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ABSTRACT
Numerical stabilization techniques are often employed in under-resolved simulations of convection-dominated flows to improve
accuracy and mitigate spurious oscillations. Specifically, the evolve–filter–relax (EFR) algorithm is a framework that consists of
evolving the solution, applying a filtering step to remove high-frequency noise, and relaxing through a convex combination of
filtered and original solutions. The stability and accuracy of the EFR solution strongly depend on two parameters, the filter radius
𝛿 and the relaxation parameter 𝜒 . Standard choices for these parameters are usually fixed in time, and related to the full order
model setting, that is, the grid size for 𝛿 and the time step for 𝜒 . The key novelties with respect to the standard EFR approach are:
(i) time-dependent parameters 𝛿(𝑡) and 𝜒(𝑡), and (ii) data-driven adaptive optimization of the parameters in time, considering a
fully-resolved simulation as reference. In particular, we propose three different classes of optimized-EFR (Opt-EFR) strategies,
aiming to optimize one or both parameters. The new Opt-EFR strategies are tested in the under-resolved simulation of a turbu-
lent flow past a cylinder at 𝑅𝑒 = 1, 000. The Opt-EFR proved to be more accurate than standard approaches by up to 99%, while
maintaining a similar computational time. In particular, the key new finding of our analysis is that such accuracy can be obtained
only if the optimized objective function includes: (i) a globalmetric (as the kinetic energy), and (ii) spatial gradients’ information.

1 | Introduction

It is well known that, in the convection-dominated (e.g., turbu-
lent), under-resolved regime (i.e., when the number of degrees
of freedom is not high enough to accurately represent the com-
plex underlying dynamics), classical numerical discretizations
of the Navier-Stokes equations (NSE) generally yield spurious
numerical oscillations [1, 2]. To alleviate this inaccurate behavior,
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these discretizations are generally equipped with numerical sta-
bilization, large eddy simulation [3, 4], or Reynolds-Averaged
Navier–Stokes (RANS) models [1, 2, 5–9]. Regularized models
(see [2] for a review) are a class of numerical stabilization strate-
gies that leverage spatial filtering to increase the numerical sta-
bility of the underlyingmodel and eliminate the spurious numer-
ical oscillations. One of the most popular regularized models
is the evolve-filter-relax (EFR) algorithm, which consists of the
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following three steps: (i) Evolve: Use the NSE discretization to
advance the velocity approximation at the current time step to
an intermediate approximation at the next time step. (ii) Filter:
Use a spatial filter to smooth the intermediate approximation in
step (i). The goal of this step is to eliminate the spurious oscil-
lations from the intermediate velocity approximation in step (i).
(iii) Relax: Set the velocity approximation at the next time step to
be a convex combination of the filtered velocity in step (ii) and
the intermediate velocity approximation in step (i). The goal of
this step is to prevent an overdiffusive velocity approximation,
which could occur in step (ii) if, for example, the filter radius is too
large. The EFR strategy has been successfully used in conjunc-
tion with classical numerical discretization techniques, ranging
from finite element (FE), to spectral element, to finite volume
methods, to reduced order modeling (see, e.g., [10–28]) in chal-
lenging applications, ranging fromnuclear engineering design, to
the quasi-geostrophic equations describing the large-scale ocean
circulation, to cardiovascular modeling (see, e.g., [2, 17, 29–34]).
The EFR’s popularity is due to its accuracy and low computa-
tional cost. We emphasize, however, that probably the main rea-
sons for the EFR’s popularity in practical applications are its ease
of implementation,modularity, andminimally intrusive character.
Indeed, the EFR algorithm is embarrassingly easy to implement:
Given access to the stiffness matrix of the underlying numerical
discretization, the spatial filter (and, thus, the EFR algorithm)
can be implemented in a matter of minutes. Furthermore, the
EFR algorithm is modular and minimally intrusive: Given a
legacy NSE code, one can very easily add a modular spatial fil-
ter subroutine and a modular relaxation step without having to
modify the legacy code.

The EFR algorithm has been proven to be a popular and effec-
tive strategy in important applications. Its further development,
however, currently faces a major roadblock: The EFR algorithm
involves two parameters (i.e., the filter radius and the relaxation
parameter) that need to be carefully calibrated in order to obtain
accurate approximations. This parameter calibration is critical
for the EFR’s success: If the filter radius is too large, the EFR
model is overdiffusive and the results are inaccurate (smeared)
[35]. On the other hand, if the filter radius is too small, there is
not enough dissipation, and the EFRmodel can actually blow up.
Similarly, a relaxation parameter that is too small or too large can
yield grossly inaccurate EFR results. Thus, finding the optimal
filter radius and relaxation parameter is critical for the EFR’s suc-
cess. We note that the sensitivity of the EFR results to the model
parameters has been well documented (see, e.g., the numerical
investigations in References [17, 25, 27, 35, 36]). We also note
that the importance of the EFR’s parameter calibration is not a
surprise since parameter sensitivity is a central issue for most
numerical stabilizations [1, 2, 37, 38].

Recognizing the importance of finding the optimal filter radius
and relaxation parameter in the EFR model, several approaches
have been proposed early on. For example, in References [17, 25],
the EFR filter radius was chosen to be themesh size of the under-
lying FE discretization. Another choice was proposed in Ref-
erence [36], where the EFR filter radius was chosen to be the
Kolmogorov lengthscale. Similarly, several choices for the EFR
relaxation parameter have been proposed. For example, choosing
the relaxation parameter proportional to the time step is a popu-
lar choice in the EFR literature [25, 36]. We note, however, that

heuristic arguments have been used tomotivate higher values for
the relaxation parameter [24, 25, 36].

We emphasize that the vastmajority of the current choices for the
EFR filter radius and relaxation parameter yield constant values
in both space and time for these two parameters (an important
exception is the nonlinear filtering proposed in Reference [17].)
Using constant values for the parameters imposes significant lim-
itations on theEFR’s performance. For example, if the flow transi-
tions from a laminar regime to a turbulent regime, the EFR’s filter
radius and/or time relaxation parameter should increase to adapt
to this transition. We emphasize that this is simply not possible
with the current parameter choices.

The key novelties of this contribution are:

i. the introduction of time-dependent EFR parameters;

ii. computing the optimal parameters at different time
instances with an adaptive data-driven optimization strat-
egy, leveraging the available reference data;

iii. the inclusion of global quantities into the objective func-
tion, such as the kinetic energy; and

iv. the inclusion of spatial gradients into the objective function.

The proposed strategies are tested in themarginally-resolved sim-
ulation of a flow past a cylinder at a Reynolds number 𝑅𝑒 =
1, 000.

We emphasize that our new strategy is fundamentally different
from the current approaches:

• This is the first time that data-driven modeling is leveraged
to determine the EFR parameters.

• Furthermore, the new data-driven parameters vary in time,
which is in stark contrast to the vast majority of current
methods used to determine the EFR parameters.

The rest of the paper is organized as follows: In Section 2, we
present the EFR strategy and discuss the critical role played by
the EFR parameters, the filter radius, and the relaxation param-
eter. In Section 3, we introduce the Opt-EFR approaches, novel
data-driven optimization algorithms for the EFR strategy. Specif-
ically, we introduce three Opt-EFR strategies:

(i) In the 𝜒-Opt-EFR approach, we fix the filter radius and opti-
mize the relaxation parameter. (ii) In the 𝛿-Opt-EFR approach,
we fix the relaxation parameter and optimize the filter radius. (iii)
Finally, in the 𝛿𝜒-Opt-EFR approach, we optimize both the relax-
ation parameter and the filter radius.

In Section 4, we perform a numerical investigation of the three
new data-driven EFR strategies in the numerical simulation of
incompressible flow past a circular cylinder at Reynolds num-
ber 𝑅𝑒 = 1, 000 on a relatively coarse mesh. For comparison pur-
poses, we also consider the standard EFR approach. As a bench-
mark for our numerical investigation, we use a DNS on a fine
mesh. Finally, in Section 5 we draw conclusions and outline
future research directions.

2 of 32 International Journal for Numerical Methods in Engineering, 2025

 10970207, 2025, 9, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nm

e.70042 by Sissa Scuola Internazionale, W
iley O

nline L
ibrary on [23/10/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



2 | The EFR Algorithm

This Section is dedicated to a review of the state of the art
related to the methodology we investigate. In particular, we
briefly recall the discretized Navier–Stokes formulation and the
Evolve-Filter-Relax (EFR) approach in Section 2.1. For more
details, we refer the reader to [18, 25, 36, 39]. Moreover, in
Section 2.2, we highlight the bottleneck of the EFR formulation,
and the motivations to enhance it by optimization.

2.1 | The Navier–Stokes Equations and the EFR
Algorithm

As a mathematical model, we consider the incompressible
Navier–Stokes equations (NSE). Given a fixed domain Ω ⊂

ℝ𝐷, with 𝐷 = 2, 3, we consider the motion of an incompressible
fluid having velocity 𝒖

.
= 𝒖(𝒙, 𝑡) ∈ 𝕌 and pressure 𝑝

.
= 𝑝(𝒙, 𝑡) ∈ ℚ

whose dynamics is represented by the incompressible NSE:

⎧⎪⎪⎨⎪⎪⎩

𝜕𝒖

𝜕𝑡
+ (𝒖 ⋅ ∇)𝒖 − 𝜈Δ𝒖 + ∇𝑝 = 0 in Ω × (𝑡0, 𝑇 ),

∇ ⋅ 𝒖 = 0 in Ω × (𝑡0, 𝑇 ),
𝒖 = 𝒖𝐷 on 𝜕Ω𝐷 × (𝑡0, 𝑇 ),
−𝑝 𝒏 + 𝜈 𝜕𝒖

𝜕𝒏
= 0 on 𝜕Ω𝑁 × (𝑡0, 𝑇 )

(1)

endowed with the initial condition 𝒖 = 𝒖0 in Ω × {𝑡0}, where
𝜕Ω𝐷 ∪ 𝜕Ω𝑁 = 𝜕Ω, 𝜕Ω𝐷 ∩ 𝜕Ω𝑁 = ∅, 𝜈 is the kinematic viscosity,
and 𝕌 and ℚ are suitable Hilbert function spaces. The functions
𝒖𝐷 and 𝒖0 are given. The flow regime is defined by the adimen-
sional Reynolds number

𝑅𝑒
.
= 𝑈𝐿

𝜈
(2)

where 𝑈 and 𝐿 represent the characteristic velocity and length
scales of the system, respectively. When the Reynolds number is
large, the inertial forces dominate the viscous forces: this setting
is generally referred to as the convection-dominated regime.

In the numerical tests, we employ the Finite Element Method
(FEM) and a backward differentiation formula of order 1 (BDF1)
for space and time discretization, respectively. In under-resolved
or marginally-resolved numerical simulations, namely when
employing a coarse grid to run the FEM simulations, standard
spatial discretization techniques yield spurious numerical oscil-
lation in convection-dominated regimes.

To alleviate this behavior, we equip the simulation with
the Evolve-Filter-Relax (EFR) algorithm. To introduce the
notation, we consider a time step Δ𝑡. Let 𝑡𝑛 = 𝑡0 + 𝑛Δ𝑡 for 𝑛 =
0, . . . , 𝑁𝑇 , and 𝑇 = 𝑡0 +𝑁𝑇Δ𝑡. We denote the semi-discrete FEM
velocity and pressure at time 𝑡𝑛 with 𝒖𝑛 ∈ 𝕌𝑁𝒖

ℎ and 𝑝𝑛 ∈ ℚ𝑁
𝑝

ℎ ,
respectively, where 𝑁𝒖

ℎ
and 𝑁𝑝

ℎ
are their degrees of freedom,

respectively. The EFR algorithm at time 𝑡𝑛+1 reads:

(I) Evolve ∶

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝒘𝑛+1−𝒖𝑛

Δ𝑡
+ (𝒘𝑛+1 ⋅ ∇)𝒘𝑛+1+

−𝜈Δ𝒘𝑛+1 + ∇𝑝𝑛+1 = 0
in Ω × {𝑡𝑛+1},

∇ ⋅𝒘𝑛+1 = 0 in Ω × {𝑡𝑛+1},
𝒘𝑛+1 = 𝒖𝑛+1

𝐷
on 𝜕Ω𝐷 × {𝑡𝑛+1},

−𝑝𝑛+1 ⋅ 𝒏 + 𝜕𝒘𝑛+1

𝜕𝒏
= 0 on 𝜕Ω𝑁 × {𝑡𝑛+1}.

(II) Filter:
⎧⎪⎨⎪⎩
−2𝛿2 Δ𝒘𝑛+1 +𝒘

𝑛+1 = 𝒘𝑛+1 in Ω × {𝑡𝑛+1},
𝒘
𝑛+1 = 𝒖𝑛+1

𝐷
on 𝜕Ω𝐷 × {𝑡𝑛+1},

𝜕𝒘
𝑛+1

𝜕𝒏
= 0 on 𝜕Ω𝑁 × {𝑡𝑛+1}.

(III) Relax: 𝒖𝑛+1 = (1 − 𝜒) 𝒘𝑛+1 + 𝜒 𝒘
𝑛+1

for 𝜒 ∈ [0, 1] relaxation parameter. We denote by 𝒘 and 𝒘 the
evolved and the filtered velocity, respectively. Solving the first
step (I) with𝒘𝑛+1 = 𝒖𝑛+1 equals solving the standardNSE. In step
(II), we employ a differential filter (DF) filter radius 𝛿 (i.e., the
spatial lengthscale over the spatial filter takes action). The suc-
cess of DFs is due to their mathematical robustness [1]. Indeed,
the DF leverages an elliptic operator and eliminates the small
scales (i.e., high frequencies) from the input velocity, smooth-
ing it and acting as a spatial filter. Step (III) is a relaxation
step: A convex combination of the evolved and filtered veloc-
ity is performed at a new time step. In particular, the extreme
cases are:

i. 𝜒 = 1: We only retain the filtered solution 𝒖𝑛+1 = 𝒘
𝑛+1;

ii. 𝜒 = 0: The final solution is exactly the solution of the
incompressible NSE (I), that is, no filtering contribution is
included and 𝒖𝑛+1 = 𝒘𝑛+1.

In other words, the relaxation parameter 𝜒 is used to regulate the
amount of the filter contribution [12, 14, 20], to increase the accu-
racy of possible over-diffusive results of Step (II), as shown for
example in Reference [36]. We remark that we call noEFR sim-
ulation the numerical solution of the discretized Navier–Stokes
equations with no regularization applied, following the notation
of [25].

2.2 | On the Role of the EFR Parameters

A natural question arises in this setting: What are the optimal
choices for 𝛿 and 𝜒? In the literature, some scale arguments have
been proposed (we refer the reader to [25, 36] and the references
therein for more details on the topic):

∘ Common choices for the filter radius 𝛿 are the minimum
mesh-scale diameter ℎ𝑚𝑖𝑛 or the Kolmogorov length scale
𝜂 = 𝐿 ⋅𝑅𝑒

3
4 . Another choice is the energy-based length-

scale [40].

∘ For the relaxation, the scaling𝜒 ∼ Δ𝑡 is commonly used [12].
However, its choice highly depends on the specific test case
taken into account, and higher values have been employed
following heuristic arguments in References [17, 25, 36].

While the choice of the filter radius is related to physical quan-
tities, the choice of the relaxation parameter is based on expe-
rience, and it might completely change with respect to the test
case considered. In this context, many adjustments and improve-
ments can be made. For example, time-dependent flow features
can be better captured with a time-dependent parameter 𝜒(𝑡), or
the differential filtermay have local action [17]. Clearly,Themain
bottleneck of the EFR procedure relies upon tuning the filter radius
and the relaxation parameters.
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Indeed, in the standard EFR algorithm, the parameters’ values
need to be carefully tuned in a pre-processing stage to improve
the accuracy of the solution:

i. If the values of 𝛿 and/or 𝜒 are too large, it may happen that
the solution is over-diffusive and it does not manifest any
turbulent behavior.

ii. If the values of 𝛿 and/or 𝜒 are too small, the filter action
may not be adequate, leading to spurious oscillations, as
happens in the noEFR scenario.

Moreover, as mentioned above, the flow dynamics may not be
properly captured considering parameters constant in time, espe-
cially when dealing with turbulent flows or with test cases
including a laminar-to-turbulent transition. For instance, we
may want larger filter parameters (hence, higher 𝛿 and/or 𝜒) in
the laminar-to-turbulent transition, as well as in fully turbulent
regimes.

For this purpose, having time-dependent parameters would help
in better capturing the flow dynamics, avoiding, for instance,
overdiffusion phenomena. In this manuscript, for the first
time, we introduce a data-driven strategy to compute the
time-dependent parameters 𝛿(𝑡) and𝜒(𝑡), which allowus to better
capture the flow dynamics in unsteady turbulent regimes. In this
framework, we aim at investigating different data-driven opti-
mization algorithms, with the ultimate goal of developing an
adaptive strategy to optimize 𝛿(𝑡) and 𝜒(𝑡).

3 | The Data-Driven Optimized EFR
Algorithms

In this section, we aim at obtaining optimal values for the EFR
parameters, enhancing standard approaches by adaptive opti-
mization algorithms. In this way, we increase the accuracy of
the reg-simulation with respect to a Direct Numerical Simulation
(DNS) simulation taken as a reference.

Our investigation goes beyond constant parametric values and
focuses on three specific Opt-EFR strategies. Specifically, calling
𝝁𝑛 = 𝝁(𝑡𝑛) the parameter(s) optimized at each time step 𝑡𝑛, the
three approaches are:

1. 𝜒-Opt-EFR, aimed to find the optimal 𝜒(𝑡) for fixed 𝛿 = 𝜂,
hence 𝝁𝑛 = 𝜒𝑛;

2. 𝛿-Opt-EF, aimed to find the optimal 𝛿(𝑡), with no relaxation,
namely 𝜒 = 1, hence 𝝁𝑛 = 𝛿𝑛;

3. 𝛿𝜒-Opt-EFR, aimed to find the optimal 𝛿(𝑡) and 𝜒(𝑡), hence
𝝁𝑛 = (𝛿𝑛, 𝜒𝑛).

The presented optimization procedures are based on a
data-driven algorithm trained taking as reference some
pre-computed data. In our specific setting, the training data
are represented by the reference velocity and pressure fields of a
simulation in a resolved regime.

We refer to those fields as 𝒖𝑟𝑒𝑓 ∈ 𝕌𝑀𝒖
ℎ and 𝑝𝑟𝑒𝑓 ∈ ℚ𝑀

𝑝

ℎ , where
𝑀𝒖

ℎ
≫ 𝑁𝒖

ℎ
and𝑀𝑝

ℎ
≫ 𝑁

𝑝

ℎ
. Such data are provided by a simulation

over a refinedmesh yielding𝑀𝒖
ℎ
+𝑀𝑝

ℎ
degrees of freedom (dofs).

The regularization, instead, is applied to a coarser mesh with
respect to theDNS one, with𝑁𝒖

ℎ
+𝑁𝑝

ℎ
dofs.Moreover, it is impor-

tant to remark on the generality and the modularity of the
proposed algorithms, which can be applied to any experimental
setting. The motivations behind the choices of the test cases of
this contribution are postponed to the numerical sections.

A schematic comparison between the standard EFR and the
Opt-EFR methods is displayed in Figure 1. The standard EFR
is characterized by a standard time-stepping procedure, as
described in Section 2.1 and shown in Figure 1a. On the other
hand, the Opt-EFR algorithms perform an additional optimiza-
tion stage to find the optimal 𝛿(𝑡) and/or 𝜒(𝑡), as highlighted in
Figure 1b.

3.1 | The Objective Functions

In the optimization algorithms, we will consider either local
or global contributions. Specifically, the local approach refers
to a pointwise evaluation and minimization of the discrepancy
between the reference and the predicted quantity. On the other
hand, the global approach consists of the evaluation and mini-
mization of the discrepancy of the global energy.

We refer to local quantities if we minimize the mean squared
error (MSE) between the DNS reference solution (projected on
the coarse mesh) and the updated EFR solution.

The local objective function can then be written as follows:

local(𝝁𝑛) = 𝑤𝒖 𝒖
local(𝝁

𝑛) +𝑤∇𝒖 ∇𝒖
local(𝝁

𝑛) (3)

where the individual contributions are:

𝒖
local(𝝁

𝑛) = MSE
(
𝒖𝑛(𝝁𝑛), 𝒖𝑛

𝑟𝑒𝑓

)
∇𝒖
local(𝝁

𝑛) = MSE
(
∇𝒖𝑛(𝝁𝑛),∇𝒖𝑛

𝑟𝑒𝑓

) (4)

with𝑤𝒖 and𝑤∇𝒖 scalar quantities. As pointed out in the results in
Section 4.1, the local contributions may not be appropriate met-
rics to optimize in this test case. In particular, theOpt-EFR results
and the DNS may differ a lot in terms of qualitative and quanti-
tative behaviors, even if the local MSE is relatively small. For this
reason, we investigate the following global objective function:

global(𝝁𝑛) = 𝑤𝒖
𝒖
global(𝝁

𝑛) +𝑤∇𝒖
∇𝒖
global(𝝁

𝑛) +𝑤𝑝
𝑝

global(𝝁
𝑛) (5)

where the global contributions are:

𝒖
global(𝝁

𝑛) =
||||||
||𝒖𝑛(𝝁𝑛)||2

𝐿2(Ω) − ||𝒖𝑛
𝑟𝑒𝑓

||2
𝐿2(Ω)||𝒖𝑛

𝑟𝑒𝑓
||2
𝐿2(Ω)

||||||
∇𝒖
global(𝝁

𝑛) =
||||||
||∇𝒖𝑛(𝝁𝑛)||2

𝐿2(Ω) − ||∇𝒖𝑛
𝑟𝑒𝑓

||2
𝐿2(Ω)||∇𝒖𝑛

𝑟𝑒𝑓
||2
𝐿2(Ω)

||||||

𝑝

global(𝝁
𝑛) =

||||||
||𝑝𝑛+1(𝝁𝑛)||2

𝐿2(Ω) − ||𝑝𝑛+1
𝑟𝑒𝑓

||2
𝐿2(Ω)||𝑝𝑛+1

𝑟𝑒𝑓
||2
𝐿2(Ω)

||||||

(6)
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FIGURE 1 | Flowchart of the Opt-EFR and standard EFR approaches. (a) Standard EFR, (b) Opt-EFR.

TABLE 1 | Acronyms and main features of the Opt-EFR algorithms. Gray cells indicate that the algorithm does not present that feature.

Objective function type Contributions in objective function

Acronym local global 𝒖 discrepancy 𝛁𝒖 discrepancy 𝒑 discrepancy

Opt-EFR𝒖
local ✓ ✓

Opt-EFR𝒖,∇𝒖
local ✓ ✓ ✓

Opt-EFR𝒖
global ✓ ✓

Opt-EFR𝒖,∇𝒖
global ✓ ✓ ✓

Opt-EFR𝒖,∇𝒖,𝑝
global ✓ ✓ ✓ ✓

for 𝑤𝑝 scalar quantity. In particular, we set 𝑤𝒖 ≠ 0 and 𝑤∇𝒖 =
𝑤𝑝 = 0 in algorithms of type (⋅)𝒖global,𝑤𝒖 ≠ 0, 𝑤∇𝒖 ≠ 0, and𝑤𝑝 = 0
in (⋅)𝒖,∇𝒖global algorithms, while all the contributions are activated in
(⋅)𝒖,∇𝒖,𝑝global .

An overview of the methods investigated in this work, depend-
ing on the different loss functionals considered, is provided in
Table 1.

It is worth highlighting that the expression of 
𝑝

global in
Equation (6) penalizes the pressure obtained as the solution of the
evolve step at the time instance 𝑡𝑛+1. Therefore, the optimization

algorithms penalizing the pressure contribution—namely,
(⋅)𝒖,∇𝒖,𝑝global —are computationally more expensive than the others,
since a further evolve step must be performed for each
evaluation.

Indeed, in Steps (II) and (III) at time 𝑡𝑛 apply only to the veloc-
ity field. Thus, the pressure contribution in Equation (6) needs
to be computed considering the pressure at time 𝑡𝑛+1, which is
the first pressure field affected by the optimization of 𝝁 at step
𝑡𝑛. We investigate the effect of the pressure contribution only in
the global approach because the numerical results for the local
method are not accurate (as shown in Section 4).
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For additional details on the three classes 𝜒-Opt-EFR, 𝛿-Opt-EF,
and 𝛿𝜒-Opt-EFR, we refer the reader to the supplementary
Section A.

Remark 1. It is worth highlighting that the scalar weights 𝑤𝒖,
𝑤∇𝒖, and 𝑤𝑝 are taken exactly equal to 1 when they are different
from 0, namely when the corresponding terms are activated in
the objective functions (3) and (5). Other choices can be made,
but finding the optimal choices for the loss weights was beyond
the goal of the manuscript.

3.2 | The Optimization Process

The algorithms in Table 1 perform at each time instance Step (I),
and look for an optimal time-dependent 𝛿(𝑡) and/or 𝜒(𝑡) to be
employed in Step (II) and/or (III).

The process is summarized in Algorithm 1, where 𝑦|𝕐 denotes
the projection of the field 𝑦 onto the space 𝕐 .

Algorithm 1 presents the general pseudocode that can be applied
for all the algorithms presented in Table 1, by replacing the objec-
tive function(𝜒𝑛+1)with the specific functional of the proposed
algorithm.

Moreover, we employ a sequential least squares programming
(SLSQP) algorithm [41, 42], which is an iterative method for con-
strained nonlinear optimization.

The only considered constraint is𝝁𝑛+1 ∈ A,whereA is the admis-
sibility range of the parameter(s).

In particular, we consider:

1. 𝜒𝑛+1 ∈ [0, 1] in 𝜒-Opt-EFR algorithms, namely A = [0, 1];

2. 𝛿𝑛+1 ∈ [0.019𝜂, 1.9𝜂] in 𝛿-Opt-EF algorithms, namely A =
[0.019𝜂, 1.9𝜂]; and

3. 𝛿𝑛+1 ∈ [0.019𝜂, 1.9𝜂] and 𝜒𝑛+1 ∈ [0, 1] in 𝛿𝜒-Opt-EFR algo-
rithms, namely A = [0.019𝜂, 1.9𝜂] × [0, 1];

By adding the constraint 𝛿𝑛+1 ∈ [0.019𝜂, 1.9𝜂], the optimization
problem seeks the optimal parameter within the range span-
ning an order of magnitude lower to one higher than the Kol-
mogorov length scale. This window has been established after
a preliminary sensitivity analysis on the parameter 𝛿, as it pro-
videsmore physical results. The unconstrained optimizationmay
indeed converge to values that are too large and far from the stan-
dard literature choices.

The underlined row (row 10 in the pseudocode 1) is considered
only in the Opt-EFR𝒖,∇𝒖,𝑝

global algorithms, since it performs an addi-
tional evolve step to evaluate the pressure at the following time
instance 𝑝𝑛+2. As an additional consideration, we consider as the
initial value of the parameter(s) the common choice in the litera-
ture [25], namely 𝛿0 = 𝜂 for the filter radius, and 𝜒0 = 𝐾Δ𝑡, with
𝐾 = 5, for the relaxation parameter.

Remark 2. It is worth specifying that the parameters are not
optimized every time step. Instead, the timewindowbetween two
consecutive optimizations is Δ𝑡𝑜𝑝𝑡 > Δ𝑡. Specifically, Δ𝑡𝑜𝑝𝑡 = 𝑘Δ𝑡,
with 𝑘 ∈ {10, 20, . . . , 90, 100}.

Every Δ𝑡𝑜𝑝𝑡, the algorithm takes into account the updated solu-
tion of the system and therefore needs to be trained on the fly. The
parameter is fixed to its latest optimal value in the time window
between two subsequent optimization steps. In the numerical
results, we will also evaluate how the optimization step influ-
ences the accuracy and efficiency of the solution.

3.2.1 | Software details

The EFR method is implemented using the finite-element
Python-based open-source library FEniCS [43]. We perform the

ALGORITHM 1 | Pseudocode for algorithms Opt-EFR optimizing both parameters. Row 9 (underlined) is considered only for algorithms of type
Opt-EFR𝒖,∇𝒖,𝑝

global . The optimization part is highlighted in gray.

1: 𝒖𝑛
𝑟𝑒𝑓
, 𝑛 = 0,… , 𝑁𝑇 − 1; 𝑁𝑢

ℎ
; 𝒖0, Δ𝑡𝑜𝑝𝑡, 𝝁0, A range of parameter(s). ⊳ Inputs needed

2: for 𝑛 ∈ [0,… , 𝑁𝑇 − 1] do
3: (I) → 𝒘𝑛+1 ⊳ Perform Evolve step
4: 𝒖𝑛+1

𝑟𝑒𝑓
← 𝒖𝑛+1

𝑟𝑒𝑓
|𝕌𝑁𝑢

ℎ ⊳ Project the reference field into the coarse mesh

5: 𝝁𝑛+1 ← 𝝁𝑛 ⊳ Initialize parameter(s)
6: if mod(𝑛,Δ𝑡𝑜𝑝𝑡) = 0 then ⊳ Perform optimization every Δ𝑡𝑜𝑝𝑡
7: 𝑖𝑡𝑒𝑟 = 0
8: repeat
9: (II)+(III) → 𝒖𝑛+1 ⊳ Filter and Relax step
10: (I) → 𝑝𝑛+2 ⊳ (Second) Evolve step

11: Optimize (𝝁𝑛+1), subject to 𝝁𝑛+1 ∈ A
12: 𝑖𝑡𝑒𝑟← 𝑖𝑡𝑒𝑟 + 1
13: Output current solution: 𝝁𝑛+1

14: until Convergence or maximum iterations reached
15: end if
16: Solve (II)+(III) with the optimized 𝝁𝑛+1 → Update 𝒖𝑛+1 ⊳ Perform Filter and Relax
17: end for
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FIGURE 2 | Meshes taken into account to run the simulations. (a) Coarse mesh, (b) Fine mesh.

optimization algorithms using the open-source Python-based
library Scipy [44].

4 | Numerical Results

This section shows the numerical results obtained by applying
the methods proposed in Sections 2 and 3. We consider the
test case of the incompressible flow past a circular cylinder at
Reynolds number 𝑅𝑒 = 1, 000, constant in time.

We consider as reference in the optimization algorithms aDNSon
a finemesh, and our goal is to minimize the discrepancy between
the optimized-EFR fields and the reference DNS fields.

Remark 3. In this project, we call DNS the reference simu-
lation considered to train the proposed data-driven algorithm.
However, our reference cannot be considered a fully-resolved
simulation in its classical sense. Indeed, in Figure 4a,b show that
the velocity fields still exhibit spurious numerical oscillations.

The two meshes taken into account are displayed in Figure 2.

The coarse mesh is characterized by 𝑁𝒖
ℎ
= 12430 dofs for the

velocity field and 𝑁𝑝

ℎ
= 1623 for the pressure. On the other

hand, the fine mesh is characterized by𝑀𝒖
ℎ
= 100676 and𝑀𝑝

ℎ
=

12760. We perform the simulations in the time interval [0, 4], and
the adaptive optimization algorithms described in Section 3 are
tested in the reconstructive regime.

The results obtained by the EFR simulations are compared with
the DNS results using the following error metrics:

• the 𝐿2 relative errors

𝐸𝑢
𝐿2
(𝑡𝑛) =

||𝒖𝑛 − 𝒖𝑛
𝑟𝑒𝑓

||𝐿2(Ω)||𝒖𝑛
𝑟𝑒𝑓

||𝐿2(Ω) , 𝐸
𝑝

𝐿2
(𝑡𝑛) =

||𝑝𝑛 − 𝑝𝑛
𝑟𝑒𝑓

||𝐿2(Ω)||𝑝𝑛
𝑟𝑒𝑓

||𝐿2(Ω)
(7)

• the velocity relative error in the𝐻1 norm:

𝐸𝑢
𝐻1 (𝑡𝑛) =

||𝒖𝑛 − 𝒖𝑛
𝑟𝑒𝑓

||𝐻1(Ω)||𝒖𝑛
𝑟𝑒𝑓

||𝐻1(Ω)
(8)

The domain is Ω
.
= {(𝑥, 𝑦) ∈ [0, 2.2] × [0, 0.41] such that

(𝑥 − 0.2)2 + (𝑦 − 0.2)2 ≥ 0.052}, and it is represented in
Figure 3. We consider no-slip boundary conditions on 𝜕Ω𝑤𝑎𝑙𝑙 =
𝜕Ω𝐵 ∪ 𝜕Ω𝑇 ∪ 𝜕Ω𝐶 (blue solid line in Figure 3), and an inlet
velocity u𝑖𝑛 on 𝜕Ω𝑖𝑛 (gold dashed line in Figure 3), given by:

𝒖𝑖𝑛
.
=
(

6
0.412

𝑦(0.41 − 𝑦), 0
)

(9)

FIGURE 3 | The domain considered in the test cases.

On the outlet of the domain 𝜕Ω𝑁 (brown dotted line in Figure 3),
we employ standard free-flow conditions. The initial condition is
𝒖0 = (0, 0). The viscosity is set to 𝜈 = 1 × 10−4 and, consequently,
the Reynolds number is 𝑅𝑒 = 1, 000.

For the test case described above, not applying regularization
yields an inaccurate field representation. We recall that, for the
sake of the presentation, when no regularization is applied, we
say that noEFR is performed, following the acronyms introduced
in Reference [25].

Some preliminary results motivating our analysis are available in
Figure 4, which yields the following conclusions:

• The noEFR simulations present spurious oscillations, as can
be seen in plots (C) and (D). This motivates the use of the
EFR algorithm, see, also [24, 35].

• The challenges related to this specific test case are clear even
from the DNS simulations that, despite the use of a finer
mesh, still present some numerical oscillations near the out-
let domain, see plots (A) and (B).

• Moreover, the EFR method with standard choices 𝛿 = 𝜂 =
5.62 × 10−4 and 𝜒 = 5Δ𝑡 yields poor results, as well. Indeed:

⋅ The standard EF approach is overdiffusive and does not
capture the vortex shedding in the region near the cylinder,
as can be seen from plots (G) and (H).

⋅ The standard EFR method yields spurious oscillations,
meaning that the relaxation parameter 𝜒 is too small
and should be carefully tuned, as shown in plots (E)
and (F).

The above statements motivate the following analysis of param-
eter optimization, whose main goal is to improve the results of
the noEFRand standardEFRapproacheswith adaptive optimiza-
tion. In particular:

• Section 4.1 shows the results for 𝜒-Opt-EFR;

• Section 4.2 shows the results for 𝛿-Opt-EF;

• Section 4.3 shows the results for 𝛿𝜒-Opt-EFR.
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FIGURE 4 | From top to bottom: Velocity (left plots) and pressure (right plots) fields at final 𝑡 = 4 for DNS on the fine mesh (the reference solution),
and noEFRmethod on the coarse mesh (i.e., the solution to improve with regularization). The results of standard EFR and EF approaches on the coarse
mesh are also displayed. (a) DNS on fine mesh-velocity, (b) DNS on fine mesh-pressure, (c) noEFR-velocity, (d) noEFR-pressure, (e) Standard EFR
(𝛿 = 𝜂, 𝜒 = 5Δ𝑡)-velocity, (f) Standard EFR (𝛿 = 𝜂, 𝜒 = 5Δ𝑡)-pressure, (g) Standard EF (𝛿 = 𝜂)-velocity, and (h) Standard EF (𝛿 = 𝜂)-pressure.

4.1 | Numerical Results for 𝝌 -Opt-EFR

First, in Figure 5a, we include the 𝜒(𝑡) trends obtained with the
different local or global objective functions taken into account.

When minimizing the local MSE discrepancy, the optimal 𝜒(𝑡)
is close to 1 for each optimization time step. This means that the
algorithm activates for almost 100% of the filtered velocity, and
hence we expect an over-diffusive behavior, as happens in the
standard EF approach.

On the other hand, when we only consider the global velocity
norm discrepancy, the simulation blows up at 𝑡 = 1.6, as can be
seen in Figure B1, and in Figures 6 and 7d.

The simulation ismore stablewhen the velocity gradients and the
pressure contributions are also included in the objective function
(approaches 𝜒-Opt-EFR𝒖,∇𝒖

global and 𝜒-Opt-EFR
𝒖,∇𝒖,𝑝
global ). However, the

last two plots on the right in Figure 5a show an oscillating and
chaotic behavior of 𝜒(𝑡). To better understand the distribution
of the parameters’ values, we present in Figure 5b the relative
number of optimal𝜒𝑛 values attained by theOpt-EFR algorithms,
with 𝑛 = 1, . . . , 𝑁𝑇 . In particular, for a given value, 𝑛𝑝𝑜𝑖𝑛𝑡𝑠 is the

number of times 𝜒𝑛 attains the given value, while 𝑛𝑡𝑜𝑡𝑎𝑙 is the
total number of samples, namely 1,000. Figure 5 shows us that
the number of 𝜒(𝑡) elements close to 1 is around 25% in both
algorithms 𝜒-Opt-EFR𝒖,∇𝒖

global and 𝜒-Opt-EFR
𝒖,∇𝒖,𝑝
global . This means the

optimization algorithm converges statistically more often to val-
ues close to 1, deactivating the relaxation step.

A comparison among the methods with respect to the 𝐿2 rela-
tive errors, that is, 𝐸𝑢

𝐿2
(𝑡) and 𝐸𝑝

𝐿2
(𝑡), is not included here for the

sake of brevity. The reader can find this analysis in the Supporting
Information (Section B.1).

The 𝐿2 velocity and pressure norms are displayed in Figure 8,
whereas Figure 9 displays the velocity 𝐻1 seminorms. We
recall that the objective functions in algorithms 𝜒-Opt-EFR𝒖

global,
𝜒-Opt-EFR𝒖,∇𝒖

global, and 𝜒-Opt-EFR
𝒖,∇𝒖,𝑝
global include the information

on this specific metric. Hence, we expect better results in these
cases with respect to local optimization approaches. As expected,
Figures 8 and 9 show that:

• 𝜒-Opt-EFR𝒖
local and 𝜒-Opt-EFR𝒖,∇𝒖

local simulations produce
less accurate approximations than in the cases of global
optimizations;
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FIGURE 5 | Optimal value of 𝜒(𝑡) in the 𝜒-Opt-EFR algorithms (A), and count of observations of the parameter values (B). (a) Optimal value of
𝜒(𝑡), (b) Count of observations of the parameter values.

• 𝜒-Opt-EFR𝒖
global shows a good agreement in the 𝐿2 veloc-

ity norm (until 𝑡 = 1.6) with respect to the reference coun-
terpart, because it is exactly the metric optimized in the
optimization algorithm, while the pressure norm and the
velocity gradients are not accurately predicted. Indeed, this
approach yields a poor approximation of the velocity and
pressure fields, as can be seen in Figures 6 and 7d;

• Approaches 𝜒-Opt-EFR𝒖,∇𝒖
global and 𝜒-Opt-EFR

𝒖,∇𝒖,𝑝
global provide

the best results, and show a good agreement in the𝐻1 veloc-
ity seminorm and the pressure norm. This is confirmed by
the zoomed-in area in Figure 9, which highlights the oscilla-
tory behavior of the Opt-EFR norms. This behavior seems to
reproduce the DNS reference norm, while the standard EFR
is over-diffusive and, hence, has a constant norm over time;

• We expect that the addition of the pressure contribution in
𝜒-Opt-EFR𝒖,∇𝒖,𝑝

global would be beneficial and improve the pres-
sure accuracy with respect to 𝜒-Opt-EFR𝒖,∇𝒖

global. However, in
both cases, the pressure norm has a chaotic trend in time.
The graphical comparison between Figure 7e,f shows that
the addition of the pressure discrepancy in the objective
function only slightly increases the pressure accuracy.

Remark 4. To highlight the reason why the procedure
𝜒-Opt-EFR𝒖

global blows up at 𝑡 = 1.6, in Figure 8 we display
the pressure norm, which starts increasing after 𝑡 = 1, until it
completely explodes, as can be seen in Figure 7d. This happens
because the optimization algorithm for parameter 𝜒 does not
converge to a global optimum.

4.2 | Numerical Results for 𝜹-Opt-EF

In this section, we present results of the 𝛿-Opt-EF algorithms,
namely the ones optimizing parameter 𝛿(𝑡), for a fixed relaxation
parameter, 𝜒 = 1. Figure 10a shows the trend of the optimized
filter parameter in time.

The results here are similar to the results obtained in Subsec-
tion 4.1 with the global optimization of parameter 𝜒(𝑡), namely
𝛿(𝑡) is oscillating, but in this case in the prescribed range [1 ×
10−5, 1 × 10−3]. In particular, in the 𝛿-Opt-EF𝒖,∇𝒖,𝑝global algorithm, the
optimal parameter converges to 1 × 10−3 in the first time steps,
and then it oscillates but most of the time converges to 1 × 10−5.
Figure 10b presents the distribution of the parameter values, and
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FIGURE 6 | Velocity fields at final time instance 𝑡 = 4 for standard EFR, 𝜒-Opt-EFR results, and reference DNS simulation. (a) DNS-velocity (𝑡 =
4), (b) 𝜒-Opt-EFR𝒖

local-velocity (𝑡 = 4), (c) 𝜒-Opt-EFR𝒖,∇𝒖
local -velocity (𝑡 = 4), (d) 𝜒-Opt-EFR𝒖

global-velocity (𝑡 = 1.6), (e) 𝜒-Opt-EFR𝒖,∇𝒖
global-velocity (𝑡 = 4), (f)

𝜒-Opt-EFR𝒖,∇𝒖,𝑝
global -velocity (𝑡 = 4), and (g) Standard EFR (𝛿 = 𝜂, 𝜒 = 5Δ𝑡)-velocity (𝑡 = 4).

it shows that the most frequently occurring value is 1 × 10−5 in
all cases. We note that the oscillating behavior between this min-
imum value and higher values is necessary to alleviate the spuri-
ous oscillations appearing in the solution.

The trend of the norms in Figures 11 and 12, and the graphical
results in Figures 13 and 14 lead to the following conclusions:

• The optimized algorithms give a better representation of the
reference fields, outperforming the over-diffusive approxi-
mation of standard EF with fixed 𝛿;

• Comparing the 𝐿2 norms (Figure 11), we can see that the
most accurate result is obtained using the 𝛿-Opt-EF𝒖global
algorithm, which directly includes the measured metric
inside the objective function. However, this algorithm pro-
vides inaccurate results, as seen both from the 𝐿2 pressure
normplots and the𝐻1 velocity normplots. This is confirmed
by the graphical results (Figures 13 and 14b), which show
noisy and poor approximations;

• The 𝛿-Opt-EF𝒖,∇𝒖global and the 𝛿-Opt-EF𝒖,∇𝒖,𝑝global approaches are
more accurate than the 𝛿-Opt-EF𝒖global one, as can be seen
from the velocity𝐻1 and the pressure 𝐿2 norm plots. These

approaches are also closer to the reference DNS data than
the standard EF, as highlighted in the zoomed-in areas.
Also, the graphical results (Figures 13 and 14c,d) confirm a
good agreement with the reference DNS data (displayed in
Figures 13 and 14a);

• As noticed for the 𝜒-Opt-EFR algorithms, the inclusion of
the pressure contribution 𝛿-Opt-EF𝒖,∇𝒖,𝑝global does not improve
the pressure accuracy and negatively impacts the computa-
tional cost of the method.

4.3 | Numerical Results for 𝜹𝝌 –Opt-EFR

In this final part, we discuss the results of the double optimization
algorithms 𝛿𝜒-Opt-EFR. Since the algorithms 𝜒-Opt-EFR𝒖

global
and 𝛿-Opt-EF𝒖global proved to be inaccurate in the previous
Subsections 4.1 and 4.2, we here only consider algorithms
𝛿𝜒-Opt-EFR𝒖,∇𝒖

global and 𝛿𝜒-Opt-EFR
𝒖,∇𝒖,𝑝
global .

Figure 15a shows the optimal parameters’ trend in time for the
two proposed algorithms. The results for parameter 𝛿(𝑡) are sim-
ilar in the two cases. However, the relaxation parameter 𝜒(𝑡) has
statistically higher values in algorithm 𝛿𝜒-Opt-EFR𝒖,∇𝒖,𝑝

global , as can
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FIGURE 7 | Pressure fields at final time instance 𝑡 = 4 for StandardEFR,𝜒-Opt-EFR results, and for the referenceDNS simulation. (a)DNS-pressure
(𝑡 = 4), (b) 𝜒-Opt-EFR𝒖

local-pressure (𝑡 = 4), (c) 𝜒-Opt-EFR𝒖,∇𝒖
local -pressure (𝑡 = 4), (d) 𝜒-Opt-EFR𝒖

global-pressure (𝑡 = 1.6), (e) 𝜒-Opt-EFR𝒖,∇𝒖
global-pressure (𝑡 =

4), (f) 𝜒-Opt-EFR𝒖,∇𝒖,𝑝
global -pressure (𝑡 = 4), and (g) Standard EFR (𝛿 = 𝜂, 𝜒 = 5Δ𝑡)-pressure (𝑡 = 4).

FIGURE 8 | Velocity and pressure norms of 𝜒-Opt-EFR simulations, of the reference solutions projected on the coarse mesh, and of standard EFR.
The pressure plot (right) also includes a box with a zoomed-in area in the time interval [2, 2.8].
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FIGURE 9 | Velocity𝐻1 norms of 𝜒-Opt-EFR simulations, of the ref-
erence solutions, projected on the coarse mesh, and of standard EFR.
Note. The plot also includes a box with a zoomed-in area in the time range
[2, 2.8].

be seen from the histogram in Figure 15b. Moreover, in the dou-
ble optimizations the optimal 𝜒(𝑡) is almost always in the range
[1 × 10−1, 1], while in optimizations 𝜒-Opt-EFRglobal (Figure 5) it
has a more oscillating behavior, and it also converges to smaller
values.

The results for the 𝐿2 and 𝐻1 norms (Figures 16 and 17) are
similar for the two algorithms proposed (𝛿𝜒-Opt-EFR𝒖,∇𝒖

global and
𝛿𝜒-Opt-EFR𝒖,∇𝒖,𝑝

global ), as also highlighted in the zoomed-in areas
in the plots. If we also look at the graphical representations of
the velocity and pressure fields at 𝑡 = 4 in Figures 18 and 19c,d,
the behavior is quite similar. However, the final pressure field
is slightly more accurate when the functional also takes into
account the pressure contribution, namely in 𝛿𝜒-Opt-EFR𝒖,∇𝒖,𝑝

global .

4.4 | On the Role of the Optimization Step

The previous analysis was performed with a fixed optimiza-
tion step, Δ𝑡𝑜𝑝𝑡 = 10. However, the optimization step plays an

FIGURE 10 | Optimal value of 𝛿(𝑡) in the 𝛿-Opt-EF algorithms (A), and count of observations of the parameter values (B). (a) The first subfigure
description, (b) The second subfigure description.
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FIGURE 11 | Velocity and pressure norms of 𝛿-Opt-EF simulations, of the EF simulation with fixed 𝛿, and of the reference solutions, projected on
the coarse mesh. The pressure plot (right) also includes a box with a zoomed-in area in the time interval [2, 2.8].

FIGURE 12 | Velocity 𝐻1 norms of 𝛿-Opt-EF simulations, of the EF
simulation with fixed 𝛿, and of the reference solutions, projected on the
coarse mesh. The plot also includes a box with a zoomed-in area in the
time interval [2, 2.8].

important role in ensuring a good compromise between the accu-
racy and the efficiency of the described approach. Hence, this
section is dedicated to the comparison of the different types of
optimization, in terms of efficiency and accuracy. For each
algorithm, we also extend the analysis to different optimization
steps, namely Δ𝑡𝑜𝑝𝑡 = 𝑘Δ𝑡, where the positive integer 𝑘 satisfies
𝑘 ∈ {10, 20, . . . , 90, 100}.

Wemeasure the accuracy usingmetrics𝒖
global(𝝁𝑛)

𝑛
,∇𝒖

global(𝝁𝑛)
𝑛

,

and𝑝global(𝝁𝑛)
𝑛

, where the operator (⋅)
𝑛
is a time average, and the

terms (⋅)
global(𝝁

𝑛) are the global contributions in the optimization
introduced in Equation (6).

We measure the efficiency in terms of the wall-clock
time, expressed in relative percentage with respect to
the DNS time (bottom 𝑥-axis) and in absolute time
(top 𝑥-axis).

The results of the 𝛿𝜒-Opt-EFR simulations with different 𝑘 val-
ues are presented in the Pareto plots in Figures 20 and 21, where
the 𝑘 value is visualized in the boxes next to the corresponding
markers.

Since in the plots the 𝑥-axis represents the computational
time and the 𝑦-axis represents the errors, we expect the
best-performing simulations to be located in the lower left part
of the plots, which corresponds to low errors and low computa-
tional time. Moreover, our goal is to discard simulations taking
place in the upper left part, corresponding to high errors and low
computational cost, and in the lower right part, corresponding to
low errors and high computational cost.

Figures 20 and 21 yield the following conclusions:

• The standard EFR and the noEFR simulations lead to higher
errors than the optimized-EFR approaches, as we expect.
In particular, for the pressure and the velocity gradients,
𝛿𝜒-Opt-EFR methods are able to improve the accuracy by
two orders of magnitude. Moreover, the standard EFR and
the noEFR simulations also need more computational time
than some of the 𝛿𝜒-Opt-EFR simulations. This may be due
to the fact that the noEFR and standard-EFR simulations are
unstable and noisy, and, hence, the FEM Newton solver
needs more iterations to converge to a solution.

• With respect to the relative wall-clock time, all the
optimized-EFR simulations have high gain in time with
respect to the DNS simulation. However, the absolute time
suggests that the range of all the 𝛿𝜒-Opt-EFR simulations
is [4, 9] hours. This means that varying the optimization
time window, the change in the computational time of the
𝛿𝜒-Opt-EFR simulations may be on the order of hours.

• As expected, the simulations with a smaller optimization
step, that is, 10Δ𝑡 or 20Δ𝑡, need more time than the
simulations with higher optimization steps, but are more
accurate. We also note that the accuracy among different
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FIGURE 13 | Velocity fields at final time 𝑡 = 4 for standard EF, 𝛿-Opt-EF, and reference DNS. (a) DNS-velocity (𝑡 = 4), (b) 𝛿-Opt-EF𝒖global-velocity
(𝑡 = 4), (c) 𝛿-Opt-EF𝒖,∇𝒖global-velocity (𝑡 = 4), (d) 𝛿-Opt-EF𝒖,∇𝒖,𝑝global -velocity (𝑡 = 4), and (e) Standard EF (𝛿 = 𝜂)-velocity (𝑡 = 4).

FIGURE 14 | Pressure fields at final time 𝑡 = 4 for standard EF, 𝛿-Opt-EF, and reference DNS. (a) DNS-pressure (𝑡 = 4), (b) 𝛿-Opt-EF𝒖
global-pressure

(𝑡 = 4), (c) 𝛿-Opt-EF𝒖,∇𝒖global-pressure (𝑡 = 4), (d) 𝛿-Opt-EF𝒖,∇𝒖,𝑝global -pressure (𝑡 = 4), and (e) Standard EF (𝛿 = 𝜂)-pressure (𝑡 = 4).

optimization steps is still comparable in terms of the 𝐿2
norms, but not in terms of the 𝐻1 velocity seminorm. This
may be due to the fact that the velocity gradients get too
far from the global optimum before a novel optimization
is performed. Hence, the following optimization step is

no longer able to converge and to “fix” the spatial
gradients.

• The 𝛿𝜒-Opt-EFR𝒖,∇𝒖,𝑝
global strategy slightly improves pressure

accuracy. However, it is more time-consuming than the
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FIGURE 15 | Optimal value of 𝛿(𝑡) and 𝜒(𝑡) in the 𝛿𝜒-Opt-EFR algorithms (A), and relative parameter distribution (B).

𝛿𝜒-Opt-EFR𝒖,∇𝒖
global strategy, without yielding a significant gain

in accuracy.

The same sensitivity study for 𝜒-Opt-EFR and 𝛿-Opt-EF can be
found in the supplementary results (Sections B.1.1 and B.2.2).
The above considerations for 𝛿𝜒-Opt-EFR hold true also for the
other two strategies.

Remark 5. The Pareto plots in Figures 20 and 21 show how
the optimization step influences the simulation wall-clock time.
One would expect that simulations with larger time windows are
faster than simulations with smaller time windows. However, it

is important to underline that this general statement is not always
satisfied. For example, simulations with Δ𝑡𝑜𝑝𝑡 ∈ {70, 80, 90, 100}
take more time than simulations withΔ𝑡𝑜𝑝𝑡 ∈ {40, 50, 60}. This is
because larger optimization steps lead to more unstable systems
(i.e., spurious oscillations and presence of noise), and in this sce-
nario, the Newton method needs more iterations to converge to
the solution.

4.5 | Final Discussion

We here consider a comparison among the algorithms having the
best performance in the previous sections, namely (⋅)𝒖,∇𝒖,𝑝global .
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FIGURE 16 | Velocity and pressure norms of 𝛿𝜒-Opt-EFR simulations and reference solutions projected on the coarse mesh. The pressure plot
(right) also includes a box with a zoomed-in area in the time interval [2, 2.8].

FIGURE 17 | Velocity𝐻1 norms of 𝛿𝜒-Opt-EFR simulations and ref-
erence solutions projected on the coarse mesh. The plot also includes a
box with a zoomed-in area in the time interval [2, 2.8].

The comparison in the norms in Figures 22 and 23 shows that
all the results are similar. However, in the 𝐻1 velocity norm,
algorithm 𝜒-Opt-EFR𝒖,∇𝒖,𝑝

global is less oscillating than the others (as
one can notice from the zoomed-in areas), and is also slightly
more accurate in the 𝐿2 velocity norm.

In general, there is a consistent enhancement in the accuracy
between the standard and the Opt-EFR strategies. This improve-
ment is accompanied by slightly longer times in the case of
Algorithm 𝛿𝜒-Opt-EFR𝒖,∇𝒖

global, but considerably longer times for
strategy 𝛿𝜒-Opt-EFR𝒖,∇𝒖,𝑝

global , since it includes an evolve step within
each optimization pass. 𝛿𝜒-Opt-EFR𝒖,∇𝒖,𝑝

global slightly improves the
accuracy obtained with 𝛿𝜒-Opt-EFR𝒖,∇𝒖

global in terms of velocity gra-
dients and pressure discrepancy.

In addition, in what follows we report a series of considerations
concerning the comparison among all the algorithms proposed
in Sections 4.1, 4.2, and 4.3.

• The 𝜒-Opt-EFR strategies optimizing local quantities,
namely algorithms 𝜒-Opt-EFR𝒖

local and 𝜒-Opt-EFR𝒖,∇𝒖
local ,

provide over-diffusive results and are not able to fully
capture the dynamics of the test case. For this reason, in
Sections 4.2 and 4.3, we only consider the strategies with
global loss contributions.

• The strategies of type (⋅)𝒖global, optimizing the discrepancy on
the global quantity ||𝒖||𝐿2(Ω), lead to poor results. In particu-
lar, the optimized velocity field is characterized by spurious
oscillations. That motivates the addition of the gradient con-
tribution to the loss functional.

• The strategies of type (⋅)𝒖,∇𝒖global, which include the discrep-
ancy in both ||𝒖||𝐿2(Ω) and ||∇𝒖||𝐿2(Ω), provide the best results
in terms of velocity accuracy. Therefore, the inclusion of
the gradient contribution within the optimization process is
indispensable for achieving favorable outcomes in velocity
accuracy.

• The strategies considering the pressure contribution in
the loss functional, namely (⋅)𝒖,∇𝒖,𝑝global , yield similar results
to the algorithms (⋅)𝒖,∇𝒖global in terms of velocity accuracy.
However, the inclusion of the pressure discrepancy in the
loss functional leads to better results in terms of pressure
accuracy.

• As discussed previously, the computational times ofOpt-EFR
algorithms are comparable to the standard EFR in strategy
(⋅)𝒖,∇𝒖global, but with considerably better results. However, the
addition of the pressure contribution in the loss functional
leads to longer computational times, without a consistent
improvement in the accuracy. Moreover, in all the Opt-EFR
algorithms, there is a consistent gain in time with respect to
the DNS simulation.

• We can notice that all the algorithms of type (⋅)𝒖,∇𝑢global and
(⋅)𝒖,∇𝑢,𝑝global outperforms the results of standard EFR (𝛿 = 𝜂,
𝜒 = 5Δ𝑡). Moreover, 𝛿-Opt-EF𝒖,∇𝒖global and 𝛿-Opt-EF

𝒖,∇𝒖,𝑝
global with

Δ𝑡𝑜𝑝𝑡 = 10Δ𝑡 or Δ𝑡𝑜𝑝𝑡 = 20Δ𝑡 outperform the results of stan-
dard EF (𝛿 = 𝜂). Indeed, standard and fixed values for the
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FIGURE 18 | Velocity fields at final 𝑡 = 4 for 𝛿𝜒-Opt-EFR simulations, DNS reference, and standard EFR. (a) DNS-velocity (𝑡 = 4), (b) Standard
EFR-velocity (𝑡 = 4), (c) 𝛿𝜒-Opt-EFR𝒖,∇𝒖

global-velocity (𝑡 = 4), and (d) 𝛿𝜒-Opt-EFR𝒖,∇𝒖,𝑝
global -velocity (𝑡 = 4).

FIGURE 19 | Pressure fields at final time 𝑡 = 4 for 𝛿𝜒-Opt-EFR, DNS reference, and standard EFR. (a) DNS-pressure (𝑡 = 4), (b) Standard
EFR-pressure (𝑡 = 4), (c) 𝛿𝜒-Opt-EFR𝒖,∇𝒖

global-pressure (𝑡 = 4), and (d) 𝛿𝜒-Opt-EFR𝒖,∇𝒖,𝑝
global -pressure (𝑡 = 4).

filter and the relaxation parameter lead either to spurious
oscillations or to over-diffusive fields. Moreover, the compu-
tational time of standard EFR is higher than that of the opti-
mized methods because the simulation is not stable, and the
Newton method needs more iterations to converge to a solu-
tion. This suggests that the optimized strategies also work as
numerical stabilizations.

• As a general observation, the velocity 𝐻1 seminorm has an
oscillatory behavior in all the examined cases. This is linked
to a similar chaotic behavior of the optimal parameter values.
Indeed, the optimization algorithm minimizes the discrep-
ancy in the velocity gradients’ norm, so:
⋅ If the norm is far from the reference one, that is, the velocity
starts to exhibit a noisy and nonphysical behavior, which
means that the parameters are too small and the algorithm
converges to large optimal values;

⋅ Consequently, after Δ𝑡𝑜𝑝𝑡, the norm is closer to the ref-
erence DNS, and the simulation is more stable. Hence,
the simulation no longer requires large filter radii and/or

relaxation parameters, and the algorithm converges to
smaller optimal values.

Thismechanism repeats as the simulation evolves, leading to
oscillatory behaviors in both parameters and norms.

As an overview of the results, we include two additional Figures:

• Figure 24 represents the time-average (orange lines) and
confidence interval (boxes) of the relative errors in the veloc-
ity𝐻1 norm and pressure 𝐿2 norm. It confirms a significant
improvement in the Opt-EFR strategies with respect to the
baseline EFR/EF.

• Figure 25 displays the gain increase in the accuracy
of Opt-EFR results with respect to the baselines (stan-
dard EFR/EF). We measure the “gain” metric as the
time-averaged relative error of the Opt-EFR solutions with
respect to standard EFR and standard EF results. We con-
clude that Opt-EFR strategies significantly enhance the
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FIGURE 20 | Representation of how the optimization step affects the efficiency and the accuracy of the final velocity or pressure approximation in
𝛿𝜒-Opt-EFR𝒖,∇𝒖

global and 𝛿𝜒-Opt-EFR
𝒖,∇𝒖,𝑝
global simulations. The efficiency, on the 𝑥-axis, is measured through the relative wall-clock time with respect to the

DNS time. The accuracy, on the 𝑦-axis, is measured with the 𝐿2 velocity and pressure norms. (a) Discrepancy on the velocity 𝐿2 norm, (b) Discrepancy
on the pressure 𝐿2 norm.

accuracy of standard methods. In particular, we reach an
average gain of 99 % with respect to standard EFR, and
of 83 % (velocity) and 27–30 % (pressure) with respect to
standard EF.

Remark 6. Algorithm 1 can be adapted to various test cases
and different discretization types, such as finite element and
finite volume methods. As expected, the related results will
be problem-dependent. We remark, however, that this paper
aims to provide a data-driven alternative to the standard EFR

technique that enhances the simulation accuracy while main-
taining a similar computational cost.

5 | Conclusions and Outlook

In this work, we make a significant contribution to the EFR reg-
ularization approach by proposing a novel data-driven auto-
mated tuning of the filter and relaxation parameters, 𝛿 and
𝜒 , respectively.
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FIGURE 21 | Representation of how the optimization step affects the efficiency and the accuracy of the final velocity or pressure approximation
in 𝜒-Opt-EFR𝒖,∇𝒖

global and 𝜒-Opt-EFR
𝒖,∇𝒖,𝑝
global simulations. The efficiency, on the 𝑥-axis, is measured through the relative wall-clock time with respect to the

DNS time. The accuracy, on the 𝑦-axis, is measured with the𝐻1 velocity seminorm. (a) Discrepancy on the velocity𝐻1 semi-norm.

FIGURE 22 | Velocity and pressure norms for algorithms (⋅)𝒖,∇𝒖,𝑝global and reference solutions projected on the coarse mesh. The pressure plot (right)
also includes a box with a zoomed-in area in the time interval [2, 2.8].

We note that the literature provides guidelines for the val-
ues of these parameters. However, existing approaches typically
rely on: (i) constant parameter values; and (ii) heuristic
choices or problem-dependent tuning, lacking a systematic
framework for optimal selection. Our approach introduces an
optimization-based methodology (the Opt-EFR) to dynamically
adapt these parameters over time, improving the robustness and
accuracy of EFR simulations. This novelty is especially relevant
for under-resolved flow regimes, where fixed parameters often
lead to suboptimal results.

In particular, we propose and investigate three novel data-driven
optimization algorithms:

• 𝜒-Opt-EFR, optimizing 𝜒 for fixed 𝛿;

• 𝛿-Opt-EF, optimizing 𝛿 for fixed 𝜒 = 1;

• 𝛿𝜒-Opt-EFR, optimizing both 𝛿 and 𝜒 .

In each case, we investigate different objective functions,
minimizing the discrepancy between the outcome of the EFR
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FIGURE 23 | Velocity𝐻1 norms for algorithms (⋅)𝒖,∇𝒖,𝑝global and reference
solutions projected on the coarse mesh. The plot also includes a box with
a zoomed-in area in the time interval [2, 2.8].

FIGURE 24 | Statistics (median and confidence intervals) for noEFR,
standard EFR/EF, and the methods of type (⋅)𝒖,∇𝒖,𝑝global . The results display
the relative errors with respect to the DNS reference, and the plots show
the time-averaged error (orange line) and the confidence interval (boxes).
Specifically, Figure (a) displays the velocity𝐻1 norm discrepancy, while
Figure (b) shows the pressure 𝐿2 norm results. The statistics are com-
puted within the time window [0, 4].

FIGURE 25 | Gain in the relative errors in the𝐻1 velocity norm and
𝐿2 pressure norm. The results show the time average gain of the best
Opt-EFR methods with respect to the standard EFR and standard EF
simulations.

simulations (in an under-resolved regime) and a reference DNS
(i.e., noEFR performed on a resolved grid).

We perform the numerical simulations on the test case of incom-
pressible unsteady flow past a cylinder at a fixed Reynolds num-
ber 𝑅𝑒 = 1, 000.

The key new findings of the proposed study are:

1. The optimized-EFR simulations always provide bet-
ter results than noEFR and standard EFR with fixed
parameters.

2. The best results are achieved by including in the objective
function the discrepancies of the velocity gradients with
respect to the reference simulation.

3. The global objective functions always yield more accu-
rate results than the corresponding local objective func-
tions.

4. The Opt-EFR simulations have a similar or smaller com-
putational time than the standard EFR, even if they
include an additional optimization step. This happens
because the choice of optimal parameters improves the
numerical stability of the system and allows for faster
convergence.

Despite these promising results, we note as a limitation
the reliance on data for the optimization, which requires
pre-computed DNS data to evaluate the discrepancy between
the optimized EFR and the DNS reference. Additionally, the
approach is problem-dependent, as the algorithm needs to be
re-executed in different flow configurations.

As a possible future research direction, the authors would like to
consider the application of machine learning approaches, such
as reinforcement learning, to perform the training phase of
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the new optimization algorithms separately from the simulation.
In this way, the training is performed only once and employs
the data from a specific time window, allowing the prediction of
the solution in a time extrapolation setting. This approach could
significantly reduce the computational overhead and enable
real-time parameter adaptation.

Another possible outlook for the project is to extend the new opti-
mization strategies to the framework of reduced-order models
by comparing the optimal full-order model parameters with the
optimal reduced-order model parameters.

We also highlight the flexibility of the Opt-EFR algorithms,
which can be trivially extended to other flow scenarios, such
as turbulent channel flows or aerodynamic simulations, where
adaptive regularization plays a crucial role in improving predic-
tion accuracy.
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Appendix A

Methodological Details on Opt-EFR Algorithms

This part of the Supporting Information specifies additional details on the
𝜒-Opt-EFR and 𝛿-Opt-EF methodologies.

The 𝝌-Opt-EFR Algorithms: Finding an Optimal Relaxation
Parameter

This section describes a strategy that combines standard optimization
algorithms with the EFR strategy to find the optimal 𝜒 , starting from a
fixed value of the parameter 𝛿.
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All the algorithms described in this section predict a discretized
time-dependent 𝜒 , {𝜒(𝑡𝑛)}𝑁𝑇

𝑛=1, minimizing an objective function. Specif-
ically, we investigate several objective functions to deduce how the dif-
ferent optimization approaches would affect the accuracy of the final
EFR solution. The features of the adopted strategies are summarized in
Table A1.

The algorithms in Table A1 perform at each time instance Step (I), Step
(II) for a given constant 𝛿 and, then, look for an optimal time-dependent
𝜒(𝑡) to be employed in Step (III). The process is summarized in
Algorithm 2.

Asmentioned in Section 3, the objective function tominimize to compute
the optimal 𝜒𝑛 = 𝜒(𝑡𝑛) can feature either local or global contributions.
The local objective function is specialized here as follows:

local(𝜒𝑛) = 𝑤𝒖
𝒖
local(𝜒

𝑛) +𝑤∇𝒖
∇𝒖
local(𝜒

𝑛) (A1)

where the individual contributions are

𝒖
local(𝜒

𝑛) = MSE
(
𝒖𝑛(𝜒𝑛), 𝒖𝑛

𝑟𝑒𝑓

)
∇𝒖
local(𝜒

𝑛) = MSE
(
∇𝒖𝑛(𝜒𝑛),∇𝒖𝑛

𝑟𝑒𝑓

) (A2)

The global objective function has the following expression:

global(𝜒𝑛) = 𝑤𝒖
𝒖
global(𝜒

𝑛) +𝑤∇𝒖
∇𝒖
global(𝜒

𝑛) +𝑤𝑝
𝑝

global(𝜒
𝑛) (A3)

where the global contributions are

𝒖
global(𝜒

𝑛) =
||||||
||𝒖𝑛(𝜒𝑛)||2

𝐿2(Ω) − ||𝒖𝑛
𝑟𝑒𝑓

||2
𝐿2(Ω)||𝒖𝑛

𝑟𝑒𝑓
||2
𝐿2(Ω)

||||||
∇𝒖
global(𝜒

𝑛) =
||||||
||∇𝒖𝑛(𝜒𝑛)||2

𝐿2(Ω) − ||∇𝒖𝑛
𝑟𝑒𝑓

||2
𝐿2(Ω)||∇𝒖𝑛

𝑟𝑒𝑓
||2
𝐿2(Ω)

||||||

𝑝

global(𝜒
𝑛) =

||||||
||𝑝𝑛+1(𝜒𝑛)||2

𝐿2(Ω) − ||𝑝𝑛+1
𝑟𝑒𝑓

||2
𝐿2(Ω)||𝑝𝑛+1

𝑟𝑒𝑓
||2
𝐿2(Ω)

||||||

(A4)

Algorithm 2 presents the general pseudocode that can be applied for all
the algorithms presented in Table A1, by replacing the objective function
(𝜒𝑛+1) with the specific functional of the proposed algorithm, namely
(A1) or (A3).

The 𝜹-Opt-EF Algorithms: Finding an Optimal Filter Parameter

In the present section, we provide the details on the optimized
Evolve–Filter algorithm, namely the final velocity at time step 𝑡𝑛 coin-
cides with the filtered velocity: 𝒖𝑛 ≡ 𝒘

𝑛 = 𝒖𝑛(𝛿𝑛). This is also equivalent
to the EFR case with 𝜒 = 1, and in this case, the predicted velocity would
only depend on the filter parameter.

The motivation for proceeding with this analysis is that the optimization
of the relaxation parameter is influenced by the choice of the filter param-
eter, which is kept fixed in 𝜒-Opt-EFR. To overcome this limitation, in
𝛿-Opt-EFwe optimize the time-varying parameter 𝛿(𝑡) in the EF approach

TABLE A1 | Acronyms and main features of the algorithms 𝜒-Opt-EFR. Gray cells indicate that the algorithm does not present that feature.

Objective function type Contributions in objective function

Acronym local global 𝒖 discrepancy 𝛁𝒖 discrepancy 𝒑 discrepancy

𝜒-Opt-EFR𝒖
local ✓ ✓

𝜒-Opt-EFR𝒖,∇𝒖
local ✓ ✓ ✓

𝜒-Opt-EFR𝒖
global ✓ ✓

𝜒-Opt-EFR𝒖,∇𝒖
global ✓ ✓ ✓

𝜒-Opt-EFR𝒖,∇𝒖,𝑝
global ✓ ✓ ✓ ✓

ALGORITHM 2 | Pseudocode for algorithms 𝜒-Opt-EFR optimizing the relaxation parameter 𝜒(𝑡). Row 10 (underlined) is considered only for
𝜒-Opt-EFR𝒖,∇𝒖,𝑝

global . The optimization part is highlighted in gray.

1: 𝒖𝑛
𝑟𝑒𝑓
, 𝑛 = 0,… , 𝑁𝑇 − 1; 𝑁𝑢

ℎ
; 𝒖0, Δ𝑡𝑜𝑝𝑡, 𝜒0 = 5Δ𝑡 ⊳ 𝐼𝑛𝑝𝑢𝑡𝑠 𝑛𝑒𝑒𝑑𝑒𝑑

2: for 𝑛 ∈ [0,… , 𝑁𝑇 − 1] do

3: (I)+(II) → 𝒘𝑛+1, 𝒘
𝑛+1

⊳ 𝑃𝑒𝑟𝑓𝑜𝑟𝑚 𝐸𝑣𝑜𝑙𝑣𝑒 𝑎𝑛𝑑 𝐹 𝑖𝑙𝑡𝑒𝑟 𝑠𝑡𝑒𝑝𝑠

4: 𝒖𝑛+1
𝑟𝑒𝑓

← 𝒖𝑛+1
𝑟𝑒𝑓

|𝕌𝑁𝑢
ℎ ⊳ 𝑃 𝑟𝑜𝑗𝑒𝑐𝑡 𝑡ℎ𝑒 𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑓𝑖𝑒𝑙𝑑 𝑖𝑛𝑡𝑜 𝑡ℎ𝑒 𝑐𝑜𝑎𝑟𝑠𝑒 𝑚𝑒𝑠ℎ

5: 𝜒𝑛+1 ← 𝜒𝑛 ⊳ 𝐼𝑛𝑖𝑡𝑖𝑎𝑙𝑖𝑧𝑒𝜒

6: if mod(𝑛,Δ𝑡𝑜𝑝𝑡) = 0 then ⊳ 𝑃𝑒𝑟𝑓𝑜𝑟𝑚 𝑜𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑒𝑣𝑒𝑟𝑦Δ𝑡𝑜𝑝𝑡
7: 𝑖𝑡𝑒𝑟 = 0
8: repeat ⊳ 𝑆𝐿𝑆𝑄𝑃 𝑎𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚

9: (III) → 𝒖𝑛+1 ⊳ 𝑅𝑒𝑙𝑎𝑥 𝑠𝑡𝑒𝑝

10: (I) → 𝑝𝑛+2 ⊳ (𝑆𝑒𝑐𝑜𝑛𝑑) 𝐸𝑣𝑜𝑙𝑣𝑒 𝑠𝑡𝑒𝑝
11: Optimize (𝜒𝑛+1), subject to 0 ≤ 𝜒𝑛+1 ≤ 1
12: 𝑖𝑡𝑒𝑟← 𝑖𝑡𝑒𝑟 + 1
13: Output current solution: 𝜒𝑛+1

14: until Convergence or maximum iterations reached
15: end if
16: Solve (III) with the optimized 𝜒𝑛+1 → Update 𝒖𝑛+1 ⊳ 𝑃𝑒𝑟𝑓𝑜𝑟𝑚 𝑅𝑒𝑙𝑎𝑥 𝑠𝑡𝑒𝑝 (𝐼𝐼𝐼)
17: end for
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directly. Moreover, we want to compare how the optimization behaves in
the absence of the relaxation step, namely when only the filtered velocity
is retained at each time step, so we fix 𝜒 = 1.

The 𝛿-Opt-EF strategy can be specialized in different versions, accord-
ing to the objective function we decide to optimize, just as described in
Section A.1 for 𝜒-Opt-EFR. The cases taken into account are reported
in Table A2. As will be seen in Section 4.1, the flow fields obtained con-
sidering the local objective function are inaccurate and contain spurious
oscillations. For this reason, for the 𝛿-Opt-EF objective function, we only
consider the global optimization.

The loss type considered is the one expressed in (A3), with the contribu-
tions (A4). The difference is that 𝒖𝑛+1 = 𝒘

𝑛+1 is obtained just from system
(3), and, hence, the contributions will be a function of 𝛿 instead of 𝜒 , say:

global(𝛿𝑛) = 𝑤𝒖
𝒖
global(𝛿

𝑛) +𝑤∇𝒖
∇𝒖
global(𝛿

𝑛) +𝑤𝑝
𝑝

global(𝛿
𝑛) (A5)

with 𝑤𝒖, 𝑤∇𝒖, and 𝑤𝑝 scalar quantities, and where the loss contribu-
tions are:

𝒖
global(𝛿

𝑛) =
||||||
||𝒖𝑛(𝛿𝑛)||2

𝐿2(Ω) − ||𝒖𝑛
𝑟𝑒𝑓

||2
𝐿2(Ω)||𝒖𝑛

𝑟𝑒𝑓
||2
𝐿2(Ω)

||||||
∇𝒖
global(𝛿

𝑛) =
||||||
||∇𝒖𝑛(𝛿𝑛)||2

𝐿2(Ω) − ||∇𝒖𝑛
𝑟𝑒𝑓

||2
𝐿2(Ω)||∇𝒖𝑛

𝑟𝑒𝑓
||2
𝐿2(Ω)

||||||

𝑝

global(𝛿
𝑛) =

||||||
||𝑝𝑛+1(𝛿𝑛)||2

𝐿2(Ω) − ||𝑝𝑛+1
𝑟𝑒𝑓

||2
𝐿2(Ω)||𝑝𝑛+1

𝑟𝑒𝑓
||2
𝐿2(Ω)

||||||

(A6)

The process is outlined in Algorithm 3.

In this optimization,we consider theKolmogorov length scale 𝜂 as the ini-
tial guess at time 𝑡0, namely, the literature common choice [36]. The opti-
mization is performed every Δ𝑡𝑜𝑝𝑡, as in Opt-EFR, and at each time step,

the initial guess is the optimal solution at the previous time instance. The
results related to this type of optimization are presented in Section 4.2.

The 𝜹𝝌-Opt-EFR Algorithms: Finding the Optimal Filter
and Relaxation Parameters

This final methodological section is dedicated to the double optimization
algorithm, the 𝛿𝜒-Opt-EFR.

Also in this case, we include Table A3 describing the cases investigated.
Since the results obtained with the local optimizations 𝜒-Opt-EFRlocal
and 𝛿-Opt-EFlocal are not accurate, we decide to exclude these analyses
here and to consider only the global optimizations in Table A3.

The double optimization is described in Algorithm 4, where the losses
have the same form as in (A3) and (A4), but with double dependency
(𝛿, 𝜒). In particular, the expression of the loss can be written as:

global(𝛿𝑛, 𝜒𝑛) = 𝑤𝒖
𝒖
global(𝛿

𝑛, 𝜒𝑛) +𝑤∇𝒖
∇𝒖
global(𝛿

𝑛, 𝜒𝑛)

+𝑤𝑝
𝑝

global(𝛿
𝑛, 𝜒𝑛)

(A7)

where the global contributions are

𝒖
global(𝛿

𝑛, 𝜒𝑛) =
||||||
||𝒖𝑛(𝛿𝑛, 𝜒𝑛)||2

𝐿2(Ω) − ||𝒖𝑛
𝑟𝑒𝑓

||2
𝐿2(Ω)||𝒖𝑛

𝑟𝑒𝑓
||2
𝐿2(Ω)

||||||
∇𝒖
global(𝛿

𝑛, 𝜒𝑛) =
||||||
||∇𝒖𝑛(𝛿𝑛, 𝜒𝑛)||2

𝐿2(Ω) − ||∇𝒖𝑛
𝑟𝑒𝑓

||2
𝐿2(Ω)||∇𝒖𝑛

𝑟𝑒𝑓
||2
𝐿2(Ω)

||||||

𝑝

global(𝛿
𝑛, 𝜒𝑛) =

||||||
||𝑝𝑛+1(𝛿𝑛, 𝜒𝑛)||2

𝐿2(Ω) − ||𝑝𝑛+1
𝑟𝑒𝑓

||2
𝐿2(Ω)||𝑝𝑛+1

𝑟𝑒𝑓
||2
𝐿2(Ω)

||||||

(A8)

In this section we will only analyze cases 𝑤∇𝒖 = 𝑤𝒖 = 1, 𝑤𝑝 = 0, and
𝑤∇𝒖 = 𝑤𝒖 = 𝑤𝑝 = 1, as those were proved to be the algorithms with the

TABLE A2 | Acronyms and main features of the algorithms 𝛿-Opt-EF. Gray cells indicate that the algorithm does not present that feature.

Objective function type Contributions in objective function

Acronym local global 𝒖 discrepancy 𝛁𝒖 discrepancy 𝒑 discrepancy

𝛿-Opt-EF𝒖global ✓ ✓
𝛿-Opt-EF𝒖,∇𝒖global ✓ ✓ ✓
𝛿-Opt-EF𝒖,∇𝒖,𝑝global ✓ ✓ ✓ ✓

ALGORITHM 3 | Pseudocode for algorithms 𝛿-Opt-EF optimizing the filter parameter 𝛿(𝑡). Row 10 (underlined) is considered only for
𝛿-Opt-EF𝒖,∇𝒖,𝑝global . The optimization part is highlighted in gray.

1: 𝒖𝑛
𝑟𝑒𝑓
, 𝑛 = 0,… , 𝑁𝑇 − 1; 𝑁𝑢

ℎ
; 𝒖0, Δ𝑡𝑜𝑝𝑡, 𝛿0 = 𝜂 ⊳ 𝐼𝑛𝑝𝑢𝑡𝑠 𝑛𝑒𝑒𝑑𝑒𝑑

2: for 𝑛 ∈ [0,… , 𝑁𝑇 − 1] do
3: (I) → 𝒘𝑛+1 ⊳ 𝑃𝑒𝑟𝑓𝑜𝑟𝑚 𝐸𝑣𝑜𝑙𝑣𝑒 𝑠𝑡𝑒𝑝

4: 𝒖𝑛+1
𝑟𝑒𝑓

← 𝒖𝑛+1
𝑟𝑒𝑓

|𝕌𝑁𝑢
ℎ ⊳ 𝑃 𝑟𝑜𝑗𝑒𝑐𝑡 𝑡ℎ𝑒 𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑓𝑖𝑒𝑙𝑑 𝑖𝑛𝑡𝑜 𝑡ℎ𝑒 𝑐𝑜𝑎𝑟𝑠𝑒 𝑚𝑒𝑠ℎ

5: 𝛿𝑛+1 ← 𝛿𝑛 ⊳ 𝐼𝑛𝑖𝑡𝑖𝑎𝑙𝑖𝑧𝑒 𝛿

6: if mod(𝑛,Δ𝑡𝑜𝑝𝑡) = 0 then ⊳ 𝑃𝑒𝑟𝑓𝑜𝑟𝑚 𝑜𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑒𝑣𝑒𝑟𝑦 Δ𝑡𝑜𝑝𝑡
7: 𝑖𝑡𝑒𝑟 = 0
8: repeat ⊳ 𝑆𝐿𝑆𝑄𝑃 𝑎𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚

9: (II) → 𝒖𝑛+1 ⊳ 𝐹 𝑖𝑙𝑡𝑒𝑟 𝑠𝑡𝑒𝑝

10: (I) → 𝑝𝑛+2 ⊳ (𝑆𝑒𝑐𝑜𝑛𝑑) 𝐸𝑣𝑜𝑙𝑣𝑒 𝑠𝑡𝑒𝑝
11: Optimize (𝛿𝑛+1), subject to 1 × 10−5 ≤ 𝛿𝑛+1 ≤ 1 × 10−3
12: 𝑖𝑡𝑒𝑟← 𝑖𝑡𝑒𝑟 + 1
13: Output current solution: 𝛿𝑛+1

14: until Convergence or maximum iterations reached
15: end if
16: Solve (II) with the optimized 𝛿𝑛+1 → Update 𝒖𝑛+1 ⊳ 𝑃𝑒𝑟𝑓𝑜𝑟𝑚 𝐹 𝑖𝑙𝑡𝑒𝑟 𝑠𝑡𝑒𝑝 (𝐼𝐼)
17: end for
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TABLE A3 | Acronyms and main features of the algorithms 𝛿𝜒-Opt-EFR. Gray cells indicate that the algorithm does not present that feature.

Objective function type Contributions in objective function

Acronym local global 𝒖 discrepancy 𝛁𝒖 discrepancy 𝒑 discrepancy

𝛿𝜒-Opt-EFR𝒖,∇𝒖
global ✓ ✓ ✓

𝛿𝜒-Opt-EFR𝒖,∇𝒖,𝑝
global ✓ ✓ ✓ ✓

ALGORITHM 4 | Pseudo-code for algorithms 𝛿𝜒-Opt-EFR optimizing both parameters. Row 9 (underlined) is considered only for
𝛿𝜒-Opt-EFR𝒖,∇𝒖,𝑝

global . The optimization part is highlighted in gray.

1: 𝒖𝑛
𝑟𝑒𝑓
, 𝑛 = 0,… , 𝑁𝑇 − 1; 𝑁𝑢

ℎ
; 𝒖0, Δ𝑡𝑜𝑝𝑡, (𝛿0, 𝜒0) = (𝜂, 5Δ𝑡) ⊳ 𝐼𝑛𝑝𝑢𝑡𝑠 𝑛𝑒𝑒𝑑𝑒𝑑

2: for 𝑛 ∈ [0,… , 𝑁𝑇 − 1] do
3: (I) → 𝒘𝑛+1 ⊳ 𝑃𝑒𝑟𝑓𝑜𝑟𝑚 𝐸𝑣𝑜𝑙𝑣𝑒 𝑠𝑡𝑒𝑝

4: 𝒖𝑛+1
𝑟𝑒𝑓

← 𝒖𝑛+1
𝑟𝑒𝑓

|𝕌𝑁𝑢
ℎ ⊳ 𝑃 𝑟𝑜𝑗𝑒𝑐𝑡 𝑡ℎ𝑒 𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑓𝑖𝑒𝑙𝑑 𝑖𝑛𝑡𝑜 𝑡ℎ𝑒 𝑐𝑜𝑎𝑟𝑠𝑒 𝑚𝑒𝑠ℎ

(𝜒𝑛+1, 𝛿𝑛+1) ← (𝜒𝑛, 𝛿𝑛) ⊳ 𝐼𝑛𝑖𝑡𝑖𝑎𝑙𝑖𝑧𝑒 𝑏𝑜𝑡ℎ 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠

5: if mod(𝑛,Δ𝑡𝑜𝑝𝑡) = 0 then ⊳ 𝑃𝑒𝑟𝑓𝑜𝑟𝑚 𝑜𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑒𝑣𝑒𝑟𝑦Δ𝑡𝑜𝑝𝑡
6: 𝑖𝑡𝑒𝑟 = 0
7: repeat
8: (II)+(III) → 𝒖𝑛+1 ⊳ 𝐹 𝑖𝑙𝑡𝑒𝑟 𝑎𝑛𝑑 𝑅𝑒𝑙𝑎𝑥 𝑠𝑡𝑒𝑝

9: (I) → 𝑝𝑛+2 ⊳ (𝑆𝑒𝑐𝑜𝑛𝑑) 𝐸𝑣𝑜𝑙𝑣𝑒 𝑠𝑡𝑒𝑝
10: Optimize (𝛿𝑛+1, 𝜒𝑛+1), subject to 1 × 10−5 ≤ 𝛿𝑛+1 ≤ 1 × 10−3, 0 ≤ 𝜒𝑛+1 ≤ 1
11: 𝑖𝑡𝑒𝑟← 𝑖𝑡𝑒𝑟 + 1
12: Output current solution: (𝛿𝑛+1, 𝜒𝑛+1)
13: until Convergence or maximum iterations reached
14: end if
15: Solve (II)+(III) with the optimized 𝛿𝑛+1 and 𝜒𝑛+1 → Update 𝒖𝑛+1 ⊳ 𝑃𝑒𝑟𝑓𝑜𝑟𝑚 𝐹 𝑖𝑙𝑡𝑒𝑟 𝑎𝑛𝑑 𝑅𝑒𝑙𝑎𝑥

16: end for

best performances in the 𝜒-Opt-EFR and the 𝛿-Opt-EF setting, as shown
in Sections 4.1 and 4.2.

In the 𝛿𝜒-Opt-EFR optimization, we consider as ranges for the
parameters’ search the same intervals taken into account in strate-
gies 𝜒-Opt-EFR and 𝛿-Opt-EF, namely 𝛿(𝑡) ∈ [1 × 10−5, 1 × 10−3], 𝜒(𝑡) ∈
[0, 1]. The results related to this type of optimization are presented in
Section 4.3. We remark that line 9 of Algorithm 4 is performed only
if 𝑤𝑝 ≠ 0.

Appendix B

Additional Numerical Results

This part collects additional numerical results for the Opt-EFR strategies.
Specifically, we include the following comparative studies:

• Algorithm 𝜒-Opt-EFR (Section B.1):
⋅ Comparison of different 𝜒-Opt-EFR algorithms in the 𝐿2 relative
errors with respect to the DNS reference, highlighting the improve-
ment with respect to standard EFR;

⋅ A sensitivity study on how the optimization step influences the
accuracy and computational time of simulations (Section B.1.1).

• Algorithm 𝛿-Opt-EF (Section B.2):
⋅ An analysis on how the results change by including the incom-
pressibility constraint into the differential filter (Section B.2.1);

⋅ A sensitivity study on how the optimization step influences the
accuracy and computational time of simulations (Section B.2.2).

𝝌-Opt-EFR: Additional Results

We proceed with our analysis by investigating the accuracy with
respect to the 𝐿2 relative errors, that is, 𝐸𝑢

𝐿2
(𝑡) and 𝐸

𝑝

𝐿2
(𝑡), dis-

played in Figure B1. All the results look similar in the 𝐿2 errors,
except for the 𝜒-Opt-EFR𝒖

global, whose solution blows up at second
1.6. Except for procedure 𝜒-Opt-EFR𝒖

global, all the optimized techniques

yield more accurate results with respect to standard EFR (gray line in
Figure B1).

However, as we can see in the graphical results of Figures 6 and 7, the
𝐿2 relative error is not a significant metric to compare the different
approaches in our test case. Indeed, even if the results for that metric
are all similar, the flow dynamics are well captured in simulations of
𝜒-Opt-EFR𝒖,∇𝒖

global and 𝜒-Opt-EFR
𝒖,∇𝒖,𝑝
global , but not in the other approaches. In

particular:

• In 𝜒-Opt-EFR𝒖
global, the field is characterized by spurious oscillations

in the whole domain;

• The local methods 𝜒-Opt-EFR𝒖
local and 𝜒-Opt-EFR𝒖,∇𝒖

local are
over-diffusive.

Hence, we will not consider the 𝐿2 errors as metrics in the remaining
part of the manuscript, but we will consider the 𝐿2 velocity and pressure
norms, and the 𝐻1 velocity seminorm to evaluate the results. We also
note that the reason for analyzing global features, instead of local errors,
is that, considering the optimization of local quantities, there is a phase
shift in capturing the dynamics of the vortex shedding.Moreover, the local
optimization is not able to fully recover all the vortices appearing in the
reference DNS simulation.

On the Role of the Optimization Step

This section investigates the role of the optimization step on the efficiency
and accuracy of the 𝜒-Opt-EFR solution.

The results of the 𝜒-Opt-EFR simulations with different 𝑘 are presented
in the Pareto plots in Figure B2, where the 𝑘 value is visualized in the
boxes next to the corresponding markers.

Figures B2 and B3 yield similar conclusions as the 𝛿𝜒-Opt-EFR
(Section 4.4). Specifically, all the optimized simulations show an
increased accuracy with respect to standard EFR, with a similar
computational time.
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FIGURE B1 | Relative velocity and pressure errors of 𝜒-Opt-EFR simulations with respect to the reference solutions projected on the coarse mesh.
The results for the standard EFR approach are also reported.

𝜹-Opt-EF: Additional Results

On the Incompressibility Constraint

In EF simulations of incompressible flows, the incompressibility con-
straint is generally not satisfied when applying the differential filter in
Step (II). In particular, the filter preserves the above-mentioned constraint
under periodic boundary conditions, but not under no-slip boundary
conditions [36, 45, 46]. A technique that can be exploited to tackle this
problem is the so-called grad-div stabilization. This approach consists
of penalizing the violation of the incompressibility constraint by adding
to the differential filter equations a term of the form:

𝛾∇(∇ ⋅𝒘𝑛+1) (B1)

with 𝛾 = 100, as in [47]. The reader can find more details on the grad-div
stabilization in [48–50].

As stated in [25], EFR simulations with 𝜒 ≠ 1 are typically characterized
by low values of the velocity divergence, and the grad-div stabilization is
not needed. However, such stabilization becomes necessary in EF simu-
lations, namely when 𝜒 = 1.

Although the investigation in Section 4.2 does not employ the grad-div
stabilization, next we highlight how the results would change in case, it
is considered.

Figure B4 displays the variation in time of the space-average of the veloc-
ity divergence for the 𝛿-Opt-EF𝒖,∇𝒖global and 𝛿-Opt-EF

𝒖,∇𝒖,𝑝
global , with and without

grad-div stabilization. It clearly shows that in the simulations without
the grad-div stabilization, the incompressibility constraint is not satisfied,
while the grad-div stabilization fixes the issue.

Figures B5 and B6, similarly to Figures 11 and 12, display the time evolu-
tion of the velocity and pressure 𝐿2 norms, and of the velocity𝐻1 semi-
norm, respectively. The plots suggest that the results with the grad-div
stabilization are similar to the results obtainedwithout stabilizing the dif-
ferential filter. In particular, Figure B5 shows that the velocity norm is
slightly closer to the reference norm in the last time instances of the sim-
ulation, while the pressuremaintains the same chaotic behavior observed
for the non-stabilized simulations.

We also provide a comparison of the global performance of simulations
with and without grad-div stabilization in Table B1. The table reports the
time average of the global contributions defined in Equation (A6).We can
notice that the grad-div simulations provide a slightly improved velocity,

as already illustrated in the left plot in Figure B5. However, the pressure
accuracy is considerably lower. Moreover, if we look at the graphical rep-
resentations in Figures B7 and B8, we can notice that, at the final time
instance, the grad-div simulation and the DNS lift have opposite signs,
while the no-grad-div simulations better capture the flow behavior.

On the Role of the Optimization Step

As in Section B.1.1, we include here an analysis of the accuracy depending
on the optimization step.

The conclusions are the same as those outlined for the 𝜒-Opt-EFR
algorithm. Indeed, as can be seen from Figures B9 and B10, also in this
case, the algorithm including the pressure contribution (𝛿-Opt-EF𝒖,∇𝒖,𝑝global )
is slightly more accurate, but the 𝛿-Opt-EF𝒖,∇𝒖global simulations aremore effi-
cient. We can, however, notice some differences between the 𝜒-Opt-EFR
and 𝛿-Opt-EF strategies:

i. The accuracy of the optimized EF/EFR. Looking at the 𝑦-scale
in Figures B9 and B2, we can see that the 𝜒-Opt-EFR algorithms
provide generallymore accurate results when keeping constant the
filter parameter. Hence, optimizing only 𝜒(𝑡) and keeping the fil-
ter parameter fixed to the Kolmogorov scale produces lower errors
than optimizing only 𝛿(𝑡) without the relaxation step.

ii. The accuracy of the standard EF/EFR. Standard EFR provides
noisy results, while standard EF is over-diffusive but is closer to
the DNS results. It is indeed more accurate than the standard EFR
with 𝜒 ≠ 1. As an additional consideration, since it is more sta-
ble and does not exhibit spurious oscillations, the Newton method
converges faster to the FE solution, and its wall clock time is con-
siderably lower than that of the standard EFR.

iii. The comparison in time between standard EF and 𝛿-Opt-EF
The 𝛿-Opt-EF𝒖,∇𝒖global approach proves to be more accurate than
the standard EF when considering Δ𝑡𝑜𝑝𝑡 = 10Δ𝑡 and Δ𝑡𝑜𝑝𝑡 = 20Δ𝑡.
However, unlike the 𝜒-Opt-EFR algorithms (Section 4.1), these
methods are characterized by longer computational times com-
pared to the standard EF. This is expected because EF is overdif-
fusive and, thus, facilitates the convergence of the Newton solver.
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FIGURE B2 | Representation of how the optimization step affects the efficiency and the accuracy of the final velocity or pressure approximation
in 𝜒-Opt-EFR𝒖,∇𝒖

global and 𝜒-Opt-EFR
𝒖,∇𝒖,𝑝
global simulations. The efficiency, on the 𝑥-axis, is measured through the relative wall clock time with respect to the

DNS time. The accuracy, on the 𝑦-axis, is measured with respect to the 𝐿2 velocity and pressure norms. (a) Discrepancy in the velocity 𝐿2 norm, (b)
Discrepancy in the pressure 𝐿2 norm.
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FIGURE B3 | Representation of how the optimization step affects the efficiency and the accuracy of the final velocity or pressure approximation
in 𝜒-Opt-EFR𝒖,∇𝒖

global and 𝜒-Opt-EFR
𝒖,∇𝒖,𝑝
global simulations. The efficiency, on the 𝑥-axis, is measured through the relative wall clock time with respect to the

DNS time. The accuracy, on the 𝑦-axis, is measured with respect to the𝐻1 velocity seminorm. (a) Discrepancy on the velocity𝐻1 semi-norm.

FIGURE B4 | Variation in time of the space-averaged divergence of
the velocity field, for 𝛿-Opt-EF𝒖,∇𝒖global and 𝛿-Opt-EF

𝒖,∇𝒖,𝑝
global with and without

grad-div stabilization.
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FIGURE B5 | 𝐿2 norms of the velocity and pressure fields in 𝛿-Opt-EF simulations, with and without grad-div stabilization.

FIGURE B6 | 𝐻1 seminorm of the velocity field in 𝛿-Opt-EF simulations, with and without grad-div stabilization.

TABLE B1 | Comparison between simulations with and without grad-div stabilization in terms of accuracy.


𝒖

global
(𝜹𝒏)

𝒏


𝛁𝒖
global

(𝜹𝒏)
𝒏


𝒑

global
(𝜹𝒏)

𝒏

Without grad-div 𝛿-Opt-EF𝒖,∇𝒖global 0.0578 0.188 0.420
𝛿-Opt-EF𝒖,∇𝒖,𝑝global 0.0585 0.189 0.425

With grad-div 𝛿-Opt-EF𝒖,∇𝒖global 0.0520 0.174 0.575
𝛿-Opt-EF𝒖,∇𝒖,𝑝global 0.0469 0.167 0.560

29 of 32

 10970207, 2025, 9, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nm

e.70042 by Sissa Scuola Internazionale, W
iley O

nline L
ibrary on [23/10/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



FIGURE B7 | Velocity fields for 𝛿-Opt-EF (with and without grad-div stabilization) and reference DNS at the final time instance (𝑡 = 4). (a) DNS,
(b) 𝛿-Opt-EF𝒖,∇𝒖global without grad-div, (c) 𝛿-Opt-EF

𝒖,∇𝒖,𝑝
global without grad-div, (d) 𝛿-Opt-EF

𝒖,∇𝒖
global with grad-div, and (e) 𝛿-Opt-EF

𝒖,∇𝒖,𝑝
global with grad-div.

FIGURE B8 | Pressure fields for 𝛿-Opt-EF (with and without grad-div stabilization) and reference DNS at the final time instance (𝑡 = 4). (a) DNS,
(b) 𝛿-Opt-EF𝒖,∇𝒖global without grad-div, (c) 𝛿-Opt-EF

𝒖,∇𝒖,𝑝
global without grad-div, (d) 𝛿-Opt-EF

𝒖,∇𝒖
global with grad-div, and (e) 𝛿-Opt-EF

𝒖,∇𝒖,𝑝
global with grad-div.
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FIGURE B9 | Representation of how the optimization step affects the efficiency and the accuracy of the final velocity or pressure approximation
in 𝛿-Opt-EF𝒖,∇𝒖global and 𝛿-Opt-EF

𝒖,∇𝒖,𝑝
global simulations. The efficiency, on the 𝑥-axis, is measured through the relative wall clock time with respect to the

DNS time. The accuracy, on the 𝑦-axis, is measured with respect to the 𝐿2 velocity and pressure norms. (a) Discrepancy on the velocity 𝐿2 norm, (b)
Discrepancy on the pressure 𝐿2 norm.
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FIGURE B10 | Representation of how the optimization step affects the efficiency and the accuracy of the final velocity or pressure approximation
in 𝛿-Opt-EF𝒖,∇𝒖global and 𝛿-Opt-EF

𝒖,∇𝒖,𝑝
global simulations. The efficiency, on the 𝑥-axis, is measured through the relative wall clock time with respect to the DNS

time. The accuracy, on the 𝑦-axis, is measured with respect to the𝐻1 velocity seminorm. (a) Discrepancy on the velocity𝐻1 semi-norm.
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