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Abstract

In the present Thesis, we investigate various aspects of leptogenesis scenarios based on the
type-I seesaw extension of the Standard Model (SM) with 2, 3 heavy Majorana neutrinos Nj

with masses Mj, j = 1, ..., 3, as well as the possibilities to test the scenarios considered by us
in currently running and/or future planned low-energy experiments. We focus first on the high-
scale leptogenesis framework with strongly hierarchical mass spectrum of the heavy Majorana
neutrinos, namely M1 � M2 � M3, with M1 in the range (108 − 1014)GeV, concentrating
on the possibility that the requisite CP-violation for the generation of the baryon asymmetry
of the Universe ηB is provided solely by the low-energy Dirac and/or Majorana phases of the
light neutrino mixing (PMNS) matrix. A detailed numerical analysis of the solution to the
quantum density matrix equations in this scenario, performed with the powerful ULYSSES code
we have developed, reveals a number of novel features: i) ηB going through zero and changing
sign at the transitions between different flavour regimes (1-to-2 and 2-to-3) in the case of
vanishing initial abundance of N1 and strong wash-out effects; ii) inadequate description of the
transitions between different flavour regimes by the corresponding Boltzmann equations; iii)
flavour effects persisting beyond 1012 GeV and making it possible to reproduce the observed
value of ηB at these high-scales even though the CP-violation is provided only by the Dirac
and/or Majorana phases of the PMNS matrix. Considering the somewhat simpler case of just
two heavy Majorana neutrinos N1, 2 (with the heaviest N3 decoupled) we show that relatively
large part of the viable leptogenesis parameter space can be probed in low-energy neutrino
experiments. We find, in particular, that, when the CP-violation is provided exclusively by
the Dirac phase δ of the PMNS matrix, there is a correlation between the sign of sin δ and the
sign of ηB. This opens up the possibility to test part of the parameter space of this scenario
in low-energy experiments on CP-violation in neutrino oscillations. A measurement of the
Dirac and/or Majorana phases would also constrain the range of scales for which one can have
viable leptogenesis in the considered scenario. Next, we show that in the low-scale resonant
leptogenesis scenario with two heavy Majorana neutrinos N1, 2 forming a pseudo-Dirac pair,
with M 'M1, 2 and a small mass splitting |M2−M1| �M , the observed ηB can be reproduced
for M in the range (0.1 ∼ 100)GeV by relying only on the decay mechanism, either during the
production (“freeze-in”) or departure from equilibrium (“freeze-out”) of N1, 2. In this context,
the inclusion of flavour and thermal effects in the formalism of Boltzmann equations is crucial
for predicting the observed value of ηB. Also, we find that the viable parameter space of this
resonant scenario is compatible with values of the heavy Majorana neutrino couplings to the
SM that could be probed at future colliders, like at the discussed FCC-ee facility. When low-
scale leptogenesis with three quasi-degenerate in mass heavy Majorana neutrinos N1, 2, 3 with
M 'M1, 2, 3 is considered in the formalism of density matrix equations and, in particular, with
both the heavy Majorana neutrino oscillation and decay mechanisms taken into account, the
viable parameter space for M in the range (0.05 − 7 × 104)GeV enlarges considerably and
becomes accessible to direct searches at the LHC, as well as in fixed target experiments and
future colliders. We demonstrate that planned and upcoming experiments on charged lepton
flavour violating processes with muons µ±, specifically MEG II on µ → eγ decay, Mu3e on
µ→ eee decay, Mu2e and COMET on µ− e conversion in aluminium and PRISM/PRIME on
µ − e conversion in titanium, can test significant region of the viable leptogenesis parameter
space and may potentially establish the first hint of such low-scale leptogenesis scenario.
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CHAPTER 1

The Matter-Antimatter Asymmetry of the Universe

1.1 The Search for Antimatter

In 1928, Paul A. M. Dirac proposed a unification of special relativity with quantum mechanics
to explain the nature of electron [1]. His theory admitted also the presence of electrons with
negative energy, or, equivalently, with positive electric charge. Soon after, evidence of “positive
electrons” was observed by Carl D. Anderson, who, in 1932, during his experiments on cos-
mic rays (CRs), detected tracks of positively-charged particles as massive as electrons, called
positrons by the editor of the journal in which the discovery was published [2] (also named
antielectrons afterwards). With their pioneering works, the two Nobel Prize winner physicists
were establishing, both theoretically and experimentally, the existence of antiparticles. Further
confirmation came later from the Bevatron particle accelerator after the first observations of the
antiproton in 1955 [3], giving a Nobel Prize to Owen Chamberlain and Emilio Segrè, and the
antineutron in 1956 [4] by Bruce Cork, Glen Lambertson, Oreste Piccioni and William Wenzel.

Since then, antiparticles have been repeatedly created at laboratories and used to unveil the
microscopic realm of particle physics. Among the greatest successes, it is worth mentioning the
discovery of W± and Z0 bosons at the Super Proton-Antiproton Synchrotron (SppS), for which
Simon van der Meer and Carlo Rubbia received the Nobel Prize in 1984 [5]. Of great importance
was also the Low Energy Antiproton Ring (LEAR) at CERN, that permitted to accumulate
antiprotons and create, for the first time, atoms of antihydrogen [6]. Moreover, apart from
artificial production, antiparticles are emitted naturally by radioactive isotopes (e.g. our own
body emits positrons due to the β+ decay of 40K). Besides, positrons have also applications
such as, e.g., in medicine for the Positron Emission Tomography (PET) technique [7]. Recent
studies have also suggested that positrons can originate via pair-production in the vicinity of
a thunderstorm [8]. Nevertheless, CRs remain the primary source of positrons and antiprotons
at Earth (see further).

From the theoretical perspective, a classification of all the known elementary particles is
furnished by the Standard Model (SM) of particle physics (e.g., Ref. [9] contains extensive
reviews on the SM and related topics). The SM is a four-dimensional renormalisable quan-
tum field theory that admirably well describes the electromagnetic, the weak and the strong
interactions under the action of the SU(3)C × SU(2)L × U(1)Y gauge group and explain the
generation of the masses of all the elementary particles, apart from neutrinos, via the Higgs
mechanism. In the SM picture, to each particle corresponds an antiparticle with equal mass and
opposite charges (neutral particles, such as photons, are antiparticles of themselves). Particles
and antiparticles can annihilate with each other and produce other particles, like electron and
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1.1. The Search for Antimatter

positrons annihilating into a pair of photons (depending on the total energy, other final states
are also possible).

In principle, there is nothing that prohibits antiparticles from forming the same complex
structures that in our planet are composed only of particles, such as atoms, molecules and crys-
tals, i.e. matter. Substance made solely of antiparticles is dubbed antimatter. However, there
is evidence for an overabundance of matter with respect to antimatter in our Universe. For in-
stance, it is pretty obvious that everything we interact with during our everyday experience on
Earth is made of matter and not antimatter. The only fact that we exist without annihilating
with what we touch is irrefutable proof. Yet, the matter domination extends to much larger
scales. We have direct proofs that matter dominates over antimatter in the whole Solar System:
Neil Armstrong (and other astronauts after him) survived his “one small step” on the Moon [10],
proving that our natural satellite is indeed made of matter; artificial probes and spacecrafts
have “safely” (some with crashes, but still without annihilations) reached the surfaces of ce-
lestial objects, like, most recently, the latest NASA’s Perseverance rover on Mars [11] and the
Philae landler of the ESA’s Rosetta mission [12] on the comet 67P/Churyumov-Gerasimenko.
Moreover, the particles composing the solar wind (mostly protons, electrons and nuclei of he-
lium) with a flux of ∼ 2× 108 cm−2 s−1, do not annihilate with the material and objects in our
stellar system, which otherwise would be shining γ-rays. For example, from a hypothetical an-
tiplanet with radius r at a distance d we would receive a γ-ray flux of ∼ 108 (r/d)2 cm−2 s−1 [13],
definitely larger than, e.g., the experimental limits for Jupiter [14]. Limited is also the existence
of antiasteroids, that could in principle lead to powerful γ-ray flashes after impacting on the
surfaces of the Sun or, more rarely, Jupiter and Earth [15].

At the galactic level, CRs provide the most direct evidence of matter overabundance. CRs
are particles from outer space bombarding the Earth’s atmosphere from every direction, at
a rate of ∼ 103 cm−2 s−1 and with energies that extend to ∼ 1020 eV. The composition of
CRs is about 90% of protons, 9% of light nuclei, and only 1% of heavier nuclei and electrons
(see, e.g., Refs. [16–18] for monographs on the topic). In the standard paradigm, the bulk of
CRs is believed to be generated within our galaxy [19, 20] after supernovae explosions [21, 22],
that can accelerate protons up to ∼ 1 PeV, and heavier nuclei like iron to ∼ 0.1 EeV. Above
0.1 ∼ 1EeV the origin of CRs is believed to be extragalactic [23] (see, e.g., Ref. [24] for a
recent review on the standard paradigm of CRs origin and its critical points). The flux of
CRs is also composed by a small percentage of positrons (roughly 10% of the total leptonic
component) and antiprotons (roughly one every 104 protons), as detected, for example, most
recently by the Alpha Magnetic Spectrometer (AMS) [25]. The exact production mechanism of
antiprotons and positrons, despite being most likely secondary, is currently subject of debate
and can even be related to dark matter 1 (see, e.g., Ref. [24] and references therein), but
their appearance in the CR flux does not prove the existence of, in any case few, antimatter
objects in our galaxy or nearby. Instead, what could hint towards the presence of some kind of
galactic antimatter-made objects is the detection of nuclei of antihelium – anyway estimated
to be less than one for every million helium nuclei [28] – or heavier antinuclei [29]. Following
recent announcements on some antihelium signals detected by AMS, the idea that such nuclei
can originate from confined anticlouds and antistars in our galaxy has been investigated [30].
However, these tentative signals require further verification and other explanations for their
origin are not ruled out (see, e.g., Ref. [31] and references quoted there). To sum up, CRs
suggest that, in the Milky Way, objects made of antimatter are very few, if not absent, and

1The search for antideuterons in CRs is also active in connection to dark matter models [26,27].
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1 The Matter-Antimatter Asymmetry of the Universe

matter reigns 2.
Indirect methods looking at particle-antiparticle annihilation products allow to extrapo-

late information on the existence (absence) of antimatter regions even at extragalactic scales.
Observations of γ-rays impose the most stringent limits [13, 32] (see also [33]). The fraction
of antimatter in the intergalactic medium is constrained by γ-ray observations and it cannot
exceed 10−6 up to scale of galaxy clusters, i.e. around the Mpc [32]. Considering the Bullet
Cluster [34] as representative, the limits can be extended to scales of tens of Mpc [32,33]. The
possibility that purely antimatter patches of the Universe exist and are well separated from us
is also excluded, as argued in Ref. [35], unless the separation is of the order of or larger than the
size of the observable Universe. Indeed, the homogeneity of the Cosmic Microwave Background
(CMB) [36,37] rule out any void that could eventually separate matter and antimatter patches
between the time of recombination and the onset of large-scale structure formations. During
this temporal gap, the annihilations at the boundaries would have contributed to the diffuse
γ-ray background and oversaturated its observed value [35]. Overall, combining together the
above reasonings and observations, we end up with the conclusion that the observable Universe
has a net cosmological matter-antimatter asymmetry.

1.2 The Baryon Asymmetry of the Universe
In cosmology, the matter-antimatter asymmetry is translated in terms of the Baryon Asymme-
try of the Universe (BAU) and parametrised by the baryon-to-photon ratio

ηB ≡ nb − nb

nγ

, (1.1)

where nb, nb and nγ are the number densities of baryons, antibaryons and photons, respectively,
with baryons being at present mainly protons and 4He. We note that, as discussed in the pre-
vious section, since no reasonable amount of antimatter appears to be present in the observable
Universe, today nb � nb, so ηB ≈ nb/nγ. Alternatively, the BAU can be expressed in terms of
the baryonic density parameter

ΩBh
2 =

mN(nb − nb)

ρch−2
= ηB

mNnγ

ρch−2
' ηB

2.73× 10−8
, (1.2)

or the baryon-to-entropy density ratio

YB =
nb − nb

s
= ηB

45ζ(3)

π4g∗, s(trec)
' ηB

7.04
(1.3)

where mN is the nucleon mass approximately equal to that of the protons, i.e. mN ' mp '
0.938GeV, ρc ' 1.88 × 10−29h2 g cm−3 is the critical density of the Universe, h is the Hubble
expansion rate of the Universe (H) per unit of 100 (km/s)/Mpc, the photon number density at
present reads nγ ' 411 cm−3, ζ is the Riemann zeta function with ζ(3) ' 1.2, g∗, s(trec) = 43/11
are the entropic effective degrees of freedom at the time of recombination and s is the entropy of

2Moreover, due to annihlitations with matter, antinuclei in the matter-dominated interstellar medium (ISM)
have a lifetime of about ∼ 300 yr and therefore the antimatter fraction at present in the ISM cannot exceed
∼ 10−15 [13, 32,33].
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1.2. The Baryon Asymmetry of the Universe

the Universe (an extensive compendium of all the relevant physical constants and corresponding
numerical values can be found in Ref. [38]).

The present BAU has been determined with high precision from the measurements of the
CMB anisotropies made by the PLANCK observatory. The (acoustic) oscillations of baryons
and photons in the primordial plasma caused inhomogeneities in the dark matter distribution
and thus in the gravitational potential, with the baryon-to-photon ratio ηB affecting the height
of odd and even peaks of the CMB power spectrum. The global fit presented in Ref. [39] of
the CMB observations by PLANCK gave the following value for the amount of baryon in the
Universe (at 68% C.L.):

ΩBh
2 = 0.02242± 0.00014 (CMB). (1.4)

Another accurate estimate of the present baryon-to-photon ratio comes from the Big Bang
Nucleosynthesis (BBN) predictions on the abundances of light elements in the Universe (see
Ref. [40] for a recent review). The BBN predictions rely on just one parameter, precisely the
baryon-to-photon ratio ηB. The present abundances of light elements (D,3He, 4He, and7Li) are
all given in terms of ηB at present. Fitting the observational data for the present abundances
of light elements, the BBN gives the following value for the BAU (at 68% C.L.) [41]:

ΩBh
2 = 0.02235± 0.00049 (BBN), (1.5)

which indeed is in perfect agreement with the result from PLANCK 3. The “cosmic” concordance
of the two independent observations is a striking proof of the validity of the standard model of
cosmology up to the time scale of BBN (when the Universe was at a temperature of the order
of 1MeV or, equivalently, 1 s after the beginning of the expansion). From both the CMB and
BBN estimates we obtain the best-fit value of

ηB ' 6.1× 10−10 , (1.6)

that is going to be our reference value throughout this Thesis.
The smallness of the baryon-to-photon ratio as given in Eq. (1.6) can be interpreted in

terms of the difference in numbers between baryons and antibaryons at early times, when
nb ≈ nb ≈ nγ. From the definition of ηB in Eq. (1.1) we get

nb ≈ (1 + 6.1× 10−10)nb , (1.7)

which means that for every two billion antibaryons, there were roughly two billion and one
baryons. Nevertheless, the present value of ηB is just seemingly small: a Universe that was
locally symmetric at early times could not have produced so many baryons. When in equilibrium
with the plasma at temperatures greater than their masses, baryons and antibaryons annihilate
into photons and vice versa equally, keeping their number density constant. As the Universe
cools down to temperatures smaller than the masses of baryons, photons are not energetic
enough to produce pairs with the inverted process. At this point, the number of baryons
and antibaryons starts to decrease exponentially due to annihilations: this event is sometimes
referred to as “annihilation catastrophe” [42]. When the temperature of the Universe drops
below ∼ 22 MeV, the baryon-antibaryon annihilation rate becomes slower than the Universe’s
expansion rate and the number of baryons and antibaryons freezes, leading to nb = nb and

3More precisely, the CMB estimate corresponds to the one reported in the last column of Table 2 in Ref. [39],
while that from BBN is extrapolated from Eq. (14) of Ref. [41].
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1 The Matter-Antimatter Asymmetry of the Universe

nb/nγ ≈ nb/nγ ≈ 10−20, that is ten orders of magnitude smaller compared to the number of
baryons observed today. This suggests that the excess of baryons must have been present in
the primordial plasma before the “catastrophe”.

In principle, an excess of baryons over antibaryons could have been imprinted in the Universe
as an initial condition, but this is probably not the case. Apart from being rather “unnatural”
to initiate the Universe with a small dimensionless number (ηB), given that the Universe most
likely has experienced an early period of inflation [43] (see, e.g., Ref. [44] for recent lectures on
the topic), any initial asymmetry would have been washed out by the accelerated expansion.
In this view, a dynamical generation of the baryon asymmetry after inflation and before the
“annihilation catastrophe” at O(10) MeV is necessary. In the literature, an early mechanism
for the generation of the BAU is referred to as Baryogenesis (see, e.g., Refs. [45,46] for reviews).

1.3 The Lepton Asymmetry of the Universe
Strictly speaking, ηB does not quantify completely the matter-antimatter asymmetry of the
Universe as the definition of matter includes also leptons, namely electrons (e), muons (µ),
tauons (τ) and relative neutrinos (νe, µ, τ ). We can define, as for baryons, the parameters ην`
and η` as

ην` ≡
nν` − nν`

nγ

(1.8)

and
η` ≡

n` − n`

nγ

, (1.9)

where nν` (nν`), ne, nµ and nτ (ne, nµ and nτ ) are the number densities of (anti)neutrinos
of lepton flavour ` = e, µ, τ , (anti)electrons, (anti)muons and (anti)tauons, respectively. The
Lepton Asymmetry of the Universe (LAU) can therefore be quantified by

ηL ≡
∑

`=e, µ, τ

(ην` + η`) . (1.10)

While electrons are absolutely stable, with a lower bound on the lifetime that reads τe &
6.6 × 1028 s [47], muons and tauons have a very short lifetime of about τµ ' 2.2 × 10−6 s and
ττ ' 2.9 × 10−13 s [47], respectively. Therefore, muons and tauons, as well as antimuons and
antitauons, cannot exist in an appreciable amount in the present Universe and ηe+ηµ+ητ ' ηe.
In addition, the electric charge neutrality of the Universe ensures that the electron-positron
asymmetry is of the order of the BAU with ηe ≈ ηB (see, e.g., Ref. [48] for some tight constraints
on the electric neutrality of the Universe).

Little is known instead about the asymmetry in the neutrino sector. A non-zero ην` would
alter the neutron-to-proton ratio at BBN, as well as the Universe’s expansion by changing the
effective number of degrees of freedomNeff, with impacts also on the CMB. The requirement that
a lepton asymmetry does not spoil BBN and CMB features imposes the rather weak constraint
|ην | ≡ |ηνe + ηνµ + ηντ | . O(0.1) [49–52]. Apart from this, we currently lack direct evidence for
ην` and, consequently, ηL. This could come in the future from, e.g., the observation of the cosmic
neutrino background [53]. For models of physics above the electroweak scale, measuring that
ηL ≈ ηB would be a strong evidence in favour of the (B−L)-conserving SM sphaleron processes
(we will later discuss about those in relation to the scenarios of baryogenesis subject of this
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1.4. The Sakharov’s Conditions

Thesis). Besides, a direct measurement of ηL would either support our current understanding
of the Universe or open up an exciting window of new physics.

1.4 The Sakharov’s Conditions
Explaining the matter-antimatter asymmetry in the Universe is one of the most intriguing prob-
lems of modern physics 4 and the scientific effort during the past half-century in understanding
its generation mechanism has been enormous, but probing the physics behind it remains rather
challenging. In turns, there are some very general considerations that one can make. An-
drei D. Sakharov was the first who studied the conditions necessary to generate dynamically
a baryon asymmetry in the Universe [54]. The three conditions that today go under his name
are the following:

1. baryon number B violation;

2. charge conjugation C and charge conjugation combined with parity CP violation;

3. out-of-equilibrium dynamics.

The first condition is evident: any B 6= 0 initial condition is diluted away by the accelerated
expansion during inflation, but then, a state with equal number of baryons and antibaryons
can evolve into a state with more baryons only if processes producing more baryons than
antibaryons are allowed. The other two conditions perhaps deserve a closer look and we will
describe them in more details in the following subsections. Of course, the same considerations
apply to the case of a generation of an asymmetry in each individual flavour lepton number Le,
Lµ and Lτ , or in the total lepton number L ≡ Le + Lµ + Lτ .

1.4.1 C- and CP-violation
The necessity of C- and CP-violations in the generation of a baryon (lepton) asymmetry can
be proven formally with some basic quantum field theory considerations (see, e.g., Ref. [33] for
a similar discussion). Consider the baryon number operator defined as

B̂tot(t) ≡
1

3

∑
q

∫
V

d3x q†(x)q(x), (1.11)

where q(x) are the quark fields (spinors) at x = (t, ~x), t being the time and ~x the position in
space. The operator B̂tot(t) applied to a quantum physical state counts the number of baryons
(baryons is made of three quarks) in a volume V at time t. It can be shown, using the properties
of spinors and discrete symmetries, that the following relations hold:{

P̂ B̂tot(t)P̂
−1 = B̂tot(t) ,

ĈB̂tot(t)Ĉ
−1 = −B̂tot(t) .

(1.12)

where P̂ and Ĉ are the operators associated with parity (P) and charge conjugation, respec-
tively. Therefore,

(ĈP̂ )B̂tot(t)(ĈP̂ )
−1 = −B̂tot(t). (1.13)

4The problem is interesting at least from the point of view of explaining our own existence.
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Decays of X
Decay Branching Ratios ∆B
X → qq r 2/3
X → qφ 1− r -1/3
X → qq r -2/3
X → qφ 1− r 1/3

Table 1.1. All the possible B violating decays of the particle X and its antiparticle X̄ of
the example discussed in the text, together with the relative branching ratios and variations of
baryon number.

The expectation value of B̂tot(t) at time t can be computed as〈
B̂tot(t)

〉
≡ Tr

[
ρ(t)B̂tot(t)

]
, (1.14)

where ρ(t) = exp(iĤt)ρ(0)exp(−iĤt) is the density matrix of the system at time t, Ĥ is the
Hamiltonian operator of the system and “Tr” denotes the trace operation. If C was conserved,
then the associated operator would commute with the Hamiltonian, i.e. [Ĉ, Ĥ] ≡ ĈĤ−ĤĈ = 0.
Consequently, a symmetric state at t = 0, for which Ĉρ(0)Ĉ−1 = ρ(0), would remain so at time
t, namely Ĉρ(t)Ĉ−1 = ρ(t). Hence, we have the following relation:〈

B̂tot(t)
〉
= Tr

[
ρ(t)B̂tot(t)

]
= Tr

[
Ĉρ(t)Ĉ−1ĈB̂tot(t)Ĉ

−1
]
= −

〈
B̂tot(t)

〉
= 0, (1.15)

and the same goes for ĈP̂ , meaning that there would not be any asymmetry at time t if neither
C or CP were conserved. The analogous demonstration is valid for the total and flavour lepton
numbers. If C and CP were conserved, processes generating baryons and antibaryons (leptons
and antileptons) would happen at equal rate, thus producing no asymmetry.

The fact that both C and CP needs to be violated for a baryon number non-conservation
can be clarified by an example, following Ref. [42]. Suppose to have a non-baryon particle
X (and its antiparticle X), that can decay into a pair of quarks qq (antiquarks qq) with
branching ratio r (r), or into one antiquark q (quark q) and some other non-baryon antiparticle
φ (particle φ) with branching ratio 1−r (1−r), violating the baryon number by ∆B units. We
assume for simplicity the quarks to be massless (we are interested in temperatures T � TEW,
with TEW ' 160GeV being the temperature of electroweak phase transition [62]). The decay
channels, branching ratios and variations of baryon number for the processes of the considered
example are summarised in Table 1.1.

Each process can be divided into the one going into left-handed (LH) quarks (antiquarks)
with branching ratio rL (rL) and that into right-handed (RH) quarks (antiquarks) with branch-
ing ratio rR (rR). The net variation of baryon number is given by

B ∝ 2

3
r − 1

3
(1− r)− 2

3
r̄ +

1

3
(1− r̄) = r − r̄ = rL + rR − r̄L − r̄R . (1.16)

If C was conserved, then rL = r̄L and rR = r̄R and B would be zero. Therefore C violation
is needed. If CP is conserved, then we would have rL = r̄R and rR = r̄L, corresponding to a
violation of parity, but still B = 0. In order to have B 6= 0, both C and CP must be violated.
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For later purposes, it is useful to illustrate the following other example regarding flavour
lepton number violation. Suppose to add to the SM n ≥ 2 singlet Majorana neutrinos Nj with
non-zero masses Mj > 0, j = 1, 2, ..., n, that couple to a lepton ` and the Higgs Φ via Yukawa
interaction, namely:

− LY,N(x) =
∑
`, j

Y`jψ`L(x)iσ2Φ
∗(x)NjR(x) + h.c. , (1.17)

where Y`j are the entries of the matrix of the Yukawa couplings, ψ`L(x) is the left-handed (LH)
lepton doublet field describing the lepton ` = e, µ, τ , Φ(x) is the Higgs doublet field, NjR(x) is
the RH field for the singlet Majorana neutrino Nj and σ2 =

(
0 −i
i 0

)
. The Majorana neutrino Nj

can either decay into a LH lepton ` and a Higgs doublet Φ 5, with the branching ratio α(j)
` , or

into a RH antilepton ` and a conjugate Higgs doublet Φ∗, with branching ratio α(j)
` = 1− α

(j)
` .

In this case, the net variation of lepton number of flavour ` is given by:

L` ∝
n∑

j=1

(
α
(j)
` − α

(j)
`

)
. (1.18)

Within this example, since the decays into LH antileptons or RH leptons are not permitted,
C is maximally violated. Then, conservation of CP would imply α

(j)
` = α

(j)
` for any flavor

` and neutrino index j, and thus zero lepton asymmetry. From the explicit expression of
Eq. (1.18) in terms of the decay rates into leptons and antileptons, respectively Γ (Nj → `Φ)
and Γ

(
Nj → `Φ∗), we can define the CP-asymmetry parameter, or simply the CP-asymmetry:

ε
(j)
`` ≡

Γ
(
Nj → `Φ∗)− Γ (Nj → `Φ)

ΓNj

, (1.19)

where ΓNj
≡
∑

`=e, µ, τ

[
Γ (Nj → `Φ) + Γ

(
Nj → `Φ∗)] is the total decay rate of Nj. The CP-

asymmetry parameter ε(j)`` can be non-vanishing for some flavour ` and Majorana neutrino index
j only if CP is violated, implying violation of individual flavour lepton number when Σj ε

(j)
`` 6= 0

6. Since the tree level contribution to Nj → `Φ and Nj → `Φ∗ decay rates are equal and read
(at zero temperature)∑

`=e, µ, τ

Γ(0) (Nj → `Φ) =
∑

`=e, µ, τ

Γ(0)
(
Nj → `Φ∗) = (Y †Y )jj

16π
Mj , (1.20)

the CP-asymmetry vanishes at tree level. A non-zero CP-asymmetry arises due to the inter-
ference of the tree level and one-loop vertex and self-energy diagram contributions depicted
in Fig. 1.1. Considering in particular the case of a hierarchical RH Majorana neutrinos mass
spectrum, i.e. M1 �M2 � ...�Mn, the CP-asymmetry related to the decays of N1 takes the
following form [55]:

ε
(1)
`` ' 3M1

16π

∑
j 6=1

=
[
Y ∗
`1Y`j(Y

†Y )1j
]

Mj (Y †Y )11
, (1.21)

with the condition ε
(1)
`` 6= 0 implying, in general, a non-trivial relation between the entries of

the Yukawa matrix and masses of the RH neutrinos.
5In the temperature regime we are interested in, i.e. T � TEW ' 160GeV, and neglecting any kind of

thermal masses in this discussion, we consider the leptons and the Higgs boson to be massless.
6We note also that, within the considered example and CP still violated, the total lepton number L =

Le + Lµ + Lτ remains conserved if Σ` Σj ε
(j)
`` = 0.
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Nj

`

Φ

Nk

Φ

`

Nj

`, `

Φ,Φ∗

Nk

Φ

`

Figure 1.1. The Feynman diagrams for the vertex (left) and self-energy (right) contributions
to the CP-asymmetry in the example under consideration (j, k = 1, 2, ..., n). See the text for
further details.

1.4.2 Out-of-equilibrium dynamics
Similarly to the condition regarding C- and CP-violation, the necessity of out-of-equilibrium
dynamics can be proven formally as follows. At equilibrium, the density matrix of the system
is, by definition, time translation invariant with ρ(t) = ρ(0) and thus ρ(t) commutes with the
Hamiltonian operator. This means that the expectation value of B̂tot is time independent:〈

B̂tot(t)
〉
= Tr

[
ρ(t)eiĤtB̂tot(0)e

−iĤt
]
= Tr

[
eiĤtρ(0)B̂tot(0)e

−iĤt
]
=
〈
B̂tot(0)

〉
. (1.22)

Denoting by θ̂ the operator of the CPT symmetry transformation, where T is the time reversal
operation, we have that θ̂B̂totθ̂

−1 = −B̂tot. According to the CPT theorem [56], CPT is a
symmetry of a system in thermal equilibrium, in particular

[
θ̂, ρ(0)

]
= 0, and thus we get that〈

B̂tot(0)
〉
= Tr

[
ρ(0)B̂tot(0)

]
= Tr

[
θ̂ρ(0)θ̂−1θ̂B̂tot(0)θ̂

−1
]
= −Tr

[
ρ(0)B̂tot(0)

]
= 0 . (1.23)

This means that there cannot be any baryon asymmetry at any time t in thermal equilibrium.
Again, the same demonstration holds for the total lepton number, as well as for the individual
lepton number of any flavour.

The out-of-equilibrium condition can further be understood with the following argument.
In thermodynamic equilibrium, inverse processes happen at the same rate as the direct ones, so
that the chemical potentials of baryons and antibaryons are equal to zero. Also, CPT theorem
ensures that the masses of a particle and its antiparticle are equal. Therefore, the distribution
at equilibrium for baryons and antibaryons are the same, implying that nb = nb, and, of course,
the same goes for leptons.

In the early Universe, a way out-of-equilibrium is ensured by the expansion. As the Universe
expands and cools down to smaller temperatures, the primordial plasma experiences various
regimes for which different processes become faster or slower than the Universe’s expansion,
contributing or not to the maintenance of thermal equilibrium. A mathematical tool to study
the departure from equilibrium of the system are the Boltzmann Equations (BEs), or generali-
sations of those obtained from first principles in non-thermal equilibrium quantum field theory,
which allow to study the temporal evolution of particle distributions in an expanding environ-
ment. Considering the example in the previous section regarding lepton number violation due
to the decays of RH neutrinos with hierarchical mass spectrum and assuming, for simplicity,
that each lepton flavour asymmetry evolves equally (this is equivalent to consider just one
lepton family), we can write the following set of BEs (see, e.g., Ref. [42] for a straightforward
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1.5. Baryogenesis Within the Standard Model

derivation of the BEs in the context of baryogenesis, or Refs. [46,57] for a derivation related to
our example):

dNN1

dt
= −〈ΓN1〉

(
NN1 −N eq

N1

)
, (1.24)

dNL

dt
= −

∑
`=e, µ, τ

ε
(1)
`` 〈ΓN1〉

(
NN1 −N eq

N1

)
− N eq

`

2N eq
N1

〈ΓN1〉NL , (1.25)

where the quantities NN1 and NL are respectively the number of RH neutrinos N1 and L
asymmetry in a comoving volume, N eq

N1
and N eq

` are the number of neutrinos and leptons in a
comoving volume when in thermal equilibrium and 〈ΓN1〉 is the thermally-averaged total decay
rate of N1. We give below a brief description of each term entering the above equations. The
terms proportional to 〈ΓN1〉NN1 and 〈ΓN1〉N

eq
N1

describe the destruction and creation of RH
neutrinos and, correspondingly, of a lepton asymmetry, due to decays and the relative inverse
processes, respectively. The term proportional to NL in Eq. (1.25) describe the so-called wash-
out processes, namely the effects due to inverse decays that, in thermal equilibrium, tend to
damp exponentially any pre-existing or initially generated asymmetry.

The time scale for variations of the number densities is given by the inverse of the Hubble
parameter 1/H, i.e. d/dt ∝ H. We can then distinguish two relevant regimes. At temperatures
for which 〈ΓN1〉 � H, decays and inverse decays are fast enough to maintain thermal equilib-
rium and NN1 = N eq

N1
. In this situation, there is no generation of a lepton asymmetry as the

source term in Eq. (1.25) proportional to (NN1 −N eq
N1
) vanishes and the wash-out effects erase

any relic asymmetry. Conversely, at temperatures for which 〈ΓN1〉 � H, decays and inverse
decays are too slow to keep thermal equilibrium (wash-outs are also not effective) and the time
evolution stops, with the number of neutrinos and lepton asymmetry freezing at some constant
values. Such departure from equilibrium permits to accumulate an asymmetry in the early
Universe. Within this mathematical framework and only from dimensional considerations, the
necessity of an out-of-equilibrium dynamics appears evident, but, of course, to make quanti-
tative estimations, a more accurate description must be provided. Moreover, one should take
into account other processes eventually contributing to the asymmetry generation, such as, e.g.,
scatterings, and consider additional terms in the BEs. The overall picture, however, remains
qualitatively similar to the one we have outlined above.

1.5 Baryogenesis Within the Standard Model

As we are going to discuss in this section, the SM contains all the ingredients for an early
mechanism of baryon asymmetry generation, in the sense that the three Sakharov’s conditions
are fulfilled without assuming any new physics. The baryon and lepton number violation
proceeds as follows. In the SM there are four global U(1) symmetries that are accidental,
meaning that they are present only because of the particle content and the renormalisability
condition of the theory. The conserved charges associated with these symmetries are indeed the
baryon number B and the three lepton numbers of different flavour Le, Lµ and Lτ (clearly also
L = Le + Lµ + Lτ is conserved). However, these symmetries taken separately are anomalous,
namely they are broken at the quantum level. It can be shown that the baryonic and leptonic
currents, respectively Jµ

B and Jµ
L, at the non-perturbative level do not satisfy the continuity
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equation, but rather the following condition [58]:

∂µJ
µ
B = ∂µJ

µ
L =

nf

32π2

(
−g2Tr

[
GµνG̃

µν
]
+ g′2G′

µνG̃
′µν
)
, (1.26)

where g, Gµν and g′, G′
µν are the gauge coupling and field strength tensor of the SU(2)L and

U(1)Y gauge interaction, respectively; G̃(′)
µν ≡ (1/2)εµνρσG

(′)ρσ, ε being the antisymmetric tensor
and µ, ν, ρ, σ = 0, 1, 2, 3 Lorentz indices; nf is the number of fermionic families, that is nf = 3
in the SM. Evidently, B − L remains conserved as ∂µ(Jµ

B − Jµ
L) = 0, and the same goes for

B/3 − L` for any ` = e, µ, τ , while B + L is violated. Assuming that currents vanish at the
boundaries, the variation of either baryonic or leptonic charges at time t in a volume V are
given by:

∆B(t) = ∆L(t) = nfQ(t) , (1.27)

with
Q(t) ≡ 1

nf

∫ t

0

dt′
∫
V

d3x′∂µJ
µ
B (1.28)

The configuration of the gauge fields in the vacua of the theory are such that the quantity∫
V
d3x′J0

B/nf is an integer number, called the Chern-Simons number NCS, so that Q(t) =
NCS(t)−NCS(0). There are infinite vacuum configurations, distinguished by different values of
NCS and separated by energy barriers, and there can be non-perturbative processes that change
fields configurations from one vacuum to another, violating the baryon and lepton number
by multiples of nf . Tunnelling processes, also called instantons, are possible at vanishing
temperatures, but their rate is strongly suppressed by ∼ exp(−16π2/g2) ≈ 10−170 [58–60]. At
high temperatures, thermal fluctuations make the transitions possible through the so-called
sphalerons [61], which are the field configurations at the maxima of the energy barriers and are
characterised by half-integer Chern-Simons numbers. Compared to the Universe’s expansion,
the rate of sphaleron processes is larger than the Hubble parameter H for temperatures in the
range Tsph . T . 1012 GeV, with Tsph = 131.7GeV [62]. In this regime of temperatures, B + L
is violated effectively, while B − L remains conserved.

Taking under consideration the processes that are in thermal equilibrium at temperature
above Tsph, namely the gauge and the non-perturbative sphaleron processes, as well as the quark
and lepton Yukawa interactions (that are in equilibrium for every flavour at T . 85TeV [63]),
together with the conservation of the hypercharge, it is possible to write relations between the
chemical potential of the various particles composing the plasma and, correspondingly, between
the numbers B, L and B − L (see, e.g., Ref. [64]):

B = cs(B − L) , L = (cs − 1)(B − L) . (1.29)

with the sphaleron coefficient cs given by [64, 65]

cs =

{
(8nf + 4nH)/(22nf + 13nH) T & TEW ,

[8nf + 4(nH + 2)]/[24nf + 13(nH + 2)] T . TEW ,
(1.30)

where TEW ' 160GeV [62] is the temperature of the electroweak phase transition (EWPT) and
nH is the number of Higgs doublets in the theory 7. In the SM we have nf = 3 and nH = 1, so

7A more precise calculation depending on the Higgs expectation value and temperature can be found in
Ref. [66].
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that

cs =

{
28/79 T & TEW ,

12/37 T . TEW .
(1.31)

The relations in Eq. (1.29) mean that the (B+L)-violating sphaleron processes, as long as they
are in thermal equilibrium, convert any B−L asymmetry into a baryon and a lepton asymmetry.
However, it also follows that, if B−L is preserved, any baryon and lepton asymmetry is cancelled
by sphaleron processes at equilibrium [67].

As regards the other two Sakharov’s conditions, C is maximally violated in the SM, the
condition of CP-violation is satisfied in the quark sector due to the complexity of the Cabibbo-
Kobayashi-Maskawa quark-mixing matrix VCKM [68–71] and the out-of-equilibrium dynamics
can be achieved around the EWPT and sphaleron decoupling [72]. More specifically, in this
context an asymmetry in the baryon number can be achieved during/after the departure from
equilibrium of the sphaleron processes. However, such mechanism of matter-antimatter asym-
metry generation generation cannot predict a BAU as large as the one observed today assuming
just SM physics. First of all, the CP-asymmetry due to VCKM computed at the relevant elec-
troweak scale is tremendously small ≈ 10−20 [73, 74]. Secondly, given the mass of the Higgs
mH ' 125GeV [75, 76], the EWPT is not enough of the first-order kind (it is more like a
smooth crossover rather than a phase transition) to prevent the sphaleron erasure of the baryon
asymmetry [67, 72, 77–79]. It is therefore rather challenging, if not impossible, to think of a
mechanism of baryogenesis within the SM physics.

1.6 Baryogenesis Beyond the Standard Model

The need for an early generation of baryon asymmetry and the impossibility for the SM to
predict a mechanism that does the job force us to consider new physics Beyond the SM (BSM).
Besides, there is further motivation to look for BSM physics since the SM faces many other
issues (like, to list a few, it lacks an explanation for the neutrino masses and mixing [80]; it
does not contain a viable dark matter candidate [81]; it fails to describe dark energy [82]),
which is why it is typically a good approach to search for SM extensions that solve more than
one problem at the same time. Following the first work by Sakharov [54], a plethora of BSM
models for baryogenesis has been proposed, but with the caveat of being, in general, rather
complicated to be probed at laboratories. The first efforts were done in the context of Grand
Unified Theories (GUTs) [83–87].

The principal scope of GUTs is to unify the electroweak and strong forces by grouping
together the known particles into few fundamental representations of a large gauge group,
e.g. SU(5) or SO(10) (see, e.g., Ref [88] for a recent review). As a consequence, massive
scalar bosons and spin-1 mediators appear together with C-, CP- and B-violating interactions,
providing a framework of baryogenesis in the expanding Universe. However, apart from suffering
from constraints on the proton decay that sets the mass of the GUT bosons (i.e. the GUT scale)
to ∼ 1015 GeV, the simplest scenarios based on SU(5) violate B + L but conserve B − L and
thus, as pointed out already in the previous section, any asymmetry would be destroyed by
sphaleron processes in thermal equilibrium. On the other hand, GUTs based on the SO(10)
gauge group implement (B −L)-violation with RH Majorana neutrinos with masses below the
GUT scale, and thus are safe from the sphaleron erasure.
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A natural way to introduce RH Majorana neutrinos, not necessarily related to GUTs, is by
means of the type-I seesaw extension of the SM [89–93] that, as we will review in details
in the next chapter, provides an explanation of the smallness of neutrino masses and the
existence of the baryon asymmetry. More precisely, a lepton asymmetry generated in the
early Universe by the L-, C- and CP-violating processes involving RH neutrinos (e.g. decays,
as in the second example of Sec. 1.4.1) is translated into the present BAU by sphalerons.
This mechanism, that was first proposed by Masataka Fukugita and Tsutomu Yanagida [94]
and later investigated in many different variants, is referred to as (thermal) leptogenesis (LG),
or, perhaps more rigorously, as baryogenesis via leptogenesis [95] (see, e.g., Refs. [57, 96] for
reviews on the topic and Ref. [97] for a useful analytical description). An intriguing feature
of LG is its connection to neutrino properties. In particular, the requirement of reproducing
the present BAU, i.e. successful/viable LG, can impose conditions on the parameters of the
neutrino sector, like the CP-violating phases of the matrix regulating the neutrino mixing and
the couplings of the RH neutrinos to the SM (we will introduce all the relevant parameters
in the next chapter). Moreover, the low-energy scenarios of resonant leptogenesis [98–100], in
which the small mass splitting of (at least) two RH neutrinos enhances the CP-asymmetry, and
leptogenesis via oscillations [101,102], where the CP-asymmetry is provided by the oscillations
of RH neutrinos, are viable for RH Majorana neutrino masses at or below the electroweak scale,
corresponding to energies that are accessible at laboratories. Excitingly, during the past decades
there have been many important findings in the neutrino sector explainable only with BSM
physics and there are current and planned experiments on neutrino physics with potential for
discoveries in the near future. Therefore, establishing a solid connection between experiments
on neutrino physics and LG scenarios has acquired a vital importance. Moreover, advances in
technologies and computational tools made it possible in the past recent years to develop fast
and efficient codes for handling the tough numerical computations necessary to make precise
LG predictions. The combination of these last points justifies the fact that, despite the LG idea
has more than 35 years, the related field of research is still very active. As a matter of fact, this
Thesis is about LG and its testability at low-energy experiments on neutrino physics. After
reviewing the neutrino physics and the type-I seesaw extension in Chapter 2, in Chapters 3 and
4 we will discuss novel aspects of various thermal LG scenarios at different scales, from the MeV
to the GUT scale, as we have studied in Pubs. [II, I, III], and concentrate on their connection
to low-energy observables, highlighting the possibility to either test or falsify the considered
scenarios at currently running or planned experiments on neutrino and flavour physics. We will
describe the powerful ULYSSES Python package we have developed in Pub. [IV] and used for
our numerical analyses in Appendix A.

A remarkable result which has recently drawn much attention is the possibility to test the
scale of LG in the type-I seesaw extension with gravitational waves (GWs). Even if we are not
going to discuss this point further, as it lies beyond the scope of the present Thesis, we think it
is worth mentioning such very attractive possibility that could provide complementary probe
of LG, establishing a link between particle physics, gravitation and cosmology. The seesaw
extension and RH neutrino masses can be the result of the spontaneous breaking of a U(1)B−L

gauge symmetry that protects the B−L number at high-energy scales [103–105]. The breaking
of U(1)B−L is accompanied by a stochastic background of GWs generated by one-dimensional
cosmological defects, i.e. cosmic strings [106–108], the detection of which at ongoing and future
GWs detectors could probe the entire mass range that is relevant for successful LG [109,110].

In the next chapters of the present Thesis, we are going to focus only on thermal LG within
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the type-I seesaw extension and we are not going to discuss about any other mechanism of
generation of the BAU. However, we end this section by listing, for completeness, some alter-
native and most popular models of baryogenesis. For instance, there is the idea of electrowaeak
baryogenesis [67, 111, 112], for which the baryon asymmetry generation happens around the
EWPT, properly modified with respect to the SM version. This scenario relies on: a first-order
phase transition with efficient nucleation and propagation of bubbles of broken and unbroken
phases; CP-violating processes at the boundaries of such bubbles; variations in the rate of
(B + L)-violating sphaleron processes across the boundaries. An attractive property of elec-
troweak baryogenesis is the possibility to impose conditions on masses and couplings of Higgs
bosons. Moreover, GW signals can originate from early first-order phase transitions, making
electroweak baryogenesis in principle testable at, e.g., the proposed Laser Interferometer Space
Antenna (LISA) [113]. In turns, models of electroweak baryogenesis are constrained by Large
Hadron Collider (LHC) observations [114]. Actually, most of the known models are ruled out
by stringent bounds on the electric dipole moment [115, 116], making the construction of vi-
able models very challenging (see Ref. [46] and references quoted therein). Another possibility
is the Affleck-Dine mechanism [117, 118], in which baryogenesis is induced by a scalar field
with a large expectation value, that, while “rolling” towards the origin of its potential, decays
into SM particles satisfying the three Sakhraov’s conditions. A reason why this mechanism is
attractive is that, in principle, it can lead to an asymmetry in any combination of B and L.
However, it typically deals with supersymmetric models (few alternatives of the Affleck-Dine
mechanism without involving supersymmetry has been recently proposed in Refs. [119, 120]),
for which there is thus far no evidence at colliders. To conclude, it is worth mentioning that
there are multiple variants of LG differing from the thermal scenarios of interest for this Thesis.
For example, there are many non-thermal models related to inflation, such as those proposed
in Refs. [121, 122] where the RH neutrinos are produced via the decay of an inflaton. Such
non-thermal inflation-related models are of particular interest because the measurements of
primordial GWs could set the scale of the reheating temperature [123] and thus the scale of
LG. Those listed in this paragraph are only some popular possibilities for mechanisms of baryon
and lepton asymmetry generations, but many other proposals exist in the literature and we re-
fer to, e.g., Ref. [46], and references quoted therein, for a comprehensive recent review on the
topic.
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CHAPTER 2

Neutrino Physics, the Seesaw Extension and
Leptogenesis

2.1 Neutrino Masses and Mixing
Solar, atmospheric, reactor and accelerator neutrino experiments have proven that neutrinos
oscillate between different flavours (see, e.g., Ref. [124] and references therein): a phenomenon
that can only happen if neutrinos have masses [125–127] and mix. The neutrino flavour os-
cillations can be explained by assuming that the flavour neutrinos, that is, the neutrinos that
take part in the electroweak interactions, are a mixture of mass eigenstates. It follows that
there is a non-zero probability for a travelling neutrino (or antineutrino) of initial flavour ` to
be detected with a different flavour `′ 6= ` = e, µ, τ , after a certain distance. In the 3-neutrino
mixing scheme, which is the one we have employed in Pubs. [I, II, III], the mixing relation
reads [124]:

ν`L(x) =
3∑

a=1

(UPMNS)`aνaL(x), (2.1)

where ν`L(x), ` = e, µ, τ , is the LH flavour neutrino field (which enters into the expression of
the weak interaction Lagrangian), νaL(x), a = 1, 2, 3, is the LH component of the field of a light
neutrino νa with mass ma, and UPMNS is the 3× 3 unitary Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) neutrino (lepton) mixing matrix. In the standard parametrisation [124], which we
have adopted in Pubs. [I, II, III], the PMNS matrix takes to following form:

UPMNS =

 c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13
s12s23 − c12c23s13e

iδ −c12s23 − s12c23s13e
iδ c23c13

×

1 0 0

0 e
iα21
2 0

0 0 e
iα31
2

 .

(2.2)
Here, cab ≡ cos θab, sab ≡ sin θab, the angles θab = [0, π/2], with a, b = 1, 2, 3; δ = [0, 2π) is
the Dirac CP-violating (CPV) phase; α21 and α31 are the two Majorana CPV phases [128],
α21(31) = [0, 4π] 1. The Majorana phases cannot be removed by a redefinition of the fields in
case the neutrinos are Majorana particles, which is what we have assumed in Pubs. [I, II, III].
The Dirac and Majorana phases can be sources of low-energy leptonic CP-violation. In the
case of CP-invariance, we have δ = 0, π and α21(31) = k2(3)1π, with k2(3)1 = 0, 1, 2, 3, 4.

1Within the type-I seesaw mechanism of neutrino mass generation we will consider the mass-eigenstate
neutrinos to be Majorana fermions and it proves convenient to work with this extended range of possible values
of the two Majorana phases α21,31 [129] (see the end of Sec. 2.2).
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2.1. Neutrino Masses and Mixing

Neutrino Masses and Mixing Parameters
θ12 θ13 θ23 δ ∆m2

� ∆m2
atmOrdering

(◦) (◦) (◦) (◦) (10−5 eV2) (10−3 eV2)
NO 33.44+0.77

−0.74 8.57+0.12
−0.12 49.2+0.9

−1.2 197+27
−24 7.42+0.21

−0.20 2.517+0.026
−0.028

IO 33.45+0.78
−0.75 8.60+0.12

−0.12 49.3+0.9
−1.1 282+26

−30 7.42+0.21
−0.20 −2.498+0.028

−0.028

Table 2.1. Best-fit values and 1σ allowed ranges of the neutrino mixing angles θ12, θ13, θ23,
and of the ∆m2

� ≡ ∆m2
21 and ∆m2

atm ≡ ∆m2
31 (∆m2

atm ≡ ∆m2
32) in the case of NO (IO) light

neutrino mass spectrum, obtained in Ref. [131]. We quote also, for completeness, the best-fit
value and 1σ allowed range of the Dirac CPV phase δ from [131], even though in the analyses
of Pubs. [I, II, III] we have treated it as a free parameter.

In what concerns the light neutrinos masses m1,2,3, the “standard” convention of numbering
the neutrino mass eigenstates, the one we have adopted in Pubs. [I, II, III], means that ∆m2

21 ≡
m2

2−m2
1 > 0 and ∆m2

31(32) ≡ m2
3−m2

1(2) are associated, together respectively with the angles θ12
and θ23, with the observed flavour conversion of solar (electron) neutrinos νe and the dominant
oscillations of atmospheric muon neutrinos and antineutrinos, νµ and ν̄µ, while the angle θ13,
together with ∆m2

31(32), is associated with the reactor ν̄e oscillations observed in the Daya Bay,
RENO and Double Chooz experiments [124]. The enormous amount of neutrino oscillation
data accumulated over many years of research (see, e.g., Ref. [9]) made it possible to determine
∆m2

21, sin2 θ12, |∆m2
31| (|∆m2

32|), sin2 θ23 and sin2 θ13 with remarkably high precision (see, e.g.,
Refs. [130,131]). We report in Table 2.1 the best-fit values and 1σ ranges of the three neutrino
mixing (or PMNS) angles and the two neutrino mass squared differences obtained from the
global neutrino oscillation data analysis in Ref. [131]. The values quoted in Table 2.1 correspond
to those used in the numerical analyses we have performed in Pubs. [I, II, III]. It follows from
Ref. [131], in particular, that the 3σ allowed interval of values of the Dirac CPV phase δ is rather
large. Furthermore, the Majorana phases α21 and α31 cannot be constrained by the neutrino
oscillation experiments [132]. Thus, as in the analyses of Pubs. [I, II, III], in the remaining part
of this Thesis the Dirac and Majorana CPV phases will be treated as free parameters.

The existing neutrino data, as is well known, do not allow to determine the sign of ∆m2
31(32),

and the two values of sgn(∆m2
31(32)) correspond to two possible types of light neutrino mass

spectrum, with normal ordering (NO) and inverted ordering (IO), also reflected in Table 2.1.
In the widely employed convention, also adopted in Pubs. [I, II, III], the two spectra read:

• Normal Ordering (NO): m1 < m2 < m3, ∆m2
31 ≡ ∆m2

atm > 0;

• Inverted Ordering (IO): m3 < m1 < m2, ∆m2
32 ≡ ∆m2

atm < 0.

Depending on the value of the lightest neutrino mass, the light neutrino mass spectrum can
also be:

• Normal Hierarchical (NH): 0 ' m1 � m2 < m3, with m2 '
√
∆m2

21 and m3 '√
∆m2

31;

• Inverted Hierarchical (IH): 0 ' m3 � m1 < m2, with m1 '
√
|∆m2

32| −∆m2
21 and

m2 '
√

|∆m2
32|;
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2 Neutrino Physics, the Seesaw Extension and Leptogenesis

• Quasi Degenerate (QD): m1 ' m2 ' m3, with m2
1,2.3 � |∆m2

31(32)|.

All the considered spectra are compatible with the existing data on the light neutrino masses
[124]. The IO spectrum is disfavoured at approximately 2.7σ C.L. with respect to the NO
spectrum by the global neutrino oscillation data [131].

As it follows from Table 2.1, we have ∆m2
21 � |∆m2

31(32)|, ∆m2
21/|∆m2

31(32)| ' 1/30. Apart
from some hints from the data of the T2K and NOνA experiments [133, 134] for the possible
value of the Dirac phase δ, no other experimental information on the Dirac and Majorana
CPV phases in the PMNS matrix is available at present. We recall that, with θ13 ' 0.15, the
Dirac phase δ can generate CPV effects in neutrino oscillations [128,135,136], i.e., a difference
between the probabilities of the ν` → ν`′ and ν̄` → ν̄`′ oscillations, ` 6= `′ = e, µ, τ . The
magnitude of CP-violation in ν` → ν`′ and ν̄` → ν̄`′ oscillations (` 6= `′) is determined by the
rephasing invariant JCP [137] which 2, in the standard parametrisation of the PMNS matrix,
has the form:

JCP =
1

8
cos θ13 sin 2θ12 sin 2θ23 sin 2θ13 sin δ . (2.3)

If the hints that δ has a value close to 3π/2 are confirmed by future more precise data, then
one would have JCP ' − 0.03, implying that the CP-violating effects in neutrino oscillations
would be relatively large and observable in currently running and/or future neutrino oscillation
experiments (T2K, NOνA, T2HK, DUNE, see, e.g., Refs. [9, 124]).

In what concerns the Majorana CPV phases in the PMNS matrix, the flavour neutrino
oscillation probabilities P (ν` → ν`′) and P (ν̄` → ν̄`′), `, `′ = e, µ, τ , do not depend on α21

nor α31 [128, 132]. The Majorana phases can play important roles, e.g., in |∆L| = 2 processes
like the neutrinoless double beta ((ββ)0ν-) decay (A,Z) → (A,Z + 2) + e− + e− in which the
Majorana nature of massive neutrinos manifests itself (see, e.g., Refs. [138–140]).

Our interest in the Dirac and Majorana CPV phases present in the neutrino mixing matrix
is stimulated also by the intriguing possibility that the Dirac phase and/or the Majorana phases
in the PMNS matrix can provide the CP-violation necessary for the generation of the observed
BAU [129,141–143], as we have also demonstrated and analysed in detail in Pub. [I] (see Chapter
3).

Finally, we comment briefly on the current limits on the absolute scale of light neutrino
masses (or equivalently on the lightest neutrino mass). Using the existing best lower bounds
on the (ββ)0ν-decay half-lives of 136

54Xe [144] and 76
32Ge [145], one can obtain the following “con-

servative” upper limit on the light Majorana neutrino masses, which is in the range of the QD
spectrum [146]: m1,2,3 . 0.58 eV. The most stringent upper limit on the light neutrino masses,
which does not depend on the nature of massive neutrinos, was obtained in the KATRIN exper-
iment by measuring the spectrum of electrons near the end point in tritium β-decay [147,148]:
m1,2,3 < 0.8 eV (90% C.L.). The CMB data of the WMAP and PLANCK experiments, com-
bined with supernovae and other cosmological and astrophysical data, can be used to obtain
information in the form of an upper limit on the sum of neutrino masses. Depending on
the model complexity and the input data used, one typically finds [149] (see also Ref. [130]):∑

j mj < (0.11− 0.54) eV (95% CL).

2The JCP factor is analogous to the rephasing invariant associated with the Dirac CPV phase in the quark
mixing matrix [70,71].
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2.2. The Type-I Seesaw Extension of the Standard Model

2.2 The Type-I Seesaw Extension of the Standard Model

The results on LG we are going to discuss in this Thesis, related to our works in Pubs. [I,II,III],
are based on the type-I seesaw extension of the SM, which provides a natural explanation of the
smallness of neutrino masses and via LG establishes a link between the existence and smallness
of neutrino masses and the existence of the baryon asymmetry [89–93]. This rather simple
mechanism is realised, as is well known, by extending the SM with n ≥ 2 RH neutrinos νκR
(RH neutrino fields νκR(x)), with κ = 1, 2, ..., n 3, that are singlets (sterile) under SU(3)C ×
SU(2)L ×U(1)Y, possess a Majorana mass term and couple through a Yukawa-type interaction
to the SM lepton and Higgs doublets, (ψ`L(x))

T = (νT`L(x) `TL(x)), with ` = e, µ, τ , and
(Φ(x))T = (Φ(+)(x) Φ(0)(x)), (Φ∗(x))T = (Φ(−)(x) Φ(0)(x)). The minimal type-I seesaw scheme
in which LG can be realised is with n = 2 RH neutrinos. In this scenario, the lightest neutrino
– ν1 (ν3) for NO (IO) neutrino mass spectrum – is massless at tree and one-loop level. To this
Thesis, both the cases with n = 3 and n = 2 RH neutrinos are relevant. To keep the discussion
more general as possible, we fix n = 3 for the following discussion.

In the basis in which the charged lepton Yukawa couplings and mass matrix are diagonal
but the Majorana mass term of the RH neutrinos νκR is not, the Lagrangian LY,M(x) has the
form:

LY,M(x) = − Ỹ`κψ`L(x) iσ2Φ
∗(x) νκR(x)−

1

2
νcκL(x) (MN)κρ νρR(x) + h.c. , (2.4)

where Ỹ is the matrix of neutrino Yukawa couplings in the chosen basis, νcκL(x) ≡ C (νκR(x))
T ,

with C being the charge conjugation matrix, and MN is the Majorana mass matrix of νκR(x),
(MN)κρ = (MN)ρκ and κ, ρ = 1, 2, 3. Without loss of generality, one can also work in the
basis in which the Majorana mass matrix of RH neutrinos is diagonal and positive, M̂ ≡
diag(M1, M2, M3) with M1,2,3 > 0. In this case, the neutrino Yukawa and the RH neutrino
Majorana mass terms are given by:

LY,M(x) = −
(
Y`jψ`L(x) iσ2Φ

∗(x)NjR(x) + h.c.
)
− 1

2
Mj Nj(x)Nj(x) , (2.5)

where Y`j are the entries of neutrino Yukawa matrix in the considered basis, with j = 1, 2, 3
and ` = e, µ, τ , while Nj(x) = NjR(x) + N c

jL(x) = C(Nj(x))
T , with N c

jL(x) ≡ C(NjR(x))
T .

The matrix Y is related to Ỹ via Y = Ỹ Ṽ ∗, with Ṽ being a unitary matrix which diagonalises
MN (see, e.g., Ref. [150] and further). Correspondingly, the fields NjR(x) are given in terms
of νκR(x) by NjR(x) = ṼκjνκR(x). The fields N1,2,3(x) correspond to Majorana neutrinos N1,2,3

with masses M1,2,3 > 0 which, in the LG scenarios we are going to consider, can have values
M1,2,3 ∼ (0.1 − 1014) GeV, much larger than the eV scale of the light neutrino masses, and so
we will refer to N1,2,3 further on as “heavy Majorana neutrinos” or just “heavy neutrinos”.

When the electroweak symmetry is broken spontaneously, the neutrino Yukawa coupling
in Eq. (2.4) generates a Dirac mass term, (MD)`κ ν`L(x) νκR(x) + h.c., with MD = (v/

√
2)Ỹ ,

v = 246 GeV being the Higgs doublet vacuum expectation value (VEV), and the neutrino mass

3The labelling of the RH neutrinos is arbitrary; we could also choose the index κ to take, e.g., the values
κ = ẽ, µ̃, τ̃ , ..., σ̃.
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Lagrangian takes the form:

Lm
ν (x) = − ν`L(x)(MD)`κνκR(x)−

1

2
νcκL(x)(MN)κρ νρR(x) + h.c. =

= − 1

2

(
ν`L(x) νcκL(x)

)( O``′ (MD)`ρ

(MT
D)κ`′ (MN)κρ

)(
νc`′R(x)

νρR(x)

)
+ h.c. ,

(2.6)

where νc`′R(x) ≡ C(ν`′L(x))
T , with `′ = e, µ, τ , and O is a matrix with all entries null. The

two matrices MD and MN are complex, in general. Equivalently, in the basis in which the RH
Majorana mass matrix is diagonal, one has:

Lm
ν (x) = − 1

2

(
ν`L(x) N c

jL(x)
)( O``′

v√
2
Y`k

v√
2
(Y T )j`′ Mjδjk

)(
νc`′R(x)

NkR(x)

)
+ h.c. , (2.7)

where the index k, as for j, runs from 1 to 3.
The mass matrix in the second line of Eq. (2.6) can be diagonalised by means of the Takagi

transformation, which gives(
O MD

MT
D MN

)
= exp

(
O −R
R† O

)(
mtree

ν O
O V M̂NV

T

)
exp

(
O R∗

−RT O

)
, (2.8)

where V is a unitary matrix, M̂N is diagonal and positive, mtree
ν is the mass matrix of the light

neutrinos at tree level and R a complex matrix with “small” entries (see further). Expanding
Eq. (2.8) around R, gives [150]:

R ' MDM
−1
N , (2.9)

mtree
ν ' −MDM

−1
N MT

D , (2.10)

V M̂NV
T ' MN +

1

2
(M−1

N )∗M †
DMD +

1

2
MT

DM
∗
D(M

−1
N )∗ , (2.11)

up to corrections of the second order in MDM
−1
N . At leading order in MDM

−1
N , we have V ' Ṽ

and M̂N ' M̂ , as well as

RV 'MDM
−1
N V =

v√
2
Y V TM−1

N V ' v√
2
Y M̂−1 , (2.12)

the entries of which are typically much smaller than unity, i.e. |(RV )`j| = |(v/
√
2)Y`j|/Mj � 1.

The relation in Eq. (2.10) is the well known expression for the tree level light neutrino mass
matrix mtree

ν , the entries of which, in terms of the Yukawa couplings, read:

(
mtree

ν

)
``′

' − v2

2
Y`j M

−1
j

(
Y T
)
j`′
, , (2.13)

with `, `′ = e, µ, τ . The above equation is the essence of the seesaw mechanism and is also
referred to as the “seesaw formula” for the light neutrino masses. It is clear from the seesaw
formula that the smallness of the light neutrino masses arises naturally if the heavy neutrino
masses are larger than the electroweak scale v, so that vM−1

j � 1. However, tiny Yukawa
couplings, as well as cancellations between the various terms in the a summation over j, could
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2.2. The Type-I Seesaw Extension of the Standard Model

fairly well be responsible for the smallness of the light neutrino masses. Consequently, for any
heavy neutrino masses, one can, in principle, always accommodate the seesaw parameters to
generate the light neutrino mass spectrum.

In some situations, like, e.g., when heavy Majorana neutrino masses are not hierarchical
and have relatively low values, M1 ∼ 106 GeV, M2 ' 3M1, M3 ' 3M2, the one-loop radiative
correction to the light neutrino mass matrix can be non-negligible [143, 151] 4. Moreover, the
one-loop correction to light neutrino mass matrix has an opposite sign with respect to the
tree level contribution. This, in principle, allows for a partial cancellation between the two
contributions. In certain cases the cancellation has to be fine-tuned in order to obtain neutrino
masses compatible with the existing data. A rather detailed study of this fine-tuning problem
was performed in Ref. [143] and we refer to this article for further details. The one-loop
contribution to the light neutrino mass matrix is given by [153–155] (see also, e.g., Ref. [156]):

(m1-loop
ν )``′ = Y`j

Mj

32π2

(
log
(
M2

j /m
2
H

)
M2

j /m
2
H − 1

+ 3
log
(
M2

j /m
2
Z

)
M2

j /m
2
Z − 1

)(
Y T
)
j`′
, (2.14)

where mH = 125 GeV and mZ = 91.2 GeV are the Higgs and Z0 boson masses, respectively.
The light neutrino mass matrix including the one-loop correction reads [152]:

(mν)``′ ≡
(
mtree

ν +m1-loop
ν

)
``′

= − v2

2
Y`j f(Mj)

(
Y T
)
j`′
, (2.15)

with `, `′ = e, µ, τ and

f(Mj) ≡M−1
j − Mj

16π2v2

(
log
(
M2

j /m
2
H

)
M2

j /m
2
H − 1

+ 3
log
(
M2

j /m
2
Z

)
M2

j /m
2
Z − 1

)
, (2.16)

with j = 1, 2, 3. The light neutrino mass matrix mν can be diagonalised as

m̂ν = U †mνU
∗ , (2.17)

where m̂ν ≡ diag(m1, m2, m3) and U is a unitary 3× 3 matrix.
The flavour neutrino fields ν`L(x), ` = e, µ, τ , which enter into the expressions of the charged

and neutral currents in the weak interaction Lagrangian of the SM, are related to the fields
of light and heavy neutrinos νa(x) and Nj(x) with definite mass ma and Mj, i.e. the mass
eigenstates, via

ν`L(x) = (1 + η)U`aνaL(x) + (RV )`jNjL(x) , (2.18)
where NjL(x), j = 1, 2, 3, are the LH components of the fields of the heavy neutrinos Nj,
νaL(x), a = 1, 2, 3, are the LH components of the fields of three light Majorana neutrinos νa
having masses ma . 0.5 eV �Mj and η = −(1/2)(RV )(RV )†. It follows from Eq. (2.18) that,
in the seesaw scenario we are considering, the PMNS matrix has the form:

UPMNS = (1 + η)U . (2.19)

The matrix η describes the deviations from unitarity of the PMNS matrix. The elements of η
are constrained by electroweak data and data on flavour observables [157, 158]. For Mj & 500

4The higher-order corrections to the light neutrino mass matrix were shown to be suppressed with respect
to the tree level and one-loop contributions [151,152].

20



2 Neutrino Physics, the Seesaw Extension and Leptogenesis

MeV and depending on the element of η, these constraints are in the range (10−4 − 10−3)
at 2σ C.L. For Mj larger than the electroweak scale, the constraint on ηeµ = ηµe is even
stronger: |ηeµ| < 1.2× 10−5. Given the stringent upper bounds on the elements of η, to a very
good approximation one has: UPMNS ' U , which is given in the standard parametrisation by
Eq. (2.2).

The quantity (RV )`j in Eq. (2.18), with ` = e, µ, τ and j = 1, 2, 3, determines the strength
of the charged current (CC) and neutral current (NC) weak interaction couplings of the heavy
Majorana neutrino Nj (field Nj(x)) to the W± bosons (W µ(x) vector field) and the charged LH
lepton ` (field ψ`L(x)), and to the Z0 boson (Zµ(x) vector field) and the LH flavour neutrino
ν`L (field ν`L(x)) in the weak interaction Lagrangian:

LN
CC(x) = − g

2
√
2
ψ`L(x) γµ (RV )`j(1− γ5)Nj(x)W

µ(x) + h.c. , (2.20)

LN
NC(x) = − g

4cw
ν`L(x) γµ (RV )`j (1− γ5)Nj(x)Z

µ(x) + h.c. , (2.21)

where cw ≡ cos θw, θw is the weak mixing angle and γµ, µ = 0, 1, 2, 3, are the gamma matrices.
The magnitude of the couplings (RV )`j in the region of the parameter space of successful LG
is crucial for the possibility to test the low-scale LG scenarios studied in Pubs. [II, III].

With mν given by Eq. (2.15), the Casas-Ibarra parametrisation [159] of the neutrino Yukawa
couplings takes the form [152]:

Y`j = ±i
√
2

v
U`a

√
maOja

√
f−1(Mj) , (2.22)

where O is a complex orthogonal matrix, OT O = OOT = 1. The infinite possibilities to
explain the mass spectrum and mixing of light neutrinos given any heavy neutrino masses Mj

are encoded in the Casas-Ibarra matrix O (also simply called, in what follows, the “matrix O”
or the “O-matrix”). The usual parametrisation for the matrix O, e.g., adopted in Pubs. [II, I],
is that given in terms of three Euler complex angles and reads:

O = R(23)(θ1)R(13)(θ2)R(12)(θ3) , (2.23)

where R are 3 × 3 rotation matrices (complex, in general) with RRT = 1 and their entries
defined as:[

R(ab)(θc)
]
jk

= {δjk [δjc + (δja + δjb) cos θc] + (δjaδkb − δjbδka) sin θc}a6=b6=c , (2.24)

where j, k, a, b, c = 1, 2, 3, θc ≡ xc + i yc and xc, yc ∈ R, for any c.
The parametrisation has six parameters. An equivalent alternative parametrisation was

utilised in Ref. [160] and Pub. [III], with the following form:

OT = R(13)(ω
(ν)
2 )R(23)(ω

(ν)
1 )R(12)(θC)R(23)(ω

(N)
1 )R(13)(ω

(N)
2 ), (2.25)

where θC ≡ ωC + iξC and ω
(ν)
1 , ω

(ν)
2 , ω

(N)
1 , ω

(N)
2 , ωC , ξC ∈ R. This parametrisation proves

convenient in the three heavy Majorana neutrino case since it involves just one complex angle
θC .

In discussing our works of Pubs. [I, II], we will be interested also in the case of decoupled
heavy Majorana neutrino N3, for which the lightest neutrino, as is well known, is massless at

21



2.3. Leptogenesis Within the Type-I Seesaw Extension

tree and one loop level, i.e., m1 ' 0 (m3 ' 0), and the light neutrino mass spectrum is either
NH or IH. In such framework, the six parameters of the O-matrix reduce to two and, for the
NH and IH light neutrino mass spectra of interest, the matrix O takes the following forms:

O(NH) =

0 O12 O13

0 O22 O23

1 0 0

 =

0 cos θ sin θ

0 − sin θ cos θ

1 0 0

 , (2.26)

O(IH) =

O11 O12 0

O21 O22 0

0 0 1

 =

 cos θ sin θ 0

− sin θ cos θ 0

0 0 1

 , (2.27)

with θ ≡ ω+ iξ. In Pub. [I] a different notation was used for which θ ≡ x+ iy. In this Thesis we
will interchange between the two different notations, namely ω ≡ x and ξ ≡ y. The parameters
ω and ξ play important roles in the LG scenario considered, e.g., in our work of Pub. [II]. For
large values of ξ, such that eξ � e−ξ, the couplings (RV )`j are enhanced and, e.g., for NH (IH)
spectrum we have:∑

`,j

|(RV )`j|2 =
1

M
(m2(1) +m3(2)) cosh(2ξ) '

1

2M
(m2(1) +m3(2))e

2ξ. (2.28)

The O-matrix given in Eqs. (2.23) to (2.27) for different parametrisations have det(O) = 1.
Often, in the literature on the subject, a factor ϕ = ±1 is included in the definition of certain
elements ofO to allow for the both cases det(O) = ±1. In discussing our works of Pubs. [I,II,III],
we will alternate between the different parametrisations in Eqs. (2.23) to (2.27) without the
factor ϕ, but extend the range of the Majorana phases α21(31) from [0, 2π] to [0, 4π], which
effectively accounts for both cases of det(O) = ± 1 [129]. In this way, the same full set of O
and Yukawa matrices is considered.

2.3 Leptogenesis Within the Type-I Seesaw Extension
The generation of a matter-antimatter asymmetry in the expanding Universe can naturally be
accomplished within the type-I seesaw framework through thermal LG [94]. Provided the
Yukawa couplings and/or Majorana mass terms in Eqs. (2.4) or (2.5) are CPV, the out-
of-equilibrium processes involving the heavy Majorana neutrinos, the leptons and the Higgs
doublets in the early expanding Universe generate CP-asymmetries in the individual lepton
flavour charges Le, Lµ and Lτ , as well as in the total lepton charge L (therefore violating the
B/3 − Le, µ, τ charges and total B − L number). The so generated lepton asymmetry is then
translated into an asymmetry in the baryon charge B by the SM (B+L)-violating, but (B−L)-
conserving, sphaleron processes, which are effective at temperatures between T ' Tsph − 1012

GeV, Tsph ' 131.7GeV being the sphaleron decoupling temperature [62].
Naively, the LG idea may appear rather simple, but the formalism with which it is usually

described can become quite complicated. In fact, depending on the spectrum and the values
of the masses of the heavy Majorana neutrinos, thus also the LG scale, various effects and
processes other than the heavy neutrino decays can play a determinant role in the generation of
the BAU. Additional contributions can arise, e.g., from resonances, flavour and thermal effects,
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oscillations, scattering and spectator processes (see, e.g., Ref. [57] were many of the relevant
effects are extensively reviewed). Correspondingly, the sets of differential equations that, in the
various regimes of LG, are relevant to describe the time evolution of the asymmetries and the
number densities of heavy Majorana neutrinos can become numerically demanding [IV].

Another challenging task is to connect the minimal scenarios of LG to quantities that can
be measured (or fitted) at currently running or future experiments. If the heavy neutrinos are
way too massive compared to the energy reach of experimental facilities, say with masses at
roughly the TeV to the GUT scale, it is hard, if not impossible, to produce them at colliders.
Moreover, for such large masses, the couplings of the heavy neutrinos with the SM that are also
compatible with successful LG are usually too small for any detectable signal. Nevertheless,
in the case of low-energy CP-violation, for which only the CPV phases of the PMNS matrix
could provide the necessary amount of CP-asymmetry to generate the BAU [129,141–143], the
requirement of having successful LG can impose conditions on the PMNS phases or, conversely,
LG can receive constraints from measurements that are sensitive to the CPV phases [I,143]. If
instead the masses of the heavy neutrinos are at or below the ∼ TeV scale, and, in addition, the
couplings are sufficiently large, there are chances to probe the parameter space of low-energy
scenarios of LG [II, III, 160–163].

In the subsections that follow, we are going to describe the various scenarios of LG that
were considered in our works of Pubs. [I, II, III] and thus are of interest for this Thesis. We will
illustrate the relevant effects that were taken into account in the mass ranges of interest, together
with the sets of equations that were solved in order to predict the generation of the present
BAU. The specific results obtained in the works in Pub. [I] and Pubs. [II, III] will be expanded
in Chapters 3 and 4, respectively, where we will also focus the attention on how to eventually
probe or falsify the various scenarios at low-energy experiments. We devote Appendix A to
the description of the ULYSSES Python package that was developed and published in our work
of Pub. [IV] and that was used in the numerical analyses of Pubs. [I, II] to solve the relevant
equations 5.

2.3.1 High-Scale Thermal Leptogenesis
In the classical high-scale thermal LG scenario, the generation of the BAU happens due to
the out-of-equilibrium L-, C- and CP-violating decays (and inverse decays) of N1,2,3

6. In the
widely studied scenario with the heavy neutrinos having (strongly) hierarchical mass spectrum,
i.e. M1 � M2 � M3, for which the decays of the lightest heavy neutrino N1 dominate the
BAU generation, LG takes place at high-scales which are typically by a few to several orders
of magnitude smaller than the scale of unification of the electroweak and strong interactions,
say for M1 ∼ 109 − 1014 GeV [165] (see also further in Sec. 2.3.2 and Chapter 3). Testing
experimentally this high-scale LG scenario seems impossible at present. Nevertheless, an im-
portant connection to low-energy observables that one can make in such scenarios is provided
by the request of low-energy CP-violation, with the Dirac CPV phase δ and/or the Majorana
CPV phases α21 and/or α31, as well as any combination of those, being the only source of
CP-violation. However, in such minimal LG scenario, it is well-known that the unitarity of the

5The equations considered in Pub. [III] were solved numerically with a different code, which is currently
under development and thus not available yet.

6In such scenario, the contributions from scattering processes and thermal effects are typically sub-leading
(if not negligible) compared to the contributions from the N1,2,3 decays [57,97,143,164].
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PMNS matrix leads to zero CP-asymmetry in the total lepton number when CP-violation is
only at low-energy. Successful LG with low-energy CP violation is only possible if the asym-
metry in each individual lepton flavour evolves differently. The effects of flavour separations in
the context of LG are called flavour effects [166–169] (see also Refs. [170–172]), to which we
give a description in what follows.

Flavour effects in leptogenesis

The charged lepton final states in the decays of the heavy neutrino Nj, Nj → Φ+ψj and
Nj → Φ−ψj, are a superposition of the charged lepton flavour states, namely,

|ψj〉 =
∑

`=e, µ, τ

Cj`|ψ`〉 , (2.29)

|ψj〉 =
∑

`=e, µ, τ

C
∗
j`|ψ`〉 , (2.30)

with the coefficients Cj` and Cj` at tree level 7 given by

Cj` = Cj` =
Y`j√

(Y †Y )jj
. (2.31)

We will be interested in the decays of N1, N1 → Φ+ψ1 and N1 → Φ−ψ1, so further on we
replace index j with 1.

If it were not for the SM charged lepton Yukawa interactions, the quantum states |ψ1〉 and
|ψ1〉 would be coherent superpositions of the charged lepton flavour states. However, when
these interactions are in thermal equilibrium, i.e., their rates are larger than the expansion rate
of the Universe, given the difference between the charged lepton Yukawa couplings, he, hµ, hτ ,
the flavour states become distinguishable and each flavour state experiences a different time-
evolution – actually, it is enough for the SM τ - and µ-Yukawa interactions to be in equilibrium
for the three lepton flavours to be distinguishable. If the SM charged lepton Yukawa interactions
are faster than the process of the heavy neutrino decay into (anti)leptons, then the coherence in
|ψ1〉 (|ψ1〉) is efficiently destroyed [174] (see, e.g., also [169]) – in this sense these are decoherence
effects. The relevant processes are the interchanges between the LH leptons with their respective
RH components and vice-versa through scattering processes involving the Higgs doublet. By
means of the optical theorem, the rates of these processes involving the tauon and the muon,
Γτ and Γµ, are given by the imaginary part of the τ , µ thermal self-energy and read [151, 173]
(see also, e.g., Ref. [57] and references therein): Γτ, µ ' 8× 10−3h2τ, µ T . The comparison of Γτ

7The one-loop contributions to the Nj decay would lead to corrections to Cj` and Cj` (see, e.g., Eqs. (24)
and (25) of [173]). However, as these corrections would lead to sub-leading O(ε2) effects, we do not consider
them here.
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and Γµ with the Hubble expansion rate H gives 8:

Γτ

H
' MP

T
4.85× 10−8 '

(
1 GeV
T

)
5.92× 1011 , (2.32)

Γµ

H
' MP

T
1.72× 10−10 '

(
1 GeV
T

)
2.10× 109 , (2.33)

where MP ' 1.22× 1019 GeV is the Planck mass.

Single-flavour regime

At T � 1012 GeV, the rates of the τ - and µ-Yukawa interactions are much smaller than the
expansion rate of the Universe, i.e. Γτ, µ/H � 1. As a consequence, the flavour states are
indistinguishable and the (anti)leptons produced via the N1’s decay are always found in the
coherent superposition defined in Eq. (2.29) ((2.30)). This is the unflavoured or single-flavour
regime. ForM1 � 1012 GeV, LG proceeds in the unflavoured regime for its entire duration and is
usually studied within the single-flavour approximation, under which the µ- and τ -decoherence
effects are neglected. Correspondingly, this scenario is typically dubbed unflavoured or single-
flavoured leptogenesis. In the single-flavour approximation, the time-evolution of the number
densities of N1 and B − L charge can be described by the set of semi-classical single-flavoured
Boltzmann equations (1BE1F):

dNN1

dz
= −D1

(
NN1 −N eq

N1

)
, (2.34)

dNB−L

dz
= ε(1)D1

(
NN1 −N eq

N1

)
−W1NB−L , (2.35)

where z ≡M1/T . The quantities NN1 and NB−L are respectively the number of heavy neutrinos
N1 and B−L asymmetry in a comoving volume. In the present work and in Pubs. [I,II,III,IV]
the comoving volume is normalised as in Refs. [143,151,175] so that it contains one photon at
z = 0, i.e., N eq

N1
(0) = 3/4. This normalisation within the Boltzmann statistics is equivalent to

using N eq
N1
(z) = (3/8)z2K2(z), where Kn(z), n = 1 , 2 , ..., is the modified nth Bessel function of

the second kind.
The decay parameter D1 is given by:

D1(z) = κ1z
K1(z)

K2(z)
, (2.36)

where κ1 is defined as the ratio between the total decay rate of N1 at zero temperature, Γ(0)
N1

=
(Y †Y )11M1/8π, and the Hubble expansion rate H at z = 1. It proves convenient to write κ1 in
the following form:

κ1 =
m̃1

m∗
, (2.37)

8The τ - and µ-Yukawa couplings are given by hτ =
√
2mτ/v ' 1.02×10−2 and hµ =

√
2mµ/v ' 6.08×10−4,

where mτ and mµ are the τ± and µ± masses, respectively, and v = 246 GeV. Given the smallness of the e-
Yukawa coupling he =

√
2me/v ' 2.94 × 10−6, me being the e∓ mass, the e-Yukawa interactions come into

thermal equilibrium only at T . 105 GeV, being therefore ineffective at the temperatures of interest to the
analysis under discussion.
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where
m̃1 ≡ (Y †Y )11v

2/2M1 , m∗ ≡ (8π2v2/3MP )
√
g∗π/5 ≈ 10−3 eV , (2.38)

g∗ = 106.75 being the number of relativistic degrees of freedom at z = 1. The wash-out
parameter W1 reads:

W1(z) =
1

2N eq
`

D1(z)N
eq
N1
(z) , (2.39)

where N eq
` is the equilibrium number density of leptons at z = 0, which, within the adopted

normalisation, is given by N eq
` = N eq

N1
(0) = 3/4 9.

Finally, the CPV-asymmetry parameter ε(1) is given by [55, 176, 177] 10:

ε(1) =
3

16π(Y †Y )11

∑
j 6=1

=
[
(Y †Y )21j

] ξ(xj)√
xj

, (2.40)

with xj ≡M2
j /M

2
1 and

ξ(x) ≡ 2

3
x

[
(1 + x) log

(
1 +

1

x

)
− 2− x

1− x

]
. (2.41)

We note that for large x, ξ(x) = 1 + O(1/x), so that, in the hierarchical limit M1 �M2 �M3,
ε(1) ∝M1 since 1/

√
xj =M1/Mj and in this limit (Y †Y )11 ∝M1 and =

[
(Y †Y )21j

]
∝M1Mj

11.
Since the Yukawas enter in ε(1) only through the product Y †Y , there is no dependence on

the PMNS matrix. There is therefore no contribution to ε(1) from the CPV Dirac and Majorana
phases in the PMNS matrix and, in particular, ε(1) = 0 when the CP-violation is only of the
low-energy type.

1-to-2 flavour transition

As the mass scale of LG is lowered to M1 ∼ 1012 GeV, the single-flavour approximation becomes
inaccurate since the SM τ -Yukawa interactions enter in equilibrium during the generation of
the lepton asymmetry, i.e. Γτ/(Hz) ∼ 1. This is a transition regime, which we will refer to
as 1-to-2 flavour transition, where the τ -decoherence effects cannot be neglected. Moreover, as
was noticed in Ref. [143], when the requisite CP violation in LG is provided exclusively by the
Dirac and/or Majorana CPV phases of the PMNS matrix, the 1-to-2 flavour transition proceeds
with an unusual behaviour of the baryon asymmetry ηB, which extends into the region of the
unflavoured regime at M1 > 1012 GeV. We have investigated this unusual behaviour in Pub. [I]
and we will discuss it in details in Chapter 3. Here it suffices to mention that due to CPV
quantum decoherence effects caused by the SM τ -Yukawa interactions, in which CP-violation
is provided by the low-energy leptonic CPV phases, the generation of the BAU in the single-
flavour approximation as described by Eqs. (2.34) and (2.35) fails and that the observed BAU

9A detailed derivation of Eqs. (2.36) - (2.39) is given, e.g., in Ref. [97].
10We work with the same sign convention used in Ref. [143], so the CP-asymmetry has an opposite sign with

respect to that defined in [55]. As we also noted in Pub. [I], there is a wrong sign typo in the last expression in
Eq. (2.44) in Ref. [143] – this can be checked by summing Eq. (2.53) of the same article over the flavour indices.

11To be more precise, in ε(1) also factors of the form f−1(M2,3)/M2,3, given in Eq. (2.16), appear inside
the summation. However, the mass dependence of these factors is logarithmic and, in the mass range 109 .
M1/GeV . 1014 of interest to us, f−1(M1)/M1 changes only by a factor of 1.1 taking values in the interval
1.1− 1.3.
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can still be generated at M1 > 1012 GeV even if ε(1) = 0 and the τ -Yukawa interactions are not
in full thermal equilibrium. The basic reason is that the flavour asymmetries evolve differently
due to wash-out differences caused by the τ -Yukawa wash-out interactions.

Two-flavour regime

For 109 � T/GeV � 1012, the τ -Yukawa interactions are in thermal equilibrium while that
of muons are not, namely Γτ/H � 1 while Γµ/H � 1 . Correspondingly, the τ -(anti)lepton
state becomes distinguishable from the other flavour states and the coherence in |ψ1〉 (|ψ1〉)
gets eventually destroyed. As a consequence, the CP-asymmetry in Lτ evolves differently with
respect to the asymmetry in the sum of Le and Lµ charges, Lτ⊥ ≡ Le+µ ≡ Le + Lµ. This
corresponds to the two-flavour regime of LG.

For 109 � M1/GeV � 1012, the τ -Yukawa (µ-Yukawa) interactions enter in thermal equi-
librium at z � 1 (z � 1) and LG can be studied within the two-flavour approximation under
which only the µ-decoherence effects are neglected. If in addition the τ -Yukawa interactions are
assumed to be infinitely (=“sufficiently”) fast during the whole period of LG, the two-flavoured
Boltzmann equations (1BE2F) can be used to describe the time-evolution of the CPV asymme-
tries in the Lτ and Lτ⊥ charges and of BAU. This scenario of LG with two flavours is typically
called two-flavoured leptogenesis. The set of 1BE2F equations in the two-flavour approximation
reads:

dNN1

dz
= −D1

(
NN1 −N eq

N1

)
, (2.42)

dNττ

dz
= ε(1)ττD1

(
NN1 −N eq

N1

)
−W1p1τNττ , (2.43)

dNτ⊥τ⊥

dz
= ε

(1)

τ⊥τ⊥
D1

(
NN1 −N eq

N1

)
−W1p1τ⊥Nτ⊥τ⊥ , (2.44)

where p1τ = |C1τ |2 and p1τ⊥ = |C1e|2 + |C1µ|2 = 1− p1τ , while Nττ and Nτ⊥τ⊥ are respectively
the values of the asymmetries in the charges B/3−Lτ and 2B/3−Lτ⊥ in a comoving volume,
so that NB−L = Nττ + Nτ⊥τ⊥ . The expressions for the relevant CPV lepton asymmetries ε(1)ττ

and ε
(1)

τ⊥τ⊥
= ε

(1)
ee + ε

(1)
µµ will be given below.

2-to-3 flavour transition

As the mass scale is lowered to M1 ∼ 109 GeV, LG approaches the 2-to-3 flavour transition,
where the µ-decoherence effects cannot be neglected since the µ-Yukawa interactions enter in
equilibrium during LG, i.e. Γµ/(Hz) ∼ 1. Therefore, the two-flavour approximation ceases to
be accurate. Actually, as we have shown in Pub. [I] and will review in details in Chapter 3, there
are choices of the parameters for which the 1BE2F equations are never accurate and cannot
be used for the description of LG in the whole range 109 . M1/GeV . 1012. In addition, in
certain regions of the parameter space, the scale below which the 1BE2F set of equations starts
to be valid can be significantly lower than ∼ 1012 GeV.

Three-flavour regime

At T � 109 GeV, also the µ-Yukawa interactions are in thermal equilibrium, i.e. Γµ/H � 1.
This is the three-flavour regime: all the flavours are distinguishable, the coherent superposition
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in |ψ1〉 (|ψ1〉) is fully destroyed and each flavoured asymmetry in L` (` = e, µ, τ) evolve
separately. At M1 � 109 GeV, both the µ- and τ -Yukawa interactions enter in equilibrium
at z � 1 corresponding to the three-flavoured leptogenesis scenario. If the µ- and τ -Yukawa
interactions are assumed to be infinitely (≡“sufficiently”) fast, then LG can be described by
the three-flavoured Boltzmann equations (1BE3F), namely:

dNN1

dz
= −D1

(
NN1 −N eq

N1

)
, (2.45)

dNee

dz
= ε(1)ee D1

(
NN1 −N eq

N1

)
−W1p1eNee , (2.46)

dNµµ

dz
= ε(1)µµD1

(
NN1 −N eq

N1

)
−W1p1µNµµ , (2.47)

dNττ

dz
= ε(1)ττD1

(
NN1 −N eq

N1

)
−W1p1τNττ , (2.48)

where p1` = |C1`|2, while N`` is the value of the asymmetry in the charge B/3−L` in a comoving
volume, so that NB−L =

∑
`=e, µ, τ N``.

The CP-asymmetries ε(1)`` in the both set of equations 1BE2F and 1BE3F are given by
[55, 176, 177] 12:

ε
(1)
`` =

3

16π (Y †Y )11

∑
j 6=1

{
=
[
Y ∗
`1Y`j(Y

†Y )1j
]
f1 (xj) + =

[
Y ∗
`1Y`j(Y

†Y )j1
]
f2 (xj)

}
, (2.49)

where
f1 (x) ≡

ξ (x)√
x
, f2 (x) ≡

2

3 (x− 1)
. (2.50)

In Eq. (2.49), ` = τ⊥, τ and ` = e, µ, τ for the 1BE2F and 1BE3F equations (2.43) - (2.44) and
(2.46) - (2.48), respectively, and ε

(1)

τ⊥τ⊥
= ε

(1)
ee + ε

(1)
µµ . We have:

∑
α ε

(1)
αα = ε(1), with ε(1) as given

in Eq. (2.40). We note that the expression in Eq. (2.49) corresponds to that of Eq. (1.21) in
the limit of x2,3 ' 0.

Density matrix equations – a unifying formalism

To obtain a better description of the physics of LG, the decoherence effects should always be
included in the calculations. As already shown in, e.g., Refs. [173,174,178], the density matrix
equations (DMEs) provide an accurate tool to study thermal LG accounting for quantum de-
coherence processes, especially when these are neither infinitely fast nor their effects negligible.
The DMEs describe the time evolution of the entries of the charged lepton flavour density
matrix, which, in the three-flavour basis, is given by

N =
∑
α,β

Nαβ|ψα〉〈ψβ| (2.51)

with α, β = e, µ, τ . The diagonal entries Nαα are the already defined number densities for
the B/3 − Lα asymmetry, so that NB−L = Tr(N) =

∑
αNαα. The off-diagonal elements Nαβ

12As will later be clarified, the double indices are necessary in the quantum treatment since the off-diagonal
terms become relevant.
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describe the degree of coherence between the flavour states. The DMEs in the three-flavour
basis explicitly read [173, 174, 178]:

dNN1

dz
= −D1(NN1 −N eq

N1
) (2.52)

dNαβ

dz
= ε

(1)
αβD1(NN1

−N eq
N1
)− 1

2
W1

{
P 0(1), N

}
αβ

− Γτ

Hz
[Iτ , [Iτ , N ]]αβ −

Γµ

Hz
[Iµ, [Iµ, N ]]αβ ,

(2.53)

where Iτ and Iµ are 3× 3 matrices such that (Iτ )αβ = δατδβτ and (Iµ)αβ = δαµδβµ, and

P
0(1)
αβ ≡ C1αC

∗
1β, (2.54)

are projection matrices which generalise the notion of the projection probability. They appear
in the anti-commutator structure, which explicitly reads:{

P 0(1), N
}
αβ

=
∑

γ=e, µ, τ

(
C1αC

∗
1γNγβ + C1γC

∗
1βNαγ

)
. (2.55)

The double-commutator structures in Eq. (2.53) give rise to an exponentially damping term
proportional to Γτ, µ/(Hz) for the equations describing the off-diagonal elements of N . If
these terms are infinitely large, i.e., Γτ, µ/(Hz) → +∞, the density matrix is driven towards a
diagonal form and the DMEs reduce to the three-flavoured set of Boltzmann equations 1BE3F.
The CPV-asymmetry parameters are [55, 167, 173, 176–179]:

ε
(1)
αβ =

3

32π (Y †Y )11

∑
j 6=1

{
i
[
Yα1Y

∗
βj(Y

†Y )j1 − Y ∗
β1Yαj(Y

†Y )1j
]
f1 (xj)

+ i
[
Yα1Y

∗
βj(Y

†Y )1j − Y ∗
β1Yαj(Y

†Y )j1
]
f2 (xj)

}
.

(2.56)

Setting α = β = ` in the above expression reproduces the asymmetry ε(1)`` defined in Eq. (2.49),
while the trace coincides with the expression for ε(1) given in Eq. (2.40).

In Pub. [IV], we have introduced the ULYSSES Python package, that is a numerical solver
for BEs and DMEs in the context of LG. Specifically, given a certain set of equations like
those introduced in the present section, the code computes NB−L = Nee + Nµµ + Nττ , which
is then converted into the baryon asymmetry of the Universe ηB expressed in terms of the
baryon-to-photon ratio using the following relation:

ηB =
cs
27
NB−L(zsph) , (2.57)

where zsph ≡ M1/Tsph � 1, cs ≈ 0.3 is the SM sphaleron conversion coefficient given in
Eq. (1.30) and the 1/27 factor comes from the dilution of the baryon asymmetry due to the
change of the photon density between LG and recombination [97]. We give a detailed description
of the code in Appendix A and postpone to Chapter 3 the discussion of the results we have
obtained in Pub. [I] by solving with ULYSSES the sets of equations described in this section.
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2.3.2 Flavoured Resonant Leptogenesis
The simplest “unflavoured” scenario of high-scale thermal LG with hierarchical heavy Majorana
neutrinos suffers from the Davidson-Ibarra bound [165], which imposes a lower limit on the
mass of the lightest Nj for successful LG. The Davidson-Ibarra bound arises from the following
argument. The CP-asymmetry for the total lepton number related to N1 (see Eqs. (1.21) and
(2.49)), after adopting the Casas-Ibarra parametrisation in Eq. (2.22) (neglecting the one-loop
contribution, i.e. f−1(Mj) 'Mj), results in [57, 165]:

∣∣ε(1)∣∣ ' ∣∣∣∣ 3M1

8πv2

∑
am

2
a= (O2

1a)∑
ama|O1a|2

∣∣∣∣ . 3M1

8πv2

√
|∆m2

atm| ' 10−7

(
M1

109 GeV

)
. (2.58)

The form of the solution to the 1BE1F sets of equations given in Eqs. (2.34) to (2.35) isN1BE1F
B−L =

ε(1)κeff, and, from Eq. (2.57), ηB ' 10−2ε(1)κeff, where κeff . 1 is an efficiency factor arising from
the out-of-equilibrium dynamics [97]. It then follows from Eq. (2.58) that it is possible to have
ηB ≈ 10−9 in the unflavoured scenario only for M1 & 109 GeV. This is the Davidson-Ibarra
bound on the LG scale first discussed in Ref. [165]. More precise numerical calculation would
of course result in an improved constraint 13. Actually, a rather detailed analysis of the high-
scale thermal (non-resonant) LG scenario with three RH neutrinos performed in Refs. [143,151]
showed that, with flavour effects taken into account and mildly hierarchical heavy Majorana
neutrino masses, M2 ∼ 3M1, M3 ∼ 3M2, the Davidson-Ibarra bound can be relaxed and the
LG scale can be as low as M1 ∼ 106 GeV. Nevertheless, the scale remains too high to be tested
at present (if ever) at laboratories.

A unique possibility to have a significantly lower mass scale of LG is provided by the scenario
of resonant leptogenesis (RLG) [98–100, 176, 177, 182–185]. In this scenario, the generation of
the BAU is compatible with masses of the heavy Majorana neutrinos at the sub-TeV scales,
i.e. low-scales, making RLG testable, in principle, at colliders (LHC and/or future planned)
and/or at low-energy experiments (see, e.g., our works in Pubs. [II, III]). In the simplest case
with two heavy Majorana neutrinos N1,2, the resonant regime is realised if N1,2 form a pseudo-
Dirac pair 14 [187, 188] such that the splitting between their masses, ∆M ≡ M2 −M1 > 0, is
of the order of the N1,2 decay widths ΓN1,2 : ∆M/ΓN1,2 ∼ 0.5, which typically implies also that
∆M � M1,2. Under such condition, the CP-asymmetry receives an enhanced contribution
from the self-energy part (the diagram on the right in Fig. 1.1) with the exact form (see
further) depending on the ratio ∆M/ΓN1,2 rather than the mass scale, thus being free from the
Davidson-Ibarra bound.

In RLG the baryon asymmetry is produced exclusively by the CP-violating Nj and Higgs
decays mediated by the neutrino Yukawa couplings. We have re-visited this scenario using the
formalism of BEs most recently in Pub. [II], concentrating on the case of M1,2 . 100 GeV,
∆M � M1,2 (for earlier discussions see, e.g., Refs. [189, 190]). For such small mass scales, the
sphaleron decoupling happens when zsph ≡ M/Tsph . 1, M ≡ M1 ' M2, regime for which
thermal effects are important [57, 97, 164] and relevant, e.g., in activating kinematically the
Higgs decay into leptons and heavy neutrinos. Both the relevant 1 ↔ 2 heavy neutrinos and
Higgs direct and inverse decays, as well as 2 ↔ 2 scattering processes (involving quarks and

13Also, it has been demonstrated in Refs. [180,181] that one can use the Davidson-Ibarra bound to obtain an
upper limit on the scale of the light neutrino masses in the case of a QD spectrum.

14It was shown in Ref. [186] that, in this case, the radiative corrections to the light neutrino masses are
negligible.
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gauge fields), including flavour effects and thermal effects (thermal masses and soft collinear
processes involving gauge fields in the thermal plasma), were taken into account in Pub. [II].
The relevant systems of equations in this framework are the three-flavoured BEs with two heavy
neutrinos (2BE3F) and are given by (see, e.g., Refs. [57, 166, 191]) 15:

dNNj

dz
= −

(
Dj + St

j + Ss
j

)
(NNj

−N eq
Nj
), (2.59)

dN``

dz
=

∑
j

[
ε
(j)
`` Dj(NNj

−N eq
Nj
)−

(
WD

j +W t
j +

NNj

N eq
Nj

W s
j

)
pj`N``

]
. (2.60)

Here, z ≡ M/T and the quantities NNj
, N eq

Nj
, N`` and pj`, j = 1, 2, are defined as in the

previous Sec. 2.3.1 (it is straightforward to adapt the definitions in the case of a single heavy
neutrino N1 to the case of a pair N1,2). The other quantities Dj, St

j, Ss
j , WD

j , W t
j , W t

j and the
CP-asymmetry ε(j)`` in the resonant case are functions of z and defined in what follows.

The decay and scattering terms

The terms Dj and WD
j are due to the 1 ↔ 2 decays and inverse decays, while

St
j = 4

[
S
(gauge)
Atj

+ S
(quark)
Htj

]
, (2.61)

Ss
j = 2

[
S
(gauge)
Asj

+ S
(quark)
Hsj

]
, (2.62)

W t
j = 4

[
W

(gauge)
Atj

+W
(quark)
Htj

]
, (2.63)

W s
j = 2

[
W

(gauge)
Asj

+W
(quark)
Hsj

]
, (2.64)

account for scattering processes. The terms S(gauge)
Atj

(W (gauge)
Atj

) and S
(gauge)
Asj

(W (gauge)
Asj

) are con-
tributions respectively from t- and s-channel 2 ↔ 2 scattering processes (∆L = 1) involving
the SM gauge fields [164]. Similarly, S(quark)

Htj
(W (quark)

Htj
) and S(quark)

Hsj
(W (quark)

Hsj
) are contributions

from t- and s-channel 2 ↔ 2 scattering processes (∆L = 1) involving the top quark.
For the total contributions of the 2 ↔ 2 processes involving the SM gauge fields and the

top quark to the production of Nj and to the wash-out terms we get from Eqs. (2.61) - (2.64):

S
(gauge)
i = 4S

(gauge)
Atj

+ 2S
(gauge)
Asj

, (2.65)

S
(quark)
i = 4S

(quark)
Htj

+ 2D
(quark)
Hsj

, (2.66)

W
(gauge)
j = 4W

(gauge)
Atj

+ 2W
(gauge)
Asj

, (2.67)

W
(quark)
j = 4W

(quark)
Htj

+ 2W
(quark)
Hsj

. (2.68)

In Pub. [II] we took into account the thermal effects in the production of N1,2 in Eqs. (2.59)
and (2.60) using the results derived in Ref. [196] for Dj, S(gauge)

j and S(quark)
j in the relevant case

15These equations approximate the results of Refs. [192, 193] for RLG. The latter results should agree with
those of Ref. [194] to within a factor ∼ 2 [195] in the nearly degenerate mass regime considered in this analysis.
Also, in the mass range of interest to RLG at sub-TeV scales, the three lepton flavours are fully decoupled and
thus evolve independently from each other, so that a density matrix treatment for the flavour asymmetries is
not necessary.
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of relativistic N1,2. As was shown in Ref. [196], the indicated three contributions vary little
in the interval of temperatures of interest, T ∼ (100− 1000) GeV, and we have approximated
them as constants equal to their respective average values in this interval. Adapting the results
obtained in Ref. [196] to the set-up utilised by us in Pub. [II] we get:

Dj = 0.232
κj

z2K2(z)
, (2.69)

S
(quark)
j = 0.102

κj
z2K2(z)

, (2.70)

S
(gauge)
j = 0.218

κj
z2K2(z)

. (2.71)

where the parameter κj is as in Eq. (2.37), namely

κj =
m̃j

m∗
, (2.72)

where m̃j ≡ (Y †Y )jjv
2/(2Mj).

Using the generic relations for the wash-out terms (see, e.g., Eq. (2.39)),

WD
j =

2

3
DjN

eq
Nj
, (2.73)

W s, t
j =

2

3
Ss, t
j N eq

Nj
, (2.74)

we get:

WD
j = 0.058 κj, (2.75)

W
(quarks)
j = 0.0255 κj, (2.76)

W
(gauge)
j = 0.0545 κj. (2.77)

The sum of the three terms is compatible with the result obtained in Ref. [197].
We emphasise that Eqs. (2.69) - (2.71) and (2.75) - (2.77) are valid only for z < 1. Moreover,

as z2K2(z) ' 2 for z � 1, all the terms given in Eqs. (2.69) - (2.71) and (2.75) - (2.77) are
basically constant at z � 1. The behaviour at z > 1 is not relevant to baryogenesis via LG
when M ≤ 100 GeV, because the sphaleron conversion of the lepton asymmetry into the baryon
asymmetry stops at zsph < 1.

The CP-asymmetry and thermal effects

The CP-asymmetry, with the inclusion of thermal effects as in Ref. [189], and taking into
account the flavour effects, is given by [192, 193, 198]

ε
(j)
`` =

∑
j 6=k

sgn(Mk −Mj) Ijk,``
2x(0)γ(z)

4 Γ22

Γkk
(x(0) + xT (z))2 +

Γkk

Γ22
γ2(z)

, (2.78)

where

Ijk,`` =
=
[
Y ∗
`jY`k

(
Y †Y

)
jk

]
+ (Mj/Mk)=

[
Y ∗
`jY`k

(
Y †Y

)
kj

]
(Y †Y )jj (Y

†Y )kk
. (2.79)
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In Eq. (2.78) the quantity x(0) ≡ ∆M (0)/Γ22, ∆M (0) being the N2 −N1 mass splitting at zero
temperature 16. The term that multiplies sgn(Mk −Mj) Ijk,`` in Eq. (2.78) is due to heavy-
neutrino mixing effects. Thermal corrections to the N2 − N1 mass splitting, ∆MT , with the
total mass splitting given by ∆M = ∆M (0) + ∆MT , are relevant in the denominator of the
expression for ε(j)`` only and are accounted for by the term xT (z) [189]:

xT (z) ≡
∆MT (z)

Γ22

' π

4z2

√(
1− Γ11

Γ22

)2

+ 4
|Γ12|2
Γ2
22

, (2.80)

where Γjk ≡ (Y †Y )jk
√
MjMk/8π. The function γ(z) in Eq. (2.78) quantifies the thermal effects

to the N1,2 self-energy cut [189] and is determined by γ(z) ≡ 〈pµLµ/(pνq
ν)〉 , where p and q

are the charged lepton and heavy Majorana neutrino four-momenta respectively, L is defined
in Ref. [199] and the angular brackets indicate a thermal average.

The function γ(z) depends on the masses of the Higgs boson mH(T ), charged leptons m`(T )
and heavy Majorana neutrinos M1 'M2 =M (it does not depend on the mass splitting ∆M).
At T > TEW ' 160 GeV, TEW being the temperature at which the EWPT sets in [62], the
Universe is in the symmetric phase and the Higgs VEV is zero. The Higgs boson and the
charged leptons possess only thermal masses 17. For the charged lepton thermal masses we use
the expression given in Ref. [200]:

m`(T ) '
T

4

√
3 g2 + (g′)2 , (2.81)

where g = 0.65 and g′ = 0.35 (we can safely neglect the effects of the running). At T < TEW, the
Higgs VEV v(T ) grows approximately as (see, e.g., [62,189]): v2(T ) = (1−T 2/T 2

EW) v2Θ(TEW−
T ), where v ≡ v(T = 0) ' 246 GeV is the VEV value at zero temperature. Correspondingly,
the charged lepton mass m` receives a non-zero contribution m`(v(T )) in the interval Tsph ≤
T < TEW due to v(T ) 6= 0: m2

` = m2
`(v(T )) + m2

`(T ), ` = e, µ, τ . The EWPT contribution
under discussion m`(v(T )) is proportional to the zero temperature experimentally determined
mass m` of the charged lepton `: m`(v(T )) = m` v(T )/v. It is not difficult to convince oneself
that for T in the interval Tsph ≤ T < TEW one has m2

`(v(T )) � m2
`(T ). Thus, for T ≥ Tsph

of interest, the charged lepton masses are given by their thermal contributions specified in
Eq. (2.81).

For the Higgs mass mH(T ) we consider the results obtained from the thermal effective
potential given, e.g., in Refs. [201, 202], which takes into account the effects of the EWPT in
the interval of temperatures Tsph . T . TEW. The discussion of the behaviour of mH(T ) in the
interval of temperatures of interest is outside the scope of the present Thesis; it can be inferred
from the aforementioned EWPT effective potential. We give here only the expression for the
thermal contribution to the Higgs mass:

mtherm
H (T ) ' T

4

√
3 g2 + (g′)2 + 4h2t + 8λ . (2.82)

16The first term in the numerator of the expression in Eq. (2.79), as can be shown, is lepton number violating
(LNV), while the second term is lepton number conserving (LNC). Our numerical analyses in Pub. [II] showed
that, in the LG scenarios of interest, the dominant contribution in the generation of the baryon asymmetry
compatible with the observations is given by the LNV term, with the LNC term giving typically a subdominant
contribution; in certain specific cases the LNC contribution is of the order of, but never exceeds, the LNV one.

17The thermal corrections to the masses of the heavy Majorana neutrinos N1,2 are negligibly small [164,200].
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Here, ht and λ are the top Yukawa coupling and the Higgs quartic coupling, respectively. In
the numerical analysis of Pub. [II] we have used ht = 0.993 and λ = 0.129, which correspond
to the top and zero temperature Higgs masses of 172.76 GeV and 125 GeV, respectively, and
Higgs VEV of 246 GeV.

With the chosen values of the couplings we have

m`(T ) ' 0.296T , mH(T ) ' 0.632T . (2.83)

It is easy to check using m`(T ) and mH(T ) given in the preceding equation that for the values
of z lying approximately in the interval 0.34 . z . 0.93 the Higgs and heavy Majorana decay
processes are kinematically forbidden [189, 200]. For z . 0.34 the only allowed processes are
Higgs decays to heavy Majorana neutrinos and charged leptons, whereas at larger z & 0.93
only the heavy Majorana neutrino decays are allowed. This is reflected in the behaviour of the
function γ(z): for 0.34 . z . 0.93 one has γ(z) = 0. We find also that for z � 1, γ(z) ' 23.5
and for z � 1, γ(z) ' 1 [II].

For T > Tsph of interest, the charged lepton masses satisfy m`(T ) > 0.296Tsph ' 39 GeV.
This implies that in order for the decays of the heavy Majorana neutrinos N1,2 to be in principle
kinematically possible at T > Tsph, the masses of N1,2 must satisfy M1,2 > m`(Tsph) ' 39 GeV.
Taking into account also the Higgs mass leads obviously to a larger lower bound on M1,2 (see,
e.g., Ref. [189]).

We note further that in the interval of temperatures Tsph ≤ T < TEW, the thermal contri-
bution to the masses of the SM top quark, Higgs, W± and Z0 bosons are all of the order of g̃T ,
g̃ being one of the SM couplings g, g′, ht and λ, and that the contribution to these masses of
the non-zero temperature dependent Higgs vacuum expectation value v(T ), determined earlier,
is of the same order. At the same time, the momenta of the particles in the thermal bath
are of the order of πT and are much larger than the masses, so all the particles relevant for
our discussion are ultrarelativistic at the temperatures on interest [203]. This implies also, in
particular, that the expressions for the decay and scattering terms introduced in the preceding
subsection are valid actually for T ≥ Tsph ' 131.7 GeV.

When collinear emissions of soft gauge bosons, present in the thermal bath of the Universe
at the epoch of interest, are also included in the decay processes, the disallowed region dis-
cussed earlier becomes accessible to the Higgs decays due to the increased range of kinematic
possibilities [200]. In Pub. [II] we have estimated the effects of these emissions by adding an
interpolation of γ(z) across the “gap” interval 0.34 . z . 0.93 18. For a given value of M ,
the behaviour of γ(z) at z ≥ zsph (or at T ≤ Tsph) is not relevant and should be ignored since
the sphalerons decouple at Tsph. We note that, at high temperatures, γ(z) is sensitive to pre-
cise values of Higgs and charged lepton thermal masses. As we have indicated, the Higgs and
charged lepton thermal masses we have considered are in agreement with that of Ref. [200].

We finally stress that, in the absence of thermal effects, namely setting γ(z) = 1 and
xT (z) = 0, the second term in Eq. (2.78) is maximised for x(0) ' 0.5. This is the “resonant”
behaviour typical to the conventional RLG scenario without thermal corrections. However,
when thermal corrections are taken into account, it is not possible to choose one value of x(0)
for which we have resonance at all temperatures.

In the analysis presented in Pub. [II], performed after having implemented all the thermal
effects in the ULYSSES code, we have solved the relevant equations and scanned the parameter

18The effects of collinear emissions of soft gauge bosons are included also in the decay terms Dj and WD
j

given in Eqs. (2.69), (2.74) and (2.75), as discussed in the preceding section.
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space of viable RLG. We are going to discuss about the results of Pub. [II], namely the most
interesting features of such scenario and the possibilities to test it at low energy experiments,
in Chapter 4 and proceed further with a brief description of the unification of the discussed
RLG scenario with the framework of LG via oscillations.

2.3.3 Low-Scale Leptogenesis Including Oscillations
In Refs. [101, 102], the so-called “freeze-in” LG mechanism by which the lepton asymmetry
(translated into the present BAU via usual sphaleron processes) is generated through heavy
neutrino oscillations during the epoch when the heavy Majorana neutrinos Nj are being pro-
duced out-of-equilibrium by processes involving particles in the SM bath, was put forward. The
heavy neutrinos produced in this way, being interaction states, do not necessarily coincide with
the mass eigenstates and therefore can oscillate violating CP. This mechanism, referred to as
LG via (neutrino) oscillations, was extensively studied (see, e.g., Refs. [204–213] and references
quoted therein) and shown to be viable at scales even lower than that of successful RLG.

Usually, RLG and LG via neutrino oscillations were generically treated as separate in baryo-
genesis mechanisms. Only recently, the parameter space of the two scenarios was studied within
a unified framework in Ref. [161] (see also Ref. [162]) based on density matrix-like equations
(see, e.g., Refs. [214, 215] for a review of the formal treatments for RLG). The DMEs relevant
to this scenario are a sets of integro-differential equations for the phase-space density matrix
distributions of the heavy neutrinos. In principle, one should solve the equations for any given
momentum and then integrate the solution, but the equations can be solved numerically by
averaging over the momenta first, leading only to O(1) differences [162, 205, 212, 216]. The
resulting system of momentum-averaged DMEs corresponds to a set of semi-classical BEs de-
scribing the evolution of diagonal and off-diagonal elements of the density matrix of the heavy
neutrino states 19. It lies beyond the scope of this Thesis to introduce the cumbersome DMEs in
this context (see, e.g., Ref. [162] where the equations are given and discussed in great details).
It is sufficient to mention that these equations include the thermal effects (thermal masses and
soft processes), flavour effects, as well as contributions from 1 ↔ 2 decays and inverse decays,
2 ↔ 2 scattering processes, and heavy neutrino oscillations 20. The regime introduced in the
previous section within the BE formalism can be understood effectively as the united scenario
discussed in Ref. [161] in the limit of fast oscillations and strong wash-out effects [162], so that
the contributions from heavy neutrino oscillations to the generation of the BAU is efficiently
washed-out.

The unified treatment of low-scale LG was extended in Ref. [160] to the case of three
quasi-degenerate heavy Majorana neutrinos N1,2,3, with M1,2,3 ' M . In view of the results of
Ref. [160] for which LG is viable for masses in the range 10−1 .M/GeV . 7×104 and relatively
large (RV )`j couplings, reaching, e.g.,

∑
`j |(RV )`j|2 ∼ 5 × 10−2 for M ' 100GeV, we have

shown in Pub. [III] the potentiality of currently running and/or future low-energy experiments
on charged lepton flavour violating (cLFV) processes, such as µ→ eγ and µ→ eee decays, and
µ → e conversion in nuclei, to test this intriguing LG scenario. We will discuss in details our
findings in Chapter 4.

19The equations are analogous to those introduced in Sec. 2.3.1 in Eqs. (2.52) and (2.53) but the density
matrix is for the heavy neutrino states, not for the charged lepton flavour states, with the off-diagonal ele-
ments describing the oscillations between the heavy neutrino states. The flavour asymmetries can be treated
independently in this scenario since the flavour decoherence effects are not effective for M . 100TeV.

20The authors of Refs. [161,162] also split the contributions form different heavy neutrino helicities.
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CHAPTER 3

High-Scale Leptogenesis with Low-Energy Leptonic
CP-Violation

The simplest scenario of high-scale thermal LG typically necessitates relatively large heavy
Majorana neutrino masses and remains difficult to test directly at laboratories. Nevertheless,
there is the intriguing possibility to relate high-scale LG to low-energy observables when the
required CP-violation is provided only by the Dirac and/or Majorana phases of the PMNS
neutrino mixing matrix. This possibility has been explored in the literature already (see,
e.g., Ref. [143]). However, in the extensive study we presented in Pub. [I], we have analysed
in greater detail such scenario in the case of a strong hierarchy in the heavy neutrino mass
spectrum, covering a wide range of mass scales (from 108 to 1014 GeV) and making use of
the efficient and fast ULYSSES Python package [IV] to solve the relevant sets of equations (see
Appendix A for details on the code).

As already emphasised in Sec. 2.3.1, the classical BEs do not include the quantum flavour
decoherence effects and can be regarded as limiting cases of the DMEs, which instead do
account for these quantum contributions. Consequently, the BEs can be valid only in ranges
of temperatures for which either none, one or all the lepton flavours are fully decoherent, while
the DMEs can correctly describe the 1-to-2 and 2-to-3 flavour transitional regimes. In our work
of Pub. [I] we have compared the results obtained with both DMEs and BEs and highlighted
the main differences between the solutions to the different sets of equations. This comparison,
together with the detailed analysis of the behaviour of the baryon asymmetry in the transitional
regimes, led us to discover peculiar features of the LG scenarios of interest and to establish the
ranges of mass scales and values of the PMNS phases for having successful LG in the cases of
normal and inverted hierarchical light neutrino mass spectrum. In the subsequent sections, we
are going to illustrate in details the results of our work in Pub. [I].

Specifically, the present chapter is organised as follows. In Sec. 3.1 we discuss about the
peculiar baryon asymmetry sign change in the 1-to-2 and 2-to-3 flavour transitional regimes in
the case of three heavy Majorana neutrinos N1,2,3 with hierarchical masses, M1 � M2 � M3,
M1 & 108 GeV, as well as the general conditions under which the sign change takes place.
Next, we present a detailed analysis of the transitions between the different flavour regimes.
We dedicate Sec. 3.2 to the description of the results in the case of decoupled N3, in which
the number of parameters is significantly smaller than in the general case with three heavy
Majorana neutrinos. This analysis was mainly performed with the CP-violation necessary
for the generation of the baryon asymmetry provided solely by the low-energy Dirac or/and
Majorana phases present in the PMNS neutrino mixing matrix. We conclude in Sec. 3.3 with
a summary of our results. We remind that the sets of relevant equations used in our analysis

37



3.1. The Baryon Asymmetry Sign Change

were introduced in Sec. 2.3.1 of this Thesis, where we have also described in details the flavour
decoherence effects and different flavour regimes.

3.1 The Baryon Asymmetry Sign Change
We first consider two-flavoured LG in the case of three heavy Majorana neutrinos N1,2,3 with
hierarchical masses, M1 � M2 � M3, M1 & 108 GeV. In this case, generically, only the
CPV decays of the lighter Majorana neutrino N1 contribute to the generation of a lepton
asymmetry, which is converted into a baryon asymmetry by the sphaleron effects. In the two-
flavoured regime, the DMEs introduced in Sec. 2.3.1 describing the evolution of the number
of N1 in a comoving volume, NN1 , and of the CPV asymmetries in the lepton charges Lτ and
Lτ⊥ = Le+µ = Le + Lµ have the following form:

dNN1

dz
= −D1(NN1 −N eq

N1
) , (3.1)

dNττ

dz
= ε(1)ττD1(NN1 −N eq

N1
)−W1 (p1τNττ + < [C1τ⊥C

∗
1τNττ⊥ ]) , (3.2)

dNτ⊥τ⊥

dz
= ε

(1)

τ⊥τ⊥
D1(NN1 −N eq

N1
)−W1 (p1τ⊥Nτ⊥τ⊥ + < [C1τ⊥C

∗
1τNττ⊥ ]) , (3.3)

dNττ⊥

dz
= ε

(1)

ττ⊥
D1(NN1 −N eq

N1
)− 1

2
W1 (Nττ⊥ + C1τC

∗
1τ⊥NB−L)−

Γτ

Hz
Nττ⊥ . (3.4)

The B − L asymmetry is given by NB−L = Nττ +Nτ⊥τ⊥ . We find that (see Appendix B):

NB−L(zf ) = N1BE1F
B−L (zf ) +Ndecoh

B−L (zf ) (3.5)

where
N1BE1F

B−L (z) ≡
∫ z

z0

e−
∫ zf

z′ W1(z′′)dz′′ε(1)D1(z
′)(NN1(z

′)−N eq
N1
(z′)) dz′ , (3.6)

Ndecoh
B−L (z) ≡

∫ z

z0

e−
∫ zf

z′ W1(z′′)dz′′W1(z
′)λ(z′) dz′ , (3.7)

with z0 corresponding to the beginning of LG, which we have set to z0 = 10−3 in all our
numerical calculations, and

λ(z) ≡ 2

∫ z

z0

<
[
C∗

1τC1τ⊥Nττ⊥(z
′)

Γτ

Hz′

]
dz′ . (3.8)

The term N1BE1F
B−L is the solution to the 1BE1F set of equations and vanishes if the CP-

violation in LG is due only to the physical Dirac and/or Majorana CPV phases in the PMNS
matrix, since in that case [141] ε(1) = ε

(1)
ττ + ε

(1)

τ⊥τ⊥
= ε

(1)
ττ + ε

(1)
ee + ε

(1)
µµ = 0. The term Ndecoh

B−L

incorporates the decoherence effects and one can have Ndecoh
B−L > (�) N1BE1F

B−L . As was shown
in Ref. [143], Ndecoh

B−L can be the only source of lepton asymmetry if the CP-violation in LG is
provided exclusively by the physical CPV phases in the PMNS matrix. In the discussion that
follows we focus on this case.

The factor Λτ ≡ Γτ/(Hz) = const./M1 and can be taken out of the integration in (3.8). In
the high-scale regime (M & 1012 GeV) we can work in the limit of Λτ → 0 and neglect all the
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terms of order O(Λ2
τ ) in the lepton asymmetry. Since in our case Ndecoh

B−L is the only source of
lepton asymmetry, at M1 & 1012 GeV we have NB−L = Ndecoh

B−L = O(Λτ ). Solving Eq. (3.4) at
zero order in Λτ

1 with the integrating factor method we find:

Nττ⊥(z) =

∫ z

z0

e−
1
2

∫ z
z′ W1(z′′) dz′′ε

(1)

ττ⊥
D1(NN1 −N eq

N1
) dz′ +O(Λτ ) . (3.9)

Inserting this result in Eq. (3.8) we get:

λ(z) = ΛτI1(κ1; z)(p1τ⊥ε
(1)
ττ + p1τε

(1)

τ⊥τ⊥
) +O(Λ2

τ ), (3.10)

where
I1(κ1; z) ≡

∫ z

z0

dz′
∫ z′

z0

dz′′e
− 1

2

∫ z′
z0

W1(z̃) dz̃D1(z
′′)(NN1(z

′′)−N eq
N1
(z′′)) , (3.11)

and we have used the relation 2<[C∗
1τC1τ⊥εττ⊥ ] = p1τ⊥ε

(1)
ττ + p1τ ε

(1)

τ⊥τ⊥
(see Appendix B for a

derivation of this relation). To leading order in Λτ the final asymmetry reads:

NB−L(zf ) = ΛτI2(κ1; zf )(p1τ⊥ε
(1)
ττ + p1τε

(1)

τ⊥τ⊥
) +O(Λ2

τ ), (3.12)

where p1τ⊥ε
(1)
ττ + p1τε

(1)

τ⊥τ⊥
= (1− 2p1τ )ε

(1)
ττ and

I2(κ1; z) ≡
∫ z

z0

e
−

∫ z
z0

W1(z̃) dz̃W1(z
′)I1(κ1; z

′) dz′ . (3.13)

Since ε(1) ∝M1 and Λτ ∝ 1/M1, the asymmetry given by Eq. (3.12) is constant with the mass
scale M1. Thus, when the CP-violation is provided by the CPV phases of the PMNS matrix, at
M1 > 1012 GeV there should exist an interval of values of M1 in which the baryon asymmetry
ηB is constant, i.e., does not change with M1. Indeed, the numerical solutions of the DMEs
show the existence of a plateau at values of M1 > 1012 GeV [143], as is illustrated in Fig. 3.1,
right panels.

We note that if the CP-violation in LG is due to the Casas-Ibarra matrix O, and thus
ε(1) 6= 0, N1BE1F

B−L ∝ M1 eventually starts to dominate over Ndecoh
B−L as M1 increases, recovering

the single-flavour approximation as is clearly seen in Fig. 3.1, left panels.
As M1 decreases from M1 ∼ 1012 GeV, Λτ increases and the solution of DMEs approaches

the solution of the 1BE2F sets of equations in Eqs. (2.42) to (2.44), which we denote by N1BE2F
B−L .

In the mass range of 109 .M1/GeV . 1012, the asymmetry is approximately given by N1BE2F
B−L .

However, the transition at M ∼ 1012 GeV may take place with a sudden sign change of the
baryon asymmetry, as Fig. 3.1 shows. The sign change can happen if the solution given in
Eq. (3.12) has a different sign with respect to the solution N1BE2F

B−L
2. As Fig. 1 also indicates,

we can have ηB > 0 either at M1 & 1012 GeV or at M1 . 1012 GeV. More generally, if we denote
by M10 the value of M1 at which ηB = 0, we can have ηB > 0 and viable LG for certain values
of M1 lying either in the interval M1 > M10 or in the interval M1 < M10. Because of the change

1The term ∝ NB−L in Eq. (3.4) can be neglected since for ε(1) = 0 it leads to correction O(Λ2
τ ) in the

asymmetry.
2A sign change of ηB can occur also at M1 ∼ 109 GeV, where the transition between the two-flavour and

three-flavour regimes takes place. If ε(1) 6= 0, another sign change can occur at a mass scale M1 & 1012 GeV
when N1BE1F

B−L starts dominating over Ndecoh
B−L . However, investigating the conditions under which these sign

changes of ηB take place is beyond the scope of our work.
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3.1. The Baryon Asymmetry Sign Change

Figure 3.1. The baryon asymmetry |ηB| as a function of the mass scale M1 calculated with
DMEs (blue curve), and single-, two- and three-flavoured Boltzmann equations 1BE1F (orange
dotted line), 1BE2F (green dashed line) and 1BE3F (red dash-dotted line). The solid (dashed)
blue curve corresponds to ηB > 0 (ηB < 0), while the dotted blue curve is obtained for Λµ = 0.
The lightest neutrino and the heavy Majorana neutrino masses, the Dirac and Majorana CPV
phases and Casas-Ibarra parameters are set to: m1 = 0.0159 eV, M3 = 5M2 = 50M1, δ = 228◦,
α21 = 200◦, α31 = 175◦, x1 = −/ + 10◦, x2 = −/ + 20◦, x3 = −/ + 10◦ in the top/bottom
panels and y1 = y2 = 0 and y3 = 30◦/0 in the left/right panels, respectively. In the top-right
and bottom-right panels the CP-violation is due only to the CPV phases in the PMNS matrix
(y1,2,3 = 0), i.e. ε(1) = 0, and the corresponding 1BE1F solution vanishes at any mass scale. The
horizontal (vertical) grey (black) line corresponds to the observed value of ηB (to M1 = 1012

GeV).
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3 High-Scale Leptogenesis with Low-Energy Leptonic CP-Violation

of the sign of ηB, there is the possibility of finding the predicted |ηB| equal to the observed
value of the baryon asymmetry but ηB having the wrong (negative) sign and so no successful
LG (Fig.3.1, bottom-left panel). In view of this, it is of crucial importance to understand the
conditions under which ηB changes sign as well as what determines the value(s) of M1 at which
ηB = 0.

We discuss in the next subsections the circumstances under which the sign change of ηB
can take place in the cases of strong and weak wash-out regimes, for which κ1 � 1 and κ1 �
1, respectively. We concentrate on the physically interesting possibility of the requisite CP-
violation provided only by the Dirac and/or Majorana CPV phases of the PMNS matrix, which
leads also to the existence of a the plateau at M1 > 1012 GeV where to a good approximation
ηB does not depend on M1.

3.1.1 Strong Wash-Out Regime
In the strong wash-out regime the solution to the 1BE2F does not depend on the initial con-
ditions since any initially generated asymmetry is erased by the strong wash-out processes.
A sufficiently accurate analytic expression of the solution to the 1BE2F, valid in the strong
wash-out regime, is given by (see Appendix C.1):

N1BE2F
B−L (zf ) '

2N eq
N1
(0)

κ1zd(κ1)

p1τ⊥ε
(1)
ττ + p1τ ε

(1)

τ⊥τ⊥

p1τp1τ⊥
=

2N eq
N1
(0)

κ1zd(κ1)

(1− 2p1τ )ε
(1)
ττ

p1τ (1− p1τ )
. (3.14)

Since p1τ (1 − p1τ ) > 0, a difference in sign between the solution N1BE2F
B−L (zf ) given above and

the solution of Eq. (3.12) occurs when I2(κ1; zf ) is negative. We show in Fig. 3.2 the behaviour
of I2(κ1; zf ) for zf = 1000 computed numerically with the ULYSSES Python package [IV] from
Eq. (3.13) 3 in the cases of vanishing initial abundance (VIA) of N1, NN1(z0) = 0, and thermal
initial abundance (TIA) of N1, NN1(z0) = N eq

N1
(z0). As follows from the behaviour of I2(κ1; zf )

shown in Fig. 3.2, a sign change of ηB at M1 ∼ 1012 GeV in the strong wash-out regime always
happens for VIA, but never for TIA.

3.1.2 Weak Wash-Out Regime
In the weak wash-out regime we need to consider separately the cases of the two different initial
conditions – VIA (NN1(z0) = 0) and TIA (NN1(z0) = N eq

N1
(z0)).

Vanishing Initial Abundance

In the VIA case the asymmetry of interest in the two-flavoured LG reads (see Appendix C.2):

N1BE2F
B−L (zf ) =

81π2

1024N eq
`

κ21(ε
(1)
ττ p1τ + ε

(1)

τ⊥τ⊥
p1τ⊥)

= − 81π2

1024N eq
`

κ21ε
(1)
ττ (p1τ⊥ − p1τ ).

(3.15)

3We recall that NB−L(z), and therefore also I2(κ1; z), is frozen and kept constant after the wash-out processes
become ineffective at zd(κ1) � zf .
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Figure 3.2. The dependence of the function I2(κ1; zf ) (defined in Eq. (3.13)) on κ1, computed
numerically at zf = 1000 in the cases of VIA (blue) and TIA (orange) initial abundances of
N1. Note that in the strong wash-out regime in the VIA case for k & 10 we have to a good
approximation I2 ≈ −0.13 – the value marked by the horizontal grey line. See the text for
further details.

where to get the last equation we have used the fact that ε(1) = ε
(1)
ττ + ε

(1)

τ⊥τ⊥
= 0. Using this

condition also in Eq. (3.12) we find:

NB−L(zf ) = ΛτI2(κ1; zf )ε
(1)
ττ (p1τ⊥ − p1τ ) +O(Λ2

τ ). (3.16)

It is then clear from the comparison of the last two equations that I2(κ1; zf ) needs to be positive
in order for a sign change of ηB to occur at M1 ∼ 1012 GeV. Since, as shown in Fig. 3.2, I2(κ1; zf )
is always negative if NN1(z0) = 0, the transition at M ∼ 1012 GeV in the weak wash-out regime
in the VIA case always takes place without a sign change.

Thermal Initial Abundance

In the case of TIA, for which NN1(z0) = N eq
N1
(z0), and CP-violation due only to the CPV phases

in the PMNS matrix, the asymmetry of interest in the two-flavoured LG is described by the
following analytic expression (see Appendix C.2):

N1BE2F
B−L (zf ) = ε(1)ττ (p1τ⊥ − p1τ )A(κ1; zf ), (3.17)

where
A(κ1; z) ≡

∫ z

zD

dz′D1(z
′)NN1(z

′)

∫ z

z′
dz′′W1(z

′′) dz′ > 0. (3.18)

The comparison of (3.17) with Eq. (3.16) tells us that no sign change of ηB should occur at the
1-to-2 flavour transition also in this case, given the fact that I2(κ1; zf ) is always positive for
TIA.
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3 High-Scale Leptogenesis with Low-Energy Leptonic CP-Violation

3.1.3 Transitions Between Different Flavour Regimes: Detailed Anal-
ysis

The discussion and the results obtained in the preceding subsections led to the important con-
clusion that we should expect a sign change of the baryon asymmetry at the transition between
the single- and two-flavoured LG in the case of VIA and strong wash-out regime of baryon
asymmetry generation. However, certain important points could not be addressed within the
approach used in the discussion leading to this conclusion. For example, the intermediate cases
in which the asymmetries in different flavours Nττ and Nτ⊥τ⊥ are generated in different wash-out
regimes – strong and weak – could not and have not been considered. The analysis performed
by us also does not allow to determine the mass scale M10 at which ηB = 0 and the transi-
tion between the two different flavour regimes considered takes place. Clearly, having different
wash-out regimes for the different flavour asymmetries and having a value of M10 which differs
significantly from ∼ 1012 GeV, might be possible, in principle, for choices of the parameters,
namely the O-matrix angles x1 + iy1, x2 + iy2, x3 + iy3, the PMNS phases δ, α21, α31 and the
mass of the lightest neutrino m1, which differ from the choices considered by us. To address,
in particular, the aforementioned points, we consider an alternative approach to the problem
of interest.

We start from the following equation for NB−L in the case of ε(1) = 0 (a detailed derivation
of this equation is provided in Appendix B), which is valid as long as M1 & 109 GeV where Λµ

can be safely neglected:
dNB−L

dz
= −W1(z) (NB−L(z)− λ(z)) . (3.19)

The functions W1(z) and λ(z) are given in Eqs. (2.39) and (3.8), respectively. Within this
apparently simple equation for NB−L, we have encoded all the complications due to the deco-
herence effects on the system in the term W1 λ, which, in particular, contains both a source
and a wash-out term, as will be clarified later on. The term W1NB−L is the usual wash-out
term which tends to cancel any initially generated asymmetry.

Taking into account the expression for Nττ⊥ given in Eq. (B.10) of Appendix B, the function
λ(z) can be cast in the form:

λ(z) =Λτ ε
(1)
ττ (p1τ⊥ − p1τ )

∫ z

z0

dz′
∫ z′

z0

dz′′D1(z
′′)(NN1(z

′′)−N eq
N1
(z′′))e−Λτ (z′−z′′)e−

1
2

∫ z′
z′′ dz̃ W1(z̃)

− Λτp1τp1τ⊥

∫ z

z0

dz′
∫ z′

z0

dz′′W1(z
′′)NB−L(z

′′)e−Λτ (z′−z′′)e−
1
2

∫ z′
z′′ dz̃ W1(z̃).

(3.20)

The first term in this expression for λ(z) is the only source of B − L asymmetry, while the
second is an integrated wash-out term. In the limit of Λτ → 0, i.e., for M � 1012 GeV, the
first term scales as Λτ , while the second term scales as Λ2

τ and can be neglected. We note also
that the integrated wash-out term can be suppressed by a small value of p1τp1τ⊥ as well. Given
that the source term is proportional to Λτ ε

(1)
ττ (p1τ⊥ − p1τ ), also the B − L asymmetry will be

proportional to it at any z:

NB−L(z) ≡ Λτ ε
(1)
ττ (p1τ⊥ − p1τ )ÑB−L(z), (3.21)
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where ÑB−L can only depend, apart from z, on κ1, Λτ and p1τ (through the product p1τp1τ⊥).
This means that the function λ(z) can be written as:

λ(z) = Λτ ε
(1)
ττ (p1τ⊥ − p1τ )S(p1τ , κ1,Λτ ; z) , (3.22)

with

S(p1τ , κ1,Λτ ; z) ≡
∫ z

z0

dz′
∫ z′

z0

dz′′D1(z
′′)(NN1(z

′′)−N eq
N1
(z′′))e−Λτ (z′−z′′)e−

1
2

∫ z′
z′′ dz̃ W1(z̃)

− Λτp1τ (1− p1τ )

∫ z

z0

dz′
∫ z′

z0

dz′′W1(z
′′)ÑB−L(z

′′)e−Λτ (z′−z′′)e−
1
2

∫ z′
z′′ dz̃ W1(z̃).

(3.23)

It follows from Eqs. (3.19) – (3.23) that in the VIA case of interest we have:

ÑB−L(zf ) =

∫ zf

z0

W1(z)S(p1τ , κ1,Λτ ; z) e
−

∫ zf
z W1(z′) dz′ dz. (3.24)

The last equation, combined with Eq. (3.21), cannot be used to compute the final asymmetry
because inside S a dependence on ÑB−L is “hidden”. However, it is clear from the last expression
and Eqs. (3.21) and (3.22) that, given the signs of ε(1)ττ and of (p1τ⊥ −p1τ ) = (1−2 p1τ ), the sign
of the asymmetry NB−L depends on the sign evolution of S. We therefore analyse the behaviour
of the function S to better understand the sign change at the 1-to-2 flavour transition. We
construct the function S by first solving numerically the full set of DMEs with the ULYSSES
Python package [IV] and then we compute explicitly S using the definition of λ(z) in Eq. (3.8)
together with Eqs. (3.22) and (B.9) 4.

We consider the case of heavy Majorana neutrinos having a vanishing initial abundance
(VIA), i.e., NN1(z0) = 0. At the beginning of LG at z > z0, but z relatively close to z0, both
the term involving NN1(z

′′) and the integrated wash-out term in Eq. (3.23) are much smaller
than the term involving N eq

N1
(z′′) 5, so that S starts its evolution with a negative sign. As z

increases, S receives contributions from both terms in Eq. (3.23). At values of z > zeq, where
zeq corresponds to the time of evolution at which NN1 = N eq

N1
, we have, as our numerical analysis

shows, NN1(z) − N eq
N1
(z) > 0. As z increases, the source term in Eq. (3.23) goes through zero

and becomes positive. Let us call z̃Λ the value of z at which S = 0, so that at z < z̃Λ (z > z̃Λ)
we have S < 0 (S > 0).

It should be clear from Eq. (3.24) that for z < z̃Λ, ÑB−L < 0 and therefore also the second
(integrated wash-out) term in Eq. (3.23) is positive. However, it is significantly smaller than
the absolute value of the negative source term involving N eq

N1
. At z = z̃Λ, this negative term

is compensated by the sum of the source term involving N eq
N1
(z′′) and the integrated wash-out

term. At z > z̃Λ, S is positive and remains so as z increases.
In the TIA case, as our numerical analysis shows, z̃Λ does not exist since, in particular,

NN1(z) > N eq
N1
(z) for z > z0 and correspondingly the function S has a positive sign for the

entire period of LG. This explains why no sign change can be present in the TIA case, as proven
in the previous section. In what follows we focus our discussion on the VIA case only.

4More specifically, the ULYSSES Python code allows to calculate numerically NB−L, Nττ⊥ and λ(z), which
then can be used to obtain S.

5The integrated wash-out term is negligible because both W1(z
′′) and ÑB−L(z

′′) are strongly suppressed.
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If, in the VIA case, the B − L asymmetry is frozen at zf < z̃Λ, then, as we have discussed,
S < 0 and therefore ÑB−L(zf ) < 0 (see Eq. (3.24)). Thus, we can have ÑB−L(zf ) > 0 only if
zf > z̃Λ.

To highlight this behaviour we focus on the strong wash-out regime. Suppose that κ1 � 1,
so that there exist two moments zin and zout for which W1(zin < z < zout) & 1. Then, for
zin < z < zout to a good approximation we have dNB−L/dz ∼= 0 6 (see, e.g., Ref. [217]), and
following the same steps as in Appendix C, from Eq. (3.19) we get:

NB−L(z) ' λ(z). (3.25)

After zout the asymmetry gets frozen so that:

NB−L(∞) ' λ(zout). (3.26)

Hence, as follows from Eq. (3.22), the sign of the final asymmetry reads:

sgn(NB−L(∞)) =

−sgn(ε(1)ττ )sgn(p1τ⊥ − p1τ ) , if zout < z̃Λ (S < 0) ;

sgn(ε(1)ττ )sgn(p1τ⊥ − p1τ ) , if zout > z̃Λ (S > 0) .
. (3.27)

At zout = z̃Λ we have S = 0 and therefore NB−L(∞) = 0. Analytic expression for both zin and
zout are given in Ref. [97]:

zin(κ1) '
2

√
κ1
, zout ' 1.25 log(25κ1) . (3.28)

In the weak wash-out regime the analysis is more complicated as the asymmetry may freeze
at zf 6= zout and we do not have any analytic expression for this case. However, on the basis of
the numerical analysis we did, we expect LG to end at zf smaller than a few tens.

We note that z̃Λ depends only on p1τ , κ1 and Λτ , i.e. z̃Λ = z̃Λ (p1τ , κ1,Λτ ). If we neglect the
weak dependence on the mass scale M1 of κ1, which comes from the loop contribution to the
light neutrino masses [151], the only dependence of z̃Λ on M1 is inside Λτ ∝ 1/M1. Therefore
we have z̃Λ ' z̃Λ (p1τ , κ1,M1). In addition, in the limit of Λτ → 0, i.e., at M1 � 1012 GeV,
the integrated wash-out term – the second term in Eq. (3.23) – can be neglected so that the
dependence of S, and therefore of z̃Λ, on p1τ drops off, i.e., z̃Λ ' z̃Λ(κ1,M1). In terms of the
Casas-Ibarra parametrisation this means that z̃Λ does not depend on the PMNS phases. As
the mass scale M1 decreases, the integrated wash-out term becomes non-negligible activating a
dependence on the PMNS phases through the product p1τp1τ⊥ .

In the general case of three heavy Majorana neutrinos having non-degenerate but also non-
hierarchical masses (e.g., M3 = 3M2, M2 = 3M1), the discussion is rather complicated due
to the large number of parameters present in the Casas-Ibarra parametrisation. To make the
discussion the most transparent as possible, we have considered the case of decoupled N3, in
which the number of parameters is significantly smaller than in the general case. We discuss
the results in this case in the next section.

6We have checked numerically that dNB−L/dz ∼= 0 is indeed a sufficiently good approximation within the
analysis performed by us.
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3.2 The Case of Decoupled N3

In the case of decoupled heavy Majorana neutrino N3 (M1 �M2 �M3), the lightest neutrino,
as is well known, is massless at tree and one loop level, i.e., m1

∼= 0 (m3
∼= 0), and the

light neutrino mass spectrum is normal (inverted) hierarchical, denoted as NH (IH). The set of
parameters relevant for our discussion includes: the masses of the two heavy Majorana neutrinos
M1 and M2; the three CPV phases δ, α21, α31 of the PMNS matrix; the real and imaginary
parts x and y of the complex angle of the Casas-Ibarra orthogonal O-matrix. The O-matrix
for the NH and IH light neutrino mass spectra of interest has the form given in Eqs. (2.26) and
(2.27). In what follows we will illustrate the results in the case of hierarchical mass spectrum
of the two heavy Majorana neutrinos, M1 �M2. In particular, for numerical purposes, we fix
M2 = 10M1.

3.2.1 Low-Energy CP-Violation

We are interested in the scenario of LG in which the CP-violation is due exclusively to the
low-energy CPV phases present in the PMNS matrix. Correspondingly, we should avoid con-
tributions to CP-violation in LG associated with the O-matrix. To satisfy this requirement we
can [141] either set i) y = 0 and x 6= 0, which corresponds to a real O-matrix; or 2) x = kπ,
k = 0, 1, 2, and y 6= 0, so that in the case of NH (IH) spectrum the product O12O13 (O11O12)
of the O-matrix elements (see Eqs. (2.26) and (2.27)), which enters into the expression for the
CP-asymmetry ε(1)ττ , is purely imaginary.

We first report the expressions for κ1, p1τ and ε
(1)
ττ in the NH case for y = 0 (real O12O13),

relevant for our further analysis:

k1 =
1

m∗

f−1(M1)

M1

(
m2 cos

2 x+m3 sin
2 x
)
, (3.29)

p1τ =
m2|Uτ2|2 cos2 x+m3|Uτ3|2 sin2 x+

√
m2m3< (U∗

τ2Uτ3) sin 2x

m2 cos2 x+m3 sin
2 x

, (3.30)

ε(1)ττ =
3M1

16πv2
f−1(M2)

M2

√
m2m3(m3 −m2) sin 2x

m2 cos2 x+m3 sin
2 x

= (U∗
τ2Uτ3) +O

(
M1

M2

)
, (3.31)

where m∗ and f(M1,2) are defined in Eqs. (2.38) and (2.16). The corresponding expressions for
the IH spectrum can formally be obtained from those given above by changing m2(3) → m1(2)

and Uτ2(τ3) → Uτ1(τ2).
For the M1 and M2 mass ranges we are going to consider, namely M1 = (109 − 1013) GeV,

M2 = 10M1, the factors f−1(M1)/M1 and f−1(M2)/M2 in the expressions for k1 and ε
(1)
ττ vary

slowly in the intervals 1.16 − 1.27 and 1.19 − 1.30, respectively, increasing from the minimal
values as M1 and M2 increase.

The combinations of the PMNS entries that appear in equations (3.29) - (3.31) are given
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by:

|Uτ1|2 = s212s
2
23 + c212c

2
23s

2
13 − 2s12c12s23c23s13 cos δ , (3.32)

|Uτ2|2 = c212s
2
23 + s212c

2
23s

2
13 + 2s12c12s23c23s13 cos δ , (3.33)

|Uτ3|2 = c223c
2
13 , (3.34)

= (U∗
τ2Uτ3) = c23c13

[
c12s23 sin

(
α21 − α31

2

)
+ s12c23s13 sin

(
α21 − α31

2
+ δ

)]
, (3.35)

< (U∗
τ2Uτ3) = −c23c13

[
c12s23 cos

(
α21 − α31

2

)
+ s12c23s13 cos

(
α21 − α31

2
+ δ

)]
,(3.36)

= (U∗
τ1Uτ2) = − s12c12

(
s223 − c223s

2
13

)
sin
(α21

2

)
+

− s23c23s13

[
c212 sin

(
δ − α21

2

)
+ s212 sin

(α21

2
+ δ
)]

,

(3.37)

< (U∗
τ1Uτ2) = − s12c12

(
s223 − c223s

2
13

)
cos
(α21

2

)
+ s23c23s13

[
c212 cos

(
δ − α21

2

)
− s212 cos

(α21

2
+ δ
)]

.

(3.38)

In the NH (IH) case, only the Majorana CPV phase difference (phase) α21 − α31 (α21) is
physically relevant 7. We note also that the dependence on δ is always suppressed by sin θ13.
Thus, for the NH (IH) neutrino mass spectrum z̃Λ is predominantly a function of the Majorana
phase α23 (α21), of the real part of the O-matrix angle x and of the mass scale M1, exhibiting
also subleading dependence on δ.

For the CP-conserving values of the Dirac and Majorana phases, δ = 0, π, α21 = k21π and
α31 = k31π, k21 = 0, 1, 2, ..., k31 = 0, 1, 2, ..., with α23 6= ±2nπ (α21 6= 2nπ), n = 0, 1, 2, in the
NH (IH) case, and real values of the elements of the O-matrix, x 6= 0, y = 0, the CP-symmetry
is nevertheless violated in LG due to the interplay of the CP-conserving PMNS and real O
matrices [141] and ε

(1)
ττ 6= 0, as also follows from Eqs. (3.31), (3.35) and (3.37).

We present graphically in Fig. 3.3 the dependence of the decay parameter κ1 on x for NH
and IH neutrino mass spectra when y = 0. As Fig. 3.3 shows, in both the NH and IH cases LG
occurs in the strong wash-out regime, i.e., κ1 � 1 for any choice of x. We can therefore rely
on Eq. (3.27) to study the change of sign of ηB in the 1-to-2 flavour transition when y = 0 and
x 6= 0.

For y = 0 and x 6= 0, i.e., for real elements of the O-matrix, the final baryon asymmetry
ηB is always suppressed in the IH case with respect to that in the NH case [141]. This is a
consequence of the fact that the CP-asymmetry ε

(1)
ττ in the NH and IH cases, ε(NH) and ε(IH),

are proportional respectively to m3 − m2 and m2 − m1 (see Eq. (3.31) and the subsequent
discussion), m3,2 ≡ m3,2(NH) and m2,1 ≡ m2,1(IH) being the corresponding light neutrino
masses of the two spectra (see Sec. 2.1), so that∣∣ε(IH)

∣∣
|ε(NH)|

∝ 1

2

(
∆m2

21

∆m2
atm

)3/4

≈ 1

30
. (3.39)

As a consequence, it is impossible to have viable LG for IH neutrino mass spectrum with
CP-violation provided only by the CPV phases in the PMNS matrix and real O-matrix for

7We will call the Majorana phase difference α23 simply “Majorana phase” and will denote it as α23 in what
follows.
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Figure 3.3. The decay parameter κ1 versus x for NH (blue) and IH (orange) light neutrino
mass spectra with real O-matrix, i.e., y = 0. As the figure shows, κ1 � 1, meaning that LG
occurs always in the strong wash-out regime. The figure illustrates also the periodicity of π in
the κ1 dependence on x. The top panel illustrates the small oscillations of the IH curve.

M1 . 1013 GeV. The suppression can be avoided in the considered scenario if the product
O11O12 of the O-matrix elements is purely imaginary [141], i.e., if x = kπ, k = 0, 1, 2, and
y 6= 0. Under the conditions x = kπ and y 6= 0, the expressions for κ1, p1τ and ε

(1)
ττ in the IH

case take the form:

k1 =
1

m∗

f−1(M1)

M1

(
m1 cosh

2 y +m2 sinh
2 y
)
, (3.40)

p1τ =
m1|Uτ1|2 cosh2 y +m2|Uτ2|2 sinh2 y −√

m1m2= (U∗
τ1Uτ2) sinh 2y

m1 cosh
2 y +m2 sinh

2 y
, (3.41)

ε(1)ττ = − 3M1

16πv2
f−1(M2)

M2

√
m1m2(m2 +m1) sinh 2y

m1 cosh
2 y +m2 sinh

2 y
< (U∗

τ1Uτ2) +O
(
M1

M2

)
. (3.42)

The corresponding expressions for the NH spectrum can formally be obtained from those given
above by changing m1(2) → m2(3) and Uτ1(τ2) → Uτ2(τ3).

The suppression of ηB in the IH case is now avoided due to the presence of the factor
(m1 +m2) in the CPV-asymmetry ε(1)ττ .

For x = kπ, k = 0, 1, 2, and y 6= 0, the strong wash-out condition κ1 � 1 is always satisfied,
as is shown in Fig. 3.4. Thus, also in this case we can rely on Eq. (3.27) to discuss the the sign
change of ηB at the 1-to-2 flavour transition.

For the O-matrix corresponding to the NH (IH) spectrum with elements O12 and O13 (O11

and O12) whose product is purely imaginary, i.e., x = kπ and y 6= 0, CP can also be violated
in LG due to the interplay between the O-matrix and the CP-conserving PMNS matrix [141].
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Figure 3.4. The decay parameter κ1 as a function of y for NH (blue) and IH (orange) light
neutrino mass spectra in the case of purely imaginary product O12O13 (O11O12), i.e., x = 0, π, ...
. As the figure shows, κ1 � 1, meaning that LG always takes place in the strong wash-out
regime.

This possibility is realised for the CP-conserving values of the Dirac and Majorana phases,
δ = 0, π, α21 = k21π and α31 = k31π, k21 = 0, 1, 2, ..., k31 = 0, 1, 2, ..., with α23 6= ±(2n + 1)π

(α21 6= (2n + 1)π), n = 0, 1, in the NH (IH) case. Under these conditions we have ε(1)ττ 6= 0, as
also follows from Eqs. (3.42), (3.36) and (3.38).

Given that the asymmetry ηB is approximately constant in the plateau region at M1 &
3 × 1012 GeV and decreases with the mass scale (see, e.g., Fig. 3.1 and the discussion in Sec.
3.1), the condition ensuring that ηB is greater than or equal to the present BAU corresponds
to the region of the parameter space for which we can have successful LG at M1 & 3 × 1012

GeV. Using Eqs. (1.6), (2.57) and (3.12), together with the fact that I2(k1; zf ) ≈ −0.13 in the
strong wash-out regime in the VIA case (see Fig. 3.2), we get for the condition of interest:

ηB = − 0.13
cs
27

Λτ ε
(1)
ττ (1− 2p1τ ) & 6.1× 10−10. (3.43)

3.2.2 CP-Violation due to the Dirac Phase
We consider in this subsection the scenario of LG with decoupled N3 and CP-violation due only
to the Dirac phase δ. To this end. the Majorana phase α23 (α21) is set in the NH (IH) case
to the following CP-conserving values: i) ±2nπ (2nπ), n = 0, 1, 2, when x 6= 0 and y = 0; ii)
±(2n+1)π ((2n+1)π), n = 0, 1, when x = kπ, k = 0, 1, 2, and y 6= 0. With the choices of the
values of α23 (α21) made we avoid the situation in which one of the sources of CP-violation in
LG is the interplay between CP-conserving Majorana phases and O-matrix elements [141] that
could be generated by the first term in the right hand side of Eq. (3.35) (Eq. (3.37)).
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Figure 3.5. Top-left panel: z̃Λ versus x for different mass scales M1 = 1014 (blue), 1013

(orange), 1012 (green), 1011 (red), 1010 (purple), 109 (brown) GeV. The dashed pink line cor-
responds to zout, when the generated ηB gets frozen. Bottom-left panel: the final baryon
asymmetry (with the correct positive sign) ηB versus x for the set of values of M1 used to
obtain the top panel. The horizontal grey line marks the present BAU at 6.1×10−10. The right
panel shows ε(1)ττ normalised to its maximal value (dark blue), p1τ (yellow), p1τp1τ⊥ (magenta)
and p1τ⊥ − p1τ (cyan). The sign of ε(1)ττ (p1τ⊥ − p1τ ) is related to the sign of ηB via Eq. (3.27).
The plots are obtained for M2 = 10M1, δ = 3π/2, α21 = α31 = 0 and NH spectrum. See the
text for further details.

The Case of Real O-Matrix (x 6= 0 and y = 0)

We show in the top-left panel of Fig. 3.5 the curves of z̃Λ versus the angle x for different mass
scales M1 assuming NH mass spectrum. The other parameters are set to: δ = 3π/2, α23 = 0
and y = 0. The interpretation of the figure in this panel on the basis of Eq. (3.27) should be the
following. The values of M1 and x for which the z̃Λ curve lies above the zout curve correspond
to sgn(NB−L(∞)) = −sgn(ε(1)ττ )sgn(p1τ⊥ − p1τ ). Alternatively, if the z̃Λ curve lies below the zout

one, then sgn(NB−L(∞)) = sgn(ε(1)ττ )sgn(p1τ⊥ − p1τ ). The intersection points correspond to a
vanishing ηB and mark the 1-to-2 flavour transition. In the bottom-left panel the generated
baryon asymmetry ηB (with the correct sign) at different mass scales M1 is also depicted. In
the right panel we show the behaviour with x of the relevant quantities: ε(1)ττ (normalised to
its absolute maximal value), p1τ , p1τp1τ⊥ and p1τ⊥ − p1τ . For the considered choice of the
parameters, depending on x we can have different scenarios. At x . 10◦ and x & 60◦, the
1013, 14 GeV curves lie above the zout line while the 1012, 11 ,10 ,9 GeV curves lie below (with the
1012 GeV curve lying near the zout line). We can conclude that, for x . 10◦ and x & 60◦, the
1-to-2 flavour transition occurs at values of M1 slightly larger than 1012 GeV and with a sign
change. According to the bottom-left panel, in the indicated ranges of x we can have successful
LG for values of x ≈ 150◦ at M & 1013 GeV. At xmin ' 22.2◦ the magenta curve in the right
panel of Fig. 3.5, corresponding to p1τp1τ⊥ , reaches an absolute minimum for the chosen value
of α23 = 0. We then note that in the range 10◦ . x . 60◦, the transition occurs at M . 1012

GeV, and the more the range of x is squeezed around xmin, the lower is the mass scale of the
transition. At xmin no sign change occurs at the transition, given that all the z̃Λ curves obtained
for M1 > 109 GeV lie above the zout line. As is shown in the bottom-left panel of Fig. 3.5,
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at xmin the final baryon asymmetry ηB is positive at any mass scale and reaches the observed
value at 1011 .M1/GeV . 1012.

In Fig. 3.6 we plot ηB as a function of M1, calculated using the density matrix equations
(DMEs), two-flavoured (1BEF2) and three-flavoured (1BEF3) Boltzmann equations, for differ-
ent values of x, namely x = 150◦ (top-left panel), 40◦ (top-right panel), 30◦ (bottom-left panel)
and 22.2◦ (bottom-right panel).

The PMNS phases and M2 are the same as in Fig. 3.5. The solid (dashed) blue curve
corresponds to ηB > 0 (ηB < 0) and is obtained including the contributions from the µ-Yukawa
interactions, thus allowing to account for the 2-to-3 flavour transition when using the DMEs.
The sign change of ηB at the 1-to-2 (2-to-3) flavour transition is present in both the top and the
bottom-left (in the top-right and bottom-left) panels. The mass scale M1 of the 1-to-2 (2-to-3)
flavour transition decreases with x as it approaches the value xmin = 22.2◦ (stays essentially
constant at M1 ' 109 GeV). In the bottom-right panel the two transitions overlap so that the
solution to the DMEs never approaches the 1BE2F solution.

For x = 150◦ corresponding to the top-left panel in Fig. 3.6, successful LG takes place at
M1 ' 4.0 × 1012 GeV and the 1-to-2 flavour transition happens around M1 ' 1012 GeV, as
one would have expected from the considerations made after Eq. (2.32). This panel shows an
example of what we will call “standard” scenario of a 1-to-2 flavour transition at ∼ 1012 GeV
under the assumption made about the source of CP-violation as well as the strong wash-out
regime of ηB generation. We note also that the 2-to-3 flavour transition happens at M1 ∼ 109

GeV with no sign change, as the DME solution (solid blue line) interpolates smoothly between
the 1BE2F (green) line and the 1BE3F (red) one.

The remaining three panels of Fig. 3.6 represent examples of “non-standard” scenarios of the
transition of interest, as the 1-to-2 flavour transition happens at a mass scale which decreases
from 1012 GeV as x decreases approaching xmin, the value of x at which the sign change does
not occur and, as we will discuss, ε(1)ττ has an absolute maximum (bottom-right panel). The
scenarios in these panels are “non-standard” for the following reasons. Firstly, the product
p1τp1τ⊥ ' p1τ ' 2.5 × 10−2, (1.5 × 10−3) for x = 30◦, (22.2◦) is so small that the integrated
wash-out term in λ is additionally strongly suppressed, allowing the plateau due the ττ⊥-
decoherence contribution to extend below 1012 GeV. Secondly, since for x = 30◦ (22.2◦) we
have

p1τκ1 ' 0.63, (2.8× 10−2), p1τ⊥κ1 ' κ1 ' 24, (19), (3.44)

the asymmetry in the τ⊥-flavour is generated in the strong wash-out regime, while the asymme-
try in the τ -flavour is produced in the weak wash-out regime. This scenario could not and was
not considered in Sec. 3.1 8. Finally, Fig. 3.6 shows that the two-flavour approximation in the
range 109 . M1/GeV . 1012 based on 1BE2F is not always accurate. For the case considered
in the bottom-right panel of the figure, the DME solution for the asymmetry ηB is enhanced by
a factor of ∼ 10 with respect to the asymmetry obtained by solving the Boltzmann equations
in the two-flavour approximation. This leads, in particular, to successful LG at M1 & 2.5×1011

GeV. Most remarkably, in the case shown in the bottom-left panel, the asymmetry ηB predicted
by the DMEs (blue solid curve) at M1 & 4.8× 1011 GeV has the correct sign allowing for suc-
cessful LG, while the 1BE2F solution (green curve) gives ηB < 0 in the indicated range of M1

and thus non-viable LG.
8Moreover, since p1τκ1 & 10−2, the analytic approximation used in Sec. 3.1 in the weak wash-out regime is

not sufficiently accurate [97].
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Figure 3.6. The four plots show the absolute value of the baryon asymmetry ηB versus M1 for
NH spectrum, obtained with different sets of equations: DME (blue), 1BE2F (green), 1BE3F
(red). The PMNS phases are chosen as in Fig. 3.5, δ = 3π/2, α23 = 0. The top-left, top-right,
bottom-left and bottom-right panels are obtained for x = 150◦, 40◦, 30◦ and 22.2◦, respectively.
The solid (dashed) blue line corresponds to ηB > 0 (ηB < 0); the dotted blue line is obtained
for Λµ = 0. The horizontal grey line marks the present BAU at 6.1× 10−10 and is reproduced
with the solution of DMEs at the minimal mass scales marked by the vertical black line, namely
at M1 ' 4.7 (1.7) × 1012 GeV top-left (top-right) panel and 4.8 (2.5) × 1011 GeV bottom-left
(bottom-right) panel. See the text for further details.

52



3 High-Scale Leptogenesis with Low-Energy Leptonic CP-Violation

We note also that, as the top-right and bottom-left panels in Fig. 3.6 show, at the 2-to-3
flavour transitions at M1

∼= 109 GeV, the baryon asymmetry ηB changes sign going through
zero, in contrast to the behaviour of ηB shown in the top-left and bottom-right panels. For
the chosen values of the CPV phases of the PMNS matrix the presence of this zero in ηB, as
Fig. 3.6 indicates, depends on the value of x. For x = 22.2◦ (bottom-right panel), the 2-to-3
flavour transition takes place with ηB not going through zero but only through a relatively
shallow minimum at M1

∼= 1010 GeV.

Ranges of M1 and δ for Viable LG

The case illustrated in the bottom-right panel of Fig. 3.6 is interesting for the following ad-
ditional reasons. As our scan of the relevant parameter space shows, it is the case in which
successful LG with two hierarchical in mass heavy Majorana neutrinos and CP-violation pro-
vided by the Dirac phases δ takes place for the minimal for the considered scenario value of
M1min ∼= 2.5 × 1011 GeV. The value of x = xmin = 22.2◦ maximises the CP-asymmetry ε

(1)
ττ .

Indeed, ε(1)ττ depends on x through the factor

fε(x) =

√
a sin 2x

a cos2 x+ sin2 x
, a ≡ m2/m3 , (3.45)

which has an absolute maximum at 9 xmin = 22.2◦: fε(xmin) ∼= 1.00. The chosen value of δ also
maximises |ε(1)ττ |. As M1 increases from the value M1

∼= 2.5× 1011 GeV, ηB also increases from
ηB = 6.1× 10−10 and, as Fig. 3.6 bottom-right panel shows, for x = xmin and δ = 3π/2 reaches
a plateau at M1 = 2.7× 1012 GeV, where ηB = 1.60× 10−9 and 10 is larger than the observed
value of ηB by the factor CP1

∼= 2.62. For the value of M1 & 2.7 × 1012 GeV of the plateau,
we have ηB ∝ (− ε

(1)
ττ ) (see Eq. (3.43)). Thus, ηB will be compatible with the observed value of

BAU for smaller value of (− ε
(1)
ττ ) > 0, i.e., for smaller (− fε(x) sin δ) > 0. The plateau value

of ηB corresponds to x = xmin and δ = 3π/2 for which (− fε(x
min sin(3π/2)) = 1. Thus, fixing

x = xmin we get the minimal value of (− sin δ) > 0 for which we can have successful LG at
M1 & 2.7× 1012 GeV:

(− sin δ) & C−1
P1

∼= 0.38 , or 202.4◦ . δ . 337.6◦ (3.46)

The derived condition on δ is a necessary condition for successful LG within the considered
scenario 11.

As M1 decreases from 2.7× 1012 GeV to 2.5× 1011 GeV, ηB decreases from the value at the
plateau to the observed value and correspondingly, the interval of values of δ for which one can

9To be more precise, fε(x) has an absolute maximum at xmax = 0.5 arccos((m3 −m2)/(m3 +m2)) = 22.5◦,
where we have made use of m3 =

√
∆m2

31, m2 =
√
∆m2

21 and the best-fit values of ∆m2
31 and ∆m2

21 given in
Table 2.1. However, as can be easily checked, fε(xmax)− fε(x

min) ∼= 10−4.
10As M1 increases beyond 2.7× 1012 GeV, ηB continues to grow very slowly due to the dependence of ε(1)ττ on

f−1(M2)/M2, and at M1 = 1014 GeV (M2 = 10M1) we have ηB ∼= 1.67× 10−9.
11In Ref. [141], in the same scenario, the following condition for successful LG was obtained using the 1BE2F

and assuming that the two-flavoured LG regime does not extend beyond M1 = 5 × 1011 GeV: | sin θ13 sin δ| &
0.090. In the same article the minimal scale of viable LG was found to be M1min ∼= 2.2 × 1011 GeV, to be
compared with M1min ∼= 2.5×1011 GeV found by us. The lower limit on (− sin δ) we have obtained in Eq. (3.46)
implies | sin θ13 sin δ| & 0.057, where we have used the best fit value of θ13 from Table 2.1. It is clear that our
results based on the DME, in particular, extend the ranges of δ and M1, for which we can have successful LG,
derived in Ref. [141].

53



3.2. The Case of Decoupled N3

have viable LG also decreases shrinking to the point δ = 3π/2 at M1 = 2.5×1011. Clearly, there
exists a correlation between the value of δ and the scale M1 of viable LG. It follows from the
preceding discussion also that in the considered scenario of CP-violation provided by the Dirac
CPV phase δ of the PMNS matrix, it is possible to reproduce the observed value of BAU for
values of M1 spanning at least three orders of magnitude, i.e., for 2.5×1011 .M1/GeV . 1014.

In the case we have considered with α23 = 0 and x = xmin = 22.2◦, we can have successful
LG, as Eq. (3.46) shows, for δ lying in the interval π < δ < 2π, where sin δ < 0. So, the sign of
sin δ is anticorrelated with the sign of the observed ηB. This result holds also for the alternative
possible values of α23 = ±2π and all possible value of x, for which we can have viable LG. In
other words, in the case under study there are no values of δ from the interval 0 < δ < π where
sin δ > 0, for which it is possible to reproduce the observed value of BAU.

Indeed, we note first that there is a periodicity of π in the dependence on x, and of 4π in
the dependence on α23, of all relevant quantities on which the predicted sign of ηB depends:
ε
(1)
ττ , k1 and p1τ (see Eqs. (3.29) - (3.38)). Therefore one gets the same results for x and x− π.

In the example with α23 = 0 and x = 22.2◦ we have considered, we get the same result for
x = − 157.8◦ (or equivalently x = 202.2◦). If we set α23 = 2π, the results will be the same for
α23 = − 2π. Therefore the only possibility to have viable LG with sin δ > 0 is when α23 = 2π.
The quantities <(U∗

τ2Uτ3) sin 2x ∝ − βα sin 2x and =(U∗
τ2Uτ3) sin 2x ∝ βα sin δ sin 2x, on which

respectively p1τ and ε(1)ττ depend, change sign when α23 is changed from 0 to 2π: βα = 1 (−1) for
α23 = 0 (2π). In addition <(U∗

τ2Uτ3) and p1τ exhibit a sub-leading dependence on δ via terms
proportional to sin θ13 cos δ. Thus, in what concerns the present discussion, changing the sign of
sin δ has negligible effect on p1τ . We recall that for α23 = 0, p1τ has a minimum at xmin = 22.2◦

where p1τ � 1, so that we have (1− 2p1τ ) > 0 for the quantity on which, in particular, the sign
of ηB depends. The change of the sign of <(U∗

τ2Uτ3) sin 2x leads to a significant change of the
value of p1τ , leading for xmin = 22.2◦ to (1− 2p1τ ) < 0 and thus to non-viable LG for sin δ > 0.

It follows from the preceding considerations that the change of the signs of both <(U∗
τ2Uτ3)

and =(U∗
τ2Uτ3) in the expressions for p1τ and ε

(1)
ττ can only be compensated simultaneously by

changing x to π− x, i.e., by a change of the sign of sin 2x. This implies that in addition to the
solutions we have found for α23 = 0 for certain ranges of x (e.g., for 0 < x < π/2) and of δ in
the interval π < δ < 2π, for α23 = 2π we will have successful LG in the range of π − x (e.g.,
for π/2 < x < π) and for δ in the same interval. Thus, in the case of α23 = 2π, a value of δ
from the interval 0 < δ < π with sin 2x < 0 (sin 2x > 0) leads either to a wrong sign of ηB due
to the interplay of the signs of p1τ and ε

(1)
ττ , or else to a value of ηB which is smaller than the

observed one.
The conclusions of the preceding discussions are confirmed by the numerical scan of the

parameters δ and x in the case of α23 = 0 and 2π and several fixed values of M1, the results
of which are shown in Fig. 3.7. Thus, in the considered scenario there is a direct and unique
relation between the sign of sin δ and the sign of the baryon asymmetry of the Universe. If the
measurement of δ in the low-energy neutrino oscillation experiments will show that δ lies in the
interval [0, π], the considered LG scenario will be ruled out. If, however, δ will be found to lie
in the lower half-plane, π < δ < 2π, this will not only lend support for the discussed scenario,
but also will allow to obtain constraints on the LG scale.

Given that for x 6= 0, y = 0 and CP-violation due only to the Dirac phase δ LG is unsuc-
cessful at any mass scale in the IH case (see Eq. (3.39) and the discussion related to it) we have
not considered this case.
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Figure 3.7. Regions of viable LG in the δ − x half plane, 0 ≤ x ≤ π, for NH spectrum, real
O-matrix, CP-violation due to the Dirac phase δ, α23 = 0 (left panel) and 2π (right panel)
and different values of M1. The solid contours corresponding to fixed values of M1 surround
the regions in which there is a combination of values of δ and x for which ηB = 6.1 × 10−10.
The dotted contours surround regions where one can have |ηB| = 6.1× 10−10 but ηB < 0. The
predicted ηB outside the contours is always smaller in magnitude than the observed BAU. The
regions of viable LG in the half-plane −π ≤ x ≤ 0 (or π ≤ x ≤ 2π), which are not shown,
can be obtained from those in the figure by substituting x with x− π. See the text for further
details.

Purely imaginary O11O12 (O12O13) (x = kπ, k = 0, 1, 2, y 6= 0)

We discuss next the LG scenario in which CP-violation is still provided by the Dirac phase
only, but now x = k π, k = 0, 1, 2, and y 6= 0 so that the product O12O13 (O11O12) is purely
imaginary in the NH (IH) case and the suppression of the CP-asymmetry shown in Eq. (3.39)
is avoided.

NH Spectrum

The analysis is similar to that performed in the preceding subsection. We report below the
results on the ranges of δ and M1 for which one can have successful LG. For the minimal value
of M1 we get M1 = 1.7 × 1011 GeV, which is obtained for δ = π/2, y = 26◦ (y = − 26◦) and
α23 = π or − 3π (3π or −π). This case is illustrated by Fig. 3.8. The value of y maximises the
factor

gε(x) =

√
a sinh 2y

a cosh2 y + sinh2 y
, a ≡ m2/m3 , (3.47)

in the expression for ε(1)ττ , and thus maximises ε(1)ττ with respect to y. For α23 = π or (− 3π) the
value of δ = π/2 maximises ε(1)ττ which is proportional to sin δ. At the plateau which begins
at M1

∼= 2.1 × 1012 GeV we have ηB ∼= CP2 6.1 × 10−10 with CP2
∼= 3.9. Correspondingly, at

M1 & 2.1× 1012 GeV we can have successful LG for

sin δ & C−1
P2

∼= 0.25 , or 14.6◦ . δ . 165.4◦ , (3.48)
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Figure 3.8. The baryon asymmetry ηB versus M1 for NH spectrum, x = 0, y = 26◦ (− 26◦),
δ = π/2 and α23 = π (3π), for which successful LG takes place for the minimal value of
M1

∼= 1.7× 1011 GeV (vertical black line). The requisite CP-violation is provided by the Dirac
phase δ. The horizontal black line corresponds to the observed ηB = 6.1× 10−10. See the text
for further details.

As M1 decreases from 2.1 × 1012 GeV to 1.7 × 1011 GeV, ηB decreases from the value at the
plateau to the observed value and the width of the intervals of values of δ in Eq. (3.48) decreases.
At M1 = 1.7× 1011 GeV it shrinks to the point δ = π/2. In what concerns M1, successful LG
is possible for values of M1 & 1.7× 1011 GeV, which span at least three orders of magnitude.

It follows from the preceding discussion that for α23 = π or (− 3π), one can have successful
LG for value of δ from the interval 0 < δ < π where sin δ > 0. Performing an analysis similar
to that in the preceding subsection, we find that also in this case there is a direct relation
between the sign of sin δ and the sign of the observed BAU in the sense that for the values of
the parameters in the considered case, no region with viable LG exists for δ from the interval
π < δ < 2π, where sin δ < 0. Changing the value of α23 from π to 3π, for example, one finds
that the viable regions of values of y and δ from the interval 0 < δ < π, for which it is possible
to reproduce the observed value of BAU, shift to the regions corresponding to (− y) with δ
remaining in the same interval 0 < δ < π. This is confirmed by the numerical scan of the y− δ
parameter space for α23 = π and 3π, the results of which are shown in Fig. 3.9.

Obviously, the discussed LG scenario will be ruled out if δ determined in neutrino oscillation
experiments is found definitely to lie in the interval [π, 2π]; if δ is found to be in the upper
half-plane, 0 < δ < π, the scenario will be proven viable and it will be possible to obtain also
constraints on the LG scale of the scenario.
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Figure 3.9. Regions of viable LG in the δ − y plane for NH spectrum, x = kπ, k = 0, 1, 2,
α23 = π and different M1. The solid contours corresponding to fixed values of M1 surround
the regions in which there is a combination of values of δ and y for which ηB = 6.1 × 10−10.
The dotted contours surround regions where one can have |ηB| = 6.1 × 10−10 but ηB < 0.
The predicted ηB outside the contours is smaller in magnitude than the present BAU. Setting
α23 = 3π leads to a figure which can be obtained from the present by changing y to − y. See
the text for further details.

IH Spectrum

We analyse in somewhat greater detail the case of IH spectrum. We show in Fig. 3.10 the
modulus of the baryon asymmetry ηB versus M1 for the IH spectrum with δ = 3π/2, α21 = π,
y = −100◦ (left panel) and y = −46.5◦ (right panel). The dependence of ηB on M1 exhibits
a number of interesting features. The 1-to-2 flavour transition described by DME takes place
with a sign change of ηB. At values of M1 < M10 (M1 > M10), M10 being the value of M1

at which ηB = 0, we have ηB < 0 (ηB > 0). In the case illustrated in Fig. 3.10, we have
M10 � 1012 GeV. When y changes from (−100◦) to (−46.5◦), M10 decreases from 6.0 × 1010

GeV to 2.4 × 1010 GeV. Most importantly, the minimal value of M1 at which one can have
successful LG also decreases from M1 = 1.6 × 1011 GeV to M1 = 6.2 × 1010, with both values
being � 1012 GeV.

Further, the DME solution for ηB shown in the left (right) panel of Fig. 3.10 is at M1 ≤ 1012

GeV larger than (similar in magnitude to) |ηB| found with 1BE2F, except in a narrow region
around M10. Still, ηB obtained from the 1BE2F equations shown in both panels, in contrast to
that derived from DME ones, has a wrong sign, i.e., predicts ηB < 0 and thus non-viable LG.
The value of |ηB| obtained with 1BE3F is in both cases, as the panels show, significantly smaller
than those found with DME and 1BE2F. Moreover, the 2-to-3 flavour transition described by
the DME solution takes place at M1 . 108 GeV, with the µ-Yukawa interaction having the
effect of enhancing the DME solution for |ηB| in the interval 108 . M1/GeV . 1010. Both
these features are in the region of values of M1 for which the calculated |ηB| is significantly
smaller that the observed ηB. However, they might be relevant in a LG scenario with three
heavy Majorana neutrinos with non-hierarchical masses, e.g., with M3

∼= 3M2
∼= 9M1.
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Figure 3.10. The same as in Fig. 3.6 but for x = 0 and y 6= 0 and in the IH case. The
two panels correspond to CP-violation from the Dirac phase only with δ = 3π/2, α21 = π,
y = −100◦ (left panel) and y = −46.5◦ (right panel). The vertical black lines correspond to
M1 ' 1.6 × 1011 GeV (left panel) and M1 ' 6.2 × 1010 GeV (right panel). See the text for
further details.
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Figure 3.11. The baryon asymmetry ηB versus M1 for IH spectrum, x = 0, π, y = − 73◦

(y = 73◦), α21 = π (3π) and δ = 211◦, for which successful LG takes place for the minimal
value of M1

∼= 4.6 × 1010 GeV (vertical black line). The requisite CP-violation is provided by
the Dirac phase δ. The horizontal black line corresponds to the observed ηB = 6.1× 10−10. See
the text for further details.
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Figure 3.12. Regions of viable LG in the δ − y plane for IH spectrum, x = kπ, k = 0, 1, 2,
α21 = π, corresponding to CP-violation due to the Dirac phase δ, and different M1. The
solid contours corresponding to fixed values of M1 surround the regions in which there exists
a combination of values of δ and y for which ηB = 6.1× 10−10. The dotted contours surround
regions where one can have |ηB| = 6.1 × 10−10 but ηB < 0. The predicted ηB outside the
contours is smaller in magnitude than the present BAU. Setting α21 = 3π leads to a figure
which can be obtained from the present by changing y to − y. See the text for further details.

In what concerns the range of δ and M1 for which we have successful LG, we find that (see
Fig. 3.11): i) the minimal value of M1 is M1

∼= 4.6× 1010 GeV and corresponds to the values of
α21 = π (3π), y = − 73◦ (y = +73◦) and δ = 211◦; ii) the plateau of values of ηB is present at
M1 & 1.2×1012 GeV; iii) at the plateau ηB ∼= CP3 6.1×10−10 with CP3

∼= 6.1. Correspondingly,
at M1 & 1.2× 1012 GeV successful LG is possible for

| sin δ| & C−1
P3 | sin(δ = 211◦)| ∼= 0.084 , or 185◦ . δ . 355◦ , (3.49)

where we have used the fact that the plateau value of ηB corresponds to δ = 211◦. We note that
for the chosen values of α21 = π, y = − 73◦, ε(1)ττ is proportional to sin δ and thus at δ = 211◦

|ε(1)ττ | is smaller by the factor 0.515 than for δ = 3π/2. However, due to the fact that, as can
be shown, the value of p1τ at δ = 211◦ is smaller approximately by a factor of 6 than that at
δ = 3π/2, the minimal M1 at which we can have successful LG is also smaller than the one for
3π/2 which reads M1

∼= 1011 GeV. At the same time, ηB at the plateau for δ = 3π/2 is by a
factor of approximately 1.9 times larger than the plateau value of ηB for δ = 211◦ and reads:
ηB = 7.3× 10−9.

As we have seen, in the discussed case of Dirac CP-violation and IH neutrino mass spectrum,
successful LG is possible for values of δ from the interval π < δ < 2π where sin δ < 0. Performing
a scan over y and δ for the possible values of α21 = π and 3π with x = kπ, k = 0, 1, 2, we find
that for M1 & 1013 GeV one can have a successful LG also for values of δ from the interval
0 < δ < π, and a small range of values of y from the interval 0 < y < 50◦. The appearance of
this second region is related to the slow increase of ε(1)ττ and thus of ηB with M1 due to the factor
f−1(M2)/M2. The results of the scan are presented graphically in Fig. 3.12. Thus, in this case
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we have a direct relation between the sign of sin δ and the sign of the baryon asymmetry of the
Universe only for M1 < 1013 GeV.

3.2.3 CP-Violation due to the Majorana Phases
We illustrate next the results for the considered LG scenario with two heavy Majorana neutrinos
with hierarchical masses in which the CP-violation is provided only by the Majorana phases
of the PMNS matrix. Thus, the Dirac phase and the O-matrix elements are chosen not to
contribute to the CP-violation necessary for the generation of BAU. We note that in the case of
CP-violation due to the Majorana phases, the additional CP-violation due to the Dirac phase
has sub-leading effects in LG as a consequence of the suppression by the factor sin θ13. However,
in certain cases these effects are non-negligible.

NH Spectrum

For real O-matrix it is impossible to have successful LG for IH light neutrino mass spectrum and
CP-violation originating from CPV phases of the PMNS matrix, as we have already discussed,
so we consider only the case of NH spectrum. We show in Fig. 3.13, top-left (top-right) panel,
example of the behaviour of ηB as a function of M1 for y = 0 (real O-matrix), x = 30◦ (20.4◦),
δ = π, and α23 = 3π/2 (700◦). The vertical black lines are at M1 ' 2.7× 1012 GeV (left panel)
and M1 ' 1.7 × 1011 GeV (right panel) and intersect the horizontal grey line of the observed
BAU at the points of successful LG. The scenarios illustrated in the top-left and top-right
panels of Fig. 3.13 correspond respectively to what we dubbed “standard” and “non-standard”
behaviour of the baryon asymmetry ηB. The salient features of the behaviour of ηB in the two
cases are analogous to those discussed in detail in the two preceding subsections and we are
not going to comment on them further.

We show in the bottom-left (right) panel of Fig. 3.13 the dependence of ηB on M1 for real
(purely imaginary) O12O13 and δ = π in the case in which it is possible to have successful
LG with CP-violation provided by the Majorana phase α23 for the minimal in the considered
scenario value of M1. The other relevant parameters have the following values in the left (right)
panels: x = 20◦, y = 0 (x = kπ, k = 0, 1, 2, y = 19◦) and α23 = 102◦ (80◦). We will discuss
in some detail in what follows first the case of x = 20◦, y = 0 and α23 = 102◦, extending the
discussion after that to the whole plane 0 < x < 180◦.

The bottom-left panel of Fig. 3.13 illustrates one example of ranges of values of the Majorana
phase α23 and M1, for which one can have successful LG in the case of 0 < x < 90◦, y = 0, δ = π
and CP-violation provided by α23. As we have already remarked, this example corresponds to
minimal M1 for having viable LG in the case under study and is by far not exhaustive. We
identify next qualitatively all the regions of α23 in the interval 0 < α23 < 720◦ and of M1 where
it is possible to have viable LG with 0 < x < 90◦, y = 0 and δ = π.

We note first that in the case under discussion ηB goes through zero and changes sign in
the 1-to-2 flavour regime transition in any of the regions of the parameter space of interest
and there is always a plateau of values of |ηB| at M1 > M10, M10 being the value of M1 at
which ηB = 0. We recall that sgn(ηB) at the plateau is determined by sgn(− (1 − 2p1τ )ε

(1)
ττ )

(see Eq. (3.43)), where sgn(ε
(1)
ττ ) = sgn(=(U∗

τ2Uτ3) sin 2x). It is not difficult to check that for
the best-fit values of the neutrino oscillation parameters θ12, θ13, θ23, ∆m2

21 and ∆m2
31 given in

Table 2.1, we have:
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Figure 3.13. LG with CP-violation due to the Majorana phases of the PMNS matrix in
the case of NH spectrum. Top panels: Two examples of “standard” (left) and “non-standard”
(right) behaviour of ηB as a function of M1. The results shown are obtained as those in
Fig. 3.6. The parameters in the left (right) panel are set to δ = π, y = 0, x = 30◦ (20.4◦) and
α23 = 3π/2 (700◦). The vertical black lines are at M1 ' 2.7×1012 GeV (left) and M1 ' 1.7×1011

GeV (right) and intersect the horizontal grey line of the observed BAU at the points of successful
LG. Bottom panels: The left (right) panel show the dependence of ηB on M1 for real (purely
imaginary) O12O13 and δ = π in the case of minimal M1 for which it is possible to have successful
LG with CP-violation provided by the Majorana phase α23: the left (right) panel are obtained
for x = 20◦, y = 0 (x = kπ, k = 0, 1, 2, y = 19◦) and α23 = 102◦ (80◦). See the text for further
details.
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i) for 5◦ < x < 90◦, (1 − 2p1τ ) > 0 for 0 ≤ α23 < 220◦ and 500◦ < α23 ≤ 720◦, with
(1 − 2p1τ ) = 0 at α23

∼= 220◦ and 500◦, where the precise values at which (1 − 2p1τ ) = 0
depend somewhat on x: those corresponding to x = 10◦ are given approximately by
α23

∼= 250◦ and 470◦; for 0 < x . 5◦ we have (1− 2p1τ ) > 0 for any α23 from the interval
[0, 720◦];

ii) sgn(=(U∗
τ2Uτ3) sin 2x) > 0 (< 0) for 0 < α23 < 360◦ (360◦ < α23 < 720◦).

We can conclude on the basis if these observations that, except for 0 < x . 5◦, the plateau
values of ηB

a) are negative approximately for 0 < α23 < 220◦ and 360◦ < α23 < 500◦;

b) are positive for 220◦ < α23 < 360◦ and 500◦ < α23 < 720◦.

In the case of x in the interval 0 < x . 5◦, the plateau values of ηB are negative (positive) for
0 < α23 < 360◦ (360◦ < α23 < 720◦). However, as our numerical study shows, in this case it is
possible to reproduce the observed value of ηB only in a very a narrow interval of values of x,
namely, for 2.5◦ (1.6◦) . x . 5◦ with α23 in the range 0 < α23 < 250◦ (450◦ < α23 < 720◦). As
a consequence, this makes only a relatively small addition to regions in the space of parameters
of the considered scenario for which one can have successful LG. Therefore we concentrate
further on the case of 5◦ < x < 90◦.

It follows from the preceding discussion that if we denote by M (1,2,3,4)
10 the values of M1 at

which ηB = 0 at the 1-to-2 flavour regime transitions taking place when α23 lies respectively
in the intervals (0, 220◦), (360◦, 500◦), (220◦, 360◦) and (500◦, 720◦), we can expect successful
LG to occur for certain ranges of values of M1 < M

(1)
10 (M1 < M

(2)
10 ) if 0 < α23 < 220◦

(360◦ < α23 < 500◦), and of M1 > M
(3)
10 (M1 > M

(4)
10 ) extending into ηB plateau region when

220◦ < α23 < 360◦ (500◦ < α23 < 720◦). Moreover, the results for 90◦ < x < 180◦ can be
obtained from those derived for 0 < x < 90◦ by making the simultaneous change x → π − x
and α23 → α23 ± 2π and taking into account that the results are invariant with respect to the
change α23 → α23 ± 4π.

These qualitative conclusions are essentially confirmed by a thorough numerical analysis,
the results of which are shown graphically in Fig. 3.14. We next summarise briefly these results
giving the ranges of α23 and M1 of viable LG in the four intervals of values of α23 identified
earlier for 5◦ < x < 90◦. We will do it for the representative value of x = 20.5◦ at which some
of the ranges of interest are maximal, commenting first the results for the specific values of α23

at which viable LG occurs for the minimal for the case value of M1.

Region I: 0 < α23 < 220◦

The minimal mass scale M1min for successful LG is found at α23 = 102◦: M1min = 3.3 × 1010

GeV. For α23 = 102◦:

i) viable LG is possible for 3.3× 1010 GeV .M1 . 7.7× 1011 GeV;

ii) the maximal value of the baryon asymmetry ηB is reached at M1 ' 2.55 × 1011 GeV and
reads ηmax

B ' 2.2× 10−9.

The range ofM1 and the maximal value of ηB change when α23 increases (decreases) from 102◦ to
208◦ (64.5◦), 208◦ (64.5◦) being the maximal (minimal) value of α23 at which it is possible to have
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Figure 3.14. Regions of viable LG in the α23 − x plane for NH spectrum, y = 0, δ =
π, corresponding to CP-violation due to the Majorana phase α23, and different M1. The
solid contours corresponding to fixed values of M1 surround the regions in which there is a
combination of values of α23 and x for which ηB = 6.1× 10−10. The dotted contours surround
regions where one can have |ηB| = 6.1 × 10−10 but ηB < 0. The predicted ηB outside the
contours is smaller in magnitude than the present BAU. See the text for further details.

successful LG (for x = 20.5◦). As α23 increases to α23 = 170◦, the range of M1 corresponding
to α23 essentially shifts to larger values, with ηmax

B remaining practically unchanged. More
specifically, at α23 = 120◦, for example, the range of M1 changes to (3.3 × 1010 − 1.1 × 1012)
GeV; at 170◦ it reads (8.2 × 1010 − 1.9 × 1012) GeV. At α23 = 120◦ (170◦), we have ηmax

B '
2.75 (2.32)× 10−9, which occurs at M1 ' 3.6 (6.3)× 1011 GeV.

As α23 increases further, ηmax
B and the range of M1 begin to decrease. At α23 = 195◦ we

find ηmax
B ' 1.2 × 10−9 and 1.7 × 1011 . M1/GeV . 1.7 × 1012, with ηmax

B taking place at
M1 ' 6.3 × 1011 GeV. Finally, at α23 ' 208◦, ηmax

B coincides with the observed value of BAU
and the related range of M1 reduced to the point M1 ' 6.3× 1011.

We find a similar pattern when α23 decreases from 102◦ to 64.5◦. At α23 = 90◦ (75◦), for
example, we find for the range of interest of M1: 3.4 (4.4)× 1010 .M1/GeV . 5.2 (2.7)× 1011.
The maximal asymmetry is ηmax

B ' 1.7 (1.0) × 10−9 and occurs at M1 ' 2.1 (1.4) × 1011

GeV. When α23 decreases further, the range of M1 and ηmax
B also decrease further and, e.g., at

α23 = 65◦ we have: 7.8 × 1010 . M1/GeV . 1.2 × 1011, ηmax
B ' 6.3 × 10−10 which occurs at

M1 ' 9.8 × 1010 GeV. At 64.5◦ ηmax
B coincides with observed value of ηB and the range of M1

reduces to the point M1 ' 9.0× 1010 GeV.
The interval of values of α23 and the related interval of values of M1, where we can have

successful LG, depend also on x, although this dependence is relatively weak. We find that
at x = 7.5◦ we get the largest maximal (smallest minimal) value α23 at which we still have
successful LG in the considered range of x. These values read: αmin

23 = 37◦, αmax
23 = 233◦. The

ranges of M1 corresponding to αmin
23 and αmax

23 are just the points M1 ' 2.98 × 1011 GeV and
M1 ' 6.3 × 1011 GeV, respectively. For α23 = 102◦, for example, we have at x = 7.5◦: i) the
range of M1 of successful LG is 6.8×1010 .M1/GeV . 1.4×1012, ii) ηmax

B ' 1.69×10−9, takes
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place at M1 ' 4.33 × 1011 GeV and is bigger than the observed ηB by the factor CM1 = 2.77.
These values should be compared with those given above for x = 20.5◦. When α23 increases
(decreases) to 233◦ (37◦), we find quite similar behaviour of the correlation between the val-
ues of α23 and M1 to that described for x = 20.5◦, so we are not going to comment on it further.

Region II: 220◦ < α23 < 360◦

The minimal mass scale M1min for successful LG is found at α23 = 301◦: M1min = 3.1 × 1012

GeV. For α23 = 301◦:

i) the plateau of ηB begins at M1P ' 8.9× 1013 GeV;

ii) the asymmetry at the plateau ηB ' 3.38× 10−9.

The asymmetry at the plateau is larger than the observed value of ηB by the factor CM2 ' 5.54.
Knowing this factor allows us to determine the minimal and maximal values of α23 for having
successful LG. The total range of values of α23 of interest reads:

227◦ . α23 . 352◦. (3.50)

For the corresponding range of M1 we get: 3.11 × 1012 . M1/GeV . 1014. with the minimal
value obtained for α23 ' 301◦.

Region III: 360◦ < α23 < 500◦

The minimal mass scale of LG is obtained for α23 = 433◦. For this choice of α23:

i) LG is successful for 1.54×1011 .M1/GeV . 1.59×1012, where the maximalM1 corresponds
also to α23 = 433◦;

ii) the maximal value of ηB is reached at M1 ' 6.28×1011 GeV and reads ηmax
B ' 1.37×10−9.

The asymmetry ηB at its maximum is greater than the observed value by a factor CM3 ' 2.25.
The range of α23 of viable LG is

382◦ . α23 . 482◦ . (3.51)

Region IV: 500◦ < α23 < 720◦

The minimal M1 for having successful LG is found at α23 = 691◦ and reads M1 ' 1.53 × 1011

GeV. At this value of α23,

i) the plateau of ηB begins at M1 ' 4.98× 1012 GeV;

ii) the asymmetry at the plateau ηB ' 4.11× 10−9.

This value is larger than the observed value of ηB by the factor CM4 ' 6.73. Successful LG is
possible for the following range of values of α23:

506◦ . α23 . 716◦. (3.52)

For the quoted range of α23 we have viable LG for 1.54×1011 .M1/GeV . 1014. If x . 5◦, the
lower bound in the interval (3.52) is somewhat smaller at ≈ 470◦, but successful LG is possible
only for M1 & 1013 GeV.
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Figure 3.15. The asymmetry ηB versus M1 in the case of IH spectrum with CP-violation
due to the Majorana phase α21 (Majorana and Dirac phases α21 and δ) of the PMNS matrix.
The results shown in the left (right) panel are obtained for x = kπ, k = 0, 1, 2, y 6= 0 (purely
imaginary O11O12) and α21 = 164◦ (190◦) δ = π (3π/2) and y = − 76◦ (− 50◦). See the text for
further details.

In all four cases we have discussed there exists a correlation between the value of the
CPV phase α23 and the scale of LG M1. Thus, obtaining constraints on α23 in low-energy
experiments, in principle, can constrain the LG scale of the considered scenario, or even rule
out this scenario.

IH Spectrum

Viable LG in the scenario of interest is possible only for purely imaginary product O11O12 of
elements of the O-matrix (x = kπ, k = 0, 1, 2, y 6= 0). In Fig. 3.15 we show the modulus of ηB
versus M1 for δ = π (3π/2) and values of the other parameters for which successful LG takes
place for the minimal for the considered scenario value of M1: α21 = 164◦ (190◦), y = − 76◦

(− 50◦), for the left (right) panel. The right panel is obtained for δ = 3π/2, so it illustrates the
case of viable LG with CP-violation generated by both the Majorana and Dirac CPV phases
of the PMNS matrix. It also illustrates the non-negligible effects the CP-violating Dirac phase
δ can have in LG when the CP-violation is provided by the Majorana phase(s).

In both cases illustrated in Fig. 3.15, ηB exhibits a “non-standard” behaviour as a function
of M1 going through zero in the 1-to-2 flavour transition at M1 ∼ 1010 GeV � 1012 GeV. In
the left (right) panel the minimal value of M1 at which the calculated ηB matches the observed
value of ηB is M1 = 4.3×1010 (5.4×1010) GeV. The plateau value of ηB ∼= 3.9×10−9 (5.6×10−9)
and is reached at M1

∼= 1.1×1012 (1.8×1012) GeV. Performing a detailed numerical analysis we
have determined the regions of viable LG in the space of parameters in the considered scenario
with IH spectrum, CP-violation provided by α21, x = kπ, k = 0, 1, 2, y 6= 0 (purely imaginary
O11O12) and δ = π. The values of y were varied in the interval [− 180◦,+180◦]. For y = 0 we
have, obviously, ηB = 0. Due to symmetries of the quantities involved in the generation of ηB,
the results for 0 ≤ y ≤ 180◦ can formally be obtained from those derived for − 180◦ ≤ y ≤ 0
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Figure 3.16. The regions of successful LG in the α21 − y plane in the case of IH spectrum
and for δ = π, purely imaginary O11O12 (i.e. x = kπ, k = 0, 1, 2, y 6=) and different M1. The
solid contours corresponding to fixed values of M1 surround the regions where there exists a
combination of values of α21 and y for which ηB = 6.1× 10−10. The dotted contours surround
regions where one can have |ηB| = 6.1 × 10−10 but ηB < 0. The predicted ηB outside the
contours is smaller in magnitude than the present BAU. The results for 0 ≤ y ≤ 180◦ can be
obtained from those derived for − 180◦ ≤ y ≤ 0 by making the simultaneous change y → − y
and α21 → α21 ± 2π. See the text for further details.

by making the change y → − y and α21 → α21 ± 2π and using the invariance with respect to
α21 → α21±4π. The results of this analysis are shown graphically in Fig. 3.16. A few comments
are in order.

As we have already pointed out, the minimal value of M1 for successful LG is found to take
place at y = −76◦ and α21 = 164◦. For y = −76◦ and α21 = 164◦, the plateau value of ηB given
earlier is larger than the observed value of ηB by the factor CM5 ' 6.39. We can determine
then the range of α21 for viable LG the case of y = −76◦ and δ = π from the condition:

cos (α21/2) (1− 2p1τ (α21)) ' C−1
M5 cos(82

◦)(1− 2p1τ (164
◦)) (3.53)

For the range of interest we get:

0 ≤ α21 . 177.5◦ and 632◦ . α21 ≤ 720◦ (3.54)

When y increases from (−76◦) to near zero, the lower bound of the right interval decreases to
' 560◦. The corresponding range of values of M1 extends from M1 ' 4.3 × 1010 GeV to the
beginning of the plateau at M1

∼= 1.1× 1012 and further on the plateau at least to M1 ' 1014

GeV. When M1 decreases starting from M1 ' 1.1 × 1012 at the plateau to M1 ' 4.3 × 1010

GeV, the intervals of values of α21 of successful LG also decrease and at M1 ' 4.3× 1010 GeV
shrink to the point α21 ' 164◦.

There is an additional relatively small region of values of α21 and M1 around α21 ∼ 500◦, for
which it is possible to reproduce the observed value of BAU. It is clearly seen in Fig. 3.16. In
this case the minimal mass scale takes place at α21 ' 493◦, y ' − 76◦ and reads M1 ' 5.9×1012
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GeV. At the plateau we have ηB ' CM6 6.1 × 10−10, with CM6 ' 1.83. The range of α21 of
viable LG can be determined using the equation:

cos (α21/2) (1− 2p1τ (α21)) ' C−1
M6 cos(246.5◦) (1− 2p1τ (493

◦)) . (3.55)

Solving the preceding equation we get for the range of α21:

468◦ . α21 . 522◦ . (3.56)

The corresponding range of the LG scale is 5.9× 1012 .M1/GeV . 1014.
As in the previous scenarios discussed by us, also in the scenario considered in the present

subsection there is a correlation between the low-energy phase – in this case α21 – responsible
for the CP-violation in LG and the scale of LG M1. Clearly, obtaining constraints on α21 in
low-energy experiments can rule out the considered scenario or constrain the LG scale of the
scenario.

3.3 Summary of the Results
In the work of Pub. [I], the results of which were illustrated in this chapter, we have considered
the generation of the baryon asymmetry of the Universe ηB in the (GUT) high-scale LG scenario
based on the type-I seesaw mechanism of neutrino mass generation. Using the DMEs for high-
scale LG in which the CP-violation is provided exclusively by the low-energy Dirac or/and
Majorana phases of the neutrino mixing (PMNS) matrix, we have investigated the 1-to-2 and
the 2-to-3 flavour regime transitions, and compared the results with those obtained with the BEs
in the single-, two- and three-flavour regimes. Concentrating on the 1-to-2 flavour transitions
in LG with three heavy Majorana neutrinos N1,2,3 with hierarchical mass spectrum, M1 �
M2 � M3, we have determined the general conditions under which the baryon asymmetry ηB
goes through zero and changes sign in the transition. We have shown, in particular, that the
asymmetry ηB goes through zero changing its sign when LG proceeds in the strong wash-out
regime with zero initial abundance of the heavy Majorana neutrinos.

In order to make the discussion of all the salient features of the transitions between the
different flavour regimes of interest as transparent as possible, we have investigated further the
case of decoupled heaviest Majorana neutrinos N3, in which the number of parameters in LG is
significantly smaller than in the general case of three heavy Majorana neutrinos. In particular,
the complex orthogonal matrix O, which takes part in the Casas-Ibarra parametrisation of the
neutrino Yukawa couplings we have employed in the analysis, depends only on one complex
angle θ = x+ iy, where x and y are real parameters. With only two heavy Majorana neutrinos
(N1,2) active in the seesaw mechanism, the light neutrino mass spectrum can only be either
NH with m1

∼= 0, or IH, with m3
∼= 0. Furthermore, in the case of interest of CP-violation

in LG provided only by the low-energy CPV phases of the PMNS matrix, one can avoid the
contributions to the CP-violation associated with the O-matrix only if the angle θ is such that
for NH (IH) spectrum sin 2θ 6= 0 is real (purely imaginary) [141], sin 2θ = sin 2x (sin 2θ =
±i sinh 2y).

Analysing in detail the behaviour of ηB in the transition in the case of two heavy Majorana
neutrinos N1,2 with hierarchical masses, M1 � M2, allowed us not only to gain a better un-
derstanding of the transitions, but also to discover new unexpected features of the transitions.
We have found, in particular, that:

67



3.3. Summary of the Results

i) the BEs in many cases fail to describe correctly the generation of the baryon asymmetry
ηB in the single-, two- and three-flavour regimes, in particular, underestimating ηB by a
factor ∼ 10 in certain cases;

ii) depending on the values of the relevant parameters, the transitions between the different
flavour regimes can be “non-standard” as, e.g., the 1-to-2 and the 2-to-3 flavour transitions
can take place at the same mass scale M1, with ηB going through a relatively shallow
minimum at the transition value of M1;

iii) the two-flavour regime can persist above 5× 1011 − 1012 GeV (below ∼ 109 GeV), and

iv) the flavour decoherence effects in LG persist beyond what is usually thought to be the
maximum LG scale for these effects of ∼ 1012 GeV, with the requisite CP-violation provided
by the Dirac or/and Majorana phases present in the low-energy PMNS neutrino mixing
matrix.

At M1 ∼ 1012 GeV, |ηB| reaches a “plateau” where it remains practically constant as M1

increases and flavour effects are fully operative. We further have determined the minimal scale
M1min at which we can have successful LG when the CP-violation is provided only by the Dirac
(δ) or Majorana (α23 ≡ α21 − α31 or α21) phases of the PMNS matrix as well as the ranges
of the scales and the values of the phases for having successful LG. In the case of Dirac phase
CP-violation we found that M1min ∼= 2.5 (1.7)× 1011 GeV for NH light neutrino mass spectrum
and δ lying in the interval π < δ < 2π (0 < δ < π) for real (purely imaginary) Casas-Ibarra
parameter sin 2θ (Figs. (3.7) and (3.9)). As M1 increases from M1min to M1

∼= 2.7 (2.1)× 1012

GeV, at which ηB reaches the plateau value, the range of interest of δ increases from the point
δ = 3π/2 (π/2) to 202.4◦ . δ . 337.6◦ (14.6◦ . δ . 166.4◦) and remains practically the same
up to M1 ∼ 1014 GeV. We get similar results for M1min and the ranges of δ and M1 in the case
of IH light neutrino mass spectrum and purely imaginary Casas-Ibarra parameter sin 2θ, with
M1min ∼= 4.6 × 1010 GeV for δ = 3π/2 and 185◦ . δ . 355◦ for 1.2 × 1012 GeV . M1 . 1014

GeV (Fig. (3.12)). We found also that in the case of NH spectrum there is a direct relation
between the sign of sin δ and the sign of the baryon asymmetry of the Universe in the regions
of viable LG; for IH spectrum such a relation holds for M1min ∼= 4.6 × 1010 GeV . M1 . 1013

GeV.
We have investigated also the generation of ηB when the CP-violation is provided solely by

the Majorana phases α21 and α31 of the PMNS matrix. In the considered scenario with two
heavy Majorana neutrinos only the phase α23 ≡ α21−α31 (α21) is physically relevant for NH (IH)
light neutrino mass spectrum. We have performed a thorough analysis and have determined
the ranges of values of the Majorana phase α23 (α21) and the related ranges of the scale M1,
for which we can have successful LG with CP-violation provided exclusively by α23 (α21) in
the case of NH (IH) spectrum, real (purely imaginary) Casas-Ibarra factor sin 2θ = sin 2x 6= 0
(sin 2θ = ±i sinh 2y 6= 0) and CP-conserving value of δ = π (the results of these analyses are
presented graphically in Figs. (3.13), (3.14), (3.15) and (3.16)). Our results show, in particular,
that there exist relatively large regions of the relevant spaces of parameters where it is possible
to reproduce the observed value of BAU and that in these regions the values of the respective
Majorana phases providing the requisite LG CP-violation are strongly correlated with the value
of LG scale M1.

It is worth noting that the authors of Ref. [218] performed a study of high-scale LG in
which the corrections due to the running group equations (RGE) for the neutrino Yukawa
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matrices were included in the calculations of the lepton asymmetry through a modified Casas-
Ibarra parametrisation. Without these corrections, within the formalism employed in Ref. [218],
which is based on the BEs, all lepton flavour dependencies (contained in the PMNS matrix)
cancel at LG scales & 1012 GeV from the total CP-asymmetries. Once the RGE-corrections are
included, this cancellation no longer occurs and a corrective term approximately proportional
to the square of the τ -Yukawa coupling is added to the total CP-asymmetry. The authors of
Ref. [218] then show that this correction is sufficient in some regions of the parameter space
at scales & 1012 GeV for successful LG from purely low-energy CP-violation due to the PMNS
phases in the absence of the usual flavour effects. However, this correction is subdominant to
the flavour effects discussed in our work, typically being smaller by a factor of ∼ 10 to ∼ 100 in
the regions of the parameter space of the scenarios we have considered, where LG successfully
generates the observed BAU. Thus, the mechanism of generation of BAU considered in Ref. [218]
is subdominant to the mechanism discussed in this chapter.

To conclude, as it follows from the results obtained in the our paper in Pub. [I] and presented
in this chapter, viable LG based on the type-I seesaw mechanism with two hierarchical in
mass heavy Majorana neutrinos and CP-violation provided only by the physical low-energy
Dirac or/and Majorana phases present in the PMNS neutrino mixing matrix is possible for
rather wide ranges of values of the CPV phases and of the scale of LG. The scenarios of LG
investigated by us are falsifiable in low-energy experiments on the nature – Dirac or Majorana
– of massive neutrinos. As far as the nature of massive neutrinos is not known or if the
massive neutrinos are proven to be Majorana particles, the cases of LG we have considered are
still testable and falsifiable in low-energy experiments on CP-violation in neutrino oscillations,
on the determination of the type of spectrum the neutrino masses obey and on the absolute
neutrino mass scale. The data from these experiments can severely constrain the corresponding
LG parameter spaces and even rule out some of, if not all, the cases presented in detail in this
chapter.
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CHAPTER 4

Low-Scale Leptogenesis and its Testability at
Low-Energy Experiments

The scenario of RLG in which two heavy neutrinos (N1,2) are separated in mass (M 'M1,2) by
a tiny mass splitting (∆M �M) is viable at scales that are smaller than the electroweak scale,
thus at energies that are in principle accessible at laboratories. In this low-energy regime,
processes involving the heavy neutrinos (N1,2 and Higgs direct and inverse decays) can still
provide the right amount of CP-violation to produce the present BAU through LG. In Pub. [II]
we have investigated such compelling framework of RLG within the type-I seesaw extension of
the SM with two heavy neutrinos forming a pseudo-Dirac pair and masses M . 100 GeV. The
set-up for this scenario, as was already illustrated in Sec. 2.3.2, is based on the three-flavoured
BEs with two heavy neutrinos and the inclusion of flavour and thermal effects (2BE3F in
Eqs. (2.59) and (2.60)). As we are going to describe in details in this chapter, we have performed
the study in Pub. [II] by distinguishing between thermal and vanishing initial conditions (TIA
and VIA) and shown that it is possible to reproduce the present BAU for masses of the heavy
neutrinos in the range 0.3−100 GeV by relying only on the heavy Majorana neutrino and Higgs
decay mechanism (and scatterings), without taking into account the N1 −N2 oscillations, and
with the flavour effects playing a crucial role. Moreover, the parameter space of viable RLG
in this scenario is compatible with couplings of the heavy Majorana neutrinos in the CC and
NC SM weak interaction that could be probed in large part in the frontier SHiP [219, 220]
experiment and in future experiments at the discussed FCC-ee collider [221, 222].

While we were working on Pub. [II], a similar paper [161] came out in which the scenario of
RLG was treated together with the “freeze-in” mechanism of LG via oscillations in a unifying
framework (with a follow-up explanatory article published later [162]). Considering also the
case of two heavy Majorana neutrinos N1,2 forming a pseudo-Dirac pair, in Ref. [161] it was
shown that i) the observed baryon asymmetry can be generated for all experimentally allowed
values of the heavy Majorana neutrino masses M1,2 'M & 100 MeV and up to the TeV scale,
and that ii) LG is effective in a broad range of the relevant parameters, including mass splitting
between the two Majorana neutrinos as large as ∆M/M ∼ 0.1, as well as couplings of N1,2 in
the weak charged lepton current which depend on the value of M : for, e.g., M = 1 and 50 GeV,
they are in the range of (10−5−10−3) and (10−6−3×10−5), respectively. The results derived in
Ref. [161] and in our work of Pub. [II] are largely compatible in the LG parameter space regions
where they can be compared, such as, e.g., in the regions corresponding to the case of TIA,
for which the oscillation mechanism should not be relevant, and light neutrino mass spectrum
with NO. In the VIA case, where the oscillation mechanism becomes important, the parameter
space of viable LG considered in Ref. [161] is larger than that found by us in Pub. [II]. As we
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have already emphasised, we have concentrated in our work on the decay mechanism of baryon
asymmetry generation. We wanted to identify the parameter space in which the observed value
of the BAU could be generated via the decay mechanism only. Thus, effectively, we exploited
a part of the parameter space explored in Ref. [161].

Afterwards, the authors of Ref. [160] extended the unified picture of low-scale LG to the case
of three quasi-degenerate heavy Majorana neutrinos N1,2,3, with masses M1,2,3 ' M (see also
Ref. [223] for an earlier study of low-scale leptogenesis with three heavy Majorana neutrinos).
They presented the results for M between 50 MeV and 70 TeV, focusing on the case of light
neutrino mass spectrum with NO, either NH or QD, and considered both VIA and TIA initial
conditions. The major finding in Ref. [160] is that the range of heavy Majorana neutrino CC
and NC couplings for which one can have successful LG is by several orders of magnitude larger
than the range in the scenario with two heavy Majorana neutrinos 1, reaching at, e.g., M = 100
GeV values ∼ 5× 10−2 in the case of TIA and even somewhat larger values in the case of VIA.
For heavy Majorana neutrinos with masses below the TeV scale, a large range of couplings
can already be probed in direct searches at the LHC [224–228], as well as in fixed target
experiments [227, 228] and future colliders [221, 228–230]. In our work in Pub. [III], we have
investigated the potential to test the unified low-scale LG scenarios discussed in Ref. [160] in
upcoming high precision experiments on cLFV processes, in particular searching for µ± → e±+γ
and µ± → e±+e++e− decays and for µ−e conversion in nuclei. We next present in details the
main results of our works in Pubs. [II] and [III] in the following Secs. 4.1 and 4.2, respectively.

4.1 Flavoured Resonant Leptogenesis at Sub-TeV Scales
We present in this section the main results of the analysis performed in our work of Pub. [II].
We remind that the equations and related quantities, as well as the effects that were taken
into account in our analysis, were introduced in Sec. 2.3.2. We further subdivide the section
as follows. We first discuss in Subsecs. 4.1.1 and 4.1.2 the cases of thermal and vanishing
initial conditions, respectively, concentrating on the NH light neutrino mass spectrum. We will
then show and discuss the parameter space of viable RLG in the

∑
`,j |(RV )`j|2 −M plane in

Subsec. 4.1.3, showing the results also in the IH case 2.
Before presenting the results, it is necessary to notice that in the expression of the CP-

asymmetry in Eq. (2.78), for e|ξ| � e−|ξ|, the term involving the Yukawa couplings given in
Eq. (2.79) is proportional to sin(2ω)e−2|ξ|. Hence, large values of |ξ| suppress the CP-asymmetry,
while ω = (2n+1)π/4, |n| = 0, 1, 2, ..., maximises it (in absolute value). For |ξ| . 1, a slightly
different dependence on ω appears in both the Yukawa coupling term (in the denominator) and
in the mixing term of Eq. (2.78), so that the maximal value of the CP-asymmetry is actually
reached for different values of ω (depending on ξ). We have found, however, that a more precise
choice of ω would not lead to significant differences in the BAU. Therefore, in obtaining our
results of Pub. [II] we have set ω = π/4 or 3π/4 (to match the sign of the BAU) in order to

1It was first noticed in Ref. [223] that in this case of three quasi-degenerate in mass Nj , their CC and NC
couplings can be a few orders of magnitude larger than in the case of two heavy Majorana neutrinos.

2The final results in Pub. [II] were presented in the ξ −M plane and only for the NH case. To allow for a
better comparison with current limits and other works, in this Thesis we translate the region of successful RLG
from the ξ−M plane presented in Pub. [II] to the

∑
`,j |(RV )`j |2 −M plane and perform for completeness the

analysis also in the IH case. Moreover, we include in the final plots the most up-to-date expected sensitivities
of FCC-ee on

∑
j=1,2,3 |(RV )jµ|2 and on

∑
j=1,2,3 |(RV )jµ|2 for the SHiP experiment.
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Figure 4.1. The evolution of the lepton flavour and baryon asymmetries, of |N eq
Nj

− NNj
|

and of the corresponding decay, scattering and wash-out rates that govern the evolution of the
asymmetries in Eqs. (2.59) and (2.60) in the case of TIA of N1,2. The figure is obtained for
δ = 3π/2, M = 10 GeV, x(0) = 100 and ξ = 2.05. The vertical grey line is at zsph = 0.076
and is the endpoint of evolution of the baryon asymmetry ηB. The horizontal grey line at 2 is
roughly indicating where the different processes get into equilibrium. See the text for further
details.

maximise the CPV asymmetry at large values of |ξ| . We also adopt the same choice for ω
throughout this chapter, unless specified otherwise. Also, in the discussion which follows, we
consider only values of ξ ≥ 0, noting that the results are symmetric for the corresponding ξ < 0.

4.1.1 Thermal Initial Abundance
Consider the case of TIA for the heavy Majorana neutrinos, NNj

(z0) = N eq
Nj
(z0), j = 1, 2. We

can set the ratio NNj
/N eq

Nj
= 1 in the right hand side of Eq. (2.60) since, under the indicated

initial condition, the deviations of NNj
from N eq

Nj
for any z > z0 of interest for our analysis are

sufficiently small and can be neglected. For the sum of three wash-out factors, Wj, in this case
we get:

WTIA
j ≡ WD

j +W t
j +W s

j (4.1)

= WD
j +W

(quarks)
j +W

(gauge)
j ' 0.138 κj . (4.2)

The flavoured wash-out terms in Eq. (2.60) are given by Wj` ≡ pj`W
TIA
j . Due to the projection

probability pj` the wash-out terms exhibit strong flavour dependence. We depict in Fig. 4.1 the
evolution of the lepton and baryon asymmetries, the difference |N eq

Nj
−NNj

|, the decay, scattering
and wash-out rates for δ = 3π/2, M = 10 GeV, x(0) = 100 and ξ = 2.05, the maximal value of ξ
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for which we can have successful LG for M = 10 GeV, and x(0) = 100. The baryon asymmetry
ηB` originates from the CP-asymmetry in the lepton charge (flavour) L` (`), ` = e, µ, τ . Thus,
the total baryon asymmetry is ηB = ηBe+ ηBµ+ ηBτ . The figure illustrates the typical scenario
of “freeze-out” LG, namely, the case when the departure from equilibrium of NNj

(z) is what
drives the generation of the lepton (and baryon) asymmetry. The total baryon asymmetry, to
which all flavour CPV asymmetries contribute, freezes at zsph = M/Tsph ' 0.076, Tsph = 131.7
GeV being the sphaleron decoupling temperature, which is marked by the vertical grey line in
the figure.

For the choice of parameters in the figure, the asymmetries |ηBµ| and |ηBτ | exhibit almost
identical evolution for z ≤ zsph and are by a factor ∼ 100 larger than |ηBe|. This difference
reflects the difference between ε

(j)
µµ (ε(j)ττ ) and ε

(j)
ee . Thus, in this case, ηB ' ηBµ + ηBτ . The fact

that |ηBµ| ' |ηBτ | � |ηBe| can have important implications in what concerns the possibility
of wash-out of the baryon asymmetry by lepton number non-conserving effective operators of
dimension higher than four that might be “active” at the energy scales of interest [231, 232].
For z > zsph, and therefore after sphaleron freeze-out, the asymmetry |ηBe| converges to the
asymmetries |ηBµ| and |ηBτ |. Qualitatively similar behaviour is seen for a range of x(0) and M
values, with the main difference being the overall scale of the asymmetry evolution.

To understand the impact of flavour effects, we compare the obtained results with the results
in the unflavoured case. The unflavoured approximation is equivalent to taking in Eq. (2.60)
pj` = 1 for every ` and then sum over all the flavours. It roughly corresponds to taking the
total asymmetry to be the asymmetry in the dominant flavour (either muon or tauon in in the
considered case). As it is then clear from Fig. 4.1, this approximation would only lead to a
O(2) difference in the value of ηB. A more detailed analysis shows that flavour effects in the
TIA case lead, in general, to a moderate enhancement by a factor of ∼ (2 − 3) of the baryon
asymmetry.

4.1.2 Vanishing Initial Abundance
We analyse next the case of VIA for the heavy neutrinos, namely N1,2, i.e. N1,2 (z0) = 0. For
the wash-out terms, we assume on the basis of the results reported in Ref. [164] that

W
(gauge)
Atj

' W
(gauge)
Asj

, (4.3)

W
(quark)
Htj

' W
(quark)
Hsj

. (4.4)

Under these conditions 3 the wash-out term in Eq. (2.60) in the case of interest has the form:

WVIA
j ≡ WD

j +W t
j +

NNj

N eq
Nj

W s
j

'

(
0.1113 + 0.0267

NNj

N eq
Nj

)
κj ,

(4.5)

The flavoured wash-out terms in Eq. (2.60) are given by Wj` ≡ pj`W
VIA
j .

In Figs. 4.2, 4.3 and 4.4 we show the evolution of the leptonic asymmetries N`` respectively
for i) δ = 0, M = 15 GeV (zsph = 0.114), x(0) = 106 and maximal ξ = 1.53, ii) δ = 300◦,

3We have checked that choosing different relations between W
(gauge)
Atj

and W
(gauge)
Asj

, and between W
(quark)
Htj

and W
(quark)
Hsj

, does not lead to significant change of the results obtained using Eqs. (4.3) and (4.4).
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Figure 4.2. The evolution of the lepton-flavour and baryon asymmetries, of |N eq
Nj

− NNj
|

and of the corresponding decay, scattering and wash-out rates that govern the evolution of the
asymmetries in Eqs. (2.59) and (2.60) in the case of vanishing initial abundance (VIA) of N1,2.
The figure is obtained for δ = 0, M = 15 GeV, x(0) = 106 and ξ = 1.53. The vertical grey line at
zsph = 0.114 is the endpoint of the evolution of the baryon asymmetry ηB. The horizontal grey
line at 2 is roughly indicating where the different processes get into equilibrium. At z � zsph,
the asymmetry |ηBe| (solid red curve) is smaller in magnitude than the asymmetries |ηBµ| and
|ηBτ |. However, the weaker wash-out of ηBe results in it dominating ηBµ and ηBτ by the time
of sphaleron decoupling and in ηB ' ηBe. See the text for further details.

M = 20 GeV (zsph = 0.15), x(0) = 106 and ξ = 1.33, and iii) δ = 3π/2, M = 16 GeV
(zsph = 0.121), x(0) = 103 and maximal ξ = 2.18, respectively. Also shown is the growth
of NNj

(NN1 ' NN2) towards the evolving equilibrium distribution N eq
Nj

(z), governed by the
combination Dj +St

j +Ss
j . The sphaleron transition occurs at zsph marked by the vertical grey

line after which the baryon asymmetry ηB is “frozen” and remains constant at the value at zsph.
Sharp dips in the asymmetries correspond to sign changes as we always plot absolute values.

As is seen in Fig. 4.2, the asymmetries ηBµ and ηBτ , which are generated by the µ- and
τ -flavour CP-asymmetries, are strongly suppressed in the interval 0.07 . z ≤ zsph due to
the relatively large wash-out factors. This is reflected in the sudden dips of the corresponding
curves as they are driven through zero by the wash-out effects. As a consequence, by the time of
sphaleron decoupling most of the baryon asymmetry is due to the lepton CP-asymmetry residing
in the electron flavour, ηB ' ηBe. Since ηBe was mostly generated during the production of
heavy Majorana neutrinos, i.e., before NNj

(z) reached N eq
Nj
(z), this case formally corresponds

to a “freeze-in” scenario of generation of baryon asymmetry.
We highlight the fact that, in contrast to the TIA case, in the VIA scenario illustrated in

Fig. 4.2 flavour effects are crucial. Here, the “dominant flavours” are the muon and tauon, in
the sense that both respective CP-asymmetries ε(j)µµ and ε(j)ττ and projection probabilities pjµ and
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Figure 4.3. The same as in Fig. 4.2 but for δ = 300◦, M = 20 GeV, x(0) = 106 and ξ = 1.33.
The vertical grey line at zsph = 0.15 is the endpoint of the evolution of the baryon asymmetry
ηB. The horizontal grey line at 2 is roughly indicating where the different processes get into
equilibrium. In this case ηB = ηBe + ηBµ + ηBτ . See the text for further details.
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Figure 4.4. The same as in Fig. 4.2 but for δ = 3π/2, M = 16 GeV, x(0) = 103 and ξ = 2.18.
The vertical grey line at zsph = 0.12 is the endpoint of the evolution of the baryon asymmetry
ηB. The horizontal grey line at 2 is roughly indicating where the different processes get into
equilibrium. The figure illustrates a case of ηB ' ηBµ + ηBτ . See the text for further details.
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4 Low-Scale Leptogenesis and its Testability at Low-Energy Experiments

pjτ are greater than the electron flavour ones, ε(j)ee and pje: |ε(j)µµ|, |ε(j)ττ | > |ε(j)ee |, pjµ, pjτ > pje. The
unflavoured approximation would then neglect the electron CP-asymmetry and consequently
ηBe, which actually contributes most in the flavoured scenario. In this particular case, flavour
effects lead to a O(300) enhancement with respect to the unflavoured case 4.

We find that the enhancement of the baryon asymmetry due to flavour effects depends
strongly on the CPV phase δ. This is illustrated in Fig. 4.3, which shows a “freeze-in” scenario
of LG for δ = 300◦, in which, in contrast to case with δ = 0 reported in Fig. 4.2, the flavour
enhancement of the baryon asymmetry is approximately by a factor of 60. The results presented
in Fig. 4.3 show also that, depending on the values of LG parameters, all three lepton CPV
asymmetries residing in the electron, muon and tauon flavours can give significant contributions
to the baryon asymmetry so that ηB = ηBe + ηBµ + ηBτ .

The features reported in the preceding discussion can be obtained for other choices of the
parameters and we find, in general, that in the mass range of interest, varying x(0) and δ
accordingly, flavour effects can lead to enhancement of the generated baryon asymmetry by a
factor ranging from a few to a few hundred.

In Fig. 4.4 instead, the final baryon asymmetry is generated after all the three lepton flavour
asymmetries, initially generated during the production of RH neutrinos, are fully erased by
the wash-out processes. Therefore this corresponds to the “freeze-out” RLG case. Since the
dominant lepton flavour related asymmetries are ηBµ and ηBτ and ηB ' ηBµ + ηBτ , the flavour
effects are not significant in this scenario. However, it is quite remarkable that in the case of
the same initial condition – zero initial abundance of Nj – the “freeze-in” mechanism of baryon
asymmetry generation can transform into the “freeze-out” mechanism for different choices of
the parameters.

4.1.3 Parameter Space for Viable Resonant Leptogenesis
We next present the scan of the parameter space for viable RLG at sub-TeV scales. The results
are summarised in the two plots of Fig. 4.5. Note that we have plotted curves for different
choices of ω. The contours, for different values of ω, are obtained for α23 ≡ α21 − α31 = 2π
(α31 = 0) and δ = 3π/2 5 and connect the points for which there exists a choice of x(0) that
makes the predicted BAU equal to the one observed today. More specifically, at each point of
the contours x(0) is chosen so to maximise the mixing factor appearing in Eq. (2.78) for j = 1
at z = zsph, namely

f
(1)
mix(zsph) ≡

2x(0)γ(zsph)

4 [x(0) + xT (zsph)]
2
+ γ2(zsph)

, (4.6)

4The enhancement can also come with a peculiar difference in sign, which reflects the fact that in this
intermediate regime the unflavoured scenario may correspond to the “freeze-out” type LG, while the flavoured
one – to the “freeze-in” type. The correct sign can always be recovered by switching ω from π/4 to 3π/4, or
vice versa.

5This set of PMNS phases maximises the contours (as also described in details in our paper), though an
alternative choice that would also maximise the asymmetry would only slightly affect the results. In particular,
our detailed analysis in Pub. [II] showed that, in the maximal case, the wash-out factor for the asymmetry in
the e-lepton charge and the related baryon asymmetry ηBe exhibit weak dependence on the Majorana phases,
while the wash-out factors for the asymmetries in the µ- and τ - lepton charges and, correspondingly, the flavour
baryon asymmetries ηBµ and ηBτ , change significantly with α23. However these changes are “‘anti-correlated”
in the sense that the sum ηBµ + ηBτ remains practically constant when α23 is varied. As a consequence, also
the total baryon asymmetry ηB = ηBe + ηBµ + ηBτ does not show any noticeable dependence on the Majorana
phases.
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Figure 4.5. We show the region (in red) in the
∑

`j |(RV )`j|2 −M plane excluded by the
request of predicting the BAU within the RLG mechanism. The top (bottom) panel is for NH
(IH). At the contours and in the white region, there always exists a choice of the parameters ω
and x(0) for which the predicted BAU equals the observed value ηB ' 6.1×10−10. In particular,
the different curves are obtained for (from left to right) ω = 45◦ (red), 22.5◦ (yellow), 5◦ (blue)
and 0.1◦ (green) and maximised over x(0), with the solid and dashed styles corresponding to the
VIA and TIA cases, respectively. The yellow (blue) area is the expected sensitivity region of
the FCC-ee (SHiP) experiment on

∑
lj |(RV )`j|2 (

∑
j |(RV )µj|2), extrapolated from Ref. [233].
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with the maximum at
x

(0)
MAX, 1 =

1

2

√
4xT (zsph) + γ2(zsph) . (4.7)

Note that the above choice of x(0)MAX, 1 maximises also the regulator factor of the CP-asymmetry
when j = 2, i.e. f (2)

mix, only if ω = (2n + 1)π/4 for any ξ or for |ξ| � 1 and any ω. In general,
the CP-asymmetry f (2)

mix is maximal at (see Eq. (2.78))

x
(0)
MAX, 2 =

1

2

√
4xT (zsph) +

[
Γ11

Γ22

γ(zsph)

]2
. (4.8)

The presence of the factor Γ11/Γ22 makes the two CP-asymmetries slightly different when
ω 6= (2n + 1)π/4 and for |ξ| . 1. However, choosing x(0) as in Eq. (4.7) for any ξ and ω does
not lead to any significant difference.

In the figure, we have separated between the cases of VIA and TIA with solid and dashed
lines, respectively, with the top (bottom) panel corresponding to the NH (IH) case. In the red
region, the predicted BAU is always smaller than the observed value, while in the white region
is bigger. However, in the white region, we can always choose a different sets of parameters
(i.e. x(0) and/or ω) and get the observed value for the BAU (see, e.g., the various curves corre-
sponding to different choices of ω). The yellow (blue) area represents the expected sensitivity
region of the FCC-ee (SHiP) experiment on

∑
`j |(RV )`j|2 (

∑
j |(RV )µj|2), extrapolated from

Ref. [233], revealing the potential to probe a large part of the RLG parameter space in the
future.

Some comments on the picture are in order. In the TIA scenario, for a given x(0), the lower
the mass, the less is the time for the system to depart from equilibrium before zsph, and so
greater the CP-asymmetry must be, and slower the processes keeping Nj in equilibrium, so
that the baryon asymmetry freezes at the observed value. Correspondingly, by lowering the
mass, the maximal value of ξ, and thus of

∑
`j |(RV )`j|2 (see Eq. (2.28)), for which we can have

successful RLG decreases. This leads to a lower bound on the mass M for which RLG can
be successful, with the minimal value obtained for ω = π/4 at M1 ' 5 GeV (10 GeV) for the
NH (IH) case. In the region of smallest

∑
`j |(RV )`j|2 corresponding to ξ . 1, the dependence

on ξ of the CP-asymmetry and wash-out terms is less trivial and strongly dependent on the
leptonic CPV phases. In the VIA case, compared to the TIA case, the region of successful RLG
extends to lower masses. In particular, we find that the minimal lower bound on the mass is
reached for ω = π/4 and reads M ≈ 0.3GeV (1GeV) in the NH (IH) case. The values of the
observable max(

∑
`,j |(RV )`j|2) and min(

∑
`,j |(RV )`j|2) for M & 10GeV we find in the VIA

case are the same as those reported for the TIA case. This is in agreement with the fact that in
the “freeze-out” LG scenario we are analysing, in which the observed BAU is generated in the
strong wash-out regime, there is no dependence on the initial conditions. At M . 10GeV the
VIA case differs from the TIA one because of the “freeze-in” mechanism that comes into play.
For both the TIA and VIA conditions, the minimal lower curves on

∑
`,j |(RV )`j|2 correspond

to the case of ξ = 0.
We now briefly comment on the reason why, even for small values of ω such as 0.1◦, the BAU

can still be reproduced in the NH case for a large region of the parameter space. For |ξ| � 1, the
CP-asymmetry is proportional to sin(2ω)e−2|ξ| while the parameter κj ∝ (e2ξ) (see Eq. (2.72)).
Therefore, the smaller ω is, the smaller the CP-asymmetry will be, while the wash-outs remains
unaffected. In order to predict the observed BAU we then need smaller values of ξ to both
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enlarge the CP-asymmetry and weaken the wash-out effects. Indeed, considering the analytical
approximation valid in the “freeze-out” regime for which ηB ∝

∑
j ε

(j)/κj ∝ sin(2ω)e−4|ξ|, for
M = 100 GeV, ω = {22.5◦, 5◦, 0.1◦, 0.05◦} and ξ = {3.21, 2.87, 1.89, 1.70} (corresponding to the
maximal values in the figure), we get sin(2ω)e−4|ξ| = {1.87, 1.82, 1.79, 1.94} × 10−6.

To summarise, the figure shows that RLG with the decay mechanism can be successful
across the whole of the experimentally accessible region of M1,2 ' (0.3(1) − 100) GeV in the
case of NH (IH) light neutrino mass spectrum. Furthermore, we have found that RLG at the
considered sub 100 GeV scales is compatible with values of the CC and NC couplings of N1,2 in
the weak interaction Lagrangian, whose squares are in the range of 10−12 − 10−8 (see Fig. 4.5).
A large part of the viable parameter space can be probed in the frontier SHiP experiment and
at the discussed future FCC-ee facility.

4.2 Low-Scale Leptogenesis with Three Quasi-Degenerate
Heavy Neutrinos

We illustrate in this section the results of our work in Pub. [III], unveiling how current and
future experiments searching for cLFV processes can probe the parameter space of low-scale
LG with three heavy Majorana neutrinos N1, 2, 3 quasi-degenerate in mass, M 'M1, 2, 3, and the
baryon asymmetry being generated by both the decay mechanism, typical of RLG scenarios, and
the Nj oscillations [160]. We start by elucidating what the current and prospective sensitivities
of cLFV experiments are in Sec. 4.2.1 and then show the scan of the parameter space for viable
LG in Sec. 4.2.2.

4.2.1 Current and Prospective Sensitivities of cLFV Experiments
The low-energy phenomenology of the considered type-I seesaw scenario has been investigated,
e.g., in Refs. [150, 234–236]. The CC and NC couplings in Eqs. (2.20) and (2.21) can induce
(via one-loop diagrams with exchange of virtual N1,2,3) cLFV processes µ± → e± + γ, µ± →
e± + e+ + e−, µ− e conversion in nuclei, and so on. [237, 238].

The most stringent upper limits on the rates of these processes have been obtained in
experiments with muons. The best experimental limits on µ→ eγ and µ→ eee decay branching
ratios, BR(µ → eγ) and BR(µ → eee), and on the relative µ − e conversion cross section in a
nucleus A

ZN , CR(µ A
ZN → e A

ZN ) (Z and A are the atomic and mass numbers, respectively), have
been reported by the MEG [239], SINDRUM [240] and SINDRUM II [241,242] Collaborations:

BR(µ→ eγ) < 4.2× 10−13 (90% C.L.) , (4.9)
BR(µ→ eee) < 1.0× 10−12 (90% C.L.) , (4.10)

CR(µ 48
22Ti → e 48

22Ti) < 4.3× 10−12 (90% C.L.) , (4.11)
CR(µ 197

79Au → e 197
79Au) < 7.0× 10−13 (90% C.L.) . (4.12)

The planned MEG II update of the MEG experiment [243] aims at reaching sensitivity to
BR(µ→ eγ) ' 6× 10−14. The sensitivity to BR(µ→ eee) is planned to be increased by up to
three (four) orders of magnitude to BR(µ→ eee) ∼ 10−15 (10−16) with the realisation of Phase I
(Phase II) of the Mu3e Project [244]. The Mu2e [245] and COMET [246] collaborations studying
µ−e conversion in aluminium plan to reach sensitivity to CR(µ 27

13Al → e 27
13Al) ∼ 6×10−17. The

80



4 Low-Scale Leptogenesis and its Testability at Low-Energy Experiments

planned PRISM/PRIME experiment [247] aims at a dramatic increase of sensitivity to the µ−e
conversion rate in titanium, allowing to probe values as small as CR(µ 48

22Ti → e 48
22Ti) ∼ 10−18,

an improvement by six orders of magnitude of the current bound given in Eq. (4.11).
The predictions of the seesaw model under discussion, e.g., for the rates of the µ → eγ

and µ → eee decays and µ − e conversion in nuclei, as can be shown, depend on the quantity
|
∑

j=1,2,3(RV )∗µj(RV )ej|2, and, for |Mj − Mk| � Mn, j 6= k = 1, 2, 3, n = 1, 2, 3, on the
mass M1,2,3 ' M of the heavy Majorana neutrinos N1,2,3. The expressions for BR(µ → eγ),
BR(µ → eee) and CR(µ A

ZN → e A
ZN ) in the case of interest can be easily obtained from

those given in Refs. [234, 235, 248, 249] and we present them in Appendix D. Let us add that
the rates of the cLFV decays of the τ lepton are proportional to the product of couplings
|
∑

j=1,2,3(RV )∗τj(RV )`′j|2, `′ = e, µ. However, the current constraints and the prospective
improvements of the sensitivity of the experiments on cLFV decays of τ± are respectively less
stringent and not so significant as in the case of experiments on cLFV processes with µ± and
we are not going to consider them here.

In the region of viable LG, the quantity of interest |
∑

j=1,2,3(RV )∗µj(RV )ej| can be as large
as 10−1 (see Fig. 4.6), which opens up the possibility to test the low-scale LG scenario with
three quasi-degenerate heavy Majorana neutrinos in experiments on cLFV with µ±. Indeed,
consider as an example the experiments on µ → eγ decay. The µ → eγ decay branching ratio
is given by [234] (see also Refs. [237, 238, 250] and Appendix D):

BR(µ→ eγ) =
Γ(µ→ e+ γ)

Γ(µ→ e+ νµ + νe)
=

3αem

32π
|T |2 , (4.13)

where αem ' 1/137 is the electromagnetic fine structure constant and

T ∼= [G(X)−G(0)]
∑

j=1,2,3

(RV )∗µj (RV )ej . (4.14)

Here, G(X) is a loop integration function, X ≡ (M/MW )2 and we have taken into account that
the differences between M1, M2 and M3 are negligibly small, with M1,2.3

∼= M . The function
G(X) is monotonic 6 and takes values in the interval [4/3, 10/3], with G(X) ∼= 10/3 − X for
X � 1. At, e.g., M =MW (M = 1000 GeV) we have G(X)−G(0) = − 0.5 (' −1.9). It is not
difficult to show, using these values of G(X)−G(0) and Eqs. (4.13) and (4.14), that the MEG II
experiment aiming to probe BR(µ→ eγ) down to 6×10−14, will be sensitive for M =MW (M =
1000 GeV) to values of |

∑
j=1,2,3(RV )∗µj (RV )ej| & 3.3×10−5 (8.9×10−6). This is approximately

by 1 to 3 orders of magnitude smaller than the maximal value of |
∑

j=1,2,3(RV )∗µj (RV )ej| at
M =MW (M = 1000 GeV) for which we can have successful low-scale LG in the scenario with
three quasi-degenerate in mass heavy Majorana neutrinos in the TIA and VIA cases.

Even smaller values of |
∑

j=1,2,3(RV )∗µj (RV )ej| can be probed in the Mu3e experiment [244],
planning to reach sensitivity to BR(µ → eee) ∼ 10−15 (10−16) and especially in the up-
coming Mu2e [245], and COMET [246] experiments on µ − e conversion in aluminium, aim-
ing ultimately to be sensitive to CR(µ 27

13Al → e 27
13Al) ∼ 6 × 10−17. Values as small as

|
∑

j=1,2,3(RV )∗µj (RV )ej| ∼ 10−7 at M ∼ 100 GeV can be probed in planned PRISM/PRIME
experiment [247], aiming at an impressive increase of sensitivity to the µ− e conversion rate in
titanium to CR(µ 48

22Ti → e 48
22Ti) ∼ 10−18.

6The explicit analytic expression for the function G(X) can be found in Eq. (D.2) Appendix D of this Thesis
(see also, e.g., Ref. [234]).
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4.2.2 Projecting cLFV Sensitivities in the Parameter Space of Lep-
togenesis

In order to obtain the region of viable LG in terms of the cLFV observable quantities, we have
solved the DMEs from Refs. [160,161], and scanned the parameter space for the largest allowed
values of |

∑
j=1,2,3(RV )∗µj (RV )ej|. 7 In Fig. 4.6 we show the regions of viable low-scale LG in

the considered scenario in the |
∑

j=1,2,3(RV )∗µj (RV )ej|−M plane for |
∑

j=1,2,3(RV )∗µj (RV )ej| ≥
10−11 and M in the interval M = (0.1− 7× 104) GeV in the TIA and VIA cases (regions below
the dotted and solid black lines, respectively). The light neutrino mass spectrum is assumed to
be with NO. The lightest neutrino mass is set to m1 = 0 (top panel) and m1 = 0.03 eV (bottom
panel). The subregion which is excluded by the current low-energy data [251], including the
current upper limitations on BR(µ → eγ) and on CR(µ 197

79Au → e 197
79Au) given in Eqs. (4.9)

and (4.12), is shown in grey. The green, blue, yellow and red lines represent, from top to bot-
tom, the prospective sensitivities of the planned experiments on µ → eγ and µ → eee decays,
as well as on µ− e conversion in aluminium and titanium 8. As the two figures clearly indicate,
the planned experiments on cLFV with µ± can probe significant region of the LG parameter
space, which cannot be explored by any other experiments. If any of these cLFV experiments
finds a positive result, that will serve also as an indication in favour of the considered low-scale
LG scenario with three heavy Majorana neutrinos.

It deserves to be mentioned that a study along the same lines was presented in Ref. [163].
The authors of Ref. [163] also demonstrated the potentiality of cLFV experiments to test the pa-
rameter space of LG with three quasi-degenerate heavy neutrinos. A difference of our work with
respect to Ref. [163] is that the region of viable LG in the |

∑
j=1,2,3(RV )∗µj(RV )ej| −M plane,

considered in our analysis, was derived directly from the solution to the corresponding DMEs
without relying on any assumption regarding the magnitude of the couplings

∑
j |(RV )ej|2,∑

j |(RV )µ,j|2 and
∑

j |(RV )τj|2. The authors of Ref. [163] had to use some assumptions on the
ratios

∑
j |(RV )ej|2 :

∑
j |(RV )µ,j|2 :

∑
j |(RV )τj|2 in order to relate |

∑
j=1,2,3(RV )∗µj(RV )ej|

with
∑

`j |(RV )`j|2 and project the sensitivities of cLFV experiments and LG bounds in the∑
`j |(RV )`j|2 −M plane. Our results are thus more general as we have directly shown the

cLFV and LG bounds in the |
∑

j=1,2,3(RV )∗µj(RV )ej| − M plane, without assuming any ad
hoc relation between

∑
j |(RV )ej|2,

∑
j |(RV )µ,j|2 and

∑
j |(RV )τj|2. Nevertheless, the cLFV

constraints obtained in Ref. [163] in the region of viable LG for M ≤ 70TeV are compatible
with our results in Pub. [III] outlined in this section.

Summing up, we have shown that the upcoming and planned experiments on charged lepton
flavour violation with µ±, MEG II on the µ → eγ decay, Mu3e on µ → eee decay, Mu2e and
COMET on µ−e conversion in aluminium and PRISM/PRIME on µ−e conversion in titanium,
can probe significant region of the viable parameter space of low-scale LG based on the type-I
seesaw mechanism with three quasi-degenerate in mass heavy Majorana neutrinos N1,2,3, and
thus can test this very attractive LG scenario, with a potential for a discovery.

7To make the numerical analysis more straightforward, we have adopted the parametrisation for the matrix
O as in Eq. (2.25).

8The spikes in the curves related to µ − e conversions, appearing for different heavy neutrino masses in
relation to the considered nucleus, are present because the relative rates of the processes, calculated at leading
(one-loop) order and neglecting the differences between the masses of N1,2,3, go through zero [235].
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Figure 4.6. The region in the |
∑

j=1,2,3(RV )∗µj(RV )ej| − M plane of successful low-scale
LG in the case of NH light neutrino mass spectrum with m1 = 0 (top panel) and for NO
spectrum with m1 = 0.03 eV (bottom panel). The solid and dotted black curves are the
constraints from successful LG in the VIA and TIA cases, respectively. The grey region with
solid contour that extends to M ∼ 500 GeV is excluded by low-energy experiments as shown
in [251], that with dashed and dot-dashed contours are excluded by the current upper limits
BR(µ → eγ) < 4.2 × 10−13 [239] and CR(µ 27

13Au → e 27
13Au) < 7 × 10−13 [242], respectively.

The green, blue, yellow and red lines correspond, from top to bottom, to the sensitivities of the
upcoming experiments on µ± → e± + γ, µ± → e± + e+ + e− decays and on µ− e conversion in
aluminium and titanium. See the text for further details.
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CHAPTER 5

Summary and Concluding Remarks

In Chapter 1 we have introduced the fact that the present Universe has a net imbalance be-
tween matter and antimatter, the former dominating over the latter. The Standard Model of
particle physics fails in the attempt of explaining a dynamical generation of the cosmic matter-
antimatter asymmetry – the baryon asymmetry of the Universe (BAU) ηB – with an initial
condition being essentially ruled out by the inflation paradigm. It follows that, to explain why
the Universe is made of matter, by the way making our own existence possible, one has to
assume new physics beyond the Standard Model. Within the Standard Model it is also impos-
sible to explain the existence of neutrino masses and mixing – which also requires new physics
beyond the Standard Model.

To this end, the type-I seesaw extension of the Standard Model, which we have reviewed
in Chapter 2, is an elegant attempt to explain both the generation of neutrino masses and
mixing and the matter-antimatter asymmetry of the Universe via leptogenesis. Despite being
a rather simple extension in mathematical terms requiring only few (≥ 2) additional right-
handed neutrino fields having a Majorana mass term, the amount of phenomenological aspects
that flows from the type-I seesaw scenario is quite impressive – from the observed neutrino
oscillation pattern, to the generation of the present baryon asymmetry of the Universe, as well
as charged lepton flavour violating processes in the “low-scale” versions of the scenario.

We have briefly reviewed in Chapter 2 how the leptogenesis mechanism within the type-
I seesaw mechanism works. In brief, the processes involving the right-handed neutrinos, or,
equivalently, the associated heavy Majorana neutrinos Nj, that violate C, CP and the lepton
number (total and of individual flavour), when happening out-of-equilibrium in the early Uni-
verse, lead to a cosmic lepton asymmetry, which is then translated into the present baryon
asymmetry of the Universe by the Standard Model sphaleron processes. Since the mass and
spectrum of heavy Majorana neutrinos within the type-I seesaw extension are not constrained
by the observed light neutrino masses and mixing pattern, a variety of scenarios for the gener-
ation of the matter-antimatter asymmetry of the Universe via leptogenesis is possible. In the
various scenarios, depending on the scale and mass hierarchy of the heavy Majorana neutrinos,
many effects with different timescales can be crucial, such as thermal, flavour and quantum
decoherence effects, decay, scattering, soft and oscillation processes, resonant enhancements,
that we have considered in our multiple analyses. The inclusion of all the specific effects makes
the formulation of a full theory of leptogenesis challenging, with the relevant equations be-
coming rather complicated and the solutions numerically demanding. Given the complexity
and variety of scenarios, it should not be surprising that the leptogenesis idea has been, and
continues to be, actively studied since it was proposed more than three decades ago. In turns,
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the efficiency and power of the numerical codes we have at present (see, for instance, the work
we have done in Pub. [IV]) enables one to compute the baryon asymmetry very precisely and
relatively fast. Besides, the effort that the experimental community is continuously investing
on neutrino physics stimulates comprehensive examinations of the leptogenesis scenarios in con-
nection to low-energy observables. These are the broad directions that our studies published
in Pubs. [I, II, III, IV] and discussed in the present Thesis were following.

In our work of Pub. [I] that we have reviewed in Chapter 3, we have studied the scenario of
high-scale leptogenesis based on the type-I seesaw mechanism with two and three (right-handed)
heavy Majorana neutrinos Nj, j = 1, 2 or j = 1, 2, 3, possessing hierarchical spectrum, with
the lightest heavy Majorana neutrino N1 having a mass in the range M1 ∼ (108 − 1014) GeV,
and in which the CP-violation is provided solely by the low-energy Dirac or/and Majorana
phases of the neutrino mixing (PMNS) matrix. We have considered the quantum density
matrix equations and classical Boltzmann equations and compared their different predictions
in the various flavour regimes of generation of the BAU. The rather detailed numerical analysis
we have performed was entirely based on the ULYSSES Python package we have developed and
presented in Pub. [IV] (see Appendix A) which allowed us to compute the baryon asymmetry
fast and efficiently for each of the considered set of equations. We have found that the quantum
flavour decoherence effects accounted for in the formalism of density matrix equations can play
a dominant role in the generation of the BAU in the whole considered mass range, while the
Boltzmann equations may fail to describe the generation of the BAU generation in certain cases.
More precisely, when the CP-violation is provided solely by the PMNS phases, the Boltzmann
equations do not predict any baryon asymmetry in the regime when the three lepton flavours are
indistinguishable during the period of leptogenesis, i.e. for masses above 1012 GeV. In contrast,
the density matrix equations can successfully reproduce the present baryon asymmetry of the
Universe in this regime, predicting a novel and unexpected constant behaviour of ηB against
the mass scale (M1). The results we have found revealed that the density matrix equations
predictions can strongly differ from the Boltzmann equations ones even in the regime where one
lepton flavour decoheres from the other two. Moreover, the sign of the solution to the density
matrix equations depends on the mass scale of leptogenesis in the sense that, for a given set of
parameters, the predicted BAU can have different signs in the different flavour regimes. This
led us to discover important consequences in terms of ranges of mass scales and values of the
PMNS phases for having successful leptogenesis in the cases of normal and inverted hierarchical
light neutrino mass spectrum. The most remarkable one is that, when the CP-violation is only
due to the Dirac phase δ, there is a one-to-one correspondence between the sign of sin δ and the
sign of the BAU in the regions of viable leptogenesis. This result could not have been found
in the classical Boltzmann equations formalism. The situation is somewhat more complicated
when the CP-violation is provided solely by the Majorana phases α21 and/or α31, but still an
eventual measurement of the Dirac and/or Majorana phases could fix or constrain the allowed
range of mass scales for having successful leptogenesis. We have thus demonstrated that future
low-energy neutrino experimental data on PMNS phases can support or significantly constrain
the corresponding leptogenesis parameter spaces of the cases studied in our work.

Another example of leptogenesis scenario that can be connected to low-energy observables is
that of resonant leptogenesis in which two heavy Majorana neutrinos N1, 2 are separated in mass
by a tiny mass splitting and can have masses even smaller than the electroweak scale. Their
decays into Higgs bosons and leptons, as well as the corresponding Higgs bosons decays into
heavy Majorana neutrinos and leptons that can be allowed kinematically due to thermal masses,
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5 Summary and Concluding Remarks

may still provide the right amount of CP-violation to produce the present baryon asymmetry
of the Universe through leptogenesis. We have investigated this scenario within the type-I
seesaw model below the electroweak scale in Pub. [II] and discussed the results in Chapter 4.
We have performed the study using the formalism of Boltzmann equations, including flavour
and thermal effects and excluding the processes of heavy neutrino oscillations. We have found
that reproducing the present baryon asymmetry of the Universe is feasible for heavy Majorana
neutrino masses in the range 0.3 − 100 GeV by relying exclusively on the heavy Majorana
neutrino and Higgs decay mechanism. Moreover, the results obtained in Pub. [II] revealed
that, depending on the values of the leptogenesis parameters, the dominant of the three flavour
components of the total baryon asymmetry ηB, namely, ηBe , ηBµ and ηBτ , generated by the
corresponding CP-asymmetries in the e-, µ- and τ -flavour (lepton charge), could be ηBe or the
sum ηBµ+ηBτ , or else the contribution from all three components can be significant, i.e., one can
have ηB ' ηBe , or ηB ' ηBµ + ηBτ , or else ηB = ηBe + ηBµ + ηBτ . Quite remarkably, the results
of our work in Pub. [II] revealed also that, in the case of vanishing initial abundance of heavy
Majorana neutrinos and for the masses of N1, 2 of interest, the baryon asymmetry of the Universe
surviving after sphalerons decouple can be produced solely by the 1 ↔ 2 and 2 ↔ 2 processes
either during the production (“freeze-in”) or departure from equilibrium (“freeze-out”) of the
heavy Majorana neutrinos – clearly, since there is no initial production of heavy neutrinos, the
case of thermal initial abundance can only correspond to the “freeze-out” scenario. Finally and
more importantly, we have demonstrated that such scenario is compatible with values of the
charged and neutral current couplings of the heavy Majorana neutrinos in the weak interaction
Lagrangian that can be tested in, e.g., the frontier SHiP experiment and future experiments at
the FCC-ee collider, opening up the exciting possibility of probing the considered leptogenesis
scenarios in future low-energy experiments.

When the effects of heavy neutrino oscillations are considered together with the resonant
decay mechanism within the formalism of density matrix equations, the parameter space of
viable leptogenesis enlarges considerably. In particular, if one additionally considers three quasi-
degenerate heavy Majorana neutrinos with masses in the range ∼ (0.05− 7× 104) GeV, viable
leptogenesis is compatible with charged current and neutral current weak interaction couplings
of the heavy neutrinos as large as O(10−2), entering in the sensitivity regions of currently
running and future planned experiments on charged lepton flavour violating processes. We
have presented in Chapter 4 the constraints we derived in Pub. [III] on the parameter space
of this low-scale leptogenesis scenario from the existing data from low-energy experiments,
including the current limits from the experiments on µ → eγ decay and on the rate of µ − e
conversion in gold. We have shown also that the planned and upcoming experiments on charged
lepton flavour violation with µ±, MEG II on the µ→ eγ decay, Mu3e on µ→ eee decay, Mu2e
and COMET on µ − e conversion in aluminium and PRISM/PRIME in titanium, can probe
significant region of the viable leptogenesis parameter space. These tests will be performed
within the next ten years.

In summary, our results showed many novel interesting features of leptogenesis within the
type-I seesaw extension of the Standard Model from grand unification to sub-TeV scales and
confirmed possible connections to low-energy observables. We demonstrated that there is the
thrilling possibility to test the considered scenarios at currently running and future experimental
facilities, which actually have a potential for a discovery. We are looking forward to seeing the
results of these very important experiments on beyond the Standard Model physics.

As a next step, further improvements on the numerical code for solving the leptogenesis
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equations would definitely allow us to extend and refine the analysis, perhaps elucidating other
interesting features of leptogenesis. The type-I seesaw model is the minimal extension one can
think of to explain the observed light neutrino masses and mixing scheme, but many theoretical
questions, such as the emergence of three flavours and/or the light neutrino mass and mixing
patterns and/or the right-handed neutrino masses (e.g. the latter can arise from a dynamical
breaking of a high-scale U(1) lepton number symmetry) remain unanswered. Extending further
the model to a larger theory could, at the same time, solve some of these open problems and
reveal other interesting features of leptogenesis, eventually in further connections to low-energy
observables.
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APPENDIX A

ULYSSES: the Universal LeptogeneSiS Equation Solver

The Universal LeptogeneSiS Equation Solver (ULYSSES) introduced in our work of Pub. [IV]
is a Python package that solves numerically the sets of semi-classical differential Boltzmann
equations relevant to LG scenarios within the type-I seesaw extension of the SM with up to
three heavy Majorana neutrinos. To our knowledge, ULYSSES is the first publicly available code
for this task.

The package is based on an extensive library of functions where all the quantities entering
the equations, such as the decay parameters, the wash-out terms, the heavy neutrino number
densities at equilibrium, the projection probabilities and the CP-asymmetry parameters (see
Secs. 2.3.1 and 2.3.2 for definitions), are defined and expressed in terms of the Casas-Ibarra
parametrisation (arbitrary parameterisations can also be adopted depending on the User’s
purposes). The parameters of the model, namely the heavy neutrinos masses, the Casas-Ibarra
angles, the PMNS angles and phases, as well as the light neutrino masses, can be fixed externally.

The systems of differential equations are defined in separate modules so that, depending on
the necessity of the User, the equations that are more appropriate to the regime of interest can
be selected and solved numerically for a given set of parameters. The equations implemented in
the first available version of the code include the ones defined in Secs. 2.3.1 and 2.3.2, namely
1BE1F, 1BE2F, 1BE3F, 2BE3F, DMEs 1.

The code can be used in two manners. One relatively fast method is dedicated to Users with
limited Python programming skills, or limited amount of time, or for rather simple necessities,
which can directly utilise ULYSSES from the terminal by providing a text file with the chosen
parameters and typing few command lines (the details of this procedure are described in the
manual in Pub. [IV]). For the given point in the model parameter space, ULYSSES calculates
the BAU (either in terms of the baryon-to-photon ratio ηB, the baryon-to-entropy density ratio
YB or the baryonic density parameter ΩBh

2) and plots the lepton asymmetry number density
as a function of the evolution parameter. Otherwise, the package can be imported inside the
User’s own code and adapted for more advanced purposes. In particular, the package can be
adjusted to return a table containing the number densities of the heavy neutrinos NN1,2,3(z)
and lepton asymmetries Nee, µµ, ττ (z), also ηBe,µ,τ (z), for chosen values of z = M1/T , with M1

being the mass of the lightest heavy Majorana neutrino (the User can select the starting and
final z values, as well as the number of points). Besides, all the function in the main library
can be called and computed at a given z point. This makes the code largely adaptable to the
User’s purpose.

1The equations in the cases for which up to three heavy Majorana neutrinos contribute to the generation of
the BAU are also included.
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Entering more specifically in the programming details and core dependencies, the code
is written in Python3 and heavily uses the widely available modules NumPy [252, 253], and
SciPy [254]. The computation is drastically accelerated with the just-in-time compiler provided
by Numba [255] where meaningful. To undertake the central task of solving sets of coupled
differential equations, the package ODEINTW [256] is adopted, which provides a wrapper of
scipy.integrate.odeint that allows it to handle complex and matrix differential equations.
The latter is redistributed with ULYSSES and does not need to be downloaded separately. These
dependencies for ULYSSES are automatically resolved during the installation process with pip.
The aforementioned packages provide the minimal functionality for solving BEs at a given point
in the model parameter space.

We summarise in the following list the most important characteristics of the code.

• Exhaustive. It can calculate the evolution of all the LG ingredients (e.g., the heavy neu-
trino number densities, the decay and wash-out factors, the lepton and CP-asymmetries
in different flavours).

• Universal. It can solve many different sets of equations like, e.g., 1BE1F, 1BE2F,
1BE3F, 2BE3F, DMEs, also with arbitrary numbers of heavy neutrinos 2, that are ap-
propriate to LG scenarios covering more than 14 orders of magnitude, from 0.1 GeV to
1014 GeV scales. In this sense ULYSSES performs an “Odissey” across a vast set of LG
frameworks and “travels” towards universality.

• Precise. The calculations of the BAU can be made more accurate by including the con-
tributions from, e.g., loop corrections, scattering and spectator processes, flavour effects.

• Flexible. The code is easily modify-able and implement-able with new models and sets
of equations. Hence, it is widely adaptable to the User’s purpose.

• Slim. The computation of the BAU performed by ULYSSES is tremendously fast due
to the multi-core computation provided by the package NUMBA, with the code being also
small in size (∼ 400 kB).

• Public. The code is freely available in the Github folder at this link [IV]. The User can
easily download the code from the source or install it directly via pip.

Some drawbacks of the code are, e.g., the lack of a module for solving the equations in the
scenario of LG via oscillations and the phase-space integro-differential equations at a given mo-
mentum, the inclusion of accurate estimates of thermal production rates at finite temperature,
next-to-leading-order corrections for the source term and partially equilibrated spectator pro-
cesses. Some of these features and other improvements are being implemented in an updated
and upcoming version of the code 3.

2The existing modules work up to three heavy neutrinos, but they can be simply extended to larger number
of Nj .

3Also, the version of the code with the inclusion of thermal effects as we have implemented for the study in
Pub. [II] have not been released publicly yet.
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APPENDIX B

Density Matrix Equations in Different Flavour Bases

We consider here the scenario of two-flavoured leptogenesis within the formalism of DMEs.
This is equivalent to set Γµ/(Hz) = 0 in the DMEs defined in Eqs. (2.52)-(2.53). We describe
here in detail how to arrive from the DMEs in the three-flavour basis in Eqs. (2.52)-(2.53) to
the ones in the two-flavour basis given in Eqs. (3.1)-(3.4). We also discuss how the formal
solution to those is obtained and how, under the single-flavour approximation, they recover the
single-flavoured Boltzmann equations in Eqs. (2.34)-(2.35).

In the calculations that follow, it will prove convenient to use the CP-asymmetry in Eqs. (2.56)
also for the τ⊥-flavour and for the jth heavy Majorana neutrino Nj, which, in terms of the Cjα

coefficients defined in Eq. (2.31), is given by

ε
(j)
αβ =

3

32π

∑
k 6=j

(
Y †Y

)
kk

{
i
[
CjαC

∗
kβ(C

†C)kj − C∗
jβCkα(C

†C)jk
]
f1

(
xk
xj

)

+ i
[
CjαC

∗
kβ(C

†C)jk − C∗
jβCkα(C

†C)kj
]
f2

(
xk
xj

)}
,

(B.1)

with j, k = 1, 2, 3 and α, β = e, µ, τ, τ⊥. Explicitly, the diagonal terms are

ε(j)αα =
3

16π

∑
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)
kk

{
=
[
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. (B.2)

We remind also that
(
Y †Y

)
jj

=
∑

γ |Yγj|2,
(
C†C

)
jk

=
∑

γ C
∗
jγCkγ and pjγ ≡ |Cjγ|2 with

γ = e, µ, τ , while pjτ⊥ ≡ pje+pjµ and pjτ+pjτ⊥ = pjτ+pje+pjµ = 1. To use Eqs. (B.1) and (B.2)
we should define the coefficients Cjτ⊥ and C∗

jτ⊥ . However, the relation ε(j)
τ⊥τ⊥

≡ ε
(j)
ee +ε

(j)
µµ imposes

that
Cjτ⊥C

∗
kτ⊥ = CjeC

∗
ke + CjµC

∗
kµ, (B.3)

which for j = k means |Cjτ⊥ |2 = |Cje|2 + |Cjµ|2 = pjτ⊥ . Since the physical quantities (e.g.,
NB−L) depend on |Cjτ⊥|2 (in our case of interest j = 1), there is actually no need to define the
coefficients Cjτ⊥ and C∗

jτ⊥ , apart from imposing the constraint in Eq. (B.3), so we are going to
let them free in our calculations.

An important relation that derives from Eqs. (B.1) and (B.2) and that is going to be used
further is

2<
[
CjβC

∗
jαε

(k)
αβ

]
= pjβε

(k)
αα + pjαε

(k)
ββ , (B.4)

with α, β = e, µ, τ, τ⊥.
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We now concentrate again on the hierarchical case for which only the decay of the heavy
neutrino N1 is relevant for leptogenesis (i.e. j = 1). Firstly, we sum the equations for Nee and
Nµµ, which result from taking α = β = e, µ in Eqs. (2.53) respectively, and get an equation for
Nτ⊥τ⊥ = Nee +Nµµ:

dNτ⊥τ⊥

dz
= ε

(1)

τ⊥τ⊥
D1(NN1 −N eq

N1
)+

−W1

{
p1eNee + p1µNµµ + 2<

[
C1eC

∗
1µNµe

]
+

+ < [C1eC
∗
1τNτe] + < [C1µC

∗
1τNτµ]

}
.

(B.5)

The second line of the above equation is actually p1τ⊥Nτ⊥τ⊥ . This can be shown by considering
the equations for p1µNee, p1eNµµ and 2<

[
C1eC

∗
1µNee

]
, from which we can write:
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(B.6)

By assuming that at the beginning of leptogenesis (z0) all the asymmetries are zero, the following
condition must hold at any z ≥ 0: 1

2<
[
C1eC

∗
1µNµe

]
= p1µNee + p1eNµµ , (B.7)

which leads to
p1eNee + p1µNµµ + 2<

[
C1eC

∗
1µNµe

]
= p1τ⊥Nτ⊥τ⊥ . (B.8)

We then define
Nττ⊥ ≡

(
C1e

C1τ⊥
Nτe +

C1µ

C1τ⊥
Nτµ

)
(B.9)

and Nτ⊥τ = N∗
ττ⊥ , so that the equations for Nττ and Nτ⊥τ⊥ can be recast in the forms given

in Eqs. (3.2) and (3.3). By using the relation Cjτ⊥ε
(k)

ττ⊥
= Cjeε

(k)
τe + Cjµε

(k)
τµ (with j = 1 in our

case), which follows from Eqs. (B.1) and (B.3), combined with all the previous relations, we
get the equation for Nττ⊥ as in Eq. (3.4) and the DMEs in the two-flavour basis are recovered.

The formal expression of Nττ⊥ can be obtained by solving Eq. (3.4) with the integrating
factor method, which leads to

Nττ⊥(z) = ε
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(B.10)

1We stress that this is only valid if Γµ/(Hz) = 0, as in our case.
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B Density Matrix Equations in Different Flavour Bases

where the initial asymmetry was assumed to be zero, namely Nττ⊥(z0) = 0. Notice that the
above expression contains a term with NB−L which cannot be ignored in general, if not, e.g.,
in the limit of Γτ/(Hz) → 0 (see Sec. 3.1).

To get the resulting equation for NB−L = Nττ +Nτ⊥τ⊥ we first notice that:
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Then we write the equation for p1τ⊥Nττ + p1τNτ⊥τ⊥ , that is:
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Then, given that

p1τ⊥Nττ + p1τNτ⊥τ⊥ = NB−L − (p1τNττ + p1τ⊥Nτ⊥τ⊥) (B.13)

we get

p1τ
dNττ

dz
+ p1τ⊥

dNτ⊥τ⊥

dz
+ 2<

[
C1τ⊥C

∗
1τ

dNττ⊥

dz

]
=
dNB−L

dz
− 2<

[
C1τ⊥C

∗
1τNττ⊥

Γτ

Hz

]
. (B.14)

Since all the asymmetries are assumed to be zero at z0, the above relation converts to

p1τNττ (z) + p1τ⊥Nτ⊥τ⊥(z) + 2< [C1τ⊥C
∗
1τNττ⊥(z)] = NB−L(z)− λ(z) , (B.15)

with λ(z) defined as in Eq. (3.8). We note that λ(z) = 0 in the single-flavour approximation,
namely for Γτ/(Hz) = 0.

Finally, by summing Eqs. (3.2) and (3.3) and using the previous relations we get an equation
for NB−L that reads:

dNB−L

dz
= ε(1)D1(z)(NN1(z)−N eq

N1
(z))−W1(z)NB−L(z) +W1(z)λ(z). (B.16)

In the case of λ(z) = 0, the above equation corresponds to the Boltzmann equation for the
B − L asymmetry in the single-flavour approximation given in Eq. (2.35). Moreover, when
ε(1) = 0, as in the case of CP violation solely provided by the PMNS phases, Eq. (B.16) reduces
to Eq. (3.19).
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The formal solution to Eq. (B.16) reads:

NB−L(z) =

∫ z
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e−
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′)(NN1(z

′)−N eq
N1
(z′)) dz′

+

∫ z

z0

W1(z
′)λ(z′)e−

∫ z
z′ W1 dz′′ dz′,

(B.17)

where, as usual, we have assumed vanishing initial asymmetry NB−L(z0) = 0.
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APPENDIX C

Analytical Approximations for the Solutions to the
Boltzmann Equations

In this appendix we illustrate the passages that lead to the analytical approximations to the
Boltzmann Equations (BEs) in various regimes. Useful references with similar calculations are
Refs. [97, 257]. The BEs are:

dNN1

dz
= −D1(NN1 −N eq

N1
), (C.1)

dN``

dz
= ε

(1)
`` D1(NN1 −N eq

N1
)−W1p1`N``, (C.2)

where ` = τ, τ⊥ or e, µ, τ in the two- or three-flavour basis, respectively. The single-flavour
BEs can be recovered by formally substituting N`` with NB−L and setting p1` = 1 in (C.2).
The strength of the decays and inverse decays is quantified by κ1p1`. When κ1p1` � 1, the
flavour ` is said to be in the strong wash-out regime. Conversely, if κ1p1` � 1, the flavour ` is
in the weak wash-out regime. The formal solution to the BEs can be found by means of the
integrating factor method:

NN1(z) = NN1(z0)e
−

∫ z
z0

D1(z′) dz′ +

∫ z

z0

D1(z
′)N eq

N1
(z′)e−

∫ z
z′ D1(z′′) dz′′ dz′, (C.3)

N``(z) = N``(z0)e
−

∫ z
z0

W1(z′)p1` dz
′
+

+ ε
(1)
``

∫ z

z0

D1(z
′)
(
NN1(z

′)−N eq
N1
(z′)
)
e−

∫ z
z′ W1(z′′)p1` dz

′′
dz′.

(C.4)

Assuming zero asymmetry at z0, the first term in Eq. (C.4) vanishes.

C.1 Strong Wash-Out Regime

In the strong wash-out regime for a certain lepton flavour `, there is a period zin
` ≤ z ≤ zout

` for
which W1(z)p1` ≥ 1. Assuming that the wash-outs are effective enough, any asymmetry in the
flavour ` generated before zin

` is fully erased by wash-outs. Therefore, there is no dependence
on the initial condition in this case. An analytical approximation for the asymmetry for zin

` ≤
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C.2. Weak Wash-Out Regime

z ≤ zout
` can then be found by setting the right-hand side of Eq. (C.2) to zero (this corresponds

to the so-called strong wash-out balance approximation [217, 257]):

N``(z) ' − ε
(1)
``

W1p1`

dNN1

dz
' − ε

(1)
``

W1p1`

dN eq
N1

dz
=

2N eq
`

zκ1p1`
ε
(1)
`` , (C.5)

where we have used the approximation NN1(z) ' N eq
N1
(z) = 1

2
z2K2(z)N

eq
N (0) valid in this regime

and d(z2K2(z))/dz = −z2K1(z). After zout
` , the asymmetry in the flavour ` gets frozen so that:

N``(∞) ' 2N eq
`

κ1

ε
(1)
``

zout
` p1`

, (C.6)

with zout
` ' 1.25 ln (25κ1p1`).

In the two-flavour approximation, since usually zd ≡ zout
τ ' zout

τ⊥ , the final B−L asymmetry
is given by

N1BE2F
B−L (∞) ' 2N eq

`

zdκ1

ε
(1)
ττ p1τ⊥ + ε

(1)

τ⊥τ⊥
p1τ

p1τp1τ⊥
. (C.7)

C.2 Weak Wash-Out Regime
In the weak wash-out regime we need to distinguish between two different initial conditions,
namely thermal initial abundance (TIA) and vanishing initial abundance (VIA) for which
NN1(z0) = N eq

N1
(z0) and NN1(z0) = 0 respectively.

Vanishing Initial Abundance

The number of heavy neutrinos evolving with z in the VIA case, for which NN1(z0) = 0, follows
from Eq. (C.3):

NN1(z) '
∫ z

z0

D1(z
′)N eq

N1
(z′)e−

∫ z
z′ D1(z′′) dz′′ dz′

= 2N eq
`

∫ z

z0

W1(z
′)e−

∫ z
z′ D1(z′′) dz′′ dz′

(C.8)

We define zeq as the time at which NN1(zeq) = N eq
N1
(zeq), that corresponds to a maximum

for NN1(z). Indeed, from Eq. (C.1) it follows that, at zeq, dNN1/dz = 0 and d2NN1/dz
2 =

D1dN
eq
N1
/dz < 0. The number of RH neutrinos at zeq can be computed using some analytical

approximations such as in Ref. [97], of which we employ the same result:

N(κ1) ≡ NN1(zeq) '
9π

16
κ1. (C.9)

For z < zeq, we can assume N eq
N1

� NN1 . Then, from Eq. (C.4) and using Eq. (2.39), we find
that the asymmetry up to zeq reads:

N``(zeq) ' ε
(1)
``

∫ zeq

z0

D1(z
′)N eq

N1
(z′)e−

∫ zeq

z′ W1(z′′)p1` dz
′′
dz′

= 2N eq
`

ε
(1)
``

p1`

(
1− e

−p1`
N(κ1)

2N
eq
`

)
' −N(κ1)ε

(1)
`` +

N(κ1)
2

4N eq
`

ε
(1)
`` p1`.

(C.10)
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C Analytical Approximations for the Solutions to the Boltzmann Equations

For z > zeq, we can instead write the asymmetry as:

N``(z)−N``(zeq) = −ε(1)``

∫ z

zeq

dNN1

dz′
e−

∫ z
z′ W1(z′′)p1` dz

′′
dz′

' −ε(1)``

∫ z

zeq

dNN1

dz′

(
1− p1`

∫ z

z′
W1(z

′′) dz′′
)
dz′

' ε
(1)
`` (N(κi)−NN1(z))− p1`ε

(1)
``

∫ z

zeq

dz′D1(z
′)NN1(z

′)

∫ z

z′
dz′′W1(z

′′)

' ε
(1)
`` (N(κi)−NN1(z)) ,

(C.11)
where in the last passage we have neglected the (negative) term proportional to p1`. This last
approximation may be a bit inaccurate if 10−2 < κ1p1` < 1 [97].

The final asymmetry then reads (NN1(∞) = 0):

N``(∞) ' ε
(1)
`` p1`

N(κ1)
2

4N eq
`

' 81π2

1024N eq
`

κ21ε
(1)
`` p1`, (C.12)

which, in the two-flavour approximations results in

N1BE2F
B−L (∞) ' 81π2

1024N eq
`

κ21(ε
(1)
ττ p1τ + ε

(1)

τ⊥τ⊥
p1τ⊥) (C.13)

Thermal Initial Abundance

In the TIA case, NN1(z0) = N eq
N1
(z0). We define zD so that zDD1(zD) = 2, i.e. as the time at

which decays are in equilibrium against the expanding Universe. In the weak wash-out regime
zD � 1.

For z . 1 we can consider N eq
N1
(z) ' N eq

N1
(z0). Hence,

NN1(z) ' N eq
N1
(z0)

∫ z

z0

D1e
−

∫ z
z′ D1(z′′) dz′′ dz′ +N eq

N1
(z0)e

−
∫ z
z0

D1(z′)dz′

= N eq
N1
(z0)

(
1− e

−
∫ z
z0

D1(z′)dz′
)
+N eq

N1
(z0)e

−
∫ z
z0

D1(z′)dz′ = N eq
N1
(z0).

(C.14)

For 1 < z ≤ zD, the equilibrium number density is exponentially dropped so that N eq
N1
(z) �

NN1(z) and we have
NN1(z) ' N eq

N1
(z0)e

−
∫ z
1 D1(z′)dz′ ' N eq

N1
(z0). (C.15)

Then the asymmetry up to zD is roughly zero. At z ' zD the heavy neutrinos start to decay
effectively and their abundance for z & zD is exponentially damped:

NN1(z) ' N eq
N1
(z0)e

−
∫ z
zD

D1(z′)dz′ . (C.16)

The asymmetry at z > zD then reads:

N``(z) ' −ε(1)``

∫ z

zD

dNN1

dz′
e−

∫ z
z′ W1(z′′)p1` dz

′′
dz′

' −ε(1)``

∫ z

zD

dNN1

dz′

(
1−

∫ z

z′
W1(z

′′)p1` dz
′′
)
dz′

' ε
(1)
``

(
N eq

N1
(z0)−NN1(z)

)
− p1`ε

(1)
``

∫ z

zD

dz′D1(z
′)NN1(z

′)

∫ z

z′
dz′′W1(z

′′) .

(C.17)
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C.2. Weak Wash-Out Regime

The final asymmetry B − L is then given by:

N``(∞) = ε
(1)
`` N

eq
N1
(z0)− ε

(1)
`` p1`

∫ +∞

zD

dz′D1(z
′)NN1(z

′)

∫ +∞

z′
dz′′W1(z

′′) , (C.18)

which in the two-flavour approximation becomes

N1BE2F
B−L (∞) = ε(1)N eq

N1
(z0)− (ε(1)ττ p1τ + ε

(1)

τ⊥τ⊥
p1τ⊥)A(κ1), (C.19)

with
A(κ1) ≡

∫ +∞

zD

dz′D1(z
′)NN1(z

′)

∫ +∞

z′
dz′′W1(z

′′) dz′. (C.20)

Note that, if not for the second term in (C.19), when ε(1) = 0 the final asymmetry would vanish.
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APPENDIX D

Branching Ratios and Conversion Rates of cLFV
Processes with Muons

We report here the relevant formulas for the branching ratios of the µ → eγ and µ → eee
decays and rates of the µ− e conversion in the nuclei 48

22Ti, 27
13Al, 197

79Au and 208
82Pb in the context

of the type-I seesaw extension of the SM with three quasi-degenerate in mass heavy Majorana
neutrinos. In what follows, we neglect the differences in mass between the heavy neutrino
masses M1, 2, 3 ' M . The formulas reported in this appendix were used in our analysis of
Pub. [III] presented in Chapter 4, are in perfect agreement with those reported in Ref. [258]
and, to leading order in the heavy Majorana neutrino mass splittings and couplings to the SM,
with those used in Ref. [163].

D.1 Branching Ratio of the µ→ eγ Decay
In the type-I seesaw scenario with three quasi-degenerate in mass heavy Majorana neutrinos,
the µ→ eγ decay branching ratio is given by [235, 237, 238, 248, 250]:

BR(µ→ eγ) ' 3αem

32π
|G(X)−G(0)|2

∣∣∣ ∑
j=1,2,3

(RV )∗µj (RV )ej

∣∣∣2 . , (D.1)

where αem ' 1/137 is the electromagnetic fine structure constant and X ≡ (M/MW )2, with
MW ' 80.4GeV being the mass of the W± bosons. In the above equation, the loop integration
function G(x) reads [235]

G(x) =
10− 43x+ 78x2 − 49x3 + 4x4 + 18x3 log(x)

3(x− 1)4
. (D.2)

The above function G(x) is monotonic and takes values in the interval [4/3, 10/3], with G(x�
1) ' 10/3− x.

D.2 Rate of the µ− e Conversion in a Nucleus
In the type-I seesaw extension of the SM, the rate of the µ − e conversion in nuclei can be
approximated by the following expression [235, 259]:

CR(µN → eN ) ' α5
em

8π4 sin4 θW

Z4
eff
Z

∣∣F (−m2
µ)
∣∣2 G2

Fm
5
µ

Γcapt
|Cµe|2

∣∣∣ ∑
j=1,2,3

(RV )∗µj (RV )ej

∣∣∣2 . (D.3)

99



D.2. Rate of the µ− e Conversion in a Nucleus

In the above equation, GF ' 1.17 × 10−5 GeV−2 is the Fermi coupling constant, Z is the
atomic number, i.e. the number of protons, of the nucleus N , θw is the weak mixing angle, with
sin2 θw ' 0.23, F (−m2

µ) is the nuclear form factor at momentum transfer squared q2 = −m2
µ,

mµ ' 105.7MeV being the muon mass, Zeff is the effective atomic charge and Γcapt is the
experimentally known total muon capture rate. The loop integral factor Cµe reads [235]:

Cµe ' Z [2F µe
u (X) + F µe

d (X)] + (A− Z) [F µe
u (X) + 2F µe

d (X)] , (D.4)

where

F µe
q (X) = Qq sin

2 θw [Fγ(X)− F µe
z (X) +Gγ(X)] +

1

4
[2I3F

µe
z (X) + F µeqq

Box (X)] . (D.5)

Here, A is the mass number, i.e. the number of nucleons, of the nucleus N , and q = u, d are
the up and down quarks with electric charge (in unit of proton charge) Qu(d) = 2/3 (−1/3) and
third component of the weak isospin I3 = ±1/2, with the positive (negative) sign associated to
the up (down) quark. Also, the various functions appearing in Eq. (D.5) are given by [235]:

Fγ(x) =
x(7x2 − x− 12)

12(1− x)3
− x2(12− 10x+ x2)

6(1− x)4
log x, , (D.6)

Gγ(x) = −x(2x
2 + 5x− 1)

4(1− x)3
− 3x3

2(1− x)4
log x , (D.7)

Fz(x) = − 5x

2(1− x)
− 5x2

2(1− x)2
log x , (D.8)

Gz(x, y) = − 1

2(x− y)

[
x2(1− y)

(1− x)
log x− y2(1− x)

(1− y)
log y

]
, (D.9)

FBox(x, y) =
1

x− y

{
(4 +

xy

4
)

[
1

1− x
+

x2

(1− x)2
log x− 1

1− y
− y2

(1− y)2
log y

]
−2xy

[
1

1− x
+

x

(1− x)2
log x− 1

1− y
− y

(1− y)2
log y

]}
, (D.10)

FXBox(x, y) = − 1

x− y

{
(1 +

xy

4
)

[
1

1− x
+

x2

(1− x)2
log x− 1

1− y
− y2

(1− y)2
log y

]
−2xy

[
1

1− x
+

x

(1− x)2
log x− 1

1− y
− y

(1− y)2
log y

]}
, (D.11)

F µe
z (x) = Fz(x) + 2Gz(0, x) , (D.12)

F µeuu
Box (x) = FBox(x, 0)− FBox(0, 0) , (D.13)
F µedd

Box (x) = FXBox(x, 0)− FXBox(0, 0) . (D.14)

We present in Table D.1 the numerical values of the nuclear form factor F (−m2
µ), the

effective atomic charge Zeff and the total muon capture rate Γcapt relative to the nuclei that
are of interest for currently running and possible future µ− e conversion experiments, namely
48
22Ti, 27

13Al, 197
79Au and 208

82Pb [235,251].
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D Branching Ratios and Conversion Rates of cLFV Processes with Muons

Numerical Values of the Quantities Related to the µ− e Conversion Rate
Nucleus Zeff F (−m2

µ) Γcapt (106 s−1)
48
22Ti 17.6 0.54 2.59
27
13Al 11.62 0.64 0.69
197
79Au 33.64 0.20 13.07
208
82Pb 34.0 0.15 13.45

Table D.1. We report in this table the numerical values of the nuclear form factor F (−m2
µ),

the effective atomic charge Zeff and the total muon capture rate Γcapt relative to the µ − e
conversion rate in 48

22Ti, 27
13Al, 197

79Au and 208
82Pb (see, e.g., Refs. [235, 251]).

D.3 Branching Ratio of the µ→ eee Decay
For the µ→ eee decay branching ratio, we consider the formula reported in Ref. [235] adapted
to our scenario of interest, namely the type-I seesaw mechanism of neutrino mass generation
with three quasi-degenerate in mass heavy Majorana neutrinos. The expression to leading order
in the heavy Majorana neutrino coupling to the SM reads [235, 248]

BR(µ→ eee) =
α2
em

64π2 sin4 θW
|Cµ3e(x)|2

∣∣∣ ∑
j=1,2,3

(RV )∗µj (RV )ej

∣∣∣2 , (D.15)

where

|Cµ3e(x)|2 = 2
∣∣0.5F µ3e

B + F µ3e
z − 2 sin2 θW (F µ3e

z − Fγ)
∣∣2 + 4 sin4 θW

∣∣F µ3e
z − Fγ

∣∣2
+ 16 sin2 θW

[
(F µ3e

z + 0.5F µ3e
B )Gγ

]
− 48 sin4 θW

[
(F µ3e

z − F µ3e
γ )Gγ

]
+ 32 sin4 θW |Gγ|2

[
log
(
m2

µ/m
2
e

)
− 11/4

]
,

(D.16)

where Fγ(x), Gγ(x), Fz(x), Gz(x, y), FXBox(x, y) are defined in Eqs. (D.6), (D.7), (D.8), (D.9)
and (D.11), respectively, while

F µ3e
z (x) = Fz(x) + 2Gz(0, x) , (D.17)
F µ3e
B (x) = −2[FXBox(0, x)− FXBox(0, 0)] . (D.18)
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