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Ab initio molecular dynamics (AIMD) is a powerful tool to predict properties of molecular and condensed
matter systems. However, the quality of this procedure relies on the availability of rigorous electronic structure
calculations. The development of quantum processors has shown great potential for the efficient evaluation
of accurate ground and excited state energies of molecular systems, opening up new avenues for molecular
dynamics simulations. In this work, we address the use of variational quantum algorithms for the calculation
of accurate atomic forces to be used in AIMD. In particular, we provide solutions for the alleviation of the
statistical noise associated with the measurements of the expectation values of energies and forces, as well as
schemes for the mitigation of the hardware noise sources (in particular, gate infidelities, qubit decoherence, and
readout errors). Despite the relative large error in the calculation of the potential energy, our results show that the
proposed algorithms can provide accurate MD trajectories in the microcanonical (constant energy) ensemble.
Furthermore, exploiting the intrinsic noise associated to the quantum measurement process, we also propose
a Langevin dynamics algorithm for the simulation of canonical, i.e., constant temperature, dynamics. Both
algorithms (microcanonical and canonical) are applied to the simulation of simple molecular systems such as
H, and Hj. Finally, we also provide results for the dynamics of H, obtained with IBM quantum computer
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L. INTRODUCTION

Quantum computing is emerging as a new computational
paradigm for the solution, among others, of quantum me-
chanical many-body problems. In particular, in recent years
we have witnessed a rapid development of quantum algo-
rithms for electronic structure calculations of both ground and
excited states properties [1-3] as well as vibrational struc-
ture calculations [4-6]. The variational quantum eigensolver
(VQE) algorithm [7] allows for the efficient calculation of the
electronic structure of simple molecules both in simulations as
well as in hardware experiments [1-3,8—19]. Typically, in the
VQE algorithm, the molecular wave function is encoded in the
quantum register using a classically inspired wave function
ansatz, such as unitary coupled cluster [10,20], or by means
of a “heuristic” expansion dictated by the available gates and
connectivity in the hardware [11].

In all cases, it is possible to show that a polynomial number
of variational parameters (qubit rotations) are sufficient to
achieve accurate results within the so-called chemical accu-
racy (i.e., with an error less than 1 kcal/mol or 1.6 x 1073

*ita@zurich.ibm.com

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2643-1564/2021/3(1)/013125(17) 013125-1

hartree) [21,22]. Of particular relevance is the theoretical scal-
ing of these new algorithms, which corresponds to O(N;}) in
the number of basis functions N,. On the other hand, the accu-
racy of the results depends on the nature of the wave function
ansatz mapped in the qubit space, which needs to offer the best
possible representability of the ground state wave function
[1,23,24]. Tt is worth mentioning that despite the potential
advantage of the quantum algorithms, the simulation of the
quantum circuits is memory limited on classical computers
due to the exponential scaling of the Hilbert space in the
number of qubits, while state-of-the-art quantum hardware
is still too noisy to achieve chemical accuracy on shallow
circuits.

In addition to the calculation of energies, quantum algo-
rithms can provide an efficient solution to the calculation
of the ab initio forces on the classical, pointlike, atomic
particles. These are of particular importance for the calcula-
tion of optimized molecular structures (through annealing) as
well as to perform molecular dynamics (MD) in the differ-
ent thermodynamic ensembles. In fact, the quantum circuit
optimized for the calculation of the ground state energy can
also be used for the evaluation of the expectation values of
the gradients of the Hamiltonian with respect to the nuclear
coordinates, giving access to the nuclear forces. Several ap-
proaches have been already described in the literature. The
most direct approach relies on finite difference (FD) approx-
imations [25-27], which can lead to fairly accurate forces at
the cost of 6N additional wave function optimizations with
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N being the number of nuclei. To reduce this overhead, one
can also make use of a modified FD approach based on the
Hellmann-Feynman theorem, which only requires a single
wave function evaluation as shown in Refs. [26-28]; this
will also be the method of choice in this work. Alterna-
tively, one can also use analytic gradients in the framework
of VQE [27] or the Lagrangian formalism, which allows the
determination of the response functions with respect to the
nuclear displacement without the explicit calculation of the
derivatives [29].

In this work, we investigate quantum algorithms for the
calculation of atomic forces to perform molecular dynamics
in the microcanonical NVE ensemble (i.e., constant number
of particles, volume, and energy) as well as in the constant
temperature canonical NVT ensemble (i.e., constant number
of particles, volume, and temperature). In the first case, we
use a well-studied classical integration scheme of the New-
ton’s equations of motion, namely the Verlet algorithm [30] to
compute constant energy trajectories using VQE energies and
forces. In the second case, we make use of the intrinsic sta-
tistical noise in evaluating quantum observables in a quantum
computer to perform generalized Langevin dynamics [31,32]
at constant (nonzero) temperature. Both approaches are ap-
plied to the simulation of the dynamics of simple molecular
systems such as H, and H;r

The dynamics is performed using both the matrix repre-
sentation (MR) of the parametrized VQE circuit as well as
the classical emulation of the VQE algorithm, as it would
be executed on a quantum computer. In this case, a realistic
representation of the hardware noise, including fidelity of the
qubit operations, qubit decoherence, and readout errors, is
applied to mimic as close as possible the hardware conditions.
Finally, for the H, molecule, we also perform a study of the
dynamics in the NVE ensemble on a noisy quantum computer
with the aim to demonstrate the feasibility, but also the current
limitations, of our approach.

The main goal of this work remains the study of quantum
algorithms for the calculation of forces in the presence of real-
istic noise models. In particular, we focus on the requirements
in terms of qubit fidelity, decoherence, and measurement error
rates necessary to obtain accurate trajectories for near-term
quantum calculations. We investigate the impact of the noise
on the determination of the system energy and on the direct
evaluation of the forces, showing evidences for a stable MD
scheme based on a modified Hellmann-Feynman approach
that, while approximated, can lead to stable dynamics. Due to
the dominant role of the noise, in this work we do not explore
other more sophisticated solutions [15,33-36], which improve
the accuracy of the formal derivation of the forces at the cost
of increasing the computational requirements. However, to
mitigate the impact of the noise, we also apply an error mit-
igation scheme based on the Lanczos algorithm [37] and on
the power iteration method [38], which improves substantially
the quality of the energies and forces without modifying the
overall scaling of the MD algorithm.

This paper is organized as follows. In Sec. II we define
the molecular Hamiltonian and discuss reusability of mea-
surements for the calculation of energies and forces, using
the centered finite differences and the Hellmann-Feynman ap-
proaches. To mitigate the effect of noise, the Lanczos method

is introduced. In Sec. III, we discuss the MD schemes for
microcanonical dynamics using the Verlet algorithm and, for
canonical ensembles, the generalized Langevin dynamics that
exploits the statistical noise associated with the quantum mea-
surements process. The results are presented in Sec. IV where
we first show the outcomes of the geometry optimizations
and then of the microcanonical MD simulations of the H,
and H;r molecules. In the case of H,, we also present a mi-
crocanonical MD trajectory obtained on a quantum computer.
Finally, the Langevin dynamics simulations demonstrate how
the canonical distribution (Boltzmann) can also be achieved.
Conclusions are presented in Sec. V.

II. CALCULATION OF FORCES

A. Electronic ground state calculation

The basis of our approach is the Born-Oppenheimer ap-
proximation [39], which allows to separate the dynamics
of the electronic and nuclear subsystems. More specifically,
we constrain the ionic dynamics to adiabatically follow the
potential energy surface (PES) defined by solution of the
instantaneous electronic ground state at fixed ionic positions.

As standard practice in state-of-the-art electronic structure
calculations in quantum computers [1-3], we adopt the second
quantized formulation of the molecular Hamiltonian

AR) =Y h(R)aja

rs

1 .
+5 2 &ran(R) @jjands + Exy(R), (1)
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with A,(R) denoting the one-electron integrals and g,s(R)
denoting the two-electron integrals in physics notation (see
Appendix A), which are commonly obtained with a Hartree-
Fock (HF) calculation. Notice that the collective vector of
nuclear coordinates R = (Ry, R, ..., Ry) of N nuclei in R3
simply parametrizes the electronic Hamiltonian. The position
vector of a single nuclei / € {1, ..., N} is denoted by R; =
(Rix, Ryy, Ry;). The operators &I (a,) represent the fermionic
creation (annihilation) operators for electrons in HF spin or-
bitals (MOs). The indices p, ¢, r, s are used to label general
(occupied or virtual) MOs. The term Eyy(R) describes the
nuclear repulsion energy. A complete description of the terms
in Eq. (1) is given in Appendix A.

The enabling step of the approach is to find first the ground
state of Eq. (1). While in general this task is not achiev-
able exactly, a close approximation of the ground state can
be obtained variationally by using the VQE algorithm [21].
This method features quantum circuits with gates that are
defined collectively by optimizable parameters 6. This gener-
ates a parametrized quantum state |W(6)), often called trial
state. These parameters are optimized to minimize the en-
ergy E(0) = (W(0)|H (R)|W(8)) for a given Hamiltonian. This
optimization is performed classically. Since this approach
is well-established, we direct the reader to Refs. [7,40] for
further details.

Of particular relevance for MD is the accurate estimation
of expectation values of the form

(O) = (w(0)|0O|W(8)) )
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for a generic operator @. Formally, any Hermitian operator O
defined on an n-qubit Hilbert space can be represented as

A

@:ZQPA, ¢, €R. 3)
A=1

Each of the A n-qubit Pauli strings is an element of
the set P, = {p1 ® pr ® - @ palp; € {[,X,¥,Z}}, and is
tensor products of n single qubit Pauli operators (see
Appendix B).

The expectation value in Eq. (2) is calculated as the sum
of the expectation values (P,) of the single Pauli operator,
multiplied by the respective scalar number c;. Finally, the
expectation value (P,) can be obtained by sampling from the
prepared state | W) using A/ measurements, hence N repetition
of the same circuit (see [8] for details). The statistical error
associated with the evaluation of (P,) decreases as 1/«//T/' .
The total number of measurements required to compute (0)
is therefore AN, assuming for simplicity to allocate the same
number of resources for each Pauli string. While extensive
algorithmic efforts have been recently put forward to mitigate
this issue [8,41-45], the impact of the statistical noise in
evaluating quantum observables remains a peculiar aspect of
quantum computation.

In the case of the energy, the target qubit operator @ is the
Hamiltonian of Eq. (1) to which we apply the Jordan-Wigner
transformation [46] (for instance) that maps the fermionic
operators &' and &, to qubit operators. The size of the qubit
register n is defined by the maximum number of molecular
spin orbitals considered in Eq. (1).

We now consider the case in which we need to measure not
just one but several, operators O; (with i = 1, ..., 3N) which
share the same support in the set P, and only differ in the
values {C(xl)}- These 3N operators can therefore be computed
from the same data set of AN circuit measurements. The
expectation values of these operators become correlated and
the corresponding covariance matrix is defined as

Covij = ((0; — (ON(O; — (O))). )

This concept will become useful in the following discussion
(see Sec. III B) where the covariance matrix is built for the
force operators [Eq. (18)] and used to drive the molecular
dynamics in the canonical ensemble.

B. Force estimator
The forcesonthenuclei F = (F,F,, ..., Fy)withF; =
(Fiy, Fpy, Fy;) are the derivatives of the energy with respect to
the nuclear coordinates Fy,(R) = d%'ze’ where « € {x, y, z}.
The total derivative is given explicitly by

Fio(R) = (W(0)|3;,H (R)|W(8))
+ (31, V()| H (R)|W(0))

+ (W(O)H R)|31,¥(8)), &)

with 0, = %, where the second and last terms denote the

wave function contributions, the so-called Pulay forces [47]
(see Ref. [48] for possible implementations in a quantum
circuit). The first term corresponds to the Hellmann-Feynman
force [49-52].

For an approximation of this derivative (see Refs. [26,27]),
the centered FD method can be applied as

(W Hy W) — (WA W)

2AR ©

Fi’(R) =

where H. = H(R &+ ARe;,) with corresponding ground
states |W,) evaluated, respectively, at R + ARe;, (e;, is a
directional unit vector and AR is the step size). In order to
compute all molecular forces F, we therefore need to per-
form 6N electronic structure calculations (e.g., using VQE)
to obtain the states |W.), making this approach computa-
tionally costly. In addition, the centered FD method typically
introduces sizable numerical errors, i.e., round-off and dis-
cretization errors, with the latter scaling with the step size as
O(AR?). In the noisy setting, this approach suffers from large
errors due to independent statistical errors in the computations
of the left and right expectation values in Eq. (6). This is
sufficient to limit its practical implementation [27] which,
at variance with quantum Monte Carlo methods, cannot be
improved by using correlated sampling techniques [53].

Therefore, in this work we opt for the Hellmann-Feynman
approach (see also O’Brien et al. [28]), which consists in con-
sidering only the first term in Eq. (5) and applying numerical
differentiation to the term 9;, H (R) as

H, —H_

Fia " (R) = (Wol == %0), (7
where |W) is the optimized ground state wave function at
geometry R. In contrast to the standard FD approach described
in Eq. (6), only a single ground state wave function W) is
needed to calculate all FFAF components, of 6N |W.) wave
functions required for F¥P. Therefore, within the Hellmann-
Feynman approach, the calculation of forces requires the same
measurements as for the ground state calculation. The only
difference lies in the values of the coefficients (i.e., the classi-
cal integrals) associated with different Pauli strings, which in
the case of forces are evaluated (classically) at the displaced
geometries [28]. The error due to this approximation is given
by the Pulay force term AFeorr 14 = (01, W(0)|H (R)|W(0)) +
(W(0)|H (R)|9;,V(0)) assuming that AR is chosen sufficiently
small to minimize the contribution of the discretization error.
It is worth mentioning that a perturbation-dependent basis
can also be constructed such that forces can be computed
solely from the Hellmann-Feynman term at the cost of incor-
porating reorthonormalization operations of the orbitals in the
Hamiltonian as described in Ref. [54]. Note that the use of
numerical differentiation in the evaluation of the H-F forces
[Eq. (7)] can be overcome altogether by applying the exact
analytic derivatives of the one-/two-body integrals (see the
Supplemental Material of Ref. [28]).

C. Statistical and hardware noise sources

In this section, we briefly summarize the different error
types occurring in the implementation of the force algorithm
on a quantum computer. The first error source, which we name
systematic, stems from the approximate solution of the ground
state electronic wave function for the Hamiltonian in Eq. (1).
This error can be reduced systematically by employing more
accurate trial wave functions, which can better represent the
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true ground state at fixed R, as well as by improving the
(classical) optimization algorithm in the VQE approach.

The second error type originates from the statistical evalu-
ation of the force operators of Eq. (6) with a finite number of
measurements and we name it statistical noise. This issue has
been already discussed in Sec. II A and cannot be alleviated
even when using the exact ground state wave function. How-
ever, in Sec. III B we will show how we can exploit statistical
noise to perform finite-temperature MD simulations.

Finally, the last source of errors is due to hardware noise.
This is modeled by the gate, readout, and thermalization errors
represented by Kraus operators that are applied to the density
matrix [55]. Gate and thermalization errors are introduced as
depolarization and general amplitude damping channels. The
gate and thermalization errors can be loosely categorized as
systematic as they affect the possibility to reach the ground
state. The readout noise instead is hard to model and cannot
easily be absorbed in the statistical noise contribution. For a
more detailed account on the implementation of these noise
types in Qiskit [56] see Appendix C.

D. Lanczos noise mitigation scheme

A method to mitigate the noise of near-term quantum com-
puters consists in applying the Lanczos mitigation scheme for
the evaluation of the expectation value of operators in the
VQE algorithm. The evaluation of the expectation value of a
given operator O with the VQE wave function | W) is affected
by hardware noise and measurement errors. Strictly speaking,
this implies that, under noisy conditions, also higher “exact”
eigenstates of the Hamiltonian H(R) will contribute to the
evaluation of the expectation value (Wo|O|Wy). In order to
alleviate this effect, we propose to use the Lanczos approach
[57,58], which has the effect of partially projecting out the
contributions of the excited states from the measurement of
the expectation values, reducing therefore the effect of noise.
When referring to the Lanczos mitigation scheme in the VQE-
L algorithm, we will imply the substitution

(Wol(H(R) — dYOH (R) — d)|Wo)
(Wol(H(R) — d)*|Wo)
= Lir(0), ®)

(WlOWg) —

where d € R is a tunable parameter that needs to be optimized
a priori (see Appendix D).

Note that the increase in accuracy is obtained at the cost
of additional measurements of the terms in Eq. (8), which
include expectation values of AR)OHR).

The method can be rationalized by interpreting L, r(O) as
the measurement of O with respect to the modified state

(H(R) — d)|Wo)
—

[Wo)
Ny,

Ei(R) — d)|ER));
ZZ( (R) —d)l ())a’(g)

i Nu,

where we used the spectral representation of H(R) in its
eigenstates {|E;(R))} with |Ey(R)) the true ground state ap-
proximated by |Wo), Ng, = (Wo|(H(R) —d)*|¥) and the
projection «; = (E;(R)|W¥¢). The coefficient associated with

|E;(R)) is selected to fulfill the condition
|Eo(R) — d|

—_— >

Ny

so that to increase the contribution of the ground state. In fact,
by enforcing |Ls g(H (R)) — d|/Ny, > 1 andd > Ly g(H (R))
one gets that |Ey(R) — d|/Ny, > 1 [57].

The performance of Lanczos method depends therefore on
the parameter d. In fact, while with the increase of the value
of d [within the limit defined in Eq. (10)] the measurement
confidence increases (i.e., the standard deviation becomes
smaller), the quality of the expectation values deteriorates
(i.e., we observe a shift of the mean value). There is therefore
a trade-off in the selection of d, which needs to be assessed
independently for all observables of interest (see Fig. 10 in
Appendix D).

1, (10)

0

III. MOLECULAR DYNAMICS SCHEMES

In this section, we present two molecular dynamics
schemes for simulations in the microcanonical (isolated,
NVE) and the canonical (thermalized, NVT or NPT) ensem-
bles. In the first case, MD is performed at constant energy,
and therefore a lot of care is necessary to reduce as much as
possible the impact of the noise on the forces calculation.

In the second case, we will instead make use of the intrinsic
noise of the quantum device to perform canonical MD simu-
lations at constant temperature using Langevin dynamics. The
tuning of the friction coefficient for the nuclear velocities will
allow for the setting of the desired ensemble temperature.

A. Microcanonical dynamics using Verlet integrator

Constant energy simulations can be straightforwardly
achieved by integrating Newton’s equations of motion

o= TR (11)
m
R =, (12)

where v is the 3N-dimensional vector made by the velocities
of the N nuclei, and m is a vector containing the masses of the
N particles [59]. We employ the velocity-free Verlet integrator
scheme [60]

R B Ft)
(t+ At) =2R(t) — R(t — At) + o At

13)
that updates the positions of nuclei at the next time-step
t + At, with an error O(At*) and the first Verlet step given
by the generic Verlet scheme R(r + At) = R(¢) + v(t)Ar +
%I% At?, evaluated at + = 0. The main issue with integrating
the Newtonian equations of motion stems from the fact that
(i) the systematic error prevents the nuclei to follow the exact
ground state potential energy surface, and (ii) the statistical
error introduces a noisy component in the forces leading even-
tually to instability of the dynamics. These two effects are
investigated in Sec. I'V.

B. Generalized Langevin dynamics

The second possibility we explore is the use of quantum
forces to perform finite-temperature simulations. Langevin
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dynamics (LD) has been originally introduced in a MD con-
text to simulate the diffusion of bodies immersed in bath of
lighter particles [30]. In this framework, noisy and dissipative
contributions are added to the Newton’s equation of motion
described above. However, LD can be employed also as a
thermostat to sample from a finite-temperature canonical dis-
tribution

PR, v) x eiﬁH(R’v), (14)

at finite-temperature 7 = 1/(kgB) [30,61] with kz being
the Boltzmann constant. We will show how the Langevin
framework is particularly convenient when the forces are af-
fected by statistical errors, as in the present setting. In this
context, one can exploit the freedom given by the fluctuation-
dissipation theorem, which sets the relation between the
friction matrix and the power spectrum of the noise. We notice
that this possibility has been already put forward in the context
of ab initio MD [31,32]. For instance, Sorella and co-workers
[31,62,63] introduced this approach in quantum Monte Carlo
simulations to cope with the fact that ionic forces are known
only with a finite precision. This approach can be pursued both
in the second order [31,63] and in the first order Langevin
dynamics cases [64—66].

In this paper, we consider the second order Langevin dy-
namics as (i) it smoothly connects to the Newtonian equation
of motion in the limit of vanishing statistical sampling er-
ror, and (ii) it has been shown that, under these conditions,
some dynamical properties can be rigorously computed from
thermostatted trajectories [67]. Let us start with the formal
definition of generalized Langevin equation. The equations of
motion read

) F(R)

v=—yR) v+ o + (1), (15)
R=v, (@) =0,

mim;(t")) = a;;(R)8(t — 1), (16)

where 5 is a 3N-dimensional vector representing the mass-
rescaled Gaussian white noise force, with power spectrum
given by a(R) and y(R) is a position dependent mass-rescaled
friction matrix.

The fluctuation-dissipation theorem

a(R) = 2T y(R) (17

dictates the relation between the friction matrix y(R) and the
noise «(R), in order to sample the correct finite temperature
Boltzmann distribution of Eq. (14) [68,69]. The connection
between the Langevin dynamics formalism and the quantum
computing setting proposed in this work is established as
follows. As explained in Sec. II A, each component /o of
the forces computed with the VQE approach is subjected to
the statistical error F,Zl, such that F,ZQE =F+ F,Z, where
Fjy is the exact value computed with an infinite number of
measurements (or in the MR). These conditions are indeed
reproducing the thermal fluctuation noise that is assumed in
the Langevin formalism. The connection is justified by the
observation that F,! is a Gaussian distributed random variable
(see Appendix G). By defining 1, = F}., /my, we realize that
the VQE process becomes compatible with the definition of
the Langevin dynamics in Eq. (15). The only missing part is

the friction term, which can be suitably tuned to control the
system temperature. In this case, the matrix «(R) is given by
the covariance matrix of the forces that can be computed at
each time step according to Eq. (4) as

a;j(R) = ([F(R) — (F(R)[F;(R) — (F;(R))]), ~ (18)

and (---) indicates the statistical average over the mea-
surements. We notice that a(R) is not constant during the
dynamics as the variance of the forces is itself a stochastic
quantity and varies during the simulations.

In this scheme, the value of friction is proportional to
the noise fluctuations in the forces so that the corresponding
nuclear displacement is also anisotropically reduced, stabiliz-
ing the dynamics while sampling unbiasedly the canonical
ensemble. Finally, note that in our application the force on
each atom is computed independently from all other atoms so
that the matrix a(R) is diagonal by construction. Despite this
assumption, the diagonal elements remain a function of the
atomic positions.

For the sake of demonstration we discretize Eq. (15) with
the simplest Euler integrator, though much more sophisticated
integration schemes exist [31,62,63]. We also mention that,
in the most general case, an external Gaussian distributed
white noise can also be added to Eq. (15), in addition to
the intrinsic one present in the forces. This can be used to
increase the friction, reaching an optimal value that minimizes
the simulation autocorrelation time [31,62,63].

IV. RESULTS AND DISCUSSION

To assess the quality of the force algorithm described
above (see Fig. 1), we perform geometry optimization and
MD studies (in the microcanonical and canonical ensembles)
for two simple molecular systems: H, and H7. The size of
these molecules allows for a systematic study of the differ-
ent simulation conditions while keeping the computational
costs relatively low. In fact, while the quantum algorithms for
electronic structure calculation show a favorable scaling com-
paring to the equivalent classical algorithms, their simulation
with classical computers is far from efficient, especially when
the classical calculation aims at reproducing the quantum
variational approach, i.e., the VQE optimization as it would
be implemented in a quantum computer.

To validate our approach in the case of geometry optimiza-
tion and microcanonical MD simulations, we also provide a
solution obtained using the matrix representation (MR) of the
Hamiltonian and its direct diagonalization (Exact) to obtain
the ground state energy and the corresponding eigenvector
(wave function). On the other hand, to reproduce the con-
ditions of a hardware calculation we also simulate the VQE
algorithm using a realistic representation of the noise of one
of the IBM Quantum processors, namely ibmq_athens. Note
that MR refers to an ideal simulation where the circuit gates
are represented as matrix operations that, when applied to an
initial state, produce a state vector. Instead, the simulation
(noisy or noiseless) of the VQE algorithm involves an em-
ulation of the actual optimization process as it would occur
on hardware. In this case, at each execution of the circuit the
process returns the bit counts obtained from the measurement
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FIG. 1. Hybrid quantum-classical approach for molecular dynamics simulations in second quantization. At each time step, the classical
processing unit (CPU) performs a Hartree-Fock calculation for the evaluation of the molecular Hamiltonian and of the forces operators at
the given molecular geometry. The quantum processors (QPU) or a classical simulator of the QPU is then performing the optimization of
the corresponding wave function (parametrized in the variables 6) and returns the required expectation values for the calculation of energies
and forces. These values are then passed back to CPU, which performs the integration of the equations of motion in the chosen ensemble
(microcanonical or canonical ensembles). On the upper right corner we show a sketch of the IBM quantum device ibmq_athens used for the
hardware calculations of the H, molecule (highlighted are the qubits used in the experiment and noisy simulations).

(collapse) of the wave function in the computational basis (see
Qiskit documentation for details [56]).

Insights about the dependence of the results on the level
of noise are gained by repeating the simulations with a “noise
model” that corresponds to a quantum device with improved
gate fidelities and halved noise rates. The details about the
noise models “full” and “halved” are given in Table II of
Appendix C.

For both systems we use the STO-3G basis set. A
HF/STO-3G calculation is performed to generate the molec-
ular orbitals used to construct the Hamiltonian in second
quantization. A total of four spin orbitals were used for Hy
and six for H7. The number of spin orbitals is equal to the
total number of qubits required for the simulations. To further
reduce the computational costs, we applied qubit reductions
schemes based on the symmetries of the qubit Hamiltonian.
For the case of H,, we apply the “two-qubit reduction” scheme
[70] reducing the final number of qubits to two. For the case
of H}, we use the seniority-zero Hamiltonian (also known
as doubly occupied configuration interaction Hamiltonian)
[71,72] which allows us to map the qubits to geminals (spa-
tial orbitals) [73,74] instead of spin orbitals reducing the
number of qubits from six to three in comparison to the
standard molecular Hamiltonian [see Eq. (1)]. Note that for
fermionic systems the seniority is defined as the number of
unpaired electrons in the Slater determinant. We further ap-
ply the “tapering off qubits” scheme [70] to reduce qubit
requirements to two. A more elaborate description of these
techniques and the limits of their applicability can be found in
Appendix E.

The wave functions are expanded using the RY ansatz [56]
with depth one, which amounts to a total of four variational
parameters both for H, and HY (see Fig. 2). The classical
optimization of the VQE parameters was performed using the
COBYLA optimizer [75] with default settings as defined in
SciPy software library [76].

All MD calculations are performed using the Hellmann-
Feynman formula defined in Eq. (7). The integration of
the equations of motion is done using the Verlet algorithm
[Eq. (13)] and a time step of 0.2 fs for microcanonical MD
and the Langevin algorithm (Eq. (15)).

For the Lanczos algorithm (see Eq. (8)), we use dpgs =
—0.4 for the evaluation of the potential energy and diorces =
—0.1 for the forces. The noise models used in the simula-
tions are summarized in Appendix C, while the implemented
measurement (readout) error mitigation scheme is described
in the documentation of Qiskit [56].

Q1 |0) — (61,0,0) (65,0,0)[
U3 U2 U2 U3
Q2 [1) — (62,0,0)[ | (0,7) (0,m) | ](04,0,0)]

FIG. 2. Quantum circuit corresponding to the RY ansatz.
The VQE variational parameters 6= (01, 6,,05,6,) control
the rotations on the Bloch sphere with U3(6, ¢, 1) = R, (¢ —
/2R (7 /2)R,(m — )R, (7 /2)R,(A —7/2) and U2, 1) =
R(¢p + 7 /2)R ()R, (A — 7/2). In particular, U3(9, 0,0) = R,(0)
hence the name of the ansatz. For further details see Appendix F.
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FIG. 3. (a) Potential energy obtained by exact diagonalization of
the H, Hamiltonian. (b) Forces along the molecular axes calculated
with finite differences on the curve in (a) (denoted by Exact) and
with the H-F approach (see Eq. (7), denoted by MR). A displacement
AR = 1073 A is used in both cases. (c) Percent error on the forces
due to the omission of the Pulay component.

In the case of H,, we also performed a short (20 fs long)
hardware microcanonical MD calculation using the IBM chip
ibmq_athens. The characterization of this device are given in
Appendix C.

A. Validation of the H-F forces calculation

To verify the quality of the H-F forces and estimate the
error done by neglecting the last two components in Eq. (5)
(Pulay’s forces), we performed an exact calculation of the
forces for H, by means of the direct differentiation (using fi-
nite differences with a displacement of 1073 A, see Eq. (6)) of
the potential energy surface obtained by exact diagonalization
of the system Hamiltonian (Fig. 3(a)). These noiseless forces
are then compared to the H-F ones computed with Eq. (7)
(Fig. 3(b)), while the absolute percental error computed as
|AF cort] = |F exact — Fmr|/IFMr]| is reported in Fig. 3(c). The
maximal deviation is observed for geometries close to the
equilibrium bond distance and never exceeds 0.4% of the total
force. This is probably due to numerical errors arising from
the addition of small values of opposite sign. Since the error
due to statistical sampling as well as the hardware noise are
much larger than this value, we can safely neglect the Pulay
contributions for the remainder of this work.

B. Geometry optimization of H, and H : Simulations

In this section, we use the most accurate force calculation
setup, i.e., Eq. (7) with Lanczos noise mitigation, to evaluate

TABLE 1. Geometry optimization results using the MR (refer-
ence), the VQE, and the VQE with Lanczos (VQE-L) algorithms. In
the two last cases, we use 8192 measurements for the evaluation of
the energy and force components. The equilibrium bond distance of
H, is given by Req. The structure of H7 (see Fig. 1) is characterized
by three parameters: (i) the distance between atoms 1 and 2 (R),),
(ii) the distance between atoms 1 and 3 (R;3), and (iii) the angle o3
formed between the bonds 1-2, and 1-3 («»13). We use A for distances
and degrees for angles.

MR VQE VQE-L
H, Req 0.735 0.742 0.733
HY Ri» 0.985 1.006 0.990
Ris 0.985 0.999 0.990

s 60.0 59.8 59.9

the optimized geometry for H, and Hy using a realistic model
of the ibmq_athens device. The results are summarized in
Table I.

We observe that the forces evaluated with the standard
VQE using the noise model of a real device (ibmq_athens)
have errors in the order of 0.01-0.02 A in the bond distances
and 0.2° in the angle a3 (see Fig. 1). Our results for H,
are in agreement with the work of O’Brien et al. [28] where,
using Hellmann-Feynman gradients in combination with the
Newton’s optimization method, they obtained a similar error
of 0.014 A for the equilibrium bond length (for the same
STO-3G basis set). Note that in Ref. [28] the optimization was
performed using an approximate molecular Hessian matrix,
which, however, is not necessary for the simple applications
investigated in this work. By using the Lanczos mitigation
scheme, we improve significantly the quality of the forces
and, consequently, the quality of the optimized structures (i.e.,
reducing the error on bond distances to 0.002-0.005 A). As
it will become evident in the study of the MD, even though
the error on the energies are still not within the so-called
chemical accuracy (1 kcal/mol or 1.6 mHa), the forces com-
puted directly using Eq. (7) show a great level of accuracy
(see Fig. 5) and can be used to compute optimized molecular
geometries.

C. Microcanonical dynamics of H,: Simulations

In this section, we apply the forces derived in Eq. (7) for
the calculation of microcanonical MD trajectories of Hj.

In the first case (H,) we perform a systematic study of the
effect of the different noise sources (hardware and statistical)
on the quality of the dynamics. All calculations of this section
are performed using the noise models (for depolarization,
thermalization, and readout errors) reported in Appendix C,
parametrized using the calibration data of the ibmg_athens
device (see Table II, in Appendix C). To shed light on the po-
tential future improvements associated with the development
of future hardware, we also present results for the half of the
current hardware noise. In particular, we present the time se-
ries of kinetic, potential, and total energies for three different
simulations conditions: (i) VQE with 8192 measurements for
the determination of the expectation values of energies and
forces; (i) VQE with 81920 measurements for an improved
accuracy of both energy and force estimations due to lowering
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FIG. 4. Time series of the total, potential, and kinetic energies for the dynamics of the H, molecule (t = 100 fs, dt = 0.2 fs) using the
VQE algorithm with the realistic noise corresponding to the ibmg_athens device and: (a) 8192 measurements for the evaluation of energies and
forces, (b) 81 920 measurements for the evaluation of energies and forces, and (c) the VQE-L error mitigation scheme with 8192 measurements
for the evaluation of energies and forces. (d), (e), and (f) The same simulations as in (a), (b), and (c) with halved hardware noise level. In all
panels, the blue curves correspond to the reference “exact” dynamics obtained in the MR.

of the statistical noise; and (iii) VQE with 8192 measure-
ments combined with the Lanczos noise mitigation algorithm
with dpgs = —0.4 and dorces = —0.1 (see Eq. (8)). Note that
the choice of 8192 measurements for a single experiment is
imposed by the provider of the IBM quantum hardware and
is not an intrinsic limitation of the devices. In all cases, we
will take the microcanonical MR trajectory as reference, exact
dynamics of the system. The microcanonical dynamics were
performed with the Verlet algorithm described in Sec. IIT A
and using an initial bond length of 0.6 A. The results of these
three simulations are reported in Figs. 4(a), 4(b), and 4(c),
respectively.

In all cases, we observe that in all VQE noisy simulations
the accuracy of the kinetic energy is much higher than the
one for the potential energy. Here and in the following we
use the adjective noisy to emphasize the use of noise model
in the classical simulations of the VQE algorithm. This is
possible because the forces are computed independently from
the energy using the expectation values in Eq. (7). As a
result, we obtain reliable dynamics even when the overall
error in the potential energy is higher than what would be
required for numerical differentiation. In the case of the bare
VQE simulation (Figs. 4(a) and 4(d)), the full noise dynam-
ics reproduces quite accurately the vibrational frequency of
the bond oscillation even though an important damping is
also observed, which is not compensated by an equal in-
crease in the potential energy. As a consequence the total
energy is not conserved (Fig. 4(a)). We can therefore inter-
pret the noise as an external bath that modulates the total
energy of the H, subsystem. We will fully exploit this prop-

erty in the Langevin dynamics reported in the next section
(Sec. IVF). When halving the level of noise (Fig. 4(d)), we
observe an important improvement of the total energy conser-
vation and a more accurate oscillation frequency compared to
the reference, noiseless, MR calculation. This indicates that
the hardware noise is currently among the most important
limitations for microcanonical dynamics, even though with
the superconducting qubit technology we are not far from
reaching the accuracy necessary for simulations in the pi-
cosecond timescale (see also the results of the hardware MD
calculation of H; in Fig. 6 of Sec. IVD).

In Figs. 4(b) and 4(e) we present the case in which we
increase the sampling statistics for the calculation of the
energy and force expectation values from 8192 to 81920.
As expected, we observe a general decrease of the overall
scattering of the energy values due to the improved statistics.
However, the same issue with the conservation of total energy
observed in Figs. 4(b) and 4(e) persists in both cases, full and
halved noise levels, even though to a much lesser extent in
the last case. Once more, this corroborates the hypothesis that
the hardware noise (and not the statistic sampling) is the main
source for the nonconservation of the total energy.

Finally, in Figs. 4(c) and 4(f) we report the simulation using
the Lanczos noise mitigation scheme (VQE-L). For both lev-
els of noise, the reproduction of the reference MR dynamics
is extremely good, despite the use of the minimal sampling
statistics, i.e., 8192 measurements for each expectation value.
The conservation of total energy is maintained over the total
simulation length and the bond frequency is captured very
closely.
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FIG. 5. (a) Sampling of the potential energy obtained with the
100 fs VQE-L dynamics of H, shown in Fig. 4(e). The blue line
corresponds to the MR result. (b) Corresponding forces along the
molecular axes acting on one of the hydrogen atom as a function
of the bond distance. (c) Norm of the difference between the forces
computed with VQE-L and MR. MR forces evaluated at the same
geometries sampled along the VQE-L trajectory.

We note that the same level of accuracy obtained with
the Lanczos algorithm (Fig. 4(f)) is also achieved in simula-
tions with halved noise level and improved read out statistics
(Fig. 4(e)). This bodes well for the use of the proposed MD
algorithm in near-term quantum devices, which in the future
can be made more efficient and accurate without the need of
applying computationally expensive error mitigation schemes.

In Fig. 5 we give an overview on the performance of the
VQE-L algorithm for microcanonical MD by reporting each
energy value of the structures sampled along the trajectory in
Fig. 4(c) as a function of the corresponding bond length. Once
more, we notice that even though the error in the potential
energy is of the order of several mHa, using Eq. (7) we can
obtain fairly reliable forces (see Fig. 5(b)), which can be used
for accurate geometry optimizations and MD simulations. The
components of the forces acting on one of the hydrogen atoms
along the molecular axes are shown in Fig. 5(b) together with
the reference H-F forces obtained with the MR approach.
Finally, in Fig. 5(c) we report the difference between the
H-F forces computed with VQE-L and the ones obtained
with the reference MR approach. We notice that, for this
particular example, the magnitude of the error on the forces
is approximately equally spread over the entire bond range
with a magnitude smaller than 2.0 x 10> Ha A’l, which is
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FIG. 6. Time series of the total, potential, and kinetic energies
for the dynamics of the H, molecule on the IBM quantum computer
ibmgq_athens. Calculations were done using the bare VQE algo-
rithm (without Lanczos noise mitigation) with 8192 measurements
per expectation value. The equation of motion was solved with the
velocity-free Verlet algorithm and a time step of 0.2 fs.

already a fairly good accuracy considering the level of noise
in the quantum processors.

D. Microcanonical dynamics of H,: Hardware calculations

As a final demonstration of the accuracy of the proposed
algorithm, we perform constant energy dynamics of H,, where
forces and energies are calculated on the IBM quantum com-
puter ibmgq_athens (see Fig. 1). The same approach could be
also applied to the Langevin dynamics; however, due to the
long equilibration times this would require a large number
of steps that we cannot afford yet. The characteristic features
of ibmq_athens at the time of execution (13 July 2020) are
summarized in Table II, Appendix C.

The dynamics on hardware obtained with the bare VQE al-
gorithm (without Lanczos noise mitigation) and the velocity-
free Verlet integration scheme with a time step of 0.2 fs
confirms the quality of the noise models used in the simu-
lations reported in Sec. IV C (see Fig. 6). Once more, we
observe that despite the quite large deviations in the poten-
tial energy (of about 10-15 mHa using the canonical 8192
measurements) the accuracy of the kinetic energy is an order
of magnitude larger. This is due to the stability of the force
calculation using the expectation values introduced in Eq. (7),
which bypasses the derivative of the noisy potential energy
surface.

The stability of this microcanonical dynamics scheme is
such that we do not need to apply the Lanczos noise mitigation
scheme, which will require the evaluation of additional expec-
tation values, with an impact on the overall machine time.

E. Microcanonical dynamics of Hf : Simulations

The Hf molecule is an interesting system for the validation
of our MD algorithm. While conserving the same number
of electrons as in Hj, the size of the configuration space
increases to 9 (6 if we remove the translational degrees
of freedom) introducing additional dynamical degrees of
freedom, such as collective bond vibrations. Building from
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FIG. 7. Evolution of the total, potential, and kinetic energies for
the dynamics of the H molecule (+ = 100 fs, dr = 0.2 fs) using the
VQE-L algorithm with realistic noise of ibmgq_athens chip and 8192
shots (fixed d method, dpgs = —0.4 and dporees = —0.1). Details of
the calculation are described in Sec. IV.
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what we learned in the previous section, we will restrict
the study of the microcanonical dynamics of Hi to the
use of the VQE-L algorithm with the velocity-free Verlet
for the integration of the equations of motion. As initial
conditions we take an off-equilibrium geometry characterized
by the internal parameters dj, = 1.245 10%, diz =1.245 10\, and
an13 = 48.5° (see Table I for the corresponding equilibrium
values) and zero velocities for all atoms. The time series for
the kinetic, potential, and total energies obtained over 100 fs
of NVE dynamics are given in Fig. 7. As for the case of Hj,
we observe a fairly good energy conservation with a drift of
about 5 mHa over 100 fs of dynamics. Also important is the
accuracy with which the dynamics can capture the nontrivial
molecular oscillations, as illustrated by the evolution of the
kinetic energy (bottom panel in Fig. 7) and the agreement
with the reference MR calculations.

F. Langevin dynamics of H,: Simulations

In this section, we demonstrate the Langevin dynamics
driven by the statistical noise on the evaluation of the forces

(b)

.04
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FIG. 8. Phase space orbits corresponding to one of the hydrogen atoms of H,: (a) Microcanonical dynamics with MR, VQE, VQE-L.
(b) Constant temperature Langevin dynamics at an average temperature 7 = 422 K. Distribution of the bond length from the simulations
with: (c¢) Verlet (initial bond length R = 0.6 A, 8192 shots) and (d) Langevin dynamics (initial bond length R = 0.73 A, 1024 shots). In the
microcanonical case, the noisy and noiseless simulations are denoted with Lanczos and MR, respectively. The parameters for the Lanczos
mitigation are described in Sec. IID. The Langevin canonical bond distribution (panel (d)) is fitted to the Boltzmann distribution using a

eiﬁ[c(e—Zm(Rfreq)7267m(R—req)

Morse potential p(R)

1, with the following parameter § = 748 Ha™'. The values of ¢ = 0.106 Ha, m = 2.725 A",

req = 0.739 A were obtained from a separate fit of the PES computed with the MR approach.
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(see Secs. IT A and IITB) on H,. To this end, we observe that
Eq. (15) defines a stochastic process having as fixed point the
unique equilibrium distribution given in Eq. (14). In Fig. 8(d)
we plot the distribution of the bond lengths R sampled via
a Langevin dynamics of total length + = 2.8 ps using 1024
shots and dr = 0.2 fs, resulting in a measured temperature
of Ty, = 420 + 100 K (from the expectation values of the
kinetic energy). Statistical error bars on the measured tem-
perature are obtained with the standard binning technique
[68] and can be decreased by running longer simulations. By
contrast, the number of shots used to compute the expectation
values controls the friction value, hence the autocorrelation
time of the sampling.

The normalized distribution p(R) that we obtain, with R
being the bond length, can be fitted by the canonical distri-
bution Eq. (14) (marginalized over the relative momentum
P2), exp[—BU(R)], where U (R) is the Morse potential fit of
the MR potential energy surface of Hy, and 7 = 1/(kgB) =
422 +30 K is a fitted temperature (errors estimated as 3
standard deviations). The agreement between 7 and Ty,
shows that a finite-temperature distribution can be achieved
by means of the Langevin approach.

On the other hand, it is qualitatively evident that the distri-
bution of bond lengths produced by the noisy Verlet dynamics
(see Fig. 8(c)) is not in agreement either with a Boltzmann
distribution, which is peaked around R.q, or with the micro-
canonical one, which is sharply peaked at the turning points
of the trajectory.

The difference in the sampling between the Langevin and
Verlet integrator is also shown in Fig. 8. Panel (a) depicts
the phase space orbits of one of the two hydrogen atoms
of the H, molecule for different microcanonical simulations.
The exact dynamics obtained in the MR representation of
the quantum circuit (in blue) shows the well-defined orbit
typical of a constant energy MD. The trajectory obtained with
the VQE-L algorithm (in orange) is covering a thin annu-
lus in the phase space that closely follows the exact orbit.
This behavior can be associated with the small total energy
fluctuations observed in Fig. 4(c), which originate from the
hardware noise. By removing the noise mitigation correction
(violet curve), the microcanonical dynamics obtained with
the Verlet algorithm under the influence of the hardware
and statistical noises produces a dynamics that resembles a
constant temperature MD leading to the sampling of a thick
annulus in phase space. Since in the first 100 fs of the bare
VQE dynamics shows a drop of the total energy (Fig. 4(a)),
the orbit is mainly sampling the low energy region of the
phase space. As expected, all microcanonical MD trajectories
sample a bimodal distribution of the molecular bond length
with two maxima at the turning points (Fig. 8(c)). Finally, in
Fig. 8(b) we report an equivalent phase space trajectory for
the canonical Langevin dynamics of H,. Due to the different
choice of the initial bond length, the trajectory is sampling a
different portion of the phase space while the coupling to the
noise is keeping the system at an average temperature of about
422 K. Most importantly, the Langevin dynamics reproduces
the correct Gaussian-like canonical distribution of the bond
length (Fig. 8(d)).

V. CONCLUSION

In this work we implemented a quantum algorithm for the
calculation of accurate forces within the VQE framework.
To this end, we used the ground state wave function to di-
rectly measure the expectation values of the force operator
associated with each atom of the system. In this way, we
obtain high quality Hellmann-Feynman forces, which show
larger robustness against hardware and readout noises than the
energies. We demonstrated that the quality of the forces is not
affected by the omission of the components arising from the
direct derivative of the ground state wave function (i.e., the
Pulay components).

In addition, by applying the Lanczos mitigation scheme on
the forces evaluation we are able to achieve an accuracy that
allows for the calculation of optimized molecular geometries
with errors of about 0.005 A for the bond lengths and of 0.1°
for the angles in two test cases: the H, and H; molecules.
Using the same algorithm, we have also performed molecular
dynamics simulation of H, and H7 in the constant energy
(microcanonical) ensemble as well as in the constant tem-
perature (canonical) ensemble using the Langevin approach.
All calculations were performed using a realistic description
of the hardware and readout errors corresponding to state-of-
the-art IBM quantum computers. Despite the sizable errors in
the evaluation of the potential energy, the direct calculation
of the forces enables the evaluation of accurate trajectories as
demonstrated by the accuracy of the kinetic energy profiles,
which is in good agreement with the reference calculations.
Also in this case, the use of the Lanczos mitigation scheme in
VQE (VQE-L) gives rise to a significant improvement of the
dynamics, as can be seen from the conservation of the total
energy of the system. We also stress the fact that by increasing
the number of sampling points (readout measurements) or
halving the level of noise we obtain a noticeable improvement
on the quality of the simulations. In particular, the VQE-L
approach with full hardware noise provides forces with an
accuracy of about 10~ Ha A~'. Motivated by the promising
results obtained with the simulations, we also performed 20 fs
of dynamics of H; on the ibmq_athens device obtaining stable
and accurate description of the molecular vibration.

Finally, we investigated the possibility to take advantage
of the statistical noise inherent to the measurement process
of the expectation values of the forces to perform constant
temperature MD using the Langevin algorithm. In particular,
we showed that by a suitable choice of measurement noise
level through the number of shots we can control the au-
tocorrelation time of the simulations and accurately sample
the Boltzmann distribution for the H, molecule at a given
temperature. However, further investigations are necessary
to improve the coupling to the reservoir (i.e., computation
of off-diagonal elements in the force covariance matrix) and
the corresponding selection of an optimal friction coefficient
through a better refined coupling scheme.

Concerning the scaling, even though the number of qubits
and the infidelities of the gate operations are limiting the
size of the systems that can be investigated with near-term
quantum computers, the use of embedding schemes, such
as the one described in Ref. [77], will soon make possible
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the calculation of the dynamics of relatively complex molec-
ular systems. In addition, the calculation of forces within
the H-F framework requires the same computational cost as
for the evaluation of the ground state wave function using
the undisplaced Hamiltonian; there is no need for additional
measurements (of Pauli strings) than the ones used in the
VQE for the determination of the ground state energy. The
only difference occurring in the calculation of forces lies in
the coefficients (i.e., the classical integrals) associated with
Pauli strings, which are based on integrals computed at the
displaced geometries (characterized by the A, and H_ Hamil-
tonians). For these reasons, we believe that the quantum MD
algorithm proposed in this work will effectively become an
interesting application for near-term quantum computers.

We can therefore conclude that, despite the sizable error
in the evaluation of the ground state energy of molecular
system, the quality of the forces evaluated using the VQE
algorithm, including error mitigation schemes such as the
proposed Lanczos approach, enables the calculation of accu-
rate optimized geometries as well as stable constant energy
and constant temperature MD trajectories, opening up new
avenues for the use of quantum computers in molecular chem-
istry and physics.
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APPENDIX A: ONE-/TWO-ELECTRON INTEGRALS

The coefficients of the one-/two-body excitations in
Eq. (1) are given, respectively, by one-/two-electron integrals
in physics notation

1 Moz
ho(R) = / dr, ¢:‘<r1><—§vz = ZR—]’[>¢s<r1>, (A1)
I=1

and likewise for the two-electron terms

1
Zoars(R) = / dridrs $3(r)6; () — @ )by (r). - (A2)

12

where Z; is the nuclear charge of atom I, Ry; = |R; — ry]| is the
distance between the nuclei I and electron 1, and r, = |r| —
r;| is the distance between two electrons at positions 1 and r3.
In this work, the computation of elements defined Eqgs. (A1)
and (A2) is performed using a HF calculation with PySCF
software [79].

APPENDIX B: PAULI MATRICES

We use the following notation for the Pauli matrices:

1 0 x_ (0 1
]EH:(O 1), XEO'_(I 0),
0
_1). (B1)

APPENDIX C: ANALYSIS OF THE NOISE SOURCES

In Table II, we provide the noise model used in our sim-
ulations. The given information (T1, T2, qubit frequencies,
readout errors, error rates for single qubit, and two-qubit gates
per qubit) will enable the reconstruction of our calculations in
Qiskit [56].

The considered error sources are the depolarization, ther-
malization, and readout errors. Next we present a brief
summary of how they are modeled in Qiskit:

(i) The depolarization error consists of driving the noise-
less density matrix p = |W)(W|, with |¥) being a pure state,
to the general uncorrelated density matrix 1/2M as

pa = niTr[p11/2% + (1 — y)p, (Cl)

with N, being the number of qubits and y; representing the
decay to the uncorrelated state. The decay is estimated using
gate fidelities given in Table II.

(i) The thermalization error (e.g., general amplitude
dampening and phase flip error) of a qubit can be written
as decay towards the Fermi-Dirac distribution of ground and
excited states based on their energy difference w:

pe = pl0){0] + (1 = p)IT) (1], (823

with p = (e“T? +1)7!, T being the temperature and kg the
Boltzmann constant.

(iii) The readout error is classically modeled by calibrat-
ing the so-called measurement error matrix that assigns to
any N,-qubit computational basis state |i) (i.e., correct state
that should be obtained) a probability to readout all the states
|j) (i.e., the states that are actually obtained due to noise),
or concisely P(i|j) where i, j are N,-qubit bit string. For

TABLE II. Noise model parameters for ibmgq_athens. Data for calibration date of 07/13/2020 06:13:48 GMT+02.00 (CET). In Fig. 4 the
noise model corresponding to these data is denoted by “full noise.” “Half noise” designates the same noise model but with halved error rates.
The notation cx0_1 denotes a CNOT gate between qubits O (control) and 1 (target).

Qubit T1 (us) T2 (us) Freq. (GHz)  Readouterror  Single-qubit U2 error rate CNOT error rate

Q0 64.915 104.232 5.176 1.000 x 102 2.586 x 107* cx0_1:7.982 x 1073

Q1 62.179 73.999 5.267 2.000 x 1072 3.186 x 107 cx1_0:7.982 x 1073, cx1_2: 8.136 x 1073
Q2 83.292  100.716 5.052 2.333 x 1072 3.440 x 107* cx2_1:8.136 x 1073, cx2_3: 7.404 x 1073
Q3 104.360 23.284 4.856 1.667 x 1072 2.633 x 107* cx3_2:7.404 x 1073, cx3_4: 1.331 x 1072
Q4 85.217 87.416 5.117 1.000 x 102 2.970 x 10~ cx4_3:1.331 x 1072

013125-12



MICROCANONICAL AND FINITE-TEMPERATURE...

PHYSICAL REVIEW RESEARCH 3, 013125 (2021)

(a) Depolarization error (b)

Thermalization error (c)

Readout error

,,,,,,, exact
Efof Etnt

) A e
WW;,&%‘« ~1.125

S exact
Eior B

-1.100 ﬂ i’g .
B ol |
J v SR ﬁm&é} thaid 1.1 'q“J
TR e I

f.,v‘- ¥ X0 T, .

,,,,,,, 2ty it exact,
Ejot Bt i

~1.100 106 RN

tot

r"“ \ﬂm[#ﬂ‘ﬂﬁﬁ‘lﬁpv\* ‘ \[‘{ ‘\ \F ﬁ'tﬁ‘f,/ WH{H'Y,J F ‘h M

LS

TERETATR AI'A TNEREt

Fe xact

ot

0.025

0.000

~1.1251
—1.1001 E;,;;’”
=
M 11254 ﬂy.‘.
——————— Egin Egract
0.025{ |\ 41 ., ! !
Era
0.0004 %l‘“v. NA’\‘\(WV
0 25 50 75 100

t [fs]

FIG. 9. Evolution of the total, potential, and kinetic energies for the dynamics of the H, molecule (+ = 100 fs, dt = 0.2 fs). Using the
VQE algorithm and the noise model of ibmq_athens chip with 8192 shots we demonstrate the effects of individual noise components, namely
(a) depolarization, (b) thermalization, and (c) readout errors. In all panels the blue curves correspond to the reference exact dynamics obtained
with the MR. In gray, we show the results of the simulations with mitigated readout errors. Details of the calculations are described in Sec. IV

and Appendix C.

instance, in an ideal noiseless situation, this matrix would be
characterized by its matrix elements P(i|j) = 1 fori = j and
P(ilj) = 0fori # j.

To identify the major causes for the decay of kinetic energy
in the H; simulations with noise [see Fig. 4(a)], we investigate
the individual contributions of the different noise sources. To
this end, we perform a new series of MD simulations in which
we activate a single noise source at a time (modeled from the
ibmq_athens chip) reporting the results in Fig. 9. The settings
remain the same as for the microcanonical simulations of H,
reported in Sec. IV. The reference values obtained with the
MR approach are in blue. In Fig. 9(a) we observe that the
depolarization error contributes the most to the loss of kinetic
energy. The same is true for the total energy for which no
recovery is observed over the entire simulation length (100 fs).
The total energy loss amounts to about 10 mHa every 50 fs.
The thermalization error (Fig. 9(b)) has a significantly smaller
impact than the depolarization error on the decay of kinetic
energy, while the potential energies follows quite closely the
reference profile. For the case of the readout error, the po-
tential energy presents a significant shift in order of 20 mHa
(Fig. 9(c)). The use of measurement error mitigation corrects
this issue (Fig. 9(c), gray curve) and provides PES and forces
that are significantly improved, in better agreement with the
exact reference.

APPENDIX D: SELECTION
OF THE LANCZOS PARAMETER

In this section, we provide information about the selection
of the parameter d in the Lanczos approach. To this end, we
perform a scan in the parameter d for the system energy using
8192 measurement (shots). For the case of the H, molecule,
the test is repeated for three different bond distances: 0.6, 0.7,
and 0.9 A (see Fig. 10). All other simulation parameters are
specified in Sec. IV. We observe that from d > —0.75 the
error on the energy AE (namely the difference between the

actual measurement on the hardware and the exact energy
value obtained from the diagonalization of Hamiltonian) start
to increase linearly. Smaller values of d (i.e., d < —0.75)
leads to significant increase in the error on the energy at all
bond distances together with an increase of the standard devi-
ation associated with it, o (E). In order to guarantee accurate
simulations for the ensemble or structures sampled during
MD, we decided to take an intermediate value for d. Based on
Fig. 10, we selected a value of dpgs = —0.4, which produces
accurate energy values at all geometries. Note that this value
is specific for the calculation of the energy expectation values

(a)
—— R=06
0.20 R=07
—— R=09
__0.151
<
=
m )
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0.051
0.001 : .
14 —12 —10 -08 —06 —04 —02
b d
( )0.10
B : -4- R=06
< \
=0.05 N g =01
S AN T =09
(S} ~§:::::‘-‘-=—.-_—=
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FIG. 10. (a) Error AE and (b) standard deviation o (E) of the
energy expectation value computed with 8192 shots for H, molecule
with bond lengths R = 0.6, 0.7, and 0.9 A using the Lanczos method
with different values of parameter d.
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for potential energy surfaces (from which the subscript PES in
dpgs). A similar approach is needed to select the correspond-
ing optimal d value for the forces calculations. The same
procedure is then also applied to the case of the H molecule.
It is important to mention that the use of the error mitigation
scheme does not obviously require the a priori knowledge
of the exact energy to set the value of the parameter d. In
general, the parameter d can be set equal to the Hartree-Fock
energy (i.e., d = Eyp). From this initial guess, d = Eyp, one
can further optimize the correction by gradually increasing the
value of d until a sufficiently small standard deviation o (E) is
reached (see Fig. 10). Note that in the limit of d — 400 the
energy estimate converges to the original noisy value.

APPENDIX E: REDUCTION OF QUANTUM RESOURCES

For the case of H;, to reduce the required quantum re-
sources, the fermionic operators &f, a; in the molecular
Hamiltonian A (R) are mapped to Pauli strings P, [see Eq. (3)]
using the parity transformation [70]. This fermion-to-qubit
mapping allows us to exploit the particle-number symmetry
[I:I(R), NT] = [I:I(R), 1\7¢] =0 with N, being the number op-
erator for electrons of spin o € {1, |}. This technique is a
part of the “tapering off” procedure [70] which permits the
elimination of a qubit for each symmetry found in the Pauli
string representation of the Hamiltonian. Hence, as the com-
mutators described right above correspond to two symmetries,
two qubits can be eliminated from the simulation without
modifying the spectrum of the Hamiltonian. For the detailed
explanation, we refer to the original work of Bravyi et al.
[70] and, in context of quantum chemistry, see Appendix F
in Ref. [18].

In the Hf simulations, we opt for the seniority-zero
Hamiltonian approximation (or doubly occupied configura-
tion interaction Hamiltonian) [71-73] that further reduces the
required computational resources. For its implementation we
follow closely the steps and report the equations provided in
the work of Elfving et al. [73].

In essence, only half of the orbitals are required for the
computation of the ground state of the systems considered in
this paper, bringing the advantage of halving the total number
of qubits. However, in this approach, the full Hilbert space is
restricted only to the subspace of electronic states in which
the orbitals are either empty or occupied by a pair of electrons
(i.e., singlet states) limiting the applicability of this method.

Note that for the two-electron systems the seniority-zero
Hamiltonian becomes exact when referring to the optimal
orbital basis (i.e., exact natural orbitals) which differs from the
RHF orbital basis used in this work. For instance, in the case
of closed-shell molecules, the corresponding seniority-zero
wave function is of Lowdin-Shull type [80]. In general, the
use of RHF orbitals, as in this work, makes the seniority-
zero formalism approximate. For example, in the regime of
strong correlation, the seniority-zero approximation misses
the dynamical correlations and the results can only provide
a qualitative description (see results for N, CO,, and Hg
molecules in Ref. [71]). However, the systems studied in this
work (H, and H;r) do not exhibit strong correlation effects and
therefore the use of HF spin orbitals is appropriate.

The starting point is the seniority-zero Hamiltonian that
can be written as

Hso(R) =Y i (R)bb, + " g (R)bb,blbs + Exn(R),
rs rs#s

(ED)

where, differently from its unrestricted version (Eq. (1)), the

le, b, are the creation and annihilation operators of a pair of

electrons in the mode r. More specifically, the indices r and s

label the general (occupied or unoccupied) molecular orbitals.

This operator respects the following hard-core boson
(anti-)commutation relations:

[5r75§] = [5;["5!]: [graés]:() (r;és)7
{E:, EI} = {Erv l;r} = Oa
(b, by = 1. (E2)
The integrals A’ (R) and g (R) related to the original
single-/two-electron integrals (see Egs. (A1) and (A2)) are as
follows:
hjr(R) = 2h(R) + grrir(R),
hfs(R) = grrss(R) (}" 7& s)s
g;k«A(R) = 2grssr(R) - grsrs(R) (r 5& 5).

For additionalA de}ails see also Ref. [72]. Using the fact that
the operators b, b, commute, they can be written using Pauli

0.25 1 87192 shots
817920 shots
819’200 shots
0.20 1
ey
E 0.15 1
<
)
e
A 0.10 A
0.05 1
0.00 T T ; .
0.355 0.360 0.365 0.370
F [Ha - A7Y]

FIG. 11. Normalized distributions of the expectation values of
the nuclear forces in H; at the bond length R = 0.6 A evaluated for
different number of measurements: 8192, 81920 and 819 200 with
the VQE approach. All calculations were performed using the same
setup outlined in Sec. IV of the main text. The distributions are fitted
with the Gaussian function p(F) = ae~F~F*/27* \where F, is the
exact force obtained with FD using Eq. (6) and AR = 0.001 A; this
value also corresponds to the center of the distributions marked with
the vertical dashed line. The fitting parameters for the three differ-
ent statistics are a: 2.4 x 1072, 8.1 x 1072, 2.3 x 10~!, F,: 0.362,
0.362, 0.362 (HaA™"), and 0: 3.2 x 1073, 9.0 x 107, 3.0 x 10~*
(Ha A1), respectively.
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operators [see Eq. (B1)]

b, = 1(67 —i8?). (E3)

r

=

Note that a similar mapping can also be found in the context of
model pairing Hamiltonians (e.g., for superconductors) lead-
ing also, in this case, to a reduction of the number of qubits
needed for the mapping [74]. After the substitution of Eq. (E3)
into Eq. (E1), the qubit Hamiltonian in Pauli representation
reads as

r r#s
&) v . aia:
+ (b= 67 = 6+ 676)
r#£s
+ Eyn(R). (E4)

To summarize, for the simulations of the H, molecule we
employ the parity transformation with two-qubit reduction,
hence, the simulations require in total two qubits. Note that
we do not consider for H, further reductions to a single qubit
problem as we are mainly interested on noise effects asso-
ciated to two-qubit gates (CNOTs). For Hf we first employ
the seniority-zero formalism to reduce the problem size to
three qubits. In a second step, one further qubit is tapered
off leading to a final two qubit Hamiltonian. The use of the
seniority-zero formalism is justified by the fact that the dy-
namics only samples bonded molecular configurations.

APPENDIX F: THE RY ANSATZ

For the implementation of the RY ansatz, the gate
U3, ¢, 1) is defined as

cos (%) —e sin (%)
U@, o, 0= 2 . ), (Fl
©.¢ <e’¢ sin () €@ cos (%) )
and the gate U2(¢, A) is written as
L /1 —e'*
U2(p,A) = ﬁ o @) | F2)

where 6, ¢, A are the Euler angles.

APPENDIX G: MEASUREMENT NOISE STATISTICS

In this Appendix, we show by means of simulations that
the measurement noise on the nuclear forces is Gaussian
distributed. To this end, we computed the magnitude of the
Hellmann-Feynman forces (see Eq. (7)) along the molecular
axis of H, at the fixed bond length R = 0.6 A (without loss
of generality). All other parameters are set as described in
Sec. IV. We constructed three data sets corresponding to
different number of measurements for the evaluation of the
expectation value of the forces, namely 8192, 81920 and
819200 shots. For each data set, we repeated the result of
2000 VQE simulations each performed starting from a differ-
ent random seed. These calculations led to the Gaussian-like
distributions reported in Fig. 11. We also observe the typical
narrowing of the distributions (peaked at the average (exact)
value F, = 0.362 Ha A~') with the increase of the number of
measurements.
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