),¢(a) . (3.2.17)

Non-invertible condensation defects. We conclude this section with one example of a non-
invertible condensation defect in the 3d Zy gauge theory. We notice that the subgroup Zy {(a,0)} C
Zn X Zpn of the 1-form symmetry is non-anomalous, hence we expect that its higher-gauging on

Y9 produces a non-invertible defect. We can verify this by computing its action on lines, using the
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procedure followed so far. Since we are condensing a non-anomalous symmetry, the half-braiding

factor is trivial and we get

1 2
CZN(EQ) . Wn,m = N Z eXp (Na2m> W’I’L+a1,m == 5m70 ; Wa70 . (3218)

ai,az

This right hand side is zero unless the line W, ,, also belong the subgroup condensed to produce
C7,(22), and in this case the result is not a single line, but the sum of all lines in that subgroup.
This is clearly not an invertible operation: C7, (32) is a projector.
Applying C7z, (X2) on both sides of we deduce the fusion rule of the condensation defect
with itself
Czy (E2) X Oz, (B2) = NCz,, (22) - (3.2.19)

The fusion coefficient N appearing here can be given an interesting interpretation by computing the
fusion rule on general 2-manifolds ¥y other then the cylinder. This is done in [26], and we present
several methods in a slightly more general higher dimensional context in Chapter 5] The general result
is

Oz (32) x Oz (32) = Z7,,(22) Oz, (22) (3.2.20)

1/2
where Z7, (X2) = ’H1<227ZN)’ is the partition function of the 2d Zy gauge theory on Y. As

we will see, this turns out to be a generic feature of non-invertible categorical symmetries in d > 2:

the fusion coefficients are not numbers, but partition functions of TQFTs, that is manifold-depended
numbers |26, 104].

3.3 Duality defects

Duality defects are a type of non-invertible (categorical) defects that exist in even-dimensional QFTs
with a self-duality. The latter is a quantum equivalence between the ” same” theory in different points
of its parameter space, that however involves a non-trivial map of operators. The word ” same” is in
quotation because in general this action can involve changing the global structure. Certain points of
the parameter space might be fixed under this action, and the self-duality becomes a symmetry of
the theory. However, this is strictly true only if the action does not involve a change of the global
structure. It turns out that even when such a change is involved, there is a topological defect, but
it is non-invertible [24]. These defects will be the main characters of Chapters [5| and @ where many
of their properties will be studied in great detail and the dynamical consequences will be analyzed.
For this reason, in this section we will only review the basic construction and some examples, leaving

many other aspects for those chapters.
3.3.1 Two-dimensional compact boson

T-duality. To illustrate the general discussion above, consider the 2d compact boson (see [99])

2
Sg[®] = % /X AP A #dP (3.3.1)
2

that has a parameter R € RT. The theory has a self-duality, T-duality, that can be expressed as an

equivalence of path integrals:

/D[cb]eSR[‘I’} - /D[ci]esé@ : R= % . (3.3.2)
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This is obtained by a change of variable in the path integral, under which we identify
R? 5 d® = —id® . (3.3.3)

It follows from the discussion in Section around ([1.2.9)), that T-duality gives the following map of
operators:

T(Uy)=Va, TV3)=Us, T(On)=H,, T(Hy)=0O,. (3.3.4)
Notice, in particular, that the theory Sgr[®] has O-form symmetries U(1)y; x U(1)y while S R@] has
U(1),; x U(1)y,, and T-duality specifies two isomorphisms

—_~ —_~—

(Z5M : U(l)M — U(l)W s (bW : U(l)w — U(l)M . (335)
For generic R, T-duality is an equivalence of two theories. However, at the special value
R=1 (3.3.6)

we have R = R (self-dual radius): the two theories are the same, and we have U, = ﬁa, Vg = 175 and
so on. Therefore, the compact boson at the self-dual radius has an extra Zs O-from symmetry given
by T-duality.

Half-space gauging. Consider now the compact boson 7 with a generic value of R, and place
it on a manifold X5 divided into two parts XZ, XJ* by a curve v C X3. Choose N € N, and gauge
Zy C U(1)p only in the right half X%

Tr Tr/ZN

Z(v)

This means that we introduce a Zy gauge field A € H' (X1 Zx) coupled with the theory, and we
make it dynamical. We also need to choose a boundary condition for A on v = 8X2R. We choose

Dirichlet boundary conditions
0A|,=0. (3.3.7)

More intrinsically, this means that the lines elaf A ae ZY; of the quantum symmetry can terminate
topologically on . This operation defines a topological interface Z(7y) between Tg and its orbifold
Tr/ZN.

The orbifold, however, is merely an other compact boson at radius R’ = R/N:

This just follows from the fact that the vertex operators O, (x) that are invariant under Zy are those
with n = mN, m € Z, hence the field with 27 periodicity is ® = N®. By applying T-duality on the

right side, the interface Z(7y) gives rise to an equivalent interface

T-duality
Tr 7}%/N

Tr Tn/R

~
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Now, if the square radius R? is integeIEL we are free to choose
N = R? (3.3.9)

and ZT (v) is not only an interface, but a topological defect in the theory Tg. This is called a duality
defect and we denote it by D(7y).

Notice that D(7) coincides with its orientation reversal D(vy). This follows from T-duality being
an order-two operation, so we can reverse left and right in the argument above. The duality defect
is non-invertible. To establish this, we compute the fusion D(y) x D(v) (equivalently D(v) x D(v)),

simply composing the gauging operations:

Tr Tr/ZN Tr

D(v) D(v)

Using T-duality, the theory in the middle is also Tr. The slab has the topology of v x [0, 1], and
since we are gauging Zy there, squeezing the slab leaves the sum of all topological lines U =27 (7)

generating Zy:

N-1
D(y) x D7) =Y Uzma() - (3.3.10)
a=0

We can also consider fusing D(~y) with U 27 (1) Since these lines can end topologically on D(y) (because

of the Dirichlet boundary condition), they are absorbed by the duality defect:
D(7) x Uzza(7) = D(7) - (3.3.11)

Equations (3.3.10) and (3.3.11) are the fusion algebra of the so-called Tambara- Yamagami fusion
category associated with the Abelian group Zy [106].

Action on operators. To determine the action of D() on the local operators O, (x), Hy(x), we
first analyze what happens to them in the orbifold Trr = Tr/Zy. If n is not a multiple of N, O, (x)
goes into a twisted sector of the orbifold theory. If n = mN, instead, O, (x) becomes the operator
O (z) = ¢™m®' (@) of the orbifold. More generally, denoting with @, H' respectively the vertex and
the vortex operator of the orbifold theory Trr = Tr/Zn, the gauging interface Z(y) implements the
map

' On(x) = O]y (2)
Z(v): { Ha () v Hyo (1) (3.3.12)

o) /N is a (generically) non-genuine operator living at the end-point of the line V3,, of the winding
N
symmetry of Tg.
Combining this with the action of T-duality in the orbifold theory, we get the action of the duality
defect:

D(v) : { Ho(z) s On(@) . (3.3.13)

2This can be easily generalized to any R> = p/q € Q, by gauging a non-anomalous subgroup Z,xZq C U(1)am xU(1)w .

Recently [105] discussed a further generalization to any radius, including irrational values.
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In particular, the operators charged under Zy C U(1)ys are mapped into twisted sector of the same

symmetry:

[ ]
~

This is the hallmark of non-invertible symmetries: they map untwisted to twisted sectors (and vice
versa). Focusing only on Zy C U(1)ys, notice that while the charged operators are labeled by the
Pontryagin dual Zj;, the twisted sectors are labeled by elements of the symmetry group Zy. The two

are isomorphic, but the isomorphism is non-canonical and requires a choice. In this case, this boils

P

down to the isomorphism ¢y : U(1)ar — U(1)y, of (3.3.5).

3.3.2 Kramers-Wannier duality of Ising CFT

A similar story exists for the Ising CFT, replacing T-duality with Kramer-Wannier (KW) duality [72].
In the lattice model, KW-duality relates the high-temperature regime with the low-termperature one.
At criticality, that is in the Ising CFT, it is a self-duality between Ising and Ising/Zs, that involves
the map (we follow the notations introduced in

o(z) — p'(x) , wu(z) = o'(z) e(z) — e(z)" . (3.3.14)

The prime denotes the same operators, but in Ising/Zsy. In particular 4/(z) is a genuine local operator,
while ¢/(z) lives in the twisted sector of the dual symmetry Zy = Zs.

We can apply the half-gauging construction introduced in the compact boson. We first construct
a topological interface Z(y) that separates Ising from Ising/Zs, and then use KW duality to relate the
latter to Ising, making Z(v) into a topological defect D(y). Denoting by U(y) the generator of the Zs

symmetry, the same argument used in the compact boson implies the fusion rule
D) xD(y) =1+U(v) . (3.3.15)

This is the fusion category Tambara-Yamagami for Zs, denoted by TY(Zs), and sometimes called
Ising fusion category [20, 21].

We can follow the same argument as before to determine the action on operators. If we start from
o(x) in Ising, and we pass the topological gauging interface through it, it becomes the same operator
in Ising/Zsy, namely o’(z). The latter is attached to the line V() of the dual symmetry. Applying
the KW map, this is then related with p(z) attached to U(7):
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3.3.3 Duality defects in four-dimensions

A completely analogous story exists in four-dimensions, as first pointed out in [24} [25 |107]. As we
have seen, non invertible duality defects arise if a theory 7 has some symmetry G, and the gauged
theory 7 /G has a non-trivial duality map with 7. The non-trivial map must involve identifying G
with the dual symmetry. In 4d the dual of a O-form symmetry is a 2-form symmetry, hence self-duality
under gauging 0-form symmetries are not possible. It is possible, however, to have self-duality under
gauging a 1-form symmetry, since its dual is again a 1-form symmetry.

A notable example is 4d N'=4 SYM. It has a conformal manifold parametrized by

473 0
T:?+%e{z€C]Im(z)>O} ) (3.3.16)

The famous Montonen-Olive duality (or S-duality) states that the SU(N) theory at 7 is equivalent
to the PSU(N) at —1/7. The precise map is complicated, involving non-trivial actions on both local
and extended operators. What will be important for us is not the action on local operatorsﬂ but the
action on lines. S-duality maps genuine (non-genuine) Wilson ('t Hooft) lines of the SU(NV) theory, into
genuine (non-genuine) 't Hooft (Wilson) lines of the PSU(N) theory. Notice that Wilson lines of SU(N)
can be labeled with Z(SU(N))Y, while 't Hooft lines of PSU(N) are labeled by m (PSU(N))"Y =
m1(PSU(N)) = Z(SU(N)), where these isomorphisms are canonucal. Hence the duality must involve
a map

¢ : Z(SU(N)) — 71 (PSU(N))Y . (3.3.17)

The underlying map is provided by the celbrated Langlands duality, that relates a Lie group G with
its Langlands dual “G (see [108] and references therein).

This duality is morally similar to T-duality and Kramers-Wannier duality in 2d, with a notable
difference of being of order-four (as opposite to two). In fact, applying S twice, while mapping 7 back
to itself, it maps a Wilson line in rapresentation % with that in the conjugate representation SR. Hence
S duality squares to charge-conjugation

S2=C. (3.3.18)

Finally, combining .S with the shift of the theta angle T': 7 — 7 + 1 form the duality group
SL(2,2) = <S,T ‘ S2=C, (STP =1 > . (3.3.19)

We can apply the half-gauging construction again. Now the interface is three-dimensional Z(X3),
and saparates the SU(N) theory from the PSU(N) = SU(N) theory, both at 7

SU(N), T PSU(N),r 2 SU(N),—1/7

Z(X3)

In the right side we used S-duality to get again the SU(N) theory, but at —1/7. At the special value
=i (3.3.20)

the two sides are the same theory, hence the interface become a topological defect D(X3) of the SU(N)
theory.

3Notice that the SU(N) and PSU(N) theories have the same local operators.
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The fusion D(X3) x D(X3) can be computed with the same technique as in the compact boson.
The main difference, however, is that the topological defects of the 1-form symmetry, U,(32), are
two-dimensional, while D(X3) is a three-dimensional defect. Gauging the 1-form symmetry in the
slab, amounts to inserting U,(32) on all possible cycles of it, and summing over a. When we squeeze

the slab, this reduces to summing over insertion of these defects on the cycles of ¥3:

SU(N) SU(N)/Zy SU(N) = SU(N) SU(N)

D(X3) D(23) C(23)

The result is nothing but the higher-gauging of the 1-form symmetry on Y3, namely a condensation
defect [24]:

D(X3) x D(X3) = C(Z3) . (3.3.21)
Let us make some comments

e If X3 does not contain nontrivial 2-cycles, D(X3) is the inverse of D(X3) and the symmetry is

effectively invertible.

e For more complicated Y3, we see the emergence of interesting structures and D has no inverse.
The algebraic structure is a categorical extension of the group Z,4: it behaves as Z4 on certain

manifolds, but it is modified by condensation defects.

Moreover, because the Dirichlet boundary conditions for the Z gauge field on the gauing interface,
the generators of the 1-form symmetry U,(X3) are completely absorbed by D(X3) if we push 39 on
top of X3:

D(X3) x Ug(X2) = D(X3) . (3.3.22)

Finally, following the by now standard argument, we can determine the action of D(X3) on op-
erators. First of all let us notice that the gauging of the 1-form symmetry does not affect the local
operators, hence the map on them is exactly the one given by S-duality, and in particular it is invert-
ible. The non-invertiblity arises in the action on line operators: a Wilson line passing the gauging
interface becomes non-genuine and attached to surface defects for the magnetic symmetry, and then
S-duality maps it to a 't Hooft line attached to U, (X2).

3.3.4 General duality defects

Having discussed some examples, we can illustrate the general story. Consider a d-dimensional QFT

T with a non-anomalous finite p-form symmetry A. We assume d to be even, and

p= g —1. (3.3.23)

Since d — p — 2 = p, the gauged theory T/A has a dual p-form symmetry AY. We denote by
Ua(Eg—p—1) and Wy(p) respectively the topological operators and the charged object for A in T,
and by U/(34-p—1) and H/(~,) the corresponding object for AY in 7'=T/A. We also denote with
H,(7p) the non-genuine operator of 7 in the twisted sector of a € A, and with W/(v,) the twisted
sector of & € AV in T”. Notice that, upon gauging, H, +> H!, and W/, <> W,.
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We further assume that there is a duality
T/AZT. (3.3.24)

The precise map of this duality depends on the specific example, and can involve an action of operators
of various dimensionality, different from p, that are not affected by the discrete gauging. What is
universal is that the duality must relate the p-form symmetry A of 7 with the dual p-form symmetry
AV of T/A. This makes sense because any finite Abelian group is ismorphic to its Pontryagin dual.

However the isomorphism is non-canonical, and the duality must involve the specification of
¢ A——"— AY (3.3.25)

that determines how the topological operators transform under duality. The inverse map ¢~ : AY —

A, on the other hand, determines how the charged p-dimensional operators are mapped by the duality:
!/ !
Ua — U¢)(a) y WO& — H¢71(a) y Ha — W¢(CL) . (3326)

The isomorphism ¢ cannot be generic, since the action of the symmetry on the charged operators

must be preserved:
¢(a) (¢ () = ala) . (3.3.27)
This means that the bicharacter v: A x A — R/Z, v(a,b) = ¢(a) - b must be symmetric.

The observant reader may have recognized the resemblance between this discourse and the discus-
sion on electro-magnetic duality in finite-group gauge theories near . This is not coincidental,
as both are linked by the SymTFT framework, which we will clarify in Chapter [6]

Under the assumptions spelled out so far, we can proceed with the half-gauging construction as in
the various examples. We first construct a topological gauging interface Z(¥X;4_1) separating 7 from
T’ = T /A, imposing Dirichlet boundary conditions for the A gauge field on the right side. We then
use the duality to map the right side 77 back to T, hence the gauging interface becomes a topological
defect D(34_1), with fusion rule

'D(Edfl) X 5(261,1) = CA(Edfl) (3328)

where Cy(X4_1) is the condensation defect of the full symmetry A. Only in the special case p = 0,
d = 2, this condensation defect formally reduces to the direct sum of U,(X1), a € A, while for p > 1
it is a generalization of it.

The action on operators not affected by the symmetry A is non-universal and determined by the
specific duality. The action on the p-dimensional operators W, (,) is instead universal. In the gauged
theory W (vp) becomes W/, (7,), living at the end of the topological operator U (X4—,—1), and the
duality maps this into Hg-1(4) living at the end of Ug-1(,)

Wa Hy-1(a)
[ ]

~

D D

The mathematical structure behind duality defects in a d-dimensional QFT is that of fusion (d—1)-
category. The objects are provided by the duality defects. Since they absorb all symmetry defects
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of the p-form symmetry, there are no non-trivial endomorphisms on the duality defect. There are,
however, non-trivial (d/2 — 1)-morphisms of the identity object (the bulk), provided by the higher-
form symmetry. If these are the only elements of the higher-category we would be in trouble, since the
fusion does not close. We need to complete the category by adding all possible condensation

defects, of all possible dimensionalities [103, [L09], an operation called Karoubi completion.

3.4 Non-invertible symmetries from gauging

Many types of non-invertible symmetries can be obtained from a theory with only invertible sym-
metries, and gauging some non-anomalous discrete symmetry. One example is provided by theories
with an invertible higher-form symmetry A, together with a 0-form symmetry G that acts on it as
an outer automorphism. Gauging G produces a non-invertible higher-form symmetry out of A [8, 23|
27]. In this section we discuss an other instance, where we start form a theory with a 0-form and
a 1-form symmetry, without any action of one on the other, but with a mixed anomaly of a specific

type. Gauging the 1-form symmetry makes the 0-form symmetry non-invertible |25].

3.4.1 Vacuain4d N =1 SYM

Consider the 4d SU(N) gauge theory with one adjoint fermion ¢, namely N'=1 SYM theory. There
is a discrete Zsy R-symmetry ¢ — e%w, that is spontaneously broken down to Zo C Zon by the
fermion condensate
W) =e XA, p=0,.,N—1. (3.4.1)
There are N vacua labeled by p € Zy = Zon/Z>. The vacua are permuted by the action of the broken
symmetry, hence they are equivalent, and pairs of them are separated by domain walls, supporting a
Chern-Simons theory [110]. This whole structure can be argued purely from symmetry considerations,
deriving from the Zoy R-symmetry and its anomalies [111].
As we have seen in Chapter (1| around , the R-symmetry has a mixed anomaly with the

1-form center symmetry Zy with inflow action

211

— BUB. 4.2
o, AUBY (3.4.2)

Here A € HY(X,Zsn), B € H?(X,Zsy) are backgrounds for the O-form and the 1-form symmetry
respectively. This means in the PSU(N) theory, obtained by gauging the 1-form symmetry, the R-
symmetry is broken by a discrete analog of the ABJ anomaly.

How can we determine the vacuum structure of the PSU(N) theory, without having the R-
symmetry at our disposal? We can proceed as follows. Gauging a discrete symmetry is a topological
manipulation that commutes with the RG flow, so the IR of PSU(XV) is obtained from the IR of SU(N)
by gauging the 1-form symmetry. In each of the N vacua the 1-form symmetry is preserved, so that
the deep IR theory is a trivial theory with 1-form symmetry Zy, namely an SPT. The absolute value
of this SPT is meaningless (it can be changed by a counterterm of B), but the relative phase between
two vacua is physical. Because of the 't Hooft anomaly , the relative SPT phase between two
vacua related by the element p € Zy of the broken R-symmetry is [11]

2mip
2N Jx,

Sspr = BUB. (3.4.3)
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After we make B dynamical each vacuum becomes a (possibly non-trivial) TQFT, namely a pure Zy
gauge theory with twist
2 2mip

= | cusB+
N Jx, 2N Jy,

BUB. (3.4.4)

Here C € CY(Xy,Zy),B € C?(Xy,Zy). This is the Kapustin-Seiberg TQFT that we reviewed in
Section If N and p are coprime, this is a trivial theory, but in general it is not. This means that

the various vacua are not all equivalent. For instance for SO(3) we have 2 vacua
e One is trivial (N =2, p=1)

e The other supports a non-trivial TQFT

%? CUdB (3.4.5)

Xy

which has 2 lines and 2 surface operators
ehC | einfsB (3.4.6)

a,b = 0,1 with non-trivial mutual braiding. The lines are the low energy limit of the ’t Hooft
lines which get perimeter law, namely they condense breaking spontaneously the magnetic 1-form

symmetry, and become topological at large distance.

This story was essentially known ten years ago |42, but there were some conceptual open questions,

whose complete answer required a point missed until very recently.

1. The vacuum structure seems not to be determined by a symmetry. After all, all the N vacua
are inequivalent, so they cannot be permuted by a symmetry group. On the other hand, by
a quite involved analysis it is still the R-symmetry, but of another theory, which explains the
vacuum structure. Conceptually, it seems natural that this structure is determined by an actual

symmetry of the PSU(N) theory, but which symmetry?

2. In the SU(N) theory the only interesting physical part of the low energy theory is about the
domain walls. Their infrared can be understood as the topological symmetry operators of the R-
symmetry. What can we say about the domain walls in PSU(N)? Few years ago |111] analyzed
this problem and claimed the the question is not well-posed: since some vacuum is not trivially
gapped the physics is not purely three-dimensional and it makes no sense to talk about the

domain wall itself.

While essentially correct, the answer of [111] to the second question has been very recently made more
complete by Kaidi, Ohmori, and Zheng (KOZ) in [25], who also answered the first question. The
R-symmetry can be rescued in the PSU(N) theory, in the sense that there are still three-dimensional
topological defects implementing the R-symmetry action on local operators, but these defects are non-
invertible at the level of their action on lines. Therefore, it also makes sense to talk about the domain
walls, but they are non-invertible walls. We now review the KOZ construction a bit more in general,
and then we will come back to the vacuum structure of PSU(N) N =1 SYM.
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3.4.2 The KOZ construction

Consider a 4d theory 7 on a spin manifold X4 with a O-form symmetry Zj; and a 1-form symmetry
Z N, with mixed anomaly (denote k = ged(N, M ))E|

271 BUB
Sinﬂow = i / AU - (347)
ko Jx, 2

Gauging the 1-form symmetry we get a theory 7'=T /Zy where the 0-form symmetry appears to
be broken. In terms of topological defects this is understood as follows. Let U,(X3), a € Zps be the
defects of the 0-form symmetry in 7, and denote by A € H'(X,Zy;) a background field, that it the

Poincare’” dual of U,(X3): given a 3-cocycle ws we have
AUws = a/ w3 . (3.4.8)

In the inflow picture we realize Y3 = 654, with $4 C X5 extending in the bulk, where we also pick an
extension of A, whose Poincare’ dual (in X5) is a defect Uy (34).
Activating a background B € H?(X, Zy) for the 1-form symmetry, the system with U, (%,) inserted

becomes gauge invariant with the addition of the inflow action that reduces to

o
Saetect-infiow | Ua(S3); B) = =2 / BUB. (3.4.9)
2k Js,

This can be understood as an anomaly inflow for the defect. Under B — B + v it changes by

274, 271
5 detectoinfiow (Ua(zg); B> _ el syuB =" / vUB (3.4.10)
ko Js, ko Js,

This means that, without the inflow action, correlators of 7 with U,(X¥3) inserted are not gauge

invariant under B — B + dv but change by a phase:

<Ua(23) . >T — exp <_¢27;m /E U B) <Ua(23) - >T (3.4.11)

One may try to modify the definition of U,(33) by a B-dependent local counterterm to get rid of

this phase, but there is no way to do that. Thus U,(X33) is not well defined and we cannot sum over
background fields B with this defect inserted.

The authors of [25] introduced a sophisticated procedure to obtain a topological co-dimension one
defect in the theory 7'=T /Zy. Preliminarly, we notice that the defect is non-anomalous under the
subgroup Zyy, C Zy of the 1-form symmetry. Hence this can be gauged without subtleties, and we
can replace B with a gauge field B’ for the quotient Zj.

The anomalous phase cannot be eliminated by a local counterterm, essentially because it is an

anomaly. But then it can be cancelled by inflow with a 4d term on an open region Yy C X4, 0Yy = X3:

-
exp [ 222 / B'UB') . (3.4.12)
2% s,

This is formally the same as (3.4.9)), but differently from fl4, Y, does not extend to a 5d bulk. Hence,

this defines a non-genuine defect of 7. The idea is to further cancel this inflow action by stacking, on

“Here the cup product in BUB is the standard one associated with the ring structure of Zy. On the other hand the cup

BuB
2

product between A and is associated with the pairing Zas X Zy — Zgca(n, ) given by (a, b) — (ab) mod(ged (N, M)).
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Y3, some 3d TQFT 7;)(;) with a 1-form symmetry that has an anomaly canceled by the same inflow
action (3.4.12). Pictorially this can be represented as follows

exp (2722“ fy4 B'U B’) \

Ua(ES)
Tl [Z5: B
Y4 = 23 X [0, 1]
(3.4.13)
Squeezing the slab Y; = X3 x [0, 1] defines a genuine 3d topological defect
Na(E3) = Ua(E3) 2 [£3; BT - (3.4.14)

Under B’ — B’ + §v the partition function 27'3(5) [¥3; B'] changes by a phase equal and opposite to
that of U,(X3), so that N, (X3) is gauge invariant.

It seems that there is some level of arbitrariness in choosing the theory 7;)(;), provided that it
has the correct anomaly. One crucial result proved in , however, states that any 3d TQFT with
1-form symmetry Z, and anomaly p € Zgcq(n,2)n, if ged(n, p) = 1, is the stacking of a minimal theory,
denoted by A™P, with a decoupled theory. This minimal theory is always some Abelian Chern-Simons
theory, up to some gauiging. For p = =1 it is simply A™P=*! = U(1)1,. Applied to the present
situation, this result implies that the fundamental defect (a = 1) has a minimal representative given
by

Ni(33) = Ui (23) 2oy, [B3; BT - (3.4.15)

Any other choice of 734 would just stack the defect with a decoupled 3d TQFT, that behaves as the
identity operator in the theory.
Representing B’ with a continuous U(1) gauge field that is flat, and has periods given by k’th

roots of unity, we can give a convenient path integral presentation of N7 (X1)

M(Z3) = Ul(Zg)/D[z] exp <Zk/ z Ndz + ik z A B/> . (3.4.16)
A Js, 27 s,

Regarding the other defects a # 1, the theory to be stacked is A¥~¢ if gcd(a, k) = 1. Otherwise
we notice that the subgroup Zg.q(a,rx) C Zx is not anomalous for the defect Ua(X3), and we can
gauge it reducing the anomaly to 23,27/ fy4 B" U B”, with o/ = a/ged(a, k), ¥ = k/ged(a, k), and
B" € H*(X,Zy) a Zj gauge field. Now ged(a/, k') = 1, and the gauge-invariant topological defect is

Na(S3) = Ua(S3) 2 g[S B"] . (3.4.17)

When we make B” dynamical, finally getting the gauged theory T'=T /Zy, all the defects N,(X3)

survive and implement a 0-form symmetry of 7.

Fusion rules. This symmetry, however, is non-invertible. Indeed, while the naked part U,(X3)

fuses following the Zj; group law, the TQFT dressings fuse in a non-invertible fashion. For the sake
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of explicitness, consider the fusion of Nj(X3) with its orientation reversal. This involves computing

ik
ZU(l),k[Eiﬁ B/] X ZU(l)k[23; B/] = /D[Zl, 22] exp (47‘( / <(2’1 Ndzy — za Ndza) + 2(z1 — 22) A B/>>
3
(3.4.18)

Changing variable in the path integral, eliminating z; in favour of z = 21 — 29, the action becomes

k k k

— ZoNdz+ —zNdz+ — zANB". (3.4.19)

27 Js, a7 27 s,

This is nothing but the 3d Z; DW theory with twist p = k € Zoy, (2.2.70)), coupled with B’.
The theory 7'=T/Zy has a dual 1-form symmetry Zy, = Zy generated by the surfaces

Va(qe) = @2 B (3.4.20)

The result of the fusion is nothing condensation defect obtained by higher-gauging the subgroup
Zy, C Z; of the dual 1-form symmetry, with discrete torsion k. Therefore

Nl (23) X Nl (23) = Ck(Z;g) , (3421)

and N1(23) doe not have an inverse.

Fusing the 1-form symmetry with the non-invertible defect. We can also consider the effect
of pushing a 1-form symmetry defect V,,(72) onto the non-invertible symmetry operator. Consider
first the case of M multiple of N, so that k = N and B’ = B. Then bringing V,(72) on N7(23), using

the path integral presentation ([3.4.16|) we get

7

Ni(S5) X Va (1) = Ur(Ss) /D[z] exp <ik /23 2 Adz +¢/23 (;z + aPD(fyz)> A B) (3.4.22)

with PD(v2) the Poincare’ dual cycle of 9 inside 3. Hence shifting z — z — %TQPD(’YQ)7 and using
that PD(2) is closed, we get

Ni(Z3) x Va(r2) = M1(23) (3.4.23)

namely the 1-form symmetry defect is absorbed.
For k # N we decompose B = %B’ + B, where B, B have periods that are, respectively, k’th and

N/E’th roots of unity. The 1-form symmetry defects can be written as
Va(72) = @m f"/Q B = eio/ f"/Q B’+i&fw2 B , 0/ € Zk - ZX , a € ZN/k: = ZX/Z]C . (3.4.24)

Since only B’ appears in the expression (3.4.16)), only the 1-form symmetry defects of the subgroup
Zy, C LY, are absorbed, leaving those of the quotient.

Categorical structure. As in the case of duality defects, N,(X3) are effectively invertible on X3
without non-trivial 2-cycles. The non-invertible defects constitute a categorical extension of the group
Zypr. More precisely, the algebraic structure is that of a fusion 3-category |97]. Here, however, it is
slightly more intricate than for duality defects, because not all 1-form symmetry defects are absorbed

by the non-invertible symmetry:

e Objects are given by the N, (X3), a € Zys, but also by all possible condensation defects of the

1-form symmetry surfaces.
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e The 1-morphisms are given by the co-dimension surfaces of the 1-form symmetry V,(v2), and
they form a 2-category. More precisely, the category of surface defects (1-morphisms) depends
on the object we are looking at. On the identity object, we really have all the V,,(v2). But, as

we have seen, some of them are trivialized as we push them on N, (X3).

e There are no 2- and 3-morphisms.

3.4.3 Back to PSU(N) SYM

Now we can go back to 4d N' =1 PSU(N) SYM. Here we have M = 2N, so k = N. The Zan R-
symmetry is not absent, but is non-invertible. Since the non-invertibility becomes manifest only if X3
has non-trivial 2-cycles, the action on local operators is unchanged with respect to the SU(N) theory.
In particular, the fermion condensate (y1)) # 0 still breaks the symmetry spontaneously, predicting
the existence of N isolated vacua.

However, the vacua are mapped among them by a non-invertible symmetry defect. If X3 C X4
divides space-time into two regions and we insert AN7(X3), the theory will have different vacua on
either side with a phase difference eN' of the fermion condensate. The IR phases on the two sides are
different. This was previously understood by gauging the IR of the SU(NN) theory, but can now be
seen as a result of the non-invertible symmetry.

To derive this, we need to discuss the action of the non-invertible defect on the line operators.
This is more clearly explained by employing a different construction of A7(X3), using a procedure
analogous to the higher-gauging trick of Section In any 4d gauge theory with 1-form symmetry

Zy we can consider the topological manipulations
o : Gauging the 1-form symmetry.
7 : Stacking an SPT for the 1-form symmetry % x, BUB.

We perform the topological manipulation ¢ ~'7~!o in half-space on the PSU(N) theory

PSU(N) B% ¢ PSU(N)=PSU(N)_;

Z(¥3)

Indeed o maps PSU(NV) to SU(N), 7=! stacks the SPT with coefficient —1 for the electric 1-form
symmetry, and gauging the 1-form symmetry back produces the global variant PSU(N)_;.

However, because of the mixed ’t Hooft anomaly between the Zon R-symmetry and the 1-form
symmetry, the stacking done by 7! (this is equivalent to 6 + §—27) can be undone by an R-symmetry
transformation. This means that PSU(N)_; has a duality with PSU(N). The map of the duality on
operators is exactly the action of the R-symmetry generator. Using this duality Z(X3) is converted
into a defect of PSU(XN), that is N1(X3):

PSU(N) PSU(N)_; = PSU(N)

N (33)
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Consider now a 't Hooft line H,(71) of the PSU(N) theory, and let us pass N1 (X3) through it. We
can adapt the same argument as for the duality defects. The gauging interface will send H,() to the
same line, but in the PSU(NN)_; theory. Recall that in the PSU(/N)_; theory the genuine lines are
dyons. Hence H,(71) is non-genuine, and attached to a surface. The duality, by Witten effect [75],
maps this line to a dyon of PSU(N), that is also non-genuine.

Coming back to the non equivalence of the vacua, suppose that the vacuum on the left side is that
with magnetic confinement, namely the 't Hooft line condenses and the IR is the TQFT

N ANdB . (3.4.25)
2 Jx,
The lines of H,(v1) = 11 4 are the IR limit of the ’t Hooft lines, while the surfaces V,,(v2) = ¢ he B
generates the magnetic 1-form symmetry. The (non-genuine) Wilson line, instead, has area law, as
well as all dyons.

As we pass V,(72) through the wall N7(33) it gets absorbed and disappears. This means that on
the right vacuum the surfaces are trivialized, and as a consequence the lines H, (1) should also become
trivial. We can say more: as we derived above, H,(7;) is non-genuine and attached to a surface. We
recognize that the TQFT on the right side is the Kapustin-Seiberg TQFT with twist p = 1.

N ANdB + Al BAB. (3.4.26)
T Jx, T Jx,

In particular, this vacuum is trivially gapped, but supports a non-trivial SPT phase (recall that the

Kapustin-Seiberg TQFT is an SPT if ged(N,p) = 1). This is also in agreement with the fact that

in the PSU(N)_; the genuine line is a dyon, that has area law. This phase is often called oblique

confinement.

Proceeding in this way it is not hard to show that two vacua separated by the non-invertible defect
Na(X3) are both Kapustin-Seiberg TQFTs, but with twists that differ by

PR—PL=a . (3.4.27)

In particular, by acting with 7 (X3) on the magnetically confined vacuum, we get a vacuum supoorting
the TQFT
N iN
’/ A/\dB+Za/ BAB, (3.4.28)
2 X4 4 X4

7

that has gcd(N, a) non-trivial lines and surfaces.

3.5 Non-invertible chiral symmetry

The KOZ construction rescued a 0-form symmetry that naively is broken by a discrete version of the
ABJ anomaly. It is then natural to ask if a similar construction can rescue an axial U(1) symmetry
broken by the ordinary ABJ anomaly [112} 113]. If the gauge field responsible for the breaking is
Abelian, it was shown in [28, [29] that the answer is affirmative. The prize to pay here is twofold: in
addition to making the rescued symmetry non-invertible (as in the discrete case), only the dense set
of defects labeled by Q/Z C U(1) survives at the quantum levellﬂ We now review the construction
of this non-invertible chiral symmetry, which will be the subject of Sections and where we
will study, respectively, its SymTFT and its spontaneous breaking.

"There are some alternative proposals [114, [115] with the goal of preserving the full U(1), while [116] recently made
a proposal for modifying the original construction of [28, [29] using the non-compact TQFTs of |5} [117] to rescue axial

rotations at irrational angles.
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Consider a 4d free massless Dirac fermion W. It has has two U(1) symmetries:

Ul)y : U — o o € [0,2m)

: (3.5.1)
U(1)s : U OBy a € 0,2n) .

Decomposing the Dirac fermion in terms of two Weyls 1, ¢¥r, U(1)y rotates the two with opposite
charge, while U(1)s with the same charge. The Zy subgroup is in common and is fermion parity
(—=1)¥. The Dirac mass term is charged under U(1)a (with charge 2), hence preventing its generation
is any symmetry preserving deformation of the theory. The standard triangle diagram computation
shows that, if U(1)y is coupled to a background field Ay, the current Ja of axial symmetry has an

anomalous conservation equation

1
dxJy = RF\/ N Fy . (352)

In the modern language, U(1)p x U(1)s has a mixed 't Hooft anomaly with inflow action

Sinflow = Ay Ny N Fy o, 0X5 =Xy . (353)

i
=l
The axial symmetry also has a pure anomaly 2};% S X Ap N Fa N Fy, with n = 2.

The vector symmetry is anomaly free and can be gauged, resulting in massless QED. Because of
the theory does not have the U(1)s symmetry, that is broken by an ABJ anomaly.

In massless QED the fermion mass is no longer protected and one may suspect that the dynamics
generates it. Of course everyone knows this is not going to happen (after all this is a weakly coupled
theory), but why is it so? Is there a symmetry principle that we can invoke?

One standard argument is that there are no Abelian instantons in flat space. This is not completely

satisfactory:
e What about more general topologies?

e The exact vanishing of some quantity is supposed to be explained by symmetry principles, while

saying ”there are no Abelian instantons” has the flavor of dynamical reason.

Needless to say, there is a symmetry principle, but it is a non-invertible one. In the following
we omit the subscripts in the gauge fields, and A will denote the dynamical U(1)y gauge field. The
basic idea is a very old one: the anomalous conservation equation (3.5.2)) leads to a true conservation

equation for
~ 1

which, however, is not gauge invariant. From a defect point of view the topological operator is

Ua(Z3) = exp <ia/ *JA> exp <—i042/ AN dA) . (3.5.5)
X3 Am= Iy,

The second term is a CS at level o/, and is consistent only for o = 0, 7, that is fermion parity.

The inconsistency for other values of « is a sort of anomaly. The Chern-Simons term is not gauge
invariant under large gauge transformations. This can be cured by replacing it with a bulk term
—ix
4n?

4d N =1 SYM. We want to imitate the same logic, by stacking a 3d TQFT that cancels the anomaly.

However, the anomaly here is continuous, and cannot be canceled by a TQFT. Then the idea is to

fy4 F A F, thus making the 3d defect a non-genuine one. We are in a similar situation to that in

consider any finite subgroup Z,, C U(1), for which the anomaly becomes discrete, and cancel it with

a TQFT. Since n is arbitrary, we should be able to obtain infinitely many topological defects.
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More precisely, for « = 7/n the bulk is —iﬁ fy4 F A F, and setting

B=— (3.5.6)

this is nothing but the anomaly inflow for U(1),, Chern-Simons theory. Hence we obtain a good
gauge invariant topological operator by replacing the bad piece of with Z(q), [X3; F/n], the partition
function of U(1),,, coupled with B = F'/n.

An equivalent way to derive this, is by notice that for & = m/n the bad term is a Chern-Simons
at fractional level k£ = 1/n. In condensed matter theory, in particular in the context of the fractional
quantum hall effect (FQHE) (see [118] for a review) there is a very well-known trick to make sense of

it. One considers U(1),, in terms of a dynamical 3d gauge field a, coupled with A through

n 1
— aNda+ — aNdA . (3.5.7)
4 PO 2 >3

If we integrate out a blindly, setting a = —1/n A , plugging it back we obtain a fractional CS of A.

This operation does not really make sense, and the full path integral over a with action (3.5.7) is the

correct way of treating this fractional CS. We arrived at the same answer as before, that we should

consider the topological operators

T

/li
n

N/ (S3) = exp ( /Z 3 *JA> Zuy, [Sa: F/n] (3.5.8)

The extension for general fractional angles o = mp/n € 7Q/Z is straightforward (here ged(p,n) =
1). The TQFT we need to stack is the minimal theory A™P of |111], whose Z,, 1-form symmetry has
anomaly p € Zy:

Norppn(55) = exp (ff’ / *JA) Zno [S5; Fn] . (3.5.9)
X3

Notice that, a crucial ingredient to construct the topological operator is that F' is closed, that is
the existence of a conserved current *% for the magnetic U(1) 1-form symmetry. The same defect has
also an alternative construction using the half-space gauging the subgroup Z,, C U(1) of the magnetic
1-form symmetry (see [28, [29] for details).

With the same manipulations as around we find the fusion rule

Na:ﬂp/n(z?)) X Na:ﬂp/n<23) = CZn (23) (3510)

with C7z, (¥3) a condensation defect of the Z,, subgroup of the magnetic 1-form symmetry. This is
obtained by higher-gauging the surface defects e'e/m F F, a=0,..,n—1.
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Chapter 4

The Symmetry Topological Field
Theory

In this chapter we review the idea that topological manipulations of a d-dimensional QFT can be real-
ized in terms of a (d+1)-dimensional TQFT, called its Symmetry Topological Field Theory (Symmetry
TFT or SymTFT) |11, 32-36]. More precisely, given a symmetry C in d-dimensions, the SymTFT
Z(C) is associated with the symmetry, and encodes all its data in a way that is often more explicit
then how it appear in a direct d-dimensional analysis. For instance it effectively encodes anomalies
and global structures, as well as the representation theory for the symmetry. We mostly focus on
invertible symmetries in this Chapter, as several categorical generalization will be discussed in great

detail in the coming chapters.

4.1 Topological manipulations and their invariant

Consider a finite p-form symmetry A in d-dimensions, eventually with anomaly w € H4T!(BPH1A R/ Z)
We denote with U, (24—p—1) the topological defects, and with W (v,) the charged objects. Let B C A
be a subgroup such that the anomaly w pulls back to a trivial cocycle of H4*'(BPHB,R/Z). Then
B is anomaly free and we can gauge it, eventually with discrete torsion v € HY(BP*'B,R/Z). This
topological manipulation produces a different theory with the same local physics but different global
properties. It has a p-form symmetry A/B and a (d — p — 2)-form symmetry Rep(B) (this is BY if B
is Abelian), possibly combined in some way: a group extension if d — p — 2 = 2, or more generally an
higher-group structure. The dual symmetry has topological defects ﬁg(EpH) =7 Jopia Bp+1, with
Bpi1 € HPTY(X,B) the B gauge field, and, for v = 0, acts on the twisted sectors AW/b(yd_p_g), that
lived at the boundary of Uy(¥4_,—1) in the original theory. For v # 0 the charged objects might be
combination of twisted and untwisted sectors of the original theory, as we discussed in [1.4. On the
other hand, the operators Wg(7,) that were charged under B in the original theory, now live at the
boundary of ﬁB(ZPH), hence are in twisted sectors.

One can repeat various such topological manipulations, gauging non-anomalous subgroups with all
possible discrete torsions. The resulting theories are all possible global variants of the original theory.
They all have the same local dynamics but different global properties. Essentially, they differ for the
choice of which operators are genuine and which live in twisted sectors, as well as their charges under

the symmetries. It has been pointed out in [34] that the set of global variants can be endowed with the

!Actually anomalies are classified by some appropriate cobordism group. Here we restrict to bosonic anomalies,
classified by the cohomology of the classifying space.
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structure of a groupoid, dubbed orbifold groupoidﬂ objects are the global variants, and topological
manipulations are morphisms among them, while the automorphisms of the symmetry of each global
variant give endomorphisms.

Notice that the operators charged under B and BY are mutually non-local, and the corresponding
topological operators Uy(Xq—p—1), U 3(Xp+1) do not exist simultaneously in any global structure. The
basic idea of the Symmetry Topological Field Theory (SymTFT), introduced in various forms in |11}
32-36], is to make these two sets of operators to exist simultaneously in a (d+1)-dimensional TQFT,
that be denote by Z(A®). The QFT of interest lives at the boundary of Z(A®)), and the choice of
which of the two sets of operator exist in the QFT is determined by the boundary conditions.

To understand what TQFT is the the SymTFT, let us start from the non-anomalous case w = 0.
Z(A® must have both types of topological operators U,(X4_p—1) and ﬁa(2p+1), and they should
interact non-trivially. Indeed we observe that their dimensionalies add up to (d—p—1)+ (p+1) =
d = (d+ 1) — 1, hence if we lift them to one dimension higher, they have the correct dimensionality
to link. There is a natural TQFT that produces these defects with non-trivial linking, namely a
(p+ 1)-form A gauge theory:

S = 2mi Ap+1 U 5Cd—p—1 . (4.1.1)

Xat1
Here A € HPY(X4,.1,A) and C € H* P71 (X4,1,AY), and cup product is associated with the natural
pairing A x AV — R/Z. The topological operators are identified as

Ua(Xdg—p—1) = exp (ia/ Cd_p_1> , ﬁa(zpﬂ) = exp (ioz/ Ap_H) . (4.1.2)
Ed*p*l EP+1

The two have non-trivial braiding phase e27(@),

The generalization to the anomalous case is straightforward. From w € H1(BPT1A, R/Z), inter-
preting A,41 as a map Xg41 — BPTLA, we can construct the class A*(w) € H¥(X4,R/Z). Thus we
consider the TQFT

S = 2 / (Ap1 UdCa_py + A (W) - (4.1.3)
Xar1

It is natural to arrive at the following general proposal: the SymTFT for invertible symmetries
is a non-trivial TQFT obtained by gauging the anomaly inflow theory. Notice that the inflow theory
defines a trivial (invertible) TQFT with the given symmetry, and the partition function coupled
with a background is the exponential of the inflow action. The SymTFT is obtained by making the
background dynamical. Notice that even for non-anomalous symmetries this results in a non-trivial
theory.

We can be even more general, and introduce the idea that, for any finite symmetry structure
C acting on d-dimensional QFTs, we can construct a (d + 1)-dimensional TQFT Z(C) by gauging
gauging the symmetry in one dimension higher. More precisely, we first extend the symmetry to a
trivially acting symmetry in (d 4+ 1) dimensions. This amount to view the defects as boundary of
defects extending in the extra dimension, and they generate a trivially acting symmetry, since we do
not introduce charged operators in the extra dimension. We then gauge this symmetry in (d + 1)-
dimensions, obtaining a non-trivial TQFT. Notice that there is no obstruction in performing this
operation: even if the symmetry is anomalous it cannot be gauged in d-dimensions, but its anomaly,

from the (d+1)-dimensional viewpoint, is a feature rather than an obstruction. For this reason, as

2A groupoid is a categorical generalization of a group. A group can be viewed as a category with one objects, and
the endomorphisms are all invertible and identified with the elements of the group. In a groupoid there can be several

diffent objects, but all morphisms are invertible.
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we will show in the next section for invertible symmetries and in more generality in Chapter [6] the
SymTFT Z(C) also encodes the anomalies of C.

This type of construction is well known in mathematics under the name of state-sum construction,
and was pioneered by Turaev and Viro in the case of a fusion category in two-dimensions to construct
a 3-dimensional TQFT |37, |38]. In general, state-sums produce a (d+1)-dimensional TQFT from the
datum of a fusion (d-1)-category. The full set of defects of Z(C) form a fusion d-category, called the
Drinfeld center of C, and by abuse of notation we denote it also with Z (C)H

In the way we arrived at the construction of Z(C) is implicit that if C’ is a symmetry structure

obtained from C with a topological manipulation, then
Z(h=Z(C) . (4.1.4)

In other words the SymTFT is an invariant on the class of global variants, called Morita equivalent
class in mathematics. For instance it also implies the equivalent of the pure (p + 1)-form A gauge
theory and the (d — p — 1)-form AY gauge theories in (d+1)-dimensions, as we discussed in [2.2.1]
This equivalence is just manifest in the co-chain formulation and there is nothing surprising about
it. However, the equivalence of SymTFTs for Morita equivalent symmetries sometimes implies highly

non-trivial identification of TQFTs with a priori very different presentations.

It is also sometimes a very useful fact, since it might be much easier to obtain the SymTFT for a
given symmetry C by actually writing down the one for a different global variant. The typical example
is that of non-invertible symmetries that arise from gauging of invertible symmetries, as in the KOZ
construction [25] reviewed in Section Even though we do not know how to perform the state-sum

construction starting from the datum of the fusion 3-category of interest, we can just make dynamical

the inflow action ((3.4.12)) and obtain

271 211 2711 ByUB
Z(KOZ) = %Z y C3UdA; + % ; ToUdBy + %Z ; AU % . (4.1.5)
5 5 5

4.2 The slab construction

In the last section we simply describe a construction of a (d+1)-dimension TQFT from a symmetry
of a d-dimension QFT, but have not been precise in the relation between the two theories. Now we
introduce the slab construction, that allows to extract all the properties of a given symmetry C of a
given QFTy T from its SymTFT Z(C).

First, we notice that, since 7 has symmetry C, can live at the boundary of Z(C). In a sense,
T specifies a (generically) non-topological boundary condition for the SymTFT Z(C). The setup
consists in coupling the dynamical C gauge field of Z(C) with the C-symmetry of 7, and this gauge
field stays dynamical at the boundary. Notice that if we replace 7 with 7' obtained by some topological
manipulation, the result of the coupling with the bulk TQFT is the same.

3The abuse of notation is actually using Z(C) for the (d+1)-dimensional TQFT, while using it for the Drinfeld center
is well-established in the mathematical literature.
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The idea is to place the SymTFT Z(C) on a slab with two boundaries

T Z(C) k—\

topological
b.c. £

The left one is the physical theory 7, coupled in the way described above. On the other boundary
B, we impose topological boundary conditions, determined by a Lagrangian algebra £ of Z(C) (see
Section . The topological boundary condition can be thought of as the interface between Z(C) and
the trivial theory obtained by gauging £. In particular, defects inside £ can end topologically on By.
Equivalently, V' € £ is trivialized if it is pushed on the topological boundary condition. On the other
hand, defects U ¢ L give rise to non-trivial topological defects when pushed to the right boundary,
and are identified with the defects obtained by fusing those inside £.

The slab geometry is an interval times the boundary, and since the bulk theory topological the

interval can be compactified producing a d-dimensional theory

2 IR g

The resulting d-dimensional theory 7 is determined by the topological boundary condition £, and it

is a global variant of the original theory T. In particular there exists a canonical Lagrangian algebra

L that gives rise to the original theory
Tee =T 5 (4.2.1)

that has symmetry C. This canonical boundary condition is called Dirichlet. The intuition for the
name is that, if C is an invertible symmetry, the SymTFT Z(C) is a pure C gauge theory in (d+1)-
dimensions written in terms of a dynamical C gauge field A, and L¢ corresponds to 5A‘ s = 0. More
generally the anomaly free symmetry generated by L¢ is the dual symmetry arising from the gauging
of C in (d+1)-dimensions.

By playing with the topological boundary conditions, choosing the various Lagrangian algebras £,
we obtain all possible global variants 7; of T. An other way to think about this is that specifying a
topological boundary condition of Z(C) determines a d-d-dimensional TQFT of edge modes, and the
slab construction provides a coupling between 7 and this TQFT.

One reason way this construction is useful is that it completely disentangle the dynamical theory
from the topological aspects. The piece of the slab made by Z(C) and the topological boundary, is
totally independent on 7, and one can analyze it by its own. As emphasized by Freed, Moore and
Teleman [36], that called Z(C) together with £ a quiche, this can be taken as the abstract notion of
symmetry in QFT. Attaching the left boundary 7T, hence closing the quiche, dictates how the abstract

symmetry acts on a concrete QFT.
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Even though it might be sometimes complicated to understand what is the concrete topological
manipulation corresponding to £, we can analyze the quiche on its own and understand how it deter-
mines the topological defects and the charged objects. Both types of operators arise from topological
defects of the bulk, but in different ways. The physical boundary condition of Z(C), that is the dy-
namical theory 7, leaves all the bulk fields dynamical there, hence all defects can end. The endpoint
is generically non-topological, but might in some case be also topological, or can be even the trivial
operator. Regarding the topological boundary, any defect V' (3,41) belonging to £ can terminate on

B, hence we can have configuration as

B,
Tl ° B —

The result of the interval compactification is a (n-1)-dimensional operator W (). This inherits the

dynamical of the end-point of V(X,11) on T: it can be non-topological, topological, or trivial if
that end-point has these properties. One can consider more refined adjectives, for instance if U(3,,)
terminate on 7 on a conformal defect, then W (v,) will be conformal.

Consider instead a bulk defect U(X,,) that does not belong to £. By maximality of £ this means
that some defects in £ are charged under U(X,,). This defect cannot end on Bg. Thus if we push it

on the topological boundary it stays a non-trivial topological defect

B T

After compactification this produces a topological defect U(3,,) of T; that generates a (d —n —1)-form
symmetry. The charged objects for this symmetry are among the operators W (~,) discussed above,
since the non-trivial braiding in the bulk induces a non-trivial action on the boundary. Moreover,
non-trivial topological defects, if fused with a defect inside £, give rise to the same boundary defect,
since elements of £ are trivialized on By.

We conclude that the topological defects of the global variant T are given by the quotient
CL)y=21C)/L, (4.2.2)

while the Lagrangian algebra £ labels the charges (representation) under this symmetry [119]. Twisted
sector operators also arise quite naturally in this framework. While defects U(%,,) ¢ £ cannot end on

By, they can end on 7, allowing to construct the configuaration

B T
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The result is an operator W('yn,l) in the twisted sector of U(%,,).

Everything we said so far is valid for any possible finite symmetry structure. It can be invertible or
non-invertible, of any form degree, and can have a complicated categorical structure. Of course it might
be computationally complicated to determine all possible Lagrangian algebras of Z(C) and analyze
the property of all defects arising in a given choice of £. However, we reduced the problem of studying
a symmetry structure of a QFT T, to a purely TQFT problem: the dynamics of the boundary theory
does not play any role in the analysis. The idea of the SymTFT realizes concretely the philosophy
of using tools from TQFTs in non-topological theories. We will see in the coming chapters how to
employ several techniques to extract interesting data of the symmetry from the SymTFT, and use

these data to derive dynamical constraints for the QFT of interest.

Example: invertible symmetries without anomalies Let us demonstrate this general discus-
sion in a simple example of a p-form finite Abelian symmetry A in d dimensions. The SymTFT is
, with topological defects . The Dirichlet boundary condition fixes the value of Ap,q
on Bg,, hence allowing all the ﬁa(EpH) to terminate topologically. The corresponding Lagrangian

algebra is

Ly = {(7& lae AV} SUN (4.2.3)

that labels the charges of a p-form A symmetry. The topological defects are U,(¥4—p—1) pushed
at the boundary. The canonical braiding of U,(¥4—p—1) and Uy (pr1) in the bulk implies that the
operators W, (7,) arising as boundaries of ﬁa(EpH) are charged with respect to U,(X4—p—1) with
charge o € AV. There is another topological boundary condition, the Neumann boundary condition,

that fixes Cg_p,—1, hence allowing U,(¥X4-p,—1) to end topologically. The Lagrangian algebra is
L={U,|acA}eA (4.2.4)

that labels the charges under a (d —p —2)-form symmetry A generated by ﬁa(EpH). This is the dual
symmetry obtained by gauging the p-form symmetry A above. On top of Dirichlet and Neumann,
there are also boundary conditions corresponding to gauging a subgroup B C A. These are obtained

by allowing the defect inside
£:{Ub, Us|beB, BEN(B)} (4.2.5)

to end. Here we introduced the notation N(B) = {8 € AV | 3(b) =0, Vb € B}. It is easy to show
that there are canonical isomorphisms N(B) 2 (A/B)" and AV /N (B) = ]B%VH Therefore the symmetry

of this global variant is

=A/B xBY . (4.2.6)

In certain cases there are other topological boundary conditions, corresponding to additional topo-
logical manipulations, namely gauging with discrete torsion. For concretness let us specialize the
discussion to A = Zy and consider the two cases d = 2,p =0 and d = 4,p = 1. In both cases the two
sets of defects U, U, have the same dimensionalities (1 and 2 respectively), hence we can consider

dyons

D(4,0)(Zp+1) = Ua(Ep+1) X Ua(Ept1) - (4.2.7)

4The first one is obvious, and by dualizing it we get a short exact sequence 1 — B — A — N(B)" — 1, whose dual
sequence is the stament that AY/N(B) = B".
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As we discussed around ([2.2.15)), the braiding is symmetric for d = 2 and antisymmetric for d = 4:

exp(%(aﬂ + bar)) d=2

exp(2(af — ba)) d=4 (4.2.8)

B((a,),(b,8)) = {
For d = 2 this braiding cannot be trivialized by maximal sets other than those discussed above.

However, for d = 4, thanks to the minus sign we can consider, for any r =0,..., N — 1
Ly = {D(a,ra) ‘ a € ZN} . (4.2.9)

This is a Lagrangian algebra, and the corresponding boundary condition gives rise to a global variant
in which the genuine line operators charged under the 1-form symmetry are dyons. We recognize that

this is obtained by gauging the 1-form symmetry Zy with discrete torsion r.

4.3 SymTFT and anomalies

The SymTFT captures all information of the symmetry, in all possible global forms. A fundamental
datum of a given symmetry is its 't Hooft anomaly that, in general, can be defined as an obstruction to
gauging the symmetry. There is a natural way in which Z(C) captures the anomaly for C: the absense
of the Neumann boundary condition, whose defining Lagrangian algebra has trivial intersaction with
the one defining the Dirichlet boundary condition |3, |43H45]. Indeed, as we have seen in the example
above, the Neumann boundary condition corresponds to gauging the full symmetry, hence an anomaly
is an obstruction to the existence of such boundary condition. In Chapter@, following [3] we will discuss
a more refined notion, that focus on any single defect D € C. This is defined to be anomalous if there
is no Lagrangian algebra of Z(C) that includes it. In a sense the defect is anomalous if it cannot
be trivialized by a topological manipulation. These two notitions are slightly different for general
categorical symmetries, and this will be the subject of Chapter [6] Here we just want to demonstrate
in a simple invertible example the principle that anomalies are detected by the absence of the Neumann
boundary condition.
Consider a Zy 0-form symmetry in 3d. Its anomaly is classified by H3(BZy,R/Z) = Zy, and the
inflow action is given by
2mik
N Jx,
with A € HY(X,Zy) and B(A) = % the Bockstein map. To construct the SymTFT we make A

dynamical, and for convenience we pass to the co-chain formulation

Sinflow = AU 5(14) s (431)

(h)) _ 27 k
z(zN)_ - /X3 <AU<SB+NAU6A> (4.3.2)

This is the 3d DW theory that we discussed in[2.2.3] As we have seen there, it has topological lines

2mia 27ib
Uap(7) = exp ( v LA + : B> (4.3.3)
with braiding
211 k
B ((al, bl), (CLQ, bg)) = exp W ai1by + asby — Nble . (4.3.4)

Since the Dirichlet boundary condition allows all the lines U, o to end, the would be Neumann boundary

condition is associated with the orthogonal algebra

Ly = {UO,b |beZn} . (4.3.5)
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However, from the braiding (4.3.4]) we see that for k # 0 these defects are charged among themselves,
hence they do not form a consistent condensable algebra. We conclude that for & # 0 the Neumann

boundary condition is inconsistent, signaling the 't Hooft anomaly.
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Chapter 5

Non-invertible symmetries and

holography

In this chapter, we study how non-invertible self-duality defects arise in theories with a holographic
dual, focusing on the paradigmatic example of su(N) N =4 SYM (see [§] for the extension to class-S

2mi/ 3 respectively.

theories), that has non-invertible duality and triality defects at 7 = i and 7 = e
The main idea is that at these points in the gravitational moduli space, the gauged SL(2,7Z) duality
symmetry of type IIB string theory (that is generically Higgsed down to Zsg) is Higgsed to either
G = 7Z4 or G = Zg, giving rise to a discrete emergent G gauge field. After we reduce on the internal
manifold, the low-energy physics turns out to be dominated by an 5d BF theory theory, further gauged
by G, that we analyze and which gives rise to the self-duality defects in the boundary theory. Using

the five-dimensional bulk theory, we compute the fusion rules of those defects in detail.

5.1 Setup and general idea

Our interest here is in understanding how categorical symmetries appear in holography. The common
lore is that a global symmetry of the boundary theory appears as a gauge symmetry, accompanied by
a gauge field, in the bulk. This is confirmed and well understood in the case of invertible symmetries
— both ordinary 0-form, continuous and discrete, as well as higher form. What happens for a non-
invertible symmetry? What plays the role of a “non-invertible” gauge field?

We investigate this question in the specific case of self-duality defects[] introduced in [24] that we
reviewed in Section The idea is simple. The conformal manifold 20t of the boundary theory is
dual to a moduli space of bulk solutions in the gravitational description, while the choice of a global
structure on the boundary corresponds to a certain boundary condition in gravity. The duality group
I is a discrete gauge symmetry of string theory, which however is completely Higgsed at generic points
x at which I' acts faithfully on 9i. At a special point x which is stabilized by G C T', the duality
symmetry I' is only Higgsed to GG, and in the low-energy description appears an emergent G gauge
field that acts on the supergravity fields. In particular, it also acts on a low-energy topological sector
of string theory whose topological (or conformal) boundary conditions encode the possible global
structures of the boundary theory. It is this structure that plays the role of a “non-invertible gauge
field”, at least in this class of examples. The derivation and explanation of how the supergravity

theory with extra gauge field gives rise to the non-invertible fusion rules is the subject of this chapter.

!The holographic description of non-invertible defects of the KOZ and orbifold type has recently been investigated in
[120-122).
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We focus on the four-dimensional N' = 4 SYM theory with gauge algebra su(N), that is holo-
graphically dual to type IIB string theory on asymptotically AdSs x S% spaces [123]. The boundary
theory, however, is characterized by a specific gauge group with the given algebra, and thus this piece
information must be encoded in the bulk theory. As explained by Witten [86], kinematical properties
of the boundary theory, such as the global form of the gauge group, are captured by the long-distance
behavior of the gravitational theory (or equivalently, by the behavior close to the boundary), which is
encoded in the terms in the Lagrangian with the lowest number of derivatives, namely in the topologi-
cal terms. One can more conveniently work with the effective 5d theory in AdSs obtained by reducing

on the internal manifold. The 10d type IIB supergravity action contains the topological term

StB D By dC5 F5 (5.1.1)
Xio0

where Bs is the NS-NS 2-form potential, C5 the R-R 2-form potential, and F3 is the field strength
of the R-R 4-form potential. In the following we will denote By = b, Cs = c¢. In compactification on
M x S° with N units of 5-form flux on S°, one obtains at low energies the 5d Chern-Simons action
(861 [124].

The continuous 2-form gauge fields b, ¢ are dual to a U(1) x U(1) global 1-form symmetry of the
boundary theory, whose two factors act on 't Hooft and Wilson line operators, respectively. This
symmetry does not have to act faithfully on the boundary theory: it only acts faithfully on the full set
of boundary theories with all possible global structures. This follows from the necessity of choosing
boundary conditions. If we choose topological boundary conditions, the action restricts b, ¢ to
be Zn X Zn gauge fields [85] and accordingly restricts the 1-form symmetry. Boundary conditions
p(L) further set to zero a linear combination of b, ¢ along a Lagrangian subgroup £ C Zy x Zy, only
leaving a 1-form symmetry of order N. Thus, the choice of boundary conditions specifies the global
structure of the SYM theory [86, 125] and the spectrum of extended (here line) operators [42]. For
instance, if we set b = 0 at the boundary, the boundary theory is SU(N). Fundamental strings (that
couple to b) can end on the boundary producing Wilson line operators in generic representations [126),
127], their Zy charge being measured by the topological operators etf ¢, while 't Hooft lines only exist
with vanishing Zx charge. On the contrary, if we set ¢ = 0 we obtain the PSU(N)( theory. D1-branes
(that couple to ¢) can end on the boundary producing 't Hooft line operators with generic Zy charge,
the latter being measured by etf b while Wilson lines only exist in representations with trivial N-ality.
One can also choose conformal boundary conditions b = % ¢: they give rise to an extra singleton sector
1124, 128] and describe the theory U(N), for which the 1-form symmetry is indeed U(1) x U(1).

Type 1IB string theory also enjoys an SL(2,7Z) symmetry. As in any theory of quantum gravity,
this must be a gauge symmetry. It acts on the axiodilaton field 7 = Cy + ie~? by standard fractional

;o 4Tt (a Z) € SL(2,Z) (5.1.2)

linear transformations

ct+d’ C

(only PSL(2,7Z) = SL(2,7)/Z> acts on 7) and on b, c as on a doublet B = (b,¢)" in the fundamental

representation,
b a b b
()%( )() 5.13)
c c d c

At generic points 7 in the moduli space, SL(2,7Z) is spontaneously broken to its Za center, and thus

the corresponding gauge field does not appear in the low-energy supergravity descriptionﬂ However,

2The Za center of SL(2,7Z), that maps (b, c) — (—b, —c) but does not act on 7, is however always preserved and then
the corresponding Z, gauge field should be included.
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special values of 7 are left invariant by a larger subgroup G C SL(2,Z) which therefore remains
unbroken. The corresponding gauge field should then be included in the supergravity description,
where it appears as an emergent gauge field for the low-energy observer. Specifically, G = Z4 at 7 =i
and G = Zg at 7 = ¢2™/3. After compactification on S°, we obtain a discrete G gauge field a in five

dimensions, coupled to a G subgroup of the SL(2,Zy) symmetry of
N N T
= — = — . 1.4
Ses QW/bdc 47T/Bedl’>’ (5.1.4)

Here B = (%), while e = ( ° §). This is an interesting subsector of the full theory on its own. Our aim

is to show that a is the gauge field corresponding to the non-invertible symmetries of the boundary
theoryE|

5.2 The 5d Chern-Simons theory and its symmetries

Consider the five-dimensional Chern-Simons action [86] (see also |11, |89} 124, 128| 129])E|

sia) = 4 [ Q. as). (5.2.1)

where B is a vector of 2n 2-form gauge fields, () is an integer-valued 2n x 2n non-degenerate antisym-
metric matrix (or symplectic form), and we used the notation Q(xz,%) = 2T Qy. We study this theory

on spin manifolds. The theory has topological surface operators

Up = ™'/ B (5.2.2)

Y

where m is an integer-valued vector in Z?", and the integral is over a 2-dimensional surface. These
operators generate an (anomalous) 2-form symmetry. The operators U, have nontrivial linking (see

Figure left) given by the antisymmetric braiding matrix
By = 2mQ7 (mm') (5.2.3)

Any operator for which m = Qk with k € Z?" is completely transparent and thus trivial. Those
operators generate a lattice A, and the 2-form symmetry defect operators are labelled by the elements
of the discriminant group

Do =7*"/Aq . (5.2.4)

This is the 2-form symmetry of the theory. Notice that |Dg| = |det Q.
The case relevant to type IIB string theory compactified on S® is n = 1 and Q = Ne with
€= (_01 (1)) We denote by b and ¢ the two components of B. The action readsﬂ

_N [greap= N _N _
S_M/B edB_M/(B,dB)_M/(bdc cdb) . (5.2.5)

3The non-invertibility of duality and triality defects is only up to condensates. It is perhaps then not surprising that

the corresponding bulk gauge field is a standard discrete connection for G, though coupled to a nontrivial topological

sector Scs.
4This action, as written, is not well defined [86]. When the spacetime manifold Ms is the boundary of a six-manifold

Z, one can define S[Q] = ;= [, Q(dB,dB). However, the bordism group in five dimensions is non-trivial and thus this

cannot be done in general. One could instead use the formalism of Cheeger-Simons differential characters [88].
SWe work with an antisymmetric 5d Lagrangian, which is manifestly invariant under SL(2,7) symmetry. One should

however keep in mind that, as written, the action is not well defined (see footnote [4), and thus conclusions drawn from
it should be taken with care. It turns out [86] that for N odd, the theory is SL(2,Z) invariant only on spin manifolds,

while on non-spin manifolds it is invariant under the subgroup I'(2) generated by S and T2.
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Figure 5.1: Left: Antisymmetric braiding B, between 2-dimensional defects U,, in 5d Chern-Simons

theory. Right: Induced braiding between 2-dimensional defects (/jt and line defects QU on gapped
boundaries p(L).

We introduced the antisymmetric Dirac pairing (z,y) = TeYm — TmYe, where z = (x,, ) is the expres-
sion of a vector in components. When describing the surface operators U,,, it might be convenient to
package the information about m and the geometric 2-cycle wrapped by U,, into v € Ha(Ms,Zn X ZN),
or its Poincaré-dual cocycle PD(vy) € H3(Ms,Zy x Zy). In this case U(7) is described by the insertion
of

U(y) = exp (z’/BT PD(V)) (5.2.6)

in the path integral.

In the general case, gapped boundary conditions p(£) are in bijection with Lagrangian subgroups
L of Dg. A subgroup is called Lagrangian if all its elements are mutually transparent, i.e., if By =1
for all [,I’ € £, and if any element outside £ braids non-trivially with at least one [ € £ (i.e., £ is
maximal). Defining a gapped boundary p(L) is equivalent to gauging the Lagrangian subgroup £ of
the 2-form symmetry |1307132|E|

Only dyons U; with [ € £ may terminate on the gapped boundary, defining in this way topological
line operators OU; there. Besides, dyons in £ are absorbed by the gapped boundary if they are moved
to lie within it, in other words the dyons Ujc; are completely transparent (they do not contribute to
correlation functions) when placed on the gapped boundary. The boundary has non-trivial topological
surface operators corresponding to m ¢ £, obtained by moving U,,¢, to lie within the boundary,
however, because of the property just mentioned, those operators ﬁt are labeled by conjugacy classes
t € Do/L = S. Thus the operators ﬁt generate a 1-form symmetry S there. The charges under that
symmetry are carried by the lines OUj¢, as follows from the 5d braiding (see Figure right):

U,(0U;) = 2@ (D gy, (5.2.7)

where, with some abuse of notation, we indicated by ¢ any representative of its class in Dg.
Some properties become clear in the Lagragian description (5.2.1): a gapped boundary on X is
defined by Dirichelet boundary conditions

ZTB‘X =0 (up to gauge transformations) foralll € £ . (5.2.8)

Introducing a rectangular matrix L whose columns are the generators of £ in Z?", so that LTQL = 0,

the boundary condition is LTB ‘ =0 (up to gauge transformations). This can be imposed by a

SMore precisely, gauging the discrete symmetry £ is equivalent to inserting a network of symmetry defects for £ in
the spacetime manifold. This is also equivalent to removing a tubular neighborhood of the network from the spacetime
manifold, and placing the topological boundary condition p(£) there. Thus, p(£) is a topological interface between the
ungauged theory and the trivial theory obtained by gauging £ (such a theory is trivial because £ is Lagrangian).
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boundary TQFT:

Sgapped L] = L /Q(n, LT(B - d§)> + counterterms , (5.2.9)
boundary 27

where 7 is a 2-form gauge field in R?"/(L), ¢ is a 1-form gauge field in (£), and (L) is the real span of
L. The counterterms only involve B, and are fixed by overall gauge invariance. To give an example,
consider the type IIB case Q = (_ON N ) and take the electric boundary p(L) where L is generated
by I = (1,0), corresponding to the boundary condition b‘ =0 (up to gauge transformations). The

boundary action is

N
Selectric = 5
boundary 2

[77 (b—dg) — ;bC] : (5.2.10)

If we introduce a coordinate r transverse to the boundary, place the boundary at » = 0 and the bulk

in the region r < 0, the full bulk plus boundary system has action

N
(bdc— cdb) + 27r/

r=0

N
Sbulk plus = Z
boundary T Jr<0

1
[n (b —d§) — 3 bc} . (5.2.11)
The equations of motion fix the following conditions on the boundary:
b=de¢, c=mn, ne€ H*(Ms, Zy) . (5.2.12)

Thus, b is set to be pure gauge, while 7 is the pull-back of ¢ to the boundary and ¢ remains uncon-
strained (c € H%(Ms,Zy) is already imposed by the bulk EOMs). The system is invariant under the

following gauge transformations:
b — b+ dae, ¢ — c+dony , n — n+doy , E = £+ ae. (5.2.13)

Interpreting instead £ as a subgroup of Dy that is gauged, the dyons Ujeg become trivial in the
bulk because they are pure gauge and can be absorbed by the network of defects. On the contrary,
the operators with m ¢ £ are projected out in the bulk (using the fact that £ is Lagrangian) and can
only exist on the boundary.

In the holographic setup, the 2-form symmetry £ that we gauge in the bulk dictates what is
the spectrum of physical lines in the holographic boundary [86, (133]. Thus, the surfaces U; with
I € £ become trivial in the bulk, but if they are attached to the holographic boundary, their endlines
oU; = W, are the physical line operators of the boundary theory (notice that these are no longer
topological, due to the holographic boundary conditions)m The 1-form symmetry of the boundary
theory under which the lines W) are charged is generated by the surface operators ﬁt, that can only
live on the boundary.

Coming back to type IIB string theory, where () = Ne¢, the simplest case to discuss is when N
is prime. We label the bulk surfaces U,, by m = (me, mn), where m, and my, are the electric and

magnetic charges, respectively. The topological sector has N + 1 gapped boundary conditionsﬁ

e An electric gapped boundary p(e), for which £ is generated by [ = (1,0). As a gauging, this is
obtained by condensing the electric surfaces (me,0) € £ (while in terms of a gapped boundary,
this is implemented by setting b = 0 there). It corresponds to the global variant SU(N) of the
boundary theory. The Wilson lines Wjc are endpoints of bulk surfaces U;. For instance, the

"In the picture in which the bulk with gauged £ is substituted by a slab of bulk between the holographic boundary
and a gapped boundary p(£), the operators U; can be stretched between a copy of W; in the holographic boundary and

a copy of W, in the gapped boundary.
8See [134] for a recent in-depth study of gapped boundary conditions in the 5d Chern-Simons theory.
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Figure 5.2: Action of PSL(2,Z3) = S3 (left) and PSL(2,Z3) = A4 (right) on Lagrangian subgroups
(gapped boundaries).

Wilson line in the fundamental representation is the endpoint of a fundamental string [126, 127],
which couples as e/? to the NS-NS B-field b. The boundary 1-form symmetry is generated by

the surfaces [71;, and we can take for S = Zy the representatives t = (0, ¢y,).

e N magnetic gapped boundaries p(m), with » = 0,...,N — 1, for which £ is generated by
[ = (r,1). They are obtained by condensing the dyonic surfaces (rmpy,my) € £ (or by setting
rb+ ¢ = 0 on a gapped boundary). They correspond to the global variants PSU(N), of the
boundary theory [42]. The 't Hooft or dyonic lines are endpoint of bulk surfaces Ujcg, for
instance for r = 0 the basic 't Hooft line is the endpoint of a D1-brane, which couples as eife
to the R-R field ¢. The boundary 1-form symmetry is generated by surfaces (/jt, represented for
instance by t = (te,0).

If N is not prime there is a larger number o1 (N) = ka k of Lagrangian subgroups of Zx X Zy,
corresponding to global variants of the boundary theory of the form (SU(N )/ Zk)r.

5.2.1 Global 0-form symmetries

The theories ([5.2.1)) can have O-form symmetries as well. On spin manifolds, a (unitary) 0-form

symmetry w is an automorphism of the discriminant group Dg that preserves the quadratic form:
WwQ lw=0Q " modl. (5.2.14)

Since w is invertible, it maps Lagrangian subgroups to Lagrangian subgroups. We say that a gapped

boundary p(£) is w-invariant if the corresponding Lagrangian subgroup is:
wl=L0L. (5.2.15)

In the type IIB example, the O-form symmetry group I' is SL(2,Zy), whose generators act on

electric and magnetic charges as follows:
S:(e,m)— (—m,e), T:(e,m)+— (e+m,m), C:(e,m)— (—e,—m) . (5.2.16)

They satisfy S? = C, TN = 1, and (ST)3 = C. If M is the matrix acting on charges, then M T gives
the action on the gauge fields B, as it follows from ([5.2.2)). This means that in our conventions

S:(b,c)— (¢, —b), T:(bc)— (bc+b), C:(bc)— (=b,—c). (5.2.17)
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All subgroups of Dg are invariant under C. For N prime we also have:

plm)y = pm)er . ple) < p(m)o,  p(m)y <> p(m)yg for r # 0 (5.2.18)
where 75 = —r~! in Zy, while p(e) is invariant under T (see Figure for two examples). Lagrangian
subgroups form two-terms orbits under S, except for p(m), with 72 = —1 mod N which are invariant.
Similarly, they form three-terms orbits under ST, except for p(m), with r(r + 1) = —1 mod N
which are invariant. Gapped boundaries corresponding to w-invariant subgroups £ allow for a 0-form
symmetry action of the subgroup G C I' which stabilizes themﬂ This is clear from the Lagrangian
description of the gapped boundaries, S[L] in . The action of the 0-form symmetry does not

leave the coupling to 7 invariant, but it can be reabsorbed in a redefinition of the generators L of L.

5.2.2 Symmetry defects from higher gauging

In unitary TQFTs without local operators, all O-form symmetries are expected to be generated by
codimension-1 condensation defects, that we reviewed in Section [3.2] This statement can be proven in
the context of three-dimensional modular tensor categories (MTCs) |26, [135], while it seems plausible
for higher dimensional TQFTs [26]. In this section we construct the SL(2,Zy) symmetry generators
of the 5d CS theory , in terms of condensations of the 2-form symmetry on 4d submanifolds.
The Zy x Zy 2-form symmetry generated by the topological surface operators U, in the 5d bulk
becomes a 1-form symmetry on a 4d submanifold ¥ on which we perform the condensation.

We assume that the fusion algebra of surface operators is strictly associative, and since surfaces
cannot braid in 4d, we can condense any subgroup A C Zpy X Zy of the 2-form symmetry. While
condensing on a (spin) 4-manifold ¥, we have the possibility to add discrete torsion in the form of
Dijkgraaf-Witten terms [81]. When we gauge the full group Zx x Zy, the torsion is classified by Z3;
and we label it by ,y, 2 € Zy. In terms of the background ® € H?(3,Zy x Zy) that we decompose
into @e, om € H%(X,Zy), the phase of discrete torsion is given by

Ocy,z = €xp Bi;\; /Z (y‘ﬁ(soe) + 2P (om) + 22 0 U gom)] : (5.2.19)

Here B : H*(X,Zy) — H4(E,ZNng(N’2)) is the Pontryagin square operation [136]. For N even,
PB(p) takes values in Zoy and on spin manifolds it is an even class, therefore y,z € Zy. For N odd,
PB(¢) takes values in Zy and we interpret the exponent as % 27y [ P(pe) where 271 = % mod N,
and similarly for z (¢ ), therefore y, z € Zx once again. On the other hand, when we gauge a Zy
subgroup, the torsion is classified by Zy and then only a combination of x, y, z appears. For simplicity,
we will only consider the case that IV is a prime number, because then Zy does not contain non-trivial
proper subgroups, and all its non-zero elements are invertible.

We want to compute the action of the 0-form condensation defects V' on the 2-form defects U;. To
that purpose, we place U; along R? and wrap V around them, namely we place V on R? x S? with S?
surrounding U;. It turns out that it is more clear to perform condensation on compact submanifolds,
therefore we substitute R? with 72. Eventually, we place U; on T2 and V on ¥ = T2 x S? around U
(as in Figure [5.3| center).

To condense on ¥, we decompose the 2-form symmetry background ® € H?(X,Zy x Zy) into a
pair of backgrounds {¢T2, ¢52} on the two factors of ¥, and we denote by n = (ne, ny,) the holonomy of
¢52 on S? (representing defects on T?) and by m = (me, My, ) the holonomy of ¢T2 on T? (representing

9This is true if G is a normal subgroup of I'. This will always be so in the cases of interest to us.
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Figure 5.3: The condensation defect on ¥ = T2 x S? with its network of 2d defects (left) surrounds
a topological defect U; placed on T? x {0} (center), where 0 € B3 is the center of the 3-ball whose
boundary is S2. Up to a phase (5.2.22)), the network can be resolved into a collection of closed surfaces

with no junctions (right).

defects on S?). Given a class (z,y,2) € Z?V representing the choice of discrete torsion (5.2.19)), its

contribution to the path integral is

21 211
Oz,y,2(n, M) = exp [;\? (m (nemm + nmme) + Y neme + 2 nmmm)] = exp [;\7 mTTn} (5.2.20)

where we introduced the symmetric matrix of discrete torsions

T = <y $> , (5.2.21)

whose entries are in Zy. We can label the condensation defects of the 5d Chern-Simons theory as
V[A, T], where A is the condensed subgroup of Zy x Zy and T is the matrix of discrete torsions.

When A = Zx X Zx we omit it, while when A is one-dimensional we denote it by one of its generators

(p: q)-

To compute the action of the condensation defects on the surface operators we proceed similarly
as in Section [3.:2] The condensation on ¥ involves a network of 2-dimensional defects, as in Figure [5.3
left. Instead of working with a network (that requires to understand the trivalent junctions), we can
resolve it into a pair of 2-dimensional defects: one U, along 72 on an outer copy of ¥, and one U,
along S? on an inner copy of ¥ (Fig. right). This operation involves a phase, and is equivalent to

a normal ordering prescription. More generally, for N odd we can write

2w,
Ui +72) = exp | === 2 ", 2) [ U() Ulye) - (5.2.22)

(The case of N even is discussed below.) Here v; € H%(3, Zx x Zx) represent two defects on 3, while
(, ) is the product of the (symmetric) cup product on ¥ and the (antisymmetric) Dirac pairing in
ZN X Zpy. On the right-hand side, U(7;) is outer while U(y2) is inner. This is essentially a square

root of the braiding matrix

2mi

By = €8 (1) (5.2.23)

116



as in Figure left. We obtain:

2mi—1
[-A 7—] 1/2 Z x,Y,2 TL m 6772 {n;m) Bml Ul+n
‘H2 E A |12(3, )2 n,meA
1 i )
= A Z exp | o Me <y Ne + T Ny + 5Nm + lm> (5.2.24)
n,meA

+mm<xne+znm — %ne —le>>] Ui -

The sum over m produces a delta function for n. When this has exactly one solution, the sum over
n selects a defect Uy where M € SL(2,Zy) is the group element corresponding to the condensation
defect V[A, T] = Vis. The cases in which there are multiple or no solutions, even though they are not
relevant to our purposes, will be discussed at the end. We summarize all cases in Table at the end.

If A 7Zy is generated by (p, q), we can write

Me =Up, Mm = 1 q , Ne=1vp, Nm =Vq . (5.2.25)

Notice that the phase ([5.2.22) trivializes. The sum over p produces a delta function that fixes ply, —
qle+&v = 0 and selects one value for v (as long as & # 0), where & = 2pqz+yp? +2¢>. This reproduces
the action of[l]

M =T =HTFH ! (5.2.26)
for k = —¢71
M= (p *> € SL(2,Zx) . (5.2.27)
q *

The three parameters x,y, z enter only in the combination £, as expected since the discrete torsion
is classified by Zy. Since T* leaves invariant the vector v = (1,0), then Tfl leaves invariant the
vector Hv = (p, q), and we obtain the defect implementing Tfl by condensing the algebra generated by
(p,q) (with a non-vanishing torsion determined by k). For instance, T* is obtained by condensing the
electric surfaces (ne, 0), while its electromagnetic dual ST*S~1 is realized by condensing the magnetic
surfaces (0,7m,). An element of SL(2,Zy) (with N prime) can be written as HT*H ! if and only
if its trace is 2 mod N. There are N2 such elements, including the identityﬂ Indeed condensation
produces N — 1 defects (as we change the torsion ) for each of the N + 1 Zy subgroups of Zx X Zy,
besides the identity (which is formally obtained by condensing the trivial subgroup (0,0)). We will
comment on the case with vanishing torsion below.

The elements of SL(2,Zy) (N prime) with trace different from 2 are obtained by condensing the
full Zy x Zpx. The sum over m produces a delta function that ﬁxeﬁ ('T + g)n + el = 0 and selects

one value of n (as long as (7 + §) is invertible). This reproduces the action of

e\—1 €
= (T + —) (T - —) . (5.2.28)
2 2
1—k kp? le le
00ne has T;’i = ‘T;q P , v = kplm — kqle and so T;]i = tvp .
—kq 1+ kpg lm lm +1vq
1 All matrices M € SL(2,Zy) with Tr M = 2 can be written as M = (1;0‘ 7o) with @® = By mod N. This equation,

for N prime, has N? — 1 solutions with at least one of a, /3, ¥ not zero. One can also easily show that, for N prime,
any such matrix M can be written as in footnote The total number of elements in SL(2,Zy) (N prime) is instead
N?® —N.

12When working in Zx with N prime, by fractions we always mean the inverse element mod N.
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M € SL(2,Zy) M - (I, 12) A (z,y,2)
C=(432%) (=1, =) | Zy xZn | (0,0,0)
CT" = (3" 2F) | (<l — k2, ~lo) | Zy x Zy | (0,0, {k)
S=(17) (=l2, 1) Zy X Zn | (0,3,3)
ST =(17") (<lo i +12) | ZnxZn | (3,1,1)
(ST = (1) | (~h—lh) |ZyxZy| (%3.3)
T = (%) (h+K2, b)) | ((1,0)) | &=—k""

Table 5.1: Examples of SL(2,Zy) condensation defects, obtained by condensing A C Zy x Zy with

torsion (z,y, z), for N > 3 prime (for N = 2,3 some of those formulas are different).

Note that det(7 + §) = (2 —Tr M)fl, therefore all elements M € SL(2,Zy) with Tr M # 2 can be

obtained this way. The relation can be inverted:

T=S(+M)(1-M)".

5 (5.2.29)

Notice that the two factors on the right-hand side commute. Moreover, in SL(2,Zy) we have det(1 +
M) =2+ Tr M. The following relation is also useful:

-1

T+5=c(1—M) (5.2.30)

Explicitly, the discrete torsion that produces the symmetry defect for M = (‘Cl g) € SL(2,Zy) with
TrM # 2is x = 2(2‘1__(1“_0{), Yy =
det 7 = Tr(1+ M)[4Tr(1 — M)]‘1 therefore T is invertible if and only if Tr M # —2 mod N. The
case 7 = 0 corresponds to M = —1 = C which is charge conjugation. The case that 7 has rank 1
corresponds (for N prime) to M = CHT*H ! where

2 _
T:ﬁ 1 zgq zﬁ(ev)'(ev)T, v=(? and  H=(" ).
4\-pg » 4 q ¢

In Table we summarize a few examples.

5=y 2 = —ﬁ. Finally, assuming that (T+ %) is invertible,

(5.2.31)

Small values of IN. Some of the previous formulas are ill-defined for small N. For N = 2, and
more generally for N even, we cannot use the normal ordering prescription in because 27!
is ill-defined. However, notice that the phase that enters in the definition of the operator
V[A,T] is the product of the torsion and the normal ordering phases:

o - o N
exp [;Z m' (:Z’ ﬁ ) j) n] = exp [;\;Z mT'Tn] ,

where T =z + % and T =T + 5. The quantities T € Zy and T are well defined, even for NV even, and
we can use them to classify the torsion. The group SL(2,Z2) = PSL(2,Z3) = S3 (note that C' = 1)

has 6 elements, 4 of which have trace equal to 2 mod 2:

T = (1 1) ,  STS™t= (1 0) . S=(TST(TS)! = (O 1) :
01 1 1 10
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besides the identity. The corresponding defect operators are obtained by condensing the Zo subgroups

generated by (1,0), (0,1) and (1, 1), respectively, with non-vanishing torsion & = pq + yp? + 2¢> = 1.

0 1 11
ST = (1 1) and  (ST)? = (1 0) , (5.2.34)

have trace equal to 1 and are described by gauging the full Zo x Zso. The relation between torsion

The remaining elements,

and symmetry action M is as in (5.2.28) and ([5.2.30)), as long as one parametrizes the torsion using
T, therefore T = ¢ (1 — M)~L. One finds that ST is obtained from torsion (#,y,z) = (1,1,1), while

(ST)? is obtained from (Z,y, z) = (0,1,1). These two values of the torsion are the only possible ones

providing a matrix T invertible in Zo.

For N = 3, the element (ST)? in Tablehas trace equal to 2 mod 3. Indeed we can write (ST)? =
HT?*H™! with H = (% (1)), and thus the corresponding defect operator is obtained by condensing the
Zs subgroup generated by (1,1) with torsion & = 1.

Fusion. The fusion rules of (invertible) condensation defects correctly satisfy the product of SL(2, Zy).
The method we describe below is general, however for brevity we only exhibit the product of defects
obtained by condensing the full group Zy x Zx. The defect operators V[T] on ¥ defined in (/5.2.24)
can be rewritten as
1 211 €
VIT] = % > eXp[N m’ (T+ 2)4 UnlT? U, [S?] (5.2.35)
n,mec ZN XZN

where we indicated whether the two-dimensional defects U are placed on T2 or S?, and rightmost
operators are inner. Using the braiding matrix (5.2.23)), we obtain

VT VT = (5.2.36)
1
N4

211

a5 (o (7 g™ (3 e[ 2t

’

™

3\

n,

Setting n = [ —n/, m = k — m/ and performing the sum over m’ produces a delta function on
(T + T2)n’ = (T2 + §)I. When (T; + T3) is invertible, one eliminates n’ obtaining

V[Tl x V[Th] = V[T2] (5.2.37)
with
€ 1 €
Tn =Tz — <T - 2) (Ti + T2) <7'2 + 2) : (5.2.38)
The relation can be rewritten as
T+ 5 = <T1 + ;) (Ti+T) " (7'2 + ;) . (5.2.39)

Together with (5.2.30)), with a little bit of algebra, it implies My = MoM; as expected.
When 71 + 73 = 0, the sum over m’ and n’ sets [ = k = 0. We conclude that

VIT] x V[-T] =1, (5.2.40)

in agreement with the fact that M(—7) = M(T)~!. The case in which 71 + 73 has rank 1 can be
treated in a similar way. In particular, from (|5.2.30)) it follows that

(1—=M)e Y (Ti+T)(1 = M) et = (1 — MoMy)e . (5.2.41)
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Taking the determinant on both sides and using that det(1 — M) = Tr(1 — M) for M in SL(2,Z), we
conclude that (71 + 72) is invertible if and only if MyM; has trace different from 2 mod N, whilst
(71 + T2) has rank 1 if and only if MyM; has trace equal to 2 mod N but is not the identity, and thus

the corresponding symmetry operator is described by the condensation of a subgroup A = Zy.

Degenerate torsion and non-invertible surfaces. Besides the SL(2,Zy) symmetry defects,
higher gauging can produce projectors when the symmetry we condense on a submanifold could also
be condensed in the bulk [26]. This is the case when the condensed group is non-anomalous and the
discrete torsion would be allowed in 5d. One example is the condensation of A = <(p, q)> > Zn with
vanishing torsion. From the analysis that follows (5.2.24) we see that the delta function introduced
by the sum over p either has no solution, or has |A| = N solutions, and the operator V'[A4, 0] acts on

the surfaces U; as

0 ifl¢ A,
VA, 0] U = it ¢ (5.2.42)
YoneaUn iflec A.

This is consistent with the following non-invertible composition law [26]:
VIA 0] x VA0 = | B2(S, 4)| 2 VA0, (5.2.43)

where the coefficient on the right-hand side is the partition function of a TQFT.

Besides, we obtain a non-invertible surface when we condense the full Zy x Zy 2-form symmetry
(which is anomalous in the bulk) with a torsion matrix 7 such that (T + %) is not invertible. Notice
that, since T is symmetric and e antisymmetric, if (7'+ 5) is non-invertible then it has rank 1H In

that case, there exist two integer vectors vy o € Zy x Zy such that
T+ g = (ev1) - (evn)T and vievy =1. (5.2.44)

The second condition comes from the antisymmetric part of the matrix. The sum over m in (|5.2.24])

gives a delta function on the solutions to (T + %)n = —el, that takes the form
(v;—e n)vy=1. (5.2.45)

Let A12 = Zy be the two subgroups of Zy X Zy generated by vy 2, respectively. If [ ¢ A; then
(5.2.45)) has no solution for n. On the contrary, if [ € A; then the solutions are n = — + vvy with any
v € Zy. We obtain:

viTui=14" g A (5.2.46)

In fact, given two different Zy subgroups A; # Ay (then, for N prime, 4; N Az = (0,0) necessarily),

one easily checks the composition law
V[Ag,0] V[A1,0] = V[T] (5.2.47)

where, on the right-hand side, T is given by (5.2.44)).

13This is also true for N = 2, because the matrix T = (531 f) cannot be zero.
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Condensed Elements
subgroup Torsion of Specifications Projector
A SL(2,ZN)
T invertible + Tr M # —2
Iy xzy | (TH3)iovertible | TeM A2 PN = oHTH
T=0+ M=-1=C
(T + %) not invertible %
(= rank 1)
TrM =2
0 M = HTFH!
Zn &7 M#£1
£=0 v
{0} M=1

Table 5.2: Summary of condensation defects, obtained by condensing A C Zy X Zx with or without
torsion. Some of them implement the O-form symmetry SL(2,Zy), while other ones are projectors.

We assume that N is an odd prime.

5.2.3 Continuum description of symmetry defects

In view of describing the twisted sectors of the SL(2,Zy) symmetry, it is useful to reformulate the
previous discussion in terms of continuum Lagrangians. We take N odd. When the condensed group
is A = Zn x Zy, the defect V[T] is described by a 4d TQFT with two dynamical 2-forms ® = (e, ¥m)
and four 1-forms ¥ = (¢, ¥m), I' = (Ye, Ym) with action [30]:

S[T] = % [BT (@ +dr) +@7aw + @Tm} . (5.2.48)

3

The torsion is parametrized by the symmetric matrix 7 with entries in Zy and such that 7 + § is
invertibleFE] On the other hand, when A = Zy is generated by (p,q) we only keep one 2-form ¢ and

two 1-forms 1, v with action:

SKp, ), €] = é\;/z[(pbﬂLqC) (o +dv) + pdy + ggmp] . (5.2.49)

The torsion is parametrized by a non-vanishing £ € Z .

Integrating over ¥ and T in forces ® and the pull-back of B to be in H?(X,Zy X Zy).
Then ® can be identified with the Poincaré dual to a 2-cycle 0 € Ho(X,ZN X Zy). Since ® couples
to B, ® = PD(o) represents a two-dimensional defect U[o| wrapped on o, and the theory

reproduces higher gauging of the Zy x Zy 2-form symmetry on ¥ with torsion 7. A similar discussion
applies to (5.2.49). The action (5.2.48)) is invariant under the following gauge transformations:

B — B+do, O — @4 d), VU -—TA—a+du, =T —-A+dv. (5.2.50)

Considering B as a background field, the theory ([5.2.48)) is of a different type depending on whether
T is an invertible matrix over Zy or not.
If 7 is invertible in Zy, then (5.2.48) is an invertible TQFT. Indeed, adapting the discussion

in |30] to our case, all closed surfaces exp(imT§<I>) are gauge invariant and implement a Zy X Zy

14 After integrating over ¥, the periods of ® are multiples of QW" Thus on spin manifolds ¥, shifts of the entries of 7

by N leave e*¥ invariant [111].
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1-form symmetry, however, because of the equation of motion 7® = —d¥, when m is in the image
of the map T : Z% — Z3%, the surface acts trivially. Therefore only (Zy x Zy)/Im T acts faithfully,
and if T is invertible in Zy then there is no faithful action at all. On the other hand, the line
integrals of ¥ might not be gauge invariant by themselves and need to be the boundary of an open
surface D: exp(ikT§,¥ +ikTT [,®) with £ = 9D. They become pure line operators when the surface is
transparent, i.e., when Tk = 0 mod N. Hence the 2-form symmetry of the theory is ker T C Zy X Zy,
which is trivial if 7 is invertible in Zy. Summarizing, if T is invertible in Zy then the theory
has no topological operators, and is thus an invertible TQFT. This implies that we could integrate out
the fields ® and . Their equations of motion say that ® € H?(X,Zy xZy) and T~ (B+dV)+® = @,
where ® € H?(X,Z; x Z;) is a gauge field with integer periods, while 7! is the inverse of 7 in Zy.

Substituting into the action, one obtains
N ~ 1
Sinvertible[T] = 5= / {BTdF - - B'T718|, (5.2.51)
2 » 2

up to total derivatives and multiples of 27, where [ =T — 71V transforms as I' — I + 7 Lo under
gauge transformations.

If, on the contrary, 7 is a non-invertible matrix, then the 4d theory is a non-trivial TQFT with
surface and line operators labeled by (Zy x Zy)/Im T and ker T, respectively. Recall that this case
corresponds to SL(2, Zy) matrices M with Tr M = —2 mod N, which are of the form M = CHT*H .
In the special case 7 = 0 (that corresponds to M = C') the 4d theory is a pure Zy X Zy
gauge theory, whose 1-form symmetry is coupled to the background field B.

We can verify that S[T] in implements the correct transformation of 2d defects U;. We
introduce a coordinate r transverse to the 4d defect, such that ¥ = {r = 0}, and consider the bulk-

plus-defect action

N N 1

Shulk plus = 7= / BTedB+ — [BT (®+dl) +@TdV + - &' TP . (5.2.52)
defect am 27 r=0 2

Integrating out the gauge field ® we obtain an effective description of the interface, which induces a

discontinuity

By, =M"Bg (5.2.53)

in the gauge field B (L, R stand for left /right at » < 0 and r > 0, respectively). Here M is transposed
because the SL(2,7Z) action on fields is dual to the one on charges, that we previously denoted by M.
Indeed, imagine placing a 2d defect operator U; in the region r < 0 (see Figure which, compared
with our previous setup in Figure [5.3| center, would be the interior region. The expectation value of
the operator is exp (z’lT /B L) = exp (z'lTM T /B R)- Thus, for an external observer, the compound system
of the 4d defect on X wrapping the 2d operator U; appears as a 2d operator Uys. Let us determine
M from . After choosing a gauge (A, «) in which I' and ¥ are zero, the equations of motion
for B and ® read

0= (B+T®)d(r)dr (5.2.54)
edB=—®0(r)dr . (5.2.55)

The gauge field ® acts as a source for B. Working in a gauge in which B,; = 0, we have 0,B(r) =
e ®d(r). This differential equation can be solved: B(r) = By, + ¢ ® 0(r), where By, is the value of B
for r < 0. Multiplying by §(r), integrating in a neighbourhood of » = 0 and using §(r) = 9,0(r), we
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Interior Br

Exterior
BL,=M TBR V[T]

‘ r

0

Figure 5.4: The 4d symmetry defect V[T] induces a discontinuity in the gauge field B across its
surface. Compared with the setup of Figure [5.3| center, the region r» < 0 is the interior of the cylinder

while r > 0 is the exterior.

obtain B(0) = By, + §® = —T®. The second equality follows from ([5.2.54). Finally, evaluating at
r > 0 we find Br = By, + ¢ ® which implies

Br = [1 —e(T+ ;)_1} By . (5.2.56)

This discontinuity, when written in terms of M using , is exactly . If T is invertible,
one can repeat the computation using obtaining the same result.

When A = Zy one should use the defect Lagrangian with only one gauge field ¢. For
instance, when the defect action is coupled to b (i.e., (p,q) = (1,0)) and with torsion { # 0, the
equation of motion from ¢ simply sets db = 0 implying by, = bg, while the equation of motion from b,

after substituting for the solution ¢ = —¢71b(0), gives

e, =cr—E by . (5.2.57)
This corresponds to the action of TF with k = —¢1.
Fusion of defects. We can derive the fusion of defects — that we already analyzed around ([5.2.37))
in terms of the discrete formalism — using continuum Lagrangians. We place two defects, with action

as in ([5.2.48]), along two codimension-1 surfaces 31 o at positions r; o with r; < 2. They act as sources
for the bulk gauge fields B:

edB=—(®y+dl'1)6(r — ri)dr — (P + dl2) 6(r — ra)dr . (5.2.58)
Since d®1 2 = 0 from the equations of motion, we can solve the equation as
B=DBy+e (CI)l + dI“l) O(r — T1) +e€ ((I)Q + ng) O(r —ry) . (5.2.59)

Here By is a background value for B, before adding the effect of the defects. It turns out that a crucial
role in computing the fusion is played by the slab of bulk theory in between the two defects, which
produces a phase factor. There are two contributions. One comes from substituting (5.2.59)) in the
bulk action:

N N
| (& +dTy) e (Py + dTy) O(re — —
i 7’2( 1+dl) e (P + dl'a) O(rs T1)+47r

N
T2

/ ((1)2 + dFQ)TE ((1)1 + dI‘l) 9(’/“1 — T‘Q)

1

Another one comes from substituting (5.2.59)) in the two defect actions. The defect at r = r5 produces
- fm (®1 + dl'1)Te (P2 + dI'2), while the one at r = 71 does not give any contribution. In those
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substitutions we did not include the background By, that we will couple to the final effective action.
Collecting the contributions, we obtain the following action for the product of defects:

S[T21] = S[Ti] + S[T3] N /(<I>1 + drl)Te (@2 +dls) . (5.2.61)

dn

We can interpret the effect of the last term in the path integral as a phase due to the braiding between
2-dimensional defects U,,. To write out the effective action, we identify r1 = ro = 0 and simply write
By — B for the background field. We also change variables to ® = ®; 4+ ®, U = ¥, — ¥y and
I' =17 4+ I's. We obtain:

N 1
S[Ta) = o / {BT@ +dr) + @7 (d + %dn) +3 @TTQ@] + St (@, B)
T
(5.2.62)
N ~ € € 1 1
Sie = — [ |®T d\p—( —)@——dl“ ) Oy — —dlledl| .
¢ 2%/2{1( T2+ 3 5 +3 (T + T2) @4 S dlie

The field ®;, which is forced to be a cochain in H?(X,Zy x Zy) by the equations of motion, does not

directly couple to the bulk. The last term is a total derivative that vanishes on closed manifolds.
When (7; + 7T2) is invertible in Zy, then ®; appears quadratically and can be integrated out,

obtaining;:
N T T L7
S[Bl]:%/z:[lg (® +dl') + ® AV + 5 @ T ®
1 ~ €_\T 1./~ €
—2d<<\11—2F) (T: + T2) d<\I/—2F)>], (5.2.63)

where To; is the matrix (5.2.38), we defined ¥ = Wy + STy + (T2 — §)(Ti + ) (¥ — 5T), and
(T1 + 7'2)_1 is the inverse in Zp. The last term is a total derivative and can be ignored on closed
manifolds. We reproduce the action of a single defect with discrete torsion 721, which corresponds to

M21 = MQMl.
1

When 73 = —7; = T, then ®; is a Lagrange multiplier imposing ® = (7 + §)~ d(\fl — £T') and
the defect Lagrangian, up to total derivatives, simply becomes
N ~
S = / BTdT , (5.2.64)
2T b))

where ' = '+ (T+ %)_1 (\Tl—g ). On closed manifolds, this reproduces the result V[T| x V[-T] = 1.
Indeed the action simply imposes that the pullback of B be in H?(X, Zy x Zy) without any
discontinuity between the L and R regions.

The other cases can be dealt with in a similar way. When 77 + 73 has rank one, the component
of ®1 living in the kernel of 77 + 72 acts as a Lagrange multiplier, setting to zero one component of
&, while the component in the cokernel produces the torsion term for the remaining component of ®.

Fusions involving defects from the condensation of A = Zy can be studied similarly.

5.3 Twisted sectors and non-invertible defects

Whenever a theory has a discrete O-form symmetry I', one can consider its twisted sectors. In particu-
lar, there exist codimension-2 operators that live at the boundary of the codimension-1 defect operators
implementing I". We call them the codimension-2 operators in the twisted sector. Gauging a (non-

anomalous) subgroup G C T', the corresponding defects become transparent and the codimension-2
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operators at their boundary get promoted to genuine operators of the gauged theoryE For instance,
in 2d CFTs the twisted sectors are described by local operators at the end of defect (or twist) lines,
and their inclusion in the gauged theory is required by modular invariance. In 3d TQFT the twisted
sectors are described by line operators at the end of defect surfaces, and the modular tensor category
(MTC) of lines gets promoted to a G-crossed MTC |[77], also in order to assure modularity.

The situation in higher dimensions is less well understood. In this section we study the twisted
sectors of the 5d Chern-Simons theory, exploiting the Lagrangian description of codimension-1 sym-
metry defects that implement SL(2,Zy). In particular, we describe the 3d twist defects D[T] and
DIA,&] (or more compactly Dyy) at the boundary of 4d symmetry defects V[T] and V[A,&] (or Vi),

respectively.

5.3.1 Lagrangian description of D|[T]

We can obtain a Lagrangian description of the 3d twisted-sector operators — that we dub D[T] —
at the boundary of 4d SL(2,Zy) symmetry defect operators V[T] from the Lagrangian description
(15.2.48)) of the latterm As we will see in a moment, it is convenient to perform an integration by
parts of the couplings BTdI" and ®Td¥ and use the following equivalent Lagrangian for the 4d defect
operators V[T]:

S[T] = ;\;/ [BT<I> +TTdB+ UTdo + % @TTQ} : (5.3.1)
b

In the presence of a boundary Y = 9%, this action is not invariant under the gauge transformations
(5.2.50)), rather, it shifts by a boundary term (up to integer multiples of 27):

S — S+ ;V/ [BT(A —dv) + T (a+TA—du) +a'd\+ % ATTd)\} . (5.3.2)
Y

™

This can by canceled by the following boundary action:
Stwist[T] = o B'T+¢'U4+T d¥ — 51“ Tdr| . (5.3.3)
TJy

The reason why we wrote the 4d action as in is that the 4d fields I' and ¥ only appear as
Lagrange multipliers with no derivatives, and thus their path-integrals at different spacetime points
are independent. On the contrary, they appear dynamically (with derivatives) in the 3d action
and therefore their restrictions to Y can be treated as independent 3d fields, or edge modes. From the
3d point of view, the fields B and ® appear as background fields (that can be integrated afterwards
in 5 and 4 dimensions, respectively)ﬂ The coupled 4d-3d system is gauge invariant. We call the 3d
defect defined by Siwist[7T] a twist defect D[T] associated to the SL(2,Zy) element M (T) (5.2.28).

The actions (5.3.1)) and (5.3.3]) are invariant under all elements M’ € SL(2,Zy) that commute
with M, if we supplement the transformation B — M'TB Withﬁ

d - Mo, r - M1, U — MU, (5.3.4)

Such an invariance is expected since, in general, acting with a 0-form symmetry h on a twisted sector

D, gives an element of Dj,g;,-1. This will be important when gauging a subgroup of SL(2,Zy).

5When G is Abelian, these are the codimension-2 operators charged under the (d — 2)-form symmetry G dual to G
(é is the Pontryagin dual) and implemented by the Wilson lines of G.

16 A similar discussion would apply to the defects D[A, ] at the boundary of V[A, ¢], derived from .

17Using the equivalent action one obtains the boundary action Siyis = % fY [FTd\If — %FTTdF in which the
couplings to B and ® are not manifest.

BInvariance of the last term follows from the fact that M’ commutes with M if and only if M'TTM' = T.
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Let us analyze the content of the three-dimensional theory D[T]. For simplicity, we only consider
the cases in which 7 is invertible in Zy, or 7 = 0. We start with the former. Setting B = ® = 0,
(5.3.3)) is the action of an Abelian Chern-Simons theory with four gauge fields, whose level matrix K

and its inverse are
— 1 0 1
k=n|("T , K'1=N"! : (5.3.5)
1 0 1 7

There are |det K| = N* line operators, given by el (nTT+mT) with n,m € Zy X Zy. Not all of
them, however, are genuine 3d line operators in the coupled 4d-3d system (keeping the 5d bulk as a

background), rather some of them live at the end of a bulk surface ¢ [® This follows from the gauge
transformations (5.2.50)). A basis of genuine line operators is given by

W, = exp [inT/<7T - xy)} . (5.3.6)

We have chosen the parametrization such that W, has charge n = (ne, ny) under the Zy x Zy 1-form

symmetry that couples to BE These lines have spin
O[W,] = exp<—7]r\; nT’Tn> , (5.3.7)

and give a Zy x Zy generalization of the A™? minimal TQFTs introduced in [111] (see Appendix F

there). Indeed, these lines have braiding By, = ZZEZ = exp[—% aT’Tb] and, taken in isolation, give

rise to a consistent MTC with unitary S-matrix Sy, = %Bab. We will use the notation AN ’_T(B) to

denote the theory of these lines:

AN-T(B) ¢ DIT]. (5.3.8)

There is some redundancy in the nomenclature of the theories AN=T. for all matrices Q invertible
in Zy, the theory AN —Q'TQ (where the product of matrices is in Zy) is equivalent to AN ~T up to
a relabelling of the lines n — On. They are distinguished, however, by how they couple to B. We
will refer to the theory in which W,, has charge n as AY:~7(B). Notice that this theory is not
coupled to the 4d field P.

The remaining lines are not genuine in the coupled 4d-3d system, and are generated by

Ly = exp [—z’mT (/BX T+ 7'/X @)] (5.3.9)

in addition to W, where X is a two-dimensional open surface ending on D[T]. The twisted sector,
as an isolated 3d theory, is formed by both genuine and non-genuine line operators. We chose the
generators L, such that in 3d (i.e., switching the background @ off) they have trivial braiding with

W,. Indeed, the twisted sector can be decomposed as
D[T] = AN"T(B) x ANT(B+T®) , (5.3.10)

where the two factors are the MTCs of W,, and L,,, respectively@ However, as we will see in
Section once a subgroup of the SL(2,Zy) 0-form symmetry is gauged in the bulk, some of the 4d

operators become transparent and only the subcategory AN ’*T(B) of genuine operators survives.

9Tndeed, under the transformation B — B + do, ¥ — ¥ — q, the operator gets a phase W,, — ei"T-/-O‘Wn.
200ne could also consider the non-genuine operators £,, = exp [imT ( 1) ox L+ / < <I>)] which do not couple to B, however
they have vanishing spin and do not form a MTC by themselves.
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The Zy x Zy 1-form symmetry of AY~7 is anomalous, since the lines W,, that generate it have
non-trivial braiding. Turning on the background field B coupled to the 1-form symmetry, the anomaly
is canceled [111] by the following four-dimensional inflow action{’]]

~ 1
Ir(B) = — [BTdF — = BTT_lB] : (5.3.11)
27T » 2
where the dynamical field I' imposes B € H%(S,Zy X Zy) on shell, and T~ is the inverse of T

in Zy. This implies that AN:~7(B) is not invariant under the gauge transformation B — B + dao,
[ — [ + 7 la but rather its path integral picks up a phase:

N ~ 1
exp [—;/ <aTdF + = aTT_lda>] . (5.3.12)
™ Jy 2

Indeed one can check that the anomaly inflow action for AN-T(B) x ANT(B + T®), if
supplemented by the condition that ® € H?(X,Zy x Zy), coincides with the 4d action ([5.2.48)) for
the defect V[T]. Alternatively, one can start with the action for V[T] and integrate out P.
This is possible because, as stressed after , the theory is trivial as long as 7 is invertible in
Zyn. We already did this computation in : one is left with the invertible TQFT (5.3.11]) in the
4d bulk and AN~7 on the 3d boundary. Either way, the coupled 4d-3d system is anomaly free.

The case of 7 = 0, which describes the charge conjugation operator Vi, needs a separate discussion.
Contrary to the previous case, there is no consistent MTC that describes the lines W), decoupled from
®. Those lines have trivial spin and braiding among themselves. This phenomenon was already
observed in |111] and is a consequence of the non-invertibility of the 4d 2-form gauge theory for ®.
The action for the twisted sector D[T = 0] = D¢ is

N
Swis T = 0] = o~ | [BTT+@Tw +TTav]. (5.3.13)
Y

This is a 3d Zy x Zy gauge theory (described by the 3d fields I', ¥) coupled to the backgrounds fields
B and @ for the two copies of the Zy x Zy 1-form symmetry, and we denote it by (Zx X Zn)o(B, ®).

Degeneracies. We ask what is the degeneracy of the twisted sectors, i.e., how many boundaries
an SL(2,Zy) symmetry defect V' can have. In three-dimensional TQFTs with a 0-form symmetry T',
the number of simple lines in a twisted sector labeled by g € I is equal to the number of g-invariant
simple lines in the untwisted sector [77]. In our case, the 5d CS theory has no genuine codimension-
2 operators (besides the trivial one), therefore we expect every twisted sector to be unique. One
could argue that we should also consider the operators obtained by fusing D[7] with codimension-2
condensation defects obtained from the bulk 2-form symmetry.

We can show that for defects V[T obtained by condensing the full Zy x Zy 2-form symmetry, the
boundary D[T] is left invariant by every such fusion, up to stacking with a decoupled TQFT. Indeed,
fusing D[T] with a 2d symmetry defect U(vy) with v € Ho(Y,Zy X Zy) is equivalent to adding the

following coupling to the action (5.3.3) of D[T]:
8 Stwist[T] = / BT, , T, =PD(y) (5.3.14)
Y

where PD(y) € HY(Y,Zy x Zy) is the Poincaré dual to v on Y. Given a continuum description of

the class I'y, for instance through a delta 1-form, the extra coupling can be reabsorbed by the field

2'In the conventions of [111], the 1-form symmetry is generated by the lines W,, = W_,—_1,, which have charge —T ~'n
and spin exp(—% nT’T_ln). This theory, that [111] would call AN’_Til, has an anomaly that is canceled by (5.3.11]).
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redefinition I' — I — QW”FV, P — D+ 2W”dliy, B— B-— QW’TTdI‘% which however produces a phase

exp<_2N7” / ;FI/TdF,Y> _ exp(_QNm / SrT Nfrﬁ(m) = Qnr(Ty) . (5.3.15)

Notice that, in the continuum description on the left-hand side, dI'y is a class with values in N times
Z x 7 rather than identically zero. On the right-hand side we wrote the phase in a more precise
way in terms of I'y € H YY,Zy x Zy) and the Bockstein map associated to the short exact sequence
0= Zy 5 Zye 2N, 7y — 0 50 that B(T) € HX(Y,Zy x Zy). The integrals in (5.3.15) are well

defined on generic manifolds if N7 is an even matrix, and on spin manifolds if N7 is a more general

integer matrix. Hence

U(v) x D[T] = /v DIT] . (5.3.16)

A similar effect has already been appreciated in dealing with N-ality defects in [25] [104].

Now, a 3d condensation defect for the Zy x Zy 2-form symmetry can be thought of as a 3d
Zn x Zn Dijkgraaf-Witten (DW) theory, possibly with torsion P, coupled to the dynamical field B.
The coupling is precisely with I' substituted by the dynamical gauge field of the DW theory.
We denote the 3d condensation defect as C%N XZn , and omit the subscript when there is no torsion.
Stacking the condensation defect on D[T] replaces the coupling to B with the torsion term Qn7(I,):
this produces a shift P = —NT of the torsion of the DW theory. It turns out (see below) that if N
is odd and the theory is spin, then shifts of the torsion components by multiples of N give equivalent

theories, and so in our case the shift is immaterial. We conclude that
CoN "N % D[T] = (Zn x Zn)p D[T] . (5.3.17)

The factor on the right-hand side is a decoupled Dijkgraaf-Witten TQFT. A similar argument applies
to any other 3d condensate in which only a subgroup of Zy x Zy is condensed (possibly with torsion):
they can all be absorbed by D[T]. We conclude that there is no degeneracy in these twisted sectors.

When, on the other hand, the defect V[A,¢] is obtained by condensing a subgroup A of Zx X Zy,
then only condensates of surfaces in A can similarly be absorbed by D, while more general surfaces in
Zn X Zy cannot and give rise to a genuine degeneracy of the twisted sector. Since surfaces in A are
absorbed, the degeneracy is given by all condensates (with torsion) of the quotient group (Zy xZy)/A
(or its subgroups).

The last case is the 4d indentity interface Vi, on which we do not gauge any symmetry. Its sector,

which is the untwisted sector, consists of all possible 3d condensates in Zy X Zy.

Dijkgraaf-Witten theories

The 3d Z’fv Dijkgraaf-Witten theories can be described by the following Abelian Chern-Simons action:

_ [N 7 17
Spw/(T] —/Y[QW:): dy+47ry de] (5.3.18)

where x, y are k-dimensional vectors of Abelian gauge fields and P is a k x k symmetric integer matrix.
The theory is bosonic if P is even (i.e., if its diagonal entries are even), otherwise it is spin. The level
matrix is K = (7} M5! ). The theory has N?" lines labelled by n € Z3F with spin
1 (=P N1
0[n] = exp(min' K~ 'n where K't=_— . 5.3.19
) = exp ) lnr o (53.19)
In all cases, a shift of P by N times an even integer matrix gives an equivalent theory, i.e., the diagonal

entries of P are defined modulo 2N while the off-diagonal entries modulo N. This follows from the
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field redefinition () — (& €)(y) where Q is an integer matrix, or equivalently, from the relabelling
n — ( é %)n of the lines. If N is odd, in addition, theories in which the entries of P differ by multiples
of N are equivalent as spin theories This follows from the fact that the relabelling n — (2,]11Q %)n
(where 27! is the inverse in Zy) preserves the spin modulo a sign, which can be cancelled by fusing
with the transparent fermion.

The coupling of the electric 1-form symmetry to a Zé“v background field B is described by

N 1
Spw[T](B) = / [2 (BTy+a:Tdy)+4—yT7>dy , (5.3.20)
y L&T ™

invariant under B — B+da, x — = —«. The lines labelled by n = (ne, ny) have charge —n, under the
electric 1-form symmetry. This statement persists under shifts of the components of P by multiples
of N.

5.3.2 Fusion of twist defects

We now study the fusion of two twist defects D[7i] and D[T73]. As expected, the fusion is com-
patible with the group product rule Ms; = MM of 4d SL(2,Zy) defect operators V[T], i.e., of
twisted sectors, however we would like to understand which condensates and decoupled TQFTs can
be generated.

As already discussed in Section for the fusion of 4d defects, the 5d bulk provides a crucial
contribution to the fusion of 3d twist defects as well. The bulk contribution was computed in ,
thus the total action for the system of two 4d defects with boundary located on the same 3d (spin)

manifold Y is
N
§= SNl +5[R] - / (@1 + dl'1) "€ (P2 + dTa) + Stwist [T1] + Stwist [T2] (5.3.21)

where, this times, we use the 4d action for the symmetry defects.

The computation in the 4d bulk is similar to the one we did in Section One introduces
O =® +P, ' =T +1I'o, U= Uy — Wy, and eliminates ®q, 'y, ¥y. If (71 + 7T2) is an invertible
matrix in Zpy, the field ®; can be integrated out leaving the bulk theory

N 1
Shutk = 5 / [Bﬂb +T7dB+UTdd + 2<I>T751<1>] : (5.3.22)
b

where T5; is given in (5.2.38) and ¥ = Wy + §Ty + (T3 — §)(71 + T5) (¥ — 5T). This is the theory
S[T21]. There are leftover boundary terms, that together with Siwist[71] + Stwist[72] give

N 1 ~
Shoundary = — [BTF +OTW 4 TTdW, — ST Tdl + TTd(¥ + (T3 - §)T)
2T Y 2
, ; (5.3.23)
AT+ T - L 50T T (T - ;r)] .
The gauge transformations of the new fields are
B—=B+da, —>d+d\, V>V —-—Tuyl—a+du, I'>T—-A+dv (5.3.24)

where A = A1 + Xo. The theory ([5.3.23)) is not trivial and we cannot integrate other fields out. We
perform a more rigorous analysis of it below, but for now, in order to understand the physics, let us

perform an approximate computation. We introduce a new 1-form field

H=U, —Til1 —Uy+ T30y =V + 0 — (T1 4+ T3) Ty . (5.3.25)

22This is not true, in general, if N is even. A counterexample for k = 1 is the family of four Zs theories.
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This combination is special because it is invariant under the gauge transformations ([5.2.50|) parametrized
by A1, A2, a. We eliminate I'; in favor of H: this is not a legit operation since (71 + 7T2) is not a
unimodular integer matrix, but let us proceed anyway and treat (7; + 73) "' as the inverse in Q. Up

to total derivatives, we obtain

N 1 N
Shoundary ~ / BT +®"W0+TTd¥ — T 75,dl"| — / HY (T +T3)"YdH . (5.3.26)

The first term is the expected action Siwist[721] of the twisted sector D[731]. The second term is a
decoupled TQFT, described by a Chern-Simons action with fractional level-matrix. Perturbatively, it
behaves as the theory AN~71=72 (while it is not well defined at the non-perturbative level).

If (71 +72) is not invertible in Zy then the procedure has to be slightly changed. Let us discuss the
case To = —T1 = T, corresponding to the fusion of a defect with its “inverse”. This case is interesting
because the fusion of two defects in inverse twisted sectors must produce an operator in the untwisted
sector, which however contains all three-dimensional condensation defects. Starting with and
performing the field redefinitions to @, I, (Iv', in the 4d bulk one finds ®; to be a Lagrange multiplier
imposing ® = d(T + %)_1 (\If -5 ) It is convenient to define

T=T+(T+5) '(¥-2T),

O~ (5.3.27)
U=+ T +T(T+5) (T—-5T).
Then the bulk action simply reduces to the completely trivial theory
N [ ~
Shulk = — / r''dB (5.3.28)
2T »
that describes the identity operator V3. The boundary terms instead give
N TS, BT,E L aTen
Shoundary = 7— B'T+I'd¥—-T'"7Tdl'| . (5.3.29)
2 Y 2

The fields f, U are invariant under the gauge transformations A1, Ao, indeed this 3d theory does not
need to be attached to any 4d theory. On the other hand, U — U —q under gauge transformations of B
(while Tis invariant). The action describes a 3d Zy x Zy Dijkgraaf-Witten theory with torsion
equal to —NT, in which a Zy X Zy 1-form symmetry is coupled to B — as in . Alternatively,
this can be though of as a 3d condensation defect for the Zy x Zy global 2-form symmetry of the
5d bulk theory: U forces T € H! (Y,Zn x Zy), then 3BT is a two-dimensional operator of the
5d theory placed on the Poincaré dual to T within Y, and the last term in produces a phase
weighing the sum over surfaces. We dubbed such a 3d condensation defect C%’}{,;-ZN = CZNXEN | since

we are considering N odd. Therefore, the fusion of a twist defect with its “inverse” is given by

D[T] x D[-T] = D[T] x D[T] = CEn*2N (5.3.30)

A more rigorous analysis of twisted sectors. The analysis of the fusion of twist defects we
performed in using the Lagrangian formulation, while suggesting the correct result, was im-
precise. We can obtain a more rigorous and precise derivation by studying the algebra of topological
operators.

As discussed in Section if 7 is invertible in Zy then the twist operator D[T] hosts a MTC of
local line operators (which are not coupled to the 4d defect) forming the minimal TQFT AN-~7(B).
When we fuse two twist operators D[T;] and D[Tz], the set of local line operators is not simply the
stacking of the two TQFTs because of the bulk contribution. Taken separately, the two minimal
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Figure 5.5: Braiding between lines W) and W® from bulk ordering. We represented the lines W ®
by black points, the 3d twist sectors D[T;] by red lines, the surfaces U(y) by blue lines, and the 4d
condensation defects V; by green surfaces. Left: bulk definition of fusion. Right: two different ordering
procedures, related by the half-braiding phase of the bulk 5d theory. In canonical quantization, time

runs horizontally.

Vl V2 VZl

Figure 5.6: The lines W of Vs that are decoupled from B can be seen as products of endlines that are
attached to a surface U(7) stretched between the two defects Vi and V5. Once the defects are fused,

the lines W become local in Vay.

TQFTs have lines Wé}) and W,&?, respectively. The 5d dynamical bulk field B, however, generates a
non-trivial braiding between the two sets of lines:

2w, te€
By we = exp (N nf2n2> (5.3.31)

where we are taking NV odd. This follows from the boundary term —% fY dFI%dI‘Q in (5.3.21)) and the
expression ((5.3.6)) for the local lines. It can also be understood as follows. In canonical quantization,

the braiding matrix appears as a non-trivial commutator
WO W = By e WEWO (5.3.32)

where the operators are time ordered. If W () were local lines in the full theory, this would be trivial
because the lines would live on separate defects. However, in the full theory B is dynamical and thus
both W) and W), which are coupled to B, must be the endlines of suitable bulk surfaces U(y) =
et B. Likewise, also the product WM W) must be attached to a bulk surface with the correct charge
(see Figure . Commuting the order in which the endlines are fused has the effect of half-braiding
the attached bulk surfaces, which is captured by the normal ordering phase exp(% 271 (ny, ng)) we
already introduced in (5.2.22)). This is precisely the braiding .

We indicate the product of the two sectors AN~7: deformed by the extra braiding as
AN=T2 5o AN=T1 in order to distinguish it from the standard decoupled tensor product. We label
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the lines of this theory by N = (n1,n3). The spin of the lines of W) and W is undeformed, while
the spin of product of lines can be computed using 6,145 = 0,0, Ba. We obtain

O[Wyr] = exp (m' NTIC21N> Ko = = <_T1 2 ) . (5.3.33)
N\-5§ -7

The line Wy, has charge n1 +ns under the Zy x Zy 1-form symmetry coupled to B. We can identify a
subset of lines that are decoupled from B and, under certain conditions, form a consistent, independent,
and local 3d MTC. These are the lines with N' = (I, —1): they exist without an attached bulk surface,
and can be thought of as sitting at opposite ends of a B surface before fusion, see Figure [5.6, The
spin of these lines is exp(—”ﬁi IT(T1 + 75)[) and thus, as long as (71 + 72) is invertible in Zy, they
form the consistent MTC AY~71=72. The remaining lines are coupled to B. We can identify a
subset that has trivial braiding with the lines of AN:=71=72, They are given by N, = (£, —¢ 4+ n) with
§=(h +7—2)71 (7'2 + 5)?7 and their spin is exp(—%i nT’Tgm) where the matrix 757 is the one in .
Since the line N, has charge  under the Zy x Zy 1-form symmetry, they form the MTC AN=T2(B).

Hence we arrive to the result
ANTT(BY xg ANTTY(B) = AN T2 o ANST21(B) (5.3.34)

The product on the right-hand side is the standard tensor product. The result is in accord with the

factorization theorem of |[111]. We have thus shown that:
D[T3) x D[Ti] = AN~ "2 D[], (5.3.35)

as long as as both (77 + 72) and 731 are invertible in Zy, as suggested by .

The result could be confronted with the known composition of minimal TQFTs AN [104], namely
ANP 5 AN = AN:p+a 5 AN (07 477 yalid when ged(p+ g, N) = 1. While we found an equivalent
expression for the decoupled lines on the right-hand side, the lines coupled to B fuse differently because
of the bulk dynamics.

Let us mention two cases in which the decomposition fails. One case is when 71 + 73 =0,
namely when we consider the fusion D[T] x D[—T] in the untwisted sector. Set 7 = =71 = 7. The
lines decoupled from B have vanishing spin and form a Lagrangian subgroup of Zy X Zy, signaling
that AN~72 x 3 AN=T1 must be a Dijkgraaf-Witten theory. Indeed, exploiting , we can exhibit
the set of lines E,, = (_]11 ) (T — 5)_17@ decoupled from B and with vanishing spin, a set of lines
M,, = (m,0) with charge m under B and with spin exp(”ﬁimTTm), and show that the two sets
have canonical braiding exp(%nTm). This is precisely the content of the theory . We thus
reproduce the result .

Another special case is when T3; = 0, namely when we consider two defects V[T3], V[T1] that
fuse into the charge-conjugation defect Vo = V[T = 0]. The two torsion matrices must be related by
T = —57'2_15. When this happens, the product AY—72 x 3 AN:=T1 is not a MTC because it contains
a subcategory of transparent lines — the lines in the C twisted sector which couple only to B and not
to ®. In this case, we can study the fusion of the full twisted sectors, including the lines coupled to
®. The final result is:

DI[Ti] x D[T2] = (ZN X ZN)0(<I>, o) D[0] . (5.3.36)

We can compare this result with our standard computation by using the factorizationﬁ

(Zn x Zn) (@, ®1) = AN"T17T 5 ANTHT2 (D By) (5.3.37)

23Note that 71 + T = 77 — %’Tflg = (7'1 + %)’7'171 (7'1 - %) which is invertible under our assumptions.
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Thus the result coincides with the remaining cases if we discard the term coupling to ®; (which is
integrated out in the 4d bulk computation).

Summarizing, we have obtained the following bulk fusion rules:

U(y) x D[T] = ¢!9¥7) pI7]
D[Ts] x D[] = AN "2 D[], (5.3.38)
DIT] x D[T] = CE¥ 2

We now extend our analysis to the physically relevant case of fusion on a gapped boundary.

5.3.3 Fusion on gapped boundaries

In Section we discussed gapped boundaries p(L) of the bulk 5d theory. These are defined by
choosing a Lagrangian subgroup £ C Dg = Zy x Zy. The boundary condition sets to 1 the surface
operators U,, with n € £, which are then screened on the boundary:

Unly =1 ifnel. (5.3.39)

In terms of fields, one imposes Dirichelet boundary conditions lTB} v =0 (up to gauge transformations)
for all [ € £. For N odd prime, the IV + 1 Lagrangian subgroups of D¢ are all isomorphic to Zy and

are generated by a single vector [. Thus the gapped boundaries are implemented by
ZTB}X = =0 (up to gauge transformations) . (5.3.40)

In Section we introduced the 1-form symmetry group S = D /L of the gapped boundary. Here we
also introduce the lattice £ dual to £ with respect to the Dirac pairing, and the vector | = el that
generates £ . It satisfies lIl = 0 mod N % Using this vector we can solve the boundary conditions
by setting:

Bl,=0bil,. (5.3.41)

Notice that this is a condition on the field and not on the charges.

In this section we want to understand the fate of various types of defects once they are placed on
the gapped boundary, or when they terminate on it. We already discussed the case of the 2d surfaces
U, with p € £: they can terminate on the gapped boundary, and become trivial if they are placed on
top of it. On the other hand, if we fuse a 4d defect V; (implementing the action of M € SL(2,Zy)
on the gauge field B) with a gapped boundary p(£) we obtain a new gapped boundary p(ML).

Let us now discuss the properties of the twist defects D[T] on a gapped boundary. Focusing
on the case that V[T] comes from the condensation of Zy X Zy and that 7T is invertible in Zy, in
Section we discussed the 3d sector A™~7(B) of lines W,, on D[T] that are decoupled from V[T]
but that cancel its anomaly . Those lines are charged under B, and thus are the endlines
of surfaces U, in the fully dynamical theory. The subsector of lines W, _q (s € Zy) with charge
proportional to [ are attached to 2d surfaces of b;, and form a consistent MTC AN—% for a 1-form

symmetry £ = Zy, where t; € Zy is
t=1"T1, (5.3.42)

24 The lattice £ could be self-dual, in which case {; = sl for some s € Z. In particular, for N prime, the self-dual

lattices are in one-to-one correspondence with the roots s> = —1 and are generated by I = (1, s).
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provided that ¢; # 0, namely, that the boundary p(£) is not invariant under V[T}@ (The case that
£ is invariant under V[T] will be dealt with in Section m) On the gapped boundary we set b; = 0
(up to gauge transformations), therefore this sector becomes a decoupled TQFT. This allows us to
define a minimal boundary twist defect D [T], obtained by discarding the decoupled TQFT AN-—% @
The lines that braid trivially with AN~ can be generated by n = 7', and form a MTC AN —tt
with ¢ € Zy defined as

tL =171, . (5.3.43)

These lines are coupled to the gauge field b, = lI’TﬁlB (We omit the dependence of t; and b, on

T in order not to clutter.) We have then proved the factorization:
ANTT(B) = AN () x AN (b)) (5.3.44)

When we move the twist defect D[T] on top of a gap boundary, the first factor on the r.h.s. decouples

yielding D = ANt % Dg[T]. We obtain:

[7_] ’boundary

Dg[T] = AV (b)) for ML # £ . (5.3.45)

Notice that M£ = £ if and only if T£ = £ (see footnote[25). As we will see, this definition of D[T]
is consistent under fusion. Notice also that the twist defect D[T], as opposed to D[T], is stuck on
the gapped boundary.

As a check of , one can take the anomaly inflow action and impose the boundary
condition b; = 0. This can be done by parametrizing a gauge field in the quotient group as B = tllb 10,
which yields:

N 1 _
I(by) = o Ad [bid’}’ —3 byt 'y (5.3.46)

as expected (here 7 = tllllf). Thus, the theory Dg[T] is the minimal one required to cancel the
anomaly on the gapped boundary.

In order to compute the fusion D [T2] x D¢[T1] on a gapped boundary, we need to understand how
to impose the boundary condition on the product theory AN:=72 x5 AN:=T1 Following our previous

2)

reasoning, the lines WY and W ;, with charges in £ are the endlines of surfaces of b; but decouple

s1l s
from B on the boundarly. Since t;ey are all in the same Lagrangian subgroup of Zy X Zy, the two
groups maintain trivial mutual braiding even after the deformation by B. We have thus identified a
subset of lines that couple to b, and form the MTC AN ~t21(b)) x AN:7t1i(h)), where ¢, = [TT;l. The
lines Wy that braid trivially with that subset, as we will see, form a MTC AM~R21 coupled to B for

some matrix RKaj:
AN (B) x5 AN (B) = AN () x AN () x ANTR2(B) (5.3.47)

On the gapped boundary, the first two factors on the right-hand side decouple and moreover are
precisely the two factors that are discarded in the definition of Dg[7;] and D;[Tz]. After imposing

by ‘ + = 0, the third factor only couples to a projection of B. As we will see, such a projection is the very

31f £ is invariant under M, then M1 = sl for some s € Zy. Note that s # 0, and since we are considering here defects

Vi such that Tr M # 2 mod N, then s # 1. From (5.2.29) one finds 771 = %: lTél = 0. On the contrary, if I"71 =0

then 71 = r 5l for some r € Zy and here r # —1. From (5.2.28)) one finds MI = :H [. This shows that £ is invariant

under M if and only if ¢; = 0. Besides, when T is invertible and thus Tr M # —2 mod N, then a similar argument also

shows an if and only if £; = 0.

26The operation of discarding AN =% can be implemented as D; = [D!boundary x ANH] /Zy [111].
*TThe splitting of B into b; and by is well defined as long as the boundary is not invariant under V[7]. Otherwise,

Tl ol and so by o by which vanishes on the gapped boundary.
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one predicted by fusion, namely to b, = lITilB. Besides, we expect the MTC AN~R21(h, ) to be the
product of a MTC Na; that does not couple to by, and the MTC AN’_tél(bJ_) (where tg; = 1175, 1))
that lives on the twisted sector D [T21]. We will verify this expectation, and show that

ANTR () = Ny x AN (D)) (5.3.48)
These relations imply the fusion rules
De[T2] x De[Th] = Na1 De[Tan] (5.3.49)

where the decoupled TQFT N5; plays the role of a fusion coefficient.
Let us compute Aa;. The N2 lines Wy of AY:~R21_ that braid trivially with the first two factors
on the r.h.s. of (5.3.47), have charges N = ({1, &;) determined by solving the equations

Tié — %fz =aily
2 (5.3.50)
T2 & + 551 =agly

for some coefficients a1 2 € Zy that depend on the line. In fact, one can use a, as to parametrize the
solutions. We first consider the simple case 71 = 7Ts, then the generic case, and finally the exceptional

case 71 = —7Ts.

Case 71 = 72 = 7. This case computes the square of a defect D;[T]. Noticing from (/5.2.38)) that
To1 = %(7’4— 57'*15), we find:

1 € ___ 1___ €,
&= 57'211<a1+a2§7' 1)l¢, &= 57'211(@_“157- 1>ZL' (5.3.51)

The charge of a line under B is & + &. One can check that the lines with a; = ao have charge
proportional to ’lel 1, and so they couple to b;. With some algebr and (5.3.33)), one can check
that those lines braid trivially with the lines with a; = —ag. This suggests to label the lines in terms

of a,c € Zy and set a3 = a — ¢, ag = a + ¢. The spin of a line labelled by (a, ¢) is found to be

O[Weao] = eXP(-ﬁ 51 (0 + cz)) : (5.3.52)

where t3;, = [T 75,1, . As long as t3; # 0, such lines form the theory AN~R21 with
ty; 0
Ro1 = <21 l) : (5.3.53)

The subset of lines (a,0) form the MTC AN i (by), as expected. The lines (0, ¢) have charges under
B proportional to 7'21167'*1l 1, which has vanishing contraction with ZI and thus is proportional to [.

On the gapped boundary b; = 0 and hence these lines form a decoupled MTC
Noy = ANt (5.3.54)
We have obtained the fusion rule
D¢[T] x De[T] = AN D[ T3] . (5.3.55)

Notice that this fusion rule is the same (with the same Na1) on all gapped boundaries p(£) belonging
to the same orbit under V[T]. This follows from footnote

280ne should use that T31€T = TeTa1. It also implies that such a matrix is antisymmetric.
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Generic case. In order to treat the general case it is convenient to parametrize the lines (£§1,&2) =
(v,m — v) in terms of two vectors v,n, so that the charge of a line under B is 7, and redefine the
numbers a; = p + q, as = q. The equations (5.3.50)) become

(Ti+T2)v = (Ta+ §)n=plL

(5.3.56)
Tan— (T2 = §)v=yqly .
Defining I' = (7'2 — g) (7'1 + 7'2)71, the solutions are
v=q T, +p [(Tl +T) FT7;;1F} li, n=qTx'l+pTy' Tl (5.3.57)
and can be labelled by ¢,p € Zy. Substituting in (5.3.33)), the spins of the lines are
: 1
— _m q - _ [t c
0[Wp] exp< N (¢,p)Ra1 (p)) with Ra1 (Co ) (5.3.58)
where
=Ta' Tl =1 [(T+T) " +TTT T =0 (T +5778) . (5.3.59)

The subset of lines (g,0) have charges n proportional to 7'2]11 1 and thus couple to b;. Their spins
show that they form the MTC AN—ta (b1). On the other hand, the subset of lines (¢,p) with ¢ =
—(t51) o p braid trivially with the former subset and constitute the theory A%;. Their charges 1 are
such that lIn = 0, therefore they are decoupled from B on the gapped boundary. Their spins show
that

Nop = ANV with ngp = ¢q — (t37) 12 = (t37) L det Roy . (5.3.60)

One should recall that, in the absence of a coupling to B, the theories AY>~? and AN 7% are equivalent

for any invertible r € Zy, and thus for IV odd prime the only physical information in ns; # 0 is whether

it is a quadratic residue or not. This is detected by the Legendre symbol nglv_l)/ > mod N € {1, —1}
Case T2 = —T1 = T. This is the case leading to condensation. The equations for lines in AN ~R21

are just T&1 + 5§82 = —ail and T& + §&1 = azl; . The general solution is

€

§1 = [a <T+;)1—C<T—2>1] 1, S = [a <T+;)1+C<T—;>1] Ly (5.3.61)

where we redefined a1 = ¢ — @ and as = ¢ + a. For these lines:
21 -1
0[Wiae)) = exp (—;Z ac 2] (T + %) ZJ_> : (5.3.62)

Lines with either a or ¢ = 0 have vanishing spin, which indicates that we are dealing with a DW type
theory. The lines with a = 0 (electric) do not couple to B since they have £ + & = 0. Redefining
a— [211 (T + 5)71&] ! gives the canonical braiding B,. = e*¥ % Thus

ANTR2(b ) = (Zn)o(by) = CPV . (5.3.63)

We conclude that:
Dg[T] x Dg[T] =CEx . (5.3.64)

The condensate CZN is for the 1-form symmetry S = (Zy x Zy)/L = Zy that exists on the gapped

boundary.

2In the higher-rank case the situation is similar. For N odd prime, one can always bring a symmetric matrix 7 with
values in Zy to a diagonal form UTTU = diag(t1,...,t.) using an invertible matrix U (see, e.g., [137]). The TQFT is
then characterized by the number of +1 and —1 Legendre symbols of the ¢;’s.
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Examples. We can now apply our formalism to the known cases of duality and triality defects. We
consider a generic boundary p(£), but assume that it is not invariant under any symmetry defect
appearing below (apart from C, which leaves every boundary invariant). For the application to self-
duality defects, we must compute the fusion D[S] x D;[S]. This is a special case, since the r.h.s.
involves charge conjugation. The complete fusion gives a coefficient which is a product of DW theories,
these all admit a universal boundary condition which allows us to set them to one. This corresponds
to the Dirichlet boundary of the DW theory. After this we find:

Dg[S] x DglS] = (Zn) (b, ¢1) DE™[0]

D;[S] x Dg[S] = CEN . (5.3.65)

For triality defects we compute{*’|

Dg[ST] x Dg[ST] = AN 7PsT D [(ST)?]
D;[CST] x Dg[CST] = AN"PsT D [(ST)?) (5.3.66)
Dy [(ST)?] x Dg[(ST)?] = AN-PsT D [CST)

where
1 if L =24L(e),
psT = (5.3.67)
r24r4+1 if L=L(m),.
These fusions agree with those computed in [104] on the electric boundary@ Notice that psr #

0 mod N as long as the boundary Lagrangian subgroup £ is not invariant under ST

Other defects. Another interesting case is when the 4d defects Vi = V[A, ] are obtained by
condensing a Zy subgroup of Zy x Zy, corresponding to the elements M € SL(2,Zy) that are
conjugate to T% for some k. For simplicity let us consider the case M = T* with k =1,...,N — 1.
The twisted sectors Dy« , are described by the minimal theories AN (b) for Zn coupled to the bulk
field b. For the lines in these theories there is no extra contribution to the braiding when we stack the

theories, and thus they fuse in the standard way:
-1 /—1
Dy g X Dyar o= AN D, (5.3.68)

as long as k+k&’ # 0 mod N. This formula is in agreement with the fusion law of N-ality defects found
in 25, [104]. Notice that these twist sectors are not unique since they can be fused to 3d condensates
for the magnetic symmetry. However, on the magnetic boundaries £(m) (on which the twisted sector
D« hosts a minimal theory) we can take the condensates to be generated by the magnetic symmetry
I(m) € L(m)@ On the magnetic boundary these condensates however become all decoupled DW

theories since I(m)TB|,, = 0.

Twist defects and boundary-changing operators

Consider starting with a twist defect Djs (attached to a 4d symmetry defect Vis) in the bulk and
moving it on top of a gapped boundary p(L£). We are here interested in the case that p(£L) is not

39To get to the result we use the property AN = AN for ged(r, N) = 1.
310ne uses that A™' = U(1)x [111]. Notice that the conventions of [104] defined in their eqns. (6.7)-(6.9) differ from

ours, and their defects are the orientation reversal of ours, leading to a sign change in the level.
32We can always arrive at this choice since any two magnetic lattices differ by electric ones, which can be absorbed by

Dk
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Figure 5.7: The way in which the SymTFT implements the construction of [24, |52]. Above: definition

of various morphisms. Below: construction of the duality interface Dy, z.

invariant under M. As discussed before , the defect Dj; on the boundary decomposes into
Dy, and a decoupled TQFT. We conclude that Dy » is an interface between two copies of p(£), or
using categorical terms, it defines a morphism Dy ¢ : M x p(£) — p(£). This is depicted in Figure
left. On the other hand, if we bring the symmetry defect Va; on top of the boundary we obtain an
action Vs x p(L) = p(MXL). Thus, we can construct an interface between p(£) and p(M L) by fusing
the boundary with V), only on a half-space and then letting Vs escape in the bulk, as in Figure [5.7]
center. This defines a morphism Ups : M x p(L) — p(MZL). Since both interfaces sit at the end of
a symmetry defect Vyy, it is possible to define a local boundary-changing operator as the morphism
wm =Up o DIW,L :p(L) = p(ML), as in Figure right.

Recall that, in the ungauged theory, one can expect to define only duality interfaces. The interface
is a composite object given by a discrete gauging operation composed with an invertible duality
transformation. On the TQFT side this is described by acting with L{}I/[ to map the boundary to
p(MXL) and then using p)s to go back to p(£). After compactifying the slab of SymTFT this gives
an interface : Ap[r] — Ap,,[7] = A,[M7] between absolute theories. Shrinking the middle part of
the drawing gives the duality interface. On the other hand the fusion @,; X L{]TV[ = Dy, ¢ holds, since
Dy, ¢ is unique as a twist defect on the gapped boundary. We can thus identify the defect Dy o on
the bottom-left of Figure with the duality interface in the absolute theory A,[7].

Boundaries with a stabilizer

Let us also discuss the properties of a twist defect D;[7] on a gapped boundary p(£) that is invariant
under the corresponding symmetry defect V[T]. This means that M is in the stabilizer H of £ in
SL(2,Zy). We can gather information on the degrees of freedom living on D;[T] by computing
the anomaly inflow. The invertible TQFT living on V[7] is (5.3.11). On the gapped boundary we
parametriz B=b L1 and obtain

N [[. - 1., .-
Ir] ) :%/[WLdbL—QtLbLbL (5.3.69)

33Here the normalization is different than before (5.3.46)), because t1 = 0 when £ is invariant under M.
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(where 7, = lIf) Since now t; = 0 (see footnote , the anomaly is trivialized.

What happens to the lines in the twisted sector can be understood using the minimal theory
description. We start with the twist defect D[T] in the bulk and push it onto an invariant boundary
L. Normally we would now separate the degrees of freedom which decouple on the boundary, which
form a AN=%(b;) factor. This is generated by lines Ly = W,—,;. If the boundary is invariant then
t; = 0 and this procedure is ill defined as the Ly all have vanishing spin. They thus form a Lagrangian
subalgebra. This means that AN~7 should rather be thought of as a DW theory coupled to b,. Since

the lines with trivial spin are also uncharged under b, this can be thought of as a condensate:

ANT(B)|, =BV . (5.3.70)

X

To be more precise we can choose a generator u of S. Since by definition u1; # 0 lines L, = Wy—pu

are charged under b, . These lines have spin:
0 [ir} = exp <—7]T\; 7 uT’Tu> (5.3.71)
and braid with the electric lines Lg:
271 T
B, s = exp —y TS TL) #1, (5.3.72)

since on the invariant boundary 7L = L. Properly redefining Ly we can make this braiding into
canonical one. As we have already commented there is no canonical choice for u, since we are free to
shift it by vectors in £. The shift u — u + [ does not affect the braiding with L, but it does affect the
spin of Lg:
~ ~ 2 5 T
0|L] = 0|L]exp ——= Tl (5.3.73)

For N odd and on spin manifolds we can use this to set 6[L,] to one.
Since the defect V[T has trivial anomaly on p(£), it can end there without adding new degrees

of freedom. Therefore the twist defect D[T] is trivial (invertible) on an invariant boundary:
DIT]| =C™ DFY[T], (5.3.74)

where the superscript is useful to remember this fact.

The same phenomenon appears if we consider a fusion Dg;[7T1] X D;[Tz] in which V[721] leaves
the boundary p(£) invariant, but neither V[7;] nor V[73] do. We proceed as in the usual case by
separating out the lines coupling to b; from both terms in the fusion. This is a well defined procedure
since t4, tIQ # 0 (due to £ not being invariant under neither 77 nor 73). Based on the previous remarks
we expect AV ~R21 to also be a condensate. It is clear that the theory contains a Lagrangian algebra
generated by W, oy in . In the generic discussion these lines were coupled to b, however if
the boundary is invariant they are not@ These form the set of “electric” lines. The magnetic lines

Wo,p) instead couple to b, but have nontrivial spin:

e
0 [Wiop)] = exp <_ch p2> : (5.3.75)

As before, we can redefine the magnetic lines by summing a multiple of the electric ones to set this to
zero. Notice that the discussion here is also consistent with the example of 75 = —77 discussed before,

when the final result is a condensate and the identity defect leaves all boundaries invariant.

34The charge under the gauge symmetry for by is quTzflll 1, which vanishes when the boundary is invariant.
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We are now in a position to write down the full result of the boundary fusion for D;[T]:

Dg[Ta] x Dg[Th] = Na1 Dg[Ta] if V[T21]lp(L)) # |p(L))
De[T2) x De[Th] = C*¥ DEY([T], if V[T21]lp(L)) = |p(L)) , (5.3.76)
De[T] x Dg[T] = CE~ .

This will have a more natural interpretation in the gauged theory. In that case we will see that anomaly
cancellation forces the Gukov Witten operator GW[T] to exist only as a bound state with the twist
defect D[T] for V[T]. When the boundary £ is 7-invariant there is no anomaly to cancel and GW[T]
can exist as a genuine defect on the gapped boundary. The fusion rule above tell us that, when two
bound operator fuse onto an invariant one, such fusion is always accompanied by the appearence of a
condensation defect. This is consistent with the fact that defects D [T] absorb surface defects e?/0x
which survive on the gapped boundary. In the absence of the condensation defect the r.h.s. cannot

absorb such lines and fusion would be inconsistent.

5.4 The gauged theory

Finally, we discuss the effect of gauging a discrete subgroup G C SL(2,Zy) in the bulk TQFT. In the
application to /' = 4 SYM, the only relevant groups (including the action of charge conjugation) are
Z4 and Zg generated by S and ST, respectively. Notice that they are both Abelian. The construction
we present below applies to a generic Abelian G, while the non-Abelian case requires modifications
that might be important in discussing theories of class S (we comment on that in the conclusions).

We will first describe abstractly the spectrum of operators in the gauged theory. We follow the
rules for discrete gauging described for 3d MTCs in [77] and recently extended to higher dimensions
in [27]. Particular care will be needed in describing the Gukov-Witten operators of G gauge theory, as
they get dressed by the corresponding twist defects D[T]. We will present the construction of these
operators, that we dub ©[7]. Finally, we will study gapped boundaries |p*) in the gauged theory in
terms of orbits of boundaries |p) in the ungauged theory. This allows for a simple derivation of the
fusion rules. We will also comment on the differences arising when the boundary has a nontrivial
stabilizer.

In the following we will restrict to the study of twisted sectors D[T] for which M (T) is an element
of G. Together with the assumption that G is Abelian, this ensures that different twisted sectors do
not mix among each other and that the genuine codimension-2 operators ©[7] of the gauged theory

are still labelled by group elementsﬁ

5.4.1 Spectrum of bulk operators

The spectrum of topological operators in the gauged theory can be obtained, at least at a formal level,
by applying standard rules for gauging a discrete 0-form symmetry to the ungauged theory. These
are nicely summarized in |27]. Let us start with the surface defects U, that implement the 2-form
symmetry. These operators are in general not gauge invariant, as G acts on them nontrivially. We

can build gauge-invariant combinations by considering orbits under G:

Uty ‘Stab ZU (gn), (5.4.1)

3%In the general case they are labelled by conjugacy classes under the adjoint action of G.
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gauging

1 O h N> o)
D[T]

Figure 5.8: In the gauged theory, a twist defect D[T] (with M (7T) = g € G) is dressed by codimension-
1 surfaces of G labelled by h.

where Stab(n) is the stabilizer group for n as an element of Zy x Zy. When n admits a nontrivial
stabilizer, the surface U[";L] supports nontrivial line defects labelled by representations of Stab(n). In
the cases considered here, that is N prime and G = Z4 or Zg, the only surface with a nontrivial
stabilizer is the identity, while all others ones do not host any line.

As an example, in the case of the Z4 subgroup of SL(2,Zy) generated by S, a dyon (e,m) is

mapped to an orbit
le,m] = (e,m) + (m, —e) + (—e, —m) + (—m,e) . (5.4.2)

These objects are non-invertible and their fusion is
le,m] x [¢,m]=[e+e,m+m]+le+m' m—e]+le—e m—m]+[e—m/ m+e€]. (543)

More interesting is the situation for codimension-2 operators. We have already discussed that in the
ungauged theory, genuine 3d operators are necessarily condensation defects. After the discrete gauging
the situation is different. The twist defects D[T] for surfaces V[T | generating G become “liberated”
— in the sense that they become genuine 3d operators — since the surfaces V[T are transparent in
the gauged theory. One could think of the liberated defects as arising from the “lassoed” configuration
shown in Figure after summing over G. Since G is Abelian, each twist sector is left fixed by the
action of the lassos and it gives rise to a single genuine operator @[’T]E The action of a lasso Vyp
reduces to a 0-form symmetry action on D[T], which maps W,, — Wj,. This is indeed a symmetry
of the theory, since

MTTM =T (5.4.4)

and thus it preserves the braiding. Summing over such action means that the O-form symmetry on
the defect is gauged, so we would like to conclude that D[T] is D[T]/G.

This description is slightly imprecise, because D[T] lives at the boundary of V[T]. Indeed, the
gauging process can be thought of as coupling the original system to a discrete G gauge theory. Its
gauge field a € H'(Ms,G) couples minimally to the 0-form symmetry defects Vaseq of the original
theory (more details in Section . In this setup, inserting a twist defect D[T] is only consistent at
locations where a is not closed: it must instead satisfy da = ¢ schematically. Another way of saying
this is that a exhibits a nontrivial holonomy ¢ around the 3-cycle Y on which D[T] lies. This is the
description of Gukov-Witten defect operators in G' gauge theory, that we indicate as GW,. We infer

that a more precise definition of the new operators is:

3When instead G is non-Abelian, twist defects also combine into orbits and the situation is more subtle.
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The appearance of this “bound state” has a simple explanation: In the original theory, the defect D[T]
was not gauge invariant due to anomaly inflow from V[T]. The GW operator is not gauge invariant
either, as it carries the anomaly of V[T]. Their combination is a well defined operator in the gauged
theory. This is a close cousin of the mechanism described in [25]. We also learn that ©[T] is charged
under the dual G 3-form symmetry.

The exception is the twist defect D[T = 0] = D¢ for charge conjugation. In this case there is
no anomaly inflow and therefore the GW operator for C defines a genuine, group-like object in the
gauged theory. This suggests that we should interpret the contributions from D¢ arising upon fusion
as decoupled condensates after gauging.

The following table summarizes the properties of some objects in the gauged theory:

Original object Gauged object Emergent lines | Grouplike?
(0,0) [0, 0] Rep(G) YES
(6, m) [67 m] = eBgGG g(ea m) none NO
DIT] | D7) = GWar, < DITI/G | Rep(G) NO
D¢o GW¢e none YES

5.4.2 Hybrid formulation of the gauged theory

In order to give a Lagrangian description of the gauging of the subgroup G C SL(2,Zy) in the 5d
Chern-Simons theory, we employ a sort of hybrid formulation in which the Chern-Simons theory is
described by continuum gauge fields, while the gauge field for G is described using singular cochains
(see, e.g., [93,138] or the appendix in [15]).

First of all, on the spacetime manifold My one chooses a simplicial triangulation. This is made
of vertices or O-simplices p; with an arbitrary ordering for the index i, edges or 1-simplices p;; (with
i < j) connecting the vertices p; and p;, 2-simplices p;;, (with @ < j < k) bounded by p;;, pjir and
pik, and so on. All simplices are contractible, and M5 is the union of all 5-simplices. A gauge field
a for the discrete gauge group G is a l-cochain a € C'(Ms,G) that assigns an element a;; € G to
each 1-simplex p;; (with ¢ < j), with the constraint that da = 1. We use multiplicative notation and
define the differential as (da);ji = ajkai_klaij (with ¢ < j < k). We will only consider the case that G
is Abelian. Gauge transformations then map a;; +— (d\);ja;; where d\;; = \;A; " and A € CO(Ms, G)
in a 0-cochain. The gauging of G is described by a sum over a € H'(Ms,G) in cohomology.

Then we construct a covering of M5 by closed patches that is dual to the triangulation, as follows.
Each patch U; is a 5d contractible manifold with boundary that contains the O-simplex p;. Then each
non-empty intersection U;,. ;. = U, N---NU;, (with 43 < ... < i, and k = 2,...,6) is a (6 — k)-
dimensional contractible manifold with boundary that intersects the (k — 1)-simplex p;, ; at one
point. We give a graphical representation of this covering in Figure [5.9

On every patch U; we define gauge fields B; with values in an Abelian group A (either continuous or
discrete), and along the intersections U;; we glue them using a group homomorphism 6 : G — Aut(A)
and the gauge field a@

Bi = 9(&2‘]‘) Bj acCross Uij . (546)

The gauge field B is thus a piecewise-smooth field with B, = B;. Closeness of a guarantees that
each B; can be smooth and have a well-defined limit at triple intersections Uj;;,. In particular, we can
always find a gauge in which a;; = aj; = a;; = 1 around a given triple intersection Uy, and in that

gauge B can be smooth at the intersection.

3"Besides, one could also have gauge transformations of B;, but we keep them implicit here.
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ik

Figure 5.9: Left: representation of the simplicial triangulation and the covering by closed sets U;, Uj,

U near a triple intersection. Right: assignment of fields B; and a;;.

The construction is quite general. In our case B; are continuous 2-form gauge fields valued in
A = U(1)?, while SL(2,Z) has the natural action on A and G C SL(2, Z) is an Abelian subgroup. We
should now understand how to construct the action. Integrating S = (B, dB) with the discontin-
uous gluing conditions ) leads to singularities, in particular the derlvatlve dB has delta-function
singularities along the Surfaces Uij. To remedy, we introduce a covariant derivative d, that removes

those singularities:

doB=dB— > sW(Uy) (B, — B;) = dB — 3 5 )(aZ])BjE(d—(Sél)a(a)>B, (5.4.7)
Uy Ui

where §(1)(U;;) is a delta-1-form, o(a) = 1 — 6(a), and in the last expression we used a more compact

notation. In this way,

¢, = dB; with discontinuities across

U;; but no delta-function singularities. We can then construct the action

= [5.4u8) = > =/ (B dB) (5.4.8)

The covariant derivative d, can be integrated by parts, and the action is invariant under gauge
transformations of a.

In order to discuss 1-form gauge transformations, we need to compute the square d? of the co-
variant derivative It turns out that, to do that, we ought to be more careful and write d,B =
aB — Z M (U, )(B(” ) B(ij )) where the label (ij) reminds us that we are taking the limit of B; or

B; towards UZ]. Then dydB = — 3, 60 (Uy;) (dB}” — dBI”), and finally

Z(S [ B9 B(w)) (B(Jk) B(J’f)) (B(zk) B(Zk))]

zgk

= - 26 mk daz]k>8

z]k:

(5.4.9)

In the first equality we used that d(é(l)(Uij)) = §®)(dU;;) and that the boundary of a double inter-
section is a collection of triple intersections (with suitable signs due to orientations). In the second
line we introduced a compact notation. Indeed, if a is closed (da = 1) then each B; can be smooth
and taking the limit towards U;;;, in each patch, the first line of equals zero. If, instead, a is
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Figure 5.10: Left: A triple intersection U;;, hosts a GW operator for g € G. We parametrized the
gauge field a in terms of g;;g;x = gix and da;jr, = g. Center: A refinement of the triangulation
such that the GW operator is pulled away from the junctions. Right: A zoom on the gauge field

configuration around the isolated GW operator.

not closed, then the G bundle can have non-trivial holonomies around the triple intersections and the
B;’s cannot be smooth there. Given (da);jr = g, consider a gauge in which a;; = aji = 1, a;, = gt
(see Figure right). Then the contribution to from Uj;, becomes —33) (U jx) o(da;j) Bl(ik).
We thus write the compact formula

B = -5 o(da) . (5.4.10)

In the presence of a background for a, 1-form gauge transformations of B become
B— B+d,a, (5.4.11)

and the action (5.4.8]) remains gauge invariant as long as a is flat.

The theory in which G is gauged involves a sum over choices of a on double intersections U;; that
satisfy the closeness condition da = 1. A single symmetry defect U(y) in the ungauged theory is
mapped to a sum over its G-orbit in the gauged theory. These are precisely the [e, m] defect operators
we introduced before.

On the other hand, we can introduce Gukow-Witten operators in the gauged theory [62]. These
are codimension-2 disorder operators defined by a nontrivial holonomy ¢ € G for a around a 3d
submanifold +’. In the hybrid formulation, such a GW operator displaced along a collection of triple

intersections U,j;, is defined by a sum in the path integral over cochains a such that
daijr =g whenever Uy, C 7/, (5.4.12)

as in Figure More generally, a collection of GW operators is described by an exact cochain
h € C?(Ms,G), and it prescribes to sum over cochains a with da = h in the gauged theory. As
mentioned above, requiring the B;’s to be smooth in their own patches in a neighborhood of a triple
intersection, forces them to be invariant under g there@ This is a boundary condition naturally
implemented on the GW operators, consistent with the fact that g-twisted sectors absorb the surfaces
of B not stabilized by g.

Indeed, we can identify a double intersection U;; with gauge field a;; as an alternative description

for the 4d symmetry defect Vi with M = 6(a;;)T. This is already apparent if we compare the relation

381f B; is smooth at Uy, then it has a well-define limit there. The limits in the three patches U;, U;, Uy are related by
Bi = 0(aij) Bj = 0(aix) Br and B; = 0(ajx) Br. Recalling that G is Abelian, this implies 6(da;;r) B; = B; and similarly
for B; and By.
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B; = 0(a;;) B; between the fields on the two sides of the intersection and ([5.2.53), but it also follows
from the action. Let us rewrite (5.4.8]) as

- gr/“g’ dB) — ﬁ;/ﬁfﬁ B;j —B;) . (5.4.13)

The first term imposes that B is a Zy x Zy gauge field. When 7 (M) is invertible, we can identify
the second term with the reduced defect action . Recall from the discussion in Section
that the relation between M and the torsion matrix 7 follows from determining the field on the defect
B(0) = (B, + Br) = —T®, where e ® = Bg — By, in terms of the left/right fields By,/r- Substituting
Br — B, = —e T 'B(0) into (5.4.13)), the second term becomes

_Nz/ BTT-18 (5.4.14)
78 U,
Uij vJ

that reproduces (5.2.51)).

To compute how a GW operator transforms under gauge transformations (5.4.11]) we simply eval-
uate the variation of the action (5.4.8)) on a non-closed gauge configuration as in (5.4.12)):

Z /k (2B + dya, o(dagi) @) - (5.4.15)

zgk

In the gauge of Figure right, as above, o(da;j,) a = agik) - a,(fk) = ¢T'a(0) in terms of the
gauge transformation parameter on the defect. Substituting in ([5.4.15)) and using that the boundary

conditions fix B = 0 on the GW operator, we obtain

oS = sz/ ) o' T lda . (5.4.16)

z]k

As in the description of Section in terms of symmetry defects Vs, also in the hybrid formulation we
find that pure GW operators are not gauge invariant in this theory. We can construct gauge-invariant
operators by dressing the GW operators with the twisted sectors D[T], whose variation is
opposite to (5.4.16)).

In the case of the symmetry defect Vi, the field on the defect is simply B(0) = 0 and thus its
gauge transformation parameter «(0) vanishes as well. This means that the gauge variation
vanishes and the GW operator for C' is a well-defined gauge-invariant (invertible) topological operator

in the gauged theory.

5.4.3 Gapped boundaries and non-invertible fusion rules

We consider now gapped boundaries in the gauged theory. We can use to our advantage the study and
classification we already did in the ungauged theory. In order to construct a gauged boundary |p*),
we proceed in two steps. First we take a boundary |p) in the ungauged theory and make it invariant

under the G action:

Z 1pg) - (5.4.17)

= ‘Stab

As long as G is Abelian, we can associate a stabilizer H C G in a consistent way also to the gauged
boundary |p*), since Stab(py) = Stab(p). This does not specify a boundary condition completely,
since it does not prescribe boundary conditions for neither the Rep(G) dual symmetry lines, nor the

codimension-2 defects D[7]. They form a canonically-conjugated pair of variables, since they braid
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nontrivially. Therefore, the second step is to choose boundary conditions for them. We choose to

impose Dirichlet boundary conditions on af>|
|Dir): a=0. (5.4.18)

Then the operators D[T] still exist on the gapped boundary as confined excitations.

These are not the only meaningful boundary conditions one could consider. Indeed it would be
interesting to understand the effect of Dirichlet boundary conditions on the ©[7]’s, or of mixed ones.
That they might be useful to describe theories in which either charge conjugation C' (this has been
studied, e.g., in [27, 139} [140]) or the full categorical symmetry, are gauged. We hope to come back
to these questions in the future["]

With Dirichlet boundary conditions on a, we define:

The Dirichlet boundary condition on a greatly simplifies the discussion. The operators [T, which
away from the boundary host a Rep(G) worth of lines constructed with the gauge field a, on the
gapped boundary reduce to a direct product GW ;¢ x D[T]. The Gukov-Witten operators still exist
on |p*) and have group-like fusion. We will now show that the fusion of the twist operators Dg[T]
is the same on each gapped boundary |p,) in the |p*) orbit. This allows to use the results already
derived for the boundary fusion.

We need to show that the various minimal theories we constructed in Section [5.3.3|in order to study
the fusion of twist defects, are isomorphic for boundaries in the same G-orbit. Let My, € G C SL(2,Zy)
be a generator of G, and M(T) be the element of G associated to the twist defect D[T] we want to
study. Let |p(L)> be a gapped boundary defined by the Lagrangian subgroup £ with generator [. The
Lagrangian subgroup of |p,) is M,£, and since LT£| = 0, we have

LY =ML, (5.4.21)

The generators [ and [ transform in a similar way. Since G is Abelian and eM,; = M ITe, then
T = M;—TMg and so both t; and ¢, are invariant along the orbit. Besides, I'M, = M,I" and thus the
theory Ro; is invariant as well. Since all relevant building blocks are isomorphic on boundaries that
sit inside the same G-orbit, we conclude that fusion only depends on the orbit |p*).

A new ingredient appears when fusion produces a defect D[T2;1] such that M (721) stabilizes |p).
As we discussed, in these cases the minimal theory is replaced by a condensate. After gauging G, we
are left with the GW operator GW (7).

Using all of the above, we finally obtain the categorical fusion rules in the boundary theory specified

39Tis is the same choice made in the holographic setup of [133].
40Tn the same spirit, we could consider boundaries twisted by the dual G symmetry. This amounts to choosing a

representation « of G and define, for a boundary with a trivial stabilizer,

) =, o Xa(9) lpg) x |Dir) . (5.4.19)

These boundaries have vanishing overlap with the relative theory if we assume absolute theories in the same orbit to have
the same partition function. When a stabilizer is present we can only twist by characters of G/Stab(p), while boundaries
split into copies labelled by representations of Stab(p). We do not know how to interpret these splitted boundaries from
the point of view of the 4d QFT, thus we only consider the ones labelled by the trivial representation.
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by the gapped boundary |p*):

Qp* [7-2] X :Dp* [7-1] = N21 Qp* [7-21] Mo ¢ Stab(p*) ,
D, [T2] X D [T1] = C*¥ GW (751 My, € Stab(p*) (5.4.22)
GWar (1) X GWa(1n) = GWayr(3y) M, My € Stab(p®) .

In the second line, the condensate is for the 1-form symmetry S on the gapped boundary, and the
DW description couples to b, . For defects in which only one Zy factor is gauged, on the other hand,

the fusions are as follows{]

D o X Dt e = AV T ¢ Stab(p*) , 5023

GWTk X GWTk = GWTkJrk’ T c Stab(p*) .

The same can be said for conjugacy classes g = H ' TH.

4IThese can be thought of as the case of T* modulo conjugation.
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Chapter 6

Anomalies of non-invertible self-duality

symmetries

In this chapter we study anomalies of non-invertible duality symmetries in both 2d and 4d, employing
the tool of the Symmetry Topological Field Theory (SymTFT). In the 2d case, the results are already
known from [21] using the technology of fusion categories, but we find it useful to rephrase them in a
way easily generalizable to higher dimensions. In both 2d and 4d we find two obstructions to gauging
duality defects. The first obstruction requires the existence of a duality-invariant Lagrangian algebra
in a Dijkgraaf-Witten theory in one dimension more, that is the SymTFT for the invertible part of the
symmetry. In particular, intrinsically non-invertible duality symmetries [46] are necessarily anomalous.
The second obstruction requires the vanishing of a pure anomaly for the invertible duality symmetry.
However, this depends on further data. In 2d this can be analyzed explicitly using techniques from
modular tensor categories, but it is harder to determine in 4d. To solve this problem, we propose
and verify that it is equivalent to a choice of symmetry fractionalization for the invertible duality

symmetry. We also comment on various possible applications of our results to self-dual theories.

6.1 Anomalies of duality defects from the SymTFT

A natural question, whenever a new type of global symmetry is discovered, is to define and character-
ize its 't Hooft anomalies. This, for instance, imposes universal dynamical constraints on symmetry-
preserving RG flows. While for invertible (higher) symmetries a complete classification of 't Hooft
anomalies is given by the appropriate cobordism group [60, 61, 141, [142|, for non-invertible symme-
tries the correct general framework remains unclear. A standard approach is to define anomalies as
obstructions to the gauging of a symmetry C. Gauging (or condensation) in higher fusion categories
is however a subtle procedure, as it requires the specification of a certain type of consistent alge-
bra objects A € C. While the mathematical theory governing such objects has been developed for
1-categories [50, [143| and recently for 2-categories |144], a complete characterization of the required
consistency conditions is to this day still missing.

Building on the observation in Section we aim to characterize the 't Hooft anomaly in terms
of an obstruction to the existence of certain (Neumann) boundary conditions of the SymTFT. This
allows us to translate a very hard problem of higher-category theory into a more concrete TQFT
problem. One may think that is still complicated because we need to determine the SymTFT Z(C),
and for categorical symmetries C this can be a intricate object to work with.

There is a very interesting class of categorical symmetries for which we can concretely attach
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these problems with success. These are the self-duality symmetries that we reviewed in Section
We consider d = 2n dimensional QFTs T that are mapped back to itself after gauging a discrete
(n — 1)-form symmetry A

T/A =T, (6.1.1)

As we showed in Section this implies that the invertible symmetry A fits inside a (d — 1)-category
that includes duality defects N, labeled by g € G, the duality group. The corresponding symmetry
category C is described as a category graded by the group G:

c=EPe¢,, Co = nVecy , C, = {N,}. (6.1.2)

geG

Here nVecy is the category describing an anomaly-free (n — 1)-form symmetry A, and in the last
equality we meant that the connected componentﬂ mo(Cq) has a single simple object Ny for g # 0.
The fusion rules of the Nj’s respect the G-grading up to condensates Cy of the symmetry A [26]. In
particular

Ny xNg=Cy . (6.1.3)

We will consider the cases of G = Zo in d =2 and G = Zy, Z3 in d = 4.

We will define an 't Hooft anomaly for a non-invertible duality defect as the obstruction to con-
structing a condensable algebra A containing all the Nj’s. It is believed (although only proven in
2d) that compatibility with a trivially-gapped phase is equivalent to the existence of such an algebra
which furthermore contains all objects of the category C with sufficiently large multiplicities. E| In two
dimensions for Tambara-Yamagami (TY) categories [106], this viewpoint has been examined in [21] by
exploiting the concept of fiber functor. In this case, condensable algebras are of the form A = B&n, N
with B C A a subgroup and n, an integer. The symmetry admits a trivially-gapped realization only
if B= A, and in this case n, = m . If instead B C A, the symmetry only admits a duality-invariant
TQFT. We will regard A to be anomaly-free in both cases.

The reason why the analysis of anomalies is accessible for duality defects, is that the SymTFT
is particularly simple |2 46], being closely related to the one of nVec(A) (the category describing
an anomaly-free (n — 1)-form symmetry A). The SymTFT for nVec(A) is a generalized untwisted
Dijkgraaf-Witten theory,

Z(nVec(A)) =DW(A) , (6.1.5)

and nVec(A) is associated to the canonical (or electric) Dirichlet boundary condition in DW(A).
Concretely, for d = 2n dimensional boundaries, DW(A) is a (d + 1)-dimensional pure n-form gauge

theory for A with action

S = 2mi AUGB, A€ C™(Xgs1,A), B € C"(X4y1,AY) . (6.1.6)

Xa+1

!Given a (higher) category C, mo(C) denotes the set of simple objects of C modded out by the equivalence relation
x ~ y if Hom(z, y) is nontrivial [145]. Physically, the modding procedure corresponds to the condensation of symmetries
localized on the defects.

2In 2d the compatibility with a trivially gapped phase is equivalent to the existence of a condensable algebra of the

form

A=Pd.L. (6.1.4)

with L. all the simple objects of the fusion category, and d, their quantum dimensions. In higher dimensions is not clear
what should replace the condition that the multiplicities equate the quantum dimensions. An interesting proposal could
be that the coefficient of A is a TQFT whose partition function on any given manifold is equal to the expectation value

of N on the same manifold.
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This theory has an n-form symmetry A x AV generated by the Wilson surface operators of B and A,
respectively. The canonical Dirichlet boundary condition simply sets to zero the pull-back of A to the
boundary. The duality symmetry G is a subgroup of the full O-form symmetry of the Dijkgraaf-Witten

theoryﬂ and it acts by exchanging electric and magnetic operators according to an isomorphism
¢:A— AV, (6.1.7)

We will focus on the cases that G is isomorphic to Zy for n = 1, and to either Zs or Z4 for n = 2,
corresponding to duality or triality symmetries. Therefore in the following we assume that G is Abelian
(although a similar discussion could be made for non-Abelian G). Generically G also acts on boundary
conditions through its action on the associated Lagrangian algebras £.

Gauging the symmetry G , possibly with discrete torsion €, gives the sought-after SymTFT Z(C):

DW(A) Z(C) (6.1.8)

In these diagrams dashed lines represent gaugings in the bulk. The upper arrow indicates gauging with
discrete torsion, while the lower one the “inverse” operation of gaugingﬁ the dual symmetry Rep(G)
(for G Abelian, Rep(G) = GV). We will argue that the choice of € acts as a kind of pure G anomaly
for the duality defects. As we discussed at length in Chapter [5] from the bulk perspective, the duality
defects N, are related to the liberated twist defects ¥, of the 0-form symmetry G in DW(A) which
are the objects carrying charge under the quantum symmetry Rep(G).

Roughly speaking, the possibility of going back and forth between the SymTFT for duality and the
simple DW(A) as in allows us to study topological boundary conditions (Lagrangian algebra
L) of Z(C) in terms of those of DW(A). Hence most of our analysis in this chapter will be about the
DW theory, with the specification of the duality symmetry.

Let us now be more precise in how to translate information from DW(A) into Z(C). The gapped
boundary conditions Lpw for DW(A) are classified by the maximal (Lagrangian) sublattices Lpw of
mutually local charges. Condensing such objects leads in the bulk to a trivial theory (i.e., an invertible
TQFT, or SPT phase) whose unique state is the gapped boundary condition [130} |132]. From ,
we can always induce a gapped boundary condition £ for Z(C) from a gapped boundary Lpw of
DW(A) by first condensing Rep(G) and then Lpw:

(6.1.9)

Here “trivial” is the trivial (d+1)-dimensional theory (SPT) obtained after condensing Lpw in DW(A).
When Lpw is the canonical Dirichelet boundary condition for DW(A), this two-step gauging defines
a canonical Dirichlet boundary condition L¢ for the SymTFT Z(C). Since the liberated twist defects
Y4 in Z(C) are charged under the Rep(G) symmetry, they are confined to the boundary L¢, which

thus describes a system with a non-invertible self-duality symmetry.

3Depending on A, in general there are other O-form symmetries in the theory that map A x AY — A x A" (e.g., charge
conjugation that acts separately on A and AY). Any subgroup G of the full symmetry could be considered. Here, for
simplicity, we focus on symmetries G that descend to “dualities” (and are thus controlled by the map (6.1.7))) and are

generically present for any A. However, the discussion that follows is quite general.
4Precisely, the gauging of Rep(G) should be accompanied by stacking with the inverse SPT e~ !, that we leave implicit.
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Gauging the non-invertible symmetry N, on the boundary, on the contrary, must correspond to a
gapped boundary on which the twist defects ¥, are trivialized. Thus, in order to detect the absence
of a self-duality anomaly, we must construct a different set of boundary conditions N¢ for Z(C) whose
symmetry is trivially charged under Rep(G). We will refer to these as Neumann boundary conditions,
since the G gauge field remains dynamical on the boundary.

The crucial insight comes from considering — when it exists — a G-invariant Lagrangian algebra
Lp in DW(A). This ensures that gauging £p leads, in the bulk, to an SPT phase for G, rather than
to a completely trivial theory as in . The SPT phase is completely specified by an element
Y living in the appropriate cobordism groupﬁ It turns out that the datum Y cannot be fixed by
the choice of Lp alone, but it requires a further piece of data, which we dub 7, describing how the
symmetry G acts on the algebra morphisms of £Lp. This is called an equivariantization of Lp |98
146]. We denote the equivariantized algebra by a pair (Lp,7). The SPT phase Y also contains a
nonempty G-twisted sector with a unique simple object M, for each g € G. In the 3d setting, these
can be formally described as local modules twisted by a G-action, see Appendix [A] Since L£p is G-
invariant, the operation of gauging G' commutes with the condensation of (£p,7), and composing the

two operations we end up with a bulk Dijkgraaf-Witten theory for G with twist Ye:

(6.1.10)

We stress that while DW(A) is an n-form gauge theory, DW(G)Y* is always a standard (1-form) gauge
theory. Its magnetic operators are the former twist defects M,. In 3d their spin is determined by the
total twist Yelf]

The theory DW(G)Y€ always admits a canonical (electric) Dirichlet boundary condition, corre-
sponding to gauging Rep(G), that gives rise to an invertible symmetry G on the boundary (such
occurrences have been dubbed non-intrinsic in [46]). This also coincides with one of the algebras £
we have previously introduced in , in the special case that Lpw = Lp is G-invariant.

However, if Ye = 1, then also the magnetic defects M, are condensable. This allows us to define

another boundary condition, the Neumann boundary condition N¢ we were looking for:

DW(A) ¢-----2msommmee Z(C) -
i(ﬁp,ﬁ)
SPT(G)y s DW(G)=! e A
owl
n&ec (/

Thus, the existence of a duality-invariant Lagrangian algebra (£ p,7) in DW(A) and the triviality of
Ye are sufficient conditions for the self-duality symmetry C to be anomaly-free.

Let us argue that they are also necessarym Suppose that there exists an algebra N¢ of Z(C)
containing the liberated twist defects X, i.e., such that Hom(N¢, X4) # 0. It follows that N¢ has a

5For d = 2 this is just a bosonic SPT € H® (G, U(l)). For d = 4 instead we will work on spin manifolds and the correct
group to consider is either Tor(Q;pi"G (pt)) or Tor(Q"™(BG)) depending on whether (—1)* sits inside the duality group
or not, respectively. The same observations apply to the discrete torsion e.

5In the 5d case, instead, the twist determines a triple linking between magnetic defects [43].

"See [147] for another argument, in the case A = Z,, in favour of the necessity of a duality-invariant algebra.
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natural grading in terms of the charge of its elements under Rep(G):

Ne :@geGNg. (6.1.12)

Algebra objects come equipped with a product (or morphism) xy, (see Appendix where it is called
m) mapping N9 X, N — N9 and respecting the grading. The consistency conditions for N¢ to be
a (gaugeable) algebra object are also graded over G, and in particular imply that NY must itself be
an algebra, although not a maximal (i.e., Lagrangian) one. They also imply that N970 are (local)
modules over N?, i.e., they survive the condensation of N?. Physically this corresponds to the fact
that one can gauge N¢ sequentially. One first condenses just N°. This preserves the Rep(G) symmetry,
since N? has trivial grading, and besides the N9’s become invertible G defects. Since the N9’s were
part of the algebra N, the symmetry Rep(G) after the first condensation must be anomaly free.

Assuming that N9 with g € G’ and Rep(G) are the only defects surviving the condensation of N,
it follows that the resulting theory is the Dijkgraaf-Witten theory for G with trivial twist, DW(G). In
other words, we can identify the vertical red arrow in on the right with the condensation of NV,
as in (6.1.13). The assumption can be rigorously proven in 3dE| whilst we do not know how to do that
in 5d, which is why our argument remains heuristic. Now, further gauging the Rep(G) symmetry (and
stacking with a discrete torsion ¢~ 1) leads us to an SPT phase Y = ¢! for G. Chasing the diagram
below shows that we can define a gauging of DW(A) by sequentially gauging G¢-N°-Rep(G):

DW(A) ------ Y5 Z(0)
[ (Cp.7) o (6.1.13)
SPT(G). 1 + P9 pw(q)

Since it produces an invertible TQFT with an action of G, the so-defined gauging must correspond to
(i.e., it must induce) a duality-invariant Lagrangian algebra (Lp,7) in DW(A). Intuitively, one can
think of NV as the image of £p under the gauging of G. We have thus argued that there is necessarily
a duality-invariant Lagrangian algebra in DW(A).

As we stressed, our reasoning is mathematically rigorous only in the case of 3d TFTs, where the
concepts above can be explicitly implemented. We, however, expect the same ideas to apply also to
higher categorical settings, once a complete definition of the higher SymTFT is given. We arrive at

the following proposal for the (lack of) anomalies of duality defects:

First obstruction. There must exist, in DW(A), a G-invariant boundary condition (£p, 7). This
allows to make the symmetry G invertible. In the language of [46], the self-duality symmetry is

non-intrinsic.

Second obstruction. The invertible self-duality symmetry is anomaly-free. This is equivalent to
the vanishing of the total Dijkgraaf-Witten twist, which depends on the equivariantization data 7. In
practice, the invertible self-duality symmetry suffers from a mixed anomaly with the symmetry S on
the non-intrinsic boundary which can be computed explicitly. We conjecture (and show in examples)

that the equivariantization data encode how the O-form symmetry fractionalizes with the (n — 1)-form

8The assumption and its consequence can be proven for 3d MTCs. The fact that N9 are invertible as bimodules and
the fact that N¢ is Lagrangian imply that dim(N?) = dim(N°) = |A|. After condensing N°, the resulting MTC has
dimension D = |G/, which is saturated by the |G| invertible lines N7 times the |G| elements of Rep(G). The fact that
the N9’s is charged under Rep(G) gives the canonical braiding of the DW theory.
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symmetry S. Following [53], this can be used to shift the value of the anomaly ¢, i.e., to change the
SPT phase Y in the bulk.
In the rest of this chapter we will unpack these two abstract obstructions, developing a concrete

obstruction theory for gauging duality defects in two and four dimensions.

6.2 Anomalies of duality symmetries in 141 dimensions

This section is devoted to the discussion of anomalies in two-dimensional QFTs whose symmetries
are described by Tambara-Yamagami (TY) categories [106], that we denote by TY(A), .. The results
are already known both in the physics and mathematics literature [21] 148] but here we present their
derivation from the point of view of the SymTFT which can be generalized to higher dimensions.

The question of which TY categories are anomalous is not a purely academic one, as it can imply
strong constraints on duality-preserving RG flows [20]. For instance, the tricritical Ising model has
an anomalous non-invertible symmetry as well as a duality-preserving relevant deformation. As a
direct consequence of the anomaly, the resulting RG flows cannot end in a trivially gapped theory.
Depending on the sign of the deformation, the theory either flows to the gapless Ising model or to a
gapped theory with three degenerate vacua.

Our SymTFT analysis gives a simple characterization of the known obstruction theory in two
steps, as already pointed out in Section The first obstruction is equivalent to the absence of a
duality-invariant Lagrangian algebra £ p, which otherwise gives rise to a global variant with invertible
symmetry & X, Zs. The second obstruction is instead the standard 't Hooft anomaly for Zs subgroups
of § X, Z3 in that global variant. When there exists such an anomaly-free Zo subgroup, it can be
gauged. The combined sequential gauging of £Lp and of Zy corresponds, in the original theory, to a

gauging that involves the non-invertible symmetry defect.

6.2.1 Algebras in TY categories and anomalies

We recall that, given an Abelian group A, the Tambara-Yamagami symmetry is a Zo-graded fusion
category
C :CQ@CL, (6.2.1)

where Cy = Vecy (the category of A-graded vector spaces) describes an Abelian 0-form symmetry
A with trivial anomaly, while C; has a single simple object N, the duality defect. The fusion rules

consistent with the grading are uniquely fixed and read:
axb=(a+b), axN=Nxa=N, j\[x_/\/’:@ae&a. (6.2.2)

Here a,b € A are the simple objects in Cp, and + in the first equation is the binary group operation
in A. The category is uniquely determined by a triplet (A,~,€) where v : A x A — U(1) is a non-
degenerate symmetric bicharacter, whilst [¢] € H? (ZQ, U(l)) & Zs is the Frobenius-Schur indicator of
the self-dual defect A/. This data enters in the associator, or F-symbol, of the TY category:

[F/(\lf’Mb}N,N - [Flfv’a’N}N,N =1a,0), [FAA/,NiN]a,b B \/Tmy(ajb)_l ’ (029

where € = £1, while all other non-vanishing associators are equal to 1. In Section constructing

the duality defect via half-gauging, we interpreted the bicharacter v as specifying the isomorphism

between the symmetries A and AV on the two sides of the defect.
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We now review the classification of bosonic gaugeable symmetries A in TY(A), ., which are de-
scribed by symmetric Frobenius algebras in C [50]. These are defined by an object A € C together

with a choice of three-valent junction m : A x A — A which is strictly associative:

A A

m m

m = m (6.2.4)

A A A A A A

This diagram encodes the cancellation of 't Hooft anomalies for the symmetry A. We give a brief
review of the relevant concepts in Appendix [A] The classification problem has been solved in the
mathematics literature in [148] and given a physical interpretation from the viewpoint of TQFTs in
[21].

Such algebras for the TY category can be divided into two types depending on whether A also
contains the element A or not. If not, the gaugeable algebras correspond to gauging a subgroup B of
A with discrete torsion [v] € H*(B,U(1)). From the latter one constructs its commutatorﬂ

v(by,b2)
v(bg,by)

This defines a map [v] — x,, from H? (]B%, U(l)) to the group of alternating bicharacters which turns

Xv(b1,b2) = (6.2.5)

out to be an isomorphism [69]. The Frobenius algebra corresponding to the pair (IB%, [1/]) is:
_ _ b+b /
A= Ag,, = @bEB b, mpty = v(b, V) . (6.2.6)
On the other hand, when including also N the most general algebra readsﬂ
AEAQ@ALZABW@TMN, n, >1. (6.2.7)

The choices of B, v and n, for which such an object can be consistently defined on orientable 2-

manifolds are severely restricted by the following two obstructions [21, |69, |148].

First obstruction. We introduce the subgroup N(B) C AY of characters annihilating B:

N(B) = {ﬁ €AY

Bb)=1, Wbe IB} . (6.2.8)

This group is canonically isomorphic to (A/B)Y, while the quotient AY /N (B) is canonically isomorphic
to BY. We also define the radical Rad(v) C B of the class [v]:

Rad(v) = {b €B ‘ (b)) =1, W € B} . (6.2.9)

The alternating bicharacter x, is non-degenerate on B/Rad(v).

For the first obstruction to vanish these subgroups must be related as

¢(Rad(v)) = N(B) . (6.2.10)

9Notice that x, is well defined (it is independent from the choice of representative v), alternating (meaning that
xv(a,a) = 1) and antisymmetric (meaning that x. (a,b) = x.(b,a)™!). One can prove that x, : B x B — U(1) is bilinear
(in the multiplicative sense), see for instance [149]. Then alternating implies antisymmetric, while the opposite is false

and in fact dropping the alternating property one can describe fermionic Lagrangian algebras, see also after ((6.2.40)).
ONotice that, if we restrict to spin manifolds, there are more candidate algebras because it is possible to gauge discrete

symmetries with a nontrivial Arf twist (i.e., a discrete torsion constructed out of the spin connection, see e.g. [34} [150]).
This difference will become apparent in the SymTFT.
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Besides, there must exist an involutive automorphism
o:B/Rad(v) — B/Rad(v) with o%=1 (6.2.11)

such that the symmetric and alternating bicharacters, when restricted to B and then projected to
B/Rad(v), satisfy
v(o(a),b) = xu(a,b) for a,b € B/Rad(v) . (6.2.12)

Note that the projections from B to B/Rad(v) are well defined. One can prove, using the equation
above, that v(a,b) and v(o(b),o(a)), when projected to B/Rad(v), define equivalent cohomology
classes in H?(B/Rad(v), U(l))m Thus there exists a 1-cochain 77 € H'(B/Rad(v),U(1)) such thaﬂ

v(a,b)
v(o(b),o(a))

From (/6.2.8)—(6.2.10) it easily follows that

|A|n2 = B|?, (6.2.15)

= dij(a,b) , i(a) f(o(a)) =1. (6.2.14)

wherﬁ n2 = ‘IB%/ Rad(u)|. The positive integer n, appearing here turns out to be the same as the
one in . Notice in particular that a necessary condition to satisfy the first obstruction is that
|A| is a perfect square. Since, as it follows from (6.2.2)), the quantum dimension of N is |A\%, this
reproduces the known fact that gauging is not possible in presence of non-integer quantum dimensions
[20].

The rough idea that leads to these formulas is the following. Decomposing the defining equation of
a Frobenius algebra into its graded components, one finds that .4; must be an invertible .Ap-bimodule:
Ay X4, A1 = T 4,, where x4, is the tensor product in the category of Agp-bimodules [50, 98, |152].
Physically this means that we can gauge Ap, and then A; will become an invertible Z3 global symmetry
of the gauged theory. Eqns. f are necessary in order to endow A; with a bimodule
structure, and in particular ensures that the bimodule is invertible. This furthermore implies

that dim(.A;) = dim(Ap) which reproduces (6.2.15]) in terms of the integer n, in (6.2.7).

Second obstruction. Having discussed the structure of 4;, we can simply gauge A sequentially by
first gauging Ap and then A;. After the first step, Ap becomes the identity defect while A; becomes
an invertible Zo symmetry: Ai = 1. In order to be able to gauge the full algebra, it must happen

"'To prove it, one checks that the 2-cochains v(a, b) and v(o(b), o(a)) produce the same bicharacter y, in (6.2.5) and
so, by isomorphism, must be different representatives of the same cohomology class.
121t is always possible to choose 7 such that it satisfies both relations. Consider the case B = A and define the two

subgroups A’ = {a € A|a=o0(a)} as well as A, = {a+o(a)|a € A}, clearly A, C A’ C A. One checks (see [69]) that
can be consistently reduced to a bicharacter 4 on the quotient A /Ag: v(a+ b+ o(b),a’ + b + o(b')) = y(a,a’) for any
a,a’ € A°. Let ;' be a quadratic refinement of 7 (see Sec.[6.2.1). Now, take the first equation and restrict it to A°:

. - v(a,b
a,be A7 . dija,b) = VEb a;

= xv(a,b) =~(a,b) = ﬁ(ﬂ(a),w(b)) = du(w(a), W(b)) (6.2.13)

using , and 7 is the projection A° => A’ /A,. Tt follows that ﬁ}AU =& 7" p for some £ € H' (A7, U(1)) = (A7),
Since the map AY — (A7) given by restriction is surjective, it is always possible to find another solution 7’ = ¢ - ij where
¢ € AV is a character such that <|AU = ¢! and thus f]'|A(, = 7*u. This implies ﬁ’|Aa =7 (a+o(a)) =1 forall a € A.
Using dﬁ(a, a(a)) = 1 from the first equation in , the second equation follows. The general case for B C A is a
straightforward generalization.

13Since x, is a non-degenerate alternating bicharacter on B/ Rad(v) with values in U(1), there exists an isotropic
subgroup G such that B/Rad(v) = G x G and in particular |B/Rad(v)| = |G|* = nj is a perfect square, where
n, = |G|. See, e.g., Lemma 5.2 in |151].
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that A; has a trivial self-anomaly €iot. This comes in two parts: a “bare” contribution from the
original Frobenius-Schur indicator € of the duality defect, and a further contribution Y coming from
the bimodule morphism A4; x A; — 1. The latter turns out to be given by the Arf invariant of 7

restricted to the elements of B/Rad(v) invariant under the involution o

Y = sign( Z n(b) > = Arf(7) . (6.2.16)
beB/Rad(v)
ob)=b
We stress that here we are using multiplicative notation for 7, so that Y is the sign of a sum of
phases (alternatively, in (6.2.95) we indicate the correct normalization). The second obstruction then
vanishes if and only if

€tot — ey =1. (6217)

Later on, around eqn. (6.2.122]), we will find an alternative formula for the spectrum of values that

Y can take as we explore the possible consistent choices of 77 — the so-called fractionalization classes.

A note on quadratic refinements

At various points in this chapter we use the existence and properties of quadratic refinements. A
function ¢ : A — U(1) (with A a finite Abelian group) is called a quadratic function if ¢(a) = ¢(—a)

and (using multiplicative notation)
q(a+10)

q(a) q(b)
is a symmetric bicharacter. One easily derives that ¢(0) = 1, ¢(ta) = g(a)” for any ¢ € Z, and

¢(a,b) = (6.2.18)

((a,a) = q(a)* . (6.2.19)

Any quadratic function ¢, by definition, comes equipped with an associated symmetric bicharacter
¢ as in . However also the converse is true: any symmetric bicharacter ¢ arises from a (not
necessarily unique) quadratic function ¢, which is called a quadratic refinement of (. The set of
quadratic refinements forms a torsor over Hom(A, Zs), indeed one easily proves that the ratio of two
quadratic refinements is a Zs-valued character on AE

A closely related statement is that any symmetric 2-cocycle v € Z2 (A, U (1)) is exact. This follows
from the isomorphism between altenating bicharacters y, and classes [v] € H? (A, U(l)). In
the special case that the symmetric 2-cocycle v(a, b) is bilinear, exactness is equivalent to the existence

of a quadratic refinement.

6.2.2 SymTFT description

It is possible to reformulate the properties of Tambara-Yamagami categories TY(A), . in terms of
their 3d SymTF'T, i.e., using the language of modular tensor categories (MTCS)E Let us review this
fact, that will be useful in order to discuss anomalies in the following sections. In particular let us

describe how the data (A,~,€) appears from the bulk viewpoint.

! The set of quadratic functions ¢ : A — U(1) is an extension of the group of symmetric bicharacters ¢ : A x A — U(1)
by Hom(A,Zz). For each bicharacter, a quadratic function is easily constructed. For A = Z, the bicharacters are
¢r(a,b) = exp(2=ab) with r € Z,. Given one of them, a quadratic refinement is gr(a) = exp(%aﬂ. If n is odd
then r € Z,, and the quadratic function is unique. If n is even then r € Za, and the quadratic functions for r and r +n

produce the same bicharacter Z,. The case that A is a product of cyclic factors is similar.
15Given a fusion category C as the symmetry of some 2d theory, the corresponding 3d SymTFT is given via the
Turaev-Viro construction [37] by the TQFT whose MTC is the Drinfeld center of C denoted Z(C).
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One starts from a pure 3d gauge theory for A (i.e., a Dijkgraaf-Witten theory for A with no
torsion), which is the SymTFT describing the invertible symmetry VecAE The spectrum of lines of
the A gauge theory is A x AV, the lines being labelled by pairs (a,a) € A x AY. The braiding is

canonically determined by the pairing between A and AV:
Bia1,a1),(as,a0) = aq(ag) ag(ay) . (6.2.20)
It follows that the topological spins are
0(a,0) = (a) . (6.2.21)

Crucially, as shown in the theory enjoys electric-magnetic (EM) duality specified by an isomor-
phism ¢ : A — AV as
®: AxAY — AxAY
(@a) — (67(a),6la)) .

However not all choices of isomorphism are consistent EM dualities since ® needs to preserve the

(6.2.22)

braiding. This condition is equivalent to the bicharacter vy(a,b) = ¢(a)b associated with ¢ being
symmetric. Note that ® squares to 1, so that the duality group is G = Zo.

If the boundary theory is self-dual under gauging, we can construct the full SymTFT that includes
the duality defect by gauging the duality symmetry G [46]. The gauging operation comes with a
choice of discrete torsion € € H? (G, U(l)) 2 Zo which translates to the Frobenius-Schur indicator of
the duality defect N on the boundary. To summarize, the data (A,~,€) of the boundary Tambara-
Yamagami category appears from the bulk viewpoint as the choice of a duality symmetry G = Zg of
the A Dijkgraaf-Witten theory and of a discrete torsion for the gauging.

To properly discuss the gauged theory, we first describe the data of the 3d Dijkgraaf-Witten theory
enriched by the 0-form symmetry (a G-crossed category in the language of |77]). This includes data
describing the topological twist defects for the G = Zs symmetry. The full tensor category is graded:

Z(Vecyp)z, = Z(Vecp) ® Z(Vecy)o , (6.2.23)

where Z(Vecy ) describes the twisted sector for the Zy symmetry. The number of simple components
of Z(Vecyp)s is the same as the number of ®-invariant anyons [77]. The latter are all of the form
(a, ¢(a)) with a € A. Thus there are |A| simple objects in Z(Veca)s which we denote as o4, a € A
(not to be confused with the involution o). The fusion and braiding data for the Zy extension has
been computed in [153], although we use here a slightly different notation similar to the one employed
in [46]. We find

(CL, Oé) X (b, ﬁ) = (a +b, a+ /6) ) (av Oé) X 0b = Optato—1(a)
O X O = @ (a+b+ec, p(—c)) . (6.2.24)
ceA

These fusion rules are derived by realizing the G symmetry defects as 2d condensates [26] of the anti-
diagonal lines (a, ¢(—a)) (see e.g. [46] for the case A = Z”)m Since the quantum dimension of (a, o)

is 1, we also have
dim(o,) = V/|A| . (6.2.25)

16Mathematically this corresponds to the fact that the Drinfeld center of Vecy is A x AV.
"Indeed, the anti-diagonal lines are absorbed by the o4’s, and o, X o_ is a 1d condensate of anti-diagonal lines.
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Object Definition Dim | # of Objects Spin 6
L(a,x) 77x X (aa ¢(a)) 1 2 ‘A’ ’7(a7 a)
X(a,b) (aa ¢(b)) S (bv ¢(a)) 2 ’A| (|A‘ - 1)/2 7(aab)

7 X 4 V| 20a)

Yi(a, )

T € —1

) \/’A‘I/Q Z fa(b)
beA

Table 6.1: Objects (lines) of the 3d SymTFT Z(TY(A),.).

The non-vanishing R-matrices, in a gauge, are given by [153]:

(a1+az, a1+az2) a1 +ag+é1(a)

(a1, 1), (a2, a2) - a2(a1) ’ (a1,01), Oayg = fa2(a1) )
Tai+ag+e—1(ag) 1 R(GS,QS) _ B . (6226)
Tays (a27a2) B ’ Oayy Oag al( a3) .

In the last entry, (ag, a3) must be a fusion channel of o4, X 0,,. Besides, f, : A — U(1) is a collection
(for a € A) of functions given by f, = ¢(a) - fo, or more explicitly f,(b) = v(a,b) fo(b), required to
satisfy

fa(b) fa(V) = v(b,V) fa(b+ 1) .

Notice that the equations for different values of a are all equivalent. In these equations, distinct choices

(6.2.27)

for fy differ by an A-character and only reshuflie the f,’s, therefore the set of f,’s forms a torsor over
AY. However fj should be chosen such that fo(b) = fo(—b), in other words fj is a quadratic refinement
of y~1, which alwasys exists (see Section [6.2.1]). Possible different choices are related by Hom(A, Zs)

and correspond to different gauge choices. The (gauge dependent) spins of the twisted sector lines are

[153):
0(0a) = \/WUQZJ’@ !

beA

(6.2.28)

where the choice of sign for the square root is gauge.

We can now discuss the gauging of the symmetry G = Zo with a twist e € H3 (G, U(l)) > Zo.
The gauged theory Z(Vecy)z,/Zs is isomorphic to Z(TY(A),) and is graded by the quantum Zs
1-form symmetry whose charged objects are the liberated twisted sectors o,. There are three types
of objects, whose properties are summarized in Table @ In the first line, L, ;) arise from the ®-
invariant elements (a, ¢(a)) in the ungauged theory. The label x € {0,1} specifies the dressing by the
Zs line n = L) generating the dual 1-form symmetry Rep(Zg). The lines X(, 3 with a # b arise
from long orbits of generic invertible objects and absorb the Zs line 7. Finally, ¥, ) are the liberated
twisted sectors, which are the charged objects under the dual Rep(Zsy) symmetry and thus span the

non-trivially graded component. The total dimension of the category is

dim(z(TY( ) <Z dim (¢ )1/2—2|A.

¢ simple
The topological manipulations of the theory with TY symmetry correspond to Lagrangian al-

(6.2.29)

gebras of this SymTFT. By definition of Drinfeld center, there should exist a Lagrangian algebra
corresponding to the global variant with full TY symmetry. As an object, this is given by

Loy = l@n@@X(o,b) ;
b#0

(6.2.30)
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and indeed:

dim (Lpy) = 2|A| = dim(z(TY(A)%g)) . (6.2.31)

This is the algebra induced by the electric Lagrangian subgroup £e = @, ¢ 4v(0,a) in the pure A
gauge theory, following our discussion in Section While L, is clearly not duality invariant, it can
be uplifted to an algebra in Z(TY(A)%E) by adding to it its images under @H The resulting object
is well defined in Z(TY(A),,), it has vanishing spin (see Table and has dimension 2|A| so it
is Lagrangian. This provides an explicit realization of the sequential gauging procedure outlined in
. The symmetry on the corresponding boundary can be computed using the sequential gauging
prescription. In the trivially-graded sector Cy the simple objects are the elements of the quotient
(A x AV)/AY ~ A. They generate the O-form symmetry and we label them simply by a. On the other
hand, in the Cg sector all of the twist defects fall into a single orbit, without fixed points under fusion
with £, as can be checked from . Let us denote this object by N. The bulk fusion rules imply

(6.2.2)), giving back the TY(A), . symmetry.

6.2.3 First obstruction and Lagrangian algebras

Our first goal is to describe how the first obstruction appears from the SymTFT perspective. We have
already mentioned in Section[6.I]that the first obstruction precludes the existence of a discrete gauging
(B, v) which renders the duality symmetry A invertible. Since, from the SymTFT perspective, discrete
gauging operations correspond to different choices of gapped boundary condition £, it is natural to
rephrase the first obstruction in the language of Lagrangian algebras of the DW theory. A similar
logic has been followed recently in [44], where the obstructions to gauge the entire symmetry category
(i.e. the case B = A in our notation) when |A| is odd have been found counting the number of bulk
lines with trivial spin. However such method is hard to generalize to higher dimensions (which is the
main aim in this chapter) since it relies on the notion of topological spin which has no known analog in
higher categories. In this and the next two sections, instead, we provide a complete bulk classification
of the obstruction theory for TY(A), . and besides we develop methods that allow us to extend the
results to higher-dimensional cases.
The crucial point which makes this problem accessible is that the SymTFT for the TY category is
a G = Zy gauging of the Dijkgraaf-Witten theory DW(A) |46]. By gauging G back and forth, we can
rephrase the problem in terms of gauging Lagrangian algebras of a bulk theory that only consists of
invertible symmetries. As already argued in Section a sufficient condition for A/ to be anomalous
is the absence of G-invariant Lagrangian algebras in DW(A), namely, of Lagrangian algebras Lp
satisfying
d(Lp)=Lp . (6.2.32)

A duality-invariant Lagrangian algebra of DW(A) also gives rise to a duality-invariant boundary
condition, where the duality symmetry becomes invertible. Hence we realize that, in the terminology
of [46], intrinsic non-invertible symmetries are anomalous.

Notice that the obstruction we are discussing here is a priori distinct from the first obstruction we
discussed in Section However the main result of this section is to show that the two obstructions
are equivalent. In order to do so, we make the first obstruction more explicit by classifying all
Lagrangian algebras of DW(A) and providing explicit equivalent conditions for their duality invariance
in terms of the data (A, ~).

'®If a line (a, ¢(a)) (like the identity in this case) is duality invariant, we must add L(a,0) @ L(4,1) to the algebra.
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The 3d theory DW(A) can be thought of as the SymTFT of any theory with a non-anomalous
0-form symmetry A, and as such the correspondence between topological manipulations and bulk La-
grangian algebras is particularly explicit, but yet non-trivial. The (bosonic) topological manipulations

of the boundary are determined by two pieces of data [34]:
e The choice of a subgroup B C A to be gauged.
e The choice of a class [v] € H?(B,U(1)) which plays the role of the discrete torsion.

The resulting symmetry after gauging is an extension of A/B by the quantum symmetry B [154] (see
Appendix for details).

On the other hand, global variants of the boundary theory correspond to different interfaces be-
tween DW(A) and the trivial 3d theory (i.e., to gapped boundaries), and thus are specified by gauging
a subgroup £ C A x AV, Lagrangian with respect to the braiding. Correspondingly, the lines of £
can end on the boundary, and the topological lines of the boundary theory generating the O-form

symmetry are labelled by the quotient group
S=(AxAY)/L. (6.2.33)

Thus we expect a correspondence between pairs (]B%, [1/]) and Lagrangian algebras £ such that
coincides with the symmetry after gauging B with discrete torsion [v]. Notice that the braiding induces
a canonical isomorphismlﬂ

L=8Y. (6.2.34)

The simplest case is when H? (A, U(l)) =0 (e.g., if A = Zj,) so that the topological manipulations
are simply labelled by the gauged subgroup B C Am Then we consider

Lp =BxNB) C AxAY (6.2.35)

which has cardinality |A| and is made of lines of vanishing spin (in particular it trivializes the braiding,
see (6.2.8))), hence it is Lagrangian. Moreover

Sg=(AxAY)/Ly=(A/B) x B (6.2.36)

is precisely the symmetry after gauging B.

In the general case we define the linear map 1, : B — B" associated to y,:

Yy (b1) ba = xu (b1, b2) . (6.2.37)

Given the pair (B, [v]) we construct the subgroup Lg ] C A x AV as follows. Since BY = AY/N(B),
any element of AV can be presented as a pair (3,7) € N(B) x BY (even though the sum is different
from the one in AY) and we denote this element simply as 87 € AY. The association is not canonical,
however different choices agree on 7 (which is the projection from AY to BY) while may differ on f.
We denote by ¢ € H*(BY, N(B)) the cocycle which makes A" an extension of BY by N(B). Then we

construct
Lo = { (b L (0)) € A x A

beB, Be N(IB%)} . (6.2.38)

9This can be seen as follows. The braiding is a bilinear non-degenerate pairing on A x AV and thus induces an
isomorphism A x AY — (A x AY)Y. Saying that £ is Lagrangian is equivalent to saying that its image under this
isomorphism is the subgroup of linear functions on A x AY which vanish over £. The latter is canonically isomorphic to

the Pontryagin dual of (A x AY)/L = S.
*’Indeed if H*(A,U(1)) = 0 then H*(B,U(1)) = 0 for every subgroup B of A.
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This contains N(B) as a subgroup (for b = 0), while its quotient by N(B) is isomorphic to B, hence
L] is a group extension
1 - NB) - Lgp) - B = 1 (6.2.39)

whose corresponding cocycle is 1% (&) € H? (IB%, N (IB%)) (see Appendix for details). Moreover Lg |,

has cardinality |A|, and since x, is alternating the spin of the lines is trivial:
Ob.5) = Xxw(bb) = 1. (6.2.40)

Here (b, 8) is a shorthand for (b, 81,(b)), and B8 does not contribute because it belongs to N(B).
One could weaken the alternating condition and just ask y, to be antisymmetric. In that case the
spins would be +1 and one would allow for fermionic Lagrangian algebras, which correspond to
fermionizations of the boundary symmetry. We will not discuss such cases here, but note that they
are a natural candidate to explain why certain duality symmetries — such as TY(Z3),,1 — can be
gauged on spin manifolds.

We have thus shown that Lg [, is a Lagrangian algebra with respect to the braiding. In Ap-
pendix we prove that any Lagrangian algebra of A x AY arises in this way. This classification
of boundary conditions of the Dijkgraaf-Witten theory coincides with previously known results from
category theory [155]. The boundary condition corresponding to Lp [y is obtained from the original

one by gauging B with discrete torsion [v]. Indeed the symmetry on that boundary is
S=(AxAY)/Lpp = (Lop) (6.2.41)
which is the group extension dual to , namely
1B - S — A/B — 1. (6.2.42)

The cocycle is ¥, o c € H*(A/B,BY), where ¢ € H?*(A/B,B) determines A as an extension of A/B
by B. One can show that this is indeed the symmetry after gauging B with discrete torsion [v] (see

Appendix for the proof).
We should now determine whether DW(A) admits duality-invariant Lagrangian algebras L ). In

the simplest case that [v] = 0 and hence Ly = B x N(B), duality invariance is simply equivalent to
¢(B) = N(B). Since ’N(IB%)‘ = |A|/|B| this requires |B|> = |A| and in particular the cardinality of A
must be a perfect square (n, = 1 in in this case). However this is in general not sufficient:
¢(b) € AV must vanish on B, so that B must be a Lagrangian subgroup of A with respect to the
symmetric bicharacter v associated with ¢.

In the cases with discrete torsion, we observe that
@ (L5 ) = { (47 (Bn (D), 6(1)) € A x A
is equal to Lp [, if and only if for all b € B and 8 € N(B) there exist b’ € B and 4’ € N(B) such that
b =67 (B (b)) . b= ' (B (b)) . (6.2.44)

Before stating the general condition under which these equations can be solved, consider the simpler

beB, fBc N(B)} (6.2.43)

case B = A for which N(B) = 0. Define the group homomorphism ¢ = ¢! o1, : A — A in terms of
which the two conditions become b’ = o(b), b = o(V'). They have a solution if and only if ¢> = 1. In
particular both ¢ and %, must be automorphisms.

When B C A is a proper subgroup, there are further conditions for duality invariance. The proof
is technical and we report it in Appendix Let us remind that the radical of the class [v] is

Rad(v) = Ker(y,) C B. (6.2.45)
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Besides, the projection of x, to B/ Rad(r) being non-degenerate gives an isomorphism
¢, : B/Rad(v) — (B/Rad(v))" . (6.2.46)
Then duality invariance of Lg |, is equivalent to the following conditions:

1. ¢(Rad(v)) = N(B). In particular N(B) C ¢(B), and |B| = n, |A|'/2 > |A]*/2. In other words,
B cannot be smaller than Lagrangian and |A| must be a perfect square, hence reproducing the

known obstruction induced by non-integer quantum dimensions [20)].

2. Assuming condition 1., also ¢ projects to an isomorphism ¢ : B/ Rad(v) — (B/Rad(v))". Then

we can define an automorphism
o= ¢ o, B/Rad(v) — B/Rad(v) (6.2.47)
which, by construction, satisfies (o (a),b) = X, (a, b). The second condition is that

o?=1. (6.2.48)

Notice that the conditions we obtained for £g [, to be duality invariant are equivalent to the first
obstruction we reviewed in Section We thus arrive to the punchline of this section: the first
obstruction is equivalent to the absence of duality-invariant Lagrangian algebras in DW(A), or in other
words, to the non-invertible duality symmetry being intrinsic.

A straightforward consequence of the conditions above concerns the action of the duality sym-
metry G on the symmetry § = (A X Av)/LEM of the invariant boundary. To this purpose, it is
convenient to present S as a group extension and further view BY as an extension of Rad(v)Y
by (B/Rad(l/))v, hence presenting the elements of S as triplets (3,7n,a) with g € (B/Rad(l/))v,
n € Rad(v)" and a € A/B. Using that S = Ll\é,[u} we find that the duality exchanges Rad(v)Y with
A/B, while it acts on (B/ Rad(l/))v as the automorphism oV

@: (B,0,0) = (¢¥(8), 6(@), 67'(n)) - (6.2.49)

When the data (IB%, [1/]) defines a duality-invariant Lagrangian subgroup, using the definition of &
in (6.2.47) and 0? = 1 we can relate the symmetric and the antisymmetric bicharacters as

Xl/(bla b2) = 7(0(b1)7 b?) ) 7(b17 b2) = Xv (O-(bl)v b2) . (6250)
This in turn implies a condition for the class [v]:

v(b1,b2)
u(o’(bg),a(bl))
This is because the Lh.s. of both equations is a symmetric 2-cocycle (see Section or footnote .
Those relations coincide with the known relation (also appearing in the equivariantization of
the algebras in TY categories, see Section .

We can neatly express the condition by noticing that the action p : G — Aut(A) of any
group G on a generic Abelian group A induces an action on H? (A, U (1)) given by

(pg€)(a1,a2) = £(py ' (a1), py ' (a2)) (6.2.52)

for each g € G and & € H? (A, U(l)). Then (6.2.51)) can be expressed as

v(b1,b2) v(o(b1), (b)) = d((b1,b2)  or equivalently = dij(b,by) . (6.2.51)

ol =p V=", (6.2.53)

where 1 is the generator of G = Zs. This reformulation will be convenient later on.
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Examples

To make concrete the discussion above, we show a few examples. For convenience, here we use additive

notation for the phases by thinking of them as elements of R/Z instead of U(1).

1. The simplest example is A = Z,, for which there is no discrete torsion, and the subgroups are in
correspondence with the divisors of n. Let n = pg, and B = {qz | 2 = 0,...,p — 1} = Z, so that
NB)={py |y=0,...,q -1} = Z,

When we gauge B on the boundary, the global symmetry is the direct product of the dual symmetry
Zy, and the quotient Z,. From the bulk perspective, the prescription is that this boundary condition
is obtained by allowing the lines of the form (gz,py) to terminate on the boundary hence becoming
transparent there. On the other hand, the 0-form symmetry is generated by the remaining lines
stacked at the boundary, which indeed form the group Z, x Zj.

For what concerns duality invariance, we need B =2 N (B) and hence p = ¢: this implies that n = p?
must be a perfect square. Any symmetric bicharacter takes the form v(a,b) = rab/n (mod 1) for some
r € Zp (r must be coprime with n for the bicharacter to be non-degenerate), and we notice indeed

that Z, C Z,2 is Lagrangian in all cases:

v(pz,py) =0. (6.2.54)
The integer coefficient introduced in (6.2.7) here is n, = |B|/|A|Y/2 = 1.
2. A less trivial example is A = Z,, X Z, with n a prime number. There are n + 3 subgroups: the
trivial one, the n 4+ 1 subgroups isomorphic to Z, generated by (1,0) and (s,1) with s =0,...,n —1,

and the full A. Only the last one admits non-trivial discrete torsion [v] € H?*(Zy x Zn,U(1)) = Zy

which could be represented as

r ) ”
v((z1,22), (y1,92)) = o Ty or equivalently as  v((z1,22), (y1,12)) = — T2 (6.2.55)

The corresponding alternating bicharacter is given by the matrix

1/0
Xy = = ( r> , with 7€ Z,. (6.2.56)
n\—r 0

In total there are 2n + 2 boundary theories. One can explicitly see that these are in one-to-one
correspondence with the Lagrangian algebras L [,) in A X AV.

Let us show that the induced global symmetry at the boundary is the one obtained by gauging B
with discrete torsion v. The cases B = {0} or B = Z,, are similar to the one discussed above and the

corresponding Lagrangian algebras are, respectively:
LIB,[O} = {(( al,ag ‘ al,a € Zn} for B = {0} s
Ly = {((al, (0, a2) ‘ ai,ag € Ly, } for B = Z,, generated by (1,0) , (6.2.57)

Lp o) = {((sal,al); (ag, —sag)) ‘ ai,as € Zn} for B = Z,, generated by (s,1) .

When B = Z,, x Zj, the resulting boundary theory has symmetry BY & Z, x Z, even for non-trivial
discrete torsion. According to our prescription, and using that N(B) is trivial and the map 1, has

the same matrix form of x, defined in (6.2.56)), the corresponding Lagrangian subgroup of A x AV is
LB,[V} = {((al, ag); (—TGQ, ra,l)) ‘ al,a € Zn} , (6.2.58)
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and indeed (A x AV)/L = Z, x Z,. To see the effect of the discrete torsion we use a Lagrangian
description of the DW theory:

o
S = m/ (A1 UdBi + Ay U dBQ) . (6.2.59)
n X3

The generic line with charges ((a1, az); (b1,b2)) is

21

exp |: W /(alAl + agAs + b1 By + bQBQ) . (6.2.60)
Y

Hence, as a boundary condition, £ in ([6.2.58|) corresponds to A; + rBy = Ay — rB; = 0. Changing
variables according to Ay — Ay + rBsy, Ay — As — rBy we obtain the same bulk Lagrangian as in

(16.2.59) but with an extra boundary term

2mr

5dery = Bi1 U By, (6.2.61)

0X3

which is precisely the discrete torsion for the gauging on the boundary.
Let us discuss which of those algebras are duality invariant, and in particular which symmet-
ric bicharacters admit duality-invariant algebras. There are two natural classes of non-degenerate

symmetric bicharacters, diagonal and off-diagonal:

D 1/t 0 10 1 /0 ¢t
%(1,12:”(0 t2> and 7 )=n<t 0). (6.2.62)

Here non-degeneracy requires t1, to, t to be invertible elements of ZHE Note that B = {0} cannot
lead to duality-invariant algebras because it is smaller than Lagrangian.

Consider the case of %FO). First we look at Lagrangian algebras associated with subgroups B = Z,

which, according to our general analysis, need to be Lagrangian with respect to %SO) because [v] = 0.
The two subgroups B = <(1, O)>, <(0, 1)> are always Lagrangian, while B = <(s, 1)> is Lagrangian only
if

2st =0 mod n (6.2.63)

which can never be satisfied if n is odd. Then we look at the cases with B = A. In order to satisfy

¢(Rad(v)) = N(B) = {0} in (6.2.10) we need a discrete torsion (6.2.56) with r # 0. From (6.2.47) we

find
t—1r 0
= . 6.2.64
? ( 0 —t_17'> ( )

The duality-invariant condition o2 = 1 reads (¢t~'7)? = 1 mod n, which can always be satisfied by the
values r = +£t.
Consider now the case of ﬁygt)Q. The subgroups B = Z,, are Lagrangian with respect to %(322 only

when B = <(s, 1)> with t1 s2 4+ t3 = 0 mod n. For B = A, instead, we need a non-vanishing discrete

torsion ((6.2.56f), and since
0 —tflr
o= ) (6.2.65)

ty'r 0

the duality-invariance condition reads r?> = —t1to mod n. This equation and the previous one for s
do not always have solutions. For instance, if t; = to = 1, then r (or s) must be a square root of —1
which exists for n =2,5,13,... but not forn =3,7,11,...

21For n prime, they are just non-vanishing. However these two bicharacters will be used also for n non prime, hence

t1, t2, t must be coprime with n.

165



In summary, while TY(Z, x Zp),. with off-diagonal bicharacter v always trivializes the first
obstruction, when the bicharacter is diagonal the category is necessarily anomalous for certain values
of n for which the first obstruction forbids the gauging. We also notice that in all of these examples,
when there is a duality-invariant Lagrangian algebra associated with B = Z,, we have n, = 1, while

for B = A we have n, = n.

3. We conclude with a more complicated example which is representative of the general case B C A
but [v] # 0, hence B is non-Lagrangian. Take A = Z4 x Z4 which, besides the subgroups we already

considered, also has the subgroup
B={(z,2y) |2 €Z4, y €L} =7y xLo (6.2.66)
(as well as the similar one with the two factors swapped) hence realizing
N(B) ={(0,2§) | § € Zo} = Zy C A" . (6.2.67)

The most general alternating bicharacter on B is

1/0

Xo =~ < a> with  2(a+b)=0 mod 4, (6.2.68)
4\b 0

hence a,b € Z4 must be either both even or both odd. If a,b are both even then Rad(v) = B and

duality invariance cannot be satisfied. If a, b are odd, instead,
Rad(v) = {(22,0) | 2 € Zp} 2 Zy C Zy X Ly . (6.2.69)

The condition ¢(Rad(r)) = N(B) cannot be satisfied with the diagonal bicharacter %(RQ, while with
the off-diagonal one %(O) the condition is met (for both the invertible elements ¢ = 1,3). The second

condition for duality invariance involves

oc=¢ Lo, = (t(? ti) _ (6.2.70)

The condition 02 = 1 is equivalent to (tb)> = (ta)? = 1 which is automatically satisfied. In this case

we get n, = 2.

6.2.4 Second obstruction and equivariantization

In the previous section we rephrased the first obstruction to the gauging of a 2d duality symmetry in
terms of the existence of a duality-invariant Lagrangian algebra £p in the 3d TQFT DW(A). Gauging
£ p leads to a bulk SPT phase Y € H3(G,U(1)) for the duality symmetry G = Zjy, which determines
the DW twist of the corresponding GG gauge theory as explained in . The total twist €t = €Y
in turn determines whether a Neumann boundary condition is allowed (and N is anomaly-free).

In order to understand the origin of Y we must describe in detail how to make the gauging of Lp
consistent with the presence of a O-form symmetry. Naively this should amount to the requirement that
Lp be G-invariant as an object: ®(Lp) = Lp as stressed in . This is however not sufficient,
as the algebra £p comes with a specific choice of morphism m : Lp x Lp — Lp that is associative
and commutative (see Appendix [A| for the definitions) and a set of projections m, € Hom(Lp,z).
An equivariantization of Lp is the definition of a consistent action of the 0-form symmetry on the

projections that leaves m invariant (for more details we refer the reader to Appendix |A| and [146] for
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a thorough treatment). To define this structure the proper context is that of G-crossed MTCs [77].
In this framework a symmetry defect Uy acts on the junction spaces V7, where z,y,z € A X AY label

simple object , by a unitary automorphism [Uf,]% , : V7, — %g(%{g(y) as

z o z (2)
Uy (Uz,y) = [ug]x,y : Ug(a;)vg(y) (6.2.71)

where v is a chosen basis vector of V7, (see Figure[6.1). The phases [Uy]; , have to satisfy several
compatibility conditions with the data of the underlying category, in particular consistency with the
braiding requires

Z - (2) z
[ug]z,y Ry y = Rz(x)’g(y) [Ug]y,a: . (6.2.72)

Using the R-matrices (6.2.26)) and the G = Zy action on elements of DW(A) one easily sees that this

equation admits a simple solution

a+b,«
Ul ) = D). (6.2.73)

for g = 1 the generator of Zs.
Now let us come to the equivariantization. For the algebras discussed in Section a consisten@

choice of m is

mits =y, b)  where  x= (b, B, (b)) € Lp . (6.2.74)
In the following we will use z,y, z,... to denote elements of Lp in order to lighten the notation.

Working in components we expand

m = @ m’ and  m;, eV, (6.2.75)

where z = x +y. The defects U, act on the projectors 7, : Lp — x by an automorphism 7jy(x) : m, —

Ty(z) as follows (see Figure
Ug(mz) = 1g() * Ty(a) (6.2.76)

Using these transformations, m is invariant if @

R R 1C)
Mo(e), o) = My Mol 57500 (6.2.77)

The equivariantization datum 7 can be neatly interpreted in cohomology. First acting with gauge

transformations 7, — p(x) m, on the vector spaces associated to 7, and 7y, we can identify

i 1(g(x)) .

Ng(x) ~ Ng(x 6.2.78
Second, consistency with the group composition law demands that
Mg () 7 (9(2)) = Ngn () - (6.2.79)

Interpreting 7, as a cochain in C! (LD,U(l)), so that 77 € CI(G, ct (LD,U(l))), we can rewrite
(16.2.79) and (6.2.78)) in terms of a differential. Using now additive notation, for the sake of clarity and

for later convenience, they look, respectively, as

Z2Throughout this section we leave implicit that all simple objects are invertible and hence all junction spaces are

one-dimensional.
23 Commutativity of the algebra requires mZ ., = m?, R

z
’
,xttle,xls

2"Here we use that all objects in the algebra Lp are invertible and appear with multiplicity one in the DW(A) theory.

which, in our case, becomes m7 .,/mZ, , = x.(b',b).

167



9(z)
9(z), 9(v)
g(Z) ~ vz g\Z) —_

Uy
e = [UlZ,, \
Y Y
\Q ’ -\ .

v

U!] Ug
s
Lp ~ Lp ~ 9()
= 1)
.\(\ x ! Tg(x) \ T
T

Figure 6.1: Graphical representation of the action of a symmetry defect U, on the junction spaces

Vi, (above) and on the projectors 7, (below).

for any p € C’O(G, Ct (LD, U(l))) ~ Ot (LD, U(l)). Here d, is a twisted differential, while p is the
G-action on anyons. We obtain that 7 is naturally an object in twisted group cohomology (see e.g.
[15] and Appendix [C| for a review):

i€ Hy(G, CM(Lp,U(D))) . (6.2.81)
Restricting the solution ((6.2.73])) to elements of £p we find
U772 = X0 (,0) = xo (0 (b), 0 (1)) ! (6.2.82)

where in the second step we used the relations between the symmetric and antisymmetric bicharacters

(16.2.50)). Since mgg;rza,) = V(a(b’),a(b)) from (6.2.74)), then (6.2.77) becomes

v(b,v)
v(o(¥),a(b))
which we recognize as the first equation in (6.2.14)) with a caveat. The set of solutions for 7j,, with
g =1, form a torsor over £}, while the solutions of (6.2.14) are related by elements of (B/ Rad(v))v,

therefore, strictly speaking, the solutions sets of the two equations differ. However we will see below

= dil, (6.2.83)

that the two sets of equations give rise to the same second obstructionﬁ
For later convenience we also notice that the set of solutions to (6.2.83)) for 7 forms a torsor over

H)(G, L)) =H)\(G,S), (6.2.84)

whose elements we denote by 7. This will be useful for the upcoming reinterpretation of the second
obstruction in terms of symmetry fractionalization in Section [6.2.5] All in all we found that an
equivariantization of a duality-invariant Lagrangian algebra £ p is specified by the choice of an element
neH ; (G, ct (L D, U (1))) satisfying , and that any two choices differ by an element 7 of
H} (G, LY).

ZPhysically the extra solutions correpond to symmetry fractionalization patterns between Zs and S for which there
is no mixed 't Hooft anomaly.
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Given an equivariantization 7 of £p, we ask what is the SPT phase Y € H*(G,U(1)) for G that
we obtain after gauging (Lp,7). Indeed, the theory after gauging has a single genuine line 1 (and
thus is an invertible TQFT) but also a single non-genuine topological twist line M, for each g € G.
The spins 61y, of such objects are gauge dependent by a G-character [77]. In the presence of a discrete
torsion Y, the fy,’s do not form a G-character: their deviation from being a character is physical
and is induced by the SPT phase Y. In the present case that G = Zg@ 0xr does not square to 1 but
instead

brr = VY (L, L 1), (6.2.85)

the sign of the square root being pure gauge. We can thus detect the Zy SPT phase through the
gauge-invariant quantity 9]2\4 =Y. We now show how to reproduce . A key fact is that, given a
choice of equivariantization 7 for £ p, there is a unique non-genuine twist line M after gauging (£p, 7).
It is then possible to show, using the defining equation for a twisted local module M that

fa(b)~t = 7(b) for ~ beB/Rad(v) and o(b)=b, (6.2.86)

where f, is the function introduced in . The equation holds for all the values of a for which
Hom(o,, M) # O We will use the notation M(® to account for the different choices one has for the
equivariantization 7: upon gauging, each choice leads to a theory with a unique non-genuine operator,
however different choices lead to different SPT phases Y and the label a (whose possible values depend
on Lp in a complicated way) keeps track of the equivariantization chosen.

Since 012\4 must be well defined, the spins squared of the components of M must coincide. Since,

as an object, M(® can be described as the orbit of the twist defect o, under fusion with the lines of
Lp, using the fusions in ((6.2.24]) we get@

M@ = @am where  u=b+¢"(By, (b)) forall (b, Byu(b)) €Lp. (6.2.87)

Consistency with the existence of a unique local module requires that 92 = 930 u

0m>ﬂKZn éﬂAme Jon y(w, o)™, (6.2.88)

ceA ceA

from which we can extract some consequences. For our purposes it will be enough to consider u =
b+ ¢ (2, (b)) with b € B, we then impose

M(a) Z Ma) — |]B|\/|K2fa b+¢ (wlj(b))vc)_l

bEIB beB
ceh (6.2.89)
; L6~ (4, (b)), )L .
BMA%f b,c) (67 (U (b)), )
ceA
Any b € B can be split as
b= (¢ Y(B)) + s(x) (6.2.90)

26In order not to clutter we will suppress the label g in what follows, as there is only one nontrivial G' defect anyway.

2"To show that the result holds, consider and set g(z;) = x;. The matrix rr can then be eliminated on the
two sides. Decomposing the module M, in its components and using the formulas for the R matrix gives the
desired result.

28Besides identifying twist defects related by fusion with the lines of £p, one also has to impose locality conditions,
that depend on 7 (see Appendix E[) Together these constraints single out a unique twist defect for each choice of

equivariantization.
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with 8 € N(B) and x € B/Rad(v). Here ¢ is the inclusion of Rad(r) in B and s : B/Rad(rv) — B is a
section. Using linearity of v and that 1, (¢~ 1(3)) = 0 we see that the only 3-dependent factor in the

summand is 3(c), so that the sum over /3 constraints ¢ € B. We then have

2 _ [Rad(v)| N m(s(z). )L~ (o (s(z). b))t
o= o] X B o) (ot ) .

z€B/Rad(v)

We now split also b as (6.2.90) obtaining

HQ,L:M (TN a(s(@)) Ty (s(x), s(2) T (o (s(x)), s(2') T (6.2.92
M@ = g Al B,;N(B) Ja(d™(B) " fals(a')) " y(s(x), s(z)) " v(o(s(x)),s(a")) " ( )

z,2'€B/Rad(v)

where we noticed that f,(¢~1(8) +b) = fu(¢~1(B))fa(b) for any 3 € N(B) and b € B. Because of this
fa restricted on Rad(v) is a character, hence the sum over 3’ yields 9§4(a) =0 unless f,(¢~1(3)) =1
for any 8 € N(B), i.e. f, must restrict to the trivial character on Rad(v) to avoid an inconsistent

answer. Plugging this in we get

02 . = M s L y(s(x) + o(s(x)), s(z") ! 6.2.93
M@ = g AT ﬁ’eZN(B) Ja(s(2")) ™" y(s(x) + o(s(x)), s(a)) ( )
z,2'€B/Rad(v)

notice that, due to the property of f, mentioned above, this expression is independent of the sections
chosen hence we shall drop them in the following. Using (6.2.50)) we rewrite

v(o(z), ') = y(z,o(z))™? (6.2.94)

so that summing over x constraints z’ to be fixed by o. All in all the spin of the twist defect is

Rad(v _
03 - [Rad)] %” P AR (6.2.95)
| | beB/Rad(v)
o(b)=b

hence, due to (6.2.86)), confirming that
0% = Arf(i) =Y . (6.2.96)

Notice that this computation automatically provides with the proper normalization to ensure that

Arf(7j) = £1.

Example. Consider A = Z,, x Z,, with off-diagonal bicharacter %O). The invariant algebra is

Lp = {((al,ag); (—aQ,a1)) ‘ ai,as € Zn} ) (6.2.97)

Our choice for the functions f, in (6.2.27) is

271
(@, a2)(b1,b2) = exp (n b1b2> v(a,b) . (6.2.98)

From this it is simple to show that
9 211
0, =exp| ——aaz ) . (6.2.99)
n
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A module M@ is given, as an object, by

D e Z, Ob, a2 for n odd,

M@ = (6.2.100)

Drcz, Tart2b,a, for neven.

Imposing the spin Hga to be constant on the orbit M(® strongly constrains the possible local module
candidates. One finds that for n odd there is only one consistent choice of module M, namely M (%:0)
while for n even there are four, corresponding to (a1, as) = (51, %52) and sy € {0,1}. Their spins
squared are:

M@ H 27(0,0) ‘ A(1,0) ‘ A (0,n/2) ‘ M(1,n/2)

(6.2.101)

0@“1\1\1\—1
It is possible to check that all four satisfy the locality condition (A.3.10) for the four inequivalent
choices of 7], parametrized by H ; (Za, Zp X Zp) = Lo x Zy. We will see in the next section how the

same result can be obtained in terms of symmetry fractionalization.

6.2.5 Second obstruction and symmetry fractionalization

The discussion in the previous section gave us a description of the second obstruction from a purely
bulk perspective. However, it requires precise knowledge of the full categorical data of the 3d MTC,
hence it is hard to generalize it to higher-dimensional cases. Moreover, it leaves one conceptual problem
to address: what is the physical interpretation of the different choices of equivariantization from the
point of view of the boundary? We make here a proposal that solves both issues: different choices
of equivariantization in the bulk lead to different ways to couple the symmetry to backgrounds fields.
This is the symmetry fractionalization phenomenon that we introduced in Section following [15,
53, 54].

Even though we do not know how to turn on background fields for the non-invertible symmetry
directly, we can use the vanishing of the first obstruction to reduce the problem to the discussion of
inequivalent couplings to standard Zs background fields on the invertible boundary. There we also
have the O-form symmetry S = Z(A)/Lp, which crucially has a mixed anomaly with G. It is known
115,53}, |54] that in such cases the cubic G anomaly might not have an intrinsic value: it can be changed
by choosing different symmetry fractionalization classes. Analyzing this phenomenon will lead to the
required condition for the vanishing of the second obstruction.

Let us start by determining the mixed anomaly between G and S§. The duality action ®, which
leaves L£p invariant, descends to an action on the quotient S = (A x AV)/Lp, which we already
described in detail in Section For simplicity we consider here the case B = A, so that S = A".
The general case is qualitatively analogous and we report it in Appendix We use the duality
isomorphism ¢ to write the background for A as ¢(B) with B € H'(X,A). The partition function
of the invertible boundary theory coupled to a background B can be easily expressed in terms of the

reference electric boundary:
Zinv[0(B)] = Z exp [2772’/ b*l/—|—2m'/ bu¢(3)} Zo[b] . (6.2.102)
be H(X,A) X X

Here b*v € H?(X,U(1)) is the pull-back of v € H?*(A,U(1)), understood in additive notation. The
duality maps Z, to the partition function of the magnetic theory Z,,, which in turn can be expressed

as a discrete gauging of the electric theory:

O Zofb] = Zum[¢()] = D exp [ZM' /X ¢(a)ub] Zola) . (6.2.103)

a€ HY(X,A)
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The action of ® on the invertible boundary can be derived combining (6.2.102)) with (6.2.103)), using

that ® only acts on the partition functions Z, and it reads
® - Ziny[#(B)] = exp [2m‘ / B*V] Zinv|[#(cB)] . (6.2.104)
X

The overall phase stems from a mixed 't Hooft anomaly between G and §. Crucially, from ((6.2.104])
we find that G = Zy acts non trivially on S through an automorphism p : G — Aut(S) such that

p1(B) =08, (6.2.105)

so that the total symmetry of the invertible boundary is a semidirect product & x, G. Thanks to

exp [ZTri/XB*(Z/oa)} = exp [mn/XB*y] , (6.2.106)

which is the integrated additive version of , the aforementioned anomaly is consistent with the
Zo symmetry. Let us write the inflow action for the anomalous phase, introducing a background filed
A € HY(X,Z3) for G. The general construction is detailed in Appendix The bottom line of that
discussion is that such anomalies are classified by p € H pl (Zg, H? (A, U (1))) in terms of which the 3d
inflow action is

S, = 27Ti/ w(A)UBUB . (6.2.107)
X3

In components this is defined as

ijkl
A gauge variation A — A + d)\ produces a boundary term

Sy S+ 2m/ WA\ UBUB. (6.2.109)
0X3

The class p can be thought of as a function u : Zo — H? (A, U(l)) satisfying the twisted cocycle

condition (using addivite notation)

pg 1(h) + p(g) = p(g +h) (6.2.110)

and subject to the the identification

1(g) = ulg) +pg & —¢€ forany &€ H*(A,U(1)) . (6.2.111)

Because of the relation (6.2.51)), which in additive notation reads ¢ - ¥ = —v, we can consistently

choose
w(0) =0, ul)=v. (6.2.112)

Notice that this makes sense because ®2 leaves Zi,, invariant. With this choice, taking a background
such that the pull-back of A to the boundary X3 is 0 and performing a gauge transformation A —
A+dX with A 0Xs = 1, one reproduces the anomalous phase ((6.2.104]). This construction also provides
a convenient way to determine whether the anomalous phase corresponds to a true anomaly
or can be cancelled by a local counterterm. Indeed the latter situation occurs if and only if p is
cohomologically trivial, namely

v=0c-£—¢ (6.2.113)
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for some ¢ € H? (A, U(l)). In this case the anomalous phase is eliminated by modifying the action
coupled to B € H'(X3, A) by the addition of the local counterterm

Sct. = 27Ti/ B*¢. (6.2.114)
X2

If there exists no ¢ satisfying (6.2.113]) then the anomalous phase cannot be cancelled and there is an
anomaly. To show the power of this method, let us discuss the example of A = Z,, X Z,, with diagonal
(D)
1

symmetric bicharacter v;;" and

V((.%'l,.Z'Q), (yl,yg)) = %xlyg with r?>=—-1 modn. (6.2.115)

Then o acts on A as o(z1, x2) = (rz2, —rz1), and since the most general ¢ € H? (A, U(1)) is represented
as f((ml, x2), (yl,yg)) = 2r1y2 or equivalently as 5((331,9:2), (yl,yg)) = —Zxoy1 then

2s
(0-&=&)((w1,22), (y1,92)) = -ty (6.2.116)
For n odd, we can always choose s = —2~ ! hence the anomalous phase can be cancelled by a local

counterterm and it is not an anomaly. On the other hand, for n even, r is necessarily odd and thus
no choice of s can cancel the anomalous phase: in this case this is a genuine anomaly.

As already argued, the question of what is the value of the pure G = Zy anomaly on the invertible
boundary is not well-posed until we specify how G couples to a background field A € H'(X5,G). In
the boundary global variant where the full symmetry category is invertible, the presence of another

0-form symmetry & allows one to make discrete choices for that coupling labelled by a class
neH)G,S), (6.2.117)

which satisfies the twisted cocycle condition pgy n(h)+n(g) = 1n(g+h) and is subject to the identification
n(g) = n(g) + pgc — ¢ for any ¢ € S, similarly to (6.2.110)-(6.2.111). So 7 specifies a (twisted)

homomorphism from G to & which allows one to modify the minimal coupling prescription for A,

declaring that the latter effectively couples to the diagonal subgroup of G' and the image n(G) C S. The
anomaly cannot be unambiguously determined until we specify 1 because different choices correspond
to different Zy subgroups of the full 0-form symmetry group and, due to the mixed anomaly ,
they can have different anomalies.

This is nothing but symmetry fractionalization 15} 53, 54] (Section |§| (which will be relevant
for the 4d/5d case), but we will use the same terminology to emphasize a unified description. The
crucial point is that in general there is no canonical choice and we can only talk about differences of
anomalies induced by a certain class 1. This is easy to implement at the level of background fields.
When A € H'(Xa,Z3) is activated, the symmetry fractionalization class changes the background
B € HY(X3,S) to

B'=B+ A'n=B+n(A). (6.2.118)
By plugging this expression into the mixed anomaly we change the pure Zs anomaly, classified
by H3(Z2, U(l)), by an extra piece

Spure = 2m’/ p(A)un(A)un(A) = 2mi A%y (6.2.119)
X3 XB

8ee, e.g., [77, [156/{159] and references therein for discussions of symmetry fractionalization in the condensed matter
literature.
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that can be written in terms of a class y € H? (Zg, U (1)) An explicit expression for y(g1, g2, g3) can
be derived by recasting u(A) Un(A) Un(A) as

(A Un() UnA)) = —u(=Ai) (n(Az) . o, A)) (6.2.120)

This is useful because A appears with only three different pairs of indices, and we conclude that

y(91,92.93) = —nl(—g1) (1(92) . pyam(98) ) (6.2.121)

The possible non-triviality of this 3-cocycle is determined by its value at g1 = g2 = g3 = 1, and we

will denote simply by p and n their values at ¢ = 1. Since p = v and pn = —n we obtain
y = y(1,1,1) =v(n,n) . (6.2.122)
Going back to multiplicative notation, we obtain that
Y =v(nn), (6.2.123)

we will see in examples that coincides with the SP'T phase obtained by the equivariantization procedure
in Section [6.2.4]

Examples

Let us apply the general discussion to the previously discussed examples.

1. The first example is A = Z, where a duality-invariant lattice is present only for n = p?. The

choice of discrete torsion v is trivial, so there is no way to shift the “bare” Frobenius-Schur indicator

€ and the second obstruction vanishes if and only if € = 1.

2. Next we consider TY(Z,, X Z,). Choosing the diagonal bicharacter '7831) in (6.2.62)), the duality-
invariant boundaries are obtained by gauging the full A with discrete torsion v such that (see (6.2.56]))

170

Xy =~ < T) with r2=-1 modn. (6.2.124)
n\-r 0

Thus the action p : Zo — Aut(AY) is p1(a1,a2) = (raz, —ray). We look for all possible symmetry

fractionalization classes n € H}(Zga, Zyn X Ly ), which are determined by n = 7(1) = (1, z2) constrained

by xo = rx1. Taking into account the identification

(x1,721) ~ (T1,721) + (reg — c1, —rer — c2) (6.2.125)
and setting ca = 0, ¢c; = —1 we realize that z; ~ 21 + 1 and hence all cocycles are exact:
H)(Zy, % X Ly) =0 . (6.2.126)

Thus the phenomenon of symmetry fractionalization is absent in this case and there is only a single
equivariantization for £p. The second obstruction again vanishes if and only if € = 1.
Choosing instead the off-diagonal bicharacter %O) is more interesting. As already discussed, the

duality-invariant boundaries are associated with the alternating bicharacters

1 0
X = — < T) with 2 =1 modn . (6.2.127)
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Then pi (a1, a2) = (—rai, raz) and the most general cocycle n € H;(Zg, Ly X L) has n = (x1,x9) with
(r—=1)z1=0 modn, (r+1)xz2 =0 modn, (6.2.128)

and is subject to the identifications x1 ~ z1 — (r + 1)c1, ®a ~ x9 — (r — 1)ca.  Without loss of
generality we can take r = 1, so that 229 = 0 and x1 ~ z1 + 2. Hence for n odd there is no symmetry

fractionalization while for n even:
H)(Zy, Uiy X L) = Ty X Ly (n even) (6.2.129)

generated by 7, s, = (51, 2s2) with s12 € {0,1}. A representative for v is

o
v(a,b) = exp(jbl a1b2> (6.2.130)

and therefore

Y =wv(n,n) = exp(misisz) = Arf(7) . (6.2.131)

Thus the second obstruction vanishes if and only if
e=1 and s159=0, or e=—1 and s180=1, (6.2.132)

in agreement with the discussion in [21] for the case A = Zs X Zs and with our computations using
the equivariantization of £ p around ((6.2.101]).

6.3 Anomalies of duality symmetries in 341 dimensions

We now extend the classification of anomalies for non-invertible duality defects to the four-dimensional
case. As in 2d, we find that there are two obstructions to gauging a non-invertible duality symmetry.
The first obstruction again hinges upon the absence of a duality-invariant bulk Lagrangian algebra £p.
This maps to the fact that the 4d theory T coupled to the SymTFT must admit a duality-invariant

global variant. The second obstruction is the presence of a cubic anomaly:
€0t € B (BG) (6.3.1)

which can be contaminated by a mixed anomaly involving the 0-form symmetry G and a 1-form
symmetry S through a symmetry fractionalization mechanism similar to the 2d case, now encoded in
a class n € H2(G,S).

Well-known examples of 4d theories with self-duality symmetries are the free Maxwell theory,
super-Yang-Mills theories with A/ = 4 supersymmetry and whose gauge algebra is invariant under
Langlands duality (i.e., ADEFG as well as By = C5) [2, [24] 52, [104] and various theories of class S
19, 160]. Understanding the anomalies in these symmetries has immediate interesting consequences.
For example, it has been recently observed [161] that the A = 1* massive deformation of N' =4 SYM
preserves a self-duality symmetry. The well-known results about vacuum degeneracy in N' = 1* can
then be reinterpreted as anomaly matching conditions. A second natural application is to constrain
which A = 3 theories can be described through a discrete gauging of N’ = 4, which we comment upon

in the conclusions.
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Figure 6.2: Braiding of lines W’ and Wf(b) on the duality defect M. Unlinking the line configuration

gives rise to the symmetric bicharacter v(a,b).

6.3.1 Duality defects

Much of our analysis in Section [6.2] can be generalized to self-duality defects in four-dimensional
theories that are self-dual under the gauging of a 1-form symmetry A, possibly with discrete torsion
124, [52, [104]. Again, the self-duality must be supplied with a choice of isomorphism ¢ : A — AY.
While a complete description of the underlying fusion 3-category C is still out of reach, some of the
relevant data can be spelled out explicitlyﬂ As stated in the introduction, this is a graded category
with the grading being implemented by the duality group G, that for now we take to be cyclic. The

fusion rules take the form

ax Ny =Ny xa=N,, Ng(Z) x Ng(B) = > a=Cu(¥), (6.3.2)

a€ Hz(X,A)

where Ny are the duality interfaces, ¥ the 3-manifold where they live, a a 1-form symmetry surface,
and Cyx(X) the condensate of A on 3. We studied the fusion of Ny x A}, in Chapter [5| (see also [9]),
and is group-like at the level of connected components, i.e., forgetting the appearance of condensates
(see footnote . Assuming that G is cyclic, let ' be a generator of it.

A first piece of categorical data can be obtained by noticing that the 1-form symmetry surfaces
can end topologically on A/ thus defining topological line operators WX and W1, where L/R encode
the side (Left or Right) on which the 1-form symmetry surfaces a, 8 endﬁ These line defects must

compose according to the A group law, modulo undetectable decoupled objects@

Whxwt=wk, (6.3.3)

a

and similarly for Wé%. Following the same logic as in the Tambara-Yamagami case, we consider the
braiding between endlines of 1-form symmetry surfaces a and 8 = ¢(b) ending on the two sides of the
duality defect A/. The endline of WBR is an 't Hooft line TﬂL from the point of view of the left side,
and hence it braids canonically with W%. We conclude that the braiding between Wl and WR(b) is

¢
given by a symmetric bicharacter ~:

Byrwr, = ¢(b)a=~(a,b), (6.3.4)
where the symmetry of v follows from the fact that we should get the same result if we worked in the

magnetic frame instead. The configuration is depicted in Figure [6.2]

30The SymTFT analysis offers a complementary viewpoint on the data constituting the duality category on the
boundary, which might be easier to handle. We explain how the data we describe here is matched between bulk and

boundary in Section
310ne could think of those as 2-morphisms W.F : a x 1y — Ly and WBL : Iny X B — 1a, where 1 is the identity

endomorphism of N.
32The importance of modding out such decoupled TQFTs has been recently emphasized in [162] in a related context.
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The lines W’ and WBR form a 3d TQFT A, but such a description is clearly non-minimal: lines
of the form K, = Wl x Wﬁ_a) are decoupled from the bulk 1-form symmetry and constitute an
undetectable sector Ag. Quotienting this out gives the minimal description A, of the category of
lines living on the defect@ This produces, in general, a set of lines L, forming a minimal TQFT A*4
with 1-form symmetry A [111], where ¢ a quadratic refinement of the symmetric bilinear form ~. This
resonates with previous results obtained from the SymTFT perspective in Chapter

Finally, as in the 2d case, we can associate to A/ a pure G anomaly e. This is a higher analogue of
the Frobenius-Schur indicator. Indeed, € can be understood as a standard G ’t Hooft anomaly on four-
manifolds with trivial Ho(X,A). On these manifolds, {N,} behave as a standard invertible symmetry
according to the fusion rules . At the level of the SymTFT, the presence of a nontrivial € gives a
DW twist for the theory Z(C). All in all, we find that the known data defining a self-duality category
in 4d, or at least a subset of it, is given by a pure anomaly ¢ for the self-duality group and a symmetric
bicharacter v: A x A — U(1).

In the ensuing analysis we will make two simplifying assumptions. First, we will consider duality
defects on spin manifolds, we(TX) = 0. The classification of discrete gauging operations (global
variants of a gauge theory) is different on non-spin manifolds, as the set of discrete theta angles is
larger@ Physically this amounts to the possibility of assigning a well-defined spin to lines as this
cannot be screened by heavy neutral fermions [163]. This restriction has physical consequences on the
obstruction theory outlined above: some duality defects can be anomaly free on spin manifolds, but
anomalous in the presence of a nontrivial wﬂﬂ As a prototypical example, consider the su(2) N =4
SYM theory. This admits an S-invariant global variant SO(3)_ on spin manifolds. On non-spin (but
orientable) manifolds this variant splits into SO(3)" and SO(3)f., where b/f (bosonic/fermionic) refer
to the spin of the generator of the lattice of genuine lines. According to [163] (Appendix C) the two
objects are interchanged by S. Thus, although the duality symmetry in SU(2) N'=4 SYM might be
non-anomalous on spin manifolds, it is anomalous on generic orientable manifolds.

Our second assumption is to consider duality defects for which G does not contain fermion parity.
This for example excludes the vanilla S-duality of the N” = 4 SYM theory, for which S$* = (—1)F,
but includes the situation where S is twisted by a discrete R-symmetry [161]. At the practical level,
this implies that the relevant cobordism classification for cubic G anomalies is given by Qgpin(BG) as

sping

opposed to 25" ¢ (pt). Both groups have been computed, e.g., in [164} [165].

6.3.2 SymTFT and Lagrangian algebras

The SymTFT for 4d duality defects, as discussed in Chapter [5, can be described in close analogy with
the 2d case. We start from a 5d Dijkgraaf-Witten theory for a 1-form symmetry A with trivial twist.
This has topological surface operators labelled by pairs (a, ) € A x AY with antisymmetric canonical
braiding

B(a1,o¢1)7(a2,a2) = o (az) a2(a1)_1 € U(l) : (635)

As in three dimensions, the 5d pure 2-form gauge theory for A enjoys electric-magnetic duality, corre-

sponding to a choice of isomorphism ¢. As explained in[2.2.] since in 5d the braiding is antisymmetric,

33Formally one stacks A with the orientation reversal of Ay and gauges the diagonal symmetry A : Amin = (Ax Ag)/A.
34 As an illuminating example, consider A = Z,, with n even. On generic manifolds, discrete torsion terms are classified

by H* (BQZn, U (1)) = Zson, while on spin manifolds the order-two element of this group vanishes due to the Wu formula
BUB = BU (wg + w%) mod 2, where w;(TX) are the Stiefel-Whitney classes of X. This discussion generalizes to

arbitrary A in a straightforward manner.
3%Loosely speaking, this is some kind of mixed anomaly with gravity, due to the dependence on w2 (TX).
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the duality symmetry is
S: AxAY — AxAY

(a,0) = (=47 (a), ¢(a))
that is an order-four automorphism S%(a,a) = (—a, —a), namely S? = C. The 5d DW(A) theory

enjoys a larger set of O-form symmetries, for any group A. Indeed we can define another generator

(6.3.6)

T:(a,a)— (a+ o La), @), (6.3.7)
and in this way construct an order-three automorphism of A x AV:
CST : (a, a) — (¢_1(a), —a — ¢(a)) such that (CST)}=1. (6.3.8)

The SymTFT for the duality or triality defects is then defined by gauging the group G generated by
S or CST, respectively. This gauging admits a choice of discrete torsion, which on spin manifolds is
classified by

e € OP™(BQG), (6.3.9)

and can be thought of as the higher analogue of the Frobenius-Schur indicator we introduced before.

Notice that if we gauge the group G = Z,4 generated by S, the generator maps (b,0) N (0, (;S(b))
and thus the isomorphism ¢ appearing in is precisely the one extracted from the boundary
theory using (6.3.4). The same is true if we gauge G = Zg generated by ST since (b,0) kY (0,6(b)).
On the other hand, if we gauge G = Zg generated by C ST, the isomorphisms in and (6.3.4])
differ by C.

The same argument for the first obstruction corresponding to the absence of G-invariant Lagrangian

algebras in the DW(A) theory carries over to the 5d case. We are thus led to study the properties of
gapped boundaries of the pure 2-form gauge theory for A. These are labelled by two discrete choices,
as in 2d:

e a subgroup B C A to be gauged;
e aclass [v] € H*(B?B,U(1)) specifying the discrete torsion.

Recall that in 2d the discrete-torsion classes are classified by alternating bicharacters. The analog
here is the identification of H*(B?B,U(1)) with the dual of the universal quadratic group I'(B) (see
|15, 93] for details):

HY(B’B,U(1)) = T'(B)" . (6.3.10)

This means that any discrete torsion class [v] is represented by a quadratic function ¢, : B — U(1).
The group I'(B) is equipped with a quadratic function @ : B — I'(B) and is such that for any
Abelian group V, any quadratic function ¢ : B — V factorizes as ¢ = ¢o Q with ¢ : T'(B) — V
a group homomorphism. Therefore, a quadratic function ¢, : B — U(1) is represented by a group

homomorphism g, : I'(B) — U(1). The topological term implementing the discrete torsion is

Storsion = /X4 B'v = /X4 3 (B(B)) - (6.3.11)

Here B € H* (BQ]BB, F(IB%)) is the special element whose representative homomorphismﬂ is the identity
map, Gy : I'(B) 4, I'(B), called the universal Pontryagin square class. Then one constructs its pull
back P(B) = B*P € H*(X4,T'(B)) which is called the Pontryagin square of B, whilst g, € I'(B)" is

the homomorphism associated with the quadratic function g,,.

36Indeed (6.3.10) generalizes to H* (BQIB%,(C) = Hom(F(]B), (C) for any Abelian group C.
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As already explained in Section [6.2.1] each quadratic function g, has an associated symmetric
bicharacter x, : B x B — U(1). Crucially, if X4 is a four-dimensional spin manifold, then two discrete
torsions v, /' leading to two quadratic functions q,, ¢, which are different quadratic refinements of
the same bicharacter, lead to the same topological term [111} |163]: fX4 B*v = fX4 B*Y'. Thus, by
working on spin manifolds, we can safely label topological manipulations of the boundary theory in
terms of a choice of subgroup B C A and of a symmetric bicharacter x,,. Then most of the results will
be closely analogous to the 2d/3d case, just replacing antisymmetric with symmetric bicharacters.

As explained, on spin manifolds we can label the Lagrangian algebras L |,) in terms of the data

(B, x»). The corresponding gapped boundary has a 1-form symmetry
S=(AxAY)/Lyp . (6.3.12)

One can easily adapt the 3d discussion in order to explicitly write the form of the general Lagrangian
algebra. The symmetric bicharacter x, : B x B — U(1) induces a group homomorphism 1, : B — B

as in the 3d case. Given a pair (B, x,) we construct the Lagrangian algebra Ly CAX AV as

Lp) = {(b, B, (b)) € A x A ‘ beB, Be N(IB%)} . (6.3.13)

This has cardinality [A| and is Lagrangian since B(y, ,), (bs,8,) = X (b2, b1) X0 (b1, be)~! =1, where (b, 8)
is a shorthand for (b, ﬁd},,(b)) and we used the symmetry of x,. As in the 3d case (see Appendix )
one can show that all Lagrangian algebras of the 5d DW(A) theory are of this form.

6.3.3 First obstruction

After fixing a choice of electric-magnetic duality, we ask what are the conditions for a duality-invariant
Lagrangian algebra Lp = ®(Lp) to exist. We will study two cases: ® = S (duality) and & = CST
(triality). Other cyclic O-form symmetry groups, when they exist, can be treated similarly. As we
previously showed, all Lagrangian algebras are of the form (6.3.13). To verify whether a lattice is
®-invariant, as in 3d, we impose that the pairing between £ and ®(L) be trivial. The analysis is

analogous to the 3d case. For both choices of ®, we find the necessary condition
¢(Rad(v)) = N(B) , (6.3.14)

where Rad(v) is the kernel of ,. As in the 3d case, this implies that |B|?> = k|A| for some positive
integer k = !IB% / Rad(u)| € N, and again B cannot be smaller than Lagrangian. Notice however that
since x, is now symmetric rather than antisymmetric, we cannot conclude that |A| (and in particular
k) is a perfect square. Indeed we will see explicit counterexamples, hence showing that in higher
categories the obstruction from non-integer quantum dimensions of [20] does not hold.

The remaining conditions depend on ¢ and are listed below.

Duality. The automorphism o = ¢!, of B/Rad(v) must satisfy
o?=—1. (6.3.15)

In particular ¢ allows us to relate the two symmetric bicharacters as
v(o(a), b) = xv(a,b) . (6.3.16)

From the two equations above it follows that o is an order-two automorphism of the group of symmetric
bilinear forms on B/Rad(v):

xv(o(a),o(d) xv(a,b) =1. (6.3.17)
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Triality. The automorphism 7 = ¢~ 14, must satisfy
1+74+72=0. (6.3.18)

It is simple to show that the above implies that 7 is an order-three operation: 73 = 1. Also in this
case, the restriction to B/Rad(v) of

y(7(a), b) = xv(a,b) (6.3.19)

holds. Using the two above equations it follows that 7 is an order-three automorphism of the group

of symmetric bilinear forms on B/Rad(v):
XV<72(CL),T2(b)) X,,(T(Q),T(b)) xv(a,b)=1. (6.3.20)

Examples

1. Let usstudy the case of A = Z,, with the standard symmetric bicharacter (a1, a2) = exp ( % ay ag).

Consider a factorization n = pq and a subgroup
B={bq|b=0,....p—1} =7, (6.3.21)

so that N(B) = Z,. Since duality invariance requires B to contain ¢~ (N (B)) as a subgroup, ¢ must
divide p and we set p = £g. A choice of 9, is associated with another symmetric bicharacter x, defined

on B:

Qi
Xl,<b1, bg) = exp( ZZT blbg> y (6.3.22)

where 7 € {0,...,p — 1}. Notice that Rad(v) = Zgeq(,p) hence imposing ¢(Rad(v)) = N(B) forces
ged(r,p) = ¢, namely r = sq with ged(s,¢) = 1. Furthermore, since the restriction of v to B is
v(gby, gba) = exp (2L bybs), over B/Rad(v) & Z,/Zy = Zy we have

o(b) = ¢ Lih,(b) =sb mod ¢ . (6.3.23)
Thus we find that:

1. On spin manifolds, there is a duality-invariant £p for A = Z, if and only if there exists an /¢

such that n = ¢¢® and —1 is a quadratic residue mod ¢, i.e., there exists also an s such that
s2=—1 mod . (6.3.24)

This equation has solutions for £ =1,2,5,10,13,17,25,26, ...

2. On spin manifolds, there is a triality-invariant £p for A = Z,, if and only if there exist ¢, s such
that n = £¢? and
s24+s5+1=0 mod/. (6.3.25)

This equation has solutions for £ =1,3,7,13,19,21,31,37,...

These results coincide with the recent classification [166] of 4d topological Z,, gauge theories that are

duality or triality invariant on spin manifoldsﬂ

37Let us also notice a few facts. In the case of duality invariance, the possible values of ¢ are those that can be written
as £ = z2 + y? for coprime z,y. The condition can never be satisfied by ¢ multiple of 4; indeed, if ¢ is even then s must
be odd, but then s> = 1 mod 4. In the case of triality invariance, the possible values of £ are those that can be written

as £ = x? 4+ xy + 3 for coprime z,y. The condition can never be satisfied by ¢ multiple of 9.
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2. Another interesting case to consider is A = Zs X Zs which is the 1-form symmetry group of a

Spin(4k) gauge theory. On Zg X Zso there are four symmetric non-degenerate quadratic forms:

1/1 0 1/0 1 1/1 1 1/0 1
(o) _ 1 ©) _* +_Z -— = . 6.3.26
v 2<0 1>, y 2<1 0>’ v 2<1 0>, v 2<1 1) ( )

In this case —1 acts as the identity on A and duality is an involution. Thus given any choice of -, the
first obstruction is cancelled by choosing B = A, ¢ = 1 and x, = 7. The case of triality is slightly
more involved. Let us consider B = A. It is simple to show that the only two Zs X Zso isomorphisms

7 satisfying 72 + 7+ 1 =0 are 7% = (1) and (91), which are inverses to each other. If v = ~(P)

* similarly if v = v* we can take

we can solve the triality obstruction by taking x, =y and 7 = 7
xv = 7P and 7 = 7F. On the other hand, if v = 7(©) then 'y(Ti(a), b) is not symmetric and the
obstruction is present for B = A. Let us then consider v = 7(?) and B = Z,. Since N(B) is also Zo,
we must have that B = ¢(N (IB)) It is simple to verify that taking B to be the diagonal Zy this is
indeed satisfied. We conclude that the first obstruction for A = Zs X Zs vanishes for both duality and
triality.

This example, combined with the previous one, allows us to discuss the first obstruction for N' = 4

Spin(2m) SYM (and its global variants). Recall that the 1-form symmetry group is

74 ifm=2k+1,
A= (6.3.27)
ZQXZQ if m=2k.

We thus find that the first obstruction vanishes in all cases.

6.3.4 Second obstruction and symmetry fractionalization

While in absence of duality- (or triality-) invariant Lagrangian algebras the non-invertible self-duality
symmetry is anomalous, when such an invariant algebra does exist the anomalies are determined by
those on the invariant boundary, where the symmetry is invertible. The philosophy is the same as
in the 2d/3d case: due to a mixed anomaly between the 1-form symmetry S = A x AY/Lp and
the invertible duality symmetry G we can shift the value of the pure G anomaly by changing the
symmetry fractionalization class n € HS(G, S). We now determine the mixed anomaly in the simpler

case B = A, the generalization to proper subgroups being straightforward but technically tedious.

Duality. In the case of & = S and so G = Z4 the invariant partition function is given by@

Zinv[0(B)] = Z exp <27rz' /X4 b*v + 2mi . $(B)U b) Ze[b] , (6.3.28)

be H2(X,A)

where Z, is the partition function corresponding to the reference electric boundary condition, while v

is defined through a bicharacter x, such that
v(o(a), b) = xv(a,b) and o?=—1. (6.3.29)

The action of S-duality on Zi,y is easily determined using the action of S-duality on the electric theory:

S - ZeB] = exp | 2mi d(B)Ua | Zelal . (6.3.30)
aeHQZ(X,A) < X4 >

38For simplicity we omit the normalization factors due to gauging.
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We find
S+ Zin[¢(B)] = Gy exp <2m' /X B*y) Zinv [0(0B)] , (6.3.31)

where G, = ZbeHQ(X B) exp(2m’ fX b*y). Here, assuming that X, is spin, we used the simplifying

exp<2m' /X4 B*(l/oa)) = exp<—2m' /X4 B*l/) : (6.3.32)

Assuming that X is simply connected (and thus H?(Xy,Z) has no torsion classes) and spin, one can

relation

show that the Gauss sum G, is equal to 1 [166]. In a similar way we can verify that
S? - Ziny [0(B)] = Ziny[-¢(B)] = C - Zinv [¢(B)] (6.3.33)

Eqn. (6.3.31]) implies that the Z, symmetry generated by S acts on the 1-form symmetry of the theory
through o, i.e., the symmetry is a split 2-group with nontrivial action p : G — Aut(A) [15] 17,
93] given by p1(a) = o a. Furthermore, the overall phase exp(27i [, B*r) should be thought of as

encoding a mixed anomaly
e H (24, H*(B2A, U(1))> where u() = v (6.3.34)

and 1 is the generator of G = Z4, much as in the 2d case.

Triality. For ® = CST and so G = Z3z we have the same expression ((6.3.28|) for Zi.y [gb(B)}, but
with the class v now satisfying (6.3.20) in terms of a 7 such that 72 + 7 4+ 1 = 0. T-duality acts on

the electric boundary as

T. 7B = exp(—Qﬂ'i /X 4 B*y) Z.1B]. (6.3.35)
Then
(CST) - Zo|B] :exp<2m' /X Bw) > exp<2m' ; <Z>(B)Ua> Zo|a] (6.3.36)
4 a€ H2(X,A) 4

with B*y any class stemming from a quadratic refinement of v, i.e. the Pontryagin square induced

by v, and we find

(CST) - Ziny[¢(B)] = G40 exp <2m' / B*y> Zinv[0(7B)] (6.3.37)
Xq
Here we used that, on spin manifolds, exp [27ri | B* (1/ +rvoT+vo 7'2)] = 1. It also holds that
(CST)? - Zine [6(B)] = Zinv[6(B)] . (6.3.38)

As before, the result is interpreted by saying that the split 2-group is twisted by the Z3 symmetry and

the overall phase comes from a mixed anomaly
ue H (Zg, H*(B2A, U(1))) where ul) =v. (6.3.39)
We thus conclude that, similarly to the 3d case, the 5d mixed anomaly is determined by a class
je H (G, H*(B2A, U(1))) ~ H1(G,T(A)Y) (6.3.40)
namely a function from G to the group of quadratic functions over A satisfying
pg i(h) + p(g) = ulg + h) (6.3.41)
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and subject to the the identification

1(g) = u(g) +pgé —¢€ forany &€ H*(B?A,U(1)) . (6.3.42)
The full detailed derivation of the anomaly inflow is given in Appendix and we find
Sy = 27ri/ p(A) UB,(B) . (6.3.43)
X5

To reproduce the anomalous phase arising in the boundary theory we have to compare this phase with
the boundary term arising in .S, from A + d\ when we set the pull-back of A to the boundary to zero,
as well as the boundary value of A equal to the element of the group G for which we compute the
variation. This determines all the values of pu(g) for ¢ € G. We can check that the consistency
of these values is satisfied. In the case of duality G = Zj, since v satisfies v(o(a), o (b)) = —v(a,b),
we deduce that

p(l) =p3)=v, 1(0) = p(2)=0. (6.3.44)

It is obvious that (6.3.41)) is satisfied.

For triality G = Zs the crucial relation is

v(a,b) + ’Y(T(a),T(b)) + 7(72(a),72(b)) =0. (6.3.45)
By looking at the anomalous phases that we got this implies that
WO =0,  p@b) =@, ®). @) ab)=(r(@),7®) +v(@b). (6.3.46)

Among the consistency relations , the only non-trivial (and independent) ones to check are:
(1) + p(1) = p(2), T(2) + p(1) = 0 and 72u(2) + p(2) = p(1), which are indeed satisfied thanks to
(6349).

Given such a mixed anomaly, we are now able to discuss the pure G anomaly. The philosophy is
the same as in the 2d/3d case: combining the choice of symmetry fractionalization with the mixed
anomaly we can induce an extra contribution to the pure anomaly for the invertible duality symmetry.
The details are however slightly different.

In 4d symmetry fractionalization is classified by n € Hg(G,A), which, as opposed to the 2d case
where it corresponds to the choice of a G subgroup of the full symmetry, here it corresponds to the
choice of a 1-form symmetry defect 7(g,h) € A inserted along the junction of the intersection of g, h
and gh defects. This amounts to redefine the coupling of the 0-form symmetry to a background,
prescribing that B is shifted to

B'=B+A'ne H}(X,A). (6.3.47)

By plugging this expression into the mixed anomaly (6.3.43) we shift the pure G anomaly by an extra
piece
Spure = 27Ti/ p(A)UB,(A™n) = 27ri/ A%y (6.3.48)
X5 X5
that can be written in terms of a class y € H® (G, U(l)). In order to work out an explicit expression

for this class we rely on a working assumption. We note that the Pontryagin square operation, when

the homology group Hy(X5,Z) is torsion-free, can be written as a cup productlﬂ [93]:

Po(A*n) = A'nu A™n . (6.3.49)

39The expression should be interpreted as follows. One writes A = @;Z,, and lift A*n to @;Z, which is always
possible for finite Abelian groups. In @;Z we can take the product among the various components of the lift, then
is obtained restricting the result to I' (©iZn,) = D, T (Zn,) ® D, ; Zn, ® Zy,. If X5 has torsion l-cycles the
Pontryagin square is not a cup product and in order to write it in components we need Steenrod’s cup products (see e.g.
[15).
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On the other hand the pure G anomaly is non-trivial when the homology group H;(Xs5,Z) contains
torsion [165]. Therefore, in order to do the computation, we pick a bulk spin manifold X7 with torsion
1-cycles but with torsion-free 2-cycles so as to write ((6.3.48) as

Spure = 271'2'/ p(A)U A*nuU A%y . (6.3.50)
X

*
5

Then it is easy to conclude that

Y(91, 92, 93,94, 95) = (—p(—91) , 1(92, 93) Pga+g5 1(94: 95)) - (6.3.51)

where the product in the second entry should be interpreted as in footnote 39 When the second entry
is the image of a quadratic function v : A — T'(A) the above expression can be rewritten in a simpler
form using the universal property defining I'(A) (see the discussion around (6.3.10)). In particular if
we can find a representative for 7 that is invariant under the p action, setting go = g4 and g3 = g5, we

have

y(91, 92,93, 92, 93) = (—p(—g1) ,1(g2, 93) (92, 93)) = —1(—91) (g2, g3)) - (6.3.52)

Examples

We now discuss how this general story applies to examples where A = Z,, and G is either Zy4 or Zs,
namely duality and triality respectively. This has some consequence for the anomaly structure of
N =4 SYM theories with gauge group SU(n) at 7 = 1, e respectively.

Several technical details on the computations of the twisted cohomology groups are based on the
following known result (see e.g.[138]). If G = Zj,, denoting f = p; € Aut(A) (note that f¥ = 1), then

Ker(1 — f) -
Im(1+f+ f2+ ...+ fF1) if n is even
(G A2 (6.3.53)
2 k-1
Ker(1 + J;;r({ _+f.).. + fh=1y o

The symmetry fractionalization classes are classified by Hg(G,A), and we notice that in both the

duality and triality examples we have

1+ f+ 24+ +f1=0 (6.3.54)

2=_1, 7247+ 7=1. Hence for us

by virtue of the relations o
H2(G,A) =Ker(1 - f) ={a€A|pia) =a} =Fix, (A) . (6.3.55)

This also gives a hint for the form of the explicit representatives of the non-trivial twisted cocycles as

nz(1,1) =z, x € Fix, (A) (6.3.56)

Duality. For the case of duality G = Z4 we have
pr(a) =ta, t*=—1mod(n). (6.3.57)

Using (6.3.55) we get

Zo if n is even

o (6.3.58)
0 if n is odd

H(Z4, L) = {
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and in the even case the cocycles can be represented

n

ns(la l) = 773(37 3) = ns(la 3) = 775(3’ l) = 53 > s=0,1 (6359)

with all the other values vanishing. By setting n = 2m, the pure anomaly is determined by the value
of the 5-cocycle Y € H?(Z4,U(1)) in g1 = ... = g5 = 1 and we get

Y = q,(ns(1,1)) = 2775 (6.3.60)

We conclude that for n odd the pure duality anomaly on the invertible boundary is the bare one,
given by € € H®(Zy4,U(1)) = Z4, while for n even the cancellation depends on the possible values of
Y. Recall that the first obstruction never vanishes when m is even. Therefore the possible values of

Y are .
e
—t

Y:exp<2

In the N/ = 4 theory with gauge group SU(n) at 7 = i the non-invertible duality symmetry is

(2k + 1)) forn=202k+1). (6.3.61)

anomalous whenever it is intrinsically non-invertible, on spin manifolds we have given the relevant
condition for A = Z,, around equation . If the defect is non-intrinsically non-invertible the
anomaly automatically vanishes provided we combine the duality with an appropriate R-symmetry
rotation in order to have a Z4 operation (see e.g. |167,168]). Indeed following |169] and using that
QP (BZy) = Zy one gets [161]

€ =60(n—1) —24(n®> — 1) mod(4) =0, (6.3.62)

therefore one should choose the trivial fractionalization class to cancel the second obstruction. One
could also consider other definitions of S-duality which do not involve the R-symmetry, in such cases
the relevant bordism group QsPin—2s (pt) = Zsa @ Zs is larger and our techniques would need to be
refined in order to appropriately account for the cubic anomaly.

A similar conclusion applies to Maxwell theory, for which $* = 1 and the anomaly 56 mod(4) = 0

also identically vanishes.

Triality. In the triality case G =2 Zs,
prla) =ta, t*+t+1=0 (6.3.63)

for which we get

Zs3 if n =0 mod(3)
H?(Zs,Z,) = 6.3.64
&3> Zn) { 0 otherwise ( )
and the (non)trivial cocycles are
ns(L, 1) = ns5(2,2) = n5(1,2) = n5(2,1) = gs ,  5=0,1,2 (6.3.65)

with all the other values vanishing. Setting n = 3m, the class Y € H?(Z3,U(1)) = Z3 is determined
by
K .
exp <2m3) if m =2k
-1
Y = [n@)(n@ 1), p21)] =y (1,(11) = - (6.3.66)

4k + 2
exp<2m’ kot ) ifm=2k+1

4°0ne can easily check that, when n = 3m is also even, so m = 0 mod (2), the choice of quadratic refinement for Qv is
immaterial.
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Again we can apply these results to the case of triality symmetry appearing in NV = 4 SYM at
7 = *7/3. The triality defect is non-intrinsic when there exist ¢t € Z, such that 1+¢+t> = 0 mod(n).
When this is the case we can ask about the second obstruction. To apply our methods we are not
forced to combine the naive C'ST operation with an R-symmetry rotation to eliminate fermion parity,
since (C'ST)? = 1. Then, by the same token as the duality case and knowning that QF"™(BZ3) = Zq,
we have
e =60(n — 1) mod(9) = —3(n — 1) mod(9). (6.3.67)
Notice that Y is valued in the Zs subgroup of the Zg anomaly group, then to compare Y to the € above
we need to multiply by 3. When n = 1 mod(3) then e = 0 and there is no choice of fractionalization,
therefore the second obstruction vanishes. For n = 2 mod(3) we find € = 6 and the triality defect is
always anomalous. Finally when n = 0 mod 3 we have ¢ = 3 and a simple computation shows that
the second obstruction can be cancelled only when n = 3m with m = 1 mod (3).
In Maxwell theory instead the anomaly is 56 mod(9) = 2 and cannot be cancelled by any choice
of symmetry fractionalization. We conclude that the triality symmetry in Maxwell theory is always

anomalous due to the second obstruction.

6.4 A check from dimensional reduction

As a check of our results, we show that the obstruction theory of Section [6.3| is consistent with the
one for Tambara-Yamagami categories upon dimensional reduction on an orientable 2-manifold W.
We treat explicitly the case that W is a torus 72, but the generalization to any Riemann surface DI
is straightforward. Physically this should be expected, indeed the simplest example of a 4d theory
enjoying self-duality is Maxwell theory, which upon compactification on 72 reduces to the theory of two
compact bosons@ In this example the complexified gauge coupling 7 is mapped to the position of the
2d CFT on the Narain moduli space. Such a theory is well known to enjoy Tambara-Yamagami-type
symmetries if the point on the conformal manifold is chosen appropriately [99].

Compactifying the 5d Dijkgraaf-Witten theory for A on the torus is a simple exercise. The resulting
3d TQFT has a 1-form symmetry A x AV where

A=AxA, (6.4.1)

together with a O-form and a 2-form symmetry, both being A x AV, which we neglect in the following
discussion. Given a choice ¢ for the isomorphism that enters into the 5d duality symmetry, the defect

® also implements a Z, symmetry in 3d:

D(ar, as; a1, as) = (—¢ H(a2), ¢~ (a1); —¢(az), d(a1)) , (6.4.2)

where (a1, a2) € A and (a1, 0) € AV. To get a Zs symmetry we compose this transformation with the
internal S-duality of the torus, which also squares to charge conjugation and sends (a1, ag; a1, ag) —

(a2, —a1; ag, —aq). The resulting Zs symmetry, which we dub d acts as:

D(ay, az; ay, az) = (¢ (), ¢ '(az); d(ar), dlaz)), (6.4.3)

or, using the A
d:AxAY — A xAY
@a)  — (671(a),¢(@)
with ¢ : A x A — AV x AY given by ¢(a1,az) = (¢(a1), d(az)).

(6.4.4)

41 Plus a decoupled 2d Maxwell sector that we ignore. Such a sector has a 1-form and a (—1)-form symmetry (associated
to a 27 shift of the theta angle), associated to the O-form and 2-form symmetries of the SymTFT.
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First and second obstruction upon dimensional reduction

We now discuss how the first obstruction in 5d is mapped to the first obstruction in 3d language after
compactification. Clearly not all Lagrangian algebras £ in the 3d description can descend from a
5d description, so we must first characterize them. Recall that, in 5d, algebras where described by
a choice of subgroup B of A together with a discrete torsion [v] € H* (BQIBB, U (1)) Upon reduction
on T? this should map to a specific class [7] € H? (BIE%, U(1)), where B = B x B. Expanding the
5d background B = Bi6; + By with 6; a basis of H'(T?,7Z) (we neglect the 0-form and 2-form

symmetries), we find:

/ B*v=B1 U, By — By U, By R (645)
T2

where U,, is the cup product induced by the symmetric bilinear form y,. The bicharacter corresponding

to U is then, in matrix and additive notation,

Xo = (_iy %”) . (6.4.6)

A 3d Lagrangian algebra £ induced from 5d then is of the form
L={(Buod) |beB, BeNB)}, (6.4.7)

where 1 : B — BY is the homomorphism associated with the antisymmetric bicharacter (6.4.6]). Since
Rad(7) = Rad(v) x Rad(v) the 5d condition ¢(N(B)) = Rad(v) implies ¢(N(B)) = Rad(¥) in 3d. On
the other hand, the map ¢ = QB_le is given by:

G = (_OU g) : (6.4.8)

which is an involution 2 = 1. We have thus shown that solutions to the first obstruction in 5d always
descend to solutions to the first obstruction in 3d.

Let us now discuss the second obstruction. We notice that the 5d discrete torsion €, when reduced
on T2, trivializes. This is because the torus (as well as any Riemann surface) does not have torsion
1-cycles. Thus it is not possible to detect the 5d second obstruction in 3d after compactification on a
Riemann surface. Indeed, from the point of view of symmetry fractionalization, we have G = Z,, and

for any Abelian group A we get
1 —
H,(Zn, A) = Ker(1 + f)/Im(1 - f), (6.4.9)

with f = p;1. Applying this to the case A = IE/N(@) and f = & it is simple to prove that the twisted
cohomology group is trivial for any choice of ]B%@ Thus there are no fractionalization classes and

therefore the second obstruction always trivializes.

6.5 Comments on applications

Let us conclude by mentioning some immediate applications of our results, as well as some interesting

open problems.

“2Using that ¢ = —1 we find that Ker(1 4 &) is spanned by elements (b1,b2) € B/N(B) such that by = o(b1). An
element of Im(1 — &) instead is of the form (b1,b2) = (z — o(y), o(x) + y). A simple manipulation shows that this is

equivalent to ba = o(b1).
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4d N = 3 theories. It has been appreciated in the past that a class of 4d N' = 3 theories may be
obtained from a discrete gauging of the N/ = 4 duality symmetry for special values of 7 [167, [16§].
More precisely, given a Zj subgroup of SL(2, Z) and a fixed coupling 7, where k = 2,3,4, 6@ we
can combine this transformation with a Z; R-symmetry rotation in the Cartan of SU(4) so that the
combined action preserves N' = 3 supersymmetry. As the gauge coupling 7 = 7, must be fixed to
its self-dual value, these theories have no exactly marginal deformation and are inherently strongly
coupled. The case of k = 2 is special, as the symmetry is charge conjugation, hence it preserves the full
N = 4 supersymmetry, and is invertible. We will thus concentrate on the cases k = 4 (corresponding
to the S transformation) and k& = 3 (corresponding to the C'ST transformation) and gauge group
SU(n). As the duality symmetry is non-invertible, it must be gauged together with (a subgroup of)
the Z, 1-form symmetry and our results imply that this is only consistent if the first obstruction
vanishes. Thus there is a severe constraint on the possible N' = 3 theories which can be obtained in
this way. For example our results show that there is no such theory for n = 3 and k = 4. We must
also check the vanshing of the second obstruction. The joint duality/R-symmetry anomaly is given
by [161]:

mod 4, ifk=4

60(n — 1) — 24(n% — 1) .
mod 9, ifk=3

(6.5.1)
For the duality case the cubic anomaly is identically trivial, thus the vanishing of the first obstruction is
a sufficient condition for the gauging to be consistent. For triality instead it is given by 6 mod 9 when
n = 3m+ 2 and is zero otherwise. It has been checked in |[161] that this anomaly identically trivializes
when the first obstruction vanishes. Therefore also in the triality case the gauging is consistent if
the first obstruction vanishes. This also implies that, when n = 3m, we must choose the trivial
fractionalization class n € HZ (Zs, Z3m,)-

In some special cases the S-fold construction of [170] gives rise to discrete gaugings of N = 4
SYM [171]. These are engineered by 2 D3-branes probing a k = 3, 4, 6 S-fold and lead to a discrete
gauging of SU(3), SO(5) and G N' = 4 SYM respectively. Our analysis can be applied to the first
two cases which, following the discussed examples, indeed are free of anomalies for triality and duality
respectively. It would certainly be interesting to understand whether our methods can give some
insight also on N' = 3 theories which cannot be obtained by a discrete gauging procedure from N = 4
and, in particular, if they enlarge the list of generalized symmetries of S-folds described recently in
[172, [173).

A mixed anomaly. We have mentioned in Section that the space of duality-invariant La-
grangian algebras is larger on spin manifolds. Similarly one can argue, for example following [166],
that the first obstruction in the 4d case has less solutions if the spacetime X is not spin. This should
be rephrased as the presence of a mixed 't Hooft anomaly between the non-invertible symmetry N
and gravity, sourced by a nontrivial second Stiefel-Whitney class ws(X). A well known example is
the symmetry TY(Zz2)1,1 of the Ising CFT. As a bosonic symmetry this is anomalous as the first
obstruction cannot be cancelled. However, if we consider it on spin manifolds X only, the obstruction
is absent since the bulk algebra £p = {(0,0), (1,1)} is manifestly duality invariant. Such an algebra
can only be condensed on spin manifolds as f(; ;) = —1. On the field theory side it is well known [20,

99, [174] that fermionizing the Ising CFT into a Majorana fermion the duality symmetry N becomes

43To be precise, since the duality group is Mp(2, Z) the discrete groups are actually Zs, Zs, Zs, Z12 as charge conju-
gation squares to fermion number C? = (=)¥. The combined duality - R symmetry transformation however lies is Zj

with k as in the main text.
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the invertible (—1)% which is anomaly free. A similar example in 4d, as already stated before, if the
N =4 SU(2) SYM theory, whose duality symmetry is anomaly-free on spin manifolds (after combining
it with an R-symmetry rotation) it is anomalous by the first obstruction when X is non-spin. It would

be nice to make this idea more precise.

Duality-invariant RG flows. In both 2d and 4d, duality-symmetric theories allow for a plethora
of interesting RG flows which preserve the non-invertible symmetry. In the former case they have
been studied in [99], while in the latter an initial study has appeared recently [161]. As in the 2d
case, the anomalies for the duality symmetry can lead to strong constraints on the possible low energy
phases. A simple example is the N' = 1* [175H179] deformation of N'=4 SYM at 7 = 4, which, in the
presence of the first obstruction, necessarily leads in the IR either to spontaneous symmetry breaking
of the non-invertible symmetry, or to a self-dual Coulomb phase [161]. A related problem deserving
further study in the light of our results is the deformation of the SU(2), SU(3), SU(4) N = 4 theory
by the Konishi operator. This must lead in the IR either to an A/ = 0 CFT or to chiral symmetry
breaking in order to match the cubic SU(4) anomaly. Consistency of these scenarios with the intricate
pattern of non-invertible symmetries and their anomalies might allow to put stringent constraints on

the possible IR phases. This problem is currently under investigation.

Intrinsic versus anomalous. In this chapter we have seen that, in the context of duality symme-
tries, the concept of “instrinsic” [46] implies that the duality symmetry is anomalous. Such concept is
not unique to duality symmetries, and can be rephrased as the statement that the symmetry category
C is not Morita equivalent to any category of the form nVecg for some (higher) group G. It would
be interesting to understand how far the relationship between ’t Hooft anomalies and intrinsic defects

extends.
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Chapter 7

Intrinsically gapless topological phases

in various dimensions

In this chapter we use the SymTFT approach approach to study gapless phases in (141)d and (3+1)d
(we also make comments on (2+1)d). We classify the gapless symmetry-protected (gSPT) phases in
these setups, with particular focus on intrinsically gSPTs (igSPTs). These are symmetry protected
critical points which cannot be deformed to a trivially gapped phase without spontaneously breaking
the symmetry. Although these are by now well-known in (14+1)d, we demonstrate their existence in
(34+1)d gauge theories, in the presence of both 1-form symmetries. Here, they have a clear physical
interpretation in terms of an obstruction to confinement, even though the full 1-form symmetry does
not suffer from ’t Hooft anomalies. These igSPT phases provide a new way to realize 1-form sym-
metries in CFTs, that has no analog for gapped phases. The SymTFT approach allows for a direct
generalization from invertible symmetries to non-invertible duality symmetries, for which we study
gSPT and igSPT phases as well.

7.1 Generalities on (intrinsically) gapless topological phases

Once symmetry considerations are taken into account, phases of matter in any spacetime dimensions
have a rich and intricate structure. The inclusion of generalized and categorical symmetries refines the
classification of these phases, and allows to predict new phase transitions. According to the Landau
paradigm (and its categorical generalization [180]), a phase is characterized by the symmetries and

their realization on the ground state.

If we focus on finite (categorical) symmetries C and gapped phases, the most general phase consists
in spontaneously breaking C to some subsymmetry C, C C, which can be possibly realized in a non-
trivial way, namely C,, can have a symmetry protected topological (SPT) phase. Suppose, for instance,
that C is a p-form group symmetry GG. Then the gapped phases are classified by the preserved subgroup
H C G and the SPT phase w € HY(BPT'H,U(1)). Notice that these data are also those determining

a topological manipulation with the symmetry G.

The correspondence between gapped phases and topological manipulation can be explained by

using the SymTFT. A gapped phase is realized, in the SymTFT, by taking the physical boundary to
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be topological [119 182]
B g, T

(7.1.1)

The symmetry boundary B2™ is specified by the canonical Lagrangian algebra L¢ that determines
the symmetry C on the boundary. The physical boundary, being also topological, is determined by
choosing any Lagrangian algebra £;, and the result is a gapped phase 7;. In particular, SPT phases
are characterized by requiring the intersection to be trivial. Thus Lagrangian algebras determines
both topological manipulations and gapped phases, explaining the correspondence between the two.

The SymTFT characterization of the phase is that defects that can terminate on both gapped
boundaries, namely I € L¢ N £;, give rise to topological operators charged under the spontaneously
broken symmetry. The preserved subsymmetry, instead, is determined by the defects of the bulk that
are not trivialized by the symmetry boundary (hence they are not part of L¢), but are trivialized by
the gapped physical boundary (hence they are part of £;). Different £; with the same intersection
with L determine different SPT phases for the preserved part of the symmetry.

Following this idea, we can also study gapless phases. More precisely, gapless phases can have
topological features, and these can be classified with the lens of the SymTFT. The idea is to
use a non-topological (gapless) physical boundary, but not for the SymTFT Z(C) of the full symmetry.
Instead, the gapless physical boundary is a boundary for a reduced theory Z(C’), obtained by gauging
a condensable algebra A of Z(C)

B Za B rJC

(7.1.2)

Indeed, condensable algebras, if non-Lagrangian, define a topological interface Z4 (as opposite to a
boundary). Only C’ (that, roughly speaking, is a quotient of C by the preserved symmetry C,) acts
faithfully on the gapless sector. The intersection Lc N A gives rise to topological order parameter,
hence again a part of the symmetry that is spontaneously brokelﬂ The rest of the symmetry, however,
acts on a non-trivial CFT arising from the physical boundary, and hence its order parameters can be
non-topological. In other words, we are describing a phase sitting at low energy of some microscopic
theory with symmetry C, such that along the RG flow some order parameters become massive, are
integrated out, and the low energy theory has a smaller symmetry. Remarkably, this reduction from
C to C’ can happen in topologically non-trivial ways: the trivialized subsymmetry can have an SPT.
These kind of phases have been dubbed gapless topological phases . If there are no topological
order parameter, namely if LcN.A = 1, there is no part of the symmetry that is spontaneously broken,
and the phase is called a gapless Symmetry Protected Topological (gSPT) phase.

Even more remarkably, there are certain gapless phases whose topological features have no analogue

in gapped phases, hence are called intrinsically gapless topological phases [188]. To deform these phases

!This gives rise to multiple local vacua if the symmetry is O-form, or a topological order if the symmetry is of
higher-form.
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into gapped ones, it is necessary to break spontaneously some additional part of the symmetry. If
no part of the symmetry was orginally spontaneously broken the phase is called intrinsically gapless
Symmetry Protected Topological (igSPT) phase. These phases have been intensely studied in (141)d
[183] 1184 (186, 188-190]. The main subject of this subject of this chapter is to extend these studies
to higher-dimensional theories, and in the presence of 1-form symmetries.

One important remark is in order. While O-form symmetries can be preserved (non-spontaneously
broken) in gapless theory even though there are non-trivial local order parameters (with vanishing
VEV), the same is not true for 1-form symmetries. If a CFT has a 1-form symmetry, either it acts
trivially or it is spontaneously broken: there are conformal line defects charged under the symmetry
that takes VEVE] However it is very important to notice that there are two conceptually distinct ways

to break spontaneously a 1-form symmetry:

e Topological order: there are charged line operators with perimeter law, and become topological
line operators in the IR. As a consequence there is a (possibly emergent) (d — 2)-form symmetry

in the low energy theory.

e Conformal 1-form symmetry breaking: the IR is a gapless theory with conformal line defects

whose VEV is a constant. These lines are not topological, and there is no (d —2)-form symmetry.

When we talk about gSPT phases for a 1-form symmetry, strictly speaking the quotient of the sym-
metry that acts non-trivially on the gapless sector is spontaneously broken, but in the conformal way.
The igSPT phases for 1-form symmetries are obstruction for a CFT with conformal 1-form symmetry
breaking to be deformed into a gapped symmetry preserving phase.

Before moving on with the various examples and classification of gapless phases, let us make an
other important general remark. If the symmetry we start with has a ’t Hooft anomaly, there is no
sensible concept of igSPT. Indeed it is already implied by the anomaly that the symmetry cannot be
realized in a gapped phase without spontaneously breaking the symmetry. On the other hand, starting
with a non-anomalous symmetry C of the microscopic theory, an igSPT phase with a quotient C’ acting
non-trivially on the gapless degree of freedom boils down in having an emergent anomaly for C'. For
group symmetry this connects with the Wang-Wen-Witten result [191], that for certain dimensions
and for certain degrees of the form, a group symmetry G with an anomaly w € H4TY(BPH1G, U(1))
can be centrally extended 1 - H — G - G — 1linsuch a way that the anomaly pulls back to a
trivial anomaly w = 0 for G. This means that starting with a microscopic theory with non-anomalous
symmetry G~»', along the RG flow the subgroup H C G can be trivialized in a way that leaves a
non-trivial anomaly for the quotient G = G /H. An igSPT phase realizes this instance.

7.2 gSPT phases for Abelian 0-Form Symmetries in (141)d

For general finite groups G the possible gSPT and igSPT phases were classified in [184] using the
results of [192] on condensable algebras in the SymTFT. Nevertheless, in view of later generalizations
to TY categories and to higher dimensions, we find it useful to provide a direct classification in the

Abelian group case. Consider in this section an Abelian O-form symmetry A©® in (14+1)d.

7.2.1 SymTFT Characterization of Gapped Phases

The SymTFT is the (241)d Dijkgraaf-Witten theory for A In general, a Lagrangian algebra of

Z(C) of a fusion category C has to satisfy various consistency conditions (see, e.g. the Appendices of

2A non-trivial line of a CFT cannot have area law.
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[186} [193]). In the present simplified setting, we need a maximal algebra of lines that are mutually
local. In particular, these have spin 1.

The Drinfeld center for the O-form symmetry A, Z(Vecy), is isomorphic to A x AY. Anyons are
lines labeled by (a,«) that are charged under the electric and magnetic symmetries in the bulk. The

braiding B and topological spins € of these anyons are

B [(CL, a) ) (b76)] = B(a) a(b) ) a(a,a) = a(a) : (7'2'1)

The canonical Lagrangian algebra corresponding to the symmetry boundary where the Vecy symmetry

is realized is
Logm = {(O,a) |a € AV}. (7.2.2)

The quotient
C=AXAY/Legm = A (7.2.3)

represents the symmetry group, while Lgym = AY describes all possible irreducible representations
(characters) of A. Different choices of Lagrangian algebras for Ly, lead to categorical symmetry
which are gauge-related (Morita equivalent) to Vecy.

Given a subgroup B C A, denote by N(B) C AV the subgroup of characters annihilating B
N(B) = {5 €AY |B(b)=1,Vb € IB%} =~ (A/B)V. (7.2.4)

As we shown in Chapter [6] (see Appendix for the details) that the Lagrangian algebras of Z(Vecy)
are classified by a choice of subgroup B C A and a cocycle w € H?(B,U(1)):

Lpw= {(b, By(b) | beB,B e N(B)}. (7.2.5)

Here 1 : B — BY is a group homomorphism determined by w € H?(B,U(1)) as follows. Using
the well-known isomorphism [69] between the group of alternating bicharacters and H?(B,U(1)), we
construct the alternating bicharacter x : B x B — U(1):

N w(b, b/)
x(b, b)) = D) (7.2.6)
Then ) is given by
Y)Y = x(b,V) . (7.2.7)

Characterization of SPT phases. A (gapped) SPT phase is realized in the SymTFT setup, by
choosing the physical boundary to be gapped, i.e. given by a Lagrangian algebra L, such that
there is no genuine charged operator after the interval compactification. This means that no anyon is
allowed to end on both boundaries

Lesym N Ly, = 1. (7.2.8)

From the realization we see that Leym N Lp,, = N(B). Therefore, SPT phases are obtained
by choosing B = A and we recover the usual group-cohomology classification of SPTs in terms of
w € HXA,U(1)) [59].

Similar considerations apply even if Ly, is not of the form . For any symmetry associated
with Lgym = Lp We can repeat the above analysis finding that an SPT for that symmetry is again a
Lagrangian Lp . satisfying

L]&w N L]B/,w’ =1. (7.2.9)
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7.2.2 Classification of gSPT and igSPT Phases

While Lagrangian algebras determine gapped phases, non-maximal condensable algebras define an
interface with a reduced topological order [184} |185] 194, [195]. Picking a (generically non-gapped)
physical boundary of the reduced topological order, one constructs a generic, not necessarily gapped
phase, and hence we refer to these as gapless phases. Some of them are incompatible with a gapped
realization and hence are called intrinsically gapless phases. Therefore, gapless phases are classified
by condensable algebras A. Intuitively, the anyons in common between A and Lgym give rise to
topological local operators, describing discrete vacua, while the reduced topological order describes a

part of the symmetry which only acts non-trivially on the gapless sector.

Condensable Algebras of Z(Vec,)

Condensable algebras A of Z(Vecy) can be parametrized by subgroups made of bosonic lines, but they
are not necessarily maximal. We can characterize them similarly to the Lagrangian ones. Consider
the projection my : A x AV — A on the first factor, and define B := 74 (A) C A so that there is a short
exact sequence

1 — ker(mp|la) > A—-B—1. (7.2.10)

For a generic condensable algebra, ker(ma|4) is a subgroup of N(B)
D = ker(mal4) € N(B). (7.2.11)
It is convenient to represent AV as a group extension
1-D—AY-AY/D—1, (7.2.12)

so that any character is written as a pair a« = 6§, § € D, ¢ € AY/D. Notice that AY/D is a group
extension of BY by N(B)/D. The algebra A can then be represented by

A= {(b, sp(b)) | b e B,5 € ID)}, (7.2.13)
where 1 : B — AY/D is a group homomorphism. The trivial spin condition translates into
Yb)b=1, VbeB. (7.2.14)

We conclude that condensable algebras are labelled by triples (B, D, 1)) where B C A, D C N(B) and
¥ : B — AY/D is a group-homorphism such that 1(b)b = lﬂ We denote condensable algebras by

Appy BCcA, DCN@B)CAY, ¢:B—AY/D. (7.2.16)

gSPT Phases

Gapless phases are obtained by condensable but non-maximal algebras, which define interfaces to a
reduced topological order — see (7.1.2)). The set of charges realized on the ground states is given by
anyons of A which can also end on the symmetry boundary. A gapless SPT (gSPT) phase is a gapless

%Notice that it makes sense to evaluate an element (here 1(b)) of AY /I on elements of B because of the short exact
sequence
15 NB)/D—-A/D-B-1. (7.2.15)
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phase in which the only charge realized on the vacuum is the trivial one. Hence, the condensable
algebra for a gSPT has to satisfy
AgspT NLsym = 1. (7.2.17)

By the classification above of condensable algebras, it follows that Agp N Lsym = D, and the condition
(7.2.17)) is nothing but D = 1. Thus whenever B C A is a proper subgroup Agp ;4 describes a gSPT.
In summary gSPT phases are classified by algebras Ag ,, = Ap 1,4, and parametrized by the following
data:

1. A choice of a proper subgroup B C A.

2. A choice of a group homomorphism 1) : B — A" such that 1(b)b = 1.

igSPT Phases

A gSPT phase is called intrinsic (or igSPT for short) if it cannot be deformed to an ordinary (gapped)
SPT phase. This means that the condensable algebra Ag , is not a subalgebra of a Lagrangian algebra

corresponding to an SPT. This would be a Lagrangian algebra containing £p 1, of the form
{(a@(a)) |a € A,} : (7.2.18)

where 12 : A — AV is a homomorphism such that @(a)a =1 ,Va € A, and corresponds to a class in
H?(A,U(1)). We conclude that a gSPT classified by (B, ) is an igSPT if and only if 1) : B — AY
cannot be extended to a homomorphism 121\ : A — AV while preserving the property @(a)a =1.

7.2.3 Examples

We now provide several explicit examples of igSPTs in (1 4+ 1)d. Since we will be dealing with cyclic
groups, we will use additive notation for ease of reading.

Minimal (i)gSPT Example: A =74

The case of Z4 is very well known [99, 196]. Let us nevertheless consider it in the context of our
general classification. Z4 has one non-trivial proper subgroup B = Zy = {0,2} C Z4. There are two
possible homomorphisms ¥ : Zo — Z4, classified by the choice of possible order-two elements of Z, to
assign 1(2): the trivial homomorphism and (2) = 2. The first case gives a (nonintrinsic) gSPT. The
other possibility also defines a gSPT since 1(2)2 = 4mod(4) = 0. The last case is also an igSPT. In
fact, the extension of ¥ : Zs — Z) to ¥ : Zy — Zy must satisfy 1;(2) = 2171\(1), SO 12(1) is 1 or 3, and
in both cases 12(1)1 # 0mod(4). The igSPT algebra is

Azoip ={(22,22) |2 =0,11} . (7.2.19)

Cyclic Groups A =Z,
Subgroups B C Z,, are labelled by divisors p of n. Let n = pq, then the subgroup is
By={qz |2=0,....p — 1} 2 Z,. (7.2.20)

Homomorphsims ¢ : B, — Z,, are determined by picking an order p element y € Z) = Zﬂﬁ and
declaring that 1(q) = y. Clearly the elements of order p of Z,/ forms the subgroup

NB,) ={gm |m=0,...,p—1} = (Z,/B,)" 2 7Z,, (7.2.21)

27r7'iab ) .

*We pick the (non-canonical) isomorphism Z, — Z,, that assign to a € Z, the character xa(b) = exp (
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hence we have p possible homomorphisms vy, : B, — Z,, labelled by m € Z,, and defined by

Um(q) = qm. (7.2.22)

We see that
Ym(qz) gz = ¢*x*m mod(n) (7.2.23)

so that this is alternating if and only if p divides gm. This implies that m must be proportional to
p/ged(p, q), namely it takes value in the subgroup Lged(p,q) C Zp- This subgroup classifies the gSPT
phases for Z,,.

Let us consider the igSPT phases: there is only a trivial SPT phase for these symmetries, and
these algebras for the igSPT are not contained within this. Let us show this in a way which is helpful
in other case We should ask when 9, with m = pr/ged(p, q) can be extended to zZm : Zp — 7 in
such a way that @m(a)a = Omod(n) for all a € Z,. Notice that qih,(1) = gm mod(n), so that

~

Ym(1)=m+kp, k=0,...,g—1. (7.2.24)
Thus the condition Jm(l)l = 0mod(n) becomes
m + kp =0 mod(n). (7.2.25)

Clearly this can never be satisfied by a non-trivial m. Thus we conclude that any nontrivial Z,, gSPT

phase is also an igSPT. The igSPT algebras are

Azmlﬂﬁm = {(qx>mq$)’ l= 07 D — 1} ) m = pk/ng(pa Q) ) k € chd(p,q) : (7226)

To summarize, the gSPT phases for Z, are classified by divisors p of n and an element in Zg.q(p,q)-
Hence we have
G(n) =) _ged(p,q) (7.2.27)
pln

many gSPT phases.

igSPTs for A =7, X Zy

We do not attempt to classify all gapless phases for A = Z,, X Z,,, rather we focus on igSPTs existing
for n = pq, ged(p, q) # 1, which are representative of the general scenario. This is instructive since
Ly, X Ly, also admits gapped SPTs, so not all non-trivial gSPTs are automatically intrinsic.

We look at the subgroup B = {(qz, qy)} = Z, x Z,. The most general homomorphism Z, x Z, —

Ly, X Ly, is determined by four numbers mod(p)

¢81752,7’1,7’2 (qmv qy) = (31(]33 + r1qY, S24qT + quy) (7228)

and this is alternating if and only if sq, 72,71 + s2 are proportional to p/ged(p, ¢). However, it admits
an alternating extension 12 Ly X Ly — Loy X Ly, only if 51 = 19 = r1 + $3 = Omod(p), the value of
r=r; = —sy =0,...,n— 1 (this is a lift of 71 = —s2 to Z,,) being the value of the ordinary gapped
SPT classified by H?(Zy, X Zy,U(1)) = Zy,.

Hence for ged(p,q) # 1 we can choose s1,72,71 + s2 to be non-trivial, producing igSPT phases.
We have p (gcd(p, q)% — 1) such phases. Those with s1,ro non-trivial but r; 4+ so = 0 are the igSPTs

SEither for A = Z,, X Z,, or, as will be mostly important for us, in (341)d.
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for the two Z, factors that we already discussed, while 71 + so = kp/ged(p, q), k # 0 are new. For
example, for n = 9, an igSPT is given by p=¢ =3, st =19 =0, 11 = so = 1. The algebra isﬁ

Azsx25 100110 = 1(32,3y; 3y, 3z) |a,b=0,1,2} . (7.2.29)

More generally, letting £ = p/ gcd(p, ), we denote these algebras as Az, xz,.1,4 With

Y(qr,qy) = <k1€q:v + (r+kol) qy, —rqr + kgﬁqy> (7.2.30)

determined by ki, k2, k3 € Zgeq(p,q) and 7 € Zjp. These define a class of igSPTs for Z, x Zy,.

7.2.4 Physical Construction of igSPTs

In this section we describe how to use a KT transformation to generate examples of igSPT's, following
[190, 197]. We then describe the effect of embedding their construction into a UV complete QFT.

KT Transformation to igSPT Phases

We will now illustrate these (i)gSPTs with concrete (1+1)d Field theories. This is a slight generaliza-

tion of the results in [197], which treated the case A = Z4. The procedure works in four steps:

1. Consider a theory Ty with zero-form symmetry Z%O) (here n = pq), gauge Z, C Z%O) to construct

R0/ Ly.
2. Stack a trivial theory with Z; symmetry.

3. Gauge Z x Z, with a discrete torsion class m € H?*(Zy x 2y, U(1)) = Zged(p,q)- This produces
a theory with Z,, x Z, symmetry.

4. Identify the gauge field for Z, with that for the Z; quotient in Z,.

This will prove instrumental in discussing examples with 1-form symmetry in Section Let us now
give some further details.

As we have seen, an igSPT for Z,, is given by a subgroup Z, C Z,, such that

ged(p,q) #1, n=pq, (7.2.31)

together with the choice of m € Zg.q the igSPT is non-trivial if m # 1). This second choice can

P,q) (
be understood as an element

m € H*(Zp x Zq,U(1)) = Zygea( (7.2.32)

P,q)

namely an SPT phase for Z, x Z,. The authors of [196] gave a construction of a continuum QFT that
realizes the igSPT for Z4. We can generalize this construction to produce a continuum QFT realizing
of all the igSPT phases that we have classified.

We start from any 2d CFT T with ZI' symmetry. We gauge the subgroup Zy, C 7, producing a
theory ¥o/Z,. Since ged(p,q) # 1 the sequence

122y =7 =7y — 1 (7.2.33)

5Our notation is (e1, ea; m1,m2), where ej 2,m1 2 label the electric and magnetic lines of the two Z, groups, respec-

tively.
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Group Zp | ZY | 2V | Zg | Zy | 2]

)

~ —

Background Field || A4, Ay, | By | By | By

b
S

Table 7.1: Groups and background fields.

does not split, hence the resulting theory has symmetry Z;J/ X Zq with mixed anomaly [154]

e A, U B(B,), (7.2.34)
P Jxs
where A\p is the background field for Z;f >~ 7,, B, a background for Z, = Z® /7, and 3 : H'(X,Z,) —
H?(X,Z,) is the Bockstein associated with the sequence ﬂ
Clearly, if we now make gp dynamical, we recover the theory Ty. Instead, we perform a slightly
different operation. First we declare that the system has a further trivially acting Z, symmetry that
we denote by Z; to distinguish it from the quotient Z; = Zin/ Zy. This can be thought of as stacking
a decoupled trivially gapped system with a Z; symmetry. Denote the background field for this by B(’].
The notation for various groups and background fields is summarized in table

We then gauge ZX X Z;, but crucially adding a discrete torsion

2mim / ~ , ) )
exXp | — 7 —~ AUB>, m € H(Z, x Z,,U(1)) =7Z . 7.9.35
(gcd(p, Q) Jx, P (Zp X Zq, U(1)) = Lgea(p.q) (7.2.35)

Denoting by A, and 3{1 the backgrounds for the two dual symmetries (Zy)" = Z,, (Z;)" that arise

from this gauging, the resulting partition function is

- omim . omi [~ -
Z<[A, B B, = _cmm A U B A UA
sl By Bl AZ eXp(gcd(p,q) x, 7 «*t x, 7 a
Y - (7.2.36)
iy -~ -~
2 B B;> Ty A By
q JX,

To obtain the correct cocycle conditions of the new backgrounds, we need to impose gauge invariance
under both ﬁp — /Tp + 6\ and By, — B, + én. This imposes

5B, =0, 6A,=pB(B,). (7.2.37)

The dual symmetry Z;,/V = Z, now extends Z, producing again a new Z, symmetry. This is to be
distinguished from the original Z;}, as it is not faithfully acting: as we will see shortly the Z, subgroup
does not act at all. To show this fact let us manipulate the partition function. Rewriting Zg 7, in
terms of Zg,, we can perform the sum over A,, that imposes a delta function, that can be solved by

the sum over A,, and we remain with

~ = 271 = ~ P
ZzlA,, By, By| = exp </ B’ UB’)Z [q <A +mB’)+B} . 7.2.38
T[ D q q] %: 7 Jx, q q ) P gcd(p, q) q q ( )

To gain some intuition about the result, consider the particular case ¢ = p, m = 1 (for p = 2

this is the case discussed in [198]). We omit the subscripts. In the sum over B’ we can shift B’ —

In our case it is given explicitly by 8(B,) = 5% where By in the right hand side is an arbitrary lift to Z, of the Z,

gauge field.
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Group y/ 2], Ly 7!
Embedding zr ZY Zr )z zY

Twist field || W = X/P° | V = ¢iX | W = X/0° | 7 = ¢iX'/p

Zy Z, Z!
‘7 1 e—2mi/p® | o—2mi/p
V|| exmilp 1 1
W || e2i/p? 1 1

Table 7.2: Embedding of symmetries, relevant twist fields and their charge after stacking the SPT for

the free boson example.

B’ — A to eliminate it from Zz,. Hence, this shifted sum over B’ reproduces the partition function of

Zzy /2, [@, A], but there is an addition phase factor:

Z<|A. B, B] = exp (—27”/ BU Z) Zsyyz, B B). (7.2.39)

P JXx,
Naively, this seems like stacking a CFT %/Z, and an invertible phase, but it’s more nuanced. The
theory has a symmetry Z,» x Z;, with backgrounds pE + B and B , respectively. Focusing on the
gapless sector To/Z,, the Z, C Z,> does not act, leaving a faithful Z, x Z, symmetry (with the first
factor being Z,2/7Z,) and a mixed anomaly: a gauge transformation B — B+ 6\ multiplies Zg, /7,
by a phase. Including the symmetry 7, with background A acting trivially, the anomaly is cancelled

by the Green-Schwarz mechanism:

exp <_27T2/ @U/T) — exp (—27” 5)\UAV) = exp (27”/ )\U/B(B)>
p X2 p X2 p XQ

Physically, for the CFT %y/Z,, the anomaly implies that the system cannot be gapped while
preserving Z, x Z,. However, since the anomaly is canceled by a symmetry acting on an invertible
phase, by realizing the latter as the IR of a trivially gapped theory, the anomaly is absent in the full
theory. From an IR viewpoint, this can be seen as an example of the general story of [199]. Thus, in
the full theory, there is no obstruction to gapping it. At low energy, without considering the additional
symmetry, we cannot gap the system unless the additional degrees of freedom become massless, closing
the symmetry gap, thus encountering a phase transition and allowing further deformations to gap the

theory.

Embedding into a UV theory

This construction neatly describes the IR phase. To embed it into a full-fledged UV theory, we simply
consider the product of theory €y — or an arbitrary QFT flowing to it— with a theory ¥’ flowing
to a trivially gapped phase and carrying the Z’q symmetry action. Let us focus on the case n = p?

and give a concrete example. Consider T to be a free compact scalar X of radius R and ¥’ to be a
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compact scalar X’ of large radius R’ deformed by A cos(X’ )EI We take the radius R’ large enough so
that this term is relevant and the embedding of symmetries is as in table
Stacking the Z, x Z;, SPT exp (% i ﬁp U A;,) gives charge to twist fields according to table
The charges can be used to describe the local field content of the theory after performing the gauging
procedure. Surprisingly, we learn that neither X nor X’ are well defined field anymore, but rather we
should consider:
Y=X+X'/p, Z=X-X. (7.2.40)

Written in terms of these fields the cosine potential becomes:
A cos (Z + }N/) , (7.2.41)

which pins the momentum modes of one field to the winding modes of the other. The faithfully acting
(unbroken) symmetry on the IR scalar is just the Z, diagonal between momentum and winding, which

is anomalous.

7.3 (i)gSPTs for 1-form Symmetries in (3+1)d

The formalism we developed in (1+1)d can be adapted to discuss phases — gapped and gapless — with
1-form symmetries in (3+1)d. We carry out a SymTFT analysis, showing the existence — and providing
a classification — of igSPT phases for 1-form symmetries. This refines the standard classification of
phases of gauge theories. The SymTFT approach also aids in the construction of concrete physical

examples, and we provide an interpretation of these phases as topological obstructions to confinement.

7.3.1 SymTFT and Gapped Phases for 1-form Symmetries

The SymTFT for a 1-form symmetry A®) in (3+1)d is a five-dimensional TQFT whose topological
defects are surfaces that form a group Z(A(M) = A x AV governing their fusion. The braiding is

anti-symmetric
B ((a,), (b, 8)) = a(b) Bla)~". (7.3.1)

The canonical Lagrangian algebra that leads to the 1-form symmetry A is

Leym = {(o,a) | e AY } (7.3.2)

Everything is very similar to the (141)d case, with the only (but crucial) difference that the braiding
is anti-symmetric.

For simplicity, we assume all manifolds are spin. This technical assumption serves to identify
different global variants with the same 1-form symmetry and the same choice of charges, but where

the line operators have different statistics [163]. The group of discrete torsions
HYB?A,U(1)) = {q: A = U(1), quadratic form} (7.3.3)

is a central extension of the group of symmetric bilinear forms Symm(A). The projection map is the
polarization

Xq(a,b) = g(a+b) —g(a) = q(b) . (7.3.4)

8We normalize the fields so that the periodicity is always 27 to simplify the notation.
9 A simple derivation of this fact, following e.g. 9], is to realize a twist defect through an open background § A = u, with

u the charge of the twisted sector. Performing a gauge transformation and using the SPT action with this background

gives non-trivial charges of twist defects.
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The fiber is isomorphic to Hom(A, Zs), and its elements are called characteristic elements. From a

quadratic form ¢ and a gauge field B € H?(X4,A) one produces the discrete torsion

(/ 4(B). (7.3.5)
X4

The key fact is that different quadratic forms with same polarization give the same integral on any spin
4-manifold. Hence we can mod-out Hom(A, Zy) and work with symmetric bicharacters y € Symm(A).

As in (1+1)d, Lagrangian algebras of Z(A(M) are classified by a subgroup B C A and a symmetric
homomorphism 7 : B — BY as

Loy ={(b,69(0) [beB, 8 NB}. (7.3.6)

The symmetric condition means that x : B x B — U(1), x(b,0) = ¥(b)V/ is a symmetric bicharacter,
and this ensures that the elements of £, do not braid among themselves. It also identifies ¢ with a
discrete torsion element in H*(B2A,U(1))/Hom(A,Zy) = Symm(A).

In this section, we discuss gapped phases with 1-form symmetry; hence let us make some general
comment on them. In the UV there are line operators labeled by their charges valued in AV. Since
the phase is gapped, at low energy for each line there are two possibilities: either it has area low and
flows to the trivial line (confined lines), or it has perimeter law and flows to a non-trivial topological
line (deconfined lines). According to 't Hooft a phase is described by a Lagrangian lattice of dyons

[42]. More explicitly, given the algebra Lp , perimeter law is assigned to the lines:
wh ., Thwv®) (7.3.7)

where T, W are Wilson and 't Hooft lines for the universal cover of the gauge group and we only
indicate their 1-form symmetry charge through our notation. The set of charges of deconfined lines
forms a subgroup D C AV, while AV/D is the quotient that labels the confined lines. Its Pontryagin
dual B = (AY/D)" is the preserved subgroup of the 1-form symmetry, while the quotient A/B is
spontaneously broken.

We can make this discussion more systematic using the SymTFT approach. Gapped phases with
1-form symmetry A1) are classified by Lagrangian algebras Lp,,. The physical interpretation is the
following. Fixing the symmetry to be A() means that the symmetry boundary is determined by
Leym = {(0,a) | @ € AV}, hence the symmetry operators are the surfaces (a,0) € Z(AM) pushed
at the boundary. Looking for gapped phases means that the physical boundary is also topological
and determined by a Lagrangian algebra. The surfaces that can end on both boundaries give rise to

non-trivial topological line operators, namely the deconfined lines. They form the group
Loym NLpy =D = N(B) . (7.3.8)

Hence deconfined lines are completely transparent under the subgroup B C A of the 1-form symmetry,
while are detected by the quotient A/B. The group of non-trivial lines N(B) is the Pontryagin dual
of A/B, representing its set of charges. Moreover AV /N (B) = B" is the set of confined lines and is the
dual of the trivialized subgroup of the 1-form symmetry.

The presence of B may also be detected by looking at the twisted sectors. These arise because
some surfaces (b, (b)) € Lp cannot end on Lgym and produce non-genuine lines in the twisted sector
of b € B. Importantly, these non-genuine lines are also in general charged under the subgroup B of
the 1-form symmetry A(): passing a surface labelled by ' € B through a non-genuine line (b, (b))
we pick a phase

PO = x(b, V) . (7.3.9)
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We conclude that the (34+1)d gapped phase is the spontaneous breaking of A down to B whose SPT
phase is 9. In particular, the phases with B = A are SPT phases for the whole 1-form symmetry, and
are determined by 1. Thus, we recover the usual classification by H*(B2?A,U(1)) [14] (more precisely
by Symm(A) on spin manifolds).

As an example, consider A = Z,,. Subgroups are given by divisors p|n:
B,={qz |2=0,...,p—1}=2Z, , n=pq. (7.3.10)
Identifying Z,) = Z,, we have

NBp) ={py |y=0,....,a =1} =Z, (7.3.11)

while

By =A/NB,) ={z~z+p|z=0,.,p—1}. (7.3.12)

A homomorphism 7 : B, — IB%}I/ is the multiplication by a number » = 0, ..., p— 1, and is automatically

symmetric. Therefore
Lpr={(qz,re+py) |2=0,...,p—1, y=0,...,q—1}. (7.3.13)
SPT phases are obtained by setting p = n and are classified by r € Z,, i.e.

SPT : L, ={(z,rx) |z =0,....,n—1}, r=0,---,n—1. (7.3.14)

7.3.2 (i)gSPT Phases protected by 1-form Symmetries

Now we look at gapless phases with 1-form symmetry A®). Each line operator, labeled by o € AY
can either flow to a trivial line, or to a non-trivial line, and the latter form a subgroup N(B) C AV
(hence B C A is trivial in the IR). However, differently from gapped phases, among the non-trivial
lines, some can be topological, while others are not. The first set forms a subgroup D C N(B), and the
presence of a gapless sector is characterized by the non-triviality of the quotient N(B)/D that labels
the charges of non-topological lines of the gapless sector.

All of this can be formalized considering non-maximal condensable algebras of the SymTFT. The

classification is as follows: the condensable algebradl| are
e A subgroup B C A.
e A subgroup D C N(B)
e A group homomorphism ¢ : B — AV /D with the property that

P = )b, VbV € B. (7.3.15)
The corresponding algebra is

Appy = {(b,&p(b)) |beB,dc ]D)} . (7.3.16)

10We note that this reference to algebra is not quite accurate as these defects form a sub-higher-category, but we

refrain from this in this context unnecessary embellishment in terminology.
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In general, non-maximal condensable algebras describe gapless phases. The interpretation of (|7.3.16))

is clear from the “Club-Sandwich” picture:
%(S:an I-A]B,]D,w %B?ys

a

(7.3.17)

Condensing Agp, in half space we construct an interface between Z(C) and a reduced topological
order Z(C'), with C = A1), After interval compactification, we can distinguish three types of object,

represented in the figure above from bottom to top:

1. Dynamical degrees of freedom charged under C’, described by surface operators extending
throughout the bulk.

2. Topological lines (0,d) ending both on the Z4, ;, , interface and the symmetry boundary B%™.
These describe a (deconfined) SSB phase dressing the gapless degrees of freedom.

3. Topological surfaces labelled by a € A confined on B%™ and describing the full symmetry.

Up to this point everything is the same as in the gapped case. The difference is that now the quotient
A/B does not act faithfully on topological lines:

Loym N Appy =D, (7.3.18)

which is in general smaller than (A/B)" = N(B). Hence the subgroup (N(B)/D)" c A/B acts
trivially on the topological lines, and can only act on gapless degrees of freedom coming from the

physical boundary.

gSPTs and igSPTs. Gapless SPT phases are those in which there is no non-trivial topological line,
and hence
D=1. (7.3.19)

B is trivial at low energy, while A/B only acts on a gapless sector. Therefore, gSPT phases for a 1-form
symmetry in (3+1)d are classified by pairs (B,1), with B C A and v : B — A" a homomorphism

satisfying the property ([7.3.15|).
This phase is intrinsically gapless (igSPT) if and only if there is no Lagrangian algebra of the from

Y Ad (this ensures that £ A @ﬂﬁsym = 1) such that Ag 1, C £ AT This means that ) must not admit

an extension to 121\ : A — AV preserving the property ((7.3.15)).

7.3.3 Examples
Cyclic groups A = Z,

Any homomorphism between two cyclic groups satisfies ¥(b)’ = ¢(b')b. Hence, gSPT phases are
classified by a divisor p|n that determines

By ={gz |2=0,..,p—1} , n=pg (7.3.20)
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and an order p element of Z, = 7Z,,. The latter is of the form gm, m = 0,...,p — 1 and determines

Y(qw) = gmaz. (7.3.21)

Any homomorphism v : Z, — Z, has a symmetric extension to Zy, so there are no igSPT phases.

Minimal igSPT A = Z4 X Z2

The smallest 1-form symmetry group that admits intrinsically gapless SPT phases is Z4 X Zo. The
subgroup B C A that is part of the classification data (B,1)), here is B = Zo = ((2,0)) C A (for all
other subgroups there are no igSPTs). The most general homomorphism Zo — Z4 X Zso is

w81152(2x70) = (2513773237) (7.3.22)

with s; = 0,1. Since v, s,(22,0) - (22/,0) = 1, this is automatically symmetric. Moreover, if sy = 1
it does not admit any extension (neither non-symmetric) 1; : A — AV, hence it represents an igSPT
phase. We have two of them with s; = 0,1. We will come back to this example shortly, providing a
concrete model that realizes these phases in the vanilla case of s; = 0 (turning on s; corresponds to

stacking a standard gapped SPT), whose condensable algebra is
AZ2,1:1/J - {(21‘,0, O,CC) ’ T = 07 1 } . (7323)

The fact that this defines an igSPT can be understood from the reduced topological order, too. Using
standard methods one discovers that the reduced theory is the (44+1)d Dijkgraaf-Witten theory for

Z4, whose by electric and magnetic surfaces are generated by:
E =(1,0;0,0), M = (0,1;1,0). (7.3.24)

In order to determine the symmetry C’ we ask which of these surfaces can terminate topologically on

BSY™ - The allowed surfaces are:
E%=(0,0;0,1), M?=1(0,0;2,0). (7.3.25)

This boundary condition defines a polarization whose symmetry is C' = Zgl) X Zgl) with a mixed

anomaly [154]:
[=mi / BLB(B), B(By)= %d32. (7.3.26)

This proves that the IR symmetry is anomalous, i.e. we are describing an igSPT.

Examples: A = Z,, X Znp,

A wider class of examples of gSPT and igSPT phases arises for A = Z,, X Z,, provided that n = pq
can be written as the product of two non coprime integers. Let us present all the details in the n = 4
case, and then sketch the generalization to other values of n.

The group Z4 x Z4 has nine non-trivial proper subgroups:
(Z4)L s (Z4)R s (Z4)D s (ZQ)L s (ZQ)R s (ZQ)D ,Z4 X ZQ, ZQ X Z4, ZQ X ZQ . (7327)

For all subgroups isomorphic to a cyclic group, it can be checked that any symmetric homomorphism
Y : B — Z4 x Z4 has a symmetric extension, therefore there are no igSPTs associated with these

subgroups.
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Let us look at B = Zgy X Zo. There are 16 homomorphisms Zo X Zo — Z4 X Z4 that we label with

four parameters s1, s9,71,72 = 0, 1:
Vs1,s0,m,72 (22, 2y) = (2510 + 211y, 2507 + 2r9y) (7.3.28)

Notice that 1, 55 (22,2y)(22',2y') = 1, so these are all symmetric and define gSPTs. Each

homomorphism %, s, ., has 16 extensions, parametrized by other four labels o1, 02, p1, p2 = 0, 1:

T (3, y) = ((81 + 201)x + (11 + 2p1)y, (82 + 202)2 + (12 + 2p2)y> 7 (7.3.29)

that is symmetric if and only if 1 +2p1 = s34+ 205. We conclude that if r; # so there is no symmetric
extension of 1251,32,,«1 o, hence this represents an igSPT phase. We have eight igSPTs of this kind.
The last subgroup to consider is B = Z4 X Zs, for which there are no igSPTs. Indeed the most

general homomorphism is
Vsis2m2 (T, 29) = (812 + 2r1y, 502 + 2ray) | (7.3.30)

where s1,s2 = 0,1,2,3 while 71,73 = 0,1, and is symmetric if and only if sy mod(2) = 1. There are
four extensions
DL () = (sw + (r1 4+ 2p1)y, s2z + (r2 + 2/)2)3/) : (7.3.31)

for which the symmetric condition is so = r1 + 2p1, that has solution precisely if so mod(2) = r;.
The igSPTs of A = Z4 x Z4 have a natural generalization for A = Z,, X Z,,. Consider n = pq, and
we look at the subgroup B = Z, x Z,. Symmetric homomorphisms Z, x Z,, — Z,, X Z;, are

Vst 00,102 (4T, qy) = <q81m + qriy, gsox + qr2y> (7.3.32)
with sq,s2,71,72 € Z), and
p
r1 = S9 mod (> . 7.3.33
ged(p, ) ( )

The difference 71 — so can then take ged(p, ¢) values. Therefore there are p3ged(p, ) gSPTs. To check
which of them are igSPT's we look for the extensions 12 : A — AV, that are parametrized by oy, p; € Z,4

ety (@, y) = ((81 +por)x + (r1+ pp1)y, (s2 + po2)x + (r2 + ppz)?;) , (7.3.34)
and for this to be symmetric, i.e. for an extension to exist, the condition is
1+ pp1 = S2 + poy mod(n). (7.3.35)

Thus if r1 = s3 mod p there is a symmetric extension. Otherwise, there is no one, and in the latter
case we get an igSPT. We conclude that, among the p?gcd(p, ¢) gSPTs, p? are non-intrinsic, while the
remaining p?(ged(p, q) — 1) are igSPTs.

7.3.4 Physical Realization of igSPT Phases

We can take as input any of the igSPT phases we found and produce a physical IR theory that realizes
it similarly to the (141)d construction of [196]. To illustrate the idea, we consider the realization of
the minimal example of A = Z4 X Zo, which is associated with B = Zy and ¢ (2a,0) = (0,a). We
take a CFT Ty with 1-form symmetry Z® and construct To/Zo by gauging the Zy C Z® subgroup of
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Group zs | zy | zg | 7Y | Zg Z4

2B,, + B.

os)}
3
%

Background Field || B, | By, | B.

Table 7.3: 1-Form symmetry groups and background fields.

the 1-form symmetry. Since Z' is a non-trivial extension, in the resulting theory the dual ZJ* = Zy

1-forms symmetry and the quotient Z$ = Zi /Zs have a mixed 't Hooft anomaly

o
Tl B, UB(Bm) , (7.3.36)
2 Jx

with B,, the background for the dual symmetry Z3', and B, the background for the quotient Z5. We
then stack a completely trivial theory with 1-form symmetry ZSI, and use ¥ to construct an SPT

involving B,, and the background B for the decoupled ZSI:

o
| BL,UB.. (7.3.37)
2 [y,

Finally, we gauge Z3* x Z§ with this SPT. Following similar steps as in Section we find that the

resulting theory has symmetry Z4 X Zo. The Z, part arises as a non-trivial extension:
1 =720 74— 75. — 1 (7.3.38)
Denoting by B, the background field for Z2'", there is a modified cocycle condition
5By, = B(B.) . (7.3.39)

The partition function of the resulting theory, that we denote by ¥, is
~ —~ I7i
22 (BB B e (-7 [

Here @e is the background for the dual symmetry ZS’V (see table for a summary of the symmetries

and background fields involved). As we will see shortly in a concrete model, this piece of the symmetry

By U E/e> Dy 2 [2378, Be} . (7.3.40)

acts trivially on the dynamical CFT, that is Tp/Za. The same is clearly true also for the Zy C Z4
subgroup, as its background §m only appears in the multiplying phase. This is the same result as in
(14+1)d: the the anomaly of the dynamical part Ty/Zs is cancelled by the Green-Schwarz mechanism
due to the modified cocycle condition of Em and the presence of the multiplying phase. Hence the
CFT has an emergent anomaly that forbids from trivially gapping it by IR deformations. However,
remembering the presence of the symmetry Z5*¥ only acting on gapped degrees of freedom, the anomaly
is cancelled and it is possible to drive the system to a trivially gapped phase by a UV deformation.
This would, however, require to make gapless some of the degrees of freedom on which ZJ'" is acting,

hence closing the symmetry gap and encountering a phase transition.

7.3.5 An SU(4) x SU(2) Gauge Theory Realization of igSPTs

This somewhat formal discussion can be made concrete in a model model where all the above ingre-
dients are embedded into an asymptotically free gauge theory. For instance, the CFT %y with 1-form

symmetry Z' can be realized as the fixed point of a SU(4) gauge theory with enough massless adjoint
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e m e Twisted
Z Z ZQ Sector

T 1| -1] 1] z§

Table 7.4: Charges of twisted lines under the various symmetries.

fermions % to land in the conformal window. For the trivial theory with Zs symmetry we could simply
take pure SU(2) YM theory, but without affecting the IR we can replace it with SU(2) gauge theories
with massive adjoint fermions XH This fact will be relevant at the end of the analysis.

Let us analyze the various line operators, and re-derive the above result in a more physical way,
interpreting it in terms of confinement/deconfinement. We denote by W and T?, a,b = 0, ..., 3 the
Wilson and (non-genuine) 't Hooft lines of the SU(4) sector, while by W', T" the analogous lines in
the SU(2) sector. Since the first sector is designed to flow in the conformal window, all the W lines
have perimeter law, while 7° have area law and disappear from the CFT. Vice versa, W’ and 7" have,
respectively, area and perimeter law. In the original SU(4) x SU(2) global variants, all the Wilson
lines are genuine, while the 't Hooft lines are non-genuine, i.e. live in twisted sectors. In the IR this
flows to a CFT with Z, 1-form symmetry times a trivially gapped (confined) phase with Zy zero-form
symmetry. The phase is not protected by symmetry, as turning on a mass for the adjoints ¢ leads to
a trivially gapped (confined) theory.

We then pass to the SU(4)/Zs global variant. Now the 1-form symmetry is

75 X T } 7§ (7.3.41)

and the genuine lines are W2, 72 and W', which are charged respectively under the three Z, factors.
We then gauge Z5' X ZS’ adding the discrete torsion term ([7.3.37)), whose effect is to change the lines
that become genuine. In fact, before promoting B,,, B, to dynamical fields, the lines W (W?3), T, T’
are in twisted sectors, and the presence of the counterterm (|7.3.37) changes their charges as in table
[7.4] The factors of —1 stem from the stacking with the SPT phase, while the fractionalized charge i

describes the mixed 't Hooft anomaly
i / B, UB(Bp,) - (7.3.42)

After gauging Z3' x ZS’, on top of keeping only the invariant lines (only W? in this case), we have
to add the twisted sector lines that are not charged under Z5* x Z$. Hence, the lattice of genuine
lines is generated by

ww’ and T'T?, (7.3.43)

as opposed to W and T”, and the symmetry is Z4 x Zglv. The lines W and W’ both go into the twisted
sector of Zg/v (whilst their product WW’ is genuine), T goes into the twisted sector of Z4, while T”

into the twisted sector of the subgroup Z2*" (indeed T'T? is genuine).

" The reason for this choice is that, with the correct number of SU(2) adjoints, in the UV we may play with their

mass, eventually reaching the massless point so that the SU(2) sector also reaches a conformal point.

208



Line wWw’ w?2 T'T? w W | T | T

Area/Perimeter A P A P A P | A

Genuine/Twisted || genuine | genuine | genuine | Z§ 75 7Y | 7y

Table 7.5: Confinement pattern of both genuine and non-genuine lines in the final theory ¥.

Following our dynamical assumptions, before the discrete manipulation, W and T" are deconfined,
while W’ and T are confined. Thus in the low-energy theory the only genuine line present is W2, as
both WW’ and T'T? have area law. This indicates that only a Zs quotient of the 1-form symmetry
acts in the IR theory, which does not contain topological lines. Hence, this Zs quotient acts on the
gapless sector. In the twisted sectors, instead, T' and W’ have area law, while 7" and W have perimeter
law. Thus, both Z§ and ng’ can be detected at low energy by looking at the twisted sectors. The
reader can consult table for a clear synthesis.

Deformation by Fermion Masses

We can now characterize the peculiar feature of this topological phase in this physical setup. Suppose
that we try to deform the IR in order to reach a fully confined phase. Since SSB for 1-form symmetry is
detected by reducing on an S* we can think of a finite-temperature setup where a monopole potential,
as well as fermion masses, can be turned on if allowed in the IR. Let us first focus on fermion masses.
To completely confine the theory, we should confine the W? line. This can be done, for example,
by turning on an equal mass for all SU(4) adjoints{r_z} This would imply that 7" has perimeter law.
Notice, however, that 71" is no longer present in the low energy description. Furthermore, if we give T'
a perimeter law, then T7"T? is also deconfined, and we would break Zglv spontaneously.

At first glance, this may seem akin to a (3+1)d CFT with an anomalous 1-form symmetry, which
prevents the theory from being trivially gapped. However, the unique aspect of this phase is the
absence of an anomaly for the full UV symmetry C. This indicates that the theory might become fully
confined if we can render some gapped degrees of freedom massless initially. For example, by tuning
to zero the UV mass for the SU(2) adjoints we can drive this sector to conformality in the IR.

Consequently, the WW’ line has perimeter law, and the full Z,4 acts non-trivially on the gapless
degrees of freedom. This represents a gapless SPT phase, but it is the non-intrinsic one. In fact, it
can be deformed into the trivial phase by uniformly increasing the masses for the low-energy adjoints
of both SU(4) and SU(2).

However, this deformation is not possible in the igSPT phase since, there, the SU(2) adjoints have
already been integrated out, and their mass operator is not part of the CFT. Furthermore, to make
this deformation possible, certain degrees of freedom need to become massless, leading to a phase

transition, supporting the assertion that the igSPT we are discussing is a distinct phase.

Deformation by Monopole Potentials

Finally, let us comment on robustness of this phase against another type of deformation, which is
important to distinguish this phase from more familiar ones. The fact that giving a mass to the SU(4)

adjoint fermions drives the CF'T into a Zs SSB phase should not be surprising, and we would have

12\We assume that the fermion mass operator is still relevant in the IR CFT.
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found a similar result starting from PSU(4) gauge theory instead. However, in the latter, the SSB
phase is not protected by any mechanism.

In fact, the situation is different once we study the deformations obtained by reducing on S* and
turning on monopole potentials. Here we use the abuse of terminology by which any local operator
obtained wrapping a line operator on S is called a monopole, independently of whether it is charged
under an electric or a magnetic symmetry.

In the PSU(4) theory on S' x R? we can turn on a monopole potential
VWW?), (7.3.44)

where W is the Polyakov loop. By carefully choosing the potential, this condenses W and leads to the
PSU(4) confined phase. Notice that we can turn on this potential in the IR since W has a perimeter
law.

In the igSPT case, instead, we would like to turn on a potential for MM
VMM, (7.3.45)

where M is the reduction of the 't Hooft line on S'. However, table shows that T has area law,
thus M is absent in the IR and this deformation is not available in the low-energy theory. We can
only turn on a potential for W2(W2)T, which would lead us too to a SSB phase for Z§. Thus, the
igSPT phase cannot be trivially gapped by IR deformations.

7.4 Gapless Phases with Duality Symmetries

We now turn to exploring (intrinsically) gapless SPT phases for selected non-invertible symmetries. In
this section we will focus on duality-type symmetries in both (1+1)d and (3+1)d, giving a SymTFT

construction and discussing the constraints on the IR physics from the perspective of the gapless

sectorp—_gl

7.4.1 Phases with Duality Symmetries: (1+1)d

We want to generalize the analysis of the gapless phases in (1+1)d to a larger class of fusion categories
C whose Drinfeld center Z(C) is obtained from some Abelian topological order Z(Vecy) by gauging a
finite invertible O-form symmetry G E Examples are Vecp,, , whose Drinfeld center is obtained by
gauging charge conjugation in Z(Vecz, ), and Tambara-Yamagami categories TY (A, ~, €) [21}, 91, (99,
202], whose center is obtained from Z(Vecy) gauging electro-magnetic duality [3, 46, 186, 203|. Later
we will extend our approach to (3 + 1)d. Although the center of TY-categories is well-known [203],
our approach gives a construction of the center discussed in Chapter [6], which extends more easily to
higher dimensions (see also [46]). Our goal will be to determine the condensable algebras, including

SPT, gSPT, and most interestingly igSPTs, through the gauging.

Structure of the Center

We consider a faithful O-form symmetry group G acting on A x AV by exchanging anyons, while

preserving fusion and braiding. Practically, there exists a group homomorphism @ : G — Aut(A x AY)

13The methods and classification developed here generalize in a straightforward manner to G-ality defects. See [99)

200l |201] for recent studies.
T Without loss of generality we can assume G to act faithfully on Z(Vecy).
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such that
Opy(a0) = O(ac), Vo € A,a € AY. (7.4.1)

Faithfulness means that ® defines an embedding G C Autg(A x AY) in the subgroup Autg(A x AY) C
Aut(A x AV) that preserves the pairing (a,a) — a(a) € U(1).

Structure of Autg(A x AY). Auto(A x AY) is generated by two subgroups: one is isomorphic to
Aut(A), the other to Zs. The embedding Aut(A) C Autg(AxAY) is canonical. Given an automorphism
p:A— A, wehave p~!V : AV — AV given by p~!V(a)(a) = a(p~!(a)). Hence P, € Auto(A x AV) is
given by

Po(as) = (plah o)) (7.4.2)

The Zo subgroup, instead, is generated by electro-magnetic duality S and its identification is non-
canonical. Given a choice of isomorphism ¢ : A — A such that ¢V = ¢ — namely ¢(a)b = v(a,b) is a
symmetric bicharacter — then S is defined asIE

S(a,a) = (¢~ (@), ¢(a)) (7.4.3)
and preserves the spins because of ¢(a)b = ¢(b)a. Zy = (S) and Aut(A) do not commute, but
SP,S =P , where p?=o¢ p7Ve € Aut(A). (7.4.4)

With this Zg-action on Aut(A) we have Autg(A x AY) = Aut(A) x Zs.

Anyons of the gauged center We consider the fusion categories C such that Z(C) = Z(Vecy)/G.
To fix our notation and language, let us briefly review the anyon content of Z(C), in a way that can
be generalized to higher dimensions [2, 3| 45, |46]. As this is a well-known procedure, we refer the
reader to [77] for details. In the following, we only consider the case of G Abelian and, in particular,
G = Zy. Anyons in Z(C) fall into three classes:

e G-invariant combinations (orbits) of anyons of Z(Vecy). For G = Zs they can be long orbits

X,,p or invariant lines L, 4.
e Lines ., 7 € Rep(G) = GV of the dual symmetry.

e Twist defects ¥4, ,), coming from the G-twisted sectors o, prior to the gauging. For G = Za,

we have x = +. These are the charged objects under the Rep(G) symmetry.

The suffix &+ indicates that the Rep(G) symmetry line can fuse with the defect giving rise to a new
topological object. We summarize their structure, in the case of Tambara-Yamagami categories, in
table [7.71

Let us exemplify this discussion in the example of Vecp,. Dg can be realized as a semidirect
product Z4 x Zs, where G = Zy acts as a — —a on Z4. Hence Z(Vecp,) can be obtained following
the procedure described in Section starting from Z(Vecz,) and gauging the G = Zy symmetry

acting as charge conjugation
C:(a,b) = (—a,—=b) , (a,b) € Z(Vecg,) =2y X ZLy. (7.4.5)

The invariant lines, that coincide with their own orthogonal (with respect to the braiding), are

151t is easy to check that two different choices ¢1,¢2 lead to S2,S1 such that S, = P,S1, with p = ¢;1¢1 € Aut(A).
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Outer Auto ‘ (lgl, p) ‘ Anyon label ‘ Dim ‘ T ‘
L, (1,1) 1 1 1
Ly, (1, 1a) erG 1|1
L&Q (1,1,) eRr 1 1
L, (1,142) eq 1 1
Loq (1, E) mp 2 1
Ly, (a®,1) eRGB 1 1
Ly, (a%,1,) en 1 1
Ly, (a?,1,) eGB 1 1
L2_,2 (02, Laz) €RB 1 1
Loq (a®, E) /B 2 | -1
L1y (a,1) MRG 2 1
Ly (a,1) SRGB 2 i
Ly (a,—1) i 2 | -1
L1,3 (a, —i) SRGB 2 —1
Eil (z,+,+) maGB 2 1
Efo (x,+,—) ma 2 1
210 (,—,—) fa 2 | -1
DI (z,—,+) feB 2 | -1
Z(J)FJ (az,+,+) MRB 2 1
28'70 (az,+,—) mp 2 1
%00 (az, —,—) fr 2 | -1
Y01 (az,—,+) frB 2 | -1

Table 7.6: The table lists all anyons of Z(Vecp,) using three distinct notations, see [186]. The first
column uses our notation, which is natural in the context of gauging. The second column employs the
standard notation for Z(Vecq) for any finite group G, expressed through conjugacy classes [g] and
stabilizer representations p. The third column shows the corresponding labels in terms of three copies
of the toric code, as referenced in [204]. The final two columns display the quantum dimension and

spin.

F=Ft={2,2y) | 2,y=0,1} = Zy x Zy. (7.4.6)

The twist defects in the G-crossed extension of Z(Vecz,) can be labelled as

_Z4XZ4

Oap » (ab) € {(0,0),(1,0),(0.1), (1,1)} = =52 (7.4.7)

Notice that all twist defects are charge conjugation invariant.
Now we gauge G = Zo. We will denote by + the trivial and non-trivial representations of Zs.

From the invariant bulk lines we obtain Abelian anyons:
Lyos Lyg. Liy, Liy. (7.4.8)
From the non-invariant bulk anyons we get the dimension-two anyons:
Lio, Loi, Lin, Ls1, Li2, Li3. (7.4.9)
Finally since the twist defects are all charge conjugation invariant we get

Z(:)‘:,0 ) Efo ) ZE)t,l ) Efy (7.4.10)
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Object Definition Dim | # of Objects Spin 6
Lia, ) n” x (a, ¢(a)) 1 2/A v(a,a)
Xy | (@, 0(0) @ (b, d(a)) | 2 | |A[(JA]-1)/2 "(a, b)
Sew | wxen VB 2al |17 \/w—/? > 5

Table 7.7: Objects (lines) of the 3d SymTFT for the Tambara-Yamagami symmetry.

In table|7.6| we present the translation between these labels and other labels for Z(Vecp,) used in the
literature |186].
Condensable Algebras in Z(C)

In the present context, useful information about Z(C) can be inferred from the fact that Z(Vecy) and
Z(C) are connected to each other by gauging G' or Rep(G)) = GV. To start with, we consider the
open club sandwiches, defined by condensable algebras. These define a topological interfaceEl

TRep(G)

Z(Vecp)/G
= 2(0)

G-gauging interface (7.4.11)

The topological interface is a G-gauging interface, defined by gauging G in the right-half of the space
with Dirichlet boundary conditions for the G gauge field. Alternatively, it is associated with the
condensation of the algebra

Ac= B n (7.4.12)

r € Rep(G)

of Z(C). From the point of view of Z(C), Z(Veca) can be understood as a reduced topological order.
We can construct a lift from any condensable algebra Ag of Z(Vecy) to a condensable algebra A§ of
Z(C). Any condensable algebra Ay defines an interface Z4, (and viceversa), and A§ is the algebra

corresponding to the stacking of the two interfaces
T4 TRep(G) Lag

2(0) shrink 3(Vecy) >

2(C)

(7.4.13)

We call these algebras induced algebras from Agy. These do not exhaust all the possible condensable

algebras in Z(C) as they will all condense the Rep(G) lines. As appreciated in Chapter [6] the missing

%The study of such interfaces has a long history, dating back to 130l [131], see also [185] for recent studies in
(1+1)d.
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algebras are lifts of G-invariant algebras Ay in Z (VecA)El
(A7) =A;. (7.4.14)

Having found an invariant algebra, we must also specify a way in which the symmetry G acts on the
algebra structure of A;. This defines an equivariantization of A7 of Aj, and can be characterized
precisely (see Section . We will often omit this datum unless relevant for the phase described.
An intuitive justification of this construction follows from considering the reduced topological order

Z(Vecp )/ Ar and gauging the G symmetry:
Z.A[ iA[

gauge G

Z(Vecy) Z(Vecy)

(7.4.15)

This setup is transparent to the Rep(G) lines and thus defines a new type of interface, denoted by 7 A -
This describes the most general reduced topological order in which the G symmetry is still present.
It is possible to find physical examples in which the G symmetry does not act faithfully on gapless
degrees of freedom without being broken. We will not discuss these examples, but let us briefly give
a flavor of how they are achieved.

Consider a lift of an invariant algebra Aj;. Since it is duality-invariant, we can often enlarge it
by including twisted sector operators ¥, ;. This eliminates the G symmetry in the IR description by
gauging it. Alternatively, if invariant anyons L, are present in Ay, and we call B;,, the subgroup that
they form, we can decorate A\[ with dual symmetry lines 7, using a group homomorphism £ : B;,, — G.
This eliminates the G symmetry from the IR description as it is nonlocal with respect to a nontrivial

decoration.

gSPT and igSPT phases for C

The structure we have just introduced allows for an efficient description of (i)gSPT phases for C. First
of all, notice that the canonical Lagrangian algebra Lgymm that fixes the symmetry to be C is nothing
but £§, induced by

Lo={(0,0)] @ € AV}, (7.4.16)

which in turn is the canonical Lagrangian algebra of Z(Vecy) that gives the symmetry Vecy. As
Lsymm contains all the Rep(G) lines, a necessary condition for a condensable algebra A to correspond
to a gSPT phase is:

ANRep(G) = {1} . (7.4.17)

Thus A must be a lift of an invariant algebra Aj. Clearly A is not just any invariant algebra in
Z(Vecy ), but must be a gSPT algebra in order to avoid an SSB phase of A.

However, what we are really interested in is determining which of these gapless SPT phases are
intrinsic. We then have to ask if a gSPT algebra .Z| is a subalgebra of a Lagrangian algebra £
corresponding to a (gapped) SPT. We will specialize to the case in which the duality symmetry acts
faithfully on gapless degrees of freedom. The general case is also treatable through our formalism,

but the complete classification becomes cumbersome. To continue the discussion, we use the result

Strictly speaking, preserving a subgroup of G is sufficient, but our examples will all be for G = Zo.
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of Chapter |§| that (gapped) SPTs of Z(C) can only arise from G-invariant Lagrangian algebras £; of
Z(Vecyp). The corresponding SPT algebra L of Z (C) is obtained as follows. First, we construct L
that is condensable but non-maximal in Z(C). The reduced topological order is a Dijkgraaf-Witten
theory Z(Vec). If the cocycle w € H3(G,U(1)) is trivia]lﬂ one can further condense the magnetic
lines of Z(Vecg). This sequence of condensations defines a gapped boundary of Z(C), and £, is the
corresponding Lagrangian algebra.

Using these facts it is easy to see that if A; is a G-invariant igSPT algebra of Z(Vec,), then ./zl\| is
also intrinsicElInterestingly, the vice-versa is not necessarily true. We may have a G-invariant gSPT
algebra A of Z(Vecy) that is non-intrinsic —namely A; C £y for some SPT Lagrangian algebra Lo—
but the latter is not G-invariant and hence it does not give rise to a gapped SPT of Z(C). Finally,
we can have a Lagrangian algebra L? with non-trivial equivariantization datum 7, whose reduced
topological order describes a phase with Vect7 symmetry with nontrivial anomaly w.

To summarize, we can distinguish three types of igSPT phases for theories with C symmetry:
e Type I: igSPT phases of Vecy whose condensable algebra is G-invariant.

e Type II: gSPT phases of Vecy which are not intrisic and whose condensable algebra is G-

invariant, but such that none of the SPT Lagrangian algebras containing it is G-invariant.

e Type III: SPT phases for the A symmetry which are described by a duality invariant Lagrangian
algebra £, but with nontrivial choice of equivariantization £7, which makes them igSPT phases

when taking into account duality.

The physical interpretation of Type I and Type II igSPT phases is quite different. Consider, for
instance, the case of duality defects, in which C extends Vecy by adding a non-invertible defect /. A
Type I igSPT is an intrinsically gapless phase if we forget the duality, that simply remains so when
we remember it, but the presence of N does not play any fundamental role: the prize to pay for
gapping the theory is spontaneously breaking A. On the other hand, a Type II igSPT is such that it
is non-intrinsic if we forget duality, hence it can be deformed to a gapped phase if we discard the non-
invertible symmetry, but it is intrinsic precisely because of its presence. Hence it is a topological phase
protected by the non-invertible symmetry, and if we want to gap the theory, we need to spontaneously
break it. Type III phases are similar to Type II phases, in which the full A symmetry has been
realized in a trivially gapped fashion. From the perspective of the gapless degrees of freedom, the

duality symmetry is realized in very different manners@
e In Type I igSPTs the duality defect is realized as an invertible and anomaly-free symmetry.
e In Type II igSPTs, it is instead realized as a non-invertible, but anomalous symmetry.
e In Type IIT igSPTs the duality symmetry in the IR is invertible, but anomalous.

At this point, it is useful to discuss some concrete example. It turns out that the natural igSPT phases
in (1+1)d are of Type I or III, while we will see examples of Type II igSPTs in (3+1)d.

18,» depends not only on the symmetry and the algebra £;, but also on its equivariantization L1
191f it was not, then A; C £, for some SPT algebra of Z(C), but then A, C £i.
20For readers familiar with the obstruction theory describing anomalies of Tambara-Yamagami categories 13 21} 1148],

Type I igSPTs realize anomalous 1-form symmetries in the IR, Type II igSPTs realize anomalous Tamabara-Yamagami
type categories with a nontrivial first obstruction, and Type III igSPTs realize anomalous Tambara-Yamagami categories

with trivial first obstruction and nontrivial second obstuction.
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Type I igSPT phases for Vecp,. The Drinfeld center of Vecp, is obtained from Z(Vecz,) by
gauging charge conjugation C': (a,b) — (—a, —b).
The group-symmetry Vecp, admits two igSPT phases of Type I. Indeed the well known Vecz,
igSPT with algebra
Azyip = {(22,22) [ =0,1} (7.4.18)

is C-invariant. Moreover since the line (2,2) is by itself C-invariant, this algebra gives rise to two

decorated igSPT algebras in Z(Vecp,) in
Az 1= Loo+ Ly - (7.4.19)

Finally, since the only SPT Lagrangian algebra of Z(Vecz,), namely Lgpr = {(a,0)}, is C-
invariant, it gives rise to an SPT for Vecp, and there cannot be Type II igSPT phases.

This result matches the finding of [186] by direct analysis of the modular data of the Drinfeld
center and the structure of its Hasse diagram. We can also use the present formalism to generalize

this example to find igSPT phases for all Vecp,,, .

Type I igSPT phases in TY categories. Tambara-Yamagami categories TY (A, 7, ¢€) are classified
by a finite Abelian group A, a symmetric bicharacter v : A x A — U(1) and a Froboenius-Schur indi-
cator € = 1 [202]. As we have seen in Chapter |§|, these data appear naturally in the Drinfeld center,
which can be obtained from Z(Vecy) by gauging the electro-magnetic duality determined by
a symmetric isomorphism ¢ : A — AV (y(a,b) = ¢(a)b is the associated bicharacter) with discrete
torsion € € H3(Za,U(1)) = Zs.

Consider the case A = Z, x Z, with off-diagonal bicharacter ¢o(x,y) = (y,z) and trivial FS
indicator, which always admits gapped SPT phases (see Chapter @ As we have seen, if n = pgq,
ged(p, q) # 1 there is a class of igSPT for Vecy, Az, xz,1,4 With ¢ given by . These algebras
produce igSPT phases for TY (Z,, X Zy, Yo, +) if they are duality invariant, and a necessary condition
for this to happen is that the image of ¢ must be Z, x Z,. Setting r = 0 (r # 0 corresponds to
stacking a gapped SPT) this requires p = ¢: otherwise t = p/ gcd(p, ¢) is never invertible over Z,, and
the image will be tZ, x tZ,, C Z, x Z,, which is a proper subset.

The simplest example is n =9, p = ¢ = 3, and we choose k; = k3 =r =0, kg = 1. This gives the
algebra

Azyxz51,4 = {(32,3y; 3y,32) | x,y = 0,1,2} (7.4.20)

that is duality invariant for the off-diagonal bicharacter and produces an igSPT phase of of Type 1

with algebra
2

Azyxzs 1 = @ (3, 3y; 3y, 3z) . (7.4.21)

z,y=0
Notice that, even though all 9 anyons appearing are individually duality invariant, no decoration of
this algebra is possible. Indeed, all non-trivial anyons are of order three, hence dressing one of them
with the non-trivial generator of the quantum symmetry Rep(Zs) would imply the presence of the
dressed identity line, that is not consistent with an SPTE

21 An example where decoration is possible is n = 16, p =g =4, and again ky = ks =7 =0, ky = 1:
Az, xzy1,0 = {4z, 4y; 4y, 42) | 2,y =0,...,3} . (7.4.22)

This is essentially the same as before, but since as a group Az, xz,,1,4 = Zs X Zs, we can freely assign a representation
to each of the two generators of Z4 x Z4, and this algebra produces 2% = 4 igSPT phases of Type L.
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We also comment on the symmetry realization on the gapless sector. After condensing Az, 7 1.4,
the resulting theory describes Z(Vecz, ), with electric and magnetic lines generated by £ = (1, 0;0, —1)
and M = (0,1;2,0), respectively. A simple computation shows that our UV choice for duality symme-
try descends to charge conjugation C. Furthermore, the gapped boundary condition B5™ is mapped
to the Lagrangian algebra L7z, 1, which describes a theory with Z3 x Z3 symmetry - with a mixed
anomaly - stacked to an invertible Zg duality symmetry (see Chapter @

Type III igSPTs in TY categories. An example of Type III igSPT can also be found in the TY
category. Consider Rep(Dg) = TY(Za X Z2,7v0,+). This was the first non-invertible igSPT discovered
[186]. We will show that the present formalism reproduces it correctly. This symmetry allows for a

duality-invariant SPT by using the Lagrangian algebra:
L=A{(z,y;2,9), =z,y=01}. (7.4.23)

The duality symmetry can act on this algebra in multiple manners, namely the different equivarianti-
zations discussed in [6] In practice they are in one-to-one correspondence with one cochains 1 which

form a torsor over:

HNZy, LV, (7.4.24)
satisfying
don(b,p) = —IG.P) (7.4.25)
7 X[Y)(o (), (b))

Importantly, they induce a 't Hooft anomaly w € H?>(Za,U(1)) for the (invertible) duality symmetry
after gauging, given by:

w = Arf(n). (7.4.26)
In our example o = 1 and the r.h.s. of (7.4.25) vanishes. Since H'(Za, Z X 7o) = Hom(Zg, Zs X Zs) =
Zy X Zs there are four inequivalent choices. We have shown in Chapter [6] (see also [21]) that the 7

map sending the generator of Zs to (1,1) € Zy X Zs has negative Arf invariant. This describes an
igSPT between Rep(Dg) and Z$, as already shown in[186].

7.4.2 Phases with Duality Symmetries: (3+1)d

The formalism developed in the last subsection can be extended to discuss duality defects in (3+1)d,
that arise when a theory is self-dual under gauging a 1-form symmetry A() [24, 25]. In Chapter |§|
we showed how to obtain the Drinfeld center by gauging electro-magnetic duality of Z (A(l)), and
how to use it to characterized (gapped) SPT phases. We then use the ideas of the last subsection to

characterize intrinsically gapless SPT phases, and discuss examples@

SPTs for Duality Defects

Self-duality Symmetry. As for 0-form symmetries in (14+1)d, also the SymTFT Z(AM) for 1-
form symmetries in (3+1)d has a universal electro-magnetic symmetry determined by a symmetry
isomorphism ¢ : A — AV. The only difference is that, since the braiding in five dimensions (8.2.18) is

antisymmetric, the duality symmetry is

G=(S):(a,a)— (—qbil(a),qb(a)) , (7.4.27)

22Tt should be noted that, in higher dimensions, a Lagrangian algebra does not uniquely specify a gapped phase, as

decoration by boundary topological order is possible, see e.g. [206-209]. Our results remain valid, however including
these further data will lead to a larger set of igSPTs.
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ni2) 5 10| 13| 17 25 26

rll1]2,3]3,7/58|4,13|7,18] 5,21

Table 7.8: First few values of n for which the equation 72 = —1 mod(n) has solutions.

and has order 4. By gauging it, eventually with discrete torsion ¢ € H?(Zy,U(1)) = Zy, we get the
SymTFT for theories self-dual under gauging A1), which include a non-invertible symmetry defect N
2, [3] [45] [46].

Let us set € = 0 for simplicity. As shown in Chapter [6] (see also [45]) the SPT phases for the
self-duality symmetries are given by G-invariant SPT phases for the 1-form symmetry A, These
are Lagrangian algebras £y 4 such that S (L4 ) = La,p. This last condition can be translated into
the requirements that [3] ¢ : A — AV is an isomorphism, and o := ¢! 09 is a square root of the

inversion:

o?=—1. (7.4.28)

For A = Z,, this is equivalent to the existence a quadratic residue of —1. In table we report the
first few values of n for which this exists.
Since it will be important for us, let us also consider A = Z,, X Z,,. There are two natural choices

of isomorphism ¢ in the Z, x Z,, case
e The diagonal ¢p(z,y) = (z,y).
e The off-diagonal ¢o(z,y) = (y, ).

In the first case a duality invariant SPT is given by a symmetric matrix

_[a B
P = ( 5 s ) (7.4.29)

A+ =8+p=-1, (a+d)p=0. (7.4.30)

such that 12 = —1. This means that

Taking 5 = 0, this again reduces to the existence of a quadratic residue of —1. We can also take
o = —9, and the condition becomeﬁ

o + 4% = —1 mod(n). (7.4.31)
This choice of algebra prescribes perimeter law for the dyonic lines

Wy, Wy Ty, B=0

(7.4.32)
Wow, P, Wew Ty, 5% =—1 mod(n).

On the other hand for ¢ the existence of duality invariant SPTs is that

2
e [ B8N [ BHad 268 o
(05 ) _<a b’) _< 208 ,82+a5>_ 1. (7.4.33)

Z3This is a weaker condition because even if —1 is not a square, it might be a sum of two squares. For example, this is

what happens for n = 3. However, for n = 4 even this weaker condition cannot be satisfied. In general, if n = 0 mod(4)

there is no solution, whereas for all other values of n there is at least one.
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This can always be solved by taking ¢ to be coprime with n and
a=-61, B=0. (7.4.34)
Moreover, if there is a quadratic residue of —1, it is also solved by o = ¢ = 0 and :
B? = —1 mod(n). (7.4.35)

Thus, with the off-diagonal isomorphism, the duality defect for a Z, x Z, 1-form symmetry has an
SPT for any n.

The above SPTs are realized by assigning perimeter law to the dyonic lattice generated by:

WroTy, WS Ty,  B=0

(7.4.36)
W, Ty, Wy PT, 8% =—1mod(n).

gSPT and igSPT for Duality Defects

We now look at gapless SPT phases protected by duality symmetry. The general story of Sections
[7.4.7) and [7.4.1] applies also here. The only difference concerns the decoration: the topological defects
of Z (A(l)) related with the 1-form symmetry are surfaces, hence they have a different dimensionality
of the lines generating the quantum symmetry Rep(G). Invariant lines, strictly speaking, do not come
in copies labeled by representations but can be stacked with condensates of the quantum symmetry
[8, 210} 211], and condensable algebras can sometimes be decorated with these condensates. We will
not analyze this here, and we leave the analysis of the physical relevance of these decoration for the
igSPT phases for future studies.

Starting from the condensable algebras for the 1-form symmetry A studied in Section we
again have a classification into Type I, II and III igSPT phases. Interestingly, there are natural
examples of all these types in (3+1)d. In particular, Type II igSPTs are gapless phases which would
not be intrinsic in absence of the non-invertible symmetry, but the presence of the latter forbids to
gap the theory, while Type III igSPTs are characterized by the presence of an anomalous, invertible

duality symmetry in the infrared.

Type 1igSPTs for Z,, X Z, and ¢p. We look at theories with 1-form symmetry Z,, X Z,, and duality
defects associated with the diagonal bicharacter ¢p(z,y) = (x,y). Clearly, interesting examples of
igSPT phases are those that do not have a UV anomaly, so the theory would be compatible with a
gapped SPT. Thus we look at integers n # Omod(4) . As we have seen in Section the 1-form
symmetry Z, X Z, admits igSPT phases only if n can be written as the product of two non-coprime
integers. The smallest such integer, which is # 0mod(4) is n = 9, for which p = ¢ = 3. The most
general igSPT for the 1-form symmetry is determined by the condensable algebra

Ay = { (30300 06230 ) Loy =0.1,2) (7.4.37)
with v represented by the matrix
) = ( ot ) (7.4.38)
s2 T2
with 71 # somod(3) for the phase to be intrinsic. The condition of duality invariance is ¢? = —1,
that is
sT+risa=r5+risa=—1,  ri(s1+72) =52(s1+72)=0. (7.4.39)
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Setting s1 = ro = 0 (since they represent stacking with an ordinary SPT), this can be solved by
sg=—1, r1=1  (or vice versa) . (7.4.40)

Since r1 # so, this leads to an algebra A\Z:;X 75,14 representing an igSPT phase for the full categorical

structure including the duality defect.

A Type II igSPT for Z4 x Z4 and ¢p Consider A = Z4 x Z4, and duality associated with the
off-diagonal bicharacter ¢o(x,y) = (y,z). This symmetry is non-anomalous and compatible with
gapped SPT phaseﬁ It is easy to check that there are no Type I igSPTs in this case. There are,
however, igSPT phases of Type II. Consider the subgroup (Zs); C Z4 x Z4 with the homomorphism:

¥(2a,0) = (0,2a). (7.4.42)
The algebra Ag defined by this homomorphism
Ao = {(0,0;0,0),(2,0;0,2)} (7.4.43)

is duality invariant for the off-diagonal isomorphism. We have seen that for the 1-form symmetry this

is a gSPT, but not igSPT. Indeed there are symmetric extensions, and the most general one is
T;/Z;Jl,ag,k(x) y) = (20-11: + (1 + 202)y7 (1 + 202)$ + k:y) ) (7444)

where 01,00 = 0,1, while £ = 0, 1,2, 3. Since Ag is a duality invariant gSPT for the 1-form symmetry,
it produces a gSPT A for the full categorical duality symmetry. To determine whether Ais an igSPT
(of Type II) or not we need to check if some of the extensions @Ul,gz,k define duality invariant SPTs
— if they do not, these are igSPTs. We have

~ 2 1+2k01 2k

1
¢ 01,0 = . 7.4.45
( Owh 27k) ( 0 1—1—2]4501 ) ( )

For this to be —1, we would need k to be even. But then 1+ 2ko; = 1 mod(4). We conclude that there
is no duality-invariant symmetric extension of . Hence A is an igSPT protected by the categorical

duality symmetry.

A complementary perspective: line order parameters. Let us study the Z, x Z4 example
from the perspective of line operators. The algebra Ay = {(0,0;0,0),(2,0;0,2)} describes a gapless
phase where the dyon

WET? (7.4.46)

has perimeter law. The gapped dressing is duality-invariant with ¢o as the condensed line is. Now we
ask whether we can condense the required dyons to reach a duality-invariant trivially gapped phase.
Following our previous classification, for n = 4 these are described by a = 1,3; 5 = 0 and correspond
to the condensation of

WiTy, WiTy, or WiTy, WaTs, (7.4.47)

24There are duality invariant Lagrangian algebras for the 1-form symmetry, for instance:
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respectively. We notice, however, that all four of these lines are non-local w.r.t. W2T? and thus have
area law. We conclude that the necessary monopole potential is inaccessible in the deep IR and the
phase is protected by the duality symmetry.

Furthermore, we can also show that, breaking duality, it is possible to gap out the theory by an
IR deformation. Consider the dyons T5W; and T1_1W2, which are mutually local with respect to the
condensed one and have perimeter law in the IR. We can turn on a monopole potential for them and

let them condense. This corresponds to the completion
A={(a,b;b,—a)} , (7.4.48)

for the algebra Aj.

We can also be more specific about the realization C’ of the symmetry in the gapless degrees of
freedom and describe the anomaly. Condensing Ag gives rise to a Z4 X Zs DW theory, with lines
generated by:

E=(0,1;1,0), M =(0,0;0,1), (7.4.49)
E' =(1,0;0,1), M’ =(0,0;2,0). (7.4.50)

The UV duality symmetry acts by:

S(E)=-E+M', S(M)=M - E',

. . (7.4.51)
S(E')=—E +2M, S(M')=M+2E.

We can ask whether this duality symmetry is anomalous. The most general SPT for the 1-form

symmetry is parametrized by algebras £; s o+ with generators:
E+IM +sM', E' +2sM+s'M’ . (7.4.52)

We then ask whether any of these is duality-invariant. It is straightforward, although tedious, to
show that none of these Lagrangian algebras are duality invariant. We thus conclude that the duality

symmetry that acts on the gapless degrees of freedom is anomalous.

A Type IIT igSPT for Z,. Type III igSPTs are also quite easy to derive. Consider the simplest
case A = Zo, where an SPT for the duality symmetry is described by the dyonic algebra £p generated
by (1,1). On the gapped boundary corresponding to £p the symmetry is Zéo) X Zgl) with a mixed

anomaly [25]:

=i / AU %‘B(B) . (7.4.53)

An equivariantization of £p contains a choice of symmetry fractionalization class, n € H2(Zg,Z9) =

Zsy. The non-trivial choice n(A) = B(A) = 1dA shifts the mixed anomaly and gives a term

I' =7i / AUB(A)?, (7.4.54)

describing an anomalous (invertible) duality symmetry. Thus, this algebra realizes a Type III igSPT

from the non-invertible duality symmetry to Z%.
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7.5 igSPTs for 2-Groups in (2+1)d

We conclude by briefly discussing an example of a igSPTs in (2+1)d for 2-group symmetries. The
idea is that in a 2-group the 1-form symmetry part is a subgroup, while the O-form is a quotient. If
along an RG flow the charged lines confine, the 1-form symmetry is trivialized and we may end up in
a CFT with an anomalous 0-form symmetry (even though the full 2-group is not anomalous).

Consider a discrete 2-group I', with O-form symmetry A and a 1-form symmetry B:
l1—B—I-—A—1. (7.5.1)

We consider a trivial A action on B but a non-trivial Postinikov class 8 € H?(A,B) [15]. The SymTFT
for this system admits a Lagrangian description@
S=2mi | CUdB+ 27ri/ T UdA+2mi [ C UBA), (7.5.2)
4d 4d 4d
with C € CY(X,BY) and T € C?(X,AY), while B € C?(X,B) and A € C*(X,A). Integrating out
C imposes the 2-group constraint:
dB = —B(A). (7.5.3)

The 2-group is realized by imposing Dirichlet boundary conditions for B and A, which become the
background fields B and A for the 2-group. Now suppose that, as groups, B is a subgroup of AV, and
let . : B < AY be the corresponding embedding. This induces a (surjective) map (¥ : A — B defined
by ¢Y(a)(b) = 1(b) - a.

This allows us to define a new interface Z,, by: C' —1Y(A) = 0, or, in terms of lines, by condensing

the algebra generated by
exp (27Ti/(0 - LV(A))> : (7.5.4)
gl
Since these lines braid non-trivially with the surfaces e’ JsB , the reduced topological order is
Sz, = 271'2'/ T UdA+ 27rz'/ WV (A) UB(A). (7.5.5)
4d 4d
This is a Dijkgraaf-Witten theory for A, with twist w € H*(A,U(1)) such that
A*(w) = V(A UB(A) . (7.5.6)

Physically we are describing a situation where the lines charged under the 1-form symmetry part of the
2-group are completely confined, and there is a gapless theory capturing the low energy dynamics below
the scale of confinement. The 1-form symmetry is trivialized in the IR, while the O-form symmetry
A acts on the gapless sector. If w € H*(A,U(1) is non-trivial, the O-form symmetry has an emergent
anomaly and the gapless phase is an igSPT.

An simplest example is B = Z,, and A = Z,, X Z,,, with ¢ : Z,, — Z,, X Z, the embedding in the
right factor@ Decomposing A = (A1, A2) as a pair of two Z, gauge fields, we have 1V (A) = As. If
the Postnikov class is such that

B(A) = A1 UBock(A;) , (7.5.8)

then the emergent anomaly for the IR symmetry Z,, x Z, is non-trivial

I= 27Ti/A2 U4 U BOCk(Al) . (759)

*Here f(a) € C3(X,B) denotes the pull-back a*(8), with a realized as a map X — BA.
26 Anomalies for Z,, X Z., in 3d are classified by H* (Zn, X Zn,UQ1)) = Zn, X Zy,. The two generators are

271 Al U A2 U BOCk(AQ) 5 271'7,/ A2 U A1 U BOCk(Al) . (757)
4d 4d
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Chapter 8

Anomaly and gauging of U(1)

symmetries

In this chapter we extend the SymTFT framework to include continuous symmetries. We mostly
focus on theories with a U(1) symmetry in arbitrary dimension, and make some comments on the
non-Abelian cases. We provide a Lagrangian description of the SymTFT, written in terms of gauge
fields for group R — as opposed to U(1). These theories are TQFTs with a continuum of operators,
hence they constitute new mathematical objects with few properties that deviate from the standard
well-known cases (see Appendix [E| for a first attempt to a mathematical definition of these TQFTSs).
The SymTFT describes the structure of the symmetry, its anomalies, and the possible topological
manipulations, i.e., to gaugings of discrete symmetry subgroups, or alternatively of the whole U(1)
but in a flat way [ﬂ We also propose an operation that produces the SymTFT for the theory obtained
by dynamically gauging the U(1) symmetry. We provide a few selected examples of our construction.
For instance, we give the SymTFT description of the chiral anomaly in two and four dimensions,
as well as the SymTFT for a 4d Abelian gauge theory with 2-group symmetry. We also provide a
3d example, illustrating interesting phenomena even in the absence of anomalies (that do not exist
in odd dimensions). A particularly interesting outcome of our construction is the SymTFT for the
non-invertible Q/Z symmetry that arises from a U(1) chiral symmetry with ABJ (Adler-Bell-Jackiw)
anomaly in 4d Abelian gauge theories [28, [29].

8.1 SymTFT for U(1) symmetries

The SymTFT contains all the categorical data of the global symmetry of the boundary QFT,. For
the simple Abelian TQFTs considered in this chapter, both the topological symmetry defects of the
boundary QFT that (in the language of [11]) generate the symmetry, and the charges that the operators
can carry, are described by the bulk operators ﬂ A choice of boundary condition corresponds to a
maximal set of mutually-transparent bulk operators (which we call a Lagrangian algebra £) that can
terminate on the boundary. In other words, the boundary condition sets those operators to be trivial
on the boundary. The endpoints (or more generally end-surfaces) of those operators correspond to
the charged operators in the boundary theory, therefore £ is also the set of charges that the operators

of the boundary theory can have. On the contrary, we can produce topological operators of QFTy by

!The flat gauging of a U (1) p-form symmetry consists in summing over all flat bundles. It is a topological manipulation

that does not introduce new degrees of freedoms, and yields a dual (d—p—2)-form symmetry Z.
2More generally, the SymTFT contains complete information also on generalized charges, namely representations of

p-form symmetries on g-dimensional objects, where ¢ > p [119].
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laying the bulk operators on the topological boundary. Therefore the symmetry defects that generate
the symmetry of the boundary theory are the operators of the SymTFT modulo £.

We propose that the SymTFT for continuous U(1) symmetries, either O-form or higher p-form, is
a BF theory of gauge fields for gauge group R, as opposed to U(1). To explain this point, it is useful
to first review the ordinary BF theory description of Zy gauge theory.

U (1) gauge fields. The Zy gauge theory in d + 1 dimensions can be formulated as a BF theory of
standard U(1) gauge fields using the action [30, 84, |85]
2 IN

= o By p NdA,. (8.1.1)

Xat+1
The gauge fields are not globally-defined forms: they are patched using U(1) gauge transformations
0A, = d\p—1 and 6B4_), = d\g—,—1. This leads to the Dirac quantization condition

1

— dA, € Z —
2 p €& 2T

Yp+1 Yd—p+1

dBy_, € 7, (8.1.2)

where «y; are closed j-cycles. We can define extended operators
A B 4
Ua(yamp) = € Fas B0 () = Pl (8.1.3)

and invariance under large gauge transformations requires «, 8 € Z.

In order to obtain the EOMs, it is convenient to decompose each gauge field into a representative of
nontrivial U(1) bundles, over which one has to sum, and a globally-defined form describing fluctuations
within a given bundle. Variations with respect to the fluctuations give dA, = 0 and dBy_,, = 0, which
guarantee that the operators are topological. The sum over bundles produces delta functions
imposing

N N
— | Ay €L, — By, €. (8.1.4)
2m Yip

27
Tp
This implies that the operators (8.1.3) with « — o+ N or 8 — 8+ N are equivalent. Hence the

theory has the following nonequivalent topological operators ﬂ
Un(Va—p) » Win(Vp) s with n,m € Zy . (8.1.5)

The braiding between these operators can be computed by inserting one operator in (8.1.1)) as a source,
and then evaluating the VEV of the other one with the EOMs. The result for the braiding is

B(a, B) = exp(ZLap) . (8.1.6)

This is the phase picked up by correlation functions when an operator U, is moved across an operator
W3. The data (8.1.5)) and (8.1.6) characterizes the Zy gauge theory.

There are various topological boundary conditions.

e A natural boundary condition is that the operators W,, (with m € Zy) can terminate on the
boundary. The defects U,, with n € Zx can lie on the boundary and play the role of symmetry
defects for a

Zn (p—1)-form symmetry . (a)

We can express the condition as a Dirichlet boundary condition for A, which then plays the role of
the background field for the (p — 1)-form symmetry. Anomalies are obtained by adding topological
terms to Z written in terms of A,. These terms affect the EOMs and in general change the list of

topological operators, the braiding, the possible boundary conditions, etc....

3The theory might contain other topological operators, for instance condensates |26] or theta-defects |31} [211].
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e Another boundary condition is to let the defects U, (with n € Zy) terminate on the boundary.
This gives
Zn (d—p—1)-form symmetry (b)

on the boundary. Indeed, the two symmetries are related by the flat gauging of Zy in the boundary
theory.

Other boundary conditions might exist, for instance when N has divisors, or when p = d — p.

R gauge fields. In [133] it was found that the theory of a 2d free compact scalar — that has U(1)?
global symmetry — admits a dual holographic description in terms of a certain 3d Chern-Simons
theory of two gauge fields for group R, as opposed to U(1). This suggests to study the Abelian BF

theory with action
1

T or

ba_p A day, (8.1.7)

Xd+1
where a, and by, are gauge fields for the group R. This means that they are globally-defined forms,
subject to small but not large gauge transformations. R-bundles are necessarily trivial, namely the

Dirac quantization conditions collapse to

/

which is Stokes’ theorem. We can always rescale a, or b;_, by a real constant, so that the overall

da, = / dbg_p =0, (8.1.8)
+1 Yd—p+1

P

coefficient in Z is unphysical and we have fixed it to 1.

The EOMs simply set da, = 0 and dbs—, = 0, so that the operators U, and Wy are topological.
Since there are no large gauge transformations, those operators are gauge invariant with no restrictions
on « and B. Since there are no nontrivial bundles to sum over, there are no restrictions on the

holonomies. We conclude that the theory has the following topological operators:
Ua(Vd—p) » Ws(vp) with o, 8 € R. (8.1.9)

The braiding is as in (8.1.6)) but with N = 1. Various topological boundary conditions are possible.

e Let all defects Wp(7,) terminate on the boundary. They represent charged operators along 0+,
with generic charges 8 € R. All defects U, (74—p) can lie on the boundary and play the role of the
symmetry defects for an

R (p —1)-form symmetry . (c)
Such a symmetry indeed allows for generic charges. An example of a theory with this symmetry is
a free R (p — 1)-form gauge field (for p = 1 this is a free noncompact scalar).
e Similarly, let all defects Us(v4—p) terminate on the boundary. This describes an
R (d—p—1)-form symmetry (d)

on the boundary. It is obtained from by gauging the whole R on the boundary (the Pontryagin
dual to R is R). This gauging, in order to be topological, must be a flat gauging. This means
that the field strength of the boundary gauge field is identically zero and we only sum over flat

connections.

e Let the defects U, and W,, with n,m € Z terminate on the boundary. From ({8.1.6]), this choice
constitutes a maximal set of mutually-transparent operators and is thus a Lagrangian algebra. The

coset classes of operators that can lie on the boundary are given by U, and W3 with o, f € R/Z =
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U(1). Thus there are two factors, such that charged operators have integer charges while defects

are valued in U(1). This describes a
UML) x U (1)@= symmetry . (e)

The two factors have a mixed anomaly. This is obtained from by gauging a Z subgroup of R
(U(1) is the Pontryagin dual to Z) and the mixed anomaly follows from the fact that the exact
sequence 0 — Z — R — U(1) — 0 does not split [154]. An example of a theory with this symmetry
is a free U(1) (p — 1)-form gauge field (for p = 1 this is a free compact scalar, for p = 2 a free
photon), dual to a free U(1) (d — p — 1)-form gauge field. We refer to these theories as generalized

Maxwell theories.

In the last case, one could more generally consider the defects U, r and W,,,g-1 for any real constant R.
This would amount to rescale the radii of the two U(1) factors. The SymTFT does not determine the
actual value of the radius, but can compare the radii arising in two different topological boundaries.
For instance, for p = 1 we get a compact boson whose radius is R times larger than the one in case
@. Similarly, for p = 2 the choice of R corresponds to a rescaling of the electric charge in Maxwell’s
theory. The special case of a rescaling by R = N € Z also corresponds to gauging a Zy subgroup of
U(1)@=P=1_ The cases and @) with symmetry R correspond to the decompactification limits of

the original field or of its dual, respectively.
U(1)/R gauge fields. Lastly, consider the case
_ b
27

ba_p A dA, (8.1.10)

Xat1

where A, and by, are U(1) and R gauge fields, respectively. As before, the overall coefficient of Z
can always be set to 1. This time Dirac’s quantization conditions read % JdA, € Z and [dbg_,, = 0.
By the same arguments as before, one concludes that the theory has the following nonequivalent

topological operators:
Ua(Vd—p) With a e R/Z=U(1) , Win(vp) with m € Z. (8.1.11)
Some interesting boundary conditions are the following.

e Let the defects W, (with m € Z) terminate on the boundary. Then the defects U, with a € U(1)

can lie on the boundary and represent a
U(1) (p—1)-form symmetry . (f)
e Let all defects U, with « € U(1) terminate on the boundary. Then the defects W,,, with m € Z can
lie on the boundary and represent a
Z (d—p—1)-form symmetry . (g)
This is obtained from @ by flat gauging the whole U(1). For p =d — 1, an example of a theory

with O-form symmetry Z is a scalar field ¢ with periodic potential, as in band theory.

e Let the defects Wy, with m € Z and b > 1 an integer constant, as well as U, j, with n € Zy,
terminate on the boundary. Then the nonequivalent defects that can lie on the boundary are U,
with o € R/(3Z) = U(1) and W}, with k € Z;. They represent a

U(1)P=D x Zéd_p_l) symmetry . (h)
This is obtained from (]ﬂ) by gauging a Z; subgroup of U(1). Indeed the charged operators have
integer charges that are multiples of b. There is a mixed anomaly between U (1) and Z;, that follows

from the short exact sequence 0 — Zy — U(1) — U(1) — 0.
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As a check, consider the case that we derived from the SymTFT (8.1.7) using only R gauge

fields. It should also arise from the SymTFT of two U(1) symmetries with a mixed anomaly:

1
2

ZzZ = /|:bdp A dBp + ap A dAd,p — Bp VAN dAd,p] . (8.1.12)

Indeed the field A4, can be integrated out producing a delta function that enforces B, = a,, (restrict-
ing B, to be an R gauge field), and integrating out B,, one reproduces the action . Alternatively,
and more precisely, one can list the topological operators and compute their correlations functions.
One realizes that ¢/ Br has identical correlation functions to those of e®/% for o = n, hence the two
operators are identified. Similarly for ¢S Ai—p and ePfbi-» for B = m. The alternative presentation
(8.1.12)) of the SymTFT for a generalized Maxwell field will be important in Section

Note: in the following we will keep denoting U(1) and R gauge fields with upper and lower case

letters respectively, while the subscript denote the diemsion of the form.

8.2 Examples

Let us present a few interesting examples. Other examples, which require us to understand how
to dynamically gauge a U(1) symmetry from the point of view of the SymTFT, are described in
Section

8.2.1 Chiral anomaly in 2d

The SymTFT for a two-dimensional theory with U(1) 0-form symmetry and an 't Hooft anomaly is
obtained from the action (8.1.10) with d = 2 and p = 1 by adding a term that describes the chiral

anomaly:

Z= [Z b A dAy+ 4 A dAl} , (8.2.1)
X3 2 47'('

where k is constrained to be integer (when k is odd the theory requires a spin structure [81]).

The theory has topological line operators given by

Utn,a)(71) = exp <’L[/ (nA; + abl)) (8.2.2)
1
with n € Z and o € R. The braiding between them is
B[(nl, a1), (ne, aQ)] = exp [2m’(n10z2 + noary — ]430[10[2):| (8.2.3)
and the exponentiated spin is given by a quadratic refinement thereof:
O(n,a) = €Xp {27?1' a(n — g a)} . (8.2.4)

The line (0, 1) has spin # = (—1)* and is a transparent fermion for k odd. Both spin and braiding are

invariant under the following identifications:

(nya) ~ (n+k, a+1) for k even,

(8.2.5)
(n,a) ~ (n+ 2k, a+2) for k odd.

Let us discuss boundary conditions. First, we can let all lines (n,0) terminate on the boundary.
For k even, this is a maximal set £ of mutually-transparent lines and they are all bosonic. For k

odd, we should also let the lines (n, 1) terminate on the boundary in order to have a maximal set £,
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and the extra lines have spin —1. Thus, the Lagrangian algebra £ is bosonic for k£ even, and spin
for k odd. The nonequivalent topological line operators that can lie on the boundary are labeled by
a € R/Z = U(1), so this describes a U(1) 0-form symmetry.

Let us use the lines (0, ) as representatives of the symmetry defect operators of the boundary
theory. For k even, the bosonic lines (n,0) that end on the 2d boundary represent boundary local
operators, and their charge measured by the braiding is n. For k odd, the lines (n,0) and
(n+k, 1) that end on the boundary represent local operators with charge n and spin £1, respectively.
Thus the local operators can have arbitrary and independent integer charges and statistics.

It is possible to specialize to theories with a spin-charge relation, in which even-charge operators
are bosonic and odd-charge operators are fermionic (e.g., a free complex Weyl fermion). In this case
the SymTFT is written in terms of a spin. connection A; 212, 213] whose Dirac quantiza-
tion condition on 2-cycles is modified according to the second Stiefel-Whitney class of the manifold:
%dAl = %wg mod 1 (one also needs to add a gravitational term to the action). Since A; is not an
ordinary connection but 24, is, gauge invariance restricts the operators U, o) to have even m. This
in turn implies the spin-charge relation for the boundary local operators: the endpoints of (n,0) are
bosonic for n even, and the endpoints of (n + k, 1) are fermionic for n odd.

When k # 0, the operators U ) are no longer mutually transparent and therefore there is no
boundary condition corresponding to . This is a manifestation of the chiral anomaly: the U (1)(0)
symmetry of the boundary theory cannot be gauged. Indeed the anomaly of a continuous group is
uniquely determined by the anomaly of all its discrete subgroups [214].

However, it might still be possible to gauge a discrete subgroup of U(1). Consider the bosonic case
of k even. Given an integer d that divides k/2, consider the set £ of line operators (%m +d¥, %)
with ¢,m € Z (modulo identifications). Such operators have spin § = 1 and are thus bosons. From
, a line that has trivial braiding with all elements of £ must be in £, thus £ is maximal and is a
Lagrangian algebra. This shows that when k/2 is divisible by d, the Z4 subgroup of U(1) is anomaly
free and can be gauged in the boundary theory. The nonequivalent topological lines that can lie on
the boundary are U, ) With n € Zg and « € R/(%Z). They represent a symmetry U(l)(o) x Zq©
with an 't Hooft anomaly for U(1) and a mixed anomaly between U (1) and Zg.

As a check, we can simply restrict to Z, the anomaly-inflow action Zi,qow = ﬁ JA A dA, where
A is seen as an extension from 2d to 3d of the background gauge field for the U(1) symmetry [215].

This is achieved by replacing
27 dA

A — A, — = B(A), (8.2.6)
d 27

where A € HY(X;Zg) is (an extension of) the background field for Z4, while 8 : HY(X;Z;) —
H?(X;Z) is the Bockstein homomorphism associated to the exact sequence 0 — Z — Z — Zgq — 0.
The inflow action reduces to 277% JAU B(A), where the integral is an integer modulo d, which is
indeed an integer multiple of 27 whenever d divides k/2 and thus Zg4 is anomaly free. The converse,
to determine which Z; subgroups are actually anomalous, is a delicate issue [216, 217]: one should
determine whether the reduced anomaly-inflow action is trivial when evaluated on the generator(s) of
the relevant bordism group Q5°(BZ,).

In the fermionic case of k£ odd one can perform a similar analysis. Given d that divides & (in
particular d is odd), the set £ of line operators (%%m—i—dﬁ, %) labelled by ¢,m € Z (here % =21
mod d) is a maximal set of mutually-transparent lines with spins § = (—1)" = %1, suggesting that
the Z4 subgroup can be gauged. This should be compared with the evaluation of the reduced inflow
action on the generator(s) of the bordism group Qgpin(BZd).

We ask whether there can be other more exotic topological boundary conditions. To be concrete,
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take k£ = 1 and consider the following set:
C:{(n,n—i—fx/i) ‘n,EGZ}. (8.2.7)

The set is closed under sum. Moreover, mapping the second component to the interval [0,2) (by
shifting also the first component), we obtain a dense irrational subset. The operators in C have
0 = (—1)" and are all mutually transparent, however the set is not maximal (hence it does not
describe a topological boundary condition) and in fact it cannot be made into a maximal set. A
line mutually transparent with C is of the form (m,m + %) for some m,h € Z. For h odd, these
lines are not contained in C, however they cannot be included in C because they have nontrivial spin
6 =i(—1)"™*L. We have thus found an example of an Abelian algebra that cannot be completed into
a Lagrangian algebra. Interestingly, this is a peculiarity of TQFTs with a continuum of lines, as can
be intuitively understood from the necessity of taking the square root. Indeed a finite semi-simple
modular tensor category admitting Lagrangian algebras is a Drinfeld center, and the condensation of
an algebra of a Drinfeld center yields another Drinfeld center [218]. As we showed, this result is no

longer true in the presence of a continuum of lines.

8.2.2 U(1) symmetry in 3d

In odd dimensions there are no anomalies for U(1) symmetries. Nevertheless there are useful pieces
of information encoded in the SymTFT. Here we consider the 3d case, hence the basic 4d SymTFT
describing a U(1) symmetry is (8.1.10) with d = 3, p = 1. There are two more terms that can be
added: a theta-term %f)@d‘éll A dA; and a phi-term %f&bg A by. In the absence of the latter, the
theta-term is unphysical since it can be reabsorbed by a shift of bs. Here we study the effect of the
phi-term, while we leave the analysis of the most general action with both terms for the future.
The 4d TQFT we consider is
i i
Z=— bo NdA1 + 87(1)2

= bo A by . (8.2.8)
27'(' X4 T X4

This can be thought of as the non-compact version of the theory studied in [30]. The gauge transfor-
mations are

Sby=d\1,  0A1L=dpy— =\ (8.2.9)

The gauge-invariant operators are the surfaces
Ualyz) = ¢ 2 (8.2.10)

and the (generically) non-genuine lines

Wi(71, D2) = exp m/ A1+i1¢ b2 |, (8.2.11)
7 21 Jp,

both topological. Here n € Z whilst Do is a disk with Dy = 7. A non-trivial correlator on the
sphere is the braiding of U,(y2) and W, (v1, D2) in a configuration in which 7, and 9 link, hence 7
intersects Dy at a point:

(Ua(72) W (71, D2)) = €™ (8.2.12)

We read off that o ~ o+ 1. This implies that if Z—i’ is an integer in (8.2.11)), there is no dependence
of W,, on the disk Dy: choosing a different disk would give an operator which differs by U,(7y2) for
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some integer o and where 7, is the union (with opposite orientations) of the two disks, hence that

difference is trivial. In particular we read off that ¢ is a periodic parameter:
¢~ ¢+ 2m. (8.2.13)

An interesting observation is that, while for irrational values of % the theory has no genuine lines,
hence it is essentially trivial in the bulk, when ¢ = 27p/q with p,q € Z and ged(p,q) = 1, the lines
Wnq are genuine.

Let us study topological boundary conditions. First, we can let all surfaces U, terminate on the
boundary. This corresponds to a Dirichlet boundary condition for by. Since the gauge transforma-
tions of bs are forced to vanish at the boundary, there we can construct the genuine line operators
W, = ein/4 (equivalently, since bs is a background field at the boundary, the dependence of W,, on
it can be removed by a counterterm). This boundary condition thus describes a Z 1-form symmetry,
whose topological operators are the lines W, and whose charged operators are the endlines of U, on
the boundary. The phi-term represents an anomaly for this 1-form symmetry, and if % is irrational
there are no non-anomalous subgroups of Z. Indeed in this case the bulk does not have other gen-
uine topological operators besides U,, hence there are no other topological boundary conditions. In
particular, there is no boundary with a U(1) symmetry.

On the contrary, consider the case 5~ = p/q € Q. The lines W, with m € Z are genuine, as we
noticed, and we can let them terminate on the boundary. In order to have a maximal set of mutually-
transparent objects, we should let the surfaces U, with a = [/q and | € Z terminate on the boundary
as well. This boundary condition describes the symmetry Zq(l) x U(1)©® with a mixed anomaly and
a pure anomaly for Zq(l), and is obtained from the previous one by gauging the subgroup ¢Z C Z of
the 1-form symmetry, which is non-anomalous in this case. The symmetry U(l)(o) is generated by
U, with identification o ~ v + 1/¢ (the reduced range is due to the boundary condition). The local
operators M,, charged under U(1)(?) are the endpoints of the genuine lines Wom.

To get some intuition on the nature of the QFTs described by this boundary condition, let us
present a Lagrangian example. On a manifold with boundary, the variation of the action under
a gauge transformation generates a boundary term:

i

0Z = —
2T

/ |:)\1 ANdA] — i A1 A dM (8.2.14)
8X4 477'

where the boundary value of A; is fixed. This can be cancelled by edge modes. Since the local
operators M,, charged under U(1)(® are the endpoints of Wqm, the corresponding background field
is qA;1 at the boundary. Since the line operators charged under Zq(l) are the endlines of Uj/,, the
background field is by/q. At the boundary we can place the Chern-Simons theory U(1),q:

T 27

1
Sp = —i/ [qu’/\dB—i—(qu)/\dB . (8.2.15)
0X4

This theory has 1-form symmetry Z,, = Z, X Zq, but we only consider the Z, subgroup which has
anomaly p [111]. The generator of Z, acts as 08 = %)\1 so that the variation of Sy cancels . The
Chern-Simons theory also has a magnetic U(1) 0-form symmetry with current *dB, which is coupled
to the background field (gA;1). The local operators M,, are monopoles. In this example the current
is trivial at separated points, but it still has an interesting contact term [219] (to make the current
nontrivial at separated points, one could consider Maxwell-Chern-Simons theory instead). Because of
the 4d EOM, we can identify dA; = —p(%bz) with the background for the 1-form symmetry, hence the

theory is coupled to the latter as well, in a subtle way. Another possibility is to use the topological
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theory A%P [%dAl] [111] as boundary theory. Because of the identifications among those theories, this
in particular shows that p ~ p + ¢ in accord with (8.2.13]).

8.2.3 Chiral anomaly in 4d

For a four-dimensional theory with a U(1) O-form symmetry and an ’t Hooft anomaly, the SymTFT

is .

ik
2472

Z= [Z by AdA; + A A dA; A dAl} (8.2.16)
X5 2

where A is a U(1) gauge field while b3 is an R gauge field. The parameter k is an integer in fermionic
theories, while in general bosonic theories it should be a multiple of 6.

The theory has topological line and surface operators
Wn(’yl) = emfﬂAl , U(fgym) (’}/3) = exp [l/ (ﬁ bs + % Ay A dA1>:| (8.2.17)
73

with n,m € Z. The quantization of m corresponds to spin-Chern-Simons theories. The perturbative
EOMs dA; = dbs = 0 guarantee that these operators are topological. The observables of the theory
include the linking of W), with Ug,,), and the triple-linking between three operators Ug, ;,,;) on
surfaces v3(9). The latter probes the linking between the intersection 3; = v3® N 432 and 3®) (one
can show that this is symmetric in the three surfaces). The braiding can be defined as the following

expectation value on the sphere:

(Wn(11) Ugg,my(13)) = exp(2minfB Lk(y1,73)) (8.2.18)

where Lk is the geometric linking number. Alternatively, it is the phase picked up by generic correlation
functions when W, is moved across U(g ,). The triple-linking number on the sphere is the following

expectation value:

(Ut (05”) Usana) (457) Utgma) (35”)) = exp 2 (ma BaBs + may B3 + ma By B — kB B23) L]
(8.2.19)
where L = Lk(%,yg(?’)). Note that, differently from the 2d case, there is no operator Ug ,,) with
trivial triple-linking with all other pairs of operators. Hence there are no identifications of labels in
this case.

Using and we can look for topological boundary conditions corresponding to the
condensation of a “Lagrangian algebra”. By this we mean a set of line and surface operators which
are: (i) closed under fusion, (ii) mutually transparent with respect to both braiding and triple linking,
and (iii) maximal in the sense that any operator transparent with the set belongs itself to the set.
These conditions guarantee that the Lagrangian algebra can be condensed, and the result is the trivial
TQFT. We find the following possibilities.

First, the lines W, and the surfaces U—;,,) with n,j,m € Z are mutually transparent and
maximal. Condensing all of them we obtain the boundary condition for a theory with U(1) 0-form
symmetry. Its nonequivalent topological symmetry operators are Ug ) (v3) where 8 € R/Z with
B ~ B+ 1 because of the condensation.

Second, if k£ = 0, another Lagrangian algebra is given by all the operators Ug ). This correspond
to a 2-form symmetry Z whose topological symmetry operators are the lines W,, with n € Z, as in the

general case ﬁ Such a boundary condition is obtained from the previous one by flat gauging the

“The boundary theory also inherits the topological surfaces U, m)(73) which are theta-defects [31, [211] constructed
out of the lines Wi, (71).
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U(1) symmetry on the boundary. If k # 0, however, this algebra does not exist, consistently with the
statement that the SymTFT describes an anomalous symmetry.

Lastly, given an integer d such that 3d divides k, one can construct a Lagrangian algebra made of

Wap Ug,m) With (8,m) = < L v+ d2u> (8.2.20)

v
d’ 3d
and labelled by p,v,u € Z. The endpoints of the lines are the charged objects. Since the charges
are multiples of d, we conclude that this boundary corresponds to gauging the non-anomalous Zg
subgroup of U(1)(%). The symmetry on this boundary is U(1)(®) x Z{@) where the first factor is the Z
quotient of the original symmetry, while the second factor is the dual 2-form symmetry generated by
the lines W), with p € Zg.

8.3 Non-topological manipulations

The SymTFT for U(1) symmetries that we discussed is the straightforward generalization of the
discrete case. Its topological boundaries correspond to topological manipulations that use the U(1)
symmetry. These include gauging discrete subgroups, possibly with discrete torsion, as well as per-
forming the flat gauging the whole U(1). However, differently from the discrete ones, continuous U (1)
symmetries also allow for non-topological, dynamical manipulations — such as coupling to a dynam-
ical photon — that introduce new degrees of freedom. For instance, a 4d free complex scalar field
has a U(1)(® symmetry and its SymTFT is with p = 1, d = 4. By gauging dynamically the
U(1) we obtain scalar QED which has a U(1)(") symmetry, hence its SymTFT is again but
with p = 2, d = 4. We see that dynamical manipulations are not described by different topological
boundary conditions of the same SymTFT, but rather by a map between two different SymTFTs. As

we will argue, this is a controlled operation.

8.3.1 Gauging dynamically a U(1)

For concreteness we are going to focus on 0-form symmetries, but the generalization to higher forms is
straightforward. The initial SymTFT is with p = 1. The idea is to add to it the SymTFT of a
d-dimensional photon, and to couple the two TFTs in the bulk in a way that reproduces the coupling
of the current to the gauge field on the boundary. It is convenient to use the alternative formulation
for the SymTFT of the photon, which we report here for convenience:

£=o / (042 MG+ fo NdFy_y — G N dFy ). (8.3.1)

The coupling to the fields appearing in the “matter” part i J ba—1 A dA; must be such that, on the

boundary, the Wilson lines of the Maxwell field are endable on the local operators charged under

U(1)©). The Wilson lines are the endlines of the surfaces of G, while the above-mentioned local

operators are the endpoints of the lines of A;. Hence, the coupling must allow the surfaces of G5 to
end on the lines of A;. We are led to the total action:

i

" or

|:bd—1 ANdAL +bg_1 NGo 4 gg_o NdGo + fo NdEFy_9 — G NdFy_o]|. (8.3.2)

Xat1

Because of the added coupling b;_1 A Ga, the standard gauge transformation of Gy must also act on
Alt
0G2 = dA1, 0A] = =1 (8.3.3)
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Hence the lines of A; are no longer gauge invariant, but we can construct the non-genuine line operators

Ln(71, D2) = exp <m/ A+ m/ G2> (8.3.4)
71 Dy

where 9Dy = 1. This implies that all the surfaces of G2 can end, and on the boundary all Wilson
lines can be cut open, achieving the coupling of the photon with matter.

Similarly, the gauge transformations of b;_; must act on gg_so:
0bg—1 = dng_2, 6Gd—o = (—1)d Nd—2 - (8.3.5)

As a consequence the surfaces of g;_o are not gauge invariant, and must be attached to a disk where

bq_1 is integrated:

Ua(Vd—2,Dg—1) = exp <iOé/ Gd—2 — (—1)dia/ bd_1>. (8.3.6)
Yd—2 Dg_q

This also has a clear physical interpretation. The operators exp(ia i bd—l) that used to generate on
the boundary the global U(1) O-form symmetry we are gauging, can now be opened and trivialized.
Gauging a symmetry trivializes the topological operators that generate it.

By inspection we notice that the only genuine operators that cannot be opened are the surfaces
of fo and Fy 5. All the other ones become trivial because of the coupling by_1 A Go. Therefore the

theory is equivalent to

z="1|  fAdF_,. (8.3.7)

2 Xai1

This is nothing but the action (8.1.10) with p = 2, and it describes the dual magnetic symmetry
appearing after the dynamical gauging.
We also notice that going from ﬁ [ ba—1 N dAq to (8.3.7) can be understood as the replacement:

dAl — f2, bd—l — dFd_g. (838)

The first substitution means that A, which was previously flat, can now describe a curved background
with field strength fo, which is free — hence dynamical — at the boundary. The second substitution
means that the previous (Hodge dual) current by_; of the U(1)(®) symmetry is trivialized in terms of
a form of lower degree.

The prescription is the basic ingredient to construct maps between different SymTFTs,
implementing the dynamical manipulations. In Section we will apply it to more complicated

examples in order to construct the SymTFTs of various symmetry structures.

8.3.2 The Anomaly Polynomial TFT

It is important to emphasize that, while for discrete symmetries the SymTFT is unique and its
topological boundaries describe all possible manipulations, here we need a step further. Indeed we
find distinct SymTFTs, related by the map , that describe the dynamical manipulations, while
each SymTFT admits various topological boundaries that describe the topological manipulations.
We observe, however, that one can construct a (unique) (d + 2)-dimensional TQFT whose (d + 1)-
dimensional topological boundaries correspond to the distinct SymTFTs. We dub this the Anomaly
Polynomial TFT. It is written entirely in terms of R gauge fields, which can be identified with the

field strengths of the gauged symmetries in the various theories related by dynamical manipulations.
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We illustrate the idea in the simplest example of a 2d theory with a single U(1)(® symmetry.
Denoting by k € Z the anomaly, the Anomaly Polynomial TFT is a 4d TQFT with action:

: 2
P:;W/)Q [gl/\df2+2f2/\f2 (8.3.9)

and gauge transformations g1 = dpg — kA1, dfo = dA;. On a manifold with boundary the gauge
variation produces a boundary term. It is not uniquely determined because we have the freedom to
add a boundary term proportional to g; A f2, but independently of this choice the boundary gauge
variation cannot be cancelled unless we couple the 4d theory to a 3d theory of edge modes.

Consider first the case k = 0. The gauge variation of produces the boundary term

27 Jox,
In order to cancel it, we place on the boundary the following 3d TQFT of edge modes with a 1-form
symmetry coupled to fo, whose boundary value we regard as a background field:

_
o

z / (b1 A dAy = b A fo] (8.3.11)
0X4

The 1-form symmetry acts on the lines e/ A1 and shifts 647 = A\;. The gauge variation is
canceled by imposing the gluing condition g1]|s = —b1, which is the boundary EOM from the variation
of the total action with respect to fo, and is compatible with the gauge transformation §by = —dpy.
Turning off the background fs, we recognize as the SymTFT for a 2d theory with U(1) 0-form
symmetry.

There is another boundary theory we can use. It is more cleanly presented if we first add to
the boundary term g1 A fo, which is equivalent to recasting the Anomaly Polynomial TFT as

P =] X, dg1 A fa. The gauge variation produces the boundary term

s

5P = ;/ gL Ad). (8.3.12)
TJoX,

Now we regard the boundary value of g; as a background field for the 0-form symmetry of a boundary
3d TQFT: .
i

z [hg A dOg — ha A gl} . (8.3.13)

o7 90X,
The 0-form symmetry shifts d0g = pg, and the variation is canceled by imposing the gluing
condition fa|s = hg, which follows for the variation of the total action with respect to ¢g; and is
compatible with the gauge transformation dhy = dA;. We recognize as the SymTFT for a
U(1)Y symmetry [220], related in 2d by dynamical gauging to the U(1)(®) symmetry. It corresponds
to a shift of the theta angle % S X2.7: for the dynamical U(1) gauge field. We observe indeed that turning
off background fields, is obtained from by using the map that implements
dynamical gauging in the SymTFT.
In the case with anomaly k # 0, a gauge variation produces the boundary term
i

oP = —
P27T

k
/ |:— (dpo - /{3)\1) ANfo+ =AM A d)\1:| . (8.3.14)
X4 2
It is canceled by the following modification of (8.3.11)):
] k
Z = 2;/ [bl NdAL + S AL N dA — (by + kA1) A fz]. (8.3.15)
0
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The current in parenthesis that multiplies the background field fo is 0Z/0(dA;). One uses the
transformations § A1 = A1, 0by = —dpg as well as the gluing condition g1|9 = —b; — kA; that follows
from varying the total action with respect to fo. With the background field fs off, we recognize
as the SymTFT for a U(1)(®) symmetry with chiral anomaly k in 2d. It turns out
that the other boundary theory for £ = 0 cannot be modified in any way to cancel the gauge
variation once k # 0, hence becoming an inconsistent boundary condition. This is a signal of the
't Hooft anomaly, from the Anomaly Polynomial TFT viewpoint.

There is an analogous story for U(1) symmetries in 4d, for which the Anomaly Polynomial TFT

takes the form:

P:;r/)(6|:gg/\df2_:[]2€7rf2/\f2/\f2:|’ (8.3.16)

with transformations dgs = dps + %)\1 A fo + ﬁ)q Ad\ and 6fs = d)\;. For k = 0 there are
two possible boundary theories, which are the SymTFTs for a O-form and 1-form U(1) symmetries,
respectively, related by dynamical gauging. For k # 0, instead, only the first one is consistent and it
takes the form:

] k k k
Z = i [1)3 ANdAL + — A1 ANdAL NdAL — (bg + — A NdAL — —A1 A f2> A f2:| (8.3.17)
T Jox, 127 a7 a7

where the terms in parenthesis describe the coupling of the 1-form symmetry to the background f» and
correspond to 9Z/9(dA;1). One finds the gluing condition gs|s = —bs — ﬁAl ANdA1 + %Al A fo from
the variation of the total action with respect to fs, compatible with the transformations d4; = A1,
by = —d(p2 — £A1 A Ay).

8.4 More examples

We present here two other examples that can be derived by dynamically gauging a U(1) 0-form

symmetry.

8.4.1 Abelian 2-group symmetry in 4d

A 0-form and a 1-form symmetry can combine into one algebraic structure known as a 2-group |11}
14416]. Four-dimensional theories with a continuous Abelian 2-group symmetry were discussed in [16].
Consider a 4d Abelian gauge theory coupled to chiral fermions. The photon has a magnetic 1-form
symmetry U(1)()) whose current is Jo = * (F/27) written in terms of the dynamical field strength F.
This current is topologically conserved: d * Jo = dF /2w = 0. The chiral fermions transform under a
0-form symmetry U(1)(®) with current .J;. Suppose that there is a gauge-flavor-flavor triangle anomaly,
so that d x J; = # (dAy) N F where A; is the background gauge field coupled to Ji. It is easy to

arrange the charges such that there are no other anomalies, for instance:

Weyl fermions : 1 9 3 1y
gauge charges ¢;: 1 -1 1 -1 (8.4.1)
flavor charges f;: 2 1 -2 -1

One checks that Y ¢3 = > ¢?f; = > f = 0, while Y ¢;f? = 2k = 6 in this example H The theory

has therefore a modified conservation equation:

k
dxJy — o (dA1) AxJ2 =0, dxJy =0. (84.2)
s

°The minimal mixed U(1) Chern-Simons terms that are well defined are 2z AdB dB or =5 (AdBdB + BdAdA).
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This type of symmetry is called a 2-group symmetry. If we couple this symmetry to U(1) background
gauge fields A; and Cs through the Lagrangian terms

L4 D (xJ1) N AL+ (xJ2) A Co, (8.4.3)

the modified conservation equations imply modified gauge transformations for the backgroud fields:
0A1 =dXo, dhy = d&1 0bg = dya — % A&y N Ay, 0Cy =dm + % dNA.  (8.44)
Here we also included the conjugated R gauge fields b3 and hy necessary to write a 5d Lagrangian. A

gauge-invariant 5d SymTFT action we can write is:
i k
Z:/ bs NdA1 +ho AdCoy + —ho AN A1 ANdA1 . (8.4.5)
s 27
This is the SymTFT for a 2-group symmetry.
Indeed we can derive this theory from the SymTFT of the free-fermion theory by the procedure
of gauging the U(1). The SymTFT of the free-fermion theory is
&

2

k
Z = /[bg NdAL + f3s NdG1 + ?Gl ANdAL N dA1:| (8.4.6)
T
where A; and G are the U(1) background fields for the flavor symmetry and the to-be gauge symmetry,
respectively. Gauging the symmetry is implemented by the replacement dGi — hg and f3 — dC5, as
in (8.3.8), which indeed produces the action in ({8.4.5]).

8.4.2 (Q/Z non-invertible symmetry in 4d

Using the building blocks introduced so far, we can derive the SymTFT describing the non-invertible
chiral symmetry of QED-like theories [28, 29], that we reviewd in We start from the 5d SymTFT
for two O-form symmetries U(1)a x U(1)y with a mixed AVV anomaly and a pure AAA anomaly:
Z:i [bg/\dA1+03/\dV1+lAl/\dVl/\dVl—i—kAl/\dAl/\dAl . (8.4.7)
27 Jx, a7 127

We assumed that the VAA triangle anomaly vanishes, therefore [ must be even. For [ = k = 2 this
can be thought of as, for instance, the SymTFT for a Dirac fermion in four dimensions.

The symmetry U(1)y has no pure anomaly, hence it can be gauged dynamically by coupling it to
a photon. This is implemented in the SymTFT as explained in Section [8.3] and the net result is to
replace dV; — fo and c3 — dG2. We obtain:

Z= 1/ [bgAdA1+f2AdG2+lA1/\f2/\f2+kAl/\dAl/\dAl . (8.4.8)
T Jx, 4 127
We propose that this is the SymTFT for the non-invertible Q/Z chiral symmetry in 4d.

Let us study this theory more carefully. For simplicity we set [ = 2 (the generalization to other
even values of | being straightforward). While the gauge transformations of b3 and Gy are standard,
the presence of the non-derivative term A; A fo A fo forces the gauge transformations of fo and A; to

also act on b3 and Go:

0A1 =dpy, dfo=dN, , (553:—%/\1/\d/\1—%/\1/\f2, 5G2:—%p0(f2+d)\1)—%)\1/\141.
(8.4.9)
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Keeping this into account, we analyse the operator content of the theory. First we have
Valre) = € W) = ™t (8.4.10)

which are both topological and gauge invariant because of the EOMs dA; = 0 and dfs = 0. On the
other hand, the integrals of b3 and G5 do not lead to gauge-invariant operators because of (8.4.9)).

We can try to construct non-genuine operators:

_ 2 - 2
Ua(73, D4) :exp<ia/ by +i f2/\f2>, Tn(v2, D3) :exp(m/ Gy +i— Al/\fZ)-
3 4m Dy Y2 27 Ds
(8.4.11)

They depend on the open regions Dy and D3, whose boundaries are 3 and -2, respectively. They are
gauge invariant and topological because of the EOMs. On a boundary condition which is Dirichlet for
Aq and Go, that correspond to the QED-like theory, the boundary values of A; and G5 play the role of
backgrounds fields for the would-be axial U (1) and the magnetic U(1)(") symmetry, respectively. The
endlines of ’7;1 would seem to be 't Hooft lines, charged under the operators V,,, while the ﬁa lying on
the boundary would seem to generate the axial symmetry, whose charged operators are the endpoints
of W,,. However this conclusion is not correct. In the definition (8.4.11)), v3 and 75 are boundaries and
hence homologically trivial. Since the operators are topological, they are essentially trivial and cannot
be used to define boundary conditions. Moreover, differently from other cases considered above, the
non-genuine operators U, do not become genuine even on the boundary, since fo is not set to zero
there. One can however do better.

Consider 7,, first. The bulk term %Al A fo can be thought of as the inflow action for a 2d pure
Zoy gauge theory, where A; and fy are viewed as the background fields for the Zsg, O-form and 1-
form symmetry, respectively. This implies that if we take D3 to be a tube 2 x [0, 1], we can place
exp (m fw Gg) on one end of the tube, and the 2d Zs,, gauge theory coupled to A; and fs on the other

end. Then we shrink the tube, so as to define a genuine 2d operator:

Ta(12) = Tn(72) Zan[v2; A1, fo] (8.4.12)

We can perform a similar operation with (7@. Since « is a continuous parameter, we should
be careful. Indeed a 3d TQFT on which Z—fr‘ i) p,J2 A\ fo can topologically terminate only exists if
200 = p/q € Q (we take ged(p,q) = 1) ﬂ This is the minimal TQFT with 1-form symmetry Z, and
anomaly p introduced in |111] and denoted by A%P. By coupling its 1-form symmetry to fo we are

able to define a genuine 3-dimensional topological operator

Up/24(18) = Uazpyaq(13) AP [y3; fo] - (8.4.13)

The operators at irrational a, on the other hand, remain non-genuine.

The procedure we illustrated is the bulk analogue of 28| [29], with the novelty that not only the
generator of the chiral symmetry, but also the 2-dimensional operators 7, whose endlines are the 't
Hooft lines, require dressing with a TQFT in order to be well defined. This fact is harder to deduce
directly from the boundary because the 't Hooft lines are not topological. One of the advantages of
the SymTFT description is that even the topological aspects of non-topological charged objects can
be derived from properties of the topological operators in the bulk. Our result is an example of this

phenomenon.

SFor @ = 1/2 we can simply use the U(1); trivial spin-Chern-Simons theory. Indeed this is the only value that

corresponds to an invertible symmetry, namely (—1)%.
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The necessity of dressing even the 't Hooft lines is not surprising, since the non-invertibility of the
Q/Z symmetry is precisely encoded in the action on 't Hooft lines. When a line crosses the symmetry
defect it emerges with a 2-dimensional topological operator attached [28, 221]. It would be interesting
to derive this action from the bulk, studying in detail the braiding and crossing of the various operators
we introduced.

Finally let us mention that U, /5,(73) can be further dressed with an other genuine 3-dimensional

operator corresponding to a Chern-Simons term for A1, as we did in Section [8.2.3

m
Ulp/2¢,m) (v3) = Up/gq(’y;g) X exp <Z4 A A dA1> . (8.4.14)
73

Studying the triple linking of these operators allows one to characterize the anomaly of the non-
invertible chiral symmetry, for which the term Ay A dA; A dA; in (8.4.8)) is responsible.

8.5 Non-Abelian symmetries

Let us make some comments on the extension to non-Abelian symmetries (this has been further
discussed in [222]). A natural candidate for the SymTFT is the non-Abelian BF theory of [83]:

i

Z = / Trg(bg—1 A F2) . (8.5.1)

27 Xai1
Here the fundamental fields are a standard gauge field A for the Lie group G, and a collection by_1
of as many R (d — 1)-form gauge fields as dim(g) (where g is the Lie algebra of G) that transform
in the adjoint representation of GG. In other words, by 1 is a section of the adjoint bundle. Then
F> = dA—iA N Ais the non-Abelian field strength of A, and Try is the Killing form on g m Thus the

theory has two sets of gauge transformations:
A ANAA Y+ idAATY bg1 + Abg_1 A1 (8.5.2)
as well as
bg—1 = bg—1 + Dalg—o . (8.5.3)
Here \y_» is a globally-defined section of the adjoint bundle defined by A, while Dy = d+i[A, - ]+ is
the covariant derivative that acts on p-forms valued in the Lie algebra as
Dany =dnp +i(AAn, — (=1)Pn, A A). (8.5.4)
The EOMs are F» = 0 and Dby = 0, therefore the theory has topological Wilson line operators

Wax(71) = Tros Pexp(i L A) (8.5.5)

where R are representations of G. We expect that there exists a boundary condition in which these
lines can end on the boundary, and describe local operators transforming in representations R of the
symmetry G. But what about the symmetry generators of G? On the boundary they must be of
co-dimension one and labeled by G, thus they cannot simply be (d — 1)-dimensional operators of the
bulk pushed at the boundary: they would be co-dimension two operators, hence they cannot have

a non-Abelian fusion ruleﬁ In the bulk, there exist co-dimension two operators, the Gukov-Witten

In fact, as spelled out in [83], one can use a bq—1 that takes values in the dual to g, so that a trace is not used and g

does not need to be semisimple.
8This issue arises whenever the topological defects of a symmetry are, in some sense, charged among themselves. A

similar story happens for Chern-Simons theory, see |208].
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Ujg)(¥4-1) operators. These are defined by specifying the holonomy of A on a circle that links with
>4_1. However, since only the conjugacy class of the holonomy is gauge invariant, these operators
are labeled not by G, but by its set of conjugacy classes. One possibility, explored in [222], is that
the Gukov-Witten operators pushed at the boundary are not simple defects: they become sums over
all possible operators labelled by group element in the given conjugacy class. Hence the boundary
theory has more (d—1)-dimensional operators then the bulk. A related, but slightly different approach
consists in regarding the symmetry generators of the boundary as arising from non-genuine operators
of the bulk, labeled by ¢ € G. In other words, one can define Gukov-Witten operators labeled by
group elements, and make them gauge invariant by attaching a d-dimensional topological surface to

it.
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Chapter 9

Holographic duals of symmetry broken

phases

In this chapter we explore a novel interpretation of SymTFTs as theories of gravity, proposing a
holographic duality where the bulk SymTFT (with the gauging of a suitable Lagrangian algebra)
is dual to the universal effective field theory (EFT) that describes spontaneous symmetry breaking
on the boundary. We test this conjecture in various dimensions and with many examples involving
different continuous symmetry structures, including non-Abelian and non-invertible symmetries, as
well as higher groups. For instance, we find that many Abelian SymTFTs are dual to free theories
of Goldstone bosons or generalized Maxwell fields, while non-Abelian SymTFTs relate to non-linear
sigma models with target spaces defined by the symmetry groups. We also extend our analysis to
include the non-invertible Q/Z axial symmetry, finding it to be dual to axion-Maxwell theory, and a
non-Abelian 2-group structure in four dimensions, deriving a new parity-violating interaction that has

implications for the low-energy dynamics of U(N) QCD.

9.1 Topological field theories as holographic duals

A profound insight by E. Witten is that Topological Quantum Field Theories (TQFTSs), due to their
general covariance, can be seen as theories of quantum gravity [223]. Unlike in more conventional
examples, general covariance is not achieved by integrating over metrics but rather by not introducing
them at all. Consequently, these theories lack any semiclassical description involving weakly interacting
gravitons. In traditional gravitational theories, one selects a background metric and expands around
it, thereby breaking general covariance spontaneously. Therefore, TQFTs can be viewed as theories of
quantum gravity with unbroken general covariance — where gravitons are, in a certain sense, confined.

This old story requires some important refinements. A full quantum-gravity theory should not
depend on the background topology. TQFTs, on the other hand, are sensitive to spacetime topol-
ogy through their global symmetries. One way to achieve such an independence is to sum over all
topologies, which can be done in low dimensions [224H228|. Alternatively, one can use TQFTs that
do not even depend on topology [133], hence that are free of global symmetries and then trivial (or
invertible) [58, |141]. These can be obtained by gauging a maximal non-anomalous set of topological

defects, namely a Lagrangian algebra, in a nontrivial TQFT.

TQFTs with Lagrangian algebras also admit topological boundary conditions and can be regarded

SymTFTs Z(C) for some symmetry structure C. In this chapter we focus of continuous symmetries, for
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which the SymTFTs have been discussed in chapter After the inclusion of continuoys symmetries
in the game, the picture is that for any internal symmetry structure C in d-dimensions one can
canonically associate a (d + 1)-dimensional TQFT, its SymTFT Z(C).

Our aim here is to give a different interpretation to these TQFTs Z(C), not as SymTFTs but as
theories of gravity. More precisely, we want to establish holographic dualities in which the bulk theory
is a SymTFT. The main proposal of this chapter is the following:

e Thought of as a theory of gravity, the SymTFT Z(C) for a symmetry C is the holographic dual to
the universal effective field theory (EFT) that describes the spontaneous breaking of C.

It is a general principle of quantum field theory that any theory with a certain continuous global
symmetry that is spontaneously broken, in the far infrared (IR) flows to the same universal theory of
Goldstone bosons 230, [231]. This is roughly speaking always a sigma model, although the target space
can be infinite dimensional (e.g., it is the classifying space BPG in the case of higher-form symmetries) E|
As for the SymTFT, this EFT is also canonically determined by the symmetry C without any further
information. For this reason, it is natural to expect that, even though they appear to be completely
different objects — a (d+1)-dimensional TQFT and a d-dimensional EFT — the two can be somehow
related as they both have the same input datum. We will prove by means of many examples that this
correspondence is holography.

A crucial part of the story is the proper choice of boundary conditions. These will be non-
topological and of the Dirichlet type for some combination of the bulk fields. Since bulk fields are
gauge fields A, these boundary conditions break some gauge invariance, making it a global symmetry
of the boundary theory. This agrees with the general principle in holography that boundary global
symmetries correspond to bulk gauge fields. The non-triviality of the system really comes from the
boundary conditions that, being non-topological, generate dynamics on the boundary. The boundary
theory can be thought of as a theory of edge modes. Our setup has several similarities with, and
may be understood as a generalization of, the Chern—-Simons/WZW correspondence [47, 48] and its
reinterpretation as a full-flagged holographic duality by means of bulk anyon condensation [133].

To explain the basic setup, consider the simple example of the SymTFT for a U (1) p-form symmetry
in d-dimensions studied in chapter

i
T om

bd,p,1 A dAp+1 (9.1.1)

Xa+1

In SymTFT, is placed on a slab with two boundaries, one of which is topological and
determines the symmetry after the slab is squeezed. This topological boundary is characterized by a
maximal set of mutually transparent objects, which we generically refer to as a Lagrangian algebra L.
In this example a natural Lagrangian algebra consists of all V;,(vp+1), while the Ug(v4—p—1) become
the generators of the U(1) p-form symmetry of the boundary theory.

In this chapter, instead, we consider a different setting in which is placed on a manifold
X441 with a unique connected boundary My = 0 X441, which we endow with a Riemannian structure.

On M, we fix non-topological boundary conditionslﬂ

Ap+1 +1iC * bdfpfl = .Ap+1 . (9.1.2)

1See also [117, 222] and [229] for a different proposal involving non-topological theories.
2It is not clear to us how to make this precise for non-invertible symmetries, for instance for the Q /Z chiral symmetry

discovered in |28} |29].
3Such boundary conditions in BF theory, and the edge modes they lead to, have recently been studied in [232].
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SymTFT Holography

physical

QFT
Z(C) N

topological non-topological
b.c. £ b.c.

Figure 9.1: Left: the SymTFT setup. The TQFT is placed on a slab, whose right boundary is
topological and determined by a Lagrangian algebra £. Right: the holographic setup considered here.
There is only one boundary with non-topological boundary conditions, while the Lagrangian algebra

L is gauged to make the bulk invertible.

Here x is the Hodge star operator of the boundary, Ay,; is a fixed (p 4+ 1)-form on the boundary,
and C is a generically dimensionful constant with mass dimension [C] = 2p + 2 — dE| Moreover, the
Lagrangian algebra £ that was used to define the topological boundary in the SymTFT setup must
now be gauged in the bulk X1, and the final bulk theory Z(C)/£ is an invertible TQFT. See Fig.
for a comparison of the two setups.

In this second setup we want to establish a precise holographic duality with a certain local QFTy
living on the boundary, which we need to determine. More precisely, the equality we need to show is
the standard one [123, [233] 234]:

Z1QrT,,, [¢]y = Al = Zarr,[Ma, Al (9.1.3)

Here TQF Ty is the result of gauging £ in Z(C), ¢ denotes generically some bulk fields (for instance
¢ = Apy1 +iC x bg_p—1 in the example (9.1.1)), while A is introduced as a boundary value from the
bulk viewpoint and plays the role of a background field for the boundary QFT. Although SymTFT
superficially resembles holography, the two are fundamentally different. SymTFT only captures sym-
metries and disregards dynamics, allowing any QFT with the specified symmetry. In contrast, in
holography the dual QFT,; is uniquely determined by the bulk theory and its boundary conditions,
encoding both symmetries and dynamics as in E|

We will determine the dual QFT, explicitly in the many examples considered below, providing
strong evidence for the conjecture that the dual theory to Z(C)/L is always the symmetry-breaking
EFT for C. Some of these checks are quite subtle and highly nontrivial. For instance, the Goldstone
theory for a U(1) symmetry with a cubic 't Hooft anomaly in 4d is still a compact boson with no
additional terms as in the non-anomalous caseﬁ but the background field for the symmetry is coupled
non-minimally to the theory. We discuss this in Section (in particular is the additional
coupling) to which we refer for more details. The SymTFT for a 4d anomalous U(1) is
ik

i
= — bs NdA] + —
S 5 /Xs 3 A\ 1+247r2

s

/ A1 NdAT NdA7 . (9.1.4)
X5

4The introduction of such a scale is necessary since the components of Ap+1 have dimension p + 1 while those of
bd—p—1 have dimension d — p — 1. In this way the forms A, and bq—,—1 are dimensionless, the action in is
dimensionless, but xbs—,—1 has dimension d — 2p — 2.

5See [235] for a general description of symmetry operators in holography.

This is different from the non-Abelian case, in which an anomaly implies a WZW term in the sigma model.
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Forgetting about the boundary value A; appearing in the boundary condition , the additional
cubic term does not affect the dual boundary QFT4. However we will show in Section that
keeping track of A; we reproduce exactly the non-minimal coupling expected for an anomalous U(1).

Before moving to the various examples, let us clarify a conceptual point. The assertion that certain
dynamical QFTs have a TQFT as holographic dual might be perplexing at first. The origin of the
confusion is that, even though TQFTs are good theories of gravity, the non-appearance of a metric
tensor g, is puzzling for holography: the metric should be dual to the stress-energy tensor 7), of
the boundary QFT. While this observation is in general correct, in a few special cases it might have
a loophole: the stress tensor might not be an independent operator. For instance, this is the case
in the CS/WZW correspondence [47, 4§]. In 2d WZW models the stress tensor of the CFT, using
the Sugawara construction, is made out of the currents which are dual to the gauge fields of the 3d
Chern—Simons bulk theory. Something very similar happens in our examples. Indeed, the EFTs for
symmetry breaking are very special QFTs in which everything, including the stress-energy tensor, is
determined by the currents and their correlation functions. This is at the core of the universality of
those EFTs. For instance, in the theory of a U(1) Goldstone boson with action

R2
S = / d® A *d®, (9.1.5)
4 My
the U(1) current is J, = %ﬁlﬁb and the stress tensor is a composite operator of J,;:
R? 1 T (1
Ty =4 (a,@ 0,® = 5 0 (8(1))2> = 72 (2 S I — J,J,,) . (9.1.6)

Through the boundary conditions, the bulk SymTFT provides background fields for the global sym-
metries of the boundary theory, which are sources for the boundary currents. Hence the TQFT can
compute correlation functions of the currents, and by universality correlation functions of all oper-
ators, including those of the stress tensor, even without an explicit source g,,. This is a general
statement: in the EFTs for spontaneous breaking the currents completely determine all operators and
the holographic duals do not need a graviton field.

It is expected, however, that embedding our models into RG flows and taking into account non-
universal features would require to reintroduce dynamical gravity into the game. Indeed, a related
observation is that the boundary theories we obtain are either free or non-renormalizable. The reason
why a TQFT, which is expected to be UV complete and finite, can be dual to a non-renormalizable
theory is the choice of non-topological boundary conditions, which introduce an energy scale in the
theory. This scale sets a limit below which both the bulk and boundary theories are well defined.
Above this threshold, the boundary theory requires the inclusion of more and more operators to tame
UV divergencies. This issue has to carry over to the bulk TQFT as well — albeit in a way unclear to
us — making the TQFT description incomplete. The expectation is that, to make sense of the bulk
theory above the scale of the boundary condition, one has to allow for dynamical gravity in the bulk
in a way that is similar to the embedding of an EFT for spontaneous breaking into a UV complete

theory. It would be interesting to understand this point better.

9.2 U(1) Goldstone bosons

The simplest cases to test our conjecture are those of U(1) symmetries of generic degree. We warm
up with the textbook example of a spontaneously broken U(1) 0-form symmetry in generic dimension
and then move on to the case of higher-form symmetries, whose Goldstone bosons are (free) U(1)

higher-form gauge fields [11].
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9.2.1 O0-form symmetries

Consider the following TQFT in d + 1 dimensions
i
27

bg—1 NdA7, (921)
Xat1
where A; is a U(1) gauge field while by is an R (d — 1)-form gauge field. We endow the boundary
Mg = 0Xg441 with a Riemmanian metric and impose the boundary condition
1

*Al = _ﬁ

bdfl +*A1 . (9.2.2)

Here R is a parameter of mass dimension (d — 2)/2, while A; is a fixed background 1-form on M.
Notice that only in d = 2 this boundary condition is conformally invariant. In order to get a consistent
variational principle with this boundary condition we must add a boundary term Sy to (9.2.1]). Indeed,

the variation of the action produces a boundary piece

] 1
5S ——1d”/ bA(SA—/ ba_1 A% Sbg_ 9.2.3
‘Md (1) o Mddl 1= 9 R? Mddl *00d—1, ( )

which requires a boundary term

1
Sy =——- bg_1 Nxbg_1. 9.2.4
o 47TR2 /Md -t *hd-1 ( )

Since the boundary condition breaks gauge invariance on the boundary, we have to be careful
in specifying the group of transformations we quotient by in the bulk: we choose to allow only gauge
transformations that are trivial on the boundary. This implies that the bulk gauge symmetries become
global on the boundary. For any global symmetry we should be able to turn on a background. In our
setup this operation has a very natural realization: instead of freezing gauge transformations on the
boundary, we allow them but transform the boundary data so as to render the boundary condition
invariant. For instance, we can make (9.2.2)) gauge invariant under gauge transformations of A; by

demanding that A; — A; 4+ dAg is accompanied by a transformation of the fixed background Aj;:
./41 — .Al + d)\o . (9.2.5)

With this choice, A; is interpreted as a background gauge field for the global U(1) symmetry on the
boundary. Notice that with our choice of boundary term the whole system is gauge invariant.

We can also restore the gauge transformations bg_1 — bg_1 + dvg_o by transforming
i
Al = Ay — (—1)dﬁ *dvg_s (9.2.6)
which however are not proper background gauge transformations. A clearer and equivalent possibility

is to parametrize the boundary condition as
i
*x A = 2 (bg—1 — Ba-1), (9.2.7)

where B;_1 is another fixed background on the boundary that transforms as Bg_1 — By_1+dvg_s. It

can be understood as a background field for the global (d — 2)-form symmetry on the boundary. Yet

another possibility is to restore both gauge transformations, for instance through the parametrization
i

*(Al_'Al):_RZ

(bg—1 — Ba-1) - (9.2.8)
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We can use it to discover information about the boundary theory. Indeed, with the choice of boundary
term in ((9.2.4)), the system is not gauge invariant, rather under a gauge transformation we find

) 1
5(S+So) = (D)2 [ dug oA A —

— 2 _ _ _ _92). 2.
o " 47TR2/Md( dvg—o N*xBg—1 + dvg_o N *xdyy 2) (9 9)

The second piece can be cancelled by modifying the boundary term with the addition of

1
47TR2 My

Bg_1 NxBg_1, (9.2.10)

that can be understood as a local counterterm. However the first piece in cannot be removed
while preserving background gauge invariance for the U(1) 0-form symmetry. This is a sign that the
two symmetries have a mixed 't Hooft anomaly. Indeed, as we are going to see, the theory we are
describing is the holographic dual to a d-dimensional compact boson. In what follows we will turn on
only the background for the U(1) 0-form symmetry, i.e., we will use the boundary condition .

In order to rewrite the path integral of this TQFT as that of the compact boson we proceed in
analogy with 48] |49, 236] (see also [84]). We assume that X, ;1 contains an S* factor parametrized
by t ~ t + 3, interpreted as Euclidean time, hence Xz, = Xg x S! and 0Xg11 = Mg = Mg_1 x S
For simplicity, we also choose the metric of X4, to be diagonal in My_; and S! so that

*dt = (1) Volpy, , € Q7 (Mg) (9.2.11)
with Volpg, , the volume form of My_;. We decompose the bulk fields as
A = A6 dt + Avl , bg_1 = 5272 Adt +gd,1 , (9.2.12)

where forms with a tilde live on the spatial manifold X,. The time components Af and b, , appear

linearly and can be treated as Lagrange multipliers. Integrating them out enforces
dA, =0, dbg_1=0. (9.2.13)

We now make a choice for Xz and take it to be a d-dimensional ball so that My = S9! x S!. Then

(19.2.13) are solved by introducing a compact scalar &y and a (d — 2)-form R gauge field wy_o as
Avl = J@Q s Zd—l == de_g . (9214)

Rewriting both the bulk action and the boundary term using ®¢ and wy_», the system reduces to the
boundary action

o
S on

S / [(—1)d dwg—o A (0;®g — Ab)dt
Ma , (9.2.15)
_ ;(Ra (00— Ar) A (4% — &) + g dvga A *de_2>] |
This action is not covariant, and time derivatives appear linearly. For d = 2, the action contains
two scalars and is a manifestly self-dual formulation of the compact boson known in the condensed
matter literature as the Luttinger liquid Lagrangian (see, e.g., [237] for a recent discussion). It has the
advantage of making both U(1) symmetries explicit, at the expense of hiding Lorentz invariance. The
action is a d-dimensional generalization of it and it makes both the O-form and the (d—2)-form
U(1) symmetries manifest.
Path integrals with an action linear in time derivatives are interpreted as phase-space path integrals.

One can typically obtain a configuration-space path integral by integrating out the momenta that
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appear quadratically. Indeed, here dwg_ is the conjugate momentum to ®y and we can recast the
theory in a Lorentz-invariant form by integrating out wg_s. An important observation is that the
action has zero modes that need to be eliminated. One way to see this is via the equations of motion

for wy_o. These are

d | (049 — Ab)dt + (—1)d§ *dwg_s| =0 (9.2.16)

with solution
dwq—s = iR? (0;®g — Ab) * dt — iR* x dvy . (9.2.17)

Notice that, since (8,@0 — AB) *dt is a (d — 1)-form supported only on space, we have d* ci'yo = 0. The
scalar 7 is integrated over but its path integral is naively divergent because 7y has vanishing action,

i.e., it is a zero-mode. Therefore in order to get a consistent theory we have to gauge fix 79 = 0.
Plugging dwq_s in (19.2.15]) we get the final action

RQ

=1

/ (dPo — A1) Ax (dPo — Ay), (9.2.18)
Mq

corresponding to a d-dimensional compact boson with radius R. Had we integrated out ®g from
(19.2.15)), we would have found the dual formulation in terms of the (d —2)-form wy_5. The background
field A; corresponds to the U(1) shift symmetry of the boson and the anomalous shift we discussed
above corresponds to the mixed 't Hooft anomaly with the winding symmetry.

One might be puzzled by the fact that we have one bulk gauge symmetry U(1), but we still obtain
two global symmetries on the boundary, which might seem to clash with the usual holographic expec-
tations. However, for the compact boson this is not really a contradiction: all correlation functions of
one current can be obtained from those of the other. Indeed, the backgrounds of the two symmetries
are obtained one from the other using the x operator (modulo counterterms, which correspond to
contact terms in correlators); thus, functional derivatives of the partition function with respect to a
single background already contain the information of all correlators of both currents (see [129] for a
related discussion).

Before going on, let us mention an alternative, quicker way to arrive at the final result that does
not pass through the Luttinger-liquid-like formulation . It requires Xg41 to be a ball, and
hence My = S¢. After determining the boundary conditions and the boundary term ,
we just integrate the entire by 1 out, imposing dA; = 0. Since the bulk is now topologically trivial,
this is solved by A; = d®y. Using the boundary condition to express the boundary term in
terms of Ay, and plugging back A; = d®g, we immediately get .

9.2.2 Higher-form symmetries

The higher-form case is very similar and we only flash the 1-form symmetry example, just to highlight
one small subtlety. The TQFT we start with has action
i
27

fa—2 N dGa, (9.2.19)

Xag1

with fg_o and Go being an R and U(1) gauge field, respectively. On X441 with boundary M, that
we endow with a Riemannian metric (if d = 4 a conformal structure is enough) we set the boundary

condition (see also [232]):

- 2
*Ga = (1) = fag +%Ga, (9.2.20)
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where [e?] = 4 — d. We must also add a boundary term

62

Sp=——0
g 47'('2 B)

Ja—2 Nxfa—z. (9.2.21)

Xdat+1

When solving the constraints imposed by the integral over time components as
fa—z = dwq_3, G = dAy, (9.2.22)

we introduce (time-dependent) forms wy_3 and A; only on the spatial manifold X;, namely without

time components. The boundary action one obtains is

?

S = / [(—1)d dwq_z A (0p A1 + GY) A dt
2T My
o, (9.2.23)
ife” = ~ T~ ~ ~ ~
-3 <7T dwg_3 N *xdwg—_3 + o) (dA1 — Qg) N * (dAl — gg)>:| .
This is a higher-form generalization of (9.2.15)) and integrating out wy_3 we obtain
1
= / (dA; — Ba) Ax (dAy — Ba) | (9.2.24)
462 My
where By = —Q{ A dt + ’g} is a 2-form background field. This is a Maxwell action in d dimensions

coupled to a background field By for its electric 1-form symmetry.

The subtlety we want to point out is that A; does not have the time component, hence this
is a gauge-fixed Maxwell actionm There is a gauge choice that arises naturally in this reduction
procedure, that is, the temporal gauge. The same story goes through for any higher-form gauge
field: the boundary action is always a generalized Maxwell theory in the temporal gauge (see [84]
for a discussion on this point). It is important to keep this small subtlety in mind when looking at
more complicated TQFTs that produce further interactions involving the photon. For instance, in
Section [9.4] we will obtain Chern—Simons terms on the boundary, and we will have to keep in mind

that they always arise in the temporal gauge.

9.2.3 Lagrangian algebras and topological sectors

There is one very important caveat in the discussion of the previous two sections. Let us focus on the
0-form symmetry case for definiteness. We have shown that with the boundary condition we chose,
the path integral of the TQFT can be rewritten as a path integral with the action of a compact boson
(19.2.18). However, the domain is not the one of the physical theory. The reason is that when we
solve (9.2.13)) introducing ®( and wy_s as in , these fields cannot wind around the time circle
S!. Hence what we established in Section is that the TQFT partition function is equal to the
zero-winding sector of a compact boson ]

However, it turns out that we can produce the path integral in any fixed winding sector, simply by
inserting a Wilson line e Jsra along the time circle in the bulk. The line pierces the spatial manifold
Xg4 at a point P, creating a nontrivial (d — 1)-cycle ¥;_1 C X4 and introducing a monodromy for Zd—l

around it:

/ by_1 = 27n. (9.2.25)
Yg_1

"This subtlety does not arise in the quicker procedure described at the end of the last section.
8For d = 2 the boundary spatial manifold is S*, and since ® is compact the path integral includes a sum over all

windings around that spatial circle, but not around the time circle.
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To get the TQFT partition function with this insertion, consider a generator =1 of H4~Y( X4~ P;Z),

2m
namely fEd_1 Nd—1 = 2m. The second equation in ((9.2.13)) is now solved by
ba—1 = N1 + dwq_s - (9.2.26)

With the same steps as before we obtain a path integral on boundary fields ®¢ and wg_o, again over

configurations of ®y with zero winding around the time circle, but with a modified action with respect

to (0.2.15):

7

S, = / [(—1)ddwd_2 A (0, @y — Ab)dt
My

2T
. ) N } _ 1 )
_ % <R2 (d(I)o — .Al) VAR (d(I)o — A1> + ﬁ dwg_9 N\ *dwd_g)] (9.2.27)
in n?
— (=)= E a1 Adt / M1 A * g1 -
(-1) o Mdv‘loﬁd 1 +47TR2 Md"?d 1A K71

Here 74_1 is the pull-back of n4_1 on My. It is a top form on 0X; = My_1 and one can make a
choice for the representative 74_1 in (9.2.26) such that 731 = 277FV01Md71 with v = f/\/ldilvol/\/ldf1
the volume of the boundary spatial slice. In particular x7;_1 = 27“ dt. Plugging this back into ({9.2.27))
we obtain
. ™ 5”2 d ¢
Sp =80 —inb + —5 where 0= (-1) Ay dt . (9.2.28)
vR S1

Here Sy is the action ((9.2.15) written in terms of the periodic scalar in the Luttinger liquid form,
which could be rewritten in the Lorentz covariant form (9.2.18]) that makes manifest its nature as a
boson of radius R. Notice that § ~ 6 + 27 has the interpretation of a chemical potential for the U(1)

0-form symmetry. The partition function with the line inserted is then

. ™
p = pert €XP <ZTL(9 - rlfz TL2> (9229)

where Zper¢ is the perturbative contribution due to a periodic boson.

We want to show our claim that, after we condense a Lagrangian algebra in the bulk, the partition
function includes the sum over all topological sectors of the compact scalar, hence reproducing the
physical partition function. The simplest Lagrangian algebra contains all the lines W,, = einf A1
and no surfaces V, = e/ %-1. Due to our choice of geometry, gauging this algebra is the same as
summing over all lines inserted along the time circle, hence summing over all n in . The bulk
interpretation of this sum is that we are computing the partition function of the SPT phase obtained

by gauging the algebra, which we are taking as our theory of gravity. Hence using Poisson’s summation

2
Zgravity = Z Zn = Zpert Z exp |:_ WUBR (’UJ + 2(97T>2:| . (9230)
neZ wWEZ

formula we ﬁndﬂ

The right hand side is precisely the partition function of a compact boson of radius R (with chemical
potential ).

More generally, the bulk TQFT has other Lagrangian algebras consisting of the lines Wp,,, and the
surfaces V,,, ;. for an integer number k € Z. Condensing one of them produces a different SPT phase
in the bulk, hence a different theory of gravity. In the SymTFT story this corresponds to gauging the

Zy, subgroups of the U(1) symmetry at the boundary. Because of the chosen geometry, there are no

9Here we are neglecting an extra factor y/f/vR2, since normalizations of the path integrals do not play a role here.

A similar factor is neglected in (9.2.31).
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(d — 1)-cycles in the bulk and hence condensing this algebra simply means summing over all Wilson

lines of charge multiple of k. The result is

Zyravity = Y Zhm = Zpert Z exp[ ( )2<w + ];7?)2] (9.2.31)

meZ

and the right-hand side can be interpreted as the partition function of a compact boson of radius
R’ = R/k. This is an orbifold of the previous boundary theory, which could be thought of as a
different global form of the same theory.

We want to comment on a slightly different way to obtain a holographic dual to compact bosons,
which also fits our proposal. We could have started with the TQFT of two R gauge fields described

by the action .
i

= — by_ dai . .2.32
9r d—1 N\ daq (9 3)

Xd+1

In this TQFT the charges of the Wilson lines W, = ei@Ja1 are not quantized, and since there is no
sum over ﬂuxes there is no identification among the charges of Vg = ¢Blba-1 The spectrum of
bulk operators is then larger, labelled by R x R, and the corresponding braiding is the phase €275,

Lagrangian algebras are classified by the choice of a real number ) € Ry and are given by [133]
Lo ={Won Vg-1m | n.meZ}. (9.2.33)

We showed in Chapterthat this TQFT is the SymTFT for two U (1) symmetries, namely a 0-form and
a (d — 2)-form, with a mixed anomaly. While this is a different symmetry structure from just a single
U(1), the second higher-form symmetry arises universally in the IR whenever the 0-form symmetry
is spontaneously broken. Hence the two symmetry structures share the same EFT that describes the
broken phase and, according to our proposal, they should both be the holographic dual to a compact
boson. Indeed there is no much difference between the two theories: the non-topological boundary
conditions can be chosen to be the same, and the computations of Section [9.2.1] give the same result.

The considerations explained in this section can be repeated for any higher-form symmetry. How-
ever, in order to detect the various global structures of a boundary p-form Maxwell theory, one needs
to properly choose the geometry. Indeed the fluxes are supported on (p + 1)-dimensional cycles, and
thus a natural choice is to take X441 = Bg—) X TP+ with Bj_p a ball. One of the S1 factors of the
torus plays the role of a time circle, and Xq = By_, x TP. The bulk TQFT has action

i

S = / bd,p,1 A ClAp_|_1 (9.2.34)
2T Xai1

where by, is an R gauge field whilst A, is a U(1) gauge field. One can obtain an SPT phase by
gauging the Lagrangian algebra given by W,, = ¢S Av+1 and this is realized by inserting these defects
along the TP*! factor in the bulk. This sum indeed reproduces the sum over fluxes of the p-form
Maxwell theory on the boundary. The choice of other Lagrangian algebras modifies the value of the

electric charge and corresponds to discrete gaugings of the 1-form symmetry.

9.3 Abelian anomalies and higher groups

We can enrich the analysis of U(1) symmetries by including anomalies (Sections [9.3.1] and [9.3.2]) or
a 2-group structure (Section [9.3.4)). We show here that, when doing it, the dual boundary theory

10An R gauge field admits a gauge in which the connection is globally defined, therefore the field strength is an exact

form and its integrals on compact submanifolds vanish.
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gets coupled to background fields in a non-minimal way. In Sections [9.3.3| and [9.3.5] we provide a

field-theoretic interpretation of our results in terms of symmetry fractionalization.

9.3.1 Chiral anomaly in 2d

The SymTFT for an anomalous U(1) symmetry in 2d has action:

. .
S:Z/ bi AdAL + = [ Ay AdA;. (9.3.1)
X3 4

T 7I X3

The additional bulk Chern—Simons term significantly affects the consistent boundary conditions. To
establish a proper variational principle with a non-topological boundary condition, it is essential to

include the boundary term

1 k k
Sy = Py /BX;,» <b1 + 5 Al) A * (bl + B} Al) (9.3.2)

together with the following Dirichlet boundary conditionﬂ

i k
0A1=—=6|lb1+=-A41). 9.3.3
*0A1 o2 ( 1+ 5 1) ( )
In order to properly turn on a background for the boundary U(1) symmetry we have to render the
boundary condition invariant under gauge transformations of A;. This is most naturally done by

introducing a 1-form A; as

7 k
* (A — Ay) = T <b1 + 3 (A — .,41)> ) (9.3.4)
This boundary condition is invariant under 6.4, = dA; = dAg, allowing us to interpret A; as a

background field for the U(1) symmetry on the boundary. Notice that our choice does not modify
(19.3.3) and is thus just a particularly convenient parametrization.
Before deriving the dual boundary theory, we can already establish that it has an 't Hooft anomaly.
Indeed, under a gauge transformation 641 = d.4; = dA\g the total action S + Sy transforms as
ik k?

5(S+Sa) = —— dhg N A1 —

[ (2dxA dXo A dA 9.3.5
a7 Ja, 167TR2/M2( o A A+ Axdo) (6:3.5)

where My = 0X3. The second term can be cancelled by adding the following counterterm to the

boundary action:

k‘2
Set = T6m 72 /M2 Al AxAq. (9.3.6)
However the remaining total gauge variation
ik
5(S+8p+Set)=—— [ dAA (9.3.7)
471' Mo

cannot be cancelled by any local boundary counterterm: it is precisely the anomalous variation cor-
responding to a perturbative U(1) anomaly.
To derive the boundary theory we follow the steps outlined in Section[9.2] The constraints imposed

by the path integral over time components again allow us to write A = d®, and by = dwo. The

1 One can check, by writing all possible boundary terms and imposing consistency of the variational principle, that

these boundary data are the only possible choice.
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boundary action expressed in terms of these variables, after introducing F = A; — % * Ay for
convenience, reads:
S = Z/ |:(6sz + %J@o) (8#1’0 — fé) A dt (9.3.8)
27T Mo
1

_ ;<R2<J¢o —J:E1> N * <d~<I>o _],:_1) + 2 (on + %J‘I)o) A * (Jwg + gdcbo))] + 8.4,

This is the same action as in (9.2.15) for d = 2 but with wg — wg + g dy. Integrating wgy out we find

R? K
S = / (dPo — A1) Ax (d®g — Ay) + 7“/ Do dA; . (9.3.9)
4 Mo 4 Mo

This action describes a compact boson of radius R, but with an unusual coupling to a background
for the momentum symmetry. Such a coupling reproduces the anomalous shift (9.3.7)) that is indeed
cancelled by the inflow action

1k

Sinﬁow = _L -Al A dAl . (9310)
4 3d

Notice that the extra coupling ®gd.A; in has a form similar to the coupling with the winding
symmetry. In a sense, we are prescribing that a background A; for the momentum symmetry also
activates a background By = kA; for the winding symmetry. In other words, A; is not coupled with
the momentum symmetry but rather with a diagonal combination of momentum and WindingE Since

the two symmetries have a mixed anomaly, this diagonal U(1) inherits a pure anomaly.

9.3.2 Chiral anomaly in 4d

The treatment of anomalies in higher dimensions presents a further conceptual difference. As a
representative case, we consider d = 4 and the TQFT with action

ik
2472

S:Z/ bs NdA; +
X5

/ Ay NdAL NdA; . (9.3.11)
2 X5

To get a good variational principle we need to impose

i

*5141 = _R2

5<b3 + ﬁAl A dA1> (9.3.12)
6

and add a boundary term

1 k k
= — —A A —A Ay . 3.1
Sa 47TR2/3X5<b3+67T 1Ad 1)/\*<b3+67r 1Nd 1> (9.3.13)

These choices however do not allow us to turn on a background by simply changing the parametrization

of the boundary condition, as we did in 2d. Indeed, if we try to restore the gauge transformations of
Aj, the boundary condition shifts by terms that depend on the field A; itself and cannot be cancelled
by adding counterterms in the background only. Turning on a background in d > 2 requires us to
change the boundary data in a nontrivial way. In Appendix [D] we explain an iterative procedure
that, starting from the data above, produces a consistent variational principle together with a gauge-

invariant boundary condition. The result for d = 4 is

) k k
* (A1 — Al) = —% <b3 + 6771'(141 — Al) ANdA + E(Al — .Al) A d.Al) (9.3.14)

2More precisely, it is the diagonal combination between momentum and a Zj extension of the winding symmetry.
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with boundary term

ik
247’[’2 8Xs5

Ay A Ay AdA; . (9.3.15)

1 k k ’
0= =g (4 G (41— A) A+ g nda ) ¢

When setting A; = 0 we recover the previous boundary data, but in general there are new terms
that mix background and dynamical fields. As in 2d, one can show that the system has an anomaly
performing a gauge transformation 647 = §.4; = dAp: up to a counterterm the gauge variation is

ik

(S(S"‘ Sa + Sc_t_) == m

/ Xod Ay AdA; . (9.3.16)
0X5

The procedure to determine the dual boundary theory is completely analogous to the examples we
have already presented. Integrating the time components out, we introduce El = d®, and 53 = dws.
To simplify our expressions, we denote F1 = A; — 15~ R2 * (A1 AN dA;p). Then the boundary action, in
its non-covariant presentation, is

i

= [(dwg—k - dg A A ) (Do — Fh)di Z’(Rz(gcpo_fl) n (i - )
4

+ = (de 1 Ao A dAL) Ak (dun + 1 49 A dAl)ﬂ 4 Ser. (9.3.17)

where M4 = 0X5. As before we can integrate out wo and the final action reads

R2
=4 /M (dPo — A1) Ax (d®o — Ay) +
4

ik
2472

/ DodAL ANdA; . (9.3.18)
My

This represents a compact scalar with a non-standard coupling to a background associated with the
shift symmetry, akin to the situation in 2d. The additional interaction accounts for the anomalous
variation described by (9.3.16). Nevertheless, unlike in the 2d scenario, we cannot view this altered

interaction as a combination of the shift and winding symmetries since the two have different degree.

9.3.3 Anomaly matching in the broken phase

Let us provide a purely field-theoretic interpretation of the result in the previous section. For any
Lie-group symmetry G, the Goldstone theory describing the symmetry breaking phase is a non-linear
sigma model with target space GG. In even spacetime dimensions d, the symmetry G can suffer from
perturbative anomalies and the question is how these are matched in the sigma model.

For non-Abelian G it is well known that the anomaly is reproduced by a WZW term [238]. This
is an additional interaction with important dynamical consequences. Perturbative anomalies are clas-
sified by H4*2(BG;Z), which determines a (d + 1)-dimensional Chern-Simons action that cancels the
anomaly by inflow. On the other hand, WZW terms in d dimensions are classified by H4T!(G;Z).

Anomaly matching is mathematically represented by a map
7: H"*(BG;Z) — H™Y(G; ) (9.3.19)

called transgression [239]. For d = 2 this map also underlines the map of levels in the CS/WZW
correspondence [81]. For the simple Lie group G = SU(n), the transgression map 7 is injective [81],
meaning that any perturbative anomaly is matched by a WZW termF—_gl However this is not the general
case, and if 7 has a nontrivial kernel, the corresponding anomalies require some new ingredient to be

matched in the sigma model.

13The transgression map is expected to be injective for all simple Lie groups.
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Here we focus on the extreme case G = U(1) for which H**!(U(1);Z) = 0, namely there is no
WZW term at all, and any anomaly must be matched in a different way. From our holographic analysis
we know the answer to this question: the dynamics of the sigma model is unchanged with respect to
the non-anomalous case, but the symmetry is coupled non-minimally to the background A; through
the extra topological term

ik
(2m)4/2 (4 +1)!

This term reproduces the anomaly, but at this level it seems a bit ad hoc. We want to clarify why

/ o (dA) . (9.3.20)
My

it arises from a UV viewpoint and how we understand it in the IR. This is important to understand
why there is a difference in how anomaly matching works in the Abelian and non-Abelian cases.

We can show in a simple model that when the background field is turned on in the UV, the
additional coupling is generated along the RG flow by integrating out massive fields. Consider

a 4d theory with a massless Dirac fermion ¢ and a complex scalar ¢, coupled via a Yukawa interaction:

LD opynp. (9.3.21)

The theory has an axial symmetry U(1) 4 under which both Weyl components of 1) have charge 1, while
¢ has charge —2. U(1)4 has a cubic anomaly with £ = 2. Choosing a potential V(¢) that induces
condensation of ¢, the axial symmetry gets spontaneously broken to Zs = (—1)¥. By decomposing
¢ = pe'® into its radial and angular parts, the VEV (p) = v gives mass to both p and 1. The angular
part © remains massless and is the only degree of freedom at low energy: it is the Goldstone boson.
The faithful symmetry in the IR is U(1) = U(1) 4/Zo that shifts ©. In order to reproduce the anomaly,
the coupling to a background A must include the term

i
520 (dA)%. (9.3.22)

Indeed this term arises when integrating out the fermion. To see this notice that, for fixed ¢ and
A, if ¢ is real and positive then the fermion path integral can be regularized in a way such that the
measure is positive [240-242|. Clearly this is not true on a generic configuration, but we can make it
true by performing an axial rotation of parameter e’®, with o = —%@. A textbook computation [243|

244] shows that the path integral measure of the fermion changes by a phase
DIy~ DIy exp( 5y [ dAY (9.323)
exp|l — [« . .3.
P\ 2472

Setting o = —%@ this precisely reproduces the coupling . Now the Yukawa coupling becomes
p1), that for fixed p is essentially a positive mass term for the fermion, hence integrating out the
fermion becomes a safe operation that does not introduce extra phases.

Returning to the general case, we want to interpret the extra coupling as specifying a
(higher) symmetry fractionalization class for the U(1) symmetry (see Section [L.5). This reinterpreta-
tion will be crucial to understand the analogous story for higher groups in the following sections. A
0-form symmetry G can fractionalize in the presence of a discrete 1-form symmetry I'. This means that
when two topological defects g, h € G fuse to produce gh € G, their codimension-two junction gets
covered by a topological defect w(g, h) € T of the 1-form symmetry [15, 53}, 54|, where w € H?(BG;T).
Equivalently, a background A; for G turns on a background By = Ajw for the 1-form symmetry. In
this formula, we think of A; as a map My — BG and of By as an element of H%(Mg,T) so that
we can use A; to pull back w. With this interpretation it becomes clear that, if G and I' have a

mixed anomaly, a non-trivial fractionalization class modifies the pure anomaly for G, possibly making
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it nontrivial even when it vanished originally [53| [54]. This has a natural generalization to the case
that I' is a discrete p-form symmetry: when p + 1 topological defects g1,...,g,+1 € G fuse in generic
position, they create a codimension-(p+ 1) junction that can be dressed by a defect w(gi, ..., gp+1) of
the p-form symmetry I', where w is a class in HP*!1(BG;T). Equivalently, a background .A; turns on
a background By = Ajw for I'.

The compact boson theory that describes the breaking of a U(1) 0-form symmetry also possesses
a U(1) (d — 2)-form winding symmetry, and the two have a mixed anomaly. For this reason, a
pure anomaly for the O-form symmetry can be induced by fractionalizing it with the (d — 2)-form
symmetry. One minor modification with respect to what we described above is necessary because the
p-form symmetry (here p = d — 2) is continuous. Its most natural description is not in terms of a
background potential B),11, which is not a cohomology class in general, but in terms of its field strength
% dBp+1 € HPT2(Mg;Z). As a consequence the fractionalization class, instead of being an element
of HP*1(BU(1); U(1)), is more naturally an element of HP™2(BU(1);Z) = Z. This is the datum that
determines a (p + 1)-dimensional Chern—Simons level, or equivalently the corresponding Chern class
in (p+2) dimensions. Hence, in analogy with the discrete case, we prescribe that a background A; for
the O-form symmetry activates a background By_; for the (d — 2)-form symmetry whose field strength
is

k

(2m)4/2 (4 + 1)1

1
—dByy = (dA)Y?. (9.3.24)
27
Recalling that the (d — 2)-form symmetry is coupled to its background field through the action term
i i) MdCI)O dBg_1, this reproduces the coupling ([9.3.20)) in agreement with our holographic result.

9.3.4 Abelian 2-groups

We consider a 2-group symmetry in four dimensions formed by a U(1) 0-form symmetry and a U(1)
1-form symmetry. This can be obtained by starting from a theory with two U(1) 0-form symmetries
with a cubic mixed anomaly and gauging the U(1) that appears linearly in the anomaly polynomial
[16, 154]. The 1-form symmetry participating in the 2-group structure is the magnetic symmetry of
the photon. As derived in chapter [§] the SymTFT for such a 2-group symmetry has action:

; k
S=_" <bg AdA; + ho AdCy + — hay A Aj A dAl) . (9.3.25)
27T X5 27'['

This is invariant under the gauge transformation 1)

We place this TQFT on a manifold with boundary, X5 = By x S! for simplicity, and we interpret it
as a theory of gravity, holographically dual to some 4d quantum field theory on the boundary. The last
term in contains a derivative, therefore it affects the boundary contribution to the variational
principle, similarly to the case of chiral anomalies. To fix the boundary terms Sy and the boundary

conditions on the fields, we use the same logic as in that case. We find the boundary conditions

k

ie?
Al A A1> (9.3.26)
T

J k
*(Al_Al):_é b3+27rh2/\(A1_v41)]7 *h2_71-<02_62_2

MThere is some freedom in the choice of transformations that leave (9.3.25) invariant. In particular, the transformation
§A1 = d)o could be accompanied by an action on both b3 and Ca as dbs = —e5=dXo A ke and 6C2 = (1 — €)2=dXo A Ay

for any choice of e. Here we chose ¢ = 0 which matches the transformations in the boundary theory.
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and a corresponding boundary term

1 2
S{):—g 8X5h2/\ <C2_%.A1/\A1> _4772/(9X5<C2_213TA1/\A1> /\*(CQ—%_AI/\A1>
1 k k
_ 747[_}%2 /6X5 |:b3 + % ho A (Al — ./41):| N * |:b3 -+ % ho A (Al — .,41):| . (9327)

Here A1, Co are fixed gauge fields on the boundary that transform as a proper 2-group background:
k
0A1 = d)g, 0Cy = dmy + % dXo N Aj . (9.3.28)

This makes the boundary conditions gauge invariant, provided we add a counterterm % /. 9Xs Co Ak Co.

With the usual procedure, we obtain that the dual boundary theory has action:

R? 1
S=— (d@o—fh)/\*(d@o—fh)—}-/ day N\ xdaq
A Jox, 4e? Jox,
(9.3.29)
. "
—i—i Cg/\da1+Z2/ ®g dag NdA; .
271' 8Xs 47'(' X5

Naively one may think that a; is an R gauge field, because it comes from the trivialization of hs.
However, we have to take into account the condensation of the appropriate Lagrangian algebra in the
bulk, necessary to trivialize the TQFT and making it independent of the topology. Specifically, here

the relevant Lagrangian algebra is

L — {eianl7 eime’Q

n,m e Z} . (9.3.30)

Following the same logic as in Section[0.2.3] this introduces a sum over the fluxes of da; that effectively
makes a; into a U(1) gauge field.

Turning off the background .4; we obtain a free compact scalar and a free photon (coupled to a
background field Cy for its magnetic symmetry), enjoying a U(1) O-form symmetry with conserved
current J; = % d®g, and a U(1) 1-form symmetry with conserved current Jo = % *day, respectively.
However, as soon as we turn on a background 4; for the 0-form symmetry, the 2-group structure
manifests itself through the nonstandard coupling between the photon and the scalar, which modifies
the currents and the background gauge transformations [16]. This is very similar to what happened
in the case of the chiral anomaly, and we will provide a similar interpretation in terms of symmetry
fractionalization in the next section.

Let us show that the theory in reproduces the 2-group symmetry [16]. First, notice that

the gauge transformation
k
0Py = Ao, 0A1 = dXg, 0Co = dn1 + ? dXg N Aq (9.3.31)
T

leaves the action invariant. This is indeed the background gauge transformation for a 2-group. Second,

in the presence of a background the currents get modified toﬂ

iR? k 1
= — (dPg — — x (dPg A d =—*d .3.32
Ji 277( 0 A1)+47r*( 0 Aday), J2 5 *dai, (9.3.32)
and these satisfy modified conservation equations
k
d*J1+2—dA1/\*J2:O, dxJs =0, (9.3.33)
b

that are the correct conservation equations for a 2-group symmetry.

5For a U(1) p-form symmetry we use the convention that the current J,i1 is defined by x Jp11 =
Ap+1 is the background field.

- 0S8 h
—i+52— wher
Zé'Apl ere
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9.3.5 Abelian 2-groups in the broken phase

The unusual coupling to the background A; in , responsible for the 2-group structure of the
symmetry, is quite similar to the coupling responsible for a chiral anomaly, that we interpreted
in terms of symmetry fractionalization. Indeed we can give a similar interpretation here too. While
it is intuitively clear why symmetry fractionalization can induce a pure anomaly, and this fact has
been studied extensively [53| [54], the necessity of symmetry fractionalization to match higher-group
structures has not been much appreciated. There is indeed one important difference, namely the
nature of the symmetry used to fractionalize the U(1) O-form symmetry in question: it is a composite
symmetry [245].

In general, if we have two U(1) symmetries of degrees p and ¢ with currents Jp41 and Jy4q

respectively, if p 4+ ¢ > d — 1 we can construct a third U(1) symmetry simply because the current

Tprg-dt2 = * ((x Jps1) A (x Jg+1)) (9.3.34)

is automatically conserved. This symmetry is of degree p+q—d+ 1. In general, it is not a particularly
interesting symmetry because its consequences are already implied by the constituent symmetries.
However, it plays a role in our discussion. The IR theory of a 4d compact boson has an emergent
2-form symmetry: the winding symmetry of the scalar with current Js = —% * d®g. This is the

symmetry we used to fractionalize the 0-form symmetry in the case of the chiral anomaly. In this

1

5- * day, we

case, since we also have the magnetic 1-form symmetry of the photon with current Jy =
can construct

Ti =% ((xJ3) A (% J2)) = ﬁ * (dDg A dar) (9.3.35)

that generates a O-form symmetry. Using this symmetry to fractionalize the shift symmetry of the
compact boson, as described in Section we obtain precisely the non-canonical coupling in (|9.3.29)).

9.4 Boundary Chern—Simons-like terms

In this section we study bulk models obtained by adding terms without derivatives. These do not affect
the boundary terms in the variational principle and hence do not modify the boundary conditions.
Thus the dual theory couples minimally to the background fields, but it contains extra interactions,
typically Chern—Simons-like terms. Our main motivation here is to verify our conjecture in a case with
a non-invertible symmetry, the Q/Z chiral symmetry in four dimensions [28| 29] reviewed in Section
3.51'° and to provide a framework to study aspects of its spontaneous breaking. We also consider in
Section [9.4.1] a bulk 4d TQFT introduced in Section [8.2.2] which was argued to be related to 3d gauge
theories with Chern—Simons interactions. We use our formalism to establish a precise holographic

duality confirming this expectation.

9.4.1 Holographic dual to Maxwell-Chern—Simons theory

We consider the 4d TQFT studied in Section that has action

i ¢

Recall that the gauge-invariant operators include surfaces U, (7y2) = e Jp b2

genuine lines W, (71, D) = e Fa 21455 Ipy 2 that need an attached two-disk D4y bounded by ;. The

label o ~ a + 1 is circle valued, while n € Z.

and the generically non-

16See [116] for a recent proposal to recover the full U(1) chiral symmetry.
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We will be mostly interested in the case

_27T

=%

with  keZ. (9.4.2)

In this case the lines W, become genuine, and an interesting Lagrangian algebram is obtained by
taking all the genuine lines together with the surfaces U/, with | € Zg. Used in SymTFT, this
Lagrangian algebra describes the symmetry U (1)[0} X ZE: the first factor is a O-form symmetry, the
second factor is an anomalous 1-form symmetry (with coefficient 1), and there is a mixed anomaly
between the two.
We place the theory on a manifold with boundary, where we impose the boundary condition
i
k2e?

* (Al — .,41) = b2 . (943)

In order to have a good variational principle we must add the boundary term

k2e? 1 ik2e? ik2e?
Sy =———+ AlN*xAl = —— b Ax|b . 9.4.4
9 77 Jo, 1 AxAL= e /8X4< 2+ - *-Al) * ( 2 + - *A1> ( )

The gauge transformation dA; = dpy is restored by J.A; = dpy that makes (9.4.3)) invariant. The full

system is gauge invariant, provided that we also add a counterterm S. = ’ir—e; /. 9Xs A A Ay

We take the bulk to be the product of a three-dimensional ball Bs and the time circle S', so that
0X, = M3 = 52 x S'. Integrating out the time components Al bl we get delta functions imposing

dby =0, dA; 4+ 1by =0, (9.4.5)
that are solved introducing ®g and a; through

by =das, A =ddy— La. (9.4.6)

=

With this, the bulk path integral reduces to a boundary path integral with action

. 3 1 ~
S+ Sy+ Sct. = i Oray N (dq)o -z €L1> ANdt + —ay Nday +day A .,46 dt (9.4.7)
271' M3 2]{?
A T - L
—5 mdal/\dal—i—T(d@o—Al—ECLl)/\*(dq)o—Al—ECLl) .

Attempting to integrate out a1 to derive a covariant action for the scalar field, as we did in Section[9.2.],
results in a non-local action@ However, there is no problem in integrating out ®q from (9.4.7)) and
we obtain a local and covariant boundary theory with action

1 { 1
S=— da; Nxday + — a1 A\ day + —— da; N Ay . 9.4.8
2e /M3 ay A*day + A a1+ 5 o, B A (9.4.8)

This might seem like a U(1) gauge theory with an improperly quantized Chern—Simons level.
However we must be careful in identifying the correct U(1) gauge field, by considering the condensation

of the Lagrangian algebra that trivializes the bulk. This includes all genuine lines as well as k surfaces:

L:{ka:eikmfAl,Ul/k:e%be m e, leZk}. (9.4.9)

17A more natural Lagrangian algebra consists of all surfaces U,. Used in SymTFT it describes an exotic Z 1-form

symmetry with anomaly parametrized by ¢, while holographically we expect it to describe its breaking.
18 A similar (even though less transparent) problem would have arisen if we tried to obtain the boundary theory using

the second method described at the end of Section [0:21] i.e., by integrating out directly the whole bs: the latter does
not appear linearly in the bulk action.
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On the geometry that we are considering, condensing £ amounts to inserting the lines Wy, along the
time circle and summing over m, while the surfaces have no effect. The insertion of Wy, modifies the
path integral so as to impose that [ g2 ba = 2mkm for any two-sphere in B3 that surrounds the Wilson
line. This in particular includes the boundary spatial manifold. From the boundary theory viewpoint,
this is a topological sector of the path integral with flux

day

= km. (9.4.10)
S2 2

Hence the canonically normalized U(1) gauge field is a; = aj/k, in terms of which the boundary

theory has action

1

K K
= TEQ /M dai A\ *daq + ;L?n_ “ a1 Nday + il dai N\ Ay . (9411)
3 3

2T Ms

This is Maxwell-Chern—Simons theory at level k, coupled to a background field for the topological
U(1) symmetry acting on monopoles. More precisely, the background field for this symmetry is
Al = kA;, while A, is the background for a larger non-faithful U(1) symmetry obtained by extending
the topological symmetry with a trivially-acting ka

It should be noted that this example has a slightly different flavor than all other ones discussed
in this chapter. The UV symmetry is U (1)[0]

there are no Goldstone bosons in the IR since the photon is massive due to the Chern—Simons term.

X ZE, however only Z; is spontaneously broken, indeed
We consider this example has a warm up for the next one.

9.4.2 Spontaneously broken non-invertible Q/Z chiral symmetry

Consider now the non-invertible chiral symmetry in 4d reviewed in Section for which we estab-
lished the SymTFT in chapter

' k
S:Z/ (bg/\dAl—i—fz/\ng—i—Al/\fg/\f2>. (9.4.12)
21 Jx, a7
The gauge transformations are
k k
dA; =dpo, dbg =d& — — M AdA\i — — M A fa,
47 27
i . (9.4.13)
df2 =dAr, 6G2:d771—2—p0(f2+d/\1)——)\1/\A1.
s 27
As shown in chapter [§] the gauge-invariant genuine topological defects are:
Waln) =™t Uy (qa) = e ™ 497 (3 ),
, ha s (9.4.14)
Vale) =Pl To(ne) = €™ P L (12 AL fo)

Here n,m € Z and « € R/Z, while p/q € Q with ged(p,q) = 1 and p ~ p + kq so that the label
p/kq € Q/Z. Then Zyy(v2; A1, f2) denotes a pure 2d Zg, gauge theory on 72, whose 0-form and
1-form symmetries are coupled, respectively, to A; and fo. Similarly, A?P(vs; f2) is the minimal
Abelian TQFT with Z, 1-form symmetry and anomaly labeled by p introduced in [111], whose 1-form
symmetry is coupled to fs. Stacking these TQFT's is necessary in order to make the operators gauge

invariant and topological. The theories A?P are nontrivial for any ¢ # 1, so that only a Zj subgroup

19The reason why we got this coupling is that the TQFT we started with describes this larger symmetry, implemented
by the operators e put the subgroup Zj was condensed in the bulk, and acts trivially in the boundary theory. As
discussed in Section @ we did not explicitly introduce a background for the Z; 1-form symmetry.
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of the operators U 2 (those with ¢ = 1) are invertible, while all other ones obey non-invertible fusion
°q
rules. Similarly, 7., are non-invertible. In the SymTFT approach it is natural to choose topological

boundary conditions associated with the Lagrangian algebra
c={Wo. T ‘ nm ez}, (9.4.15)

The remaining operators U 2 (7v3) and V,(72) implement the non-invertible symmetry and the magnetic
1-form symmetry, respectively.

Continuing with the approach we have followed so far, we want to consider a theory of gravity
based on (9.4.12)) with the condensation of £ in the bulk. We place this theory on a manifold X5 with
a boundary and impose the non-topological boundary conditions

i

*Al = _ﬁ

by +* Ar | *GQZ—g fotxGo. (9.4.16)

We need to add a boundary term:

1 1
Sy = —/ by ANxby — — foAN*fo. (9.4.17
47TR2 8X5 462 8Xs5 )

As before we would like to assign gauge transformation rules to the boundary fields A, Gy in order
to restore some of the gauge transformations on the boundary, corresponding to the symmetries that
become global there. However, while we can restore 6Go = dn; by transforming dGo, = dn;, the
gauge transformation dA; = dpg cannot be restored. Indeed, while the first eqn. in could
be made gauge invariant by prescribing that §A; = dpg, the second one would not be invariant
because Go transforms as G = —%po f2. This term cannot be reabsorbed by modifying the gauge
transformations of Go, since fs is a dynamical field. Thus the only way to make the boundary conditions
gauge invariant is to freeze the boundary value of pg, as those of A\; and &s.

To get the boundary theory, as before, we integrate out the time components imposing
e o~ — E ~ ~ -~ ko~ ~
dA; =0, dfo =0, db3+rf2Af2:0, dGQ—i—?Al/\fQ:O, (9.4.18)
7r s
which are solved by
. . - k . - . k .
Ay = ddy, fo=day, by = dwy — E a1 Nday , Gy = dCy — % ®g day . (9.4.19)

The total action reduces to a boundary theory with action:

5= o [ (e o ndn) £ i~ At (40~ & @0 A A
— ;(RQ <d~<I>0 — .Zh) A * (CZ(I)O - ;h) + %(Ju& - ﬁal /\Jal) Ax (CZWQ N ﬁal A cicu))
+day AGE A dt A+ % @ day A dcu} (9.4.20)

where M4 = 0X5. We can then integrate out both ws and Cy obtaining

R? 1 ik i
= — (dPg— ddg— —d d —®gd d —d . 4.21
S » |:47I‘ ( 0 .Al)/\*( 0 A1)+4€2 a1 /\* a1+8ﬂ_2 o aai N\ a1+2ﬂ_ ai /\g2:| (9 )

As in the cases of the Abelian 2-group and of Maxwell-Chern—Simons theory, gauging the Lagrangian
algebra introduces fluxes for a; turning it into a standard U(1) gauge field. The theory in ({9.4.21))
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describes a compact boson @y and a photon a; interacting via an axion coupling. This is called axion-
Maxwell theory, and the full structure of its symmetries (including some emergent ones) has been
studied in great detail in [221]. From the discovery of the non-invertible chiral symmetry, it has been
suspected that axion-Maxwell theory universally describes its symmetry breaking [29, 221, 246]@
Our result confirms that. Notably, this is the first interacting boundary theory we found among the
examples considered so far.

Some comments on the coupling to the background fields are in order. As we already noticed
after , there is no sensible gauge transformation rules that we could assign to A; and Go
to make the boundary condition invariant under dA; = dpg, hence we needed to freeze it. In the
action , A1 should not be thought of as the background field for the 0-form non-invertible
symmetry, but rather just as an external source that couples with the operator Jl(A). This is enough
for holography, but it might seem a bit unsatisfactory from a symmetry viewpoint. However, this is
really the hallmark of the non-invertible nature of the symmetry: ordinary background gauge fields
seem not to exist, and they are effectively replaced by boundary values of dynamical fields in one
dimension higher [2]. The underlying reason is that non-invertible symmetries map untwisted sectors
to twisted sectors, hence the gauge transformations of a background gauge field necessarily involve an
interplay among backgrounds that do not exist simultaneously in the theory, but only in the SymTFT
(or in holography) where all global variants are on the same footing. This is the reason why SymTFT

is the main tool for discussing anomalies [3, 43-45].

9.5 Non-Abelian Goldstone bosons

A very interesting class of examples are those of spontaneously broken non-Abelian symmetries. In
these cases the boundary EFTs that we derive are interacting and generically non-renormalizable.
In the 2d/3d case we will be able to recover and somewhat generalize the CS/WZW correspondence
outside of the conformal point, while in higher dimensions we will obtain the pion Lagrangian on the
boundary. We start with the non-Abelian generalization of the theories considered in Section 0.2 and
then add an anomaly term, which corresponds to WZW terms in various dimensions. Finally we show

how our setup is able to produce an EFT for spontaneously broken non-Abelian 2-group symmetries.

9.5.1 Holographic dual to the pion Lagrangian

Let G be a connected and compact Lie group (with Lie algebra g). As discussed in Section the
SymTFT for a non-Abelian 0-form symmetry G in d dimensions is the TQFT with action@
i
27

Tr(bg—1 A F2), (9.5.1)
Xat1
where Fy = dA; 4+ iA; A Ay is the field strength of a G connection A; while by_1 is a g-valued
(d — 1)-form.

We use the following non-topological boundary condition and boundary term on My = 0X4y1:

1

* (AL — Ay) =—%bd_1, So= 12

/ Tr(bg—1 A *bg—1) . (9.5.2)
Mgy

20For instance, the 4d CP* non-linear sigma model enjoys a Q/Z non-invertible symmetry [247] and it was argued in

[246] that its breaking leads to axion-Maxwell theory.
“*For d = 3 this theory was first considered by Horowitz [83]. Curiously, the motivation was to view it as an exactly

solvable theory of gravity.
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We can recover the gauge transformations on the boundary by assigning the transformation rule
Ap = AAJA™Y 4+ idAA™! so that A; is interpreted as a background field for a global symmetry G@
We can proceed with the usual steps to derive the dual boundary theory. Taking the spacetime to be

Xg41 = By x S1, the path integral over time components imposes
Fr,=0, Djbg1=0. (9.5.3)
The first equation can be solved in terms of a G-valued scalar field U as

A =idUU". (9.5.4)

To solve the second one, since the covariant derivative with respect to a flat connection squares to

zero (i.e., it becomes a differential), we set
by_1 = Dwy_o (9.5.5)

where wg_s is a g-valued (d—2)-form, and D denotes the covariant derivative with respect to i dU U1,
By plugging these back, the theory reduces to a boundary action:

S = (—1)d% /M Tr [mdg A (z QUU — AB)dt} (9.5.6)
d

1 1 ~ ~ ~ ~ ~ ~

+— [ Tr| = DwsoAxDwy s+ f2 <z AUUt - ,41) A (z Ut — Al) .
47T My fﬂ.

One important difference with respect to the Abelian case is that U and wy_o do not appear symmet-

rically. While U appears in a complicated way, the action is still quadratic in wq_o that can thus be

integrated out using its equation of motion
= L gt D~ =
D(@tU Ul Z.AO> Nt~y Dx Detsp = 0. (9.5.7)
s
Eliminating a zero-mode as in the Abelian case, we can use this equation to determine ﬁwd,g, and

we find the manifestly covariant form of the boundary theory:
f2
szﬂ/ T&r[(z‘dUU‘l—fh) /\*(idUU‘l—fh)]. (9.5.8)
47 My

This describes a sigma model with target G, coupled to a background field A; for the symmetry G
that acts as U — gU with g € G. The sigma model is a non-renormalizable theory that provides
the leading universal term in an expansion in number of derivatives (in 4d this is chiral perturbation

theory), describing the EFT of any theory with spontaneously broken symmetry G [230, [231].

9.5.2 Non-Abelian chiral anomaly
For any even d we can add a Chern—Simons term to the bulk theory (9.5.1) ﬁ

i/ﬁ}d k
Sog = —2 Tr(CSyi1(A41)), g = ,
CS o X ( d+l( 1)) d (27()%_1(% i 1)!

ke, (9.5.9)

22Differently from the Abelian case, here we cannot turn on another background to rescue the other gauge symmetry
as well. The reason is that the gauge transformation (8.5.3) of bs—1 cannot be reabsorbed in the boundary condition
by replacing bg—1 with bg—1 — B4g—1 and assigning a transformation rule to B4—;. Indeed, this transformation would

necessarily involve the dynamical field A;, instead of the background A;.
Z3Here we assume G to be simple and simply connected.
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that describes the presence of a perturbative anomaly for GG. In this case, differently from the Abelian
one, anomaly matching requires a WZW term in the spontaneously broken phase [238]. We want to
show that this fact is implied by our conjecture. We also consider the case of d = 2 where, strictly
speaking, our conjecture does not apply because there is no spontaneous breaking of a continuous

symmetry in two dimensions.

Two dimensions

In the case of d = 2, we use the boundary condition

) k
* (A1 —Ap) = —# <b1 + §(A1 - .A1)> (9.5.10)
that is gauge invariant under A; — AA AT +idAA~Y, A — AAA + idAA™Y, and add the

boundary term

Sa:_47r1f72 /6X3 Tr[(b1+’§A1) A*(b1+’§A1)] (9.5.11)

to make the variational principle well defined.
As a preliminary consistency check, we compute the gauge variation. The total gauge-transformed

action differs by

A(S+ Sy + Sey) = % /8X Tr(A; AdAT1dA) + % /X Tr((iA'dA)?) (9.5.12)
3 3

from the original one@ Upon expanding A = 1 + A\¢ and retaining only the linear order in )y, this

reduces to the usual form of the consistent anomaly:

5(S+Sp+ Sei.) = % /aX Tr(Ay AdidXo) - (9.5.13)
3

One can proceed in determining the dual boundary theory similarly to the non-anomalous case.
Since the boundary condition is essentially the same (simply written in a different parametrization),

the only difference is the bulk Chern—Simons term which gives rise to a WZW term in the boundary

theory:
S = ff%/ T&«[(i AUU — M) Ax(idUU — Al)} LS Tr[(iU‘ldU)S}
ik . 1
) [Al NidUU } : (9.5.14)

We notice that there is also a non-standard coupling to the background field, that in our approach arises
because of the boundary conditions, similarly to the Abelian case. Differently from that case, however,
in a purely field theoretic analysis this is not interpreted as a coupling to a diagonal symmetry (since
a winding symmetry is absent here), but rather it arises from the standard trial-and-error procedure
to couple the G symmetry to a background in the presence of the WZW term, similarly to the 4d
analysis in [238].

For generic values of f2 the theory is not conformally invariant at the quantum level. However
choosing f2 = % the theory has a conserved holomorphic current which generates a Kac—Moody
symmetry algebra, and it displays conformal invariance [248]. In this case we recover a form of the
CS/WZW correspondence, which is more general on one side, being valid even outside of the conformal
point, but less general on the other side, since in the conformal case it automatically produces the full
physical WZW model instead of its chiral halves.

k2

24Here Sc_t, = Fﬁ

/ Tr (.A1 A *A1) is a counterterm we add to simplify the final result.
0X5
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Four dimensions

In the case of d = 4, the 5d Chern—Simons term is
31 3
Tr(CS5(A1)) = Tr <A1 A (dAp)? + 5’ A3 NdA; — 5A§>> : (9.5.15)

As one might suspect already from the Abelian case, in order to obtain a gauge-invariant boundary
condition with a consistent variational principle we need to introduce extra terms in the boundary
condition that mix background and dynamical fields. We use the same iterative procedure discussed
in Appendix [D] for the Abelian anomaly, even though the computations are clearly more tedious here.
We find the following solution. The boundary condition is
ikg (1 i 3 i
*(A1—A)— = |z (AF+FAl) — A = —— Q 9.5.16
(A 1) f§<2(12+21)21> fﬁd ( )
where F3 is the field strength of A; while

. 3 1
Q3 = bg + Ky <F2 (A1 — .Al) + (A1 — Al)F — %((Al — _,41)3 + _A1> + §(A1f2 —|—}—2A1)> (9.5.17)

and the boundary term is

1
Sp=— 5 Tr(Q3 A *Q?)) + Stop + Set. s
Amf Jox; (9.5.18)
ks 1 1 i i o
op = — Tr|= F Aj+-A1 Fb AL —-A A — A .
Stop QW/5)X5 r[2 2 Ay 1+2A1 R 1 A1 1A1+2 1«41]
The counterterm Sc. is used to simplify the final expression, and it is convenient to choose it as
2 1
Ser = —A / Tr [¢(A1> Am(Al)} . B(A) = 7<A1 AdAy +dA A A; + mi’) . (9.5.19)
47Tf7r 0X5 2

The boundary condition is gauge invariant under the transformation A; — AA; A" + idA AL,
Ay — AA;A! +idA A~ and one can compute the total gauge variation

A(S+Sp) = _% e [(iA‘ldA) A (A1) + %(Al AiAT1dA)? - %(z‘A‘ldA)g A Al]
5
B 1Ky =1 5
2or f [(iA7"an)®]. (9.5.20)

Expanding U = 1 + Ag to linear order, we recover the usual form of the consistent anomaly in four
dimensions:

5(S + Sp) = / T fiddo A (A1 A diy +ds A Ay +iA7) ] (9.5.21)

4871'2 X5

We can then proceed, as before, with the reduction of the action on the boundary. We find

N — 1 ik / 1S
= /M4Tr[<szU Ar) nx (idU U™ = A ) | = 3355 | Uav)
+ 1162/ T‘r|:idU U A <A1 ANFo+ FoNA — A?)] (9.5.22)
4871 My

k 1

+ / Tr|=idUU A A AddU U A Ay — (idU U A A
4872 J 2

Turning off the background gauge field A; we recognize a non-linear sigma model with target space

G with a properly normalized WZW term, that describes the dynamics of Goldstone bosons. The

coupling to the background A; is completely fixed by the requirement of a gauge-invariant boundary

condition, and correctly captures the anomaly of the non-linearly realized G symmetry.
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9.5.3 Non-Abelian 2-group symmetries

In 4d one can have 2-group symmetries whose 0-form part is a non-Abelian group G, while the 1-form
part is U(1). These symmetry structures arise, e.g., if one starts from a theory with a 0-form symmetry
group U(1) x G with an 't Hooft anomaly that is linear in U(1) and quadratic in G:

ik

Sinflow = @

0;
/X dVi A Tr (Al A dA; + gz A?) , (9.5.23)
5

and then gauges the U(1) symmetry [16]. The 1-form symmetry involved in the 2-group is the magnetic
symmetry of the gauged U(1).

The SymTFT for this non-Abelian 2-group symmetry can be derived using the dynamical gauging
procedure described in Section Indeed one starts from the SymTFT for the U(1) x G 0-form
symmetry:

: k: 9
S = i /X [93 AdVy + Tr(bs A Fy) + = dVi A Tr<A1 NdAy + ;A‘{D] (9.5.24)
5

where g3 and V] are an R and a U(1) gauge field, respectively, bs is g-valued and A; is a G connection
(Fy is its field strength). Then one applies the map introduced in Section that implements the
dynamical gauging of U(1) on the boundary from the viewpoint of the SymTFT. Recall that the net
effect is the replacement dV) — he, g3 — dCs, thus the resulting SymTFT has action

7 k 21
S =— ho AdCh + Tr(bs A Fy) + — ho ATr( A1 AdA; + =—A3) | . 9.5.25
27T/X5[2 2+ r(3 2)—|—47T 2 r(l 1+3 1)] ( )
The gauge transformations areﬂ
ho — ho + d&7, A — AAlA_l + idA AT ,
k k L ik (9.5.27)
b3 —> b3 — —& Ny, CQ'—>CQ+dT]1—fTr(A1/\ZA dA)—i-fTr@Q,
47 4 o6m

where O, is a locally defined real 2-form with the property that Tr((iAfldA)?’) =dTrOs.
Again, we can use an iterative procedure to determine a set of gauge-invariant boundary conditions
together with a boundary term that provide a good variation principle. The boundary conditions are

ie2

k k
(b3+4n(Al_Al))’ *hQ:W(CQ—CQ—MTr(Al/\Al)> (9.5.28)

*(Al —./41) = —é

while the boundary term is

) k
Sy = —% ox ha A (Cz — E Tl“(.Al VAN Al))
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k k
2 /ax5 <02 LS T A1)> Ax (02 ~Eman A1)> (9.5.29)

_ Z;m/a& Tr[<bg+ ﬁ(Al —A1)> A*<b3+4]jr(Al —Al))}

The boundary condition becomes gauge invariant by assigning the following transformations to the

backgrounds A; and Cs:

ik ik
Ay = AGAT +idAATY, Co Co+diy — jT Tr(A; AATTA) + % TrO,. (9.5.30)
T T
25Recall that the variation of the three-dimensional Chern—Simons term is:
Tr(CS5(A1)) + Tr(CS3(A1)) +dTe(Ay AA~1dA) — %'Tr((m*cm)i’) : (9.5.26)
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These reproduce the background gauge transformation of |16] for a non-Abelian 2-group symmetry

upon expanding U = 1 + Ag at first order:
ik
0A] = iDAl)\Q R 6Co = dmy — % TI'(.Al VAN d)\()) . (9.5.31)
T

It is also easy to see that the whole bulk-boundary system is gauge invariant under transformations
of A1 and C5 provided we add a counterterm S = % faX5 Co N xCs.
We can apply our usual machinery to get the dual boundary theory. We obtain a G-valued scalar

field U from A, and a Maxwell field a; from hsy, with the following boundary action:

_ f72r . —1 . -1 1
S—M//\MTr[(szU — ) A (iU U - Ay) +462/M4da1/\*da1
k rr—1 3

+ i " dai A Tr[.Al N iUﬁldU] + i s Co Ndag .
In the first line we recognize a non-linear sigma model with target space G and a Maxwell theory. The
last line describes the coupling to the background field Cs for the magnetic U(1) 1-form symmetry, as
well as a nonstandard coupling to the background A; for the symmetry G, similar to the one arising
in the Abelian case in Section[9.3.4] The most interesting new thing here is the term in the second line
that describes a coupling between the photon and the pions. This is a linear coupling of the photon to
the current of a topological symmetry that exists in any sigma model with target G. According to our
conjecture, this model is the universal EFT that describes the IR of any theory with a spontaneously
broken non-Abelian 2-group symmetry. To the best of our knowledge, this universal EFT was not
derived elsewhere.

Some comments on the extra Wess—Zumino-like coupling are in order. First, in any RG flow that
breaks the 2-group spontaneously, this coupling must be generated as a consequence of the 2-group
matching. In a sense, it is similar to the presence of the WZW term in the EFT of a spontaneously
broken anomalous non-Abelian symmetry. Quite like that term, it breaks a symmetry of the EFT that
would be there if £ = 0. Indeed, for k& = 0 the theory is separately invariant under four Zs symmetries:
parity Pp: x; — —x; for ¢ = 1,2, 3; photon charge conjugation C: a; — —ap; non-Abelian charge
conjugation@ Co: U + UT; pion number mod-2 (—1)V=: U + U~!. All these four symmetries are
violated by the photon-pion coupling, but the product of any two of them is preserved. Therefore the
discrete symmetry for k # 0 is (Z2)? generated by

P=F (—1)N7r , cC=0 CQ, 5 = (—1)N’T . (9.5.33)

The photon-pion coupling allows, for instance, a process involving three pions and one photon, which
would have been forbidden otherwise. We summarize the various symmetry actions and charges in
Table [0.11

Second, the 2-group symmetry we started with could suffer from a perturbative cubic chiral
anomaly for G as well. This would be described by the addition of a 5d Chern—Simons term (9.5.15|) to
the bulk action in , and would result in an extra WZW term Swzw = —ﬁfxs Tr [(iU*IdU)ﬂ
in the 4d boundary action E This term would further break the discrete symmetry of the
EFT to (Z2)? generated by P and C, as it is clear from Table

26The reason for this name will be clear in the upcoming discussion of U(N) QCD.
2"We did not work out the detailed form of the coupling to the background fields.
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Definition | @ | ay Tr| (U a)’] | Tr[ (Ut av)?]
Py Ti = — X -1 -1 -1
1 a1 — —ai 1 -1 1
Cy U UT 1 ~1 1
(-)N= || U~ U 1 -1 -1

Table 9.1: The four Zs symmetries, and the corresponding phases acquired by the coordinates,
the photon-pion coupling term, and the standard WZW term, respectively. Notice that while
Tr[(iU~'dU)?] is invariant under U ~— U, the term Tr[(iU 'dU)?] changes sign.

An application: U(IN) QCD. Let us present a concrete application of the effective action .
Consider a 4d gauge theory with U (V) gauge group and Ny flavors of massless Dirac fermions, so that
there is a chiral symmetry SU(Ny)r, x SU(Ny)g. It can be obtained by gauging the baryon number
symmetry U(1)p in ordinary SU(N) QCD, hence it contains an Abelian gauge field A, on top of
the non-Abelian gauge fields. Being weakly coupled at low energy, A, is not expected to drastically
modify the strong coupling dynamics of the non-Abelian sector. Hence for Ny small enough, the quark

bilinear takes VEV and spontaneously breaks the chiral symmetry{z_g]
SU(Ny)L x SUWNp)r — SU(Ny)v (9.5.34)

producing at low energy massless pions that interact as a non-linear sigma model with target space
SU(Ny). The pions are neutral under the non-Abelian gauge symmetry SU(/N), whose gluons are
confined. However the Abelian gauge field A, remains even in the deep IR and there is no reason why
it should be decoupled from the non-linear sigma model. Indeed, while the pion fields themselves are
neutral under U(1), being bound states of quarks it is a priori unclear whether there is a low-energy
remnant of the quark-photon interaction.

We can answer this question using our result, and showing that the photon is not decoupled.
Indeed there is a U(1) magnetic 1-form symmetry from the Abelian gauge field (that is its Goldstone
boson), which forms a non-trivial 2-group with SU(Ny)r, (and also with SU(N¢)g, but we can just
focus on one of the two). To see this, we notice that there is a triangle anomaly U (1)-SU(N)7 whose

anomaly polynomial is

N
Puy-suwy = gz GANTH(FAT), (9.5.35)

where F = dG +iG A G is the field strength of the background field G for SU(N f) 1. The coeflicient
N comes because all left-moving fermions have charge 1 under U(1) and are in the fundamental
representation of the non-Abelian gauge symmetry SU(N). By comparison with we read off
that the U(1) 1-form symmetry and SU(Ny)r, form a 2-group with & = N. Because of chiral symmetry
breaking and spontaneous breaking of the 1-form symmetry, the 2-groups is fully broken and, from
our result above, the low-energy EFT describing pions and photon is , plus the standard WZW

#8Notice that the usual argument [12] based on ’t Hooft anomaly matching in SU(N) QCD is also valid here, hence

we do not really need to make the assumption that the photon does not affect chiral symmetry breaking.

267



term (also with coefficient V) for the pions due to the cubic SU(Ny)r, anomaly@

2
Sim = 1 THUMUUJJA*@ﬂYUlﬂ—%12/ dA A xdA
41 My 4e My (9 5 36)
N rr—1 3 N rr—1 5 o
+2M2[;;4AT%@U dU)}—24h24%Tﬂ@U av)’|.

Thus, while the pions themselves are uncharged under the U(1) gauge group, the photon A is coupled
with an effective current

N R 3
Jp =5+ Tr| (iU71dU)°. (9.5.37)

This current is conserved, and in the absence of the pion-photon interaction it generate a global
U(1) symmetry of the sigma model: the topological symmetry due to the non-trivial homotopy group

3 (SU(Nf)) = 7Z. The integral of x Jp gives indeed the winding number:

u&A49::—2£ﬁ2[;3TT“ﬂ]1dU)ﬂ €. (9.5.38)

In the U(N) theory, configurations with nontrivial winding have a U(1) gauge charge. These config-
urations are Skyrmions: solitonic objects which, in the SU(N) theory, are identified with the baryons
[238, 250]. This is confirmed by our finding: the U(N) theory is obtained from ordinary SU(N) QCD
by gauging the baryon number symmetry, hence the baryons are no longer gauge invariant, but rather
are coupled with A.

We can make this more precise as follows. In the absence of the photon-pion coupling, the operators
charged under the topological U(1) symmetry are local operators By(z) defined as disorder operators
which impose that

w(S?) =qeZ (9.5.39)

on a 3-sphere S? that links with z. Similarly to the monopole operator in Chern—Simons theory, B, ()
gets a gauge charge Nq due to the coupling with the photon.

Also, in the absence of the 2-group structure, the low-energy effective theory would have an
emergent electric U(1) 1-form symmetry shifting A — A + A (with the periods of A in the interval
[0, 27]) and acting on the Wilson lines W, () = ¢ 54 Because of the photon-pion coupling, however,
only a Zy C U(1) subgroup of this 1-form symmetry emerges. Indeed using the quantization ,
shifting A — A 4+ X leaves the exponentiated action invariant only if the periods of A are multiples of
QW”. An equivalent way to see this is that the Wilson line W,,— can terminate on the Baryon operator
Bi(x). Notice that the microscopic theory does not have this Zx 1-form symmetry, because the quarks
have unit charge under the gauged U(1)5. The emergence of Zx has a clear interpretation: the quarks
are confined and the only dynamical particles charged under U(1)p at low energy are baryons, with
charges multiple of N.

As a final comment, notice that among the three Zs symmetries P, C, C defined in that
are preserved by the photon-pion coupling, only P and C are preserved also by the standard WZW
term, while C is explicitly broken (see Table . This has to do with the fact that in U(N) QCD,
Co: U — UT is the low-energy remnant of the non-Abelian charge conjugation that, in the UV, also
acts on the SU(N) gauge bosons, confined in the IR. In the U(N) theory this charge conjugation is

299-group structures in sigma models arising in the IR of QCD-like theories have been recently considered also in
[249]. The IR there, however, is purely scalar, and the 2-group is not fully spontaneously broken (the 1-form symmetry
is preserved). The interaction responsible for the 2-group is not a photon-pion coupling, but rather a coupling between
pions parametrizing two different target spaces. Indeed the UV model studied in [249] can be obtained from U(N) QCD
by adding scalars charged under U(1)p that Higgs the Abelian gauge field.
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not independent from the Abelian charge conjugation C acting on the photon, since the fermions are
in the fundamental representation of both. Hence, only the product C' = C1Cs is a symmetry of the

theory.
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Appendix A

Gauging in fusion categories

In this appendix we briefly review well known material about gauging in fusion categories and modular
tensor categories (possibly extended by a O-form symmetry). A complete review of the underlying

formalism can be found for instance in [50] and [77], respectively.

A.1 Gauging and algebras

Gauging a generalized symmetry in two dimensions corresponds to the definition of a special symmetric
Frobenius algebra A C C. This is described by a triplet:

A= (A, m,n), m € Hom(A x A, A) , n € Hom(1, A) , (A.1.1)

where A = @, Zi(A) z; is an object in C, and we define Z;(A) = dim(Hom(A, z;)). We use z; to
denote the simple objects in C. The maps m; are projectors 7; : A — x; onto the simple components of
A and can be used to recast the commuting diagrams below as tensor-valued expressions. The algebra
morphism m trivializes the associator: mo (m x id4) = mo (id4 x m). Furthermore mon =id4. We

will henceforth suppress 7 for simplicity. The algebra also has a dual structure
(A7), A € Hom(A, A x A) , 7 € Hom(A, 1) (A.1.2)

satisfying m o A = 7o A = idy. Furthermore A and m satisfy the so-called Frobenius condition,
namely that the following diagram commutes, ensuring that crossing moves from any direction can be
performed safely:

Axid g

Ax A AxAx A

J/id_AXA\’A A JidAXm (A13)

A
Ax Ax A ’”Xid*‘\’AxA

In three dimensions an algebra must satisfy an additional condition which ensures that it is compatible

with the braided structure:

Ax A -2 AxA
X‘ m (A.1.4)
A

Such an algebra is called commutative. The gauging of a symmetry A is implemented by inserting a
network of A defects with morphisms m and A at three-valent junctions, along a graph that is dual
to a triangulation of the spacetime manifold.

To understand the symmetry of the theory after gauging we must introduce the concept of modules.

First, let us introduce the category of (left) A-modules Mod 4. Its elements are doublets (M, rz) with
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M an object an r;, € Hom(A x M, M) a morphism allowing the algebra object to end on M. The

morphism ry, must satisfy a natural compatibility condition:

AXx Ax M —E25 Ax M
|m e (A.1.5)

Ax M —2—— M

This equation allows us to interpret rz, as a sort of representation of the algebra A on M. Physically
the category Mod 4 describes an A-invariant boundary condition. In two dimensions the category
describing the symmetry after gauging A is the bimodule category Bimod 44 of A-bimodules. A
bimodule (B,rr,rr) is both a left and a right module for A, such that the left and right actions

commute:

AxBxA—2s Bx A
l”'R lTR (A.l.ﬁ)

AxB —"*— B

In three dimensions, instead, the category describing the symmetry after gauging A is that of local
modules ModiﬁC of the commutative algebra A. These are modules which are compatible with braiding

with A. In particular, given a left-module morphism 7y, we define the right morphism rp as
TRZTLOb (A.1.7)

with the consistency condition:
Ax M 22ty Ax M

o (A.1.8)
\ ]‘\5

This implements the intuition that the objects remaining after gauging A must braid trivially with

A. Tt is known that the dimension of the category of local modules is

dim (Mod'ye) = Jm(C)

~ dim(A) ’ dim(A) = ) Zi(A)dim(z;) . (A.19)

z; simple
Since the dimension of a fusion category must be > 1, there is a notion of maximality in gauging

commutative algebras, which implies that
dim(A) < dim(C) . (A.1.10)

When the inequality is saturated the algebra A is called Lagrangian and is denoted by the letter L.
There exist standard techniques to construct the category of modules, which employ the fact that

the formal tensor product Ind4(x;) = A X x; gives a (reducible) left A-module. Such modules are

called “induced” and the construction of Mod 4 boils down to the decomposition of induced modules.

The interested reader can consult |50, |152] for a review of these techniques.

A.2 Theories with a 0-form symmetry

Let us also recall some facts about 3d theories enriched with a 0-form symmetry G. These are the
so-called G-crossed extensions and we refer to [77] for a complete review. A G-crossed extension is

described by a graded tensor category

c=Pe, (A.2.1)

geqG
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with C, the g-twisted sector of the O-form symmetry. This can be thought of as a 2-category »C
m0(2C)| = 1, in which the twist defects provide a basis for the

homomorphisms o, € Hom(Uy, 1). We use z; to denote simple objects in the untwisted sector, o4 ;

with a single connected component,

to denote simple twist defects, and X, to denote generic twist defects. The fusion product on twist
defects is graded:
Cg x Cp, C Cgh . (A.2.2)

The 0-form symmetry naturally acts on the defects in C via an automorphism U of the fusion algebra:

we write Uy[X}p,] = g(X) 1€C . In the following we will restrict to Abelian 0-form symmetries

ghg~ ghg—!

G. The symmetry then acts on the junction spaces V((gg?)’]gl i) by (unitary) isomorphisms
. 1/(9192,k) (9192,9(k))
Uy : V(gl,i),(gz,j) - V(gl,g(i))v(gz,g(j)) ’ (A.2.3)

while the G composition law is encoded in a morphism
Aei(9,h) = g(h(z:)) = ghla) . (A.2.4)

The category comes with graded associator a and braiding isomorphism b : Xy x Y3 — g(Y), x X,
satisfying G-crossed versions of the pentagon and hexagon equations. The number of simple objects
04, in the g-twisted sector is equal to the number of g-invariant local lines x; € Cy, such that g(z;) = ;.
This follows from modularity of the Hilbert space on T? with G backgrounds. The dimension of each
graded category C, is the same, thus:

dim(C,) = dim(Cy) , dim(C) = |G|dim(Cp) . (A.2.5)

A.3 Gauging and equivariantization

There are two natural operations that can be introduced in this setting. The first one is gauging the
O-form symmetry G (or a subgroup thereof). This leads to a larger modular tensor category C/G
which has dimension:

dim(C/G) = |G|dim(C) . (A.3.1)

The category C/G has an anomaly-free 1-form symmetry Rep(G) = GV that assigns charges € G to
the liberated g-twisted sectors. The category after gauging is thus still graded by this charge:

C/G = @QEGDQ : (A.3.2)

The way in which simple objects of C/G are constructed is familiar from the theory of orbifolds. A

simple object o,4; before gauging is equivariantized into an orbit ¥, ; after gauging:

Sei= P hlog) (A.3.3)

h e G/Stab(og,:)

where Stab(X) = {g € G : g(X) = X} is the stabilizer group of X. The object ¥ ; can furthermore

™

be dressed by symmetry lines carrying a representation = of Stab(o,;). We thus get the lines DIUN

whose number is ‘Stab(ag,i)}.

The second operation is gauging an algebra A C Cy. Let H C G be the stabilizer of A, namely
H={geG:g(A) = A}. We say that A preserves a subgroup H of the 0-form symmetry. In
order to fully specify an H-invariant algebra, we must also associate a consistent H-action to the data

(m, n). This constitutes an equivariantization of A and it is generally not unique nor it is guaranteed
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Figure A.1: Action of G on A, both abstractly (left) and in components (right).

to exist. The required conditions are simple to summarize. First, we require the stabilizer H to leave

the algebra morphism fixed:

9(2) 2 e flg(2)
=m U _— forall g € H. A34
9(x),9(y) vy Uslzy 1o () 119 (y) 9 ( )

In order to write this equation in components, one needs to define the projectors 7, : A — x and the

maps 7jg(x) that represent the action of H on the projectors:
T, = Tg (i) Tg(zy) - (A.3.5)
Furthermore, the maps 7,(2) must compose nicely under the H action:

Mg(xi) i (9(w:)) = 7gn (@) A, (9, h) (A.3.6)

where the morphisms A;(g, h) are the ones we defined in (A.2.4).

A solution to the equations f is not guaranteed to exist, and its existence is tied to
the splitting of a certain short exact sequence [146]. Even if a solution exists, it must be modded out
by the appropriate gauge transformations. Suppose that Hom(.A4, z;) is at most one-dimensional, then
flg is a 1-cochain and we can redefine

Ry = i) 7, i) o) “000)
Once this is settled, gauging A preserves the subgroup H of the O-form symmetry. The resulting
category is: C/A = @,c;y Ch/ A, and each entry has dimension dim(Cy/.A) = dim(Co)/dim(A).

Lastly, let us describe the objects of the twisted category C/.A. Since A has trivial grading, it is

(A.3.7)

possible to define twisted module categories Mod? in terms of doublets (M, rz) where M, € C4 and
rr, is a left map rp : A x My — M,. The interesting part of the construction involves making these
modules local. In particular, the braiding map b : My x A — A x M, induces a nontrivial action of g

on the module morphism 77, that in components maps

ro(xi) = 7g(zi) rr(g(xi)) (A.3.8)

as in the pictures of Figure[A.I] The local bimodule condition is encoded in the following commutative
diagram:
Ax My —"— My x A —"— g(A) x M,

"L lg(rL) (A39)
My
or, in components,
rr(xi) = Ng(wi) Ry M, - Ry, -rL(g(xi)) . (A.3.10)

Thus the specification of 77 influences the structure of the H-twisted sectors after gauging A.
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Appendix B

Some technical results about

Lagrangian algebra in DW theories

B.1 Lagrangian algebras for DW theories

Here we prove that any Lagrangian algebra of DW(A) is of the form
Loy = { (b 50,(0) ‘ beB, e N(B)} (B.1.1)

for some subgroup B C A and a class [v] € H?(B,U(1)), and that the associated boundary condition
corresponds to a theory obtained from the electric boundary by gauging B with discrete torsion [v].

We denote by 74 : A x AV — A and mav : A x AV — AV the projections on the two factors. Let
L C A x AY be Lagrangian. We define a subgroup of A

B=my(L) CA. (B.1.2)

Notice that (B,0) is not necessarily a subgroup of £. On the other hand, any element of the form
(0,8) with 8 € N(B) has trivial braiding with any element of £, and since £ is maximal, it follows
that (0, N(B)) is a subgroup of £ and thus N(B) C mav(£). Using the short exact sequence

1— NB) —AY —BY — 1 (B.1.3)

we realize any element of AV, and in particular of mav(£), as a pair Bw with 8 € N(B) and w € BY.
All elements of £ are then of the form (b, Sw) with b € B, 3 € N(B) and w € BY, but since |£| =
|A| = |B||N(B)| there must exist a homomorphism 1 : B — B" such that

w= (D). (B.1.4)

The fact that £ is Lagrangian and so all its elements have vanishing spin implies a constraint on .
Defining a bicharacter x : B x B — U(1) as x(bi, bz) = 1(b1) bz, and then imposing that (b, S (b))
has trivial spin, we obtain

1 =00, py) = x(0,0) - (B.1.5)

Thus Y is alternating and it defines a class [v] € H? (B, U(l)), hence £ = Ly [,
Now we aim to prove that the boundary defined by Lg [,), where the symmetry is

S=(AxAY)/Lyp) = Ly, (B.1.6)

is obtained from the electric boundary by gauging B with discrete torsion [v]. First we notice that
Lpy) is an extension of B by N(B) determined as follows. Let ¢ € H ?(BY,N(B)) be the class
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associated with the short exact sequence (B.1.3)). This class is determined by Pontryagin duality from
1 —B— A— A/B — 1, which is associated with a class ¢ € H2(A/B, IB%)E The class ¢ enters in the
composition rule of elements of AV when they are represented as pairs 87, 8 € N(B), n € BY:

B + Bamz = (B1 + B2 — é(n1,m2)) (m +m2) - (B.1.8)

The inverse is —fn = ( B+ é(n, — ))(—7)) The elements of L[, can be realized as pairs of b € B

and f € N(B) with [b (b By (b ) and their composition law is

(b1, B1] + [b2, Bo] = [bl +b2, B1+ B2 — 5(1%(51),1%(52))] : (B.1.9)
We conclude that L[, is an extension
1—NB) —Lgp —B—1 (B.1.10)
determined by the class ¢7(¢) € H*(B, N(B)). Taking the Pontryagin dual of we get
1—B 5SS AB—1, (B.1.11)

whose associated class is €= 1), oc € H?(A/B,BY).
To show that this is the correct symmetry structure of the boundary theory obtained by gauging

B with discrete torsion [v], we consider its partition function coupled to a background
B =u(By)+s(By) € H'(X»,S), (B.1.12)

where s : A/B — S is a section of m and By, By are gauge fields valued in BY and A /B, respectively.
Closure dB = 0 implies that dBs; = 0, whilst the differential of B; is equal to the pull-back through
Bs of the extension class ¢ € H*(A/B,B"), namely (dB1)ijx = ¢(Baij, Bajk) = (B5¢)ijk. On the
other hand, the dynamical gauge field B’ valued in B must satisfy dB’ = Bj ¢ in the presence of a

background Bs, and the partition function is thus

Zg ) = Z exp {/ (B/*V + B U B’)] Zo|B', By . (B.1.13)
B’ st. dB'=Bjc X2

The exponent is not gauge invariant under B’ — B’ + dp unless Bj satisfies

Y, (dB") —dB; =0. (B.1.14)
This determines the modified cocycle condition for B as

dB1 = B5(¢,0¢), (B.1.15)

hence proving that S is the correct symmetry after gauging B with discrete torsion [v].

1Given an Abelian extension 1 — A 5 B % C — 1 with section s : C — B, the class [¢] € H?(C, A) has representative
i(€(c1,c2)) = s(c1+c2) — s(c1) — s(c2) which is symmetric. For each o € A, ae : Cx C — U(1) is a symmetric 2-cocycle
and is thus exact (see Sec. [6.2.1]), therefore there exists 8 : C x AY — U(1) such that (in additive notation):

ae(cr, c2) = Bler + 2, a) — B(er, a) — B(e2, @) YV oci,e2€C, a €A (B.1.7)

Construct Q(c, a1, a2) = B(c, a1 + a2) — B¢, 1) — B(c, a2) € U(1). One checks that this is linear in the first entry in C,
and thus it defines a map € : AY x AY — CV. This is the class of the Abelian extension 1 — C¥ — BY — AY — 1, that
reproduces the sum in (B.1.8)) if we use the pairing (v, a)(a, c) = vy(c) + a(a) + B(c, @).
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B.2 General duality-invariant Lagrangian algebras

Now we report technical details regarding Lagrangian algebras Lp ) for general B. In particular, we
give the conditions for their duality invariance and compute the mixed 't Hooft anomaly with the
invertible duality symmetry in those cases, extending the discussion for B = A given in the main text.

For concreteness we look at the 2d/3d case, but the 4d/5d one is analogous.

B.2.1 Proof of duality invariance

In Section |6.2.3| after (6.2.46) we claimed that a Lagrangian algebra Lp,) as in (6.2.38) is duality
invariant, namely the isomorphism & in (6.2.22) acts as (I)(LE[V]) = Lp, if and only if

1. ¢(Rad(r)) = N(B);
2. the isomorphism o = ¢! 0 1), acting on B/ Rad(v) satisfies o = 1.

Let us prove the claim. To prove it, we first notice that since Lp [, and @ (LB’[U}) are both Lagrangian,

they are equal if and only if all their lines are mutually transparent. In other words, if and only if

o) b - B6 (B0 ())] - wu(B)[¢7 (B ()] = 1 (B.2.1)

for all b,/ € B and 3,8’ € N(B).

First we prove that the two conditions above are necessary. Recall that Rad(v) = Ker(¢, ), and
notice that ¢(b) b’ = ¢(b') b while 1, (b) b' = [¢,, (V') b]_l. Specializing to 8 =1 (in multiplica-
tive notation) and b € ker(¢),) we get ¢(b) € N(B) and thus ¢(Ker(¢,)) C N(B). Specializing
to3=1and b/ =1 we get

L=, (0) (67 (8") = [ (67(8)) 8] ", (B.2.2)
thus ¢~ (N (B)) C Ker(¢,). We conclude that ¢(Ker(¢),)) = N(B) which is condition 1. Specializing
to 8= =1weget y(¥/,b) = xu (¢ ot (¥),b) for all b,b' € B. Assuming condition 1., both
sides project consistently to B/ Rad(v), and thus ¢(b') = ¢, (o(t')) € B/ Rad(v) for all ¥’ € B/ Rad(v).
We conclude that ¢? = 1, which is condition 2.

Conversely, we prove that the two conditions are also sufficient. From condition 1. it follows that
¢ 1(8") € Ker(¢y) C B, therefore S(¢~1(8)) = (¢~ 1(F)) = 1. Similarly B(¢~ o 4, (V) =1
Eqn. then reduces to

()b - (D) (6 o (¥)) =1, (B.2.3)

that can be rewritten as y(b/',b) = x, (c(b'),b) = v(0?(t/),b) using the definition of o. Both sides
project consistently to B/ Rad(v), and the equation is satisfied using condition 2. This completes the
proof.

It will be useful to discuss a few consequence of the theorem. Each of the commuting diagrams

below expresses the fact that ¢ is a group isomorphism between the respective Abelian groups.

e Since ¢(Rad(r)) = N(B), then the short exact sequence 1 — Rad(v) — A — A/Rad(v) — 1 is
the image under ¢~! of 1 — N(B) — AY — BY — 1. In other words there is a commutative

diagram:
Sy 1 —— N(B) AY > BY > 1
16 16 16 (B.2.4)
Sy 1 —— Rad(v) A » A/Rad(v) —— 1
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e Taking the Pontryagin dual of the diagram (B.2.4) and using the symmetry of ¢, namely that

¢V = ¢, we obtain an other commutative diagram:

S3=8): 1 > B > A » A/B —— 1
o ¢ 1o (B.2.5)
Sy =55 : 1 —— N(Rad(v)) > AY » Rad(v)Y —— 1

e It is simple to prove that there is a canonical isomorphism N (Rad(v))/N(B) = (B/Rad(v))".
Then using that ¢(B) = N (Rad(v)) and ¢(Rad(v)) = N(B), we find a commutative diagram:

Sy 1 —— Rad(v) > B B/Rad(v) —— 1
1o 1¢ 1¢ (B.2.6)
Se 1 —— N(B) —— N(Rad(v)) —— (B/Rad(v))¥ —— 1

as well as its Pontryagin dual:

S; =8 1 — (B/Rad(v))" BY » Rad(v)Y — 1
To Te 14 (B.2.7)
Sg =S¢ : 1 —— B/Rad(v) —— A/Rad(v) > A/B > 1

B.2.2 Mixed anomaly in the general case

The discussion in this appendix is technical and it involves some notation. We will use several short

exact sequences which we denote uniformly as
S 1 —Bym - Ay 22 Ap/By — 1, (B.2.8)

where t,,, ™, Sm denote respectively the inclusion, the projection, and a section of m,,. Each sequence
S, induces an extension class ¢,, € H 2(Am /B, Bn). The sequences that will be used are the
S1,...,Ss introduced in Appendix above.

Moreover, we will systematically decompose gauge fields valued in A,, in terms of gauge fields

values in the subgroup and the quotient according to
am = tm(bm) + sm(byy,) - (B.2.9)
As discussed after , closure da,, = 0 of the gauge field implies that
dv, =0, dby, = b (em) - (B.2.10)

All fields have a subscript labelling the corresponding short exact sequence, and both the field valued
in the subgroup B,, and in the quotient are denoted by the same letter, but the one in the quotient is
always primed. An important remark is in order. The relations mean that in the presence of a
non-trivial extension, the background b, for the subgroup is the sum of an ordinary cohomology class
and a particular co-chain solving the constraint , which depends on the background for the
quotient. Hence all path integrals are intended to be done in order: one first integrates the cohomology
part of the background b,, for the subgroup, and then the background b/, for the quotient.

Let £Lp be a duality-invariant algebra associated with (B, [v]). We want to compute the mixed
anomaly between § = Z(A)/Lp and the duality G = Zs on the invertible boundary. This is obtained
from the electric boundary by gauging B with discrete torsion [v]. A gauge field A € H'(X,A) can be
decomposed according to the sequence S3 in as

A= L3(b3) + Sg(bé) . (B.Q.ll)
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After gauging B with torsion, the dual symmetry S is an extension of A/B by BY with extension class
c=1,0c€ H*(A/B,BY) (see Appendix , and a background field for S is described by a pair
B, b valued in BY and A/B, respectively, with dB = b3*(¢). The partition function on the invertible

boundary is

Ziny| B, bs] = Zexp [271'1'/ (b;(y) +BU bg):| Zo|bs, b5] . (B.2.12)
bs

By acting with the duality on the electric boundary we get the magnetic one, corresponding to the

gauging of A with trivial torsion:
Zo|bs, ] = exp [2wz/d> L3 (bs3) + 83(b3)>] elal . (B.2.13)
acH 1 (X,A)

We decompose the A-valued field a according to the sequence S3: a = t3(ag) + s3(a4). Because of the
commutative diagram (B.2.5)), #(a) € H*(X,AV) has a decomposition using Sq:

d(a) = ta(wy) + s4(zly) with 24 = ¢(as) , x) = ¢(ah) . (B.2.14)

Furthermore, it is useful to decompose b3 using S5: b3 = ¢5(y5) + s5(y5). Hence, using that v vanishes

on Rad(v), we have

O - Ziny|B, bé] = Z exp [271-2'/ (yé*y +BU (L5(y5) + 55(yg)) +
Y5, Y5, T4, T
+0(0) U (sats(on) + cass0h) + 3a(0) ) | Zelas, il (B2.15)

We can perform the sum over y5 and yf, in this order. Since ys appears linearly, the sum over it

gives a delta function imposing

. (B +m (¢(a))) =0 & B+m(sa)e L7((IB%/ Rad(u))v) . (B.2.16)

We notice that m7m = 74, and since ¢(a) = t4(x4) + sa(z)), it follows that (B.2.16) can be rewritten
as m7(B) 4+ 2/, = 0. This delta function will be resolved by the sum over z/;, which however must be
performed only after the sum over z4. We can then integrate out yi. Since it appears quadratically,

the sum over it can be performed by solving its equation of motion

v (¥ (y5)) + B+ m(¢(a) =0. (B.2.17)

This equation makes sense in virtue of (B.2.16)). This equation can be inverted in virtue of (B.2.16]
and using that v, : B/Rad(v) — (B/Rad(u))v is invertible. Plugging the result back we get

- Ziny[B, V5] = Z/ exp [27ri/<¢(a) Uss(bs) — (@bJI(B—HTl d)(a)))*V)} §(m7 B+aYy) Zela]. (B.2.18)

We decompose B using S7 as
B = L7(B7> + S7(B/7) , (B219)

and the duality maps
®(Br, By, b3) = (0¥(Br), 6(b}), ¢~ (BY)) - (B.2.20)
The sum over af resolves the delta function, while the one over a3 reconstructs Ziyy up to a multi-

plicative factor which gives the anomaly:

® - Ziny[Br, BY, by = exp [—/(¢1(UVB7))*V] Ziny [0V (Br), ¢(by), ¢~ (BL)] - (B.2.21)
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Appendix C

Twisted cohomology and anomalies

Here we provide details on the topological actions that we use in 3d and 5d to cancel the mixed
anomaly between the self-duality symmetry and the O-form (in 2d) or the 1-form (in 4d) symmetry,
when we go to the invariant boundary. In the 2d case this is an anomaly for a semi-direct product,
while in 4d it is an anomaly for a split 2-group. In both cases we do not discuss the full anomaly, but

only the piece linear in the gauge field A € HY(X,G) for the self-duality symmetry.

C.1 Anomaly for a semi-direct product in 2d

We consider a semi-direct product A x, G (A and G being both Abelian) with homomorphism p :
G — Aut(A). This is associated with a short exact sequence

1—A-S5A%x,G-5G—1 (C.1.1)

which splits, namely it admits a section s : G — A x,G which is a group homomorphism. Any element

can be written uniquely as ¢(a) s(g), a € A, g € G, with product rule

v(ar) s(g1) - taz) s(g2) = t(ar + pg, (a2)) s(g1 + g2) - (C.1.2)

In particular
s(g) (a) s(g™") = t(py(a)) - (C.1.3)

Semi-direct products are generically non-Abelian, and accordingly we only consider standard 1-

form gauge fields. These are classes A € H'(X, A x, G), namely
(dA) ik = Ajp A A =1, Aij ~ AT AGA (C.1.4)
where the order of multiplication matters. Since A;; € A x, G, we can write
Aij = o(Bij) s(Aij) (C.1.5)

where B € C'(X,A) and A € C}(X,G). Using the commutation relation (C.1.3)), the cocycle condition
(dA)ijr =1 is equivalent to

(dP(A)B)z‘jk = pa;Bjk — Bir + Bij =0, (dA)ijr = Aji — A + A = 0. (C.1.6)
The identification A;j ~ A;lAijAj, upon decomposing A; = ¢(6;) s(\;), becomes
Bz’j ~ p;il (Bij + pAijej - 02) = p)_\il (B + dP(A)H)ij , Az‘j ~ Az‘j + )\j — A= (A + dk)ij . (C.1.7)
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Hence A defines a class in the cohomology group H'(X, ), while B a class in the twisted cohomology
group H ;(X ,A) — also called cohomology with local coefficients.

We are interested in the anomaly for A x, G whose 3d inflow action is quadratic in B and “linear”
in A. The word linear is in quotes since B is a twisted class, and thus A will appear not only linearly,
but also in the twisting. This anomaly is identified by a characteristic class of A x, G bundles, which
lives in H; (G, H*(A,U(1))) [14]. Such a class can be thought of as a function p on G with values in

the group of alternating bicharacters over A, satisfying (in additive notation):
pg (k) +p(g) = p(g +h) . (C.1.8)
The G-action on bicharacters is given in . Besides, the function p is subject to the identification
p(-) ~ p(-)+poé—¢ for any ¢ € H*(A,U(1)) . (C.1.9)

Notice that ¢(0) = 0, so that pu(—g) = —pg_lu(g).
Given A € H'(X,G), we construct u(A) € C'(X, H*(A,U(1))) (both notations u(A) and A*p
could be used). This is a cochain p(A4;;) : A x A — U(1) satisfying the twisted cocycle condition:

(doay(A))jp = payi(Aje) — n(Aix) + p(Ay) = 0. (C.1.10)

Moreover, under a gauge transformation A — A + d, it changes by

w(Aij) — (A + X — M) = oy m(Aig + X)) + p(=Xi)
=y, (PAU- (X)) + n(Aij) — u(&)) =py (,U(Aij) + (dy(a) u(/\))z.j) . (C.1.11)

hence p(A) € H} (X, H*(A,U(1))).
Given B € H)(X,A), we can form the cup product u(A) UBUB € H3*(X,U(1)) as:

(,u(A) UBUB )ijkl = ,u(Aij) (pAiijk , pAik,Bkl) R (C.1.12)
see App. A of [15]. Under a gauge variation A — A+ d\, B — p(\) !B as in (C.1.7) we find:
-1 -1 -1
(/'L(A) UBU B)z’jkl — Py, (/'L(Al]) + (dp(A) /-L()‘))w) ('0)\1' pAiijk” Px; pAz’kBk’l)
= (WA)YUBUB),,, + (dyiay n(V),, <pAz.ij,€ , pAikBkl) . (C.1.13)
This means that we get a linear variation
5(N(A) UBU B) — (dy(ay (N)) UBU B = d(u(A) UBU B) . (C.1.14)

We write the inflow action as

S, = 27Ti/ w(A)UBUB. (C.1.15)
X3

When X3 is closed this is gauge invariant, however if 0. X3 = X2 we get a boundary term:

S, — Sﬂ+27rz'/ wAN)UBUB. (C.1.16)
X2
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C.2 Anomaly for a split 2-group in 4d

In 4d we have an analog story, where A is now a 1-form symmetry. The full symmetry structure is
a split 2-group, which is a higher categorical version of a semi-direct product. The definitions can
be found in [17] and a more physical discussion is in |15 |93]. Here we simply use two facts which
from our viewpoint can be motivated as being the straightforward generalization of the discussion on
semi-direct products.

First, a background field for a split 2-group is made of an ordinary cohomology class A € H'(X, G)
and a twisted cohomology class B € Hg(X ,A). The latter means that

(dp(A)B)ijkl = pA;,; Bjki — Biki + Biji — Bijr = 0, (C.2.1)
and there is an identification (or gauge transformation)
Bijk ~ px. (Bijk + pa, 0k — Ok + 0ij) A ~ Ay + X — Ni (C.2.2)

which are the obvious generalizations of (C.1.7]).
Second, the piece of the anomaly for a split 2-group which is “linear” in A and quadratic in B is

labelled by a characteristic class of 2-group gauge bundles:
e H (G, H*(B2A, U(l))) . (C.2.3)

One can show [93] that H*(B?A,U(1)) is isomorphic to I'(A)Y, the Pontryagin dual of the universal
quadratic group of A, which can be identified with the group of quadratic functions g : A — U(1) (see
[15] 93] for precise definitions and details, as well as the discussion around ({6.3.11))). The G-action on
them is naturally given by
(pgq)(a) = q(p, 'a) . (C.2.4)
The construction of the 5d anomaly inflow is very similar to the semi-direct product case, thus we
skip many details. Given A € H!(X, G), we construct u(A) which satisfies (C.1.10]) and (C.1.11]), thus
defining a class in H; (X,T(A)Y). Recall that H*(B?A,T(A)) = Hom(T'(A),T'(A)) has a distinguished
element P (the identity map) called the universal Pontryagin class, such that

Be H(X,A) ~ B,(B) = B*P € Hy(X,I'(A)) . (C.2.5)

The action of G on I'(A) is induced by the one on I'(A)Y in such a way to make the natural pairing
(,):T(A)xT(A)Y — U(1) invariant. Under A — A + d\ the latter transforms as

mp(B)i07~--,i4 — P;% mp(B)io,m,M . (0-2'6)
Using the pairing between I'(A) and I'(A)Y we construct p(A) URB,(B) € H*(X,U(1)) as:
(A UB(B)),, o = (i Aigiss Py, BB, ) - (C.2.7)
Under A — A + d\ we have
HA)UFH(B) — pu(A) U, (B) +d(n(\) UB,(B)) . (C.2.8)
We conclude that the 5d inflow action is
S, = 2ni / W(A) U, (B) (C.2.9)
X5
and its gauge variation on a manifold X5 with boundary Xy = 0Xj5 is
S, = S+ 2mi / 1O\ U, (B) . (C.2.10)
Xy
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Appendix D

Anomalous boundary conditions

In this appendix we present an iterative procedure to consistently turn on a background for boundary
theories with a U(1) anomalous symmetry in generic even dimension. For the sake of concreteness we
present this procedure in the simplest case of a U(1) symmetry with anomaly, but the same idea can
be used for higher groups and in the non-Abelian cases discussed in the main text. In general, the
method presented here is necessary to determine consistent boundary conditions whenever the simple
BF theory is modified by some non-Gaussian term containing derivatives.

Consider the TQFT with action

j k
= L (bd,1 ANdAL + kg Al A (dAl)%> , Kqg = < , (DOl)
27 X4 (2m)z (4 +1)!
and k € Z. In the presence of a boundary, the variation of the action produces a term
) d d_q
- bi—1+ = kg A1 A (dAl) 2 0A7. (DOQ)
2 (9X,1+1 2
This can be cancelled by imposing the boundary condition
1 d d_q
*A] = R ba—1 + 5 kg A1 N\ (dA7)2 +x Ay (D.0.3)

~~

To
and adding the boundary term

1

0) _
%0 = TR

d d
/ <bd1 + S kg Ay A (dA1)§—1> A <bd1 + = kg A1 A (dAl)S—l) (D.0.4)
0Xat1 2 2

However, there is no gauge transformation of A; that makes the boundary condition gauge invariant.
The only way to have a gauge-invariant boundary condition is to add terms that mix A; with the
dynamical fields. The simplest such modification is to replace 7p in (D.0.3]) with

d
o =To — 5 raAi A (dAp)2L. (D.0.5)
Consequently we must modify the boundary term into
o / TA*TY (D.0.6)
AT R? Jox,,, ‘ o -

However, since the boundary condition now imposes 67 = iR?>x A1, we get an extra unwanted term
in the variational principle:

) d_

d
- — kg A1 A (dAl)Q LA 0A7. (D07)
2 8Xd+1 2
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This can be cancelled by adding a topological term proportional to A3 A A1 A (dAl)f_1 to the boundary

term. Indeed
/ 5(A1A1(dA1)§-1):/ (441 (@43 54, — (4 - 1) dA; A (dA)3264) . (D.08)
0Xgt1 0Xa41

However, this also produces an extra term that must be cancelled. This is easily achieved by modifying

both the boundary condition and the boundary term by the addition of this extra term to 7;. This

produces
T =Ty +ka (% —1)dA 4 (dA1)22. (D.0.9)
At the same time we modify the boundary term that, including the new topological term, becomes
S :—12/ 7’1/\*7’1+i/ kg AL A AL A (dAy) 2L (D.0.10)
47TR 8Xd+1 27 aXd+1

These new boundary condition and boundary term give a consistent variational principle. However,
the boundary condition is again non gauge invariant because of the last term we added to 77, and we
have to repeat the procedure above.

At each step, the non-gauge-invariant piece in the boundary condition becomes of one lower degree
in A; (and one higher in A;). Hence, the procedure stops when we reach a term linear in A;: we can
make the boundary condition gauge invariant by adding a term purely in Ay, which does not modify

the variational principle. The procedure stops after (d/2 — 1) steps, yielding the boundary condition

* (A1 - Al) R2 <Qd 1 — KRd .A1 (.Al) ) (D.O.ll)
where
42
Qg1 =bg_1+ Kq Z (d.Al) (Al — Al) (dAl) —l=r + Kdq (d.Al) Ay (D.0.12)
r=0

The corresponding boundary term is

1Kq

1
Sy =— / Qg1 A*xQqq + — Z / Ar (dAy)" Ay (dAl)%frfl . (D.0.13)
0Xay1

AT R? 27

As a sanity check, we can verify that the boundary theory is anomalous under U (1) gauge trans-

formations. Under d A1 = § A1 = d)\g the topological terms on the boundary produce

mdz/

<d)\0 (dA)" Ay (dAl) L Ay (AT do (dAl)Z—T—1>

3Xd+1
K D.0.14
=2 Z / )\0 (dAl)”“(dAl) —(dAl)”(dAl)g*T> ( )
r—0 Y0Xa+1
(o d_q d
= — )\0 d.Al)? ClA1 — )\0 dA1 2 ).
o ade( ( (dA1) = ho (dA1)# )
Then, using the boundary condition,
ik d_ K> d_
55y = d/ o (dAD) S (Ar — Ay) — d2/ Do (dA) S A% ((dADSA)  (D0.15)
2 8Xd+1 2mR 3Xd+1

2
— ”dz/ o (dA;)% 1/\*(d/\0(dA1)1)+/ (o (dAL)2 Y (dA1) — Ao (dA;)?) .
AT R 8Xd+1 2 3Xd+1
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The bulk contributes with a term

58 = ——d dho Ay (dAy)2™! (D.0.16)
2 aXd-H

which, together with the last term in (D.0.14]), combines to a total derivative (on the boundary) and
can be neglected. We remain with
1Kq

3Shor = — 5o dXo (dA)2 ™ A =5 ri / <A1 (dAl)%’l)/\*<A1 (dAl)%*l) . (D.0.17)
N 2w 3Xd+1 47TR2 8Xd+1

We can isolate the anomalous variation adding a final counterterm

2
Kg

Se. = Am R?

/ax (A @A) A (A (@A) (D.0.18)
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Appendix E

Non-compact TQFT's

In this appendix we provide a mathematical definition and details on the TQFTs with infinitely many
operators introduced in chapter [§ and used in [J] as holographic duals. The main issue is defining the
theory with cutting and gluing while avoiding infinities from inserting a complete basis of states. We
argue that this is possible if all manifolds have at least one non-empty boundary component. On the

other hand, the partition functions on closed manifolds will be generically infinite.

E.1 Two-dimensional non-compact Dijkgraaf-Witten theory

We refer to section for a review of the basics of axiomatic TQFTs in the standard case. Already
the fact
Z(Xa1 % 8Y) =) Gaa=dim(Hx, ). (E.1.1)
suggests that in the non-compact case closed bordisms should not be included in the definition. We
want to argue that, avoiding closed manifolds, there are classes of manifolds in which we can give a
precise definition of the U(1)/R BF-like theories
i
S = / bg—p_1 NdA,. (E.1.2)
o1 M, p P
The Hilbert space: canonical quantization. As an illustration, we consider the case of d = 2
with p = 1. Hence by = ¢ is a non-compact scalar, and A is a U(1) gauge field. The Hilbert space
Hg1 can be constructed by canonical quantization. We set My = S! x R, with R parametrized by t,
and split A = A + A} dt. Then
[ — (AgcigbAdtJrqsatﬁA dt). (E.1.3)
2T S1xR
We choose the temporal gauge Al = 0, and we need to impose the Gauss law ciqﬁ = 0, namely ¢ = ¢(t)

is independent of the spatial coordinate. Introducing
. 1
) = [ A, plt) = 5-0(0), (£.1.4)
S1 T
we see that g(t) ~ q(t) + 27 is a periodic variable, and the action becomes
S = —z'/pé?tth. (E.1.5)
R

This is a free infinitely-massive particle on a circle of radius 27. The quantization is straightforward.

We have the commutation relations

(G, p] =i = eloP . gind — glam ging  piap, (E.1.6)
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Here n € Z because of the periodicity of ¢, while « is a generic real number. However the operator
e2™P commutes with the whole operator algebra, hence it is a number that we can set to 1. Therefore

the operators acting on the Hilbert space are

~ . —

On = € with « € [0,27), W, =e™ with neZ, (E.1.7)
with algebra
00a05=0015tmodzn):  WaWim=Wosm,  OoW,=e"W,0,. (E.1.8)
Starting from a simultaneous eigenstate of the /V[7n’s such that

W, [60) = e |6) (E.1.9)

using the algebra we find
Ou|0) =10 — a) . (E.1.10)

Hence we get a basis labelled by a compact continuous variable § € U(1). We can also use a non-

compact but countable basis, starting with an eigenstate of @a:
Ou k) = €% |k) . (B.1.11)

It must be k € Z to respect the periodicity o ~ o + 27. Then using the algebra we infer

W, k) = |k +n). (E.1.12)

The relation between the two basis is
do e |6) e 0|k . E.1.13
=i [ R = DI R

TQFT data. Since the Hilbert space is infinite dimensional, the partition function on 7?2 is infinite.
Let us show that, on the other hand, we can consistently define a functor on the category of open
oriented bordisms. In 2d the huge computational simplifications are that the only Hilbert space is
Hg1, and that every 2d manifold has a pair of pants decomposition. Eventually, one also needs to fill
holes by attaching a disk. Hence, on top of the horseshoe 7,3, the only other data one needs to assign
are the disk and the pair of pants:

Cc

The numbers h, define a distinguished state |HH) = ) hqla), called the Hartle-Hawking state.
These two data must satisfy the obvious condition that if we fill one of the two incoming holes of the

pair of pants with the Hartle-Hawking state we get the cylinder:

Zb 11y hy = Gac. (E.1.14)
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The only other consistency condition is the independence from the chosen pair of pants decomposition,

that reduces to the Froboenius condition [251]:

Do Haphea= Y Hackia- (E.1.15)

Let us use the continuous basis |#). The cylinder (identity) becomes a delta function (6 — 6s).

Moreover, we define
ho = 6(6), T9,.0, = 0(61 + 02) , 1 g, = 0(01 + 03 — 03) . (E.1.16)

Also, all sums are replaced by integrals on [0,27) in this basis. The condition (E.1.14]) is obviously
satisfied, while the Froboenius condition (E.1.15)) reads

2 2
/ do (5(91+02—0) 5(9+93—94) —/ do (5(91+0—04) (5(02+93—9) (E.1.17)
0 0

which is satisfied since both sides are equal to §(01 462 +63—04). The choice of these data is motivated
by the fact that the continuous basis |f) is related, by the state/operator correspondence, with the
local operators O, (z) = ¢'3:%(*)  and the pair of pants must reproduce their OPE O, 0O = Oq45-
Then the Hartle-Hawking state is fixed by .

Cutting an gluing: path integrals on open surfaces. With these pieces of data, we can compute
the value of the functor for arbitrary bordisms with a non-empty boundary. The simplest nontrivial
such manifold is the torus with a puncture. This can be obtained from the pair of pants by gluing
one of the two incoming boundaries with the outgoing one. Denoting by 8 the label of the puncture,

namely the non-glued circle, the result isﬂ
2m
Z(EiNPy) = / df’ §(0) =2mw8(0). (E.1.18)
0

This is a projector on the Hartle-Hawking state. Another simple example is the torus with two
punctures that can be obtained from the previous result by gluing the remaining boundary to the

outgoing boundary of another pair of pants. Hence, the result is
2
Z(El N {P917P92}> = / aey’ 5(91 + 69 —9/) 27T(5((9/) :27r(5((91—|—02). (E.l.lg)
0

We can now put these two examples together, gluing the boundary of a torus with one puncture to
one of the two boundaries of the torus with two punctures, resulting in a genus-two surface with a

puncture:
27
Z(S2~ Py) = / 40 276(0 + ') 276(0) = (27)2 6(6) (E.1.20)
0

Proceeding in this way it is not hard to prove the general result. The value of the functor an a genus
g surface with n incoming boundaries labelled by 61,...,60, and m outgoing boundaries labelled by

01,...,0., is given by
Z(zg N {Pgl,...,Pgn,Pgi,...,P%}) = (2m)96(01 + ...+ 0, — 0, — ... —0.). (E.1.21)

The important observation is that the partition function on compact Riemann surfaces is infinite.
Indeed, a compact Riemann surface of genus ¢ is obtained by closing the hole of a one-punctured

Riemann surface ¥, \ Py by means of gluing the Hartle-Hawking state. The result is clearly infinite:

21
2(3,) = /0 40 (27)7 5(0) 5(6) = (277 5(0) . (E.1.22)

We denote a genus g Riemann surface as %,.
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We conclude that the TQFT is well defined on the category of open oriented bordisms.
Let us remark that, given the Hilbert space we constructed, there is another set of data that can

be formulated, which is essentially the same as the one we discussed but in the discrete basis |k):

k
h?c = 5k,07 772:1,]92 = 5k1,—k2 ) (M/)kik‘z = 5k1+k2,k3 : (E.1.23)

With these data one gets infinite answers even on open manifolds, as soon as they have a non-trivial
topology. It must be noticed that, indeed, these are not merely the data (E.1.16)) written in a different

basis: translating (E.1.16]) in the discrete basis using (E.1.13]) we get

1 k /o=
hk = \/7277_‘_ ) nkl,k‘Q = 6/61,]62 ) Nk‘?,kQ = 27 6161,]62 5161,]63 . (E124)

We conclude that (E.1.16|) and (E.1.23)) really define two different TQFTs.

How did we choose one instead of the other? As we already pointed out, in 2d TQFT the choice
is really dictated by the fact that the pair of pants is related with the OPE of local operators. The
data would then be relevant for the TQFT with Lagrangian formulation

s’ Z/ o day (E.1.25)
Ma

T o

where & ~ ® + 27 is a compact scalar, while a; an R gauge field. Canonical quantization produces
the same Hilbert space as the theory with non-compact scalar and U(1) gauge field; however, here

the local operators O, (x) = ein®(z)

are labeled by an integer, and hence are related with the discrete
basis by the state/operator correspondence. For this reason, in contrast to the previous case, the
quantization of this theory produces the data (E.1.23)) in which the pair of pants gives the Abelian

fusion algebra in the discrete basis.
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