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Abstract

In this work we are going to establish Holder continuity of harmonic maps from an
open set 2 in an RCD(K, N) space valued into a CAT (x) space, with the constraint
that the image of €2 via the map is contained in a sufficiently small ball in the target.
Building on top of this regularity and assuming a local Lipschitz regularity of the
map, we establish a weak version of the Bochner-Eells-Sampson inequality in such a
non-smooth setting. Finally we study the boundary regularity of such maps.
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1 Introduction

In the last 50 years the study of harmonic maps has been blooming and gained a lot
of interest from the mathematical community. One of the main questions is the one of
existence of such mappings and parallel to that there is the issue of their regularity.

When u : @ € M" — N* is a harmonic map between Riemannian manifolds
(M", gpr) and (N*, gn) the picture nowadays is quite clear: the existence of such
mappings has been established via the study of parabolic problems by Hamilton (see
[24] for a discussion on the topic) and then by looking at the problem in a variational
way. In particular, to establish existence and (given a suitable boundary datum) unique-
ness of such map, one can for instance write a minimization problem for an energy, and
look for minima among mapsv : 2 C M" — Nk (@ open with vol(M"\ 2) > 0) with
values in a sufficiently small ball of the target space, meeting the boundary condition
in an opportune way.

The latter approach can be tailored to the non-smooth setting as well, indeed in
the recent [41] the author has been able to prove, given a suitable boundary datum,
existence and uniqueness of a harmonic map u between an RCD(K, N) space and a
CAT (k) space, with the usual constraint on its image (actually his theorem is a bit
more general, allowing for strongly rectifiable, uniformly PI, infinitesimally hilbertian
spaces as domain).

Back to the case of a harmonic map between smooth Riemannian manifolds, the
Bochner-Eells-Sampson formula states that

| dul .
A(THS =|V du|aS + Ricg,, (Vu, Vu) — Z (u*RN(el-, ejlei, ej),

i,j<n

where Ricg,, is the Ricci tensor of the source space, u*RN is the pullback of the
curvature tensor of the target space via the map u and {ey}),_; is an orthonormal
frame for the tangent bundle 7' M. If we assume that Ric,,, > —K (lower bound on
the Ricci tensor) and Ry < « (upper bound on the sectional curvatures), the previous
identity can be turned into the following inequality

| dul?
A(THS > |Vdulfs + K| dulfs — | dul}s. (1.1

From this inequality, at least if k = 0 it is possible to quickly deduce that harmonic
maps are locally Lipschitz, as in this case we have

| dul
A(THS > K| dul} (1.2)

and thus a De Giorgi-Nash-Moser argument shows that the function f := | du|EiS is
locally bounded. The case ¥ > 0, say x = 1, is more delicate and is known to require
the additional assumption that the range of u is contained in a ball B.(p) C N¥ of
radius r < 7 (otherwise there are known counterexamples to regularity, such as the
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map u : B;(0) C R7 — S° given by u(x) = x/|x|, see [25], [31] and [8]). On top of
this, the term | du|* is a priori notin L', making it hard to extract information from (1.1).
To overcome these difficulties, Serbinowski in [42] argued as follows: the function
f(x) :=dyu(x), p) satisfies —A cos(f) > | du|f|S cos(f) (as a consequence of the
fact that u is harmonic and of the curvature assumption on N), and quite trivially we
have | d|du|ps|? < |V du|f|s. These consideration and little algebraic manipulation
show that (1.1) implies

Labsiv (cos’ (v (445)) = K1 dulfs, (1)

and since cos( f) is far from zero, a Moser iteration argument can be called into play
to prove that ng(l?ﬁ and thus | du|ys, is locally bounded, as desired.

This type of reasoning allows to conjecture that, in the non-smooth setting, one
should impose a lower bound on the Ricci curvature of the source and an upper
bound on the sectional curvature on the target to get that a harmonic maps is (locally)
Lipschitz.

Many contributions in this direction have appeared in the recent years: for an account
of the story we refer to the extensive introductions in [46], [48], [34] and [16]. Here
we just recall that one of the first step towards regularity of harmonic maps in the non-
smooth context was done in [37], where the author establishes local Lipschitz regularity
for real-valued harmonic functions defined on an Alexandrov space. Then in [46] the
authors proved the Lipschitz regularity of harmonic maps between Alexandrov spaces
and a weak Bochner-Eells-Sampson inequality. Building on this, in the more recent
[16] and [34] the authors where able to establish such regularity when the source space
is an RCD(K, N) space, namely a space with a synthetic notion of Ricci curvature
bounded below by K and dimension bounded above by N, and the target is a CAT(0)
space, namely a space with a synthetic notion of sectional curvature bounded above
by 0.

Very roughly said, the basic argument to get a sort of (1.2) and local Lipschitz
regularity of harmonic maps is to build two families (g;), (%;) of functions (via a kind
of Hopf-Lax formula for metric-valued maps) converging to |du|?> in L' as ¢ | 0
satisfying

1Ag > Kh, V¥t >0. (1.4)

Quite clearly, from this it is possible to pass to the limit and obtain that

d 2
A(' ;" )z K| dul?. (1.5)

Notice that in this the quantity | du| is the operator norm of du, not its Hilbert-Schmidt
norm as in (1.2), thus (1.5) is not the same as (1.2), but the effect is the same: a Moser
iteration argument shows that | du| must be locally bounded and thus that u is locally
Lipschitz.

When dealing with the case k > 0 this strategy encounters a problem, as the approx-
imation procedure does not work well in conjunction with Serbinowski’s technique.
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Because of these difficulties, we do not achieve Lipschitz regularity of harmonic
maps in the more general setting, our main results are rather:

1) the proof of Holder continuity, see Theorem 3.12. Here we follow the strategy in
[27].

2) the higher integrability of the energy density, see Theorem 3.15, by using a Cac-
cioppoli inequality and the Gehring lemma in [3, 33].

3) Under the a priori assumption that the harmonic function is Lipschitz, possibly with
a sub-optimal control on the Lipschitz constant, we prove a version of inequality
(1.1), see Theorem 3.26. To achieve this we suitably combine ideas from [48],
[34] and [16]. Once we have this, following the arguments in [48] one can obtain
a sharp estimate on the Lipschitz constant and, as a consequence, a Liouville-type
of result, Theorem 3.27 and Corollary 3.28 for the precise statements.

4) the boundary regularity, see Theorem 3.31.

2 Preliminaries
2.1 The Source: RCD(K, N) Spaces

We say that (X, dx, m) is a metric measure space if (X, dx) is a complete and separable
metric space and m is a Radon measure which is finite on balls. For a function f :
X — R we set

LfOM=f()l
dx (x,y)

0 if x is isolated

limsup,_, , if x is not isolated

lipf(x) := {

and we call it local Lipschitz constant of f, while with Lip f we denote the classical
Lipschitz constant of f.

In order to develop Sobolev calculus on metric measure space, following [9], we
introduce the Cheeger energy Ch : Lz(mx) — [0, o0] as

Ch(f) := inf{likminf%-/lipz(fk)dmx: (fiox € Lipp(X), fx — f in Lz(mx)}.
— 00 X

It can be proved that if Ch(f) < oo there exists a function, which we call |V f|, such
that |V f| € L?(my) and

1
Ch(f) = §/X|Vf|2dmx.

If that is the case we say that f € W!2(X). The latter set is actually a vector space
with its natural operation and, if endowed with the norm || f||y1.2 = || f1l ;2 +2Ch(f),
it is also a Banach space. In order to introduce a well-behaved notion of Laplacian of
a function we shall now speak about infinitesimal Hilbertianity. We say that a metric
measure space is infinitesimally Hilbertian, following [14], if Ch is a quadratic form.
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In this case via polarization it is possible to give a meaning to the object

/X (Vo. V f) dmy

by setting

/X (Vg, V f) dmx := Ch(f +¢) — Ch(f) — Ch(g)
Definition 2.1 (L? Laplacian) We say that f : X — R in W12(X) is such that f €
D(A) C L%(my) if there exists g € L(my) such that

- / (V. V.f) dmy = / g dmy

X X
forall p € WH2(X). We shall set A f = g.

Definition 2.2 (Measure-valued Laplacian) We say that f : X — R in W1’2(X) has

loc
measure-valued Laplacian in € if there exists a Radon measure u € M (£2) such that

—/(W v f) dmy =/¢du
X X

for all ¢ € Lip.(£2), the latter being the space of Lipschitz functions with compact
support inside 2.

Remark 2.3 With a little bit of abuse of notation we shall call A f = u the measure-
valued Laplacian as well. We will do this since if u <« my with density in leoc, then
uw = A fmy. Notice also that we are using the term Radon measures to denote what
are more properly called Radon functionals (see [10]).

We are now ready to introduce the class of spaces which we will use as source
space for the definition of our harmonic map u. We can introduce RCD(K, N) spaces
building on the tools we have just presented. Following an Eulerian approach it is
possible to characterize them via the Bochner inequality (see [17], [1], [2], [13], [5],
[11]). For a more detailed discussion on such notions and for the interplay with optimal
transport we refer to the recent [15] and [4].

Definition 2.4 (RCD(K, N) space) We say that a metric measure space (X, dx, mx)
is an RCD(K, N) space if the following conditions are met:

1. There exists ¢y, ¢ > 0 such that for some x € X we have
m(B,(x)) < C1e?”.
2. WH2(X) is a Hilbert space.

3. If f € WI2(X) is such that |d f| < 1 m-a.e., then f has a 1-Lipschitz represen-
tative.
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4. Forevery f € D(A) with Af € WH2(X) and g € L*(m) N D(A) nonnegative
the following Bochner inequality holds

2 2
/'df| Agdmz/ (K|df| CY f) (Vf,VAf))dm
x 2 X

The final object we shall introduce is the heat semigroup #; : L?(my) — L2%(my):
it can be introduced as the gradient flow of the Cheeger energy. Therefore we shall
call (h; f)>0 such a gradient flow starting from f € L?(my). For an account of its
properties the reader can consult [20]. If the space X is an RCD(K, N) space then
it is possible to consider the EVIx gradient flow of the entropy functional on the
space of probability measures. If we denote with /4,8 the gradient flow of the entropy
starting from a Dirac mass centered at x we have 1,6, <« my and we shall call

pi(x,y) = dh 3" (y) It can be proved that h; f := fx p:(x, ) f(x) dmy and that p;
is Holder contmuous and satisfies the following Gaussian estimates
¢ RGw/E=Cu < p(x,y) < ;Ce—di(x,y)/swrczz, @2.1)
my (B ;(x)) my (B ;(x))

forall x, y € X, t > 0 and for some ¢, C, C1, C» > 0. There is also a gradient bound
thanks to the Li-Yau inequality but for the sake of exposition we shall limit ourselves
to this presentation: the interested reader can consult [26], [43], [44] and [45] for more
information on Gaussian estimates.

Since we are interested in giving a meaning to "A f < n" we shall rigorously
introduce such a notion:

Definition 2.5 (Weak Laplacian bound) Let (X, dx, m) be a metric measure space and
2 C X an open and bounded set. Let n : 2 — R be continuous and bounded. We
say that a function f € WILCZ(Q) is such that A f < 7 in the weak sense if for all
@ € Lip/ () (being Lip, (€2) the subset of Lip,(£2) made of nonnegative functions)
we have

—/Vf'Vfﬂdmxf/@ndmx.
X X

Definition 2.6 (Heat flow Laplacian bound) Let (X, dx, mx) be an infinitesimally
Hilbertian metric measure space and 2 C X be an open and bounded set. Let
f : 2 — R be a bounded and lower semicontinuous function and let n € Cp(£2). We
say that A f < 7 in the heat flow sense if

lim sup M <nx)
t—0

for all x € Q, where f : X — R is the global extension of f which is set to zero
outside of 2. Moreover, given f as above and x € X, we will write

Af(x) <nx)
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in the pointwise heat flow sense, if

Jim sup hi f (x) — f(x) <n

t—0t t

(x).

Finally we recall the classical Laplacian comparison for the distance function from a
point, which in this non-smooth setting has been obtained in [14, Corollary 5.15].

Theorem 2.7 (Laplacian comparison) Let (X, dx, mx) be an RCD(K, N) space for
some K € R, N € Nand fix xo € X. Then the map x — d)z((xo,x) = d>2( xo(x) has
measure-valued Laplacian and

Rrg
AT = C(N7 K5 dX,X()('))mX

in the weak sense. Moreover the same holds for the map x — dx x,(x), on X\ {xo},

namely
C(Ns K? dX,xo(')) - 1m

dX,xo ()

Ady,xo X\ {xo) =

2.2 The Target: CAT(k) Spaces

For what concerns the target space, for our harmonic map we will consider a complete
CAT (x) space, namely a metric space with sectional curvature bounded above by «.
Let My be the model space, namely the 2-dimensional connected, simply-connected
and complete Riemannian manifold with constant sectional curvature equal to x . Let us
further denote by d, the geodesic distance on such a space and with D, = diam(M,)
its diameter, i.e.

b1

b N ifk >0
K=

+oo if k <O.

We also set R, := D, /2. We have the following:

Definition 2.8 (CAT (k) space) Let (Y, dy) be a complete metric space. We say that
(Y, dy) is a CAT (k) space if it is geodesic and for any triple of points a, b, ¢ € Y such
that dy(a, b) + dy(b, ¢) + dv(a, ¢) < 2D and any intermediate point d between b

and c there exi§t comparison points a, b, ¢, d € M, such that dy(a, b) = d,(a, 5),
dy (b, ¢) = di (b, ¢), dy(a, ¢) = d,(a, c) and

dy(a,d) < d.(a,d).

We now have a key technical Lemma holding in general CAT (k) spaces which is
[48, Lemma 2.3]: we shall discuss only the case x = 1 for the sake of exposition.

Lemma 2.9 Let (Y,d) be a CAT(1) space. Take any ordered sequence of points
{P,Q,R,S} CYwithdy(P, Q) +dvy(Q, R) +dv(R, S) + dy(S, P) < 2m and let
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O be the mid-point of the geodesic joining Q and R (which in this case is unique).
Then for any a € [0, 1] and B > 0 we get

I_T“ (4 sin?(dgr/2) — 4 sinz(dp5/2)> +2asin(dgr/2) (2 sin(dgr/2) — 2 sin(dp5/2))

< [1 — ! ;a <1 — %)]4Sin2(dpQ/2) + ZCos(dQR/Z)(cos(dme) — cos(dQQm)>
2.2)

+|:1 — ! ;zx <1 — ﬁ>:|4 sin2(dRS/2) +2cos(dgr/2) <cos(d5Qm) — cos(dRQm)>.

2.3 Sobolev Spaces with Metric Targets and Harmonic Maps

Following [22] (after the seminal work [29]) we shall now introduce the Korevaar-
Schoen energy and its main properties, being the main tool we need to speak about
harmonic functions.

Letu € L?(R2,Y) with Q C X open set. We call the 2-energy density of u at scale
r inside Q2 the quantity ks; ,[u, 2] : X — R, defined as

1

2 2
dyw).ux) dm(x)) if B, (x)C U

ks ,[u](x) := <fBr(x) )

0 otherwise.

(2.3)

Moreover we introduce the fotal energy of u in 2 as
Es[u, 2] := lim inf / ks, [u, Q1% (x) dm(x). (2.4)
r—0 Q

We can now define Sobolev spaces as follows

Definition 2.10 (Korevaar-Schoen space and harmonic maps) We say that a func-
tion u € L*(Q,Y) is in KSV2(Q,Y) if Ey[u, Q] < +oo. Moreover, given
w € KSl'z(Q, Y), we say that u is harmonic in Q with boundary datum w, if

U =argming pqla g vy E>[v, 2], where

KSL2(Q.Y) = {v eKS"(Q,Y): dy(v.w) e W()l’z(Q)}~

Existence of minimizers for E>[-, 2] has been established in the recent [41] (see
Theorem 1.2 therein) under the condition that the boundary datum has image contained
in a sufficiently small ball of the target space.

We shall assume the reader to be familiar with these concepts as we are going to
recall only part of [22, Theorem 3.13], stating it for RCD spaces instead of the more
general class of strongly rectifiable metric measure spaces.
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Theorem 2.11 Let (X, dx) be an RCD(K, N) space and (Y, dy) a complete metric
space. Then for every u € KS“2(X,Y) there exists a function es[u] € L*(X), called
energy density of u, such that

ksy -[u] = e2[u] m —a.e. andin L?asr — 0.

In particular the lim inf in (2.4) is actually a limit.

We shall now present a representation formula of the energy density ex[u] in terms
of the Hilbert-Schmidt norm of the differential | du|gs: we will not discuss the meaning
of the object du, referring to [21] for the details. What follows is [22, Proposition 6.7].

Theorem 2.12 Let (X, dx, mx) be an RCD(K, N) space and 2 C X an open set. Let
(Y, dy) be a CAT(«) space and u € KSV2(2,Y), then for its energy density we have
the following representation formula

exlu] = (d +2)~ 2| dulgs. 2.5)

Proof Note that in [22] the theorem is stated for X which is a strongly rectifiable
space and Y which is a CAT(0) space. On one hand the proof for the case of CAT (k)
target is the same of the one for CAT(0) spaces, exploting the universal infinitesimal
Hilbertianity of such spaces (see [12]), on the other hand we shall avoid speaking
about strongly rectifiable metric measure spaces since our main results are only stated
for RCD(K, N) spaces. ]

Finally we have the following definition:

Definition 2.13 (A-convexity) Let (Y, dy) be a complete and geodesic metric space.
We say that a function E : Y — R s A-convex if for all x, y € Y and for all geodesics
y connecting x = yp and y = y; we have

A
E(y) =tE(y) + 1 =DE(y) — 5t = 145 (v0, v1).-

3 Main Results
3.1 Holder Regularity of Harmonic Maps

In this section we will prove Holder regularity of our harmonic map with values in a
sufficiently small ball of a CAT () space. Note that without this assumption there may
be a "big" set of discontinuity (singular set), for examples and a detailed discussion
one can consult [40]. Since we can always renormalize the target space in such a way
that it becomes a CAT (1) space, to ease the notation and the computations we shall
assume (Y, dy) to be a CAT(1) space here and in the rest of the work.

In the following we shall prove the convexity of three functions, namely 1 —
cos(dy ), dy,, and d\z(’o. The proof of the A convexity of the squared distance is con-
tained [36, Lemma3.1] and the convexity of the distance dy , is well-known but we
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208 Page 10 of 34 L. Gennaioli et al.

shall prove them here anyway because they are natural consequences of the convexity
of 1 — cos(dy o).

Proposition 3.1 Let (Y, dy) be a CAT(1) space and consider B,(0) C Ywithp < 7 /2.
Then the distance function dy , = dy(o, -) is convex on B,(0), d\z(, , 18 A-convex and
the function cos(dy (o, -)) is A -concave, with

A=2cosp, M =cosp.

Finally dy (-, -) restricted to B, />(0) is jointly convex.

Proof We show that the distance from the north pole on S? is convex on the upper
hemisphere. Consider three points N, p,q € S?. Denote with dy (y) := de2 (N, y)
the distance from the north pole for every y € S? and let y be the geodesic connecting
p and ¢g. By the cosine law for the sphere we can consider the triangle whose vertex
are p, g and N and write

cos(f (1)) = cos(tds2 (p, q)) cos(dn (p)) + sin(zd(p, q)) sin(dn (p)) sin(6),

where f(t) = dy(y(¢)) and 0 is the angle between y’(0) and n’(1) (n being the
geodesic connecting the north pole and the point p). Note that we also used the fact
that dg (p, v (¢)) = tdg (p, q). Now differentiate twice the previous identity to get

(cos(f(1)))" = ~d2 (p. q) cos(f (1) < —d2 (1. ) cos p.

whence cos(f(¢)) is a A’-concave function with A’ = cos(p). Now write f =
arccos cos( f) and let us call g(¢) := cos(f(¢)): we have

&> (@)g—g"0—g?
! = 2]
(1—g°)?2

>0, 3.1

meaning that f is a convex function (we have used that Im(g) € (0, 1] and g” < 0)-
this is fully justifiedif g # 1,i.e. f # 0, otherwise the argument is justified by slightly
moving the north pole N combined with the stability properties of convexity.

For what concerns the squared distance f2 just use the product rule for the derivative
to get

d2
Gl =2ASP 2 = 20

Now plug (3.1) into the previous expression to get

a2 , (g —g"1—g%» g"(1—g% 2
mf = 2f|: 1 gz)% :| = —2fm > 2dy(p. q) COSpsinf

> 2d%(p, q) cos p,

which is the A convexity with A = 2 cos p.
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Now consider three points x, y € B,(0) € Y and let p, g, N be three comparison
points of x, y, 0 in S2: by the CAT(1) condition we have dy(y (1), 0) < dg(y (¢), N)
(with y geodesic joining p and ¢ and with ¢ geodesic joining x and y and), meaning
that

cos(dy(y (1), 0)) = cos(dg2 (¥ (1), N)).

The definition of comparison points together with the previous observation allows to
write

dZ(p, q) cos p,

1 _
cos(dy (F(1), 0)) = 1 cos(dy(q. 0)) + (1 — 1) cos(dy (p, 0)) + _ 2

which is the sought A’-concavity with A’ = cos p. Analogous arguments apply for
dy (o, -) and d3 (o, -).

For the final part of the proof fix x € B,/2(0) and notice that for all y € B,/2(0)
we must have dy (x, y) < p by triangle inequality. Therefore we can use the fact that
B, (x) is convex and conclude. |

We recall now some lemmas of gradient flow theory on locally CAT (k)-spaces
which will be useful to prove some Laplacian bounds. The following ideas originate
from [32] and were extended to the RCD setting by [19], when the target space is
CAT(0)). Let us start with the following, which is part of [19, Theorem 3.3], to which
we also refer for the relevant definitions:

Theorem 3.2 Let Y be a locally CAT (k)-space, E : Y — R U {+00} a A-convex and
lower semicontinuous functional. Then, the following hold:

e Existence

For every y € D(E) there exists a gradient flow trajectory for E starting from y.
o Uniqueness and A-contraction

For any two gradient flow trajectories (y;), (z;) we have

dy(vr, z0) < e M79dy (yy, 25) Vi > 5 > 0. (3.2)

Then we have the following a priori estimates for the gradient flow trajectory which
is [19, Lemma 3.4], following the ideas contained in [38]:

Lemma3.3 Let Y be locally CAT(k) and E : Y — R U {400} be a A-convex and
lower semicontinuous functional, .. € R. Let y, z € Y and consider the gradient flow
trajectories (y;), (z;) associated with E. Then, for any t > s > 0, it holds

A2 (v, z5) <e s <d$(y, ) +2(t = $)(E(z) — E(y))
t—s t—s
+2|8_E|2(y)/ Oy (r) dr — A/ a2 (v, 2) dr). (3.3)
0 0

where 6, (t) := fé e 2 dr.
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With the previous two lemmas at hand we can prove the analogue of [19, Lemma
4.17] for CAT («) spaces. Below we shall denote with Lipy, (X) the space of Lipschitz
functions with bounded support and with Lipgs(X) the subset of Lip,(X) made of
nonnegative functions.

Lemma3.4 Let (X,d, m) be an RCD(K, N) space, Y a locally CAT (k)-space and
Q C X open and bounded. Also, let f € Lip(Y) be A-convex, A € R, and u €
KSY2(Q,Y). For g € Lipy(X)™ define the (equivalence class of the) variation map
u(x) == GF-[;,(X)(u(x)) Vt > 0,x € Q. Then, u; € KSY2(Q,Y) for every t > 0 and
there is a constant C > 0 depending on f, g such that

| duslBig < e 28 |dulpg — 2t(dg, d(fou)) +Cr* ) m—q.0.inQ  (3.4)
HS HS

holds for every t € [0, 1]. In particular

. EXS(u) — EXS(u)
lim sup <-
t—0 t d+2

/Q<)\g|du|§ls+<dg, d(fou))) dm. (3.5)

Proof The fact that u; € L>(2,Y) easily follows from the following inequalities and
the fact that the support of g is bounded:

3 (us (x), 0) < 2d3 (u, (x), u(x)) + 2dy(u(x), 0)
< 2d3(u(x), 0) + 2t*™ Lip?(f)g(x).

where for the second inequality we applied the a priori estimates (3.3) and exploited
the fact that [0~ f|(y) < Lip(f) for all y € Y. Now thanks to (3.2) we have (w.l.0.g.

assume g(y) > g(x))

A (u, (), 1y (1)) < MIEO=8OGE (u(x), GF| () o @ ().

Now we can use the sharp dissipation rate of the gradient flow (see [19, point (ii) of
Theorem 3.2]) to establish the Lipschitzianity of the map ¢t — Gth (u(x)) and get

7 (4. GFl ) g0y D) = 247 (1), By @)

2t 7
+ 24y (GF /| (1) gy #)): GFy o) gy D)

< C121g(x) — g + 2e2HIEDI=2 NG (4(y), u(x))
< C112d%(x, y) + Codd (u(y), u(x)).

Dividing by r? := d?(x, y) and m(B,(x)) and integrating over B, (x) C Q2 we get
ks3 , [u;, QI(x) < C11* + Coksj , [u, Q1(x).
The fact that m(2) < 400 allows to conclude u; € KSZ(Q, Y).
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For what concerns estimate (3.4) the proof is verbatim the one in [19, Lemma 4.17].
Finally for the last point we just need to subtract from both sides of (3.4) the
quantity | du |]2—IS and then integrate over €2 and divide by 27 (d + 2). Taking the lim sup
ast — 0T and exploiting a dominated convergence argument allows to conclude with
(3.5). O

The following is a generalization to CAT(x) spaces of well-known inequalities
holding for functions in CAT(0) spaces. We begin with the following:

Proposition 3.5 Ler (X,d, m) be an RCD(K, N) space and (Y,dy) be a locally
CAT (k) space. Let Q C X be open and bounded and let u : Q@ — Y be a har-
monic map and f : Y — R be a Lipschitz and A-convex map, then f ou € W?(Q)
and

A(f ou) > Aldulfgm (3.6)
in the weak sense. In particular A(f o u) is a signed Radon measure.

Proof The fact that f o u € W2(Q) is well-known (see [22]). To prove (3.6) first
observe that being u harmonic implies

L ER) — ERSw)
lim sup >

t—0 !

07
so that (3.5) gives
k/g|du|%lsdm§—/(dg, d(fou))dm:/ A(f ou)gdm
Q Q Q

forall g € Lipz; (X), whence (3.6) follows. m]

Lemma 3.6 Let (X, dx, m) be an RCD(K, N) space and (Y, dy) a CAT(1) space. Let
u:Q C X — Y beaharmonic mapping such that u(2) C B, (o) for some p < 7w /2,
then consider the function f, : X — [0, 1] given by f,(x) := cos(dy(u(x), 0)). We
have f, € Wh2(Q) and

Af, < —cos p|dul?g (3.7

in the weak sense in Q.

Proof Thisisindeed a consequence of Proposition 3.1 in combination with Proposition
3.5. Indeed one just needs to apply those results with the space (B, (0), dy), which is
a CAT(1) space. m]

We now have the following result which holds in a more general setting than the
present one (see [6, Theorem 5.4]) but we shall present it in the setting of RCD spaces
to avoid further technicalities.

Theorem 3.7 (Elliptic Harnack inequality) Let (X, d, m) be an RCD(K, N) space and
u : X = R be a weakly subharmonic function in By, (x0), i.e. u € W1'2(B4r (x0)) and

Au >0
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in the weak sense in B4, (xq). Then the following estimate holds

1 1/2
sup  max{u,0}(z) < C(K~r?, N)(— u? dm) ., (3.)
2€By2(x0) m(B:(x0)) J B, (xo)

where C is equibounded as r — 0.

Remark 3.8 As a consequence of (3.8) we get that any weakly subharmonic function
is locally bounded from above.

We shall now introduce the following notation: for a function v : X — R we set

VR = ][ vdm,
Bg(x0)

where xg € X is a point which will be clear from the context. We further set

v+ g = sup max{v, 0}(x)
x€BR(x0)

The following is a combination of [28, Corollary 1] and [28, Lemma 7]:

Corollary 3.9 Let u : X — R be as in the previous Theorem and nonnegative, then
there exists 6o > 0 independent of R such that

sup u < (1 —80p)uy ar + Sour.
BR(x0)

Moreover if ¢ € (0, 1/4) there exists m € N (independent of u and ¢) such that
upeng < s+ (1= eup (3.9)

where R’ (possibly depending on € and u) is such that "R < R’ < R/4.

We proceed recalling another useful lemma which again extends to the context of
CAT (k) spaces without modifications:

Lemma 3.10 Ler (X, d, m) be an RCD(K, N) space and let (Y, dy, 0) be a pointed
complete metric space, then for every u € KS“2(X,Y) there exists C =
C(diam(f2), K, N) > 1 such that for every r > 0 and p € Q for which B,c(p) C Q2
we have

][ / 43 (u(x), u(y)) dm(x) dm(y) < Crz/ es[u] dm. (3.10)
+(p) J Br(p) Bc(p)

Proof The proof can be found in [23, Lemma 4.9]. O

The next Lemma is basically [28, Lemma 8] adapted to CAT (k) setting.
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Lemma 3.11 Ler (X, d, m) be an RCD(K, N) space, 2 € X an open set with m(X \
Q) > 0, and (Y, dy) be a CAT(1) space. Let u : Q — Y be a harmonic map with
values in B, (o) with p < 7 /2 and let B4gr(x0) CC K, then

Rz]i ( )|du|%,s dm < C(vy g — V1 R),
R (X0

where v(x) = d%(u(x), 0) and C = C(diam(S2), K, N).

Proof To begin with let us consider a mollified version of the Green function (whose
existence can be proved for instance via Lax-Milgram theorem) which solves in the
weak sense the following

m(Br(p))

—AG), = Fls  on Bag(p)
G, =0 on Bj,(p).

We have (we shall omit the point p center of the ball)

/(d(p,dG,,)dmz o dm 3.11)
Bog Bg

for all ¢ € Lip,,(X) with suppp CC Byg(p). Now following [6, Section 6] we define
for convenience a rescaled version of G, namely we set

._ m(Br(p))

G 2

G,

which satisfies

1
/ (de, de,R)dn'l:ﬁ @dm
Byr Br

and the following estimates (again we refer to [6, Theorem 6.1], which deals with
more general metric spaces which include the class of RCD(K, N) spaces)

O<C1§Gp,R on Bpg,
0=<Gp,r <Cy on By,

where C1, C; only depend on K,N and diam(€2). Now we can define z := v — vy 4r
and write, exploiting (3.6) for f(-) equal to d$(~, 0) with & = 2 cos p by Proposition
3.1,

x/ |du|ﬁSGi,Rdm§/ (A2)G) pdm = —2/ (dz, dG )G p g dm.
Bor Brr Bag
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Now we can use the Leibniz rule for the differential d(Gp gv) = Gp rdz+2dGp R
and write

A/ |du|%ISGiYRdm§ —2/ (dG g. d(G,,,Rz)>dm+2/ (dG, g, dG, g)zdm.
Bar Bar Bar

Being z < 0 we can neglect the second term and obtain

1
A/ | dulfis G g dm < —2/ (dG, g, d(Gp,Rz))dmz—ﬁ/ Gp,rzdm
Byg Byg Bg

Cim(BR) Cim(BR)
< —T(UR — V4 4R) = T(’H—AR — UR)

where we used the definition of the mollified Green function. Finally, applying Corol-
lary 3.9, we get the thesis. O

We are now in position to prove the desired Holder continuity of harmonic maps.

Theorem 3.12 Letu : @ € X — Y be a harmonic map such that Im(u) € B, (0) with
p < /2 and with (X, d, m) which is an RCD(K, N) space and Y which is a CAT(1)
space. Then u is locally Holder continuous in Q.

Proof The proof closely follows [28, Theorem]. Let us fix xo € €2 in such a way that
Byr(xg) CC . Let us define the mean of u on a ball centered at xy with radius r,
denoted by u,, as one of the minimums of

Yoq dy (u(x), ¢) dm(x).
By (x0)

Finally set v,(x) := d%(u(x), p) where p € Y will be chosen later and w(x) :=
d%(u(x), g/4). We want to exploit the result in Corollary 3.9: let us therefore fix
& < 1/10sothat g™ R < R’ < R/4 and estimate as follows

1
Wl = d3(u(x), iga) dm(x)
R mBr o) Ja ooy ¥ *

c

< dy @ (x), iig/4) dm(x)

M(BRr/a(x0) J B q(x0) Y /
where C is independent of R, exploiting the (uniformly) doubling property of the
measure m on 2. Now applying Poincaré inequality to the previous expression we get

C R?

A u(x), iig/4) dm(x) < €y | dulfy dm,

m(BR/4(X0)) BR/4(X()) m(BR(XO)) BR/(4)»)(XO)

for some A € (0, 1). Now we shall apply Lemma 3.11 and the doubling inequality
again to obtain

W < C(vpgr,}e/)L - Up,+,R/4x)~ (3.12)
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Choose now p € conv(u(Bgn g (xo)) so that we have

sup  de(u(x),p) <2 sup  d3(u(x), iig/s) + 2dy(iig/a, p)

xX€Bmg(x0) X€Bgm p(x0)

<4 sup dg(u(x),iigsa)
)CEBSmR(X())

and at the same time

sup  d(u(x),iiga) <4 sup di(u(x), p)

x€Bg(xo) X€BR(x0)

Combining estimate (3.12) and the result of Corollary 3.9 we get

sup  di(u(x), UR/4) < 46 sup dd(u(x), ir/4) + C(Vp.+.R/A — Vp +.R/40)
x€Bm g (x0) BR(x0)

<16e® sup dy(u(x), p) + C(Vp4.R/2 — Vp,+.emR):
x€BR(x0)

where in the last line we also used that ¢™ < (1/8)" < 1/4 < 1/4A. In the end we
obtain

sup  dy(u(x), p) <64e* sup  dy(u(x), p) + C(vp 4.R/% — Vp.+.67R).

x€Bgm g (x0) x€Bg(x0)
Setting (r) = SUP,ep, () d% (u(x), p) we can rewrite the previous inequality as
(1 + C)w(e™R) < 646’w(R) + Cw(R/X) < (64/100 + C)w(R/A),

which means
w(e"R) < cw(R/1),

where ¢ and A are fixed and ¢ < 1. By an iteration of the latter estimate (holding for
every R < Ry for which Bg,(xp) CC 2) we get

0)(7)<C60(R0)
re. = Ry

’

where @ € (0, 1), C > 0 and r < Rp. Choosing p = u, we get

Vo(r) < osc(u, Br(xg)) < 2y w(r)

and this proves the (local) Holder continuity of u. O
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3.2 Higher Integrability of Energy Densities

Let 2 C X be an open bounded set in an RCD(K, N) space with X \ Q # 0,
K e Rand N € [1, o0). Let (Y, dy) be a CAT (k) space with k > 0 and suppose that
u € KS(€2; Y) is a harmonic map with values in a ball B, (o) C Y with p € (0, 2”7).
We shall always fix a Holder continuous representative of u.

Let us recall some notations in [3].

Definition 3.13 For any ¢ > 1, a nonnegative m-measurable function w on €2 belongs
to the weak g-Reverse Holder class RH t}”"“k if there exists a constant C, such that

1/q
<][ wqdm> < Cq/ wdm
B 2B

for all ball B := B, (y) with 2B := By, (y) C Q.

We need the following Gehring lemma, see [3, Propostion 6.2] and [33, Theorem
3.1].

Lemma3.14 If1 < g < coand w € RH;’E“I‘, then there exists € > 0 such that

weak
w € RH™

Now we will prove the higher integrability of energy density.

Theorem 3.15 Let 2, Y andu be as above. Then there existsane = ¢(N, K, diam(S2),
p) > 0 such that | dulus € W52 () and

<][ | dulZEe dm) ][ | du|?g dm (3.13)

for any ball B with 2B C 2, where the constant C, > 0 depends only on ¢.

Proof Fix any ball B with 2B C €2, then by Lemma 3.6, we have
A(f, —a) < —cos p|dulyg, Va €R,

where f,(x) = cos(dy(u(x), 0)). Let¢ : Q — [0, 1] be a cut-off function with ¢ = 1
on B, ¢ = 0 out of %B, and

Vol < Cir™', Al < Cor?,

where the constants C1, C> depend only on K, N and diam(€2). Then we get

C3
/|du|ﬁsdm<ﬁ |du|%ls¢dm<—2/ \fo —al dm,
B 3B reJ3ip

for all @ € R, where C3 = C3/ cos p. It is well-known that a weak (1, 2)-Poincaré
inequality holds on RCD(K, N) spaces and since the weak (1, s)-Poincaré inequality
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is an open ended condition (see [30, Theorem 1.0.1]), there exists a number so € (1, 2)
such that the weak (1, sp)-Poincaré inequality holds on RCD(K, N) spaces (see also
[39] for general Poincaré inequalities in CD(K, N) spaces). Therefore, we have

aeR

1/s0
inf ][3 | fo —aldm < Ck N diam(Q),50 * 7 <][ IV fol* dm) .
§B 2B

Combining the above two inequalities, we conclude that

172 1/s0 1/s0
(f |d“|12-lsdm> <G (][ 19 Sl dm) <G (][ |du|§§sdm> ,
B 2B 2B

where we have used |V f,| < |sindy (o, u)| - |[Vdy (o, u)| < | du|gs. Now, applying
Lemma 3.14 to | dul{y, we obtain | du|gs is in WIL’CHE(SZ), and moreover

1/(2+¢) 1/s0 1/2
<][ |du|§§8dm> < C, <][ |du|§;’sdm) < C, <][ |du|ﬁsdm> ,
B 2B 2B

due to Holder inequality and the fact that sg < 2. O

3.3 Auxiliary Results

In this section we shall work under the following assumptions:

1. (X,dx,m) is an RCD(K, N) space with essential dimension d € N (see [7] for
the definition).

2. Q C Xisanopen bounded set with X\ 2 # @, which is equivalent to m(X\ €2) > O.

3. (Y, dy) is a CAT(1) space: the results obtained for general CAT («) spaces will be
obtained by a rescaling of the distance function.

4. u € KS"3(€; Y) is harmonic with values in a ball B,(0) C Y with p < Z. Finally
we shall fix Borel representatives of u (the Holder continuous one) and of e;[u]
(and of | du|us).

5. Let Q' CC Q be open and consider r > 0 and X € ' such that B4, (x) C €’ and
llullcoyr® < m/10. Finally call B = B, (X), 2B := By,(x) and B’ = B3, /»(X).

Let us first define F' : R — R as the following

F(1) := 2sin (%) 4 4sin? (%)

and observe that F is such that F’, F” > 0 on [0, 7r/2]. With a little abuse of notation

let us also set
F = dv(z, . dvy(z,
(z, w) :=2sin <M) + 4s1n2 (M)

for any z, w €Y.
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We introduce the following quantities, in order to produce an Hopf-Lax formula
for the function u,

—Fu(x),u(y)) ifx,y e B’
—6 otherwise.

f(x,y)==

Notice that f is lower semiconinuous since F is bounded between 0 and 6. We call
f: the p-Hopf-Lax semigroup applied to the function f, namely we set

d? ,
fitx) = inf [M b f, y)], (3.14)

x| ptp-l

where we avoid to include p in the definition of f; to lighten the notation. Notice
that 0 > f;(x) > —6 for every x € X. Moreover the infimum in (3.14) is actually a
minimum (this follows by Weierstrass theorem exploiting the semicontinuity of the
function we are minimizing). We also have a quantitative estimate for where to find a
minimum, indeed denoting with y; , aminimizer for f;(x), choosing x as a competitor,
we get

dy (x, i x)

ptr~!

filx) = + fx, yix) =0.

p—1

This means dx(x, y; x) < (6pt) so that there exists ¢, = 7,(p) > 0 such that we

have »
. dy (x, y)
fi(x) = }168111;;()6) [% — F(u(x), u(y)):| Vx € B
fort € (0, t,).
Now set
d? (x,
Si(x) = {y eX: filx) = % — F(u(x), u(y))}

and observe that the latter set is non-empty if ¢ < t,. Finally set

Li(x) n dxGoy)  and D)= ED
X) = min X, an X)) i=m —— — X).
t V51 00) X y t pﬂ’*l t

We now present a slight modification of [48, Lemma 4.1] since we still don’t know
that the map u is Lipschitz continuous but we have Holder regularity instead: if the
map is assumed to be Lipschitz the proof works in the same way replacing o with 1.

Lemma 3.16 With the above notation and assumptions, we have

1. fy is Holder continuous on B.
2. L; and Dy are lower semicontinuous.
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3. There exists a constant C = C(p, |ullce, k) > 0 such that
L <Ct?, D, <Ct¥, —f <Ct* onB, (3.15)

where B = (p — 1)/(p — «), B’ = aB, and the constant C depends on p, the Holder
norm of u, ||\ul|ce.

Proof The proof of (1) is immediate since the infimum of equi-Holder functions is
Holder.

The proof of (2) is contained in [48, Lemma 4.1].

For the proof of (3) consider y;(x) € S;(x) such that L,(x) = dx(x, y;). We get,
using sinf < 6 for 8 > 0 and that dy (u(x), u(y;)) < m,

L} (x) 2
D;(x) = o1 fr(x) = F(x, y;) < dy(u(x), u(y) +dy@(x), u(y))

< (I +mdy @), u(y)) < (1 +m)llullce L7 (x) = CL (x).

At the same time, being f; < 0 we have

L} (x)
p;p—l < D;(x) < CL¥(x)

so that we get L; < Ct#, with B=(p—1)/(p—a).For D; we have instead

D,(x) < CLY(x) < Ci¥'
with 8’ = af. Finally for f; we have, since — f; < Dy,
—f, < Ct¥.
]

To establish the key variational inequality we shall exploit the following simple but
useful lemma

Lemma 3.17 With the above assumptions we have
Af(,y) <0 onB

in the weak sense, for all y € B.

Proof Thanks to the assumptions it is sufficient to compute AF (u(-), u(y)) in the
weak sense. By the chain rule (see [20, Proposition 5.2.3]) we get

AF (), u(y)) = F"|Vdy(u(), u(»)* + F' Ady(u(), u(y)),
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whence the claim follows by the nonnegativity of the factors on the right hand side
(recall that the Laplacian of x — dy(u(x), u(y)) is nonnegative thanks to Proposition
3.5). O

We now have a lemma on the heat flow Laplacian of the Hopf-Lax semigroup (the
idea is from [35], see also [16] and [34])

Lemma3.18 Ler f : X — R be a bounded Borel function. Assume that for some
x,y € X we have

Or fx) = f(y) + Xfp Y. (3.16)
Then
d?
AQY f(x) < Af(y)— K ti,x 1y) (3.17)

holds in the pointwise heat flow sense.

Proof First of all let 77y € P(X x X) be an optimal transport plan between A8, € P(X)
and h,8y € P(X) for the cost df(’ . Moreover we have the following estimate, which is
the Wasserstein contractivity of the heat flow (holding in general RCD (K, co) spaces,
see [2]),

W) (hydy, hs8y) < e PESdR (x, y). (3.18)

We can now estimate as follows

he Q0 f (x) = /X 0, F(2) dhydy(2) = / 0. 2)

d?
5/ [f()+ (“)] 732, 2)
XxX

1
(by optimality of ) / f(Z)dhgd y(2) + Wp (hsdx, hsdy)

=hs f(y)+ —— 77 ! Wp(h Sy, hydy).

Finally applying (3.18) to the previous inequality we get (note that the following would
hold for any w € X in place of y)

—pKs
hs Qi f(x) < hs f () + ——dg (x, ). (3.19)

Subtracting (3.16) from (3.19), dividing by s > 0 and taking the limsup as s — 0
finally gives (3.17). O

We now proceed with a refinement of (3.7), following [42, Proposition 1.17], which
will be crucial for obtaining an elliptic inequality involving the function f;.
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Lemma3.19 Let u : Q — Y be a harmonic map with Q C X open set, (Y, dy)
which is a CAT(1) space and Im(u) C B,(0) witho € Y, p < m /2. Let further
fo(x) := cos(dy(u(x), 0)), then we have f, € WH(Q) and

Afy < —foldulls = —fo(n +2)e3[u]  in Q (3.20)

in the weak sense.

Proof Let us first set R(x) := dy(u(x), o), denote with x — G?(x)’o the map which

associates to each x € €2 the point at time # lying in the geodesic (recall that geodesics
are unique in our case) connecting o and u(x). Finally set u, := G;° where n €

W12(Q) N C.(RQ) is such that 0 < n < 1: then by [41, Lemma 3.8] we have

sin? [(1 — nt)R]

sin? R (e3[u] — 3R] +€3[(1 — n)R] (3.21)

2
eyluy] <

m-a.e. in €2, where ¢ is a positive parameter that we will eventually send to zero. Now
we shall use the duplication formula for the sinus to get

sin®(tnR)cos> R cos Rsin(2nR)
sin? R sin R

| duty|3s < [cosz(mm + }u dults — | dRIEs)

+|dR — tndR}s.

Note that we have simultaneously used that |du|%IS = (n+ 2)e§[u] (recall that if
f X —> Rthen |df| = |df|gs). We proceed integrating over 2, we divide by ¢
and exploit the fact that E;(u;;) — E2(u) > 0 (as u is harmonic) together with the
asymptotics of the involved functions to get

R R
05/ [_nRC?S | dul3g + TR dR|? — (dR, d(nR)>}dm-
Q sin R sin R

We can now use the following identity

R cos R 2
(V(n- ,Vcos R) = nR——|dR|* — (dR, d(nR))
sin R sin R

to get

cos R R
0< /Q —nR | dul?g + (V(”M)’ V cos R)dm.
Note that now we can choose the magnitude of 1 to be whatever we want since the
inequality doesn’t change if we divide everything by a positive constant. Now pick
¢ € Lip,.(€2) nonnegative and setn := @R/ sin R:itisclearthatn € Wh2(Q)NC(Q)
because itis the product of a bounded W1-2(€2) and continuous function and a Lipschitz
function with compact support. Finally this means thatforall ¢ € Lip,(£2) nonnegative
we have

/(pcosR|du|12{Sdm§/(V(p,VcosR)dm.
Q Q
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The latter is the conclusion. O
Finally define some parametric functions depending on the distance of the target

space dy and deduce some Laplacian bounds on them that we shall exploit later in the
proof of the "good" distributional bound.

Lemma3.20 Letu : Q C X — Y be a harmonic map with Im(u) C B,(o) and
p < /2. Consider for any z € Q and y € Y the function

Wa,b,y,2 (X) = adg(u(x), u(z)) + b cos(dy (u(x), y)).

For m—a.e. xg € Q we have

AW bo.x0(30) < (2 = b eos(dy(u(x0). 0))) (n + 2)e3[u](x0)
= (2a — bcos(dy (u(xp), 0)))| du|%15(x0)

in the pointwise heat flow sense.

Proof First of all we shall notice that [34, Proposition 3.3] holds also in this setting with
the same proof since by Lemma 3.12 we have the (Holder) continuity of u. Therefore
we have

Ry (d3(u(-), u(x,))(x0) = 2| dul}s(xo)t +o(t) ast— 0T, (3.22)

for m-a.e. xg. Secondly by the results contained in [18] and Lemma 3.19 we have

hy cos(dy (u(+), 0))(x) — cos(dy(u(x), 0)) -

lim sup < —cos(dy(u(x), 0))| dulgs.
t—0 !
(3.23)
Combining (3.22) with (3.23) we finally get the thesis. O

3.4 A Variant of the Bochner-Eells-Sampson Inequality

The authors in [46] are able to prove the Lipschitz continuity of harmonic maps
between Alexandrov spaces exploiting the properties of the Hopf-Lax semigroup.
Moreover in [48], given the Lipschitz continuity of the harmonic map proved in [42],
they are able to prove a weak version of the Bochner-Eells-Sampson inequality for
maps from a Riemannian domain to a CAT (1) space. Here we shall exploit the ideas
contained in [16] and fuel them with the ideas of [48] (see also [34] for the non-smooth
counterpart, as in our case) to obtain a variational inequality (the "good" distributional
bound) which in the limit will be the desired inequality.
We now recall [16, Lemma 6.13].

Lemma 3.21 There exists T > 0 such that, given a Borel set E C B’ such that
m(B’\ E) = 0, we have: for all0 < t < T there exists z; € B such that for m-a.e.
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x € EN By y3(x) =: EN B” and every n € N the function

df (x, y)

dy (v, z0)
y i gy an) = = )+ Xt

2n

admits a minimizer T;(x) and such minimizer belongs to the set E N B”.

Proof The difference with respect to [16, Lemma 6.13] lies in the different definition
of f, however since the proof follows with minor modifications we decided to omit
it. Note moreover that from the proof in [16] we can infer that Sobolev regularity is
not necessary for the function f. It would be sufficient to ask for f to be continuous

and with a Laplacian bound A f < Lm in the weak sense. O
We further define
d? (x, dZ(y, z
fim(x) == inf [L]y) + fx,y) + M} (3.24)
yex | pt? 2n

We now have the following distributional bound for the function f; ;.

Lemma 3.22 ("Bad" distributional bound) Possibly choosing a smaller t,. the following
holds. Let f; , be defined as in (3.24) and p > 2: we have

1 1
Afin <C(K,N,p, diam(Q))(; + —)m on B (3.25)
n

in the weak sense, for all t < ty, foralln € N.

Proof Fix y € B: by Theorem 2.7 and p > 2, we have

-2 —1 .
Ad)l(”y =p(p— 1)d)’(”y |Vdy y > - m + pd)lz’y Adyy < C(K, N, p, diam(Q)) - m.

Combining this with Lemma 3.17 and [16, Lemma 4.7] we infer the result. O

To obtain the "good" distributional bound we need the following lemma for the function
F to be able to let the heat flow and the Hopf-Lax semigroup combine in an efficient
way.

Lemma 3.23 (Key technical Lemma) Consider 4 points P, Q, R, S inside u(By(x))
in such a way that P .= u(x), Q := u(x), R := u(y), S := u(y). Let us further set
l := 2sin QR py = 2 cos HLR) o = 1/(1 + 2lp) and finally let B > 0. We
have

Fux),u(y)) — F(u(x), u(y))
- [Way .5, 0.5 () = Way b, 00,5 )] + [Warb, 00,5 (V) — Wanb, 0,59 ]

, (3.26)

aly
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where Q,, is the middle point of the geodesic joining Q and R,

-« 1 l—«a
=1- 1——=), b:=1, =1- 1-—
“ 2 < /3) bo® 2 ( ﬂ)

and the function w is defined in Lemma 3.20.

Proof We can apply (2.2) to get
alo(F(Q,R) — F(P,5)))
d d d d
= alp( 4sin? =28 — 45in2 L3 ) 4 alp( 2sin 28 — 25in L2
2 2 2 2
1-— 1 d
< [1 - a (1 — E):|4 sin’ % +11<cosdme — cosdQQm>

l—«a . zdRS
+(1- 7 1 —p8])|4sin T+ll cosdgg,, —cosdgg,,

< [Way,b, 07 ) = Way 5,00, 8] + [War, 00, 5(Y) = War b, 0,5 ]

which concludes the proof. O

The second tool we need is an improvement of the distributional bound (3.25): this
is the aim of the following proposition.

Proposition 3.24 ("Good" distributional bound) We have

LP
Af < —K—=+ (1 +0t(1)>Dt|du|12_Is on B (3.27)

tp
in the weak sense, forallt < t* and p > 2.

Proof First of all let us recall the definition of f; ,

d)’Z(x, y)
ptr~!

d2(y,
+ flx,y) + M}

Jrn(x) = ;rg( [ o
Thanks to the Lemma 3.21 we can find z; in such a way that a minimizer of g;(x, v, z;),
i.e. a point T;(x) for which g, (x, T;(x), z;) = f;.n(x), lies inside E N B” for m-a.e.
x € ENB” and we can choose E to be the set of regular points of the space intersected
with the set of Lebesgue points of | du|gs (which is clearly of full measure). Now let
us fix ¥ € EN B” and call y the "good" minimiser of f; , (x). Clearly for such points
we have

dp _’ y d2 _7 - -
frn®) = £ )+ LI B o), +
ptP 2n

A&, 5) A2, z)
ptp-1 2n
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Now fix any other two points x, y € Q. Setting P := u(x), Q := u(x), R := u(y),
S := u(y). Using the inequality (3.26) of the key techcnical lemma (and its notation)
we get

_ [y a2 (y, z1)
Jr.n(x) —;g([ s + [,y + T]
2
= —F @@, u) + mf[ X ) @, u() - Fu), u<y))+M]
ptp~! 2n

< —Fu@).uG) + Way,b, 0 % (X) — Way,b, 0,1, (¥)
~—~— al()
(3.26)

+ O

[waz,b,Qm.Sf(‘)—waz,b,Qm,y(ﬁ) d ¢, Zt)]( )

aly

with equality if x = x. We now proceed to obtain a bound on the Laplacian of f; , in
the heat flow sense at the point x, therefore we shall estimate

timsup P ) = fin® _y o

s—0t s

Exploiting the previous inequalities and the monotonicity of the heat flow (h; f < h;g
if f < g)we get

Awgy b, 0,7 (X)

Afin(X) <
aly

Way,b,0,,5 (") +d2( Zt)i|( .

A
+ Q’[ alo 2n

Moreover thanks to the properties of the Hopf-Lax semigroup (namely (3.17)) we get

Way b.0,.5() | dgCs 20) AWay b, 00,5 () LY (%)
aQ,| YerbOn30) G2 oy Atarh. 003 O) | 1 SAdG( 2 () -K
aly 2n aly 1P~
Now we can apply Lemma 3.20 and the Laplacian comparison to obtain
., _C(K,N,r) LY (%)  2a1 —bcos(dy(u(x), Om)) .
Afyn(®) < — K24 "] du s ()
n tP aly
2ay — beos(dy(u(y), Om)) -
+ e ] dulis (9).

Since cos(dy(Qm) y) = cos(dy(Qn),x) =11/2and 1 — 12/4 = 10/4 we can choose
B such that a; = ? i/4, so that 2a; — b cos(dy (u(y), O)) = 0. This is achieved with

lo(1 +2lp)

p=1--——
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Via standard computations we get

2a; — beos(dy(Qn), X) _1 + !
[herefore we get
B C(K,N,r) L (%) l+% s (%
Afrn(x) < . — K Py + 2lp(1 +21())(4 -1 210)>|du\HS(x)
C(K,N, Ly x <

where we also used that D;(x) = [y + l% and that u is Holder continuous to estimate
the remainder in o;(1) (observe also that X does not depend on n € N). Combining
the latter with Lemma 3.25 and [16, Lemma 4.8] (recalling that u is continuous on £2)
we end up with

C(K,N, LP(
Ay < ( r)_K HO)
’ n tp—1

+ (1 + o,(1>)D[<-)| dulfg(-) on B

in the weak sense, for alln € N and forall t < ¢, .
Now since f; , converges to f; uniformly as n — oo, thanks to the regularity of f;
and the stability of the Laplacian bounds (see [16, 4.18]) we infer (3.27). O

We now recall [48, Lemma 4.4]:
Lemma 3.25 Let g be such that 1/q + 1/p = 1. For all x € B we have

1
lim inf yicy > ——lipZu(x). (3.28)
t—0 t q
Moreover, assuming in addition that u is locally Lipschitz continuous, form-a.e. x € B

(namely any point in B where u is metrically differentiable) we have

. i) lipZu(x)
m - _

li (3.29)
t—0+ f q
and L D
lim &) _ lip?Pu(x),  lim &) _ lip7u (x). (3.30)
t—0t t t—0t t

Proof The proof follows as in [34, Proposition 7.5] combined with [48, Lemma 4.4].
O

Theorem 3.26 (A variant of the BES inequality) Let u be as above and assume that it
is locally Lipschitz in 2, then the inequality

lip?u . .2 20 112
A 2 > |Vlipu|® — Klip“(u) — e5[ullipu (3.31)
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holds in the weak sense in 2.

Proof By the chain rule it is easy to infer that (3.31) is equivalent to
Alipu > —KTlipu — e3[u]lipu. (3.32)

We shall now verify that there exists a neighborhood Bg(x) with Byg(x) C 2 such
that lip(u) € W12(Bg(X)) and (3.32) holds in the sense of distributions in Bg (¥).

Due to the continuity of u there exists R > 0 such that u(Byg (X)) C Br/4(u(x)),
so that diam(u(B2g(x))) < m/2 and R < r/2. By (3.27) and (3.15) we have
A f;/t < C(Lipu) on Brg forall t € (0, #,). Combining the elliptic inequality (3.27)
with Lemma 3.15 and a Caccioppoli inequality we get f;/t € W12(Bsg /2(x)) with
||f,/t||W1,2(B3R/2(i)) < C and C depending only on the Lipschitz norm of u in €.
Therefore, exploiting Lemma 3.25, up to a subsequence we have that — f; /¢ converges
weakly in W2 to lip? (1) /q and we get

A(lip?u/q) = Klip?u — e3[u] - lip?u (3.33)
in B3g/2(x) in the weak sense. Exploiting the Lipschitz continuity of u we get
A(lip?u/q) > K (lipu)? — (lipu)?*> > —C

where the constant is uniform in g. Now again by Caccioppoli inequality we get
Iip?u/qllw12(p,) < C as g — 1. This means that lip? (u)/q converges to lip(x) in
WL2(Br(%)) and we can pass to the limit in (3.33) and get (3.32), whence we also
deduce (3.31). O

Finally we shall mention that the theorems in [48, Section 5] hold also in the present
setting: we refer to [48] for the proofs which work mutatis mutandis in our context.

Theorem 3.27 Let u be as above but with values in B,(0) C Y, where (Y, dy) is a

CAT(x) space and p < 7/2/k. Then letting R > 0 be such that Byg(xo) C Q we

have

Cn VR 7/ —p)
R )

sup  lip(u)(x) < (3.34)

X€BR/2(x0)
where the constant C only depends on the parameters listed at its subscript.

As a consequence we obtain a Liouville type theorem for harmonic maps, which
follows by estimate (3.34).

Corollary 3.28 Let (X, dx, mx) be a non-compact RCD(0, N) space and (Y, dy) be a
CAT («) space. Consider a harmonic map u : X — Y such that u(X) C B, (o) for
some 0 € Y and p < 17/(2:/k), and suppose that u is locally Lipschitz continuous.
Then u must be a constant map.
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3.5 Boundary Regularity for Harmonic Maps

In this section, we continue to assume that 2 C X is an open bounded set in an
RCD(K, N) space with X\ Q2 # #, K € Rand N € [1, c0). Moreover we let (Y, dy)
be a CAT(x) space with k > 0.

To study the boundary regularity of harmonic maps, we shall also impose some
regularity conditions on the boundary of 2.

Definition 3.29 Let 2 C X be a domain. We say that 2 satisfies an exterior density
condition if there exist two numbers A € (0, 1) and Ry > 0 such that

m(Q\ B, (x)) 2 A -m(B,(x)) Vx e, Vre (0, Rp). (3.35)

Additionally we say that <2 satisfies a uniform exterior sphere condition if there exists
anumber Ry > 0 such that for each xo € d<2 there exists a ball Bg,(yo) satisfying

QN Br,(yo) =% and xo € dBg,(y0). (3.36)

Remark 3.30 1t is easy to see that if the space satisfies a volume doubling condition
(which is the case of RCD(K, N) spaces, thanks to Bishop-Gromov inequality), then
the exterior density condition is implied by the exterior sphere condition.

The main result of this section is the following.

Theorem 3.31 Let Q and Y be as above. Suppose that Q@ C X satisfies a uniform exte-
rior sphere condition with constant Ry and let w € Lip(§, Y). Letu € KSLZ(Q, Y)
be a harmonic map with boundary data w such that Im(u) C Byrj4—,(0) for some
o €Y and p > 0. Then for any ¢ € (0, 1) it holds

dy (u(x), w(x0)) < CeLydy * (x, x0) (3.37)

forall xo € 02 and x € Q with dx (x, xo) < Re, where both R, and C, depend only
one, N, K and diam(S2), and

L sy (200 00)
x,y€§ dX(-x’ y)

In particular, u is continuous at xo and u(xg) = w(xp).

To prove this result, we need the following two lemmas.

Lemma3.32 Let 2 C X be a bounded domain satisfying a uniformly exterior con-
dition with constant Ry. Suppose that f € WI'Z(Q) is a harmonic function on 2
with boundary data g € Lip(RQ). Suppose g(z0) = 0 for some zo € Q. Then for any
e € (0, 1), there exists a number R, € (0, min{1l, Ry/2}) (depending onlyone, N, K
and diam(S2) ) such that for any ball B, (xo) with xo € 0Q and r € (0, R,) it holds

sup | f(x) — f(xo)| < CeL -r' ¥, (3.38)
By (x0)NQ2
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where the constant C, > 0 depending only on ¢, N, K, and the constant L is a
Lipschitz constant of g.

Proof This is Theorem 4.3 in [47]. O

Lemma 3.33 Let 2, Y be as above. Suppose thatu : Q@ — Y is a harmonic map. Then
forany P €Y such that Im(u) € By, (P) it holds

Ady (u(x), P) >0 (3.39)

in the sense of distributions.

Proof Since the function dy (P, -) is convex in By ;>(P) C Y, the assertion follows
directly from Proposition 3.5. O

We are now in the position to prove Theorem 3.31, whose proof is a modification
of the one in [47, Theorem 4.6].

Proof of Theorem 3.31 Fix any a point xo € 9€2, and set P = w(xg). Then, by the
triangle inequality and the fact that Im(u) C Bys4—p(0), we have dy(P, u(x)) <
/2 — 2p for any x € Q2. Moreover by Lemma 3.33, we observe that dy (P, u(x)) is
sub-harmonic on 2.

We can now solve the Dirichlet problem

Af(x)=0 onQ and  f(x)— dy(w(xp), w(x)) € Wy ().

Notice that, by the triangle inequality, the function gy, (x) = dy(w(xp), w(x)) is
Lipschitz continuous on €2 with a Lipschitz constant

Lo <Ly and gy (x0) =0.

8xg

According to Lemma 3.32, we have

sup | f(x) — f(xo)| < CeLyr'™, (3.40)
By (x0)N2

for any ball B, (xo) with xo € Q2 and r € (0, R,).
At last, since dy (u(x), w(xp)) — f(x) is sub-harmonic on €2, and

[dy (u(x), w(xo)) = FIIT € Wy (),
the maximum principle yields

dy(u(x), w(xg)) < f(x), a.e.in Q.
Noticing that u € C(£2) (by Theorem 3.12) and f € C(2), we get

dy(u(x), wxg)) < f(x), Vx e Q.
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The combination of the latter with (3.40) implies the desired result, concluding the
proof. O
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