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TOPOLOGICAL SINGULARITIES IN PERIODIC MEDIA:
GINZBURG-LANDAU AND CORE-RADIUS APPROACHES

R. ALICANDRO, A. BRAIDES, M. CICALESE, L. DE LUCA, AND A. PIATNITSKI

ABSTRACT. We describe the emergence of topological singularities in periodic media within the
Ginzburg-Landau model and the core-radius approach. The energy functionals of both models
are denoted by E. 5, where € represent the coherence length (in the Ginzburg-Landau model) or
the core-radius size (in the core-radius approach) and § denotes the periodicity scale. We carry
out the I'-convergence analysis of E. 5 as € = 0 and § = ¢ — 0 in the |loge| scaling regime,
showing that the I'-limit consists in the energy cost of finitely many vortex-like point singularities

of integer degree. After introducing the scale parameter (upon extraction of subsequences)
log ¢,
A = min{1, lim ﬂ},
e—0 ‘ log 5|

we show that in a sense we always have a separation-of-scale effect: at scales less than e we first
have a concentration process around some vortices whose location is subsequently optimized,
while for scales larger than e* the concentration process takes place “after” homogenization.

KEYWORDS: Ginzburg-Landau Model; Core-Radius Approach; Topological Singularities; Ho-
mogenization; I'-convergence.
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Phase transitions mediated by the formation of topological defects characterize several physical
phenomena such as superfluidity, superconductivity and plasticity (see [39, 40} 411 [31] [37, [32]). The

study of such topological defects has become an extremely active research field in mathematics after
the progresses achieved in the analysis of the Ginzburg Landau (GL) energy functional in the last

decades (see e.g. [13145]). In [3] it has been proved that the GL functional, originally introduced to

model the phenomenology of phase transitions in Type-II superconductors through the formation
of vortex singularities of a complex order parameter, provides a good variational description for the
emergence of vortices in XY spin systems and of screw dislocations in crystal plasticity (see also

[2,142] 4,24, [9]). The results obtained in [3] suggest to exploit the GL theory for a phenomenological
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alternative description of several material-dependent variational models, opening the way to a
number of new mathematical problems involving the analysis of this functional. For instance,
in the modeling of materials, one needs to suitably modify it to include the usual kinematic
constraints and material constants which are specific of crystal structures. As a first step in this
direction, here we study a variant of the GL energy functional to include heterogeneities of the
medium.

Before describing the case of heterogeneous media, we briefly recall the analysis in the homo-
geneous case. Let 2 C R? be an open bounded set and let £ denote the coherence length of the
GL energy (proportional to the length scale of the core of a screw dislocation in a plastic crystal
or to the lattice spacing in a XY spin system). Let a > 0 and let G£. : H*(2; R?) — R be the
Ginzburg-Laundau functional defined as

1
=

(0.1) L. (v) ::a/ﬂ\VU(a:)F dz + /9(1— lo(@)[2)? dz.

The asymptotic behavior of GL. as € — 0 has been studied in order to give an energetic description
of the onset of vortices (see for instance [I3] [45]). A prototypical vortex of degree z € Z\ {0} at a
point 2y € Q can be thought of as the point singularity of a vectorial order parameter 7, :  — R?
which, outside the ball of radius ¢ centered at zq, winds around the center as ( Ii :ig‘ )?. The energy
of 7. diverges at order |loge| as e — 0. As a consequence, to detect the effective energy cost of
finitely many vortex singularities, one needs to study the GL. energy at a logarithmic scaling; that

‘Qlﬁosg(:l) It has been proved in [34] [I] that a
sequence {v. }, along which these energy functionals are equi-bounded, has Jacobians Ju. that, up

to a subsequence, converge in the flat sense (see Section [1)) to an atomic measure p =Y . | 20,

whose support represents the position of the limiting vortices. The I'-limit of “goéfe‘ with respect

is, to consider the asymptotic behavior of functionals

to this convergence at  is then given by 2ma ", |z;| (supposing z; # x; if i # j). This value can
be rewritten as 2ma|u|(Q2) and thought of as a functional depending on the total variation |u|(2)
of p in €.

Now, if more in general €2 is regarded as a reference configuration of a heterogeneous material,
described by periodic heterogeneities at a length scale d., we may consider the energies GL. :
H'(Q;R?) — R defined as

(0.2) GL:(v) :== /Qa,(%) |Vo(z)? dz + ;2 /Q(l — Jo(2))?)? dz,

where a : R? — [a, ] (0 < a < ) is a (0, 1)2-periodic function describing the material properties
of the media. Note that the energy GL. is controlled from (above and) below by a multiple of the
GL energy GL. above. Therefore, setting

X(Q):= {MEM(Q) : u:zn:zitsxi,neN,ziEZ\{O},xiEQ},

i=1
the following compactness result holds true.

Theorem 0.1. Let {v.}_ C H'(Q;R?) be such that GL.(v.) < C|loge|. Then, there exists
1 € X () such that, up to subsequences, Jov. flag T .

Assuming §. — 0 as ¢ — 0 we expect the effective limiting energy at the vortex scaling to be a
homogeneous energy combining both homogenization and concentration effects. As these effects
depend on the mutual rate of convergence of the vanishing parameters ¢ and d., different regimes
are possible. Heuristically, at some extreme regimes we will have “separation of scales”. Namely,
if € tends to 0 sufficiently fast with respect to § = . then we expect that § can be thought of as
an independent variable, the dependence on which separately dealt with after letting ¢ — 0 with
fixed 0. In this case, the limit as e — 0 with § fixed gives an energy of the form 27 37" | |z;]a (%),
and the optimization of the location of vortices at minimum points for a (we may assume here
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that a be continuous), which tend to be dense as 6 — 0, finally provides a limit of the form

n
27rminaz |2:].
i=1

Note that in order that this argument may work, the energy of a recovery sequence should be
concentrated on a o(d)-neighborhood of a minimum point of a. This gives a condition

| log d
| log el

(0.3)
by testing with functions winding as é:iz' around a vortex x;.

Conversely, if § = 6. tends to 0 sufficiently fast with respect to €, we expect that the variable
be considered as fixed and a homogenization process may be first performed with § — 0. In this
case, moreover, since the potential term in forces v. to have modulus equal to one as ¢ — 0,
(neglecting for a moment the effect of singularities) we may regard the homogenization process to
be restricted to the first part of the energy in , which can be written as

Gs(u) := /Qa(g)|Vu|2 dz,

where u is the lifting of v, i.e., v = €’ . The homogenization of functionals of this form has been

extensively studied in terms of I'-convergence (see [I9]) and it has been shown that G L5 Gy as
0 — 0, where

Go(u) :== / (AM°MYy, V) da,
Q

and AP°™ is the two-by-two symmetric matrix defined by

(0.4) (Ahome €)= inf {/ a(y)€+ Vey)Pdy : p € WSA?((OJ)?)} :
(0,1)2

At this point, the subsequent analysis involves the study of the I'-limit as € — 0 of a homogeneous
but anisotropic energy functional related to Gy at scale |loge|. The validity of this separation
of scales can be formalized by using a coarea formula-type argument, which shows that the I'-
convergence of GL. can be obtained working within another well-known framework in the analysis
of topological singularities; i.e., the so-called core-radius approach. That approach consists in com-
puting the gradient term in the energy outside small regions — the cores — around the singularities,
and allows to directly work with S'-valued order parameters (see e.g. [13, 5]). In this framework,
we may describe the energy around a vortex of degree z by an asymptotic formula of the type

(05) ¥(:) = m oo

min{/ (AMMYy, V) dz : u € HY(Bgr\ B,), deg (e™; B,) = z},
BR\B,,V

from which the T'-limit is obtained by locally optimizing the degree (possibly approximating a
vortex by more vortices). A computation eventually allows to conclude that the limit energy has
the form

n
27V det Ahom Z |2i]-
i=1
In order that this argument work, minimum problems in ((0.5)) should be seen as limits of minimum
problems

(0.6) min{/ o(2)1Vul do i u e H'(Br\ By), deg (™3 B,) = 2},
BR\B’V' n

for some choice of r and R with R/r — +o00, and n — 0. This can be done by a scaling argument
if § < €. An approximation argument, more in general, allows to extend this result to

(0.7) |logd| > |loge]

using the scaling properties of the energies.
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It is interesting to note that there is a scale gap between the two separation-of-scale regimes

given by (0.3) and (0.7)); i.e., when

I |logd|

(08) 51—I>r(l) |10g€| N

Ae(0,1)

(the existence of the limit is not restrictive up to extraction of subsequences). In this case the
behavior of the I'-limit is a convex combination of the extreme ones. Recovery sequences are
constructed with vortices concentrating close to minimum points for a, while they optimize oscil-
lations at scales between € and 1 so as to obtain a homogenized overall behavior at those scales.
The final form of the I'-limit is then

27r<(1 — A)mina + AVdet Ahom) i R

i=1
which comprises also the extreme cases, upon setting

logd
(0.9) A= lim 119800
e—0 |10g5—:|

Note that, since in the logarithmic regime, the GL. energies concentrate at any scale between
€ and 1, their behavior is very different from that of the corresponding scalar version, the inho-
mogeneous Cahn-Hilliard functionals given (after scaling) by

CH.(u) == 5/

al £ |Vu(z)]? dz + 1 (1 — Ju(z)*)* dz u € H'(Q),
Q 6& € Ja

which concentrate at scale € producing sharp-interface models. In that case separation of scale
occurs for ¢ < 6. and 6. < &, while in the critical regime 6. ~ ¢ the effective surface tension
is described by an optimal-profile problem depending on K := lim._,d./¢ (see [6]). In a sense,
in the GL case we do not have a critical behavior and we always have separation of scales. The
parameter A above can be seen as describing a threshold scale above and below which the two
types of separation of scales take place.

Although suggested by the heuristics, the computation of the I'-limits described above is highly
non-trivial and needs several new ideas in order to combine techniques from GL and homogeniza-
tion theories. We briefly outline some of the most relevant technical issues, and state the main
results of the paper formalizing the heuristic description given above, subdividing the analysis in
the cases 0. < e and §. > ¢

The following result is proven in Section [6.2

Theorem 0.2. If limsup % < 400, then the following I'-convergence result holds true.
e—0

(i) (T-liminf inequality) Let {v:}. C H*(;R?) be such that Ju.
Then

flag mu for some u € X ().

lim inf G (ve) > 27V det Abom || (Q).

=0 |loge]
(ii) (T-limsup inequality) For every p € X(Q), there exists a sequence {v.}. C HY(Q;R?)
such that Jov, flag T and
GL
lim sup GLe(ve) < 2rvVdet Abom || ().
e—0  |loge]

Within the core-radius approach, we carry out the I'-convergence analysis for more general
quadratic functionals than the one in the leading term of (0.2)). Specifically, let f : R? x R?*2 —
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[0, +00) be a Carathéodory function satisfying the following assumptions:
(P) f(-, M) is (0,1)%-periodic for every M € R**?;
(G) there exist two constants «, 8 with 0 < a < 8 such that
alM|? < f(y, M) < BIMJ*, for every M € R**? and for almost every y € R?;

(H) f(y,-) is homogeneous of degree 2 for almost every y € R?.
We describe the asymptotic behavior in the logarithmic regime of the functionals

Fes. (p, w) ::/ f(éﬁ,Vw(x)) dz,

Qe (1) €

defined for p =" | 2,0, € X(Q) and w € AF.(p), with
(0.10) AF-(p) == {w € H'(Q(pn); SY) @ deg(w,dB.(x;)) = z; for every i =1,...,n},

where Q. () :== Q\U]_, Be(z;) . Like the Jacobians in the GL theory, x is the relevant parameter
to keep track of energy concentration. Therefore, we let the functional depend only on p by setting

Felp) = inf | Fes(psw).

We prove that, for 6. < e, the functional %, asymptotically behaves as GL., namely, the ho-
mogenization process takes place “before” the concentration effect. This implies that the effective
cost of a singularity depends on the homogenized energy associated to the functionals Fs(-; E)
defined for any open set E as

(0.11) Fy(w; B) = /

f(E,Vw(x)) dz, we HY(E;SY).
E

)
Notice indeed that

0.12 Fo(p)= inf Fs (w;Q(p)).
(0.12) (1) went 5. (w; Qe ()

In [§] it has been proved that, as 6 — 0, the functionals Fj I'-converge to the homogenized
functional Fyom(+; E) : HY(E;S') — [0, 4+00) defined as
Fhom(w; E) ::/ Tfhom(w(z), Vw(x)) do .
E

In the formula above the energy density Tfhom is the tangential homogenization of the function f

(see formula ([1.6])).

In order to make the core-radius functionals non-trivial, we define .#. only on the set
- 1
(0.13) X.(Q) = {u =3 i, € X(Q) : min{f|xi . ,dist(xi,aQ)} > 2g}.
i=1 l #5142

In view of assumption and of the classical results on the core-radius approach functional (see
for instance [5, Theorem 3.2]), we have that the functionals %, satisfy compactness properties
analogous to the ones established in Theorem [0.1

Theorem 0.3. Let {u.}. C X(Q) be such that p. € X.(Q2) for every e > 0 and that F.(pe) <
C|loge|. Then, there exists p € X(Q) such that, up to subsequences, i flag 1.
The following theorem on the asymptotic limit of the functionals %, is proved in Section [6.1
Theorem 0.4. Iflimsup,_, % < 400, then the following I'-convergence result holds true.
(i) (T-liminf inequality) For any family {u.}. C X (Q) such that p. € X () for every e >0
and i, Hap w with u € X () we have

lim inf Felpe)
=0 |loge]

> Fo()-
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(ii) (T-limsup inequality) For every p € X(2), there exists a sequence {p.}. C X(Q) with
te € X:(2) for every e > 0 such that . ag 1 and
Z,
lim sup = (te) < Fo(p) .
e—0 | log €|

In the statement above %, : X (2) — [0, +00) is the functional defined as

n n
(0.14) Fo(p) =Y W(zi; Thom)  forevery p=>" 2., € X(Q),

i=1 i=1
where ¥(z; Tfhom), introduced in , is the asymptotic energy cost of a singularity of degree
z in a homogeneous medium whose energy is Fyom. The function ¥(z;Tfhom) is obtained via an
asymptotic cell-problem formula and a relaxation procedure. Loosely speaking, we first introduce
the minimal Fj,on, energy in an annulus around a singularity with degree z and we show that such
a quantity admits a finite limit, denoted by 9 (z; Tfhom), when the quotient of the radii goes to
+00. Then ¥(-; Tfhom) is obtained as the relaxation of the function ¥ (- ; Tfnom) on Z (see formula
(2.9)), accounting for the fact that a singularity of degree z can be approximated by a family
of singularities of degree z; with >, 2; = 2. In the simple case that f(z, M) = a(z)|M|* with
a € [a, ], we actually prove that ¥(z;Tfhom) = ZW\/WM (see Proposition .

Using a scaling argument, in Proposition we show that ¥ (; Tfnom) is also the asymptotically
minimal %, energy on “fat” annuli around a vortex of degree z. Here, “fat” stays for thick enough
to contain infinitely many d.-periodicity cells. Such a property allows to apply the homogenization
result in [§] that we show to hold even if the functionals are subject to a degree constraint (see
Theorem & Corollary .

A further technical aspect of our analysis is the use, in the proof of the lower bound, of a
refinement of the celebrated ball construction introduced in [43] [33]. This method allows to find a
one-parameter family B.(t) of growing and merging balls, that in turn identify a family of annuli
where the energy concentrates. In our case, using a strategy similar to [25], we stop the process at
an appropriate “time” t. at which the constructed family of annuli is “fat” enough to apply the
analysis described above and to obtain the desired lower bound.

Using the same strategy exploited for §. < & we are able to study the asymptotic behavior of
the core-radius approach and of the Ginzburg-Landau functionals also for . > € (see also [30] for
an example in this case). More precisely, we assume that . — 0 as € — 0 and that

.. |log o]

.1 A=1 1
(0.15) ey |log g| €01,

which implies that lim._,q % = 4o00. Furthermore, we assume that

(0.16) Fs(w; E) := /

E

for some measurable (0,1)2-periodic function a with a(y) € [o, 8] C (0, +00) for a.e. y € R%. The
main results in this scaling regime are the following two theorems proven in Section

Theorem 0.5. If (0.15) is satisfied, then the following statements hold true.
(i) (T-liminf inequality) For any family {p.},. C X (Q) such that p. € X (Q) for every e >0
and fi. flag w with 1 € X(Q) we have

lim inf Fe ) > 27T((1 — Aessinfa + AVdet Ahom) | () .

=0 |loge]

x 2 1. ol
a(6)|Vw| do, weHY(ESY),

(ii) (T-limsup inequality) For every p € X(2), there exists a sequence {p.}. C X(Q) with
e € X (Q) for every e > 0 such that pe Aag 1 and
Z,
lim sup Zele) < 271'((1 — Aessinfa + AVdet Ahom) | () .
es0 |logel

Theorem 0.6. If (0.15) is satisfied, then the following T'-convergence result holds true.
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(i) (T-liminf inequality) Let {v.}e C H*(;R?) be such that Jv. Ao 7 for some pu € X ().
Then
L
lim inf GLe(ve) > 27 (1 — MNessinf a + AV det Abom || 4] (Q).
=0 |loge]
(ii) (T-limsup inequality) For every p € X(Q), there exists a sequence {v.}. C H'(Q;R?)
flat
such that Jve = mu and

lim sup GLe(ve) < 27r<(1 — Nessinfa + AVdet Ahom) || (€2).
e—0 | log 6I

We conclude the introduction with a few comments and remarks about perspectives. A natural
follow-up of our results is the extension of our analysis to GL energies with more general integrands
in the leading term as those considered in the core-radius approach. A necessary first step in this
direction is the proof of a homogenization result for energies defined on maps taking values in a
tubular neighborhood of S'. More specifically, one could relax the S*-constraint in the functionals
Fs(+; E) in (0.11)), assuming the latter to be defined on H'(E; By4,\ B1—_) for some 7 € (0,1), and
then study their asymptotic behavior when both § and 7 tend to 0. Another possible extension
of our model is the analysis of the case of energy density f satisfying mild coercivity assumptions.
This would allow to analyze for instance the problem of topological singularities in presence of soft
inclusions of the inhomogeneous material. In this respect, an analysis on the behavior of minimizers
of GL functionals in perforated domains has been carried out in [I2]. Another challenging issue
is to look at a higher-order description of the functionals GL. and .%#., that in the homogeneous
case leads to the so-called renormalized energy governing the dynamics of the singularities (see for
instance [44] for the GL theory and [] for discrete models exhibiting topological singularities).
In our case of vanishing inhomogeneities we expect the corresponding renormalized energy to
depend on the functional Tfyon,. Furthermore, we believe that some of the techniques developed
in this paper can also be used to make progress in studying stochastic homogenization problems in
concentration theory, as for instance those in which the energy density f is replaced by a stationary
random potential.

We finally note that inhomogeneities in the GL theory can also be introduced in the potential
term; e.g., considering energies of the form

(0.17) GL.(v) :z/ﬂ\Vu(m)Fdx—ké/ﬂ(a(%) —|v(x)\2)2d:r.

For some homogenization results for energies see [10] 1], 28] [29] and the references therein.
The results obtained in those papers differ from ours, since the energy in describes a different
physical system, namely Type II superconductors in presence of small impurities. Note that a
complete study of energies of the form may require a very complex multi-scale analysis even
in the scalar case (see e.g. [27] 20] 22]).
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1. NOTATION AND PRELIMINARY RESULTS

Basic notation. Given two vectors z,y € R?, z -y denotes their scalar product. As usual, the
norm of z is denoted by |z| = \/z-x. For every 7 > 0 and = € R? B,(z) denotes the open
ball of radius 7 centered at x. For z = 0 we also write B, in place of B,(0). S' denotes the
boundary of Bj, namely the unit circle in R%. Given a € R, |a] := max{z € Z : 2z < a} and
[a] :=min{z € Z: z > a} denote the integer parts of a from below and from above, respectively.
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The imaginary unit is denoted by ¢ € C and the complex number e*® = cosa+t¢sina € C is identi-
fied with the Euclidean vector (cos a,sina) € R2. The identification extends to all S'-valued maps
that can be intended as complex functions as well, if needed. In particular, for every z € Z, by
(z/|z])* we mean the complex function obtained by taking the z-th complex power of the function
x/|z|. We say that a family {g,}, converges to go as n — 0 in the topology 7, and we write
9n Z, go whenever g, Z, go for any null sequence {1, }nen. With a little abuse of terminology

the family {g,}, is still called a sequence. The letter C' denotes a positive constant whose value
may change each time we write it.

Weak star and flat convergence. Let 2 C R? be an open and bounded set with Lipschitz
boundary. C.(92) denotes the space of continuous functions compactly supported in  endowed
with the supremum norm. We say that a sequence {p, fnen of measures converges weakly star in
Q to a measure j, and we write u, — p if for any ¢ € C.(Q)

<M"7(p>_><:u730> asn — +o0o.
CY%1(Q) denotes the space of Lipschitz continuous functions on Q endowed with the following norm
[¥llcon == SUB [¥(x)] + sup M
z€

z,yeN |z — y|
TFY

)

and we let C%1(Q) be its subspace of functions with compact support. The norm in the dual of

C%1(Q) will be denoted by || - ||gat and referred to as flat norm, while 3¢ Jenotes the convergence
with respect to this norm.

Jacobian, current, degree. Given v = (v!,v?) € H'(Q;R?), the Jacobian Jv of v is the L!
function defined as follows

Jv = detVu.

For every v € H(Q; R?), we can interpret Jv as an element of the dual of C2'1(Q) by setting
(Ju, ) = / Jv dx, for any ¢ € C21(Q).
Q

Notice that Jv can be written in a divergence form as Jv = div (vlvi,—vlvgl), i.e., for any
Y€ G (9,
(1.1) (Ju, o) = —/ 002 Y, — 0102 Yy, da

Q

Equivalently, we have Jv = curl (v'Vv?) and Jv = Jcurl j(v), where
j(v) == vt Ve? —v? Vol
is the so-called current associated to v.

Let A C Q be an open set with Lipschitz boundary, and let h € Hz (9A;R2) with |h| > ¢ > 0.
The degree of h is defined as

1 h 0 rhy M 1
deg(h,04) = 5 /BA a e G~ ag) 4
where 7 is the tangent field to 0A and the product in the above formula is understood in the
sense of the duality between Hz and H=2. In [16, 21] it is proven that the definition above
is well-posed, it is stable with respect to the strong convergence in H %(aA;RQ \ B¢) and that
deg(h,0A) € Z. Moreover, if v € H'(A;R? \ B.) then deg(v,dA) = 0 (here and in what follows
we identify v with its trace). Finally, if v € H'(A;R?) and |v| = 1 on 9A, by Stokes’ theorem
(and by approximating v with smooth functions) one has that

(1.2) /JU dmzl/ curl j(v) dz = 1/ j() -7 dH' = wdeg(v,0A).
A 2Ja 2 Joa
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Note that any v € H'(A;R?\ B.) can be written in polar coordinates as v(x) = p(z)e**®) on
0A with |p| > ¢. The function wu is said to be a lifting of v. By [14] (see also [I5, Theorem 3 and
Remark 3]), if A is simply connected, then deg(v, 9A) = 0 and the lifting can be selected in H B (0A)
with the map v — u being continuous. For A not necessarily simply connected, if I" is a connected
component of JA and the degree of v on I is equal to z € Z, then the lifting jumps on I by 27z, but
it can be locally selected to belong to H2. For 0 < r < R and ¢ € R2, let A, (€) := Br(€)\B,(¢)
be the annulus of radii 7 and R centered at &, and let v € H' (A4, r(£);S'). Then for every cut
L such that A, g(€)\ L is a simply connected set, there exists a lifting u € H' (A4, r(£) \ L) of v.
Hence, j(v) = Vu and from it follows that

deg(v,0B,(£)) = S / Vu-1dH'.
2m Jop, ()

We introduce a notion of modified Jacobian (a variant of the notion introduced in [I]), which
we will use in our I'-convergence results. Given 0 < ¢ < 1 we define for p € [0, 4+00) the function

Te(p) = min{%, 1}. If v € H'(Q;R?) we set
v
el

Note that, for every v := (v!,v?) and w := (w*, w?) belonging to H*(£2; R?) it holds

(1.3) ve =T (|v]) and Jev = Jue.

(1.4) Juv—Jw = %(J(vl —w',v? +w?) — J(? —w? vt +wh)).
Gathering together and one deduces the following lemma.
Lemma 1.1. There exists a universal constant C' > 0 such that for any v,w € H*(Q;R?) it holds
[Jv = Jw|[gar < Cllo —wl[2([[Voll2 + [[Vwll2) -
As a corollary of Lemma [1.1] we obtain the following proposition.

Proposition 1.2. Let {v.}. be a sequence in H'(Q;R?) such that GL.(v.) < C|logel, and let
n € (0, %) Then there exists C,, > 0 such that
sup  ||Jve — Jeve|lfar < Cyellogel, sup  |Jeve|(Q) < Cylloge].
Ce(n,1—n) Ce(n,1—m)

Periodic homogenization of energies defined on S'-valued maps. In the following para-
graph we state some useful propositions regarding the periodic homogenization of energy func-
tionals defined on maps from R? to S'. The propositions below have been proven in [§] in the
more general case of manifold-valued maps defined on R¢ with d € N. We specialize them here in
the S'-version that we exploit in the following sections.

Let f : R? x R?*2 — [0,+00) be a Carathéodory function satisfying assumptions (P and
. For every § > 0 and for every open bounded set E C R? we define the functional Fj(-, E) :
L?*(E;R?) — [0, +00] as

x

=, Vv)dr ifve HY(E;SY),
(1.5) Fs(v; E) = /Ef<5 ”) vy (£:57)

+00 otherwise.
For every s = (s!,5?) € S we set st = (—s2,5s!) and T5(S!) = Rst = {Ast : X € R} denotes
the tangent space of S! at the point s. We also introduce the set
TS' :={(s,M):s€ 8" M=s"®¢¢cR?})

and for every (s, M) = (s,s* ® &) € TS* we define

Thon(s. M) += tim {35 | 0.0+ 90(0) @y + 6 € W00 T8}

t—+oo

(1.6)

t——+oo

= lim_inf {2 /tQ Fl 5" ® (64 Vov)) dy < o € WE™(1Q)}
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where Q := (0,1)2. The function Tfyom is called the tangential homogenization of the function f.

The function T'fLom is a tangentially quasi-convex function according to the following definition.
We say that a Borel function b : TS! — [0, +00) is tangentially quasi-convex if for all (s, M) € TS?!
and all ¢ € W™ (Q; T:S?) it holds

(7 (s, 20) < [ h(s, 21+ 0(y) dy.
Q
We note that the function T'f,on, satisfies the following property:
(1.8) a|M|? < Tfuom(s, M) < B|M|? for every (s, M) € TS'.

Moreover, if f(z,-) is 2-homogeneous for almost every x € R?, i.e., if f(x,AM) = \?f(x, M) for
almost every x € R? and every M € R?*2, )\ € R, then also Tfpom satisfies that

Tfuom (8, A\M) = X2 Tfyom(s, M) for every (s, M) € TS', A € R.
We define the functional Fyom(+; E) @ L?(E;R?) — [0, 4+00] as
/ Tfhom(v(z), Vu(z)) dz if v e HY(E;SY),
E

+00 otherwise.

(1.9) Fhom(v; E) =

The following theorem has been proven in [8, Theorem 1.1].

Theorem 1.3. Let {Fs(-; E)}s be the sequence of functionals defined in (1.5). Then, as § — 0,
{F5(-; E)}s T-converge with respect to the strong L?-convergence to the functional Fhom(:; E) in

).
Remark 1.4. Note that if f is of the form
(1.10) f(y, M) = a(y)|M|* for some Q-periodic Borel function a : R* — [«, 3],
then for every (s, M) = (s,5+ ® &) € TS we have that f(y, M) = a(y)|£|?>. Therefore, by
and by standard homogenization results of quadratic forms (see [19, Theorem 14.7]),
Tfuom(s, M) = (A€, €),

where AM™ is the symmetric matrix defined in (0.4)).

For every 0 < r < R and for every x € R? we set A, g(z) :== Br(z)\B,(z) and A, g := A, r(0).
Moreover, for every z € Z \ {0} we define

A r(2) = {w e H (A, g;S") : deg(w,dB,) = z}.

Given z € Z\{0}, for every ¢ > 0 we define the functionals F(-; A, g) : H' (A, r; R?) — [0, +o0]
as
Fs(v; Arr) ifved,r(z),

400 otherwise,

Fi(v; Arp) := {

and F7  : H' (A, r;R?) — [0, +o0] as

hom

Fhom(v; Ar,R) ifve ﬂT’R(Z) .
400 otherwise,

(1.11) Fom(v; Ay g) = {

The next result is a consequence of Theorem [1.3

Theorem 1.5. Let z € Z \ {0} and let F§(-; A, r) be the functional defined in (1.11)). Then,
as & — 0, FZ(:;Arr) T-converge with respect to the strong L?-convergence to the functional

lfom('; AT,R) .
Proof. It is enough to prove that the constraint deg(v,dB,) = z is closed with respect to the
weak convergence in H'(A, g;R?). Let {ws}s C &, r(2) be such that ws — wq in H'(A, r;R?)
for some wy € H'(A, g;S'). By standard Fubini arguments, for almost every r < p < R, we
have that the trace of ws on 9B, is bounded in H*(9B,;S') and hence (up to a not relabeled
subsequence) it weakly converges to a function g,. Since [[ws — wol|z2(4, zr2) — 0, we get that



TOPOLOGICAL SINGULARITIES IN PERIODIC MEDIA 11

g, = wo for a.e. p € (r, R). By the very definition of degree in (1.2)), deg(wo, dB,) = z and hence
wo € & r r(2). O

The following corollary holds true as a consequence of , , Theorem and thanks to
the well-known property of convergence of minima in I'-convergence (see [17} 18] 23]).

Corollary 1.6. Let z € Z\ {0}. Then, for every 0 < r < R, it holds

lim inf  Fs(w;Arg)= min  Fhom(w; Arr) -
60 we%T.R(z) ’wedr,R(z)

2. THE EFFECTIVE ENERGY OF A SINGULARITY

In this section we introduce and discuss the properties of the minimal energy cost ¥(z;h) of
a vortex like singularity of degree z for a homogeneous quadratic functional of energy density h
defined on S'-valued maps. The function W(-;h) is crucial in order to determine the I'-limits for
both the cases 0. < ¢ and d. > e, choosing h = Tfhom , With Tfhom defined in . On the
one hand (see Section @ for 6. < e, U(2;Tfnom) turns out to be the effective energy cost of a
singularity of degree z (see Theorems [6.1]and [6.2). On the other hand (see Section[7) for 6. > ¢,
recalling the definition of A in , we have that A\U(z; Tfhom) is the effective energy cost of a
singularity of degree z on scales of order between 0. and 1 (see Theorems and .

Let h : TS! — [0, 4+00) be a continuous function, tangentially quasi-convex according to ,
and such that

(2.1) h(s,A\M) = \*h(s, M), for every (s, M) € TS* and VA€ R.
Assume moreover that there exist «, 8 such that 0 < o < 8 and
(2.2) a|M|? < h(s,M) < B|M|*, for every (s,M) € TS'.

For every open bounded set E C R? we define the functional H(-; E) : HY(E;S') — [0, +00) as

H(w; E) = /Eh(w(x),Vw(x)) dz.

Given z € Z\ {0} and 0 < r < R we set
1
(2.3) Yrr(z;h) = ——= min  H(w;ArR).
1Og g wEan(z)

Making the change of variable y = £ and considering the 2-homogeneity (2.1 of the function A
we conclude that, for every w € H(A, r;S'), the following relation holds:

4y Hwidon) = [ hw). Vo) de= [ hlif). Vi) dy = Hoi A, g).

AT,R ALE
where w(y) := w(ry). Gathering together (2.4) and (2.3) we deduce that
(2.5) Yy r(z;h) = 1/)17§ (z;h).

Proposition 2.1. Let h: TS' — [0,4+00) be a Carathéodory function satisfying [2.2)) and ([2.1)).
For z € Z\ {0} and 0 < r < R let 1 r(z, h) be the function defined in (2.3). Then there exists
the limit

(2.6) Y(z;h) = lim ¢y p(z;h).

w—rtoo
Proof. In view of (2.5)), it is enough to prove the inequality
(2.7) limsup 1 r(z;h) < Uminf 1 g(z;h).
R—+oc0 R—+o00

For p €e Rwith 1 < p < R we define Kg , := Lll‘;ggfj and note that

KR”,,

Al,R D) U Apk—l,pk (p)
k=1
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Denoting by wr a minimizer of (2.3)), letting k = kg, € {1,...,Kg,,} be such that
H(wR§Ap7<—l,pTc) < H('lUR;Apk—17pk) for all k = 1, e ,KRJ),

and setting 0, (y) := wr(p*~'y), we obtain
KR,,
min w A, R Z H wR,A k-1, ) > Kgr, H(wR;APTPLPE)

wed 1 gr(z)
- KR NY ( p k3 Al )
where the last equality follows by (2.1] . By the very definition of K , we conclude that

Vrr( ) 2 Ko (i) = (1= (258 Y 1),

The inequality above yields (2.7)) on taking first the limit as R — 400 and then as p — +oo. O

Notice that
(2.8) o2ralz|? < ab(z;h) < 21|z for every z € Z,

where « and 3 are the constants appearing in (2.2)). We define the function ¥(-;h) : Z — [0, +00)
as
J

J
(2.9) U(z;h) ::inf{Zz/;(zj;h) : sz:z,JEN, szZ}.

Remark 2.2. It follows from that the infimum in problem is actually a minimum and
(2.10) 2ralz| < U(z;h) < 27f|%] for every z € Z.
Moreover, by definition, the function ¥(-; k) is sub-additive, i.e.,
U(z1 4+ 29;h) < U(z1;h) + U(29; h) for every zy1,29 € Z.
Such a property implies that the functional % (-; h) : X (Q2) — [0, +00) defined by

n

F(u;h) = Z U(z;; h) for every pu = Zzléwb

i=1 i=1
is lower semi-continuous with respect to the flat convergence, while (2.10) yields
2map|(Q) < F (ps h) < 27 B|p|(2).

In the next proposition we show that if f is of the form in (1.10), then ¥(z; Tfnom) equals |z|
up to a constant pre-factor.

Proposition 2.3. Let f: R? x R2X2 — [0, +-00) satisfy (1.10). Then
(2.11) U (2; Tfhom) = 27V det Ahom || for every z € Z,

where AM™ s defined in (0.4).

Proof. Forr, R€ R, 0 <r <R, let L:={(0,z2) : —R < x5 < —r} be a cut of the annulus A, g.
Then the domain A, g\ L is simply connected. We set
JZ%TL,,R(Z) ={ue SBVQ(AT,R) N Hl(AnR \L) : e e, r(z)}
By Remark and by (2.3)) we have
1

Y r(2; Tfhom) = min / (AP y(z), Vu(z)) dz
1Og T ue% r(?)

1
min / |V Ahom7y ()2 dz

1Og e uGJZ{ r(2)

(2.12)
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where the last equality follows from the fact that AP°™ is symmetric and hence v Abom is. Setting
(y) := u(vVAPomy) we have that Vi(y) := VAhmVy (v Ahemy). Thus the change of variables
x = VAhomy in ([2.12) yields

Vv det Ahom

(213) 1pT,Fx’,(Z;/Tfhom) = 75 min

Vi(y)|* dy,
logg uG«ZJiR(z) /(\/Ahom)—l(A“R)

where we have set
—~L

o p(2) == {u € SBV((VAM™) 7 (A, g)) N H' (VAr™) "1 (A, \ L)) :
@ =wuoVAbm el p(2)}
For sufficiently large R/r there exist 0 < A < A that depend only on A"™ and do not depend on
r and R such that Ay, ar C (VARO™)=1(A, ) so that, by (2.13)),
v det Ahom . ) 1
Urr(% Tfoom) = ~———f—  min / Vay)2 dy+0(—5)
log v u€d N, an(2) ) Arrar log T

= 27V det Abom|z|2 ¢ O(

1
logg)'

It follows that (z) = 27wV det Abom|z|2| whence (2.11]) follows using the very definition of ¥ in
E9). O

3. ASYMPTOTIC ANALYSIS ON ANNULI

In this section we prove some auxiliary results on the asymptotic behavior of the minimal energy
on an annulus when its inner and outer radii are powers of . Such results will be crucial in the
proofs of the I'-convergence theorems in Section [f] and in Section [} The next lemma states that
the minimum in for H = Fs changes by at most a multiple of 22 if the competitors are
chosen with fixed trace (z/|z|)* instead of fixed degree z, thus belonging to a new appropriate set

of admissible functions defined as
(3.1) A rr(2) = {w € o p(z) : wz)= (i) on 8B, U 8BR} .

|z

Lemma 3.1. Let 0 < 2r < R and let F5(-, A, r) be the functional defined in (L.5) for E = A, r
and with f satisfying condition . Then, there exists a constant C = C(«, 8) > 0 such that, for
every z € Z\ {0},

(3.2) inf  Fs(w;A.g) < inf  Fs(w;A.g) < inf  Fs(w;A.g) +C2*.
wEJZfT)R(z) wean(z) U)Gﬂr,R(z)

Proof. The first inequality in (3.2)) follows from the inclusion Zcf;n r(z) C &, r(z). Hence, it is
enough to show that for every w € &7, r(z) there exists W € &7, r(z) such that
(3.3) F5(w; A, r) < Fs(w; Ay g) + C22,

for some constant C' depending only on the constants o and 3 in . Set K := L%J and
Ap = Agk—1, 95, for k=1,2,..., K. We have that

K
AT,R = U ApU A2K7.7R .

k=1
Since K > % —1, in view of (G]), we notice that
z 1 R
(3.4) Fg((i) ;A2KT7R) < ﬁzZ/ T dr = 2122 log 7 < 2122 log 2.
|| A Ed 2Kr

2K7‘,R
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We first consider the case that there is at most one annulus A, such that
x z
(3.5) F&((m) ?Ak) > Fs(w; Ay) .
Then, in view of , we have

F(;((i')z;Ak) < ﬂzQ/A L de = 2782%1og 2,

|z o 2l

whence, using also , we deduce Fg((ﬁ)z; Ar,R) < Fs(w; A ) + C2z? , which proves for
@(x) = (o/|z])*.

From now on, we can assume that is satisfied by at least two of the annuli Ay. We
let k1 and ko denote the smallest and the largest k € {1,..., K} satisfying . Let moreover
L :={(0,22) : —R < x2 < —r} be a cut of the annulus A, g such that the domain A, g \ L is
simply connected. By [I4], there exists a lifting u € H'(A, g \ L;R) of w in A, g\ L. Moreover,
since deg(w, 0B,) = z for every p € [r, R], we have that the function u jumps by 27z across L.
By the properties of the lifting,

(3.6) IVullp2(gr2) = VW p2(5,r2x2) for every open set E C A, r.
Furthermore, setting

arctan i—f ifx; >0,

z if 1 =0,29 >0,

(3.7) f(z) = {2 B =
7r+arctan§—f ifx1 <0,
3

E’]T if‘Tl:O,fE2<O,

for every z € R? \ {0}, the function 20 € SBV?(A, g) is a lifting of (%)?. Using the complex

[]
notation we set w := e*“, where the lifting u is defined as

20(x) if r < |o| <2M-1p,

(1 — oy (|2])20(x) + o1 (|z))u(z) if 28~ 1r < |z| < 2k
(3.8) u(z) == ¢ u(x) if 2k < |x| < 2k~ 1p

o2(|2))20(x) + (1 — oa(|z]))u(z) if 2%~ 1r < |of < 227,

20(x) if 2k2r <|2| < R.

In the formula above, for i = 1,2 the function o; : [2F~1r, 2Fir] — [0, 1] is defined by

and satisfies 07(p) = sr=r- and [|oj[|p~ < 1.
Note that @ € &, r(z). By construction and by (3.4), we have that

A~ T \*
f‘—‘g(’u}7 AT’le—lr U AQkZT}R) = F§ ((m) ;A,r.’zkl—lr U AkaT’R)
< Fs(w; Ar72k1—lr U A2’€2T7R) +C22.

Therefore, in view of (3.8) it is enough to prove that the energy of w on Ay, and Ay, is bounded
from above by C|z|? for some constant C' > 0 depending only on o and 3. We prove this fact only
for the annulus Ayg,, being the proof for Ay, similar. To this end, we notice that in A, one has
that

|Vﬂ§|2 = |V1’Z|2 < 3|01|2|u — ,2't9|2 + 3|01|2\Vu — zV@\Z + 3z2|V9\2
(3.9)

< W(MQ + 2%|01%) + C(|Vul® + 2%|V0]?) .



TOPOLOGICAL SINGULARITIES IN PERIODIC MEDIA 15

Set I, = fA u do . Up to adding an integer multiple of 27, we can always assume that [[¥1| < 27
and estimate ”lleL?(Ak y < (2m(l2] + 1)2)22+172, Hence

”u”L?(Akl) < 2flu =1y, H%2(Ak1) + 2|k, ||%2(Ak1)
(3.10) < C2%7% |V 2 g, pe) + C272%010
< C22k1r222|\v9|\%2mk1 Rr2) C222%k1p2 < 02202k 2,
where the second inequality is a consequence of the Poincaré-Wirtinger inequality applied to the

domain Ay, \ L, and the third inequality follows on gathering together (3.5)), (3.6, and . Note
that all the constants appearing in (3.10) depend only on « and . By integrating (3.9) and using

, , and , we deduce that

Fs(; Ay, ) < C|IV@|Z2 4

oy sR2X2)
s QQTCUQUWH%%AM) + Z2||0H%2(Akl)) + C(”VU”%%AM;R% + 22||V9||%2(A,€1;R2))
< O VO gy ey = O
thus concluding the proof of . O

In the next proposition we show that in the |loge| regime, to some extent, the homogenization
process commutes with the minimization process defining (d; Tfhom)-

Proposition 3.2. Let Fs_ be defined in (0.11) with f satisfying assumptions (]E[), , , and
let Tfnom be defined in (L.6). Then for any s1 and so such that 0 < s1 < s2 < 1 and lim._,q =0
we have

1

3.11 lim —— inf Fs_(w; Acsz gs1) = (82 — i Tfhom) s
B0 I o] e T Aemen) = (2 7 o0 e

where ¥(z; Tfhom) s the function defined in (2.6) with h = Tfhom -
Proof. We first show that

3.12 liminf —— inf Fs (w; Agsa gs1) 2> (s2 — 51)¥(2; Tfhom) -
( ) s—>0 ‘10g5|we%5251() ( 2 1) (2 1) ( h )
Ker

To this purpose, we fix R > 1, set K. p = [(s2—5s1) ‘lfgggj, and note that Agsz cs1 D U ARk—1gss Rkesa.
k=1

Let moreover w, € & cs2 +1 (z) be such that

(3.13) Fs5_ (we; Agsz g1) < inf Fs_(w; Acoz o1 ) + C,
we sy o1 (2)

for some constant C (independent of €) and let k = k. r € {1,..., K. g} be such that

F55 (we; ARE71652,RE€52) S F(;E (wE; ARk71532’Rk632) , for all k = 1, ey KE,R .
Therefore
Ka R
(3~14) Féa (wsa £52 551 Z Fée We; AkaleSZ,Rk‘a%) > KE,R Fﬁa (we? ARE*1532,R’5582) .
k=1
By the change of variable y = =%—, w. ;(y) := wa(RE_1652y) and by property (H]), we have
(3'15) F§E (we; AkalESZ,RkESQ) = F _S¢ ( €, k;7 Al R)

RE—1.52
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Therefore, since by assumption limsup,_,, ﬁ =0 for every k = 1,..., K. g, by using (3.13]),
(3.14), (3.15)), and Corollary we deduce that

1
lim inf —— inf Fs. (w; Agsz e51)
=0 [loge| wed sy 1 (2)

> liminf

—F E;AES e*
0 |10g€| 5a(w 2, 1)

K,
> lim inf —=f inf  F__s.  (w;A1R)
e=0 |loge| wedt | n(z) w-ioz

. (S2— 81 1 . .
> 1 ( - )1 f inf F_s.  (wA
=% log R |loge| gy wG;{nLR(Z) RE_S1552 (w; A1.R)
o S9 — 81

i Fhom(w; ALg) = (so — Y
08 R wedd s nz) (w; Avr) = (52 = 51)41,7(% Tfinom)

Formula (3.12]) follows from the estimate above as R — +oo thanks to Proposition applied to
h = Tfhom- To conclude the proof of (3.11) we are left to show that

3.16 limsup ——— inf Fs_ (w; Acsa cs1) < (89 — 8 2 Tfhom) -
( ) a—>op\log€| wed sy 51 (2) o e2en) < (52 D)9(# Tfnom)

To this purpose, we take R > 1 and set J. g = [(s2 — s1)H°55l] . We observe that

log R
JE,R
(3.17) inf Fs (w; Agoz g1) < Z _inf Fs (w; ARi-12 picsa) -
wed sz 0o (2) Jj=1 we%Rﬂ'*lgsz,Ra’asz (2)

We also note that for every R > 1, thanks to Corollary [I.6] there exists a modulus of continuity
w such that

inf Fs(w; A1 g) < min Fyom(w; A1,r) + w(0).

Letting J.; = 25 for every j = 1,...,J. g and taking into account the fact that {J. ;};
is decreasing yields 0. ; < 0.1 = 55552 —0ase > 0foralj=1,...,J.r. Weset w(de; =
max;—1 .. 7. w(0, ;). Note that w(d. ;) depends only on € and R, moreover, since d.; — 0 as
e = 0, w(d;) vanishes as ¢ — 0. For every j = 1,...,J; g, using the change of variable
Y = gr=1=5, applying Lemma with § = 0. ; (see formula ) and Corollary we have
that

N inf Fge (w;ARj—lesg’RjES2) = Ninf Fge’j (U};ALR)
we%nj71552’1—{j532 (z) wGJZ{LR(z)
< inf Fs. (w; A +Cz?
(3.18) e ) 5 1,R)
< min  Fhom(w; A1) + w(de7) + C=?,
wedl,a(z)

where the constant C' > 0 is given in Lemma By combining (3.18)) with (3.17]) we get that

limsup —— inf Fs_(w; Acss s
0T [loge] wedd 5 o1 (2) 5 (w3 Aera e )
S2 — 81 . S2 = S1 ~ o
min  Fhom(w; A1,r) + Cz
log R wed 1 r(z) ( ) log R
= (82 — 51)Y1,r(2; Tfhom) + 8120;;1 C2*,

whence (3.16) follows by taking the limit as R — +o0 and using Proposition with h = Tfhom-
This concludes the proof of (3.11]). O

Remark 3.3. Note that (3.11)) holds true also if the center of the annulus is a point £, depending
on ¢, since all the estimates in the previous proof do not depend on the center of the annulus.
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4. THE BALL CONSTRUCTION

In this section we present the so-called ball construction introduced in [33], 43], which provides
lower bounds of the Dirichlet energy in the presence of topological singularities. We slightly revisit
it, following the approach by Sandier [43] and adopting the notation in [26] (see also [3]).

Let B = {B,,(%1),..., By, (z,)} be a finite family of open balls in R? with disjoint closure
B, (z;) N By, (x;) =0 for i # j and let p=Y."" | 2;0,, with z; € Z\ {0}.

Let moreover (B, j,-) be an increasing set-function defined on open subsets of R? satisfying
the following properties:

(i) &(B,u, By U Ey) > &(B,u, E1) + €(B, i, E3) for all By, Ey open disjoint subsets of R?;
(ii) for any annulus A, p(z) = Br(z) \ B.(z) with A, g(z) N, By, (z;) = 0, it holds

(4.1) &5, 1, Ar () > 2malu(B,(x))|log

for some constant a > 0.

Remark 4.1. Let w € H. (R*\ Upcp B; S') be such that p =3 5 deg(w, 0B)6,,,, where x5
is the center of B. Then, an explicit example of admissible functional (B, u,-) is given by

EB,u, A) = a/ _ Vw]? da,
AUpes B

for every open set A C R?. For further details see Remark

For every ball B C R?, let 7(B) denote the radius of the ball B; moreover, for every family %
of balls in R? we set

Rad(AB) := Z r(B).
BeH

Proposition 4.2. There exists a one-parameter family of open balls B(t) with t > 0 such that,
setting U (t) := UBGB(t) B, the following conditions are fulfilled:

(1) B(0) =B;

(2) U(t1) C U(ta) for any 0 <ty <ta;

(3) the balls in B(t) are pairwise disjoint;

(4) for any 0 <ty <ty and for any open set U C R?,

_ 14+t
(4.2) CB,mUN (Ut \T() 2210 Y |u(B)|log 1
+

BeB(t2)

BCU

(5) Rad(B(t)) < (1 + t)Rad(B).

Proof. In order to construct the family B(t), we closely follow the strategy of Sandier and Jerrard
in [33}43]. It consists in letting the balls alternatively expand and merge into each other as follows.
In the expansion phase the balls expand, without changing their centers, in such a way that, at
each (artificial) time ¢ the radius r;(t) of the ball centered at z; satisfies

T (t)

Ty

(4.3) =1+t for all 1.

The first expansion phase stops at the first time 77 when two balls bump into each other. Then
the merging phase begins. It consists in identifying a suitable partition {Sjl }i=1,...n, of the family
{Bm (Tl)(xi)}, and, for each subclass S},
S such that the following properties hold:

P2) r; < Y pesi r(B)-

in finding a ball B (z}) which contains all the balls in
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After the merging phase another expansion phase begins: we let the balls {Bri(x})} expand in
J
such a way that, for t > Ty, for every j we have that

ri(t 1+t
(4.4) 0 1t
Tj 1+ T1

Again note that T; NTy) = 7’] We iterate this procedure thus obtaining a discrete set of merging
times {77, .. TK} with K < n and a family B(¢) for all ¢ > 0. More precisely, B(t) is given
by {B.( t)(xj)}J for t € [0,T}); for t € [Tk, Tk+1), B(t) can be written as {BT;;(t)(xf)}j for all
k=1,...,K — 1, while it consists of a single expanding ball for ¢ > Tx . By construction, we
clearly have properties (1), (2) and (3). Moreover, (5) is an easy consequence of (4.3), and
property P2).

It remains to show property (4). We preliminarily note that, by (2), for every open set U C R?

(4.5) S uB) = D |uB)  forany 0< T <7
BeB(T1) BeB(12)
BcCU BcCU

Let t; <t < tg. In view of and since € is an increasing set-function satisfying property (i),
if we show that (4) holds true for the pairs (¢1,%) and (¢,¢3), then (4) follows also for ¢; and ts.
Therefore, we can assume without loss of generality that Ty ¢]t1,ts] for any k=1,..., K.

Let t1 < 7 < to and let B € B(7). Then there exists a unique ball B’ € B(t1) such that B’ C B.
By construction, u(B) = u(B’) and by we have that

_ 1
W%MRmmwmmﬁg,
which, summing up over all B € B(r) with B C U, and using ), yields
— 1 +7
EB,u, UN (Ut U(t))) > 2 )| 1 >2 .
( ) s ( (2)\ (1 T Z |Og T Z 1+14,
BeEB(r) BeB( tg)
BCU BCU

Property (4) follows by letting 7 — ts. O

We recall the following well-known lemma (see e.g., [20, Lemma 2.2]) for the reader’s conve-
nience.

Lemma 4.3. Let & be a family of pairwise disjoint balls in R? and let € be the family of balls
in $B which are contained in ). Let moreover vy, vy be two Radon measures supported in ) with
suppvy C U B, supp vy C U B and v1(B)=wv2(B) forany B€E€ .

Be¥ BeA
Then, there exists a constant C' > 0 such that

1 = vallgas < C Rad(Z)(|v1] + |v2]) ().
5. GENERAL I'-LIMINF INEQUALITY

In this section we state and prove an asymptotic lower-bound estimate for general core-radius
approach functionals (see Propositions and; such results will be instrumental for the proofs
of the I'-liminf inequalities in Theorems and

We introduce the increasing set-function € satisfying the assumptions (i) and (ii) in Section
as follows. Let B = {B,, (21),...,Bry(x,)} be a finite family of open balls in R? with B, (x;) N
B, (z;) =0 for i # j, and let p=1" | 2;0,, with z; € Z\ {0}.

If A, g(x) is an annulus that does not intersect any B, (x;), we set

R
(5.1) O (B, 1, Ar,r()) = 2ralu(B,(x))] log () .
with o as in assumption (G]). For every open set A C R? we set
(5:2) E(B,p, A) :=sup Yy _ &(B, 1, A;),

J
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where the supremum is taken over all finite families of disjoint annuli A; C A that do not intersect
any By, (z;). Note that, if A is an annulus that does not intersect any B,,(x;), then (B, u, A) =
&(B, pu, A).

Remark 5.1. The convenience of introducing € in to prove a lower-bound inequality for (an
appropriate scaling of) the functional Fj_ in will be clear in the following sections. However,
the following simple observation already points in the right direction. Let Q(B) = Q\ Upcp B,
w e H'(Q(B); S') and p := Y g deg(w, dB)d,, where C denotes the family of balls in B that

are contained in 2, and xp is the center of B. Then, by Jensen’s inequality and by the lower
bound in , we deduce that

(5.3) (B, 1, U) < / | Vul? de < Fs(w; U N Q(B))
UunQ

for every open set U C ().

For every u € X (£2) and for every family of pairwise disjoint balls B such that supp 4 C (Jpcg B,
we set
AF(u, B) := {w € H'(Q(B); S*) : deg(w,dB) = u(B) for every B € B}.
In addition we set

5.4 Fe(pu, B) := inf F, ;Q(B)),
(5.4) (1, B) vt 5. (w; Q(B))

where Fj,_ is defined in and f satisfies (]ED, , .

Note that if p = Y"1 | 2;0,, € X.(Q) for some ¢ > 0, setting B. = {B:(2;)}i=1,...n, we have
that AF(u, B:) coincides with the set AF. () defined in and that % (u, B:) = F.(u). We
are now in a position to state the first main result of this section, concerning the case §. < e.

Proposition 5.2. Let {u.}. C X () be such that

(5.5) |1e| (€2) < Clloge]

and pue Aap w for some p € X(Q). For every e > 0 let B be a finite family of pairwise disjoint
open balls such that supp pe C UBEBE B and

(5.6) Rad(B:) < Celloge|.

If limsup,_, % < 400, then

1
hgi}(glf |10g€|<gza(,u/€a66) - </O(/“‘L)?

where % is defined in (0.14) and V(-; Tfnom) is defined in (2.9) for h = Tfnom-
Proof. For every € > 0, let w. € AF(ue, B:) be such that

(5.7) Fs_(we; Q(Be)) < Fo(pe,Be)+ C
for some constant C' independent of e. We can assume without loss of generality that
(5.8) Fs_(we; Q(Be)) < Fe(pe, Be) + C < Clloge|.

Moreover, by a standard localization argument in I'-convergence, we can assume that g = zyd,,
for some zg € Z\ {0} and g € Q. In view of ([5.8)), by exploiting assumption and by applying
(5.3) with U = €2, we have that

(5.9) E(B.., 1o, Q) < a/ V. |? dz < C|loge|

Q(B:)
where ¢ is defined in —. For every € > 0, let B.(t) be a time-parametrized family
of balls introduced as in Proposition starting from B. =: B.(0). For every ¢t > 0, we set
Re(t) == Rad(B:(t)), Cc(t) :={B € Bc(t) : B C Q} and Ue(t) := Upep,_ () B - Moreover, for any
0<p<1weset

1
te(p) == 75—~ —1 and p(p):= Z pie(B) bz -
BeCe(te(p)
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By (5.9), applying (4.2) with U = Q, t; = 0 and t3 = t.(p), and using (|5.6)), we obtain
Clloge| > €(B., pie, N (U (t(p)) \ U(0))) > 27 >~ |ue(B)|(1 = p)|log R (0)|
BeCc (te(p))
= 2ma(l = p)|pe(p)|(Q)[log Re(0)] = C(1 = p)|pe(p)|(2)[ log |

for sufficiently small €. Therefore

(5.10) |1 (P)|(€2) < Cp,

for some constant C,, > 0 depending on p (and independent of €). By Proposition 5) and (5.6)),
we have that

Re(te(p)) < RE(0) < Ce”|logel”,
whence, by applying Lemma with 11 = p(p)e and vy = pe, we deduce that

e — e (P)las < CR(t2(p))([1e] + 1= (P))(Q) < CeP|logel#? 50 as = 0.
Combining this relation with (5.10) and the fact that p. Aag u yields
(5.11) pe(p) = = 2004, , for every 0 < p < 1.

Let ¢ > 1 be such that logc < g%. Note that, since |log R.(0)| > C|loge| and |u:|(2) <

C|loge|, we are allowed to take the constant ¢ in the previous inequality independent of . By
Lemma below (applied with p; = p and py = §) there exist t.(p) < 5&1 < tAg’g < t(%) with
(14 te2) = (1 +t. 1) such that no merging occurs in the interval [t 1,%.2) and

IOngQE(u;) |[Vw.|? dz

Vw|? dz <
Vel 42 < 310 R (0)] — log (el () + 1)

/Q U TE U ja 1
(5.12) AU (te 2)\U (tc,1))

- EEFy (we; Q(Be))
~ B(]loge| —log|loge| 4 C) —logc(Clloge| + 1)

where the last but one inequality follows from (5.6)) and (5.5)), whereas the last inequality is a
consequence of ([5.8)). We classify the balls in C.(t. 1) into two subclasses, namely

(5.13) C°(t.1) == {B € Celtc1) : pe(B) =0} and C7%(t. 1) == {B € C-({-1) : pu(B) #0} .

We first consider the balls in C=°(f.1). For every such ball B we let B denote the only ball in
C-(f.2) containing B. Note that, the center 5 of B is the same as the center of B. By (5.12)),

we have that
Z / |Vw.|* dz < C.
) B\B

BeCZ0(t. 1

<C,

Now we extend the function we to a function . € H*(Qe(ue) U UBGC:O(&.I) B;S8') in such a way

that for every B and B as above
(5.14) 19 s sy < C IV oy

for some universal constant C'. We consider B = Bg(¢) and B = B.(€) two balls as above. Since
deg(we, 0BR(§)) = deg(we, dB.r(€)) = 0, by arguing as in [I4] (see also [I5]), one can show that
there exists a lifting w2 ™" € H(Ag,cr(€)) of w. in Ager(€). Let U : Ap p(€) — R be the

extension by reflection of the function u?R'“R(E)

oz — &)+ (1+c)RE=5). We let U. denote the average of U, on Ar z(§). Let n: [£,R] — R be

to the annulus Ar (§), i.e., Uc(z) :== yAmen(©) =

[o—¢] >
the cut-off function defined by n(p) = H?,f)c_—lf) . We define the function 42 : B.gr(¢) — R as
. U?R'CR(@ B ifx € AR,CR(E)’
il (x) == q n(lz)Ue(@) + (L= n(lz))Ue  if v € Ar g(6),

U. if 2 € Bz (€).
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By the Poincaré-Wirtinger inequality and by the very definition of U, we have that there exists a
constant C' (independent of ¢) such that

/ VaBP do = / IV ((|2)(Us (z) — T2))[? de
Ar o(© An (©

B R
c? / _
S22 U, (x)—U(x)|2dm+2/ IVU.|? da
(=12 Jay 0 ) Ap @
<C IVU.|* dz < C [Vudrer®©2 qg
AR (8 An (8

Therefore, setting
" ) { @ if ¢ € B for some B € C=0(t.q),

we(x)  elsewhere in Q(B.),

we have that @w. € H'(Q(B.) U Upec=o(i. 1) B;8') and satisfies (5.14). Then from (5.12) and
(5.14) we deduce that

(5.15) > Vi |2 de < C.
BeC=0(t.,1) B
We now focus on the balls in CZ%(f.1). We set u(f.;) = ZBEC?O(fE 1y He(B)ozy . In view

of the ball construction in Section |4 and of (5.10), we have that #C7%(t..1) < C,. Therefore, up
to extracting a subsequence we may assume that §C7°(¢. 1) = L for every ¢ > 0 and for some
L € N. For every [ = 1,...,L, let 2L be the center of the I-th ball BL in CZ°(f.;). Up to
a further subsequence, we can assume that the points zl converge to some points in the finite

set {&o = xo,&1,..., &} C , where L' < L. Let p > 0 be such that Bs,(z°) cC Q and
Bs,(€;) N Bap(&k) = 0 for all j # k. Then zt € B,(§;) for some j = 1,..., L and for ¢ small
enough. We set

IZEEBP(:I/,O)
By construction, we have that
(5.16) || (€2) < [pe(P)I(Q2)  and  [|fic — pe(p)[lfrae — 0,
which, in view of (5.10)) and (5.11]), implies that, up to a subsequence, fic — p = 200, . Therefore,
for sufficiently small ¢,
(5.17) fie(Bap(wo)) = > pe(BL) = 2.
xéGBp(xg)

Thanks to (5.15) and the assumption , we have that

Fi (w5 > |

QB)N\Upeczoi, B

> /Q(BE)QB%(W f(;ig,vwg) dz — C.

It remains to prove the lower bound for the right-hand side of . To this end, we take
0 < p/ < p such that R.(t.1) < et (note that such p’ always exists since, by Lemma
Re(to1) < RE (0) < Ce%|loge|?), choose 0 < f < p’ and let g. : [p,p'] — {1,..., L} denote the
function which associates to any ¢ € [p, p/] the number ¢.(q) of connected components of the set
UlL:l Beq (xls) For every € > 0, the function g. is monotonically non decreasing so that it can

f((si, Vw5> dx
(5.18) )

have at most L < L discontinuities. Let ¢/, for j = 1,..., L, denote the discontinuity points of g.
and assume that X
p<ql<...<ql<yp.
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There exists a finite set A = {¢*,¢%,...,¢"} with ¢¢ < ¢*t! and L < L such that, up to a
subsequence, {¢l}. converges to some point in A, ase — 0 for every j = 1,...,L. Without
loss of generality we may assume that ¢! = p, and that q~ p'. Let A > 0 be such that
4N < min{¢"' — ¢ : i € {1,2,...,L}} and let € be so small that for every j = 1,. L,
l¢Z — q'] < X for some ¢* € A. Then the function g. is constant in the interval [¢" + A ql+1 Al
its value being denoted by M_. For every i = 1,..., L — 1 we construct a family of M! < L-1
annuli that we let C2™ := B_,i .\ (y2) \ B_gi+1-» (y2) with ¢y € B,(zo) and m =1,..., M. The
annuli CZ™ can be taken pairwise disjoint for all ¢ and m and such that

U BlCUBq”lAys)
zteB,(xo)
forall i =1,...,L — 1. Note that, for ¢ small enough, Ci™ C By,(zp) for all i and m. By
(5.16) we have that |uc(B_,i+1-(y"))| < C for every i = 1,...,L —1and m = 1,..., M},
Therefore, up to passing to a further subsequence, we can assume that M! = M® and that
fre(B_yit1-x(y)) = 2i,m € Z\ {0}, with M* and z; ,, independent of € . Finally, in view of (5.17)),
we have that

Mi

% < 400 unphes the inequality lim._,q % = 0 for

Observe that the assumption limsup,_,

every i. Hence, we can apply Proposition [3.2{ with s; = ¢* + A < ¢*T1 — X = s (see also Remark
3.3) to get that for every ¢ and m there exists a modulus of continuity w such that

1
|logel Joim

F(5 Vi) do > (! = g = 208 (zimi Thiom) = w(e)

Summing the previous inequality over m and ¢ and using (5.18]) yields

1 1

|log €|

FEE (wsa

\ \

M
Z R ql - 2>\)1/)(Zz,m, Tfhom) — UJ(E)

[l
_

(5.20)

Y

(qi—H - qi - 2)‘)\11(20§ Tfhom) — W(E)

.
Il
_

=@ -p- 2(I~, — DN ¥ (20; Tfhom) — w(e),

where the second inequality follows from (5.19)) and from the very definition of ¥ in (2.9)). Then,
the claim follows by (5.20) taking the limits as ¢ — 0, A = 0, p — 0, and p,p’ — 1 and using

6D O

We turn to the technical lemma that has been exploited in the proof of Proposition above
(see formula (5.12). For every p € (0,1) let ¢(p) := m —1.

Lemma 5.3. Let u € X(Q) and let B be a finite family of pairwise disjoint open balls such
that suppp C Upeg B and Rad(B) < 1. Assume that 0 < py < p1 < 1, and ¢ > 1 be such
that loge < (p1 — pg)%. Assume also that B(t) is a time parametrized family of balls
constructed as in Proposition starting from B =: B(0), and U(t) := Ugep) B for every
t > 0. Then, there exist t1,ty € [t(p1),t(p2)) with 1 + 1y = c(1 + 1) such that no merging occurs
in the interval [ty,t2) and

loge [om |Vw|? dz

Vwl|? dz < ;
Vel de < O Tlog Rad(B)] — log ([ () + 1)

/szm(U(iz)\U(f1))
for every w € AF(u, B).
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Proof. We set J := | (p1— )Hogff%] and 7 := ¢/(1+t(py)) —1 for every j = 0,1,...,J. Note

that lﬁt] =cforevery j =0,1,...,J —1. We let J denote the set of indices in {0,1,...,J—1}

for which no merging occurs in the interval [t/,#%1). Since the number of merging times is
bounded from above by |u|(€2), we have $7 > J — |u|(Q) > (p1 —pg)“c’%gfs)l ||(£2) = 1. For
every j € J and for every ball B(#/) € B(#), B(#*') denotes the unique ball in B(#/*1) such that

B(#7) ¢ B(t'*1). By the mean-value theorem, there exists k € J such that

Vwl?>dz > / Vwl|? dz
/m)' | > > Vu

JET B(N)EB(N) ﬂ(B(tH—l)\B t7))

> 17 |Vw,|? dz
QN(U (ER+1\T (EF))
log Rad(B
> (- ROy —n) [ wwPa,
logc QN (U (F+1\T (£F))
from which the claim follows setting ¢; := ¢* and #y := {11, O

As for the case §. > ¢, we restrict our analysis to functionals of the form (0.16]). In such a case
the main result is the following.

Proposition 5.4. Let Fs_, %. be defined in (0.16]), (5.4), respectively, where a is a measurable
(0, 1)%-periodic function satisfying a(z) € [a, B] C (0, +00) for a.e. x € R?. Let {uc}. C X(Q) be
such that

(5.21) 1el(92) < Ol loge]

and e Aag wu for some p € X(Q). For every e > 0 let B. be a finite family of pairwise disjoint
open balls such that supp pe C UBEBE B and

(5.22) Rad(B:) < Celloge|.
If (0.15)) is satisfied, then

1
liminf ——— % (ue, Be) > 27r<(1 — Messinfa + AVdet Ah°m> ||(Q),

e—0 ‘ 10 |

where AP°™ s defined in (0.4).

Proof. The proof closely resembles the one of Proposition [5.2} here we only highlight the main
changes that are needed to prove the different lower bound in the regime (|7.1)).
Let we € AF (e, 2(B:)) be such that

(5-23) Fég (we; Q(Be)) < ﬁs(ﬂa; BE) +C

for some constant C' independent of . By a standard localization argument in I'-convergence, we
can assume that g = 2z¢d,, for some zo € Z \ {0} and =y € Q.

For every € > 0, let B.(t) be a time-parametrized family of balls introduced as in Proposition
starting from B, =: B.(0). For every ¢ > 0, we set R.(t) := Rad(B:(t)), C(t) := {B €
Be(t) : B CQ} and Ue(t) :== Upep_ 1y B For every 0 <p <1 we set

1
te(p) = 75—~ -1 and p(p):= > be(B)oay-
= (0) BeC.r.(v)
Fix A < p < 1. By arguing as in the proof of (5.10) and (5.11)), we have that
(5.24) lP)|(Q) < Cp and  pc(p) = p= 200, ase—0.

Following the reasoning in the proof of Proposition [5.2] we have that for every 0 < 7 < p— X there
exists to(p) < te1 < t(p —n) and a a map w. € H (Q(B:) U Upec=o. 1);Sl) (with C=%(¢..1)

defined in (5.13))) satisfying (|5.15)).
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Recalling the definition of CZ%(Z. ;1) in (5.13), we set pu(t. 1) := ZBGC?”(Es,l) te(B)dyzy . In view
of the ball construction in Section |4 and of , we have that ijZﬁO(tAsyl) < Cp. Therefore, up
to extracting a subsequence we may assume that §C7°(.,) = L for every ¢ > 0 and for some
L € N. For every [ = 1,...,L, let 2L be the center of the [-th ball Bl in CZ°(.,). Up to
a further subsequence, we can assume that the points zl converge to some points in the finite

set {zg = &,&,...,&} C Q, where L’ < L. Let p > 0 be such that Bs,(z°) CC Q2 and
Bs,(&5) N Bop(&k) = 0 for all j # k. Then 2l € B,(¢;) for some j = 1,...,L" and for € small
enough. Setting

fle = Z Ne(Bé)‘sm‘E )
L €B,(x0)

by construction, we have that
(5.25) |7 (€) < |p=(P)I(Q) and  [[fic — pe(P) gt — 0,
which, in view of ([5.24)), implies that, up to a subsequence,

/7’6 = Hw= 20610 .
Therefore, for sufficiently small ¢,
(5.26) fie(Bap(wo)) = > pe(BL) =z,

zLeB,(xo)

and, by arguing as in the proof of (5.18)), we obtain
(5.27) Fo.(wsi 0(5) = [

Q(BE)OBQP(CEO

It remains to prove the lower bound for the right-hand side of . To this end, we take
A < p/ < p such that Rad(f.1) < e’ (note that such p’ always exists since R.(f.;) < RP™"(0) <
CeP~|loge[P~" for every n < p — A), choose 0 < p < A < p’ and let g : [p,p/] — {1,...,L}
denote the function which associates to any ¢ € [p, p'] the number g.(q) of connected components
of the set UzL:1 Bea(2l). For every e > 0, the function g. is monotonically non decreasing so that

)a(é)wwﬁ do - C.

it can have at most L < L discontinuities. Let ¢/ for j = 1,..., Ly and xJ for j = 1,..., Ly denote
the discontinuity points of g. in [p, A] and in in [\, p’], respectively. Assume that

P<gl<..<gh<a<kl<.. <kl<y.

There exists a finite set Ay = {q%,...,¢"'} (resp., Ao = {k!,... k12}) with ¢’ < ¢**! (resp.,
k' < k1) and Ly < Ly (vesp., Ly < Ly) such that, up to a subsequence, {¢/}. converges to
some point in Ay, as ¢ — 0 for every j = 1,...,f/1 (resp., {Hg}s converges to some point in
Ao, ase — 0 for every j =1,..., f/Q) Without loss of generality we may assume that ¢' = p,
" = X = &', and k%2 = p'. Let > 0 be such that 47 < min{g"t' — ¢’ : i € {1,...,L1}}
and 41 < min{x™* — k' : i € {1,...,Ly}} and let £ be so small that for every j = 1,..., L1,
l¢Z — ¢*| < n for some ¢* € Ay and for every j =1,.. .,ﬁg, |k — k'] < 7 for some s € Ay. Then
the function g. is constant in the intervals [¢° + 1, ¢'T! — 1] and in the intervals [k’ + 7, k' T — 7]
, and in both cases we let its value be denoted by M!. For every i = 1,.. Ly —1 (resp.,
i=1,...,Ly — 1) we construct a family of M < I -1 (resp., M! < Ly — 1) annuli that are
denoted by G2 := By, (4) \ Bysory (4) (vespey G2 2= Buol (y7) \ Bprns, (y2")) with
Yo" € By(xp) and m =1,..., M. The annuli C»™ can be taken pairwise disjoint for all ¢ and m
and such that

M M
U Bé C U Bsqiﬂ,” (y;n) and U Bé - U Bsmii»l,,,] (y;”)
xl€B, (o) m=1 zL€B,(x0) m=1

Note that, for e small enough, C>™ C By, (z¢) for all i and m and, by (5.25) , we get
lne(Bogiviy (") <C and  |pe(Bourio, (y")) < C.
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Therefore, up to passing to a further subsequence, we can assume that M! = M® and that
pe(B_giv1_,(y")) = zim € Z\ {0} and po(B_.i+1-, (")) = zim € Z\ {0}, with M* and z;
independent of €. Finally, in view of (5.26]), we have that

I
(5.28) > zim =20

m=1
For every i = 1,..., Ly — 1 and for every m = 1,..., M" we have that

1
/ a(£)|vws‘2 deessinfa/ Tz A
gml 68 Cé’m |x - yg”'
+1 Kt — 277)| 10g6||2i,m|2

" — k' — 2n)|logel|zi,m]

> 2messinf a (k
> 2messinf a (k
which, summing over m and over i, dividing by |loge| and using , yields
Lo—1 M Ly—1 ‘
|log5| Z Z /1 N |Vw5\2 dz > 2messinfa Z (K — k' —2n)|20]

(5.29) " ;
> 2ressinfa (k2 — k' — 2nLy)|20|

= 2ressinfa (p’ — A — 2nLy)|20| -

Moreover, since ¢* + 1 < qil*1 + 1 < A for every i = 1,...,I~/0 —1, by , we have that

~ = 0 for every ¢ = 1,.. .,L1 — 1. Therefore, we can apply Proposition H with

51 =¢' +n < ¢t —n = sy (see also Remark [3.3) and Proposition to get that for every ¢ and
m there exists a modulus of continuity w such that

1

[loge| Jeim

: 4
lim, 0 o

a(;) Vi |* do > 27(q" — ¢' — 2n)Videt Abom|z; 1% — w(e)
> 27(¢"t — ¢' — 2n)Vdet Abom|z; 12 — w(e) .

Summing the previous inequality over m and i and using yields
fn—1 Mt
sy T 2 30 ()T e 2 2 VARl )
= 27V det Abom(\ — § — 2nL1)|z0| — w(e) .
By , summing d 7 the claim follows taking the limitsase - 0,7 —0,p — 0
.23)

and p,p’ — 1 and using (5.23)). O

6. THE CASE 0. S ¢
This section is devoted to the proofs of Theorems [0.4] and [0.2]

6.1. The core-radius approach. For the reader’s convenience, we re-state Theorem and

recall that X.(£2) is defined in (0.13)).

Theorem 6.1. Let Fs_, Z. be defined in (0.11]), (0.12)), respectively, with f satisfymg (]ED, ,
. Let moreover Fy be defined by formula 0.14) with Y(-; Tfhom) given by (2.9) and, in the

latter formula, h = Tfyom. If limsup,_,, 2

%= < 400, then the following statements hold true.

€

(i) (T-liminf inequality) For any {u.}. C X(Q) such that p. € X(Q) for each ¢ > 0 and
Lbe Aag w with p € X(Q) the following inequality holds:

o Fe(pe)
> 7 .
N Thoge = 700
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(ii) (T-limsup inequality) For every p € X(2), there exists a sequence {p.}. C X(Q) with
te € X:(2) for every e > 0 such that . ag 1 and

ar
lim sup Fe(pe)
c—0  |loge|

< Fo(u)-

Proof of (i). For every e > 0 we set B, := {B.(z) : « € supp (i)} and choose w. € AF(1c)
in such a way that

Fés(wE;QE(Ma)) < y&(ﬂ's) +C

for some constant C' independent of e. We can assume without loss of generality that
(6.1) a/ Vw2 dz < Fy. (w: (i) < Folpie) + C < C|loge]
Qe (pe)

where the first inequality is a consequence of assumption .

In view of , by applying with U = Q, we have that
(6.2) €(Be, pe, ) < Clloge],
where € is defined in — . By and the Jensen inequality, considering the definition of
X:(2), we get
(6.3) Clloge| > €(B:, e, Q) > 2malog2 Y | |uc|(B) = 2malog2|p:|(R),
BeB.

whence we deduce that
(6.4) Rad(B:) < e|u|(Q) < Ce|loge| — 0 ase —0.

The claim follows by Proposition whose assumptions are fulfilled in view of (6.3)) and (6.4]).
Proof of (ii). Let Zy : X(©2) — [0,400) be the functional defined by

Fop) == > (2 Tfuom)  for every p=Y _ 2., € X()

=1 =1

and note that the functional .%; in ((0.14)) is the lower semicontinuous envelope of 37’6 with respect to
the flat convergence. Hence, given 1 =y .| 2;0,, € X (), it is enough to construct w, € AF.(u)
such that

6.5 lim sup — F;
(6.5) 0" Tloge]

(we; () < Fo(p) = Y (265 Thuom) -

i=1
For this purpose, we take p > 0 such that Ba,(z;) C Qforeveryi = 1,...,n, and Ba,(z;) N Ba,(z;) =0
for every 4,7 = 1,...,n with ¢ # j. Since by assumption limsup,_, % is finite, then for any s
with 0 < s < 1 it holds true that

lim % =0.

e—0 s
We set p := min{p, 3} and for every i = 1,...,n, we let w! , € ges’zﬁ(zi) (where ?djesﬁgﬁ(zi) is
defined in (3.1)) be such that
(6.6) Fs, (wé,s; Ags0p) < _inf Fs_(w; Acs 25) + C,

wedssjﬁ(zi)

for some constant C' independent of €. By arguing as in the proof of Lemma we can write
w! = e for some function ul ; € SBV?(A. ap(x;)) with ut () = z0(:) on OB U OBy

€,8 €,s

(where 0 is defined in (3.7))). Let furthermore o : [p,2p] — [0,1] be the function defined by
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o(r):= %(r — p) and set O(+) == >_p_, 2,0(- — x1) . We define the function w, s : Q. (1) — S' as

We, s 1= e where

zi0(x — x;) if v € Ac es(z;) for some ¢,

(67) tes(z) = ul () ?f x € Ags 5(x;) for some z'.,
(1 —o(|lz — zi))zif(x — ;) + 0|z — 2;])O(x)  if & € Aj25(x;) for some 7,
O(z) elsewhere .

The function w. s belongs to AF.(u). By property (G)), for every i = 1,...,n there exists a
constant C' = C(8, p,Q, {2 }:) > 0 such that

(6.8) Fs (we 53 Aces (i) < 5/ |Vw578|2 dz = 27rﬂ|zi|2(1 — s)|logel,
(69> Féa (wa,s; QQﬁ(M)) < 6 |vwa,s|2 dr < C,

Qap(p)
and

Fo(Wes A ap(a1)) < 8 / ACRRE
p,2p\(Ti

<0y |af / o (|2)|216(z — 2)|? da
k=1

(610) — 5,25(11‘
ki
+CZ|zk\2/ |VO(x — zp) > dz < C.
k=1 Ap,25(x4)
In addition, since 2p < 1, by , Lemma and Proposition there exists a modulus of
continuity w such that for every i = 1,...,n we have
— F s Aes p(wi)) < F 55 Aes 25(i
Tog 2| 5. (We53 Ace () < log | 5o (We 53 Acs 25(21))
1 .
(6.11) inf  Fj, (w; Ao 25(7:)) + w(e)

- |1og E| wEJZ{gsﬂﬁ(ri)

_ | log(2p)| ;
= (8 — W>w(2u Tfhom) + w(g) :

Finally, due to , . and (6.11)) we can choose w in such a way that

(6~12) m 6E(w£757Q£ < SZ"/) Zl,Tfhom)_‘_Qﬂﬂ(l_S)ZlZiP-i—w( )
=1
Suitably choosing s. — 1 as ¢ — 0, we have that w. = we s, satisfies the relations in (6.5)). O

6.2. The Ginzburg-Landau model. This subsection is devoted to the proof of Theorem
which we prove here under slightly more general assumptions on the potential term. More specif-
ically, we consider W € C°([0, +0c0)) such that W(7) >0, W~1(0) = {1} and

... W(7) .
and, we define GLY : H'(;R?) — R as
x 1
(6.13) GLY (v) == / a<6—)|Vv(x)|2 da + 5—2/ W (ju(z)]) d .
Q e Q

We can re-state Theorem [0.2] as follows.

Theorem 6.2. Let GLY be defined in (6.13) where a is a measurable (0,1)%-periodic function
satisfyz'ng a(z) € [a, B] for a.e. © € R2. Let moreover Ah™ be the symmetric matriz defined in
(0.4). If limsup,_, 5; < 400, then the following I'-convergence result holds true.
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(i) (Compactness) Let {v-}. C H'(;R?) be such that GLY (v.) < C|loge|. Then, there
exists 1 € X () such that, up to subsequences, Jv. fla .
(ii) (T-liminf inequality) Let {v.}. C H'(Q;R?) be such that Jv. fa i for some p € X ().
Then W
lim inf GLe' (ve) > 2wV det Abom|4|(Q).

e=0  |loge]
(iii) (T-limsup inequality) For every u € X(), there exists a sequence {v.}. C H'(Q;R?)
flat
such that Jve = mu and

. GLZV(UE)
. imsup ———+ < 27Vde 1 .
(6.14) 1 < 2wV det Abom || (Q)

30 |log g|

Proof. Since a < § a.e., the compactness property (i) is a corollary of classical results in the
variational analysis of the classical GL functional (see for instance [5], Theorem 4.1]).

Proof of (ii). The strategy of the proof is to bound from below GLY (v.) with Z.(u., B.) defined
in for a suitable choice of u. and B, satisfying the assumptions of Proposition Without
loss of generality we can assume that

(6.15) GLY (v.) < C|loge|

and by the standard density arguments we can also assume that {v.}. C H'(Q;R?) N C(Q;R?).
For every 0 < 71,72 < % and for every € > 0 we set

KS/YI/YZ = {|U€| S 1- 'Yl} U {|v€| 2 1 + ’72} and AE,'YI/YQ = 8K€,“/1”72 \aQ
By (1.10) and by the Young inequality we have that

1
(6.16)  C|loge] 2/ oIVl ? + W (ve) dxmg/ S0 Ve | da.
Q Q
For every t € R we set
1
h(t) = / JI(s) ds
t

and we define the function 9. : Q — RT as 9.(z) = |h(Jv-(z)|)|. Note that 0. € H'(Q) and that
[Vie| = /W (Jve|)|V|ve||, so that by (6.16]), the coarea formula and the mean-value theorem, for
every 7 € (0,1) there exists 7- € (0,7) such that

(6.17) Cel|loge| > /

H'({oe =) dr > SH ({0 = 7).
3
We set 75 := 1 — h~ (%) and 75 := h™1(—7.) — 1 and note that, by construction, there exists
~T € (0,1) such that v7 — 0 as 7 — 0 and there exists a constant 0 < ¢ < 1 (independent of 7)
such that v§,~75 € (¢y™,~"). Moreover, we have that

{oe <7} = {hil(ﬁ) <Jve| < hil(_fs)} ={1 - <|ve| <1475} = Q\ K 4z ¢
and from the regularity of the function v. it follows that

{/ﬁg = 77'5} = 8{’[)&- < 77'5} \ o) = 6(9 \ K&,ﬁ,fyg) \ o) = 6KE77§77§ \8(2 = A5771577§.

Therefore, by (6.17), we obtain that

(6.18) H (A ys vs) < Crellogel.

By (6.15)), we have that

(6.19) Ce2|loge| > / W (Joe]) dz > Cr|Ko e e,
e§ 75

As a result, thanks to the Lipschitz regularity of 92 and to (6.18)), we have that
(6.20) HY(OK: e hg) < CrH (Acs 5) < Crellogel.

Note that, by definition of Hausdorff measure, since 9K < < is compact, it is always contained
in a finite union of balls B, (y;) such that >, r; < H'(OK. ., 4¢). Moreover, after a merging
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procedure, we can always assume that such balls are disjoint. In view of (6.19), for ¢ small
enough, we have that K .z .- is contained in the union of such balls. Therefore thanks to the
previous argument, by (6.20]), we have proved that there exists a family of balls, that are denoted

/ . -
by B; , whose union contains K ;< ~¢ and such that

(6.21) Rad(BL) < C:H' (0K, 1z 1z ) < Crellogel.

For every ¢ > 0, let BL(t) be a time parametrized family of balls constructed as in Propo-
sition starting from BL(0) := B.. Set B. := B.(1), C. == {B € B. : B C Q} and
pe = Y pec. deg(ve, 0B)d,,, , where zp denotes the center of the ball B. Note that

(6.22) 1—97 <|v| <1447 in Q(B.) D QB:).

Now we consider the function w : Q(BL) — R? defined as w,(x) := IZ%& , and we note that w, €

HY(Q(BL); S8'). Moreover, considering (1.10)), (6.22), using the relation |Vv.|? = \v5|2‘V”—5

[vel

|V]ve||? and applying Proposition [4.2(4) with t; = 0, to = 1, and U = Q, we obtain that

2
+

Ve

C|loge| > / a| Vv ? dz > / a\v5|2‘V
Q(BL) Q(BL) \Us|
> 2ma(1 = 7)?|pe () log 2,

from which we deduce that

2 _
dz > a1 - 77)2/ |Vw,|* dz
Q(BL)

(6.23) el (9) < Cr | logel.
Furthermore, by Proposition 5) and by it follows that
(6.24) Rad(B:) < 2Rad(B.) < Cre|loge.
Now we show that

(6.25) Le Ao 1.

By (1.2) deg(ve,0B) = deg(we,dB) for every B € C.. Hence, recalling the notion of modified
Jacobian introduced in (|1.3), we have that

(6.26) (J1—ysve — ) (B) =0 for every B € C. .
Using the triangle inequality, Proposition (6.23), (6.24)) and (6.26)) we also have that
[ Jve = mplllgae < [[Jve = Jioqzvellaas + 11-g ve — mhc [lfae

< C:elloge|+2  sup Z |pe|(B)oscp (o)
(627) \Is@\lcg,l(mél BeB,
< Crelloge| + 2Rad(B:)| e (2)

< Crelloge| + 2C;¢|loge|?.

flat

Eventually, (6.25) follows from (6.27) and from the assumption Jv. — 7 applying the triangle
inequality.

Thanks to (1.10) and (6.22), we get that
GLY (v 2/ CLEVUQd.’EZ/ aEUQIVU—E
ooz [, oGz [ (el

= x 7
> (1—%)2/ a(5) IVl de > (1 =927 (e, Bo),
Q(B:) 2

where 7. is defined in (5.4) with f(5-, Vw(z)) = a(£)|Vw(z)|?. Thanks to (6.23)), (6.24), (6.25)
and (6.28)) we are in a position to apply Proposition obtaining

2
dx

(6.28)

liminf% > (1 —~7)2Fo(p) = Vdet Abom|1|(Q)
=0 |loge| 0 ’

where the last equality follows by Proposition [2:3] The claim follows letting 7 — 0.
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Proof of (iii). We prove the claim under more general assumptions on the functional GLY .
Specifically, let f be a function satisfying (]E[), , and define the energy functional GLW-f :
HY(Q;R?) — [0, +00) as

GLY (v) ;:/Qf(%w(x)) dx+§2/QW(|v(m))dx

We prove that for every u = Y7 | 2;0,, € X () there exists a sequence {v.}. C H'(;R?) such
flat
that Jv. = wp and

GLW:f 3
(6.29) lim sup GL - (ve)
e—0 |loge|
where %y is defined in (0.14)). In view of Proposition we have that (6.14) is a consequence of
6.29).

By arguing as in the proof of Theorem (iif), we may reduce to the case W(2;; Tfnhom) =
(235 Tfnom) for every i =1,...,n. Let p > 0 be such that By,(z;) C Q for every i =1,...,n and
Bs,(x;)NBay(zj) = 0 forevery i, j = 1,...,n with i # j. For every 0 < s < 1, since by assumption
limsup,_,, % is finite, we have that lim._, % = 0. Finally, we set Q.(u) := Q\ U}, B=(2;) and
we let uf be the function defined in (6.7]). For every € > 0 we set

evue () if x € Qc(p),
= 23
Ve,s (@) |z—=| (71*75% ) if z € B.(x;) for some 1,

lz—a;]

< Fo(p),

€

and we note that v. s € H'(Q;R?) and that Juv. s = 7u for every ¢ > 0. In addition, for almost
every x € Q.(p) we have that |v. s(z)| = 1, hence W (|ve s(z)|) = 0. The latter yields

(6.30) / W (|ve,s|) dx = Z/ W (|ve,s]) dx < nCrme?
B.(

by the continuity of W. Furthermore, by the very definition of v, 5, we have that

(6.31) Z/ dg; < Z/ |V1157s\2 dz < 2Z7r(1 + |z]?) .

i=1

Gathering together (|6.30|)7 (6.31)) and (6.12), we eventually obtain that

1 Wf
T(ve) < —— f(—,vm) dz +o(1)
[log €] [loge] O.(u) \Oe
< 5> (2 Tfnom) +278(1 — 5) Y |zif* +0(1),
i=1 i=1
which, suitably choosing s. — 1 as ¢ — 0 and setting v, := v. s_, gives (6.29). O

7. THE CASE 0. > ¢

This section is devoted to the proofs of Theorems and of We will prove the above
I'-convergence results under the assumption that

(7.1) md. =0, A= lim 128% ¢ qy.
e—0

E—)O |log g|

7.1. The core-radius approach. For the reader’s convenience, we re-state Theorem and we

recall that X.(Q) is defined in (0.13).
Theorem 7.1. Let Fs_, % be defined in (0.16)), (0.12)), respectively, with f of the form (1.10]),

where a is a measurable (0,1)2-periodic function satisfying a(z) € [o, 8] C (0,+00) for a.e. x €
R?. Let moreover A"™ be the matriz defined in (0.4). If (7.1) is satisfied, then the following

statements hold true.
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(i) (T-liminf inequality) For any family {pu.},. C X (Q) such that p. € X.(Q) for every e >0
and fi. Aag w with 1 € X(Q) we have

a
lim inf Fepte) > 27r(<1 — Nessinfa + AVdet Ah‘)m) || (€2).

=0 |loge]

(ii) (T-limsup inequality) For every p € X (), there exists a sequence {p}. C X(Q) with
e € X () for every e > 0 such that p. Aag 1 oand

lim sup Fe () < 27T((1 — Aessinfa + AVdet Ahom) | () .

c—o0 |loge|

Proof of (i). For every € > 0 we set B, := {B.(z) : z € supp (ue)} and choose w. € AF.(pe) in
such a way that

(7.2) FJE (ws; Qs(,ufs)) < ys(.ue) +C

for some constant C' independent of €. We can assume without loss of generality that
(7.3) a/ IV o P 05 0:() S Z2(e) +.C < Ol logel.
Qe (pe

By arguing as in the first part of the proof of Theorem [6.1f(ii) we get that |uc|(€2) < C|loge| and
hence Rad(B.) < Ce|loge|. Therefore, Proposition |5.4] yields the claim.

Proof of (ii). By standard density arguments in the Ginzburg-Landau theory, we can reduce to
the case that p =Y. 2;0,, with |z;| =1. We set m := essinfa and for every n € (0,1) let

Ey:={y€0,1)” : aly) <m+n}.

By the very definition of essinf we have that |E,| > 0 for every n and there exists y,, € E, having
density 1 in FE, , i.e.,

lim |En N Br(yn)‘

(7.4) lim = =1.
For every ¢ =1,...,n we set

Z;
(7'5) xfs’n = 0O¢ L?J + 5sy77 :

€
Since J. — 0 as € — 0 we have that xfa’” — x; as € — 0 for every i = 1,...,n. Therefore, setting
(7.6) Hem =D 2ilsen
i=1

we have that
(7.7) He.n fa ] ase —0.

Now we prove that for every 0 < s < 1 there exists a function w; ;s € AF(fe ) such that

B, (55 Qe (1c,)) <27 (1= $3)(m + 1) + AsV/det AP ) |u](©)

lim sup

1
(7.8) =0 |loge]

+ (2776(1 —$)A+2m(1 — s)/\> ] (€2).

We fix p > 0 such that Ba,(22*") € Q for every i = 1,...,n and By, (z2*") N ng(m‘;s’") # () for
every 4,7 = 1,...,n with ¢ £ j. Let p:= min{p,%}.

Furthermore, for every 0 < s < 1, we let wgg7s € o 55 2p(2i) be such that
(7.9) Fs.(w§, s Ase 25) < inf  Fs_(w; Ass 25) + C.

we.!zf(;g,zﬁ

By arguing as in the proof of Lemma we can write wf;g,s = ebe.s for some function
uj_ € SBV?(Ass op(wi)) with uf_ (-) = z:0(-) on dBss UBayp (where 6 is defined in (3.7)).
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Let 6 be the function defined in (3.7) and let ©(-) := > ;_; zx0(- — ). Let furthermore
o :[p,2p] = [0,1] be the function defined by o(r) := %(r —p). Forevery i =1,...,n we set

2i0(z — 2= if £ € Aega(x)7),
ul, (1) =13 uj(x) if z € A(;g,,j(x;;a"),
(1= o(je—af*")zb(x — a7=") + o(jz — 2O (x) if @ € Ap2p(ay™"),

and we define the function we ;5 : Qc(pie,n) = S* as we ;5 := €= where

, ;. '
(7.10) Uy (7) = ug, (x) if @ € Ao gp(xy=") for some i
O(x) elsewhere .

Note that we s € AF(ey) -
Leti=1,...,n. By - using the change of variable 2 = d.y+0. | 5* j and the 1-homogeneity
of the function a, we have

a
Fés(w6,n,37As 65( 2 77)) = /A (y)|2 %

35716;,1(3;,,) |y —Yn

/ a(y) _dy +/ a(y) _dy
Ao ss—1(yn)NEy ly — yn| A ss—1(yn)\BEy ly — yn\

£, £,
Se oc dc S
1

(7.11)

< 2r(m+n)(|loge| — s|logdc|) +5/ s dy.
o s \Ey 1Y~ Ul
We now estimate the last integral in (7.11]). To this end, let vy € (O7 1). We note that
1 6t
(7.12) T dy < 2mlog =27(1 — s)|log d| + 27| log | .
A o1 (yn)\Ey ly — yn| Y
v,8¢
Let moreover I := fllogsl_llﬁ)gg%l_llog’”} and for every i = 0,1,...,1 we set r; := Qii; then, using
(7.4), we get
: )\ B
/ < z -, D
(7.13) Ae w(y,,)\E ly — ynl A,y (Yn)\En Iy yn i1
|10g€\ — |log d.| — |log |
< 1)0 ,
_( log 2 * n(7)

where lim,_,o Cy,(y) = 0 for every 7.

By (7.11] - - ) and -, using , we deduce that
(7.14)

)\
limsup ——— Fs, (ws,ég,sa Aa &3 ( 2 71) < 277(1 - S/\)(Tn + 77) + 27T/6(1 - S))‘ + ﬂ 77(7) .

e—0  |loge|

In addition, since 2p < 1, by (7.9)), Lemma Proposition (applied with € = 0. and sy = s)
and (7.1]), there exist moduli of continuity wy,ws such that for every i = 1,...,n we have

1 5 [logds| 1 . 5
—F, As s (225" Fs (w: ., A B
| 10g€| Se (wE,n;S7 Oe 7p(xz )) | 10g€| | log 5 | (w5576, 5.8 7p( ))
(7.15) <A+ wi(e)) inf Fs. (w; Ass 25(x)) + wa(€)

1108 0c | weds s 25(w0)

=(A+wi(e)) (s - ||1(1)§g(2(£|)|)27rv det Ahom + wy (e)
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where the last equality follows by (1.10) and (2.11). By (7.14), (7.15)), recalling and (6.10))

we have that

lim sup = Fy, (e g5, Qe (s1e,0)) <27 (1= 5X)(m + 1) + AsVdet Ao ) o] ()
e—o0  |loge]
+ (2781 - )A+2 (1= s)A+ A2, )) ()
™ u 10g2 n '7 :u’ 9

whence, suitably choosing v =~. — 0 as ¢ — 0, we get (7.8). Therefore, suitably choosing s. — 1
and 7. — 0 as ¢ = 0, by (7.8) we get that p. = pe . flag wand we = we y_ s, satisfies

Z,
lim sup —— Fs_ (we; Qe (1)) < limsup e (te) < 271'((1 — Nessinfa + AVdet Ahom) || ().
em0  |logel e—0  |loge|

O

7.2. The Ginzburg-Landau model. Finally, we prove Theorem [0.6]in the more general setting
introduced in Subsection

Theorem 7.2. Let GLY be defined in (6.13) where a is a measurable (0,1)%-periodic function
satisfying a(x) € |a, 8] C (0,+00) for a.e. * € R%. Let moreover AM™ be the symmetric matriz
defined in (0.4). If (7.1)) is satisfied, then the following T'-convergence result holds true.

(i) (T-liminf inequality) Let {v.}e C H*(;R?) be such that Jv. Aag 7 for some pu € X ().
Then

.. GLY (v,) .
liminf —=——= > 27 (1 — Nessinf a + AVdet Abom | |u| ().
e=>0  |loge]
(ii) (T-limsup inequality) For every p € X(Q), there exists a sequence {v.}. C H'(Q;R?)
flat
such that Jve = mu and

w
(7.16) lim sup CLe' (ve) <27 ((1 — Aessinfa + AvVdet Ah°m> | ().
e—0 | IOg 5|

Proof of (i). Without loss of generality we can assume that GLY (w.) < C|loge| and by standard
density arguments we can also assume that {v.}. C H*(Q;R?) N CL(Q;R?).

Let 7 € (0,1). By arguing verbatim as in the proof of Theorem ii), one can prove that
for every € > 0, there exist 47 > 0 with 4™ — 0 as 7 — 0, a family B. of balls such that
Rad(B.) < Czelloge| and

(7.17) 11— <|uel <1447  inQB.),

and a measure p. with supp p. C UBGBs B such that p. flag wase — 0. For every € > 0 we

defined the function w. € H'(Q(B.); S1) as w.(z) := IZiEigl . By (7.17) we get

GL;/V’UE 2/ aE Vo |? dz > 17%/ aE Vw,|?
1s) )z (517 A=y (5)1vwe]
>(1 _'YT)yE(NE»Q(BE))a

where %, is defined in (5.4) with Fjs defined in (0.16). Since the assumptions of Proposition
are satisfied, by (7.18) we have that

. GLY (v.) - .

liminf —=——* > (1 —47)27 (1 — Messinf a + AVdet Abom | |4](Q),
=0 |loge|

whence the claim follows letting 7 — 0.

Proof of (ii). By arguing as in the proof of Theorem [7.1] (iii), we may reduce to the case |z;| = 1
for every ¢ =1,...,n. For every 0 <7,s <1, let u., be defined as in (7.6) and let u. , , be the
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function provided by (7.10). Setting Q. (p) == Q\ Ui, Be(22°") with 29" defined in (7.5),
for every € > 0 we define

tten.s (@) if & € Qc(pten)
v x) = _ 2
() L;%I (7;:;‘) ifxe Bg(sz’") for some 7.

We note that v, , , € H(Q;R?) and that Jv. ;s = T, for every € > 0. In addition, for almost
every x € Q(pe,n) we have that |v. , s(z)| = 1, hence W (|v.,, s(x)|) = 0. By arguing as in (6.30)
and (6.31]), and using ([7.8]), we thus obtain that

GLY (ve,n.s) §27r((1 —sA)(m +n) + AsVdet Ah°m> [ ()

lim sup
o0 |loge]

+ (2775(1 — )M+ 2 (1 — s))\) () .
Therefore, suitably choosing s. — 1 and 7. — 0 as ¢ — 0 and setting v. = v ., by (7.7) we
have that Jv. flag uas € — 0 and that {v.}. satisfies (7.16]). O

Remark 7.3. Note that if J. tends to zero much slower than e in such a way that A = 0 in
(7.1) , then, within the |log e[, scaling the homogenization process is not detected by the I'-limit in

Theoremsand which in turns reduces to 27 essinf a|u|(2) . This is the case if lim._,o ‘g—p =0

_ 1
& llogel*

for all p € (0,1]; for example, if ¢

Example 7.1. We can give an explicit example, choosing a piecewise constant on a checkerboard
taking alternatively the values v and 3. We have that AP™ = \/aB1 (see e.g. [36] Section 1.5),
so that the corresponding I'-limit is

2 (1= N+ Av/aB) (%),

with A given by ([7.1)). The limit has the same form if we choose a as a laminate taking only the
values a and B with volume fraction 1/2, whose homogenized matrix AP™ has the eigenvalues

O‘Tw and % (see e.g. [I7, Section 12.2.2]).
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