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Abstract

In this thesis, we develop and apply methods inspired by two-dimensional conformal field
theory, supersymmetric gauge theory, and topological string theory to the study of spectral
problems. In the first part, we investigate periodic spectral problems governed by the
Lamé and Heun equations, including confluent limits of the latter. These equations arise
both as classical limits of BPZ equations satisfied by degenerate Virasoro conformal blocks
and as quantized Seiberg-Witten curves of four-dimensional N' = 2 SU(2) gauge theories.
The two descriptions are related by the AGT correspondence, under which degenerate
classical conformal blocks are mapped to surface-defect partition functions in the Nekrasov—
Shatashvili (NS) limit. We solve the connection problem for the Lamé equation and develop
a systematic resummation procedure, based on suitable limits of blow-up equations, for bulk
and defect NS functions. The resummation resolves their singular instanton expansions at
resonant values of the Floquet exponent and reveals the branch structure of the accessory
parameters and Floquet solutions, whose branch points determine the edges of spectral
bands and gaps. For the Lamé equation, the resonant limit of the resummed accessory
parameter agrees with the values obtained independently from isomonodromic and orbifold-
defect constructions. The latter also provides the corresponding (anti-)periodic solutions.
For the Heun equation, we extend the resummation procedure to include the Floquet
solutions, obtaining at resonance both the accessory parameters and the corresponding
(anti-)periodic solutions. We further construct their logarithmic companions and analyze
the resonant monodromy, distinguishing the mass loci where spectral gaps close from the
smaller loci where the resonant monodromy becomes semisimple.

In the second part, we study finite-difference equations obtained by quantizing the mirror
curves of the YN0 geometries, which engineer five-dimensional N' = 1 SU(N) gauge theories.
In the framework of the open topological string/spectral theory (T'S/ST) correspondence,
we construct exact generalized eigenfunctions that are expected to be entire in the open
and closed moduli and to become square-integrable when the spectral moduli belong
to the appropriate exact quantization locus. Their four-dimensional limit gives explicit
analytic solutions to the eigenvalue problem associated with Hy = 2AY cosh(p) + Vi (x),
where Vi (z) is an arbitrary monic polynomial of degree N. These operators are solvable
finite-difference deformations of the Schrédinger Hamiltonians p2+ Vi (x), and our solutions
describe both bound states and resonances. We also identify special loci at which the
eigenfunctions exhibit enhanced decay. For confining potentials, this enhancement leads
to spectral degeneracies, while for potentials unbounded from below, it produces square-
integrable states with real energies. We finally discuss the related operators with a sinh(p)
kinetic term, an inverted potential —Vjx(x), or both.
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Introduction

Spectral problems are ubiquitous in mathematics and the physical sciences. They play a
fundamental role in quantum mechanics and quantum field theory, in general relativity
and gravitational physics, as well as in string theory, condensed-matter physics, and many
other areas. Despite the diversity of these applications, the underlying questions often
take a common form: one seeks to determine the spectrum of an operator, construct the
corresponding eigenfunctions, and understand how these spectral data depend on the
physical parameters of the problem.

The development of exact methods for the study of spectral problems is therefore of
central importance. Exact results can reveal structures that may be difficult to identify
through perturbative or purely numerical analyses and can uncover connections between
apparently unrelated physical systems. Symmetry, in its many manifestations, often
provides the organizing principle underlying such exact results.

The main goal of this thesis is to develop and apply new methods for the study of
spectral problems by drawing on ideas and techniques from supersymmetric gauge theory,
conformal field theory and string theory. A recurring theme of this work is that spectral
quantities can be encoded in a broad family of special functions arising naturally in these
subjects. These include Nekrasov partition functions [1-4], superconformal indices [5-8],
conformal blocks associated with Virasoro and affine current algebras [9-13], and refined
topological string partition functions [14-17].

Although these objects do not constitute a single formally defined class, it is useful
to regard them as modern special functions: they possess distinguished series or integral
representations, satisfy differential, difference, and functional equations, and exhibit rich
transformation laws and analytic properties. This point of view is rooted in a long
representation-theoretic tradition in the theory of special functions [18] and is closely
connected with the web of correspondences relating supersymmetric gauge theory, conformal
field theory, topological string theory, and quantum integrable systems [19-24].

The fact that these functions arise in several areas of mathematics and physics, and
admit different interpretations in each, often makes it possible to transfer information
from one setting to another. For example, physical principles may constrain the analytic
properties of conformal blocks, which can in turn determine the connection formulae
governing the analytic continuation of solutions to differential equations [25]. Similarly,
the requirement of background independence in topological string theory can lead to the
construction of entire solutions to difference equations, which become eigenfunctions of
the associated operators once the appropriate spectral conditions are imposed [17, 26-28].
This transfer of information between different descriptions underlies much of the work
presented in this thesis.

The thesis develops along two main directions. The first concerns periodic spectral
problems associated with two classical second-order differential equations of Fuchsian type:
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the Lamé equation on the torus,

(33 = p(p—Dp(z) + E) ¥(z) =0,
and the Heun equation on the sphere,

) 0, o) 0o — 09 — Oy — O U
2 90 q 1 o0 0 q 1
(o243 Goaf T GoI2 T o) DG

Their spectral data and solutions can be encoded, respectively, in bulk and surface-defect
Nekrasov partition functions of four-dimensional N' = 2 supersymmetric gauge theories
with gauge group SU(2) [29-32]. Through the AGT correspondence [22, 33, 34|, these
partition functions are in turn related to conformal blocks of the Virasoro algebra. This
connects the analytic and spectral theory of these differential equations to conformal field
theory and supersymmetric gauge theory.

The SU(2) Nekrasov partition functions depend on the Coulomb-branch parameter
a, the masses of the hypermultiplets, and two equivariant parameters 1 and €. Their
instanton parts are naturally represented as power-series expansions in an instanton-
counting parameter q. The quantities relevant to the analysis of the differential equations
above emerge in the Nekrasov-Shatashvili (NS) limit,

) ¥(z) = 0.

62—>0, 81:77,,

where the parameter €; plays the role of Planck’s constant. The differential equations
above are written in units where i = 1 for simplicity.

The analytic dependence of the NS functions on a plays an important role in our
analysis. In the associated spectral problems, the dimensionless ratio 2a/h is identified
with the Floquet exponent characterizing quasi-periodic solutions [29, 35, 36]. A significant
difficulty arises at the nonzero resonant loci

2 ez\qoh

where the Floquet multipliers coalesce and take the values +1, corresponding respectively
to periodic or anti-periodic solutions. At these loci, the coefficients of the NS functions
develop poles whose orders increase with the instanton number. As a result, the naive
instanton expansion ceases to be well defined precisely at the values relevant to the periodic
spectral problem.

A substantial part of this thesis is devoted to overcoming this obstacle and extending
the gauge-theory and conformal-field-theory descriptions to the resonant loci. This requires
a reorganization of the instanton expansions that makes the analytic structure of the
underlying functions manifest [37, 38]. Our approach is based on the derivation of a new
family of functional identities involving only NS functions from the blow-up equations
satisfied by the full Nekrasov partition functions [3].

To illustrate the basic idea, let us consider the pure SU(2) gauge theory, whose associated
differential equation is the Mathieu equation:

(8% + X+ 872 q cos 27rx) Y(w,a;q) = 0.

The latter can be obtained as a suitable confluent limit of the Heun equation, as well
as through a degeneration of the Lamé equation. Despite its relative simplicity, this
example already exhibits the essential features of the more general problem. For the pure
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SU(2) gauge theory, a vanishing blow-up equation for the bulk Nekrasov partition function
Z(a;e1,e2;q) takes the form

Z Z(a+ner;er,e2 —e1;9)2(a+ negjez,e1 — e2;q) = 0.
n€Z+%

This identity provides a strong functional constraint on the partition function. In the NS
limit, the logarithm of Z admits the asymptotic expansion

1
log Z(a; h,e2;q) =~ gwo(a, fi; q) + Wi(a, by q) + O(ez),

where W is the effective twisted superpotential and W, is its first correction in the e
expansion. Substituting this expansion into the two factors of the blow-up equation and
taking the diagonal limit e — €1 = h, one obtains a functional relation that closes on W
and Wi:

> exp (2Wi(a + nh, ; q) — nduWo(a + nh, h; q) — dWo(a + nh, fi;q)) = 0.
nEZ+%

The NS function Wy obtained from the pure SU(2) Nekrasov partition function Z determines
the spectrum of the Mathieu operator through the quantum Matone relation [39, 40]

A = —4n?q9;Wo(a, 15q).

The resulting NS blow-up equation can then be used to determine a partial resummation
of the instanton expansions of Wy and W), making their analytic dependence on the
Coulomb-branch parameter a, and in particular their branch structure near the resonant
loci, manifest. Through the AGT correspondence, W; is related to the classical limit of an
irregular Virasoro conformal block [41, 42], so that the same resummation admits a direct
interpretation in conformal field theory.

The same basic idea is developed for the NS functions that determine the accessory
parameters of the Heun equation and its confluent limits, as well as the spectral parameter
of the Lamé equation. It is then extended to the defect NS functions that encode Floquet
solutions of the Heun equation and its confluences. At the resonant loci, this construction
provides access to periodic and anti-periodic solutions and to their logarithmic companions.

Alongside this resummation analysis, we solve the connection problem for the Lamé
equation by deriving connection formulae from the fusion and braiding transformations
of degenerate Virasoro conformal blocks. These results, together with the resummed NS
functions, are used to investigate the periodic spectral problems associated with the two
fundamental cycles of the torus, including their periodic and anti-periodic eigenvalues,
eigenfunctions and band-gap structure.

We also obtain these spectral quantities through two complementary constructions. The
periodic and anti-periodic eigenvalues can be recovered from an isomonodromic deformation
problem governed by an elliptic form of the Painlevé VI equation [43]. Alternatively, orbifold
surface-defect partition functions provide a direct construction of both these eigenvalues
and the corresponding eigenfunctions [36]. These approaches rely on mechanisms distinct
from the resummation of the bulk NS functions and provide independent checks of the
resulting spectral data.

The second direction of the thesis concerns finite-difference equations and operators
obtained by quantizing the mirror curves of the toric Calabi—Yau threefolds associated
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with the YV:0 geometries [44]. These equations take the form

N
AN [ (z +ih) + ¢ (z — ih)] + Zﬁge<%_é)mcp (x) =0, ko = kN = L.
=0

The parameters A and & = {#,})' ;" are moduli of the mirror curve and become parameters
of the corresponding quantum operator.

Within the framework of the topological string/spectral theory (TS/ST) correspon-
dence [15-17], we construct non-perturbative solutions of this difference equation that are
conjecturally entire functions of the variable x and of the closed-string moduli k. When
the latter are placed on the appropriate exact quantization locus, these entire solutions
are expected to become square-integrable and therefore define physical eigenfunctions of
the corresponding operator. Our main interest, however, lies in a particular scaling limit
of this construction, known as the four-dimensional limit, and in the resulting spectral
quantities. In this limit, the relevant Hamiltonian takes the form

Hy = 2AY cosh(p) + Vi (x), [x, p] = ih,

where Viy(x) is an arbitrary monic polynomial potential of degree N. The resulting operator
can thus be regarded as a finite-difference deformation of the standard quantum-mechanical
operator

HN = p2 -+ VN(X).

In the four-dimensional limit, the T'S/ST correspondence conjecturally provides exact entire
solutions to this deformed Schrédinger problem, which become square-integrable when a
single quantization condition is imposed on the energy. Furthermore, the corresponding
operators exhibit phenomena with no direct counterpart in ordinary one-dimensional
quantum mechanics [44, 45]. For even N, ground-state degeneracies can occur at special
points in parameter space, including configurations corresponding to symmetric double-well
potentials. For odd N, there exist special loci at which square-integrable states with real
energies occur even though the corresponding polynomial potential is unbounded from
below. Quantum integrability plays an important role in understanding these special loci,
as we will discuss in greater detail in the main body of this thesis.

Structure of the thesis

Chapter I reviews the necessary background on Fuchsian differential equations, two-
dimensional conformal field theory, supersymmetric gauge theory and topological string
theory. Section 1 focuses on local solutions of Fuchsian differential equations, their
monodromy properties and the associated connection problem. Section 2 introduces
conformal blocks, BPZ equations and their classical limits. Section 3 reviews Nekrasov
partition functions, the blow-up equations, the AGT and Bethe/gauge correspondence.
Finally, Section 4 discusses refined topological-string partition functions, which in the
geometries relevant to this thesis can be identified with five-dimensional Nekrasov partition
functions, together with local mirror symmetry and the main ideas underlying the TS/ST
correspondence. The original contributions of the thesis begin in Chapter II. We solve
the connection problem for the Lamé equation using two-dimensional conformal field
theory and develop the resummation procedure for the accessory parameters of the Lamé
equation and the Heun equation, and confluent limits of the latter. We also investigate the
periodic spectral problem associated with the Lamé equation. In Chapter III, we extend
the resummation procedure to Floquet solutions of the Heun equation and its confluent

4
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limits. We then analyse the resonant A-cycle monodromy, with particular emphasis on its
semisimple locus in the parameter space of the equation. Chapter IV is devoted to the
difference operators arising from the quantization of mirror curves of the YV geometries.
We construct their exact solutions within the framework of the TS/ST correspondence
and study their four-dimensional limit, which leads to finite-difference deformations of
quantum-mechanical anharmonic oscillators. Finally, we conclude by summarizing the
main results and discussing possible directions for future research.



Chapter 1

Background

Section 1

Fuchsian Differential Equations

In this first background section, we review the theory of second-order Fuchsian ordinary dif-
ferential equations, focusing on their local solutions, analytic continuation and monodromy;,
and concluding with a discussion of connection problems. We discuss equations on the
sphere and the torus separately, reviewing the most relevant examples: the hypergeometric,
Heun and Lamé equations.

General references. For background and more detailed explanations of the material
reviewed in this section, see [46-50].

1.1 Second-order Fuchsian equations on the sphere

Let z denote the standard affine coordinate on C ¢ CP! = CU{oc}. We consider equations
of the form

V'(2) +p(2)y'(2) + a(2)y(2) = 0, (1.1)
where p and ¢ are meromorphic functions on CP!, therefore rational functions of z. A
point zy € C is called an ordinary point of (1.1) if both p and ¢ are holomorphic at z.
Otherwise, it is a singular point. A singular point zq is called regular if

(z— 20)p(z) and (z — 20)%q(2) (1.2)

extend holomorphically to z = zy5. Equivalently, p has at most a simple pole and ¢ has
at most a double pole at zp. The point at infinity is studied by introducing the local

coordinate w = 1/z and setting
- 1
y@ﬁy(w>-

In terms of w, equation (1.1) becomes

0= )+ |5 = o ()] 70+ e () 7 (13)
+

=" (w) + p(w)y' (w)
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The point z = oo is ordinary or singular according to whether w = 0 is ordinary or singular
for (1.3). In particular, infinity is at most a regular singular point precisely when

p(z) =01, q(z) = O(z7?), Z — 00. (1.4)

Equation (1.1) is called Fuchsian if all its singular points on CP! are regular singular
points. Let z1,..., 2, € C be the finite singular points of (1.1). Since p and ¢ are rational
functions, the Fuchsian condition implies that they can be written as

p(z) = S q(z) = ( . + ) , t; =0, (1.5)
-z 12::1 (z—2z)2  z—2 ; !
with r;, s;,t; € C, i =1,...,m. Indeed, polynomial parts are excluded by the conditions

(1.4), which also imply >, ¢; = 0.

The corresponding coefficients at infinity are then determined by the parameters
associated with the finite singular points. Indeed, passing to the local coordinate w, the
coefficients of (1.3) have the expansions

m
- T
p(w):%+0(1), TOO:2727“¢,
L o . (1.6)
(W) ="5+2+0(1),  sw= S (sitat),  tw=3. (222-52- + zft,-) .
=1 =1

It is often convenient to remove from (1.1) the first-derivative term. In order to do so,
locally we may set

oz =exp (5 [ p(0)dC) 0, (1.7

Equation (1.1) is then transformed into the normal form

Y'(2) + T(2)9(z) = 0, (1.8)
where 'y ) ;
T(z) = a(z) = 5p'(2) = 7p(2)", (1.9)

is a rational function of the variable z. For an equation written in normal form, a finite
singular point is regular when 7'(z) has at most a double pole there, while the point at
infinity is regular singular when

T(z) = O(z72), z — 0. (1.10)

Let again z1,..., 2z, € C be the finite singular points of (1.1). It follows from (1.5) that
T(z) has at most double poles at the points z; and satisfies T'(z) = O(272) at infinity. It
can therefore be written as

T(z):i((z _(Sizi)2+ G ) i_n:ci:o. (1.11)

i=1 ZT A

Meanwhile, expanding T'(z) near infinity gives

1™ 1 _ 1 & _
T(x) =22 it 53 (itze) +0E) =53 (0i+za) + 0", (112)
i=1 i=1 =1
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so that the coefficient controlling the leading behaviour at infinity is

1=1

Let now 25 € C be an ordinary point. By the existence and uniqueness theorem for
holomorphic ordinary differential equations, for every choice of initial data

y(20) =a,  y'(20)=b,  abeC, (1.14)

there exists a unique solution of (1.1) holomorphic in a neighbourhood of zy. In particular,
the solutions y; and yo determined by

yi(z0) =1, y(20) =0,

y2(20) = 0, yh(z0) =1 (1.15)

form a basis of the two-dimensional space of local solutions. The linear independence of
two solutions is measured by their Wronskian,

W (y1,y2)(2) = y1(2)y2(2) — y1(2)y2(2). (1.16)

Using (1.1), one finds
W'(2) = —p(2)W(2), (1.17)

and hence, on a simply connected neighbourhood of z,

z
Wi, 2)(:) = W)y esp (= [ p(Odc) (1.18)
20
It follows that two solutions which are linearly independent at one point remain linearly
independent throughout their common domain of definition. For an equation in normal
form, p(z) = 0, and the Wronskian is therefore constant.
Let z; be a finite regular singular point. Then, the coefficients of (1.1) admit Laurent
expansions of the form
i Si

p(z) = +0(1),  az)=—5+0((z-2)""). (1.19)

Z =z (z — %)

Substituting the leading ansatz y(z) ~ (z — 2;)” into (1.1) gives the indicial equation
plp—1)+mrip+s; =0, (1.20)

whose roots p;r and p; are called local exponents of the equation at z;. For an equation in
normal form, if

d; ¢
(z — 2)?

the indicial equation reads instead

T(z) =

1 . 1.21
z_zi—i-(’)( ); zZ—z (1.21)

p(p—1)+0; =0. (1.22)

It is often convenient to parametrize the coefficient of the double pole as

or equivalently 5 = a;(1 — ay), (1.23)
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where the two parametrizations are related by a; = % + 0;, up to the transformations
0; — —0; and a; — 1 — ;. The corresponding local exponents are then

1

pli =3 =+ 6;, or equivalently pi = a, p; =1—a. (1.24)

7
If the difference of the local exponents is not an integer, ,oj — p; ¢ Z, the Frobenius
theorem guarantees the existence of a basis of local solutions

00
+
yi(2) = (z=2)" Y ai,(z—2)"  aiy #0, (1.25)
n=0

+
called Frobenius solutions. After fixing branches of (z — z;)Pi , the normalizations of the
Frobenius solutions are uniquely fixed by the conditions afo =1.

Suppose instead that the exponents are resonant, namely that their difference is an

integer. After exchanging the labels if necessary, we write
pt—p; =N,  Ne€Zs. (1.26)

Then, the solution associated with the exponent p;L can be chosen in Frobenius form, while
a second linearly independent solution generally contains a logarithmic term:

v (2) = (2 =2 Y af (e — 2",

=0 i, (1.27)

y; (2) =C; yf(z) log(z — z;) + (2 — zi)pi_ Z bin(z —2zi)".
n=0

When N > 0 the constant C;, which in general depends on the parameters of the equation,
may vanish. In this case both solutions can be chosen in Frobenius form, without logarithmic
terms. When N = 0, the logarithmic term is necessary in order to obtain a second linearly
independent solution. In either case, the second solution is defined only up to the addition
of a constant multiple of yf .

After choosing a branch of log(z — z;), the Frobenius solutions are single-valued on a
simply connected domain of a punctured neighbourhood of z;. The radius of convergence
of the power series appearing in these solutions is at least the distance from z; to the
nearest other singular point of the equation. The same construction applies at z = oo after
rewriting the equation in the local coordinate w as in (1.3).

The preceding local analysis distinguishes the parameters which determine the local
exponents from those which affect only the global properties of the equation. For the
general equation (1.1), the indicial equations (1.20) give

n:l—pj_—pl_, Sz:p;’_p;, ZE{l,,m,OO}, (128)

at each singular point. Combining this relation with the definition of r, in (1.6) gives the
Fuchs relation .
S (of+p7) +ok4pe=m—1. (1.29)
i=1
Thus, the local exponents at the different singular points cannot be chosen independently.
Once the positions of the singularities and a compatible set of local exponents have
been fixed, the coefficients r; and s; are completely determined. The remaining coefficients
t; satisfy

t; = 07 (Si + Zztz) = Soo (130)
i=1 =1

9
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and the m — 2 independent combinations of the ¢; are the accessory parameters. They are
not determined by the local exponents, but control the global monodromy of the equation.

For an equation in normal form, one has p(z) = 0 and ¢(z) = T'(z), so that the
coefficients in the discussion above specialize to r; = 0, s; = §; and t; = ¢; at the finite
singular points, while oo = 2 and ss, = do. Therefore, once the positions and local
exponents are fixed, the coefficients ¢; satisfy

m m
ZCZ' =0, Z (51 + ZZ‘Ci) = o0, (1.31)
i=1 i=1
and the m — 2 independent combinations of the ¢; are the accessory parameters of the
equation in normal form.

The local exponents also determine the eigenvalues of the local monodromy, although in
the resonant case they do not by themselves determine its Jordan form. For a non-resonant
Frobenius basis yli at z;, analytic continuation once counterclockwise around the singularity
acts as L

Yt s TPyt (1.32)

Thus, with respect to the basis vector (yl+ i )7, the local monodromy matrix is

2mipt
M; = <e 0 ) . (1.33)

0 eQﬂ”ip;

In the resonant case, since pj —p; € Z, the two monodromy eigenvalues coincide. Denoting
their common value by o¢;, the logarithmic solutions in (1.27) transform under the same
analytic continuation as
y — oy, (1.34)
Y, — opy; + 2miCio;. (1.35)

The corresponding local monodromy matrix is therefore

1 0
M; = o; <2mci 1). (1.36)

When C; = 0, the local monodromy is diagonal, while for C; # 0 it has a non-trivial Jordan
block. In both cases its eigenvalues are €*™#: .

Let now ¥ = {21, ..., zm,00} C CP! denote the set of singular points of the equation.
Every point of the punctured sphere CP! \ ¥ is ordinary and local solutions can therefore
be analytically continued along any path which avoids ¥. Fixing a base point z, € CP!\ X,
we choose an ordered basis of local solutions near z,,

()
g = < @) - (1.37)
y

2

Analytic continuation along a loop = based at z, produces another basis of local solutions

ygz*), which is related to the original one by a constant invertible matrix:

y%z*) = ny(z*)a M, € GL(%C), (1.38)

where the matrix M, depends only on the homotopy class of 7. Analytic continuation
therefore defines the monodromy representation

o:m (CP\T,2) — GL(2,C), o)) = My, (1.39)

10
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its image being the monodromy group of the equation. A change of the basis y(%*) conjugates
all the monodromy matrices simultaneously, so the monodromy representation is naturally
defined only up to conjugation. Similarly, changing the base point and choosing a path
connecting the two base points identifies the corresponding fundamental groups and
produces an equivalent monodromy representation, again up to conjugation.

For an equation in normal form, the Wronskian of any two solutions is constant on
every branch and analytic continuation along a loop v multiplies it by det M,. On the other
hand, analytic continuation must preserve the value of the constant Wronskian. Since the
Wronskian of a basis is nonzero, it follows that det M, = 1 and therefore the monodromy
representation of an equation in normal form takes values in SL (2;C). This conclusion
applies in particular to the local Frobenius bases of an equation in normal form, both in
the non-resonant and logarithmic cases.

To compare the local monodromies at different singular points, all the corresponding
matrices must be expressed in the same basis near z,. For each singular point z;, we can
choose a path from z, to a punctured neighbourhood of z; and use it to transport the local
Frobenius basis to the base point. The monodromy of a small positively oriented loop
around z;, conjugated by this path, is then represented in the common base-point basis.
Its conjugacy class is determined by the local matrices (1.33) and (1.36).

If ¥ ={z,...,2m,00}, the fundamental group of the punctured sphere is generated by
based loops 71, . . ., Ym, Yoo around the singular points, subject to the relation

Y1Y2** Ym Yoo = 1, (140)

for a compatible choice of orientations and ordering. The corresponding monodromy
matrices, all expressed in the basis y(%+), therefore satisfy

MMy - My,My, = 1. (1.41)

At each finite regular singular point z; € 3, let now

+
y©) = (yi ) , (1.42)

Y;

be a local basis of Frobenius solutions. At infinity, the corresponding basis is defined using
the local coordinate w = 1/z. The domains of convergence of these local solutions do not,
in general, cover the entire punctured sphere. Nevertheless, every ordinary point can be
connected to a punctured neighbourhood of z; by a path in CP\ ¥. Analytic continuation
along such paths therefore extends a local Frobenius basis to a basis of solutions near any
ordinary point.

Let v be a path in CP! \ ¥ connecting a neighbourhood of z; to a neighbourhood
of another singular point z;. After analytic continuation along 7, the basis y(#) can be
expressed as a linear combination of the basis y(zﬂ' )

y =cly®),  CJeGL(%C). (1.43)

The matrix C]j is called the connection matriz between the two local bases and its entries
are the corresponding connection coefficients. It is independent of z because, near the
endpoint of v, the analytically continued basis yg,zi) and the local basis y(*) are bases of
the same two-dimensional solution space.

The connection matrix depends, however, on the choices of branches and normalizations

of the local solutions, as well as on the homotopy class of the path «. Once these choices

11
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have been fixed, the connection problem consists in determining C’;’j explicitly as a function
of the parameters of the differential equation.

Frobenius bases associated with the singularities of the equation are not the only useful
choices of solutions. One may choose a pants decomposition of the punctured sphere
CP!\ ¥ by cutting it along simple closed curves into three-punctured spheres. If the
monodromy around one of these cutting curves is diagonalizable, one may choose a basis of
solutions which diagonalizes it. On an annular neighbourhood of the cutting curve, these
solutions can be regarded as Floquet solutions [32, 51, 52].

Connection problems can then be formulated between Frobenius bases near the punc-
tures and bases adapted to the cutting curves. Curves dual to the cuts provide comple-
mentary monodromy data related to the gluing of the three-punctured components. This
construction will be described explicitly for the four-punctured sphere in the discussion of
the Heun equation.

Hypergeometric differential equation. Up to a Mobius transformation of the variable
z and a gauge transformation of y, every second-order Fuchsian equation on the sphere
with three regular singular points can be reduced to the hypergeometric equation

2(1=2)y"+ (c= (a+b+1)2)y —aby = 0. (1.44)

Its singular points are 0, 1 and oo, the corresponding pairs of local exponents being (0,1 —c),
(0,¢ —a —b) and (a,b), respectively. Then, for non-resonant values of the parameters a, b
and ¢, Frobenius bases may be chosen as

yg (Z) = 2F1(aﬂ bv G Z), (145&)
yéo)(z) =% R (a—c+1,b—c+1,2—¢2), (1.45b)
y%l)(z) =oF(a,b,a+b—c+1;1—2), (1.45¢)
yél)(z) =(1-2)°"%F(c—a,c—bc—a—b+1;1—2), (1.45d)
o0 _ 1
y§ )(z) = (—2)"%F (a,a—c—{— l,a—b+ 1;z> , (1.45€)
00 _ 1
y)(2) = (—2) % Ry (b,b—c—i— 1,b—a—|—1;z>. (1.45f)
Here, oF} (a,b,c; 2) is the standard hypergeometric series
X (@), (b), 2" nl
b=y WO M@tk @y=1  (146)
n=0 (C)Tl s k=0

The three pairs are local bases adapted to the three singular points. Their Frobenius series
converge up to the nearest singularity and the corresponding local branches, together with
analytic continuation, describe the solutions on the punctured sphere CP!\ {0, 1, c0}.

The connection problem for the hypergeometric equation can be solved explicitly in
terms of Gamma functions. Assuming again non-resonant values of the parameters a, b
and ¢, we consider local basis vectors defined as

fm@:<9@§ fWa=<w@v. (1.47)
w(z)) u(2)

After choosing the branches determined by the real logarithms of z and 1 — z for z € (0, 1),
then extending by analytic continuation, one finds

yO(2) = Cor yV(2), (1.48)

12
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where

T(e)l(c—a—b) I'e)'(a+b—c)
I'lc—a)l'(c—b T'(a)'(D
(o | Temare=p (@T(5) | o
r'2-col(c—a-10) F'2—-cl(a+b—c)

I'l1—a)'(1-0) MNa—c+1)I'(b—c+1)
Since the three-punctured sphere has no accessory parameters, these connection coefficients
are completely determined by the local exponents. Analogous connection matrices involving
the basis at infinity can be found in [50].

Heun differential equation. Similarly to the previous example, up to a Mobius
transformation of z and a gauge transformation of y, the general second-order Fuchsian
equation on the sphere with four regular singular points is the Heun equation. We consider
the normal form

y"(2) + T(2)y(z) = 0, (1.50)
where
gz -0 10 B+02+07-0% -1 u
T _ 4 0 4 q 4 1 0 q 1 ) (151
(2) 52 + (z — q)2 + (z—1)2 T 2(z—1) +z(z—1)(z—q) (1.51)

The singular points are 0, q, 1 and oo. The parameters 6y, 04, 01 and 0, determine the
local exponents, while u is the accessory parameter. Assuming that the differences of
exponents are non-integers, local Frobenius bases may be chosen in the form

yE(2) = (2 —2)2 P (14 O0(z— %)), 2 €{0,q,1}, (1.52)

and, near infinity,
1
yE(2) = 2350 (14 0(x 7). (1.53)
Thus, the local monodromy eigenvalues around z; are given by eQﬂi(%iei), with possible
non-trivial Jordan blocks in the resonant case.

Let now 0 < |q| < 1. The annulus
Ag={z€Cllq| < |z] < 1} (1.54)

contains no singular points and carries a distinguished homotopy class of closed curves
encircling 0 and q [32, 52]. We call any representative of this class the A-cycle. Up to
the choice of paths and base point, its monodromy matrix M4 is the product of the local
monodromies around 0 and q, M4 = MyM,.

If the A-cycle monodromy matrix M, is diagonalizable, one can choose a basis of
solutions yfj consisting of its eigenvectors, where uj are the corresponding eigenvalues.
The yi are Floquet solutions associated with the A-cycle and uij their Floquet multipliers.
Choosing Floquet exponents a4+ such that

ph = e?riox (1.55)
the Floquet solutions can be written as

yf(z) = 2% ¢4 (z2), b+(z) = Z afz", (1.56)
neZ

where ¢4 are single-valued holomorphic functions on A, and their Laurent series converge
in the annulus. The Floquet exponents a+ are defined only modulo integers.

13
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Since (1.50) is in normal form, its monodromy matrices belong to SL (2; C), and therefore
uj;,ug = 1. It is then convenient to introduce a monodromy parameter o4, defined modulo
signs and integer shifts, such that

ph = et2moa tr M4 = 2cos(2moa). (1.57)

The annulus A, is naturally associated with a pants decomposition of the four-punctured
sphere. Cutting along the A-cycle separates it into two three-punctured spheres, one
containing the punctures 0 and ¢, the other containing 1 and co. The conjugacy class
of M 4 specifies the monodromy along the separating curve, while the monodromy along
a dual B-cycle depends on the connection matrix relating solution bases adapted to the
two three-punctured spheres [32]. In contrast with the hypergeometric equation, these
global monodromy data are not fixed by the local exponents: they depend on the accessory
parameter u.

The assumption 0 < |q| < 1 is not essential. For any other configuration of the
punctures, one may choose an appropriate separating curve, possibly after a Mdbius
transformation, and repeat the same construction. The different choices of separating curve
correspond to the different pants decompositions of the four-punctured sphere.

Let us define
=) =) |

The connection problem for the Heun equation consists in relating the Frobenius bases y (%)
near 0, q, 1,00 to one another, or to the Floquet basis y(*) in the annulus. For example,
after analytic continuation along a chosen path -,

v =y, (1.59)
Unlike in the hypergeometric case, the entries of a Heun connection matrix are not generally
given by elementary Gamma-function expressions [25, 32].
1.2 Second-order Fuchsian equations on the torus
Let E; = C/A; be a complex torus, where
AN =Z+17Z, Im(7) > 0. (1.60)
We consider equations of the form

y'(2) + p(2)y'(2) + a(2)y(2) = 0, (1.61)

where z is a coordinate on the universal cover C of the torus, while p and ¢ are meromorphic
elliptic functions:

p(z+ A) = p(2), q(z+ ) =q(z2), A€ A (1.62)

The periodicity of the coefficients ensures that (1.61) descends to a differential equation
on E,. However, its solutions on the universal cover are not, in general, elliptic functions.
Their transformation under lattice translations will instead be described by the monodromy
along the two fundamental cycles of the torus, as we will discuss in greater detail below.
Let (p € E;, and let 25 € C be a representative on the universal cover. The point (j
is ordinary if p and ¢ are holomorphic at z = 2, and it is a singular point otherwise. A
singular point is then regular if p(z) and ¢(z) have at most a simple and a double pole

14
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at z = zg, respectively. Since the coefficients of the equation are elliptic, this condition is
independent of the chosen representative of (5. The equation is called Fuchsian if all its
singular points on E, are regular singular points.

Let (1, ...,Cn € Er be the singular points of (1.61), with z1, ..., 2z, € C representatives
on the universal cover. The Fuchsian condition requires the local expansions of p(z) and
q(z) to take the form

S; ti

T
5 T

p(z) = +0@),  q(z)= (

z — Z

+O(1), z = 2. (1.63)

z—z) z— 2z

To write these coefficients globally, we use the Weierstrass functions p, ¢ associated with
the lattice A,; see Appendix A.1 for their definitions. Their local behaviour at the origin is

()= +0E), o) = 5 +O0(). (1.64)
Recall that g is elliptic, while ¢ is quasi-periodic:
C(z+N) =((2) + 2y, AEA,, (1.65)
where, for A =n + m7 with n,m € Z,
A = N+ My (1.66)

The most general elliptic coefficients with the prescribed pole structure are then

p(z) =po+ Y ri¢(z—=), peC, Y ri=0, (1.67a)
=1 i=1

a(z) =qo+ > (sip(z — 2) +ti((z — 2)),  @€C, D t;=0. (1.67b)
i=1 i=1

The constraints on r; and ¢; ensure that the quasi-periodic contributions of the {-functions
cancel.

As on the Riemann sphere, the first-derivative term can be removed locally by rescaling
the dependent variable from y(z) to ¥ (z) as in (1.7). This transforms (1.61) into the
normal form

(=) + T()0(z) =0, (1.68)
where T'(z), as a function of ¢(z) and p(z), reads as in (1.9). Since p and ¢ are elliptic, T
is also an elliptic function and therefore defines a global meromorphic potential on E.

For an equation in normal form, the Fuchsian condition requires the elliptic potential
T(z) to have at most double poles at the singular points z;. Its most general form is
therefore

T(z) = Z (0ip(z — zi) + ci((z — zi)) + E, Zci = 0. (1.69)
=1 =1

The local theory on the torus is identical to that on the sphere. In particular, the expansions
(1.63) lead to the indicial equation (1.20), with coefficients r; and s; while, for an equation
in normal form, the analogous expansion of T'(z) leads to (1.22), with d; as the coefficient of
the double pole. The resulting Frobenius local solutions, including the possible logarithmic
terms in the resonant case, are therefore exactly as described in the previous subsection.

On the universal cover, the only difference is that the singularities are repeated over
the lattice. Thus, the Frobenius series centered at z; converge at least in the largest disc
containing no other point of the lifted singular set

S={zi+Aj=1,...,m, Ae A,}. (1.70)
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As in the sphere case, the local exponents ,ol-i determine the parameters r; and s; in (1.67)
through

ri=1=pf —p;,  si=pip;, (1.71)
and the ellipticity condition ), r; = 0 gives the Fuchs relation

m

(o +p7) =m. (1.72)

=1

Once the singular points and a compatible set of local exponents have been fixed, the
constants py and qg, together with m — 1 independent linear combinations of the coefficients
t;, are accessory parameters.

For an equation in normal form, the local exponents determine §; = p; p;, while the
constant £/ and m — 1 independent linear combinations of the coefficients ¢; are accessory
parameters. The local monodromy around each regular singular point is described exactly
as on the sphere. In particular, the local exponents determine its eigenvalues as in (1.33),
while in the resonant case they do not by themselves determine its Jordan form, as
illustrated by (1.36).

Let ¥ = {(1,...,(m}, and consider the m-punctured torus E; \ X. Repeating the
construction given for the punctured sphere, analytic continuation of a basis chosen near a
base point (. € F; \ ¥ defines a monodromy representation

o:m(E-\X,¢) — GL(2;C). (1.73)

As before, changing the basis conjugates all the monodromy matrices simultaneously.
Changing the base point, after choosing a path connecting the two base points, likewise
produces an equivalent representation up to conjugation. For an equation in normal form,
the monodromy representation takes values in SL (2;C).

In contrast with the punctured sphere, the fundamental group of E; \ ¥ contains
two additional generators, which we denote by v4 and ~p, corresponding to the two
fundamental cycles of the torus. Together with positively oriented loops ; around the
punctures (;, they satisfy

VAYBYA VB Ym = 1, (1.74)

for a compatible choice of paths and ordering. Consequently, with all monodromy matrices
expressed in the same base-point basis,

MaMpM'Mg' M, - M, = I. (1.75)

After choosing a lift of the base point to C, the cycles v4 and «p lift to paths whose
endpoints differ by the periods 1 and 7 of the torus FE,, respectively. In the presence of
punctures, M4 and Mp need not commute: their commutator is related by (1.75) to the
product of the local monodromies. In the absence of singularities, the relation reduces to
MaMp = MpMay.

Connection problems on the torus are defined exactly as on the sphere. Given local
Frobenius bases near two singular points ¢; and ¢; and a path - connecting their neighbour-
hoods, analytic continuation defines the connection matrix CZj as in (1.43). Its dependence
on the choices of local bases and on the homotopy class of v is unchanged.

The new feature on the torus is that paths with the same endpoints may differ not only
by loops around the singular points, but also by windings around the two fundamental
cycles. On the universal cover, a lift of a continuation path from a neighbourhood of z; may
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end near z; + A, with A € A;. After identifying z; + A with z; on the torus, the resulting
connection matrix incorporates the corresponding period monodromy.

As on the punctured sphere, local Frobenius bases are not the only useful choices
of solutions. The construction based on a pants decomposition extends naturally to
the punctured torus [51]. For m > 1, a pants decomposition of an m-punctured torus
involves m disjoint cutting curves. One of them may be chosen to be non-separating
and to represent one of the fundamental cycles of the torus, while the remaining curves
separate the punctures into three-punctured components. Dual curves take into account
the corresponding gluing data. These cutting and dual curves depend on the chosen
decomposition and are not additional independent homology cycles of the torus.

If the monodromy around a chosen cutting curve is diagonalizable, one may select a
basis of solutions which diagonalizes it, exactly as in the sphere case. When the cutting
curve represents one of the fundamental cycles of the torus, these solutions are naturally
interpreted as Floquet solutions along that cycle. Connection problems can then be
formulated between such a Floquet basis and a local Frobenius basis, or between bases
adapted to different cycles.

In general, monodromy matrices associated with different cycles do not commute and
hence cannot be diagonalized simultaneously. The choice of a Floquet basis is therefore
tied to a particular cutting curve. The construction will be illustrated explicitly for the
one-punctured torus in the discussion of the Lamé equation.

Lamé differential equation. The Lamé equation is the basic example of a second-order
Fuchsian equation on a complex torus. In Weierstrass form, it reads

(82 = p(n = Dp(2) + B) (z) =0, (1.76)

where E' is an accessory parameter, which plays the role of the spectral parameter. Since
©(z) has a double pole at the lattice points and no other poles, the equation has a single
regular singular point on E;, located at z = 0 modulo A.

Near the origin, one obtains the indicial equation

plp—1) —p(p—1) =0, (1.77)

and hence the local exponents

pr =4  p-=1-p (1.78)

When 2p — 1 ¢ Z, a normalized local Frobenius basis can be chosen in the form
vi(z) =2 (14 0(:0), v (2) =2 (1+0(z9), (1.79)

the corresponding local monodromy eigenvalues being e?™# and e~2™#, When 2y —1 € Z
logarithmic terms may instead occur. However, for ;= 0, 1 the coefficient of p(z) vanishes
and z = A\, A € A,, is an ordinary point, while for u € Z\ {0,1}, z = X is an apparent
singularity with trivial local monodromy.

Let M4 and Mp denote the monodromy matrices along the two fundamental cycles of
the torus, and let My be the local monodromy matrix around the puncture. The general
relation (1.75) specializes to

MAMpM *Mg' My = 1. (1.80)
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If M4 is diagonalizable, one may choose Floquet solutions Lbj satisfying
wf(z +1)= eﬁm“wf(z), (1.81)

on the universal cover. Floquet solutions along the B-cycle are defined analogously. When
w € Z, one has My = I, and therefore M 4 and Mp commute. If they are diagonalizable, they
can be diagonalized simultaneously, giving solutions with prescribed Floquet multipliers
along both periods.

The Lamé equation is closely related to the Heun equation through the double covering

r=p(z2): B, — CPL. (1.82)

The three zeros of ¢/(z) are mapped to

elzp(;>7 62:p<1;7—>, 63:p<72—). (1.83)

while z = 0 is mapped to z = co. Using

(0'(2)) = 4 (p(2) — e1) (p(2) — e2) (p(2) — e3) (1.84)

and writing 1(z) = y(p(z)), equation (1.76) becomes

y”(x)—i—l( ! + L + L )y’(x)—4( plp =)z —E y(z) =0, (1.85)

2\z—e; T—e2 x—e3 x—e1)(zr—ez)(r —e3)

which is a special Heun equation with regular singular points ej, es, e3 and oo.
The connection problem may therefore be described either on the torus or through the
associated Heun equation. On the torus, we consider the basis vectors

©0) _ [+ ) _ (¥4
P <¢_> . <w2> : (1.86)

After analytic continuation along a suitable path +, they are related by
P\ = Cg ™, (1.87)

where the entries of C’g 4 depend in general on the spectral parameter F, as discussed in
Chapter II.
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Section 2

Two-Dimensional Conformal Field
Theory

In this second background section, we briefly review the aspects of two-dimensional confor-
mal field theory that will be relevant in later chapters. Virasoro conformal blocks play a
central role, together with the BPZ equations they satisfy in the presence of degenerate
primary fields. We discuss their fusion and braiding properties, which provide analytic
continuation formulas for their local expansions, as well as their classical limits, which
establish a connection with the Fuchsian equations reviewed in the previous section. Once
again, we treat the sphere and torus cases separately and show how the hypergeomet-
ric, Heun and Lamé equations arise in the context of two-dimensional conformal field theory.

General references. For background and more detailed explanations of the material
reviewed in this section, see [53-60].

2.1 Conformal symmetry in two dimensions

In the following, we work in Euclidean signature, possibly after a Wick rotation from a
Lorentzian theory. On a local coordinate patch, we consider the complex coordinates

z=x+iy, zZ=ux—iy, (2.1)

which are treated as independent complex variables. The physical Euclidean plane is
recovered by restricting to the real slice z = z*. The distinctive feature of conformal
symmetry in two dimensions is that local conformal transformations factorize as

z— f(2), zZ— f(2), (2.2)

where f and f are invertible locally holomorphic functions. On the physical real slice they
are related by complex conjugation, while in the “complexified” theory they can be treated
independently. Since these functions are otherwise arbitrary, the local conformal symmetry
algebra is infinite-dimensional and splits into commuting holomorphic and antiholomorphic
sectors. In the following, we focus on the holomorphic sector and every statement has an
analogous antiholomorphic counterpart.

Expanding an infinitesimal holomorphic conformal transformation in Laurent modes
around a point gives the vector fields

by = —2"T10,, necz, (2.3)
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Section 2. Two-Dimensional Conformal Field Theory

which generate the Witt algebra. Its unique non-trivial one-dimensional central extension
is the Virasoro algebra, generated by Ly, n € Z, with commutation relations

c
[Ln, L] = (n —m) Lygm + —

15 (n3 — n) Ont+m,0- (2.4)

The parameter c is called the central charge and it is part of the defining data of the
conformal theory. The representations most relevant to the following discussion are highest-
weight representations. They are generated from a highest-weight, or primary, vector |A)
satisfying

Lo |A) = AJA), L, |A) =0, n > 0. (2.5)

The eigenvalue A is the holomorphic conformal weight. In the following we will often allow
c and A to be complex, and we will use the Liouville parametrization

Ap=P(Q-P), c=1+6Q% Q=b+0b1, beCx. (2.6)

This parametrization is invariant under b — b~!, while the conformal weight Ap is invariant
under the reflection P — ) — P.

The Verma module associated with |A) is obtained by acting freely on the highest-weight
state with the negative Virasoro modes,

Vea =spang{L_p, - L_p, [A) k>0, ny>--->np>1}. (2.7)

The vectors obtained in this way are called descendants. Their level is N = Y% | n; and
their Lo eigenvalue is A + N. At fixed level N, a basis is labelled by the partitions of N,
or equivalently by Young diagrams with NV boxes. The standard C-bilinear form on V, a,
called the Shapovalov form, is fixed by

Ll =L,  (AA):=1, (2.8)

where 1 denotes the Virasoro anti-involution. For generic complex values of ¢ and A, the
Shapovalov form cannot be interpreted as a positive-definite Hermitian inner product.

A highest-weight representation is called degenerate when its Verma module contains
a non-zero singular vector at some positive level N. This is a descendant which is itself
primary:

X) =Y axL_x|A),  Lusolx)=0,  Lolx)=(A+N)|x), (2.9)
AN

where ay = ay,..n, and L_x = L_y, ---L_,,, for a partition A = {A1,..., A} of N. Such a
vector generates a proper submodule of V. o. With respect to the Shapovalov form, every
vector in this submodule is orthogonal to every vector in V, a, including the other vectors
in the same submodule. The irreducible highest-weight module is obtained by quotienting
the Verma module by its maximal proper submodule M, A, generated by all its singular
vectors and their descendants. Equivalently, all singular vectors and their descendants are
identified with zero in the irreducible quotient.
The degenerate highest weights are classified by the Kac labels (r, s), with
1—r 1-—

Prs: b+

o= 5 b Ape=Ap., 715€Zs (2.10)

For generic b, the Verma module V. A, , contains a singular vector at level rs. Up to overall
normalization, the lowest-level examples are

Ix1,1) = L-1]A11), (2.11a)
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Section 2. Two-Dimensional Conformal Field Theory

o) = (L2 + VL) [ M), (2.11D)
IX1,2) = (L2;1 + b‘2L_2) |A12) . (2.11c)

At special values of b, additional singular vectors may occur.

More generally, a two-dimensional conformal field theory may possess a chiral symmetry
algebra larger than the Virasoro algebra. Important examples include affine Kac-Moody
algebras and Wy algebras. In this thesis, we restrict the discussion to Virasoro symmetry,
indicating when the constructions admit generalizations to larger chiral symmetry algebras.

2.2 2d CFT on the sphere

We now consider a conformal field theory on the sphere CP!, denoting by z the standard
affine coordinate on C € CP!, and by Z its antiholomorphic counterpart. In a neighbourhood
of infinity, a local coordinate is instead given by w = 1/z.

In radial quantization, the state-operator correspondence identifies states with local
fields inserted at the origin. In particular, highest-weight states correspond to primary
fields, while their Virasoro descendants correspond to descendant fields. More generally,
every state in the state space is associated with a local field and vice versa.

For simplicity we focus on diagonal two-dimensional CFTs so that, in particular, A = A
and ¢ = ¢. We therefore denote a highest-weight state |A, A) = |A, A) of Vir, ® Vir,.
simply by [A). Similarly, we label a primary field ¢, 5, whose total scaling dimension is
A+A = 2A, only by its holomorphic conformal weight or, equivalently, by the corresponding
Liouville momentum:

bpr=da=dp, A=PQ-P), P~Q-P (2.12)

Under a local conformal change of coordinates w = f(z), w = f(Z), a primary field
transforms according to
dw\ ™ /dw\ 4
! ) = — — Z). 2.13
sntwn) = () (52) eal=2) (213
The state associated with a primary field is obtained by inserting the field at the origin
and letting it act on the conformally invariant vacuum:
A) = lim 6 (2 %) 0) = 6a(0)]0). (2.14)
z,z2—0

The vacuum corresponds to the identity operator and is annihilated by the generators of
global conformal transformations, as well as by all positive Virasoro modes:

Ly |0y = L, |0) =0, n> -1 (2.15)

In radial quantization around the origin, the holomorphic and antiholomorphic components
of the stress-energy tensor admit the Laurent expansions

T(z)=Y" Z{% T(z)=)_ ;12. (2.16)

nezZ neZ

Thus, the Virasoro generators L, and L, are the Laurent modes of the corresponding
components of the stress-energy tensor.
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Section 2. Two-Dimensional Conformal Field Theory

The defining transformation property (2.13) of a primary field can be expressed through
its commutators with these generators. For a primary field of holomorphic conformal
weight A, one has

(Lo, 8a(2,2)] = (27410, + (n + 1)Az") 6a(2, 2), (2.17)

and similarly for the antiholomorphic case.

A compact way of encoding the local properties of fields is through the operator product
expansion (OPE). The OPE is an expansion, valid inside correlation functions, which
describes the behaviour of a product of local fields as their insertion points approach one
another. For two primary fields, it takes the form

~Ap,—Ap;_Ap—Ap,—Ap,

¢p, (21, 21) PP, (22, 22) ZCPP Z T 2
= _ 2.18
X Z 212212 Z 5pp pp L_)\L_5 ¢p(22,22), (2.18)
N,N>0 A=N
Al=N

where 219 = 21 — 29, Z12 = 2] — 22, and A, X are partitions of N, N respectively. The sum
over the momentum P is schematic: it runs over the primary operators of the theory under
consideration and may be replaced by an integral in theories with a continuous spectrum.
The coefficients C’Ei p, are the OPFE coefficients of the theory. Once these coefficients are
specified, the relative contributions of the Virasoro descendants are fixed by conformal
symmetry in terms of the central charge and the conformal weights.

The conformal families that may appear in the OPE of two primary fields, together
with their multiplicities, define the corresponding fusion rule:

(6] x [6p,] = > NEp,[0p]- (2.19)

P

Here [¢p,] denotes the conformal family generated by the primary field ¢p,, while N 11;: P,
counts the number of independent ways in which the family [¢p| can occur in the OPE.

The transformation law (2.17) of a primary field is then equivalently encoded in its
OPE with the holomorphic stress-energy tensor:

T(w)pa(z,2) ~ . 2¢A(275)+ﬁ82¢A(2,5), (2.20)

(w—2)
where the symbol ~ indicates equality of the singular terms as w — z. An analogous
expression holds in the antiholomorphic sector. The holomorphic stress-energy tensor is

not a Virasoro primary field when ¢ # 0, but it is a quasi-primary, as follows from its

self-OPE:
c/2 2T (w) OuwT (w)

z—w)t (z—w)? z—w

T(2)T(w) ~ (2.21)

Equivalently, under a holomorphic change of coordinates w = f(z), the stress-energy tensor
transforms as

T (w) = (ii)Q [T(z) _ é{w,z}] , (2.22)

{w,z} = Hl(z) - g <w”(z))2, (2.23)

where




Section 2. Two-Dimensional Conformal Field Theory

is the Schwarzian derivative. For global conformal transformations, the Schwarzian deriva-
tive vanishes and T'(z) transforms as a field of holomorphic weight two.

Under the state-operator correspondence, the Virasoro descendants of a primary state
correspond to descendant fields. In particular, the state L_, |A) is associated with the
field (L_,¢A)(z,Z) so that, for example, the holomorphic stress-energy tensor 7'(z) is the
L_o-descendant of the identity operator. Using the mode expansion of the stress-energy
tensor, one can write

(Lnton) (2, %) = 2% 7{ w_df)n_lT(w)qu(z,z), n> 1 (2.24)

where the contour is positively oriented around z and encloses no other operator inser-
tions. An analogous construction using T'(w) defines the antiholomorphic descendants. In
particular, the OPE between T'(z) and a primary field implies

(L—1¢A)(Z75) = 82¢A(Z,5). (2.25)

The main observables of a two-dimensional conformal field theory are correlation functions
of local fields, in particular of primary fields. For primary fields ¢; of holomorphic conformal
weights A;, we consider

(¢1(21,21) - &N (2N, 2N)) - (2.26)

Then, using the contour representation of descendant fields (2.24), one finds the Virasoro
Ward identities

N N
<(L—n¢A)(Zv 2) [ ¢i(zi, 5i)> =L_n(2) <¢A(27 2) [ [ ¢i(zi, 5z‘)> : (2:27)

i=1 i=1

where

Lon(z) = i <(n — DA 1 n_lazi> . (2.28)

S\ (m—2)" (2—2)
This implies that correlation functions involving descendant fields can be obtained by
applying suitable differential operators to correlation functions of primary fields.
Taking the primary field at z to be the identity and setting n = 2 reproduces the
conformal Ward identity for an insertion of T'(z). Setting n = 1, together with (2.25), gives
instead the following global conformal Ward identity

N N
(@ +> aZz) <¢A(z, 2) [ ¢, z,-)> =0. (2.29)
i=1 i=1

The remaining holomorphic global conformal Ward identities on the sphere are obtained
by integrating T'(w) against the globally defined holomorphic vector fields wd,, and w?d,,,
and read

N N
<zaz A+ (z0., + Ai)> <¢)A(z, 2) [ ¢, zi)> =0 (2.30a)
=1

=1
N N
(zQaz +2Az 4 (z?@zi + 2Aizi>> <¢A(z, 2) [[ #i (2 zi)> =0 (2.30b)
=1 =1

On the sphere, the above global conformal Ward identities allow three insertion points
of a correlation function to be fixed by a PSL(2;C) transformation, these points being
conventionally chosen to be 0, 1 and oo, where we use the standard definition

¢A(OO) = zl,%li)noo 22A22A¢A(zaz)a (231)
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Section 2. Two-Dimensional Conformal Field Theory

for a primary field inserted at infinity. Thus, for N > 3, an N-point function on the sphere
can be reduced to a function of N — 3 independent complex variables, which may be chosen
as cross-ratios

N-2
GN (A; a:,a?) = <¢N(OO)¢N_1(1) H ¢Z($Z,fz)¢1(0)>, (2.32)

=2

where the dependence of G on the central charge has been suppressed. Furthermore, the
functional form of two- and three-point functions is completely fixed by global conformal
invariance. Assuming a discrete spectrum and choosing a basis in which the two-point
functions are orthonormal, one has

_ _ Op, P
(i(2i, 20)0j(25, %)) = S5 oA (2.33a)

_ _ _ Cp,p;p
<¢i(zia Zi)¢j(zj> Zj)(z)k(zk, Zk)) = DA —Ay AH—Ai—kA?- Aj+Ar—A,;

ij ik Eik
j i j
1
X 7Ai+Aj—Ak 7Ai+Ak—Aj 7Aj+Ak,—Ai ) (233b)

where z;; = 2z; — 2, Z;j = Z — Zj and Cpipjpk are related in a simple way to the OPE
coefficients of the theory.

For N > 3, global conformal invariance does not completely determine the correlation
functions, which retain a non-trivial dependence on the moduli of the punctured sphere.
They can nevertheless be decomposed by repeatedly applying the OPE. A choice of the
order in which the OPEs are performed defines an OPE channel, or equivalently a pants
decomposition of the punctured sphere. For each intermediate primary representation,
the contributions of the primary field and all its Virasoro descendants are collected into
Virasoro conformal blocks, which are the subject of the next subsection.

2.2.1 Virasoro sphere conformal blocks

Virasoro sphere conformal blocks are universal functions of the moduli of the punctured
sphere and of the representation-theoretic data, namely the central charge and the external
and intermediate conformal weights. Their functional form is fixed by Virasoro symmetry,
while the spectrum of representations appearing in the decomposition and the corresponding
OPE coefficients are theory-dependent data. Consider, for example, the four-point function

Ga (A;z,z) = (¢a(00)¢3(1)d2(z, T)$1(0)) - (2.34)

In the s-channel, obtained by first applying the OPE between ¢9 and ¢1, its conformal-block
decomposition takes the schematic form

Gy (Asz,8) =Y Cp p,Capyp, F (A, Pix) F¥) (A, P 2) (2.35)
A

where again the dependence on the central charge is understood. Assuming here and below
the standard OPE normalization, the s-channel block has the local behaviour

FO) (A, P;z) = zB4a78n =8 (14 0(2)), = —0, (2.36)

and is therefore a local expansion naturally adapted to the OPE limit  — 0.
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Section 2. Two-Dimensional Conformal Field Theory

More generally, an N-point conformal block on the sphere is specified by a choice of
OPE channel and by the N — 3 primary representations propagating in its internal channels,
different OPE channels giving different decompositions of the same correlation function.

It is often useful to represent an OPE channel and its corresponding conformal block
by a trivalent graph. The external edges correspond to the inserted primary fields, the
internal edges are labelled by intermediate primary representations, and each trivalent
vertex represents an elementary fusion of three representations [61]. For example, the
s-channel four-point conformal block in (2.35) is represented by

Ps P

F) (A, P;2) = ) (2.37)
Py A P

Once the external states and local coordinates at the punctures are fixed, conformal blocks
can be viewed as locally holomorphic functions on the moduli space of punctured Riemann
surfaces. The conformal blocks associated with a chosen OPE channel furnish a local basis
of solutions to the Virasoro Ward identities. Geometrically, the choice of OPE channel
is encoded by a pants decomposition [60-62]. The associated sewing parameters provide
local coordinates on the corresponding region of moduli space, while the elements of the
conformal-block basis are labeled by the representations propagating through the internal
channels. In the corresponding OPE domain, each block admits a convergent power-series
expansion in these parameters. Beyond this domain, the blocks are obtained by analytic
continuation and, since they are generally multivalued, the result may depend on the
continuation path.

More precisely, the analytic continuation of conformal blocks between the OPE domains
associated with different pants decompositions is implemented by fusion and braiding
transformations, which relate the corresponding local bases. Fusion changes the order
of successive OPEs, while braiding exchanges two fields through analytic continuation
of their insertion points. The corresponding kernels depend on the central charge, the
external and intermediate conformal weights, the normalization of the blocks, and the
continuation paths. Together with higher-genus modular transformations, they constitute
the Moore-Seiberg data [61].

The four-point conformal blocks provide the prototypical example. Besides the s-channel
decomposition given in (2.35), the same four-point function G4 admits the following ¢-
channel and u-channel decompositions

Gy (A;2,7) =Y CP p,Capp, FO (A, Pyz) FO (A, P;3), (2.384)
A
Gy (A;2,7) =Y Chp,Capp, F (A, Pyz) F (A, P; 7). (2.38D)
A
The corresponding conformal blocks are local expansions adapted to the OPE limits x — 1

and x — o0, respectively, and with the standard OPE normalization they have the local
behaviour

FOAPz)=1—a)P B8 14+001-1), z-—1, (2.39a)
FW (A, P;z) = g~ Ba"8ntin (1 + (’)(ac_l)) , T — 00. (2.39b)

25



Section 2. Two-Dimensional Conformal Field Theory

The local bases of conformal blocks associated with these three channels are related by
fusion and braiding kernels, F and B. In our conventions, these relations take the schematic
form

FO (A, Pi2) = Fan [B R FO (4, Pia), (2.40a)
A/

FO (A, P2) = Baw [B ] F (4, Pia) (2.40b)
A/

The dependence of the kernels on the central charge, the chosen normalization and analytic-
continuation paths has been left implicit. For generic Virasoro representations, these
transformations are expressed by integral kernels over intermediate momenta. In rational
CFTs or in degenerate sectors with finitely many allowed fusion channels, they reduce to
finite-dimensional matrices [60].

The fusion and braiding transformations can also be conveniently represented diagram-
matically as follows:

P P, Py Py
=Y Fan| 5 2] o (241)
Py A Py ’ Py A P
P Py Py Py
=> Baw| P 2] . (2.41b)
Pl A | P ’ N Y )

2.2.2 BPZ equations

In an irreducible degenerate representation, the singular vector and all its descendants
are identified with zero. Through the state-operator correspondence, the descendant field
associated with the singular vector therefore decouples from correlation functions. Using the
Virasoro Ward identities (2.27), this null-vector decoupling condition becomes a differential
equation for correlation functions containing the corresponding degenerate primary, known
as a BPZ equation [53].

More precisely, consider the correlation function

N
<¢>r,s(2, z) [ ¢i(zi, 51)> ; (2.42)
i=1

where ¢, s = ¢a,, is a primary field whose holomorphic conformal weight is equal to A, s,
as in (2.10). Then, the correlation function satisfies a holomorphic differential equation of
order rs in z, together with an analogous antiholomorphic differential equation in z. For
example, the level-two singular-vector relations

(L%162,1) (2,2) + b*(L—2¢2.1) (2,2) = 0, (2.43a)
(L21612) (2,2) + b2 (Lot 2) (,2) =0, (2.43b)
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imply, respectively,

A, 1

N N
<b_28§ =+ Z ((Z — zi)Z + o 821)) <¢271(z, 5) H gzﬁz(zz, Zl)> = O, (244&)
i=1 i=1

N } N
(b%@ - ; (( Ai 2 P azi)> <q§172(z,2) 1:[1¢Z-(zi,2i)> =0, (2.44D)

zZ— Z zZ— Z;

with analogous equations holding in the antiholomorphic coordinates. Since the BPZ
equations are linear and (anti)holomorphic, they are also satisfied by the corresponding
conformal blocks.

An OPE channel in which the degenerate field is fused with an external primary field at
z; produces a Frobenius-like basis of solutions near the corresponding singular point z = z;.
Its elements are naturally labelled by the primary representations allowed by the fusion
rules of the two fields which, for the two level-two degenerate fields discussed above, are

[p2,1] x [¢p] = ) [qbp_%} , (2.45a)
e=+

(1.0 x [op] = Y [or- 5] (2.45b)
e=+

Consequently, for generic values of P and b and fixing all other representation-theoretical
parameters, the corresponding second-order BPZ equations possess two linearly independent
local solutions, labelled by € = =.

Not every OPE channel, however, is associated with a Frobenius-like expansion at
a puncture. The degenerate field may instead be inserted between two intermediate
representations along an internal channel of the pants decomposition, as in the following
diagram

Py

e

1 PQ

Py A A Py

where Ac = A — eb/2, with € = £, according to (2.45). In a coordinate adapted to the
cutting curve, the resulting blocks admit convergent Laurent expansions on an annulus
containing no other insertions, after factoring out an overall power that determines their
monodromy around the curve. These blocks form a basis adapted to the monodromy
around the internal cutting curve, rather than to the local monodromy around an individual
puncture.

In general, when one of the external fields is degenerate, the fusion rules allow only
finitely many intermediate representations so, for a fixed OPE channel and fixing the
remaining representation-theoretical data, the corresponding conformal blocks span a
finite-dimensional space of solutions to the BPZ equation. The fusion and braiding kernels
then reduce to connection matrices relating bases adapted either to individual punctures
or to internal cutting curves.

2.2.3 Classical limit of sphere conformal blocks

Let us now review the behaviour of conformal blocks in the limit in which the central
charge ¢ is sent to infinity, which we refer to as the classical limit [9]. In the Liouville
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parametrization (2.6), we will realize this limit by taking b — 0. We mostly focus on
the all-heavy regime, in which both the external and intermediate conformal weights
scale linearly with ¢. Other scaling regimes can be analyzed by analogous semiclassical
expansions.

Consider an N-point conformal block on the sphere F(?) in a fixed OPE channel
o. We scale the external momenta P;, ¢ = 1,..., N, and the intermediate momenta A;,
j=1,....,N —3, as

Pi = %, Aj = %,

where the classical momenta p; and «; are kept fixed as b — 0. The corresponding external
conformal weights behave as

(2.46)

5
Ap, =P (Q—-PF) = b%+pi, i = pi(1 — pi), (2.47)
and analogously for the internal ones. The quantities d; are called classical conformal
weights, where I may label either an external or an intermediate representation.

For fixed classical momenta and fixed sphere moduli = (z1,...,2zy_3), the conformal
block is expected to exponentiate in the limit b — 0,

1
F9 (A, P;x) ~ exp ﬁf(”) (a,p;x)|, (2.48)

with the function f(?) being the corresponding classical conformal block. After choosing a
branch of the logarithm in the OPE domain, it is defined by

) (a,p;) = %iH{l} b log F\7) (A, P;x). (2.49)
ﬁ.

More generally, the logarithm of the conformal block is expected to admit an asymptotic
expansion of the form

1 (o2 g g ag = — g
log}-(a)ijfé)+f1()_|_62f2)+b4f:§)+...:Zb2k 2fé ), (2.50)
k=0

where the leading coefficient féa) =f (@) is the classical conformal block, while the higher
coefficients describe its subleading semiclassical corrections. The functions f,ga) are finite
for generic fixed values of the classical momenta and the moduli within the chosen OPE
domain. They may nevertheless develop singularities at special values of the momenta or
at degeneration loci of the punctured surface.

A particularly important class of classical blocks is obtained by inserting a light
degenerate primary field into an otherwise all-heavy conformal block. For a degenerate
field ¢, 1 of momentum P, ; = I;QTb, the classical conformal weight vanishes as b — 0:

lim b*A,.1 = 0. (2.51)
b—0

The field ¢, is therefore light and does not modify the leading contribution of order b2
to the logarithm of the conformal block.

Let \Ifgo) denote the conformal block obtained by inserting ¢, ; at the point (z, z) into
a correlator whose remaining insertions are all heavy. The label o denotes the choice of
channel, while the label € denotes the choice of intermediate representation allowed by the
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fusion rules of the degenerate field. In the classical limit, the dependence on z factors from
the leading exponential behaviour:

1
U9 (A, P;z,x) ~ exp ﬁf(") (o, p; )| 9L (e, ps 2, ), b—0, (2.52)

where 1;&7) remains finite in this limit, and f(°) is the classical limit of the all-heavy
conformal block obtained by removing the degenerate insertion. We use the same label for
the OPE channel, since a choice of channel for the degenerate conformal block uniquely
determines the corresponding channel for the all-heavy conformal block. Equivalently,

1 -

log W) (A, P z,) = — ) (a, pi@) + log 017 (a,ps 2,m) + O(B?).  (2.53)
Thus, the leading divergent term is independent of the position z of the light degenerate
field and all the dependence on z is contained, at leading finite order, in the function ¢(?).

More precisely, the classical degenerate block may be defined by the limit

m v (A, P;z, @)
b0 FO) (A, P;x)

) (@, p; 2, @) (2.54)

which differs from ’(ZJEU) by an overall z-independent factor.

Since ¢,1 possesses a singular vector at level r, the corresponding conformal block
satisfies a BPZ equation of order r. Substituting the semiclassical factorization of the
degenerate block into this equation and taking b — 0 produces an ordinary differential
equation of order r for ¢£"’. Its coefficients are determined by the classical conformal block,
in particular by derivatives of f (@) with respect to the moduli. For r = 2, this procedure
gives a second-order Fuchsian differential equation as we will discuss below.

Indeed, let us derive the classical BPZ equation for the level-two degenerate field ¢ 1.
The singular-vector relation (2.43a) implies that the conformal block \IJEU) satisfies the
BPZ equation (2.44a), with € = + according to (2.45). In the all-heavy classical limit, the
dependence on the position z of the degenerate insertion factors, so that by dividing the
BPZ equation by the appropriate non-degenerate conformal block, multiplying by 4%, and
keeping only the leading terms as b — 0, one finds

(824 75 (piz (za)) )6l (i () =0 (2.55)
where
(o) ) il 5 c(.")l () (0) (2.56)
Td‘7 (a,p;2,{zi}) = - L , ¢ =0, 7. 2.56
Hl—2)? 2z

The classical dimensions J; are associated with the external classical momenta p;, while the
coefficients cgg) are the accessory parameters of the classical differential equation, through
which the dependence on the internal classical momenta «; enters.

For a fixed all-heavy channel, the choice of how the degenerate primary is fused
determines a basis of solutions of the associated classical BPZ equation. Taking the OPE
with a heavy insertion gives a Frobenius basis at that puncture, while inserting it along an
internal channel gives a Floquet basis on the corresponding annulus. In the former case,
the relevant external classical momentum fixes the local monodromy around the puncture

through the Frobenius exponents

pi =pi, P =1-pi (2.57)
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while in the latter case, the relevant intermediate classical momentum fixes the monodromy
around the corresponding cutting curve. Changing the underlying all-heavy channel
generally changes the classical block and its accessory parameters. All the singular points
of (2.55) are regular, making this classical BPZ equation a second-order Fuchsian equation.

Before fixing any of the insertion points, the classical limits of the three global conformal
Ward identities (2.29) and (2.30) give

N N N
Z cz(p) =0, Z (zicl(a) + 5i) =0, Z (21'20@(0) + 22’i5z‘) =0. (2.58)
i=1

=1 =1

Consequently, only N — 3 accessory parameters are independent, in agreement with the
number of complex moduli of the N-punctured sphere. Using global conformal invariance
to place three heavy insertions at 0, 1, and oo, denoting the remaining positions by

x = (z1,...,rNy—3) and relabeling the classical weights, the classical BPZ equation (2.55)
becomes
(82415 (@ piza) )il (@ pi ) =0, (259
with
8 5 =30
T(U) . - 2 Za
o (apizz) 2 (z —1)2 - az:; (z — 24)2
Vs N3 (2.60)
B oo + 01 + Za:l 5% — 000 n Z l’a(.fca — 1)8%]0(0)
z(z—1) = 2z = 1)(2 — 2q)
In this form, the independent accessory parameters u, are parametrized as
Ug = Ta(Tgq — 1)8%]'"(”). (2.61)

For example, for three heavy insertions, there are no moduli and no independent accessory
parameters. The potential reduces to

_ 50 61 (50+61 _500
TG =3 0w ™ -1

(2.62)

and the classical BPZ equation (2.59) is equivalent to the hypergeometric equation. For
four heavy insertions at 0, z, 1 and oo, one finds instead
5o Oz o1 00+ 0p +01 —0so  x(z—1)0, f(@)

) (prz ) = 22 —
Ty (o, p; 2, @) z2+(2_$)2+(2_1)2 z(z—1) 2(z —1)(z — o)

, (2.63)

and the classical BPZ equation (2.59) is the Heun equation in normal form, with accessory
parameter given by
ul? = z(x — 1), f). (2.64)

2.3 2d CFT on the torus

In this section we briefly review the formulation of conformal field theories on the complex

torus [63]:
Cc

E,=——

T Z+7Z

where z denotes the coordinate on the universal cover and z ~ z + m + n7, with m,n € Z.
All the local statements made on the sphere remain valid: the state-operator correspondence,

Im7 >0, (2.65)
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Section 2. Two-Dimensional Conformal Field Theory

the OPE, the classification of primary and descendant fields, and the local decoupling of
singular vectors are unchanged. The differences are global. For example, a generic torus
has only translations as continuous global conformal transformations, and its complex
structure is parametrized by the modulus 7 [64].

Denoting the exponentiated torus modulus by

271'17'

g=e q=e 27 (2.66)

we consider unnormalized torus correlation functions, defined by

N
<H ¢i(2i,2i)> =Try |q
i=1 .

where H is the Hilbert space of the theory. The normalized correlator is obtained by
dividing by the torus partition function

Lo 24q ~a HQSZ Ziy 2 ‘| ) (267)

Z (7,7) = Try [qho~ Figho i), (2.68)

Translation invariance gives the global Ward identities

N N N N
ZaZ¢ <H ¢z(2z,zl)> =0, Z&Ei <H ¢@(Z@,Zz)> =0, (2.69)
i=1 =1 T i=1 i=1 .

so that one insertion point may be fixed, conventionally at the origin. Unlike on the
sphere, there are no global dilations or special conformal transformations with which to fix
two additional points. An N-point torus correlator therefore depends on N — 1 relative
insertion points and on the complex structure modulus 7, so that we can consider

Gy (A;z,2,7,7) < I_Igi)Z (2, Zi > . (2.70)

Similarly to the sphere case, the correlation function G7%; can be decomposed into torus
conformal blocks. Besides the torus partition function (2.68), which may be decomposed
into characters of representations of the Virasoro algebra, the simplest non-trivial example
is the torus one-point function,

GT(Ap;7,7) =Y CapaF (A, P;q) F (A, Piq), (2.71)
A

where A denotes the momentum associated with the representations over which the trace
in (2.67) is taken, and the dependence on the central charge ¢ is understood. With the
standard OPE normalization, the conformal block behaves as

F (A, P;q) = q2473 (14 0(9)) - (2.72)

As in the sphere case, the sum in (2.71) is schematic and may be replaced by an integral
when the spectrum is continuous. Diagrammatically, the one-point torus block may be
represented as

P

F(A,Pq) = . (2.73)
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More generally, a pants decomposition of an IN-punctured torus contains N internal
channels and different choices of decomposition give different local bases of blocks. For
example, a torus two-point function admits a necklace channel F(™ | in which the two fields
are inserted successively along the internal loop, and an OPE channel F(®), in which they
are first fused locally. In pictures:

Py Py
F (A, P;2q) = CAQD , (2.74)
Aq
Py Py
FO (A, Pizq) = Az : (2.75)
Aq

By locality of the fusion and braiding operations [61], these channels are related by the
same fusion and braiding kernels as in the sphere case:

PQ P1 P2 Pl
A = Famy | 22 1] Al : (2.76a)
Ay
Al Al
P2 Pl P1 P2
A | =Y B R R] | a4 . (2.76b)
=
A1 Al

In addition, the torus admits non-trivial modular transformations. In particular, the
modular group SL(2,Z) acts by

ar +b z (a b

and the modular kernel relates conformal blocks adapted to different choices of noncon-
tractible cycles.
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Section 2. Two-Dimensional Conformal Field Theory

As mentioned before, the local OPE with the stress-energy tensor is the same as on
the sphere, but the conformal Ward identity for its insertion is different [65]. To write it,
we use the Weierstrass functions associated with the lattice Z 4+ 7Z and the quasi-period
convention introduced in Section 1, see also Appendix A.1. It is also useful to introduce
the shifted Weierstrass functions

G(2) =C(2) =2m(7)z,  pa(2) = =0:G(2) = p(2) + 2m(7), (2.78)

which have singular behavior
1
Cu(2) ~ 2 + O(z), Ps(2) = = + O(1). (2.79)

For an unnormalized torus correlator, or for each of its conformal blocks, the holomorphic
Ward identity can be written as

N
<T(w) H (Z)Z (ZZ', ZZ)>

=1
[271’18 —|—Z Z@* _ZZ)+C*( _Zl Zi ]<H¢Z ZZyZ’L> )

where the term 27i 0;, which has no analogue on the sphere, accounts for deformations of
the complex structure.

Similarly, BPZ equations take a different form on the torus. Consider a torus conformal
block ¥'”) (A, P;z,{z},q) with the insertion of a degenerate field ¢2,1(z, 2) and N other
primary fields. We use the same notation as in the previous subsection to denote the choice
of channel o and the choice of fusion branch associated with the degenerate insertion e.
Taking the regular part of the Ward identity (2.80) as w — z, the singular-vector relation
(2.43a) gives

(2.80)

[b 292 4 27i O, +2771A21+Z i0e (2 — 2i) + Culz — 2)0s,) [T = 0. (2.81)
=1

The analogous antiholomorphic equation follows in the same way. Using translation
invariance, we may fix one of the nondegenerate insertions at zyp = 0. Relabeling the
remaining ones by z;, i = 1,..., N — 1, equation (2.81) becomes

lb_2a§ — C*(Z)az + 2w o, + 27]1A2,1 + Aop*(z)
(2.82)

N— N-1
+ 3 Nz —2) + > [Glz — 2) — ()]0, | B = 0.
i =1

As in the sphere case, in the classical limit the preceding BPZ equation reduces to a
second-order Fuchsian ordinary differential equation on the torus, as we now review.

2.3.1 Classical limit of torus conformal blocks

The classical limit of torus conformal blocks is defined exactly as for sphere conformal
blocks. We scale all external and intermediate momenta as P; = p;/b and A; = «;/b,
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Section 2. Two-Dimensional Conformal Field Theory

keeping both the classical momenta and the geometric moduli of the punctured torus fixed.
A torus block with only heavy insertions exponentiates as

1
FO(AP;z,q) ~exp |5/ (epiza) - b0, (2:83)

where the classical torus block f(%) can be defined as in (2.49). Furthermore, the logarithm
of the torus block F(?) admits the same type of asymptotic expansion in powers of b2 as in
(2.50).

The insertion of a light degenerate field ¢,.; again does not change the leading term of
order b=2, as in (2.52). In particular, the torus conformal block \I/EU) (A, P;z,{z},q) with
the insertion of a degenerate field ¢ 1(z, Z) and N other heavy primary fields factorizes as

1 _

where € = + according to the fusion rule (2.45). The classical block f() is the classical
limit of the all-heavy conformal block obtained by removing the degenerate insertion, with
its channel fixed by that of the degenerate conformal block \I'EU). Thus, we can define the

classical limit of the degenerate conformal block by

(o) . ,
U (o, (i) = Jim Lo A TEZ L)

2.
I F (A, P (i) (2.85)

differing from Qﬁéa) by an overall z-independent factor.
Thus, dividing equation (2.82) by the appropriate non-degenerate conformal block,
multiplying by b? and taking b — 0 gives the classical BPZ equation

(83 + 1) (o ps 2, {2}, 7) )‘%“) (e, ps 2, {z:},9) =0, (2.86)
where
N—-1
TC(IU) (047135 Z, {Z’L}? T) = 60@*('2) + Z 51@*(2 - zz) + 27Tia7’f(a) (O’.,p; z, q)
=1
N (2.87)
+ 3 Gz = 2) = Gu(2)] 02, 1) (o, p; 2,9) -
=1

As in the sphere case, the classical dimensions J; are associated with the external classical
momenta p;, while the dependence on the internal classical momenta o; enters through the

modular derivative 27i 8, f(°) and the puncture-position accessory parameters cga) =0, f (@),
After rewriting the equation in elliptic normal form, the modular derivative combines
with the constant terms generated by the shifted Weierstrass functions to give the energy
parameter F(?) below. After fixing zg = 0, the N — 1 independent accessory parameters

associated with the relative puncture positions are
A =0, i=1,... N-1 (2.88)
The coefficient associated with the puncture at the origin is then defined by the classical

limit of the global holomorphic Ward identity

N-1 N-1
c(()a) = — Z cga) = cl@ =0. (2.89)
i=1 i=0
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Using the explicit form of the shifted Weierstrass functions in (2.78), the classical potential
can be written in the elliptic normal form introduced in (1.69):

N-1
TV (a,p;z, {z},m) = 3 [51'@(2 —z) + ¢z - Zi)} + B, (2.90)
i=0
with N1 N1
EY) = 2710, £ 4 21 (Z 5+ ) ziazif(")) , (2.91)
=0 =1

where zg = 0, without loss of generality. The constraint (2.89) on the cl(»o) makes the quasi-

periodic (-contributions combine into an elliptic function. Then, the N — 1 independent
coefficients cz(p) are conjugate to the relative puncture positions, while the additional
accessory parameter E(°) is associated with the complex-structure modulus. Their total
number is therefore IV, equal to the complex dimension of the moduli space of an IN-
punctured torus.

Near a heavy insertion, the local form of (2.86) is identical to the sphere case, since
oz —2) = (z2—2) 2+ 0((z — 2)%), C(z—2)=(2—2)" 1 +0((z — %)). (2.92)

Then the local analysis is unchanged and, in particular, the local exponents are parametrized
by the external classical momenta as in (2.57). Globally, however, the solutions also
acquire monodromy around the two noncontractible cycles of the torus, with the choice of
intermediate representations in the degenerate torus block determining the corresponding
monodromy data.

Let us consider the example N = 1. In this case, the elliptic potential (2.90) reduces to

Ta (o, p; 2,7) = dpp(2) + E, E =270 f (o, p; q) + 2110y, (2.93)

corresponding to the Lamé equation (1.76). Thus, the derivative of the classical one-point
torus block with respect to 7 determines the Lamé accessory parameter [31].
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Supersymmetric Gauge Theory

In this third background section, we briefly review the relevant aspects of supersymmetric
gauge theory, focusing on four-dimensional N’ = 2 theories and their five-dimensional
N =1 uplift. After a general introduction to the four-dimensional setting, we review the
Seiberg—Witten solution and its relation to classical algebraic integrable systems. We then
discuss Nekrasov partition functions and their blow-up equations, as well as the AGT and
Bethe/gauge correspondences. We conclude by outlining the extension of these structures
to five-dimensional gauge theories compactified on a circle.

General references. For background and more detailed explanations of the material
reviewed in this section, see [66-70].

3.1 Four-dimensional ' = 2 gauge theories
3.1.1 Generalities

In this section we fix conventions and recall the basic ingredients of four-dimensional
N = 2 supersymmetric gauge theories, introducing, in particular, their matter content. In
two-component spinor notation, the translation generators of the N/ = 2 super-Poincaré
algebra are denoted by P4, while the Lorentz generators are M,z = Mg, and M af = M e
The supercharges are Qf and Q47 = (Q1), where I,.J = 1,2 are SU(2)p indices.

The ordinary Poincaré commutation relations will be left implicit, as will the Lorentz
and R-symmetry transformation laws of the generators, which are fixed by their indices
and charges. The nonvanishing anticommutation relations involving the supercharges are

{Qéu QBJ} = 25§Pa57 (3.1a)
{Qéa Qé} = 2\/§EQ,BEIJZ7 (31b)
{Qar, ng} = 2\/§6a561JZ, (3.1c)

where Z is the complex central charge allowed by the A/ = 2 supersymmetry algebra. Its
precise value depends on the vacuum and on the electric, magnetic and flavour charges of
the state under consideration, as we will discuss below. The SU(2)r doublet structure of
the supercharges and the possible central extension are characteristic features of extended
supersymmetry. At the classical level, the R-symmetry group is

SU(2)z x U(1), (3.2)

possibly reduced quantum mechanically by anomalies or explicitly by deformations. When
the theory is at a conformal fixed point, its N' = 2 super-Poincaré symmetry is enhanced
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Section 3. Supersymmetric Gauge Theory

to N' = 2 superconformal symmetry. Such theories will play an important role in the
discussion of class S theories and the AGT correspondence.

The field content of an N' = 2 gauge theory is organized into multiplets of the N' = 2
super-Poincaré algebra. The gauge field belongs to a vector multiplet, whose on-shell field
content is

V= (6, A Aar, Aaa) (3.3)

where ¢ is a complex scalar, \!, and a1 are Weyl fermions, and A is the gauge field. The
scalar and the gauge field are singlets under SU(2) g, while the fermions form a doublet.
All components of V transform in the adjoint representation of the gauge group G,.
Matter fields are instead organized into hypermultiplets. A full hypermultiplet trans-
forming in a representation W of the gauge group has the schematic on-shell field content

Hw = (¢ Yarta), o' = (a.d"). (3.4)

The two complex scalars ¢/ form a doublet of SU(2)g, while the fermions v, and U are
SU(2)r singlets. More explicitly, ¢ and 1, transform in W, while ¢ and Ja transform
in the conjugate representation W. Hypermultiplets may also transform under a global
flavour symmetry group Gy. Below we will mainly consider fundamental, adjoint and
bifundamental hypermultiplets.

States in the Hilbert space of the theory that are annihilated by some supercharges
belong to short, or protected, representations of the supersymmetry algebra and are called
BPS states. They may arise either as elementary excitations of the fields or as solitonic
objects, as in the case of BPS monopoles and dyons. The supersymmetry algebra implies
for any state the BPS bound

M >V2|Z|, (3.5)

where M is the mass of the state and Z is its central charge. States saturating this bound
are precisely BPS states, and their masses are therefore fixed by

Mpps = V21|Z|. (3.6)

This relation is protected against quantum corrections except through the dependence of
Z on the vacuum and on the charges of the state.

3.1.2 Lagrangian gauge theories

We now briefly review Lagrangian gauge theories, focusing for simplicity on the case
Gy = SU(N). The bare Yang-Mills coupling g, and theta angle § combine into the
holomorphic gauge coupling
0
uv 2 gl21V .
The vector-multiplet contribution to the classical scalar potential contains a term of the
form

(3.7)

Vae(d) ~ == Tr (16,611) . (38)

In the presence of hypermultiplets, the full scalar potential also contains additional terms
involving their scalar components. In what follows we restrict our attention to the
component of the moduli space of vacua on which the hypermultiplet scalars have vanishing
vacuum expectation values.
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Supersymmetric vacua have zero energy, so the potential must vanish and, in particular,

4,411 = 0. (3.9)

Thus ¢ is a normal matrix and, modulo gauge transformations, its value in a classical
vacuum can be chosen to lie in the Cartan subalgebra of SU(V):

N
Po = diag(al, - ,aN), Z a; =0, a; € C. (3.10)
=1

The tracelessness condition leaves » = N — 1 independent complex parameters, where 7 is
the rank of SU(V). Moreover, configurations related by the Weyl group of SU(N), which
acts by permuting the eigenvalues a;, are gauge equivalent. The classical Coulomb branch
is therefore

Ba =C"/Wsuwy, (3.11)
and can equivalently be parametrized by the gauge-invariant complex coordinates
a_ 1 kL al k
u :ETWO:%;%, k=2,...,N. (3.12)

At a generic point of B, the eigenvalues a; are all distinct and the gauge symmetry is
broken to the maximal torus
SU(N) — U(1)". (3.13)

The off-diagonal components of the vector multiplet, namely the W-bosons and their
superpartners, acquire masses proportional to |a; — a;| for ¢ # j. Thus the only massless
vector multiplets at a generic point are the r abelian vector multiplets associated with the
Cartan subalgebra.

At the quantum level, the microscopic nonabelian coupling renormalizes. In the
holomorphic Wilsonian scheme, the one-loop running coupling at a scale u is

Tmic(ft) = Tuy = 5 log b>0, (3.14)
where Ay, is a UV cutoff scale and b is the one-loop beta-function coefficient. In the
case of gauge group SU(N) with Ny fundamental hypermultiplets, b = 2N — Ny. For
an asymptotically free theory, the running coupling can be traded for the RG-invariant
holomorphic dynamical scale
A b
Ab — :U'b eQniTmiC(u) — Aﬁv eQﬂ'iTuV i e27ri7'mic(u) — <) ) (315)
7
In an N = 2 theory, this Wilsonian running is perturbatively one-loop exact: there are no
corrections beyond one loop. Non-perturbative corrections to holomorphic quantities in the
low-energy effective action are nevertheless possible and arise from Yang—Mills instantons
[71, 72].
An instanton of positive integer charge k is a %—BPS solution of the self-duality equations
of the Euclidean theory with classical action

Sy, = —2mik Tuy, (3.16)
and hence its contribution to the path integral is weighted by

efs,c — eQﬂ’ik‘ruv — qk7 q= eQﬂ'iTuv. (317)
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Let us now consider the low-energy effective description on the Coulomb branch. Let B
denote the quantum Coulomb branch and let r be its dimension. At a generic point of
B, away from its singular loci, the gauge group is broken to its maximal torus and the
massive charged fields can be integrated out. The massless degrees of freedom are therefore
r abelian N/ = 2 vector multiplets.

At the two-derivative level, the Wilsonian effective action of these multiplets is deter-
mined locally by a holomorphic prepotential F (a, m;Ty,) regarded as a function of the
local special coordinates a, the hypermultiplet masses m and the UV coupling [71, 72].
To write the effective action, one must first choose an electric-magnetic duality frame. The
complex scalars of the vector multiplets then define local special coordinates

al, I=1,...,r (3.18)
with their magnetic duals being
oOF
ap.r = 5.7 (3.19)

The effective abelian gauge couplings are encoded in the symmetric matrix

N 8@[)7[ N 82.7:
=547~ 9alda’

(3.20)

For SU(2), this matrix reduces to a single low-energy abelian coupling 7eg(a), which should
not be confused with the microscopic nonabelian coupling 7ic(p).

In a weakly coupled semiclassical region of the Coulomb branch, the special coordinates
a! approach the independent components of the adjoint scalar vacuum expectation value.
Away from the semiclassical region, however, they are only locally defined. By contrast,
gauge-invariant coordinates on the Coulomb branch are provided by the vacuum expectation
values of the Coulomb-branch chiral operators,

uk:%<Trq§k>, k=2,...N. (3.21)

In the semiclassical region, they reduce to the classical expressions

1 X,
uk:%Zai—i—..., (3.22)
=1

where the dots denote quantum corrections to their relation with the special coordinates.
Furthermore, in a weakly coupled region, the prepotential admits the semiclassical expansion

F = ]:cl + fl—loop + ‘Finsta (323)

where the perturbative quantum corrections terminate at one loop, while Fi,s¢ contains
the nonperturbative instanton corrections.

Suppressing fermions and higher-derivative terms, the bosonic part of the two-derivative
effective Lagrangian takes the schematic form

1 71 1 ~
£$¥) =1 Im 775 d,a’0"a’ — ZIHIT[J FJVFJW + 1R6T1J FJVFJMV +-. 0 (3.29)

Thus, the same matrix 777 determines both the abelian gauge couplings and the metric on
the Coulomb branch. The latter is locally

gry =1Immyy, (3.25)
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and has the Kéhler potential
K (a,a) =Im (a'ap,) . (3.26)

The geometry defined by these data is called rigid special Kéhler geometry [73]. The
special coordinates also determine the central charge. For a state with electric, magnetic
and flavour charges

v = (ne,l, n{n, Sf) , (3.27)
one has

-
7., = Z (neylal + nfnaD,[) + = ZSfmf. (3.28)
I=1 V2 f
Thus, a singularity of the abelian effective description occurs when a charged BPS state
present in the spectrum becomes massless. At such a locus the corresponding light degrees
of freedom must be restored to the effective action.
Globally, the special coordinates are naturally combined into the symplectic vector

I = (‘LDIJ ) . (3.29)

a

When transported around singular loci of B, this vector undergoes electric-magnetic duality
transformations in Sp(2r,Z). The prepotential therefore exists only locally, while the
special Kéhler metric and the associated electromagnetic charge lattice are globally defined.

Determining the exact low-energy theory is thus equivalent to determining the special
coordinates (al,ap ) and their monodromies over the Coulomb branch. The Seiberg—
Witten solution provides precisely these data by realizing the special coordinates as periods
of a meromorphic differential on a family of algebraic curves fibered over B. These curves
will also provide the link with classical algebraic integrable systems.

3.1.3 Seiberg—Witten solution & integrable systems

The Seiberg-Witten solution [71, 72] of an N/ = 2 gauge theory consists of a family of

Riemann surfaces Y, called Seiberg—Witten curves, parametrized by points w € B of the

Coulomb branch, together with a meromorphic one-form A, called the Seiberg—Witten

differential. The special coordinates of the low-energy theory are recovered as periods of A,
I 1 1

- A - A 3.30
C ol P T o fe (3.30)

and the effective abelian couplings are then determined by (3.20). Here {A;, B} is a
symplectic basis of the relevant electromagnetic sublattice of Hy (%, Z).

The electromagnetic BPS charge lattice is naturally identified with this homology
lattice, whose intersection form reproduces the Dirac pairing. A state with electric and
magnetic charges (ner, nl.) is represented by the cycle

v = ne,IAI + 7’L7InBI, (331)

and its electromagnetic central charge is the corresponding period,

1
M= — 9 A\ 3.32
7 27 jg (3:32)
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In theories with matter, the full charge lattice including flavour charges is described
by an appropriate extension of this homology lattice associated with the poles of the
Seiberg—Witten differential, whose residues encode the mass parameters.

The basic example is pure N' = 2 Yang-Mills theory with gauge group SU(2). Quantum
mechanically, the Coulomb branch is a complex one-dimensional space parametrized by

1 2
w= (Trg?), (3.33)
up to normalization conventions. In Gaiotto form [71, 74], the curve is written as

2 2
EU : /\2 = qbg(z), (;52(2) = (1:3 + % + AZ> dZQ, (334)

where z is a coordinate on C*. Equivalently, this can be written as

1 d
$2:u+A2<z+), A=z 2. (3.35)
z

z

The special coordinates are then

a(u) = zlmfAA ap(u) = leﬁgx (3.36)

and determine the effective coupling through

da D
T(u) = T (3.37)
The curve degenerates at the two finite points © = +2A2, where a magnetic monopole and
a dyon become massless.

A closely related example is the N/ = 2 theory with gauge group SU(2) and four
fundamental hypermultiplets, whose massless limit is superconformal. In Gaiotto form
[72, 74], the Seiberg-Witten curve is the double cover

Yy : 2= ¢o(2), (3.38)

where z € CP\ {0,q,1,00}. In the weakly coupled duality frame associated with the
degeneration q — 0, q is identified with the exponentiated microscopic gauge coupling,
q = e?™7w up to conventions. The quadratic differential is then

= (i) 5q 01 500—50—(5q—51 q(q—1)a
S R e o N S | N (s S

dz%, (3.39)

where 7 is a coordinate on the Coulomb branch whose relation to u = 3 (Tr ¢?) involves
a coupling-dependent normalization and mass-dependent shifts. The coefficients d; are
quadratic functions of the puncture masses, which are linear combinations of the four
physical hypermultiplet masses. Here one recognizes the rational potential appearing in
the normal form of the Heun equation, as given in (1.51) and (2.63).

The asymptotically free theories with Ny < 4 can be obtained by successively decoupling
hypermultiplets from the Ny = 4 theory. The first decoupling limit is

mg — 00, q—0, Asg ~qmy fixed, (3.40)
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where q = 2™, Thus, the mass of one hypermultiplet is sent to infinity while the

microscopic coupling approaches the weak-coupling cusp, leaving fixed the dynamical scale
A3 of the Ny = 3 theory.

The remaining flavours can be decoupled iteratively, with the corresponding scale-

matching relations being

AJ"’V;J_V{ ~my, A]%,;Nf, Ny =3,2,1, (3.41)
where mpy, is the mass of the hypermultiplet being decoupled. These limits successively
produce the theories with Ny =2, 1,0, with Ny = 0 denoting the pure SU(2) theory. The
omitted proportionality constants depend on the normalization chosen for the masses and
dynamical scales.

At the level of the quadratic differential, these decoupling limits are confluent limits in
which regular singularities collide and produce irreqular singularities. Their higher-order
poles encode the dynamically generated scales. In particular, the pure SU(2) curve, with
two irregular singularities, is recovered as the final decoupling limit of the four-flavour
curve [66, 72, 74].

Another important example is the N' = 2* theory, namely N' = 4 super Yang—Mills
deformed by a mass m for the adjoint hypermultiplet. For gauge group SU(2), the
corresponding Seiberg—Witten curve is again written as a double cover [75]

DI M = ¢o(2), (3.42)

with
P2(z) = (u + me(z)) dz?, z2€C/(Z+1wZ)=: E,, (3.43)

up to shifts of u and normalization conventions. Here p(z) is the Weierstrass function on
the torus E. ., the coefficient of its double pole at the puncture being fixed by the adjoint
mass, and one recognizes the elliptic potential defining the Lamé equation, as given in
(1.76) and (2.93). In the limit m — 0 one recovers the A = 4 theory, while the pure N' = 2
theory is instead obtained by decoupling the adjoint hypermultiplet,

m — 00, q= e2miTuy 0, A~ q m*  fixed. (3.44)

Geometrically, this limit degenerates the torus and produces the sphere with the two
irregular singularities of the pure SU(2) curve.
Finally, for the pure SU(V) gauge theory, the Seiberg—Witten curve can be written as
[76, 77]
N 1 N, kp . N—k dz
Yh: A (z+) = —i—Z(—l) hpx™ ", A=x—. (3.45)
z = z
This is an N-sheeted cover of the z-sphere and has genus N — 1, matching the rank of the
gauge group. The coefficients hj form an alternative set of gauge-invariant Coulomb-branch
coordinates. They are polynomially related, through the Newton identities, to

1 k
uk—E<Trq§>, k=2,...N. (3.46)
For example,
1,
h2 = —Uuy, h3 = us, h4 == §u2 — U4, h5 = Uy — uU2U3. (347)

42



Section 3. Supersymmetric Gauge Theory

A quantization of this Seiberg—Witten curve will be studied in the final chapter of this
thesis.

Soon after the work of Seiberg and Witten, it was realized that Seiberg—Witten curves
admit a natural interpretation as spectral curves of classical algebraic integrable systems
[75-77]. In this interpretation, the Coulomb branch B is the base of a Liouville torus
fibration. Its generic fibers are the Jacobians of the Seiberg—Witten curves, or appropriate
Prym subvarieties when the physical abelian variety is smaller than the full Jacobian. The
Coulomb-branch coordinates u; are identified with the mutually commuting Hamiltonians
of the integrable system, while the Seiberg—Witten differential plays the role of the action
differential and its periods give the corresponding action variables.

For the examples discussed above, the corresponding integrable systems are:

o SU(2) theory with Ny = 4: the four-punctured sly Gaudin system and the inhomoge-
neous two-site XXX spin chain [78, 79];

o SU(N) N = 2* theory: the N-particle elliptic Calogero-Moser system [75];
o pure SU(N) gauge theory: the N-particle periodic Toda chain [77].

For the last two systems, the center-of-mass degree of freedom is removed, in accordance
with the rank N — 1 of SU(N).

This gauge-theory/integrable-system correspondence therefore provides a complemen-
tary interpretation of the Seiberg—Witten geometry. It becomes particularly systematic in
the class S construction, where the relevant integrable systems arise as Hitchin systems.
Moreover, as we will discuss below, the Nekrasov—Shatashvili limit of the €, .,-background
quantizes these classical systems and leads to the Bethe/gauge correspondence [29].

3.1.4 Supersymmetric localization & blow-up equations

Supersymmetric localization is a computational method allowing one to reduce certain
path integrals to finite-dimensional integrals or discrete sums [70]. Consider a Euclidean
supersymmetric theory on a background preserving a fermionic symmetry (). In general,
@ need not be nilpotent, but may satisfy

Q2 = 5bos; (348)

where Jp05 is a combination of bosonic symmetries, such as spacetime isometries, gauge
transformations, flavour transformations and R-symmetry transformations.

Suppose that the action and path-integral measure are invariant under ). One may
then deform the action by a Q-exact term,

S— S5 =5+1tQV, (3.49)
where V is chosen to be invariant under Q2. The resulting partition function

Z(t) = / DP e~ 571V (3.50)

is t-independent and one can therefore evaluate the path integral in the limit t — co. If the
bosonic part of QV is positive semi-definite, the integral localizes onto the configurations
satisfying

(QV)pos =0, (3.51)
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which are the BPS configurations fixed by the chosen supercharge, and the Gaussian
approximation transverse to this localization locus becomes exact. If the localization

locus decomposes into connected components ./\/ll(g‘c) , the original path integral reduces

o M

where dpu,, is the measure on the collective coordinates, or equivalently on the zero modes

(@)
o it 50 (= Sal 0 ) 21 (3.52)

loc

tangent to /\/11(32 The factor Z{i())op is the superdeterminant of the non-zero quadratic

fluctuations transverse to the localization locus. Both the classical action and the one-loop
determinant may depend on the point of ./\/ll(gg . If the localization locus consists of isolated
BPS configurations, the integrals reduce to a sum over these configurations. The same
argument applies to expectation values of )-closed observables O, whose restrictions to
the localization locus are inserted in the corresponding finite-dimensional integrals.
Nekrasov’s construction [1, 2, 80] applies this principle to four-dimensional N' = 2 gauge
theories on R%, providing a microscopic computation of the low-energy effective prepotential
F. After a suitable topological twist, the non-perturbative localization locus decomposes
into sectors described by moduli spaces of Yang-Mills instantons. Since both R* and the
instanton moduli spaces are non-compact, the construction is formulated equivariantly with
respect to spacetime rotations and the Cartan tori of the gauge and flavour symmetries.
The corresponding equivariant deformation of the supersymmetric theory defines the
Qg «,-background, with €1 and €3 the equivariant parameters associated with spacetime
rotations, and gives rise to the Nekrasov partition function Z. The low-energy prepotential
is recovered from it through
F = lim ejezlogZ, (3.53)

£1,e2—0

up to normalization conventions.

More precisely, focusing on a gauge theory with gauge group U(N), the asymptotic
value of the vector-multiplet scalar is set to have eigenvalues a = (a, ..., ay) which, on
R%, are fixed boundary data rather than variables to be integrated over. The Nekrasov

partition function on (R*, €, .,) ~ CZ _, factorizes as

Z(a’v m;ey, €2; CI) = Zq Zl—loop Zinst, (354)

where m denotes a set of mass parameters. The SU(N) theory is then obtained by imposing
25:1 aq = 0, up to possible decoupled U(1) factors whose precise form depends on the
matter content and normalization conventions.

The classical action contributes in two ways. Its evaluation on the perturbative Coulomb-
branch vacuum selected by the asymptotic value a of the vector-multiplet scalar, in the
presence of the €)., .,-background, gives

1 N 2

ch — exp _27ri7-uV % a2 — q7257152 Za:l (la’ q= e27ri7'uv7 (355)
28162 a—1 @

while its topological part instead assigns the weight q* to the sector of instanton number
k, as will appear in the instanton expansion below.

The one-loop contribution Zi_j40p is the equivariantly regularized superdeterminant of
quadratic fluctuations around the perturbative vacuum. It factorizes into a vector-multiplet
1doop and one contribution for each hypermultiplet. These determinants
can be regularized in terms of Barnes double gamma functions I'y (z;e1,€2) [1, 2, 22], and

contribution z
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their explicit expressions for a vector multiplet and for (anti)fundamental and adjoint
hypermultiplets of mass m read

N
A 0op (@m) = [] expre e, (a0 — ag —m)], (3.56a)
s

Aoy (@) = (240, (@.0)) (3.56b)

2op (@,m) HeXp (Ve .22 (@0 —m)], (3.56¢)

ooy (@,m) = Zf“iﬂ‘ip (—a,e1 +e2—m), (3.56d)

where

Yerea(2) = —logTa(z + &1 + €251, €2). (3.57)

Here and below, contributions independent of the Coulomb parameters are omitted and
the explicit dependence on £; and €3 in the single-multiplet contributions (3.56) has been
suppressed for notational simplicity.

Finally, Zinst collects the k-dependent contributions of the non-trivial instanton sectors,
all obeying the same asymptotic boundary condition specified by the Coulomb parameters
a. In the sector of instanton number &, the BPS configurations form the (resolved) moduli
space M, y of framed k-instantons and the integration over their collective coordinates,
together with the Gaussian integration over fluctuations transverse to the moduli space,
defines an equivariant measure on M;, n.

More precisely, after extracting the perturbative determinant Zi.j50p, the remaining
vector-multiplet fluctuations determine the equivariant measure on M, x while hyper-
multiplet fluctuations define matter bundles over M, x, whose characteristic classes are
inserted in the integral. The classical topological term assigns the weight q* to the sector
of instanton number k, thus

(k 0
Zinst = Z qums)t? Zi(ns)t =1, (3.58)

where -
Zi(r]fs)t = / Omatter - (359)
Mg, N

Here, [ T denotes T-equivariant integration, where the torus 7T is the product of the
spacetime rotation torus U(1)., x U(1)., and the Cartan torus of the framing group U(N).
These act on My, y with equivariant parameters (€1, €2) and a, respectively. A flavour torus
acting on the matter bundles may also be included, with the masses m as its equivariant
parameters. The class apaiter denotes the corresponding equivariant characteristic class
and is equal to 1 in the pure theory. In that case, Z. (ns)t is called the equivariant volume of
M. N

For generic equivariant parameters, the induced torus action on the resolved instanton
moduli space has isolated fixed points. The Atiyah-Bott—Berline—Vergne [81, 82] localization
formula then gives

amatter|
Z® =y ey 3.60
pem” er (TpMk,N) ( )
&N

where er (T, My, n) is the equivariant Euler class of the tangent space at the fixed point p.
The computation of Zj,s therefore reduces to describing My, n, identifying its torus-fixed
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points and determining the torus characters of its tangent spaces and matter bundles. The
ADHM construction provides precisely this information [1, 80, 83].

For gauge group U(N), the resolved moduli space of framed k-instantons admits an
explicit description in terms of two complex vector spaces

V~cCck w~ch, (3.61)

where k is the instanton number and N is the dimension of the framing space W. The
ADHM data consist of

(B1, By, I,J) € Hom(V,V)®2 @ Hom(W, V) @ Hom(V, W), (3.62)

and obey the real and complex moment-map equations
IR = [Bl, Bﬂ + [32, B;} I — gty =¢1y, (3.63a)
uc = [B1,Ba] +1J = 0. (3.63Db)

The parameter ¢ > 0 is a Fayet—Iliopoulos (FI) parameter implementing the non-commutative
resolution of the small-instanton singularities. The group U(k) acts on the ADHM data as

(B1, By, 1,J) — (9Big ' gBag ' g1, Jg"), g€ Uk), (3.64)
and the resolved instanton moduli space is the hyperkahler quotient

My ={(B1,Ba2,1,J) | pc =0, ur = {1y} /U(K). (3.65)

The maximal torus of the framing group U(N) acts on W with equivariant parameters
a = (ai,...,ay). Introducing the multiplicative variables ¢ = ¢! and g2 = €2, the
equivariant torus

T =U(1)e x U(l)e, x UMY (3.66)
acts on the ADHM data as
By — q1 By, Bo +— q2Bo, I Tggt J = 142 9aJ, (3.67)
where
ga = diag(e™, ... e™N). (3.68)

Since My, n is a quotient by U(k), a point is fixed by 7" when the torus action on its ADHM
data can be compensated by a transformation of V. For generic equivariant parameters,
the fixed points are isolated and are labelled by N-tuples of Young diagrams

N
Y = (Y1,...,Yy), Y| =) |Ya| =k (3.69)
a=1

To describe the contribution of each fixed point, recall that the equivariant character of a
finite-dimensional T-representation with weights wy is

chp E =) e". (3.70)
l

The character of the dual representation is denoted by (chp E)* and is obtained by reversing
the sign of each weight. In the following, we use the same symbol for a representation and
its equivariant character whenever no confusion can arise.
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The character of the framing space is

N
W =chy W => e, (3.71)

a=1

while at the fixed point labelled by Y the character of V is

N
Vy =chpVy =D e > ¢i lgd " (3.72)
a:1 (i,j)eYa
The ADHM deformation complex encodes the infinitesimal variations of the ADHM

data, together with the moment-map constraint and the quotient by U(k) [80]. Its character
gives the character of the tangent space to the moduli space at the fixed point:

Ty My =chr Ty Mg n = WVy + o VW™ — (1 — q1)(1 — q2) Vi Vy. (3.73)

This character determines all the equivariant weights entering the vector-multiplet contri-
bution. More precisely, for a virtual character

X =3 ne, (3.74)
V4

define
X = [ w™ (3.75)
¢

This operation associates to a character its equivariant Euler class, with negative multiplic-
ities producing denominator factors. The vector-multiplet contribution at the fixed point

Y is therefore 1

E(TyMyn) ’

where the explicit dependence on £; and €9 has been suppressed.

Matter multiplets are incorporated through the equivariant Euler classes of the cor-
responding matter bundles. For N; fundamental hypermultiplets, introduce the flavour
character

Zinst (@, Y) = E (=Ty Myn) = (3.76)

M = Zf s, (3.77)

The corresponding matter character is

Xfund = 41492 VYM*, (378)
and hence
Zfrilsﬁd a Y m H Zlf;l;;d a Y’ mf) =& [Xfund]

= fl N (3.79)
:HH H —mf+i81+j€2).
f=la=1(ij)eY

The factor q1qo shifts the matter weights by €1 + €2 and omitting this factor corresponds
to a different convention for the hypermultiplet masses. For an adjoint hypermultiplet of
mass m, the matter character is instead obtained by twisting the tangent-space character:

Xadj(m) = e " Ty My, n, zﬁldst (@, Y,m) = & [Xaqj(m)] . (3.80)
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In particular, at m = 0 the adjoint contribution cancels the vector-multiplet contribution,
as expected for the NV = 4 theory.

Combining the vector-multiplet and matter-multiplet factors, the complete fixed-point
contribution is

Zy = E (—T [Y]) s T [Y] = TYMk,N — Xmatter- (381)

At the fixed point labelled by Y, the operation £ maps the tangent-space character to the
Euler class appearing in the localization denominator,

E[Ty Mg, N] = er(Ty My, N), (3.82)
while it maps the matter character to the restriction of the inserted matter class,

S[Xmatter] = O‘matter‘y . (383)

Thus, (3.81) is precisely the fixed-point ratio prescribed by equivariant localization (3.60).
It follows that B
Zl(nst - Z Zy, (384)

Y=k

and the instanton partition function becomes

Zin =Y _q¥1Zy. (3.85)
Y

More generally, this construction extends to quiver gauge theories [22, 84], with hypermulti-
plets in fundamental or adjoint representations of the individual gauge-group factors and in
bifundamental representations connecting different factors. In particular, the one-loop and
instanton contributions of a hypermultiplet in the (N1, N2) representation of U(N7) x U(Ny)
read, respectively,

Ny Ny
le311f00p (a,b,m) H H €XP [Ye, e5(Ga — by —m)], (3.86a)

a=1 =1

. Ny Ny
Ze (@, Y50, Wim) = [T IT | I1 (EYQ,WB (aa —bg;s) — m) (3.86b)

a=1 =1 | s€Y,
X H (61 + &9 — EWﬁ,Ya(bﬁ — g;t) — m) ,
teWg

where, for two Young diagrams Y, W, we define
Eyw(z;s) =z —e1Lw(s) + e2(Ay (s) + 1), (3.87)

with Ay (s) and Ly (s) the arm and leg lengths of a box s. All previous one-loop and
instanton single-multiplet contributions can be obtained by specializing the bifundamental
ones. In particular,

29 (a,Y,m) =2 (a,Y;a,Y;m), (3.88a)

1nst Zinst

4 (@, Y) = (45 (a,Y,0)) " (3.88b)

Zinst 1nst

Similar localization constructions also apply to supersymmetric observables, including the
chiral operators whose vacuum expectation values define the Coulomb-branch coordinates
ug in (3.21) [85], as well as BPS line and surface defects [33, 86].
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Blow-up equations

Supersymmetric localization and the computation of Nekrasov partition functions can also
be carried out on suitable toric four-manifolds [87, 88]. A particularly important example
is the blow-up of C? at the origin, C2. We describe the resulting blow-up relations in the
pure SU(2) theory, following Nakajima and Yoshioka [3, 69].

The blow-up geometry can be realized explicitly as

A

C? = {(21,22, [u:v]) € C? x CP! ’ 210 = zzu}, (3.89)
and the blow-down map
m:C? —C? (21, 22, [u : v]) = (21, 22), (3.90)

is an isomorphism away from the origin. The preimage of the origin is the exceptional
divisor

E =7"1(0) ~ CP!, (3.91)
which parametrizes the complex directions through the blown-up origin. The standard
torus action on C2,

(21, 22) — (@121, q222), q = e, (3.92)

lifts to C2 according to

(21,22, [u: v]) — (q121, q222, [q1u : qov]). (3.93)
The exceptional divisor contains two torus-fixed points,

p1 = (0,0,[1:0]), p2 = (0,0,[0: 1]). (3.94)

Their affine neighbourhoods are both isomorphic to C2?, but the induced equivariant
parameters are different. Around p; they are

(81,62 —61), (3.95)

while around ps they are
(81 — &9, 82) . (3.96)

Equivariant localization on C? therefore expresses the instanton partition function in terms
of two copies of the C? partition function, one associated with each fixed point. In addition,
since the exceptional divisor is a compact two-cycle, gauge configurations may carry a
quantized magnetic flux through it. For the pure SU(2) theory, writing the Coulomb
parameters as @ = (a, —a), the flux can be parametrized by n = (n, —n). The effective
Coulomb parameters in the two affine patches are then shifted to

aV = a + ney, a? = a + ne,. (3.97)

Thus, localization on the blow-up gives a factorization of the schematic form

Zs(ajer,ea30) = > Z(a+mneser,er —e13q) 2 (a+nexjer — e,€23q) (3.98)
neZ+94

where ¢ labels the flux sector. This factorization computes the partition function on c2.
The Nakajima—Yoshioka blow-up equations follow by combining it with geometric relations
between the instanton moduli spaces on C? and C? induced by the blow-down map. For
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suitable insertions and flux sectors, the partition function on the blow-up is either identified
with the partition function on C? or it vanishes. This produces, respectively, unity and
vanishing blow-up equations.

For example, for the pure SU(2) partition function, the unity relation takes the form

Z(ajer,e2;q) = > Z(a+nerier,e2 —e159) Z (a+ neajer — 2,62:9), (3.99)
nezZ

while the corresponding vanishing relation is

Z Z(a+nejser,ea —e1;q) Z (a+ neg;ep — e9,e9;q) = 0. (3.100)
nez+1i

These functional identities relate the Nekrasov partition function at (e1,e2) to products of
partition functions with shifted Coulomb parameters and equivariant parameters. Since
the terms with non-zero flux begin at higher instanton order, the relations can be used
recursively to determine the instanton expansion.

Such blow-up relations admit several generalizations and, in particular, they can be
derived for gauge theories in the presence of codimension-two BPS surface defects [52, 89].

3.1.5 Class S gauge theories, the AGT and Bethe/gauge correspondence

A large class of four-dimensional N' = 2 theories can be constructed by compactifying
the six-dimensional A" = (2,0) theory on a punctured Riemann surface C' with a partial
topological twist [74]. The resulting four-dimensional theory is called a theory of class S.
The complex structure moduli of C' are identified with exactly marginal gauge couplings
of the four-dimensional theory, while the punctures encode flavour symmetries and mass
parameters.

Let us first focus on the case of the A;-type six-dimensional ' = (2,0) theory, which
gives theories T3[C] with gauge group factors SU(2). In this case a pants decomposition
of C gives a weakly coupled duality frame. Each three-punctured sphere corresponds
to a trifundamental half-hypermultiplet of SU(2)3, while gluing two punctures by a long
tube corresponds to gauging the diagonal SU(2) flavour symmetry with an A" = 2 vector
multiplet. The complex structure parameter of the tube is then identified with

q = e, (3.101)

where 7,y is the corresponding gauge coupling. Different pants decompositions of the same
surface give different weakly coupled descriptions of the same theory and are related by
S-duality. For instance, the sphere with four regular punctures describes the SU(2) theory
with Ny = 4, while the torus with one regular puncture describes the N' = 2* SU(2) theory.
In this language, the Seiberg—Witten geometry is naturally encoded by a quadratic
differential on C'. For theories of type Aj, the Seiberg—Witten curve takes the form

DI 2 = ¢o(2), (3.102)

where ¢9 is a meromorphic quadratic differential whose singular behaviour at the punctures
is fixed by the mass parameters, while the remaining coefficients of ¢o are Coulomb-branch
parameters. For theories of type An_1 this generalizes to an N-sheeted spectral curve

N
Y : AW+ g AN =0,  A=uzde (3.103)
k=2
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where ¢, are meromorphic k-differentials on C, whose regular punctures are classified by
partitions of N.

The AGT correspondence relates this class S construction to two-dimensional conformal
field theory [22]. For theories of type Aj, the instanton part of the Nekrasov partition
function is identified with a Liouville conformal block on the same punctured surface C,
schematically

2Pl (a,m;e1,60:q) = Fo (A, Piq), (3.104)

inst

up to simple convention-dependent prefactors. The sewing parameters of the conformal
block are the gauge couplings q, the internal Liouville momenta A are identified with the
Coulomb moduli a and the external Liouville momenta P are identified with the mass
parameters m. The Liouville central charge is

c=1+6Q2, Q:b+1, 2 =22 (3.105)

b €1

In this dictionary, changing pants decomposition corresponds to changing OPE channel in
the two-dimensional conformal block and crossing symmetry of Liouville theory is mapped
to S-duality of the four-dimensional gauge theory.

The correspondence extends to theories Ty [C] of type Ax_1 by replacing Liouville
theory with Any_1 Toda conformal field theory, and Virasoro conformal blocks with Wy
conformal blocks [90]. Other extensions of the correspondence involve, for example, affine
chiral algebras [91], or identify BPS surface-defect partition functions with conformal blocks
containing degenerate field insertions [33]. Furthermore, through the AGT dictionary, the
gauge-theoretical blow-up equations of Nakajima and Yoshioka, and their generalizations,
imply relations between conformal blocks of chiral algebras at different values of the central
charge [92].

The AGT correspondence also has a non-chiral version. Supersymmetric localization
on S*, and more generally on the ellipsoid Sgl, gives an integral over Coulomb parameters
of the product of two Nekrasov partition functions associated with the two fixed points of
the spacetime torus action [93, 94]. For the theory 72[C] one finds, schematically,

ZSTE[C} = / da Za Z1100p | Zinst|? (3.106)
with €5/e1 = b2. Under the correspondence, this reproduces the full Liouville correlator on
C': the Nekrasov instanton factors give the holomorphic and antiholomorphic conformal
blocks, while the classical and one-loop factors combine into the integration measure and
three-point functions.

Finally, the Bethe/gauge correspondence relates four-dimensional ' = 2 gauge theories
in the Nekrasov-Shatashvili (NS) limit of the €2, .,-background to quantizations of the
classical algebraic integrable systems whose bases are the Coulomb branches of the corre-
sponding gauge theories [21, 29, 51]. The NS limit is obtained by sending one equivariant
parameter to zero, say €2, while the other is kept fixed and identified with the quantization
parameter, €1 = h. In this limit,

Wo (a,m, h; q) = Jim ezlog 2 (@, m;e1 = h,e2;q) (3.107)

is identified with the effective twisted superpotential of the two-dimensional ' = (2,2) the-
ory governing the low-energy physics of the four-dimensional theory in the €2 o-background.
The Bethe/gauge correspondence further identifies this twisted superpotential with the
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Yang—Yang functional of the associated quantum integrable system. Under this identifi-
cation, supersymmetric vacua correspond to Bethe states, while operators in the twisted
chiral ring map to the mutually commuting quantum Hamiltonians. The vacuum equations
therefore take the schematic form

19)4%
Oag

= 27in,, Ng € Z. (3.108)

This correspondence admits several refinements. For instance, common eigenfunctions of
the mutually commuting Hamiltonians of the quantum integrable system can be engineered
by taking the NS limit of appropriately normalized partition functions in the presence of
codimension-two half-BPS surface defects. Partition functions associated with other types
of surface defects can similarly be used to construct wavefunctions solving the corresponding
quantum Seiberg-Witten curve [29, 32, 33, 95].

For gauge theories to which the AGT correspondence applies, the NS limit e — 0 is
mapped to a classical limit ¢ — oo of the corresponding conformal blocks. Consequently,
the instanton contribution to the twisted superpotential is encoded in the leading classical
exponent of the conformal block, up to convention-dependent normalization factors [31, 96].
Moreover, partition functions in the presence of suitable BPS surface defects are identified
with conformal blocks containing degenerate vertex-operator insertions [33]. In the NS
limit, the associated null-vector decoupling equations reduce to differential equations
corresponding to quantum Seiberg—Witten curves [32, 96].

3.2 Five-dimensional N/ = 1 gauge theories

Most of the preceding discussion admits a natural five-dimensional uplift. In this setting,
one considers a five-dimensional A/ = 1 gauge theory on R* x Sé, where 8 denotes
the circumference of the compactification circle. The squared Yang—Mills coupling has
dimensions of length, and the Yang—Mills Lagrangian is therefore non-renormalizable
and should be regarded as a low-energy effective description. Nevertheless, for suitable
choices of gauge group, matter content, and five-dimensional Chern—Simons coupling, these
theories can arise as relevant deformations of interacting five-dimensional superconformal
field theories, whose existence can often be understood through string-theory or M-theory
constructions [97, 98].

At the level of propagating fields, the field content is organized into vector multiplets,

Vz(gb,)\A,AM), M=1,....5 A=12, (3.109)

where ¢ is a real scalar, A is an SU(2) doublet of symplectic-Majorana fermions and Ajy
is the gauge field, all in the adjoint representation of the gauge group, and hypermultiplets

Hw = (ah0),  A=12, (3.110)

where the complex scalars ¢ form an SU(2)g doublet, while ¢ is a Dirac fermion, all
transforming in the representation W of the gauge group.

On R®, vacuum expectation values of the real adjoint scalar ¢ parametrize a Coulomb
branch of real dimension rank(G,). Upon compactification on S [13, however, the scalar ¢
combines with the holonomy of the gauge field around the circle to form complex Coulomb
moduli. It is therefore natural to consider multiplicative Coulomb parameters of the
schematic form

e = exp <5¢a + 17{1 As o d$5> . (3.111)
S
B
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The Seiberg—Witten geometry also admits a five-dimensional uplift. For a theory com-
pactified on a circle, the Seiberg—Witten curve is naturally identified with the spectral
curve of a relativistic deformation of the algebraic integrable system associated with its
four-dimensional limit [98].

Let us now specialize to the pure U(NN) gauge theory with vanishing five-dimensional
Chern—Simons level in order to illustrate the main new features of the five-dimensional
uplift. A convenient dimensionless complexification of the gauge coupling on R* x § é is

4mip 0 Orriray
— _ - 3.112
T5d ggd + o 54 = € ) ( )

where 6 is the theta angle of the effective four-dimensional theory. Introducing the
multiplicative spectral coordinates X = e** and Y = e?, the Seiberg-Witten curve of the
pure theory can be written as

Sei AN(YHYT) 4 R XTTI=0, ko=rn =1, (3.113)

The coeflicients kg, ky can be fixed by rescaling X and multiplying the equation by an
overall nonzero constant. The remaining parameters kK = (K1, ..., ky_1) are gauge-invariant
coordinates on the Coulomb branch, while A is related to the gauge coupling by

qsa = (—1)VAY, (3.114)

This curve is the spectral curve of the relativistic periodic Toda chain after removal of
the decoupled center-of-mass sector, with the compactification parameter S controlling
the relativistic deformation. Taking the standard four-dimensional scaling of the spectral
coordinate and Coulomb moduli, together with

AN~ (=D)N (BA)™Y, (3.115)

the curve reduces, as § — 0, to the Seiberg—Witten curve of the four-dimensional pure
SU(N) theory (3.45).

The Q. ,-background admits a particularly natural geometric realization in five
dimensions. It can be described as the twisted product [2]

C2xR
=P, 3.116
(21,22, t) ~ (q121,q222,t + )’ = ( )

C* xe Sp =

After traversing the circle, the fields return to themselves up to rotations of the two
complex planes of C2, accompanied by an SU(2)g transformation chosen so as to preserve
supersymmetry. The five-dimensional Nekrasov partition function can be interpreted as an
equivariant Witten index of the theory quantized on C? [4, 99],

2% (a; 01,423 d5a) = Trug, |(—1) e Pegligaly] (3.117)

where Hg = {Q, Q'} is the supersymmetric Hamiltonian, .J1, Jo denote the supersymmetry-
preserving equivariant generators, combining spacetime rotations with the compensating
R-symmetry action, and

K TtFAF (3.118)

872 Jra

is the instanton charge.
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Section 3. Supersymmetric Gauge Theory

Configurations that appear as instantons in four dimensions become particle-like BPS
solitons in five dimensions. In the Euclidean description relevant to the index, their
worldlines wrap Sé and a configuration of instanton charge k is weighted by q]gd. The
instanton contribution to the U(V) partition function therefore admits an expansion

5d, (
238, (a5 q1, 25 d5a) = qu,dZmt : (3.119)

where stt( ) is the equivariant index on the moduli space My, n of U(N) instantons of
charge k.

As in the four-dimensional case, equivariant localization expresses this index as a sum
over fixed points labelled by N-tuples Y of Young diagrams. The equivariant character of
the tangent space retains the form (3.73), but is now interpreted as a character in equivariant
K-theory, with the weights entering multiplicatively. Accordingly, the equivariant Euler

class (3.74) is replaced by its K-theoretic analogue,
&l =TI (1—e)",  x=3 ne (3.120)
¢

Indeed, since 1 — e A%t ~ Buwy as f — 0, the cohomological Euler class is recovered in the
four-dimensional limit, up to an overall power of 5.
The resulting K-theoretic instanton partition function is therefore
Y| _5d, a
Zlgl)’ldst (a’; q1, q2; CI5d Z q54 1nstVec a Ya qi, q2) ) ’Y’ = Z |Y(a)‘7 (3121)

a=1

where

N -1

—B(an—ag—=1L A
Zf)riis,tvec (@,Y;q1,q2) = H H ll e B(a ag—e1 YB(S)+€2( Yo (S)+1)>
a,f=1 \s€Yqy

( ) 1 (3.122)
aq—a~+e€1 (Lya( )+1)752Ay (t)
X H ll —e K K ]
tey,
In the limit g — 0, one has
G =1+8e+0(8), &M =1+ Bao+0(8), (3.123)

and the four-dimensional instanton partition function is recovered after the appropriate
matching of the instanton counting parameters.

This framework admits many further generalizations, including the addition of hyper-
multiplets, extensions to quiver gauge theories, the computation of expectation values of
Wilson loops wrapping S é, the inclusion of BPS surface defects, and the formulation of
blow-up relations. Likewise, class S constructions and the AGT correspondence admit
natural five-dimensional uplifts. In particular, the five-dimensional AGT correspondence
identifies K-theoretic instanton partition functions with conformal blocks of ¢1, ga-deformed
chiral algebras, including the deformed Virasoro and Wy algebras [100, 101].

The Bethe/gauge correspondence also admits a five-dimensional, relativistic uplift.
However, the naive extension of the four-dimensional NS prescription is generally incomplete.
In many examples, the effective twisted superpotential extracted from the five-dimensional
Nekrasov partition function contains unphysical poles for real values of the quantization
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Section 3. Supersymmetric Gauge Theory

parameter A, and the resulting NS quantization conditions fail to reproduce the exact
eigenvalues of the associated relativistic quantum integrable system [102, 103]. To address
this problem, two apparently different but equivalent non-perturbative prescriptions have
been formulated [104]. Both amount to a non-perturbative completion of the effective
twisted superpotential by additional contributions that are non-perturbative in A. These
contributions cancel the unphysical poles and lead to well-defined exact quantization
conditions and the correct spectra. In particular, one of these prescriptions can be regarded
as the gauge-theoretic counterpart of the TS/ST correspondence, which we review in the
next section.

95



Section 4

Topological Strings

In this fourth and final background section, we briefly review those aspects of topological
string theory that are relevant to the topological string/spectral theory (TS/ST) corre-
spondence, discussed in the final subsection. The main objects of interest are refined
and unrefined topological string partition functions and their associated free energies, in
both the closed and open string sectors. We begin with a brief review of the topological
A-model and B-model, followed by mirror symmetry, with particular emphasis on its
local formulation, and conclude with the TS/ST correspondence. Since the Calabi—Yau
backgrounds considered in this thesis engineer five-dimensional supersymmetric gauge
theories, we also discuss the relation between refined topological string partition functions
and the Nekrasov partition functions of the corresponding gauge theories, which often
provide a more convenient means of computing the relevant free energies.

General references. For background and more detailed explanations of the material
reviewed in this section, see [105-108].

4.1 Topological string theory

Topological string theory is a simpler version of string theory in which many quantities
can be computed exactly, while still retaining deep information about the geometry of the
target space. Like ordinary string theory, it is a quantum theory of maps

XX, = M, (4.1)

from a Riemann surface X, possibly with boundary, to a target manifold M. The case
93, = 0 corresponds to closed strings while, if X, # ), one obtains open topological
strings. In the latter case the boundary of the worldsheet must satisfy appropriate boundary
conditions, namely its image is constrained to lie on suitable topological branes B in M,

X(9%,) C BC M. (4.2)

We will mostly focus on the closed case, but we will also discuss generalizations to open
strings since they will play a role in the last chapter of this thesis.

In the applications relevant for us, M will be a Calabi-Yau (CY) threefold, namely
a Kéahler manifold of complex dimension three with trivial canonical bundle. By Yau’s
theorem, a compact Kéhler manifold with vanishing first Chern class admits a Ricci-flat
Kéahler metric. In particular, this applies when its canonical bundle is trivial. However,
compactness will not be assumed in general: non-compact, or local, CY threefolds will be
particularly important in what follows.
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Section 4. Topological Strings

The worldsheet theory from which topological string theory is constructed is the two-
dimensional N = (2, 2) supersymmetric non-linear sigma model with target M, its bosonic
fields being the maps X : ¥, — M. Locally, one may describe these maps either by real
coordinates X* on M, or, since M is complex, by holomorphic and anti-holomorphic
coordinates X?, X*. The fermionic fields are sections of bundles obtained by pulling back the
holomorphic and anti-holomorphic tangent bundles of M to the worldsheet. Schematically,
the bosonic part of the action has the form

1

Shos = 1 /E (Gl X) dX¥ A #IXY B (X) X A dX"), (4.3)

where o/ is the Regge slope, G is a Kéahler metric on M and B is the Kalb-Ramond
two-form. In complex coordinates the Kéhler metric has only mixed components,

ds? = 2G5 dX'dXT,  w=iG;dX' AdXY. (4.4)

where w is the closed Kéhler form, dw = 0. The N' = (2,2) supersymmetry implies the
existence of two U(1) R-symmetries, usually called the vector and axial R-symmetries,
U(1)y and U(1)4. A topological twist modifies the Lorentz spins of the fields by mixing
the worldsheet rotation group with one of these R-symmetries [109].

There are two inequivalent topological twists of the N = (2,2) sigma model. The
A-twist uses the vector R-symmetry, while the B-twist uses the axial R-symmetry. After
the twist, one of the supercharges becomes a scalar BRST operator @, satisfying Q? = 0.
Physical observables are then defined as cohomology classes of (). Moreover, the stress-
energy tensor is Q-exact, so correlation functions of ()-closed operators are independent of
the worldsheet metric. In this sense the twisted theory is a two-dimensional topological
quantum field theory. Topological string theory is obtained by coupling this topological
field theory to topological gravity, which amounts to summing over worldsheet topologies
and integrating over the moduli space of Riemann surfaces.

In the closed topological string theory on a CY threefold, the basic observable is
the topological string partition function, or equivalently its logarithm, the free energy.
Perturbatively, the latter is obtained by summing over connected closed worldsheets of
fixed genus g, weighted by g5 **

chosed(m; gs) = exp (Fclosed(m; gs)) ) Fclosed m; gs Z 929 2F (45)
g>0

where x, = 2 — 2¢ is the corresponding Euler characteristic. Here g is the topological
string coupling constant, m denotes the closed-string moduli and F(m) is the connected
contribution from closed Riemann surfaces of genus g.

The open topological string theory is obtained by allowing the worldsheet to have
boundaries, with boundary conditions specified by topological branes in the target space.
For a fixed brane configuration, the connected open free energies are usually denoted
by Fypn(m,z), where g is the genus, h is the number of boundaries and z denotes the

open-string moduli. They are naturally weighted by gs **", where Xg,h =2 —2g — h is the
Euler characteristic of the bordered worldsheet, so that

Zopen(, 21 g5) = exp (Fopen(m, 25 gs)),  Fopen(m, z;95) = Y > 297 *"Fy 1 (m, 2).
g>0h>1
(4.6)
The two twists lead to two different theories, called the topological A-model and B-model,
which probe complementary aspects of the CY geometry. In the A-model the closed-string
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Section 4. Topological Strings

moduli m are identified with the complezified Kihler parameters of M. These are typically
written as

ti:/Ci(aH—iB), i=1,... by (M), (4.7)

where {C;} is a basis of two-cycles of M, w is the Kéhler form and B is the Kalb-Ramond
two-form. The A-model free energies depend on these parameters, but not on the complex
structure of M. The path integral localizes on holomorphic maps ¥, — M and the
resulting free energies encode Gromov—Witten invariants.

In the B-model, instead, the closed-string moduli m are identified with the complex
structure moduli k of M and the B-model free energies are independent of the Kahler
parameters t. At genus zero, the theory is governed by the special geometry of the complex-
structure moduli space: the periods of the holomorphic three-form €2 over a symplectic basis
of three-cycles determine the genus-zero prepotential and hence the genus-zero free energy.
Higher-genus free energies are then governed by the holomorphic anomaly equations.

In the open string sector this distinction is accompanied by the corresponding choice
of branes. A-branes are supported on Lagrangian submanifolds and open A-model free
energies count holomorphic maps from bordered Riemann surfaces with boundary on
them. B-branes are supported on holomorphic submanifolds or more generally described
by holomorphic data.

4.1.1 The A-model

Let us now focus on the A-model. As mentioned above, the closed-string moduli of the
A-model are the complexified Kéhler parameters ¢ = {t;}?2, in (4.7). Tt is also convenient
to introduce the exponentiated variables

Qi=e", Q4 =e 1, (4.8)

where d = (dy,...,dp,) is a degree vector labelling a curve class in Hy(M, Z).
The A-model path integral localizes on holomorphic maps

X 3, = M, (4.9)
which are classified topologically by the image of the fundamental class of the worldsheet,

Zd ] € Hy(M, Z). (4.10)

The contribution of maps from a genus g Riemann surface and degree d is encoded in the
Gromov-Witten invariant Ny q € Q.

Near the large-radius point Q; = 0, i = 1,...,b2(M), the genus g A-model free
energy admits an expansion in the variables (Q;. Separating polynomial and constant-map
contributions, for a smooth compact CY threefold M, one can write schematically

Za”ktt tk+ > NoaQ% (4.11a)
655 d£0
th,+ZN1dQ , (4.11b)
d#0
Fy(t) = cox (M) + Y NyaQ4,  g>2. (4.11c)
d=+£0
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Section 4. Topological Strings

Here a;j;, are the triple intersection numbers, while the coefficients b; are related to the
second Chern class ¢z (T'M). The term c¢yx (M) is the constant-map contribution, with

-1
¢y = CUT BygBoy-2 sy (4.12)
49(29 — 2)(29 — 2)!

where B,, denotes the n-th Bernoulli number. For non-compact CY threefolds the poly-
nomial and constant-map terms are more subtle, but the structure of the large-radius
expansion in curve classes remains essentially the same.

The previous expansion can be reorganized in terms of integer invariants called
Gopakumar—Vafa invariants ng [110, 111]. Then, the non-polynomial part of the all-
genus free energy can be written as

2g—2
Fov(t; gs) Z Z Z —n (2 sin ng ) ! Qve, (4.13)

9>0dA0w=1 ¥

where the integer w is the multicovering number. In this representation the rational
Gromov—Witten invariants are reorganized in terms of the integers ng, which admit a
physical interpretation in terms of BPS states. In M-theory compactified on the CY
threefold, these states arise from M2-branes wrapping holomorphic curves in the class
d and appear as particles in the remaining five dimensions. They preserve part of the
supersymmetry and saturate the corresponding BPS bound. The invariants ng encode a
protected count of these states, with the index g organizing their spin content [110, 111].

In practice, computing the A-model free energies directly from the moduli spaces of
stable maps is often prohibitively complicated. For toric CY threefolds, however, the
topological vertex [112] provides an efficient combinatorial formalism for computing the
full topological-string partition function. In this approach, the toric diagram of the CY
threefold is decomposed into elementary trivalent vertices joined by edges and one assigns
a Young diagram A, to each internal edge. Schematically, the closed topological-string
partition function takes the form

chosed Q7 Z H Q‘)\e H CAU,1AU,2)\1;,3(Q)7 q= eigs’ (4'14)

Ae edges e vertices v

where Q. = e~'c is the exponentiated Kahler parameter associated with the internal edge
e and C),,(q) is the topological vertex, an explicit combinatorial function of three Young
diagrams. The precise gluing rules also involve framing factors and, depending on the
orientations of the edges, transposed Young diagrams.

Furthermore, the topological vertex admits a refinement [14] in which the single
topological-string parameter ¢ = e'9¢ is replaced by two equivariant fugacities ¢; and go.

Denoting the dimensionful gauge-theory equivariant parameters by EGT we use
g = e =i BeST = ig;. (4.15)

From the M-theory perspective, compactification on the CY threefold M engineers a
five-dimensional N' = 1 theory whose BPS particles arise, in particular, from M2-branes
wrapping holomorphic curves in M. Such particles transform under the five-dimensional
massive little group

Spin(4) ~ SU(2)1, x SU(2)g, (4.16)

and the refinement keeps track separately of the corresponding spin quantum numbers jr,
and jr. The topological string partition function Zggseq (Q; q) is then recovered from the

refined partition function Zé”ﬁfsed (Q; q1,g2) in the unrefined limit,

chosed (Qv CI> glecfsed (Q7 lgs _i S) . (417)
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When the non-compact CY threefold M geometrically engineers a five-dimensional V' =1
gauge theory [19, 113], the refined topological-string partition function is identified with the
K-theoretic Nekrasov partition function (3.117) of the gauge theory on the €2, .,-deformed
spacetime C2 _ x Sé [14, 114],

€1,€2

Z5 (@i a1, @2) = 2% (a, m; g1, ¢2; 954)- (4.18)

Under this identification, the Kéhler parameters t are mapped to the Coulomb-branch
parameters a, mass parameters m and instanton counting parameter qsq of the gauge theory.
The equality can involve convention-dependent classical, constant-map and decoupled
factors.

The A-model can also be defined in the presence of A-branes. We restrict here to
the standard case of branes wrapping Lagrangian submanifolds £ € M and carrying
flat connections. The relevant maps are then holomorphic maps from bordered Riemann
surfaces,

X: (Eg,h,aZg,h) — (M,ﬁ), X(&Egﬁ) CL, (4.19)

where h is the number of boundary components.

The refined topological vertex formalism extends naturally to this open sector. In the
toric description, the presence of Lagrangian branes is implemented by assigning suitable
representations and holonomy variables to the external legs on which the branes are
placed. Gluing the resulting open refined vertices produces a refined open topological-string
partition function Zg;fen.

When M geometrically engineers a five-dimensional ' = 1 gauge theory, a Lagrangian
A-brane lifts in M-theory to an M5-brane wrapping [115]

LxR*xS'c MxR*x S (4.20)

It therefore engineers a codimension-two BPS defect, supporting a three-dimensional N' = 2
theory coupled to the five-dimensional bulk theory. The refined open topological string
partition function is accordingly identified with the K-theoretic Nekrasov partition function
of the coupled 5d/3d bulk-defect system,

ZE Q. zq1, @2) = 273 (@, miq1, g2; . g5a). (4.21)

This identification is understood after the appropriate map between geometric and gauge-
theory parameters and up to framing, normalization and possible decoupled factors.
Depending on conventions, the full open partition function gives the coupled bulk-defect
partition function, while its ratio to the closed partition function gives the normalized
expectation value of the defect.

4.1.2 The B-model

Let us now turn to the B-model. In contrast with the A-model, the B-model depends
only on the complex structure of the CY threefold M and is independent of its Kéhler
parameters. In this case the path integral localizes on constant maps, so the theory is
governed by the geometry of the complex-structure moduli space.

At genus zero the main object is the holomorphic three-form €2, which varies with the
complex structure of M. Let

{a5,6}, I=0,....,h%* (M), (4.22)
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be a symplectic basis' of three-cycles, satisfying
arnp’ =67, arNay=pnp’ =o. (4.23)
We denote the corresponding periods of {2 by

A= o B= / Q. (4.24)
ar B

Special geometry implies that there exists a homogeneous prepotential Fy(A) such that

the dual periods are obtained as

0Fo

By = —. 4.25
I 9al (425)
Choosing a non-vanishing period, say A°, one introduces projective special coordinates
. Al .
v'= 75 i=1,...,h*" (M), (4.26)

and, since Fy(A) is homogeneous of degree two, it can be written as
Fo(4) = (A%)?Fy(v), (4.27)

where Fy(v) is the genus-zero B-model free energy in this frame. In practice, the periods of
Q can often be determined as solutions of a system of Picard—Fuchs differential equations.

At higher genus, the B-model free energies are instead governed by the BCOV holomor-
phic anomaly equations [116]. These equations recursively determine the antiholomorphic
dependence of Fj in terms of lower-genus data and the special geometry of the complex-
structure moduli space. Thus, the higher-genus amplitudes are not globally holomorphic
functions of the complex-structure moduli. In practice, one solves the anomaly equations
recursively and then takes an appropriate holomorphic limit. This procedure leaves a
holomorphic ambiguity at each genus, which must be fixed by imposing boundary conditions
at distinguished loci in moduli space, such as large-complex-structure, conifold or orbifold
points.

For non-compact CY threefolds, this general structure continues to hold, although some
of the relevant cycles may be non-compact and their periods must be understood in a
relative or suitably regularized sense. Moreover, some complex-structure deformations can
be non-normalizable and therefore behave as external parameters rather than dynamical
moduli.

The B-model also admits an open-string sector, obtained by imposing boundary condi-
tions associated with B-branes. In their simplest geometric description, B-branes wrap
complex submanifolds S C M and carry holomorphic vector bundles.

Since the B-model localizes on constant maps, its open-string amplitudes do not count
holomorphic curves with boundaries, as in the open A-model. Instead, they depend on the
complex structure of M and on the holomorphic moduli of the branes, while remaining
independent of the Kéahler parameters. For space-filling B-branes, the corresponding open
string field theory is holomorphic Chern—Simons theory [117].

4.1.3 Mirror symmetry

In essence, mirror symmetry states that the A-model on a CY threefold M is equivalent
to the B-model on a mirror CY threefold M, and conversely. In particular, the complex-
structure moduli k of M are mapped to the complexified Kéhler moduli £ of M, this

'For a compact CY threefold M, bz (M) = 2n** (M) + 2.
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relation being called the mirror map. For the closed string free energies at genus g, mirror
symmetry implies schematically that

F}(t(r) = F} (k), (4.28)

where t (k) is the mirror map. Mirror symmetry therefore relates the enumerative invariants
of M, encoded in the A-model free energies, to the complex-structure geometry of its mirror
M , encoded in the B-model free energies. The latter can be computed recursively using
the holomorphic anomaly equations or, for local CY geometries admitting a mirror-curve
description, by means of topological recursion [118].

For the purposes of the TS/ST correspondence, the most important case is that of
non-compact toric CY threefolds. In this setting mirror symmetry takes a particularly
explicit form, known as local mirror symmetry. As we discuss further in the next subsection,
the mirror of such a threefold M can be written as

w = Hnpm (X,Y;K,E), u,v € C, X, Y eC*, X=e" Y=¢&, (4.29)

where k denote the normalizable (or true) complex moduli, while £ denote non-normalizable
parameters, usually referred to as mass parameters. The essential information of the mirror
threefold is encoded in the algebraic curve

X Hpy(e",e%k,€) =0, (4.30)

called the mirror curve. The periods of the holomorphic three-form reduce to periods of
the logarithmic differential
A =ydz, (4.31)

on X, with suitable choices of logarithmic branches and integration cycles. In an appropriate
symplectic basis of one-cycles {«;, 37}, one obtains schematically

F
n:%A, oy _ [ ). (4.32)
a; Ot B

Thus, the A-periods determine the mirror map while the B-periods determine the genus-zero
prepotential.

When M geometrically engineers a five-dimensional N = 1 gauge theory, the same
curve acquires a gauge-theoretic interpretation. After an appropriate identification of
parameters and, possibly, a birational change of variables, 3 is the Seiberg—Witten curve
of the five-dimensional theory compactified on a circle S}; and A is its Seiberg-Witten
differential [119]. The normalizable moduli & provide the gauge-invariant coordinates on
the Coulomb branch, while their A-periods give the special coordinates. The parameters &€
encode masses, gauge couplings and other non-dynamical data. In this way, the special
geometry of the gauge theory is identified with the local special geometry of the mirror
CY threefold.

The mirror curve is also the object that is quantized in the TS/ST correspondence.
This quantization has a physical motivation in the open-string sector. Topological branes
probing the mirror geometry have partition functions that behave as wavefunctions, whose
semiclassical action is determined by the differential A in (4.31). The mirror curve then
appears as the classical limit of an operator equation satisfied by the brane wavefunction.
In geometrically engineered gauge theories, this quantization is associated with the -
deformation: in the NS limit, the surviving deformation parameter plays the role of Planck’s
constant [20, 29, 115].
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Thus, one promotes = and y to non-commuting operators satisfying
[x,y] = ik, (4.33)
and, after specifying an ordering prescription, obtains the quantum mirror curve
Ha (eX,€;k,€) Y(z) = 0. (4.34)

In the z-representation, y = —ihd,, so that exponentials of y act as finite translations and
the quantum curve is generically a difference equation.

The quantization of the mirror curve also deforms its periods. Considering a formal
solution of the form

vie) =exp |4 ["S@im |, S = () + O) (4.35)
one can define the quantum differential
A = S(x;h)dx. (4.36)

Then, its quantum A-periods determine the quantum mirror map:

ti (K, & h) = Ay lim¢; (k,&;h) =t; (K, §) . (4.37)
; h—0
In the standard geometric engineering setting, only the Coulomb moduli receive non-trivial
quantum corrections, while the mass parameters remain undeformed, up to conventional
linear redefinitions. Quantum special geometry identifies the corresponding B-periods with
derivatives of the Nekrasov—Shatashvili free energy,

O0FNs
ot; ’

An=h (4.38)
/Bl
again schematically and up to normalization conventions. Here F\g is obtained from the
refined topological-string partition function in the limit e; = &, g — 0 [115, 120, 121].

From the viewpoint of the engineered five-dimensional gauge theory, Fng is identified,
up to conventional normalizations, with the effective twisted superpotential Wy, which
in turn plays the role of the Yang—Yang function of the associated quantum integrable
system. As discussed in subsections 3.1.5 and 3.2, its critical-point equations can therefore
be interpreted as quantization conditions for the quantum mirror curve [29, 120].

As already mentioned in subsection 3.2, however, the quantization conditions obtained
directly from the NS free energy capture only the perturbative h-sector and do not by
themselves determine the exact spectrum at finite h. Indeed, the BPS expansion of Fng
contains trigonometric denominators such as sin (wh/2), with w € Z<q, and thus develops
a dense set of poles on the real h-axis. Furthermore, these quantization conditions miss
contributions that are non-perturbative in i. The problem of constructing a pole-free,
non-perturbative completion that yields well-defined exact quantization conditions and
reproduces the spectrum of the quantum mirror curve is one of the starting points of the
closed TS/ST correspondence [15, 16].

The gauge-theory interpretation provides an alternative way of computing the quantum
mirror map. The relevant observables are half-BPS Wilson loops wrapping Sé in the
Q¢, c,-deformed background Rfél@ X Sé, in the NS limit. For suitable representations
R;, their expectation values determine the gauge-invariant moduli of the quantum curve
[95, 122, 123],

Ki X <WR«;>NS (t7 & h) ) (439)
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up to convention-dependent normalization. Solving these relations for ¢ as functions of
gives precisely the quantum mirror map.

The open-string sector also has a natural interpretation in this local mirror picture. In
particular, the mirrors of suitable A-model branes are B-branes supported at points of the
mirror curve, so that their open string moduli can be regarded as coordinates on Y. This
is the geometric reason why mirror curves play a central role not only in the closed TS/ST
correspondence, but also in its open-string generalizations.

This relation becomes even more direct after quantization. After choosing = as the
position variable, the open refined topological string partition function in the NS limit
defines a formal wavefunction

wWKB (‘T7’{7€7h) = Z(l)\II)Sén (x,t(l‘.)7£,h) 7€7h) ) (440)

whose large-z, large-radius expansion has coefficients with exact dependence on A and
which, when formally expanded around & = 0, satisfies the quantum mirror-curve equation
order by order in A,

Hapwis = 0. (4.41)
More precisely, its formal small-/ expansion
log Ywkp ~ Y " sn(), h— 0, (4.42)
n>0

reproduces the all-orders WKB solution associated with the quantum curve [17, 26, 115].

Although this representation retains the full A-dependence of its coefficients, this is not
enough to produce an acceptable wavefunction for the spectral problem. Indeed, the BPS
expansion of log Z(i)sen contains denominators of the form 1 — " w € Z-¢, and generically
develops poles at a dense set of real values of i, with h/(27) € Q. Moreover, as a function
of the open modulus z, the resulting expression can have singularities, including poles,
inside the strip of analyticity required by the difference operator. It also does not generally
have the decay properties required for square integrability. Consequently, reproducing the
all-orders WKB expansion does not by itself guarantee that the resulting function belongs
to the domain of the quantum mirror-curve operator.

One of the starting points of the open TS/ST correspondence is precisely the problem
of finding a non-perturbative completion of this formal wavefunction. The additional
contributions must cancel the spurious poles in both A and x and restore the appropriate
analyticity and asymptotic behaviour. The resulting functions are expected to solve the
quantum mirror-curve equation and, when the appropriate closed-string moduli lie on
the spectral locus, become normalizable eigenfunctions of the corresponding operator
[17, 26, 28].

4.2 The TS/ST correspondence

The topological string/spectral theory correspondence, or TS/ST correspondence, proposes
a non-perturbative formulation of topological string theory on local toric Calabi—Yau
threefolds in terms of the spectral theory of quantum mirror curves and, conversely,
conjecturally expresses exact spectral quantities of these curves in terms of topological-
string data [15-17, 26-28].

Local mirror symmetry plays a prominent role in this correspondence. Let M be a
toric CY threefold. Its toric data can be described by a set of distinct lattice vectors

SO = 0 €2 am1n (149
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Their convex hull is the Newton polygon, or toric diagram, of the geometry. The choice
of these points is part of the definition of the toric CY: different polygons give different
geometries, while different triangulations of the same polygon correspond to different
crepant resolutions, or phases, related by flops.

The mirror curve is obtained from the Newton polynomial associated to this polygon,

" (@) (a)
Hup (X,Y) =) e XY =0, X,Y e C*, X=e% Y=c¢Y  (4.44)

a=1

where we suppress the dependence on the complex-structure moduli for notational conve-
nience. Multiplying H 4 by an overall constant, and rescaling X and Y, removes three
coefficients, leaving only n — 3 independent ones.

The coefficients of the Newton polynomial naturally split into true moduli x and mass
parameters €. Geometrically, the true moduli are associated with the internal points of the
Newton polygon. Their number is equal to the genus g of the mirror curve and they become
the spectral moduli in the TS/ST correspondence. The remaining independent parameters
are mass parameters, which become coupling constants of the quantum mechanical operators
studied in the TS/ST correspondence. Examples of genus-one mirror curves include

local P? : e +el+e "V +Kr=0, (4.45a)
local P! x P! : e/ +eV+e"+e P +Kr=0, (4.45Db)
local Fy : et +el+e Y+ e+ =0. (4.45¢)

Here, as usual, “local S” denotes the total space Tot(Kg — S) of the canonical bundle
over the corresponding surface S.

The starting point of the TS/ST correspondence is the canonical quantization of the
mirror curve. One promotes x and y to canonically conjugate operators

x,y] = if, (4.46)
and defines the quantum mirror curve by Weyl quantization,
Hpg(e%,69) =0 — Hupm(e5,e) ¢ (z) =0. (4.47)

As mentioned in the previous subsection, in the z-representation the quantum mirror curve
is naturally a finite-difference operator. For genus-one mirror curves, there is a single true
modulus x and the quantized curve can often be written in the form

Ha (€,¢Y) = Opg + K. (4.48)
Setting k = —e®, the equation
(OM - eE) W =0, (4.49)

takes the form of an eigenvalue problem, with E playing the role of the energy.
The operator O, densely defined on L? (R), is typically unbounded. However, for
appropriate real values of & and of the mass parameters &, its inverse

pm = Oy, (4.50)

is expected, and in many important examples can be proven, to be a positive trace class
operator on L? (R) [124]. Thus, py has a purely discrete positive spectrum, which we
write as

pbn = e Erap, E, €R, n e N. (4.51)
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The spectrum can be neatly packaged into the Fredholm determinant of py,

(€, h) = det(1+ mopt) = L+ 3 Zua(N, & W)Y, (4.52)
N>1

an entire function of s, with zeros occurring at x = —e®*. The coefficients Zr((N, &, h)
are known as fermionic spectral traces, while the vanishing of the spectral determinant,
Em(k, & h) = 0, provides the exact quantization condition that replaces the naive five-
dimensional NS quantization condition.

Another central ingredient in the TS/ST correspondence is the refined closed topological-
string partition function Zgﬁfsed (@Q,&;q1,q2), discussed in subsection 4.1.1. It depends on
the two equivariant deformation parameters e; and €5 through ¢; = €!*! and ¢ = €®2. In the
unrefined limit e; = —eo = gs, it reduces to the ordinary closed topological-string partition
function. In particular, the non-polynomial part of its logarithm is the Gopakumar—Vafa

free energy introduced above
Fav (8,&;95) = log Zay (t, & eigs) ; (4.53)

where Zgvy is the non-polynomial part of the refined partition function Zgﬁfsed (Q,&q1,92)
in the unrefined limit. Furthermore, in the Nekrasov—Shatashvili limit €1 = A, €9 — 0, the
refined partition function encodes the quantum special geometry of the quantum mirror

curve through the NS free energy,
Fus(t & 1) = — lim &5 log Zifheq (¢, &, ¢=), (4.54)
e9—0

as discussed around equations (4.37) and (4.38).

For a genus-g mirror curve, quantization gives a family of g related trace-class operators
and a generalized spectral determinant. The T'S/ST correspondence expresses this Fredholm
determinant as a generalized theta function constructed from the modified grand potential
Jam [15, 16],

Em(k,&h) = Z exp [Jum (p + 27min, &; h)], K; = el (4.55)
nez9

Here the sum over integer shifts of the chemical potentials u; implements the 27i period-
icity implied by the relation x; = e**. The modified grand potential has the schematic
decomposition

Jm = JNEE + NP, (4.56)

where the WKB part is constructed from the NS free energy Fng, together with the
appropriate perturbative contributions. The worldsheet part is constructed from the
Gopakumar—Vafa free energy Fav, evaluated at the dual string coupling

(4.57)

and at the correspondingly rescaled Kahler parameters, including the appropriate B-field
shift. This combination is essential: the worldsheet contribution provides corrections that
are non-perturbative in 4 from the WKB viewpoint and, after the appropriate B-field shift,
cancels the poles of the NS sector. The resulting Fredholm determinant is therefore well
defined for real A and its zero locus yields the exact spectrum of the quantum mirror curve.

The correspondence therefore relates two a priori different objects. On one side one has
the spectral data of the operator pa, such as its Fredholm determinant, spectral traces and
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eigenvalues. On the other side one has the enumerative invariants of the toric CY threefold
M, organized by the ordinary and refined topological-string free energies. The Fredholm
determinant can be regarded as a completion of the closed topological-string partition
function that is non-perturbative in the string coupling gs. Conversely, topological strings
provide an exact description, valid at finite A, of the spectral quantities associated with
the quantum mirror curve, including effects that are non-perturbative in A. In this sense,
spectral theory and topological strings give mutually complementary non-perturbative
descriptions of one another.

The open-string sector also has a natural place in this picture. As discussed in
subsection 4.1.3, in the context of local mirror symmetry, B-branes are supported at points
of the mirror curve, so that the open string modulus can be identified with a coordinate
on the curve. In the NS limit, the refined open topological-string partition function
provides a formal solution to the quantum mirror curve regarded as a difference equation.
However, this solution is not generally a well-defined function for all real A, nor does it
satisfy the analyticity and asymptotic conditions required of proper eigenfunctions of the
quantum mirror-curve operator O, or equivalently of its inverse pas. A non-perturbative
open-string completion is moreover expected to be entire in the open string modulus and,
off-shell, in the closed string moduli.

Among other objectives, the open TS/ST correspondence aims to provide a general
prescription for constructing such eigenfunctions in terms of open topological string
quantities. This prescription should provide well-defined eigenfunctions for arbitrary real
h > 0 and, through the relation g, = 47%/h, a non-perturbative definition of the open
topological string partition function at finite g,.

To our knowledge, prior to the work presented in the final chapter of this thesis, a
complete construction of entire off-shell eigenfunctions at generic A had been obtained
only for local Fy [28], building on [27]. Earlier works treated several geometries in the
maximally supersymmetric case and provided checks at generic i [17, 26]. In the final
chapter, we give a prescription for the exact solutions associated with an infinite family of
quantum mirror curves geometrically engineering five-dimensional N = 1 SU(N) gauge
theories. These solutions are conjectured to be entire in the open and closed string moduli
and to become square-integrable eigenfunctions when evaluated on-shell.

Concluding remarks

Having introduced the main theoretical tools used in this thesis, we now turn to their
application to concrete problems. In the next chapter, we mainly focus on the Lamé
equation, using its relation to two-dimensional conformal field theory and supersymmetric
gauge theory to study its connection problem, and the associated periodic spectral problems.
Topological string theory and the TS/ST correspondence, discussed in this final background
section, will become relevant in the final chapter, where we turn to finite-difference equations
obtained by quantizing mirror curves.
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Chapter 11

Periodic Spectral Problems and
the Lamé Equation

In this chapter, we begin developing and applying methods inspired by two-dimensional
conformal field theory and supersymmetric gauge theory to the study of periodic spectral
problems. The necessary background on Fuchsian differential equations was reviewed in
Section 1, while the relevant material on conformal blocks, Nekrasov partition functions, the
AGT correspondence, and the Nekrasov-Shatashvili (NS) limit was reviewed in Sections 2
and 3.

Our primary example is the Lamé equation and the results presented here are based on
[125]. In Weierstrass form, the equation reads

(2 + B — p(u = Dp(2)) v(z) = 0.

A central question in the study of periodic spectral problems is how the stability of their
solutions depends on the parameters of the problem, as encoded in the corresponding
stability chart and band-gap structure.

To address this question, we begin by studying the global analytic behavior of solutions
to the Lamé equation. For a linear differential equation, this requires solving the connection
problem, namely relating bases of local solutions adapted to different singular points or
regions. As discussed in Section 2, the Lamé equation arises from the classical limit of
the BPZ equation satisfied by a torus conformal block containing a degenerate insertion.
This relation makes it possible to translate the crossing transformations of the underlying
two-dimensional CFT into connection formulas for solutions of the Lamé equation. A
similar strategy was applied to the Heun equation in [25]; see also [50, Section 31.2(iv)]
and the related works [11, 32, 126, 127].

Through the AGT correspondence, the same conformal blocks are related to the
Nekrasov partition function of the N' = 2* SU(2) gauge theory. Their classical limit
is mapped to the NS limit of the gauge-theory partition function, providing an explicit
combinatorial construction of the Lamé accessory parameter and its associated solutions.
This relation has been investigated from several complementary perspectives; see, for
example, [31, 96, 128-131].

We then move to investigate the characteristic band-gap spectrum of the Lamé equation.
The boundaries of the allowed bands are determined by the eigenvalues associated with
periodic and anti-periodic solutions. On the CFT side, conformal blocks possess a lattice
of poles in the internal momentum. In the classical limit, the classical internal momentum
is related to the Floquet exponent of a basis of Floquet solutions to the Lamé equation,
and the singular values of the classical block correspond to the resonant Floquet exponents
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that characterize the band edges. The ordinary classical or instanton expansion therefore
becomes singular precisely in the region needed to study periodic and anti-periodic solutions.

The main idea is that in the NS limit, the lattice of poles coalesces along one direction
and gives rise to a branch-cut structure. Capturing this analytic behavior requires an
appropriate resummation of the classical conformal block or, equivalently, of the NS effective
twisted superpotential. Earlier proposals for this resummation were obtained by examining
the NS function at special values of the masses for which algebraic integrability permits
high-order computations [37, 38, 132, 133]. In the Mathieu case, analogous information
can be extracted from high-order eigenvalue expansions obtained, for example, through
continued-fraction methods.

In this chapter, we develop a systematic derivation of the effective twisted superpotential
from the Nakajima—Yoshioka blow-up equations [69] and their C? /Z5 counterparts [134, 135],
the latter having first been derived for the N' = 2* theory in [43]. We show that the
relevant NS limits of these equations close on the effective twisted superpotential Wy and
its first eo-correction Wi. After introducing a suitable ansatz in terms of resummation
functions, we find that the blow-up equations, supplemented by appropriate boundary
conditions, conjecturally determine these functions completely. The resulting expressions
reproduce the functions previously inferred in [38, 133] and directly exhibit the logarithmic
and square-root branch structures of the resummed classical blocks.

The construction applies both to the NV = 2* theory associated with the Lamé equation
and to SU(2) theories with Ny < 4 fundamental hypermultiplets. In particular, the cases
with 1 < Ny < 4 will be examined in greater detail in the next chapter. Remarkably, a
single blow-up equation is sufficient to determine both Wy and W. The resulting resummed
effective twisted superpotential remains well controlled at the resonant values of the Floquet
exponent and therefore gives direct access to the periodic and anti-periodic eigenvalues
at the band edges. It also determines an infinite family of periodic energy branches as
functions of the Floquet exponent, thereby encoding the complete band structure; see
Figure 11.2.

As independent checks, we compute the periodic and anti-periodic eigenvalues of the
Lamé equation through its isomonodromic deformation problem [43], while we obtain its
(anti-)periodic eigenvalues and eigenfunctions through orbifold surface-defect partition
functions, following [36]. The results agree with those obtained from the resummed NS
free energy. These alternative methods provide direct access to particular eigenvalues
and eigenfunctions, while the resummed classical block furnishes a single analytic object
encoding the spectral information across the resonant points.

Structure of the chapter. In Section 5, we study the connection problem for degenerate
conformal blocks. We first derive the braiding and fusion transformations of degenerate
four-point blocks on the sphere and then use these data to obtain the connection formulas for
degenerate two-point blocks on the torus. Taking the classical limit yields the corresponding
connection formulas for solutions of the Lamé equation.

In Section 6, after fixing the relevant AGT conventions, we take the NS limit of the
C? blow-up equations. We derive the resulting constraints on W, and W, introduce
the resummation ansatz, and determine the analytic structure of its profile functions.
Section 7 develops the analogous construction using the C?/Z5 blow-up equations. In this
formulation, the resummation functions satisfy ordinary differential equations that can be
integrated explicitly, reproducing the results of the C? analysis.

In Section 8, we use the resummed effective twisted superpotential to study the real
periodic spectral problem of the Lamé equation. We first analyze the spectrum along the A-
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cycle and its band-gap structure. We then compare the resulting periodic and anti-periodic
eigenvalues with those obtained from isomonodromic deformations and construct the
corresponding eigenfunctions using orbifold surface defects. Finally, we use the connection
formulas derived in Section 5 to study the periodic spectral problem along the B-cycle.

Appendix A collects the conventions for the special functions and Nekrasov partition
functions used throughout the chapter. Appendix B presents checks based on standard
spectral methods, while Appendix C gives explicit examples of the equations obtained from
the blow-up relations and their solutions.

5 Connecting solutions of the Lamé equation

In this section, we solve the connection problem associated with the Lamé equation
following the approach of [25]. To this end, we begin by reviewing the connection problem
for degenerate four-point conformal blocks on the sphere and deriving their braiding and
fusion matrices. We then consider degenerate two-point blocks on the torus and compute
their connection formulas using the data obtained in the spherical case. Finally, we take
the classical limit, in which the BPZ equation reduces to the Lamé equation, and show
that the resulting connection formulas for the classical conformal blocks coincide with
those for the solutions of the Lamé equation. See Section 2 for the relevant background on
two-dimensional CFT.

5.1 Degenerate 4-point blocks on the sphere

Consider the 4-point conformal block! F(a4,as, —b/2,a1;2) on the Riemann sphere, asso-
ciated to the correlator

(Vas (00)Vay (1) 2,1 (2, ) Va, (0)), (5.1)
with V,, primary fields of holomorphic conformal dimension A; = a;(Q — a;), @ = b+ b1,
and ¢ 1 the degenerate field of Liouville momentum as; = —b/2. Due to the fusion rules
of the degenerate primary:

[62.1] % [Vo] = D_ [Va], (5.2)
e=+

with p. = p—eb/2, the space of such conformal blocks is two dimensional and we can denote
a basis by FL) ({ai}; x), where o specifies the choice of OPE channel, while € specifies

the choice of intermediate momentum. The block F.”) ({ai}; x) satisfies the following
hypergeometric BPZ equation:

<_20'l2 r—1 d A As A+ Ag+ Ay — Ay

AR e e Rl e )f (aikiz) =0, (53)

which can be put in standard form by the ansatz F ({a;}; ) = 2 (1 — 2)*% F ({a;}; z).
By considering power series solutions near the point = 0, one finds a basis of s-channel
conformal blocks:

F{as}iz) = a1 (1 = 2)"3 5y (x1, X25 X35 2), (5.4a)
fgs)({az‘};x) = xb(Qﬂ“)(l —2)" 5 R (x1 —x3+1Lx2— x3+ 1,2 — x3:2), (5.4b)

!The Liouville momenta, denoted by uppercase Roman letters such as P; and A in Section 2, are denoted
here by lowercase Roman letters such as a;, m and a. Unless otherwise stated, all parameters are assumed
to be complex.

70



Chapter II. Periodic Spectral Problems and the Lamé Equation

where
X1 = b(a1 + a3 +ayq — 36/2) —1, (5.5&)
X2 = b(a1 + a3 — aq — b/2), (5.5b)
x3 = b(2a1 —b). (5.5¢)

Similarly, by looking for solutions near x = 1 one finds a basis of t-channel conformal
blocks:

F{aiysx) = 2" (1 - 2)" 5Py (x1,x2. x1 + X2 + 1 — X331 — ), (5.6a)
FO(aiyia) = (1 - 2)" Q=% 4P (x5 — x1,x3 — x2. 1+ X3 — x1 — x2;1 — ), (5.6b)
and finally, near the point at infinity, one finds a basis of u-channel conformal blocks:
FY({ai}iw) = e om0 (1 - 2)M5 0B (xo, x2 — x3 + 1,x2 — x1 + 15270, (5.7a)
f(_u)({ai}; x) = e imasgbar=xi(] _ gybas By (v xr —x3 + 1L, x1 — xe + Lz, (5.7b)

where the normalization has been chosen appropriately for the study of conformal blocks
on the torus. Indeed, we want to identify solutions near the points z = 0 and = = oo
by matching their local monodromies. With the previous choice we can see that, when
ay = a3 = a/b and we consider the classical limit b6 — 0, the behavior of these local
solutions around their respective expansion points matches:

F=a"(140@),  FY =14 0),
]:‘(u) & (1 + (’)(a:_l)) , FSU) — xl—oz (1 + O($_1)> )

Due to their explicit expressions in terms of hypergeometric functions, we can obtain
connection formulas between different local bases of solutions, see e.g. [136] and [50]
(Section 15.10). Namely, we find the fusion matrix:

a

I ({ar}; @ ZF&[ ‘5/2] FO({ar} o), (5.9)

expressing the following change of local basis:
as —b/2 as —b/2

=Y Fuw , (5.10)
/==

a3e!

a4 A1e aq a4 a

and the braiding matrix:
Fls a —b/2 u
faikia) = 3 B [ L ] o Qakiz), (5.11)

expressing the change between the s-channel and u-channel bases:

as —b/2 —b/2 as

(5.12)

m\
\
H

a4 Ale
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These two connection matrices read respectively:

b9 C(xa)F(xa—x1—x2) C(x3)T(x1+x2—x3)
Fl% / _ F(Xa—X18F(X3—X2) FSX?F(X?) (5.13a)
as  ai P—x3)I(xs—x1—x2) _T@=x3)l'at+xe—x3) |° )
T(1—x1)L(1—x2) P(I+x1—x3)P(1+x2—X3)

elm(ba3—x2) ()T (x1—X2) e (ba3 =X (x3)T'(x2—x1)

B laS —5/2] — ( T(xs—x2)T'(x1) D(xs—x1)T(x2) ) .

a4 a elm(bag—x2+Xx3-D(2—x3)[(x1—x2) ™03 x1+X3-D(2—x3)[(x2—x1)
F(1—x2)I' (1 —x3+1) PI=x1)I'(2—x3+1)

(5.13D)

5.2 Degenerate 2-point blocks on the torus

Consider the 2-point conformal block on the torus ®(z, a, m;q) [62, 63, 137, 138], associated
with the torus correlator

Tryg (9207550 5V, (0)d2,1(, 2) ) (5.14)
Here 7z is a coordinate on the universal cover of the complex torus, q = e?™7, q = e 277
the modular parameters, Lo, Lo the diagonal Virasoro generators, the central charge is
c = 1+6Q? and finally the trace is taken over the Hilbert space of the theory. The internal
representation associated with the degenerate block ®(z, a, m;q) has corresponding internal
Liouville momentum a, and is generated by the primary operator V,. Precisely as before,
due to the fusion rules (5.2) of the degenerate primary ¢9 1, the space of such conformal
blocks is two dimensional and we can denote a basis by @EU) (z,a,m;q), where o specifies
the choice of OPE channel and ¢ = + specifies the choice of intermediate momentum.
Making the change of variable? y = €2™# and taking the OPE between the degenerate field
and V,, we find for the corresponding necklace channel basis of blocks:

O (2, a,m; q) = yoe 2 b (y,a,ms q), (5.15)
where <i>§”) is single-valued on the y-annulus and admits a Laurent expansion in this variable.

Thus, the necklace-channel blocks @En) are quasi-periodic functions along the A-cycle of

the torus: )
q)gn) (Z + 17 a’ m’ q) — eZﬂ'l(AaE*Aa)(bgn) (z,a7m; q) (516)

Meanwhile, the B-cycle monodromy matrix is non-diagonal and can be computed via the
Moore-Seiberg formalism [61, 137] by knowing the braiding matrix on the sphere (5.13b),
see also Section 2. Indeed, performing the following sequence of transformations:

m  —b/2 —b/2 m m  —b/2
o D S I
ae : : a E'Zi ae+e’ : 5 (517)
a Qe Qe
we find:
" (2 4 7,a,m;q) = Z Mg)ﬁ,@y)(z,a,m; q), (5.18)
/=4

2This change of variable maps the torus to an annulus with boundary circles identified, and introduces a
factor of 2! which contributes to the monodromy of the block.
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where the B-cycle monodromy matrix is:

Mén) = B;,l lm —b/2‘| e—egaa’ (519)

, €E ae af&

and the shift operator acts by e®% f(a) = f(a + k). Taking instead the OPE between Vj,
and ¢ 1, and going to the annulus y = e*™#, one finds for the OPE channel basis:

(I)EO)(Z7 a,m; q) - (1 - y)AmE_Am_AQ’l-F(aa Me; CI) (1 + 0(1 - y)) (5'20)

Thus, the blocks are diagonal with respect to the analytic continuation around the z = 0
point: ' .
(pgo) (627”2, a,m; q) — e2W1(AmE*Am*A2,1)(p£O) (27 a,m; q) (521)

We can again compute their A-cycle and B-cycle monodromy matrices by knowing the
connection matrices on the sphere. Indeed, we can write the OPE channel blocks in terms
of the necklace ones, of which we now know the monodromy properties:

m —b/2 m  —b/2

’
’

= > FJ 1
e = ao | . (5.22)

a a
Thus, we find:
(I)EO) (Z + 1’ a, m; CI) = Z Mﬁio,)ee”(big) (Z7 a, m; q): (5233«)
// :t
) (z +7,a,m;q) Z MB 66,/@(/)(2 a,m;q), (5.23b)
/// :t
where

1 m —b/2| 2ri(A.,-Ad) m  —b/2
A 66// = Z F [ ‘| Fﬁ’e” a s (524&)

o a a
1|m b/2 m —b/2
B ee’” = Z F MB ee’ Fervem a a ) (524b)
/ // :l:

and the shift operator ef% in M gl) acts on everything on its right. By going to the
OPE channel basis (5.21), we can also compute the monodromy matrix for the analytic
continuation of necklace channel blocks around the point z = 0, which is given by:

m =b/2| oni(Am ,—Am-A m —b/2
0 ee” _ Z Feo [ / ‘| 2 o 21)E ,l” [a / ‘| ) (5.25)

a

Similarly, by decomposing the computation in terms of the elementary fusion and braiding
matrices, one can obtain the monodromy matrix for the analytic continuation of any n-point
block, with the insertion of at least one degenerate ¢9 1, around any point of insertion of
other primaries and around the two non-trivial cycles of the torus.

73



Chapter II. Periodic Spectral Problems and the Lamé Equation

5.3 The Lamé and the Mathieu equations

The torus conformal block @ga)(z, a,m;q) satisfies the BPZ equation:
( — 57202 + 6 (2)0: — Appu(2) — 280 1m1 — 277187)@(2, a,m;q) =0, (5.26)

where (.(2) = ((2;1,7) — 2mz and p.(z) = p(z;1,7) + 21 [31], p and ¢ being the
Weierstrass elliptic functions, see Appendix A for the conventions adopted. In the classical
limit b — 0 [9, 131], with a = a//b and m = /b, the leading exponential behavior of the
degenerate two-point torus blocks is independent of the choice of channel:

2 low &) a“.): .
lig 12 log @(7) (2,5, 250) = f(a i), (5.27)

where
. o u
,p3q) = lim b°1 ]—"(,;), 5.28
fla,psa) = lim 0" log F | . 73 (5.28)
is the classical one-point torus conformal block. The dependence on z, together with
possible channel-dependent and z-independent normalization factors, appears at order b°
in the classical limit. We therefore define the normalized classical two-point blocks by?®

o) (2, a/b, u/b; q)

(o) 1q) = li 5.29
In this limit, equation (5.26) reduces to the Lamé equation in Weierstrass form:
(2 4+ B = nlp— 1)p(2)) ¥(2, 0, p0) = 0, (5.30)
and the eigenvalue E is given in terms of the classical 1-point block as:
E = —2u(p — 1)m — 470, f (cv, 13 q)- (5.31)

To obtain connection formulas for the analytic continuation of solutions to the Lamé
equation, we can simply take the classical limit of the monodromy matrices (5.19), (5.24)
and (5.25) derived in the previous section. In this limit, the necklace-channel blocks (5.15)
descend to a basis of Floquet solutions of the Lamé equation with Floquet exponents +v,
v =2a — 1, as follows from their quasi-periodicity along the A-cycle:

P (2 41,0, p5q) = 2Dy (2 o ). (5.32)

When 7 € iR5o and p € R, restricting the equation to the horizontal line z = = + 7/2, with
x € R, gives a nonsingular real periodic spectral problem, which we will study in Section 8.
In terms of v, the g-expansion of the eigenvalue (5.31) takes the form

Su(p —1)(v* =1+ p(u — 1))
v2—1

B/x = — su(p—1) + 1+ 0,  (533)

which can be easily verified by standard methods, see appendix B.1.
b
Let us now consider the B-cycle monodromy matrix (5.19). The shift operator e ¢2%

acts on the internal momentum as a — a — 6%, which in terms of the classical momentum

3Due to the AGT correspondence [22], the one-point torus block, the two-point torus in the necklace
channel, and thus their classical limits, can be computed via simple combinatorial formulas, see equations
(6.11), (A.31) and (A.37).
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2
« = ba becomes o« — o — E%.

two-point block (5.29), we find

Thus, using the definition of the normalized classical

o0 (a—eb/2mia) | Fla—eb/2,miq) 8 (2,0 - cb/2,miq)
b—0 F(a,m;q) b0 Fla,m;q) F(a—eb/2,m;q) (5.34)
= o750y (o ).

By taking the classical limit of the relation (5.18), normalizing by the one-point torus block
F(a,m;q), we obtain

Wzt a) = Y MLt (2, a0 0), (5.35)
=+

with the B-cycle monodromy matrix M ](3n) given by

Q
(g

I'(2 - 20)T'(1 — 2a) Y T:

7% (—i+ cot 2ma) si
(n) P2 —-2a—pu)l(1—-2a+p) (—i+ cot 2ma) sin 7y
My = e
of I'2a)T'(2a — 1)

5 (i + cot 2ma) si
(i+ cot2mar) sinp e T20— T 2ot 1)

1
2

Q|
Nl

e

Qv
0=

1
2

Nl

—e

Meanwhile, for generic values of u, the OPE-channel blocks (5.20) descend to a basis of
Frobenius solutions near z = 0. Since the leading OPE coefficient of (I)EO)(Z, a,m;q) is the
one-point block F(a,m — eb/2;q), carefully taking the classical limit in the normalized

solutions (5.29) gives
B (2,0, p3.q) = e 5T @D (amiz) 3 +E) (14 0(2)), (5.37)

where the —27i follows from 1 — e?™* = —27iz + O(2?) in (5.20). The local monodromy of
these solutions is then

PO (¥ 2, s q) = 2 PO (2, , 15 q). (5.38)

All other connection matrices can be obtained in a similar way*. As a consistency check,
one may compute the group commutator

MaMpM* Mg, (5.39)

which belongs to the same conjugacy class as M ! "as required by the fundamental-group
relation on the once-punctured torus. Since My € SL(2;C), the matrices M, Land My
themselves belong to the same conjugacy class.

Turning to the ordinary matrix commutator of the necklace-channel A-cycle and B-cycle
monodromy matrices, for generic values of the Floquet exponent v, one finds

[Ma,Mp] =0 = weZ (5.40)

The vanishing of the commutator is independent of the choice of basis, therefore we find
that integrality of u is a necessary condition for the existence of elliptic solutions of the
Lamé equation. It is not sufficient, since the accessory parameter F must satisfy additional
conditions.

4The connection formulas for the Lamé equation can be obtained also via the probabilistic construction
of conformal blocks [139].
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For ;1 € Z and generic values v ¢ Z of the Floquet exponent, the eigenvalues et

of M4 are distinct. Since M4 and Mp commute, Mp preserves the one-dimensional
eigenspaces of M 4 and the two monodromies can therefore be simultaneously diagonalized,
being semisimple. At discrete values of E, some of the resulting common eigenfunctions
become periodic or anti-periodic and reduce to the classical Lamé polynomials [47].

By a further limit, it is known that the Lamé equation degenerates into the Mathieu
equation. Using the representation (A.3) of the Weierstrass p function in equation (5.30),
setting z = x + 7/2, and considering the limit q — 0, u — oo with ¢ = qu* fixed, one finds:

(83 + X+ 872Vt cos 27r:17) Y(x,a;t) =0, (5.41)
where the eigenvalue A is obtained from equation (5.31) as the limit:

A= [E +2p(p — 1)771} = —Ax2t 0, f (s t), (5.42)
q—0, p—o0

and similarly for the eigenfunctions. The function f(«;t) corresponds to the classical

irregular block on the sphere [41]. In terms of the Floquet exponent v = 2ac — 1, the first

few terms of the small ¢ expansion of the eigenvalue read’:

8t 8(7 + 5v2)t?

M e T -1 )

+O(t%), (5.43)

which again can be verified via standard methods.

6 Resummation via C? blow-up equations

In this section we investigate the analytic structure of classical conformal blocks as functions
of the classical intermediate momentum « or better, the Floquet exponent v = 2« — 1.
Since in the following we will discuss the C? and the C2/Zy blow-up equations, following
the conventions of [43, 140], we briefly review the dictionary of the AGT correspondence
[22], leaving definitions to Appendix A.2. The Nekrasov partition function [1, 2] of the
SU(2) gauge theory with Ny fundamentals of masses p = {ui}f-v:fl is the product of a
classical, a 1-loop and an instanton part:

20 (a, e, e05t) = 257 (aser, e ) 2100 (0. pier e2) 2 (a, e est),  (6.1)

cl 1-loop inst

which depend on the vev of the adjoint scalar a, the two equivariant parameters €1, €2 and
the coupling constant t. The AGT correspondence relates the Ny = 4 Nekrasov partition
function to the 4-point conformal block on the sphere by®

F(@; ag,mo, mi, a3 ) = (1 — 1) 2@ mi)p=mi(Q-m)—en(@-a)

(6.2)
2 (021,005 20 (0, i, e031),
where a, @Q are related to the gauge theory parameters by
a-— 2 9 o_pipt, o2 (6.3)

\/€E1€2 57 €1

°In order to compare with the expansion presented in [50], Section 28.15, one must identify ¢ = 1—16(]2.
5The ordering of the arguments of the four-point block follows the arrangement of the operator insertions
in (5.1), while @ denotes the internal Liouville momentum.
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while for the remaining ones the dictionary reads:

1 p1 — 12 1 p1 + p2
aO_Q(Q+ \/E1E2 )’ m0_2<Q+ \/E1E2 (64)
al:} Q- M mlzl Q_u3+/~04 '
2 \/E1E2 ’ 2 \/E1E2 ’
The partition function can be equivalently written as:
2WNil(a, pse1,e95t) = exp <F[Nf](a, W €1, €2; t)), (6.5)

where the prepotential:

N N N
FIN(a, ey, e0:t) = Fyy (001, e051) + F[_kf(])p(a, pier,ex) + Find (a, pien, e2;t), (6.6)

cl

admits an expansion in powers of g2 at fixed €1. In particular, writing:

FIN N (a, pser,east) = Y Wi (a, s t)ey (6.7)

n=0

and denoting the classical 4-point block on the sphere by f[4(v, fi;t), the latter can be

expressed in terms of the NS prepotential [29] ng](a, w,e1;t) as
W () e t) = — P loe(1 — 1) — P2 W (e W (g
e1 f¥ (v, @i; 1) 2, log(1 —t) 2, logt + Wy o ( 5 ,51,t> + W5 inst ( 5 ,u,el,t) , (6.8)
where
B1 = (e1+ 1 + p2)(e1 + ps + p1a), o = et — pj — 1, (6.92)
N 17 2a
—— - 6.9b
27 1 v 1 ( )

The remaining equivariant parameter £ is then identified with the reduced Planck constant
€1 = h of the relevant quantum mechanical problem. Then, from the Ny = 4 instanton
partition function we can obtain the N; < 4 ones by decoupling the appropriate number
of hypermultiplets. This is achieved by sending their masses to infinity and the coupling
constant t to zero, while keeping their product fixed, in the 1-loop and instanton parts, for

example:
[Nf<4] 3 1 [4} t
. , A= 1 . lim Z ; |- 1
inst (a7“’€1’€2’ ) Manltrln—mO M41£>n°° et (a7u’ e H?:Nerl Mi) (6 O)

At the level of the classical 4-point conformal block f [4}(1/, f;t), these decoupling limits
result in the irregular classical blocks fIN#<4 (v, fi; taivf _4) [41]. Moving to the torus, the
Nekrasov partition function Z(a,m;e1,e9;q) of the N’ = 2* SU(2) gauge theory depends
instead on the mass of the adjoint hypermultiplet m and the coupling constant q = €™,
Via the AGT correspondence, the 1-point torus conformal block is identified with the
Nekrasov instanton partition function as:

F(a,m//1e2;q) = 4~ Za(a;e1,€2; ) Zinst (a, m; €1, €25 q), (6.11)
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where @ and @ are as in (6.3). Thus, the NS prepotential Wy(a, m,e1; q) is related to the
classical conformal block f(v,m;q) by:

A e1v e X m
erf (v,m;q) = Wo,a <2,61;q> + W, inst (2,m,61;q)7 = (6.12)
In the limit m — oo, ¢ — 0 with ¢ = m*q fixed, the A" = 2* instanton partition function
Zinst(a, m; €1, €25 q) reduces to the pure gauge theory one, Zi[glt(a; €1,€2;t), and similarly
for the prepotential and the semi-classical block, after an appropriate normalization.
Leveraging the identifications due to the AGT correspondence, in the following we will

denote by f~[Nf }

st and fingt the instanton part of the classical conformal blocks.

6.1 NS limit: N; <4 and N = 2* theories

The blow-up equations are a set of extremely rigid constraints satisfied by Nekrasov
partition functions [3, 52], and thus conformal blocks [92]. We consider the vanishing C?
blow-up equations, which, for the partition functions of SU(2) gauge theories with Ny < 4
fundamental hypermultiplets, take the form:

S° 2WNi(a+ney, ier,e2 — e1;t) 20N (a + nea, fisea, 61 — e0;t) = 0, (6.13)
nEZ—i—%

where fi12 = p12 — (61 +¢€2)/2 and fi3 4 = —pz 4+ (€1 + £2)/2, while for the N' = 2* SU(2)
gauge theory, we consider [43]:

62(0[27) Z Z(a+ne1,m;er, 2 — €1;9) Z(a + nex, m; 2,61 — €2;q)

nezZ
6.14
— 65(0|27) Z Z(a+ney,myer, g2 —e1;9)Z(a + neg, m;eg, 61 — e25q) = 0. ( )

nEZJr%

In particular, in the pure gauge theory limit ¢ — 0, m — oo, with ¢t = gm?* held fixed,
equation (6.14) reduces to equation (6.13) for Ny = 0. To obtain relations involving
the classical conformal blocks, we consider the €1 — g9 — 0 limit of the previous blow-
up equations, starting with (6.13). Expressing the partition function in terms of the
prepotential, as in equation (6.5), we obtain:

Z exp (F[Nf](a + ney, fi;e1,62 —e1;t) + F[Nf](a + neg, fi;€9,61 — €3; t)) =0. (6.15)
n€Z+%

Then, expanding the prepotential as:

F[Nf](a, e, E9;t) = W(ng}(a, woen;t) + W{Nf](a, p,e1;t) + O(er), (6.16)

1
€2
in the limit e; — €9 — 0, we obtain:

FIN(a +ney, fise1, 60 — en;t) + FN(a + neg, fi; 62,61 — e9;1)

1 N _ N _
26 c W([] ﬂ(a—l—nq,u,q;t)%—wl[ f}(a‘—i_n&—lv“?gl;t)""gl €2
2 — ¢l

:2W{Nf](a + nh, @1, hyt) — nf)aW(ng} (a + nh, @1, hyt) — 8hW([)Nf](a + nh, i1, h;t),
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where we set €1 = €9 = hi. Thus, in this limit, equation (6.13) becomes:

[Nyl _ [Nyl ~ [Nyl _
Z €2W1 f (a+nh,fi,h;t)—nda W, f (a+nh,f,h;t)—0sW, f (a+nh,f,hit) _ 0, (617)

n€Z+%

where the Coulomb branch parameter a and the masses u; are shifted after taking the
h-derivative. In particular, after taking the limit, the shifted masses read fi12 = 12 — h
and fig 4 = —p3 4 + h. Similarly, for the N' = 2* gauge theory, the NS limit of the blow-up
equation (6.14) takes the form:

92<0’27_) Z e2W1(a+nh,m,h;q)—n6aW0(a—i—nh,m,h;q)—OhWO(a—i-nh,m,h;q)

neZ

_ 93(0‘27’) Z e2W1(a—i—nﬁ,m,h;q)—naaW()(a-l—nh,m,h;q)—8hW0(a+nh,m,h;q) _ (618)

nEZ-i-%

6.2 Solving the blow-up equations: N; < 4 theories

Let us begin by considering equation (6.17). To make it more explicit, we split the two

prepotentials into classical, 1-loop and instanton parts, using the definitions (A.22a) and
2

(A.22b) . Then, dividing by a common factor of t%?_%, we find:

Z e 2W1 i bop (3h+n8a)ng,vfi ]1oop+2W1,inst_(ah‘i‘naa)w([)l’vi{]]st -0, (6.19)
n€Z+2
where Wj[f\ﬂoop = Wj[f\ﬂoop (a + nh, 1, h) and WJ[ Hfllt Wj[j\fr’ilt (a + nh, @1, h;t). Normaliz-

ing by the 1-loop term for n = 0, what remains are just simple rational functions of a, “;{V:fl
and h, with poles for a € gZ. Indeed, with this normalization and setting A = 1, equation
(6.19) reads:

[N¢] [Nl
Z m g% lé]op a w,n ) 2W1 inst —(Op+n0a )Wo,inst — 07 (620)
n€Z+2
where gl loop(a p,n) can be computed as the e; = g5 = 1 limit of the I-factors L"~™)! in
Appendix B of [52]. Namely, defining the functions:
n—3% )
h;
Dfeop(as ) = [T (ma—j+pl(a+j+u), n>, (6.21a)
]*O
"(—2a—j+1)(2a+ )71, ifn> 1,
gi’?lf)op(aa n) = ) (621b)
1, ifn=0
the 1-loop factor can be written as:
vafl 9P (a.fiim) > 1
N vec 5 Z 9
G (a pn) = THoen(@) (6.22)
P Hz ! glﬁgop(_a’ui’_n) f < 1
vee (g —n) , 1In -3

91- loop

where we recall that fi1o = pu12 — 1 and i34 = —pu3a + 1 for A = 1. Generalizing the
considerations of [37, 38], to solve equation (6.20) we make the following ansatz:

N
WIS (@, 1st) = R (a, o, i)
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+h Z Nf] {M},M (tth—4>’“+j/2_1’

R ni’ " j+2a/h
(6.23a)
WA (a, i, t) = R (g, 1)

1,inst

(th]\,ffél)j/2

NG R Ny—a\kti/2-1
, (a2 GO N RN
+;1 ig,w {h}’ j+2a/h ( )

_4\J/2
o (L)

Pt jt2a/h

where the resummation functions g;. " (p, ), g,L]\;f](u,x) and fg\;ﬂ(u, x) must be analytic

near x = 0 and vanish at z = 0. Moreover in order for the ansatz to admit a power

series expansion in integer powers of ¢, the functions must have definite parity in their last
[ f] | f}

[ f](

argument, namely, the g, /" and g,/ are assumed to be odd, while the functions flw’ are

assumed to be even. The functlons RE 71 are also vanishing at ¢ = 0 and take into account

[4]

the regular part of the instanton expansion. They can be computed explicitly from R
and R[ﬂ in equations (C.1) and (C.2) by taking appropriate decoupling limits. To obtain
equations for the resummation functions we proceed in the following way. The blow-up
equation (6.20) holds for any value of the parameter a, allowing us to set:

a= Z(ml—i—ltn;), mi1 €Z, mo €N, (6.24)
with  a complex variable, and expand the resulting expression in ¢. Due to the symmetry
of the equation for a — —a (accompanied by n — —n), we may restrict to m; > 0. The
choice in (6.24) allows us to focus on the functions with j = mg, as can be seen by noting
that, when j = mgy and 2n = Fj — my, these functions and their derivatives enter the
equations as:

Np-a)I/?
(th ! ) _ V] <{Mz} o ma(Ny— 4)/2)

[M]{M} _y
kg )7 jx@2n+my)£tm2/2)z kmz | B

Meanwhile, when 2n = Fj — m; and j # mso we have two possibilities: if mo < j the
functions will enter through their expansion around zero, while if mo > j they will enter
through their expansion around infinity. Finally, if j + (2n 4+ m1) # 0, the functions will
enter simply through their expansion around zero. We now begin by deriving the equations
satisfied by the resummation functions and show that they can be easily solved. Finally, we
discuss the structure of the blow-up equation’s expansion, taking into account the behavior
of the resummation functions expanded around infinity.

6.2.1 Algebraic equations for the resummation functions

First of all, we consider the simple rational functions g£ h’;])p(a p,n) in equation (6.22).

When both a > 0 and n > 0, its expansion in a around some fixed positive value will start
from a constant term. Then, for any value of n € Z + %, G1-1oop(@, ) has always a simple
pole for a = 0 and finally, for n < 0, the function has poles at a = j/2, j € {1, ...,2|n|}, of
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order 2j except for j = 2|n|, for which the order is 2|n| — 1. Setting 2a = m; + t"2/2/z,
expanding in ¢ and combining with the overall power of t”2, results in a predictable leading
order behavior. In particular, for 2n = Fme — mq, m1 > 0, we find:

t(m1+m2) /4g[Nf] (mm: + tm2/2 mo + ml) N O(t(ml_m2)2/4),

1-loop 2 » M — 2

mi—ma)2 /4 ~[Ny] m1x+tm2/2 ma —my m1—mo)?/4
H(m1—m2)?/ gl—loop < o e 5 ~ O(t( 1—ma2)?/ )7

while for values of n between —(mg + m1)/2 and (mg — m1)/2, the power of ¢ at leading
order can be negative. Let us now consider the instanton contributions. To understand
the structure of the expansion and the form of the resulting equations, we can examine the
n-th term of the blow-up equation (6.20), where n is such that j &+ (2n+m;) = 0, for some
j < mgy. These terms give the most interesting contributions, since for j < mo we will find
the non-trivial expansion of the resummation functions around infinity and for j = mo we
will find the functions valued at 4z, while for j > msy the functions are expanded around
zero. For example, we have:
W NI _ pIy] (W " 1;t>

1,inst 1,inst 2x
N /9 [Nf] -
Zt’“ LA y) = 02000 ()] + 0™ N9, ),

and similarly for W([) lfl]st, where y = 2tU=2)/2 while the functions h¥ Vsl take into
account the remaining part of the expression, which will have an expansion starting from
some positive power of t. The parity of the resummation functions has been used to
simplify the previous formula. Thus, isolating only the relevant terms at the exponent in

equation (6.20), we find the following expression:

) [N N Ny
DVEI — O+ o) W = 3 0 20 ) 0,00 )

k>1
‘ SNfl = Ny] [N N N¢l, ~
L ¢i/2 <gg}€’jﬂ( o) + L9 ) 1 800,60 ) 625
+ Zm Onsgig (R, ))] + 5T V(2 1),
where:
1 = (= Np)(k+35/2) + Ny = 5, (6.26a)
6, = (4= Np)jj2 -1, (6.26b)

and the functions sT [Vf1(x, p,t) vanish at ¢ = 0. By collecting terms of the same order in
t from the expansion of the blow-up equation, these expressions, together with the 1-loop
term, allow us to derive the form of the equations satisfied by the resummation functions
and show that the t-expansion around the poles (6.24) is well-behaved. Namely, by setting
j = mg, assuming my > 0 for simplicity’, omitting the [V 7] label from the resummation
functions, and performing the change of variables:

~ 1 1
fl,m2 = 5 log Umg 8mgl,m2 = ﬁ log(:n Um2)> (6'27)

"The equations for m; = 0 are automatically satisfied once a solution for the m1 > 0 case is found.
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we obtain at leading order:
qu( Uy , T Cm1,m27-7m2 ) + Tmy,me,1 = 0 (6.28)

where the constant ¢, m, can be computed from the 1-loop factor (6.22) and reads:

N¢ -
s (1) = (— 1yt izt Consams (1 1)
mi,ma mgml[(m2 _ 1)!]4m1

, (6.29)

with ép, m, (1) defined in equation (C.6). We observe here, via the change of variables
(6.27), the appearance of logarithmic branching, necessary to obtain a linear equation
(6.28) in the function u,,,. Meanwhile, at orders th=1 and ¢kti/2-1, respectively, compared
to the leading order equations, we find:

2( + Cmi,ma U ma )fk my T mll'Q(’U le,mzz};zgn)axgk,mz + Tmymak = 0 (6'30)
[V/] /] al

2gk,m2 + ’yk,’rflzgk ma + 5 f 1’8‘rgk ma + Z /’LZ Hzgk ma + rm1,m2,k - 0 (631)
=1

The functions 7, mg, k(z, t) and 7, m, k(2, 1) account for the remaining contributions of
the t-expansion at each fixed order and can be explicitly computed for any choice of mq
and me. In particular, they also include contributions from resummation functions that
are assumed to have been determined from equations at lower orders in the expansion. For
example, in equation (6.31), the terms involving the function g ; could, in principle, be
absorbed into 7, m, 1. However, we write them explicitly to highlight the simple relations
that connect the functions at each step. The three families of equations (6.28), (6.30) and
(6.31) determine the resummation functions up to a branching ambiguity, which can be
fixed by imposing the appropriate behavior at zero and at infinity, see Appendix C.2 for
an explicit example. Indeed, equation (6.28) determines u,,, as a function of v,,,, and by
equating two such expressions for different values of m, one finds:

m1 5 —1m1 o m1 —m1) __
<Um2 T+ Cvg,ma U, ) T'my,ma,1 — Tiy,ma,1 (Umz T+ Cmyma U, ) =0,

T
+, /2 2 L — 2C1m,, for mo odd (6.32)
( C1,mo M2 )
— ’Um2 — 2 = =
3,m9,1
Umgy +, /ﬁ — Clmq, for mg even,

where in the last step we set m1; = 2, m1 = 4 for odd mg, m; = 1, m; = 3 for even myo,

respectively, and used the fact that ¢, m, = (—1)"‘1“071”’?1 After choosing a branch of

the square root on the right-hand side, equation (6.32) becomes quadratic in vy,,. Solving
it makes the square-root dependence explicit, with the appropriate branches selected by
the required behavior at x = 0. This provides the mechanism for the square-root branching
observed in the explicit solutions. Then, two copies of equation (6.30), evaluated at different
values of mp, determine the functions fj ,, and g m,, with the integration constant of
the latter fixed by requiring it to vanish at zero. Finally, equation (6.31) determines
Jk,ms in terms of the previously determined resummation functions. Thus, we have shown
that expanding the blow-up equation (6.20) for two distinct values of m; is sufficient to
determine all the resummation functions. For example, the first few functions in the Ny = 0
case are given by:
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—m+1og(¢ﬁ+g) .

[0] I (2—x2)\/1+4x2 —322-2
91, 1(z) = ) 92’1(55) = 3 )
x 122
0 Vita?—1-log(3V1+a2+ 1) 0 8(V1+a22—1)
[0] (z) = 2 2 (0] (z) = —
91,2 T ) 92,2 € oy ’
\/72 1 + 31,2 + 5xt—5x?—1
A0y o L= VIHda® =10] oy Vitdz?
91,1( ) o0 ) 92,1(95) 623 )
I2
_[0] 1 — V1422 _[0] 32 — 2(1317;;216)
Gy 2(x) = e G2(7) = T orn
~10 ~10 3.’1)2
11(2) = — log(1 +42?) @) = 50 ey
~0 ~[0 41‘2
%) = —7 log(1 4 2?) b () = 90T+

while their general structure will be discussed in Section 6.4. However, two points may still
appear unclear at this stage. First, the presence of logarithmic terms in the resummation
functions could invalidate the expansion of the blow-up equation for ms > 1, as these
functions will be expanded around infinity. We will show shortly that this is not the case.
Second, it is not clear whether knowledge of the Taylor coefficients of the resummation
functions with j > ms is required to determine the functions at the step j = ms. While
such terms do appear in the functions 7,,, ym, r and 7, m, 1 and introduce some subtleties,
discussed in detail through an example in Appendix C.2, these do not affect the overall
procedure. In conclusion, we found evidence that a single blow—up equation is enough to

determine all the resummation functions g,[j\;f ], N[Nf land f . Moreover, since W([) lfllst and

Wl[ Ifl]st, as in equations (6.23a) and (6.23b), comc1de with the known instanton expansion

when re-expanded around ¢t = 0, they will automatically satisfy any other blow-up equation.

6.2.2 Structure of the expansion

Let us now examine more carefully the structure of the blow-up equation’s expansion,
taking into account the asymptotic behavior of the resummation functions at infinity.
As already mentioned, there is a distinction between the cases mo = 1 and ms > 1, in
that in the former no resummation function is expanded around infinity. Moreover, for
mg > 1, certain summands in the blow-up equation (6.20) begin with negative powers of
t; specifically, this occurs for some values of n within the range {—’"2*2'"” poe, ALY
However, these terms combine in such a way that the first non-zero coefficient in the
final expression appears at order #(m1=m2)?/4 Ty {llustrate the difference between the two
cases, let us first consider a single function. Take, for instance, a value of n such that
2n 4 j +mq = 0 for some j < mg. Then, for example:

F, [Ny] k—1 | FINy] x 3/2 [Ny] x T, [Ny]
Wl inst — kzlt |:f ( t(mzj)/Q) +1 Ik.j (“’ t(m2j)/2>:| h "

By explicitly solving for the resummation functions, as shown in the previous section, we
find that the asymptotic behavior of g[ 7l and fl[]jf } is given by:

N 1 _ AINg] - 1 _
ggdf](u y) = const — @logy2 + 0™, l[ﬂﬂ(u,y) =7 log y® + const + O(y2).
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In contrast, the asymptotic behavior of all other functions is purely power-like, starting
from a constant term. Therefore, by absorbing the subleading terms into A% [Vfl we
obtain:

1 tm2=J -
Wl:',:;l[ljs\if] = 10g<x2> +hE N (2, ).

Such logarithmic terms remain at the exponent in equation (6.20), effectively decreasing
or increasing the overall power of ¢ from which the expansion of a particular term in the
blow-up equation begins. Indeed, considering the expression (6.25), we can isolate the
terms containing logarithms, i.e. the £k = 1 ones, and obtain:

F, [Vy] a?

inst

— (O + nd) Wi = (Fma = 1/2) log

2Wl i -t 5% [Ny (SC, K, t)v

where §F [Vr] is regular at ¢ = 0. In particular, we notice that all the ¢logt terms cancel
in the final expression. Thus, we have shown that the expansion of the blow-up equation
(6.20) considered above indeed leads to a well-defined power series in the parameter ¢.

6.3 Solving the blow-up equations: N = 2* theory

It is straightforward to repeat the previous analysis in the A/ = 2* case. Denoting by u
the mass of the adjoint hypermultiplet, to avoid confusion with the integers m; and mso,
and setting i = 1, we can write the blow-up equation (6.18) as:

92 (0|27-) Z qn2 gl—loop (a’ /‘1’7 n)e2wl, inst _naa]/vo7 inst_ahwo, inst

nezZ
6.33
030020) Y " Grtonplt )V Wosme (O3

nezZ+i

where Wi inst = Wi inst (@ + n, i, 1; q). Explicitly, the 1-loop term reads:

dj
gili ]JOOP (a»,uﬂn)
RN eop(am)
gl-loop (a7 , TL) = godi o
95 loop( a4, 7’L)

for n > 0,
(6.34)

forn <0,
where g{;,, is defined in equation (6.21b), while:

2n j—1
& 5 (—2a—j7—pu+1YQ2a+j—p)=t, forn>0,
I top (@5 f1;1) = { ! (6.35)

1, for n = 0.
To solve equation (6.33), we consider the ansatz:

/2 .

Wo,inst(a; b q) = h Z [Zglm (Z, M)] qi /21 (6.36a)
j,k=1

W, inst (@, 1, 13 q) = log o(q) " + Z Zg no_ @l gttt

1,inst\ &y My 1Ly k,j h’j:I:Za/h

j,k=1

i/
+ Z [Z Frd (Z ]f%/hﬂ g, (6.36D)

7,k=1
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and expand in q the blow-up equation, setting:

h 1 m
=t (ml n xqf)  mi€Z, meeN. (6.37)

In this case, the regular parts of the resummation ansatz are determined by considering
the AN/ = 4 limit of the partition function (A.30), i.e. the u — 0 limit, which is known
exactly. Then, we can compute the analogue of (6.25), which reads:

2Wi:inst - (8ﬁ + na@) W(Tinst = Z qk_l |:2f~k,] (/J'a y) + leJQaygk,j(Ma y)
k21 (6.38)

+¢//? <2§k,j(u, Y) = G, (1Y) — yOygr,j (1, y) + 1ugi,; (1, y))} + 5T (@, 1, q)

where y = xq(j —m2)/2 This expression allows us to write the explicit form of the equations,
which read:

Uy (Ums + CmymaVmy *) + Tmyma,1 = 0, (6.39a)
2(”%; + thmzvr_ngnl)fk,MQ + ml'%‘Q(U;’;; - le,mQU;’;nl)afL’gk;7m2 + rm17m27k == 0, (639b)
2§k,m2 — Gkmo — xa:cgk,mz + Naugk,mg + ,le,mg,k = 07 (6396)

where each function depends on the variable  and on the adjoint mass p only. In particular,
the constants ¢, m, (1) can be computed from (6.34) to be:

—1/. )
e () = gyt R0 G TG e 1
1,M2 mgm1[(m2 — 1)!]4m1

(6.40)

Since the equations (6.39) are essentially identical to those presented in the previous section,
we do not repeat the discussion of their solution here. Instead, we note that the same
logic applies and refer the reader to Appendix C.2 for an explicit example. The general
structure of the solutions is likewise essentially unchanged, as can be seen, for instance,
from the very first functions:

V1+4p?(p —1)222 — log (% + V1T + 42 (- 1)23:2) -1

g11(p,r) = . ,

(=144 p2) (1= T+ 42— 1)%27)
2p(p — 1)

. 1
Furlp,z) = =7 log (1+4p2(n = 1)%?) .

g11(p, ) =

)

One can also verify that, given the resulting asymptotic behavior of the resummation
functions, the expansion of the blow-up equation (6.33) is well-defined. Finally, we have
shown that also for the NV = 2* theory, a single blow-up equation completely determines the
functions appearing in the resummation ansatz, which, if re-expanded, reproduces the usual
Nekrasov expansions. Thus, any other blow-up equation will be satisfied automatically by
the ansatz, as in the previous case.
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6.4 General structure of the resummation functions

We conclude this section by outlining the general structure exhibited by the resummation
functions®. In particular, our results are compatible with and extend those previously
conjectured in the literature [37, 38]. Starting from the NS prepotentials, or classical
blocks, we find:

log (% +,/4 —|—wnz2/C,%) +1— 1+ 4w,z?/¢2

gin(p, 2) = — . , (6.41a)

1 dw,, 2> 5/2k
ngZn(“’v Z) = W (1 + CZ ) Qk,n (/J'a Z2) + Pk,n (u, ZQ) ) (6'41b)
n

where N
Wi for 0 < Ny < 4,

2, for N = 2%, (6.42)
and
N ot Ny n—1
wn = [ TIwi+k). =[] (w+k)  G=nln-1). (6.43)
f=1on =1 k=—n

The functions Qg , and P, are polynomials in 22 of degree 2k — 3 and k — 1, respectively,
with coefficients that are rational functions of the masses. Meanwhile, for the first e
corrections to the NS prepotentials, or equivalently, the first 4% corrections to the classical
blocks, we find:

2k
N 1 4w, 2?2\ 2 2 2
Gen(1:2) = 1 <1+ G ) Ui (1:2%) + Vi (11,22) | (6.44a)

~ o ]_ 2 2 s _ Z2Zk,n(l‘l'7 22)
fl,n(“a Z) - _Z IOg (1 + 4U)n22 /Cn) ) ka?,'rL(/J'u Z) - (1 N 4wn22/<%)k_17 (64—4b)

where the functions Uy ,,, Vi, and Zj,, are polynomials? in z? of degree 2k — 2, k — 1,
and k — 2, respectively, with coefficients that are again rational functions of the masses. In
particular, for the Ny < 4 cases, we find that also the functions g ,, seem to have a simple

1 _ 1 + 4w7éz2
G, 2) = — S (6.45)

2nz

universal structure, namely:

while the same does not appear to be true in the AV = 2* case. As an example, the first
few independent polynomials for Ny = 1 read:

1 1 1 8
Q2,1(p1, ) = 2 (48 (—=1+8u3) + Sk (1—243) 33) ;o Qap(p,z) = —ghat,
1
1 5 15 ,) 13, , 32
Uz a(p1,z) = 6 6/1155 - (4 - 6#1) z=, Uza(p,x) = _aﬂl (4M1 - 1) - — 2*7N1$,

8The emerging pattern has been tested for higher or lower values of k and n, depending on the
computational complexity of the equations involved.

9The polynomials Py, and Vi, are not independent of their partners Qr,, and Uy, n, since they are
determined from them by requiring the functions g,» and gr,» to be of O(z) as z — 0.
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1 1
Zoa(p1, ) = 1 (1—6u3), Zoo(pi,z)= gt (1—4p3).

Moreover, for the N' = 2* case, we find that by parametrizing the resummation functions
in the following way:

log (3 +/1 + 22/c3) +1 - VI+4ZA/Q

Iinp,2) = — . : (6.47a)
* 40%22 . * 2.2 * 2 2
gk22,n(u7 Z) = - (C Z)Qk_g 1+ C% Qk,n <:u7 Cp? ) + Pk,n (:uv Cn? ) ) (647b)
3k
~ % 4012122 : * *
T (1, 2) = (n2)2F 1 <1 + & ) Ukn (Naci?«’z) + Vi (/M 0222)] ; (6.47¢)

w2’ 25, (n, cn2?)

(1+4c222/G3)

- 1 w

Finps2) = = 10g (1+4622/C) . Fizan(n2) = (6.47d)
the coefficients of the functions Q, ., Py, Ug . Vi, and Zp , which are polynomials of
the same degree as their unstarred counterparts, are themselves polynomials in the variable
w, of degree 4(k — 1), 4(k — 1), 4(k — 1) + 2n, 4(k — 1) + 2n, and 4(k — 1), respectively.
The first few independent polynomials in this case read:

1 1
Q311 2) = —¢ (1 —2M+H2+2M3—H4) + 35 (4—8u+7u2+2u3—u4) z,

" 8 . 3
Qbamw) = —gp*(n— 1)z, Qi 2) = —pi(p = 1),

* _ 1 2 * o 1 2 3 4
Ula(p,2) =5 (1—u—u ) Ua(ux) = =7 (4—2u—13u + 617 + p )

. 1
Usa(msz) = ¢ (1—3p+3u% — p* — 3" + 3% — 1)

1
5 (4 — 1200+ 1502 — 1043 — 150 + 244° — 10u6) x

1
1
g (4120t 9p% + 2343 — 24p% — 945 + 5M6) a2,

/N

i 4
(4 8+ 507 + 6° — 3", Z35(nw) = g (= 1)

N

Zya (k) = —

7 Resummation via C?/Z, blow-up equations

In this section, we carry out the same computational steps as in the previous section, now
in the context of the first-order C?/Z5 blow-up equations [134, 135]. This analysis serves
both as a consistency check of the previous results and as a means to better understand the
interplay between the blow-up equations and the resummation ansatz, with a view toward
possible generalizations. On the one hand, the C? blow-up equations yield purely algebraic
relations, but require more summands due to the sum being restricted to half-integer shifts.
On the other hand, the C?/Z; case leads to differential equations while benefiting from
the inclusion of both integer and half-integer shifts. Moreover, the solvability of the ODEs
arising from the C2/Z5 blow-up equations can be traced back [141] to the simple algebraic
relations among the resummation functions, which themselves follow from the C? blow-up
equations. We continue to follow the conventions of [43, 140], to which we refer the reader
for further details, including the discussion of higher-order blow-up equations.
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7.1 NS limit: N; <4 and N = 2* theories

The first order C?/Z5 blow-up equations for the partition functions of SU(2) gauge theories
with Ny < 4 fundamental hypermultiplets read:

Z D%sl,ng (Z[Nf](a + 2ney, p; 261,69 — €15 1), Z[Nf](a + 2neq, p; 269,61 — 52;15)) =0, (7.1)
2neZ
while for the NV = 2* SU(2) gauge theory, it takes the form:

Z D%m,?sg (Z(a+ 2ne1,m;2e1,e9 —€1;q), Z(a + 2neg, m;e1 — €2, 2625 4))
2neZ

(7.2)
= (e1 +€2)70(q Z Z(a+2ne1,m;2e1,e9 —€1;9) Z(a + 2neg, m;e1 — €9, 2¢9; q).
2nezZ
The k-th asymmetric logarithmic Hirota derivative DF &, 18 defined by:
A A o AP k
f(ae*) g (ae2) = > 5Dk ., (F.9). (7.3)
k=0 "'

while 70(q) = 290, log [#3(0|7)/¢(q)]. As expected, in the pure gauge theory limit g — 0,
m — oo, with t = gm* held fixed, equation (7.2) reduces to equation (7.1) for Ny = 0.
Taking the €1 — €2 — 0 limit of the previous equations and performing computations
analogous to those in the preceding section, we obtain:

[Nf] [Ny]
2neZ

where 2¢1 = 2e9 = h and the first argument of each function is shifted by nh, after taking
the A-derivative: W}Nf] = Wj[-Nf](a + nh, w, hyt), 7 = 0,1. Similarly, for the N' = 2* gauge
theory, the NS limit of the first order blow-up equation (7.2) reads:

1 1
Z 02W1—2(n8a+0r)Wo [alnqwl _ (n@a + 0y + h) 81an0 — 270(q)] =0, (7.5)

2nezZ

where W; = W;(a + nh,m, h;q).

7.2 Solving the blow-up equations: Ny < 4 theories

We begin by considering equation (7.4) and proceed analogously to the case of the C?
blow-up equations. Specifically, we explicitly write out the classical and 1-loop parts of the
prepotentlals W;, normalize by the 1-loop contribution at n = 0, divide by the common

factor t~2n2 7+ and perform the substitution n — n/2. With this normalization and setting

h =1, equation (7.4) becomes:

n? N
S 2G) (0, ) GE s )Gt a, s t) = 0, (7.6)
neZ
where
~e[>]<\;[)f}(a,u,n;t) = eQWEVi{llst_(wh”L"a Wo lﬁlt (7.7a)
gmst (a, w,n;t) =nla+ 2) + tO; [Wl[ 1£]st (8ﬁ + g@a + 1) W([)]\iﬁ]st] (7.7b)
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and WL = o) (a +nh/2, p, h;t). The 1-loop term éff;ﬂp(a, p,n) can be computed

J,inst J,inst
as the 1 = e = 1/2 limit of the [-factors N i Eq. (2.15) of [140]. Namely, defining the
functions:

n—1
1

1,2 (n=j—a)¥(u+j+a)¥, ifn=2p,
~ hyp (a n) _ n—% . . (7 83)
Prloopt®@ I TATL 2 (=G — @) (n+j+a)?, ifn=2p+1, |
1, ifn=0,1,
—1)"2a(n + 2a)2" "L 4+ 20)Y, ifn>1,
gl‘,?oop(a n) ( ) ( ) Hgfl (] ) ‘ = (78b)
1, ifn=0,
(7.8¢)
for p € N>1, the 1-loop factor can be written as:
N )
[ } Hl fl g;ylgo(p(a’;l’“n) lf n > 0
~IN g\’ego a.n I - 9
gl—lofop(av K, 7’L) - Ny ! 1hy§ o (79)
Hz 194 100p( a, g, n) f < 0
e (—a—n) 0 BT

Once again, we consider the ansatz (6.23a), (6.23b), and expand the blow-up equations
in the parameter ¢, evaluated at the points (6.24). We restrict to m; > 0 without loss of
generality and focus on the simpler Ny = 0 case. We begin by deriving the differential
equations satisfied by the resummation functions, and then show that these equations can
be solved in closed form due to the specific form of their coefficients. Finally, we analyze
the structure of the blow-up equation’s expansion, taking into account the asymptotic
behavior of the resummation functions near infinity. On the way, we will comment on the
generalization to Ny > 0, pointing to the relevant formulas collected in Appendix C.1. In
particular, the form of the differential equations we will study remains exactly the same
for every choice of Ny < 4, due to the fact that the dependence on the masses ;Lfv:fl of the
resummation functions is completely fixed by the boundary conditions.

7.2.1 ODEs from blow-ups

First of all, let us consider the rational functions C?l_loop(a, n) = g~1[_01}00p(a,n), which we
rewrite for convenience:

L2 ! if n > 0

_ a(n+2a)2n T Hﬁ_l(j-‘r?a)“j ; urn =0,
Gioopl(a,n) = n =1 7.10
110p( ) (1) L T ifn <O. ( )

2a(nt2a) == T (j—2a) 4

Similarly to the C2? case, setting 2a = m; + t™2/2 /x, expanding in ¢, and combining with
the overall factor of t"*/2 results in a predictable leading-order behavior. This clearly
applies as well to the Ny > 0 case (7.9). Let us consider, then, the instanton contributions
(7.7a) and (7.7b). Isolating the relevant terms for the expansion of the equation, similarly
to equation (6.25), we find:

~ miz + 22 10z
log G, = 108 Gexp <2, Fj—myt] =2 ¢! [fk:,j(y) Fm1y° g (v)
! k21 (7.11)

42 (gm(y) + (2] + 4k — 5) g (y) + (25 — 1)y gzé,j(y))] +0dp(, 1),
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Gite = md%ﬂ+2jim1 Xﬁk{[ fDﬁAm+%WQ@)

k>1

. N 7 .
(k+37/2=1)gr; + §y92,j

+Q%—Uﬁ¢4}

(7.12)
where y = xtU~™2)/2_ 3 prime denotes a derivative with respect to y, and the functions
aef(p /inst(a;, t) vanish at t = 0. By collecting terms of the same order in ¢ from the expansion
of the blow-up equation, these expressions allow us to derive the form of the differential
equations and demonstrate that the t-expansion around the poles (6.24) is well-behaved.
Namely, by setting j = mo, assuming m; > 0 for simplicity'?, and performing the change
of variables'!

. 1 1
Fm(k+3j—Dy’gr, () ¢]7y39" ] + /2

20k +5/2-1)2k+j—3)gr; + (1 —k+5(3j + 4k — 6))yg§w-

log (2 0m,), (7.13)

- 1
fl,mg = §1Og Umyg gi,mQ = @

we obtain at leading order:
u;ng + Amy mo,1Umy + by ma1 = 0, (7.14)
with coefficients given by:

Gma,ma,1 = ax IOg {x2m2 ( m1 + dm1 ma U ~r_rL72nl)] )

4 Pmi,ma,1

2mitl ~m ~—m
Mo 5L+ dr o Ot

by ma,1 =

The constants dp,, m, can be computed from the 1-loop term (7.10) and read:
Ay my = —my ™ (Mg — 1)1 8™ (7.15)

We note here that, with this method, the change of variables (7.13) is necessary to obtain
a linear differential equation (7.14) for the function w,,,, and it introduces a logarithmic
branching. Meanwhile, at orders t*~! and t**J /2-1 respectively, compared to the previous
equations, we find:

fllc,mg + amlam%kvfkva + bﬂn,mQ,k =0, (7'16)

gl/c,mg + dm17m27kgk7m2 + 6m17m2,k =0, (7‘17)

0The equations for m; = 0 involve all three types of resummation functions simultaneously and are
automatically satisfied once a solution for the mi > 0 case is found.

"1n particular, the functions ¥, are related to the functions vy,, introduced in the previous section
simply by vfnz = Dm,, Up to a branching ambiguity.
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with coefficients given by:

k—1
aml,m%k = ax {lOg [UWZ ( + dm17m2 m2 )] + 2 (m2 + ’I’TL) logaj}
2

2(m2+1+b)
_ ~Mm ~—m m !
bm17m2,/€ - {890 lmlqu (’Um; - dm17m2vm2 1) x 2 9k, mo

Umsy 2(m2 mr&-f)—l “[a da
+ 9 - T mo pml,mg,k e f m1,mg,k ,
2

- 5 o 1 k-1
Amy,maok = Oz {log [umz (U% - dmhmz mrgnl)] +2 (mQ + -+ ) loga:} )

2 mo
B k= 2 ﬁm17m27k
mi,ma,k — 2mi1+1 ~m —ma\
max U,y (vm; — dmy moOma 1)

The functions pry, my k() and P, m,.kx(2), which introduce inhomogeneous terms in the
differential equations, account for the remaining contributions of the t-expansion at each
fixed order and can be explicitly computed for any choice of m; and mgy, similarly to
the functions 7y, m, & and 7y, m, k in the previous section. The second and third sets of
equations have been put in normal form for fk,mz and gy m, respectively. The specific form
chosen for the coefficients anticipates the method of solution, which will become evident in
the following discussion. The former set can also be written in normal form with respect
tO gj m,» Obtaining:

T T Cmamz e Thomy + Brny,make = 0, (7.18)

where

N . k-1
Qg mak = Oz [IOg [um2 (U% — dmy,my0 mgnl)] +2 (m2 +1+ o ) log 4 )

L _ d 2(m2+7T)
By ma ke = m718 J oomy m I{ax [x 2 U, ( Uy + dim, m2v’m2 )fk ma

’U,m2 2 (mz—ml—l—%) -1
X
ma

+ 2 pm17m27k}'

As previously anticipated, the structure of these equations remains unchanged even for
Ny > 0, as can be verified using formulas (C.4) and (C.5). The mass dependence is
implicitly introduced through appropriate replacements, such as dp mo — dmyms (1),

pml,mg,k(x) — pm1,m2,k(xa /1*)7 ﬁmhmz,k(x) — ﬁml,mz,k(xa /J') and so forth.

7.2.2 Solvability of the ODEs

We now examine in more detail the general structure of the equations derived in the
previous subsection, showing that, upon providing appropriate boundary conditions, they
admit a closed form solution in terms of elementary functions. In practice, they can be
solved in the order in which they arise from the expansion. Let us begin by analyzing
equations (7.14). These equations are straightforwardly solvable via the method of variation
of parameters, and their general solution is given by:

—2myo
Kmq,mg,1T
Uppy = - 7.19
e i}:rrzg + dml,mgﬁ’;l;nl ( )
where 4
0 )
o 2) = )y = o [ ), (7.20)
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(0)

m1,ma2,1
constant can be fixed by requiring u1(0) = 1 and #;(z) ~ 1/22, i.e. f1(0) = 0 and
g1(0) = const, while already for mg = 1 and m; = 2 this is not the case. However, in
Appendix C.3, we show that this second integration constant is in fact fixed by the blow-up
equation itself. To determine ¥,,, we can simply equate two uy,,’s for different values of
my1, obtaining:

and k is an integration constant. In the case ms = 1 and m; = 1, this integration

Kmi,ma,1 _ Kimi,ma,l

~mi ~—m1  ~mg ~—mq "
Ums + dmthva Umo + dml,mgva

Due to the form of d,, m, in (7.15), setting m; = 1 and 7y = 2, the function ¥,,, solves a
simple quadratic equation:

-9 K2 ma 1 ~ 1

Vpny — H1,m2,1vm2 + (s — D 0. (7.21)
We note that, once again, this is the origin of the square roots that appear in the
resummation functions. The same holds also for Ny > 0, as can be verified from equation
(C.7). Of the two solutions of the quadratic equation, we keep the only one compatible
with ¥y, (z) ~ 1/22, which is then determined uniquely once the remaining integration
constant has been fixed. Moving on to equations (7.16), we observe that the coefficients
Ay ,mo,k are still total derivatives. As a result, the equations can be solved in closed form,
with solutions given by:

~ K _ogk=1
Fromy = iz =2 (7.22)
Kma,ma,1
where:
0 m m d
Klml7m27k(x) = H”E}’L?ﬂﬂZ:k - /efa vt xbm17m27k d$’ (7'23)
and ﬁﬁgi’m%k is an integration constant, which can be fixed by requiring the vanishing of

resummation functions at zero. Once fkm is expressed in terms of gfcme, we can substitute
this expression into (7.18) for a different value of my, thereby obtaining a linear differential
equation for g;. This equation can again be solved by performing simple integrals, and the
two integration constants for g are then fixed by requiring the function to vanish at zero.
Finally, also equations (7.17) can be solved in closed form, with their solution reading:

Py nmi S—ma _
> _ Bmimak Ums + dmlvaU’n’LQ —2%—1 794
9kmy = pom——4 2. ( . )

~m 1
Kmima,1 Oms — my myOmg

where:

. (0 2 2(mo—my+E=L)

Hmhmmk(w) = Hgni7m2,k o %/x ( ? ) pm17m2,k(x> da, (7.25)
and Rggz,m%k is again an integration constant, which can be determined by requiring the

functions gy, ,,, to vanish at zero. Thus, we have seen that expanding the blow-up equation
(7.6) at two distinct values of m; is also sufficient to determine all the resummation
functions. One can then verify that, even in this case, the expansion of the blow-up
equation is well-defined, similarly to the discussion in Section 6.2.2. Again, similarly to the
C? case, the Taylor coefficients of the resummation functions for j > msy introduce certain
subtleties, which we discuss in Appendix C.3 through the example of the solution of the
first few equations.
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7.3 Solving the blow-up equations: N = 2* theory

In the N = 2* case, denoting again by u the mass of the adjoint hypermultiplet, we can
write the first-order blow-up equation (7.5) as:

Z qn2/2§1—loop(aa My n)geXp(a¢ s 1 q)g~inst (CL, s 1 q) = Oa (726)
neZ

where explicitly the three terms read:

(2a+p) (n—p+2a)?" 1 H?;ll(j+u+2a)2j“(j —p+2a)?~1

2a(n+2a)2n—1 T2yt , if n >0,
Grtoop (s f1,1) = { Ca—p)(n+pt20)2n—1 [T G200 G-p—20) 1 (7.27a)
oop 2a(n+2a) Zn—1 = J—nl 1(] 20,)4J 9 lf n < 07
]-a lf n = 0,
Gexp(a, 1, m; ) = 2V imse = (2Ontnda)Wo,inst. (7.27b)
~ n 1 n
Ginst(a, 1,13 q) = n(a + 5) — 3% + q0q [Wl,inst - <8h + 53(1 + 1) Wa, inst} , (7.27¢)

with Wi inst = Wi, inst (@ + LNV E q). To solve equation (7.26), we consider the ansatz
(6.36a), (6.36b) and expand in q the blow-up equation (7.26), setting the Coulomb branch
parameter a to be as in equation (6.37). Then, we can compute the analogues of (7.11)
and (7.12), which read:

log G, = 23 0" [ fiy F m1y?0ygn; F /2 (905 — Ghj + ¥y — 1Oug )| + 0,

k>1
(7.28)
. _ ~ J ~ )
G = 2(.7 tmy)+ Y ¢! {(’f =D frj+ JY0u s F mi(k + j — 1)y*dygr,;
k>1
om0+ 2 ((k+ /2 — 1) ia~ =2k +35/2 = 1)k
F 5y Oygn, £ (k+j/ )Gk, + SyOygr; — 2(k + j/ )Gk,

- (k + 2j - 1)yaygk,j y aygk] + M(k +]/2 ) w9k,j + Nya 0 gkj>:| + O’?n:si,

(7.29)
where we recall that y = 2q7~"2)/2_ These two expressions allow us to write the explicit
form of the equations, up to the usual inhomogeneous part. Indeed, the equations we
obtain have precisely the same form as those presented in the previous section, with the
appropriate replacements to incorporate the implicit p-dependence. For this reason, we
do not repeat the discussion of their solution. However, in Appendix C.4, we show that
the solution of these differential equations closely follows the same steps as those for the
analogous equations in the pure gauge theory case. One can, once again, compute explicitly
the constant d,, m, (1) from (7.27a), obtaining:

mao—1 4my
dm1,m2(:u’) == ( M(m2 — 2 H J— ] + ,U')) ) (730)

mQ[(mQ — 1

and show that the resulting g-expansion of the blow-up equation is well behaved.
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8 The periodic Lamé spectral problem

In this section we study the real periodic spectral problem associated with the Lamé
equation on the rectangular torus, 7 € iRsg. For convenience, we rescale the torus
coordinate by setting x = 7z, so that the periods become 7 and w7 and the real section is
parametrized by x + 77/2, with « € [0, w]. Then, the Lamé equation reads:

(83 +e¢—pu(p—Dp(x+ n7/2; 7r,7r7)) Y(z,v,pu;q) =0, (8.1)
where the rescaled eigenvalue ¢ = E/7? is given by:
m
¢ (v, u:09) = —2u(p = 1)—5 — 499 f(v, 3 9). (8:2)

where f is the classical one-point torus block in (5.28) understood as a function of
v = 2a — 1. From the point of view of the periodic spectral problem, the resonant values
v € Z correspond to the edges between gaps and bands in the spectrum, thus to eigenvalues
associated to periodic and anti-periodic solutions of the equation. Indeed, the partial
resummation of the classical block allows one to obtain a finite answer for these eigenvalues,
simply by taking first the limit v — n*, or equivalently v — —n¥, n € N, and then
expanding around q = 0. In particular, from this perspective, it is clear that the fractional
powers of ¢ appearing in the expansion of the eigenvalues arise from the square roots
present in the resummation functions. Meanwhile, the distinction between eigenvalues
corresponding to even and odd solutions stems from the direction in which the limit v — n
is taken. As an example, the eigenvalues associated to v = 1,4 are respectively!'?:

e1s (1a) = 1 — wpu(p— 1) & Al — g% — 20 — 1) — p— ) + O(¢*'2), (8.3a)

3
2 (150) = 4~ Spli— 1)+ 20— 1a + O(e?) (8.3b)
2 (ua) =4 — Sl — 1) — Spl— 1)~ 4+ 3)a + O(a?), (8.30)

where + refers to the v — n® limit. In the Mathieu limit q = ¢/u*, u — oo, they reduce
to the corresponding eigenvalues':

T2 () = 1+ 482 — 2t + O(/?), (8.4a)
20t 763t?
T2 4 (t) =44+ = — + O(t%), (8.4b)
7 3 54
4t 5t?
() =4- =+ = 3. 4
T A, (1) 5 T O (8.4c)

The resulting expansions can be checked against the ones obtained from standard methods,
as shown in Appendix B.1, and allow one to construct the stability chart of the equation.
It is interesting to observe that, by choosing an integer value of u > 2, all poles in v
vanish from the perturbative g-expansion of the eigenvalue, except for the first ¢ — 1. This
occurs due to the finite-gap property of the Lamé potential: for these specific values of
1, only the first u — 1 gaps in the spectrum remain open, while all subsequent ones are

12As the explicit formulae (8.3) and (8.4) show, in some cases the coefficients of the fractional-power
terms in the eigenvalue expansions associated with the same Floquet exponent v differ only by a sign.
However, this is not a general feature.

13As mentioned at the end of Section 5, in order to compare with the expansion presented in [50], Section

28.6, one must identify t = %qQ.
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Figure I1.1: A portion of the stability chart of the 7 =i Lamé equation (8.1) is reconstructed by
plotting the band-gap edges (8.3) (black lines) as functions of the coupling . Bands are shown in
light blue, while gaps are shown in gray.

closed. This property is even more evident in the resummed classical block, where the
functions gj, ; as in (6.47) vanish when p € {1—j,...,j}, for any value of k. Moreover, the
resummed classical block enables the construction of an infinite set of periodic functions of
the Floquet exponent, corresponding to the bands in the spectrum. These functions are
initially defined on the interval v € [0, 1] by

¢(n+rv,u;q), for n > 0 even,
dm@mm)Z{( ) (8.5)

e(n+1—wv,u;q), forn >0 odd.

They are then extended to v € [—1, 1] by imposing

e (v, p;q) = ™ (v, 15 q), (8.6)

and finally to all real values of v by requiring periodicity with period 2. At the resonant
points v = +£1, this periodic continuation amounts to gluing the branch reached by crossing
the cut at v = 1 from left to right to the branch defined immediately to the right of v = —1.
Finally, we remark that studying the spectral problem (8.1) is equivalent to studying the
Jacobi form of the Lamé equation:

(02 + By = (s = D s (25%)) () = 0, (87)

where £ is the elliptic modulus of the elliptic sine function, see Appendix A. The Jacobi-form
energy Fj and the rescaled Weierstrass energy € are related by

€3

T 2
.&wmm%z(ﬂqﬁﬁ ¢ (v.as @) — il — 1) (8.8)

€1 —83’

where the rescaling of € is due to the rescaling of the periods of the torus, which are 2K (k?)
and 2iK (1 — x?) for equation (8.7). For instance, in the case of a square torus with 7 = i
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Figure I1.2: The first three bands obtained from equation (8.5) using the standard NS prepotential
(dashed lines) are compared with those obtained using the resummed prepotential (solid lines), for
the coupling p = 2.4 and 7 = i. The two results show good agreement away from the band-gap
edges, which are indicated by red dots.

and k2 = 1/2, we have the particularly simple relation:

By (i psi?) =T (i)“ ¢ (V;Tu; Q) u(u2— 1) (8.9)

8.1 (Anti-)Periodic eigenvalues from isomonodromic deformations

An alternative approach to the study of the periodic spectral problem (8.1) comes from the
theory of isomonodromic deformations of linear ODEs. In this subsection, we closely follow
the discussion in [43], to which the reader may refer for further details, and extend it to
the periodic case. Consider the following Fuchsian linear system on the complex torus:

0.Y(z,7) = Az, 7)Y (2,7), (8.10)
with the matrix A(z,7) given by
10 = (b "7, (511

where .
a2y P12 = DL (Ol)

01(z|7)01 (u|7)
is a Lamé function, while p and @ are complex auxiliary parameters. The matrix (8.11)
has a simple pole at z = 0 and we can consider the associated isomonodromic deformation
problem, thus the combined system of (8.10) and!*

27i0; Y (z,7) = —MY (2,7), M(z,7)=m (8@15((—2;26)2,2) 8@;((;8)7 Z)) . (8.12)

" The derivatives Doz (£2Q, z) are understood to mean 9,z (u, z) evaluated at u = £2Q.
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Compeatibility between the two linear systems then leads to:
p = 2mwid Q, (8.13a)
d2
2 2
(2mi) 5Q = m (2Q), (8.13b)

the latter corresponding to the equation of motion for the classical non-autonomous 2-
particle elliptic Calogero-Moser (eCM) system and a specific elliptic form of the Painlevé VI
equation. Being a second order ODE, (8.13b) must be supplemented with two integration
constants (o,n) which are chosen such that:

Q =70+ L. (8.14)

m=0 4

These two parameters can be seen as coordinates on the space of monodromy data of the
linear system (8.10). The non-autonomous eCM system is a classical integrable system,
with Hamiltonian:

H=p* —m? (p(2Q) + 21 (7)), (8.15)

and corresponding tau-function 7 defined by:
H = 27i0; log T. (8.16)

This tau-function admits an explicit representation in terms of dual Nekrasov partition

functions (8.18), which in turn are expressed in terms of self-dual Nekrasov partition

functions'® [137, 142]. Namely:

ZlD/Q(Ua mv 77a q)
02(2Q)|27)

where Q = Q(o,m,n, ) is a solution of (8.13b) and

2§ (o, m,n;9)

=) =g, 20R

T(o,m,n,7) =mn(T) (8.17)

[lo—s G(1 —m +2€' (o +n))
[To—t G(1+2€ (0 +n))

. 2_ L
ZED(O',m,U; q) _ Z eln o+n)’—51
neZ+te

inst(a + n,m; q)

(8.18)
The Lamé equation is obtained from (8.10) by turning the linear system into a second
order equation for one of the components of Y (z,7), provided the singularity matching
condition:

Q(0—7m77777_> = 07 (819)
is satisfied, which can be shown to be equivalent to:
02(0127) 25 (0, m, 13 q) — 03(0|27) 1) (0, m, 1 q) = 0. (8.20)
In particular, one finds:

(83 —m(m =+ 1)p(z) — EE) P(z) =0, (8.21)

where E} denotes the accessory parameter in the convention of [43]. Since it enters the
equation with a minus sign, it is related to our energy by E = —EZ, and hence to the
rescaled eigenvalue by ¢ = —E} /72, with u = m for the minus branch and y = —m for

'5In particular, Zinst(o,m;q) = Zinsi(o,m;1, —1;q), where the latter is defined in equation (A.31c),
corresponds to a ¢ = 1 conformal block via the identification (6.11).
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the plus branch. The singularity matching condition expresses it in terms of the Painlevé
tau-function T (o, m,n, 7) evaluated on a solution of (8.19):

04(027)
EP = 2%187(10 ZP(o,m,n;q) + 1o ) ):t2m3 +2m(m =+ 1 TH
+ g 2 ( n q) g 93(O|2T) 093(0|2T) ( )771( ) 9=0
(8.22)

The sign + corresponds to the two possible branches of the solution to equation (8.13b)
near (Q = 0. In order to compute the eigenvalues associated to periodic and anti-periodic
solutions to the spectral problem (8.1), we interpret the singularity matching condition
(8.20) as a quantization condition for the system, which we solve in two non-generic limits'6
of the monodromy data (o, ), corresponding to limits to logarithmic Painlevé tau-functions
[143-145]. In particular, setting t = q/2 = €7, in order to obtain “periodic” eigenvalues
we will solve (8.20) in the limit n = Qo and ¢ — 0, as an equation for 2 = Q(m, t), while
to obtain “anti-periodic” eigenvalues we will solve it in the limit n = Q(c — 1/2) and
o — 1/2. Once a solution is found, this can be substituted in the corresponding limit of
the eigenvalue (8.22) to obtain the desired result. In both periodic and anti-periodic cases,
we find:

Q| (m, t) = wpy(m, t) +8iH (-1 —m) +4ilogt, veZ, (8.23)

where H(zr) is the harmonic number function, and wy,(m,t) = t_l”‘(w_M(m) + O(t))
depends on the absolute value of the specific integer Floquet exponent considered. In
particular, we obtain:

19f 9
Q = —4ilim —— =m; .24
O(mat) lull)r%)yay (Vaﬂ m7t)7 (8 )
where the classical conformal block f(v, u;q) in this formula contains also a 1-loop part,
as in equation (8.43). Thus, we find a connection between ¢ = 1 conformal blocks and
classical ones, or equivalently between the self-dual limit of Nekrasov functions and the NS
one. The corresponding eigenvalues are also observed to match, i.e. we find:

EB(v,m;t)

= —r2¢ (O,m; t2> ,

v—0

where €(v, u;q) is as in equation (8.2). Meanwhile, for |v| > 0, we find a quadratic
equation that determines the first coefficient w_,|(m), which, in turn, selects the eigenvalue
associated to odd or even solutions. Interestingly, we find that w_‘,,|(m) has the form:

iN

(mF W) T, m+ ) (529

W:_F‘,,|(m) = :F(_l)‘yl

with N a positive integer. Once §2},(m,t) has been determined up to the desired order,
the eigenvalues can be obtained as follows: the solution derived from w:M can be directly

substituted into equation (8.22) for EB. whereas the solution obtained from wJ_rlu‘ must be

substituted into the equation for E®, with the additional step of sending m — —m.

8.2 (Anti-)Periodic eigenfunctions from orbifold defects

Another approach to studying the periodic spectral problem emerges directly from the
N = 2* SU(2) gauge theory, in which equation (8.1) can be interpreted as a quantization

6From the gauge theory viewpoint, this should correspond to the alignment of the central charges of
two BPS particles, defining a wall of marginal stability. It would be interesting to further investigate the
problem from this perspective.
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of the Seiberg—Witten curve [71, 72], capturing the dynamical content of the low-energy
effective theory. In this framework, solutions to the Lamé equation correspond to the NS
limit of expectation values of certain BPS surface defect operators [34, 146], which can
be computed via localization in the 2-background. At least two types of BPS surface
defects can be considered; the first is associated with the insertion of a degenerate primary
operator in the dual CFT picture [33, 91], precisely the one we examined at the beginning
of this work. The second corresponds to an orbifold defect [36, 147], wherein the theory
is defined on C x C/Z; instead of on C? ~ R*. See also Chapter III, where the orbifold
construction is reviewed for the SU(2) gauge theory with four fundamental hypermultiplets.

To fully characterize this second type of defect, one must specify a coloring function
¢:Zs — Zs, which determines the gauge group component of the embedding of Z5 into
the symmetry group of the theory. In particular, we focus on regular orbifold defects,
characterized by a surjective coloring function. In this case, there are only two possibilities:
either ¢ = id : Zy — Zy, or ¢ = (01) : Zy — Zj, the elementary transposition. Let
Y = (Yo, Y1) denote a pair of Young diagrams. In the presence of such a defect, the
elementary characters appearing in the equivariant localization formulas used to compute
the instanton partition functions decompose as

Ny= Y e, (8.26a)
acc1(w)

K,= Y, > etater(r=l)teals=l) (8.26b)
a=0,1 (r,s)EYq

c(a)+s=w+1 (mod 2)
where w € Zs. The full Zy-invariant character is then given by:
T[Y]c - (1 - e_ﬂ) Z [NwK:; + Q1Q2N:§Kw—1 - (1 - QI)KwK: + Q2(1 - q1)KwK:;+1] ’

weZy

(8.27)
where ¢; = e® and the x-operation reverses the sign of all the weights in the exponents. In
particular, for the id case we have Ny = e, N; = e and

Ky = Z aoter(r—1)+ea(s—1) 4 Z erter(r—1tea(s—1) (8.28)
(r,8)€Yy, s odd (r,8)€Y7, s even
Ky — Z aoter(r—1)+ea(s—1) 4 Z erter(r—1tea(s—1) (8.29)
(r,8)€Yy, s even (r,8)€Y7, s odd
while, for the (01) case, we have Ny = e, N = e and
Ko = Z paoter(r—1)+ea(s—1) | Z earteL(r—1)+ez(s—1) (8.30)
(r,8)€Yy, s even (r,8)€Y1, s odd
Ky — 3 aoter(r=1)+ea(s—1) 4 3 eartei(r—1)+ea(s—1) (8.31)
(r,8)€Yp, s odd (r,8)€Y7, s even

2miT

Defining the fractional coupling constants ty = t£ and t; = t/£, such that 2 = q = ™7,
the instanton part of the orbifold defect partition function is given by:

U (& v, prer,east) = ) [ E(—TIY ), (8.32)
Y weZs
where k, = dim K,, v = (ap — a1)/e1, ap = —a1 = £1v/2, and & acts by transforming sums

of exponentials of weights into products of weights:

E (Ze“’a — Zewﬁ) = M
o B

= H/B 0
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Thus, setting & = e%? we define the full defect partition functions as:
Uig (2, v, €1, €25 t) = €70, (z/m|r)' " Wiget (em,v,ua 61762;’&) ; (8.33a)
oy (2,0, 21, 80;8) = €04 (/) 7 WY (27, v, pser, 03 ) (8.33b)

Employing the qg-characters formalism [34], one can show that the NS limit of the two
defect partition functions:

Ue(z, v, pu; 1,695 1)

Ye(w,v, p;t) = lim : (8.34)

0 U
= \/ZlnétQ) (V/27 w1, e9; t2)

U(@2)

where Z; ¢’ is as in equation (A.32), constitute a pair of linearly independent solutions to

the Lamé equation (8.1). Indeed, defining the effective twisted superpotential Wy as

Wo (v, 15 t) = lim e2log U (&, v, s 21, €23 ¢) | (8.35)
eg9—0
the analogue of formula (8.2) takes the form:

1
e (v, s t) = v° — 4O (v, 1, 154) + Al = 1)(1 = 2B(7)), (8.36)

which yields the standard perturbative expansion of the eigenvalue. By instead considering
the even and odd combinations:

Uy (x,v, pse1,625t) = Wig (v, s €1, €25 1) £ W1y (2,0, g3 €1, €25 1) (8.37)

the effective twisted superpotential computed using these functions remains regular even
for integer values of the Floquet exponent. Namely, if we define:

Won’i (u3t) = lim0 g9 log Uy (z,v =n,pu;e1 = 1,695 1), (8.38)
Eo—r
we can compute the periodic and anti-periodic eigenvalues simply through!”:

€ (138) = 0% — MOV E (u36) + %u(u —1)(1 = 2B5(7)). (8.39)

Finally, also periodic and anti-periodic eigenfunctions can be obtained from ¥y, by
considering:

W (3 ) = lim eV B0/ (0 = sy = 1,e058). (8.40)

g9—0

8.3 B-cycle periodic spectral problem

Until now, we have studied the periodic spectral problem on the A-cycle (8.1), however
this is not the only possibility. Indeed, we can also examine the periodic spectral problem
on the B-cycle:

(82 = e+ plp - Dgliz + 7/2m77)) =0, w0, (8.41)

'"We note that the # symbol here indicates the parity of the (anti-)periodic eigenfunction, in contrast to
the lateral limits v — n* used above. These two conventions do not necessarily agree.
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where, once again, 7 € iR5(, and the eigenvalue ¢ is given by equation (8.2). Due to the
modular properties of the p-function, this problem is actually equivalent to the previous
one under the transformation 7 — —1/7. Indeed, since:

1
p(2:7) = 5 p(z/7=1/7),
by making the change of variable & = iz /7, the equation becomes:

(—8% —er? +u(p — D)o@+ 7/21;m, —7T/T)) P =0.

In particular, this implies that studying the B-cycle spectral problem (8.41) in the limit
T — 100 is equivalent to studying the A-cycle spectral problem (8.1) in the opposite limit
7 — 0. To this end, we can leverage the knowledge of the monodromy matrices to gain
insights into the spectrum in this regime. Recalling that v = 2a = 2« — 1, the trace of the
B-cycle monodromy matrix M }Bn) in equation (5.36) can be written as:
sin(2a + p) a2 sin 7(2a — u)e_”/Q.

Tr Mp = - :
sin 2mwa sin 2mwa

(8.42)
Here, a term that coincides with the 1-loop contribution to the NS prepotential of the
N = 2* gauge theory has been absorbed into the definition of the conformal block f(a, ;q),
so that the dual period 7 is given by

I'(1+42a)I'(1 —2a — p)
1q) = 0 f(a, p;q) = —2al 21
n(a, 5 q) = 0af(a, p; q) alogg+2log T = 20)T(1+ 20— p)

+aafinst(a7 5 q) (843)

Since we are interested in the spectral problem for values of the coupling p > 1, it is more
convenient to rewrite (8.42) as:

Tr Mp =

_sm77(2a — ) /2 sm7T(2a + ) /2, (8.44)
sin 27a sin 2ma
where the dual period now reads'®

['(1+42a)(p — 2a)
. =0, NS — —2 1 21
nla, 15 ) = dafla, i q) = —2alogq +2log g r =5 8

+ aafinst(aa 22 q)7 (845)

From the general theory of periodic differential equations, we can write:
Tr Mp = 2cos(mvp), (8.46)

where vp is the B-cycle Floquet exponent, such that when it is an integer, the corresponding
non-logarithmic solutions are either periodic or anti-periodic along the B-cycle. Thus, we
can solve this equation for a as a function of vp and the other variables, and then use
the explicit expression for the eigenvalue (8.2) to determine the energy of the system as a
function of these parameters.

8The dual period 7, in either of the two forms (8.43) and (8.45), with finst given by the resummed
instanton function obtained through (6.12) and (6.36a), satisfies lim,_,, 2 expn(a,p;q9) = 1, n € Z, to
all orders accessible from the available resummation functions. See the end of subsection 10.2.2 for the
analogous statement for SU(2) theories with fundamental hypermultiplets.
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8.3.1 Scattering states

For generic values of u, a first set of solutions can be obtained by considering the following
double expansion of the Coulomb branch parameter:

n .
7+ch(gn)(VDnu77_)qk7 Cl(c VDmu? ch] Vp, K ]7

an(VDnuaT) = 9
T >0 i>2

with n € Z\ {0}, which implies a corresponding double expansion for the eigenvalue. For
physical values of the parameters, these solutions are purely imaginary and the very first
terms read

n in[m (cosmp + cosm(vp +n))cscmu + 2H (pu —

_ ) 3
an(Vp, p, 7) = E—i_ py— +0 (T ) , (8.47)

while for the corresponding eigenvalues we find

1 n
en(VD’/'L7T) = 75/‘6(/1’ - 1) + ﬁ

N 2in? [ (cos m(vp + n) +:$W) cscmp + 2H (pn— 1)] Lo (7_4) .

(8.48)

In particular, one can notice that the dual Floquet exponent vp always appears in com-
bination with the integer n as cosm(vp + n). These expansions exhibit poles for integer
values of 1, due to terms proportional to cscmu, except if:

cosm(vp +mn)+cosmp =0 <= cosm(vp +n)=cosm(u—1),

which implies that the two monodromy exponents p and vp are essentially identified, and
in particular, vp is constrained to be an integer when p is an integer. We will now show
that, in the case where u is an integer, this term is precisely what is missing from the
expansion, without imposing any restriction on vp. Indeed, for u = k € Z, equation (8.46)
simplifies to:

(—1)*! cosh g = cos TV, (8.49)

and 7 also simplifies significantly; in particular, the I'-functions disappear leaving behind
only simple rational functions. In this case, we can solve directly for the B-cycle Floquet
exponent vp = vp(a, k, ) as:

vpla,k,7) =k —1+2n+ 2in(a, kiq), nez (8.50)
™

This relation can then be inverted to express a as a = a(vp, k, 7), leading to an expansion
analogous to (5.33) for the eigenvalue as a function of the B-cycle Floquet exponent. The
first few terms of the resulting expression read:

1 £ 4i2HMk—-1) 1282H(k—1)2 _
€n(vp,k,7) = —gk(k—1) + 25 + Wig ) ﬂ2<74 +0 ()

i(1+4H(k—1
T3

+ 8k(k — 1) <(1 +k— k) —k(k—1)& (le +

”) e (7—4)> 1+ 0.

(8.51)
where &, = vp — (k—1+42n). Interestingly, when also vp € Z, equation (8.49) is equivalent
to the usual NS quantization condition:

Ouf(a, p;q) = 2min, neZz, n=k—1-—vp (mod2). (8.52)
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The solutions are then characterized by the integer 7 and the first few terms of their
expansion reads:

i inH(k—1) 2aH((k—1)? 4
an(k,7) = Tor T 2 + 2.3 +0 (T )
.~ _ 8.53)
2ink?(k — 1) 8ak?(k—1)?H(k —1) 4 9 (
+< T2 B w273 +O<T ) q+(9<q),

while the corresponding eigenvalues are given by equation (8.51) where &, is replaced by 7.
Finally, the quantization condition simplifies also in the case p =k + 1/2, k € Z, resulting
in:

(=1)F cot(2ma) sinh (727) _ cos(mvp). (8.54)

8.3.2 Quasi-bound states

A second set of qualitatively different solutions can instead be obtained by expanding the
quantization condition (8.46) for a near the poles of the I'-functions in (8.45). Assuming
1> 1, we can consider a € R. In particular, the trace of the monodromy matrix (8.44) is
invariant under ¢ — —a. Consequently, we can restrict to a > 0, with a = 0 being shared
with the previous set of solutions. Then, to ensure that vp remains finite in the 7 — ico
limit, the only possibility is:

o -n i(u— j
(v, i) = E + 303 ai (v, s log @)q /2, (8.55)
i>15>0
where n € Z, 1 < n < u. This second set of solutions consists again of double expansions,

this time in q% and ¢, which correspond to the bound states of the Poschl-Teller potential
in the 7 — ioco limit, see Appendix B.2. The first terms in the corresponding expansion of
the eigenvalue are

N 1 decostvp (1 4+n— ) '2u —n)sinmp p—n
Cn(vp, s q) = (1 —n)* — Spu(p—1) - ( ) q 2

3 v L'(n)T'(u—mn)
8u(p—1) (m(p —1) =14 (n—n)?)
+ e q+...,

(8.56)
where, depending on the values of n and pu, some of the terms omitted from the expansion
may be of lower order in q than the displayed term of order q%. Expanding for a near the
remaining poles of the I'-functions results in a divergent Tr Mp, except in the case where
w is an integer. In this situation, the poles at a = n/2, with n € N, coincide with those
associated with quasi-bound states. Indeed, due to cancellations between the I'-functions,
equation (8.49) can be explicitly written as:

o2malm(7)+ 3 finst (p—1-2a)---(1—2a)
(p—142a)---(1+ 2a)

Assuming p > 1 and a > 0, the remaining poles of the I'-functions are now located at
a= %, cee “Tfl This implies that analyzing these points requires the resummation of fingt
around these specific values of a. For instance, in the case u = 2, there is a unique solution
near a ~ % Using the methods introduced in the previous sections to compute O finst

around this singular point, we find:

+ (a = —a) = 2(-1)*"Lcos vp. (8.57)

« 1
¢i(vpyq) = 3 + 8cosmvpy/q + 8(1 — 4(1 + log \/q) sin® 7vp)q + . ... . (8.58)
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Meanwhile, for g = 3, there are two solutions, a ~ % and a ~ 1, for which the corresponding

eigenvalues are given by:

¢1(vp;q) =2 +48(3 4 2cosmp)q (8.50)
— 48(127 + 128 cos vp — 8(1 — 3log q) sin® vp)g® + ... | '

82(vp;q) = —1 — 24cosvp/q — 24(1 + (28 + 6log q) sin® 7vp)q + . .. . (8.60)

Concluding remarks

In this chapter, we have seen how two-dimensional conformal field theory provides a solution
to the connection problem for the Lamé equation. We have also studied the analytic
dependence on the Floquet exponent of the accessory parameters of the Lamé equation,
the Heun equation, and its confluent limits. For the Lamé equation, we have compared the
resulting spectral data with those obtained through standard methods in Appendix B, and
through complementary constructions based on isomonodromic deformations and orbifold
surface defects.

Several questions remain open. These include a rigorous proof of the proposed Lamé
connection formulas, as well as an all-order justification of the resummation construction.
In particular, it remains to establish the existence and uniqueness of the solution to the
NS blow-up equations within the proposed resummation ansatz and to prove the general
structure of the resummation functions described in Section 6.4.

The resummation procedure also raises a natural question: can it be extended from
the accessory parameters to the Floquet solutions themselves? As we have seen, these
solutions can be constructed from orbifold surface-defect partition functions in the NS limit,
and their instanton expansions exhibit a similar pattern of poles in the Floquet exponent.
In the next chapter, we address this question for the Heun equation and its confluent
limits. The starting point is a set of blow-up relations involving orbifold surface-defect
partition functions, from which we derive NS equations governing the resummation of the
corresponding Floquet solutions.
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Chapter 111

Periodic Spectral Problems and
the Heun Equation

Building on the previous chapter, we further develop the conformal-field-theoretic and
gauge-theoretic framework for studying periodic spectral problems. The focus now shifts
to the Heun equation and to SU(2) gauge theories coupled to fundamental hypermultiplets.
The results presented in this chapter are based on [148]. Following the same general
strategy, we derive a new class of NS blow-up equations involving surface-defect partition
functions and use them to extend the resummation procedure from the bulk NS functions
Wy and W, to the solutions of the associated differential equations.

The main objects of interest are regular orbifold surface-defect partition functions.
In the NS limit, they furnish a basis of Floquet solutions to the differential operator
associated with the gauge theory [32, 147]. For the SU(2) theory with four fundamental
hypermultiplets, this is the Heun oper! on the four-punctured sphere. The theories obtained
by decoupling some of the hypermultiplets similarly describe the confluent degenerations
of the Heun equation. We denote these theories by Ny = (ng,n1), where the pair records
the flavor coloring associated with the orbifold surface defect. The bulk NS quantities
for a theory with Ny fundamental hypermultiplets considered in the previous chapter
correspond, in the notation of this chapter and up to simple redefinitions of the masses, to
ng+n =N f-

At generic values of the Coulomb parameter a, the two defect partition functions
provide two independent solutions with A-cycle Floquet multipliers et %5 At the resonant
loci

onEZ,

these multipliers coalesce to (—1)™. This is a global resonance of the A-cycle monodromy,
rather than a collision of local exponents at one of the punctures. For generic values
of the masses, the resonant monodromy is not semisimple: only one periodic or anti-
periodic Floquet solution remains, while the second independent solution is its logarithmic
companion.

As in the bulk problem studied in the previous chapter, the naive instanton expansion
ceases to be well defined at nonzero resonance. The coefficients of the bulk NS functions

N 'In the second-order case considered in this chapter, an oper can be represented by a differential operator
D : K~'/2 & K32 locally of the form D = 82 4+ T(z), where K is the canonical bundle on CP! and
T'(z) is meromorphic [32, 149]. The Heun operator considered below takes this form after a scalar gauge
transformation removing the first-derivative term and dividing by #2.
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Wy and Wy, as well as those of the defect NS functions Wg, develop poles at
2a = tjh, J € Z>o,

whose order grows with the instanton number. Consequently, neither the accessory
parameter obtained from the quantum Matone relation [39, 40] nor the defect wavefunctions
admit a term-by-term resonant limit. Constructing the resonant solutions therefore requires
a simultaneous resummation of the bulk and defect NS functions.

The starting point of this chapter is the derivation of the blow-up equations that allow
us to implement this resummation. We begin with the two blow-up relations satisfied by
orbifold surface-defect partition functions, associated with the two possible flux sectors
along the exceptional divisor [52, 150]. Taking appropriate limits of these relations and
combining them, following the approach of Chapter II, yields a new class of equations
involving exclusively the NS functions Wy, W; and WB defined in (9.17).

We first derive these equations for the Ny = (2,2) theory, see (9.25), and then obtain
their Ny = (ng,n1) counterparts by decoupling fundamental hypermultiplets, see (9.31).

Similarly to the previous chapter, near the j-th resonance, we reorganize the towers of
Coulomb-branch poles in terms of the correlated variables

+ tJ

T = — :t2-
T i x2am 1

Given the resummation functions for the bulk quantities Wy and Wi, obtained through the
procedure developed in Chapter II, the new blow-up equations recursively determine the
corresponding defect resummation functions. In this way, the singular towers of poles are
reorganized into controlled square-root and logarithmic branch structures. Although the
resulting NS functions are not holomorphic at the resonant points, the resummed accessory
parameter and suitably normalized defect wavefunctions possess finite lateral limits.

At a nonzero resonance 2a/h = n, the two lateral limits of the resummed accessory
parameter define

ul™ = lim  ures(a), oe{+ -}
2a/h—n®

The corresponding limits of the normalized defect partition functions yield periodic or
anti-periodic solutions qbf,n). For generic masses, the two accessory parameters are distinct,

ugf) #* u(_n),

so that the two solutions belong to different resonant Heun operators. On an appropriate
real slice, these accessory parameters represent the two edges of the spectral gap associated
with the n-th resonance.

For each lateral branch, the resonant A-cycle monodromy is generically non-semisimple.
We construct the logarithmic companion of gbg") in two different ways: by reduction of
order and by taking a suitable collision limit of the two resummed Floquet solutions. In an
appropriate basis, the resulting monodromy takes the form

. 1 0
My = (=1) omiK™ 1)

The coefficient KC(,n) depends on the normalization of the periodic or anti-periodic solu-
tion, but its vanishing is invariant under regular changes of normalization. It therefore
characterizes the semisimplicity of the corresponding resonant branch.
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We further conjecture that, on each lateral branch, the resummed dual quantum period
satisfies
lim exp(ap)=1.
2a/h—n® p( D)
This in turn implies
lim  Ogtres = 0,
2a/h—n®
and, under the appropriate normalization and regularity assumptions, allows the logarithmic
companion to be represented by the resonant limit of the a-derivative of a single resummed
Floquet solution, see the end of Section 10.2.2.
A further result concerns the special loci in the mass-parameter space at which the
resonant A-cycle monodromy becomes semisimple. These loci are controlled by the zeros
of the polynomials

pn(m) = ﬁ (m+ k), N = |n|,

— N
k=1-X

in units where A = 1. Cancellation of the singularities in the bulk instanton functions

defines a locus D&B{ on which

W =

—

and hence the N-th spectral gap closes. Regularity of both defect wavefunctions imposes
stronger conditions and defines a smaller locus
(N) (N)
Desect © Phulk:

For the Ny = (2,2) theory, this requires specializing at least one mass of each flavor color
to a zero of py.

On Déﬁict, the two appropriately normalized resonant defect wavefunctions remain
linearly independent and solve the same Heun equation. The A-cycle monodromy is
therefore semisimple and satisfies

My = (—DNI.

By contrast, on
N N
,Dl(auIL \ D((ief)

ect?

the spectral gap closes, but the two defect wavefunctions reduce to the same periodic or
anti-periodic solution after normalization, and the second independent solution remains
logarithmic. Thus, gap closure alone does not imply semisimplicity of the resonant
monodromy. Within the small-t analysis developed here, the semisimple locus is identified
precisely with D((fe\?ect.

Finally, we conjecture closed-form expressions for the leading defect resummation
functions at arbitrary resonance, see (10.31) and (10.32). These expressions are tested
against the direct instanton expansion through order t'0 for several theories and resonances.

We conclude the analysis with a detailed application to the Ny = (1,1) theory.

Structure of the chapter. In Section 9, we introduce the orbifold surface-defect
partition functions and review how their NS limits give solutions of the Heun equation.
We then present the two surface-defect blow-up relations, derive the new NS blow-up
equations for the Ny = (2,2) theory, and obtain their Ny = (ng,n1) counterparts through
hypermultiplet decoupling limits.
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In Section 10, we formulate the resummation ansatz for the bulk and defect NS functions
and show how the new blow-up equations determine the defect resummation functions.
We then construct the lateral periodic and anti-periodic solutions and their logarithmic
companions, analyze the resonant A-cycle monodromy, and identify the special mass loci
on which it becomes semisimple. The section concludes with the explicit example of the
Ny = (1,1) theory.

Appendix A.3 collects the conventions and formulas for the relevant Nekrasov functions,
while Appendix C.5 provides computational details for the Ny = (1,1) blow-up equation
and its resummed solutions.

9 Blow-up equations for orbifold surface defects

In this section, we first review the orbifold construction of surface-defect partition functions
in four-dimensional A" = 2 gauge theories, focusing in particular on the SU(2) theory with
Ny = 4, which we will denote by Ny = (2,2) for reasons that will become clear below.
We then discuss the differential equations satisfied by the corresponding defect partition
functions, together with the associated blow-up equations. In particular, we consider a
special limit of the latter in which only Nekrasov—Shatashvili functions survive. Finally,
we discuss the decoupling limits of the Ny = (2,2) gauge theory at the level of both the
partition functions and the differential /blow-up equations.

9.1 Orbifold surface defects and solutions of the Heun equation

There are several ways to define BPS surface defects in N’ = 2 gauge theories [86]. One
approach is to prescribe singular boundary conditions for the fields along the surface, which
can be modeled using an orbifold construction [147]. Consider an A" = 2 gauge theory on
the orbifold C x (C/Z,), defined by the following Z,, action on C?:

C:(21,22) = (21,C22), (= eXP(T) € Zy, (9.1)

with the orbifold singularity located along the zi-plane. The orbifold can be mapped to C?
via the change of variables

(21,22) = (21 = 21,20 = 2b), (9.2)

in terms of which the field configurations are allowed to develop singularities along the
surface Z5 = 0, thereby engineering a BPS surface defect.
To fully characterize the surface defect, one must specify a choice of coloring function

c: [N] — [pl, (9.3)

where [N] :={0,1,...,N — 1} and [p] := {0,1,...,p — 1}. This specifies the lift of the
Z,-action to the gauge framing space and hence determines the Levi subgroup of the gauge
symmetry preserved by the defect.

In the presence of fundamental hypermultiplets, one must also specify a lift of the
orbifold action to their flavor space. This is encoded by a flavor-coloring function

cr : [Ny — [p]. (9.4)
Equivalently, if M ~ CVf denotes the flavor space, the coloring determines a Z,-grading
M = @ M,,, ng = dim M, = |¢; H(w)]. (9.5)

w€eZy
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AO Al

Figure IIl.1: Z, chain-saw quiver

The masses assigned color w are the equivariant weights of the flavor torus acting on M,,.
We will use the notation,
Nf:(no,nl,...,np_l), (96)

for the resulting colored matter content, so that the total number of fundamental hyper-
multiplets is Y-, n.,. In the Zy case relevant below, this becomes Ny = (ng,n1), where
no and ny count the fundamental hypermultiplets of colors 0 and 1, respectively. For the
parent theory with four fundamental hypermultiplets, we choose (ms3, m4) to have color 0
and (mq,mg) to have color 1, and hence denote the theory by Ny = (2,2).

The Nekrasov instanton partition function of the N/ = 2 gauge theory in the presence
of such a defect is obtained by implementing the Z, orbifold at the level of the ADHM
construction. In this formulation, the ADHM data are decomposed according to the
Z,-weights, yielding a chain-saw quiver with p nodes [147].

For the purpose of studying the Heun oper and its degenerations, we restrict our
attention to SU(2) gauge theories with fundamental hypermultiplets. We also take the
orbifold surface defects to be regular, which are characterized by a one-to-one coloring
function (in particular, p = 2). In this case, there are only two possible choices, namely
¢ =1id and ¢ = (01), the elementary transposition.

The chain-saw quiver is drawn in Figure III.1 and in the present Zy case, all indices
are understood modulo 2. Let V,, and W, be vector spaces of dimensions

dimV, = k,, dimW, =1, w € Zo.

A representation of the Zs chain-saw quiver consists of linear maps between these vector
spaces:

A, € End(V,), B, € Hom(V,,,V,+1), P, € Hom(W,,V,), Q. € Hom(V,,, W,41).
The chain-saw moment map equations are
po = Apr1By — BuAy, + Poy1Quw =0, w € 2y,

or, explicitly,
po = A1By — BoAg + P1Qo = 0,

1 = AgB1 — B1AL + Py@Q1 = 0.

Let Gy := GL(Vp) x GL(V7). We define the Z, chain-saw quiver variety by the GIT
quotient
Mi:(s — /L_I(O)St/Gk,
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where the superscript “st” indicates that we restrict to stable representations, meaning
representations for which there is no proper pair of subspaces S, C V,, such that

Aw(Sw) - Swa Bw(Sw) C Sw+1a Pw(Ww) C Sw’

for both w =0, 1.
The torus acting on the chain-saw quiver variety is 7' = C x CZ x Cx x C) . We
write an element of T as

t = (t1,t2,ug, u1), t1 =€, ty =62, wu,=ce"lw),

where, for the SU(2) theory, we set a9 = a and a; = —a. Here u, acts on the one-
dimensional framing space W, = C. The induced action on the chain-saw data is

Aw — tle.n B, — tZBwu P, Pwuujl; Qw = 11t uw+1Qw; w e 227

where all indices are taken modulo 2. This action preserves the moment map equations,
since they transform as p,, — t1ts . Moreover, the T-action commutes with the action
of G, and hence descends to an action on M.

The T-fixed points (Mf(s)T are isolated and are classified by colored partitions. Since
dim Wy = dim Wp = 1, a fixed point is labeled by a pair of Young diagrams

A= (A0 XDy,

A box (r,s) in A where r and s denote respectively its row and column indices, has
Zy-weight 7+ s — 1 (mod 2). Thus, odd columns have weight 7, while even columns have
weight 7 + 1 (mod 2). The dimension vector k = (ko, k1) is recovered from the colored

boxes by
k(] — Z AgO),t + Z )\((91),1: kl — Z AgO),t + Z /\gl)7t'
s>1 s>1 s>1 s>1
s odd s even s even s odd
Thus

M) = {(AOAD) | [Xp = ko, 1AL = i},

where ||, denotes the number of boxes of color w.
The equivariant Chern characters of the framing and tautological bundles, together
with the characters of the flavor spaces, are then written as

N, = earlw)‘w%, (9.7a)

K, = 3 e M3 Ter(r—1)+F (s—1) (9.7D)

n=0,1 (r,8)EAM
n+s—1=w (mod 2)

no ni
Mé”O) — Z em2+a’ Ml(nl) — Z emo‘_%’ (97(3)
a=1 a=1

where w € Zy, and we denote by Ny = (ng,n1) the distribution of fundamental hypermul-
tiplets,? ng,n1 < 2.

In the preceding quiver description, £; denotes the equivariant weight of the covering
coordinate zo. In the characters above, we instead express the weights in terms of the
rotation parameter €5 on the target space C2. Under the quotient map

C x (C/Zy) — C?, (21,22) — (31 = 21, 50 = 23), (9.8)

ZWe are considering here a fixed choice of flavor coloring function ¢; and splitting the masses accordingly.
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the target coordinate Z; has equivariant weight o, thus éo = . This accounts for the
replacement of the orbifold equivariant parameter by 2/2 in the characters above. Away
from the ramification divisor z5 = 0, a weight of Zs-color 1 can be converted into one of
color 0 by tensoring it with 25 !, In additive notation, this shifts its equivariant weight by

w® —s w®) — (%2 (9.9)
This explains the color-dependent shifts a.-1(1) = ac-1(1) — €2/2 and mg = My — €2/2 if
cf(a) = 1, while the color-0 weights remain unshifted. The trivialization by z, ! is singular
along zo = 0; consequently, smooth Zs-equivariant fields on the covering space descend to

fields with the prescribed surface singularity along zo = 0.
The full equivariant character entering the localization formula is given by

T[A}gn(),m) — Z [NMK:: + e£1+572N:Kw_1 — (1 - KK
weze (9.10)
o)

The partition function of the orbifold theory is given by the generating function of the
equivariant integrals of the Euler class of Dirac zero-mode bundle F,

oo
‘Ilgllor;;:l)(aﬂ m, 81752;1'751) = Z H lej“’/ eT(F)

ko,k1=0 w=0,1 Mfcs (911)
=3 1T abee(-Tineem).
A w=0,1

We denote the fractionalized couplings by (qu)w=0.1, which we choose to express in terms
of the bulk gauge coupling q and the monodromy defect parameter x by

qo = ﬂ, q1 = . (9.12)
X

Also, k, = dim K, and £ denotes the operation that converts the equivariant Chern
character into the equivariant Euler class,

ngﬁ.

& (Z el — Zﬁ:ew5> _ o wa (9.13)

Finally, denoting by 5 = 0,1 the two choices of coloring functions ¢ = id and ¢ = (01),
respectively, the full orbifold surface defect partition function takes the form

a,m,e1,€2; 7, q) - \IJIB: cl \Il(ﬂr’fq’—?;gp \P(Bﬁ?rﬁtl)’ (914)

K )
\I/(Bno ni (
where the classical part of the partition function is

2 9

Vs a(a,er,e2;,q) =q 1522 =1, (9.15)

and the one-loop contribution is reported in Appendix A.3. Analogous expressions for the
bulk Nekrasov partition function Z(0"1) can also be found in Appendix A.3.

In the presence of a half-BPS surface defect, local observables in the defect and the
bulk are subject to the chiral ring equation [151]. In the presence of the Q-background,
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this chiral ring equation uplifts to a differential equation satisfied by the partition function
[32, 146]. In particular, in the Ny = (2,2) case, the orbifold partition functions (9.14) can
be shown to obey

€ mip+m m3 +m
[5%8%—# <1+ : 2 3% 4)5185,;
x 1—-2z T q—x

mimg Mgy (q—1)e1eo } (22) B
+<$(1‘— 1) " z z(q —x)) * z(z —q)(z — 1)‘1‘9‘1 vy =0, p=01L

(9.16)

In the context of the AGT/BPS-CFT correspondence [22, 34, 91, 152], the regular orbifold
surface-defect partition functions of the SU(2) Ny = (2,2) theory are identified, up to
elementary prefactors, with four-point conformal blocks of the affine Kac-Moody algebra
;[2. Accordingly, equation (9.16) can also be viewed as a gauge-transformed KZ equation
satisfied by the affine conformal block. For 3:[2, the KZ-BPZ correspondence expresses this
four-point KZ conformal block as an integral transform of a five-point Virasoro conformal
block on the sphere with one insertion of the level-two degenerate primary field ¢21(z),
which solves the corresponding BPZ equation [153—-155]. In this particular case, the reduced
KZ equation and the BPZ equation admit the same form, with monodromy parameters
shuffled by the integral transform.

In the Nekrasov—Shatashvili (NS) limit, defined by e, — 0 and £; = &, the bulk and
defect partition functions behave as

no,n 1 no,Mn no,m

log Z(om1) ~ QWS 0 1)(a, m,e1;q) —i—Wf 0 1)(a, m,e1;q) + O(e2), (9.17a)
no,n 1 no,n 1i(no,n

log ™) o —W " (a,m ez q) £ WO (0 mu e 0,0) + Ofea),  (917D)

where W(gno’nl)(a, m,e1;q) coincides with the twisted superpotential of the effective two-
dimensional A = (2, 2) theory supported on the z9-plane [29]. Upon normalizing the defect
partition function by the bulk one, the limit €5 — 0 leads to a well-defined wavefunction,

g (rom) a,m,h,eo;x,
wéno’nl)(a,m,h;x,q) = lim —2 ( 2 ,4)
220 Z(mom1) (g m b, e9; q) (9.18)

A~

= exp SO (a,m, B v, 0) = W™ (a,m, 1) .

In the Ny = (2,2) case, this wavefunction satisfies the NS limit of (9.16), which is precisely
the Heun equation,

h
h%ﬁ+<+"ﬁ+m2+qm3+mﬂh@
x 1—z x (q—x)

B8=0,1. (9.19)

mims q mamg (q— Du? 2.2) _ o
+(x(x 1) (g —:1:)) @1 | =0

By the monodromies of its solutions, the Heun operator (9.19) defines a parabolic PGL(2; C)-
local system on the four-punctured sphere C\ {0, q, 1, 00}. For generic values of the masses,
the local monodromies around the four punctures are semisimple, with conjugacy classes
fixed by the corresponding local exponents. For fixed q and fixed local exponents, the space
of such opers is an affine line, parametrized by the accessory parameter (2. Through
the relation

u®?) = hqoWP? = —a® + hqogWH2) (9.20)

0, inst>
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the Coulomb parameter a provides a local parametrization of this oper line. Under the
Riemann—Hilbert map, this oper locus forms a holomorphic Lagrangian submanifold inside
the moduli space of parabolic PGL(2; C)-local systems on the four-punctured sphere.

By (9.19), the monodromy surface defect partition functions provide solutions to the
Heun oper. Note that they are convergent in the domain |q|, |q1| < 1, which is equivalent to
lq] < |x| < 1. The two choices of the coloring function 8 € {0, 1} label the two independent
solutions in this domain at generic values of the Coulomb parameter a, diagonal under the
monodromy along the A-cycle of the four-punctured sphere C \ {0, q, 1, c0}.

In this Chapter, we depart from the generic values of the Coulomb parameter a and
study Heun solutions near the special loci a € %Z, where the naive series expansion (9.18)
of the wavefunction ceases to be well-defined. The method is the resummation of the defect
partition functions near the special loci, which becomes available through the blow-up
equations.

9.2 Blow-up equations for surface defect partition functions

It was physically argued and tested in [52] that surface defect partition functions satisfy
blow-up equations, extending the corresponding results known for bulk partition functions
[3]. See also [89]. In this Chapter we will be interested in the blow-up equations obtained
by considering the N' = 2 gauge theory on C2, the blow-up of C? at the origin. The blow-up
equations are labeled by the first Chern class ¢; = k[E] of the torsion-free sheaf on C2,
with k € {0,1}, where E — C? denotes the exceptional divisor. Focusing once again on
the Ny = (2,2) orbifold partition functions, the blow-up equations corresponding to k = 0
take the form

\Ij(ﬁz’z)(a7ma517€2;xa CI) = Z \1123272) (a + ney,m,e1,€2 — &1, 7T, q)Z(272) (a + neg, M, — €2,£2; q)a
nezZ
(9.21)
while the k£ = 1 blow-up equations read
\P(Z’Z)(a m,e1,€2;2,q) = —q_ix% il
8 ; 3 C1yE2, 4, 1—2

> \If(;’z) <a +ney, m+ %1, €1,€9 — €1, T, q) z(22) <a + negy, m + %2, €1 — €2,€2; q>.
nezZ+i
(9.22)
These equations have been proved using CFT methods and the AGT correspondence in
[150]. As discussed in Chapter II, it is possible to take an appropriate limit of the blow-up
equations that gives constraints on the NS asymptotic functions in equation (9.17). In
particular, in the limit £; = €9 = A, the k = 0 blow-up equations (9.21) reduce to

U (a,m b b, q) = 30 exp (W + W — (0 4+ nda) ™). (9:23)
nezZ

where VAVEM) = VAV[?’Q)(CL + nh, m, h;x,q), and similarly for W(()m) and Wf2’2). Meanwhile,

the £ = 1 blow-up equations (9.22) reduce, in this limit, to

(2,2) 1 11—q
5 (CL?m) ’ ,l‘,q) q 4‘%21_1,
A 1 9.24
X E exp (Wg,z) + WI(Q’Q) — (28m +0h + n3a> W(gm)), ( )
nGZ-I—%
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where Om = 3; Om,, ng) =N é272)(a +nh,m + h/2, h; x,q), and similarly for WéQ’Z) and
me). Equating the two right-hand sides then yields a blow-up equation involving only

the NS functions W(gM), Wl(m) and WéQ,Q)’

5 e (HE 4 W5 — 0+ 0 W)
nez
~11l—qg £(2,2) (2,2) 1 2,2)\ (9.25)
+q 4:521—1‘ g_lexpo/\/ﬁ + W7 — §3m+3ﬁ+n8a Wo =0.
n 2

This equation will be the main focus of the present Chapter and will allow us to perform

)

the resummation of the defect prepotentials W[gno’nl .

9.3 Decoupling limits

The differential and blow-up equations satisfied by the Nt = (ng,n1) partition functions
\I'(ﬁno’m) can be obtained by considering appropriate decoupling limits of the corresponding
equations for the Ny = (2,2) theory. Starting from equation (9.16), the decoupling of the
masses mq, o € {1,2}, can be achieved by performing the substitutions z — z/m, and
q — q/ma, followed by the limit m, — oco. For instance, decoupling the mass ms leads to

the following equation:

2 92 qmg3 + my q mgmy My £1€2 (2,1)
0 1+—-————)e10; — - — —————q0,| ¥ =0. (9.26
o+ (143 Jooo (G -5 ) 4 o] v (920

Meanwhile, the decoupling of the masses moyo, with a € {1,2}, can be achieved by
performing the substitution q — q/maytq, followed by the limit moy, — co. For instance,
decoupling the mass m,4 leads to the equation

2 42 mi1+ma mimsa q €1€2 (1,2)
e Ny . 22 _49,| 0t = 0.
{51890—1-( 12 x2>€18 +<a:(x—1) x3m3>+x2(1_x)q8q} p) 0
(9.27)

In an analogous way, one can obtain all confluent degenerations of the Heun equation
(9.19). The same limits must also be implemented in the quantum Matone relation (9.20),
in order to recover the correct relation between the accessory parameter and the twisted
effective superpotential of the theory obtained after hypermultiplet decoupling.

Turning next to the blow-up equations, and performing the same limits on (9.21) and
(9.22), it is straightforward to see that the k = 0 blow-up equations always take the form

Um0

= Z \I/(g”o,m)(a—i-nshm,a,@ — El;x,q)z(nmm)(a+n52’m’61 ~e9,6939), (9.28)

neZ

while in the k = 1 case the blow-up equations read

\P(ﬁno,nl)(a7m7€1552; xZ, q) = Cng,ny (I, q)X

3 g
> \1153"0’"1) (a +ne,m+ 51,61,62 —£1; 7, q)Z(""’"l) (a + nez,m + 52,61 — €2,€2; q>7
n€Z+%

(9.29)
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where the prefactor ¢, ,, is defined as

1—

1—2° ian =Nnip = 2,

11 1 .

Cnomy (%,q) = —q~ 122 - { ==, ifng <1and n; =2, (9.30)
1, if niy S 1.

Finally, in the general Ny = (ng,n1) case, the NS blow-up equations (9.25) take the form

5 exp (R 4 WP (3, na W)
nezZ

1y(no,n no,n 1 no,n
— Cnony (2, 9) Z exp(Wé 0,11) +W§ 0,m1) <28m+8h+n8a)w(§ 05 1)) —0,
nGZ-I—%

(9.31)

where the dependence on the appropriately shifted arguments is always understood.

10 Resummation of surface defect partition functions

In this section we begin by briefly reviewing the properties of the NS instanton functions
W(?ﬁl’gf), W(flﬂl’;l) and Wénﬁ;:tl), which motivate the resummation procedure and the form
of the resummation ansatz that we will introduce [37, 38], see Chapter II for more details.
This review is included also to avoid possible confusion with the notation used in the
previous chapter. To this end, we perform the convenient change of variables z = zt, q = 2,

in terms of which the Heun equation (9.19) takes the form

h t t
[h28§+(2_m1+m2 +m3+m4>haz

zt—z71 2z t—2z 01
t( mims m3m4> (1—)u>? 22D (10.1)
2\t—z"1 t—2 20 —2)(t—z"1) |78 7
and where the accessory parameter is given by
h
w22 = §t8tWé2’2). (10.2)
With a slight abuse of notation, we will denote
Wit (a,m, b @) = Wi (@,m b, i=0,1, (10.3)
and, similarly,
W(flior;:tl) (a, m, k; zt, t2) = W(?ﬂ;g)(a,m, h; 2, 1), B=0,1. (10.4)

The intended meaning will always be clear from the variables appearing in the arguments.
We then proceed to show how the blow-up equations (9.31) can be used to determine

recursively the resummation functions parametrizing the NS instanton function [gnﬂizﬁl),
using as input the resummation functions parametrizing W(ﬁ%’;l) and Wﬁ?{sﬁl). We then

discuss the resulting pattern that emerges for the defect resummation functions, their
analytic structure, and how these properties allow one to safely take the limit to half-integer
values of a/h, correctly reproducing the expected wavefunctions. Finally, we explain how
the logarithmic companions of the resonant solutions can be obtained from the resummed
wavefunctions, discuss the semisimple locus of the resonant A-cycle monodromy, and
conclude with the explicit example of the Ny = (1,1) theory.
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10.1 Resummation ansatz

In the following discussion we suppress the numbers of hypermultiplets ng and nq, and set
h = 1. The dependence on h can be reinstated by rescaling the remaining variables and
the NS functions according to

Worim (a,m, b ) = AW (ahl, mh! 1 thm?"”), (10.5a)
Wi (a,m, b ) = Wiy (ah‘l, mh LR ‘2>, (10.5b)
Vo) (a,m, by 2, ) = WS <ah_1, mh 12 T —2). (10.5¢)

Wo,inst- The instanton prepotential Wy, inst (a,m, h;t) is a symmetric function of the
masses m and an even function of both a and t. When expanded around t = 0, it admits
the power-series representation

9]
WO,inst(aa m, 17 t) = RO(a7 m, 1? t) + Z fO,k’(av m)tka (106)
k=1

where the coefficients fj are rational functions of the remaining variables, with a pre-
dictable pole structure, namely with fixed locations and degrees of the poles at each order
in the expansion, while Ry denotes the part of the prepotential regular in a, see equation
(A.58). In particular, upon decomposition into simple fractions, each function fy takes
the form

k Lk/4] %) (m)
— J,P
afom) = ; pzl zi:(j + 2q) 2LK/3] 21" (10.7)

where the coefficients dgio) (m) are symmetric polynomials in the masses m with rational
coefficients. It is also worth noting that a = 0 is a regular point of the instanton prepotential.

This structure naturally leads to the resummation ansatz

W0, inst (@, m, 1,t) = Ro(a,m, 1;t) + Z thk“*zgk,j (m, 'j:2>’ (10.8)
kj—1 + J =+ =a

where the functions® gk,j(m, x) are odd and analytic in a neighborhood of x = 0, so as to
reproduce the correct pole structure of the standard instanton expansion. As described in
subsection 6.4 of Chapter II, the general structure that seems to emerge for the resummation
functions is the following:

11
5+ 2\/1 + 4" g2 2

+1-— \/1 + 4w§"°’"1)x2/g]2>, (10.9a)

k

1 no,n -
gk>2,5(m, x) = v [(1 + 4w](~ 0 1)x2/C]2> 2 Qk,;(m, z?) + Pk,j(m,xQ)], (10.9b)

3In this section, the variable = denotes the last argument of the resummation functions under consideration
and should not be confused with the variable appearing in the Heun equation (9.19), which is replaced
throughout by zt.
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where ()1, ; and Py ; are polynomials in x2 of degrees 2k — 3 and k — 1, respectively, while*

A
2 no ni
wj(noﬂn) - II (misa + k) [[(mi + &), (10.10a)
k=1-1 i=1 i=1
G = (=171 — 1)L, (10.10b)

Although = = oo is a branch point of the functions g, ;, these functions remain finite as
x — +o0o. This makes it possible to define a resummed accessory parameter u,es through
the relation (10.2), using the resummed expression (10.8) for the instanton contribution.
Then, the resulting u,es remains well defined in the resonant limits 2a — +n, with n € N.
Because of the branch structure introduced by the resummation functions, the value of
the accessory parameter at resonance depends on the direction from which the limit is
approached. More precisely, one obtains the two branches,

u(in) = lim Upes = lIM  Ures, n € N. (10.11)

2a—n+ 2a—(—n)T
The resummed accessory parameter can then be used to construct an infinite family of
functions of a quasi-momentum k:

—Ures (§ + K, M, Bi5 1), n > 0 even,

EM ,m,h;t) =
(r,m ) —ures(”T+1 — K, m, I t), n > 0 odd,

(10.12)

initially defined for x € [0,1/2]. Each function E(™ is first extended to the interval
k € [—1/2,1/2] by imposing the reflection symmetry

E®™(—k,m, h;t) = E™ (k,m, i t). (10.13)

The branches reached at the endpoints k = —% and Kk = % are then identified, and this

gluing is repeated along the real k-axis. In this way, each E(™ is extended to an even,
1-periodic function of the quasi-momentum x. The resulting E™) can then be interpreted
as the dispersion relations describing the spectral bands of the periodic spectral problems®
associated with the Heun equation (10.1) and its confluent limits.

W1, inst- The prepotential Wi inst(a, m, h; t) is also a symmetric function of the masses
m and an even function of a and t, admitting the power-series representation

Wi inst(@, m, 156) = Ri(a,m, 1;4) + > f1 p(a, m)t?F, (10.14)
k=1

where the coefficients fi ;, are again rational functions with a predictable pole structure, and
R, denotes the part of W ingt that is regular in a, see equation (A.58). Upon decomposing
the functions fi ; into simple fractions, we find

ko Lk/4) a(k)(m) B(k)(m)
= J,P J,P
frula,m) —jZl p; Ei: GEoamimn t G 0 (1019)
“The coefficients w ™0™ [Nf=no+n1

5 are related to the coefficients w; ! introduced in Chapter II by a
simple redefinition of the masses, while (; differs from its counterpart in that chapter by an overall sign
determined by the parity of j > 1.

®Under the change of variables z = €*™¥, the Heun equation (10.1) becomes a differential equation with
coefficients that are periodic in y with period one.
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where agﬁg (m) and ﬂj(i)) (m) are symmetric polynomials in the masses m with rational
coefficients. Again, it is worth noting that a = 0 is a regular point of Wi jns. In contrast
to W, inst, the pole structure of each coefficient now involves both even and odd powers.

This motivates the introduction of two distinct sets of resummation functions in the ansatz

00 - tj . fj
. 2k—2 q
Wl,inst(aa m, 1a t) =R (CL, m, 17 t)—i— Z Zt |:fk7j <m7 m * tjngj m j:|272a

kj=1 *

(10.16)

where the functions fj j(m, ) and gx j(m,z) are analytic near x = 0 and vanishing at

x = 0, and are even and odd in x, respectively. As described in subsection 6.4 of Chapter
11, their explicit form appears to follow the pattern

1 4qpmom) 42 2
Jrj(m,r) = oyl | s ]T Up,j(m,2*) + Vi, j(m, 2%) |, (10.17)
j

for the g-functions, while for the f-functions we find

Aqpmom) 2

~ 1 2 7 2
frj(m,x) =~ log| 1+ — & Zegm, )

— = | fe>2,j(m,x) = 1
C]2 2 ]( (1 4 4w§no,n1)x2/<j2)k 1
(10.18)
The functions Uy, ;, Vi j, and Zj, ; are polynomials in x? of degrees 2k — 2, k — 1, and k — 2,
respectively®. As one approaches a pole in a, the resummation functions Jk,j above develop
a branch-point non-analyticity while remaining finite. Similarly, the functions f;w remain
finite with the exception of fl,j7 whose singular part behaves as

. v 1 2 .
f1,j<m, j:t2a> =1 log m + O(1), 26 — FJ. (10.19)

This singular behavior can be canceled by adding to the NS prepotential the combination
1 1
3 log(T'(1 + 2a)T'(1 — 2a)) = —5 log(2a + j) + O(1), 2a — Fj, (10.20)
which precisely compensates the singular contribution coming from ij.

Wﬁ, inst- Lhe defect instanton prepotentials )/AVﬁ, inst (@, M, fi; 2, t) are symmetric functions

of the two sets of masses {mq} and {may}, with o € {1, 2}, independently, namely they
are invariant under permutations within each set, but not under permutations mixing the
two sets. Since the two defect instanton functions are related by

Wl, inst(a7 m, ha Z, t) - WO, inSt(_a7 m, h) Z, t)? (1021)

we can focus on the § = 0 case. The NS function admits the power-series representation

o
WQ inst(a,m, 1;2,t) = Rg(a,m, 1;2,¢) + Z fo.x(a, m; z)tk, (10.22)
k=1

5The coefficients of the polynomials Uy, ;, Vi.;, and Zx ; differ from those in Chapter I because we use
a different convention for the fundamental mass parameters.
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where the coefficients fy, are once again rational functions, while Ry denotes the part
of the function that is regular in a, see equation (A.58). The functions f,; admit the
simple-fraction decomposition

ko LK/ A k) 3(k)
fox(a,m;z) = Z Z( 4jp(m. 2) + @p(m,‘z) ) (10.23)

o o (j + 2a) K/il=p+1 ~ (j — 2q) Lk/i]—p+1
where the coefficients dg.?p) (m, z) and B;? (m, z) are symmetric functions of the two sets
of masses {mq} and {may.}, with a € {1,2}, independently. As in the case of the NS
functions discussed above, the defect NS prepotential VAVQ inst 1S also regular at a = 0.
Given the pole structure discussed above, we can consider a resummation ansatz involving
two families of functions:

" A N t/
Wo,inst (a:m, 15 2,) = Ro(a,m, 15 2,t e s e ) (1024
0, inst (@, ™M, 15 2, 1) ola,m,1;2 )+k§1§ vl T2 ( )

such that the functions hjE ke (m, z,z) are analytic near x = 0 and vanish at z = 0.
Alternatlvely, the form of the blow-up equation (9.31) suggests incorporating W inst
into Wg,mst, which, from the perspective of the Heun equation (10.1), amounts to a change
of wavefunction normalization and leads to the following resummation ansatz:

WO, inst(aa m, 17 2, t) + Wl,inst(aa m, 17 t)

. > t/ 10.25
= Ro(a,m,1;2,t) + Ri(a,m, 1;t) + Z Ztk 1hjE m,z, ——— |, ( )
N1 T "+ 2a

where the functions hk (m, z,x) are also analytic and vanish in a neighborhood of = = 0.
The two families of resummatmn functions are then related by

hkj(m zZ,r) = hf’j(m, z,x) + Z(‘Skﬂr—lfm(m» x) + Ok 2r+j—19r,j (T, x)) (10.26)
r>1

10.2 Resummation procedure

The blow-up equations (9.31) allow one to determine the resummation functions hf’ ;in
equation (10.24), provided that the resummation functions gy, ;, gr,; and ka for the NS
prepotentials Wy and Wy are known. Meanwhile, to determine the resummation functions
hi k; i equation (10.25), only the functions g ; are necessary. Since the equations (9.31)
for 5 =0 and 8 = 1 are related by the transformation a — —a, together with n — —n,
we restrict our analysis to the § = 0 case. By suppressing the “instanton” label, setting
h =1, and applying the substitutions q = t> and = = z t, the blow-up equation (9.31) can
be rewritten as

0= Z tn(2n—1)Z—ngglno,nl)(a7 m) eWO-i-Wl—(aﬁ—ﬁ—n@a)Wo
neZ
— Cno, n1 Zf ’t Z tn (2n—1) 7—n€(n07n1)<a7m) eVAVo+W17(%Zi Bmi+8ﬁ+n8a)w

n€Z+2

(10.27)

9

where the notation Wy = Wo(a +n,m, 1; z,t) is understood, and similarly for Wy and Wj.
The /-factors can be written as

1
fq(lno’nl)(aam) = gn H gn a mzo+2 H gn a m21 g(a mu) ne iz’ (10‘28)

t0=1 11=1
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where the various factors appearing in the product are given by
[ (—2a—j+1)7 (2a+4)'79, n>0,
QZ(CL) _ (10.29&)

gzn(_a% n < O s

el , .
HLnJ (—a — jo +m + 1)d0 H]Ll:“‘lzj (a+j1+m)"1, n>0

gi(a,m) = {70 - (10.29b)
gzn(_aa m)v n < 0 s

v, v I'(2a+2n) L f B I'(a —m)

(@)= =T a0 ) = ) (10.29¢)

The constant &, appearing in the last equation vanishes for n € Z, while £, = 1/2 for
n € Z+1/2. To derive from (10.27) the equations determining the resummation functions

+
hk,j, we set

1 92
a= 5 <01 + l‘>’ o, €Z, 09>0, (10.30)
where x is a complex variable, and expand (10.27) around t = 0. This yields a series
expansion in t, which may start at a positive power. By setting the coefficients of this
expansion to zero, starting from the first non-vanishing term, (10.27) provides algebraic
equations, linear once we set hfj = log Hffj, constraining h;gz (m, z,z) and Py (m, z, x).
Since the equations obtained for different values of o1 are independent, they can be
straightforwardly solved for hfm. However, determining the functions at level j = g9 + 1

requires knowledge of both the functions at level j = o9 and the functions g, ;, gi ; and fk,j
at level j = 02+ 1. Consequently, we proceed iteratively: we first compute the resummation
functions for oo = 1 up to a fixed value of k, then we proceed to oo = 2, and so forth. A
concrete example of this procedure is presented in Appendix C.5, where we write down and
solve the first few equations arising from the expansion of (10.27) for the Ny = (1,1) case.

10.2.1 Leading-order resummation functions & split eigenfunctions

The previous resummation procedure is computationally demanding in the most general
Ny = (2,2) case, especially when the mass parameters are kept generic, as we assume
throughout this subsection. In this case, we obtained only the first few j =1 and j = 2
resummation functions. In theories with fewer hypermultiplets, it is easier to reach higher
orders, particularly in the Ny = (0,0) case. The Ny = (1,1) theory provides a useful
intermediate case for understanding the structure of the general resummation functions at
higher orders, since it retains much of the structure of the Ny = (2,2) case while being
computationally less demanding. Guided by the explicit form of the first few leading
resummation functions in these examples, we conjecture the following general structure for
the leading resummation functions of the first family appearing in (10.24), for arbitrary j:

14 4™ g2 /¢2 4 2200™ g /¢ — 1
hfj(m, z,x) = log \/ J /CJ Lj /CJl ’ (10.31a)
230"V /¢ (1 + 4w g2 /gf) i
14+ 4w g2 /c2 4 220"y e 41
hi;(m,z x) = log \/ J /S b A (10.31b)
4

2(1 + 4w ™a2/2)
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Analogously, for the second family in (10.25), we find

(no,n1) 9 /9
- 1+ 4w, z + 229"y
hfj(m, z,x) = log \/ /C Ly /4~ ) (10.32a)
200" /i1 + 4w x2/¢2
(no,m1) 22/¢2
- 1+ 4w + 229"y +1
hy;(m, z,z) = log v /S Ly 2/t (10.32b)
2\/ Lt du"0m) g2 /gg
where
ng
v((ff;) = Hpj(mi+2), vl ] Hp] (my), (10.33a)
i=1
W) =, g= (-1 - 1), (10.33)
with the polynomials p; defined as follows:
A
2
H (m + k). (10.34)

k=1—

w\h

These expressions have been tested against the instanton expansion of the combinations ap-
pearing in (10.24) and (10.25), and were found to reproduce the expected pole-contributions
to high order. Moreover, their large-z asymptotics are consistent with their role in
parametrizing solutions of the Heun equation (10.1). Indeed, approaching a pole of the
Coulomb branch parameter @ in the resummation ansatz (10.24) along the real axis, or
equivalently taking the limit x — 400, the functions in (10.31) behave as

W(”l j (—1>“\/sz)

1
h+'(m7za$) = _710g|$| + log + O(|$’_1)7
1,5 2 \/Qvﬁz]l) (w](ng,nl))l/4
(10.35a)

(no,n1) i da,(M1)

w} F (=120, ; B
hi;(m, z,x) = log|x|—|—log( J o 1/41’] ) +0(|z| ™), (10.35b)

V2161 (w; ™)

while the functions in (10.32), appearing in the resummation ansatz (10.25), behave as

‘CJ| (U1] (— l)j_lz—j w}”o,nl))

ij(m,z,x) = —log |z| + log oD e + O(Jz| ™),
2,017; wj 0,11
(10.36a)
. 1 (—1)iai"
hij(m,z2) =log| - F ———=L | + O(l2| ™). (10.36b)
) 2 9 w(no,nl)
J

All other resummation functions hf’ ; and iLf D with £ > 1, remain regular in the limits
T — Fo00, similarly to their bulk analogues. In view of the specific large-x behavior of the
resummation functions above, we can define two linearly independent resummed Floquet
solutions in slightly different but equivalent ways. These choices differ by z-independent
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normalization factors which may themselves vanish or diverge at a — +3/2. This is
precisely what is needed to compensate the zeros or divergences produced by a given choice
of resummation ansatz. For instance, one natural choice is

~ a 2 A

¢0(a7 m, ha Z, t) =zl <1 + ha) exp (Wﬂ,inst(a7 m, ha Z, t) + Wl,inst(aa m, ha t))v
(10.37a)

d1(a, m, h; 2,t) = go(—a, m, h; 2, 1), (10.37b)

where VAVo, inst + W1, inst 18 given in (10.25), with A reintroduced by an appropriate rescaling
of the other variables (10.5). These solutions are well defined for arbitrary values of the
Coulomb branch parameter a, up to the choice of branches when taking the resonant limits
2a/h — n € Z\ {0}. Indeed, in the a — j=/2 limit, one finds

() 5 Gt i (—1)%%) i
oY (m,1;2,t) = lim 2¢0(a,m, 1;2,t) = Pl + (7’22 +O(t), (10.38)
j

a—j w no,n1)

with the same limit applied to the second solution defined above yielding the same resonant
wavefunctions &g), up to an overall normalization. The same conclusion holds upon taking
instead the limit a — —j¥ /2, with the roles of gz~50 and ggl being exchanged. Thus, for any
real value of a away from resonance, the two solutions in (10.37) form a basis of linearly
independent Floquet solutions, describing eigenfunctions associated with points inside the
spectral bands (10.12) of the periodic spectral problems related to the Heun equation
(10.1) and its confluent limits. At a nonzero resonance, each resummed solution admits
two lateral limits, giving the resonant (anti-)periodic solutions associated with the two
corresponding band edges. At a = 0, by contrast, the two resummed solutions reduce to
the same periodic wavefunction corresponding to the minimum of the first spectral band.
Since the instanton expansions are regular at a = 0, this wavefunction can equivalently
be obtained by setting a = 0 before performing the resummation. Generically, its second
linearly independent companion is logarithmic and can be constructed by the methods
discussed in the next subsection.

One may also consider the following z-independent renormalization of the solutions
obtained by dividing the defect partition function by the bulk partition function:

—a
Z h

P1(a,m, h; z,t) = Po(—a, m, h; 2, t), (10.39b)

Yola,m,h;z,t) = exp(Wo,inSt(a, m, h; 2, t) — Wi inst (@, m, B t)), (10.39a)

where the gamma function in the denominator has been included in order to cancel the
singular large-x behavior of the leading resummation functions, which is given by

no,n
w(o 1)

B j0m,,w) = fig(m, ) = 1og(1 F (-1 ) +O(le ), (10.400)

(no,n1) i ., (n1)
_ ; w; T F (1) Py _
hl,j(maz,x)—fu(m,x)=10g|33|+10g< ! T ZH ) +O(|z[7h),
J

(10.40b)

as r — +oo.
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Before moving to the next subsection, let us note that the factor wj(-no’m) controls the

only square-root branch structure responsible for the splitting of the resummed accessory
parameter and Floquet solutions in the resonant limit. For the accessory parameter,
this follows from the structure of the bulk resummation functions in (10.9). The same
square-root factor governs the resummation functions of W in (10.17) and (10.18), as
well as the leading defect resummation functions in (10.31) and (10.32). Together with
the linearity of the equations determining the subleading defect resummation functions,
this shows that the latter cannot introduce an additional independent square-root branch
responsible for the splitting. The vanishing of w](-no’m) therefore removes this source of
splitting, although it does not by itself guarantee that the resulting resonant limits are
regular.

10.2.2 Logarithmic solutions

At the resonant loci 2a/h = n € Z, the two A-cycle Floquet multipliers coalesce:
T2 (—1)" (10.41)

Thus, generically, the resonant monodromy is not semisimple and the second independent
solution is logarithmic. In the following, we discuss two standard constructions which,
when applied to our setting, allow us to obtain the logarithmic companions of the resonant
(anti-)periodic solutions discussed in the previous subsection.

Reduction of order. We begin by recalling the reduction-of-order construction of a
logarithmic companion solution. After setting & =1 in (10.1), the Heun equation takes
the form

V" +p(2)Y + q(2)y =0, (10.42)

with 1 tmg+ tms +
plz)=-—-TATT2 , "TRT M (10.43)

z oz t—z1 z t—z
Thus, by Abel’s identity, the Wronskian W (#1,12) of any two solutions 1 and 9 is
proportional to

t m3+my
) L (10.44)

() i= e = [ p€) ) ozt (a e (1

z

where the proportionality constant is independent of z. Let ©(™ be a nonzero resonant
Floquet solution,

P (ze”™M) = (=1)"p ) (2). (10.45)
Once the normalization of p(z) has been fixed, we define its canonical companion by
(M) () e sy [T 1)
() 1= ) (2) / Sy (10.46)
which, by construction, satisfies
W™, () = u(z). (10.47)

Therefore, for fixed 1™, the companion is uniquely determined by this Wronskian normal-
ization up to

Y — i + c(m, 1) ), (10.48)
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where this ambiguity corresponds to changing the lower endpoint of the integral. In
the annulus |t| < |z| < |[t|7!, the integrand admits a Laurent expansion in z and, upon
integration, the coefficient of 2! is the only term that produces a logarithm. Thus one

can write
Yo (2) = K™ (m, ) ) (2) log 2 + o) (2), (10.49)
where (™ has the same A-cycle monodromy as (™),
P (2e”™) = (—=1)"p")(2), (10.50)
and . )
K™ == ]{ B 10.51
(m.t) = 5~ P (4 (10.51)

where 7 is a positively oriented closed contour contained in the annulus [t| < |z| < ||~ and
winding once around the origin z = 0. It follows that the canonical logarithmic solution
transforms under the A-cycle monodromy as

P (2e2™) = (—1)" 1) (2) + 27 (—1)" K™ (m, ) () (2), (10.52)
and, in the basis
n n)\T
(™, )T (10.53)
one obtains
Ma= (- Lt 0 (10.54)
A= oami K™ 1) ‘

Thus, the coefficient K (™ measures the nilpotent part of the resonant A-cycle monodromy.
In particular,
KM=0 «—  My=(-D"I, (10.55)

provided that, at the zeros of K™ the accessory parameter and both solutions 1/1(”) and
wl(:g remain regular, and that their limiting values continue to form a linearly independent
pair. In that case, the resonant monodromy is semisimple, or equivalently there exists a
second independent resonant Floquet solution with the same multiplier.

However, as we discuss in more detail in the next subsection, K™ is not an invariant
scalar until a normalization of the resonant Floquet solution has been fixed. Indeed, keeping
the normalization of u(z) fixed, a parameter-dependent rescaling

P —s flm, 1) p™ (10.56)

induces
K™ —s fim, ) 2K™. (10.57)

Thus K™ should be regarded as the local representative, in a chosen local frame for the
resonant Floquet line, of the nilpotent monodromy coefficient. In particular, its local
expression depends on the frame, while its vanishing is invariant under invertible changes
of frame.

Applying this construction to our setting, for any of the resonant representatives
constructed above, such as (™ = qg(in ), we define”

20 Ly gy [T o) ) ) 5
Wl =000 [ 5 dw = KLy 8 ) togz + L00), (1058)

"We recall that the sign =+ in the wavefunctions <;~5

3?) labels solutions of two distinct spectral problems,
since for generic values of the mass parameters the corresponding accessory parameters ug) are different.
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where Ki”) is obtained from (10.51) by replacing (") with qg(j? ). The gauge-theory
construction of the previous subsection gives the resonant solution, and hence its logarithmic
companion together with the coefficient KS_Ln), as an expansion in powers of t. However, it
does not by itself specify a preferred global normalization of the resonant solution. For this
reason, in practice one might have to impose a different normalization a posteriori, order
by order in t, for example by fixing a chosen Laurent coefficient of (52? ). Once a choice has
been made, one can compute the corresponding representative of K(in) and the associated
logarithmic solution as power series in {.

Different choices of normalization will lead to different local representatives. In particu-
lar, if a zero of the intrinsic nilpotent coefficient is not visible in a given representative, this
may indicate that the chosen frame is singular at that locus: the rescaling used to define
the normalized resonant solution may have introduced an artificial pole or zero. One should
then pass to a different local normalization, regular on the locus under consideration, and

recompute the corresponding representative of KE_Ln).

Coalescence. In the generic non-semisimple case, an alternative construction of the
logarithmic solution is obtained by coalescing two non-resonant independent Floquet
solutions. If two limiting solutions ¢y and ¢, become proportional at resonance, one may
choose a z-independent factor A(a, m;t) such that

lim (¢o(a;z) — A(a, m;t)p1(a;z)) = 0. (10.59)

2a—n¥t

Then the standard coalescence construction gives a second solution of the resonant equation:

¢g:n,)log(z) = lim do(a; 2) — A(a, m;t)dy(a; 2)

2a—nt 2a —n

: (10.60)

whenever the limit exists. Equivalently, if the numerator extends holomorphically to the
resonant point, this may be written as

O og(2) = Tim 20a(d0(a; 2) — Ala,m; 61(a; 2)). (10.61)
? 2a—nt 2

This is the usual Frobenius/Floquet mechanism by which a logarithmic solution appears
when two exponents collide. In the present problem, however, it cannot be applied directly
before resummation, because the t-expanded Floquet solutions develop poles of increasing
order at the resonant values of a. Instead, after resummation, the numerator solves the
Heun equation (10.1) for every non-resonant value of a, and its divided limit solves the
limiting equation at resonance. The monodromy of gb(ﬁ)log is fixed solely by differentiating
the two Floquet multipliers. If

00" (z) = lim_ ¢o(a;z) = _lim  A(a,m; )1 (a: 2), (10.62)

2a—n 2a—n

then one finds, up to the overall sign convention in the definition of qbg:)log and in the
assignment of the two Floquet multipliers,

60 (267™) = (~1)"0 , (2) — 2mi(~1)"6 L (2). (10.63)

Thus, the logarithmic companion obtained in this collision basis has a mass-independent
representative for the off-diagonal monodromy coefficient, due to the normalization of the
logarithmic pair selected by the collision construction.
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Single-derivative construction. In our setting, we can consider a slight variation of
the previous construction, suggested by the analytic properties of the resummed accessory
parameter uﬁZSO”“). Instead of differentiating a vanishing difference of two colliding solutions,
one may try to differentiate a single Floquet solution. In general, this does not give another
solution, since the Heun operator in (10.1) does not commute with d,. However, the

dependence on a enters the differential operator only through the accessory parameter
(no,m1)

ures . Hence, after differentiating the equation with respect to a, the source term is
proportional to 8au§250 ) and if the resummed accessory parameter satisfies
Jim Q,ufpe™) =0, (10.64)

then the inhomogeneous term vanishes in the resonant limit. Thus, if the prefactor
B(a,m;1t) is chosen so that both B¢y and Bd,¢o admit finite resonant limits, the function
ng)log(z) = lim B(a,m;t) Oy¢0(a; z) (10.65)
a—n
is again a solution of the resonant Heun equation.
Its logarithmic monodromy follows again from differentiating the Floquet multiplier.
More precisely, denoting the resonant solution selected by the same prefactor by

(2) = lim B(a,m;t) do(a; 2), (10.66)
2a—nt
then, up to the overall sign convention for the Floquet multiplier of ¢y, one obtains
A og (262™) = (~ 1)y (2) — 2mi ()" (2). (10.67)
(n)

As usual, x ¥ log 18 defined only up to the addition of a multiple of the resonant solution,
and this ambiguity depends on the chosen prefactor B. In this sense, the single-derivative
construction is a stronger statement than the standard collision construction: it uses the
special property (10.64) of the resummed accessory parameter. The condition (10.64)
follows from a simple conjectural property of the resummed dual quantum period. Let

a5 = W™ = affel + afpti (10.68)

denote the dual period obtained from the resummed twisted superpotential, including the

instanton contribution a(ani’nnslt) obtained from the a-derivative of (10.8), together with the
classical and one-loop terms:

(mo.m) _ PA+2a) A T+migat+a) <~ T +mi+a)
a = —4alogt+2log —————= — log — log —/————~.
D, pert P(l — 2(],) iozz:l F(l + M2 — a) ilz::I F(l + my; — a)

(10.69)
We conjecture that, at every resonant point,
I (o)) = €z 10.70
al_{r% exp (a D ) , n ( )
Since the limiting value of aglo’nl) is independent of t, this implies that
lim tdalo™) =, (10.71)
a—n/2

and therefore (10.64). We tested this conjecture in the Ny = (2,2), Ny = (1,1) and
Ny = (0,0) theories by computing the resummed instanton NS prepotential to the highest
accessible order in the resummation functions in each case. Moreover, the explicit form of
the leading resummation functions in (10.9) is consistent with this conjecture. In particular,
these functions cancel the singularities arising from the Gamma-function contributions in
(10.69) at the resonant points.
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10.3 Special mass loci and semisimple resonant monodromy

Let us now consider the loci in the m-parameter space on which the resonant A-cycle
monodromy may become semisimple, working at the level of series expansions around
t = 0, and setting again A = 1 in order to simplify the notation. The A-dependence can be
restored by rescaling all parameters appropriately. We consider a nonzero resonant value
2a = n, with n € Z\ {0}, and write N := |n|. The case n = 0 will not be discussed here
since, as mentioned before, the instanton functions considered below are regular at a = 0,
so the resonant limit can already be taken term by term in the instanton expansion.

As already discussed above, for a fixed resonant branch o € {+, —}, the coefficient Ké”)
is a local representative of the nilpotent part of the resonant A-cycle monodromy. Its value
depends on the chosen normalization of the resonant Floquet solution, but its vanishing is
invariant under regular changes of local frame. Thus, the intrinsic semisimplicity condition
is

KM =0, (10.72)

together with the requirement that, at the zeros of Kén), the corresponding resonant
accessory parameter, as well as the (anti-)periodic and logarithmic solutions, remain
regular and that their limits continue to form a basis of solutions.

The problem of determining this locus can already be approached at the level of the
instanton expansions of the NS prepotentials Wy, Wi, and Wg. In what follows, all
statements refer to the standard small-t instanton expansion and have been checked only
to finite order. We start from the twisted effective superpotential W, which determines
the accessory parameter through (9.20). Since this NS function is even in a, it is enough
to study the positive resonant limit 2a — N. At all orders checked, the coefficients of the
highest-order pole contributions at 2a = N are proportional to the mass factor

no ni
wi™ = T pa(mig2) ] o (my), (10.73)
i=1 j=1

where the polynomial py is defined in (10.34). Thus the vanishing of one factor in wj(\?()’m)

removes the leading source of singularities but it does not in general make the instanton
expansion regular in the limit a — N/2.
For example, in the Ny = (2,2) theory®, if my is specialized so that py(m1) = 0, the
residues of the remaining poles at a = N/2 are found to contain the common factor
—(2,2)
Wy = pN(mQ)pN(mg)pN(m4). (10.74)
Thus, a further specialization of one of the remaining mass parameters completely removes
the remaining poles at a = N/2 in Wy inst. An analogous pole-cancellation pattern holds
for Wi, inst in the Ny = (2,2) theory and, by taking appropriate decoupling limits, for the
bulk NS functions of theories with fewer hypermultiplets.
Let Ingn, :={1,...,n1} U{3,...,no + 2} denote the set of labels of the hypermultiplet
masses present in the Ny = (ng,n1) theory. We find that, on the locus

D= U {m |l pn(m) =0, py(my) =0}, (10.75)
1.§€ g my
1<

8We recall that the bulk instanton prepotentials Wy and W, are symmetric under permutations of the
mass parameters m = (mi, mz, ms, ma), whereas the functions Wg are symmetric only under separate
permutations of the pairs (m1, m2) and (ms, m4).

127



Chapter III. Periodic Spectral Problems and the Heun Equation

the small-t expansions of both bulk instanton prepotentials Wy inst and Wi inst admit a
regular resonant limit at 2a = n. Consequently, the same holds for the accessory parameter
u("0m1) - Complete cancellation of the bulk poles therefore requires the specialization of at
least two distinct mass parameters. In particular

DM =& if ng+m <1 (10.76)

At the level of the small-t instanton expansion, Déﬁ%{ is precisely the locus on which the
N-th spectral gap closes. Indeed, for m, € D](D]Xl{{, the two lateral accessory parameters

coincide order by order in t,
u™(ma;t) = ul” (ma;t) = u™(mat), N =), (10.77)

Furthermore, these gap-closing loci are nested separately for odd and even values of N.
Indeed, py(m) divides pnior(m) for r € Z>¢, and therefore

Dinik € Dot ™, 7€ 250, (10.78)
()

Thus, a mass specialization belonging to Dy . closes all gaps indexed by N + 2r, r € Z>.
This does not in general define a finite-gap potential, since the gaps of the opposite parity
may remain open.

We now turn to the instanton defect prepotentials Wﬁ,inst- Since the two choices of
defect NS functions are related by a — —a, it is enough to discuss 5 = 0. In this case,
the coefficients of the leading poles at the negative and positive resonances, 2a = —N and
2a = N, are proportional, respectively, to

ug = HPN miv2), vy = HpN m;), (10.79)
=1

as defined in (10.33). For § = 1 the roles of these two factors are exchanged, as a
consequence of the relation a — —a. Once one mass has been tuned to cancel the leading-
order poles, for instance at the negative resonance 2a = —N, the residues of all remaining
poles at the same resonance vanish upon specializing any additional mass parameter to a
zero of py(m). The same holds for positive resonances.

Not every component of the bulk locus Dt(ﬁli( is therefore compatible with the regularity
of the defect prepotentials, at least at the level of their instanton expansion. By requiring
WD, inst, W1, inst, and both defect prepotentials W,B,inst to have a finite limit as a — n/2,
the instanton expansion singles out the smaller locus

niy no
N
Délefect U U {m | pN(ml) = O pN(m]JrQ) = 0} - Dl()uli (1080)
i=1j=1
Equivalently, one must require the vanishing of at least one factor in v%n]lv) and at least one
£ . (no) .
actor in vy - In particular
D) =@ if ny=0o0rn =0, (10.81)
and, similarly to the bulk case,

Dﬁ(ijggact < Déﬁ;fr)a € Z>0. (10.82)
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For example, in the Ny = (2,2) theory this means that one mass from the pair (my,ms)
and one mass from the pair (mg, m4) must be specialized to zeros of py(m). On this locus,
the pole cancellations of the bulk and defect instanton prepotentials give two regular and
linearly independent resonant limits, one obtained from each defect function. Hence Déﬁiet
is contained in the semisimple locus of the resonant A-cycle monodromy.

Conversely, since semisimplicity requires the corresponding spectral gap to close, any

additional component of the semisimple locus detected by the small-t expansion would have
to lie in Dt(ﬁ&{ \ D((ije\? - For example, suppose that the masses are chosen so that the poles

(&1
of Wy at the negative resonance 2a = —N are cancelled. One then obtains the regular
accessory parameter u(™ (m;t) in (10.77), together with a resonant (anti-)periodic solution
from the corresponding limit of the wavefunction constructed from Wp. The wavefunction
constructed from W instead diverges in the same resonant limit. Multiplying it by a
suitable z-independent normalization factor, which vanishes as 2a — — N, produces a finite
limit proportional to the solution obtained from Wp. It therefore does not provide a second

linearly independent resonant Floquet solution and, within the small-t expansion, the
(N)

defect- We Will provide further evidence for this statement

semisimple locus coincides with D,
below.

From the point of view of the instanton expansion, the natural order of operations is to
first specialize the masses to a point m, € Déﬁiet and only then take the resonant limit
2a — n. The resummation procedure gives access to the complementary order of limits. At
generic masses one first resums the singular instanton series and then takes the one-sided
limits 2a — n*. This produces, for example, the two resonant solutions qgg? ) in (10.38),
which are in general associated with two different limiting accessory parameters uﬁ? ) and
therefore with two different resonant Heun equations. However, it is already clear from

explicit examples of resummation functions, such as g2 1 in (C.89) and iLét’l in (C.102),

that, in general, the resonant limit does not commute with the limit m — m, € Dégfict-

Therefore, to recover the regular resonant solutions obtained from the mass-specialized
instanton expansion, one should impose the mass specialization before taking the resonant
limit. Nevertheless, since each resummation function captures infinitely many terms in the
instanton expansion, they still provide non-trivial information on the semisimple mass loci
of interest.

Indeed, the leading resummation functions show the same mass factors that appeared
in the previous instanton analysis. For the bulk twisted superpotential Wy, the leading
function g; y depends on wg\}m’nl) which is precisely the factor controlling the leading bulk

poles. Similarly, the leading singular part of Wi inst is governed by fl, ~ and contains the

(no,m1)

same factor wy . For the defect prepotentials, the leading functions hf Ny and BI—L N

distinguish the two factors vé??\g and vgbzl\g, in agreement with the fact that the two defect

functions distinguish between positive and negative resonant values of a. More precisely,

when vétl]%) = 0, the functions hf ~ and hf n vanish, whereas

- 2Ny
hiy=hiy=log[1+ 47;% : (10.83)

(n1) _

Conversely, when v; ,/ = 0, the functions h{ , and 711_ n vanish, while

(no)
Yo, N

T
2N¢y

hiy =hiy=log|1+ (10.84)
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As discussed in Section 10.2.1, w%m’nl) is the only factor controlling the square-root

branch cuts responsible for the splitting of the resummed accessory parameter and wave-
functions in the resonant limit. When wg\?o’m) = 0, the square-root branch cuts disappear
from the bulk and defect resummation functions, although these functions may still fail to
admit a finite resonant limit if all poles in the instanton expansion have not been cancelled.
This is manifest in the examples given in (10.83) and (10.84).

Thus, the leading resummation functions are consistent with the instanton-level pole-
cancellation pattern described above. On the locus Déﬁict, where at least one factor in v(()??\,)

and one factor in vﬁlv) vanish, the branch-point singularities of the resummed NS functions

are expected to disappear. Since D((ii\gct - Déﬁfﬁ(, the accessory parameters already coincide

as in (10.77). Correspondingly, by first specializing the mass parameters and only then
taking the resonant limit in the two resummed defect solutions, one obtains two resonant
wavefunctions that are expected to give linearly independent (anti-)periodic solutions of
the same resonant Heun equation.

Let us instead consider the case in which the mass parameters m belong to Déﬁi\l?éﬁlct.
Then w%lo’nl) = 0, while exactly one of the two factors v(()??\]) and UYL}\; vanishes. Let us

assume that UYL}V) = 0, the other case being analogous. The resummed accessory parameter

then admits a finite and unambiguous resonant limit as 2a — N, and the same holds for one
of the resummed Floquet solutions, say qz~30 in (10.37). By contrast, the corresponding limit
of the second resummed solution ¢, diverges, as is clear from (10.84). Since the accessory
parameter remains regular, this divergence reflects a singular choice of normalization of ¢;.
It must therefore be removable, at the level of the small-t expansion, by multiplying ¢
by a suitable z-independent normalization factor. The leading behavior in (10.84) then
shows that the renormalized limit is not linearly independent of the limit of ¢g. If the
same proportionality persists order by order after including the subleading resummation
functions, the two resummed Floquet solutions yield only one resonant (anti-)periodic

solution, with the second linearly independent solution being logarithmic. Then, within
(N)

the small-t expansion, the semisimple locus coincides with D ¢ ;-

10.4 Example: N; = (1,1)

In Appendix C.5 we illustrate the resummation procedure explicitly in the Ny = (1,1)
theory, deriving the resummation functions h appearing in (10.25). The relation (10.26)
then gives the corresponding h-functions entering (10.24), as shown at the end of Appendix
C.5. In this subsection we use these results to display the first few terms in the t-expansion
of certain resonant solutions together with their logarithmic companions. We begin with
the Ny = (1,1) Heun equation,

1 t mit  uwBD mat
5 1 3 _ _
az+<t+z—22>az—< WM e =0, h=1 (1085)
where the accessory parameter is determined by the twisted effective superpotential as
1
Wb — 5tam/é“). (10.86)
Using the resummed expression (10.8) for the instanton part of Wél’l), we obtain the

resonant accessory parameters by

uin): lim w(lD. (10.87)

2a—nt res
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It is enough to consider positive resonances, n > 0. Indeed, since the accessory parameter
is an even function of a, the negative resonances are related to the positive ones by

lim whY = lim b, (10.88)

2a—nt 2a—(—n)F res

For the first two resonances this gives

1 1 1
ug:l) = _Z F 5\/(27%1 + 1)(2m3 + 1) t+ §(4m1m3 + 2mq + 2ms3 — 3)’(2 + O(fg),
(10.89a)

1
uf) - _1— 3 (2 +my +ms3 + 2myms £ 3\/m1(m1 + 1)ms(ms + 1))’(2 +O(th).
(10.89b)

Here, and in the examples below, we take mi, ms > 0 for simplicity. The corresponding
resonant solutions can be obtained, for example, by taking the same limits of ¢ in (10.37).
For the first two positive resonances one finds

q;(l)_l Z_% 1—|—2m12% +1 1—2m3z_% 1—4m1m3 o
= 7o\F T T 2ms 1 2 T 2m)( + 2my)

[NIE

(Qtam)(1 =2my) 3 (Z2m)At2m) gl o)
1+ 2mg 2y/(1 +2m1)(1 + 2mg)
(10.90)

5@ _ -1y (it 1) [mf”_l 21—
or =2 ma(ms +1) 3 ° -

1 : - (10.91)

q:\/ml(ml +(ms+1) | ma(mi — 1) 2|t o).
ms3 3v/myi(my + 1)msz(msz + 1)

Equivalently, one may take the same resonant limits at the level of ¢; in (10.37). The
resulting solutions agree with those above up to an overall normalization independent of t,
at least to the order displayed.
Following the discussion of the previous sections, the resonant solutions above determine
the t-expansion of their canonical logarithmic companions. Using (10.58), we find
4m3 —1

~(1) 1+2m3 _1
=+2y/——z2 24+ | z
Ok log \ 1+ 2m, 2¢/(1 + 2mq)(1 + 2m3)
_ 28mims + 6my + 10ms + 1 Z_% " 2my1 —1 |1+ 2mg3 Z% (10.92)
2(1+2my) 2 14 2my
+(—(1 + 2m3) Z_% + \/(1 + 2m1)(1 + 2m3) Zé> log Z:|t+ O(f2>,

(2 [m3(1+m3) _
¢£|:,)log =+ m1(1 n ml) z !
(10.93)

For the second resonance the logarithmic term first appears at order t2, and therefore
requires carrying the resummation procedure one order further. At the order displayed

Nl

and
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here, the nontrivial resonant A-cycle monodromy coefficients associated with the n = 1
resonant solutions are
K = —2(2ms + Dt + O, (10.94)

and contributions proportional to 2m; + 1 are expected to appear at higher orders in the
t-expansion.

Concluding remarks

In this chapter, we have extended the resummation procedure developed in the previous
chapter to the Floquet solutions of the Heun equation and its confluent limits. This provides
further evidence that the blow-up equations might offer a systematic framework for the
resummation of both accessory parameters and solutions, and suggests possible extensions
to spectral problems associated with more general gauge theories. We have also studied
the semisimple locus of the resonant A-cycle monodromy for these equations, proposing
a characterization within the instanton expansion and its resummation, supported by
finite-order checks. Rigorous proofs of the general structure of the resummation functions
and of the existence and uniqueness of a solution to the NS blow-up equations within
the proposed resummation framework remain open. Nevertheless, the blow-up equations
provide a promising starting point for addressing these questions.

In the next chapter, we continue to explore how constructions inspired by physics
can be used to study spectral problems, turning to finite-difference equations associated
with quantum mirror curves in topological string theory. Our main aim is to construct
exact solutions to the corresponding eigenvalue problems. Guided by the open TS/ST
correspondence, we propose explicit expressions for these solutions and test them both
analytically and numerically.
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Chapter 1V

Quantum Mirror Curves

In this final chapter, we shift our focus slightly and explore methods inspired by topological
string theory and supersymmetric gauge theory for the study of spectral problems associated
with quantum mirror curves. While the previous chapters concerned differential equations
arising from four-dimensional gauge theories, the Seiberg-Witten curves of five-dimensional
theories lead instead to finite-difference (or ¢-difference) equations.

The main framework is the topological string/spectral theory correspondence, in
particular its open variant, reviewed in Subsection 4.2. We apply this construction to the
family of YV'0 toric Calabi-Yau geometries, which geometrically engineer five-dimensional
N =1 SU(N) gauge theories. The results presented in this chapter are based on [156].

However, the main focus of the chapter is the spectral problem obtained from a particular
four-dimensional limit of these quantum mirror curves. In this limit, the operator of interest
is

Hy = 2A% cosh(p) + Vv (x),  [x,p] = ih,
where
N—-1
Vn(z) = (=D)FhaV %, he=1, hi =0,
k=0

is an arbitrary monic polynomial potential of degree N. The parameters hy with 2 < k <
N — 1 characterize the potential, while the remaining modulus is identified with the energy
through

hy = (—I)N_lE.

The operator Hy can be understood as a deformation of the standard polynomial Schrédinger
operator
Hy = p2 + VN (x).

Furthermore, the operator Hy is obtained by quantizing the Seiberg—Witten curve of four-
dimensional N' = 2 SU(N) supersymmetric Yang-Mills theory [20, 29, 115, 157]. In the
choice of canonically conjugate variables adopted here, which differs from the conventional
one by a Fourier transform, the quantized curve becomes a finite-difference equation rather
than a higher-order differential equation [158, 159]. The corresponding eigenvalue equation
reads

AN [¢(x + ik, h) + ¢(z — ih, h)] + Vv (2)Y (2, h) = EY(z, h).

The Hamiltonian Hy was first studied in [44] and subsequently in [160], where its Fredholm
determinant and exact quantization conditions were obtained. It also appears in the
context of TT deformations [161]. Through the four-dimensional limit, we construct
explicit analytic solutions of the difference equation above for arbitrary N and arbitrary
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polynomial potentials Viy(z). These solutions, given in (11.25) and (11.31) for even and
odd N, respectively, describe both bound and resonant states.

For generic values of the parameters hy and the energy FE, the functions we construct
solve the difference equation and are entire in x. This analyticity property is highly non-
trivial: unlike an ordinary differential equation, a finite-difference equation generally admits
meromorphic solutions with arbitrary periodic factors. In the present construction, the
wavefunction is expressed as a particular combination of two open-string contributions, or
saddles. Fach saddle is individually meromorphic and possesses an infinite set of poles, but
these poles cancel in their sum. From the topological-string perspective, this cancellation
is a consequence of background independence in the open-string modulus.

We refer to the resulting functions at generic values of E as generalized or off-shell
eigenfunctions. They are generally not square-integrable and therefore do not define
physical states of the operator. They become on-shell eigenfunctions only when E satisfies
the exact quantization conditions derived from the closed TS/ST correspondence [44]. At
these discrete values, the growing asymptotic contributions cancel and the wavefunctions
acquire the decay properties required by the relevant spectral problem.

The spectral interpretation depends substantially on the parity of N. When N is even,
the polynomial potential is confining, and the operator admits a canonical self-adjoint
extension with a real and discrete spectrum. In this case, the on-shell solutions obtained
from the open TS/ST correspondence are genuine bound-state eigenfunctions. When N is
odd, the potential is unbounded from below in one direction, and the relevant spectral data
generally correspond to resonant states with complex energies. The analytic expressions
derived here describe both situations within the same gauge-theoretic framework.

The deformed Hamiltonian also exhibits several phenomena with no direct counterpart
in ordinary quantum mechanics. For even N, degenerate ground states may occur at special
values of the moduli. Moreover, the standard oscillation theorem for one-dimensional
Schrodinger operators does not apply: even for a confining potential, the n-th eigenfunction
need not have precisely n zeros. For odd N, there are special values of the moduli at
which square-integrable eigenfunctions with real energies exist despite the fact that the
potential is unbounded from below. Our explicit expressions make it possible to study
these properties directly at the level of the wavefunctions.

This exact solvability is ultimately made possible by the Lagrangian gauge-theory
description underlying Hy. The quantum mirror map expresses the parameters hy in terms
of the Coulomb moduli of the SU(NN) theory, while its four-dimensional limit gives the
generalized Matone relations. The wavefunctions themselves are constructed from NS free
energies and surface-defect partition functions. By comparison, the ordinary anharmonic
oscillator Hy is associated with Argyres—Douglas theories [162-165], which do not admit a
conventional Lagrangian description. No equally explicit analogue of the gauge-theoretic
NS functions is currently available in that setting, and closed analytic expressions for
generic anharmonic-oscillator eigenfunctions remain unknown.

Starting from the solutions of the eigenvalue equation for Hjp, we also construct solutions
to several related finite-difference equations. These include operators obtained by replacing
the potential with —Vx(z), the kinetic term cosh(p) with sinh(p), or both. Depending on
the parity of N, the choice of kinetic term, and the sign of the potential, these equations
display different asymptotic and square-integrability properties. The resulting solutions
include bound states, resonances, and square-integrable families that are not subject to an
energy quantization condition, see Table IV.1 for a summary.

The difference equation above is also closely related to the Baxter equation of the
N-particle closed quantum Toda lattice [166—-170]. The Toda spectral problem imposes
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additional boundary conditions beyond the square-integrability requirements considered
here. Consequently, the Baxter solutions exist only at distinguished values of all the moduli
hi, determined by N — 1 simultaneous quantization conditions. We refer to these special
points in moduli space as the Toda points. We analyze how our generalized eigenfunctions
behave at these points and clarify the relation between the open TS/ST solutions and the
conventional Toda wavefunctions.

Finally, we derive the four-dimensional eigenfunctions directly from the open TS/ST
correspondence for the YV geometries. Taking the four-dimensional limit of the resulting
background-independent open partition function reproduces the explicit solutions (11.25)
and (11.31), thereby establishing their topological-string origin.

Structure of the chapter. In Section 11, we formulate the four-dimensional spectral
problem associated with Hpy. After introducing the gauge-theoretic building blocks and the
generalized Matone relations, we present the explicit off-shell eigenfunctions for even and
odd N, derive the corresponding quantization conditions, and analyze their asymptotic
and analytic properties. We then compare these expressions with numerical results for
cubic and quartic polynomial potentials.

In Section 12, we construct solutions for the related operators with an inverted potential
and with a sinh(p) kinetic term. Section 13 discusses the relation between our solutions
and the Baxter equation of the closed quantum Toda lattice, with particular emphasis on
the distinguished Toda points.

In Section 14, we return to the five-dimensional origin of the construction. We formulate
the open TS/ST correspondence for the YV'0 geometries, construct the corresponding
background-independent solution of the quantum mirror curve, and take its four-dimensional
limit, thereby recovering the eigenfunctions introduced in Section 11.

Appendix A.4 summarizes our conventions for the SU(N) root system. Appendix A.1.2
reviews the Faddeev quantum dilogarithm, while Appendix A.5 collects the gauge-theory
special functions entering the construction. Finally, Appendix D presents additional
numerical evidence for the analytic eigenfunctions and their pole-cancellation properties.
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N even +VN VN
cosh(p) . ool - ste
Quantization condition: (11.29) No quantization condition
Eigenvalues: E, € R, E,, < Ent1. Eigenvalues: any E € C, see (12.6).
Solutions: ¥, € L*(R+ia), a € R. Solutions: Yr € L*(R +ia), |a| < an.
Decay: exponential at £oo. Decay: power-law at Foo.
Quantization condition: (11.29)
Figenvalues: Ep, € R, By 2 Enti.
Solutions: ¥ € L*(R +ia), |a| < an.
Decay: exponential at Foo, power-law at
+o00.
sinh(p) . . N .
Quantization condition: (11.29) Quantization condition: (11.29)
Figenvalues: E, € C. FEigenvalues: E, € C.
Solutions: 1, € L2(R + i), a > —an. Solutions: ¥y € LQ(R +ia), a < an.
Decay: power-law at —oo, exponential at Decay: exponential at —oo, power-law at
“+o0. —+00.
Quantization condition: (12.20)
FEigenvalues: E,, € C.
Solutions: ¥, € L2(R +ia), a < an.
Decay: power-law at +oo.
N odd +VN —VN
cosh(p) oo . o -
Quantization condition: (11.35) Quantization condition: (11.35)
FEigenvalues: E, € C. Eigenvalues: E, € C.
Solutions: 1 € L*(R +ia), a > —an. Solutions: ¢ € L*(R +ia), |a| < an.
Decay: power-law at —oo, exponential at Decay: exponential at —oo, power-law at
“+o0. —+00.
Quantization condition: (11.38) Quantization condition: (11.38)
FEigenvalues: E, € C. FEigenvalues: E,, € C.
Solutions: v € L*(R+ia), |a| < an. Solutions: ¢ € L*(R+ia), a < an.
Decay: power-law at —oo, exponential at Decay: exponential at —oo, power-law at
+00. +00.
sinh(p)

No solutions in L?*(R) generically

Quantization conditions: (11.35) &
(11.38)

Note: only possible for special V.
Figenvalues: E, € C.

Solutions: v € L*(R +ia), a € R.
Decay: exponential at £oo.

Quantization condition: (11.35)

FEigenvalues: E, € C.
Solutions: 1 € L*(R +ia), |a| < an.
Decay: power-law at foo.

Quantization condition: (11.38)

FEigenvalues: E, € C.
Solutions: ¢ € L*(R +ia), |a| < an.
Decay: power-law at foo.

Table IV.1: Quantization conditions and square-integrable solutions for even and odd N.
Throughout this table we assume that the parameters hj entering the potentials £V are
real and generic, so that the solutions exhibit no accidental enhancement of their decay.

The parameter ay is defined by ay = %(1 - %)
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11 The spectral problem and its solution

11.1 The spectral problem

We consider the quantized Seiberg-Witten curve

HN — AN (ep + e—p) + VN(X) ) [Xa p] = 1h7 A7 h e R>0 5 (111)
N-1

V()= Y (=1) hya™F, hi €R, (11.2)
k=0

where we set hg = 1 and hy = 0, without loss of generality.!
A natural domain D on which the operator Hy : D — L?(R) is symmetric is given by

D=(DinDy) CLXR),  Di={v(@) € FR) | Vw@)b(w) € PR}, (113)

while Dy consists of all ¢(x+1iy) that admit an analytic continuation to the strip —h < y < i
such that ¥ (z +iy) € L*(R) for all fixed —h < y < h, and for which the limits

lim ¢(x +1iy) (11.4)

exist in the sense of convergence in L?(R). For N even, one can in fact consider a canonical
self-adjoint extension of this operator, see below.
The eigenvalue equation associated with (11.1) is a difference equation and reads?

AN (¢ (@ + ik, h) + (x — ib, b)) + Vi (2)(2, k) = E(z, h), (11.5)
where h contains hs,--- , hy with
hy = (- B, (11.6)

and E plays the role of energy. Note that the spectral properties of Hy depend on whether
N is even or odd.

N even: confining potential. When N is even, the potential Viy(z) is confining. One
can consider a canonical self-adjoint extension of the operator Hy, the so-called Friedrichs
extension.® It was shown in [171], based on [172], that this extension has a purely discrete
spectrum corresponding to bound states, and has a trace-class inverse. Numerically, the
spectrum and eigenfunctions can be computed via Hamiltonian truncation in the harmonic
oscillator basis.

N odd: unbounded potential. When N is odd, the potential Vy(z) is confining as
T — 400 but unbounded from below as x — —o0. One therefore expects the existence of
resonant states with complex energies.*

IThe restriction A, h € Rso and hi € R is not essential: the solutions we construct remain well-defined
even for other choices of the parameters. However, this assumption simplifies the discussion of the operator’s
spectral properties, and we will adopt this convention.

2To simplify notation, we suppress the explicit dependence of the eigenfunctions on A and .

3We will not explicitly construct this extension, and all our on-shell eigenfunctions will in fact turn out
to be in the domain D in (11.3).

4Note that while the existence of a self-adjoint extension of Hy is guaranteed by von Neumann’s theorem
[173, thm. X.3] [174, prop. 13.25], there is no clear canonical choice for N odd. In fact, it is known that for
the Schrodinger case p? + Viv(x) with N odd there is an infinite family of self-adjoint extensions, all of
which have a discrete spectrum [175, lemma. 2.2].
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0.0 0.0f AL

~0.5 05

Figure IV.1: Numerical ground state eigenfunction (Ey =~ 0.54151 +10.25905) of (11.1) with
V3(x) = 3, obtained via complex dilation. Left: rotated eigenfunction ¢ (z,h). Right: true
eigenfunction vg(z,h) = ¥§(e %z, h). Here we set A = 1/2, h = 1 and § = —1/10. The
eigenfunction is normalized so that 1(0,h) = 1. Solid lines denote the real part; dashed lines
denote the imaginary part.

Such potentials have been studied numerically for the standard Schrédinger equation
using the method of complex dilation [176], and rigorous analyses of resonances are available
in [175, 177, 178]. As emphasized in [44], complex dilation can be applied directly to the
deformed Hamiltonian (11.1); this is the numerical method we adopt here. Let us briefly
recall the main idea. For N odd, the eigenfunctions of (11.1) decay only as a power-law
for + — —oo and numerical diagonalization in the harmonic oscillator basis does not seem
to be convergent. To circumvent this problem, we perform a small complex rotation of the
position and momentum operators by an angle #. This yields the rotated Hamiltonian

Hy g = 2AY cosh (e_iap) + VN (eiax> (11.7)

which admits exponentially decaying, square-integrable eigenfunctions
9 (x, h) (11.8)
with complex eigenvalues. Therefore, 7(10) (z, h) can be computed efficiently by diagonalizing

(11.7) in the harmonic oscillator basis. The eigenfunctions of the original Hamiltonian
(11.1) are then obtained by analytic continuation:

Y (z, h) = (e 2, h). (11.9)

An explicit example is shown in Figure IV.1 for the cubic potential V3(z) = 2%. One
observes the exponential decay of the rotated eigenfunctions (11.8) (left), in contrast with
the slower power-law decay of the true eigenfunctions (11.9) (right).

In the next section, we construct explicit solutions to (11.5) for arbitrary N. These solutions
are entire in x for all values of E and hy, k = 2,..., N —1, and we refer to them as off-shell
eigenfunctions. As we will see, such solutions become square-integrable wavefunctions only
when F satisfies an appropriate quantization condition. The corresponding eigenfunctions,
evaluated at these discrete energy values, will be denoted as on-shell eigenfunctions.

11.2 Gauge theoretic building blocks

The explicit construction of our eigenfunctions is based on the open TS/ST correspon-
dence [17, 26, 28]. A key lesson from studying spectral problems through the lens of
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supersymmetric gauge theory and topological strings is that eigenfunctions — and spectral
quantities more generally — take a simpler form when written in terms of the Coulomb
branch (or Kéhler) parameters {as}}_,, rather than the complex moduli {h;}}_, that
appear in the difference equation (11.5). The map relating the two sets of parameters has
a precise geometrical meaning: it is known as the quantum mirror map [115, 157, 179].
In the framework of five-dimensional, N’ = 1 supersymmetric gauge theory, the inverses
of these maps are interpreted as Wilson loop expectation values [95, 122], and in the
four-dimensional limit they reduce to the generalized Matone relations [39, 40, 44]. At
leading order in A, we have

hi = s(lk)(a) + O(AQN) = Z arar, -+ -ajg, + O<A2N) R (11.10)

I<h<lp<--<Ip<N

where sg denotes the Schur polynomial associated to the Young tableau R, and (1%)
refers to the tableau consisting of one column with k boxes. Thus, s(;x) is an elementary
symmetric polynomial, and the roots of Vy(x) — E, with the potential (11.2), coincide with
the Coulomb branch parameters a; up to corrections of order A?Y. We refer to (11.10) as
the generalized Matone relation. Explicit examples are

1 1
h2=—§Zaﬁ+O(A2N), h3=§2a§+(’)(A2N),
I=1 I=1
, N 2 N (11.11)
ha = 3 (Zcﬁ) -2 a; +0(A2N),
I=1 I=1
recalling that the Coulomb branch parameters a; sum to zero in the SU(N) case,
N
> ar=0. (11.12)
I=1

The complete expression for the map, including all orders in A and & dependence, is
reviewed in subsection A.5.3; see in particular equation (A.82). One can invert (11.10)
and (A.82) to obtain an expression for ar as a function of hg, A and i. Geometrically, the
quantities ar(h, A, h), for I =1,..., N — 1, represent the quantum A-periods associated
with the SW curve [115, 157, 179]

2AY cosh(p) + Vi (z) = E, z,peC. (11.13)

As noted in the introduction, (11.5) coincides with a quantization of the SW curve (11.13)
describing the low-energy dynamics of four-dimensional, N' = 2 SU(N) SYM. It is therefore
natural to expect that the eigenfunctions inherit an SU(N) structure. We thus begin by
recalling a few representation-theoretic notions related to SU(N).

Let Wy denote the Weyl group of SU(N). Consider a vector

N
v=> ver, (11.14)
I=1

where e; are the weights of the fundamental representation, see Section A.4 for our
conventions. The Weyl orbit of v is defined by

N
Wy v ={w)|weWnN} = {Z Vg(1)€I
=1

O’GSN}, (11.15)
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where Sy is the permutation group of N elements. We define

1 N N-1
Y= (-D)"er = (1), (11.16)
2 I=1 k=1

where Ay is a fundamental weight (A.60), and we organize the Coulomb branch parameters
ay of N'=2 SU(N) SYM into the vector

N N
a=> asey, > ar=0. (11.17)
I=1 I=1

It is also useful to introduce the linear involution
N
fla)=—-> an_111€1, (11.18)
I=1

which acts on the parameters hy, according to hi(f(a)) = hy(—a) = (—1)*hi(a).
The starting point of our construction is the following defect partition function:

iN%
ZD(JJ,G,A, h) = <A> re”(l""g]);{

N . .
- Hr(W)}zigst(x,a,A,h), (11.19)

I=1

where the instanton part Z5 is defined in (A.74). It is known [91, 122, 147, 170, 180, 181]
that this function provides a formal solution to the difference equation (11.5). However,
Zp has poles at

x = ay + ihk, keZ, Ie{l,--- ,N}. (11.20)

Hence, the function (11.19) alone is insufficient to construct entire, square-integrable
eigenfunctions. In what follows, we will combine two copies of (11.19) with an additional
function in such a way that the resulting expression becomes entire in = for any values of
ay, and hence any value of hy. The function we shall use is

eXp((%aaFNs - LhalzNH(N)) n) N

2w

1
Pu(e,a, A, h) = g [ (1 —em ez (11.21)
Ha€A+ (2 Sinh(%))( ) I=1
N 1 1
n:glmef, ny € {—2,+2}, (11.22)

where 1on41(V) is the indicator function vanishing for N even, A is the set of positive
roots (A.62), the e; are the weights of the fundamental representation in (A.60), and n is
a particular element in the weight lattice, see later. The dual quantum period is given by®

: N . inst
i i 0F
—0aFns = -5 ¢
ot NS ;h day !
LT a A Il —i(a-9))
- 1+12<a->1og<>+1og<,2 o, (11.23)
a§+ 2 h h N1 +i(e-9))

®The derivatives with respect to a; are taken before imposing the constraint Zj\;l ar =0.

140



Chapter IV. Quantum Mirror Curves

where FI§" is defined in (A.71). Note that the functions P,, are invariant under the shifts
appearing in the difference operator in (11.5).

Finally, to analyse the asymptotic behaviour of the resulting solutions, it is convenient
to introduce the shorthand notation

exp((%@aFNs - LhaJ.QN+1(N ) : n)

n(a,A,h) = —
[Taea, (2sinh(754))
N1
ol (a,A,h) = —-Q%a, A, h) ;(2 - n[> exp(27rel . Z) ) (11.24)

—i\2 h

M M A0 N 1 a
OM(a, A, 1) = (—1)MQ° (a, A, B) exp(Z ( _ n1> ore; - ) ,

where M = "N ,(1/2 — ny) € N. These are the coefficients of the leading, subleading and
most suppressed contributions to the large = expansion of P, (11.21). Using the building
blocks (11.19) and (11.21), we then obtain the following entire, off-shell solutions to the
difference equation (11.5).

11.3 The eigenfunctions

N even: confining potential. For N even, we have:
?\}/en(q;,h) = ZD(x,a,A,h) Z Pn(x,a,A,h)
neWnn -y

+ie2ﬂ—TIZD<_x7f<a)7Aa h) Z ,Pn(_wvf(a’)vAah)a
neWn-(v+en)

(11.25)

where we recall that f(a) is defined in (11.18), and a is related to h via the generalized
Matone relations; see (11.10) and (A.82).5 We will refer to the first and second terms
in (11.25) as saddles, reflecting their origin in topological string theory [17, 26, 28]; see
Section 14.

Let us now analyse the asymptotic behaviour of (11.25). For N even, the Weyl orbit of
~ contains ( NA/72) elements, while the orbit of v + ey contains ( N /];[_1) elements. Moreover,

in this case the number of non-trivial factors appearing in the product in (11.21) equals
N/2 for elements in the orbit of «, and N/2 — 1 for those in the orbit of v + ey. This
leads to the following asymptotic behaviour as Re(z) — %00, with Im(z) held fixed:

Nz, h) >~

v (\PZEW

N Im(x)
even oo 27h 2 \Re(az)| N=% 1 %
YY" (z,h) ~en (\Re(w)|) {( A ) uy () Z 9z (a, A, h)

neWnn -y

w|z

NIm(Jc)

(‘Re(x)‘> ' UN(-T) Z Q%((I,A, h)> Re(:c) — 00, (11'26)

A
neWnn -y

_Nlm@)
+i<|R(j§$)|> un () 3 Q% (f(a), A, h)} . Re(z) = —oc0, (11.27)

neWn-(y+en)

5Note that Wn -y = WN')\N/Q and WN-("/ + eN) = WN'A(N/2)+1 for N even, with )\N/g, A(N/Q)Jrl € Ay
fundamental weights.
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where un(z) is an z-dependent factor of unit modulus,

iN\ReézN

un(z) == eiZN<|R‘ZéC)’> . (11.28)

Due to the exponential growth near positive infinity, (11.25) is not square-integrable unless
we impose

iﬁaF .
S Qarn= Y e (#aFys ) =0, (11.29)

: ) V2
nEWN neWn vy Ha€A+ (2 smh(”‘; a)) (o)

which is precisely the quantization condition for the energy E obtained in [44] by explicitly
constructing the Fredholm determinant. Note that we are implicitly using the generalized
Matone relations (11.10) to write a = a(h). After imposing this condition, one has

vl

xz [ 2mh
even h ~ e h
VN (@, )‘(11.29) ¢ (Re(a:)) R

{(RQA(”“")> uy(@) Y Ql(a.Ah)
Im(2)

+i(Re(x)>_ R u]_\/1($> Z Q,%_l(f<a),A, ﬁ)} , Re(z) — 400, (11.30)

A neEWN-(v+en)

so the on-shell eigenfunctions are decaying exponentially also for Re(x) — +o0.

In summary, the functions (11.25) are entire solutions of the difference equation (11.5),
and they are square-integrable and belong to the domain D in (11.3) if and only if the
quantization condition (11.29) is satisfied. At these quantized values of E, they thus define
genuine eigenfunctions of Hy in (11.1).

N odd: unbounded potential. For N odd, the potential is unbounded from below as
x — —o0, and we find the following off-shell solution of (11.5):

8§z, h) = Zp(z,a,Ah) > Pulz,a,Ah)
neWn -y

+en Zp(—xz, f(a),Ah) Y. Pa(—z, f(a),Ah),

neWn -y

(11.31)

where, again, we recall that f(a) is defined in (11.18) and a is related to h via the
generalized Matone relations; see (11.10).” Once more, we will refer to the first and second
terms in (11.31) as saddles. Let us now analyse the asymptotic behaviour of this solution.
For N odd, the Weyl orbit of v contains ((Nivl)/Q) elements. In this case, the number of
non-trivial factors appearing in the product in equation (11.21) is (N — 1)/2. Hence, for
Re(z) — foo with Im(z) held fixed, we find:

R (s h) =~
Nlm(a:)

en (;;EZ)>12V<R€/£$)> ' un(z) Z Q% (a, A, h), Re(z) — 400, (11.32)

neWnn -y

T

"Note that Wy - v = Wy - A(v+1)/2 for N odd, with A(y41)/2 € Aw a fundamental weight.
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YR (2, )
(2 ) (IR ™ ) S @i, Rele) . (113
Re(2)| A un(z n AR, e(x 00. .

neWn vy

Let us emphasize that, although at Re(z) — —oo there is only power-law decay, the
solution remains square-integrable in this direction as long as

Tm(z) > —Z<1 - Zb) (11.34)

In contrast, the exponential growth at Re(z) — +o0o must be eliminated to achieve
square-integrability, which requires imposing

ex Oa a).n
> QulaAn) =3 ol >2<>>

neWnn -y neWn -y HaeAJr (2 Sinh(?

=0. (11.35)

Once again, this is precisely the quantization condition found in [44]. After imposing this
condition, the solution decays exponentially as Re(z) — +oo0,

e )‘(H‘%):e?(;ezz))g{(f{eixww'@w(m) S QL(a, Ak

newn -y
Im(z)

-N
+(R€;§$)> Z Qn ), A, h)} Re(x) — +o0. (11.36)

neWn -y

and becomes a square-integrable solution to the difference equation (11.5). As we will
discuss below, the same square-integrable solutions also appear to be captured by the
complex dilation method.

However, the quantization condition (11.35) is not the only one that gives rise to
square-integrable solutions of the difference equation (11.5). Indeed, introducing

2nx

e n %z, h), (11.37)

one obtains a new family of square-integrable solutions upon imposing the alternative
quantization condition

> QAfa)An = > exp(($05(ayFrs — 2 - m)

ncWn -y neEWn -~ Ha€A+ (2 Sinh(m_Tf(a)))(a%)Z - (1138)

This second family of solutions once again decays exponentially as Re(x) — +o0, as is clear
from (11.32). For Re(z) — —oo, on the other hand, the solutions exhibit power-law decay,

Im(x)

7mw0dd( T, )‘(1138 N<|R2;h)’>]2v{<|Ri§x)’>N ﬁ ul?fl(@ Z Q’%(G’A’h)

neWn-y

_yImG)
BN e & Q}L(f(a),A,h)} Re(z) = —o0, (11.39)

neWn -y
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and are therefore square-integrable along lines parallel to the real axis provided that

Im(z)| < Z<1 - ]1V) . (11.40)

In summary, (11.31) are entire solutions of the difference equation (11.5), and are
square-integrable in the shifted upper half plane (11.34) if and only if (11.35) holds. On
the other hand, the solutions (11.37) are square-integrable in the strip (11.40) if and only if
(11.38) holds. However, neither of them is in the domain D in (11.3), and the eigenvalues
solving the quantization conditions (11.35) and (11.38) are generically complex.® Thus,
these square-integrable solutions do not belong to the domain of any symmetric or self-
adjoint realization of the difference operator.” Moreover, the solutions to the quantization
condition (11.38) do not appear to be captured by the complex dilation method.

Discussion. We conclude this section with a few remarks on the expressions (11.25) and
(11.31).

1. Whereas the Schrédinger equation (—92 + Viy(z) — E)1p = 0 admits only entire
solutions, this is not the case for the difference equations associated with the deformed
operator (11.1). For instance, each of the two terms in (11.25) and (11.31) is, by
itself, a solution of (11.5), but each has poles at

xr=ay+ihn, neZ (11.41)

Only for the special linear combinations (11.25) and (11.31) do these poles cancel,
yielding a function that is entire in z for any value of the parameters hg, k =
2,..-,N.10

2. Eigenfunctions are defined up to an overall normalization. In our conventions,
we choose the normalization so that the asymptotic behaviour (11.26) and (11.32)
reproduces the Fredholm determinant of the corresponding spectral problem as
computed in [44, 160]. This choice is natural from the perspective of the TS/ST
correspondence, where eigenfunctions are required to be entire both in the open and
closed string moduli. However, as we discuss in Section 13, this normalization is not
convenient for studying the Toda points.

3. A noteworthy property of the deformed Hamiltonian (11.5) is that its bound states
violate the standard oscillation theorem [182, p. 66, thm. 3.5]. For the deformed
Schrodinger equation (11.5) it is no longer true that the n'® eigenfunction has n zeroes,
even if the potential is confining. This behaviour occurs even for the simplest potential
Va(z) = 22, see [28].1' This violation is evident from the oscillatory asymptotics
(11.27) and (11.30), see also Figure IV.4 for a graphical representation.

8As discussed in Section 13, the eigenvalues are real if we take the parameters of the potential to be at
the Toda points {hf} At these special points, the eigenfunctions are expected to belong to D, suggesting
that the corresponding difference operator has qualitatively different spectral properties and may even be
essentially self-adjoint.

9Since they are square-integrable solutions of the difference equation, one may speculate that they
are instead eigenfunctions of the adjoint Hy. This is indeed what happens for the usual Schrodinger
equation, but at present it is not clear whether the same holds true for difference equations. We thank
Lukas Schimmer for an illuminating discussion on this point.

10Although we do not have a rigorous proof of this statement, we have checked the pole cancellation
for N = 2,3,4,5,6 up to three orders in the A2" expansion. Further numerical evidence is provided in
Appendix D.

A similar phenomenon has been observed for difference equations arising in the context of the open
TS/ST correspondence [17, 26, 28].
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4. For N odd, the asymptotic expression (11.33) exhibits an outgoing oscillatory be-
haviour for Re(z) — —o0, characteristic of resonant states. See also Figure IV.2.

5. As noted in [44], there are special values of the moduli hy — those corresponding
to eigenvalues of the quantum Toda Hamiltonians — at which the spectrum and
eigenfunctions exhibit special features. For N even, certain eigenstates, including
the ground state, become degenerate, i.e. tunnelling is suppressed at these special
points. A similar phenomenon occurs for N odd. For generic values of hi, the
energies associated with square-integrable solutions are complex. Nevertheless, at
these special values of hy, the eigenfunctions exhibit enhanced exponential decay as
Re(xz) — —o0, and the corresponding energies are real, despite the potential being
unbounded from below.'? We will return to these special points in Section 13.

6. We recover [28, eq. (4.16)] by evaluating (11.25) for N = 2.

11.4 Examples
11.4.1 Cubic potentials
Let us consider the N = 3 case:
Hs = 2 A3 cosh(p) + x> + ha x. (11.42)

The potential is unbounded from below, and for generic values of hj the spectrum contains
resonant states with complex energies. Such resonances always occur in complex-conjugate
pairs, and throughout this Chapter we focus on those having a positive imaginary part of
the energy. For N = 3, the Weyl orbit of v is given by:

Wy -y = {%(el — ey +e3), %(el + ey —e3), %(—el +62+63)}. (11.43)

Examples of on-shell eigenfunctions are shown in Figures IV.2, D.1, D.2, and D.3. In
Figure IV.2, we consider the case ho = 0 and focus on the third excited state, with complex

energy:
B3 ~ 2.511486 +12.512027 . (11.44)

Through the generalized Matone relations (11.10), this corresponds to:
ay ~ 1.473672 +10.395307, az ~ —0.394390 —11.473919. (11.45)

The power-law decay of the on-shell wavefunctions as x — —oo is particularly evident in
this figure. Similarly, Figures D.1, D.2, and D.3 illustrate the ground, first, and second
excited state for hg = —5, ho = —3 and hg = 2 respectively.

Each figure shows excellent agreement between the analytic expression (11.31) and the
numerical results obtained via complex dilation. In addition, Figure D.2 clearly shows the
cancellation of poles between the two terms in (11.31). Finally, an example of off-shell
eigenfunction is shown in Figure IV.3. The figure also clearly shows that each individual
saddle in (11.31) develops poles, whereas the complete sum is free of singularities. Since
we are off-shell, the resulting off-shell eigenfunction does not belong to L?(R).

11.4.2 Quartic potentials
Let us consider the N = 4 Hamiltonian:

Hy = 2 A% cosh(p) +x* + hax® — hax. (11.46)

12Recently, these phenomena were also studied from the point of view of WKB in [45].
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Figure IV.2: Left: third excited state of the V3(z) potential with hy = 0, h = 1, and A = 1.
Dashed lines denote the imaginary part of the eigenfunction, while solid lines denote the real part.
Right: difference between the numerical eigenfunction and the analytic expression from (11.31).
The coloured curves show the effect of including an increasing number of terms in the A-expansion
of the eigenfunction: red (0 terms), green (1 term), blue (2 terms).
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Figure IV.3: Off-shell eigenfunction of the potential V5(z) with hy = —4, hg = —2.5, h =1 and
A =2/5. From left to right: first saddle, second saddle and the full eigenfunction given by (11.31).
Dashed lines denote the imaginary part, while solid lines denote the real part.
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Figure IV.4: The ground state of the Vj(x) potential with hy = —3, hy = —0.1, A = (1/2)'/2 and
h = 1; the corresponding energy is Fy ~ —0.527521. Dashed lines represent the imaginary part of
the eigenfunction, while solid lines represent the real part. Left: illustration of the failure of the
oscillation theorem. Centre: eigenfunction obtained from (11.25). Right: difference between the
numerical eigenfunction and the analytic expression from (11.25). The coloured curves show the
effect of including an increasing number of terms in the A-expansion of the eigenfunction: red (0
terms), green (1 term), blue (2 terms).
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Figure IV.5: Off-shell eigenfunction of the potential Vy(z) with he = —1.6, hg = 0.45, hy = 0.06,
h=1and A = 13/23. From left to right: first saddle, second saddle and the full eigenfunction
given by (11.25). Dashed lines represent the imaginary part, while solid lines the real part.

In this case, the potential is confining and the operator has a purely real and discrete
spectrum, corresponding to bound states. The Weyl orbits of v and ~+ e are, respectively:
1

1
Wh -y 2{2(61 — ezt ez —ey), 5(61 —es—e3+ey),

1 1
§(el+eg—63—e4), 5(—el+eg+eg—e4), (11.47)

1 1
5(—61 +ey—e3+ 64), 5(—61 — ey +e3+ 64) ,

1 1
Wy - (’Y+€N) = {2(61 —eq + e3 +€4), 5(61 + ey —e3 —1-64),
1

1 (11.48)
5(61 + ey +e3 — 64), 2(—61 +es+e3+ 64)}.
Examples of on-shell solutions are shown in Figures IV.4, D.4, and D.5. In Figure IV .4, we
exhibit the ground state eigenfunction for he = —3 and hs = —0.1, corresponding to the
eigenvalue:
Ey =~ —0.527521. (11.49)
Through the generalized Matone relations, this corresponds to:
a1 ~ 0.446118, as ~ 1.656437, as ~ —1.694744. (11.50)

In this figure, the quartic potential is a slight deformation of the symmetric double well
(the symmetric case has hy < 0 and hs = 0), and the corresponding ground state clearly
reflects this small asymmetry. Similarly, Figures D.4 and D.5 show the first and second
excited state for ho = 3.5, hg = 0 and ho = 1.2, hg = —4.7, respectively. Again, each figure
shows excellent agreement between the analytic expression (11.25) and the results obtained
by numerically diagonalizing the Hamiltonian (11.46). The cancellation of poles is clearly
visible for the on-shell eigenfunction in Figure D.4 and in the off-shell eigenfunction in
Figure IV.5. In the latter case, the resulting eigenfunction does not belong to L?(R), being
off-shell.

12 Related spectral problems

One can obtain solutions to some variants of (11.5) from (11.25) and (11.31) by multiplying
them by appropriate exponential factors. In this section, we will discuss the solutions to
the case where the variant of Hy in (11.1) has an inverted potential —Vi(x) and/or a
sinh(p) kinetic term. We will not go into the details of these related spectral problems,
but simply discuss the solutions we obtain and their properties.
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12.1 Inverted potential

Given a solution 1 of (11.5), for either even or odd N, one also has a solution of the
corresponding equation with an inverted potential,

AN ($ (2 + 0, B) + D (0 — i, B)) = Viy ()0 (2, h) = B (b)), (12.1)
U1 (z) = exp (:I:?)qb(aj) , E:=-F, (12.2)

where the associated symmetric operator again has domain D, defined in (11.3).'3 Here,
the subscript + labels two distinct solutions corresponding to the same eigenvalue E. The
analytic properties of Ji are inherited directly from those of ¢, as is evident from their
definition.

Inverted potential for N even. The two choices of sign for @Zf@’?{} lead to qualitatively

different classes of solutions. For ¢} one finds

(e, h) ~

N
2

e<m> <M> "un@) Y Qa k), Re(r) - +oo, (12.3)

Re(2) Ve

vl

B = o ()

o(x) |\ N X
IRe(x)] {(’Ri N) upy'(z) Y Q9 (a,AR)

neWn -y
_yIme)
+i<|Re:/§:v)!> Cun(@) Y Qg(f(a),A,ﬁ)}, Re(z) — —oo, (12.4)

neEWn-(v+en)

which follows from (11.26) and (11.27). Thus, PV is square-integrable parallel to the
real line if and only if the quantization condition (11.29) is satisfied and

IIm(z)| < Z(l _ Jb) . (12.5)

It then decays exponentially for Re(x) — —oo, while it exhibits a power-law decay for
Re(x) — 400, which can be read off from (11.30). We therefore obtain square-integrable
solutions of the difference equation (12.1) for a discrete set of real eigenvalues bounded
from above. These eigenvalues are precisely the negatives of those of the corresponding
operator with a non-inverted potential. N

On the other hand, it is evident from (11.26) and (11.27) that ¢*'% has a power-law
decay for both Re(z) — +o00, and is square-integrable parallel to the real line inside the
strip (12.5). This holds for any value of

EcC. (12.6)

We therefore obtain a one-parameter family of square-integrable solutions of the difference
equation. Note that this also means that we have two linearly independent, square-integrable

13See footnote 4 for a comment on the existence of self-adjoint extensions, which also holds for the case
of the inverted potential for both even and odd N.
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solutions when the quantization condition (11.29) holds, which are simply related by the
factor exp(2mwx/h).

It is important to note that even when we"en are entire and square-integrable solutions to
the difference equation (12.1), neither of them is in the domain D of the original quantized
curve as defined around (11.3).14

Inverted potential for N odd. For ded the asymptotics is simply

N Im(x)
o 27x 27Th 2 Re(aj) N h
@bfj'{,(m,h) ~eh (Re ) ( A ) X

> Q%a,Ah),  Re(z) = +oo, (12.7)

neWnN-vy

N Im(x)
2

~odd zz 2h |Re(z)] N7
en = (g ) (557
S Q%f(a),Ah),  Re(x) = —o0, (12.8)

neWwn vy

following from (11.32) and (11.33). To find square-integrable solutions we need once more
to impose the quantization condition (11.35) so that the asymptotics becomes

Im(x)

lbOdd( >‘(11.35) = (RQeTZ))JQV{(Rin)>N ' un () Z Q,lz(a AR

neWn -y
Im(x)

-NZ=
+(R‘j§$)> )Y ot Ah)} Re(z) — +00. (12.9)

nGWN 0%

Thus ded is square-integrable parallel to the real line if and only if the quantization
condition (11.35) is satisfied and (12.5) holds. Note that this gives square-integrable
solutions of the difference equation for a discrete set of complex eigenvalues. These
eigenvalues are simply minus the eigenvalues of the non-inverted potential. On the other
hand, it is evident that T,Z)Odd is square-integrable parallel to the real line if and only if the
alternative quantization condition (11.38) is satisfied and Im(x) < (/2)(1 — 1/N).

It is important to note that even when @Z"idj‘{, are entire and square-integrable solutions
to the difference equation (12.1), neither of them is generically in the domain D in (11.3),
or even in the domain of any symmetric or self-adjoint realization of the difference operator.

12.2 Kinetic term with sinh(p)

Similarly, one can construct solutions of the difference equation obtained by replacing the
kinetic term cosh(p) with sinh(p),

AN (wi (2 4 ik, ) — wi(x — ik, h)) £ Vi (2)ws(z, h) = Exwi(z, h), (12.10)

T

wy(zx) = exp(:th>¢(x) , &L :=+F, (12.11)

4 That is for generic choices of the coefficients hy. For special values of hy the decay of the solutions
may be faster. This is what happens at the Toda points A}, for example.

149



Chapter IV. Quantum Mirror Curves

with the corresponding operator having again the domain D in (11.3). In this case, the
subscript + labels solutions of two different equations, with potential =V (z), respectively.
If one requires the operators to be symmetric, the appropriate condition in this case is
iAN > 0, rather than AY > 0. As before, the analytic properties of w4 are inherited
directly from those of 1. However, the spectral problems related to (11.5) and (12.10) are
different.

Kinetic term with sinh(p) and confining potential for N even. Let us look at the
equation (12.10) for the confining potential +Vy and N even. The asymptotic behaviour
for Re(z) — +oo, with Im(x) held fixed, is now

Im(x)

N m{x)
even h) ~ e
w—hN(fUa ) e <|Re($)]> ( iAN X

N () Z Q%(a, A, h), Re(x) — 400, (12.12)
neWn-y
27k \ 2 [ |Re(z)|N -
Wi\:‘}\r}(:v,h)z(‘Re(x”) ( iAN ) X
ivy () Z Q% (f(a), A, h), Re(z) = —o0, (12.13)

neEWn-(y+en)
where vy is an z-dependent factor of unit modulus, similar to uy in equation (11.28),
([Re(a)]
eViAN h

=iV —— . .
on(z) = <|Re(x)|N> (12.14)

Looking for square-integrable solutions leads once again to the quantization condition
(11.29), and the asymptotics becomes

N Im(z)
_ae (2R \ 2 [ |Re(z)|V) "

even h ~

win(e, )‘(11.29) ¢ (\Re(w)]) < iAN .

N (x) Z Ol (a, A, h), Re(x) = +o00. (12.15)
neWn -y

Hence, for a discrete set of eigenvalues satisfying!® (11.29) we have solutions to the difference
equation (12.10) which are square-integrable parallel to the real line if

Im(z) > —g (1 _ le> . (12.16)

It is important to note that even when wf'y is an entire and square-integrable solution

to the difference equation (12.10), it is generically'® not in the original domain D of the
quantized curve as defined around (11.3).

5However, as said, we now have iA™ > 0 rather than AY > 0, meaning that we will get different E € C
satisfying (11.29).
16That is for generic choices of the parameters hy, see footnote 14.
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Kinetic term with sinh(p) and inverted potential for N even. Let us look at the
equation (12.10) for the inverted potential —Vy and N even. The asymptotics of w4 is
simply

Im(x)

X N\ —&
o) = 2”’*")2<’Re<x>‘ ) 9

|Re(z) iAN
vy () Z Q%(a, A, h), Re(z) — 400, (12.17)
neWn -y
o\ % N\
W (2, h) ~ e <|]§{2e7zx)]> ’ (R?Xf\?' ) X
ivy(x) Z Q% (f(a), A, h), Re(z) - —o0, (12.18)

nEWN-('y+eN)

following (12.12) and (12.13). This leads once again to the quantization condition (11.29),
and for a discrete set of eigenvalues satisfying (11.29) we have solutions to the difference
equation (12.10) which are square-integrable parallel to the real line if

Tm(z) < 2(1 _ zlv> . (12.19)

However, in this case, we also find a second quantization condition. One should note that
exp(—2mz/h)w Y (z, h) is again a solution with now a power law decay near positive real
infinity and an exponential growth near negative real infinity, which can be read off from

(12.12) and (12.13). To get square-integrable solutions we need

Y. Qu(fla),Am)=0. (12.20)

nEWN~(’7+eN)

If this quantization condition is satisfied, the asymptotics near negative infinity is

exp(—2mx/h)w N (z, h) ~

N Im(z)
T 5 elr N 3 N
(]RQe(Z)\) <‘Ri/<v\2’ ) vy (@) Y. Qd(a,Ah),  Re(z) = —oo, (12.21)

neWn vy

so once more we have a discrete set of solutions to the difference equation (12.10) which
are square-integrable parallel to the real line if

Tm(z) < Z(l - ;) . (12.22)

Note the power law decay in both directions.
It is important to stress that even when w®% is an entire and square-integrable solution
to the difference equation (12.10), it is generically not in the original domain D of the

quantized curve as defined around (11.3).
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Kinetic term with sinh(p) and unbounded potential for N odd. Let us look at
the equation (12.10) for the unbounded potential +Vy and N odd. The asymptotic for
Re(z) — +oo for fixed Im(z) is now

N Im(x)
= [ 2nh \ 2 [|Re(z)|NV) *
odd ~
w—&-,N(J:’ h) ~ew <]Re(l‘)|) < iAN X

vy (z) Z Q% (a, A, h), Re(x) — 400, (12.23)
neWn -y

N 7Im(z)
_ Tz 27Th 2 ‘Re(a:)\N h
odd ~
w+7N(x7h) ~e n (\Re(m)]) ( iAN X

un () Z Q% (f(a), A, h), Re(z) - —oo. (12.24)

neWnn -y

Hence, there is no single quantization condition that gives rise to square-integrable solutions,
and the two quantization conditions (11.35) and (11.38) must be imposed together. However,
they do not admit simultaneous solutions for arbitrary values of the coefficients hg, but
only for a special subset thereof. It is noteworthy that the Toda points satisfying (13.4)
are a part of this subset. This is not surprising, since for odd N the kinetic term in the
Baxter equation (13.1) is given by sinh(p).

Kinetic term with sinh(p) and inverted unbounded potential for N odd. Let us
look at the equation (12.10) for the inverted unbounded potential —Vx and N odd. The
asymptotics for Re(x) — foo with fixed Im(z) is now

wfj‘b(m, h) ~

Im(x)

e%fzz< 2wh)’)2<\R§(x)\N> h on@) Y QaAn). Re(z) — 400, (12.25)

|Re(x AN nEWN
WU (@, h) =
( 2rh >g<|Re(x)‘N>1m,§w>vN(x) S Q%f(a),Ah),  Re(w) = —oco. (12.26)
[Re(2)] iAN Wy

The quantization condition giving rise to square integrable solutions is once again (11.35),
but where we should now take iA"Y > 0 rather than AN > 0. If (11.35) is satisfied, one
finds

odd ~
Wl )|
2ah \¥ [ Re(@)V T
T 2 e(x '
<|Re(az)]> ( AN ) un () Z ol (a, A, h), Re(z) = 4+o00. (12.27)
neWn -y

So we have solutions to the difference equation (12.10) which are square-integrable parallel
to the real line if and only if (11.35) holds and |[Im(z)| < (%/2)(1 — 1/N). We have power
law-decay both at positive and negative infinity in that case.
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However, in this case, we can find a second quantization condition. One can see that
exp(—2mx/ h)wo_‘?j‘l,(w, h) is again a solution to the difference equation (12.10) with now
exponential growth at negative infinity and power-law decay at positive infinity. Hence, to
get square-integrability, we should satisfy the alternative quantization condition (11.38)
and |[Im(z)| < (h/2)(1 — 1/N).

So we have solutions to the difference equation (12.10) which are square-integrable
parallel to the real line if and only if (11.35) or (11.38) holds. It is important to note
that even when w‘i‘fj‘{,(:v, h) or exp(—2mz/ h)wo_‘?jdv(a:, h) are entire and square-integrable
solutions to the difference equation (12.10), they are generically not in the original domain
D of the quantized curve as defined around (11.3).

13 Comments on the Toda points

In subsection 11.1 we have discussed the spectral problem (11.5) from the standpoint of
standard quantum mechanics, wherein one first constructs entire off-shell solutions and
then imposes square-integrability as a boundary condition. However, there is another way
to view equation (11.5), namely from the perspective of integrability. Indeed, the difference
equation (11.5) is closely related to the Baxter equation for the quantum SU(N) Toda
lattice [166-169], namely

(NN Q(z + 1h) + (—iMN)VQ(z — ih) — Vi (2)Q(z) = —EQ(x) . (13.1)

In this setting, one looks for entire solutions to (13.1) such that:

Nm
Q(z) € L*(R) with Q(z)~e 2017 2 to0. (13.2)
By defining
Qz) = (Z die%i”i)e”“&f Yru), Scz, diec, (13.3)
n;eS

it is easy to show that @Q(z) solves (13.1) for any choice of S C Z. However, the mapping
between the Baxter solution (13.2) and our solutions (11.25), (11.31) requires a particular
choice of S. This question will be addressed in future work.

Nevertheless, even after taking (13.3) into account, one can see that for generic values
of the potential parameters hy (k= 2,...,N — 1), the on-shell eigenfunctions (11.25) and
(11.31) do not reproduce (13.2). For odd N, this follows directly from the fact that the
asymptotics of (11.31) are outgoing with power-law decay on one side and exponentially
decaying on the other, with a rate which is independent of N. Likewise, for N even, this
follows from the fact that the decay behaviour of (11.25) as # — oo is the same for
both plus and minus infinity, and it is independent of N. This is in line with the works
of [166-169], where they found that eigenfunctions satisfying (13.2) exist only for special
values of the moduli hy, k = 2,...,N. We refer to these distinguished values as Toda
points and denote them by h;f, k=2,...,N. This, in turn, means that for (13.2) to hold,
one must impose simultaneously N — 1 quantization conditions, thereby quantizing all the
hi, k =2,...,N. This was nicely illustrated in [169]. From the gauge theory perspective,
it was found in [29, 170, 179] that the quantization conditions determining the Toda points
are (following the notation of [44]):

i0FNs
h Oa

=121l +imp, (13.4)
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where £ encodes the quantum numbers,
N-1 N
0= lX;, l €N, p=> (N-1Iey, (13.5)
k=1 =1

and p is a constant vector. It is important to note that (13.4) is a vector equation: it
consists of N — 1 quantization conditions for the ay, the corresponding solutions being
denoted by a(£). After using the generalized Matone relations (11.10) and (A.82), these
translate into N — 1 quantization conditions for the complex moduli hg, £k = 2,..., N.
In other words, it constrains the hjp to lie at the Toda points, which we denote by
h{(€). This stands in sharp contrast with standard quantum mechanics, where square-
integrability imposes only a single quantization condition, namely (11.29) for N even and
(11.35) for N odd. This condition quantises the energy E, while the other parameters
hg, k= 2,...,N — 1, in the potential remain free. However, as shown in [44], if the hy,
satisfy the Toda quantization conditions (13.4), they automatically satisfy the quantum
mechanical quantization conditions (11.29), (11.35). Hence, the Toda points correspond to
special loci in our quantum mechanical problem, where eigenfunctions have an enhanced
decay. As discussed above, this enhancement also comes together with some interesting
phenomena, such as degeneracies among bound states. It is then natural to ask how these
phenomena are captured by our explicit eigenfunctions (11.25) and (11.31).

Let us first review what is known about the Toda eigenfunction (13.2) from a gauge-
theoretic perspective. It was found in [170, 180] that, in gauge-theoretic language, the
eigenfunctions of the Toda Baxter equation (13.1) take the form:

_m(N+2) w(N+2)

Qz,hT(£) =e 2 *Zp(x,a(l),\,h) +Ee 2 “Zp(—z,—a(l), A, h), (13.6)
where a(£) are solutions to the NV — 1 quantization conditions (13.4). The factor & in (13.6)
is an z-independent function that should ensure the cancellation of poles between the two
terms in (13.6). It was shown in [170] that the existence of such z-independent function is
guaranteed only if a = a(£), where a(€) are solutions to (13.4). For example, in the SU(2)
case there is only a single quantum number ¢, and one finds:

¢ =(-1)~. (13.7)
Hence, we can see another important difference between (13.6) and (11.25), (11.31):

o Our eigenfunctions (11.25) and (11.31) are entire in x for generic values of a, i.e.
generic values of hy, k = 2,..., N. In this case, no quantization condition is required
to guarantee pole cancellation. This is made possible by the x-dependent factor
appearing inside the sums over the Weyl orbit in (11.25) and (11.31).

o The eigenfunctions constructed in [170, 180] are pole-free only if a = a(£), where
the a(€) are fixed by the N — 1 quantization conditions (13.4). This is because £ in
(13.6) is assumed to be z-independent.

Given these considerations, let us examine what happens to the eigenfunctions (11.25) and
(11.31) once we restrict to the Toda points, that is, upon imposing the N — 1 quantization
conditions (13.4). Let us first consider the case of even N > 2.17 We find that the following
special combinations vanish identically'®:

. N .
> eXp(l(27_T£+ 7@ Z)u)z [ — e )™ =0, (13.8)
neWn -y aea, (2sinh(74<)) I=1

"For N = 2 these sums do not vanish, see [28].
¥These identities were rigorously proved by Karim Aziz as part of an unpublished bachelor’s project
[183].
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2 £ N 2ma-e 1_
Z eXP((ﬂ +7p) - na2H e h1)2 nr_ (13.9)
neWn-(vten) HaEA+ (2 slnh(m” a I=1

Likewise, for N odd we have:

exp( (27r£ +7pt+ifa N 2ra Zmaer\tong _
neVXV: ~ [aea, (2sinh (T49)) "0‘) H )2 =0. (13.10)
N HlaCagt I=1

This means that, strictly speaking, the eigenfunctions (11.25), (11.31) vanish at the Toda
points. However, since the two terms in the sums (11.25) and (11.31) go to zero at the
same rate, an appropriate normalization can be introduced to obtain a non-vanishing result.
A more detailed analysis will be the subject of future work.

14 Derivation from the TS/ST correspondence

In this section, we derive (11.25) and (11.31) from the TS/ST correspondence [15-17, 26, 28].

14.1 Open TS/ST for the YV geometries

We consider the toric Calabi-Yau threefolds obtained as crepant resolutions of the Y V-0
singularities, which geometrically engineer N' =1 SU(N) SYM in five dimensions or N/ = 2
SU(N) SYM in four dimensions [19, 184]. The associated mirror curve [19] has the form:

N
AN (e¥ 4 e7Y) + Z Ky o(T-07 — ¢ (14.1)
=0

where A and ky are the complex moduli, and we can set without loss of generality
ko = 1 = k. It is also useful to introduce the chemical potentials u, by

Ko = el | te{l,...,N -1}, (14.2)

and the Batyrev coordinates as

Ki—1Kit1 . AN
;= ——, e{l,...N —1}, = . 14.3
“i K2 Pet J w KOKN (14:3)

The complex moduli k4 are related to the Kéhler parameters ¢; through the mirror maps
[185]. Our conventions for the classical mirror maps are as follows:

N-1
tk=>_ Cropig + O(2), ke{l,...,N—1},  tnx=—log(zn), (14.4)
=

where Cyy is the Cartan matrix of SU(N).
Within the TS/ST correspondence, we consider the quantization of the mirror curve
(14.1). Upon quantization, this curve is promoted to a difference equation [20, 29, 115, 157

AN (p(x + ik, k) + o(z — il Kk +Zlige x z,k) =0, (14.5)

and, simultaneously, the classical Kéhler parameters t; are replaced by their quantum
counterparts, giving rise to the quantum mirror maps [115, 157], which we denote by

ti(h), ke{l,...,N—1}. (14.6)
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We refer to [103, 186] for explicit expressions of the quantum mirror maps for the Y0
geometries. In the limit & — 0, (14.6) reduces to the classical mirror map (14.4). For the
geometries under consideration, the quantum mirror maps can also be interpreted as the
inverses of Wilson loop VEVs of five-dimensional A/ =1 SYM in the NS limit [95, 122].
Explicit expressions for the relevant Wilson loop VEVs in the case of Y0 geometries
can be found in [186, app. D]. In this context, it is often convenient to introduce the 5d

Coulomb branch parameters!:

N
ar, Ie{l,...,N}, > ar=0, (14.7)
I=1

which parametrize the VEVs of the complexified scalars in the vector multiplet of 5d SYM,
compactified on R* x S'. These are related to the quantum mirror maps by

tk(h) = ar — k41, ke {1,...,N—1}, (14.8)

or equivalently, inverting the relations, by

ar = Z(—N>tg(h) + Y (N)tg(h). (14.9)
/=1 (=1
Given the underlying SU(N) structure, it is convenient to organize these parameters as
N N-1
t=> arer=Y_ ti(h) A, (14.10)
I=1 k=1

where e; are the weights of the fundamental representation and A denote the fundamental
weights, see Section A.4 for details on the conventions.

The TS/ST correspondence for the YV:0 Calabi-Yau geometries has been studied in
the closed string sector in [44, 103, 186, 187]. In this Chapter, we also consider the open
sector, extending the results of [17, 26, 28] to this class of geometries. A central object in
the correspondence is the full grand potential, which we denote by

J(z, t, A h) = JUsed(g A B) + JOPR(z,t, AL B). (14.11)

The closed topological string grand potential J9°¢d(¢, A, h) is constructed from a specific
combination of the refined topological string partition function in the Gopakumar—Vafa
(GV) limit and in the NS limit [15, 16, 188]. For the YV:0 geometries, the explicit expression
is given in [44, p. 19]. The open topological string grand potential J°P*"(z, ¢, A, /) has an
analogous structure, but it involves instead the open string partition functions [17, 26, 28].
More concretely, for the YN0 geometries we have:

JOPR (z,, A, h) = JpP (, A, h) + IR0 (2, 8, A R) + Jo (2,8, AR (14.12)

1-loop inst

Here, the polynomial part is given by

open s N\ ¥ E_E .z
J5 (x,A,h)-ﬂog(A )h—|—71'h 1 x<1—|—1h>. (14.13)

This term is obtained by analysing the large-z behaviour of (14.5) and demanding that
exp JpP®" provides a formal solution in the large-z asymptotic regime. This procedure

19We are using the same notation for the 5d and 4d Coulomb branch parameters. The distinction should
be clear from the context.
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fixes the form of (14.13) up to an if periodic factor ~ exp (%”:E), which is then fixed with

hindsight by requiring the cancellation of poles between the two terms in (14.15). The
one-loop contribution takes the form [28, 180]

- -t +imb?
rrertm ) h=o2rb?,  (14.14)

N
exp (I35, (2,8, A, 1)) = T cpb< o
I=1

where &y, is Faddeev’s non-compact quantum dilogarithm, see subsection A.1.2. Finally, the
instanton contribution Joby" (z,¢, A, k) is built from a specific combination of the refined
open topological string partition function on the Y0 geometry, taken in the GV and NS
limits, see [17, sec. 4.1], [26, sec. 2.2] and [28, sec. 3.3].

From the topological string perspective, the open string grand potential (14.12) provides
a non-perturbative completion of the open topological string free energy in the large-radius
frame. This quantity, however, is not background independent and moreover develops poles
at finite values of x, which is identified with the open string modulus. To remedy this, it
was shown in [17, 26, 28] that one must consider a particular linear combination of the
form:

oz, k) = Z Z exp [Js(z,t +i27mn, A, h)], (14.15)

se{-1,+41} neQn_1

where Qn_1 is the root lattice defined in (A.63) and J, (z,¢, A, h) = J(x,t, A, h), while J_
is obtained from J; by a suitable transformation, as we will see later. Note that in (14.15)
we are implicitly using the quantum mirror maps (14.6) relating k to the quantum Kéhler
parameters t. In the topological string theory, both summations in (14.15) are essential
to achieve background independence in the open and closed string moduli. Indeed, the
sum over m renders the expression entire in the closed string moduli , while the sum
over s ensures entireness in the open modulus x. From the perspective of spectral theory,
equation (14.15) is particularly significant, as it provides an exact entire solution to the
quantum mirror curve associated with the underlying Calabi-Yau geometry. Although
formal solutions to the quantum mirror curve can be constructed in various ways, (14.15)
stands out due to its analyticity in both the open modulus = and the closed moduli k.
Moreover, when evaluated on-shell, it yields genuine square-integrable eigenfunctions, see
[17, 26, 28] for more details.

An important open question in the context of the open TS/ST correspondence is the
precise characterization of the second term in (14.15). In [17, 26] it was suggested that
intuitively this has to do with moving to a different sheet of the mirror curve. In practice,
however, it is challenging to implement this explicitly, that is, to find a simple explicit
relation between J; and J_. For local Fy, this problem was solved in [28], where, using
insights from Painlevé equations [27], it was shown that the two terms are simply related
by shifts of the complex moduli and of the variable x. At the level of the mirror curve,
these shifts are characterized by the fact that they leave the curve itself invariant. Let us
now apply the same idea to (14.1). We consider transformations of the form

k 1
x—)sx—i27rﬁz, y— —y —inky, ke ky € Z, ky +k, €2Z, (14.16)
s

combined with a corresponding transformation of the moduli py, which we will introduce
below. Drawing inspiration from the example of local Fy [28] and the Toda lattice [170, 180],

it is natural to choose s = —1. The classical curve is then invariant if and only if the closed
moduli transform as "
e — UN—p — i27r% . (14.17)
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Following again the analogy with local Fq [28], we set k; = 1 = k,. This gives

)
im T 21
p(x, k) = py(, k) + exp (sz + Wh) P+ (—x —i fﬂ) ; (14.18)
‘;0+(1'> K,) _ Z eJ(;r,t-i—127r17,,A,h)7 (14‘19)
neQn_1
where k = {k1, -+ ,kN_-1}, K = {R1, -+ ,kKn—1} with Ky = Ky e~ 1%, Let us also note

that, after applying the quantum mirror map, the transformation (14.17) is equivalent to

N-1 N
t— f(t) + iQkaeN, f(t) = Z tN—k)\k = — Z aN—-J+1€7 - (14.20)
k=1 I=1

We have carried out preliminary tests of (14.18) for NV = 4. The next section provides
further evidence in favour of (14.18) for generic N and is the origin of our proposal in
subsection 11.3.

14.2 The four-dimensional limit

Topological string theory on the Y0 geometries provides a framework to engineer four-
dimensional N'= 2 SU(N) SYM [19, 184]. To realize this setup, one performs a specific
geometric limit, usually called the four-dimensional limit. In this section, we show that,
after carrying out this limit, the eigenfunctions (14.18) reduce to (11.25) and (11.31),
respectively. The computation of the four-dimensional limit of the eigenfunctions mirrors
that for the spectral determinant in [44, sec. 5], which we follow closely. To take the limit
on the mirror curve, we need a different parametrization from the one used in (14.1). The
reparametrization is implemented by some simple shifts, see also the discussion in [44,
sec. 5]. Combining these shifts with the natural scaling one finds that the four-dimensional
limit is

x — Rz — i%lgNH(N) , t— Ra+izry, A® = (—DNRAN?, h— Rh, (14.21)

and then R — 0 from above, with ~ defined in (11.16). One can check that, by taking this
limit, the quantum mirror curve (14.5) reduces to the quantum Seiberg-Witten curve of

four-dimensional N/ = 2 SU(N) SYM (11.5).

For simplicity, we set the four-dimensional reduced Planck constant A to 1. We can
reintroduce it by sending (z,a,A) — (x/h,a/h, A/h) at the end. The four-dimensional
limit acts similarly on both terms in the right-hand side of (14.18). Hence, it is convenient
to introduce the variables s € {—1,+1} and k, = k, = k € {0, 1}, and look at the R — 0
limit of

R (N) 2 /4}2 1 N
n N-—1

T . Long1 ()
+J (st - iN(Zk + slont1(N)), Rfs(a) + i2rw,e™'2— ~¥  RA, R)} , (14.22)

where we introduced the convenient notation

f(t) s=-1
t s=+41"

1-—s
2

Is(t) z{ 'w:'y+( )12N(N) eny+m. (14.23)
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The first term on the right-hand side of (14.18) is then given by s = 1 and k = 0, while the
second term corresponds to s = —1 and k = 1. Note that we normalized the eigenfunctions

by the z-independent constant exp (Jdosed), which is convenient in the four-dimensional

limit [44]. In (14.23), we have already used the fact that
f)+ev+m=(-)"y+ex+m=~+1n{N)exy +n, (14.24)

where n,m € Qn_1 are related by a simple shift of the origin of the root lattice Qn_1
when N is odd, and are instead equal when NN is even.

14.2.1 The leading terms and the closed part

The key observation in the four-dimensional limit is that only finitely many of the n € Qn_1
appearing in the sum (14.22) contribute. As discussed below, which n dominate is
determined by the polynomial part of the closed grand potential.

Let us first consider the shifts of fs(¢) by 27w in (14.22). We introduce 8 for future

convenience,
1—s

ﬂ—7+(2>lQN(N)eN, w=p+n. (14.25)

The polynomial part of the closed grand potential then scales as

a1 (N)
Jelosed (Rfs(a) ti2rw, e iF N — RA,R) - 27er21°gém

1

+ R

rw? log (AzN) + i (; > [a cw —2(a- w)s} + w212N+1(N)>

QEA+

—i2N(w - f,(a))log (R) + O(R°) . (14.26)

This is the only part of the total grand potential in (14.22) with an n-dependent divergence
of order log(R)/R; all other contributions are subleading. Therefore, this part determines
which terms in the sum (14.22) survive. The R — 0 limit of (14.22) is then dominated by
the minima of the positive definite form

w? = (n+B)%. (14.27)
These are precisely the elements of the Weyl orbit of B [44], that is we have minima for?°
weWy-B. (14.28)

For the rest of the closed part, the limit works exactly as outlined in [44]. From the closed
1-loop part we have

s Lan1 ()

Jelosed (Rfs(a) + 2w, o 15 REE RA,R) -

17;2 ( Y oa 'w) % +i2N(w - fo(a))log (R) + O(R"), (14.29)

20Note that with w = ZI wrer and B = ZI Bre; we have the constraint ZI wr = Ez Br. Let us now

take B € {#1/2} and hence w; € Z 4 1/2 for convenience. One can see that w? = 3 w7 — (ZI BI)Q/N,
which gets minimized for wy € {£1/2}, and since Z[ wy = ZI Br we find that the wr’s should be a
permutation of the ;’s. This means exactly that w € Wy - 8.
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while the instanton part is regular. This means that for the second term in (14.18), i.e. for
s = —1, we get an extra divergent factor which is the exponential of

Ll (N)
|:Jclosed <Rf(a) + 127_[_(7 + lQN(N)EN),e_IE%RA’ R) —

N+1(N)

o 2N
RA, R)] = —27r12N(N)1°g}§R) — %1%,( N)lg(}/;)

+O(R). (14.30)

Jelosed (Ra + 127y, e i3

The O(R®) contribution coming from the closed sector can then be obtained directly from
[44, p. 34], and the standard four-dimensional limit becomes

lim (14.22) o 3" oxp (10 Fivs — ma 2'\‘“((131)2”) Iggloe( 52) (14.30) im0 &2
wewn-8 llaca, (2sinh(7a - o))
o LNy 1 (V)

I —skm (:c—i% 12N+7R1(N))+J°Pe“ (st—i%(2k+512N+1(N)),Rfs(a)+i27rw,eﬂ2 N RA,R)
1m e .

R—0
(14.31)

It should be noted that the proportionality constant we are neglecting here is finite and
independent of x, s and k. Hence, it is an overall constant of the eigenfunctions and the
same for both saddles. One can compare with [44, p. 34].

14.2.2 The open part
One finds for the open polynomial part:

2 k2 .l N open LT —iz i)
i—— —skw(m—lNW};()) + J3P <SR$_1N(2k+312N+1(N)),e glang ™ o R)

(14.32)

QWklog(R) + 2L log( ") + isNzlog(R) + ik + iszlog(AY) + sm(1 — 2k)z
wlogl(%R) L & log(AR> 14 ¥ | isNz log(R) +iZ +iszlog(AN) + sm(1 — k)z

up to O(R) corrections, and where the first case is for N even and the second for N odd.
We will come back to the divergent terms near the end of the section.
For the open 1-loop part, we need the b — 0 limit of

b koo Lana (V)Y -
(I)b<—b(sx—e[-f5(a))+12—|—1<eI.w+N+s2’\‘;]1\[()>b 1)

1 bt
=Py (—1(2 - wj) bt +ib+ 17 — ibz1> , (14.33)
where b = \/R/2m and we used that

1k Lonp(N) (1 _1 .
erw byt M o (Sow ) =g il e fula), (143)

with w = >~ ; wres. It should be noted that 1/2 — wy is either 0 or 1. Using the quasi-
periodicity of the quantum dilogarithm (A.18) under shifts of ib and —ib~! gives

(1 o, bt
P, | —i i_wl b —|—1b—|—17—1b21
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(1 + (% - wz) exp(—i27r21)) , <ib_1 _ ibz;) . (14.35)
1— exp(—i27rb2 (Z] - %))

Expanding around b — 0 and using [28, eq. (4.29)], we find

1

1+ (5 —wr)exp(—i2mzy) b T
et ) {5 ) o)

(—\/12?> <1 + <; — ’U)[) exp(—iszﬂ) exp <i72rzl>F<21 — ;) (1 + O(b2>> (14.36)

where we also used the integral representations of the quantum dilogarithm (A.19) and
of the log gamma function (A.20). The leading contribution from the 1-loop part in the
four-dimensional limit is then

lim exp {JOpen <8Raz - i1(2k + slon+i1(N)), Rfs(a) + 27w, R)}
R—0 N

1-loop

e 17 N 72 N 1 T
= (\/ﬁ) exp <_16R - N<2 + 13:U> log(R)> exp (SQN:U)

N

11;[1{1 - (1 - w[) exp(—2m[sz — e - fs(a)])} [(—i[sz —er - fs(a)]) (14.37)

2

Regarding the instanton part, the contributions from the 5d GV free energy vanish in
the 4d limit, while the contributions from the 5d NS free energy lead directly to their 4d
counterparts [14, 189]. This is exactly as noted in [44] for the closed sector and in [28] for
the open sector in the N = 2 case. That is

s a1 (Y)

lim exp [Jf)pen (st — 11(2k + slont1(V)), Rfs(a) +i2mw,e 27~ RA, Rﬂ
R—0 N

inst

= Z5™ (sz, fs(a), A1), (14.38)

and there are no divergences coming from the instanton part.

Let us briefly come back to the divergent factors. For N odd, we have no divergences
coming from the closed part of the grand potential, and only an overall, z-independent
divergence coming from the open part. This can be dealt with by introducing an appropriate,
overall normalization. For N even on the other hand, the polynomial part of the closed
grand potential gives rise to a divergent constant for the second saddle (14.30) that is not
present for the first saddle. However, this gets exactly cancelled by the divergences from the
polynomial part of the open grand potential (14.32), leaving only an z-independent, overall
divergent factor. This can again be dealt with by an appropriate overall normalization.

14.2.3 The result of the four-dimensional limit

Hence, up to an x-independent, divergent overall factor, we obtain for both saddles

el klan(N)g=sm(+lan(NDEE 7 (50 fo(a), A, 1) Z Pw(sz, fs(a),A, 1) (14.39)
weWnN-B
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where we have s = 1 and k = k, = k;, = 0 for the first saddle, while s = —1 and
k = k; = ky = 1 for the second saddle. We used the expressions?!

N
Zp(z,a,A, 1) = eilog(AN)wﬂ(@“)x( I'(ile; -a — x])) 758z a, A1), (14.40)

I=1

iaaFNs~w—7ra~w12N+1(N) N
Pulz,a,A,1) = —° -] (1 - (1 - w1>e2”(61'“x)> . (14.41)
[Taea, (2sinh(ma - a))(w'a) =1 2

1—s

ﬁ=’y+< 5 >12N(N)6N. (14.42)

The number of non-trivial factors in (14.41) is N/2 for s = 1 and (N — 2)/2 for s = —1
when N is even, and (N — 1)/2 when N is odd. This can be verified directly from the
expression of B in (14.42). Let us end with the comment that

1 . 1 k 12N+1(N)> _ 1 (1—812N(N)>
<2—w1>—2—61 w—(N+s oN =——e;-w-— SN (14.43)

where the latter two expressions are coordinate invariant and independent of the choice
wy € {£1/2}, and they are always 0 or 1.

Concluding remarks

In this final chapter, we studied the spectral problems associated with a family of quantum
mirror curves and formulated a precise conjecture for the eigenfunctions of the corresponding
difference operators. We mainly tested this conjecture in the four-dimensional limit, both
analytically, at finite orders in the instanton expansion, and numerically. A rigorous proof
of the conjectured properties of these solutions remains an open problem, as does a deeper
understanding of the spectral theory of some of the difference operators considered. The
explicit formulas obtained here might provide a starting point for such an analysis.

We now turn to the conclusions of this thesis, starting with a brief overview of the
main results and then discussing some of the open questions that emerged from this work.

2INote that P in (14.41) is indeed equal to (11.21), since 1/2 — wy is either 0 or 1.
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In this thesis, we developed and applied methods inspired by two-dimensional conformal
field theory, supersymmetric gauge theory and topological string theory to the study of
spectral problems. Our analysis followed two main directions: periodic spectral problems
governed by second-order differential equations and spectral problems associated with
second-order finite-difference equations. Both directions give rise to several open questions
and natural avenues for further research.

In the first part of the thesis, we solved the connection problem for the Lamé equation
using the analytic-continuation properties of degenerate Virasoro conformal blocks. We also
developed a systematic resummation procedure for the bulk NS functions associated with
the Lamé and Heun equations and for the orbifold surface-defect NS functions associated
with the Heun equation and its confluent limits. This procedure resolves the singular
instanton expansions at resonant values of the Floquet exponent and provides access to
the corresponding periodic and anti-periodic spectral data. For the Heun equation, we
also constructed the logarithmic companions of the resonant solutions and distinguished
the loci where spectral gaps close from the smaller loci where the resonant monodromy
becomes semisimple.

In the second part, we studied finite-difference equations associated with the YN0
quantum mirror curves. Within the open TS/ST correspondence, we proposed non-
perturbative wavefunctions whose four-dimensional limit gives explicit analytic solutions
for the finite-difference Hamiltonians 2A™ cosh(p) + Vi (x). We derived their quantization
conditions, described bound and resonant states for even and odd N, and discussed related
operators with an inverted potential and/or a sinh(p) kinetic term.

Concerning the first direction of the thesis, a central role was played by the new blow-up
equations satisfied by the NS functions encoding both the accessory parameters and the
solutions of the associated differential equations. These results suggest several directions
for further investigation:

e From a practical standpoint, solving the bulk and defect NS blow-up equations
derived in Chapters II and III is computationally demanding. It would therefore be
useful to develop a more efficient method for extracting their solutions. In particular,
it would be desirable to identify recursion relations among the resummation functions,
although it is presently unclear whether such relations can exist.

e Another possible direction is to extend the resummation procedure from Floquet
solutions to local solutions of the associated differential equations. In gauge-theoretic
terms, this would involve the resummation of vortex-string partition functions [32, 52].
Although preliminary evidence suggests that such an extension is possible, this
direction requires further investigation. In particular, fixing the regular part of the
corresponding defect NS prepotentials appears to be less straightforward than for
orbifold surface-defect partition functions.
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e It would be interesting to determine whether the conjectures regarding the vanishing
of the resonant resummed dual quantum periods in footnote 18 and equation (10.70)
hold and, if so, to clarify their physical interpretation in both the four-dimensional
gauge theories and the corresponding two-dimensional effective gauge theories, for
example in light of the discussion in [38]. From a mathematical perspective, these
conjectures may also have implications for the geometry of the space of monodromy
data, on which a and ap serve locally as Darboux coordinates.

o It would also be interesting to determine, or at least characterize, the full t-dependent
semisimple locus of the resonant A-cycle monodromy beyond the expansion around
t = 0 discussed in Section 10.3. An analogous analysis could be carried out for the
Lamé equation and the A-cycle monodromy of its solutions.

e It would also be interesting to extend the resummation procedure to other gauge
theories and investigate its implications for their associated quantum Seiberg—Witten
curves and quantum integrable systems. The most immediate step would be to
study the surface-defect NS functions of the N' = 2* SU(2) theory, thereby obtaining
resummed solutions of the Lamé equation. The relevant defect blow-up equations
have already been proved in [150]. A subsequent generalization would be to study
both bulk and defect NS functions in broader classes of four-dimensional N' = 2
gauge theories, including linear, circular, and more general quiver theories, as well as
theories with higher-rank unitary gauge groups.

e The blow-up-equation framework developed in this thesis may provide a useful tool
for studying the analytic structure of classical conformal blocks in more general
settings. Indeed, the AGT dual of SU(2) gauge theories on C?/Z5 is known to be
N = 1 super-Liouville CFT [134, 135, 190, 191], so our results may constitute a
first step towards understanding the analytic structure of classical super-Virasoro
conformal blocks. More generally, it would be interesting to investigate whether
blow-up equations can be used to study classical conformal blocks in strong-coupling
regimes, including at Argyres-Douglas points [140, 192-201], as well as in N' =1 and
N = 1* vacua [202, 203].

e It would be interesting to clarify the implications of the resummation procedure
for the associated isomonodromic deformation problems. The procedure developed
here appears to have a counterpart in the study of Painlevé tau functions with
resonant initial conditions, see Subsection 8.1. Such initial conditions can be reached
through a suitable double-scaling limit [143-145], which produces logarithmic terms
in the time expansion of the tau function and offers an alternative perspective on the
periodic spectral problems considered in this thesis. Indeed, resonant values of the
A-cycle monodromy define loci where the usual coordinates become singular or the
monodromy becomes non-semisimple. Near these loci, the resummed NS functions
provide well-behaved gauge-theoretic quantities, while the split eigenfunctions distin-
guish the resonant solution from its logarithmic companion. This suggests that the
resummation procedure may provide a natural regularization of the isomonodromic
tau function, or equivalently a preferred local description of the flat connection, near
resonant monodromy strata. Along the lines of [52], understanding this relation could
also clarify how defect blow-up equations encode the non-semisimple and logarith-
mic sectors of the corresponding isomonodromic systems. A further generalization
would be to study theories with arbitrary simple gauge groups and their associated
isomonodromic deformation problems [204, 205].
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o It would also be interesting to explore applications of the results obtained here
to physical settings in which the Lamé and Heun equations naturally arise. The
band-gap structure of the Lamé equation, and more generally of Hill equations, is
phenomenologically relevant in inflationary cosmology, particularly in the preheating
problem [206] and in models of the early-universe cosmology [207]. Moreover, classical
Virasoro conformal blocks themselves have intriguing applications to holographic
descriptions of three-dimensional gravitational systems. It would therefore be inter-
esting to identify the gravitational counterpart of the analytic structure uncovered in
this thesis [208-210].

The Heun equation and its confluent limits, together with their gauge-theoretic and
CFT avatars, SU(2) NS functions and, through the AGT correspondence, classical
Virasoro conformal blocks, have likewise found a growing range of applications to
black-hole quasinormal modes and other observables [126, 211-218], compact hori-
zonless gravitational objects [219, 220], holographic correlation functions [221], and
holographic geodesic networks [208, 209]. These developments have been facilitated
by the gauge-theoretic derivation of the Heun connection formulas [32] and their CFT
counterparts [25]. Since related resummation procedures have already been used
to investigate pole structures and gravitational response functions in some of these
settings [210, 222], it would be natural to determine whether the resonant solutions
and logarithmic companions constructed here admit applications to these and other
physical problems governed by the Heun equation.

Turning to the second direction pursued in this thesis, the framework of the TS/ST
correspondence allowed us to construct explicit analytic solutions and determine the
corresponding quantization conditions for several families of finite-difference equations. For
some of these equations, however, their spectral-theoretic interpretation remains unclear.
Natural directions for further investigation therefore include:

o Within the open TS/ST correspondence, the structure of the non-perturbative open
partition function still poses some interesting challenges. As shown in [17, 26, 28]
and summarized in equation (14.18), this function can be expressed as a sum of two
contributions, or saddles. Although in some cases we have a technical prescription
to construct the second saddle from the first, its geometrical and physical meaning
remains elusive and calls for a deeper understanding.

o It would be interesting to investigate how our solutions (14.18), (11.25) and (11.31)
emerge from a resurgent analysis of the open-string wavefunction and an exact WKB
analysis; see for instance [223-229].

o The deformed Hamiltonian (11.1) exhibits several novel spectral features absent in
standard Schrodinger operators. Due to its difference-equation nature, the usual
oscillation theorem [182, p. 66, thm. 3.5] does not apply. Moreover, the system
can display ground-state degeneracies and, remarkably, square integrable solutions
with real energies even in potentials unbounded from below. These phenomena
reveal a rich and unconventional spectral structure whose physical and mathematical
interpretation deserves further study.

o It is important to undertake a rigorous study of the spectral properties of the operators
considered in this work. The case with a cosh(p) kinetic term and a confining potential
was analysed in [171], where suitable self-adjoint realizations with purely discrete
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spectra were established.?? However, many of the spectral problems discussed here
fall outside this framework, including operators with potentials unbounded from
below (see Subsections 11.1 and 12.1), as well as those with a sinh(p) kinetic term
(see Subsection 12.2). While similar questions have been addressed for standard
Schrodinger operators with unbounded potentials (see [175, 177]), an analogous
understanding for the finite-difference operators studied here is still missing, and
questions regarding the natural choice of operator domains and the characterization
of the spectra remain open. The explicit solutions obtained in this work may provide
a possible starting point.

o It was pointed out in [187, 231] that there exists another four-dimensional limit,
the so-called dual 4d limit, which can be implemented on the mirror curve (14.1)
and leads to a family of integral operators. The corresponding spectral problems
make contact with the 4d gauge theory in the self-dual phase of the {2-background,
rather than the NS phase, as is the case for the spectral problems studied in this
thesis. For N = 2, this limit on the eigenfunctions was analysed in [27, 28], where a
new functional relation between the modified Mathieu and the McCoy—Tracy—Wu
operators was found. It would be interesting to extend this analysis to N > 2 in light
of our new results on the eigenfunctions.

o It would also be interesting to generalize our construction of the eigenfunctions of
the deformed Hamiltonian (11.1) to other four-dimensional quantum mirror curves,
including those associated with SW theories with matter or with different gauge
groups. Such extensions could reveal new classes of solvable quantum systems and
provide further insights into the open TS/ST correspondence.

Finally, several further directions arise at the intersection of the two main themes explored
in this thesis, including:

e Connection formulae for the g-difference equations arising from the quantum Seiberg—
Witten curves of five-dimensional gauge theories can be studied using degenerate
g-Virasoro conformal blocks; see [232] for the case of g-Painlevé III3. On the other
hand, TS/ST spectral determinants naturally appear as connection coefficients
between distinguished solutions of the same quantum curves. It would therefore be
interesting to clarify the relation between these two descriptions and determine how
insights from each can inform the other.

e Another natural direction is to develop a five-dimensional analogue of the resummation
procedure introduced in this thesis. Five-dimensional gauge-theory partition functions
exhibit a pole structure similar to that encountered in four dimensions, suggesting
that they may admit an analogous resummation. For five-dimensional A" =1 SU(2)
gauge theories, the quantum Seiberg—Witten curves are g¢-difference equations, or
equivalently finite-difference equations in logarithmic variables. Their spectral data
are encoded in expectation values of BPS Wilson loops, while their solutions are
engineered by codimension-two defect partition functions. Blow-up equations are
known for five-dimensional partition functions [4], as are their connections with
Painlevé tau functions [233-237], and analogous equations are available for Wilson
loops and defect observables [238, 239]. It would therefore be interesting to determine
whether these equations can be used to resum both bulk and defect quantities and
thereby study periodic spectral problems governed by ¢-difference equations. More

228ee also [230] for extensions to certain non-self-adjoint operators with complex potentials.
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generally, one could extend this construction to five-dimensional gauge theories with
higher-rank gauge groups, as well as to quiver gauge theories and their associated
higher-order quantum curves.
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Appendix A

Special Functions and Conventions

A.1 Special functions

In this section, we summarize the conventions used for the special functions appearing
throughout the main text.

A.1.1 Elliptic functions

The Weierstrass g-function, defined by

1 1

1
Pz 201, 2uwp) = 22 + (m n)zﬂo 0) <(Z —2mw; — 2nw2)?  (2mwy + QnWQ)2) - @

admits the following alternative representations:
2

p(2) = = 7; +7r2 Z (mn o - - 21 ) , (A.2a)

[S21 8 A Z—TLT) S~ mnT

2

7r2/7 1
p(2) = —5= ) Z ( e SinQ,rm), (A.2b)

sSin M0

where p(z) always denotes p(z;1,7), 7 = wy/wy. In particular, in the limit 7 — +ico, we

find

7'('2 2

— ™ 2 i 2
o(z) = ?s 3 + 167“qsin“ 7z + O (q ) , (A.3)

where q = e*™7. Moreover, the values of the p-function at the half-periods are denoted

respectively by e; = p(w1;2w1, 2ws), e2 = p(w1 + wo; 2wy, 2w2) and ez = p(wa; 2wi, 2wa).
The Weierstrass (-function, defined as

1 1 1 z
201, 2u) = -
C(z; 2wy, 2ws) Z—i— Z ( + + ),

z—2mwi — 2nws  2mwi + 2nws  (2mwy + 2nws)?

(m,n)#(0,0)
(A.4)
is related to the Weierstrass p-function by
o(2; 2w1, 2we) = —('(2; 2w1, 2ws), (A.5)

and, once again, ((z) always denotes ((z;1,7). For the Jacobi theta functions, we use the
following conventions:

= —i Z n 171'7' n+ ) eQ7riz(n-‘,—%)7 (A6a)

neZ
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. 2 .
02(2‘7_) — Z elﬁT(n—s—%) e27r1z(n+%)’ (AGb)
nezZ
irrn? 2mizn
O3(z|7) = Z e e , (A.6¢)
neZ
Ou(zl7) = D (~1)"el e2mien, (A.6d)
nezZ

The Euler ¢-function is defined by

pla)=[[Q—a"), (A7)
n>1
while the Dedekind n-function as
n(r) = a"*¢(q). (A.8)

In terms of Jacobi theta functions, the Weierstrass elliptic functions can be represented as
follows:

p(z) = —83 log 01 (z|T) — 21 (1), (A.9a)
((2) = 0, log 61 (2|T) + 22m (1), (A.9Db)
where
(1) = —2mid; log n(r) = 4r? 1 i nq” (A.10)
7717- — T g77 - 24 n:11_q’n : ’

Moreover, we have the relation:

Ba(r) = %m(ﬂ. (A.11)

Finally, the Jacobi elliptic sine function is given by:

sn(z; k) = 03(017)01 (u(2)|7) w(z) = — =
(=) 02(0[7)04(u(2)|T)’ (2) 2K (k2)’ (A.12)

where

! dt
) = /0 JA-B)(1-r28) (A.13)

is the complete elliptic integral of the first kind. The function sn(z; x2) is an odd, doubly
periodic function of periods 4K (k2) and 2iK (1 — k2), related to the Weierstrass p-function
by:

€1 — €3

p(z) = es+ sn2(zy/e1 — eg; K2)’

with the following formulas relating modular parameters:

(A.14)

9 €2 —e€3 ‘92(0|7')4
= = -].
K e — s 030 (A.15a)
K(1 - k?)
K(k?)

T=1i

(A.15h)
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A.1.2 Faddeev’s non-compact quantum dilogarithm

The defining representation of the quantum dilogarithm is often taken to be [240, eq. (42)]

1 efi2zu du .
s (2) = exp (4 /R+iO sinh (bu)sinh (b~ 1u) u) ’ 2[Im(2)] < [Re (b +b ) 5
(A.16)
It can be analytically continued to a meromorphic function of z on the whole complex
plane with poles and roots at [240, eq. (45)]

L —H[(k—l—%)b—i— (€+%) bil} poles | FIEN. (A17)
—i [(k + %) b+ (£ + %) bil} roots

and with an essential singularity at complex infinity [240, p. 34]. One can determine the
order of the poles and roots when b? € Qsg, based on [241, eq. (21)], see [28, eq. (A.10)].
The parameter b is in general such that > € C\ R¢g, but we are mostly interested in
b% > 0, since this corresponds to ki, gs > 0. The quantum dilogarithm satisfies the following
quasi-periodicity relations in z [240, eq. (48)] [241, eq. (77)],

Dy(z + sibF) = (14T e2™72) Ty (2) se{-1,+1}. (A.18)

When taking the 4d limits the following representation of Faddeev’s quantum diloga-
rithm comes in useful [242, eqgs. (3.2)-(3.8)]*

i 2
SN ambz) . (70 du 1 4 e2nbs—2nb%u
log @y (2) = _WLH (—e ) - 1/0 1+ e2mu log Ly o2nbetant?u | (A.19)

under the condition that 2|Im(z)| < b~! when b > 0.2 In taking the standard or dual 4d
limit on the integral representation above, one may use the following integral representation
of the log gamma function [243, p. §],

1 log (27) Too du u
logI‘<z + ) = —z+zlog (2) — 2/0 1_i_e%ua]rctarl(z) , Re(z) > 0,

2 2
(A.20)

which can be obtained from Binet’s second formula for the log gamma function.

A.2 Nekrasov functions and AGT dictionary for Chapter II

Starting from the Nekrasov partition function of the SU(2) gauge theory with Ny funda-
mental hypermultiplets, we adopt the conventions of [140] and write

2V (a, g1 e0it) = 20 o1, e0:) 20N (0, i1, 20) 200 (0, e, e05t),  (A21)

cl 1-loop inst

where

(e1+€9)?/4—a?

Z[Nf}(a; £1,€9; t) =t c1e0 , (A22&)

cl

!There appears to be a constant term missing in [242, eqgs. (3.2)-(3.8)].

20ne can note from the behaviour under shifts of z by ib~! that the representation above has a limited
domain of validity: the quantum dilogarithm is quasi-periodic under such shifts while the same shifts act
trivially on the right-hand side above. Some numerical checks seem to suggest that the representation
above is only valid for 2‘1m(z)| < b~! when Re(z) > 0.
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H HZ 1 €Xp ')’61 €2 (,Uz +a— (51 + 82)/2» (A.22b)

[Ny
Z a, €1, 52 B
(@ p b (11 22 (£20))

1-loop

fun
Zi[rjl\s[{}(aﬂ w; 61,62;t) _ Z Hz 1 ‘;:Cbt (CL His )tIY‘, (A.QQC)
Y=(Yy,Y") 1nst(a Y)

and Y = (Y,,Y_) denotes a couple of Young tableaux, |Y'| being the total number of
boxes of the pair. The function 7., ., is defined as

@=Ll [Tl eF
Tereal®) = s L(s)Jo =z : (ef12 — 1)(e%2% — 1)

,  Re(z),Re(e1),Re(e2) > 0, (A.23)
s=0

and satisfies the difference equation:

Vei,e2 (33 - 51) + ’751,52(1' - 52) - 761,82(1' — &1 - 52) — Ve1,e2 ('73) = logx- (A'24)

Many useful properties of this function, including its shift relations, can be found e.g. in
the appendices of [140] and [244]. Coming back to the instanton part of the partition
function®, we have [80, 245]:

A V) =[] T (ratG-1/2a+G-1/2e),  (A2)
T (ij)eYe

vec

vos, we first define:

while, in order to define z;

B;Sft(a b m,Y , W) H H [ —bg+e2 (Ay,(s1)+1) — alLWﬁ(sl) — m]

+ Y.
wp=kae (A.26)

[T [aa—bs+e1 (Lya(s2) + 1) — 2w, (s2) — m],
SQGWﬁ

where, following [22], @ = (a4, a_) and b = (by,b_), s; and sy label a box in the corre-
sponding Young tableau, Ay and Ly are defined as:

Ay(s)=N—j, Ly(s)=X—i, s=(i,j)€Y, (A.27)

and the Young tableau Y is identified with the corresponding partition Y = {\; > ... >
Ao >0}, YT = {X] > ... >\ > 0} being its transpose. Then, we have:

adj bif
Zlnst(a m Y) = Zinst

(@a,m, YY), (A.28)
where @ = (a, —a), and finally:

dj
Zinet (@, Y) = Zigy

(a,0,Y). (A.29)
Moving on to the partition function of the N' = 2* SU(2) gauge theory, we have
Z(a,m;e1,€2;q) = Za(a;e1,€2;9) Z1-00p(a; mi €1, €2) Zingt (a, M5 €1, €25 9), (A.30)

where

a2

ch(a; 51,52;5[) = q_ﬁa (A31a)

3The convention for the fundamental masses adopted here differs from those used in Section 3 and
Chapter I1I by an overall sign and a simple shift depending on €; and 2. Furthermore, the vector-multiplet

instanton contribution z{,s; appearing here is the inverse of that appearing in Section 3.
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H eXp(’YE1,€2 (iQCL — m)) (Aglb)

Z100p(a,m;er,€2) = ;
oop X exXP(Yey o (£2a))

2m(e1+eg—m)
l-—=— 2
zJ

Zinst(aa m;e1,£2; CI) = @(CI) €1e2 inst ((L, m;e1,E92; q), (A,31c)
and finally:
U(2 zl a,m,Y
20D (a,men,e2;0) qu “SV‘;C v ), (A.32)
1nst(a )

In conclusion, we describe how the classical limit 1/15" of the degenerate torus blocks in
the necklace basis @gn), as in equation (5.29), can be expressed in terms of surface defect
partition functions of the N' = 2* SU(2) gauge theory. We consider the quiver gauge theory
[74, 84, 246] associated to the circular quiver with two SU(2) gauge nodes, one of which is

degenerate [146], and compute its instanton partition function as

23 (Comien, i) = 3 (YWl st (91,52,m, Y, W)
YW 2y (0,Y)
(A.33)

.231;;(02701, —2/2, W.Y)
VeC(O’+8€2/2 W) ’

1nst

where ¢ = (0, —0) and 7y = (0 + se2/2, —0 — se3/2), s = +. With respect to the variables
used in Section 5, we have

C _ eme =1+ 7-/2, y = e27riz — CI%C (A34)
The AGT correspondence implies the relation

def 2imx -1
. _ 2mi(Aag—Aa M— Zs mbt( ,a—Q/?,m;b 7b; CI)
2w+ /2 0miq) = o o ZU() (277 q) ’

(A.35)

where a; = a — sb/2, c=1+6Q% and Q = b+ b~!, while

U D(C,m; q) = H (1 o ql+1>2m(Q—m)—3b2/2—2 (1 B quﬂ/g)—b(Q—m)
= (A.36)
: (1 _ C—lql+1/2>2m(Q+b/2) .

Thus, taking the classical limit, we obtain the following representation for a pair of linearly
independent Floquet solutions of the Lamé equation (5.30):

O (@ +7/2,v, ;) = MG lim ge&“(ezim’ 2%~ g’ GLANLL . (A.37)
° b—0 ZU( )(GQIﬂxa%;q)ZinSt(le - %7%7b_17b7q)

A.3 Nekrasov functions for Chapter III

The Nekrasov partition function Z("0"1)(q, m, €1, ey;q) of the N’ = 2 SU(2) gauge theory
with Ny = (no,n1) hypermultiplets, with ng,n; < 2, depends on the Coulomb branch
parameter a, the ng + nq hypermultiplet masses m, the two equivariant parameters €;, and
the instanton counting parameter q. It factorizes into classical, one-loop, and instanton
contributions,

20m) (g, m,e1,e9:0) = Zala,e1,2;0) 2 on (a,m, 1, €2) 200 ™ (a,m, 1, 22:19),
(A.38)
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where the classical contribution is

a2

Za(a,e1,62;q) = q =%z, (A.39)

The one-loop contribution can be conveniently expressed in terms of the Barnes double
gamma, function?,

Ty (; = d L% g e A.40
2(z;€1,82) = exp T ds o F(s)/o BB (1 —eBe1)(1 —ePe2) |’ (A.40)
as
T'5(0; T'o(3+2a;
ﬁgglpl H 2(05€1,€2) N'a(£2a5 €1, €2) (A.41)
[ Da(Ea — magigi e, e2) [T Ta(da — myy 561, €2)

The instanton contribution is written as a sum over pairs of Young diagrams A = ()\(0), )\(1)>,

Z" (a,myere0:0) = 3 qNE(-TIN0m), (4.42)

inst

where the full character of the equivariant torus action is
TIA|m0mM) = NK* 4+ 1o N* K — (1 — q1)(1 — o) KK* — MTom) g, (A.43)

with elementary characters

N= Y e, (A.44a)
a=0,1
K — Z Z eaa+61(i—1)+52(j_1)’ (A44b)
a=0,1 (4, j)E)\(O‘>
(no,nl Z eM2+e 1 Z Mo (A44C)

To write the one-loop contribution to the orbifold surface defect partition functions
considered in this work, we also introduce the single gamma function

; / “appt T | o V2T
s—o I'(s) Jo 1 — e Ber 51 r ( ) '
&1

The one-loop part of the orbifold surface defect partition function in (9.14) is then

a
ds

Ii(z;e1) = expl— (A.45)

\Ij(é?ol’yllol(zp(a m,eq, 82) anigg;l)(a’m751,52)2é7i_)100p(a7m751)) (A46)
where I T )
5(n1) i=1+1 188 — My ;€1

ZB, 1- loop(a m 61) F1(2a5, 51) (A47>

with ag = a and a; = —a. The one-loop bulk and defect Nekrasov functions admit an

g9-expansion analogous to the instanton contributions in (9.17). Defining

yo(zie1) = [112 - <$ - 1) 1og1“<:1> - logG(;l) (A.48)

1 -1
_logAg)g&B:,(x)}
2 €1

4Throughout this section, we mostly follow the conventions of [52].
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where A is Glaisher’s constant, GG is the Barnes G-function and

1
Ba(z) = 2% — 2+ 6 (A.49)
is the second Bernoulli polynomial, one finds formally
1 1
logTo(z;e1,82) = 5"}/2(.%; £1) + 3 logT'y(z;e1) + O(e2). (A.50)

Thus, for the 1-loop part of the twisted effective superpotential we find

W(gjlffgé)p(%m,fl) = 272(0;e1) + Z <72(i2a;51)

+
o - (A.51)
— > plfa—marigier) = Y yelfa—mi;er) |,
io=1 i1=1
while, for its first eo-correction,
M2+ ny a iy
1 e, s — =) 1", (2 — —
W) (a,m,e1) = - log [ (i = T (- 5 . (A52)
2 F(:|:2—“)
+ o
Meanwhile, for the defect prepotential, the one-loop part reads:
(%)
n 3
W(’jgiﬁlgp(a, m,e1) = Wf?f_:gt)p(a,m,el) +log —- a; TR (A.53)
Hi1:1 F(E - ?)

In both expressions (A.52) and (A.53), we have omitted constant terms that are irrelevant
for our purposes.
To obtain the ¢-factors appearing in (10.27), we introduce the L-factors

(no,n1)

(no,n1)
7 (nom1) _ Z) Joop (@ +ner, M+ e, 61,62 — €1) 2 1000 (@ +ner, M+ Ener, €1 — €2, €2)
n o (noyn1) ’
Zl-loop (a,m,61,£2)

(A.54)
where &, vanishes for n € Z, and equals % forn e Z+ % Using the shift properties of
the double gamma function (A.40), these reduce to rational functions of the equivariant
parameters,

[Ty Te sn—e, (Mayi, F @) [121 Tle stng, (miy F a)

L™ (a,m,e1,e2) = A.55
" ( ' 2) Hi SiZn(¢2a) ( )
where:
I ijz0 (x—ie1—je2), n >0,
i+j<n—1
sn(z) =< 11 ij>0 (@+(+1)er+(J+1e), n<—1, (A.56)
i+j<—n—2
L, n=0orn=-1.
The ¢-factors are then given by
5(n1)
gglno,m)(a m) = Lglno,nl)(a m,1,1) 0,1_10(213()@ +n,m+E&,,1) (A57)
9y )] M M 2(n .
0, 11—100p(a7 m, 1)
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which, again using the shift properties of the gamma function in (A.45), can be expressed
as rational functions of the equivariant parameters as in equation (10.29).

The regular parts of the resummation ansatz appearing in (10.8), (10.16) and (10.24)
for the Ny = (2,2) theory can be obtained by studying the large-a behavior of the
corresponding instanton prepotentials, and read respectively

a2 [rK(1— ) £ 2K () [&
1 h 1 ’
1 2 N L 2
+h;ml—|—2 +4hlog(1 t)(;mz+h> ,
1(& 2K(2)\ 1 )
Ra(a,m, hit) = 5 (; m; + h) log< ) +3 log(1- )], (A.58b)
. o a|nK(1-+) t .
R(](CZ, m, h, zZ, t) = 27]5, [m =+ IOg <16 —+ 25(2, t) (A58C)
2(my +ma) + h
log(1 —
+ i g(l —t2)
2
+ 2(ms + ma) + 2log 2K(t) +10g<1—t) ,
4h T z

where the non-trivial function §(z,t) can be determined from a large-a WKB analysis of
the Heun equation (10.1) and is given by

1 T

(= [ (c K@) - f/O)dC'

The regular parts for the other cases of Ny = (ng,n1) can be obtained from these by taking
suitable decoupling limits, as described in Section 9.3. In the previous equations, K (k?)
denotes the complete elliptic integral of the first kind.

(A.59)

A.4 SU(N) root-system conventions for Chapter IV

Let us introduce some objects from the Lie algebra su(N):

{br}c (1, N} standard Euclidean orthonormal basis;
{er};c (1, N} weights of the fundamental representation; (A.60)
{)\k}ke{17,.. N_1} fundamental weights, basis of the weight lattice; '

{O‘@}EG{L--- ~N—1} simple roots, dual to the fundamental weights;

These quantities are related to each other by:

N k
1
eI:bI—NZbJ7 ap = e, —egr1 =bgp —bryr, A=) er, (A.61a)
J=1 I=1
1
N )
ap-op =Clrp=—0k 01+ 200 — Op 41, Ak oy =gy, (A.61c)

by -by =941, er-e; =05y — (A.61b)
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where C}, 4 is the SU(N) Cartan matrix. The set of positive roots is given by:
A+:{ak7g:ek—eg’1<k<€<]\f}, (A.62)

while the root lattice is denoted by:

N—-1 N
Qn-1= {Z myeot | my € Z} = {Z mrey
=1 I=1

In our construction of the eigenfunctions, we also need

N
m[EZ/\ZmIZO}. (A.63)
I=1

1 N N-1 1N—l /
y == Z(—l)lile] = Z (—1)k71Ak = — Z <1QN+1(€) — 12N+1(N)>ag . (A.64)
2 I=1 k=1 2 /=1 N

A.5 Gauge-theory special functions for Chapter IV

The Nekrasov—Shatashvili (NS) functions capture physical information about supersym-
metric gauge theories in the NS limit of the gravitational €2-background, with the case
relevant here being four-dimensional A/ =2 SU(N) SYM. It is convenient to organize the
Coulomb branch parameters a; into the vector®

N N
a:ZaIeI, Zajzo, (A.65)
I=1 I=1

where ey are the weights of the fundamental representation of SU(N) (see Section A.4 for
our conventions).

Note on convention: when dealing with Nekrasov functions, the term “instanton
partition function” refers to the instantons of the supersymmetric gauge theory that appear
in localization computations [1, 80, 245, 247, 248]. These should not be confused with
quantum-mechanical instantons.

A.5.1 The NS free energy

Let Y = (Y1,...,Yy) denote an N-tuple of Young diagrams, each one being equivalently
specified by an ordered partition Y = (y1,y2,...), y1 = y2 = --- = 0. The total size of the
N-tuple is given by

N
uy) =7 vl Y= v (A.66)
=1

i1

For a box s = (i,j) € Y, we define the arm and leg lengths as
Ay (s) =yi — J, Ly(s) =y; —1i, (A.67)

where YT = (y{, yQT . ) denotes the transposed partition. For two Young diagrams Y
and W, we introduce the building block

NYJ/V(Z;Sl, 82) = H(Z - Ele(S) + 82(Ay(s) + 1)) H(Z +é&1 (Ly(t) + 1) - EQAw(t)).
seY teWw
(A.68)

5The a; parameters here are denoted by «r in [44].
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The 4d instanton Nekrasov partition function for this gauge theory is given by [1, 80, 245,
247, 248]

7" (a, Aer,e0) = 3 (VAP Y 2y (@61, 69) (A.69)
Y
with N X
Zy(a,e1,e92) = Igl P pra—— (A.70)
The instanton part of the NS free energy is then defined as
Fi%t(a, A, h) = ih Jlim 5 log 7% a, A, ik, €9). (A.71)

Note that the functions (A.69) and (A.71) are expressed as series in A. These series are,
however, convergent; see, e.g. [131, 249, 250].
A.5.2 The NS partition function in presence of a surface defect

In the presence of a type-II chiral defect, the partition function was computed in [95, 122]
and is nicely summarized in [180, app. A]. By evaluating the residues in these expressions
explicitly, the partition function can be written as

Zéil)/’ﬁt(x, a,\ e1,e9) = Z ((—1)NA2N)K(Y) Zy(a,e1,€2) Zl(f) (z,a,e1,€9), (A.72)
Y

where the defect factor is

ar—x+ie1+jes
a—x+ie;+ (j—1)eg

N
Zg)(x,a,sl,sg) = H H (A.73)
I=1 (i,j)eY]

Here z denotes the two-dimensional twisted mass parameter. We then define the full
instanton defect partition function in the NS limit as

Z(0)7inSt($ a. M. ik 52)
inst AR — i 2d/'4d s Gy L35 0, A.74
D ([,U,a, ’ ) 621210 ZlnSt(a’aAviha 62) ( ' )

A.5.3 The Wilson loops

Another ingredient we need is the four-dimensional limit of Wilson-loop expectation values
[95, 122]; here we closely follow [44]. As before, let Y = (Y1,...,Yn) denote an N-tuple of
Young diagrams. We define the equivariant Chern character as

Chy (a,e1,69) = W — (1 —e™1)(1 - e™2)Vy, (A.75)
N N
W = Z eRaI , VY —_ Z eR(lI Z e(k—l)Ral-i-(l—l)REQ ) (A76)
I=1 I=1 (k)eY;
In the R — 0 limit, the Chern character behaves as
Chy(a,e1,e2) = N + ch)(a,sl,sg) R*, (A.77)
k=2
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where, for example:

Cg)(avfglaéﬁ) = CL% —e1620(Y),

N | =
M=

I=1
3 1 N €1+ €2 N
¥ (a,e1,e9) = P 5152< s lY) ter Yy e (v7) (A.78)
I=1 I=1
N

N
+8QZ Y] +ZCL[‘Y[>
I=1 I=1

while
Zyz Yi (A.79)
z>1
We define the “4d Wilson loops” as
W(k)( A e1,e9) NA2N (y) C§,)(a,51,52)2y(a,51,62). (A.80)

Zlnst
Here we are interested in their NS limit, which we denote by

W (a, A, n) = lim WH(a,A,ih,e), k=2,...N. (A.81)
€2~>
These observables are directly related to the complex moduli parameters hj; appearing in
the mirror curve, and they generalise the Matone relation to higher rank gauge theories.
More precisely, we have

T (1) kl—tk)

k

. Wke(a, A, h), je{2,---,N}, (A.82)
k

where k = (0, ks, - - - ) satisfies

= mkn =7, (A.83)
m>2
and we used
WI%S(CHA, h) = H(J'Wl(\?%(av A, h)>kj y Rk = H kj!jkj ) ’k‘ = ka : (A.84)
j=1 j>1 m
Hence, for instance:®
hy = — WG,
hg = 2WE),
- O vl (a8

hs = —2WEAWE, + 24w,
4 3)\ 2 6
ho = WY+ EWENE + 2(WE? - 120w

One can further check that 1
WiE = — 55 A0 Fis, (A.86)

giving rise to the usual quantum Matone relation [39, 40].

5We omit the dependence on (a, A, i) in WIEIQS) for brevity.
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Checks for Chapter 11

B.1 Comparison with Hill determinant method

In this section, we describe how the expansions of the eigenvalues and eigenfunctions of the
Lamé equation can be computed using standard techniques. The first method we present
concerns the computation of eigenvalues and is known as the Hill determinant method [47].
Consider the following complex Hill equation:

— (@) + V(x)p(z) =0, (B.1)
with V(x) an even, periodic potential of period 7. Its Fourier expansion reads:
V(z)=ao+ Y are? (B.2)
k0

where a_j = ag, due to the parity of the potential, a; € C for any k € Z, and ag can play
the role of eigenvalue. We search for a Floquet solution ¢ (x), meaning a quasi-periodic
function such that ¢ (x + 7) = e¥™)(x), where v € C is the Floquet exponent. We can
then write 1 (z) in the form ¢ (z) = eV*¢(x), where ¢(x) is a periodic function of period T,
and expand ¢(x) in Fourier series, obtaining:

Y(x) — eV Z bne2im, (B.3)

where b, € C for any n € Z. Inserting this expansion into equation (B.1), we find:

Z bn(y+2n)2€i(y+2n)x+ Z akGQik:v Z bnei(l/+2n)x:0’ (B4)

n=-—oo k=—0oc0 n=-—00

and thus an infinite number of linear equations of the form:

(v+2n)°bp+ > agby— =0, VneZ (B.5)

k=—o0
This system can be reformulated as the following matrix equation:
Z Bymby =0, Bpp=ao+ (v + 2n)2, Bpm = Gn—m, mFn. (B.6)
meZ
We can then truncate the matrix to |n|,|m| < N and impose det BWY) = 0. Increasing
N allows us to determine the perturbative coefficients of the eigenvalues of the periodic
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spectral problem in (B.1). In the case of equation (8.1), the relevant Fourier expansion of
the potential is given by:

k/2
oz +n7/2;m, 77) = —2% —4Z2k cos2lm T (B.7)
k>1
which leads to the identification:
m qk/2
We can then solve the condition det BN) = 0 as an equation for ¢ = v — %,u(,u -+

obtaining a power series expansion in q'/2. In particular, solving the equation for generic
values of v we recover the expansion (5.33). Meanwhile, fixing v to a specific integer value
|v| > 1 from the outset yields the expansion for the corresponding periodic or anti-periodic
eigenvalue. The two distinct eigenvalues corresponding to the same value of |v| arise from
the two distinct solutions of a quadratic equation satisfied by the first non-trivial coefficient
in the expansion. An equivalent approach for computing the eigenvalues is provided by a
continued fraction expansion, which is also available in the literature [251]. Alternatively,
one can directly solve equation (8.1) as a power series in q'/2 by expanding both the
eigenfunction and the eigenvalue accordingly. Indeed, considering the Fourier expansion
(B.7), the equation takes the form:

k)2

(02 +4p(n— 1) Y 2k cos2ka - et 2uu-1)y =0, (B.8)
k>1 g
where the eigenvalue is expanded as:
e(v, 1;9) = Y en(v, m)q"?. (B.9)

n>0

To proceed, we must specify the form of the eigenfunction v (x), distinguishing between
the case of non-integer and integer v, which correspond respectively to quasi-periodic and
(anti-)periodic solutions. In the first case, we can write:

Y (v, 1,9) = €Y (v, 1) g™, (B.10)
n>0

where the coefficients i, (z, v, u) are periodic functions of period 7, more specifically
Laurent polynomials in 2. Equivalently, we can consider the even and odd combinations:

weven($7y7lu’;q) = ¢+($7V7Ma )+¢ (x v, 15 9 )’ (B'lla)

Meanwhile, for a fixed integer value of v, |v| > 1, we can write:

Dl (s 1139) o< cos([v|x) + Y Bl o, 1)a™?, (B.12a)
n>1

W (@, 15 q) o sin(l|z) + Zwodd oz p)g™?, (B.12Db)
n>1
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where each coeflicient wéze)m, n and wég)d, ,, is a linear combination of elementary trigonometric
functions. For example, the solution associated with a vanishing Floquet exponent v = 0
takes the form:

1
PO (x) o 1+ 2u(p — 1) cos 22 \/q + §,u(—2 + 3 — 242 + p3) cos 4z q + O(q>/?), (B.13)

up to a choice of initial condition.

B.2 Consistency check at 7 — +ioco

In this section we perform a consistency check of the quantization condition (8.46) in the
T — +io0 limit, where the problem reduces to the analysis of the hyperbolic Péschl-Teller
potential [252]. Indeed, consider the Lamé equation:

—03 + plp — V(3 1,7)¢ = Evp, (B.14)

Using the transformation properties of the Weierstrass p-function, we can write:
o(z;1,7) =t 2p(z/t; 1/t,1), (B.15)

where ¢ = Im(7), so that, performing the change of variable z = z/t, the equation becomes:

=020+ p(p = Dp(z; 1/t i)y = t°Ey. (B.16)
The Weierstrass p-function can be represented as:
72 2 72 2
:1/t,1) =t - — , B.17
p(z 1/8:1) (sin2 wzt 3 + ];) sin? 7t(z — ki) sin® wtki ( )

and in the ¢t — +oo limit we can approximate it by:

o(z;1/t,1) ~ t? < r - 7r2> . (B.18)

sin? w2t 3

Setting now z = iv + 1/2t, so as to lie along the vertical line at the center of the torus, we
find:
22

9% — B | DO
b 1l ) cosh? Tt

+ 12 <E+7§u(u—1)>] Y = 0. (B.19)

Up to exponentially small corrections, we can approximate the potential on the B-cycle
as an infinite sum of such localized contributions centered at v € Z, with the previous
equation serving as the effective description in the vicinity of v = 0. To solve it, we make

the substitutions: )

y = cosh?ntv, E = —r’r? — %,u(,u -1, (B.20)

obtaining the hypergeometric equation:

RN (O A Y L B

B

Setting then ¢ = y#/2¢, we find:
1 1
y(1—y)d" + <2+M—y(1+ﬂ)> o — (R +n?)o=0,
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which we can easily solve near y = 1, or v = 0, in terms of hypergeometric functions.
Expressing the solutions in terms of the variable v, we find:

. ik 1
zﬂeven(v) = cosh” wtv 2 F} (,U —; 157 a 9 lﬁa 53 — sinh? th) , (B.Qla)
1 ik 1 —ik 3

+;;+1/<;7 +M2 m,i;—sinh2 wtv) ,  (B.21b)

odd(v) = sinh wtv cosh” mtv o Fy (

distinguishing the two linearly independent solutions by parity. Then, in the vicinity of the
other integer v points, we will have similar local solutions. For example, near v =1, we
would find: Peyen /0dd(V) = Veven/oad(1 — v). To obtain the desired quantization condition,
we must impose the periodicity of the solutions, which can be achieved by matching their
asymptotic behaviors. Indeed, assuming ¢t > 1, for 0 < v < 1, we have:

i 1, i i 1 i
1 T (g) T (§ + 7’{) ikmtv 1 T (_g) I (5 B g) —ikmtv
Weven(v) = I (i |, B A +§ ik | u A
P(7+§)P(§—§+7) F<—§+§)F<§—§—7)
— Qeveneimﬂ'tv + Qevene—imrtv’
(B.22)
and imposing (anti-)periodicity, namely ¥eyen(v) = £teven(v + 1), we obtain:
. Qev
el I = 41, (B.23)
Qeven
Similarly, for the odd solution we have:
w dd('U) ~ 1 F (%) r (% + %) _ eiK,TrtU + 1 r (_lg) r (% — %) i e—irmrtv
AT(z+5+5)T(1-5+7%) AT (3-5+5)T(1-5-7%) (B.24)
_ Qoddeim\'tv + Qodde—imrt'u7
and imposing ¥oqq(v) = £¢oda(v + 1), we find the quantization condition:
)
el odd — o (B.25)

Qodd

By solving equation (8.46) for ¢"/2 in the case of periodic or anti-periodic solutions,
corresponding to cos (mvp) = 1, we obtain:

/2 sin. 2ma — sin 7r,u7 (B.26a)
sin w(2a — )
/2 _ sin' 2ma + sin 7r,u7 (B.26b)
sin(2a — p)
where r 90 T(1 4 2
n = 4mrat + 2log (1 = 20)T(1 + 2a) (B.27)

['(p+2a)T(1 —2a)’

neglecting corrections that are exponentially suppressed in the limit ¢ — 4o00. Upon
identifying k = 2a/i, we find that the quantization condition (B.23) matches (B.26a), while
the quantization condition (B.25) corresponds to (B.26b).
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Blow-up equations

C.1 Useful formulae for N; > 0

In this section, we collect some lengthy formulas relevant to the C? and C2/Zy blow-up
equations for generic Ny < 4. First, the regular parts of the resummation ansatz for Ny = 4
are given by [253]:

2 4 2
] N ) (t)) 1 . N
Ry (a, p, hst) = h( K +log {16 )+ 47 ;Nz log(1 —1)
2
v

+% <§:N?> log( K(t)> +% (;m) log(1 — 1) +§ (10g(1 _ )~ 2log (212(15)))

(C.1)

4
R (g, hit) = % (log(l —1) —2log (ﬂi(t))) + 2—1h < m) log(1 —t). (C.2)
=1

From these expressions, it is possible to derive all other regular parts for Ny < 3 by decou-

pling the appropriate number of hypermultiplets. The function R[fq (p, hi; t) is determined
in terms of Rgl] (p, h; t), for example by taking the large a limit of the blow-up equation

(7.4). Indeed, in this limit, the equation reduces to:

1
10 (Wame 0, list) = (00 + 1 ) Wit i) 0 (€3)

thus fixing R[14] up to a t-independent term, which can then be seen to vanish. Then,
writing:

ma/2
5F [Nyl _ 51Ny myx + 1" ' .
exp/inst gexp/inst (2%’ {MI}7 FJ—ma,t

the expressions necessary to determine the differential equations satisfied by the resumma-
tion functions read:

log geibwf] =2 Z tk_l{fk,j Fmay® Oygrj F tj/2<[1 — (4= Ng)(k+3/2—=1)|gr;
k>1

N, (C.4)
. - , [V
+ (1= (4= Np)j/2lyOygu; — G — D M amgk,j)} + oM @, ),
=1
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Gt = %(]’ £mi)+ > tk_l{(k —1) frj + j% Dy fr.j
E>1
F my? [(j +k —1) Oygrj +j% 35%,;} + 19/ [(k? +35/2—1) gk;
H% Oydrg — [2— (4= Np)(k+35/2=1)](k+35/2—1) gr; (C.5)

. 2
— [+ 2 = 1= (4= Np)(k+3j/4— D]y dygn; — 51— 2(4 = Np) L 02,

Ny
) ) [N
3 (k3721 By + 75 s ) |+ oial™ (o )
1=1

where y = ztU=2)/2 Agsuming the asymptotic behavior of the resummation functions
as in Section 6.4, we find again that the expansions of the blow-up equations under

consideration are proper series expansions. Finally, if ¢,,, = ﬂ and we define:
mo—1
2
Conyma () = ™2 TT (=)™ (e + )™, (C.6)
.1 smo
J=3t 3

we have:

Nr -
d ({ })__ Hi:JCICTQYL1,m2(Mi)
e T (i, — 1)1

C.2 Example: C? blow-up equations, A/ = 2* theory

In this section, we present and solve the first few equations derived from the expansion of
the C? blow-up equation (6.33). We focus on this case because the presence of both integer
and half-integer shifts allows us to work with lower values of mi, thereby reducing the
complexity introduced by the Taylor coefficients of the resummation functions appearing
in the equations. Specifically, we analyze the equations for mo = 1 and my = 1,2. The
first two of these read, respectively:

AT+ #0011 (00) 12 () 1)242 RN =0 0egia () _ 1 = g, (C.8a)
e2f1,1(#,x)+2x28191,1(u,$) — u4(ﬂ - 1)4334 e2f1'1(”’x)72228191’1(“’x) —-1=0. (C.8b)

Performing the substitutions JE1,1 = %log uy and gy | = # log(zvy ), and solving for u;, we
obtain:

(1.) : (C.99)
ur(p, x) = , 9a
M e (o) + i1+ )P or () )
1
u(p, ) = C.9b
100 0) = o oy 2 = AT+ ) or () ) (C.9)
so that, by equating the two expressions for u;, we find:
141+ 4p2(p —1)222
oy z) = AT BE Y (C.10)

21 ’
where only the choice of the + sign in front of the square root is compatible with the
boundary condition gq,1(p,0) = 0. Thus, we find the following expressions for the first two
resummation functions:

fia(p,z) = —% log (1 + dp® (- 1)2x2) (C.11a)
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V1+4p?(p —1)222 — log (% + V1T +4p2(p— 1)2:U2) -1
" :

gr1(p, x) = (C.11b)

Using the explicit forms of fl,l and g1,1, and after some simplification, the second equation
for my; = 1 takes the form:

(1 + \/1 +4p?(p — 1)2962) g1 (ks ) + 20 (MS —2u+ 1) =0 (C.12)
which can easily be solved to obtain:

(=14 p+p?) (1= 1T+ 402G — 1)%2)
2u(p — ) '

gia(p, ) = (C.13)
Then, the second equation for m; = 2 is identically satisfied. Moving on to the third
equation for m; = 1, and expanding it to the first few orders around z = 0, one obtains
the following relation:

~ 1
02121, 0) = - [ =2 — 1)2(=20 + 563 — 27p® — 45p% + 19 + 11°)
4(p+1) (C.14)
+802f51(11,0) = (1 + 1) D1 (1, 0) + 8 D1 (1, 0)]
which simplifies the equation and allows it to be easily solved for .]E271, yielding:
~ x2
f2,1(M’ l‘) = 83692,1(”’ 'T) +... (015)

2T+ 42(p — 1)2a2
where the remaining terms form a lengthy expression in 2 and j, involving only 92 f271(,u, 0)
and 0;g2,1(p,0). Similarly, expanding the third equation for m; = 2 around = = 0, we find
the following relation:

Ozg1,2(p,0) = [ = 1) (20 = 5% + 170" = 3145% — 202 + 50p — 16)

1
A(p+1)
+ (=2 + = 6) 02 Fo1(1,0) = 2 (4% = 4 2) Dug (1,0)]

(C.16)
which can be used to simplify it. Substituting the expression of f271 as a function of ga 1,
one can easily solve the equation to find:

1
Buga1(p, ) = 5 {Aﬁ‘(u = 1)t (5" = 104 = Ty + 1241 = 6) 2% + 20,99.1(11,0)

2

+ 22 (64 (1 = 1) agan (1,0) ) + (2 D921 (11, 0) + 2(p2 — 1)*4* Drg2a (1, 0)a

+ (p— 1)t (;/1 —2u3 — 3p% 4 4p — 2) x2> \/1 + 4p2(p — 1)2;52} :

-1

[1 53— 1% + (= D%t + (1432 (n = 1)%22) 1+ 422 - 1)2;52}
(C.17)
Expanding the previous function for z — 400, we find at leading order:

1

20, 20, _ 1) 4_23_24_2>—1
4M(M_1)(892,1(u,0)+u(u )(M p = 3p” +4p )w

(C.18)

a:pg2,1 (M? l‘) =
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which is clearly incompatible with the expansion (6.25), thereby forcing 0,921 (1, 0) to take
the form:

1
Onga1 (1, 0) = =5 (= 1)°p* (u' = 20® = 3 + 4p - 2). (C.19)

Thus, we obtain:
2(p —2)(p = D(p +1)p =2+ 3(p — 1)*p*z?
1200 — 124227
V1+4(p—1)2p2a?
120 — 12228

+ (,uS —4p” —2u8 4+ 205 — 27pt + 1643 — 4,u2) :UQ},

g2,1(p, ) = —

[2—2M4+4M3+2M2—4H (C.20)

. (38 — 1207 + 10u° + 124° — 25u* + 163 — 4p2) 2
f2,1(:u'7x> = 2(1 n 4(,“ — 1)2/1,23?2) .
Moving on to the next equation for m; = 1, and expanding around x = 0 to the first few
orders, we find the relations:

; 1 2
0 fua(is 0) = =5 (u+ 1) (1 =3 +2)" (C.220)

1 2
Orgr2(.0) = 3% (u+ 1)* (1 = 3u+2) (C.22b)

(C.21)

and

%@:91,2(#; 0) _ 8(“ + 1)8969142((;3_) :; 168192,1(:“’7 0)

(n—1) (Tp” — 4245 + 285 + 118u* — 67p> — 682 + 48 — 8)
A(p+1) ’

which allow us to simplify the equation. Then, the equation, now involving only the

remaining Taylor coefficient 0,g21(1,0), can be readily solved for go 1, which at leading

order as x — 400 reads:

Go () = = ppr— 1) (pp = 1) (2 = 62+ 4p? + 9p® — 9p* — 5% + 3.°)

(C.23)
+

(C.24)
= 20,52.1(11,0) ) 2% + O(1).
Again, this is clearly incompatible with the expansion (6.25), and thus we find:
. 1
Onfa,1 (1, 0) = S — 1) (2= 6p+4p® + 9p* — 9 — 5% + 3°) . (C.25)
which, when substituted into g2 1(u,x), yields:
~ —1
Go () = (1200 = 1)°p%2®) 7 208 — 64" + 60" + 244 — 64 + 61— 2
+ (6,&0 — 2440 + 3318 — 1207 — 125 + 1245 — 3u4) mQ]
—1
+ (12(u — 131+ (- 1)2u21‘2> [ =218+ 617 — 6t — 24° (C.26)

+ 6% — 6+ 2+ (10p"* — 58u! + 84p'% 4+ 90p!t — 372 + 3544°
— 2018 — 202" + 1620° — 56p° + 8u*)x?
+ (—10;&0 A4y — 738 + 44T + 2005 — 524° + 43p* — 203 + 4u2) xﬂ,

while the corresponding equation for m; = 2 vanishes identically. This procedure can be
straightforwardly extended to higher orders in the expansion, and to different values of mq
and mg, with no essential change in the steps involved.
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C.3 Example: C?/Z; blow-up equations, N; = 0 theory

In this section we show and solve the first few differential equations obtained from the
expansion of the blow-up equation (7.6). This is instructive in order to discuss a couple of
subtleties which are not manifest from the general form of the equations presented in the
main part of this work. In particular, we consider the expansions for mo = 1 and m; = 1, 2,
up to the first six equations. The very first equation for m; = 1 reads:

022701 1(2) .3 (_2 — a1 (x) + 227} 1 (x) + x3gi’,1(w))

0 (C.27)
+ 2791 () (f{1(l‘) + 2241 1 () + nglllvl(“r)) =0,

and can be solved algebraically for f{l Integrating the solution and imposing the vanishing
of the function at x = 0, we find:

fii(z) = —% log(eh%llvl(m) — x4672x2gl1v1(z)), (C.28)

or equivalently, expressing the solution in terms of u;(x) and @ (z), where f; 1 = loguy
and g ; = ﬁ log(2291), we can write:

11
w®) = Z5 5T Pl (C.29)

Considering now the first equation for m; = 2, we find:
L P00 8 (3 () + 42?9 (0) + 20%] 1 ()
. ) ~ 7 7 7 (C.30)
+ 2@ty (@) (—1 +xf] 4 (x) + 4x2g171(3€) + 23:39’1'71(33)) =0.
Writing again everything in terms of ui, ¥1 and solving for the former, we find:
1—cz? 1
() = — % —, (C.31)

a0 -1

where now the integration constant ¢; cannot be fixed by requiring u1(0) = 1 and @ (z) =~
1/22, i.e. f11(0) = g1.1(0) = 0. Solving the quadratic equation obtained from (C.29) and
(C.31), we find:

01(x) 1 (1 — 2% £ \/(.7}261 -1 - 4304) ) (C.32)

222
In order to satisfy ©1(z) ~ 1/2%, we must choose the plus sign in front of the square root.
Then, c; is related to the value of g’171 at zero by ¢; = —29’171(0), and by consequence of
~{’71(0) = —2¢}(0), also to the value of f{’l at zero. To determine ¢1, we can consider the
second equation for m; = 1. Writing f; 1(z) as in equation (C.28) and g1.1() in terms of
01(z), using (C.32), the resulting equation reads:

—2
(1 —2z%¢; + 2% (c} — 4)) {xcl + 234 — 3¢}) + 3¢ (3 — 4) — 27 (cF — 4)?

1
+ \/1 —222¢1 +at(c} —4) - | —4a® (1 + log§ <1 —x2e; + \/(:rzcl —1)2— 4:)@4))

— 83:491’1(30) + (—1 +32%¢; + mGCl(C% —4) — x4(4 + 30%)) g1.1(z)

+ (=1 + 2%(c; — 2))(z?c; — 1)(22(2 + 1) — 1)?]1,1(37)] } =0.
(C.33)

187



Appendix C. Blow-up equations

The integration constant c¢; can be fixed by also considering the first equation obtained
from the my = 0, mo = 1 expansion. Using the solutions w; and ©1 of the first two
equations, together with the expansion of g1, 1 obtained from (C.33), the expansion of the
first my1 = 0 equation around x = 0 reads

4 — 2
1,4

O:
3

+0(z9), (C.34)
which implies ¢ = 4. Requiring g1 1(z) to be real along the real z-axis then selects ¢; = —2,
since ¢; = 2 would produce the square root v/1 — 4x2. In view of the next section, we note
here that the correct choice is the one for which the coefficient of z* inside the square root
in (C.32) vanishes, while also maintaining the function real on the real axis. With this
choice, we find:

log (1/2+ V1/4+2%) +1 - V14422

X

Fuale) =~ log(1 +42%),  g1a(x) = - (C.35)

and equation (C.33) for g1 (x) simplifies to:

42 — 21 + 422(z + 42°) — (14 62% + 1627) §1.1(z) — (v + 62° + 82°) i , () = 0, (C.36)
which we can solve, to obtain:

1— 1+ 4x2

Sr— (C.37)

gia(x) =

where the integration constant has been fixed by enforcing §11(0) = 0. Then, having
already found gi 1, the second equation for m; = 2 becomes a simple algebraic relation
between the Taylor coefficients of the functions for mo = 2, namely:

- ~ 1
89/1,2(0) + 2f{/,2(0) —1=0 = fﬁz(o) =5 49/1,2(0)7 (C.38)

which we can use to simplify the next equations. The third equation for mq = 1 reads:
0=+V1+422—-1— 22> (7 + 622 —2v1 + 4:132) +4(1 4 42232 fy 1 ()
+2z(1+ 41:2)3/21271(30) + 82%(1 + 622 + 10x4)g§71(x) +223(1 + 622 + 8x4)g§’71(x),
(C.39)
which we can solve to find:
(2 + 2?) (—1 —222 +/1+ 4:62) + 42t (1 4 22%) g 4 ()
4x2y/1 + 4a? ’

where the integration constant has been fixed by requiring f271(0) = (0. This solution can
then be substituted into the third equation for m; = 2, which simplifies to:

for(z) = —

(C.40)

—1-222+ 2% - 2(:1:4 + 61:6)9571(96) — (565 + 4557)95/,1(55)
= 0.

C.41
+ VT4 42% (142 (9 - 4097 (0) — 87 5(0)) ) (C-41)
Expanding this equation at leading order around z = 0, we find:
- ~ 9
(9 = 409 5(0) = 851,2(0))2” + O(a) = §1(0) = ¢ = 5g1(0),  (C:42)
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which gives us another relation between Taylor coefficients. Using this relation and solving
for g21(z), we obtain:

(2 — 2?) V1 + 422 — (2 4 32?) - 3 a?
- — . - 4

where now both integration constants of g1 are fixed by enforcing its vanishing at zero.
Then, the next equation for m; = 1 reads:

3+ a2 (10 + 2(3 — 102 + 242? — 802> + 482* — 12(1 + 41‘2)29’172(0))) + V1 + 422

(C.44)
Expanding this equation near z = 0, we find:
19l 2 3 / 3 4y _
(18— 12g5,(0)) 2 + . (~2+8415(0)) 2* + Oa*) =0, (C.45)
obtaining: )
G200)=1/4 = fl5(0)=-1/2, §1,(0)=-1/8. (C.46)

We notice here that the blow-up equation already determines at this stage the analogue of
the previous integration constant ¢y, for the my = 2 functions. Using the value of g} 5(0)
to simplify the equation, we can solve it for gs ;(x) obtaining:

(5z* — 52? — 1)(1 +422) "2 + 322 + 1

G20 (x) = 603 (C.47)
Then, the fourth equation for m; = 2 reads:
2 (8 + 36 952(0) + 9 f32(0)) + 2% (3 +484{3(0) + 2 f{3(0)) =0, (C.48)
from which we find the following relations:
. 4 ~(4 3 3
72(0) = =5 (24995,(0)),  F{5(0) = =3 (1 + 169{3(0)). (C.49)
Carrying on, the fifth equation for m; = 1 reads:
27+ 34122 + 27962" + 98882° + 123202° + 7222(1 + 42%)° (4fs.1 () + 231 (2) )
+ (1 +42%)¥2( — 27 — 17927 + 4382" + 12702° (C.50)
+ 7227 [(6 + 3622 + 56304) g31(z) + z(1 + 622 + 8$4)gg71(:n)] ) =0,
which can be solved to find:
Forlo) = —72 — 2% (630 + 160122 + 18642t + 3080x9)
S 28824(1 + 422)2
2 2 4 6,/ (0‘51)
(14 22?) (72 + 542 — 1272 — 2882} 1 () )
+ .

288x4(1 + 4x2)1/2
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Using this expression, the fifth equation for mq = 2 simplifies to:

162 809 1152(2? + 5a%) g5 1 (x)
488 — — — 381V1 + 422 —
(144222 /1+4 V14 422
— 2882° V1 + 4% g | (2 18 — 18V/1 4 422 + 362%V/1 + 4a2
(C.52)
— 162 (118 + 243 g} 5(0) + 27 G (0) ) + 2° (1 - 288 g1 5(0) — 72 f{'5(0))
— 1227 (15 + 88 13(0) + 8.313(0)) 1 _
Expanding the equation around = = 0, we have:
236 _ 7 5
(—9 - 5492 2(0) - 695,2@)) T+ (4 - 49,1,3(0) - 295,1(0) - {/3(0)) a?
1 (C.53)
+ 5 (15 - 88415(0) = 833(0)) 2 + Oa*) = 0,
from which we find:
- 118 (3 15 3
352(0) = =5 = 9955(0),  G1(0) = = — 11g,3(0). (C.54)
Using these relations in the previous equation and solving for g3 1(x), we obtain:
72 4 23422 — 5992 + 8820
72— 9042 4 635t 4 2T 204 — D997+ 880
(.',U) _ V 1 -+ 4.’1}'2
9371 14401;5 (055)

~ o ( 1428843 3(0) 4+ 72 Jz{,,?,(())) arcsinh(2x)

where the arcsinh(2x) term is clearly incompatible with the asymptotics of the function
near infinity. Indeed, (C.55) behaves as:

11 1 1 / 1 i 2 -1
g31(z) =~ i360 + <576 591,3(0) - 8f1,3(0)> log 162”4+ O (33 ) . (C.56)

Requiring the vanishing of this term leads to another relation between Taylor coefficients
of resummation functions:

F1(0) = o — 4g1.4(0) (C.57)
Finally, the sixth equation for m; = 1 reads:
— 810 + 393222 — 2(1 + 4x2)3/2( — 405 + 439622 + 41280x* + 769002°
+10802° |(5 + 3027 + 482%) G 1 () + 2(1 + 627 + 82%) 35 ()] )
24 (74622 + 28015227 + 3249922" — 871682° + 1200z (4 + 9 g55(0) )
+452% (1307 + 2880 g5 5(0) + 144 6{(0) ) + 18027 (1361 + 2880 g5 5(0) + 432 9} (0) )

+24027 (1523 + 2880 gh 5 (0) + 1296 g1 (0) ) + 259202° (3 + 16 ¢{(0)) | = 0.
2,2 1,2 1,2

(C.58)
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Considering its expansion around x = 0, the first few orders are:
— 30" (1861 + 43235 ,(0) ) + 12002” (4 + 9,65 5(0) )

0)

— 402" (10625 + 3888 4,1 (0) + 7245
150)) + 0@*) =0,

+ 4527 (1307 + 2880 g5 5(0) + 144 g

from which we obtain: 4 5
Gho(0) = —=, g1)(0) =

Using these values to simplify the previois equation, we f%]id:
— 810 4 393222 + 746222 4 2801522 + 3249922° — 8716821
—2(1 4 4% 2( — 405 + 43962 + 41280z + 769002°
+10802° | (5 + 3027 + 482) g1 () + 2(1 + 627 + 82%) G4 1 ()] ) =0,

which we can easily solve, obtaining:

216 + 40522 — 3845z% N —216 — 170122 + 1192* + 1219925 — 181628

Ga.(w) = 216025 216025 (1 + 422)3/2

Then, the sixth equation for m; = 2 reads:

_ 5 .

300 ( 143 + 21312 g 3(0) + 21609’173(0)) + ( YETR 191 5(0) + 29’173(0)) T
14161 . 5 3 #(4

( 1296 +16932( )+4f§(2(0)>x +36( 16 + 72 95 (0 )+3f2<7,3(0))x4

+ (o840 + 5 (154 F%0) )0 =0

from which we find:

1 1 5 14161
/ 0 _ ~/ . 0 - = 1! _ 4 / 0
91,3( ) 144 91,3( ) 432 3,2( ) 5184 93,2( ),
~(4 16 #(6 5
52(0) = 3 = 24655(0), f19(0) = 15— 6015 (0).
As a final summary, the relations we found up until this order read:
1 . 1 ~ 1
9/1,2(0) = 1 9/1,2(0) = _§7 {/2(0) = —57
3 3 .3 3 4
g0 =15 @0 =15 f30)=3,
1 g o= L gy =_L
91,3(0) RV 91,3(0) T T30 1,3(0) T Ty
4 10 8
9’2,2(0) = Ty 9&,2(0) = o7 5/2(0) = 9’
~ 6 5 ~(4 16 3
19(0) = 15— 60gi(0),  f53(0) = 3 — 2453(0),
14161
:2/,2(0) = 5184 49:/3,2(0)-

(C.59)

(C.60)

(C.61)

(C.62)

(C.63)

(C.64)

(C.65)

Going to higher order in the expansion or to higher values of m; and mq does not introduce
any new feature in the equations, which can be solved straightforwardly. As we have
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seen, the basic strategy to obtain the desired solution is to impose the proper parity of
the functions and the correct behavior at zero and at infinity. Expanding the equations
around zero or infinity before solving them often helps identify combinations of Taylor
coefficients of the resummation functions that vanish, which in turn makes the integration
of the equations easier.

C.4 Example: C?/Z, blow-up equations, A’ = 2* theory

In this section we follow the same steps as in the previous one, showing and solving the
differential equations for the resummation functions in the N/ = 2* case. We suppress the
arguments of the functions and denote by f{l the derivative of f1,1(,u, x) with respect to x,
unless the functions are valued at some particular point. The first equation for m; = 1
reads:

(/.L - 1)4#4$4e_2z29/1,1 (-l’le + .%'39/1/71 + 2ng/l,l - 2)

2229, | (1 / 2 1 (C.66)
+ xe ’ (fl,l + 2291, +x 91,1) =0,
and depends algebraically on f{l Solving it and integrating the result, we find:

~ ]_ ’ /

fiau, w) = = log (€295 — (= 1) ptate ™ 00 ) (C.67)

where the integration constant has been determined by imposing the vanishing of the

function f; at 2 = 0. Writing f;; = %log uy and g} ; = ﬁ log(z2%1), we have:

1 1
ui(p, ) = — . C.68
l(lu ) .Z'Z /51 —ILL4(/,L— 1)461_1 ( )

Meanwhile, the first equation for m; = 2 reads:

0= (p—1)°pa® (xﬂl —22°g) | —da’g) | + 3) e2f11—4agy

. " 5, (C.69)
(1= afly — dagl, — 2], ) HRaritols
which we can solve for ui, to obtain:
1—cia? 1
ui(p, z) = — — . (C.70)
ot o — (e — 1%,
Then, equating (C.68) and (C.70) leads to:
1—c1z? £4/1 —2c122 + 24 (2 — 4pt(p — 1)%)
o1 (p, @) = v (C.71)

22 ’

where, by looking at the behavior near = 0, we have to select the positive relative sign
and we have to choose ¢; = —2u?(; — 1)? to cancel the coefficient of z* inside the square
root, as discussed in the previous section around equation (C.34). We thus find:

. 1
frap, w) = =2 log (1+ 42 (u — 1)%%),

V1+4p2(p —1)%222 + log 2 — log (1 + 1+ 4p2(p— 1)2952) -1

glyl(l’L7 1") = = )

(C.72)
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where the remaining integration constant for g; ; is fixed by g1,1(,0) = 0. We can then
look at the second equation for my = 1, which reads:

1+ 80— 1) et + 6(n — 120202 2

+ {1 +16(p — D*ptat +6(u — )QMQ:L‘Z] J11 (C.73)
3/2

— 4= D} + = D)2+ 2 — 2+ D [1+ 462 (- )22 = 0.

The equation can be easily solved, obtaining:

(124 = 1) (1= V1402 — 1)%2?)
2u(p — 1z

where the integration constant has been fixed by g1 1(, 0) = 0. Then, the second equation
for m; = 2 simplifies to:

gi1(p, ) = , (C.74)

275(11,0) + 84 5(11,0) — (1 — 2)*(n — 1)1 (u+ 1)* = 0, (C.75)

from which we find:

o (1, 0) = %(u —2)%(u — 1% ( + 1)* — 4g] 5 (s, 0). (C.76)

Moving on, the third equation for m; = 1 reads:

3/2 1 - N
[ 40— 1222 [4fan + 20 f, + (n— 1%
+ 8 10u—14u41‘6—|—6,u— 2u2z4—|—1‘ g5
(1001 — 1) (n—1) | gb.1 )
+2[8(n =)'t + 6(u — 1)?p%" + 2°] g5,
— (u—1)2? [12@ —1)4tat 42 (7,,L4 143 — %+ 8 — 4) 22 + 1} — 0,
which can be solved to obtain:

. —2pt 4+ 20 —Ap + 24 (—p® 4+ 4p — 68 + 4pd — pt) 2
foa(p, @) =

Ap —1)?p2a
14+ 2(p — 1)*pPa? 4 3 2 C.78
+ 2ut — 4y — 2p% + dp — 2 (C.78)
4(p —1)2p222/1 + 4(p — 1)2p2a? { a K a H

(1 = 4 6 — 4 ) 2 — A — 12t gh

193



Appendix C. Blow-up equations

where the integration constant is determined by requiring fg}l(,u ,0) = 0. Then, the third
equation for m; = 2 reads:

1+ 4 - 1)2M2w2{(ﬂ —2)(u+ 1) [t -2 — 2 2p— 1
+ (9u10 — 4510 + 9248 — 9817 + 538 — 5ud — 10u* + 4u3) 3:3}
= 8(i— 122 (=391 5(11,0) + 1l o (11,0) + G 2(11,0)) }
+(p=2)(n+ 1){(# — 122t [ = 2 (14 6(n — 1)2%%) gh,y

-z (1 +4(p — 1)2u2x2> gé’,l] —pt 2 - 2u 41

+ (' = 6 + 15010 — 204° + 154° — 67 + pi®) 2
+ (—2,u8 + 8" — 8u® — 4p® + 12pt — 83 + 2,u2) x2} =0.
Expanding the equation around x = 0, the first non-zero coeflicient gives us:

1 i
Ougi 2(1,0) = &% (2441 2 (11, 0) — 83 o(11,0)

(C.79)
+9u8 — 3617 + 38u° + 12u° — 47p + 320° — 8p),
which we can use to simplify and solve the equation, obtaining:
2 =2)(p = D)+ Dp =2+ 3(p — 1) pta?
9271(/171‘) - 2,2,.3
12(p — 1)*px
V1+4(p — 1)%p2a? 448102 (C.80)
— 2—2 4 2u° —4 :
200 107 |2 2p" + 4p® + 207 - ap
+ (us —4p” —2u8 4+ 205 — 27pt + 1643 — 4u2) :EQ},
. 3u® — 1207 4+ 10p8 + 124° — 25p* + 1613 — 4p?) 22
or(z) = (3u p p p p = 4p?) (C81)

2(1 +4(u — 1)*p22?)
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fixing the integration constants via g 1(¢,0) = 0. Then, the fourth equation for m; =1
reads:

24(— 2)(u+ Da® [1+4(u — 1%122%]” g1 51 0)

+ \/4(u — 1)%p22? + 1{ — 6z [32@ — Dtptat + 18(u — 1) + 3} G2,1
—6 [S(M o 1)4u4l,6 +6(u— 1)2#2:34 +$2} §§,1

(i = Dpe[62 = 34 36(p — 1)} (202 = 1)pat

+ (44,ﬁ — 0615 + 42u% + 443 — 4242 + 244 — 8) :c2] }

(C.82)

+ (= Dp- [3 =64 —96(u — 2)*(u — 1) (n+ 1)%a"

+32(u — )4y (5M6 —0p® — 24p* + 2313 + 9u2 — 120 + 4) P
—48(p = 2)*(p = 1)°p’ (e + 1)°2°

+4(p = 122 (5% + 3° — 150p" + 95p2° + Top? — 84y + 28) 2
—6(p—2)*(u — Dplp+1)%2°

+4 (—5u6 + 15u° — 39u™ + 1313 4 244 — 24y + 8) a:2] =0.

Expanding it around x = 0, we find:
1
912(1:0) = 5 (=2 (n = 1) (n + 1), (C.83)
which, due to (C.76), implies:

(i, 0) = —5 (= 2% — 12+ 17, (C84)

thus determining the equivalent of the integration constant ¢ for the ms = 2 resummation
functions. Then, solving the equation we obtain:

Go(p, ) = (12(p = 1)°p%2®) 7 208 — 64 + 64" + 208 — 632 + 61— 2

+ (6;&0 —24p° + 3348 — 127 — 1245 + 1245 — 3u4) :ﬂ

+ (12(u — 1)3u3x3\/1 +4(p — 1)2u2x2> B [ —2u8 + 6% — 6t — 243 (C.85)
+ 6 — 6+ 2+ (10p™* — 58! + 84p% + 90p't — 37210 + 35440
—201% — 202" + 1620° — 564° + 8pu*)x?
n (—10,&0 44y — 7308+ 44pT + 2008 — 5245 + 43t — 2013 + 4u2) xﬂ,
so that the fourth equation for mq = 2 becomes:

1 _
—2” (93 5(11,0) + 3645 5(11, 0) + 8(n — 1)*(—p® + pu + 2)° i
6

C.86)
1- 1 (
ot (700) + 4900,0) + §(u = D4 - Dt 1) = o
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Solving it, we find two relations between Taylor coefficients at x = 0 of the mg = 2
resummation functions:

~ 8
5o(1,0) = —=(n— 1) 'u'(n —2)*(n + 1)* — 4g55(u, 0),

) 2 ) (C.87)
L (1, 0) = =51 = 2 (1 = )" (4 1) — 2491 (1, 0).

In summary, it is clear that the only difference with respect to the pure gauge theory case is
the cumbersomeness of the equations and of the resummation functions. Thus, in principle
one can proceed to higher orders in the expansion, and to different values of m; and mo,
without any qualitative difference with what we have seen so far.

C.5 Solving the Ny = (1,1) blow-up equation

In this section, we present the first few equations obtained by expanding the blow-up
equation (10.27), and solve them explicitly to illustrate the resummation procedure in the
Ny = (1,1) case for the resummation ansatz (10.25). At the end, we list the corresponding
h-functions, obtained through the relation (10.26). Throughout this section we set i = 1.
Before turning to the expansion, we also list the resummation functions g ; needed in the
derivation. Let us define for convenience the function

vi(m,z) = \/1 + 4wj(~1’1)m2/§32. (C.88)

For notational simplicity, we will suppress one or both of its arguments in lengthy expressions.
As already discussed in Section 10, the resummation functions gy ; take the form [125]

1 1 1
g1(m,x) = - (log{2 + Q'yj(m,x)} +1-— yj(m,:c)), (C.89a)
1 _
Gz2,5(m,2) = 5 3(m, ) Qp 5 (m, 2?) + Pry(m,a?)| (C.89Db)

where (), ; and Py ; are polynomials in x? of degrees 2k — 3 and k — 1, respectively:

2k—3
Qk,j m, z? Z Qk,ja “, Pk,j m, z? Zpk,ja . (0'90)

The coefficients py ; o are fixed in terms of the g j o by imposing the condition
grj(m,z) =O0(z), -0, (C.91)

while the relevant g-coeflicients are:
1 1 1
2 — — ) C.92
42,1,0 = 12 ( (2m1 + 1)2 (2m3 + 1)2) ( a)
3+ 4(m1 +m} +ms +m3) — 16(mims + mims + mim3 + m3m3)

= C.92b
G211 48(2m; + 1)(2ms + 1) » (C.92b)
92,20 =0, (C.92c)
2
@221 = §(2my +1)(2ms + 1), (C.92d)
1 1 1
=== — 2 C.93
31,0 40( Cm+ 1% @ms+ 1)t > (C.93a)
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1
80(2my + 1)3(2ms + 1)3

G311 = [2ma(ma + 1)(1 + 2m1 + 2m3) (C.93b)

9(2m3 + 1)

X (104mg(mg + 1)(1 + 2mg + 2m3) +9) — 1] + 320(2my + 1)’

1
23040(2my + 1)2(2m3 + 1)2
— 11456 mym3 + 72m3 — 864m3 — 56128 mimg — 56128 mym3 — 864 m}
— 432 mf — 89344 m3ms — 254144 m3m3 — 89344 mym3 — 432 mj

— 44672 mims — 396032 mim3 — 396032 m3m3 — 44672 mym3

— 198016 m7im3 — 613376 m3mj — 198016 mim3 — 306688 mim3

4312 = (225 + 504 my + 504 mg + 72m3 (C.93c)

— 306688 m3ms3 — 153344 m;*mg) ,
1

11520(1 + 2my)(1 + 2m3)

+ 256 myms + 648 m3 + 864 m?3 + 128 mimg + 128 mym3 + 864 m3

+ 432 m7 — 256 miyms — 2816 mim3 — 256 mymj + 432 mj

— 128 mims — 5888 mim3 — 5888 m3m3 — 128 myms — 2944 mim3

31,3 = <45 + 216 m1 + 216 m3 + 648 m% (C.93d)

— 11264 m3m} — 2944 mim3 — 5632 mimj — 5632 mim3 — 2816 m%mg*) :

We now turn to the equations for the resummation functions ﬁ,f j obtained from the blow-up
equation (10.27). We will mostly focus on the equations obtained for o1 = —1 and o7 = 0.
In particular, for oo = 1 and at order t° one finds

(1+2mg)x Hy (m, 2, —x) 1 .

1 : -5 (1 ay = 94
~ 1 ~

1—Hyy(m, 2z —x) - (2+m1>962Hff1(m,z,a:) =0, (C.94b)

where we define Efl =log H 1%1 in order to linearize the equations. Solving this system we
obtain the leading resummation functions

- _ ’yl(m,:c)—i-:l:z(l—i-le)—l)
hi,(m, z,x) = log ( 22 (LT 2mm) 71 () , (C.95a)
= ’yl(m,:c)+xz(1+2m1)+1>

= 1 .
hi,(m, z,x) = log ( 21 (. ) , (C.95b)

which are responsible for the highest-order poles at 2a = F1, appearing at each order in
the t-expansion of (10.25). In the limit  — fo00 one finds

(C.96a)

h 1+ 2mg £ /(1T +2mq) (1 + 2
hil(m,z,x):10g< + 2mg \/( +2mq)(1 + m3)2>

.%'Z(l + 2m1)(1 + 2m3)
1

- <\/(1 +2mq)(1 4+ 2ms3) + 2(1 + 2m1)>x

= 1 /(@ +2mp)(1 +2m3) 2
hi;(m,z,x) = log (2 + 51 dmy

+ 0 (:13_2),

(C.96b)
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1 -
+ <\/(1+2m1)(1+2m3)iz(1+2m1)>x + O( ))

which matches the behavior discussed in Section 10.2.1 of the main text. We can then
move on to the equations at order t, which take the form
(=1) 1), 2

14+2mg)z(—1+2z(1+2mq1) — n(x)) - _ x(r, —l—r(_l)x—i-r(_ x
( ) z( ( ) (z)) (ro

2271 (@)(1+ 71(2)) P50 T e @) A+ (@)
(C.97a)
(1+m(x)(—14+ zz(1 +2my) +n(x)) 5 _
+ 2(1+2mq) x 2z (x) hia(z2) =0,
41+ 2my) 2 2 (1 + 2ma)z + 2(1+ (@) hi (z,2) + 2 +rO) (C.97h)

+ @ (1+m(x)+4(1+2my)zz((1+2m3)xr — 2(1 + 'yl(x))))ﬁil(z, —z) =0,

(o1)

where the coefficients ;" "/ are given by

rg ) = =2((1+ 2mg)? + (3 + 2m1 — 2mg — 12mamg)22) (1 + 7 (), (C.98a

)
P = —2(1+ 2mg) (74 6ma — 2my — 20mams + (1+2m1)22%) (1 +m(x)), (C.98b)
S = —(1 4 2my)(1 + 2ms)? (1 +2ms — (1 + 2m1)z2), (C.98¢)
r(()o) = —2(7 —+ 6’[’)’1,1 — 2m3 — 2Om1m3 + (1 + 2m1)2z2 (CQSd)
— (1 +2my)(1 +2m3z — (1 +2m1)27) () ),
(14 2mq)(1+2 (14 2m1)z°) 71 (2)

P = (14 2m0) (1 + 2m3)? + (7 + ma (6 — 20mg) — 2mg)=?). (C.98¢)
Solving the equations we find
(1,1)

Qil(m, z, 1) + Pfl(m, z,2)\/ 1+ 4wy 2?

f):ﬁ:

ﬁ;l(m, z,x) =
2,1(m7 2 33)

, (C.99)

where the functions QQil and inI are polynomials in z of degree two and one respectively,
with coefficients

@;1,0 = 8(1 + my — 2mims)2”, (C.100a)
G311 = (14 2m3)(3 4 2my — 2m3 — 12myms3)=z (C.100b)
— (1 +2m1)(3 4 2my — 2ms3 — 12myms)z3,
G519 = —(1+2m1)(1 4 2ms3)* + (1 + 2my)*(1 + 2ms)*2°, (C.100c)
da10 = @21,02717 (C.100d)
do1n = —@3—,1,12_17 (C.100e)
Goro=(1+ 2m1)*(1 4 2m3)?z — (1 + 2m1)* (1 + 2mg)z>, (C.100f)
ﬁQi,l,a = _@gt,uw a=0,1, (C.100g)

while the denominators read

ﬁ{l(m, z,x) = —4xz(1 4 2mq) (1 + 2m3) (22 + 2((1 + 2m3) — (1 +2my)2?)), (C.101a)
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ﬁil(m, z,x) = 4x(1 + 2my) (1 + 2m3) (1 + 2m3)z — 22 — (1 4 2my)x2?). (C.101b)

As ¢ — +o00, the two resummation functions above behave as

N 2mz+1 34+ 2m1 — 2m3 — 12myms

hi(m,z,z) ~ C.102a
2 ) 4z 4,/(2my +1)(2ms + 1) ( )
n 3 1 1 1 1 _1
2 _ _ _Z z !
4 2<1+QTYL1) 14+ 2mg 2 14+ /gm;iiz
~_ 1 34+ 2my — 2m3 — 12myms
hy1(m, 2, 1) ~ Z(2m1 +1)z+ Em T D@ T D) (C.102b)

1 1 1 1 1 »

- — — — C.102

+ (4 2(14+2m1) 1+42mg + 214 /%Wui%z)x ’ ( )
ms

again confirming the expected behavior discussed in Section 10.2.1. Before turning to the
order t? equations, it is useful to consider the order t expansions of the blow-up equation
(10.27) for 01 = —2 and o1 = 0. Using the explicit expressions for all resummation functions
determined so far, these give

7 1
axhii_Q(m17m37zao) = _n’LB(T;L:;_F), (01033)
’ z
= 1
Ouhyp(mi,m3, 2,0) = —gma(mi + 1)22, (C.103b)
which will simplify the o3 = —1 and o7 = 0 equations at the next order. Those order-t

equations then determine the subleading resummation functions ﬁ3i1 which we do not
report here, as their explicit expressions are rather cumbersome. Nevertheless, they are
needed in order to determine the next two resummation functions, ﬁfQ and ﬁ;Q.

Rather than extracting the Taylor coefficients in (C.103) from additional expansion
points, one could proceed differently: solve the order-t? equations for ﬁil while leaving these
coefficients as free parameters, and then fix them by imposing the required analytic behavior
of the resummation functions (in particular, regularity as  — oc). This prescription fixes
precisely the values in (C.103). More generally, similar undetermined Taylor coefficients
may appear at intermediate steps and they can be eliminated either by imposing suitable
boundary /regularity conditions (e.g. vanishing at * = 0 or regularity at + — o0), or
equivalently by considering further expansion points of the blow-up equation (10.27), as in
the previous examples.

Turning to the oo = 2 equations, and again considering the expansions for o1 = —1
and o1 = 0, we find at leading order (i.e. at order t)

0 1+ 72(m, x)
1+72(m,1;) 172(m17m3,2’, CIZ)—|— :

2— 2f~li2(m1,m3, z,—x) +my(1+ ml)szFIﬁQ(ml,mg, z,x) =0 (C.104b)

2HTy(m1,ms, z,2) — 2% = 0 (C.104a)

where we again perform the substitution ﬁlij =log H f[j. The system can be solved to give

- —yo(m, x) +my(my + 1)wz? +1

hi =1 C.105
12(m1,ms, 2, 7) og( my(my + 1)zz2v9(m, x) ’ ( a)

= _ Yo (m, z) — my(my + Daz? +1

hyo(mi,ms, z,x) = log( 2y2(m, 7) ; (C.105b)
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and these functions account for the highest-order poles at a = F1 appearing at every order
in the t-expansion of (10.25). Expanding them for z — 400, one finds

. ++/mi(my1 + 1)mz(msz + 1)2% — m3(ms + 1)
hi =1 C.106
1,2(m1,m3a va) Og< ml(ml + 1)m3(m3 + 1)1.22 ( a)
1 1
+ = +0(z7%),
xmy(my + 1)22 F /my(m1 + 1)ms(ms + 1) @)
- 1 1 my(my + 1)22
hio(mi,ms, z,x) =log| = F = C.106b
12(m1,m3, 2, x) g<2 NS TS ( )
1 1
- = +0(z72).
xmy(my + 1)22 F /my(m1 + )ms(ms + 1) @)
Turning to the next set of equations at order t, we find:
2m3(1 4+ m3)z(1 + 2ms3 — (1 + 2m1)22) (1 + yo(m, ) + my(1 + my)z2?) (C.107a)

+ 3ms(1 4+ m3)zz(1 + ya(m,z) + mi(1 + ml)xz*?)ﬁiz(m, z,—x)

+32(2(1 + y2(m, 2)) 2% + maz(—1 — y2(m, z) + my (1 + my)z2?)

+m3z(—1 — ya(m,z) + my(1 + ml)xzz))fL;Z(m, z,x) =0,

(=1 +yo(m, z) — z2°mi(1 +my))(2 4 dms — (24 4my)2% — 3zﬁ;2(m, z,z)) (C.107b)
—32(1 + yo(m, z) + 22°my (1 + ml))ﬁ£2(m, z,—x) =0,

which can again be solved straightforwardly, giving:

2(1 4 2m3 — (1 +2m1)2?) (22(1 — y2(m, x)) — m3(ms + 1))

h3, = 1
22(m, 2,7) 3mi(my + 1)zz® — 3mg(mg + 1)zz + 623  (C.108a)
. 22((2mq + 1)2? — 2m3 — 1) (y2(m, z) + m1(my + 1)xz? — 1)
h = . .108b
22(m, 2,) 3my(my + 1)zz* — 3mg(ms + 1)z — 622 (C.108b)
As © — to00, the two functions behave as
. 2 (1+2m3— (1+2m)2?)
hT = _ 1
52(mMm, 2,7) 32 m(mg + 1) — my (my + 1)28 (C.109a)
X (:I:zz\/ml(ml + 1)mg(ms + 1) +ma(1 + m3)) +O(z7h),
. 2z ((2 1)z —1-2
hyo(m, z,z) = 2 _((2m + 1)z ms) (C.109b)

?ml(ml +1)z* —mg(mg + 1)
X (:I:\/ml(ml + 1)m3(m3 + 1) + ml(ml + 1)22) + O(l‘_l), (ClOQc)

and one can also notice that they are related by
B;Q(ml,mg,z,w) = }Nl2_72(m3,m1,271,(l}). (C.110)

Finally, we can determine the corresponding h-functions from the relation (10.26). As
input, we use the functions f11, fi1,2, f2,1, and §1,1, where
3(2m1 + 1)2(2mg + 1)2 — 2(2mg + 1)2 — 2(2m3 + 1)? ,
x
32(1+ (2my + 1)(2ms + 1)2?) ’
(1 —4mims) (1 — 1+ (2my +1)(2ms + 1)3:2)
2(2my + 1)(2ms + 1)z ’

ng(’I’TL,ﬂS‘) = (Cllla)

glyl(m,x) = — (Clllb)

200



Appendix C. Blow-up equations

while the remaining two functions can be found in (10.18). In this way, we recover hfl
and th in the form given in (10.31), and

hét,l(mu 2,T) = Bil(m, z,x) — gi1(m,x), (C.112a)
hét@(mvzyﬂf) = B§E,1(m, 2,T) — f2,1(m,w), (C.112b)
hyy(m, z,x) = hiy(m, 2, z). (C.112¢)
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Appendix D

Figures and numerical evidence

In this appendix, we present additional numerical evidence supporting our results. We
focus on the cubic and quartic potentials, (11.42) and (11.46) respectively, and display, for
various choices of parameters, the ground, first, and second excited states for the cubic
case, the first and second excited states for the quartic case.

In Figure D.1 we show the ground-state wavefunction for the cubic potential for hy = —5.
Due to the deep local minimum of the potential, the wavefunction closely resembles that
of a bound state. In Figure D.2 we show the first excited state for ho = —3, together with
the two singular saddles, making the cancellation of poles in their sum evident. Finally, for
the cubic case, Figure D.3 shows the wavefunction corresponding to the second excited
state for the cubic potential with ho = 2. In this case, the potential has no real stationary
points, yet resonant eigenfunctions still exist. Moving on to the quartic case, in Figure D.4
we show the wavefunction of the first excited state for the symmetric (hs = 0) single well
potential with hy = 3.5, together with the two singular saddle contributions. The on-shell
solution is antisymmetric and normalized to 1 at x = 1/2. Finally, Figure D.5 displays
the wavefunction corresponding to the second excited state of the quartic potential with
ha = 1.2 and h3 = —4.7. The corresponding potential is an asymmetric quartic single well
with a unique minimum.

3 0.001

Figure D.1: Left: ground state of the V3(z) potential with hy = —5, h = 1 and A = (3/5)"/2;
the corresponding complex energy is Fy ~ —1.855383 +15.697572 - 10~?. Dashed lines denote the
imaginary part of the eigenfunction, while solid lines denote the real part. Right: difference between
the numerical eigenfunction and the analytic expression from (11.31). The coloured curves show
the effect of including an increasing number of terms in the A-expansion of the eigenfunction: red
(0 terms), green (1 term), blue (2 terms).
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Figure D.2: The first excited state of the V3(z) potential with hy = =3, h=1, and A = %; the
corresponding complex energy is £y ~ 1.758084 +10.010614. Dashed lines denote the imaginary
part of the eigenfunction, while solid lines denote the real part. Top panels: first (left) and second
(right) saddle contributions in the analytic expression (11.31), evaluated on-shell. The two functions
develop poles individually, which cancel in the sum. Bottom left: full on-shell eigenfunction from
(11.31). Bottom right: difference between the numerical eigenfunction and the analytic result from
(11.31). The coloured curves show the effect of including an increasing number of terms in the
A-expansion of the eigenfunction: red (0 terms), green (1 term), blue (2 terms).

Figure D.3: Left: second excited state of the V3(z) potential with ho =2, A=1and A = %; the
corresponding complex energy is Fo ~ 7.842147 4+ 18.389762. Dashed lines denote the imaginary
part of the eigenfunction, while solid lines denote the real part. Right: difference between the
numerical eigenfunction and the analytic expression from (11.31). The coloured curves show the
effect of including an increasing number of terms in the A-expansion of the eigenfunction: red (0
terms), green (1 term), blue (2 terms).
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-2 -1 0 1 2 107 -2 -1 0 1 2

Figure D.4: First excited state of the symmetric V4(z) potential with hy = 3.5, h3 =0, h =1
and A = %; the corresponding energy is Fy ~ 7.324917. Dashed lines denote the imaginary part
of the eigenfunction, while solid lines denote the real part. Top panels: first (left) and second
(right) saddle contributions in the analytic expression (11.25), evaluated on-shell. The two functions
develop poles individually, which cancel in the sum. Bottom left: full on-shell eigenfunction from
(11.25). Bottom right: difference between the numerical eigenfunction and the analytic result from
(11.25). The coloured curves show the effect of including an increasing number of terms in the
A-expansion of the eigenfunction: red (0 terms), green (1 term), blue (2 terms).

1

-20

-40

=3
)

Figure D.5: Left: second excited state of the Vj(x) potential with he = 1.2, hg = —4.7, h =1 and
A= %; the corresponding energy is Fo ~ 8.094909. Dashed lines represent the imaginary part of
the eigenfunction, while solid lines represent the real part. Right: difference between the numerical
eigenfunction and the analytic expression from (11.25). The coloured curves show the effect of
including an increasing number of terms in the A-expansion of the eigenfunction: red (0 terms),
green (1 term), blue (2 terms).
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