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We investigate the dynamics of the Fermi-Pasta-Ulam-Tsingou chain with long-wavelength random
initial data. When the energy per particle is small, thermal equilibrium is not reached on a fast timescale,
and the system enters prethermalization. The formation of the prethermal state is characterized by the
development of a Burgers-type shock and the onset of a turbulentlike spectrum with a time dependent
exponent {(7) in the inertial range. We perform a significant step forward by demonstrating that these
features are robust under generic long-wavelength random initial conditions. By employing advanced
probabilistic techniques inspired by the works of Dudley and Talagrand, we derive a sharp asymptotic
expression for the average shock time in the thermodynamic limit. For large p, this time scales as
(py/log p)~', where p is the number of excited modes, proving that it is an intensive quantity up to a

logarithmic correction in the size of the system.
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Introduction—Understanding how isolated physical sys-
tems approach thermal equilibrium is a central open
problem in statistical mechanics. The microscopic mech-
anisms by which macroscopic systems redistribute energy
among their degrees of freedom are complex and not yet
fully understood [1]. This complexity was brought to light
by the numerical simulations of Fermi, Pasta, Ulam, and
Tsingou (FPUT) [2]. In their pioneering work, they
integrated numerically a one-dimensional chain of particles
and followed the time evolution of the Fourier energy
spectrum (FES). Rather than reaching equipartition, which
is a necessary condition for thermal equilibrium, the system
exhibited unexpected recurrent dynamics. Since then,
FPUT-like recurrences have been reported across a wide
range of physical settings, including holography [3],
graphene resonators [4], nonlinear phononic lattices [5],
photonic systems [6], and trapped cold atoms [7-9].

Random initial data drawn from the Gibbs measure have
played a crucial role in the study of the dynamics of
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coupled harmonic oscillators [10]. Initial conditions close
to thermal equilibrium have been employed when studying
anomalous conduction in one-dimensional systems of
coupled nonlinear oscillators [11-14]. With a different
perspective, the robustness of dynamical behavior with
respect to random perturbations of the invariant measure
has been examined [15-17]. By contrast, initial data far
from statistical equilibrium or systems subject to strong
random perturbations have more rarely been considered.
These regimes, which capture how typical nonequilibrium
configurations relax toward thermal equilibrium, are the
focus of this Letter.

Concerning the time evolution of the FPUT system,
numerical studies have shown that, when energy is above a
certain threshold, the system undergoes a quick thermal-
ization, and the FPUT recurrence is not present [18]. The
process by which a system reaches thermal equilibrium is
called thermalization [19]. While approaching thermal
equilibrium, the system may become trapped for a long
time in a quasistationary prethermal state. Indeed, this is
what happens in the FPUT system when the initial energy is
below the threshold mentioned above [20]. This initial
stage, known as prethermalization, has attracted broad
interest beyond the FPUT dynamics, including quantum
systems [21-24], because of its deep experimental and
technological relevance [19,25,26]. We emphasize that
prethermalization corresponds to the relaxation to a qua-
sistationary state different from thermal equilibrium, pre-
ceding the eventual onset of thermal equilibrium on longer
timescales [19]. In the FPUT system, prethermalization is
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FIG. 1. Fourier energy spectrum (full orange line) at the shock
time with e = 1073 fora = 1, # = 0.1, and N = 16 384. Twenty
modes are initially excited. The black dashed line is the
theoretical prediction log E;, = —8/3log k + 0.86.

strongly dependent on the choice of the initial condition.
Numerical evidence and heuristic arguments suggest that,
for certain classes of out-of-equilibrium random initial data,
prethermalization is governed solely by intensive param-
eters [27-29]. We will indeed show that, up to a logarithmic
correction, the onset of prethermalization in the FPUT
system is uniquely governed by the specific energy and the
fraction of initially excited modes with random phases.
Prior to tackling the case of random initial conditions, a
transient turbulent regime was identified in a recent work
for single-mode initial conditions [30,31]. This regime
highlights a quantitative mechanism for the redistribution
of energy from low to high modes of the Fourier spectrum.
This regime is present for large-wavelength initial con-
ditions and at sufficiently short timescales. The key idea
was to show that, on such a timescale, the FPUT dynamics
can be well approximated by the inviscid Burgers equation.
Solutions of the Burgers equation exist up to a finite time ¢,
the shock time. At ¢,, the FPUT displays a turbulentlike
FES with an inertial-range scaling E, ~ k=3/3. Thus, the
shock time emerged as the fundamental timescale for the
formation of the prethermal state in the FPUT chain [30].
In this Letter, we show analytically and confirm numeri-
cally that the Burgers turbulence scenario is robust for out-
of-equilibrium long-wavelength random initial data (see
Fig. 1). Developing advanced probabilistic techniques
inspired by the works of Dudley and Talagrand [32,33],
we derive an explicit analytic formula for the average shock
time in the thermodynamic limit for a finite and large
fraction of excited modes. The theory rigorously explains
the observed differences in scaling behavior between coher-
ent initial data, where the phases of the Fourier modes are all
equal or equispaced, and incoherent initial data, where the
phases are taken randomly on the unit circle [29]. In addition
to the power-law scaling, we analytically predict a loga-
rithmic correction, which we confirm numerically (Fig. 3).
Model, initial conditions, and main result—The FPUT
model consists of N masses interacting nonlinearly on a
one-dimensional lattice. The Hamiltonian is

N
H:

pz.
[7] + V(g1 —q;) | (1)
1

J

where V(z) = 2%/2 +az’ /3 + pz*/4, q; is the displace-
ment from equilibrium of the jth mass, and p; is its
momentum. Without loss of generality, we take the masses
and the harmonic constant equal to one, and we consider
periodic boundary conditions py.| = pi, gy.1 = q;-

When a = f = 0, the system is a linear harmonic chain
that is completely integrable. The dynamics of the FES
becomes trivial, and no exchange of energy among normal
modes is allowed. When a # 0 or f # 0, the nonlinearity
drives thermalization by coupling the modes and allowing
for energy exchange. Although the latter is very common,
the nonlinearity by itself is not sufficient to drive thermal-
ization [34-36].

The energy of the mode k is defined as

_IBOF | oflaoP
2 2 '

Ex(1) (2)
where w; = |2sin(zk/N)|, and g, and p, are the Fourier

~ P N i2rkj/N )
coefficients, e.g., g, = (1/V/N) dligje . We con
sider the initial data

p

A . 2nkj
q;(0) = ;\/—%Sln(y]k) cos (T + ¢k>7 3)

p .
Ay . (2njk
— 40, 4
cos(yy ) sin ( N k> 4)

Pj(o) =
k=1

where A; is the amplitude of the kth mode, and v, ¢y, 0
are the phases. The ratio between kinetic and potential
energy in the mode k is determined by v, while ¢, and 0,
are relative spatial offsets between the normal modes.

We consider initial conditions where E;(0) = ¢/p for
1 <k <p and E(0) =0 otherwise. We then prove the
existence of a timescale ¢, at which the FES has a window
that exhibits a power-law spectrum

Ei(t) ~k3,  k <k<k. (5)

The lower bound k; is empirically determined, while k. is
placed at the beginning of the exponential cutoff of the
spectrum. The width of the window is intensive in N and ¢,
and scales with the number of excited modes p, depending
on the relation between phases. When the phases v, 0, ¢y
are coherent (e.g., all vanishing or all equispaced), then ¢, is
a deterministic variable, and we find that 17! ~ (a\/e/N) p?
(see Fig. 2). If the phases are chosen randomly, then f
becomes a random variable, and we show that 7, is much
longer on average, with
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FIG. 2. Numerical estimate of the inverse shock time as a
function of the number of excited modes p with all phases equal
to zero (points), Eqs. (3) and (4). The solid blue line is the
interpolation curve 4.774 x 1075p2. a=1, f=0.1, e = 1073,
N = 2048.
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(6)
for large p (see Fig. 3). Here, () denotes the average over
the phases.

When a finite, small fraction v of modes is initially
excited, ie., p=uvN, then Eq. (6) yields (f;')~
ay/evy/log N, which means that, apart from a logarithmic
correction y/log N, (5!} is ruled by intensive parameters
only.

Continuum approximation—In order to study the evo-
lution of the initial condition, Eq. (3), for small specific
energy and a large number of particles, we introduce the
two fields Q(x, 7) and P(x, 7) of spatial period one, such that
q;(t) =NQ(j/N.t/N), p;(t) = P(j/N.t/N). Following
[30], we note that e = (1/N)>_7_, Ex(0), up to higher
order corrections in e. We introduce the left and right fields
L =(0,+P)/(V2¢) and R = (Q,—P)/(V2e), where
partial derivatives are denoted by subscripts. Neglecting
higher order terms in € and (1/N?), the evolution equations
are

0.004F
0.003¢

= 0.002}
0.001¢
0.000t~ : w : 3

50 100 150 200 250
p
FIG. 3. Average of the inverse shock time (#;') vs the number

of initially excited modes p (points), Egs. (3) and (4). Each point
is the average over 1000 realizations of the phases. The solid
orange line is the theoretical interpolation curve p+/log p. a = 1,
p=01,e=10"3 N =16384.

L,= <L + %(L + R)Z)x, (7)
R, = —<R+g—\/;(L+R)2>X. 8)

Since the equations for L and R are nonlinearly coupled, their
analysis is simplified by means of a close-to-identity
canonical transformation C z: (L,R) + (4,p), which
decouples the equations for the new fields 4 and p at order
/€. Neglecting terms of order ¢, the transformed equations are

e (S (1) o

with initial ~conditions  (A(x,0).p(x,0)) = (L(x.0),
R(x,0)) + O(y/€). Equations (9) are a couple of inviscid
Burgers equations, whose solution is well defined for times
T < 14, where 7, is the scaled shock time of the system, i.e.,
7, = min{;, 7/} and t, = Nz,.

Statistics of the shock time—Using Formula (7) and
Section V-A in [31], the large k asymptotics of the FES at 7,
for initial data of the form Eqgs. (3) and (4) is Ei(z,) ~ k.

The scaled time 77 is given by

N1 = M max 7, (x
<TS) ! - \/§ xE[O,l]nX( )’
1) = A(x,0), p(x,0). (10)

Using this formula, the computation of the shock time
reduces to a maximization problem for each realization of
the initial data. For coherent initial phases in Egs. (3) and
(4) (e.g., all equal to zero), the maximization reduces
to finding the maximum of 1/,/p> 7, 2k cos(2zkx),

which occurs at x = 0 and scales asymptotically as p? for
large p. For random initial phases, 7, becomes a random
variable, and computing its average reduces to studying the
extremal statistics of the stochastic process, 77, (x). We show
that, on average, the scaled shock time is significantly
longer than in the coherent case, with (z;!)~
ay/ep+/log p. Further details on the argument are given
in Supplemental Material [37], while a streamlined version
is presented below.

Since the maximum in Eq. (10) is taken over infinitely
many points, we first restrict to a finite set, for which the
statistics can be bounded as

< nllaanx(xm)> = /0 - Prob (m Irllaanx(xm) > /1) dA

+oo
SM/ Prob(nx(xl)>/1>d/1. (11)
0

Because the maximum we want to evaluate is taken over an
infinite set, these simple bounds diverge as M — oo.
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However, 7, is a smooth function, so its values at nearby
points are not statistically independent. These correlations
can, thus, be exploited to improve the bound. In particular,
we are able to derive the following sub-Gaussian bound,

2p
4, . y>2>’ 12

Prob([as(x) = 1,03 > 4) < exp -
where d,(x,y)* = p(|n.(x) —n,(y)|?) is the desired mea-
sure of correlation. For our process, we derive

Zk2< — cos (27k(x — y))). (13)

In order to carefully combine the bounds of Eq. (11) and
exploit correlations, we introduce a family of point lattices
N, such that, for any m’" < m, N, forms a sublattice of
N .. The optimal way to create this sublattice is to select
points that are equally spaced with respect to the distance
d,. The mesh size r™ must decrease exponentially fast, i.e.,
r™ for re(0,3) is sufficiently small.

The next step consists of a chaining argument: for any
x€[0,1), we construct a sequence of points x,, €N,
converging monotonically to x and such that

[Se]

nx(x) = ”x(o) + Z[ﬂx(-xm) - ”x(xm—])]' (14)

m=1

Then, taking the max on both sides, we find

max
xelo, 1]|’1x

’7)((0 Z max |77x m nx(xm—1)|' (15)

For each fixed m, the sum involves a maximum over a finite
set of points with cardinality |N,,||\,,_;|, which allows

the application of Eq. (11). We then define o, =
(8r)"\/10g(2"|N,[IN 1) and 6 = Y%

o1 0. We can
then show that max, ¢ o ] 7« (x) satisfies the followmg sub-

Gaussian bound:
LG)
VP

Ao
< PI'Ob(Z ‘nx nx m— 1) > \/1_7)

© o2,
S IV el exp (— m)
P m»vm—

m=1

prob ma 1,(5) =10 >
xe 0 1

<277, (16)

Using Fubini’s theorem [43],

1:(0)])

<xr(g[%><1 | (x) =

= /oo Prob( max |n,(x) —n,.(0)] > /1) dA
0 x€l0,1]

c o o
-~ [ b (;g%ﬁ]mx(x) n(0)] > 75) i
< %. (17)

It thus remains to estimate o, which can be bounded as

follows:
+00
0—5/ \/log N ,(¢)de, (18)
0

where N, (e) is the packing number associated with the
distance d,; that is, the maximum number of points in [0, 1]
whose d,, distance is at least . The main contribution to the
integral comes from the small ¢ region. A similar bound
was established by Dudley for Gaussian processes [32]. In
order to compute the packing number, we estimate Eq. (13)
as follows:

p
d,(x.y)> < 2m2|x = y|teer)™ Y 2400z (19)
k=1

This quantitative comparison between the canonical dis-
tance d,, and the Euclidean distance allows us to compare
their respective packing numbers, the latter being explicitly
computable. This leads to an upper bound on N, () which,
when combined with Eq. (18), gives o < p%\/log p.
Together, the estimates Eqgs. (10) and (17) imply an upper
bound for the inverse of the shock time.

Concerning the lower bound, following the pioneering
work of Talagrand [33,44], we show that

2 by [ = e

For p>1 and ¢ p%, we explicitly construct pgg‘1
points in [0, 1] whose distance is at least € when measured
with respect to d,, thereby realizing the packing num-
ber N, (e).

The construction of this large set of e-separated points
relies on two key ideas. First, a local approximation
d,(x,0) ~ p[px + o(px)] allows us to construct a cluster
of pl~! points in the interval [0,(1/p)] that are &
separated. Summing the series Eq. (13), one finds that
I, This enables the
construction of additional clusters of p3e~! points, provided
they are p~! separated in the Euclidean distance.
Altogether, this yields a set of p%&:‘l points that are &
separated with respect to the distance d,,. This yields the

, which, together with Egs. (10)

xe[Ol]

dp(X,)’) > p% whenever |x—y| >p

lower bound N, (&) 2 pie”!
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and (20), provides a sharp lower bound for the inverse of
the shock time.

Conclusions—In this Letter, we have shown that the
Burgers turbulence scenario in the FPUT model is robust
when p long-wavelength modes are initially excited with
random phases. By developing advanced probabilistic tech-
niques based on [32,33], we obtained an analytic expression
for the large p asymptotics of the average shock time. This
computation is crucial for understanding the formation of the
prethermal state for typical initial conditions.

Our approach explains the previously observed
differences in the scaling behavior of the prethermal state
for incoherent versus coherent phases [29]. Up to a
logarithmic correction, when an extensive fraction of
modes is initially excited, two distinct behaviors emerge:
for random phases, the average shock time, Eq. (6), is
governed solely by intensive parameters, whereas for
coherent phases, it vanishes as N — oo. This implies that
the scenario in which the shock time vanishes corresponds
to a measure-zero set of synchronized initial phases and is,
thus, not relevant for the average from a statistical
mechanics point of view. The derivation of the logarithmic
corrections relies on sophisticated probabilistic techniques,
detailed in Supplemental Material [37].

To place our results in context, we recall that the
evolution of integrable systems with random initial data
can mimic certain aspects of hydrodynamic turbulence,
such as power-law spectra and the formation of coher-
ent structures [45-47]. Within the approximation con-
sidered here, the dynamics under long-wavelength
random initial data fits naturally within the framework
of integrable turbulence. In fact, our techniques also
allow one to derive the full statistics of the shock time
for the Burgers equation when random initial data are
considered. The statistical properties of shocks in the
Burgers equation with various classes of random initial
data have been the subject of extensive study [48-51].
Rigorous results on the spatial statistics of shocks in the
zero-dissipation limit have also been obtained [50,52].
To our knowledge, however, the statistics of the first
shock time—corresponding to the onset of the turbu-
lence regime in FPUT—has not been previously stud-
ied. Addressing this question requires the technical
apparatus developed in this Letter.

The discrepancy in the spatial profile between Burgers
dynamics and the lattice FPUT model arises shortly before
the shock time. At this time, the dispersion of the lattice
model is responsible for the generation of a train of short-
wavelength oscillations. As time passes, the short-wave-
length oscillations cover all the space profile of the wave
and, as a result, if the energy per particle is large enough,
thermalization is observed. Such a phenomenology resem-
bles the one of tygers in the Galerkin-truncated Burgers
equation [53-55], with a crucial difference: the tygers

appear far away from the spatial point of the shock, while in
our case, the short-wavelength oscillations are originated at
the shock point. However, the route to thermalization after
the shock time is qualitatively similar, and possible
analogies deserve further investigations.

Our approach extends well beyond the FPUT problem.
Adapting the arguments of [54], it yields the formation time
of tygers in the Galerkin-truncated Burgers equation when
a large number of Fourier modes is initially excited (see
[37]). This probabilistic approach naturally generalizes to
the study of extremal statistics in nonlinear systems, both at
thermal equilibrium and far from equilibrium, as in the case
considered extensively in this Letter.

Thermalization in the FPUT chain remains an open and
debated problem. Several approaches have been proposed
to describe its long-time dynamics. For certain classes of
initial data, heuristic arguments based on wave turbulence
theory predict specific thermalization timescales [56],
whereas other initial conditions generate periodic solutions,
known as g-breathers [57,58], which never thermalize. The
picture becomes even subtler in near-integrable regimes,
where the network of interactions among actions and
phases has been characterized [59].

The probabilistic framework presented here offers a novel
perspective on this long-standing problem by leveraging
recent advancements in the statistical characterization of
random functions. Indeed, these methodologies are appli-
cable to a broad spectrum of nonlinear problems, provided a
functional mapping can be established between the initial
probability distribution and its time-evolved counterpart.
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