
Mathematics Area - PhD course in
Mathematical Analysis, Modelling, and Applications

Some new applications
of Γ-convergence to

free discontinuity problems,
phase transitions, and nonlocal models

Candidate:
Davide Donati

Advisors:
Prof. Andrea Braides

Prof. Gianni Dal Maso

Academic Year 2025-2026





Abstract

In this thesis, we study variational models arising in three different settings: free dis-
continuity problems, higher-order models for phase transitions, and nonlocal variational
problems.

First, we study free discontinuity functionals whose surface terms are of the type com-
monly used in the variational theory of cohesive fracture mechanics. Since these surface
terms are, generally, linear near the origin and bounded at infinity, the natural setting of
the corresponding energies is that of spaces of generalised functions of bounded variation
and generalised functions of bounded deformation. We investigate the fine properties of
these spaces and, in particular, contribute to the general picture of generalised functions of
bounded deformation by introducing a matrix-valued measure generalising the distributional
symmetric gradient.

We also address homogenisation problems for free discontinuity functionals. In the full
gradient setting, we consider functionals with linear growth in the bulk part, a Cantor contri-
bution, and cohesive surface terms, and prove deterministic and stochastic homogenisation
results. In the framework of linearised elasticity, we study instead functionals defined on
functions of bounded deformation whose bulk and surface densities have linear growth, and
obtain similar deterministic and stochastic homogenisation results.

Finally, we study the relaxation of energies defined on structured deformations, where
the macroscopic deformation is coupled with a matrix-valued field accounting for the cu-
mulative effect of submacroscopic slips, separations, and other disarrangements. We extend
the classical integral representation theory to this cohesive setting, obtaining an explicit
representation for the relaxed energies.

The second part of the thesis concerns higher-order singular perturbation problems for
phase transitions. We consider Modica-Mortola type energies, in which the usual first-order
gradient term is replaced by a higher-order perturbation of arbitrarily prescribed order.
We show that sequences with equibounded energy converge to sharp interfaces, and that
the Γ-limit is given by a perimeter functional. We then study related anisotropic models
involving general tensor norms and derivatives of intermediate orders, whose coefficients
may be negative. For this broader class of energies, we establish equi-coercivity and Γ-
convergence to an anisotropic perimeter functional, with an interfacial density determined
by the orientation of the limit interface.

The third and final part concerns the passage from nonlocal to local models driven by
concentration phenomena. We first consider fractional quadratic energies with oscillating
coefficients, and hence involving two parameters, one governing the concentration induced
by the fractional kernel, while the other determining the frequency of the oscillations. We
study the Γ-limit of these energies as the two parameters vary simultaneously and analyse
how the interaction between these two scales influences the resulting local energy. We then
turn to convolution-type functionals depending on finite differences. In this setting, the
concentration of the interaction kernels produces free discontinuity energies with bulk and
surface terms, whose densities we identify.
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Introduction

This thesis is devoted to the analysis of the asymptotic behaviour of several classes of
variational problems. This analysis is carried out by means of Γ-convergence, a tool that,
since its introduction [105], has established itself as the natural notion of convergence for
variational problems. The reasons behind its success are clear, as Γ-convergence enjoys
all the properties one would desire from a notion of convergence tailored to the study of
minimisation problems. Most notably, it is closely related to the convergence of minima and
minimisers. At the same time, it is a rather flexible notion of convergence. Its definition is
purely topological and never imposes a priori constraints on the form of the limit energies,
the space of functions on which these energies are defined, nor the mechanism responsible
for such convergence. These features are always determined by the particular form of the
energies at hand and, therefore, Γ-convergence constitutes a unifying framework in which
different types of variational problems and models can coexist.

This unifying feature is well-reflected in the tripartite structure of this thesis, which
treats variational problems of essentially different nature:

(I) the first part is devoted to problems related to the modelling of cohesive fracture; in
particular, we study the homogenisation of free discontinuity functionals, the relax-
ation of bulk-surface energies, and the fine properties of functions related to cohesive
energies;

(II) the second part focuses on the analysis of singular perturbations of non-convex energies,
which appear naturally in the variational theory of liquid-liquid phase transitions; in
this case, energies defined on Sobolev functions converge to perimeter functionals
defined on sharp interfaces;

(III) the third and final part is dedicated to the passage from nonlocal models depending
on difference quotients to local models depending on distributional gradients.

Because the themes treated here arise from different physical and mathematical motivations,
it is useful to discuss them separately. For each part, we first recall the underlying variational
models and the principal analytical difficulties, and then present the related results obtained
in this thesis.

ix
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Part I: Free discontinuity problems with cohesive surface terms

Part I pursues two closely related objectives. The first is to study relaxation and ho-
mogenisation problems for several classes of free discontinuity functionals arising in fracture
mechanics. The second is to develop a functional framework in which these problems can
be naturally formulated and analysed. To explain their motivation and highlight the main
difficulties they present, we begin with a brief overview of the variational theory of fracture.

Francfort & Marigo’s approach to fracture. In his pioneering work [136], Griffith
introduced the idea that crack growth in an elastic material is determined by the competition
between the elastic energy released in the process of crack opening and the energy dissipated
while opening a new portion of the crack. Adopting this point of view, Francfort and Marigo
proposed in [126] a variational model to study the quasistatic growth of fracture in brittle
materials. In this model, the evolution in time of a body with reference configuration Ω is
described by the deformation field t 7→ u(t) and the crack set t 7→ K(t). These two objects
are treated as independent variables and the total energy Ebr(u(t),K(t)) associated with
them at a time t is given by

Ebr(u(t),K(t)) := W(u(t),K(t)) +K(K(t)), (0.0.1)

where W(u(t),K(t)) and K(K(t)) represent the bulk elastic energy and the dissipated sur-
face energy.

In the language of Francfort & Marigo, a quasistatic evolution is a pair (u(t),K(t))
satisfying three conditions: global stability, the energy balance, and irreversibility of the
crack set. The first condition is the one justifying the term quasistatic. At each instant,
the system is assumed to be in equilibrium, that is, (u(t),K(t)) minimises the total energy
Ebr among all admissible configurations at time t. The second condition states that the
increment of the internal energy plus the energy dissipated in the evolution process equals
the work of the external forces, while the last one states that a brittle material cannot
heal. Once a portion of it is broken, it is doomed to always be so. In mathematical terms,
t 7→ K(t) is non-decreasing with respect to set inclusion.

Proving the existence of an evolution (u(t),K(t)) is a delicate task. The standard
strategy relies on a time-incremental scheme. One first fixes a discrete partition {tni }i of the
relevant time interval and then, at each time step, solves the minimisation problem given by
the global stability condition, taking into account the cracks accumulated at the preceding
steps and thus enforcing irreversibility. Interpolating the pairs (uni ,K

n
i ) obtained in this

fashion and letting the mesh size of the partition tend to zero, one recovers in the limit a
quasistatic evolution (u(t),K(t)). This passage to the continuous-time limit is, in general,
highly nontrivial, since both the deformations and the evolving crack sets must pass to the
limit, while simultaneously preserving irreversibility and global minimality.

Although the time-dependent problem is not addressed in this thesis, the preceding
discussion highlights the central role of static minimisation problems in the variational
theory of fracture. They constitute the building blocks of quasistatic evolutions and, as
such, a detailed understanding of the variational properties of the underlying energies is
essential. The first part of this thesis is devoted to relaxation and homogenisation problems
for functionals arising in this and in related settings. For this reason, we now examine more
closely the precise form of the energy Ebr and of its counterpart for cohesive fracture.

For simplicity, we restrict our attention to the context of small-strain antiplane shear,
adopting the weak formulation of Francfort & Larsen [125]. In this setting, the reference
configuration is given by an infinite cylinder Ω×R ⊂ Rd+1, whose cross-section is a bounded
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open set Ω ⊂ Rd and the displacement is described by a scalar function u : Ω → R. Rather
than being prescribed independently, the cross-section of the crack set K is identified with
the jump set Ju of the deformation map u, whose natural ambient space is De Giorgi &
Ambrosio’s GSBV(Ω) (cf. Section 1.3). In the case of a homogeneous, isotropic material,
the energy (0.0.1) to minimise then becomes the Mumford-Shah functional

Ebr(u) :=
ˆ
Ω
|∇u|2 dx+ κHd−1(Ju) for u ∈ GSBV(Ω), (0.0.2)

where ∇u denotes the approximate gradient of u, Hd−1 is the (d−1)-dimensional Hausdorff
measure, and the constant κ > 0 is related to the toughness of the material. In accordance
with Griffith’s criterion, the surface contribution is proportional to the (d− 1)-dimensional
measure of the cross section of the crack set.

This weak formulation in GSBV(Ω) avoids imposing closedness on the crack set, a prop-
erty that is generally difficult to recover through the compactness arguments of the direct
method of the calculus of variations. Moreover, it places the problem in the framework of
the Mumford-Shah functional, for which both existence and regularity theories are avail-
able (see, e.g., [16] and [104]). These results allowed Francfort & Larsen [125] to construct
quasistatic evolutions in this weak sense and, later, Babadjan & Giacomini [22] to infer
existence of quasistatic evolutions with regular crack sets.

However, it is evident from the definition of Ebr that not all materials can be described
by such an energy. If u+ and u− denote the traces of the deformation field u on the two
sides of Ju, the surface energy is independent of the crack opening [u] := u+ − u−, so that
the full fracture cost is paid as soon as a new portion of the crack is created, irrespective of
the amplitude of its opening. The brittle model thus describes fracture as an abrupt loss of
cohesion and cannot account for the progressive weakening of the interactions between the
crack lips before complete separation, as is observed in a wide range of materials (see, e.g.,
the review paper [159]).

To overcome these limitations, it is convenient to consider cohesive zone models in the
spirit of the work of Barenblatt [27]. Rather than assuming that the crack lips become
completely traction-free as soon as a crack is created, Barenblatt postulated the existence
of a small process zone near the crack tip in which the two sides of the crack continue
to interact through cohesive forces, which remain active until complete failure occurs. In
variational terms, Barenblatt’s idea leads to the replacement of Ebr by an energy of the form

ˆ
Ω
|∇u|2 dx+

ˆ
Ju

g([u]) dHd−1 for u ∈ GSBV(Ω), (0.0.3)

where g is a suitable non-negative integrand explicitly depending on the crack opening [u].
The properties satisfied by the energy density g may vary, but, in accordance with the
observations above, it is usually assumed that the function [0,+∞) ∋ ζ 7→ g(ζ) is non-
decreasing, satisfies g(0) = 0, and is constant at infinity. Moreover, it is often assumed
that g′(0) ∈ (0,+∞), where g′(ζ) represents the force per unit length transmitted between
the crack lips at an opening ζ, so that g behaves linearly near the origin. In the rest of
this preliminary discussion, we shall assume that g coincides with Dugdale’s energy density
|ζ| ∧ 1 := min{|ζ|, 1}, which, for us, shall be the prototype of cohesive surface density.

From a mathematical point of view, this formulation presents, however, an immediate
drawback. Indeed, assumptions g(0) = 0 and g′(0) ∈ (0,+∞) force a relaxation mechanism
in BV(Ω), since, in this case, it is energetically more favourable to replace large gradients
by many infinitesimally small jumps, possibly leading in the limit process to the creation of
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diffuse cracks of dimension strictly larger than d−1. This observation can be made rigorous
by relying on results of Bouchitté, Braides, & Buttazzo [38] who showed that the energy in
(0.0.3) is not lower semicontinuous and that, for u ∈ BV(Ω), its relaxation should take into
account also contributions related to the Cantor part Dcu of the distributional gradient Du.
In particular, it should be replaced by an energy which is, morally, of the form

V(u) :=
ˆ
Ω
|∇u| dx+ |Dcu|(Ω) +

ˆ
Ju

(|[u]| ∧ 1) dHd−1, (0.0.4)

which is indeed lower semicontinuous with respect to the weak∗-convergence in BV(Ω).
These observations extend, essentially unchanged, to the vectorial setting, where the

reference configuration is represented by a general bounded open set Ω ⊂ Rd, the deforma-
tion field u is vector-valued, and the bulk energy may depend either on the full gradient ∇u
or, in the small-strain regime of linearised elasticity, on the symmetrised gradient Eu. In
this latter case, the correct counterparts of the energies presented in (0.0.2) and (0.0.4) are
Griffith energy ˆ

Ω
|Eu|2 dx+ κHd−1(Ju), (0.0.5)

and the energy Vvec defined by

Vvec(u) :=

ˆ
Ω
|Eu| dx+ |Ecu|(Ω) +

ˆ
Ju

(|[u]| ∧ 1) dHd−1, (0.0.6)

where the displacement u is now allowed to vary in the space of functions of bounded de-
formation BD(Ω), and Ecu is the Cantor part of the distributional symmetric gradient Eu
(cf. Section 1.4).

Lack of compactness: the spaces GBV⋆ and GBD. The relaxation process described
above is not the only issue arising in this context. The choice of the functional domain
where to set the study of minimisation problems related to (0.0.4) and (0.0.6) is also a
delicate matter. The surface term |[u]| ∧ 1 does not control the full jump amplitude |[u]|,
so that, in general, it is not possible to bound |Du|(Ω) and |Eu|(Ω) in terms of V(u) and
Vvec(u), respectively. Thus, even in the presence of additional lower order terms or Dirichlet
boundary conditions, sequences with uniformly bounded V or Vvec may not be precompact
in BV(Ω) or in BD(Ω).

An analogous issue occurs in the brittle case (0.0.2) and (0.0.5), where it is solved by
considering displacements belonging to the generalised spaces GSBV(Ω) and GSBD(Ω),
introduced by De Giorgi & Ambrosio [103] and Dal Maso [89], respectively. In these larger
spaces, it is possible to show coercivity and lower semicontinuity of the Mumford-Shah and
Griffith functionals, see, for instance, [16,119,127] for the former and [14,72–74,129] for the
latter.

For the cohesive energy V, this lack of coercivity leads naturally to the space GBV⋆(Ω;Rk)
(cf. Section 1.3), introduced by Dal Maso & Toader [99] in the scalar case and later extended
to the vector-valued setting by the author in [111]. Roughly speaking, GBV⋆(Ω;Rk) consists
of all functions u ∈ L0(Ω;Rk) that are limits, with respect to the convergence in measure,
of sequences {un}n ⊂ BV(Ω;Rk) whose components have equibounded energy V. Although
the space obtained in this way is far more general than BV, it retains the fine structure
needed to study free discontinuity problems. In particular, every such function admits an
approximate gradient ∇u, a (d−1)-rectifiable jump set Ju, and a matrix-valued measureDcu
generalising the Cantor part of the distributional derivative Du for functions of bounded
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variation. Finally, it can be shown that this space enjoys compactness properties (cf. The-
orem 2.A.1) that make it the natural functional framework for free discontinuity problems
with cohesive-type surface terms depending on the full gradient. A precise description of
the main properties of functions in GBV⋆(Ω;Rk) (see Definition 1.3.16), based also on the
contents of the author’s paper [111] and of the joint paper with Friedrich [112], can be found
in Section 1.3.

The corresponding situation in the linearised setting requires instead the space GBD(Ω)
of generalised functions of bounded deformation, whose definition was given by Dal Maso [89]
by means of one-dimensional slicing. Remarkably, this slicing-based definition suffices to
recover many of the fine properties of BD(Ω). In particular, Dal Maso proved in [89] that
every such function admits an approximate symmetric gradient Eu and a (d− 1)-rectifiable
jump set Ju, and possesses suitable trace properties. However, while these properties are
sufficient for the analysis of the Griffith functional (0.0.5), they are not enough to deal with
general cohesive energies. These formulations require, in addition, a diffuse, singular matrix-
valued measure that plays the role of the Cantor part Ecu for functions in BD. In Chapter 5,
based on the joint work with Dal Maso [91], we shall construct such a measure, thus providing
the missing object to study cohesive energies in GBD(Ω). Since the compactness results
in [14,73,74] apply also in this context, GBD(Ω) seems a promising ambient space in which
to study variational problems for cohesive fracture energies in linearised elasticity. We
stress that, however, such problems are not investigated here and questions related to the
relaxation and Γ-convergence of cohesive fracture energies on GBD(Ω) are left for future
work.

Chapter 2

Homogenisation of free discontinuity problems with cohesive-type
surface terms: the full gradient case

In Chapter 2, we begin the analysis of variational problems for functionals defined on the
space GBV⋆ and address the problem of homogenisation of free discontinuity functionals.

Given a bounded open set Ω ⊂ Rd and k ≥ 1, we shall consider functionals defined for
u ∈ GBV⋆(Ω;Rk) and ε > 0 by

Fε(u) :=

ˆ
Ω
f
(x
ε
,∇u

)
dx+

ˆ
Ω
f∞

(x
ε
,
dDcu

d|Dcu|

)
d|Dcu|+

ˆ
Ju

g
(x
ε
, [u], νu

)
dHd−1, (0.0.7)

where νu is the unit normal at Ju, the integrands f : Rd × Rk×d → [0,+∞) and g : Rd ×
Rk × Sd−1 → [0,+∞) satisfy

c(|A| − 1) ≤ f(x,A) ≤ C(|A|+ 1) for all x ∈ Rd and A ∈ Rk×d, (0.0.8)

c(|ζ| ∧ 1) ≤ g(x, ζ, ν) ≤ C(|ζ| ∧ 1) for all x ∈ Rd, ζ ∈ Rk, and ν ∈ Sd−1, (0.0.9)

and f∞ is the recession function of f , defined by

f∞(x,A) := lim sup
t→+∞

f(x, tA)

t
for all x ∈ Rd and A ∈ Rk×d. (0.0.10)

Our aim is to derive necessary and sufficient conditions for the Γ-convergence as ε→ 0+ of
{Fε}ε to a homogenised functional of the form

Fhom(u) :=

ˆ
Ω
fhom(∇u) dx+

ˆ
Ω
f∞hom

( dDcu

d|Dcu|

)
d|Dcu|+

ˆ
Ju

ghom([u], νu) dHd−1, (0.0.11)
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for suitable integrands fhom and ghom independent of the spatial variable x. As previously
discussed, under our growth assumptions on f and g, the Cantor part Dcu and the recession
function f∞ must be taken into account for lower semicontinuity reasons (see Theorem 1.5.1
below).

From a physical viewpoint, the family {Fε}ε describes the behaviour of a heterogeneous
material endowed with a fine microstructure whose characteristic length is of order ε. In
accordance with the general principles of homogenisation, our aim is to determine an effective
functional Fhom, associated with a homogeneous medium that captures the properties of Fε
as the microstructure becomes finer and finer and ε→ 0+.

Homogenisation problems for free discontinuity functionals have been the subject of
extensive research in a variety of different contexts. We briefly recall the results that are
most closely related to the setting considered here.

The first general homogenisation result in this direction was obtained by Braides, De-
franceschi, & Vitali [48], who considered periodic energies for which the underlying func-
tional domain is the space SBVp(Ω;Rk), for p > 1 (see Section 1.3) and no contribution
related to the Cantor part needs to be considered. They proved that, in this case, the Γ-limit
is a free discontinuity functional of the same type and characterised its effective bulk and
surface densities, which are x-independent, through asymptotic cell formulas.

Later, in a series of three works [57–59], Cagnetti, Dal Maso, Scardia, & Zeppieri de-
veloped a general theory able to simultaneously handle the homogenisation of non-periodic
energies and stochastic homogenisation.

In the first of these papers [57], they study compactness and integral representation
properties for sequences of free discontinuity functionals, satisfying growth conditions sim-
ilar, even though more general, to the ones considered in [48] and in the related work of
Giacomini & Ponsiglione [131]. As an application of this general theory, they characterised
homogenisation in terms of the asymptotic behaviour of suitable minimisation problems on
large cubes.

In the subsequent work [58], the same authors consider random integrands depending
on an additional parameter belonging to a probability space. The integrands are assumed
to be stationary in the probabilistic variable with respect to a group of measure-preserving
transformations. Following the strategy introduced by Dal Maso & Modica [97], based
on the Subadditive Ergodic Theorem of Akcoglu & Krengel [2], they proved the almost
sure existence of the effective energy densities and, as a consequence, an almost sure Γ-
convergence result.

Finally, in [59] they extended their methods to free-discontinuity functionals satisfying
linear growth conditions in BV. In this setting, the energy controls the full total variation
|Du| so that the integral representation of the limit must also include the Cantor part of
Du.

The techniques developed in these three papers have proved to be quite flexible and have
since been exploited in a variety of different works and settings. In particular, adopting the
strategy of [59], in the recent work [101] Dal Maso & Toader addressed the deterministic and
stochastic homogenisation of functionals {Fε}ε as in (0.0.7) with f and g satisfying (0.0.8)
and (0.0.9), but in the scalar case k = 1. Relying on previous compactness and integral
representation results they developed in [100], they studied the problem of deterministic
and stochastic homogenisation for such functionals. Although following a strategy similar
to that of [59], due to the technical difficulties inherent to the generalised space GBV⋆(Ω),
their analysis departs substantially from the one developed in [59].

In this chapter, based on the joint paper with Dal Maso [90], we extend the analysis
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of [100,101] to the vector-valued case k > 1. This extension is not immediate, since, among
other issues, the scalar truncations used in these papers are not expedient in the vector-
valued case k > 1. This difficulty is overcome by considering a different kind of truncation,
which, however, makes the analysis technically more demanding.

In analogy with the previous works, our results go in three directions. We first prove
a general compactness and integral representation theorem for functionals satisfying two-
sided growth conditions in terms of the functional V defined in (0.0.4) (see Theorem 2.6.6).
This is done by relying on a truncation-perturbation argument which allows us to use
previous results of Bouchitté, Fonseca, & Mascarenhas [41]. Note, however, that, due to
the application to stochastic homogenisation we have in mind, we cannot apply directly
the full integral representation result of [41] (see Theorem 1.5.1), as it relies on a continuity
property with respect to translation which is not easily verified in the setting of non-periodic
homogenisation.

These results are then used to deduce necessary and sufficient conditions for the func-
tionals in (0.0.7) to Γ-converge to a homogenised energy as in (0.0.11), with fhom and ghom
independent of the spatial variable (see Theorem 2.7.1).

Finally, we apply this deterministic characterisation to stationary random integrands.
Using the arguments developed in [58, 59], we prove that the corresponding functionals Γ-
converge almost surely to a homogenised functional as in (0.0.11) (see Theorem 2.7.9). The
periodic homogenisation follows as a particular case (see Corollary 2.7.10).

Chapter 3

Structured deformations for energies with general surface terms

In this chapter, based on the joint paper with Friedrich [112], we present another class of
problems for which GBV⋆ appears as the natural domain. Our main goal is to establish a
theory for the description of first-order structured deformations for energies with cohesive-
type surface densities. Following the convention of the structured deformations literature,
we denote deformation fields by g instead of u throughout this chapter.

Structured deformations were introduced by Del Piero & Owen [109] as a mathematical
framework to describe multiscale phenomena in materials. In this theory, the description of
deformations with discontinuities introduced above, based on a deformation map g defined
on a reference configuration Ω and on a crack set K ⊂ Ω, is replaced by a triple (g,G,K).
The map g still represents the macroscopic deformation, whose discontinuities are concen-
trated on the closed set K, whereas the matrix field G accounts for the contributions at the
macroscopical level of smooth sub-macroscopic changes. The tensor ∇g−G captures those
arising from non-smooth sub-macroscopic changes, such as slips and separations (referred to
as disarrangements [110]). One of the main contributions of [109] consists in an approxima-
tion result that clarifies this interpretation: every structured deformation (g,G,K) can be
seen as the limit of simple deformations, i.e., triples of the form {(gn,∇gn,Kn)}n, such that
gn converges to g and the tensor G arises as the weak limit of the sequence {∇gn}n. The the-
ory of structured deformations can model a broad class of mechanical phenomena in which
the macroscopic response is influenced by microscopic slips, cracks, or other disarrange-
ments, including elasticity, plasticity, fracture, and the mechanics of defective crystalline
solids.

Adopting this point of view, Choksi & Fonseca [76] laid the foundations for a variational
theory of structured deformations, which presents some similarities with the weak formu-
lation of fracture of Francfort & Larsen [125]. In their formulation, the triple (g,G,K) is
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replaced by a pair (g,G), where the deformation map g is a function in SBV(Ω;Rk) and
G ∈ Lp(Ω;Rk×d) for some p ≥ 1. The crack site K is no longer prescribed independently,
but is instead represented by the jump set Jg of the deformation map. Relying on a previous
result of Alberti [3], they were able to recover an analogue of the approximation theorem of
Del Piero & Owen. Every pair (g,G) can be approximated, in a suitable sense, by sequences
{(un,∇un)}n with {un}n ⊂ SBV(Ω;Rk). Starting from a general class of energy functionals
with bulk and surface densities of the form

E(u) =
ˆ
Ω
Ψ(x,∇u) dx+

ˆ
Ju

γ(x, [u], νu) dHd−1, (0.0.12)

this result justified the assignment of a relaxed formulation Ip representing the energetically
most favourable way to approximate a structured deformation, namely

Ip(g,G) := inf
{
lim inf
n→+∞

E(un) : {un}n ⊂ SBV(Ω;Rk), {(un,∇un)}n converges to (g,G)
}
.

Here, Ψ is a non-negative integrand with p-growth, for p ≥ 1, and γ satisfies

c|ζ| ≤ γ(x, ζ, ν) ≤ C|ζ| (0.0.13)

for suitable positive constants c and C. Under these assumptions, Choksi & Fonseca iden-
tified effective bulk and surface energy densities which are defined through cell formulas
(computed by looking at simple deformations (u,∇u) only) and which allow one to repre-
sent Ip as an integral functional.

This variational approach has been developed further over the last years, including
higher-order and multi-level theories [30–33, 120], linearised models [128, 151], as well as
dimension reduction [62,152] and homogenisation [15]. For a comprehensive introduction to
the theory and for an exhaustive list of contributions on the topic, we refer the interested
reader to the recent monograph [149].

We have seen, however, that growth conditions as in (0.0.13) exclude a large plethora of
relevant settings, such as models for defects in crystals or cohesive zone models in fracture
mechanics. To treat such applications in the framework of structured deformations, it is
thus necessary to relax the bounds in (0.0.13) and to consider surface densities satisfying

c(|ζ| ∧ 1) ≤ γ(x, ζ, ν) ≤ C(|ζ| ∧ 1). (0.0.14)

Some observations in this direction have already been made, see, e.g., the discussions in [76,
Remark 3.3] or [150, Remark 3.1]. However, the approach suggested therein comes at the
expense of altering the definition of the relaxation Ip by considering only approximating se-
quences with equibounded BV-norm. As the lower bound in (0.0.14) does not guarantee this
equiboundedness property, this may lead to an ill-posed existence theory for minimisation
problems associated to the relaxed energy Ip. A natural way to circumvent this limitation
is to generalise the admissible class of deformation fields g to the natural domain of energies
with surface densities as in (0.0.14), namely GBV⋆(Ω;Rk).

Our goal is to provide a rather complete picture of the relaxation of Ip in the class
of admissible deformation fields g ∈ GBV⋆(Ω;Rk), under the growth assumption (0.0.14),
without requiring any additional constraint on the norms of the approximating sequences.
Our results can be summarised as follows:

(a) an extension of the approximation theorem of Choksi & Fonseca, where we prove that
every pair (g,G), with g ∈ GBV⋆(Ω;Rk) and G ∈ L1(Ω;Rk×d), can be approximated
by means of a sequence {un}n ⊂ SBV(Ω;Rk) (see Theorem 3.1.1);
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(b) an integral representation result for abstract functionals by means of the global method
for relaxation of Bouchitté, Fonseca, & Mascarenhas [41] (see Theorem 3.1.7);

(c) an explicit integral representation for the relaxation of (0.0.12), under the growth
condition (0.0.14) (see Theorems 3.1.13, 3.1.14, and 3.1.16).

Two main difficulties arise in this extension. The approximation theorem must provide
estimates in terms of the nonlinear quantity V, rather than the total variation, while the
presence of the additional field G prevents a direct application of a perturbation–truncation
argument, as we do in Chapter 2. We refer to the introductory section at the beginning
of Chapter 3 for a detailed discussion of the new arguments required to overcome these
difficulties.

Chapter 4

Γ-convergence and homogenisation of free discontinuity functionals:
the symmetric gradient case

We then turn our attention to free discontinuity problems arising in the context of linearised
elasticity. In this chapter, based on the submitted paper with Dal Maso [92], we make a first
step towards the extension of the homogenisation results for cohesive energies developed in
Chapter 2 to cohesive energies depending on symmetric gradients.

Here, we consider an intermediate setting in which the surface densities have linear
growth, rather than the cohesive behaviour of (0.0.6). Accordingly, the natural ambient
space is BD(Ω), a fact that allows us to rely on several results obtained for this space in
recent years, while also avoiding the analysis of the fine properties of functions in GBD that
the cohesive setting requires. This last problem is instead the subject of Chapter 5.

Given a bounded open set Ω ⊂ Rd, we consider sequences of functionals defined on
BD(Ω) by

Fn(u) :=

ˆ
Ω
fn(x, Eu) dx+

ˆ
Ω
f∞n

(
x,

dEcu

d|Ecu|

)
d|Ecu|+

ˆ
Ju

gn(x, [u], νu) dHd−1,

where the bulk densities fn have linear growth, f∞n is the recession function of fn (see
(0.0.10)), and the surface densities gn are controlled both from above and from below in
terms of Rd ∋ ζ 7→ |ζ|. The first problem we address is to determine properties on {fn}n
and {gn}n that make this class of functionals stable under Γ-convergence. This amounts
to proving new compactness and integral representation results for functionals defined on
BD(Ω).

While results concerning the integral representation of abstract functionals with linear
growth on BV have been available for quite some time, corresponding results in BD have
been established only more recently. Indeed, before the groundbreaking work of De Philippis
& Rindler [107] (cf. Theorem 1.4.1) on the rigidity properties of the singular part of Eu,
only partial results due to Ebobisse & Toader [115] were available. More recently, Caroccia,
Focardi, & Van Goethem [63], performed a refined analysis of the blow-up properties of
functions in BD based on [107], which allowed them to prove a general integral representation
result in the setting of functions of bounded deformation.

However, in analogy with Chapter 2, due to the applications to the stochastic setting we
have in mind, we cannot employ their integral representation result as it is. Indeed, their
result relies on a continuity property with respect to translation which is not easily verified
in the probabilistic setting. Hence, we shall prove a suitable generalisation of their result,
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based on the arguments of Chapter 2. With respect to that chapter, the analysis carried out
here is further complicated by the fact that truncation arguments are no longer available in
this setting.

Having addressed the stability of sequences {Fn}n as above, we then determine neces-
sary and sufficient conditions for their Γ-convergence. As usual, they are expressed as the
existence of limits of suitable minimisation problems on large cubes.

As an application, we then investigate the deterministic and stochastic Γ-convergence of
the rescaled functionals

Fε(u) :=

ˆ
Ω
f
(x
ε
, Eu

)
dx+

ˆ
Ω
f∞

(x
ε
,
dEcu

d|Ecu|

)
d|Ecu|+

ˆ
Ju

εg
(x
ε
,
[u]

ε
, νu

)
dHd−1.

In general, the functionals {Fε}ε defined in this way do not coincide with those normally
considered in the homogenisation of free discontinuity problems (cf. Chapter 2), unless one
assumes that [0,+∞) ∋ t 7→ g(x, tζ, ν) is positively homogeneous of degree one. The
particular choice of the scaling for the surface term of {Fε}ε will allow us to obtain suitable
change of variable formulas which are crucial to the study of the asymptotic behaviour of
these types of sequences.

We mention that a related homogenisation problem was studied by Caroccia, Focardi,
& Van Goethem [63] and by Anza Hafsa & Mandallena [20] for bulk energies of the form

Φε(u) :=


ˆ
Ω
f
(x
ε
, Eu

)
dx if Eu << Ld,

+∞ otherwise.

In the first work the case where f is 1-periodic with respect to x and has linear growth is
addresse, while in the latter the authors study the stochastically periodic case.

Chapter 5

A matrix-valued measure associated with generalised functions of
bounded deformation
The remaining two chapters of Part I are devoted to the study of properties of generalised
functions of bounded deformation, with a particular attention to their fine properties. In this
chapter, based on the joint paper with Dal Maso [91], we introduce a suitable generalisation
of the distributional symmetric gradient Eu for functions in GBD(Ω), thus providing a
framework for the systematic study of cohesive energies in the setting of linearised elasticity.

Our approach is based on a crucial observation, dating back to the seminal work of
Ambrosio, Coscia, & Dal Maso [17], where the fine properties of functions of bounded
deformation were thoroughly investigated. The starting point of their analysis is a formula
relating the symmetrised gradient Eu of a function u ∈ BD(Ω) with its one-dimensional
slices, which, for ξ ∈ Sd−1 and y ∈ Πξ := {y · ξ = 0}, are defined by uξy(t) := u(y+ tξ) · ξ for
all t ∈ Ωξy, where we have also set Bξ

y := {t ∈ R : y + tξ ∈ B} for any B ⊂ Ω. One can see
that for Hd−1-a.e. y ∈ Πξ the function uξy ∈ BVloc(Ω

ξ
y) and that

(Eu(B)ξ · ξ) =
ˆ
Πξ

Duξy(B
ξ
y) dHd−1(y) for all Borel sets B ⊂ Ω, (0.0.15)

where Duξy denotes the distributional derivative of the one-dimensional section uξy. This
means that, using the polarisation identity for quadratic forms (see (5.5.1)) it is possible
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to reconstruct the matrix Eu(B) ∈ Rd×dsym just by looking at the right-hand side of (0.0.15)
for a finite number of directions. Hence, for functions in BD(Ω) it is possible to define Eu
purely in terms of the slices of u.

Since functions in GBD are defined by means of one-dimensional slicing (see Defini-
tion 1.4.3), this is the natural approach to introduce a generalisation of the symmetric
gradient in this context. Indeed, we prove that it is possible to assign to every u ∈ GBD(Ω)
a Rd×dsym-valued bounded Radon measure µu such that (0.0.15) holds with Eu replaced by
µu and for a large class of Borel sets (see Theorem 5.5.1). One can easily see that such
formula cannot hold for all Borel subsets of Ω, but it is satisfied, for instance, by all those
that satisfy Hd−1(B ∩ Ju) = 0. The construction of such a measure µu is by no means
straightforward and is carried out in two steps: we first treat the planar case d = 2, relying
on a discretisation argument along the slicing directions, and then extend the construction
to arbitrary dimension by a standard argument, slicing with two-dimensional planes.

As a byproduct of the result above, we are able to introduce a generalisation of Ecu for
generalised functions of bounded deformation. More precisely, letting µsu denote the singular
part with respect to the d-dimensional Lebesgue measure Ld, we introduce the Cantor part
µcu of µu by setting

µcu(B) := µsu(B \ Ju) for all Borel sets B ⊂ Ω.

Using (0.0.15), it is then easy to see that µcu = Ecu whenever u ∈ BD(Ω) and, by standard
disintegration arguments, that the following decomposition holds (see Proposition 5.5.5):

µu(B) :=

ˆ
B
Eu dx+ µcu(B) +

ˆ
B∩Ju

([u]⊙ νu) dHd−1 for all Borel sets B ⊂ Ω \ J1
u,

where Eu is the approximate symmetric gradient, ⊙ the symmetrised tensor product, and
J1
u := {x ∈ Ju : |[u](x)| ≥ 1}. Moreover, in analogy with Ecu, we show that µcu gives positive

measure only to Cantor-type sets, since it vanishes on every Borel set that is σ-finite with
respect to Hd−1 (see Proposition 5.5.8).

Unsurprisingly, the introduction of the measure µcu allows us to derive new characterisa-
tions of GSBD(Ω). Dal Maso introduced this space in [89] through one-dimensional slicing,
requiring the slices of a function u ∈ GBD(Ω) to belong to SBVloc. In the classical setting,
instead, the decomposition of the symmetric distributional derivative established in [17]
gives SBD(Ω) =

{
u ∈ BD(Ω): Ecu = 0

}
. Since the measure µcu constructed above coin-

cides with Ecu whenever u ∈ BD(Ω), it is natural to ask whether the same characterisation
extends to the generalised setting. We prove that this is indeed the case by showing that
GSBD(Ω) =

{
u ∈ GBD(Ω): µcu = 0

}
(see Theorem 5.5.9). Thus, also in GBD(Ω), the

special character of a function is equivalent to the absence of a Cantor-type contribution.
Finally, combining this novel characterisation of GSBD(Ω) with a recent result by Cham-

bolle & Crismale [74], we are able to show that functions in GSBD(Ω) can be characterised
by looking only at a finite number of slices (see Theorem 5.5.10). In particular, this es-
tablishes a strong version of a result obtained, independently, by Almi, Davoli, Kubin, &
Tasso [13, Theorem 3.1].

We conclude mentioning that, with all these results at our disposal, we can finally
introduce the natural extension to GBD(Ω) of the functional Vvec (0.0.6) by setting

Vvec(u) :=

ˆ
Ω
|Eu| dx+ |µcu|(Ω) +

ˆ
Ju

(|[u]| ∧ 1) dHd−1 for all u ∈ GBD(Ω).

In view of the compactness theorems of Almi & Tasso [14] and of Chambolle & Crismale
[73, 74], this functional turns out to be coercive in GBD(Ω) and, therefore, µcu appears as
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the correct generalisation of Ecu to consider in cohesive energies defined on GBD(Ω). We
stress once more that properties of energies of this kind are not investigated in this thesis.

Chapter 6

A Korn-Poincaré-Sobolev inequality for generalised functions of bounded
deformation
We conclude the first part of this thesis by presenting a Korn-Poincaré-Sobolev inequality
for generalised functions of bounded deformation defined over a connected bounded open
set Ω ⊂ Rd with Lipschitz boundary.

For functions u ∈ BD(Ω), the classical Korn-Poincaré-Sobolev inequality proved by
Kohn [141] in his PhD thesis ensures the existence of an infinitesimal rigid motion a(x) =
Ax+ b, with A skew symmetric, such that

∥u− a∥Ld/(d−1)(Ω) ≤ C|Eu|(Ω). (0.0.16)

This inequality is crucial for many applications to variational problems in BD(Ω), as it is
used to obtain compactness in such spaces. Therefore, it is natural to ask whether a similar
estimate, possibly involving the measure µu introduced in the previous chapter, holds in
GBD(Ω). It is immediate to check, however, that a direct analogue of (0.0.16) cannot
be expected in GBD(Ω), because functions in GBD(Ω) are, in general, not even locally
integrable, so that the left-hand side of (0.0.16) might be infinite.

To solve this issue, we follow the approach of Chambolle, Conti, & Francfort [68], who,
using very sophisticated slicing techniques, proved a related inequality for functions in
SBDp(Ω) := {u ∈ SBD(Ω): Eu ∈ Lp(Ω;Rd×dsym) and Hd−1(Ju) < +∞}. In particular, for
p = 1, they showed that, if u ∈ SBD1(Ω) has small jump set, then there is a rigid motion a
as above, such that

∥u− a∥Ld/(d−1)(Ω\ω) ≤ C

ˆ
Ω
|Eu| dx, (0.0.17)

where ω ⊂ Ω is a Borel set whose measure is controlled by Hd−1(Ju)
d/(d−1) and C a constant

depending only on Ω. This result, together with some related estimates proved in that paper,
was initially devised to deal with approximation of brittle energies with non-interpenetration
constraints [69], but later became the cornerstone of many regularity, density, and compact-
ness results in (G)SBDp(Ω), a non-exhaustive list including [56,70–72,80,82].

Following the arguments of [68], Chambolle & Crismale proved in [73] that an inequality
related to (0.0.17) holds in the context of GBD(Ω). More precisely, they showed that, for
functions u ∈ GBD(Q) with small jump set defined on a cube Q, it holds

∥u− a∥L1(Q\ω) ≤ C
(
λu(Q \ Ju) +

ˆ
Ju\J1

u

|[u]| dHd−1
)
, (0.0.18)

where λu, whose technical definition is given in (1.4.15), is a positive measure playing the
role of |Eu| for functions in GBD(Ω) and Jσu := {x ∈ Ju : |[u](x)| ≥ σ} for σ > 0. They
later employ this result to prove a new compactness result for functions in GBD(Ω).

In this chapter, based on the joint paper with Dal Maso [93] we show how, starting from
(0.0.18) and following the strategy of [68], it is possible to refine it, replacing the exponent
1 on the left-hand side with d/(d − 1) and the cube Q with a general Lipschitz domain.
Similarly to [68], we also obtain related trace estimates.
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More precisely, we show in Theorem 6.0.1 that there exist positive constants κΩ and
KΩ, depending only on Ω, such that for all σ ≥ 0 and u ∈ GBD(Ω) there exist Borel sets
ω ⊂ Ω and ω∂ ⊂ ∂Ω, with

Ld(ω) ≤ κΩHd−1(Jσu )
d/(d−1) and Hd−1(ω∂) ≤ κΩHd−1(Jσu ), (0.0.19)

and an affine map a(x) := Ax+ b, with A skew-symmetric, such that(ˆ
Ω\ω

|u− a|d/(d−1) dx
)(d−1)/d

≤ KΩ

(
λu(Ω \ Ju) +

ˆ
Ju\Jσ

u

|[u]| dHd−1
)
, (0.0.20)

ˆ
∂Ω\ω∂

|u∂Ω − a| dHd−1 ≤ KΩ

(
λu(Ω \ Ju) +

ˆ
Ju\Jσ

u

|[u]| dHd−1
)
, (0.0.21)

where u∂Ω denotes the trace of u on ∂Ω (see [89, Theorem 5.3]). Since Hd−1(Jσu ) → 0 as
σ → +∞ (see (1.4.13)) and the constants κΩ and KΩ do not depend on σ, for every function
u ∈ GBD(Ω) the exceptional sets ω and ω∂ can be made arbitrarily small by taking σ large
enough. The choice of a large σ can, however, significantly increase the value of the term

ˆ
Ju\Jσ

u

|[u]| dHd−1

in (0.0.20) and (0.0.21), which might diverge as σ → +∞ (see, for instance, [89, Exam-
ple 12.3]).

We conclude with a remark on the trace estimates. For a function u ∈ GBD(Ω) the trace
on the boundary might not belong to L1

Hd−1(∂Ω;Rd). To the best of our knowledge, the only
previously known estimates in this direction were obtained by Tasso in [168]. They concern
weighted L1-norms, with possibly degenerate weights, and assume that Hd−1(Ju) < +∞
and u ∈ L1(Ω;Rd). By contrast, we here assume no restrictions on the size of Ju nor
integrability of u on Ω. This comes, of course, at the expense of removing a small set
ω∂ ⊂ ∂Ω and subtracting an affine function a.
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Part II: Singular perturbation problems for phase transitions

The second part of this thesis is devoted to some new results concerning models for phase
transitions. We consider variants of the usual Modica-Mortola functionals in which the first-
order derivative is replaced by derivatives of arbitrarily high order. We first give physical
motivations for the study of these problems and recall some results in the related literature.

Cahn-Hilliard, Gurtin’s conjecture, & Modica-Mortola. Let Ω ⊂ R3 be a bounded
open set representing a container filled with two immiscible fluids. In the classical description
of such a system, the distribution of the two fluids within the container is represented
by a function u : Ω → {α, β}, allowed to take only the two distinct values α, β. The
space of admissible configurations of the system is then given by all functions u : Ω →
{α, β} satisfying suitable volume constraints, which prescribe the amount of the two fluids
contained in Ω.

Since the fluids are immiscible, the energy of the system is concentrated on the interface
separating the two phases, which is given by the jump set Ju = ∂∗{u = α}, where ∂∗{u = α}
denotes the reduced boundary of {u = α} (cf. Section 1.3). Neglecting the interaction with
the wall of the container, the energy is then given by the perimeter energy

E(u) := mH2(Ju) for u ∈ BV(Ω; {α, β}) with
ˆ
Ω
u = V, (0.0.22)

where m > 0 is the surface tension and V is a fixed constant. The configurations at
equilibrium are then obtained by minimising E among all possible competitors.

This model gives a sharp description of the separation between the two phases, assuming
that the density of the mixture changes discontinuously from α to β. Despite its clear
geometric interpretation, such a description presents some immediate drawbacks, especially
from the computational point of view, since surface energies tend to be rather complicated
to handle numerically.

A different approach was proposed instead by Cahn & Hilliard [60], who suggested a
description in which the transition between the two phases is regarded as a continuous
phenomenon taking place in a thin layer, and a fine mixture between the two fluids is
allowed. In their model, a configuration of the system is described by a function u : Ω → R,
representing the local concentration of one of the two components. The values α and β still
correspond to the pure phases, while the intermediate values describe mixtures of the two
fluids, which occur, ideally, in a transition layer of thickness ε > 0. The energy (0.0.22) is
replaced by an energy of the form

Eε(u) :=

ˆ
Ω
W (u) dx+ ε2

ˆ
Ω
|∇u|2 dx. (0.0.23)

Here, W : R → [0,+∞) is a double-well potential with wells at α and β, that is, a function
satisfying W (α) = W (β) = 0 and W (u) > 0 if u /∈ {α, β}. For convenience, in what
follows we assume that α = −1 and β = 1, the prototypical example of W then being
W (t) = 1

4(1− t2)2.
The two terms in (0.0.23) play two distinct roles. The first term favours configurations

whose values are close to the wells −1 and 1, thus promoting separation of the system into
two distinct phases. On the other hand, the gradient term penalises rapid transitions from
one phase to the other, preventing discontinuous transitions between the phases. Their com-
petition produces thin diffuse transition layers separating regions in which the configuration
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is close to either −1 or 1. Finally, the volume constraint prescribes the relative amounts of
the two phases and rules out the trivial constant minimisers.

The precise relation between the diffuse-interface model (0.0.23) and the classical sharp-
interface one (0.0.22) was investigated by Gurtin [137], who conjectured that, as the thick-
ness ε of the transition layer tends to zero, the equilibrium configurations of (0.0.23) should
converge precisely to the equilibrium configurations of (0.0.22) and that the corresponding
(rescaled) energies should converge as well.

This conjecture, often referred to as the minimal-interface criterion, was later rigorously
proved by Modica [153] in terms of Γ-convergence, with a solution based on previous work of
Modica & Mortola [154]. In this latter work, in the general d-dimensional case, the authors
considered the rescaled energies

Fε(u) :=
1

ε
Eε(u) =

1

ε

ˆ
Ω
W (u) dx+ ε

ˆ
Ω
|∇u|2 dx for u ∈ H1(Ω), (0.0.24)

the factor 1/ε being necessary to obtain a nontrivial limit as ε → 0+. They showed that
sequences {uε}ε ⊂ H1(Ω) with equibounded energy have sharp interfaces as cluster points
and that {Fε}ε Γ-converge, with respect to the L1(Ω)-topology, to the functional

F (u) :=

{
m1Hd−1(Ju) if u ∈ BV(Ω; {−1, 1}),
+∞ otherwise.

(0.0.25)

The constant m1 can be characterised as given by an optimal-profile problem (see e.g. [5])

m1 = inf
{ˆ +∞

−∞

(
W (u) + (u′)2

)
dt : u ∈ H1

loc(R), lim
t→±∞

u(t) = ±1
}
> 0 (0.0.26)

and is a crucial quantity in the proof of equicoercivity of (0.0.24) as it represents the mini-
mum energy required to produce a transition between the two pure phases −1 and 1.

Besides its application to Gurtin’s conjecture in [153], this result has found great success
in the literature and has been extended in various directions. A non-exhaustive list includes
models incorporating anisotropies [28, 37, 77], multiple wells [26], oscillations [85–87, 147],
nonlocal perturbations [6, 94, 157, 160, 163], and higher-order singular perturbations [25, 75,
113,123].

In the second part of this thesis, we focus on the latter type of problems and consider
energies obtained by replacing the first-order gradient term in (0.0.24) with terms involving
derivatives of higher order. More precisely, we investigate coercivity and Γ-convergence of
energies which, in their simplest form, are given by

1

ε

ˆ
Ω
W (u) dx+ ε2k−1

ˆ
Ω
|∇(k)u|2 dx (0.0.27)

for k ≥ 2 and Ω ⊂ Rd, d ≥ 1. The case k = 2 was previously studied by Fonseca and
Mantegazza [123], to which we refer the reader for further details on the model. We here
mention that replacing the gradient term by a higher-order perturbation leads to diffuse
interface models with better regularity and is also natural in the description of materials
whose energy depends on higher-order derivatives (see, for instance, the introduction of [75]).
From the mathematical point of view, however, this modification introduces new difficulties.
In particular, the higher-order term does not directly control the first derivative of the
configuration, and the compactness mechanisms underlying the classical Modica-Mortola
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theory can no longer be applied in a straightforward way. Therefore, to deal with this
problem a new approach is in order.

We mention that higher-order perturbations like in (0.0.27) have also been used to
approximate free discontinuity energies [10, 39, 155, 167], in the study of the Perona-Malik
model in visual reconstruction [34, 134], and in phase-field models for free discontinuity
problems [23, 122], to improve the regularity of the associated phase-field variable [36] and
provide numerical approximation for high-order phase-field models for brittle fracture [156].
In a different but related context, higher-order perturbations have also been used in the study
of multi-well problems in elasticity [83,139] and for higher-order materials [75,78], and have
been examined in relation to other limit procedures, such as dimension reduction [140].

Chapter 7

Higher-order singular perturbation models for phase transitions

In this chapter, based on the joint work with Brusca& Solci [54], we begin the study of
coercivity properties and Γ-convergence of the functionals introduced in (0.0.28). We first
focus on the one-dimensional case, in which Ω = I = (a, b) and the energy takes the form

Fε(u) :=
1

ε

ˆ b

a
W (u) dx+ ε2k−1

ˆ b

a
|u(k)|2 dx, u ∈ Hk(a, b). (0.0.28)

We show that sequences with equibounded energy Fε converge, up to subsequences, to sharp
interfaces and that these functionals Γ-converge to

F (u) :=

{
mk#Ju if u ∈ BV((a, b); {−1, 1}),
+∞ otherwise,

(0.0.29)

where #Ju denotes the number of jump points in Ju (see Theorem 7.1.1). Here, the surface
tension mk is given by the optimal-profile problem

mk := inf
{ˆ +∞

−∞

(
W (v) + |v(k)|2

)
dt : v ∈ Hkloc(R), lim

t→±∞
v(t) = ±1

}
> 0, (0.0.30)

in accordance with the case k = 1 (0.0.26). As already emerges in the case k = 2 studied
by Fonseca & Mantegazza, this result cannot be obtained by a straightforward adaptation
of the arguments of Modica & Mortola, but requires new ad hoc ideas. Similarly to the
lower-order case, the most delicate part consists of establishing the equi-coercivity of Fε,
which requires a careful analysis of sequences {uε}ε with equibounded energy.

In particular, it is necessary to study the sets

{t ∈ I : |uε(t)− 1| < η}, {t ∈ I : |uε(t) + 1| < η}, (0.0.31)

that is, the sets of points where uε is close to one of the two wells. However, while for
k = 1 it is sufficient to consider intervals whose endpoints belong to these sets, for k ≥ 2 the
situation is substantially more involved. Indeed, already in the second-order case studied by
Fonseca & Mantegazza, in order to compare the energy on such intervals with an optimal
transition problem, one must also control the derivatives of uε at their endpoints and, more
precisely, one should require that u′ε is small. Unfortunately, their approach, which is based
on global interpolation inequalities that allow to control u′ε in terms of u′′ε and uε, does
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not extend directly to arbitrarily high orders of derivation and requires a suitable growth
assumption on W at infinity.

To solve this issue, we instead introduce a new direct strategy that avoids any growth
assumption on W . Its key feature is the use of interpolation estimates localised on intervals
contained in the sets appearing in (0.0.31). More precisely, on intervals where uε remains
close to one of the wells, we obtain simultaneous L2-estimates for all intermediate derivatives
u
(ℓ)
ε , with ℓ ∈ {1, . . . , k− 1}, by interpolating between the L2-norm of uε− 1, or uε+1, and

the L2-norm of u(k)ε . This allows us to identify sufficiently many points at which uε is close
to one of the wells and all its derivatives up to order k − 1 are small at the natural scales.
This, in turn, allows us to compare the asymptotic cost of such intervals with the value of
the optimal profile problem (0.0.30).

This argument is an adaptation of a technique introduced by Solci [167] in the approxi-
mation of free discontinuity functionals by singular perturbations, extending to higher-order
derivatives earlier results of Alicandro, Braides, & Gelli [10] and Alicandro & Gelli [12] (see
also [39]). The same strategy was subsequently employed by Solci [166] to treat higher-
order fractional singular perturbations and by Braides & Fonseca [49] in the study of the
Perona-Malik functional.

Finally, after having settled the one-dimensional case, we turn to the case of higher-
dimension d > 1. Restricting ourselves to energies (0.0.27) in which the singular perturba-
tion is induced by the operator norm, we focus on their Γ-convergence (see Theorem 7.1.2).
The presence of the operator norm in the singular perturbation greatly simplifies the proofs
as it allows a more direct comparison with the one-dimensional case. The arguments we
employ rely on the blow-up method of Fonseca & Müller [124] for the lower bound, and on
a construction in the spirit of [123,154] for the upper bound.

Chapter 8

Anisotropic higher-order singular perturbation models for phase
transitions

In this chapter, based on the joint paper with Brusca & Trifone [55], we continue our
study of higher-order singular perturbation problems by considering energies more general
than (0.0.27). While the previous chapter focused on isotropic models, we consider energies
of the form

Fε(u) :=

ˆ
Ω

(1
ε
W (u) +

k∑
ℓ=1

qℓε
2ℓ−1|∇(ℓ)u|2ℓ

)
dx for u ∈ Hk(Ω), (0.0.32)

with k ≥ 2, where the coefficients qℓ with ℓ ∈ {1, . . . , k − 1} are allowed to be negative,
qk > 0, and | · |ℓ denotes an arbitrary norm on the space of ℓ-tensors. As in the previous
chapter, we are interested in understanding coercivity properties and Γ-convergence of such
energies.

The difficulties with respect to Chapter 7 are essentially two. First, one needs to un-
derstand how to handle the possible anisotropies arising from the general tensor norms,
which make slicing techniques inadequate. Secondly, and more importantly, the presence
of negative terms prevents us from applying directly the compactness result established in
Chapter 7.

To overcome these difficulties, we combine the approaches of Chermisi, Dal Maso, Fon-
seca, & Leoni [75], and of Cicalese, Spadaro, & Zeppieri in [78], in which, independently, the
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case k = 2 is treated. In particular, in the first work, the analysis is performed also in higher
dimensions, but in the isotropic case, while the latter gives a detailed description of the one
dimensional case, including a careful analysis of the optimal-profile problems describing the
limit surface energy density.

Adopting their approach, we prove with arguments similar to [78] new nonlinear in-
terpolation inequalities, which make it possible to bound the terms of intermediate order
ℓ ∈ {1, . . . , k − 1} by means of the positive part of the energy

ˆ
Ω

(1
ε
W (u) + qkε

2k−1|∇(k)u|2k
)
dx,

at least when the coefficients qℓ, for ℓ ∈ {1, . . . , k − 1}, are not “too negative”(see Theo-
rem 8.1.1). Under these hypotheses, these inequalities allow us to rely on the compactness
results obtained in the previous chapter to obtain that sequences {uε}ε with equibounded
energy still converge, up to subsequences, to a function u ∈ BV(Ω; {−1, 1}) (see Theo-
rem 8.1.2).

These interpolation inequalities are also fundamental in the proof of the lower bound,
which is obtained by means of a blow-up argument similar to the one employed in [75].
Indeed, the crucial part of our argument relies on a lemma that allows us to modify boundary
conditions, whose proof requires a careful use of these inequalities to control the error
terms. As for the upper bound, the recovery sequence is obtained by performing a direct
construction, first carried out for characteristic functions of sets with polygonal boundary
and then extended to sets of finite perimeter by density. Combining these two bounds, we
show that the functionals in (0.0.32) Γ-converge in the L2(Ω)-topology to an anisotropic
perimeter functional of the form

F (u) :=


ˆ
Ju

g(νu) dHd−1 for u ∈ BV(Ω; {−1, 1}),

+∞ otherwise,

where the strictly positive surface density g : Sd−1 → (0,+∞) is determined by an asymp-
totic cell formula (see (8.1.4) and Theorem 8.1.3).

We conclude with a few remarks on the existing literature. In the case k = 2, this
asymptotic analysis has already been performed for more general functionals than those
considered in [75], [78], and in (0.0.32) allowing, for example, the dependence of the energy
densities on the variable x. In particular, in [25], Baía, Barroso, Chermisi, & Matias studied
the case q1 = 1, while in the recent paper [113] Donnarumma has addressed the problem of
deterministic and stochastic homogenisation of such functionals.

Finally, we mention that, simultaneously and independently, Brazke, Götzmann, &
Knüpfer [51] performed the same asymptotic analysis in the one-dimensional case, tak-
ing into account a possibly negative singular perturbation described by a derivative of order
k − 1 and using different arguments for the lower bound.
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Part III: nonlocal-to-local variational problems

The last part of this thesis is devoted to the study of the asymptotic behaviour of some
nonlocal functionals depending on finite differences. In recent years, these types of func-
tionals have attracted considerable attention and have been investigated in a wide variety
of settings. Compared with their local counterparts, they enjoy several advantages. Most
notably, since they are formulated in terms of finite differences rather than distributional
gradients, they can be defined under very mild regularity assumptions.

A central theme in their analysis is the passage from nonlocal to local models. Under
suitable asymptotic regimes, one often expects a family of nonlocal energies to converge
to a local functional, typically depending on distributional gradients. The main questions
are then to identify the limit energy and to understand how its form is determined by the
original nonlocal interactions. The theory of Γ-convergence provides a natural framework for
addressing these problems and for rigorously describing the emergence of local continuum
models from nonlocal ones.

In the remainder, we shall study two different instances of this phenomenon, leading to
two completely different settings in the limit. In Chapter 9, we consider fractional quadratic
energies perturbed by an oscillating coefficient. This introduces two different parameters
into the problem. The first governs the concentration phenomenon, which is driven by a
fractional singular kernel, while the second determines the frequency at which the coefficient
oscillates. Our aim is to understand how these two parameters can interact in the limit
procedure and how their interplay affects the resulting local energy, which is defined on a
Sobolev space.

In Chapter 10, we consider instead convolution-type functionals in the spirit of Gob-
bino [132]. In this case, the concentration of the interaction kernels gives rise to free-
discontinuity energies containing both bulk and surface contributions, whose form we shall
characterise.

Chapter 9

Another look at elliptic homogenisation

In their seminal paper [42], Bourgain, Brezis & Mironescu have studied the asymptotic
behaviour of Gagliardo seminorms [u]W s,p(Ω) as s → 1−, and in particular, in the case
p = 2, of the seminorm [u]Hs(Ω) given by

[u]Hs(Ω) :=
(ˆ

Ω

ˆ
Ω

|u(x)− u(y)|2

|x− y|d+2s
dx dy

) 1
2
,

where Ω is a bounded open smooth subset of Rd, s ∈ (0, 1), and the fractional Sobolev space
Hs(Ω) is defined as

Hs(Ω) := {u ∈ L2(Ω): [u]Hs(Ω) < +∞}.

Their results, subsequently extended by Ponce [162], imply that the functionals

Fs(u) = (1− s)

ˆ
Ω

ˆ
Ω

|u(x)− u(y)|2

|x− y|d+2s
dx dy

Γ-converge, with respect to the L2(Ω)-convergence, to the (multiple of the) Dirichlet integral

σd−1

2d

ˆ
Ω
|∇u|2 dx,
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where σd−1 is the Hd−1-dimensional measure of Sd−1, with domain the usual Sobolev space
H1(Ω). Since the functionals are equi-coercive in L2(Ω), by the properties of convergence
of minima of Γ-convergence, minimum problems involving the Dirichlet integral can be
approximated by problems involving Gagliardo seminorms, upon possibly suitably defining
boundary-value problems if necessary.

This fractional-Sobolev space approximation can be extended to other problems involv-
ing elliptic integrals, such as homogenisation problems, the most classical of which is the
asymptotic analysis of (isotropic) oscillating energies

ˆ
Ω
a
(x
ε

)
|∇u|2 dx, (0.0.33)

where a is a 1-periodic function with 0 < α ≤ a(y) ≤ β < +∞. The Γ-limit as ε → 0 of
such energies is the homogenised functional

Fhom(u) =

ˆ
Ω
Ahom∇u · ∇u dx,

where Ahom is a symmetric d× d matrix characterised by the homogenisation formula

Ahomz · z = min
{ˆ

(0,1)d
a(y)|z +∇φ(y)|2dy : φ 1-periodic

}
(0.0.34)

(see e.g. [47]). Formally, by the result of Bourgain, Brezis & Mironescu, we can define an
approximation of the homogenised functional using the energies

Fε,s(u) = (1− s)

ˆ
Ω

ˆ
Ω
a
(x
ε

) |u(x)− u(y)|2

|x− y|d+2s
dx dy, (0.0.35)

defined for u ∈ Hs(Ω) and ε > 0. Indeed, upon supposing for simplicity that a be continuous,
we easily see that for fixed ε > 0 the Γ-limit of Fε,s as s→ 1− is indeed

σd−1

2d

ˆ
Ω
a
(x
ε

)
|∇u|2 dx,

which then Γ-converges to σd−1

2d Fhom as ε → 0+. Since all functionals satisfy an equi-
coerciveness property in L2 (see [161, Theorems 1.1 and 1.2]) we can use a diagonal argument
(see [88]) and deduce that there exists a choice of s = sε such that s → 1− as ε → 0+ and
the Γ-limit of Fε,s is still σd−1

2d Fhom.
In this chapter, based on the joint paper with Braides & Brusca [46], we investigate

the scales s = sε at which this limit holds. If both ε and 1 − s are allowed to tend
to 0 simultaneously, a heuristic argument identifies the critical balance between the two
parameters. Testing the Γ-limit of Fε,s on the natural competitors uε(x) = ⟨z, x⟩+εφ(x/ε),
with φ as in the formula characterising Ahomz · z, one can separate the contribution of long-
range interactions, at scale |x−y| ≫ ε2, from that of short-range ones, at scale |x−y| ≲ ε2.
The contributions related to long-range interactions are asymptotically negligible precisely
when (1 − s)| log ε| → 0, while, under the same assumption, the short-range contributions
converge to the homogenisation formula for Ahom, up to a small error. This suggests that,
when

1− s≪ | log(ε)|−1 (0.0.36)

we may construct recovery sequences optimising the oscillations of a. We will prove in
Theorem 9.0.1 that under assumption (0.0.36) a separation of the scales ε and s occurs,
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and the limit is the one computed above by letting s → 1− first and then ε → 0+. The
main argument in the proof of the lower bound is obtained by a discretization procedure
(which as a byproduct also gives a different proof of the results in [162]) based on the
use of Kuhn’s decomposition [142] and an integration argument on the set of orthogonal
bases in Rd borrowed from a paper by Solci [165]. Thanks to (0.0.36), we can then reduce
the computation to studying the limit of oscillating energies (0.0.33) on piecewise-affine
interpolations at a scale much smaller than ε, for which the known homogenisation result
can be applied.

Chapter 10

Γ-convergence of nonlocal functionals to free discontinuity problems

This chapter is devoted to a class of nonlocal approximations of free discontinuity func-
tionals. As previously mentioned, variational problems involving surface terms are particu-
larly complex to handle numerically. This has motivated the development of a wide array of
approximation procedures that allow one to replace the surface part of an energy by means
of a computationally more favourable expression.

Among the best known examples there are the elliptic phase-field approximation intro-
duced by Ambrosio & Tortorelli [19] and the nonlocal finite difference approximation proved
by Gobbino [132]. In this latter case, in response to a conjecture formulated by De Giorgi
in 1996, Gobbino proved that, up to multiplicative constants, the sequence of functionals
defined by

1

εd

ˆ
Ω

ˆ
Ω
min

{ |u(y)− u(x)|2

ε2
,
1

ε

}
ρ
( |y − x|

ε

)
dx dy, (0.0.37)

Γ-converges as ε→ 0+ in the L1
loc(Ω) topology to the Mumford-Shah functional

ˆ
Ω
|∇u|2 dx+Hd−1(Ju) for u ∈ GSBV(Ω). (0.0.38)

Here, the kernel ρ : R → [0,+∞) is any smooth kernel with compact support (see [132,
Section 7] and [43, Chapter 5]). This result was later adapted by Chambolle [65], who
proved a discrete version of De Giorgi’s conjecture.

Gobbino & Mora [133] further discussed a variant of (0.0.37) in which more general
convex-concave integrands ϕε : [0,+∞) → [0,+∞) are considered and slightly different scal-
ing conditions are taken into account. The choice of the integrands {ϕε}ε determines the
expression of a free discontinuity functional appearing in the limit, which is of the form

ˆ
Ω
fbulk(|∇u|) dx+

ˆ
Ju

fsurf(|[u]|) dHd−1, (0.0.39)

for suitable integrands fbulk and fsurf , where fsurf may also be superlinear near 0. Moreover,
the authors prove that, for specific choices of fbulk and fsurf , the functional (0.0.39) can be
approximated via nonlocal energies associated to appropriately chosen integrands {ϕε}ε, for
which they provide an explicit expression.

A further variant of Gobbino’s result was recently considered in [13] by Almi, Davoli,
Kubin, & Tasso, who studied a variant of (0.0.37) in the setting of linearised elasticity and
showed its Γ-convergence to the Griffith functional (0.0.5).

The aim of this chapter, based on the joint paper with Brusca, Scalabrino, Trifone, &
Voglino [53], is to extend the range of applicability of the result of Gobbino by considering
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more general energies of the form

Fε(u) :=
1

εd

ˆ
Ω

ˆ
Ω
fε

(
x,
y − x

ε
,
u(y)− u(x)

ε

)
dx dy for u ∈ L1

loc(Ω;Rk), (0.0.40)

where the integrands fε : Rd ×Rd ×Rk → [0,+∞) satisfy suitable assumptions and growth
conditions making the resulting energies comparable with (0.0.37).

To some extent, our energies may be regarded as a continuum counterpart of those con-
sidered in [24] (see also the related work [9]), where the authors identify sufficient conditions
implying the Γ-convergence of certain discrete energies to free discontinuity functionals as
in (0.0.41) below.

Similarly to Chapters 2 and 4, we prove a compactness result, which states that, up
to subsequences, every sequence {Fε}ε as in (0.0.40) Γ-converges in the L1

loc-topology to a
functional F given by

F (u) =

ˆ
Ω
fbulk(x,∇u) dx+

ˆ
Ju

fsurf(x, [u], νu) dHd−1 for u ∈ GSBV2(Ω;Rk), (0.0.41)

where the integrands fbulk and fsurf are determined by auxiliary minimisation problems on
small cubes (see Theorem 10.2.3). This is proved by relying on the localisation method of
Γ-convergence and on techniques borrowed from [8], that allow us to restrict our attention to
short-range interactions when computing Γ-limits. We later investigate the relation between
Γ-convergence and the asymptotic behaviour of the minima of minimisation problems with
Dirichlet boundary conditions. Using this relation, we prove necessary and sufficient con-
ditions for the Γ-convergence of sequences of functionals as in (0.0.40) to free discontinuity
functionals as in (0.0.41) (see Theorem 10.2.4).



CHAPTER 1

Notation and preliminary results

In this chapter, we introduce the notation used throughout the work and recall some
definitions and preliminary results that will be used in what follows. Particular attention
is devoted to the various spaces of functions of bounded variation/deformation that are the
protagonists of the present work.

The chapter is structured as follows. In Section 1.1, we establish the basic notation used
throughout the manuscript. We then recall in Section 1.2 the definition of Γ-convergence
(in a metric space) and collect some of the properties of Γ-limits. In Sections 1.3 and 1.4
we introduce various spaces of functions; the first section is devoted to spaces of (gener-
alised) functions of bounded variation, whereas the latter deals with (generalised) functions
of bounded deformation. Finally, we conclude with Section 1.5, where some integral repre-
sentation results for functionals over such spaces are presented.

1.1 Basic notation

We first fix the basic notation that we adopt throughout the work.

Linear Algebra. We fix once and for all two integers d, k ≥ 1, which are, usually, the
dimension of the domain and of the range of the functions we work with. In this section
alone, n,m ∈ N denote two arbitrary integers that replace d and k when we want to give a
definition for arbitrary integer dimensions.

We endow the ambient space Rn with the Euclidean scalar product, denoted by ·, while
the Euclidean norm of Rn is denoted by | · |. Given x ∈ Rn, the i-th component of x is
denoted by xi and we denote by ei the i-th vector of the canonical basis of Rn.

The vector space Rn×m is identified with the space of n×m matrices. For every matrix
A ∈ Rn×m, its ij-th component is denoted by Aij . If A ∈ Rn×m and ξ ∈ Rm, the vector
Aξ ∈ Rn is defined via the standard rules of matrix multiplication. For any two vectors
ξ ∈ Rn and η ∈ Rm their tensor product ξ⊗ η ∈ Rn×m is the matrix whose ij component is
given by (ξ ⊗ η)ij := ξiηj . We endow Rn×m (and any subspace) with the Frobenius norm,
which, for A ∈ Rn×m, is defined by

|A| :=
( n∑
i=1

m∑
j=1

|Aij |2
)1/2

.

In the special case n = m = d, the symbol Rd×dsym (resp. Rd×dskew) denotes the space of
all d × d-symmetric (resp. skew-symmetric) matrices, that is, the space of those matrices
A ∈ Rd×d such that A = AT (resp. A = −AT ), where AT is the transpose of A. For any
A ∈ Rd×d we let Asym := 1

2(A + AT ) ∈ Rd×dsym . For any two vectors ξ ∈ Rd and η ∈ Rd

we let ξ ⊙ η ∈ Rd×dsym be the symmetric matrix defined by ξ ⊙ η := (ξ ⊗ η)sym. We also let
SO(n) := {A ∈ Rn×n : AAT = Id and det(A) = 1}, where Id denotes the identity matrix.

Rectangles, cubes, and spheres. The unit sphere in Rn is denoted by Sn−1 := {ν ∈
Rn : |ν| = 1}. We also set Sn−1

± := {ν ∈ Sn−1 : ± νi(ν) > 0}, where i(ν) ∈ {1, . . . , n} is the
largest index such that νi(ν) ̸= 0.

1



2 1. Notation and preliminary results

For every ρ > 0 and x ∈ Rd the open ball in Rd of centre x and radius ρ is denoted by
Bρ(x), while Q(x, ρ) := x +

(
− ρ

2 ,
ρ
2

)d. Moreover, if ν ∈ Sd−1, the cube Qν(x, ρ) is a cube
obtained by rotating Q(x, ρ) in such a way that two of the faces of Qν(x, ρ) are orthogonal
to ν.

For reasons related to the applications to stochastic homogenisation of Chapters 2 and
4, it will be important that the rotation defining the cubes Qν(x, ρ) satisfies certain given
properties. In particular, for every ν ∈ Sd−1, we fix once and for all a rotation Rν ∈ SO(d)
with the following properties:

(I1) Rν(ed) = ν for all ν ∈ Sd−1;

(I2) Red = Id;

(I3) the restrictions of ν 7→ Rν to Sd−1
± are continuous;

(I4) R−ν(Q(0, ρ)) = Rν(Q(0, ρ)) for all ν ∈ Sd−1 and ρ > 0.

We refer to [58, Example A.1] for an example of such a map. In Chapters 2 and 4 we shall
assume that for every x ∈ Rd, ν ∈ Sd−1, and ρ > 0, the cube Qν(x, ρ) is given by

Qν(x, ρ) := x+Rν

((
− ρ

2
,
ρ

2

)d)
. (1.1.1)

Given λ ≥ 1, we shall also consider the rectangle Qλν (x, ρ) defined as

Qλν (x, ρ) := x+Rν

((
− λρ

2
,
λρ

2

)d−1
×
(
− ρ

2
,
ρ

2

))
. (1.1.2)

Sets and Measure theory. Throughout the work, Ω ⊂ Rd will always be a bounded open
set. We stress that no a priori assumption on its regularity is made and that, when further
properties are assumed, this will be clearly stated.

If O ⊂ Rn is an open set, O(O) (resp. B(O)) denotes the collection of all open (resp.
Borel) subsets of O. Given O1, O2 ∈ O(Rn), O1 ⊂⊂ O2 means that O1 is relatively compact
in O2. We let Oc(O) denote the collection of open sets compactly contained in O.

Given a finite dimensional real normed vector space X, Mb(Ω;X) is the space of all
bounded Radon measures with values in X; the indication of X is omitted if X = R.
The symbol M+

b (Ω) denotes the space of all positive bounded Radon measures. Given
µ ∈ Mb(Ω;X) and λ ∈ M+

b (Ω), dµ/dλ is the Radon-Nikodým derivative of µ with respect
to λ. Given a measure µ ∈ Mb(Ω;X), the total variation measure of µ with respect to the
norm | · | on X, is the Borel measure defined for a Borel set B ⊂ Ω by

|µ|(B) := sup
∑
i∈I

|µ(Bi)|,

where the supremum is taken over all finite sets I ⊂ N and all Borel partitions (Bi)i∈I of
B. Given a measure λ ∈ M+

b (Ω) and a Borel measurable function f : Ω → X, the symbol
fλ denotes the X-valued measure defined for every B ∈ B(Ω) by

fλ(B) :=

ˆ
B
f dλ.

The m-dimensional Lebesgue measure and the m-dimensional Hausdorff measure are
denoted by Lm and Hm, respectively, the dimension of the ambient space being clear from
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context. If µ is a measure on Ω and B ⊂ Ω is a µ-measurable set, we introduce the restricted
measure µ B defined by (µ B)(E) := µ(B ∩E) for every Borel set E ∈ B(Ω). If E ⊂ Rn
is a Lebesgue measurable set, we let χE denote the characteristic function of E, that is, the
function defined by χ(x) = 1 if x ∈ E and χ(x) = 0 if x ∈ Rn \ E.

Given a Lebesgue measurable set E ⊂ Rn, we let L0(E;Rm) denote the space of Lebesgue
measurable functions from E to Rm, endowed with the topology of the convergence in
measure, which we recall being metrisable and separable. In particular, in the case where
Ln(E) < +∞, a distance inducing this topology is given by

dE(u, v) :=

ˆ
E
|u− v| ∧ 1 dx,

where a ∧ b := min{a, b} for any a, b ∈ R.
We say that E ⊂ Rn is (Hn−1, n − 1)-rectifiable if there exist a collection of compact

sets (Ki)i∈N, a collection of (n− 1)-dimensional C1 manifolds Mi ⊂ Rn, with Ki ⊂Mi and
Hn−1(Mi) < +∞ for every i ∈ N, and a set N0 with Hd−1(N0) = 0 such that

E = N0 ∪
( ⋃
i∈N

Ki

)
. (1.1.3)

We refer the reader to [18, Chapter 2] and to [118, Chapter 3] for the properties of these
sets.

Slicing. For every ξ ∈ Rd \ {0}, y ∈ Rd, and E ⊂ Ω we define

Eξy := {t ∈ R : y + tξ ∈ E}.

Given a function u : E → Rk, we define the slice in direction ξ of u as the function uξy : R →
Rk defined by

uξy(t) :=

{
u(y + tξ) if t ∈ Eξy ,

0 otherwise.

When k = d, we will also consider the function ûξy : R → R defined by

ûξy(t) :=

{
u(y + tξ) · ξ if t ∈ Eξy ,

0 otherwise.
(1.1.4)

Πξx denotes the hyperplane orthogonal to ξ and passing through x ∈ Rd, that is,

Πξx := {y ∈ Rd : (y − x) · ξ = 0}, (1.1.5)

the notation of x being omitted if x = 0. The projection map onto Πξ is denoted by
πξ : Rd → Πξ.

1.2 Γ-convergence

In this section, we give a brief overview of Γ-convergence, using [88] as main reference
(see also [44, 45]), to which we refer the interested reader for an exhaustive introduction
to the topic. Although the notion of Γ-convergence makes perfect sense for sequences of
functionals defined over a topological space X, due to the applications we have in mind,
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we avoid presenting it in such generality and limit ourselves to treat the case where X is a
metric space.

In the rest of the section, we fix a metric space (X, d) and a sequence of functionals
Fn : X → R ∪ {−∞} ∪ {+∞} =: R.

Definition 1.2.1 (Γ-convergence). The sequence {Fn}n is said to Γ-converge (with respect
to the topology induced by d) to a functional F : X → R if and only if the following two
conditions hold simultaneously:

• (Γ-liminf inequality) for every x ∈ X and for every {xn}n ⊂ X, with xn → x, it holds

F (x) ≤ lim inf
n→+∞

Fn(xn);

• (Γ-limsup inequality) for every x ∈ X there exists {xn}n ⊂ X, with xn → x, such
that

lim sup
n→+∞

Fn(xn) ≤ F (x).

An equivalent characterisation of Γ-convergence can be given in terms of the Γ-liminf
and Γ-limsup, which, for x ∈ X, are given by

F ′(x) := Γ- lim inf
n→+∞

Fn(x) := inf
{
lim inf
n→+∞

Fn(xn) : {xn}n ⊂ X with xn → x
}
,

F ′′(x) := Γ- lim sup
n→+∞

Fn(x) := inf
{
lim sup
n→+∞

Fn(xn) : {xn}n ⊂ X with xn → x
}
.

It can be shown (see [88, Proposition 6.8]) that the Γ-liminf and Γ-limsup are always lower
semicontinuous with respect to the topology induced by the distance d.

Proposition 1.2.2. {Fn} Γ-converges to a functional F if and only if

F ′(x) = F ′′(x) for every x ∈ X.

In this case, F coincides with the common value of F ′ and F ′′. In particular, F is lower
semicontinuous with respect to the topology induced by the distance d.

We now mention two properties of Γ-convergence which will be used at several points
of this work. The first is a useful compactness principle, whose proof can be found in [88,
Theorem 8.5], which states that, in a separable metric space, every sequence of functionals
is pre-compact with respect to Γ-convergence.

Proposition 1.2.3. Assume that the metric space X is separable. Then there exists a
subsequence, not relabelled, such that {Fn}n Γ-converges to some functional F .

The following result shows that Γ-convergence satisfies the Urysohn property of con-
vergence structures (see [88, Proposition 8.3]). Together with the previous compactness
result, this is one of the key tools of the localisation method of Γ-convergence (see [45] and
Chapters 2, 4, and 10).

Proposition 1.2.4 (Urysohn property). The sequence {Fn}n Γ-converges to F if and only
if for every subsequence of {Fn}n there exists a further subsequence Γ-converging to F .

We also state a useful density principle, which enables us to reduce the proof of the Γ-
limsup inequality to subsets of X. For a proof of this fact, we refer the reader, for instance,
to [45, Remark 2.8].
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Proposition 1.2.5. Let F : X → R and let X0 ⊂ X be a subset with the property that, for
any x ∈ X, there exists a sequence {xn} ⊂ X converging to x as n→ +∞ such that

lim
n→+∞

F (xn) = F (x).

Then,

F ′′(x0) ≤ F (x0) for every x0 ∈ X0 =⇒ F ′′(x) ≤ F (x) for every x ∈ X.

We conclude this section by stating the so-called Fundamental Theorem of Γ-convergence,
which shows that, under equi-coercivity of the sequence {Fn}n, Γ-convergence implies con-
vergence of minima and of minimisers. We recall that {Fn}n is said to be equi-coercive if
supn Fn(un) < +∞ implies that {un}n is pre-compact in X.

Theorem 1.2.6 (Fundamental theorem of Γ-convergence). Assume that {Fn}n is a sequence
of equi-coercive functionals Γ-converging to F as n→ +∞. Then,

lim
n→+∞

inf{Fn(x) : x ∈ X} = min{F (x) : x ∈ X}

Moreover, if {xn}n is a precompact sequence such that

lim
n→+∞

Fn(xn) = min{F (x) : x ∈ X},

then every limit point of {xn}n is a minimiser of F .

1.3 Functions of (generalised) bounded variation

In this section, we introduce various spaces of functions of bounded variation and recall
some of their main properties, using the monographs [18] and [117] as references. For the
properties concerning the space GBV⋆ (see Definition 1.3.16) we refer instead to [99], the
author’s paper [111], and the joint paper of the author with Friedrich [112].

Functions of bounded variation. The space of functions of bounded variation BV(Ω;Rk)
is the space of all functions u ∈ L1(Ω;Rk) such that their distributional gradient Du belongs
to Mb(Ω;Rk×d). It is a well-known fact that the measure Du can be decomposed as

Du = ∇uLd +Dcu+ ([u]⊗ νu)Hd−1 Ju,

where

(i) ∇u ∈ L1(Ω;Rk×d) is the Radon-Nikodým derivative of Du with respect to Ld,

(ii) Dcu, called the Cantor part of Du, is a measure singular with respect to Ld and
vanishing on all Borel sets B ⊂ Ω that are σ-finite with respect to Hd−1,

(iii) the (d − 1)-rectifiable set Ju is the jump set of u, [u] := u+ − u− is the difference of
the unilateral traces u+, u− of u on Ju, and νu is the unit normal at Ju.

Moreover, ∇u is an approximate gradient of u, that is, for Ld-a.e. x ∈ Ω the matrix ∇u(x)
satisfies

lim
ρ→0+

1

ρd

ˆ
Bρ(x)

|u(y)− u(x)−∇u(x)(y − x)|
|y − x|

dy = 0. (1.3.1)
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For the precise definitions of all the above-mentioned objects, we refer the reader to [18,
Chapter 3].

The subspace of BV(Ω;Rk) of all functions u with Dcu = 0 is denoted by SBV(Ω;Rk).
We will sometimes consider the space BVloc(Ω;Rk) (resp. SBVloc(Ω;Rk)) which is defined
as the space of those u ∈ L0(Ω;Rk) such that u|O ∈ BV(O;Rk) (resp. SBV(O;Rk)) for any
open set O ⊂⊂ Ω.

The following remarkable rigidity property of Dcu was proved by Alberti [4, Corol-
lary 4.6] (see also [107, Theorem 1.5] and [148]).

Theorem 1.3.1 (Alberti’s rank-one Theorem). Let u ∈ BV(Ω;Rk). Then there exist a Borel
set C(u) ⊂ Ω with |Dcu|(Ω) = |Dcu|(C(u)) and Borel functions au : Ω → Rk, bu : Ω → Rd
such that |au ⊗ bu| = 1 on C(u) and

dDcu

d|Dcu|
= au ⊗ bu on C(u). (1.3.2)

The next proposition characterises the relationship between functions in BV(Ω;Rk) and
their one-dimensional slices.

Proposition 1.3.2. Let u ∈ BV(Ω;Rk) and ξ ∈ Sd−1. Then the following hold

(a) uξy ∈ BV(Ωξy;Rk) for Hd−1-a.e. y ∈ Πξ;

(b) for every Borel set B ⊂ Ω we have

Du(B)ξ =

ˆ
Πξ

Duξy(B
ξ
y) dHd−1(y) and |Duξ|(B) =

ˆ
Πξ

|Duξy|(Bξ
y) dHd−1(y);

(c) ∇u(y + tξ)ξ = ∇uξy(t) for Hd−1-a.e. y ∈ Πξ and for L1-a.e. t ∈ Ωξy;

(d) for every Borel set B ⊂ Ω we have

Dcu(B)ξ =

ˆ
Πξ

Dcuξy(B
ξ
y) dHd−1(y);

(e) for Hd−1-a.e. y ∈ Πξ we have

J
uξy

= (Ju)
ξ
y and (u±)ξy(t) = (uξy)

±(t) for all t ∈ (Ju)
ξ
y = J

uξy
, (1.3.3)

where the normals at Ju and J
uξy

are oriented in such a way that νu ·ξ ≥ 0 and ν
uξy

= 1.

Moreover, if u ∈ L1(Ω;Rk) and there exists a basis {ξ1, . . . , ξd} of Rd such that uξiy ∈
BV(Ωξy;Rk) for Hd−1-a.e. y ∈ Πξi and for all i ∈ {1, . . . , d}, and

ˆ
Πξi

|Duξiy |(Ωξiy ) dHd−1(y) < +∞ for all i ∈ {1, . . . , d},

then u ∈ BV(Ω;Rk).

We also recall a Chain Rule for the composition of a smooth and a BV-function (see [18,
Proposition 3.96]).
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Proposition 1.3.3 (Chain rule). Let n ∈ N, let Ψ ∈ C1
c (Rk;Rn), and let u ∈ BV(Ω;Rk).

Then we have Ψ ◦ u ∈ BV(Ω;Rn) and

D(Ψ ◦ u) = ∇Ψ(u)∇uLd +∇Ψ(ũ)Dcu+ [Ψ(u)]⊗ νuHd−1 JΨ◦u (1.3.4)

as Radon measures, where ũ denotes the precise representative of u (see (1.3.8) below).

Sets of finite perimeter. We here recall the definition and some relevant properties of sets
of finite perimeter. We refer the reader to the monograph [146] for a thorough introduction
to the topic.

Given an Ld-measurable set E ⊂ Ω, we say that E is of finite perimeter in Ω if χE ∈
BV(Ω) (recall that Ω is a bounded set). In this case, we call the perimeter of E in Ω, in
symbols P (E,Ω) the quantity

P (E,Ω) := |DχE |(Ω).

The reduced boundary of E is defined as

∂∗E :=
{
x ∈ Rd : there exists νE(x) := lim

r→0

DχE(Br(x))

|DχE |(Br(x))
, with |νE(x)| = 1

}
,

and the unit vector νE(x) stands for the inner unit normal to E at the point x. It can be
shown that for Hd−1-a.e. x ∈ ∂∗E ∩ Ω, we have that νE(x) coincides with the unit-normal
to JχE∩Ω at x, which, for this reason, we often identify.

We summarise the main properties we need about sets of finite perimeter in the following
statements.

Theorem 1.3.4. If E is a set of finite perimeter in Ω, then P (E,Ω) = |DχE |(Ω) =
Hd−1(∂∗E ∩ Ω). Moreover, setting H+(x) := {y ∈ Rd : y · νE(x) > 0}, for every point
x ∈ ∂∗E ∩ Ω, it holds that

χE−x
ρ

converges to χH+(x) in L1
loc(Rd) as ρ→ 0+,

Hd−1(∂∗E ∩QνE(x)(x, ρ))

ρd−1
converges to 1 as ρ→ 0+.

We also recall a well-known result concerning the approximation of sets of finite perimeter
via polyhedral sets, see, e.g., [1, Lemma 3.6] and [26, Lemma 3.1].

Theorem 1.3.5. Let E be a set of finite perimeter in Ω ⊂ Rd, d ≥ 2. There exists a
sequence {En}n of polyhedral sets satisfying

(a) χEn → χE in L1(Ω) as n→ ∞,

(b) P (En,Ω) → P (E,Ω) as n→ +∞,

(c) Hd−1(∂∗En ∩ ∂Ω) = 0 for every n ∈ N.

Moreover, for every non-negative continuous function g on Sd−1, there holds

lim
n→+∞

ˆ
∂∗En∩Ω

g(νEn(x)) dHd−1(x) =

ˆ
∂∗E∩Ω

g(νE(x)) dHd−1(x). (1.3.5)

We also mention that the last part of Proposition 1.3.2 yields a characterization of functions
of bounded variation with values in {−1, 1} in terms of their slices.
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Proposition 1.3.6. A function u ∈ L1(Ω; {−1, 1}) belongs to BV(Ω; {−1, 1}) if and only if
for every i ∈ {1, . . . , d} the functions ueiy belong to BV(Ωeiy ; {−1, 1}) for Hd−1-a.e. y ∈ Πei ,
and ˆ

Πei

H0(Jueiy ∩ Ωeiy ) dHd−1(y) < +∞.

Generalised functions of bounded variation. We now present the space of generalised
functions of bounded variation GBV(Ω;Rk) and its subspace of generalised special functions
of bounded variation GSBV(Ω;Rk), introduced by De Giorgi & Ambrosio in [103] and whose
properties have been systematically investigated by Ambrosio in [16].

Definition 1.3.7 (GBV(Ω;Rk)). The space GBV(Ω;Rk) (resp. GSBV(Ω;Rk)) is the space
of u ∈ L0(Ω;Rk) with the property that Φ ◦u ∈ BVloc(Ω;Rk) (resp. SBVloc(Ω;Rk)) for any
Φ: Rk → Rk Lipschitz whose gradient has compact support. We recall that GBV(Ω;Rk)
and GSBV(Ω;Rk) are not vector spaces, and that they do not coincide with the spaces
GBV(Ω)k and GSBV(Ω)k (see, for instance, [18, Example 4.27]).

Moreover (see [158]), in the scalar-valued case k = 1 u ∈ GBV(Ω) (resp. GSBV(Ω)) if
and only if u(m) ∈ BVloc(Ω) (resp. SBVloc(Ω)) for every m > 0, where for v ∈ L0(Ω;Rk) we
have set

v(m) :=
(
(v1 ∨ −m) ∧m, . . . , (vk ∨ −m) ∧m

)
. (1.3.6)

It is possible to show that the space GBV(Ω;Rk) retains many of the fine properties of
BV(Ω;Rk) necessary to study free discontinuity problems. In particular, functions in this
space admit an approximate gradient and satisfy many of the trace properties related to
the jump set, although in a slightly weaker sense than for functions of bounded variation.
Moreover, it is possible to associate to every such function a (possibly unbounded) positive
measure which generalises the total variation of the Cantor part of the derivative of a
function of bounded variation. To make all previous claims more precise, we introduce
some further notation, related to the definition of approximate gradient and of jump set for
Lebesgue measurable functions.

Let E be a Lebesgue measurable subset of Rn and let x ∈ Rn be such that

lim sup
ρ→0+

Ln(E ∩Bρ(x))
ρn

> 0. (1.3.7)

We say that an Ln-measurable function u : E → Rm has approximate limit ũ(x) ∈ Rm at
x, in symbols

ap lim
y→x
y∈E

u(y) = ũ(x), (1.3.8)

if for every ε > 0 we have

lim
ρ→0+

Ln({y ∈ E : |u(y)− ũ(x)| > ε} ∩Bρ(x))
ρn

= 0.

Throughout this thesis, the symbol ũ(x) is always used to denote the approximate limit of
u considered in (1.3.8). By (1.3.7) the vector ũ(x) is uniquely defined. The set Su of points
of approximate discontinuity is then defined as the complement in E of the set of points
where the approximate limit exists. It is well-known that for an Ln-measurable function
u : Rn → Rm it holds Ln(Su) = 0.
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Definition 1.3.8 (Approximate gradient). If O ∈ O(Rn) and u ∈ L0(O;Rm), we say that
u is approximately differentiable at x ∈ O, with approximate gradient ∇u(x) ∈ Rm×n, if it
holds

ap lim
y→x
y∈O

u(y)− ũ(x)−∇u(x)(y − x)

|y − x|
= 0. (1.3.9)

An approximate gradient for u is a function ∇u ∈ L0(O;Rm×n) such that (1.3.9) holds for
Ln-a.e. x ∈ O, which clearly is uniquely defined up to Ln-negligible sets.

Definition 1.3.9. Let O ∈ O(Rn) and u ∈ L0(O;Rm). The jump set Ju is the set of
all points x ∈ O for which there exists (u+(x), u−(x), νu(x)) ∈ Rm × Rm × Sn−1, with
u+(x) ̸= u−(x), such that

ap lim
y→x

y∈H±(x)∩O

u(y) = u±(x),

where H±(x) := {y ∈ Rn : ±(y−x)·νu(x) > 0}. The triple (u+(x), u−(x), νu(x)) is uniquely
defined up to swapping u+(x) and u−(x) and changing the sign of νu(x). Given x ∈ Ju, we
set [u](x) := u+(x)− u−(x). For r > 0 we also introduce Jru as the set defined by

Jru := {x ∈ Ju : |[u](x)| ≥ r}. (1.3.10)

We recall that, remarkably, Del Nin proved in [108] that the jump set Ju of any u ∈
L0(Rn;Rm) is (Hn−1, n− 1)-rectifiable (see (1.1.3)).

In the following, it will be convenient to consider a particular family of smooth truncation
functions. For this reason, we let Φ ∈ C∞

c (Rk;Rk) be a function satisfying the following
conditions (see, for an example, [57, Section 4] or [24, Remark 2.3]):

Φ(y) = y for y ∈ {|y| ≤ 1},
Φ(y) = 0 for y ∈ {|y| ≥ σ},
Lip(Φ) ≤ 1,

(1.3.11)

for a fixed constant σ > 2 to be chosen precisely later. For every R > 0 we set

ΦR(y) := RΦ
( y
R

)
for all y ∈ Rk, (1.3.12)

which clearly satisfies 
ΦR(y) = y for y ∈ {|y| ≤ R},
ΦR(y) = 0 for y ∈ {|y| ≥ σR},
Lip(ΦR) ≤ 1.

(1.3.13)

The following proposition collects some of the main properties of generalised functions
of bounded variation. For this, observe that ΦR ◦ u lies in BVloc and thus admits the usual
representation of the distributional derivative D(ΦR ◦ u).

Proposition 1.3.10. Let u ∈ GBV(Ω;Rk). The following properties hold:

(a) Hd−1(Su \ Ju) = 0;

(b) u admits an approximate gradient ∇u ∈ L0(Ω;Rk×d); moreover, ∇u(x) = ∇(ΦR◦u)(x)
for Ld-a.e. x ∈ {|u| ≤ R};
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(c) for every R > 0 we have JΦR◦u ⊂ Ju up to a set of Hd−1-measure zero and

Hd−1
(
Ju \

⋃
R>0

JΦR◦u
)
= 0;

moreover, for Hd−1-a.e. x ∈ Ju we have ΦR(u)
+(x) = u+(x) and ΦR(u)

−(x) = u−(x),
whenever R > max{|u+(x)|, |u−(x)|}.

Moreover, if u ∈ GBV(Ω)k, then

(d) there exists a measure |Dcu| ∈ M+(Ω), possibly unbounded, such that |Dcu|(B) =
|Dc(ΦR ◦ u)|(B) for every Borel set B ⊂ {|ũ| ≤ R} and R > 0, and |Dcu|(B) = 0
whenever B ⊂ Ω is a Borel set σ-finite with respect to Hd−1; in addition, we have

|Dcu|(B) = lim
R→+∞

|Dc(ΦR ◦ u)|(B) = sup
R>0

|Dc(ΦR ◦ u)|(B) ∈ [0,∞]

for all Borel sets B ⊂ Ω.

Remark 1.3.11. Properties (b) and (d) of Proposition 1.3.10 can be strengthened in the
scalar case k = 1. Indeed, given m1,m2 ∈ N with m1 < m2, we also have

|∇u(m1)| ≤ |∇u(m2)| Ld-a.e. in Ω and |Dcu(m1)|(B) ≤ |Dcu(m2)|(B),

Ju(m1) ⊂ Ju(m2) and J1
u(m1)

⊂ J1
u(m2)

up to Hd−1-negligible sets,

|[u(m1)]| ≤ |[u(m2)]| Hd−1-a.e. on Ju(m1) ,

for all Borel sets B ⊂ Ω.

The following proposition shows that, with due adaptations, many of the slicing prop-
erties described in Proposition 1.3.2 still hold in GBV.

Proposition 1.3.12. Let u ∈ GBV(Ω;Rk) and ξ ∈ Sd−1. Then the following hold

(a) uξy ∈ GBV(Ωξy;Rk) for Hd−1-a.e. y ∈ Πξ;

(b) ∇u(y + tξ)ξ = ∇uξy(t) for Hd−1-a.e. y ∈ Πξ and for L1-a.e. t ∈ Ωξy;

(c) for Hd−1-a.e. y ∈ Πξ we have

J
uξy

= (Ju)
ξ
y and Jr

uξy
= (Jru)

ξ
y for all r ≥ 0, (1.3.14)

(u±)ξy(t) = (uξy)
±(t) for all t ∈ (Ju)

ξ
y = J

uξy
, (1.3.15)

where the normals at Ju and J
uξy

are oriented in such a way that νu ·ξ ≥ 0 and ν
uξy

= 1.

For future use, we also introduce the space(s) (G)SBV2(Ω;Rk), whose properties have
been systematically investigated in [96, Section 2].

Definition 1.3.13 ((G)SBV2(Ω;Rk)). The space (G)SBV2(Ω;Rk) consists of all functions
u ∈ (G)SBV(Ω;Rk) with ∇u ∈ L2(Ω;Rk×d) and Hd−1(Ju) < +∞.

The additional estimates in the definition of GSBV2(Ω;Rk) allow to improve upon some
of the structural shortcomings of the space GBV(Ω;Rk). In particular, it was shown in
[96, Proposition 2.3] that it is a vector space and that each component of a function in
GSBV2(Ω;Rk) belongs to GSBV2(Ω).
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Lemma 1.3.14. GSBV2(Ω;Rk) is a vector space. Moreover, if u ∈ GSBV2(Ω;Rk) then
ui ∈ GSBV2(Ω) for all i ∈ {1, . . . , k}. In particular, u(m) ∈ SBV2(Ω;Rk) for all m > 0 (see
(1.3.6)).

The space GBV⋆(Ω;Rk). We are ready to introduce one of the main characters of this
thesis, the space GBV⋆(Ω;Rk), introduced by Dal Maso & Toader in [99, Definition 3.1]
in the scalar-valued case and then investigated by the author in [111] in the vector-valued
case. As we will be mostly interested in the vector-valued setting, we present all definitions
and the majority of results in this case, but refer to the original work [99] for some of their
proofs, as some of them can be obtained arguing componentwise. Further results about this
space will be obtained in Chapters 2 and 3.

In order to define the space GBV⋆(Ω;Rk) we introduce a useful functional in some
cohesive models for fracture mechanics. In particular, we let V : L0(Rd;Rk) × B(Ω) →
[0,+∞] be the functional defined for every O ∈ O(Ω) by

V(u,O) :=


k∑
i=1

(ˆ
O
|∇ui| dx+ |Dcui|(O) +

ˆ
Jui∩O

|[ui]| ∧ 1 dHd−1
)

if u ∈ GBV(O)k,

+∞ otherwise
(1.3.16)

(see Proposition 1.3.10). The functional V is then extended to all Borel sets by setting

V(u,B) := inf
{
V(u,O) : O ⊃ B with O ∈ O(Ω)

}
.

Remark 1.3.15. It follows from [99, Theorem 6.1] that V is lower semicontinuous with
respect to the topology of L0(Rd;Rk). We do not know whether a similar property would
hold replacing V by the functional defined for u ∈ GBV(Ω)k and O ⊂ Rd open by

Vvec(u,O) :=

ˆ
O
|∇u| dx+ |Dcu|(O) +

ˆ
Ju∩O

|[u]| ∧ 1 dHd−1.

Indeed, the standard proof of lower semicontinuity by slicing (see [38, Theorem 2.1]) does
not apply to the functional Vvec, unless we use the operator norm in |∇u| (see [111, Corol-
lary 4.6]).

Note that the definition of V is given for functions u defined on the whole Rd. This
is particularly convenient for the results presented in Chapter 2. However, due to its local
nature, we will often write, with a little abuse of notation, V(u,O) even when u is a function
defined only on the open set O, the definition still being given by (1.3.16).

We are ready to introduce the space GBV⋆.

Definition 1.3.16 (GBV⋆(Ω;Rk)). The space GBV⋆(Ω;Rk) is the space of all functions
u ∈ L0(Ω;Rk) such that one of the following three equivalent conditions holds:

(a) V(u,Ω) < +∞, so that ∇u ∈ L1(Ω;Rk×d), |Dcu|(Ω) < +∞, [u] ∈ L1
Hd−1(Ju \ J1

u;Rk),
and Hd−1(J1

u) < +∞;

(b) u(m) ∈ BV(Ω;Rk) for all m > 0 and

S1 := sup
m>0

V(u(m),Ω) < +∞ (1.3.17)

and, in this case, S1 = V(u,Ω);



12 1. Notation and preliminary results

(c) ΦR ◦ u ∈ BV(Ω;Rk) for all R > 0 and

S2 := sup
R>0

V(ΦR ◦ u,Ω) < +∞. (1.3.18)

In this case, S2 = V(u,Ω).

We refer the reader to [99, Proposition 3.3] and [111, Proposition 3.7] for the proof of the
equivalence of (a) and (b), while the proof of the equivalence of (b) and (c) can be deduced
from Proposition 1.3.19 below. The fact that S1 = S2 = V(u,Ω) is a consequence of the
lower semicontinuity of V (see Remark 1.3.15).

Remark 1.3.17. Given a, b ∈ Rk with ai ≤ bi for all i ∈ {1, . . . , k} and u ∈ GBV⋆(Ω;Rk),
it can be shown using Remark 1.3.11 that v := (u∨a)∧b ∈ GBV⋆(Ω;Rk), V(v,O) ≤ V(u,O)
for all O ∈ O(Ω), as well as |Dcv|(O) ≤ |Dcu|(O),

|Dv|(O \ Jru) ≤ (r ∨ 1)V(u,O \ Jru) and |Dv|(Jru ∩O) ≤ k|b− a|Hd−1(Jru ∩O),

and Jrv ⊂ Jru, up to an Hd−1-negligible set, for all r ≥ 0.

Similarly to GSBV2(Ω;Rk) (see Lemma 1.3.14), the presence of the additional estimate
(1.3.18) allows to prove that GBV⋆(Ω;Rk) is much better behaved than GBV(Ω;Rk). For
instance, it is a vector space.

Theorem 1.3.18 ([99, Theorem 3.9]). GBV⋆(Ω;Rk) is a vector space.

The following proposition shows the equivalence of (b) and (c) of Definition 1.3.16.

Proposition 1.3.19 ( [111, Proposition 3.9]). Let u ∈ L0(Ω;Rk). Then u satisfies (b)
of Definition 1.3.16 if and only if it satisfies (c) of the same definition. In particular,
GBV⋆(Ω;Rk) = GBV⋆(Ω)

k.

Proof. We begin by proving that if u satisfies (c) of Definition 1.3.16 then u(m) ∈ BV(Ω;Rk)
for all m > 0 and (1.3.17) holds. To this end, for every m ∈ N we let {ϕmn }n ⊂ C1(Rk;Rk)
be a sequence converging to y 7→ y(m) uniformly, with the properties that Lip(ϕmn ) ≤ 1
and ∥ϕmn ∥L∞ ≤ 2m for every n ∈ N. Furthermore, given R > 0 and m,n ∈ N, we set
vmR,n := ϕmn ◦ (ΦR ◦ u) ∈ BV(Ω;Rk). It follows immediately from (1.3.13) that

lim
R→+∞

vmR,n(x) = (ϕmn ◦ u)(x) for Ld-a.e. x ∈ Ω

for all m,n ∈ N. Since ∥vmR,n∥L∞(Ω) ≤ 2m, this implies

vmR,n converges to (ϕmn ◦ u) in L1(Ω;Rk) as R→ +∞, (1.3.19)

which by definition of ϕmn gives

ϕmn ◦ u converges to u(m) in L1(Ω;Rk) as n→ +∞. (1.3.20)

We then apply Proposition 1.3.3 to get

∇vmR,n = ∇ϕmn (ΦR ◦ u)∇(ΦR ◦ u) Ld-a.e. in Ω,

DcvmR,n = ∇ϕmn (ΦR ◦ ũ)Dc(ΦR ◦ u) as Borel measures in Ω,

[vmR,n] = ϕmn (ΦR(u
+))− ϕmn (ΦR(u

−)) Hd−1-a.e. in JvmR,n
,
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where in the last equality we have also used that ϕmn (ΦR(u))± = ϕmn (ΦR(u
±)) being both

ϕmn and ΦR smooth. As Lip(ϕmn ) ≤ 1, this gives

|∇vmR,n| ≤ |∇(ΦR ◦ u)| Ld-a.e. in Ω,

|DcvmR,n|(B) ≤ |Dc(ΦR ◦ u)|(B) for every Borel set B ⊂ Ω,

|[vmR,n]| ≤ |[ΦR ◦ u]| Hd−1-a.e. in JvmR,n
.

Together with (1.3.18), this implies that, for every R > 0 and m,n ∈ N, we have
ˆ
Ω
|∇vmR,n| dx+ |DcvmR,n|(Ω)+

ˆ
Jvm

R,n

|[vmR,n]| ∧1 dHd−1 ≤ V(ΦR ◦u,Ω) ≤ Cu < +∞, (1.3.21)

for a positive constant Cu > 0 depending only on u.
We now claim that for every m > 0 it holds

sup
n∈N

sup
R>0

|DvmR,n|(Ω) < +∞. (1.3.22)

To see this, it suffices to note that, by (1.3.21) and ∥vmR,n∥L∞(Ω) ≤ 2m, we have
ˆ
Jvm

R,n

|[vmR,n]| dHd−1 ≤
ˆ
Jvm

R,n
\J1

vm
R,n

|[vmR,n]| dHd−1 + 4mHd−1(J1
vmR,n

)

≤ (4m+ 1)

ˆ
Jvm

R,n

|[vmR,n]| ∧ 1 dHd−1

≤ (4m+ 1)Cu.

Recalling (1.3.19) and (1.3.20), inequality (1.3.22) and the lower semicontinuity of the
total variation with respect to the L1(Ω;Rk)-convergence imply that u(m) ∈ BV(Ω;Rk) for
every m > 0. Finally, using again (1.3.19)–(1.3.22) and the fact that Lip(ϕmn ) ≤ 1, we may
apply a result of Bouchitté, Braides, & Buttazzo [38, Theorem 2.1] to each component to
obtain that

V(u(m),Ω) ≤
k∑
i=1

lim inf
n→+∞

lim inf
R→+∞

(ˆ
Ω
|∇(vmR,n)i| dx+|Dc(vmR,n)i|(Ω)+

ˆ
J(vm

R,n
)i

|[(vmR,n)i]| ∧ 1 dHd−1
)

≤ k sup
R>0

V(ΦR ◦ u,Ω) ≤ Cu,

which implies (1.3.17).
We now prove that if u satisfies (b) it also satisfies (c), we first observe that it is not

restrictive to assume that k = 1. We set vR = ΦR◦u and let m > σR (see (1.3.13)). Clearly,
vR = ΦR ◦ u(m) Ld-a.e. in Ω. As we assumed that u(m) ∈ BV(Ω), by Proposition 1.3.3 this
implies vR ∈ BV(Ω).

We claim that
JvR ⊂ Ju(m) up to an Hd−1-negligible set. (1.3.23)

Indeed, by [18, Proposition 1.1 (iii)] every point x ∈ Ω of approximate continuity for u is
also a point of approximate continuity for vR, so that SvR ⊂ Su(m) . As

Hd−1(Su(m) \ Ju(m)) = Hd−1(SvR \ JvR) = 0
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by (a) of Proposition 1.3.10, the claim follows.
Using Proposition 1.3.3, (1.3.23), and the fact that Lip(ΦR) ≤ 1 (see (1.3.13)) we see

that ˆ
Ω
|∇vR| dx+ |DcvR|(Ω) +

ˆ
JvR

|[vR]| ∧ 1 dHd−1

≤
ˆ
Ω
|∇ΦR(u

(m))∇u(m)| dx+ |Dcu(m)|(Ω) +
ˆ
J
ΦR(u(m))

|[ΦR(u(m))]| ∧ 1 dHd−1

≤
ˆ
Ω
|∇u(m)| dx+ |Dcu(m)|(Ω) +

ˆ
J
u(m)

|[u(m)]| ∧ 1 dHd−1.

As we assumed (1.3.17), this implies (1.3.18), which gives u ∈ GBV⋆(Ω). This concludes
the proof.

We already observed in Proposition 1.3.10 that it is possible to associate to every
u ∈ GBV(Ω)k a measure |Dcu| generalising the total variation of the Cantor part of the
distributional gradient. It was proved by Alicandro & Focardi [11, Lemma 2.10] that if
u ∈ GBV(Ω)k is such that |Dcu|(Ω) < +∞, then there exists a matrix-valued measure
λ ∈ Mb(Ω;Rk×d) such that |λ| = |Dcu|. This is the content of the following proposition.
For an alternative proof, we refer the reader to [111, Proposition 3.13] (see also [99, Theo-
rem 2.7 and Proposition 2.9]).

Proposition 1.3.20. Let u ∈ GBV⋆(Ω;Rk). Then there exists a matrix-valued measure
Dcu ∈ Mb(Ω;Rk×d) such that Dcu(B) = Dc(ΦR ◦u)(B) for every Borel set B ⊂ {|ũ| ≤ R},
and Dcu(B) = 0 whenever B ⊂ Ω is a Borel set σ-finite with respect to Hd−1; in addition,
we have

Dcu(B) = lim
R→+∞

Dc(ΦR ◦ u)(B) for all Borel sets B ⊂ Ω,

|Dcu|(B) = lim
R→+∞

|Dc(ΦR ◦ u)|(B) = sup
R>0

|Dc(ΦR ◦ u)|(B) for all Borel sets B ⊂ Ω.

Moreover (see [111, Lemma 3.5]),

|Dcu|
(
Ω \

⋃
R>0

Ω̃R

)
= 0, (1.3.24)

where Ω̃R := {x ∈ Ω: ũ(x) exists and |ũ(x)| ≤ R}.

The following proposition describes how Dcu behaves under composition with the trun-
cation function ΦR.

Proposition 1.3.21 ([111, Proposition 3.13]). Let u ∈ GBV⋆(Ω;Rk) and R > 0. Then,

(i) for all Ψ ∈ C1
c (Rk;Rk) we have Dc(Ψ ◦ u) = ∇Ψ(ũ)Dcu as Radon measures on Ω;

(ii) it holds
dDc(ΦR ◦ u)
d|Dc(ΦR ◦ u)|

=
dDcu

d|Dcu|
|Dcu|-a.e. in Ω̃R. (1.3.25)

As a consequence, we have

lim
R→+∞

dDc(ΦR ◦ u)
d|Dc(ΦR ◦ u)|

=
dDcu

d|Dcu|
|Dcu|-a.e. in Ω. (1.3.26)
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Proof. To prove (i), we need to show that for every Borel set B ⊂ Ω we have the equality

Dc(Ψ ◦ u)(B) =

ˆ
B
∇Ψ(ũ) dDcu. (1.3.27)

We claim that it is enough to prove (1.3.27) when B is contained in Ω̃m for some m > 0.
To see this, let us fix a Borel set B ⊂ Ω. We recall that by part (a) of Proposition 1.3.10
we have that Hd−1(Su \ Ju) = 0, since Ju is σ-finite with respect to Hd−1. Moreover, it is
easy to check that Ψ ◦ u ∈ BV(Ω;Rk), so that

Dc(Ψ ◦ u)(Su) = 0.

Since B \ Su =
⋃
m>0B ∩ Ω̃m, from the previous equality, (1.3.27) applied with B ∩ Ω̃m,

and (1.3.20) we obtain

Dc(Ψ ◦ u)(B) = Dc(Ψ ◦ u)(B \ Su)

= lim
m→+∞

Dc(Ψ ◦ u)(B ∩ Ω̃m)

= lim
m→+∞

ˆ
B∩Ω̃m

∇Ψ(ũ) dDcu =

ˆ
B
∇Ψ(ũ) dDcu,

where in the last equality we have also used (1.3.24) and the Dominated Convergence The-
orem. This proves the claim.

Let us now fix m > maxy∈supp(Ψ) |y| and B ⊂ Ω̃m. Clearly, we have Ψ ◦ u = Ψ ◦ u(m)

Ld-a.e. in Ω, so that
Dc(Ψ ◦ u)(B) = Dc(Ψ ◦ u(m))(B).

Since u(m) ∈ BV(Ω;Rk) by (b) of Definition 1.3.16, by Proposition 1.3.3 we have

Dc(Ψ ◦ u(m))(B) =

ˆ
B
∇Ψ(ũ(m)) dDcu(m) =

ˆ
B
∇Ψ(ũ(m)) dDcu(m), (1.3.28)

where in the second equality we have used that ũ(m) = ũ(m). As B ⊂ Ω̃m, from Proposition
1.3.20 it follows that Dcu(B) = Dcu(m)(B). Hence, in view of (1.3.28) and equality Ψ◦u =
Ψ ◦ u(m) Ld-a.e. in Ω, we get that

Dc(Ψ ◦ u)(B) = Dc(Ψ ◦ u(m))(B) =

ˆ
B
∇Ψ(ũ(m)) dDcu(m) =

ˆ
B
∇Ψ(ũ) dDcu.

This concludes the proof of (i).
We now deal with (ii). To prove this we let R > 0 and observe that by (i) applied with

Ψ = ΦR we have

Dc(ΦR ◦ u) Ω̃R = Dcu Ω̃R as Radon measures on Ω,

|Dc(ΦR ◦ u)| Ω̃R = |Dcu| Ω̃R as Radon measures on Ω.

Therefore, for every Borel set B ⊂ Ω, we have
ˆ
B∩Ω̃R

dDcu

d|Dcu|
d|Dcu| = Dcu Ω̃R(B) = (Dc(ΦR ◦ u) Ω̃R)(B)

=

ˆ
B∩Ω̃R

dDc(ΦR ◦ u)
d|Dc(ΦR ◦ u)

d|Dc(ΦR ◦ u)| =
ˆ
B∩Ω̃R

dDc(ΦR ◦ u)
d|Dc(ΦR ◦ u)|

d|Dcu|.
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From the arbitrariness of B, this implies (1.3.25).
To prove (1.3.26), we first note that, since |Dcu|(Ω \

⋃
R>0 Ω̃R) = 0 by (1.3.24), for

|Dcu|-a.e. x ∈ Ω, there exists R0 = R0(x) such that x ∈ Ω̃R0 . As Ω̃R0 ⊂ Ω̃R for all R > R0,
the conclusion then follows from (1.3.25).

An easy consequence of this result is that the Cantor part Dcu satisfies the same rigidity
property of Theorem 1.3.1.

Corollary 1.3.22. Let u ∈ GBV⋆(Ω;Rk). Then Theorem 1.3.1 holds true for u.

Proof. By Proposition 1.3.20 for |Dcu|-a.e. x there exists R0 = R0(x) such that x ∈
Ω̃R0 . As ΦR0 ◦ u ∈ BV(Ω;Rk), for |Dcu|-a.e. x ∈ Ω̃R0 the Radon-Nikodým derivative
dDc(ΦR0 ◦ u)/d|Dc(ΦR0 ◦ u)|(x) is a rank-one matrix. Thanks to (1.3.25), this implies that
the same property holds for dDcu/d|Dcu|(x). The conclusion then follows from (1.3.24).

Functions in GBV⋆ admit also a weak notion of trace, which has to be intended in the
sense of approximate limits.

Proposition 1.3.23. Let Ω ⊂ Rd be a bounded open set with Lipschitz boundary and let
u ∈ GBV⋆(Ω;Rk). Then for Hd−1-a.e. x ∈ ∂Ω there exists a vector u∂Ω(x) ∈ Rk such that

u∂Ω(x) = ap lim
y→x
y∈Ω

u(y). (1.3.29)

Proof. For every m ∈ N, let u(m)
∂Ω be the trace of u(m) ∈ BV(Ω;Rk) on ∂Ω. Since (u(n))(m) =

u(m) for every n > m, by compatibility of the trace of BV functions with composition with
Lipschitz functions it follows that

u
(m)
∂Ω = (u

(n)
∂Ω)

(m) for Hd−1-a.e. x ∈ ∂Ω, (1.3.30)

which implies that for Hd−1-a.e. x ∈ ∂Ω and for all i ∈ {1, . . . , k} there exists the limit
limm→+∞(u

(m)
∂Ω )i ∈ R = R ∪ {−∞,+∞}.

We set vm := u(m)/m, which converges to 0 Ld-a.e. as m → +∞ and in L1(Ω;Rk).
Moreover, it is easy to check that |Dvm|(Ω) → 0 as m → +∞. Therefore, from the trace
estimate for BV(Ω;Rk) functions we have

∥(vm)∂Ω∥L1
Hd−1 (∂Ω;Rk) ≤ C

(
∥vm∥L1(Ω) + |Dvm|(Ω)

)
,

for a constant C > 0 independent of m. By the previous observations, this implies that

(vm)∂Ω =
u
(m)
∂Ω

m
→ 0 in L1

Hd−1(∂Ω;Rk) as m→ +∞.

By Čebyšëv’s inequality and the observation below (1.3.30), this implies that the set N of
points x ∈ ∂Ω for which there exists i ∈ {1, . . . , k} such that limm→+∞ |(u(m)

∂Ω )i| = +∞ is
Hd−1-negligible. Using again the observation below (1.3.30) (1.3.30), we may then define

u∂Ω(x) := lim
m→+∞

u
(m)
∂Ω for every x ∈ Ω \N.

Observe that we also have

u
(m)
∂Ω = (u∂Ω)

(m) Hd−1-a.e. on ∂Ω (1.3.31)
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and for all m ∈ N.
To prove (1.3.29) it is enough to note that, if m > |u∂Ω(x)|∞ + η, then

{|u− u∂Ω(x)| > η} ⊂ {|u(m) − u∂Ω(x)| > η},

so that the conclusion follows from the classical trace property of u(m) and (1.3.31). This
concludes the proof.

Using the result above, one can show that it is always possible to glue functions in GBV⋆

across a Lipschitz boundary, a fact that will be used at several points in Chapter 3.

Lemma 1.3.24. Let O ⊂⊂ Ω be open sets with Lipschitz boundaries. Let u ∈ GBV⋆(O;Rk),
v ∈ GBV⋆(Ω \O;Rk), and consider the function defined for x ∈ Ω \ ∂O by

w(x) :=

{
u(x) if x ∈ O,

v(x) if x ∈ Ω \O.

Then w ∈ GBV⋆(Ω;Rk). Moreover, |[w]| := |u∂O − v∂O| Hd−1-a.e. on ∂O, where u∂O and
v∂O are the traces of u and v on ∂O in the sense of Proposition 1.3.23.

Proof. It is immediate to check that w ∈ GBV(Ω;Rk) and that V(w,Ω\O)+V(w,O) < +∞.
Since

k∑
i=1

ˆ
Jw∩∂O

|[wi]| ∧ 1 dHd−1 ≤ kHd−1(∂O) < +∞,

we get V(w,Ω) < +∞, and hence w ∈ GBV⋆(Ω;Rk).

We conclude the subsection with a useful compactness result due to Dal Maso & Toader
[99, Theorem 3.11] (see also [111, Theorem 4.7]). Stronger compactness results were derived
in the same paper(s), but we postpone their presentation to Chapter 2 (see Section 2.A).

Theorem 1.3.25. Let {un}n ⊂ GBV⋆(Ω;Rk) be a sequence satisfying supn∈N V(un,Ω) <
+∞. Assume also that there exists an increasing continuous function h : [0,+∞) → [0,+∞)
with h(t) → +∞ as t→ +∞, such that

sup
n∈N

ˆ
Ω
h(|un|) dx < +∞.

Then there exist a subsequence, not relabelled, and a function u ∈ GBV⋆(Ω;Rk) such that
{un}n converges to u in L0(Ω;Rk).

Remark 1.3.26. An immediate consequence of the previous theorem is the following closure
property: if {un}n ⊂ GBV⋆(Ω;Rk) is a sequence with supn∈N V(un,Ω) < +∞ and {un}n
converges in L0(Ω;Rk) to some function u, then u ∈ GBV⋆(Ω;Rk).

Slicing properties of GBV⋆(Ω;Rk). In this subsection, we present further results concern-
ing fine properties of GBV⋆-functions. In particular, we show that the space GBV⋆(Ω;Rk)
can be characterised by means of one-dimensional slicing. This characterisation shows that
the space GBV⋆(Ω;Rk) is the space corresponding to Dal Maso’s GBD(Ω) (see Definition
1.4.3 below) in the context of functions of bounded variation. The results of this subsection
are part of the joint paper with Friedrich [112].

The following lemma shows that, for a function u ∈ GBV(Ω), it is always possible to
bound the integral of V(uξy,Ωξy) with respect to y ∈ Πξ from above by V(u,Ω).
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Lemma 1.3.27. Let u ∈ GBV(Ω) and ξ ∈ Sd−1. Thenˆ
Πξ

(
|Duξy|(Ωξy \ J1

uξy
) +H0(Ωξy ∩ J1

uξy
)
)
dHd−1(y) ≤ V(u,Ω). (1.3.32)

Moreover, if u ∈ GBV⋆(Ω), we haveˆ
B
(∇u)ξ dx =

ˆ
Πξ

ˆ
Bξ

y

∇uξy(t) dtdHd−1(y), (1.3.33)

Dcu(B)ξ =

ˆ
Πξ

Dcuξy(B
ξ
y) dHd−1(y), (1.3.34)

ˆ
B∩(Ju\J1

u)
[u](νu · ξ) dHd−1 =

ˆ
Πξ

Duξy
(
(B ∩ (Ju \ J1

u))
ξ
y

)
dHd−1(y) (1.3.35)

for every Borel set B ⊂ Ω and ξ ∈ Sd−1.

Proof. If u /∈ GBV⋆(Ω) by the definition (1.3.16) of V we have V(u,Ω) = +∞, so that
we may assume that u ∈ GBV⋆(Ω). Let m ∈ N and consider the function u(m) ∈ BV(Ω)
(see Remark 1.3.11) . By the slicing properties of functions of bounded variation (see [18,
Theorems 3.107 and 3.108]) we haveˆ

Ω
|∇u(m)| dx ≥

ˆ
Πξ

(ˆ
Ωξ

y

|∇(u(m))ξy| dt
)
dHd−1(y),

|Dcu(m)|(Ω) ≥
ˆ
Πξ

|Dc(u(m))ξy|(Ωξy) dHd−1(y),

which, thanks to Remark 1.3.11, yieldsˆ
Ω
|∇u| dx ≥

ˆ
Πξ

( ˆ
Ωξ

y

|∇(u(m))ξy| dt
)
dHd−1(y), (1.3.36)

|Dcu|(Ω) ≥
ˆ
Πξ

|Dc(u(m))ξy|(Ωξy) dHd−1(y). (1.3.37)

As u ∈ GBV(Ω), for Hd−1-a.e. y ∈ Πξ we have uξy ∈ GBV(Ωξy). Thus, applying Re-
mark 1.3.11 to the slices uξy, we obtainˆ

Ωξ
y

|∇(u(m))ξy| dt→
ˆ
Ωξ

y

|∇uξy| dt for Hd−1-a.e. y ∈ Πξ as m→ +∞,

|Dc(u(m))ξy|(Bξ
y) → |Dcuξy|(Bξ

y) for Hd−1-a.e. y ∈ Πξ as m→ +∞,

with both convergence being monotone. Therefore, by the Monotone Convergence Theorem
and (1.3.36)–(1.3.37) we inferˆ

Ω
|∇u| dx ≥

ˆ
Πξ

( ˆ
Ωξ

y

|∇uξy| dt
)
dHd−1(y), (1.3.38)

|Dcu|(Ω) ≥
ˆ
Πξ

|Dcuξy|(Ωξy) dHd−1(y). (1.3.39)

As for the jump part, we use the Area Formula (see [18, (2.47)] ), (1.3.15), and (1.3.14) to
getˆ
J
u(m)

(|[u(m)]| ∧ 1) dHd−1 ≥
ˆ
Πξ

(ˆ
J
(u(m))

ξ
y

(|[(u(m))ξy](t)| ∧ 1) dH0(t)
)
dHd−1(y)

=

ˆ
Πξ

(
|Dj(u(m))ξy|(Ωξy \ J1

(u(m))ξy
) +H0(Ωξy ∩ J1

(u(m))ξy
)
)
dHd−1(y).



1. Notation and preliminary results 19

Using again Remark 1.3.11 and the Monotone Convergence Theorem, we obtain
ˆ
Ju

(|[u]| ∧ 1) dHd−1 ≥
ˆ
Πξ

(
|Djuξy|(Ωξy \ J1

uξy
) +H0(Ωξy ∩ J1

uξy
)
)
dHd−1(y). (1.3.40)

Putting together (1.3.38)–(1.3.40), we obtain (1.3.32).
To prove (1.3.33)–(1.3.35), we use [18, Theorems 3.107 and 3.108] to get

ˆ
B
(∇u(m))ξ dx =

ˆ
Πξ

( ˆ
Bξ

y

∇(u(m))ξy(t) dt
)
dHd−1(y), (1.3.41)

Dcu(m)(B)ξ =

ˆ
Πξ

Dc(u(m))ξy(B
ξ
y) dHd−1(y). (1.3.42)

Thanks to (1.3.32), for Hd−1-a.e. y ∈ Πξ the function uξy belongs to BVloc(Ω
ξ
y), so that

ˆ
Bξ

y

∇(u(m))ξy(t) dt→
ˆ
Bξ

y

∇uξy(t) dt for Hd−1-a.e. y ∈ Πξ as m→ +∞,

Dc(u(m))ξy(B
ξ
y) → Dcuξy(B

ξ
y) for Hd−1-a.e. y ∈ Πξ as m→ +∞.

Thus, we may let m → +∞ in (1.3.41) and (1.3.42). Then, by Propositions 1.3.10 and
1.3.20, and the Dominated Convergence Theorem we obtain (1.3.33) and (1.3.34).

As for (1.3.35), it is enough to apply the Area Formula and to use (1.3.14) and (1.3.15).

The following proposition characterises GBV⋆(Ω;Rk) by means of one-dimensional slic-
ing and furnishes an analogue in this generalised setting of the last part of Proposition 1.3.2.

Proposition 1.3.28. Let u ∈ L0(Ω;Rk). Then u ∈ GBV⋆(Ω;Rk) if and only if for every
ξ ∈ Sd−1 the following two conditions hold:

uξy ∈ BVloc(Ω
ξ
y;Rk) for Hd−1-a.e. y ∈ Πξ, (1.3.43)ˆ

Πξ

(
|Duξy|(Ωξy \ J1

uξy
) +H0(Ωξy ∩ J1

uξy
)
)
dHd−1(y) < +∞. (1.3.44)

Proof. It is enough to prove the statement in the case k = 1.
The fact that u ∈ GBV⋆(Ω) implies (1.3.43) and (1.3.44) is a simple consequence of

Lemma 1.3.27 and the fact that in dimension 1 the space GBV⋆ is contained in BVloc

(see [99, Remark 3.2]).
We now prove that (1.3.43) and (1.3.44) imply u ∈ GBV⋆(Ω). To this end, let us fix

ξ ∈ Sd−1. By (1.3.43), there exists a Borel set N1
ξ ⊂ Πξ, with Hd−1(N1

ξ ) = 0, such that
uξy ∈ BVloc(Ω

ξ
y) for all y ∈ Πξ \N1

ξ . Let us fix m > 0. For every y ∈ Πξ \N1
ξ , by the Chain

Rule for functions of bounded variation (see [18, Theorem 3.99]) we have (u(m))ξy ∈ BV(Ωξy)
and

D(u(m))ξy = χ{|ũξy |≤m}(D
auξy +Dcuξy) +

(
((uξy)

+)(m) − ((uξy)
−)(m)

)
H0 J

uξy
(1.3.45)

as Borel measures on Ωξy. In particular,

|D(u(m))ξy|(Ωξy) ≤ |Dauξy|(Ωξy) + |Dcuξy|(Ωξy) + |Djuξy|(Juξy \ J
1
uξy
) + 2mH0(J1

uξy
)
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for every y ∈ Πξ \N1
ξ . Combining the previous inequality with (1.3.44), we obtain

ˆ
Πξ

|D(u(m))ξy|(Ωξy) dHd−1(y) < +∞.

By the arbitrariness of ξ ∈ Sd−1 and [18, Remark 3.104], this implies that u(m) ∈ BV(Ω),
whence u ∈ GBV(Ω).

To conclude that u ∈ GBV⋆(Ω), it is then enough to show thatˆ
J
u(m)

|[u(m)]| ∧ 1 dHd−1 ≤ C1, (1.3.46)

ˆ
Ω
|(∇u(m))ei| dx+ |(Dcu(m))ei|(Ω) ≤ C2 for all i ∈ {1, . . . , d}, (1.3.47)

for constants C1, C2 > 0 independent of m.
Let ξ ∈ Sd−1, letN1

ξ ⊂ Πξ be as above, and letN2
ξ ⊂ Πξ be a Borel set, with Hd−1(N2

ξ ) =

0, such that (1.3.14) and (1.3.15) hold for every y ∈ Πξ \N2
ξ . Resorting to (1.3.45), we get

J
(u(m))ξy

⊂ J
uξy

= (Ju)
ξ
y and J1

(u(m))ξy
⊂ J1

uξy
= (J1

u)
ξ
y,

and

|D(u(m))ξy|
(
Bξ
y \ J1

(u(m))ξy

)
≤ |D(u(m))ξy|

(
Bξ
y \ J1

uξy

)
+H0

(
Bξ
y ∩ (J1

uξy
\ J1

(u(m))ξy
)
)

≤ |Duξy|
(
Bξ
y \ J1

uξy

)
+H0

(
Bξ
y ∩ (J1

uξy
\ J1

(u(m))ξy
)
)

(1.3.48)

for all Borel sets B ⊂ Ω and for every y ∈ Πξ \ (N1
ξ ∪N2

ξ ).
We now prove (1.3.46). We consider a finite collection of vectors {ξj}Nj=1 ⊂ Sd−1 with

the property that the sets Sj := {ξ ∈ Sd−1 : |ξ − ξj | ≤ 1/2} cover Sd−1. We set Bj :=

{x ∈ Ju : νu(x) ∈ Sj} and note that Ju =
⋃N
j=1Bj . Note also that, if ξ ∈ Sj for some

j ∈ {1, . . . , N}, then ξ · ξj = 1− |ξ − ξj |2/2 ≥ 7/8, so that

νu(x) · ξj ≥ 7/8 for all x ∈ Bj . (1.3.49)

By the Area Formula (see [18, (2.47)]), (1.3.15), (1.3.48), and (1.3.49), for all j ∈ {1, . . . , N}
we have
7

8

ˆ
Bj

(|[u(m)]| ∧ 1) dHd−1 ≤
ˆ
Bj

(|[u(m)]| ∧ 1)(νu · ξj) dHd−1

=

ˆ
Πξj

(ˆ
(Bj)

ξj
y

(|[(u(m))
ξj
y ](t)| ∧ 1) dH0(t)

)
dHd−1(y)

=

ˆ
Πξj

(
|D(u(m))

ξj
y |

(
(Bj)

ξj
y \ J1

(u(m))
ξj
y

)
+H0

(
(Bj)

ξj
y ∩ J1

(u(m))
ξj
y

))
dHd−1(y)

≤
ˆ
Πξj

(
|Duξjy |

(
(Bj)

ξj
y \ J1

u
ξj
y

)
+H0

(
(Bj)

ξj
y ∩ J1

u
ξj
y

))
dHd−1(y).

Summing over j ∈ {1, . . . , N} the previous inequality, we find by the Area Formula

ˆ
Ju

(|[u(m)]| ∧ 1) dHd−1 ≤ 8

7

N∑
j=1

ˆ
Πξj

(
|Duξjy |

(
(Bj)

ξj
y \ J1

u
ξj
y

)
+H0

(
(Bj)

ξj
y ∩ J1

u
ξj
y

))
dHd−1(y).
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Letting C1 denote the right-hand side of the previous inequality, it follows from (1.3.44)that
C1 < +∞, which proves (1.3.46).

To prove (1.3.47), we use the slicing properties of functions of bounded variation (see [18,
Theorem 3.108]) to get
ˆ
Ω
|(∇u(m))ei| dx+|(Dcu(m))ei|(Ω)=

ˆ
Πei

(ˆ
Ω

ei
y

|∇(u(m))eiy | dt+|Dc(u(m))eiy |(Ωeiy )
)
dHd−1(y).

In view of (1.3.44), of (1.3.48) applied with B = Ω\Ju, and of (1.3.14), the previous equality
proves (1.3.47) with

C2 :=

d∑
i=1

ˆ
Πei

( ˆ
Ω

ei
y

|∇ueiy | dt+ |Dcueiy |(Ωeiy )
)
dHd−1(y).

This proves that u ∈ GBV⋆(Ω) and concludes the proof.

Remark 1.3.29. If Ω has Lipschitz boundary and u ∈ GBV(Ω;Rk), then we may replace
BVloc(Ω

ξ
y;Rk) in (1.3.43) by BV(Ωξy;Rk). Indeed, let y ∈ Πξ be such that

uξy ∈ BVloc(Ω
ξ
y;Rk), H0(∂Ωξy) < +∞, and |Duξy|(Ωξy \ J1

uξy
)+H0(Ωξy ∩ J1

uξy
) < +∞. (1.3.50)

Since H0(J1
uξy
) < +∞, it follows immediately that |Duξy|(Ωξy) < +∞. The assumption

H0(∂Ωξy) < +∞ implies that Ωξy is a finite union of open intervals, so that by the Funda-
mental Theorem of Calculus for one-dimensional BV functions we also get uξy ∈ L1(Ωξy;Rk).
As the conditions in (1.3.50) are satisfied by Hd−1-a.e. y ∈ Πξ, the claim is proved.

We now show that the measure Dcu enjoys some useful disintegration properties.

Lemma 1.3.30. Let u ∈ GBV⋆(Ω;Rk), let φ : Ω → R be a bounded Borel function, and let
B ⊂ Ω be a Borel set. Then for every ξ ∈ Sd−1 we have( ˆ

B
φ dDcu

)
ξ =

ˆ
Πξ

(ˆ
Bξ

y

φξy dD
cuξy

)
dHd−1(y). (1.3.51)

Proof. The case φ = χE for some Borel set E ⊂ Ω is exactly (1.3.34). This result is clearly
extended to simple bounded Borel functions by additivity. The general case can be obtained
by approximating each bounded Borel function by a sequence of uniformly bounded simple
Borel functions, taking into account (1.3.44), in order to be able to use the Dominated
Convergence Theorem on the right-hand side of (1.3.51).

1.4 Functions of (generalised) bounded deformation

In this section, we recall the main properties of functions of (generalised) bounded
deformation, using [169], [17], and [89] as main references.

Functions of bounded deformation. The space of functions of bounded deformation
BD(Ω) is the collection of all u ∈ L1(Ω;Rd) such that the symmetric part of their distri-
butional derivative Eu := 1

2(Du + DuT ) belongs to Mb(Ω;Rd×dsym). We will also consider
the space BDloc(Ω), the collection of all Ld-measurable functions u : Ω → Rd such that
u|O ∈ BD(O) for every open set O ⊂⊂ Ω.
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It was proved in [17] that the measure Eu can always be decomposed as

Eu = Eau+ Ecu+ Eju = EuLd + Ecu+ [u]⊙ νuHd−1 Ju, (1.4.1)

where:

(i) the absolutely continuous part Eau is the absolutely continuous part of Eu with respect
to Ld, whose density is denoted by Eu ∈ L1(Ω;Rd×dsym),

(ii) the Cantor part Ecu is defined as Ecu := Esu (Ω \ Ju), where Esu is the singular
part of Eu with respect to Ld; it is known that Ecu vanishes on all Borel sets B ⊂ Ω
that are σ-finite with respect to Hd−1,

(iii) the jump part Eju is defined by Eju := Eu Ju = Esu Ju; it is known that
Eju = [u]⊙ νuHd−1 Ju.

Furthermore, Eu is an approximate symmetric gradient, i.e., it satisfies

lim sup
ρ→0+

1

ρd

ˆ
Bρ(x)

|
(
u(y)− u(x)− Eu(x)(y − x)

)
· (y − x)|

|y − x|2
dy = 0

for Ld-a.e. x ∈ Ω.
We recall that De Philippis & Rindler proved in [107, Theorem 1.18] that the measure

Ecu satisfies an analogue of the rigidity property stated in Theorem 1.3.1.

Theorem 1.4.1. Let u ∈ BD(Ω). Then there exist a Borel set C(u) with |Ecu|(C(u)) =
|Ecu|(Ω) and two Borel maps au, bu : Ω → Rd such that

dEcu

d|Ecu|
= au ⊙ bu and |au ⊙ bu| = 1 on C(u). (1.4.2)

The following theorem, whose proof was first obtained in [17, Structure Theorem 4.5],
describes the slicing properties of functions in BD(Ω).

Theorem 1.4.2. Let u ∈ BD(Ω) and ξ ∈ Sd−1. Then the following hold

(a) ûξy ∈ BV(Ωξy) for Hd−1-a.e. y ∈ Πξ;

(b) for every Borel set B ⊂ Ω it holds

Eu(B)ξ ·ξ =
ˆ
Πξ

Dûξy(B
ξ
y) dHd−1(y) and |Euξ ·ξ|(B) =

ˆ
Πξ

|Dûξy|(Bξ
y) dHd−1(y);

(c) Eu(y + tξ)ξ · ξ = ∇ûξy(t) for Hd−1-a.e. y ∈ Πξ and for L1-a.e. t ∈ Ωξy;

(d) for every Borel set B ⊂ Ω we have

Ecu(B)ξ · ξ =
ˆ
Πξ

Dcûξy(B
ξ
y) dHd−1(y);

(e) for Hd−1-a.e. y ∈ Πξ we have

J
ûξy

⊂ (Ju)
ξ
y and u±(y + tξ) · ξ = (ûξy)

±(t) for all t ∈ (Ju)
ξ
y, (1.4.3)

where the normals at Ju and J
ûξy

are oriented in such a way that νu ·ξ ≥ 0 and ν
ûξy

= 1;
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Generalised functions of bounded deformation. We recall the definition of the space
of generalised functions of bounded deformation, introduced in [89, Definition 4.1]. This
definition uses the collection T of regular truncation functions defined by

T := {τ ∈ C1(R) : − 1/2 ≤ τ ≤ 1/2 and 0 ≤ τ ′ ≤ 1}.

Definition 1.4.3. The space GBD(Ω) is the space of all Ld-measurable functions u : Ω →
Rd for which there exists a measure λ ∈ M+

b (Ω) such that the following equivalent conditions
are satisfied for every ξ ∈ Sd−1:

(a) for every τ ∈ T we have Dξ(τ(u · ξ)) ∈ Mb(Ω) and

|Dξ(τ(u · ξ))|(B) ≤ λ(B) for all Borel sets B ⊂ Ω; (1.4.4)

(b) for Hd−1-a.e. y ∈ Πξ we have ûξy ∈ BVloc(Ω
ξ
y) andˆ

Πξ

(
|Dûξy|(Bξ

y \J1
ûξy
)+H0(Bξ

y∩J1
ûξy
)
)
dHd−1(y) ≤ λ(B) for all Borel sets B ⊂ Ω. (1.4.5)

The space GSBD(Ω) is the subspace of u ∈ GBD(Ω) such that for every ξ ∈ Sd−1 one hase
ûξy ∈ SBVloc(Ω

ξ
y) for Hd−1-a.e. y ∈ Πξ.

Remark 1.4.4. If u ∈ GBD(Ω) it follows from (b) of Definition 1.4.3 that for every ξ ∈ Sd−1

there exists a Borel set Nξ ⊂ Πξ, with Hd−1(Nξ) = 0, such that ûξy ∈ BVloc(Ω
ξ
y) and

|Dûξy|(Ωξy) < +∞ for every y ∈ Πξ \Nξ. In particular, if Ωξy is an interval and y ∈ Πξ \Nξ,
then ûξy ∈ BV(Ωξy).

Remark 1.4.5. The previous remark implies that, if d = 1, then GBD(Ω) = {u ∈
BVloc(Ω): |Du|(Ω) < +∞}.

Remark 1.4.6. Condition (a) of Definition 1.4.3 can be strengthened by requiring that
(1.4.4) holds also for every τ ∈ TLip, where

TLip := {τ ∈ Lip(R) : − 1/2 ≤ τ ≤ 1/2, 0 ≤ τ ′ ≤ 1 L1-a.e., τ ′ has compact support}.

Indeed, every function τ ∈ TLip can be approximated uniformly on R by a sequence {τn}n ⊂
T , so that τn(u · ξ) → τ(u · ξ) in L1(Ω). Since for every O ⊂ Ω open, the function
v 7→ |Dξv|(O) is lower semicontinuous with respect to the L1(Ω) convergence, by (1.4.4) we
obtain that Dξ(τ(u · ξ)) ∈ Mb(Ω) and that

|Dξ(τ(u · ξ))|(O) ≤ lim inf
n→+∞

|Dξ(τn(u · ξ))|(O) ≤ λ(O)

for every O ⊂ Ω open. Inequality (1.4.4) for a general Borel set B ⊂ Ω follows by approxi-
mation with open sets.

Remark 1.4.7. Inequality (1.4.5) can be extended to non-unit vectors. Elementary argu-
ments show that for every t ̸= 0, ξ ∈ Rd \ {0}, y ∈ Πξ, and E ⊂ Rd

Eξy = tEtξy . (1.4.6)

Since ûtξy (s) = tûξy(st) for every s ∈ R, we have

Dûtξy (S) = |t|Dûξy(tS) and |Dûtξy |(S) = |t||Dûξy|(tS),

tJ
ûtξy

= J
ûξy

and tJ
|t|
ûtξy

= J1
ûξy

(1.4.7)
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for every Borel set S ⊂ Ωtξy . In particular, if B ⊂ Ω is a Borel set, taking S = Btξ
y \ J |t|

ûtξy

and using (1.4.6) and (1.4.7) we get

|Dûtξy |(Btξ
y \ J |t|

ûtξy
) = |t||Dûξy|(Bξ

y \ J1
ûξy
), (1.4.8)

while, taking S = Btξ
y and using (1.4.6)

Dûtξy (B
tξ
y ) = |t|Dûξy(Bξ

y). (1.4.9)

Applying (1.4.7) and (1.4.8) with t = |ξ| and ξ replaced by ξ/|ξ|, from (1.4.5) we obtain
ˆ
Πξ

|ξ||Dûξy|(Bξ
y \ J

|ξ|
ûξy
)dHd−1(y) ≤ |ξ|2λ(B), (1.4.10)

ˆ
Πξ

H0(Bξ
y ∩ J

|ξ|
ûξy
)dHd−1(y) ≤ λ(B),

for every ξ ∈ Rd \ {0} and every Borel set B ⊂ Ω.

Remark 1.4.8. It follows from [14, Remark 3.6] that, if u ∈ GBD(Ω), then Hd−1(J1
u) <

+∞. More precisely, it is shown that, if λ ∈ M+
b (Ω) satisfies (1.4.5), then for every Borel

set B ⊂ Ω we have the inequality

Hd−1(J1
u ∩B) ≤ 4dλ(B). (1.4.11)

Since by Theorem 1.4.13 below for Hd−1-a.e. y ∈ Πξ we have

J
|ξ|
ûξy

⊂ (J1
u)
ξ
y,

it follows from (1.4.7), (1.4.10), and (1.4.11) that
ˆ
Πξ

|ξ||Dûξy|((B \ J1
u)
ξ
y)dHd−1(y) ≤ |ξ|2λ(B), (1.4.12)

ˆ
Πξ

H0((B ∩ J1
u)
ξ
y)dHd−1(y) ≤ 4dλ(B).

Given 0 < r ≤ 1, we can consider the function v = u/r, which by [89, Remark 4.6] satisfies
(1.4.5) with λ/r. Applying (1.4.11) to this function, we obtain

Hd−1(Jru ∩B) ≤ 4d

r
λ(B) (1.4.13)

for every Borel set B ⊂ Ω. In particular, this implies that [u] ∈ L1
weak(Ju,Hd−1). Moreover,

since Ju =
⋃

0<r≤1 J
r
u, we have that Ju is σ-finite with respect to Hd−1.

Definition 1.4.9. For every u ∈ GBD(Ω) and ξ ∈ Rd \ {0} we introduce the bounded
Radon measure λξu defined for every Borel set B ⊂ Ω by

λξu(B) :=

ˆ
Πξ

(
|ξ||Dûξy|(Bξ

y \ J
|ξ|
ûξy
) +H0(Bξ

y ∩ J
|ξ|
ûξy
)
)
dHd−1(y). (1.4.14)

The following result was proved in [89, Proposition 4.17] and characterises, in terms of
the measures λξu, the optimal measure λ for which (1.4.5) holds.
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Proposition 1.4.10. Let u ∈ GBD(Ω) and let λu ∈ M+
b (Ω) be the positive measure defined

by

λu(B) := sup
N∑
i=1

λξiu (Bi) for every Borel set B ⊂ Ω, (1.4.15)

where the supremum is taken over all N ∈ N, all families {ξi}Ni=1 of vectors of Sd−1, and all
Borel partitions {Bi}Ni=1 of B. Then λu is the smallest measure that satisfies (1.4.5) for all
ξ ∈ Sd−1.

Remark 1.4.11. Let u ∈ GBD(Ω) and for every ρ > 0 let uρ be the function defined for
x ∈ ρΩ by uρ(x) := u(x/ρ). Then for every Borel set B ⊂ Ω \ Ju we have λuρ(ρB) =
ρd−1λu(B). Indeed, since Juρ = ρJu we have ρB ∩ Juρ = Ø so that, using (1.4.14) and
the first inclusion in (1.4.16), a change of coordinates shows that λξuρ(ρB) = ρd−1λξu(B) for
every ξ ∈ Sd−1. The conclusion then follows from (1.4.15).

Remark 1.4.12. Given u ∈ GBD(Ω), we have λu = λu+a whenever a : Rd → Rd is of the
form a(x) := Ax + b with A ∈ Rd×dskew and b ∈ Rd. Indeed, for every ξ ∈ Sd−1, y ∈ πξ(Ω)

and t ∈ Ωξy it holds aξy(t) := (A(y + tξ) + b) · ξ, so that Daξy(t) = Aξ · ξ = 0, being A

skew-symmetric. By (1.4.14) this implies that λξu = λξu+a. The conclusion then follows from
(1.4.15).

The following theorem collects some of the fine properties of GBD(Ω) functions, proved
in [89, Proposition 6.1 and Theorems 6.2, 8.1, 9.1].

Theorem 1.4.13. Let u ∈ GBD(Ω). Then the following properties hold:
(a) (existence of the approximate symmetric gradient) there exists Eu ∈ L1(Ω;Rd×dsym)

such that for Ld-a.e. x ∈ Ω we have

aplim
y→x

(u(y)− u(x)− Eu(x)(y − x)) · (y − x)

|x− y|2
= 0;

moreover, for every ξ ∈ Rd \ {0} and for Hd−1-a.e. y ∈ Πξ we have

Eu(y + tξ)ξ · ξ = ∇ûξy(t)

for L1-a.e. t ∈ Ωξy;
(b) (Ju and its slices) the jump set Ju is (Hd−1, d− 1)-rectifiable; for every ξ ∈ Rd \ {0}

and for Hd−1-a.e. y ∈ Πξ we have

J
ûξy

= {x ∈ Ju : [u](x) · ξ ̸= 0}ξy ⊂ (Ju)
ξ
y, (1.4.16)

(ûξy)
±(t) = u±(y + tξ) · ξ for every t ∈ (Ju)

ξ
y, (1.4.17)

J
|ξ|
ûξy

⊂ (J1
u)
ξ
y, (1.4.18)

where the normals at Ju and J
ûξy

are oriented in such a way that νu · ξ ≥ 0 and ν
ûξy

= 1. In
particular,

|Dûξy|((Ju)ξy \ Jûξy) = 0 (1.4.19)

for Hd−1-a.e. y ∈ Πξ.
Moreover, setting

Θu :=
{
x ∈ Ω: lim sup

ρ→0

λu(Bρ(x))

ρd−1
> 0

}
, (1.4.20)

we have that Θu is (Hd−1, d− 1)-rectifiable, Ju ⊂ Θu, and that Hd−1(Θu \ Ju) = 0.
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It is easy to see that for a function u ∈ GBD(Ω) \ BD(Ω) its jump [u] need not be
integrable on Ju with respect to Hd−1 (see, for instance, [89, Example 12.3]). More precisely,
one can show (see, for instance, [17, Proposition 3.2] or [168, Remark 2.17]) that, if u ∈
GBD(Ω) ∩ L1(Ω;Rd) and [u] ∈ L1(Ju,Hd−1), then u belongs to BD(Ω). Nonetheless, we
now show that [u] is integrable on Ju \ J1

u with respect to Hd−1. This is the content of the
following proposition.

Proposition 1.4.14 ([91, Proposition 2.13]). Let u ∈ GBD(Ω). Then
ˆ
Ju\J1

u

|([u]⊙ νu)ξ · ξ| dHd−1 < +∞ (1.4.21)

for every ξ ∈ Rd. This is equivalent to [u] ∈ L1(Ju \ J1
u,Hd−1).

Proof. By homogeneity it is enough to show (1.4.21) for a fixed ξ ∈ Sd−1. By definition of
⊙ we have ([u]⊙ νu)ξ · ξ = ([u] · ξ)(νu · ξ). Therefore, by the Area Formula [164, 12.4], we
can writeˆ

Ju\J1
u

|([u]⊙ νu)ξ · ξ| dHd−1 =

ˆ
Ju\J1

u

|([u] · ξ)(νu · ξ)| dHd−1

=

ˆ
Πξ

(ˆ
(Ju\J1

u)
ξ
y

|[u](y + tξ) · ξ|dH0(t)
)
dHd−1(y)

≤
ˆ
Πξ

(ˆ
J
û
ξ
y
\J1

û
ξ
y

|[ûξy](t)| dH0(t)
)
dHd−1(y), (1.4.22)

where in the inequality we have used (1.4.16)–(1.4.18). By (b) of Definition 1.4.3, for Hd−1-
a.e. y ∈ Πξ we have ûξy ∈ BVloc(Ω

ξ
y), so that

ˆ
Πξ

( ˆ
J
û
ξ
y
\J1

û
ξ
y

|[ûξy](t)| dH0(t)
)
dHd−1(y) =

ˆ
Πξ

|Dûξy|(Jûξy \ J
1
ûξy
)dHd−1(y)

≤
ˆ
Πξ

|Dûξy|(Ωξy \ J1
ûξy
) dHd−1(y)

≤ λ(Ω) < +∞,

which, together with (1.4.22), concludes the proof of (1.4.21).
From the polarisation identity it follows that for every ξ, η ∈ Rd \ {0} one has

|([u]⊙ νu)ξ · η| ≤
1

4

(
|([u]⊙ νu)(ξ + η) · (ξ + η)|+ |([u]⊙ νu)(ξ − η) · (ξ − η)|

)
on Ju. Hence, by (1.4.21) we deduce that [u] ⊙ νu ∈ L1(Ju \ J1

u,Hd−1). Since for every
a, b ∈ Rd we have |a||b| ≤

√
2|a⊙ b|, the proof is concluded.

1.5 Integral representation in BV, SBV2, and BD

In this section, we collect some results concerning the integral representation of abstract
functionals over various spaces of functions of bounded variation/deformation.
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In order to present these results, we set first some notation. Here, X always stands for a
subspace of L1(Ω;Rk) of functions of bounded variation/deformation, whose nature will be
clear from the context. We look at functionals F : X ×B(Ω) → [0,+∞) that satisfy, among
others, the following set of assumptions

(X1) (Measure property) for every u ∈ X the set function F (u, ·) is a bounded Radon
measure on B(Ω);

(X2) (Locality) for every O ∈ O(Ω) and pairs u, v ∈ X, with u = v Ld-a.e. in O, it holds
F (u,O) = F (v,O);

(X3) (Lower semicontinuity) for every O ∈ O(Ω) the functional F (·, O) is lower semicon-
tinuous with respect to the L1(Ω;Rk)-convergence;

(X4a) (Invariance under addition of constants) for every u ∈ X, a ∈ Rk, and B ∈ B(Ω) it
holds

F (u+ a,B) = F (u,B);

(X4b) (Invariance under addition of rigid motions) assuming k = d, for every u ∈ X, A ∈
Rd×dskew, b ∈ Rd, and B ∈ B(Ω), letting R(y) := Ay + b, it holds

F (u+R,B) = F (u,B).

Hypotheses (X4a) and (X4b) appear naturally in two different contexts. The first is a
natural condition for functionals defined over spaces of functions of bounded variation and
it states that, essentially, these depend only on the distributional gradient of such functions.
The second is instead natural when the base space is BD, and morally implies that they
depend only the symmetric part of the distributional gradient.

Given such functional F satisfying the conditions above, it is convenient to look at some
associated auxiliary minimisation problems. Given an open set with Lipschitz boundary
O ⊂ Ω, and w ∈ X, we set

mF (w,O) := inf{F (u,O) : u ∈ X with u = w on ∂O}, (1.5.1)

the equality u = w being understood in the sense of traces.
The preferred Dirichlet boundary conditions for the problem above will be given by affine

and pure-jump functions. Given A ∈ Rk×d we let ℓA : Rd → Rk be the function defined by

ℓA(y) := Ay for all y ∈ Rd, (1.5.2)

while for x ∈ Rd, ζ ∈ Rk, and ν ∈ Sd−1 we let ux,ζ,ν : Rd → Rk be the function defined by

ux,ζ,ν(y) :=

{
ζ if (y − x) · ν > 0,

0 if (y − x) · ν ≤ 0.
(1.5.3)

The preferred domains for the minimisation problems (1.5.1) will be given by oriented cubes.
We recall that Qν(x, ρ) is the cube given by (1.1.1) while Q(x, ρ) := x+ (−ρ/2, ρ/2)d.

We are finally ready to introduce the candidate bulk and surface integrands fbulk : Ω×
Rk×d → [0,+∞) and fsurf : Ω× Rk × Sd−1 → [0,+∞); they are defined by

fbulk(x,A) := lim sup
ρ→0+

mF (ℓA, Q(x, ρ))

ρd
(1.5.4)
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for all x ∈ Ω, A ∈ Rk×d, and

fsurf(x, ζ, ν) := lim sup
ρ→0+

mF (ux,ζ,ν , Qν(x, ρ))

ρd−1
(1.5.5)

for all x ∈ Ω, ζ ∈ Rk, and ν ∈ Sd−1.
Under the hypotheses of the Theorems 1.5.1 and 1.5.4 below, we will always have

c(|A| − 1) ≤ fbulk(x,A) ≤ C(|A|+ 1) for A ∈ Rk×d

for some constants c, C > 0. This condition will allow us to consider f∞bulk, the recession
function of fbulk, which is defined by

f∞bulk(x,A) := lim sup
t→+∞

fbulk(x, tA)

t
for all x ∈ Ω and A ∈ Rk×d (1.5.6)

and that plays a crucial role in some of the results below.

Integral representation in BV. The following integral representation result was proved
by Bouchitté, Fonseca, & Mascarenhas [41]. We stress that (1.5.8) could be weakened
significantly by requiring a uniform continuity in the x-variable (see [41, (2.4)] for details)
instead of independence. As we will not need this more general version, we only state here
a simplified statement.

Theorem 1.5.1 ([41, Theorems 3.7 and 3.12]). Let F : BV(Ω;Rk)× B(Ω) → [0,+∞) be a
functional satisfying assumptions (X1)–(X4a) with X = BV(Ω;Rk). Assume also that there
exist two constants c, C > 0 such that

c
(
|Du|(B)− Ld(B)

)
≤ F (u,B) ≤ C

(
|Du|(B) + Ld(B)

)
(1.5.7)

for every u ∈ BV(Ω;Rk) and B ∈ B(Ω). Then, for every u ∈ SBV(Ω;Rk) and B ∈ B(Ω) it
holds

F (u,B) =

ˆ
B
fbulk(x,∇u) dx+

ˆ
Ju∩B

fsurf(x, [u], νu) dHd−1,

where fbulk and fsurf are given by (1.5.4) and (1.5.5), respectively.
Moreover, if for every u ∈ BV(Ω;Rk) and x ∈ Rd, it holds

F (u(· − x), x+B) = F (u,B) (1.5.8)

for every B ∈ B(Ω) with x+B ⊂ Ω, then fbulk and fsurf do not depend on x and (omitting
their dependence on this variable) we have

F (u,B) =

ˆ
B
fbulk(∇u) dx+

ˆ
B
f∞bulk

( dDcu

d|Dcu|

)
d|Dcu|+

ˆ
Ju∩B

fsurf([u], νu) dHd−1,

for all u ∈ BV(Ω;Rk) and B ∈ B(Ω).

The proof of the second part of the result above is based on the following lemma,
concerning the Radon-Nikodým derivative of F (u, ·) with respect to |Du| at a point x ∈
C(u), where C(u) is the set of Theorem 1.3.1. We recall the definition of the rectangles
Qλν (x, ρ) given in (1.1.2).
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Lemma 1.5.2. Let F : BV(Ω;Rk)×B(Ω) → [0,+∞) be a functional satisfying assumptions
(X1)–(X4a) with X = BV(Ω;Rk), let u ∈ BV(Ω;Rk), and let C(u) be the Borel set of
Theorem 1.3.1. For every x ∈ C(u), every λ ≥ 1, and every ρ > 0 we set

sλρ(x) :=
|Dcu|(Qλbu(x)(x, ρ))

λd−1ρd
and Aλρ(x) := sλρ(x)(au(x)⊗ bu(x)),

where (au(x), bu(x)) ∈ Rk × Sd−1 satisfy (1.3.2). Then

lim
ρ→0+

sλρ(x) = +∞ and lim
ρ→0+

ρsλρ(x) = 0 for every λ ≥ 1,

dF (u, ·)
d|Du|

(x) = lim
λ→+∞

lim sup
ρ→0+

mF (ℓAλ
ρ (x)

, Qλbu(x)(x, ρ))

λd−1ρdsλρ(x)
,

for |Dcu|-a.e. x ∈ C(u).

Integral representation in SBV2. An analogue of Theorem 1.5.1 was later proved by
Bouchitté, Fonseca, Leoni, & Mascarenhas [40] for functionals defined on SBV2.

Theorem 1.5.3 ( [40, Theorem 1]). Let F : SBV2(Ω;Rk)×B(Ω) → [0,+∞) be a functional
satisfying assumptions (X1)–(X4a) with X = SBV2(Ω;Rk). Assume also that there exist
two constants c, C > 0 such that

c
(ˆ

B
(|∇u|2 − 1) dx+

ˆ
Ju∩B

(|[u]|+ 1) dHd−1
)
≤ F (u,B)

≤ C
(ˆ

B
(|∇u|2 + 1) dx+

ˆ
Ju∩B

(|[u]|+ 1) dHd−1
)

(1.5.9)

for every u ∈ SBV2(Ω;Rk) and B ∈ B(Ω). Then, for every u ∈ SBV2(Ω;Rk) and B ∈ B(Ω)
it holds

F (u,B) =

ˆ
B
fbulk(x,∇u) dx+

ˆ
Ju∩B

fsurf(x, [u], νu) dHd−1,

where fbulk and fsurf are given by (1.5.4) and (1.5.5), respectively.

Integral representation in BD. We conclude this section with an analogue of the pre-
vious theorems in the setting of functions of bounded deformation. The first part of the
statement below was obtained by Ebobisse & Toader in [115], following the lines of the
proof [41], while the second part has been recently obtained by Caroccia, Focardi, & Van
Goethem [63], by means of a careful blow-up analysis based on Theorem 1.4.1.

Theorem 1.5.4 ([115, Theorem 3.3] and [63, Theorem 2.3 and Corollary 5.5]). d
Let F : BD(Ω) × B(Ω) → [0,+∞) be a functional satisfying assumptions (X1)–(X3), and
(X4b) with X = BD(Ω). Assume also that there exist two constants c, C > 0 such that

c
(
|Eu|(B)− Ld(B)

)
≤ F (u,B) ≤ C

(
|Eu|(B) + Ld(B)

)
(1.5.10)

for every u ∈ BD(Ω) and B ∈ B(Ω). Then, for every u ∈ SBD(Ω) and B ∈ B(Ω) it holds

F (u,B) =

ˆ
B
fbulk(x, Eu) dx+

ˆ
Ju∩B

fsurf(x, [u], νu) dHd−1,

where fbulk and fsurf are given by (1.5.4) and (1.5.5), respectively.
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Moreover, if for every u ∈ BD(Ω) and x ∈ Rd, it holds

F (u(· − x), x+B) = F (u,B) (1.5.11)

for every B ∈ B(Ω) with x+B ⊂ Ω, then fbulk and fsurf do not depend on x and (omitting
their dependence on this variable) we have

F (u,B) =

ˆ
B
fbulk(Eu) dx+

ˆ
B
f∞bulk

( dEcu

d|Ecu|

)
d|Ecu|+

ˆ
Ju∩B

fsurf([u], νu) dHd−1,

for all u ∈ BD(Ω) and B ∈ B(Ω).

One of the technical results proved in [63] is a variant in the BD-setting of Lemma 1.5.2,
which we will use in Chapter 4. To present its statement we set some further notation. For
every λ > 0 and every pair (a, b) ∈ Rd × Rd with a, b linearly independent we set

P a,bλ :=
{
z ∈ Rd : |z · b| < λ

2 , |z · a| <
1
2 , |z · θi| <

1
2 for i ∈ {1, . . . , d− 2}

}
,

where {θi}d−2
i=1 ⊂ Sd−1 is such that {a, b, θ1, . . . , θd−2} is a basis of Rd, while if a and b are

linearly dependent we set

P a,bλ :=
{
z ∈ Rd : |z · b| < λ

2 , |z · θi| <
1
2 for i ∈ {1, . . . , d− 1}

}
,

where {θi}d−1
i=1 ⊂ Sd−1 is such that {b, θ1, . . . , θd−1} is a basis of Rd. The choice of the vectors

{θi}i in the previous definitions is irrelevant for the arguments that follow. Given x ∈ Rd

and ρ > 0, we also set P a,bλ (x, ρ) := x+ρP a,bλ . Moreover, given u ∈ BD(Ω) and letting C(u),
au, bu be the Borel set and the Borel maps of Theorem 1.4.1, for every point x ∈ C(u) we
set P xλ (x, ρ) := P

au(x),bu(x)
λ (x, ρ).

Lemma 1.5.5 ([63, Lemma 5.3]). Let F : BD(Ω)×B(Ω) → [0,+∞) be a functional satisfying
assumptions (X1)–(X3), and (X4b) with X = BD(Ω), and let u ∈ BD(Ω). Then there exists
C(u) ∈ B(Ω), with |Ecu|(Ω) = |Ecu|(C(u)), such that for every x ∈ C(u) equality (1.4.2)
holds and there exist a positive sequence {λj}j, converging to 0 as j → +∞, and for every
j ∈ N a positive sequence {ρi,j}i, converging to 0 as i→ +∞, such that, setting

A = A(x) := au(x)⊙ bu(x) and si,j :=
|Eu|(P xλj (x, ρi,j))
Ld(P xλj (x, ρi,j))

, (1.5.12)

we have

for every j ∈ N the sequence {si,j}i tends to +∞ as i→ +∞, (1.5.13)

dF (u, ·)
d|Eu|

(x) = lim
j→+∞

lim sup
i→+∞

mF (si,jℓA, P
x
λj
(x, ρi,j))

si,jLd(P xλj (x, ρi,j))
. (1.5.14)

Proof. This result is proved in [63, Lemma 5.3] under slightly different hypotheses on the
functional F . In particular, they assume a condition, which they denote by (H4), that
prescribes a joint continuity of the functional F with respect to translations both of the
dependent and of the independent variables. Not all functionals F as above satisfy this
property. However, examining the proof of [63, Lemma 5.3] one can see that the use of
property (H4) can be replaced by the property (X4b). This invariance property also allows us
to consider the boundary conditions appearing in (1.5.14) instead of those used in [63, (5.6)],
which differ from ours by a rigid motion.
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CHAPTER 2

Homogenisation of free discontinuity
problems with cohesive surface terms:

the full gradient case

This chapter is devoted to the study of homogenisation problems for free discontinuity
functionals depending on the full distributional gradient Du, with general nonlinear surface
terms. In particular, we investigate via Γ-convergence the asymptotic behaviour as ε→ 0+

of functionals of the form

Fε(u) :=

ˆ
Ω
f
(x
ε
,∇u

)
dx+

ˆ
Ω
f∞

(x
ε
,
dDcu

d|Dcu|

)
d|Dcu|+

ˆ
Ju∩Ω

g
(x
ε
, [u], νu

)
dHd−1, (2.0.1)

where Ω is a bounded open subset of Rd, u ∈ GBV⋆(Ω;Rk) (see Definition 1.3.16), the Borel
measurable integrands f : Rd × Rk×d → [0,+∞) and g : Rd × Rk × Sd−1 → [0,+∞) satisfy

c
(
|A| − 1

)
≤ f(x,A) ≤ C

(
|A|+ 1) for all x ∈ Rd and A ∈ Rk×d, (2.0.2)

c
(
|ζ| ∧ 1

)
≤ g(x, ζ, ν) ≤ C

(
|ζ| ∧ 1) for all x ∈ Rd, ζ ∈ Rk, and ν ∈ Sd−1, (2.0.3)

for suitable positive constants c, C, and the recession function f∞ is given by (1.5.6), with
fbulk replaced by f . The particular form of Fε is dictated by lower semicontinuity consider-
ations, as under the above growth conditions, one must also take into account contributions
related to the Cantor part.

Our goal is twofold. First, without assuming any periodicity in the x-variable, we want to
provide necessary and sufficient conditions for the sequence {Fε}ε to Γ-converge, as ε→ 0+,
to a homogenised functional

Fhom(u) =

ˆ
Ω
fhom(∇u) dx+

ˆ
Ω
f∞hom

( dDcu

d|Dcu|

)
d|Dcu|+

ˆ
Ju∩Ω

ghom([u], νu) dHd−1, (2.0.4)

where fhom and ghom are x-independent bulk and surface energy densities. This characteri-
sation is then employed to deal with the corresponding problem in the probabilistic setting.
More precisely, we assume that the integrands f and g are random functions, and prove
that under the usual assumptions of stochastic homogenisation (see, for instance, [58]) the
sequence {Fε}ε Γ-converges almost surely to Fhom as ε→ 0+.

We here mention that, in order to obtain the above-mentioned characterisation of Γ-
convergence of sequences {Fε}ε, we develop a robust functional framework able to handle the
Γ-convergence of general sequences of integral functionals {Fn}n, in which the dependence
on the parameter n is general and is not simply given by rescaling as in (2.0.1). The general
strategy adopted here relies on the localisation method of Γ-convergence (see [45, Chapter 3]),
in the variant developed in [101], where the same problem was studied in the scalar case
k = 1. This strategy allows us to treat rather general sequences {Fn}n and ultimately
uses integral representation results in GBV⋆ (see Theorems 2.3.16 and 2.5.1), which are of
independent interest. As in [101], we make use of truncation techniques at several points.
However, due to the vector-valued nature of our setting, a different type of truncation is

33
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required. This renders the work substantially more technical and leads to a non-trivial
departure from the scalar case.

We now briefly describe the organisation of the chapter. In Section 2.1 we introduce a
general class of functionals defined on GBV⋆, denoted by F, which includes, in particular, the
functionals Fε defined by (2.0.1) for many choices of f and g. The properties of these general
functionals are then investigated in Section 2.2, the main result being a compactness/closure
theorem for F (see Theorem 2.2.1): every sequence {Fn}n ⊂ F admits a subsequence Γ-
converging to a lower semicontinuous functional F ∈ F.

We then address the integral representation of possible limit functionals F ∈ F. Relying
on rather technical truncation arguments based on Lemma 2.3.9 and on the by-now classical
integral representation results of Bouchitté, Fonseca, & Mascarenhas [41] (see Section 1.5),
we prove in Section 2.3 that the bulk and surface parts of every such F can be represented
as integral functionals associated to a suitable choice of integrands f and g satisfying (2.0.2)
and (2.0.3) (see Theorem 2.3.16). As customary in integral representation results for free
discontinuity problems, f and g are determined by the asymptotic behaviour of certain
boundary value problems related to F on small, possibly oriented, cubes.

In order to obtain a complete integral representation for functionals in F, including
their Cantor part, we introduce in Section 2.4 a relevant subclass of F, denoted by Fα,ϑ

and we study its closure under Γ-convergence (see Proposition 2.4.12). The additional
property satisfied by functionals in this class ensures that the integrands f and g obtained
in Theorem 2.3.16 satisfy quantitative estimates relating f to f∞ and g to the function g0

defined by g0(x, ζ, ν) := limt→0+ g(x, tζ, ν)/t. These estimates are fundamental tools of the
analysis carried out in Section 2.5, where we show that, if F is the Γ-limit of a sequence
{Fn}n ⊂ Fα,ϑ and the function f given by Theorem 2.3.16 does not depend on x, then F
admits a complete integral representation in terms of the integrands f , f∞, and g obtained
in Theorem 2.3.16.

In Section 2.6, we then study the relation between Γ-convergence of a sequence {Fn}n ⊂
F and the asymptotic behaviour of associated boundary value problems. Together with the
theory developed in Section 2.5, these results allow us to derive in Section 2.7 the desired
necessary and sufficient conditions for the Γ-convergence of the functionals {Fε}ε given by
(2.0.1) to a functional Fhom as in (2.0.4) (see Theorem 2.7.1). Finally, relying on techniques
developed by Cagnetti, Dal Maso, Scardia, & Zeppieri in [58, 59], we use Theorem 2.7.1 to
prove the desired homogenisation result in the probabilistic setting (see Theorem 2.7.9).

This chapter is based on the joint work with Dal Maso [90].

2.1 Volume and surface integrands

We begin by introducing the collections of functionals we mainly consider in the follow-
ing. These collections are rather general and will contain sequences {Fε}ε given in (2.0.1).
The study of this particular type of sequences is postponed to Section 2.7.

For the notation used in this chapter, we refer the reader to Sections 1.1–1.3 and 1.5.
In particular, we refer to Section 1.3 for the definition and the main properties of the space
GBV⋆ and to Section 1.1 for the notation concerning families of open/Borel sets.

Throughout the rest of the chapter, we keep fixed six constants c1, . . . , c6 ≥ 0 and a
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bounded continuous function τ : [0,+∞) → [0,+∞). We also assume that

0 < c1 ≤ 1 ≤ c3 ≤ c5, c1k ≤ c3, c5 ≥ k1/2, and c6 ≥ (c3/c1)k
3/2, (2.1.1)

τ(0) = 0 and τ(t) ≥ (c1k
1/2t) ∧ c3 for every t ≥ 0.

We introduce the collection of volume integrands considered in this chapter.

Definition 2.1.1. Let F be the collection of all functions f : Rd × Rk×d → [0,+∞) satis-
fying the following conditions:

(f1) (Measurability) f is Borel measurable;

(f2) (Lower bound) c1
∑k

i=1 |Ai| − c2 ≤ f(x,A) for every x ∈ Rd and A ∈ Rk×d;

(f3) (Upper bound) f(x,A) ≤ c3
∑k

i=1 |Ai|+ c4 for every x ∈ Rd and A ∈ Rk×d;

(f4) (Lipschitz property) |f(x,A)−f(x, L)| ≤ c5|A−L| for every x ∈ Rd and A,L ∈ Rk×d.

Remark 2.1.2. It follows from the elementary inequalities |A| ≤
∑k

i=1 |Ai| ≤ k1/2|A| that

(f2′) c1|A| − c2 ≤ f(x,A) for every x ∈ Rd and A ∈ Rk×d,

(f3′) f(x,A) ≤ c3k
1/2|A|+ c4 for every x ∈ Rd and A ∈ Rk×d.

The following definition introduces the collection of surface integrands considered in this
chapter.

Definition 2.1.3. Let G be the collection of all functions g : Rd × Rk × Sd−1 → [0,+∞)
that satisfy the following conditions:

(g1) (Measurability) g is Borel measurable;

(g2) (Lower bound) c1
∑k

i=1(|ζi| ∧ 1) ≤ g(x, ζ, ν) for every x ∈ Rd, ζ ∈ Rk, and ν ∈ Sd−1;

(g3) (Upper bound) g(x, ζ, ν) ≤ c3
∑k

i=1(|ζi| ∧ 1) for every x ∈ Rd, ζ ∈ Rk, and ν ∈ Sd−1;

(g4) (Continuity in ζ) |g(x, ζ, ν)− g(x, θ, ν)| ≤ τ(|ζ − θ|) for every x ∈ Rd, ζ, θ ∈ Rk, and
ν ∈ Sd−1;

(g5) (Symmetry) g(x,−ζ,−ν) = g(x, ζ, ν) for every x ∈ Rd, ζ ∈ Rk, and ν ∈ Sd−1;

(g6) (Quasi-monotonicity) for every ζ, θ ∈ Rk with c6k|ζ| ≤ |θ| we have g(x, ζ, ν) ≤
g(x, θ, ν) for every x ∈ Rd and ν ∈ Sd−1.

Remark 2.1.4. (A variant of) Property (g6) was already introduced in [57]; its main
motivation is that it yields suitable truncation estimates (see the proof of Proposition 2.1.14
below). Combining (g2) and (g3), it is easy to show that

g(x, ζ, ν) ≤ c3k

c1
g(x, θ, ν)

whenever
∑k

i=1 |ζi| ≤
∑k

i=1 |θi|. Arguing as in [57, Remark 3.2] one can show that this
property and (g6) are weaker than monotonicity of g with respect to |ζ|.

We stress that, in the scalar case k = 1 treated in [101], the authors assume monotonicity
with respect to |ζ| of the surface integrands they consider. Thus, already in the scalar case,
the present framework covers surface integrands that are not included in [101, Definition 2.5].
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Remark 2.1.5. Thanks to the lower and upper bounds (f2) and (f3), we can associate to
every function f ∈ F its recession function f∞, defined by (1.5.6) with fbulk replaced by f .
We observe that, since f satisfies (f2) and (f3), f∞ satisfies

c1|A| ≤ c1

k∑
i=1

|Ai| ≤ f∞(x,A) ≤ c3k
1/2|A| for every x ∈ Rd and A ∈ Rk×d, (2.1.2)

while from (f4) it follows that

|f∞(x,A)− f∞(x, L)| ≤ c5|A− L| for every x ∈ Rd and A,L ∈ Rk×d.

In Section 2.6, we will also consider integrands g0 that do not belong to G . For this
reason, in the following definition we do not assume g ∈ G . We refer the reader to Section
1.1 for the notation concerning families of open/Borel sets.

Definition 2.1.6. Given f ∈ F and a Borel function g : Rd×Rk×Sd−1 → [0,+∞) satisfying
(g5), F f,g : L0(Rd;Rk)× B(Rd) → [0,+∞] is the functional defined, for O ∈ Oc(Rd), by

F f,g(u,O) :=

ˆ
O
f(x,∇u) dx+

ˆ
O
f∞

(
x,

dDcu

d|Dcu|

)
d|Dcu|+

ˆ
Ju∩O

g(x, [u], νu) dHd−1,

if u ∈ GBV⋆(O;Rk), and by F f,g(u,O) = +∞ otherwise. The definition is then extended
to O ∈ O(Rd) by setting

F f,g(u,O) := sup{F f,g(u,O′) : O′ ⊂ O, O′ ∈ Oc(Rd)},

and then to B ∈ B(Rd) by setting

F f,g(u,B) := inf{F f,g(u,O) : O ⊃ B, O ∈ O(Rd)}.

To study the integral representation of Γ-limits of sequences of functionals of the form
F f,g with f ∈ F and g ∈ G , it is convenient to study the properties of functionals F f,g that
pass to the Γ-limit. This leads us to define an abstract collection F of functionals defined
on L0(Rd;Rk) × B(Rd). We shall prove that the Γ-limit of a sequence of functionals in F
belongs to F (see Theorem 2.2.1) and that for every lower semicontinuous functional in F
the volume and surface part admit an integral representation of the form

ˆ
A
f(x,∇u) dx and

ˆ
Ju

g(x, [u], νu) dHd−1,

with integrands f ∈ F and g ∈ G (see Theorem 2.3.16).
For technical reasons, in the definition of the collection F we consider the behaviour of

the functionals with respect to truncations performed using the functions ΦR introduced in
(1.3.12), for σ = c6k + 2. In particular, given i ∈ N and R > 0, we consider the function
defined by ΦiR := Φσi−1R. We also recall the definitions (1.5.2), (1.5.3) of the auxiliary
functions ℓA, ux,ζ,ν , and of the hyperplane Πνx given in (1.1.5).

Definition 2.1.7. Let F be the space of functionals F : L0(Rd;Rk) × B(Rd) → [0,+∞]
satisfying the following conditions:

(H1) (Locality) for every O ∈ O(Rd) and for every u, v ∈ L0(Rd;Rk) with u = v Ld-a.e. in
O, we have F (u,O) = F (v,O);
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(H2) (Measure property) for every u ∈ L0(Rd;Rk) the set function B 7→ F (u,B) is a non-
negative Borel measure on Rd and for every B ∈ B(Rd) we have

F (u,B) := inf{F (u,O) : O ⊃ B, O ∈ O(Rd)};

(H3) (Lower bound) for every u ∈ L0(Rd;Rk) and B ∈ B(Rd) we have

c1V(u,B)− c2Ld(B) ≤ F (u,B);

(H4) (Upper bound) for every u ∈ L0(Rd;Rk) and B ∈ B(Rd) we have

F (u,B) ≤ c3V(u,B) + c4Ld(B);

(H5) (Invariance under addition of constants) for every u ∈ L0(Rd;Rk), B ∈ B(Rd), and
a ∈ Rk we have

F (u+ a,B) = F (u,B);

(H6) (Bulk estimate) for every u ∈ L0(Rd;Rk), A ∈ Rk×d, B ∈ B(Rd) we have

F (u+ ℓA, B) ≤ F (u,B) + c5|A|Ld(B);

(H7) (Surface estimate) for every u ∈ L0(Rd;Rk), B ∈ B(Rd), x ∈ Rd, ζ ∈ Rk, and ν ∈ Sd−1

we have
F (u+ ux,ζ,ν , B) ≤ F (u,B) + τ(|ζ|)Hd−1(B ∩Πνx),

where τ is the function introduced at the beginning of this section;

(H8) (Truncation property) for everym ∈ N, u ∈ L0(Rd;Rk), B ∈ B(Rd), w ∈ W1,1
loc(R

d;Rk),
and R > 0 we have

1

m

m∑
i=1

F (w +ΦiR ◦ (u− w), B) ≤ F (u,B) + c3k
1/2

ˆ
BR

u,w

|∇w| dx+ c4Ld(BR
u,w)

+
C

m

(
F (u,B) + Ld(B) +

ˆ
B
|∇w| dx

)
, (2.1.3)

where BR
u,w := {x ∈ B : |u(x)−w(x)| ≥ R} and C := max{9c3k

c1
, 2c3k

1/2, c4+
c2c3
c1
k1/2};

(H9) (Estimate for rotations) for every 0 < λ ≤ 1/(c6k), R ∈ SO(k), B ∈ B(Rd), and
u ∈ L0(Rd;Rk) we have

F (λRu,B) ≤ F (u,B) + (c4 + c2)Ld(B).

The subcollection of all functionals F ∈ F with the property that for every O ∈ O(Rd)
the functional F (·, O) is lower semicontinuous with respect to the topology of L0(Rd;Rk) is
denoted by Fsc.

Remark 2.1.8. Let F ∈ F, O ∈ O(Rd), and u ∈ L0(O;Rk). We can define F (u,B) for
every B ∈ B(O) by extending the function u to a function v ∈ L0(Rd;Rk) and setting
F (u,B) := F (v,B). The value of F (u,B) does not depend on the chosen extension thanks
to locality property (H1) of Definition 2.1.7.
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Remark 2.1.9. Inequalities (H3) and (H4) imply that

c1Vvec(u,B)− c2Ld(B) ≤ F (u,B) (H3′)

F (u,B) ≤ c3kVvec(u,B) + c4Ld(B), (H4′)

for every u ∈ L0(Rd;Rk) and B ∈ B(Rd). This follows from the elementary inequalities
|A| ≤

∑k
i=1 |Ai| ≤ k1/2|A| and |ζ| ∧ 1 ≤

∑k
i=1(|ζi| ∧ 1) ≤ k(|ζ| ∧ 1), where Ai is the i-th row

of the matrix A and ζi is the i-th component of ζ.

Remark 2.1.10. The functional V satisfies conditions (H1)–(H7) of Definition 2.1.7. How-
ever, it can be shown that, if k > 1, it does not satisfy (H8) and (H9). On the other hand,
the functional Vvec defined in Remark 1.3.15 also satisfies the additional conditions (H8)
and (H9). We do not know, however, whether Vvec is lower semicontinuous.

This property is instead satisfied by V , thanks to the same remark. In order not to alter
the value of the constant c1 in the lower bound (H3) when passing to Γ-limits, we give the
upper and lower bounds (H3) and (H4) in terms of V, in place of Vvec.

Remark 2.1.11. The technical condition (H8) replaces the simpler condition (g) of [100,
Definition 3.1], which, in the particular case w1 = −m and w2 = m, reads as

F (u(m), O) ≤ F (u,O) + Ld({|u| > m}). (2.1.4)

Although this truncation procedure is still available in the vector-valued case (see Definition
1.3.16 and Proposition 1.3.19), acting component-wise, an estimate of the form (2.1.4) does
not hold for k > 1, even for the prototypical integral functional Vvec. This is one of the main
difficulties in generalising the results of [101] to the vector-valued case. The new condition
(H8) of Definition 2.1.7 is crucial to introduce a different type of truncation operators with
good estimates. The presence of an average in the left-hand side of inequality (2.1.3) makes
it easy to select a truncation level with the desired properties (see, for instance, the proof of
Lemma 2.1.15, where this property is used for the first time). Similar smooth truncations
were already considered, for instance, in [48, 57,64,124,130].

Remark 2.1.12. Condition (H9) is of a technical nature and will be used in Proposition
2.3.14 to show that, when F ∈ F admits a (partial) integral representation, its surface
integrand always satisfies quasi-monotonicity property (g6).

Remark 2.1.13. It follows directly from (a) of Definition 1.3.16 and from Definition 2.1.7
that if O ∈ Oc(Rd) and u ∈ L0(Rd;Rk) then

F (u,O) < +∞ if and only if u ∈ GBV⋆(O;Rk).

The following proposition shows that functionals of the type F f,g introduced in Defini-
tion 2.1.6 belong to F.

Proposition 2.1.14. Let f ∈ F and g ∈ G . Then the functional F f,g belongs to F and for
every O ∈ Oc(Rd) and u ∈ GBV⋆(O;Rk) we have

F f,g(u,B) =

ˆ
B
f(x,∇u) dx+

ˆ
B
f∞

(
x,

dDcu

d|Dcu|

)
d|Dcu|+

ˆ
Ju∩B

g(x, [u], νu) dHd−1 (2.1.5)

for every B ∈ B(O).
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Proof. The proof of equality (2.1.5) and of the fact that F f,g satisfies (H1)–(H7) of Definition
2.1.7 may be deduced from the proof of [100, Proposition 3.11], with minor changes.

We are left with showing that F f,g enjoys properties (H8) and (H9) of Definition 2.1.7.
We begin addressing (H8). Since F f,g satisfies properties (H1) and (H2), it is enough to
prove (2.1.3) for every O ∈ Oc(Rd). Without loss of generality, we may also assume that
u ∈ GBV⋆(O;Rk).

Let w ∈ W1,1
loc(R

d;Rk), let R > 0, let m ∈ N, and let i ∈ {1, . . . ,m}. We set viR :=
w + ΦiR ◦ (u− w) and note that viR ∈ GBV⋆(O;Rk), thanks to (c) of Definition 1.3.16 and
to the fact that GBV⋆(O;Rk) is a vector space.

Consider the set Oreg := {x ∈ O : ũ(x) and w̃(x) exist}. We recall that Oreg and Ju are
Borel sets and that, thanks to (a) of Proposition 1.3.10, we have Hd−1(O \ (Oreg ∪Ju)) = 0.
We set

Oiin := {x ∈ Oreg : |ũ(x)− w̃(x)| ≤ σi−1R},
Oi := {x ∈ Oreg : σ

i−1R < |ũ(x)− w̃(x)| < σiR},
Oiout := {x ∈ Oreg : |ũ(x)− w̃(x)| ≥ σiR}.

In view of (b) of Proposition 1.3.10, for every i ∈ {1, . . . ,m} we have that

∇viR = ∇u Ld-a.e. in Oiin,

∇viR = ∇w +∇ΦiR ◦ (u− w)(∇u−∇w) Ld-a.e. in Oi, (2.1.6)

∇viR = ∇w Ld-a.e. in Oiout.

Therefore,
ˆ
O
f(x,∇viR) dx =

ˆ
Oi

in

f(x,∇u) dx+

ˆ
Oi

f(x,∇viR) dx+

ˆ
Oi

out

f(x,∇w) dx. (2.1.7)

Exploiting (f2′), (f3′), and (2.1.6), and recalling that Lip(ΦiR) ≤ 1 by (1.3.13), we also
deduce thatˆ
Oi

f(x,∇viR) dx ≤ 2c3k
1/2

ˆ
Oi

|∇w| dx+ c3k
1/2

ˆ
Oi

|∇u| dx+ c4Ld(Oi)

≤ 2c3k
1/2

ˆ
Oi

|∇w| dx+
c3k

1/2

c1

ˆ
Oi

f(x,∇u) dx+
(
c4 +

c2c3
c1

k1/2
)
Ld(Oi),

and ˆ
Oi

out

f(x,∇w) dx ≤ c3k
1/2

ˆ
OR

u,w

|∇w| dx+ c4Ld(ORu,w).

These inequalities, together with (2.1.7), lead to

m∑
i=1

ˆ
O
f(x,∇viR) dx ≤ m

( ˆ
O
f(x,∇u) dx+ c3k

1/2

ˆ
OR

u,w

|∇w| dx+ c4Ld(ORu,w)
)

+
c3k

1/2

c1

ˆ
O
f(x,∇u) dx+ 2c3k

1/2

ˆ
O
|∇w| dx+

(
c4 +

c2c3
c1

k1/2
)
Ld(O).

(2.1.8)
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To estimate the term of F f,g depending on Dcu, we use (i) of Proposition 1.3.21 to
rewrite
ˆ
O
f∞

(
x,

dDcviR
d|DcviR|

)
d|DcviR| =

ˆ
Oi

in

f∞
(
x,

dDcu

d|Dcu|

)
d|Dcu|

+

ˆ
Oi

f∞
(
x,

∇ΦiR(ũ− w̃)

|∇ΦiR(ũ− w̃)|
dDcu

d|Dcu|

)
|∇ΦiR(ũ− w̃)|d|Dcu|

+

ˆ
Oi

out

f∞(x, 0) d|Dcu|,

so that
ˆ
O
f∞

(
x,

dDcviR
d|DcviR|

)
d|DcviR| ≤

ˆ
O
f∞

(
x,

dDcu

d|Dcu|

)
d|Dcu|

+

ˆ
Oi

f∞
(
x,

∇ΦiR(ũ−w̃)
|∇ΦiR(ũ−w̃)|

dDcu

d|Dcu|

)
|∇ΦiR(ũ−w̃)|d|Dcu|,

where we have used that w ∈ W1,1
loc(R

d;Rk) and that f∞(x, 0) = 0. Taking advantage of
(2.1.2) and of the fact that Lip(ΦiR) ≤ 1, we then infer that
ˆ
Oi

f∞
(
x,

∇ΦiR(ũ− w̃)

|∇ΦiR(ũ− w̃)|
dDcu

d|Dcu|

)
|∇ΦiR(ũ− w̃)|d|Dcu| ≤ c3k

1/2

ˆ
Oi

|∇ΦiR(ũ− w̃)|d|Dcu|

≤ c3k
1/2

c1

ˆ
Oi

f∞
(
x,

dDcu

d|Dcu|

)
d|Dcu|.

Together with the previous inequalities, this last estimate leads to

m∑
i=1

ˆ
O
f∞

(
x,

dDcviR
d|DcviR|

)
d|DcviR| ≤ m

ˆ
O
f∞

(
x,

dDcu

d|Dcu|

)
d|Dcu|

+
c3k

1/2

c1

ˆ
O
f∞

(
x,

dDcu

d|Dcu|

)
d|Dcu|. (2.1.9)

We now estimate the surface term of F f,g. To this end, we first remark that we have the
inclusion JviR

⊂ O \ Oreg, up to an Hd−1-negligible set, and that for Hd−1-a.e x ∈ JviR
we

have νviR(x) = νu(x). Moreover, as w ∈ W1,1
loc(R

d;Rk), for Hd−1-a.e. x ∈ O the approximate
limit w̃(x) exists, so that we have

(viR)
+(x) = w̃(x) + ΦiR(u

+(x)− w̃(x)), (2.1.10)

(viR)
−(x) = w̃(x) + ΦiR(u

−(x)− w̃(x)), (2.1.11)

for Hd−1-a.e. x ∈ JviR
.

For i ∈ {1, . . . ,m} we introduce the following partition of J̃viR := {x ∈ JviR
: w̃(x) exists}:

Si1 := {x ∈ J̃viR
: |u+(x)− w̃(x)| < σi−1R, |u−(x)− w̃(x)| < σi−1R},

Si2 := {x ∈ J̃viR
: |u+(x)− w̃(x)|, |u−(x)− w̃(x)| ∈ [σi−1R, σiR]},

Si3 := {x ∈ J̃viR
: |u+(x)− w̃(x)| > σiR, |u−(x)− w̃(x)| > σiR}},

Si4 := {x ∈ J̃viR
: |u+(x)− w̃(x)| < σi−1R, |u−(x)− w̃(x)| > σiR},
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Si5 := {x ∈ J̃viR
: |u+(x)− w̃(x)| > σiR, |u−(x)− w̃(x)| < σi−1R},

Si6 := {x ∈ J̃viR
: |u+(x)− w̃(x)| ∈ [σi−1R, σiR], |u−(x)− w̃(x)| /∈ [σi−1R, σiR]},

Si7 := {x ∈ J̃viR
: |u+(x)− w̃(x)| /∈ [σi−1R, σiR], |u−(x)− w̃(x)| ∈ [σi−1R, σiR]}.

Note that, for ℓ ∈ {2, 6, 7},

if Siℓ ∩ S
j
ℓ ̸= Ø then |i− j| ≤ 1,

whence
m∑
i=1

(χSi
2
+ χSi

6
+ χSi

7
) ≤ 9, (2.1.12)

where we recall that χSi
j

denotes the characteristic function of Sij . Recalling (1.3.13), by
definition of Si1 and Si3,(2.1.10), and (2.1.11), we have

ˆ
Si
1

g(x, [viR], νviR
) dHd−1 =

ˆ
Si
1

g(x, [u], νu) dHd−1, (2.1.13)
ˆ
Si
3

g(x, [viR], νviR
) dHd−1 =

ˆ
Si
3

g(x, 0, νu) dHd−1 = 0. (2.1.14)

Moreover, since Lip(ΦiR) ≤ 1 by (1.3.13), we have |[ΦiR(u−w)]| ≤ |[u−w]| = |[u]| Hd−1-a.e.
in J̃viR . Hence, from (g2) and (g3) we deduce that

ˆ
Si
2∪Si

6∪Si
7

g(x, [viR], νviR
) dHd−1 ≤ c3k

ˆ
Si
2∪Si

6∪Si
7

(|[ΦiR(u− w)]| ∧ 1) dHd−1

≤ c3k

ˆ
Si
2∪Si

6∪Si
7

(|[u]| ∧ 1) dHd−1 (2.1.15)

≤ c3k

c1

ˆ
Si
2∪Si

6∪Si
7

g(x, [u], νu) dHd−1. (2.1.16)

We are left with estimating the surface integral over Si4 and Si5. By definition, if x ∈ Si4,
then |u+(x)− w̃(x)| < σi−1R and |u−(x)− w̃(x)| > σiR. Therefore,

|[u](x)| = |u+(x)− u−(x)| ≥ |u−(x)− w̃(x)| − |u+(x)− w̃(x)|
≥ σiR− σi−1R = σi−1R(σ − 1) ≥ c6kσ

i−1R, (2.1.17)

where we have used that, by our choice of σ in the definition of Φ, we have σ > c6k+1. On
the other hand, [viR](x) = u+(x)− w̃(x) for Hd−1-a.e. x ∈ Si4, so that

c6k|[viR]| = c6k|u+(x)− w̃(x)| ≤ c6kσ
i−1R

for Hd−1-a.e. x ∈ Si4. From these inequalities we deduce that c6k|[viR](x)| ≤ |[u](x)| for
Hd−1-a.e. x ∈ Si4, which by (g6) implies

g(x, [viR], νviR
) ≤ g(x, [u], νviR

) = g(x, [u], νu) Hd−1-a.e. in Si4.

The same argument shows that it holds

g(x, [viR], νviR
) ≤ g(x, [u], νu) Hd−1-a.e. in Si5.
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From these last two inequalities we get
ˆ
Si
4∪Si

5

g(x, [viR], νviR
) dHd−1 ≤

ˆ
Si
4∪Si

5

g(x, [u], νu) dHd−1. (2.1.18)

Therefore, combining (2.1.13)–(2.1.16) and (2.1.18), we obtain
ˆ
J
vi
R

g(x, [viR], νviR
) dHd−1 ≤

ˆ
Ju

g(x, [u], νu) dHd−1

+
c3k

c1

ˆ
Si
2∪Si

6∪Si
7

g(x, [u], νu) dHd−1,

which, in light of (2.1.12), implies that

m∑
i=1

ˆ
J
vi
R

g(x, [viR], νviR
) dHd−1 ≤

(
m+

9c3k

c1

) ˆ
Ju

g(x, [u], νu) dHd−1. (2.1.19)

Finally, from (2.1.8), (2.1.9), and (2.1.19) we deduce that

1

m

m∑
i=1

F f,g(viR, O) ≤ F f,g(u,O) + c3k
1/2

ˆ
OR

u,w

|∇w| dx+ c4Ld(ORu,w)

+
C

m

(
F f,g(u,O) + Ld(O) +

ˆ
O
|∇w| dx

)
,

where C := max{9c3k/c1, 2c3k1/2, c4 + c2c3
c1
k1/2}. This shows that F f,g satisfies (H8).

To see that F f,g satisfies (H9) it is enough to verify this property for O ∈ Oc(Rd) and
for u ∈ GBV⋆(O;Rk). Let λ ≤ 1/(c6k) and let R ∈ SO(k). Note that by (2.1.1) we also
have λ ≤ (c1/c3)k

−1/2. We set v := λRu, which clearly satisfies v ∈ GBV⋆(O;Rk). Using
(f2′), (f3′), (2.1.2), and (g6), we can then estimate

F f,g(v,O) =

ˆ
O
f(x,∇v) dx+

ˆ
O
f∞

(
x,

dDcv

d|Dcv|

)
d|Dcv|+

ˆ
Ju∩O

g(x, [v], νu) dHd−1

≤ c3k
1/2λ

( ˆ
O
|∇u| dx+ |Dcu|(O)

)
+

ˆ
Ju∩O

g(x, [u], νu) dHd−1 + c4Ld(O)

≤ F f,g(u,O) + (c4 + c2)Ld(O),

which proves (H9) and concludes the proof.

The following lemma provides an approximation result for lower semicontinuous func-
tionals, whose proof heavily relies on property (H8) of Definition 2.1.7. More refined versions
of the following result will be presented in the forthcoming sections.

Lemma 2.1.15. Let O1, O2 ∈ Oc(Rd), let u1 ∈ L0(O1;Rk) and u2 ∈ L0(O2;Rk), and for
j = 1, 2 let F (·, Oj) : L0(Oj ;Rk) → [0,+∞] be a lower semicontinuous functional satisfying
(H4′) of Remark 2.1.9 and (H8) of Definition 2.1.7 with B = O1 and B = O2. Then there
exists a strictly increasing sequence Rm > 0, with Rm → +∞ as m→ +∞, such that

lim
m→+∞

F (ΦRm ◦ uj , Oj) = F (uj , Oj) (2.1.20)

for j = 1, 2.
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Proof. For every sequence of positive numbers Rm → +∞ as m → +∞, we have that
{ΦRm ◦ uj}m converges to uj in L0(Oj ;Rk) as m → +∞, so that the lower semicontinuity
of F (·, Oj) with respect to the topology of L0(Oj ;Rk) implies that

F (uj , Oj) ≤ lim inf
m→+∞

F (ΦRm ◦ uj , Oj) (2.1.21)

for j = 1, 2.
Assume now that both F (u1, O1) and F (u2, O2) are finite. In this case, we choose a

sequence {rm}m converging to +∞ as m→ +∞ such that

c4Ld((Oj)rmuj ,0) ≤
1

m
for every m ∈ N and for j = 1, 2,

where (Oj)
rm
uj ,0

:= {x ∈ Oj : |uj(x)| ≥ rm}, in agreement with (H8) of Definition 2.1.7. From
that property applied with w = 0, we obtain that there exists i(m) ∈ {1, . . . ,m} such that

F (Φi(m)
rm ◦ u1, O1) + F (Φi(m)

rm ◦ u2, O2)

≤ F (u1, O1) + F (u2, O2) +
2 + C

(
F (u1, O1) + F (u2, O2) + Ld(O1) + Ld(O2)

)
m

.

We now set Rm := σi(m)−1rm, so that Φ
i(m)
rm = ΦRm . Up to passing to a subsequence, not

relabelled, we may also assume {Rm}m to be strictly increasing. We then observe that the
previous inequality gives

lim sup
m→+∞

(
F (ΦRm ◦ u1, O1) + F (ΦRm ◦ u2, O2)

)
≤ F (u1, O1) + F (u2, O2).

Combining this last inequality with (2.1.21), we obtain (2.1.20) in the case where both
F (u1, O1) and F (u2, O2) are finite. A simpler proof yields the result in the other cases.

2.2 A compactness result for F

In this section, we investigate compactness properties of the collection F. The main
result of this section is the following theorem.

Theorem 2.2.1. Let {Fn}n ⊂ F be a sequence of functionals. Then there exist a subsequence
of {Fn}n, not relabelled, and a functional F ∈ Fsc such that for every O ∈ Oc(Rd) the
sequence Fn(·, O) Γ-converges to F (·, O) in the topology of L0(Rd;Rk).

Proof. The strategy adopted here is that of [100, Lemma 3.24], which is based on the classical
localisation method for Γ-convergence (see [88, Chapters 15–19]). As already mentioned,
the main difference in the proof of this compactness result in the vectorial case lies in the
use of a different type of truncation, which is dealt with in Lemma 2.2.5 below.

Given O ∈ O(Rd), we set

F ′(·, O) := Γ- lim inf
n→+∞

Fn(·, O) and F ′′(·, O) := Γ- lim sup
n→+∞

Fn(·, O), (2.2.1)

F ′
−(·, O) := sup

O′∈Oc(O)
F ′(·, O′) and F ′′

−(·, O) := sup
O′∈Oc(O)

F ′′(·, O′), (2.2.2)

where the Γ-lim inf and the Γ-lim sup are computed with respect to the convergence of
L0(Rd;Rk) (see Section 1.2 for the definition of Γ-liminf and Γ-limsup). Given u ∈ L0(Rd;Rk),



44 2. Homogenisation of free discontinuity problems: full gradient

it is immediate to check that F ′(u, ·), F ′′(u, ·), F ′
−(u, ·), and F ′′

−(u, ·) are all increasing set
functions.

By a compactness theorem for Γ-convergence of increasing functionals (see [88, Theo-
rem 16.9]), there exists a subsequence of {Fn}n, not relabelled, such that

F (u,O) := F ′
−(u,O) = F ′′

−(u,O) for u ∈ L0(Rd;Rk) and O ∈ O(Rd). (2.2.3)

Thus, we can define F : L0(Rd;Rk)× B(Rd) → [0,+∞] by setting

F (u,B) = inf{F (u,O) : O ⊃ B, O ∈ O(Rd)} for every B ∈ B(Rd). (2.2.4)

In Lemma 2.2.9 we shall prove that

F (u,O) := F ′(u,O) = F ′′(u,O) for u ∈ L0(Rd;Rk) and O ∈ Oc(Rd). (2.2.5)

This implies that for every O ∈ Oc(Rd) the sequence {Fn(·, O)}n Γ-converges to F (·, O) in
the topology of L0(Rd;Rk). We are left with proving that F ∈ Fsc .

From some general Γ-convergence results (see [88, Proposition 16.15]), it follows that F
satisfies property (H1) of Definition 2.1.7. Property (H2) is much more difficult and will be
obtained in Lemma 2.2.8.

Property (H3) can be obtained by using the lower semicontinuity of V, stated in Remark
1.3.15, which gives

c1V(u,O)− c2Ld(O) ≤ F (u,O) for every u ∈ L0(Rd;Rk) and O ∈ Oc(Rd).

By inner regularity the inequality can be extended to O(Rd) and to B(Rd), recalling (2.2.4).
This completes the proof of (H3). Properties (H4)–(H7) can be derived arguing as in [100,
Theorem 3.16].

Property (H8) for F in Oc(Rd) is a consequence of Lemmas 2.2.4 and 2.2.9, while (H9)
is trivial. The extension of (H8) and (H9) to all Borel sets can easily be obtained using
(2.2.4).

Finally, by [88, Proposition 6.8] for every O ∈ Oc(Rd) the functionals F ′(·, O) and
F ′′(·, O) are lower semicontinuous with respect to the convergence of L0(Rd;Rk). Since
F = F ′ = F ′′, we conclude that F ∈ Fsc. This concludes the proof.

To conclude the proof of Theorem 2.2.1, it remains to prove Lemmas 2.2.8 and 2.2.9. To
deal with the former, we use the De Giorgi-Letta criterion for measures [106] (see also [88,
Theorem 14.23]), whose main assumption is that F (u, ·) is subadditive. The proof of this
property will be obtained in several steps (see Lemmas 2.2.2–2.2.7). The first ingredient is
the following version of the Fundamental Estimate, where the ambient space L0(Rd;Rk) is
replaced by L1

loc(Rd;Rk). For the proof we refer to [100, Lemma 3.19], since the arguments
in the vectorial case are the same as in the scalar case. This is due to the fact that no
truncation is used.

Lemma 2.2.2 ([100, Lemma 3.19]). Let {Fn} ⊂ F be a sequence of functionals and let
O′, O′′, O, U ∈ Oc(Rd), with O′ ⊂⊂ O′′ ⊂⊂ O. Let u ∈ L1

loc(Rd;Rk) and let {wn}n, {vn}n ⊂
L1
loc(Rd;Rk) be two sequences converging to u in L1

loc(Rd;Rk) and such that {wn}n ⊂
BV(O;Rk), {vn}n ⊂ BV(U ;Rk). Then for every η > 0 there exists a sequence {φn}n ⊂
C∞
c (Rd, [0, 1]), with supp(φn) ⊂ O′′ and φn = 1 in a neighbourhood of O′, such that the

functions un defined by
un := φnwn + (1− φn)vn
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converge to u in L1
loc(Rd;Rk), un ∈ BV(O′ ∪ U ;Rk), and

lim inf
n→+∞

Fn(un, O
′ ∪ U) ≤ (1 + η) lim inf

n→+∞
(Fn(wn, O) + Fn(vn, U)) + η,

lim sup
n→+∞

Fn(un, O
′ ∪ U) ≤ (1 + η) lim sup

n→+∞
(Fn(wn, O) + Fn(vn, U)) + η.

The previous lemma allows us to consider the truncated functions ΦR ◦ u and to prove
that F ′(ΦR ◦ u, ·) and F ′′(ΦR ◦ u, ·) satisfy a sort of weak subadditivity inequality.

Lemma 2.2.3. Let {Fn}n ⊂ F be a sequence of functionals, let F ′ and F ′′ be the functionals
defined by (2.2.1), let u ∈ L0(Rd;Rk), and let O′, O, U ∈ Oc(Rd), with O′ ⊂⊂ O. Then for
every R > 0 we have

F ′(ΦR ◦ u,O′ ∪ U) ≤ F ′′(ΦR ◦ u,O) + F ′(ΦR ◦ u, U), (2.2.6)
F ′′(ΦR ◦ u,O′ ∪ U) ≤ F ′′(ΦR ◦ u,O) + F ′′(ΦR ◦ u, U). (2.2.7)

Proof. We now prove (2.2.6). Without loss of generality, we assume that both F ′′(ΦR◦u,O)
and F ′(ΦR ◦ u, U) are finite. Let {wn}n, {vn}n ⊂ L0(Rd;Rk) be two sequences of functions
converging in L0(Rd;Rk) to ΦR ◦ u and such that

lim sup
n→+∞

Fn(wn, O) = F ′′(ΦR ◦ u,O) and lim inf
n→+∞

Fn(vn, U) = F ′(ΦR ◦ u, U). (2.2.8)

We fix a subsequence {Fnh
}h of {Fn}n such that

lim
h→+∞

Fnh
(vnh

, U) = lim inf
n→+∞

Fn(vn, U) = F ′(ΦR ◦ u, U).

Without loss of generality, we may assume that there exists a constant M > 0 such
that Fnh

(wnh
, O) < M and Fnh

(vnh
, U) < M for every h ∈ N. Remark 2.1.13 then implies

{wnh
}h ⊂ GBV⋆(O;Rk), {vnh

}h ⊂ GBV⋆(U ;Rk). By property (H8) of Definition 2.1.7 for
every h,m ∈ N we can find ih,m, jh,m ∈ {1, . . . ,m} such that

Fnh
(Φ

ih,m
σR ◦ wnh

, O) ≤ Fnh
(wnh

, O) + c4Ld(OσRwnh
,0) + C

M + Ld(O)

m
, (2.2.9)

Fnh
(Φ

jh,m
σR ◦ vnh

, U) ≤ Fnh
(vnh

, U) + c4Ld(UσRvnh
,0) + C

M + Ld(U)

m
. (2.2.10)

Since ∥Φih,mσR ∥L∞(Rd;Rk) ≤ σm+1R and ∥Φjh,mσR ∥L∞(Rd;Rk) ≤ σm+1R for all h ∈ N and m ∈ N,
∥ΦR ◦ u∥L∞(Rd;Rk) ≤ σR/2, and {wnh

}h and {vnh
}h converge in L0(Rd;Rk) to ΦR ◦ u as

h→ +∞, for every m ∈ N we infer that

Φ
ih,m
σR ◦ wnh

→ ΦR ◦ u in L1
loc(Rd;Rk) as h→ +∞,

Φ
jh,m
σR ◦ vnh

→ ΦR ◦ u in L1
loc(Rd;Rk) as h→ +∞,

and

lim
h→∞

Ld(OσRwnh
,0) = Ld(OσRΦR◦u,0) = 0, (2.2.11)

lim
h→∞

Ld(UσRvnh
,0) = Ld(UσRΦR◦u,0) = 0. (2.2.12)

For every V ∈ O(Rd) we set

F̂ ′(·, V ) := Γ- lim inf
h→∞

Fnh
(·, V ) and F̂ ′′(·, V ) := Γ- lim sup

h→∞
Fnh

(·, V ), (2.2.13)
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and observe that
F ′(·, V ) ≤ F̂ ′(·, V ) and F̂ ′′(·, V ) ≤ F ′′(·, V ). (2.2.14)

By (2.2.8)–(2.2.12), we deduce that

lim sup
h→∞

Fnh
(Φ

ih,m
σR ◦ wnh

, O) ≤ F ′′(ΦR ◦ u,O) + C
M + Ld(O)

m
, (2.2.15)

lim inf
h→∞

Fnh
(Φ

jh,m
σR ◦ vnh

, U) ≤ F ′(ΦR ◦ u, U) + C
M + Ld(U)

m
. (2.2.16)

By (b) of Definition 1.3.16, we have that Φ
ih,m
σR ◦ wnh

∈ BV(O;Rk) and that Φ
jh,m
σR ◦ vnh

∈
BV(U ;Rk) for every h ∈ N. Thus, for every η > 0 and for everym ∈ N we may apply Lemma
2.2.2 to obtain a sequence of functions {umh }h ⊂ BV(O′ ∪ U ;Rk) such that umh → ΦR ◦ u in
L1
loc(Rd;Rk) as h→ +∞ and such that

lim inf
h→+∞

Fnh
(umh , O

′ ∪ U) ≤ (1 + η) lim inf
h→∞

(
Fnh

(Φ
ih,m
σR ◦ wnh

, O) + Fnh
(Φ

jh,m
σR ◦ vnh

, U)
)
+ η

≤ (1 + η) lim sup
h→∞

Fnh
(Φ

ih,m
σR ◦ wnh

, O)

+ (1 + η) lim inf
h→+∞

Fnh
(Φ

jh,m
σR ◦ vnh

, U) + η.

These inequalities, together with (2.2.15) and (2.2.16), yield

lim inf
h→∞

Fnh
(umh , O

′ ∪ U) ≤ (1 + η)
(
F ′′(ΦR ◦ u,O) + F ′(ΦR ◦ u, U) +

S

m

)
+ η,

where S is a positive constant independent of m. Recalling that umh → ΦR ◦ u as h→ +∞,
by (2.2.13) and (2.2.14) we obtain that

F ′(ΦR ◦ u,O′ ∪ U) ≤ F̂ ′(ΦR ◦ u,O′ ∪ U)

≤ (1 + η)
(
F ′′(ΦR ◦ u,O) + F ′(ΦR ◦ u, U) +

S

m

)
+ η.

Letting m→ +∞ and η → 0+, we finally obtain (2.2.6).
A similar, but easier, argument shows that (2.2.7) holds.

To extend the previous lemma to F ′(u, ·) for a general u ∈ L0(Rd;Rk) we will approx-
imate F ′(u,O) by F ′(ΦR ◦ u,O) for suitable choices of R > 0. For technical reasons, this
approximation result is obtained using property (H8) of Definition 2.1.7 for F ′, which is
proved in the following lemma.

Lemma 2.2.4. Let {Fn}n be a sequence in F, let F ′ be the functional defined by (2.2.1),
let O ∈ Oc(Rd), u ∈ GBV⋆(O;Rk), and let w ∈ W1,1

loc(R
d;Rk). Then for every R > 0 and

m ∈ N we have

1

m

m∑
i=1

F ′(w +ΦiR ◦ (u− w), O) ≤ F ′(u,O) + c3k
1/2

ˆ
OR

u,w

|∇w| dx+ c4Ld(ORu,w)

+
C

m

(
F ′(u,O) + Ld(O) +

ˆ
O
|∇w| dx

)
, (2.2.17)

where C is the constant appearing in (H8) of Definition 2.1.7.
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Proof. Let us fix u ∈ L0(Rd;Rk) and w ∈ W1,1
loc(R

d;Rk). Without loss of generality, we may
assume that F ′(u,O) < +∞. Let {un}n ⊂ L0(Rd;Rk) be a sequence of functions converging
to u in L0(Rd;Rk) and such that

lim inf
n→+∞

Fn(un, O) = F ′(u,O). (2.2.18)

Fix R > 0 and m ∈ N. For every i ∈ {1, . . . ,m}, we set vin := w + ΦiR ◦ (un − w) and
vi := w+ΦiR ◦ (u−w). Note that for every i ∈ {1, . . . ,m} the sequence {vin}n converges to
vi in L0(Rd;Rk), so that by Definition (2.2.1) of F ′ we have

1

m

m∑
i=1

F ′(vi, O) ≤ 1

m

m∑
i=1

lim inf
n→+∞

Fn(v
i
n, O) ≤ lim inf

n→+∞

1

m

m∑
i=1

Fn(v
i
n, O). (2.2.19)

By property (H8) and by (2.2.18) we get

1

m

m∑
i=1

Fn(v
i
n, O) ≤ Fn(un, O) +

C

m

(
Fn(un, O) + Ld(O) +

ˆ
O
|∇w|dx

)
+ c3k

1/2

ˆ
OR

un,w

|∇w| dx+ c4Ld(ORun,w).

By (2.2.18), this inequality gives

1

m

m∑
i=1

F ′(vi, O) ≤ F ′(u,O) +
C

m

(
F ′(u,O) + Ld(O) +

ˆ
O
|∇w|dx

)
+ lim sup

n→+∞

(
c3k

1/2

ˆ
OR

un,w

|∇w| dx+ c4Ld(ORun,w)
)
. (2.2.20)

Since un → u in L0(Rd;Rk) as n → +∞, up to passing to a further, not relabelled, subse-
quence, we have that

lim sup
n→+∞

χOR
un,w

(x) ≤ χOR
u,w

(x) for Ld-a.e. x ∈ O.

Thus, Fatou’s Lemma implies that

lim sup
n→+∞

( ˆ
OR

un,w

|∇w| dx+ Ld(ORun,w)
)
≤
ˆ
OR

u,w

|∇w| dx+ Ld(ORu,w), (2.2.21)

which combined with (2.2.20) yields (2.2.17).

To obtain the weak subadditivity of F ′(u, ·) we show that F ′(u,O) can be approximated
by sequences of the form F ′(ΦRm ◦ u,O) for an appropriate choice of {Rm}m.

Lemma 2.2.5. Let {Fn}n be a sequence in F, let F ′ be the functional defined by (2.2.1),
let O1, O2 ∈ Oc(Rd), u1 ∈ L0(O1;Rk) and u2 ∈ L0(O2;Rk). Then there exists an increasing
sequence Rm > 0, with Rm → +∞ as m→ +∞, such that

lim
m→+∞

F ′(ΦRm ◦ uj , Oj) = F ′(uj , Oj) (2.2.22)

for j = 1, 2.
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Proof. It is immediate to check that F ′ satisfies (H4′), while by Lemma 2.2.4 F ′ satisfies
property (H8) for B = O1 and B = O2. Since the functional F ′(·, Oj) is lower semicontin-
uous with respect to the topology of L0(Oj ;Rk) for j = 1, 2 (see [88, Proposition 6.8]), an
application of Lemma 2.1.15 then proves the claim.

We now extend the weak subadditivity inequality proved in Lemma 2.2.3 to F ′(u, ·), for
a general u ∈ L0(Rd;Rk).

Lemma 2.2.6. Let {Fn}n be a sequence of functionals in F and let F ′, F ′′ be defined by
(2.2.1). Assume that there exists a functional F : L0(Rd;Rk)×O(Rd) → [0,+∞] such that
(2.2.3) holds. Let u ∈ L0(Rd;Rk), and O′, O, U ∈ Oc(Rd) with O′ ⊂⊂ O. Then we have

F ′(u,O′ ∪ U) ≤ F ′(u,O) + F ′(u, U). (2.2.23)

Proof. By [88, Proposition 15.15] we may choose O′′ ∈ Oc(Rd), with O′ ⊂⊂ O′′ ⊂⊂ O, such
that

F ′′(v,O′′) = F ′(v,O′′) = F (v,O′′) for every v ∈ L0(Rd;Rk). (2.2.24)

Lemma 2.2.5 implies that there exists an increasing sequence Rm > 0, with Rm → +∞ as
m→ +∞, such that

lim
m→+∞

F ′(ΦRm ◦ u,O′′) = F ′(u,O′′), (2.2.25)

lim
m→+∞

F ′(ΦRm ◦ u, U) = F ′(u, U). (2.2.26)

Thanks to Lemma 2.2.3, we obtain that

F ′(ΦRm ◦ u,O′ ∪ U) ≤ F ′′(ΦRm ◦ u,O′′) + F ′(ΦRm ◦ u, U)

≤ F ′(ΦRm ◦ u,O) + F ′(ΦRm ◦ u, U),

where in the second inequality we have used (2.2.24). Since ΦRm ◦ u → u in L0(Rd;Rk) as
m→ +∞, by the lower semicontinuity of F ′, (2.2.25), and (2.2.26) we obtain

F ′(u,O′ ∪ U) ≤ F ′(u,O′′) + F ′(u, U) ≤ F ′(u,O) + F ′(u, U),

concluding the proof.

We are now ready to prove the subadditivity of F (u, ·) on O(Rd).

Lemma 2.2.7. Let {Fn}n be a sequence in F for which (2.2.3) holds for some functional
F . Then for every u ∈ L0(Rd;Rk) and O,U ∈ O(Rd) we have

F (u,O ∪ U) ≤ F (u,O) + F (u, U).

Proof. The result follows from Lemma 2.2.6 and by standard arguments (see, for instance,
the proof of [88, Lemma 18.4]).

The following result shows that B 7→ F (u,B) is a Borel measure.

Lemma 2.2.8. Let {Fn}n be a sequence in F for which (2.2.3) and (2.2.4) hold for some
functional F . Then for every u ∈ L0(Rd;Rk) the set function B 7→ F (u,B) defined by
(2.2.3) and (2.2.4) is a non-negative Borel measure on Rd and for all B ∈ B(Rd) we have

F (u,B) = inf{F (u,O) : O ⊃ B, O ∈ O(Rd)}.
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Proof. Let us fix u ∈ L0(Rd;Rk). By the De Giorgi-Letta criterion for measures [106]
(see also [88, Theorem 14.23] for the particular version of the theorem employed here) it
is enough to show that for every u ∈ L0(Rd;Rk) the function B 7→ F (u,B) is increasing,
inner regular, subadditive, and superadditive. It has already been observed that the set
function F (u, ·) is increasing, while the inner regularity follows from the definition of F (u, ·).
The subadditivity is proved in Lemma 2.2.7, whereas the superadditivity is a consequence
of [88, Proposition 16.12] and of the fact that Fn satisfies (H2) of Definition 2.1.7. This
concludes the proof.

Finally, we show that {Fn(·, O)}n Γ-converges for every O ∈ Oc(Rd).

Lemma 2.2.9. Let {Fn}n be a sequence of functionals in F, let F ′, F ′′ be the functionals
defined by (2.2.1). Assume that there exists a functional F such that (2.2.3) holds. Then
F (u,O) = F ′(u,O) = F ′′(u,O) for every u ∈ L0(Rd;Rk) and O ∈ Oc(Rd).

Proof. Fix u ∈ L0(Rd;Rk) and O ∈ Oc(Rd). We first show that F (u,O) = F ′(u,O). Since
F (u,O) ≤ F ′(u,O), it is enough to show the converse inequality. Without loss of generality
we may suppose that F (u,O) < +∞. It is immediate to check that F ′ and F satisfy
property (H4) in Definition 2.1.7 on O(Rd) and using Remark 1.3.15 we check that F ′ and
F also satisfy (H3) on O(Rd), hence V(u,O) < +∞. This implies that, given ε > 0, there
exists a compact set K ⊂ O such that

c3V(u,O \K) + c4Ld(O \K) ≤ ε. (2.2.27)

Consider now O′, O′′ ∈ Oc(O) with K ⊂ O′ ⊂⊂ O′′ and let U = O \ K. Note that
O′ ∪ U = O. Hence, by Lemma 2.2.6 we obtain

F ′(u,O) ≤ F ′(u,O′′) + F ′(u,O \K) ≤ F (u,O) + ε, (2.2.28)

where in the last inequality we have used (2.2.3), properties (H2), (H4) for F ′, and (2.2.27).
These arguments show that F (u,O) = F ′(u,O) for every u ∈ L0(Rd;Rk) and O ∈ Oc(Rd).

We now prove that F (u,O) = F ′′(u,O). Since F (u,O) ≤ F ′′(u,O) it is enough to
show that F ′′(u,O) ≤ F (u,O). It is not restrictive to assume that F (u,O) < +∞, so that
u ∈ GBV⋆(O;Rk). Given R > 0, we can exploit the same argument used to obtain (2.2.28),
replacing (2.2.23) of Lemma 2.2.6 with (2.2.7), to show that for every ε > 0

F ′′(ΦR ◦ u,O) ≤ F (ΦR ◦ u,O) + ε = F ′(ΦR ◦ u,O) + ε, (2.2.29)

where we have used the equality F = F ′. By Lemma 2.2.5 there exists an increasing
sequence Rm > 0, with Rm → +∞, such that

lim
m→+∞

F ′(ΦRm ◦ u,O) = F ′(u,O) = F (u,O).

Since ΦRm ◦ u → u in L0(Rd;Rk) as m → +∞, exploiting the lower semicontinuity of F ′′

and this last equality, we deduce from (2.2.29) that

F ′′(u,O) ≤ F (u,O) + ε.

Since ε > 0 is arbitrary, we get F ′′(u,O) ≤ F (u,O), concluding the proof.
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2.3 Partial integral representation

In this section, we present and prove a (partial) integral representation result for func-
tionals in Fsc (see Theorem 2.3.16). We postpone the full representation to Section 2.5,
where we will work with functionals in Fsc satisfying an additional property.

We also mention that the results of this section (whose proof heavily relies on property
(H8)) could be obtained without employing any truncation technique. Indeed, in Section 2.5
of Chapter 3, we will show that it is possible to obtain the results of Theorem 2.3.16, by
using a different approach based on a careful analysis of the blow-ups of functions in GBV⋆.
We refer the reader to Remark 3.3.8 for a more detailed discussion of this point.

To present the above-mentioned result, we first introduce a decomposition of F that
mimics the structure of functionals in F f,g.

Definition 2.3.1. Let F : L0(Rd;Rk) × B(Rd) → [0,+∞] be a functional satisfying (H2)
and (H4) of Definition 2.1.7, and let O ∈ Oc(Rd). For every u ∈ L0(Rd;Rk) with u ∈
GBV⋆(O;Rk), we introduce F a(u, ·), F s(u, ·), F c(u, ·), and F j(u, ·) as the Borel measures
on B(O) defined as:

F a(u, ·) is the absolutely continuous part of F (u, ·) with respect to Ld,
F s(u, ·) is the singular part of F (u, ·) with respect to Ld,

F j(u,B) := F s(u,B ∩ Ju) for every B ∈ B(O),

F c(u,B) := F s(u,B \ Ju) for every B ∈ B(O).

Note that the measures F j(u, ·) and F c(u, ·) are the absolutely continuous parts of F (u, ·)
with respect to Hd−1 Ju and |Dcu|, respectively. Additionally, for every O ∈ Oc(Rd) we
have

F (u, ·) = F a(u, ·) + F c(u, ·) + F j(u, ·) on B(O).

The aim of this section is to show that for every O ∈ Oc(Rd) and for every u ∈
GBV⋆(O;Rk) we may represent the two measures F a(u, ·) and F j(u, ·) as integrals (see
Theorem 2.3.16).

As in [100, Section 6], the idea is to take advantage of the representation results of [41]
for functionals on BV(O;Rk) with linear growth. These results cannot be directly applied
to F a(u, ·) and F j(u, ·), since functionals in F are not bounded from below by the total
variation measure |Du|, which is one of the key assumptions of [41]. This difficulty is
treated by restricting our attention first to functions u ∈ BV(O;Rk) ∩ L∞(O,Rk), and
by considering the perturbed functionals Fδ(u,O) := F (u,O) + δ|Du|(O). The absolutely
continuous part and the jump part of Fδ can then be represented by means of an integral
thanks to the results of [41]. We then show that it is possible to pass to the limit as δ → 0+

and to recover an integral representation of F a(u, ·) and of F j(u, ·) for every u ∈ BV(O;Rk).
The following lemma then allows us to deduce the result for a general u ∈ GBV⋆(O;Rk).

Lemma 2.3.2. Let F ∈ Fsc, let O ∈ Oc(Rd), let u ∈ GBV⋆(O;Rk), and let {Rm}m be a
sequence with Rm > 0 and Rm → +∞. Then

lim
m→+∞

( 1

m

m∑
i=1

F (ΦiRm
◦ u,B)

)
= F (u,B), (2.3.1)

lim
m→+∞

( 1

m

m∑
i=1

F b(ΦiRm
◦ u,B)

)
= F b(u,B), (2.3.2)
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for every B ∈ B(O), where the letter b stands for one of the letters a, s, j, and c.

Proof. For every m ∈ N we set

µm(B) :=
1

m

m∑
i=1

F (ΦiRm
◦ u,B) for every B ∈ B(O)

and note that, as u ∈ GBV⋆(O;Rk), this defines a finite Radon measure.
Let O′ ∈ O(O). Thanks to property (H8) of Definition 2.1.7, we have that

µm(O
′) ≤ F (u,O′) + c4Ld(ORm

u,0 ) +
C

m

(
F (u,O′) + Ld(O′)

)
,

which implies
lim sup
m→+∞

µm(O
′) ≤ F (u,O′).

Then, we observe that, for every m ∈ N, there exists i(m) ∈ {1, . . . ,m} such that

F (Φ
i(m)
Rm

◦ u,O′) ≤ µm(O
′).

Since Φ
i(m)
Rm

◦ u → u in L0(Rd;Rk) as m → +∞ and F (·, O′) is lower semicontinuous with
respect to the topology of L0(Rd;Rk), we have

F (u,O′) ≤ lim inf
m→+∞

F (Φ
i(m)
Rm

◦ u,O′) ≤ lim sup
m→+∞

µm(O
′) ≤ F (u,O′),

so that (2.3.1) holds for every O′ ∈ O(O). From [100, Lemma 4.4] we then deduce that
(2.3.1) holds for every B ∈ B(O).

To show that (2.3.2) with b = a holds true, consider a set N ∈ B(O), with Ld(N) = 0,
such that for every B ∈ B(O) we have F a(u,B) = F (u,B \ N) and µam(B) = µm(B \ N)
for every m ∈ N, where µam is the absolutely continuous part of µm with respect to Ld. By
(2.3.1) we have that

lim
m→+∞

µam(B) = lim
m→+∞

µm(B \N) = F (u,B \N) = F a(u,B),

which proves (2.3.2). Taking the difference of (2.3.1) and of (2.3.2) we obtain (2.3.2) with
b = s.

Finally, equalities (2.3.2) for b = c and b = j can be obtained arguing as in [100,
Proposition 4.3], replacing Theorem 2.2(d) with our Proposition 1.3.20.

The following result shows that the singular part F s satisfies a simplified version of
property (H8) of Definition 2.1.7.

Lemma 2.3.3. Let F ∈ F, O ∈ Oc(Rd), u ∈ GBV⋆(O;Rk), R > 0, m ∈ N, B ∈ B(O), and
w ∈ W1,1

loc(R
d;Rk). Then

1

m

m∑
i=1

F s(w +ΦiR ◦ (u− w), B) ≤
(
1 +

C

m

)
F s(u,B),

where C is the constant of (H8).
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Proof. Let N ∈ B(Rd) be a Borel set, with Ld(N) = 0, such that F s(u,B) = F (u,B ∩N)
and F s(w + ΦiR ◦ (u − w), B) = F (w + ΦiR ◦ (u − w), B ∩N) for every i ∈ {1, . . . ,m} and
for every B ∈ B(O). Since by (H8) inequality (2.1.3) holds for every Borel set B ∈ B(O),
we get

1

m

m∑
i=1

F s(w +ΦiR ◦ (u− w), B) =
1

m

m∑
i=1

F (w +ΦiR ◦ (u− w), B ∩N)

≤ F (u,B ∩N) +

ˆ
BR

u,w∩N
(c3k

1/2|∇w|+ c4) dx

+
C

m

(
F (u,B ∩N) +

ˆ
B∩N

(|∇w|+ 1) dx
)

= F (u,B ∩N) +
C

m
F (u,B ∩N)

=
(
1 +

C

m

)
F s(u,B),

which proves the claim.

We now introduce the perturbed functionals Fδ which will play a fundamental role in
the proof of our representation result for functionals in F.

Definition 2.3.4. Let F ∈ F and let O ∈ Oc(Rd) be given. For every δ > 0 the functional
Fδ : BV(O;Rk)× B(O) → [0,+∞) is defined for every u ∈ BV(O;Rk) and B ∈ B(O) as

Fδ(u,B) := F (u,B) + δ|Du|(B). (2.3.3)

Given u ∈ BV(O;Rk), the measures F aδ (u, ·), F sδ (u, ·), F
j
δ (u, ·), and F cδ (u, ·) are defined as

in Definition 2.3.1 with F replaced by Fδ.

Remark 2.3.5. Let F ∈ F, O ∈ Oc(Rd), and δ > 0. Thanks to (H3′) and (H4′) of
Remark 2.1.9 we have that for every u ∈ BV(O;Rk) we have

δ|Du|(O)− c2Ld(O) ≤ Fδ(u,O) ≤ (c3k + δ)|Du|(O) + c4Ld(O).

Definition 2.3.6. Let O ∈ Oc(Rd) and let F : BV(O;Rk) × B(O) → [0,+∞). For every
U ∈ O(O) with Lipschitz boundary and w ∈ BV(U ;Rk), we set

mF (w,U) := inf{F (u, U) : u ∈ BV(U ;Rk) and u = w on ∂U}, (2.3.4)

where the equality u = w has to be understood in the sense of traces. Given t > 0, we set

mF
t (w,U) := inf{F (u, U) : u ∈ BV(U ;Rk), u = w on ∂U, ∥u− w∥L∞ ≤ t}. (2.3.5)

We now introduce some functions which will play a crucial role in the integral represen-
tation of the bulk part F a and the surface part F j of a functional F ∈ Fsc. We recall the
definition of the cubes Q(x, ρ) and Qν(x, ρ) given at the beginning of Section 1.1 and of the
functions ℓA and ux,ζ,ν given in (1.5.2) and (1.5.3).

Definition 2.3.7. Let F ∈ F. We define the functions f : Rd × Rk×d → [0,+∞) and
g : Rd × Rk × Sd−1 → [0,+∞) as

f(x,A) := lim sup
ρ→0+

mF (ℓA, Q(x, ρ))

ρd
for x ∈ Rd and A ∈ Rk×d, (2.3.6)

g(x, ζ, ν) := lim sup
ρ→0+

mF (ux,ζ,ν , Qν(x, ρ))

ρd−1
for x ∈ Rd, ζ ∈ Rk, ν ∈ Sd−1. (2.3.7)

For δ > 0, the functions fδ and gδ are defined by replacing F by Fδ in (2.3.6) and (2.3.7).
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Remark 2.3.8. It is immediate to check that the functions δ 7→ fδ(x,A) and δ 7→ gδ(x, ζ, ν)
are non-decreasing and that

f(x,A) ≤ fδ(x,A) and g(x, ζ, ν) ≤ gδ(x, ζ, ν)

for every δ > 0, x ∈ Rd, A ∈ Rk×d, ζ ∈ Rk, and ν ∈ Sd−1.

When F ∈ Fsc, we shall see that the functions fδ and gδ will be used in the integral
representation of F aδ and F jδ thanks to the results of [41]. This will lead to an integral
representation of F a and F j by means of the functions (see the proof of Theorem 2.3.16)

f̂(x,A) := inf
δ>0

fδ(x,A) for every x ∈ Rd, A ∈ Rk×d, (2.3.8)

ĝ(x, ζ, ν) := inf
δ>0

gδ(x, ζ, ν) for every x ∈ Rd, ζ ∈ Rk, ν ∈ Sd−1.

For the applications to homogenisation of Section 2.7 it is important to prove that f̂ = f
and ĝ = g, so that by (2.3.6) and (2.3.7) the integrands used in the bulk and surface parts
can be obtained by solving some auxiliary minimisation problems on small cubes.

The proof of the equality f̂ = f is not direct and requires a lot of technical tools, one
of which is the following truncation lemma. For future use, we prove the result also for the
rectangles Qλν (x, ρ), which we recall is a rectangle centred at x, with two faces orthogonal
to ν at distance ρ and with remaining sides of length λρ. Given A ∈ Rk×d and m ∈ N, we
set

cA,m := (σm + 1)d1/2
(
|A|+ c2 + c4 + 1

c1

)
. (2.3.9)

Lemma 2.3.9. Let F ∈ F. Assume that there exists a function f̂ ∈ F such that

F a(u,O) =

ˆ
O
f̂(x,∇u) dx, (2.3.10)

for every O ∈ Oc(Rd) and u ∈ BV(O;Rk). Then there exists a set N ∈ B(Rd), with
Ld(N) = 0, satisfying the following property: for every x ∈ Rd \ N , m ∈ N, A ∈ Rk×d,
ν ∈ Sd−1, and λ ≥ 1 there exists ρλ,νm,A(x) > 0 such that for every ρ ∈ (0, ρλ,νm,A(x)) and
u ∈ BV(Qλν (x, ρ);Rk), with u = ℓA on ∂Qλν (x, ρ), there exists v ∈ BV(Qλν (x, ρ);Rk), with
v = ℓA on ∂Qλν (x, ρ) and ∥v − ℓA∥L∞(Qλ

ν (x,ρ);Rk) ≤ cA,mλρ, satisfying the inequality

F (v,Qλν (x, ρ)) ≤
(
1 +

C

m

)
F (u,Qλν (x, ρ)) +

C

m
λd−1ρd, (2.3.11)

where C is a constant depending only on the structural constants c1, c2, c3, c4, c5, and k.
Moreover, if f̂ is continuous on Rd×Rk×d, then N = ∅. Finally, if f̂ is independent of

x, then ρλ,νm,A(x) = +∞.

Proof. Let us fix m ∈ N. Arguing as in [100, Lemma 4.16], one can construct a Borel
function ωm : Rd → Rk×d such that

f̂(x, ωm(x)) ≤ f̂(x,A) +
1

m
for every x ∈ Rd and every A ∈ Rk×d. (2.3.12)

Note that (f2′), (f3), and (2.3.12) imply that for every x ∈ Rd one has

|ωm(x)| ≤
c2 + c4 + 1

c1
. (2.3.13)
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Since ωm ∈ L∞(Rd;Rk×d), by the Lebesgue Differentiation Theorem there exists Nm ∈
B(Rd), with Ld(Nm) = 0, such that for every x ∈ Rd \Nm, ν ∈ Sd−1, and λ ≥ 1 there exists
ρλ,νm,A(x) > 0 with the property that for every ρ ∈ (0, ρλ,νm,A(x)) we have

ˆ
Qλ

ν (x,ρ)
|ωm(x)− ωm(y)| dy ≤ 1

m
ρdλd−1.

We set N :=
⋃
m∈NNm and note that Ld(N) = 0. In view of (f4), the previous inequality

implies that for every x ∈ Rd \N , m ∈ N, A ∈ Rk×d, ν ∈ Sd−1, λ ≥ 1, and ρ ∈ (0, ρλ,νm,A(x))
we have ˆ

Qλ
ν (x,ρ)

|f̂
(
y, ωm(x)

)
− f̂

(
y, ωm(y)

)
| dy ≤ c5

m
ρdλd−1. (2.3.14)

We also set R := d1/2(|A|+ c2+c4+1
c1

)λρ and

w(y) := ωm(x)(y − x) + ℓA(x), (2.3.15)

vi(y) := w(y) + ΦiR(u(y)− w(y)) (2.3.16)

for every y ∈ Qλν (x, ρ) and i ∈ {1, . . . ,m}. Observe that with this choice of R we have
|(u − w)| ≤ R Hd−1-a.e. on ∂Qλν (x, ρ). Moreover, recalling (1.3.13), we get vi = ℓA on
∂Qλν (x, ρ) and

∥vi − ℓA∥L∞(Qλ
ν (x,ρ))

≤ (σm + 1)R = cA,mλρ.

We claim that there exists i ∈ {1, . . . ,m} such that (2.3.11) holds with v = vi. To prove
this, we consider for every i ∈ {1, . . . ,m} the following partition of Qλν (x, ρ):

Qiin := {y ∈ Qλν (x, ρ) : |u(y)− w(y)| ≤ σi−1R},
Qi := {y ∈ Qλν (x, ρ) : σ

i−1R < |u(y)− w(y)| < σiR},
Qiout := {y ∈ Qλν (x, ρ) : |u(y)− w(y)| ≥ σiR}.

Using the measure property (H2), we may write

F (vi, Qλν (x, ρ)) = F (vi, Qiin) + F (vi, Qi) + F (vi, Qiout).

Using again (1.3.13) from (2.3.10) and (2.3.16) we infer

F a(vi, Qλν (x, ρ)) =

ˆ
Qi

in

f̂
(
y,∇u(y)

)
dy +

ˆ
Qi

f̂
(
y,∇vi(y)

)
dy +

ˆ
Qi

out

f̂
(
y, ωm(x)

)
dy.

Taking advantage of (2.3.13)–(2.3.16), by (f2′) and (f3) we may estimate the integral over
Qi as
ˆ
Qi

f̂
(
y,∇vi(y)

)
dy ≤ c3k

1/2

ˆ
Qi

|ωm(x) +∇ΦiR(u(y)−w(y))(∇u(y)−ωm(x))| dy + c4Ld(Qi)

≤ c3k
1/2

ˆ
Qi

|∇u(y)|dy + (2c3k
1/2|ωm(x)|+ c4)Ld(Qi)

≤ c3k
1/2

c1

ˆ
Qi

f̂
(
y,∇u(y)

)
dy +

(
3c3k

1/2 c2 + c4 + 1

c1
+ c4

)
Ld(Qi).
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As for the integral over Qiout, we use (2.3.12) and (2.3.14) to get
ˆ
Qi

out

f̂
(
y, ωm(x)

)
dy ≤

ˆ
Qi

out

f̂
(
y, ωm(y)

)
dy +

c5
m
λd−1ρd

≤
ˆ
Qi

out

f̂
(
y,∇u(y)

)
dy +

c5 + 1

m
λd−1ρd.

Collecting the previous inequalities, we obtain

F a(vi, Qλν (x, ρ)) ≤
ˆ
Qi

in

f̂
(
y,∇u(y)

)
dy +

c3k
1/2

c1

ˆ
Qi

f̂
(
y,∇u(y)

)
dy

+ C1Ld(Qi) +
ˆ
Qi

out

f̂
(
y,∇u(y)

)
dy +

c5 + 1

m
λd−1ρd,

for some constant C1 depending only on c1, c2, c3, c4, c5, and k. Summing over i ∈ {1, . . . ,m}
and dividing by m, we obtain

1

m

m∑
i=1

F a(vi, Qλν (x, ρ)) ≤
(
1 +

C

m

)
F a(u,Qλν (x, ρ)) +

C

m
λd−1ρd, (2.3.17)

for some constant C depending only on c1, c2, c3, c4, c5, and k, which we may assume to be
larger than the constant of (H8). Finally, using Lemma 2.3.3, we get

1

m

m∑
i=1

F s(vi, Qλν (x, ρ)) ≤
(
1 +

C

m

)
F s(u,Qλν (x, ρ)),

which, together with (2.3.17), shows that there exists i ∈ {1, . . . ,m} such that (2.3.11) holds
with v = vi.

Assume now that f̂ is continuous on Rd × Rk×d. Thanks to (f2′) and to (f4), for every
x ∈ Rd there exists ω(x) which minimises the continuous function A 7→ f̂(x,A). Therefore,
by the uniform continuity of f̂ on compact subsets of Rd × Rk×d, there exists ρλ,νm (x) > 0

such that for every ρ ∈ (0, ρλ,νm (x)) one has

|f̂(y,A)− f̂(x,A)| ≤ 1

m
(2.3.18)

for every y ∈ Qλν (x, ρ) and |A| ≤ (c2 + c4)/c1. Since |ω(x)| ≤ c2+c4
c1

thanks to (f2) and (f3),
the previous displayed inequality implies

|f̂(y, ω(x))− f̂(x, ω(x))| ≤ 1

m
. (2.3.19)

Exploiting these inequalities and the minimality of ω(x), we obtain that

f̂(y, ω(x)) ≤ f̂(y,A) +
2

m
(2.3.20)

for every y ∈ Qλν (x, ρ) and A ∈ Rk×d. Indeed, if |A| ≤ (c2 + c4)/c1, we may apply (2.3.18)
twice to get

f̂(y, ω(x)) ≤ f̂(x, ω(x)) +
1

m
≤ f̂(x,A) +

1

m
≤ f̂(y,A) +

2

m
.



56 2. Homogenisation of free discontinuity problems: full gradient

Conversely, if |A| > (c4 + c2)/c1, we may use the minimality of ω(x), (f2′), and (f3) to get

f̂(x, ω(x)) ≤ f̂(x, 0) ≤ c4 ≤ f̂(y,A),

which, together with (2.3.19), implies (2.3.20). As in (2.3.15), for every y ∈ Rd we set
w(y) := ω(x)(y−x)+ ℓA(x). Replacing (2.3.14) by (2.3.20) in the argument that we used in
the case where f̂ was not assumed to be continuous on Rd ×Rk×d, we obtain the existence
of i ∈ {1, . . . ,m} such that

F (w +ΦiR ◦ (u− w), Qλν (x, ρ)) ≤
(
1 +

C

m

)
F (u,Qλν (x, ρ)) +

C

m
λd−1ρd.

In the case where f̂ does not depend on x, the minimising function ω is independent of
x, so that (2.3.20) holds for every y ∈ Rd, since it is a direct consequence of minimality.

The next result follows immediately from Lemma 2.3.9 and shows that it is always
possible to find minimisers to mF (ℓA, Q

λ
ν (x, ρ)) which are bounded in L∞. Given A ∈ Rk×d,

we set
CA := 2c3k

1/2C|A|+ 2C(c4 + 1), (2.3.21)

where C is the constant of Lemma 2.3.9. We also recall that the constant cA,m is given by
(2.3.9).

Corollary 2.3.10. Let F ∈ F and assume that there exists a function f̂ ∈ F satisfying
(2.3.10). Then there exists a set N ∈ B(Rd), with Ld(N) = 0, such that for every x ∈ Rd\N ,
m ∈ N, A ∈ Rk×d, ν ∈ Sd−1, and λ ≥ 1 there exists ρν,λm,A(x) > 0 such that for every
ρ ∈ (0, ρν,λm,A(x)) there exists u ∈ BV(Qλν (x, ρ);Rk) ∩ L∞(Qλν (x, ρ);Rk), with u = ℓA on
∂Qλν (x, ρ) and ∥u− ℓA∥L∞(Qλ

ν (x,ρ);Rk) ≤ cA,mλρ, such that

F (u,Qλν (x, ρ)) ≤ mF (ℓA, Q
λ
ν (x, ρ)) +

CAλ
d−1ρd

m
. (2.3.22)

In particular, for t = cA,mλ we have

mF
tρ(ℓA, Q

λ
ν (x, ρ)) ≤ mF (ℓA, Q

λ
ν (x, ρ)) +

CAλ
d−1ρd

m
. (2.3.23)

Moreover, if f̂ is continuous in Rd × Rk×d then N = ∅. Finally, if f̂ is independent of
x then ρν,λm,A(x) = +∞.

Proof. Let N ∈ B(Rd) and ρν,λm,A(x) > 0 be as in Lemma 2.3.9. Consider a function v ∈
BV(Qλν (x, ρ);Rk), with v = ℓA on ∂Qλν (x, ρ), such that

F (v,Qλν (x, ρ)) ≤ mF (ℓA, Q
λ
ν (x, ρ)) +

λd−1ρd

m
.

Since the function ℓA is a competitor for the minimisation problem on the right-hand side
of the previous inequality, we also get

F (v,Qλν (x, ρ)) ≤ (c3k
1/2|A|+ c4 + 1)λd−1ρd.

Thus, we may apply Lemma 2.3.9 to obtain u ∈ BV(Qλν (x, ρ);Rk) ∩ L∞(Qλν (x, ρ);Rk),
with u = ℓA on ∂Qλν (x, ρ) and ∥u − ℓA∥L∞(Qλ

ν (x,ρ);Rk) ≤ cA,mλρ, such that (2.3.22) holds,
concluding the proof.
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The following proposition shows that under the hypotheses of Lemma 2.3.9 the functions
fδ and f∞δ converge Ld-a.e. to f and f∞ as δ → 0+ (see Definition 1.5.6).

Proposition 2.3.11. Let F ∈ F. Assume that there exists f̂ ∈ F such that (2.3.10) holds.
Then

f(x,A) = lim
δ→0+

fδ(x,A) for Ld-a.e. x ∈ Rd and for everyA ∈ Rk×d, (2.3.24)

f∞(x,A) = lim
δ→0+

f∞δ (x,A) for Ld-a.e. x ∈ Rd and for everyA ∈ Rk×d. (2.3.25)

Proof. From Remark 2.3.8, we deduce that the limits in the right-hand side of (2.3.24) and
of (2.3.25) exist, f(x,A) ≤ inf

δ>0
fδ(x,A), and f∞(x,A) ≤ inf

δ>0
f∞δ (x,A).

Hence, we are left with proving that the converse inequalities also hold. Let N ∈ B(Rd)
be the Ld-negligible set of Corollary 2.3.10, let x ∈ Rd \ N , m ∈ N, A ∈ Rk×d, and t ≥ 1.
By (2.3.6), we have that for ρ > 0 small enough

mF (tℓA, Q(x, ρ))

tρd
≤ f(x, tA)

t
+

1

tm
. (2.3.26)

We can now apply Corollary 2.3.10, with A replaced by tA, to obtain a function u ∈
BV(Q(x, ρ);Rk), with u = tℓA on ∂Q(x, ρ) and ∥u − tℓA∥L∞(Q(x,ρ);Rk) ≤ ctA,mρ, such that
(2.3.22) holds with A replaced by tA. By taking ρ > 0 small enough, we may also suppose
that ∥u− tℓA∥L∞(Q(x,ρ);Rk) ≤ 1/2. Inequality (2.3.26) then yields

F (u,Q(x, ρ))

tρd
≤ f(x, tA)

t
+
CtA + 1

tm
≤ f(x, tA)

t
+
CA + 1

m
,

where CA > 0 is the constant defined in (2.3.21). Note that in the last inequality we have
used the estimate CtA ≤ tCA for every t ≥ 1.

We now compare Fδ(u,Q(x, ρ)) and F (u,Q(x, ρ)). Since ∥u − tℓA∥L∞ ≤ 1/2 and [u −
tℓA] = [u], we have |[u]| ≤ 1 Hd−1-a.e. on Ju. Therefore, by (H3′) we get

Fδ(u,Q(x, ρ)) = F (u,Q(x, ρ)) + δ|Du|(Q(x, ρ))

≤ F (u,Q(x, ρ)) + δ

ˆ
Q(x,ρ)

|∇u| dx+ δ|Dcu|(Q(x, ρ)) + δ

ˆ
Ju

(|[u]| ∧ 1) dHd−1

≤
(
1 +

δ

c1

)
F (u,Q(x, ρ)) +

c2δ

c1
ρd.

Letting δ be so small that δ/c1 ≤ 1/m and δc2/c1 ≤ 1/m, we then obtain

Fδ(u,Q(x, ρ))

tρd
≤

(
1 +

1

m

)F (u,Q(x, ρ))

tρd
+

1

m
≤

(
1 +

1

m

)(f(x, tA)
t

+
CA + 1

m

)
which, recalling that u = tℓA on ∂Q(x, ρ), implies

mFδ(ℓtA, Q(x, ρ))

tρd
≤

(
1 +

1

m

)(f(x, tA)
t

+
CA + 1

m

)
.

In particular, using this inequality with t = 1 and taking the lim sup as ρ→ 0+, we deduce

fδ(x,A) ≤
(
1 +

1

m

)(
f(x,A) +

CA + 1

m

)
,



58 2. Homogenisation of free discontinuity problems: full gradient

while taking the lim sup as ρ→ 0+ first and letting then t→ +∞, we obtain

f∞δ (x,A) ≤
(
1 +

1

m

)(
f∞(x,A) +

CA + 1

m

)
.

Finally, letting δ → 0+ first and then taking the limit for m→ +∞, we obtain the inequal-
ities inf

δ>0
fδ(x,A) ≤ f(x,A) and inf

δ>0
f∞δ (x,A) ≤ f∞(x,A), concluding the proof.

We now pass to the study of the minimisation problems used to define the integrands
for the surface terms.

Lemma 2.3.12. Let F ∈ F, x ∈ Rd, ν ∈ Sd−1, m ∈ N, ζ ∈ Rk, and ρ > 0. Then
there exists u ∈ BV(Qν(x, ρ);Rk) ∩ L∞(Qν(x, ρ);Rk), with u = ux,ζ,ν on ∂Qν(x, ρ) and
∥u∥L∞(Qν(x,ρ);Rk) ≤ σm|ζ|, such that

F (u,Qν(x, ρ)) ≤ mF (ux,ζ,ν , Qν(x, ρ)) +
K(|ζ| ∧ 1)

m
ρd−1 +Kρd, (2.3.27)

where K := max{c3kC,C(1 + c4) + c4 + 1} and C is the constant of (H8).

Proof. By (2.3.4) there exists v ∈ BV(Qν(x, ρ);Rk), with v = ux,ζ,ν on ∂Qν(x, ρ), such that

F (v,Qν(x, ρ)) ≤ mF (ux,ζ,ν , Qν(x, ρ)) + ρd ≤ c3k(|ζ| ∧ 1)ρd−1 + c4ρ
d, (2.3.28)

where the second inequality follows from (H4′) and the fact that ux,ζ,ν is a competitor for
the minimisation problem mF (ux,ζ,ν , Qν(x, ρ)).

Let us choose R = |ζ| and let ui := ΦiR ◦ v for all i ∈ {1, . . . ,m}. Note that, with this
choice of R, it follows from (1.3.13) that ui = ux,ζ,ν on ∂Qν(x, ρ) and ∥ui∥L∞(Qν(x,ρ);Rk) ≤
σm|ζ|. To conclude, it is then enough to observe that by (H8) and (2.3.28) there exists
i ∈ {1, . . . ,m} such that

F (ui, Qν(x, ρ)) ≤ F (v,Qν(x, ρ)) + c4ρ
d +

C

m

(
F (v,Qν(x, ρ)) + ρd

)
≤ mF (ux,ζ,ν , Qν(x, ρ)) + (C(1 + c4) + c4 + 1)ρd +

c3kC(|ζ| ∧ 1)

m
ρd−1,

which proves (2.3.27) with u = ui.

We are now ready to prove that gδ converges to g.

Proposition 2.3.13. Let F ∈ F , x ∈ Rd, ζ ∈ Rk, and ν ∈ Sd−1. Then

g(x, ζ, ν) = lim
δ→0+

gδ(x, ζ, ν). (2.3.29)

Proof. Thanks to Remark 2.3.8, the limit in the right-hand side of (2.3.29) exists and

g(x, ζ, ν) ≤ lim
δ→0+

gδ(x, ζ, ν). (2.3.30)

Hence, we are left with proving that the converse inequality holds true as well. We fix
m ∈ N and observe that by (2.3.7) we have that

mF (ux,ζ,ν , Qν(x, ρ))

ρd−1
≤ g(x, ζ, ν) +

1

m
(2.3.31)
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for ρ > 0 small enough. We now apply Lemma 2.3.12 and find u ∈ BV(Qν(x, ρ);Rk), with
u = ux,ζ,ν on ∂Qν(x, ρ) and ∥u∥L∞(Qν(x,ρ);Rk) ≤ σm|ζ|, such that

F (u,Qν(x, ρ)) ≤ mF (ux,ζ,ν , Qν(x, ρ)) +
K

m
ρd−1 +Kρd.

From (2.3.31) we then deduce that

F (u,Qν(x, ρ))

ρd−1
≤ g(x, ζ, ν) +

K + 1

m
+Kρ.

To conclude, we need to compare Fδ(u,Qν(x, ρ)) with F (u,Qν(x, ρ)). To this end, we
first observe that, as ∥u∥L∞(Qν(x,ρ);Rk) ≤ σm|ζ|, we have |[u]| ≤ 2σm(|ζ| ∨ 1)(|[u]| ∧ 1).
Thanks to this inequality, we may estimate

Fδ(u,Qν(x, ρ)) = F (u,Qν(x, ρ)) + δ|Du|(Qν(x, ρ))

≤ F (u,Qν(x, ρ)) + δ
( ˆ

Qν(x,ρ)
|∇u| dx+ |Dcu|(Qν(x, ρ))

)
+ 2σm(|ζ| ∨ 1)δ

ˆ
Ju∩Qν(x,ρ)

(|[u]| ∧ 1) dHd−1

≤
(
1 +

2δσm(|ζ| ∨ 1)

c1

)
F (u,Qν(x, ρ)) +

2c2δσ
m(|ζ| ∨ 1)

c1
ρd.

Letting δ be so small that 2δσm(|ζ| ∨ 1)/c1 ≤ 1/m and 2c2δσ
m(|ζ| ∨ 1)/c1 ≤ 1, we get

Fδ(u,Qν(x, ρ))

ρd−1
≤

(
1 +

1

m

)
g(x, ζ, ν) +

2K + 2

m
+

(
2K + 1

)
ρ.

Recalling the definition of mFδ(u,Qν(x, ρ)), from this last inequality we deduce that

mFδ(ux,ζ,ν , Qν(x, ρ))

ρd−1
≤

(
1 +

1

m

)
g(x, ζ, ν) +

2K + 2

m
+
(
2K + 1

)
ρ.

Passing to the limsup for ρ→ 0+, we obtain

gδ(x, ζ, ν) ≤
(
1 +

1

m

)
g(x, ζ, ν) +

2K + 2

m
.

Taking first lim sup to δ → 0+, and then m → +∞, we finally obtain limδ→0+ gδ(x, ζ, ν) ≤
g(x, ζ, ν), which together with (2.3.30) concludes the proof.

As the following proposition shows, the functions f and g defined by (2.3.6) and (2.3.7)
belong to F and to G , respectively.

Proposition 2.3.14. Let F ∈ Fsc, f , f̂ , and g be the functions defined by (2.3.6), (2.3.8),
and (2.3.7), respectively. Then f̂ , f ∈ F and g ∈ G .

Proof. The proof of the inclusions f̂ , f ∈ F and of properties (g1)–(g5) for g can be obtained
by adapting the arguments of [100, Section 5], with minor adaptations.

We are left with proving that g satisfies (g6). To see this, let ζ1, ζ2 ∈ Rk \ {0} with
c6k|ζ1| ≤ |ζ2|. We set λ := |ζ1|/|ζ2| and note that λ ≤ 1/(c6k). Let R ∈ SO(k) be



60 2. Homogenisation of free discontinuity problems: full gradient

a rotation that maps λζ2 to ζ1, let x ∈ Rd, and let ν ∈ Sd−1. By (2.3.7) there exists
u ∈ BV(Qν(x, ρ);Rk), with u = ux,ζ2,ν on ∂Qν(x, ρ), such that

F (u,Qν(x, ρ)) ≤ mF (ux,ζ2,ν , Qν(x, ρ)) + ρd. (2.3.32)

We set v := λRu and observe that v = ux,ζ1,ν on ∂Qν(x, ρ). Then, using (H9), we get

F (v,Qν(x, ρ)) ≤ F (u,Qν(x, ρ)) + (c4 + c2)ρ
d,

which, by (2.3.32), implies

F (v,Qν(x, ρ)) ≤ mF (ux,ζ2,ν , Qν(x, ρ)) + (c4 + c2 + 1)ρd. (2.3.33)

Dividing this last inequality by ρd−1 and taking the lim sup for ρ→ 0+, we obtain

lim sup
ρ→0+

F (v,Qν(x, ρ))

ρd−1
≤ g(x, ζ2, ν),

which, in light of the fact that v = ux,ζ1,ν on ∂Qν(x, ρ), implies g(x, ζ1, ν) ≤ g(x, ζ2, ν),
concluding the proof.

Using the results of [41], we can now establish an integral representation both for the
absolutely continuous part and the jump part of the perturbed functionals Fδ. This repre-
sentation is achieved by means of the functions fδ and gδ defined above.

Proposition 2.3.15. Let F ∈ Fsc, O ∈ Oc(Rd), and δ > 0. Let F aδ and F jδ be the functionals
introduced in Definition 2.3.4 and let fδ and gδ be as in Definition 2.3.7. Then

F aδ (u,B) =

ˆ
B
fδ(x,∇u) dx, (2.3.34)

F jδ (u,B) =

ˆ
Ju∩B

gδ(x, [u], νu) dHd−1, (2.3.35)

for every u ∈ BV(O;Rk) and for every B ∈ B(O).

Proof. The result follows from [41, Theorem 3.7], using the same arguments as in [100,
Theorem 6.1].

With this proposition at hand, we are finally ready to prove the main result of the
section, i.e., the integral representation of F a and of F j .

Theorem 2.3.16. Let F ∈ Fsc, O ∈ Oc(Rd), and let f and g be the functions defined by
(2.3.6) and (2.3.7), respectively. Then

F a(u,B) =

ˆ
B
f(x,∇u) dx, (2.3.36)

F j(u,B) =

ˆ
Ju∩B

g(x, [u], νu) dHd−1 (2.3.37)

for every u ∈ GBV⋆(O;Rk) and for every B ∈ B(O).
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Proof. We first show that

F a(u,B) =

ˆ
B
f(x,∇u) dx for all u ∈ BV(O;Rk) and B ∈ B(O). (2.3.38)

To this end, we first note that F aδ (u,B) = F a(u,B) + δ
´
B |∇u|dx for every u ∈

BV(O;Rk) and every B ∈ B(O), so that

F a(u,B) = inf
δ>0

F aδ (u,B) = lim
δ→0+

F aδ (u,B). (2.3.39)

Since by definition of fδ we have that

fδ(x,A) ≤ (c3k
1/2 + δ)|A|+ c4 for all x ∈ Rd and A ∈ Rk×d,

from (2.3.39), (2.3.34), Proposition 2.3.11, and the Dominated Convergence Theorem we
infer (2.3.38).

We now prove that

F j(u,B) =

ˆ
Ju∩B

g(x, [u], νu) dHd−1 for all u ∈ BV(O;Rk) and B ∈ B(O). (2.3.40)

To this end, we first note that F jδ (u,B) = F j(u,B) + δ
´
Ju∩B |[u]|dHd−1 for every u ∈

BV(O;Rk) and B ∈ B(O); therefore,

F j(u,B) = inf
δ>0

F jδ (u,B) = lim
δ→0+

F jδ (u,B). (2.3.41)

It is immediate to check that

gδ(x, ζ, ν) ≤ (c3k + δ)|ζ| for all x ∈ Rd, ζ ∈ Rk, and ν ∈ Sd−1.

Hence, using (2.3.35), Proposition 2.3.13, and the Dominated Convergence Theorem, from
(2.3.41) we obtain (2.3.40).

We are left with proving (2.3.36) and (2.3.37) in the general case u ∈ GBV⋆(O;Rk). Let
{Rm}m be a positive sequence with Rm → +∞. Lemma 2.3.2 shows that equality (2.3.2)
with b = a and b = j holds for every B ∈ B(O). Therefore, to conclude it is enough to show
that

lim
m→+∞

1

m

m∑
i=1

F a(ΦiRm
◦ u,B) =

ˆ
B
f(x,∇u) dx, (2.3.42)

lim
m→+∞

1

m

m∑
i=1

F j(ΦiRm
◦ u,B) =

ˆ
Ju∩B

g(x, [u], νu) dHd−1 (2.3.43)

for every B ∈ B(O).
Since for every i ∈ {1, . . . ,m} we have that ΦiRm

◦ u ∈ BV(O;Rk) ∩ L∞(O;Rk), from
(2.3.36) and (2.3.40) we deduce that

F a(ΦiRm
◦ u,B) =

ˆ
B
f(x,∇

(
ΦiRm

◦ u)
)
dx,

F j(ΦiRm
◦ u,B) =

ˆ
J
Φi
Rm

(u)
∩B

g
(
x, [ΦiRm

◦ u], νu
)
dHd−1.
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We then observe that for every m ∈ N there exist i(m), j(m) ∈ {1, . . . ,m} such that

ˆ
B
f
(
x,∇(Φ

i(m)
Rm

◦ u)
)
dx ≤ 1

m

m∑
i=1

F a(ΦiRm
◦ u,B) ≤

ˆ
B
f
(
x,∇(Φ

j(m)
Rm

◦ u)
)
dx.

We observe that both ∇(Φ
i(m)
Rm

◦u) and ∇(Φ
j(m)
Rm

◦u) converge to ∇u pointwise Ld-a.e. in O as
m→ +∞ and that |∇(ΦiRm

◦u)| ≤ |∇u| for every i ∈ {1, . . . ,m}, thanks to (1.3.13) and (b)
of Proposition 1.3.10. Hence, recalling that by Proposition 2.3.14 the function A 7→ f(x,A)
is continuous (see (f4)), the Dominated Convergence Theorem implies (2.3.42).

To prove (2.3.43), for every m ∈ N we choose i(m), j(m) ∈ {1, . . . ,m} such that

ˆ
Ju∩B

g(x, [Φ
i(m)
Rm

◦ u], νu) dHd−1 ≤ 1

m

m∑
i=1

F j(ΦiRm
◦ u,B) ≤

ˆ
Ju∩B

g(x, [Φ
j(m)
Rm

◦ u], νu) dHd−1.

Since by Proposition 2.3.14 the function ζ 7→ g(x, ζ, ν) is continuous (see (g4)) and for
every i ∈ {1, . . . ,m} it holds |[ΦiRm

◦ u]| ∧ 1 ≤ |[u]| ∧ 1, an application of the Dominated
Convergence Theorem and Proposition 1.3.10(c) yield (2.3.43), concluding the proof.

2.4 A smaller collection of integrands

As the scalar case studied in [101] suggests, to recover a full integral representation for
functionals in Fsc that is expedient for the study of stochastic homogenisation problems
(see Section 2.7) it is convenient to consider a smaller collection of integrands. Indeed, it
could be proved (see [100, Theorem 6.7]) that, if F ∈ Fsc satisfies a uniform continuity
condition with respect to translations of the independent variable, then also the Cantor
part F c admits an integral representation. However, this uniform continuity property is not
easy to verify in non-periodic homogenisation problems. For this reason, it is convenient to
introduce suitable subclasses of Fsc, F , and G .

The aim of this section is to introduce these collections and investigate their main prop-
erties.

In the rest of the chapter, we fix two new constants c7 > 0 and α ∈ (0, 1). Moreover, we
fix a continuous non-decreasing function ϑ : [0,+∞) → [0,+∞) such that

ϑ(0) = 0 and ϑ(t) ≥ c1k
1/2

c3
t− 1 for every t ≥ 0. (2.4.1)

We begin by introducing a smaller collection of volume integrands.

Definition 2.4.1. Let Fα be the collection of functions f ∈ F such that∣∣∣f(x, sA)
s

− f(x, tA)

t

∣∣∣ ≤ c7
s
f(x, sA)1−α +

c7
s
+
c7
t
f(x, tA)1−α +

c7
t

(2.4.2)

for Ld-a.e. x ∈ Rd and for every s, t > 0 and A ∈ Rk×d.

Remark 2.4.2. Arguing as in [101, Remark 4.3], one can show that f ∈ Fα if and only if
for Ld-a.e. x ∈ Rd and for every A ∈ Rk×d we have

f∞(x,A) = lim
s→+∞

1

s
f(x, sA)
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and ∣∣∣1
s
f(x, sA)− f∞(x,A)

∣∣∣ ≤ c7
s
+
c7
s
f(x, sA)1−α (2.4.3)

for Ld-a.e. x ∈ Rd, for every A ∈ Rk×d and for every s > 0. This is closely related to
condition (H4) of [41, Section 4].

We now introduce the smaller collection of surface integrands.

Definition 2.4.3. Let G ϑ be the collection of functions g ∈ G such that∣∣∣g(x, sζ, ν)
s

− g(x, tζ, ν)

t

∣∣∣ ≤ ϑ(s|ζ|)g(x, sζ, ν)
s

+ ϑ(t|ζ|)g(x, tζ, ν)
t

, (2.4.4)

for every s, t > 0, x ∈ Rd, ζ ∈ Rk, and ν ∈ Sd−1.

Remark 2.4.4. The arguments of [101, Remark 4.5] show that g ∈ G ϑ if and only if, for
every x ∈ Rd, ζ ∈ Rk and ν ∈ Sd−1, we have that the limit

g0(x, ζ, ν) := lim
s→0+

1

s
g(x, sζ, ν) (2.4.5)

exists and ∣∣∣1
s
g(x, sζ, ν)− g0(x, ζ, ν)

∣∣∣ ≤ ϑ(s|ζ|)1
s
g(x, sζ, ν) ≤ c3kϑ(s|ζ|)|ζ| (2.4.6)

for every s > 0, x ∈ Rd, ζ ∈ Rk, and ν ∈ Sd−1. By [59, Remark 3.5] these latter two
properties are closely related to condition (g5) of that paper.

Remark 2.4.5. Condition (2.4.2) is crucial in Lemma 2.4.13, which is a key instrument in
the proof of the integral representation of the Cantor part (see Theorem 2.5.1). Moreover,
conditions (2.4.3) and (2.4.6) will be used in Section 2.7 to obtain suitable homogenisation
formulas.

Remark 2.4.6. The class G ϑ is non-empty, since the function (x, ζ, ν) 7→ (c1k
1/2|ζ|) ∧ c3

belongs to G ϑ. Arguing as in [101, Remark 4.7], it is possible to show that if G ϑ ̸= Ø then
ϑ satisfies (2.4.1).

In analogy with Section 2.1, we introduce a space of functionals Fα,ϑ which contains
F f,g for every f ∈ Fα and g ∈ G ϑ.

Definition 2.4.7. Let Fα,ϑ be the subcollection of functionals F ∈ F satisfying the condition∣∣∣F (su,O)

s
− F (tu,O)

t

∣∣∣ ≤ c7
s
Ld(O)αF (su,O)1−α + ϑ(suO)

F (su,O)

s
+
c7
s
Ld(O)

+
c7
t
Ld(O)αF (tu,O)1−α + ϑ(tuO)

F (tu,O)

t
+
c7
t
Ld(O), (2.4.7)

for every t, s > 0, O ∈ Oc(Rd), and u ∈ BV(O;Rk) ∩ L∞(O;Rk), where uO := oscOu :=

ess supx,y∈O |u(x)− u(y)|. We also set Fα,ϑsc := Fα,ϑ ∩ Fsc.

Remark 2.4.8. Let O ∈ Oc(Rd) and u ∈ BV(O;Rk) ∩ L∞(O;Rk). Then

|[u](x)| ≤ oscOu for every x ∈ Ju ∩O. (2.4.8)
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Indeed, let x ∈ Ju ∩O and assume, by contradiction, that |u+(x)− u−(x)| > oscOu. Then
we can choose ε > 0 such that

|u+(x)− u−(x)| ≥ oscOu+ 3ε.

By the definition of u±(x), for all sufficiently small ρ > 0 the sets E±
ρ := {y ∈ O ∩Bρ(x) ∩

H±(x) : |u(y)−u±(x)| < ε} (see Definition 1.3.9) have positive Ld-measure. Hence E+
ρ ×E−

ρ

has positive L2d-measure, and for every (y, z) ∈ E+
ρ × E−

ρ we have

|u(y)− u(z)| ≥ |u+(x)− u−(x)| − 2ε ≥ oscOu+ ε,

contradicting the definition of oscO u.

Proposition 2.4.9. Let f ∈ Fα and g ∈ G ϑ. Then the functional F f,g of Definition 2.1.6
belongs to Fα,ϑ.

Proof. The result is proved as in [101, Proposition 4.9], replacing Remark 2.9 therein by our
Proposition 2.1.14 and using Remark 2.4.8 to obtain the first inequality in (4.16) of that
paper.

To study the Γ-limit of sequences of functionals {Fn}n ⊂ Fα,ϑ, given O ∈ Oc(Rd) and a
function u ∈ BV(O;Rk)∩L∞(O;Rk), it is important to be able to find approximate recovery
sequences for u that are uniformly bounded in L∞(O;Rk). This is dealt with in the next
lemma. Note that, for this particular result, there is no need to use condition (2.4.7).

Lemma 2.4.10. Let m ∈ N, O ∈ Oc(Rd), and F ∈ F. Assume that there exists a sequence
{Fn}n ⊂ F with {Fn(·, O)}n Γ-converging to F (·, O) in the topology of L0(Rd;Rk) as n →
+∞. Then for every u ∈ BV(O;Rk)∩L∞(O;Rk), there exist sequences {un}n ⊂ BV(O;Rk)
and {vn}n ⊂ BV(O;Rk) converging to u in L1(O;Rk) such that

uOn ≤ 4σmuO and ∥vn∥L∞(O;Rk) ≤ 2σm∥u∥L∞(O;Rk) for every n ∈ N, (2.4.9)

lim sup
n→+∞

Fn(un, O) ∨ lim sup
n→+∞

Fn(vn, O) ≤ F (u,O) + C
F (u,O) + Ld(O)

m
, (2.4.10)

where C is the constant of (H8).

Proof. By the invariance property (H5) it is not restrictive to assume that uO = ∥u∥L∞(O;Rk).
By definition of Γ-convergence there exists a sequence {wn}n ⊂ L0(Rd;Rk) converging to u
in L0(Rd;Rk) such that

lim
n→+∞

Fn(wn, O) = F (u,O). (2.4.11)

Let us fix R := 2∥u∥L∞(O;Rk). By (H8) for every n ∈ N we can choose i(n) ∈ {1, . . . ,m}
such that

Fn(Φ
i(n)
R ◦ wn, O) ≤ Fn(wn, O) + C

Fn(wn, O) + Ld(O)

m
+ c4Ld(ORwn,0).

Since {wn}n converges to u in L0(Rd;Rk), by our choice of R we have that, up to a sub-
sequence, not relabelled, Ld(ORwn,0) → 0 as n → +∞. Setting un := Φ

i(n)
R ◦ wn, we deduce

from (2.4.11) and the previous inequality that

lim sup
n→+∞

Fn(un, O) ≤ F (u,O) + C
F (u,O) + Ld(O)

m
.



2. Homogenisation of free discontinuity problems: full gradient 65

To conclude, it is then enough to observe that (1.3.13) implies the chain of inequalities

uOn ≤ 2∥un∥L∞(O;Rk) ≤ 4σm∥u∥L∞(O;Rk) = 4σmuO

and the convergence of {un}n to u in L1(O;Rk).
The construction of vn is similar.

We now want to study Γ-limits of sequences of functionals in Fα,ϑ. To this aim, it is
convenient to introduce a family of subcollections of F in which (2.4.7) holds in a weaker
form. Given m ∈ N, we set

ϑm(t) := ϑ(4σmt) (2.4.12)

for every t ≥ 0.

Definition 2.4.11. Given m ∈ N, we denote by Fα,ϑm the collection of functionals F ∈ F
satisfying∣∣∣F (su,O)

s
−F (tu,O)

t

∣∣∣ ≤ c7
s
Ld(O)αF (su,O)1−α + ϑm(su

O)
F (su,O)

s
+
c7
s
Ld(O)

+
c7
t
Ld(O)αF (tu,O)1−α+ ϑm(tu

O)
F (tu,O)

t
+
c7
t
Ld(O)+Rm,s(u,O) +Rm,t(u,O)

for every t, s > 0, O ∈ Oc(Rd), and u ∈ BV(O;Rk)∩L∞(O,Rk), where Rm,t(u,O) is defined
for every t > 0 by

C
1 + ϑm(tu

O)

t

F (tu,O) + Ld(O)

m
+ C1−α c7

t

(F (tu,O) + Ld(O)

m

)1−α
Ld(O)α, (2.4.13)

with C as in (H8). We also set Fα,ϑw :=
(⋂∞

m=1 F
α,ϑm

)
∩ Fsc.

While in the scalar case the Γ-limits of sequences in Fα,ϑ belong to the same space
(see [101, Proposition 6.9]), in the vector-valued case we can only prove that they belong to
the larger space Fα,ϑw .

Proposition 2.4.12. Let {Fn}n be a sequence of functionals in Fα,ϑ and let F ∈ F. Assume
that for every O ∈ Oc(Rd) the sequence {Fn(·, O)}n Γ-converges to F (·, O) with respect to
the topology of L0(Rd;Rk). Then F ∈ Fα,ϑm ∩Fsc for every m ∈ N. In particular, F ∈ Fα,ϑw .

Proof. By the semicontinuity of Γ-limits we have F ∈ Fsc. Thus, we only need to prove that
F ∈ Fα,ϑm for any m ∈ N.

Let us fix m ∈ N. By the continuity of ϑm and exchanging the roles of s and t, to
conclude it is enough to show that for any O ∈ Oc(Rd), u ∈ BV(O;Rk) ∩ L∞(O;Rk), and
s, t > 0 it holds

(1−ϑm(suO))
F (su,O)

s
− c7

s
Ld(O)− c7

s
Ld(O)αF (su,O)1−α

≤ (1+ϑm(tu
O))

F (tu,O)

t
+
c7
t
Ld(O) +

c7
t
Ld(O)αF (tu,O)1−α+Rm,t(u,O), (2.4.14)

assuming that the left-hand side is strictly positive.
Let us fix O ∈ Oc(Rd), u ∈ BV(O;Rk) ∩ L∞(O;Rk), and s, t > 0. By Lemma 2.4.10

there exists a sequence {un}n ⊂ BV(O;Rk) ∩ L∞(O;Rk) such that un → u in L1(O;Rk),
uOn ≤ 4σmuO, and

lim sup
n→+∞

Fn(tun, O) ≤ F (tu,O) + C
F (tu,O) + Ld(O)

m
. (2.4.15)
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Since un ∈ BV(O;Rk) ∩ L∞(O;Rk), we may use (2.4.7) to get

(1− ϑ(suOn ))
Fn(sun, O)

s
− c7

s
Ld(O)− c7

s
Ld(O)αFn(sun, O)1−α

≤ (1 + ϑ(tuOn ))
Fn(tun, O)

t
+
c7
t
Ld(O) +

c7
t
Ld(O)αFn(tun, O)1−α.

Taking the limsup as n → +∞ and using the monotonicity of ϑ and (2.4.15), we deduce
that

lim sup
n→+∞

(
(1− ϑm(su

O))
Fn(sun, O)

s
− c7

s
Ld(O)− c7

s
Ld(O)αFn(sun, O)1−α

)
≤ lim sup

n→+∞

(
(1− ϑ(suOn ))

Fn(sun, O)

s
− c7

s
Ld(O)− c7

s
Ld(O)αFn(sun, O)1−α

)
≤ lim sup

n→+∞

(
1 + ϑ(tuOn ))

Fn(tun, O)

t
+
c7
t
Ld(O) +

c7
t
Ld(O)αFn(tun, O)1−α

)
≤ (1+ϑm(tu

O))
F (tu,O)

t
+
c7
t
Ld(O) +

c7
t
Ld(O)αF (tu,O)1−α+Rm,t(u,O), (2.4.16)

where Rm,t(u,O) is defined by (2.4.13). To deal with the first term in the previous chain of
inequalities, we introduce the function Ψ defined for every z ∈ [0,+∞) as

Ψ(z) := (1− ϑm(su
O))

z

s
− c7

s
Ld(O)αz1−α − c7

s
Ld(O).

Since the left-hand side of (2.4.14) is assumed to be strictly positive, by definition we have
Ψ(F (su,O)) > 0, which implies (1−ϑm(su

O)) > 0. Let z0 := c
1/α
7 (1−ϑm(su

O))−1/αLd(O)
and observe that Ψ is increasing on (z0,+∞) and that, if Ψ(z) > 0, then z > z0; in
particular, F (su,O) > z0. Finally, from the Γ-convergence of {Fn(·, O)}n to F (·, O) and
from the convergence of {un}n to u in L0(Rd;Rk), we deduce that

F (su,O) ≤ lim inf
n→+∞

Fn(sun, O),

which, by the monotonicity of Ψ, implies Ψ(F (su,O)) ≤ lim inf
n→+∞

Ψ(Fn(sun, O)). Recalling

the definition of Ψ, from this inequality and (2.4.16) we obtain (2.4.14), concluding the
proof.

The next technical results will be used in the proof of the Representation Theorem 2.5.1.
Given A ∈ Rk×d and m ∈ N, we set

κA,m := 2cA,m + 2d1/2|A|, (2.4.17)

where cA,m is the constant defined by (2.3.9).

Lemma 2.4.13. For every A ∈ Rk×d there exists a constant MA, depending only on |A|
and on the structural constants c1, . . . , c7, k, and α, such that for every m ∈ N and F ∈
Fα,ϑm ∩ Fsc there exists a set Nm ∈ B(Rd), with Ld(Nm) = 0, independent of A, satisfying
the following property: for every x ∈ Rd \ Nm, λ ≥ 1, ν ∈ Sd−1, and s, t > 0 there exist
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ρν,λm,A,t,s(x) > 0 such that for every ρ ∈ (0, ρν,λm,A,t,s(x)) we have

∣∣∣mF (sℓA, Q
λ
ν (x, ρ))

s
− mF (tℓA, Q

λ
ν (x, ρ))

t

∣∣∣
≤ c7

s
λα(d−1)ρdαmF (sℓA, Q

λ
ν (x, ρ))

1−α + ϑm

( sκA,mλρ

(s ∧ 1)(t ∧ 1)

)mF (sℓA, Q
λ
ν (x, ρ))

s

+
c7
t
λα(d−1)ρdαmF (tℓA, Q

λ
ν (x, ρ))

1−α + ϑm

( tκA,mλρ

(s ∧ 1)(t ∧ 1)

)mF (tℓA, Q
λ
ν (x, ρ))

t

+
c7
s
λd−1ρd +

(
1 + ϑm

( sκA,mλρ

(s ∧ 1)(t ∧ 1)

)) MA

(s ∧ 1)m
λd−1ρd +

( 1

sα
+
1

s

) MA

m1−αλ
d−1ρd

+
c7
t
λd−1ρd +

(
1 + ϑm

( tκA,mλρ

(s ∧ 1)(t ∧ 1)

)) MA

(t ∧ 1)m
λd−1ρd +

( 1

tα
+
1

t

) MA

m1−αλ
d−1ρd,

where κA,m is the constant defined by (2.4.17).
If, in addition, the function f defined by (2.3.6) does not depend on x, we have Nm = Ø

and ρν,λm,A,t,s(x) = +∞.

Proof. By hypothesis F ∈ Fsc, so that by Theorem 2.3.16, equality (2.3.10) holds with f̂
replaced by f , where f is the function defined by (2.3.6). Hence, we may apply Corol-
lary 2.3.10 to obtain a set Nm ∈ B(Rd), with Ld(Nm) = 0, satisfying the following property:
for every x ∈ Rd \ Nm, A ∈ Rk×d, t > 0, ν ∈ Sd−1, and λ ≥ 1 there exists ρν,λm,tA(x) such
that for every ρ ∈ (0, ρν,λm,tA(x)), there exists u ∈ BV(Qλν (x, ρ);Rk)∩L∞(Qλν (x, ρ);Rk), with
trQλ

ν (x,ρ)
u =trQλ

ν (x,ρ)
ℓA and ∥u− ℓA∥L∞(Qλ

ν (x,ρ);Rk) ≤ 1
t ctA,mλρ ≤ 1

t∧1cA,mλρ, such that

F (tu,Qλν (x, ρ)) ≤ mF (tℓA, Q
λ
ν (x, ρ)) +

CtA
m

λd−1ρd

≤ mF (tℓA, Q
λ
ν (x, ρ)) +

(t ∨ 1)CA
m

λd−1ρd, (2.4.18)

where CA is defined by (2.3.21). Note that the oscillation of u on Qλν (x, ρ) satisfies

uQ
λ
ν (x,ρ) ≤

( 2

t ∧ 1
cA,m +

2

t ∧ 1
d1/2|A|

)
λρ =

κA,m
t ∧ 1

λρ. (2.4.19)

We can estimate mF (tℓA, Q
λ
ν (x, ρ)) by evaluating F (·, Qλν (x, ρ)) at tℓA. Recalling (2.4.18)

and (H4′), this leads to

F (tu,Qλν (x, ρ)) ≤
(
c3k

1/2t|A|+ c4 + (t ∨ 1)CA
)
λd−1ρd. (2.4.20)

Since F ∈ Fα,ϑm , by Definition 2.4.11 for every s > 0 we have that

(1− ϑm(su
Qλ

ν (x,ρ)))
F (su,Qλν (x, ρ))

s
− c7

s
(λd−1ρd)αF (su,Qλν (x, ρ))

1−α

−c7
s
λd−1ρd −Rm,s(u,Q

λ
ν (x, ρ))

≤ (1 + ϑm(tu
Qλ

ν (x,ρ)))
F (tu,Qλν (x, ρ))

t
+
c7
t
(λd−1ρd)αF (tu,Qλν (x, ρ))

1−α

+
c7
t
λd−1ρd +Rm,t(u,Q

λ
ν (x, ρ)), (2.4.21)
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where R is defined by (2.4.13). Using the monotonicity of ϑm, (2.4.18)–(2.4.20), and the
subadditivity of the function z 7→ z1−α on [0,+∞) we see that the left-hand side of (2.4.21)
can be bounded from below by(

1−ϑm
(sκA,mλρ

t ∧ 1

))F (su,Qλν (x, ρ))
s

− c7
s
λα(d−1)ραdF (su,Qλν (x, ρ))

1−α

− c7
s
λd−1ρd − C

(
1 + ϑm

(sκA,mλρ
t ∧ 1

))F (su,Qλν (x, ρ)) + λd−1ρd

sm

− C1−α c7
s

F (su,Qλν (x, ρ))
1−αλα(d−1)ραd + λd−1ρd

m1−α , (2.4.22)

while the right-hand side of (2.4.21) can be bounded from above by(
1 + ϑm

( tκA,mλρ
t ∧ 1

))mF (tℓA, Q
λ
ν (x, ρ))

t
+
c7
t
mF (tℓA, Q

λ
ν (x, ρ))

1−αλα(d−1)ραd

+
c7
t
λd−1ρd +

(
1 + ϑm

( tκA,mλρ
t ∧ 1

))C(c3k1/2|A|+ c4 + CA + 1) + CA
(t ∧ 1)m

λd−1ρd

+
(
C1−α c7

tα
+
c7
t

)(c3k1/2|A|+ c4 + CA
)1−α

+ 1 + C1−α
A

m1−α λd−1ρd. (2.4.23)

Therefore, by (2.4.21)–(2.4.23) there exists a constant MA, independent of m, such that(
1−ϑm

(sκA,mλρ
t ∧ 1

))F (su,Qλν (x, ρ))
s

− c7
s
λα(d−1)ραdF (su,Qλν (x, ρ))

1−α

− c7
s
λd−1ρd − C

(
1+ϑm

(sκA,mλρ
t ∧ 1

))F (su,Qλν (x, ρ))+λd−1ρd

sm

− C1−α c7
s

F (su,Qλν (x, ρ))
1−αλα(d−1)ραd+λd−1ρd

m1−α

≤
(
1+ϑm

( tκA,mλρ
t ∧ 1

))mF (tℓA, Q
λ
ν (x, ρ))

t
+
c7
t
mF (tℓA, Q

λ
ν (x, ρ))

1−αλα(d−1)ραd

+
c7
t
λd−1ρd+

(
1+ϑm

( tκA,mλρ
t ∧ 1

)) MA

(t ∧ 1)m
λd−1ρd +

( 1

tα
+
1

t

) MA

m1−αλ
d−1ρd. (2.4.24)

We claim that the previous inequality still holds replacing F (su,Qλν (x, ρ)) by the mini-
mum mF (sℓA, Q

λ
ν (x, ρ)). To prove the claim, for given s, t > 0 we introduce the function Ψ

defined for every z ∈ [0,+∞) as

Ψ(z) :=
(
1− ϑm

(sκA,mλρ
t ∧ 1

))z
s
− c7

s
λα(d−1)ραdz1−α − c7

s
λd−1ρd

− C
(
1 + ϑm

(sκA,mλ
t ∧ 1

ρ
))z + λd−1ρd

sm
− C1−α c7

s

z1−αλα(d−1)ραd + λd−1ρd

m1−α ,

so that the left-hand side of (2.4.24) is equal to Ψ(F (su,Qλν (x, ρ))) and our claim is that the
number Ψ(mF (sℓA, Q

λ
ν (x, ρ))) is less than or equal to the right-hand side of (2.4.24). Since

this right-hand side is larger than or equal to zero, the claim is trivial if Ψ(mF (sℓA, Q
λ
ν (x, ρ)))

is not positive. Therefore, to prove the claim we may assume Ψ(mF (sℓA, Q
λ
ν (x, ρ))) > 0.

Note that this positivity condition implies that 1− ϑm(
sκA,mλρ
t∧1 ) > 0.

We now show that

Ψ(mF (sℓA, Q
λ
ν (x, ρ))) ≤ Ψ(F (su,Qλν (x, ρ))), (2.4.25)
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assuming that Ψ(mF (sℓA, Q
λ
ν (x, ρ))) > 0. Some straightforward computations show that if

Ψ(z) > 0 then z > z0, where z0 is defined by

z0 := c
1/α
7

(
1− ϑm

(sκA,mλρ
t ∧ 1

)
− C

m

(
1 + ϑm

(sκA,mλρ
t ∧ 1

)))−1/α(
1 +

C1−α

m1−α

)1/α
λd−1ρd

One can also see that Ψ is increasing on (z0,+∞). Since su = sℓA on ∂Qλν (x, ρ), we obtain
that

mF (sℓA, Q
λ
ν (x, ρ)) ≤ F (su,Qλν (x, ρ)). (2.4.26)

Since we assumed that Ψ(mF (sℓA, Q
λ
ν (x, ρ))) > 0, we have mF (sℓA, Q

λ
ν (x, ρ)) > z0. Hence,

recalling that Ψ is increasing on (z0,+∞), from (2.4.26) we obtain that (2.4.25). Thus, in
the left-hand side of (2.4.24) we can substitute F (su,Qλν (x, ρ)) by mF (sℓA, Q

λ
ν (x, ρ)). This

new inequality, together with

mF (sℓA, Q
λ
ν (x, ρ))

s
≤ c3k

1/2|A|+ c4
s ∧ 1

λd−1ρd,

implies that(
1− ϑm

(sκA,mλρ
t ∧ 1

))mF (sℓA, Q
λ
ν (x, ρ))

s
− c7

s
λα(d−1)ραdmF (sℓA, Q

λ
ν (x, ρ))

1−α

− c7
s
λd−1ρd −

(
1 + ϑm

(sκA,mλρ
t ∧ 1

)) MA

(s ∧ 1)m
λd−1ρd −

( 1

sα
+

1

s

) MA

m1−αλ
d−1ρd

≤
(
1 + ϑm

( tκA,mλρ
t ∧ 1

))mF (tℓA, Q
λ
ν (x, ρ))

t
+
c7
t
mF (tℓA, Q

λ
ν (x, ρ))

1−αλα(d−1)ραd

+
c7
t
λd−1ρd +

(
1 + ϑm

( tκA,mλρ
t ∧ 1

)) MA

(t ∧ 1)m
λd−1ρd +

( 1

tα
+

1

t

) MA

m1−αλ
d−1ρd.

Exchanging the roles of s and t, this gives the inequality in the statement of the lemma.
If, in addition, the function f defined by (2.3.6) does not depend on x, then in Corollary

2.3.10 we have Nm = Ø and ρν,λm,tA(x) = ρν,λm,sA(x) = +∞, concluding the proof in this
case.

The following lemma deals with the case with boundary conditions related to the jump
functions ux,ζ,ν .

Lemma 2.4.14. There exists a positive constant M > 0, depending only on the structural
constants c1, . . . , c7, k, and on α, such that for every m ∈ N, F ∈ Fα,ϑm ∩ Fsc, x ∈ Rd,
ζ ∈ Rk, ν ∈ Sd−1, s, t > 0, and ρ > 0 we have∣∣∣mF (sux,ζ,ν , Qν(x, ρ))

s
−

mF (tux,ζ,ν , Qν(x, ρ))

t

∣∣∣
≤ c7

s
ρdαmF (sux,ζ,ν , Qν(x, ρ))

1−α + ϑ2m+1(s|ζ|)
mF (sux,ζ,ν , Qν(x, ρ))

s
+
c7
s
ρd

+
c7
t
ρdαmF (tux,ζ,ν , Qν(x, ρ))

1−α + ϑ2m+1(t|ζ|)
mF (tux,ζ,ν , Qν(x, ρ))

t
+
c7
t
ρd

+(1 + ϑ2m+1(s|ζ|))
(M |ζ|

m
ρd−1 +

M

sm
ρd
)
+

1

sα
M |ζ|1−α

m1−α ρd−1+α +
1

s

M

m1−α ρ
d

+(1 + ϑ2m+1(t|ζ|))
(M |ζ|

m
ρd−1+

M

tm
ρd
)
+

1

tα
M |ζ|1−α

m1−α ρd−1+α+
1

t

M

m1−α ρ
d. (2.4.27)
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Proof. By Lemma 2.3.12 for every x ∈ Rd, ζ ∈ Rk, t > 0, ν ∈ Sd−1, and ρ > 0 there exists
a function u ∈ BV(Qν(x, ρ);Rk) ∩ L∞(Qν(x, ρ);Rk) such that u = ux,ζ,ν on ∂Qν(x, ρ),
∥u∥L∞(Qν(x,ρ);Rk) ≤ σm|ζ|, and

F (tu,Qν(x, ρ)) ≤ mF (tux,ζ,ν , Qν(x, ρ)) +
tK|ζ|
m

ρd−1 +Kρd, (2.4.28)

where K > 0 is the constant in Lemma 2.3.12. Note that the oscillation of u satisfies
uQν(x,ρ) ≤ 2σm|ζ|. We now estimate mF (tux,ζ,ν , Qν(x, ρ)) by evaluating F (·, Qν(x, ρ)) at
tux,ζ,ν and using (H4) and we get

mF (tux,ζ,ν , Qν(x, ρ)) ≤ c3kt|ζ|ρd−1 + c4ρ
d,

so that from (2.4.28) we deduce

F (tu,Qν(x, ρ)) ≤ t|ζ|
(
c3k +

K

m

)
ρd−1 + (c4 +K)ρd. (2.4.29)

Since F ∈ Fα,ϑm , by Definition 2.4.11 for every s > 0 we have that

(1− ϑm(su
Qν(x,ρ)))

F (su,Qν(x, ρ))

s
− c7

s
ραdF (su,Qν(x, ρ))

1−α − c7
s
ρd −Rm,s(u,Qν(x, ρ))

≤ (1 + ϑm(tu
Qν(x,ρ)))

F (tu,Qν(x, ρ))

t
+
c7
t
ραdF (tu,Qν(x, ρ))

1−α

+
c7
t
ρd +Rm,t(u,Qν(x, ρ)). (2.4.30)

Using the inequality uQν(x,ρ) ≤ 2σm|ζ|, the monotonicity of ϑm, and the subadditivity of
z 7→ z1−α, we deduce that the left-hand side of the last inequality can be estimated from
below by

(1− ϑ2m+1(s|ζ|))
F (su,Qν(x, ρ))

s
− c7

s
ραdF (su,Qν(x, ρ))

1−α − c7
s
ρd

−C(1 + ϑ2m+1(s|ζ|))
F (su,Qν(x, ρ)) + ρd

sm
− C1−α c7

s

F (su,Qν(x, ρ))
1−αραd + ρd

m1−α .

Moreover, we see that there exists a positive constant M > 0, depending only on the
structural constants c1, . . . , c7, k, and on α, such that the right-hand side of (2.4.30) can be
bounded from above by

(1 + ϑ2m+1(t|ζ|))
mF (tux,ζ,ν , Qν(x, ρ))

t
+
c7
t
mF (tux,ζ,ν , Qν(x, ρ))

1−αραd +
c7
t
ρd

+ (1+ϑ2m+1(t|ζ|))
M |ζ|
m

ρd−1+
(1+ϑ2m+1(t|ζ|))

t

M

m
ρd+

1

tα
M |ζ|1−α

m1−α ρd−1+α+
1

t

M

m1−α ρ
d,

so that, combining the previous two inequalities we obtain

(1− ϑ2m+1(s|ζ|))
F (su,Qν(x, ρ))

s
− c7

s
ραdF (su,Qν(x, ρ))

1−α − c7
s
ρd

−C(1 + ϑ2m+1(s|ζ|))
F (su,Qν(x, ρ)) + ρd

sm
− C1−α c7

s

F (su,Qν(x, ρ))
1−αραd + ρd

m1−α

≤ (1 + ϑ2m+1(t|ζ|))
mF (tux,ζ,ν , Qν(x, ρ))

t
+
c7
t
mF (tux,ζ,ν , Qν(x, ρ))

1−αραd +
c7
t
ρd

+(1+ϑ2m+1(t|ζ|))
M |ζ|
m

ρd−1+
(1+ϑ2m+1(t|ζ|))

t

M

m
ρd+

1

tα
M |ζ|1−α

m1−α ρd−1+α+
1

t

M

m1−α ρ
d,
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Arguing as in the proof of Lemma 2.4.13 we may write mF (sux,ζ,ν , Qν(x, ρ)) in place of
F (su,Qν(x, ρ)), so that, taking into account the estimate

mF (sux,ζ,ν , Qν(x, ρ)) ≤ c3k
1/2s|ζ|ρd−1 + c4ρ

d,

we obtain

(1 + ϑ2m+1(s|ζ|))
mF (sux,ζ,ν , Qν(x, ρ))

s
+
c7
s
mF (sux,ζ,ν , Qν(x, ρ))

1−αραd +
c7
s
ρd

+(1+ϑ2m+1(s|ζ|))
M |ζ|
m

ρd−1+
(1+ϑ2m+1(s|ζ|))

s

M

m
ρd+

1

sα
M |ζ|1−α

m1−α ρd−1+α+
1

s

M

m1−α ρ
d

≤ (1 + ϑ2m+1(t|ζ|))
mF (tux,ζ,ν , Qν(x, ρ))

t
+
c7
t
mF (tux,ζ,ν , Qν(x, ρ))

1−αραd +
c7
t
ρd

+(1+ϑ2m+1(t|ζ|))
M |ζ|
m

ρd−1+
(1+ϑ2m+1(t|ζ|))

t

M

m
ρd+

1

tα
M |ζ|1−α

m1−α ρd−1+α+
1

t

M

m1−α ρ
d.

Exchanging the roles of s, t, we obtain (2.4.27).

We now investigate the properties of the integrands f and g associated with functionals
in Fα,ϑw .

Proposition 2.4.15. Let F ∈ Fα,ϑw . Then the function f defined by (2.3.6) belongs to Fα.

Proof. For every m ∈ N let Nm ∈ B(Rd) be the Ld-negligible set of Lemma 2.4.13 and let
N :=

⋃
m∈NNm. By the same lemma for every x ∈ Rd \N , A ∈ Rk×d, m ∈ N, s, t > 0, and

every ρ small enough we have∣∣∣mF (sℓA, Q(x, ρ))

s
− mF (tℓA, Q(x, ρ))

t

∣∣∣
≤ c7

s
ρdαmF (sℓA, Q(x, ρ))1−α + ϑm

( sκA,mρ

(s ∧ 1)(t ∧ 1)

)mF (sℓA, Q(x, ρ))

s
+
c7
s
ρd

+
c7
t
ρdαmF (tℓA, Q(x, ρ))1−α + ϑm

( tκA,mρ

(s ∧ 1)(t ∧ 1)

)mF (tℓA, Q(x, ρ))

t
+
c7
t
ρd

+
(
1 + ϑm

( sκA,mρ

(s ∧ 1)(t ∧ 1)

)) MA

(s ∧ 1)m
ρd +

( 1

sα
+

1

s

) MA

m1−α ρ
d

+
(
1 + ϑm

( tκA,mρ

(s ∧ 1)(t ∧ 1)

)) MA

(t ∧ 1)m
ρd +

( 1

tα
+

1

t

) MA

m1−α ρ
d, (2.4.31)

where κA,m is the constant defined by (2.4.17). Since ϑm is continuous and ϑm(0) = 0, we
have that

lim sup
ρ→0+

(
ϑm

( sκA,mρ

(s ∧ 1)(t ∧ 1)

)mF (sℓA, Q(x, ρ))

sρd

)
= 0,

lim sup
ρ→0+

(
ϑm

( tκA,mρ

(s ∧ 1)(t ∧ 1)

)mF (tℓA, Q(x, ρ))

tρd

)
= 0.

Therefore, dividing (2.4.31) by ρd and taking the limsup as ρ→ 0+, we obtain

f(x, sA)

s
≤ f(x, tA)

t
+
c7
s
f(x, sA)1−α +

c7
s
+
c7
t
f(x, tA)1−α +

c7
t

+
MA

(s ∧ 1)m
+

( 1

sα
+

1

s

) MA

m1−α +
MA

(t ∧ 1)m
+
( 1

tα
+

1

t

) MA

m1−α .

Letting m → +∞ and exchanging the roles of s and t, we recover (2.4.2), which concludes
the proof.



72 2. Homogenisation of free discontinuity problems: full gradient

Proposition 2.4.16. Let F ∈ Fα,ϑw , m ∈ N, x ∈ Rd, ζ ∈ Rk, ν ∈ Sd−1, and s, t > 0. Then
the function g defined by (2.3.7) satisfies∣∣∣g(x, sζ, ν)

s
− g(x, tζ, ν)

t

∣∣∣ ≤ ϑ2m+1(s|ζ|)
g(x, sζ, ν)

s
+ ϑ2m+1(t|ζ|)

g(x, tζ, ν)

t

+ (2 + ϑ2m+1(s|ζ|) + ϑ2m+1(t|ζ|))
M |ζ|
m

,

where M > 0 is the constant of Lemma 2.4.14.

Proof. Thanks to Lemma 2.4.14, inequality (2.4.27) holds. Dividing this inequality by ρd−1

and taking the limsup as ρ→ 0+, we immediately get

g(x, sζ, ν)

s
≤ g(x, tζ, ν)

t
+ ϑ2m+1(s|ζ|)

g(x, sζ, ν)

s
+ ϑ2m+1(t|ζ|)

g(x, tζ, ν)

t

+ (1 + ϑ2m+1(s|ζ|))
M |ζ|
m

+ (1 + ϑ2m+1(t|ζ|))
M |ζ|
m

.

Exchanging the roles of s and t we conclude the proof.

Remark 2.4.17. In the scalar case treated in [101], due to the different nature of the
required vertical truncations, it is possible to prove a stronger version of Propositions 2.4.12
and 2.4.16. First, the space Fα,ϑ turns out to be closed under Γ-convergence with respect
to the topology of L0(Rd). Then, exploiting this stronger version of Proposition 2.4.12, it
is shown that the function g associated to F by (2.3.7) belongs to G ϑ.

However, due to the presence of error terms in the truncation procedure we employ,
which depend on ϑm, in our setting one cannot recover that Fα,ϑ is closed and subsequently
conclude that g ∈ G ϑ.

2.5 Full integral representation

We are finally ready to state and prove the full integral representation result for func-
tionals in the class Fα,ϑw . More precisely, we will show that if F ∈ Fα,ϑw and if the bulk
integrand f defined by (2.3.6) does not depend on x, then the Cantor part F c of the func-
tional F can be represented by means of f∞. Since this result will be employed to obtain an
integral representation for functionals arising from homogenisation of functionals in Fα,ϑ,
the hypothesis that f does not depend on x is not restrictive for our purposes.

Theorem 2.5.1. Let F ∈ Fα,ϑw and f and g be defined by (2.3.6) and by (2.3.7), respectively.
Assume that there exists a function f̂ : Rk×d → [0,+∞) such that

f(x,A) = f̂(A) for every x ∈ Rd and for every A ∈ Rk×d. (2.5.1)

Then F = F f,g, where F f,g is the functional introduced in Definition 2.1.6. In particular,
for every O ∈ Oc(Rd) we have

F (u,B) =

ˆ
B
f̂(∇u) dx+

ˆ
B
f̂∞

( dDcu

d|Dcu|

)
d|Dcu|+

ˆ
Ju∩B

g(x, [u], νu) dHd−1

for every B ∈ B(O) and u ∈ GBV⋆(O;Rk).
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To prove this result, we characterise the Radon-Nikodým derivative of the measures
F c(u, ·) with respect to |Dcu| for any u ∈ GBV⋆(O;Rk) with O ∈ Oc(Rd). This is done
via a careful truncation procedure and taking advantage of the results of [41]. We re-
call that Alberti’s Rank-One Theorem 1.3.1 ensures that for |Dcu|-a.e. x ∈ O the matrix
dDcu/d|Dcu|(x) has rank one, i.e., there exist two Borel functions au : O → Sk−1 and
bu : O → Sd−1 such that for |Dcu|-a.e. x ∈ O we have

dDcu

d|Dcu|
(x) = au(x)⊗ bu(x). (2.5.2)

We also recall the definition of the rectangle Qλν (x, ρ) given in (1.1.2).

Lemma 2.5.2. Let F ∈ Fsc, O ∈ Oc(Rd), and u ∈ BV(O;Rk). Assume that there exists a
function f̂ : Rk×d → [0,+∞) satisfying (2.5.1). For |Dcu|-a.e. x ∈ O, for every λ ≥ 1, and
ρ > 0 we set

sλρ(x) :=
|Dcu|(Qλbu(x)(x, ρ))

λd−1ρd
and Aλρ(x) := sλρ(x)(au(x)⊗ bu(x)), (2.5.3)

where (au(x), bu(x)) ∈ Sk−1 × Sd−1 is given by (2.5.2). Then

lim
ρ→0+

sλρ(x) = +∞ and lim
ρ→0+

ρsλρ(x) = 0 for every λ ≥ 1, (2.5.4)

dF c(u, ·)
d|Dcu|

(x) = lim
λ→+∞

lim sup
ρ→0+

mF (ℓAλ
ρ (x)

, Qλbu(x)(x, ρ))

λd−1ρdsλρ(x)
, (2.5.5)

for |Dcu|-a.e. x ∈ O.

Proof. Let us fix δ > 0 and consider the functional Fδ defined by (2.3.3). By Lemma 1.5.2
the equalities in (2.5.4) hold for |Dcu|-a.e. x ∈ O and for any δ > 0 we have

dF c(u, ·)
d|Dcu|

(x) + δ =
dF cδ (u, ·)
d|Dcu|

(x) = lim
λ→+∞

lim sup
ρ→0+

mFδ(ℓAλ
ρ (x)

, Qλbu(x)(x, ρ))

λd−1ρdsλρ(x)
.

Since F ≤ Fδ, we deduce that

dF c(u, ·)
d|Dcu|

(x) + δ ≥ lim sup
λ→+∞

lim sup
ρ→0+

mF (ℓAλ
ρ (x)

, Qλbu(x)(x, ρ))

λd−1ρdsλρ(x)
.

Thus, it is enough to show that there exists a constant K > 0, depending only on
c1, . . . , c4 and on k, such that for every λ ≥ 1, for every δ > 0, and for |Dcu|-a.e. x ∈ O we
have

lim sup
ρ→0+

mFδ(ℓAλ
ρ (x)

, Qλbu(x)(x, ρ))

λd−1ρdsλρ(x)
≤ (1 +Kδ) lim sup

ρ→0+

mF (ℓAλ
ρ (x)

, Qλbu(x)(x, ρ))

λd−1ρdsλρ(x)
. (2.5.6)

We fix m ∈ N, λ ≥ 1, and consider a point x ∈ O such that (2.5.2) and (2.5.4) hold.
By Theorem 2.3.16 hypothesis (2.3.10) of Corollary 2.3.10 is satisfied. Thus, there ex-
ists a function uxρ ∈ BV(Qλbu(x)(x, ρ);R

k), with uxρ = ℓAλ
ρ (x)

on ∂Qλbu(x)(x, ρ) and ∥uxρ −
ℓAλ

ρ (x)
∥L∞(Qλ

bu(x)
(x,ρ);Rk) ≤ cAλ

ρ (x),m
λρ, such that

F (uxρ , Q
λ
bu(x)

(x, ρ)) ≤ mF (ℓAλ
ρ (x)

, Qλbu(x)(x, ρ)) +
CAλ

ρ (x)

m
λd−1ρd, (2.5.7)
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where cAλ
ρ (x),m

and CAλ
ρ (x)

are the positive constants defined by (2.3.9) and (2.3.21), respec-
tively. Recalling that ∥uxρ − ℓAλ

ρ (x)
∥ ≤ cAλ

ρ (x),m
λρ and observing that |[uxρ ]| = |[uxρ − ℓAλ

ρ (x)
]|,

we deduce that |[uxρ ]| ≤ 2cAλ
ρ (x),m

λρ. Therefore, we may estimate

ˆ
Juxρ

|[uxρ ]| dHd−1 ≤
ˆ
(Juxρ \J

1
uxρ

)
|[uxρ ]| dHd−1 + 2cAλ

ρ (x),m
λρHd−1(J1

uxρ
)

≤ (1 + 2cAλ
ρ (x),m

λρ)

ˆ
Juxρ

|[uxρ ]| ∧ 1 dHd−1.

From this inequality, by (H3′) and (H4′) of Definition 2.1.7 we see that

Fδ(u
x
ρ , Q

λ
bu(x)

(x, ρ)) = F (uxρ , Q
λ
bu(x)

(x, ρ)) + δ|Duxρ |(Qλbu(x)(x, ρ))

≤ F (uxρ , Q
λ
bu(x)

(x, ρ)) + δ

ˆ
Qλ

bu(x)
(x,ρ)

|∇uxρ | dx+ δ|Dcuxρ |(Qλbu(x)(x, ρ))

+ δ(1 + 2cAλ
ρ (x),m

λρ)

ˆ
Juxρ

|[uxρ ]| ∧ 1 dHd−1

≤
(
1 + δ

1 + 2cAλ
ρ (x),m

λρ

c1

)
F (uxρ , Q

λ
bu(x)

(x, ρ)) + δ
c2
c1
(1 + 2cAλ

ρ (x),m
λρ)λd−1ρd.

Since uxρ = ℓAλ
ρ (x)

on ∂Qλbu(x)(x, ρ), combining the previous inequality with (2.5.7), we get

mFδ(ℓAλ
ρ (x)

, Qλbu(x)(x, ρ))

λd−1ρdsλρ(x)
≤

(
1 + δ

1+2cAλ
ρ (x),m

λρ

c1

)(mF (ℓAλ
ρ (x)

, Qλbu(x)(x, ρ))

λd−1ρdsλρ(x)
+
CAλ

ρ (x)

sλρ(x)m

)
+ δ

c2
c1
(1 + 2cAλ

ρ (x),m
λρ)

1

sλρ(x)
. (2.5.8)

It is immediate to check that when sλρ(x) ≥ 1 we have

mF (ℓAλ
ρ (x)

, Qλbu(x)(x, ρ))

λd−1ρdsλρ(x)
≤ c3k

1/2 + c4.

Hence, from this inequality, (2.3.9), (2.3.21), and (2.5.4), we see that there exist two con-
stants C1 and C2 depending only on the structural constants c1, . . . , c4, k, and d such that

lim sup
ρ→0+

δ(1 + 2cAλ
ρ (x),m

λρ)

c1

(mF (ℓAλ
ρ (x)

, Qλbu(x)(x, ρ))

λd−1ρdsλρ(x)
+
CAλ

ρ (x)

sλρ(x)m

)
≤ lim sup

ρ→0+

δ

c1

(
1 + 2(σm + 1)λρ

(
sλρ(x)d

1/2 + C1

))(
(c3k

1/2 + c4) +
CAλ

ρ (x)

sλρ(x)m

)
≤ δ

c1

(
c3k

1/2 + c4 +
C2

m

)
. (2.5.9)

As for the remaining terms of (2.5.8), by (2.3.21) we see that

lim sup
ρ→0+

CAλ
ρ (x)

sλρ(x)m
= lim sup

ρ→0+

2c3k
1/2Csλρ(x) + 2C(c4 + 1)

sλρ(x)m
=

2c3k
1/2C

m
, (2.5.10)
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while by (2.3.9) and (2.5.4) we get that

lim sup
ρ→0+

c2
c1
δ
(
1 + 2cAλ

ρ (x),m
λρ

) 1

sλρ(x)
= 0. (2.5.11)

Finally, using (2.5.9)–(2.5.11) we can take the limsup in (2.5.8) as ρ → 0+, obtaining an
estimate that depends on m and δ. Then, taking the limit as m → +∞ we get (2.5.6),
concluding the proof.

The next result ensures that estimates on the volume integrand f translate into estimates
on the right-hand side of (2.5.5). For the proof of this result we refer the reader to [101,
Lemma 5.3].

Lemma 2.5.3. Let F ∈ Fsc, A ∈ Rk×d, λ ≥ 1, ν ∈ Sd−1, t > 0, and µ ∈ [0,+∞). Assume
that for every x ∈ Rd and ρ > 0 we have

mF
tρ(ℓA, Q(x, ρ)) ≤ µρd.

Then
mF
tλρ(ℓA, Q

λ
ν (x, ρ)) ≤ µλd−1ρd

for every x ∈ Rd and ρ > 0.
If, in addition, there exists some x0 ∈ Rd such that

lim sup
ρ→0+

mF
tρ(ℓA, Q(x0, ρ))

ρd
= µ,

then

lim sup
ρ→0+

mF
tλρ(ℓA, Q

λ
ν (x0, ρ))

λd−1ρd
= µ.

Moreover, the same conclusions hold replacing the constrained minimisation problems
mF
tρ and mF

tλρ by mF .

With these two lemmas at hand, we are now ready to prove Theorem 2.5.1.

Proof of Theorem 2.5.1. Thanks to Theorem 2.3.16 and to (2.5.1), for every O ∈ Oc(Rd)
we have

F a(u,B) =

ˆ
B
f̂(∇u) dx and F j(u,B) =

ˆ
Ju∩B

g(x, [u], νu) dHd−1 (2.5.12)

for every u ∈ GBV⋆(O;Rk) and B ∈ B(O).
We are left with proving that for every O ∈ Oc(Rd) we can represent the Cantor part

F c as
F c(u,B) =

ˆ
B
f̂∞

( dDcu

d|Dcu|

)
d|Dcu| (2.5.13)

for every u ∈ GBV⋆(O;Rk) and B ∈ B(O).
To this end, we begin by observing that, as ℓA is an admissible function for the minimi-

sation problem mF (ℓA, Q(x, ρ)), by (2.5.12) we get that

mF (ℓA, Q(x, ρ)) ≤ f̂(A)ρd
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for every x ∈ Rd, A ∈ Rk×d, and ρ > 0. Recalling (2.3.6) and (2.5.1), applying Lemma 2.5.3
we obtain

lim sup
ρ→0+

mF (ℓA, Q
λ
ν (x, ρ))

λd−1ρd
= f̂(A)

for every λ ≥ 1. In particular, for every t > 0 we have

lim sup
ρ→0+

mF (tℓA, Q
λ
ν (x, ρ))

λd−1ρdt
=
f̂(tA)

t
(2.5.14)

so that, taking the lim sup for t→ +∞, we get

lim sup
t→+∞

lim sup
ρ→0+

mF (tℓA, Q
λ
ν (x, ρ))

λd−1ρdt
= f̂∞(A). (2.5.15)

We claim that for every A ∈ Rk×d, λ ≥ 1, and x ∈ Rd we have

lim sup
ρ→0+

mF (sρℓA, Q
λ
ν (x, ρ))

λd−1ρdsρ
= f̂∞(A) (2.5.16)

whenever sρ → +∞ and ρsρ → 0+ as ρ → 0+. To see this, first note that by (2.3.6) and
(2.5.1) for every ρ > 0 we have mF (sρℓA, Q

λ
ν (x, ρ)) ≤ f̂(sρA)λ

d−1ρd, whence

lim sup
ρ→0+

mF (sρℓA, Q
λ
ν (x, ρ))

λd−1ρdsρ
≤ f̂∞(A).

Thus, to prove (2.5.16) it is enough to show that

f̂∞(A) ≤ lim sup
ρ→0+

mF (sρℓA, Q
λ
ν (x, ρ))

λd−1ρdsρ
. (2.5.17)

Let η > 0. By definition of f̂∞, there exists tη > 1/η such that

f̂∞(A)− η <
f̂(tηA)

tη
. (2.5.18)

Hence, recalling (2.5.14), we have

f̂∞(A)− η ≤ lim sup
ρ→0+

mF (tηℓA, Q
λ
ν (x, ρ))

λd−1ρdtη
. (2.5.19)

Let us fix m ∈ N. By Lemma 2.4.13 we have

lim sup
ρ→0+

mF (tηℓA, Q
λ
ν (x, ρ))

λd−1ρdtη
≤ lim sup

ρ→0+

mF (sρℓA, Q
λ
ν (x, ρ))

λd−1ρdsρ

+ lim sup
ρ→0+

(
ϑm(sρκA,mλρ)

mF (sρℓA, Q
λ
ν (x, ρ))

λd−1ρdsρ
+
c7
sαρ

(mF (sρℓA, Q
λ
ν (x, ρ))

λd−1ρdsρ

)1−α
+
c7
sρ

+(1 + ϑm(sρκA,mλρ))
MA

m
+
( 1

sαρ
+

1

sρ

) MA

m1−α

)
+ lim sup

ρ→0+

(
ϑm(tηκA,mλρ)

mF (tηℓA, Q
λ
ν (x, ρ))

λd−1ρdtη
+
c7
tαη

(mF (tηℓA, Q
λ
ν (x, ρ))

λd−1ρdtη

)1−α
+
c7
tη

+(1 + ϑm(tηκA,mλρ))
MA

m
+
( 1

tαη
+

1

tη

) MA

m1−α

)
, (2.5.20)
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where MA > 0 is the constant of Lemma 2.4.13, which we recall is independent of ρ, sρ, t,
and m.

We separately study the summands of this last expression. Since ϑm is continuous and
ϑm(0) = 0, while sρρ → 0 and sρ → +∞ as ρ → 0+, recalling that mF (sρℓA,Q

λ
ν (x,ρ))

λd−1ρdsρ
is

bounded uniformly with respect to ρ by (H4), we obtain

lim sup
ρ→0+

(
ϑm(sρκA,mλρ)

mF (sρℓA, Q
λ
ν (x, ρ))

λd−1ρdsρ
+
c7
sαρ

(mF (sρℓA, Q
λ
ν (x, ρ))

λd−1ρdsρ

)1−α

+
c7
sρ

+ (1 + ϑm(sρκA,mλρ))
MA

m
+
( 1

sαρ
+

1

sρ

) MA

m1−α

)
=
MA

m
. (2.5.21)

By (H4) there exists ΛA > 0, independent of ρ and tη, such that

mF (tηℓA, Q
λ
ν (x, ρ))

λd−1ρdtη
≤ ΛA.

Therefore, arguing as in the proof of (2.5.21), by (2.5.18) and (2.5.19) we obtain

lim sup
ρ→0+

(
ϑm(tηκA,mλρ)

mF (tηℓA, Q
λ
ν (x, ρ))

λd−1ρdtη
+
c7
tαη

(mF (tηℓA, Q
λ
ν (x, ρ))

λd−1ρdtη

)1−α
+
c7
tη

+ (1 + ϑm(tηκA,mλρ))
MA

m
+
( 1

tαη
+

1

tη

) MA

m1−α

)
≤
c7Λ

1−α
A

tαη
+
c7
tη

+
MA

m
+
( 1

tαη
+

1

tη

) MA

m1−α

< c7Λ
1−α
A ηα + c7η +

MA

m
+ (η + ηα)

MA

m1−α , (2.5.22)

where in the last inequality we have used that tη > 1/η. Finally, combining (2.5.19) and
(2.5.22), we get

f̂∞(A)− η − 2MA

m
− c7Λ

1−α
A ηα − c7η − (η + ηα)

MA

m1−α ≤ lim sup
ρ→0+

mF (sρℓA, Q
λ
ν (x, ρ))

λd−1ρdsρ
.

Letting m→ +∞ and η → 0+, we obtain (2.5.17) and, as a consequence, (2.5.16).
Consider now a function u ∈ BV(O;Rk). Let au(x), bu(x), and sλρ(x) be as in (2.5.2)

and (2.5.3), and set A(x) := au(x)⊗ bu(x). By Lemma 2.5.2 for |Dcu|-a.e. x ∈ O we have

dF c(u, ·)
d|Dcu|

(x) = lim
λ→+∞

lim sup
ρ→0+

mF (sλρ(x)ℓA(x), Q
λ
bu(x)

(x, ρ))

λd−1ρdsλρ(x)
. (2.5.23)

Recalling (2.5.4), in light of (2.5.16) and of (2.5.23), we then infer that

dF c(u, ·)
d|Dcu|

(x) = f̂∞(au(x)⊗ bu(x)),

which by (2.5.2) gives (2.5.13) for every u ∈ BV(O;Rk) and B ∈ B(O).
Let us assume now that u ∈ GBV⋆(O;Rk) and for every R > 0 we consider the set

ÕRu,0 := {x ∈ O : ũ(x) exists and |ũ(x)| ≤ R} . We claim that it is enough to prove
(2.5.13) for every B ∈ B(O) for which there exists R > 0 such that B ⊂ ÕRu,0. Indeed, by
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Proposition 1.3.20 we have ÕRu,0 ↗ Oreg := {x ∈ O : ũ(x) exists} and that |Dcu|(O \Oreg) =
0. Hence, every B ∈ B(O) can be written, up to a |Dcu|-negligible set, as the increasing
union of Borel sets each contained in ÕRu,0, for some R. This proves the claim.

Let us fix R > 0 and a Borel set B ⊂ ÕRu,0. Let Rm > R be a sequence with Rm → +∞.
Thanks to Lemma 2.3.2, we have

lim
m→+∞

1

m

m∑
i=1

F c(ΦiRm
◦ u,B) = F c(u,B). (2.5.24)

Since each function ΦiRm
◦ u belongs to BV(O;Rk) and the integral representation holds in

BV(O;Rk), we have

F c(ΦiRm
◦ u,B) =

ˆ
B
f̂∞

( dDc(ΦiRm
◦ u)

d|Dc(ΦiRm
◦ u)|

)
d|Dc(ΦiRm

◦ u)| (2.5.25)

for every i ∈ {1, . . . ,m}. Recalling that B ⊂ ÕRu,0 ⊂ ÕRm
u,0 , from Proposition 1.3.21 and

from (1.3.13) we obtain

dDc(ΦiRm
◦ u)

d|Dc(ΦiRm
◦ u)|

=
dDcu

d|Dcu|
|Dcu|-a.e. in ÕRu,0,

|Dc(ΦiRm
◦ u)| = |Dcu| as measures in ÕRu,0,

for every i ∈ {1, . . . ,m}. These equalities, together with (2.5.24) and (2.5.25), give (2.5.13),
concluding the proof.

2.6 Integrands of the Γ-limits

In this section we consider a sequence {Fn}n of functionals in F. In the first part we
assume that {Fn}n Γ-converges to some functional F ∈ Fsc and we characterise the bulk
and surface integrands f and g of F at a point x ∈ Rd by taking first the limit as n→ +∞
of the infima of suitable minimisation problems for Fn on small cubes and taking then the
limit as these cubes shrink to x.

In the last part we assume that each functional Fn belongs to Fα,ϑ and prove the converse
of the previous results: if the limits mentioned above exist and the bulk term is independent
of x, then they define two integrands f and g such that the sequence {Fn}n Γ-converges to
the functional corresponding to f and g.

We begin this analysis by showing that it is possible to obtain the function f introduced
in (2.3.6) by means of limits of constrained minimisation problems.

Lemma 2.6.1. Let F ∈ Fsc and let f be the function defined by (2.3.6). Then there exists
a Ld-negligible set N ∈ B(Rd), such that for every x ∈ Rd \N and for every A ∈ Rk×d we
have

f(x,A) = lim
m→+∞

lim sup
ρ→0+

mF
ρcA,m

(ℓA, Q(x, ρ))

ρd
, (2.6.1)

where mF
ρcA,m

(ℓA, Q(x, ρ)) is given by mF
t (ℓA, Q(x, ρ)) (see (2.3.5)), with t = ρcA,m (see

(2.3.9) for the definition of cA,m).
If, in addition, there exists a function f̂ : Rk×d → [0,+∞) such that f(x,A) = f̂(A) for

Ld-a.e. x ∈ Rd and every A ∈ Rk×d, then (2.6.1) holds for every x ∈ Rd and A ∈ Rk×d.
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Proof. It follows immediately from (2.3.4) and (2.3.5) that for every m ∈ N and A ∈ Rk×d
we have mF ≤ mF

cA,mρ
. Thus, we only have to show that

lim
m→+∞

lim sup
ρ→0+

mF
ρcA,m

(ℓA, Q(x, ρ))

ρd
≤ lim sup

ρ→0+

mF (ℓA, Q(x, ρ))

ρd
(2.6.2)

for Ld-a.e. x ∈ Rd and for every A ∈ Rk×d. Thanks to Theorem 2.3.16, (2.3.10) holds.
Therefore, Corollary 2.3.10 implies that there exists a set N ∈ B(Rd), with Ld(N) = 0,
satisfying the following property: for every x ∈ Rd \ N , A ∈ Rk×d, m ∈ N, and ρ > 0
small enough there exists a function u ∈ BV(Q(x, ρ);Rk), with trQ(x,ρ)u =trQ(x,ρ)ℓA and
∥u− ℓA∥L∞(Q(x,ρ);Rk) ≤ cA,mρ, such that

mF
ρcA,m

(ℓA, Q(x, ρ)) ≤ mF (ℓA, Q(x, ρ)) +
CA
m
ρd,

where CA > 0 is the constant defined by (2.3.21). Dividing this inequality by ρd and letting
ρ→ 0+, we conclude that

lim sup
ρ→0+

mF
ρcA,m

(ℓA, Q(x, ρ))

ρd
≤ lim sup

ρ→0+

mF (ℓA, Q(x, ρ))

ρd
+
CA
m
.

Taking the limit for m→ +∞, we obtain (2.6.2).
To conclude the proof, we note that under the additional hypothesis we have N = Ø in

Corollary 2.3.10.

The next result is useful to understand the relation between the minima of problems
associated with a sequence {Fn}n on an open set O′ and the minimum of the problem
associated with their Γ-limit F , computed on a larger open set O′′.

Lemma 2.6.2. Let {Fn}n ⊂ F, let F ∈ Fsc, and let O′, O′′ ∈ Oc(Rd) have Lipschitz
boundaries and O′ ⊂⊂ O′′. Assume that for every O ∈ Oc(Rd), the sequence {Fn(·, O)}n
Γ-converges to F (·, O) with respect to the topology of L0(Rd;Rk). Then for every w ∈
W1,1

loc(R
d;Rk), we have

mF (w,O′′) ≤ lim inf
n→+∞

mFn(w,O′) + c3k
1/2

ˆ
O′′\O′

|∇w| dx+ c4Ld(O′′ \O′).

Proof. The proof can be obtained by adapting the arguments of [101, Proposition 3.1],
replacing [100, Theorem 7.13] by Theorem 2.A.1 below.

We now prove a result that allows us to compare the limit of the minima of problems
associated with a sequence {Fn}n on a cube Q(x, ρ) with the minimum of the problem
associated with the Γ-limit F , computed on the same cube.

Lemma 2.6.3. Let {Fn}n ⊂ F, F ∈ F, x ∈ Rd, A ∈ Rk×d, m ∈ N, ρ > 0, and s > d1/2|A|ρ.
Assume that for every O ∈ Oc(Rd) the sequence {Fn(·, O)}n Γ-converges to F (·, O) with
respect to the topology of L0(Rd;Rk). Then

lim sup
n→+∞

mFn
t (ℓA, Q(x, ρ)) ≤ mF

s (ℓA, Q(x, ρ)) +
KA

m
ρd, (2.6.3)

where t := 2σm(s+ d1/2|A|ρ) + d1/2|A|ρ and KA > 0 is a constant depending on A, but not
on {fn}n, {gn}n, m, s, and ρ.
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Proof. Let us fix 0 < η < 1. Consider a function u ∈ BV(Q(x, ρ);Rk), with ∥u −
ℓA∥L∞(Q(x,ρ);Rk) ≤ s and u = ℓA on ∂Q(x, ρ), such that

F (u,Q(x, ρ)) ≤ mF
s (ℓA, Q(x, ρ)) + η ≤ (c3k

1/2|A|+ c4)ρ
d + η. (2.6.4)

By Lemma 2.4.10 there exists a sequence of functions (vn)n ⊂ BV(Q(x, ρ);Rk), with
∥vn∥L∞(Q(x,ρ)) ≤ 2σm(s+ d1/2|A|ρ), such that vn → u in L1(Rd;Rk)

lim sup
n→+∞

Fn(vn, Q(x, ρ)) ≤ F (u,Q(x, ρ)) + C
F (u,Q(x, ρ)) + ρd

m
. (2.6.5)

We fix 0 < r < ρ. For every 0 < δ ≤ η we apply Lemma 2.2.2 to the open sets O = Q(x, r)
and U = Q(x, ρ) \ Q(x, r) to obtain a sequence {un}n ⊂ BV(Q(x, ρ);Rk) converging to u
in L1(Rd;Rk), with un = ℓA on ∂Q(x, ρ) and ∥un − ℓA∥L∞(Q(x,ρ);Rk) ≤ 2σm(s+ d1/2|A|ρ) +
d1/2|A|ρ = t, such that

lim sup
n→+∞

Fn(un, Q(x, ρ)) ≤ (1 + δ) lim sup
n→+∞

(
Fn(vn, Q(x, ρ)) + Fn(ℓA, Q(x, ρ) \Q(x, r))

)
+ η.

Exploiting (2.6.4) and (2.6.5), from this last inequality we deduce that

lim sup
n→+∞

Fn(un, Q(x, ρ)) ≤ mF
s (ℓA, Q(x, ρ)) + η + δ

(
(c3k

1/2|A|+ c4)ρ
d + η

)
+ (1 + δ)C

(c3k
1/2|A|+ c4 + 1)ρd + η

m

+ (1 + δ)(c3k
1/2|A|+ c4)(ρ

d − rd) + η. (2.6.6)

Choosing r so that 2(c3k1/2|A|+c4)(ρd−rd) ≤ η and δ such that δ((c3k1/2|A|+c4)ρd+η) ≤ η,
recalling that un = ℓA on ∂Q(x, ρ) and ∥un − ℓA∥L∞(Q(x,ρ);Rk) ≤ t, from (2.6.6) we obtain

lim sup
n→+∞

mFn
t (ℓA, Q(x, ρ)) ≤ mF

s (ℓA, Q(x, ρ)) + 2C
(c3k

1/2|A|+ c4 + 1)ρd + η

m
+ 4η.

We conclude the proof by letting η → 0+.

The next result shows that when F is the Γ-limit of a sequence of functionals {Fn}n,
the value of its bulk integrand f at (x,A) can be obtained by taking first the limit of
mFn(ℓA, Q(x, ρ))/ρd as n → +∞ and then the limit as ρ → 0+. For technical reasons,
we need also a similar result where we replace mFn(ℓA, Q(x, ρ)) by its constrained version
mFn
t (ℓA, Q(x, ρ)), for a suitable choice of t > 0.

Given m ∈ N and A ∈ Rk×d, the constraint t will be given by ρβA,m, with

βA,m := 2σm(cA,m + d1/2|A|) + d1/2|A|, (2.6.7)

where cA,m > 0 is the constant defined by (2.3.9).

Proposition 2.6.4. Let {Fn}n ⊂ F, F ∈ Fsc, and let f be the function defined by (2.3.6).
Assume that for every O ∈ Oc(Rd) the sequence {Fn(·, O)}n Γ-converges to F (·, O) with
respect to the topology of L0(Rd;Rk). Then there exists an Ld-negligible set N ∈ B(Rd) such
that for every x ∈ Rd \N and A ∈ Rk×d we have

f(x,A) = lim sup
ρ→0+

lim inf
n→+∞

mFn(ℓA, Q(x, ρ))

ρd
= lim sup

ρ→0+
lim sup
n→+∞

mFn(ℓA, Q(x, ρ))

ρd
. (2.6.8)
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Moreover, for the same x and A, f(x,A) is given also by the common value

lim
m→+∞

lim sup
ρ→0+

lim inf
n→+∞

mFn
ρβm

(ℓA, Q(x, ρ))

ρd
= lim
m→+∞

lim sup
ρ→0+

lim sup
n→+∞

mFn
ρβm

(ℓA, Q(x, ρ))

ρd
, (2.6.9)

where βm stands for the constant βA,m defined by (2.6.7).
If, in addition, there exists a function f̂ : Rk×d → [0,+∞) such that f(x,A) = f̂(A) for

Ld-a.e. x ∈ Rd and for every A ∈ Rk×d, then (2.6.8) and (2.6.9) hold for every x ∈ Rd and
for every A ∈ Rk×d.

Proof. Let N ∈ B(Rd) be the union of the Ld-negligible sets of Corollary 2.3.10 and Lemma
2.6.1. We fix m ∈ N, let ρ > 0, and set r := ρ+ ρ2. Using first Lemma 2.6.2, then Lemma
2.6.3, and finally Corollary 2.3.10, for every x ∈ Rd \N and ρ > 0 small enough we have

mF (ℓA, Q(x, r)) ≤ lim inf
n→+∞

mFn(ℓA, Q(x, ρ)) + (c3k
1/2|A|+ c4)(r

d − ρd)

≤ lim inf
n→+∞

mFn
ρβm

(ℓA, Q(x, ρ)) + (c3k
1/2|A|+ c4)(r

d − ρd)

≤ lim sup
n→+∞

mFn
ρβm

(ℓA, Q(x, ρ)) + (c3k
1/2|A|+ c4)(r

d − ρd)

≤ mF
ρcA,m

(ℓA, Q(x, ρ)) + (c3k
1/2|A|+ c4)(r

d − ρd) +
KA

m
ρd

≤ mF (ℓA, Q(x, ρ)) + (c3k
1/2|A|+ c4)(r

d − ρd) +
KA + CA

m
ρd,

where KA is the constant of Lemma 2.6.3 and CA is given by (2.3.21). We divide all terms
of the previous chain of inequalities by ρd, and take first the limsup for ρ → 0+ and then
the limit for m→ +∞. By (2.3.6) in this way we obtain (2.6.9), since (rd − ρd)/ρd → 0 as
ρ→ 0+.

To prove (2.6.8), one can simply replace the expression in the second line of the previous
chain of inequalities by

lim sup
n→+∞

mFn(ℓA, Q(x, ρ)) + (c3k
1/2|A|+ c4)(r

d − ρd).

If the additional hypothesis is satisfied, then the last lines of Corollary 2.3.10 and of
Lemma 2.6.1 ensure that N = Ø, which concludes the proof.

In the next proposition we show that an equality similar to (2.6.8) holds also for the
surface integrand g.

Proposition 2.6.5. Let {Fn}n ⊂ F, let F ∈ Fsc, and let g be given by (2.3.7). Assume that
for every O ∈ Oc(Rd) the sequence {Fn(·, O)}n Γ-converges to F (·, O) with respect to the
topology of L0(Rd;Rk). Then, for every x ∈ Rd, ζ ∈ Rk, and ν ∈ Sd−1, we have

g(x, ζ, ν) = lim sup
ρ→0+

lim inf
n→+∞

mFn(ux,ζ,ν , Qν(x, ρ))

ρd−1

= lim sup
ρ→0+

lim sup
n→+∞

mFn(ux,ζ,ν , Qν(x, ρ))

ρd−1
. (2.6.10)

Proof. The proof can be obtained with the same arguments of [101, Proposition 3.3].
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We conclude this section by stating a fundamental result for the proof of the homogeni-
sation theorem, which will be the object of the next section. We show that for sequences
of functions {fn}n ⊂ Fα and {gn}n ⊂ G ϑ, a sufficient condition for F fn,gn to Γ-converge
on every bounded open set is that (2.6.9) and (2.6.10) hold and that the function f is
independent of x.

Theorem 2.6.6. Let {Fn}n ⊂ Fα,ϑ. Assume that there exist f̂ : Rk×d → [0,+∞) and
ĝ : Rd × Rk × Sd−1 → [0,+∞) such that f̂(A) is given by the common value of

lim
m→+∞

lim sup
ρ→0+

lim inf
n→+∞

mFn
ρβm

(ℓA, Q(x, ρ))

ρd
= lim

m→+∞
lim sup
ρ→0+

lim sup
n→+∞

mFn
ρβm

(ℓA, Q(x, ρ))

ρd

and ĝ(x, ζ, ν) is given by the common value of

lim sup
ρ→0+

lim sup
n→+∞

mFn(ux,ζ,ν , Qν(x, ρ))

ρd−1
= lim sup

ρ→0+
lim inf
n→+∞

mFn(ux,ζ,ν , Qν(x, ρ))

ρd−1
,

for every x ∈ Rd, A ∈ Rk×d, ζ ∈ Rk, and ν ∈ Sd−1, where βm stands for the constant
βA,m defined by (2.6.7). Then f̂ ∈ Fα, ĝ ∈ G and for every O ∈ Oc(Rd) the sequence
{Fn(·, O)}n Γ-converges to F f̂ ,ĝ(·, O) with respect to the topology of L0(Rd;Rk), where F f̂ ,ĝ

is as in Definition 2.1.6.

Proof. The proof follows closely the lines of [101, Theorem 5.4]. By Theorem 2.2.1 there
exists a subsequence, not relabelled, and a functional F ∈ F such that for every O ∈ Oc(Rd)
the sequence {Fn(·, O)}n Γ-converges to F (·, O) with respect to the topology of L0(Rd;Rk)
and by Proposition 2.4.12 F ∈ Fα,ϑw . Thanks to Theorem 2.3.16 and Proposition 2.4.15, the
functions f and g defined by (2.3.6) and (2.3.7), respectively, satisfy (2.3.36) and (2.3.37),
and f ∈ Fα and g ∈ G . Additionally, by Proposition 2.6.4 and Proposition 2.6.5, f = f̂

and g = ĝ, so that (2.5.1) holds. Hence, by Theorem 2.5.1 we have that F = F f̂ ,ĝ. Since
the functions f̂ and ĝ are independent of the chosen subsequence, for every O ∈ Oc(Rd)
by the Urysohn property of Γ-convergence (see [88, Proposition 8.3]) the original sequence
{Fn(·, O)} Γ-converges to F f̂ ,ĝ(·, O), concluding the proof.

2.7 Homogenisation of free discontinuity functionals

We are now ready to deal with the homogenisation of functionals in Fα,ϑ. The arguments
that we will make use of are based on the method devised in [101, Section 6]. The main
technical difference in the results we obtain, with respect to [101], is the dependence on m of
the constant βA,m appearing in (2.6.6), which, in the problem of stochastic homogenisation,
forces us to use the Subadditive Ergodic Theorem for fixed m and only then to pass to the
limit for m→ +∞.

Before introducing the stochastic setting, we state a result which shows that, in the case
of homogenisation, the sufficient conditions for Γ-convergence presented in Theorem 2.6.6
can be rewritten in terms of cubes whose side length r tends to +∞. This formulation will
be more suitable for the stochastic setting.

Given f ∈ Fα and g ∈ G ϑ for every ε > 0 we set fε(x,A) := f(x/ε,A) and gε(x, ζ, ν) :=
g(x/ε, ζ, ν) for every x ∈ Rd, A ∈ Rk×d, ζ ∈ Rk, ν ∈ Sd−1. We observe that fε ∈ Fα and
gε ∈ G ϑ. We set Fε := F fε,gε according to Definition 2.1.6. We recall that f∞ and g0 are
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the functions given by (1.5.6) (with fbulk replaced by f) and (2.4.5), that f∞ ∈ Fα, while
g0 /∈ G , since it does not satisfy (g3).

The following theorem provides a general condition that guarantees the Γ-convergence
of {Fε}ε towards an integral functional whose integrands do not depend on x. We shall see
in Corollary 2.7.10 that the hypotheses are satisfied in the case where f and g are periodic
with respect to x. The advantage of this formulation is that these hypotheses are satisfied
almost surely under the standard hypotheses of stochastic homogenisation.

Theorem 2.7.1. Assume that there exists a function ghom : Rk × Sd−1 → [0,+∞) and that
for every m ∈ N there exists a function fmhom : Rk×d → [0,+∞) such that

fmhom(A) = lim
r→+∞

mF f,g0

rβA,m
(ℓA, Q(rx, r))

rd
for x ∈ Rd, A ∈ Rk×d, (2.7.1)

ghom(ζ, ν) = lim
r→+∞

mF f∞,g
(urx,ζ,ν , Qν(rx, r))

rd−1
for x ∈ Rd, ζ ∈ Rk, ν ∈ Sd−1, (2.7.2)

where βA,m is the constant defined by (2.6.7). Let fhom : Rk×d → [0,+∞) be the function
defined by

fhom(A) := lim
m→+∞

fmhom(A) = inf
m∈N

fmhom(A) (2.7.3)

for every A ∈ Rk×d. Then fhom ∈ Fα, ghom ∈ G , F fhom,ghom ∈ Fα,ϑw , and for every εn → 0+

and for every O ∈ Oc(Rd) the sequence {Fεn(·, O)}n Γ-converges to F fhom,ghom(·, O) with
respect to the topology of L0(Rd;Rk).

Proof. We first observe that the limit in (2.7.3) exists, since m 7→ mF f,g0

rβA,m
is non-increasing,

hence, the same property holds for m 7→ fmhom.
Let us fix a sequence εn → 0+ as n→ +∞ and set Fεn := F fεn ,gεn . To prove the result,

it is enough to show that the hypotheses of Theorem 2.6.6 are satisfied by fhom and ghom.
Since the hypothesis concerning ghom can be checked by repeating verbatim the arguments
of [101, Theorem 6.3], we only prove that the hypotheses concerning fhom are satisfied.

To this aim, we fix m ∈ N, ρ > 0 and set rn := ρ
εn

. The same computations performed
in [101, Lemma 6.1] show that for every ε ∈ (0, 1), x ∈ Rd, A ∈ Rk×d we have∣∣mFε

ρβA,m
(ℓA, Q(x, ρ))− εdmF f,g0

ρ
ε βA,m

(ℓA, Q(xε ,
ρ
ε ))

∣∣ ≤ KAϑ(2ρβA,m)ρ
d, (2.7.4)

where KA > 0 is a constant depending on A, but not on m, ρ, and x. Let us fix x ∈ Rd and
A ∈ Rk×d. Using twice the previous inequality with ε replaced by εn, by (2.7.1) we get that

fmhom(A)ρ
d−KAϑ(2βA,mρ)ρ

d = lim
n→+∞

( ρrn )
dmF f,g0

rnβA,m
(ℓA, Q( rnxρ , rn))−KAϑ(2βA,mρ)ρ

d

≤ lim inf
n→+∞

m
Fεn
ρβA,m

(ℓA, Q(x, ρ))

≤ lim sup
n→+∞

m
Fεn
ρβA,m

(ℓA, Q(x, ρ))

≤ lim
n→+∞

( ρrn )
dmF f,g0

rnβA,m
(ℓA, Q( rnxρ , rn)) +KAϑ(2βA,mρ)ρ

d

= fmhom(A)ρ
d +KAϑ(2βA,mρ)ρ

d.
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Since ϑ is continuous and ϑ(0) = 0, dividing by ρd and taking the limsup for ρ → 0+ we
obtain

fmhom(A) = lim
ρ→0+

lim inf
n→+∞

m
Fεn
ρβA,m

(ℓA, Q(x, ρ))

ρd
= lim

ρ→0+
lim sup
n→+∞

m
Fεn
ρβA,m

(ℓA, Q(x, ρ))

ρd
.

Taking the limit as m→ +∞ we obtain that the hypotheses for fhom in Theorem 2.6.6 are
satisfied, so that the proof is concluded.

The following result shows that hypothesis (2.7.1) can be slightly weakened.

Lemma 2.7.2. Assume that for every m ∈ N, x ∈ Rd, and A ∈ Qk×d, the space of k × d
matrices with rational entries, the limit

fmhom(A) := lim
r→+∞

mF f,g0

rβA,m
(ℓA, Q(rx, r))

rd

exists and is independent of x. Then the function fmhom can be extended to a continuous
function, still denoted by fmhom, defined on the whole Rk×d and such that (2.7.1) is satisfied.

Proof. It is enough to repeat for every m ∈ N the arguments of [101, Lemma 6.4].

Stochastic homogenisation. We now introduce the stochastic setting in which we are
going to deal with the homogenisation problem.

We fix a probability space (Θ, T , P ) and a group {τz}z∈Zd of P -preserving transforma-
tions on (Θ, T , P ); that is, a family {τz}z∈Zd of T -measurable bijective maps τz : Θ → Θ
such that

(a) τz1 ◦ τz2 = τz1+z2 for every z1, z2 ∈ Zd;

(b) P (τ−1
z (E)) = P (E) for all E ∈ T and z ∈ Zd.

A group {τz}z∈Zd of P -preserving transformations is said to be ergodic if every set E ∈ T
with τz(E) = E for every z ∈ Zd has probability either 0 or 1. In analogy with [101], we
introduce two classes of stochastic integrands.

Definition 2.7.3. Fα
stoc is the collection of all T ⊗ B(Rd × Rk×d)-measurable functions

f : Θ × Rd × Rk×d → [0,+∞) such that for every θ ∈ Θ the function f(θ) := f(θ, ·, ·)
belongs to Fα and the following stochastic periodicity condition holds: for every θ ∈ Θ,
z ∈ Zd, x ∈ Rd, and A ∈ Rk×d we have

f(θ, x+ z,A) = f(τz(θ), x, A).

G ϑ
stoc is the collection of all T ⊗B(Rd ×Rk × Sd−1)-measurable functions g : Θ×Rd ×Rk ×

Sd−1 → [0,+∞) such that for every θ ∈ Θ the function g(θ) := g(θ, ·, ·, ·) belongs to G ϑ,
and the following stochastic periodicity condition holds: for every θ ∈ Θ, z ∈ Zd, x ∈ Rd,
ζ ∈ Rk, and ν ∈ Sd−1 we have

g(θ, x+ z, ζ, ν) = g(τz(θ), x, ζ, ν).
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We recall the definition of subadditive process. Let R be the collection of half-closed
rectangles defined by

R :=
{
R ⊂ Rd : R = [a1, b1)× ...× [ad, bd) with ai < bi for i ∈ {1, . . . , d}

}
. (2.7.5)

We also introduce (Θ, T̂ , P̂ ) as the completion of (Θ, T , P ). It is immediate to see that
{τz}z∈Zd is a group of P -preserving transformations also on (Θ, T̂ , P̂ ).

Definition 2.7.4. A function µ : Θ× R → R is said to be a covariant subadditive process
with respect to {τz}z∈Zd if the following properties are satisfied

(a) for every R ∈ R the function µ(·, R) is T̂ -measurable;

(b) for every θ ∈ Θ, R ∈ R, and z ∈ Zd we have µ(θ,R+ z) = µ(τz(θ), R);

(c) given R ∈ R and a finite partition {Ri}ni=1 ⊂ R of R, we have

µ(θ,R) ≤
n∑
i=1

µ(θ,Ri)

for every θ ∈ Θ;

(d) there exists C > 0 such that 0 ≤ µ(θ,R) ≤ CLd(R) for every θ ∈ Θ and R ∈ R.

We recall the Subadditive Ergodic Theorem of Akcoglu & Krengel [2, Theorem 2.7]. For
the particular version used here we refer the reader to [97, Proposition 1] (see also [145]).

Theorem 2.7.5. Let µ be a subadditive process with respect to the group {τz}z∈Zd. Then
there exist a T -measurable set Θ′, with P (Θ′) = 1, and a function φ : Θ → [0,+∞) such
that

lim
r→+∞

µ(θ,Q(rx, r))

rd
= φ(θ)

for every x ∈ Rd and every θ ∈ Θ′. If the group {τz}z∈Zd is also ergodic, then φ is constant
P -a.e. on Θ.

Let f ∈ Fα
stoc and g ∈ G ϑ

stoc. For every θ ∈ Θ, we set f∞(θ) := f(θ)∞ and g0(θ) := g(θ)0.
The following lemma shows that it is possible to define a subadditive process closely related
to condition (2.7.1).

Lemma 2.7.6. Let f ∈ Fα
stoc, let g ∈ G ϑ

stoc, let A ∈ Rk×d, and let m ∈ N. For every R ∈ R
let ρ(R) be the length of the longest of its sides. Then the function ΨA,m : Θ×R → [0,+∞)
defined by

ΨA,m(θ,R) := mF f(θ),g0(θ)

ρ(R)βA,m
(ℓA, R

◦) (2.7.6)

is a covariant subadditive process.

Proof. The proof can be obtained by arguing exactly as in [101, Lemma 6.9].

With this lemma at hand, we are ready to show that condition (2.7.1) with f replaced
by f(θ) and g0 replaced by g0(θ) is satisfied for P -a.e. θ ∈ Θ and for every m ∈ N.
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Proposition 2.7.7. Let f ∈ Fα
stoc and g ∈ G ϑ

stoc. Then there exist a T -measurable set Θ′,
with P (Θ′) = 1, such that for every m ∈ N there exists a function fmhom : Θ×Rk×d → [0,+∞),
with fmhom(·, A) T -measurable for every A ∈ Rk×d, such that

lim
r→+∞

mF f(θ),g0(θ)

rβA,m
(ℓA, Q(rx, r))

rd
= fmhom(θ,A)

for every θ ∈ Θ′, x ∈ Rd, and A ∈ Rk×d. Moreover, the function fhom : Θ×Rk×d → [0,+∞)
defined by

fhom(θ,A) := lim
m→+∞

fmhom(θ,A) = inf
m∈N

fmhom(θ,A) (2.7.7)

belongs to Fα
stoc.

If, in addition, {τz}z∈Zd is ergodic, by choosing Θ′ appropriately, we have that fmhom and
fhom are independent of θ.

Proof. By Lemma 2.7.6 for every m ∈ N and for every A ∈ Qk×d the function ΨA,m defined
by (2.7.6) is a covariant subadditive process. Hence, by the Subadditive Ergodic Theorem
2.7.5, there exists a T -measurable set Θ′, with P (Θ′) = 1, and for every m ∈ N a function
fmhom : Θ×Qk×d → [0,+∞), with fmhom(·, A) T -measurable for every A ∈ Qk×d, such that

lim
r→+∞

mF f(θ),g0(θ)

rβA,m
(ℓA, Q(rx, r))

rd
= fmhom(θ,A) (2.7.8)

for every θ ∈ Θ′, m ∈ N, x ∈ Rd, and A ∈ Qk×d. Thanks to Lemma 2.7.2, the function
fmhom can be extended to a function fmhom : Θ×Rk×d → [0,+∞), T -measurable with respect
to θ and continuous with respect to A, such that (2.7.8) holds for every θ ∈ Θ′, m ∈ N,
x ∈ Rd, and A ∈ Rk×d. We now fix θ0 ∈ Θ and we redefine fmhom on Θ \ Θ′ × Rk×d, by
setting fmhom(θ,A) = fmhom(θ0, A) for every θ ∈ Θ \ Θ′ and A ∈ Rk×d. Note that for every
θ ∈ Θ and A ∈ Rk×d, the sequence fmhom(θ,A) is non-increasing with respect to m, which
justifies (2.7.7) and that fhom(·, A) is T -measurable. By Theorem 2.7.1 for every θ ∈ Θ the
function fhom(θ) ∈ Fα, hence, fhom ∈ Fα

stoc.
If, in addition, {τz}z∈Zd is ergodic, then fmhom(·, A) is constant P -a.e. for every m. This

leads to the last sentence of the statement, concluding the proof.

The following proposition shows that P -a.e. in Θ condition (2.7.2) is also satisfied.

Proposition 2.7.8. Let f ∈ Fα
stoc, let g ∈ G ϑ

stoc. Then there exists a T -measurable set Θ′,
with P (Θ′) = 1, and a T ⊗B(Rk×Sd−1)-measurable function ghom : Θ×Rk×Sd−1 → [0,+∞)
such that

lim
r→+∞

mF f∞(θ),g(θ)
(urx,ζ,ν , Qν(rx, r))

rd−1
= ghom(θ, ζ, ν) (2.7.9)

for every θ ∈ Θ′, x ∈ Rd, ζ ∈ Rk, and ν ∈ Sd−1.
If, in addition, the group {τz}z∈Zd is ergodic, by choosing Θ′ appropriately, we have that

the function ghom is independent of θ.

Proof. The result is proved by adapting the same arguments used in [59, Proposition 9.3,
Proposition 9.4, Proposition 9.5].

Combining Theorem 2.6.6 with Propositions 2.7.7 and 2.7.8, we are finally able to obtain
the desired stochastic homogenisation theorem.
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Theorem 2.7.9. Let f ∈ Fα
stoc, let g ∈ G ϑ

stoc, and for every ε > 0 and θ ∈ Θ let F θε :=
F fε(θ),gε(θ), according to Definition 2.1.6. Let fhom : Θ×Rk×d → [0,+∞) and ghom : Θ×Rk×
Sd−1 → [0,+∞) be the functions given in Propositions 2.7.7 and 2.7.8. Then fhom(θ, ·) ∈
Fα and ghom(θ, ·, ·) ∈ G for every θ ∈ Θ and there exists T -measurable set Θ′, with P (Θ′) =
1, such that for every sequence εn → 0+, θ ∈ Θ′, and O ∈ Oc(Rd), the sequence {F θεn(·, O)}n
Γ-converges to F fhom(θ),ghom(θ)(·, O) in the topology of L0(Rd;Rk).

If, in addition, the group {τz}z∈Zd is ergodic, by choosing Θ′ appropriately, the functions
fhom and ghom are independent of θ.

As a corollary, we deduce the following periodic homogenisation result.

Corollary 2.7.10. Let f ∈ Fα, g ∈ G ϑ, and let Fε := F fε,gε be the functional introduced
in Definition 2.1.6. Assume that both f and g are 1-periodic in the x variable. Then
there exist functions flim ∈ Fα and glim ∈ G , with flim satisfying (4.7.25), and with glim
satisfying (4.7.4) and (4.7.26), and consequently the following property holds: for every
sequence {εn}n ⊂ (0, 1) converging to 0 as n→ +∞ and for every O ∈ Oc(Rd) the sequence
{Fεn(·, O)}n Γ-converges to F flim,glim(·, O) with respect to the topology of L0(Rd;Rk).

Proof. It is enough to apply Theorem 2.7.9 in the case where Θ consists of a single point.
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Appendix to Chapter 2

2.A Compactness in GBV⋆

In this appendix we present a compactness result for functions in GBV⋆(Ω;Rk). This
result was obtained in the scalar setting by Dal Maso & Toader in [99, Theorem 5.5]. It
was later adapted to the vector-valued setting in [111, Theorem 4.8] and it is strongly based
on a technique devised by Friedrich [127]. We omit its proof, as it can be obtained, with
relatively simple adaptations, from the ones of [99, Theorem 5.5] (see [111, Theorem 4.8]
for details).

In the following, O, Õ ⊂ Rd are two open sets with Lipschitz boundaries such that
O ⊂ Õ.

Theorem 2.A.1. Let f : Rd × Rk×d → [0,+∞) and g : Rd × Rk × Sd−1 → [0,+∞) be two
functions satisfying (f1)–(f3), (g1)–(g3), (g5), (g6), and consider the associated functional
F f,g introduced in Definition 2.1.6. Let w ∈ W1,1(Õ;Rk) and let {un}n ⊂ GBV⋆(Õ;Rk)
with un = w Ld-a.e. on Õ \ O and supn V(un, Õ) ≤ M for some M > 0. Then, for every
positive sequence {εn}n with εn → 0+, there exist a subsequence, not relabelled, modifications
yn ∈ GBV⋆(Õ;Rk) of un, with yn = w Ld-a.e. on Õ \O, such that

F f,g(yn, Õ) ≤ F f,g(un, Õ) + εn, (2.A.1)

and {yn} converges to u in L0(Õ;Rk) for some u ∈ GBV⋆(Õ;Rk).

Remark 2.A.2. Let f and g be as above and let w ∈ W1,1(Õ;Rk). Consider a minimising
sequence {un}n ⊂ GBV⋆(Õ;Rk) for the problem

inf{F f,g(u, Õ) : u ∈ GBV⋆(Õ;Rk) with u = w Ld-a.e. on Õ \O}. (2.A.2)

Thanks to (f2), (f3), (g2), (g3), and (2.1.2), it is easily seen that supn V(un, Õ) ≤M for some
M > 0. Hence, by Theorem 2.A.1 there exist another sequence {yn}n, still minimising, with
yn = w Ld-a.e. on Õ\O satisfying (2.A.1) and such that (a subsequence of) {yn}n converges
to some u ∈ GBV⋆(Õ;Rk) in measure. If the functional F f,g is lower semicontinuous with
respect to the convergence in measure, we conclude that u minimises (2.A.2).



CHAPTER 3

Structured deformations for energies
with general surface terms

We now turn to a second variational problem, arising from a different physical model,
for which the space GBV⋆ (see Definition 1.3.16) again provides a natural setting.

The purpose of this chapter is to establish a variational theory for the description of
first-order structured deformations with general nonlinear surface densities, circumventing
some of the limitations of the currently available models (see the Introduction for a more
precise discussion on this point and also for details on the general framework of structured
deformations). This requires a formulation in the generalised space GBV⋆, which, as we
have shown in Chapters 1 and 2, is the natural setting for surface energies that are linear
near the origin and bounded at infinity, since compactness can only be achieved in this
generalised space. In this novel framework, we prove three main results: an approximation
theorem for structured deformations, an integral representation theorem for abstract lower
semicontinuous functionals, and an explicit representation formula for relaxed energies.

This study starts with Section 3.1. We present here the variational framework we propose
and state our three main results; each of the following three sections is devoted exclusively
to the proof of one of these results.

In Section 3.2 we prove the cornerstone of this analysis, Approximation Theorem 3.1.1,
a result justifying the assignment to generalised structured deformations SDp

⋆ (see (3.1.1)) of
an energy Ip⋆ defined by relaxation (see (3.1.11)). Although its proof follows, at a broad level,
the strategy of earlier results of Choksi & Fonseca [76] and of Šilhavý [171], it requires several
substantial new arguments that render the analysis significantly more technical. A crucial
ingredient is a new density result for functions of bounded variation (see Theorem 3.2.1 and
Remark 3.2.2(i),(iii)), which is of independent interest and may be viewed as an analogue
in GBV⋆ of the classical density theorem of Anzellotti & Giacquinta [21]. More precisely,
we show that every function u ∈ GBV⋆(Ω;Rk) can be approximated by a sequence {un}n ⊂
SBV(Ω;Rk) ∩ L∞(Ω;Rk) in such a way that V(un,Ω \ Jun) and V(un, Jun) converge to
V(u,Ω \ Ju) and to V(u, Ju), respectively (see Section 1.3 and in particular (1.3.16) for the
definitions of these objects).

In the spirit of the previous chapter, we introduce a general class of abstract functionals
Fp⋆ (see Definition 3.1.3), which includes those defined by relaxation. Using the strategy
of the Global Method of Bouchitté, Fonseca, & Mascarenhas [41], we are able to prove
in Section 3.3 an integral representation result for functionals in Fp⋆. We cannot apply
mutatis mutandis the standard arguments of the global method, nor argue by a truncation-
perturbation argument as was done in Chapter 2; the functional framework of structured
deformations does not allow, in general, for truncation techniques. We resort instead to a
different argument, inspired by [81] and [84], which is based on a careful analysis of blow-ups
of GBV⋆-functions. This study is carried out in Section 3.C of the Appendix and relies, in
turn, on new Poincaré-type estimates for functions in GBV⋆ presented in Section 3.B. This
novel approach also allows us to improve some of the results obtained in Chapter 2 (see
the discussion in Remark 3.3.8). We stress, however, that Theorem 3.1.7 does not give a
complete integral representation of functionals in Fp⋆, as it neglects the contributions due to
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diffuse but singular terms related to the Cantor part. This is due to the fact that our blow-
up methods, while being perfectly well-suited to deal with bulk and surface contributions,
rely on compactness properties that we are not able to enforce around points of density one
for the Cantor part.

Section 3.4 is devoted to the study of the properties of the relaxed energy Ip⋆ . Here, p ≥ 1
is fixed and determines the rate of growth at infinity of a certain function related to Ip⋆ (see
(Ψ2) and (Ψ4)). As a first result, we prove that, for any p ≥ 1, the functional Ip⋆ belongs to
Fp⋆, so that, by Theorem 3.1.7, we immediately deduce an integral representation of its bulk
and surface part by means of integrands fbulk and fsurf . Then, we specialise to the case p > 1,
where some truncation techniques are available. In this case, we are able to give more explicit
expressions of fbulk and fsurf by means of cell formulas consistent with those identified by
Choksi & Fonseca (see (3.1.23) and (3.1.24) and compare with [76, Remark 3.3]). Finally,
assuming a certain independence of Ip⋆ on the spatial variable x (see (3.1.25)), we obtain a
complete integral representation of Ip⋆ , including its Cantor part.

The results contained in this chapter are part of the joint paper with Friedrich [112].

3.1 Setting of the problem and main results

In this section, we present the main results of the chapter. We begin by introducing the
class of structured deformations that will be our main object of investigation. We refer the
reader to Section 1.1 for all the notation concerning the collections of open/Borel sets and
to Section 1.3 for those related to the spaces of functions we work with.

Structured Deformations. In the following, we let p ≥ 1. We specify only when needed
if p = 1 or p > 1. We recall that Ω ⊂ Rd always denotes a bounded, open set, which we also
assume to have Lipschitz boundary. Given O ∈ O(Ω), the class of generalised structured
deformations SDp

⋆(O;Rk) is defined by setting

SDp
⋆(O;Rk) :=

{
(g,G) : g ∈ GBV⋆(O;Rk) and G ∈ Lp(O;Rk×d)

}
. (3.1.1)

We use the term ‘generalised’ as the deformations g belong to a class of generalised BV-
functions. The first main result of this chapter is the following approximation result for
structured deformations SDp

⋆(Ω;Rk). Recall the definition of V given in (1.3.16).

Theorem 3.1.1 (Approximation Theorem). There exists a constant C > 0, depending only
on d, such that for all O ∈ O(Ω) with Lipschitz boundary and all (g,G) ∈ SDp

⋆(O;Rk) we
can find a sequence {un}n ⊂ SBV(O;Rk) such that {un}n converges to g in L0(O;Rk) as
n→ +∞, ∇un = G Ld-a.e. in O for all n ∈ N, and

lim sup
n→+∞

V(un, O) ≤ C
(
V(g,O) + ∥G∥L1(O)

)
. (3.1.2)

We briefly comment on this result. If (3.1.2) is dropped, the theorem is an immediate
consequence of [171, Theorem 1.2] (see also [76, Theorem 2.12]). Indeed, using the truncation
properties of GBV⋆-functions described in Definition 1.3.16(c), we can approximate g by
means of BV-functions, to which [171, Theorem 1.2] applies. A diagonal argument then gives
a sequence converging to g in L0(O;Rk) which satisfies the required gradient constraints, but
which may fail to satisfy (3.1.2). To overcome this difficulty, we will depart from the results
currently available in the literature, and rely on new density results for functions of bounded
variation tailored to our functional setting, namely Theorem 3.2.1 and Lemma 3.2.3. In
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particular, Theorem 3.2.1 provides an approximation result for BV-functions by means of
SBV-functions that applies to a general class of energies, including V (see Remark 3.2.2(ii)).

We endow SDp
⋆(Ω;Rk) with the following notion of convergence.

Definition 3.1.2. We say that a sequence {(gn, Gn)}n ⊂ SDp
⋆(Ω;Rk) converges to (g,G) ∈

SDp
⋆(Ω;Rk) as n → +∞, in symbols (gn, Gn) →

SD⋆

(g,G) in Ω, if and only if gn → g in

L0(Ω;Rk) and

Gn ⇀ G in Lp(Ω;Rk×d) if p > 1 and Gn ⇀
∗ G weakly∗ in Mb(Ω;Rk×d) if p = 1

as n→ +∞.
Given a sequence {un}n ⊂ SBV(Ω;Rk), we say that {un}n converges to (g,G) ∈

SDp
⋆(Ω;Rk), in symbols un →

SD⋆

(g,G), if (un,∇un) →
SD⋆

(g,G).

Integral representation for abstract functionals. We present a result concerning the
integral representation of functionals defined on SDp

⋆(Ω;Rk). We begin by introducing the
class Fp⋆, which will be one of the main objects of study in this chapter.

Definition 3.1.3. Fp⋆ is the class of all functionals F : SDp
⋆(Ω;Rk) × B(Ω) → [0,+∞)

satisfying the following conditions:

(H1) (Measure property) for every (g,G) ∈ SDp
⋆(Ω;Rk) the set function F(g,G, ·) is a Radon

measure on B(Ω);

(H2) (Locality) for every O ∈ O(Ω) and pairs (g,G), (u, U) ∈ SDp
⋆(Ω;Rk), with g = u and

G = U Ld-a.e. in O, it holds F(g,G,O) = F(u, U,O);

(H3) (Lower semicontinuity) for every O ∈ O(Ω) the functional F(·, ·, O) is lower semicon-
tinuous with respect to the convergence in SDp

⋆(Ω;Rk);

(H4) (Growth conditions) there exist positive constants α, β, with α ≤ β, such that

α
(
V(g,B) + ∥G∥pLp(B)

)
≤ F(g,G,B) ≤ β

(
V(g,B) + ∥G∥pLp(B) + Ld(B)

)
(3.1.3)

for every (g,G) ∈ SDp
⋆(Ω;Rk) and B ∈ B(Ω).

Remark 3.1.4. Combining properties (H1) and (H2) we obtain that every functional F ∈
Fp⋆ satisfies the following locality property: if B ∈ B(Ω), (g,G), (u, U) ∈ SDp

⋆(Ω;Rk), and
g = u and G = U Ld-a.e. in a neighbourhood of B, then F(g,G,B) = F(u,U,B).

For this reason, given O ∈ O(Ω) with Lipschitz boundary and (g,G) ∈ SDp
⋆(O;Rk),

for every B ∈ B(O) we can define F(g,G,B) := F(u,U,B), where (u,U) ∈ SDp
⋆(Ω;Rk) is

any pair such that g = u and G = U Ld-a.e. on O. For instance, this extension can be
performed by using Lemma 1.3.24. The locality property described above implies that the
value of F(g,G,B) does not depend on the chosen extension (u, U).

In Section 3.3 we prove an integral representation result for functionals in Fp⋆. To give
the precise statement of this result, we introduce a decomposition of elements in Fp⋆ that
mimics the usual decomposition of the distributional derivative for functions of bounded
variation.
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Definition 3.1.5. Let F ∈ Fp⋆ and (g,G) ∈ SDp
⋆(Ω;Rk). By (H1) and (H4), F(g,G, ·)

is a bounded Radon measure on B(Ω). Its absolutely continuous and singular parts with
respect to Ld are denoted by Fa(g,G, ·) and Fs(g,G, ·), respectively. We also introduce the
bounded Radon measures Fc(g,G, ·) and F j(g,G, ·) defined by

Fc(g,G,B) := Fs(g,G,B \ Jg) and F j(g,G,B) := F(g,G,B ∩ Jg)

for every B ∈ B(Ω). We obtain

F(g,G,B) = Fa(g,G,B) + Fc(g,G,B) + F j(g,G,B)

for every B ∈ B(Ω).

Remark 3.1.6. Note that by Remark 1.3.15 the functional (g,G,B) 7→ V(g,B)+∥G∥pLp(B)

belongs to Fp⋆. Moreover, if F ∈ Fp⋆ and (g,G) ∈ SDp
⋆(Ω;Rk), then

Fa(g,G, ·) is absolutely continuous with respect to Ld,
Fc(g,G, ·) is absolutely continuous with respect to |Dcg|,
F j(g,G, ·) is absolutely continuous with respect to V(g, ·) Jg.

Our goal is to represent Fa and F j as integral functionals. As customary in integral
representation results for free discontinuity functionals, the bulk and surface integrands
are obtained by considering the asymptotic behaviour of the minimum values of certain
constrained problems on small cubes. To this end, given (g,G) ∈ SDp

⋆(Ω;Rk) and O ∈ O(Ω)
with Lipschitz boundary, we set

Cp⋆(g,G,O) :=
{
(u, U) ∈ SDp

⋆(Ω;Rk) : u = g near ∂O,
ˆ
O
(G− U) dx = 0

}
and consider the auxiliary minimisation problem given by

m(g,G,O) := inf
{
F(u, U,O) : (u, U) ∈ Cp⋆(g,G,O)

}
. (3.1.4)

The boundary conditions that we generally use for these minimisation problems are
given by affine functions and pure jump functions: for x ∈ Ω, a ∈ Rk, and A ∈ Rk×d we set
ℓx,a,A(y) := a+A(y − x), and for x ∈ Ω, ζ, θ ∈ Rk, ν ∈ Sd−1 we let

ux,ζ,θ,ν(y) :=

{
ζ if (y − x) · ν > 0,

θ if (y − x) · ν ≤ 0.
(3.1.5)

Note that these functions are slightly different from those used as boundary conditions in
Section 1.5 and in Chapter 2 (see (1.5.2) and (1.5.3)) and in the rest of the work. This is
due to the fact, as we do not assume that functionals in F satisfy any invariance property
in the spirit of (X4a), more complex boundary conditions need to be taken into account.
Clearly, this will affect the definition of the candidate bulk and surface integrands below.

Our candidate bulk and surface integrands are given by

fbulk(x, a,A, L) := lim sup
ρ→0+

m(ℓx,a,A, L,Q(x, ρ))

ρd
(3.1.6)
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for all x ∈ Ω, a ∈ Rk, A,L ∈ Rk×d, and

fsurf(x, ζ, θ, ν) := lim sup
ρ→0+

m(ux,ζ,θ,ν , 0, Qν(x, ρ))

ρd−1
(3.1.7)

for all x ∈ Ω, ζ, θ ∈ Rk, and ν ∈ Sd−1, where we recall that Qν(x, ρ) is a cube centred at x,
of side-length ρ, and with two faces orthogonal to ν, while Q(x, ρ) := x+ (−ρ/2, ρ/2)d.

The following theorem constitutes our main result concerning the class Fp⋆. It gives an
integral representation of the bulk and surface parts by means of the functions fbulk and
fsurf above.

Theorem 3.1.7 (Integral representation). Let F ∈ Fp⋆. Then, for every (g,G) ∈ SDp
⋆(Ω;Rk)

and B ∈ B(Ω) it holds

Fa(g,G,B) =

ˆ
B
fbulk

(
x, g,∇g,G

)
dx, (3.1.8)

F j(g,G,B) =

ˆ
Jg∩B

fsurf
(
x, g+, g−, νg

)
dHd−1, (3.1.9)

where fbulk and fsurf are given by (3.1.6) and (3.1.7). In particular, if (g,G) ∈ SDp
⋆(Ω;Rk)

with |Dcg|(Ω) = 0, then for all B ∈ B(Ω) it holds that

F(g,G,B) =

ˆ
B
fbulk

(
x, g,∇g,G

)
dx+

ˆ
Jg∩B

fsurf
(
x, g+, g−, νg

)
dHd−1.

Remark 3.1.8. If F ∈ Fp⋆ is invariant under translation, the functions fbulk and fsurf have
simpler expressions. More precisely, if

F(g + a,G,B) = F(g,G,B) (3.1.10)

for all (g,G) ∈ SDp
⋆(Ω;Rk), a ∈ Rk, and B ∈ B(Ω), then

fbulk(x, a,A, L) = fbulk(x, 0, A, L) and fsurf(x, ζ, θ, ν) = fsurf(x, ζ − θ, 0, ν)

for all x ∈ Ω, a ∈ Rk, A,L ∈ Rk×d, ζ, θ ∈ Rk, and ν ∈ Sd−1. To simplify the notation, when
the invariance property (3.1.10) holds, we will write fbulk(x,A,L) and fsurf(x, ζ − θ, ν) in
place of fbulk(x, 0, A, L) and fsurf(x, ζ − θ, 0, ν).

Relaxation of bulk-surface energies. Our goal is to employ the integral representation
result in Theorem 3.1.7 to prove a relaxation result for energies defined on SBV(Ω;Rk), in the
spirit of the seminal work [76]. More precisely, we consider a bulk integrand Ψ: Rd×Rk×d →
[0,+∞) and a surface integrand γ : Rd ×Rk × Sd−1 → [0,+∞), and the associated integral
functional E : SBV(Ω;Rk)× B(Ω) → [0,+∞) defined by

E(u,B) :=

ˆ
B
Ψ(x,∇u) dx+

ˆ
Ju∩B

γ(x, [u], νu) dHd−1

for all (u,B) ∈ SBV(Ω;Rk)× B(Ω).
Under suitable hypotheses on Ψ and γ specified below, we study the functional

Ip⋆ (g,G) := inf
{
lim inf
n→+∞

E(un,Ω): {un}n ⊂ SBV(Ω;Rk), un →
SD⋆

(g,G) in Ω
}

(3.1.11)
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for all (g,G) ∈ SDp
⋆(Ω;Rk). To this end, for O ∈ O(Ω) we consider the localised functional

Ip⋆ (·, ·, O) defined for all (g,G) ∈ SDp
⋆(Ω;Rk) by

Ip⋆ (g,G,O) := inf
{
lim inf
n→+∞

E(un, O) : {un}n ⊂ SBV(O;Rk), un →
SD⋆

(g,G) in O
}
. (3.1.12)

We then extend this definition to every Borel set B ⊂ Ω by setting

Ip⋆ (g,G,B) := inf
{
Ip⋆ (g,G,O) : O ⊃ B with O ∈ O(Ω)

}
. (3.1.13)

It will be shown in Theorem 3.1.13 that, under suitable hypotheses on Ψ and γ, the set
function O 7→ Ip⋆ (g,G,O) given by (3.1.12) coincides with the trace on O(Ω) of a bounded
Radon measure, so that definitions (3.1.12) and (3.1.13) agree on O(Ω).

We now introduce the sets of assumptions we will make on Ψ and γ. Whereas the as-
sumptions on Ψ are modelled after those in [76], for the surface density we fundamentally
depart from the usual assumption of 1-homogeneous densities by considering bounded den-
sities which are close to 1-homogeneous functions at the origin. We assume that Ψ satisfies
the following properties:

(Ψ1) (measurability) Ψ is a Carathéodory function;

(Ψ2) (Lipschitz continuity) there is a constant CΨ > 0 such that

|Ψ(x,A1)−Ψ(x,A2)| ≤ CΨ|A1 −A2|
(
1 + |A1|p−1 + |A2|p−1

)
for Ld-a.e. x ∈ Ω and all A1, A2 ∈ Rk×d;

(Ψ3) (control from above) there is A0 ∈ Rk×d such that Ψ(·, A0) ∈ L∞(Ω);

(Ψ4) (lower bound) there is a constant cΨ > 0 such that

cΨ|A|p −
1

cΨ
≤ Ψ(x,A)

for Ld-a.e. x ∈ Ω and all A ∈ Rk×d;

(Ψ5) (continuity in x) there is a continuous function ωΨ : [0,+∞) → [0,+∞), with ωΨ(0) =
0, such that for every x1, x2 ∈ Ω and A ∈ Rk×d it holds

|Ψ(x1, A)−Ψ(x2, A)| ≤ ωΨ(|x1 − x2|)
(
Ψ(x1, A) + Ψ(x2, A)

)
.

Remark 3.1.9. Any function Ψ satisfying (Ψ2) and (Ψ3) also satisfies the following prop-
erty:

(Ψ3’) (upper bound) there exists a constant CΨ > 0 such that

Ψ(x,A) ≤ CΨ

(
|A|p + 1) (3.1.14)

for Ld-a.e. x ∈ Ω and all A ∈ Rk×d.

Indeed, letting A0 be the matrix of (Ψ3), we may use (Ψ2) to obtain for all A ∈ Rk×d

Ψ(x,A) ≤ Ψ(x,A0) + CΨ(|A|+ |A0|+ |A|p + |A0|p + |A||A0|p−1 + |A0||A|p−1).

In light of (Ψ3), this inequality implies (3.1.14) for Ld-a.e. x ∈ Ω and for all A ∈ Rk×d, for
a sufficiently large constant CΨ depending only on A0, CΨ, Ω, and p.
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In the following list we collect the assumptions we make on the surface integrand γ,
some of which are closely related to those considered in Definition 2.1.3:

(γ1) (symmetry) for every x ∈ Ω, ζ ∈ Rk, and ν ∈ Sd−1 it holds

γ(x, ζ, ν) = γ(x,−ζ,−ν);

(γ2) (upper and lower bounds) there are two constants cγ , Cγ > 0 such that for all x ∈ Ω,
ζ ∈ Rk, and ν ∈ Sd−1 it holds

cγ(|ζ| ∧ 1) ≤ γ(x, ζ, ν) ≤ Cγ(|ζ| ∧ 1);

(γ3) (sub-additivity) for all x ∈ Ω, ζ1, ζ2 ∈ Rk, and ν ∈ Sd−1 it holds

γ(x, ζ1 + ζ2, ν) ≤ γ(x, ζ1, ν) + γ(x, ζ2, ν);

(γ4) (continuity in x) there is a continuous function ωγ : [0,+∞) → [0,+∞), with ωγ(0) =
0, such that for every x1, x2 ∈ Ω, ζ ∈ Rk, and ν ∈ Sd−1 it holds

|γ(x1, ζ, ν)− γ(x2, ζ, ν)| ≤ ωγ(|x1 − x2|)(|ζ| ∧ 1);

(γ5) (quasi-monotonicity) there exists a constant βγ ≥ 1 such that for every x ∈ Ω and
ν ∈ Sd−1 it holds

γ(x, ζ1, ν) ≤ γ(x, ζ2, ν)

whenever βγ |ζ1| ≤ |ζ2|;

(γ6) (rate of growth at the origin) there is a continuous nondecreasing function ϑ :[0,+∞)→
[0,+∞), with ϑ(0) = 0 and ϑ(h) ≥ cγ

Cγ
h−1 for all h ≥ 0, with the constants cγ , Cγ > 0

of (γ2), such that for all x ∈ Ω, ζ ∈ Rk, and ν ∈ Sd−1 the limit

γ0(x, ζ, ν) := lim
s→0+

1

s
γ(x, sζ, ν) (3.1.15)

exists and satisfies ∣∣1
s
γ(x, sζ, ν)− γ0(x, ζ, ν)

∣∣ ≤ ϑ(s|ζ|)1
s
γ(x, sζ, ν)

for all s > 0.

Remark 3.1.10 (Assumptions (γ1)–(γ5)). Properties (γ1) and (γ3) are standard assump-
tions on surface densities, while the growth condition (γ2) is a core ingredient in our study,
see (0.0.14) in the introduction for the motivation. The continuity condition (γ4) is also
a standard assumption, slightly adjusted to our setting by using (|ζ| ∧ 1) in place of |ζ|.
Property (γ5) was introduced in [57] and was later employed in several other works (see,
for instance, [58, 99, 127]), as well as in Chapter 2. We recall (see Remark 2.1.4) that it is
weaker than monotonicity in |ζ| of γ.
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Remark 3.1.11 (Assumption (γ6)). An equivalent formulation of this condition was al-
ready considered in Definition 2.4.3. We also observe that γ0 is positively 1-homogeneous,
i.e.,

γ0(x, tζ, ν) = tγ0(x, ζ, ν) (3.1.16)

for all x ∈ Ω, ζ ∈ Rk, ν ∈ Sd−1, and t ≥ 0. Note that, together with (γ2), (3.1.16) implies

cγ |ζ| ≤ γ0(x, ζ, ν) ≤ Cγ |ζ| (3.1.17)

for all x ∈ Ω, ζ ∈ Rk, and ν ∈ Sd−1.

Remark 3.1.12 (Properties of γ0). The integrand γ0 satisfies properties closely related
to (γ3)–(γ4). Indeed, it follows directly from (γ3) and (γ6) that γ0 satisfies (γ3) with γ
replaced by γ0, while (γ4) and (γ6) imply that

|γ0(x1, ζ, ν)− γ0(x2, ζ, ν)| ≤ ωγ(|x1 − x2|)|ζ| (3.1.18)

for all x1, x2 ∈ Ω, ζ ∈ Rk, and ν ∈ Sd−1.

The following is the first of the three results concerning the integral representation of
(3.1.11). Note that we do not assume (Ψ5) and (γ5)–(γ6) nor put any restrictions on the
value of p.

Theorem 3.1.13 (Relaxation I). Let Ψ and γ be integrands satisfying assumptions (Ψ1)–
(Ψ4) and (γ1)–(γ4). Then (up to a shift) the functional Ip⋆ defined by (3.1.13) belongs to Fp⋆
and for all (g,G) ∈ SDp

⋆(Ω;Rk) and B ∈ B(Ω) it holds

(Ip⋆ )
a(g,G,B) =

ˆ
B
fbulk

(
x,∇g,G

)
dx, (3.1.19)

(Ip⋆ )
j(g,G,B) =

ˆ
Jg∩B

fsurf
(
x, [g], νg

)
dHd−1, (3.1.20)

where fbulk and fsurf are given by (3.1.6) and (3.1.7), replacing F with Ip⋆ (see also Re-
mark 3.1.8). In particular, if (g,G) ∈ SDp

⋆(Ω;Rk) with |Dcg|(Ω) = 0, then for all B ∈ B(Ω)
it holds that

Ip⋆ (g,G,B) =

ˆ
B
fbulk

(
x,∇g,G

)
dx+

ˆ
Jg∩B

fsurf
(
x, [g], νg

)
dHd−1.

Our second main result gives a more explicit expression for the densities fbulk and fsurf
appearing in (3.1.19) and (3.1.20) when p > 1. To present the result, we first introduce
some further notation. For ζ ∈ Rk and ν ∈ Sd−1 we set uζ,ν := u0,ζ,0,ν (see (3.1.5)). Given
A,L ∈ Rk×d, ζ ∈ Rk, and ν ∈ Sd−1, we consider the classes

Cbulk
p,⋆ (A,L) :=

{
u ∈ SBV(Q;Rk) : u = ℓ0,0,A near ∂Q,ˆ

Q
∇u dx = L, ∥∇u∥pLp(Q) < +∞

}
(3.1.21)

and

Csurf
p,⋆ (ζ, ν) :=

{
u ∈ SBV(Qν ;Rk) : u = uζ,ν near ∂Qν , ∇u = 0 Ld-a.e. on Qν

}
. (3.1.22)
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We set

Hp(x,A,L) := inf
u∈Cbulk

p,⋆ (A,L)

{ˆ
Q
Ψ
(
x,∇u(y)

)
dy +

ˆ
Ju

γ0
(
x, [u](y), νu(y)

)
dHd−1(y)

}
(3.1.23)

for all x ∈ Ω and A,L ∈ Rk×d, and

hp(x, ζ, ν) := inf
u∈Csurf

p,⋆ (ζ,ν)

{ˆ
Ju∩Qν

γ
(
x, [u](y), νu(y)

)
dHd−1(y)

}
(3.1.24)

for all x ∈ Ω, ζ ∈ Rk, and ν ∈ Sd−1. Note that, in contrast to (3.1.24), in (3.1.23) the
density γ0 appears which is the relevant quantity here as affine boundary conditions are
effectively approximated by infinitesimally small jumps, cf. also [76, Remark 3.3].

The following constitutes a characterisation of (Ip⋆ )a and (Ip⋆ )
j in terms of the densities

Hp and hp. We remark that the restriction p > 1 is due to the nature of the truncation
techniques we employ (see Lemma 3.4.3), which are ill-behaved when p = 1. This is due
to concentration phenomena that may occur when dealing with the weak∗-convergence of
measures.

Theorem 3.1.14 (Relaxation II). Let p > 1 and let Ψ and γ be integrands satisfying as-
sumptions (Ψ1)–(Ψ5) and (γ1)–(γ6). Then, for all (g,G) ∈ SDp

⋆(Ω;Rk) and B ∈ B(Ω)
equalities (3.1.19) and (3.1.20) hold with fbulk(x,∇g,G) and fsurf(x, [g], νg) replaced by
Hp(x,∇g,G) and hp(x, [g], νg), where Hp and hp are the functions defined by (3.1.23) and
(3.1.24), respectively.

Proposition 3.1.15 (Properties of Hp and hp). Let p > 1 and let Ψ and γ be integrands
satisfying assumptions (Ψ1)–(Ψ5) and (γ1)–(γ6). Given L ∈ Rk×d, let HL

p : Ω × Rk×d →
[0,+∞) be the function defined for x ∈ Ω and A ∈ Rk×d by HL

p (x,A) := Hp(x,A,L). Then
HL
p satisfies (Ψ1)–(Ψ5) with p replaced by 1, while hp satisfies (γ1)–(γ5).

Moreover, for every x ∈ Ω and A ∈ Rk×d there exists a constant C > 0, depending only
on x and on A, such that

|Hp(x,A,L1)−Hp(x,A,L2)| ≤ C|L1 − L2|(1 + |L1|p−1 + |L2|p−1) for all L1, L2 ∈ Rk×d.

Finally, there exist constants cH , CH > 0 such that

cH(|A|+ |L|p)− 1

cH
≤ Hp(x,A,L) ≤ CH(|A|+ |L|p + 1)

for all x ∈ Ω and A,L ∈ Rk×d.

The final result of this chapter provides a complete integral representation for Ip⋆ , includ-
ing its Cantor part (Ip⋆ )

c. his is obtained under a stronger assumption on Ψ and γ, namely
that Ψ and γ are independent of the x-variable. This hypothesis ensures that the densities
Hp and hp are independent of x, and that Ip⋆ satisfies the following invariance property: for
every (g,G) ∈ SDp

⋆(Ω;Rk) and x ∈ Rd, it holds

Ip⋆ (g(· − x), G(· − x), x+B) = Ip⋆ (g,G,B) (3.1.25)

for every B ∈ B(Ω) with x+B ⊂ Ω. This property makes it possible to rely on the integral
representation result of Bouchitté, Fonseca, & Mascarenhas presented in Theorem 1.5.1.



98 3. Structured deformations

Theorem 3.1.16 (Relaxation III). Let p > 1 and let Ψ and γ be x-independent integrands
satisfying assumptions (Ψ1)–(Ψ5) and (γ1)–(γ6). Then, for every (g,G) ∈ SDp

⋆(Ω;Rk) and
B ∈ B(Ω) we have

Ip⋆ (g,G,B) =

ˆ
B
Hp(∇g,G) dx+

ˆ
B
H∞
p

( dDcg

d|Dcg|
, 0
)
d|Dcg|+

ˆ
Jg∩B

hp([g], νg) dHd−1,

where Hp and hp are the functions defined by (3.1.23) and (3.1.24) without x-dependence,
and H∞

p (·, 0) denotes the recession function of Hp(·, 0), i.e., the function defined for all
A ∈ Rk×d by

H∞
p (A, 0) := lim sup

t→+∞

Hp(tA, 0)

t
. (3.1.26)

Remark 3.1.17 (Compactness). Taking into account some minor modifications due to
the presence of the matrix variable G, these compactness result 2.A.1 readily adapts to
the functional Ip⋆ , thanks to Proposition 3.1.15 and Theorem 3.1.16. Thanks to the lower
semicontinuity of Ip⋆ , this guarantees that Ip⋆ admits minimisers for minimisation problems
with Dirichlet boundary conditions.

3.2 Approximation Theorem in SDp
⋆(Ω;Rk)

This section is devoted to the proof of Theorem 3.1.1. The approach we follow is similar
to the one in [171, Theorem 1.2] (see also [76, Theorem 2.12]), but the proof in our case
is technically more demanding. To explain why, we recall that the main ingredients of the
proof of [171, Theorem 1.2] are essentially three: (1) Anzellotti-Giaquinta’s Theorem [21,
Theorem 1], (2) [76, Lemma 2.9], which states that every u ∈ C∞

c (Rd) can be approximated
by means of piecewise constant functions whose total variation is controlled by the L1 norm
of ∇u, and (3) Alberti’s Theorem (see Theorem 3.2.5).

Proof of the Approximation Theorem. To proceed with this strategy, we need to prove
suitable adaptations of the first two results in our functional setting, calling for nontrivial
new arguments. We first give the statements of all these results and show how they allow
to obtain Theorem 3.1.1, postponing their proofs to the end of the section. The first result,
whose proof is based on a classical result of Goffman & Serrin [135, Theorem 4′], shows that,
if O ∈ O(Ω) is a Lipschitz set, every u ∈ BV(O;Rk) can be approximated by a sequence of
SBV(O;Rk)-functions {un}n in such a way that V(un, O) converges to V(u,O). The core
arguments in the proof of this result were devised by the author together with Dal Maso,
as part of a different, unpublished, research project.

Theorem 3.2.1 (Density result in BV). Let O′, O ∈ O(Ω), with O′ ⊂⊂ O, and let u ∈
BV(O;Rk). Assume that Hd−1(Ju ∩ ∂O′) = 0. Then there exists a sequence {un}n ⊂
SBV(O′;Rk) ∩ L∞(O′;Rk) such that un → u strongly in L1(O′;Rk) as n→ +∞ and

lim sup
n→+∞

V(un, O′) ≤ V(u,O). (3.2.1)

Moreover, if O has Lipschitz boundary, then we can find another sequence, still denoted by
{un}n, with {un}n ⊂ SBV(O;Rk) ∩ L∞(O;Rk), such that un → u strongly in L1(O;Rk) as
n→ +∞ and

lim
n→+∞

V(un, O) = V(u,O). (3.2.2)
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Remark 3.2.2. (i) Replacing L1-convergence by L0-convergence, the statement also holds
for GBV⋆-functions by performing an additional truncation procedure, as explained at the
beginning of the proof of Theorem 3.1.1 below.

(ii) The theorem holds in a slightly weaker form also for more general energies than V.
More precisely, the arguments in the proof can be adapted with no difficulty to energies of
the form

F (u,O) :=

ˆ
O
f(∇u) dx+

ˆ
O
f∞

( dDcu

d|Dcu|

)
d|Dcu|+

ˆ
Ju∩O

g([u], νu) dHd−1,

with f : Rk×d → [0,+∞) convex, g : Rk × Sd−1 → [0,+∞) with ζ 7→ g(ζ, ν) continuous for
all ν ∈ Sd−1, and

f(A) ≤ C(|A|+ 1) for all A ∈ Rk×d and g(ζ, ν) ≤ C|ζ| ∧ 1 for all ζ ∈ Rk and ν ∈ Sd−1

for some constant C > 0, where the recession function f∞ is defined as in (3.1.26) with f
in place of Hp. Indeed, this is the setting where [135, Theorem 4′] can still be employed. In
this case, (3.2.2) has to be replaced by

lim sup
n→+∞

F (un, O) ≤ F (u,O),

as, in general, F could fail to be L1(O;Rk)-lower semicontinuous.
(iii) A careful inspection of the proof of Theorem 3.2.1 reveals that the approximating

sequence {un}n actually satisfies a property stronger than (3.2.2). More precisely, we have

lim
n→+∞

V(un, O \ Jun) = V(u,O \ Ju) and lim
n→+∞

V(un, Jun) = V(u, Ju).

The same observation applies to the functionals F of (ii), with the caveat that equalities
need to be replaced by inequalities if F is not lower semicontinuous.

The general idea is to approximate the sequence obtained in Theorem 3.2.1 by a se-
quence of piecewise constant functions. The existing results in the literature, see e.g. [76,
Lemma 2.9], are not expedient for us as they guarantee convergence of the total variation
but not of the functional V, as required in our setting.

Lemma 3.2.3. Let O ∈ O(Ω) and u ∈ BV(O;Rk). Then there exists a sequence of piecewise
constant functions {un}n ⊂ SBV(O;Rk)∩L∞(O;Rk) such that un → u strongly in L1(O;Rk)
as n→ +∞ and

lim
n→+∞

V(un, O) = V(u,O).

Remark 3.2.4. Replacing L1-convergence by L0-convergence, the statement also holds
for GBV⋆-functions by performing an additional truncation procedure, as explained at the
beginning of the proof of Theorem 3.1.1 below.

Before proceeding with the proof of Theorem 3.1.1, we recall for the reader’s convenience
the statement of Alberti’s Theorem [3, Theorem 3].

Theorem 3.2.5 (Alberti’s Theorem). There exists a constant C = C(d) > 0 with the prop-
erty that for every O ∈ O(Ω) and G ∈ L1(O;Rk×d) there exists a function u ∈ SBV(O;Rk)
such that ∇u = G Ld-a.e. in O andˆ

Ju

|[u]| dHd−1 ≤ C∥G∥L1(O).
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We are ready to give the proof of Theorem 3.1.1.

Proof of Theorem 3.1.1. Let us fix (g,G) ∈ SDp
⋆(O;Rk). By (c) of Definition 1.3.16, for

every n ∈ N the function gn := Φn ◦ g (see (1.3.12)) belongs to BV(O;Rk) and

sup
n∈N

V(gn, O) = V(g,O), and {gn}n converges to g in L0(O;Rk) as n→ +∞.

We apply Theorem 3.2.1 to gn and obtain a sequence {uℓ,n}ℓ ⊂ SBV(O;Rk) ∩ L∞(O;Rk)
converging to gn strongly in L1(O;Rk) as ℓ→ +∞ and such that

lim
ℓ→+∞

V(uℓ,n, O) = V(gn, O) ≤ V(g,O). (3.2.3)

We can now use Alberti’s Theorem 3.2.5 to obtain a function h ∈ SBV(O;Rk) with ∇h = G
Ld-a.e. in O and

|Dh|(O) ≤ C∥G∥L1(O) (3.2.4)

for a suitable constant C depending only on d. Applying Lemma 3.2.3 to uℓ,n − h, we
find a sequence of piecewise constant functions {zjℓ,n}j ⊂ SBV(O;Rk) ∩ L∞(O;Rk) which
converges to uℓ,n − h strongly in L1(O;Rk) as j → +∞ and with

lim
j→+∞

V(zjℓ,n, O) = V(uℓ,n − h,O) ≤ C
(
V(uℓ,n, O) + |Dh|(O)

)
(3.2.5)

for a possibly larger constant C. Next, we set ujℓ,n := h + zjℓ,n ∈ SBV(O;Rk) and observe
that by construction ∇ujℓ,n = G Ld-a.e. in O and that {ujℓ,n}j converges to uℓ,n strongly in
L1(O;Rk) as j → +∞. Moreover, by (3.2.3)–(3.2.5) we have, for all n ∈ N,

lim sup
ℓ→+∞

lim
j→+∞

V(ujℓ,n, O) ≤ C
(
V(g,O) + ∥G∥L1(O)

)
.

Since the L0-convergence is metrisable, we may use a diagonal argument to obtain sequences
{ℓn}n and {jn}n, with ℓn → +∞ and jn → +∞ as n → +∞, so that, setting un := ujnℓn,n,
we have un → g in L0(O;Rk) and

lim sup
n→+∞

V(un, O) ≤ C
(
V(g,O) + ∥G∥L1(O)

)
.

This concludes the proof.

Proof of the density results. In the rest of the section, we prove Theorem 3.2.1 and
Lemma 3.2.3.

Proof of Theorem 3.2.1. Thanks to a truncation argument based on (c) of Definition 1.3.16,
we may assume that u ∈ L∞(O;Rk). Moreover, it is not restrictive to assume k = 1
because we can argue componentwise. We begin by proving that there exists {un}n ⊂
SBV(O′) ∩ L∞(O′) converging to u strongly in L1(O′) such that (3.2.1) holds.

Since Ju∩O′ is (Hd−1, d−1)-rectifiable, there exist a sequence {Kℓ}ℓ of pairwise disjoint
compact sets of Ju ∩O′, a sequence {Mℓ}ℓ of (d− 1)-dimensional orientable C1-manifolds,
with Kℓ ⊂⊂ Mℓ ⊂⊂ O′ for every ℓ ∈ N, and a Borel set N ⊂ O′, with Hd−1(N) = 0, such
that Ju ∩ O′ = N ∪

(⋃
ℓ∈NKℓ

)
. Let νMℓ

be a continuous unit normal to Mℓ. It is not
restrictive to assume that for every ℓ ∈ N there exist σℓ > 0 and νℓ ∈ Sd−1, with νℓ ·νMℓ

> 0
on Mℓ, such that y + tνℓ ∈ O′ \Mℓ for every y ∈ Mℓ and for every t ∈ (−σℓ, 0) ∪ (0, σℓ).
Moreover, we may assume that the sets Mℓ are pairwise disjoint.
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O

O′ν1

K1 M1(σ)

ν2

Nε

K2

M2(σ)
ν3

K3M3(σ)

Figure 3.1: The sets M ε(σ) and N ε for ℓε = 3.

Step 1. (Approximation away from the jump set) Let us fix ε > 0. There exists ℓε ∈ N such
that, setting Kε :=

⋃ℓε
ℓ=1Kℓ and N ε :=

(⋃
ℓ>ℓε

Kℓ

)
∪N , we have

Ju ∩O′ = Kε ∪N ε and
ˆ
Nε

|[u]| dHd−1 ≤ ε. (3.2.6)

Moreover, we may assume that there exists ηε > 0 such that dist(Mj ,Mℓ) > ηε for every
j, ℓ ∈ {1, . . . , ℓε} with j ̸= ℓ and that σℓ ≤ ηε

2 for every ℓ ∈ {1, . . . , ℓε}. For technical
reasons, it will be convenient to introduce (d− 1)-dimensional manifolds M ′

ℓ, M
′′
ℓ such that

Kℓ ⊂⊂M ′′
ℓ ⊂⊂M ′

ℓ ⊂⊂Mℓ. For every σ > 0 we define

Mℓ(σ) :=
{
y + tνℓ : y ∈Mℓ and t ∈ (−σ, σ)

}
and give a similar definition for M ′

ℓ(σ) and M ′′
ℓ (σ). We also set

M ε(σ) :=

ℓε⋃
ℓ=1

M ′
ℓ(σ) (3.2.7)

Later we will send σ → 0. For the moment, we choose a fixed σ with

0 < σ < σε := min
{
σℓ/4: ℓ ∈ {1, . . . , ℓε}

}
, (3.2.8)

and observe that with this choice we have Mℓ(4σ) ⊂⊂ O′ for every ℓ ∈ {1, . . . , ℓε} and
Mj(4σ) ∩ Mℓ(4σ) = Ø for every j, ℓ ∈ {1, . . . , ℓε} with j ̸= ℓ. Moreover, we have that
τℓ := dist(Kℓ, O

′ \M ′
ℓ(σ)) > 0. We refer to Figures 3.1 and 3.2 for an illustration.

We consider a sequence of convolution kernels {ρn}n ⊂ C∞
c (Rd) with supp(ρn) ⊂ B(0, 1n)

and define vn := u ∗ ρn. Observe that, if O′′ ∈ O(O) is such that O′ ⊂⊂ O′′ ⊂⊂ O,
x ∈ O′\M ε(σ), and if 1

n ≤ min
{
dist(O′,Rd\O′′),min{τℓ : ℓ ∈ {1, . . . , ℓε}}

}
, then B(x, 1n) ⊂

O′′ \Kε. Since vn := u∗ρn, using a result of Goffman & Serrin [135, Theorem 4′] and (3.2.6)
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we may estimate

lim sup
n→+∞

V(vn, O′ \M ε(σ)) = lim sup
n→+∞

ˆ
O′\Mε(σ)

|∇vn| dx ≤
ˆ
O′′

|∇u| dx+ |Dsu|(O′′ \Kε)

= V(u,O′′ \ Ju) +
ˆ
Nε∪(Ju∩(O′′\O′))

|[u]| dHd−1

≤ V(u,O \ Ju) +
ˆ
Ju∩(O′′\O′)

|[u]| dHd−1 + ε.

As O′′ was arbitrary and we assumed that Hd−1(Ju ∩ ∂O′) = 0, we may let O′′ ↘ O′ and
deduce that

lim sup
n→+∞

V(vn, O′ \M ε(σ)) ≤ V(u,O \ Ju) + ε. (3.2.9)

Step 2. (Construction at the jump set) We introduce the function ϕσ :[−3σ, 3σ]→ [−3σ,−σ]∪
[σ, 3σ] defined by

ϕσ(t) :=


t
2 − 3

2σ if − 3σ ≤ t ≤ −σ,
t− σ if − σ ≤ t ≤ 0,

t+ σ if 0 < t ≤ σ,
t
2 + 3

2σ if σ ≤ t ≤ 3σ,

and consider the function defined on M ′
ℓ(3σ) by

vσ,ℓn (y + tνℓ) := vn(y + ϕσ(t)νℓ) for every y ∈M ′
ℓ and t ∈ [−3σ, 3σ].

We observe that vσ,ℓn = vn on the top and bottom parts of the boundary (see Figure 3.2)
of M ′

ℓ(3σ), given by M ′
ℓ ± 3σνℓ. To deal with the lateral part of the boundary, namely

∂M ′
ℓ + [−3σ, 3σ]νℓ, we consider a further cut-off function γℓ ∈ C1

c (M
′
ℓ; [0, 1]) with γℓ = 1 in

the neighbourhood M ′′
ℓ (recall that Kℓ ⊂⊂M ′′

ℓ ⊂⊂M ′
ℓ). We set

uσ,ℓn (y+ tνℓ) := γℓ(y)v
σ,ℓ
n (y+ tνℓ)+(1−γℓ(y))vn(y+ tνℓ) for all y ∈M ′

ℓ and t ∈ [−3σ, 3σ].
(3.2.10)

Since uσ,ℓn = vn on the full boundary of M ′
ℓ(3σ), we can define a function uσ,εn on O′ by

setting

uσ,εn :=

{
uσ,ℓn on M ′

ℓ(3σ) for ℓ ∈ {1, . . . , ℓε},
vn on O′ \M ε(3σ).

(3.2.11)

It follows directly from the definition that uσ,εn ∈ SBV(O′) ∩ L∞(O′), that uσ,εn is a smooth
Lipschitz function on O′ \

(⋃ℓε
ℓ=1M

′
ℓ

)
, and that for every n ∈ N we have

Juσ,εn
⊂

ℓε⋃
ℓ=1

M ′
ℓ ⊂⊂ O′, (3.2.12)

νuσ,εn
= νMℓ

Hd−1-a.e. on M ′
ℓ ∩ Juσ,εn

,

[uσ,εn ] =
(
vn(·+ σνℓ)− vn(· − σνℓ)

)
γℓ on M ′

ℓ ∩ Juσ,εn
, (3.2.13)

where we have used Mℓ ⊂ O′, the inequality νℓ · νMℓ
> 0, and the definitions of ϕσ and vσ,ℓn ,

see Figure 3.2.
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Step 3. (L1-convergence) We estimate the L1-distance of uσ,εn from u on O′. We have
ˆ
O′

|uσ,εn − u| dx ≤
ˆ
O′

|uσ,εn − vn| dx +

ˆ
O′

|vn − u| dx

=

ℓε∑
ℓ=1

ˆ
M ′

ℓ(3σ)
|uσ,εn − vn| dx+

ˆ
O′

|vn − u| dx. (3.2.14)

Recalling the definition of uσ,ℓn , we observe that
ˆ
M ′

ℓ(3σ)
|uσ,εn − vn| dx ≤

ˆ
M ′

ℓ(3σ)

(
|vσ,ℓn |+ |vn|

)
dx.

After a change of variables we obtain a constant Cℓ ≥ 1 such that
ˆ
M ′

ℓ(3σ)
|vσ,ℓn | dx ≤ Cℓ

ˆ
M ′

ℓ(3σ)
|vn| dx, (3.2.15)

hence,
ˆ
M ′

ℓ(3σ)
|uσ,εn − vn| dx ≤ 2Cℓ

ˆ
M ′

ℓ(3σ)
|vn| dx

≤ 2Cℓ

ˆ
M ′

ℓ(3σ)
|vn − u| dx+ 2Cℓ

ˆ
M ′

ℓ(3σ)
|u| dx. (3.2.16)

Since the sets M ′
ℓ(3σ) are pairwise disjoint and contained in O′ and {vn}n converges to u

strongly in L1(O′), it holds

lim
σ→0+

ℓε∑
ℓ=1

ωℓ(σ) = 0, where ωℓ(σ) := lim
n→+∞

ˆ
M ′

ℓ(3σ)
|vn− u| dx+

ˆ
M ′

ℓ(3σ)
|u| dx. (3.2.17)

Finally, combining (3.2.14)–(3.2.17) and using again that {vn}n converges to u strongly in
L1(O′), we obtain, for every 0 < σ < σε,

lim sup
n→+∞

ˆ
O′

|uσ,εn − u| dx ≤ 2

ℓε∑
ℓ=1

Cℓωℓ(σ). (3.2.18)

Step 4. (Estimate on V) We estimate V(uσ,εn , O′), given by

V(uσ,εn , O′) =

ˆ
O′

|∇uσ,εn | dx+

ˆ
O′∩J

u
σ,ε
n

|[uσ,εn ]| ∧ 1 dHd−1. (3.2.19)

As for the first term, we have by (3.2.9) and (3.2.11)

lim sup
n→+∞

ˆ
O′

|∇uσ,εn | dx = lim sup
n→+∞

( ˆ
O′\M ′(3σ)

|∇vn| dx+

ℓε∑
ℓ=1

ˆ
M ′

ℓ(3σ)
|∇uσ,εn | dx

)
≤ V(u,O \ Ju) + ε+ lim sup

n→+∞

( ℓε∑
ℓ=1

ˆ
M ′

ℓ(3σ)
|∇uσ,εn | dx

)
. (3.2.20)
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νℓ

Kℓ

Mℓ(σ) \M ′
ℓ(σ)

M ′
ℓ(σ) \M ′′

ℓ (σ)

M ′′
ℓ (σ)

- -supp(γℓ)- -

Figure 3.2: Subdivision of Mℓ(σ)

To estimate the last term in the previous inequality, we note that by (3.2.10) and (3.2.11)
we have

∇uσ,εn = γℓ∇vσ,ℓn + (1− γℓ)∇vn +∇γℓ
(
vσ,ℓn − vn

)
Ld-a.e. in M ′

ℓ(3σ),

so that ˆ
M ′

ℓ(3σ)
|∇uσ,εn | dx ≤

ˆ
M ′

ℓ(3σ)
|∇vσ,ℓn | dx+

ˆ
M ′

ℓ(3σ)\M
′′
ℓ (3σ)

|∇vn| dx

+ ∥∇γℓ∥L∞(M ′
ℓ(3σ))

ˆ
M ′

ℓ(3σ)
|vσ,ℓn − vn| dx (3.2.21)

for all ℓ ∈ {1, . . . , ℓε}. We estimate each term separately. For the first term, a change of
variables shows that for every ℓ ∈ {1, . . . , ℓε} there exists a constant Cℓ > 0 such that

ˆ
M ′

ℓ(3σ)
|∇vσ,ℓn | dx ≤ Cℓ

ˆ
M ′

ℓ(3σ)\M
′
ℓ(σ)

|∇vn| dx. (3.2.22)

We observe that M ′
ℓ(3σ) \M ′

ℓ(σ) ⊂⊂ Mℓ(4σ) \Mℓ. Thus, we can apply once again [135,
Theorem 4′], and we obtain

lim sup
n→+∞

ˆ
M ′

ℓ(3σ)\M
′
ℓ(σ)

|∇vn| dx ≤
ˆ
Mℓ(4σ)\Mℓ

|∇u| dx+ |Dsu|(Mℓ(4σ) \Mℓ) =: λℓ(σ)

(3.2.23)

for every ℓ ∈ {1, . . . , ℓε}. Note that λℓ(σ) → 0+ as σ → 0+ because Mℓ(4σ) \Mℓ ↘ Ø as
σ → 0+. Similarly, we can use [135, Theorem 4′] to estimate the second term in (3.2.21) as

lim sup
n→+∞

ˆ
M ′

ℓ(3σ)\M
′′
ℓ (3σ)

|∇vn| dx ≤
ˆ
Mℓ(4σ)\Kℓ

|∇u| dx+ |Dsu|
(
Mℓ(4σ) \Kℓ

)
=: µℓ(σ) (3.2.24)

for every ℓ ∈ {1, . . . , ℓε}. We observe that, since Mℓ(4σ) \Kℓ ↘Mℓ \Kℓ, it holds

lim sup
σ→0+

µℓ(σ) ≤
ˆ
Mℓ\Kℓ

|[u]| dHd−1 = 0, (3.2.25)

where we used that Hd−1(Ju ∩ (Mℓ \Kℓ)) = 0. Finally, for the last term in (3.2.21), we use
(3.2.15), the second inequality in (3.2.16), and (3.2.17) to get

lim sup
n→+∞

∥∇γℓ∥L∞(M ′
ℓ(3σ))

ˆ
M ′

ℓ(3σ)
|vσ,ℓn − vn| dx ≤ Cℓωℓ(σ) (3.2.26)
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for a constant Cℓ > 0 depending only on ℓ. Combining the previous inequality with (3.2.21)–
(3.2.24), we obtain, for all ℓ ∈ {1, . . . , ℓε},

lim sup
n→+∞

ˆ
M ′

ℓ(3σ)
|∇uσ,εn | dx ≤ Cℓλℓ(σ) + µℓ(σ) + Cℓωℓ(σ), (3.2.27)

where Cℓ > 0 is the maximum of the constants appearing in (3.2.22) and (3.2.26).
We now estimate the second term on the right-hand side of (3.2.19). To this end, we

observe that by (3.2.12) and (3.2.13) we have
ˆ
J
u
σ,ε
n

∩M ′
ℓ

|[uσ,εn ]| ∧ 1 dHd−1 =

ˆ
M ′

ℓ

|(vn(·+ σνℓ)− vn(· − σνℓ))γℓ| ∧ 1 dHd−1. (3.2.28)

Let ∂±σℓ := Mℓ ± σνℓ. As |[u]|Hd−1 Ju is a finite measure and the sets ∂±σℓ are pairwise
disjoint, there exists a set S ⊂ (0,+∞), with (0,+∞) \ S at most countable, such that
Hd−1(∂±σℓ ∩ Ju) = 0 for every σ ∈ S. By well-known properties of convolutions of BV-
functions, this implies that for every σ ∈ S the trace of vn on ∂±σℓ converges in L1

Hd−1(∂
±σ
ℓ )

to the trace of u on ∂±σℓ , which is well-defined because the traces on both sides coincide.
By the Dominated Convergence Theorem, this implies

lim sup
n→+∞

ˆ
Mℓ

|(vn(·+ σνℓ)− vn(· − σνℓ))γℓ| ∧ 1 dHd−1

=

ˆ
Mℓ

|(u(·+ σνℓ)− u(· − σνℓ))γℓ| ∧ 1 dHd−1.

Since (u(·+σνℓ)−u(·−σνℓ))γℓ → [u]γℓ in L1
Hd−1(Mℓ) as σ → 0+ (with σ ∈ S), using again

the Dominated Convergence Theorem we deduce that

lim
σ→0+
σ∈S

ˆ
Mℓ

|(u(·+ σνℓ)− u(· − σνℓ))γℓ| ∧ 1 dHd−1 =

ˆ
Mℓ

|[u]γℓ| ∧ 1 dHd−1.

Therefore, recalling (3.2.28), for every ℓ ∈ {1, . . . , ℓε} there exists a function ηℓ : S →
[0,+∞), with ηℓ(σ) → 0 as σ → 0+, such that for every σ ∈ S we have

lim sup
n→+∞

ˆ
M ′

ℓ

|[uσ,εn ]| ∧ 1 dHd−1 ≤
ˆ
Kℓ

|[u]| ∧ 1 dHd−1 +

ˆ
Mℓ\Kℓ

|[u]| ∧ 1 dHd−1 + ηℓ(σ),

=

ˆ
Kℓ

|[u]| ∧ 1 dHd−1 + ηℓ(σ), (3.2.29)

where in the equality we have used Hd−1(Ju ∩ (Mℓ \Kℓ)) = 0.
Combining the last inequality with (3.2.19), (3.2.20), and (3.2.27), we obtain

lim sup
n→+∞

V(uσ,εn , O′) ≤ V(u,O \ Ju) +
ℓε∑
ℓ=1

ˆ
Kℓ

|[u]| ∧ 1 dHd−1+ ε

+

ℓε∑
ℓ=1

(
Cℓλℓ(σ) + µℓ(σ) + Cℓωℓ(σ) + ηℓ(σ)

)
≤ V(u,O) +

ℓε∑
ℓ=1

(
Cℓλℓ(σ) + µℓ(σ) + Cℓωℓ(σ) + ηℓ(σ)

)
+ ε. (3.2.30)
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Step 5. (Conclusion of the proof in O′) We now fix two sequences of positive numbers {εj}j
and {σj}j converging to 0 such that for every j ∈ N we have 0 < σj < σεj (see (3.2.8)) and

ℓεj∑
ℓ=1

(
Cℓλℓ(σj) + µℓ(σj) + 2Cℓωℓ(σj) + ηℓ(σj)

)
< εj

(see (3.2.17)–(3.2.18), (3.2.23), (3.2.25), and (3.2.29)). From this inequality and from
(3.2.18) and (3.2.30), we obtain for every j ∈ N that

lim sup
n→+∞

ˆ
O′

|uσj ,εjn − u| dx < εj and lim sup
n→+∞

V(uσj ,εjn , O′) < V(u,O) + 2εj .

Therefore, there exists nj ∈ N such that
ˆ
O′

|uσj ,εjn − u| dx ≤ εj and V(uσj ,εjn , O′) ≤ V(u,O) + 2εj (3.2.31)

for every n ≥ nj . It is not restrictive to assume that nj < nj+1 for every j ∈ N. We
set un := u

σj ,εj
nj for nj ≤ n < nj+1 and conclude observing that by construction un ∈

SBV(O′)∩L∞(O′) and that from (3.2.31) it follows that {un}n converges strongly in L1(O′)
to u as n→ +∞ and that (3.2.1) holds true.

Step 6. (O with Lipschitz boundary.) Assume now that O has Lipschitz boundary and let
us prove that there exists {un}n ⊂ SBV(O) ∩ L∞(O) converging to u in L1(O) such that
(3.2.2) holds. To this end, we let {εj}j be a sequence of positive numbers converging to 0
as j → +∞ and let {Oj}j be an increasing sequence of open sets with Lipschitz boundary,
compactly contained in O, such that Oj ↗ O as j → +∞ and

|Du|
(
O \Oj

)
≤ εj for all j ∈ N. (3.2.32)

As Ju is σ-finite with respect to Hd−1, we may choose the sequence {Oj}j in such a way
that Hd−1(∂Oj ∩ Ju) = 0 for all j ∈ N. We also recall that (see the comment below (3.2.8))

dist(M εj (σεj ), ∂Oj) > 0 (3.2.33)

for every j ∈ N, where M εj (σ) is given by (3.2.7).
For every 0 < σ < σεj , we consider the functions uσ,jn := u

σ,εj
n constructed in Step 2 and

given by (3.2.11). Note that (3.2.33) implies that in a neighbourhood of ∂Oj , independent
of n, the function uσ,jn is given by vn := u ∗ ρn, where ρn is a smooth convolution kernel.
Therefore, letting (uσ,jn )∂O−

j
(resp. u∂O−

j
) be the trace from the interior of uσ,jn (resp. u)

on ∂Oj , recalling that Hd−1(Ju ∩ ∂Oj) = 0, by the same properties of the convolutions of
BV-functions invoked below (3.2.28) we get

{(uσ,jn )∂O−
j
}n converges to u∂O−

j
strongly in L1

Hd−1(∂Oj) as n→ +∞. (3.2.34)

Next, we apply Anzellotti-Giaquinta’s Theorem [21, Theorem 1] on O \ Oj and obtain
a sequence {wjn}n ⊂ C∞(O \ Oj) ∩ L∞(O \ Oj) (recall that we assumed u ∈ L∞(O)) such
that

{wjn}n converges to u strongly in L1(O \Oj) as n→ +∞ (3.2.35)
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and |Dwjn|(O \Oj) converges to |Du|(O \Oj) as n→ +∞. Thus, by (3.2.32)

lim sup
n→+∞

V(wjn, O \Oj) ≤ lim sup
n→+∞

|Dwjn|(O \Oj) ≤ εj for all j ∈ N. (3.2.36)

Moreover, letting (wjn)∂O+
j

(resp. u∂O+
j
) be the trace from the interior of wjn (resp. u) on

∂O+
j , by the continuity of the trace operator under strict convergence, we obtain

{(wjn)∂O+
j
}n converges to u∂O+

j
strongly in L1

Hd−1(∂Oj) as n→ +∞. (3.2.37)

We let {zσ,jn }n ⊂ SBV(O;Rk) be the functions defined by

zσ,jn :=

{
uσ,jn on Oj ,
wjn on O \Oj ,

and observe that, by (3.2.34) and (3.2.37), we have

lim sup
n→+∞

ˆ
J
z
σ,j
n

∩∂Oj

|[zσ,jn ]| dHd−1 = lim sup
n→+∞

ˆ
∂Oj

|(wjn)∂O+
j
− (uσ,jn )∂O−

j
| dHd−1 = 0 (3.2.38)

for all j ∈ N, where in the last equality we have used that Hd−1(Ju∩∂Oj) = 0 for all j ∈ N.
Finally, combining (3.2.18), (3.2.30), (3.2.35), (3.2.36), and (3.2.38) the same diagonal argu-
ment employed in Step 5 allows to define a sequence {un}n ⊂ SBV(O)∩L∞(O) converging
to u strongly in L1(O) such that

lim sup
n→+∞

V(un, O) ≤ V(u,O).

In view of the lower semicontinuity of V (see Remark 1.3.15), this inequality implies (3.2.2),
concluding the proof.

Proof of Lemma 3.2.3. We first give the proof in the scalar case k = 1 and for u ∈
BV(O) ∩ L∞(O). Without loss of generality, we may assume that V(u,O \ J1

u) > 0, as
otherwise the function u is already piecewise constant, see [18, Theorem 4.23]. Moreover,
we can assume that u ≥ 0.

Step 1. (Scalar case k = 1) We let M := ⌈∥u∥L∞(O)⌉ < +∞, where for a ∈ R the symbol
⌈a⌉ denotes the smallest integer greater than or equal to a. For t ∈ (−∞,+∞) we define
Et := {x ∈ O : u(x) > t}. By the coarea formula we have

ˆ M

0
|DχEt |(O \ J1

u) dt =

ˆ M

0
Hd−1

(
∂∗Et ∩ (O \ J1

u)
)
dt = V(u,O \ J1

u). (3.2.39)

Thanks to the well-known approximation properties of Lebesgue integrals by means of Rie-
mann sums (see, for instance, Lemma 5.A.1 below) we can find a sequence {δn}n converging
to 0 as n → +∞ and s ∈ [0, 1] such that, setting tjn := s + j

n for j ∈ J n := {j ∈ Z : tjn ∈
(0,M)}, we have that E

tjn
is of finite perimeter in O and

∣∣∣ ∑
j∈J n

1

n
|DχE

t
j
n

|(O \ J1
u)−

ˆ M

0
|DχEt |(O \ J1

u) dt
∣∣∣ ≤ δn (3.2.40)
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for every n ∈ N. We then define

un :=
1

n

∑
j∈J n

χE
t
j
n

∈ BV(O) ∩ L∞(O) (3.2.41)

and observe that

|un(x)− u(x)| ≤ 1

n
for Ld-a.e. x ∈ O and for all n ∈ N,

which implies strong L1(O)-convergence of {un}n to u as n→ +∞.
We want to estimate V(un, O) by means of V(u,O). We write

V(un, O) = V(un, J1
u) + V(un, O \ J1

u). (3.2.42)

The first term can be bounded from above as

V(un, J1
u) ≤ Hd−1(J1

u) = V(u, J1
u). (3.2.43)

As for the second term, we observe that by (3.2.41)

V(un, O \ J1
u) ≤

ˆ
(Jun\J1

u)∩O
|[un]| dHd−1 = |Dun|(O \ J1

u) ≤
∑
j∈J n

1

n
|DχE

t
j
n

|(O \ J1
u),

which by (3.2.40) and (3.2.39) implies

lim sup
n→+∞

V(un, O \ J1
u) ≤ V(u,O \ J1

u).

Combining the previous inequality with (3.2.42) and (3.2.43), we obtain

lim sup
n→+∞

V(un, O) ≤ V(u,O \ J1
u) + V(u, J1

u) = V(u,O).

Moreover, as {un}n converges to u strongly in L1(O), the lower semicontinuity of V(·, O)
with respect to the strong L1-convergence (see Remark 1.3.15) implies limn→+∞ V(un, O) =
V(u,O). This concludes the proof in the case u ∈ BV(O) ∩ L∞(O).

If u ∈ BV(O), for every m ∈ N we consider the truncation u(m) := (u∨−m)∧m and use
the previous step to obtain a sequence {um,n}n of piecewise constant functions converging
to u(m) strongly in L1(O) as n→ +∞ and such that

lim
n→+∞

V(um,n, O) = V(u(m), O).

Since by (b) of Definition 1.3.16 we have

lim
m→+∞

V(u(m), O) = V(u,O) and u(m) → u strongly in L1(O) as m→ +∞,

a diagonal argument allows us to conclude.

Step 2. (Vector-valued case k > 1) In the vector-valued case k ≥ 2, we apply the result we
have just proved in the scalar case to each component. For each i ∈ {1, . . . , k} and n ∈ N
this yields a finite collection of sets of finite perimeter {Ejn,i}j , and numbers {tjn,i}j such
that un,i :=

∑
j t
j
n,iχE

j
n,i ∈ BV(O) ∩ L∞(O) converges to ui strongly in L1(O) as n→ +∞

and
lim

n→+∞
V(un,i, O) = V(ui, O). (3.2.44)

For every n ∈ N, we let un ∈ BV(O;Rk)∩L∞(O;Rk) be the function whose i-th component
is given by un,i, which is clearly piecewise constant. By (3.2.44) we then have

lim
n→+∞

V(un, O) = V(u,O).

As {un,i}n converges to ui strongly in L1(O) for all i ∈ {1, . . . , k}, the proof is concluded.
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3.3 Integral representation of bulk and surface parts

This section is devoted to the proof of Theorem 3.1.7, that is, the integral representation
of the bulk and surface parts of functionals in Fp⋆. The arguments we employ here are
those of the Global Method of Bouchitté, Fonseca, & Mascarenhas [41] (see also [40]), later
adapted to the setting of structured deformations in several different works, see for instance
[32, 33, 120, 128]. Due to the different growth conditions and underlying function spaces
considered here, we cannot always rely on the theory developed in the above mentioned
works. Therefore, at several points, significant modifications are necessary and, in particular,
Poincaré inequalities and blow-up limits tailor-made for our functional setting are required.
These arguments are presented in the appendices, see Lemmas 3.A.1, 3.C.1, and 3.C.2, and
Corollary 3.B.7.

The global method. For notational convenience, in this section we depart from the nota-
tion introduced in Section 3.1, and will use (u, U), (v, V ), and (w,W ) to denote structured
deformations in place of the usual (g,G). We keep F : SDp

⋆(Ω;Rk)× B(Ω) → [0,+∞) fixed
throughout the section, and we specify at each step the properties we assume on F . We
begin by proving that F satisfies a suitable version of the Fundamental Estimate, which
will be used to alter boundary conditions for the displacement fields g in an energetically
convenient way. In the following, given x ∈ Rd and ρ > 0, we set

Ωρ,x := x+ ρ(Ω− x). (3.3.1)

Lemma 3.3.1 (Fundamental Estimate). Let η > 0 and let O,O′, O′′ ∈ O(Ω) be with
Lipschitz boundary and with O′ ⊂⊂ O. Assume that F satisfies conditions (H1), (H2), and
(H4). Then, for every u ∈ GBV⋆(O;Rk) and v ∈ GBV⋆(O

′′;Rk), with u ∈ L1(O \ O′;Rk)
and v ∈ L1((O \O′) ∩O′′;Rk), there exists a function φ ∈ C∞(Rd; [0, 1]) such that, setting
w := φu+ (1− φ)v, we have w ∈ GBV⋆(O

′ ∪O′′;Rk),

w = u Ld-a.e. in O′ and w = v Ld-a.e. in O′′ \O, (3.3.2)

and

F(w,W,O′ ∪O′′) ≤ (1 + η)
(
F(u,W,O) + F(v,W,O′′)

)
(3.3.3)

+M∥u− v∥L1((O\O′)∩O′′) + ηLd(O′ ∪O′′)

for every W ∈ Lp(O∪O′′;Rk×d), where M =M(O,O′, O′′, d, α, β, η, k) is a positive constant
independent of u and v. Moreover, if ρ > 0 and x ∈ Rd are such that Oρ,x, O′

ρ,x, O
′′
ρ,x ⊂ Ω

(see (3.3.1)), then

M(Oρ,x, O
′
ρ,x, O

′′
ρ,x, d, α, β, η, k) =

1

ρ
M(O,O′, O′′, d, α, β, η, k).

Proof. Let us fix N ∈ N and consider open subsets O1, . . . , ON+1 of Rd with

O′ ⊂⊂ O1 ⊂⊂ · · · ⊂⊂ ON+1 ⊂⊂ O.

For i ∈ {1, . . . , N} we consider functions φi ∈ C∞
c (Oi+1; [0, 1]) with φi = 1 in a neighbour-

hood ofOi and with |∇φi| ≤ 2N/δ, where δ := dist(O′,Rd\O) > 0. Thanks to Lemma 3.A.1,
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for every i ∈ {1, . . . , N} the function wi := φiu+ (1− φi)v belongs to GBV⋆(O
′ ∪O′′;Rk),

where we have extended u and v arbitrarily outside of O and O′′, respectively.
We set Si := O′′ ∩ (Oi+1 \ Oi) and fix i ∈ {1, . . . , N}. By the measure property (H1)

and locality (H2) we see that

F(wi,W,O′ ∪O′′) ≤ F(u,W,O) + F(v,W,O′′) + F(wi,W, Si) (3.3.4)

for every W ∈ Lp(O ∪O′′;Rk×d). To estimate the term F(wi,W, Si), we exploit the upper
bounds in (H4) to get

F(wi,W, Si) ≤ β
k∑
j=1

(ˆ
Si

|∇wij | dx+ |Dcwij |(Si) +
ˆ
J
wi
j
∩Si

|[wij ]| ∧ 1 dHd−1
)

+ β

ˆ
Si

(|W |p + 1) dx. (3.3.5)

By Lemma 3.A.1 we have

∇wi = ∇φi ⊗ (u− v) + φi∇u+ (1− φi)∇v Ld-a.e. in Si,

Dcwi = φiDcu+ (1− φi)Dcv as Borel measures on Si,

[wi] = φi[u] + (1− φi)[v] Hd−1-a.e. on Si ∩ Jwi ,

so that ˆ
Si

|∇wij | dx ≤
ˆ
Si

(|∇uj |+ |∇vj |) dx+ ∥∇φi∥L∞(Ω)

ˆ
Si

|u− v| dx,

|Dcwij |(Si) ≤ |Dcuj |(Si) + |Dcvj |(Si),
ˆ
Si∩Jwi

j

|[wij ]| ∧ 1 dHd−1 ≤
ˆ
Si∩Juj

|[uj ]| ∧ 1 dHd−1 +

ˆ
Si∩Jvj

|[vj ]| ∧ 1 dHd−1

for all j ∈ {1, . . . , k}. Combining the previous inequalities with (3.3.5), recalling that
|∇φi| ≤ 2N/δ, and using the lower bounds in (H4), we get

F(wi,W, Si) ≤ β

k∑
j=1

( ˆ
Si

(|∇uj |+ |∇vj |) dx+
2N

δ

ˆ
Si

|u− v| dx+ |Dcuj |(Si) + |Dcvj |(Si)

+

ˆ
Si∩Juj

|[uj ]| ∧ 1 dHd−1 +

ˆ
Si∩Jvj

|[vj ]| ∧ 1 dHd−1
)
+ β

ˆ
Si

(|W |p + 1) dx

≤ β

α

(
F(u,W, Si) + F(v,W, Si)

)
+

2βNk

δ

ˆ
Si

|u− v| dx+ βLd(Si).

We set S := (O \O′) ∩O′′, sum the previous inequality over i ∈ {1, . . . , N} and obtain

N∑
i=1

F(wi,W, Si) ≤
β

α

(
F(u,W, S) + F(v,W, S)

)
+

2βNk

δ

ˆ
S
|u− v| dx+ βLd(S).

Therefore, there exists i∗ ∈ {1, . . . , N} such that

F(wi
∗
,W, Si∗) ≤

β

αN

(
F(u,W, S) + F(v,W, S)

)
+

2βk

δ

ˆ
S
|u− v| dx+

β

N
Ld(S).



3. Structured deformations 111

Plugging this inequality back in (3.3.4), we deduce

F(wi
∗
,W,O′ ∪O′′) ≤ F(u,W,O) + F(v,W,O′′)

+
β

αN

(
F(u,W, S) + F(v,W, S)

)
+

2βk

δ

ˆ
S
|u− v| dx+

β

N
Ld(S).

We now let N ∈ N be so large that max{β/(αN), β/N} ≤ η and set M := 2βk/δ, so that
the previous inequality yields (3.3.3). Note that by construction wi∗ satisfies (3.3.2).

Finally, the remark concerning the behaviour of the constant M under rescaling can be
proved by using as cut-off functions φ̂i(y) := φi(x+ 1

ρ(y − x)) for all y ∈ (Oi+1)ρ,x.

We now prove a lemma that allows to compare the value of F on two nested open sets.
This observation will be used to modify, in an energetically convenient way, the matrix-
valued fields U so as to impose suitable integral constraints.

Lemma 3.3.2. Let (u, U) ∈ SDp
⋆(Ω;Rk) and let O1, O2 ∈ O(Ω) with O1 ⊂⊂ O2. Assume

that F satisfies (H1) and (H4). Then

F(u, U,O2) ≤ F(u,U,O1) + β
(
V(u,O2 \O1) + ∥U∥pLp(O2\O1)

+ Ld(O2 \O1)
)
. (3.3.6)

Proof. It is enough to use properties (H1) and (H4).

With the previous lemma at our disposal, we can prove a result that allows to compare
the value of the minimisation problems m defined in (3.1.4) on cubes of different size.

Lemma 3.3.3. Assume that F satisfies properties (H1) and (H4). Then for every (u, U) ∈
SDp

⋆(Ω;Rk) the following two conditions hold:

(a) if p > 1 and Qν(x, ρ) ⊂ Ω, we have

lim sup
θ→0+

m(u, U,Qν(x, (1− θ)ρ)) ≤ m(u, U,Qν(x, ρ));

(b) if p = 1 and O ∈ O(Ω) with Lipschitz boundary, we have

lim sup
θ→0+

m(u, U,Oθ) ≤ m(u, U,O),

where Oθ = {x ∈ O : dist(x, ∂O) > θ}.

Proof. It is enough to repeat the arguments of [128, Lemma 3.2], replacing their Remark 3.1
by our Lemma 3.3.2, the total variation of the symmetric distributional gradients with the
reference functional V , and the use of [29, Proposition 2.5] by our Lemma 1.3.24.

To proceed with the Global Method, it is convenient to introduce the collection of cubes

Q(Ω) :=
{
Qν(x, ρ) ⊂ Ω: x ∈ Ω, ν ∈ Sd−1, and ρ > 0

}
.

Given (u,U) ∈ SDp
⋆(Ω;Rk), we introduce the measure

µ := Ld Ω+ |Dcu|+ V(u, ·) Ju, (3.3.7)
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and consider the minimisation problem mδ(u, U,O) defined for δ > 0 and O ∈ O(Ω) by

mδ(u, U,O) := inf
{∑∞

i=1
m(u, U,Qi) : Qi ∈ Q(Ω), Qi ⊂ O,

with Qi ∩Qj = Ø if i ̸= j, diam(Qi) < δ, and µ
(
O \

⋃∞

i=1
Qi

)
= 0

}
.

Clearly, the function δ 7→ mδ(u, U,O) is non-increasing, so that the quantity

m̃(u, U,O) := sup
δ>0

mδ(u, U,O) = lim
δ→0+

mδ(u, U,O)

is well-defined.
The first step of the Global Method consists in proving that F(u,U,O) = m̃(u, U,O).

This is accomplished in the following lemma, whose proof is along the lines of [84, Lemma 4.4]
and [120, Lemma 4.2].

Lemma 3.3.4. Assume that F ∈ Fp⋆. Then,

F(u, U,O) = m̃(u, U,O)

for all (u,U) ∈ SDp
⋆(Ω;Rk) and all O ∈ O(Ω).

Proof. Let us fix (u, U) ∈ SDp
⋆(Ω;Rk) and O ∈ O(Ω). Since for each cube Q ∈ Q(Ω) with

Q ⊂ O, we have m(u, U,Q) ≤ F(u, U,Q) by definition, the measure property (H1) then
implies that mδ(u, U,O) ≤ F(u, U,O) for all δ > 0, and, as a consequence, m̃(u, U,O) ≤
F(u, U,O).

We now prove the converse inequality. To this end, let us fix δ > 0 and a family of cubes
{Qδi }i ⊂ Q(Ω) as in the definition of mδ(u, U,O) such that

∞∑
i=1

m(u, U,Qδi ) ≤ mδ(u, U,O) + δ. (3.3.8)

By definition of m(u,U,Qδi ), for each i ∈ N we find (vδi , V
δ
i ) ∈ SDp

⋆(Q
δ
i ;Rk) such that vδi = u

near ∂Qδi ,
´
Qδ

i
(V δ
i − U) dx = 0, and

F(vδi , V
δ
i , Q

δ
i ) ≤ m(u, U,Qδi ) + δLd(Qδi ). (3.3.9)

For every n ∈ N we then define

vδ,n :=
n∑
i=1

vδi χQδ
i
+ uχNδ,n and vδ :=

∞∑
i=1

vδi χQδ
i
+ uχNδ , (3.3.10)

V δ,n :=
n∑
i=1

V δ
i χQδ

i
+ UχNδ,n and V δ :=

∞∑
i=1

V δ
i χQδ

i
+ UχNδ ,

where we have set N δ,n := Ω \
⋃n
i=1Q

δ
i and N δ := Ω \

⋃∞
i=1Q

δ
i . Since vδi = u near ∂Qδi , it

follows that (vδ,n, V δ,n) ∈ SDp
⋆(O;Rk) by Lemma 1.3.24. Moreover, by (3.3.8), (3.3.9), the

measure property (H1), the locality property (H2), and the upper and lower bounds in (H4)
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we have

sup
n∈N

(
V(vδ,n,Ω) + ∥V δ,n∥pLp(Ω)

)
≤ 1

α
sup
n∈N

(
F(u, U,N δ,n) +

n∑
i=1

F(vδ,ni , V δ,n
i , Qδi )

)
≤ 1

α
sup
n∈N

(
F(u, U,Ω) +mδ(u, U,O) + δ

(
1 + Ld(O)

))
≤ 2β

α
sup
n∈N

(
V(u,Ω) + ∥U∥pLp(Ω) + 2 + Ld(Ω)

)
=: S < +∞.

(3.3.11)

As vδ,n → vδ and V δ,n → V δ pointwise Ld-a.e. in Ω as n→ +∞, by [111, Theorem 4.7] and
(3.3.11) we deduce that {(vδ,n, V δ,n)}n converges to (vδ, V δ) in SDp

⋆(Ω;Rk) as n → +∞ if
p > 1. To obtain the same property for p = 1, it is enough to observe that computations
similar to those that led to (3.3.11) give
ˆ
O
|V δ,n − V δ| dx =

∞∑
i=n+1

ˆ
Qδ

i

|V δ
i | dx ≤ 2β

α

(
V(u,N δ,n+1) + ∥U∥L1(Nδ,n+1) + Ld(N δ,n+1)

)
for every n ∈ N, where we have also used that (u, U) is a competitor for the minimisation
problems m(u,U,Qδi ). As limn→∞ µ(N δ,n) = µ(N δ) = 0, this implies that {V δ,n}n converges
to V δ strongly in L1(O;Rk×d).

Therefore, by locality (H2), the lower semicontinuity property (H3), (3.3.8), and (3.3.9)
it follows that

F(vδ, V δ, O) ≤ lim inf
n→+∞

F(vδ,n, V δ,n, O) = lim inf
n→+∞

( n∑
i=1

F(vδi , V
δ
i , Q

δ
i ) + F(u,U,N δ,n ∩O)

)
≤

∞∑
i=1

F(vδi , V
δ
i , Q

δ
i ) + F(u,U,N δ ∩O) ≤

∞∑
i=1

(
m(u, U,Qδi ) + δLd(Qδi )

)
≤ mδ(u, U,O) + δ(1 + Ld(O)), (3.3.12)

where in the second step we used µ(∂Qδi ) = 0 for all i ∈ N and in the fourth step we have
used that µ(N δ∩O) = F(u,U,N δ∩O) = 0, which are a simple consequence of the definition
of {Qδi }i and the upper bound in (H4).

To conclude the proof, it is now enough to show that {(vδ, V δ)}δ converges to (u, U)
in SDp

⋆(O;Rk) as δ → 0+, since passing to the liminf for δ → 0+ in (3.3.12) and using the
lower semicontinuity (H3) we would then conclude F(u, U,O) ≤ m̃(u, U,O).

We observe that by Remark 1.3.15 and (3.3.11) there exists a subsequence, still denoted
by δ for convenience, such that

lim
δ→0+

V(u− vδ, O) ≤ 2S, (3.3.13)

which, up to passing to a further subsequence, implies

sup
δ>0

Hd−1(J1
u−vδ ∩O) ≤ 3S. (3.3.14)

We now show that {vδ}δ converges to u in L0(O;Rk) as δ → 0+. To this end, we apply
Corollary 3.B.7 and Remark 3.B.8 on each cube Qδi to the function u − vδi , which equals
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zero near ∂Qδi . We get Borel sets ωδi ⊂ Qδi such that(
Ld(ωδi )

)(d−1)/d ≤ CPoinHd−1
(
J1
u−vδ ∩Q

δ
i

)
, (3.3.15)

∥u− vδi ∥L1(Qδ
i \ωδ

i )
≤ CPoinδV(u− vδ, Qδi \ J1

u−vδ) (3.3.16)

for a constant CPoin > 0, independent of i and of δ. In light of (3.3.10) and the fact that
Ld(N δ) = 0, we can estimate

ˆ
O
|u− vδ| ∧ 1 dx =

∞∑
i=1

ˆ
Qδ

i

|u− vδi | ∧ 1 dx ≤
∞∑
i=1

(
∥u− vδi ∥L1(Qδ

i \ωδ
i )
+ Ld(ωδi )

)
. (3.3.17)

Recalling that the sets Qδi are pairwise disjoint, we may use (3.3.16) and (3.3.13) to get

∞∑
i=1

∥u− vδi ∥L1(Qδ
i \ωδ

i )
≤ Cδ (3.3.18)

for a constant C independent of δ. Finally, since ωδi ⊂ Qδi and diam(Qδi ) ≤ δ, we may use
(3.3.14), (3.3.15), and Hölder’s inequality to obtain

∞∑
i=1

Ld(ωδi ) ≤ δ
∞∑
i=1

(
Ld(ωδi )

)(d−1)/d ≤ CPoinδHd−1
(
J1
u−vδ ∩O

)
≤ Cδ. (3.3.19)

Putting together (3.3.17)–(3.3.19), we get

lim
δ→0+

ˆ
O
|u− vδ| ∧ 1 dx = 0.

Since the equality above is equivalent to the L0(O;Rk)-convergence of {vδ}δ to u and the
limit function u does not depend on the chosen subsequence of δ, by Urysohn’s principle we
get that the entire sequence {vδ}δ converges to u in L0(O;Rk) as δ → 0+.

To conclude, we are left with showing that {V δ}δ converges to U weakly in Lp(O;Rk×d)
if p > 1 and weakly∗ in Mb(O;Rk×d) if p = 1. To prove this, exploiting

´
Qδ

i
(V δ
i −U) dx = 0,

it is enough to use [120, Lemma 3.3] (note that the arguments work also for Rk×d in place
of Rd×N×N ), which implies that {V δ}δ converges to U weakly∗ in Mb(O;Rk×d). This gives
the desired convergence if p = 1. If p > 1, it is enough to note that by (3.3.11) the sequence
{V δ}δ is uniformly bounded in Lp(O;Rk×d), and thus converges weakly in Lp(O;Rk×d) as
well. This concludes the proof of the lemma.

The following result shows that for µ-a.e. x ∈ Ω, the Radon-Nikodým derivative of F
with respect to µ can be characterised by means of the minimum values of the problems m
on small cubes.

Theorem 3.3.5. Assume that F ∈ Fp⋆. Then, for every ν ∈ Sd−1 and (u, U) ∈ SDp
⋆(Ω;Rk),

we have
lim
ρ→0+

F(u, U,Qν(x, ρ))

µ(Qν(x, ρ))
= lim

ρ→0+

m(u, U,Qν(x, ρ))

µ(Qν(x, ρ))

for µ-a.e. x ∈ Ω, where µ is the measure introduced in (3.3.7).
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Proof. The result can be proved by arguing exactly as in [120, Theorem 4.3], replacing [120,
Lemmas 4.1 and 4.2] by our Lemmas 3.3.3 and 3.3.4, respectively. Indeed, the proof in [120]
relies on measure theoretical arguments alone and does not require the use of the specific
structure of the underlying function space.

Characterisation of bulk and surface densities. In the rest of the section we prove
Theorem 3.1.7. We prove separately equalities (3.1.8) and (3.1.9), addressing first the inte-
gral representation of the absolutely continuous part of F .

Proposition 3.3.6. Assume that F ∈ Fp⋆. Then for every (u, U) ∈ SDp
⋆(Ω;Rk) and B ∈

B(Ω) we have

Fa(u, U,B) =

ˆ
B
fbulk

(
x, u,∇u, U

)
dx, (3.3.20)

where fbulk is the function defined by (3.1.6).

Proof. To prove (3.3.20), we will characterise the Radon-Nikodým derivative of F with
respect to the Lebesgue measure, by showing that

dF(u, U, ·)
dLd

(x) = fbulk
(
x, ũ(x),∇u(x), Ũ(x)

)
(3.3.21)

for Ld-a.e. x ∈ Ω, where here and in the following ∼ refers to the approximate limit, see
(1.3.8) below. Let us fix a point x ∈ Ω of approximate continuity of u, satisfying

lim
ρ→0+

1

ρd

ˆ
Q(x,ρ)

|∇u(y)−∇u(x)| dy = 0, (3.3.22)

lim
ρ→0+

1

ρd
Hd−1(Ju ∩Q(x, ρ)) = 0 and lim

ρ→0+

1

ρd
|Dcu|(Q(x, ρ)) = 0, (3.3.23)

and

dF(u, U, ·)
dLd

(x) = lim
ρ→0+

F(u, U,Q(x, ρ))

ρd
= lim

ρ→0+

m(u, U,Q(x, ρ))

ρd
, (3.3.24)

lim
ρ→0+

1

ρd

ˆ
Q(x,ρ)

|U(y)− Ũ(x)| dy = 0, (3.3.25)

and such that the statement of Lemma 3.C.1 holds. Note that these conditions are satisfied
by Ld-a.e. point of Ω thanks to Proposition 1.3.10, Besicovitch and Lebesgue Derivation
Theorems, and Theorem 3.3.5, so that it will be sufficient to show (3.3.21) for such a point
x.

Recalling the definition (3.1.6) of the bulk density fbulk, equality (3.3.24) implies that
(3.3.21) is equivalent to

lim
ρ→0+

m(u, U,Q(x, ρ))

ρd
= lim

ρ→0+

m(ℓx, Ũ(x), Q(x, ρ))

ρd
, (3.3.26)

where, for brevity, we write ℓx := ℓx,ũ(x),∇u(x) = ũ(x) + ∇u(x)(· − x). This equality is
proved in two steps, dealing with the two inequalities in (3.3.26) separately. Before doing
so, we introduce some further notation related to the statement of Lemma 3.C.1. We
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let uρ and uρ be the functions defined for y ∈ Q(x, ρ) by uρ(y) := (u(y) − ũ(x))/ρ and
uρ(y) := (uρ(y) ∨ τ ′(uρ, Q(x, ρ))) ∧ τ ′′(uρ, Q(x, ρ)). Thanks to the lemma, we have

lim
ρ→0+

1

ρd+1
Ld({uρ ̸= uρ}) = 0, (3.3.27)

lim
ρ→0+

1

ρd

ˆ
Q(x,ρ)

|uρ(y)−∇u(x)(y − x)

ρ
| dy = 0, (3.3.28)

lim
ρ→0+

1

ρd

ˆ
Q(x,ρ)

|ρ∇uρ(y)−∇u(x)| dy = 0, (3.3.29)

lim
ρ→0+

1

ρd
Hd−1(Juρ ∩Q(x, ρ)) = 0 and lim

ρ→0+

1

ρd−1
|Dcuρ|(Q(x, ρ)) = 0. (3.3.30)

Step 1. (≤) In this step we prove that

lim
ρ→0+

m(u, U,Q(x, ρ))

ρd
≤ lim

ρ→0+

m(ℓx, Ũ(x), Q(x, ρ))

ρd
. (3.3.31)

To this end, let us fix θ ∈ (0, 1/4), set Qθ,ρ := Q(x, (1−3θ)ρ), and consider (vρ, Vρ) belonging
to Cp⋆(ℓx, Ũ(x), Qθ,ρ) such that

F
(
vρ, Vρ, Q

θ,ρ
)
≤ m

(
ℓx, Ũ(x), Qθ,ρ

)
+ ρd+1. (3.3.32)

We extend the function by setting vρ = ℓx on Q(x, ρ) \ Qθ,ρ. In view of (3.3.27), Fubini’s
Theorem implies that for every ρ > 0 there exists sρ ∈ ((1− θ)ρ, ρ) such that

lim
ρ→0+

1

ρd
Hd−1(∂Q(x, sρ) ∩ {uρ ̸= uρ}) = 0. (3.3.33)

We introduce the functions {zρ}ρ defined by

zρ(y) :=

{
uρ(y) if y ∈ Q(x, sρ),
uρ(y) if y ∈ Q(x, ρ) \Q(x, sρ),

(3.3.34)

which, thanks to Lemma 1.3.24, belong to GBV⋆(Q(x, ρ);Rk). We note that by (3.3.22)–
(3.3.23), (3.3.28)–(3.3.30), and (3.3.33) they satisfy

lim
ρ→0+

1

ρd

ˆ
Q(x,(1−θ)ρ)

|zρ(y)−∇u(x)(y − x)

ρ
| dy = 0, (3.3.35)

lim
ρ→0+

1

ρd

ˆ
Q(x,ρ)

|ρ∇zρ(y)−∇u(x)| dy = 0, (3.3.36)

lim
ρ→0+

1

ρd
Hd−1(Jzρ ∩Q(x, ρ)) = 0 and lim

ρ→0+

1

ρd−1
|Dczρ|(Q(x, ρ)) = 0. (3.3.37)

Indeed, property (3.3.35) is an immediate consequence of (3.3.28) and of (3.3.34), and
(3.3.36) follows from (3.3.22) and (3.3.29). As for the remaining property (3.3.37), we use
(3.3.23), (3.3.30), (3.3.33), and

Jzρ ⊂
(
Ju ∩Q(x, ρ)

)
∪
(
∂Q(x, sρ) ∩ {uρ ̸= uρ}

)
.

We set

O′ := Q(x, 1− 2θ), O := Q(x, 1− θ), and O′′ := Q(x, 1) \Q(x, 1− 3θ), (3.3.38)
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and

Wρ(y) :=

Vρ(y) in Qθ,ρ,
1

Ld(Q(x, ρ) \Qθ,ρ)

(ˆ
Q(x,ρ)

U(y) dy − Ld(Qθ,ρ)Ũ(x)
)

in Q(x, ρ) \Qθ,ρ.

(3.3.39)
Since (vρ, Vρ) ∈ Cp⋆(ℓx, Ũ(x), Qθ,ρ), we haveˆ

Qθ,ρ

Vρ(y) dy =

ˆ
Qθ,ρ

Ũ(x) dy = Ld(Qθ,ρ)Ũ(x),

so that ˆ
Q(x,ρ)

Wρ(y) dy =

ˆ
Q(x,ρ)

U(y) dy. (3.3.40)

We now want to apply Lemma 3.3.1 to vρ with u as a boundary datum near ∂Q(x, ρ).
We begin by observing that vρ ∈ L1(Oρ,x \O′

ρ,x;Rk) since vρ = ℓx Ld-a.e. in Q(x, ρ) \Qθ,ρ.
Moreover, from the definition (3.3.34) of zρ, the fact that sρ ≥ (1 − θ)ρ, and the fact that
ūρ is bounded it follows immediately that ũ(x)+ ρzρ ∈ L1(Oρ,x \O′

ρ,x;Rk). Hence, for fixed
η > 0, we may apply Lemma 3.3.1 to vρ (in place of u) and to ũ(x)+ρzρ (in place of v) and
with O′, O′′, O as in (3.3.38). We obtain a constant M > 0, depending on θ but independent
of ρ, and wρ ∈ GBV⋆(Q(x, ρ);Rk) such that

F(wρ,Wρ, Q(x, ρ)) ≤ (1 + η)
(
F(vρ,Wρ, Oρ,x) + F(ũ(x) + ρzρ,Wρ, O

′′
ρ,x)

)
+
M

ρ
∥(ũ(x) + ρzρ)− vρ∥L1(Oρ,x\O′

ρ,x)
+ ηρd. (3.3.41)

Moreover, the same lemma and (3.3.34) ensure that

wρ = vρ Ld-a.e. in O′
ρ,x

wρ = ũ(x) + ρzρ = u Ld-a.e. in Q(x, ρ) \Q(x, sρ).
(3.3.42)

From the second equality in (3.3.42) and (3.3.40) we deduce that (wρ,Wρ) belongs to
Cp⋆(u, U,Q(x, ρ)). Therefore, by (3.3.41) and the fact that vρ = ℓx Ld-a.e. in Q(x, ρ) \Qθ,ρ
we infer

m(u, U,Q(x, ρ)) ≤ (1 + η)
(
F(vρ,Wρ, Oρ,x) + F(ũ(x) + ρzρ,Wρ, O

′′
ρ,x)

)
+
M

ρ
∥ρzρ −∇u(x)(· − x)∥L1(Oρ,x\O′

ρ,x)
+ ηρd. (3.3.43)

We now estimate each term on the right-hand side of (3.3.43). First, note that (3.3.35)
implies

lim
ρ→0+

M

ρd+1
∥ρzρ −∇u(x)(· − x)∥L1(Oρ,x\O′

ρ,x)
= 0. (3.3.44)

We use Lemma 3.3.2, with O1 = Qθ,ρ and O2 = Oρ,x, locality (H2), and (3.3.39) to get

F(vρ,Wρ, Oρ,x) ≤ F(vρ, Vρ, Q
θ,ρ) + βV(vρ, Q(x, ρ) \Qθ,ρ)

+ β∥Wρ∥pLp(Q(x,ρ)\Qθ,ρ)
+ β(1− (1− 3θ)d)ρd. (3.3.45)

Recalling (3.3.32) and that vρ = ℓx on Q(x, ρ) \Qθ,ρ, we then get

F(vρ, Vρ, Q
θ,ρ) ≤ m(ℓx, Ũ(x), Qθ,ρ) + ρd+1 ≤ βk(|∇u(x)|+ |Ũ(x)|p + 1)ρd + ρd+1, (3.3.46)

V(vρ, Q(x, ρ) \Qθ,ρ) ≤ (1− (1− 3θ)d)k|∇u(x)|ρd. (3.3.47)
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Here, in the second inequality of (3.3.46) we used that (ℓx, Ũ(x)) is a competitor for the
minimisation problem m(ℓx, Ũ(x), Qθ,ρ) and thus m(ℓx, Ũ(x), Qθ,ρ) ≤ βk(|∇u(x)|+|Ũ(x)|p+
1)ρd by the upper bound in (H4). As for the remaining term in (3.3.45), we observe that

ˆ
Q(x,ρ)\Qθ,ρ

|Wρ|p dy ≤ 1

ρd(p−1)(1− (1− 3θ)d)p−1

∣∣∣ˆ
Q(x,ρ)

U(y) dy −
ˆ
Qθ,ρ

Ũ(x) dy
∣∣∣p

≤ C

ρd(p−1)(1− (1− 3θ)d)p−1

(∣∣∣ˆ
Q(x,ρ)\Qθ,ρ

U(y) dy
∣∣∣p + ∣∣∣ˆ

Qθ,ρ

(U(y)− Ũ(x)) dy
∣∣∣p)

≤ Cρdp

ρd(p−1)(1− (1− 3θ)d)p−1

(∣∣∣ 
Q(x,ρ)

U(y) dy − (1− 3θ)d
 
Qθ,ρ

U(y) dy
∣∣∣p

+
∣∣∣(1− 3θ)d

 
Qθ,ρ

(U(y)− Ũ(x)) dy
∣∣∣p)

for a constant C > 0 depending only on p. In view of (3.3.25), this implies

lim sup
ρ→0+

1

ρd

ˆ
Q(x,ρ)\Qθ,ρ

|Wρ|p dy ≤ C|(1− (1− 3θ)d)|Ũ(x)|p. (3.3.48)

In a similar fashion, observing that Ld(O′′
ρ,x) = (1− (1− 3θ)d)ρd and that V is invariant by

adding constants, we may estimate

F(ũ(x)+ρzρ,Wρ, O
′′
ρ,x) ≤ βV(ρzρ, O′′

ρ,x)+β∥Wρ∥pLp(Q(x,ρ)\Qθ,ρ)
+β(1−(1−3θ)d)ρd, (3.3.49)

and observe that

V(ρzρ, O′′
ρ,x) ≤ k

( ˆ
O′′

ρ,x

|ρ∇zρ| dx+ ρ|Dczρ|(O′′
ρ,x) +Hd−1(Jzρ ∩O′′

ρ,x)
)
.

Note that by (3.3.36) and (3.3.37) we have

lim sup
ρ→0+

1

ρd
V(ρzρ, O′′

ρ,x) ≤ k(1− (1− 3θ)d)|∇u(x)|. (3.3.50)

We now combine (3.3.43)–(3.3.47) and (3.3.48)–(3.3.50), divide by ρd, pass to the limsup
as ρ→ 0+, and obtain

lim sup
ρ→0+

m(u, U,Q(x, ρ))

ρd
≤ (1− 3θ)d lim sup

ρ′→0+

(m(ℓx, Ũ(x), Q(x, ρ′))

(ρ′)d

)
+ ηβk(|∇u(x)|+ |Ũ(x)|p + 1)

+ (1 + η)β(1− (1− 3θ)d)(2 + 2k|∇u(x)|)

+ (1 + η)
2C(1− (1− 3θ)d)p

(1− (1− 3θ)d)p−1
|Ũ(x)|p + η,

where we have set ρ′ := (1− 3θ)ρ. Letting θ → 0+ and η → 0+, we obtain (3.3.31).

Step 2. (≥) The proof of this inequality follows along the same lines of Step 1 by inter-
changing the roles of (u, U) and (ℓx, Ũ(x)). The essential difference is that the Fubini-type
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argument in (3.3.33) is performed for some sρ ∈ ((1−4θ)ρ, (1−3θ)ρ), we choose a competitor
(vρ, Vρ) ∈ Cp⋆(u, U,Q(x, sρ)) satisfying

F(vρ, Vρ, Q(x, sρ)) ≤ m(u, U,Q(x, sρ)) + ρd+1,

we extend vρ to the whole Q(x, ρ) by setting vρ = ũ(x) + ρuρ outside of Q(x, sρ) and we
define Wρ outside of Q(x, sρ) by

Wρ =
1

Ld(Q(x, ρ) \Q(x, sρ))

(
Ld(Q(x, ρ))Ũ(x)−

ˆ
Q(x,sρ)

U(y) dy
)

This ensures that the Fundamental Estimate can again be employed to adjust the boundary
values. We omit the details.

We proceed by addressing the integral representation of the jump part of F , concluding
the proof of Theorem 3.1.7.

Proposition 3.3.7. Assume that F ∈ Fp⋆. Then for every (u, U) ∈ SDp
⋆(Ω;Rk) and B ∈

B(Ω) we have

F j(u, U,B) =

ˆ
Ju∩B

fsurf
(
x, u+, u−, νu) dHd−1. (3.3.51)

where fsurf is the function defined by (3.1.7).

Proof. To prove (3.3.51), we characterise the Radon-Nikodým derivative of F with respect
to the measure Hd−1 Ju by showing that

dF(u, U, ·)
dHd−1 Ju

(x) = fsurf
(
x, u+(x), u−(x), νu(x)

)
, (3.3.52)

for Hd−1-a.e. x ∈ Ju. Let us fix a point x ∈ Ju satisfying

lim
ρ→0+

1

ρd−1

ˆ
Qνu(x)(x,ρ)

|∇u| dy = 0 and lim
ρ→0+

1

ρd−1
|Dcu|(Qνu(x)(x, ρ)) = 0, (3.3.53)

lim
ρ→0+

1

ρd−1
Hd−1(Ju ∩ Eρ,x) = Hd−1(Πνu(x)x ∩ E) for all Borel sets E ⊂ Qνu(x)(x, 1),

(3.3.54)

where Πνx := {y ∈ Rd : (y − x) · ν = 0} for all ν ∈ Sd−1, and

dF(u, U, ·)
dHd−1 Ju

(x) = lim
ρ→0+

F(u, U,Qνu(x)(x, ρ))

ρd−1
= lim

ρ→0+

m(u, U,Qνu(x)(x, ρ))

ρd−1
, (3.3.55)

lim
ρ→0+

1

ρd−1

ˆ
Qνu(x)(x,ρ)

|U(y)|p dy = 0, (3.3.56)

and such that the statement of Lemma 3.C.2 holds. Note that these conditions are satisfied
by Hd−1-a.e. point of Ju thanks to Proposition 1.3.10, [18, Theorem 2.56], Besicovitch and
Lebesgue Derivation Theorems, and Theorem 3.3.5, where for (3.3.54) we can argue as in
(3.C.21)–(3.C.22) below. Thus, it is sufficient to show (3.3.52) for such a point x.

Recalling the definition (3.1.7) of the surface density fsurf , equality (3.3.55) implies that
(3.3.52) is equivalent to

lim
ρ→0+

m(u, U,Qν(x, ρ))

ρd−1
= lim

ρ→0+

m(ux, 0, Qν(x, ρ))

ρd−1
,
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where, for brevity, we set ux := ux,u+(x),u−(x),νu(x) and ν = νu(x). This equality is proved in
two steps, dealing with the two inequalities separately. To this end, we apply Lemma 3.C.2
to get uρ ∈ BV(Qν(x, ρ);Rk) which satisfy

lim
ρ→0+

1

ρd
Ld({uρ ̸= u} ∩Qν(x, ρ)) = 0, (3.3.57)

lim
ρ→0+

1

ρd

ˆ
Qν(x,ρ)

|uρ − ux| dy = 0, (3.3.58)

lim
ρ→0+

1

ρd−1
Hd−1(Juρ ∩ Eρ,x) ≤ Hd−1(Πνx ∩ E) for all Borel sets E ⊂ Qν(x, 1), (3.3.59)

lim
ρ→0+

1

ρd−1

ˆ
Qν(x,ρ)

|∇uρ| dy = 0 and lim
ρ→0+

1

ρd−1
|Dcuρ|(Qν(x, ρ)) = 0. (3.3.60)

Step 1. ("≤") In this step we prove that

lim
ρ→0+

m(u, U,Qν(x, ρ))

ρd−1
≤ lim

ρ→0+

m(ux, 0, Qν(x, ρ))

ρd−1
. (3.3.61)

To this end, we fix θ ∈ (0, 1/4), set Qθ,ρν := Qν(x, (1 − 3θ)ρ), and consider (vρ, Vρ) ∈
Cp⋆(ux, 0, Qθ,ρν ) such that

F(vρ, Vρ, Q
θ,ρ
ν ) ≤ m(ux, 0, Q

θ,ρ
ν ) + ρd. (3.3.62)

We extend vρ to the whole cube Qν(x, ρ) by setting vρ = ux on Qν(x, ρ) \Qθ,ρν . Moreover,
we set

Wρ(y) :=

Vρ(y) in Qθ,ρν ,
1

Ld(Qν(x, ρ) \Qθ,ρν )

ˆ
Qν(x,ρ)

U(y) dy in Qν(x, ρ) \Qθ,ρν .
(3.3.63)

Since (vρ, Vρ) ∈ Cp⋆(ux, 0, Qθ,ρν ), we haveˆ
Qν(x,ρ)

Wρ(y) dy =

ˆ
Qν(x,ρ)

U(y) dy. (3.3.64)

In light of (3.3.57), Fubini’s Theorem implies that for every ρ > 0 there exists sρ ∈ ((1 −
θ)ρ, ρ) such that

lim
ρ→0+

1

ρd−1
Hd−1(∂Qν(x, sρ) ∩ {uρ ̸= u}) = 0. (3.3.65)

We also introduce zρ defined by

zρ(y) :=

{
uρ(y) if y ∈ Qν(x, sρ),
u(y) if y ∈ Qν(x, ρ) \Qν(x, sρ),

(3.3.66)

which by Lemma 1.3.24 belong to GBV⋆(Qν(x, ρ);Rk). Note that by (3.3.53)–(3.3.54),
(3.3.58)–(3.3.60), and (3.3.65) it holds that

lim
ρ→0+

1

ρd

ˆ
Qν(x,(1−θ)ρ)

|zρ(y)− ux| dy = 0, (3.3.67)

lim
ρ→0+

1

ρd−1
V(zρ, Eρ,x ∩ Jzρ) ≤ kHd−1(Πνx ∩ E) for all Borel sets E ⊂ Qν(x, 1), (3.3.68)

lim
ρ→0+

1

ρd−1

ˆ
Qν(x,ρ)

|∇zρ(y)|dy = 0 and lim
ρ→0+

1

ρd−1
|Dczρ|(Qν(x, ρ)) = 0. (3.3.69)
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We set

O′ := Qν(x, 1− 2θ), O := Qν(x, 1− θ), and O′′ := Qν(x, 1) \Qν(x, 1− 3θ). (3.3.70)

Observe that vρ ∈ L1(Oρ,x\O′
ρ,x;Rk) since vρ = ux Ld-a.e. in Qν(x, ρ)\Qθ,ρν . Moreover, from

definition (3.3.66) and the fact that sρ ≥ (1− θ)ρ, it follows that zρ ∈ L1(Oρ,x \ O′
ρ,x;Rk).

Hence, for fixed η > 0, we may apply Lemma 3.3.1 to vρ (in place of u) and to zρ in place
of v and with O′, O′′, O as in (3.3.70). We obtain a constant M > 0 depending on θ but
independent of ρ, and functions wρ ∈ GBV⋆(Qν(x, ρ);Rk) such that

F(wρ,Wρ, Qν(x, ρ)) ≤ (1 + η)
(
F(vρ,Wρ, Oρ,x) + F(zρ,Wρ, O

′′
ρ,x)

)
+
M

ρ
∥zρ − vρ∥L1(Oρ,x\O′

ρ,x)
+ ηρd

= (1 + η)
(
F(vρ,Wρ, Oρ,x) + F(zρ,Wρ, O

′′
ρ,x)

)
+
M

ρ
∥zρ − ux∥L1(Oρ,x\O′

ρ,x)
+ ηρd, (3.3.71)

where in the equality we have used that vρ = ux Ld-a.e. in Qν(x, ρ) \ Qθ,ρν . Moreover, the
same lemma and (3.3.66) gives

wρ = vρ Ld-a.e. in O′
ρ,x

wρ = u Ld-a.e. in Qν(x, ρ) \Qν(x, sρ).
(3.3.72)

From the second equality in (3.3.72) and (3.3.64) we deduce that (wρ,Wρ) ∈ Cp⋆(u, U,Qν(x, ρ)).
Therefore, by (3.3.71) we infer

m(u, U,Qν(x, ρ)) ≤ (1 + η)
(
F(vρ,Wρ, Oρ,x) + F(zρ,Wρ, O

′′
ρ,x)

)
(3.3.73)

+
M

ρ
∥zρ − ux∥L1(Oρ,x\O′

ρ,x)
+ ηρd. (3.3.74)

We estimate each term on the right-hand side of (3.3.73). First, we note that (3.3.67)
implies

lim
ρ→0+

M

ρd
∥zρ − ux∥L1(Oρ,x\O′

ρ,x)
= 0. (3.3.75)

We use Lemma 3.3.2, with O1 = Qθ,ρν and O2 = Oρ,x, locality (H2), and (3.3.63) to get

F(vρ,Wρ, Oρ,x) ≤ F(vρ, Vρ, Q
θ,ρ
ν ) + βV(vρ, Qν(x, ρ) \Qθ,ρν )

+ β∥Wρ∥p
Lp(Qν(x,ρ)\Qθ,ρ

ν )
+ β(1− (1− 3θ)d)ρd. (3.3.76)

Recalling (3.3.62) and that vρ = ux on Qν(x, ρ) \Qθ,ρν , we have

F(vρ, Vρ, Q
θ,ρ
ν ) ≤ m(ux, 0, Q

θ,ρ
ν ) + ρd ≤ βρd + βkρd−1 + ρd, (3.3.77)

V(vρ, Qν(x, ρ) \Qθ,ρν ) ≤ (1− (1− 3θ)d−1)kρd−1. (3.3.78)

Here, in the second inequality of (3.3.77) we used that (ux, 0) is a competitor for m(ux, 0, Q
θ,ρ
ν )

and thus m(ux, 0, Q
θ,ρ
ν ) ≤ βρd + βkρd−1 by the upper bound in (H4). As for the remaining
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term in (3.3.76), using Hölder’s inequality, we get
ˆ
Qν(x,ρ)\Qθ,ρ

ν

|Wρ|p dy ≤ 1

ρd(p−1)(1− (1− 3θ)d)p−1

∣∣∣ˆ
Qν(x,ρ)

U(y) dy
∣∣∣p

≤ ρd(p−1)

ρd(p−1)(1− (1− 3θ)d)p−1
∥U∥pLp(Qν(x,ρ))

≤ C∥U∥pLp(Qν(x,ρ))

(3.3.79)

for some universal C > 0, where we used θ < 1/4. Similarly, we may estimate

F(zρ,Wρ, O
′′
ρ,x) ≤ βV(zρ, O′′

ρ,x) + β∥Wρ∥p
Lp(Qν(x,ρ)\Qθ,ρ

ν )
+ β(1− (1− 3θ)d)ρd (3.3.80)

and observe that

V(zρ, O′′
ρ,x) ≤ k

( ˆ
O′′

ρ,x

|∇zρ| dx+ |Dczρ|(O′′
ρ,x) +Hd−1(Jzρ ∩O′′

ρ,x)
)
. (3.3.81)

Hence, using (3.3.68) with E = O′′ and (3.3.69), we get

lim sup
ρ→0+

1

ρd−1
V(zρ, O′′

ρ,x) ≤ (1− (1− 3θ)d−1)k. (3.3.82)

Putting together (3.3.73)–(3.3.82), dividing by ρd−1, letting ρ → 0+, and using (3.3.56) we
get

lim sup
ρ→0+

m(u, U,Qν(x, ρ))

ρd−1
≤ (1− 3θ)d−1 lim sup

ρ′→0+

(m(ux, 0, Qν(x, ρ
′))

(ρ′)d−1

)
+ ηβk

+ (1 + η)
(
β(1− (1− 3θ)d−1)2k

)
,

where we have set ρ′ := (1− 3θ)ρ. Letting θ → 0+ and η → 0+, we obtain (3.3.61).

Step 2. (≥) As in the previous proof, the other inequality can be proven along similar
lines. We therefore omit the full proof and indicate only the essential changes. We fol-
low Step 1 by interchanging the roles of (u, U) and (ux, 0). The Fubini-type argument
in (3.3.65) is performed for some sρ ∈ ((1 − 4θ)ρ, (1 − 3θ)ρ), we choose a competitor
(vρ, Vρ) ∈ Cp⋆(u, U,Qν(x, sρ)) satisfying

F(vρ, Vρ, Qν(x, sρ)) ≤ m(u, U,Qν(x, sρ)) + ρd,

and we extend vρ to the whole Qν(x, ρ) by setting vρ = uρ outside of Qν(x, sρ), as well as

Wρ = − 1

Ld(Qν(x, ρ) \Qν(x, sρ))

ˆ
Qν(x,sρ)

U(y) dy

outside of Qν(x, sρ).

Proof of Theorem 3.1.7. The proof follows by combining Propositions 3.3.6 and 3.3.7.

Remark 3.3.8. The methods used in this section show that Theorem 2.3.16 of Chapter 2
can be greatly improved. Indeed, since the methods described above do not rely on trunca-
tion techniques, it is possible to show that (a suitable version of) the integral representation
Theorem 2.3.16 still holds for functionals F that do not satisfy truncation property (H8) of
Definition 2.1.7.
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3.4 Relaxation of bulk and surface energies

This section is devoted to the proof of the Relaxation Theorems 3.1.13, 3.1.14, and 3.1.16,
concerning the integral representation of the relaxed functional Ip⋆ defined by (3.1.12) and
(3.1.13).

Proof of Theorem 3.1.13 We start with a useful consequence of the Approximation
Theorem 3.1.1, which will be exploited in the proof of Theorem 3.1.13. Recall the structural
constants cΨ, CΨ, cγ , and Cγ in the assumptions on Ψ and γ, as well as CΨ in (3.1.14).

Lemma 3.4.1. Let (g,G) ∈ SDp
⋆(Ω;Rk) and let O ∈ O(Ω). Assume that Ψ and γ satisfy

(Ψ1)–(Ψ4), (γ1), and (γ2). Then

α
(
V(g,O) + ∥G∥pLp(O) − Ld(O)

)
≤ Ip⋆ (g,G,O) ≤ β

(
V(g,O) + ∥G∥pLp(O) + Ld(O)

)
for two suitable positive constants α, β, depending only on cΨ, CΨ, CΨ, cγ, Cγ, and p.

Proof. Using (Ψ4) we find Ψ(x,A) ≥ cΨ
2 (|A|p+ |A|)−C ′

Ψ for Ld-a.e. x ∈ Ω and all A ∈ Rk×d
for some C ′

Ψ > 0 sufficiently large. Then, the lower bound follows by (γ2), together with
the lower semicontinuity of V (see Remark 1.3.15) and of ∥G∥pLp(O) under weak convergence.

To prove the upper bound, we use the Approximation Theorem 3.1.1 to obtain a sequence
{un}n ⊂ SBV(O;Rk) with ∇un = G Ld-a.e. in O and such that

lim sup
n→+∞

V(un, O) ≤ C
(
V(g,O) + ∥G∥L1(O)

)
.

Thanks to Remark 3.1.9, the previous inequality, and (γ2), we then have

Ip⋆ (g,G,O) ≤ lim inf
n→+∞

E(un, O) ≤ β
(
lim inf
n→+∞

V(un, O) + ∥G∥pLp(O) + Ld(O)
)

≤ Cβ
(
V(g,O) + ∥G∥L1(O) + ∥G∥pLp(O) + Ld(O)

)
.

Using that |A| ≤ 1 + |A|p for all A ∈ Rk×d, the proof is concluded.

We are now ready to prove Theorem 3.1.13.

Proof of Theorem 3.1.13. Thanks to Theorem 3.1.7, to conclude the proof, it is enough to
show that Ip⋆ ∈ Fp⋆.

Let us fix (g,G) ∈ SDp
⋆(Ω;Rk). Given O1, O2, O3 ∈ O(Ω) with O1 ⊂⊂ O2 ⊂ O3 ⊂ Ω, we

claim that
Ip⋆ (g,G,O3) ≤ Ip⋆ (g,G,O2) + Ip⋆ (g,G,O3 \O1). (3.4.1)

This inequality can be obtained with an argument similar to, for instance, [128, Theo-
rem 2.8], but for the sake of completeness we present here the full proof. Without loss of
generality, we prove this inequality only in the case p = 1 as the case p > 1 follows by
similar, but easier, arguments. Let {un}n ⊂ SBV(O2;Rk) and {vn}n ⊂ SBV(O3 \ O1;Rk)
be two sequences satisfying the following properties: un →

SD⋆

(g,G) in O2, vn →
SD⋆

(g,G) in

O3 \O1, and

Ip⋆ (g,G,O2) = lim
n→+∞

E(un, O2) and Ip⋆ (g,G,O3 \O1) = lim
n→+∞

E(vn, O3 \O1). (3.4.2)

Note also that
un − vn → 0 in L0(O2 \O1;Rk) as n→ +∞. (3.4.3)
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Let us fix δ > 0 and consider Oδ := {x ∈ O2 : dist(x,O1) < δ}. We let d(x) := dist(x,O1)
be the distance function from O1, which we recall is Lipschitz continuous. Therefore, by the
Area Formula [18, (2.47)] we have

ˆ
Oδ\O1

|un(x)− vn(x)| ∧ 1 Jd(x) dx =

ˆ δ

0

(ˆ
d−1(y)

|un(x)− vn(x)| ∧ 1 dHd−1(x)
)
dy,

where we let Jd denote the Jacobian of d. In light of (3.4.3) and of the fact that Jd is
bounded, we may apply Fatou’s Lemma to obtain, for L1-a.e. ρ ∈ [0, δ],

lim inf
n→+∞

ˆ
d−1(ρ)

|un − vn| ∧ 1 dHd−1(x) = lim inf
n→+∞

ˆ
∂Oρ

|un − vn| ∧ 1 dHd−1(x) = 0. (3.4.4)

Let us fix δ0 ∈ [0, δ] such that (3.4.4) holds and Hd−1(∂Oδ0) < +∞. The latter can be
assumed by the Coarea Formula. By passing to a non-relabelled subsequence of {un−vn}n,
we may also assume that the liminf in (3.4.4) is actually a limit. We may also assume that
Oδ0 is a set with locally Lipschitz boundary and then consider un, vn on ∂Oδ0 in the sense
of traces of SBV(Ω;Rk)-functions, and define

wn :=

{
un in Oδ0 ,
vn in O3 \Oδ0 .

It follows that {wn} ⊂ SBV(O3;Rk), |[wn]| = |un−vn| Hd−1-a.e. on ∂Oδ0 , and wn →
SD⋆

(g,G)

in O3. Hence, by (γ2), (3.4.4), and (3.4.2) we get

Ip⋆ (g,G,O3) ≤ lim inf
n→+∞

( ˆ
O3

Ψ(x,∇wn) dx+

ˆ
Jwn∩O3

γ(x, [wn], νwn) dHd−1
)

≤ lim inf
n→+∞

( ˆ
O2

Ψ(x,∇un) dx+

ˆ
Jun∩O2

γ(x, [un], νun) dHd−1

+

ˆ
O3\O1

Ψ(x,∇vn) dx+

ˆ
Jvn∩(O3\O1)

γ(x, [vn], νvn) dHd−1

+

ˆ
Jwn∩∂Oδ0

Cγ |un − vn| ∧ 1 dHd−1
)

= Ip⋆ (g,G,O2) + Ip⋆ (g,G,O3 \O1).

This concludes the proof of (3.4.1).
Next, one can check that O 7→ Ip⋆ (g,G,O) coincides with the restriction to O(Ω) of a

bounded Radon measure on Ω. We omit the exact argument which can be found in [76,
Proposition 2.22, Step 1], using Lemma 3.4.1 and (3.4.1) in place of [76, Lemma 2.18,
Lemma 2.21]. This yields (H1) and proves that definition (3.1.13) is well-posed (see the
comment after (3.1.13)).

Moreover, by inner regularity on open sets, we have that Ip⋆ satisfies the upper bound
(3.1.3) with B replaced by O, for every O ∈ O(Ω). Combining this observation with (3.1.13)
and Lemma 3.4.1 we get that Ip⋆ satisfies (H4) as well (up to a shift).

To prove that Ip⋆ satisfies the lower semicontinuity property (H3), it is enough to repeat
exactly the arguments used in [76, Proposition 5.1]. Finally, locality property (H2) is a
simple consequence of lower semicontinuity property (H3) as observed in [41, Remark 2.1].
This concludes the proof of Ip⋆ ∈ Fp⋆ and thus of the theorem.
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Proof of Theorem 3.1.14. Throughout the rest of the section, we let Φ ∈ C∞
c (Rk;Rk)

be a function satisfying (1.3.11), for a fixed τ ≥ max{3, βγ + 1}, where βγ is the constant
appearing in (γ5). For R > 0, we let ΦR be the function associated to Φ via (1.3.12).
The next truncation result will be useful for proving Theorem 3.1.14 as it allows to truncate
competitors appearing in suitable minimisation problems. It will also be crucial in the proof
of Lemma 3.4.5 below, a key ingredient in the proof of Theorem 3.1.16.

Lemma 3.4.2. Assume that Ψ and γ satisfy conditions (Ψ1)–(Ψ4), (γ1), (γ2), and (γ5).
Let O ∈ O(Ω). Then there exists a constant C > 0, depending only on the structural
constants cΨ, C̄Ψ, cγ , Cγ , and βγ, such that for every N ∈ N, R > 0, u ∈ SBV(O;Rk), and
B ∈ B(O) it holds

1

N

N∑
i=1

E(ΦRi ◦ u,B) ≤
(
1 +

C

N

)
E(u,B) + Ld({|u| ≥ R}) + C

N
Ld(B), (3.4.5)

where we have set Ri := τ i−1R. If, in addition, γ satisfies (γ6) as well, then for every x ∈ Ω
and ρ > 0 the same property holds with the same constant C, for the functional Exρ defined
by

Exρ (u,B) :=

ˆ
B
Ψ(x+ ρy,∇u(y)) dy + 1

ρ

ˆ
Ju∩B

γ(x+ ρy, ρ[u](y), νu(y)) dHd−1(y) (3.4.6)

for every u ∈ SBV(O;Rk) and B ∈ B(O).

Proof. The proof of inequality (3.4.5) for E and Exρ can be obtained by arguing exactly as
in the part of the proof of Proposition 2.1.14 devoted to property ((H8)).

Later, given a sequence {un}n ⊂ SBV(Ω;Rk) converging in SDp
⋆, it will be essential to

determine the limit of the truncated sequence ΦR ◦ un in a related topology. This is taken
care of in the next lemma. We remark that the proof below cannot be reproduced in the
case p = 1, unless we replace in Definition 3.1.2 weak∗-convergence in Mb(Ω;Rk×d) with
weak L1-convergence.

Lemma 3.4.3. Let p > 1, let O ∈ O(Ω), let (g,G) ∈ SDp
⋆(Ω;Rk), let {un}n ⊂ SBV(O;Rk)

with un →SD⋆ (g,G) in O, and let R > 0. Consider the functions gR := ΦR ◦ g, uRn :=
ΦR ◦ un, and GR := ∇ΦR(g)G. Then {uRn }n converges to gR strongly in L1(O;Rk) and
{∇uRn }n converges weakly in Lp(O;Rk×d) to GR. In particular, if g ∈ L∞(O;Rk) and
R > 2∥g∥L∞(O;Rk), then gR = g and GR = G.

Proof. By the Chain Rule for BV-functions (see Proposition 1.3.3) we have

∇uRn = ∇ΦR(un)∇un (3.4.7)

for every n ∈ N. We pass to a subsequence {unℓ
}ℓ that converges pointwise a.e. to g as ℓ→

+∞. As ΦR is a C1-function, from the pointwise convergence of {unℓ
}ℓ and the Dominated

Convergence Theorem it follows that {uRnℓ
}ℓ converges to gR strongly in L1(O;Rk) and

{∇ΦR(unℓ
)}ℓ converges to ∇ΦR(g) strongly in Lq(O;Rk×k) for every 1 ≤ q < +∞ and

pointwise a.e. in O.
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We now prove that {∇ΦR(unℓ
)∇unℓ

}ℓ converges to GR weakly in Lp(O;Rk×d). To this
end, let us fix φ ∈ Lq(O;Rk×d), where q := p/(p− 1) denotes the conjugate exponent of p.
We haveˆ

O
φ : (∇ΦR(unℓ

)∇unℓ
−∇ΦR(g)G) dx =

ˆ
O
φ : (∇ΦR(g)∇unℓ

−∇ΦR(g)G) dx

+

ˆ
O
φ : (∇ΦR(unℓ

)∇unℓ
−∇ΦR(g)∇unℓ

)
dx,

where for A,L ∈ Rk×d the symbol A : L denotes the Frobenius scalar product between A
and L. By weak convergence in Lp(O;Rk×d) of {∇unℓ

}ℓ to G, the first term converges to 0
as ℓ→ +∞. For the second term, we note instead that∣∣∣ˆ

O
φ : (∇ΦR(unℓ

)∇unℓ
−∇ΦR(g)∇unℓ

)
dx

∣∣∣
≤ ∥∇unℓ

∥Lp(O)

(ˆ
O
|φ|q|∇ΦR(unℓ

)−∇ΦR(g)|q dx
)1/q

.

Since supℓ ∥∇unℓ
∥Lp(O) < +∞ by weak convergence, |∇ΦR| ≤ 1 by (1.3.13), and the se-

quence {∇ΦR(unℓ
)}ℓ converges to ∇ΦR(g) pointwise a.e. in O, an application of the Dom-

inated Convergence Theorem shows that {∇ΦR(unℓ
)∇unℓ

}ℓ converges to GR weakly in
Lp(O;Rk×d) as ℓ → +∞. As the limit does not depend on the chosen subsequence {nℓ}ℓ,
by (3.4.7) the full sequences {uRn }n and {∇uRn }n converge to gR and GR, respectively. This
concludes the proof.

We are now ready to prove Theorem 3.1.14.

Proof of Theorem 3.1.14. Throughout the proof, given x ∈ Ω, we let Ex0 be the functional
defined by

Ex0 (u,B) :=

ˆ
B
Ψ(x,∇u(y)) dy +

ˆ
Ju∩B

γ0(x, [u](y), νu(y)) dHd−1(y)

for every u ∈ SBV(Q;Rk) and B ∈ B(Q). We split the proof into two parts, addressing first
the statement concerning the bulk energy density. We divide its proof into several steps.

Step 1. (Bulk: Auxiliary cell formula) For every x ∈ Ω and A,L ∈ Rk×d we set

H̃p(x,A, L) := inf
{
lim inf
n→+∞

Ex0 (un, Q) : {un}n ⊂ SBV(Q;Rk),

un → ℓ0,0,A strongly in L1(Q;Rk), ∇un ⇀ L weakly in Lp(Q;Rk×d)
}
. (3.4.8)

We will prove that for Ld-a.e. x ∈ Ω and for all A,L ∈ Rk×d it holds

H̃p(x,A,L) ≤ fbulk(x,A,L) ≤ Hp(x,A,L). (3.4.9)

Since by (Ψ2), (3.1.17), and Remark 3.1.12 the densities Ψ(x, ·) and γ0(x, ·) satisfy as-
sumptions (H 1)p, (H 2), and (H 4) of [76], it follows from [76, Proposition 3.1] that
H̃p(x,A,L) = Hp(x,A,L) for every x ∈ Ω and every A,L ∈ Rk×d. Therefore, proving
(3.4.9) is sufficient to show that in (3.1.19) we can write Hp in place of fbulk.
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By definition of fbulk (see also Remark 3.1.8) and by Theorem 3.3.5 applied with F = Ip⋆
we have

fbulk(x,A,L) = lim sup
ρ→0+

m(ℓx,0,A, L,Q(x, ρ))

ρd

= lim sup
ρ→0+

Ip⋆ (ℓx,0,A, L,Q(x, ρ))

ρd
< +∞ (3.4.10)

for Ld-a.e. x ∈ Ω and for all A,L ∈ Rk×d. Therefore, to prove (3.4.9) it suffices to show
that

H̃p(x,A,L) ≤ fbulk(x,A,L) ≤ Hp(x,A,L) (3.4.11)

for all x ∈ Ω such that (3.4.10) holds and for all A,L ∈ Rk×d.

Step 2. (Bulk: H̃p ≤ fbulk) We let x ∈ Ω be such that (3.4.10) holds, and let A,L ∈ Rk×d.
For any ρ > 0 we consider a sequence {uρn}n ⊂ SBV(Ω;Rk) with uρn →SD⋆ (ℓx,0,A, L) in
Q(x, ρ), {uρn}n converging to ℓx,0,A pointwise a.e. in Q(x, ρ), and

lim
n→+∞

E(uρn, Q(x, ρ)) = Ip⋆ (ℓx,0,A, L,Q(x, ρ)). (3.4.12)

We introduce the functions vρn ∈ SBV(Q;Rk) defined by vρn(y) :=
1
ρu

ρ
n(x + ρy) for y ∈ Q,

which satisfy

vρn →
SD⋆

(ℓ0,0,A, L) in Q and vρn → ℓ0,0,A pointwise a.e. as n→ +∞, (3.4.13)

∇vρn(y) = ∇uρn(x+ ρy) for Ld-a.e. y ∈ Q, (3.4.14)

[vρn](y) =
1

ρ
[uρn](x+ ρy) for Hd−1-a.e. y ∈ Jvρn = (Juρn − x)/ρ. (3.4.15)

Using (3.4.14) and (3.4.15), a change of variables then shows that for all n ∈ N and ρ > 0
we have

E(uρn, Q(x, ρ)) = ρdExρ (vρn, Q), (3.4.16)

where Exρ is the functional given by (3.4.6).
We set R := 2∥ℓ0,0,A∥L∞(Q;Rk) ≤ 2

√
d|A| and Ri := τ i−1R for all i ∈ N. Given N ∈ N, we

may apply Lemma 3.4.2 to the functional Eρx and to vρn. We find in = i(n,N, ρ) ∈ {1, . . . , N}
such that

Exρ (ΦRin
◦ vρn, Q) ≤

(
1 +

C

N

)
Exρ (vρn, Q) + Ld({|vρn| ≥ R}) + C

N
Ld(Q) (3.4.17)

for C > 0 independent of n, ρ, N , A, and L. We remark that by (3.4.13) we have
lim supn→+∞ χ{|vρn|≥R}(y) ≤ χ{|ℓ0,0,A|≥R}(y) for Ld-a.e. y ∈ Q, so that by Fatou’s lemma

lim sup
n→+∞

Ld
(
{|vρn| ≥ R}

)
≤ Ld

(
{|ℓ0,0,A| ≥ R} ∩Q

)
= 0 for all ρ > 0. (3.4.18)

We set wρn := ΦRin
◦ vρn ∈ SBV(Q;Rk). Then, in view of (3.4.13), Lemma 3.4.3 gives

{wρn}n converges to ℓ0,0,A strongly in L1(Q;Rk) as n→ +∞,

{∇wρn}n converges to L weakly in Lp(Q;Rk×d) as n→ +∞,
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so that, for each ρ > 0, the sequence {wρn}n is a competitor for the minimisation problem
in (3.4.8). Therefore,

H̃p(x,A,L) ≤ lim inf
n→+∞

Ex0 (wρn, Q) for all ρ > 0. (3.4.19)

In order to use (3.4.16) we still need to compare Ex0 (w
ρ
n, Q) and Exρ (w

ρ
n, Q). To this end,

we begin by observing that, by the fact that ϑ is nondecreasing, (γ6), (3.4.6), (3.4.17), and
the fact that ∥wρn∥L∞(Q) ≤ τNR, we obtain∣∣∣ ˆ

J
w
ρ
n
∩Q
γ0

(
x+ ρy, [wρn](y), νwρ

n
(y)

)
dHd−1(y)−

ˆ
J
w
ρ
n
∩Q

1

ρ
γ
(
x+ ρy, ρ[wρn](y), νwρ

n
(y)

)
dHd−1(y)

∣∣∣
≤ ϑ

(
τN2Rρ

) ˆ
J
w
ρ
n
∩Q

1

ρ
γ
(
x+ ρy, ρ[wρn](y), νwρ

n
(y)

)
dHd−1(y)

≤ ϑ
(
τN2Rρ

)((
1 +

C

N

)
Exρ (vρn, Q) + Ld({|vρn| ≥ R}) + C

N
Ld(Q)

)
. (3.4.20)

In light of (3.4.12), (3.4.16), and (3.4.18), we have

lim sup
ρ→0+

lim sup
n→+∞

ϑ
(
τN2Rρ

)((
1 +

C

N

)
Exρ (vρn, Q) + Ld({|vρn| ≥ R}) + C

N
Ld(Q)

)
≤ lim sup

ρ→0+
ϑ
(
τN2Rρ

)((
1 +

C

N

)Ip⋆ (ℓx,0,A, L,Q(x, ρ))

ρd
+
C

N
Ld(Q)

)
= 0, (3.4.21)

where in the last equality we have used that ϑ is a continuous function with ϑ(0) = 0, and
that x is such that (3.4.10) holds. Exploiting (3.1.18), (3.4.10), the fact that ∥wρn∥L∞(Q) ≤
τNR, and (γ2) with a similar argument we can prove that

lim sup
ρ→0+

lim sup
n→+∞

∣∣∣ ˆ
J
w
ρ
n
∩Q

γ0
(
x+ ρy,[wρn](y), νwρ

n
(y)

)
dHd−1(y)

−
ˆ
J
w
ρ
n
∩Q

γ0
(
x, [wρn](y), νwρ

n
(y)

)
dHd−1(y)

∣∣∣ = 0.

(3.4.22)

In a similar fashion, using (Ψ5) we can also show that

lim sup
ρ→0+

lim sup
n→+∞

∣∣∣ˆ
Q
Ψ
(
x+ ρy,∇wρn

)
dy −

ˆ
Q
Ψ
(
x,∇wρn

)
dy

∣∣∣ = 0. (3.4.23)

We are now ready to conclude the proof of Step 2. Combining (3.4.10), (3.4.12), and
(3.4.16)–(3.4.23), we obtain

H̃p(x,A,L) ≤ lim sup
ρ→0+

lim sup
n→+∞

Ex0 (wρn, Q) = lim sup
ρ→0+

lim sup
n→+∞

Exρ (wρn, Q)

≤ lim sup
ρ→0+

lim sup
n→+∞

(
1 +

C

N

)
Exρ (vρn, Q) +

C

N
Ld(Q)

≤ lim sup
ρ→0+

(
1 +

C

N

)Ip⋆ (ℓx,0,A, L,Q(x, ρ))

ρd
+
C

N
Ld(Q)

=
(
1 +

C

N

)
fbulk(x,A,L) +

C

N
Ld(Q).
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Letting N → +∞, we obtain the first inequality in (3.4.11).

Step 3. (Bulk: fbulk ≤ Hp) The second inequality in (3.4.11) follows by an argument similar
to the one presented in Step 2. Let η > 0 and let u ∈ Cbulk

p,⋆ (A,L) (see (3.1.21)) be such that
ˆ
Q
Ψ
(
x,∇u(y)

)
dy +

ˆ
Ju∩Q

γ0
(
x, [u](y), νu(y)

)
dHd−1(y) ≤ Hp(x,A,L) + η. (3.4.24)

For every ρ > 0, we consider the function vρ := ρu( ·−xρ ) ∈ SBV(Q(x, ρ);Rk) and observe
that

∇vρ(z) = ∇u( z−xρ ) for Ld-a.e. z ∈ Q(x, ρ), (3.4.25)

[vρ](z) = ρ[u]( z−xρ ) for Hd−1-a.e. z ∈ Jvρ . (3.4.26)

In particular, from (3.4.25) and the fact that u ∈ Cbulk
p,⋆ (A,L) we deduce that vρ = ℓx,0,A

close to ∂Q(x, ρ) and, by a change of variables,
ˆ
Q(x,ρ)

∇vρ dy =

ˆ
Q(x,ρ)

L dy,

so that vρ is a competitor for the minimisation problem m(ℓx,0,A, L,Q(x, ρ)). As such,

m(ℓx,0,A, L,Q(x, ρ)) ≤ E(vρ, Q(x, ρ)). (3.4.27)

Using (3.4.25) and (3.4.26), a change of variables gives

E(vρ, Q(x, ρ)) = ρd
ˆ
Q
Ψ
(
x+ ρy,∇u(y)

)
dy+ ρd−1

ˆ
Ju∩Q

γ
(
x+ ρy, ρ[u](y), νu(y)

)
dHd−1(y).

From (Ψ5), (γ4), and (3.1.14) it follows that∣∣∣ˆ
Q
Ψ
(
x+ ρy,∇u(y)

)
dy − 1

ρ

ˆ
Ju∩Q

γ
(
x+ ρy, ρ[u](y), νu(y)

)
dHd−1(y)

−
ˆ
Q
Ψ
(
x,∇u(y)

)
dy +

1

ρ

ˆ
Ju∩Q

γ
(
x, ρ[u](y), νu(y)

)
dHd−1(y)

∣∣∣
≤ ωΨ(ρ)

ˆ
Q
2CΨ(|∇u|p + 1) dy + ωγ(ρ)

ˆ
Ju∩Q

|[u](y)|dHd−1(y). (3.4.28)

By inequality (γ2) we also get

1

ρ
γ
(
x, ρ[u](y), νu(y)

)
≤ Cγ |[u](y)|

for Hd−1-a.e. y ∈ Ju ∩ Q. Hence, combining (3.4.27) with (3.4.28), dividing by ρd, letting
ρ → 0+, and using (3.1.15), the Dominated Convergence Theorem, and the fact that ωΨ

and ωγ are continuous functions with ωΨ(0) = 0 and ωγ(0) = 0, we get

fbulk(x,A,L) ≤
ˆ
Q
Ψ
(
x,∇u(y)

)
dy +

ˆ
Ju∩Q

γ0
(
x, [u](y), νu(y)

)
dHd−1(y).

Finally, recalling (3.4.24), we conclude fbulk(x,A,L) ≤ Hp(x,A,L)+ η. Letting η → 0+ we
conclude the proof of the second inequality in (3.4.11) and thus of the part of the statement
concerning the bulk energy density.



130 3. Structured deformations

Step 4. (Surface: Auxiliary cell formula) We are left with proving the part of the statement
concerning the surface energy density. The proof can be obtained by arguing similarly
to [76, Theorem 4.5], taking into account some modifications due to the different growth
conditions.

The first step is to define an auxiliary cell formula. For every x ∈ Ω, ζ ∈ Rk, and
ν ∈ Sd−1 we set

h̃p(x, ζ, ν) := inf
{
lim inf
n→+∞

ˆ
Jun∩Qν

γ(x, [un](y), νun(y)) dHd−1(y) : {un}n ⊂ SBV(Qν ;Rk)

un → uζ,ν in L1(Qν ;Rk), ∇un → 0 strongly in Lp(Qν ;Rk×d)
}
,

where we have set uζ,ν := u0,ζ,0,ν (see (3.1.5)). Using arguments very similar to [76, Propo-
sition 4.2], properly taking into account also the ν-dependence (see [149, Remark 3.5, Point
5]), one can show that

h̃p(x, ζ, ν) = hp(x, ζ, ν) for all x ∈ Ω, ζ ∈ Rk, and ν ∈ Sd−1.

Hence, in view of Theorem 3.3.5 and the definition of fsurf (see also Remark 3.1.8), to
conclude, it is sufficient to show that

h̃p(x, ζ, ν) ≤ fsurf(x, ζ, ν) ≤ hp(x, ζ, ν) (3.4.29)

for every x ∈ Ω, ζ ∈ Rk, and ν ∈ Sd−1 such that

fsurf(x, ζ, ν) = lim sup
ρ→0+

m(ux,ζ,0,ν , 0, Qν(x, ρ))

ρd−1

= lim sup
ρ→0+

Ip⋆ (ux,ζ,0,ν , 0, Qν(x, ρ))

ρd−1
< +∞. (3.4.30)

Step 5. (Surface: h̃p ≤ fsurf ≤ hp) Let us fix x ∈ Ω, ζ ∈ Rk, and ν ∈ Sd−1 as above.
Since for any u ∈ Csurf

p,⋆ (ζ, ν) (see (3.1.22)) the function defined by v(y) := u((y − x)/ρ) for
y ∈ Qν(x, ρ) is a competitor for m(ux,ζ,0,ν , 0, Qν(x, ρ)), the first equality in (3.4.30) and a
change of variables prove the second inequality in (3.4.29).

To prove h̃p ≤ fsurf , we argue as follows. For every ρ > 0 we let {uρn}n be a sequence in
SBV(Qν(x, ρ);Rk) such that uρn →

SD⋆

(ux,ζ,0,ν , 0) in Qν(x, ρ) and

lim
n→+∞

E(uρn, Qν(x, ρ)) = Ip⋆ (ux,ζ,0,ν , 0, Qν(x, ρ)). (3.4.31)

We let R := 2|ζ|, N ∈ N, and apply Lemma 3.4.2 to obtain in = i(n,N, ρ) such that, setting
vρn := ΦRin

◦ un ∈ SBV(Qν(x, ρ);Rk), we have

E(vρn, Qν(x, ρ)) ≤
(
1 +

C

N

)
E(uρn, Qν(x, ρ)) + Cρd (3.4.32)

and ∥vρn∥L∞(Qν(x,ρ)) ≤ τNR. Thanks to Lemma 3.4.3, the sequence {vρn}n converges to
ux,ζ,0,ν strongly in L1(Qν(x, ρ);Rk) and {∇vρn}n converges to 0 weakly in Lp(Qν(x, ρ)).
Moreover, from (3.4.30)–(3.4.32) we deduce that

lim sup
ρ→0+

lim sup
n→+∞

1

ρd−1

ˆ
J
v
ρ
n
∩Qν(x,ρ)

γ(y, [vρn](y), νvρn(y)) dH
d−1(y) ≤

(
1 +

C

N

)
fsurf(x, ζ, ν),
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which by (γ2), (γ4), and (3.4.30) implies

lim sup
ρ→0+

lim sup
n→+∞

1

ρd−1

ˆ
J
v
ρ
n
∩Qν(x,ρ)

γ(x, [vρn](y), νvρn(y)) dH
d−1(y) ≤

(
1 +

C

N

)
fsurf(x, ζ, ν).

(3.4.33)

We now consider the functions {wρn}n ⊂ SBV(Qν ;Rk) defined by wρn(y) := vρn(x + ρy)
for y ∈ Qν , such that

∇wρn(y) = ρ∇vρn(x+ ρy) for Ld-a.e. y ∈ Qν ,

[wρn](y) = [vρn](x+ ρy) for Hd−1-a.e. y ∈ Qν ∩ Jwρ
n
= (Jvρn − x)/ρ.

As {vρn}n converges to ux,ζ,0,ν , for every ρ > 0 the sequence {wρn}n converges to uζ,ν strongly
in L1(Qν ;Rk). A change of variables, (Ψ4), and (3.4.30)–(3.4.32) then show that

lim sup
ρ→0+

lim sup
n→+∞

ˆ
Qν

|∇wρn|p dy = lim sup
ρ→0+

lim sup
n→+∞

ρp

ρd

ˆ
Qν(x,ρ)

|∇vρn|p dy

≤ lim sup
ρ→0+

lim sup
n→+∞

ρp−1

cW

(E(vρn, Qν(x, ρ))
ρd−1

+
ρ

cW

)
≤

(
1 +

C

N

)
lim sup
ρ→0+

ρp−1

cW
fsurf(x, ζ, ν) = 0.

Finally, with a diagonal argument we can find sequences {ρℓ}ℓ and {nℓ}ℓ, with ρℓ → 0+

and nℓ → +∞ as ℓ→ +∞, such that the functions defined by zℓ := wρℓnℓ are competitors for
the minimisation problem defining h̃p(x, ζ, ν). Therefore, (3.4.33) and a change of variables
give

h̃p(x, ζ, ν) ≤
(
1 +

C

N

)
fsurf(x, ζ, ν).

Letting N → +∞, we obtain the first inequality in (3.4.29). This concludes the proof.

We now prove Proposition 3.1.15.

Proof of Proposition 3.1.15. The properties concerning the bulk energy density Hp are a
consequence of [31, Theorem 2.10]. It is immediate to check that hp satisfies (γ1)–(γ3),
while (γ4) can be obtained by arguing exactly as in [31, Theorem 2.10].

We now check that hp satisfies (γ5). To this end, we let x ∈ Ω, ζ1, ζ2 ∈ Rk, with
βγ |ζ1| ≤ |ζ2| and ζ2 ̸= 0, and ν ∈ Sd−1. We consider u2 ∈ Csurf

p,⋆ (ζ2, ν) (recall (3.1.22)),
set λ := |ζ1|/|ζ2|, and let R ∈ SO(k) be such that R(λζ2) = ζ1. Then, u1 := λR(u2) ∈
Csurf
p,⋆ (ζ1, ν), and clearly βγ |[u1]| ≤ βγλ|R[u2]| ≤ |[u2]|, where we have used that βγλ ≤ 1.

Since γ satisfies (γ5), this implies

hp(x, ζ1, ν) ≤
ˆ
Ju1∩Qν

γ(x, [u1](y), νu1(y)) dHd−1(y) ≤
ˆ
Ju2∩Qν

γ(x, [u2](y), νu2(y)) dHd−1(y).

From the arbitrariness of u2 ∈ Csurf
p,⋆ (ζ2, ν), we conclude that hp satisfies (γ5).

Proof of Theorem 3.1.16 The rest of the section is devoted to the proof of Theorem
3.1.16. We have already shown in Theorems 3.1.13 and 3.1.14 that the bulk and surface
parts (Ip⋆ )

a and (Ip⋆ )
j admit an integral representation, so that we are left with proving

that (Ip⋆ )
c can be represented as an integral functional, as well (see Definition 3.1.5). This
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is done in three steps, following an argument similar to the one employed in the proof of
Theorem 2.3.16. We first use Lemma 3.4.4 below to deduce that (Ip⋆ )c(g,G, ·) = (Ip⋆ )

c(g, 0, ·)
for all (g,G) ∈ SDp

⋆(Ω;Rk). Then, for δ > 0 we will consider a perturbed functional
Ip,δ⋆ (g,B) defined for g ∈ BV(Ω;Rk) and B ∈ B(Ω) which satisfies all the hypotheses
of [41, Theorem 3.12], and thus admits a complete integral representation, including its
Cantor part. Letting δ → 0+ and using Lemma 3.D.1, we recover an integral representation
for (Ip⋆ )c(g, 0, B) for all g ∈ BV(Ω;Rk), which can then be extended to all g ∈ GBV⋆(Ω;Rk)
by a truncation argument based on Lemma 3.4.5 below.

We now present Lemma 3.4.4, which states that Ip⋆ is locally Lipschitz. Note that both
in this lemma and in Lemma 3.4.5 below we do not assume that Ψ and γ are independent
of the x-variable, a property that will only be used to apply [41, Theorem 3.12] in the proof
of Theorem 3.1.16.

Lemma 3.4.4. Assume that Ψ and γ satisfy (Ψ1),(Ψ2), (Ψ4) and (γ1)–(γ3). Let (g1, G1),
(g2, G2) ∈ SDp

⋆(Ω;Rk). Then for every B ∈ B(Ω) it holds∣∣Ip⋆ (g1, G1, B)− Ip⋆ (g2, G2, B)
∣∣ ≤ CγV(g1 − g2, B)

+ C∥G1 −G2∥pLp(B) + ĈC∥G1 −G2∥Lp(B), (3.4.34)

where Ĉ ≥ 0 is given by

Ĉ := Ip⋆ (g1, G1, B)(p−1)/p + Ip⋆ (g2, G2, B)(p−1)/p + (Ld(B))(p−1)/p (3.4.35)

and C > 0 is a constant depending only on cΨ, CΨ, Cγ, p, and d.

Proof. As Ip⋆ ∈ Fp⋆, in view of (3.1.13), it is enough to prove (3.4.34) for a fixed O ∈ O(Ω).
Arguing by symmetry, it is enough to show that

Ip⋆ (g1, G1, O) ≤ Ip⋆ (g2, G2, O) + CγV(g1 − g2, O) + C∥G1 −G2∥pLp(O)

+ C
(
Ip⋆ (g2, G2, O)(p−1)/p + (Ld(O))(p−1)/p

)
∥G1 −G2∥Lp(O) (3.4.36)

for C > 0 depending only on cΨ, CΨ, Cγ , p, and d.
We consider a sequence of functions {un}n ⊂ SBV(O;Rk) with un →

SD⋆

(g2, G2) in O and

lim
n→+∞

E(un, O) = Ip⋆ (g2, G2, O). (3.4.37)

We use Alberti’s Theorem 3.2.5 to find h ∈ SBV(O;Rk) such that ∇h = G1−G2 Ld-a.e. in
O. We then apply Lemma 3.2.3 (see Remark 3.2.4) to g1 − g2 − h and obtain a sequence of
piecewise constant functions {hn}n ⊂ SBV(O;Rk) converging to g1 − g2 − h in L0(O;Rk)
and such that

lim
n→+∞

V(hn, O) = V(g1 − g2 − h,O) ≤ V(g1 − g2, O) + (C(d) + 1)∥G1 −G2∥L1(O), (3.4.38)

where C(d) is the constant of Theorem 3.2.5. We set vn := un + h + hn and observe
that vn → g1 in L0(O;Rk) and ∇vn ⇀ G1 weakly in Lp(O;Rk×d) as n → +∞, so that
vn →

SD⋆

(g1, G1) in O. In particular,

Ip⋆ (g1, G1, O) ≤ lim inf
n→+∞

E(vn, O). (3.4.39)
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As Jvn ⊂ Jun ∪ Jhn ∪ Jh for every n ∈ N, we can choose an orientation for the normals such
that, for every n ∈ N,

[vn] = [un] + [hn] + [h] Hd−1-a.e. on (Jun ∪ Jhn ∪ Jh) ∩O.

By the previous observations, using also (Ψ2), (γ2), (γ3), the fact that ∇h = G1 − G2

Ld-a.e. in O, and Hölder’s inequality we get

E(vn, O) =

ˆ
O
Ψ(x,∇un +∇h) dx+

ˆ
Jvn∩O

γ(x, [vn], νvn) dHd−1

≤
ˆ
O
Ψ(x,∇un) dx+ CΨ

ˆ
O
|∇h|(1 + |∇un +∇h|p−1 + |∇un|p−1) dx

+

ˆ
Jun∩O

γ(x, [un], νvn) dHd−1 +

ˆ
Jhn∩O

γ(x, [hn], νhn) dHd−1

+

ˆ
Jh∩O

γ(x, [h], νh) dHd−1

≤
ˆ
O
Ψ(x,∇un) dx+

ˆ
Jun∩O

γ(x, [un], νun) dHd−1 + CγV(hn, O)

+ C
(
∥G1 −G2∥pLp(O) + ∥G1 −G2∥L1(O)

)
+ C∥∇un∥p−1

Lp(O)∥G1 −G2∥Lp(O)

(3.4.40)

for C > 0 depending only on cΨ, CΨ, Cγ , and p. In light of (Ψ4) and (3.4.37), we have

∥∇un∥p−1
Lp(O) ≤

( 1

cΨ

ˆ
O

(
Ψ(x,∇un) +

1

cΨ

)
dx

)(p−1)/p

≤ 2
( 1

cΨ

)(p−1)/p
Ip⋆ (g2, G2, O)(p−1)/p +

( 1

c2Ψ

)(p−1)/p
(Ld(O))(p−1)/p

for every n ∈ N large enough. Hence, in view of (3.4.37), (3.4.38), (3.4.40), and Hölder’s
inequality we deduce

lim inf
n→+∞

E(vn, O) ≤ Ip⋆ (g2, G2, O) + CγV(g1 − g2, O) + C∥G1 −G2∥pLp(O)

+ C
(
Ip⋆ (g2, G2, O)(p−1)/p + (Ld(O))(p−1)/p

)
∥G1 −G2∥Lp(O)

for a different constant C > 0, depending only on cΨ, CΨ, Cγ , p, and d. By (3.4.39), this
leads to (3.4.36), which concludes the proof.

We now study truncation properties of Ip⋆ (·, 0, ·).

Lemma 3.4.5. Let p > 1 and assume that Ψ and γ satisfy (Ψ1)–(Ψ4) and (γ1),(γ2), and
(γ5). Then for every N ∈ N, g ∈ GBV⋆(Ω;Rk), B ∈ B(Ω), and R > 0 it holds

1

N

N∑
i=1

Ip⋆
(
ΦRi ◦ g, 0, B

)
≤

(
1 +

C

N

)
Ip⋆ (g, 0, B)

+ CLd
(
{x ∈ B : |g(x)| ≥ R}

)
+
C

N
Ld(B) (3.4.41)

for C > 0 depending only on cΨ, CΨ, βγ , cγ , Cγ , and p, where we have set Ri := τ i−1R.



134 3. Structured deformations

Moreover, for every g ∈ GBV⋆(Ω;Rk), B ∈ B(Ω), and every sequence {RN}N ⊂
(0,+∞), with RN → +∞ as N → +∞, it holds

lim
N→+∞

1

N

N∑
i=1

(Ip⋆ )
c(Φτ i−1RN

◦ g, 0, B) = (Ip⋆ )
c(g, 0, B). (3.4.42)

Proof. As Ip⋆ ∈ Fp⋆, in view of (3.1.13), it is enough to prove (3.4.41) and (3.4.42) for
all O ∈ O(Ω). Let us fix N ∈ N, g ∈ GBV⋆(Ω;Rk), R > 0, and O ∈ O(Ω). We let
{un}n ⊂ SBV(O;Rk) be a sequence with un →

SD⋆

(g, 0) in O such that

lim
n→+∞

E(un, O) = Ip⋆ (g, 0, O). (3.4.43)

We set vin := ΦRi ◦ un and vi := ΦRi ◦ g. An application of Lemma 3.4.3 yields

vin →
SD⋆

(vi, 0) in O as n→ +∞ (3.4.44)

for all i ∈ {1, . . . , N}. Thanks to Lemma 3.4.2, there exists C > 0, depending only on
cΨ, CΨ, βγ , cγ , Cγ , such that

1

N

N∑
i=1

E(vin, O) ≤
(
1 +

C

N

)
E(un, O) + CLd({x ∈ O : |un(x)| ≥ R}) + C

N
Ld(O)

for every n ∈ N. In light of (3.4.43) and of the convergence un to g in L0(O;Rk), this implies

1

N

N∑
i=1

lim inf
n→+∞

E(vin, O) ≤
(
1 +

C

N

)
Ip⋆ (g, 0, O) + CLd({x ∈ O : |g(x)| ≥ R}) + C

N
Ld(O).

Combining this inequality with (3.4.44), by definition (3.1.12) of Ip⋆ we infer (3.4.41). The
proof of (3.4.42) can be obtained by arguing exactly as in Lemma 2.3.2.

We are finally ready to prove Theorem 3.1.16.

Proof of Theorem 3.1.16. As we have already characterised the bulk and surface parts of
Ip⋆ in Theorem 3.1.14, we are left with proving that (recall Definition 3.1.5)

(Ip⋆ )
c(g,G,B) =

ˆ
B
H∞
p

( dDcg

d|Dcg|
, 0
)
d|Dcg| (3.4.45)

for all (g,G) ∈ SDp
⋆(Ω;Rk) and B ∈ B(Ω).

Step 1. (Replacement of G by 0) We first show that

(Ip⋆ )
c(g,G,B) = (Ip⋆ )

c(g, 0, B) (3.4.46)

for all (g,G) ∈ SDp
⋆(Ω;Rk) and B ∈ B(Ω). Equivalently, we prove that for all (g,G) ∈

SDp
⋆(Ω;Rk) it holds

dIp⋆ (g,G, ·)
d|Dcg|

(x) =
dIp⋆ (g, 0, ·)
d|Dcg|

(x) for |Dcg|-a.e. x ∈ Ω. (3.4.47)
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To prove this, for every x ∈ Ω and ρ > 0 we use Lemma 3.4.4 with g1 = g2 = g and
B = B(x, ρ) to obtain

Ip⋆ (g, 0, B(x, ρ))

|Dcg|(B(x, ρ))
≤ Ip⋆ (g,G,B(x, ρ))

|Dcg|(B(x, ρ))
+

C

|Dcg|(B(x, ρ))

(
∥G∥pLp(B(x,ρ)) + Ĉ∥G∥Lp(B(x,ρ))

)
,

where Ĉ is given by (3.4.35). By the Besicovitch Derivation Theorem this proves that

dIp⋆ (g, 0, ·)
d|Dcg|

(x) ≤ dIp⋆ (g,G, ·)
d|Dcg|

(x) for |Dcg|-a.e. x ∈ Ω.

The reverse inequality is obtained in the exact same way. This concludes the proof of
(3.4.47) and thus of (3.4.46).

Step 2. (Perturbative argument) For δ > 0, consider the functional Ip,δ⋆ : BV(Ω;Rk) ×
B(Ω) → [0,+∞) defined by

Ip,δ⋆ (g,B) := Ip⋆ (g, 0, B) + δ

ˆ
Jg∩B

|[g]|dHd−1 for all g ∈ BV(Ω;Rk) and B ∈ B(Ω).

Since Ip⋆ ∈ Fp⋆ and Ip⋆ satisfies the invariance property (3.1.25), the functional Ip,δ⋆ satisfies
all hypotheses of Theorem 1.5.1. Hence, there exist functions f δbulk : Rk×d → [0,+∞) and
f δsurf : Rk × Sd−1 → [0,+∞) such that

Ip,δ⋆ (g,B) =

ˆ
B
f δbulk(∇g) dx+

ˆ
B
f δ,∞bulk

( dDcg

d|Dcg|

)
d|Dcg|+

ˆ
Jg∩B

f δsurf([g], νg) dHd−1

(3.4.48)
for all g ∈ BV(Ω;Rk) and B ∈ B(Ω). It is elementary to see that f δbulk = Hp by Theo-
rem 3.1.14, and thus, in view of Proposition 3.1.15, we have f δbulk(A) ≤ CH(|A| + 1) for
all A ∈ Rk×d. Similarly, as hp satisfies (γ2), it holds that f δsurf(ζ, ν) ≤ (Cγ + δ)|ζ| for all
ζ ∈ Rk and ν ∈ Sd−1. Moreover, one can check that f δsurf and f δbulk are nondecreasing in δ,
and that the same property holds for A 7→ f δ,∞bulk(A) when A is a rank-one matrix with unit
norm. Thus, we may define

f̂bulk(A) = lim
δ→0+

f δbulk(A) = inf
δ>0

f δbulk(A) for all A ∈ Rk×d,

f̂Cantor(A) := lim
δ→0+

f δ,∞bulk(A) = inf
δ>0

f δ,∞bulk(A) for all A ∈ Rk×d with rank 1 and |A| = 1,

f̂surf(ζ, ν) := lim
δ→0+

f δsurf(ζ, ν) = inf
δ>0

f δsurf(ζ, ν) for all ζ ∈ Rk and ν ∈ Sd−1.

The function f̂Cantor is extended by 1-homogeneity to all rank-one matrices. Together with
(3.4.48), the Monotone Convergence Theorem then implies that

Ip⋆ (g, 0, B) =

ˆ
B
f̂bulk(∇g) dx+

ˆ
B
f̂Cantor

( dDcg

d|Dcg|

)
d|Dcg|+

ˆ
Jg∩B

f̂surf([g], νg) dHd−1

for all g ∈ BV(Ω;Rk) and B ∈ B(Ω). Thus, by Theorem 3.1.14, we obtain

f̂bulk(A) = Hp(A, 0) and f̂surf(ζ, ν) = hp(ζ, ν)

for all A ∈ Rk×d, ζ ∈ Rk, and ν ∈ Sd−1.
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Then, we observe that the corresponding bounds for f δbulk and f δsurf also give that
f̂bulk(A) ≤ CH(|A| + 1) for all A ∈ Rk×d and that f̂surf(ζ, ν) ≤ Cγ |ζ| for all ζ ∈ Rk
and ν ∈ Sd−1. Since the functional g 7→ Ip⋆ (g, 0, O) is L1(Ω;Rk)-lower semicontinuous on
BV(Ω;Rk) for all O ∈ O(Ω), by Lemma 3.D.1 we then deduce that

H∞
p (A, 0) = f̂Cantor(A)

for all rank-one matrices A ∈ Rk×d and

Ip⋆ (g, 0, B) =

ˆ
B
Hp(∇g, 0) dx+

ˆ
B
H∞
p

( dDcg

d|Dcg|
, 0
)
d|Dcg|+

ˆ
Jg∩B

hp([g], νg) dHd−1

for all g ∈ BV(Ω;Rk) and B ∈ B(Ω). In light of (3.4.46), this shows that (3.4.45) holds
whenever (g,G) ∈ SDp

⋆(Ω;Rk), with g ∈ BV(Ω;Rk).

Step 3. (Conclusion) We now deal with the general case g ∈ GBV⋆(Ω;Rk). Although the
arguments used here follow closely the lines of the last part of the proof of Theorem 2.3.16
(see also [100, Theorem 6.7]), for the sake of completeness, we give here a full proof. For
every R > 0 we consider the set Ω̃Rg := {x ∈ Ω: g̃(x) exists and |g̃(x)| ≤ R} . We claim
that it is enough to prove (3.4.45) for every B ∈ B(Ω) for which there exists R > 0 such that
B ⊂ Ω̃Rg . Indeed, by Proposition 1.3.21 we have that Ω̃Rg ↗ Ωreg := {x ∈ Ω: g̃(x) exists}
and |Dcg|(Ω\Ωreg) = 0. Hence, every B ∈ B(Ω) can be written, up to a |Dcg|-negligible set,
as the increasing union of Borel sets each contained in Ω̃Rn

g , for some sequence Rn → +∞.
This proves the claim.

Let us fix R > 0, a Borel set B ⊂ Ω̃Rg , and a sequence {RN}N with RN → +∞ and
RN > R. Thanks to Lemma 3.4.5, we have

lim
N→+∞

1

N

N∑
i=1

(Ip⋆ )
c(viN , 0, B) = (Ip⋆ )

c(g, 0, B), (3.4.49)

where we have set viN := Φτ i−1RN
◦ g. Since viN ∈ BV(Ω;Rk) for all i ∈ {1, . . . , N} and

N ∈ N, the integral representation (3.4.45) in BV(Ω;Rk) can be applied, and thus

(Ip⋆ )
c(viN , 0, B) =

ˆ
B
H∞
p

( dDcviN
d|DcviN |

, 0
)
d|DcviN | (3.4.50)

for every i ∈ {1, . . . , N} and N ∈ N. As we assumed that B ⊂ Ω̃Rg and RN > R, we have
B ⊂ Ω̃RN

g . Thus, from (ii) of Proposition 1.3.21 we get

dDcviN
d|DcviN |

=
dDcg

d|Dcg|
|Dcg|-a.e. in B,

|DcviN | = |Dcg| as Borel measures on B,

for every i ∈ {1, . . . , N} and N ∈ N. Together with (3.4.46), (3.4.49), and (3.4.50), these
equalities give (3.4.45). This concludes the proof.
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Appendix to Chapter 3

In this appendix, we collect some auxiliary results that have been used throughout the
Chapter. In Section 3.A, relying on the slicing properties of GBV⋆-functions developed in
Section 1.3, we prove a lemma which is crucial for the Fundamental Estimate of Lemma
3.3.1. We then provide in Section 3.B a suitable extension of the Poincaré inequality of
De Giorgi, Carriero, & Leaci to the setting of generalised functions of bounded variation.
This inequality is then employed in Section 3.C to analyse the blow-ups of functions of
generalised bounded variation. We conclude with Section 3.D, where a well-known fact
about lower semicontinuous integral functionals is presented.

3.A Slicing of generalised functions of bounded variation

The following result, which is used in the proof of the Fundamental Estimate above
(see Lemma 3.3.1) shows that the product of a smooth function φ with a function u ∈
GBV⋆(Ω;Rk) still belongs to GBV⋆(Ω;Rk), provided that u satisfies some additional inte-
grability conditions.

Lemma 3.A.1. Suppose that Ω has Lipschitz boundary. Let φ ∈ C1
c (Ω; [0, 1]) and let

u ∈ GBV⋆(Ω;Rk). Assume that u ∈ L1(K;Rk), where we set K := {y ∈ Ω: 0 < φ < 1}.
Then, v := φu ∈ GBV⋆(Ω;Rk) and

∇v = u⊗∇φ+ φ∇u Ld-a.e. in Ω, (3.A.1)
Dcv = φDcu as Borel measures on Ω, (3.A.2)

Jv ⊂ Ju up to an Hd−1-negligible set and [v] = φ[u] Hd−1-a.e. in Jv. (3.A.3)

Proof. Let us fix ξ ∈ Sd−1. In view of Remark 1.3.29, we have uξy ∈ BV(Ωξy) for Hd−1-
a.e. y ∈ πξ(Ω). By the Leibniz rule for one-dimensional BV-functions we then have that
vξy ∈ BV(Ωξy) and

∇vξy = φξy∇uξy + (∇φξy)uξy L1-a.e. in Ωξy, (3.A.4)

Dcvξy = φξyD
cuξy as Borel measures on Ωξy, (3.A.5)

J
vξy

= J
uξy

∩ {t ∈ Ωξy : φ
ξ
y(t) ̸= 0} and (vξy)

± = φξy(u
ξ
y)

± on J
uξy

(3.A.6)

for Hd−1-a.e. y ∈ πξ(Ω). In particular, from the previous equality and the fact that 0 ≤
φ ≤ 1, it follows that

|[vξy]| ≤ |[uξy]| on J
uξy

and J1
vξy

⊂ J1
uξy

for Hd−1-a.e. y ∈ πξ(Ω). This inclusion then implies
ˆ
πξ(Ω)

|Dvξy|(Jvξy \ J
1
vξy
) dHd−1(y) ≤

ˆ
πξ(Ω)

(
|Duξy|(Juξy \ J

1
uξy
) +H0(J1

uξy
\ J1

vξy
)
)
dHd−1(y) < +∞,

(3.A.7)ˆ
πξ(Ω)

H0(J1
vξy
) dHd−1(y) ≤

ˆ
πξ(Ω)

H0(J1
uξy
) dHd−1(y) < +∞. (3.A.8)
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In view of Proposition 1.3.28, we get that v satisfies (1.3.44). Then, by the fact that
u ∈ L1(K;Rk) and Fubini’s Theorem we find
ˆ
πξ(Ω)

(ˆ
Ωξ

y

|φξy∇uξy| dt
)
dHd−1(y) ≤

ˆ
πξ(Ω)

(ˆ
Ωξ

y

|∇uξy |dt
)
dHd−1(y) < +∞, (3.A.9)

ˆ
πξ(Ω)

( ˆ
Ωξ

y

|(∇φξy)uξy| dt
)
dHd−1(y) ≤ ∥∇φ∥L∞(Ω)

ˆ
πξ(Ω)

(ˆ
Kξ

y

|uξy| dt
)
dHd−1(y) < +∞,

(3.A.10)ˆ
πξ(Ω)

(ˆ
Ωξ

y

|φξy| d|Dcuξy|
)
dHd−1(y) ≤

ˆ
πξ(Ω)

|Dcuξy|(Ωξy) dHd−1(y) < +∞. (3.A.11)

Recalling (3.A.4) and (3.A.5), combining (3.A.7)–(3.A.11), we conclude that
ˆ
πξ(Ω)

(
|Dvξy|(Ωξy \ J1

vξy
) +H0(Ωξy ∩ J1

vξy
)
)
dHd−1(y) < +∞.

As ξ ∈ Sd−1 was arbitrary, Proposition 1.3.28 ensures that v ∈ GBV⋆(Ω;Rk) ∩ L1(K;Rk).
Equation (3.A.3) follows immediately from (1.3.15) and (3.A.6). To prove (3.A.1), it is

enough to combine (b) of Proposition 1.3.12 and (3.A.4). As for (3.A.2), we note that by
(1.3.34) applied for v in place of u, (3.A.5), and Lemma 1.3.30 we have

Dcv(B)ξ =

ˆ
πξ(Ω)

Dcvξy(B
ξ
y) dHd−1(y) =

ˆ
πξ(Ω)

(ˆ
Bξ

y

φξy dD
cuξy

)
dHd−1(y) =

(ˆ
B
φ dDcu

)
ξ

for every ξ ∈ Sd−1 and every Borel set B ⊂ Ω. Since the previous equality implies (3.A.2),
the proof is complete.

3.B Poincaré inequality for functions with small jump set

This section is devoted to a Poincaré-type inequality for functions in GBV⋆(Ω;Rk), which
will be a key tool for a series of results that we will present in Section 3.C of this appendix.
It is also employed in the proof of Lemma 3.3.4. The inequality is visibly reminiscent of
the one proved by De Giorgi, Carriero, & Leaci [104, Theorem 3.1] for functions in SBV(Ω)
with small jump set. Indeed, our proof follows closely the argument they devised.

We begin by setting some notation. Throughout this section, we make the further
assumption that d ≥ 2 and Ω ⊂ Rd is connected with Lipschitz boundary. Given u ∈
GBV⋆(Ω), we define

u⋆(s,Ω) := inf
{
t ∈ [−∞,+∞] : Ld({u < t}) ≥ s

}
(3.B.1)

for all s ∈ (0,Ld(Ω)). We say that m ∈ R is a median of u on Ω if

Ld({u < t}) ≤ Ld(Ω)/2 for all t < m,

Ld({u > t}) ≤ Ld(Ω)/2 for all t > m. (3.B.2)

It follows immediately from (3.B.1) that u⋆(Ld(Ω)/2,Ω) is a median of u on Ω. In the
vector-valued case u ∈ GBV⋆(Ω;Rk) with k > 1, we say that a vector m ∈ Rk is a median
of u on Ω if mi is a median of ui on Ω for all i ∈ {1, . . . , k}. For future use, we report here
the statement of the classical relative isoperimetric inequality (see, for instance, [18, (3.43)]).
Recall (3.3.1).
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Proposition 3.B.1. There exists a constant γ = γ(Ω) > 0 such that for every ρ > 0, every
x ∈ Rd, and every set E ⊂ Rd with Eρ,x ⊂ Ωρ,x having finite perimeter in Ωρ,x it holds

min
{
Ld(Eρ,x ∩ Ωρ,x),Ld(Ωρ,x \ Eρ,x)

}
≤

(
γHd−1

(
∂∗Eρ,x ∩ Ωρ,x

))d/(d−1)
.

Remark 3.B.2. The isoperimetric constant γ = γ(Ω) can be taken to be the same as the one
in the Sobolev Embedding Theorem for functions of bounded variation. In particular, the
following property holds: let I ⊂ R be a family of indices, and let {Ωi}i∈I be a collection of
domains with the property that for each i1, i2 ∈ I there exists a bi-Lipschitz homeomorphism
φi1,i2 from Ωi1 onto Ωi2 such that, denoting with Li1,i2 the Lipschitz constant of φi1,i2 , it
holds supi1,i2 Li1,i2 < +∞. Then it is possible to choose a positive constant γ = γ({Ωi}i∈I),
independent of i ∈ I, for which Proposition 3.B.1 holds true for every i ∈ I.

In the following, γ = γ(Ω) > 0 always denotes the constant of Proposition 3.B.1. We
will often assume that the function u ∈ GBV⋆(Ω;Rk) under consideration satisfies

(
2γHd−1(Jru ∩ Ω)

)d/(d−1) ≤ Ld(Ω)
2

(3.B.3)

for some r ≥ 0. When (3.B.3) is satisfied, we define the vectors τ ′(u,Ω, r), τ ′′(u,Ω, r) ∈ Rk
by setting

τ ′i(u,Ω, r) := (ui)⋆
(
(2γHd−1(Jrui ∩ Ω))d/(d−1),Ω

)
,

τ ′′i (u,Ω, r) := (ui)⋆
(
Ld(Ω)− (2γHd−1(Jrui ∩ Ω))d/(d−1),Ω

) (3.B.4)

for all i ∈ {1, . . . , k}. For brevity of notation, if r = 0, we write τ ′(u,Ω) and τ ′′(u,Ω) in
place of τ ′(u,Ω, r) and τ ′′(u,Ω, r). Observe that, if mi is a median of ui, then it holds

τ ′i(u,Ω, r) ≤ mi ≤ τ ′′i (u,Ω, r). (3.B.5)

We now present a Poincaré inequality for functions in GBV⋆(Ω;Rk) with a small set of large
jumps, whose proof follows closely that of [104, Theorem 3.1] (see also [18, Theorem 4.14]).

Theorem 3.B.3. There exists a constant CPoin = CPoin(Ω, k) > 0 such that, for every
r ≥ 0 and u ∈ GBV⋆(Ω;Rk) satisfying (3.B.3), denoting by ur ∈ BV(Ω;Rk) the function
ur :=

(
u ∨ τ ′(u,Ω, r)

)
∧ τ ′′(u,Ω, r), it holds

|Dur|(Ω) ≤ 2(r ∨ 1)V(u,Ω \ Jru), (3.B.6)
∥ur −m∥Ld/(d−1)(Ω) ≤ CPoin(r ∨ 1)V(u,Ω \ Jru), (3.B.7)

for any median m ∈ Rk of u on Ω. Moreover, we have

Ld({ur ̸= u}) ≤ CPoinHd−1(Jru ∩ Ω)d/(d−1). (3.B.8)

Proof. Since the proof of the result in the general case k > 1 follows immediately from the
case k = 1, we may assume u to be scalar-valued. Let r ≥ 0 and u ∈ GBV⋆(Ω) be as in the
statement. For simplicity of notation, throughout the proof we write τ ′ and τ ′′ in place of
τ ′(u,Ω, r) and τ ′′(u,Ω, r). Without loss of generality, we also assume that m = 0, which by
(3.B.5) implies τ ′ ≤ 0 and τ ′′ ≥ 0.

Inequality (3.B.8) is a simple consequence of the fact that

{ur ̸= u} = {u < τ ′} ∪ {u > τ ′′}
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and the definition (3.B.4) of τ ′ and τ ′′. We now come to the proof of (3.B.6) and (3.B.7).
We begin by observing that, thanks to Remark 1.3.17, ur belongs to BV(Ω), and by the
same remark we have

|Dur|(Ω) ≤ (r ∨ 1)V(u,Ω \ Jru) + (τ ′′ − τ ′)Hd−1(Jru ∩ Ω). (3.B.9)

As τ ′ ≤ ur ≤ τ ′′ and ur = u on {τ ′ ≤ u ≤ τ ′′}, by the Coarea Formula we get

|Dur|(Ω) =
ˆ τ ′′

τ ′
Hd−1(∂∗{u ≥ t} ∩ Ω) dt. (3.B.10)

By Proposition 3.B.1 applied with ρ = 1 and x = 0, we can estimate from below the
right-hand side of the previous equality by

ˆ τ ′′

τ ′
Hd−1(∂∗{u ≥ t} ∩ Ω) dt ≥

1

γ

( ˆ 0

τ ′
Ld({u < t})(d−1)/d dt+

ˆ τ ′′

0
Ld({u ≥ t})(d−1)/d dt

)
. (3.B.11)

From the definitions of τ ′ and τ ′′ in (3.B.4) it follows that

Ld({u < t})(d−1)/d ≥ 2γHd−1(Jru ∩ Ω) for all t ∈ (τ ′, 0),

Ld({u ≥ t})(d−1)/d ≥ 2γHd−1(Jru ∩ Ω) for all t ∈ (0, τ ′′),

which, combined with (3.B.10) and (3.B.11), yield

2(τ ′′ − τ ′)Hd−1(Jru ∩ Ω) ≤ |Dur|(Ω).

In light of (3.B.9), this inequality also implies

(τ ′′ − τ ′)Hd−1(Jru ∩ Ω) ≤ (r ∨ 1)V(u,Ω \ Jru),

which in turn gives (3.B.6). As we assumed Ω to be connected with Lipschitz boundary, the
Poincaré-type inequality (3.B.7) then follows from (3.B.6) by applying to ur the classical
Poincaré-Sobolev inequality for functions of bounded variation, see, for instance, [18, The-
orem 3.51].

Remark 3.B.4. When r = 0 and u ∈ SBV(Ω;Rk), the previous result reduces exactly
to the Poincaré inequality of De Giorgi, Carriero, & Leaci [104, Theorem 3.1]. If u ∈
GBV⋆(Ω;Rk) and Hd−1(Jru) = 0 for some r ≥ 0, then u ∈ BV(Ω;Rk) and (by convention)
τ ′i(u,Ω, r) = −∞ and τ ′′i (u,Ω, r) = +∞, so that (3.B.7) reduces to the usual Poincaré
inequality for functions of bounded variation.

Remark 3.B.5. Inspecting the proof of Theorem 3.B.3, it is clear that the constant CPoin

depends on Ω only via the isoperimetric constant γ = γ(Ω). In particular, letting I be a
family of indices and {Ωi}i∈I be a collection of domains as in Remark 3.B.2, it is possible to
choose a uniform constant CPoin for which the conclusions of Theorem 3.B.3 hold for every
i ∈ I.
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Remark 3.B.6. Let ρ > 0 and x ∈ Rd, and consider the set Ωρ,x given by (3.3.1). By
Hölder’s inequality and a scaling argument it can be shown that for each u ∈ GBV⋆(Ωρ,x;Rk)
satisfying the hypotheses of Theorem 3.B.3 we have

∥ur −m∥L1(Ωρ,x) ≤ ρCPoin(r ∨ 1)V(u,Ωρ,x \ Jru),

where CPoin is the constant corresponding to ρ = 1.

As a simple consequence of the previous result, we show that, when u satisfies zero
boundary conditions, the Poincaré-type inequality (3.B.7) holds with m = 0 for the original
function, at the expense of removing a set ω of small Lebesgue measure.

Corollary 3.B.7. Let Ω ⊂ Rd be a bounded Lipschitz domain. Then there exists a constant
C̄Poin = C̄Poin(Ω, k) > 0 such that for all r ≥ 0 and u ∈ GBV⋆(Ω;Rk), with u = 0 on ∂Ω,
there is a Borel set ω ⊂ Ω, with

Ld(ω) ≤ C̄PoinHd−1(Jru)
d/(d−1),

such that
∥u∥Ld/(d−1)(Ω\ω) ≤ C̄Poin(r ∨ 1)V(u,Ω \ Jru). (3.B.12)

Proof. Let r ≥ 0, let u ∈ GBV⋆(Ω;Rk), and let Ω′ be a bounded Lipschitz domain with
Ω ⊂⊂ Ω′. Since u = 0 on ∂Ω, we can extend (without relabelling) u to a function u ∈
GBV⋆(Ω

′;Rk) by setting u = 0 on Ω′ \ Ω. Moreover, it is not restrictive to assume that

Hd−1(Jru)
d/(d−1) ≤ Ld(Ω′ \ Ω)

2CPoin
, (3.B.13)

where CPoin = CPoin(Ω
′, k) is the positive constant of Theorem 3.B.3. Indeed, if (3.B.13) is

not satisfied, it is enough to set ω = Ω and choose C̄Poin large enough. By possibly choosing
a smaller Ω′, we may also assume that

Hd−1(Jru)
d/(d−1) ≤ Ld(Ω′ \ Ω)

2CPoin
≤ 1

(2γ)d/(d−1)

Ld(Ω′)

2
.

In view of this inequality, u satisfies (3.B.3), so that we can apply Theorem 3.B.3 to u on
Ω′. We obtain a vector m ∈ Rk and a Borel set ω := {u ̸= ur} ⊂ Ω′ such that

∥u−m∥Ld/(d−1)(Ω′\ω) ≤ CPoin(r ∨ 1)V(u,Ω \ Jru) (3.B.14)

and

Ld(ω) ≤ CPoinHd−1(Jru)
d/(d−1) ≤ Ld(Ω′ \ Ω)

2
, (3.B.15)

where in the second inequality we have used (3.B.13). Next, we note that, since u = 0 on
Ω′ \ Ω, from (3.B.14) it follows that

|m| ≤ CPoin

Ld(Ω′ \ (Ω ∪ ω))

(d−1)/d

(r ∨ 1)V(u,Ω \ Jru).

Clearly, Ld(Ω′ \ (Ω ∪ ω)) ≥ Ld(Ω′ \ Ω) − Ld(ω), so that by (3.B.15) this implies that
Ld(Ω′ \ (Ω ∪ ω)) ≥ Ld(Ω′ \ Ω)/2. Hence,

|m| ≤ 2(d−1)/dCPoin

Ld(Ω′ \ Ω)(d−1)/d
(r ∨ 1)V(u,Ω \ Jru).

This shows that (3.B.12) holds for a suitable choice of C̄Poin.
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Remark 3.B.8. Let ρ > 0 and x ∈ Rd, and consider the set Ωρ,x given by (3.3.1). By
Hölder’s inequality and a scaling argument, it can be shown that for each u ∈ GBV⋆(Ωρ,x;Rk),
with u = 0 on ∂Ωρ,x, we can find ω ⊂ Ωρ,x such that

Ld(ω) ≤ C̄PoinHd−1(Jru ∩Ωρ,x)
d/(d−1) and ∥u∥L1(Ωρ,x\ω) ≤ ρC̄Poin(r ∨ 1)V(u,Ωρ,x \ Jru),

where the constant C̄Poin is the one obtained for ρ = 1.

We conclude the section by presenting a last consequence of the Poincaré-type inequality
in Theorem 3.B.3, namely a compactness result for sequences {un}n with vanishing set
of large jumps. Here and in the rest of the work, given a function u : Ω → Rk, we let
med(u,Ω) ∈ Rk be the vector whose i-th component is given by (ui)⋆(Ld(Ω)/2,Ω), which
we recall is a median of u on Ω.

Corollary 3.B.9. Let r ≥ 0 and let {un}n ⊂ GBV⋆(Ω;Rk) be a sequence such that

sup
n∈N

V(un,Ω \ Jrun) < +∞ and lim
n→+∞

Hd−1(Jrun ∩ Ω) = 0. (3.B.16)

Let un be the function given by
(
(un) ∨ τ ′(un,Ω, r)

)
∧ τ ′′(un,Ω, r). Then the sequence

{un −med(un,Ω)}n is uniformly bounded in BV(Ω;Rk) and there exist a subsequence, not
relabelled, and a function u ∈ BV(Ω;Rk) such that

{un −med(un,Ω)}n converges to u strongly in L1(Ω;Rk) as n→ +∞, (3.B.17)

{un −med(un,Ω)}n converges to u in L0(Ω;Rk) as n→ +∞. (3.B.18)

Proof. Thanks to the equality in (3.B.16), we may invoke Theorem 3.B.3 to find that, for
n large enough, the function un belongs to BV(Ω;Rk) and satisfies

|Dun|(Ω) ≤ 2(r ∨ 1)V(un,Ω \ Jrun),
∥un −med(un,Ω)∥Ld/(d−1)(Ω) ≤ CPoin(r ∨ 1)V(un,Ω \ Jrun).

In light of the inequality in (3.B.16), we deduce that {un − med(un,Ω)}n is uniformly
bounded in BV(Ω;Rk). Hence, there exist a subsequence, not relabelled, and a function
u ∈ BV(Ω;Rk) such that (3.B.17) holds. By (3.B.8) applied to un and (3.B.16)–(3.B.17) we
finally get (3.B.18).

3.C Blow-ups of GBV⋆(Ω;Rk)-functions

In this section, we analyse properties of blow-ups of functions in GBV⋆(Ω;Rk) around a
point x ∈ Ω. The key tool for this analysis will be the Poincaré-type inequality introduced
in the previous section. We carry out this study in two distinct cases: first when x is a
point of approximate differentiability of u, and then when x is a jump point of u. In both
cases, we will show that it is always possible to find modifications of the function u which
are close in measure to u, but that behave better in the blow-up limit. The tools we develop
here are crucial in the proof of Propositions 3.3.6 and 3.3.7.

We begin by treating the case of points of approximate differentiability. The proof of
the result borrows ideas from [40, Lemma 2].
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Lemma 3.C.1 (Blow-up at points of approximate differentiability). Let u ∈ GBV⋆(Ω;Rk),
and for x ∈ Ω let uρ and uρ be the functions defined (recall the notation in Theorem 3.B.3
for r = 0) for y ∈ Q(x, ρ) by

uρ(y) := (u(y)− ũ(x))/ρ and uρ(y) :=
(
uρ(y) ∨ τ ′(uρ, Q(x, ρ))

)
∧ τ ′′(uρ, Q(x, ρ)).

Then for Ld-a.e. x ∈ Ω we have

lim
ρ→0+

1

ρd+1
Ld({uρ ̸= uρ}) = 0, (3.C.1)

lim
ρ→0+

1

ρd

ˆ
Q(x,ρ)

∣∣∣uρ(y)−∇u(x)(y − x)

ρ

∣∣∣dy = 0, (3.C.2)

lim
ρ→0+

1

ρd

ˆ
Q(x,ρ)

|ρ∇uρ(y)−∇u(x)| dy = 0, (3.C.3)

lim
ρ→0+

1

ρd
Hd−1(Juρ ∩Q(x, ρ)) = 0 and lim

ρ→0+

1

ρd−1
|Dcuρ|(Q(x, ρ)) = 0. (3.C.4)

Proof. We give the proof only in the scalar valued case k = 1, as the general case k > 1 is
an immediate consequence of the former. We note that for Ld-a.e. x ∈ Ω we have

lim
ρ→0+

1

ρd

ˆ
Q(x,ρ)

|∇u(y)−∇u(x)| dy = 0, (3.C.5)

lim
ρ→0+

1

ρd
Hd−1(Ju ∩Q(x, ρ)) = 0 and lim

ρ→0+

1

ρd
|Dcu|(Q(x, ρ)) = 0, (3.C.6)

lim
ρ→0+

1

ρd
Ld

({
y ∈ Q(x, ρ) :

|u(y)− ũ(x)−∇u(x)(y − x)|
|y − x|

> λ
})

= 0 for all λ > 0. (3.C.7)

It suffices to prove the statement for such x ∈ Ω satisfying (3.C.5)–(3.C.7). We begin by
observing that (3.C.7) implies

lim
ρ→0+

1

ρd
Ld

({
y ∈ Q(x, ρ) :

|u(y)− ũ(x)−∇u(x) · (y − x)|
ρ

> λ
})

= 0 (3.C.8)

for all λ > 0, that uρ ∈ GBV⋆(Q(x, ρ)) and, by Remark 1.3.17, that uρ belongs to
BV(Q(x, ρ)) ∩ L∞(Q(x, ρ)). By the same remark it also follows that Juρ ⊂ Ju up to an
Hd−1-negligible set and that |Dcuρ|(Q(x, ρ)) ≤ ρ−1|Dcu|(Q(x, ρ)). Thus, by (3.C.6) we get

lim sup
ρ→0+

1

ρd
Hd−1(Juρ ∩Q(x, ρ)) ≤ lim sup

ρ→0+

1

ρd
Hd−1(Ju ∩Q(x, ρ)) = 0,

lim sup
ρ→0+

1

ρd−1
|Dcuρ|(Q(x, ρ)) ≤ lim sup

ρ→0+

1

ρd
|Dcu|(Q(x, ρ)) = 0.

This proves (3.C.4), so that we are left with proving (3.C.1)–(3.C.3).
To this end, we consider suitable rescalings of uρ. More precisely, for z ∈ Q we define

vρ(z) := uρ(x+ ρz). We have {vρ}ρ ⊂ GBV⋆(Q) and by a change of variables it holds

V(vρ, Q \ Jvρ) ≤
1

ρd

( ˆ
Q(x,ρ)

|∇u| dx+ |Dcu|
(
Q(x, ρ)

))
.
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Since x+ ρJvρ = Juρ = Ju ∩Q(x, ρ), up to Hd−1-negligible sets, by a change of variables we
get

Hd−1(Q ∩ Jvρ) =
1

ρd−1
Hd−1(Ju ∩Q(x, ρ)).

Combining the two previous displayed formulas with (3.C.5) and (3.C.6), we get

lim sup
ρ→0+

V(vρ, Q \ Jvρ) < +∞ and lim
ρ→0+

Hd−1(Jvρ ∩Q) = 0. (3.C.9)

Therefore, for ρ > 0 small enough we may apply Theorem 3.B.3 with r = 0, and by (3.B.8)
we get that the function defined by vρ(z) := (vρ(z)∨τ ′(vρ, Q))∧τ ′′(vρ, Q) for z ∈ Q satisfies

Ld({vρ ̸= vρ}) ≤ CPoinHd−1(Jvρ ∩Q)d/(d−1). (3.C.10)

For every 0 < s ≤ ρd we have the equality (uρ)⋆(s,Q(x, ρ)) = (vρ)⋆(s/ρ
d, Q), so that (recall

(3.B.2))

τ ′(vρ, Q) = τ ′(uρ, Q(x, ρ)) and τ ′′(vρ, Q) = τ ′′(uρ, Q(x, ρ)),

med(vρ, Q) = med(uρ, Q(x, ρ)),

and, as consequence, vρ(z) = uρ(x+ρz). A change of variables and (3.C.10) then show that

1

ρd
Ld({uρ ̸= uρ}) ≤ CPoin

( 1

ρd−1
Hd−1(Juρ ∩Q(x, ρ))

)d/(d−1)
.

Therefore,

1

ρd2/(d−1)
Ld({uρ ̸= uρ}) ≤ CPoin

( 1

ρd
Hd−1

(
Juρ ∩Q(x, ρ)

)) d
d−1

= CPoin

( 1

ρd
Hd−1

(
Ju ∩Q(x, ρ)

)) d
d−1

.

Recalling the first equality in (3.C.6), and observing that d2/(d− 1) ≥ (d+1), we have just
proved

lim
ρ→0+

1

ρd+1
Ld({uρ ̸= uρ}) = 0, (3.C.11)

which is exactly (3.C.1). To get (3.C.3), we simply observe that

∇uρ(y) =

{
ρ−1∇u(y) if y ∈ {uρ = uρ},
0 if y ∈ Q(x, ρ) ∩ {uρ ̸= uρ},

so that, in view of (3.C.5) and (3.C.11), we infer

lim sup
ρ→0+

1

ρd

ˆ
Q(x,ρ)

|ρ∇uρ(y)−∇u(x)| dy

≤ lim
ρ→0+

( 1

ρd

ˆ
Q(x,ρ)

|∇u(y)−∇u(x)| dy + 1

ρd
Ld({uρ ̸= uρ})|∇u(x)|

)
= 0.

We conclude by proving (3.C.2). To this end, we observe that, thanks to (3.C.9), we may
apply Corollary 3.B.9 with r = 0 to obtain a sequence {ρn}n, with ρn → 0 as n → +∞,
and a function v0 ∈ BV(Q) such that

vρn −med(vρn , Q) converges to v0 in L0(Q;Rk) as n→ +∞, (3.C.12)

vρn −med(vρn , Q) converges to v0 strongly in L1(Q;Rk) as n→ +∞. (3.C.13)
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The same arguments used in [40, Lemma 2, Page 196] show that, by using (3.C.8),

lim
n→+∞

med(vρn , Q) = 0.

In view of (3.C.8), (3.C.12), and (3.C.13), this implies that v0(z) = ∇u(x)z for all z ∈ Q,
so that v0 does not depend on the chosen subsequence {ρn}n. Thus,

{vρ}ρ converges to ∇u(x)z strongly in L1(Q;Rk) as ρ→ 0+.

It is now enough to observe that, by another change of variables, this can be rewritten as

lim
ρ→0+

1

ρd

ˆ
Q(x,ρ)

∣∣∣uρ(y)−∇u(x)(y − x)

ρ

∣∣∣ dy = 0,

which is exactly (3.C.2). This concludes the proof of the lemma.

In the following, we analyse the behaviour of blow-ups of functions in GBV⋆(Ω;Rk)
around jump points, drawing ideas from [84, Lemma 6.1] and [81, Lemma 3.4]. The strategy
is similar to the one employed in Lemma 3.C.1, based on the following observation: since
the jump set Ju is (d − 1)-rectifiable, around a jump point x and for ρ > 0 small enough,
Ju ∩ Q(x, ρ) is mostly contained in a smooth hypersurface which subdivides the cube into
two connected halves. As the restrictions of the function u to each of the two halves have
small jump sets, it is then possible to perform the modifications proposed in Lemma 3.C.1
in each half. Recall (3.3.1) and (3.1.5).

Lemma 3.C.2 (Blow-up at jump points). Let u ∈ GBV⋆(Ω;Rk). Then, for Hd−1-a.e.
x ∈ Ju, letting ν := νu(x) and ux := vx,u+(x),u−(x),ν , there exists uρ ∈ BV(Qν(x, ρ);Rk) such
that

lim
ρ→0+

1

ρd
Ld({uρ ̸= u} ∩Qν(x, ρ)) = 0, (3.C.14)

lim
ρ→0+

1

ρd

ˆ
Qν(x,ρ)

|uρ − ux| dy = 0, (3.C.15)

lim
ρ→0+

1

ρd−1
Hd−1(Juρ ∩ Eρ,x) ≤ Hd−1(Πνx ∩ E) for all Borel sets E ⊂ Qν(x, 1), (3.C.16)

lim
ρ→0+

1

ρd−1

ˆ
Qν(x,ρ)

|∇uρ| dy = 0 and lim
ρ→0+

1

ρd−1
|Dcuρ|(Qν(x, ρ)) = 0. (3.C.17)

Note that the function uρ is different from the one constructed in Lemma 3.C.1 although
we use the same notation.

Proof. Clearly, it is enough to prove the result in the scalar case k = 1.
We observe that for Hd−1-a.e. x ∈ Ju the following holds: first, we have

lim
ρ→0+

1

ρd−1
Hd−1(Ju ∩Qν(x, ρ)) = 1, (3.C.18)

lim
ρ→0+

1

ρd−1

ˆ
Qν(x,ρ)

|∇u| dy = 0 and lim
ρ→0+

1

ρd−1
|Dcu|(Qν(x, ρ)) = 0, (3.C.19)

lim
ρ→0+

1

ρd
Ld({y ∈ Qν(x, ρ) : |u(y)− ux(y)| > λ}) = 0 for all λ > 0. (3.C.20)
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Indeed, almost every jump point is a point of density 1 for Ju, i.e., (3.C.18) holds. Condition
(3.C.19) is satisfied for Hd−1-a.e. point of Ω since the measures ∇uLd and Dcu are diffuse
(see, for instance, [18, Theorem 2.56]). Condition (3.C.20) is a rephrasing of the definition
of jump points given in Definition 1.3.9.

Moreover, there exist ρ > 0 and a (d − 1)-dimensional surface Γ ⊂ Qν(x, ρ̄) of class
C1 with x ∈ Γ such that Γ is the graph of a function h defined on the hyperplane Πνx =
{(y − x) · ν = 0}, the hyperplane Πνx is tangent to Γ in x, for all 0 < ρ < ρ the surface
Γ ∩Qν(x, ρ) separates Qν(x, ρ) into two open connected components QΓ,±

ν (x, ρ), and

lim
ρ→0+

1

ρd−1
Hd−1

(
(Ju△Γ) ∩Qν(x, ρ)

)
= 0, (3.C.21)

lim
ρ→0+

1

ρd−1
Hd−1(Γ ∩ Eρ,x) = Hd−1(Πνx ∩ E) for all Borel sets E ⊂ Qν(x, 1). (3.C.22)

This property can be justified by arguing exactly as in the beginning of the proof of [66,
Theorem 2] (see also the comments in [67, Section 3]), noting that the arguments rely only
on the rectifiability of the set Ju.

We start with a first observation: the Lipschitz constant of h Πν
x∩Qν(x,ρ) converges to

zero as ρ→ 0+. This implies that

lim
ρ→0+

1

ρd
Ld

(
QΓ,±
ν (x, ρ)△Q±

ν (x, ρ)
)
= 0, (3.C.23)

where we have set Q±
ν (x, ρ) := {y ∈ Qν(x, ρ) : ± (y − x) · ν > 0}.

In view of (3.C.21), the restriction of u to QΓ,±
ν (x, ρ) satisfies the hypothesis of The-

orem 3.B.3 with Ω replaced by QΓ,±
ν (x, ρ). As {1

ρ(Γ ∩ Qν(x, ρ))}ρ are graphs of functions
whose Lipschitz constant converges to zero as ρ → 0+, the constant in the Poincaré-type
inequality can be chosen independently of ρ, see Remarks 3.B.5–3.B.6. Hence, letting
u±ρ ∈ BV(QΓ,±

ν (x, ρ)) be the functions defined by

u±ρ :=
(
u ∨ τ ′(u,QΓ,±

ν (x, ρ))
)
∧ τ ′′(u,QΓ,±

ν (x, ρ))

and letting m±
ρ := med(u,QΓ,±

ν (x, ρ)), recalling also Remark 3.B.6, we have that

|Du±ρ |(QΓ,±
ν (x, ρ)) ≤ 2V

(
u,QΓ,±

ν (x, ρ) \ Ju
)
, (3.C.24)ˆ

QΓ,±
ν (x,ρ)

|u±ρ −m±
ρ | dy ≤ ρCPoinV

(
u,QΓ,±

ν (x, ρ) \ Ju
)
, (3.C.25)

Ld({u±ρ ̸= u}) ≤ CPoinHd−1
(
Ju ∩QΓ,±

ν (x, ρ)
)d/(d−1)

, (3.C.26)

Ju±ρ ⊂ Ju ∩QΓ,±
ν (x, ρ) up to an Hd−1-negligible set (3.C.27)

for a constant CPoin > 0 independent of ρ. Note that from (3.C.21) and (3.C.26) it follows
that

lim
ρ→0+

1

ρd
Ld

(
{u±ρ ̸= u} ∩QΓ,±

ν (x, ρ)
)
= 0. (3.C.28)

We now introduce the modifications uρ ∈ BV(Qν(x, ρ)) by setting

uρ(y) :=

{
u+ρ (y) if y ∈ QΓ,+

ν (x, ρ),

u−ρ (y) if y ∈ QΓ,−
ν (x, ρ),
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and show that {uρ}ρ satisfy properties (3.C.14)–(3.C.17). Property (3.C.14) has already
been addressed in (3.C.28). To prove (3.C.16), we first observe that by (3.C.27) we have

Juρ ⊂ Γ ∪ Ju up to an Hd−1-negligible set,

which, together with (3.C.21) and (3.C.22), shows (3.C.16). The equalities in (3.C.17) are
a consequence of (3.C.19) and of (3.C.24).

It remains to prove (3.C.15). We note that this would follow from

lim
ρ→0+

m±
ρ = u±(x). (3.C.29)

Indeed, (3.C.19) and (3.C.25) give that

lim
ρ→0+

1

ρd

ˆ
QΓ,±

ν (x,ρ)
|uρ −m±

ρ | dy = 0.

Recalling (3.C.23), by the triangle inequality this implies

lim
ρ→0+

1

ρd

ˆ
Q±

ν (x,ρ)
|uρ −m±

ρ | dy = 0.

Then, (3.C.29) and the triangle inequality yield, in turn, (3.C.15).
We now show (3.C.29). In view of (3.C.20), by a diagonal argument we can find a

sequence {λρ}ρ ⊂ (0,+∞) with λρ → 0 as ρ→ 0+ such that the sets

ω±
ρ := {y ∈ Q±

ν (x, ρ) : |u(y)− u±(x)| > λρ}

satisfy

lim
ρ→0+

1

ρd
Ld(ω±

ρ ) = 0. (3.C.30)

Recalling (3.C.25), we have that
ˆ
QΓ,±

ν (x,ρ)\{u±ρ ̸=u}
|u(y)−m±

ρ | dy ≤ ρCPoinV
(
u,QΓ,±

ν (x, ρ) \ Ju
)
. (3.C.31)

By the definition of ω±
ρ , using (3.C.31) and the triangle inequality, we then get

|u±(x)−m±
ρ |Ld

(
(Q±

ν (x, ρ) ∩QΓ,±
ν (x, ρ)) \ ({u±ρ ̸= u} ∪ ω±

ρ )
)

≤ ρCPoinV
(
u,QΓ,±

ν (x, ρ) \ Ju
)
+ ρdλρ. (3.C.32)

From (3.C.23), (3.C.28), and (3.C.30) we deduce the existence of ρ0 > 0 such that

1

ρd
Ld

(
(Q±

ν (x, ρ) ∩QΓ,±
ν (x, ρ)) \ ({u±ρ ̸= u} ∪ ω±

ρ )
)
≥ 1

4

for every ρ ∈ (0, ρ0). Then from inequality (3.C.32) we infer

|u±(x)−m±
ρ | ≤

4CPoin

ρd−1
V
(
u,QΓ,±

ν (x, ρ) \ Ju
)
+ 4λρ

for all ρ ∈ (0, ρ0). Letting ρ→ 0+ and resorting to (3.C.19) and to the fact that λρ → 0 as
ρ→ 0+, we obtain (3.C.29). This concludes the proof of the lemma.
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3.D A lower semicontinuity lemma

In this section, we present a well-known property for lower semicontinuous integral
functionals on BV(Ω;Rk) with linear growth, employed in the proof of Theorem 3.1.16.
In the following, we denote by Rk×d1 ⊂ Rk×d the subspace of rank-one matrices.

Lemma 3.D.1. Let f : Rk×d → [0,+∞), h : Rk×d1 → [0,+∞), and g : Rk×Sd−1 → [0,+∞)
be Borel integrands such that

0 ≤ f(A) ≤ C(|A|+ 1) for all A ∈ Rk×d,
h is positively 1-homogeneous,

g(ζ, ν) = g(−ζ,−ν) and 0 ≤ g(ζ, ν) ≤ C|ζ| for all ζ ∈ Rk and ν ∈ Sd−1

for some C > 0. Consider the functional F : BV(Ω;Rk)×O(Ω) → [0,+∞) given by

F (u,O) :=

ˆ
O
f(∇u) dx+

ˆ
O
h
( dDcu

d|Dcu|

)
d|Dcu|+

ˆ
Ju∩O

g([u], νu) dHd−1

for all u ∈ BV(Ω;Rk) and all O ∈ O(Ω), and assume that F (·, O) is L1(Ω;Rk)-lower
semicontinuous for all O ∈ O(Ω). Then

h(A) = f∞(A) for all A ∈ Rk×d1 ,

where f∞(A) := lim supt→+∞
f(tA)
t .

Proof. Let us fix a ∈ Rk, ν ∈ Sd−1, and set A := a ⊗ ν. Without loss of generality, we
may assume that Qν ⊂ Ω, where we recall that Qν is a cube centred at 0 with two faces
orthogonal to ν and sides of unit length.

We first prove that h(A) ≤ f∞(A). To this end, we let ψ : [−1/2, 1/2] → [−1/2, 1/2]
(be a translation of) Cantor’s staircase function and we consider the function defined for
x ∈ Qν by u(x) := aψ(x · ν). Clearly, u ∈ BV(Qν ;Rk), |Du|(Qν) = |Dcu|(Qν) = |A|, and

dDcu

d|Dcu|
=

A

|A|
|Dcu|-a.e. on Qν .

In particular, F (u,Qν) = f(0) + h(A). Then, we let {ψn}n be the sequence of piecewise
affine functions considered in the construction of ψ, which converges to ψ uniformly and
satisfies

ψ′
n = tnχEn and L1(En) = t−1

n

for all n ∈ N, where tn := (3/2)n and En is the union of the 2n intervals remaining in the
n-th step of the construction of the Cantor set. We set un(x) := aψn(x · ν). We note that
{un}n converges to u strongly in L1(Qν ;Rk) and that ∇un(x) = tnχEn(x · ν)A. Thus,

F (un, Qν) =

ˆ
Qν

f(∇un) dx = (1− t−1
n )f(0) +

f(tnA)

tn
.

By the L1-lower semicontinuity of F , this implies

f(0) + h(A) = F (u,Qν) ≤ lim inf
n→+∞

F (un, Qν) ≤ f(0) + f∞(A),



3. Structured deformations 149

which proves h(A) ≤ f∞(A).
To prove the converse inequality, we let t > 0 and consider the affine map defined by

v(x) = ta(x · ν) for x ∈ Qν . Then, we set

wn(s) :=
1

n

(
⌊ns⌋+ 1

2
+ ψ(ns− ⌊ns⌋ − 1

2
)
)

for s ∈ [−1/2, 1/2],

where ⌊·⌋ denotes the floor function. Clearly, {wn}n converges uniformly to the identity
on [−1/2, 1/2], and |Dwn|(−1/2, 1/2) = |Dcwn|(−1/2, 1/2) = 1 for all n ∈ N, so that
the functions vn(x) := tawn(x · ν) converge to v strongly in L1(Qν ;Rk), |Dvn|(Qν) =
|Dcvn|(Qν) = t|a| = t|A|, and

dDcvn
d|Dcvn|

=
A

|A|
|Dcvn|-a.e. in Qν .

Thus, F (vn, Qν) = f(0) + th(A), which by lower semicontinuity gives

f(tA) = F (v,Qν) ≤ lim inf
n→+∞

F (vn, Qν) = f(0) + th(A).

Dividing by t and letting t→ +∞ we obtain f∞(A) ≤ h(A), concluding the proof.





CHAPTER 4

Γ-convergence and homogenisation
of free discontinuity problems:

the symmetric gradient case

In this chapter, we study a problem closely connected to the one treated in Chapter 2,
although in the different setting of functions of bounded deformation BD(Ω). More precisely,
we study the Γ-convergence as n→ +∞ of sequences of functionals of the form

Fn(u) :=

ˆ
Ω
fn(x, Eu) dx+

ˆ
Ω
f∞n

(
x,

dEcu

d|Ecu|

)
d|Ecu|+

ˆ
Ju∩Ω

gn(x, [u], νu) dHd−1, (4.0.1)

where Ω is a bounded open subset of Rd, u ∈ BD(Ω), the Borel measurable integrands
fn : Rd × Rd×dsym → [0,+∞) and gn : Rd × Rd × Sd−1 → [0,+∞) satisfy

c
(
|A| − 1

)
≤ fn(x,A) ≤ C

(
|A|+ 1) for all x ∈ Rd and A ∈ Rd×dsym , (4.0.2)

c|ζ ⊙ ν| ≤ gn(x, ζ, ν) ≤ C|ζ ⊙ ν| for all x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1, (4.0.3)

for suitable positive constants c, C, and the recession function f∞n is given by (1.5.6), with
fbulk replaced by fn. We observe that, with respect to what was assumed in Chapter 2, the
growth conditions assumed in (4.0.3) are not of the cohesive-type of (2.0.3), but are instead
purely linear. Hence, the right functional domain for the study of (4.0.1) is BD(Ω) and not
the generalised space GBD(Ω), which will be the main object of study of Chapters 5 and 6.

With the aim of proving a general Γ-convergence theorem for sequences of the form
(4.0.1), we adopt a strategy similar to Chapter 2, which relies on the localisation method of
Γ-convergence (see [45, Chapter 3]) and on a recent integral representation result of Caroccia,
Focardi, & Van Goethem [63] (see Lemma 1.5.5). We observe, however, that due to the
applications we have in mind, it is not possible to apply directly the integral representation
theorem 1.5.4. Indeed, it relies crucially on the equicontinuity with respect to translations
(see (H4) of [63]), which is a property that, in the case of stochastic homogenisation dealt
with in Section 4.8, we are not able to directly verify.

A crucial difficulty will be that of identifying suitable assumptions on {fn}n and on
{gn}n (see Section 4.4) that allow us to proceed with the method developed in Section 2.5.
We will see that, in contrast with the results of that chapter, the crucial assumption to
make on the surface integrands {gn}n is not on their behaviour near the origin, but on their
distance from a fixed line at infinity. This is due to the fact that, as truncation techniques
are not expedient in BD(Ω), it is not possible to enforce uniform boundedness of the jump
openings of competitors to minimisation problems, which was one of the key ingredients of
the analysis carried out in GBV⋆.

After having established general results for the Γ-convergence of sequences of the form
(4.0.1), as an application, we study the Γ-convergence of certain sequences {Fε}ε defined
by rescaling, from both a deterministic and probabilistic point of view. More precisely, we
study functionals that for ε > 0 are defined by

Fε(u) :=

ˆ
Ω
f
(x
ε
, Eu

)
dx+

ˆ
Ω
f∞

(x
ε
,
dEcu

d|Ecu|

)
d|Ecu|+

ˆ
Ju∩Ω

εg
(x
ε
,
[u]

ε
, νu

)
dHd−1,

(4.0.4)
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with f and g satisfying (4.0.2) and (4.0.3). Although the sequence {Fε}ε is not of the form
usually considered in homogenisation problems (compare with (2.0.1)), in the case where
ζ 7→ g(x, ζ, ν) is positively homogeneous of degree 1, we have εg(xε ,

[u]
ε , νu) = g(xε , [u], νu).

Hence, under this additional assumption {Fε}ε belongs to the usual class of functionals
considered in the homogenisation theory of free discontinuity problems. The particular
choice of the scaling for the surface term in (4.0.4) allows us to circumvent the use of
vertical truncations and obtain suitable change of variable formulas, which are a crucial
ingredient of the proof (see Lemmas 4.7.4 and 4.7.6).

We briefly describe the organisation of the chapter. We begin by introducing in Sec-
tion 4.1 a general class of functionals defined on BD(Ω) and denoted by F, which includes,
in particular, many functionals {Fn} of the form (4.0.1). We then investigate in Section
2.2 the compactness properties with respect to Γ-convergence of F (see Theorem 2.2.1)
and show that every sequence {Fn}n ⊂ F admits a subsequence Γ-converging to a lower
semicontinuous functional in F .

We then begin analysing the structure of possible Γ-limits F ∈ F. To this end, we apply
a result of Ebobisse & Toader [115] (see also Theorem 1.5.4) to prove in Section 4.3 that the
bulk and surface parts of every such F can be represented as integral functionals associated
to a suitable choice of f and g satisfying (4.0.2) and (4.0.3) (see Lemma 4.3.3).

To obtain a complete integral representation of functionals in F, including also their
Cantor part, we then introduce in Section 4.4 a subclass of F, which we call Fα,∞, and
prove its closedness under Γ-convergence (see Proposition 4.4.6). This additional property
(see Definition 4.4.4) implies that the integrands f and g obtained in Lemma 4.3.3 satisfy
quantitative estimates relating f to f∞ and g to the function g∞ defined by g∞(x, ζ, ν) :=
limt→+∞ g(x, tζ, ν)/t. These estimates are then employed in Section 4.5 to prove that, if
F is the Γ-limit of a sequence {Fn}n ⊂ Fα,∞ and the function f given by Lemma 4.3.3
does not depend on x, then F admits a complete integral representation in terms of the
integrands f , f∞, and g obtained in Lemma 4.3.3.

In Section 4.6, the relation between Γ-convergence of a sequence {Fn}n ⊂ F and the
asymptotic behaviour of associated boundary value problems is investigated. Together with
the theory developed in Section 4.4, these results allow us to derive in Section 4.6 the desired
necessary and sufficient conditions for the Γ-convergence of the functionals {Fε}ε given by
(4.0.4) to an integral functional F independent of the spatial variable x (see Theorem 4.6.3).
Finally, in Section 4.8 we resort to the techniques developed by Cagnetti, Dal Maso, Scardia,
& Zeppieri in [58,59] to prove the desired Γ-convergence of {Fε}ε in the probabilistic setting
(see Theorem 2.7.9).

The content of this chapter is part of the joint paper with Dal Maso [92].

4.1 Volume and surface integrands

In this section we introduce the collections of integrands and of functionals that are
going to be our main objects of study. We refer the reader to Section 1.1 for the nota-
tion concerning families of open/Borel sets and to Section 1.4 for the definition and main
properties of functions of bounded deformation.

We fix non-negative constants c1, . . . , c5 ∈ [0,+∞), with 0 < c1 ≤ c3, and a constant
α ∈ (0, 1). We also fix a continuous function τ : [0,+∞) → [0,+∞) with the property that
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τ(0) = 0 and

τ∞ := lim sup
t→+∞

τ(t)

t
< +∞. (4.1.1)

Definition 4.1.1. Let F be the collection of all integrands f : Rd × Rd×dsym → [0,+∞)
satisfying the following conditions:

(f1) (Measurability) f is Borel measurable on Rd × Rd×dsym ;

(f2) (Upper and lower bound) for every x ∈ Rd and A ∈ Rd×dsym we have

c1|A| − c2 ≤ f(x,A) ≤ c3|A|+ c4;

(f3) (Lipschitz property) for every x ∈ Rd and A1, A2 ∈ Rd×dsym we have

|f(x,A1)− f(x,A2)| ≤ c5|A1 −A2|.

Let G be the collection of all integrands g : Rd × Rd × Sd−1 → [0,+∞) satisfying the
following conditions:

(g1) (Measurability) g is Borel measurable on Rd × Rd × Sd−1;

(g2) (Symmetry) for every x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1 we have

g(x, ζ, ν) = g(x,−ζ,−ν);

(g3) (Upper and lower bounds) for every x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1 we have

c1|ζ ⊙ ν| ≤ g(x, ζ, ν) ≤ c3|ζ ⊙ ν|;

(g4) (Continuity in ζ)for every x ∈ Rd, ζ1, ζ2 ∈ Rd, and ν ∈ Sd−1 we have

|g(x, ζ1, ν)− g(x, ζ2, ν)| ≤ τ(|ζ1 − ζ2|).

To every function f : Rd×Rd×dsym → [0,+∞) we associate its recession function f∞ (with
respect to the variable A), defined by

f∞(x,A) := lim sup
t→+∞

f(x, tA)

t
for every x ∈ Rd and A ∈ Rd×dsym . (4.1.2)

Remark 4.1.2. Given f : Rd × Rd×dsym satisfying (f2) and (f3), one can check that for every
x ∈ Rd, A,A1, A2 ∈ Rd×dsym the function f∞ satisfies

c1|A| ≤ f∞(x,A) ≤ c3|A|, (4.1.3)
|f∞(x,A1)− f∞(x,A2)| ≤ c5|A1 −A2|.

We now introduce a class of integral functionals associated with F and G .
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Definition 4.1.3. Given f ∈ F and g ∈ G , for every open set O ⊂ Rd and u ∈ L1
loc(Rd;Rd)

we set

F f,g(u,O) :=

ˆ
O
f(x, Eu) dx+

ˆ
O
f∞

(
x,

dEcu

d|Ecu|

)
d|Ecu|+

ˆ
Ju∩O

g(x, [u], νu) dHd−1 (4.1.4)

if u ∈ BDloc(O), while F f,g(u,O) = +∞ otherwise. The definition is then extended to every
Borel set B ∈ B(Rd) by setting

F f,g(u,B) := inf{F f,g(u,O) : O ⊂ Rd open, with O ⊃ B}. (4.1.5)

Note that, if O ⊂ Rd is a bounded open set, B ∈ B(O), u ∈ BDloc(O), and |Eu|(O) < +∞,
then

F f,g(u,B) =

ˆ
B
f(x, Eu) dx+

ˆ
B
f∞

(
x,

dEcu

d|Ecu|

)
d|Ecu|+

ˆ
Ju∩B

g(x, [u], νu) dHd−1. (4.1.6)

Indeed, in this case the upper bounds in (f2), (4.1.3), and (g3) imply
ˆ
O
f(x, Eu) dx+

ˆ
O
f∞

(
x,

dEcu

d|Ecu|

)
d|Ecu|+

ˆ
Ju∩O

g(x, [u], νu) dHd−1 < +∞,

so that (4.1.6) follows from (4.1.4) and (4.1.5).

We now introduce a collection of abstract functionals related to the integral functionals
considered above. In the rest of the chapter, we let R denote the collections of all rigid
motions, i.e., all functions u : Rd → Rd such that u = Ax + b for some A ∈ Rd×dskew and
b ∈ Rd.

Definition 4.1.4. Let F be the collection of functionals F : L1
loc(Rd;Rd)×B(Rd) → [0,+∞]

with the following properties:

(H1) (Measure property) for every u ∈ L1
loc(Rd;Rd) the set function F (u, ·) is a Borel mea-

sure that for every B ∈ B(Rd) satisfies

F (u,B) := inf{F (u,O) : O ⊂ Rd open, O ⊃ B}; (4.1.7)

(H2) (Locality on open sets) for every bounded open set O ⊂ Rd and u, v ∈ L1
loc(Rd;Rd)

with u = v Ld-a.e on O we have F (u,O) = F (v,O);

(H3) (Upper and lower bounds) if u ∈ L1
loc(Rd;Rd) and O ⊂ Rd is a bounded open set, then

c1|Eu|(O)− c2Ld(O) ≤ F (u,O) ≤ c3|Eu|(O) + c4Ld(O) if u ∈ BD(O),

while F (u,O) = +∞ if u /∈ BD(O);

(H4) (Invariance under addition of rigid motions) for every u ∈ L1
loc(Rd;Rd), w ∈ R, and

B ∈ B(Rd) we have
F (u+ w,B) = F (u,B).

(H5) (Bulk estimate) for every u ∈ L1
loc(Rd;Rd), A ∈ Rd×dsym , and B ∈ B(Rd) we have

F (u+ ℓA, B) ≤ F (u,B) + c5|A|Ld(B);
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(H6) (Surface estimate) for every u ∈ L1
loc(Rd;Rd), x ∈ Rd, ζ ∈ Rd, ν ∈ Sd−1, and B ∈

B(Rd) we have

F (u+ ux,ζ,ν , B) ≤ F (u,B) + τ(|ζ|)Hd−1(B ∩Πνx),

where Πνx := {y ∈ Rd : (y−x) · ν = 0} is the hyperplane orthogonal to ν containing x.

We denote by Fsc the collection of functionals F ∈ F such that for every open O ⊂ Rd the
functional F (·, O) is L1

loc(Rd;Rd)-lower semicontinuous.

Remark 4.1.5. Combining properties (H1) and (H2) we obtain that the functionals in F
satisfy the following locality property: if B ∈ B(Rd), u, v ∈ L1

loc(Rd;Rd), and u = v Ld-a.e.
on a neighbourhood of B, then F (u,B) = F (v,B). Easy examples show that, in general,
this equality does not hold if we have only u = v Ld-a.e. on B.

For this reason, if O ⊂ Rd is an open set and u ∈ L1(O;Rd), for every B ∈ B(O) we can
define F (u,B) := F (v,B), where v ∈ L1

loc(Rd;Rd) is any function such that v = u Ld-a.e.
on O. The locality property described above implies that the value of F (u,B) does not
depend on the chosen extension v of u.

Remark 4.1.6. From (4.1.7) and (H3) we deduce the following inequalities for Borel sets.
If O ⊂ Rd is a bounded open set and u ∈ BD(O), then for every B ∈ B(O) we have

c1|Eu|(B)− c2Ld(B) ≤ F (u,B) ≤ c3|Eu|(B) + c4Ld(B).

Remark 4.1.7. Thanks to property (H1) a functional F ∈ F belongs to Fsc if and only if for
every open bounded set O ⊂ Rd the functional F (·, O) is L1

loc(Rd;Rd)-lower semicontinuous.

We now show that the functional introduced in Definition 4.1.3 belongs to F.

Proposition 4.1.8. Let f ∈ F and g ∈ G . Then the functional F f,g introduced in Defini-
tion 4.1.3 belongs to F.

Proof. By (4.1.5) F f,g satisfies (4.1.7), while the rest of property (H1) is obvious when
u ∈ BD(Rd). The general case u ∈ L1

loc(Rd;Rd) can be obtained by a straightforward
argument; it can also be treated using the De Giorgi-Letta criterion for measures (see
Lemma 4.2.4 below). Property (H2) is obvious. Property (H3) follows from (f2), (4.1.3),
and (g3). To see that F f,g satisfies property (H4), it is enough to observe that for every
w ∈ R we have Ew = 0.

To see that F f,g satisfies property (H5) we observe that by (f3) for every B ∈ B(Rd)
and A ∈ Rd×dsym we have

|F f,g(u+ ℓA, B)− F f,g(u,B)| ≤ c5|A|Ld(B).

A similar argument shows that F f,g satisfies property (H6).

4.2 A compactness result for F

In this section we state and prove a compactness result for sequences of functionals in F.
The proof is based on the classical localisation method for Γ-convergence (see [45, Section
3.3] or [88, Chapter 18]) and follows a similar structure of the proof of Theorem 2.2.1.
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Theorem 4.2.1. Let {Fn}n ⊂ F. Then there exist a functional F ∈ Fsc and a subsequence,
not relabelled, such that for every bounded open set O ⊂ Rd the sequence {Fn(·, O)}n Γ-
converges to F (·, O) in the topology of L1

loc(Rd;Rd).

Proof. For every open set O ⊂ Rd we consider the functionals defined on L1
loc(Rd;Rd) by

F ′(·, O) = Γ- lim inf
n→+∞

Fn(·, O) and F ′′(·, O) = Γ- lim sup
n→+∞

Fn(·, O), (4.2.1)

F ′
−(·, O) = sup

O′∈Oc(O)
F ′(·, O′) and F ′′

−(·, O) = sup
O′∈Oc(O)

F ′′(·, O′), (4.2.2)

where the Γ-liminf and Γ-limsup are computed with respect to the L1
loc(Rd;Rd)-convergence

and we recall that Oc(O) is the collection of open sets compactly contained in O.
It is immediate to check that for every u ∈ L1

loc(Rd;Rd) the set functions Fn(u, ·),
F ′(u, ·), F ′′(u, ·), F ′

−(u, ·), and F ′′
−(u, ·) are increasing. Thus, we can apply the compactness

theorem for sequences of increasing set functionals [88, Theorem 16.9] to obtain that there
exist a subsequence of {Fn}n, not relabelled, and a functional F : L1

loc(Rd;Rd)×O(Rd) such
that

F (u,O) = F ′
−(u,O) = F ′′

−(u,O) for every u ∈ L1
loc(Rd;Rd) and O ∈ O(Rd). (4.2.3)

For every u ∈ L1
loc(Rd;Rd) and B ∈ B(Rd) we set

F (u,B) := inf{F (u,O) : O ∈ O(Rd) with O ⊃ B}. (4.2.4)

We want to prove that F ∈ F. The approximation property (4.1.7) is obvious, while the
measure property (H1) will be proved in Lemma 4.2.4 below. The locality property (H2) and
the lower semicontinuity of F follow from general results about Γ-limits of local functionals
(see [88, Proposition 16.15 and Remark 16.3]).

We note that it is enough to prove properties (H4)–(H6) for O ∈ Oc(Rd). Indeed, by
the measure property (H1) they can be extended to O ∈ O(Rd) using the inner regularity
of Borel measures. The further extension to Borel sets follows immediately from (4.2.4).

Let us fix u ∈ L1
loc(Rd;Rd) and O ∈ Oc(Rd). We begin by proving the upper and lower

bounds in (H3). We consider first the case u ∈ BD(O). Under this hypothesis, the inequality

F ′′(u,O) ≤ c3|Eu|(O) + c4Ld(O) (4.2.5)

is a consequence of the corresponding inequality for Fn and of the fact that the Γ-limsup
is less than or equal to the pointwise limsup. The upper bound in (H3) for F follows
immediately from (4.2.2), (4.2.3), and (4.2.5). To prove the lower bound for F ′′, we
observe that our assumption u ∈ BD(O) implies that F ′′(u,O) < +∞. Given O′ ∈
Oc(O), we fix a sequence {un}n ⊂ L1

loc(Rd;Rd) converging to u in L1
loc(Rd;Rd) such that

lim supn Fn(un, O
′) = F ′′(u,O′) < +∞. Since for every n ∈ N the functional Fn satisfies

(H3) we have un ∈ BD(O′) for n ∈ N large enough and

c1|Eun|(O′)− c2Ld(O′) ≤ Fn(un, O
′).

From the lower semicontinuity of v 7→ |Ev|(O′) with respect to the L1-convergence and from
the previous inequality we obtain

c1|Eu|(O′)− c2Ld(O′) ≤ F ′′(u,O′).

Using again (4.2.2) and (4.2.3), we deduce the corresponding lower bound for F (u,O).
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Assume now that u /∈ BD(O). We want to prove that F (u,O) = +∞. Assume by
contradiction that F (u,O) < +∞. Given O′ ∈ Oc(O), we consider a sequence {un}n ⊂
L1
loc(Rd;Rd) converging to u in L1

loc(Rd;Rd) such that lim supn Fn(un, O
′) = F ′′(u,O′) ≤

F (u,O) < +∞. Arguing as before, we obtain that un ∈ BD(O′) for n ∈ N large enough and

lim sup
n→+∞

|Eun|(O′) ≤ 1

c1
lim sup
n→+∞

Fn(un, O
′) +

c2
c1
Ld(O′) ≤ F (u,O)

c1
+
c2
c1
Ld(O),

which implies u ∈ BD(O′) and |Eu|(O′) ≤ 1
c1
F (u,O) + c2

c1
Ld(O). As this holds for every

O′ ∈ Oc(O), we obtain u ∈ BD(O), contradicting our hypothesis. This concludes the proof
of the implication u /∈ BD(O) =⇒ F (u,O) = +∞.

Properties (H4)–(H6) for F follow immediately from the same properties for Fn.
In Lemma 4.2.5 we will prove that for every u ∈ L1

loc(Rd;Rd) and O ∈ Oc(Rd) we have

F (u,O) = F ′(u,O) = F ′′(u,O), (4.2.6)

hence for every O ∈ Oc(Rd) the sequence {Fn(·, O)}n Γ-converges to F (·, O) in the topology
of L1

loc(Rd;Rd).

In the rest of this section, we assume that F ′ and F ′′ are defined by (4.2.1) and that
F satisfies (4.2.3). Our aim is to prove equality (4.2.6) and the measure property (H1) of
Definition 4.1.4 for this functional. The proof of the measure property (H1) is based on the
De Giorgi-Letta criterion for measures, which is based on the subadditivity of the function
O 7→ F (u,O). For this reason, we begin by proving that F ′′ satisfies the nested subadditivity
condition.

Lemma 4.2.2. Let u ∈ L1
loc(Rd;Rd) and O′, O, U ∈ Oc(Rd), with O′ ⊂⊂ O. Then

F ′′(u,O′ ∪ U) ≤ F ′′(u,O) + F ′′(u, U). (4.2.7)

Proof. Without loss of generality, we may assume that F ′′(u,O) + F ′′(u, U) < +∞. Since
F ′′ ≥ F and F satisfies property (H3), this implies that u ∈ BD(O ∪ U). Recalling the
definition of F ′′ (see (4.2.1)), we can find two sequences {un}n and {vn}n in L1

loc(Rd;Rd),
converging to u in L1

loc(Rd;Rd) and such that

F ′′(u,O) = lim sup
n→+∞

Fn(un, O) and F ′′(u, U) = lim sup
n→+∞

Fn(vn, U). (4.2.8)

Thanks to property (H3) for Fn and the finiteness of F ′′(u,O) and F ′′(u, U) we can assume
that {un}n ⊂ BD(O), {vn}n ⊂ BD(U), and that

M := c3 sup
n∈N

(
|Eun|(O) + |Evn|(U)

)
+ c4Ld(O ∪ U) < +∞. (4.2.9)

Let us fix m ∈ N and set η := dist(O′, ∂O) > 0. For j ∈ {0, . . . ,m} we also consider the
sets Oj := {x ∈ O : dist(x, ∂O) > η − jη

m }. Clearly, we have O′ ⊂ O0 ⊂⊂ · · · ⊂⊂ Om−1 ⊂
Om = O.

For every j ∈ {1, . . . ,m} we consider a function φj ∈ C∞
c (Rd; [0, 1]) satisfying φj = 1

on a neighbourhood of Oj−1, φj = 0 on a neighbourhood of Rd \Oj , and

|∇φj | ≤
2m

η
on Rd. (4.2.10)
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We set
wjn := φjun + (1− φj)vn and Sj := (Oj \Oj−1) ∩ U, (4.2.11)

and observe that wjn ∈ BD(O′ ∪ U) and

Ewjn = φjEun + (1− φj)Evn + (un − vn)⊙∇φj Ld (4.2.12)

as Radon measures on O′ ∪ U . Moreover, one checks immediately that for every choice of
jn ∈ {1, . . . ,m} the sequence {wjnn }n∈N converges to u in L1

loc(Rd;Rd) as n→ +∞.
Let us fix j ∈ {1, . . . ,m−1} and n ∈ N. We observe that by the measure property (H1),

by the properties of φj , and by the locality property of Remark 4.1.5 we have

Fn(w
j
n, O

′ ∪ U) ≤ Fn(w
j
n, Oj−1) + Fn(w

j
n, Sj) + Fn(w

j
n, U \Oj)

= Fn(un, Oj−1) + Fn(w
j
n, Sj) + Fn(vn, U \Oj)

≤ Fn(un, O) + Fn(w
j
n, Sj) + Fn(vn, U). (4.2.13)

We now estimate the term involving the strip Sj in (4.2.13). Thanks to (H3) we have

Fn(w
j
n, Sj) ≤ c3|Ewjn|(Sj) + c4Ld(Sj),

so that by (4.2.10) and (4.2.12) we get

|Ewjn|(Sj) ≤ |Eun|(Sj) + |Evn|(Sj) +
2m

η

ˆ
Sj

|un − vn| dx.

From these two inequalities, we deduce that for every n ∈ N we can find jn ∈ {1, . . . ,m}
such that, setting wn := wjnn , we have

Fn(wn, Sjn) ≤
1

m

m∑
j=1

(
c3|Eun|(Sj) + c3|Evn|(Sj) +

2c3m

η

ˆ
Sj

|un − vn| dx+ c4Ld(Sj)
)

≤ 1

m

(
c3|Eun|(O) + c3|Evn|(U) + c4Ld(O ∪ U)

)
+

2c3
η

ˆ
O∩U

|un − vn| dx

≤ M

m
+

2c3
η

ˆ
O∩U

|un − vn| dx, (4.2.14)

where in the third inequality we used (4.2.9).
Finally, combining (4.2.13) and (4.2.14), we deduce that

Fn(wn, O
′ ∪ U) ≤ Fn(un, O) + Fn(vn, U) +

M

m
+

2c3
η

ˆ
O∩U

|un − vn| dx (4.2.15)

for every n ∈ N. Recalling that {un − vn}n converges to 0 strongly in L1(O ∩ U ;Rd), that
{wn}n converges to u in L1

loc(Rd;Rd), we may let n → +∞ in (4.2.15) and from (4.2.8) we
deduce that

F ′′(u,O′ ∪ U) ≤ lim sup
n→+∞

Fn(wn, O
′ ∪ U) ≤ F ′′(u,O) + F ′′(u, U) +

M

m
.

Letting m→ +∞ in this inequality, we obtain (4.2.7).

We are now ready to prove the subadditivity of F (u, ·) on O(Rd).
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Lemma 4.2.3. Let u ∈ L1
loc(Rd;Rd) and O,U ∈ O(Rd). Then

F (u,O ∪ U) ≤ F (u,O) + F (u,U).

Proof. The result is a consequence of Lemma 4.2.2 and of classical arguments concerning
increasing set functions (see, for instance, [88, Lemma 18.4]).

We now prove that F satisfies the measure property (H1).

Lemma 4.2.4. Let u ∈ L1
loc(Rd;Rd). Then F (u, ·) is a Borel measure.

Proof. It is enough to use the De Giorgi-Letta criterion for measures (see [106, Théorème
5.1] or [88, Theorem 14.21]), which ensures that the claim is proved, provided that we
show that the set function O 7→ F (u,O) is subadditive, superadditive, and inner regular
on O(Rd). Subadditivity follows from Lemma 4.2.3, superadditivity is a consequence of
classic results of Γ-convergence (see [88, Proposition 16.12]), and inner regularity follows
from (4.2.3), recalling (4.2.2).

Finally, we conclude the section by showing that Γ-convergence takes place for every
O ∈ Oc(Rd).

Lemma 4.2.5. Let u ∈ L1
loc(Rd;Rd) and O ∈ Oc(Rd). Then

F (u,O) = F ′(u,O) = F ′′(u,O).

Proof. Since the inequalities F (u,O) ≤ F ′(u,O) ≤ F ′′(u,O) are obvious, we only have to
show that F ′′(u,O) ≤ F (u,O), assuming that F (u,O) < +∞. By property (H3) for the
functional F , this implies that u ∈ BD(O).

Let ε > 0 and consider a compact set K ⊂ O such that

c3|Eu|(O \K) + c4Ld(O \K) < ε.

Consider now O′ ∈ Oc(Rd) with K ⊂ O′ ⊂⊂ O. Using Lemma 4.2.2 with U = O \K, from
the previous inequality and (4.2.5) we obtain

F ′′(u,O) ≤ F ′′(u,O′) + F ′′(u,O \K) < F (u,O) + ε.

The conclusion then follows from the arbitrariness of ε.

4.3 A partial integral representation for abstract functionals

In this section we use Theorem 1.5.4 to provide a partial integral representation of every
functional F ∈ Fsc. More precisely, we show that the “absolutely continuous” part and the
“jump” part of every such F can be written as integrals associated to suitable integrands
f ∈ F and g ∈ G .

We begin by introducing a decomposition of functionals in F that reflects the usual
decomposition of the measure Eu described in (1.4.1).
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Definition 4.3.1. Let F ∈ F, O ∈ Oc(Rd), and u ∈ BD(O). By (H1) and (H3) of Definition
4.1.4 F (u, ·) is a bounded Radon measure on O. Its absolutely continuous and the singular
part with respect to Ld, defined on every B ∈ B(O), are denoted by F a(u,B) and F s(u,B),
respectively. We also introduce the bounded Radon measures F c(u, ·) and F j(u, ·) defined
by

F c(u,B) := F s(u,B \ Ju) and F j(u,B) := F (u,B ∩ Ju)

for every B ∈ B(O). Note that we have

F (u,B) = F a(u,B) + F c(u,B) + F j(u,B) (4.3.1)

for every B ∈ B(O).

Remark 4.3.2. Let F ∈ F, O ∈ Oc(Rd), and u ∈ BD(O). It follows directly from the
bounds in (H3) of Definition 4.1.4 that F c(u, ·) and F j(u, ·), considered as measures defined
on B(O), are absolutely continuous with respect to |Ecu| and Hd−1 Ju, respectively.

Similarly to the previous two chapters, we will often work with functions defined by
using auxiliary minimisation problems. For this reason, given a functional F ∈ F, a set
O ∈ Oc(Rd) with Lipschitz boundary ∂O, and a function v ∈ BD(O), we set

mF (v,O) := inf{F (u,O) : u ∈ BD(O) and u = v on ∂O},

where the equality u = v is understood in the sense of traces. As v is a competitor for the
minimisation problem mF (v,O), by the upper bounds in Definition 4.1.4 it follows that

mF (v,O) ≤ F (v,O) ≤ c3|Ev|(O) + c4Ld(O) < +∞.

Given F ∈ F, for every x ∈ Rd, ζ ∈ Rd, A ∈ Rd×dsym , and ν ∈ Sd−1 we set

f(x,A) := lim sup
ρ→0+

mF (ℓA, Q(x, ρ))

ρd
, (4.3.2)

g(x, ζ, ν) := lim sup
ρ→0+

mF (ux,ζ,ν , Qν(x, ρ))

ρd−1
, (4.3.3)

where we recall that Q(x, ρ) and Qν(x, ρ) are the cubes introduced at the beginning of
Section 1.1 of Chapter 1 , while the functions ℓA and ux,ζ,ν are those introduced in (1.5.2)
and (1.5.3), respectively.

We now state the partial integral representation result.

Lemma 4.3.3. Let F ∈ Fsc, O ∈ Oc(Rd), and u ∈ BD(O). Let f and g be the two functions
defined by (4.3.2) and (4.3.3). Then f ∈ F , g ∈ G , and

F a(u,B) =

ˆ
B
f(x, Eu) dx, (4.3.4)

F j(u,B) =

ˆ
Ju∩B

g(x, [u], νu) dHd−1, (4.3.5)

for every set B ∈ B(O).

Proof. Equalities (4.3.4) and (4.3.5) follow from Theorem 1.5.4, while the inclusions f ∈ F
and g ∈ G are proved in Lemmas 4.3.6 and 4.3.8 below.
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Remark 4.3.4. We remark that properties (H5) and (H6) of Definition 4.1.4 are not used
to obtain (4.3.4) and (4.3.5). Properties (H5) and (H6) are used only to prove that f and
g satisfy (f3) and (g4) .

To prove that f is Borel measurable we will need the following lemma, which will be
used also in Section 4.7 for different purposes.

Lemma 4.3.5. Let F ∈ F, O′, O ∈ Oc(Rd), with Lipschitz boundary and O′ ⊂⊂ O, and let
w ∈ BD(O). Then

mF (w,O) ≤ mF (w,O′) + c3|Ew|(O \O′) + c4Ld(O \O′). (4.3.6)

Proof. Let η > 0 and u ∈ BD(O′) with u = w on ∂O′ be such that

F (u,O′) ≤ mF (w,O′) + η. (4.3.7)

We can then extend u to O by setting u = w on O \O′, so that u = w on ∂O, which implies

mF (w,O) ≤ F (u,O).

Using properties (H1) and (H3) of Definition 4.1.4 we get

F (u,O) = F (u,O′) + F (u,O \O′)

≤ F (u,O′) + c3|Eu|(O \O′) + c3|Eu|(∂O′) + c4Ld(O \O′). (4.3.8)

Since u = w on the open setO\O′, we have Eu = Ew as measures defined on B(O\O′), hence
|Eu|(O\O′) = |Ew|(O\O′). Moreover, since |Eu| ∂O′ = |(u+−u−)⊙ν∂O′ |Hd−1 (Ju∩∂O′)
and |Ew| ∂O′ = |(w+−w−)⊙ν∂O′ |Hd−1 (Jw∩∂O′), the equalities u+ = w+ and u− = w−

on ∂O′ imply that |Eu|(∂O′) = |Ew|(∂O′). Combining this equality with (4.3.7) and (4.3.8),
we get

mF (w,O) ≤ mF (w,O′) + c3|Ew|(O \O′) + c3|Ew|(∂O′) + c4Ld(O \O′) + η,

which, by arbitrariness of η, implies (4.3.6).

We are ready to prove that f ∈ F .

Lemma 4.3.6. Let F ∈ F. Then the function f defined by (4.3.2) belongs to F .

Proof. The proof of property (f1) can be obtained following the lines of the proof of [100,
Lemma 5.3], replacing the Lemma 4.11 of that paper by our Lemma 4.3.5.

Let us fix x ∈ Rd and A ∈ Rd×dsym . We want to show that

f(x,A) ≤ c3|A|+ c4. (4.3.9)

To this aim, we note that for every ρ > 0 from the upper bound in (H3) of Definition 4.1.4
and the fact that ℓA is a competitor for the minimisation problem mF (ℓA, Q(x, ρ)) it follows
that

mF (ℓA, Q(x, ρ)) ≤ F (ℓA, Q(x, ρ)) ≤ (c3|A|+ c4)ρ
d.

We now divide by ρd, take the limsup as ρ→ 0+, and use (4.3.2) to obtain (4.3.9).
To conclude the proof of (f2) we show that

c1|A| − c2 ≤ f(x,A). (4.3.10)
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To prove this, let us fix ρ > 0 and observe that, by the lower bound in (H3) of Definition
4.1.4, we have

c1|Eu|(Q(x, ρ))− c2ρ
d ≤ F (u,Q(x, ρ))

for every u ∈ BD(Q(x, ρ)), so that

c1min{|Eu|(Q(x, ρ)) : u ∈ BD(Q(x, ρ)) with u = ℓA on ∂Q(x, ρ)}−c2ρd ≤ mF (ℓA, Q(x, ρ)).

By Jensen’s inequality the function ℓA minimises the problem on the left-hand side of the
previous inequality. Hence,

c1|A|ρd − c2ρ
d ≤ mF (ℓA, Q(x, ρ)).

Dividing by ρd, taking the limsup as ρ→ 0+, and recalling (4.3.2), we obtain (4.3.10).
We now prove (f3) . To this aim, let us fix x ∈ Rd, A1, A2 ∈ Rd×dsym , ρ > 0, and η > 0.

Consider a function u2 ∈ BD(Q(x, ρ)) with u2 = ℓA2 on ∂Q(x, ρ) and such that

F (u2, Q(x, ρ)) ≤ mF (ℓA2 , Q(x, ρ)) + ηρd.

Then, we set u1 := u2 − ℓA2 + ℓA1 and observe that u1 = ℓA1 on ∂Q(x, ρ). Using property
(H5) of Definition 4.1.4 and the previous inequality, it follows that

mF (ℓA1 , Q(x, ρ)) ≤ F (u1, Q(x, ρ)) ≤ F (u2, Q(x, ρ)) + c5|A1 −A2|ρd

≤ mF (ℓA2 , Q(x, ρ)) + c5|A1 −A2|ρd + ηρd. (4.3.11)

Dividing by ρd, taking first the limsup as ρ→ 0+ and then as η → 0+, by (4.3.2) we obtain

f(x,A1) ≤ f(x,A2) + c5|A1 −A2|.

Exchanging the roles of A1 and A2, we obtain (f3) .

To prove that g is Borel measurable we will need the following lemma, which will be
used also in Section 4.7 for different purposes.

Lemma 4.3.7. Let F ∈ F. Then there exists a continuous function ω : [0,+∞)×[0,+∞) →
[0,+∞), increasing with respect to each variable and with ω(0, 0) = 0, such that for every
x1, x2 ∈ Rd, ζ ∈ Rd, ν1, ν2 ∈ Sd−1, and 0 < ρ1 < ρ2, the inclusion Qν1(x1, ρ1) ⊂⊂
Qν2(x2, ρ2) implies

mF (ux2,ζ,ν2 , Qν2(x2, ρ2)) ≤ mF (ux1,ζ,ν1 , Qν1(x1, ρ1)) + c3|ζ|(ρd−1
2 − ρd−1

1 )

+ c4(ρ
d
2 − ρd1) + c3|ζ|ω( |x2−x1|ρ1

, |ν1 − ν2|)ρd−1
1 .

Proof. The proof is obtained by the same argument used in the proof of [100, Lemma 5.9],
replacing the use of the distributional gradient D by that of the symmetric distributional
gradient E.

We are now in position to prove that g ∈ G .

Lemma 4.3.8. Let F ∈ F. Then the function g defined by (4.3.3) belongs to G .
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Proof. The proof of property (g1) can be obtained arguing as in [100, Lemma 5.12], replacing
Lemma 5.9 of that paper by our Lemma 4.3.7.

Property (g2) follows immediately from (H4) of Definition 4.1.4 and (4.3.3) once we
observe that ux,−ζ,−ν = ux,ζ,ν − ζ and that Qν(x, ρ) = Q−ν(x, ρ) (see property 4 of the
paragraph about cubes of Section 1.1).

We prove property (g3) . Let us fix x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1. As for every ρ > 0
the function ux,ζ,ν is a competitor for the minimisation problem mF (ux,ζ,ν , Qν(x, ρ)), by the
upper bound in (H3) of Definition 4.1.4 we obtain that

mF (ux,ζ,ν , Qν(x, ρ)) ≤ F (ux,ζ,ν , Qν(x, ρ)) ≤ c3|ζ ⊙ ν|ρd−1 + c4ρ
d.

Dividing by ρd−1, letting ρ→ 0+, and recalling (4.3.3) we obtain the upper bound in (g3) .
To obtain the lower bound in (g3) we argue as follows. For every ρ > 0 let u ∈

BD(Qν(x, ρ)) be a function with u = ux,ζ,ν on ∂Qν(x, ρ) and observe that by the lower
bound in (H3) of Definition 4.1.4 we have

c1|Eu|(Qν(x, ρ))− c2ρ
d ≤ F (u,Qν(x, ρ)),

so that

c1 inf{|Eu|(Qν(x, ρ)) : u = ux,ζ,ν on ∂Qν(x, ρ)} − c2ρ
d ≤ mF (ux,ζ,ν , Qν(x, ρ)). (4.3.12)

Consider the function g̃ : Rd × Sd−1 → [0,+∞) defined for every ζ ∈ Rd and ν ∈ Sd−1 by

g̃(ζ, ν) := lim sup
ρ→0+

inf{|Eu|(Qν(x, ρ)) : u = ux,ζ,ν on ∂Qν(x, ρ)}
ρd−1

, (4.3.13)

where x is an arbitrary point of Rd. By Lemma 4.3.3 applied to the functional F̃ (u,O) :=
|Eu|(O), we have

F̃ j(u,O) =

ˆ
Ju∩O

g̃([u], νu) dHd−1 (4.3.14)

for every O ∈ Oc(Rd) and u ∈ BD(O). In particular, for O = Qν(x, 1) and u = ux,ζ,ν
equality (4.3.14) leads to |ζ ⊙ ν| = g̃(ζ, ν). Dividing (4.3.12) by ρd−1, letting ρ → 0+, and
using (4.3.3) and (4.3.13), we obtain the lower bound in (g3) .

We conclude by showing that g satisfies property (g4) . Let x ∈ Rd, ζ1, ζ2 ∈ Rd, ν ∈ Sd−1,
ρ > 0, and η > 0. Consider a function u2 ∈ BD(Qν(x, ρ)) with u2 = ux,ζ2,ν on ∂Qν(x, ρ)
and such that

F (u2, Qν(x, ρ)) ≤ mF (ux,ζ2,ν , Qν(x, ρ)) + ηρd−1.

Then, we set u1 := u2 − ux,ζ2,ν + ux,ζ1,ν and observe that u1 = ux,ζ1,ν on ∂Qν(x, ρ). Using
property (H6) of Definition 4.1.4 and the previous inequality, it follows that

mF (ux,ζ1,ν , Qν(x, ρ)) ≤ F (u1, Qν(x, ρ)) ≤ F (u2, Qν(x, ρ)) + τ(|ζ1 − ζ2|)ρd−1

≤ mF (ux,ζ2,ν , Qν(x, ρ)) + τ(|ζ1 − ζ2|)ρd−1 + ηρd−1. (4.3.15)

Dividing this inequality by ρd−1, taking first the limsup for ρ → 0+ and then the limit for
η → 0+, by (4.3.3) we obtain

g(x, ζ1, ν) ≤ g(x, ζ2, ν) + τ(|ζ1 − ζ2|).

Exchanging the roles of ζ1 and ζ2, we obtain (g4) .
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4.4 A smaller collection of functionals

In this section we introduce two subcollections of F and G , denoted by Fα and G∞, by
prescribing suitable conditions on the integrands, related to their behaviour when |A| → +∞
and |ζ| → +∞ (see Remarks 4.4.2 and 4.4.3 below). We then define a subcollection of F,
denoted by Fα,∞, which is stable under Γ-convergence (see Proposition 4.4.6) and includes
the functionals F f,g with f ∈ Fα and g ∈ G∞. We shall see in Section 4.5 that all lower
semicontinuous functionals F ∈ Fα,∞ admit a complete integral representation, including
their Cantor part F c, provided they satisfy an additional condition (see (4.5.1) below).

In the rest of the chapter, we fix three constants 0 < α < 1 and c6, c7 ≥ 0.

Definition 4.4.1. Let Fα be the collection of all functions f ∈ F such that, for every
x ∈ Rd, A ∈ Rd×dsym , and s, t > 0, we have

∣∣f(x, sA)
s

− f(x, tA)

t

∣∣ ≤ c6
s
f(x, sA)1−α +

c6
s
+
c6
t
f(x, tA)1−α +

c6
t
. (f4)

Let G∞ be the collection of all functions g ∈ G such that, for every x ∈ Rd, ζ ∈ Rd,
ν ∈ Sd−1, and s, t > 0, we have∣∣g(x, sζ, ν)

s
− g(x, tζ, ν)

t

∣∣ ≤ c7

(g(x, sζ, ν)
s

+
g(x, tζ, ν)

t

)(1
s
+

1

t

)
. (g5)

Remark 4.4.2. A property closely related to (f4) was already introduced in Definition 2.4.1.
We recall (see Remark 2.4.2) that the upper bound in (f2) and (f4), are equivalent to the
two conditions

f∞(x,A) = lim
t→+∞

f(x, tA)

t
for all x ∈ Rd and A ∈ Rd×dsym , (4.4.1)∣∣f(x, tA)

t
− f∞(x,A)

∣∣ ≤ c6
t
+
c6
t
f(x, tA)1−α for all x ∈ Rd, t > 0, and A ∈ Rd×dsym . (4.4.2)

Observe that by the growth conditions in (f2) , inequality (4.4.2) implies that∣∣f(x, tA)
t

− f∞(x,A)
∣∣ ≤ CA

tα
for every x ∈ Rd, t ≥ 1, and A ∈ Rd×dsym , (4.4.3)

where CA := c6(1 + c1−α4 + c1−α3 |A|1−α).

Remark 4.4.3. If g ∈ G∞, then for every x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1 there exists the
limit

g∞(x, ζ, ν) := lim
t→+∞

g(x, tζ, ν)

t
. (4.4.4)

Indeed, (g3) and (g5) imply the Cauchy condition for the function t 7→ g(x, tζ, ν)/t. Passing
to the limit in (g3) we obtain

c1|ζ ⊙ ν| ≤ g∞(x, ζ, ν) ≤ c3|ζ ⊙ ν| (4.4.5)

for every x ∈ Rd, ζ ∈ Rd, ν ∈ Sd−1, while passing to the limit in (g4) and using (4.1.1) we
get

|g∞(x, ζ1, ν)− g∞(x, ζ2, ν)| ≤ τ∞|ζ1 − ζ2| (g4′)

for every x ∈ Rd, ζ1, ζ2 ∈ Rd, and ν ∈ Sd−1, where τ∞ is the non-negative constant intro-
duced in (4.1.1).
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Letting s→ +∞ in (g5) , we also obtain

∣∣g(x, tζ, ν)
t

− g∞(x, ζ, ν)
∣∣ ≤ c7

(g(x, tζ, ν)
t

+ g∞(x, ζ, ν)
)1
t

(4.4.6)

for every x ∈ Rd, ζ ∈ Rd, ν ∈ Sd−1, and t > 0. Thanks to the bounds in (g3) and (4.4.5),
this inequality implies that

∣∣g(x, tζ, ν)
t

− g∞(x, ζ, ν)
∣∣ ≤ 2c3c7|ζ ⊙ ν|

t
, (4.4.7)

while the inequality ∣∣g(x, tζ, ν)
t

− g∞(x, ζ, ν)
∣∣ ≤ 2c1c7|ζ ⊙ ν|

t

implies (4.4.6).
Conversely, assume that g is a function in G such that the limit in (4.4.4) exists and the

inequality

g∞(x, ζ, ν) ≤ g(x, tζ, ν)

t
(4.4.8)

is satisfied for every x ∈ Rd, ζ ∈ Rd, ν ∈ Sd−1, and t > 0. If g satisfies also (4.4.6), then
g ∈ G∞. Indeed, by (4.4.6) and (4.4.8) we have

∣∣g(x, tζ, ν)
t

− g∞(x, ζ, ν)
∣∣ ≤ c7

(g(x, tζ, ν)
t

+
g(x, sζ, ν)

s

)1
t

(4.4.9)

for every x ∈ Rd, ζ ∈ Rd, ν ∈ Sd−1, and s, t > 0. Exchanging the roles of s and t, we obtain

∣∣g(x, sζ, ν)
s

− g∞(x, ζ, ν)
∣∣ ≤ c7

(g(x, sζ, ν)
s

+
g(x, tζ, ν)

t

)1
s
. (4.4.10)

Using the triangle inequality, from (4.4.9) and (4.4.10) we obtain (g5) .
Note that the existence of the limit in (4.4.4) and inequality (4.4.8) is always satisfied

when t 7→ g(x, tζ, ν) is concave.

We now introduce a collection of functionals closely related to conditions (f4) and (g5).

Definition 4.4.4. Let Fα,∞ be the collection of all functionals F ∈ F such that for every
O ∈ Oc(Rd), u ∈ BD(O), and s, t > 0 we have

∣∣F (su,O)

s
− F (tu,O)

t

∣∣ ≤ c6
s
Ld(O)αF (su,O)1−α +

c6
s
Ld(O)

+
c6
t
Ld(O)αF (tu,O)1−α +

c6
t
Ld(O) + c7

(F (su,O)

s
+
F (tu,O)

t

)(1
s
+

1

t

)
. (g)

The collection of functionals F ∈ Fα,∞ such that for every O ∈ O(Rd) the functional F (·, O)
is L1

loc(Rd;Rd)-lower semicontinuous is denoted by Fα,∞sc .

We now show that integral functionals of the form F f,g belong to Fα,∞ whenever f ∈ Fα

and g ∈ G∞.

Proposition 4.4.5. Let f ∈ Fα and g ∈ G∞. Then the functional F f,g introduced in
Definition 4.1.3 belongs to Fα,∞.
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Proof. Thanks to Proposition 4.1.8, we only need to prove that F f,g satisfies property (g).
To this aim, let us fix O ∈ Oc(Rd), u ∈ BD(O), and s, t > 0. Using (f4) and Hölder’s
inequality we see that∣∣ ˆ

O

f(x, sEu)
s

dx−
ˆ
O

f(x, tEu)
t

dx
∣∣ ≤ ˆ

O

(c6
s
f(x, sEu)1−α +

c6
s
+
c6
t
f(x, tEu)1−α +

c6
t

)
dx

≤ c6
s
Ld(O)αF f,g(su,O)1−α +

c6
s
Ld(O) +

c6
t
Ld(O)αF f,g(tu,O)1−α +

c6
t
Ld(O). (4.4.11)

Since f∞ is positively 1-homogeneous, we immediately see that

1

s

ˆ
O
f∞

(
x, s

dEcu

d|Ecu|

)
d|Ecu| = 1

t

ˆ
O
f∞

(
x, t

dEcu

d|Ecu|

)
d|Ecu|. (4.4.12)

Condition (g5) implies that∣∣ ˆ
Ju∩O

(g(x, s[u], νu)
s

− g(x, t[u], νu)

t

)
dHd−1

∣∣
≤ c7

( ˆ
Ju∩O

g(x, s[u], νu)

s
dHd−1 +

ˆ
Ju∩O

g(x, t[u], νu)

t
dHd−1

)(1
s
+

1

t

)
≤ c7

(F f,g(su,O)

s
+
F f,g(tu,O)

t

)(1
s
+

1

t

)
. (4.4.13)

Finally, combining (4.4.11)–(4.4.13) we obtain that F f,g satisfies property (g).

We now prove that the closure of the class Fα,∞ with respect to Γ-convergence is Fα,∞sc .

Proposition 4.4.6. Let {Fn}n ⊂ Fα,∞. Assume that for every O ∈ Oc(Rd) the sequence
{Fn(·, O)}n Γ-converges to F (·, O) with respect to the topology of L1

loc(Rd;Rd). Then the
functional F belongs to Fα,∞sc .

Proof. Thanks to Theorem 4.2.1 we have F ∈ Fsc. Hence, to conclude we only have to show
that F satisfies property (g). The argument we use is a variant of the one presented in the
proof of Proposition 2.4.12.

Let us fix O ∈ Oc(Rd), u ∈ BD(O), and s, t > 0. To prove that (g) holds it is enough to
show that

F (su,O)

s
− c6

s
Ld(O)αF (su,O)1−α − c6

s
Ld(O)− c7

F (su,O)

s

(1
s
+

1

t

)
≤ F (tu,O)

t
+
c6
t
Ld(O)αF (tu,O)1−α +

c6
t
Ld(O) + c7

F (tu,O)

t

(1
s
+

1

t

)
. (4.4.14)

Indeed, exchanging the role of s and t we obtain (g). We note that, if the left-hand side
of (4.4.14) is less than or equal to zero, then the inequality is trivial because the right-hand
side is non-negative. Hence, we may assume that the left-hand side is positive.

Let {un}n ⊂ BD(O) be a sequence converging to u in L1
loc(Rd;Rd) and such that

Fn(tun, O) converges to F (tu,O) as n → +∞. It follows from property (g) applied to
Fn that for every n ∈ N we have

Fn(sun, O)

s
− c6

s
Ld(O)αFn(sun, O)1−α − c6

s
Ld(O)− c7

Fn(sun, O)

s

(1
s
+

1

t

)
≤ Fn(tun, O)

t
+
c6
t
Ld(O)αFn(tun, O)1−α +

c6
t
Ld(O) + c7

Fn(tun, O)

t

(1
s
+

1

t

)
. (4.4.15)
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Thanks to our choice of {un}n, we have

lim
n→+∞

(Fn(tun, O)

t
+
c6
t
Ld(O)αFn(tun, O)1−α +

c6
t
Ld(O) + c7

Fn(tun, O)

t

(1
s
+

1

t

))
=
F (tu,O)

t
+
c6
t
Ld(O)αF (tu,O)1−α +

c6
t
Ld(O) + c7

F (tu,O)

t

(1
s
+

1

t

)
.

Hence, by (4.4.15) to conclude we only need to show that

F (su,O)

s
− c6

s
Ld(O)αF (su,O)1−α − c6

s
Ld(O)− c7

F (su,O)

s

(1
s
+

1

t

)
(4.4.16)

≤ lim inf
n→+∞

(Fn(sun, O)

s
− c6

s
Ld(O)αFn(sun, O)1−α − c6

s
Ld(O)− c7

Fn(sun, O)

s

(1
s
+

1

t

))
.

We consider the function Φ: [0,+∞) → R defined for every z ∈ [0,+∞) by

Φ(z) :=
z

s
− c6

s
Ld(O)αz1−α − c6

s
Ld(O)− c7

z

s

(1
s
+

1

t

)
.

We observe that Φ(F (su,O)) coincides with the left-hand side of (4.4.14) and (4.4.16), while
the right-hand side of (4.4.16) coincides with lim infnΦ(Fn(sun, O)). If 1−c7(1/s+1/t) ≤ 0
then Φ(z) ≤ 0 for every z ∈ [0,+∞), so that (4.4.14) is satisfied. If 1− c7(1/s+ 1/t) > 0,
then we set z0 :=

(
c6(1 − α)Ld(O)α

)1/α(
1 − c7

(
1/s + 1/t)

)−1/α
. By direct computation of

Φ′ we see that Φ is strictly decreasing in [0, z0] and strictly increasing in [z0,+∞). Since
Φ(0) ≤ 0 we deduce that Φ(z) ≤ 0 for z ∈ [0, z0]. This implies that if Φ(z) > 0 then
z > z0. Since Φ(F (su,O)) coincides with the left-hand side of (4.4.16), which we assumed
to be positive, we have that F (su,O) > z0. Moreover, by the Γ-liminf inequality we have
F (su,O) ≤ lim infn Fn(sun, O), so that, using that Φ is increasing on [z0,+∞), we deduce
that

Φ(F (su,O)) ≤ lim inf
n→+∞

Φ(Fn(sun, O)).

This proves (4.4.16) and concludes the proof of the proposition.

We now present an inequality that allows to estimate the difference between the min-
imum values of some minimisation problems with Dirichlet boundary conditions involving
functionals in Fα,∞. The aim of this lemma is twofold. On the one hand, it is useful to
establish that the functions f and g defined by (4.3.2) and (4.3.3) satisfy (f4) and (g5).
On the other hand, this lemma will be crucial in the proof of the integral representation of
the Cantor part of functionals in Fα,∞sc . The proof of this lemma closely resembles that of
Proposition 4.4.6. It follows the lines of the proofs of Lemmas 2.4.13 and 2.4.14, removing
any truncation arguments, that are not available in our context.

Lemma 4.4.7. Let F ∈ Fα,∞, let O ∈ Oc(Rd) with Lipschitz boundary, and let w ∈ BD(O).
Then ∣∣mF (sw,O)

s
− mF (tw,O)

t

∣∣ ≤ c6
s
Ld(O)αmF (sw,O)1−α +

c6
s
Ld(O)

+
c6
t
Ld(O)αmF (tw,O)1−α +

c6
t
Ld(O) + c7

(mF (sw,O)

s
+

mF (tw,O)

t

)(1
s
+

1

t

)
.
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Proof. It is enough to prove that

mF (sw,O)

s
− c6

s
Ld(O)αmF (sw,O)1−α − c6

s
Ld(O)− c7

mF (sw,O)

s

(1
s
+

1

t

)
≤ mF (tw,O)

t
+
c6
t
Ld(O)αmF (tw,O)1−α +

c6
t
Ld(O) + c7

mF (tw,O)

t

(1
s
+

1

t

) (4.4.17)

whenever the left-hand side is positive.
Let η > 0 and consider a function u ∈ BD(O) with u = w on ∂O and such that

F (tu,O) ≤ mF (tw,O) + η.

Since F satisfies property (g) of Definition 4.4.4, from this inequality we deduce that

F (su,O)

s
− c6

s
Ld(O)αF (su,O)1−α − c6

s
Ld(O)− c7

F (su,O)

s

(1
s
+

1

t

)
≤ F (tu,O)

t
+
c6
t
Ld(O)αF (tu,O)1−α +

c6
t
Ld(O) + c7

F (tu,O)

t

(1
s
+

1

t

)
≤ mF (tw,O)

t
+
η

t
+
c6
t
Ld(O)αmF (tw,O)1−α +

c6
t
Ld(O)αη1−α

+
c6
t
Ld(O) + c7

mF (tw,O)

t

(1
s
+

1

t

)
+ c7

η

t

(1
s
+

1

t

)
.

Exploiting the fact that mF (sw,O) ≤ F (su,O) and using the same argument employed at
the end of the proof of Proposition 4.4.6 we conclude that

mF (sw,O)

s
− c6

s
Ld(O)αmF (sw,O)1−α − c6

s
Ld(O)− c7

mF (sw,O)

s

(1
s
+

1

t

)
≤ mF (tw,O)

t
+
η

t
+
c6
t
Ld(O)αmF (tw,O)1−α +

c6
t
Ld(O)αη1−α

+
c6
t
Ld(O) + c7

mF (tw,O)

t

(1
s
+

1

t

)
+ c7

η

t

(1
s
+

1

t

)
.

As η is arbitrary, we obtain (4.4.17).

We conclude the section by proving a further property of the functionals F ∈ Fα,∞.

Lemma 4.4.8. Let F ∈ Fα,∞. Then the functions f and g defined by (4.3.2) and (4.3.3)
belong to Fα and G∞, respectively.

Proof. Thanks to Lemmas 4.3.6 and 4.3.8, to conclude it is enough to show that f and g
satisfy properties (f4) and (g5).

We first prove that f satisfies (f4). Let us fix x ∈ Rd, A ∈ Rd×dsym , and s, t > 0. Thanks
to Lemma 4.4.7 applied with O = Q(x, ρ) and w = ℓA, we have that

mF (sℓA, Q(x, ρ))

s
≤ mF (tℓA, Q(x, ρ))

t
+
c6
s
ραdmF (sℓA, Q(x, ρ))1−α +

c6
s
ρd

+
c6
t
ραdmF (tℓA, Q(x, ρ))1−α +

c6
t
ρd + c7

(mF (sℓA, Q(x, ρ))

s
+

mF (tℓA, Q(x, ρ))

t

)(1
s
+

1

t

)
.

Dividing this inequality by ρd, letting ρ→ 0+, and recalling (4.3.2), we obtain

f(x, sA)

s
≤ f(x, tA)

t
+
c6
s
f(x, sA)1−α +

c6
s
+
c6
t
f(x, tA)1−α

+
c6
t
+ c7

(f(x, sA)
s

+
f(x, tA)

t

)(1
s
+

1

t

)
.
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Exchanging the roles of s and t we obtain

f(x, tA)

t
≤ f(x, sA)

s
+
c6
s
f(x, sA)1−α +

c6
s
+
c6
t
f(x, tA)1−α

+
c6
t
+ c7

(f(x, sA)
s

+
f(x, tA)

t

)(1
s
+

1

t

)
.

As these inequalities hold for every s and t, we may let s → +∞ and obtain for every
t > 0 that∣∣f∞(x,A)− f(x, tA)

t

∣∣ ≤ c6
t
f(x, tA)1−α +

c6
t
+
c7
t

(
f∞(x,A) +

f(x, tA)

t

)
.

Let us fix λ > 0 and apply this inequality with A replaced by λA to get

∣∣λf∞(x,A)− f(x, tλA)

t

∣∣ ≤ c6
t
f(x, tλA)1−α +

c6
t
+
c7
t

(
λf∞(x,A) +

f(x, tλA)

t

)
for every t > 0, hence

∣∣f∞(x,A)− f(x, tλA)

λt

∣∣ ≤ c6
λt
f(x, tλA)1−α +

c6
λt

+
c7
t

(
f∞(x,A) +

f(x, tλA)

λt

)
for every t > 0 and λ > 0. Setting τ = tλ

∣∣f∞(x,A)− f(x, τA)

τ

∣∣ ≤ c6
τ
f(x, τA)1−α +

c6
τ

+
c7
t

(
f∞(x,A) +

f(x, τA)

τ

)
for every t > 0 and τ > 0, so that, letting t→ +∞ we obtain

∣∣f∞(x,A)− f(x, τA)

τ

∣∣ ≤ c6
τ
f(x, τA)1−α +

c6
τ

(4.4.18)

for every τ > 0. Recalling that f satisfies (f2) , we may use Remark 4.4.2 to deduce from
(4.4.18) that f satisfies (f4), concluding the proof of the inclusion f ∈ Fα.

We now prove that g satisfies property (g5) . Let x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1. Lemma
4.4.7 applied with O = Qν(x, ρ) and w = ux,ζ,ν implies that for every s, t > 0 we have

mF (sux,ζ,ν , Qν(x, ρ))

s
≤

mF (tux,ζ,ν , Qν(x, ρ))

t
+
c6
s
ραdmF (sux,ζ,ν , Qν(x, ρ))

1−α +
c6
s
ρd

+
c6
t
ραdmF (tux,ζ,ν , Qν(x, ρ))

1−α +
c6
t
ρd

+ c7

(mF (sux,ζ,ν , Qν(x, ρ))

s
+

mF (tux,ζ,ν , Qν(x, ρ))

t

)(1
s
+

1

t

)
.

Dividing this inequality by ρd−1, letting ρ→ 0+, and recalling (4.3.3) we deduce

g(x, sζ, ν)

s
≤ g(x, tζ, ν)

t
+ c7

(g(x, sζ, ν)
s

+
g(x, tζ, ν)

t

)(1
s
+

1

t

)
.

Exchanging the roles of s and t we obtain (g5) .
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4.5 Full integral representation

In this section we prove a complete integral representation result for functionals F in
Fα,∞sc , including the representation of the Cantor part F c, assuming that the function f ,
defined in (4.3.2), does not depend on x.

A full integral representation result for functionals F ∈ Fsc has recently been proved in
[63], under the additional assumption of uniform continuity of F with respect to translations
of the independent variables or, as stated in Theorem 1.5.4, under a complete independence
with respect to such translations.

In the case of periodic homogenisation one can easily check that the Γ-limit functional
Fhom (see Theorem 4.7.7 below) is invariant under translations (see, for instance, [63, The-
orem 6.14]). However, in general, this invariance (nor the continuity with respect to trans-
lations) cannot be checked directly in the case of non-periodic homogenisation. For this
reason, we will prove Theorem 4.5.1 below under the sole additional assumption (4.5.1),
which is much weaker than invariance under translations (see Example 4.5.3). We shall see
in Section 4.7 that condition (4.5.1) is satisfied almost surely under the standard hypotheses
of stochastic homogenisation.

The following theorem is the main result of this section.

Theorem 4.5.1. Let F ∈ Fα,∞sc and let g be the function defined by (4.3.3). Assume that
there exist a function f : Rd×dsym → [0,+∞) and a Borel set N ⊂ Rd, σ-finite with respect to
Hd−1, such that

f(A) = lim
ρ→0+

mF (ℓA, Q(x, ρ))

ρd
for every x ∈ Rd \N and A ∈ Rd×dsym . (4.5.1)

Then for every O ∈ Oc(Rd) and u ∈ BD(O) we have

F (u,B) =

ˆ
B
f(Eu) dx+

ˆ
B
f∞

( dEcu

d|Ecu|

)
d|Ecu|+

ˆ
Ju∩B

g(x, [u], νu) dHd−1

for every B ∈ B(O).

We recall the notation for the parallelograms P a,bλ (x, ρ) and P xλ (x, ρ), which has been
set in Section 1.5 of Chapter 1, before the statement of Lemma 1.5.5

The following result shows that, under suitable assumptions on F , in definition (4.3.2)
we may replace the cube Q(x, ρ) by parallelograms of the form P a,bλ (x, ρ).

Lemma 4.5.2. Let F ∈ F, A ∈ Rd×dsym, a, b ∈ Rd, and λ > 0. Assume that there exists µ ≥ 0
such that

mF (ℓA, Q(y, ρ)) ≤ µρd

for every y ∈ Rd and ρ > 0. Then

mF (ℓA, P
a,b
λ (y, ρ)) ≤ µLd(P a,bλ (y, ρ))

for every y ∈ Rd and ρ > 0. If, in addition, for some x ∈ Rd we have

lim
ρ→0+

mF (ℓA, Q(x, ρ))

ρd
= µ,

then

lim
ρ→0+

mF (ℓA, P
a,b
λ (x, ρ))

Ld(P a,bλ (x, ρ))
= µ.



4. Γ-convergence and homogenisation: symmetric gradient 171

Proof. The proof can be obtained arguing as in [101, Lemma 5.3], observing that in the
last part of that lemma limsup can be replaced by lim. We also remark that, in contrast
with [101, Lemma 5.3], we deal with minimisation problems without constraints on the
oscillation of the competitors, which simplifies the proof.

We are now ready to prove Theorem 4.5.1.

Proof of Theorem 4.5.1. By (4.5.1) we have

f(A) = lim sup
ρ→0+

mF (ℓA, Q(x, ρ))

ρd
for Ld-a.e. x ∈ Rd and every A ∈ Rd×dsym . (4.5.2)

Let us fix O ∈ Oc(Rd) and u ∈ BD(O). Thanks to (4.3.1), (4.5.2), and Proposition 4.3.3, it
is enough to show that

F c(u,B) =

ˆ
B
f∞

( dEcu

d|Ecu|

)
d|Ecu|

for every B ∈ B(O). To prove this we will show that

dF c(u, ·)
d|Ecu|

(x) = f∞
( dEcu

d|Ecu|
(x)

)
(4.5.3)

for |Ecu|-a.e. x ∈ O. Let C(u) ⊂ O be the set of Lemma 1.5.5 and let us fix x ∈ C(u) \N ,
where N is as in the statement.

Thanks to Lemma 1.5.5 there exist a positive sequence {λj}j∈N converging to 0 as
j → +∞, and for every j ∈ N a positive sequence {ρi,j}i∈N, converging to 0 as i→ +∞, such
that (1.5.13) and (1.5.14) hold. For simplicity of notation, we set P xj (x, ρi,j) := P xλj (x, ρi,j).
To obtain (4.5.3) is enough to show that

f∞
( dEcu

d|Ecu|
(x)

)
= lim

j→+∞
lim sup
i→+∞

mF (si,jℓA, P
x
j (x, ρi,j))

si,jLd(P xj (x, ρi,j))
, (4.5.4)

where A = A(x) and si,j are defined by (1.5.12).
By (4.3.2), (4.3.4), and (4.5.1) we have

mF (si,jℓA, P
x
j (x, ρi,j)) ≤ F (si,jℓA, P

x
j (x, ρi,j)) = f(si,jA)Ld(P xj (x, ρi,j)),

so that by (1.5.13) we have

lim sup
i→+∞

mF (si,jℓA, P
x
j (x, ρi,j))

si,jLd(P xj (x, ρi,j))
≤ lim sup

i→+∞

f(si,jA)

si,j
= f∞(A), (4.5.5)

for every j ∈ N.
Then, we observe that for every y ∈ Rd, ρ > 0, and t > 0 by (4.3.2), (4.3.4), and (4.5.1)

we have

mF (tℓA, Q(y, ρ)) ≤ F (tℓA, Q(y, ρ)) = f(tA)ρd and lim
ρ→0+

mF (tℓA, Q(x, ρ))

ρd
= f(tA).

Hence, we can use Lemma 4.5.2 to deduce that

lim
ρ→0+

mF (tℓA, P
x
λ (x, ρ))

Ld(P xλ (x, ρ))
= f(tA) (4.5.6)
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for every λ, t > 0. Recalling (4.4.1), from the previous equality it follows that

lim
t→+∞

lim
ρ→0+

mF (tℓA, P
x
λ (x, ρ))

tLd(P xλ (x, ρ))
= f∞(A). (4.5.7)

Then, we apply Lemma 4.4.7 with w = ℓA and O = P xj (x, ρi,j) to get for every t > 0

∣∣mF (si,jℓA, P
x
j (x, ρi,j))

si,jLd(P xj (x, ρi,j))
−

mF (tℓA, P
x
j (x, ρi,j))

tLd(P xj (x, ρi,j))
∣∣ ≤ c6

si,j

(mF (si,jℓA, P
x
j (x, ρi,j))

Ld(P xj (x, ρi,j))

)1−α

+
c6
si,j

+
c6
t

(mF (tℓA, P
x
j (x, ρi,j))

Ld(P xj (x, ρi,j))

)1−α
+
c6
t

+c7

(mF (si,jℓA, P
x
j (x, ρi,j))

si,jLd(P xj (x, ρi,j))
+

mF (tℓA, P
x
j (x, ρi,j))

tLd(P xj (x, ρi,j))

)( 1

si,j
+

1

t

)
.

(4.5.8)

We observe that for every t > 0 it follows from the upper bound in (H3) of Definition 4.1.4
that

mF (tℓA, P
x
j (x, ρi,j)) ≤ F (tℓA, P

x
j (x, ρi,j)) ≤ (c3t|A|+ c4)Ld(P xj (x, ρi,j)). (4.5.9)

Let us fix ε > 0. Recalling (4.4.1), we may find t > 0 such that

|f(tA)
t

− f∞(A)| < ε and
c6
t
+
c6
tα

(c3|A|+
c4
t
)1−α + c7

(
2c3|A|+

c4
t

)1
t
< ε. (4.5.10)

Thanks to (4.5.6), from the first inequality in (4.5.10) we deduce that for every j ∈ N we
have

f∞(A)− ε <
f(tA)

t
= lim

i→+∞

mF (tℓA, P
x
j (x, ρi,j))

tLd(P xj (x, ρi,j))
.

Combining this inequality with (4.5.8), we get

f∞(A)− ε ≤ lim
j→+∞

lim
i→+∞

mF (tℓA, P
x
j (x, ρi,j))

tLd(P xj (x, ρi,j))
≤ lim sup

j→+∞
lim sup
i→+∞

(mF (si,jℓA, P
x
j (x, ρi,j))

si,jLd(P xj (x, ρi,j))

+
c6
si,j

(mF (si,jℓA, P
x
j (x, ρi,j))

Ld(P xj (x, ρi,j))

)1−α
+

c6
si,j

+
c6
t

(mF (tℓA, P
x
j (x, ρi,j))

Ld(P xj (x, ρi,j))

)1−α
+
c6
t

+c7

(mF (si,jℓA, P
x
j (x, ρi,j))

si,jLd(P xj (x, ρi,j))
+

mF (tℓA, P
x
j (x, ρi,j))

tLd(P xj (x, ρi,j))

)( 1

si,j
+

1

t

))
. (4.5.11)

Using (4.5.9), we see that the right-hand side of the previous chain of inequalities can
be bounded from above by

limsupj→+∞ lim sup
i→+∞

(mF (si,jℓA, P
x
j (x, ρi,j))

si,jLd(P xj (x, ρi,j))
+

c6
sαi,j

(
c3|A|+

c4
si,j

)1−α
+

c6
si,j

+
c6
tα

(c3|A|+
c4
t
)1−α +

c6
t
+ c7

(
2c3|A|+

c4
si,j

+
c4
t

)( 1

si,j
+

1

t

))
. (4.5.12)

Recalling (4.5.5) and (1.5.13), from (4.5.10)-(4.5.12) we infer

f∞(A)− ε < lim
j→+∞

lim sup
i→+∞

mF (si,jℓA, P
x
j (x, ρi,j))

si,jLd(P xj (x, ρi,j))
+ ε ≤ f∞(A) + ε.
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As ε > 0 is arbitrary, we obtain (4.5.4). Since x ∈ C(u) \ N , |Ecu|(O \ C(u)) = 0, and
|Ecu|(N) = 0, this concludes the proof.

It is easy to produce examples of functionals F ∈ Fα,∞sc which are not invariant under
translation of the independent variable, but satisfy (4.5.1).

Example 4.5.3. Assume that 0 < c1 < c3 and let f and g be the functions defined for
every A ∈ Rd×dsym , x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1 by

f(A) := c3|A| and g(x, ζ, ν) :=

{
c3|ζ ⊙ ν| if x ∈ Rd \Πed ,
c1|ζ ⊙ ν| if x ∈ Πed ,

where we recall that ed = (0, . . . , 1) and Πed := {y ∈ Rd : y · ed = 0}. Clearly, f ∈ F
and g ∈ G , and since they are positively homogeneous of degree one we also have f ∈ Fα

and g ∈ G∞. Hence, the functional F := F f,g belongs to Fα,∞ by Proposition 4.4.5. Let
ψ : Rd → R be the function defined by

ψ(x) :=

{
c3 if x ∈ Rd \Πed ,
c1 if x ∈ Πed .

We observe that for every O ∈ Oc(Rd) and u ∈ BD(O) we have

F (u,O) =

ˆ
O
ψ d|Eu|.

Since ψ is lower semicontinuous in Rd, this equality shows that F (·, O) is L1
loc(Rd;Rd)-lower

semicontinuous, hence F ∈ Fα,∞sc .

4.6 Characterisation of Γ-convergence using minima on small
cubes

In this section we determine the integrands of the Γ-limit of a sequence {Fn}n ⊂ Fα,∞

by means of limits of the minimum values of suitable minimisation problems for Fn on small
cubes. The next lemma shows that the Γ-convergence of a sequence {Fn}n ⊂ F to a limit
functional F allows us to compare mF with {mFn}n.

Lemma 4.6.1. Let {Fn}n ⊂ F. Assume that there exists F ∈ Fsc such that for every
O ∈ Oc(Rd) the sequence {Fn(·, O)}n Γ-converges to F (·, O) with respect to the topology of
L1
loc(Rd;Rd). Let O,U ∈ Oc(Rd) be with Lipschitz boundaries and with U ⊂⊂ O, and let

w ∈ BD(O). Then

mF (w,O) ≤ lim inf
n→+∞

mFn(w,U) + c3|Ew|(O \ U) + c4Ld(O \ U), (4.6.1)

lim sup
n→+∞

mFn(w,O) ≤ mF (w,O). (4.6.2)

Proof. We consider a subsequence, not relabelled, such that the liminf in the right-hand
side of (4.6.1) is actually a limit. To prove (4.6.1) we fix δ > 0 and for every n ∈ N we select
vn ∈ BD(U) such that vn = w on ∂U and

Fn(vn, U) < mFn(w,U) + δ. (4.6.3)
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We observe that by the upper bound in (H3) of Definition 4.1.4, we have

Fn(vn, U) < mFn(w,U) + δ ≤ Fn(w,U) + δ ≤ c3|Ew|(U) + c4Ld(U) + δ,

so that by the lower bound in (H3) we also get that |Evn|(U) is bounded uniformly with
respect to n. We extend vn to O by setting vn = w on O \ U and observe that |Evn|(O)
is uniformly bounded in n as well. Hence, there exist a subsequence, not relabelled, and a
function v ∈ BD(O) such that vn → v in L1(O;Rd) and v = w on O \ U , so that

mF (w,O) ≤ F (v,O) ≤ lim inf
n→+∞

Fn(vn, O), (4.6.4)

where the last inequality is due to Γ-convergence. Since the inner trace of vn on ∂U equals
the inner trace of w, we have |Evn|(∂U) = |Ew|(∂U). Hence, the upper bound in (H3) of
Definition 4.1.4 gives

Fn(vn, O \ U) ≤ c3|Evn|(O \ U) + c4Ld(O \ U) = c3|Ew|(O \ U) + c4Ld(O \ U),

where the last equality is due to the fact that vn = w in the open set O\U and |Evn|(∂U) =
|Ew|(∂U). Combining this inequality with (4.6.3) and (4.6.4), and letting δ → 0+ we obtain
(4.6.1).

To prove (4.6.2), let us fix δ > 0 and let u ∈ BD(O) be such that u = w on ∂O
and F (u,O) < mF (w,O) + δ. By Γ-convergence there exists a sequence {un}n ⊂ BD(O)
converging to u strongly in L1(O;Rd) and such that

lim
n→+∞

Fn(un, O) = F (u,O) < mF (w,O) + δ. (4.6.5)

We now fix a compact set K ⊂ O such that

c3|Eu|(O \K) + c4Ld(O \K) < δ. (4.6.6)

We also consider two additional open sets O′′ and O′ with the property that K ⊂ O′′ ⊂⊂
O′ ⊂⊂ O. We now argue as in the part of the proof of Lemma 4.2.2 that starts from (4.2.11),
with U = O\O′′, vn replaced by u, and for every n ∈ N we construct a function vn ∈ BD(O)
such that vn = u in a neighbourhood of ∂O and

Fn(vn, O) ≤ Fn(un, O) + Fn(u,O \O′′) +
M

m
+

2c3
η

∥un − u∥L1(O),

where M ≥ 0 is the constant introduced in (4.2.9) and η := dist(O′′, ∂O′). Since vn = u = w
on ∂O, we have mFn(w,O) ≤ Fn(vn, O). Hence, using the upper bounds in property (H3)
of Definition 4.1.4 for Fn, (4.6.6), and the inclusion K ⊂ O′′, from the previous displayed
formula we obtain

mFn(w,O) ≤ Fn(un, O) + δ +
M

m
+

2c3
η

∥un − u∥L1(O).

We now pass to the limsup as n→ +∞ and, recalling that un → u in L1(O;Rd) as n→ +∞,
from (4.6.5) we get

lim sup
n→+∞

mFn(w,O) ≤ mF (w,O) + 2δ +
M

m
.

Taking the limit as m→ +∞ and δ → 0+ we obtain (4.6.2).
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The next result shows that for a functional F ∈ Fsc arising as Γ-limit of a sequence
of functionals in F the integrands f and g of the bulk and surface parts can be obtained
using limits of the minimum values of the minimisation problems mFn(ℓA, Q(x, ρ)) and
mFn(ux,ζ,ν , Qν(x, ρ)) for the functionals Fn.

Lemma 4.6.2. Let {Fn}n ⊂ F. Assume that there exists F ∈ Fsc such that for every
O ∈ Oc(Rd) the sequence {Fn(·, O)}n Γ-converges to F (·, O) with respect to the topology of
L1
loc(Rd;Rd), and let f and g be the functions associated to F by (4.3.2) and (4.3.3). Then

for every x ∈ Rd, A ∈ Rd×dsym, ζ ∈ Rd, and ν ∈ Sd−1 we have

f(x,A) = lim sup
ρ→0+

lim sup
n→+∞

mFn(ℓA, Q(x, ρ))

ρd
= lim sup

ρ→0+
lim inf
n→+∞

mFn(ℓA, Q(x, ρ))

ρd
,

g(x, ζ, ν) = lim sup
ρ→0+

lim sup
n→+∞

mFn(ux,ζ,ν , Qν(x, ρ))

ρd−1
= lim sup

ρ→0+
lim inf
n→+∞

mFn(ux,ζ,ν , Qν(x, ρ))

ρd−1
.

Proof. The proof can be obtained arguing exactly as in [101, Lemma 3.3], replacing D with
E, ∇ with E , and Propositions 3.1 and 3.2 of that paper with our Lemma 4.6.1.

We conclude this section by proving a sufficient condition for the Γ-convergence of a
sequence Fn, based on limits of minimum values of minimisation problems for Fn on small
cubes. Note that we require that the limits corresponding to the volume integrand do not
depend on x.

Theorem 4.6.3. Let {Fn}n ⊂ Fα,∞. Assume that there exist f̂ : Rd×dsym → [0,+∞) and
ĝ : Rd × Rd × Sd−1 → [0,+∞) such that

f̂(A) = lim
ρ→0+

lim sup
n→+∞

mFn(ℓA, Q(x, ρ))

ρd
= lim

ρ→0+
lim inf
n→+∞

mFn(ℓA, Q(x, ρ))

ρd
, (4.6.7)

ĝ(x, ζ, ν) = lim sup
ρ→0+

lim sup
n→+∞

mFn(ux,ζ,ν , Qν(x, ρ))

ρd−1
= lim sup

ρ→0+
lim inf
n→+∞

mFn(ux,ζ,ν , Qν(x, ρ))

ρd−1
,

(4.6.8)

for every x ∈ Rd, A ∈ Rd×dsym, ζ ∈ Rd, and ν ∈ Sd−1. Then f̂ ∈ Fα, ĝ ∈ G∞, and for every
O ∈ Oc(Rd) we have that {Fn(·, O)}n Γ-converges to F f̂,ĝ(·, O) with respect to the topology
of L1

loc(Rd;Rd), where F f̂,ĝ is the functional introduced in Definition 4.1.3.

Proof. By Theorem 4.2.1 there exists a subsequence, not relabelled, and a functional F ∈ Fsc

such that {Fn(·, O)}n Γ-converges to F (·, O) for every O ∈ Oc(Rd). Let f and g be the
functions defined by (4.3.2) and (4.3.3) corresponding to F . Using Lemmas 4.6.1 and 4.6.2,
together with (4.6.7) and (4.6.8), we see that f(x,A) = f̂(A) and g(x, ζ, ν) = ĝ(x, ζ, ν) for
every x ∈ Rd, ζ ∈ Rd, A ∈ Rd×dsym , and ν ∈ Sd−1. Moreover, thanks to Lemma 4.6.1, we
obtain that

f̂(A) = lim
ρ→0+

lim sup
n→+∞

mFn(ℓA, Q(x, ρ))

ρd
≤ lim inf

ρ→0+

mF (ℓA, Q(x, ρ))

ρd
,

f̂(A) = lim
ρ→0+

lim inf
n→+∞

mFn(ℓA, Q(x, ρ− ρ2))

(ρ− ρ2)d
≥ lim sup

ρ→0+

mF (ℓA, Q(x, ρ))

ρd
,
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hence

f̂(A) = lim
ρ→0+

mF (ℓA, Q(x, ρ))

ρd
for every x ∈ Rd and A ∈ Rd×dsym .

Thus, the functional F satisfies the hypotheses of Theorem 4.5.1, so that F = F f̂,ĝ.
Moreover, by (4.6.7) and (4.6.8) the functions f̂ and ĝ, and hence the functional F f̂,ĝ,

do not depend on the subsequence chosen at the beginning of the proof, so that by the
Urysohn property of Γ-convergence (see [88, Proposition 8.3]) for every O ∈ Oc(Rd) the
whole sequence {Fn(·, O)}n Γ-converges to F f̂,ĝ(·, O).

4.7 Functionals defined by rescaling

In this section we use the theory developed in the previous sections to deal with the
problem of Γ-convergence of oscillating functionals obtained by rescaling a single functional.
In particular, we prove a general theorem which provides sufficient conditions for the Γ-
convergence of these functionals (see Theorem 4.7.7).

We now introduce the notation we will use in the rest of the work. Throughout this
section we keep fixed f ∈ Fα and g ∈ G∞ and set

F := F f,g ∈ Fα,∞,

where F f,g is the functional introduced in Definition 4.1.3. We also assume that the modulus
of continuity introduced in (4.1.1) satisfies

τ(t) = τ1t for every t ≥ 0, (4.7.1)

for some constant τ1 > 0. With this hypothesis, condition (g4) of Definition 4.1.1 reads

|g(x, ζ1, ν)− g(x, ζ2, ν)| ≤ τ1|ζ1 − ζ2|,

while the surface continuity estimate (H6) of Definition 4.1.4 becomes

F (u+ ux,ζ,ν , B) ≤ F (u,B) + τ1|ζ|Hd−1(Πνx ∩B).

Definition 4.7.1. For 0 < ε ≤ 1, we consider the integrands fε ∈ Fα and gε ∈ G∞ defined
by

fε(x,A) := f
(
x
ε , A

)
for x ∈ Rd and A ∈ Rd×dsym , (4.7.2)

gε(x, ζ, ν) := εg
(
x
ε ,

ζ
ε , ν

)
for x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1, (4.7.3)

and we set Fε := F fε,gε ∈ Fα,∞.

Remark 4.7.2. If for every x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1 the function t 7→ g(x, tζ, ν) is
positively homogeneous of degree one, that is to say

g(x, tζ, ν) = tg(x, ζ, ν) for every x ∈ Rd, ζ ∈ Rd, ν ∈ Sd−1, and t ≥ 0, (4.7.4)

then
gε(x, ζ, ν) = g(xε , ζ, ν) for every x ∈ Rd, ζ ∈ Rd, ν ∈ Sd−1, and ε > 0.
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In this case, for O ∈ Oc(Rd) and u ∈ BD(O) the functionals Fε(u,O) of Definition 4.7.1
becomeˆ

O
f
(x
ε
, Eu

)
dx+

ˆ
O
f∞

(x
ε
,
dEcu

d|Ecu|

)
d|Ecu|+

ˆ
Ju∩O

g
(x
ε
, [u], νu

)
dHd−1, (4.7.5)

which are the functionals commonly considered in homogenisation of free discontinuity prob-
lems.

Our choice in the definition of gε given by (4.7.3) is justified by the fact that the cor-
responding functional Fε defined by F fε,gε satisfies good change of variables formulas (see
Lemmas 4.7.4 and 4.7.6 below) even when g does not satisfy (4.7.4). This will allow us to
prove a very general Γ-convergence result for F fε,gε (see Theorem 4.7.7), which implies the
Γ-convergence of the functionals in (4.7.5) when g satisfies the additional condition (4.7.4).
Unfortunately, in the BD case we are not able to extend the truncation arguments that were
crucial to study the analogue of (4.7.5) in BV (see Chapter 2).

In the rest of the section, we need the following technical result about a change of
variables formula involving the Cantor part of a BD function.

Lemma 4.7.3. Let ε, ρ ∈ (0, 1), x ∈ Rd, ν ∈ Sd−1, u ∈ BD(Qν(x, ρ)), and consider the
function v ∈ BD(Qν(

x
ε ,

ρ
ε )) given by v(z) = 1

εu(εz) for every z ∈ Qν(
x
ε ,

ρ
ε ). Then

ˆ
Qν(x,ρ)

f∞ε

(
y,

dEcu

d|Ecu|

)
d|Ecu| = εd

ˆ
Qν(

x
ε
, ρ
ε
)
f∞

(
z,

dEcv

d|Ecv|

)
d|Ecv|. (4.7.6)

Proof. Let ψ ∈ C∞
c (Qν(

x
ε ,

ρ
ε );R

d×d
sym) and let ψε := ψ

( ·
ε

)
∈ C∞

c (Qν(x, ρ);Rd×dsym). By change
of variables and integration by parts we have

−
ˆ
Qν(

x
ε
, ρ
ε
)
ψ dEv =

ˆ
Qν(

x
ε
, ρ
ε
)
v divψ dz =

ˆ
Qν(

x
ε
, ρ
ε
)

1
εu(εz) divψ dz

=
1

εd

ˆ
Qν(x,ρ)

u(y)

ε
divψ

(y
ε

)
dy =

1

εd

ˆ
Qν(x,ρ)

u divψε dy

= − 1

εd

ˆ
Qν(x,ρ)

ψε dEu = − 1

εd

ˆ
Qν(

x
ε
, ρ
ε
)
ψ d

(( ·
ε

)
#
Eu

)
,

where ( ·ε
)
#
Eu denotes the push-forward of Eu via the function y 7→ y

ε (see, for instance, [35,
Theorem 3.6.1]). This implies that

Ev =
1

εd

( ·
ε

)
#
Eu as Borel measures on Qν(xε ,

ρ
ε )

and, passing to their singular parts,

Esv =
1

εd

( ·
ε

)
#
Esu as Borel measures on Qν(xε ,

ρ
ε ),

where Esv and Esu denote the singular part of Ev and Eu with respect to the Lebesgue
measure. Restricting the previous equality to Qν(xε ,

ρ
ε ) \ Jv = Qν(

x
ε ,

ρ
ε ) \ (

1
εJu), we deduce

that
Ecv =

1

εd

( ·
ε

)
#
Ecu as Borel measures on Qν(xε ,

ρ
ε ).
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This implies that

dEcv

d|Ecv|
(y
ε

)
=

dEcu

d|Ecu|
(y) for |Ecu|-a.e. y ∈ Qν(x, ρ).

Hence, by the integration formula for the push-forward of measures (see, for instance, [35,
Theorem 3.6.1]) we get (4.7.6).

We state two preliminary results that allow us to rewrite the minimisation problems on
small cubes for the functionals Fε by means of minimisation problems on large cubes for F
and F f∞,g∞ , where f∞ and g∞ are the functions defined by (4.4.1) and (4.4.4), respectively.

Lemma 4.7.4. Let ε, ρ ∈ (0, 1), x ∈ Rd, and A ∈ Rd×dsym. Then

mFε(ℓA, Q(x, ρ)) = εdmF f,g
(ℓA, Q(xε ,

ρ
ε )).

Proof. Let u ∈ BD(Q(x, ρ)), with u = ℓA on ∂Q(x, ρ), and let v(z) := 1
εu(εz) for z ∈

Q(xε ,
ρ
ε ). It is easy to see that v = ℓA on ∂Q(xε ,

ρ
ε ). Thanks to (4.7.2) and (4.7.3), a change

of variables and Lemma 4.7.3 show thatˆ
Q(x,ρ)

fε(y, Eu) dy = εd
ˆ
Q(x

ε
, ρ
ε
)
f(z, Ev) dz,

ˆ
Q(x,ρ)

f∞ε

(
y,

dEcu

d|Ecu|

)
d|Ecu| = εd

ˆ
Q(x

ε
, ρ
ε
)
f∞

(
z,

dEcv

d|Ecv|

)
d|Ecv|,

ˆ
Ju∩Q(x,ρ)

gε(y, [u], νu) dHd−1 = εd
ˆ
Jv∩Q(x

ε
, ρ
ε
)
g(z, [v], νv) dHd−1.

Thus, we infer
mFε(ℓA, Q(x, ρ)) = εdmF (ℓA, Q(xε ,

ρ
ε )),

concluding the proof.

Definition 4.7.5. We set
F∞ := F f

∞,g∞ ∈ Fα,∞,

where f∞ and g∞ are the functions defined by (4.4.1) and (4.4.4).

Lemma 4.7.6. Let ε ∈ (0, 1/(2c6)), x ∈ Rd, ζ ∈ Rd, ν ∈ Sd−1, and ρ ∈ (0, 1). Then∣∣mFε(ux,ζ,ν , Qν(x, ρ))− εd−1mF∞
(ux

ε
,ζ,ν , Qν(

x
ε ,

ρ
ε ))

∣∣ ≤ Cρd−1+α + Cερd−1, (4.7.7)

where C = Cζ > 0 is a constant depending only on |ζ| and on the structural constants
α, c1, c3, c6, and c7, but is independent of ε, x, ν, and ρ.

Proof. Let u ∈ BD(Qν(x, ρ)) with u = ux,ζ,ν on ∂Qν(x, ρ) and let v(z) := u(εz) for z ∈
Qν(

x
ε ,

ρ
ε ), so that v = ux

ε
,ζ,ν on ∂Qν(xε ,

ρ
ε ). Recalling (4.7.2) and (4.7.3), a change of variables

and Lemma 4.7.3 imply thatˆ
Qν(x,ρ)

fε(y, Eu) dy = εd−1

ˆ
Qν(

x
ε
, ρ
ε
)
εf

(
z,

1

ε
Ev

)
dz, (4.7.8)

ˆ
Qν(x,ρ)

f∞ε

(
y,

dEcu

d|Ecu|

)
d|Ecu| = εd−1

ˆ
Qν(

x
ε
, ρ
ε
)
f∞

(
z,

dEcv

d|Ecv|

)
d|Ecv|, (4.7.9)

ˆ
Ju∩Qν(x,ρ)

gε(y, [u], νu) dHd−1 = εd−1

ˆ
Jv∩Qν(

x
ε
, ρ
ε
)
εg
(
z,

1

ε
[v], νv

)
dHd−1. (4.7.10)
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We can now exploit (4.4.2) of Remark 4.4.2 to obtain for Ld-a.e. z ∈ Qν(
x
ε ,

ρ
ε )

|εf(z, 1εEv)− f∞(z, Ev)| ≤ c6ε+ c6εf(z,
1
εEv)

1−α, (4.7.11)

while using (4.4.7) of Remark 4.4.3 and inequalities (g3) and (4.4.5), for Hd−1-a.e. z ∈
Jv ∩Qν(xε ,

ρ
ε ) we get

|εg(z, 1ε [v], νv)− g∞(z, [v], νv)| ≤ 2c3c7ε|[v]⊙ νv| ≤ C1ε
2g(z, 1ε [v], νv), (4.7.12)

|εg(z, 1ε [v], νv)− g∞(z, [v], νv)| ≤ 2c3c7ε|[v]⊙ νv| ≤ C1εg
∞(z, [v], νv), (4.7.13)

where we have set C1 := (2c3c7)/c1. From (4.7.11) we then deduce for Ld-a.e. z ∈ Qν(
x
ε ,

ρ
ε )

that

f∞(z, Ev) ≤ εf(z, 1εEv) + c6ε+ c6εf(z,
1
εEv)

1−α, (4.7.14)

f∞(z, Ev) ≥ εf(z, 1εEv)− c6ε− c6εf(z,
1
εEv)

1−α

≥ ε
2f(z,

1
εEv)− c6ε− c6ε(2c6(1− α))

1−α
α , (4.7.15)

where we have used the inequality t1−α ≤ 1
2c6
t + (2c6(1 − α))

1−α
α for every t ≥ 0 and

ε ∈ (0, 1/(2c6)), while from (4.7.12) and (4.7.13) we obtain for Hd−1-a.e. z ∈ Jv ∩Qν(xε ,
ρ
ε )

g∞(z, [v], νv) ≤ εg(z, 1ε [v], νv) + C1ε
2g(z, 1ε [v], νv), (4.7.16)

g∞(z, [v], νv) ≥ εg(z, 1ε [v], νv)− C1εg
∞(z, [v], νv). (4.7.17)

Note that (4.7.15) implies that

εf(z, 1εEv) ≤ 2f∞(z, Ev) + C2ε,

where C2 := 2c6 + 2c6(2c6(1− α))
1−α
α , so that from (4.7.11) we infer

εf(z, 1εEv) ≤ f∞(z, Ev) + c6ε+ c6ε
α(2f∞(z, Ev) + C2ε)

1−α. (4.7.18)

Integrating (4.7.14) on Qν
(
x
ε ,

ρ
ε

)
, by Hölder’s inequality we get

εd−1

ˆ
Qν(

x
ε
, ρ
ε
)
f∞(z, Ev) dz ≤ εd−1

ˆ
Qν(

x
ε
, ρ
ε
)
εf(z, 1εEv) dz + c6ρ

d

+ c6

(
εd−1

ˆ
Qν(

x
ε
, ρ
ε
)
εf(z, 1εEv) dz

)1−α
ραd, (4.7.19)

while from (4.7.18) we get

εd−1

ˆ
Qν(

x
ε
, ρ
ε
)
εf(z, 1εEv) dz ≤ εd−1

ˆ
Qν(

x
ε
, ρ
ε
)
f∞(z, Ev) dz + c6ρ

d

+ c6

(
2εd−1

ˆ
Qν(

x
ε
, ρ
ε
)
f∞(z, Ev) dz + C2ρ

d
)1−α

ραd. (4.7.20)

Integrating (4.7.16) and (4.7.17) on Jv ∩Qν
(
x
ε ,

ρ
ε

)
we obtain

εd−1

ˆ
Jv∩Qν(

x
ε ,
ρ
ε )
g∞(z, [v], νv) dHd−1 ≤ εd−1

ˆ
Jv∩Qν(

x
ε ,
ρ
ε )
εg(z, 1ε [v], νv) dH

d−1

+ εdC1

ˆ
Jv∩Qν(

x
ε ,
ρ
ε )
εg(z, 1ε [v], νv) dH

d−1, (4.7.21)
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and

εd−1

ˆ
Jv∩Qν(

x
ε ,
ρ
ε )
g∞(z, [v], νv) dHd−1 ≥ εd−1

ˆ
Jv∩Qν(

x
ε ,
ρ
ε )
εg(z, 1ε [v], νv) dH

d−1

− εdC1

ˆ
Jv∩Qν(

x
ε ,
ρ
ε )
g∞(z, [v], νv) dHd−1. (4.7.22)

Recalling (4.7.8)–(4.7.10) and combining (4.7.19) and (4.7.21), we obtain

εd−1F∞(v,Qν(
x
ε ,

ρ
ε )) ≤ Fε(u,Qν(x, ρ)) + c6ρ

d

+ c6Fε(u,Qν(x, ρ))
1−αραd + C1εFε(u,Qν(x, ρ)),

while from (4.7.20) and (4.7.22) we get

Fε(u,Qν(x, ρ)) ≤ εd−1F∞(v,Qν(
x
ε ,

ρ
ε )) + c6ρ

d

+ c6

(
2εd−1F∞(v,Qν(

x
ε ,

ρ
ε )) + C2ρ

d
)1−α

ραd + C1ε
dF∞(v,Qν(

x
ε ,

ρ
ε )).

Since u = ux,ζ,ν on ∂Qν(x, ρ) if and only if v = ux
ε
,ζ,ν on ∂Qν(xε ,

ρ
ε ), the last two inequalities

imply

εd−1mF∞
(ux

ε
,ζ,ν , Qν(

x
ε ,

ρ
ε )) ≤ mFε(ux,ζ,ν , Qν(x, ρ)) + c6ρ

d + c6m
Fε(ux,ζ,ν , Qν(x, ρ))

1−αραd

+ C1εm
Fε(ux,ζ,ν , Qν(x, ρ)). (4.7.23)

and

mFε(ux,ζ,ν , Qν(x, ρ)) ≤ εd−1mF∞
(ux

ε ,ζ,ν
, Qν(

x
ε ,

ρ
ε )) + c6ρ

d

+c6

(
2εd−1mF∞

(ux
ε
,ζ,ν , Qν(

x
ε ,

ρ
ε )) + C2ρ

d
)1−α

ραd + C1ε
dmF∞

(ux
ε
,ζ,ν , Qν(

x
ε ,

ρ
ε )). (4.7.24)

To conclude, as ux,ζ,ν and ux
ε
,ζ,ν are competitors for the problems mFε(ux,ζ,ν , Qν(x, ρ)) and

mF∞
(ux

ε
,ζ,ν , Qν(

x
ε ,

ρ
ε )), respectively, using the upper bounds in (g3) and (4.4.5) we obtain

mFε(ux,ζ,ν , Qν(x, ρ)) ≤ c3|ζ ⊙ ν|ρd−1,

mF∞
(ux

ε
,ζ,ν , Qν(

x
ε ,

ρ
ε )) ≤ c3|ζ ⊙ ν|ρ

d−1

εd−1
.

Finally, combining these two inequalities with (4.7.23) and (4.7.24) we get

εd−1mF∞
(ux

ε
,ζ,ν , Qν(

x
ε ,

ρ
ε )) ≤ mFε(ux,ζ,ν , Qν(x, ρ)) + c6ρ

d

+ c6(c3|ζ ⊙ ν|)1−αρd−1+α + C1c3|ζ ⊙ ν|ερd−1,

and

mFε(ux,ζ,ν , Qν(x, ρ)) ≤ εd−1mF∞
(ux

ε ,ζ,ν
, Qν(

x
ε ,

ρ
ε )) + c6ρ

d

+ c6
(
2c3|ζ ⊙ ν|+ C2

)1−α
ρd−1+α + C1c3|ζ ⊙ ν|ερd−1,

which imply (4.7.7) for C := max{c6, c6(c3|ζ|)1−α, C1c3|ζ|, c6
(
2c3|ζ|+ C2

)1−α}.
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The following theorem constitutes the main result of this section. We shall see in the
next section that its hypotheses are satisfied under the standard hypotheses of periodic or
stochastic homogenisation.

Theorem 4.7.7. Let f ∈ Fα, g ∈ G∞, and let Fε := F fε,gε be the functionals introduced
in Definition 4.7.1. Assume that there exist functions flim : Rd×dsym → [0,+∞) and glim : Rd×
Sd−1 → [0,+∞) such that

flim(A) = lim
r→+∞

mF f,g
(ℓA, Q(rx, r))

rd
for all x ∈ Rd and A ∈ Rd×dsym, (4.7.25)

glim(ζ, ν) = lim
r→+∞

mF∞
(urx,ζ,ν , Qν(rx, r))

rd−1
for all x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1. (4.7.26)

Then flim ∈ Fα, glim ∈ G∞, glim satisfies (4.7.4), and the following property holds: for every
positive sequence {εn}n converging to 0 as n→ +∞ and for every O ∈ Oc(Rd) the sequence
{Fεn(·, O)}n Γ-converges to F flim,glim(·, O) with respect to the topology of L1

loc(Rd;Rd). More-
over, we have the equality

glim(ζ, ν) = f∞lim(ζ ⊙ ν) for all ζ ∈ Rd and ν ∈ Sd−1, (4.7.27)

which implies that for every O ∈ O(Rd), u ∈ BD(O), and B ∈ B(O) we have

F flim,glim(u,B) =

ˆ
B
flim(Eu) dx+

ˆ
B
f∞lim

( dEsu

d|Esu|

)
d|Esu|, (4.7.28)

where Esu denotes the singular part of Eu with respect to the Lebesgue measure.

Proof. Let us fix a sequence {εn}n ⊂ (0, 1) converging to 0 as n → +∞. Since {Fεn}n ⊂
Fα,∞, to prove the Γ-convergence part of the statement it is enough to check that the
hypotheses of Theorem 4.6.3 are satisfied. Using Lemma 4.7.4, we see that for every ρ ∈
(0, 1), n ∈ N, x ∈ Rd, and A ∈ Rd×dsym we have

1

ρd
mFεn (ℓA, Q(x, ρ)) =

εdn
ρd

mF (ℓA, Q( xεn ,
ρ
εn
)),

so that, setting rn := ρ/εn, we may rewrite the previous equality as

1

ρd
mFεn (ℓA, Q(x, ρ)) =

1

rdn
mF (ℓA, Q(rn

x
ρ , rn)).

By (4.7.25) applied with x replaced by x/ρ, we then obtain for every A ∈ Rd×dsym and ρ ∈ (0, 1)
that

lim
n→+∞

1

ρd
mFεn (ℓA, Q(x, ρ)) = flim(A),

which proves (4.6.7) for every x ∈ Rd and A ∈ Rd×dsym .
Let us fix x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1. Using Lemma 4.7.6, we see that for every

ρ ∈ (0, 1) and n large enough we have

εd−1
n

ρd−1
mF f∞,g∞

(u x
εn
,ζ,ν , Qν(

x
εn
, ρεn ))− C(ρα + εn) ≤

1

ρd−1
mFεn (ux,ζ,ν , Qν(x, ρ))

≤ εd−1
n

ρd−1
mF f∞,g∞

(u x
εn
,ζ,ν , Qν(

x
εn
, ρεn )) + C(ρα + εn),
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so that, setting again rn := ρ/εn, by (4.7.26) we may pass to the limit first as n→ +∞ and
then as ρ→ 0+ to obtain

lim
ρ→0+

lim
n→+∞

1

ρd−1
mFεn (ux,ζ,ν , Qν(x, ρ)) = glim(ζ, ν),

proving (4.6.8) for every x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1.
The fact that flim ∈ Fα and glim ∈ G∞ follows again by Theorem 4.6.3, while prop-

erty (4.7.4) for glim follows from the observation that, being f∞ and g∞ both positively
homogeneous of degree one (in the variables A and ζ, respectively), so is the function
t 7→ mF∞

(ux,tζ,ν , Qν(x, ρ)). By (4.7.26) this leads to the positive homogeneity of glim.
Finally, since for every O ∈ Oc(Rd) the functional F flim,glim(·, O) is L1

loc(Rd;Rd) lower
semicontinuous and the functions flim and glim are independent of the variable x, equality
(4.7.27) follows from Lemma 4.7.10 below. Equality (4.7.28) follows immediately from
Definition 4.1.3.

For the application to stochastic homogenisation it is useful to obtain the conclusion of
the previous theorem assuming only that the limits in (4.7.25) and (4.7.26) hold on countable
dense collections of A, ζ, and ν. This is made possible by the following two lemmas.

Lemma 4.7.8. Let f ∈ F , g ∈ G , and D ⊂ Rd×dsym be a dense subset. Assume that there
exists a function flim : D → [0,+∞) such that

flim(A) = lim
r→+∞

mF f,g
(ℓA, Q(rx, r))

rd
for every x ∈ Rd and A ∈ D. (4.7.29)

Then there exists a unique continuous extension flim : Rd×dsym → [0,+∞) and this extension
is Lipschitz continuous with Lipschitz constant c5 and satisfies

flim(A) = lim
r→+∞

mF f,g
(ℓA, Q(rx, r))

rd
for every x ∈ Rd and A ∈ Rd×dsym . (4.7.30)

Proof. Arguing exactly as in the proof of (4.3.11), we obtain

|mF f,g
(ℓA1 , Q(rx, r))−mF f,g

(ℓA2 , Q(rx, r))| ≤ c5|A2 −A1|rd for every A1, A2 ∈ Rd×dsym .

Combining the previous inequality with (4.7.29), we obtain that there exists a unique con-
tinuous extension of flim and that this extension is c5-Lipschitz continuous and satisfies
(4.7.30).

Lemma 4.7.9. Let f ∈ Fα, g ∈ G∞, and D1 ⊂ Rd and D2 ⊂ Sd−1 be dense subsets.
Assume that there exists a function glim : D1 × D2 → [0,+∞) such that

glim(ζ, ν) = lim
r→+∞

mF∞
(urx,ζ,ν , Qν(rx, r))

rd−1
for all x ∈ Rd, ζ ∈ D1, and ν ∈ D2. (4.7.31)

Then there exists a unique extension glim : Rd × Sd−1 → [0,+∞) such that

glim(ζ, ν) = lim
r→+∞

mF∞
(urx,ζ,ν , Qν(rx, r))

rd−1
for all x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1. (4.7.32)
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Proof. We begin by proving that there exists an extension glim : Rd × D2 → [0,+∞) such
that

glim(ζ, ν) = lim
r→+∞

mF∞
(urx,ζ,ν , Qν(rx, r))

rd−1
for all x ∈ Rd, ζ ∈ Rd, and ν ∈ D2. (4.7.33)

To this aim, we observe that by (g4′) and (4.7.1) we have

|mF∞
(urx,ζ1,ν , Qν(rx, r))−mF∞

(urx,ζ2,ν , Qν(rx, r))| ≤ τ1|ζ1 − ζ2|rd−1

for every x ∈ Rd, ζ1, ζ2 ∈ Rd, and ν ∈ Sd−1. This can be proved arguing as in the proof of
inequality (4.3.15) in Lemma 4.3.8. Combining this inequality with (4.7.31), we obtain that
the limit in (4.7.33) exists for every ζ ∈ Rd and ν ∈ D2.

We now prove that there exists an extension of glim satisfying (4.7.32). We begin by
observing that, given 0 < η < 1, by the continuity condition on the map ν 7→ Rν introduced
in the paragraph about cubes of Section 1.1, there exists 0 < δη < η such that

Qν1(0, 1) ⊂⊂ Qν2(0, 1 + η) for every ν1, ν2 ∈ Sd−1
± with |ν1 − ν2| < δη. (4.7.34)

Let us fix x ∈ Rd, ζ ∈ Rd, r > 0, and η > 0. We observe that (4.7.34) gives

Qν1(rx, r) ⊂⊂ Qν2(rx, (1 + η)r) for every ν1, ν2 ∈ Sd−1
± with |ν1 − ν2| < δη.

Hence, we can apply Lemma 4.3.7 with x1 = x2 = rx, ρ1 = r, ρ2 = (1+η)r, and ν1, ν2 ∈ Sd−1
±

with |ν1 − ν2| < δη. We observe that F∞ satisfies the upper estimate in (H3) of Definition
4.1.4 with c4 = 0 because of (4.1.3) and Proposition 4.1.8, so that we can omit the term
containing c4 in Lemma 4.3.7. Using the inequality (1 + η)d−1 − 1 ≤ 2d−1η, for every
ν1, ν2 ∈ Sd−1

± with |ν1 − ν2| < δη < η we then obtain

mF∞
(urx,ζ,ν2 , Qν2(rx, (1 + η)r)) ≤ mF∞

(urx,ζ,ν1 , Qν1(rx, r)) + c3|ζ|(2d−1η + ω(0, η))rd−1.

We set xη := x
1+η and rη := (1 + η)r. Dividing the previous inequality by rd−1, we obtain

mF∞
(urηxη ,ζ,ν2 , Qν2(rηxη, rη))

rd−1
η

≤
mF∞

(urx,ζ,ν1 , Qν1(rx, r))

rd−1
+ c3|ζ|(2d−1η + ω(0, η)). (4.7.35)

Exchanging the roles of ν1 and ν2 we also get

mF∞
(urηxη ,ζ,ν1 , Qν1(rηxη, rη))

rd−1
η

≤
mF∞

(urx,ζ,ν2 , Qν2(rx, r))

rd−1
+ c3|ζ|(2d−1η + ω(0, η)). (4.7.36)

Moreover, applying (4.7.35) with x replaced by xη := (1 + η)x we obtain

mF∞
(urηx,ζ,ν2 , Qν2(rηx, rη))

rd−1
η

≤
mF∞

(urxη ,ζ,ν1 , Qν1(rx
η, r))

rd−1
+ c3|ζ|(2d−1η + ω(0, η)). (4.7.37)

Let us fix ν ∈ Sd−1
± . For every η > 0 we can find νη ∈ Sd−1

± ∩ D2 with |νη − ν| < δη,
where 0 < δη < η is the constant given by (4.7.34). Using (4.7.36) with ν1 = νη and ν2 = ν,
by (4.7.33), which clearly holds with r replaced by rη, we obtain

glim(ζ, νη)− c3|ζ|(2d−1η + ω(0, η)) ≤ lim inf
r→+∞

mF∞
(urx,ζ,ν , Qν(rx, r))

rd−1
, (4.7.38)
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while using (4.7.37) with ν1 = νη and ν2 = ν by (4.7.33) we get

lim sup
r→+∞

mF∞
(urx,ζ,ν , Qν(rx, r))

rd−1
≤ glim(ζ, νη) + c3|ζ|(2d−1η + ω(0, η)), (4.7.39)

where we have also used that by (4.7.33) the limit appearing the definition of glim(ζ, νη) is
the same for x and xη. Combining (4.7.38) and (4.7.39), we obtain

lim sup
r→+∞

mF∞
(urx,ζ,ν , Qν(rx, r))

rd−1
− lim inf

r→+∞

mF∞
(urx,ζ,ν , Qν(rx, r))

rd−1
≤ 2c3|ζ|(2d−1η + ω(0, η)).

Letting η → 0+ we conclude the proof of the lemma.

We conclude this section by showing that, if F f,g(·, O) is L1(O;Rd) lower semicontinuous
for some bounded open set O ⊂ Rd, then f∞(ζ ⊙ ν) = g(ζ, ν), provided that f and g are
independent of x and g is positively homogeneous of degree one in ζ. Although variants of
this result are well-known (see, for instance, [63, Step 3 of Theorem 6.14]), we present here
a complete statement and a full proof.

Lemma 4.7.10. Let f : Rd×dsym → [0,+∞) and g : Rd × Sd−1 → [0,+∞) be Borel functions
satisfying (f2) , (g2) , (g3) , and (4.7.4). Assume that there exists a non-empty bounded open
set O ⊂ Rd such that the functional F f,g(·, O) is L1(O;Rd)-lower semicontinuous. Then we
have

g(ζ, ν) = f∞(ζ ⊙ ν)

for every ζ ∈ Rd and ν ∈ Sd−1.

Proof. Let us fix ζ ∈ Rd, ν ∈ Sd−1, and x ∈ Rd such that

0 < Hd−1(Πνx ∩O), (4.7.40)

0 is a Lebesgue point of the function R ∋ t 7→ Hd−1(Πνx+tν ∩O), (4.7.41)

where we recall that for ν0 ∈ Sd−1 and x0 ∈ Rd the symbol Πν0x0 denotes the hyperplane
passing through x0 and orthogonal to ν0, given by {y ∈ Rd : (y − x0) · ν0 = 0}. Thanks to
the Fubini’s Theorem and the Lebesgue Differentiation Theorem, the set of points x ∈ Rd
for which the two previous conditions are satisfied has positive Ld measure.

We now show that
g(ζ, ν) ≤ f∞(ζ ⊙ ν). (4.7.42)

To prove this, we approximate the function ux,ζ,ν by the sequence of piecewise affine func-
tions {un}n ⊂ BD(O) defined for every y ∈ O by

un(y) :=


0 if (y − x) · ν ≤ − 1

2n ,

n((y − x) · ν + 1
2n)ζ if − 1

2n ≤ (y − x) · ν ≤ 1
2n ,

ζ if (y − x) · ν ≥ 1
2n .

Clearly {un}n converges to ux,ζ,ν strongly in L1(O;Rd) as n→ +∞.
Setting Hn := {y ∈ O : − 1

2n ≤ (y − x) · ν ≤ 1
2n}, one checks immediately that

Eun = nζ ⊙ νχHn Ld-a.e. in O, (4.7.43)
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where χHn is the characteristic function of Hn. Moreover, the Fubini Theorem implies that

Ld(Hn) =

ˆ 1
2n

− 1
2n

Hd−1(Πνx+tν ∩O) dt,

which together with (4.7.41) gives

lim
n→+∞

nLd(Hn) = Hd−1(Πνx ∩O). (4.7.44)

In light of the lower semicontinuity of F f,g(·, O), a direct computation shows that

f(0)Ld(O) + g(ζ, ν)Hd−1(Πνx ∩O) = F f,g(ux,ζ,ν , O) ≤ lim inf
n→+∞

F f,g(un, O)

= lim inf
n→+∞

(ˆ
Hn

f(Eun) dx+ f(0)Ld(O \Hn)
)
.

Since Ld(Hn) converges to 0 as n→ +∞, the previous inequality gives

g(ζ, ν)Hd−1(Πνx ∩O) ≤ lim inf
n→+∞

ˆ
Hn

f(Eun) dx. (4.7.45)

Using (4.7.43), we see that
ˆ
Hn

f(Eun) dx = f(nζ ⊙ ν)Ld(Hn). (4.7.46)

Combining (4.7.44)–(4.7.46), recalling the definition of f∞ given by (4.1.2), we have

g(ζ, ν)Hd−1(Πνx ∩O) ≤ lim inf
n→+∞

f(nζ ⊙ ν)

n
(nLd(Hn)) ≤ f∞(ζ ⊙ ν)Hd−1(Πνx ∩O),

which by (4.7.40) implies (4.7.42).
We now prove

f∞(ζ ⊙ ν) ≤ g(ζ, ν). (4.7.47)

To this aim, we set T > diam(O) and let x ∈ O. By the Fubini Theorem we have

Ld(O) =

ˆ T

−T
Hd−1(Πνx+tν ∩O) dt.

By the well-known approximation properties of Lebesgue integrals by means of Riemann
sums (see, for instance, Lemma 5.A.1 below) we can select x ∈ O in such a way that

Ld(O) = lim
n→+∞

T

n

n∑
i=−n+1

Hd−1
(
Πν
x+ i−1

n
Tν

∩O
)
. (4.7.48)

We set A := ζ⊗ν and fix t > 0. To prove (4.7.47), we construct a sequence of pure jump
functions approximating ℓtA in L1(O;Rd). Given n ∈ N, let σn : (−T, T ) → R be defined by

σn(s) :=
n∑

i=−n+1

iT
n χ(

i−1
n T,

i
nT )

(s) for every s ∈ (−T, T ).
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For every n ∈ N, let un ∈ BD(O) be the function defined by

un(y) := tζσn((y − x) · ν) for every y ∈ O.

It is easy to see that {un}n converges to ℓtA− tAx strongly in L1(O;Rd) as n→ +∞. Thus,
by the L1-lower semicontinuity of F f,g(·, O) we obtain

f(tAsym)Ld(O) =

ˆ
O
f(tAsym) dx = F f,g(ℓtA, O) ≤ lim inf

n→+∞
F f,g(un, O). (4.7.49)

On the other hand, using the homogeneity of g given by (4.7.4) we immediately check that

F f,g(un, O) = f(0)Ld(O) +
n∑

i=−n+1

g
( tζ
n
T, ν

)
Hd−1

(
Πν
x+ i−1

n
Tν

∩O)

= f(0)Ld(O) + tg(ζ, ν)
T

n

n∑
i=−n+1

Hd−1
(
Πν
x+ i−1

n
Tν

∩O).

Taking the liminf as n→ +∞ and using (4.7.48) and (4.7.49) we get

f(tAsym)Ld(O) ≤ f(0)Ld(O) + tg(ζ, ν)Ld(O).

Hence, we get 1
t f(tA

sym) ≤ 1
t f(0) + g(ζ, ν), and letting t→ +∞ we obtain (4.7.47).

4.8 Stochastic homogenisation

In this section, we use the results of the previous section to study the problem of stochas-
tic homogenisation of free discontinuity functionals defined on the space BD. In the following
we still assume that the modulus of continuity introduced in (4.1.1) satisfies (4.7.1).

We refer the reader to Section 2.7 of Chapter 2 for the notation and main definitions
concerning the probabilistic setting of stochastic homogenisation. Throughout this section,
(Θ, T , P ) is a probability space endowed with a group {τz}z∈Zd of P -preserving transforma-
tions on (Θ, T , P ).

In analogy with Definition 2.7.3 of Chapter 2, we introduce the following two classes of
stochastic integrands.

Definition 4.8.1. Fα
stoc denotes the set of all T ⊗ B(Rd × Rd×dsym)-measurable functions

f : Θ×Rd×Rd×dsym → [0,+∞) such that for every θ ∈ Θ the function f(θ) := f(θ, ·, ·) belongs
to Fα and the following stochastic periodicity condition holds:

f(θ, x+ z,A) = f(τz(θ), x, A)

for every θ ∈ Θ, z ∈ Zd, x ∈ Rd, and A ∈ Rd×dsym .
G∞
stoc denotes the set of all T ⊗ B(Rd × Rd × Sd−1)-measurable functions g : Θ × Rd ×

Rd × Sd−1 → [0,+∞) such that for every θ ∈ Θ the function g(θ) := g(θ, ·, ·, ·) belongs to
G∞, and the following stochastic periodicity condition holds:

g(θ, x+ z, ζ, ν) = g(τz(θ), x, ζ, ν)

for every θ ∈ Θ, z ∈ Zd, x, ζ ∈ Rd, and ν ∈ Sd−1.
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The following is the main result concerning the bulk part. We recall the collection of
half-closed rectangles R introduced in (2.7.5) and Definition 2.7.4 of subadditive (ergodic)
process.

Proposition 4.8.2. Let f ∈ Fα
stoc and g ∈ G∞

stoc. Then there exist Θ′ ∈ T , with P (Θ′) = 1,
and a function flim : Θ × Rd×dsym → [0,+∞), with flim(θ, ·) continuous for every θ ∈ Θ′ and
flim(·, A) T -measurable for every A ∈ Rd×dsym, such that

flim(θ,A) = lim
r→+∞

mF f(θ),g(θ)
(ℓA, Q(rx, r))

rd
(4.8.1)

for every θ ∈ Θ′, x ∈ Rd, and A ∈ Rd×dsym. If, in addition, {τz}z∈Zd is ergodic, by choosing
Θ′ appropriately we have that flim is independent of θ.

Proof. Let us fix A ∈ Rd×dsym and consider the function ΦA : Θ× R → [0,+∞) defined by

ΦA(θ,R) := mF f(θ),g(θ)
(ℓA, R

◦)

for every θ ∈ Θ and R ∈ R, where R◦ denotes the interior of R. This function defines
a covariant subadditive process. Indeed, it is easy to check that properties (b), (c), and
(d) of Definition 2.7.4 hold (see [59, Theorem 9.1] for the details), while the proof of the
measurability property (a) can be obtained by slightly modifying the Appendix of [59],
replacing Du and ∇u by Eu and Eu.

Let D be a countable dense subset of Rd×dsym . We may then apply Theorem 2.7.5 with
µ = ΦA for every A ∈ D to obtain a set Θ′ ∈ T , with P (Θ′) = 1, and a function ϕA : Θ →
[0,+∞) such that

ϕA(θ) = lim
r→+∞

ΦA(θ, Q̃(rx, r))

rd
= lim

r→+∞

mF f(θ),g(θ)
(ℓA, Q(rx, r))

rd

for every θ ∈ Θ′, x ∈ Rd, and A ∈ D. By Lemma 4.7.8 for every θ ∈ Θ′ there exists
a unique continuous function flim(θ, ·) : Rd×dsym → [0,+∞) such that flim(θ,A) = ϕA(θ) for
every A ∈ D. Moreover, A 7→ flim(θ,A) is c5-Lipschitz continuous and satisfies (4.8.1).

Finally, the statement concerning the ergodic hypothesis follows from the last part of
Theorem 2.7.5.

The following proposition collects the main results concerning the surface term.

Proposition 4.8.3. Let f ∈ Fα
stoc and g ∈ G∞

stoc. Then there exist Θ′ ∈ T , with P (Θ′) = 1,
and a function glim : Θ× Rd × Sd−1 → [0,+∞) such that

ζ 7→ glim(θ, ζ, ν) is Lipschitz continuous for every θ ∈ Θ′ and ν ∈ Sd−1,

Sd−1
± ∋ ν 7→ glim(θ, ζ, ν) is continuous for every θ ∈ Θ′ and ζ ∈ Rd,
θ 7→ glim(θ, ζ, ν) is T -measurable for every ζ ∈ Rd and ν ∈ Sd−1,

and

glim(θ, ζ, ν) = lim
r→+∞

mF∞(θ)(urx,ζ,ν , Qν(rx, r))

rd−1
(4.8.2)

for every θ ∈ Θ′, x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1, where F∞ is the functional introduced in
Definition 4.7.5. If, in addition, {τz}z∈Zd is ergodic, by choosing Θ′ appropriately we have
that glim is independent of θ.
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Proof. It is enough to repeat the arguments of [59, Proposition 9.4 and 9.5], replacing Step
2 of their Propositions 9.4 and 9.5 by our Lemma 4.7.9.

Collecting the results of Propositions 4.8.2 and 4.8.3 we obtain the following almost sure
convergence result.

Theorem 4.8.4. Let f ∈ Fα
stoc, g ∈ G∞

stoc and let Fε(θ) := F fε(θ),gε(θ) be the functionals
introduced in Definition 4.7.1. Then there exist Θ′ ∈ T , with P (Θ′) = 1, and functions
flim ∈ Fα

stoc and glim ∈ G∞
stoc, with glim(θ) satisfying (4.7.4) for every θ ∈ Θ′, and with

the following property: for every sequence {εn}n ⊂ (0, 1) converging to 0 as n → +∞,
O ∈ Oc(Rd), and θ ∈ Θ′ we have that {Fεn(θ)(·, O)}n Γ-converges, with respect to the
topology of L1

loc(Rd;Rd), to F flim(θ),glim(θ)(·, O) as n→ +∞. Moreover, we have the equality

glim(θ, ζ, ν) = f∞lim(θ, ζ ⊙ ν) for every ζ ∈ Rd and ν ∈ Sd−1. (4.8.3)

If, in addition, {τz}z∈Zd is ergodic, by choosing Θ′ appropriately we have that flim and glim
are independent of θ.

Proof. Thanks to Propositions 4.8.2 and 4.8.3, there exist Θ′ ∈ T , with P (Θ′) = 1, flim : Θ×
Rd×dsym → [0,+∞), and glim : Θ × Rd × Sd−1 → [0,+∞) such that (4.8.1) and (4.8.2) hold.
Thus, by Theorem 4.7.7 we obtain the two inclusions flim ∈ Fα

stoc and glim ∈ G∞
stoc, together

with the fact that glim(θ) satisfies (4.7.4) for every θ ∈ Θ′, as well as the Γ-convergence part
of the statement and equality (4.8.3).

The last part of the statement follows from the final parts of the statements of Propo-
sitions 4.8.2 and 4.8.3.

As a particular case of the previous theorem we deduce the following result in the periodic
deterministic setting.

Corollary 4.8.5. Let f ∈ Fα, g ∈ G∞, and let Fε := F fε,gε be the functionals intro-
duced in Definition 4.7.1. Assume that both f and g are 1-periodic in the x variable. Then
there exist functions flim ∈ Fα and glim ∈ G∞, with flim satisfying (4.7.25), and with glim
satisfying (4.7.4) and (4.7.26), and consequently the following property holds: for every se-
quence {εn}n ⊂ (0, 1) converging to 0 as n → +∞ and for every O ∈ Oc(Rd) the sequence
{Fεn(·, O)}n Γ-converges to F flim,glim(·, O) with respect to the topology of L1

loc(Rd;Rd). More-
over, we have the equality

glim(ζ, ν) = f∞lim(ζ ⊙ ν) for every ζ ∈ Rd and ν ∈ Sd−1.

Proof. It is enough to apply Theorem 4.8.4 in the case where Θ consists of a single point.



CHAPTER 5

A matrix-valued measure associated with
generalised functions of bounded deformation

This chapter is devoted to the study of the fine properties of generalised functions of
bounded deformation. In his seminal work [89], Dal Maso showed that, remarkably, although
the definition of such functions relies solely on one-dimensional slicing, this suffices to recover
many of the fine properties that, in the setting of functions of bounded deformation, are
usually obtained exploiting the structure of the symmetric distributional derivative Eu.
In particular (see Theorem 1.4.13), generalised functions of bounded deformation admit
an approximate symmetric gradient Eu, their jump set Ju is (d − 1)-rectifiable, and the
unilateral traces u± on Ju are compatible, in the sense of slicing, with the corresponding
traces of the one-dimensional slices uξy, where, for simplicity of notation, throughout this
chapter we write uξy in place of ûξy for the function defined by (1.1.4).

The aim of this chapter is to complete this picture by providing, for functions in GBD,
a suitable analogue of the Cantor part Ecu of the symmetric distributional gradient Eu.
In particular, this allows to introduce a suitable analogue of Eu for such functions. This
is a crucial step in the study of cohesive fracture models in the fully vectorial case, as the
relevant functionals to be minimised should be naturally defined on GBD and, as the lower
semicontinuity results of [99, Theorem 6.1] in the antiplane case suggest, should also include
a dependence on this Cantor-type contribution (see the discussion in the Introduction).

This generalisation is achieved in Theorem 5.5.1, which shows that, for every u ∈
GBD(Ω), it is possible to associate a measure µu ∈ Mb(Ω;Rd×dsym) such that

µu(B)ξ · ξ =
ˆ
Πξ

Duξy(B
ξ
y) dHd−1(y), (5.0.1)

for every Borel B ⊂ Ω with Hd−1(Ju ∩ B) = 0 and ξ ∈ Sd−1. The Cantor part is then
defined by setting µcu := µsu (Ω \ Ju), where µsu is the singular part of µu with respect
to Ld. Moreover, Proposition 5.5.8 shows that µcu satisfies the analogue of property (ii)
displayed under (1.4.1), i.e. it vanishes on all Borel sets which are σ-finite with respect to
Hd−1. Finally, we show in Proposition 5.5.5 that

µu(B) =

ˆ
B
Eu dx+ µcu(B) +

ˆ
(Ju\J1

u)∩B
([u]⊙ νu) dHd−1 (5.0.2)

for all Borel sets B ⊂ Ω, where we recall that J1
u = {x ∈ Ju : |[u](x)| ≥ 1}. Comparing this

decomposition with (1.4.1), we see that µu plays for functions in GBD the role of Eu.
To prove (5.0.1), we will show that for every Borel set B ⊂ Ω, the function

Rd \ {0} ∋ ξ 7→ σξu(B) := |ξ|
ˆ
Πξ

Duξy(B
ξ
y) dHd−1(y), (5.0.3)

is quadratic, in the sense of Definition 5.1.1 below, a fact that can be checked by verifying
three conditions: a lower bound, 2-homogeneity, and the parallelogram identity. While
the first two properties follow rather directly, proving the parallelogram identity requires
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substantially more work and constitutes the central part of the chapter. It will be obtained
by dealing first with the planar case d = 2, which is then extended, through a Fubini-type
argument, to the general case d > 2. The planar case d = 2 is treated by means of a
technical discretisation argument based on classical approximation properties of Lebesgue
integrals by Riemann sums.

We briefly discuss the organisation of the chapter. In the following, we let u be a fixed
function in GBD(Ω). In Section 5.1, we study some properties of the measures σξu given by
(5.0.3). More precisely, we investigate their relation with Dξ(τ(u · ξ)), for a suitable class
of truncation functions τ : R → R (see (a) of Definition 1.4.3 and Proposition 5.1.5) and
prove the 2-homogeneity of ξ 7→ σξu(B). We also prove two useful preliminary results in
Proposition 5.1.8 and Lemma 5.1.9, which show that, in order to prove that ξ 7→ σξu(B)
is quadratic, it is enough to establish this property under an additional constraint on the
jump set Ju.

Sections 5.2 and 5.3 are fully devoted to the proof of the parallelogram identity for
the function ξ 7→ σξu(B) in the planar case d = 2. In the first section, we introduce the
discretisation argument we employ and show that the parallelogram identity follows from a
technical result, namely, Theorem 5.3.1. The proof of this latter result is the most delicate
part of the argument and will be the main object of Section 5.3.

In Section 5.4, we present some new results concerning the restriction of GBD-functions
to affine spaces of arbitrary dimension. Combining these results with those of Section 5.2,
we deduce that ξ 7→ σξu(B) is quadratic in dimension d > 2. Having established this
latter property, in Section 5.5 we construct the measure µu that satisfies (5.0.1). We then
prove (5.0.2) and further investigate the properties of µu. Finally, we characterise the space
GSBD(Ω) (see Definition 1.4.3) as the space of functions u ∈ GBD(Ω) with µcu = 0. We
conclude by observing that, combining this characterisation with recent results of Chambolle
& Crismale [74], it is possible to deduce another characterisation of GSBD(Ω) based on
slicing in a finite number of directions.

The content of this chapter is based on the joint work with Dal Maso [91].

5.1 An auxiliary family of measures

We refer the reader to Section 1.1 for the notation concerning slicing. We stress that,
throughout the chapter, we write uξy in place of ûξy for the function defined by (1.1.4). We
also refer the reader to Section 1.4 for the general properties of functions in BD and GBD.

This section is devoted to the study of an auxiliary family of signed measures. More
precisely, given u ∈ GBD(Ω), we associate to it a family of measures, closely related to the
measures λξu introduced in (1.4.14). For every ξ ∈ Rd \ {0} and every Borel set B ⊂ Ω we
set

σξu(B) := |ξ|
ˆ
Πξ

Duξy((B \ J1
u)
ξ
y) dHd−1(y). (5.1.1)

For ξ = 0, we set σξu(B) = 0 for every Borel set B ⊂ Ω.
We recall the definition of a quadratic function.

Definition 5.1.1. A function f : Rd → R is quadratic if there exists a matrix A ∈ Rd×dsym

such that f(ξ) = Aξ · ξ for every ξ ∈ Rd.

We recall the following characterisation of quadratic functions.
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Proposition 5.1.2. A function f : Rd → R is quadratic if and only if the following condi-
tions are satisfied:

(a) 2-homogeneity: f(tξ) = t2f(ξ) for every ξ ∈ Rd and every t ∈ R;

(b) parallelogram identity: for every ξ, η ∈ Rd we have

f(ξ + η) + f(ξ − η) = 2f(ξ) + 2f(η);

(c) lower bound: there exists a constant c > 0 such that

f(ξ) ≥ −c|ξ|2 for every ξ ∈ Rd.

Proof. Assume that (a)–(c) hold. By applying [88, Proposition 11.9] to the function g(ξ) =
f(ξ) + c|ξ|2 we obtain a matrix B ∈ Rd×dsym such that g(ξ) = Bξ · ξ for every ξ ∈ Rd. Setting
A := B − cI, where I is the identity matrix, we obtain f(ξ) = Aξ · ξ for every ξ ∈ Rd.

The converse implication is trivial.

Remark 5.1.3. Suppose that u ∈ BD(Ω) and let Eu be the distributional symmetric
gradient of u, which by definition belongs to the space Mb(Ω;Rd×dsym). From the Structure
Theorem 1.3.4 it follows that

σξu(B) = Eu(B \ J1
u)ξ · ξ

for every Borel set B ⊂ Ω and ξ ∈ Rd. Since σξu is a measure, this equality can be extended
to all functions u ∈ BDloc(Ω) such that Eu ∈ Mb(Ω;Rd×dsym). This implies that, in this case,
the function ξ 7→ σξu(B) is quadratic in the sense of Definition 5.1.1. In particular, if d = 1,
this happens for every u ∈ GBD(Ω) thanks to Remark 1.4.5.

Remark 5.1.4. Let λξu be the measure introduced in (1.4.14). One can see that for every
ξ ∈ Sd−1, we have the equality

|σξu| = λξu (Ω \ J1
u) (5.1.2)

as Borel measures on Ω. Indeed, in view of Proposition 1.3.2, this is an easy consequence of
(5.1.1) and of the fact that, by Theorem 1.4.13, for Hd−1-a.e. y ∈ Πξ we have the inclusion
J1
uξy

⊂ (J1
u)
ξ
y. This fact, together with (1.4.15) and the 2-homogeneity of the function

ξ 7→ σξu(Ω) proved in Proposition 5.1.6 below, implies that

|σξu|(Ω) ≤ |ξ|2λu(Ω \ J1
u). (5.1.3)

For R > 0 let τR : R → R be the 1-Lipschitz functions defined by

τR(s) :=


−R

2 if s ≤ −R
2 ,

s if −R
2 ≤ s ≤ R

2 ,
R
2 if s ≥ R

2 .

(5.1.4)

Thanks to Remark 1.4.6, we have that Dξ(τR(u · ξ)) ∈ Mb(Ω;R) for every u ∈ GBD(Ω),
ξ ∈ Sd−1, and R > 0. The following result shows that for Borel sets that do not intersect J1

u

we can obtain the value of σξu(B) by considering the limit of Dξ(τR(u · ξ))(B) as R→ +∞.



192 5. A matrix-valued measure for functions in GBD

Proposition 5.1.5. Let u ∈ GBD(Ω). Then for every ξ ∈ Sd−1 we have

σξu(B) = lim
R→+∞

Dξ(τR(u · ξ))(B), (5.1.5)

λξu(B) = lim
R→+∞

|Dξ(τR(u · ξ))|(B), (5.1.6)

for every Borel set B ⊂ Ω with Hd−1(B ∩ J1
u) = 0.

Proof. Let us fix ξ ∈ Sd−1 and a Borel set B ⊂ Ω as in the statement. Since Hd−1(B∩J1
u) =

0, it follows that Hd−1(πξ(B ∩ J1
u)) = 0 and hence Bξ

y ∩ (J1
u)
ξ
y = Ø for Hd−1-a.e. y ∈ Πξ.

Recalling that by Theorem 1.4.13 for Hd−1-a.e. y ∈ Πξ the inclusion in (1.4.18) holds, we
also have that

Bξ
y ∩ J1

uξy
= Ø for Hd−1-a.e. y ∈ Πξ. (5.1.7)

Thus, by (1.4.14) and (5.1.1) we have

σξu(B) =

ˆ
Πξ

Duξy((B \ J1
u)
ξ
y) dHd−1(y) =

ˆ
Πξ

Duξy(B
ξ
y) dHd−1(y), (5.1.8)

λξu(B) =

ˆ
Πξ

|Duξy|(Bξ
y \ J1

uξy
) dHd−1(y) =

ˆ
Πξ

|Duξy|(Bξ
y) dHd−1(y). (5.1.9)

In particular, since λξu ∈ M+
b (Ω), we have
ˆ
Πξ

|Duξy|(Bξ
y) dHd−1(y) < +∞. (5.1.10)

We then remark that from (b) of Definition 1.4.3 and the chain rule for BV-functions
(see [18, Theorem 3.99]) it follows that for Hd−1-a.e. y ∈ Πξ we have τR(u

ξ
y) ∈ BVloc(Ω

ξ
y)

and
D(τR(u

ξ
y)) = τ ′R(v

ξ
y)∇uξyL1 + τ ′R(v

ξ
y)D

cuξy + [τR(u
ξ
y)]H0 J

τR(uξy)
, (5.1.11)

where for every t ∈ Ωξy \ Juξy the function vξy is defined by

vξy(t) := lim
ε→0+

1

2ε

ˆ ε

−ε
uξy(t+ s) ds,

and we set τ ′R(±
R
2 ) = 0. Since the measures on the right-hand side of (5.1.11) are mutually

singular, we have also

|D(τR(u
ξ
y))| = |τ ′R(vξy)∇uξy|L1 + |τ ′R(vξy)||Dcuξy|+ |[τR(uξy)]|H0 J

τR(uξy)
. (5.1.12)

Moreover, we observe that for every y ∈ Πξ such that uξy ∈ BVloc(Ω
ξ
y) we have

|Dcuξy|(Ωξy \ Juξy) = |Dcuξy|(Ωξy),

lim
R→+∞

τ ′R(v
ξ
y)(t) = 1 for L1-a.e. t ∈ Ωξy, (5.1.13)

lim
R→+∞

τ ′R(v
ξ
y)(t) = 1 for |Dcuξy|-a.e. t ∈ Ωξy, (5.1.14)

J
uξy

=
⋃
R>0

J
τR(uξy)

and lim
R→+∞

[τR(u
ξ
y)](t) = [uξy](t) for every t ∈ J

uξy
. (5.1.15)



5. A matrix-valued measure for functions in GBD 193

Additionally, from (5.1.4) and (5.1.12) it follows that

|D(τR(u
ξ
y))|(Bξ

y) ≤
ˆ
Bξ

y

|∇uξy| dt + |Dcuξy|(Bξ
y) +

ˆ
Bξ

y∩J
u
ξ
y

|[uξy]| dH0 = |Duξy|(Bξ
y). (5.1.16)

Recalling that by Remark 1.4.4 for Hd−1-a.e. y ∈ Πξ we have |Duξy|(Bξ
y) < +∞, from

(5.1.11)–(5.1.15) and the Dominated Convergence Theorem we deduce for Hd−1-a.e. y ∈ Πξ

that

lim
R→+∞

D(τR(u
ξ
y))(B

ξ
y) = Duξy(B

ξ
y), (5.1.17)

lim
R→+∞

|D(τR(u
ξ
y))|(Bξ

y) = |Duξy|(Bξ
y). (5.1.18)

Thanks to Proposition 1.3.2 and [89, Proposition 3.1], for every R > 0 we have that

Dξ(τR(u · ξ))(B) =

ˆ
Πξ

D(τR(u
ξ
y))(B

ξ
y) dHd−1(y), (5.1.19)

|Dξ(τR(u · ξ))|(B) =

ˆ
Πξ

|D(τR(u
ξ
y))|(Bξ

y) dHd−1(y), (5.1.20)

so that by (5.1.11) and (5.1.12) we have

Dξ(τR(u · ξ))(B) =

ˆ
Πξ

(ˆ
Bξ

y

τ ′R(v
ξ
y)∇uξy dt

+

ˆ
Bξ

y

τ ′R(v
ξ
y)

dDcuξy

d|Dcuξy|
d|Dcuξy|+

ˆ
Bξ

y∩J
τR(u

ξ
y)

[τR(u
ξ
y)] dH0

)
dHd−1(y),

|Dξ(τR(u · ξ))|(B) =

ˆ
Πξ

(ˆ
Bξ

y

|τ ′R(vξy)∇uξy| dt

+

ˆ
Bξ

y

τ ′R(v
ξ
y) d|Dcuξy|+

ˆ
Bξ

y∩J
τR(u

ξ
y)

|[τR(uξy)]| dH0
)
dHd−1(y),

Finally, recalling (1.4.5), (5.1.7), and (5.1.16), we can apply the Dominated Convergence
Theorem and from (5.1.8), (5.1.9), and (5.1.17)–(5.1.20) we obtain (5.1.5) and (5.1.6).

The main goal of Sections 5.2–5.4 will be proving that for every u ∈ GBD(Ω) and every
Borel set B ⊂ Ω the function ξ 7→ σξu(B) is quadratic. Toward this end, in the rest of this
section we investigate some of the properties of the measure defined by (5.1.1). We first
show that the function ξ 7→ σξu(B) is 2-homogeneous.

Proposition 5.1.6. Let u ∈ GBD(Ω) and let B ⊂ Ω be a Borel set. Then the function
ξ 7→ σξu(B) is 2-homogeneous.

Proof. Let us fix t ̸= 0 and ξ ∈ Rd \ {0}. By (1.4.9), with B replaced by B \ J1
u, we have

Dutξy ((B \ J1
u)
tξ
y ) = |t|Duξy((B \ J1

u)
ξ
y).

Hence,

σtξu (B) = |tξ|
ˆ
Πξ

Dutξy ((B\J1
u)
tξ
y ) dHd−1(y) = t2|ξ|

ˆ
Πξ

Duξy
(
(B\J1

u)
ξ
y

)
dHd−1(y) = t2σξu(B).

This shows that ξ 7→ σξu(B) is 2-homogeneous, concluding the proof.
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In the next proposition we give an explicit formula for σξu(B) when the Borel set B
is contained in Ju. This shows in particular that in this case the function ξ 7→ σξu(B) is
quadratic in the sense of Definition 5.1.1.

Proposition 5.1.7. Let u ∈ GBD(Ω) and let B ⊂ Ju be a Borel set. Then for every
ξ ∈ Rd \ {0} we have

σξu(B) =

ˆ
B\J1

u

(([u]⊙ νu)ξ · ξ) dHd−1(y). (5.1.21)

Proof. Let us fix ξ ∈ Rd \ {0}. Since a change of sign of νu implies a change of sign of [u],
we may assume without loss of generality that νu · ξ ≥ 0. Thanks to Proposition 1.4.14 the
integral in the right-hand side of (5.1.21) is well-defined. Hence, by (1.4.17) and the Area
Formula [164, 12.4] we infer

σξu(B) = |ξ|
ˆ
Πξ

Duξy((B \ J1
u)
ξ
y) dHd−1(y) = |ξ|

ˆ
Πξ

(ˆ
(B\J1

u)
ξ
y

[uξy](t) dH0(t)
)
dHd−1(y)

=

ˆ
B\J1

u

([u] · ξ)(νu · ξ) dHd−1(y) =

ˆ
B\J1

u

(([u]⊙ νu)ξ · ξ) dHd−1(y),

which concludes the proof of (5.1.21).

Given two Hd−1-measurable sets A,B ⊂ Rd, we write A ≃ B when Hd−1(A△B) = 0,
where △ denotes the symmetric difference. We now present a decomposition result for
GBD(Ω) functions, which states that any function u ∈ GBD(Ω) can be written as the sum
of two functions v and w, with v ∈ SBV(Ω;Rd), w ∈ GBD(Ω), Jv ≃ Ju \ J1

u, and Jw ≃ J1
u.

We refer to [18] for the definition and properties of the space SBV of special functions of
bounded variation.

Proposition 5.1.8. Let u ∈ GBD(Ω). Then there exists v ∈ SBV(Ω;Rd) such that

Jv ≃ Ju \ J1
u, (5.1.22)

[v] = [u] and νv = νu Hd−1-a.e. on Ju \ J1
u. (5.1.23)

In particular, setting w := u− v, we have w ∈ GBD(Ω), u = w + v,

Jw ≃ J1
w ≃ J1

u, (5.1.24)

[w] = [u] Hd−1-a.e. J1
u. (5.1.25)

Proof. Since Ju\J1
u is (Hd−1, d−1)-rectifiable and [u] is integrable on Ju\J1

u by Proposition
1.4.14, the proof of the statements concerning v can be obtained arguing as in [98, Theorems
3.1 and 4.1].

The inclusion w ∈ GBD(Ω) is due to the vector space properties of GBD(Ω). Equalities
(5.1.24) and (5.1.25) follow from (5.1.22) and (5.1.23).

From this result, we derive the following useful consequence.

Lemma 5.1.9. Let u ∈ GBD(Ω) and v ∈ SBV(Ω;Rd) be as in Proposition 5.1.8 and let
w := u− v. Assume that for a Borel set B ⊂ Ω the function ξ 7→ σξw(B) is quadratic. Then
the function ξ 7→ σξu(B) is quadratic as well.
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Proof. As v ∈ SBV(Ω;Rd), from Remark 5.1.3 it follows immediately that ξ 7→ σξv(B) is
quadratic, so that the function ξ 7→ σξw(B) + σξv(B) is also quadratic. We claim that for
every ξ ∈ Rd \ {0} we have

σξu(B) = σξw(B) + σξv(B). (5.1.26)

To prove this, let us fix ξ ∈ Rd \ {0}. By definition we have u = w+ v. Thus, for Hd−1-a.e.
y ∈ Πξ it holds

Duξy = Dwξy +Dvξy (5.1.27)

as Borel measures on Ωξy. Moreover, by construction we have J1
v ≃ Ø and Jw ≃ J1

w ≃ J1
u.

This implies that

Dwξy((B \ J1
w)
ξ
y) = Dwξy((B \ J1

u)
ξ
y) for Hd−1-a.e. y ∈ Πξ.

Since v ∈ SBV(Ω;Rd), from (5.1.22) we deduce that |Dv|(J1
u) = 0. By slicing we obtain

that
|Dvξy|((J1

u)
ξ
y) = 0 for Hd−1-a.e. y ∈ Πξ.

Recalling that J1
v ≃ Ø by (5.1.22) and (5.1.23), this implies that

Dvξy((B \ J1
v )
ξ
y) = Dvξy(B

ξ
y) = Dvξy((B \ J1

u)
ξ
y).

These remarks, together with (5.1.27), imply that for Hd−1-a.e. y ∈ Πξ it holds

Dwξy((B \ J1
w)
ξ
y) +Dvξy((B \ J1

v )
ξ
y) = D(wξy + vξy)((B \ J1

u)
ξ
y) = Duξy((B \ J1

u)
ξ
y).

Integrating this equality, by (5.1.1) we obtain (5.1.26), concluding the proof.

5.2 The case of dimension d = 2

In this and the next section we assume that Ω ⊂ R2. Our aim is to prove the following
result.

Theorem 5.2.1. Let u ∈ GBD(Ω) and let B ⊂ Ω be a Borel set. Then the function
ξ 7→ σξu(B) is quadratic.

Proof. Thanks to Proposition 5.1.8 and Lemma 5.1.9, it is not restrictive to assume that
Ju ≃ J1

u. Moreover, it is enough to prove the result when B is an open set, which will be
denoted by U .

To prove that ξ 7→ σξu(U) is quadratic we use Proposition 5.1.2. Since by Proposition
5.1.6 the function ξ 7→ σξu(U) is 2-homogeneous and by Remark 5.1.4 it satisfies the lower
bound (c) of Proposition 5.1.2, we are left with proving the parallelogram identity

σξ+ηu (U) + σξ−ηu (U) = 2σξu(U) + 2σηu(U), (5.2.1)

for every ξ, η ∈ R2 \ {0}.
To this aim, we fix ξ, η ∈ R2 \ {0}. Note that, if ξ and η are not linearly independent,

then the parallelogram identity follows from 2-homogeneity, so we may assume ξ and η
to be linearly independent. We also note that it is not restrictive to assume that U is a
parallelogram of the form

U = {sξ + tη : s ∈ (0, α) and t ∈ (0, β)}, (5.2.2)
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for suitable constants α, β > 0 and with U ⊂⊂ Ω. Indeed, every open set U contained in
Ω can be approximated by a sequence {Uk}k of disjoint unions of such parallelograms for
which σζu(U) = limk σ

ζ
u(Uk) for every ζ ∈ {ξ, η, ξ + η, ξ − η}.

The vectors ξ and η, as well as the parallelogram U , are kept fixed throughout the rest
of the proof.

To prove the parallelogram identity (5.2.1), we will use Lemma 5.A.1 to approximate,
by means of Riemann sums, each integral appearing in the definition of the terms occurring
in (5.2.1). This will allow us to prove that the obtained approximations satisfy, up to an
arbitrarily small error, the parallelogram identity.

In order to construct these approximations, we need to introduce some notation first.
Given a point ω ∈ R2, for every k ∈ N and for every i, j ∈ Z we set (see Figure 5.1)

xki,j := ω + i
kξ +

j
kη. (5.2.3)

x32,0

x33,0

x33,1
x33,2

x33,−1

x32,−1

x32,−2

x32,1

x32,2

x32,3

x31,3

x31,4

x31,2
x31,1

x31,0
x31,−1

x31,−2
x31,−3

ω
x30,−1

x30,−2

x30,1

x30,2

x30,3

x32,0

x3−1,0

x3−2,0

x3−2,1

x3−1,1

x3−1,2

x3−1,−1

Figure 5.1: The parallelogram U and the grid of points xki,j associated to ω ∈ U and k = 3

Since the points xki,j will be instrumental to the discretisation of the summands in (5.2.1),
which are integrals over the straight lines Πζ for ζ ∈ {ξ, η, ξ + η, ξ − η}, we consider also
the projections of the points xki,j onto these lines. For every k ∈ N, i, j ∈ Z, and ζ ∈
{ξ, η, ξ + η, ξ − η} we set

yk,ζi,j := πζ(xki,j) = πζ(ω) + i
kπ

ζ(ξ) + j
kπ

ζ(η) ∈ Πζ . (5.2.4)

We observe that yk,ξi,j depends only on j and yk,ηi,j depends only on i, while yk,ξ+ηi,j depends
only on i−j and yk,ξ−ηi,j depends only on i+j. When we want to underline the dependence
of these families on a single index, we set

yk,ξj = yk,ξ0,j , yk,ηi = yk,ηi,0 ,

yk,ξ+ηj = yk,ξ+ηj,0 = yk,ξ+η0,−j , yk,ξ−ηj = yk,ξ−ηj,0 = yk,ξ−η0,j ,
(5.2.5)

see Figure 5.2.
It is clear from these definitions that for every ζ ∈ {ξ, η, ξ + η, ξ − η} and i, j ∈ Z there

exists a unique real number tk,ζi,j such that

xki,j = yk,ζi,j + tk,ζi,j ζ. (5.2.6)
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Πξ+η

x32,0
x31,0

y3,ξ+η1 y3,ξ+η2

Figure 5.2: Projections of the points xki,j onto the straight line Πξ+η

Let Cξ,η :=
(
|ξ|2|η|2 − (ξ · η)2

)1/2
> 0. We observe that for i, j ∈ Z we have

k|yk,ξi,j+1 − yk,ξi,j | = |πξ(η)| = 1

|ξ|
Cξ,η,

k|yk,ηi+1,j − yk,ηi,j | = |πη(ξ)| = 1

|η|
Cξ,η

k|yk,ξ+ηi,j − yk,ξ+ηi,j+1 | = k|yk,ξ+ηi,j − yk,ξ+ηi+1,j | = |πξ+η(ξ)| = |πξ+η(η)| = 1

|ξ + η|
Cξ,η,

k|yk,ξ−ηi,j − yk,ξ−ηi,j+1 | = k|yk,ξ−ηi,j − yk,ξ−ηi−1,j | = |πξ−η(ξ)| = |πξ−η(η)| = 1

|ξ − η|
Cξ,η.

(5.2.7)

For technical reasons, which will appear in Lemmas 5.3.2 and 5.D.1, it is convenient to
replace the set Ju = J1

u by a set J ⊂ U that can be written as countable union of compact
sets. Since H1(J1

u) < +∞ by Remark 1.4.8, there exist a countable family of compact sets
Kn ⊂ J1

u ∩ U and two Borel sets N1 ⊂ N ⊂ U with H1(N1) = H1(N) = 0 such that

J1
u ∩ U =

( ⋃
n∈N

Kn

)
∪N1 and Ju ∩ U =

( ⋃
n∈N

Kn

)
∪N. (5.2.8)

We set
J :=

⋃
n∈N

Kn (5.2.9)

and observe that for every ζ ∈ {ξ, η, ξ+η, ξ−η} and for H1-a.e. y ∈ Πζ we have the equality
(J1
u ∩ U)ζy = (Ju ∩ U)ζy = Jζy . In particular, by (5.1.1) we have that

σζu(B) := |ζ|
ˆ
Πζ

Duζy((B \ J)ζy) dH1(y) (5.2.10)

for every ζ ∈ {ξ, η, ξ + η, ξ − η} and every Borel set B ⊂ U .
The following two lemmas will be used in the choice of ω to obtain an approximation of

σζu(U) by means of suitable Riemann sums.

Lemma 5.2.2. Let ζ ∈ {ξ, η, ξ+ η, ξ− η}. Then for L2-a.e. ω ∈ U the following conditions
are simultaneously satisfied:

(a) (Properties of the slices) for every k ∈ N and i, j ∈ Z we have

uζ
yk,ζi,j

∈ BV(U ζ
yk,ζi,j

) and (J1
u ∩ U)ζ

yk,ζi,j

= Jζ
yk,ζi,j

;
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(b) (The points xki,j are directional Lebesgue points) for every k ∈ N and i, j ∈ Z, with
xki,j ∈ U , we have

lim
ε→0+

1

2ε

ˆ ε

−ε
|u(xki,j + sζ) · ζ − u(xki,j) · ζ| ds = 0. (5.2.11)

Proof. Taking into account that U ⊂⊂ Ω and recalling the definition of GBD(Ω) and Re-
mark 1.4.4, from (5.2.8) and (5.2.9) it follows that there exists a Borel set Nζ ⊂ Πζ , with
H1(Nζ) = 0, such that for every y ∈ Πζ \Nζ we have uζy ∈ BV(U ζy ) and (J1

u ∩U)ζy = Jζy . Let
N∞
ζ :=

⋃
k∈N

⋃
(i,j)∈Z2

(
Nζ − i

kπ
ζ(ξ)− j

kπ
ζ(η)

)
. It is immediate to check that H1(N∞

ζ ) = 0.
By (5.2.4) we have

yk,ζi,j = πζ(ω) + i
kπ

ζ(ξ) + j
kπ

ζ(η),

so that if πζ(ω) /∈ N∞
ζ , we have uζ

yk,ζi,j

∈ BV(U ζ
yk,ζi,j

) and that (J1
u∩U)ζ

yk,ζi,j

= Jζ
yk,ζi,j

. This proves

that for L2-a.e. ω ∈ U condition (a) holds.
Let us prove (b). Let B be the L2-measurable set defined by

B :=
{
x ∈ U : lim sup

ε→0+

1

2ε

ˆ ε

−ε
|u(x+ sζ) · ζ − u(x) · ζ| ds > 0

}
.

For every y ∈ Πζ \Nζ we have uζy ∈ BV(U ζy ) and the slices Bζ
y satisfy

Bζ
y =

{
t ∈ U ζy : lim sup

ε→0+

1

2ε

ˆ ε

−ε
|uζy(s+ t)− uζy(t)| ds > 0

}
.

Therefore, by the Lebesgue Differentiation Theorem L1(Bζ
y) = 0 for every y ∈ Πζ \Nζ and

by the Fubini Theorem this implies that L2(B) = 0. We observe that

lim
ε→0+

1

2ε

ˆ ε

−ε
|uζy(t+ s)− uζy(t)| ds = 0 (5.2.12)

for every t ∈ U ζy \Bζ
y .

Recalling that by (5.2.6) we have that

xki,j = yk,ζi,j + tk,ζi,j ζ, (5.2.13)

and that yk,ζi,j /∈ Nζ by the first step, from (5.2.12) we deduce that (5.2.11) holds whenever

tk,ζi,j /∈ Bζ

yk,ζi,j

. (5.2.14)

Thus, to prove (b) it is enough to show that, for given i, j, and ζ, condition (5.2.14)
holds for L2-a.e. ω ∈ U . Observing that yk,ζi,j · ζ = 0 and recalling (5.2.3), if we multiply
(5.2.13) by ζ/|ζ|2 we obtain that

tk,ζi,j =
xki,j ·ζ
|ζ|2 = ω·ζ

|ζ|2 + i
k
ξ·ζ
|ζ|2 + j

k
η·ζ
|ζ|2 .

Hence, (5.2.14) holds whenever
ω·ζ
|ζ|2 /∈ Bζ

yk,ζi,j

− i
k
ξ·ζ
|ζ|2 − j

k
η·ζ
|ζ|2 . (5.2.15)

Recalling that by (5.2.4) yk,ζi,j has the form πζ(ω) + z for some z ∈ Πζ , depending on k, ζ, i,
and j, we deduce that (5.2.15) holds for L2-a.e. ω ∈ U . This proves that (5.2.14) holds for
L2-a.e. ω ∈ U , concluding the proof.
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Proof of Theorem 5.2.1 (continuation). Given i, j ∈ Z and ζ ∈ {ξ, η, ξ + η, ξ − η} we set

Ik,ζi,j := [tk,ζi,j , t
k,ζ
i,j + 1

k ), (5.2.16)

where tk,ζi,j are defined in (5.2.6). We note that

[xki,j , x
k
i,j +

1
kζ) = {yk,ζi,j + tζ : t ∈ Ik,ζi,j }. (5.2.17)

For h ∈ N we set

J k
h := {(i, j) ∈ Z2 : xki,j ± h

k ζ ∈ U for every ζ ∈ {ξ, η, ξ + η, ξ − η}}. (5.2.18)

Since every ω ∈ R2 can be written in a unique way as ω = sξ + tη with s, t ∈ R, by (5.2.2)
and (5.2.3) we have

J k
h = {(i, j) ∈ Z2 : 0 < s+ i±h

k < α and 0 < t+ j±h
k < β}. (5.2.19)

In the following lemma, given a sequence {ωk}k of elements of U , we consider the points
xki,j and yk,ζi,j defined by (5.2.3) and (5.2.4) with ω = ωk. We recall that Cξ,η > 0 is the
constant which appears in (5.2.7).

Lemma 5.2.3. There exists an infinite set K ⊂ N and, for every ε > 0, a Borel set
Uε ⊂ U , with L2(U \ Uε) ≤ ε, such that for every sequence {ωk}k∈N in Uε and for every
ζ ∈ {ξ, η, ξ + η, ξ − η} conditions (a) and (b) of Lemma 5.2.2 are satisfied and

lim
k→+∞
k∈K

Cξ,η
k

∑
(i,j)∈J k

Duζ
yk,ζi,j

(Ik,ζi,j \ Jζ
yk,ζi,j

) = σζu(U) (5.2.20)

for every sequence {J k}k of subsets of Z2 for which there exists h ∈ N such that J k
h ⊂ J k ⊂

J k
1 for every k ∈ N.

Proof. Thanks to Lemma 5.2.2, there exists a Borel set U0 ⊂ U , with L2(U0) = L2(U), such
that (a) and (b) hold for every ω ∈ U0, so that we only need to show that there exist an
infinite set K ⊂ N and for every ε > 0, a Borel set Uε ⊂ U0, with L2(U \ Uε) ≤ ε, such
that (5.2.20) holds. The proof for every ζ ∈ {ξ, η, ξ + η, ξ − η} will be carried out in four
steps, first for ζ = ξ, then for ζ = η, next for ζ = ξ + η, and finally for ζ = ξ − η. Starting
from the second step, N is replaced by the set K of the previous step and we may assume
that Uε is contained in the corresponding set of the previous step, so that the sets K and
Uε obtained at the end satisfy (5.2.20) for every ζ ∈ {ξ, η, ξ + η, ξ − η}.

We begin by proving the result for ζ = ξ. We observe that every ω ∈ R2 can be written
in a unique way as

ω = z1η + z2ξ,

with z1, z2 ∈ R. For every k ∈ N and i, j ∈ Z by (5.2.4) we have

yk,ξi,j =
(
z1 +

j
k

)
πξ(η). (5.2.21)

We set I := (0, β) = {t ∈ R : tπξ(η) ∈ πξ(U)}. For every h, k ∈ N and z1 ∈ I we define

Ikh(z1) :=
{
j ∈ Z : z1 +

j±h
k ∈ I

}
=

{
j ∈ Z : yk,ξ0,j ±

h
kπ

ξ(η) ∈ πξ(U)
}
, (5.2.22)

Fk
h (z1) :=

{
j ∈ Z : z1 +

j
k ∈ I

}
\ Ikh(z1). (5.2.23)
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Let Nξ ⊂ Πξ be the H1-negligible Borel set introduced at the beginning of the proof of
Lemma 5.2.2 for ζ = ξ and consider the Borel set Mξ := {t ∈ R : tπξ(η) ∈ Nξ}. Applying
Lemma 5.A.1 to the function defined for t ∈ R by

f(t) :=

{
Duξ

tπξ(η)
((U \ J)ξ

tπξ(η)
) if t ∈ R \Mξ,

0 if t ∈Mξ,

which vanishes out of I, and recalling (5.2.7), (5.2.10), and (5.2.21), we obtain an infinite
set H ⊂ N and, for every ε > 0, a Borel set Iε ⊂ I, with L1(I \ Iε) ≤ ε and Iε ∩Mξ = Ø,
such that for every h ∈ N we have

lim
k→+∞
k∈H

Cξ,η
k

∑
j∈Ik

h(z1)

Duξ
yk,ξ0,j

((U \ J)ξ
yk,ξ0,j

) = |ξ||πξ(η)|
ˆ
I
Duξ

sπξ(η)
((U \ J)ξ

sπξ(η)
) ds

= |ξ|
ˆ
Πξ

Duξy((U \ J)ξy) dH1(y) = σξu(U) uniformly for z1 ∈ Iε, (5.2.24)

lim
k→+∞
k∈H

1

k

∑
j∈Fk

h (z1)

Duξ
yk,ξ0,j

((U \ J)ξ
yk,ξ0,j

) = 0 uniformly for z1 ∈ Iε. (5.2.25)

We set

Vε := {ω ∈ U : ω = z1η + z2ξ, z1 ∈ Iε, z2 ∈ R} (5.2.26)

and observe that L2(U \ Vε) ≤ cε for a constant c > 0 depending only on ξ, η, α, and β.
For every h, k ∈ N we set

W k
h := {x ∈ U : either x+ h

k ξ or x− h
k ξ does not belong to U}, (5.2.27)

fkh (t, z2) :=

{
|Duξ

tπξ(η)
|((W k

h \ J)ξ
tπξ(η)

) if t ∈ I \Mξ and z2 ∈ (0, α+ β),

0 otherwise,
(5.2.28)

g(t) :=

{
|Duξ

tπξ(η)
|((U \ J)ξ

tπξ(η)
) for t ∈ I \Mξ,

0 otherwise.
(5.2.29)

We observe that 0 ≤ fkh (t, z2) ≤ g(t) for L1-a.e. t ∈ I and L1-a.e. z2 ∈ R. Let λ be a
measure as in Definition 1.4.3. Since λ(W k

h ) converges to 0 as k → +∞, from (1.4.10) and
(1.4.18) we deduce that the sequence {fkh}k converges to 0 in L1(I×R) as k → +∞. Thanks
to Lemma 5.A.2 and Remark 5.A.3, applied with N replaced by H, we can find an infinite
set K ⊂ H ⊂ N and a Borel set Uε ⊂ Vε ⊂ U , with L2(U \ Uε) ≤ cε for a constant c > 0
depending only on ξ, η, α, and β, such that for every h ∈ N

lim
k→+∞
k∈K

1

k

∑
j∈Ik

h(z1)

|Duξ
yk,ξ0,j

|((W k
h+1 \ J)

ξ

yk,ξ0,j

) = lim
k→+∞
k∈K

1

k

∑
j∈Ik

h(z1)

fkh+1(z1 +
j
k , z2) = 0 (5.2.30)

uniformly for ω = z1η + z2ξ ∈ Uε, where the first equality follows from (5.2.21).
For every j ∈ Z let J k(j) := {i ∈ Z : (i, j) ∈ J k}. Since J k

h ⊂ J k ⊂ J k
1 , by (5.2.16)

and (5.2.27) for every j ∈ Ikh(z1) it holds

(U \ J)ξ
yk,ξ0,j

= (W k
h+1 \ J)

ξ

yk,ξ0,j

∪
⋃

i∈J k(j)

(
Ik,ξi,j \ Jξ

yk,ξ0,j

)
.
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Hence,∣∣∣Duξ
yk,ξ0,j

(
(U \ J)ξ

yk,ξ0,j

)
−

∑
i∈J k(j)

Duξ
yk,ξ0,j

(
Ik,ξi,j \ Jξ

yk,ξ0,j

)∣∣∣ ≤ ∣∣Duξ
yk,ξ0,j

∣∣((W k
h+1 \ J)

ξ

yk,ξ0,j

)
.

Recalling that yk,ξi,j = yk,ξ0,j , the previous inequality gives∣∣∣ ∑
j∈Ik

h(z1)

Duξ
yk,ξ0,j

(
(U \ J)ξ

yk,ξ0,j

)
−

∑
(i,j)∈J k

Duξ
yk,ξ0,j

(
Ik,ξi,j \ Jξ

yk,ξ0,j

)∣∣∣
≤

∑
j∈Ik

h(z1)

∣∣Duξ
yk,ξ0,j

∣∣((W k
h+1 \ J)

ξ

yk,ξ0,j

)
+

∑
j∈Fk

h (z1)

∣∣Duξ
yk,ξ0,j

∣∣((U \ J)ξ
yk,ξ0,j

)
.

Combining (5.2.24), (5.2.25), and (5.2.30), we obtain (5.2.20) for ζ = ξ. The proof for the
case ζ = η can be obtained by arguing as above, exchanging the roles of ξ and η.

In the case ζ = ξ + η we argue as follows. First, we write every ω ∈ R2 as

ω = z1η + z2(ξ + η),

with z1, z2 ∈ R, so that by (5.2.4)

yk,ξ+ηi,j = (z1 +
j
k )π

ξ+η(η) + i
kπ

ξ+η(ξ) = (z1 +
j−i
k )πξ+η(η).

Setting m := j − i, we have
yk,ξ+ηi,j = (z1 +

m
k )π

ξ+η(η). (5.2.31)

We now set I := {t ∈ R : tπξ+η(η) ∈ πξ+η(U)} and for every k ∈ N and z1 ∈ I we define

Ik(z1) := {m ∈ Z : z1 +
m
k ∈ I}. (5.2.32)

Let Nξ+η be the H1-negligible Borel set introduced at the beginning of the proof of
Lemma 5.2.2 for ζ = ξ + η and consider the Borel set Mξ+η := {t ∈ R : tπξ+η(η) ∈ Nξ+η}.
We can apply Lemma 5.A.1 to the function defined for t ∈ R by

h(t) :=

{
Duξ+η

tπξ+η(η)
((U \ J)ξ+η

tπξ+η(η)
) if t ∈ R \Mξ+η,

0 if t ∈Mξ+η.

and arguing as in the previous part of the proof we obtain an infinite set H contained in
the set K obtained in the previous steps and, for every ε > 0, a Borel set Iε ⊂ I, with
L1(I \ Iε) ≤ ε and Iε ∩Mξ+η = Ø, such that

lim
k→+∞
k∈H

Cξ,η
k

∑
m∈Ik(z1)

Duξ+η
yk,ξ+η
0,m

((U \ J)ξ+η
yk,ξ+η
0,m

) = σξ+ηu (U) uniformly for z1 ∈ Iε. (5.2.33)

For every h, k ∈ N now define

W k
h := {x ∈ U : there exists ζ ∈ {±ξ,±η,±(ξ + η),±(ξ − η)} such that x+ h

k ζ /∈ U}

and we observe that (5.2.19) and the inclusions J k
h ⊂ J k ⊂ J k

1 imply that

{(i, j) ∈ Z2 : xki,j ∈ U \W k
h } ⊂ J k,

J k ⊂ {(i, j) ∈ Z2 : [xki,j , x
k
i,j ± 1

kζ] ⊂ U for every ζ ∈ {ξ, η, ξ + η, ξ − η}}.
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It follows from (5.2.16) and (5.2.17) that

(U \ J)ξ+η
yk,ξ+η
0,m

= (W k
h+1 \ J)

ξ+η

yk,ξ+η
0,m

∪
⋃

(i,j)∈J k

j−i=m

(Ik,ξ+ηi,j \ Jξ+η
yk,ξ+η
0,m

). (5.2.34)

For every k ∈ N we now define Vε, fkh , and g as in (5.2.26), (5.2.28), and (5.2.29), with ξ
replaced by ξ + η. Arguing as in the first part of the proof, we obtain that {fkh}k converges
to 0 in L1(I × R) as k → +∞. Hence, recalling (5.2.19), we may apply Lemma 5.A.2, with
N replaced by H, to obtain an infinite set K ⊂ H ⊂ N and a Borel set Uε ⊂ Vε ⊂ U , with
L2(U \ Uε) ≤ cε for a constant c > 0 depending only on ξ, η, α, and β, such that

lim
k→+∞
k∈K

1

k

∑
m∈Ik(z1)

|Duξ+η
yk,ξ+η
0,m

|((W k
h+1 \ J)

ξ+η

yk,ξ+η
0,m

) = lim
k→+∞
k∈K

1

k

∑
m∈Ik(z1)

fkh+1(z1 +
m
k , z2) = 0

(5.2.35)
uniformly for ω = z1η+z2(ξ+η) ∈ Uε. Recalling the equality yk,ξ+ηi,j = yk,ξ+η0,m for j− i = m,
from (5.2.34) it follows that

|Duξ+η
yk,ξ+η
0,m

((U \ J)ξ+η
yk,ξ+η
0,m

)−
∑

(i,j)∈J k

j−i=m

Duξ+η
yk,ξ+η
0,m

(Ik,ξ+ηi,j \ Jξ+η
yk,ξ+η
0,m

)| ≤ |Duξ+η
yk,ξ+η
0,m

|((W k
h+1 \ J)

ξ+η

yk,ξ+η
0,m

).

Since by (5.2.31) and (5.2.32) we have∑
m∈Ik(z1)

∑
(i,j)∈J k

j−i=m

=
∑

(i,j)∈J k

,

combining (5.2.33) and (5.2.35) with the previous inequality, we obtain (5.2.20) for ζ = ξ+η.
The proof for ζ = ξ − η is similar.

Proof of Theorem 5.2.1 (continuation). By Lemma 5.2.3 we may choose a sequence {ωk}k ⊂
U and an infinite set K ⊂ N such that for every ζ ∈ {ξ, η, ξ + η, ξ − η} conditions (a) and
(b) of Lemma 5.2.2 hold and

lim
k→+∞
k∈K

Cξ,η
k

∑
(i,j)∈J k

Duζ
yk,ζi,j

(Ik,ζi,j \ Jζ
yk,ζi,j

) = σζu(U),

for every J k such that J k
3 ⊂ J k ⊂ J k

1 (see (5.2.18)), where the projections yk,ζi,j are defined
taking ω = ωk in (5.2.4).

To present the technique we will employ in the sequel, let us assume for a moment that
for every (i, j) ∈ J k

1 the segments [xki,j , x
k
i+1,j ], [x

k
i,j , x

k
i,j+1], [x

k
i,j , x

k
i+1,j+1], [x

k
i+1,j , x

k
i+1,j+1],

[xki,j+1, x
k
i+1,j+1], and [xki+1,j , x

k
i,j+1] do not intersect the set J , which implies Ik,ζi,j \ Jζ

yk,ζi,j

=

Ik,ζi,j , hence

lim
k→+∞
k∈K

Cξ,η
k

∑
(i,j)∈J k

Duζ
yk,ζi,j

(Ik,ζi,j ) = σζu(U), (5.2.36)

whenever J k
3 ⊂ J k ⊂ J k

1 . By (a) and (b) of Lemma 5.2.2 and (5.2.17), for every k ∈ N and
(i, j) ∈ J k

1 we have that uζ
yk,ζi,j

∈ BV(U ζ
yk,ζi,j

) and

Duζ
yk,ζi,j

(Ik,ζi,j ) = (u(xki,j +
1
kζ)− u(xki,j)) · ζ for every ζ ∈ {ξ, η, ξ + η, ξ − η}. (5.2.37)
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Let e1 := (1, 0) and e2 := (0, 1) and set

J k
2 + e1 := {(i+ 1, j) : (i, j) ∈ J k

2 } and J k
2 + e2 := {(i, j + 1): (i, j) ∈ J k

2 },

and observe that by (5.2.19) we have J k
3 ⊂ J k

2 + e1 ⊂ J k
1 and J k

3 ⊂ J k
2 + e2 ⊂ J k

1 . From
(5.2.3) and (5.2.37) it follows that

∑
(i,j)∈J k

2

Duξ
yk,ξi,j

(Ik,ξi,j ) =
∑

(i,j)∈J k
2

(
u(xki+1,j)− u(xki,j)

)
· ξ,

∑
(i,j)∈J k

2 +e2

Duξ
yk,ξi,j

(Ik,ξi,j ) =
∑

(i,j)∈J k
2 +e2

(
u(xki+1,j)− u(xki,j)

)
· ξ,

∑
(i,j)∈J k

2

Duη
yk,ηi,j

(Ik,ηi,j ) =
∑

(i,j)∈J k
2

(
u(xki,j+1)− u(xki,j)

)
· η,

∑
(i,j)∈J k

2 +e1

Duη
yk,ηi,j

(Ik,ηi,j ) =
∑

(i,j)∈J k
2 +e1

(
u(xki,j+1)− u(xki,j)

)
· η,

∑
(i,j)∈J k

2

Duξ+η
yk,ξ+η
i,j

(Ik,ξ+ηi,j ) =
∑

(i,j)∈J k
2

(
u(xki+1,j+1)− u(xki,j)

)
· (ξ + η),

∑
(i,j)∈J k

2 +e2

Duξ−η
yk,ξ−η
i,j

(Ik,ξ−ηi,j ) =
∑

(i,j)∈J k
2

(
u(xki+1,j)− u(xki,j+1)

)
· (ξ − η).

Thus, ∑
(i,j)∈J k

2

Duξ+η
yk,ξ+η
i,j

(Ik,ξ+ηi,j ) +
∑

(i,j)∈J k
2 +e2

Duξ−η
yk,ξ−η
i,j

(Ik,ξ−ηi,j )

=
∑

(i,j)∈J k
2

(
u(xki+1,j+1)− u(xki,j)

)
· (ξ + η) +

∑
(i,j)∈J k

2

(
u(xki+1,j)− u(xki,j+1)

)
· (ξ − η)

=
∑

(i,j)∈J k
2

Duξ
yk,ξi,j

(Ik,ξi,j ) +
∑

(i,j)∈J k
2 +e2

Duξ
yk,ξi,j

(Ik,ξi,j )

+
∑

(i,j)∈J k
2

Duη
yk,ηi,j

(Ik,ηi,j ) +
∑

(i,j)∈J k
2 +e1

Duη
yk,ηi,j

(Ik,ηi,j ).

(5.2.38)

Thanks to (5.2.36) we obtain

σξ+ηu (U) + σξ−ηu (U) = 2σξu(U) + 2σηu(U),

which implies that ξ 7→ σξu(U) is quadratic.
Unfortunately, the hypothesis that for every k ∈ N and (i, j) ∈ J k

1 each of the six
segments [xki,j , x

k
i+1,j ], [xki,j , x

k
i,j+1], [xki,j , x

k
i+1,j+1], [xki+1,j , x

k
i+1,j+1], [xki,j+1, x

k
i+1,j+1], and

[xki+1,j , x
k
i,j+1] does not intersect the set J is almost never satisfied. Therefore, for every

k ∈ N we introduce the set Gk ⊂ Z2 of good indices, defined as

Gk :=
{
(i, j)∈ J k

2 : none of the segments [xki,j , x
k
i+1,j ], [x

k
i,j , x

k
i,j+1] , [x

k
i,j , x

k
i+1,j+1],

[xki+1,j , x
k
i+1,j+1], [x

k
i,j+1, x

k
i+1,j+1], [x

k
i+1,j , x

k
i,j+1] intersects J

}
,

(5.2.39)
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Note that by (5.2.17) we have

Ik,ζi,j ∩ Jζ
yk,ζi,j

= Ø for every (i, j) ∈ Gk, ζ ∈ {ξ, η, ξ + η},

Ik,ξi,j ∩ Jξ
yk,ξi,j

= Ø for every (i, j) ∈ Gk + e2,

Ik,ηi,j ∩ Jη
yk,ηi,j

= Ø for every (i, j) ∈ Gk + e1,

Ik,ξ−ηi,j ∩ Jξ−η
yk,ξ−η
i,j

= Ø for every (i, j) ∈ Gk + e2.

(5.2.40)

where

Gk + e1 := {(i+ 1, j) ∈ Z2 : (i, j) ∈ Gk} and Gk + e2 := {(i, j + 1): (i, j) ∈ Gk}.

To prove the result in the general case, in the next section (see Theorem 5.3.1) we shall show
that the sequence {ωk}k ⊂ U and the infinite set K ⊂ N can be chosen in such a way that
conditions (a) and (b) of Lemma 5.2.2 hold and, in addition, for every ζ ∈ {ξ, η, ξ+η, ξ−η},

lim
k→+∞
k∈K

Cξ,η
k

∑
(i,j)∈Gk

Duζ
yk,ζi,j

(Ik,ζi,j ) = σζu(U), ζ ∈ {ξ, η, ξ + η},

lim
k→+∞
k∈K

Cξ,η
k

∑
(i,j)∈Gk+e2

Duξ
yk,ξi,j

(Ik,ξi,j ) = σξu(U),

lim
k→+∞
k∈K

Cξ,η
k

∑
(i,j)∈Gk+e1

Duη
yk,ηi,j

(Ik,ηi,j ) = σηu(U),

lim
k→+∞
k∈K

Cξ,η
k

∑
(i,j)∈Gk+e2

Duξ−η
yk,ξ−η
i,j

(Ik,ξ−ηi,j ) = σξ−ηu (U).

(5.2.41)

Assuming that these equalities hold, we now conclude the proof in the general case.
Observing that (5.2.37) still holds for (i, j) ∈ Gk, and also for (i, j) ∈ Gk + e1 when ζ = η
and for (i, j) ∈ Gk+ e2 when ζ ∈ {ξ, ξ− η}, repeating the arguments that led to (5.2.38) we
obtain ∑

(i,j)∈Gk

Duξ+η
yk,ξ+η
i,j

(Ik,ξ+ηi,j ) +
∑

(i,j)∈Gk+e2

Duξ−η
yk,ξ−η
i,j

(Ik,ξ−ηi,j )

=
∑

(i,j)∈Gk

Duξ
yk,ξi,j

(Ik,ξi,j ) +
∑

(i,j)∈Gk+e2

Duξ
yk,ξi,j

(Ik,ξi,j )

+
∑

(i,j)∈Gk+e1

Duη
yk,ηi,j

(Ik,ηi,j ) +
∑

(i,j)∈Gk

Duη
yk,ηi,j

(Ik,ηi,j ).

Multiplying the previous equality by Cξ,η/k and using (5.2.41) we obtain (5.2.1). This
concludes the proof.

5.3 Conclusion of the proof in dimension d = 2

In this section we prove a technical result, which concludes the proof of Theorem 5.2.1.
Throughout this section u, ξ, η, and U are as in Section 5.2 and we use the notation
introduced in the proof of Theorem 5.2.1. In particular, we recall that Gk is defined by
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(5.2.39). Before stating the main result of this section we introduce the set of bad indices
Bk ⊂ Z2, defined as

Bk :=
{
(i, j) ∈ J k

2 : one of the segments [xki,j , x
k
i+1,j ], [x

k
i,j , x

k
i,j+1] , [x

k
i,j , x

k
i+1,j+1],

[xki+1,j , x
k
i+1,j+1], [x

k
i,j+1, x

k
i+1,j+1], [x

k
i+1,j , x

k
i,j+1] intersects J

}
,

(5.3.1)

and the set
P := {(ξ, 0), (η, 0), (ξ + η, 0), (ξ, e2), (η, e1), (ξ − η, e2)}.

Theorem 5.3.1. There exist an infinite set K ⊂ N and a sequence {ωk}k ⊂ U such that
conditions (a), (b) of Lemma 5.2.2 and (5.2.20) hold and, for every (ζ, a) ∈ P, we have

lim
k→+∞
k∈K

Cξ,η
k

∑
(i,j)∈Gk+a

Duζ
yk,ζi,j

(Ik,ζi,j ) = σζu(U), (5.3.2)

lim
k→+∞
k∈K

1

k

∑
(i,j)∈Bk+a

|Duζ
yk,ζi,j

|(Ik,ζi,j \ Jζ
yk,ζi,j

) = 0. (5.3.3)

where the points yk,ζi,j introduced in (5.2.4) are defined by taking ω = ωk.

The crucial part in the proof of this result is proving (5.3.3), as (5.3.2) can then be
obtained from (5.2.20) by difference, using (5.2.40). This proof is rather technical. The
arguments we are going to use require some additional notation.

Given ζ ∈ {ξ, η, ξ − η, ξ + η}, we set

ζ̄ := ξ if ζ ∈ {η, ξ + η} and ζ̄ := η if ζ ∈ {ξ, ξ − η}. (5.3.4)

We observe that ζ and ζ̄ are linearly independent. For y ∈ R2, k ∈ N, j ∈ Z, and
ζ ∈ {ξ, η, ξ + η, ξ − η} let tk,ζj (y) be the real number characterised by

y + tk,ζj (y)ζ ∈ {ω + j
kζ + sζ̄ : s ∈ R}. (5.3.5)

We also set
xk,ζj (y) := y + tk,ζj (y)ζ. (5.3.6)

In other words, xk,ζj (y) is the intersection of the straight lines {y + tζ : t ∈ R} and {ω +
j
kζ+sζ̄ : s ∈ R}. Note that the family of straight lines {{ω+ j

kζ+sζ̄ : s ∈ R}}j∈Z coincides
with the family of the straight lines parallel to ζ̄ passing through one of the points xki,j for
i, j ∈ Z.

Note that for every j ∈ Z and t ∈ R we have

tk,ζj+1(y) = tk,ζj (y) + 1
k and tk,ζj (y + tζ) = tk,ζj (y)− t,

which give
xk,ζj+1(y) = xk,ζj (y) + 1

kζ and xk,ζj (y + tζ) = xk,ζj (y). (5.3.7)

Moreover,
[xk,ζj (y), xk,ζj+1(y)) = {y + tζ : t ∈ [tk,ζj (y), tk,ζj+1(y))}. (5.3.8)

Therefore for every y ∈ R2 each straight line {y + tζ : t ∈ R} can be written as disjoint
union of segments in the following way

{y + tζ : t ∈ R} =
⋃
j∈Z

[xk,ζj (y), xk,ζj+1(y)). (5.3.9)
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x

zk,ξ(x)

{xki,j + sη : s ∈ R}
{xki+1,j + sη : s ∈ R}

Figure 5.3: The map x 7→ zk,ξ(x).

We need to introduce some sets which are useful to establish (5.3.3) and whose definition
requires some additional notation. Let us fix ζ ∈ {ξ, η, ξ + η, ξ − η} and k ∈ N. In view of
(5.3.9), for every x ∈ R2 there exists a unique j ∈ Z such that

x ∈ [xk,ζj (x), xk,ζj+1(x)). (5.3.10)

We define the map zk,ζ : R2 → R2 (see Figure 5.3) as

zk,ζ(x) = xk,ζj (x), (5.3.11)

where j ∈ Z is the unique index such that (5.3.10) holds.
By (5.3.7) and (5.3.8) for every y ∈ R2

zk,ζ(y + tζ) = xk,ζj (y) for every t ∈ [tk,ζj (y), tk,ζj+1(y)). (5.3.12)

Geometrically (see Figure 5.3), zk,ζ(x) is given by x − tζ where t ≥ 0 is the smallest
number such that x − tζ belongs to one of the straight lines parallel to ζ̄ passing through
one of the points xki,j . By this geometric characterisation, zk,ζ is a Borel function.

We consider the union S of the sides and the diagonals of the parallelogram of vertices
at 0, ξ, ξ + η, η, i.e.,

S := [0, ξ] ∪ [0, η] ∪ [0, ξ + η] ∪ [η, ξ] ∪ [η, ξ + η] ∪ [ξ, ξ + η]. (5.3.13)

For k ∈ N and ζ ∈ {ξ, η, ξ + η, ξ − η} we introduce the set

Ek,ζ := {x ∈ R2 : (zk,ζ(x) + 1
kS) ∩ J ̸= Ø}. (5.3.14)

For y ∈ R2 we define

Ik,ζ(y) := {i ∈ Z : (xk,ζi (y) + 1
kS) ∩ J ̸= Ø}, N k,ζ(y) := H0(Ik,ζ(y)),

Ek,ζ(y) :=
⋃

i∈Ik,ζ(y)

[tk,ζi (y), tk,ζi+1(y)).
(5.3.15)

By (5.3.12) we have the equality

Ek,ζ(y) = (Ek,ζ)ζy for every y ∈ R2 (5.3.16)

and by (5.3.7) we have

Ik,ζ(y + tζ) = Ik,ζ(y) and N k,ζ(y + tζ) = N k,ζ(y) for every t ∈ R. (5.3.17)
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Let x ∈ R2 and let j ∈ Z be the unique index such that (5.3.10) holds. By (5.3.7) for
every i ∈ Z we have

xk,ζi (x) = xk,ζi (x+ i−j
k ζ) = zk,ζ(x+ i−j

k ζ),

where the last equality follows from (5.3.11), since x+ i−j
k ζ ∈ [xk,ζi (x+ i−j

k ζ), x
k,ζ
i+1(x+

i−j
k ζ))

by (5.3.7). Recalling the definition of Ek,ζ in (5.3.14), the equalities above imply that

Ik,ζ(x) = {i ∈ Z : (zk,ζ(x+ i−j
k ζ) +

1
kS) ∩ J ̸= Ø} = {i ∈ Z : x+ i−j

k ζ ∈ Ek,ζ},

which gives
N k,ζ(x) = H0({i ∈ Z : x+ i

kζ ∈ Ek,ζ}). (5.3.18)

For ζ ∈ {ξ, η, ξ + η, ξ − η}, k,m ∈ N, and y ∈ R2 we set

Êk,ζm := {x ∈ Ek,ζ : N k,ζ(x) ≤ m}, Ěk,ζm := {x ∈ Ek,ζ : N k,ζ(x) > m}, (5.3.19)

Êk,ζm (y) :=

{
Ek,ζ(y) if N k,ζ(y) ≤ m,

Ø otherwise,
Ěk,ζm (y) :=

{
Ek,ζ(y) if N k,ζ(y) > m,

Ø otherwise.
(5.3.20)

By (5.3.16) and (5.3.17) we have

Êk,ζm (y) = (Êk,ζm )ζy and Ěk,ζm (y) = (Ěk,ζm )ζy. (5.3.21)

All these sets are Borel measurable as the following lemma shows.

Lemma 5.3.2. The sets Ek,ζ , Êk,ζm , and qEk,ζm are Borel measurable. Moreover, the function
N k,ζ is Borel measurable on R2.

Proof. For every set B ⊂ R2 we define

Ek,ζB := {x ∈ R2 : (zk,ζ(x) + 1
kS) ∩B ̸= Ø},

FB := {z ∈ R2 : (z + 1
kS) ∩B ̸= Ø}.

We begin by proving that for a compact setK ⊂ R2 the set Ek,ζK is Borel measurable. To this
aim we note that the set FK is closed and that Ek,ζK = {x ∈ R2 : zk,ζ(x) ∈ FK}. Recalling
that zk,ζ is Borel measurable, we conclude that Ek,ζK is Borel measurable. By (5.2.9) we
have J =

⋃
n∈NKn, where Kn are compact sets. This gives that Ek,ζ =

⋃
n∈NE

k,ζ
Kn

. Since
the sets Ek,ζKn

are Borel measurable, so is Ek,ζ .
To prove that Êk,ζm Borel measurable, we observe that by (5.3.18) and (5.3.19) a point

x belongs to Êk,ζm if and only if the number of indices i ∈ Z such that x ∈ Ek,ζ − i
kζ is less

than or equal to m. This implies that, setting Ek,ζi := Ek,ζ − i
kζ, we have

Êk,ζm = Ek,ζ ∩
{
x ∈ R2 :

∑
i χEk,ζ

i
(x) ≤ m

}
,

where χ
Ek,ζ

i
is the characteristic function of Ek,ζi . Since the sets Ek,ζi are Borel measurable,

we deduce that Êk,ζm is Borel measurable. The Borel measurability of qEk,ζm follows from the
equality qEk,ζm = Ek,ζ \ Êk,ζm .

To prove that the function N k,ζ is Borel measurable, it is enough to observe that by
(5.3.18) we have N k,ζ =

∑
i∈Z χEk,ζ

i
.
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Remark 5.3.3. All the sets defined in (5.3.14) and (5.3.19) depend non-trivially on ω ∈ R2,
since by (5.2.3) every choice of ω determines different points xki,j and thus, by (5.3.6),
different sets in (5.3.14) and (5.3.19) as well. Not to overburden the notation, we do not
indicate the dependence of such objects on ω. The measurability issues with respect to ω
will be dealt with in the Appendix.

To use the sets Êk,ζm and qEk,ζm in our estimates we need the properties proved in the
following two lemmas, whose proofs are postponed. We observe that, since ξ and η are
linearly independent, given ζ ∈ {ξ, η, ξ + η, ξ − η}, every point ω ∈ R2 can be written in a
unique way as

ω = z1ζ̄ + z2ζ, (5.3.22)

for suitable z1, z2 ∈ R. We set

Iζ :=

{
(0, α) if ζ = ξ or ζ = ξ − η,

(0, β) if ζ = η or ζ = ξ + η,
(5.3.23)

and we observe that by (5.2.2)

πζ̄(U) = {z2πζ̄(ζ) : z2 ∈ Iζ}. (5.3.24)

Lemma 5.3.4. There exists a constant C > 0 such that for every ζ ∈ {ξ, η, ξ + η, ξ − η}
and for every ε > 0 there exist an infinite set Kζ

ε ⊂ N and a Borel set Iζε ⊂ Iζ , with
L1(Iζ \ Iζε ) ≤ ε, such that

H1
(
πζ( qEk,ζm )

)
≤ C/m (5.3.25)

for every m ∈ N, ω ∈ U ζε := U ∩ {z1ζ̄ + z2ζ : z1 ∈ R, z2 ∈ Iζε }, and k ∈ Kζ
ε .

Lemma 5.3.5. Let m ∈ N and ζ ∈ {ξ, η, ξ + η, ξ − η}. Then we have

lim
k→+∞

|Duζy|(Êk,ζm (y) ∩ U ζy \ Jζy ) = 0 for H1-a.e. y ∈ Πζ , (5.3.26)

lim
k→+∞

ˆ
Πζ

|Duζy|(Êk,ζm (y) ∩ U ζy \ Jζy ) dH1(y) = 0. (5.3.27)

To prove Lemma 5.3.4 we need the following elementary result.

Lemma 5.3.6. Let F ⊂ R be a finite set and let a > 0 and b < c. Then
ˆ
R
H0([at+ b, at+ c] ∩ F ) dt = c− b

a
H0(F ).

Proof. By the Fubini Theorem we have that
ˆ
R
H0([at+ b, at+ c] ∩ F ) dt =

ˆ
R

(ˆ
F
χ[at+b,at+c](s) dH0(s)

)
dt

=

ˆ
F

(ˆ
R
χ[ s−c

a
, s−b

a
](t) dt

)
dH0(s) =

c− b

a
H0(F ).

This concludes the proof.
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Proof of Lemma 5.3.4. We observe that πζ( qEk,ζm ) = {y ∈ Πζ : N k,ζ(y) > m} by (5.3.17)
and (5.3.19). Since N k,ζ is Borel measurable by Lemma 5.3.2, πζ( qEk,ζm ) is a Borel set. By
Čebyšëv’s inequality we obtain

H1
(
πζ( qEk,ζm )

)
= H1

(
{y ∈ Πζ : N k,ζ(y) > m}

)
≤ 1

m

ˆ
Πζ

N k,ζ(y) dH1(y) (5.3.28)

for every ζ ∈ {ξ, η, ξ + η, ξ − η}, k,m ∈ N, ω ∈ U . To conclude the proof it is enough to
show that there exist a constant C > 0 and, for every ε > 0 and ζ ∈ {ξ, η, ξ + η, ξ − η}, an
infinite set Kζ

ε ⊂ N and a Borel set Iζε ⊂ Iζ , with L1(Iζ \ Iζε ) ≤ ε, such that
ˆ
Πζ

N k,ζ(y) dH1(y) ≤ C (5.3.29)

for every ω ∈ U ζε := U ∩ {z1ζ̄ + z2ζ : z1 ∈ R, z2 ∈ Iζε } and k ∈ Kζ
ε .

We observe that by (5.3.13) we can write S = S1 ∪ · · · ∪ S6, where

S1 := [0, ζ̄], S2 :=

{
S1 + ξ if ζ ∈ {ξ, ξ − η},
S1 + η if ζ ∈ {η, ξ + η},

(5.3.30)

while S3,. . . , S6 are the other four segments of S, which are transversal to ζ̄. By (5.3.15)
this implies that

Ik,ζ(y) =
6⋃

h=1

{j ∈ Z : (xk,ζj (y) + 1
kSh) ∩ J ̸= Ø}

for every y ∈ Πζ , hence

N k,ζ(y) ≤
6∑

h=1

H0({j ∈ Z : (xk,ζj (y) + 1
kSh) ∩ J ̸= Ø}).

Thus,
ˆ
Πζ

N k,ζ(y) dH1(y) ≤
6∑

h=1

ˆ
Πζ

H0({j ∈ Z : (xk,ζj (y) + 1
kSh) ∩ J ̸= Ø}) dH1(y). (5.3.31)

Let us fix ζ ∈ {ξ, η, ξ+ η, ξ− η} and ε > 0. We claim that there exist a constant c1 > 0,
independent of ω, k, and ε, an infinite set Kζ

ε ⊂ N, independent of ω, and a Borel set
Iζε ⊂ Iζ , with L1(Iζ \ Iζε ) ≤ ε, such that

ˆ
Πζ

H0({j ∈ Z : (xk,ζj (y) + 1
kSh) ∩ J ̸= Ø}) dH1(y) ≤ c1, (5.3.32)

for every ω ∈ U ζε , k ∈ Kζ
ε , and h ∈ {1, . . . , 6}. To prove this claim, we first observe that for

every y ∈ Πζ we have

H0({j ∈ Z : (xk,ζj (y) + 1
kSh) ∩ J ̸= Ø}) ≤

∑
j∈Z

H0((xk,ζj (y) + 1
kSh) ∩ J). (5.3.33)

We consider first the case h = 1. We prove that there exists a constant c > 0, indepen-
dent of ω, k, ε, and j, such that

ˆ
Πζ

H0((xk,ζj (y) + 1
kS1) ∩ J) dH

1(y) ≤ c

k
H0(J ζ̄

yk,ζ̄j

) (5.3.34)
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for every k ∈ N and j ∈ Z. If H0(J ζ̄
yk,ζ̄j

) = +∞ there is nothing to prove. Let us fix k and j

such that H0(J ζ̄
yk,ζ̄j

) < +∞.

We parametrise Πζ by y = sπζ(ζ̄) with s ∈ R and observe that (5.3.34) is equivalent to
ˆ
R
H0((xk,ζj (sπζ(ζ̄)) + 1

kS1) ∩ J) ds ≤
c

k
H0(J ζ̄

yk,ζ̄j

) (5.3.35)

for a possibly different constant c, independent of ω, k , ε, and j. By (5.2.4), (5.2.5), and
(5.3.4) we have that πζ̄(ω + j

kζ) = yk,ζ̄j . Therefore by the comments after (5.3.6)

{xk,ζj (y)} = {xk,ζj (sπζ(ζ̄))}={sπζ(ζ̄) + tζ : t ∈ R}∩{yk,ζ̄j + tζ̄ : t ∈ R} (5.3.36)

for all s ∈ R. This implies that for every s ∈ R there exists a unique τk,ζ̄j (s) ∈ R such that

yk,ζ̄j + τk,ζ̄j (s)ζ̄ = xk,ζj (sπζ(ζ̄)), so that by (5.3.30) we have

H0((xk,ζj (sπζ(ζ̄)) + 1
kS1) ∩ J) = H0([τk,ζ̄j (s), τk,ζ̄j (s) + 1

k ] ∩ J
ζ̄

yk,ζ̄j

).

Elementary geometric arguments show that there exist a constant c > 0, independent of ω,
k, ε, and j, and a constant d ∈ R, depending on ω, k, and j, such that

τk,ζ̄j (s) =
s

c
+ d for every s ∈ R.

Since by assumption H0(J ζ̄
yk,ζ̄j

) < +∞, we may apply Lemma 5.3.6 to obtain that

ˆ
R
H0([τk,ζ̄j (s), τk,ζ̄j (s) + 1

k ] ∩ J
ζ̄

yk,ζ̄j

) ds ≤ c

k
H0(J ζ̄

yk,ζ̄j

). (5.3.37)

As the constant c depends only on ξ and η, this proves (5.3.35), which gives (5.3.34). Arguing
in a similar way, we prove that

ˆ
Πζ

H0((xk,ζj (y) + 1
kS2) ∩ J) dH

1(y) ≤ c

k
H0(J ζ̄

yk,ζ̄j±1

), (5.3.38)

where the sign in ±1 depends on the specific value of ζ, according to (5.3.30).
By (5.2.4), (5.2.5), (5.3.4), and (5.3.22) we have the equality yk,ζ̄j = (z2 +

j
k )π

ζ̄(ζ) for
every j ∈ Z and for a suitable z2 ∈ R. Let f : R → [0,+∞] be defined by

f(s) := H0(J ζ̄
sπζ̄(ζ)

) for every s ∈ R.

Observe that, since J ⊂ U , by (5.3.24) the function f vanishes outside of Iζ . Since by
(5.2.8) and (5.2.9) we have H1(J) = H1(J1

u ∩ U) and H1(J1
u ∩ U) < +∞ by Remark 1.4.8,

the function f is integrable by Lemma 5.B.1. Thus, we may apply Lemma 5.A.1 and we
obtain an infinite set Kζ

ε ⊂ N and a Borel set Iζε ⊂ Iζ , with L1(Iζ \ Iζε ) ≤ ε, such that

lim
k→+∞
k∈Kζ

ε

1

k

∑
j∈Z

H0(J ζ̄
yk,ζ̄j

) =

ˆ
Iζ
H0(J ζ̄

sπζ̄(ζ)
) ds =

1

|πζ̄(ζ)|

ˆ
Πζ̄

H0(J ζ̄y ) dH1(y) ≤ 1

|πζ̄(ζ)|
H1(J)
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uniformly for z2 ∈ Iζε . Hence, up to removing a finite number of elements from Kζ
ε , we may

assume that
1

k

∑
j∈Z

H0(J ζ̄
yk,ζ̄j

) ≤ 1

|πζ̄(ζ)|
H1(J) + 1 (5.3.39)

for every k ∈ Kζ
ε and z2 ∈ Iζε . Together with (5.3.33), (5.3.34), and (5.3.38), this implies

(5.3.32) for h = 1 and h = 2.
Let us now fix h ∈ {3, . . . , 6}. For every j ∈ Z, let Lj be the strip defined by Lj := {x ∈

R2 : πζ̄(x) ∈ [yk,ζ̄j−1, y
k,ζ̄
j+1]}, that is to say, the region of the plane between the straight lines

{yk,ζ̄j−1 + sζ̄ : s ∈ R} and {yk,ζ̄j+1 + sζ̄ : s ∈ R}. Since πζ̄(Sh) is equal to [0, πξ(η)] or [πξ(η), 0]

if ζ̄ = ξ, while πζ̄(Sh) = [0, πη(ξ)] if ζ̄ = η, from (5.2.4) and (5.2.5) we see that in every
case we have the inclusion⋃

s∈R
{yk,ζ̄j + sζ̄ + 1

kSh} ⊂ Lj for every j ∈ Z.

Let ζ̃ ∈ R2 \ {0} be a vector in the direction of the segment Sh. Recalling that xk,ζj (y) ∈
{yk,ζ̄j + sζ̄ : s ∈ R} for every y ∈ Πζ by (5.3.36), we deduce from the previous inclusion that
(xk,ζj (y) + 1

kSh) ∩ J ⊂ J ∩ Lj , hence

H0((xk,ζj (y) + 1
kSh) ∩ J) ≤ H0((J ∩ Lj)ζ̃

πζ̃(xk,ζj (y))
) (5.3.40)

for every j ∈ Z. As ζ and ζ̄ are linearly independent and the same holds for ζ̃ and ζ̄, the
map y 7→ πζ̃(xk,ζj (y)) from Πζ into Πζ̃ is affine and invertible. Moreover, its linear part is
independent of ω, k, and j, since it depends only on ζ, ζ̄, and ζ̃. By Lemma 5.B.1 we then
have ˆ

Πζ̃

H0((J ∩ Lj)ζ̃z) dH1(z) ≤ H1(J ∩ Lj).

Using the map y 7→ πζ̃(xk,ζj (y)) as change of variables, from the previous inequality and
(5.3.40) it follows thatˆ

Πζ

H0((xk,ζj (y) + 1
kSh) ∩ J) dH

1(y) ≤ γH1(J ∩ Lj)

for every j ∈ Z, k ∈ N, and ω ∈ U , with γ > 0, a constant depending only on ζ, ζ̄, and ζ̃.
Observing that every point x ∈ R2 belongs at most to three strips of the form Lj , from the
previous inequality it follows that∑

j∈Z

ˆ
Πζ

H0((xk,ζj (y) + 1
kSh) ∩ J) dH

1(y) ≤ 3γH1(J).

This inequality, together with (5.3.33), yieldsˆ
Πζ

H0({j ∈ Z : (xk,ζj (y) + 1
kSh) ∩ J ̸= Ø}) dH1(y) ≤ 3γH1(J).

Since H1(J) < +∞, this proves (5.3.32) for h ∈ {3, . . . , 6}. Therefore, (5.3.32) holds for
every h ∈ {1, . . . , 6}. Thanks to (5.3.31), from (5.3.32) we obtain (5.3.29), which by (5.3.28)
concludes the proof.

Before proving Lemma 5.3.5, we state a result about one-dimensional measures, which
shows that non-atomic measures satisfy a suitable uniform absolute continuity property.
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Lemma 5.3.7. Let I = [a, b] ⊂ R be a bounded closed interval and let µ ∈ M+
b (I) be a

measure such that µ({t}) = 0 for every t ∈ I. Then for every m ∈ N and ε > 0 there exists
δ(ε,m) > 0 such that for every δ ∈ (0, δ(ε,m)) we have

µ
( m⋃
ℓ=1

(tℓ − δ, tℓ + δ) ∩ I
)
≤ ε for every (t1, . . . , tm) ∈ Im.

Proof. We argue by contradiction. Suppose that there exist m ∈ N and ε > 0 such that for
a sequence δk > 0 converging to 0 we have

µ
( m⋃
ℓ=1

(tkℓ − δk, t
k
ℓ + δk) ∩ I

)
> ε for some (tk1, . . . , t

k
m) ∈ Im.

Given δ > 0, this implies that

µ
( m⋃
ℓ=1

(tkℓ − δ, tkℓ + δ) ∩ I
)
> ε for all k ∈ N sufficiently large.

Since I is compact, there exists a subsequence, not relabelled, and a point (t1, . . . , tm) ∈ Im

such that (tk1, . . . , t
k
m) converges to (t1, . . . , tm) as k → +∞. Since (tkℓ − δ, tkℓ + δ) ⊂ (tℓ −

2δ, tℓ + 2δ) for k large we deduce that

µ
( m⋃
ℓ=1

(tℓ − 2δ, tℓ + 2δ) ∩ I
)
> ε.

Since δ > 0 is arbitrary, we obtain

µ
( m⋃
ℓ=1

{tℓ}
)
≥ ε,

in contradiction with our hypotheses. This concludes the proof.

Proof of Lemma 5.3.5. We begin by noting that for H1-a.e. y ∈ Πζ we have uζy ∈ BV(U ζy ) by
Remark 1.4.4 and, recalling (5.2.8) and (5.2.9), by Theorem 1.4.13 we have also J

uζy
∩U ζy ⊂

Jζy = (J1
u)
ζ
y. Let us fix y ∈ Πζ such that these two conditions hold. By standard properties

of BV-functions in dimension one we have Duζy({t}) = 0 for every t ∈ (U \ J)ζy. We recall
that by definition Êk,ζm (y) is the union of at most m intervals of length 1

k (see (5.3.15)).
Hence, Lemma 5.3.7, applied to the measure µ := |Duζy| (U ζy \ Jζy ) defined on the closure
of the interval U ζy , implies that (5.3.26) holds.

We observe that the integral in (5.3.27) is well-defined, since by Lemma 5.3.2 the set
Êk,ζm is Borel measurable and Êk,ζm (y) is its slice by (5.3.21). Since |Duζy|(Êk,ζm (y)∩U ζy \Jζy ) ≤
|Duζy|(U ζy \ Jζy ) for H1-a.e. y ∈ Πζ and the function y 7→ |Duζy|(U ζy \ Jζy ) is integrable on
Πζ with respect to H1 by (1.4.12), the Dominated Convergence Theorem implies (5.3.27),
concluding the proof.

For technical reasons, instead of a single ω ∈ U we have to consider a sequence {ωk}k ⊂
U ; accordingly, the points yk,ζj , introduced in (5.2.5), and the sets Êk,ζm (y) and qEk,ζm (y) are
defined by taking ω = ωk.
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Lemma 5.3.8. For every ε > 0 there exist mε ∈ N and an infinite set Kε ⊂ N with the
following property: for every k ∈ Kε there exists a Borel set Ukε ⊂ U , with L2(U \ Ukε ) ≤ ε,
such that for every ζ ∈ {ξ, η, ξ + η, ξ − η} and for every sequence {ωk}k∈Kε, with ωk ∈ Ukε
for every k ∈ Kε, the following conditions are simultaneously satisfied:

1

k

∑
j∈Z

|Duζ
yk,ζj

|( qEk,ζmε
(yk,ζj ) ∩ U ζ

yk,ζj

\ Jζ
yk,ζj

) ≤ ε for every k ∈ Kε, (5.3.41)

lim
k→+∞
k∈Kε

1

k

∑
j∈Z

|Duζ
yk,ζj

|(Êk,ζmε
(yk,ζj ) ∩ U ζ

yk,ζj

\ Jζ
yk,ζj

) = 0. (5.3.42)

Proof. Let us fix ζ ∈ {ξ, η, ξ + η, ξ − η} and ε > 0. Arguing as in Lemma 5.2.3 we see that
it is enough to prove that there exist mε ∈ N and an infinite set Kε ⊂ N with the following
property: for every k ∈ Kε there exists a Borel set Ukε ⊂ U , with L2(U \ Ukε ) ≤ ε, such
that for every sequence {ωk}k∈Kε , with ωk ∈ Ukε for every k ∈ Kε, conditions (5.3.41) and
(5.3.42) hold for this particular ζ.

We observe that every ω ∈ R2 can be written in a unique way as ω = z1ζ̄ + z2ζ,
where z1, z2 ∈ R and ζ̄ is defined by (5.3.4). By (5.3.5) the numbers tk,ζi (y) depend on ω

only through z2, hence the same holds for xk,ζj (y), Êk,ζm (y), and qEk,ζm (y) (see (5.3.6) and
(5.3.20)). We also remark that there exists a constant c1 > 0 such that if ω ∈ U then
|z1| ≤ c1/2. Moreover, there exists a constant c2 > 0 such that, if B ⊂ R2 is a Borel set
and A = {ω ∈ U : ω = z1ζ̄ + z2ζ with (z1, z2) ∈ B}, then

L2(A) ≤ c2L2(B). (5.3.43)

Let C > 0 be the constant of Lemma 5.3.4. Thanks to Lemma 5.3.4, we can find an
infinite set Hζ

ε ⊂ N and a Borel set Iζε ⊂ Iζ , with

L1(Iζ \ Iζε ) ≤ ε/(4c1c2), (5.3.44)

such that (5.3.25) holds for every m ∈ N, k ∈ Hζ
ε , and ω ∈ U ζε := U ∩ {z1ζ̄ + z2ζ : z1 ∈

R, z2 ∈ Iζε }. Moreover, let Nζ ⊂ Πζ be the H1-negligible Borel set introduced at the
beginning of the proof of Lemma 5.2.2.

For every m ∈ N, k ∈ Hζ
ε , y ∈ Πζ , and z2 ∈ R we define

hk,ζm,ε(y, z2) :=

{
|Duζy|( qEk,ζm (y) ∩ U ζy \ Jζy ) if y ∈ Πζ \Nζ and z2 ∈ Iζε ,

0 if y ∈ Nζ or z2 /∈ Iζε ,
(5.3.45)

where qEk,ζm (y) is defined using ω of the form z1ζ̄+z2ζ with an arbitrary z1 ∈ R. We observe
that the function hk,ζm,ε is Borel measurable on Πζ × R thanks to Lemma 5.D.2. We also
define

gζ(y) :=

{
|Duζy|((U \ J)ζy) if y ∈ Πζ \Nζ ,

0 if y ∈ Nζ .
(5.3.46)

Note that for every y ∈ Πζ we have qEk,ζm (y) ∩U ζy \ Jζy ⊂ (U \ J)ζy, hence hk,ζm,ε(y, z2) ≤ gζ(y)
for every y ∈ Πζ and z2 ∈ R.

We set

M ζ :=
H1(πζ(U))

|πζ(ζ̄)|
.
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By (1.4.12) we have gζ ∈ L1
H1(Π

ζ), so that by the absolute continuity of the integral there
exists δε > 0 such that

ˆ
B
gζ(y) dH1(y) <

ε2|πζ(ζ̄)|
4(M ζ + 1)max{α, β}c2

(5.3.47)

for every H1-measurable set B ⊂ Πζ with H1(B) < δε.
Since by (5.3.21) and (5.3.45) the inequality hk,ζm,ε(y, z2) > 0 implies y ∈ πζ( qEk,ζm ) and

z2 ∈ Iζε , we have
ˆ
R

(ˆ
R
hk,ζm,ε(z1π

ζ(ζ̄), z2) dz1

)
dz2 = |πζ(ζ̄)|−1

ˆ
Iζε

( ˆ
πζ(|Ek,ζ

m )
hk,ζm,ε(y, z2) dH1(y)

)
dz2

≤ |πζ(ζ̄)|−1

ˆ
Iζε

( ˆ
πζ(|Ek,ζ

m )
gζ(y) dH1(y)

)
dz2. (5.3.48)

Let us fix mε ∈ N such that mε > Cδ−1
ε , where δε is a constant such that (5.3.47) holds.

By (5.3.25) we have H1(πζ(Ěk,ζmε )) < δε, for every k ∈ Hζ
ε and ω = z1ζ̄ + z2ζ with z2 ∈ Iζε .

Since L1(Iζε ) ≤ L1(Iζ) ≤ max{α, β} by (5.3.23), from (5.3.47) and (5.3.48) we infer that
ˆ
R

( ˆ
R
hk,ζmε,ε(z1π

ζ(ζ̄), z2)dz1

)
dz2 <

ε2

4(M ζ + 1)c2
(5.3.49)

for every k ∈ Hζ
ε .

By (5.2.4), (5.2.5), and (5.3.4), if ω = z1ζ̄ + z2ζ, then

yk,ζj =
(
z1 +

j

k

)
πζ(ζ̄) for every j ∈ Z. (5.3.50)

We set Aζ := {(z1, z2) ∈ R2 : ω = z1ζ̄ + z2ζ ∈ U}. By Tonelli’s Theorem and the change of
variables s = z1 +

j
k , we get

ˆ
Aζ

1

k

∑
j∈Z

hk,ζmε,ε

(
yk,ζj , z2

)
dz1 dz2

=

ˆ
R2

hk,ζmε,ε(sπ
ζ(ζ̄), z2)

(1
k

∑
j∈Z

χAζ

(
s− j

k , z2
))

ds dz2.

For every fixed (s, z2), the number of indices j for which (s − j/k, z2) ∈ Aζ is at most
kM ζ + 1. Therefore, 1

k

∑
j∈Z χAζ

(
s− j

k , z2
)
≤ (M ζ + 1), so that

ˆ
Aζ

1

k

∑
j∈Z

hk,ζmε,ε

(
yk,ζj , z2

)
dz1 dz2

≤ (M ζ + 1)

ˆ
R2

hk,ζmε,ε(sπ
ζ(ζ̄), z2) dsdz2 <

ε2

4c2
(5.3.51)

for every k ∈ Hζ
ε .

We now set
V k,ζ
ε :=

{
z ∈ Aζ :

1

k

∑
j∈Z

hk,ζmε,ε(y
k,ζ
j , z2) > ε

}
∪ F k,ζ , (5.3.52)

where
F k,ζ :=

{
z ∈ Aζ : yk,ζj ∈ Nζ for some j ∈ Z

}
.



5. A matrix-valued measure for functions in GBD 215

Since H1(Nζ) = 0 by (5.3.50) we obtain that L2(F k,ζ) = 0. In light of Cebyšëv’s inequality
and (5.3.51), we infer that

L2(V k,ζ
ε ) ≤ ε

4c2
.

We also introduce the set

W k,ζ
ε := V k,ζ

ε ∪
{
z ∈ Aζ : z2 ∈ Iζ \ Iζε

}
(5.3.53)

and observe that, since L2(
{
z ∈ Aζ : z2 ∈ Iζ \ Iζε

}
) ≤ c1L1(Iζ \ Iζε ) ≤ ε/(4c2) by (5.3.44),

we have
L2(W k,ζ

ε ) ≤ ε

2c2
. (5.3.54)

It follows immediately from (5.3.45), (5.3.52), and (5.3.53) that
1

k

∑
j∈Z

|Duζ
yk,ζj

|( qEk,ζmε
(yk,ζj ) ∩ U ζ

yk,ζj

\ Jζ
yk,ζj

) =
1

k

∑
j∈Z

hk,ζmε,ε(y
k,ζ
j , z2) ≤ ε (5.3.55)

for every k ∈ Hζ
ε and for every z ∈ Aζ \W k,ζ

ε .
For every k,m ∈ N, y ∈ Πζ , and z2 ∈ R we set

gk,ζm (y, z2) :=

{
|Duζy|(Êk,ζm (y) ∩ U ζy \ Jζy ) if y ∈ Πζ \Nζ and z2 ∈ Iζ ,

0 if y ∈ Nζ or z2 /∈ Iζ .
(5.3.56)

By Lemma 5.D.2 the function gk,ζm is Borel measurable on Πζ ×R. We also observe that by
Lemma 5.3.5 for every z2 ∈ R and for H1-a.e. y ∈ πζ(U) the sequence gk,ζm (y, z2) converges
to 0 as k → +∞. Arguing as before, we obtain that gk,ζm (y, z2) ≤ gζ(y) for every y ∈ Πζ

and z2 ∈ R, where gζ is the function defined by (5.3.46).
We set

fk,ζε (z1, z2) := gk,ζmε
(z1π

ζ(ζ̄), z2) (5.3.57)

for every (z1, z2) ∈ R2 and observe that fk,ζε = 0 out of a suitable bounded set. Using
Lemma 5.A.2 and Remark 5.A.3 with N replaced by Hζ

ε , we obtain an infinite set Kζ
ε ⊂ Hζ

ε

and a Borel set Bζ
ε ⊂ Aζ , with L2(Bζ

ε ) ≤ ε/(2c2), such that

lim
k→+∞
k∈Kζ

ε

1

k

∑
j∈Z

fk,ζε (z1 +
j
k , z2) = 0 uniformly for (z1, z2) ∈ Aζ \Bζ

ε . (5.3.58)

We set Cζε := {ω ∈ U : ω = z1ζ̄ + z2ζ with (z1, z2) ∈ Bζ
ε} and observe that from (5.3.43) it

follows that
L2(Cζε ) ≤

ε

2
. (5.3.59)

Moreover, from (5.3.56), (5.3.57), and (5.3.58) we deduce that

lim
k→+∞
k∈Kζ

ε

1

k

∑
j∈Z

|Duζ
yk,ζj

|(Êk,ζmε
(yk,ζj ) ∩ U ζ

yk,ζj

\ Jζ
yk,ζj

) = 0 uniformly for ω ∈ U \ Cζε . (5.3.60)

We set Dk,ζ
ε = {ω ∈ U : ω = z1ζ̄ + z2ζ with (z1, z2) ∈ W k,ζ

ε } and observe that by (5.3.43),
(5.3.54), and (5.3.55) we have

L2(Dk,ζ
ε ) ≤ ε

2
for every k ∈ Kζ

ε , (5.3.61)

1

k

∑
j∈Z

|Duζ
yk,ζj

|( qEk,ζmε
(yk,ζj ) ∩ U ζ

yk,ζj

\ Jζ
yk,ζj

) ≤ ε for every k ∈ Kζ
ε and ω ∈ U \Dk,ζ

ε . (5.3.62)
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Let Uk,ζε := U \ (Cζε ∪ Dk,ζ
ε ). Combining (5.3.59) and (5.3.61) we obtain that L2(U \

Uk,ζε ) ≤ ε. Finally, from (5.3.60) and (5.3.62) it follows that (5.3.41) and (5.3.42) hold
for every sequence {ωk}k∈Kζ

ε
such that ωk ∈ Uk,ζε for every k ∈ Kζ

ε . This concludes the
proof.

Remark 5.3.9. We observe that Lemma 5.3.8 continues to hold, with the same proof, for
the six pairs (ζ, a) ∈ P in place of the four directions ζ. To see this, let (ζ, a) ∈ P and set

wk :=

{
0 if a = 0,
1
k ζ̄ if a ̸= 0,

(5.3.63)

so that xki,j = xk(i,j)−a+w
k. Indeed, in P the index a = e2 occurs only for ζ ∈ {ξ, ξ− η}, for

which ζ̄ = η by (5.3.4), while a = e1 occurs only for ζ = η, for which ζ̄ = ξ. We then set

Ek,ζ,a := Ek,ζ + wk, Êk,ζ,am := Êk,ζm + wk, and qEk,ζ,am := qEk,ζm + wk (5.3.64)

and note that for a = 0 these sets coincide with those introduced in (5.3.14) and (5.3.19).
Note that πζ( qEk,ζ,am ) is a translate of πζ( qEk,ζm ) inside Πζ , so that Lemma 5.3.4 holds for

it with the same constant C and the same sets Kζ
ε , Iζε . In addition, for every y ∈ Πζ the

slice (Êk,ζm + wk)ζy is a translate of Êk,ζm (y − πζ(wk)), hence it is still the union of at most
m intervals of length 1/k, so that Lemma 5.3.5 holds for it as well. Finally, these sets (and
the associated sets considered in Lemma 5.D.1) are Borel, since they are translates of Borel
sets and wk does not depend on ω. Thus, the joint measurability in (x, ω) of the associated
functions follows from Lemma 5.D.2.

Combining the previous observations, the proof of Lemma 5.3.8 can be carried out over
the six pairs of P instead of the four directions ζ.

Remark 5.3.10. For future use, we also observe that the sets introduced in (5.3.64) can
be rewritten in a form analogous to (5.3.14) and (5.3.19). To see this, we first observe
that, since the straight lines {ω+ j

kζ + sζ̄ : s ∈ R} considered in (5.3.5) are invariant under
translation by wk, we have zk,ζ(x + wk) = zk,ζ(x) + wk for every x ∈ R2. Hence, setting
N k,ζ,a(x) := N k,ζ(x − wk), which by (5.3.17) satisfies N k,ζ,a(x + tζ) = N k,ζ,a(x) for every
t ∈ R, we deduce from (5.3.14), (5.3.19), and (5.3.64) that, if a ̸= 0, then

Ek,ζ,a = {x ∈ R2 : (zk,ζ(x) + 1
k (S − ζ̄)) ∩ J ̸= Ø},

Êk,ζ,am = {x ∈ Ek,ζ,a : N k,ζ,a(x) ≤ m},
qEk,ζ,am = {x ∈ Ek,ζ,a : N k,ζ,a(x) > m}.

(5.3.65)

We are finally ready to prove Theorem 5.3.1.

Proof of Theorem 5.3.1. Recalling (5.3.1) and (5.3.13) for every k ∈ N we have

Bk =
{
(i, j) ∈ J k

2 : (xki,j +
1
kS) ∩ J ̸= Ø

}
. (5.3.66)

Since by (5.3.11) we have
zk,ζ(xki,j) = xki,j (5.3.67)

(see also the comments after (5.3.12)), from (5.3.14) and (5.3.66) we deduce that for every
ζ ∈ {ξ, η, ξ + η, ξ − η} we have

Bk = {(i, j) ∈ J k
2 : xki,j ∈ Ek,ζ}. (5.3.68)
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For every k,m ∈ N and ζ ∈ {ξ, η, ξ + η, ξ − η} we set

B̂k,ζm := {(i, j) ∈ J k
2 : xki,j ∈ Êk,ζm },

qBk,ζm := {(i, j) ∈ J k
2 : xki,j ∈ qEk,ζm },

(5.3.69)

and observe that Bk = B̂k,ζm ∪ qBk,ζm .
Let us fix 0 < ε < L2(U)/2. For every n ∈ N we apply Lemma 5.2.3 with ε replaced

by ε/2n and obtain an infinite set Hn and a Borel set Un, with L2(U \ Un) ≤ ε/2n, such
that all conditions of Lemma 5.2.3 hold with Uε and Kε replaced by Un and Hn. In the
step n+ 1 we can replace N in Lemma 5.2.3 by Hn, obtaining Hn+1 ⊂ Hn for every n ∈ N.
Then, we apply Lemma 5.3.8 and Remark 5.3.9, with ε replaced by ε/2n and N replaced
by Hn, and we obtain mn ∈ N, with mn+1 ≥ mn, an infinite set Kn ⊂ Hn, and for every
k ∈ Kn a Borel set Ukn ⊂ U , with L2(U \Ukn) ≤ ε/2n, with the following property: for every
sequence {ωk}k∈Kn such that ωk ∈ Ukn for every k ∈ Kn and for every (ζ, a) ∈ P we have

1

k

∑
j∈Z

|Duζ
yk,ζj

|( qEk,ζ,amn
(yk,ζj ) ∩ U ζ

yk,ζj

\ Jζ
yk,ζj

) ≤ ε

2n
for every k ∈ Kn, (5.3.70)

lim
k→+∞
k∈Kn

1

k

∑
j∈Z

|Duζ
yk,ζj

|(Êk,ζ,amn
(yk,ζj ) ∩ U ζ

yk,ζj

\ Jζ
yk,ζj

) = 0 (5.3.71)

(see (5.3.64) for the definition of qEk,ζ,am and Êk,ζ,am ). Replacing Ukn by Ukn ∩ Un we obtain
that Ukn ⊂ Un and L2(Un \Ukn) ≤ ε/2n. Moreover, repeating the same argument used when
we pass from n to n+ 1, it is not restrictive to assume that Kn+1 ⊂ Kn for every n ∈ N.

By a diagonal argument, we can find an infinite set K ⊂ N and a strictly increasing
sequence {kn}n ⊂ N such that K ∩ [kn,+∞) ⊂ Kn for every n ∈ N. For every k ∈ K we
also define nk ∈ N as the largest integer such that kn ≤ k and observe that nk → +∞ as
k → +∞. For k ∈ K consider the set Uk :=

⋂nk
n=1 U

k
n and observe that L2(Uk) ≥ L2(U)−2ε

for every k ∈ K, hence Uk ̸= Ø. We fix {ωk}k∈K ⊂ U such that ωk ∈ Uk for every k ∈ K.
By (5.3.71) we have

lim
k→+∞
k∈K

1

k

∑
j∈Z

|Duζ
yk,ζj

|(Êk,ζ,amn
(yk,ζj ) ∩ U ζ

yk,ζj

\ Jζ
yk,ζj

) = 0 (5.3.72)

for every (ζ, a) ∈ P and for every n ∈ N.
We now prove (5.3.3) for (ζ, a) = (ξ, 0). Let us fix (i, j) ∈ Bk and t ∈ Ik,ξi,j . By (5.3.66)

we have
(xki,j +

1
kS) ∩ J ̸= Ø. (5.3.73)

Recalling (5.2.16), we also have tk,ξi,j ≤ t < tk,ξi,j + 1
k , where tk,ξi,j is defined in (5.2.6). Since

xki,j ∈ {ωk + i
kξ + sη : s ∈ R}, by (5.2.6) and (5.3.5) we have tk,ξi (yk,ξj ) = tk,ξi,j , so that

tk,ξi (yk,ξj ) ≤ t < tk,ξi (yk,ξj ) + 1
k . From (5.3.12) and (5.3.67) we deduce that

zk,ξ(yk,ξj + tξ) = zk,ξ(yk,ξj + tk,ξi (yk,ξj )ξ) = zk,ξ(yk,ξj + tk,ξi,j ξ) = zk,ξ(xki,j) = xki,j .

In light of (5.3.73), this implies that

(zk,ξ(yk,ξj + tξ) + 1
kS) ∩ J ̸= Ø,
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which, by (5.3.14), implies that yk,ξj + tξ ∈ Ek,ξ. Recalling (5.3.16), this is equivalent to
t ∈ Ek,ξ(yk,ξj ). Since (i, j) ∈ J k

2 , this shows that

Ik,ξi,j ⊂ Ek,ξ(yk,ξj ) ∩ U ξ
yk,ξj

. (5.3.74)

If (i, j) ∈ B̂k,ξm for some m ∈ N, it follows from (5.3.20) and (5.3.69) that N k,ξ(xki,j) ≤ m,
where N k,ξ is defined by (5.3.15). By (5.3.17) we have N k,ξ(xki,j) = N k,ξ(yk,ξj + tξ) for every
t ∈ R, so that from (5.3.74) we also deduce that

Ik,ξi,j ⊂ Êk,ξm (yk,ξj ) ∩ U ξ
yk,ξj

. (5.3.75)

In a similar way we prove that if (i, j) ∈ qBk,ξm for some m ∈ N then

Ik,ξi,j ⊂ qEk,ξm (yk,ξj ) ∩ U ξ
yk,ξj

. (5.3.76)

For every k,m ∈ N and j ∈ Z we set Bk(j) := {i ∈ Z : (i, j) ∈ Bk}, B̂k,ξm (j) := {i ∈
Z : (i, j) ∈ B̂k,ξm }, and qBk,ξm (j) := {i ∈ Z : (i, j) ∈ qBk,ξm }. From (5.3.75) and (5.3.76) we
deduce that for every k,m ∈ N and j ∈ Z we have⋃

i∈B̂k,ξ
m (j)

Ik,ξi,j ⊂ Êk,ξm (yk,ξj ) ∩ U ξ
yk,ξj

and
⋃

i∈|Bk,ξ
m (j)

Ik,ξi,j ⊂ qEk,ξm (yk,ξj ) ∩ U ξ
yk,ξj

.

Therefore, for every k,m ∈ N we have∑
i∈B̂k,ξ

m (j)

|Duξ
yk,ξj

|(Ik,ξi,j \ Jξ
yk,ξj

) ≤ |Duξ
yk,ξj

|(Êk,ξm (yk,ξj ) ∩ U ξ
yk,ξj

\ Jξ
yk,ξj

), (5.3.77)

∑
i∈|Bk,ξ

m (j)

|Duξ
yk,ξj

|(Ik,ξi,j \ Jξ
yk,ξj

) ≤ |Duξ
yk,ξj

|( qEk,ξm (yk,ξj ) ∩ U ξ
yk,ξj

\ Jξ
yk,ξj

). (5.3.78)

From (5.3.70) and (5.3.78) for every n ∈ N we obtain that

1

k

∑
j∈Z

∑
i∈|Bk,ξ

mn(j)

|Duξ
yk,ξi,j

|(Ik,ξi,j \ Jξ
yk,ξi,j

) ≤ ε

2n
for every k ∈ K with k ≥ kn, (5.3.79)

while (5.3.72) and (5.3.77) give

lim
k→+∞
k∈K

1

k

∑
j∈Z

∑
i∈B̂k,ξ

mn(j)

|Duξ
yk,ξi,j

|(Ik,ξi,j \ Jξ
yk,ξi,j

) = 0 for every n ∈ N. (5.3.80)

Combining (5.3.79) and (5.3.80), we deduce that

lim sup
k→+∞
k∈K

1

k

∑
(i,j)∈Bk

|Duξ
yk,ξi,j

|(Ik,ξi,j \ Jξ
yk,ξi,j

) ≤ ε

2n
for every n ∈ N,

which, after letting n→ +∞, concludes the proof of (5.3.3) for (ζ, a) = (ξ, 0). The proof of
(5.3.3) for (ζ, a) ∈ P with a = 0 is obtained with the same exact arguments.
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Let now (ζ, a) ∈ P with a ̸= 0. Since Bk ⊂ J k
2 , from (5.3.68), (5.3.63), and the fact that

xki,j = xk(i,j)−a + wk (see Remark 5.3.9) we obtain

Bk + a ⊂ {(i, j) ∈ J k
2 + a : xki,j ∈ Ek,ζ,a}. (5.3.81)

Note that J k
2 + a ⊂ J k

1 , so that [xki,j , x
k
i,j +

1
kζ) ⊂ U for all (i, j) ∈ J k

2 + a. Thus, the proof
given above for (ξ, 0) can be repeated as it is, replacing the set J k

2 by J k
2 + a in (5.3.69),

Bk by Bk + a, the set S by S − ζ̄ in (5.3.73) and (5.3.14), and N k,ζ by N k,ζ,a (see (5.3.65)
and Remark 5.3.10). This concludes the proof of (5.3.3) for all (ζ, a) ∈ P.

Equalities (5.3.2) can then be obtained by difference from (5.2.20). This concludes the
proof of Theorem 5.3.1.

5.4 The case of dimension d > 2

We now show that Theorem 5.2.1 can be extended to the general case d > 2. This is
done by means of a Fubini-type argument. To this aim, we present a few preliminary results.

We first prove a short lemma that shows that the measure λu introduced in (1.4.15) does
not charge Borel sets that are σ-finite with respect to Hd−1 and do not intersect the jump
set.

Lemma 5.4.1. Let d ≥ 1, let u ∈ GBD(Ω), and let B ⊂ Ω be a Borel set that is σ-finite
with respect to Hd−1. Then λu(B \ Ju) = 0.

Proof. It is not restrictive to assume that Hd−1(B) < +∞. By (1.4.15) to prove the claim
it is enough to show that for every ξ ∈ Sd−1 the measure λξu defined by (1.4.14) satisfies
λξu(B \ Ju) = 0. Let us fix ξ ∈ Sd−1. Since J

uξy
⊂ (Ju)

ξ
y for Hd−1-a.e. y ∈ Πξ by Theorem

1.4.13, it follows from (1.4.14) that

λξu(B \ Ju) ≤
ˆ
Πξ

|Duξy|(Bξ
y \ Juξy) dH

d−1(y). (5.4.1)

Recalling that by assumption Hd−1(B) < +∞, Lemma 5.B.1 implies that for Hd−1-a.e.
y ∈ Πξ the slice Bξ

y is a finite set. By well-known properties of BV-functions of one variable
(see [18, Corollary 3.33]), this implies that for Hd−1-a.e. y ∈ Πξ we have |Duξy|(Bξ

y \Juξy) = 0.

By (5.4.1) this equality gives λξu(B \ Ju) = 0, concluding the proof.

The second tool we need is the following result, which shows that the space GBD(Ω)
behaves nicely with respect to restriction to affine subspaces of the domain Ω.

Theorem 5.4.2. Assume d ≥ 2. Let u ∈ GBD(Ω), let V be a vector subspace of Rd of
dimension k, with 1 ≤ k ≤ d − 1, let V ⊥ be its orthogonal subspace, and let πV : Rd → V
be the orthogonal projection onto V . For every z ∈ V ⊥ and E ⊂ Ω we set EVz := {x ∈
V : z + x ∈ E} = V ∩ (E − z) and consider the function uVz : ΩVz → V defined by uVz (x) :=
πV (u(z + x)). Then the following properties hold:

(a) for Hd−k-a.e. z ∈ V ⊥ we have uVz ∈ GBD(ΩVz );

(b) for Hd−k-a.e. z ∈ V ⊥ we have JuVz ⊂ (Ju)
V
z ∪ Nz for a Borel set Nz ⊂ V with

Hk−1(Nz) = 0.
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To prove property (b) we need the following result, due to Dal Maso [89, Theorem 7.1],
concerning the relation between the jump points of a function u ∈ GBD(Ω) and the jump
points of its restriction to a hyperplane that does not intersect the set Su of approximate
discontinuity points.

Proposition 5.4.3. Assume d ≥ 2. Let u ∈ GBD(Ω), x0 ∈ Ω, and ξ ∈ Sd−1. Assume that

Hd−1(Su ∩ (x0 +Πξ)) = 0. (5.4.2)

Let v : (Ω − x0) ∩ Πξ → Πξ be the function defined by v(y) := πξ(ũ(x0 + y)) for Hd−1-a.e.
y ∈ (Ω − x0) ∩ Πξ. Assume that there exist a direction ν ∈ Sd−1 ∩ Πξ and two vectors
b± ∈ Πξ, with b+ ̸= b−, such that for every ε > 0 we have

lim sup
ρ→0+

Hd−1({y ∈ Bρ(0) ∩Πξ : ±y · ν > 0, |v(y)− b±| > ε})
ρd−1

= 0. (5.4.3)

Then x0 ∈ Θu.

We are now ready to prove Theorem 5.4.2.

Proof of Theorem 5.4.2. The proof of (a) can be found in [89, Theorem 4.19].
We divide the proof of (b) into two steps.

Step 1. Assume that k = d − 1 and let ξ ∈ Sd−1 be such that V = Πξ. We claim that for
L1-a.e. s ∈ R there exists a Borel set Ns ⊂ V , with Hd−2(Ns) = 0, such that

JuVsξ
⊂ (Ju)

V
sξ ∪Ns.

To prove this property, we observe that by the Fubini Theorem the equality Ld(Su) = 0
implies that for L1-a.e. s ∈ R and for every y0 ∈ Πξ = V condition (5.4.2) holds with
x0 = sξ + y0 , while the equality ũ = u Ld-a.e. in Ω implies that for L1-a.e. s ∈ R we have

ũ(sξ + y) = u(sξ + y) for Hd−1-a.e. y ∈ Πξ. (5.4.4)

Let us fix s ∈ R with these properties. Given y0 ∈ JuVsξ
, we consider the function v(y) :=

πξ(ũ(sξ + y0 + y)) for y ∈ Πξ and observe that by (5.4.4) we have

v(y) = uVsξ(y0 + y) for Hd−1-a.e. y ∈ Πξ.

Since y0 ∈ JuVsξ
, v satisfies (5.4.3). We can then apply Proposition 5.4.3 to obtain that

sξ+ y0 ∈ Θu, which gives y0 ∈ (Θu)
V
sξ. Setting Ns := (Θu \ Ju)Vsξ, we have y0 ∈ (Ju)

V
sξ ∪Ns,

hence JuVsξ ⊂ (Ju)
V
sξ ∪ Ns. Since by Theorem 1.4.13 we have Hd−1Θu \ Ju = 0, it follows

from [118, Theorem 2.10.25] that Hd−2(Ns) = 0 for L1-a.e. s ∈ R. This concludes the proof
of the claim. Of course, if d = 2 this Step also completes the proof of (b).

Step 2. Assume d > 2. We now prove (b) by induction on the codimension of V . Step 1
gives (b) when the dimension of V is d− 1. Given 1 ≤ k ≤ d− 2, we assume now that (b)
holds for every subspace of dimension k+1 and we want to prove that it holds in dimension
k. Let us fix a subspace V of dimension k and ξ ∈ V ⊥ ∩Sd−1. We consider the vector space
Ṽ generated by V and ξ. By (a) for Hd−k−1-a.e. z ∈ Ṽ ⊥ we have that uṼz ∈ GBD(ΩṼz ).
Using the inductive hypothesis, we deduce that for Hd−k−1-a.e. z ∈ Ṽ ⊥ there exists a Borel
set Ñz ⊂ Ṽ , with Hk(Ñz)=0, such that

J
uṼz

⊂ (Ju)
Ṽ
z ∪ Ñz. (5.4.5)
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Let us fix z ∈ Ṽ ⊥ satisfying both these properties. We observe that for every s ∈ R and
E ⊂ Ω we have

EVz+sξ = (EṼz )
V
sξ and uVz+sξ = (uṼz )

V
sξ on ΩVz+sξ. (5.4.6)

Applying Step 1 with Rd replaced by Ṽ and with u replaced by uṼz , we have that for
L1-a.e. s ∈ R there exists a Borel set Ns ⊂ V , with Hk−1(Ns) = 0, such that

J
(uṼz )Vsξ

⊂ (J
uṼz

)Vsξ ∪Ns.

By (5.4.5) this implies that

J
(uṼz )Vsξ

⊂ ((Ju)
Ṽ
z )

V
sξ ∪ (Ñz)

V
sξ ∪Ns.

By (5.4.6) this gives

JuVz+sξ
⊂ (Ju)

V
z+sξ ∪ (Ñz)

V
sξ ∪Ns. (5.4.7)

By [118, Theorem 2.10.25] we deduce that for L1-a.e. s ∈ R we have Hk−1((Ñz)
V
sξ) = 0.

Setting Nz+sξ := Ns ∪ (Ñz)
V
sξ, it follows that Hk−1(Nz+sξ) = 0 for L1-a.e. s ∈ R. Finally,

from (5.4.7) we deduce that

JuVz+sξ
⊂ (Ju)

V
z+sξ ∪Nz+sξ. (5.4.8)

Since V ⊥ is the space generated by Ṽ ⊥ and ξ and (5.4.8) holds for L1-a.e. s ∈ R and for
Hd−k−1-a.e. z ∈ Ṽ ⊥, property (b) for V follows from the Fubini Theorem. This concludes
the proof of the inductive step and hence of the theorem.

Finally, we prove the desired extension of Theorem 5.2.1 to the general case d > 2.

Theorem 5.4.4. Let d > 2, let u ∈ GBD(Ω), and let B ⊂ Ω be a Borel set. Then the
function ξ 7→ σξu(B) is quadratic.

Proof. By Proposition 5.1.2 it is enough to show that ξ 7→ σξu(B) is 2-homogeneous, satisfies
the parallelogram identity, and is lower bounded in the sense of (c) of Proposition 5.1.2.
Since by Proposition 5.1.6 the function ξ 7→ σξu(B) is 2-homogeneous and by Remark 5.1.4
it satisfies the correct lower bound, we only need to prove the parallelogram identity.

We decompose σξu(B) as

σξu(B) = σξu(B \ Ju) + σξu(B ∩ Ju)

and observe that by Propositions 5.1.7 the function ξ 7→ σξu(B ∩ Ju) is quadratic. Thus, to
conclude we only need to prove that ξ 7→ σξu(B \ Ju) satisfies the parallelogram identity.

Let ξ, η ∈ Rd be two linearly independent vectors and consider the 2-dimensional vector
space V generated by ξ and η. Let πV : Rd → V be the orthogonal projection onto V . For
z ∈ Rd and E ⊂ Rd let EVz := {y ∈ V : z + y ∈ E} = V ∩ (E − z) and let uVz : ΩVz → V be
the function defined for every y ∈ ΩVz by uVz (y) := πV (u(z + y)). By (a) of Theorem 5.4.2
for Hd−2-a.e. z ∈ V ⊥ we have uVz ∈ GBD(ΩVz ).

We observe that for every ζ ∈ {ξ, η, ξ + η, ξ − η} ⊂ V and for every E ⊂ Rd we have

(EVz )
ζ
y = Eζz+y for every z ∈ V ⊥ and y ∈ V ∩Πζ . (5.4.9)
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Moreover, for every z ∈ V ⊥, y ∈ V ∩Πζ , and t ∈ (ΩVz )
ζ
y = Ωζz+y we have

(uVz )
ζ
y(t) = uζz+y(t). (5.4.10)

This implies that for Hd−2-a.e. z ∈ V ⊥ and for H1-a.e. y ∈ V ∩Πζ we have

D(uVz )
ζ
y = Duζz+y (5.4.11)

as Borel measures on (ΩVz )
ζ
y = Ωζy+z.

We then apply Theorem 5.4.2 to deduce that for Hd−2-a.e. z ∈ V ⊥ there exists a Borel
set Nz ⊂ V such that

H1(Nz) = 0 and JuVz ⊂ (Ju)
V
z ∪Nz. (5.4.12)

By Remark 1.4.8 the set Ju is σ-finite with respect to Hd−1. Therefore, by [118, Theorem
2.10.25] we have that (Ju)

V
z is σ-finite with respect to H1 for Hd−2-a.e. z ∈ V ⊥. We can

then apply Lemma 5.4.1, with d = 2, Ω replaced by ΩVz , u replaced by uVz , and B = (Ju)
V
z ,

and we obtain that λuVz ((Ju)
V
z \JuVz ) = 0 for Hd−2-a.e. z ∈ V ⊥. By Definition 1.4.3, applied

to uVz ∈ GBD(ΩVz ), and from this equality it follows that
ˆ
V ∩Πζ

|D(uVz )
ζ
y|((Ju)Vz \ JuVz )

ζ
y) dH1(y) ≤ λuVz ((Ju)

V
z \ JuVz ) = 0 (5.4.13)

for Hd−2-a.e. z ∈ V ⊥.
Since for every triple of sets A1, A2, A3 we have (A1 \ A2) \ (A1 \ A3) ⊂ A3 \ A2, we

obtain that
(BV

z \ JuVz ) \ (B
V
z \ (Ju)Vz ) ⊂ (Ju)

V
z \ JuVz ,

hence by (5.4.13)
|D(uVz )

ζ
y|((BV

z \ JuVz )
ζ
y \ (BV

z \ (Ju)Vz )ζy) = 0 (5.4.14)

for Hd−2-a.e. z ∈ V ⊥ and for H1-a.e. y ∈ V ∩Πζ .
The inclusion in (5.4.12) implies that for Hd−2-a.e. z ∈ V ⊥ and for every y ∈ V ∩ Πζ \

πζ(Nz) we have (JuVz )
ζ
y ⊂ ((Ju)

V
z )

ζ
y, and hence (BV

z \ (Ju)
V
z )

ζ
y ⊂ (BV

z \ JuVz )
ζ
y. Observing

that H1(πζ(Nz)) = 0 by the equality in (5.4.12), we deduce from this inclusion and from
(5.4.14) that

D(uVz )
ζ
y((B

V
z \ JuVz )

ζ
y) = D(uVz )

ζ
y((B

V
z \ (Ju)Vz )ζy)

for Hd−2-a.e. z ∈ V ⊥ and for H1-a.e. y ∈ V ∩Πζ .
Integrating this equality with respect to y we obtain that

ˆ
V ∩Πζ

D(uVz )
ζ
y((B \ Ju)Vz )ζy) dH1(y) =

ˆ
V ∩Πζ

D(uVz )
ζ
y((B

V
z \ JuVz )

ζ
y) dH1(y)

for Hd−2- a.e. z ∈ V ⊥, so that, setting y′ = z + y, by (5.4.9)–(5.4.11) and the Fubini
Theorem we haveˆ

Πζ

Duζy′((B \ Ju)ζy′) dH
d−1(y′)

=

ˆ
V ⊥

( ˆ
V ∩Πζ

D(uVz )
ζ
y((B

V
z \ JuVz )

ζ
y) dH1(y)

)
dHd−2(z).
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Taking into account the definition of σζu (see (5.1.1)), this last equality can be written as

σζu(B \ Ju) =
ˆ
V ⊥

σζ
uVz

(BV
z \ JuVz ) dH

d−2(z). (5.4.15)

We may now apply Theorem 5.2.1 to the function uVz ∈ GBD(ΩVz ) to obtain

σξ+η
uVz

(BV
z \ JuVz ) + σξ−η

uVz
(BV

z \ JuVz ) = 2σξ
uVz

(BV
z \ JuVz ) + 2ση

uVz
(BV

z \ JuVz )

for Hd−2-a.e. z ∈ V ⊥. Integrating this equality with respect to z and exploiting (5.4.15) we
deduce that

σξ+ηu (B \ Ju) + σξ−ηu (B \ Ju) = 2σξu(B \ Ju) + 2σηu(B \ Ju).

This shows that the function ξ 7→ σξu(B \Ju) satisfies the parallelogram identity, concluding
the proof.

5.5 A matrix-valued measure associated to a GBD function

In this section, for every u ∈ GBD(Ω) we introduce a matrix-valued measure µu that
generalises the distributional symmetric gradient Eu of BD(Ω) functions. We then analyse
some of its properties and deduce some useful consequences. We recall that all matrices
A ∈ Rd×dsym satisfy the polarisation identity, i.e.,

Aξ · η =
1

4

(
A(ξ + η) · (ξ + η)−A(ξ − η) · (ξ − η)

)
= 1

2

(
A(ξ + η) · (ξ + η)−Aξ · ξ −Aη · η

)
(5.5.1)

for every ξ, η ∈ Rd.
The following constitutes the main result of the chapter.

Theorem 5.5.1. Let d ≥ 1 and u ∈ GBD(Ω). Then there exists a matrix-valued measure
µu ∈ Mb(Ω;Rd×dsym) such that for every ξ ∈ Sd−1 we have

µu(B)ξ · ξ = σξu(B) = lim
R→+∞

Dξ(τR(u · ξ))(B \ J1
u) for every Borel set B ⊂ Ω, (5.5.2)

where σξu is the measure defined in (5.1.1) and τR are the truncation functions defined in
(5.1.4). Moreover, the variation |µu| with respect to the operator norm in Rd×dsym satisfies

|µu|(J1
u) = 0, (5.5.3)

|µu| = λu (Ω \ J1
u) as Borel measures on Ω, (5.5.4)

where λu is the positive measure defined by (1.4.15).

Proof. If d = 1 these results follow from Remarks 5.1.3, 5.1.4, and Proposition 5.1.5. We
may thus assume that d ≥ 2. From Theorems 5.2.1 and 5.4.4 it follows that the function
ξ 7→ σξu(B) is quadratic for every Borel set B ⊂ Ω. Thus, there exists a set function µu
defined on the σ-algebra of all Borel subsets of Ω and with values in Rd×dsym such that

σξu(B) = µu(B)ξ · ξ (5.5.5)
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for every Borel set B ⊂ Ω and ξ ∈ Rd \ {0}. Observing that σξu(B ∩ J1
u) = 0 by (5.1.1), we

may apply Proposition 5.1.5 to B \ J1
u and we obtain

σξu(B) = lim
R→+∞

Dξ(τR(u · ξ))(B \ J1
u)

for every Borel set B ⊂ Ω and ξ ∈ Sd−1. As (5.5.3) is an obvious consequence of (5.5.4), we
are left with proving that µu ∈ Mb(Ω;Rd×dsym) and that equality (5.5.4) holds.

Since B 7→ σξu(B) is a bounded scalar-valued Radon measure for every ξ ∈ Rd \ {0},
it follows from (5.5.5) that the same property holds for B 7→ µu(B)ξ · ξ. The polarisation
identity (5.5.1) then implies that B 7→ µu(B)ξ · η belongs to Mb(Ω) for every ξ, η ∈ Rd,
hence µu ∈ Mb(Ω;Rd×dsym).

To prove (5.5.4) let us first show that

|µu| ≤ λu (Ω \ J1
u) as Borel measures on Ω. (5.5.6)

To this aim, we observe that, since µu takes values in Rd×dsym , for every Borel set B ⊂ Ω the
operator norm |µu(B)| satisfies

|µu(B)| = sup
ξ∈Sd−1

|(µu(B)ξ · ξ)| = sup
ξ∈Sd−1

|σξu(B)|,

so that by (1.4.15) and (5.1.2) we have

|µu|(B) = sup
∑

|σξiu (Bi)| ≤ sup
∑

λξiu (Bi \ J1
u) = λu(B \ J1

u),

where the supremum is taken over all finite Borel partitions (Bi)i of B and all finite collec-
tions of vectors (ξi)i ⊂ Sd−1. This shows (5.5.6).

To prove the inequality

|µu| ≥ λu (Ω \ J1
u) as Borel measures on Ω, (5.5.7)

we argue as follows. Consider the measure λ ∈ M+
b (Ω) defined for Borel set B ⊂ Ω by

λ(B) := |µu|(B) +Hd−1(B ∩ J1
u).

Thanks to (5.5.6), Lemma 5.B.1, Remark 1.4.8, and Theorem 1.4.13 it follows that λ satisfies
(1.4.5). Since λu is the minimal measure that satisfies (1.4.5) it follows that λu(B) ≤ λ(B)
for every Borel set B ⊂ Ω, which implies (5.5.7).

Remark 5.5.2. By Remark 5.1.3 it follows immediately from (5.5.5) that if u ∈ BD(Ω),
then µu = (Eu) (Ω \ J1

u) as Borel measures on Ω.

Given u ∈ GBD(Ω), the Lebesgue Decomposition Theorem allows us to decompose the
measure µu as the sum of a measure µau, which is absolutely continuous with respect to
Ld, and a measure µsu, which is singular with respect to Ld. In the following definition, we
introduce a further decomposition of µu, which closely resembles the classical decomposition
(1.4.1) of Eu for a function u ∈ BD(Ω).

Definition 5.5.3. For u ∈ GBD(Ω) we introduce the measures µcu, µ
j
u ∈ Mb(Ω;Rd×dsym),

called the Cantor part and the jump part of µu, defined for every Borel set B ⊂ Ω by

µcu(B) := µsu(B \ Ju),
µju(B) := µsu(B ∩ Ju) = µu(B ∩ Ju).

Since µu = µau + µsu, we have µu = µau + µcu + µju as Borel measures on Ω.
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Remark 5.5.4. It follows from Remark 5.5.2 that if u ∈ BD(Ω) then the measure µcu
of Definition 5.5.3 coincides with the Cantor part Ecu (see [17, Definition 4.1]) of the
symmetrised gradient Eu.

We recall that for every ξ ∈ Rd \ {0} and every y ∈ Πξ such that uξy ∈ BVloc(Ω
ξ
y)

and Duξy ∈ Mb(Ω
ξ
y) we can consider the measures Dauξy ∈ Mb(Ω

ξ
y) and Dsuξy ∈ Mb(Ω

ξ
y),

defined as the absolutely continuous and the singular part of Duξy with respect to the one-
dimensional Lebesgue measure, and the measures Dcuξy ∈ Mb(Ω

ξ
y) and Djuξy ∈ Mb(Ω

ξ
y),

defined for every Borel set B ⊂ Ωξy by

Dcuξy(B) := Dsuξy(B \ J
uξy
),

Djuξy(B) := Dsuξy(B ∩ J
uξy
) = Duξy(B ∩ J

uξy
).

Since Duξy = Dauξy +Dsuξy, we have Duξy = Dauξy +Dcuξy +Djuξy as Borel measures on Ωξy.
We now show that the measures µau and µju can be expressed as suitable integrals depend-

ing on the approximate symmetric gradient Eu (see Theorem 1.4.13) and [u], respectively,
and that µcu can be expressed by means of Dcuξy.

Proposition 5.5.5. Let u ∈ GBD(Ω). Then

µau(B) =

ˆ
B
Eu dx, (5.5.8)

µju(B) =

ˆ
(Ju\J1

u)∩B
([u]⊙ νu) dHd−1, (5.5.9)

for every Borel set B ⊂ Ω. Moreover, for every ξ ∈ Rd \ {0} and every Borel set B ⊂ Ω we
have

µcu(B)ξ · ξ = |ξ|
ˆ
Πξ

Dcuξy(B
ξ
y) dHd−1(y). (5.5.10)

Proof. Let us fix a Borel set B ⊂ Ω. By definition of µau and of µju, it follows from the
polarisation identity (5.5.1) and from (5.5.5) that

µau(B)ξ · η =
1

4
((σξ+ηu )a(B)− (σξ−ηu )a(B)), (5.5.11)

µju(B)ξ · η =
1

4
(σξ+ηu (B ∩ Ju)− σξ−ηu (B ∩ Ju)), (5.5.12)

for every ξ, η ∈ Rd \{0}, where for a vector ζ ∈ Rd \{0} the measure (σζu)a is the absolutely
continuous part of σζu with respect to Ld. By Lemma 5.C.2 for every ζ ∈ Rd \ {0} we have

(σζu)
a(B) = |ζ|

ˆ
Πζ

Dauζy(B
ζ
y) dHd−1(y), (5.5.13)

(σζu)
s(B) = |ζ|

ˆ
Πζ

Dsuζy((B \ J1
u)
ζ
y) dHd−1(y), (5.5.14)

where (σζu)s is the singular part of σζu with respect to Ld. In light of Theorem 1.4.13, using
(5.5.13) and the Fubini Theorem, we deduce that

(σζu)
a(B) =

ˆ
B
Eu ζ · ζ dx
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for every ζ ∈ Rd \ {0}. Combining this equality with (5.5.11), we obtain that

µau(B)ξ · η =

ˆ
B
Eu ξ · η dx =

( ˆ
B
Eu dx

)
ξ · η

for every ξ, η ∈ Rd \ {0}, which proves (5.5.8).
To prove (5.5.9), we observe that by Proposition 5.1.7 for every ζ ∈ Rd \ {0} we have

σζu(B ∩ Ju) =
ˆ
(Ju\J1

u)∩B
([u]⊙ νu)ζ · ζ dHd−1.

Together with (5.5.12), this equality shows that

µju(B)ξ · η =

ˆ
(Ju\J1

u)∩B
([u]⊙ νu)ξ · η dHd−1 =

( ˆ
(Ju\J1

u)∩B
([u]⊙ νu) dHd−1

)
ξ · η

for every ξ, η ∈ Rd \ {0}. This proves (5.5.9).
To conclude, we fix ξ ∈ Rd \ {0} and a Borel set B ⊂ Ω and show that (5.5.10) holds.

We observe that for every y ∈ Πξ such that (1.4.16) holds we have |Djuξy|((B \ Ju)ξy) = 0,
hence

Dsuξy((B \ Ju)ξy) = Dcuξy((B \ Ju)ξy).

Since (1.4.16) holds for Hd−1-a.e. y ∈ Πξ, from this equality, (5.5.5), (5.5.14), and Definition
5.5.3 it follows that

µcu(B)ξ · ξ = (σξu)
s(B \ Ju) = |ξ|

ˆ
Πξ

Dcuξy((B \ Ju)ξy) dHd−1(y). (5.5.15)

Recalling Lemma 5.B.1, by Remark 1.4.8 for Hd−1-a.e. y ∈ Πξ the set (Ju)
ξ
y is finite or

countable. Recalling the properties of the derivatives of BV functions in dimension one, this
implies that Dcuξy((Ju)

ξ
y) = 0 for Hd−1-a.e. y ∈ Πξ. Therefore (5.5.15) implies (5.5.10).

The following corollary shows that in the previous results we can replace J1
u by Jru (see

(1.3.10)) for an arbitrary r > 0 and that the absolutely continuous and the Cantor part of
the corresponding measure µu,r do not depend on r.

Corollary 5.5.6. Let d ≥ 1, u ∈ GBD(Ω), and r > 0. Then there exists a measure
µu,r ∈ Mb(Ω;Rd×dsym) such that for every ξ ∈ Sd−1 we have

µu,r(B)ξ · ξ = lim
R→+∞

Dξ(τR(u · ξ))(B \ Jru) for every Borel set B ⊂ Ω, (5.5.16)

where τR are the truncation functions defined in (5.1.4). Moreover, setting µju,r := µu,r Ju,
we have

µju,r(B) =

ˆ
(Ju\Jr

u)∩B
([u]⊙ νu) dHd−1 for every Borel set B ⊂ Ω. (5.5.17)

Finally, we have µu,r = µau + µcu + µju,r as Borel measures on Ω.

Proof. Let v := u/r and µu,r := rµv. Using the equalities

τR(v · ξ) =
1

r
τ(rR)(u · ξ) and J1

v = Jru, (5.5.18)
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from (5.5.2) we obtain (5.5.16). Using the equalities J1
v = Jru and Jv = Ju, from (5.5.9) we

deduce (5.5.17).
Let µau,r and µsu,r be the absolutely continuous and the singular part of µu,r with respect

to Ld. By (5.5.2) and (5.5.16), with B replaced by B\Ju, we obtain µu,r(B\Ju) = µu(B\Ju).
This implies that µau,r(B) = µau(B) and µsu,r(B\Ju) = µsu(B\Ju) = µcu(B) for every Borel set
B ⊂ Ω. Hence, µu,r(B) = µau,r(B)+µsu,r(B \Ju)+µsu,r(B ∩Ju) = µau(B)+µcu(B)+µju,r(B)
for every Borel set B ⊂ Ω.

Remark 5.5.7. Using the function v := u/r, it follows from Remark 5.5.2 that, if u ∈
BD(Ω), then µu,r = (Eu) (Ω \ Jru) as Borel measures on Ω.

The following result shows that, in analogy with Ecu, the measure µcu does not charge
Borel sets which are σ-finite with respect to Hd−1.

Proposition 5.5.8. Let u ∈ GBD(Ω) and let B be a Borel set that is σ-finite with respect
to Hd−1. Then |µcu|(B) = 0.

Proof. It is not restrictive to assume that Hd−1(B) < +∞. Let us fix ξ ∈ Sd−1. Thanks
to Lemma 5.B.1, we have H0(Bξ

y) < +∞ for Hd−1-a.e. y ∈ Πξ. By the properties of one-
dimensional BV-functions this implies that Dcuξy(B

ξ
y) = 0 for Hd−1-a.e. y ∈ Πξ. Hence, by

(5.5.10) we have µcu(B)ξ · ξ = 0. Since this is true for every ξ ∈ Sd−1, we obtain µcu(B) = 0.
As this property holds also for every Borel subset of B, we deduce that |µcu|(B) = 0.

The definition and properties of µu allow us to give a new characterisation of the space
GSBD(Ω), originally defined by slicing. We recall that GSBD(Ω) (see [89, Definition 4.2])
is the space of all u ∈ GBD(Ω) such that for every ξ ∈ Sd−1 and for Hd−1-a.e. y ∈ Πξ we
have

uξy ∈ SBVloc(Ω
ξ
y). (5.5.19)

Theorem 5.5.9. Let u ∈ GBD(Ω). Then u ∈ GSBD(Ω) if and only if µcu = 0.

Proof. Assume that µcu = 0 as a Borel measure on Ω. Recalling the uniqueness of the
disintegration of measures (see [18, Theorem 2.28]), it follows from (5.5.10) that for every
ξ ∈ Sd−1 and for Hd−1-a.e. y ∈ Πξ we have Dcuξy = 0 as a Borel measure on Ωξy, i.e., (5.5.19)
holds. By definition this implies that u ∈ GSBD(Ω).

Conversely, if u ∈ GSBD(Ω) it follows from (5.5.10) that µcu(B)ξ · ξ = 0 for every
ξ ∈ Sd−1 and every Borel set B ⊂ Ω. This implies that µcu = 0.

Combining this result with recent results of [74], where new characterisations of the
spaces GBD(Ω) and GSBDp(Ω), for p > 1, are obtained, we can give an analogous charac-
terisation for GSBD(Ω). More precisely, we show that an Ld-measurable function u : Ω → Rd
belongs to GSBD(Ω) if and only if (1.4.5) and (5.5.19) hold for a suitable finite number of
directions ξ ∈ Sd−1.

Theorem 5.5.10. Let u : Ω → Rd be an Ld-measurable function. Assume that there exists
an orthonormal basis {ξi : i = 1, . . . , d} such that for every ξ ∈ Ξ := {ξi : i = 1, . . . , d} ∪
{ξi + ξj : 1 ≤ i ≤ j ≤ d} the two following conditions hold:

uξy ∈ SBVloc(Ω
ξ
y) for Hd−1-a.e. y ∈ Πξ, (5.5.20)

Λξu :=

ˆ
Πξ

|Duξy|(Ωξy \ J1
uξy
) +H0(J1

uξy
) dHd−1(y) < +∞. (5.5.21)
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Then u ∈ GSBD(Ω) and, setting Λ :=
∑

ξ∈Ξ Λξu, there exists a constant Cd > 0, depending
only on d, such that

λu(Ω) ≤ CdΛ, (5.5.22)

where λu is the measure defined by (1.4.15).

Proof. Since the inclusion u ∈ GBD(Ω) and inequality (5.5.22) follow directly from [74,
Theorem 1, Corollary 1], to conclude we only need to show that u ∈ GSBD(Ω).

To prove this, we observe that from (5.5.10) it follows that given a Borel set B ⊂ Ω we
have that

µcu(B)ξ · ξ = |ξ|
ˆ
Πξ

Dcuξy(B
ξ
y) dHd−1(y)

for every ξ ∈ Ξ. By (5.5.20) this equality implies that µcu(B)ξ · ξ = 0 for every ξ ∈ Ξ.
From the polarisation identity (5.5.1) we obtain µcu(B)ξi · ξj = 0 for every i, j = 1, . . . , d .
Recalling that {ξi}i is a basis of Rd, we deduce that µcu(B) = 0. Since this property holds
for every Borel set B ⊂ Ω, from Theorem 5.5.9 we obtain that u ∈ GSBD(Ω), concluding
the proof.

Remark 5.5.11. An alternative proof of the Theorem above, which does not rely on the
existence of the matrix-valued measure µu, can be deduced by combining Proposition 5.1.8
with the arguments of [74, Remark 2]. In that remark, Chambolle & Crismale show that
the conclusion of Theorem 5.5.10 holds for all u ∈ L0(Ω;Rd) satisfying (5.5.20)–(5.5.21) and
the additional constraint Hd−1(Ju) < +∞.

Given a function u ∈ L0(Ω;Rd) that satisfies (5.5.20)–(5.5.21) but not Hd−1(Ju) < +∞,
we may use [74, Corollary 1] to obtain that u ∈ GBD(Ω) and then Proposition 5.1.8 to
find v ∈ SBV(Ω;Rd) such that w := u − v satisfies Jw ≃ J1

u, which, by Remark 1.4.8,
implies Hd−1(Jw) < +∞. Since v ∈ SBV(Ω;Rd), it follows immediately from the analogous
properties for u that w satisfies also (5.5.20) and (5.5.21); the remark of Chambolle &
Crismale then implies w ∈ GSBD(Ω). As u differs from w by a SBV(Ω;Rd)-function, it
belongs to GSBD(Ω) as well, concluding the proof.
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Appendix to Chapter 5

The purpose of this appendix is to collect some auxiliary results needed in the previous
sections. In Section 5.A, we prove some variants of classical results concerning the approx-
imation of Lebesgue integrals by means of Riemann sums. These results constitute one of
the main ingredients of the discretisation argument developed in Sections 5.2 and 5.3.

Section 5.B is devoted to an elementary lemma in geometric measure theory. The aim
of Sections 5.C and 5.D is to prove the Borel measurability of the functions gk,ζm and hk,ζm ,
defined in (5.3.56) and (5.3.45), respectively, and to establish some general properties of
measures defined through integration.

Results related to those proved in these two last sections are well-established in the
literature. Nevertheless, because of the particular form of the functions considered here, the
available results do not seem to apply directly in our setting. We therefore state and prove
precisely the auxiliary results required in the sequel.

5.A Approximations by Riemann sums

In the proof of the main result of this chapter, we need to approximate various integrals
with well-chosen Riemann sums, using a suitable version of a result that goes back to Hahn
(see [138]). A similar result is also proved in [61, Lemma A.1]. For technical reasons, we use
a construction described in [114, Page 63] and further developed in [95, Lemma 4.12]. Since
this result is crucial for our arguments, we give here the precise statement and a detailed
proof.

Lemma 5.A.1. Let I = [a, b] ⊂ R be a bounded closed interval. For every z ∈ I, k ∈ N,
and i ∈ Z let tki := z+ i/k. Let (X, ∥ · ∥) be a Banach space and let f : R → X be a Bochner
integrable function such that f = 0 on R \ I. Then there exist an infinite subset K ⊂ N and
an L1-negligible set N ⊂ I such that

lim
k→+∞
k∈K

∑
i∈Z

ˆ tki+1

tki

∥f(tki )− f(t)∥ dt = 0, (5.A.1)

for every z ∈ I \ N . Moreover, if for h ∈ N we set Ikh := {i ∈ Z : [tki−h, t
k
i+h] ⊂ I} and

Fk
h := {i ∈ Z : tki ∈ I}\Ikh , for every ε > 0 there exists a Borel set Iε ⊂ I, with L1(I\Iε) ≤ ε,

such that for every h ∈ N one has

lim
k→+∞
k∈K

∑
i∈Z

ˆ tki+1

tki

∥f(tki )− f(t)∥ dt = 0 uniformly for z ∈ Iε, (5.A.2)

lim
k→+∞
k∈K

1

k

∑
i∈Ik

h

f(tki ) =

ˆ
I
f(t) dt uniformly for z ∈ Iε, (5.A.3)

lim
k→+∞
k∈K

1

k

∑
i∈Fk

h

∥f(tki )∥= 0 uniformly for z ∈ Iε. (5.A.4)

Proof. We follow closely the proof of [95, Lemma 4.12]. Given k ∈ N, we consider the set

J k := {i ∈ Z : k(a− b)− 1 ≤ i ≤ k(b− a)}. (5.A.5)
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Note that for every z ∈ I we have

[tki , t
k
i+1] ∩ I ̸= Ø =⇒ i ∈ J k.

Integrating with respect to z the sum on the left-hand side of (5.A.1) and using Fubini’s
theorem we obtain
ˆ
I

(∑
i∈Z

ˆ tki+1

tki

∥f(tki )− f(t)∥ dt
)
dz =

ˆ
I

( ∑
i∈J k

ˆ tki+1

tki

∥f(tki )− f(t)∥ dt
)
dz

=

ˆ
I

( ∑
i∈J k

ˆ 1
k

0
∥f(z + i

k )− f(z + i
k + s)∥ ds

)
dz

≤
∑
i∈J k

ˆ 1
k

0

( ˆ +∞

−∞
∥f(z + i

k )− f(z + i
k + s)∥ dz

)
ds

=
∑
i∈J k

ˆ 1
k

0

( ˆ +∞

−∞
∥f(z)− f(z + s)∥ dz

)
ds. (5.A.6)

By the L1-continuity of translations for every ε > 0 there exists δ > 0 such that
ˆ +∞

−∞
∥f(z)− f(z + s)∥ dz < ε

whenever 0 ≤ s < δ. Hence,
ˆ 1

k

0

(ˆ +∞

−∞
∥f(z)− f(z + s)∥ dz

)
ds <

ε

k

for k > 1/δ. Observing that the number of elements of J k satisfies H0(J k) ≤ 2k(b−a)+2,
from the previous inequality and (5.A.6) we deduce that

lim
k→+∞

ˆ
I

(∑
i∈Z

ˆ tki+1

tki

∥f(tki )− f(t)∥ dt
)
dz = 0.

Hence, there exists an infinite set K ⊂ N and an L1-negligible set N ⊂ I such that (5.A.1)
holds.

To prove the second part of the statement, we first observe that by Egorov’s theorem
there exists a Borel set Iε ⊂ I, with L1(I \ Iε) ≤ ε, such that (5.A.2) holds.

To prove (5.A.3) and (5.A.4), we first observe that, since the number of elements of

F̂k
h := {i ∈ Z : [tki , t

k
i+1] ∩ I ̸= Ø} \ Ikh

is less than 2h+ 2, by the absolute continuity of the integral we have

lim
k→+∞

∑
i∈F̂k

h

ˆ tki+1

tki

∥f(t)∥dt = 0 uniformly for z ∈ Iε. (5.A.7)

Since
1

k

∑
i∈Fk

h

∥f(tki )∥≤
∑
i∈Z

ˆ tki+1

tki

∥f(tki )− f(t)∥ dt+
∑
i∈Fk

h

ˆ tki+1

tki

∥f(t)∥dt,
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(5.A.4) follows from (5.A.2), (5.A.7), and from the inclusion Fk
h ⊂ F̂k

h . Similarly, the
inequality∥∥∥1

k

∑
i∈Ik

h

f(tki )−
ˆ
I
f(t) dt

∥∥∥ ≤
∑
i∈Ik

h

ˆ tki+1

tki

∥f(tki )− f(t)∥ dt+
∑
i∈F̂k

h

ˆ tki+1

tki

∥f(t)∥dt,

together with (5.A.2) and (5.A.7), gives (5.A.3).

In the next technical result we will consider the Riemann sums associated with functions
converging to 0 in L1 and depending on an additional parameter. This result is crucial in
Section 5.2.

Lemma 5.A.2. Let I := [a, b] and J := [c, d] be bounded closed intervals. For every z1 ∈ I,
k ∈ N, and i ∈ Z let tki := z1 +

i
k . Let (X, ∥ · ∥) be a Banach space and let fk : R× R → X

be a sequence of Bochner integrable functions, with fk = 0 on (R× R) \ (I × J), such that

lim
k→+∞

fk(t, z2) = 0 for L1-a.e. t ∈ I and L1 -a.e. z2 ∈ J. (5.A.8)

Assume also that there exists an integrable function g : R → [0,+∞) such that

∥fk(t, z2)∥ ≤ g(t) for L1-a.e. t ∈ I, L1-a.e. z2 ∈ J , and every k ∈ N. (5.A.9)

Then there exists an L2-negligible set N ⊂ I × J and an infinite set K ⊂ N such that for
every (z1, z2) ∈ (I × J) \N we have

lim
k→+∞
k∈K

1

k

∑
i∈Z

∥fk(tki , z2)∥ = 0. (5.A.10)

Moreover, for every ε > 0 there exists a Borel set Aε ⊂ I × J , with L2((I × J) \ Aε) ≤ ε,
such that

lim
k→+∞
k∈K

1

k

∑
i∈Z

∥fk(tki , z2)∥ = 0 uniformly for (z1, z2) ∈ Aε. (5.A.11)

Proof. For k ∈ N let J k be given by (5.A.5). Integrating the sum on the left-hand side of
(5.A.10) with respect to z = (z1, z2) ∈ I × J
ˆ
J

( ˆ
I

(1
k

∑
i∈Z

∥fk(tki , z2)∥
)
dz1

)
dz2 =

ˆ
J

(ˆ
I

(1
k

∑
i∈Z

∥fk(z1 + i
k , z2)∥

)
dz1

)
dz2

≤ 1

k

∑
i∈J k

ˆ
R

(ˆ
R
∥fk(z1 + i

k , z2)∥ dz1
)
dz2 =

H0(J k)

k

ˆ
R

(ˆ
R
∥fk(z1, z2)∥ dz1

)
dz2, (5.A.12)

where in the inequality we have used the hypothesis on the supports of fk. By (5.A.8) for
L2-a.e. z ∈ I × J the sequence ∥fk(z1, z2)∥ converges to 0 as k → +∞. Thanks to (5.A.9),
by the Dominated Convergence Theorem we have limk ∥fk∥L1(R2;X) = 0. This fact, together
with (5.A.12) and the boundedness of H0(J k)/k, implies that

lim
k→+∞

ˆ
I×J

(1
k

∑
i∈Z

∥fk(tki , z2)∥
)
dz = 0,

which gives (5.A.10). By Egorov’s Theorem we obtain also (5.A.11), concluding the proof.
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Remark 5.A.3. Suppose that for every n ∈ N we have a function fn that satisfies the
hypotheses of Lemma 5.A.1. Arguing as in [95, Remark 4.13], one can find sets K and Iε
as in the statement of Lemma 5.A.1 for which (5.A.2)–(5.A.4) hold with f = fn for every
n ∈ N.

Similarly, if for every n ∈ N we have a sequence of functions {fnk }k that satisfies the
hypotheses of Lemma 5.A.2, the same argument shows that one can find sets K and Aε as
in the statement of Lemma 5.A.2 for which (5.A.10) and (5.A.11) hold with fk = fnk for
every n ∈ N.

5.B An elementary lemma in geometric measure theory

Lemma 5.B.1. Let ξ ∈ Rd \ {0} and let B ⊂ Rd be a Borel set. Then the function
y 7→ H0(Bξ

y) is Hd−1-measurable on Πξ and
ˆ
Πξ

H0(Bξ
y) dHd−1(y) ≤ Hd−1(B). (5.B.1)

Proof. For every k ∈ N and i ∈ Z we set Bk,i := {x ∈ B : i/2k ≤ x · ξ < (i+ 1)/2k} and we
consider the function fk : Πξ → [0,+∞] defined by

fk(y) :=
∑
i∈Z

χπξ(Bk,i)
(y), (5.B.2)

where χπξ(Bk,i)
is the characteristic function of the projection of Bk,i onto Πξ. We observe

that fk ≤ fk+1 for every k ∈ N.
It follows from the definition of Bξ

y that

H0(Bξ
y) = lim

k→+∞
fk(y) for every y ∈ Πξ. (5.B.3)

By the Projection Theorem (see, e.g., [79, Proposition 8.4.4]) for every k ∈ N and i ∈ Z the
set πξ(Bk,i) is Hd−1-measurable on Πξ. By (5.B.2) and (5.B.3) this implies that the same is
true for the function y 7→ H0(Bξ

y). By the Monotone Convergence Theorem we obtain from
(5.B.3) that ˆ

Πξ

H0(Bξ
y) dHd−1(y) = lim

k→+∞

ˆ
Πξ

fk(y) dHd−1(y). (5.B.4)

By (5.B.2) we have
ˆ
Πξ

fk(y) dHd−1(y) =
∑
i∈Z

Hd−1(πξ(Bk,i)) ≤
∑
i∈Z

Hd−1(Bk,i) = Hd−1(B),

which, together with (5.B.4), gives (5.B.1).

5.C Lebesgue decomposition of measures defined by integra-
tion

In this subsection we consider measures defined on the slices of a set, depending on a
parameter ω ∈ Rk, and the measures that can be obtained by integrating with respect to
the parameters corresponding to the slices. We are interested in a formula for the Lebesgue
decomposition of these measures.
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We begin by a lemma concerning measurability conditions with respect to these param-
eters. Given h, k ∈ N, a Borel set B ⊂ Rh × Rk, and ω ∈ Rk we set

B(ω) := {x ∈ Rh : (x, ω) ∈ B}. (5.C.1)

Lemma 5.C.1. Let k ∈ N and let ζ ∈ Rd \ {0}. For every y ∈ Πζ and ω ∈ Rk let µωy ∈
Mb(R) be a signed measure. The following three measurability conditions are equivalent:

(a) for every ψ ∈ C0
c (R× Rk)

the function (y, ω) 7→
ˆ +∞

−∞
ψ(t, ω) dµωy (t) is Borel measurable on Πζ × Rk;

(b) for every φ ∈ C0
c (Rd × Rk)

the function (y, ω) 7→
ˆ +∞

−∞
φ(y + tζ, ω) dµωy (t) is Borel measurable on Πζ × Rk;

(c) for every Borel set B ⊂ Rd×Rk the function (y, ω) 7→ µωy (B(ω)ζy) is Borel measurable
on Πζ × Rk.

Moreover, if the previous conditions are satisfied, then for every Borel set B ⊂ Rd ×Rk the
function (y, ω) 7→ |µωy |(B(ω)ζy) is Borel measurable on Πζ × Rk.

Proof. For simplicity of notation we consider only the case ζ = ed, the d-th vector of the
canonical basis, the proof in the other cases being analogous. For x ∈ Rd we set x = (x′, xd),
where x′ := (x1, . . . , xd−1), and we identify Πed = Rd−1 × {0} with Rd−1. Therefore the
measure µω(x′,0) is denoted simply by µωx′ and for the slicing of sets we use the notation Bx′
instead of Bed

(x′,0).
Assume (a). For every pair of functions w ∈ C0

c (Rd−1 × Rk) and ψ ∈ C0
c (R × Rk) it

follows from (a) that the function

(x′, ω) 7→
ˆ +∞

−∞
w(x′, ω)ψ(xd, ω) dµ

ω
x′(xd)

is Borel measurable on Rd−1 × Rk.
By an argument based on partition of unities corresponding to coverings by open sets

with small diameter we can prove that the class of linear combinations of functions φ ∈
C0
c (Rd × Rk) of the form φ(x, ω) = w(x′, ω)ψ(xd, ω) is dense in C0

c (Rd × Rk) with respect
to the uniform convergence. This implies that the function

(x′, ω) 7→
ˆ +∞

−∞
φ((x′, xd), ω) dµ

ω
x′(xd)

is Borel measurable on Rd−1 ×Rk for every φ ∈ C0
c (Rd ×Rk), which is condition (b) in the

case ζ = ed.
Assume (b) and consider the class F of bounded Borel functions f : Rd × Rk → R such

that

(x′, ω) 7→
ˆ +∞

−∞
f((x′, xd), ω) dµ

ω
x′(xd) is Borel measurable on Rd−1 × Rk.

It is easy to check that F is a monotone class, that is,
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(i) if {fn}n ⊂ F , with fn ≤ g, for some g ∈ F , and fn ↗ f , then f ∈ F ;

(ii) if {fn}n ⊂ F , with fn ≥ g, for some g ∈ F , and fn ↘ f , then f ∈ F .

Moreover, thanks to (b), we have that C0
c (Rd × Rk) ⊂ F . Hence, from the Monotone

Class Theorem (see [170, Section 3.14]) we deduce that for every bounded Borel function
f : Rd × Rk → R the function

(x′, ω) 7→
ˆ +∞

−∞
f((x′, xd), ω) dµ

ω
x′(xd)

is Borel measurable on Rd−1 ×Rk. By taking as f the characteristic function of a Borel set
B ⊂ Rd × Rk we obtain that the function

(x′, ω) 7→ µωx′(B(ω)x′)

is Borel measurable on Rd−1 × Rk, which is condition (c) in the case ζ = ed.
Assume now (c). Let E ⊂ R × Rk be a Borel set and let B := Rd−1 × E ⊂ Rd × Rk.

Clearly, B(ω)x′ = E(ω) for every x′ ∈ Rd−1, so that by (c) the function (x′, ω) 7→ µωx′(E(ω))
is Rd−1 × Rk measurable. Hence,

(x′, ω) 7→
ˆ +∞

−∞
χE(xd, ω) dµ

ω
x′(xd)

is Borel measurable on Rd−1 × Rk. By linearity we obtain that

(x′, ω) 7→
ˆ +∞

−∞
g(xd, ω) dµ

ω
x′(xd)

is Borel measurable on Rd−1 × Rk for every simple function g : R × Rk → R. Since every
function ψ ∈ C0

c (R×Rk) can be approximated by a uniformly bounded sequence of simple
functions, an application of the Dominated Convergence Theorem yields (a).

We now show that, if (a)-(c) hold, then the last part of the statement holds. By the
equivalence of (a)-(c) for |µωx′ |, to conclude the proof it is enough to show that for every
function ψ ∈ C0

c (R× Rk) the function

(x′, ω) 7→
ˆ +∞

−∞
ψ(xd, ω) d|µωx′ |(xd) (5.C.2)

is Borel measurable on Rd−1×Rk. Assume for a moment that ψ ≥ 0. By definition of total
variation of a measure we have

ˆ +∞

−∞
ψ(xd, ω) d|µωx′ |(xd) = sup

φ∈C0
c (R×Rk)

|φ|≤ψ

ˆ +∞

−∞
φ(xd, ω) dµ

ω
x′(xd).

Since the supremum above can be reduced to a countable dense subset of C0
c (R×Rk), this

equality, together with (a) for µωx′ , implies that the function in (5.C.2) is Borel measurable
on Rd−1×Rk when ψ ≥ 0. In the general case, one can split ψ into its positive and negative
part.
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Let ζ ∈ Rd \ {0} and for every y ∈ Πζ let µy ∈ Mb(Ω
ζ
y). For every y ∈ Πζ let µay and

µsy be the absolutely continuous part and the singular part of µy with respect to the one
dimensional Lebesgue measure. In the following lemma we consider some general conditions
on {µy}y∈Πζ which allow us to define a measure µ on Ω by integrating µy with respect to
y. We then show that the absolutely continuous part µa and its singular part µs of µ with
respect to Ld can be obtained by integrating µay and µsy with respect to y.

Lemma 5.C.2. Let ζ ∈ Rd \ {0} and for every y ∈ Πζ let µy ∈ Mb(Ω
ζ
y). Assume that for

every Borel set B ⊂ Ω

the function y 7→ µy(B
ζ
y) is Borel measurable on Πζ (5.C.3)

and that there exists g ∈ L1(Πζ ,Hd−1) such that

|µy|(Ωζy) ≤ g(y) for Hd−1-a.e. y ∈ Πζ . (5.C.4)

Consider the measure defined for every Borel set B ⊂ Ω by

µ(B) :=

ˆ
Πζ

µy(B
ζ
y) dHd−1(y). (5.C.5)

Let µa and µs be the absolutely continuous part and the singular part of µ with respect to
the Lebesgue measure Ld. Then for every Borel set B ⊂ Ω the functions

y 7→ µay(B
ζ
y) and y 7→ µsy(B

ζ
y) are Borel measurable and Hd−1-integrable on Πζ (5.C.6)

and we have

µa(B) =

ˆ
Πζ

µay(B
ζ
y) dHd−1(y) and µs(B) =

ˆ
Πζ

µsy(B
ζ
y) dHd−1(y) (5.C.7)

for every Borel set B ⊂ Ω.

Proof. As in the previous lemma we consider only the case ζ = ed and use the notation
of the proof of the previous lemma. We also drop the hypothesis that Ω is bounded and
assume that Ω = Rd, as the result for a general Ω then easily follows.

We now prove (5.C.6). To this aim let

S :=
{
x ∈ Rd : x = (x′, xd) and lim sup

ρ→0+

|µx′ |((xd − ρ, xd + ρ))

2ρ
= +∞

}
(5.C.8)

and, for every x′ ∈ Rd−1, let Sx′ be the corresponding slice. By the Besicovitch Derivation
Theorem (see [18, Theorem 2.22]) for every x′ ∈ Rd−1 we have

µsx′(Bx′) = µx′(Bx′ ∩ Sx′) and µax′(Bx′) = µx′(Bx′ \ Sx′) (5.C.9)

for every Borel set B ⊂ Rd.
Therefore, by (5.C.3) to prove (5.C.6) it is enough to show that the set S is Borel

measurable. To this end, we note that, as the function ρ 7→ |µx′ |((xd − ρ, xd + ρ)) is left-
continuous, in the lim sup in (5.C.8) we can reduce to considering ρ varying in a countable
dense set. Hence, to conclude that S is Borel measurable we only need to prove that for
every ρ > 0 the function

(x′, xd) 7→ |µx′ |((xd − ρ, xd + ρ)) =

ˆ
R
χ(−ρ,ρ)(xd − t) d|µx′ |(t) (5.C.10)
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is Borel measurable on Rd−1×R, where χ(−ρ,ρ) denotes the characteristic function of (−ρ, ρ).
Let {ψn}n ⊂ C0

c (R) be a sequence of functions with ψn ≤ ψn+1 for every n ∈ N and
converging pointwise to χ(−ρ,ρ) as n → +∞. By the Monotone Convergence Theorem for
every x′ ∈ Rd−1 we have

ˆ
R
χ(−ρ,ρ)(xd − t) d|µx′ |(t) = lim

n→+∞

ˆ
R
ψn(xd − t) d|µx′ |(t). (5.C.11)

For every n ∈ N the function

(x′, xd) 7→
ˆ
R
ψn(xd − t) d|µx′ |(t)

is Borel measurable in x′ for xd fixed, thanks to (5.C.3) and Lemma 5.C.1, and continuous
in xd for x′ fixed. Thus, it is Borel measurable in the product space Rd−1 × R. Thanks to
(5.C.11), this implies that the function (5.C.10) is Borel measurable, which proves that the
set S is Borel measurable and concludes the proof of the measurability property in (5.C.6).
The integrability follows from (5.C.4).

Thanks to (5.C.6) we can define two bounded Radon measures on Rd by setting

ν1(B) :=

ˆ
Rd−1

µax′(Bx′) dHd−1(x′) and ν2(B) :=

ˆ
Rd−1

µsx′(Bx′) dHd−1(x′)

for every Borel set B ⊂ Rd. It follows from the Fubini Theorem that ν1 is absolutely
continuous with respect to Ld and that Ld(S) = 0. By (5.C.9) we also deduce that
µsx′(Bx′) = µsx′(Bx′ ∩ Sx′), hence ν2(B) = ν2(B ∩ S) for every Borel set B ⊂ Rd. This
shows that ν2 is singular with respect to the Lebesgue measure. Since µ = ν1 + ν2, the
equalities in (5.C.7) follow from the uniqueness of the Lebesgue decomposition.

5.D Measurability of the auxiliary functions used in Section
5.3

In this subsection we prove the measurability of the functions gk,ζm and hk,ζm,ε defined in
(5.3.56) and (5.3.45).

As in the proof of Theorem 5.2.1, Ω is a bounded open set of R2, u is a function in
GBD(Ω) with J1

u = Ju, ξ and η are two linearly independent vectors in R2 and U is the
parallelogram defined by (5.2.2). We keep u, ξ, η, and U fixed throughout the rest of the
subsection.

We also recall that J ⊂ U is the set defined in (5.2.9), and that the sets Ek,ζ , Êk,ζm ,
and qEk,ζm are defined in (5.3.14) and (5.3.19). Since it will be important to keep track of
the dependence of such sets on ω, in the following we underline their dependence on ω by
writing Ek,ζ,ω, Êk,ζ,ωm , and qEk,ζ,ωm .

We introduce some sets which will play a crucial role in our arguments. For every k ∈ N,
m ∈ N, and ζ ∈ {ξ, η, ξ + η, ξ − η} we set

Ek,ζ := {(x, ω) ∈ R2 × R2 : x ∈ Ek,ζ,ω} ⊂ R4,

Êk,ζm := {(x, ω) ∈ R2 × R2 : x ∈ Êk,ζ,ωm } ⊂ R4,

qEk,ζm := {(x, ω) ∈ R2 × R2 : x ∈ qEk,ζ,ωm } ⊂ R4,

J := {(x, ω) ∈ R2 × R2 : x ∈ J} ⊂ R4.

(5.D.1)
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The following lemma addresses the Borel measurability of these sets. The proof is very
similar to that of Lemma 5.3.2, but for the sake of completeness we give here all details.

Lemma 5.D.1. The sets Ek,ζ , Êk,ζm , qEk,ζm , and J are Borel measurable subsets of R4.

Proof. The property for J is trivial. To prove the result for the other sets we consider the
map zk,ζ : R2 ×R2 → R2 defined by (5.3.11) (see Figure 5.3), where the dependence on the
variable ω is made clear by (5.2.3). By elementary geometrical arguments, it follows that
(x, ω) 7→ zk,ζ(x, ω) is Borel measurable.

For every set B ⊂ R2 we define

Ek,ζB := {(x, ω) ∈ R2 × R2 : (zk,ζ(x, ω) + 1
kS) ∩B ̸= Ø},

FB := {z ∈ R2 : (z + 1
kS) ∩B ̸= Ø},

where S is defined by (5.3.13). For a compact set K ⊂ R2 the set FK is closed, so that,
observing that Ek,ζK = {(x, ω) ∈ R2 × R2 : zk,ζ(x, ω) ∈ FK} and recalling that zk,ζ is Borel
measurable, we conclude that Ek,ζK is Borel measurable. By definition, Ek,ζ = Ek,ζJ . Since
J =

⋃
n∈NKn with Kn compact, this gives that Ek,ζ =

⋃
n∈N Ek,ζKn

. Since the sets Ek,ζKn
are

Borel measurable, so is Ek,ζ .
To prove that Êk,ζm is Borel measurable, we observe that by (5.3.18) a pair (x, ω) belongs

to Êk,ζm if and only if the number of indices i ∈ Z such that x ∈ Ek,ζ,ω − i
kζ is less than or

equal to m. Hence, setting Ek,ζi := {(x, ω) ∈ R2 × R2 : x ∈ Ek,ζ,ω − i
kζ}, we have that

Êk,ζm = Ek,ζ ∩
{
(x, ω) ∈ R2 × R2 :

∑
i χEk,ζ

i
(x, ω) ≤ m

}
,

where χ
Ek,ζ
i

is the characteristic function of Ek,ζi . Since the sets Ek,ζi are Borel measurable,

we deduce that Êk,ζm is a Borel set as well. From the equality Ěk,ζm = Ek,ζ \ Êk,ζm , we deduce
that Ěk,ζm is Borel measurable too, concluding the proof.

We are now ready to state and prove the final result of this subsection.

Lemma 5.D.2. Let k,m ∈ N, let ζ ∈ {ξ, η, ξ + η, ξ − η}, and let Nζ ⊂ Πζ be a Borel
set such that Hd−1(Nζ) = 0 and uζy ∈ BV(U ζy ) for every y ∈ Πζ \ Nζ . Then the functions
gk,ζm : Πζ × R2 → [0,+∞) and hk,ζm : Πζ × R2 → [0,+∞) defined by

gk,ζm (y, ω) :=

{
|Duζy|(Êk,ζ,ωm (y) ∩ U ζy \ Jζy ) if y ∈ Πζ \Nζ ,

0 if y ∈ Nζ ,
(5.D.2)

hk,ζm (y, ω) :=

{
|Duζy|(Ěk,ζ,ωm (y) ∩ U ζy \ Jζy ) if y ∈ Πζ \Nζ ,

0 if y ∈ Nζ ,
(5.D.3)

are Borel measurable on Πζ × R2.

Proof. We begin by observing that by (5.C.1) and (5.D.1) for every y ∈ Πζ and ω ∈ R2 we
have

Êk,ζ,ωm (y) ∩ U ζy \ Jζy = Ê(ω)ζy ∩ U ζy \ J(ω)ζy, (5.D.4)

Ěk,ζ,ωm (y) ∩ U ζy \ Jζy = qE(ω)ζy ∩ U ζy \ J(ω)ζy. (5.D.5)
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By Lemma 5.D.1, the sets Êk,ζm , qEk,ζm , and J are Borel measurable subsets of R2 × R2, so
that the same property holds for Êk,ζm \ J and qEk,ζm \ J.

We want to apply Lemma 5.C.1 with the measure µωy ∈ Mb(R) defined for every Borel
set B ⊂ R by

µωy (B) :=

{
Duζy(B ∩ U ζy ) if y ∈ Πζ \Nζ ,

0 y ∈ Nζ .
(5.D.6)

To show that condition (b) of Lemma 5.C.1 holds we fix a function φ ∈ C∞
c (R2 × R2) and

observe that ˆ +∞

−∞
φ(y + tζ, ω) dµωy (t) =

ˆ
Uζ
y

φ(y + tζ, ω) dDuζy(t)

for every y ∈ Πζ \ Nζ . Let us consider a bounded sequence {ρn}n ⊂ C∞
c (U) converging

to 1 on U as n → +∞ and set φn := ρnφ ∈ C∞
c (U × R2). For every y ∈ Πζ \ Nζ by the

Dominated Convergence Theorem we have
ˆ +∞

−∞
φ(y + tζ, ω) dµωy (t) = lim

n→+∞

ˆ
Uζ
y

φn(y + tζ, ω) dDuζy(t). (5.D.7)

Moreover, integrating by parts, we have
ˆ
Uζ
y

φn(y + tζ, ω) dDuζy(t) = −
ˆ
Uζ
y

uζy(t)∇xφn(y + tζ, ω) · ζ dt, (5.D.8)

where for a given ω ∈ R2, we denote by ∇xφn(y + tζ, ω) ∈ R2 the vector whose two
components are the partial derivatives of φn with respect to x at the point (y + tζ, ω). By
the Fubini Theorem, it follows from (5.D.8) that

(y, ω) 7→
ˆ
Uζ
y

φn(y + tζ, ω) dDuζy(t)

is Borel measurable on (Πζ \Nζ)×R2. It follows from (5.D.7) that the same property holds
for

(y, ω) 7→
ˆ +∞

−∞
φ(y + tζ, ω) dµωy (t). (5.D.9)

Since by definition µωy (B) = 0 for y ∈ Nζ , it follows that the function (5.D.9) is Borel
measurable on Πζ × R2. As every function in C0

c (R2 × R2) can be approximated uniformly
by a sequence of functions in C∞

c (R2 × R2), the function (5.D.9) is Borel measurable on
Πζ × R2 for every φ ∈ C0

c (R2 × R2). Hence, µωy satisfies condition (b) of Lemma 5.C.1.
By Lemma 5.C.1 applied to the measure µωy defined by (5.D.6) and with B = Êk,ζm \ J

and B = qEk,ζm \ J we obtain that the functions (y, ω) 7→ |Duζy|(Ê(ω)ζy ∩ U ζy \ J(ω)ζy) and
(y, ω) 7→ |Duζy|(qE(ω)ζy ∩ U ζy \ J(ω)ζy) are Borel measurable on (Πζ \Nζ) × R2. By (5.D.2)–
(5.D.5) this implies that the functions gk,ζm and hk,ζm are Borel measurable on Πζ × R2.



CHAPTER 6

A Korn-Poincaré-Sobolev Inequality for
generalised functions of bounded deformation

The aim of this chapter is to present a variant of the classical Korn-Poincaré-Sobolev
inequality for generalised functions of bounded deformation proved by Kohn [141] for BD(Ω).
This inequality is close in spirit to the one obtained by Chambolle, Conti, & Francfort [68]
for functions in SBDp and, indeed, its proof closely follows the same line of argument.

We recall the definition of λu given in Proposition 1.4.10 and of the set Jσu := {x ∈
Ju : |[u](x)| ≥ σ}. The following is the main result of the chapter, containing a Korn-
Poincaré-Sobolev inequality, together with a related estimate for the trace on ∂Ω.

Theorem 6.0.1 (Korn-Poincaré-Sobolev inequality). Let d ≥ 2 and let Ω be a bounded
connected open set with Lipschitz boundary. Then there exist positive constants κΩ and KΩ,
depending only on Ω, such that for all σ ≥ 0 and u ∈ GBD(Ω) there exist Borel sets ω ⊂ Ω
and ω∂ ⊂ ∂Ω, with

Ld(ω) ≤ κΩHd−1(Jσu )
d/(d−1) and Hd−1(ω∂) ≤ κΩHd−1(Jσu ), (6.0.1)

and an affine map a(x) := Ax+ b, with A ∈ Rd×dskew and b ∈ Rd, such that(ˆ
Ω\ω

|u− a|d/(d−1) dx
)(d−1)/d

≤ KΩ

(
λu(Ω \ Ju) +

ˆ
Ju\Jσ

u

|[u]| dHd−1
)
, (6.0.2)

ˆ
∂Ω\ω∂

|u∂Ω − a| dHd−1 ≤ KΩ

(
λu(Ω \ Ju) +

ˆ
Ju\Jσ

u

|[u]| dHd−1
)
, (6.0.3)

where u∂Ω denotes the trace of u on ∂Ω (see [89, Theorem 5.3]).

We refer the reader to the introduction for a discussion on the statement of this inequal-
ity.

The chapter is divided into two sections. In Section 6.1, we present some auxiliary results
needed in the proof of Theorem 6.0.1, i.e., a change of variables lemma, an extension result
for functions in GBD, and an improvement of Proposition 5.1.8. We then show in Section 6.2
how, using the results of Section 6.1, the arguments of [68] adapt to this generalised setting.

The results of this chapter are based on the joint work with Dal Maso [93].

6.1 Some auxiliary results on functions in GBD

In this section, we prove some results concerning generalised functions of bounded de-
formation. As in the previous chapter, in the following we write uξy in place of ûξy for the
function defined by (1.1.4). We refer the reader to Section 1.1 for the notation concerning
slicing and to 1.4 for properties of GBD functions.

We begin by proving that GBD is stable under a simultaneous linear change of coordi-
nates of the domain and of the range, a property we will exploit in the proof of Lemma 6.2.2.
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Lemma 6.1.1. Let u ∈ GBD(Ω) and let A ∈ Rd×d be invertible. Then the function v
defined for x ∈ ΩA := A−1(Ω) by v(x) := ATu(Ax) belongs to GBD(ΩA). Moreover, there
exist constants cA and c̃A, depending only on A, such that for every σ ≥ 0 and ξ ∈ Sd−1,
setting η := Aξ/|Aξ|, the following properties hold:

|Dvξy|((ΩA \ Jv)ξy) ≤ cA|DuηAy|((Ω\Ju)
η
Ay) for Hd−1-a.e. y ∈ πξ(ΩA), (6.1.1)

λv(ΩA \ Jv) ≤ cAλu(Ω \ Ju), (6.1.2)
ˆ
Jv\Jσ

v

|[v]|dHd−1 ≤ cA

ˆ
Ju\J σ̃

u

|[u]| dHd−1, (6.1.3)

where σ̃ := σc̃A.

Proof. Let us fix ξ ∈ Sd−1 and let η ∈ Sd−1 be as in the statement. For every y ∈ πξ(ΩA)

and t ∈ (ΩA)
ξ
y we have

vξy(t) = ATu(A(y + tξ)) · ξ = u(Ay + |Aξ|tη) · η|Aξ| = |Aξ|uηAy(|Aξ|t). (6.1.4)

We then observe that for every Borel set B ⊂ ΩA and y ∈ πξ(ΩA) we have

t ∈ Bξ
y ⇔ y + tξ ∈ B ⇔ Ay + tAξ ∈ A(B) ⇔ Ay + |Aξ|tη ∈ A(B) ⇔ |Aξ|t ∈ (A(B))ηAy,

which implies
|Aξ|Bξ

y = (A(B))ηAy. (6.1.5)

Equalities (6.1.4) and (6.1.5) imply the following useful property: given y ∈ πξ(ΩA),
vξy ∈ BVloc((ΩA)

ξ
y) if and only if uηAy ∈ BVloc(Ω

η
Ay). Moreover, for Hd−1-a.e. y ∈ πξ(ΩA)

and for every Borel set B ⊂ ΩA we have

Dvξy(B
ξ
y) = |Aξ|DuηAy

(
(A(B))ηAy

)
, (6.1.6)

A(Jv) = Ju and |Aξ|(Jv)ξy = (Ju)
η
Ay, (6.1.7)

|[v](x)| = |AT [u](Ax)|, (6.1.8)

|[v](y + tξ)| = |AT [u](Ay + |Aξ|tη)| for all t ∈ (Jv)
ξ
y. (6.1.9)

By the definition of v and the first equality in (6.1.7), for every σ > 0 we have

Jσu ⊂ A(J σ̂v ) and A(Jσv ) ⊂ J qσ
u , (6.1.10)

where σ̂ = ĉAσ, qσ = qcAσ, with ĉA := minν∈Sd−1 |AT ν| and qcA := 1/(maxν∈Sd−1 |AT ν|). In
light of (6.1.5), the inclusions in (6.1.10) imply that

(Jσu )
η
Ay ⊂ |Aξ|(J σ̂v )ξy and |Aξ|(Jσv )ξy ⊂ (J qσ

u )
η
Ay (6.1.11)

for Hd−1-a.e. y ∈ πξ(ΩA).
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In view of [89, Remark 4.6] and (1.4.19), we have

|Dvξy|(Bξ
y \ J1

vξy
) +H0(Bξ

y ∩ J1
vξy
)

= |Dvξy|(Bξ
y \ Jvξy) +

ˆ
Bξ

y∩J
v
ξ
y

|[vξy](t)| ∧ 1 dH0(t)

= |Dvξy|
(
(B \ Jv)ξy

)
+

ˆ
(B∩Jv)ξy

|[vξy](t)| ∧ 1 dH0(t)

≤ |Dvξy|
(
(B \ Jv)ξy

)
+

ˆ
(B∩(Jv\J1

v ))
ξ
y

|[vξy](t)| dH0(t) +H0
(
(B ∩ J1

v )
ξ
y

)
= |Dvξy|

(
(B \ J1

v )
ξ
y

)
+H0

(
(B ∩ J1

v )
ξ
y

)
.

Recalling (6.1.5)–(6.1.7), and (6.1.9), we may use (6.1.11), with σ = 1, to obtain

|Dvξy|(Bξ
y \ J1

vξy
) +H0(Bξ

y ∩ J1
vξy
)

≤ |Aξ||DuηAy|
(
(A(B) \ J1/ĉA

u )ηAy
)
+H0

(
(A(B) ∩ JqcA

u )ηAy
)
. (6.1.12)

In particular, in view of (6.1.7), evaluating this last inequality at B = ΩA \ Jv, we obtain
(6.1.1).

To prove (6.1.2) and (6.1.3), we first make some preliminary observations. For every
y ∈ Πξ let ζ(y) := πη(Ay) ∈ Πη and let τ(y) ∈ R be such that Ay = ζ(y) + τ(y)η. We first
remark that ζ : Πξ → Πη and τ : Πξ → R are linear. Let us prove that

y 7→ ζ(y) is invertible, (6.1.13)

ζ(πξ(ΩA)) = πη(Ω). (6.1.14)

By linearity, to prove (6.1.13) it is enough to show that ζ(y) = 0 implies y = 0. To see
this, let us fix y ∈ Πξ such that ζ(y) = 0. By definition Ay − τ(y)η = ζ(y) = 0, so that
Ay = τ(y)η = τ(y)|Aξ|−1Aξ. Since A is invertible, this implies y = τ(y)|Aξ|−1ξ and, as y
is orthogonal to ξ, the previous equality shows that y = 0. This proves (6.1.13).

To prove (6.1.14), let y ∈ πξ(ΩA) and let x ∈ Ω be such that y = πξ(A−1x), so that
A−1x = y + sξ for some s ∈ R. As A is invertible, this implies that x = Ay + sAξ =
Ay + s|Aξ|η, which, in turn, yields πη(x) = πη(Ay) = ζ(y). This implies that ζ(y) ∈ πη(Ω)
and shows that ζ(πξ(ΩA)) ⊂ πη(Ω). The same argument, in reverse order, proves the other
inclusion and concludes the proof of (6.1.14).

It follows from the definition of ζ that for every y ∈ πξ(ΩA) we have

uηAy(s) = uηζ(y)(s+ τ(y)) for every s ∈ ΩηAy

and
(A(B))ηAy = (A(B))ηζ(y) − τ(y) for every Borel set B ⊂ ΩA.

Thus, for Hd−1-a.e. y ∈ πξ(ΩA) we may rewrite (6.1.12) as

|Dvξy|(Bξ
y \ J1

vξy
) +H0(Bξ

y ∩ J1
vξy
)

≤ |Aξ||Duηζ(y)|
(
(A(B) \ J1/ĉA

u )ηζ(y)
)
+H0

(
(A(B) ∩ JqcA

u )ηζ(y)
)
.
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Recalling (1.4.14), we may integrate the previous inequality over y ∈ πξ(ΩA) and use [89,
Remark 4.9] to obtain

λξv(B) =

ˆ
πξ(ΩA)

(
|Dvξy|(Bξ

y \ J1
vξy
) +H0(Bξ

y ∩ J1
vξy
)
)
dHd−1(y)

≤ c

ˆ
πη(Ω)

(
|Aξ||Duηz |

(
(A(B) \ J1/ĉA

u )ηz
)
+H0

(
(A(B) ∩ JqcA

u )ηz
))

dHd−1(z) (6.1.15)

for some constant c, depending only on A, where we have used that y 7→ ζ(y) is linear and
invertible from πξ(ΩA) to πη(Ω) thanks to (6.1.13) and (6.1.14). In light of Remark 1.4.8
and Lemma 5.B.1, inequality (6.1.15) also gives

λξv(B) ≤ cAλu(Ω ∩A(B)) for every Borel set B ⊂ ΩA

for a suitable constant cA, so that v ∈ GBD(ΩA). From the arbitrariness of ξ, recalling
(1.4.15) and (6.1.7), this implies (6.1.2).

To prove (6.1.3), it suffices to note that by (6.1.8), (6.1.10), and the Area Formula
(see [164, 12.4]) it holds

ˆ
Jv\Jσ

v

|[v]| dHd−1 ≤ cA

ˆ
Ju\J σ̃

u

|[u]| dHd−1

for a possibly larger constant cA and with c̃A := 1/ĉA (recall that σ̃ = σc̃A).

The following lemma shows that, under certain assumptions on Ω, the extension by zero
of a GBD function is still GBD.

Lemma 6.1.2. Let Ω, Ω′ ⊂ Rd be bounded open sets, with Hd−1(∂Ω) < +∞ and Ω ⊂ Ω′,
and let u ∈ GBD(Ω). Consider the function v : Ω′ → Rd defined by

v :=

{
u on Ω,

0 on Ω′ \ Ω.

Then v ∈ GBD(Ω′) and

Jv ⊂ Ju ∪ ∂Ω, (6.1.16)
λv(Ω

′ \ Jv) ≤ λu(Ω \ Ju), (6.1.17)

|Dvξy|((Ω′ \ Jv)ξy) = |Duξy|((Ω \ Ju)ξy), (6.1.18)

for all ξ ∈ Sd−1 and for Hd−1-a.e. y ∈ πξ(Ω).

Proof. The fact that v ∈ GBD(Ω′) and (6.1.16) follow from [168, Proposition 2.20], while
(6.1.17) follows from [168, formula (2.18)] with B = Ω′ \ (Ju ∪ ∂Ω).

To prove (6.1.18), we begin by noting that for Hd−1-a.e. y ∈ πξ(Ω) we have H0((∂Ω)ξy) <

+∞ (see Lemma 5.B.1) and uξy ∈ BVloc(Ω
ξ
y). In particular, for every such y ∈ πξ(Ω) the slice

Ωξy is a finite union of disjoint open intervals so that by Remark 1.4.4 we have uξy ∈ BV(Ωξy).
We then observe that by (1.4.19) it holds

|Dvξy|((Ω′ \ Jv)ξy) = |Dvξy|((Ω′)ξy \ Jvξy) and |Duξy|((Ω \ Ju)ξy) = |Duξy|(Ωξy \ Juξy)
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for Hd−1-a.e. y ∈ πξ(Ω). Moreover, as v = 0 in Ω′ \ Ω, we have

|Dvξy|((Ω′)ξy \ Jvξy) = |Dvξy|((Ω)ξy \ Jvξy) = |Dvξy|((∂Ω)ξy \ Jvξy) + |Duξy|(Ωξy \ Juξy)

for Hd−1-a.e. y ∈ πξ(Ω). Since H0((∂Ω)ξy) < +∞ for Hd−1-a.e. y ∈ πξ(Ω), we have that
|Dvξy|((∂Ω)ξy \ Jvξy) = 0 for Hd−1-a.e. y ∈ πξ(Ω), as the atomic part of |Dvξy| is concentrated
on J

vξy
. Combining all these equalities, we obtain (6.1.18), concluding the proof.

Throughout the rest of the chapter, given two Hd−1-measurable sets B1, B2, we write
B1 ≃ B2 when Hd−1(B1△B2) = 0, where △ denotes the symmetric difference.

We conclude the section with an improved version of Proposition 5.1.8 showing that
for every function u ∈ GBD(Ω) and every σ > 0 it is always possible to find a function
w ∈ GBD(Ω), with Jw ≃ Jσu , that satisfies also some estimates which will allow us to obtain
the Korn-Poincaré-Sobolev inequality for u from the analogous property for w (see the proof
of Lemma 6.2.3). We observe that the right-hand sides of the inequalities in (6.1.21) are
finite by Proposition 1.4.14.

Proposition 6.1.3. Let u ∈ GBD(Ω), let ε ∈ (0, 1), and let σ > 0. Then there exists
v ∈ SBV(Ω;Rd) such that

Jv ≃ Ju \ Jσu , (6.1.19)

[v] = [u] and νv = νu Hd−1-a.e. on Ju \ Jσu , (6.1.20)ˆ
Ω
|v| dx ≤ ε

ˆ
Ju\Jσ

u

|[u]| dHd−1 and
ˆ
Ω
|∇v| dx ≤ (1 + ε)

ˆ
Ju\Jσ

u

|[u]| dHd−1. (6.1.21)

In particular, setting w := u− v, we have w ∈ GBD(Ω), u = w + v,

Jw ≃ Jσw ≃ Jσu , (6.1.22)

[w] = [u] Hd−1-a.e. on Jσu , (6.1.23)

λw(Ω \ Jw) ≤ λu(Ω \ Ju) + 4

ˆ
Ju\Jσ

u

|[u]| dHd−1. (6.1.24)

If, in addition, Ω has Lipschitz boundary, then(ˆ
Ω
|v|d/(d−1) dx

)(d−1)/d
≤ 4CBV(Ω)

ˆ
Ju\Jσ

u

|[u]| dHd−1, (6.1.25)
ˆ
∂Ω

|v∂Ω| dHd−1 ≤ 4CTr(Ω)

ˆ
Ju\Jσ

u

|[u]| dHd−1, (6.1.26)

where v∂Ω denotes the trace of v on ∂Ω, the constant CBV(Ω) > 0 is the norm of the
embedding BV(Ω;Rd) → Ld/(d−1)(Ω;Rd), while the constant CTr(Ω) is the norm of the trace
operator from BV(Ω;Rd) to L1

Hd−1(∂Ω;Rd).

Proof. The existence of a v such that (6.1.19)–(6.1.21) hold can be obtained by arguing
exactly as in [98, Theorem 3.1] (see also Proposition 5.1.8 for the adaptation to GBD).
Inequality (6.1.24) follows from the fact that λw ≤ λu + λv, (6.1.19), (6.1.22), (6.1.23), and
the inequalities

λu(Ju \ Jw) ≤
ˆ
Ju\Jσ

u

|[u]| dHd−1 and λv(Ω \ Jw) ≤ 3

ˆ
Ju\Jσ

u

|[u]| dHd−1.

Finally, (6.1.25) and (6.1.26) are obtained by combining (6.1.19)–(6.1.21) and the clas-
sical embedding and trace theorems for BV(Ω;Rd).
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6.2 Proof of the Korn-Poincaré-Sobolev inequality

In this section, we prove Theorem 6.0.1. To this end, we recall the following result, due
to Chambolle & Crismale [73, Theorem 2.3], which is obtained by adapting the arguments
of [68, Proposition 2.1]. Given ρ > 0, we let Qρ := (−ρ

2 ,
ρ
2)
d.

Theorem 6.2.1. There exist positive constants c and C, depending only on d, such that
for all ρ > 0, σ ≥ 0, and u ∈ GBD(Qρ) there exist a Borel set ω ⊂ Qρ, with Ld(ω) ≤
cρHd−1(Jσu ), and an affine map a(x) := Ax+ b, with A ∈ Rd×dskew and b ∈ Rd, such that

ˆ
Qρ\ω

|u− a| dx ≤ Cρ
(
λu(Qρ \ Ju) +

ˆ
Ju\Jσ

u

|[u]| dHd−1
)
.

We now prove a technical result. Its proof is obtained by using a standard tool in
the proof of the classical Sobolev-Gagliardo-Nirenberg inequality (see, for instance, [52,
Lemma 9.4]) and properties of generalised functions of bounded deformation. It will be
used in the proof of Lemma 6.2.3 below.

Lemma 6.2.2. Let d ≥ 2, let Ω ⊂ Rd be a bounded open set with Hd−1(∂Ω) < +∞, and let
Ξ := {ξ1, . . . , ξd} ⊂ Sd−1 be a collection of linearly independent vectors. Then there exists a
constant MΞ > 0, depending only on Ξ, such that for every u ∈ GBD(Ω) and v ∈ L1(Ω) we
have

ˆ
Ω

d∏
i=1

( ˆ
Ω

ξi
x

|v(x+ tξi)| dt+ |Duξix |((Ω \ Ju)ξix )
)1/(d−1)

dx

≤MΞ

(
∥v∥L1 + λu(Ω \ Ju)

)d/(d−1)
. (6.2.1)

Proof. By a linear change of coordinates (see (6.1.1) and (6.1.2) of Lemma 6.1.1) we may
assume that Ξ = {ei}di=1, the canonical basis of Rd. Thanks to Lemma 6.1.2, it is not
restrictive to assume that Ω is a cube with edges parallel to the axes, and, by a rescaling
argument, we may assume that Ω = Q := Q2 = (−1, 1)d.

Let us fix u ∈ GBD(Q) and v ∈ L1(Q). We make some preliminary observations. By
Remark 1.4.4 for Hd−1-a.e. y ∈ πei(Q) and for all t ∈ (−1, 1) we have ueiy+tei ∈ BV(Qeiy+tei)
and

|Dueiy+tei |((Q \ Ju)eiy+tei) = |Dueiy+tei+sei |((Q \ Ju)eiy+tei+sei) for all s ∈ Qeiy+tei . (6.2.2)

Moreover, by Fubini’s Theorem for Hd−1-a.e. y ∈ πei(Q) and for all t ∈ (−1, 1) we have
ˆ
Q

ei
y+tei

|v(y+(t+τ)ei)| dτ =

ˆ
Q

ei
y+(t+s)ei

|v(y+(s+t+τ)ei)| dτ for all s ∈ Qeiy+tei . (6.2.3)

For every i ∈ {1, . . . , d} let us define for Ld-a.e. x ∈ Q the function

fi(x) :=
(ˆ

Q
ei
x

|v(x+ τei)| dτ + |Dueix |((Q \ Ju)eix )
)1/(d−1)

.

Thanks to (6.2.2) and (6.2.3), we have that for all i ∈ {1, . . . , d} the function fi is indepen-
dent of the xi-component. Moreover, inequality (1.4.5) in the definition of GBD and Fubini’s
Theorem imply that fi, seen as a function of (d−1)-variables, belongs to Ld−1(Qd−1), where
Qd−1 := (−1, 1)d−1.
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Let f(x) := f1(x) . . . fd(x). By [52, Lemma 9.4] we have f ∈ L1(Q) and

∥f∥L1(Q) ≤
d∏
i=1

∥fi∥Ld−1(Qd−1)
.

By definition,

∥f∥L1(Q) =

ˆ
Q

d∏
i=1

(ˆ
Q

ei
x

|v(x+ tei)| dt+ |Dueix |((Q \ Ju)eix )
)1/(d−1)

dx,

and

∥fi∥d−1
Ld−1(Qd−1)

=

ˆ
πei (Q)

(ˆ
Q

ei
y

|v(y + τei)| dτ
)
dHd−1(y)

+

ˆ
πei (Q)

|Dueiy |((Q \ Ju)eiy ) dHd−1(y) ≤ ∥v∥L1(Q) + λu(Q \ Ju).

Combining the last three formulas we get (6.2.1).

Using the two results above and following the arguments of [68, Proposition 4.2], we
now prove Theorem 6.0.1 for Lipschitz domains Ω of a special form. The case of a general
Lipschitz domain will then follow from a covering argument.

Lemma 6.2.3. Let d ≥ 2, let ρ > 0, and let φ : (−ρ, ρ)d−1 → R be a Lipschitz function,
with Lipschitz constant L, and whose inf is equal to ρ. We set

Ω := {(x′, xd) ∈ (−ρ, ρ)d−1 × R : − ρ < xd < φ(x′)},

Ω̃ := {(x′, xd) ∈ (−ρ/2, ρ/2)d−1 × R : 0 < xd < φ(x′)},

Γ̃ := {(x′, φ(x′)) : x′ ∈ (−ρ/2, ρ/2)d−1}.

Then there exist constants cL and CL, depending only on d and on L, such that for every
u ∈ GBD(Ω) and σ ≥ 0 there exist Borel sets ω ⊂ Ω̃ and ω

Γ̃
⊂ Γ̃, with

Ld(ω) ≤ cLHd−1(Jσu )
d/(d−1) and Hd−1(ω

Γ̃
) ≤ cLHd−1(Jσu ), (6.2.4)

and an affine map a(x) := Ax+ b, with A ∈ Rd×dskew and b ∈ Rd, such that( ˆ
Ω̃\ω

|u− a|d/(d−1) dx
)(d−1)/d

≤ CL

(
λu(Ω \ Ju) +

ˆ
Ju\Jσ

u

|[u]| dHd−1
)
, (6.2.5)

ˆ
Γ̃\ω

Γ̃

|u
Γ̃
− a| dHd−1 ≤ CL

(
λu(Ω \ Ju) +

ˆ
Ju\Jσ

u

|[u]| dHd−1
)
, (6.2.6)

where u
Γ̃

is the trace of u on Γ̃.

Proof. By the scaling properties of GBD functions (see Remark 1.4.11) it is enough to
consider the case ρ = 1.

Let us fix u ∈ GBD(Ω) and σ ≥ 0. We claim that, when σ > 0, it is enough to
prove the result assuming also that Ju ≃ Jσu . Indeed, suppose that we have proved the
result for every w ∈ GBD(Ω) with Jw ≃ Jσw. Then we can employ Proposition 6.1.3 to
obtain a function v ∈ SBV(Ω;Rd) satisfying (6.1.19)–(6.1.21), (6.1.25), and (6.1.26), so
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that the function w := u − v ∈ GBD(Ω) satisfies (6.1.22)–(6.1.24). Hence, there exist
Borel sets ω ⊂ Ω̃ and ω

Γ̃
⊂ Γ̃, with Ld(ω) ≤ cLHd−1(Jw)

d/(d−1) = cLHd−1(Jσu )
d/(d−1) and

Hd−1(ω
Γ̃
) ≤ cLHd−1(Jw) = cLHd−1(Jσu ), and an affine map a(x) := Ax+b, with A ∈ Rd×dskew,

such that (ˆ
Ω̃\ω

|w − a|d/(d−1) dx
)(d−1)/d

≤ CLλw(Ω \ Jw),
ˆ
Γ̃\ω

Γ̃

|w
Γ̃
− a| dHd−1 ≤ CLλw(Ω \ Jw).

By (6.1.24), (6.1.25), and the triangle inequality, the first estimate implies(ˆ
Ω̃\ω

|u−a|d/(d−1) dx
)(d−1)/d

≤ 4(CBV(Ω)+CL)
(
λu(Ω\Ju)+

ˆ
Ju\Jσ

u

|[u]| dHd−1
)
. (6.2.7)

By the linearity of the trace, the triangle inequality, and (6.1.26), we obtain
ˆ
Γ̃\ω

Γ̃

|u
Γ̃
− a| dHd−1 ≤ 4(CTr(Ω) + CL)

(
λu(Ω \ Ju) +

ˆ
Ju\Jσ

u

|[u]|dHd−1
)
. (6.2.8)

Observe that the particular shape of the domain Ω implies that the constants CBV(Ω)
and CTr(Ω) depend only on d and L. Therefore, (6.2.5) and (6.2.6) follow from (6.2.7) and
(6.2.8), after updating the value of the constant CL.

Throughout the rest of the proof, we always write J in place of Jσu ≃ Ju. Recalling that
our choice ρ = 1 implies Q := Q2 ⊂ Ω, we apply Theorem 6.2.1 and obtain a Borel set
ω̂ ⊂ Q, with Ld(ω̂) ≤ 2cdHd−1(J), and an affine map a(x) := Ax + b, with A ∈ Rd×dskew and
b ∈ Rd, such that ˆ

Q\ω̂
|u− a| dx ≤ 2Cdλu(Ω \ J). (6.2.9)

In the rest of the proof we shall find two constants cL and CL, depending only on d and L,
and we shall construct two Borel sets ω ⊂ Ω̃ and ω

Γ̃
⊂ Γ̃ such that (6.2.4)–(6.2.6) hold with

this choice of the affine map a.
Without loss of generality, we may assume that

a = 0 in Rd. (6.2.10)

Indeed, if a ̸= 0, we may simply replace u by u− a, thanks to Remark 1.4.12.
Given a small constant r > 0, it is convenient to introduce the set

Sr :=
{
ξ ∈ Sd−1 : |ξ − ed| ≤ r

}
.

Elementary geometric considerations show that we can choose r small enough, depending
on L, so that, for every x in the closure of Ω̃ and ξ ∈ Sr, the line x + Rξ meets ∂Ω at
exactly two points, one lying on Γ := {(x′, xd) : x′ ∈ (−1, 1)d−1 and xd = φ(x′)} and one
on (−1, 1)d−1 × {−1}. Hence, Ωξx is an interval and

L1(Qξx) ≥ 2 for every x ∈ Ω̃ and ξ ∈ Sr. (6.2.11)

Moreover, we may assume that for Hd−1-a.e. x ∈ Γ and every ξ ∈ Sr we have

νΓ(x) · ξ ≥
1

2
√
1 + L2

, (6.2.12)
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where νΓ(x) is the outward unit normal to Γ at x.
Thanks to Remark 1.4.4 and Theorem 1.4.13, for every ξ ∈ Sr there exists a Borel

set N(ξ) ⊂ Πξ, with Hd−1(N(ξ)) = 0, such that for every y ∈ πξ(Ω) \ N(ξ) we have
uξy ∈ BV(Ωξy) and J

uξy
⊂ Jξy . From the Lebesgue Differentiation Theorem in 1-dimension we

deduce that
lim
ε→0+

1

2ε

ˆ ε

−ε
u(y + (t+ τ)ξ) · ξ dτ = u(y + tξ) · ξ

for every y ∈ πξ(Ω) \N(ξ) and for L1-a.e. t ∈ Ωξy. Setting x = y + tξ, by Fubini’s Theorem
this implies that

lim
ε→0+

1

2ε

ˆ ε

−ε
u(x+ τξ) · ξ dτ = u(x) · ξ (6.2.13)

for Ld-a.e. x ∈ Ω.
By the Fundamental Theorem of Calculus for 1-dimensional BV-functions, for every

y ∈ πξ(Ω) \N(ξ) we have

lim
ε→0+

1

2ε

ˆ ε

−ε
u(y + (t2 + τ)ξ) · ξ dτ − lim

ε→0+

1

2ε

ˆ ε

−ε
u(y + (t1 + τ)ξ) · ξ dτ = Duξy((t1, t2))

for every t1, t2 ∈ Ωξy \ Juξy with t1 < t2.

Moreover, if Jξy = Ø, the inclusion J
uξy

⊂ Jξy and the previous equality imply that

lim
ε→0+

1

2ε

ˆ ε

−ε
u(y + (t2 + τ)ξ) · ξ dτ − lim

ε→0+

1

2ε

ˆ ε

−ε
u(y + (t1 + τ)ξ) · ξ dτ = Duξy((t1, t2) \ Jξy )

for every t1, t2 ∈ Ωξy with t1 < t2, which gives∣∣∣ lim
ε→0+

1

2ε

ˆ ε

−ε
u(y+(t1+ τ)ξ) · ξ dτ

∣∣∣ ≤ ∣∣∣ lim
ε→0+

1

2ε

ˆ ε

−ε
u(y+(t2+ τ)ξ) · ξ dτ

∣∣∣+ |Duξy|((Ω \J)ξy)

for every t1, t2 ∈ Ωξy. Setting x = y+ t1ξ and s = t2 − t1, by the previous displayed formula
for every x ∈ Ω̃ with πξ(x) /∈ N(ξ) and Jξx = Ø we have∣∣∣ lim

ε→0+

1

2ε

ˆ ε

−ε
u(x+ τξ) · ξ dτ

∣∣∣ ≤ ∣∣∣ lim
ε→0+

1

2ε

ˆ +ε

−ε
u(x+ (s+ τ)ξ) · ξ dτ

∣∣∣+ |Duξx|((Ω \ J)ξx)

for every s ∈ Ωξx. Thanks to (6.2.13), this implies that

|u(x) · ξ| ≤ |u(x+ sξ) · ξ|+ |Duξx|((Ω \ J)ξx) for L1-a.e. s ∈ Ωξx (6.2.14)

for Ld-a.e. x ∈ Ω̃ with πξ(x) /∈ N(ξ) and Jξx = Ø.
For every ξ ∈ Sr we set

ω̃(ξ) := {x ∈ Ω̃ : either πξ(x) ∈ N(ξ) or πξ(x) /∈ N(ξ) and Jξx ̸= Ø}.

In particular, this implies πξ(ω̃(ξ)) ⊂ πξ(J) ∪N(ξ), hence

Hd−1
(
πξ(ω̃(ξ))

)
≤ Hd−1(πξ(J)) ≤ Hd−1(J). (6.2.15)

Given ξ ∈ Sr, we define the set

ω(ξ) := ω̃(ξ) ∪ {x ∈ Ω̃ : L1(ω̂ξx) ≥ 1} ⊂ Ω̃, (6.2.16)
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where ω̂ is the Borel set appearing in (6.2.9), which satisfies Ld(ω̂) ≤ 2cdHd−1(J). Observing
that πξ({x ∈ Ω̃ : L1(ω̂ξx) ≥ 1}) = {y ∈ πξ(Ω̃) : L1(ω̂ξy) ≥ 1}, by Fubini’s Theorem (in the
orthogonal decomposition relative to ξ and Πξ) we obtain

Hd−1(πξ({x ∈ Ω̃ : L1(ω̂ξx) ≥ 1})) ≤ 2cdHd−1(J),

which together with (6.2.15) gives

Hd−1
(
πξ(ω(ξ))

)
≤ (2cd + 1)Hd−1(J). (6.2.17)

Since ω̃(ξ) ⊂ ω(ξ), by definition of ω̃(ξ) and the comment after (6.2.14) for Ld-a.e.
x ∈ Ω̃\ω(ξ) we have that πξ(x) /∈ N(ξ) and (6.2.14) holds. Recalling (6.2.11), by definition
of ω(ξ) we have that L1((Q \ ω̂)ξx) ≥ 1 for every x ∈ Ω̃ \ ω(ξ). We can then integrate
inequality (6.2.14) over s ∈ (Q \ ω̂)ξx and divide by L1((Q \ ω̂)ξx) to get

|u(x) · ξ| ≤ 1

L1((Q \ ω̂)ξx)

ˆ
(Q\ω̂)ξx

|u(x+ sξ)| ds+ |Duξx|((Ω \ J)ξx)

≤
ˆ
(Q\ω̂)ξx

|u(x+ sξ)| ds+ |Duξx|((Ω \ J)ξx) (6.2.18)

for Ld-a.e. x ∈ Ω̃ \ ω(ξ).
We choose a collection S ⊂ Sr ⊂ Sd−1 of d2+ d− 1 vectors, with the following property:

every Ξ ⊂ S consisting of d vectors is a basis of Rd. Given any such Ξ ⊂ S, being the
vectors in Ξ linearly independent, there exists a positive constant CΞ, depending only on Ξ,
such that

|η| ≤ CΞ

∑
ξ∈Ξ

|η · ξ| for every η ∈ Rd,

so that from (6.2.18) it follows that

|u(x)| ≤ CΞ

∑
ξ∈Ξ

(ˆ
(Q\ω̂)ξx

|u(x+ sξ)| ds+ |Duξx|((Ω \ J)ξx)
)

(6.2.19)

for Ld-a.e. x ∈ Ω̃ \
⋃
ξ∈Ξ ω(ξ).

We now fix Z ⊂ S consisting of d2 vectors and set ωZ :=
⋃
ξ∈Z ω(ξ). We consider

Ξ1, . . . ,Ξd ⊂ Z disjoint collections of d vectors in Z (whose union obviously coincides with
Z) and multiply the associated inequalities (6.2.19) to get

|u(x)|d ≤
d∏
i=1

(
CΞi

∑
ξ∈Ξi

(ˆ
(Q\ω̂)ξx

|u(x+ sξ)| ds+ |Duξx|((Ω \ J)ξx)
))

for Ld-a.e. x ∈ Ω̃\ωZ . Using the distributive property, we obtain that there exists a positive
constant CZ , depending only on Z, such that

|u(x)|d ≤ CZ
∑
Ξ⊂Z
#Ξ=d

∏
ξ∈Ξ

(ˆ
(Q\ω̂)ξx

|u(x+ sξ)| ds+ |Duξx|((Ω \ J)ξx)
)
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for Ld-a.e. x ∈ Ω̃ \ ωZ . By the subadditivity of the function s 7→ s1/(d−1), we get

|u(x)|d/(d−1) ≤ C
1/(d−1)
Z

∑
Ξ⊂Z
#Ξ=d

∏
ξ∈Ξ

(ˆ
(Q\ω̂)ξx

|u(x+ sξ)| ds+ |Duξx|((Ω \ J)ξx)
)1/(d−1)

for Ld-a.e. x ∈ Ω̃ \ ωZ . Therefore, integrating over x ∈ Ω̃ \ ωZ and applying Lemma 6.2.2,
with v = |u|χQ\ω̂, we obtain

ˆ
Ω̃\ωZ

|u(x)|d/(d−1) dx ≤ Kd,Z

( ˆ
Q\ω̂

|u(x)| dx+ λu(Ω \ Ju)
)d/(d−1)

,

where
Kd,Z := C

1/(d−1)
Z

∑
Ξ⊂Z
#Ξ=d

MΞ,

and MΞ are the constants of Lemma 6.2.2. Recalling that we have assumed a = 0 (see
(6.2.10)), by (6.2.9) this implies(ˆ

Ω̃\ωZ

|u(x)|d/(d−1) dx
)(d−1)/d

≤ K
(d−1)/d
d,Z (2Cd + 1)λu(Ω \ Ju). (6.2.20)

We now introduce the exceptional set ω ⊂ Ω̃ by setting

ω :=
⋂
Z⊂S

#Z=d2

ωZ , which implies Ω̃ \ ω =
⋃
Z⊂S

#Z=d2

(Ω̃ \ ωZ).

As there is only a finite number of such Z, from (6.2.20) we deduce that there exists a
constant C̃d,S , depending only on d and on S, such that(ˆ

Ω̃\ω
|u(x)|d/(d−1) dx

)(d−1)/d
≤ C̃d,Sλu(Ω \ Ju). (6.2.21)

Since the choice of S depends only on Sr and, in turn, r depends only on the Lipschitz
constant L (see the arguments leading to (6.2.11)), we have that C̃d,S depends only on
d and L. Recalling that we are assuming Hd−1(Ju \ Jσu ) = 0 (see the discussion at the
beginning of the proof) and a = 0 (see (6.2.10)), we obtain that (6.2.21) implies (6.2.5) with
CL = C̃d,S .

To prove that Ld(ω) ≤ cLHd−1(Ju)
d/(d−1) for a suitable constant cL, it is enough to

repeat the arguments of [68, Proposition 4.2, pp. 1394–1395], exploiting (6.2.17). This
concludes the proof of the first inequality in (6.2.4). The specific choice of the collection
S ⊂ Sr is used only in this part of the proof.

We now deal with the trace u
Γ̃

of u on Γ̃. To this end, for every ξ ∈ Sr we set

ω
Γ̃
(ξ) := {x ∈ Γ̃ : L1(ω(ξ)ξx) > 0},

where ω(ξ) is the set introduced in (6.2.16). By (6.2.12) and the Area Formula [164, 12.4]
we have

Hd−1(ω
Γ̃
(ξ)) ≤ 2

√
1 + L2

ˆ
ω
Γ̃
(ξ)
ξ · νΓ(x) dHd−1(x)

= 2
√
1 + L2

ˆ
πξ(ω

Γ̃
(ξ))

H0(ω
Γ̃
(ξ)ξy) dHd−1(y).
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Observing that the arguments that lead to (6.2.11) imply that H0(ω
Γ̃
(ξ)ξy) = 1 for all

y ∈ πξ(ω
Γ̃
(ξ)), from the inclusion πξ(ω

Γ̃
(ξ)) ⊂ πξ(ω(ξ)) we infer

ˆ
πξ(ω

Γ̃
(ξ))
H0(ω

Γ̃
(ξ)ξy) dHd−1(y) = Hd−1

(
πξ(ω

Γ̃
(ξ))

)
≤ Hd−1(πξ

(
ω(ξ))

)
≤ (2cd + 1)Hd−1(J),

where in the last inequality we have used (6.2.17).
Combining the previous inequalities, we obtain

Hd−1(ω
Γ̃
(ξ)) ≤ 2

√
1 + L2 (2cd + 1)Hd−1(J) (6.2.22)

for all ξ ∈ Sr.
We now let {ξ1, . . . , ξd} be a collection of linearly independent vectors belonging to Sr

and set
ω
Γ̃
:= ω

Γ̃
(ξ1) ∪ · · · ∪ ω

Γ̃
(ξd). (6.2.23)

By (6.2.22) we have

Hd−1(ω
Γ̃
) ≤ 2d

√
1 + L2 (2cd + 1)Hd−1(J),

which proves the second inequality in (6.2.4).
To prove (6.2.6) we observe that, if r > 0 is small enough, for all i ∈ {1, . . . , d} there

exists a Lipschitz function φi : πξi(Γ̃) → R such that y + tξi ∈ Γ̃ if and only if t = φi(y).
Moreover, by the definition (6.2.23) of ω

Γ̃
, for all y ∈ πξi(Γ̃\ω

Γ̃
) we have L1(ω(ξi)

ξi
y ) = 0.

This implies that for any such y we have y + tξi ∈ Ω̃ \ ω(ξi) for L1-a.e. t ∈ Ω̃ξiy . Hence, for
Hd−1-a.e. y ∈ πξi(Γ̃ \ ω

Γ̃
) and L1-a.e. t ∈ Ω̃ξiy it follows from (6.2.18) that

|u(y + tξi) · ξi| ≤
ˆ
(Q\ω̂)ξiy+tξi

|u(y + tξi + sξi)| ds+ |Duξiy+tξi |((Ω \ J)ξiy+tξi)

=

ˆ
(Q\ω̂)ξiy

|u(y + sξi)| ds+ |Duξiy |((Ω \ J)ξiy ).

Using [89, Theorem 5.5], we may let t→ φi(y)
− and obtain

|u
Γ̃
(y + φi(y)ξi) · ξi| ≤

ˆ
(Q\ω̂)ξiy

|u(y + sξi)| ds+ |Duξiy |((Ω \ J)ξiy ) (6.2.24)

for Hd−1-a.e. y ∈ πξi(Γ̃ \ ω
Γ̃
). By (1.4.5), Proposition 1.4.10, (6.2.9), and (6.2.10) we have

ˆ
πξi (Γ̃\ω

Γ̃
)

(ˆ
(Q\ω̂)ξiy

|u(y + sξi)| ds+ |Duξiy |((Ω \ J)ξiy )
)
dHd−1(y)

≤
ˆ
Q\ω̂

|u| dx+ λu(Ω \ J) ≤ (2Cd + 1)λu(Ω \ J).

Therefore, integrating (6.2.24) over y ∈ πξi(Γ̃ \ ω
Γ̃
), we obtain

ˆ
πξi (Γ̃\ω

Γ̃
)
|u

Γ̃
(y + φi(y)ξi) · ξi| dHd−1(y) ≤ (2Cd + 1)λu(Ω \ J).
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By the Area Formula, for all i ∈ {1, . . . , d} there exists a constant Ci > 0 such that
ˆ
Γ̃\ω

Γ̃

|u
Γ̃
(x) · ξi| dHd−1(x) ≤ Ci

ˆ
πξi (Γ̃\ω

Γ̃
)
|u

Γ̃
(y + φi(y)ξi) · ξi| dHd−1(y).

Hence, ˆ
Γ̃\ω

Γ̃

|u
Γ̃
(x) · ξi| dHd−1(x) ≤ Ci(2Cd + 1)λu(Ω \ J).

Since {ξ1, . . . , ξd} are linearly independent, summing over i ∈ {1, . . . , d} we get
ˆ
Γ̃\ω

Γ̃

|u
Γ̃
(x)| dHd−1(x) ≤ CLλu(Ω \ J)

for a constant CL depending only on d and on L. Recalling that we are assuming Hd−1(Ju \
Jσu ) = 0 (see the discussion at the beginning of the proof) and a = 0 by (6.2.10), this proves
(6.2.6) and concludes the proof of the lemma.

We conclude the chapter by proving Theorem 6.0.1.

Proof of Theorem 6.0.1. It is enough to repeat the arguments of [68, Theorem 1.1], replacing
Proposition 4.2 of that paper by our Lemma 6.2.3.





Part II
Singular perturbation models for phase

transitions





CHAPTER 7

Higher-order singular perturbation models
for phase transitions

This chapter concerns higher-order variants of the classical Modica-Mortola approxima-
tion of the perimeter functional. The main difference with respect to the standard first-
order theory (and with the second-order theory developed by Fonseca & Mantegazza [123])
is the presence of singular perturbations depending on derivatives of arbitrary order k,
which makes the analysis of transitions between the two wells more delicate. Despite this
additional difficulty, the limit picture remains a sharp-interface model; sequences with equi-
bounded energy converge to functions taking only two values, and the cost of each transition
is described by an optimal-profile problem.

More precisely, we investigate compactness properties and Γ-convergence as ε → 0+ of
the sequence of functionals {Fε}ε : Hk(a, b) → [0,+∞) defined by

Fε(u) :=

ˆ
(a,b)

(1
ε
W (u) + ε2k−1(u(k))2

)
dt, (7.0.1)

where W : R → [0,+∞) is a double-well potential, with wells at {−1, 1}, and k ∈ N is an
arbitrarily large fixed natural number.

We here prove three main results:

(i) a compactness result for {Fε}ε (see Theorem 7.1.1): every sequence {uε}ε with equi-
bounded energy converges in measure, up to subsequences, to a piecewise constant
function;

(ii) a Γ-convergence result (see Theorem 7.1.1): the sequence {Fε}ε Γ-converges to a
sharp-interface energy, which for u ∈ BV((a, b); {−1,+1}) takes the form mk#Ju for
a positive constant mk > 0 determined by an optimal profile problem (see (7.1.2));

(iii) the Γ-convergence to a sharp interface model of a suitable d-dimensional generalisation
of (7.0.1), in which the singular perturbation involves the operator norm of the k-th
order symmetric tensor ∇(k) (see Theorem 7.1.2).

The proofs of (i) and (ii) require much more care with respect to the case k = 1, since,
in the higher-order case, some transitions may have infinitesimally small cost and therefore
do not contribute to the limit energy. To overcome this difficulty, drawing inspiration from
Fonseca & Mantegazza [123], we will perform a careful analysis of points of (a, b) where
sequences {uε}ε are close to the wells and their derivatives up to order k − 1 are small.
This analysis is based on the use of local interpolation inequalities for higher-order Sobolev
spaces and allows us to identify the transitions with fixed cost, namely those which, after
rescaling, become competitors for the minimisation problem defining mk (see (7.1.2)). Once
(i) and (ii) are established, (iii) will follow from a blow-up argument á la Fonseca & Müller,
together with slicing techniques, for the lower bound, and a standard construction for the
upper bound. In Chapter 8, we will generalise this last result by studying more general
energies in which the operator norm is replaced by an arbitrary norm on the space of k-th
order symmetric tensors.

255
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We briefly discuss the organisation of the chapter. In Section 7.1, we introduce the
hypotheses we assume on W and give the precise statements of the results mentioned in
(i)–(iii). Section 7.2 is devoted to the analysis of the points of (a, b) where sequences {uε}ε
are close to the wells, which represents the cornerstone of the analysis we perform. We
then study in Section 7.3 properties of the optimal profile problem mk. Most notably, we
prove that it is strictly positive, a property which is crucial for the arguments we employ.
Collecting the results obtained in these last two sections, we conclude in Section 7.4 the proof
of the 1-dimensional Γ-convergence and compactness result (i)–(ii). Finally, in Section 7.5
we prove the Γ-convergence in the d-dimensional case (iii).

The content of this chapter is based on the joint work with Brusca & Solci [54].

7.1 Setting and main results

We refer the reader to Sections 1.2 and 1.3 for the definitions and main properties of
Γ-convergence and of sets of finite perimeter.

Let W : R → [0,+∞) be a continuous function such that W (−1) =W (1) = 0 and

W (z) ≥ αW min{(z + 1)2, (z − 1)2, βW }

for some αW , βW > 0.
Let k ≥ 1 be an integer and let (a, b) be an open bounded interval. For any ε > 0 we

define on Hk(a, b) the functional Fε given by

Fε(u) =

ˆ
(a,b)

(1
ε
W (u) + ε2k−1(u(k))2

)
dt (7.1.1)

with u ∈ Hk(a, b).
We will prove the following compactness and Γ-convergence theorem. The result for

k = 1 and k = 2 has been shown in [154] and in [123], respectively. In the latter a
condition of linear growth from below for W is required; our proofs allow us to remove that
assumption also in the case k = 2. Note that the domain of the Γ-limit in this case is the
space BV((a, b); {−1, 1}) of functions with bounded variation u on the interval (a, b) with
u(t) ∈ {−1, 1} almost everywhere, which are just the piecewise-constant functions on (a, b)
with values equal to −1 or 1.

Theorem 7.1.1 (Coerciveness and Γ-convergence). Let Fε be defined by (7.1.1) on Hk(a, b).
Then, the family {Fε}ε is equicoercive with respect to the convergence in measure; that is,
for all εj → 0 and {uj}j with supj Fεj (uj) < +∞, there exists u ∈ BV((a, b); {−1, 1})
such that, up to subsequences, uj → u in measure. Moreover, the family {Fε}ε Γ-converges
with respect to the convergence in measure and in L1(a, b) to the functional F with domain
BV((a, b); {−1, 1}) given by

F (u) = mk#Ju,

where

mk = inf
{ˆ +∞

−∞

(
W (u) + (u(k))2

)
dt : u ∈ Hkloc(R), lim

t→±∞
u(t) = ±1

}
. (7.1.2)

More precisely, for all u ∈ BV((a, b); {−1, 1}) we have that
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(i) for all sequences uε → u in measure,

lim inf
ε→0+

Fε(uε) ≥ mk#Ju;

(ii) there exists a recovery sequence uε → u in L1(a, b) such that

lim sup
ε→0+

Fε(uε) = mk#Ju.

From the one-dimensional result, we will recover an analog in dimension d > 1 by
applying blow-up and localisation techniques. We consider Ω ⊂ Rd an open and bounded
set with Lipschitz boundary, and, for ε > 0, the functional defined for u ∈ Hk(Ω) as

Fε(u) :=

ˆ
Ω

(1
ε
W (u) + ε2k−1∥∇(k)u∥2

)
dx, (7.1.3)

where W : R → [0,+∞) is a function as above and ∥∇(k)u∥ denotes the operator norm of
the tensor ∇(k)u. In accordance with Theorem 7.1.1, the domain of the Γ-limit will be the
space BV(Ω; {−1, 1}) of functions u with bounded variation on the set Ω with u(x) ∈ {−1, 1}
almost everywhere. We recall that in this case the set of essential discontinuity points Ju is
a set with finite (d− 1)-dimensional Hausdorff measure, and that Hd−1(Ju) is equal to the
perimeter of the set {x : u(x) = 1} in Ω in the sense of the theory of sets of finite perimeter
(see Section 1.3).

Theorem 7.1.2 (Higher dimensional case). The family {Fε}ε defined by (7.1.3) on the
Sobolev space Hk(Ω) Γ-converges with respect to the L1(Ω)-convergence to the functional F
with domain BV(Ω; {−1, 1}) given by

F (u) = mkHd−1(Ju) = mkPer({u = 1},Ω),

where mk is as defined in (7.1.2) and Per(A,Ω) is the perimeter of A in Ω (see Section 1.3).

Remark 7.1.3. Note that, if we strengthen the growth assumptions on the double-well
potential W or alternatively we assume the equi-integrability of {uε}ε, we may deduce that
a sequence {uε}ε such that supε Fε(uε) < +∞ is strongly precompact in L1(Ω). This follows
by a result due to Alberti, Bouchitté, Seppecher [7, Theorem 6.6]. A related result will be
proved in Chapter 8 (see Theorem 8.4.1 and also [51, Theorem 2.3]).

To prove the results, it is useful to introduce the localised functionals

Fε(u, I) =

ˆ
I

(1
ε
W (u) + ε2k−1(u(k))2

)
dt

for any interval I ⊂ (a, b). Finally, to simplify the notation, in the following we only consider
(a, b) = (0, 1), the changes in the proofs for a general interval being obvious.

7.2 Analysis of oscillations close to 1 and –1

From now on, we shall assume that k ≥ 2. In the proofs of the compactness and of the
lower bound, we will make use of some optimal-profile problems in order to estimate the



258 7. Higher-order singular perturbation models

number of transitions between wells of sequence of functions with equibounded energy. In
particular, we will make use of the family of minimum problems given by

mk(η,N, T ) := inf
{ˆ T

−T

(
W (u) + (u(k))2

)
dt : u ∈ Hk(−T, T ),

|u(−T ) + 1| ≤ η, |u(T )− 1| ≤ η,

|u(ℓ)(±T )| ≤ 1
N for all ℓ ∈ {1, . . . , k − 1}

}
. (7.2.1)

To that end, in this section, we will study the properties of intervals of points where functions
uε with equibounded energy are close to either −1 or 1, and their derivatives up to order k−1
are small. We will show that every sufficiently large interval (with respect to ε) intersects
such sets. The technical tool used to prove this result is the simultaneous application of
interpolation inequalities for all derivatives in the intervals where uε is close to either −1
or 1. This is an adaptation and simplification of the technique devised in [167] to treat
an approximation of free-discontinuity problems by singular perturbation with higher-order
derivatives.

Let {uε}ε be a family of Hk(0, 1) functions with equibounded energy, and let

S = sup
ε>0

Fε(uε).

For any fixed η ∈ (0, 1) and ε > 0, we define the set

Aηε = {t ∈ (0, 1) : ||uε| − 1| < η}. (7.2.2)

Recalling that W (z) ≥ αW min{(z−1)2, (z+1)2, βW } for some αW , βW > 0, we will consider
η ∈ (0,

√
βW ), so that W (z) ≥ αW (z−1)2 if |z−1| ≤ η and W (z) ≥ αW (z+1)2 if |z+1| ≤ η.

We now fix an integer N ≥ 1, and prove an upper estimate for the length of an interval
I such that at all points of I ∩ Aηε there exists at least one ℓ ∈ {1, . . . , k − 1} such that
|u(ℓ)ε | ≥ 1

Nεℓ
.

Lemma 7.2.1. Let η ∈ (0,
√
βW ) and N ≥ 1 be fixed, and let {uε}ε be a sequence with the

property that supε Fε(uε) = S < +∞. Then, there exists a constant Rk(η,N, S) > 0 such
that, for all ε > 0 and for any interval I satisfying the hypotheses:

(i) I ⊂ Aηε ;

(ii) L1
({
t ∈ I : |u(ℓ)ε (t)| < 1

Nεℓ
for all ℓ ∈ {1, . . . , k − 1}

})
= 0;

it follows that
L1(I) ≤ Rk(η,N, S)ε.

Proof. The proof is based on a classical interpolation estimate. There exists a constant
rk > 0 such that for any interval I and for any v ∈ Hk(I) the following estimate holds

∥v(ℓ)∥L2(I) ≤ rk

(
∥v∥θL2(I)∥v

(k)∥1−θ
L2(I)

+ L1(I)−ℓ∥v∥L2(I)

)
(7.2.3)

for all ℓ ∈ {1, . . . , k − 1}, with θ = k−ℓ
k (see e. g. [143, Theorem 7.41]). Setting

a = ε−θ∥v∥2θL2(I) and b = ε(2k−1)(1−θ)∥v(k)∥2(1−θ)
L2(I)

,
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by using the convexity inequality ab ≤ 1
pa

p + 1
q b
q with p = 1

θ and q = 1
1−θ , we then deduce

that there exists a constant Rk > 0 such that

ε2ℓ−1∥v(ℓ)∥2L2(I) ≤ Rk

(1
ε
∥v∥2L2(I) + ε2k−1∥v(k)∥2L2(I) +

ε2ℓ−1

L1(I)2ℓ
∥v∥2L2(I)

)
. (7.2.4)

Let now I be as in the hypothesis. It is not restrictive to suppose that |uε − 1| ≤ η in
I, the case |uε + 1| ≤ η being completely analogous. Choosing v = uε − 1 in (7.2.4), and
recalling that W (uε) ≥ αW (uε − 1)2 in the interval I, we get

ε2ℓ−1∥u(ℓ)ε ∥2L2(I) ≤ R̃k

(
Fε(uε, I) + ε2ℓ−1L1(I)−2ℓ∥uε − 1∥2L2(I)

)
, (7.2.5)

for any ε > 0, where R̃k = Rkmax{ 1
αW

, 1}.
Note that hypothesis (ii) implies that for at least one ℓ ∈ {1, . . . , k − 1}

L1
({
t ∈ I : |u(ℓ)ε (t)| ≥ 1

Nεℓ

})
≥ L1(I)

k + 1
.

By using this lower estimate in (7.2.5), recalling that (uε− 1)2 ≤ η2 and that Fε(uε, I) ≤ S
we obtain

ε−1 1

(k + 1)N2
L1(I) ≤ R̃k

(
S + η2ε2ℓ−1L1(I)1−2ℓ

)
for any ε > 0. We then conclude that

L1(I) ≤ R̃k(k + 1)N2Sε+ R̃k(k + 1)N2η2ε2ℓL1(I)1−2ℓ.

Hence, if L1(I) > 2R̃k(k + 1)N2Sε, it follows that

L1(I) ≤ 2R̃k(k + 1)N2η2ε2ℓL1(I)1−2ℓ,

so that L1(I)2ℓ ≤ 2R̃k(k + 1)N2η2ε2ℓ. Hence,

L1(I) ≤ max
{
2R̃k(k + 1)N2S, max

1≤ℓ≤k−1

{
(2R̃k(k + 1)N2η2)

1
2ℓ
}}
ε.

With a little abuse of notation, by letting Rk(η,N, S) denote the constant in this inequality,
we obtain the claim.

We set

Aηε(N) =
{
t ∈ Aηε : |u(ℓ)ε (t)| < 1

Nεℓ
for all ℓ ∈ {1, . . . , k − 1}

}
, (7.2.6)

where we recall that Aηε is defined in (7.2.2) as the set of t such that ||uε(t)| − 1| < η. The
sets Aηε(N) describe the regions close to {±1} where all derivatives of uε up to k − 1 are
“small”. We now show that points in such sets cannot have mutual distance much larger
than ε.

Lemma 7.2.2. Let η ∈ (0,
√
βW ), N ≥ 1 and let {uε}ε be such that supε Fε(uε) = S < +∞.

Let εr → 0 as r → +∞, and let {Iεr} be a family of intervals such that

lim
r→+∞

L1(Iεr)

εr
= +∞.

Then, there exists r0 ∈ N such that

L(Iεr ∩Aηεr(N)) > 0

for all r ≥ r0.



260 7. Higher-order singular perturbation models

Proof. Let {Iεr} be the family of intervals in the hypothesis. By contradiction, we suppose
that L1(Iεr ∩A

η
εr(N)) = 0 for a subsequence (not relabeled) εr → 0 as r → +∞. The proof

of the contradiction is divided in two steps.

Step 1. Let r be fixed, and let J ⊂ Iεr be an interval such that

L1(J) ≥ εr

( 2S

αW η2
+ (2k + 3)Rk(η,N, S)

)
,

where Rk(η,N, S) > 0 is the constant given in Lemma 7.2.1. Then for all ℓ ∈ {1, . . . , k− 1}
there exists a point in J where u(ℓ)εr vanishes. This can be proved as follows.

We first note that L1({||uεr | − 1| ≥ η}) ≤ εr
S

αW η2
. Since L1(Iεr ∩ A

η
εr(N)) = 0, we can

apply Lemma 7.2.1 deducing that J contains at least 2k+3 intervals such that in each one
of them |uεr − 1| < η, with the equality holding at the endpoints, or |uεr + 1| < η, again
with the equality holding at the endpoints. Let {In = (an, bn)}2k+3

n=1 denote the set of these
intervals, with an and bn increasing.

Now, we show that in each interval (an, an+2) with n ≤ 2k+1 there exists at least a point
where u′εr vanishes. Indeed, let n ≤ 2k+1 and suppose that |uεr −1| < η in In. If u′εr ̸= 0 in
the whole In, then uεr is strictly monotone. We first consider the case uεr strictly increasing
in In, with uεr(bn) = 1 + η. If u′εr(bn) = 0 the claim is proven; otherwise, it follows that
an+1 > bn, and uεr cannot be strictly increasing in the interval (bn, an+1) since the value
uεr(an+1) is at most 1+η. Then, there exists a local maximizer in (bn, an+1), and the claim
follows. Otherwise, if uεr is strictly decreasing in In, we note that uεr cannot be decreasing
in the interval (bn, an+2); indeed, in this case uεr(bn) = 1−η, and if uεr is strictly decreasing
in (bn, bn+1), then uεr(an+1) = −1 + η and uεr(bn+1) = −1− η. Since uεr(an+2) ≥ −1− η,
this shows that uεr can not be strictly decreasing in both (bn, bn+1) and (bn+1, an+2). Then,
[bn, an+2) contains a local minimiser, proving the claim. The corresponding argument can
be applied if |uεr + 1| < η in In.

Hence, there exist at least k internal points in J where u′εr = 0. By an iteration of the
application of Lagrange Theorem, this implies that for each ℓ ∈ {1, . . . , k − 1} there exists
at least a point where u(ℓ)εr = 0.

Step 2. Let Nr be the integer part of L1(Iεr )
εrL

, where

L = Lk(η,N, S) =
2S

αW η2
+ (2k + 3)Rk(η,N, S),

so that each interval Iεr contains Nr disjoint intervals with length εrL and by hypothesis
Nr → +∞. Then, for any r there exists one of these intervals, denoted by Jr = (ar, ar+εrL),
such that

Fεr(uεr , Jr) ≤
S

Nr
.

We can then write

S

Nr
≥
ˆ ar+εrL

ar

( 1

εr
W (uεr) + ε2k−1

r (u(k)εr )2
)
dt

=

ˆ L

0

(
W (vr) + (v(k)r )2

)
ds, (7.2.7)

where vr(t) = uεr(εrt+ ar). By Step 1, for any ℓ ∈ {1, . . . , k − 1} there exists a point tℓr in
Jr where u(ℓ)εr vanishes, hence v(ℓ)r = 0 in sℓr =

tℓr−ar
εr

∈ (0, L). An iterated application of the
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Fundamental Theorem of Calculus then gives

∥vr∥2Hk(0,L) ≤ C(L)
(
min
[0,L]

|vr|2 + ∥v(k)r ∥2L2(0,L)

)
,

where C(L) > 0 depends on L (and then on η,N, S and k). Moreover, note that there
exists at least a point in Jr such that ||uεr | − 1| = η, and the same holds for vr in a point
in (0, L). Then, since Nr → +∞, by (7.2.7) we deduce that vr is equibounded in Hk(0, L),
thus vr ⇀ v in Hk(0, L) as r → +∞. Since vr → v uniformly, by (7.2.7) we deduce that

0 = lim inf
r→+∞

ˆ L

0
W (vr) ds ≥

ˆ L

0
W (v) ds,

so that either v = 1 in (0, L) or v = −1 in (0, L). This gives a contradiction since for any r
there exists a point sr ∈ (0, L) such that ||vr(sr)| − 1| = η.

7.3 Optimal-profile problems

In the proof of the equicoerciveness of the family {Fε}ε and of the lower estimate for
the Γ-limit, we will make use of the optimal-profile problem

mk = inf
{ˆ +∞

−∞

(
W (u) + (u(k))2

)
dt : u ∈ Hkloc(R), lim

t→±∞
u(t) = ±1

}
.

It is convenient to interpret this optimal-profile problem as an optimisation on intervals and
functions; to that end, we define

m̃k := inf
T>0

inf
{ˆ +∞

−∞

(
W (u) + (u(k))2

)
dt : u ∈ Hkloc(R),

u(t) = −1 for t ≤ −T, u(t) = 1 for t ≥ T
}

(7.3.1)

= inf
T>0

mk(T ) = lim
T→+∞

mk(T ),

where

mk(T ) := inf
{ˆ T

−T

(
W (u) + (u(k))2

)
dt : u ∈ Hk(−T, T ), u(±T ) = ±1,

u(ℓ)(±T ) = 0 for all ℓ ∈ {1, . . . , k − 1}
}
.

As a consequence of Lemma 7.2.2, we can prove that these two definitions coincide.

Proposition 7.3.1. The equality mk = m̃k holds.

Proof. Since all test functions for m̃k are test functions for mk, one inequality is trivial.
We then consider a function u ∈ Hkloc(R) such that lim

t→±∞
u(t) = ±1 and

´ +∞
−∞

(
W (u) +

(u(k))2
)
dt < +∞. With fixed η and N , we can apply Lemma 7.2.2 twice, to the sequences

uε(t) = u( t−1
ε ) and uε(t) = u( tε), respectively, and with Iε = (0, 12) and Iε = (12 , 1),

respectively. In terms of u, we deduce that there are t−ε ∈ (−1
ε , 0) and t+ε ∈ (0, 1ε ) such that

|u(t−ε )+1| < η, |u(t+ε )−1| < η, and |u(ℓ)(t±ε )| ≤ 1
N for all ℓ ∈ {1, . . . , k−1}. We now choose

ηj → 0 and Nj → +∞, and consider the correspondingly defined t−j and t+j .



262 7. Higher-order singular perturbation models

We want to extend the restriction of the test function u to (t−j , t
+
j ) in order to obtain

an admissible test function uj for m̃k with an energy not greater than that of u up to an
infinitesimal term. To this end, we consider a family of auxiliary minimum problems defined
as follows. Given zℓj for ℓ ∈ {0, . . . , k − 1}, let vj be a minimiser of the problem

θj = min
{ˆ 1

0
(v(k))2 dt : v(ℓ)(0) = zℓj , v

(ℓ)(1) = 0 for all ℓ ∈ {0, . . . , k − 1}
}
,

where we used the notation v(0) = v. By choosing z0j = u(t+j ) − 1, zℓj = u(ℓ)(t+j ) for
ℓ ∈ {1, . . . , k − 1}, we have θj → 0, and moreover, by the uniform convergence of the
corresponding minimisers vj to 0, we also have

lim
j→+∞

ˆ 1

0
W (vj(t) + 1) dt = 0.

We then define u+j on (t+j ,+∞) as

u+j (t) =

{
1 + vj(t− t+j ) if t ∈ (t+j , t

+
j + 1),

1 if t ≥ t+j + 1.

Note that
ˆ +∞

t+j

(
W (u+j ) + ((u+j )

(k))2
)
dt = θj +

ˆ 1

0
W (vj(t) + 1) dt = o(1)

as j → +∞. We define symmetrically u−j on (−∞, t−j ), so that the functions

uj(t) =


u−j (t) if t ≤ t−j ,

u(t) if t−j < t < t+j ,

u+j (t) if t ≥ t+j

are test functions for m̃k and

m̃k ≤
ˆ +∞

−∞

(
W (uj) + (u

(k)
j )2

)
dt ≤

ˆ +∞

−∞

(
W (u) + (u(k))2

)
dt+ o(1)

as j → +∞. Hence,

m̃k ≤
ˆ +∞

−∞

(
W (u) + (u(k))2

)
dt.

By the arbitrariness of u this proves the claim.

Proposition 7.3.2. We have mk > 0.

Proof. Since mk = m̃k, we equivalently prove m̃k > 0.
Let {vj}j be a sequence of admissible functions for m̃k such that

lim
j→+∞

ˆ +∞

−∞

(
W (vj) + (v

(k)
j )2

)
dt = m̃k.

For each j ≥ 1, let Tj be a positive number such that vj(t) = −1 for t < −Tj and vj(t) = 1
for t > Tj .
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We fix η < min{1,
√
βW }, in view of the application of Lemma 7.2.2, and consider the

family of open subintervals (a, b) of (−Tj , Tj) such that |vj(a) + 1| ≤ η, |vj(b) − 1| ≤ η,
and the derivatives of vj at the endpoints satisfy |v(ℓ)j | ≤ 1 for all ℓ ∈ {1, . . . , k − 1}. Let
(aj , bj) be a minimal such interval; that is, any subinterval of (aj , bj) does not belong to this
family. Hence, (aj , bj) does not intersect the set of the points t such that ||vj(t)| − 1| ≤ η

and |v(ℓ)j (t)| ≤ 1 for all ℓ ∈ {1, . . . , k − 1}.
In order to apply Lemma 7.2.2 to prove that bj − aj is equibounded, we use the scaling

factor εj = 1
2Tj

to define uj(t) = vj(
t
εj

− Tj). We then have
ˆ 1

0

( 1

εj
W (uj) + ε2k−1

j (u
(k)
j )2

)
dt =

ˆ Tj

−Tj

(
W (vj) + (v

(k)
j )2

)
dt,

which is equibounded. Assume by contradiction that there exists a (not relabeled) subse-
quence bj − aj → +∞. Then, we can apply Lemma 7.2.2 to the sequence of scaled intervals
((aj + Tj)εj , (bj + Tj)εj) and deduce that there exists j0 ∈ N such that

L1
(
((aj + Tj)εj , (bj + Tj)εj) ∩Aηεj (1))

)
> 0

for all j ≥ j0, where we recall that Aηε(N) is defined as in (7.2.6). By scaling again to
(−Tj , Tj), this gives a contradiction.

Up to subsequences and up to translations, we can then assume that there exists T ∗ > 0
such that aj → −T ∗ and bj → T ∗ as j → +∞. Up to an asymptotically negligible change of
variable, it is not restrictive to assume that aj = −T ∗ and bj = T ∗. By the equiboundedness
of the boundary condition and by the Fundamental Theorem of Calculus we deduce that
{vj}j is equibounded in Hk(−T ∗, T ∗). Hence, we extract a (not relabeled) subsequence
{vj}j weakly converging to a function v in Hk(−T ∗, T ∗).

Assume now by contradiction that m̃k = 0. Since {vj}j is a minimising sequence, by
the lower semicontinuity of the L2-norm, we have

0 = lim
j→+∞

ˆ T ∗

−T ∗

(
W (vj) + (v

(k)
j )2

)
dt ≥ lim inf

j→+∞

ˆ T ∗

−T ∗
(v

(k)
j )2 dt ≥

ˆ T ∗

−T ∗
(v(k))2 dt.

Hence, we obtain that v(k) = 0 on (−T ∗, T ∗), so that v is a polynomial of degree at most
k − 1. Moreover, by the uniform convergence of vj → v, we have

ˆ T ∗

−T ∗
W (v) dt = lim

j→+∞

ˆ T ∗

−T ∗
W (vj) dt = 0,

so that W (v) = 0 almost everywhere, and then, since {W = 0} = {−1, 1}, we deduce that
v is either identically −1 or 1 on (−T ∗, T ∗). Since |v(−T ∗) + 1| ≤ η and |v(T ∗) − 1| ≤ η,
and η < 1, this gives a contradiction, and the proof is complete.

As it is usual in phase-transition problems, we will need some auxiliary results involving
optimal profile problems approximating mk, defined via the minimisation of

´
IT
(W (v) +

(v(k))2) dt, where IT is an interval with length 2T and v in Hk(IT ) satisfies suitable boundary
conditions; in particular, we will minimise over sets of functions with “small” values of the
derivatives at the endpoints of the interval. To that end, for all η ∈ (0,

√
βW ) and for all

integers N ≥ 1, we define an approximating constant given by

mk(η,N) := inf
T>0

mk(η,N, T ), (7.3.2)

where mk(η,N, T ) is the minimum defined in (7.2.1).
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Lemma 7.3.3. Let m̃k and mk(η,N) be defined by (7.3.1) and (7.3.2), respectively. Then

lim
η→0

lim
N→+∞

mk(η,N) = m̃k.

Proof. Since mk(η,N) is increasing as η → 0 and as N → +∞, the limits exist. For all
T > 0, η and N , we have mk(T ) ≥ mk(η,N, T ), so that m̃k ≥ mk(η,N) for all η and N .
Hence,

m̃k ≥ lim
η→0

lim
N→+∞

mk(η,N).

We now prove the converse inequality. Let ηj → 0 and Nj → +∞ be such that

lim
j→+∞

mk(ηj , Nj) = lim
η→0

lim
N→+∞

mk(η,N).

For any j, let Tj > 0 and vj ∈ Hk(−Tj , Tj) be an admissible test function for mk(ηj , Nj , Tj)
such that

lim
j→+∞

mk(ηj , Nj) = lim
j→+∞

ˆ Tj

−Tj

(
W (vj) + (v

(k)
j )2

)
dt.

To define an admissible test function uj for m̃k, we can proceed as in the proof of Proposition
7.3.1 with −Tj in the place of t−j , Tj in the place of t+j , and vj in the place of the restriction
of u to (t−j , t

+
j ).

In this way, the resulting uj is a test function for m̃k and

lim
j→+∞

mk(ηj , Nj) = lim
j→+∞

ˆ +∞

−∞

(
W (uj) + (u

(k)
j )2

)
dt ≥ m̃k,

proving the equality
lim
η→0

lim
N→+∞

mk(η,N) = m̃k,

and the claim.

We introduce some quantities that will allow us to estimate oscillations of order η. For
all 0 < η < min{1,

√
βW }, integers N ≥ 1 and T > 0, we define

m+
k (η,N, T ) = inf

0<T≤T
min

{ˆ T

0

(
W (u) + (u(k))2

)
dt : u ∈ Hk(0, T ),

|u(0)− 1| ≤ η, |u(T )− 1| = 2η,

and |u(ℓ)(0)| ≤ 1

N
for all ℓ ∈ {1, . . . , k − 1}

}
, (7.3.3)

and

m−
k (η,N, T ) = inf

0<T≤T
min

{ˆ T

0

(
W (u) + (u(k))2

)
dt : u ∈ Hk(0, T ),

|u(0) + 1| ≤ η, |u(T ) + 1| = 2η,

and |u(ℓ)(0)| ≤ 1

N
for all ℓ ∈ {1, . . . , k − 1}

}
.

Lemma 7.3.4. For every T > 0, it holds

m∗
k(η,N, T ) := min{m+

k (η,N, T ),m
−
k (η,N, T )} > 0. (7.3.4)
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Proof. We only prove that m+
k (η,N, T ) > 0, the other case being analogous. We argue by

contradiction.
Suppose there exists a sequence {Tj}j ⊂ (0, T ] and functions vj ∈ Hk(0, Tj) which are

admissible for (7.3.3) and such that

lim
j→+∞

ˆ Tj

0

(
W (vj) + (v

(k)
j )2

)
dt = 0. (7.3.5)

Without loss of generality, we may suppose that Tj converges to T ∈ [0, T ] as j → +∞. We
distinguish the two cases T = 0 and T > 0.

Case 1: (T = 0). By (7.3.5) it holds ∥v(k)j ∥L2(0,Tj) → 0 as j → +∞; hence, recalling
that vj satisfies the boundary conditions appearing in (7.3.3), we apply the Fundamental
Theorem of Calculus to deduce that ∥vj∥Hk(0,Tj) ≤ C for every j. We then extend each
function vj to the whole interval (0, 1) by setting it equal to pj , the polynomial of degree
at most k− 1 obtained by imposing p(ℓ)j (Tj) = v

(ℓ)
j (Tj) for ℓ ∈ {0, . . . , k− 1}. The sequence

{vj}j is then equibounded in Hk(0, 1) so that there exists a subsequence, not relabeled, which
converges uniformly to some v ∈ Hk(0, 1). This produces a contradiction since Tj → 0 and
|vj(Tj)− vj(0)| ≥ η.

Case 2: (T > 0). Up to an asymptotically negligible change of variable we may suppose
Tj = T for every j. Then, by (7.3.5), we have that {vj}j is equibounded in Hk(0, T ) so that
a certain subsequence converges uniformly on [0, T ] to a function v in Hk(0, T ). Again by
(7.3.5) and by the lower semicontinuity of the L2-norm, we have that either v = −1 or v = 1
on (0, T ). But |vj(Tj)− 1| = 2η for every j, hence, |v(T )− 1| = 2η, which is a contradiction
since η < 1.

7.4 Proof of the main result

We divide the proof of Theorem 7.1.1 in proving separately compactness, lower and
upper bounds. We start by proving the equicoerciveness of the family {Fε}ε.

Proposition 7.4.1 (Compactness). Let Fε be defined by (7.1.1) on Hk(0, 1), for all εj → 0
and {uj} with supj Fεj (uj) < +∞, there exists u ∈ BV((0, 1); {−1, 1}) such that, up to
subsequences, uj → u in measure.

Proof. Up to subsequences, we may assume that supε>0 Fε(uε) = S < +∞. We consider
for any fixed 0 < η < min{1,

√
βW } and ε > 0 the sets of indices I1,η

ε and I−1,η
ε such that

{t ∈ (0, 1) : |uε(t)− 1| < η} =
⋃

j∈I1,η
ε

Ij ,

{t ∈ (0, 1) : |uε(t) + 1| < η} =
⋃

j∈I−1,η
ε

Ij ,

where each Ij = (aj , bj) is a maximal open interval (that is, if aj ̸= 0 then ||uε(aj)|−1| = η,
and if bj ̸= 1 then ||uε(bj)| − 1| = η, respectively) and they are pairwise disjoint.

Let N ∈ N be fixed. A first remark is that for ε small enough the set (0, 1) ∩ Aηε(N) of
the points where ||uε|−1| < η and |u(ℓ)ε | < 1

Nεℓ
is not empty. This follows by the application
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of Lemma 7.2.2 to the constant sequence of intervals Iεr = (0, 1) and εr any infinitesimal
sequence. We can then define

aε = inf
(
(0, 1) ∩Aηε(N)

)
and bε = sup

(
(0, 1) ∩Aηε(N)

)
,

noting that
L1((0, 1) \ (aε, bε)) = o(1)ε→0+ .

This can again be proved by applying Lemma 7.2.2 to the family of intervals Iε = (0, aε),
which actually implies that aε = O(ε), since otherwise the claim of Lemma 7.2.2 would
contradict the definition of aε. Similarly one proves that 1− bε = O(ε).

Let I1,η
ε (N) denote the subset of indices of I1,η

ε for which there exists an open interval
I = (a′j , b

′
j) ⊆ Ij = (aj , bj) such that

|u(ℓ)ε (a′j)| ≤
1

Nεℓ
and |u(ℓ)ε (b′j)| ≤

1

Nεℓ
for ℓ ∈ {1, . . . , k − 1}. (7.4.1)

Analogously, we define I−1,η
ε (N).

For each j ∈ I±1,η
ε (N), we consider the maximal open interval (aNj , b

N
j ) for which (7.4.1)

holds true; that is,

aNj := inf
{
t ∈ [aj , bj) : |u(ℓ)ε (t)| ≤ 1

Nεℓ
for all ℓ ∈ {1, . . . , k − 1}

}
,

bNj := sup
{
t ∈ (aj , bj ] : |u(ℓ)ε (t)| ≤ 1

Nεℓ
for all ℓ ∈ {1, . . . , k − 1}

}
.

For any t ∈ (aε, bε) \
⋃
j∈I1,η

ε (N)∪I−1,η
ε (N)

(aNj , b
N
j ), we set

τ(t) = sup{bNj : bNj ≤ t, j ∈ I1,η
ε (N) ∪ I−1,η

ε (N)},
σ(t) = inf{aNj : aNj ≥ t, j ∈ I1,η

ε (N) ∪ I−1,η
ε (N)}.

Note that τ(t) and σ(t) may coincide. For any t the following properties hold:

(i) [τ(t), σ(t)] ∩
⋃
j∈I1,η

ε (N)∪I−1,η
ε (N)

(aNj , b
N
j ) = Ø, so that, recalling that Aηε(N) denotes

the set of points t such that ||uε(t)| − 1| < η and |u(ℓ)ε (t)| < 1
Nεℓ

for every ℓ ∈
{1, . . . , k − 1}, it follows

L1((τ(t), σ(t)) ∩Aηε(N)) = 0;

(ii) if Ij∩[τ(t), σ(t)] ̸= Ø for j ∈
(
I1,η
ε ∪I−1,η

ε

)
\
(
I1,η
ε (N)∪I−1,η

ε (N)
)
, then Ij ⊂ [τ(t), σ(t)];

(iii) if (aj , aNj ] ∩ [τ(t), σ(t)] ̸= Ø, then (aj , a
N
j ] ⊂ [τ(t), σ(t)]; the same property holds for

[bNj , bj);

(iv) by the continuity of uε and of its derivatives,

||uε(τ(t))| − 1| ≤ η and |u(ℓ)ε (τ(t))| ≤ 1

Nεℓ
for all ℓ ∈ {1, . . . , k − 1},

and the same properties hold for σ(t).
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Moreover, for different t the intervals (τ(t), σ(t)) either coincide or are disjoint; indeed, if
s ∈ (τ(t), σ(t)) for some t, then (τ(t), σ(t)) = (τ(s), σ(s)).

Then, we can write the set (aε, bε) \
⋃
j∈I1,η

ε (N)∪I−1,η
ε (N)

(aNj , b
N
j ) as a disjoint union of

intervals of the form [τ(t), σ(t)]; that is, there exists a set of indices Λε(η,N) such that

(aε, bε) \
⋃

j∈I1,η
ε (N)∪I−1,η

ε (N)

(aNj , b
N
j ) =

⋃
λ∈Λε(η,N)

[τλ, σλ],

where the interior of intervals are pairwise disjoint and the endpoints τλ and σλ belong to
the sets

{τ(t) : t ∈ (aε, bε) \
⋃

j∈I1,η
ε (N)∪I−1,η

ε (N)

(aNj , b
N
j )},

{σ(t) : t ∈ (aε, bε) \
⋃

j∈I1,η
ε (N)∪I−1,η

ε (N)

(aNj , b
N
j )},

respectively.
Since the measure of the set of points t such that ||uε(t)| − 1| ≥ η is bounded by ε S

αW η2
,

we deduce that there exists a countable subfamily Λ∗
ε(η,N) ⊂ Λε(η,N) such that

(aε, bε) \
⋃

j∈I1,η
ε (N)∪I−1,η

ε (N)

(aNj , b
N
j ) = Jε ∪

⋃
λ∈Λ∗

ε(η,N)

(τλ, σλ),

where L1(Jε) → 0 as ε→ 0+.
We now prove that there exists a constant Tk(η,N, S) > 0 such that

L1((τλ, σλ)) ≤ Tk(η,N, S)ε (7.4.2)

for any ε > 0 and λ ∈ Λ∗
ε(η,N).

We reason by contradiction. If the claim does not hold, then for any r ∈ N there exist
εr > 0 and λr ∈ Λ∗

εr(η,N) such that

L1((τλr , σλr)) > rεr.

Since (τλr , σλr) ⊂ (0, 1), this implies that εr → 0 as r → +∞. We can then apply Lemma
7.2.2 to the family of intervals Iεr = (τλr , σλr), deducing that there exists r0 ∈ N such that

L1(Aηεr(N) ∩ (τλr , σλr)) > 0

for any r ≥ r0. This gives a contradiction, since property (i) holds for any (τλr , σλr).
We say that an interval (τλ, σλ) with λ ∈ Λ∗

ε(η,N) is an effective transition interval if
either |uε(τλ) − 1| ≤ η and |uε(σλ) + 1| ≤ η, or |uε(τλ) + 1| ≤ η and |uε(σλ) − 1| ≤ η.
We now prove that the number of such intervals is equibounded. Indeed, setting vε(s) :=
uε(εs+

σλ+τλ
2 ), by a change of variable we obtain

Fε(uε, (τλ, σλ)) =

ˆ σλ−τλ
2ε

−σλ−τλ
2ε

(
W (vε) + (v(k)ε )2

)
ds ≥ mk(η,N) ≥ mk

2
, (7.4.3)

where the last inequality follows by Lemma 7.3.3. Since mk > 0, the number of intervals of
effective transitions is equibounded by a constant which is independent of ε, η and N ; more
precisely, by 2S

mk
.
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We now consider intervals (τλ, σλ) which are not intervals of effective transitions; that
is, either |uε(τλ)− 1| ≤ η and |uε(σλ)− 1| ≤ η or |uε(τλ) + 1| ≤ η and |uε(σλ) + 1| ≤ η. Let
(τλ, σλ) be such that |uε(τλ)− 1| ≤ η and |uε(σλ)− 1| ≤ η, and suppose that there exists a
point t in (τλ, σλ) such that |uε(t)− 1| ≥ 2η. Then, setting t′ = inf{t : |uε(t)− 1| ≥ 2η}, by
a change of variable we have that

Fε(uε, (τλ, σλ)) ≥ Fε(uε, (τλ, t
′)) =

ˆ t′

τλ

(1
ε
W (uε) + ε2k−1(u(k)ε )2

)
dt

=

ˆ t′−τλ
ε

0

(
W (vε) + (v(k)ε )2

)
ds

≥ inf
T≤Tk(η,N,S)

min
v

{ˆ T

0

(
W (vε) + (v(k)ε )2

)
ds

}
,

where the minimum is taken over v ∈ Hk(0, T ) such that |v(T ) − 1| = 2η, |v(0) − 1| ≤ η,
|v(ℓ)(0)| ≤ 1

N for all ℓ ∈ {1, . . . , k − 1}, and we used the fact that |(τλ, σλ)| ≤ Tk(η,N, S)ε
by (7.4.2). Then, by applying Lemma 7.3.4 with η > 0 and T = Tk(η,N, S), we obtain

Fε(uε, (τλ, σλ)) ≥ m∗
k(η,N, Tk(η,N, S)) > 0.

Since a corresponding argument holds if |uε(τλ) + 1| ≤ η and |uε(σλ) + 1| ≤ η, we can
conclude that

||uε(t)| − 1| ≤ 2η in (τλ, σλ)

except for a finite number of indices λ (which of course depends on η and N). We let
ck(η,N) denote the number of such λ.

Let now {(τi, σi)}Mε
i=1 with τi < τi+1 denote the set of the effective transition intervals.

Since Mε ≤ 2S
mk

, we may suppose Mε is independent of ε, up to passing to a subsequence,
and we set Mε = M . We construct a sequence of functions uη,Nε in (0, 1) as follows. To
give a definition in the intervals (σi, τi+1), we note that, by the definitions of τ(t) and σ(t),
there exists an index j ∈ I1,η

ε (N) ∪ I−1,η
ε (N) such that (aNj , b

N
j ) ⊆ (σi, τi+1). Moreover,

if there exists an index j ∈ I−1,η
ε (N) such that (aNj , b

N
j ) ⊆ (σi, τi+1), then (σi, τi+1) ∩⋃

h∈I1,η
ε (N)

(aNh , b
N
h ) = Ø. Indeed, otherwise (σi, τi+1) would contain an effective transition

interval. The analogous property holds if there exists an index j ∈ I1,η
ε (N) such that

(aNj , b
N
j ) ⊆ (σi, τi+1). We then set

uη,Nε = −1 in (σi, τi+1)

if there exists j ∈ I−1,η
ε (N) such that (aNj , b

N
j ) ⊆ (σi, τi+1), and

uη,Nε = 1 in (σi, τi+1)

if there exists j ∈ I1,η
ε (N) such that (aNj , b

N
j ) ⊆ (σi, τi+1). Finally, we extend the function

uη,Nε on the whole interval (0, 1) with values −1, 1 in such a way that

#J
uη,Nε

=M, for every ε, η,N. (7.4.4)

Moreover, by (7.4.3) we have that

lim inf
ε→0+

Fε(uε) ≥Mmk(η,N). (7.4.5)
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Up to subsequences, by (7.4.4) we can suppose that uηε,Nε
ε → u in L1, the limit u takes

values in {−1, 1}, and its jump set Ju is composed of no more than M points.
By construction, we also have that

L1({t ∈ (0, 1) : |uε(t)− uη,Nε (t)| > 2η}) ≤ Ck(η,N) ε, (7.4.6)

where Ck(η,N) := ( 2S
mk

+ ck(η,N))Tk(η,N, S). By this estimate, we show that, up to
subsequences, {uε}ε converges in measure to the same limit u. Indeed, with fixed δ > 0, by
the convergence of {uηε,Nε

ε } we have that

L1({|uηε,Nε
ε − u| > δ}) = o(1)

as ε→ 0+. By a triangular inequality and (7.4.6), for ε small enough we have

L1({|uε − u| > 2δ}) ≤ L1({|uε − uηε,Nε
ε | > 2ηε}) + L1({|uηε,Nε

ε − u| > δ})
≤ Ck(ηε, Nε)ε+ o(1) = o(1)

as ε→ 0+, concluding the proof.

Finally, we prove the Γ-convergence result.

Proposition 7.4.2 (Lower bound). Let u ∈ BV((0, 1); {−1, 1}) and uε → u in measure.
Then

lim inf
ε→0+

Fε(uε) ≥ mk#Ju.

Proof. From the last part of the proof of the previous proposition, and by (7.4.5), we deduce
that, up to the extraction of subsequences,

lim inf
ε→0+

Fε(uε) ≥ mk(η,N)#Ju.

We can then let N → +∞ and η → 0 and apply Lemma 7.3.3 and Proposition 7.3.1.

Proposition 7.4.3 (Upper bound). Let u ∈ BV((0, 1); {−1, 1}). Then there exists a recov-
ery sequence uε → u in L1(0, 1) such that

lim sup
ε→0+

Fε(uε) = mk#Ju.

Proof. Let u ∈ BV((0, 1); {−1, 1}) and denote by x1, . . . , xr its jump points. We set J1 :=
{n ∈ {1, . . . , r} : u(x+n ) − u(x−n ) = 2}, J2 := {n ∈ {1, . . . , r} : u(x+n ) − u(x−n ) = −2},
and for convenience, we also set x0 = 0 and xr+1 = 1. For a fixed real positive δ <
min{xn − xn−1 : n = 1, . . . , r + 1}, consider a function v admissible for m̃k such that

ˆ +∞

−∞

(
W (v) + (v(k))2

)
dt ≤ mk +

δ

r
. (7.4.7)

Recall that there exists T > 0 such that v = −1 in (−∞,−T ) and v = 1 in (T,+∞).
Let εj → 0+ and suppose that δ

2εj
> T for every j. For n ∈ {1, . . . , r}, define intervals

In := [(xn−1 + xn)/2, (xn + xn+1)/2] and consider the sequence defined as

uj(t) :=


v
( t− xn

εj

)
if t ∈ In and n ∈ J1,

v
(
− t− xn

εj

)
if t ∈ In and n ∈ J2,

u(t) otherwise.



270 7. Higher-order singular perturbation models

We note that the condition δ
2εj

> T implies that {uj} ⊂ Hk(0, 1); and moreover, uj → u in
L1(0, 1) as j → +∞. To conclude, we estimate

lim
j→+∞

Fεj (uj) = lim
j→+∞

r∑
n=1

ˆ
In

( 1

εj
W (uj(t)) + ε2k−1

j (u
(k)
j (t))2

)
dt

= lim
j→+∞

∑
n∈J1

ˆ xn+1−xn
2εj

xn−1−xn
2εj

(
W (v(s)) + (v(k)(s))2

)
ds

+ lim
j→+∞

∑
n∈J2

ˆ xn+1−xn
2εj

xn−1−xn
2εj

(
W (v(−s)) + (v(k)(−s))2

)
ds

=
∑
n∈J1

ˆ +∞

−∞

(
W (v(s)) + (v(k)(s))2

)
ds

+
∑
n∈J2

ˆ +∞

−∞

(
W (v(−s)) + (v(k)(−s))2

)
ds

≤ mk#Ju + δ,

where in the last inequality we have used (7.4.7). The arbitrariness of δ and a diagonal
argument allow us to conclude.

7.5 Γ-limit in dimension d > 1

In this section we prove Theorem 7.1.2 in the general d-dimensional case. We refer the
reader to Section 1.1 for the notation concerning one-dimensional slicing adopted in the
proof of the lower bound.

To that end, we use some standard notions in the theory of sets of finite perimeter, for
which we refer to Section 1.3. Moreover, we use some notation for d-dimensional sets. We
recall that Q1 = (−1

2 ,
1
2)
d, and that Qν(x, ρ) denotes a cube with centre x, side length ρ

and one face orthogonal to ν. For brevity of notation, we also set Qρ := Qej (0, ρ) if x = 0
and ν = ej , the j-th element of the canonical basis of Rd.

We first prove the lower bound using a variant of the blow-up technique by Fonseca and
Müller [124] adapted to Γ-converging families of functionals in the spirit of [50], combined
with a slicing argument that allows us to reduce to the one-dimensional case in Theorem
7.1.1.

Proposition 7.5.1 (Lower bound). Let u ∈ BV(Ω; {−1, 1}) and let {uε}ε be a sequence in
Hk(Ω) such that uε → u in L1(Ω). Then

lim inf
ε→0+

Fε(uε) ≥ mkHd−1(Ju).

Proof. Without loss of generality, we assume supε Fε(uε) < +∞. Let εj → 0+ be such that

lim
j→+∞

Fεj (uεj ) = lim inf
ε→0+

Fε(uε)

and let {uεj} be a sequence converging to u in L1(Ω). Since u ∈ BV(Ω; {−1, 1}), we can
write u = 2χE − 1, where E = {x ∈ Ω: u(x) = 1} is a set of finite perimeter in Ω. The set
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Ju of discontinuity points of u coincides in Ω with ∂∗E, the reduced boundary of E, up to
an Hd−1-negligible set. The set ∂∗E is a (d− 1)-rectifiable set, and for every x ∈ ∂∗E there
exists νE(x), the inner unit normal to E in the measure-theoretical sense.

For every positive integer j, we introduce the measure µεj defined for B ⊂ Ω Borel as

µεj (B) :=

ˆ
B

( 1

εj
W (uεj ) + ε2k−1

j ∥∇(k)uεj∥2
)
dx.

Since supj µεj (Ω) < +∞, up to a not relabeled subsequence, we may assume that {µεj}
weakly* converges to a finite Borel measure µ. By the Besicovitch Derivation Theorem, for
Hd−1-almost every x in ∂∗E, it holds

dµ

d(Hd−1 ∂∗E)
(x) = lim

ρ→0

µ(Qν(x, ρ))

Hd−1(Qν(x, ρ) ∩ ∂∗E)
= lim

ρ→0

µ(Qν(x, ρ))

ρd−1
, (7.5.1)

where ν = νE(x) is the inner unit normal to E at x and in the last equality we have used
that the (d−1)-dimensional density of ∂∗E is equal to 1 for Hd−1-almost every point in the
reduced boundary of E. Since µ is a finite measure, we also have

lim
j→+∞

µεj (Qν(x, ρ)) = µ(Qν(x, ρ)) (7.5.2)

for all ρ > 0 but a countable set. Hence, if we fix a point x ∈ ∂∗E such that (7.5.1) holds,
a diagonal argument and (7.5.2) imply that there exists ρj = ρ(εj) → 0+ such that

dµ

d(Hd−1 ∂∗E)
(x) = lim

j→+∞

µεj (Qν(x, ρj))

ρd−1
j

(7.5.3)

and εj
ρj

→ 0.
Up to a translation and rotation argument, we may suppose that x = 0 ∈ ∂∗E is such

that (7.5.3) holds and that νE(0) = ed. In this case, the following blow-up condition holds:

χ 1
ρj
E

L1
loc(R

d)
−−−−−→ χ{xd≥0} =: H as j → +∞, (7.5.4)

where H is the characteristic function of the half-space given by xd ≥ 0.
Applying the change of variable y := x/ρj and setting vεj (y) := uεj (ρjy), we get

µεj (Qρj )

ρd−1
j

=
1

ρd−1
j

ˆ
Qρj

( 1

εj
W (uεj (x)) + ε2k−1

j ∥∇(k)uεj (x)∥2
)
dx

=

ˆ
Q1

( 1

δj
W (vεj (y)) + δ2k−1

j ∥∇(k)vεj (y)∥2
)
dy,

where δj :=
εj
ρj

. We set y = (ξ, t), with ξ ∈ [−1/2, 1/2]d−1, t ∈ [−1
2 ,

1
2 ] and vξεj (t) := vεj (ξ, t),

and we note that

∥∇(k)vεj∥ ≥
∣∣∣ dk
dtk

vξεj (t)
∣∣∣.

Therefore, we have

µεj (Qρj )

ρd−1
j

≥
ˆ
[− 1

2
, 1
2
]d−1

ˆ 1
2

− 1
2

( 1

δj
W (vξεj (t)) + δ2k−1

j

( dk
dtk

vξεj (t)
)2)

dt dξ
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and by Fatou’s Lemma

lim inf
j→+∞

µεj (Qρj )

ρd−1
j

≥
ˆ
[− 1

2
, 1
2
]d−1

lim inf
j→+∞

ˆ 1
2

− 1
2

( 1

δj
W (vξεj (t)) + δ2k−1

j

( dk
dtk

vξεj (t)
)2)

dt dξ.

Since {uεj} converges to the function 2χE−1 in L1(Ω), by (7.5.4) we have that vεj → 2H−1

in L1(Q1), and, in turn, up to subsequences, vξεj → 2χ[0, 1
2
) − 1 =: vξ for Lebesgue-almost

every ξ ∈ [−1
2 ,

1
2 ]
d−1. We apply the lower estimate in Theorem 7.1.1 to infer that

lim inf
j→+∞

µεj (Qρj )

ρd−1
j

≥
ˆ
[− 1

2
, 1
2
]d−1

mk#Jvξ dξ = mk.

Since this argument is valid for all x ∈ ∂∗E, recalling (7.5.3), we obtain

µ(Ω) ≥
ˆ
∂∗E

dµ

d(Hd−1 ∂∗E)
(x)dHd−1(x)

≥ mkHd−1(∂∗E) = mkHd−1(Ju),

and since the weak∗ convergence of µεj to µ implies that lim inf
j→+∞

µεj (Ω) ≥ µ(Ω), finally we

get
lim inf
ε→0+

µε(Ω) = lim
j→+∞

µεj (Ω) ≥ µ(Ω) ≥ mkHd−1(Ju),

and the proof is complete.

We conclude the proof of the Γ-convergence by showing the existence of a recovery
sequence. In what follows C denotes a generic positive constant which may vary from line
to line.

Proposition 7.5.2 (Upper bound). Let u ∈ BV(Ω; {−1, 1}). Then there exists a recovery
sequence uε ∈ Hk(Ω) converging to u in L1(Ω) such that

lim sup
ε→0+

Fε(uε) ≤ mkHd−1(Ju). (7.5.5)

Proof. Let E be the set of finite perimeter in Ω such that u = 2χE − 1. Then, there exists
a sequence {Ej} of bounded open sets in Rd with C∞ boundary such that χEj∩Ω → χE
in L1(Ω) and Per(Ej ,Ω) → Per(E,Ω). Therefore, since Hd−1(Ju) = Per(E,Ω), in view of
Proposition 1.2.5, it is enough to prove the Γ-limsup inequality (7.5.5) only for functions
u = 2χE − 1 when E = Ẽ ∩ Ω for some smooth bounded set Ẽ in Rd. We set M :=
∂Ẽ. Moreover, arguing again by density, it is not restrictive to assume that Ẽ meets ∂Ω
transversally.

Let εj → 0+, and consider {vj}j a sequence of functions in Hkloc(R) such that

lim
j→+∞

ˆ +∞

−∞

(
W (vj) + (v

(k)
j )2

)
dt = mk (7.5.6)

and

vj(t) =

−1 if t ≤ − 1√
εj
,

1 if t ≥ 1√
εj
.
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Since M is a smooth manifold in Rd, there exists δ0 > 0 such that for every δ < δ0 there
exists a unique smooth projection from Uδ on M , where Uδ := {x ∈ Rd : d(x,M) < δ} is a
tubular neighbourhood of M . Therefore, denoting by d̃M the signed distance function from
M which, for convenience, we assume to be positive inside of Ẽ, we have that d̃M ∈ C∞(Uδ)
for every δ < δ0.

We suppose that √
εj < δ0/2 for every j and define

uj(x) =


−1 if x ∈ Ω \ (E ∪ Uj),

vj
( d̃M (x)

εj

)
if x ∈ Ω ∩ Uj ,

1 if x ∈ E \ Uj ,

(7.5.7)

where Uj := U√
εj .

In order to estimate Fεj (uεj ), we compute the derivatives of order k of the function uj .
Let α be a multi-index of order k. We observe that

∂αuj =
1

εkj
v
(k)
j

( d̃M
εj

)
(∂α1 d̃M ) · · · (∂αk

d̃M ) +
k−1∑
ℓ=1

1

εℓj
v
(ℓ)
j

( d̃M
εj

)
P ℓα(A(∂

αd̃M )),

whereA(∂αd̃M ) represents the ordered vector of all the derivatives ∂β d̃M with β ⊂ α, |β| ≥ 1,
and P ℓα : R2|α|−1 → R are polynomials of degree at most k. Therefore, the k-tensor ∇(k)uj
can be written in the form

∇(k)uj =
1

εkj
v
(k)
j

( d̃M
εj

)
(∇d̃M ⊗ · · · ⊗ ∇d̃M ) +

k−1∑
ℓ=1

1

εℓj
v
(ℓ)
j

( d̃M
εj

)
T ℓ, (7.5.8)

where T ℓ, ℓ ∈ {1, . . . , k − 1} are k-tensors having equibounded operator norm. Indeed, the
coefficients of T ℓ only depend on the derivatives of d̃M up to order k, and these are uniformly
bounded on Uj since we assumed √

εj < δ0/2, which implies the existence of a compact set
K such that Uj ⊂⊂ K ⊂ Uδ0 .

By (7.5.7) and (7.5.8) we obtain

lim sup
j→+∞

Fεj (uj) = lim sup
j→+∞

( ˆ
Uj∩Ω

1

εj
W

(
vj

( d̃M
εj

))
dx

+ε2k−1
j

ˆ
Uj∩Ω

∥∥∥ 1

εkj
v
(k)
j

( d̃M
εj

)
(∇d̃M ⊗ · · · ⊗ ∇d̃M ) +

k−1∑
ℓ=1

1

εℓj
v
(ℓ)
j

( d̃M
εj

)
T ℓ

∥∥∥2dx).
Let Φ : M × (−δ0/2, δ0/2) → Uδ0/2 be the diffeomorphism defined by Φ(y, t) := y − tν(y),
where ν(y) is the outer unit normal to M at y, and denote by J(y, t) its Jacobian. Applying
this change of variable, we get

lim sup
j→+∞

Fεj (uj) = lim sup
j→+∞

ˆ
M∩Ω

ˆ √
εj

−√
εj

(
1

εj
W

(
vj

( t

εj

))
+ε2k−1

j

∥∥∥ 1

εkj
v
(k)
j

( t

εj

)
(∇d̃M ⊗ · · · ⊗ ∇d̃M )(Φ(y, t))

+
k−1∑
ℓ=1

1

εℓj
v
(ℓ)
j

( t

εj

)
T ℓ(Φ(y, t))

∥∥∥2)J(y, t) dt dHd−1(y). (7.5.9)



274 7. Higher-order singular perturbation models

We set

Ikj :=

ˆ
M∩Ω

ˆ √
εj

−√
εj

( 1

εj
W

(
vj

( t

εj

))
+

1

εj

(
v
(k)
j

( t

εj

))2)
J(y, t) dt dHd−1(y),

Iℓj :=

ˆ √
εj

−√
εj

ε2k−1−2ℓ
j

(
v
(ℓ)
j

( t

εj

))2
dt if ℓ < k,

and

Ir,ℓj :=

ˆ √
εj

−√
εj

ε2k−1−r−ℓ
j

∣∣∣v(r)j ( t

εj

)
v
(ℓ)
j

( t

εj

)∣∣∣dt if r < ℓ ≤ k.

Taking into account that the Jacobian and the operator norm of all T ℓ are bounded on
M × (−δ0/2, δ0/2), expanding the square in the right-hand side of (7.5.9) we have

lim sup
j→+∞

Fεj (uj) ≤ lim sup
j→+∞

(
Ikj + C

( k−1∑
ℓ=1

Iℓj +

k−1∑
ℓ=1

Iℓ,kj +

k−1∑
ℓ=1

ℓ−1∑
r=1

Ir,ℓj

))

= lim sup
j→+∞

(
Ikj + C

( k−1∑
ℓ=1

Iℓj +

k∑
ℓ=1

ℓ−1∑
r=1

Ir,ℓj

))
.

We have also used that ∥∇d̃M⊗· · ·⊗∇d̃M∥ ≤ |∇d̃M |k = 1 since d̃M is a 1-Lipschitz function.
We first prove that

lim sup
j→+∞

Ikj ≤ mkHd−1(Ju).

By a change of variable, we have

Ikj =

ˆ
M∩Ω

ˆ √
εj

−√
εj

( 1

εj
W

(
vj

( t

εj

))
+

1

εj

(
v
(k)
j

( t

εj

))2)
J(y, t) dt dHd−1(y)

=

ˆ
M∩Ω

ˆ 1√
εj

− 1√
εj

(
W (vj(s)) + (v

(k)
j (s))2

)
J(y, sεj) dsdHd−1(y)

≤
(

sup
y∈M

t∈(−√
εj ,

√
εj)

J(y, t)
)ˆ

M∩Ω

ˆ +∞

−∞
(W (vj(s)) + (v

(k)
j (s))2)ds dHd−1(y).

Since M is compact, J(y, t) converges uniformly to 1 as t→ 0; hence, by (7.5.6) we obtain

lim sup
j→+∞

Ikj ≤ mkHd−1(M ∩ Ω) = mkPer(E,Ω) = mkHd−1(Ju).

We now prove that for fixed ℓ ∈ {1, . . . , k − 1} we have lim sup
j→+∞

Iℓj = 0. To this end, we

set wj(t) := vj(t/εj) and Aj := (−√
εj ,

√
εj), and write

Iℓj = ε2k−1−2ℓ
j

ˆ
Aj

(
v
(ℓ)
j

( t

εj

))2
dt = ε2k−1

j

ˆ
Aj

(w
(ℓ)
j (t))2 dt. (7.5.10)

By a change of variable, we have
ˆ
Aj

( 1

εj
W (wj) + ε2k−1

j (w
(k)
j )2

)
dt =

ˆ +∞

−∞

(
W (vj) + (v

(k)
j )2

)
dt;
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hence, by (7.5.6) and by the fact that W ≥ 0, we infer that

∥w(k)
j ∥L2(Aj) ≤ Cε

1−2k
2

j . (7.5.11)

Note that for every positive integer j and for any h ∈ {0, . . . , k − 1} there exists zhj ∈
[−√

εj ,
√
εj ] such that w(h)

j (zhj ) = 0. Indeed, this holds with zhj =
√
εj for h ∈ {1, . . . , k−1},

while the existence of z0j follows by the continuity of wj . Hence, applying the Fundamental
Theorem of Calculus and using (7.5.11), we get

|wj(t)| ≤ ε
2k−1

4
j ∥w(k)

j ∥L2(Aj) ≤ Cε
1−2k

4
j for every t ∈ Aj ,

so that
∥wj∥L2(Aj) ≤ Cε

1−k
2

j . (7.5.12)

By the interpolation inequality (7.2.3), it holds

∥w(ℓ)
j ∥L2(Aj) ≤ C

(
∥w(k)

j ∥
ℓ
k

L2(Aj)
∥wj∥

k−ℓ
k

L2(Aj)
+ L1(Aj)

−ℓ∥wj∥L2(Aj)

)
.

Hence, combining (7.5.11) and (7.5.12) we get

∥w(ℓ)
j ∥L2(Aj) ≤ C

(
ε
( 1−2k

2
)( ℓ

k
)

j ε
( 1−k

2
)( k−ℓ

k
)

j + ε
− ℓ

2
+ 1−k

2
j

)
= Cε

−k−ℓ+1
2

j . (7.5.13)

Note that the above formula, up to a constant factor that is independent of j, reduces to
(7.5.11) when ℓ = k. Recalling (7.5.10) we conclude

Iℓj = ε2k−1
j ∥w(ℓ)

j ∥2L2(Aj)
≤ Cεk−ℓj ,

which tends to 0 since ℓ < k.
Finally, we prove that for fixed r < ℓ, we have lim sup

j→+∞
Ir,ℓj = 0.

Recalling that wj(t) = vj(t/εj), by Hölder’s inequality we have

Ir,ℓj = ε2k−1−r−ℓ
j

ˆ
Aj

∣∣∣v(r)j ( t

εj

)∣∣∣ ∣∣∣v(ℓ)j ( t

εj

)∣∣∣ dt
= ε2k−1

j

ˆ
Aj

|w(r)
j (t)| |w(ℓ)

j (t)| dt

≤ ε2k−1
j ∥w(r)

j ∥L2(Aj) ∥w
(ℓ)
j ∥L2(Aj).

Since (7.5.13) holds for every ℓ ∈ {1, . . . , k}, we get

Ir,ℓj ≤ Cε2k−1
j ε

−k−r+1
2

j ε
−k−ℓ+1

2
j = Cε

k− r+ℓ
2

j ,

which tends to 0 since r + ℓ < 2k, concluding the proof.





CHAPTER 8

Anisotropic higher-order singular
perturbation models for phase transitions

This chapter is devoted to an extension of the results presented in the previous chapter
to a broader class of singularly perturbed energies. In particular, we consider energies of
the form

Fε(u,Ω) :=


ˆ
Ω

(1
ε
W (u) +

k∑
ℓ=1

qℓε
2ℓ−1|∇(ℓ)u|2ℓ

)
dx if u ∈ Hk(Ω),

+∞ if u ∈ L2(Ω) \Hk(Ω),
(8.0.1)

where Ω is a bounded open subset of Rd with C1 boundary, k is a fixed positive integer
larger than 1, the coefficients q1, . . . , qk−1 are real constants, possibly negative, qk = 1, and
| · |ℓ is a norm on the space of symmetric ℓ-tensors for every ℓ ∈ {1, . . . , k}.

The novelty with respect to the functionals considered in (7.0.1) and (7.1.3) is that we
consider:

• singular perturbations of intermediate order, possibly negative;

• arbitrary norms | · |ℓ that allow for anisotropies in the limit process.

As in the previous chapter, our aim is to establish compactness and Γ-convergence results
for the family {Fε}ε as ε → 0+. More precisely, we prove that cluster points of sequences
with equibounded energy are sharp interfaces, and that the corresponding Γ-limit is an
anisotropic perimeter functional.

The strategy we adopt combines ideas from [75] and [78], where analogous problems
have been studied in the case k = 2. Following the approach of [78], we first prove suitable
nonlinear interpolation estimates, which allow us to control the negative intermediate-order
terms (see Theorem 8.1.1). These estimates allow one to compare {Fε}ε with the functionals
introduced in (7.1.3); therefore, by using the results obtained in the previous chapter, we
obtain the compactness part of the result (see Theorem 8.1.2). We then use arguments in
the spirit of [75], to identify the Γ-limit (see Theorem 8.1.3). The nonlinear interpolation
estimates are crucial also in this step, as they allow us to prove a lemma which enables us
to impose boundary conditions in an energetically convenient way. We stress that, because
of the general tensor norms | · |ℓ considered here, the lower bound cannot be reduced to
a one-dimensional analysis by slicing, as it was previously done in Section 7.5. A genuine
blow-up argument is therefore needed.

Finally, in the isotropic case, we carry out a careful analysis of the properties of the
optimal profile problems that determine the expression of the limit energy density, which
is, in this case, a multiple of the usual perimeter.

The chapter is structured as follows. In Section 8.1, we introduce the setting and present
the three main results of the chapter: the nonlinear interpolation estimate Theorem 8.1.1,
compactness Theorem 8.1.2, and the Γ-convergence result Theorem 8.1.3. In Section 8.3, we
derive the nonlinear interpolation inequalities which are crucial in the rest of the chapter; this

277
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is done by first analysing the one-dimensional case and then extended to the d-dimensional
case relying on arguments devised in [75]. These inequalities are then exploited in Section 8.4
to deduce compactness Theorem 8.1.2. The proof of the Γ-limit result is split in two different
sections; in Section 8.5 we prove the lower bound, while the upper bound is dealt with in
Section 8.6. Finally, in Section 8.7, we analyse the optimal profile problems defining the
limit energy density in dimension one. In particular, we show in Proposition 8.7.3 that,
under suitable assumptions on W , these problems admit a minimiser.

The content of this chapter is based on the joint paper with Brusca & Trifone [55].

8.1 Setting and main results

In this section, we introduce the functional we study in this chapter and give the state-
ments of its main results. We refer the reader to Section 1.1 for the basic notation for sets
and slicing we adopt and to Section 1.3 for the properties of sets of finite perimeter.

We recall that Ω ⊂ Rd is a bounded open set with C1 boundary, k is a fixed positive
integer larger than 1, Fε is given by (8.0.1). We also recall that the coefficients q1, . . . , qk−1

are real constants, possibly negative, qk = 1, and | · |ℓ is a norm on the space of symmetric
ℓ-tensors for every ℓ ∈ {1, . . . , k}. In what follows, for a symmetric k-tensor T , its operator
norm is denoted by ∥T∥k. It is also convenient to set a different notation for the functionals
introduced in (7.1.3), and we set

Eε(u,Ω) :=


ˆ
Ω

(1
ε
W (u) + ε2k−1∥∇(k)u∥2k

)
dx if u ∈ Hk(Ω),

+∞ if u ∈ L2(Ω) \Hk(Ω),
(8.1.1)

We assume that W : R → [0,+∞) is a continuous function satisfying the following assump-
tions:

(H1) W (s) = 0 if and only if s ∈ {−1, 1};

(H2) W (s) ≥ min{(s+ 1)2, (s− 1)2} for every s ∈ R;

(H3) W (s) ≤W (t) + 1 for every t ∈ R and for every s ∈ R with |s| ≤ |t|.

We remark that, with some minor adaptations in the computations, we could also assume,
more in general, that, for some positive constants α, β, the following conditions hold:

(H2’) W (s) ≥ αmin{(s+ 1)2, (s− 1)2} for every s ∈ R;

(H3’) W (s) ≤ βW (t) + β for every t ∈ R and for every s ∈ R with |s| ≤ |t|,

with our main results still holding unchanged.
Our first main result is a global interpolation inequality at scale ε, in the spirit of [75] and

[78], that establishes bounds on the square of the L2 norm of ∇(ℓ)u in terms of
´
ΩW (u) dx

and the square of the L2 norm of ∇(k)u. This inequality is fundamental in the asymptotic
analysis of Fε, and determines lower bounds for the constants q1, . . . , qk−1 for which our
asymptotic analysis can be carried out.
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Theorem 8.1.1. Let k > 1 be an integer and assume that (H2) is satisfied. Then, for every
ℓ ∈ {1, . . . , k − 1}, there exists a positive constant q∗ℓ independent of Ω such that for every
q < q∗ℓ there exists ε0 = ε0(q,Ω) such that it holds

qε2ℓ
ˆ
Ω
∥∇(ℓ)u∥2ℓ dx ≤

ˆ
Ω

(
W (u) + ε2k∥∇(k)u∥2k

)
dx

for every ε ∈ (0, ε0) and u ∈ Hk(Ω). Moreover, for every ℓ ∈ {1, . . . , k − 1}, there exists a
positive constant q̃∗ℓ independent of Ω such that for every q < q̃∗ℓ there exists ε0 = ε0(q,Ω)
such that it holds

qε2ℓ
ˆ
Ω
|∇(ℓ)u|2ℓ dx ≤

ˆ
Ω

(
W (u) + ε2k|∇(k)u|2k

)
dx

for every ε ∈ (0, ε0) and u ∈ Hk(Ω). In particular, q̃∗ℓ depends on q∗ℓ , | · |ℓ, and | · |k.

The above interpolation inequality is proved by, first, adapting the arguments in [78],
which yield the result in the case d = 1, and then by applying the slicing method as
in [75] to recover the general case. We remark that assumption (H2), despite not being fully
satisfactory in describing the model as it prescribes the growth rate at infinity of the double-
well potential, is needed to apply classical, global L2-interpolation estimates. Indeed, the
presence of negative terms in the energy seems to prevent the use of the local arguments
applied in Chapter 7, as it is not evident to us how to estimate the energy when far from
the bottom of the wells.

Having at disposal such an interpolation estimate allows us to find a priori bounds on
the functionals (8.0.1), provided the coefficients q1, . . . , qk−1 are not too negative, and this
is the key ingredient to get the main compactness result.

Theorem 8.1.2. Let {Fε}ε be defined as in (8.0.1) with k > 1 an integer, let N := {ℓ ∈
{1, . . . , k − 1} : qℓ ≤ 0}, and let {εn}n be a positive sequence converging to 0. Assume that
(H1) and (H2) are satisfied and that one of the following conditions holds:

(i) N = Ø;

(ii) N ̸= Ø and qℓ > −qℓ for every ℓ ∈ N for suitable positive constants {qℓ : ℓ ∈ N}.

If {un}n ⊂ Hk(Ω) is a sequence such that

sup
n
Fεn(un,Ω) < +∞,

then there exist a subsequence {unj}j and a function u ∈ BV(Ω; {−1, 1}) such that unj → u
in L2(Ω) as j → +∞. In particular, if N ̸= Ø, letting q̃∗1, . . . , q̃

∗
k−1 denote the same positive

constants appearing in Theorem 8.1.1 and given {αℓ : ℓ ∈ N} such that αℓ > 0 for all ℓ ∈ N
and

∑
ℓ∈N αℓ = 1, it holds that qℓ = αℓq̃

∗
ℓ for all ℓ ∈ N ; hence, {qℓ : ℓ ∈ N} are independent

of Ω.

Clearly, if the coefficients q1, . . . , qk−1 are non-negative, the compactness result of Chap-
ter 8 suggests there is no need to resort to Theorem 8.1.1 since, by the equivalence of
the tensor norms, compactness of the functionals {Fε}ε can be inferred by compactness of
the functionals {Eε}ε defined in (8.1.1) through a direct comparison. For this reason, we
also prove a compactness result for functionals {Eε}ε (Proposition 8.4.3). The first step
is enhancing the compactness result for the 1-dimensional functionals treated in Chapter 7
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taking advantage of assumption (H2). Indeed, this assumption implies that W has quadratic
growth at infinity, and this condition, in turn, allows to improve precompactness in measure
into precompactness in L2. Then, we recover the general d-dimensional case by resorting to
a precompactness criterion in L1 by slicing that has been introduced in [7] (see Proposition
8.4.2 below), which in our case is sufficient to obtain precompactness in L2.

Afterwards, we compute the Γ-limit of the family {Fε}ε with respect to the strong
convergence in L2(Ω). In order to state our result, we introduce some notation. We set
Sd−1 := {ξ ∈ Rd : |ξ| = 1}. For brevity of notation, in this chapter we let the symbol QνT
denote an open cube of side length T > 0, centred at the origin, with two faces orthogonal
to ν ∈ Sd−1,

QνT :=
{
x ∈ Rd : |x · ν| < T

2
, |x · νi| <

T

2
for every i ∈ {1, . . . , d− 1}

}
, (8.1.2)

where {ν1, . . . , νd−1, ν} is an orthonormal basis of Rd that we fix arbitrarily.
We fix a function u ∈ Hk

loc(R) such that u(t) = −1 if t ≤ −1/8, u(t) = 1 if t ≥ 1/8,
|u| ≤ 1, and

0 <

ˆ +∞

−∞

(
W (u) +

k∑
ℓ=1

|qℓ||u(ℓ)|2
)
dt < +∞,

then, for fixed ν ∈ Sd−1 we define the function

uν(x) := u(x · ν) for all x ∈ Rd,

and for every ε > 0 we further define

uνε(x) := uν
(x
ε

)
= u

(x · ν
ε

)
for all x ∈ Rd.

We introduce a class of admissible functions on unit cubes as

Aν
ε :=

{
v ∈ Hk(Qν1) : v = uνε near ∂Qν1

}
, (8.1.3)

where by ‘near ∂Qν1 ’, we mean ‘in Qν1 \Qνr for some r ∈ (0, 1)’.
Finally, for every ν ∈ Sd−1 we introduce the function

g(ν) := inf
{ˆ

Qν
1

(1
ε
W (v) +

k∑
ℓ=1

qℓε
2ℓ−1|∇(ℓ)v|2ℓ

)
dx : v ∈ Aν

ε , ε ∈ (0, 1)
}
, (8.1.4)

and we state our last main result.

Theorem 8.1.3. Let {Fε}ε be defined as in (8.0.1) with k > 1 an integer and let N := {ℓ ∈
{1, . . . , k − 1} : qℓ ≤ 0}. Assume that (H1)–(H3) are satisfied and that one of the following
conditions holds:

(i) N = Ø;

(ii) N ̸= Ø and qℓ > −qℓ for every ℓ ∈ N with the same positive constants {qℓ : ℓ ∈ N}
independent of Ω appearing in Theorem 8.1.2.
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Then the family of functionals {Fε}ε Γ-converges, with respect to the strong convergence in
L2(Ω), to the functional F0 given by

F0(u,Ω) :=


ˆ
∂∗E∩Ω

g(νE) dHd−1 if u ∈ BV(Ω; {−1, 1}), with u = 2χE − 1,

+∞ if u ∈ L2(Ω) \ BV(Ω; {−1, 1}),

where E is a set of finite perimeter in Ω, ∂∗E is its reduced boundary, νE is its inner unit
normal, and g is defined as in (8.1.4).

In the special case q1 = · · · = qk−1 = 0, this result improves Theorem 7.1.2, as it deals
with arbitrary norms on the spaces of tensors, upon assuming stronger hypotheses on the
double-well potential.

In order to compute the Γ-limit, we follow the strategy presented in [75]. The lower
bound is proved by using the blow-up argument and relying on a method due to De Giorgi
that allows to vary boundary conditions on converging sequences (Lemma 8.5.2). The
construction of a recovery sequence is confined to the case of polyhedra, which are seen to
be dense in energy for the limit F0, being the surface energy density g upper semicontinuous
(Proposition 8.2.1).

As stated below in Remark 8.2.2, the density (8.1.4) can be described by the following
asymptotic formula

g(ν) = lim
ε→0

inf
{ˆ

Qν
1

(1
ε
W (v) +

k∑
ℓ=1

qℓε
2ℓ−1|∇(ℓ)v|2ℓ

)
dx : v ∈ Aν

ε

}
= lim

T→+∞

1

T d−1
inf

{ˆ
Qν

T

(
W (v) +

k∑
ℓ=1

qℓ|∇(ℓ)v|2ℓ
)
dx : v ∈ Ãν

T

}
,

where
Ãν
T :=

{
v ∈ Hk(QνT ) : v = uν near ∂QνT

}
,

and the last equality follows by setting T := 1
ε and a change of variables.

The formula appearing in (8.1.4) should be compared with the one in [75]. In that work
such density is a constant because of the absence of anisotropies, and it is given by

inf
{ˆ

Q

(1
ε
W (v)− qε∥∇v∥21 + ε3∥∇(2)v∥22

)
dx : v ∈ A, ε ∈ (0, 1)

}
,

with Q = (−1
2 ,

1
2)
d, and

A :=
{
v ∈ Hkloc(Rd) : v = −1 near x · ed = −1

2
, v = 1 near x · ed =

1

2
,

v(x+ ei) = v(x) for all x ∈ Rd, i ∈ {1, . . . , d− 1}
}
,

where by ‘near x·ed = ±1
2 ’ it is meant ‘in a neighbourhood of the set {x ∈ Rd : x·ed = ±1

2}’.
In light of this observation, we expect that our density g could be characterised as

inf
{ˆ

Qν
1

(1
ε
W (v) +

k∑
ℓ=1

qℓε
2ℓ−1|∇(ℓ)v|2ℓ

)
dx : v ∈ Ãν , ε ∈ (0, 1)

}
,
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with

Ãν :=
{
v ∈ Hkloc(Rd) : v = −1 near x · ν = −1

2
, v = 1 near x · ν =

1

2
,

v(x+ νi) = v(x) for all x ∈ Rd, i ∈ {1, . . . , d− 1}
}
,

where {ν1, . . . , νd−1, ν} is the orthonormal basis that we fixed in the definitions (8.1.2) and
(8.1.3). To prove this fact, we would need to impose boundary conditions resorting to
Lemma 8.5.2. In turn, to do this we would need to improve Theorem 8.1.1, even just in
the case of the operator norms, to the case where Ω is an open cube. In [75], this result
is obtained by slicing, which is well suited because, roughly speaking, the operator norm
of a 1-tensor, the gradient, coincides with its Euclidean norm as a vector of Rd. Because
of the higher order of derivatives that our interpolation estimates involve, such argument
seems to be difficult to adapt. As an additional consequence of the lack of interpolation
estimates on cubes, the proofs of Lemma 8.5.2 (and its statement) and of the lower bound
(Proposition 8.5.1) present several differences with respect to their counterparts in [75]. In
particular, we will need to apply our interpolation inequalities on a C1 subset of the cube
Qν1 that coincides with this cube inside the strip {x ∈ Rd : |x · ν| ≤ 1

4} which is close to the
interface on which most of the energy is stored.

8.2 Limit energy density

In this section we prove a characterisation of the density introduced in (8.1.4). In
view of the asymptotic analysis, the following proposition makes irrelevant the choice of
the orthonormal basis {ν1, . . . , νd−1, ν} fixed in the definitions (8.1.2) and (8.1.3). In the
following we let SO(d) denote the group of d×d orthogonal matrices with determinant equal
to 1.

Proposition 8.2.1. For every ν ∈ Sd−1 and for every R ∈ SO(d) such that Rν = ν it holds

g(ν) = inf
{ˆ

R(Qν
1)

(1
ε
W (v) +

k∑
ℓ=1

qℓε
2ℓ−1|∇(ℓ)v|2ℓ

)
dx : v ◦R ∈ Aν

ε , ε ∈ (0, 1)
}

(8.2.1)

= inf
{ˆ

R′(Qν
1)

(1
ε
W (v) +

k∑
ℓ=1

qℓε
2ℓ−1|∇(ℓ)v|2ℓ

)
dx : v ◦R′ ∈ Aν

ε , ε ∈ (0, 1),

R′ ∈ SO(d) with R′ν = ν
}
. (8.2.2)

Moreover, g is upper semicontinuous.

Proof. We first prove (8.2.2). Fix ν ∈ Sd−1 and let ε ∈ (0, 1), R ∈ SO(d) satisfying Rν = ν,
and v ◦ R ∈ Aν

ε . We claim that for every η ∈ (0, ε), there exists a function wη ∈ Aν
η such

that

lim sup
η→0

ˆ
Qν

1

(1
η
W (wη) +

k∑
ℓ=1

qℓη
2ℓ−1|∇(ℓ)wη|2ℓ

)
dx (8.2.3)

≤
ˆ
R(Qν

1)

(1
ε
W (v) +

k∑
ℓ=1

qℓε
2ℓ−1|∇(ℓ)v|2ℓ

)
dx. (8.2.4)
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For the sake of exposition, we set T := 1/ε and ṽ(x) := v( 1
T x) for all x ∈ R(QνT ). For

S > T , we introduce

Z(T, S) := {z = T (z1Rν1 + · · ·+ zd−1Rνd−1) : z +R(QνT ) ⊂ QνS , (z1, . . . , zd−1) ∈ Zd−1}.

where {ν1, . . . , νd−1, ν} is the orthonormal basis that we arbitrarily fixed in the definitions
(8.1.2) and (8.1.3), and

E(T, S) :=
⋃

z∈Z(T,S)

(
z +R(QνT )

)
.

Then, we define the function

w̃S(x) :=

{
ṽ(x− z) if x ∈ z +R(QνT ) for some z ∈ Z(T, S),

uν(x) otherwise in QνS ,

and we note that w̃S ∈ Hk(QνS) with w̃S = uν close to ∂QνS . Recalling the notation (8.0.1),
we have

F1(w̃S , Q
ν
S)

Sd−1
=
F1(w̃S , E(T, S)) + F1(w̃S , Q

ν
S \ E(T, S))

Sd−1

=
( ∑
z∈Z(T,S)

F1(w̃S , z +R(QνT ))

Sd−1

)
+
F1(w̃S , Q

ν
S \ E(T, S))

Sd−1

= #Z(T, S)
F1(ṽ, R(Q

ν
T ))

Sd−1
+

Hd−1
(
πν(QνS) \ πν(E(T, S))

)
Sd−1

c0,

having set c0 :=
´ +∞
−∞

(
W (u) +

∑k
ℓ=1 qℓ|u(ℓ)|2

)
dt and letting πν denote the orthogonal

projection on the hyperplane ν⊥. We observe that

lim
S→+∞

#Z(T, S)

(S/T )d−1
= 1,

and
Hd−1

(
πν(QνS) \ πν(E(T, S))

)
= Sd−1 −#Z(T, S)T d−1

therefore,

lim sup
S→+∞

F1(w̃S , Q
ν
S)

Sd−1
≤
F1(ṽ, R(Q

ν
T ))

T d−1
;

that is

lim sup
S→+∞

1

Sd−1

ˆ
Qν

S

(
W (w̃S) +

k∑
ℓ=1

qℓ|∇(ℓ)w̃S |2ℓ
)
dx

≤ 1

T d−1

ˆ
R(Qν

T )

(
W (ṽ) +

k∑
ℓ=1

qℓ|∇(ℓ)ṽ|2ℓ
)
dx. (8.2.5)

Finally, we set

η :=
1

S
, wη(x) := w̃ 1

η

(1
η
x
)

for all x ∈ Qν1 ,

so that wη ∈ Aν
η . By applying the change of variables y := x/η on the left-hand side and

y := x/ε on the right-hand side, (8.2.5) can be written as

lim sup
η→0

ˆ
Qν

1

(1
η
W (wη)+

k∑
ℓ=1

qℓη
2ℓ−1|∇(ℓ)wη|2ℓ

)
dy ≤

ˆ
R(Qν

1)

(1
ε
W (v)+

k∑
ℓ=1

qℓε
2ℓ−1|∇(ℓ)v|2ℓ

)
dy,
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which is (8.2.3). By the arbitrariness of ε,R, and v, inequality (8.2.3) and a diagonal
argument yield (8.2.2).

As for the proof of (8.2.1), consider R1, R2 ∈ SO(d) satisfying R1ν = R2ν = ν and
v ◦ R1 ∈ Aν

ε . With a similar argument to the one employed above, we may prove that for
every η ∈ (0, ε), there exists a function wη such that wη ◦R2 ∈ Aν

η and

lim sup
η→0

ˆ
R2(Qν

1)

(1
η
W (wη) +

k∑
ℓ=1

qℓη
2ℓ−1|∇(ℓ)wη|2ℓ

)
dx

≤
ˆ
R1(Qν

1)

(1
ε
W (v) +

k∑
ℓ=1

qℓε
2ℓ−1|∇(ℓ)v|2ℓ

)
dx,

which, by the arbitrariness of the rotations R1, R2 and of the function v, proves (8.2.1).
Finally, we prove that g is upper semicontinuous. Let ν ∈ Sd−1 and {νn}n ⊂ Sd−1 such

that νn → ν. We aim to show that

lim sup
n→+∞

g(νn) ≤ g(ν).

Fix η > 0 and let ε ∈ (0, 1) and v ∈ Aν
ε such that

g(ν) + η ≥
ˆ
Qν

1

(1
ε
W (v) +

k∑
ℓ=1

qℓε
2ℓ−1|∇(ℓ)v|2ℓ

)
dx. (8.2.6)

For each n ∈ N we can find Rn = (Ri,jn )di,j=1 ∈ SO(d) such that Rnν = νn and Rn → Id.
Consider the cube Rn(Qν1) and, for each n, a rotation Sn ∈ SO(d) such that

Snνn = νn and Rn(Qν1) = Sn(Q
νn
1 ).

Define vn(x) := v(RTnx) for every x ∈ Rn(Q
ν
1) = Sn(Q

νn
1 ) and note that vn ◦ Sn ∈ Aνn

ε . By
(8.2.2) and a change of variables

g(νn) ≤
ˆ
Sn(Q

νn
1 )

(1
ε
W (vn(x)) +

k∑
ℓ=1

qℓε
2ℓ−1|∇(ℓ)vn(x)|2ℓ

)
dx

=

ˆ
Rn(Qν

1)

(1
ε
W (vn(x)) +

k∑
ℓ=1

qℓε
2ℓ−1|∇(ℓ)vn(x)|2ℓ

)
dx

=

ˆ
Qν

1

(1
ε
W (v(x)) +

k∑
ℓ=1

qℓε
2ℓ−1|∇(ℓ)vn(Rnx)|2ℓ

)
dx. (8.2.7)

We show that, for each ℓ ∈ {1, . . . , k} and Ld-a.e. x ∈ Qν1 , we have ∇(ℓ)vn(Rnx) →
∇(ℓ)v(x) in the space of ℓ-tensors as n → +∞. By the equivalence of the norms, to prove
this it is sufficient to show that for Ld-a.e. x ∈ Qν1 it holds

lim
n→+∞

∇(ℓ)vn(Rnx)(ei1 , . . . , eiℓ) = ∇(ℓ)v(x)(ei1 , . . . , eiℓ) for (i1, . . . , iℓ) ∈ {1, . . . , d}ℓ. (8.2.8)
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Let us fix (i1, . . . , iℓ) ∈ {1, . . . , d}ℓ. For Ld-a.e. x ∈ Qν1 we have

lim
n→+∞

∇(ℓ)vn(Rnx)(ei1 , . . . , eiℓ) = lim
n→+∞

∂ℓvn
∂xi1 . . . ∂xiℓ

(Rnx)

= lim
n→+∞

d∑
j1=1

· · ·
d∑

jℓ=1

Ri1,j1n . . . Riℓ,jℓn

∂ℓv

∂xj1 . . . ∂xjℓ
(x)

=

d∑
j1=1

· · ·
d∑

jℓ=1

δi1j1 . . . δiℓjℓ
∂ℓv

∂xj1 . . . ∂xjℓ
(x)

=
∂ℓv

∂xi1 . . . ∂xiℓ
(x) = ∇(ℓ)v(x)(ei1 , . . . , eiℓ),

and this equality proves (8.2.8).
To conclude, we first observe that, since Rn → Id, we may assume that |Ri,jn | ≤ 2 for all

i, j ∈ {1, . . . , d} and n ∈ N so that

|∇(ℓ)vn(Rnx)|ℓ ≤ Cmax
{∣∣ ∂ℓv

∂xi1 . . . ∂xiℓ
(Rnx)

∣∣ : (i1, . . . , iℓ) ∈ {1, . . . , d}ℓ
}

= Cmax
{∣∣ d∑
j1=1

· · ·
d∑

jℓ=1

Ri1,j1n . . . Riℓ,jℓn

∂ℓv

∂xj1 . . . ∂xjℓ
(x)

∣∣ : (i1, . . . , iℓ) ∈ {1, . . . , d}ℓ
}

≤ Cmax
{∣∣ ∂ℓv

∂xi1 . . . ∂xiℓ
(x)

∣∣ : (i1, . . . , iℓ) ∈ {1, . . . , d}ℓ
}
≤ C|∇(ℓ)v(x)|ℓ, (8.2.9)

where C is a positive constant (that may vary from line to line) which only depends on d
and ℓ as it arises by the equivalence of the tensor norms. Finally, combining (8.2.8) with
(8.2.9), we apply the Dominated Convergence Theorem in (8.2.7), so that by (8.2.6) we
obtain

lim sup
n→+∞

g(νn) ≤ lim
n→+∞

ˆ
Qν

1

(1
ε
W (v(x)) +

k∑
ℓ=1

qℓε
2ℓ−1|∇(ℓ)vn(Rnx)|2ℓ

)
dx

=

ˆ
Qν

1

(1
ε
W (v(x)) +

k∑
ℓ=1

qℓε
2ℓ−1|∇(ℓ)v(x)|2ℓ

)
dx ≤ g(ν) + η.

The arbitrariness of η concludes the proof.

Remark 8.2.2. With the previous proof, we have also shown that

g(ν) = lim
ε→0

inf
{ˆ

Qν
1

(1
ε
W (v) +

k∑
ℓ=1

qℓε
2ℓ−1|∇(ℓ)v|2ℓ

)
dx : v ∈ Aν

ε

}
.

This observation will be useful in the last section in order to study the density g in the
one-dimensional case.

8.3 Interpolation

This section is devoted to the proof of Theorem 8.1.1. Furthermore, we obtain a useful
result (Corollary 8.3.7) that we will use in the proof of Theorem 8.1.2. Throughout this
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section, we keep track of the dependence of the constants on the involved parameters with
the only exceptions of d, the dimension of the ambient Euclidean space, and k, the highest
order of derivation.

We start by mentioning a classical interpolation estimate on intervals (see Theorem 7.41
in [143]). For simplicity of notation, for every interval I we let |I| denote its length.

Theorem 8.3.1. Let I ⊂ R be a bounded, open interval and let k be a positive integer.
Then there exists a positive constant c independent of I such that

ˆ
I
|u(k−1)|2 dt ≤ cL1(I)−2(k−1)

ˆ
I
u2 dt+ c

ˆ
I
|u(k)|2 dt

for every u ∈ Hk(I).

We adapt the argument of Lemma 3.1 in [78] to bound the square of the L2-norm of the
derivative of order k−1 by means of the integral of the double-well potential and the square
of the L2-norm of the derivative of order k. Then, we deduce the same kind of estimate for
any derivative of intermediate order ℓ ∈ {1, . . . , k − 1}.

Lemma 8.3.2. Let I ⊂ R be a bounded, open interval, let k > 1 be an integer, and assume
that (H2) is satisfied. Then there exists a positive constant q′k−1 independent of I such that

q

ˆ
I
|u(k−1)(t)|2 dt ≤ L1(I)−2(k−1)

ˆ
I
W (u) dt+ L1(I)2

ˆ
I
|u(k)|2 dt

for every q < q′k−1 and u ∈ Hk(I).

Proof. It is sufficient to prove the statement for I = (0, 1), the general case being obtained
by translating and rescaling. We set

z :=

ˆ 1

0
u(k−1) dt,

and by the Fundamental Theorem of Calculus we infer that

|u(k−1)(t)− z| ≤
ˆ 1

0
|u(k)| dt for all t ∈ (0, 1). (8.3.1)

As a consequence ˆ 1

0
|u(k−1)|2 dt ≤ 2

ˆ 1

0
|u(k)|2 dt+ 2z2;

therefore, the proof is complete if we prove that

z2 ≤ C

ˆ 1

0

(
W (u) + |u(k)|2

)
dt (8.3.2)

for some C > 0. If z2 ≤ 4
´ 1
0 |u(k)|2 dt, then (8.3.2) is immediately satisfied. Otherwise, by

Jensen’s inequality, we have that |z| > 2
´ 1
0 |u(k)| dt, which together with (8.3.1), yields

|u(k−1)(t)| ≥ |z|
2
> 0 for all t ∈ (0, 1). (8.3.3)

Consider the intervals ( jk ,
j+1
k ), j ∈ {0, . . . , k − 1}. We observe that there exists j∗ ∈

{0, . . . , k − 1} such that u ̸= 0 on ( j
∗

k ,
j∗+1
k ). To see this, assume by contradiction that u
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vanishes on each of these intervals; then, u has at least k zeros on I. By Lagrange’s Theorem,
this implies that u′ vanishes at k−1 points of I, and then, iterating this argument, we obtain
that u(k−1) vanishes at a point of I, contradicting (8.3.3). We suppose u > 0 in ( j

∗

k ,
j∗+1
k ),

the case u < 0 being analogous. Applying Theorem 8.3.1 to the function u − 1 on the
interval ( j

∗

k ,
j∗+1
k ) and resorting to (H2), we obtain

ˆ j∗+1
k

j∗
k

|u(k−1)|2 dt ≤ ck2(k−1)

ˆ j∗+1
k

j∗
k

(u− 1)2 dt+ c

ˆ j∗+1
k

j∗
k

|u(k)|2 dt

≤ ck2(k−1)

ˆ j∗+1
k

j∗
k

W (u) dt+ c

ˆ j∗+1
k

j∗
k

|u(k)|2 dt,

therefore, taking into account (8.3.3),

z2 ≤ 4k

ˆ j∗+1
k

j∗
k

|u(k−1)|2 dt

≤ 4ck2k−1

ˆ j∗+1
k

j∗
k

W (u) dt+ 4ck

ˆ j∗+1
k

j∗
k

|u(k)|2 dt,

which, by the positivity of W , proves (8.3.2) and concludes the proof.

Corollary 8.3.3. Let I ⊂ R be a bounded, open interval, let k > 1 be an integer, and
assume that (H2) is satisfied. Then, for every ℓ ∈ {1, . . . , k − 1}, there exists a positive
constant q′ℓ independent of I such that

q

ˆ
I
|u(ℓ)|2 dt ≤ L1(I)−2ℓ

ˆ
I
W (u) dt+ L1(I)2(k−ℓ)

ˆ
I
|u(k)|2 dt

for every q < q′ℓ and u ∈ Hk(I).

Proof. The thesis follows by applying iteratively Lemma 8.3.2.

Now we adapt the interpolation inequality at scale ε, in view of its application to func-
tionals (8.0.1).

Proposition 8.3.4. Let I ⊂ R be a bounded, open interval, let k > 1 be an integer, and
assume that (H2) is satisfied. Then, for every ℓ ∈ {1, . . . , k − 1}, there exists a positive
constant q′′ℓ independent of I such that, for every ε ∈ (0,L1(I)/2), it holds

qε2ℓ
ˆ
I
|u(ℓ)|2 dt ≤

ˆ
I

(
W (u) + ε2k|u(k)|2

)
dt

for every q < q′′ℓ and u ∈ Hk(I).

Proof. We set v(t) := u(εt) for t ∈ 1
εI so that

ε2ℓ−1

ˆ
I
|u(ℓ)|2 dt =

ˆ
I
ε

|v(ℓ)|2 dt.
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Then, we set nε := ⌊L
1(I)
ε ⌋ and we subdivide the rescaled interval 1

εI in nε pairwise disjoint,
open intervals Ijε , j ∈ {1, . . . , nε} each of length L1(I)

εnε
. Then we apply Corollary 8.3.3 on

each subinterval Ijε with q < q′ℓ and we obtain

ε2ℓ−1

ˆ
I
|u(ℓ)|2 dt =

nε∑
j=1

ˆ
Ijε

|v(ℓ)|2 dt

≤
nε∑
j=1

1

q

{
L1(Ijε )

−2ℓ

ˆ
Ijε

W (v) dt+ L1(Ijε )
2(k−ℓ)

ˆ
Ijε

|v(k)|2 dt
}

≤ 1

q

{
22ℓ

ˆ
1
ε
I
W (v) dt+

(3
2

)2(k−ℓ)
ˆ

1
ε
I
|v(k)|2 dt

}
≤ max{22ℓ, (3/2)2(k−ℓ)}

q

ˆ
I

(W (u)

ε
+ ε2k−1|u(k)|2

)
dt,

where the second inequality follows by the fact L1(Ijε ) ∈ (12 ,
3
2) if ε ∈ (0, |I|/2).

We multiply the above inequality by ε to obtain that

q̃ε2ℓ
ˆ
I
|u(ℓ)|2 dt ≤

ˆ
I

(
W (u) + ε2k|u(k)|2

)
dt

for every q̃ < q′′ℓ and ε ∈ (0, |I|/2), where we set

q′′ℓ :=
q′ℓ

max{22ℓ, (3/2)2(k−ℓ)}
;

therefore, the proof is complete.

The following immediate corollary proves Theorem 8.1.1 in dimension 1.

Corollary 8.3.5. Let Ω ⊂ R be the union of finitely many bounded, open, disjoint intervals,
let k > 1 be an integer, and assume that (H2) is satisfied. Then, denoting by L1(Io) the
length of the shortest connected component of Ω, for every ℓ ∈ {1, . . . , k − 1} and for every
ε ∈ (0, |Io|/2) it holds

qε2ℓ
ˆ
Ω
|u(ℓ)|2 dt ≤

ˆ
Ω

(
W (u) + ε2k|u(k)|2

)
dt

for every q < q′′ℓ and u ∈ Hk(Ω).

Proof. The proof follows by an immediate application of Proposition 8.3.4.

Finally, we prove the main result of this section by using the argument presented in the
proof of Theorem 1.2 in [75]. Below, we will make use of notation about slicing that has
been introduced in Section 2.

Proof of Theorem 8.1.1. It suffices to prove the part of the statement concerning the op-
erator norms, since the other case follows by the equivalence of the norms. We follow the
proof of Theorem 1.2 in [75]. For r > 0, ξ ∈ Sd−1, and y ∈ πξ(Ω), we define Ωξ,yr as the
finite union of the connected components of the slice Ωξy having length larger than r. Then
we set Ω(ξ, r) := {y + tξ ∈ Rd : y ∈ πξ(Ω), t ∈ Ωξ,yr } and we observe that (Ω(ξ, r))ξy = Ωξ,yr .
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Applying Corollary 8.3.5 we obtain

q̃ε2ℓ
ˆ
Ωξ,y

r

|(uξy)(ℓ)|2 dt ≤
ˆ
Ωξ,y

r

(
W (uξy) + ε2k|(uξy)(k)|2

)
dt

for all q̃ < q′′ℓ and ε < r/2. We integrate the above inequality on ξ⊥ to get

q̃ε2ℓ
ˆ
Ω(ξ,r)

|(∇(ℓ)u)(ξ, . . . , ξ)|2 dx ≤
ˆ
Ω

(
W (u) + ε2k∥∇(k)u∥2k

)
dx,

and setting A(ξ, r) := Ω \ Ω(ξ, r) we obtain

q̃ε2ℓ
ˆ
Ω
|(∇(ℓ)u)(ξ, . . . , ξ)|2 dx− q̃ε2ℓ

ˆ
A(ξ,r)

∥∇(ℓ)u∥2ℓ dx ≤
ˆ
Ω

(
W (u) + ε2k∥∇(k)u∥2k

)
dx.

Averaging this inequality on Sd−1 yields

ε2ℓ
q̃

σd−1

ˆ
Sd−1

ˆ
Ω
|(∇(ℓ)u)(ξ, . . . , ξ)|2 dx dHd−1(ξ)

− ε2ℓ
q̃

σd−1

ˆ
Sd−1

ˆ
A(ξ,r)

∥∇(ℓ)u∥2 dx dHd−1(ξ)

≤
ˆ
Ω

(
W (u) + ε2k∥∇(k)u∥2k

)
dx,

where we set σd−1 := Hd−1(Sd−1).
By a simple compactness argument, there exists a positive constant τ(ℓ) such that

1

σd−1

ˆ
Sd−1

|T (ξ, . . . , ξ)|2 dHd−1(ξ) ≥ τ(ℓ)∥T∥2ℓ

for every symmetric ℓ-tensor T . Therefore, by Fubini’s Theorem,

1

σd−1

ˆ
Sd−1

ˆ
Ω
|(∇(ℓ)u)(ξ, . . . , ξ)|2 dx dHd−1(ξ) ≥ τ(ℓ)

ˆ
Ω
∥∇(ℓ)u∥2ℓ dx. (8.3.4)

Again by Fubini’s Theorem, we have

1

σd−1

ˆ
Sd−1

ˆ
A(ξ,r)

∥∇(ℓ)u∥2ℓ dx dHd−1(ξ) =
1

σd−1

ˆ
Ω
∥∇(ℓ)u∥2ℓHd−1(D(x, r)) dx,

where D(x, r) := {ξ ∈ Sd−1 : x ∈ A(ξ, r)}; hence, to conclude the proof, we have to select r
small enough so that Hd−1(D(x, r)) is small uniformly in x. Given x ∈ ∂Ω, we let CR(x)
denote the cylinder having height 2R and radius R with axis parallel to the normal ν(x) to
∂Ω at x.

Let q < τ(ℓ)q′′ℓ , and fix q̃ such that q
τ(ℓ) < q̃ < q′′ℓ . Fix η = η(q) > 0 such that

q < q̃(τ(ℓ)− η); (8.3.5)

since Ω has C1 boundary, there exists R such that, for every x ∈ ∂Ω, it holds CR(x) ∩ ∂Ω
is the graph of a C1 function with respect to the base of the cylinder, and moreover,

Hd−1({ξ ∈ Sd−1 : ξ ∈ T∂Ω(y), y ∈ CR(x) ∩ ∂Ω}) ≤ ησd−1.



290 8. Anisotropic singular perturbation models

Employing the same argument presented in the proof of Theorem 1.2 in [75], it holds that,

D(x, r) ⊂ {ξ ∈ Sd−1 : ξ ∈ T∂Ω(y), y ∈ CR(x) ∩ ∂Ω}

up to choosing r < R/2; as a consequence, Hd−1(D(x, r)) ≤ η for all x ∈ ∂Ω if r < R/2,
and then

1

σd−1

ˆ
Sd−1

ˆ
A(ξ,r)

∥∇(ℓ)u∥2ℓ dx dHd−1(ξ) ≤ η

ˆ
Ω
∥∇(ℓ)u∥2ℓ dx, (8.3.6)

for all r < R/2.
Gathering (8.3.4) and (8.3.6), we obtain that

q̃(τ(ℓ)− η)ε2ℓ
ˆ
Ω
∥∇(ℓ)u∥2ℓ dx ≤

ˆ
Ω

(
W (u) + ε2k∥∇(k)u∥2k

)
dx (8.3.7)

for all q̃ < q′′ℓ and ε < R/2, where R = R(η,Ω). Recalling (8.3.5), by (8.3.7) we get

qε2ℓ
ˆ
Ω
∥∇(ℓ)u∥2ℓ dx ≤

ˆ
Ω

(
W (u) + ε2k∥∇(k)u∥2k

)
dx.

The above inequality is valid for all q < τ(ℓ)q′′ℓ and ε < R(η,Ω)/2. Then, the thesis holds
with q∗ℓ := τ(ℓ)q′′ℓ and ε0 := R(η,Ω)/2, which in turn, since η depends on q, only depends
on q and Ω.

Remark 8.3.6. We are not able to prove the interpolation inequality on an open cube. The
same slicing arguments employed in [75] cannot be applied in our case because of the high
order of the derivatives that we want to estimate. This complicates our arguments in view
of the proof of Theorem 8.1.3 since, in what follows, it will be important to apply Theorem
8.1.1 on a class of C1 sets {Ωρ : ρ ∈ (ρ1, ρ2)} for some ρ1, ρ2 > 0 for which the threshold
ε0 = ε0(q,Ωρ) can be chosen independently of ρ ∈ (ρ1, ρ2). Inspecting the proof of Theorem
8.1.1, this amounts to prove that for each properly fixed q, given η > 0 such that

q < q̃(τ(ℓ)− η),

there exists R > 0 such that, for every ρ ∈ (ρ1, ρ2) and for every x ∈ ∂Ωρ, it holds that

CR(x) ∩ ∂Ωρ is the graph of a C1 function (8.3.8)

and
Hd−1({ξ ∈ Sd−1 : ξ ∈ T∂Ωρ(y), y ∈ CR(x) ∩ ∂Ωρ}) ≤ ηHd−1(Sd−1). (8.3.9)

We claim that the above conditions are satisfied if we consider Ω a bounded, open set with
C2 boundary, and

Ωρ := {x ∈ Ω: dist(x, ∂Ω) < ρ}

for ρ ∈ (ρ∗, ρ∗ + R∗), where ρ∗ > 0 is fixed and R∗ = R∗(ρ∗) > 0. In particular, we fix ρ∗

small enough so that {x ∈ Ω: dist(x, ∂Ω) = ρ} is a (d − 1)-manifold of class C1 and there
exists a C1 projection from Ωρ onto ∂Ω for every ρ ≤ 2ρ∗.

Let η′ = η′(η, d) be such that

Hd−1
({
ξ ∈ Sd−1 : |ξd| ≤ η′

})
≤ ηHd−1(Sd−1). (8.3.10)

Since ∂Ω is of class C1, for every x ∈ ∂Ω there exist R > 0 and a C1 function φ defined on
the base of CR(x) such that

CR(x) ∩ ∂Ω = CR(x) ∩ graph φ.
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By a rotation argument, we can further assume that ∇φ(x) = 0, and upon taking a smaller
R, that

∥∇φ∥L∞(CR(x)) ≤ η′.

Moreover, since ∂Ω is compact, we can select R as above independent of x ∈ ∂Ω.
Since ∂Ωρ∗ is of class C1 and compact, using the same argument, we find a possibly

smaller R with the property that for all x ∈ ∂Ωρ∗ ∩Ω there exists a C1 function φρ∗ defined
on the base of CR(x) such that

CR(x) ∩ ∂Ωρ∗ = CR(x) ∩ graph φρ∗ with ∥∇φρ∗∥L∞(CR(x)) ≤ η′.

Finally, we assume without loss of generality that R < ρ∗.
Now, let x ∈ ∂Ωρ∗ ∩ Ω and 0 < r < R/4 and note that

{y ∈ CR−r(x) : dist(y, graph φρ∗) = r} = CR−r(x) ∩ ∂Ωρ∗+r.

Then, letting xr ∈ ∂Ωρ∗+r denote the unique point such that |x − xr| = r, we have that
CR−2r(xr) ⊂ CR−r(x), which implies

{y ∈ CR−2r(xr) : dist(y, graph φρ∗) = r} = CR−2r(xr) ∩ ∂Ωρ∗+r.

We also note that there exists a C1 function φρ∗+r such that

{y ∈ CR−2r(xr) : dist(y, graph φρ∗) = r} = CR−2r(xr) ∩ graph φρ∗+r,

and
∥∇φρ∗+r∥L∞(CR−2r(xr)) ≤ ∥∇φρ∗∥L∞(CR−2r(xr)) ≤ ∥∇φρ∗∥L∞(CR(x)).

Recalling that there exists a C1 projection from Ωρ onto ∂Ω for every ρ ∈ (ρ∗, ρ∗ + R/4),
the above observations prove that for every ρ ∈ (ρ∗, ρ∗ + R/4) and for every x ∈ ∂Ωρ, it
holds that

CR−2r(x) ∩ ∂Ωρ = CR−2r(x) ∩ graph φρ,

where φρ is a C1 function such that

∥∇φρ∥L∞(CR−2r(x)) ≤ ∥∇φρ∗∥L∞(CR−2r(x)) ≤ η′.

As r ranges in (0, R/4), in particular we obtain

CR/2(x) ∩ ∂Ωρ = CR/2(x) ∩ graph φρ (8.3.11)

and
∥∇φρ∥L∞(CR/2(x)) ≤ ∥∇φρ∗∥L∞(CR/2(x)) ≤ η′. (8.3.12)

At this point, we conclude that our claim is proved with R∗ = R/4. Indeed, (8.3.8) follows
by (8.3.11), and we are left with proving that (8.3.12) implies (8.3.9). To see this, note that
for fixed ρ ∈ (ρ∗, ρ∗ +R/4) and x ∈ ∂Ωρ, (8.3.12) implies that

{ξ ∈ Sd−1 : ξ ∈ T∂Ωρ(y), y ∈ CR/2(x) ∩ ∂Ωρ}

⊂
{
ξ ∈ Sd−1 : |ξd| = |∇φρ(y1, . . . , yd−1) · (ξ1, . . . , ξd−1)|, y ∈ CR/2(x) ∩ ∂Ωρ

}
⊂

{
ξ ∈ Sd−1 : |ξd| ≤ η′

}
;

therefore, by (8.3.10) we conclude that

Hd−1({ξ ∈ Sd−1 : ξ ∈ T∂Ωρ(y), y ∈ CR/2(x) ∩ ∂Ωρ}) ≤ ηHd−1(Sd−1).

Being the above estimates uniform in ρ and x, (8.3.9) is satisfied.
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The following corollary will come into play in the forthcoming sections.

Corollary 8.3.7. Let k > 1 be an integer, and let N := {ℓ ∈ {1, . . . , k − 1} : qℓ ≤ 0}.
Assume that N ̸= Ø and that (H2) is satisfied. There exist positive constants {qℓ : ℓ ∈ N}
independent of Ω such that if qℓ > −qℓ for every ℓ ∈ N there exist positive constants
ε0 = ε0({qℓ : ℓ ∈ N},Ω) and δ = δ({qℓ : ℓ ∈ N}) such that it holds

ˆ
Ω

(1
ε
W (u) +

k∑
ℓ=1

qℓε
2ℓ−1|∇(ℓ)u|2ℓ

)
dx ≥ δ

ˆ
Ω

(1
ε
W (u) +

k∑
ℓ=1

ε2ℓ−1|∇(ℓ)u|2ℓ
)
dx

for every ε ∈ (0, ε0) and u ∈ Hk(Ω). In particular, letting q̃∗1, . . . , q̃
∗
k−1 denote the same

positive constants appearing in Theorem 8.1.1 and given {αℓ : ℓ ∈ N} such that αℓ > 0 for
all ℓ ∈ N and

∑
ℓ∈N αℓ = 1, it holds that qℓ = αℓq̃

∗
ℓ for all ℓ ∈ N .

Proof. By Theorem 8.1.1, for every ℓ ∈ {1, . . . , k − 1} there exists a positive constant q̃∗ℓ
independent of Ω such that for every q > −q̃∗ℓ there exists ε0 = ε0(q,Ω) such that it holdsˆ

Ω

(1
ε
W (u) + ε2k−1|∇(k)u|2k

)
dx+ q

ˆ
Ω
ε2ℓ−1|∇(ℓ)u|2ℓ dx ≥ 0 (8.3.13)

for every ε ∈ (0, ε0) and u ∈ Hk(Ω).
Let N := {ℓ ∈ {1, . . . , k−1} : qℓ ≤ 0} and consider {αℓ : ℓ ∈ N} such that αℓ > 0 for all

ℓ ∈ N and
∑

ℓ∈N αℓ = 1. Suppose that qℓ > −αℓq̃∗ℓ for every ℓ ∈ N and let δ be a positive
real number smaller than 1 such that

1

αℓ

qℓ − δ

1− δ
> −q̃∗ℓ (8.3.14)

for all ℓ ∈ N . Note that

αℓ
W (u)

ε
+ qℓε

2ℓ−1|∇(ℓ)u|2ℓ + αℓε
2k−1|∇(k)u|2k

= (1− δ)
(
αℓ
W (u)

ε
+
qℓ − δ

1− δ
ε2ℓ−1|∇(ℓ)u|2ℓ + αℓε

2k−1|∇(k)u|2k
)

+ δ
(
αℓ
W (u)

ε
+ ε2ℓ−1|∇(ℓ)u|2ℓ + αℓε

2k−1|∇(k)u|2k
)
.

We integrate the above equality and, taking into account (8.3.14), we apply (8.3.13) with
q = 1

αℓ

qℓ−δ
1−δ to obtain

ˆ
Ω

(
αℓ
W (u)

ε
+ qℓε

2ℓ−1|∇(ℓ)u|2ℓ + αℓε
2k−1|∇(k)u|2k

)
dx

≥ δ

ˆ
Ω

(
αℓ
W (u)

ε
+ ε2ℓ−1|∇(ℓ)u|2ℓ + αℓε

2k−1|∇(k)u|2k
)
dx (8.3.15)

for every ℓ ∈ N , ε < ε0(qℓ,Ω).
Clearly, for ℓ /∈ N the coefficient qℓ is strictly positive; hence it holdsˆ

Ω
qℓε

2ℓ−1|∇(ℓ)u|2ℓ dx ≥ δ

ˆ
Ω
qℓε

2ℓ−1|∇(ℓ)u|2ℓ dx (8.3.16)

since δ < 1. Therefore, summing over ℓ ∈ {1, . . . , k−1} and gathering (8.3.15) and (8.3.16),
upon considering a smaller ε0 depending on {qℓ : ℓ ∈ N} and Ω, we get

ˆ
Ω

(W (u)

ε
+

k∑
ℓ=1

qℓε
2ℓ−1|∇(ℓ)u|2ℓ

)
dx ≥ δ

ˆ
Ω

(W (u)

ε
+

k∑
ℓ=1

ε2ℓ−1|∇(ℓ)u|2ℓ
)
dx,

for every ε < ε0, completing the proof.
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Remark 8.3.8. The above statement clearly holds (for every ε) if N = Ø with δ :=
min{qℓ : ℓ ∈ {1, . . . , k}}, which is strictly positive.

8.4 Compactness

In this section we prove Theorem 8.1.2. In what follows, we let E1
ε : be the one-

dimensional functional we studied in the previous chapter, which for any bounded open
set I ⊂ R is defined by

E1
ε (u, I) :=


ˆ
I

[1
ε
W (u) + ε2k−1|u(k)|2

]
dt if u ∈ Hk(I),

+∞ if u ∈ L2(I) \Hk(I),
(8.4.1)

and we also consider its Γ-limit

E1
0(u, I) :=

{
mk#(Ju ∩ I) if u ∈ BV (I; {−1, 1}),
+∞ if u ∈ L2(I) \BV (I; {−1, 1}),

(8.4.2)

where mk is given by (7.1.2).
We now show that, under our strengthened growth condition on W , a stronger version

of the compactness part of Theorem 7.1.1 holds true.

Proposition 8.4.1. Let {E1
ε}ε be defined as in (8.4.1) on a bounded, open set I ⊂ R, let

{εn}n be a positive sequence converging to 0, and assume that (H1) and (H2) are satisfied.
If {un}n ⊂ Hk(I) is a sequence such that supnE1

εn(un, I) < +∞, then there exist a subse-
quence {unj}j and a function u ∈ BV(I; {−1, 1}) such that unj → u in L2(I) as j → +∞.
Moreover, the family of functionals {E1

ε}ε Γ-converges with respect to the convergence in
L2(I) to the functional E1

0 defined in (8.4.2).

Proof. It suffices to prove the statement in the case that I be an interval. Let {un}n ⊂
Hk(I) be a sequence such that supnE

1
εn(un, I) < +∞. Since (H2) implies (H̃2), we apply

Theorem 7.1.1 to deduce that, up to subsequences, un → u in measure for some u ∈
BV(I; {−1, 1}). Let A ⊂ I be measurable, by (H2) we have
ˆ
A
|un|2 dt =

ˆ
A∩{|un|≤1}

|un|2 dt+
ˆ
A∩{|un|>1}

|un|2 dt ≤ L1(A) + 2

ˆ
A

(
W (un) + 1

)
dt,

and since supnE
1
εn(un, I) < +∞, it holds that

´
IW (un) dt → 0 as n → +∞. Hence,

the sequence {|un|2}n is equi-integrable, which, together with its convergence in measure,
implies un → u in L2(I).

As for the Γ-limit, the lower bound follows again by Theorem 7.1.1, while a recovery
sequence for the L2(I)-convergence is obtained exactly as in Proposition 7.4.3.

At this point, we prove an analogous compactness result for functionals (8.1.1), replacing
I with Ω ⊂ Rd, d > 1. This is possible by applying a compactness criterion by slicing that
appears in [7]. We introduce some notation specific for its statement: here, Ω denotes a
2-dimensional rectangle which is the product of the bounded, open intervals I, J , and a
point x ∈ Ω is denoted by (y, z), with y ∈ I, z ∈ J . Given a function u defined on Ω, for
every y ∈ I we let uy denote the function uy(z) := u(y, z) for every z ∈ J , and for every
z ∈ J we let uz denote the function uz(y) := u(y, z) for every y ∈ I. We say that two
sequences {un}n and {vn}n are δ-close if ∥un − vn∥L1(Ω) ≤ δ.
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Proposition 8.4.2. Assume that a sequence {un}n ⊂ L1(Ω) is equi-integrable, and that for
every δ > 0 there exist sequences {vn}n and {wn}n δ-close to {un}n, and such that {vyn}n is
precompact in L1(J) for a.e. y ∈ I, and {wzn}n is precompact in L1(I) for a.e. z ∈ J . Then
{un}n is precompact in L1(Ω).

We employ this result exactly as in [123]. For the convenience of the reader, we sketch
the proof, and for simplicity, we consider only the case d = 2 when needed.

Proposition 8.4.3. Let {Eε}ε be defined as in (8.1.1), let {εn}n be a positive sequence
converging to 0, and assume that (H1) and (H2) are satisfied. If {un}n ⊂ Hk(Ω) is a
sequence such that supnEεn(un,Ω) < +∞, then there exist a subsequence {unj}j and a
function u ∈ BV(Ω; {−1, 1}) such that, unj → u in L2(Ω) as j → +∞.

Proof. For simplicity, in the first part of the proof we suppose d = 2 and that Ω be the
rectangle I × J , otherwise, it suffices to cover a general Ω by essentially disjoint rectangles
in order to reduce the proof to our simpler case. Using the notation previously introduced,
we recall that {uyn}n ⊂ Hk(J) for a.e. y ∈ I, and, analogously, that {uzn}n ⊂ Hk(I) for a.e.
z ∈ J . In particular, it holds

dkuyn
dzk

(z) =
∂kun
∂zk

(x),
dkuzn
dyk

(y) =
∂kun
∂yk

(x)

for a.e. x = (y, z) ∈ Ω and for all n. As a consequence, by the definition of the operator

norm, we have ∥∇(k)un∥k ≥ max
{∣∣∣dkuyn

dzk

∣∣∣, ∣∣∣dkuzn
dyk

∣∣∣}, and then

Eε(un,Ω) ≥
ˆ
I
E1
ε (u

y
n, J)dy, Eε(un,Ω) ≥

ˆ
J
E1
ε (u

z
n, I) dz. (8.4.3)

Arguing as in the proof of Proposition 8.4.1, we find that {un}n and {|un|2}n are equi-
integrable sequences; therefore, we fix δ > 0 and we find δ′ ∈ (0, δ) such that

L2(A) ≤ δ′L1(J) =⇒ sup
n∈N

ˆ
A
(|un|+ 1) dx ≤ δ. (8.4.4)

Letting S denote supnEεn(un,Ω), for every n ∈ N we set

vyn(z) :=

{
uyn(z) if E1

εn(u
y
n, J) ≤ S/δ′,

1 otherwise.

We also put Yn := {y ∈ I : uyn − vyn is not identically 0} and we observe that

L1(Yn) ≤ L1({y ∈ I : E1
εn(u

y
n, J) > S/δ′}) ≤ δ′

S

ˆ
I
E1
εn(u

y
n, J)dy ≤ δ′,

where the last inequality follows by (8.4.3). This inequality, combined with (8.4.4), implies
that

∥un − vn∥L1(Ω) ≤
ˆ
Yn×J

(|un|+ 1) dx ≤ δ;

that is, {un}n and {vn}n are δ-close. Moreover, by construction and by (H1), we have
that for every y ∈ I the sequence {vyn}n is such that supnE

1
εn(v

y
n, J) ≤ S/δ′. Hence, by

Proposition 8.4.1, this sequence is precompact in L2(J), and thus in L1(J).
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A similar argument allows to find a sequence {wn}n that is δ-close to {un}n and such
that, for a.e. z ∈ J , the sequence {wzn}n is precompact in L1(I). Therefore, by applying
Proposition 8.4.2 we deduce that {un}n is precompact in L1(Ω). Finally, since {|un|2}n is
equi-integrable, we deduce the precompactness in L2(Ω).

To conclude, we prove, without further assumptions on d and Ω, that if the subsequence
{unj}j converges to u in L2(Ω) as j → +∞, then u ∈ BV(Ω; {−1, 1}). To see this, using
the notation introduced in Section 1.3, we prove that for every m ∈ {1, . . . , d}, the one-
dimensional slice uemy has bounded variation on the open set Ωemy for Hd−1-a.e. y ∈ πem(Ω),
and ˆ

πem (Ω)
#(Juemy ∩ Ωemy ) dHd−1(y) < +∞.

Arguing as previously done for (8.4.3), we have that

Eεnj
(unj ,Ω) ≥

ˆ
πem (Ω)

E1
εnj

((unj )
em
y ,Ωemy ) dHd−1(y).

Moreover, upon extracting a further subsequence that we do not relabel, it holds that
(unj )

em
y → uemy in L2(Ωemy ) for Hd−1-a.e. y ∈ πem(Ω). Hence, by Fatou’s lemma and

Proposition 8.4.1 applied with I = Ωemy and u = uemy , we get

+∞ > S ≥ lim inf
j→+∞

Eεnj
(unj ,Ω) ≥

ˆ
πem (Ω)

lim inf
j→+∞

E1
εnj

((unj )
em
y ,Ωemy ) dHd−1(y)

≥
ˆ
πem (Ω)

E1
0(u

em
y ,Ωemy ) dHd−1(y).

As a consequence, E1
0(u

em
y ,Ωemy ) is finite for Hd−1-a.e. y ∈ πem(Ω), which implies that

+∞ > S ≥
ˆ
πem (Ω)

E1
0(u

em
y ,Ωemy ) dHd−1(y)

≥ mk

ˆ
πem (Ω)

#(Juemy ∩ Ωemy ) dHd−1(y).

Then, since mk > 0, for such y it holds that uemy ∈ BV(Ωemy ; {−1, 1}), hence, the conclusion
follows applying Proposition 1.3.6.

Finally, the proof of our main result is an immediate consequence.

Proof of Theorem 8.1.2. Let S denote supn Fεn(un,Ω). If N = Ø, by the equivalence of the
norms there exists c > 0 such that Fεn(un,Ω) ≥ cEεn(un,Ω) for every n so that

S/c ≥ sup
n
Eεn(un,Ω)

and the conclusion follows by Proposition 8.4.3.
If N ̸= Ø, again by the equivalence of the norms and by Corollary 8.3.7, upon restricting

to large n, it holds
S/δ′ ≥ sup

n
Eεn(un,Ω)

for some δ′ > 0; therefore, the conclusion follows by Proposition 8.4.3.
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8.5 Lower bound

In this section we prove the liminf inequality of Theorem 8.1.3. In particular, we prove
the following result.

Proposition 8.5.1. Let Ω ⊂ Rd be a bounded, open set with C1 boundary and let N := {ℓ ∈
{1, . . . , k − 1} : qℓ ≤ 0}. Assume that (H1)–(H3) are satisfied and that one of the following
conditions holds:

(i) N = Ø;

(ii) N ̸= Ø and qℓ > −qℓ for every ℓ ∈ N with the same positive constants {qℓ : ℓ ∈ N}
independent of Ω appearing in Theorem 8.1.2.

Then for every positive sequence {εn}n converging to 0 and {un}n ⊂ Hk(Ω) such that un → u
in L2(Ω) it holds

F0(u) ≤ lim inf
n→+∞

Fεn(un).

In the following, C denotes a generic positive constant that may change from line to
line, but which is independent of the relevant parameters. We recall that u is a function in
Hkloc(R) such that u(t) = −1 if t ≤ −1/8 and u(t) = 1 if t ≥ 1/8, |u| ≤ 1, and

0 <

ˆ +∞

−∞

(
W (u) +

k∑
ℓ=1

|qℓ||u(ℓ)|2
)
dt < +∞. (8.5.1)

Moreover, for every ε > 0 we have set uνε(x) := u(x·νε ) for all x ∈ Rd. We observe that,
thanks to (8.5.1), the definition of uνε , and Fubini’s Theorem, for every open set V ⊂ Ω
there exists a constant C > 0 such that for every ν ∈ Sd−1 and ε > 0 we have that

Fε(uε, V ) ≤ C

ˆ
πν(V )

ˆ +∞

−∞

(
W (u) +

k∑
ℓ=1

|qℓ||u(ℓ)|2
)
dt dHd−1(y)

≤ C

ˆ +∞

−∞

(
W (u) +

k∑
ℓ=1

|qℓ||u(ℓ)|2
)
dt ≤ C, (8.5.2)

where πν denotes the orthogonal projection onto ν⊥ and where we have also used that
(uνε)

ν,y(t) = u( tε) for every ε > 0, y ∈ ν⊥, and t ∈ R.
We further set

uν0(x) := sgn(x · ν), (8.5.3)

where sgn denotes the sign function and remark that, for every K ⊂ Rd compact, {uνε}ε
converges to uν0 in L2(K) as ε→ 0.

We start by proving a lemma which allows to modify boundary conditions on a converg-
ing sequence at the cost of an asymptotically negligible amount of energy.

For every x ∈ Rd, ν ∈ Sd−1, we introduce an open subset Q̃ν(x) of Qν(x) having C2

boundary and such that

Q̃ν(x) ∩ {y ∈ Rd : |y · ν| ≤ 1
4} = Qν(x) ∩ {y ∈ Rd : |y · ν| ≤ 1

4}.

We suppose that all the above sets are congruent, namely, that they are obtained starting
by Q̃ed(0) by a translation and a rotation. Also for the rounded cube Q̃ν(x) we use the
convention that when x = 0 we simply write Q̃ν .
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Lemma 8.5.2. Let {εn}n be a positive sequence converging to 0, ν ∈ Sd−1, and let {vn}n ⊂
Hk(Q̃ν) be a sequence converging to uν0 in L2(Q̃ν). Assume that (H1)–(H3) are satisfied and
that one of the two conditions (i) and (ii) of Proposition 8.5.1 holds. Then there exists a
sequence {wn}n ⊂ Hk(Q̃ν) such that

(i) wn → uν0 as n→ +∞ L2(Q̃ν),

(ii) the support of wn − uεn is compactly contained in Q̃ν for every n ∈ N,

(iii) it holds
lim inf
n→+∞

Fεn(wn, Q̃ν) ≤ lim inf
n→+∞

Fεn(vn, Q̃ν).

Proof. For the sake of exposition, we only consider the case ν = ed, the others being
analogous. For simplicity of notation, throughout the rest of the proof we set un := uedεn ,
and we set Q̃ := Q̃ed(0). It is not restrictive to assume that

∥vn − un∥L2(Q̃)
> 0 for every n ∈ N

as, if vn = un for infinitely many n ∈ N, it is enough to set wn := un to conclude. An
analogous argument shows that we may also assume that

lim inf
n→+∞

Fεn(vn, Q̃) = lim
n→+∞

Fεn(vn, Q̃) ≤ C < +∞. (8.5.4)

By Corollary 8.3.7, (8.5.2), and (8.5.4) there exists a constant δ > 0, independent of n and
Q̃, such that

ˆ
Q̃

(W (vn)

εn
+

k∑
ℓ=1

ε2ℓ−1
n |∇(ℓ)vn|2ℓ

)
dx ≤ 1

δ
Fεn(vn, Q̃) ≤ C, (8.5.5)

ˆ
Q̃

(W (un)

εn
+

k∑
ℓ=1

ε2ℓ−1
n |∇(ℓ)un|2ℓ

)
dx ≤ 1

δ
Fεn(un, Q̃) ≤ C, (8.5.6)

for n ∈ N large enough depending on {qℓ : qℓ ≤ 0} and Q̃. Additionally, as both vn and un
converge to ued0 in L2(Q̃) as n→ +∞, we have that

ˆ
Q̃
|vn − un|2 dx ≤ C (8.5.7)

for every n ∈ N.
Since the set Q̃ is C2, there exists ρ0 > 0 such that for every 0 < ρ < ρ0 there is a unique

C1 projection from the neighbourhood {x ∈ Q̃ : dist(x, ∂Q̃) < ρ} onto ∂Q̃. In particular,
for every 0 < ρ < ρ0 the sets {x ∈ Q̃ : dist(x, ∂Q̃) = ρ} are (d − 1)-dimensional manifolds
in Rd of class C1.

Let 0 < ρ < ρ0/2 and 0 < σ < ρ0/2, and let ⌈ε−1
n ⌉ be the smallest integer larger than

or equal to ε−1
n , so that

εn
2 ≤ ⌈ε−1

n ⌉−1 ≤ εn (8.5.8)

for εn < 1. In light of the observations above, the set of class C1 given by

{x ∈ Q̃ : dist(x, ∂Q̃) < ρ+ σ}
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can be subdivided in ⌈ε−1
n ⌉ open subsets with C1 boundary defined as

Lin,σ,ρ :=
{
x ∈ Q̃ : (i− 1)

σ

⌈ε−1
n ⌉

+ ρ < dist(x, ∂Q̃) < i
σ

⌈ε−1
n ⌉

+ ρ
}
. (8.5.9)

for i ∈ {1, . . . , ⌈ε−1
n ⌉}. We observe that

Ld(Lin,σ,ρ) ≤ C
σ

⌈ε−1
n ⌉

. (8.5.10)

From (8.5.5)-(8.5.7) we deduce that

⌈ε−1
n ⌉∑
i=1

(ˆ
Li
n,σ,ρ

(W (vn)

εn
+

k∑
ℓ=1

ε2ℓ−1
n |∇(ℓ)vn|2ℓ

)
dx

+

ˆ
Li
n,σ,ρ

(W (un)

εn
+

k∑
ℓ=1

ε2ℓ−1
n |∇(ℓ)un|2ℓ

)
dx+

ˆ
Li
n,σ,ρ

|vn − un|2

∥vn − un∥2
L2(Q̃)

dx
)
≤ C,

for every n large enough. Hence, by (8.5.8) we find i∗ = i∗(n, σ, ρ) ∈ {1, . . . , ⌈ε−1
n ⌉} such

that(ˆ
Li∗
n,σ,ρ

(W (vn)

εn
+

k∑
ℓ=1

ε2ℓ−1
n |∇(ℓ)vn|2ℓ

)
dx

+

ˆ
Li∗
n,σ,ρ

(W (un)

εn
+

k∑
ℓ=1

ε2ℓ−1
n |∇(ℓ)un|2ℓ

)
dx+

ˆ
Li∗
n,σ,ρ

|vn − un|2

∥vn − un∥2
L2(Q̃)

dx
)
≤ Cεn.

In particular, for every ℓ ∈ {1, . . . , k} we have

ε2ℓ−1
n ∥|∇(ℓ)vn|ℓ∥2L2(Li∗

n,σ,ρ)
≤ Cεn, (8.5.11)

ε2ℓ−1
n ∥|∇(ℓ)un|ℓ∥2L2(Li∗

n,σ,ρ)
≤ Cεn, (8.5.12)

1

εn

ˆ
Li∗
n,σ,ρ

W (vn) dx+
1

εn

ˆ
Li∗
n,σ,ρ

W (un) dx ≤ Cεn, (8.5.13)
ˆ
Li∗
n,σ,ρ

|vn − un|2 dx ≤ Cεn∥vn − un∥2L2(Q̃)
. (8.5.14)

We now introduce the sets

An,σ,ρ :=
{
x ∈ Q̃ : dist(x, ∂Q̃) ≤ ρ+ (i∗ − 1) σ

⌈ε−1
n ⌉

}
,

Bn,σ,ρ :=
{
x ∈ Q̃ : dist

(
x, ∂Q̃) > ρ+ i∗ σ

⌈ε−1
n ⌉

}
,

and cut-off functions ϕn,σ,ρ ∈ C∞
c (Q̃; [0, 1]) such that

ϕn,σ,ρ(x) = 0 if x ∈ An,σ,ρ,

ϕn,σ,ρ(x) = 1 if x ∈ Bn,σ,ρ,

∥|∇(ℓ)ϕn,σ,ρ|ℓ∥L∞(Q̃)
≤ C(σεn)

−ℓ for every ℓ ∈ {1, . . . , k}.
(8.5.15)

For x ∈ Q̃ we define

wn(x) = wσ,ρn (x) := ϕn,σ,ρ(x)vn(x) + (1− ϕn,σ,ρ(x))un(x), (8.5.16)
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and we observe that wn ∈ Hk(Q̃) and that wn− un is compactly supported in Q̃. Also note
that, since both {vn}n and {un}n converge to ued0 in L2(Q̃), for every choice of σ and ρ the
sequence {wn}n converges in L2(Q̃) to ued0 as well.

By (8.5.15) and (8.5.16), we have

Fεn(wn, Q̃) = Fεn(vn, Bn,σ,ρ) + Fεn(wn, L
i∗
n,σ,ρ) + Fεn(un, An,σ,ρ)

≤ Fεn(vn, Bn,σ,ρ) +

ˆ
Li∗
n,σ,ρ

(W (wn)

εn
+

k∑
ℓ=1

|qℓ|ε2ℓ−1
n |∇(ℓ)wn|2ℓ

)
dx

+

ˆ
An,σ,ρ

(W (un)

εn
+

k∑
ℓ=1

|qℓ|ε2ℓ−1
n |∇(ℓ)un|2ℓ

)
dx =: I1n + I2n + I3n. (8.5.17)

We now study the asymptotic behaviour of these three quantities.
We claim that

lim sup
n→+∞

I1n = lim sup
n→+∞

Fεn(vn, Bn,σ,ρ) ≤ lim
n→+∞

Fεn(vn, Q̃) (8.5.18)

for every fixed σ, ρ small enough. This inequality follows from an application of Remark
8.3.6 with Ω = Q̃, ρ∗ = ρ, and σ < R∗(ρ). The choice of these parameters is allowed by our
construction since we will conclude our proof by letting n → +∞, σ → 0, and ρ → 0, in
this order.

To prove (8.5.18), we set

Q̃(τ) := {x ∈ Q̃ : dist(x, ∂Q̃) < τ},

for τ ∈ (ρ, ρ + σ). Then, by Remark 8.3.6, for every ℓ ∈ {1, . . . , k − 1} we find ε0 =
ε0(qℓ, Q̃, ρ, σ) > 0 such that

ˆ
Q̃τ

( 1

εn
W (vn) + qℓε

2ℓ−1
n |∇(ℓ)vn|2ℓ + ε2k−1

n |∇(k)vn|2k
)
dx ≥ 0

holds for every n sufficiently large so that εn ≤ ε0 and for every τ ∈ (ρ, ρ+σ). Arguing as in
the proof of Corollary 8.3.7, we deduce that there exists a possibly smaller ε0 = ε0({qℓ : qℓ ≤
0}, Q̃, ρ, σ) such that

ˆ
Q̃τ

( 1

εn
W (vn) +

k∑
ℓ=1

qℓε
2ℓ−1
n |∇(ℓ)vn|2ℓ

)
dx ≥ 0 (8.5.19)

for every n sufficiently large so that εn ≤ ε0 and for every τ ∈ (ρ, ρ + σ). We now ap-
ply (8.5.19) with τ = ρ+ i∗ σ

⌈ε−1
n ⌉ , so that Q̃τ = Q̃ \Bn,σ,ρ, and obtain that

Fεn(vn, Q̃) = Fεn(vn, Q̃ \Bn,σ,ρ) + Fεn(vn, Bn,σ,ρ) ≥ Fεn(vn, Bn,σ,ρ),

which implies (8.5.18).
We now study the term I3n. From Fubini’s Theorem, the definition of un, a change of

variable, and (8.5.1) it follows that

I3n ≤ CHd−1(An,σ,ρ ∩Πν)
(ˆ +∞

−∞
[W (u(t)) +

k∑
ℓ=1

|qℓ||u(ℓ)|2] dt
)
≤ C(ρ+ σ),
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so that
lim sup
n→+∞

I3n ≤ C(ρ+ σ). (8.5.20)

We now show that I2n is asymptotically negligible. We begin by studying the term
involving the double well potential. We remark that the continuity of W and (H3) imply
there exists C > 0 such that

W (s) ≤W (t) + C (8.5.21)

for every s = (1 − θ)t + θt0 with θ ∈ [0, 1) and |t0| ≤ 1. Indeed, if |t| ≤ 1, then |s| ≤ 1,
so that W (s) ≤ supτ∈[−1,1]W (τ) , while if instead |t| > 1 then s ≤ (1 − θ)|t| + θ|t0| ≤ |t|,
so that (8.5.21) follows from (H3). Thus, recalling that |un| ≤ 1, from (8.5.21), (8.5.13),
(8.5.10), and (8.5.8) we deduce that

1

εn

ˆ
Li∗
n,σ,ρ

W (wn) dx ≤ 1

εn

(ˆ
Li∗
n,σ,ρ

W (vn) dx+ CLd(Li∗n,σ,ρ)
)

≤ Cεn +
Cσ

εn⌈ε−1
n ⌉

≤ C(εn + σ). (8.5.22)

We now investigate the remaining terms in I2n. We note that for every ℓ ∈ {1, . . . , k}
and multi-index α of order |α| = ℓ we have

∂αwn =
∑
β≤α

(
α

β

)(
∂βϕn,σ,ρ∂

α−βvn + ∂β(1− ϕn,σ,ρ)∂
α−βun

)
= ϕn,σ,ρ∂

αvn + (1− ϕn,σ,ρ)∂
αun +

∑
0<β≤α

(
α

β

)(
∂βϕn,σ,ρ ∂

α−β(vn − un)
)

so that, by (8.5.15), we deduce that for every ℓ ∈ {1, . . . , k} the following inequality holds

|∇(ℓ)wn|2ℓ ≤ C
(
|∇(ℓ)vn|2ℓ + |∇(ℓ)un|2ℓ

+(σεn)
−2ℓ|vn − un|2 +

ℓ−1∑
j=1

(σεn)
−2(ℓ−j)|∇(j)(vn − un)|2j

)
.

Combining this inequality with (8.5.11), (8.5.12), (8.5.14), and (8.5.8) we obtain

ε2ℓ−1
n ∥|∇(ℓ)wn|ℓ∥2L2(Li∗

n,σ,ρ)
≤ Cεn + Cσ−2ℓε−1

n

ˆ
Li∗
n,σ,ρ

|vn − un|2 dx

+ C
ℓ−1∑
j=1

ε2j−1
n

σ2(ℓ−j)
∥|∇(j)(vn − un)|j∥2L2(Li∗

n,σ,ρ)

≤ Cεn + Cσ−2ℓ∥vn − un∥2L2(Q̃)
+ C

( ℓ−1∑
j=1

1

σ2(ℓ−j)
)
εn.

Finally, this last inequality, together with (8.5.22), yields

I2n ≤ Cεn + Cσ + C
( k∑
ℓ=1

σ−2ℓ
)
∥vn − un∥2L2(Q̃)

+ C
( k∑
ℓ=1

ℓ−1∑
j=1

1

σ2(ℓ−j)
)
εn. (8.5.23)
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Since {vn − un}n converges to 0 in L2(Q̃) as n → +∞, by (8.5.17), (8.5.18), (8.5.20), and
(8.5.23) we infer that

lim sup
ρ→0

lim sup
σ→0

lim sup
n→+∞

Fεn(wn, Q̃) ≤ lim
n→+∞

Fεn(vn, Q̃).

Recalling that for every fixed σ and ρ the sequence {wn}n = {wn,σn }n converges to uν0 in
L2(Q̃) and is such that the support of wn − un is compactly contained in Q̃ for all n ∈ N,
we let σ and ρ vary in two positive vanishing sequences and use a diagonalisation argument
to conclude the proof.

We are now ready to prove the liminf inequality. The proof is based on the blow-up
argument of Fonseca and Müller [124].

Proof of Proposition 8.5.1. Let us fix a positive sequence {εn}n converging to 0 as n→ +∞.
Without loss of generality, we may assume that

lim inf
n→+∞

Fεn(un,Ω) = lim
n→+∞

Fεn(un,Ω) ≤ C < +∞. (8.5.24)

In light of Theorem 8.1.2, this implies that u ∈ BV(Ω; {−1, 1}) so that u = 2χE − 1 for E
a set of finite perimeter in Ω and Ju ∩ Ω = ∂∗E ∩ Ω, where we recall that ∂∗E denotes the
reduced boundary of E.

For every n ∈ N, we consider the measure µn defined by

µn(B) := Fεn(un, B) for every B Borel subset of Ω.

Note that by Corollary 8.3.7 and (8.5.24), upon assuming n large enough, the sequence
{fn := W (un)

εn
+

∑k
ℓ=1 qℓε

2ℓ−1
n |∇(ℓ)un|2ℓ}n is equibounded in L1(Ω). Therefore, letting |M |

denote the total variation of a measure M , we have supn |µn|(Ω) ≤ C, so that, up to passing
to a not relabelled subsequence, we may assume that {µn}n and {|µn|}n converge weakly*
to two finite Radon measures µ and λ, respectively. We now show that µ ≥ 0. To this aim,
we use the Besicovitch Derivation Theorem (see [121, Theorem 1.153]) to write for |µ|-a.e.
x ∈ Ω

dµ

d|µ|
(x) = lim

r→0+

µ(Br(x))

|µ|(Br(x))
,

where dµ/d|µ| is the Radon-Nikodým derivative of µ with respect to its total variation
|µ|. Let us fix a point x such that the previous equality holds. Since the set {r ∈
(0,+∞) : λ(∂Br(x)) > 0} is at most countable, we may choose a sequence of positive
real numbers {rm}m, vanishing as m→ +∞, such that

dµ

d|µ|
(x) = lim

m→+∞
lim

n→+∞

1

|µ|(Brm(x))

ˆ
Brm (x)

fn(y)dy.

For every m ∈ N fixed, by Corollary 8.3.7 the integral in the right-hand side of the previous
equality is non-negative for n ∈ N large enough, hence, we conclude that dµ/d|µ| is non-
negative |µ|-a.e. and then µ ≥ 0.

By the Radon-Nikodým Theorem we write µ = fHd−1 (∂∗E ∩ Ω) + σ, for f a non-
negative function and for σ a non-negative measure which is singular with respect to Hd−1

(∂∗E ∩ Ω).
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We now show that the function f can be estimated from below in terms of the function
g defined by (8.1.4). To see this, for every x ∈ Rd, ν ∈ Sd−1 we consider Q̃ν(x) an open
subset of Qν(x) having C2 boundary and such that

Q̃ν(x) ∩ {y ∈ Rd : |y · ν| ≤ 1
4} = Qν(x) ∩ {y ∈ Rd : |y · ν| ≤ 1

4}. (8.5.25)

For every x ∈ ∂∗E ∩ Ω we consider ν = νE(x) the inner unit normal to ∂∗E ∩ Ω at x. By
(8.5.25), using Theorem 1.3.4 one can show that for Hd−1-a.e. x ∈ ∂∗E ∩ Ω we have

lim
r→0

Hd−1(Q̃νr (x) ∩ ∂∗E)

rd−1
= 1, (8.5.26)

where we used the notation Q̃νr (x) = x+ rQ̃ν . By the Besicovitch Derivation Theorem, for
Hd−1-a.e. x ∈ ∂∗E ∩ Ω we have

f(x) = lim
r→0+

µ(Q̃νr (x))

Hd−1(Q̃νr (x) ∩ ∂∗E)
, (8.5.27)

Additionally, given x ∈ ∂∗E ∩Ω such that (8.5.27) holds, since {µn}n weakly*-converges to
µ, it follows from (8.5.26) and a diagonal argument that there exists a vanishing sequence
{rn}n, with εn ≪ rn, such that

f(x) = lim
n→+∞

µn(Q̃
ν
rn(x))

rd−1
n

. (8.5.28)

Upon translating the point x, it is not restrictive to assume that x = 0 ∈ ∂∗E∩Ω; moreover,
for the sake of notation and simplicity of exposition, we only discuss the case νE(x) = ed,
the other cases being analogous.

We write Q̃ in place of Q̃ed(0) and Q̃n in place of Q̃edrn(0). Then, we set vn(y) := un(rny)

for every y ∈ Q̃ and, by Theorem 1.3.4, we have that {vn}n converges in L2(Q̃) to the
function ued0 defined by (8.5.3). We further set τn := εn/rn and use the change of variables
y = x/rn to obtain

µn(Q̃n)

rd−1
n

=
Fεn(un, Q̃n)

rd−1
n

=

ˆ
Q̃

( 1

τn
W (vn) +

k∑
ℓ=1

qℓτ
2ℓ−1
n |∇(ℓ)vn|2ℓ

)
dy. (8.5.29)

Since {vn}n satisfies all the hypotheses of Lemma 8.5.2, we can apply such Lemma to obtain
a sequence {wn}n ⊂ Hk(Q̃) which satisfies (i)–(iii) of said Lemma.

Noting that τn → 0 as n→ +∞, by (8.5.28), (8.5.29) and (iii) of Lemma 8.5.2, it follows

f(0) ≥ lim inf
n→+∞

ˆ
Q̃

( 1

τn
W (wn) +

k∑
ℓ=1

qℓτ
2ℓ−1
n |∇(ℓ)wn|2ℓ

)
dy. (8.5.30)

Now we observe that, by (ii) of Lemma 8.5.2, putting

wn := uedτn on Qed1 (0) \ Q̃

for all n ∈ N, we have {wn}n ⊂ Aed
τn . Moreover, since |ued(y)| = 1 if y ∈ {z : |z · ed| > 1

8}, it
follows that |uedτn(y)| = 1 if y ∈ {z : |z · ed| > τn

8 }.
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Therefore, by (8.5.25), we have

f(0) ≥ lim inf
n→+∞

ˆ
Q

ed
1 (0)

( 1

τn
W (wn) +

k∑
ℓ=1

qℓτ
2ℓ−1
n |∇(ℓ)wn|2ℓ

)
dy,

and by the definition of g in (8.1.4), we conclude

f(0) ≥ g(ed).

Since the above argument holds for Hd−1-a.e. x ∈ ∂∗E ∩Ω and every ν = νE(x), we obtain

f(x) ≥ g(νE(x)). (8.5.31)

Finally, by the inequality lim infn µn(Ω) ≥ µ(Ω) we infer that

lim
n→+∞

Fεn(un,Ω) = lim
n→+∞

µn(Ω) ≥ µ(Ω) =

ˆ
∂∗E∩Ω

f(x) dHd−1(x) + σ(Ω)

and, recalling that σ(Ω) ≥ 0 and exploiting (8.5.31), this last inequality leads to

lim
n→+∞

Fεn(un,Ω) ≥
ˆ
∂∗E∩Ω

f(x) dHd−1(x) ≥
ˆ
∂∗E∩Ω

g(νE(x))dHd−1(x),

concluding the proof.

Remark 8.5.3. We note that, thanks to (8.5.30), as a by-product of the above proof we
have also shown that

Γ- lim inf
ε→0

Fε(u,Ω) ≥


ˆ
∂∗A∩Ω

g(νA) dHd−1 if u ∈ BV(Ω; {−1, 1}), with u = 2χA − 1,

+∞ if u ∈ L2(Ω) \ BV(Ω; {−1, 1}),

where

g(ν) := inf
{ˆ

Q̃ν

(1
ε
W (v) +

k∑
ℓ=1

qℓε
2ℓ−1|∇(ℓ)v|2ℓ

)
dx : v ∈ Aν

ε , ε ∈ (0, 1)
}

for every ν ∈ Sd−1 and we have set

Aν
ε :=

{
v ∈ Hk(Q̃ν) : v = uνε near ∂Q̃ν

}
.

Such observation will be useful in order to prove that the Γ-limit is strictly positive.

8.6 Upper bound

In this section we conclude the proof of Theorem 8.1.3 by proving the limsup inequality.
As in Section 8.5, C denotes a generic positive constant that may change from line to line,
but which is independent of the relevant parameters. We now state the main result of the
section.

Proposition 8.6.1. Let Ω ⊂ Rd be a bounded, open set with C1 boundary. Let {εn}n be a
positive sequence converging to 0 and let u ∈ BV(Ω; {−1,+1}). Assume that (H1)–(H3) are
satisfied. Then there exists a sequence {un}n ⊂ Hk(Ω) converging to u in L2(Ω) as n→ +∞
and such that

lim sup
n→+∞

Fεn(un) ≤ F0(u).
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Proof. We subdivide the proof in three parts.

Step 1. (Γ-limsup inequality for hyperplanes) First, we consider the case where Ω has
Lipschitz boundary (and not necessarily C1) and u = 2χE − 1, where

E := {x ∈ Ω: (x− x0) · ν > 0}

for some x0 ∈ Ω and ν ∈ Sd−1 such that

νΩ(x) ⊥ ν for every x ∈ ∂Ω with |(x− x0) · ν| small enough, (8.6.1)

recalling that νΩ(x) is the inner unit normal to Ω at x. For the sake of exposition, we
assume x0 = 0 and ν = ed, the other cases being analogous, so that for every x ∈ Ω we have
u(x) = ued0 (x), where by definition ued0 (x) = sgn(x · ed), and

F0(u) = g(ed)Hd−1 (Ω ∩ {xd = 0}) .

For every η > 0, there exist 0 < ε0 < 1 and v ∈ Aed
ε0 such that v = uedε0 in a neighbourhood

of ∂Qed1 , and ˆ
Q

ed
1

( 1

ε0
W (v) +

k∑
ℓ=1

qℓε
2ℓ−1
0 |∇(ℓ)v|2ℓ

)
dx ≤ g(ed) + η. (8.6.2)

By Proposition 8.2.1, upon rotating Qed1 leaving ed fixed, we may assume that Qed1 = Q :=
(−1

2 ,
1
2)
d. We then extend v to a function in Hkloc(Rd) which is periodic in the first d − 1

variables; that is, such that
v(x) = v(x+ ei), (8.6.3)

for all i ∈ {1, . . . , d− 1}. We also set Ωn := {x ∈ Ω: |xd| ≤ εn
2ε0

} for every n ∈ N.
We claim that a recovery sequence for u is given by the sequence of functions {un} ⊂

Hk(Ω) defined by

un(x) :=

{
v
(
ε0x
εn

)
if x ∈ Ωn,

u(x) if x ∈ Ω \ Ωn.
(8.6.4)

To prove the claim, we first show that

∥un − u∥L2(Ω) → 0 as n→ +∞. (8.6.5)

To this aim, we set Ω′ :=
{
x′ ∈ Rd−1 : (x′, 0) ∈ Ω

}
and observe that by (8.6.1), it holds

Ωn = Ω′ ×
(
− εn
2ε0

,
εn
2ε0

)
for n sufficiently large.
Using the change of variables (x′, xd) → (x′, εnε0 xd), by Fubini’s Theorem and (8.6.4) we have

ˆ
Ωn

|un|2 dx =

ˆ
Ω′

ˆ εn
2ε0

− εn
2ε0

∣∣v(ε0x′
εn

,
ε0xd
εn

)∣∣2dxddx′
=
εn
ε0

ˆ 1
2

− 1
2

ˆ
Ω′

∣∣v(ε0x′
εn

, xd

)∣∣2dx′dxd.
We observe that, since v ∈ Hkloc(Rd), the function f : Rd−1 → R defined by

f(y) =

ˆ 1
2

− 1
2

|v(y, xd)|2 dxd for every y ∈ Rd−1
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is integrable on Ω′ and that, by definition of v, it is periodic. We may then apply the
Riemann-Lebesgue Lemma to the function f to obtain

lim
n→+∞

ˆ
Ω′

ˆ 1
2

− 1
2

∣∣v(ε0x′
εn

, xd

)∣∣2dxd dx′ = ˆ
Ω′

ˆ
(− 1

2
, 1
2
)d−1

ˆ 1
2

− 1
2

∣∣v(y′, xd)∣∣2 dxddy′ dx′
= Ld−1(Ω′)∥v∥2L2(Q), (8.6.6)

which implies ˆ
Ωn

|un|2 dx ≤ C
εn
ε0

∥v∥2L2(Q). (8.6.7)

From this inequality, (8.6.4), and the fact that u takes values only in {±1}, we deduce that

∥un − u∥2L2(Ω) ≤ 2

ˆ
Ωn

|un|2 dx+ 2Ld(Ωn) ≤ C
εn
ε0

+ 2Ld(Ωn),

which tends to 0 as n→ +∞. This inequality proves (8.6.5).
We now show that {un}n is a recovery sequence for u. To this aim, we first note that

for every x ∈ Ω \ Ωn we have

un(x) = u(x) ∈ {−1, 1} and ∇(ℓ)un(x) = 0 for every ℓ ∈ {1, . . . , k},

while, if x ∈ Ωn, we have

∇(ℓ)un(x) =
( ε0
εn

)ℓ
∇(ℓ)v

(ε0x
εn

)
for every ℓ ∈ {1, . . . , k}.

Then, we use (H1), (8.6.4), Fubini’s Theorem, and a change of variable to obtain

Fεn(un) =

ˆ
Ωn

( 1

εn
W (un) +

k∑
ℓ=1

qℓε
2ℓ−1
n |∇(ℓ)un|2ℓ

)
dx

=

ˆ
Ω′

ˆ εn
2ε0

− εn
2ε0

( 1

εn
W

(
v
(ε0x′
εn

,
ε0xd
εn

))
+

k∑
ℓ=1

qℓε
2ℓ
n

∣∣∇(ℓ)v
(ε0x′
εn

,
ε0xd
εn

)∣∣2
ℓ

)
dxd dx

′

=

ˆ
Ω′

ˆ 1
2

− 1
2

( 1

ε0
W

(
v
(ε0x′
εn

, xd

))
+

k∑
ℓ=1

qℓε
2ℓ−1
0

∣∣∇(ℓ)v
(ε0x′
εn

, xd

)∣∣2
ℓ

)
dxddx

′ (8.6.8)

for every n ∈ N. Since v satisfies (8.6.2), the function h : Rd−1 → Rd defined for y ∈ Rd−1

by

h(y) :=

ˆ 1
2

− 1
2

( 1

ε0
W (v(y′, xd)) +

k∑
ℓ=1

qℓε
2ℓ−1
0 |∇(ℓ)v(y′, xd)|2ℓ

)
dxd

is integrable and, by (8.6.3), is also periodic. Therefore, we may apply once again the
Riemann-Lebesgue Lemma to obtain

lim
n→+∞

ˆ
Ω′

ˆ 1
2

− 1
2

( 1

ε0
W

(
v
(ε0x′
εn

, xd

))
+

k∑
ℓ=1

qℓε
2ℓ−1
0

∣∣∇(ℓ)v
(ε0x′
εn

, xd

)∣∣2
ℓ

)
dxd dx

′

= Ld−1(Ω′)

ˆ
Q

( 1

ε0
W (v) +

k∑
ℓ=1

qℓε
2ℓ−1
0 |∇(ℓ)v|2ℓ

)
dx.



306 8. Anisotropic singular perturbation models

Combining this equality with (8.6.8) and (8.6.2), we conclude that

lim
n→+∞

Fεn(un) = Ld−1(Ω′)

ˆ
Q

( 1

ε0
W (v) +

k∑
ℓ=1

qℓε
2ℓ−1
0 |∇(ℓ)v|2ℓ

)
dx ≤ F0(u) + Ld−1(Ω′)η.

Since η was arbitrary, a diagonal argument allows to prove the thesis in this special case.

Step 2. (Γ-limsup inequality for polygonal sets) We now assume that u = 2χE − 1, with
E = P ∩ Ω and P polyhedral. This means that ∂P =

⋃M
i=1Hi ∪ F , where the sets {Hi}Mi=1

are pairwise disjoint and relatively open convex polyhedra of dimension d − 1, while F is
the union of a finite number of convex polyhedra of dimension d − 2. In particular, there
exists ν1, . . . , νM ∈ Sd−1 and x1, . . . , xM ∈ Rd such that

Hi ⊂ {x ∈ Rd : (x− xi) · νi = 0},

and each νi is the inner unit normal to ∂P on Hi. For simplicity, we may also assume that
∂Ω ∩ ∂P is the union of a finite number of C1 manifolds of dimension d− 2.

Let us fix 0 < σ < 1 and let H ′
1, . . . ,H

′
M relatively open subsets of H1, . . . ,HM with

(d− 2)-dimensional boundary of class C1, such that{
x ∈ Hi ∩ Ω: dist(x, ∂Ω ∪ F ) ≥ σ

2

}
⊂ H ′

i ⊂ H ′
i ⊂ Hi.

Fix 0 < η < σ
2 and define for each i ∈ {1, . . . ,M}

Ωi := {x+ tνi : x ∈ H ′
i, t ∈ (−η, η)}.

We can choose η so small that the sets Ω1, . . . ,ΩM are pairwise disjoint. Since each Ωi,
satisfies (8.6.1), by the previous step, we obtain sequences {uin}n ⊂ Hk(Ωi) such that

uin → u in L2(Ωi), (8.6.9)

uin(x) = u(x) for every x ∈
{
x ∈ Ωi : dist(x,Hi) ≥ εn

2εi0

}
,

and
lim sup
n→∞

Fεn(u
i
n,Ωi) ≤ (g(νi) + η)Hd−1(Ωi ∩Hi), (8.6.10)

where for every x ∈ Ωi it holds

uin(x) :=

vi
( εi0(x−xi)

εn

)
if |(x− xi) · νi| ≤ εn

2εi0
,

u(x) if |(x− xi) · νi| > εn
2εi0
,

and, for each i ∈ {1, . . . ,M}, vi and εi0 are such that

ˆ
Q

νi
1

( 1

εi0
W (v) +

k∑
ℓ=1

qℓ(ε
i
0)

2ℓ−1|∇(ℓ)v|2ℓ
)
dx ≤ g(νi) + η.

In order to present the candidate recovery sequence, we let {Ψε}ε>0 be a radial smooth
convolution kernel, with suppΨε ⊂ Bε(0) and

´
Ψε dx = 1 for every ε > 0. We extend u to

the whole Rd by setting u := 2χP − 1 and introduce smooth functions ũn defined for every
n ∈ N by

ũn := u ∗Ψεn ,
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where ∗ denotes the operation of convolution. Observe that these functions satisfy the
following conditions

ũn(x) = u(x) for every x ∈ {x ∈ Ω: dist(x, ∂P ) ≥ εn}, (8.6.11)

∥ũn∥L∞(Rd) ≤ 1 and ∥|∇(ℓ)ũn|ℓ∥L∞(Rd) ≤
C

εℓ
for every ℓ ∈ {1, . . . , k}. (8.6.12)

For τ ∈ (0, 1) we set

U(τ) := {x ∈ Ω: dist(x, F ∪ (∂Ω ∩ ∂P )) ≤ τ}

and choose cut-off functions ϕσ ∈ C∞
c (Rd; [0, 1]) such that

ϕσ(x) = 1 if x ∈ U(σ),

ϕσ(x) = 0 if x ∈ Rd \ U(2σ),

∥|∇(ℓ)ϕσ|ℓ∥L∞(Rd) ≤ Cσ−ℓ for every ℓ ∈ {1, . . . , k}.
(8.6.13)

We claim that the sequence of functions {un}n ⊂ Hk(Ω) defined by

un :=

{
(1− ϕσ)u

i
n + ϕσũn in Ωi for i ∈ {1, . . . ,M},

ũn in Ω′ := Ω \ ∪Mi=1Ωi

is a recovery sequence for u.
The fact that {un}n ⊂ Hk(Ω) follows from the same argument used in [75, Theorem 1.3,

Substep 2B]. Also, (8.6.9) and the fact that ũn → u in L2(Ω) imply that un → u in L2(Ω)
as n→ +∞.

We now study the asymptotic behaviour of the energy of {un}n. First, we show that
Fεn(un,Ω

′) is negligible. To this aim, for every n ∈ N we set

Rn :=
{
x ∈ Ω: dist(x, ∂P ) ≤ max

{
εn,

εn
2ε10

, . . . ,
εn

2εM0

}}
. (8.6.14)

We observe that Ω′ ∩ Rn ⊂ U(σ) for n large enough and that Hd−1(∂P ∩ U(σ)) ≤ Cσ.
Hence, by the definition of Ω′, (8.6.11), and (8.6.12), we have

Fεn(un,Ω
′) =

ˆ
Ω′∩Rn

( 1

εn
W (ũn) +

k∑
ℓ=1

|qℓ|ε2ℓ−1
n |∇(ℓ)ũn|2ℓ

)
dx ≤ Cσ. (8.6.15)

We now study the energetic contribution of the remaining terms. We fix i ∈ {1, . . . ,M}
and compute

Fεn(un,Ωi) = Fεn(u
i
n,Ωi \ U(2σ)) + Fεn(un,Ωi ∩ (U(2σ) \ U(σ))) + Fεn(ũn,Ωi ∩ U(σ))

≤ Fεn(u
i
n,Ωi \ U(2σ)) +

ˆ
Ωi∩(U(2σ)\U(σ))

( 1

εn
W (un) +

k∑
ℓ=1

|qℓ|ε2ℓ−1
n |∇(ℓ)un|2ℓ

)
dx

+

ˆ
Ωi∩U(σ)

( 1

εn
W (ũn) +

k∑
ℓ=1

|qℓ|ε2ℓ−1
n |∇(ℓ)ũn|2ℓ

)
dx

=: K1
n +K2

n +K3
n.
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We separately investigate the three terms K1
n, K2

n, and K3
n, starting from K1

n. Recalling that
qk = 1, we observe that

K1
n =

ˆ
Ωi\U(2σ)

( 1

εn
W (uin) + ε2k−1

n |∇(k)uin|2k
)
dx+

ˆ
Ωi\U(2σ)

(k−1∑
ℓ=1

qℓε
2ℓ−1
n |∇(ℓ)uin|2ℓ

)
dx

≤
ˆ
Ωi

( 1

εn
W (uin) + ε2k−1

n |∇(k)uin|2k
)
dx+

ˆ
Ωi

(k−1∑
ℓ=1

qℓε
2ℓ−1
n |∇(ℓ)uin|2ℓ

)
dx

−
ˆ
Ωi∩U(2σ)

(k−1∑
ℓ=1

qℓε
2ℓ−1
n |∇(ℓ)uin|2ℓ

)
dx

≤ Fεn(u
i
n,Ωi) +

ˆ
Ωi∩U(2σ)

(k−1∑
ℓ=1

|qℓ|ε2ℓ−1
n |∇(ℓ)uin|2ℓ

)
dx. (8.6.16)

By the periodicity of uin with respect to the variables tangential to Hi, we may argue as in
Step 1, using Fubini’s Theorem and the Riemann-Lebesgue Lemma to deduce that

lim
n→+∞

ˆ
Ωi∩U(2σ)

(k−1∑
ℓ=1

|qℓ|ε2ℓ−1
n |∇(ℓ)uin|2ℓ

)
dx ≤ Cσ

ˆ
Q

νi
1

( k−1∑
ℓ=1

|∇(ℓ)vi|2ℓ
)
dx ≤ Cσ.

Hence, it follows from (8.6.16) and (8.6.10) that

lim sup
n→+∞

K1
n ≤ (g(νi) + η)Hd−1(Hi ∩ Ωi) + Cσ. (8.6.17)

We now investigate the term K2
n. We begin observing that for every ℓ ∈ {1, . . . , k} and

multi-index α of order |α| = ℓ, we have

∂αun =
∑
β≤α

(
α

β

)(
∂β(1− ϕσ)∂

α−βuin + ∂βϕσ∂
α−βũn

)
= (1− ϕσ)∂

αuin + ϕσ∂
αũn +

∑
0<β≤α

(
α

β

)(
∂βϕσ ∂

α−β(ũn − uin)
)
,

which by (8.6.13) implies

|∇(ℓ)un|2ℓ ≤ C
(
|∇(ℓ)uin|2ℓ + |∇(ℓ)ũn|2ℓ

+σ−2ℓ|ũn − uin|2 +
ℓ−1∑
j=1

σ−2(ℓ−j)|∇(j)(ũn − uin)|2j
)
. (8.6.18)

Since by (H3) we have that
W (un) ≤W (uin) + C, (8.6.19)

it follows from (8.6.14), (8.6.18), and (8.6.19) that

K2
n ≤ C

ˆ
Ωi∩(U(2σ)\U(σ))∩Rn

( 1

εn
W (uin) +

1

εn

+

k∑
ℓ=1

|qℓ|ε2ℓ−1
n

(
|∇(ℓ)uin|2ℓ +

ℓ−1∑
j=1

σ−2(ℓ−j)|∇(j)uin|2j
))

dx
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+ C

ˆ
Ωi∩(U(2σ)\U(σ))∩Rn

( k∑
ℓ=1

|qℓ|ε2ℓ−1
n

(
|∇(ℓ)ũn|2ℓ

+ σ−2ℓ|uin − ũn|2 +
ℓ−1∑
j=1

σ−2(ℓ−j)|∇(j)ũn|2j
))

dx.

Arguing as in (8.6.6) and (8.6.8), we obtain that

lim
n→+∞

ˆ
Ωi∩(U(2σ)\U(σ))∩Rn

( 1

εn
W (uin) +

1

εn

+
k∑
ℓ=1

|qℓ|ε2ℓ−1
n

(
|∇(ℓ)uin|2ℓ +

ℓ−1∑
j=1

σ−2(ℓ−j)|∇(j)uin|2j
))

dx

≤ CHd−1(Hi ∩ U(2σ)) ≤ Cσ. (8.6.20)

Then, we observe that using (8.6.7), with un replaced by uin, v replaced by vi, and Ω
replaced by Ωi, together with (8.6.12), we have

ˆ
Ωi∩(U(2σ)\U(σ))∩Rn

( k∑
ℓ=1

|qℓ|ε2ℓ−1
n

(
|∇(ℓ)ũn|2ℓ + σ−2ℓ|ũn − uin|2 +

ℓ−1∑
j=1

σ−2(ℓ−j)|∇(j)ũn|2j
))

dx

≤ C

εn

( k∑
ℓ=1

(
1 +

ℓ−1∑
j=1

ε
2(ℓ−j)
n

σ2(ℓ−j)

))
Ld

(
Ωi ∩ (U(2σ) \ U(σ)) ∩Rn

)
+ C

k∑
ℓ=1

( ε2ℓn
σ2ℓ

∥vi∥2L2(Ωi)
+
ε2ℓ−1
n

σ2ℓ
Ld

(
Ωi ∩ (U(2σ) \ U(σ)) ∩Rn

))
≤ C

( k∑
ℓ=1

(
1 +

ℓ−1∑
j=1

ε
2(ℓ−j)
n

σ2(ℓ−j)

))
σ + C

k∑
ℓ=1

( ε2ℓn
σ2ℓ

+
ε2ℓn
σ2ℓ−1

)
. (8.6.21)

As
k∑
ℓ=1

ℓ−1∑
j=1

ε
2(ℓ−j)
n

σ2(ℓ−j)
+

k∑
ℓ=1

( ε2ℓn
σ2ℓ

+
ε2ℓn
σ2ℓ−1

)
−→ 0 for n→ +∞,

combining (8.6.20) with (8.6.21), we obtain that

lim sup
n→+∞

K2
n ≤ Cσ. (8.6.22)

To conclude, we use (8.6.12) to estimate the remaining term K3
n as

K3
n ≤

ˆ
U(σ)∩{x : |(x−xi)·νi|≤εn}

( 1

εn
W (ũn) +

k∑
ℓ=1

|qℓ|ε2ℓ−1
n |∇(ℓ)ũn|2ℓ

)
dx

≤ C

εn
Ld ({x ∈ U(σ) : |(x− xi) · νi| ≤ εn}) ≤ CHd−1(U(σ) ∩Hi) ≤ Cσ. (8.6.23)

Finally, gathering (8.6.15), (8.6.17),(8.6.22), (8.6.23), and summing over i ∈ {1, . . . ,M} we
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obtain that

lim sup
n→+∞

Fεn(un,Ω) ≤
M∑
i=1

lim sup
n→+∞

Fεn(un,Ωi) + lim sup
n→+∞

Fεn(un,Ω
′)

=
M∑
i=1

(g(νi) + η)Hd−1(Ωi ∩Hi) + Cσ ≤ F0(u) + C(η + σ).

Since η > 0 and σ > 0 were arbitrary, a diagonal argument allows to conclude.

Step 3. (Conclusion of the proof) Finally, we deal with the general case u = 2χE−1, for
E ⊂ Ω a set of relatively finite perimeter in Ω. By Theorem 1.3.5, we can find a sequence
of polyhedral sets {En}n such that χEn → χE in L1(Ω). By the previous step, setting
un := 2χEn − 1,

Γ- lim sup
ε→0

Fε(un) ≤ F0(un) for every n ∈ N,

where we recall that the Γ-limsup is the functional defined in Section 1.2. By the lower
semicontinuity of the Γ-limsup we then infer

Γ- lim sup
ε→0

Fε(u) ≤ lim inf
n→∞

Γ- lim sup
ε→0

Fε(un) ≤ lim inf
n→∞

F0(un).

Since g is upper semicontinous on Sd−1 (see Proposition 8.2.1 above), by [88, Remark 9.11,
Theorem 9.15] there exists a sequence {gm}m of Lipschitz continuous functions such that
g ≤ gm+1 ≤ gm ≤ maxSd−1 g and

g(ν) = inf
m∈N

gm(ν) for every ν ∈ Sd−1.

Using again Theorem 1.3.5 and (1.3.5), we obtain for every m ∈ N that

lim
n→+∞

ˆ
∂∗En∩Ω

gm(νEn(x))dHd−1(x) =

ˆ
∂∗E∩Ω

gm(νE(x))dHd−1(x)

so that by monotonicity

lim inf
n→∞

F0(un) = lim inf
n→∞

ˆ
∂∗En∩Ω

g(νEn(x))dHd−1(x)

≤ lim
n→∞

ˆ
∂∗En∩Ω

gm(νEn(x))dHd−1(x)

=

ˆ
∂∗E∩Ω

gm(νE(x))dHd−1(x).

Finally, by Monotone Convergence we obtain that

lim inf
n→∞

F0(un) ≤ lim
m→∞

ˆ
∂∗E∩Ω

gm(νE(x))dHd−1(x)

≤
ˆ
∂∗E∩Ω

g(νE(x))dHd−1(x) = F0(u),

which concludes the proof.

We conclude this section proving that the surface energy density g is strictly positive.
This observation makes the Γ-limit non-degenerate.
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Proposition 8.6.2. Let g be the function defined in (8.1.4) with k > 1 an integer and let
N := {ℓ ∈ {1, . . . , k − 1} : qℓ ≤ 0}. Assume that (H1)–(H3) are satisfied, and, if N ̸= Ø,
further assume that qℓ > −qℓ for all ℓ ∈ N , where {qℓ : ℓ ∈ N} denote the same positive
constants appearing in Corollary 8.3.7. Then infSd−1 g > 0.

Proof. Similarly to Section 5, we introduce Q̃ν an open set with C2 boundary contained in
Qν such that

Q̃ν ∩ {y ∈ Rd : |y · ν| ≤ 1
4} = Qν ∩ {y ∈ Rd : |y · ν| ≤ 1

4}

and, letting {ν1, . . . , νd−1, ν} denote an orthonormal basis describing Qν , with the additional
property that

Q̃ν ∩
d−1⋂
i=1

{y ∈ Rd : |y · νi| ≤ 1
4} = Qν ∩

d−1⋂
i=1

{y ∈ Rd : |y · νi| ≤ 1
4} =: Rν . (8.6.24)

Recalling the notation in Remark 8.5.3, we note that the function g : Sd−1 → R given by

g(ν) := inf
{ˆ

Q̃ν

(1
ε
W (v) +

k∑
ℓ=1

qℓε
2ℓ−1|∇(ℓ)v|2ℓ

)
dx : v ∈ Aν

ε , ε ∈ (0, 1)
}

satisfies g(ν) ≥ g(ν) for every ν ∈ Sd−1. We combine this observation with Remark 8.5.3
and Proposition 8.6.1 to infer that

Γ- lim inf
ε→0

Fε(u,Ω) ≥


ˆ
∂∗A∩Ω

g(νA) dHd−1 if u ∈ BV(Ω; {−1, 1}), with u = 2χA − 1,

+∞ if u ∈ L2(Ω) \ BV(Ω; {−1, 1}),

≥


ˆ
∂∗A∩Ω

g(νA) dHd−1 if u ∈ BV(Ω; {−1, 1}), with u = 2χA − 1,

+∞ if u ∈ L2(Ω) \ BV(Ω; {−1, 1})
≥ Γ- lim sup

ε→0
Fε(u,Ω),

which, in turn, implies that g(ν) = g(ν) for every ν ∈ Sd−1. For this reason, we equivalently
prove that infSd−1 g > 0.

Fix ν ∈ Sd−1, and let {εn}n, vn ∈ Aν
εn , n ∈ N such that

g(ν) = lim
n→+∞

ˆ
Q̃ν

( 1

εn
W (vn) +

k∑
ℓ=1

qℓε
2ℓ−1
n |∇(ℓ)vn|2ℓ

)
dx.

Arguing as in Remark 8.2.2, it is not restrictive to suppose εn → 0 and moreover, we may
further assume that for all n ∈ N it holds εn < ε0({qℓ : ℓ ∈ N}, Q̃ν), the constant appearing
in Corollary 8.3.7.

Clearly, the set Rν defined in (8.6.24) is contained in Q̃ν ; then, we apply Corollary 8.3.7
with Ω = Q̃ν and, by the equivalence of the norms, we obtain that

ˆ
Q̃ν

( 1

εn
W (vn) +

k∑
ℓ=1

qℓε
2ℓ−1
n |∇(ℓ)vn|2ℓ

)
dx ≥ δ

ˆ
Q̃ν

( 1

εn
W (vn) +

k∑
ℓ=1

ε2ℓ−1
n |∇(ℓ)vn|2ℓ

)
dx

≥ δ

ˆ
Rν

( 1

εn
W (vn) +

k∑
ℓ=1

ε2ℓ−1
n |∇(ℓ)vn|2ℓ

)
dx

≥ δ′
ˆ
Rν

( 1

εn
W (vn) + ε2k−1

n ∥∇(k)vn∥2k
)
dx
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for every n ∈ N and some δ′ > 0 which is independent of Q̃ν . Applying Fubini’s Theorem,
inequality

∥∇(k)vn(x)∥k ≥
∣∣∣dk(vn)νy

dtk
(t)

∣∣∣, for Ld-a.e. x ∈ Q̃ν ,

and a change of variable, we obtainˆ
Rν

( 1

εn
W (vn) + ε2k−1

n ∥∇(k)vn∥2k
)
dx

≥
ˆ
Rν∩Πν

ˆ 1
2

− 1
2

( 1

εn
W ((vn)

ν
y) + ε2k−1

n |((vn)νy)(k)|2
)
dt dHd−1(y)

=

ˆ
Rν∩Πν

ˆ 1
2εn

− 1
2εn

(
W

(
(wn)

ν
y(t)

)
+ |((wn)νy)(k)(t)|2

)
dt dHd−1(y)

≥ 1

2d−1
inf

{ˆ 1
2εn

− 1
2εn

(
W (w)+|w(k)|2

)
dt, w ∈ Hk

((
− 1

2εn
,

1

2εn

))
,

w(t) = sgn(t) if |t| > M for some M ∈
(
0,

1

2εn

)}
,

where we set (wn)νy(t) := (vn)
ν
y(εnt) and in the last inequality we used that vn ∈ Aν

εn for all
n ∈ N. As (H1) and (H2) are satisfied, we are in position to apply Propositions 4.1 and 4.2
in [39], deducing that

g(ν) ≥ lim inf
n→+∞

δ′
ˆ
Rν

( 1

εn
W (vn) + ε2k−1

n ∥∇(k)vn∥2k
)
dx ≥ δ′

2d−1
mk > 0,

mk being as in (7.1.2), which concludes the proof.

8.7 Analysis of the cell problem in dimension one

In this final section we analyze the surface energy density g defined in (8.1.4) when d = 1.
In this instance, this density is constant, and we show that it is given by an optimal-profile
problem on the real line. It is not restrictive to assume that | · |ℓ coincides with the absolute
value for every ℓ ∈ {1, . . . , k} as any norm on R is a multiple of the Euclidean one.

By Remark 8.2.2 and by a change of variable, we find that

g = inf
T> 1

2

inf
{ˆ T

−T

(
W (v) +

k∑
ℓ=1

qℓ|v(ℓ)|2
)
dt : v ∈ Hk((−T, T )),

v(t) = sgn(t) if |t| > M for some M ∈ (0, T )
}

= lim
T→+∞

inf
{ˆ T

−T

(
W (v) +

k∑
ℓ=1

qℓ|v(ℓ)|2
)
dt : v ∈ Hk((−T, T )),

v(t) = sgn(t) if |t| > M for some M ∈ (0, T )
}
,

hence, for T > 1/2, we set

m(T ) := inf
{ˆ T

−T

(
W (v) +

k∑
ℓ=1

qℓ|v(ℓ)|2
)
dx, v ∈ Hk((−T, T )),

v(t) = sgn(t) if |t| > M for some M ∈ (0, T )
}
,
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in such a way that
g = lim

T→+∞
m(T ),

and we put

m := inf
{ˆ +∞

−∞

(
W (u) +

k∑
ℓ=1

qℓ|u(ℓ)|2
)
dt : u ∈ Hkloc(R), lim

t→±∞
u(t) = ±1

}
. (8.7.1)

The main result of this section is that, under the by now usual, suitable assumptions on
the coefficients q1, . . . , qk−1, the equality g = m holds. In order to prove this, we state the
one-dimensional version of Corollary 8.3.7 at scale ε = 1.

Corollary 8.7.1. Let I ⊂ R be an open interval of length 1, let k > 1 be an integer, and
let N := {ℓ ∈ {1, . . . , k − 1} : qℓ ≤ 0}. Assume that (H2) is satisfied, and, if N ̸= Ø,
further assume that qℓ > −q′ℓ for all ℓ ∈ N , where, letting {q′ℓ : ℓ ∈ N} denote the same
positive constants appearing in Corollary 8.3.3 and given {αℓ : ℓ ∈ N} such that αℓ > 0 for
all ℓ ∈ N and

∑
ℓ∈N αℓ = 1, it holds that q′ℓ = αℓq

′
ℓ for all ℓ ∈ N . Then, there exists a

positive constant δ = δ({qℓ : ℓ ∈ N}) such that

ˆ
I

(
W (u) +

k∑
ℓ=1

qℓ|u(ℓ)|2
)
dt ≥ δ

ˆ
I

(
W (u) +

k∑
ℓ=1

|u(ℓ)|2
)
dt

for every u ∈ Hk(I).

Proof. The proof is obtained by following the same line of the one of Corollary 8.3.7, with
Corollary 8.3.3 used for every ℓ ∈ {1, . . . , k − 1} in place of Theorem 8.1.1.

Proposition 8.7.2. Let k > 1 be an integer, assume that qℓ > −q′ℓ for all ℓ ∈ N , with N
and {q′ℓ : ℓ ∈ N} as in Corollary 8.7.1, and assume that (H1) and (H2) are satisfied. Then
m = limT→+∞m(T ).

Proof. Clearly, m(T ) ≥ m for every T ; hence, limT→+∞m(T ) ≥ m.
To prove the converse, let u ∈ Hkloc(R) be such that limt→±∞ u(t) = ±1 and

´ +∞
−∞ [W (u)+∑k

ℓ=1 qℓ|u(ℓ)|2] dt < +∞, and let To > 0 be such that ||u(t)| − 1| < 1/2 if |t| > To.
Consider a function ϕ ∈ C∞(R; [0, 1]) that is supported in (−∞, 1/2) and such that

ϕ(t) = 1 for every t < 0. For every n ∈ N we set

vn(t) := ϕ(t− n)u(t) + 1− ϕ(t− n),

and we observe that vn coincides with u on (−∞, n) and it is constantly equal to 1 on
(n+ 1/2,+∞). As a consequence

ˆ +∞

−∞

(
W (vn) +

k∑
ℓ=1

qℓ|v(ℓ)n |2
)
dt =

ˆ n− 1
2

−∞

(
W (u) +

k∑
ℓ=1

qℓ|u(ℓ)|2
)
dt

+

ˆ n+ 1
2

n− 1
2

(
W (vn) +

k∑
ℓ=1

qℓ|v(ℓ)n |2
)
dt.

We estimate the energy of the function vn on the interval (n − 1/2, n + 1/2); that is, we
estimate ˆ n+ 1

2

n− 1
2

(
W (vn) +

k∑
ℓ=1

qℓ|v(ℓ)n |2
)
dt. (8.7.2)
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First, we observe that min{u(t), 1} ≤ vn(t) ≤ max{u(t), 1} for all t ∈ R and n ∈ N;
therefore, since u(t) → 1 as t → +∞, for every ε > 0 there exists Tε > 0 such that
|vn(t)− 1| < ε for all t > Tε and n ∈ N. Hence, the continuity of W and (H1) imply that

lim
n→+∞

ˆ n+ 1
2

n− 1
2

W (vn) dt = 0. (8.7.3)

As for the derivatives of vn, we observe that for all ℓ ∈ {1, . . . , k}, there exists a positive
constant C depending on k, ℓ, and the function ϕ such that

|v(ℓ)n (t)|2 ≤ C
{
|u(t)− 1|2 +

ℓ∑
j=1

|u(j)(t)|2
}

for all t ∈ R,

therefore, ∣∣∣ˆ n+ 1
2

n− 1
2

( k∑
ℓ=1

qℓ|v(ℓ)n |2
)
dt
∣∣∣ ≤ q0

k∑
ℓ=1

ˆ n+ 1
2

n− 1
2

(
C
{
|u− 1|2 +

ℓ∑
j=1

|u(j)|2
})

dt

≤ q0Ck

ˆ n+ 1
2

n− 1
2

(
W (u) +

k∑
ℓ=1

|u(ℓ)|2
)
dt,

where q0 := max{|q1|, . . . , |qk−1|, 1}, and the last inequality follows by (H2) assuming that
n− 1 > To.
By Corollary 8.7.1, there exists a positive δ such that

ˆ n+ 1
2

n− 1
2

(
W (u) +

k∑
ℓ=1

qℓ|u(ℓ)|2
)
dt ≥ δ

ˆ n+ 1
2

n− 1
2

(
W (u) +

k∑
ℓ=1

|u(ℓ)|2
)
dt

for every n; therefore∣∣∣ˆ n+ 1
2

n− 1
2

( k∑
ℓ=1

qℓ|v(ℓ)n |2
)
dt
∣∣∣ ≤ q0Ck

δ

ˆ n+ 1
2

n− 1
2

(
W (u) +

k∑
ℓ=1

qℓ|u(ℓ)|2
)
dt, (8.7.4)

which tends to 0 as n→ +∞.
Gathering (8.7.3) and (8.7.4), we obtain that (8.7.2) vanishes as n → +∞. With a

similar reasoning, we obtain functions {wn}n ⊂ Hkloc(R) which coincide with u on (−n, n),
which are equal to the sign function outside (−n− 1

2 , n+ 1
2), and such that

ˆ +∞

−∞

(
W (wn) +

k∑
ℓ=1

qℓ|w(ℓ)
n |2

)
dt =

ˆ n+ 1
2

−n− 1
2

(
W (u) +

k∑
ℓ=1

qℓ|u(ℓ)|2
)
dt+ on(1).

Since each function wn is admissible for the minimum problem m(n+ 1), letting n → +∞
the conclusion follows by the arbitrariness of u.

Finally, we prove the existence of an optimal-profile. We omit some minor details in the
proof as the arguments involved are similar to those that appear in the proofs of Propositions
7.3.1 and 7.3.2 and Lemma 2.5 in [123].

Proposition 8.7.3. Let k > 1 be an integer, assume that qℓ > −q′ℓ for all ℓ ∈ N , with N
and {q′ℓ : ℓ ∈ N} as in Corollary 8.7.1, and assume that (H1) and (H2) are satisfied. Then,
the infimum (8.7.1) is a minimum.
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Proof. Consider {un}n a minimising sequence and, by translation invariance, assume that
un(0) = 0 for every n ∈ N. Applying Corollary 8.7.1 on each interval (j, j + 1), j ∈ Z and
summing over j, we have

ˆ +∞

−∞

(
W (un) +

k∑
ℓ=1

qℓ|u(ℓ)n |2
)
dt ≥ δ

ˆ +∞

−∞

(
W (un) +

k∑
ℓ=1

|u(ℓ)n |2
)
dt (8.7.5)

for all n ∈ N, and then

sup
n

ˆ +∞

−∞

(
W (un) +

k∑
ℓ=1

|u(ℓ)n |2
)
dt < +∞. (8.7.6)

We apply the Fundamental Theorem of Calculus and Hölder’s inequality to obtain

|un(t)| ≤
ˆ t

0
|u′n(s)| ds ≤

√
t∥u′n∥L2(R) for all t ∈ R,

which, combined with (8.7.6), implies that for every T > 0 there exists a positive constant
C(T ) such that

sup
n

∥un∥Hk((−T,T )) ≤ C(T ).

Therefore, there exists u ∈ Hkloc(R) such that, up to subsequences, {u(ℓ)n }n converges locally
uniformly on compact subsets of R to u(ℓ) for all ℓ ∈ {0, . . . , k − 1}, with the convention
that v(0) = v, and u(k)n ⇀ u(k) weakly in L2(R). Note that, in particular, u(0) = 0.
As for the lower semicontinuity of the energy, we first note that, as a consequence of Corollary
8.7.1, we have

ˆ −T

−∞

(
W (un) +

k∑
ℓ=1

qℓ|u(ℓ)n |2
)
dt+

ˆ +∞

T

(
W (un) +

k∑
ℓ=1

qℓ|u(ℓ)n |2
)
dt ≥ 0 (8.7.7)

for all n ∈ N and T ∈ N. Then, we observe that Rellich’s Theorem implies that u(ℓ)n → u(ℓ)

in L2((−T, T )) as n→ +∞ for every ℓ ∈ {1, . . . , k − 1} and T > 0, which in turn yields

lim
n→+∞

ˆ T

−T

(k−1∑
ℓ=1

qℓ|u(ℓ)n |2
)
dt =

ˆ T

−T

(k−1∑
ℓ=1

qℓ|u(ℓ)|2
)
dt (8.7.8)

for every T > 0; moreover, by Fatou’s lemma and the lower semicontinuity of the L2-norm,
we have

lim inf
n→+∞

ˆ +∞

−∞

(
W (un) + |u(k)n |2

)
dt ≥

ˆ +∞

−∞

(
W (u) + |u(k)|2

)
dt. (8.7.9)

Combining (8.7.7), (8.7.8), and (8.7.9), and recalling that qk = 1, we obtain

m = lim inf
n→+∞

ˆ +∞

−∞

(
W (un) +

k∑
ℓ=1

qℓ|u(ℓ)n |2
)
dt ≥ lim inf

n→+∞

ˆ T

−T

(
W (un) +

k∑
ℓ=1

qℓ|u(ℓ)n |2
)
dt

≥
ˆ T

−T

(
W (u) +

k∑
ℓ=1

qℓ|u(ℓ)|2
)
dt (8.7.10)

for all T ∈ N.



316 8. Anisotropic singular perturbation models

Recall that {un}n is a minimising sequence, hence, by (8.7.5) and Fatou’s Lemma, we infer

m = lim inf
n→+∞

ˆ +∞

−∞

(
W (un) +

k∑
ℓ=1

qℓ|u(ℓ)n |2
)
dt ≥ δ

ˆ +∞

−∞

(
W (u) +

k∑
ℓ=1

|u(ℓ)|2
)
dt;

therefore, we can pass to the limit as T → +∞ in (8.7.10) by Dominated Convergence
Theorem to obtain

m ≥
ˆ +∞

−∞

(
W (u) +

k∑
ℓ=1

qℓ|u(ℓ)|2
)
dt.

If limt→±∞ u(t) = ±1, the proof is completed; while, if limt→±∞ u(t) = ∓1, a minimiser
is u(−t). For this reason, in order to conclude, we prove that both limt→−∞ u(t) and
limt→+∞ u(t) exist, and that {limt→−∞ u(t), limt→+∞ u(t)} = {−1, 1}.

As a first step we prove the existence of the limit at +∞, the other case being analogous.
To see this, it is useful to observe that u′ ∈ H1(R), which implies

lim
t→±∞

u′(t) = 0. (8.7.11)

If limt→+∞ u(t) exists, it equals −1 or 1, otherwise
´ +∞
−∞ W (u) dt = +∞ which is a contra-

diction. We are left with considering the case there exist real numbers a, b, with a < b, and
two increasing sequences {xn}n, {yn}n such that

lim
n→+∞

xn = +∞, lim
n→+∞

yn = +∞, lim
n→+∞

u(xn) = a, lim
n→+∞

u(yn) = b.

Without loss of generality, we can suppose

xn < yn < xn+1, u(xn) ≤ a+
b− a

8
, u(yn) ≥ b− b− a

8
for all n ∈ N;

moreover, by the continuity of u, we can also assume that both −1 and 1 are not contained
in the interval (a, b).
If there exists {nj}j such that |xnj −ynj | ≤ 2 for every j ∈ N, then, by Lagrange’s Theorem,
there exists znj ∈ (xnj , ynj ) such that

|u′(znj )| ≥
|u(ynj )− u(xnj )|

2
≥ 3

8
(b− a),

hence, lim supt→+∞ |u′(t)| ≥ 3(b − a)/8, which contradicts (8.7.11). Otherwise, we may
assume that |xn − yn| ≥ 2 for every n ∈ N. We set

x̃n := max{t ∈ (xn, yn) : u(t) ≤ a+
b− a

4
}

and
ỹn := min{t ∈ (xn, yn) : u(t) ≥ b− b− a

4
}.

If |x̃n− ỹn| ≤ 1 for infinitely many n ∈ N, the conclusion follows by Lagrange’s Theorem as
before, otherwise, it holds that |x̃n− ỹn| ≥ 1 for all n ≥ No with some No ∈ N large enough.
Recalling that the interval (a, b) does not contain the points −1, 1, the above observation
and (H1) imply
ˆ +∞

−∞
W (u) dt ≥

∑
n≥No

ˆ ỹn

x̃n

W (u) dt ≥
∑
n≥No

min
{
W (t) : t ∈

(
a+

b− a

4
, b− b− a

4

)}
= +∞,
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which is a contradiction and concludes the proof of the existence of the limits at infinity.
We finally prove that they are different.
By contradiction suppose limt→±∞ u(t) = −1. By Lemma 3.2 in [39] and by the convergence
un → u in Hkloc(R), we find points {tj}j and a subsequence of indices {nj}j such that

tj → +∞, unj (tj) → −1, u(ℓ)nj
(tj) → 0 as j → +∞, for all ℓ ∈ {1, . . . , k − 1}.

(8.7.12)
Then we have

ˆ +∞

−∞

(
W (unj )+

k∑
ℓ=1

qℓ|u(ℓ)nj
|2
)
dt =

ˆ tj

−∞

(
W (unj )

+

k∑
ℓ=1

qℓ|u(ℓ)nj
|2
)
dt+

ˆ +∞

tj

(
W (unj )+

k∑
ℓ=1

qℓ|u(ℓ)nj
|2
)
dt

≥
ˆ tj

−∞

(
W (unj ) +

k∑
ℓ=1

qℓ|u(ℓ)nj
|2
)
dt

+m− m̃(unj (tj), . . . , u
(k−1)
nj

(tj)),

where we set

m̃(u0, . . . , uk−1) := inf
{ˆ 1

0

(
W (v) +

k∑
ℓ=1

qℓ|v(ℓ)|2
)
dt : v(0) = −1,

v(ℓ)(0) = 0 for all ℓ ∈ {1, . . . , k − 1},

v(ℓ)(1) = uℓ for all ℓ ∈ {0, . . . , k − 1}
}
,

with the convention that v(0) = v. Since m̃(u0, . . . , uk−1) → 0 as (u0, . . . , uk−1) →
(−1, 0, . . . , 0), by (8.7.12) we infer that

m = lim inf
j→+∞

ˆ +∞

−∞

(
W (unj ) +

k∑
ℓ=1

qℓ|u(ℓ)nj
|2
)
dt

≥ lim inf
j→+∞

ˆ tj

−∞

(
W (unj ) +

k∑
ℓ=1

qℓ|u(ℓ)nj
|2
)
dt+m− m̃(unj (tj), . . . , u

(k−1)
nj

(tj))

≥ lim inf
j→+∞

ˆ tj

−∞

(
W (unj ) +

k∑
ℓ=1

qℓ|u(ℓ)nj
|2
)
dt+m,

which implies

lim inf
j→+∞

ˆ tj

−∞

(
W (unj ) +

k∑
ℓ=1

qℓ|u(ℓ)nj
|2
)
dt ≤ 0.

But, by Corollary 8.7.1 and Fatou’s Lemma, it holds that

lim inf
j→+∞

ˆ tj

−∞

(
W (unj ) +

k∑
ℓ=1

qℓ|u(ℓ)nj
|2
)
dt ≥ δ lim inf

j→+∞

ˆ tj

−∞

(
W (unj ) +

k∑
ℓ=1

|u(ℓ)nj
|2
)
dt

≥ δ

ˆ +∞

−∞

(
W (u) +

k∑
ℓ=1

|u(ℓ)|2
)
dt ≥ 0;
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therefore, we deduce that u is identically equal to −1. This contradicts u(0) = 0, which
concludes the proof.

Remark 8.7.4. Restoring the general dimension d, we may deal with the case of special
norms on tensors that are ‘compatible with slicing’ upon supposing the non-negativity of
the coefficients q1, . . . , qk−1. More precisely, we suppose that for every ℓ ∈ {1, . . . , k} the
norm | · |ℓ satisfies

|T |ℓ ≥ |T (ξ, . . . , ξ)| for every ξ ∈ Sd−1, (8.7.13)

and we assume that qℓ ≥ 0 for every ℓ ∈ {1, . . . , k − 1}. Also in this instance, the energy
density g defined in (8.1.4) is the constant m given by (8.7.1).

The argument is similar to the one in the proof of Proposition 8.6.2. For fixed ν ∈ Sd−1

and η > 0, let v and ε be such that

g(ν) + η ≥
ˆ
Qν

1

(1
ε
W (v) +

k∑
ℓ=1

qℓε
2ℓ−1|∇(ℓ)v|2ℓ

)
dx.

Applying Fubini’s Theorem, (8.7.13), and the slicing properties of Sobolev functions, we
obtain

g(ν) + η ≥
ˆ
Qν

1

(1
ε
W (v) +

k∑
ℓ=1

qℓε
2ℓ−1|∇(ℓ)v|2ℓ

)
dx

≥
ˆ
Qν

1∩Πν

ˆ 1
2

− 1
2

(1
ε
W (vνy (t)) +

k∑
ℓ=1

qℓε
2ℓ−1|(vνy )(ℓ)(t)|2

)
dt dHd−1(y)

≥ inf
{ˆ 1

2ε

− 1
2ε

(
W (v) +

k∑
ℓ=1

qℓ|v(ℓ)|2
)
dx, v ∈ Hk

((
− 1

2ε
,
1

2ε

))
,

v(t) = sgn(t) if |t| > M for some M ∈
(
0,

1

2ε

)}
= m

( 1

2ε

)
,

where the second inequality also follows by the assumption qℓ ≥ 0 for every ℓ ∈ {1, . . . , k−1}.
By the arbitrariness of η and ε, the previous chain of inequalities implies g ≥ m. The
converse inequality is obtained using as a test function for g(ν) the function v(x) := u(x·νε ),
with u an (almost) optimal one-dimensional profile for m(1/(2ε)).



Part III
Nonlocal-to-local variational problems





CHAPTER 9

Another look at elliptic homogenisation

In this chapter, we consider nonlocal functionals of the form

Fε,s(u) :=

(1− s)

¨
Ω×Ω

a
(x
ε

) |u(x)− u(y)|2

|x− y|d+2s
dx dy if u ∈ Hs(Ω),

+∞ if u ∈ L2(Ω) \Hs(Ω),
(9.0.1)

where ε, s ∈ (0, 1), Ω ⊂ Rd is a bounded open set, and u ∈ Hs(Ω), having set

Hs(Ω) :=
{
u ∈ L2(Ω): [u]Hs(Ω) =

(ˆ
Ω

ˆ
Ω

|u(x)− u(y)|2

|x− y|d+2s
dxdy

) 1
2
< +∞

}
.

The coefficient a : Rd → (0,+∞) in (9.0.1) is assumed to be a 1-periodic continuous function
satisfying

0 < α ≤ a(x) ≤ β < +∞ for every x ∈ Rd (9.0.2)

for two suitable constants α, β.
When ε is fixed and s → 1−, the celebrated Bourgain-Brezis-Mironescu formula [42]

shows that, for fixed u ∈ H1(Ω), Fε,s(u) converges to (a multiple of)
ˆ
Ω
a
(x
ε

)
|∇u|2 dx.

Letting then ε→ 0+, one obtains the usual homogenised functional (see [47, Theorem 14.7])
given by

σd−1

2d

ˆ
Ω
Ahom∇u · ∇u dx,

where Ahom is a symmetric d× d matrix characterised by the homogenisation formula

Ahomz · z = min
{ˆ

(0,1)d
a(y)|z +∇φ(y)|2dy : φ 1-periodic

}
. (9.0.3)

The aim of this chapter is to identify a regime in which this separation of scales remains
valid even though the two limits are taken simultaneously. In what follows, we assume that
ε is a positive parameter and that s ∈ (0, 1) is a function of ε that approaches 1 as ε→ 0+.
Since s = s(ε), for brevity, Fε,s will be denoted by Fε.

We prove that if 1− s≪ | log(ε)|−1, then the separation of scales described above holds,
as if we were passing to the limit first letting s→ 1 and then letting ε→ 0+. The following
constitutes the main result of the chapter.

Theorem 9.0.1. Let Ω be a bounded open set with Lipschitz boundary, ε ∈ (0, 1), s = sε,
and let Fε be the functional defined in (9.0.1). If

lim
ε→0+

(1− s)| log(ε)| = 0, (9.0.4)

321
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then {Fε}ε Γ-converges with respect to the strong L2(Ω)-topology to the functional Fhom

defined by

Fhom(u) :=


σd−1

2d

ˆ
Ω
Ahom∇u · ∇u dx if u ∈ H1(Ω),

+∞ if u ∈ L2(Ω) \H1(Ω),
(9.0.5)

for every u ∈ L2(Ω), where the Γ-limit is computed with respect to the L2(Ω)-convergence,
Ahom is given by (9.0.3), and σd−1 := Hd−1(Sd−1).

We note that the hypothesis that Ω has a Lipschitz boundary is exploited only in proving,
by means of a density argument, the Γ-lim sup inequality.

Remark 9.0.2. Theorem 9.0.1 can be generalized to functionals modelled on (s, p)-Gagliardo
seminorms with p > 1, of the form

Fε,s(u) = (1− s)

¨
Ω×Ω

a
(x
ε

) |u(x)− u(y)|p

|x− y|d+ps
dx dy (9.0.6)

for u ∈ Ws,p(Ω). More generally, we may consider integrals

Fε,s(u) = (1− s)

¨
Ω×Ω

f

(
x

ε
,
|u(x)− u(y)|

|x− y|

)
1

|x− y|d−p(1−s)
dx dy, (9.0.7)

with f a standard periodic integrand with p growth (see e.g. [47]), possibly with u vector-
valued. An argument analogous to the one for p = 2 suggests that the subcritical regime is
still 1− s≪ | log(ε)|−1, and the resulting Γ-limit is

Cd,p

ˆ
Ω
fhom(∇u) dx,

defined on W1,p(Ω), with Cd,p the constant appearing in the corresponding result in [42],
and fhom the homogenised energy density for f (see [8,47]). Since we focus on determining
subcritical scales, here we concentrate on quadratic functionals, for which a proof can be
achieved by a discretisation argument.

Remark 9.0.3. In the original paper [46] on which this chapter is based on, we proved
Theorem 9.0.1 under the more restrictive assumption (1 − s) ≪ ε2. We later realised that
a slight variant of the same arguments (compare Lemma 9.1.1 below with Lemma 3 of [46])
shows that the separation of scales occurs also under the assumption (9.0.4).

9.1 Preliminary results

We here gather a few results that will be used in the following. We begin by stating a
lemma that will allow us in the proof of the upper bound to take into account only those
interactions due to pairs of sufficiently close points in Ω.

Lemma 9.1.1. Let {uε}ε ⊆ W1,∞(Ω) be a sequence of uniformly Lipschitz functions and
let {rε}ε ⊆ (0, 1) be a sequence such that

lim
ε→0+

rε = 0 and lim
ε→0+

r2(1−sε)ε = 1. (9.1.1)

Then

lim
ε→0+

(
Fε(uε)− (1− sε)

¨
Ω×Ω∩{(x,y) : |x−y|≤rε}

a
(x
ε

) |uε(x)− uε(y)|2

|x− y|d+2sε
dx dy

)
= 0.
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Proof. Let L := supε>0 Lip(uε,Ω) < +∞, where Lip(uε,Ω) denotes the Lipschitz constant
of uε on Ω, and let D := diam(Ω). By (9.0.2), we have

Fε(uε)− (1− sε)

¨
Ω×Ω∩{(x,y) : |x−y|≤rε}

a
(x
ε

) |uε(x)− uε(y)|2

|x− y|d+2sε
dx dy

= (1− sε)

¨
Ω×Ω∩{(x,y) : |x−y|>rε}

a
(x
ε

) |uε(x)− uε(y)|2

|x− y|d+2sε
dx dy

≤ (1− sε)βL
2

¨
Ω×Ω∩{(x,y) : |x−y|>rε}

|x− y|2

|x− y|d+2sε
dx dy

≤ (1− sε)βL
2Ld(Ω)

ˆ
B(0,D)\B(0,rε)

1

|ξ|d+2sε−2
dξ,

= (1− sε)βL
2Ld(Ω)σd−1

ˆ D

rε

ρ1−2sεdρ

=
βL2Ld(Ω)σd−1

2
(D2(1−sε) − r2(1−sε)ε ),

which tends to 0 in view of (9.1.1). This concludes the proof.

Remark 9.1.2. We will apply the previous lemma setting rε := ε2. Under (9.0.4), it is
easy to see that

lim
ε→0+

rε
ε

= 0 and lim
ε→0+

r2(1−sε)ε = 1, (9.1.2)

so that condition (9.1.1) is satisfied.

In the proof of the liminf inequality we take advantage of a discretisation argument based
on the construction of proper lattices, which can be parameterized on orthogonal bases.

Remark 9.1.3 (Notation for the set of orthogonal bases). Following the notation of [165]
we define the set of orthonormal bases of Rd

V := {ν = (ν1, . . . , νd) : νj ∈ Sd−1 such that νi · νj = 0 for i ̸= j}

and observe that V has Hausdorff dimension equal to kd := d(d − 1)/2. For every n ∈
{1, . . . , d} and fixed ν ∈ Sd−1 we define

V ν
n := {ν ∈ V such that νn = ν},

whose Hausdorff dimension is kd − (d− 1). Note that we have

Hkd−(d−1)(V ν
n ) =

Hkd(V )

Hd−1(Sd−1)
, (9.1.3)

and that the formulaˆ
V
f(ν) dHkd(ν) =

ˆ
Sd−1

ˆ
V ν
n

fν(νn) dHkd−(d−1)(νn) dHd−1(ν) (9.1.4)

holds with νn := (ν1, . . . , νn−1, νn+1, . . . , νd) and fν(νn) := f(ν) for every n ∈ {1, . . . , d}
and f non-negative measurable function.

Given ρ > 0 and ν ∈ V , we define Zdρν := {z1ρν1+z2ρν2+ · · ·+zdρνd : (z1, . . . , zd) ∈ Zd}
and Qρν as the cube described by the orthogonal basis {ρν1, . . . , ρνd}.
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Remark 9.1.4 (Kuhn’s decomposition). A cube Qρν defined as in the previous remark
can be further decomposed into d! d-simplices of size ρd/d! through Kuhn’s decomposition
in the following way: for every τ permutation of d indices, we define ∆τ

ρν as the simplex
described by the vertices ρντ(1), ρντ(1) + ρντ(2), . . . , ρντ(1) + ρντ(2) + · · ·+ ρντ(d). As shown
in [142, Lemma 1], as τ varies among all the permutations, we get a family of d! simplices
which constitutes the desired partition.

We denote the vertices of each simplex by

∆τ,0
ρν = 0, ∆τ,j

ρν := ρντ(1) + ρντ(2) + · · ·+ ρντ(j) for j = 1, . . . , d

and observe that, with this choice, it holds

∆τ,j
ρν −∆τ,j−1

ρν = ρντ(j) for j = 1, . . . , d. (9.1.5)

9.2 Proof of Theorem 9.0.1

We divide the proof of the theorem into two parts, addressing the lower and upper bound
separately. We begin with the lower bound.

Liminf inequality. In what follows, we write s := sε, r := rε and σd−1 := Hd−1(Sd−1) in
order to simplify the notation.

Let u ∈ L2(Ω) and consider a sequence {uε}ε converging to u in L2(Ω). Without loss of
generality, we may assume that supε Fε(uε) < ∞ which implies that uε ∈ Hs(Ω) for every
ε > 0.

Since we aim at proving that u ∈ H1(Ω′) for every Ω′ open subset well contained in Ω
and that

lim inf
ε→0+

Fε(uε) ≥ lim inf
ε→0+

(1− s)

¨
Ω×Ω∩{(x,y):|x−y|≤r}

a
(x
ε

) |uε(x)− uε(y)|2

|x− y|d+2s
dx dy

≥ σd−1

2d

ˆ
Ω′
Ahom∇u · ∇u dx, (9.2.1)

where r := ε2. By the independence of the left-hand side from Ω′, this would imply that
u ∈ H1(Ω). Moreover, as the first inequality is a simple consequence of the positivity of the
integrand in Fε, we only need to prove the second. We divide the proof of this inequality
into several steps.

Step 1. (Integration over the orthonormal bases) By the change of variables η := y − x,
ξ := η/r, and the coarea formula, we get

(1− s)

¨
Ω×Ω∩{(x,y) : |x−y|≤r}

a
(x
ε

) |uε(x)− uε(y)|2

|x− y|d+2s
dx dy

= (1− s)

ˆ
B(0,r)

1

|η|d−2(1−s)

ˆ
{x∈Ω: x+η∈Ω}

a
(x
ε

) |uε(x+ η)− uε(x)|2

|η|2
dx dη

= (1− s)

ˆ
B(0,1)

r2(1−s)

|ξ|d−2(1−s)

ˆ
{x∈Ω: x+rξ∈Ω}

a
(x
ε

) |uε(x+ rξ)− uε(x)|2

|rξ|2
dx dξ

= (1− s)

ˆ 1

0
ρd−1

ˆ
Sd−1

r2(1−s)

ρd−2(1−s)ˆ
{x∈Ω: x+rρν∈Ω}

a
(x
ε

) |uε(x+ rρν)− uε(x)|2

|rρ|2
dx dHd−1(ν) dρ
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Taking into account (9.1.3), we rewrite the above term as

(1− s)

ˆ 1

0

r2(1−s)

ρ−1+2s

ˆ
Sd−1

1

d

d∑
n=1

σd−1

Hkd(V )
ˆ
V ν
n

ˆ
{x∈Ω: x+rρν∈Ω}

a
(x
ε

) |uε(x+ rρν)− uε(x)|2

|rρ|2
dx dHkd−(d−1)(νn) dHd−1(ν) dρ,

then we apply formula (9.1.4) to get

1− s

d

σd−1

Hkd(V )

ˆ 1

0

r2(1−s)

ρ−1+2s

ˆ
V

d∑
n=1

ˆ
{x∈Ω: x+rρνn∈Ω}

a
(x
ε

) |uε(x+ rρνn)− uε(x)|2

|rρ|2
dx dHkd(ν) dρ, (9.2.2)

where νn is the n-th element of the orthonormal basis ν.
For ν ∈ V (recall the notation of 9.1.3) we set

Irρν := {k ∈ Zdρν : rk + rQρν ⊂⊂ Ωrρ},

where, given η > 0, we set

Ωη := {x ∈ Ω: dist(x, ∂Ω) > η}.

Note that for every ν ∈ V and for every n ∈ {1, . . . , d} it holds that⋃
k∈Ir

ρν

rk + rQρν ⊆ Ωrρ ⊆ {x ∈ Ω: x+ rρνn ∈ Ω};

hence, (9.2.2) is bounded below by

1− s

d

σd−1

Hkd(V )

ˆ 1

0

r2(1−s)

ρ−1+2s

ˆ
V

d∑
n=1

ˆ
⋃

k∈Ir
ρν
rk+rQρν

a
(x
ε

) |uε(x+ rρνn)− uε(x)|2

|rρ|2
dx dHkd(ν) dρ.(9.2.3)

We shall exploit the uniform continuity of the function a to factor it out from the inner
integral; for this reason, we introduce a modulus of continuity ω : [0,+∞) → [0,+∞); that
is, an increasing continuous function such that ω(0) = 0 and |a(x1)− a(x2)| ≤ ω(|x1 − x2|)
for every x1, x2 ∈ Rd.

We rewrite the right-hand side of (9.2.3) as

1− s

d

σd−1

Hkd(V )

ˆ 1

0

r2(1−s)

ρ−1+2s

ˆ
V

d∑
n=1

∑
k∈Ir

ρν

a

(
rk

ε

)ˆ
rk+rQρν

|uε(x+ rρνn)− uε(x)|2

|rρ|2
dx dHkd(ν) dρ

+
1− s

d

σd−1

Hkd(V )

ˆ 1

0

r2(1−s)

ρ−1+2s

ˆ
V

d∑
n=1

∑
k∈Ir

ρν

ˆ
rk+rQρν

(
a
(x
ε

)
− a

(
rk

ε

))
|uε(x+ rρνn)− uε(x)|2

|rρ|2
dx dHkd(ν) dρ
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and we note that the last term is negligible as ε → 0+ as its absolute value is estimated
from above by

ω
(r√d

ε

)1− s

d

σd−1

Hkd(V )

ˆ 1

0

r2(1−s)

ρ−1+2s

ˆ
V

d∑
n=1

ˆ
{x∈Ω: x+rρνn∈Ω}

|uε(x+ rρνn)− uε(x)|2

|rρ|2
dx dHkd(ν) dρ

≤ ω
(r√d

ε

) 1

α
Fε(uε) + oε(1)

which tends to 0 since we assumed supε Fε(uε) < +∞ and since r/ε → 0+ by the first
equality in (9.1.2).

Combining the previous estimates, we then obtain the inequality

Fε(uε) + oε(1) ≥
1− s

d

σd−1

Hkd(V )

ˆ 1

0

r2(1−s)

ρ−1+2s

ˆ
V

d∑
n=1

∑
k∈Ir

ρν

a

(
rk

ε

) ˆ
rk+rQρν

|uε(x+ rρνn)− uε(x)|2

|rρ|2
dx dHkd(ν) dρ. (9.2.4)

Step 2. (Piecewise-affine auxiliary functions) To bound from below (9.2.4), we take advan-
tage of a discretisation argument based on piecewise-affine functions.

Given a sufficiently small ε > 0, ρ ∈ (0, 1) and ν ∈ V we define the function uρνε in two
steps:

• first, we assign values on the lattice Irρν setting

uρνε (rk) =
1

|rρ|d

ˆ
rk+rQρν

uε dx for every k ∈ Irρν ;

• then, given k in the lattice

J r
ρν := {k ∈ Zdρν : rk + 2rQρν ⊂⊂ Ωrρ} ⊂ Irρν ,

we consider the cube rk + rQρν , τ a permutation of the indices {1, . . . , d}, and rk + r∆τ
ρν

the corresponding simplex in Kuhn’s decomposition; on this simplex we define uρνε being
the affine interpolation of the previously defined values uρνε (rk) = uρνε (rk+r∆τ,0

ρν ), u
ρν
ε (rk+

r∆τ,1
ρν ), . . . , u

ρν
ε (rk + r∆τ,d

ρν ).

We remark that, in the second step, our definition is well posed since k ∈ J r
ρν implies

k + ∆τ,j
ρν ∈ Irρν for every τ permutation of d indices and j ∈ {0, . . . , d}; that is, on the

simplex denoted by τ , to each vertex has already been assigned a value in the first step
of the construction. For the same reason, uρνε cannot be defined this way on the cubes
rk + rQρν with k ∈ Irρν \ J r

ρν . This means that uρνε is not defined on each cell of the above
form contained in Ω, but these exceptions only occur near the boundary of Ω and for our
purpose this issue is overcome simply setting to 0 the function uρνε outside

⋃
k∈J r

ρν
rk+rQρν .

Note that uρνε is well defined as a continuous piecewise-affine function on
⋃
k∈J r

ρν
rk +
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rQρν ; hence, on each simplex rk + r∆τ
ρν , its gradient is constant and by (9.1.5) it holds

ˆ
rk+r∆τ

ρν

|∇uρνε |2 dx =

d∑
j=1

ˆ
rk+r∆τ

ρν

|uρνε (rk + r∆τ,j
ρν )− uρνε (rk + r∆τ,j−1

ρν )|2

|rρ|2
dx

=
1

|rρ|2
d∑
j=1

ˆ
rk+r∆τ

ρν

∣∣∣ 1

|rρ|d
(ˆ

rk+r∆τ,j
ρν +rQρν

uε dy −
ˆ
rk+r∆τ,j−1

ρν +rQρν

uε dy
)∣∣∣2 dx

=
1

|rρ|2
d∑
j=1

ˆ
rk+r∆τ

ρν

∣∣∣ 1

|rρ|d
(ˆ

rk+r∆τ,j−1
ρν +rQρν

uε(y + rρντ(j))− uε(y) dy
)∣∣∣2 dx

≤ 1

|rρ|2
d∑
j=1

ˆ
rk+r∆τ

ρν

1

|rρ|d

ˆ
rk+r∆τ,j−1

ρν +rQρν

|uε(y + rρντ(j))− uε(y)|2dy dx

=
1

|rρ|d
d∑
j=1

ˆ
rk+r∆τ

ρν

ˆ
rk+r∆τ,j−1

ρν +rQρν

|uε(y + rρντ(j))− uε(y)|2

|rρ|2
dy dx

=
1

d!

d∑
j=1

ˆ
rk+r∆τ,j−1

ρν +rQρν

|uε(y + rρντ(j))− uε(y)|2

|rρ|2
dy,

where we used Jensen’s inequality and the fact that |rk + r∆τ
ρν | = |rρ|d/d!.

Summing over all permutations τ and k ∈ J r
ρν and reinstating the coefficient a, we get∑

k∈J r
ρν

a
(rk
ε

)ˆ
rk+rQρν

|∇uρνε |2 dx

=
∑
k∈J r

ρν

a

(
rk

ε

)∑
τ

ˆ
rk+r∆τ

ρν

|∇uρνε |2 dx

≤
∑
k∈J r

ρν

a

(
rk

ε

)∑
τ

1

d!

d∑
j=1

ˆ
rk+r∆τ,j−1

ρν +rQρν

|uε(y + rρντ(j))− uε(y)|2

|rρ|2
dy

=
1

d!

d∑
n=1

∑
{τ, j : τ(j)=n}

∑
k∈J r

ρν

a

(
rk

ε

) ˆ
rk+r∆τ,j−1

ρν +rQρν

|uε(y + rρνn)− uε(y)|2

|rρ|2
dy. (9.2.5)

Keeping n, j, τ fixed, we put h := k + ∆τ,j−1
ρν and note, once again, that k ∈ J r

ρν implies
h ∈ Irρν , so that (9.2.5) is less than or equal to

1

d!

d∑
n=1

∑
{τ, j : τ(j)=n}

∑
h∈Ir

ρν

a

(
rh

ε

)ˆ
rh+rQρν

|uε(y + rρνn)− uε(y)|2

|rρ|2
dy + Eε(ρ, ν)

=

d∑
n=1

∑
h∈Ir

ρν

a

(
rh

ε

) ˆ
rh+rQρν

|uε(y + rρνn)− uε(y)|2

|rρ|2
dy + Eε(ρ, ν),

where we used that the cardinality of the set {τ, j : τ(j) = n} is d! for every n = 1, . . . , d,
and we set

Eε(ρ, ν) :=
1

d!

d∑
n=1

∑
{τ, j : τ(j)=n}

∑
h∈Ir

ρν

∣∣∣a(rh− r∆τ,j−1
ρν

ε

)
−a

(rh
ε

)∣∣∣ˆ
rh+rQρν

|uε(y + rρνn)− uε(y)|2

|rρ|2
dy.
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Summarising, we have proved that for every ε, ρ, ν, it holds

d∑
n=1

∑
k∈Ir

ρν

a

(
rk

ε

) ˆ
rk+rQρν

|uε(y + rρνn)− uε(y)|2

|rρ|2
dy

≥
∑
k∈J r

ρν

a

(
rk

ε

)ˆ
rk+rQρν

|∇uρνε |2 dx− Eε(ρ, ν), (9.2.6)

and therefore, having achieved an estimate in terms of the inner integral in (9.2.4), we get

Fε(uε) + oε(1)

≥ 1− s

d

σd−1

Hkd(V )

ˆ 1

0

r2(1−s)

ρ−1+2s

ˆ
V

d∑
n=1

∑
k∈Ir

ρν

a

(
rk

ε

) ˆ
rk+rQρν

|uε(x+ rρνn)− uε(x)|2

|rρ|2
dx dHkd(ν) dρ (9.2.7)

≥ 1− s

d

σd−1

Hkd(V )

ˆ 1

0

r2(1−s)

ρ−1+2s

ˆ
V

∑
k∈J r

ρν

a

(
rk

ε

) ˆ
rk+rQρν

|∇uρνε |2 dx dHkd(ν) dρ (9.2.8)

− 1− s

d

σd−1

Hkd(V )

ˆ 1

0

r2(1−s)

ρ−1+2s

ˆ
V
Eε(ρ, ν) dHkd(ν) dρ. (9.2.9)

Note that the term in (9.2.9) vanishes as ε → 0+; indeed, considering the modulus of
continuity, the bound from above (9.0.2) and the bound from above involving (9.2.7), we
have

1− s

d

σd−1

Hkd(V )

ˆ 1

0

r2(1−s)

ρ−1+2s

ˆ
V
Eε(ρ, ν) dHkd(ν) dρ

≤ ω
(r√d

ε

)1− s

d

σd−1

Hkd(V )

ˆ 1

0

r2(1−s)

ρ−1+2s

ˆ
V

d∑
n=1

∑
h∈Ir

ρν

ˆ
rh+rQρν

|uε(y + rρνn)− uε(y)|2

|rρ|2
dy dHkd(ν) dρ

≤ ω
(r√d

ε

)1− s

d

σd−1

Hkd(V )

1

α

ˆ 1

0

r2(1−s)

ρ−1+2s

ˆ
V

d∑
n=1

∑
h∈Ir

ρν

a

(
rh

ε

)ˆ
rh+rQρν

|uε(y + rρνn)− uε(y)|2

|rρ|2
dy dHkd(ν) dρ

≤ ω
(r√d

ε

) 1

α
Fε(uε) + oε(1),

which tends to 0 since supε Fε(uε) < +∞ and since r/ε → 0+ by the first equality in
(9.1.2).

As for (9.2.8), we can reinsert the coefficient a in the integral; in particular, taking
into account the modulus of continuity and applying (9.0.2), (9.2.6), and once more the
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inequality leading to (9.2.7), we have

1− s

d

σd−1

Hkd(V )

∣∣∣ˆ 1

0

r2(1−s)

ρ−1+2s

ˆ
V

∑
k∈J r

ρν

ˆ
rk+rQρν

(
a
(rk
ε

)
− a

(x
ε

))
|∇uρνε |2 dx dHkd(ν) dρ

∣∣∣
≤ ω

(r√d
ε

)1− s

d

σd−1

Hkd(V )

ˆ 1

0

r2(1−s)

ρ−1+2s

ˆ
V

∑
k∈J r

ρν

ˆ
rk+rQρν

|∇uρνε |2 dx dHkd(ν) dρ

≤ ω
(r√d

ε

)1− s

d

σd−1

Hkd(V )

1

α

ˆ 1

0

r2(1−s)

ρ−1+2s

ˆ
V

( d∑
n=1

∑
k∈Ir

ρν

a

(
rk

ε

) ˆ
rk+rQρν

|uε(y + rρνn)− uε(y)|2

|rρ|2
dy + Eε(ρ, ν)

)
dHkd(ν) dρ

≤ ω
(r√d

ε

) 1

α
Fε(uε) + oε(1),

and we conclude as above.
We finally obtain

Fε(uε) + oε(1) ≥
1− s

d

σd−1

Hkd(V )

ˆ 1

0

r2(1−s)

ρ−1+2s

ˆ
V

∑
k∈J r

ρν

ˆ
rk+rQρν

a
(x
ε

)
|∇uρνε |2 dx dHkd(ν) dρ

≥ 1− s

d

σd−1

Hkd(V )

ˆ 1

0

r2(1−s)

ρ−1+2s

ˆ
V

ˆ
Ω′
a
(x
ε

)
|∇uρνε |2 dx dHkd(ν) dρ, (9.2.10)

where Ω′ is any open subset well contained in Ω that we may assume to be well contained
in

⋃
k∈J r

ρν
rk + rQρν for ε sufficiently small.

Step 3. (Passage to the classical Homogenisation Theorem) In the final part of the proof
of the lower bound, we average the auxiliary functions obtained by discretisation weighting
them with the appropriate kernel.

For every ε > 0 sufficiently small we define the probability measure µε on [0, 1]× V by

dµε(ρ, ν) := 2(1− s)ρ1−2sdρ
dHkd(ν)

Hkd(V )
;

then we rewrite (9.2.10) as

σd−1

2d

ˆ
[0,1]×V

r2(1−s)
ˆ
Ω′
a
(x
ε

)
|∇uρνε |2 dx dµε(ρ, ν)

=
σd−1

2d

ˆ
Ω′
r2(1−s)a

(x
ε

)ˆ
[0,1]×V

|∇uρνε |2 dµε(ρ, ν) dx

≥ σd−1

2d

ˆ
Ω′
r2(1−s)a

(x
ε

) ∣∣∣ˆ
[0,1]×V

∇uρνε dµε(ρ, ν)
∣∣∣2 dx (9.2.11)

by Jensen’s inequality.
We set

uε(x) :=

ˆ
[0,1]×V

uρνε (x) dµε(ρ, ν),

and note that, since uρνε is continuous on Ω′, this function belongs to H1(Ω′) with

∇uε(x) =
ˆ
[0,1]×V

∇uρνε (x) dµε(ρ, ν)
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for Ld-a.e. x ∈ Ω′. As a consequence, (9.2.11) reduces to

σd−1

2d

ˆ
Ω′
r2(1−s)a

(x
ε

)
|∇uε(x)|2 dx.

Our final goal is to show that

lim inf
ε→0+

σd−1

2d

ˆ
Ω′
a
(x
ε

)
|∇uε(x)|2 dx ≥ σd−1

2d

ˆ
Ω′
Ahom∇u · ∇u dx.

To prove this inequality it is sufficient to prove that uε → u in L2(Ω′). Indeed, this implies
that u is the L2(Ω′)-limit of a bounded sequence in H1(Ω′), so that u ∈ H1(Ω′) and
the conclusion follows from the liminf inequality provided by the Sobolev Homogenisation
Theorem (see [47, Theorem 14.7]) and the fact that r2(1−sε) → 1 by the second equality in
(9.1.2).

First, we prove the convergence under the additional assumption that {uε}ε is bounded
in L∞(Ω). If this is the case, it suffices to prove that uε− uε → 0+ in L1(Ω′). Indeed, since
{uε}ε is bounded by construction in L∞(Ω′), we conclude by interpolation.

As Ω′ ⊆
⋃
k∈J r

ρν
rk + rQρν , we have

∥uε − uε∥L1(Ω′) =

ˆ
Ω′

∣∣∣uε(x)− ˆ
[0,1]×V

uρνε (x)dµε(ρ, ν)
∣∣∣ dx

≤
ˆ
[0,1]×V

ˆ
Ω′

|uε(x)− uρνε (x)| dxdµε(ρ, ν)

≤
ˆ
[0,1]×V

∑
k∈J r

ρν

ˆ
rk+rQρν

|uε(x)− uρνε (x)| dxdµε(ρ, ν)

≤
ˆ
[0,1]×V

∑
k∈J r

ρν

ˆ
rk+rQρν

|uε(x)− uρνε (rk)| dx dµε(ρ, ν) (9.2.12)

+

ˆ
[0,1]×V

∑
k∈J r

ρν

ˆ
rk+rQρν

|uρνε (x)− uρνε (rk)| dx dµε(ρ, ν). (9.2.13)

We first prove that (9.2.12) tends to 0 as ε → 0+. Applying Hölder’s inequality and a
rescaled version of Poincaré-Wirtinger’s inequality (see [144, Theorem 6.33]), we get

∑
k∈J r

ρν

ˆ
rk+rQρν

|uε(x)− uρνε (rk)| dx ≤ |rρ|
d
2

∑
k∈J r

ρν

(ˆ
rk+rQρν

|uε(x)− uρνε (rk)|2 dx
) 1

2

≤ P |rρ|
d
2
+s

∑
k∈J r

ρν

(¨
(rk+rQρν)×(rk+rQρν)

|uε(x)− uε(y)|2

|x− y|d+2s
dx dy

) 1
2
, (9.2.14)

where P is the Poincaré-Wirtinger constant for the d-dimensional unit cube. Then we make
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use of the concavity of x 7→ x
1
2 so that

P |rρ|
d
2
+s#J r

ρν

∑
k∈J r

ρν

1

#J r
ρν

(¨
(rk+rQρν)×(rk+rQρν)

|uε(x)− uε(y)|2

|x− y|d+2s
dx dy

) 1
2

≤ P |rρ|
d
2
+s#J r

ρν

( ∑
k∈J r

ρν

1

#J r
ρν

¨
(rk+rQρν)×(rk+rQρν)

|uε(x)− uε(y)|2

|x− y|d+2s
dx dy

) 1
2

≤ P |rρ|
d
2
+s(#J r

ρν)
1
2

(¨
Ω×Ω

|uε(x)− uε(y)|2

|x− y|d+2s
dx dy

) 1
2

≤ P |rρ|
d
2
+s|rρ|−

d
2Ld(Ω)

1
2 [uε]Hs(Ω)

= P |rρ|s Ld(Ω)
1
2 [uε]Hs(Ω).

After integration we obtain that (9.2.12) is bounded above by

2Prs Ld(Ω)
1
2 (1− s)[uε]Hs(Ω)

ˆ 1

0
ρ1−sdρ = 2PrsLd(Ω)

1
2 (1− s)[uε]Hs(Ω)

1

2− s
.

Then we use that (1− s)[uε]
2
Hs(Ω) ≤ Fε(uε)/α, which is uniformly bounded in ε by assump-

tion, and that rs = ε2s → 0 as ε→ 0+ to deduce that the above term vanishes.
We treat (9.2.13) with a similar argument. By the Cauchy-Schwarz inequality we haveˆ

[0,1]×V

∑
k∈J r

ρν

ˆ
rk+rQρν

|uρνε (x)− uρνε (rk)| dxdµε(ρ, ν)

≤
ˆ
[0,1]×V

∑
k∈J r

ρν

ˆ
rk+rQρν

|∇uρνε (x)||x− rk|dx dµε(ρ, ν)

≤
√
d

ˆ
[0,1]×V

|rρ|
∑
k∈J r

ρν

ˆ
rk+rQρν

|∇uρνε (x)| dxdµε(ρ, ν)

and by Hölder’s inequality and the concavity of x 7→ x
1
2 , this is bounded above by

√
d

ˆ
[0,1]×V

|rρ|
d
2
+1

∑
k∈J r

ρν

(ˆ
rk+rQρν

|∇uρνε (x)|2 dx
) 1

2
dµε(ρ, ν)

=
√
d

ˆ
[0,1]×V

|rρ|
d
2
+1#J r

ρν

∑
k∈J r

ρν

1

#J r
ρν

(ˆ
rk+rQρν

|∇uρνε (x)|2 dx
) 1

2
dµε(ρ, ν)

≤
√
d

ˆ
[0,1]×V

|rρ|
d
2
+1(#J r

ρν)
1
2

( ∑
k∈J r

ρν

ˆ
rk+rQρν

|∇uρνε (x)|2 dx
) 1

2
dµε(ρ, ν)

≤ r
√
dLd(Ω)

ˆ
[0,1]×V

( ∑
k∈J r

ρν

ˆ
rk+rQρν

|∇uρνε (x)|2 dx
) 1

2
dµε(ρ, ν),

which by Jensen’s inequality is less than or equal to

r
√
dLd(Ω)

(ˆ
[0,1]×V

∑
k∈J r

ρν

ˆ
rk+rQρν

|∇uρνε (x)|2 dx dµε(ρ, ν)
) 1

2
. (9.2.15)
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Now we writeˆ
[0,1]×V

∑
k∈J r

ρν

ˆ
rk+rQρν

|∇uρνε (x)|2 dx dµε(ρ, ν)

=
2(1− s)

Hkd(V )

ˆ 1

0

1

ρ−1+2s

ˆ
V

∑
k∈J r

ρν

ˆ
rk+rQρν

|∇uρνε |2 dx dHkd(ν) dρ

≤
( 2d

ασd−1

)1− s

d

σd−1

Hkd(V )

ˆ 1

0

1

ρ−1+2s

ˆ
V

∑
k∈J r

ρν

a

(
rk

ε

)ˆ
rk+rQρν

|∇uρνε |2 dx dHkd(ν) dρ

and we note that this last term equals (9.2.8) (up to a constant factor), therefore, as a
byproduct of the previous computations (see (9.2.10) and (9.2.11)), it is bounded above by

2d

ασd−1
r−2(1−s)Fε(uε) + oε(1),

which is uniformly bounded for small ε (recall the second equality in (9.1.2)). We conclude
that (9.2.15) vanishes since r → 0+.

Step 4. (The unbounded case) Finally, we remove the L∞-boundedness condition by means
of a truncation argument. We set uM := (u ∧M) ∨ −M and note that uε → u in L2(Ω)
implies uMε → uM in L2(Ω). Since Fε(uε) ≥ Fε(u

M
ε ), we have

lim inf
ε→0+

Fε(uε) ≥ lim inf
ε→0+

Fε(u
M
ε ) ≥ σd−1

2d

ˆ
Ω
Ahom∇uM · ∇uM dx,

and then
sup
M>0

∥∇uM∥2L2(Ω) ≤
2d

ασd−1
sup
ε
Fε(uε) < +∞,

so that u ∈ H1(Ω) with ∇uM → ∇u. The proof is concluded once we let M → +∞.

Proof of the limsup inequality. To prove the upper bound, we first study the case where
u is piecewise-affine. We then recover the inequality on the whole space H1(Ω) by means of
a density argument. For the sake of clarity, we first deal with the case where u is affine.

Step 1 (u is affine) We first assume that u(x) = z ·x for some z ∈ Rd. We recall that by the
classical homogenisation formula for Ahom (see [47, Theorem 14.7]) and by density, it holds

Ahomz · z = inf
{ˆ

(0,1)d
a(y)|∇φ(y) + z|2dy : φ ∈ C∞(Rd), 1-periodic

}
. (9.2.16)

Fix δ > 0 and let φ ∈ C∞(Rd) be a 1-periodic function such that
ˆ
(0,1)d

a(y)|∇φ(y) + z|2dy < Ahomz · z + δ; (9.2.17)

we claim that uε(x) = ⟨z, x⟩ + εφ
(
x
ε

)
is an approximate recovery sequence for u, i.e., it is

such that
lim sup
ε→0+

Fε(uε) ≤
σd−1

2d

ˆ
Ω
Ahomz · z dx+ δ. (9.2.18)

This, combined with a diagonal argument and the arbitrariness of δ > 0, will lead to the
limsup inequality.



9. Another look at elliptic homogenisation 333

In order to prove (9.2.18), we first observe that {uε}ε are uniformly Lipschitz and equi-
bounded in L2(Ω), so that Lemma 9.1.1 applies to {uε}ε with rε = ε2 (see Remark 9.1.2).
Using this lemma and the first-order Taylor expansion of φ, we get

Fε(uε) + oε(1)

= (1− s)

¨
Ω×Ω

a
(x
ε

) |z · (x− y) + εφ
(
x
ε

)
− εφ

(y
ε

)
|2

|x− y|d+2s
dx dy

= (1− s)

¨
Ω×Ω∩{|x−y|≤rε}

a
(x
ε

) |(z +∇φ
(
x
ε

)
) · (x− y) + 1

εR(|x− y|)|2

|x− y|d+2s
dx dy + oε(1),

where the function R(|x− y|) is the remainder in Lagrange form of φ and it is such that

R(|x− y|) ≤ d2∥∇(2)φ∥L∞(Rd)|x− y|2. (9.2.19)

For brevity, in what follows we denote by R both the remainder and its absolute value.
For every η > 0, using the inequality |a+ b|2 ≤ (1 + η)a2 + (1 + 1/η)b2 and the change

of variables ξ := y − x, we deduce

Fε(uε) + oε(1) ≤ (1 + η)(1− s)

ˆ
Ω

ˆ
B(0,r)

a
(x
ε

) |⟨z +∇φ
(
x
ε

)
, ξ⟩|2

|ξ|d+2s
dξ dx (9.2.20)

+

(
1 +

1

η

)
1− s

ε2

ˆ
Ω

ˆ
B(0,r)

a
(x
ε

) R(|ξ|)2
|ξ|d+2s

dξ dx. (9.2.21)

For a fixed η > 0, the term in (9.2.21) vanishes as ε→ 0+. Indeed using (9.0.2), we have
ˆ
Ω

ˆ
B(0,r)

a
(x
ε

) R(|ξ|)2
|ξ|d+2s

dξ dx ≤ d4βLd(Ω)∥∇(2)φ∥2L∞(Rd)

ˆ
B(0,r)

1

|ξ|d+2s−4
dξ

= d4σd−1βLd(Ω)∥∇(2)φ∥2L∞(Rd)

ˆ r

0
ρ3−2sdρ

= d4
σd−1

4− 2s
βLd(Ω)∥∇(2)φ∥2L∞(Rd)r

2(1−s)r2, (9.2.22)

so that the term in (9.2.21) is bounded from above by

Cη,φ(1− s)
(r
ε

)2
r2(1−s),

for a constant Cη,φ > 0 depending only on η and φ. Using the two equalities in (9.1.2), we
deduce that (9.2.21) converges to 0 as ε→ 0+.

As for the term in (9.2.20), note that by the symmetry of the integrand, it holds

ˆ
B(0,r)

|(z +∇φ
(
x
ε

)
) · ξ|2

|ξ|d+2s
dξ =

ˆ r

0

ˆ
∂B(0,ρ)

∣∣(z +∇φ
(
x
ε

)
) · ν

∣∣2
ρd+2s

dHd−1(ν) dρ

=

ˆ r

0

1

ρd+2(s−1)

1

d

ˆ
∂B(0,ρ)

∣∣∣z +∇φ
(x
ε

)∣∣∣2 dHd−1(ν) dρ

=
σd−1

d

∣∣∣z +∇φ
(x
ε

)∣∣∣2 ˆ r

0
ρ1−2sdρ

=
σd−1

2d

∣∣∣z +∇φ
(x
ε

)∣∣∣2 r2(1−s)
(1− s)

. (9.2.23)
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Recalling that both φ and a are 1-periodic, we may substitute (9.2.23) in (9.2.20) to get

(1 + η)(1− s)

ˆ
Ω

ˆ
B(0,r)

a
(x
ε

) |(z +∇φ
(
x
ε

)
) · ξ|2

|ξ|d+2s
dξ dx

= (1 + η)
σd−1

2d
r2(1−s)

ˆ
Ω
a
(x
ε

) ∣∣∣∇φ(x
ε

)
+ z

∣∣∣2 dx

= (1 + η)
σd−1

2d
r2(1−s)

Ld(Ω)
εd

ˆ
(0,ε)d

a
(x
ε

) ∣∣∣∇φ(x
ε

)
+ z

∣∣∣2 dx+ oε(1)

= (1 + η)
σd−1

2d
r2(1−s)Ld(Ω)

ˆ
(0,1)d

a(y) |∇φ (y) + z|2 dy + oε(1), (9.2.24)

which, in view of the second equality in (9.1.2) and (9.2.17), implies

lim sup
ε→0+

Fε(uε) ≤ (1 + η)
(σd−1

2d

ˆ
Ω
Ahomz · z dx+ δ

)
,

and we conclude by letting η tend to 0.

Step 2. (u is piecewise-affine) We now assume that the function u is piecewise-affine in Ω.
More precisely, we suppose that there exists a finite family of d-simplices {∆i}i∈I covering
Ω, vectors {zi}i∈I ⊆ Rd, and constants {mi}i∈I ⊆ R such that u(x) = ⟨x, zi⟩+mi for every
x ∈ ∆i ∩Ω and for every i ∈ I. To simplify the notation, from now on we will always write
∆i in place of ∆i ∩ Ω.

In analogy with the case treated in Step 1, for a fixed δ > 0 and for every i ∈ I, we
consider a 1-periodic function φi ∈ C∞(Rd) satisfying

ˆ
(0,1)d

a(y)|∇φi(y) + zi|2dy < Ahomzi · zi +
δ

#I
. (9.2.25)

Having in mind the construction of the recovery sequence performed in the previous case,
we want to construct an approximate recovery sequence for u by perturbing, in a suitable
way, u with the functions φi. To this end, for every ∆i, we consider the subset defined by

∆ε
i := {x ∈ Ω: dist(x,∆c

i ) > ε} .

Given ε > 0 and i ∈ I, we consider a positive function ψiε ∈ C∞
c (Rd), satisfying

ψiε(x) = 0 for x /∈ ∆ε
i

ψiε(x) = 1 for x ∈ ∆2ε
i ,

0 ≤ ψiε(x) ≤ 1 for x ∈ Rd,
∥∇ψiε∥L∞(Rd) ≤ 2

ε .

(9.2.26)

We claim that an approximate recovery sequence for u is given by

uε(x) =
∑
i∈I

(
⟨zi, x⟩+ εφi

(x
ε

)
ψiε(x) +mi

)
χ∆i(x),

where χ∆i denotes the characteristic function of ∆i. Note that uε is a continuous function,
since it coincides with u on the boundary of each simplex ∆i.
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Let A := Ω× Ω ∩ {|x− y| ≤ r}, where r = ε2. Since the functions {uε}ε are uniformly
Lipschitz and equibounded in L2(Ω), in view of Lemma 9.1.1 and Remark 9.1.2, to conclude
the proof in this case it is enough to show that

lim sup
ε→0+

(1− s)

¨
A
a
(x
ε

) |uε(x)− uε(y)|2

|x− y|d+2s
dx dy ≤ σd−1

2d

ˆ
Ω
Ahom∇u · ∇u dx+ δ.

To make the computations more manageable, we consider a suitable partition of A. For
i ∈ I, we set

Bi := ∆2ε
i ×∆2ε

i ∩ {|x− y| ≤ r},
Ci := ∆i ×∆i ∩ {|x− y| ≤ r and x or y ∈ ∆i \∆2ε

i },

and for j ∈ I with j ̸= i, we set

Dij := ∆i ×∆j ∩ {|x− y| ≤ r},

so that A =
⋃
i∈I(Bi ∪ Ci) ∪

⋃
i̸=j Dij .

Taking advantage of this decomposition and of the subadditivity of the lim sup, we have

lim sup
ε→0+

(1−s)
¨
A
a
(x
ε

) |uε(x)− uε(y)|2

|x− y|d+2s
dx dy

≤ lim sup
ε→0+

∑
i∈I

(1− s)

¨
Bi

a
(x
ε

) |uε(x)− uε(y)|2

|x− y|d+2s
dx dy (9.2.27)

+
∑
i∈I

lim sup
ε→0+

(1− s)

¨
Ci

a
(x
ε

) |uε(x)− uε(y)|2

|x− y|d+2s
dx dy (9.2.28)

+
∑
i∈I

∑
j∈I, j ̸=i

lim sup
ε→0+

(1− s)

¨
Dij

a
(x
ε

) |uε(x)− uε(y)|2

|x− y|d+2s
dx dy. (9.2.29)

We begin by estimating (9.2.27). Since for fixed i ∈ I we have ψiε = 1 on Bi, by the
first-order Taylor expansion of φi, for a fixed η > 0 we get

∑
i∈I

(1− s)

¨
Bi

a
(x
ε

) |(zi +∇φi
(
x
ε

)
) · (x− y) + 1

εRi(|x− y|)|2

|x− y|d+2s
dx dy

≤
∑
i∈I

(1 + η)(1− s)

ˆ
∆2ε

i

ˆ
B(0,r)

a
(x
ε

) |(zi +∇φi
(
x
ε

)
) · ξ|2

|ξ|d+2s
dξ dx (9.2.30)

+
∑
i∈I

(
1 +

1

η

)
1− s

ε2

ˆ
∆2ε

i

ˆ
B(0,r)

a
(x
ε

) Ri(|ξ|)2
|ξ|d+2s

dξ dx, (9.2.31)

where Ri is the remainder in Lagrange form of the first-order Taylor expansion of φi, which
satisfies

Ri(|x− y|) ≤ d2max
i∈I

∥∇(2) φi∥L∞(Rd)|x− y|2 =:M |x− y|2. (9.2.32)

Thus, we may estimate (9.2.31) with

βM2
∑
i∈I

(
1 +

1

η

)
1− s

ε2

ˆ
∆i

ˆ
B(0,r)

|ξ|4

|ξ|d+2s
dξ dx,
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which is seen to converge to 0 for ε → 0+ by the same computations that have been used
in the previous step to prove (9.2.22) (with Ω replaced by ∆i).

As for (9.2.30), passing to the slightly larger domains ∆2ε
i and taking advantage of the

computations leading to (9.2.24), we see that

∑
i∈I

(1 + η)(1− s)

ˆ
∆2ε

i

ˆ
B(0,r)

a
(x
ε

) |(zi +∇φi
(
x
ε

)
) · ξ|2

|ξ|d+2s
dξ dx

≤ (1 + η)
σd−1

2d
r2(1−s)

∑
i∈I

Ld(∆i)

ˆ
(0,1)d

a(y) |∇φi (y) + zi|2 dy + oε(1).

Recalling (9.2.25) and the second equality in (9.1.2), we finally conclude

lim sup
ε→0+

∑
i∈I

(1− s)

¨
Bi

a
(x
ε

) |uε(x)− uε(y)|2

|x− y|d+2s
dx dy

≤ lim sup
ε→0+

(1 + η)
σd−1

2d
r2(1−s)

∑
i∈I

(ˆ
∆i

Ahomzi · zi dx+
δ

#I

)
≤ (1 + η)

σd−1

2d

ˆ
Ω
Ahom∇u · ∇u dx+ δ, (9.2.33)

so that letting η → 0+, we obtain the desired estimate for (9.2.27).
We now show that (9.2.28) converges to 0 as ε→ 0+. Since #I is finite and independent

of ε, it suffices to consider separately each single term of the sum. By the convexity of
x 7→ x2, we have

(1− s)

¨
Ci

a
(x
ε

) |uε(x)− uε(y)|2

|x− y|d+2s
dx dy ≤ 3β(1− s)

¨
Ci

|zi|2|x− y|2

|x− y|d+2s
dx dy (9.2.34)

+ 3β(1− s)

¨
Ci

∣∣εψiε(y) (φi (xε )− φi
(y
ε

))∣∣2
|x− y|d+2s

dx dy (9.2.35)

+ 3β(1− s)

¨
Ci

∣∣εφi (xε ) (ψiε(x)− ψiε(y))
∣∣2

|x− y|d+2s
dx dy. (9.2.36)

We start with (9.2.34). By a change of variables, we see that

(1− s)

¨
Ci

|zi|2|x− y|2

|x− y|d+2s
dx dy ≤ 2(1− s)|zi|2

ˆ
∆i\∆2ε

i

ˆ
B(0,r)

|ξ|2

|ξ|d+2s
dξ dx

≤ 2(1− s)|zi|2Ld(∆i \∆2ε
i )

ˆ
B(0,r)

|ξ|2

|ξ|d+2s
dξ

= σd−1|zi|2Ld(∆i \∆2ε
i )r2(1−s),

which converges to zero as ε → 0+, in view of the second equality in (9.1.2) and the fact
that Ld(∆i \∆2ε

i ) → 0.
As for (9.2.35), using the first-order Taylor expansions of φi, (9.2.26), and recalling
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(9.2.32), one gets

(1− s)

¨
Ci

∣∣εψiε(y) (φi (xε )− φi
(y
ε

))∣∣2
|x− y|d+2s

dx dy

≤ 2(1− s)

ˆ
∆i\∆2ε

i

ˆ
B(0,r)

∣∣(∇φi (xε )) · ξ + 1
εRi(|ξ|)

∣∣2
|ξ|d+2s

dξ dx

≤ 4(1− s)
(ˆ

∆i\∆2ε
i

ˆ
B(0,r)

∣∣(∇φi (xε )) · ξ∣∣2
|ξ|d+2s

dξ dx+
M2

ε2

ˆ
∆i\∆2ε

i

ˆ
B(0,r)

|ξ|4

|ξ|d+2s
dξ dx

)
. (9.2.37)

The first term can be estimated with

(1− s)

ˆ
∆i\∆2ε

i

ˆ
B(0,r)

|(∇φi
(
x
ε

)
) · ξ|2

|ξ|d+2s
dξ dx

≤ (1− s)∥∇φi∥2L∞(Rd)

ˆ
∆i\∆2ε

i

ˆ
B(0,r)

|ξ|2

|ξ|d+2s
dξ dx

= (1− s)∥∇φi∥2L∞(Rd)L
d(∆i \∆2ε

i )

ˆ
B(0,r)

|ξ|2

|ξ|d+2s
dξ

≤ σd−1

2
∥∇φi∥2L∞(Rd)L

d(∆i \∆2ε
i )r2(1−s), (9.2.38)

while for the second term we have

1− s

ε2

ˆ
∆i\∆2ε

i

ˆ
B(0,r)

|ξ|4

|ξ|d+2s
dξ dx ≤ (1− s)

σd−1

4− 2s
Ld(∆i \∆2ε

i )
(r
ε

)2
r2(1−s), (9.2.39)

and therefore both terms vanish as ε tends to 0.
We note that from (9.2.26) we deduce that

ε2|ψiε(x)− ψiε(y)|2 ≤ 4|x− y|2 for all x, y ∈ Rd,

so that we may estimate (9.2.36) as

(1− s)

¨
Ci

∣∣εφi (xε ) (ψiε(x)− ψiε(y))
∣∣2

|x− y|d+2s
dx dy

≤ 4(1− s)∥φi∥2L∞(Rd)

ˆ
∆i\∆2ε

i

ˆ
B(0,r)

|ξ|2

|ξ|d+2s
dξ dx

which goes to zero by the same computations that led to (9.2.38). Combining the previous
estimates, we conclude that (9.2.28) tends to 0 for ε→ 0+.

Finally, we prove that (9.2.29) converges to 0 as ε → 0+. Also in this case, since #I is
finite and independent of ε, it suffices to take into account just one summand.

Note that, if (x, y) ∈ Dij , then x ∈ ∆i \∆ε
i and y ∈ ∆j \∆ε

j , so that ψiε(x) = ψjε(y) = 0,
which, in turn, gives uε(x) = u(x) and uε(y) = u(y). Thus, taking advantage of the Lipschitz
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continuity of u, we get

(1− s)

¨
Dij

a
(x
ε

) |uε(x)− uε(y)|2

|x− y|d+2s
dx dy ≤ β(1− s)

ˆ
∆i\∆ε

i

ˆ
B(0,r)

|u(x+ ξ)− u(x)|2

|ξ|d+2s
dξ dx

≤ βLip(u,Ω)(1− s)

ˆ
∆i\∆ε

i

ˆ
B(0,r)

|ξ|2

|ξ|d+2s
dξ dx

= βLip(u,Ω)(1− s)Ld(∆i \∆ε
i )σd−1

1

2− 2s
r2(1−s)

≤ βLip(u,Ω)
σd−1

2
Ld(∆i \∆ε

i )

and, since Ld(∆i\∆ε
i ) → 0, this last term converges to zero and so does (9.2.29). As we have

shown that in the limit (9.2.27) can be bounded from above by (9.2.33) and that (9.2.28)
and (9.2.29) go to zero, in this case the proof of the upper bound is concluded.

Step 3. (Conclusion) The functional Fhom defined in (9.0.5), which has been proven to be the
desired Γ-limit on piecewise-affine functions, is continuous in the strong topology of H1(Ω).
Since Ω is an open bounded set with Lipschitz boundary, every function u ∈ H1(Ω) may be
extended to u ∈ H1

0(B(0, R)) via the standard extension operator and a cut-off function. It
is a known fact that a dense class in H1

0(B(0, R)) is the class of piecewise-affine functions,
namely, functions which are piecewise-affine on a finite family of simplices covering B(0, R)
(see [116, Proposition 2.1]). Therefore, the class of piecewise-affine functions discussed in
Step 2 is dense in H1

0(B(0, R)) and a fortiori in H1(Ω). Having proved that the Γ-lim sup
inequality holds on a dense subset of H1(Ω), we conclude that it holds for any u ∈ H1(Ω)
(see Proposition 1.2.5).



CHAPTER 10

Γ-convergence of nonlocal functionals to
free discontinuity problems

In this final chapter, we study compactness properties with respect to Γ-convergence of a
family of nonlocal functionals. More precisely, we study energies fashioned upon Gobbino’s
finite-difference approximation of the Mumford-Shah functional [132], which take the form

Fε(u) :=
1

εd

ˆ
Ω

ˆ
Ω
fε

(
x,
y − x

ε
,
u(y)− u(x)

ε

)
dy dx for u ∈ L1

loc(Ω;Rk), (10.0.1)

and investigate their behaviour as the parameter ε > 0 goes to 0, forcing a concentration
phenomenon to occur. The integrands fε are rather general non-negative functions, satisfy-
ing suitable upper and lower bounds making Fε comparable with Gobbino’s functional (see
(10.1.6) below). Under these hypotheses, we prove that every sequence of the form (10.0.1)
Γ-converges, up to subsequences, to a local integral functional made of the sum of a bulk
and surface term (see Theorem 10.2.3). Relying on this result we then deduce necessary and
sufficient conditions for the Γ-convergence of sequences as in (10.0.1) (see Theorem 10.2.4).

The proof of the compactness result requires several steps. It starts in Section 10.3, after
having fixed the notation in Section 10.1 and presented the main results in Section 10.2. The
first step consists in showing that, under our assumptions, the functionals Fε “localise”, so
that as ε→ 0+ we may neglect interactions between points x, y that are too far away from
each other. This is done relying on techniques devised in [8]. This localisation lemma is
crucial in the application of the localisation method of Γ-convergence we use in Section 10.4
to prove compactness properties of {Fε}ε. The proof of the compactness theorem is then
concluded with the use of an integral representation result in GSBV2(Ω;Rk), proved by
means of a perturbation/truncation argument based on the results of [40]. The chapter ends
with Section 10.6, where, after having proved certain asymptotic properties of minimisation
problems for Fε , we deduce necessary and sufficient conditions for Γ-convergence of such
sequences.

This chapter is based on the joint paper with Brusca, Scalabrino, Trifone, & Voglino [53].

10.1 Notation and preliminary results

In this section, we fix the notation and present some preliminary results concerning the
functionals that constitute the upper and lower bounds for our energies (10.0.1).
Notation. We let Ω ⊂ Rd denote a bounded open set with Lipschitz boundary. We recall
the notation for collections of open/Borel sets introduced in Section 1.1. In addition to the
notation presented therein, in what follows we let Oreg(Ω) denote the collection of all open
subsets of Ω with Lipschitz boundary. Given E ⊂ Rd, ε > 0, and ξ ∈ Rd, we also introduce
the notation

Eε(ξ) := {x ∈ E : x+ εξ ∈ E}.

For brevity of notation, in this chapter we let Br := B(0, r) and Br(x) := B(x, r).
For the definition and the main properties of the various spaces of functions of bounded

variation used here, we refer the reader to Section 1.3. In particular, we recall the spaces

339
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SBV2(Ω;Rk) and GSBV2(Ω;Rk) introduced in Definition 1.3.13. We also recall that the
latter is a vector space and that it is closed by components and vertical truncations, thanks
to Lemma 1.3.14. Justified by this lemma, for every u : Rd → Rk and M > 0, uM will always
denote the truncated function whose i-th component is given by uMi := (ui ∨ −M) ∧M .

Remark 10.1.1. Let u ∈ GSBV2(Ω;Rk). One can check that the following conditions
hold:

(i) ∇uM = ∇u for Ld-a.e. x ∈ Ω such that |u(x)| ≤ M so that ∇uM converges Ld-a.e.
in Ω (and in L1(Ω;Rk)) to ∇u as M → +∞, and |∇uM | converges monotonically to
|∇u|;

(ii) for every M > 0 the jump set JuM is contained in Ju, up to a Hd−1-negligible set, and
Hd−1(Ju \

⋃
M>0 JuM ) = 0. Moreover, for Hd−1-a.e. x ∈ JuM , we have (uM (x))± =

(u±(x))M ;

(iii) the map ζ 7→ ζM is 1-Lipschitz, (ζM+1)M = ζM for all ζ ∈ Rk and M > 0; hence,
|[uM ]| = |[(uM+1)M ]| ≤ |[uM+1]| for all M > 0 and Hd−1-a.e. in JuM .

Reference functionals. We now introduce some families of nonlocal functionals that
constitute upper and lower bounds for the general family of energies that we mean to study.

For i ∈ {1, 2} we let ρi : Rd → [0,+∞] be a radially symmetric kernel; in particular, we
suppose that ˆ

Rd

(1 + |ξ|+ |ξ|2)ρi(ξ) dξ < +∞, (10.1.1)

ρ1(ξ) ≥ c0 for Ld-a.e. ξ ∈ Br0 (10.1.2)

for some positive constants c0, r0. We let {ψε}ε be a family of non-negative radially sym-
metric kernels such that ˆ

Rd

|ξ|ψε(ξ) dξ = 1 for every ε > 0, (10.1.3)

for every δ > 0 there exists rδ > 0 such that

lim sup
ε→0+

ˆ
Rd\Brδ

|ξ|ψε(ξ) dξ < δ, (10.1.4)

and
lim sup
ε→0+

ˆ
Rd

ψε(ξ) dξ < +∞. (10.1.5)

For ε > 0, O ∈ O(Ω), and u ∈ L1
loc(Ω;Rk), we define the functionals

Gi,ε(u,O) :=

ˆ
O×O

1

εd
ρi

(y − x

ε

)
min

{ |u(y)− u(x)|2

ε2
,
1

ε

}
dx dy for i ∈ {1, 2},

and
Pε(u,O) :=

ˆ
O×O

1

εd
ψε

(y − x

ε

) |u(y)− u(x)|
ε

dx dy.

Recalling that Oε(ξ) := {x ∈ O : x + εξ ∈ O}, we perform the change of variables ξ :=
(y − x)/ε to obtain

Gi,ε(u,O) =

ˆ
Rd

ρi(ξ)

ˆ
Oε(ξ)

gε

(u(x+ εξ)− u(x)

ε

)
dx dξ for i ∈ {1, 2}, (10.1.6)
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where we set
gε(z) := min

{
|z|2, 1

ε

}
for all z ∈ Rk, (10.1.7)

and
Pε(u,O) =

ˆ
Rd

ψε(ξ)

ˆ
Oε(ξ)

|u(x+ εξ)− u(x)|
ε

dx dξ.

Conditions (10.1.1)–(10.1.4) play distinct roles in our analysis. On the one hand, in-
equalities (10.1.1) and (10.1.3) guarantee that the Γ-limits of {Gi,ε}ε, i ∈ {1, 2}, and {Pε}ε
are finite. On the other hand, (10.1.2) is useful in order to obtain suitable coercivity condi-
tions in GSBV2. Assumption (10.1.4) corresponds to the assumption (H2) introduced in [8]
and ensures that short-range interactions are favoured when ε → 0+; this condition is in
fact stronger than the analogous hypothesis appearing in [102,162], which reads as

lim
ε→0+

ˆ
Rd\B r

ε

|ξ|ψε(ξ) dξ = 0 for every r > 0.

We mention some useful results concerning the above functionals. For i ∈ {1, 2} and
O ∈ O(Ω), we introduce the Mumford-Shah functional

MSi(u,O) :=

λi
ˆ
O
|∇u|2 dx+ µiHd−1(Ju ∩O) if u ∈ L1

loc(Ω;Rk) ∩GSBV2(O;Rk),

+∞ if u ∈ L1
loc(Ω;Rk) \GSBV2(O;Rk),

where λi and µi are two positive constants given by

λi :=
1

d

ˆ
Rd

|ξ|2ρi(ξ) dξ, µi := 2Hd−1(Sd−1)

ˆ
Rd

|ξ|ρi(ξ) dξ, (10.1.8)

and we introduce (a multiple of) the total variation

TVκ(u,O) := κ|Du|(O) if u ∈ L1
loc(Ω;Rk) ∩ BV(O;Rk),

where the constant κ is given by

κ :=
( 1

Hd−1(Sd−1)

ˆ
Sd−1

|e1 · σ| dHd−1(σ)
)
. (10.1.9)

Finally, we introduce the reference functionals

Hε(u,O) := G2,ε(u,O) + Pε(u,O) if u ∈ L1
loc(Ω;Rk),

H(u,O) := MS2(u,O) + TVκ(u,O) if u ∈ L1
loc(Ω;Rk) ∩ BV(O;Rk).

In the next theorem, we summarise the needed auxiliary results concerning the scalar
case k = 1, which is the setting of the works of Ponce [162], Dávila [102], and Gobbino [132].

Theorem 10.1.2. Let O ∈ Oreg(Ω) and assume k = 1. Then the following two conditions
hold:

(i) for all u ∈ L1
loc(Ω) ∩ BV(O) and for all {uε}ε converging to u in L1

loc(Ω), we have

lim inf
ε→0+

Pε(uε, O) ≥ TVκ(u,O);
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(ii) for all u ∈ L1
loc(Ω) ∩ BV(O), we have

lim
ε→0+

Pε(u,O) = TVκ(u,O).

If we assume, in addition, that for i ∈ {1, 2} we have
ˆ
Rd

|ξ|mρi(ξ) dξ < +∞ (10.1.10)

for every m ∈ N, then:

(iii) for all u ∈ L1
loc(Ω) and for all {uε}ε converging to u in L1

loc(Ω), we have

lim inf
ε→0+

Gi,ε(uε, O) ≥ MSi(u,O);

(iv) for all u ∈ L1
loc(Ω), we have

lim
ε→0+

Gi,ε(u,O) = MSi(u,O).

In particular, assuming (10.1.10), for all u ∈ L1
loc(Ω) ∩ BV(O) it holds that

Γ- lim
ε→0+

Hε(u,O) = H(u,O).

Proof. Part (i) follows from [162, Theorem 8], and part (ii) from [102, Theorem 1].
The proofs of (iii) and (iv) are the content of [132, Theorem 4.4 and Section 7]; finally,

the computation of the Γ-limit of {Hε(·, O)}ε is obtained combining (i)–(iv).

Remark 10.1.3. If k > 1, we immediately obtain from Theorem 10.1.2 that there exist
positive constants c1 and c2, depending only on d and k, such that for all O ∈ Oreg(Ω) we
have

c1MS1(u,O) ≤ Γ- lim inf
ε→0+

G1,ε(u,O) for all u ∈ L1
loc(Ω;Rk), (10.1.11)

Γ- lim sup
ε→0+

Hε(u,O) ≤ c2H(u,O) for all u ∈ L1
loc(Ω;Rk) ∩ BV(O;Rk). (10.1.12)

Remark 10.1.4. We note that (iii) and (iv) of Theorem 10.1.2, and therefore also in-
equalities (10.1.11), (10.1.12), hold by simply assuming (10.1.1) instead of (10.1.10), which
is an assumption introduced in [132, Section 7]. To see this, we resort to the main result
of Section 10.3, which allows us to compute the Γ-limit of a general family of functionals,
including {Gi,ε}ε, i ∈ {1, 2}, by first limiting the analysis to kernels with compact support.

For i ∈ {1, 2}, let T > 0, and consider functionals

GTi,ε(u,O) :=

ˆ
BT

ρi(ξ)

ˆ
Oε(ξ)

gε

(u(x+ εξ)− u(x)

ε

)
dx dξ (10.1.13)

for all (u,O) ∈ L1
loc(Ω;Rk) × Oreg(Ω). Since ρi satisfies (10.1.1), letting χBT

denote the
characteristic function of BT , we infer that ρiχBT

fulfils (10.1.10), and then, using Theorem
10.1.2, we obtain

Γ- lim
ε→0+

GTi,ε(u,O) =

λTi
ˆ
O
|∇u|2 dx+ µTi Hd−1(Ju ∩O) if u∈L1

loc(Ω;Rk)∩GSBV2(O;Rk),

+∞ if u∈L1
loc(Ω;Rk)\GSBV2(O;Rk),
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with
λTi :=

1

d

ˆ
BT

|ξ|2ρi(ξ) dξ, µTi := 2Hd−1(Sd−1)

ˆ
BT

|ξ|ρi(ξ) dξ.

Applying Proposition 10.3.2, we conclude

Γ- lim
ε→0+

Gi,ε(u,O) = lim
T→+∞

Γ- lim
ε→0+

GTi,ε(u,O) = MSi(u,O)

for every u ∈ L1
loc(Ω;Rk), which is the claim.

10.2 Setting of the problem and main results

In this section, we introduce the functionals that are going to be our main object of
investigation and state the main results of the Chapter. We recall that ρ1, ρ2 are radially
symmetric non-negative kernels satisfying (10.1.1) and (10.1.2), that the family of radially
symmetric non-negative kernels {ψε}ε satisfies (10.1.3)–(10.1.5) and that, for all ε > 0, the
functions gε are those introduced in (10.1.7).

Setting of the problem. We fix a family of non-negative functions {ηε}ε such that for
every δ > 0 there exists rδ > 0 such that

lim sup
ε→0+

ˆ
Rd\Brδ

ηε(ξ) dξ < δ, (10.2.1)

and
Λ := lim sup

ε→0+
∥ηε∥L1(Rd) < +∞. (10.2.2)

For every ε > 0 we consider an integrand fε : Rd×Rd×Rk → [0,+∞) satisfying the following
properties:

(i) (Measurability) fε is Borel measurable;

(ii) (Growth conditions) for almost every x, ξ ∈ Rd and z ∈ Rk it holds

ρ1(ξ)gε(z) ≤ fε(x, ξ, z) ≤ ρ2(ξ)gε(z) + ψε(ξ)|z|+ ηε(ξ); (10.2.3)

(iii) (Monotonicity) for almost every x, ξ ∈ Rd and for every z1, z2 ∈ Rk with |z1| ≤ |z2| it
holds

fε(x, ξ, z1) ≤ fε(x, ξ, z2). (10.2.4)

We study functionals

Fε(u,O) :=

ˆ
Rd

ˆ
Oε(ξ)

fε

(
x, ξ,

u(x+ εξ)− u(x)

ε

)
dx dξ, (10.2.5)

where ε > 0 and (u,O) ∈ L1
loc(Ω;Rk)×O(Ω).

Remark 10.2.1. Thanks to the upper and lower bounds in (10.2.3), it follows immediately
that

G1,ε(u,O) ≤ Fε(u,O) ≤ Hε(u,O) + ∥ηε∥L1(Rd)Ld(O). (10.2.6)

We also note that the presence of the term Pε in the upper bound allows us to treat limit
energies that, contrary to the Mumford-Shah functional, admit linear growth with respect
to the size of the jump |[u]|.
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Remark 10.2.2. Hypothesis (iii) above was already considered in the discrete setting
in [24]. It will be used repeatedly throughout the work to allow us to restrict our attention
to functions in L∞. More in general, given (u,O) ∈ L1

loc(Ω;Rk) × O(Ω) and a 1-Lipschitz
function Φ: Rk → Rk, it follows immediately from (10.2.4) that

Fε(Φ ◦ u,O) ≤ Fε(u,O). (10.2.7)

As a consequence, we obtain that

Fε(u+ a,O) = Fε(u,O) for every a ∈ Rk,
Fε(Ru,O) = Fε(u,O) for every R ∈ SO(k),

Fε(u
M , O) ≤ Fε(u,O) for every M > 0.

Before presenting the main results of the chapter, we recall some notation concerning
minimisation problems introduced in Section 1.5. Given a functional F : SBV2(Ω;Rk) ×
O(Ω) → [0,+∞), a function w ∈ SBV2(Ω;Rk), and O ∈ Oreg(Ω) we set

mF (w,O) := inf{F(u,O) : u ∈ SBV2(O;Rk) with u = w near ∂O}. (10.2.8)

Given A ∈ Rk×d we let ℓA denote the corresponding linear map ℓA : Rd → Rk. Given
x ∈ Rd, ζ ∈ Rk, and ν ∈ Sd−1, we let ux,ζ,ν : Rd → Rk be the function defined for every
y ∈ Rd by

ux,ζ,ν(y) :=

{
ζ if (y − x) · ν ≥ 0,

0 otherwise.

We recall that Qν(x, r) denotes an open cube of side length r and centre x with two faces
orthogonal to ν and that Qν(x, r) = Q−ν(x, r). We also recall that Q(x, r) := x+ (− r

2 ,
r
2)
d.

The following constitutes the main contribution of the chapter.

Theorem 10.2.3. Let {Fε}ε be as in (10.2.5), and let {εn}n be a positive sequence con-
verging to 0 as n → +∞. Then, there exists a subsequence {εnm}m and a functional
F : L1

loc(Ω;Rk)×O(Ω) → [0,+∞] such that

Γ- lim
m→+∞

Fεnm
(u,O) = F (u,O)

for every (u,O) ∈ L1
loc(Ω;Rk)×Oreg(Ω). In particular, for O ∈ O(Ω) we have

F (u,O) =

ˆ
O
fbulk(x,∇u)dx+

ˆ
Ju∩O

fsurf(x, [u], νu)dHd−1

if u ∈ L1
loc(Ω;Rk) ∩GSBV2(O;Rk) and F (u,O) = +∞ otherwise, where

fbulk(x,A) := lim sup
r→0+

mF (ℓA, Q(x, r))

rd
for all x ∈ Ω and A ∈ Rk×d, (10.2.9)

fsurf(x, ζ, ν) := lim sup
r→0+

mF (ux,ζ,ν , Qν(x, r))

rd−1
for all x ∈ Ω, ζ ∈ Rk, and ν ∈ Sd−1. (10.2.10)

Letting λ1, λ2, µ1, µ2 be as in (10.1.8), κ as in (10.1.9), c1, c2 as in Remark 10.1.3, and
Λ as in (10.2.2), we have

c1λ1|A|2 ≤ fbulk(x,A) ≤ c2(λ2|A|2 + κ|A|) + Λ for all x ∈ Ω and A ∈ Rk×d,
c1µ1 ≤ fsurf(x, ζ, ν) ≤ c2(µ2 + κ|ζ|) for all x ∈ Ω, ζ ∈ Rk \ {0}, and ν ∈ Sd−1.
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Moreover, for all x ∈ Ω and ν ∈ Sd−1 we have

fsurf(x, ζ1, ν) ≤ fsurf(x, ζ2, ν) if |ζ1| ≤ |ζ2|,

so that

fsurf(x, ζ1, ν) = fsurf(x, ζ2, ν) if |ζ1| = |ζ2|,
fsurf(x, ζ, ν) = fsurf(x, ζ,−ν) for all ζ ∈ Rk.

Proof. It is sufficient to combine Propositions 10.4.5 and 10.5.1.

We now introduce some relevant minimisation problems for the nonlocal functionals we
are interested in. Given O ∈ O(Ω), w ∈ L1

loc(Ω;Rk), and s > 0, we set

Ds,w(O) :=
{
u ∈ L1

loc(Ω;Rk) : u = w for Ld-a.e. x ∈ O with dist(x,Rd \O) < s
}
, (10.2.11)

and consider the minimisation problems

mFεn
s (w,O) := inf

{
Fεn(u,O) : u ∈ Dεns,w(O)

}
. (10.2.12)

We observe that for every 0 < s1 < s2 we clearly have the inclusion Ds2,w(O) ⊂ Ds1,w(O),
which implies

mFεn
s1 (w,O) ≤ mFεn

s2 (w,O).

For every x ∈ Ω, A ∈ Rk×d, ζ ∈ Rk, and ν ∈ Sd−1 we define

f ′bulk(x,A) := lim sup
r→0+

sup
s>0

lim inf
n→+∞

m
Fεn
s (ℓA, Q(x, r))

rd
,

f ′′bulk(x,A) := lim sup
r→0+

sup
s>0

lim sup
n→+∞

m
Fεn
s (ℓA, Q(x, r))

rd
,

f ′surf(x, ζ, ν) := lim sup
r→0+

sup
s>0

lim inf
n→+∞

m
Fεn
s (ux,ζ,ν , Qν(x, r))

rd−1
,

f ′′surf(x, ζ, ν) := lim sup
r→0+

sup
s>0

lim sup
n→+∞

m
Fεn
s (ux,ζ,ν , Qν(x, r))

rd−1
.

Theorem 10.2.4. Let {Fε}ε be as in (10.2.5), and let {εn}n be a positive sequence converg-
ing to 0 as n → +∞. If there exists a functional F : L1

loc(Ω;Rk) × O(Ω) → [0,+∞] such
that for every O ∈ Oreg(Ω) the sequence {Fεn(·, O)}n Γ-converges to F (·, O) as n → +∞,
then the functions fbulk and fsurf defined in (10.2.9) and (10.2.10), respectively, satisfy

fbulk(x,A) = f ′bulk(x,A) = f ′′bulk(x,A),

fsurf(x, ζ, ν) = f ′surf(x, ζ, ν) = f ′′surf(x, ζ, ν),

for all x ∈ Ω, A ∈ Rk×d, ζ ∈ Rk, and ν ∈ Sd−1.
Conversely, if there exist functions f̂bulk : Rd × Rk×d → [0,+∞) and f̂surf : Rd × Rk ×

Sd−1 → [0,+∞) such that

f̂bulk(x,A) = f ′bulk(x,A) = f ′′bulk(x,A),

for Ld-a.e. x ∈ Ω and for all A ∈ Rk×d and

f̂surf(x, ζ, ν) = f ′surf(x, ζ, ν) = f ′′surf(x, ζ, ν)
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for Hd−1-a.e. x ∈ Ω, for all ζ ∈ Rk and ν ∈ Sd−1, then for every O ∈ Oreg(Ω) the sequence
{Fεn(·, O)}n Γ-converges as n→ +∞ to the functional F (·, O) defined by

F (u,O) :=

ˆ
O
f̂bulk(x,∇u)dx+

ˆ
Ju∩O

f̂surf(x, [u], νu)dHd−1

if u ∈ L1
loc(Ω;Rk) ∩GSBV2(O;Rk) and F (u,O) = +∞ otherwise.

Proof. It is enough to combine Proposition 10.6.5 and 10.6.6.

The proofs of the two main theorems are subdivided as follows: Section 10.4 is devoted
to the proof of the compactness property, Section 10.5 is devoted to the proof of the integral
representation, and Section 10.6 to the representation of the energy densities as limits of
minimisation problems.

10.3 Reduction to finite-range interactions

In this section we show that the computation of the Γ-limit of functionals {Fε}ε given
by (10.2.5) can be achieved by first computing the Γ-limits of functionals {F Tε }ε, that are
obtained considering interactions between pairs of points whose distance is at most εT , and
then letting T to +∞.

For any T > 0, we define the functionals F Tε : L1
loc(Ω;Rk)×O(Ω) → [0,+∞] as

F Tε (u,O) :=

ˆ
BT

ˆ
Oε(ξ)

fε

(
x, ξ,

u(x+ εξ)− u(x)

ε

)
dx dξ, (10.3.1)

and, given a positive sequence {εn}n converging to 0, we let

F ′,T (u,O) := Γ- lim inf
n→+∞

F Tεn(u,O), F ′′,T (u,O) := Γ- lim sup
n→+∞

F Tεn(u,O) (10.3.2)

and

F ′(u,O) := Γ- lim inf
n→+∞

Fεn(u,O), F ′′(u,O) := Γ- lim sup
n→+∞

Fεn(u,O) (10.3.3)

for all (u,O) ∈ L1
loc(Ω;Rk)×O(Ω), where Γ-liminf and Γ-limsup are defined as in Section 1.2.

It is simple to observe that, due to (10.2.7), all the above functionals are continuous
with respect to vertical truncations.

Lemma 10.3.1. Let T > 0, Φ: Rk → Rk be a 1-Lipschitz function, and let F ′,T and F ′′,T

be the functionals defined by (10.3.2). Then

F ′,T (Φ ◦ u,O) ≤ F ′,T (u,O) and F ′′,T (Φ ◦ u,O) ≤ F ′′,T (u,O) (10.3.4)

for all (u,O) ∈ L1
loc(Ω;Rk)×O(Ω). Moreover,

F ′,T (u,O) = lim
M→+∞

F ′,T (uM , O) and F ′′,T (u,O) = lim
M→+∞

F ′′,T (uM , O). (10.3.5)

In addition, the same conclusions hold for the functionals F ′, F ′′ defined by (10.3.3).
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Proof. We only prove (10.3.4) and (10.3.5) for F ′′,T , the other cases being analogous. We
consider a sequence of functions {un}n ⊂ L1

loc(Ω;Rk) converging to u in L1
loc(Ω;Rk) as

n→ +∞ and such that
F ′′,T (u,O) = lim

n→+∞
F Tεn(un, O).

Thanks to (10.2.7), it follows immediately that F Tεn(Φ◦un, O) ≤ F Tεn(un, O) for every n ∈ N,
and therefore, we get

lim sup
n→+∞

F Tεn(Φ ◦ un, O) ≤ lim sup
n→+∞

F Tεn(un, O) = F ′′,T (u,O).

Since Φ ◦ un → Φ ◦ u in L1
loc(Ω;Rk) as n → +∞, (10.3.4) follows by the definition (10.3.2)

of F ′′,T . To conclude, we note that, as F ′′,T (·, O) is lower semicontinuous with respect to
the L1

loc(Ω;Rk) convergence, we also have

F ′′,T (u,O) ≤ lim inf
M→+∞

F ′′,T (uM , O),

which, together with (10.3.4), implies (10.3.5).

The following proposition constitutes the main result of this section.

Proposition 10.3.2. Let (u,O) ∈ L1
loc(Ω;Rk)×Oreg(Ω). It holds

F ′(u,O) = lim
T→+∞

F ′,T (u,O), and F ′′(u,O) = lim
T→+∞

F ′′,T (u,O).

In particular, if {Tj}j is a positive sequence such that Tj → +∞ as j → +∞ and

Γ- lim
n→+∞

F
Tj
εn (u,O) = F Tj (u,O)

for all (u,O) ∈ L1
loc(Ω;Rk)×Oreg(Ω) and j ∈ N, then we have

Γ- lim
n→+∞

Fεn(u,O) = lim
j→+∞

F Tj (u,O)

for all (u,O) ∈ L1
loc(Ω;Rk)×Oreg(Ω).

The proof of Proposition 10.3.2 requires several preliminary results, which are obtained
by adapting some of the arguments presented in [8, Chapter 4]. We pursue the same
approach in a slightly more general and flexible framework. In the rest of the section, we
let C denote a positive constant whose value may change from line to line, for which the
dependence on the relevant quantities shall be emphasized.

For every ε > 0, we let aε : Rk → [0,+∞) be a radially increasing function and assume
there exist c > 0 and p ∈ [1,+∞) such that

|aε(z)| ≤ c|z|p for every z ∈ Rk, (10.3.6)

and that, given any positive integer m and {z1, z2, . . . , zm} ⊂ Rk, it holds

aε

( m∑
i=1

zi

)
≤ mp−1

m∑
i=1

aε(zi). (10.3.7)

Then we set
Arε(u,O) :=

ˆ
Br

ˆ
Oε(ξ)

aε

(u(x+ εξ)− u(x)

ε

)
dx dξ, (10.3.8)

for r > 0 and (u,O) ∈ L1
loc(Rd;Rk)×O(Rd).
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Theorem 10.3.3. Let O ⊂ Rd be a bounded open set with Lipschitz boundary and let r > 0.
There exist a bounded open set Õ ⊃⊃ O, a continuous linear map

Ext: Lp(O;Rk) → Lp(Õ;Rk),

and three positive constants C1 = C1(r,O), r1 = r1(r,O), and ε′ = ε′(r,O) such that

Extu = u Ld-a.e. in O

and
∥Ext(u)∥p

Lp(Õ)
+Ar1ε (Ext(u), Õ) ≤ C1(∥u∥pLp(O) +Arε(u,O))

for all u ∈ Lp(O;Rk) and ε < ε′.

Proof. Thanks to the Lipschitz regularity of ∂O, there exists an open cover {Oi}ni=1 of ∂O
with the property that for all i ∈ {1, . . . , n} there exists a bi-Lipschitz continuous map
Ψi : Q→ Oi such that

Ψi(Q
+) = Oi ∩O, Ψi(Q

−) = Oi \O, Ψi(Q
0) = Oi ∩ ∂O,

where Q := (−1, 1)d, Q± := {x ∈ Q : ± x1 > 0}, and Q0 := {x ∈ Q : x1 = 0}. Let then O0

be an open set such that O \
⋃n
i=1Oi ⊂ O0 ⊂ O and set Õ := O0 ∪

⋃n
i=1Oi.

For i ∈ {1, . . . , n} we define the map Ri : Oi \O → Oi ∩O as

Ri(x) := Ψi(−y1, y2, . . . , yd),

where (y1, . . . , yd) = Ψ−1
i (x) ∈ Q−, and given u ∈ Lp(O;Rk), we let

ui(x) :=

{
u(x) if x ∈ Oi ∩O,
u(Ri(x)) if x ∈ Oi \O.

Consider now {φi}ni=0 ⊂ C∞
c (Rd) a partition of unity subordinated to the open cover

{Oi}ni=0, and let

ũ0(x) := φ0(x)u(x), ũi(x) := φi(x)ui(x) for all i ∈ {1, . . . , n},

and finally set Ext(u) :=
∑n

i=0 ũi.
By a change of variables, we have

ˆ
Oi

|ui|p dx ≤ C

ˆ
O∩Oi

|u|p dx (10.3.9)

for all i ∈ {1, . . . , n}, where C is a positive constant depending only on O. Therefore, we
have

∥Ext(u)∥
Lp(Õ)

≤ C∥u∥Lp(O) (10.3.10)

for all u ∈ Lp(O;Rk), and then

Ext: Lp(O;Rk) → Lp(Õ;Rk)

is a linear continuous map such that Ext(u) = u Ld-a.e. on O.
We claim that there exists a positive constant C = C(O) such that

Ar1ε (ui, Oi) ≤ CArε(u,Oi ∩O) (10.3.11)
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for all i ∈ {1, . . . , n}, ε > 0, and u ∈ Lp(O;Rk), where

r1 :=
r

1 + S2
and S := max

i∈{1,...,n}
∥DΨ−1

i ∥L∞(Oi).

Recalling (10.3.8), by a change of variables we get

Ar1ε (ui, Oi) =
1

εd

ˆ
Oi

ˆ
Oi∩Bεr1 (x)

aε

(ui(y)− ui(x)

ε

)
dy dx

≤ Arε(u,Oi ∩O)

+
1

εd

ˆ
Oi∩O

ˆ
(Oi\O)∩Bεr1 (x)

aε

(ui(y)− ui(x)

ε

)
dy dx (10.3.12)

+
1

εd

ˆ
Oi\O

ˆ
Oi∩O∩Bεr1 (x)

aε

(ui(y)− ui(x)

ε

)
dy dx (10.3.13)

+
1

εd

ˆ
Oi\O

ˆ
(Oi\O)∩Bεr1 (x)

aε

(ui(y)− ui(x)

ε

)
dy dx. (10.3.14)

We have that the Lipschitz constant of Ri is less than S2, and then, with our choice of r1,
it holds that Ri((Oi \ O) ∩ Bεr1(x)) ⊂ Oi ∩ O ∩ Bεr(x) for all i ∈ {1, . . . , n} and x ∈ Oi.
Therefore, using the change of variables y′ = Ri(y), we obtain

ˆ
Oi∩O

ˆ
(Oi\O)∩Bεr1 (x)

aε

(ui(y)− ui(x)

ε

)
dy dx

≤ S2d

ˆ
Oi∩O

ˆ
Oi∩O∩Bεr(x)

aε

(u(y′)− u(x)

ε

)
dy′ dx

≤ S2dArε(u,Oi ∩O),

which provides an upper bound for (10.3.12). With the same argument, one proves that the
term in (10.3.13) is bounded above by S2dArε(u,Oi∩O) as well, and the term in (10.3.14) is
bounded above by S4dArε(u,Oi ∩O). The combination of these estimates yields (10.3.11).

Finally, for every i ∈ {0, . . . , n} we set Ui := supp φi and

ε′ = ε′(r,O) :=
1

r1
min

i∈{0,...,n}
dist(Ui,Rd \Oi) > 0.

If ε < ε′ and i ∈ {0, . . . , n}, summing and subtracting φi(x + εξ)ui(x) and using (10.3.7),
we get

Ar1ε (ũi, Õ) =

ˆ
Br1

ˆ
(Oi)ε(ξ)

aε

( ũi(x+ εξ)− φi(x+ εξ)ui(x) + φi(x+ εξ)ui(x)− ũi(x)

ε

)
dx dξ

≤ 2p−1

ˆ
Br1

ˆ
(Oi)ε(ξ)

aε

((ui(x+ εξ)− ui(x))φi(x+ εξ)

ε

)
dx dξ

+ 2p−1

ˆ
Br1

ˆ
(Oi)ε(ξ)

aε

((φi(x+ εξ)− φi(x))ui(x)

ε

)
dx dξ

≤ 2p−1

ˆ
Br1

ˆ
(Oi)ε(ξ)

aε

(ui(x+ εξ)− ui(x)

ε

)
dx dξ

+ 2p−1

ˆ
Br1

ˆ
(Oi)ε(ξ)

∣∣∣φi(x+ εξ)− φi(x)

ε

∣∣∣p|ui(x)|pdξ,
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where in the last inequality we have used that aε is radially increasing and (10.3.6). We
then infer

Ar1ε (ũi, Õ) ≤ C(Ar1ε (ui, Oi) + ∥ui∥pLp(Oi)
),

for all i ∈ {0, . . . , n}, where C = C(r1,∇φ0, . . . ,∇φn) = C(r,O).
If i = 0, we have

Ar1ε (ũ0, Õ) ≤ C(Arε(u,O0) + ∥u∥pLp(O0)
),

while, if i ∈ {1, . . . , n}, we apply (10.3.11) and (10.3.9) to conclude

Ar1ε (ũi, Õ) ≤ C(Arε(u,Oi ∩O) + ∥u∥pLp(Oi∩O)).

Finally, summing over i ∈ {0, . . . , n} we obtain

Ar1ε (Ext(u), Õ) ≤
n∑
i=0

Ar1ε (ũi, Õ) ≤ C(Arε(u,O) + ∥u∥pLp(O))

for every ε < ε′ and for a possibly larger constant C. This estimate, together with (10.3.10),
concludes the proof.

Remark 10.3.4. It is easily seen that

dist(supp Ext(u),Rd \ Õ) > ε′r1,

and therefore,
Ar1ε (Ext(u), Õ) = Ar1ε (Ext(u),Rd)

for every ε < ε′. As a consequence, we observe that Theorem 10.3.3 remains valid (with the
same constants) replacing Õ with any larger bounded set.

The following result shows that, for ε small enough, it is possible to control the inner
integral in (10.3.8) by means of the total energy Arε.

Lemma 10.3.5. Let V be a bounded open set. For every r > 0 there exists a positive
constant C2 = C2(r) such that, for every open set U ⊂ V , ξ ∈ Rd, and ε > 0, with

εr < dist(U + (0, ε)ξ,Rd \ V ), (10.3.15)

it holds ˆ
U
aε

(v(x+ εξ)− v(x)

ε

)
dx ≤ C2(|ξ|p + 1)Arε(v, Uε,ξ) (10.3.16)

for every v ∈ Lp(V ;Rk), where Uε,ξ := U + (0, ε)ξ +Bεr and (0, ε)ξ := {sξ : s ∈ (0, ε)}.

Proof. By condition (10.3.15) it holds that Uε,ξ ⊂ V , so that all the terms in inequality
(10.3.16) are well defined.

Set ε̃ := εr√
d+3

and let Rξ be a rotation in Rd such that Rξe1 = ξ
|ξ| . We introduce the

lattice Lε := {Rξi : i ∈ ε̃Zd} and, for any j ∈ Lε, we define Qjε := j + Rξ(−ε̃/2, ε̃/2)d and
introduce the indices

Iε := {j ∈ Lε : Qjε ∩ U ̸= Ø}.

Let m := ⌈ε|ξ|/ε̃ ⌉, where ⌈a⌉ denotes the smaller integer greater than or equal to a, and,
for fixed j0 ∈ Iε and 0 ≤ ℓ ≤ m − 1, define jℓ := j0 + ℓε̃ ξ|ξ| . We let xℓ denote any point in

Qjℓε for all 0 ≤ ℓ ≤ m− 1, and set xm := x0 + εξ and Qjmε := Qj0ε + εξ.
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Given points x0, x1, . . . , xm = x0 + εξ in accordance with the above notation, we use
(10.3.7) with zℓ = (v(xℓ)− v(xℓ−1))/ε for ℓ ∈ {1, . . . ,m}, and we get

aε

(v(x0 + εξ)− v(x0)

ε

)
≤ mp−1

m∑
ℓ=1

aε

(v(xℓ)− v(xℓ−1)

ε

)
.

Integrating this inequality with respect to the variables (x0, . . . , xm−1), we obtain
ˆ
Q

j0
ε

aε

(v(x0 + εξ)− v(x0)

ε

)
dx0

≤ mp−1

(ε̃)d

m∑
ℓ=1

ˆ
Q

jℓ−1
ε

ˆ
Q

jℓ
ε

aε

(v(xℓ)− v(xℓ−1)

ε

)
dxℓ dxℓ−1

≤ mp−1

(ε̃)d

m∑
ℓ=1

ˆ
Q

jℓ−1
ε

ˆ
Bεr(xℓ−1)

aε

(v(y)− v(xℓ−1)

ε

)
dy dxℓ−1,

where in the last line of the above inequality we used that for every ℓ ∈ {1, . . . ,m} it holds
Qjℓε ⊂ Bεr(xℓ−1), regardless of the choice of the point xℓ−1 ∈ Q

jℓ−1
ε . Then, by the change of

variables ξ′ := (y − xℓ−1)/ε and Fubini’s Theorem, it follows
ˆ
Q

j0
ε

aε

(v(x0 + εξ)− v(x0)

ε

)
dx0

≤
(ε
ε̃

)d
mp−1

m∑
ℓ=1

ˆ
Br

ˆ
Q

jℓ−1
ε

aε

(v(xℓ−1 + εξ′)− v(xℓ−1)

ε

)
dxℓ−1 dξ

′

=
(√d+ 3

r

)d
mp−1

ˆ
Br

ˆ
Sε(j0)

aε

(v(x+ εξ′)− v(x)

ε

)
dx dξ′,

where Sε(j0) := ∪m−1
ℓ=0 Q

jℓ
ε and we note that Sε(j0) ⊂ Uε,ξ for every j0 ∈ Iε.

Since the sets {Sε(j0) : j0 ∈ Iε} overlap at most 2m−1 times, summing over the indices
j0 ∈ Iε and recalling that m = ⌈ε|ξ|/ε̃ ⌉, we get

ˆ
U
aε

(v(x+ εξ)− v(x)

ε

)
dx ≤ C(|ξ|p + 1)Arε(v, Uε,ξ)

and the proof is concluded.

Combining Theorem 10.3.3 and Lemma 10.3.5 we obtain the following result.

Corollary 10.3.6. Let O ∈ Oreg(Ω) and let r > 0. There exist two positive constants
C3 = C3(r,O) and ε′′ = ε′′(r,O) such that

ˆ
Oε(ξ)

aε

(u(x+ εξ)− u(x)

ε

)
dx ≤ C3(|ξ|p + 1)(∥u∥pLp(O) +Arε(u,O))

for every ξ ∈ Rd, u ∈ Lp(O;Rk), and ε < ε′′.

Proof. Let Õ, r1, and ε′ be as in the statement of Theorem 10.3.3 and, in light of Remark
10.3.4, suppose that co(O) ⊂⊂ Õ, where we let co(O) denote the closed convex hull of O,
and let

ε′′ = ε′′(r,O) := min
{
ε′,

dist(co(O),Rd \ Õ)

r1

}
> 0.
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Since we assumed that
Oε(ξ) + (0, ε)ξ ⊂ co(O)

for every ξ ∈ Rd and ε > 0, it holds that

εr1 < dist(Oε(ξ) + (0, ε)ξ,Rd \ Õ)

for every ξ ∈ Rd and ε < ε′′. Hence, the set (Oε(ξ))ε,ξ = Oε(ξ) + (0, ε)ξ +Bεr1 is contained
in Õ. Applying Lemma 10.3.5 with

r = r1, V = Õ, U = Oε(ξ), v = Ext(u),

and Theorem 10.3.3, we then get
ˆ
Oε(ξ)

aε

(u(x+ εξ)− u(x)

ε

)
dx ≤ C2(|ξ|p + 1)Ar1ε (Ext(u), (Oε(ξ))ε,ξ)

≤ C2(|ξ|p + 1)Ar1ε (Ext(u), Õ)

≤ C1C2(|ξ|p + 1)(∥u∥pLp(O) +Arε(u,O)),

which concludes the proof.

We introduce further reference functionals. For every ε, r > 0 and (u,O) ∈ L1
loc(Rd;Rk)×

O(Rd) we set

Grε(u,O) :=

ˆ
Br

ˆ
Oε(ξ)

min
{∣∣∣u(x+ εξ)− u(x)

ε

∣∣∣2, 1
ε

}
dx dξ

=

ˆ
Br

ˆ
Oε(ξ)

gε

(u(x+ εξ)− u(x)

ε

)
dx dξ, (10.3.17)

and
P rε (u,O) :=

ˆ
Br

ˆ
Oε(ξ)

∣∣∣u(x+ εξ)− u(x)

ε

∣∣∣ dx dξ,
and finally

Hr
ε (u,O) := Grε(u,O) + P rε (u,O).

According to the following elementary lemma, gε fulfils (10.3.6) and (10.3.7) with p = 2 and,
therefore, all the previous results apply to functionals {Grε}ε. The same conclusion clearly
holds for {P rε }ε with aε(z) = |z|.

Lemma 10.3.7. Let m be a positive integer and let {z1, z2, . . . , zm} ⊂ Rk. Then for every
ε > 0 we have

gε

( m∑
i=1

zi

)
≤ m

m∑
i=1

gε(zi).

Proof. If there exists an index i∗ ∈ {1, . . . ,m} such that gε(zi∗) = 1
ε , then

m
m∑
i=1

gε(zi) ≥
1

ε
≥ min

{∣∣∣ m∑
i=1

zi

∣∣∣2, 1
ε

}
= gε

( m∑
i=1

zi

)
,
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otherwise,

m
m∑
i=1

gε(zi) = m
m∑
i=1

|zi|2 ≥
∣∣∣ m∑
i=1

zi

∣∣∣2 ≥ min
{∣∣∣ m∑

i=1

zi

∣∣∣2, 1
ε

}
= gε

( m∑
i=1

zi

)
,

which concludes the proof.

The next proposition shows that for sequences of functions {uε}ε that are essentially
bounded, a uniform bound on Grε(uε, O) implies a uniform bound on Hr

ε (uε, O).

Proposition 10.3.8. Let u ∈ L∞(Ω;Rk), O ∈ O(Ω), and ε, r > 0. We have

Hr
ε (u,O) ≤ (1 + 2∥u∥L∞(Ω))G

r
ε(u,O) + (Ld(O)Ld(Br)Grε(u,O))1/2.

Proof. We claim that
ˆ
Br

ˆ
Oε(ξ)

|u(x+ εξ)− u(x)|
ε

dx dξ

≤ Ld(O)1/2Ld(Br)1/2
(ˆ

Br

ˆ
Oε(ξ)

min
{∣∣∣u(x+ εξ)− u(x)

ε

∣∣∣2, 1
ε

}
dx dξ

)1/2

+ 2∥u∥L∞(Ω)

ˆ
Br

ˆ
Oε(ξ)

min
{∣∣∣u(x+ εξ)− u(x)

ε

∣∣∣2, 1
ε

}
dx dξ. (10.3.18)

To prove this, we let

O(ε, ξ) := {x ∈ Oε(ξ) : |u(x+ εξ)− u(x)| ≤ ε1/2}

for all ε > 0, ξ ∈ Rd. By Hölder’s inequality, we infer that
ˆ
O(ε,ξ)

|u(x+ εξ)− u(x)|
ε

dx ≤ Ld(O)1/2
(ˆ

O(ε,ξ)

∣∣∣u(x+ εξ)− u(x)

ε

∣∣∣2 dx)1/2
(10.3.19)

and, by the boundedness of u,
ˆ
Oε(ξ)\O(ε,ξ)

|u(x+ εξ)− u(x)|
ε

dx ≤ 2∥u∥L∞(Ω)

ˆ
Oε(ξ)\O(ε,ξ)

1

ε
dx. (10.3.20)

Summing (10.3.19) and (10.3.20) and integrating with respect to ξ, we apply Jensen’s in-
equality to get
ˆ
Br

ˆ
Oε(ξ)

|u(x+ εξ)− u(x)|
ε

dx dξ ≤ Ld(O)1/2
ˆ
Br

(ˆ
O(ε,ξ)

∣∣∣u(x+ εξ)− u(x)

ε

∣∣∣2dx)1/2
dξ

+ 2∥u∥L∞(Ω)

ˆ
Br

ˆ
Oε(ξ)\O(ε,ξ)

1

ε
dx dξ

≤ Ld(O)1/2Ld(Br)1/2
(ˆ

Br

ˆ
O(ε,ξ)

∣∣∣u(x+ εξ)− u(x)

ε

∣∣∣2 dx dξ)1/2

+ 2∥u∥L∞(Ω)

ˆ
Br

ˆ
Oε(ξ)\O(ε,ξ)

1

ε
dx dξ.

This proves the claim.
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By (10.3.18), we have

Hr
ε (u,O) = Grε(u,O) +

ˆ
Br

ˆ
Oε(ξ)

|u(x+ εξ)− u(x)|
ε

dx dξ

≤ Grε(u,O) + Ld(O)1/2Ld(Br)1/2(Grε(u,O))1/2 + 2∥u∥L∞(Ω)G
r
ε(u,O),

which concludes the proof.

The last preliminary result will also be useful in Section 10.6.

Lemma 10.3.9. Let O ∈ Oreg(Ω), let r0 > 0 be as in (10.1.2), and let ε′′ = ε′′(r0, O) be as
in Corollary 10.3.6. Consider a sequence {un}n ⊂ L∞(Ω;Rk) such that

sup
n

(
∥un∥L∞(Ω) + F Tεn(un, O)

)
< +∞, (10.3.21)

for some T > r0. Then, S := supnH
r0
εn(un, O) < +∞. Moreover, there exists a positive

constant C∗ = C∗(S, supn ∥un∥L∞(Ω)) such that for every δ > 0 there exist T ∗ = T ∗(δ) > r0
and ε∗ = ε∗(δ) such that

Fεn(un, O) ≤ F Tεn(un, O) + C∗δ (10.3.22)

for every T > T ∗ and for every εn < ε∗.

Proof. In order to prove the first part of the statement, we observe that, by (10.1.2), (10.2.3),
and the fact that T > r0, we have

c0G
r0
εn(un, O) ≤ F Tεn(un, O);

therefore, taking into account (10.3.21), we deduce supnG
r0
εn(un, O) < +∞, and conse-

quently we infer S := supnH
r0
εn(un, O) < +∞ in light of Proposition 10.3.8.

To prove (10.3.22) we write

Fεn(un, O) = F Tεn(un, O) +

ˆ
Rd\BT

ˆ
Oεn (ξ)

fεn

(
x, ξ,

un(x+ εnξ)− un(x)

εn

)
dx dξ

and, by (10.2.3), we obtain

Fεn(un, O) ≤ F Tεn(un, O) +

ˆ
Rd\BT

ρ2(ξ)

ˆ
Oεn (ξ)

gεn

(un(x+ εnξ)− un(x)

εn

)
dx dξ

+

ˆ
Rd\BT

ψεn(ξ)

ˆ
Oεn (ξ)

∣∣∣un(x+ εnξ)− un(x)

εn

∣∣∣dx dξ + Ld(Ω)
ˆ
Rd\BT

ηεn(ξ) dξ.

Applying Corollary 10.3.6 with r = r0, aε(z) = gε(z), and with r = r0, aε(z) = |z|, we get
that for every εn < ε′′ it holds

Fεn(un, O) ≤ F Tεn(un, O) + C3(G
r0
εn(un, O) + ∥un∥2L2(O))

ˆ
Rd\BT

ρ2(ξ)(|ξ|2 + 1) dξ

+ C3(P
r0
εn (un, O) + ∥un∥L1(O))

ˆ
Rd\BT

ψεn(ξ)(|ξ|+ 1) dξ + Ld(Ω)
ˆ
Rd\BT

ηεn(ξ) dξ

≤ F Tεn(un, O) + C(Gr0εn(un, O) + ∥un∥2L∞(Ω))

ˆ
Rd\BT

ρ2(ξ)|ξ|2 dξ

+ C(P r0εn (un, O) + ∥un∥L∞(Ω))

ˆ
Rd\BT

ψεn(ξ)|ξ| dξ + Ld(Ω)
ˆ
Rd\BT

ηεn(ξ) dξ
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≤ F Tεn(un, O) + C(Hr0
εn(un, O) + ∥un∥2L∞(Ω) + ∥un∥L∞(Ω) + Ld(Ω))

×
ˆ
Rd\BT

(ρ2(ξ)|ξ|2 + ψεn(ξ)|ξ|+ ηεn(ξ)) dξ.

By (10.1.1), (10.1.4), and (10.2.1) there exists T ∗ = T ∗(δ) such that

lim sup
n→+∞

ˆ
Rd\BT∗

(
ρ2(ξ)|ξ|2 + ψεn(ξ)|ξ|+ ηεn(ξ)

)
dξ < δ

and therefore, there exists ε∗(T ∗) = ε∗(δ) such that
ˆ
Rd\BT∗

(
ρ2(ξ)|ξ|2 + ψεn(ξ)|ξ|+ ηεn(ξ)

)
dξ < 2δ

for every εn < ε∗; hence, we obtain

Fεn(un, O) ≤ F Tεn(un, O) + C
(
S + Ld(O) + sup

n
(∥un∥2L∞(Ω) + ∥un∥L∞(Ω))

)
δ

for every T > T ∗ and εn < ε∗, concluding the proof.

Before proceeding with the proof of Proposition 10.3.2, we make an observation that
will be used several times.

Remark 10.3.10. Consider u ∈ L∞(Ω;Rk) and let {un}n be such that

un → u in L1
loc(Ω;Rk) and Fεn(un, O) → F ′(u,O) as n→ +∞.

In light of (10.2.7), by a truncation argument we can always assume that for every n ∈ N
we have ∥un∥L∞(Ω) ≤

√
k∥u∥L∞(Ω). Note that an analogous property holds if we replace

the Γ-lim inf with the Γ-lim sup; that is, considering F ′′ in place of F ′. Moreover, the same
conclusions hold for F ′,T and F ′′,T if we consider {F Tε }ε in place of {Fε}ε.

We are finally ready to prove Proposition 10.3.2.

Proof of Proposition 10.3.2. We only prove the statement for F ′, the other case being anal-
ogous.

Since F Tε (u,O) ≤ Fε(u,O) for every u ∈ L1
loc(Ω;Rk) and ε, T > 0, one inequality is

trivial; therefore, we only prove the opposite inequality assuming first that u ∈ L∞(Ω;Rk).
Given T > r0, let {un}n ⊂ L1

loc(Ω;Rk) be such that

un → u in L1
loc(Ω;Rk) and F Tεn(un, O) → F ′,T (u,O) as n→ +∞. (10.3.23)

It is not restrictive to suppose that F ′,T (u,O) < +∞ and, by Remark 10.3.10, we may also
assume

sup
n

∥un∥L∞(Ω) ≤
√
k∥u∥L∞(Ω). (10.3.24)

Thanks to (10.3.23) and (10.3.24), inequality (10.3.21) holds. Hence, by Lemma 10.3.9, for
any δ > 0 it holds

Fεn(un, O) ≤ F Tεn(un, O) + C∗δ

for every T > T ∗ and n large enough. We now pass to the liminf as n→ +∞ and obtain

F ′(u,O) ≤ F ′,T (u,O) + C∗δ,
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for every δ > 0, T > T ∗; the conclusion follows letting first T → +∞ and then δ → 0+.
If u ∈ L1

loc(Ω;Rk), let {uM}M be the sequence obtained by truncation. By the previous
step we have that

F ′(uM , O) = lim
T→+∞

F ′,T (uM , O) = sup
T

F ′,T (uM , O),

hence, using Lemma 10.3.1, we obtain

F ′(u,O) = sup
M

F ′(uM , O) = sup
M

sup
T

F ′,T (uM , O)

= sup
T

sup
M

F ′,T (uM , O) = sup
T

F ′,T (u,O) = lim
T→+∞

F ′,T (u,O),

which concludes the proof.

10.4 Compactness

For this section, let {εn}n be a positive sequence converging to 0 and recall the definitions
of F ′, F ′′, F ′,T , F ′′,T given in Section 10.3. In the next two sections, we shall prove Theorem
10.2.3. For the reader’s convenience, we divide the proof in two different propositions,
proving separately the compactness and the integral representation of the obtained Γ-limit.
In this section, we address the compactness part, which is the content of Proposition 10.4.5.

In this section, we let C denote a positive constant whose value may change from line
to line.
We begin by proving that the functionals F ′ and F ′′ introduced in (10.3.3) satisfy suitable
upper and lower bounds.

Proposition 10.4.1. Let O ∈ Oreg(Ω) and let {Fε}ε be defined as in (10.2.5). There exist
positive constants c1, c2,Λ independent of O such that

c1MS1(u,O) ≤ F ′(u,O) for all u ∈ L1
loc(Ω;Rk), (10.4.1)

F ′′(u,O) ≤ c2H(u,O) + ΛLd(O) for all u ∈ L1
loc(Ω;Rk) ∩ BV(O;Rk). (10.4.2)

In particular, if F ′(u,O) < +∞, then u ∈ GSBV2(O;Rk).

Proof. The proof immediately follows by (10.2.6), (10.1.11), and (10.1.12).

In the proof of Proposition 10.4.5 below, we shall use the localisation method for Γ-
convergence. As we have seen in Chapters 2 and 4, it relies on the De Giorgi-Letta criterion
for measures, which requires one to prove superadditivity, subadditivity, and inner regularity.
To this aim, we first prove that F ′′ satisfies a version of the nested subadditivity property.

Lemma 10.4.2. Let u ∈ L1
loc(Ω;Rk), let O′, O, U ′, U ∈ O(Ω) such that O′ ⊂⊂ O, U ′ ⊂⊂ U ,

and O′ ∪ U ′ ∈ Oreg(Ω). Let F ′′ be the functional defined by (10.3.3): it holds

F ′′(u,O′ ∪ U ′) ≤ F ′′(u,O) + F ′′(u, U).

Proof. Assume first that u ∈ L∞(Ω;Rk) and, without loss of generality, also assume that
F ′′(u,O) and F ′′(u, U) are both finite. Consider two sequences un, vn → u in L1

loc(Ω;Rk)
such that

lim
n→+∞

Fεn(un, O) = F ′′(u,O) and lim
n→+∞

Fεn(vn, U) = F ′′(u, U),
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and, in light of Remark 10.3.10, assume that

sup
n

∥un∥L∞(Ω) ≤
√
k∥u∥L∞(Ω), sup

n
∥vn∥L∞(Ω) ≤

√
k∥u∥L∞(Ω).

Fix 0 < R < min{dist(O′,Rd \O), dist(U ′,Rd \U)}, let N > 4 be a positive integer, and let

Oi : =
{
x ∈ Rd : dist(x,O′) <

iR

N

}
, i ∈ {1, . . . , N}.

For all i ∈ {1, . . . , N −1} we note that O′ ⊂⊂ Oi ⊂⊂ Oi+1 ⊂⊂ O, and we consider a cut-off
function φi ∈ C∞

c (Rd; [0, 1]) such that
φi = 1 in Oi,
φi = 0 in Rd \Oi+1,

|∇φi| ≤ 2N
R in Rd.

(10.4.3)

Set win := φiun + (1− φi)vn and note that, for any ξ ∈ Rd, n ∈ N, and x ∈ Ωεn(ξ), we have

win(x+ εnξ)− win(x)

εn
= φi(x)

un(x+ εnξ)− un(x)

εn
+ (1− φi(x))

vn(x+ εnξ)− vn(x)

εn

+
φi(x+ εnξ)− φi(x)

εn
(un(x+ εnξ)− vn(x+ εnξ)) (10.4.4)

and, in particular,

win(x+ εnξ)− win(x)

εn
=


un(x+ εnξ)− un(x)

εn
if x ∈ (Oi)εn(ξ),

vn(x+ εnξ)− vn(x)

εn
if x ∈ (Ω \Oi+1)εn(ξ).

(10.4.5)

We observe that, using (10.4.3) and (10.4.4), we have∣∣∣win(x+ εnξ)− win(x)

εn

∣∣∣ ≤ ∣∣∣un(x+ εnξ)− un(x)

εn

∣∣∣+ ∣∣∣vn(x+ εnξ)− vn(x)

εn

∣∣∣
+
(2N
R

)
|ξ||un(x+ εnξ)− vn(x+ εnξ)|; (10.4.6)

and similarly, recalling the definition of gε and exploiting Lemma 10.3.7, we get

gεn

(win(x+ εnξ)− win(x)

εn

)
≤ 3gεn

(un(x+ εnξ)− un(x)

εn

)
+ 3gεn

(vn(x+ εnξ)− vn(x)

εn

)
+ 3

(2N
R

)2
|ξ|2|un(x+ εnξ)− vn(x+ εnξ)|2, (10.4.7)

for every ξ ∈ Rd, n ∈ N, and x ∈ Ωεn(ξ).
For i ∈ {1, . . . , N − 1} we set

Sin,ξ := (O′ ∪ U ′)εn(ξ) \
[
(Oi)εn(ξ) ∪ (Ω \Oi+1)εn(ξ)

]
and we observe that if ξ ∈ BT for some T > 0 and εnT < R

N , then

Sin,ξ ⊂ [(Oi+1 \Oi) + (−εn, εn)ξ] ∩ (U ′)εn(ξ), (10.4.8)
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and, in particular,
N−4⋃
i=1

Sin,ξ ⊂ (ON−2 \O′) ∩ U ′. (10.4.9)

Let T > 0 be fixed. By (10.4.5) and (10.2.3), we have

F Tεn(w
i
n, O

′ ∪ U ′) =

ˆ
BT

ˆ
(Oi∩(O′∪U ′))εn (ξ)

fεn

(
x, ξ,

un(x+ εnξ)− un(x)

εn

)
dx dξ

+

ˆ
BT

ˆ
((Ω\Oi+1)∩U ′)εn (ξ)

fεn

(
x, ξ,

vn(x+ εnξ)− vn(x)

εn

)
dx dξ

+

ˆ
BT

ˆ
Si
n,ξ

fεn

(
x, ξ,

win(x+ εnξ)− win(x)

εn

)
dx dξ

≤ Fεn(un, O) + Fεn(vn, U)

+

ˆ
BT

ρ2(ξ)

ˆ
Si
n,ξ

gεn

(win(x+ εnξ)− win(x)

εn

)
dx dξ

+

ˆ
BT

ψεn(ξ)

ˆ
Si
n,ξ

∣∣∣win(x+ εnξ)− win(x)

εn

∣∣∣dx dξ
+

ˆ
BT

ηεn(ξ)|Sin,ξ|dξ,

and then, using (10.4.7) and (10.4.6), we get

F Tεn(w
i
n, O

′∪U ′) ≤ Fεn(un, O) + Fεn(vn, U)

+ 3

ˆ
BT

ρ2(ξ)

ˆ
Si
n,ξ

gεn

(un(x+ εnξ)− un(x)

εn

)
+ gεn

(vn(x+ εnξ)− vn(x)

εn

)
dx dξ

+
12N2

R2

ˆ
BT

ρ2(ξ)|ξ|2
ˆ
Si
n,ξ

|un(x+ εnξ)− vn(x+ εnξ)|2 dx dξ

+

ˆ
BT

ψεn(ξ)

ˆ
Si
n,ξ

∣∣∣un(x+ εnξ)− un(x)

εn

∣∣∣+ ∣∣∣vn(x+ εnξ)− vn(x)

εn

∣∣∣ dx dξ
+

2N

R

ˆ
BT

ψεn(ξ)|ξ|
ˆ
Si
n,ξ

|un(x+ εnξ)− vn(x+ εnξ)| dx dξ

+

ˆ
BT

ηεn(ξ)|Sin,ξ| dξ. (10.4.10)

We estimate the summands in (10.4.10).
As for the integrals in the third and fifth line of (10.4.10), we use (10.1.1) and (10.4.8)

to get that, for n large enough,

12N2

R2

ˆ
BT

ρ2(ξ)|ξ|2
ˆ
Si
n,ξ

|un(x+ εnξ)− vn(x+ εnξ)|2 dx dξ

≤ 12N2

R2

(ˆ
Rd

ρ2(ξ)|ξ|2 dξ
)
∥un − vn∥2L2(U ′)

≤ 24
√
kN2

R2

(ˆ
Rd

ρ2(ξ)|ξ|2 dξ
)
∥u∥L∞(Ω)∥un − vn∥L1(V ′)

≤ CN2∥un − vn∥L1(U ′), (10.4.11)



10. Γ-convergence of nonlocal functionals 359

and similarly, also using (10.1.3),

2N

R

ˆ
BT

ψεn(ξ)|ξ|
ˆ
Si
n,ξ

|un(x+ εnξ)− vn(x+ εnξ)|dx dξ

≤ CN∥un − vn∥L1(U ′). (10.4.12)

In order to estimate the integrals in the second, fourth, and sixth line of (10.4.10), we
note that, by (10.4.8), for i ∈ {1, . . . , N − 4} every point belongs at most to two sets of the
form Sin,ξ, when n is large enough. As a consequence, setting E := ON−2 ∩ U ′ and using
(10.4.9), we have

N−4∑
i=1

[ˆ
BT

ρ2(ξ)

ˆ
Si
n,ξ

gεn

(un(x+ εnξ)− un(x)

εn

)
+ gεn

(vn(x+ εnξ)− vn(x)

εn

)
dx dξ

+

ˆ
BT

ψεn(ξ)

ˆ
Si
n,ξ

∣∣∣un(x+ εnξ)− un(x)

εn

∣∣∣+ ∣∣∣vn(x+ εnξ)− vn(x)

εn

∣∣∣dx dξ + ˆ
BT

ηεn(ξ)|Sin,ξ|dξ
]

≤ 2

ˆ
BT

ρ2(ξ)

ˆ
E
gεn

(un(x+ εnξ)− un(x)

εn

)
+ gεn

(vn(x+ εnξ)− vn(x)

εn

)
dx dξ (10.4.13)

+ 2

ˆ
BT

ψεn(ξ)

ˆ
E

∣∣∣un(x+ εnξ)− un(x)

εn

∣∣∣+ ∣∣∣vn(x+ εnξ)− vn(x)

εn

∣∣∣ dx dξ + 4ΛLd(Ω),

with Λ as in (10.2.2).
Let now r0 be as in (10.1.2). Assuming εn(r0 + T ) < dist(U ′,Rd \ Ω) and ξ ∈ BT , we

have

dist(E + (0, εn)ξ,Rd \ Ω) ≥ dist(U ′ +BεnT ,Rd \ Ω) ≥ dist(U ′,Rd \ Ω)− εnT > εnr0;

hence, we are in position to apply Lemma 10.3.5 which yields
ˆ
E
gεn

(un(x+ εnξ)− un(x)

εn

)
+ gεn

(vn(x+ εnξ)− vn(x)

εn

)
dx

≤ C2(|ξ|2 + 1)(Gr0εn(un, Eεn,ξ) +Gr0εn(vn, Eεn,ξ))

≤ C2(|ξ|2 + 1)(Gr0εn(un, O) +Gr0εn(vn, U)), (10.4.14)

where we have used that

Eεn,ξ := E + (0, εn)ξ +Bεnr0 ⊂ O ∩ U

upon further assuming that n is large enough so that εn(r0 + T ) < 2RN .
By (10.1.2) and (10.2.6), we have that c0Gr0εn ≤ G1,εn ≤ Fεn ; therefore, recalling that

sup
n
Fεn(un, O) < +∞, sup

n
Fεn(vn, U) < +∞,

we deduce from (10.4.14) that
ˆ
E
gεn

(un(x+ εnξ)− un(x)

εn

)
+ gεn

(vn(x+ εnξ)− vn(x)

εn

)
dx ≤ C(|ξ|2 + 1), (10.4.15)
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where the constant C is independent of n and ξ.
With a similar argument based on Lemma 10.3.5, we get

ˆ
E

∣∣∣un(x+ εnξ)− un(x)

εn

∣∣∣+ ∣∣∣vn(x+ εnξ)− vn(x)

εn

∣∣∣dx
≤ C2(|ξ|+ 1)(P r0εn (un, O) + P r0εn (vn, U))

≤ C2(|ξ|+ 1)(Hr0
εn(un, O) +Hr0

εn(vn, U))

≤ C(|ξ|+ 1), (10.4.16)

where we have used Proposition 10.3.8 in the last inequality.
Putting together (10.4.13), (10.4.15), and (10.4.16) we deduce that, upon taking εn small

enough,

N−4∑
i=1

[ ˆ
BT

ρ2(ξ)

ˆ
Si
n,ξ

gεn

(un(x+ εnξ)− un(x)

εn

)
+ gεn

(vn(x+ εnξ)− vn(x)

εn

)
dx dξ

+

ˆ
BT

ψεn(ξ)

ˆ
Si
n,ξ

∣∣∣un(x+ εnξ)− un(x)

εn

∣∣∣+ ∣∣∣vn(x+ εnξ)− vn(x)

εn

∣∣∣ dx dξ
+

ˆ
BT

ηεn(ξ)|Sin,ξ|dξ
]

≤ C

ˆ
BT

ρ2(ξ)(|ξ|2 + 1) + ψεn(ξ)(|ξ|+ 1) dξ + 4ΛLd(Ω),

where the constant C is independent of n. Recalling (10.1.1), (10.1.3), and (10.1.5), we
deduce that there exists i∗ ∈ {1, . . . , N − 4} such that

ˆ
BT

ρ2(ξ)

ˆ
Si∗
n,ξ

gεn

(un(x+ εnξ)− un(x)

εn

)
+ gεn

(vn(x+ εnξ)− vn(x)

εn

)
dx dξ

+

ˆ
BT

ψεn(ξ)

ˆ
Si∗
n,ξ

∣∣∣un(x+ εnξ)− un(x)

εn

∣∣∣+ ∣∣∣vn(x+ εnξ)− vn(x)

εn

∣∣∣ dx dξ
+

ˆ
BT

ηεn(ξ)|Si
∗
n,ξ| dξ ≤

C

N − 4
(10.4.17)

for all n large enough.
Finally, substituting (10.4.11), (10.4.12), and (10.4.17) in (10.4.10), we get

F Tεn(w
i∗
n , O

′ ∪ U ′) ≤ Fεn(un, O) + Fεn(vn, U) +
C

N − 4
+ C(N2 +N)∥un − vn∥L1(U ′),

then, letting n → +∞ and N → +∞ in this order, recalling that un, vn, wi
∗
n → u in

L1
loc(Ω;Rk), we achieve

F ′′,T (u,O′ ∪ U ′) ≤ F ′′(u,O) + F ′′(u, U)

and the thesis follows by Proposition 10.3.2 since O′ ∪ U ′ ∈ Oreg(Ω).
If u ∈ L1

loc(Ω;Rk), by the previous case we have

F ′′(uM , O′ ∪ U ′) ≤ F ′′(uM , O) + F ′′(uM , U)

for all M > 0; hence, the conclusion follows by Lemma 10.3.1 letting M → +∞.
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We now investigate the inner regularity of the functionals F ′ and F ′′.

Lemma 10.4.3. Let u ∈ L1
loc(Ω;Rk). Then F ′(u, ·) and F ′′(u, ·) are increasing set functions

and are inner regular on Oreg(Ω); that is, F ′(u,Ø) = F ′′(u,Ø) = 0, given O,U ∈ O(Ω)
such that O ⊂ U , it holds

F ′(u,O) ≤ F ′(u, U), F ′′(u,O) ≤ F ′′(u, U),

and, for every O ∈ Oreg(Ω), it holds

F ′(u,O) = sup{F ′(u,O′) : O′ ⊂⊂ O with O′ ∈ O(Ω)}, (10.4.18)
F ′′(u,O) = sup{F ′′(u,O′) : O′ ⊂⊂ O with O′ ∈ O(Ω)}. (10.4.19)

Proof. The fact that both F ′(u, ·) and F ′′(u, ·) are increasing set-functions follows once we
observe that, for every n ∈ N, we have Fεn(u,Ø) = 0 and Fεn(u,O) ≤ Fεn(u, U) if O ⊂ U .

Let O,O′ ∈ Oreg(Ω) with O′ ⊂⊂ O, and assume u /∈ GSBV2(O;Rk). Using (10.4.1), we
have

F ′(u,O) ≥ F ′(u,O′) ≥ c1MS1(u,O
′),

and by the arbitrariness of O′, we infer

F ′(u,O) ≥ sup{F ′(u,O′) : O′ ⊂⊂ O with O′ ∈ O(Ω)}
≥ sup{F ′(u,O′) : O′ ⊂⊂ O with O′ ∈ Oreg(Ω)}
≥ c1MS1(u,O) = +∞,

from which (10.4.18) readily follows. The same proof yields also (10.4.19).
Now we prove (10.4.19) in the case u ∈ GSBV2(O;Rk), the proof of (10.4.18) being

analogous. We first suppose that u ∈ L∞(Ω;Rk) and note that, since F ′′(u, ·) is an increasing
set-function, it is enough to prove that

F ′′(u,O) ≤ sup{F ′′(u,O′) : O′ ⊂⊂ O with O′ ∈ O(Ω)}.

Let δ > 0. As u ∈ SBV2(O;Rk), we find an open set Oδ ⊂⊂ O such that O \Oδ ∈ Oreg(Ω)
and

c2H(u,O \Oδ) + ΛLd(O \Oδ) < δ, (10.4.20)

where c2 and Λ are the constants of Proposition 10.4.1.
Let us consider an open set O′ such that Oδ ⊂⊂ O′ ⊂⊂ O and let R := dist(Oδ,Ω \O′).

We consider sequences {un}n, {vn}n ⊂ L1
loc(Ω;Rk) converging to u in L1

loc(Ω;Rk) and such
that

lim
n→+∞

Fεn(un, O
′) = F ′′(u,O′), lim

n→+∞
Fεn(vn, O \Oδ) = F ′′(u,O \Oδ), (10.4.21)

and which, thanks to Remark 10.3.10, we may also assume to be satisfying

sup
n

∥un∥L∞(Ω) ≤
√
k∥u∥L∞(Ω), sup

n
∥vn∥L∞(Ω) ≤

√
k∥u∥L∞(Ω).

Letting N be a positive integer, for i ∈ {1, . . . , N}, we set Oi := {x ∈ O : dist(x,Oδ) < iR
N }

and we introduce a cut-off function φi ∈ C∞
c (Rd; [0, 1]) such that

φi = 1 in Oi,
φi = 0 in Rd \Oi+1,

|∇φi| ≤ 2N
R in Rd.
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We set win := φiun + (1− φi)vn and

Sin,ξ := Oεn(ξ) \ [(Oi)εn(ξ) ∪ (O \Oi+1)εn(ξ)].

Let us fix T > 0. We have

F Tεn(w
i
n, O) = F Tεn(un, Oi) + F Tεn(vn, O \Oi+1)

+

ˆ
BT

ˆ
Si
n,ξ

fεn

(
x, ξ,

win(x+ εnξ)− win(x)

εn

)
dx dξ

≤ Fεn(un, O
′) + Fεn(vn, O \Oδ)

+

ˆ
BT

ˆ
Si
n,ξ

fεn

(
x, ξ,

win(x+ εnξ)− win(x)

εn

)
dx dξ.

Arguing exactly as in the part of the proof of Lemma 10.4.2 that led to (10.4.11), (10.4.12),
and (10.4.17), we infer the existence of i∗ ∈ {1, . . . , N − 4} such that
ˆ
BT

ˆ
Si∗
n,ξ

fεn

(
x, ξ,

wi
∗
n (x+ εnξ)− wi

∗
n (x)

εn

)
dxdξ ≤ C

N − 4
+ C(N2 +N)∥un − vn∥L1(O′\Oδ)

;

then, letting n→ +∞ and using (10.4.21), we get

F ′′,T (u,O) ≤ F ′′(u,O′) + F ′′(u,O \Oδ) +
C

N − 4
.

Having supposed O \Oδ ∈ Oreg(Ω), we use (10.4.2) to obtain

F ′′,T (u,O) ≤ F ′′(u,O′) + c2H(u,O \Oδ) + ΛLd(O \Oδ) +
C

N − 4
;

hence, by (10.4.20), we get

F ′′,T (u,O) ≤ F ′′(u,O′) + δ +
C

N − 4
.

Since O ∈ Oreg(Ω), we apply Proposition 10.3.2 so that the proof follows letting T → +∞
and by the arbitrariness of δ and N .

If u ∈ GSBV2(O;Rk) ∩ L1
loc(Ω;Rk), thanks to Lemma 10.3.1 and to (10.4.19) applied

with u = uM , we obtain that

F ′′(u,O) = sup
M

F ′′(uM , O)

= sup
M

sup{F ′′(uM , O′) : O′ ⊂⊂ O with O′ ∈ O(Ω)}

= sup {sup
M

F ′′(uM , O′) : O′ ⊂⊂ O with O′ ∈ O(Ω)}

= sup{F ′′(u,O′) : O′ ⊂⊂ O with O′ ∈ O(Ω)},

which proves (10.4.19) in the general case.

Remark 10.4.4. Resorting to Lemma 10.4.3, one checks immediately that in Lemma 10.4.2
holds unaltered if we drop the hypothesis that O′ ∪ U ′ ∈ Oreg(Ω).
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We conclude the section by proving the compactness of the sequence {Fεn}n with respect
to Γ-convergence, and also provide some relevant properties of the limit functional, which
are going to be useful to prove an integral representation.

Proposition 10.4.5. Let {Fε}ε be as in (10.2.5), and let {εn}n be a positive sequence
converging to 0 as n → +∞. Then there exists a subsequence {εnk

}k and a functional
F : L1

loc(Ω;Rk)×O(Ω) → [0,+∞] satisfying the following properties:

(a) (Γ-convergence) for every (u,O) ∈ L1
loc(Ω;Rk)×Oreg(Ω) it holds

F (u,O) = Γ- lim
m→+∞

Fεnm
(u,O);

(b) (Lower semicontinuity) for every O ∈ O(Ω) the functional F (·, O) is L1
loc(Ω;Rk)-lower

semicontinuous;

(c) (Locality) for every O ∈ O(Ω) and u, v ∈ L1
loc(Ω;Rk) with u = v Ld-a.e. on O we

have F (u,O) = F (v,O);

(d) (Growth conditions) there exist positive constants c1, c2,Λ such that for every O ∈
O(Ω) we have

c1MS1(u,O) ≤ F (u,O) for all u ∈ L1
loc(Ω;Rk), (10.4.22)

F (u,O) ≤ c2H(u,O) + ΛLd(O) for all u ∈ L1
loc(Ω;Rk) ∩ BV(O;Rk); (10.4.23)

(e) (Measure property) for every u ∈ L1
loc(Ω;Rk) the set function F (u, ·) is the restriction

to O(Ω) of a Borel measure on Ω;

(f) (Monotonicity) for every 1-Lipschitz function Φ: Rk → Rk and (u,O) ∈ L1
loc(Ω;Rk)×

O(Ω), we have
F (Φ ◦ u,O) ≤ F (u,O).

In particular,

F (u+ a,O) = F (u,O) for every a ∈ Rk,
F (Ru,O) = F (u,O) for every R ∈ SO(k),

F (uM , O) ≤ F (u,O) for every M > 0.

Proof. Consider the functionals F ′, F ′′ : L1
loc(Ω;Rk)×O(Ω) → [0,+∞] given by

F ′(u,O) := Γ- lim inf
n→+∞

Fεn(u,O), F ′′(u,O) := Γ- lim sup
n→+∞

Fεn(u,O) (10.4.24)

and, for fixed u ∈ L1
loc(Ω;Rk), define the inner regular envelopes

F ′
−(u,O) := sup{F ′(u,O′) : O′ ⊂⊂ O with O′ ∈ O(Ω)},
F ′′
−(u,O) := sup{F ′′(u,O′) : O′ ⊂⊂ O with O′ ∈ O(Ω)}

for every O ∈ O(Ω). By [88, Theorem 16.9], there exists a subsequence εnm → 0+ as
m→ +∞ such that

F ′
−(u,O) = F ′′

−(u,O) =: F (u,O) (10.4.25)
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for every (u,O) ∈ L1
loc(Ω;Rk) × O(Ω), where F ′

−, F
′′
− in (10.4.25) are obtained replacing

{εn}n in (10.4.24) with the subsequence {εnk
}k.

Using Lemma 10.4.3, we obtain that

F ′(u,O) = F ′
−(u,O) = F ′′

−(u,O) = F ′′(u,O)

for every (u,O) ∈ L1
loc(Ω;Rk) × Oreg(Ω), which proves property (a). Property (b) is a

consequence of the lower semicontinuity of Γ-limits, while (c) follows from the fact that Fε
satisfies property (c), and the latter is stable under Γ-limits (see [88, Chapter 16])

In order to prove the measure property (e) we use De Giorgi-Letta criterion for measures
(see, e.g., [47, Theorem 10.2] or [88, Theorem 14.21]). The proof then amounts to show
that, for every u ∈ L1

loc(Ω;Rk), the set function F (u, ·) is increasing, inner regular on O(Ω),
superadditive, and subadditive.

Let us fix u ∈ L1
loc(Ω;Rk). By Lemma 10.4.3, (10.4.25), and [88, Remark 14.5] the set

function F (u, ·) is increasing, while it is inner regular on O(Ω) by definition.
We now prove that F (u, ·) is subadditive. Let O,U ∈ O(Ω). By inner regularity of F ,

it suffices to show that F (u, V ) ≤ F (u,O) + F (u,U) for any V ∈ Oreg(Ω) such that V ⊂⊂
O ∪ U . We choose O′, O′′, U ′, U ′′ ∈ Oreg(Ω) with O′ ⊂⊂ O′′ ⊂⊂ O and U ′ ⊂⊂ U ′′ ⊂⊂ U
and such that V ⊂ O′ ∪ U ′. Using Lemma 10.4.2 and Remark 10.4.4, we obtain that

F (u, V ) ≤ F (u,O′ ∪ U ′) ≤ F ′′(u,O′ ∪ U ′) ≤ F ′′(u,O′′) + F ′′(u, U ′′) ≤ F (u,O) + F (u, U).

We are left with proving that F (u, ·) is superadditive. Let O,U ∈ O(Ω) with O∩U = Ø.
One can easily check that Oεnm

(ξ) ∪ Uεnm
(ξ) ⊂ (O ∪ U)εnm

(ξ) for every m ∈ N and ξ ∈
Rd. Since the sets Oεnm

(ξ) and Uεnm
(ξ) are disjoint, for every {um}m converging to u in

L1
loc(Ω;Rk) we obtain

Fεnm
(um, O) + Fεnm

(um, U) ≤ Fεnm
(um, O ∪ U),

which, letting m→ +∞, implies the superadditivity, thus, property (e) is verified.
For U ∈ Oreg(Ω), property (d) holds by Proposition 10.4.1 and property (f) is a conse-

quence of Lemma 10.3.1. Both are extended to every element of O(Ω) resorting to (e).

10.5 Integral Representation

In this section we complete the proof of Theorem 10.2.3 by proving its integral represen-
tation part. We recall that the notation concerning the minimisation problems below was
introduced in Section 10.2; see, in particular, (10.2.8). The following is the main result of
the section.

Proposition 10.5.1. Let F : L1
loc(Ω;Rk)×O(Ω) → [0,+∞] be a functional satisfying prop-

erties (b)–(f) of Proposition 10.4.5. Then for every O ∈ O(Ω) and u ∈ GSBV2(O;Rk) ∩
L1
loc(Ω;Rk) we have

F (u,O) =

ˆ
O
fbulk(x,∇u) dx+

ˆ
Ju∩O

fsurf(x, [u], νu) dHd−1,

where

fbulk(x,A) := lim sup
r→0+

mF (ℓA, Q(x, r))

rd
(10.5.1)
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for all x ∈ Ω, A ∈ Rk×d, and

fsurf(x, ζ, ν) := lim sup
r→0+

mF (ux,ζ,ν , Qν(x, r))

rd−1
(10.5.2)

for all x ∈ Ω, ζ ∈ Rk, and ν ∈ Sd−1.
Moreover, we have

c1λ1|A|2 ≤ fbulk(x,A) ≤ c2(λ2|A|2 + κ|A|) + Λ for all x ∈ Ω and A ∈ Rk×d,
c1µ1 ≤ fsurf(x, ζ, ν) ≤ c2(µ2 + κ|ζ|) for all x ∈ Ω, ζ ∈ Rk \ {0}, and ν ∈ Sd−1,

and

fsurf(x, ζ1, ν) ≤ fsurf(x, ζ2, ν) if |ζ1| ≤ |ζ2|.

for all x ∈ Ω and ν ∈ Sd−1. In particular, for all x ∈ Ω and ν ∈ Sd−1 it holds

fsurf(x, ζ1, ν) = fsurf(x, ζ2, ν) if |ζ1| = |ζ2|,
fsurf(x, ζ, ν) = fsurf(x, ζ,−ν) for all ζ ∈ Rk.

Remark 10.5.2. Thanks to (f) of Proposition 10.4.5, the functional F considered in Propo-
sition 10.5.1 is invariant under vertical translations. In particular, for every x ∈ Ω and
A ∈ Rk×d we have

fbulk(x,A) := lim sup
r→0+

mF (A(· − x), Q(x, r))

rd
. (10.5.3)

We now prove Proposition 10.5.1.

Proof of Proposition 10.5.1. It follows immediately from (b), (c), (e), and (f) that the re-
striction of the functional F to SBV2(Ω;Rk) × O(Ω) satisfies conditions ((X1))–(X4a) of
Section 1.5 with X = SBV2(Ω;Rk). By (10.4.23), F satisfies the upper bound in (1.5.9) of
Theorem 1.5.3. However, by hypothesis it only satisfies the weaker lower bound in (10.4.22),
and not the desired lower bound of (1.5.9). To overcome this difficulty, we use a perturbative
approach similar to the one employed in Chapters 2 and 3. For every δ > 0 we introduce
the functional F δ defined by

F δ(u,O) := F (u,O) + δ

ˆ
Ju∩O

|[u]| dHd−1,

for every u ∈ SBV2(Ω;Rk) and O ∈ O(Ω), which satisfies all hypotheses of Theorem 1.5.3.
Hence, we deduce the integral representation

F δ(u,O) =

ˆ
O
f δbulk(x,∇u) dx+

ˆ
Ju∩O

f δsurf(x, [u], νu) dHd−1, (10.5.4)

for all (u,O) ∈ SBV2(Ω;Rk) × O(Ω), where f δbulk and f δsurf are defined as in (10.5.1) and
(10.5.2) with F replaced by F δ.

At this point, we aim to pass to the limit as δ → 0+ in (10.5.4) in order to obtain
an integral representation for F on SBV2(Ω;Rk) × O(Ω). Clearly, F δ(u,O) → F (u,O) as
δ → 0+; therefore, the conclusion follows provided we are in position to apply the Dominated
Convergence Theorem on the right-hand side of (10.5.4).
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We preliminarily observe that, using ℓA as a test function for the minimisation problems
mF (ℓA, Q(x, r)) and mF δ

(ℓA, Q(x, r)), from the upper bound in (10.4.23), we have

fbulk(x,A) ≤ c2(λ2|A|2 + κ|A|) + Λ for all x ∈ Ω and A ∈ Rk×d, (10.5.5)

f δbulk(x,A) ≤ c2(λ2|A|2 + κ|A|) + Λ for all x ∈ Ω and A ∈ Rk×d (10.5.6)

and, applying Theorem 1.5.3 with F = MS1, we also obtain the lower bound

c1λ1|A|2 ≤ fbulk(x,A) for all x ∈ Ω and A ∈ Rk×d.

Analogously, we have

c1µ1 ≤ fsurf(x, ζ, ν) ≤ c2(µ2 + κ|ζ|) for all x ∈ Ω, ζ ∈ Rk \ {0}, and ν ∈ Sd−1,

f δsurf(x, ζ, ν) ≤ c2µ2 + (c2κ+ δ)|ζ| for all x ∈ Ω, ζ ∈ Rk, and ν ∈ Sd−1. (10.5.7)

Now we prove that

lim
δ→0+

f δbulk(x,A) = fbulk(x,A) for all x ∈ Ω and A ∈ Rk×d, (10.5.8)

lim
δ→0+

f δsurf(x, ζ, ν) = fsurf(x, ζ, ν) for all x ∈ Ω, ζ ∈ Rk, and ν ∈ Sd−1. (10.5.9)

To this aim, we first observe that, since F (u,Q(x, r)) ≤ F δ(u,Q(x, r)) for every δ > 0 and
{F δ}δ is increasing in δ, it follows immediately that

fbulk(x,A) ≤ inf
δ>0

f δbulk(x,A) = lim
δ→0+

f δbulk(x,A) for all x ∈ Ω and A ∈ Rk×d,

fsurf(x, ζ, ν) ≤ inf
δ>0

f δsurf(x, ζ, ν) = lim
δ→0+

f δsurf(x, ζ, ν) for all x ∈ Ω, ζ ∈ Rk, and ν ∈ Sd−1.

To obtain the converse inequalities, we will prove that for every δ > 0 we have

f δbulk(x,A) ≤ fbulk(x,A) for all x ∈ Ω and A ∈ Rk×d, (10.5.10)

and that there exists a constant C > 0, independent of δ and of |ζ|, such that

f δsurf(x, ζ, ν) ≤ (1 + C|ζ|δ)fsurf(x, ζ, ν) for all x ∈ Ω, ζ ∈ Rk, and ν ∈ Sd−1. (10.5.11)

Let us fix x ∈ Ω and A ∈ Rk×d. In view of Remark 10.5.2, for r > 0 we consider a
function ur ∈ SBV2(Q(x, r);Rk), with ur = A(· − x) in a neighbourhood of ∂Q(x, r) such
that

F (ur, Q(x, r)) ≤ mF (A(· − x), Q(x, r)) + rd+1. (10.5.12)

By a truncation argument we assume ∥ur∥L∞(Q(x,r);Rk) ≤
√
kd|A|r. We compare the two

values F δ(ur, Q(x, r)) with F (ur, Q(x, r)). By definition of F δ, the lower bound (10.4.22),
and (10.5.12) we get

F δ(ur, Q(x, r)) = F (ur, Q(x, r)) + δ

ˆ
Jur∩Q(x,r)

|[ur]| dHd−1

≤ F (ur, Q(x, r)) + 2δ
√
kd|A|rHd−1(Jur ∩Q(x, r))

≤
(
1 +

2δ
√
kd|A|r
c1µ1

)
F (ur, Q(x, r))

≤
(
1 +

2δ
√
kd|A|r
c1µ1

)(
mF (A(· − x), Q(x, r)) + rd+1

)
.
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As ur is a competitor for the minimisation problem mF δ
(A(· − x), Q(x, r)), dividing by rd

the previous inequality we get that

mF δ
(A(· − x), Q(x, r))

rd
≤

(
1 +

2δ
√
kd|A|r
c1µ1

)(mF (A(· − x), Q(x, r))

rd
+ r

)
,

and then, letting r → 0+ and using (10.5.3), we obtain (10.5.10), which in turn implies
(10.5.8).

We now show (10.5.11). Let us fix x ∈ Rd, ζ ∈ Rk, and ν ∈ Sd−1. Arguing as in the proof
of (10.5.10), for every r > 0 we find a function ur ∈ SBV2(Qν(x, r);Rk), with ur = ux,ζ,ν
in a neighbourhood of ∂Qν(x, r) and ∥ur∥L∞(Qν(x,r)) ≤

√
k|ζ|, such that

F (ur, Qν(x, r)) ≤ mF (ux,ζ,ν , Qν(x, r)) + rd.

Using this inequality and the lower bound (10.4.22), we obtain that

F δ(ur, Qν(x, r)) = F (ur, Qν(x, r)) + δ

ˆ
Jur∩Qν(x,r)

|[ur]| dHd−1

≤ F (ur, Qν(x, r)) + 2
√
kδ|ζ|Hd−1(Jur ∩Qν(x, r))

≤
(
1 +

2
√
kδ|ζ|
c1µ1

)
F (ur, Qν(x, r))

≤
(
1 +

2
√
kδ|ζ|
c1µ1

)(
mF (ux,ζ,ν , Qν(x, r)) + rd

)
,

then, dividing this last inequality by rd−1 and using the fact that ur = ux,ζ,ν in a neigh-
bourhood of ∂Qν(x, r), we get

mF δ
(ux,ζ,ν , Qν(x, r))

rd−1
≤

(
1 +

2
√
kδ|ζ|
c1µ1

)(mF (ux,ζ,ν , Qν(x, r))

rd−1
+ r

)
.

Letting r → 0+, we get (10.5.11), which leads to (10.5.9).
Having proved the pointwise convergence, we finally resort to the uniform bounds given

by (10.5.6) and (10.5.7) in order to apply the Dominated Convergence Theorem in (10.5.4)
and to obtain

F (u,O) =

ˆ
O
fbulk(x,∇u) dx+

ˆ
Ju∩O

fsurf(x, [u], νu) dHd−1 (10.5.13)

for every (u,O) ∈ SBV2(Ω;Rk) × O(Ω). Note that, by (c), this integral representation
yields an identical integral representation on every O ∈ Oreg(Ω) and u ∈ L1

loc(Ω;Rk) ∩
SBV2(O;Rk). Indeed, if O ∈ Oreg(Ω), any function u ∈ SBV2(O;Rk) can be extended to a
function ũ ∈ SBV2(Ω;Rk) and by locality we then have F (u,O) = F (ũ, O).

In order to extend the integral representation to GSBV2, we begin showing that

|ζ1| ≤ |ζ2| =⇒ fsurf(x, ζ1, ν) ≤ fsurf(x, ζ2, ν) (10.5.14)

for all x ∈ Rd and ν ∈ Sd−1. Let us fix ζ1, ζ2 ∈ Rk and r > 0 and let v2 ∈ SBV2(Qν(x, r);Rk)
with v2 = ux,ζ2,ν in a neighbourhood of ∂Qν(x, r). We consider a rotation R ∈ SO(k) that
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sends ζ2/|ζ2| to ζ1/|ζ1|, so that v1 :=
|ζ1|
|ζ2|Rv2 equals ux,ζ1,ν in a neighbourhood of ∂Qν(x, r)

and therefore, by (f), we obtain

mF (ux,ζ1,ν , Qν(x, r)) ≤ F (v1, Qν(x, r)) ≤ F (v2, Qν(x, r)).

From the arbitrariness of v2 and of r we deduce (10.5.14).
We are now ready to conclude the proof of the integral representation. Let us fix O ∈

O(Ω) and u ∈ GSBV2(O;Rk) ∩ L1
loc(Ω;Rk). Since uM ∈ SBV2(O;Rk) ∩ L1

loc(Ω;Rk) for
every M > 0, by (10.5.13) we obtain that

F (uM , O) =

ˆ
O
fbulk(x,∇uM ) dx+

ˆ
J
uM

∩O
fsurf(x, [u

M ], νuM ) dHd−1. (10.5.15)

Combining (b) with (f), we deduce that

lim
M→+∞

F (uM , O) = F (u,O).

Then, recalling Remark 10.1.1, (10.5.5), and (10.5.14), and using the dominated convergence
theorem for the bulk part and the monotone convergence theorem for the surface part, we
let M → +∞ in (10.5.15) and get

F (u,O) =

ˆ
O
fbulk(x,∇u) dx+

ˆ
Ju∩O

fsurf(x, [u], νu) dHd−1,

which is the thesis.

10.6 Convergence of minima and Γ-convergence

In this section, we fix a positive sequence {εn}n converging to 0 as n → +∞ and a
sequence {Fεn}n given by (10.2.5), with {fεn}n satisfying conditions (i)-(iii) of Section 10.2.
We show that thanks to general properties of Γ-convergence and to results obtained in
previous sections, the asymptotic behaviour of minimisation problems associated to Fεn on
small cubes determines the energy densities in the integral representation of the Γ-limit F .

We first state a compactness result for sequences with uniformly bounded energy, origi-
nally proved by Gobbino in [132, Theorem 5.4] (see also [43, Theorem 5.23]).

Lemma 10.6.1. Let {un}n ⊂ L∞(Ω;Rk), let r > 0, and assume that

sup
n

(
∥un∥L∞(Ω;Rk) +Gr1,εn(un,Ω)

)
< +∞,

where Gr1,εn are the functionals defined by (10.3.17). Then there exists a subsequence {εnm}m
and a function u ∈ SBV2(Ω;Rk) such that {unm}m converges to u in L1(Ω;Rk) as m→ +∞.

We recall that the notation concerning the minimisation problems below was introduced
in Section 10.2; see, in particular, (10.2.11) and (10.2.12).

The following result shows that, if {Fεn}n Γ-converges to F on a regular open set O ⊂ Ω
and if U ⊂⊂ O, the minimum value of mF (w,O) can be controlled from above by the
asymptotic value of the minimisation problems m

Fεn
s (w,U) and H(w,O \ U).
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Lemma 10.6.2. Let w ∈ SBV2(Ω;Rk)∩L∞(Ω;Rk), and let O,U ∈ Oreg(Ω) with U ⊂⊂ O.
Assume that {Fεn(·, O)}n Γ-converges to F (·, O) in L1

loc(Ω;Rk). Then

mF (w,O) ≤ sup
s>0

lim inf
n→+∞

mFεn
s (w,U) + c2H(w,O \ U) + ΛLd(O \ U). (10.6.1)

Proof. We consider a sequence of functions {un}n ⊂ Dεns,w(U) such that

Fεn(un, U) ≤ mFεn
s (w,U) + εn, (10.6.2)

and which, by truncation, we may assume to be satisfying ∥un∥L∞(Ω) ≤
√
k∥w∥L∞(Ω).

Let us fix s > 2r0, where r0 is the constant introduced in (10.1.2). Thanks to (10.1.2)
and (10.2.6), from this inequality we obtain

c0G
r0
εn(un, U) ≤ Fεn(un, U) ≤ mFεn

s (w,U) + εn ≤ Hεn(w,U) + ∥ηεn∥L1(Rd)Ld(U) + εn,

where c0 is the positive constant introduced in (10.1.2) and Gr0εn is as in (10.3.17). Recalling
(10.1.12), this chain of inequalities implies

sup
n
Gr0εn(un, U) ≤ sup

n

1

c0

(
Hεn(w,O) + ∥ηεn∥L1(Rd)Ld(O) + 1

)
< +∞ (10.6.3)

upon assuming εn < 1 for every n ∈ N, with the right hand side being independent of
s > 2r0.

We introduce the extension ũn of the function un obtained by setting ũn := un on U
and ũn := w on O \ U . We observe that

Gr0εn(ũn, O) ≤ Gr0εn(un, U) +Gr0εn
(
w,

(
(O \ U) +Bεnr0

)
∩O

)
,

which by (10.6.3) implies

sup
n
Gr0εn(ũn, O) ≤

(
1 +

1

c0

)
sup
n

(
Hεn(w,O) + ∥ηεn∥L1(Rd)Ld(O) + 1

)
< +∞. (10.6.4)

Observe that by Proposition 10.3.8, inequality (10.6.4) also implies that

S := sup
n
Hr0
εn(ũn, O) < +∞.

We now pass to a subsequence {εnm}m such that

lim inf
n→+∞

mFεn
s (w,U) = lim

m→+∞
m
Fεnm
s (w,U).

Thanks to (10.6.4), we may apply Lemma 10.6.1 to obtain a further subsequence, not rela-
belled, such that {ũnm}m converges strongly in L1(O;Rk) to a function u ∈ SBV2(O;Rk),
which also satisfies the boundary conditions u = w Ld-a.e. in O \ U .

For every T > 0 let us consider the functional F Tεn defined by (10.3.1). Thanks to Lemma
10.3.9, there is a constant C∗, depending only on S and on ∥w∥L∞(Ω), and which is therefore
independent of s, such that for every δ > 0 it holds

Fεn(ũn, O) ≤ F Tεn(ũn, O) + C∗δ
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for every T > T ∗ = T ∗(δ) and n large enough. Hence, given δ > 0 and further assuming
that s > T ∗, recalling that u is a competitor for the minimisation problem mF (w,O), by
Γ-convergence we have

mF (w,O) ≤ F (u,O) ≤ lim inf
m→+∞

Fεnm
(ũnm , O) ≤ lim inf

m→+∞

(
F Tεnm

(ũnm , O) + C∗δ
)

≤ lim inf
m→+∞

(
F Tεnm

(unm , U) + F Tεnm

(
w,

(
(O \ U) +BεnmT )

)
∩O

))
+ C∗δ,

for every T ∈ (T ∗, s]. Using (10.2.6) and (10.1.12), from this last chain of inequalities we
obtain that for every σ > 0

mF (w,O) ≤ lim inf
m→+∞

Fεnm
(unm , U) + c2H

(
w,

(
(O \ U) +Bσ

)
∩O

)
+ ΛLd(((O \ U) +Bσ) ∩O)) + C∗δ.

By arbitrariness of σ > 0 and by (10.6.2) we get

mF (w,O) ≤ lim inf
m→+∞

Fεnm
(unm , U) + c2H(w,O \ U) + ΛLd(O \ U) + C∗δ

≤ lim
m→+∞

m
Fεnm
s (w,U) + c2H(w,O \ U) + ΛLd(O \ U) + C∗δ.

Taking the limit as s→ +∞ and as δ → 0+, we obtain (10.6.1), concluding the proof.

Remark 10.6.3. Following the above proof, it is easily seen that the statement of the
previous lemma can be improved under the additional assumption that there exists T > 0
such that fεn(x, ξ, z) = 0 for Ld-a.e. x ∈ Ω, ξ ∈ Rd \ BT , z ∈ Rk, and n ∈ N. In this case,
we obtain that

mF (w,O) ≤ lim inf
n→+∞

mFεn
s (w,U) + c2H(w,O \ U) + ΛLd(O \ U)

for all s ≥ T .

In the following lemma we show that, if {Fεn}n Γ-converges to F on a regular open set
U ⊂ Ω, the minimum value of mF (w,O) is always larger than the asymptotic value of the
minimisation problems m

Fεn
s (w,O).

Lemma 10.6.4. Let w ∈ SBV2(Ω;Rk) ∩ L∞(Ω;Rk), let s > 0, and let O ∈ Oreg(Ω).
Assume that {Fεn(·, O)}n Γ-converges to F (·, O) in L1

loc(Ω;Rk) as n→ +∞. Then

lim sup
n→+∞

mFεn
s (w,O) ≤ mF (w,O). (10.6.5)

Proof. Since w ∈ SBV2(Ω;Rk), we have that H(w,O) < +∞, which by (10.2.6) clearly
implies mF (w,O) < +∞. Let us fix σ > 0 and u ∈ SBV2(O;Rk) ∩ L1

loc(Ω;Rk) such that
F (u,O) < mF (w,O)+σ and u = w in a neighbourhood of ∂O. Observe that, since F satisfies
property (f) of Proposition 10.4.5 on O, it is not restrictive to assume that u ∈ L∞(Ω;Rk).

We pass to a subsequence, not relabelled, such that the limsup in (10.6.5) is actually
a limit and consider a sequence {un}n ⊂ L1

loc(Ω;Rk), converging to u in L1
loc(Ω;Rk), such

that
lim

n→+∞
Fεn(un, O) = F (u,O) < mF (w,O) + σ. (10.6.6)
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By Lemma 10.3.1 we can also assume that ∥un∥L∞(Ω) ≤
√
k∥u∥L∞(Ω) for every n ∈ N, so

that, possibly passing to a further subsequence, we can assume that {un}n converges to u
in L1(O;Rk) by Lemma 10.6.1.

Let U ∈ Oreg(O) be obtained intersecting O with a neighbourhood of ∂O on which
u = w Ld-a.e. and let O′ ⊂⊂ O′′ ⊂⊂ O be open sets such that O \ O′ ⊂ U . Having fixed
T > 0 and N ∈ N, we may argue as in the proof of Lemma 10.4.2 to find a sequence of
cutoff functions {φn}n compactly supported in O′′ such that φn = 1 in O′ and, setting
vn,N := φnun + (1− φn)u, we have

F Tεn(vn,N , O) ≤ Fεn(un, O) + Fεn(w,U) +
C

N − 4
+ C(N2 +N)∥un − w∥L1(U), (10.6.7)

for a positive constant C > 0, independent of n and N , and for n large enough. Note that
{vn,N}n converges to u in L1

loc(Ω;Rk) as n→ +∞ and that ∥vn,N∥L∞(Ω;Rk) ≤ 2
√
k∥u∥L∞(Ω)

for every n ∈ N. Moreover, we observe that, since the supports of {φn}n are compactly
contained in O′′, O \O′ ⊂ U , and u = w Ld-a.e. on U , we have vn,N ∈ Dεns,w(O) for every
n large enough.

Then, by (10.2.6) and (10.1.12) we get

lim sup
n→+∞

Fεn(w,U) ≤ lim sup
n→+∞

Hεn(w,U) + ΛLd(U) ≤ c2H(w,U) + ΛLd(U).

Recalling that ∥un − w∥L1(U ;Rk) → 0 as n → +∞ and (10.6.6), we may pass to the limsup
as n→ +∞ in (10.6.7) and obtain

lim sup
n→+∞

F Tεn(vn,N , O) ≤ mF (w,O) + σ + c2H(w,U) + ΛLd(U) +
C

N − 4

for every N ∈ N, and by arbitrariness of σ and U , we get

lim sup
n→+∞

F Tεn(vn,N , O) ≤ mF (w,O) +
C

N − 4
. (10.6.8)

To conclude, we show that for every N ∈ N we have

lim sup
n→+∞

mFεn
s (w,O) ≤ sup

T>0
lim sup
n→+∞

F Tεn(vn,N , O). (10.6.9)

To see this, we begin noting that from (10.6.8) and Lemma 10.3.9 it follows that

S := sup
n
Hr0
εn(vn,N , O) < +∞

and that there is a positive constant C∗, depending only on S, N , and ∥u∥L∞(Ω), such that
for every δ > 0

Fεn(vn,N , O) ≤ F Tεn(vn,N , O) + C∗δ,

for every T > T ∗(δ) and n large enough. Recalling that vn,N ∈ Dεns,w(O), this implies that

mFεn
s (w,O) ≤ F Tεn(vn,N , O) + C∗δ

for every T > T ∗(δ). Passing to the limsup as n → +∞ and to the limit as T → +∞ and
δ → 0+, we obtain (10.6.9). Finally, combining (10.6.8) and (10.6.9) and passing to the
limit as N → +∞, we get (10.6.5), concluding the proof.
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We recall the definition of the functions f ′bulk, f
′′
bulk, f

′
surf , and f ′′surf given in Section 10.2.

For every x ∈ Ω, A ∈ Rk×d, ζ ∈ Rk, and ν ∈ Sd−1 we let

f ′bulk(x,A) := lim sup
r→0+

sup
s>0

lim inf
n→+∞

m
Fεn
s (ℓA, Q(x, r))

rd
, (10.6.10)

f ′′bulk(x,A) := lim sup
r→0+

sup
s>0

lim sup
n→+∞

m
Fεn
s (ℓA, Q(x, r))

rd
, (10.6.11)

f ′surf(x, ζ, ν) := lim sup
r→0+

sup
s>0

lim inf
n→+∞

m
Fεn
s (ux,ζ,ν , Qν(x, r))

rd−1
, (10.6.12)

f ′′surf(x, ζ, ν) := lim sup
r→0+

sup
s>0

lim sup
n→+∞

m
Fεn
s (ux,ζ,ν , Qν(x, r))

rd−1
. (10.6.13)

The following two propositions prove Theorem 10.2.4.

Proposition 10.6.5. Assume that there exists a functional F : L1
loc(Ω;Rk) × O(Ω) →

[0,+∞] such that for every O ∈ Oreg(Ω) the sequence {Fεn(·, O)}n Γ-converges to F (·, O)
with respect to the topology of L1

loc(Ω;Rk) as n → +∞. Then the functions fbulk and fsurf
defined in (10.2.9) and (10.2.10), respectively, satisfy

fbulk(x,A) = f ′bulk(x,A) = f ′′bulk(x,A), (10.6.14)
fsurf(x, ζ, ν) = f ′surf(x, ζ, ν) = f ′′surf(x, ζ, ν), (10.6.15)

for all x ∈ Ω, A ∈ Rk×d, ζ ∈ Rk, and ν ∈ Sd−1.

Proof. Let us fix x ∈ Ω, A ∈ Rk×d, ζ ∈ Rk, and ν ∈ Sd−1. We begin proving (10.6.14).
Given r > 0, we set σ := r + r2 and apply Lemma 10.6.2 with w = ℓA, O = Q(x, σ), and
U = Q(x, r) to get

mF (ℓA, Q(x, σ))

σd
≤ sup

s>0
lim inf
n→+∞

m
Fεn
s (ℓA, Q(x, r))

σd
+ [c2(λ2|A|2 + κ|A|) + Λ]

(
1− rd

σd

)
.

Since σ/r → 1 as r → 0+, from the previous inequality we get fbulk(x,A) ≤ f ′bulk(x,A).
The inequality f ′′bulk(x,A) ≤ fbulk(x,A) is obtained applying Lemma 10.6.4.

To prove (10.6.15), we apply again Lemma 10.6.2 with w = ux,ζ,ν , O = Qν(x, σ), and
U = Qν(x, r) to get

mF (ux,ζ,ν , Qν(x, σ))

σd−1
≤ sup

s>0
lim inf
n→+∞

m
Fεn
s (ux,ζ,ν , Qν(x, r))

σd−1

+ c2(µ2 + κ|ζ|)
(
1− rd−1

σd−1

)
+ Λ

(σd − rd

σd−1

)
,

Since σ/r → 1 as r → 0+, from the previous inequality we get fsurf(x, ζ, ν) ≤ f ′surf(x, ζ, ν).
The inequality f ′′surf(x, ζ, ν) ≤ fsurf(x, ζ, ν) follows from an application of Lemma 10.6.4.

Proposition 10.6.6. Assume that there exist functions f̂bulk : Ω × Rk×d → [0,+∞) and
f̂surf : Ω× Rk × Sd−1 → [0,+∞) such that

f̂bulk(x,A) = f ′bulk(x,A) = f ′′bulk(x,A), (10.6.16)
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for Ld-a.e. x ∈ Ω and for all A ∈ Rk×d and

f̂surf(x, ζ, ν) = f ′surf(x, ζ, ν) = f ′′surf(x, ζ, ν) (10.6.17)

for Hd−1-a.e. x ∈ Ω, for all ζ ∈ Rk and ν ∈ Sd−1. Then for every O ∈ Oreg(Ω) the sequence
{Fεn(·, O)}n Γ-converges with respect to the topology of L1

loc(Ω;Rk) to the functional F (·, O)
defined by

F (u,O) :=

ˆ
O
f̂bulk(x,∇u)dx+

ˆ
Ju∩O

f̂surf(x, [u], νu)dHd−1

if u ∈ L1
loc(Ω;Rk) ∩GSBV2(O;Rk) and F (u,O) = +∞ otherwise.

Proof. Thanks to Theorem 10.2.3, there exists a subsequence {εnm}m such that for every
open set O ∈ Oreg(Ω) the sequence {Fεnm

(·, O)}m Γ-converges in the L1
loc(Ω;Rk) topology

as m→ +∞ to the functional F (·, O) defined for u ∈ L1
loc(Ω;Rk) by

F (u,O) :=

ˆ
O
fbulk(x,∇u)dx+

ˆ
Ju∩O

fsurf(x, [u], νu)dHd−1

if u ∈ L1
loc(Ω;Rk) ∩GSBV2(O;Rk) and F (u,O) = +∞ otherwise, where fbulk and fsurf are

given by (10.2.9) and (10.2.10), respectively.
By Proposition 10.6.5, we note that

fbulk(x,A) = lim sup
r→0+

sup
s>0

lim inf
m→+∞

m
Fεnm
s (ℓA, Q(x, r))

rd

≥ lim sup
r→0+

sup
s>0

lim inf
n→+∞

m
Fεn
s (ℓA, Q(x, r))

rd
= f̂bulk(x,A);

and similarly

fbulk(x,A) = lim sup
r→0+

sup
s>0

lim sup
m→+∞

m
Fεnm
s (ℓA, Q(x, r))

rd

≤ lim sup
r→0+

sup
s>0

lim sup
n→+∞

m
Fεn
s (ℓA, Q(x, r))

rd
= f̂bulk(x,A),

which implies fbulk(x,A) = f̂bulk(x,A) for Ld-a.e. x ∈ Ω and for every A ∈ Rk×d. A similar
argument proves that fsurf(x, ζ, ν) = f̂surf(x, ζ, ν) for Hd−1-a.e. x ∈ Ω and for every ζ ∈ Rk
and ν ∈ Sd−1.

Finally, since the functions f̂bulk and f̂surf are, by (10.6.16) and (10.6.17), independent of
the chosen subsequence, by the Urysohn property of Γ-convergence (see [88, Proposition 8.3])
the original sequence {Fεn(·, O)} Γ-converges to F (·, O) for every O ∈ Oreg(Ω), concluding
the proof.

Remark 10.6.7. In view of Remark 10.6.3, if for some T > 0 it holds fεn(x, ξ, z) = 0 for
Ld-a.e. x ∈ Ω, ξ ∈ Rd \ BT and for all z ∈ Rk and n ∈ N, then in definitions (10.6.10)–
(10.6.13) we may neglect the supremum over s > 0 and simply consider a fixed s ≥ T , and
have Proposition 10.6.5 and Proposition 10.6.6 hold unaltered.

We conclude mentioning a further characterisation of the energy densities in the Γ-limit
that involves functionals taking into account finite-range interactions.
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Proposition 10.6.8. Let {Tj}j be a monotonically increasing sequence such that Tj → +∞
as j → +∞, and assume that for every j ∈ N and for every O ∈ Oreg(Ω) the sequence
{F Tjεn (·, O)}n Γ-converges with respect to the topology of L1

loc(Ω;Rk) as n → +∞ to the
functional F Tj (·, O) defined by

F Tj (u,O) :=

ˆ
O
f
Tj
bulk(x,∇u)dx+

ˆ
Ju∩O

f
Tj
surf(x, [u], νu)dH

d−1

if u ∈ L1
loc(Ω;Rk) ∩ GSBV2(O;Rk) and F Tj (u,O) = +∞ otherwise. Then, for every O ∈

Oreg(Ω) the sequence {Fεn(·, O)}n Γ-converges with respect to the topology of L1
loc(Ω;Rk) as

n→ +∞ to the functional F (·, O) defined by

F (u,O) :=

ˆ
O
fbulk(x,∇u)dx+

ˆ
Ju∩O

fsurf(x, [u], νu)dHd−1

if u ∈ L1
loc(Ω;Rk) ∩GSBV2(O;Rk) and F (u,O) = +∞ otherwise.

Moreover, we have

fbulk(x,A) = lim
j→+∞

lim sup
r→0+

lim inf
n→+∞

m
F

Tj
εn
Tj

(ℓA, Q(x, r))

rd

= lim
j→+∞

lim sup
r→0+

lim sup
n→+∞

m
F

Tj
εn
Tj

(ℓA, Q(x, r))

rd

and

fsurf(x, ζ, ν) = lim
j→+∞

lim sup
r→0+

lim inf
n→+∞

m
F

Tj
εn
Tj

(ux,ζ,ν , Qν(x, r))

rd−1

= lim
j→+∞

lim sup
r→0+

lim sup
n→+∞

m
F

Tj
εn
Tj

(ux,ζ,ν , Qν(x, r))

rd−1
.

for all x ∈ Ω, A ∈ Rk×d, ζ ∈ Rk, and ν ∈ Sd−1.

Proof. The first part of the statement follows by Proposition 10.3.2. Since {fTjbulk}j and
{fTjsurf}j are sequences of monotonically increasing functions, we have that

fbulk = lim
j→+∞

f
Tj
bulk, fsurf = lim

j→+∞
f
Tj
surf . (10.6.18)

Moreover, applying Proposition 10.6.5 and Remark 10.6.7, we obtain

f
Tj
bulk(x,A) = lim sup

r→0+
lim inf
n→+∞

m
F

Tj
εn
Tj

(ℓA, Q(x, r))

rd
= lim sup

r→0+
lim sup
n→+∞

m
F

Tj
εn
Tj

(ℓA, Q(x, r))

rd

(10.6.19)
and

f
Tj
surf(x, ζ, ν) = lim sup

r→0+
lim inf
n→+∞

m
F

Tj
εn
Tj

(ux,ζ,ν , Qν(x, r))

rd−1
= lim sup

r→0+
lim sup
n→+∞

m
F

Tj
εn
Tj

(ux,ζ,ν , Qν(x, r))

rd−1

(10.6.20)
for all x ∈ Ω, A ∈ Rk×d, ζ ∈ Rk, and ν ∈ Sd−1. Therefore, the thesis follows by (10.6.18),
(10.6.19), and (10.6.20).
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