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Abstract
In this work we are going to establish Hölder continuity of harmonic maps from an
open set � in an RCD(K , N ) space valued into a CAT(κ) space, with the constraint
that the image of � via the map is contained in a sufficiently small ball in the target.
Building on top of this regularity and assuming a local Lipschitz regularity of the
map, we establish a weak version of the Bochner-Eells-Sampson inequality in such a
non-smooth setting. Finally we study the boundary regularity of such maps.
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1 Introduction

In the last 50 years the study of harmonic maps has been blooming and gained a lot
of interest from the mathematical community. One of the main questions is the one of
existence of such mappings and parallel to that there is the issue of their regularity.

When u : � ⊆ Mn → Nk is a harmonic map between Riemannian manifolds
(Mn, gM ) and (Nk, gN ) the picture nowadays is quite clear: the existence of such
mappings has been established via the study of parabolic problems by Hamilton (see
[24] for a discussion on the topic) and then by looking at the problem in a variational
way. In particular, to establish existence and (given a suitable boundary datum) unique-
ness of suchmap, one can for instancewrite aminimization problem for an energy, and
look forminima amongmaps v : � ⊂ Mn → Nk (� openwith vol(Mn\�) > 0)with
values in a sufficiently small ball of the target space, meeting the boundary condition
in an opportune way.

The latter approach can be tailored to the non-smooth setting as well, indeed in
the recent [41] the author has been able to prove, given a suitable boundary datum,
existence and uniqueness of a harmonic map u between an RCD(K , N ) space and a
CAT(κ) space, with the usual constraint on its image (actually his theorem is a bit
more general, allowing for strongly rectifiable, uniformly PI, infinitesimally hilbertian
spaces as domain).

Back to the case of a harmonic map between smooth Riemannian manifolds, the
Bochner-Eells-Sampson formula states that

�

( | du|2HS
2

)
= |∇ du|2HS + RicgM (∇u,∇u) −

∑
i, j≤n

〈u∗RN (ei , e j )ei , e j 〉,

where RicgM is the Ricci tensor of the source space, u∗RN is the pullback of the
curvature tensor of the target space via the map u and {eα}nα=1 is an orthonormal
frame for the tangent bundle T M . If we assume that RicgM ≥ −K (lower bound on
the Ricci tensor) and RN ≤ κ (upper bound on the sectional curvatures), the previous
identity can be turned into the following inequality

�

( | du|2HS
2

)
≥ |∇ du|2HS + K | du|2HS − κ| du|4HS. (1.1)

From this inequality, at least if κ = 0 it is possible to quickly deduce that harmonic
maps are locally Lipschitz, as in this case we have

�

( | du|2HS
2

)
≥ K | du|2HS (1.2)

and thus a De Giorgi-Nash-Moser argument shows that the function f := | du|2HS is
locally bounded. The case κ > 0, say κ = 1, is more delicate and is known to require
the additional assumption that the range of u is contained in a ball Br (p) ⊂ Nk of
radius r < π

2 (otherwise there are known counterexamples to regularity, such as the

123



Comments on the Regularity of Harmonic Maps… Page 3 of 34   208 

map u : B1(0) ⊂ R
7 → S

6 given by u(x) = x/|x |, see [25], [31] and [8]). On top of
this, the term | du|4 is a priori not in L1,making it hard to extract information from (1.1).
To overcome these difficulties, Serbinowski in [42] argued as follows: the function
f (x) := dN (u(x), p) satisfies −� cos( f ) ≥ | du|2HS cos( f ) (as a consequence of the
fact that u is harmonic and of the curvature assumption on N ), and quite trivially we
have | d| du|HS|2 ≤ |∇ du|2HS. These consideration and little algebraic manipulation
show that (1.1) implies

| du|HS
cos( f )div

(
cos2( f )∇

( | du|HS
cos( f )

))
≥ K | du|2HS, (1.3)

and since cos( f ) is far from zero, a Moser iteration argument can be called into play
to prove that | du|HS

cos( f ) , and thus | du|HS, is locally bounded, as desired.
This type of reasoning allows to conjecture that, in the non-smooth setting, one

should impose a lower bound on the Ricci curvature of the source and an upper
bound on the sectional curvature on the target to get that a harmonic maps is (locally)
Lipschitz.

Manycontributions in this directionhave appeared in the recent years: for an account
of the story we refer to the extensive introductions in [46], [48], [34] and [16]. Here
we just recall that one of the first step towards regularity of harmonic maps in the non-
smooth contextwas done in [37],where the author establishes localLipschitz regularity
for real-valued harmonic functions defined on an Alexandrov space. Then in [46] the
authors proved the Lipschitz regularity of harmonic maps between Alexandrov spaces
and a weak Bochner-Eells-Sampson inequality. Building on this, in the more recent
[16] and [34] the authors where able to establish such regularity when the source space
is an RCD(K , N ) space, namely a space with a synthetic notion of Ricci curvature
bounded below by K and dimension bounded above by N , and the target is a CAT(0)
space, namely a space with a synthetic notion of sectional curvature bounded above
by 0.

Very roughly said, the basic argument to get a sort of (1.2) and local Lipschitz
regularity of harmonic maps is to build two families (gt ), (ht ) of functions (via a kind
of Hopf-Lax formula for metric-valued maps) converging to | du|2 in L1 as t ↓ 0
satisfying

1
2�gt ≥ Kht ∀t > 0. (1.4)

Quite clearly, from this it is possible to pass to the limit and obtain that

�

( | du|2
2

)
≥ K | du|2. (1.5)

Notice that in this the quantity | du| is the operator norm of du, not its Hilbert-Schmidt
norm as in (1.2), thus (1.5) is not the same as (1.2), but the effect is the same: a Moser
iteration argument shows that | du| must be locally bounded and thus that u is locally
Lipschitz.

When dealingwith the case κ > 0 this strategy encounters a problem, as the approx-
imation procedure does not work well in conjunction with Serbinowski’s technique.
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Because of these difficulties, we do not achieve Lipschitz regularity of harmonic
maps in the more general setting, our main results are rather:

1) the proof of Hölder continuity, see Theorem 3.12. Here we follow the strategy in
[27].

2) the higher integrability of the energy density, see Theorem 3.15, by using a Cac-
cioppoli inequality and the Gehring lemma in [3, 33].

3) Under the a priori assumption that the harmonic function is Lipschitz, possiblywith
a sub-optimal control on the Lipschitz constant, we prove a version of inequality
(1.1), see Theorem 3.26. To achieve this we suitably combine ideas from [48],
[34] and [16]. Once we have this, following the arguments in [48] one can obtain
a sharp estimate on the Lipschitz constant and, as a consequence, a Liouville-type
of result, Theorem 3.27 and Corollary 3.28 for the precise statements.

4) the boundary regularity, see Theorem 3.31.

2 Preliminaries

2.1 The Source: RCD(K,N) Spaces

We say that (X, dX,m) is a metric measure space if (X, dX) is a complete and separable
metric space and m is a Radon measure which is finite on balls. For a function f :
X → R we set

lip f (x) :=
{
lim supy→x

| f (y)− f (x)|
dX(x,y) if x is not isolated

0 if x is isolated

and we call it local Lipschitz constant of f , while with Lip f we denote the classical
Lipschitz constant of f .

In order to develop Sobolev calculus on metric measure space, following [9], we
introduce the Cheeger energy Ch : L2(mX) → [0,∞] as

Ch( f ) := inf

{
lim inf
k→∞

1

2

ˆ
X
lip2( fk) dmX : ( fk)k ∈ Lipbs(X), fk → f in L2(mX)

}
.

It can be proved that if Ch( f ) < ∞ there exists a function, which we call |∇ f |, such
that |∇ f | ∈ L2(mX) and

Ch( f ) = 1

2

ˆ
X
|∇ f |2 dmX.

If that is the case we say that f ∈ W 1,2(X). The latter set is actually a vector space
with its natural operation and, if endowed with the norm ‖ f ‖W 1,2 = ‖ f ‖L2 +2Ch( f ),
it is also a Banach space. In order to introduce a well-behaved notion of Laplacian of
a function we shall now speak about infinitesimal Hilbertianity. We say that a metric
measure space is infinitesimally Hilbertian, following [14], if Ch is a quadratic form.
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In this case via polarization it is possible to give a meaning to the object

ˆ
X
〈∇ϕ,∇ f 〉 dmX

by setting ˆ
X
〈∇ϕ,∇ f 〉 dmX := Ch( f + ϕ) − Ch( f ) − Ch(ϕ)

Definition 2.1 (L2 Laplacian) We say that f : X → R in W 1,2(X) is such that f ∈
D(�) ⊂ L2(mX) if there exists g ∈ L2(mX) such that

−
ˆ
X
〈∇ϕ,∇ f 〉 dmX =

ˆ
X
gϕ dmX

for all ϕ ∈ W 1,2(X). We shall set � f := g.

Definition 2.2 (Measure-valued Laplacian) We say that f : X → R in W 1,2
loc (X) has

measure-valued Laplacian in � if there exists a Radon measure μ ∈ M(�) such that

−
ˆ
X
〈∇ϕ,∇ f 〉 dmX =

ˆ
X
ϕ dμ

for all ϕ ∈ Lipc(�), the latter being the space of Lipschitz functions with compact
support inside �.

Remark 2.3 With a little bit of abuse of notation we shall call � f = μ the measure-
valued Laplacian as well. We will do this since if μ � mX with density in L2

loc, then
μ = � fmX. Notice also that we are using the term Radon measures to denote what
are more properly called Radon functionals (see [10]).

We are now ready to introduce the class of spaces which we will use as source
space for the definition of our harmonic map u. We can introduce RCD(K , N ) spaces
building on the tools we have just presented. Following an Eulerian approach it is
possible to characterize them via the Bochner inequality (see [17], [1], [2], [13], [5],
[11]). For amore detailed discussion on such notions and for the interplaywith optimal
transport we refer to the recent [15] and [4].

Definition 2.4 (RCD(K , N ) space) We say that a metric measure space (X, dX,mX)

is an RCD(K , N ) space if the following conditions are met:

1. There exists c1, c2 ≥ 0 such that for some x ∈ X we have

m(Br (x)) ≤ C1e
c2r2 .

2. W 1,2(X) is a Hilbert space.
3. If f ∈ W 1,2(X) is such that | d f | ≤ 1 m-a.e., then f has a 1-Lipschitz represen-

tative.
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4. For every f ∈ D(�) with � f ∈ W 1,2(X) and g ∈ L∞(m) ∩ D(�) nonnegative
the following Bochner inequality holds

ˆ
X

| d f |2
2

�g dm ≥
ˆ
X
g

(
K | d f |2 + (� f )2

N
+ 〈∇ f ,∇� f 〉

)
dm.

The final object we shall introduce is the heat semigroup ht : L2(mX) → L2(mX):
it can be introduced as the gradient flow of the Cheeger energy. Therefore we shall
call (ht f )t≥0 such a gradient flow starting from f ∈ L2(mX). For an account of its
properties the reader can consult [20]. If the space X is an RCD(K , N ) space then
it is possible to consider the EVIK gradient flow of the entropy functional on the
space of probability measures. If we denote with htδx the gradient flow of the entropy
starting from a Dirac mass centered at x we have htδx � mX and we shall call
pt (x, y) := dht δx

dmX
(y). It can be proved that ht f := ´

X pt (x, ·) f (x) dmX and that pt
is Hölder continuous and satisfies the following Gaussian estimates

c

mX(B√
t (x))

e−d2X(x,y)/3t−C1t ≤ pt (x, y) ≤ C

mX(B√
t (x))

Ce−d2X(x,y)/5t+C2t , (2.1)

for all x, y ∈ X, t > 0 and for some c,C,C1,C2 > 0. There is also a gradient bound
thanks to the Li-Yau inequality but for the sake of exposition we shall limit ourselves
to this presentation: the interested reader can consult [26], [43], [44] and [45] for more
information on Gaussian estimates.

Since we are interested in giving a meaning to "� f ≤ η" we shall rigorously
introduce such a notion:

Definition 2.5 (Weak Laplacian bound) Let (X, dX,m) be a metric measure space and
� ⊂ X an open and bounded set. Let η : � → R be continuous and bounded. We
say that a function f ∈ W 1,2

loc (�) is such that � f ≤ η in the weak sense if for all
ϕ ∈ Lip+

c (�) (being Lip+
c (�) the subset of Lipc(�) made of nonnegative functions)

we have

−
ˆ
X
∇ f · ∇ϕ dmX ≤

ˆ
X
ϕη dmX.

Definition 2.6 (Heat flow Laplacian bound) Let (X, dX,mX) be an infinitesimally
Hilbertian metric measure space and � ⊂ X be an open and bounded set. Let
f : � → R be a bounded and lower semicontinuous function and let η ∈ Cb(�). We
say that � f ≤ η in the heat flow sense if

lim sup
t→0

ht f̃ (x) − f̃ (x)

t
≤ η(x)

for all x ∈ �, where f̃ : X → R is the global extension of f which is set to zero
outside of �. Moreover, given f as above and x ∈ X, we will write

� f (x) ≤ η(x)
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in the pointwise heat flow sense, if

lim sup
t→0+

ht f (x) − f (x)

t
≤ η(x).

Finally we recall the classical Laplacian comparison for the distance function from a
point, which in this non-smooth setting has been obtained in [14, Corollary 5.15].

Theorem 2.7 (Laplacian comparison) Let (X, dX,mX) be an RCD(K , N ) space for
some K ∈ R, N ∈ N and fix x0 ∈ X. Then the map x → d2X(x0, x) = d2X,x0

(x) has
measure-valued Laplacian and

�
d2X,x0

2
≤ C(N , K , dX,x0(·))mX

in the weak sense. Moreover the same holds for the map x → dX,x0(x), on X \ {x0},
namely

�dX,x0|X\{x0} ≤ C(N , K , dX,x0(·)) − 1

dX,x0(·)
mX.

2.2 The Target: CAT(�) Spaces

For what concerns the target space, for our harmonic map we will consider a complete
CAT(κ) space, namely a metric space with sectional curvature bounded above by κ .
Let Mκ be the model space, namely the 2-dimensional connected, simply-connected
and completeRiemannianmanifoldwith constant sectional curvature equal to κ . Let us
further denote by dκ the geodesic distance on such a space and with Dκ = diam(Mκ)

its diameter, i.e.

Dκ =
{

π√
κ

if κ > 0

+∞ if κ ≤ 0.

We also set Rκ := Dκ/2. We have the following:

Definition 2.8 (CAT(κ) space) Let (Y, dY) be a complete metric space. We say that
(Y, dY) is a CAT(κ) space if it is geodesic and for any triple of points a, b, c ∈ Y such
that dY(a, b) + dY(b, c) + dY(a, c) < 2Dκ and any intermediate point d between b
and c there exist comparison points ā, b̄, c̄, d̄ ∈ Mκ such that dY(a, b) = dκ(ā, b̄),
dY(b, c) = dκ(b̄, c̄), dY(a, c) = dκ(ā, c̄) and

dY(a, d) ≤ dκ(ā, d̄).

We now have a key technical Lemma holding in general CAT(κ) spaces which is
[48, Lemma 2.3]: we shall discuss only the case κ = 1 for the sake of exposition.

Lemma 2.9 Let (Y, d) be a CAT(1) space. Take any ordered sequence of points
{P, Q, R, S} ⊂ Y with dY(P, Q) + dY(Q, R) + dY(R, S) + dY(S, P) ≤ 2π and let
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Qm be the mid-point of the geodesic joining Q and R (which in this case is unique).
Then for any α ∈ [0, 1] and β > 0 we get

1 − α

2

(
4 sin2(dQR/2) − 4 sin2(dPS/2)

)
+ 2α sin(dQR/2)

(
2 sin(dQR/2) − 2 sin(dPS/2)

)

≤
[
1 − 1 − α

2

(
1 − 1

β

)]
4 sin2(dPQ/2) + 2 cos(dQR/2)

(
cos(dPQm ) − cos(dQQm )

)

(2.2)

+
[
1 − 1 − α

2

(
1 − β

)]
4 sin2(dRS/2) + 2 cos(dQR/2)

(
cos(dSQm ) − cos(dRQm )

)
.

2.3 Sobolev Spaces with Metric Targets and Harmonic Maps

Following [22] (after the seminal work [29]) we shall now introduce the Korevaar-
Schoen energy and its main properties, being the main tool we need to speak about
harmonic functions.

Let u ∈ L2(�, Y) with � ⊆ X open set. We call the 2-energy density of u at scale
r inside � the quantity ks2,r [u,�] : X → R+, defined as

ks2,r [u](x) :=

⎧⎪⎨
⎪⎩

( ffl
Br (x)

d2Y(u(x),u(y))
r2

dm(x)

) 1
2

if Br (x) ⊂ U

0 otherwise.

(2.3)

Moreover we introduce the total energy of u in � as

E2[u,�] := lim inf
r→0

ˆ
�

ks2,r [u,�]2(x) dm(x). (2.4)

We can now define Sobolev spaces as follows

Definition 2.10 (Korevaar-Schoen space and harmonic maps) We say that a func-
tion u ∈ L2(�, Y) is in KS1,2(�, Y) if E2[u,�] < +∞. Moreover, given
w ∈ KS1,2(�, Y), we say that u is harmonic in � with boundary datum w, if
u = argmin

v∈KS1,2w (�,Y)
E2[v,�], where

KS1,2w (�, Y) :=
{
v ∈ KS1,2(�, Y) : dY(v,w) ∈ W 1,2

0 (�)

}
.

Existence of minimizers for E2[·,�] has been established in the recent [41] (see
Theorem1.2 therein) under the condition that the boundary datumhas image contained
in a sufficiently small ball of the target space.

We shall assume the reader to be familiar with these concepts as we are going to
recall only part of [22, Theorem 3.13], stating it for RCD spaces instead of the more
general class of strongly rectifiable metric measure spaces.
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Theorem 2.11 Let (X, dX) be an RCD(K , N ) space and (Y, dY) a complete metric
space. Then for every u ∈ KS1,2(X, Y) there exists a function e2[u] ∈ L2(X), called
energy density of u, such that

ks2,r [u] → e2[u] m − a.e. and in L2 as r → 0.

In particular the lim inf in (2.4) is actually a limit.

We shall now present a representation formula of the energy density e2[u] in terms
of theHilbert-Schmidt normof the differential | du|HS:wewill not discuss themeaning
of the object du, referring to [21] for the details. What follows is [22, Proposition 6.7].

Theorem 2.12 Let (X, dX,mX) be an RCD(K , N ) space and � ⊂ X an open set. Let
(Y, dY) be a CAT(κ) space and u ∈ KS1,2(�, Y), then for its energy density we have
the following representation formula

e2[u] = (d + 2)−
1
2 | du|HS. (2.5)

Proof Note that in [22] the theorem is stated for X which is a strongly rectifiable
space and Y which is a CAT(0) space. On one hand the proof for the case of CAT(κ)

target is the same of the one for CAT(0) spaces, exploting the universal infinitesimal
Hilbertianity of such spaces (see [12]), on the other hand we shall avoid speaking
about strongly rectifiable metric measure spaces since our main results are only stated
for RCD(K , N ) spaces. ��

Finally we have the following definition:

Definition 2.13 (λ-convexity) Let (Y, dY) be a complete and geodesic metric space.
We say that a function E : Y → R is λ-convex if for all x, y ∈ Y and for all geodesics
γ connecting x = γ0 and y = γ1 we have

E(γt ) ≤ t E(γ1) + (1 − t)E(γ0) − λ

2
t(1 − t)d2Y(γ0, γ1).

3 Main Results

3.1 Hölder Regularity of Harmonic Maps

In this section we will prove Hölder regularity of our harmonic map with values in a
sufficiently small ball of a CAT(κ) space. Note that without this assumption there may
be a "big" set of discontinuity (singular set), for examples and a detailed discussion
one can consult [40]. Since we can always renormalize the target space in such a way
that it becomes a CAT(1) space, to ease the notation and the computations we shall
assume (Y, dY) to be a CAT(1) space here and in the rest of the work.

In the following we shall prove the convexity of three functions, namely 1 −
cos(dY,o), dY,o and d2Y,o. The proof of the λ convexity of the squared distance is con-
tained [36, Lemma3.1] and the convexity of the distance dY,o is well-known but we
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shall prove them here anyway because they are natural consequences of the convexity
of 1 − cos(dY,o).

Proposition 3.1 Let (Y, dY) be aCAT(1) space and consider Bρ(o) ⊂ Ywithρ < π/2.
Then the distance function dY,o = dY(o, ·) is convex on Bρ(o), d2Y,o is λ-convex and
the function cos(dY(o, ·)) is λ′-concave, with

λ = 2 cos ρ, λ′ = cos ρ.

Finally dY(·, ·) restricted to Bρ/2(o) is jointly convex.

Proof We show that the distance from the north pole on S
2 is convex on the upper

hemisphere. Consider three points N , p, q ∈ S
2. Denote with dN (y) := d

S
2(N , y)

the distance from the north pole for every y ∈ S
2 and let γ be the geodesic connecting

p and q. By the cosine law for the sphere we can consider the triangle whose vertex
are p, q and N and write

cos( f (t)) = cos(td
S
2(p, q)) cos(dN (p)) + sin(td(p, q)) sin(dN (p)) sin(θ),

where f (t) = dN (γ (t)) and θ is the angle between γ ′(0) and η′(1) (η being the
geodesic connecting the north pole and the point p). Note that we also used the fact
that d

S
2(p, γ (t)) = td

S
2(p, q). Now differentiate twice the previous identity to get

(cos( f (t)))′′ = −d2
S
2(p, q) cos( f (t)) ≤ −d2

S
2(γ1, γ0) cos ρ,

whence cos( f (t)) is a λ′-concave function with λ′ = cos(ρ). Now write f =
arccos cos( f ) and let us call g(t) := cos( f (t)): we have

d2

dt2
f = (g′)2g − g′′(1 − g2)

(1 − g2)
3
2

≥ 0, (3.1)

meaning that f is a convex function (we have used that Im(g) ⊆ (0, 1] and g′′ ≤ 0)-
this is fully justified if g �= 1, i.e. f �= 0, otherwise the argument is justified by slightly
moving the north pole N combined with the stability properties of convexity.

Forwhat concerns the squared distance f 2 just use the product rule for the derivative
to get

d2

dt2
f 2 = 2| f ′|2 + 2 f f ′′ ≥ 2 f f ′′.

Now plug (3.1) into the previous expression to get

d2

dt2
f 2 ≥ 2 f

[
(g′)2g − g′′(1 − g2)

(1 − g2)
3
2

]
≥ −2 f

g′′(1 − g2)

(1 − g2)
3
2

≥ 2d2Y(p, q) cos ρ
f

sin f

≥ 2d2
S
2(p, q) cos ρ,

which is the λ convexity with λ = 2 cos ρ.
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Now consider three points x, y ∈ Bρ(o) ⊆ Y and let p, q, N be three comparison
points of x, y, o in S2: by the CAT(1) condition we have dY(γ̃ (t), o) ≤ d

S
2(γ (t), N )

(with γ geodesic joining p and q and with γ̃ geodesic joining x and y and), meaning
that

cos(dY(γ̃ (t), o)) ≥ cos(d
S
2(γ (t), N )).

The definition of comparison points together with the previous observation allows to
write

cos(dY(γ̃ (t), o)) ≥ t cos(dY(q, o))+ (1− t) cos(dY(p, o))+ t(1 − t)

2
d2Y(p, q) cos ρ,

which is the sought λ′-concavity with λ′ = cos ρ. Analogous arguments apply for
dY(o, ·) and d2Y(o, ·).

For the final part of the proof fix x ∈ Bρ/2(o) and notice that for all y ∈ Bρ/2(o)
we must have dY(x, y) < ρ by triangle inequality. Therefore we can use the fact that
Bρ(x) is convex and conclude. ��

We recall now some lemmas of gradient flow theory on locally CAT(κ)-spaces
which will be useful to prove some Laplacian bounds. The following ideas originate
from [32] and were extended to the RCD setting by [19], when the target space is
CAT(0)). Let us start with the following, which is part of [19, Theorem 3.3], to which
we also refer for the relevant definitions:

Theorem 3.2 Let Y be a locally CAT(κ)-space, E : Y → R ∪ {+∞} a λ-convex and
lower semicontinuous functional. Then, the following hold:

• Existence
For every y ∈ D(E) there exists a gradient flow trajectory for E starting from y.

• Uniqueness and λ-contraction
For any two gradient flow trajectories (yt ), (zt ) we have

dY(yt , zt ) ≤ e−λ(t−s)dY(ys, zs) ∀t ≥ s ≥ 0. (3.2)

Then we have the following a priori estimates for the gradient flow trajectory which
is [19, Lemma 3.4], following the ideas contained in [38]:

Lemma 3.3 Let Y be locally CAT(κ) and E : Y → R ∪ {+∞} be a λ-convex and
lower semicontinuous functional, λ ∈ R. Let y, z ∈ Y and consider the gradient flow
trajectories (yt ), (zt ) associated with E. Then, for any t ≥ s > 0, it holds

d2Y(yt , zs) ≤e−2λs
(
d2Y(y, z) + 2(t − s)(E(z) − E(y))

+ 2|∂−E |2(y)
ˆ t−s

0
θλ(r) dr − λ

ˆ t−s

0
d2Y(yr , z) dr

)
. (3.3)

where θλ(t) := ´ t
0 e

−2λr dr .
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With the previous two lemmas at hand we can prove the analogue of [19, Lemma
4.17] for CAT(κ) spaces. Below we shall denote with Lipbs(X) the space of Lipschitz
functions with bounded support and with Lip+

bs(X) the subset of Lipbs(X) made of
nonnegative functions.

Lemma 3.4 Let (X, d,m) be an RCD(K , N ) space, Y a locally CAT(κ)-space and
� ⊂ X open and bounded. Also, let f ∈ Lip(Y) be λ-convex, λ ∈ R, and u ∈
KS1,2(�, Y). For g ∈ Lipbs(X)+ define the (equivalence class of the) variation map

ut (x) := GF f
tg(x)(u(x)) ∀t > 0, x ∈ �. Then, ut ∈ KS1,2(�, Y) for every t > 0 and

there is a constant C > 0 depending on f , g such that

| dut |2HS ≤ e−2λtg
(

| du|2HS − 2t〈 dg, d( f ◦ u)〉 + Ct2
)
m − q.o. in� (3.4)

holds for every t ∈ [0, 1]. In particular

lim sup
t→0

EKS(ut ) − EKS(u)

t
≤ − 1

d + 2

ˆ
�

(
λg| du|2HS+〈 dg, d( f ◦u)〉

)
dm. (3.5)

Proof The fact that ut ∈ L2(�, Y) easily follows from the following inequalities and
the fact that the support of g is bounded:

d2Y(ut (x), o) ≤ 2d2Y(ut (x), u(x)) + 2d2Y(u(x), o)

≤ 2d2Y(u(x), o) + 2te2|λ|t Lip2( f )g(x),

where for the second inequality we applied the a priori estimates (3.3) and exploited
the fact that |∂− f |(y) ≤ Lip( f ) for all y ∈ Y. Now thanks to (3.2) we have (w.l.o.g.
assume g(y) ≥ g(x))

d2Y(ut (x), ut (y)) ≤ e2|λ||g(x)−g(y)|d2Y
(
u(x),GF f

t |g(y)−g(x)|(u(y))
)
.

Now we can use the sharp dissipation rate of the gradient flow (see [19, point (ii) of
Theorem 3.2]) to establish the Lipschitzianity of the map t → GF f

t (u(x)) and get

d2Y
(
u(x),GF f

t |g(y)−g(x)|(u(y))
) ≤ 2d2Y

(
u(x),GF f

t |g(y)−g(x)|(u(x))
)

+ 2d2Y
(
GF f

t |g(y)−g(x)|(u(x)),GF f
t |g(y)−g(x)|(u(y))

)
≤ C1t

2|g(x) − g(y)|2 + 2e2|λ||g(y)−g(x)|d2Y(u(y), u(x))

≤ C1t
2d2(x, y) + C2d

2
Y(u(y), u(x)).

Dividing by r2 := d2(x, y) and m(Br (x)) and integrating over Br (x) ⊆ � we get

ks22,r [ut ,�](x) ≤ C1t
2 + C2ks

2
2,r [u,�](x).

The fact that m(�) < +∞ allows to conclude ut ∈ KS2(�, Y).
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For what concerns estimate (3.4) the proof is verbatim the one in [19, Lemma 4.17].
Finally for the last point we just need to subtract from both sides of (3.4) the

quantity | du|2HS and then integrate over � and divide by 2t(d +2). Taking the lim sup
as t → 0+ and exploiting a dominated convergence argument allows to conclude with
(3.5). ��

The following is a generalization to CAT(κ) spaces of well-known inequalities
holding for functions in CAT(0) spaces. We begin with the following:

Proposition 3.5 Let (X, d,m) be an RCD(K , N ) space and (Y, dY) be a locally
CAT(κ) space. Let � ⊂ X be open and bounded and let u : � → Y be a har-
monic map and f : Y → R be a Lipschitz and λ-convex map, then f ◦ u ∈ W 1,2(�)

and
�( f ◦ u) ≥ λ|du|2HSm (3.6)

in the weak sense. In particular �( f ◦ u) is a signed Radon measure.

Proof The fact that f ◦ u ∈ W 1,2(�) is well-known (see [22]). To prove (3.6) first
observe that being u harmonic implies

lim sup
t→0

EK S(ut ) − EK S(u)

t
≥ 0,

so that (3.5) gives

λ

ˆ
�

g| du|2HS dm ≤ −
ˆ

�

〈 dg, d( f ◦ u)〉 dm =
ˆ

�

�( f ◦ u)g dm

for all g ∈ Lip+
bs(X), whence (3.6) follows. ��

Lemma 3.6 Let (X, dX,m) be an RCD(K , N ) space and (Y, dY) a CAT(1) space. Let
u : � ⊂ X → Y be a harmonic mapping such that u(�) ⊂ Bρ(o) for some ρ < π/2,
then consider the function fo : X → [0, 1] given by fo(x) := cos(dY(u(x), o)). We
have fo ∈ W 1,2(�) and

� fo ≤ − cos ρ| du|2HS (3.7)

in the weak sense in �.

Proof This is indeed a consequence of Proposition 3.1 in combinationwith Proposition
3.5. Indeed one just needs to apply those results with the space (Bρ(o), dY), which is
a CAT(1) space. ��

We now have the following result which holds in a more general setting than the
present one (see [6, Theorem 5.4]) but we shall present it in the setting of RCD spaces
to avoid further technicalities.

Theorem 3.7 (Elliptic Harnack inequality) Let (X, d,m) be anRCD(K , N ) space and
u : X → R be a weakly subharmonic function in B4r (x0), i.e. u ∈ W 1,2(B4r (x0)) and

�u ≥ 0
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in the weak sense in B4r (x0). Then the following estimate holds

sup
z∈Br/2(x0)

max{u, 0}(z) ≤ C(K−r2, N )

(
1

m(Br (x0))

ˆ
Br (x0)

u2 dm

)1/2

, (3.8)

where C is equibounded as r → 0+.

Remark 3.8 As a consequence of (3.8) we get that any weakly subharmonic function
is locally bounded from above.

We shall now introduce the following notation: for a function v : X → R we set

vR :=
 
BR(x0)

v dm,

where x0 ∈ X is a point which will be clear from the context. We further set

v+,R := sup
x∈BR(x0)

max{v, 0}(x)

The following is a combination of [28, Corollary 1] and [28, Lemma 7]:

Corollary 3.9 Let u : X → R be as in the previous Theorem and nonnegative, then
there exists δ0 > 0 independent of R such that

sup
BR(x0)

u ≤ (1 − δ0)u+,4R + δ0uR .

Moreover if ε ∈ (0, 1/4) there exists m ∈ N (independent of u and ε) such that

u+,εm R ≤ ε2u+,R + (1 − ε2)uR′ (3.9)

where R′ (possibly depending on ε and u) is such that εm R ≤ R′ ≤ R/4.

We proceed recalling another useful lemma which again extends to the context of
CAT(κ) spaces without modifications:

Lemma 3.10 Let (X, d,m) be an RCD(K , N ) space and let (Y, dY, o) be a pointed
complete metric space, then for every u ∈ KS1,2(X, Y) there exists C =
C(diam(�), K , N ) ≥ 1 such that for every r > 0 and p ∈ � for which BrC (p) ⊆ �

we have
 
Br (p)

ˆ
Br (p)

d2Y(u(x), u(y)) dm(x) dm(y) ≤ Cr2
ˆ
BrC (p)

e22[u] dm. (3.10)

Proof The proof can be found in [23, Lemma 4.9]. ��
The next Lemma is basically [28, Lemma 8] adapted to CAT(κ) setting.
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Lemma 3.11 Let (X, d,m) be an RCD(K , N ) space, � ∈ X an open set with m(X \
�) > 0, and (Y, dY) be a CAT(1) space. Let u : � → Y be a harmonic map with
values in Bρ(o) with ρ < π/2 and let B4R(x0) ⊂⊂ �, then

R2
 
BR(x0)

| du|2HS dm ≤ C(v+,4R − v+,R),

where v(x) = d2Y(u(x), o) and C = C(diam(�), K , N ).

Proof To begin with let us consider a mollified version of the Green function (whose
existence can be proved for instance via Lax-Milgram theorem) which solves in the
weak sense the following

{
−�Gp = χBR (p)

m(BR(p)) on B2R(p)

Gp = 0 on Bc
2R(p).

We have (we shall omit the point p center of the ball)

ˆ
B2R

〈 dϕ, dGp〉 dm =
 
BR

ϕ dm (3.11)

for all ϕ ∈ Lipbs(X) with suppϕ ⊂⊂ B2R(p). Now following [6, Section 6] we define
for convenience a rescaled version of G, namely we set

Gp,R := m(BR(p))

R2 Gp,

which satisfies ˆ
B2R

〈 dϕ, dGp,R〉 dm = 1

R2

ˆ
BR

ϕ dm

and the following estimates (again we refer to [6, Theorem 6.1], which deals with
more general metric spaces which include the class of RCD(K , N ) spaces)

0 < C1 ≤ Gp,R on BR,

0 ≤ Gp,R ≤ C2 on B2R,

where C1,C2 only depend on K ,N and diam(�). Now we can define z := v − v+,4R
and write, exploiting (3.6) for f (·) equal to d2Y(·, o) with λ = 2 cos ρ by Proposition
3.1,

λ

ˆ
B2R

| du|2HSG2
p,R dm ≤

ˆ
B2R

(�z)G2
p,R dm = −2

ˆ
B2R

〈 dz, dGp,R〉Gp,R dm.
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Now we can use the Leibniz rule for the differential d(Gp,Rv) = Gp,R dz + z dGp,R

and write

λ

ˆ
B2R

| du|2HSG2
p,R dm ≤ −2

ˆ
B2R

〈 dGp,R, d(Gp,Rz)〉 dm+2
ˆ
B2R

〈 dGp,R, dGp,R〉z dm.

Being z ≤ 0 we can neglect the second term and obtain

λ

ˆ
B2R

| du|2HSG2
p,R dm ≤ −2

ˆ
B2R

〈 dGp,R, d(Gp,Rz)〉 dm = − 1

R2

ˆ
BR

G p,Rz dm

≤ −C1m(BR)

R2 (vR − v+,4R) = C1m(BR)

R2 (v+,4R − vR)

where we used the definition of the mollified Green function. Finally, applying Corol-
lary 3.9, we get the thesis. ��
We are now in position to prove the desired Hölder continuity of harmonic maps.

Theorem 3.12 Let u : � ⊆ X → Y be a harmonic map such that Im(u) ⊆ Bρ(o) with
ρ < π/2 and with (X, d,m) which is an RCD(K , N ) space and Y which is a CAT(1)
space. Then u is locally Hölder continuous in �.

Proof The proof closely follows [28, Theorem]. Let us fix x0 ∈ � in such a way that
B4R(x0) ⊂⊂ �. Let us define the mean of u on a ball centered at x0 with radius r ,
denoted by ūr , as one of the minimums of

Y � q �→
 
Br (x0)

dY(u(x), q) dm(x).

Finally set vp(x) := d2Y(u(x), p) where p ∈ Y will be chosen later and w(x) :=
d2Y(u(x), ū R/4). We want to exploit the result in Corollary 3.9: let us therefore fix
ε ≤ 1/10 so that εm R ≤ R′ ≤ R/4 and estimate as follows

wm
R′ = 1

m(BR′(x0))

ˆ
BR′ (x0))

d2Y(u(x), ū R/4) dm(x)

≤ C

m(BR/4(x0)

ˆ
BR/4(x0)

d2Y(u(x), ū R/4) dm(x)

where C is independent of R, exploiting the (uniformly) doubling property of the
measurem on �. Now applying Poincaré inequality to the previous expression we get

C

m(BR/4(x0))

ˆ
BR/4(x0)

d2Y(u(x), ū R/4) dm(x) ≤ C1
R2

m(BR(x0))

ˆ
BR/(4λ)(x0)

| du|2HS dm,

for some λ ∈ (0, 1). Now we shall apply Lemma 3.11 and the doubling inequality
again to obtain

wm
R′ ≤ C

(
vp,+,R/λ − vp,+,R/4λ

)
. (3.12)
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Choose now p ∈ conv
(
u(Bεm R(x0)

)
so that we have

sup
x∈Bεm R(x0)

d2Y(u(x), p) ≤ 2 sup
x∈Bεm R(x0)

d2Y(u(x), ū R/4) + 2d2Y(ū R/4, p)

≤ 4 sup
x∈Bεm R(x0)

d2Y(u(x), ū R/4)

and at the same time

sup
x∈BR(x0)

d2Y(u(x), ū R/4) ≤ 4 sup
x∈BR(x0)

d2Y(u(x), p)

Combining estimate (3.12) and the result of Corollary 3.9 we get

sup
x∈Bεm R(x0)

d2Y(u(x), ū R/4) ≤ 4ε2 sup
BR(x0)

d2Y(u(x), ū R/4) + C
(
vp,+,R/λ − vp,+,R/4λ

)

≤ 16ε2 sup
x∈BR(x0)

d2Y(u(x), p) + C
(
vp,+,R/λ − vp,+,εm R

)
,

where in the last line we also used that εm ≤ (1/8)m ≤ 1/4 ≤ 1/4λ. In the end we
obtain

sup
x∈Bεm R(x0)

d2Y(u(x), p) ≤ 64ε2 sup
x∈BR(x0)

d2Y(u(x), p) + C
(
vp,+,R/λ − vp,+,εm R

)
.

Setting ω(r) := supx∈Br (x0) d
2
Y(u(x), p) we can rewrite the previous inequality as

(1 + C)ω(εm R) ≤ 64ε2ω(R) + Cω(R/λ) ≤ (64/100 + C)ω(R/λ),

which means
ω(εm R) ≤ cω(R/λ),

where ε and λ are fixed and c < 1. By an iteration of the latter estimate (holding for
every R ≤ R0 for which BR0(x0) ⊂⊂ �) we get

ω(r)

rα
≤ C

ω(R0)

Rα
0

,

where α ∈ (0, 1), C > 0 and r ≤ R0. Choosing p = ūr we get

√
ω(r) ≤ osc(u, Br (x0)) ≤ 2

√
ω(r)

and this proves the (local) Hölder continuity of u. ��
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3.2 Higher Integrability of Energy Densities

Let � ⊂ X be an open bounded set in an RCD(K , N ) space with X \ � �= ∅ ,
K ∈ R and N ∈ [1,∞). Let (Y , dY) be a CAT(κ) space with κ > 0 and suppose that
u ∈ KS(�; Y ) is a harmonic map with values in a ball Bρ(o) ⊂ Y with ρ ∈ (0, π

2
√

κ
).

We shall always fix a Hölder continuous representative of u.
Let us recall some notations in [3].

Definition 3.13 For any q > 1, a nonnegativem-measurable functionw on� belongs
to the weak q-Reverse Hölder class RHweak

q if there exists a constant Cq such that

( 
B

wq dm

)1/q

� Cq

ˆ
2B

w dm

for all ball B := Br (y) with 2B := B2r (y) ⊂ �.

We need the following Gehring lemma, see [3, Propostion 6.2] and [33, Theorem
3.1].

Lemma 3.14 If 1 < q < ∞ and w ∈ RHweak
q , then there exists ε > 0 such that

w ∈ RHweak
q+ε .

Now we will prove the higher integrability of energy density.

Theorem 3.15 Let�,Y andu beas above. Then there exists an ε = ε(N , K , diam(�),

ρ) > 0 such that | du|HS ∈ W 1,2+ε
loc (�) and

( 
B

| du|2+ε
HS dm

) 2
2+ε

� Cε

 
B

| du|2HS dm (3.13)

for any ball B with 2B ⊂ �, where the constant Cε > 0 depends only on ε.

Proof Fix any ball B with 2B ⊂ �, then by Lemma 3.6, we have

�( fo − a) � − cos ρ| du|2HS, ∀a ∈ R,

where fo(x) = cos(dY(u(x), o)). Let φ : � → [0, 1] be a cut-off function with φ = 1
on B, φ = 0 out of 3

2 B, and

|∇φ| � C1r
−1, |�φ| � C2r

−2,

where the constants C1,C2 depend only on K , N and diam(�). Then we get

ˆ
B

| du|2HS dm �
ˆ

3
2 B

| du|2HSφ dm � C3

r2

ˆ
3
2 B

| fo − a| dm,

for all a ∈ R, where C3 = C2/ cos ρ. It is well-known that a weak (1, 2)-Poincaré
inequality holds on RCD(K , N ) spaces and since the weak (1, s)-Poincaré inequality
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is an open ended condition (see [30, Theorem 1.0.1]), there exists a number s0 ∈ (1, 2)
such that the weak (1, s0)-Poincaré inequality holds on RCD(K , N ) spaces (see also
[39] for general Poincaré inequalities in CD(K , N ) spaces). Therefore, we have

inf
a∈R

 
3
2 B

| fo − a| dm � CK ,N ,diam(�),s0 · r
( 

2B
|∇ fo|s0 dm

)1/s0
.

Combining the above two inequalities, we conclude that

( 
B

| du|2HS dm
)1/2

� C4

( 
2B

|∇ fo|s0 dm
)1/s0

� C4

( 
2B

| du|s0HS dm
)1/s0

,

where we have used |∇ fo| � | sin dY (o, u)| · |∇dY (o, u)| � | du|HS. Now, applying
Lemma 3.14 to | du|s0HS, we obtain | du|HS is in W 1,2+ε

loc (�), and moreover

( 
B

| du|2+ε
HS dm

)1/(2+ε)

� Cε

( 
2B

| du|s0HS dm
)1/s0

� Cε

( 
2B

| du|2HS dm
)1/2

,

due to Hölder inequality and the fact that s0 < 2. ��

3.3 Auxiliary Results

In this section we shall work under the following assumptions:

1. (X, dX,m) is an RCD(K , N ) space with essential dimension d ∈ N (see [7] for
the definition).

2. � ⊂ X is an open bounded setwith X\� �= ∅, which is equivalent tom(X\�) > 0.
3. (Y, dY) is a CAT(1) space: the results obtained for general CAT(κ) spaces will be

obtained by a rescaling of the distance function.
4. u ∈ KS1,2(�; Y) is harmonic with values in a ball Bρ(o) ⊂ Y with ρ < π

2 . Finally
we shall fix Borel representatives of u (the Hölder continuous one) and of e2[u]
(and of | du|HS).

5. Let �′ ⊂⊂ � be open and consider r > 0 and x̂ ∈ �′ such that B4r (x̂) ⊂ �′ and
‖u‖Cα(�′)rα < π/10. Finally call B = Br (x̂), 2B := B2r (x̂) and B ′ = B3r/2(x̂).

Let us first define F : R → R as the following

F(t) := 2 sin

(
t

2

)
+ 4 sin2

(
t

2

)

and observe that F is such that F ′, F ′′ ≥ 0 on [0, π/2]. With a little abuse of notation
let us also set

F(z, w) := 2 sin

(
dY(z, w)

2

)
+ 4 sin2

(
dY(z, w)

2

)

for any z, w ∈ Y.

123



  208 Page 20 of 34 L. Gennaioli et al.

We introduce the following quantities, in order to produce an Hopf-Lax formula
for the function u,

f (x, y) =
{

−F(u(x), u(y)) if x, y ∈ B ′

−6 otherwise.

Notice that f is lower semiconinuous since F is bounded between 0 and 6. We call
ft the p-Hopf-Lax semigroup applied to the function f , namely we set

ft (x) := inf
y∈X

[
dp
X (x, y)

pt p−1 + f (x, y)

]
, (3.14)

where we avoid to include p in the definition of ft to lighten the notation. Notice
that 0 ≥ ft (x) ≥ −6 for every x ∈ X. Moreover the infimum in (3.14) is actually a
minimum (this follows by Weierstrass theorem exploiting the semicontinuity of the
function we are minimizing). We also have a quantitative estimate for where to find a
minimum, indeed denotingwith yt,x aminimizer for ft (x), choosing x as a competitor,
we get

ft (x) ≤ dp
X (x, yt,x )

pt p−1 + f (x, yt,x ) ≤ 0.

This means dX(x, yt,x ) ≤ (6pt)
p−1
p so that there exists t∗ = t∗(p) > 0 such that we

have

ft (x) := inf
y∈B12√t (x)

[
dp
X (x, y)

pt p−1 − F(u(x), u(y))

]
∀x ∈ B

for t ∈ (0, t∗).
Now set

St (x) :=
{
y ∈ X : ft (x) = dp

X (x, y)

pt p−1 − F(u(x), u(y))

}

and observe that the latter set is non-empty if t < t∗. Finally set

Lt (x) := min
y∈St (x)

dX(x, y) and Dt (x) := L p
t (x)

pt p−1 − ft (x).

We now present a slight modification of [48, Lemma 4.1] since we still don’t know
that the map u is Lipschitz continuous but we have Hölder regularity instead: if the
map is assumed to be Lipschitz the proof works in the same way replacing α with 1.

Lemma 3.16 With the above notation and assumptions, we have

1. ft is Hölder continuous on B.
2. Lt and Dt are lower semicontinuous.
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3. There exists a constant C = C(p, ‖u‖Cα , k) > 0 such that

Lt ≤ Ctβ, Dt ≤ C̃tβ
′
, − ft ≤ C̃tβ

′
on B, (3.15)

where β = (p − 1)/(p − α), β ′ = αβ, and the constant C depends on p, the Hölder
norm of u, ‖u‖Cα .

Proof The proof of (1) is immediate since the infimum of equi-Hölder functions is
Hölder.

The proof of (2) is contained in [48, Lemma 4.1].
For the proof of (3) consider yt (x) ∈ St (x) such that Lt (x) = dX(x, yt ). We get,

using sin θ ≤ θ for θ > 0 and that dY(u(x), u(yt )) ≤ π ,

Dt (x) = L p
t (x)

pt p−1 − ft (x) = F(x, yt ) ≤ dY(u(x), u(yt )) + d2Y(u(x), u(yt ))

≤ (1 + π)dY(u(x), u(yt )) ≤ (1 + π)‖u‖Cα Lα
t (x) = CLα

t (x).

At the same time, being ft ≤ 0 we have

L p
t (x)

pt p−1 ≤ Dt (x) ≤ CLα
t (x)

so that we get Lt ≤ Ctβ , with β = (p − 1)/(p − α). For Dt we have instead

Dt (x) ≤ CLα
t (x) ≤ C̃tβ

′

with β ′ = αβ. Finally for ft we have, since − ft ≤ Dt ,

− ft ≤ C̃tβ
′
.

��
To establish the key variational inequality we shall exploit the following simple but

useful lemma

Lemma 3.17 With the above assumptions we have

� f (·, y) ≤ 0 on B

in the weak sense, for all y ∈ B.

Proof Thanks to the assumptions it is sufficient to compute �F(u(·), u(y)) in the
weak sense. By the chain rule (see [20, Proposition 5.2.3]) we get

�F(u(·), u(y)) = F ′′|∇dY(u(·), u(y))|2 + F ′�dY(u(·), u(y)),
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whence the claim follows by the nonnegativity of the factors on the right hand side
(recall that the Laplacian of x �→ dY(u(x), u(y)) is nonnegative thanks to Proposition
3.5). ��

We now have a lemma on the heat flow Laplacian of the Hopf-Lax semigroup (the
idea is from [35], see also [16] and [34])

Lemma 3.18 Let f : X → R be a bounded Borel function. Assume that for some
x, y ∈ X we have

Qp
t f (x) = f (y) + dp

X (x, y)

pt p−1 . (3.16)

Then

�Qp
t f (x) ≤ � f (y) − K

dp
X (x, y)

t p−1 . (3.17)

holds in the pointwise heat flow sense.

Proof First of all let πs ∈ P(X×X) be an optimal transport plan between hsδx ∈ P(X)

and hsδy ∈ P(X) for the cost dp
X . Moreover we have the following estimate, which is

theWasserstein contractivity of the heat flow (holding in general RCD(K ,∞) spaces,
see [2]),

W p
p (hsδx , hsδy) ≤ e−pKsdp

X (x, y). (3.18)

We can now estimate as follows

hsQt f (x) =
ˆ
X
Qt f (z) dhsδx (z) =

ˆ
X×X

Qt f (z) dπs(z, z
′)

≤
ˆ
X×X

[
f (z′) + dp(z, z′)

pt p−1

]
dπs(z, z

′)

(by optimality of πs) =
ˆ
X
f (z′) dhsδy(z) + 1

pt p−1W
p
p (hsδx , hsδy)

= hs f (y) + 1

pt p−1W
p
p (hsδx , hsδy).

Finally applying (3.18) to the previous inequality we get (note that the followingwould
hold for any w ∈ X in place of y)

hsQt f (x) ≤ hs f (y) + e−pKs

pt p−1 d
p
X (x, y). (3.19)

Subtracting (3.16) from (3.19), dividing by s > 0 and taking the lim sup as s → 0
finally gives (3.17). ��

Wenow proceed with a refinement of (3.7), following [42, Proposition 1.17], which
will be crucial for obtaining an elliptic inequality involving the function ft .
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Lemma 3.19 Let u : � → Y be a harmonic map with � ⊂ X open set, (Y, dY)
which is a CAT(1) space and Im(u) ⊆ Bρ(o) with o ∈ Y, ρ < π/2. Let further
fo(x) := cos(dY(u(x), o)), then we have fo ∈ W 1,2(�) and

� fo ≤ − fo| du|2HS = − fo(n + 2)e22[u] in � (3.20)

in the weak sense.

Proof Let us first set R(x) := dY(u(x), o), denote with x → Gu(x),o
t the map which

associates to each x ∈ � the point at time t lying in the geodesic (recall that geodesics
are unique in our case) connecting o and u(x). Finally set uη := Gu,o

η where η ∈
W 1,2(�) ∩ Cc(�) is such that 0 ≤ η ≤ 1: then by [41, Lemma 3.8] we have

e22[uηt ] ≤ sin2
[
(1 − ηt)R

]
sin2 R

(e22[u] − e22[R]) + e22[(1 − ηt)R] (3.21)

m-a.e. in �, where t is a positive parameter that we will eventually send to zero. Now
we shall use the duplication formula for the sinus to get

| duηt |2HS ≤
[
cos2(tηR) + sin2(tηR) cos2 R

sin2 R
− cos R sin(2tηR)

sin R

]
(| du|2HS − | dR|2HS)

+ | dR − tη dR|2HS.

Note that we have simultaneously used that | du|2HS = (n + 2)e22[u] (recall that if
f : X → R then | d f | = | d f |HS). We proceed integrating over �, we divide by t
and exploit the fact that E2(utη) − E2(u) ≥ 0 (as u is harmonic) together with the
asymptotics of the involved functions to get

0 ≤
ˆ

�

[
− ηR

cos R

sin R
| du|2HS + ηR

cos R

sin R
| dR|2 − 〈 dR, d(ηR)〉

]
dm.

We can now use the following identity

〈∇
(

η
R

sin R

)
,∇ cos R

〉 = ηR
cos R

sin R
| dR|2 − 〈 dR, d(ηR)〉

to get

0 ≤
ˆ

�

−ηR
cos R

sin R
| du|2HS + 〈∇

(
η

R

sin R

)
,∇ cos R

〉
dm.

Note that now we can choose the magnitude of η to be whatever we want since the
inequality doesn’t change if we divide everything by a positive constant. Now pick
ϕ ∈ Lipc(�) nonnegative and set η := ϕR/ sin R: it is clear that η ∈ W 1,2(�)∩Cc(�)

because it is the product of a boundedW 1,2(�) and continuous function and aLipschitz
functionwith compact support. Finally thismeans that for allϕ ∈ Lipc(�) nonnegative
we have ˆ

�

ϕ cos R| du|2HS dm ≤
ˆ

�

〈∇ϕ,∇ cos R
〉
dm.
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The latter is the conclusion. ��
Finally define some parametric functions depending on the distance of the target

space dY and deduce some Laplacian bounds on them that we shall exploit later in the
proof of the "good" distributional bound.

Lemma 3.20 Let u : � ⊂ X → Y be a harmonic map with Im(u) ⊂ Bρ(o) and
ρ < π/2. Consider for any z ∈ � and y ∈ Y the function

wa,b,y,z(x) = ad2Y(u(x), u(z)) + b cos(dY(u(x), y)).

For m−a.e. x0 ∈ � we have

�wa,b,o,x0(x0) ≤ (
2a − b cos(dY(u(x0), o))

)
(n + 2)e22[u](x0)

= (
2a − b cos(dY(u(x0), o))

)| du|2HS(x0)

in the pointwise heat flow sense.

Proof First of all we shall notice that [34, Proposition 3.3] holds also in this settingwith
the same proof since by Lemma 3.12 we have the (Hölder) continuity of u. Therefore
we have

ht (d
2
Y(u(·), u(xo))(x0) = 2| du|2HS(x0)t + o(t) as t → 0+. (3.22)

for m-a.e. x0. Secondly by the results contained in [18] and Lemma 3.19 we have

lim sup
t→0

ht cos(dY(u(·), o))(x) − cos(dY(u(x), o))

t
≤ − cos(dY(u(x), o))| du|2HS.

(3.23)
Combining (3.22) with (3.23) we finally get the thesis. ��

3.4 AVariant of the Bochner-Eells-Sampson Inequality

The authors in [46] are able to prove the Lipschitz continuity of harmonic maps
between Alexandrov spaces exploiting the properties of the Hopf-Lax semigroup.
Moreover in [48], given the Lipschitz continuity of the harmonic map proved in [42],
they are able to prove a weak version of the Bochner-Eells-Sampson inequality for
maps from a Riemannian domain to a CAT(1) space. Here we shall exploit the ideas
contained in [16] and fuel themwith the ideas of [48] (see also [34] for the non-smooth
counterpart, as in our case) to obtain a variational inequality (the "good" distributional
bound) which in the limit will be the desired inequality.

We now recall [16, Lemma 6.13].

Lemma 3.21 There exists T > 0 such that, given a Borel set E ⊂ B ′ such that
m(B ′ \ E) = 0, we have: for all 0 < t < T there exists zt ∈ B such that for m-a.e.
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x ∈ E ∩ B4r/3(x̄) =: E ∩ B ′′ and every n ∈ N the function

y �→ gt (x, y, zt ) := dp
X (x, y)

pt t−1 + f (x, y) + d2X(y, zt )

2n

admits a minimizer Tt (x) and such minimizer belongs to the set E ∩ B ′′.

Proof The difference with respect to [16, Lemma 6.13] lies in the different definition
of f , however since the proof follows with minor modifications we decided to omit
it. Note moreover that from the proof in [16] we can infer that Sobolev regularity is
not necessary for the function f . It would be sufficient to ask for f to be continuous
and with a Laplacian bound � f ≤ Lm in the weak sense. ��

We further define

ft,n(x) := inf
y∈X

[
dp
X (x, y)

pt p−1 + f (x, y) + d2X(y, zt )

2n

]
. (3.24)

We now have the following distributional bound for the function ft,n .

Lemma 3.22 ("Bad" distributional bound)Possibly choosing a smaller t∗ the following
holds. Let ft,n be defined as in (3.24) and p � 2: we have

� ft,n ≤ C(K , N , p, diam(�))

(
1

t
+ 1

n

)
m on B (3.25)

in the weak sense, for all t < t∗, for all n ∈ N.

Proof Fix y ∈ B: by Theorem 2.7 and p � 2, we have

�dp
X,y = p(p − 1)dp−2

X,y |∇dX,y |2 · m + pdp−1
X,y �dX,y � C(K , N , p, diam(�)) · m.

Combining this with Lemma 3.17 and [16, Lemma 4.7] we infer the result. ��
Toobtain the "good" distributional boundweneed the following lemma for the function
F to be able to let the heat flow and the Hopf-Lax semigroup combine in an efficient
way.

Lemma 3.23 (Key technical Lemma) Consider 4 points P, Q, R, S inside u(Br (x))
in such a way that P := u(x), Q := u(x̄), R := u(ȳ), S := u(y). Let us further set
l0 := 2 sin dY(Q,R)

2 , l1 := 2 cos dY(Q,R)
2 , α := 1/(1 + 2l0) and finally let β > 0. We

have

F(u(x̄), u(ȳ)) − F(u(x), u(y))

≤
[
wa1,b,Qm ,x̄ (x) − wa1,b,Qm ,x̄ (x̄)

] + [
wa2,b,Qm ,ȳ(y) − wa2,b,Qm ,ȳ(ȳ)

]
αl0

, (3.26)

123



  208 Page 26 of 34 L. Gennaioli et al.

where Qm is the middle point of the geodesic joining Q and R,

a1 := 1 − 1 − α

2

(
1 − 1

β

)
, b := l1, a2 := 1 − 1 − α

2

(
1 − β

)

and the function w is defined in Lemma 3.20.

Proof We can apply (2.2) to get

αl0
(
F(Q, R) − F(P, S))

)

= αl0

(
4 sin2

dQR

2
− 4 sin2

dPS
2

)
+ αl0

(
2 sin

dQR

2
− 2 sin

dPS
2

)

≤
[
1 − 1 − α

2

(
1 − 1

β

)]
4 sin2

dPQ

2
+ l1

(
cos dPQm − cos dQQm

)

+
[
1 − 1 − α

2

(
1 − β

)]
4 sin2

dRS
2

+ l1

(
cos dSQm − cos dRQm

)

≤ [
wa1,b,Qm ,x̄ (x) − wa1,b,Qm ,x̄ (x̄)

] + [
wa2,b,Qm ,ȳ(y) − wa2,b,Qm ,ȳ(ȳ)

]
,

which concludes the proof. ��
The second tool we need is an improvement of the distributional bound (3.25): this

is the aim of the following proposition.

Proposition 3.24 ("Good" distributional bound) We have

� ft ≤ −K
L p
t

t p−1 +
(
1 + ot (1)

)
Dt | du|2HS on B (3.27)

in the weak sense, for all t < t∗ and p � 2.

Proof First of all let us recall the definition of ft,n

ft,n(x) := inf
y∈X

[
dp
X (x, y)

pt p−1 + f (x, y) + d2X(y, zt )

2n

]
.

Thanks to the Lemma 3.21we can find zt in such away that aminimizer of gt (x, y, zt ),
i.e. a point Tt (x) for which gt (x, Tt (x), zt ) = ft,n(x), lies inside E ∩ B ′′ for m-a.e.
x ∈ E∩B ′′ and we can choose E to be the set of regular points of the space intersected
with the set of Lebesgue points of | du|HS (which is clearly of full measure). Now let
us fix x̄ ∈ E ∩ B ′′ and call ȳ the "good" minimiser of ft,n(x). Clearly for such points
we have

ft,n(x̄) = f (x̄, ȳ)+ dp
X (x̄, ȳ)

pt p−1 + d2X(ȳ, zt )

2n
= −F(u(x̄), u(ȳ))+ dp

X (x̄, ȳ)

pt p−1 + d2X(ȳ, zt )

2n
.
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Now fix any other two points x, y ∈ �. Setting P := u(x), Q := u(x̄), R := u(ȳ),
S := u(y). Using the inequality (3.26) of the key techcnical lemma (and its notation)
we get

ft,n(x) = inf
y∈X

[
dpX (x, y)

pt p−1 + f (x, y) + d2X(y, zt )

2n

]

= −F(u(x̄), u(ȳ)) + inf
y∈X

[
dpX (x, y)

pt p−1 + F(u(x̄), u(ȳ)) − F(u(x), u(y)) + d2X(y, zt )

2n

]

≤︸︷︷︸
(3.26)

−F(u(x̄), u(ȳ)) + wa1,b,Qm ,x̄ (x) − wa1,b,Qm ,x̄ (x̄)

αl0

+ Qt

[
wa2,b,Qm ,ȳ(·) − wa2,b,Qm ,ȳ(ȳ)

αl0
+ d2X(·, zt )

2n

]
(x),

with equality if x = x̄ . We now proceed to obtain a bound on the Laplacian of ft,n in
the heat flow sense at the point x̄ , therefore we shall estimate

lim sup
s→0+

hs( ft,n)(x̄) − ft,n(x̄)

s
= � ft,n(x̄).

Exploiting the previous inequalities and the monotonicity of the heat flow (ht f ≤ ht g
if f ≤ g) we get

� ft,n(x̄) ≤ �wa1,b,Qm ,x̄ (x̄)

αl0
+ �Qt

[
wa2,b,Qm ,ȳ(·)

αl0
+ d2X(·, zt )

2n

]
(x̄).

Moreover thanks to the properties of the Hopf-Lax semigroup (namely (3.17)) we get

�Qt

[
wa2,b,Qm ,ȳ(·)

αl0
+d2X(·, zt )

2n

]
(x̄) ≤ �wa2,b,Qm ,ȳ(ȳ)

αl0
+ 1

n
�d2X(·, zt )(ȳ)−K

L p
t (x̄)

t p−1 .

Now we can apply Lemma 3.20 and the Laplacian comparison to obtain

� ft,n(x̄) ≤ C(K , N , r)

n
− K

L p
t (x̄)

t p−1 + 2a1 − b cos(dY(u(x̄), Qm))

αl0
| du|2HS(x̄)

+ 2a2 − b cos(dY(u(ȳ), Qm))

αl0
| du|2HS(ȳ).

Since cos(dY(Qm), ȳ) = cos(dY(Qm), x̄) = l1/2 and 1− l21/4 = l20/4 we can choose
β such that a2 = l21/4, so that 2a2 − b cos(dY(u(ȳ), Qm)) = 0. This is achieved with

β = 1 − l0(1 + 2l0)

4
.
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Via standard computations we get

2a1 − b cos(dY(Qm), x̄)

αl0
= 2l0(1 + 2l0)

(
1

4
+ 1

4 − l0(1 + 2l0)

)
.

Therefore we get

� ft,n(x̄) ≤ C(K , N , r)

n
− K

L p
t (x̄)

t p−1 + 2l0(1 + 2l0)

(
1

4
+ 1

4 − l0(1 + 2l0)

)
| du|2HS(x̄)

≤ C(K , N , r)

n
− K

L p
t (x̄)

t p−1 +
(
1 + ot (1)

)
Dt (x̄)| du|2HS(x̄),

where we also used that Dt (x̄) = l0 + l20 and that u is Hölder continuous to estimate
the remainder in ot (1) (observe also that x̂ does not depend on n ∈ N). Combining
the latter with Lemma 3.25 and [16, Lemma 4.8] (recalling that u is continuous on �)
we end up with

� ft,n ≤ C(K , N , r)

n
− K

L p
t (·)

t p−1 +
(
1 + ot (1)

)
Dt (·)| du|2HS(·) on B

in the weak sense, for all n ∈ N and for all t < t∗ .
Now since ft,n converges to ft uniformly as n → ∞, thanks to the regularity of ft

and the stability of the Laplacian bounds (see [16, 4.18]) we infer (3.27). ��
We now recall [48, Lemma 4.4]:

Lemma 3.25 Let q be such that 1/q + 1/p = 1. For all x ∈ B we have

lim inf
t→0

ft (x)

t
≥ − 1

q
lipqu(x). (3.28)

Moreover, assuming in addition that u is locally Lipschitz continuous, form-a.e. x ∈ B
(namely any point in B where u is metrically differentiable) we have

lim
t→0+

ft (x)

t
= − lipqu(x)

q
(3.29)

and

lim
t→0+

Lt (x)

t
= lipq/pu(x), lim

t→0+
Dt (x)

t
= lipqu(x). (3.30)

Proof The proof follows as in [34, Proposition 7.5] combined with [48, Lemma 4.4].
��

Theorem 3.26 (A variant of the BES inequality) Let u be as above and assume that it
is locally Lipschitz in �, then the inequality

�

(
lip2u

2

)
≥ |∇lipu|2 − K lip2(u) − e22[u]lip2u (3.31)
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holds in the weak sense in �.

Proof By the chain rule it is easy to infer that (3.31) is equivalent to

�lipu ≥ −K lipu − e22[u]lipu. (3.32)

We shall now verify that there exists a neighborhood BR(x̄) with B2R(x̄) ⊂ � such
that lip(u) ∈ W 1,2(BR(x̄)) and (3.32) holds in the sense of distributions in BR(x̄).

Due to the continuity of u there exists R > 0 such that u(B2R(x̄)) ⊂ Bπ/4(u(x̄)),
so that diam(u(B2R(x̄))) < π/2 and R < r/2. By (3.27) and (3.15) we have
� ft/t ≤ C(Lip u) on B2R for all t ∈ (0, t∗). Combining the elliptic inequality (3.27)
with Lemma 3.15 and a Caccioppoli inequality we get ft/t ∈ W 1,2(B3R/2(x)) with
‖ ft/t‖W 1,2(B3R/2(x̄)) ≤ C and C depending only on the Lipschitz norm of u in �′.
Therefore, exploiting Lemma 3.25, up to a subsequence we have that− ft/t converges
weakly in W 1,2 to lipq(u)/q and we get

�(lipqu/q) ≥ K lipqu − e22[u] · lipqu (3.33)

in B3R/2(x̄) in the weak sense. Exploiting the Lipschitz continuity of u we get

�(lipqu/q) ≥ K (lipu)q − (lipu)q+2 ≥ −C

where the constant is uniform in q. Now again by Caccioppoli inequality we get
‖lipqu/q‖W 1,2(BR) ≤ C as q → 1. This means that lipq(u)/q converges to lip(u) in
W 1,2(BR(x̄)) and we can pass to the limit in (3.33) and get (3.32), whence we also
deduce (3.31). ��

Finally we shall mention that the theorems in [48, Section 5] hold also in the present
setting: we refer to [48] for the proofs which work mutatis mutandis in our context.

Theorem 3.27 Let u be as above but with values in Bρ(o) ⊂ Y, where (Y, dY) is a
CAT(κ) space and ρ < π/2

√
κ . Then letting R > 0 be such that B2R(x0) ⊂ � we

have

sup
x∈BR/2(x0)

lip(u)(x) ≤
CN ,

√
K R,π/(2

√
κ−ρ)

R
, (3.34)

where the constant C only depends on the parameters listed at its subscript.

As a consequence we obtain a Liouville type theorem for harmonic maps, which
follows by estimate (3.34).

Corollary 3.28 Let (X, dX,mX ) be a non-compact RCD(0, N ) space and (Y, dY) be a
CAT(κ) space. Consider a harmonic map u : X → Y such that u(X) ⊂ Bρ(o) for
some o ∈ Y and ρ < π/(2

√
κ), and suppose that u is locally Lipschitz continuous.

Then u must be a constant map.
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3.5 Boundary Regularity for Harmonic Maps

In this section, we continue to assume that � ⊂ X is an open bounded set in an
RCD(K , N ) space with X \� �= ∅ , K ∈ R and N ∈ [1,∞). Moreover we let (Y , dY)
be a CAT(κ) space with κ > 0.

To study the boundary regularity of harmonic maps, we shall also impose some
regularity conditions on the boundary of �.

Definition 3.29 Let � ⊂ X be a domain. We say that � satisfies an exterior density
condition if there exist two numbers λ ∈ (0, 1) and R0 > 0 such that

m(� \ Br (x)) � λ · m(Br (x)) ∀ x ∈ ∂�, ∀r ∈ (0, R0). (3.35)

Additionally we say that � satisfies a uniform exterior sphere condition if there exists
a number R0 > 0 such that for each x0 ∈ ∂� there exists a ball BR0(y0) satisfying

� ∩ BR0(y0) = ∅ and x0 ∈ ∂BR0(y0). (3.36)

Remark 3.30 It is easy to see that if the space satisfies a volume doubling condition
(which is the case of RCD(K , N ) spaces, thanks to Bishop-Gromov inequality), then
the exterior density condition is implied by the exterior sphere condition.

The main result of this section is the following.

Theorem 3.31 Let� and Y be as above. Suppose that� ⊂ X satisfies a uniform exte-
rior sphere condition with constant R0 and let w ∈ Lip(�,Y ). Let u ∈ KS1,2(�,Y )

be a harmonic map with boundary data w such that Im(u) ⊂ Bπ/4−ρ(o) for some
o ∈ Y and ρ > 0. Then for any ε ∈ (0, 1) it holds

dY
(
u(x), w(x0)

)
� CεLwd

1−ε
X (x, x0) (3.37)

for all x0 ∈ ∂� and x ∈ � with dX (x, x0) < Rε, where both Rε and Cε depend only
on ε, N , K and diam(�), and

Lw := sup
x,y∈�

dY
(
w(x), w(y)

)
dX (x, y)

.

In particular, u is continuous at x0 and u(x0) = w(x0).

To prove this result, we need the following two lemmas.

Lemma 3.32 Let � ⊂ X be a bounded domain satisfying a uniformly exterior con-
dition with constant R0. Suppose that f ∈ W 1,2(�) is a harmonic function on �

with boundary data g ∈ Lip(�). Suppose g(z0) = 0 for some z0 ∈ �. Then for any
ε ∈ (0, 1), there exists a number Rε ∈ (0,min{1, R0/2}) (depending only on ε, N , K
and diam(�)) such that for any ball Br (x0) with x0 ∈ ∂� and r ∈ (0, Rε) it holds

sup
Br (x0)∩�

| f (x) − f (x0)| � CεL · r1−ε, (3.38)
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where the constant Cε > 0 depending only on ε, N , K, and the constant L is a
Lipschitz constant of g.

Proof This is Theorem 4.3 in [47]. ��
Lemma 3.33 Let�,Y be as above. Suppose that u : � → Y is a harmonic map. Then
for any P ∈ Y such that Im(u) ∈ Bπ/2−ρ(P) it holds

�dY
(
u(x), P

)
� 0 (3.39)

in the sense of distributions.

Proof Since the function dY(P, ·) is convex in Bπ/2(P) ⊂ Y , the assertion follows
directly from Proposition 3.5. ��

We are now in the position to prove Theorem 3.31, whose proof is a modification
of the one in [47, Theorem 4.6].

Proof of Theorem 3.31 Fix any a point x0 ∈ ∂�, and set P = w(x0). Then, by the
triangle inequality and the fact that Im(u) ⊂ Bπ/4−ρ(o), we have dY(P, u(x)) �
π/2 − 2ρ for any x ∈ �. Moreover by Lemma 3.33, we observe that dY(P, u(x)) is
sub-harmonic on �.

We can now solve the Dirichlet problem

� f (x) = 0 on � and f (x) − dY(w(x0), w(x)) ∈ W 1,2
0 (�).

Notice that, by the triangle inequality, the function gx0(x) := dY(w(x0), w(x)) is
Lipschitz continuous on � with a Lipschitz constant

Lgx0
� Lw and gx0(x0) = 0.

According to Lemma 3.32, we have

sup
Br (x0)∩�

| f (x) − f (x0)| � CεLwr
1−ε, (3.40)

for any ball Br (x0) with x0 ∈ ∂� and r ∈ (0, R′
ε).

At last, since dY(u(x), w(x0)) − f (x) is sub-harmonic on �, and

[dY(u(x), w(x0)) − f (x)]+ ∈ W 1,2
0 (�),

the maximum principle yields

dY(u(x), w(x0)) � f (x), a.e. in �.

Noticing that u ∈ C(�) (by Theorem 3.12) and f ∈ C(�), we get

dY(u(x), w(x0)) � f (x), ∀x ∈ �.
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The combination of the latter with (3.40) implies the desired result, concluding the
proof. ��
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