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Abstract

This thesis is devoted to the study of phases of non-abelian gauge theories by means of
perturbation theory.

In the first part, we use the e-expansion to investigate the fate of gauge theories in
dimensions d = 3 and d = 5. Initially, we perform resummation of the five-loop f—function
in d = 4 + 2¢ to search for UV five-dimensional fixed points, focusing on the case of SU(n..)
gauge theories with ny Dirac fermions in the fundamental representation. We then compute
the free energy F' on the sphere as a perturbative series in € to test RG trajectories in d # 4. To
achieve that, we employ the generalized F theorem, which, given F=— sin(wd/2)F, imposes
ﬁUV > ER. We extrapolate this result to d = 3 to test whether QCD3; with gauge group
SU(n.) and ny fundamental matter fields flows to a CFT or to a symmetry-breaking case.
We then extrapolate to d = 5 to test whether the UV fixed points found with resummation
can be reached via a susy-breaking deformation of the £, SCFT.

In the second part, we consider 4d non-abelian gauge theories and we try to get insights
about confinement by putting the theory in Anti-de Sitter space. In the small radius limit the
theory is weakly coupled and admits both Dirichlet and Neumann boundary conditions, as-
sociated to a deconfined and a confined phase respectively. The Dirichlet boundary condition
cannot exist at arbitrarily large radius because it would give rise to colored asymptotic states
in flat space. This implies that a deconfinement/confinement transition must occur as the
radius is increased. We investigate the nature of this transition using perturbation theory, by
computing the anomalous dimensions of the lightest scalar operators in the boundary theory

and the correction to the normalization of the current two-point function.
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Chapter 1
Introduction

Quantum Field Theory (QFT) is the universal language of modern theoretical physics, serving
as the basis for our current understanding of the fundamental laws of nature. It sits at the
foundation of the Standard Model, describing the interactions of fundamental particles and
forces, is crucial in early universe cosmology, and plays a key role in condensed matter physics,

characterizing the behavior of various phases of matter.

Despite its major benefit, studying QFT is inherently complex [6]. One powerful tool to
simplify this study is perturbation theory. The idea is to start from free, solvable theories and
make approximate calculations by gradually introducing interactions. Despite being asymp-
totic and typically inadequate for providing an unambiguous definition of QFT's, perturbative
expansions are particularly effective when the interactions are weak, enabling precise predic-
tions and a deeper understanding of the underlying physics.

However, most of the space of theories is strongly coupled and therefore unreachable
with perturbation theory. Non-perturbative methods are often needed to understand the
fate of QFTs, e.g. by formulating theories on a discretized spacetime (lattice QFT [7-9]),
by imposing consistency requirements to generic theories (bootstrap approach [10-13]), by

studying the constraints imposed by global symmetries and their generalizations [14].

Still, giving up on perturbation theory would be a reckless choice. Several tricks can be
used to improve the power of perturbation theory. There are specific situations where the set
of perturbative data can be upgraded to non-perturbative results, thanks to the mathematical
machinery of resurgence [15]. Even when this is not possible, Borel resummation and Padé
approximation can be used to reorganize the perturbative series, improving the convergence
of the series and providing more accurate results.

The possibility of finding approximate solutions can be enlarged if some parameters enter
the theory, other than the coupling constants describing the interactions. This parameter may
be for instance the number N of components of a field (large N expansion) or, analytically
continuing the theory to a dimension d, the parameter € = d — d., quantifying the distance
between d and a dimension d. at which the theory is weakly coupled (e-expansion).

Perturbation theory can help in the ambitious goal of understanding how theories evolve
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when the length scale is increased. This evolution is described by the Renormalization Group
(RG) flow. Central to this concept are the beta functions, which quantify the rate of change
of coupling constants with respect to the energy scale, and anomalous dimensions, which
measure the deviation of the operators’ scaling behaviors from their classical expectations.

Notably, a special role in the space of theories is played by conformal field theories (CFTs),
which are fixed points of the RG flow invariant under scale transformations. To any CFT,
one can assign a positive quantity describing the number of degrees of freedom, which lowers
as we flow in the space of theories. This makes the flow irreversible and provides a remarkable
organizing principle for CFTs. In continuous dimension d this quantity is conjectured to be
F= sin(mwd/2) log Z ga, where Zga is the partition function of the theory on the d-dimensional
sphere. Given two CFTs connected by an RG flow, one at high energy (UV fixed point) and
one at low energy (IR fixed point), we then expect the inequality Fuv > Fig to be valid [16].

Among all QFTs, non-abelian gauge theories are undoubtedly one of the most challenging
and interesting cases of study. Even in 4d, where they are mostly studied, a deep understand-
ing of their large-distance fate is far from being reached. The complexity of these theories
derives from the fact that they are asymptotically free, meaning that they become strongly
coupled at low energies, which prevents the possibility of using perturbation theory to study
the RG flow. Asymptotically free theories possess a dynamically generated scale A, at which
deep and interesting phenomena occur, which cannot be proved by starting from the weakly
coupled theory. In particular, while at high energies massless and charged degrees of freedom
are allowed, at low energies the observed states are massive and singlet under the gauge
group. These phenomena are known as mass gap and confinement and represent one of the
major open problems of modern theoretical physics.

A possible way out to study confinement relies on putting gauge theories in Anti-de-Sitter
(AdS) space, which is a maximally symmetric space with negative curvature constant. In-
deed, AdS posseses a dimensionless quantity - its radius L times the dynamically generated
scale A - which can be tuned to interpolate between a weakly coupled regime (LA < 1) and
a strongly coupled regime where the flat-space physics is recovered (LA > 1). AdS has a
conformal boundary and then requires some boundary conditions to be imposed. In partic-
ular, the Dirichlet boundary condition gives rise to charged asymptotic states and therefore
cannot survive up to flat-space. As observed in [17] this implies a deconfinement/confinement
transition as the radius is increased.

Gauge theories and their phases are not interesting only in 4d. In lower dimensions, they
provide further examples of asymptotically free theories and have applications in condensed
matter physics. In higher dimensions, they are IR free and are considered effective theories
at high energy. Investigating their UV behavior may lead to the discovery of non-trivial fixed
points, which are currently known to exist in five dimensions only in supersymmetric cases
(SCFTs [18]).

The scope of this thesis is to study the phases of gauge theories by means of perturbation

theory. In particular, to analyze gauge theories in d = 3 and d = 5 we use the e-expansion,
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while for d = 4 we put the theory in AdS and develop an expansion in LA. We summarize

below the main results and outline the structure of the thesis.

Outlook

Chapter 1 We introduce the reader to some basic concepts that will be fundamental
throughout the rest of the thesis. We start by presenting the Renormalization Group and its
properties, focusing on the implications of conformal invariance and the definition of mono-
tonic quantities along the flow. We also illustrate how to use the e-expansion to find and
study non-trivial fixed points. We then describe gauge theories and their phases, starting
with the four-dimensional case and then providing a general description of their behavior
in different dimensions. We end by presenting some general aspects of QFT in AdS space,
directing our attention to how to exploit these properties for the study of asymptotically free

theories.

Chapter 2 We look for UV fixed points of non-abelian SU(n.) gauge theories in 4 + 2¢
dimensions with n; Dirac fermions in the fundamental representation, using the available
five-loop MS beta function and employing Padé-Borel resummation techniques and Padé
approximants to the series expansion in €. We find evidence for a 5d UV fixed point for
SU(2) theories with ny < 4. We also compute the anomalous dimensions v and 7, of
respectively the fermion mass bilinear and the gauge kinetic term operator at the UV fixed

point.

Chapter 3 We compute the S? partition function of the fixed point of non-abelian gauge
theories in continuous d, using the e-expansion around d = 4. We illustrate in detail the
technical aspects of the calculation, including all the factors arising from the gauge-fixing
procedure, and the method to deal with the zero-modes of the ghosts. We obtain the result
up to NLO, i.e. including two-loop vacuum diagrams. Depending on the sign of the one-loop
beta function, there is a fixed point with real gauge coupling in d > 4 or d < 4. In the first
case, we extrapolate to d = 5 to test a recently proposed construction of the UV fixed point
of 5d SU(2) Yang-Mills via a susy-breaking deformation of the £y SCFT [19]. We find that
the generalized F-theorem allows the proposed RG flow. In the second case, we extrapolate
to d = 3 to test whether QCD3 with gauge group SU(n.) and ny fundamental matter fields
flows to a CFT or to a symmetry-breaking case. We find that, within the regime with a
real gauge coupling near d = 4, the CF'T phase is always favored. For lower values of ny,
we compare the average of ' between the two complex fixed points with its value at the
symmetry-breaking phase to give an upper bound of the critical value n} below which the

symmetry-breaking phase takes over.

Chapter 4 We study Yang-Mills theory on four-dimensional Anti-de Sitter space. With

Dirichlet boundary condition a deconfinement/confinement transition is expected to occur
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as the radius is increased. We gather hints on the nature of this transition using perturba-
tion theory. We compute the anomalous dimensions of the lightest scalar operators in the
boundary theory, which are negative for the singlet and positive for non-trivial representa-
tions. We also compute the correction to the coefficient C';, which gives the norm of the state
associated with the current operator. We estimate that the singlet operator reaches a scaling
dimension equal to 3 (marginality) before the coefficient C'; vanishes. These results favor the
scenario of merger and annihilation of CFTs as the most promising candidate for the tran-
sition. For the Neumann boundary condition, the lightest scalar operator is found to have
a positive anomalous dimension, in agreement with the idea that this boundary condition
extrapolates smoothly to flat space. The perturbative calculations are made possible by a
drastic simplification of the gauge field propagator in the Fried-Yennie gauge. We also derive
a general result for the leading-order anomalous dimension of the displacement operator for
a generic perturbation in Anti-de Sitter, showing that it is related to the beta function of

bulk couplings.
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Chapter 2
General Background

In this chapter we discuss the general theoretical background supporting our research. The

main references are [20H24], along with those cited throughout the text.

2.1 Quantum Field Theory and the Renormalization

Group

QFTs are a cornerstone of theoretical physics, with a huge variety of applications both in high
energy and condensed matter physics. Global symmetries provide a powerful tool to analyze
and organize quantum field theories efficiently. These symmetries may act on the spacetime
on which the theory is defined, or on internal degrees of freedom. All conventional QFTs
at least have a spacetime Poincaré symmetry, which consists of translations and rotations of
spacetime.

Thanks to the pioneering work of Wilson [25], we now understand that all the parameters
of a QFT are defined as scale-dependent objects. This scale may be the lattice spacing in
condensed matter systems or the momentum cutoff in particle physics applications. The
Renormalization Group (RG) relates how theories are modified when this scale is changed.
This is described by simple differential equations known as renormalization group equations.
Solving these equations leads to the trajectory of a given theory in the space of all possible
theories: different reference scales correspond to different values of the coupling constant and
so to different points in the space of theories.

A special role in the vast landscape of QFTs is played by CFTs, which are fixed points
invariant under the RG flow and hence scale invariant. In addition to Poincaré and scaling
symmetry, they are also invariant under special conformal transformations.ﬂ These symme-
tries combine to form a group SO(d+1, 1), where d is the dimension of spacetime, and provide

powerful constraints on correlation functions. CFTs have a number of practical applications,

LA scale invariant theory is typically also conformally invariant, hence a CFT. There exist however known
examples of theories which are scale but not conformally invariant, e.g. Maxwell theory in d # 4 or more in
general free p-forms theories in d # 2p + 2.
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from providing a description of critical systems near continuous phase transitions to playing
an important role in gravity by means of the renowned AdS/CFT correspondence [26/-28].
The simplest example of fixed points is given by free massless theories, also known as
Gaussian fixed points. These theories lack interactions, thus preventing any quantum cor-
rections from altering them. In some special cases, it is possible to find other non-trivial
fixed points. Interacting fixed points are generally strongly coupled, but some exceptions
may occur, as in the Caswell-Banks-Zaks (CBZ) fixed points and the Wilson-Fisher (WF)

fixed points, which will be presented in the following sections.

2.1.1 Fixed points and conformal invariance

CFTs and RG flows

Being fixed points of the RG flow, CFTs may be seen as endpoints of RG trajectories. A

QFT can be instead seen as a deformation of a CF'T obtained by turning on some interaction

S = Scrr + /ddl‘)\O. (2.1)

Depending on the scaling dimension Ap of the operator at the fixed point (A = 0), different
scenarios occur. Among all possible deformations, only operators with Ap < d and Ap = d,
called respectively relevant and marginal, trigger interesting RG flows. When Ay > d instead,
i.e. for irrelevant operators, the RG flow is trivial and drives back to the fixed point. In the
special case Ap(A) = d even for A # 0, operators are said to be exactly marginal and
the corresponding deformations move along a continuous space of CF'Ts, referred to as the
conformal manifold. Given a set of fields, the number of relevant (and marginal) operators
is finite and small, while most operators are instead irrelevant. This simplifies dramatically
the description of physical systems and sits at the basis of universality, which is the fact that
many different high-energy theories are described by the same physics at low energyﬂ

The crucial object describing the RG flow at a scale p triggered by the interaction in
eq. is the beta function, defined as

d\

= (2.2)

BN

Solving this equation is in general too complicated, but it can be made easier by considering
a weakly coupled deformation around a free CF'T. In this situation perturbation theory is

reliable and f(\) admits an expansion as follows:

B = (AL — D)X+ BoA? + B1A% + O(AY), (2.3)

2Note that irrelevant operators cannot always be discarded. It can happen that, when multiple deforma-
tions are turned on, including a relevant one, irrelevant operators become relevant along the RG flow. These
operators are said to be dangerously irrelevant. See appendix A of ref. [29] for a more detailed description
and chapter 4 for an example.
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where we denoted by Ag)) the dimension of the operator in the free theory. In the case
of Ag)) = d, i.e. for classically marginal deformations, the leading term cancels and the
asymptotic behavior of the theory depends only on the sign of 3y. If 5y > 0 the coupling is
marginally irrelevant and goes to zero at long distances; the theory is said to be infrared (IR)
free and cease to be perturbative at some high energy scale. If instead 5y < 0 the coupling
is marginally relevant and decreases in the ultraviolet (UV). These theories are perturbative

at high energies and are said to be asymptotically free.

Solving eq.([2.3) at leading order for marginal deformations, we get

)

Ap) = : 2.4
(k) 1 — A(po) Bo log(1/ o) (24)

Note that in asymptotically free theories this expression formally diverges at a scale
A = pe e, (2.5)

This energy scale, which is RG invariant, is said to be dynamically generated and is purely

a quantum effect of the theory.

The beta function vanishes at the fixed points, which satisfy

B =0. (2.6)

This is clearly true at zero coupling, i.e. for free theories, but may also occur in interacting
cases. Unfortunately, most of non-trivial fixed points are strongly coupled and cannot be
accessed with perturbation theory. There are however two remarkable exceptions. Let us
first consider a scenario where the coefficients fy and S in eq. have different signs and
accidentally satisfy [5y/51] < 1. In such a case, there exists a non-trivial perturbative

solution of eq.({2.3)), which is

b
B

This fixed point is said to be of the CBZ type [30,31].

A= (2.7)

Another possibility to find perturbative non-trivial fixed points is by analytic continuation
of the spacetime dimension. The technique used to investigate the existence and properties

of such fixed points is known as the e-expansion and will be described in detail in secf2.1.2]

Fixed points can be classified depending on the direction of the incoming RG flow: they
are said to be IR fixed points if they are reached at low energies and UV fixed points otherwise.
The value of the coupling at the fixed point is a scheme-dependent quantity, but there
exist physical quantities associated with the fixed point which are unambiguous. The most

important example is given by the anomalous dimension 7o of operators, which are defined
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AO >d \{\ AO <d AO <d
\\x~~_
N
/i’
CFTr Gapped

Figure 2.1: Pictorial representation of the RG flow triggered by an operator with dimension Ap. If
Ao > d the deformation is irrelevant and the theory flows back to the original CFT. If Ap < d, the
trajectory may end up in a gapless theory (free or interacting CFT) or in a gapped theory (trivial
or TQFT). The first two cases can be the starting point of new RG flows (dashed lines).

as the difference between the quantum dimensions of operators and their classical values:
— Ao(A) — AY 2.8
Yo =A80(A) — Ay (2.8)

Let us now describe different scenarios for the RG flow triggered by the deformation in
eq. (see ﬁg.. Typically, the starting point of the RG flow is a free CFT. The deformed
action is then weakly coupled and can be studied with perturbation theory. If the theory
remains weakly coupled throughout the RG flow, this description remains valid even in the
IR. However, in most cases, the theory becomes strongly coupled along the RG trajectory,
requiring a different description.

RG trajectories often end up in theories where all excitations are massive. These are said
to be gapped, meaning that there is a gap in the energy spectrum between the ground state
(E = 0) and the first excited state (£ > 0). Below the mass scale of the lightest particle, all
degrees of freedom become heavy and can be integrated out, leaving only the vacuum state.
Gapped phases may be trivial, but may also develop topological aspects: in this case, theories
are described by Topological QFTs (TQFTs), a special class of quantum field theories that
are insensitive to local details of the system.

Sometimes, suitable RG trajectories can lead to another CFT in the IR, which can either
be free or interacting, rendering the QFT gapless. Note that these endpoints of the RG
flow, being CFTs themselves, can serve as the starting point for new RG flows induced by
new deformations. It is important to note that aside from the free case and some notable
exceptions, CFTs do not admit a Lagrangian description and require alternative methods for
study.

To be more concrete, let us consider a few examples:

e Massive free particles can be seen as CFTs deformed by relevant operators, providing

the simplest example of gapped theories.
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A scalar theory with quartic interactions A¢* in d = 4 can be viewed as a deformation
of a free CF'T, leading to either gapped or gapless theories depending on the presence
of mass deformations. In smaller dimensions and with a fine-tuned value for the mass,

the theory develops a WF fixed point which persists down to d = 2.

e Quantum Electrodynamics (QED) in d = 4 gives a trivial example of a theory with
massless particles in the IR: for energies much smaller than the mass of the electron,
only free photons survive. If the electron were massless, the theory would still be

gapless, but the IR phase would be reached very slowly (logarithmically)ﬂ

e Quantum Chromodynamics (QCD) in d = 4 with a small number of massive quarks
is asymptotically free: it has a weakly coupled description in the UV, but becomes
strongly coupled in the IR, undergoing confinement and chiral symmetry breaking.
This results in gapped states, where massive excitations are bound states of gluons and

quarks: mesons, baryons, and glueballs.

e Massless QCD in d = 4 has different behaviors depending on the number of quarks: if
it is small spontaneous breaking of the chiral symmetry occurs, leading to a theory of
massless Goldstone bosons (free CFT). For some larger number of quarks, the theory

flows to a CBZ fixed point, resulting in a gapless interacting IR theory.

We will discuss in detail the last two points in secj2.2.1] while describing the properties of

four-dimensional non-abelian gauge theories.

Conformal symmetry and constraints on correlation functions

The conformal group of symmetries is the set of spacetime transformations that rescale
lengths but locally preserve angles. It is an extension of the Poincaré group: besides space-
time translations and rotations, it includes scale transformations and the so-called special

conformal transformation (SCT). For scalar fields, the generators ard]]

P, =0, (translation)
M, = (x,0, — x,0, rotation
o= (2,0, — ,0,)  (rotation) o)
D =x,0, (dilation)
K, = —2*0, + 2x,2,0, (SCT)

3In this case and in the previous one the strict UV limit is not defined: the couplings get larger and

1
larger as the energy scale increases and become infinite at a scale A, = pe>®#% (Landau pole), resulting in
a breakdown of perturbation theory.
4We use the conventions for the generators of [32].
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Taking commutators of these generators, one can show that the conformal algebra is in fact
isomorphic to SO(d + 1,1). A generic conformal transformation z# — x'* satisfies
ox'™ 0z

et 2
by 7 = U@)0as (2.10)

with Q(x) arbitrary function of the coordinates. At the infinitesimal level 2’# = z# + ¢ and
Q(z) =1+ w(x)/2, implying
Ou€y + 0p€, = w ()6, - (2.11)

This equation has a finite number of solutions for d > 2, which read

" = constant (translation)

e = r"wp, (rotation) (2.12)
et = A (dilation)

e =2(a-x)x" — 2%a* (SCT),

where a* is an arbitrary vector. The case d = 2 has infinite solutions and requires in-
deed special attention: the conformal transformations correspond in this case to holomor-
phic transformations from the complex plane onto itself and the algebra of generators is
inﬁnite—dimensionalﬂ To find the finite form of the transformations we only need to inte-
grate eq.(2.12)). The only nontrivial case is that of SCT, which gives

H — atx?

= : 2.13
* 1—2(a-z)+ a?a? (2.13)

It is convenient to think about SCT as the composition of an inversion

xk
o

followed by a translation followed by another inversion.

Let us now focus on how conformal symmetry constrains correlation functions of local

operators in a CFT. Consider first scalar operators. Operators transforming as

2k
dx

Ole) = dz

O'(') (2.15)

under a conformal transformation are called primaries. Specifying to a dilation z/* = Ax*,

primary operators satisfy

O(x) = \20'(z). (2.16)

Operators that are not primaries are said to be descendants and can be obtained by differ-

entiating primary operators.

5See e.g. chapter 5 of ref. |33] for a complete introduction on the topic.
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Conformal symmetry gives constraints on correlation functions of primary operators. In
particular, the one-point functions (O(z)) vanish for any primary except for the identity
operator (which is the unique operator with A = 0 ). The two-point functions are different

from zero only if the dimensions of the operators are the same

(0i(2)0;(y)) = Coim— 55 » (2.17)
x — y|?8
while three-point functions are constrained to be
(O: (1) O; () Ox (1)) = o sas (218)
e e R e e A 21 I
Note that after normalizing the two-point function to have unit coefficient Cp, = 1, the

normalization of the three-point function is physically meaningful. This choice is commonly

taken, but for our purposes, it is more convenient to keep C, to be a general real number.

Let us now consider operators with spin J # 0. If operators have spin, the transformation

rule of primaries changes into

Oa(z) = Q(2)* D (R ('), 0" ('), (2.19)
where P
ai = Q()R* (&), R, («') € SO(d). (2.20)

and D(R)%, implements the action of the SO(d) rotation R in the representation of O. In
particular, tensor primary fields of scaling dimension A and integer spin J transform as

follows
ox'
ox

Imposing this transformation on correlation function we find again that one-point functions

T,

P phg (z) =

A—J
—d ax/lfl @I/VJ
T A CO (2.21)

need to vanish. Given
L%y

I,ul/(x) =N — 2 22 s (222)
the two-point functions for vector and spin 2 symmetric traceless operators satisfy

Cy

T =y

<JH<I>Ju(y>> I#V(‘T - y) (223)

(T (2)Top(y)) = Cr ((I"“(CE — Y ls(@ = y) + Lus(@ = Y val® = Y))  Tuwas

|z —y[>* 2 d
(2.24)

respectively. One can also compute the most general three-point function of three spin-J

operators. The number of tensor structures consistent with conformal symmetry is more
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than one in general, but it is always finite.
Among local operators, a special role is played by the currents J,, associated with global

symmetries and the stress tensor 7),,. These objects are conserved
oJ'=0 ,0, 7" =0, (2.25)

which fixes their dimension to be A; = d — 1 and Ap = d respectively. To obtain this,
it is sufficient to impose the conservation laws to eq.(2.23) and eq.(2.24), knowing that the
stress-tensor is traceless at the fixed points, as we prove in the following section.

Unitary CFT cannot have primary operators with any dimension. Indeed, there exist
bounds restricting the possible dimensions of primary fields. We have inequalities that depend

on the Lorentz quantum number:

d
A > i 1 (scalars)
d—1
A > —5 (fermions) (2.26)

A>d+J—2 (spin J tensors).

State/operator correspondence and OPEs

A powerful concept of CFTs is the state-operator correspondence, which establishes a direct
connection between local operators on R? and quantum states on S?~'. The correspondence
is obtained by using radial quantization on R?. Writing the radial coordinate as r = €7 and

acting with a Weyl transformation
ds* = dr® + r*dQ35_,, - ds* =dr? +d0:_,, (2.27)

flat space R? can be mapped into a cylinder R x S%!. The distance from the origin is
then identified with the time 7. A rescaling »r — Ar then corresponds to a shift in time
T — 7 + log A\. Since the generator of time translations is the Hamiltonian, the scaling
dimension of an operator in R? corresponds to the energy of the state on S9~!. If no local
operator is inserted, then the state created on S?! is the vacuum state. If an operator Oy is
inserted at the origin, the corresponding state |[Oa) is the one created on S at 7 — —o0
with energy £ = A. On the other hand, a state on a constant time slice of the cylinder
corresponds to a boundary condition on a sphere around the origin, which can be made
arbitrarily small thanks to conformal invariance (if no other operator is inserted), boiling
down to a local operator. Note that the state/operator correspondence can be used to prove
the unitarity bounds of eq., simply by imposing that all descendants correspond to
states with positive norms.

Consider now the insertion of two local operators O; and O; in R?, respectively at a point

x inside a sphere and at the origin. By the state/operator map, they correspond to a state
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|¥) = 0;(x)0,(0)|0) on the surface of the sphere. This state can be decomposed in energy
eigenstates

) =) enlB), cn=calx). (2.28)

n
which are in one-to-one correspondence with eigenstates of the dilation generator, either

primaries or descendants. We can thus write
Oi()0;(0)[0) = >~ C§ (2,0,) Ox(y)],_, 10), (2.29)
k

where k runs over all the primaries of the theory and C¥ (x,9,) denotes implicitly a power
series in d,. The product of two operators at nearby points can be then rewritten as a series of
operators at one point only. The existence of this series, known as operator product expansion
(OPE), is a general fact of local QFTs, but gives rise to particularly powerful properties in
CFTs. Conformal symmetry, indeed, ensures convergence of the series as far as the sphere
around the two operators hits another operator. Moreover, it relates the coefficients of the
series to the coefficients of two-point and three-point functions of primaries. Restricting O;

and O; to be scalar primaries, we get

0;(z)0;(0) = Z Cookioj | 2|4 2725 (04,(0) + descendants ...), (2.30)
K

where Cookioj = COinOk/ Co,, and Cop,0,0,,Co, are defined in and (22.18)) respectively.
Note that the series in eq.(2.30)) includes also spinning operators (traceless symmetric). The
set of coefficients C’OO’ZO],, the dimensions A;, and the spin of the operators appearing in the
OPE expansion is referred to as the CF'T data and allows to compute all correlation functions,
i.e. to solve the theory.

The OPE lowers the number of operators in correlation functions and can be then used as
a tool to reduce them. Notably, different procedures of reduction must give the same result.
This concept is known as OPE associativity and provides conditions to define consistent
CFT data. Imposing this constraint together with unitarity and, if needed, the existence
of a primary operator with A = d (playing the role of the stress energy tensor) allows to
restrict remarkably the allowed set of CFTs. This idea is at the foundation of an active and
challenging research field, known as the conformal bootstrap (see e.g. [32] for an introduction

and [34}35] for extensive reviews).

Stress-energy tensor and anomalous breaking of scale-invariance

Given a QFT, the stress-energy tensor is the conserved tensor associated with the transla-

tional symmetries[%] It can be directly computed by coupling the QFT to gravity and deriving

6The minimal set of QFT axioms (Wightman axioms [36]), does not require the existence of the stress
tensor as the energy and momentum density. However, assuming the existence of this operator is natural
and implies locality of the theory.
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2 49
L= , 2.31
8 VIO g s (231)

where g, is the metric and g = det(g,,). If the QFT is classically scale invariant, i.e. if

it contains only marginal operators in its action, the stress-tensor is classically traceless.
Indeed, the current associated with scaling transformations, known as the dilation current
D,,, satisfies

D, =2"T,, . (2.32)

Conservation of D, then implies that 7T}, is traceless.m
At the quantum level, scale invariance is instead typically broken. Invariance of the

quantum action under scaling transformations x* — e~ %z* implies that

[ s L0 0,000 M) = [ dia £l Bole ), e G900 "), Aw)

(2.33)
= /ddx e L(e 7R ¢(x), e_"(A“)@ugb(:p), Ae%x)),
For a classically scale-invariant theory,
L2 p(a), e E0,6(x), \) = € L(6(x), Du6(2), N). (2.3
Under an infinitesimal transformation o < 1,
ANz +ox) = ANz) — aB(N), (2.35)

and so the violation of the scaling symmetry is given by

oL
55 = [ e (£(0(2),0,0(0). Mo + 00)) — £(6(e),8,0() o)) = =0 [ 55500,
(2.36)
Correspondingly, the divergence of the dilatation current is anomalous and the trace of the

stress tensor is non-vanishing, with the anomaly given by the S-function:
oL

o\’

Note that, as the beta function vanishes at the fixed points, CF'Ts have traceless stress-tensor

8,D" = Tt = B(\) (2.37)

also at the quantum level.

Adding a boundary: an introduction to BCFTs

Let us now consider a CFT in a space with a boundary, known as boundary conformal field
theory (BCFT). Here we consider the simplest case of a CFT in half-flat space, but the

"Usually the stress-energy tensor defined in eq.([2.31]) is not traceless on its own, but can be made traceless
by adding a manifestly conserved tensor.
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formulas below can be generalized to other spaces with boundaries and, more generally, to
theories with conformal defects (DCFTs). To be consistent with the notation of the rest
of this thesis, we take here d, d + 1 to be the dimension of the boundary and the bulk
respectively.

The fusion of primary operators in the bulk is clearly unaffected by the presence of the
boundary and controlled by the usual bulk OPE of eq.. However, when a bulk operator
is brought close to the boundary, it becomes indistinguishable from a boundary excitation,
which we denote by adding hats on operators. Therefore, a new bulk-to-boundary OPE
(bOPE) has to be introduced, which is

O(z,2) =Y 2 2B O(a) + ... | (2.38)

Ok

where x is the coordinate on the boundary and z > 0 is the coordinate perpendicular to it.
Like its bulk counterpart, conformal symmetry ensures convergence of the bOPE and relates
the bOPE coefficients to coefficients of primary correlation functions. The coefficients ng,
indeed, are related to the two-point function of a bulk and a boundary operator. In the scalar

case, we have

(O(x, 2)0(0)) = Bypz® 22722, (2.39)

where B, = BOO /Cg if we consider non unit-renormalized primaries. Among the bulk-to-
boundary OPE coefficients, the one of the identity BOi plays a special role, as it allows bulk
operators to acquire an expectation value. This is typical of BCFTs and cannot occur in
CFTs without a boundary.

Finally, boundary operators can be fused as well, so that one last boundary-to-boundary
OPE exists, which is equivalent to the bulk OPE in one dimension less.

In every BCFT a boundary operator with protected dimension A = d + 1 appears in
the spectrum. This is known as the displacement operator, and is related to the breaking
of translational invariance at the boundary. The stress tensor is indeed not fully conserved
and its divergence has a delta-function contribution located at the boundary, proportional to
the displacement operator itself. In half-flat space, for instance, the displacement operator
D can be defined as

M. (z,z) = D(x)d(2) , (2.40)

where again x and z are the parallel and perpendicular directions with respect to the bound-

ary.

2.1.2 WEF fixed points and the e-expansion

Studying RG flows in strongly coupled regimes is a hard task. Several techniques were
developed to overcome this problem. The most successful certainly are the large N expansion

[37] (see also [38] for a more general review) and the e-expansion [25,39]. The first is based
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on the fact that when the number of degrees of freedom N in the theory is very large, only
a few diagrams contribute to correlation functions, which can be resummed and computed
exactly. The second instead relies on the analytic continuation of the spacetime dimension d
and on the expansion of d around a critical dimension d,. at which the theory is perturbative.
Let us present more in detail this technique, known as e-expansion.

It is sometimes possible to continue RG flows to non-integer dimensions, at least formally.
When a flow to an interacting fixed point can be continued to the vicinity of its upper or lower
critical dimension, it becomes short and controllable in perturbation theory. This strategy
can lead to a useful approximation of strongly coupled fixed points. The idea is to introduce
a parameter € = d. — d and to compute the RG functions as perturbative expansions in e.
The resulting expansions are obviously reliable for € < 1, but may provide surprisingly good
results even for larger value of e. This technique was first applied to A¢* theories in d < 4,
in the breakthrough work of Wilson and Fisher [39]. Consider the action for a scalar field in
d=4—c¢

S = /dd ( (09)? + t,ugb + A,ﬂ 4¢) (2.41)

One can compute the beta functions at small coupling:

BA) = —(4 —d)\+ 1\ +

(2.42)
Bt) = =2t + coth + ...,

where ¢; and ¢y are constants that depend on the renormalization scheme. These beta
functions have two zeros: t = 0, A =0and t =0, A = \* = (4 —d)/c;. The first zero
corresponds to the Gaussian fixed point, while the other is the WF fixed point, weakly
coupled at € < 1E| Thanks to the good behavior of the asymptotic expansion, one can
extract the value of the anomalous dimensions up to € = 1,2, corresponding to d = 3,2.
These results reproduce quite accurately the experimental results of critical exponents for
the Ising model ]

Since its first appearance, the e-expansion has been widely used. Let us list the most
famous applications (see fig[2.2){]

e Critical O(N) universality class in 2 < d < 4 can be studied as the IR fixed point of
A@i;)? theory in d = 4 — € or equivalently as the UV fixed point of the non-linear
sigma model (NLoM) in d =2 +e.

e (ritical Gross-Neveu universality class can be instead reached from d = 2 + ¢ Gross-
Neveu (UV fixed point) or from Gross-Neveu-Yukawa theory in d = 4 — € (IR fixed

8In order to reach this fixed point we need to fine-tune the mass coupling to be precisely zero. If the
initial value of ¢ is slightly different, then we end up with a theory of massive particles, either t — oo (Zs
preserving), or t — —oo (Zy breaking).

9The e-expansion, when properly resumed, is a competitive technique, but an even better estimate can be
obtained with the conformal bootstrap [40].

ONote that in most cases the e-expansion results where matched with large-N results, which can be
obtained for a generic value of the spacetime dimension.
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3d Critical O(N) CFT

l

2 4
2+€ 4—e
NLoM ¢* theory
3d Critical GN CFT
2+€ 4—e
GN theory GNY theory
3d Conformal QED
: . .
4—e
QED theory

Figure 2.2: Interacting CFTs exist for O(N) models, GN models and QED with a sufficently large
number of fermions in 2 < d < 4.

point).

e In three dimensions, QED with a sufficiently large number of fermion flavors can exhibit
a fixed point, which can be understood as the IR WF fixed point of QED in d =4 —e.

e Non-abelian gauge theories may develop a non-trivial fixed point in d < 4 when the
number of flavors is large (IR fixed point) and in d > 4, when the number of flavors is
small (UV fixed point). We refer to chapter [3[for a more complete analysis of the latter
fixed point.

2.1.3 Monotonicity theorems for the Renormalization Group

A relevant topic in the study of d-dimensional QFTs concerns the search for constraints on
the RG trajectories. It was indeed proven that certain quantities can only decrease when
flowing from a short-distance fixed point (UV) to a long-distance one (IR), expressing the
reduction of degrees of freedom as the energy scale is lowered. Such quantities were first
found in even dimensions [41-44] and identified with the universal Weyl anomaly a, defined

as

(T1) ~ (=1)"PaBy+ ) e (2.43)

where E; is the Euler density term, which is present in all even d > 2, and ¢; are the

coefficients of other Weyl invariant curvature terms. We have indeed
ayy > QIR - (244)
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This is still a conjecture in d = 6, while it was rigorously proven in lower even dimension.
In d = 2 this is well-known as the c-theorem [41], as in this case the unique Weyl anomaly
coefficient can be expressed in terms of the Virasoro central charge ¢ through the relation
a=c/3.

As there are no Weyl anomalies in odd dimensions, some different quantity should be

found in this case. The free energy on the sphere, defined as
F = —log Zga, (2.45)

plays such role in d = 3, satisfying
Fyy > Fig. (2.46)

This inequality, known as the F-theorem, was proven rigorously by exploiting the equivalence
among the free energy and the entanglement entropy across a circle in d = 3 [45,46]. Notice
that the free energy in even dimensions diverges and cannot be used to this purpose. For
other odd dimensions it is conjectured that the decreasing quantity becomes (—1)@+1)/2F,

This has not been rigorously proven yet but is supported by several examples.

The Generalized F-theorem

Motivated by the e-expansion results, ref. [47] proposed to unify all the previously mentioned

inequalities in a single relation valid in continuous dimensions. The authors defined
~ d
F=—sn (%) F, (2.47)

(@+1)/2 [ term, while in even d provides a smooth

limit proportional to the a-anomaly: the factor sin(%d) cancels the pole in the free energy

leading to the finite limit F =ra /2. Therefore, the inequality

which in odd d exactly reproduces the (—1)

Fyv > Fi (2.48)

automatically encodes all the previous relations, and extends them to non-integer values of
d.

A first check of this inequality, known as the Generalized F -theorem, is provided by

conformally coupled scalars and fermions. Their free energies were computed in ref. [48] and
Fireos(d) ! /ld in (mu) D 4 ) (8 (2.49)
reo- = — u u sin (mu —+u ——ul . .
free-S Td+1)J, 2 2

~ trl 1 ™ 1+d+u 1+d—u
Fheer(d) = =————— d — ) r{—\r{——-y_=, 2.
e (d) F(1+d)/0 “COS<2> ( 2 ) ( 2 ) (2:50)

where trl is the trace of the identity in the Dirac matrices space. These functions are positive

read
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for all d. If we add a mass term these theories flow to trivial ones, where F= 0, consistently
with the inequality in eq..

Anther interesting application involves RG flows produced by double-trace operators in
large N theories. Consider a CF'T perturbed by the square of a primary scalar operator Oa of
dimension A < d/2. In the large N limit, this is a relevant perturbation that triggers a flow
to another CFT where the corresponding operator has dimension d — A + O(1/N) [49./50].
This produces the following change in F [47,51):

A_d
FIR—FUV:ﬁ/O 2duusinﬁuf(g—i—u>l“(g—u)—1—0(1/]\/). (2.51)
This result is negative throughout the range (d — 2)/2 < A < d/2, confirming consistency
with the Generalized F-Theorem. Nevertheless, when A falls significantly below the unitarity
bound, the condition fails to hold. Indeed, the theorem may not apply in non-unitary
theories.

The generalized F-theorem can also be applied to RG trajectories which end up into WF
fixed points. Let us consider for example critical O(N) in d < 4, which we presented in the
previous section. Ref. [48] computed ﬁo( Ny as a perturbative expansion in € and verified that
it is smaller than the value of F at the free point: ﬁo( N <N ﬁfree_s, consistently with the
Generalized F-theorem. The authors also verified the possibility to reach the same interacting
fixed point starting from N copies of Ising theory and acting with an Sy-invariant relevant
deformation. They found that in d = 3 the flow is allowed only for N < N*, with N* ~ 4[M]
Performing a relevant deformation to critical O(NN), one may flow to a theory in which O(N)
is spontaneously broken to O(N — 1). In this phase there are N — 1 Goldstone bosons and
the sphere free energy is ﬁSB = (N — 1)ﬁfree_g. The inequality ﬁsg < fo( ~y is verified for all
values of N and so the flow is allowed. We refer to fig[2.3] for a pictorial representation of
this expected RG flow.

2.2 Non-Abelian Gauge theories: general properties

Gauge theories are a cornerstone of modern theoretical physics, playing a central role in
understanding the fundamental forces that govern the universe. They have been crucial in
the development of the Standard Model of particle physics and have also found applications
in other areas of physics, such as condensed matter physics. They are redundant theories,
meaning that they make sense only by identifying states related by some local (gauge) trans-
formations. This redundancy means that only gauge invariant quantities should be considered
physical.

Non-abelian gauge theories are gauge theories in which gauge transformations do not nec-

essarily commute with each other. This introduces a rich structure, including phenomena like

" For higher values of N, the same relevant deformation leads to another fixed point, known as the cubic
fixed point, which is Sy-symmetric instead.
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Free O(N)

A6
A 07)?

N copies of Ising

Critical O(N)

~

*-eSB

Figure 2.3: Expected RG flow from and towards 3d critical O(NN). This may be reached in two
different ways: by perturbing the free theory (purple line) or, for N < 4, by deforming N copies
of the Ising theory (dashed orange line). The N copies of Ising are themselves obtained from a
deformation of the free theory (red line). With a relevant deformation, one may flow from critical
O(N) to a spontaneously broken phase (dashed blue line). All these flows are allowed by the
Generalized F-theorem.

confinement and asymptotic freedom, which are absent in abelian theories. The prototypical
example is QCD, the theory of the strong interaction, which describes the interactions be-
tween quarks and gluons via the SU(3) gauge group. Another significant application is the
electroweak theory, part of the Standard Model of particle physics, which unifies the weak

and electromagnetic interactions under an SU(2) x U(1) gauge group.

Non-abelian gauge theories are constructed starting from a compact Lie group G and the

corresponding Lie algebra g, whose generators t* satisfy
GRASE (2.52)

where a,b,c = 1...dim(g) and f®¢ are fully anti-symmetric structure constants. We mainly
focus on the case G = SU(n.), even if other options are possible and interesting. We take

the generators in the fundamental representation to be normalized as
tr [t5th] = Tp0%, Ty = 1, (2.53)
Iof 2
while other representations R satisfy
tr [tht%] = Tro™, (2.54)
where T is called the Dynkin index. The generators in a given representation R also satisfy
rtr = Crl, (2.55)
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where Cg is the quadratic Casimir of the representation. Among all representations, a spe-
cial role is played by the adjoint, whose generators are related to the structure constants
themselves ((t25)° = if**). The corresponding Dynkin index Tl(aq; equals Cy, which is n,
for SU(n.) group.

For each element of the Lie algebra, we associate a gauge field Af, and the field strength
Fo, = 0,A5 — 0,A% + [ AL AL (2.56)

which will be used to construct the action. The set of maps U(z) from spacetime to G is
known as the gauge group. Under such transformations, the gauge field and the field strength

transform respectively as
A, = U@)AU(2) ™ +iU(2)0,U (x) ! (2.57)
and
P — U(x)F™U(x)7 ", (2.58)

where we used the compact notation A" = Aft$ and F* = F}"i}. Pure gauge theories (i.e.

without matter) are called Yang-Mills theories and have the action

1 d v 1 d v a
SYM:2—g2 dl’tI'F“ F/W_4—92/d l‘FéL F/W’ (259)

where ¢? is the gauge coupling. The corresponding equations of motion read
D,F*" =0, (2.60)

where D, is the covariant derivative which will be defined in a moment.

To add matter fields 1, we need to specify some representation R of the gauge group G

and couple to gauge field through covariant derivatives, defined by
Dt = 9 — AR (1) | (2.61)

with é,7 = 1...dim R. In our discussion, we will mainly focus on the case of fermionic matter

fields in the fundamental representation.

The quantization of gauge theories is a non-trivial task. The problem arises becaus the
redundancy introduced by the gauge symmetry leads to an overcounting in the path integral
formulation. All pure gauge configurations are not damped by the action and lead to a
divergence in the gauge propagator. This can be cured by adding a gauge-fixing term in
the action and introducing in the theory anticommuting scalar fields (ghosts) [52]. The final
action is then

Seauge = SvM + Smatter + SGF + Sghost » (2.62)
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with
Sar = —(0,A)? (2.63)

and
Sghost == Ea&uD“Ca y (264)

where ¢ is the gauge-fixing parameter and ¢ and ¢ are the ghost and anti-ghost respectively.

2.2.1 Gauge theories in d = 4: asymptotic freedom, confinement

and the conformal window

Gauge theories present different phases at low energies, with incredibly rich properties and
physical phenomena. Understanding the full phase diagram of gauge theories, in particular
of 4d non-abelian gauge theories, is an extremely hard task. We present here the basic
classification of non-abelian gauge theories, pure and with the addition of fermionic matter
(QCD-like).

The fundamental quantity to describe the RG flow of non-abelian gauge theories is the
beta function of the gauge coupling, which is the only coupling appearing in the action. It is

convenient to introduce the loopwise expansion parameter

g2

with related beta function
da >
P0) = e = 3 2.6
n=0

Note that, from now on, unless explicitly specified, the notation 3, will refer to the coefficient

defined above.

The IR fate of Yang-Mills theories

At leading order in d = 4, Yang-Mills theories have

22
fo=—2Ca, (2.6)

which is crucially negative, making the theory asymptotically free. As we explained previ-
ously, this means that the theory is well-described by perturbation theory at high energy. In
this regime, it is a theory of massless interacting vector fields (gluons). As we decrease the

energy and reach the dynamically generated scale
Aynt = pefos (2.68)
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the physics of the theory gets much more complicated. At this scale, the gluons bind together
to form particles of mass m ~ Ay (glueballs), making the theory gapped in the IR. The
theory also undergoes confinement, meaning that the only observed physical states are singlet
under the gauge group. The electric flux is confined in a region of radius ~ (Ayy) ™! and, if we
insert heavy probe particles, the energy between them grows linearly with the distanceE The
reason is the following. In Coulomb-like (unconfined) theories, the electric flux is uniformly
distributed over a sphere surrounding a charge and falls off as 1/r?, making the potential
between two probe particles decrease as V(r) ~ 1/r. In confining theories, instead, the
electric flux is confined in a region of radius ~ (Ayy)~' independently of r. This implies
that the potential grows linearly with the distance V' (r) ~ r, makes charged particles bind
together into gauge singlets, and prevents them from escaping.

The existence of the mass gap and confinement are supported by numerical and exper-
imental evidence, but have never been analytically proved: this is one of the most difficult

open problems in theoretical physics [53].

Introducing massless fermionic matter: QCD-like theories

Let us now add massless Dirac fermions in the fundamental representation (quarks) and
specify to SU(n.) gauge group. The action is that in eq.(2.62)), with

nf
Smatter = — »_ U Py, (2.69)
=1

where ) = v#(d,, — iA,)¢. The number n; of matter fields is known as the flavor number,
while the number n,. entering in the gauge group is referred to as the color number. This

action is classically invariant under
GF = U(nf)L x U (nf)R (270)
which acts as

Ung), i Liph_j, U(ng)p: i = Rigyy, (2.71)

with L, R are ny X ny unitary matrices and ¢_, 14 are the left-handed and the right-handed
components of the fermionic field respectively. At the quantum level, the axial symmetry
U(1) 4, under which left-handed and right-handed fermions transform with an opposite phase,

is anomalousﬁ The global symmetry group at the quantum level is then

Gp=U(l)y x SU (ny), x SU (ny), . (2.72)

12We refer to the next sections for the case of insertion of light (or massless) particles.

13In the abelian case, this anomalous symmetry can be promoted to an exact discrete non-invertible
symmetry. However, a similar upgrading cannot be done when we consider the SU(n.) gauge group case
[54L[55].
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Figure 2.4: IR phases of QCD-like theories: for 0 < ny < n} the theory confines and spontaneously
breaks the chiral symmetry, for n} < ny < 11/2n. the theory flows to an interacting CFT, and for
ng > 11/3n. the theory is free in the IR. The value of n’; is not known exactly.

where U(1)y is the vector symmetry, under which left-handed and right-handed fermions

transform with the same phase. The beta function coefficients of this theory, defined as in
eq.(2.66), read

22 4
Bo = _<§nc - gnf) ; (2.73)
and 68 2ns(n?—1) 20
_ [ Z=,2 ngne — Uz
b1 = ( 5 e + o + 3 ) . (2.74)

The theory exhibits drastically different behaviors depending on the ratio ny/n.. Let us
present them (see fig[2.4] for a summary).

IR-free phase

For ny > 11n./2, the sign of 5y gets positive, making the theory no longer asymptotic free.
The degrees of freedom at low energy are massless gauge bosons and fermions which become
free in the deep IR. This is the same behavior of massless QED. When n; = 11n./2, 5,
vanishes and one should consider the two-loop contribution (3, instead. Now, since 5; > 0 at
this value, the theory remains IR free also in this case.

The potential of a pair of probe particles is Coulombesque in this case, meaning that it
takes the form V(r) ~ 1/(rlog(Ar)), with the logarithmic term being a consequence of the

running of the gauge coupling.

Conformal phase

Next, we consider the case of ny slightly smaller than 11n./2. In this case f, and 5; have
different signs, allowing for the existence of a CBZ fixed point

o = D (2.75)

5
which is weakly coupled as long as we do not take n¢ to be too small. In this case the theory
is an interacting CF'T, which persists in the interval n’} <ny < 11n./2, known as the QCD
conformal window. Ref. [56] proposed an explanation for the loss of conformality at n; = n},
based on the merger and annihilation of fixed points. The idea is that when n; is reduced to
n;, a four-fermion operator approaches marginality. This operator is responsible for the flow
from another UV fixed point, close to QCD, known as QCD*. At ny = n}, the four-fermion
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operator gets marginal and QCD, QCD* merge, becoming complex at lower values of ny.
After merging, conformality is lost, and chiral symmetry breaking occurs.

Determining the value n} is a non-trivial task because as we lower ny the theory gets
strongly coupled and not accessible with perturbation theory. Several techniques were used

to propose an estimate:
e Approximation of Schwinger-Dyson gap equations (n} ~ 11.9 for n. = 3 [57]).
e Truncations of exact RG equations (n} ~ 10 for n, = 3 [58] or n} ~ 12 for n, = 3 [59]).

e Analysis based on the perturbative series in the gauge-coupling (n}i ~ 9 for n. =
3 [60,61]), and on the Banks-Zaks conformal expansion around the parameter e =
Un./2 —ny (n} ~ 10 [62] or n} = 9 [63] for n. = 3). More refined analysis were done
thanks to the employment of Borel resummation techniqueﬁ (n} < 11 for n, = 3 [64]).

Scale invariance of the theory implies that external electric probes experience a Coulomb-
like potential V(r) ~ 1/r.

Confining phase

When ny < nj}, quarks, which are well-defined fundamental objects at high energy, confine at
low energy in massive particles with m ~ Aqep (baryons). On the other hand, some massless
degrees of freedom exist, due to the spontaneous breaking of the chiral symmetry G F-E This
occurs because of the formation of a vacuum condensate (¥')7) ~ §%, with i,j = 1...ny,
which breaks

Gr = UQ)y x SU(ny)v, (2.76)

where SU(ny)y is the diagonal subgroup of SU(ng);, x SU(ns)g. The spontaneous breaking
of a continuous symmetry introduces as many massless spinless particles as many broken
generators exist. This is known as the Goldstone theorem [65]. Consequently, the gauge
theory is again gapless, but now with the massless fields arising as Goldstone bosons (mesons).

Note that, as for pure Yang-Mills, all physical excitations are gauge singlets in this case.
However, even if we call this confining phase, the theory does not strictly confine, in the
sense that quarks can escape from bound states. Consider the situation in which a highly
energetic electron hits a bound state of quarks, e.g. a proton, kicking one of the quark far
from the others. A large amount of energy, in the form of chromoelectric field, emerges in the
region between the escaping quark and the rest of the bound state. When the field becomes
strong enough, it becomes energetically favorable to break the flux line and create out of the

vacuum a particle-antiparticle pair. Therefore, the original quark does escape, even if not

\We refer to sec for an introduction on Borel resummation and more generally to the whole chapter
for an application of this technique.

15We are assuming a scenario in which chiral symmetry breaking and quark confinement occur at the same
value n, but we might also have an intermediate phase n3* < ny < n%, in which the theory is confining and
the chiral symmetry is unbroken.
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alone, and the force between it and the remaining bound state drops to zero. This is why
confinement in the presence of fundamental matter is sometimes denoted quark confinement
or charge screening, to distinguish it from the strict confinement of pure theories, where flux

lines cannot break.

Adding masses to the fermions

Let us add a mass term to the matter action:
nf [— . PR .
Smatter - Z(—Www + mqwl¢z) . (277)
i=1

Chiral symmetry is explicitly broken by this deformation, but in the limit m, < Aqcp
it still is an approximate symmetryEg] Spontaneous breaking of approximate symmetries is
associated with the appearance of pseudo-Goldstone bosons, which are spinless particles with
a mass m, that is linearly proportional to the explicit breaking term [66] (m2 ~ m,). The

consequence is that the mesons introduced in the previous section get a mass.

Wilson loops as order parameters for confinement

Usually, we can identify the phase of a QFT by computing the expectation value of some
order parameter. In the case of non-abelian gauge theories, this role is played by the vacuum
expectation value (VEV) of the Wilson loop, defined as

W(C) = tr 5P exp ( /C Auda:”> , (2.78)

where R is the representation of the field along the path C' and P is the path-ordering opera-
tor, which orders the A,’s obtained expanding the exponential so that those at earlier times
are placed to the left. The Wilson loop is a gauge invariant non-local operator. Specifying
to the fundamental representation and to the path in figf2.5| it measures the potential of a
quark-antiquark pair at a distance r created in the past and then annihilated after a time
T'. In the presence of the probe particles and in the large-time limit, the system increases its

energy by a quantity V(). This means that we expect the path integral to give

lim (W(C)) ~ e V0T, (2.79)

T—oo

In the limit of large distance r, this then provides a way to detect confinement:

e If the theory strictly confines V(1) ~ r and the Wilson loop scale with the area of the

path (area law).

16Note that if m, > Aqcp the quarks can be integrated out and the IR theory is governed by the pure
gauge theory.
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Figure 2.5: Rectangular Wilson loop in the fundamental representation corresponding to the pro-
duction of a quark-antiquark pair, its evolution in time at a distance r, and its annihilation after a
time T'.

e In the presence of light (or massless) quarks the theory develops charge screening, V(1)

is approximately constant, and the Wilson loop scales with the time 7" (perimeter law).

e If the phase is IR-free or conformal V (r) the potential is Coulomb-like and the VEV of

the Wilson loop is non-vanishing.

In the limit of infinitely large paths r — oo, both the area and the perimeter become infinite.
Therefore one may believe that the VEV of the Wilson loop vanishes in both these cases.
This is not true, because the perimeter infinities can be reabsorbed by local counterterms
on the line, while the area infinities cannot. Showing that (W (C)) = 0 corresponds then to
proving strict confinement. Unfortunately, unless we put the theory on a lattice, this cannot

be done, leaving this fundamental problem open.

Non-perturbative contributions: instantons and renormalons

In eq.(2.59) we presented the action for Yang-Mills theories in a generic d. In 4d, an additional

quadratic term is admitted by gauge invariance. This is the theta term

0
Sy = o2 / d'z tt*F"™F,, (2.80)

with *F* = 2e"P7 F,, and 0 = [0,27). Note that this is a total derivative, meaning that it

can be rewritten as 0
Sy = @/d‘lx 0, K" (2.81)
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with
21
3

Total derivatives do not affect the equations of motion and have a non-vanishing contribution

KF = ety (AyapAg - AUAPAU) . (2.82)

only for non-trivial behaviors at infinity. Namely, eq.(2.81]) can be rewritten as an integral
over the sphere S® at infinity. Now, configurations with finite YM action asymptote to pure
gauge at infinity, implying

A, =iU9,U", |z| = o00. (2.83)

Substituting in eq.(2.81)), we get that

Sy =k, keZ, (2.84)

where k is the number of times that U(z) winds around the asymptotic S* at infinity, also
known as the winding number. Knowing this, one can write the following bound for YM

action (Bogomolnyi bound):

1 4 * 2 1 4 * v 8
SYM:4_92 d.fl‘tr[F“,,Zl: F“l,] :l:2—92 d:ctr[FWF“]Z?|k| (285)

A special class of configurations with a non-trivial winding number is given by the instan-

tons/anti instantons, which satisfy the self-dual/anti self-dual YM equations
F,.,=+"F, (2.86)

and then minimize the Bogomolnyi bound. They are solutions of the classical equation of

motions and have an action which reads
8 2
Sinst = ——|k| + k6. (2.87)
g

The action of an instanton/anti instanton pair is then given by

1672 K|
Spair = ?’kl = ; : (288)

In the path integral, this can be rewritten in terms of the dynamically generated scale A, as

inEl A —kBo
e~ Spair — (—) : (2.89)
7]

This shows that instantons are non-perturbative effects, which vanish for A/ — 0, and are
exponentially suppressed in the perturbative regime.

Instantons are not the only non-perturbative effect that arises in 4d non-abelian gauge the-

17This is true for both pure gauge theories and QCD-like theories, so we write generically A, meaning Ay
and Aqcp respectively.
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ories. There is indeed another contribution given by renormalons. While instanton singulari-
ties are associated with the factorial proliferation of Feynman diagrams in QFT, renormalons
are related to a specific set of Feynman diagrams that give a factorially growing contribu-
tion to the perturbative series. Contrary to instantons, renormalons are not known to be
associated with semi-classical configurations of the theory and we still lack their complete
understanding.

In non-abelian gauge theories, renormalons may manifest as non-perturbative corrections
associated with irrelevant operators in the UV. Consider an operator with classical dimension
4 + k, with associated coupling h of dimension —k. By dimensional analysis this can only
appear in the RG function in the combination hA*, which in terms of the dimensionless

coupling h = hy* can be rewritten as
(AT e
h (—) = hefoa . (2.90)

Ref. [64] proposed that the leading non-perturbative correction is associated with the four-
fermion operator which gets marginal at the edge of the conformal window in the merger
and annihilation scenario. This operator has dimension 6, corresponding to an k£ = 2 IR
renormalon singularity.

The presence of such non-perturbative contributions suggests that we should rewrite RG
functions as trans-series, which are formal linear combinations of power series with exponen-

tial prefactors

p(a) ~ f: Baa™t? — f: eFos f: Bia"t? + f: e a i Brna"? 4 (2.91)
n=0 n=0 k=1 n=0

k=2

where B are the coefficients of the renormalon expansion, while 87, are those related to
instantons corrections. A similar expression can be written for the expansions of anomalous

dimensions.

2.2.2 Exploring gauge theories in d # 4

Four-dimensional gauge theories have been extensively studied due to their outstanding im-
plications in the Standard Model. However, there exist several reasons to explore gauge
theories in dimensions other than four. As we go down in dimension, indeed, we find an
increased richness in the interactions that a field theory admits: the number of relevant and
marginally relevant interactions is higher, providing an interesting playground for the study
of asymptotically free theories. On the other side, gauge theories in higher dimensions are
IR free and should be thought as effective theories at high energy. Studying their UV fate
may give rise to the discovery of non-trivial fixed points, currently known to exist in d = 5

only in supersymmetric cases.
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Gauge theories in d = 3: the symmetry breaking scenario

Non-abelian 3d gauge theories have received particular attention in the last years due to
their possible emergence in quantum phase transitions with deconfined criticality [67] and as
theories governing domain walls among different vacua in non-abelian 4d gauge theories [68].
Theoretically, they are of course also interesting theories by themselves. Note that 3d gauge
theories may also contain Chern-Simons terms with parameter k, but we consider the case
k = 0 in this thesis.

In d < 4, the gauge coupling ¢ has a positive dimension, which makes gauge theories
asymptotically free for purely dimensional reasons, independently of the number of fermions
and the gauge group (either abelian or not). Weakly coupled at short distances, these theories
get strongly coupled as we approach the IR, opening the possibility for many interesting
physical phenomena. When the number of flavors is sufficiently high, the screening properties
of fermionic fluctuations generate an IR fixed point. It is indeed known since the early
work [69,/70] that at large ny QED3 and QCD; flow in the IR to a CFT. Here we consider
non-abelian theories with ny 4-component Dirac fermions. For ny < n}, with n} an unknown
parameter, a phase with spontaneous symmetry breaking of the U(2n;) global symmetry
is expected. The only pattern of spontaneous breaking of the global symmetry U(2n;)
compatible with the results of [71}72] is

U@2ny) — U(ng) x U(ny), (2.92)

occurring through the appearance of a parity-conserving dynamical mass for each 4-component
fermion.

Similarly to what happens with QCD in 4d, merger and annihilation of fixed points is
believed to occur at ny = n}, separating the conformal and the spontaneously broken phase.
Ref. [73] used the generalized F-theorem to estimate the value of n} in the abelian case. We
explain the logic of this estimate in sec[4.5.1] and repeat the same analysis in the non-abelian

case.

Gauge theories in d = 5: the possibility of a continuum limit

In d > 4, gauge theories are perturbatively non-renormalizable and should be considered
effective field theories which become free theories in the IR. Therefore in d > 4 the natural
question is whether there exists a UV fixed point, i.e. an interacting CF'T that when deformed
by a relevant operator admits an effective description as a non-abelian gauge theory. The
existence of such a fixed point for Yang-Mills theories in d > 4 would be analogous to
well-known lower-dimensional examples of perturbatively non-renormalizable theories with a
non-trivial continuum limit, such as the non-linear o-model.

A parametrically weakly coupled UV fixed point in non-abelian gauge theories can in fact

be established in 4 + 2¢ dimensions with € < 1 |74]. It is of course crucial to understand
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if this UV fixed point persists up to d = 5. Note that no example of non-supersymmetric
interacting unitary CFTs is currently known in d = 5. A conjectural example was the UV
fixed point of the O(N) model, whose 1/N expansion was shown in [75] to be compatible
with unitarity for /V larger than a certain critical value N.. However it was later realized that
this fixed point is rendered non-unitary even for N > N, by certain instantonic contributions
to the imaginary part of observables, that are exponentially small at large N [76]. Evidence
that the UV fixed point of non-abelian theories survives at d = 5 has been provided by [77],
where fixed points of this kind have been studied up to O(e?). The analysis in [77] used the
then-available four loop beta function for non-abelian gauge theories and was based on the
optimal truncation of the series in €. We refer to chapter |3 for a more refined study, based
on Padé-Borel resummation of the now-available five loop beta function, and to section [4.5.2]

for an application of the generalized F-theorem to this expected fixed point.

2.3 Quantum Field Theory in Anti-de-Sitter space

Anti-de-Sitter (AdS) space is a maximally symmetric space with constant negative curvature.
Studying quantum field theories in this background has several advantages |78|. First, it
provides a dimensionful parameter, the AdS radius L, which acts as a regulator for the IR
physics halting the RG flow at the scale 1/L. This is more sophisticated than imposing a hard
cutoff in flat space, as the latter would sacrifice some spacetime symmetries. Instead, AdS
has the same number of generators as flat space, with the isometry group being SO(d + 1, 1)
in this case.

Thanks to the existence of a conformal boundary (0AdS), AdS admits a notion analogous
to that of asymptotic states in flat space, namely the states associated with the insertions of
local operators at the boundary. Connecting these states to scattering states in the flat-space
limit is a well-studied problem [79-92]. The isometries of the background ensure that the
correlators of the boundary operators encompass a CFT, whose operator content and data
depend on the choice of boundary conditions for the bulk fields. Note that we take AdS to
be a rigid background and we do not include dynamical gravity. As a result the CFT on the
boundary does not have a stress tensor operator.

Another advantage of AdS space is that it has infinite volume even at finite L, allowing
the possibility of spontaneous symmetry breaking and phase transitions, phenomena which
are forbidden on compact spaces.

Thanks to these nice properties, quantum field theory in rigid AdS has been the object
of a revived interest. Recent works focused on strongly coupled theories of self-interacting
scalars and fermions, namely the O(N) and Gross-Neveu models, respectively, in the limit
of large N and finite coupling [93,/94]. Other recent works on QFT in AdS described how
to encode the bulk RG in the boundary correlation functions [89,95-99|, studied thermal
properties [100,{101], or considered the special case in which the bulk theory is conformal, as

an efficient tool to study conformal defects [102-107] or boundary conditions [108-110].
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2.3.1 Two-dimensional toy models at large N

The presence of a dimensionful parameter makes AdS an ideal background to study asymp-
totically free theories. The reason is that the finite radius L can be combined with the strong
coupling scale A to give a dimensionless, RG-invariant parameter LA that can be tuned at
will. The standard situation is that some boundary conditions (bc’s) corresponding to gap-
less bulk theories are allowed for LA < 1 but cease to exist at some critical value of LA. The
only allowed bc persisting at larger values of LA corresponds instead to gapped theories in
the bulk, that smoothly connect to the flat space limit.

Motivated by these ideas, one can investigate confinement in four-dimensional non-abelian
gauge theories. Before moving to this ambitious subject, let us consider the case of O(N)
non-linear o models and O(N) Gross-Neveu models in d = 2 [94]. These two-dimensional
theories have a dynamically generated scale and are solvable in the large N limit, providing
excellent toy models for gauge theories in d = 4.

Both O(N) non-linear ¢ models and O(N) Gross-Neveu models admit a be that breaks the
global symmetry of the bulk G to a subgroup G| at LA < 1. One can show that the pullback
of bulk conserved currents associated to the broken generators gives rise to exactly marginal
operators, known as boundary tilt operators. This implies the existence of a conformal
manifold Mg/, , encoding the spontaneous symmetry-breaking in the bulk. Analogously
to what happens in flat space due to the Goldstone’s theorem, this corresponds to a gapless
phase. As the symmetry is unbroken in the flat space limit, these bc’s must disappear at
some critical value of LA. In both cases, this happens because a singlet boundary operator,
irrelevant at weak coupling, gets marginal at larger radius, triggering an RG flow to the
symmetry-preserving bc and consequently to a gapped phase. This boundary transition

occurs in two different ways:

e Continuous transition: Mg/, shrinks to zero and the symmetry-breaking (SB) bc
merges into the symmetry-preserving (SP) one. CFT data at the boundary change

continuously across the critical point.

e Discontinuous transition: Mg,;, becomes unstable and cease to exist abruptly.

CFT data at the boundary jump discontinuously across the critical point.

The two-dimensional models examined in [94] exhibit different kinds of transition. Let us

review them:

e O(N) sigma model: in flat space the vacuum preserves O(N) symmetry and the
scalar fields ¢*, i = 1,..., N acquire a dynamically generated mass; in AdS, at small
LA, there exists a bc ¢'|gags = ®° breaking O(N) to O(N — 1). The associated
conformal manifold Mo(n)/0(v—1) shrinks to zero at LA=1, when this bc merges with
the SP be ¢|gaqs = 0. At the merging, the lightest scalar operator 658 of the SB be,
irrelevant at smaller radius, hits marginality. The second lightest 65 reaches the value

of the lightest one of the SP bec (6°7), leading to a continuous interpolation from one
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phase to the other. At larger values of LA, 657 remains irrelevant, keeping the SP bc

stable all the way to flat space.

e O(N) Gross Neveu model: the model has a symmetry G = O(2N)y x Z5*, which
contains a Z7' axial symmetry. In flat space the Z' is broken to ZZ', generating a con-
densate which gives rise to a mass for the fermions. In AdS, at small radius, there exists
a Z{-preserving (vector-breaking) bc which prevents this condensation and therefore
gives rise to a gapless phase. Deforming this Gross Neveu bc with an irrelevant double
trace operator, leads to a shadow Z-preserving be. At some critical value of LA, the
double-trace operator becomes marginal and the Gross Neveu bc and its shadow merge
together. The conjecture is that this triggers an instability which leads to another
be, vector-preserving and Z4-breaking, which interpolates smoothly to flat space. The
CFT data jump at the critical value, leading to a discontinuous transition from one

phase to the other.

2.3.2 Gauge theories in AdS: the confinement/deconfinement tran-
sition
The study of four-dimensional non-abelian gauge theories on the background of Euclidean
AdS space, i.e. hyperbolic space, was advocated long ago in [78] as a way to have better
control on the non-perturbative effects. The meaning of confinement in AdS space was later
explored in [17], which pointed out the existence of a deconfinement/confinement transition
as the radius L is increased. When L is small in units of the dynamically-generated scale
Ay the theory can be placed in AdS by imposing the standard Dirichlet boundary condition

(D be) for the gauge fields,
A42(2,2) ~ 262 Ja), (2.99)

z—0
and the bulk gauge symmetry GG becomes a global symmetry on the boundary. We are now

restricting to (Euclidean) AdS,, with metric

dz* + dz?
2 Y

ds* = L* i=1,2,3, (2.94)

z
and ¢? is the YM coupling. The spectrum of operators in the boundary CFT contains
conserved currents J¢ of the non-abelian symmetry G, and more generally operators in non-
trivial representations of G. Moreover, the conserved currents cannot continuously recombine
at g> = 0 and therefore they keep the protected dimension A; = 2 for a finite range of L
around L = 0. If these operators would still exist for arbitrarily large L, they would give rise
to asymptotic states of massless gluons in the limit L — oco. Therefore [17] argued that a
necessary condition for the existence of the mass gap in flat space is that there is a transition
at some finite value of L to a different boundary condition, one in which the currents and

the associated symmetry are not present on the boundary. This has to be contrasted with
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the case of the Neumann boundary condition (N bc)

Az, 2) fakcs (x), (2.95)
where the boundary mode is a 3d gauge field, and the group G remains a gauge symmetry
of the boundary. As a result in this case all the physical operators of the boundary CFT
are color singlets, and it is possible for this boundary condition to smoothly approach the

flat-space limit L — oo.

Mechanisms for the transition

The deconfinement/confinement transition happens at strong coupling, a natural estimate
for the critical radius being L ~ A{H{A, and therefore it is hard to make precise statements
about it. Various alternative mechanisms for the transition can be envisioned, as explained

in [17] and recently revisited in [94]:

e Higgsing: A scalar operator O® in the adjoint representation of G' becomes marginal
at Lgi and recombines with the current 9°J* = 0%, allowing the latter to get an

anomalous dimension and breaking the GG global symmetry;

e Decoupling: The positive coefficient C'; of the current two-point function, which gives
the norm of the state associated with the current operator, goes to 0 at L, forcing

the current operator to decouple from the theory;

e Marginality: A singlet scalar operator O becomes marginal at L, causing the D bc
to merge and annihilate [56,111] with a second one, and to stop existing as a unitary
boundary condition.

The third mechanism was advocated as the most likely in [94], based on the analogy with 2d
asymptotically-free models which can be studied in the 1/N expansion.

Signals of the transition can be then found by investigating the spectrum of the gauge
theory in the bulk as a function of LA, or equivalently by computing OPE coefficients and
scaling dimensions of the dual boundary theory. In chapter [5| we will compute the leading-
order perturbative corrections to the CFT data. This is clearly not sufficient to extract
information about the transition, but can be used as a guide for the numerical conformal
bootstrap.
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Chapter 3

Five dimensional CFTs from the

e-expansion

3.1 Introduction

CFTs play a major role in theoretical physics. They are the starting and ending points of
RG flows in quantum field theories, they describe second-order phase transitions in critical
phenomena and they possibly allow us to have a non-perturbative definition of quantum
gravity theories by means of the AdS/CFT correspondence. In the absence of extra symme-
tries, most notably supersymmetry, finding interacting CFTs becomes increasingly difficult
as the dimension of space-time d increases. The only analytical evidence of the existence of
4d non-supersymmetric CFTs comes from the Veneziano limit (large number of colors and
flavors) of non-abelian gauge theories, where we can tune the one-loop coefficient of the beta
function to be parametrically small and negative, while having a positive two-loop coefficient
(CBZ |112,]113] fixed points). To what extent the IR fixed point persists at finite n. is a
non-trivial question which still has to be settled.

As explained in secf2.2.2] non-abelian gauge theories may have non-trivial continuum
limit in d > 4, which can be studied as a WF fixed point in d = 4 + 2¢. This was performed
in [77], with optimal truncation of the series in € for the fixed point. The aim of this chapter
is to extend the analysis of [77] by adding one more term, thanks to the by-now known five
loop beta function [114-117], and to use Borel resummation techniques, which allow us to
have better control on the (plausibly) asymptotic series in e.

We consider SU (n.) gauge theories with ny Dirac fermions in the fundamental representa-
tion of the gauge group. We find evidence for the existence of UV fixed points when both n,.
and ny are small enough. The evidence gets weaker and weaker as either n, or n; increases,
so the most reliable result applies for pure SU(2) non-abelian gauge theories. Very similar
results are obtained using ordinary Padé approximants, without using Borel resummation
techniques.

This chapter is structured as follows. In section we provide a brief review about
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asymptotic expansion, Borel resummation and Padé approximation. In section we briefly
set the stage of our computation, which follows the same logic used in [64] to study the
conformal window in 4d QCD. We present our results in section which include also
the computation of the anomalous dimensions v, and -, of the gauge kinetic term operator
tr [F,, F*"] and of the fermion mass operator Y1) (when present) respectively . The existence
of a 5d UV fixed point in non-abelian gauge theories is debated in the literature. We briefly
review in section previous studies by means of different techniques aimed at looking for

5d non-supersymmetric CF'Ts.

Conventions We stress that the beta function f(a) introduced in this chapter differs by a
factor 2 from eq.(2.2) of ref. [1], to be consistent with the general definition in eq.(2.66)). All

following equations are modified accordingly.

3.2 Resummation techniques for perturbative series

Computing observables in QFT is a hard task. An important tool that comes to our help
is perturbation theory, which consists of deforming free theories with small perturbations
parametrized by a coupling A < 1 and expanding equations in powers of this coupling. The

results are then asymptotic expansions satisfying
N
FO) = a A" =0\, A —0. (3.1)
n=0

Asymptotic expansions in QFT are often divergent. The motivation, first pointed out by
Dyson [11§] in the context of QED, is that negative deformations of free theories, unlike the
positive ones, lead to unstable ill-defined theories. This prevents the possibility to have a
finite radius of convergence at A = 0.

Contrary to convergent series, asymptotic expansions do not fix uniquely the estimated
function. This is simply revealed by the fact that exponentially suppressed terms like e/*
are not captured by asymptotic expansions and therefore functions differing by such terms
end up being asymptotically equal. In convergent series, the more terms are added in the
series, the more accurate is the result. This is not the case for asymptotic series, where there
is an optimal number of terms that one should keep, after which adding more terms results
in worse and worse accuracy. The coefficients «,, of the QFT asymptotic expansion are often

factorially growing at large n, satisfying
a, ~nla"™n, n>1, (3.2)
for some real parameters ¢ and «. Using Stirling’s formula
nl ~n"t2y/2re " (3.3)
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we can compute the ratio of two successive terms of the expansion and find the optimal
truncation at the largest term which keeps this ratio smaller than 1, which is Nope ~ 1/|Aa|.
Resumming beyond this term would only worsen the approximation of the series. The error
generated by the truncation is generally given by Ay ~ a,, AN, In the optimal case this leads

to an exponentially suppressed error
1
Agpy ~ € Pl | (3.4)

independently of ¢ at leading order.
Divergent asymptotic series may be manipulated in order to be resummed. Let us consider

the asymptotic series in eq.(3.1). We define the Le Roy-Borel transform as

B A" 3.5
o (2 g;Fn+1+b ’ (3:5)
with b > —1.E| Suppose that the integral
fs(\) :/ dz 2’e By f(2)) (3.6)
0

has no singularities on the real positive axis. Then, if we expand using and integrate
term by term, we get that has the same asymptotic expansion of the original function.
In this case, the series is said to be Borel resummable. In general, the Borel resummed
function fp(A) is not guaranteed to coincide with the original function f(\), as it can differ
by exponentially suppressed terms. Only imposing certain analyticity properties of f(\) near
the origin ensures that resums to the exact result. However, it turns out that these
conditions are too strong for renormalizable theories.

When instead singularities are in the domain of integration of eq., the perturbative
series is said to be non-Borel summable. We can still perform the resummation, by analyt-
ically continuing the integrand in the complex plane and properly deforming the contour of
integration to avoid singularities. This will lead to an ambiguity, which has the same order
of magnitude of the leading non-perturbative terms which is however missed. The total error

after Borel resummation is therefore given by

A

Ag(A\) ~e (3.7)

where A\; > 0 is the location of the positive singularity closest to origin. Independently of
Borel summability, the singularity of By f () closest to the origin in the whole complex plane is
at |A\o| = 1/a. So, by definition, we have A\; > ¢ and therefore Ag(\) < Agpt(N), suggesting
that it is convenient to Borel resum functions even if they are non-Borel resummable.

Anyway, the inherent problem with Borel summation is that all terms of the divergent

!The standard Borel transform corresponds to setting b = 0.
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series must be known exactly to improve accuracy: any finite truncation of the series would
yield, after applying and , the same asymptotic expansion we started with. This
occurs because integrating over the entire positive axis extends beyond the radius of conver-
gence of the Borel transform. This implies that the entire series does not commute with the
integral and therefore does not reproduce the initial result, whereas the truncated sum does.

This issue can be addressed by adding an intermediate step to the resummation procedure,
known as Padé approximation. The idea is to replace a truncated power series by a rational
function with the same expansion around A = 0. In simple Padé approximation, the first
N + 1 terms of the expansion in eq. are replaced by

P[m/n}()\) _ Z;IZO Cp)\p
L4+ 70 dg A’

(3.8)

with m +n = N. The m +n + 1 coefficients ¢, and d, are determined by expanding eq.
around \ = 0 and matching the result up to the A term in the asymptotic expansion. When
combined with Borel transform, this yelds the Padé-Borel approximation. Given the first
N +1 terms of the series expansion of the Borel function , its [m/n| Padé approximation
reads - ,

BN = < _%gg Cpilb)(z)m | (3.9)

q=1%

with again m +n = N. Plugging eq. in eq. leads to an approximation of the
function fg(\) given by

i) = / dz 2Pe B (2)) (3.10)
0

which is now different from the initial truncated series.

3.3 Wilson-Fisher fixed point for Yang-Mills theories

The existence of a Wilson-Fisher fixed point for Yang-Mills theories in d = 4+ 2¢ with e < 1

is easily established. In d = 4 + 2¢ dimensions, we have

~ da
~ dlog

B(a) = 2¢ea + $*(a), (3.11)

where 5 denotes the ordinary 4d beta function defined in eq.. For ny < %nc the
leading contribution to 8d(a) is famously negative and hence the existence of a parametrically
weakly coupled UV stable fixed point can be established for € < 1, as pointed out long ago by
Peskin [74]. The question of whether or not this result can be extended to a physical number
of dimensions, in particular d = 5 (¢ = 0.5), requires an analysis of higher order terms in 3%.

This beta function, as well as the fermion mass anomalous dimension v, for generic gauge
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groups with n; fundamental fermions is known up to five-loop orders |114-{117,{119-{121] in
M_S. Asis well-known, in quantum field theory the loopwise expansion of physical observables
is generally divergent asymptotic. In non-abelian gauge theories the asymptotic expansion is
also non-Borel resummable because of instantons and renormalon singularities. On the other
hand, the nature of the coupling expansion of non-physical quantities, like the beta function,
depends on the renormalization scheme. It is still unclear whether 3 in MS is convergent or
divergent asymptotic and, in the latter case, if the associated series is Borel resummable or
not.

Theoretical and numerical arguments supporting a non-Borel resummable nature of the
series for 5 and -y have been given in [64]. This is revealed by the presence of non-perturbative
terms in 3%!(a), corresponding to instantons and renormalons contributions (see eq.(2.66)).
If the series expansion of 3%4(a) is divergent, so is also the series of the function €(a*) obtained

by solving 8¢(a*) = 0, and its inverse a*(¢):

a*(e) =€) bue”, B(a”) =0. (3.12)

We will assume in the following the most conservative and worst-case scenario, namely that
the coupling expansion of §(a) is divergent asymptotic and non-Borel resummable. As ex-
plained in the previous section, depending on the location of the leading singularity in the
Borel plane, the numerical reconstruction of a formally non-Borel resummable function might
lead to a better accuracy in the ending result compared to perturbation theory or optimal
truncation. We use Padé-Borel approximants to estimate a*(¢) as well as v* = ~v(a*) and
Vy = 'yg(a*)ﬂ The numerical implementation of our procedure essentially follows that used
in [64] to study the QCD conformal window, but we exclude in this case approximants with
poles.

The existence of the fixed point a* will be considered reliable only if the error band does
not reach negative values, which would correspond to a possibly unphysical fixed point.

Since we do not know whether the series in € are convergent or divergent asymptotic,
we are not guaranteed to do better with Padé-Borel rather than simple Padé approximants.
Theoretically, namely by knowing a parametrically large number of perturbative coefficients,
we would expect to better reconstruct a quantity using simple Padé approximants if that is
analytic at e = 0, or Padé-Borel approximants if that is non-analytic at ¢ = 0. In practice,
having only a few perturbative coefficients at our disposal, such considerations cannot be
tested. For this reason, we have also considered ordinary Padé approximants for a*, v* and
7, defining an error band to each approximant. This error is identical to that used in the
Padé-Borel method but does not contain the contribution (3.19). The results obtained by

taking ordinary Padé approximants and by Padé-Borel resummations are nicely in remarkable

2General expressions for 3%4(a) and v(a) can be found in, e.g., [115] and [121], respectively.
30ur knowledge of the analyticities properties of the Borel function associated to these observables is
unfortunately too limited to implement more efficient resummation techniques based on conformal mappings.
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Figure 3.1: Comparison of A(!) as a function of € for SU (2) gauge theory. The continuous blue
line denotes the exact result obtained using large-ny methods, the dashed lines denote the Borel
resummation using Padé-Borel approximants as indicated in the legend.

agreement. The central values are essentially identical and often the error bands are very
close. Only in a few cases Padé-Borel resummations give more accurate results. For this

reason we will report in section only the results obtained using the Padé-Borel method.

Large ny and Selection of Padé-Borel Approximants

The choice of the Padé-Borel (and ordinary Padé) approximant for a given truncated sum
is not univocal. We show here, following [64], how one can use exact results in the large-n;
limit to test the accuracy of different approximants and possibly select optimal ones. To this
aim we can compare the results obtained with the known exact functions 8" and v at
large n; with the approximations found with Padé-Borel resummation.

The large-n; limit is defined as ny — oo, a — 0, with n. and the 't Hooft-like coupling
A = nya held fixed. In this limit becomes

4 1 1
BN =2eA+ X+ —BYN) + 0 = |, (3.13)
3 ny ny
with () a known function [122], analytic at A\ = 0 (see e.g. [123] for a particularly nice
explicit form). Correspondingly, (3.12) turns into

N(e) = —ge + nif/\(l)(e) + (9(%) ;AW = —2%6(1) <—ge) : (3.14)
As expected, the fixed point turns negative for large n; and is unphysical. In this regime,
we choose the Padé-Borel approximant that better reproduces the exact result and assume
that this remains valid at finite ny, when the fixed point is possibly physical. It is clear from
fig]3.1) that the [2/2] approximant is the one that better matches the exact function, at least
in the interval of interest. We have reported the result for SU(2), but the same applies for
ne. = 3, 4.
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We can use a similar procedure for v* and ~;. In the large-n; limit the expression for v

74(€) = -y (—;) + O(%) : (3.15)

Ny

can be expanded as

with v, like 1), a known function analytic at A = 0 [124,{125]. For v, we have

=2 Lo (<5) o). (3.16)

A=2*(e) ny ny

g(€) = —6?9(3)

with 7551) obtained deriving eq. and replacing the fixed point of eq.. In the case of
M) the comparison to the exact function does not lead to a clear choice of an approximant
with respect to the others: a good matching is obtained with [3/1], [2/2] and [1/3] Padé-Borel
approximants. None of them has poles in the real positive axis. The comparison for 'y_((,l) leads
us to select the [3/1] approximant, the others having poles at finite ny or being too far from

the exact result at large ny.

Estimate of the Error

We now review the procedure used for the estimate of the error. Let us consider the function
f with Padé-Borel approximation defined as in eq.(3.10). We define the total error A™/" as
the sum of three contributions:

Albm/nl = Alminl Al A (3.17)

conv

As only Padé-Borel approximants without poles in the real positive axis are selected, no
contributions from the residues, denoted by AI™™ in [64], enter in the error. In order to
be reasonably conservative we have included a new term in the error, not present in [64],
which estimates the convergence of the approximants and is relevant in the present analysis.
Such uncertainty, denoted by Aln/n ], can be estimated by computing the distance among the
Padé-Borel approximant and the subsequent one belonging to the same familyﬁ

Alm/nl fgm/ n _

conv

g (3.18)

If the [m — 1/n — 1] approximant is not avalaible, the [m — 1/n] is selected instead.

The term Aém/ "l measures the error caused by the arbitrariness on the choice of the LeRoy
parameter b. It is indeed convenient to select a whole grid of values B = [by— Ab, by+ Ab] and

repeat the approximation for each of them; in our computation we choose by = 10, Ab = 10

4In order to avoid misleading results, we have checked that the approximants used for such comparisons
have small residues in the real positive axis or, even better, no poles at all.
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Figure 3.2: The value of the coupling at the fixed point a* as a function of € for pure SU(2) gauge
theory in d = 4 + 2¢. (Left) Results of perturbation theory (grey lines) and of Padé-Borel (PB)
approximation (dashed lines). (Right) Results of perturbation theory (grey lines) and of Simple
Padé (SP) approximants (dashed lines). The shaded area in both panels corresponds to the error
band associated to the optimal approximant [2/2], whose central value is given by the red dashed
line.

and the spacing of the grid equal to 2 for a*, 7; and +*. The error can be then defined as

pm/m) _ 1 [/nd ) e gl
AP = 3 a7 0) — min £ 0)]. (3.19)
The last contribution to the error is not due to the resummation technique but corresponds

instead to non-perturbative corrections, which we write as
__1
App = Cppe P07 (3.20)

where ¢, is an arbitrary coefficient that we take equal to 1, a* is the value of the fixed
point and 1/, is the leading renormalon term in eq.(2.91)). In all the cases analyzed here
the first instanton/anti-instanton singularities provide indeed subleading non-perturbative

corrections.

3.4 Results

We report in this section our results starting from the case of pure SU(2) gauge theory, our
best example, and then we generalise to different values of n. and ny. We will consider fermion

matter in the fundamental representation, but clearly other choices could be investigated too.

3.4.1 Existence of a fixed point in d =5 for pure SU(2)

We report in the left panel of figf3.2] the value of the fixed point coupling a* as a function
of € obtained with both simple perturbation theory and Padé-Borel approximation. In order

not to clutter the picture, the error band is shown only for the optimal approximant [2/2],
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Figure 3.3: The value of the anomalous dimension 7; in d = 4+ 2¢ at the fixed point for pure SU(2)
gauge theories. Grey lines correspond to perturbative results, while dashed lines refer to Padé-Borel
approximations. The orange shaded area represents the error band for the [3/1] approximant, whose
central value is the orange dashed line.

which has been determined by using exact O(1/ny) results for § in the large-n; limit, as
explained in the end of section [3.3] We see that up to five-loops every order in perturbation
theory would predict a fixed point at € = 1/2, i.e. d = 5 dimensions. On the other hand
the values of a* differ substantially from order to order, an indication that the e-expansion
is not convergent there. Note how Padé-Borel techniques give more consistent results than
the loop expansions. As the error band goes barely below zero, we expect the fixed point
to exist, even if we cannot draw a strong conclusion. For illustration of the nice agreement
between Padé-Borel and Padé methods mentioned in section [3.3] we report in the right panel
of fig[3.2] the results obtained using simple Padé approximation, together again with those
coming from perturbation theory. The good agreement among the two results is evident,

being the two panels almost indistinguishable.

In fig{3.3{ we report the anomalous dimension ; of the gauge kinetic operator tr[F,, "]
defined as
Ap =d+n, (3.21)

as a function of €. As for a*, the error band is shown only for the optimal approximant [3/1],
determined again by using exact O(1/ny) results for v, in the large-n; limit and excluding
Padé-Borel approximants with poles on the positive real axis. For e = 1/2, 77 is quite large
and negative, but above the unitarity bound for scalar operators A > (d — 2)/2, which
corresponds to

Yy > —3—€ (3.22)

in d = 4+ 2¢ dimensions. The value of a*(e = 1/2) ~ 4 x 1072 could naively led us to believe
that the putative UV fixed point is relatively weakly coupled. This number is however

renormalization scheme dependent and per se not that relevant, in contrast to v, which is
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Figure 3.4: The value of the coupling at the fixed point a* (left) and of the anomalous dimension
7, (right) as a function of ny for SU(2) gauge theories at € = 1/2 (d = 5). The central values and

the corresponding error bands are obtained using the best Padé-Borel approximants, respectively
[2/2] and [3/1].

a scheme-independent observable. The large value of 7; ~ —2 points instead towards a
putative strongly coupled fixed point. As a comparison, we note that a IR fixed point with a
similar value of a* was found in ordinary 4d QCD with ny = 12 fundamental fermion flavors
using the same resummation techniques (and the same scheme MS) used here, but resulted
in values of 77 roughly one order of magnitude smaller [64]. While the main source of error
in the study of the QCD conformal window was given from the numerical reconstruction of
the Borel function, in the 5d case analyzed here this is the case only for 7, as the dominant
error for a* comes from the non-perturbative term, eq..ﬂ

As can be seen from fig3.3] the operator tr [F),, F**] is strongly relevant in the UV and is
in fact the relevant deformation driving the UV CFT to the SU(2) pure Yang-Mills theory.
Whether this is the only possible relevant singlet deformation of the UV theory remains an

open question.

3.4.2 Generalization to different values of n; and n.

The results reported in the previous section are easily generalized in presence of fermion mat-
ter and for other simple gauge groups. Again, the Padé-Borel technique provides particularly
similar results to those obtained with simple Padé approximation, which we will not report
in this case.

Let us first consider the addition of n; Dirac fermion fields in the fundamental represen-
tation coupled to SU(2) gauge bosons. In the left panel of ﬁg we report the value of the
fixed point coupling a* as a function of ny. By increasing the number of fermionic fields the
value of a* increases. This is simple to understand by noting that the one-loop fixed point is

given by
. 2e
a1 _loop — % :

(3.23)

5Note that removing the non-perturbative contribution to the error of a* would make the error bands
much smaller, providing stronger evidence for the existence of the fixed point.
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n, 0 1 2 3 4
v; -1.80(75) -L.78(61) -1.74(50) -1.66(45) -1.45(41)
v — -047(12) -052(17) -0.59(27) -0.69(46)

Table 3.1: Values of the anomalous dimensions v; and ~* for SU(2) gauge theory with n; Dirac
fermion fields in the fundamental representation at e = 1/2 (d = 5). The central values are obtained
averaging over the Padé-Borel approximants without poles in the real positive axis and well behaved
in the large-ny limit. The error band is obtained combining in quadrature the errors related to each
approximant.

Since, at fixed n., By decreases as n increases, we expect a* to increase, at least for sufficiently

small e.

The dominant source of error comes from the non-perturbative contribution, which is
proportional to exp(—1/(fpa*)). This is independent of nf and proportional to exp(—1/e) if
we use the leading 1-loop order result for a*. The non-perturbative source of error is
actually smaller, because the resummed value of a* is typically smaller than aj_,,,,. However,
the value of a* gets closer and closer to aj_,,,, as ny increases and becomes even larger at
some point. This explains why the error bands increases with n;. With our choice of the
error the largest value of ny for which we can confirm the existence of a UV fixed point is
ny = 4. This result depends on the choice of the non-perturbative error; as we believe to
have been quite conservative, we conclude that the maximum value n} for which the theory

admits a UV fixed point is expected to be in the range
4<n; <10, (3.24)

where the upper bound comes from the requirement of asymptotic freedom in d = 4.

In the right panel of fig]3.4 we show 7; as a function of ny. In fig]3.5 we report the

anomalous dimension v* for the fermion mass operator defined as
AY) =d—1+7", (3.25)

as a function of ny, obtained using the optimal Padé-Borel approximant. By increasing the
number of fermions, a larger value of |y*| is found, as expected since the fixed point is more

and more strongly coupled. The unitarity bound requires in this case
vr> -2 —€, (3.26)

and is always well satisfied, taking also into account the error. Perturbation theory is more
stable in this case, not deviating much from the Padé-Borel approximations, at least in the

range of interest. Again, the values are compatible with the unitarity bound.

In tab we report the results for v* and v} at ny = 1,2,3,4 obtained averaging all
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Figure 3.5: Value of the anomalous dimension +* for SU(2) as a function of ny at e =1/2 (d = 5).

The central values and the error bands are obtained using the best Padé-Borel approximant [3/1].

well-behaved Padé-Borel approximants weighted with the individual errors o;:

(3.27)

and the same for 7.

Let us now consider pure Yang-Mills theories with n. > 2. We report in the left panel
of fig[3.6] the value of the fixed point a* as a function of n.. The value of the fixed point
decreases as the number of colors increases, while the error band, which is mostly composed
by the non-perturbative contribution, keeps almost the same size. This is again simple to
understand using . Given that 3y increases linearly with the rank of the gauge group,
we expect a* to decrease, at least for sufficiently small e.

The dominant source of error comes again from the non-perturbative contribution. In
contrast to the case where we vary ny at fixed n,, this error is approximately constant as n.
varies, since so is |a* — aj_,,,|- For n. > 3, even though the central value remains positive,
the error bars in our estimate cross distinctly zero, so we cannot draw a definite conclusion.
As in the SU(2) case, adding fermion matter makes the fixed point more strongly coupled.
In the right panel of ﬁg and in tab we report v, as a function of n, using the optimal
Padé-Borel approximant. The stability of 77 as n, varies is to some extent expected, since
the first three terms of the perturbative series are independent of n.. It is nevertheless
curious that the central values are almost identical for n, = 2,3,4. This is most likely a
numerical coincidence, but more speculatively one could conjecture that these CFTs are all
indistinguishable at the level of local operators [

The existence of a UV fixed point can also be analyzed in the Veneziano limit, ns, n. — oo,
a — 0, with x = ns/n. and \y = an, held fixed. We omit the details of this analysis

and report only the main conclusion, which is the evidence of a fixed point in the range

6These theories are anyhow expected to be different at the level of line operators, since they have different
discrete one-form global symmetries, independently of the global structure of the gauge group.
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Figure 3.6: The value of the coupling at the fixed point a* (left) and of the anomalous dimension
7, (right) as a function of n. for pure SU(n.) gauge theories at € = 1/2 (d = 5). The central values
and the error bands are obtained using the best Padé-Borel approximants, respectively [2/2] and

[3/1].

0 <2 < 2.6. Large values for v* and 7, are also found in this case, suggesting the presence

of strongly coupled CFTs. The unitarity bound is well satisfied in the whole interval.

3.5 Other approaches: a brief overview

We briefly review in this subsection the main studies developed up to now on the existence
of a UV stable fixed point in 5d non-abelian gauge theories.

As mentioned, our study is an extension of the previous work [77]. This reference applied
optimal truncation to the series in € obtained from the then-available four-loops beta function
and suggested evidence for the existence of a 5d fixed point for pure gauge theories with
n. > 2. Optimal truncation is however reliable only when the smallest term in the series is
not the last available one and it is not conclusive if the terms are too few for this to happen.
This is why numerical results were reported in [77] only for n, = 2, in the case of a*, and
n. = 2,3, in the case of v*, which is an index related to the gauge anomalous dimension by
the expression v* = —2/v7. Such results are in agreement with ours, taken into account that
we were more conservative in the estimate of the error/[]

Let us now present other methods used to address the problem. Ref. [126] applied the
exact RG equations to a certain truncated set of higher dimensional operators in SU(n..)
YM, and found that the critical dimension above which the fixed point disappears is d., > 5
for n. = 2,3,5. The result seems to indicate the existence of a continuum limit in five
dimensions, however the conclusion is based on the truncation of the flow equations whose
reliability is hard to assess.

This problem was also approached using the lattice. Given a lattice Lagrangian that

reduces to the continuum 5d Lagrangian at large distances, one looks for a second-order

"Note that in ref. |[77] a different notation was chosen: in order to properly compare the results one should
rescale our value of a* by a factor 4.
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Ne 2 3 4
Yy -1.80(75) -1.76(65) -1.76(21)

Table 3.2: Values of the anomalous dimensions v, for Yang-Mills theory with different numbers
of colors n. at € = 1/2 (d = 5). The central values are obtained averaging over the Padé-Borel
approximants without poles in the real positive axis and well behaved in the large-ny limit. The
error band is obtained combining in quadrature the errors related to each approximant.

phase transition by varying the lattice couplings. If such a transition is not found, then this
could be a consequence of the fact that the starting Lagrangian was not general enough,
and no definite conclusion can be reached about the existence of the UV fixed point in
the continuum. The simplest choice for the initial action is the Wilson plaquette in the
fundamental representation. With this choice and n. = 2, ny = 0, both [127] and [12§]
found a confinement-deconfinement phase-transition of first rather than second order. Ref.
[128] went further and analyzed also a modified action with the inclusion of the Wilson
plaquette in the adjoint representation. Again, in the region of the coupling space that
they managed to explore they only found a first order transition, though a weaker one as
the fundamental coupling was increased. The problem was revisited almost 30 years later
in the recent paper [129]. This reference extended the analysis of [128] to a larger region
of the coupling space and larger lattice size, and still found only first order transitions for
the fundamental+adjoint action. They went on to consider a different lattice action with
the fundamental Wilson plaquette of doubled size and observed the disappearance of a first
order transition. Their preliminary extrapolations indicate that the disappearance is robust

in the infinite volume limit. This suggests the existence of a second order transition.

A different non-perturbative approach is the numerical conformal bootstrap [34]. Finding
interacting non-supersymmetric CFTs in d > 4 with the conformal bootstrap is generally
hard (see e.g. [130] for a recent attempt in d = 4). Moreover one cannot easily input that
the CFT to be looked for should be related to a non-abelian gauge theory. A method to try
to target conformal gauge theories in 4d and 5d has been put forward in [131]: the idea is
to consider the bootstrap bounds for the four-point function of SO(N) vectors and look for
families of kinks that are conjecturally associated to the four-point function of flavor-adjoint
fermionic bilinears in the conformal gauge theory with fermionic matter. In the specific
application to 5d, [34] found such a family of kinks only for relatively large values of N.
At the moment there is neither enough evidence that such kinks are associated to CFTs
nor a definite prediction from the conformal bootstrap for the would-be scaling dimension
of the leading irrelevant operator at this kink. The approach proposed in [34] is based on
the flavor symmetry and therefore it is not suited to the pure YM case. For the latter, a
naive possibility is to consider simply the four-point function of identical scalar operators O,
bounding the dimension of the operators appearing in their OPE coefficients, with the hope of
finding features corresponding to the UV completion of YM, in which O can be identified with

tr [F,, F*]. In absence of a selection rule (such as a Z; symmetry) forbidding to O itself to
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appear in the OPE, this vanilla bootstrap bound cannot succeed without further assumptions
on the spectrum, because the interesting CFT, if it exists, would sit well within the allowed
region, below the generalized free theory line. Further predictions from e-expansion or other
methods might help in narrowing down the appropriate gap assumptions to be made.

Ref.s [19,/132] provide concrete attempts to realize the UV completion of 5d SU(2) YM
as a second-order transition in continuum QFT. The starting point is the UV completion of
the SU(2) supersymmetric YM theory (SYM), the interacting super-conformal field theory
known as Fj theory |133]. These references consider deforming E; by both the supersym-
metric deformation that leads to SYM, and by a particular supersymmetry-breaking relevant
deformation. For small values of the supersymmetry breaking deformation the theory is
calculable and it can be shown to flow to YM in the deep IR. It was shown in |19] that
certain contact terms in the correlation functions of global symmetry currents depend on the
sign of the supersymmetric deformation. This signals that a transition of some kind must
happen in the un-calculable region in which the supersymmetric deformation is smaller than
the non-supersymmetric one. However at the moment there is no conclusive argument that
this phase transition is of second order. Ref. [132] further showed an instability at infinite
(bare) gauge coupling when the supersymmetry-breaking deformation is turned on, implying
the existence of an intermediate phase between the two YM phases with different contact
terms.

Ref. |134] proposes a realization of the UV fixed point of non-abelian gauge theories in
4 < d < 6 as the IR fixed point of an RG starting from a non-unitary free theory with a
higher-derivative kinetic term. This RG becomes weakly coupled in 6 — e expansion. However
this alternative description is only known to be valid in the limit of a large number of flavors,

in which the fixed point in 4 < d < 6 only exists for negative g%

Outlook In this chapter we studied the extrapolation of UV fixed points of non-abelian
gauge-theories from d = 4+ 2¢ to d = 5 using Padé-Borel resummation techniques. Our main
result is illustrated in fig.s 3.2 and [3.4] where we found evidence for a 5d fixed point for the
SU(2) gauge theory with ny < 4. We also used the method to provide a prediction for the
dimension of the leading relevant operator at those fixed points, see fig3.4]
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Chapter 4

Free Energy on the Sphere for
Non-Abelian Gauge Theories

4.1 Introduction

In this chapter, we apply the generalized F theorem to non-abelian gauge theories. We
compute the quantity F for the WF fixed points in an expansion around d = 4. The
existence of such fixed points was discussed extensively in the previous chapter for the case
of d > 4 and a small number of matter fields. Alternatively, it can be investigated in the
case of d < 4 with a large number of matter fields (so that Sy > 0). The quantity F was
computed in [138] for d-dimensional QED with n; four-component fermionic matter fields,
for which S, is always positive. It was then extrapolated to d = 3 to study the existence of
an interacting IR CFT for QED in 3 spacetime dimensions, by comparing with the quantity

F for the spontaneously broken phase of Qn?c + 1 massless Goldstone bosons.

The calculation in non-abelian gauge theories presents several new challenges compared to
the abelian case. Firstly, the gauge fixing requires a more careful analysis, because it becomes
unavoidable to include the interaction with the ghost fields. On the sphere massless scalar
fields like the ghosts have zero modes. Due to the fermionic nature of ghosts, this naively
leads to a zero in the partition function, which manifests as an IR divergence in F. This
divergence needs to be cured by an appropriate regulator (or alternatively by appropriately
modifying the gauge-fixing procedure, as we describe in an appendix). Note that, in order to
obtain F , it is crucial to carefully keep track of the normalization of the path integral on S¢
when implementing the gauge-fixing through the Faddeev-Popov procedure [52]. Secondly,
the derivative self-interaction of the gluon leads to diagrams with two derivatives acting on
the propagator, and it is important to include also the contact-term contributions in order
to evaluate correctly the integrals over the positions of the vertices. Thirdly, unlike QED the
renormalization in the gauge sector is not simply encoded in the definition of a renormalized
gauge coupling, instead one needs to consider also wave-function counterterms for the gluons

and the ghosts. We perform the calculation, taking care of all these issues, up to the next-
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to-leading (NLO) order, i.e. including up to two-loop vacuum diagrams. The result is in
eq. (4.140). Note that, while we compute the two-loop diagrams in generic &é-gauge, which
allows us to compare with heat-kernel results for generic background [4], we keep track of the
normalization of the path integral only in the special case of the Landau gauge, i.e. £ = 0.

We then apply this result to the fixed points of SU(n.) non-abelian gauge theories in
d=3and ind =5 Ind =3, just like in the QED case mentioned above, the theory is
known to flow to a CFT in the IR for a sufficiently large number of matter flavors n; [70],
and it is conjectured to change its behavior for ny smaller than an unknown critical value n},
flowing instead to a phase with spontaneous breaking of the global symmetry [70-72,/139].
We adopt the same logic as in |138], and compare F of the fixed point to that of the putative
Goldstone bosons phase. We find that when 8, > 0, so that aj,,,, > 0, the conformal
phase is always favored compared to the symmetry-breaking phase. For 3y < 0 the fixed
point is complex in the e-expansion, but a unitary fixed point in d = 3 can still exist.[] We
propose a more speculative approach to estimate F' of the 3d CFT in this case, by taking
an average value of F among the two complex fixed points. With this method we find that
the Goldstone boson phase becomes favored for small n, allowing us to put an upper bound
on n;‘c The values found for 2 < n. < 5 are reported in eq. . The result for n, = 2
favorably compares with previous bounds found using again the F-theorem combined with
supersymmetry [140], or lattice methods [141]. We also give an estimate for the upper bound
on x* in the Veneziano limit in eq. , where © = ns/n..

In d = 5 we use our calculation to investigate the existence of interacting CFTs that UV
complete 5d non-abelian gauge theories. If such CFTs exist they would be an example of
a non-supersymmetric interacting CFT in d > 4. An interesting construction in the case of
SU(2) Yang-Mills theory was recently proposed in [19], and further refined in [132], using the
E; superconformal field theory that UV completes SU(2) Super Yang-Mills. The putative
non-supersymmetric CF'T is obtained as the IR endpoint of the RG flow triggered by a certain
non-supersymmetric deformation of E;, and by construction it is endowed with a relevant
deformation that flows to ordinary SU(2) Yang-Mills theory. Using our extrapolation to 5d
we can compare the quantity F' of the non-supersymmetric CFT with that of the F; SCFT,
known from supersymmetric localization [142], and test if the RG flow is allowed. We can
also easily repeat this check in the case with fundamental flavors n; and compare with the
F quantity of the E,,,,1 SCFT that UV completes the supersymmetric gauge theory with
flavors. In all cases in which we have evidence for a fixed point in d = 5, namely n; < 4, we
obtain that the F-theorem allows the proposed RG flow.

The rest of the chapter is organized as follows: in section 2 we explain some generalities
about the calculation of the sphere partition function, we perform the gauge-fixing and com-
pute the one-loop determinants for non-abelian gauge theories. In section 3 we derive the

Feynman rules on the sphere, including the gauge field propagator in an arbitrary £-gauge.

!The opposite situation can also occur, a fixed point for € <« 1 which disappears in physical integer
dimensions.
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In section 4 we compute the two-loop vacuum-vacuum diagrams and obtain our main result.
We also show a sanity check of our results, by comparing in detail the UV divergences ob-
tained for pure Yang-Mills theory in ref. [4] in the Feynman gauge £ = 1 with our results.
In section 5 we apply the result to the d = 3 and d = 5 models described above. Most of
the technical points of the calculation are relegated in the first two appendices of this thesis.
In appendix A we compute the gauge propagator on the sphere for a generic £. In appendix
B.1 we discuss subtleties about integration by parts and contact terms on the sphere. In
appendix B.2 we explain a possible alternative gauge-fixing procedure (used already in [143])
where ghost zero modes are treated more carefully by introducing ghosts for ghosts, which

we also use to partially check the results in the main body.

Conventions In this chapter n; always refers to the number of 4d Dirac fermions. Given
the way we analytically continue fermions, ny 4d Dirac fermions give rise to 2n; Dirac fermions

in 3d and ny Dirac fermions in 5d.

4.2 Free energy of gauge theories on the sphere: lead-

ing order

Let us consider a non-abelian gauge theory with ny massless Dirac fermions in the funda-

mental representation. We want to compute the sphere free energy in d = 4 + 2¢, defined as

F=—logZga , Lga = Vol;(g) /DAD@/JD’Qb exp (—S[A,w,@/;,g]) : (4.1)

Here g denotes the round metric g, on S? with radius R and coordinate x, while vol(G) is
the volume of the space of all gauge transformations, which in our choice of normalization

does not depend on the gauge coupling g. We can split the action on the sphere in

S = SYM + Smatter + Scurv ) (42>
with
d 1 v

Sym = /d /g (ngtr[FW(x)F" (x)]) , (4.3)

ny
Smatter - /ddx\/g <_ Z 7@7“ (V,LL - ZA#) W) ) (44)

=1
Seury = /ddx\/g (boE 4 coR?/(d — 1)%), (4.5)

where g = det g,,, go is the bare gauge coupling constant, 1" are n; four-component Dirac
fermions and V, is the curved space covariant derivative which includes the spin connection

term when acting on fermions. As the action should contain all operators that are marginal
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in d = 4, we have added the curvature terms together with their bare coupling parameters by
and CO.E| For future purposes, we recall the expression for the Ricci scalar R and the Euler
density E on S¢:

d(d — 1)
RQ

dd—1)(d—-2)(d—3
R = , E:Ryz/)\pRuV)‘p—élRuuRuu—FRZ: ( )( i )( ) (4.6)

4.2.1 One-loop determinants

At leading order in a loopwise expansion the free energy is determined by one loop determi-
nants. As a consequence of the splitting in eq. (4.2), we can divide the leading term of the

sphere free energy Fre in three parts:

F¥ree = Flree-yM + FireeF + Feurv (4.7)
with
Fhee-ym = —log (L / DAeSfree'YM[A’g}) : (4.8)
vol(G)
Fruwr = ~log ([ DuDpeSimrtval), (19)
Frory = QaRTH(d(d — 1)(d — 2)(d — 3))by + d*cy), (4.10)

where Sgeeym 18 the quadratic part of the Yang-Mills action, Sgeer the free fermion action
and Qy =275/ I'(%) is the volume of the d-dimensional sphere with unit radius.

For the expression of Fie.r We use eq.. Let us now focus on the computation of
Fieeym. The gauge field A* on the sphere can be written as the sum of a longitudinal
part A}(Lo) and a transverse part A’(‘l), which can be separately decomposed in orthonormal

eigenvectors of the sphere Laplacian —V?:

AF = A?o) + Aé) ., such that V#Aé‘l) =0,

i ¢ ¢ Vi 4.11
Aoy =D _alnAley Al =D alAf (4.1)

>0 >0

with corresponding eigenvalues )\él), )\20) and degeneracies gél), géo) given by [144]

L (0 +d—1)(20+d— 1Dl +d—2)
A0 _ (a1 (1) _ 050, (4.12
‘ L T(0+2)0(d—1) » £>0,(412)
o 2%+ d— 1)l +d—1)
A0 dera-y- () o _ (>0. (41
4 R ) gé F(ﬁ + 1)F(d) ’ >0 ( 3)

Note that the eigenfunctions of the longitudinal part can be rewritten in terms of the covariant

2In a generic Euclidean manifold we should also include a term with the square of the Weyl tensor, omitted
here as it vanishes on the sphere.
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derivative of the spherical harmonics Y;(z)

V*Yy(x) , for 0 >1. (4.14)

A

We take the spherical harmonics to be normalized as
/ d*z\/g Yi(x)Ye(z) = S . (4.15)

In order to make the basis A’(LO)Z orthonormal, we have fixed the normalization factor in terms
of the eigenvalue of the laplacian operator associated to Yy(x)
) L(l+d—-1)

A = — (4.16)
which has degeneracy géo). Note a crucial difference between the spectrum for a scalar and
for the longitudinal modes of a vector: the former includes a constant mode with eigenvalue
)\(()S) = 0 and degeneracy g(()o) = 1, while for the latter the modes are restricted to £ > 0 and

as a result the constant is excluded.

In dimensional regularization the following identities are valid, which will be useful later

in the computation:
Zgél) =1 and Zgéo) =-1. (4.17)
=1 =1

With this decomposition in longitudinal and transverse mode the path integral measure can

/=1 /=1

be rewritten as

4.2.2 Computation in Landau gauge

We want to compute

1
Frreeyy = —1 DA e~ SreevulAd] 4.1
free-YM 0g (Vol(g) / € ) (4.19)
with .
Shee-yM = / d'z /g g—gtr [AL(=0;V? + R, + V'V ,) A (4.20)

and R = %5;1 on S%. In order to perform the explicit computation it is convenient to add
a gauge-fixing term to the action. We work in Landau gauge and set to zero the longitudinal
component of the gauge field. In order to do that we insert in the path integral of eq. (4.1

69



the following functional identity, valid for any fixed A, (x):

SVHAY
1= [ Duy(U)5s(V"AY) det5—“ : (4.21)
g/ 6
where A7 (x) is the gauge-transformed field under U (x)
A,(z) — AL](LE) =U(2)i(V, —iA, () U (z) = U(:);)z'D;‘U_l(x) : (4.22)
Taking the components in the Lie Algebra, denoted with indices a, b, ¢, ..., and also writing

U = exp(ie”t®) in terms of the parameter €* and the generators t*, we get the infinitesimal
transformation

0AL(z) = (Dﬁe)“(m) =V, (z) + fabcAfL(x)ec(x) . (4.23)

The integration in eq. is performed over the functional Haar measure p, and is re-
stricted to the set of gauge transformations G’ that act non-trivially on A,(z), i.e. those
that give a non-zero functional determinant. In the functional derivative the variation de is
an infinitesimal variation away from U (the integration variable) and tangential to G’, hence
0€ is any fluctuation not annihilated by the covariant derivative with connection Ag. So we

have
SVHAY
det &
o€

— det’ (—V“D;j‘U) , (4.24)

where the prime denotes that we need to exclude the zero eigenvalue and the minus sign
is taken to ensure positivity of the determinant, at least perturbatively. At this point in
order to proceed we restrict ourselves to the case of Landau gauge, and use that in Landau
gauge the operator is self-adjoint as V# and D;‘U commute. Therefore, we can implement
the prime by excluding constant modes instead of covariantly constant ones. We will always
assume this meaning of the prime from now on, as this will lead to a great simplification in

the following manipulations.

Inserting the identity in the path integral and exchanging the order of the integrals we
obtain

F=—1lo DMQ(U)/DA exp (—S[A, ¥, 4, g]) 6(V*AY)det’ <—V“D;‘U)> .

(4.25)

Using gauge invariance of the integration measure and of the action, the integral in A can

be rewritten in terms of the variable AV, renamed A. As a result the integral over p, yields

just the volume of G’ and we get

F=—log (‘;‘;11((%)) /DA exp (—S[A, ¥, %, g]) 6(—V*A,)det! (_V#D;‘)> . (4.26)
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The ratio of the two infinite-dimensional volumes gives the volume of the constant gauge
transformations, i.e. the volume of the group G, multiplied by an additional factor that
arises by requiring an orthonormal mode decomposition in the path integralﬂ In order to
explain this factor, consider separating a generic gauge transformation f : S — G in a
constant and a non-constant part f(z) = fo+ f/'(x). This can be done via the decomposition

in spherical harmonics: f(z) =2, F;Ye(z). In terms of this decomposition the measure of

/Df = /ﬁm. (4.27)
/=0

Because of the normalization in (4.15) we have Yy = 1/4/vol(S?), which implies f, =

Fy/+/vol(S¢) and

the path integral is

dim(G

vol(G) = / dFy vol(G') = vol(S%) =™ vol(G) vol(g') . (4.28)

This leads to

dlm(G

1 d
F = —log (VO Sl /DA exp (—S[A, ¥, 1, g]) 6(V*A,)det! (—V“Df)) . (4.29)
vol(
We then introduce non-constant ¢ and ¢ ghost modes to rewrite the det’ as

det’' (—V*D/}) = / D DE exp (— d'z\/g(z) &, (x) V"D (x )]) . (4.30)

The final step is to use the decomposition (4.11]) to rewrite the J-functional in eq. (4.29)) in

terms of the coefficients of the decomposition

(0)

00 aéo o dlm(G)
5(VPA) =68 | Y L vY(x) :H(““R;’il)) d(afy) . (4.31)

(=1 /\ES) =1

This sets to zero the longitudinal modes and provides a crucial factor in the path integral.
Plugging eq. (4.31)) in eq. (4.29) and focusing on the Yang-Mills leading contribution gives

1 €+d—n>
Firee- = —lo -
free M & (VOl(G) vol(§4)dim(G) H (

/DA(I) D DE exp (—SYM_HBG[A(l),g] — Z/dd:v g(x) tr[é’(x)VQC’(x)]) ) :

(4.32)

(0)
~5—-dim(G)

3The normalization of the path integral is chosen following ref. [143]. There is however a difference in the
computation of the volume of the gauge group as in our notation the coupling does not appear in the volume
expression.
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We are finally ready to compute the integral. We start from the integration over A(;). Using

the decomposition in egs.(4.1114.13)) and the normalization in eq. (4.27)) we get

/ DAg) exp (- / ddx\/g%qg (Az‘l)u(—vz +(d— ))A“1>a))

(D (4.33)

o0 27'('9832 —dlm(G)
:H((zﬂ)(ud—z)) ‘

For the computation of the ghost path integral we again decompose in spherical harmonics:

=Y CYi(x), Dd = 1 dCy. (4.34)

As we are dealing with Grassmann variables, we have

/DC’ﬂ?C’g exp (C’gCg) =1, (4.35)
implying
/Dc’Dc’ exp (— dz/g(x) &, () V2 ) ﬁ( ”d >) . G). (4.36)
=1
Replacing in eq. , we get

Fireeym = log vol(G) + dlmT(G) (log vol(S%) + Z < (L+1)(l+d— 2))

= 2w g2 R?
= ((0+d—1)
—Y g 1og (TD :
(=1

In order to find an explicit expression for these series one can follow [138], who performed

(4.37)

the same computation in the abelian case. Their procedure is based on the rewriting of the
logarithms appearing in eq. (4.37) with the identities

> dt 1 1 !
log(y) = [ U (ot iy L / due 4.38
ogly) = [ T =)t [ due (13
Then, using gamma function identities, eq. (4.17)), and performing the ¢-integrals, one can find

an analytical expression for Fpe.yy. The only subtle point concerns the ghost determinant.

It is necessary to add and remove the zero mode, regulating with a mass parameter ¢ which
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is set to zero in the end. This provides
> g log (U0 +d — 1)) = lim [Z g og (L+8) (L +d—1)) —log (5(d—1))| , (4.39)
=1 (=0

For the sum over ¢ we use again eq. (4.38]), while for the log (6(d — 1)) we use [13§]

log(8) = — /0 u%(s +log(1+9). (4.40)

Putting everything together we find a smooth limit § — 0, which reads

Freeyi(d) = dim(G) Fypas(d) — T2 10g (g2 74-4) + 10 % . (4.41)
where Fypax(d) reads
Furax(d) = %log(%r(d ~ 120, — @/0 Ju <Si<r;(_%2))£d_—u§) N sin £%>
+ (P41 = 3d(1 +u) + 2u(u + 2))5111 (5Cu—d)T(d—2-u)l(+u) o

2T°(d)
+ (2u — d) sin (g(d — 2u)> w) .

T(d+1)

4.3 Feynman rules on the sphere

In this section we discuss the Feynman rules on S¢ for non-abelian gauge theories. We start by
reviewing some preliminary notion on maximally symmetric spaces. We then generalize the
computation of the vector propagator presented in [5] in the Feynman gauge to an arbitrary
&-gauge. The ghost propagator requires some care in order to remove the zero mode, while
the propagator of the Dirac fermion is computed by a Weyl transformation from flat space.

We then derive the Feynman rules for the vertices.

4.3.1 Bitensors in maximally symmetric spaces

The two-point function of a spinning operator in a curved space M defines a bitensor, namely
a bilocal function that is a tensor with respect to both of its arguments. In maximally
symmetric spaces bitensors can be expressed as sums and products of a few building blocks.
Let us briefly review these building blocks following ref. [5]. Starting with the geodesic
distance p(z, 2'), which is a biscalar, other basic geometric objects are the parallel propagator
g% (z, ") transporting vectors along geodesics from x to 2/, and the unit vectors n,(z, ")

and n,/(x,z’") tangent to the geodesic at z and 2’ respectively:
n, (x,2')=Vu(r,z) and ny (x,2')=V,u(x,2). (4.43)
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¢y (z,2"),n,(x,2") and n,(z,2") are examples of bitensors. We use the following nota-
tion: a bitensor (n,m) is a rank n tensor at x and a rank m tensor at z’. So for instance
G%y (z,2"),n,(x,2") and n, (z,2’) are respectively (1, 1), (1,0) and (0, 1) bitensors. In general
objects written as the contraction of two bitensors depend on both x and z’/, even if they
contain only primed or unprimed indices. An exception is the following identity relating the

metric g, to the parallel propagator

g (@) = g,/ (.2 ) gy (2, ) (4.44)

and similarly for g,y (z"). Covariant derivatives of bitensors can be taken with respect to

either x or 2’ and are denoted by V, and V, respectively.

It is possible to prove that any bitensor in a maximally symmetric space can be expressed
as sums and products of the building blocks g,x, g,/x/, 7, n,s and g,,/, with coefficients that
are only functions of p. This provides a remarkable simplification in finding the structure of

propagators and their explicit expressions.

Let us list some properties, useful for the derivation of propagators:

vyn)\ =A (gzz)\ - nunk) y
Vony = C(guy +nuny) , (4.45)
Vigry = —(A+0C) (gw\np’ + gup’n)\) )

where

1
A(p) = — cot(u/R)
B (4.46)

~ Rsin(p/R)’

where R is the radius, defined in terms the constant value of the Ricci curvature scalar in
eq. (4.6)). For future convenience it is useful to introduce the variable

2(z,2) = cos? (“ (;};/)) . (4.47)

which is the chordal distance between the points.

Let us now specify to a sphere S% of radius R. Using stereographic coordinates x# we

write the metric as

4R*

——— 0 - 4.48
(R? + |22 49

d82 = gw,dxudl’y, guy -

The geodesic distance is given by the following identity

(e, ) 2R — o' ,
=1—- =2 —1. 4.4
< R > @+ P @+ op) o) (4.49)
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When 2/ = 0, we denote for simplicity

R2

(4.50)

The variable z will be useful to write propagator expressions and, in particular, their expan-

sion around coincident points.

4.3.2 Propagators on S¢
Vector propagator on S

Vector propagators for maximally d-dimensional symmetric spaces have been computed in [5].
For our purpose we need the expression of the massless vector field on the sphere. It follows

from the quadratic part of the gauge action

1 1
Stree-vM = / ddx\/g??tr {Ay(—agvz + R+ (1 - E) V”VM)A“] , (4.51)
0

that the vector propagator Q%,(z,z") = (A%(z) A5, (2)) = g26*Q,n (z, x') satisfies the equa-
tion

(—g“”V2 + RM + (1 — %) V“V”) Qun(z,a") =6(x —2)gh, . (4.52)

The propagator @,y (x,z’) is a maximally symmetric (1,1) bitensor and can be decomposed
as

Ql/)\’ (l’, ZL’I) = a(y’)gl/)\’ + ﬁ(:u)nl/nAU (453)

where a and 3 are generic functions of the geodesic distance. Their expression is found in

eqs. (A.14), (A.19) and (A.21) in appendix[A] where the interested reader can also find their

detailed derivation.

Ghost propagator on S¢

The ghost propagator G(x,2') = (c'*(x)c®(2')) satisfies
VG (z,2") = §(x — 2')5" . (4.54)

As explained in section [£.2.2] ¢ has the zero mode removed, so we need to subtract the
constant part from this propagator. This is also clear from the expansion of the propagator

in terms of the spherical harmonics (4.16)):

Ga,a) =Y ﬁmxm(x’)aab | (4.55)

>0

where the constant mode ¢ = 0 is excluded from the sum, otherwise giving a divergence.
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In order to resum this expression we need to introduce a small regulator, as we did for

the one-loop computation of the free energy:

2 2V2
Gab .73 ZIZ' —hm R }/g(ﬂf)}/g( ) . R YI)
20| 2= Zil+d—1)+0(d—1+0) d(d—1+0)

5. (4.56)

The first term corresponds to the propagator G,eq(, ') associated to a scalar field with mass
m? = §(d — 1+ §)/R?, whose expression as a function of z is
['(d—1+4+9)

d
Gre 275 = — F —(5,—1—|—d—(5’—’z . 4.57
(0 A(47)% P RI-2D(1 + 8) sin(w8)T'(2) ’ 1< 2 ) (4.57)

Plugging in eq. (4.56) and taking the limit § — 0, we find a well-defined expression for the
ghost propagator:

59 (dH (d —2) — 2(d — 1)23F5(1,1,d; 2,1 + 4; 2))
Ad(47) et Résin(wd)[(2 — d)T'(2) ’

2

G?(2) = 6"G(2) = (4.58)

where H denotes the harmonic number, which can be written in terms of the digamma
function ¢ and the Euler constant vg as H(z) = yg + ¢¥(z + 1).

Fermion propagator on S¢

The fermion propagator on S is easily computed from its known expression in flat space by

performing a Weyl rescaling, see eq. (4.48). We have

, - H(2)1:(0)) ga [ (2) (R* + 2?) 29k
S1(0.0) = (015 0o = S0 O _ LG )ity
Q(z)z20(0)2 2d+1) 75 (42)2 Rd
where in the last equality we used
T (ﬂl) et 2R?
i o = 012 2 Qz) = ———— . 4.60
<¢( )%( )>ﬂ t J 271-% (xz)g (I) R2 4 2 ( )
4.3.3 Vertices on the sphere
The Feynman rules for the vertices can be read from the gauge-fixed action giving
1
gol () = —?f“bCVVAiA,b,Ai(x), (4.61)
0
1
T @) =~ P P ALAALAS ). (462
gl (z) = [V, AL (), (4.63)
oI (@) = =it} sty Ap(w), (4.64)
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respectively the triple gluon, the quartic gluon, the ghost-gluon and the fermion-gluon inter-

actions.

4.4 Next to leading contribution

In the previous section we have obtained the Feynman rules for gauge theories on the sphere.
We now have all the ingredients to compute the free energy at the next-to-leading order. For

ny Dirac fermions in the fundamental representation of the gauge group G = SU(n.) we have

F =(n2 — 1) Fapax (d) — %(ni — 1)log (gyR"™") + log (%> (4.65)

1
+ nfnchree—F + Fcurv - §QSG2 + ... )

where G5 includes all the two-loop vacuum diagrams. Note that we have kept all the couplings
bare. In section we compute the various diagrams contributing to G» in eq. (4.65)): the
divergent terms in a generic {-gauge and the finite pieces in the Landau gauge £ = 0. As
a check of the validity of our results we verify in section that the divergences that we
obtain match with those computed with heath-kernel methods in ref. [4] in the Feynman
gauge £ = 1. Renormalization is discussed in section [4.4.3]

4.4.1 Computation of the diagrams

The leading interacting part of the free energy is given by connected vacuum diagrams up to
order g2. The corresponding contribution, which we will call G5, is composed by the following

two-loop diagrams:
GQ — Ggriple + G%host + Ggerm + G(zquart + GST—vec + GST—gh ] (466)
The first four terms in (4.66|) are genuine two-loop graphs:

Ggriple _ % _ / ddxddx/\/g\/?<rtriple (x)rtriple (ZL’/>> 7

>

G%hOSt: TN :/ddZL‘dd:E,ﬁﬁ(rgh%t({b)rgh%t(l‘/»,

\
~

€
) . 4.67
Ggerm — @ _ /ddxddx/\/g\/E(Ffermlon(x)rfermlon(xl)>’ ( )

Gt = m = Q/ddm\/ﬁ(l"quart(x».
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The last two ones are instead one-loop graphs with (one-loop) counterterm insertions:

GST-VSC — %i:\‘z — _25L /ddm<2—1€ (VMAMG(.%’))2> — 25T /dd$<% (VNAZ(@ - VVAZ(x))2> )

-

Gy = \/; = —20, / Az ((Ca(2) V2 (2))) . (4.68)

~ __‘ s
These counterterms are defined from the renormalized Lagrangian

Zr 1 a a 2
Z2g? 1 (VMAV(x) — V,,AM(x)) +

7 N
Vv, AHe B
2g2€ ( H <ZL')) 29292

fOUeV L ACARP AV 1 (4.69)

where g2 = Zgg2 is the relation between the bare and the renormalized coupling and Z, =

1 + 6.g%. Thanks to the vector equations of motion, we have

1

% (V,A4(2))) +Olg) , (4.70)

1 a a 2
/ddx(z (VAL (x) = V, AL (2)") = — /ddx(
modulo a §(¥(0) factor, which vanishes in dimensional regularization. The counterterms dr

and 07, entering the vector propagator can be computed in flat space and they read (see

c.g. [145[)
3+ 9
0, =0 op=Cpr—— (1+0O 4.71

L ; T A35 3, (1+0(g)) » (4.71)
with C4 = n. for the SU(n.) group. The presence of the ghost counterterm is instead a
peculiarity of S¢, consequence of the removal of zero modes from the propagator. We refer
to next section for its computation. The final result is

3-¢

O =—Car - (1+0(g0)) - (4.72)

Computation of the ghost counterterm

The ghost wave function renormalization can be computed by imposing finiteness of the ghost

propagator at one loop. We compute the divergence in configuration space:

L%

= 5abg(2) CA/ddxl dzo v WV R G(x,21) V,,G(21, 22)

div.

(4.73)
QMM (xla IQ)VMG(I% O) .

4Comparing our Lagrangian with the definitions in section 26.5 of [145], we see that the relation
between our counterterms and the counterterms 83 and §4s defined there are: g?61 = d43 — d3, and g26g2 =
Oa3 — %53. Moreover since there is no correction proportional to the longitudinal part of the propagator,
0r, = 0. Note also that €inere = —2€here-
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Since we are dealing with UV divergences, we can take the limit of coincident points x; ~ 5.

Taylor expanding the propagator G(zq,0) around z;, we get
1
G(x2,0) = G(x1,0) + (24 — 2})V,G(x1,0) + §(x§‘ — i) (ay — 2] )V, V,G(x1,0) + ... (4.74)

Replacing this expression in eq. (4.73)) we find that the only non-vanishing contribution comes
from the third term: the first vanishes when derived with respect to x5, while the second
is zero because of Lorentz invariance. All other terms in the expansion provide convergent

result and are therefore not relevant for the computation of counterterms. We have then
2
Sab %0 Ca / d*z,Vh G(x,2,) 1" V,V ,G(x1,0), (4.75)
with
v — / eV (VG (@1, 22) QU2 (g, 29)V (2t — 2 (2l — 2¥) . (4.76)

By spherical invariance this integral does not depend on the position of x;, which can be set
to zero. We can use Lorentz invariance to rewrite the integral as
nyo__ g,ul/ Ao
1 =L (P7gy,). (4.77)
The divergence can be computed by using stereographic coordinates and expanding around
coincident points, as done in sec[d.4.1} we get
D?S&% 3¢
N i S

S Y
b 64n2e

div.

goCa / Az Vh Gz, 3,) V2G(x1,0). (4.78)

This divergence can be removed by taking the following wave function renormalization:
1 1
c=Zicg, c=Zicg, (4.79)

Zo=1+46.=1- >S4 o4t 4.80
064 26 ( )7 ( )

which reproduces eq. (4.72)). Note that since there is no divergence proportional to
/ddxl\/ﬁ G(x,x1)G(21,0), (4.81)

there is no mass renormalization, as expected.
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Results

Applying Wick’s contraction and the previously listed Feynman rules to eq. (4.67)), we get

G?iple = “/ddx ddl’/\/g\/? (Vﬂvu’Qw’(leQw/ - QHV'QVH') (4.82)
+ VVQMM,(VV/QVM/Q}U/ - QVV’VVIQMM/) +VVQMV,(VV’QVMIQML’ - QVMIVV’Q;W’)> 5
G?mzx/ﬁ%d%w@JyﬂmGVﬂGQW% (4.83)
Gy™ = ngTy (n2 —1) /ddx A% \Jg\/g (tr [7,S70S] Q") (4.84)
uar R v v
Gg t_ Kk /ddx\/g (Q““Q L — QuQ" ), (4.85)
] 3+¢
CT-vec __ LTV )
GS 626/ \/_<2£VVQ ) (4.86)
GITEh — ;’2 f dz /g (V2G). (4.87)

where Ty = 1/2 for the fundamental representation and we have defined
k=Cs(nl—1). (4.88)

Note that the first term in the triple diagram (4.82)) includes a double derivative of the vector
propagator, which should be treated with care, because it contains a term proportional to a
d-function at coincident points, which contributes to the integral. A simple way to circumvent

this problem consists in integrating by parts the first term of eq. (4.82)) getting

G5# = x [ dla d V5T (94 QY Qi Qe + Qe (4.89)
+ VVQMLI(VZ/QW/Q/U/ - Qw/vl/@,u,u’> +VVQMVI(VV’QW/QML’ - QVM/VV’QW/)> .
We refer to appendix [B] for more details on how to treat contact terms and integration by
parts on S? in presence of delta function singularities.
For the first three integrals (¢ = triple, g = ghost, f = fermion) we proceed as follows. As

the integrals only depend on the geodesic distance, or equivalently on z, we can use spherical

invariance to put 2’ to zero and reduce the integration over x’ to a volume factor:

Gl = /ddxddx’\/ﬁ\/g g (2) = Qde/ddx\/g_y g (2), i=tgf. (4.90)

Then we use stereographic coordinates to convert the remaining integral in x to a one-
dimensional integral in the variable z defined in eq. (4.50)):
2d$d_1

/ddﬂf\/g = leRQd/O dl'm . (491)
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In this way we write
1
Gy= [ @ fa), i=tgf, (192)
0

for some functions f*(z). The integral (4.92)) cannot be computed directly as it contains UV
divergences in d = 4. We isolate them by expanding f*(z) around coincident points, i.e.

z=1:

N;

Fiz) =D (k)1 = )" 4 S )1 = )2 4 L (d)(1 = 2)F %) + fiz), (4.93)

k=n;

where f;k(d) are analytic functions of d and F' remainder terms. The lower bound n; in the
sum appearing in eq. (4.93)) is the leading UV divergence of the integrand, and the upper
bound N; is chosen in such a way that the integral of fi(z) over z between 0 and 1 is finite.

We write N
Gy = (Gy)w, + G, (4.94)
with
1 N;
(Go)N, = / dz D> (fie(d) (L= 2)" "+ fo(d) (1 — 2)F 2T 4 f(d) (1 — 2)"FF) (4.95)
0 k=n;
and )
Gi= | dz fi 4.96
o= [ = . (4.96)

with 512 finite. The integral (G%)y, can be computed analytically using

! 1
/ (1—zp =21 (4.97)
0 a
which is valid for a > 0, but is extendable to any d-dependent a by analytic continuation in
dﬂ We then set d = 4 + 2¢ and extract the divergent part of eq. (4.95) by expanding the
result in powers of € and isolating the negative powers of €. Note that the divergence of the
integral has a double source: it comes from both integration over z when k£ = 0 and from the
expansion of the functions f;k(d) around d = 4ﬁ This explains the presence of double poles

in the final result.

For the quartic and the counterterm diagrams the situation is simpler, as we have an
integration over a single variable. Spherical invariance then means that we need to compute

the integrand at coincident points and multiply it by a volume factor. We work out the

5Luckily, ffk(d) is zero for k < 0 in all the integrals that we have computed. Otherwise, analytic contin-
uation of the dimension would not be sufficient to regulate the integral of eq. .

5The functions f;k(d) remain separately divergent k& > 0, but for k > N; these divergences cancel when
the 7 = 1,2, 3 contributions are summed up.
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procedure for the quartic case (4.85) as example. We have

(2)(d —1)(25(2) — da(z))

422

Gat = ok Ri0, & , (4.98)

z—1

where o and 3 are the coefficients of the two components of the vector propagator defined
in eq. (4.53)). For physical values of d, eq. (4.98)) is UV divergent. We expand it around

coincident points for generic d, obtaining

Gguart _ (g(lqk<d)(1 . Z)k + ggk(d)(l o Z)—d/2+1+k + ggk(d)<1 — z)—d+2+k) , (499)

NE

i

0 z—1

where N > 1 and g?k are analytic functions of d. For sufficiently small d all terms in the

expansion vanish, except g}, with & = 0. We then get

quart g _ KRd_ZLF(d_l) . T . o co ﬂ
GE = o) = e T 1T <7E(d 3)¢ +m((d — 3) —d+ ot (%)
H(d(€ —1) =36+ 1)(d) — ypd + d+ )" . (4.100)

The analytic continuation of eq. (4.100]) for any d gives us the final result. A similar compu-
tation of the integrals in eqs. (4.86) and (4.87) gives just —1 and —1/2, respectively, for any
d.

We finally expand eqgs. (4.82)-(4.87) around ¢ = 0 with d = 4 + 2¢, keeping terms up to

constant order, and we get:

qrivle| (€—=3)(3—-7) n §(31€ — 64) — 71 — 2( — 3)(3§ — 7) (7 + log(4m R?))
2 aiv. 19272¢2 384m2e ’
(4.101)
3¢ | —&—1342(¢ = 3)(yp + log(4rR?))
GE| = 4.102
2 laiv (967T262 19272¢ ’ ( )
ferm o 2 nfo
G2 div (e —1) 1272¢”’ (4.103)
—3)* (3= +31) +6(¢ —3)*(ye + log(4nR?))
quare| _ (& 4.104
I < G4m2e? 38472 ’ (4.104)
_ 3+¢
CT—vec — 4.1
G2 div 53271'26 ’ ( 05)
_ 3—¢
CT—gh
G div. 32712’ (4.106)
Summing all the contributions gives
11C4 — 4n T
Gol gy, = —(n? — 1) —A— "I~ (4.107)

4872
Note that the results in eq. (4.101)-(4.104)) have double poles, which cancel in the sum.
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Moreover, after summation the £-dependence of G5 cancels, as required from gauge invariance
of the total free energy.
As explained before, we compute finite terms only in the Landau gauge & — 0. These are

computed numerically. However, thanks to the integer-relation finding algorithm PSLQ [146],

we can obtain the exact result from the approximated one:

i —562 2 log (4 R?))(71 + 21 log (47 R?
Ggrlple — 962 + 637° + 6(7E + Og( TR ))(7 + (’yE + Og( TR ))) ’ (4108)
fin. 230472
§ log(47R?))(1 log (47 R
G| _ 97+ 97% + 6(yp + log(4m %)) (13 + 3(y + log(4 %)) | (4100)
fin. 115272
orm 5+ 3(ve + log(4mR?))
G3™ g, = — (2 = 1)nsTy T , (4.110)
128 — 9m* — log(4mR?))(1 log (47 R?
I 28 — 912 — 6(yp + log( ;51; )2)( + 3(vp + log(4TR )))’ (111)
n. T

and zero for the counterterms, leading to

49 + 33(yg + log(4mR?))
14472

5+ 3(vg + log(4m R?))
3672

Galg, = (n2 —1) (CA ) . (4.112)

—nsly

4.4.2 Check with Jack [4]

The poles of the diagrams (4.101)), (4.102)), (4.104)), and (4.105) can also be computed with
a different procedure. This procedure, which is based on the heat-kernel expansion of the

propagators, is more general because it works on any curved background. We show in this
section how the divergences which were obtained in this way for pure Yang-Mills theory in
ref. [4] in the Feynman gauge £ = 1 agree with our previous results. Matching with the
results of [4] requires a bit of manipulations. It is then useful to briefly recall the key results
found in [4,/147] using heat kernel methods. Let us consider an elliptic differential operator

of the form
M(z) = -V* +Y(z) (4.113)

and the corresponding propagator satisfying
M (2)Gp(z, ") = 6(z — 2'). (4.114)
Around coincident points z ~ &’ the following expansion holds [147]:

1
GM ~ _maiwdiag+ﬂtﬁg’ (4115)

M . . . . . .
where Hy;,, is in general a complicated non-local expression satisfying

1
M(Z‘)Hé\flag = @aéwdiag . (4116)
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The coefficients a{wdiag and aé‘/fdiag admit instead a local expression in terms of the curvature
tensors and they can be computed for any elliptic operator M. From the propagator equations
in sec. , we see that the ghost differential operator is indeed of the form , while the
vector one is not for a generic choice of the gauge. This is why ref. [147] provides results only
in the Feynman gauge £ = 1, for which also the vector operator is of the form . The
coefficients then read

1
gh _ —
aldiag - R’

5 , (4.117)
aggiag = E(R#VMRWM - RWRW) + ERZ )
for the ghost and
1
U ding o = ERg,UJ/ —Ruw, s,
A3 ding = %(2(61 — 15) Ry pe R*P7 — 2(d — 90) R, R* + 5(d — 12)R?),

for the vector. Ref. [4] provides the expressions for the poles of diagrams as a function of

the curvature tensors and of the derivatives of Hyiag, more specifically, VZH, gi};g, H(‘j’f:g“”,
9w V2 Hy M and VMV,,Hgie:gW.H Now, from eq. (4.116])) we have
2th o 1 gh
_v diag — 167'('2 0/2 diag » (4119)
1
2 pyve v Vi Vi v
-V Hdie:gu G = Waﬂe(ciiag - dee:gu Ruu . (4120)

The first equation allows us to find a simple expression for V2H gi};g in terms of the curvature

tensors. However we cannot solve the second equation to obtain a similar simple expression

for Hy,,"'. A way to compute V,V,Hg " is by imposing the cancellation of poles in

the total free-energy inserting the expression for the diagrams obtained in ref. [4] (detailed in
footnotebelow) in eq. (£63). Note that only V,V,Hy< * and V2HE:

diag diag €11t€T the expression

for these diagrams, not Hy; ", In order to obtain a result valid on a generic manifold, we use
the one-loop free energies computed in refs. [4,147] and the renormalization of the curvature

coefficient a. We get

VMVVHVGC Mmvo

diag - {72

1 109 229 5
———Rupe R — ——RLR*™ + —R*+3 ) . 4.121
(3960 o 3960 " + 1584 + ) ( )
The above relations apply to any manifold. We can now focus on S? to get explicit results.

The term Hg, " can be computed by expanding the propagator around coincident points
and using eq. (4.115]). Taking the expression for the gauge propagator of eq. (4.53)) for £ =1

is denoted HO . while HY® " is denoted H: "¥

7 gh
In ref. l4l H diag’ diag diag *

diag
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we get

I'(4-2)(d*—6d+4)

r(¢—1 d 5
Q" (2) = R24 (%(1 _ 2)1_5 + i (1— 2)2—5
(4.122)
+p (42) (—d+27r<;otd(+?‘;) + 2 (¥(d) +7E))> o
T 2

Using analytic continuation in d, we can set to zero the powers (1 — 2)'=% and (1 — z)%"2

of the expansion. The remaining part can be computed at d = 4 + 2¢ and expanded around
e = 0. Plugging the result in eq. (4.115)) gives

1+ 37g + 3log(4mp’R?)

Hy (8% = Ty . (4.123)
From eq. we have
V.V, Hi " (8%) = %. (4.124)
Using eq. we can similarly get the expressions for V2H, gi};g and V,V, H "

232 4 120(—1 + 37 + log(47p>R?))

gV Hy " (5%) = RO : (4.125)
VZHE (SY) = —% . (4.126)
Substituting in the results of ref. , we ﬁndﬂ
Gof| =# (24;262 e ;ﬁiMWZRQ))) : (4.127)
GE™| =~ ( 48;262 -2 Béﬁ?MQm») ) (4.128)
7 (g T )
Gyl | = 5 (—8;%) : (4.130)

Egs. (4.127)), (4.129) and (4.130) match respectively eqs. (4.101)), (4.104) and (4.105]) eval-
uated at & = 1. As explained, the ghost counterterm (4.102) arises because of ghost zero

modes, specific for S¢. Heat kernel methods apply to generic manifolds and therefore there
is no ghost counterterm in ref. . The ghost contribution should then match the
sum of eq. and the counterterm for £ = 1, and this is indeed the case. We
then have a check diagram by diagram of our computation.

8See eq. (2.55) of ref. [4] for GYP' eq. (2.52) for GE7 eq. (2.33) for GI4™" and egs. (2.31),(2.59) for
GST7veet Note that in our convention d = 4 + 2¢, while in ref. [4] the authors used d = 4 — e. Moreover, all
diagrams in ref. are multiplied by a factor 1/2, which we factorized instead outside G.
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4.4.3 Renormalization

Let us now check that the free-energy (4.65]) is UV finite up to order g2, when expressed in
terms of renormalized couplings. The bare curvature couplings in eq. (4.5)) renormalize as
follows [148]:

62(n? — 1) + 1lnn
bo = > (b ¢ = 4 4.131

co = p* (c+0(¢g%) (4.132)
while for the gauge coupling we have the well-known relation

110A - 47’Lfo g4
3e (4m)

g =n (g + ;+0("). (4.133)

where p is the RG sliding scale. Expanding in € for d = 4+ 2¢, we get the following divergent
contribution from eq. (4.65) at O(¢°):

31(n?—1
Frree yM|aiv. = —% ;
11nsn,
nfnchree-F’div. = _W’ (4'134)
31(n2—1) 1lngn,.
Fcurv iv. — - >
a 90c " 180¢
which cancel in the sum. At O(g?) we have
1 1104 — 4nT
—=(n? — 1) log(g))laww. = —g*(n? — 1) — oY,
_1 2y ’ = 2(77,2— 1)110A—4nfo —|—O( 4)
290 2|div. — g c 967T2€ g 9

which also cancel in the sum. Therefore we obtained, as expected, a finite result for the total

free-energy at order O(g?), and in any &-gauge.

4.4.4 Free energy at the fixed point

We determine here the final form of the free-energy at the fixed point obtained in the e-
expansion up to O(e). The fixed point is obtained by setting to zero the gauge and the
curvature beta-functions f,, £, and B.. fy and f., computed in [148]. At the fixed point
g*,b*, ¢ we have

Feont(€) = F(g",b", ¢", uR) (4.136)

of order € up to two loops. Note that F,.,,¢ has to be conformal invariant and therefore the

dependence on R has to cancel in the final result. The expressions for §,, 3, and 3. —up to
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the order required to get Fone(€) to order e areﬂ

3 5

1, 4 g (34, 20 B g ;
ﬁg = €g < 3 OA 3Tfnf>w (30 gOATfnf 4Cfonf)W + O(g ) X

62(n? —1)+1lnm. (n2-1) (34 _,, 20 g
C — e T C4% — T CuTyng — AC Tyny | + s + O(g°
360(47)? 8 3 Ca” = 5 Calyny =40 Tyny ) s + 0L,

B = —2ec+ O(g°), (4.137)

4

51) = —2¢eb —

from which we get

e 3(170124 — 1OCA7’Lfo — 6C'fnfo) 2
=4 1 ,
J 7T\/uCA —dn, Ty ( (11C — 4n,T;)? €+ 0(€)

b 62(n2 — 1) + 11nmn.  (n? —1)(17C3 — 10Can;Ty — 6CpnsTy) g + O(€?)
* 720(47)2%e 24e (4m)® ’
c. = O(e?), (4.138)
where >
n?
= ¢ . 4
T (4.139)

Note that, since 3, contains a constant term, b* starts at order 1/e.

Plugging eq. (4.138) in the free energy (4.65) and using the results for G5 obtained in
section [4.4.1] including the finite pieces computed in the & = 0 gauge, we obtain

1 4872
Fcon - 2 - 1 F ax — -1 cFree-
£= )( Max(d) = 5 Og(nCA—szTf)) + 1yneFeen(d)

vol(SU(n.)) , —nT(1089CF — 913C 4 + 584n,Ty)
1 P\ _
( (2m)net (e = 1) 121(11Cy — 4n;Ty)? (4.140)

386 + 363 log(4
580 36501 4 log ””)em(e%,

where Fyax and Fieer are given in eqs. (4.42) and (2.50)), respectively. The volume of the
SU(n.) group reads (see e.g. [149])

ne(ne+1)—2
27) 2

vol(SU(n.)) = ( = (4.141)

The cancellation of the log(uR) termm present in the two loop correction (4.112)) with those
arising from the replacement of the bare coupling by in eq. (4.10) and go in the log term in

9Note that 3, can be obtained by changing variable a = g2/(167%) in B(a) of eq.(2.66).

10A]] the log R terms appearing in the loop computations of section arise from the expansion of an
overall R%~4 factor present in all the contributions. When moving from gg to g via eq. (4.133)) we effectively
have R — uR.
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eq. (4.65)) is a check of the result. Equation (4.140) is the main result of this chapter.
As discussed in the introduction, the conjectured generalized F-theorem ([2.48]) involves
the modified free energy ([2.47)). Using the expression for F,,; we get

~ ~ 1 4872 ~
Feont :(n?: - 1) (FMaX(d) + 5 sin <£j> log ( Sme >) + nfnchree-F(d)

2 2 110A - 4nfo
1 d 1(SU(n.
— —sin (ﬂ—) log L,g")) (4.142)
2 2 (2m)ne—1
T¢(1089C) — 913C 4 + 584nsTy) 386 + 363(~y + log(4m)
2 _qy (LS f Ly 2 o3
e 1) 121(11C — 4n,T;)? T 726 me” +0(),
where 4 q
ﬁMax = —sin (%) FMaxa ﬁfree—F = —sin (%) Ffree—F . (4143)

For completeness we report its expression in the Veneziano limit, where n.,ny — oo with

x =nys/n, fixed. We get

1 487%€
Fcon =n2 F; ax — =1 <
="M ( Max() S AC

193 737z — 5842 1
“\ 33 " maai—age T (Y Hlesld |

Note that n?log(n.) terms are induced from both log terms appearing in eq. (4.140) and
they precisely cancel. The same cancellation occurs in the t” Hooft limit. This cancellation

3 1
) + 2 Fheer(d) + 13 log(27)
(4.144)

is expected from large n. considerations and the fact that a log term is not expected in the

genus expansion.

4.5 Applications

In this section we are going to use the conjectured monotonicity of F along RG flows [47] to
test some proposed RG flows in d = 3 and d = 5, using our result . The perturbative
expression in eq. (4.140)) is not adequate to extrapolate to physical dimensions with |e| = 1/2.
The number of available terms (three) is too limited to attempt a Borel resummation. In the
same spirit of ref. [138], we will instead look for Padé approximants for F. We also use the
knowledge of F for special values of d to effectively increase by one order the expansion in e.

Note that F contains a log(€) term, which, being non-analytic, prevents the application
of standard Padé approximants. Moreover, the free-fermion one-loop determinant is known
exactly as a function of d and it is convenient to keep it not expanded in €. For these
reasons, we split the total F in two parts, one that we keep in d dimensions and contains the

non-analytic term, and one that is a series in €. Following ref. |138], we split ﬁconf as

2e
110A - 471fo

~ ~ 1 d
Fconf = nfnchree—F + - sin (W_) (ng - 1) IOg (

: 5 ) +6F (e), (4.145)
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and we use Padé approximants only on the §F (¢) term. The latter includes the free photon

contribution, which is evaluated numerically, and reads

~ 317w vol(SU (n,
9 nym(584nyn, — 1089 — 737n%) 386w + 363w (y + log(4) 9 3
— — 10. .
e —1) ( W8I, (1ln, —2n, 2 726 0.098 J €+ O()

For presentation purposes we rounded to the first 4 digits the O(e) and O(€?) contribution
coming from the photon free energy, but the result is available to higher precision. Let
us stress the fact that the above splitting is arbitrary and that the corresponding choice
significantly affects the final results. This is a signal of the poor knowledge that we have
on the series. For the same reason we have not attempted to estimate an error bar in our

results.

The fixed points we get in d = 4+ 2¢ of QCD, with gauge group SU(n.) and n; massless

Dirac fermions in the fundamental representation are expected to match two known CFTs:

e For e = —1 (d = 2) the IR fixed point of QCD, with gauge group SU(n.) and 2n mass-
less Dirac fermions in the fundamental representation is an SU(2ny),, Wess-Zumino-
Witten model with an additional decoupled free boson [150(151]. This CFT has central

charge
ne(4ny — 1)
c=——"—"+41, (4.147)
2ny + ne
and
Fzw(d=2) = gc. (4.148)

Plugging d = 2 in eq. (4.145]) and identifying Front wWith Fiyzw gives

mng(n?—1)

. 4.149
3 2ny+n, ( )

5ﬁ(€ =-1)= Fuorgw — ncnfﬁfree—F = —

e For ¢ = 1 (d = 6) the theory is conjectured to have a non-unitary UV fixed point
described by a Lagrangian with a higher-derivative kinetic term F) l‘jVVQF h [13411152],

whose anomaly coefficient is @ = —(n? —1)22 [138]. This leads to
~ T 95T
0Fypg=—a=———(n2—1). 4.1
=6 = 5a 168 (ne ) (4.150)

To improve the numerical estimate of our result we constrain the Padé approximants of
0F to these known points. In order to avoid misleading results, we exclude approximants

with poles in the range between the constraint and d = 4.
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Figure 4.1: Left panel: Comparison between AF as a function of the dimension d for small €
computed by using the result for F' in eq. (4.142)) (red) or only its free part given by the first two
rows of eq. (4.142)) (blue). Right panel: Same comparison extended up to d = 3.

4.5.1 F-Theorem in d =3

In sec we have described the possible phases of gauge theories in d = 3. At large ny,
QCDg flows to a non-trivial CFT in the IR. As ny is reduced, an irrelevant operator in the
CFT spectrum, responsible for the flow between the QCDj fixed point and an additional
putative fixed point QCD3 , may reach marginality at ny = n} [56]. In this scenario, merging
and annihilation of fixed point occurs and the theory flows directly to a broken symmetry

phase at ny < nj.

A qualitative phase diagram of the theory as a function of the number of flavors ny, a
fermion mass term, and the level k of a possible Chern-Simons term has been suggested [139].
We will focus on £ = 0 in the following and use the F-theorem to put an upper bound on
n;. A naive way to check if the spontaneous symmetry breaking phase can be realized
would be to compare Fig = Fsp as given by Qn} Goldstone bosons (free in the deep IR), with
Fyy given in the deep UV by n2—1 free photons and nn, free fermions. Unfortunately, due to
the log term in , Fyvy diverges and no useful information can be extracted. We overcome
this problem by assuming that conformality is lost at ny = n} by annihilation between the
critical QCD3 fixed point with another one, known as QCDj3. A similar analysis for QEDj3
has been performed in [138]. Treating n; as a continuous parameter, for ny = n} + 7 and
0 <n <1, the theory flows to the IR fixed point QCDs. On the other hand, for ny =nj —n
the theory is expected to undergo a weak first-order phase transition [111] (i.e. a walking
regime, see [153] for an explicit realization in 4d gauge theories) with a slow RG passing
close to the (now complex) fixed points, reaching eventually the spontaneously broken phase
(2.92). By continuity and the generalized F-theorem, we then expect that

AF(n) = Foon(ny) — Fsp(n) > 0. (4.151)

Note that values of ny such that AF (nf) < 0 are incompatible with a symmetry breaking
phase. On the other hand, values of n; with AF (ng) > 0 are compatible with either a
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Figure 4.2: Values of AF for SU(n.) as a function of the dimension d computed with Padé-
approximants [2/1] (continuous line) and [1/2] (dashed line) at n. = 2,3,4,5. The value of n;
is set to the smallest integer without poles in both approximants in 2 < d < 4 satisfying g*? > 0.

ny, | 12 | 13 | 14 | 15 | 16
SB | 18.38 | 21.57 | 25.01 | 28.71 | 32.67
2/1]] 121 | 131 | 136 | 139 | 14.16
[1/2] | — [ 132 | 139 | 15.01 | 16.10

Table 4.1: Comparison between the 3d values of F in the broken phase Fsp (red) with those obtained
from Padé-approximants [2/1] and [1/2] of F,on¢ for QCDg with n. = 2. In all cases AF < 0.

CFT or a symmetry breaking phase. For this reason we can only determine an upper bound
n} < nf, where Aﬁ(n(}) = 0.

An early previous estimate of n} was based on Schwinger-Dyson gap equations [70] and
resulted in n} ~ 128(n? —1)/(37°n,). More recently, a lattice analysis [141] found n} < 4 for
ne. = 2. An estimate based on the F-theorem already appeared in [140], where as UV theory
it was used a SUSY version of QCDj3, a genuine CF'T with finite F' which can flow to QCDj3
by appropriate deformations. By comparing Fsysy computed by means of supersymmetric
localization with Fgp (and assuming that we can flow from the IR SCQDj fixed point to the
IR QCDj3 fixed point), it was found n} < 13/2 for n, = 2.

The value of ﬁSB(n ) is easily computed by noting that the anc Goldstone bosons associ-
ated to the breaking pattern become free in the deep IR. The contribution to the free
energy for a single real scalar is reported in eq.. We then have

ﬁSB(TLf) = Qniﬁﬁee_g . (4152)

For d = 3 it reads g2 3((3)
Fsp = 2n? - . 4.153
5B = Ay ( T ) (4.153)

Before presenting the results of our extrapolations to d = 3, it is useful to see the effect of
the 2-loop correction to the free energy with respect to the one-loop free theory contribution
in the controlled regime with |e| < 1. This is shown in fig. where we plot AF (for n, = 2
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Figure 4.3: Comparison between the 3d value of ﬁSB (red line) and of the real part of ﬁconi (blue
points) as a function of ny for n, = 2,3,4,5 . The [1/2] approximants provide Re[Fionf] > Fsp for
ny < 8,12,17,22 suggesting that a chiral symmetry breaking may occur in these ranges of values.

and ny = 14) defined as in eq. as a function of the dimension d. We compare the
result for F..,c obtained using eq. (red line) with the one obtained using only the first
two rows of the same equation (blue line), i.e. only its free part. We note that the effect of the
interactions is to favor the SB phase with respect to the conformal one and that the latter is
more favored as we lower the space-time dimensions. More importantly, we see from the left
panel in the figure that when |e| &~ 0.1 the one and two-loop results differ significantly and
that there is no hope to get reliable results from perturbation theory in d = 3 (for illustration
purposes we report in the right panel of fig. the same plot extended up to d = 3). As
anticipated at the beginning of the section, we then consider Padé approximants of .
For d < 4 we augment the approximant by one more term by imposing the constraint .

In fig. we show the value of AF as a function of the dimension d for n, = 2,3,4,5
and ny equal to the smallest integer without poles in approximants [1/2] and [2/1] satisfying
a* >0, i.e. ny=13,19,25,31 respectively[]

We see that at d = 3 AF < 0 in all these cases, indicating the presence of the conformal
phase. As expected, this behavior persists for higher values of ny: we report in tab.
the comparison between the free energy ﬁconf and that of the broken phase for n. = 2,

12 < ny < 16. Not only the value of ﬁSB remains above ﬁconf, but also the gap between the

"' Note that regions in n # close to 11n./2 are more subject to instabilities as g*? blows up there, producing
a pole of order two in the free energy. This is another reason to avoid smaller values of ny which still satisfy
a* >0 (ie. ny =12 for n, = 2).
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two values gets larger and larger.

Small n;

The one-loop beta-function of the gauge coupling vanishes at ny = 11n./2 and changes sign
below that, making a7, < 0. Of course, a unitary fixed point in d = 3 does not necessarily
appear as a real one-loop fixed point when e < 1H As mentioned, lattice results for SU(2)
find that n} < 4, suggesting that even if aj,,,, < 0, there exists a range in n; where the 3d
theory is conformal in the IR. For ny < 11n./2 we could still use the free energy to extract
information on the RG flow. For a* < 0, or equivalently g** < 0, the free energy becomes
complex, due to the log term in eq. , with an opposite phase depending on which of

the two imaginary fixed points is chosen:

log(g**) = log(|g"?|) £ ilog() . (4.154)

We propose to estimate the value of F' at the strongly coupled real fixed point by an extrap-
olation of the half-sum of the two complex values obtained with the e-expansion, i.e. of their
real part. The stability of the conformal phase then requires this value to be smaller than

ﬁSB. As a result, our more speculative criterion in the range ny < 11n./2 is
Re AF(n}) = Fent(n}) — Re Fep(n}) > 0. (4.155)

We report in fig. m the real part of ﬁconf compared to ng for n. = 2,3,4,5 computed with
the Padé approximant [1/2]. We see that in all cases there is a wide range of ny for which

the conformal phase appears to be unstable. We have

ny S8, SU(2),
nh <12, SU(3),
I~ () (4.156)
ny S17, SU(4),
nh <22, SU(5) .

The upper bound for SU(2) is consistent with the bound n} < 13/2 of [140], and n} < 4
of |141]. A similar analysis can be done in the Veneziano limit, by taking the large n.,n;

limit of eq. (4.155)). The resulting bound is

a* <45, (4.157)

12A notable example of this sort is provided by the abelian Higgs model of n complex scalar fields. It
is known that in this theory a real one-loop Wilson-Fisher fixed-point appears for n > 183 [154] and this
number greatly varies with the order, see e.g. |[155]. It is in fact likely that the 3d abelian Higgs theory has
an IR conformal phase for values of n well below 183.
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Figure 4.4: Values of Fioont for pure SU(2) YM as a function of the dimension d computed with the
Padé-approximant [2/1] (purple line), compared to the value of the 5d supersymmetric fixed point
E, the UV completion of SU(2) SYM gauge theory (red point).

4.5.2 F-Theorem in d =5

In this section we extrapolate F to 5d to test a proposed construction of an interacting CFT
that provides a UV completion of 5d SU(2) YM theory. Ref. [19] proposed to construct
this CFT as the IR fixed point of a supersymmetry-breaking deformation of the interacting
superconformal field theory known as F; theory [133]. The latter is known to provide the UV
completion of SU(2) supersymmetric YM theory (SYM). Ref. [19] studied the various phases
in the two-dimensional space of relevant deformations of the E; theory, which includes both
the supersymmetric deformation to SYM and the non-supersymmetric one, and suggested
the existence of a second-order transition between two phases that are described by SU(2)
YM theory and a different symmetry-protected topological order. The CFT capturing this
phase transition would therefore be a UV completion of YM, and provide an example of a
non-supersymmetric interacting CFT in d > 4. This scenario was further explored in [132],
that showed that actually the phase transition should be viewed as separating the YM phase
from a phase with spontaneous breaking of the instantonic U(1), and in [156] where a certain
generalization of the theory admitting a large N limit was argued to have a second order
transition in that limit.

A possible test for the proposal of ref. [19,|132] relies on the F-theorem: the sphere
free energy F i, of the SCFT and that of the non-supersymmetric CF'T Fopr should satisfy
FE1 > Fepp. The quantity F z, has been computed using localization in [142]. It is natural
to conjecture that the non-supersymmetric fixed point is the continuation to d = 5 of the
UV fixed point visible in the e-expansion in d = 4 + 2¢, and therefore to estimate ﬁCFT by an
extrapolation of our result . In chapter 2 we found evidence for the persistence of the
d = 44-2¢ fixed point up to d = 5, both for the pure SU(2) YM theory and for the theory with
ny fundamental Dirac fermions, with ny < 4. Note that the continuation from d = 4 + 2e
suggests that the critical point should separate a free YM phase from a confined phase

(the only phase realized in d = 4) rather than a second YM phase, similarly to the refined
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ny 0 1 2 3 4
B, 1 | 5.097 [ 6.140 | 7.395 | 8.959 | 11.007
21 | 48 | 51 | 54 | 57 | 62

Table 4.2: Comparison between the value of ﬁEnf .. (red) and the [2,1] Padé approximant of Front
in d = 5 (black) as a function of ny for 0 < n; < 4.

proposal of [132] and in agreement with a recent lattice study that sees hints of a second
order confinement/deconfinement transition [129]. We therefore proceed to extrapolate Front
using the only available Padé approximant that is constrained also by the d = 6 boundary
condition and without poles in the interval 4 < d < 6. In fig. we plot the
resulting extrapolation of ﬁconf as a function of the dimension. The value ranges between a
local minimum of ~ 2.9 and a maximum of ~ 5.0, before turning negative in the vicinity of
d = 6. The value in d = 5 is ~ 4.8, remarkably close to the known value ~ 5.1 of F in the
E; theory, and below it consistently with the proposals of [19,132].

The UV completion of the supersymmetric theory is also known in the case with 0 <
ny < 7 flavors and is given by the £, 1 SCFT [133]. The value of F can be obtained from
localization similarly to the F; case [142|. It is possible that also these theories flow to a
non-supersymmetric fixed point when perturbed by a susy-breaking deformation. This fixed
point would then provide a UV completion of the non-supersymmetric SU(2) gauge theory
with ny flavors. We test this possibility by comparing our extrapolation of ﬁconf to I i1
We limit ourselves to the range ny < 4 in which the fixed point in d = 4 4 2¢ was seen
to persist up to d = 5. We collect the values of the two F’s in tab. . We always find

F Bojpr > Fiont, consistently with the existence of the RG flow.

Outlook In this chapter, we obtained the NLO result for the free energy on S¢ in non-
abelian gauge theories in Euclidean d dimensions evaluated at their perturbative fixed point.
Our main result is reported in eq.. We extrapolated the result to compute the quantity
F for the corresponding CFTs in d = 3 or d = 5 and used our best estimates together with

the monotonicity property of F' to test the existence and/or proposed constructions of these

CFTs, see fig.s [£.3] and [4.4 and tab[4.2]
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Chapter 5

Exploring confinement with Anti-de

Sitter space

In the previous chapters, we have explored the fate of non-abelian gauge theories in d # 4
by means of the e-expansion. Despite being a very interesting topic, it is clear that this
subject does not measure up to the greatest of the problems of gauge theories: understanding
confinement in the four-dimensional case. Obviously, the e-expansion cannot help to this
purpose. As outlined in sec)2.2.1] standard perturbation theory has also limited application
because of the strong coupling nature of this phenomenon. Another possible approach to
address this problem is to consider non-abelian gauge theories in Anti-de Sitter (AdS) space.
Indeed, as explained in sec[2.3] asymptotically free theories in AdS possess a dimensionless
parameter LA, that allows to interpolate between different regimes and to reproduce flat-
space when this is taken to infinity.

In this chapter, we study gauge theories in AdS starting from the small radius limit,
at which the theory is weakly coupled. In this regime, Yang-Mills theories admit both a
deconfined and a confined be, D and N bc respectively. Since the D bc cannot persist up to
flat space, a deconfinement/eeconfinement transition must occur. Proving the existence of
this transition is a very interesting problem. Understanding the nature of the transition and
having quantitative control over it could potentially offer new perspectives on the mass gap
and confinement problem. In this chapter, we investigate this problem using perturbation
theory, testing the different transition scenarios that were described in detail in sec[2.3] We
will argue that perturbation theory can play a valuable role in discerning between the various
proposed scenarios, besides providing data that can be later used as inputs for the numerical
conformal bootstrap. Working in an expansion around small radius, or equivalently in the
Yang-Mills coupling ¢* at the scale L™, we compute the following quantities at next-to-
leading order (NLO):

e the scaling dimension of the lightest singlet scalar operator, both for D and N bc’s;

e the scaling dimensions of the lightest scalar operators in non-trivial representations of
the G global symmetry for the D bc;
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e the coefficient C'; of the current two-point function for the D bec.

These are the quantities that are more directly related to the possible scenarios for the
transition. Moreover, the quantity C'; is the CF'T proxy for the bulk gauge coupling, and our
result allows to map any bulk calculation in an expansion in the gauge coupling in dimensional
regularization to an expansion in 1/C, up to NLO.

Let us provide a description of our main results. Considering for definiteness G = SU (n,),
we find that the lightest singlet scalar operator in the D bc, namely tr[J;J!], has negative

anomalous dimension:

11n,

D: Atr[JJ]:4_247T2

g +0(g"), (5.1)

while the lightest scalars in non-trivial representations of the gauge group, which are also
bilinear in the currents at weak coupling and therefore also start from dimension 4, all get
a positive anomalous dimension at the leading order, see . We find this to be a
rather strong indication that the Marginality scenario is more likely than the Higgsing one,
in agreement with [94]. Truncating at NLO we can roughly estimate the transition to happen

at

32 0.14 1
LY , or equivalently (LAyn)ait|nLo = — ~ 0.37.
22n, e

(5.2)
Note that the estimated value of aqy = g¢2;/(167)? is quite small, suggesting that per-

Augg =3 = Geit|NLo =

[

turbation theory is still sufficiently reliable. The indication towards Marginality is further
confirmed by the fact that for the N bc instead the lightest scalar singlet operator, namely

tr[fi; /], has positive anomalous dimension

11n,
2472

N: Auyp =4+ g+ 0(g"). (5.3)

This agrees with the idea that the N bc smoothly interpolates to the flat space limit, and
therefore no singlet operator is expected to cross marginality. The first correction to C'; also

happens to be negative

Cy=

2 ( 10 + 375

g2 i " T 0(94)) ’ (54)

but the NLO estimate of the critical coupling in the Decoupling scenario gives

17 1.72

2

C;j=0 = agit|nro = , or equivalently (LAywm)ait|nLo = 0.92. (5.5)

C C

Compared to (5.2)), this estimate suggests that the transition in the Marginality scenario
happens before.
The conjectural picture that is suggested by these results is illustrated in figure [5.1, The
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Figure 5.1: Schematic representation of the conjectured evolution of the D and N bc’s as a function
of the bulk coupling LAyyi. The D be merges and annihilates with D*, a second boundary condition
with G global symmetry, which must exist for LAyn < (LAy)erit, but is not guaranteed to exist
at weak coupling.

D be exists for a finite range of LAy, but at the critical value (LAyy)erie the operator tr[JJ]

becomes marginal and the associated boundary coupling 1 has a beta function [161]

1 1
B, =c1n® + co (? — 2—> + subleading . (5.6)

crit

As we review, the coefficients ¢; » can be expressed in terms of data of the boundary CFT for
g% = g2, whose value is not calculable. Even without knowing their values, the existence
of the D bc for g* < g2, ensures that the condition £, = 0 must have two real solutions
for g*> < g2, one of them being the D bec, and the second being an additional boundary
condition with G global symmetry, which we call D*. The theories D and D* merge and
annihilate at g2, and become complex at larger values of the coupling. In this way, the D
be stops being a viable boundary condition for g* > g2.,. This picture raises the question of
better understanding the nature of the D* be, which we will not study in this thesis. On the

other hand, the N bc is suggested to exist for all values of LAvyy, as envisioned in [17].

Besides the standard perturbative computation, we discuss a different approach for the
calculation of the anomalous dimensions of tr[JJ] in the D bc and tr[f f] in the N be. This
approach is based on the fact that in the limit g> — 0 the bulk theory is the free UV CFT
of YM theory. As a result, the whole setup can be mapped via a Weyl rescaling to flat-space
boundary CFT (BCFT), and the two operators can be identified with the displacement
operator of the respective boundary condition. We provide a general argument based on
multiplet recombination that fixes the anomalous dimension of the displacement operator for
a generic perturbation of a CFT in AdS, see . In particular, we find that for a classically
marginal deformation this anomalous dimension is determined by the one-loop beta function
in the bulk, see (5.56)). This is the reason why the coefficient of the one-loop beta function
of YM theory appears in and . The result in the case of the D bc is then matched
with the explicit diagrammatic calculation.

In preparation for the perturbative calculation, we also discuss in detail the propagators

for gauge fields in AdS,1; (generic d is needed for dimensional regularization) with Re gauge
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i.e. the Fried-Yennie (FY) gauge [162,163|, leads to drastic simplifications in the propagators,

fixing, both in D and N bc’s. We find that choosing the gauge fixing parameter as £ =

e.g. from derivatives of hypergeometric functions to rational functions. For instance, for the
D bc the expression for the bulk-to-bulk propagators in generic ¢ collapses to ((5.32))
in FY gauge. It is only thanks to these remarkable simplifications that we are able to carry
through the brute-force calculation of the diagrams in position space.

The rest of the chapter is organized as follows: in section we discuss the generalities
of YM in AdS space and the D and N bc’s at weak coupling, in particular the spectrum
of boundary operators in the free limit; in section we derive the propagators for gauge
fields in AdS in R, gauge, and the special properties of the FY gauge; in section we
first present the general multiplet recombination argument for the anomalous dimension of
the displacement operator induced by AdS deformations, then we apply it to compute the
anomalous dimensions of the lightest singlet operators for the D and N bc’s, and finally
we perform the diagrammatic calculation of the anomalous dimensions of all current bilinear
operators in the D bc, both singlet and non-singlet; in section [5.4) we perform the pertubative

calculation of C';. Several appendices contain technical details.

Conventions Throughout the chapter, we denote by d the dimension of the boundary, the
dimension of the bulk being d + 1. We use late lowercase Greek letters p, v, ... for indices on
Euclidean AdSg,; space, early lowercase Latin letters a, b, ... for gauge group indices, late
lowercase Latin letters 4, 7, ... for indices on R?, and early uppercase Latin letters A, B, . ..

for embedding space indices. We use the following notation for integration over bulk points,
/dxf(x) = /Ads A a/g(x) flz). (5.7)

In embedding coordinates, the integral is expressed as
/dX f(X) = /dd+2X S(X2+ LHO(XY)f(X). (5.8)
Note that some conventions used in ref. [3] were changed here for consistency with the rest
of the thesis. The normalization for the generators in the fundamental representation is that

of eq.(2.53), which differs by a factor 2 from that of ref. [3]. A different notation for the

counterterms is also used.

5.1 Generalities of YM theory on AdS

The action of Yang-Mills theory on Euclidean AdS,,; in £-gauge reads (ghost terms omitted)
1 1 L, 1 9
g
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where F* = FMt%, with
Fﬁu = V,UAZ - VMAZ + fabcAZA,Cj . (510)

We are interested in the physics for d = 3, but keeping d generic is needed for dimensional
regularization. We will mostly use Poincaré coordinates z* = (2%, z) with 2 > 0 and i =

1,...,d, in which the metric g,, reads

dz? + dx?

ds® = g, datda” = L? 5

(5.11)

z

L is the radius of AdS, which we set to 1 unless explicitly specified. The boundary is at
z = 0.
The allowed boundary conditions of A, can be worked out by looking at the behavior of

the equations of motion close to z = 0. One has [164,(165]

D: A¥z,2) ~ 272¢%J%(x),
) - (5.12)
N: Al(z,z) e (x).
In the first case, for d > 2 the bulk gauge field vanishes at the boundary and we have D
be, with J#(x) a conserved non-abelian vector current with scaling dimension A; = d — 1.
In the second case, the bulk gauge field does not vanish at the boundary and we have N
be, with af(x) a non-abelian gauge connection with scaling dimension A, = 1. This value is
below the unitarity bound for spin 1 operators but this is not an issue because af is not a
gauge-invariant primary operator.
We will mostly focus on D bc. When the gauge interactions are switched off, the bulk
gauge field A gives rise to a boundary CFT which is the mean-field theory [166] of the

non-abelian conserved currents J. Its two-point function reads

0 Iz
) i) = oy (5.13)
12
where 19 = 11 — 29, and
2 ; ; I'(d
Iz‘j = 51']‘ — _<x12)12(x12)] , CS = ( )d . (514)
12 2(d —2)m2D(%)

Let us now focus on the case of d = 3. At ¢g?> = 0 the D boundary theory is given by all
the primary operators of the schematic form J"'0OP0™.J"2 with correlation functions entirely
determined by and Wick’s contractions. In table we report the first “double
trace” JJ primary operators up to A < 7, including their representation under the global
symmetry, taken to be G = SU(n,) for definiteness. This is obtained using the standard

technique based on characters and the partition function of single particle states [167,/168].
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o (A, O)x | R(SU(n.))
[Jzanb] (47O)+ R+
[J2 )] (4.2)+ Ry O (A, O)x | R(SU(nc))
[J80;T7) (5,1)4 R_ [ijJiJj(?] (4,1)_ R_
(770 7] (5,3)+ R_ [J2 7] (5,0)- Ry
[70J7] (6,0)+ Ry [J2 7] (52)- | R+®R-
0t | (6.2)s | Ry ot | (61 | R
[T 7] (6,2)+ Ry [J¢0; 7] | (63)- | Ry® R-
[J0;0J7 (6.4)+ Ry [JiaDJib] (7,0)- Ry
[Je00,J7) | (T.1)+ R_ 707 | (7.2)- | Ry @ R-
[J20;}] (7.3)+ R_ [J70;06 0] | (TA)- | Ry @R
(7200, 7] | (7.3)+ s
(20,060,105 | (7,5)4 R_

Table 5.1: Double trace JJ primary operators up to A < 7 in the mean field theory of SU(n.)
adjoint currents, O being their schematic form. We have distinguished between parity-even 7 = +1
primaries (left) and parity-odd 7 = —1 primaries (right). Here J? = €;;,0;J5. Ry (resp. R_) labels
the SU(n.) representations corresponding to the symmetric (resp. antisymmetric) product of two
adjoint representations, see appendix [C] for details. In particular, Ry always contains the singlet 1
and the adjoint representation R4.

The non-abelian structure allows for more primaries than those appearing in the mean-field
theory of an abelian U(1) current, as Bose symmetrization of J¢, Jj’? can be achieved either
by symmetrizing or anti-symmetrizing both their spacetime and adjoint flavor indices. When
restricted to the singlet flavor representation, the spectrum of double trace primary operators
in table reduces to that obtained from an abelian current J;, see e.g. [169]. We refer the
reader to appendix [C] for details and for the complete list of operators up to A < 7 which
includes “triple trace” operators. When g? # 0, the interactions mix operators with the same

quantum numbers, which also get anomalous dimensions.

At g? = 0 the N boundary theory is the direct sum of n? —1 mean field theories of abelian
antisymmetric tensor fields, f7, at the unitarity bound. These fields are dual to the currents:
Ji' = €k fi}, which are conserved due to the Bianchi identity satisfied by f;;. The table
can then be used also to extract the spectrum of local operators of the N CFT at ¢? = 0.
However, these results have to be interpreted with care when interactions are turned on. At
g* # 0, all non-singlet operators become unphysical and we are left only with the singlet

ones, which mix among each other and would in general acquire anomalous dimensions]T|

!The presence of many more local operators in the g2 = 0 theory can be seen to arise from endpoints of
line operators, which in the limit g2 — 0 become local operators.
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5.2 The gauge propagator in AdS

In spaces with boundaries, we can distinguish between bulk-to-bulk, bulk-to-boundary, and
boundary-to-boundary propagators. The knowledge of the former clearly allows to derive the
other two by sending the bulk points to the boundaries. Bulk-to-boundary gauge propagators
in AdS (with D bc) are entirely fixed by conformal symmetry, are {-independent, and have
been determined since the first years of the AdS/CFT correspondence [27,[170]. In contrast,
bulk-to-bulk gauge propagators are significantly more involved. Bulk-to-bulk propagators
for massive spin 1 fields have been determined in ambient space in [171,/172] and rederived
more elegantly using embedding space techniques in [173]. As far as we know the only
computation of the bulk-to-bulk gauge propagator for massless gauge fields in configuration
space dates back to 5], where it has been computed in the Feynman gauge { = 1 using
ambient space techniques. The resulting expression is quite complicated and consists of a

sum of hypergeometric functions and their derivatives with respect to the parameters a, b, CEI

In this section, we compute the bulk-to-bulk gauge propagator in AdS,;,; space by us-
ing techniques of harmonic analysis, for any &-gauge. Quite remarkably, we find that the

propagator dramatically simplifies for an appropriate gauge choice.

It is useful to adopt embedding coordinates to write the propagators. Embedding space
techniques for AdS;, 1 have been worked out in [173], building on previous work where they
have been developed for CFTs in d dimensions [177]. We report below a quick overview on
few basic aspects of the use of embedding techniques in AdS, referring the reader to [173] for
further details.

As well-known, AdSyy; is the hyperbolic space H*! which can be embedded into a (d +

2)—dimensional flat Minkowski space R¥*1'! with coordinates X4 as
X2 =napXAXP =1, (5.15)

where nap = diag (— + - - - +). Tensor fields in AdS can be uplifted to tensors in the embed-

ding space by demanding tangentiality to the hyperboloid. Given a generic tensor t,,. ,, in
AdSg; 1, its extension to R4 is a tensor T'(X) with components Ta, 4, (X):
oXM  9xA
gy (T) = o By A (X)), (5.16)
subject to the transversality condition
XMTy 4,(X)=0. (5.17)

2An expression for the bulk-to-bulk gauge propagator, that however neglects matters related to gauge-
fixing, was given in [174,175]. Moreover, very recently the bulk-to-bulk gauge propagator has been determined
in a mixed momentum-configuration space in the A, = 0 and the Landau £ = 0 gauges [176].
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We can use the induced AdS metric
Gap = nap + XuaXp, (5.18)

to define embedding derivatives tangent to AdS:

0
OXB’

Vai=G} (5.19)

where G P = G4cn®? acts as a projector.

We wish to have a more economical way of encoding AdS,,; tensors, without having to
deal with all the indices and constraints arising from the linear realization of the SO(d+1, 1)
symmetry. Let us first recall how this can be achieved in the case of R? tensors, extensively
discussed in [11]. In this case a symmetric traceless tensor with components Fly,..4,(P)
is defined on the light-cone P? = 0 of the embedding space with the requirement that
F(AP) = \"2F(P), for A > 0, where A is the conformal dimension. This tensor can be

encoded in the polynomial
F(P,Z)=2% .. .Z%F, . 4, (P),

where Z? = 0 encodes the traceless condition. To be tangent to the light-cone P? = 0
the embedding tensor must satisfy P41Fy,..4, = 0, which can be implemented by requiring
F(P,Z 4+ aP) = F(P, Z) for any «. In addition, we can impose the orthogonality condition
P-Z =0 because Fa,..a, = Pa, V¥ 4,..4,) has vanishing projection into physical R? tensors.
Moving to the case of AdS, an index-free notation for symmetric traceless tensors can be

obtained by introducing polarization vectors W4 and writing
H(X,W)=WH_ WY H, 4,(X), (5.20)

where W? = 0 and X - W = 0 to ensure respectively the traceless and the tangentiality
condition. Acting on H (X, W) with suitable projector operators multiple times allows us to

recover the index-full tensor [173].

Expressions in the AdSy;,; ambient space are given in the Poincaré coordinates x* =

(2%, ), which are related as follows with the embedding coordinates X:
. 1 )
X =(XT X" X)) ==(1,2°+ 22,2, (5.21)
z

where 22 = z;2%, and X+ = X% + X9*! are light-cone coordinates on R™ 1. We parametrize
the distance between points z# = (2, 2) and y* = (y*, w) by
(i — )’ +(z—w)? (X —Y)?

u(z,y) = o = 5 =—(1+X-Y). (5.22)
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At the AdS boundary z = 0 we have a correspondence between points and light rays, which
is
PA = lim XA = (1,22 27, (5.23)
Z—

where

P>=0, P~AP, M#0. (5.24)

The embedding space formalism at the boundary of AdS boils down to the one used in
CFT,, which dates back to [178]. We will not review how the embedding space techniques
works in this case. We use the notation and conventions of [177] and refer the reader to this

reference for explanations.

The gluon propagator (A, (z)A,(y)) := ¢*I1,, satisfies the following equation in ambient
space,

<—5ﬁV2 + R + <1 - %) V’)VM> I, (z,y) = gud(z —y), (5.25)
where R, = —dg,,. The uplift in embedding space of ([5.25)), in index-free notation, reads

(=¥ = d+ (1= D2 (W - V) (K- V1)) THXG, X3 Wi, Wa) = (W3- Wa)o(X5, ).

3
(5.26)
where
IT (X1, Xo, Wi, Wa) = (Wi - Wa)go(u) + (Wi - Xa) (W - X1) g1(u), (5.27)
and go; are the two scalar functions to be determined. In ambient space, we have
I, (x,y) = —go(v)V,Vyu+ g1 (u)V,uV,u. (5.28)

The propagator (5.28) can also be expressed in terms of the bi-tensors g,,/(z, y) and n,(z,y)
introduced in [5], see appendix for the explicit map.

We determine II using the spectral representation, see appendix for an overview
and |173] for further details. The first point to note is that the transverse part of the gauge
field does not depend on £ and is given by the massless limit of the first row of the spin 1
bulk propagator in , with A =d — 1. We then have

(X, Xo; Wi, Wh) = / dv (V)W (X1, Xo; Wy, W)

v

(5.29)
W1 V) (We - V) [dn) 2041, Xa),
where the functions QY are defined in , and
1
1) = — - (5.30)

(5 1)°
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Plugging (5.29) into ((5.26]) we then obtain [179]

I
2

(2+%)

An explicit expression of the propagator is obtained by evaluating the residues of the spectral

Yo(v) = (5.31)

integrals. As reviewed in appendix[D.2] we can get both D and N bulk gauge propagators by
an appropriate choice of contour for v. The D propagator is found by taking v € (—o0, 00)
and closing the contour at infinity in such a way that the contributions at infinity vanish.
This selects the appropriate poles for 7y and ~;; the choice of contour that leads to the
opposite choice of poles determines the N bulk propagator. The explicit form of the N and
D bulk propagators in a general {-gauge is rather involved and is reported in appendix [D.3]
Interestingly enough, the D gauge propagator remarkably simplifies for £ = d/(d — 2). In

this case, we have

g(()D)(u): dt1 ( )d
2m<<u+2>> "(d—2) __4
o wtl E=——, (5.32)

(u—|—2) ()

where gO ) and g1 ) are the scalar functions entering (5.27) and ([5.28)) for the D bc. For the

N bc we were not able to find a similar simplification in general d, however both D and N

propagators have very simple expressions in this gauge in d = 3, namely

9o A2 \u  u+2) "’
ony_ L (11
o7 ) = (u2¢ (HQ)Q),

where the sign — refers to D and + to V.

d=3, £¢=3, (5.33)

There are two reasons why this gauge choice is special. First, the gauge propagator enjoys

the peculiar transversality condition
XPMAp(X,Y) =Y (X, Y)=0, &=-—". (5.34)

In ambient space, in the basis (D.3|) of [5], the propagator is proportional to g, +n,n, and
the condition (5.34) turns into the transversalityf]

0, = n” T, = 0. (5.35)

3Recall that while ntgu., = n,, we have n*g,,, = —n,,/,n”,gw/ = —n,. Here g,, is the usual metric
tensor, while g, is a bi-tensor. See appendix and [5] for details.
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Second, in flat d + 1-dimensional space the gauge £ = d/(d — 2) is known as the Fried-Yennie
gauge |162] and is known to lead to a remarkable reduction of IR divergences in QED, to all
orders in perturbation theory [163]. Given that AdS can be seen as an IR regulator of flat
space, it is perhaps not so surprising that such a gauge leads to remarkable simplifications.

We will refer, in what follows, to this gauge as the Fried-Yennie (FY) gauge.

5.2.1 Bulk-to-boundary gauge propagator

The bulk-to-boundary gauge propagator K,p5(X, P) can be obtained from the bulk-to-bulk
propagator by sending one of the two bulk points to the boundary. Note that, for the D bc
we also need to divide by a factor g2 to recover the current at the boundary, as expressed in
eq.(5.12)),

(Ja(P)...) = lim %zd*2<AA(X)...>. (5.36)

z—0 g

Here and in the rest of the section we suppress color indices. This gives, in embedding space,

['(d) (=2P - X)nap +2P4Xp
2(d — 2)m3T () (=2P - X)*

Note that this propagator does not depend on €. The bulk-to-boundary D propagator (5.37))

D
KQ)(x, p) =

(5.37)

can also be fixed using exclusively d-dimensional conformal invariance at the boundary.

For the N bc, the bulk-to-boundary propagator reads instead

oT'(1 + Hsin(Z) /(d—1)(-2P - X 2P X
KI(AJJ\Q<X7P>:_92 ( +2)Sln(2) (( )( )77A3+ A B)

75 (d — 2)2d (—2P - X)?
2I'(1 + 2) sin(zd —9P- X 2Ps X
e WéQ);MZ)[C(d)+log(—2P~X)](( (_;7]';?;)2 A B) (5.38)
, AD(L+ Dsin(Td)  PuXp

ST e (X P

where we have introduced the shifted gauge-fixing parameter

d

sz—m; (5.39)

which vanishes in FY gauge, and
C(d) = meot (B) + 2¢(d) — o (1) + 5 — log4, (5.40)

1 being the digamma function and vg being the Euler-Mascheroni constant. Note the ap-
pearance of log terms in a generic gauge and how also the bulk-to-boundary N propagator
simplifies considerably in the F'Y gauge. The presence of (-dependent terms is due to the fact

that the corresponding boundary operator, the gauge connection a, is not gauge invariant.
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On the other hand, the bulk-to-boundary propagator for the field strength,

_4g°T(§) sin(F) (Pac(X, PYPep(X, P) — Pap(X, P)Ppc(X, P))

(Fap(X)fop(P)) = (d—2)(—2P - X)? ’
(5.41)
where we have introduced the projector
2P, X
Pap(X, P) = nap + ﬁ , (5.42)

is (-independent and has the appropriate structure for the bulk-to-boundary correlator of an
antisymmetric rank-2 tensor. Contrary to the D case, (5.38)) has a factor g2, because the
boundary limit in (5.12) does not require to divide by ¢? in this case.

5.2.2 Ghost propagator

Aéa(x), with

The two possible boundary conditions for the ghost fields ¢ are ¢(z, 2) oo
either A = 0 or A = d. They are constrained by the choice of boundary condition on the
gauge fields: with N bc, the presence of dynamical gauge fields at the boundary requires the
gauge transformation (and equivalently the ghost field) to persist at the boundary, i.e. A = 0;
with D be, the gauge transformations should instead decay faster than the gauge fields at
the boundary, as the bulk gauge fields are dual to global currents in this case, therefore the
correct be is A = d. The ghost propagator with D bc GE;DH) is simply the propagator of a

massless scalar field

() d+1 2
GP(x, X)) =—27) pla = ag+1-2). 5.43
o (X1, Xo) QdW%udQ 1\ &5 + 1, u ( )

Contrary to the ghost propagator on the sphere in (4.56)), here zero modes are not allowed
and therefore the propagator does not need to be regularized. The N ghost propagator can

similarly be derived, but it will not be needed in this chapter.

5.3 Anomalous dimensions of lightest scalar operators

In this section, we compute the anomalous dimension of the lightest scalar singlet boundary
operator, in both the D and the N bec’s. The operator is tr[J;J'] for D be, and tr|f;; f*]
for N be, where f;; = 0ia; — 0;a; — i[a;, a;]. As already mentioned in the introduction,
for both cases in the limit g — 0 this operator has dimension 4 and it coincides with the
displacement operator of the theory at the free UV fixed point. The latter statement can
be proved either by using the expression for the bulk stress tensor and taking the boundary
OPE (bOPE) limit, or by noticing that it is the only singlet dimension 4 operator in the
boundary spectrum (see table , and therefore the only candidate to be the displacement
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operator, which must exist in the spectrum when the bulk is a CFT.

To do the computation we will first exploit a multiplet-recombination argument, that fixes
the leading-order anomalous dimension of the displacement operator for any perturbation of
a CFT in AdS background. We present the argument in this general setting in subsection
. We then discuss what this result teaches us regarding the disappearance/persistence
of the D/N bc as we increase the AdS radius. For the case of D bc, we then check the result

with an explicit diagrammatic calculation in subsection [5.3.3]

5.3.1 Anomalous dimension of the displacement operator

A CFT in AdS,y is equivalent up to a Weyl rescaling to a BCFT. A general BCFT result then
implies that any CFT in AdS;,; must have a boundary operator D of dimension Ap = d+1,
which appears in the bOPE of the bulk stress tensor [180]. This operator is the so-called
displacement operator. The two-point function between the traceless bulk stress tensor and

the boundary displacement operator is fixed by the isometries. In embedding space, it reads

CFT: (Tap(X)D(P)) =

Crp Gac(X)Gpp(X)PCPP G ap(X)
(—2P.X)d+1 ( AC (—2P'X)2 - 4(d—|—1)) , (5.44)

where Gap(X) = nap + X4 Xp is the projector to the tangent space at X. The two-point

function ([5.44)) is fixed up to normalization by the two requirements

Vi (Tap(X)D(P)) =0, (5.45)
GAP(X){Tap(X)D(P)) =0, (5.46)
where the first is the conservation, and the second is the traceless condition appropriate
to a CFT. Assuming the bulk stress tensor is normalized via the Ward identities for the

isometries, the coefficient C'rp depends on the normalization of the operator D. For the sake

of our argument, we can leave the precise choice of normalization unspecified.

Next, we turn on a deformation in the bulk, i.e.

Sbulk == SCFT + A / dx O(ZE) s (547)

where O is an operator of scaling dimension Ap of the bulk CFT. As a consequence of the

deformation the stress tensor acquires a non-zero trace. In embedding space we have
Ao#d+1: GP(X)Tup(X)= (Ao —d—1DAO(X) + a(N)1. (5.48)

Besides the operator violation of scale-invariance proportional to the deformation O, we
also allow a c-number contribution proportional to the identity operator, which is generally

present due to the curvature of the background, with a coefficient «(\) that depends on the
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deformation )\E| In the special case Ap = d + 1 the coupling A is classically marginal and we

have instead (assuming for simplicity that there is a single marginal operator in the CFT)
Ap=d+1: GAP(X)Tup(X)=750NO0X)+aMl. (5.49)
Here (3, is the beta function, which for small A behaves as
Ba(A) = Bo A" + O™, (5.50)

for some integer n > 1 and some real coefficient [ H
As a consequence of the trace being non-zero, there is an additional structure in the two-
point function, and the dimension Ap(\) of the operator D will depend on A and no longer

be protected, so the two-point function is

A> 0. (Tap(X)D(P)) =

OTD(/\) GAC( )GBD(X)PCPD GAB(X)
(2P - X)Ap() ( (— P X)? C 4(d+1)
_(Ap(A) —d—1

) (5.51)
A(d + 1)AD<A)

d

GanlX) )

The coefficient of the additional structure in the second line is fixed in terms of Ap and
Crp once we impose the conservation of the stress tensor. Note that besides Ap also the
normalization Cp acquires a dependence on A as we have indicated. The two-point correlator

between the deformation O and the displacement is fixed by bulk isometries to have the form
Cop(N)
(—=2P - X)A>(N)~

Taking the trace of equation ([5.51)), using the operator equation ({5.48]) and substituting (5.52)
we obtain the relation

(O(X)D(P)) = (5.52)

4(Ao —d—1)ACop(N)
d Crp(N\)

AO 7é d+ 1: A'D()\) —d—1=— AD(A) . (553)
Note that the c-number contribution given by () in (5.48)) drops from the two-point function
because it gives rise to a one-point function for the boundary operator D, which vanishes.
Expanding this expression at small A and denoting Ap(A) —d — 1 = yp(\) we obtain that
the leading order anomalous dimension of the displacement operator is
4d+1)(Ap—d—1)Cop

Ao 7é d +1: ’}/D(>\) = — d CTD/\ + O()\Q) . (554)

4In the special case of d + 1 = 4, this coefficient is a linear combination of beta functions for curvature
terms [181H184], with couplings denoted by a, b and ¢. There is no need to specify their form since, as we
will see, they will not play any role in our analysis.

5As pointed out in [147,/185], in d + 1 = 4 and in presence of continuous global symmetries, the beta
functions §; are subject to a possible ambiguity and are replaced by well-defined functions B;. This issue
will not appear in the YM application as there are no continuous global symmetries.
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When the A dependence is not explicitly indicated in the normalization coefficients Crp and
Cop, we mean their values at A = 0, i.e. in the CFT. Note that the normalization choice
for D does not matter in this formula because it cancels in the ratio between normalization
coefficients. The relative normalization between 7" and A O on the other hand is fixed by
the operator equation . In the special case of a classically marginal deformation with
Ap = d + 1, following the same steps and using the operator equation instead, we
obtain the relation

Ao=d+1: Ap(A)—d—1= _45() Con (M) Ap(N), (5.55)

which is valid to all orders in perturbation theory. The same remark applies as well to
(5.53). Expanding ([5.55)) at small A gives the following result for the leading order anomalous

dimension

4d+1)C
AO =d +1: ’)/'D()\) = —%% ﬁo A" = O(An+1) s (556)

Therefore, in the presence of a classically marginal running coupling in the bulk, the lead-
ing anomalous dimension of the displacement is fixed by the leading coefficient in the beta
function of the bulk coupling.

Application to YM

YM theory does not fall straightforwardly in the setup described above of a CFT with a
small deformation. For definiteness, we discuss SU(n.) YM, the generalization to other
gauge groups is straightforward. At the level of local operators, the UV CFT is the abelian
theory of n? —1 free gluons (see e.g. [186] for a discussion of the global structure of the theory
in this limit). The deforming operator is the Lagrangian itself, with a large coefficient g%.
Nevertheless, this can be treated perturbatively because of the factors of ¢ in each gluon
propagator.

The stress tensor of YM theory is

1 Juv po
T = i 2F,"F,, - o oo Fp) . (5.57)

Its trace is given by
iz 1 po 2 1 1 po 2
T uw 59%131‘ §F Fpa + Oz(g )]l = —Eﬁgﬂﬂr §F Fpo‘ + a(g )]l . (558)

Like in the previous section, we allowed a c-number contribution with a ¢?-dependent co-

efficient, whose form has been first determined in [184]. This contribution drops from the
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anomalous dimension. The one-loop beta function is

By (g°) = —223nc ( 4‘2:)2 O0(g°) . (5.59)
In the notation of the previous section, calling
1 1
0= —?tr {iF”"Fpa} , (5.60)
eq. ((5.50)) gives
1o(g?) = 5Con2ne T 5y (5.61)

3 Crp 3 (4m)?

We now specify the boundary conditions and compute the coefficients that enter the
anomalous dimension, which are given by the diagrams in figure |5.2] For the D bc, we have
D = tr[J;J'] and using the propagator (5.37) we get

256
CT'D = (ng — ].)m,
D: 948 (5.62)
_ 2
COD = —(nc — 1)7T492 .
Substituting in (5.61]) we obtain
11n,
D: upn(e®) = —mf +0(g"). (5.63)
For the N bc, on the other hand, D = tr[f;; f*/]. Using the propagator (5.38)) we get
512¢>
CTD = —(nz — 1) 49 s
N : 9g ) (5.64)
_ 2 g
COD = —(nc — 1) - .
Substituting in ((5.61)) we obtain
11n,
N Yurs (g2) = 2471_2512 e (9(g4). (5.65)

Interestingly enough, the leading corrections (5.63)) and (5.65|) are equal and opposite. We
do not know if this is a mere coincidence of the leading contribution or if there is some

mechanism explaining this relation. It would be interesting to better understand this point.

As we mentioned in the introduction, if a boundary singlet scalar operator is marginal
for some value of g2, or equivalently for some value of Ayy; in units of the AdS radius, then
the corresponding boundary condition goes through merger and annihilation [56,[111] and it

stops existing as a unitary boundary condition. This phenomenon, first envisioned in [95],
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Figure 5.2: Diagrams that compute the coefficients Cop and Cpp in the free UV limit g — 0.

was explained in detail in [161] and it was applied to two-dimensional theories in [94]. The
leading order anomalous dimensions obtained above are suggestive that the displacement
operator indeed becomes marginal for the D bc and not for the N be. This matches the
expectation that the D bc should not exist for arbitrary large AdS because it would give rise
to massless and colored asymptotic states in flat space, while it is possible that the N bc
approaches smoothly the flat space limit. Truncating the scaling dimension of tr[.JJ] to the
leading order correction gives the estimate for the transition in the Marginality

scenario.

5.3.2 Boundary RG flow from bulk dynamics

In this section, we show how an RG flow can be induced in the boundary CFT when an
irrelevant boundary operator becomes marginal. The analysis will be given for a general
bulk and boundary theory, with the assumption that in the UV the bulk theory is conformal
and the boundary theory has no relevant deformations. The latter assumption is not essential,
but it simplifies the analysis that follows. We denote by O the lowest dimensional irrelevant
scalar singlet operator of the boundary CFT and by O the leading bulk operator, whose
coupling hy govern the CFT data of the boundary theory. We take A\ = XLd“_AO, where Ap

is the scaling dimension of O in the bulk CFT at A = 0, in such a way that X is dimensionless.

Suppose then that there exists a value A\ (or alternatively a critical AdS length L),
where Ag(Aait) = d. Let us denote by n < 1 the coupling associated to O when this is close
to marginal, and by 0\ = A — Ay the deviation of the coupling from its critical value. We
take

NLnkl, A ~n?, (5.66)

and use 7 as expansion parameter. We determine the beta function /3, of the coupling n up
to order n? by using techniques similar to those employed in conformal perturbation theory,
i.e. we expand a correlation function of bulk operators around the bulk critical theory in
absence of boundary deformations. A simple choice is to consider the one-point function of

the bulk operator O itself, the one associated with the deformation .
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We have

2

2
(Ole1))ory = (0o = (O() [di Owho +5(0(w) [di0(a) [ O

— SMO(z1) / dz O(x))o + ..., (5.67)
where the subscript 0 means that the correlator is evaluated at oA = n =0 and di = d%
denotes the measure at the boundary. The renormalization of the boundary coupling 7 is
determined by the short-distance behavior of the above correlators, which is fixed using the
OPE and the bOPE expansions. The latter still exists despite the bulk theory is generally
non-conformal at A = Aqi. The contribution to 3, coming from the third term in the first
row of (5.67)) is computed using standard techniques of conformal perturbation theory (see
e.g. chapter 5 of [187]). Short-distance divergences occur when x approaches y. We can then

use the OPE to rewrite that term as

/dxé( / /d:r:/w|>a w4 Oy w0 () + ) (5.68)

where w; = (x — y);, a is a short-distance cut-off, Cp and C 5 OO are the coefficients entering
the two-point function and the OPE coefficient of the three-point function of O. Universal
contributions to 3, arise from the second term in ([5.68) E| We have

[0 [diow),

The first term in the second row of ((5.67)) is UV divergent when the bulk operator approaches

~ — Q41050 log(a) / i O(x). (5.69)

iv

the boundary. In this limit we can expand the bulk field in terms of boundary operators using
the bOPE. Noting that AdS is related by a Weyl transformation to half-flat space, we get
that an operator O in AdS with dimension Ag satisfies Oags = (2/L)2° Onalt.space- Eq.(2.38)

can be then rescaled into

L2o0(z) = Y 2B On(x) = B + BS='0(x) + ... | (5.70)
Ox

the subscript AdS being omitted in all operators. We then have

O(z1) /d;EO( ) & L1200 (2, /das/ g Boi + Bgzdé(x) +. ) . (5.71)

As in (5.68)), universal logarithmic contributions arise only from the second term in ((5.70)),

SFor example, using the regularization ([5.137)), the first term in eq. (5.68) is UV finite.
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which gives

div

O(z1) / iz 0()|  ~ —log(a) L1 =20 BO O(zy) / 43 O(z) . (5.72)

In general both the 3-point OPE and the bOPE coefficients Cpp5p and B, depend on A.

From (5.67)), (5.69)) and (5.72)) we immediately get

d
By = —ad—z =11’ 4 20, (5.73)

where

c = §Qd—lc()é (Acrit) (5.74)

Co = _BOO(Acrit) .
Application to YM

We have shown that in the vicinity of g? ~ g2, the beta function for the boundary marginal

coupling n tr[JJ] is given by

1 1 .
By =’ +ca (? — 2_t) + subleading, (5.75)
where, for d = 3,
Cs B
“ 7TC2 9= © Colgz=g2,,’ (576)

with Cy and Cj5 the two- and three-point function coefficients of tr[.J.J], and B the coefficient
of the two-point function between the bulk Lagrangian tr[3F,, F*] and tr[.JJ]:
B(g?)
1 v —

(tr[3 Fuw PP (X )t JJ](P)) = —2P - X)i° (5.77)
At leading order for g*> < 1, Cy > 0 is given by (5.83)) below, Cs > 0, and B = —¢*Cop > 0,
with Cop given in (5.62)). The value of these coefficients at g2, is beyond the reach of
perturbation theory. Nevertheless, the assumption that the D bc is a viable unitary boundary
condition that preserves AdS isometries in the range of coupling 0 < ¢ < g%, guarantees

that 3, must have real zeros for g? < g%;. This implies that ¢; and ¢ must have opposite

signs. As a result 3, has two real zeros, at . = ++/ca/c1(goi — g72). So, at least close
to g2, another boundary condition D* must exist, which gives rise to another boundary
CFT, with the same global symmetry of the D CFT, namely the group GG. To the operator
O, = tr[JJ] of the D theory is associated another singlet scalar operator O_ of the D*
theory. Their dimensions are

Ap =d+2ler|n< . (5.78)
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Deforming the D* CFT with O_ leads to a (short) RG flow ending in the CFT D. When
g* = g%, the two CFTs merge and annihilate, namely they turn to complex CFT for
g% > g2, with purely imaginary anomalous dimensions for O+ close to the merging point
[111].

Note that this mechanism of loss of conformality has been advocated in [56] as a possible
explanation of how conformal windows terminate in 4d non-abelian gauge theories with mat-
ter. In that context, the role of g2 is played by the number of ﬂavors[] Interestingly enough,
here we are advocating the possibility that confinement itself in pure Yang-Mills theory can
be explained as a mechanism of loss of conformality, but this time the CFT in question is a
3d CFT living at the boundary of AdS space.

It is also interesting to observe that a similar instability of the D bc exists in three-
dimensional gauge theories in AdSs3. In that case however the singlet scalar operator bilinear
in the currents is actually marginal at zero bulk coupling, causing the Dirichlet boundary

condition to be unavailable already in perturbation theory, see e.g. [179,/188].

5.3.3 Anomalous dimensions from J*J’ two-point function

We now restrict to D bc and compute the anomalous dimensions of the lightest scalar pri-
maries with different representations of SU(n..). To do this, we perform a direct computation
of Witten diagrams contributing to the two-point functions of J*J%(x) = J*.J,%(x). Here
vector indices are contracted, while color indices are left open. From now on we drop the
superscript D in Dirichlet propagators, as N bc will no longer enter our discussion.

The operator J¢.J® is the symmetric product of two fields in the adjoint, which decomposes

into irreducible representations according to
Ry ® Ralsym =R =10 R4 ® Rs, (5.79)

where 1 is the singlet, R4 is the adjoint, and Rj3 is defined in appendix E] Note that the
singlet corresponds to the displacement operator tr[J.J], which we studied in the previous
subsection. Matching with the result obtained with a direct computation will be a
non-trivial check of our computations.

Given a scalar primary operator O of classical dimension Ag)), its two-point function is

given by )
(0(x)0(0)) = ) (5.80)

2280 7

where Ap = A(OO) +70. In perturbation theory, the anomalous dimension can be expanded as

vo(g?) = Vg) )42 + O(g*). We can hence determine the leading-order anomalous dimension vo

"In the Veneziano limit the number of flavors is replaced by a continuous parameter and the merge and
annihilation scenario can be analyzed in controlled set-ups, see e.g. |[153|. In this limit, the role of 7 is played
by a double trace deformation.

8This decomposition is valid only for n. > 3, while for n. = 2, 3 the representation Rj3 is absent.
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(d) QrED

Figure 5.3: Next-to-leading corrections to the two-point function of J%.J?: the quartic (a), the triple
(b), and the reducible (d) diagram. The diagram (c) evaluates to zero since it has a vanishing
color structure and the diagram (d), being free of logarithmic terms, does not affect the anomalous
dimension.

by looking at the logarithmic part of the next-to-leading correction to the two-point function:

() — {006 g
1oL (O(1)O(x5))°

Here and in the following we use the superscript 0 and 1 to denote the leading order and the

+0O(gY). (5.81)

next-to-leading order respectively.
We first compute the leading order and the logarithmic terms at the next-to-leading
order of the two-point function (J%J% (x;)J%J%(x,)) and then project onto irreducible

representations. At the leading order, the two-point function in d = 3 reads

oy 1
(T T (1) %2 J% (25))0 = ‘i‘] (§0azgbibz g garbzghrazy  — AT (5.82)
Ty
with 19
Cy,=3(C9)* = e Ay =20, =4, (5.83)
where CY is defined in (5.14). Let us now compute the next-to-leading order.
We consider the bulk two-point function of the composite operator A““AZ,
g'Q(w1, w2) = (A AN (1) AM22 A (2,)) . (5.84)

We then uplift it to embedding coordinates and take the external points to the boundary to
compute Q?( Py, P;). While Q is not gauge invariant, the ¢-dependence cancels when we take
the boundary limit, making Q? gauge invariant instead.

At next-to-leading order, Q(z1,x2) is given by three contributions, corresponding to the
diagrams depicted in figure [5.3]

QW (21, 72) = Qqu(w1, 72) + Qrr (71, 72) + Qrep (71, T2) . (5.85)

We call these diagrams the quartic, the triple, and the reducible diagram respectively. By
reducible here we refer to the fact that the last diagram is simply the contraction between

the vector propagator at tree level and its one-loop correction. This contribution can be
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disregarded, as currents are protected by gauge symmetry and do not get an anomalous

dimension. Let us instead focus on the first two terms of the sum in ([5.85|).

Quartic diagram

The quartic diagram is easier to deal with, as it involves integration over only one point,

Qqu(a1,a2) = —¢*(T +U) /d$ (T Ty, (20, ) TIN2TDy,, (2, 202)

(5.86)
— IIM7TL, 5 (2, x)H)‘“QHWQ(x, xg)) ,
where we have factored out 1" and U channel color structures defined as
T — foaase phibae U = fabe phiase (5.87)
Uplifting to embedding space and taking the boundary limit as in ((5.36]), we have
Qdu(P1, Pr) = —g—12(T +U) /dX(KAlBKAIB(Pl, X)K“2 Ko a0, (X, Py) (5.5

— KM K, o(PL, X)Kpa, KO (X, Py)) .

We then plug in the expression for the bulk-to-boundary propagator in (5.37)) to get

24dr(ﬂ)4ﬂ_2d+1

1

/dX (PL- P2 +2(Py - P)(P- X)(Py- X) —d(d—1)(Py - X)*(Py - X)?
(2P, - X)* (2P, - X)* '

(5.89)
This is a linear combination of scalar integrals of the form
1 1

Ia = | dX , 5.90

s / (—2P, - X)® (“2R, - X)° (590

which evaluates to

Ip =

A ;;{(?Pl— 5)) (log (%) —¢(A)+w(1—g+A>) , (5.91)

where 6 < 1 is an IR regulator expressing the distance from the boundary. See appendix
for a derivation of (5.91)).

Plugging in ([5.89)), setting d = 3, and focusing on the logarithm part we get

27
27T6(—2P1 . P2)4 '

1
Qou(Pr, P) |, = — (T +0) (5.92)
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Triple diagram

The triple diagram reads

Qrr(r1,22) = g°(T + U) /d:c dy HA,\/(x,y)WEMM (z, $17Q32)We/”1“2(y7$1, z2),  (5.93)
where we have introduced

<«
W (@, 21, 0) = 210, 2 (21, 2) VLI, (2, 2
%uu( 1 2) <_}ux\( 1 ) u( 2) . (5'94>
- H#lV(xb x)vf\HV;u (l’, .232) - HMIV(x]J $)VZHAM2(x7 :BQ) ’

<~
with F'V,G = F(V,G) — (V#F)GH Uplifting to embedding space and taking the boundary
limit as in (5.36)), we get
1
2

QIn (P, Py) = p

(T +U) / dX dY T (X, Y)Wea,a,(X, P, B)WEN42(Y, P Py)

(5.95)
with

<>
Weoa,a,(X, Py, Py) = 2K 4,0(Pr, X)VEKpa, (X, P) (5.96)
<> <> *
- KAIB(P17 X)vé'(K]ilg(Xv P2) - KAIB(P17 X>V)B;KCA2(X7 P2) .

We plug the expression for the bulk-to-boundary in (5.37]) and the bulk-to-bulk gauge propa-

gator in FY gauge in (5.32), getting in this way a linear combination of integrals in the form

Tin = /dXdY(—2P1-X)Al(—QPl-Y)A3(—2P2 CX)A2(=2P, - YA f(u(X,Y)) . (5.97)

To solve this integral, we express f(u(X,Y)) as a function of the variable

1 22w
- = 5.98
‘ l+u  w?+ 224 (x—y)?’ (5.98)
and then expand it in powers of (,
FO) = ar(™, (5.99)
k=0

9To obtain this expression for W we have performed an integration by parts to get rid of the term in the
triple vertex with a derivative acting on the external propagator. As we discuss in appendix [E:2] this does
not give rise to additional boundary terms.
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The result can be written as

o0

Tia=Y ar iy, (5.100)
k=0

with

o0 W%QAkflr (A1234—d) r (A34k*d> T (A4k,3+2m> T <A3k,4> F(m + Ag)

I(k) _ Z 2 2 2 2
AN = s
2 LT ()T (39) T () T (Bitiind) (o, py) o

IA(IC,TVL) 9

(5.101)

where we introduced the notation
Ai1¢2~~~,j1]’2~-~ = (All + Aiz + .. ) - (Ajl + Aj2 + .. ) (5102)

and we used that all the integrals that contribute to the triple diagram satisfy A3 = Aoy,

which gives
Az +2m

2
We refer to appendix for a derivation of the result (5.101]). The sum over m in (5.101)) can

be performed analytically and gives rise to a linear combination of generalized hypergeometric

Alkm) (5.103)

functions depending on k. We numerically sum over k setting d = BE The sum is convergent,
but with a rather slow rate, so we adopt Padé approximants to improve on the final accuracy.
The final result with 400 terms is

1
1o}
Py, P ~—=(T+U 5.104
Qrr (P, 2>‘log 92( + )(_Qpl.p2)4 ( )
Summing all the terms together and downlifting to Poincaré coordinates we get
a by — 1 0.005721
<:] Jb (x:l)e] Jb (x2)>1|10g — Q(l)a(ajl,xQ)’log = E(T+U)x—?2 (5105)

5.3.4 Projecting onto irreducible representations

As explained at the beginning of this section, to obtain primary operators we need to project
J@J® onto irreducible representations of SU(n,). A tensor T% in the reducible representation
given by the products of two adjoints can be easily projected in the singlet representation
taking the trace of the tensor. The singlet projector Ps can be then defined as

5CdTCd ab

ab

c

10 Actually, we have to set d = 3+ ¢, with € < 1, in order to avoid spurious poles in 1/(d — 3) which appear
in intermediate steps but cancel in the total sum.
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The two-point function of the singlet operator JJ2* = (PgsJJ)® is then obtained by acting

with this projector on eq.(5.82) and eq.(5.105|) as follows

(TGO (21) T L% (20)) = 61016920 ((J Js(21)J Ts(2))° + (s (1) T Js(22))') . (5.107)

with ) o4 )
JJ JJ, 0 5.108
(aslo) LIs(e) = 2o (5.108
1 2n. 0.005721

TG (1) T & (22)) |, ——— . 5.109
(J g™ (21) ] J§* (22)) ‘log @Znz—1 a5, ( )

Plugging in ([5.81]), we get that the anomalous dimension of the singlet operator is
Vs & —0.04644n, g* . (5.110)

This result matches with (5.63]), providing a non-trivial check of our computation. This
correspondence allows to identify the 0.005721 in (5.105)) as the analytic result 11/(27%),

which we replace from now on.

Consider now the other representations. We will not need to project the result individually
to each irreducible representation, as all the non-singlets ones acquire at this order the same
anomalous dimension. This is seen by projecting out the singlet by introducing the operator
JJ% = ((1 = Ps)JJ)® and computing its two-point function,

s+
JJaibl T JJaibQ T — (6a1a25b1b2 + 5a1b26a2b1 . 5a1b15a2b2)
W5t () TG () nZ — (5.111)
((J s (21) T Ts (22))° + (S Tse (21) T T (22))")
with . 19 .
(JJgi (1) Jgr(29))0 = = v ——, (5.112)

gt mi(n? —1) o},

1 11n 1
JJ. JJ o= 42 5.113
< S+ (:E) St (y)> ‘log g2 271-6(”2 — 2)9 1105132 ( )
Since the group structure factorizes, all the representations that are not the singlet get the

same anomalous dimension, which reads

11 =, ,
’}/JJSJ_:WTLQ_zg . (5114)

5.4 Current two-point function

In this section we compute the current two-point function (5.13)) at the next-to-leading order.

Since there is no anomalous dimension for a conserved current, the correction amounts to
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Figure 5.4: One-loop corrections to the current J two-point function: the quartic (a), ghost (b),
triple (c), and counterterm (d) diagram.

rescaling of the correlator. In embedding space, this reads

CJ Paa,(Pr, Py)

K(Py, Py) = (Ja,(P1)Ja,(P)) = o2 (—2P, - Pyyo1 (5.115)
where Py, 4,(P1, P») is the boundary limit of (5.42), and we have introduced
C, =" (1 + O+ 0(94)> . (5.116)

We determine C'} by computing the one-loop corrections to the D bulk-to-bulk gauge prop-
agator in ambient configuration space. After that, we uplift the result in embedding space
and take the boundary limit. We then evaluate the necessary integrals and finally extract
the value of C'!. We work in the FY gauge.

5.4.1 Computation of the diagrams: external points in the bulk

The leading perturbative corrections of the vector two-point function is given by the one-loop
diagrams depicted in figure [5.4] They read schematically

921_[&2(%@2) = (A(z1)A(x9)) = gQH(l)(xl, To) + gQHCT(xl, Tg), (5.117)

where x7 and xy are points in the bulk that we send to the boundary at the end of the

calculation. The one-loop contribution II™" is the sum of three diagrams:
W = Tqgy + gy + M1k, (5.118)

which we call quartic, ghost, and triple diagram. IIcr denotes the one-loop counterterm
contribution. Since the color structure of each contribution is diagonal in the color indices,

(TLe )92 (1, 29) = %12 (ILa) 4y pp (71, ¥2), We omit the color indices in what follows.

Quartic diagram
The quartic diagram Ilgy is the simplest as it involves integrating only over a bulk point.
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It reads
(HQU)MMz (3717 562) = N gg/dx Hm)\(gjlﬁ x)H/QV(m?’ $>HPU($’ x) (gAVng - g)\pgya) . (5'119)

We can evaluate the tadpole Il (z, z) by expanding the gauge propagator for small values of
the chordal distance. In dimensional regularization, the only surviving term in the expansion
is the constant one, but remarkably this vanishes when we select the FY gauge. This is not
in contrast with the results of flat space, where the diagram is zero regardless of the value of
&, because if we reintroduce the dependence on the AdS radius L, we see that the diagram

is of order O(1/L?), and therefore its contribution vanishes in the flat space limit.

Ghost diagram

The ghost contribution IIgy reads
(an)iyi, (71, 22) = neg? / dx dy Hf‘l (21, x)H;\QI (22, y)(VAGeuVaGan) - (5.120)

Replacing the expression of the ghost propagator ((5.120) and using the basis of eq. (D.3)),

we obtain
ViGeuVaGen = fom(w)gaw + fonz(u)niny, (5.121)

where

L (%)

ATt (u(2 + u))d

Note that despite the ghost propagator involves hypergeometric functions, the combination

fomi(u) =0,  fomo(u) = (5.122)

(5.121]) gives rise to meromorphic functions of the same kind as those appearing in the gauge
propagator (5.32)) in the FY gauge.
Triple diagram

We now turn to the computation of the triple gauge diagram Iltr, which is the most involved.
Considering all Wick contractions among the two triple couplings, integration by parts, and

after some algebra, we get

(TTTR )iyiy (71, 2) = anQ/diC dy i\ (1, o) iy (22, ) (4 (HWIV,,V,/H’\’\/ — V,,H’\’/V,,/H”X)
9 (H,,,,/V”VXHA”/ . V”HA”/VXHW/) 9 <HW/VAV”'H”X - VAHW/V”'H”X)
+ (L, VI = VAL, VY ) 4 (T, 9,11 = ¥, 9,1 ) (5.123)
—9 (vV/vVH"A’HW - VV,HM’VVHW’) _9 <H”’\/VVV,,/H’\”I - VAH”XV”'HW/>

+ <v)\’vul—[w]’n)\y’ . V)\’H/\V/VVHUV/> + <HV/\/V)\VZ/H,/Z/ . V)\HV/\IVV/HW,/) ) )
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Plugging the expression ([5.28]) for the gauge propagator in the basis of [5] and using eq. (D.4)),
we can rewrite this term in the form

(TR )iyin (1, 72) = ncg2/dﬂi dy T (21, )y (22, y) fr (2,9) (5.124)

with
5 (2,y) = frra(w)g™ + frra(u)n*n®,
(d—4)(d—1)T (£2)* (1 + u)
fr () = 4(d — 2)2mH 1 (u(2 + u))d
INE (4(1 +u)+d(d—6+u(d— 5)))
A(d — 2?27 (u(2 4 u))?
In deriving from one has to pay attention to possible contact terms, which
can arise since eq. ((5.123)) contains propagators inside the loop that are derived twice. A way

(5.125)

frra(u) =

to take care of this is by replacing the equation of motion for the gauge propagator (/5.25)
in (5.124). However, since contact terms produce tadpoles of the gauge propagator, these

contributions vanish in the FY gauge, as it happens in the quartic diagram.

Total contribution

The sum of the ghost and triple diagram contributions II'Y = gy + IItg can be rewritten,

interestingly enough, in terms of gauge propagators only in the following form,

4 / / / /
(H(l))m‘z (z1,22) = <— - 1) Ne gz/dx dy Vi x (21, 2) Vil v (22, y) (117 M — i )-

d
(5.126)
The expression has been conveniently written in a way in which the derivatives act
on each of the two external legs. In this way, we avoid double derivatives acting on external
propagators, which may be generated after integration over one of the internal points. The
resulting contact terms, contrary to those discussed below eq. , in general would not

vanish.

5.4.2 Counterterm
The counterterm contribution reads
(erhua(or,0) = =527 = 0) [ do (T Tur(01,0) 9 2. 0))

+5L/dx (%V”Huly(xl,x)VAHM,\(xQ,x))) , (5.127)
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where the coefficients 6, d,2 and 0;, are a flat space result (see eq.(4.69) for a definition). In
(MS) scheme and d = 3 + 2¢ we have (see e.g. [145)])

Ca

O0p —0g2 = 39,2

(% +(1- g)) <_% — g + 10g(47r)) +0(g"), 6.=0, (5.128)

with C'y = n, for the SU(n.) group.

5.4.3 Final result

We uplift in embedding space ((5.126)) and (5.127]) and take the boundary limit of the points
Xi2. This gives

4
(KM g n, (P, Py) = (3 — 1>nc / dX dY VK a(P, X))V Kix(PY)

x (BB — IAB' 184 | (5.129)
(Kcr)aya,(Pr, Py) = — (67 — 62) / dX VK4 (P, X)VPKA,c(Py, X). (5.130)

The loop and counterterm contributions can be written in terms of scalar contributions K

and Kqr as follows,

(K(l))AlAz <P1> P2> = PA1A2(P17 P2)K(l) >

(5.131)
(Ker)a,a,(Pry Po) = Paya, (P, Py)Ker .

We evaluate the integrals appearing in ((5.129) and (5.130)), starting from the simpler coun-
terterm contribution. We insert the expression for the D bulk-to-boundary propagator (5.37))
and use Lorentz invariance to reduce ([5.130|) to scalar integrals only. The resulting expression

can be written in the form (5.131)) with

Kor = — (07 — 0,2)

I'(d)? /dX (d—1)(P,-Py)+ (d—2)(P, - X)(Py- X)
I'(4)2rdd (2P, - X)* (—2P, - X)*

() (d—2)
271'%d2(—P1 . PQ)d_l 7

(5.132)

= (5T - 592)

where we used ((5.91)) in the last step. Note that the log terms appearing in (5.91)) cancel in
(5.132), as expected, since the currents J? are conserved and cannot acquire an anomalous

dimension.

We consider now I in (5.129). First, we use the expression of the bulk-to-boundary and
bulk-to-bulk gauge propagators and act with an inversion transformation (see the beginning
of section in the appendix for the detailed form of the transformation). After some
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algebra, the integral can be written as in (5.131)), namely

(=2P - X)" (2P, - X)
with o) ) w2d—3yd+122d—1
ty(e) = [ o [y e o o139
and

(5.135)

B <§ B > 24475 (d — 1)T(HL) 104
Ra = d ¢ d2(d — 2)2m2+2 J

where Q4 = 272/ I'(£) is the volume of the (d — 1)—dimensional sphere with unit radius.

It is useful to introduce two Schwinger parameters t; and ¢ and rewrite Iy (z) as

Rd > > > > d—3, d+1 _2d—1,d—1,d—1
Iy(z2) = —/ dt /dt /dw/ dy w? z 9t
v(2) INCIRN R S 0 / / b (5.136)

% e~ W w+2)?)t o= +H(w—2)*)t2
The integral over y and w can be computed analytically and we are left with an integral over
t, and ty. Following [189], we perform a change of variables t; = us, to = (1 — u)s. The
integral over s can be computed analytically and we are left with the integral over u, which
is UV divergent. This last integral is computed using the same trick used on the sphere in
eq.(4.9454.97): we isolate the divergences by expanding around coincident points (u = 0) up
to a sufficient order so that the remaining part is finite and can be safely computed. The

divergent terms are regulated by using

! 1
/ du vt = —, (5.137)
0

a

which is valid for a > 0, but is extendable to any d-dependent a by analytic continuation in

d. We then sum both contributions to obtain

_ 4 1 —14+ 9y +9logm
Iy(2) = 24 1p 2! (- - 1) - . 5.138
vz ==""n d 2drte | 7276 (5.138)

The 2?71 term appearing in ((5.138)) is such that (—=2P, - X) in (5.133) turns into (—2P; - X )¢
thanks to (E.19). The dX integral in ((5.133]) can then be evaluated using again (5.90) and

(B9T). We get

KO —

rhd (-2 () (g + e OeT) (5139)

BT (d)(—P; - P41\ 12n5¢ 3676

Again, the log terms in (5.91]) cancel in (5.139)), as expected. We sum loop and counterterm
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contribution, and set £ = d/(d — 2) in (07 — 0,2) in (5.128]). In this way we get

10 + 3ve 1

KY _ g KW = —n, :
tot cT + n 62t (—2P; - By)?

(5.140)

The cancellation of the UV divergences, as of course expected from the renormalization of
the theory, provides a sanity check of the computation. Matching with eq. (5.115)), finally

allows us to determine the correction to C,

_10+ 3’)/E

cl = .
J 30472

(5.141)
From this result we extract the estimate (5.5 for the Decoupling scenario. Note that the
value of C} is renormalization scheme-dependent. The value (5.141)) is in the MS scheme.

Outlook In this chapter, we studied Yang-Mills theory in four-dimensional AdS space,
focusing on the deconfinement/confinement transition occurring with Dirichlet boundary
conditions as the radius increased. We used perturbation theory to get insights into the
nature of this transition. We computed the anomalous dimensions for the lightest scalar

operators at the boundary, both in the singlet and in non-trivial representations, finding a

negative and positive value respectively, see eq.s (5.63) and (5.114]). We also determined the
correction to the coefficient C;, finding a negative value as in eq.([5.141)). We conclude that
the Higgsing scenario for the transition is disfavored, while both the Marginality and the

Decoupling scenarios are compatible with our results. We found that the singlet operator’s
scaling dimension approaches marginality before C; vanishes, suggesting the Marginality
to be the more compelling scenario. For Neumann boundary conditions, the lightest scalar
operator exhibited a positive anomalous dimension, consistently with a smooth extrapolation

to flat space.

1 Beyond the leading order computed in this chapter, also the g% expansion of boundary scaling dimensions
is scheme-dependent. One way to get rid of scheme-dependence is to eliminate g2 and express the scaling
dimensions, that are physical, as an expansion in the physical quantity 1/C;. Doing so, all the coefficients
in the expansion are themselves physical. Given the function Ay,75(1/Cy), the question of Marginality vs
Decoupling becomes the question of whether A7 (1/C;) = 3 for any positive C;.
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Chapter 6
Conclusions

In this thesis, we have investigated several key aspects of gauge theories, employing pertur-

bation theory to gain deeper insights into the behavior and properties of their phases.

In the first part, we applied the e-expansion to examine gauge theories in d = 3 and d = 5.
In Chapter [3| we found evidence for the existence of UV fixed points of non-abelian gauge-
theories in d = 5 and we computed the dimension of the leading relevant operator at those
fixed points. In Chapter , we calculated the S? partition function of the WF fixed point for
non-abelian gauge theories, to test possible RG trajectories via the generalized F -theorem,
both in d =3 and d = 5.

While successful in many contexts, the e-expansion is not a rigorous method. Going
forward, it would be interesting to assess its reliability in the context of gauge theories. A
possible verification could come from the comparison with non-perturbative results obtained
with the lattice or the conformal bootstrap. To that end, the anomalous dimensions obtained
in Chapter [3| can provide a useful benchmark, even if the estimated relative error is typically
rather large. Looking ahead, it would be useful to improve the precision of the predictions
by performing computations at higher loop order and to extend the investigation to other
observables. Obvious observables to consider are the scaling dimensions of heavier operators.
One-loop anomalous dimensions of some higher-dimensional operators in 4d Yang-Mills have
been computed in [135]. In addition to local operators, one can also consider observables
associated to the line operators of Yang-Mills theory, such as the coefficient h in the one-
point function of the stress-tensor in the presence of the line [136], or the Bremsstrahlung
function [137].

Another possibility to examine the robustness of the e-expansion in the context of gauge
theories is to consider cases in which the existence of a fixed point, and the associated data,
are known from other methods such as supersymmetry or holography. For instance, one
could apply it to the 4d theory with the same matter content as 5d N'=1 SU(2) SYM with
ny fundamental flavors, and check if the e-expansion finds a UV fixed point that extrapolates
to the E,, 11 SCFT in 5d. Note that when continuing the fields to 4d one does not land on

a supersymmetric theory: the 5d vector multiplet contains a real scalar, a 5d vector, and
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a symplectic Majorana fermion, all in the adjoint representation, and their continuation to
4d gives rise to a real scalar, a 4d vector, and a Dirac fermion, which is not the content of
a supersymmetric theory in 4d. As a result, supersymmetry is expected to emerge only in
the limit d — 5. To check the existence of fixed points in d = 4 + 2¢ one then needs the
coupled system of beta functions for the gauge coupling in the presence of both fermionic and
bosonic adjoint matter, and of the Yukawa coupling, see e.g. the Lagrangian (15) in [158].
Note that these beta functions are known at lower loop order compared to the case with only
fermionic matter that was used in Chapter 3, see [159,[160]. We leave this as direction for
future studies.

In this thesis, we considered the case of SU(n.) gauge group, but our results can be easily
generalized to other gauge groups. In particular, the perturbative expansion of the free energy
found in Chapter {4 is insensitive to the global structure of the gauge group, except the log
term where the volume of the gauge group appears. It would be interesting to compare our
results for F' with non-pertubative computations which are instead sensitive to topological
properties of the gauge group, like the lattice or localization (for SCFT).

In the second part of the thesis, inspired by [17], we have explored confinement in non-
abelian gauge theories in AdS,, from the perspective of the boundary CFT3. Among the three
possibilities reviewed in Chapter [2] our results disfavor the Higgsing scenario, are compatible
with the Decoupling scenario, and favor the Marginality one.

There are several open questions that would be important to address in future studies.
The merging scenario implies the existence of a new theory D* which has the same global
symmetry of the D CFT. Finding possible candidates for D* is an important point that we
did not address. In particular, it would be useful to see if there exist candidates for D* in
the vicinity of g2 = 0, i.e. at weak coupling. Moreover, even if the most likely possibility is
that D and D* annihilate while the N bc exists for all values of LAvy, more work is needed
to firmly exclude more exotic possibilities. For instance it is in principle possible that the
symmetry G appears as an emergent symmetry in the N be, allowing D and N to annihilate,
leaving some other boundary condition at strong coupling. Even in the most likely scenario,
an important question is whether the theory settles to the N boundary condition after the
merger, and if this is the case, whether this happens continuously or discontinuously. As
pointed out in [94], anomalies in generalized symmetries can sometimes rigorously rule out
the continuity between N and D.

Having reformulated confinement purely in terms of properties of a non-local boundary
CFT, it would be extremely interesting to see if the conformal bootstrap [34}35] might be
used to rigorously assess the merging scenario as the only consistent one. Recent progress
in the study of four-point functions of non-abelian conserved currents in 3d [190] makes this
direction feasible in the near future.

From a more theoretical point of view, it would be important to properly define what
confinement means in AdS space. As is well known, in flat space confinement is detected

by the area law of large Wilson loops. Recently, the area law and confinement have been
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reformulated more sharply as the phase in which (e.g. for SU(n.) gauge theories) the electric
Z') one-form symmetry is unbroken [191]. In AdS at finite L, there is no intrinsic distinc-
tion between perimeter and area law, and hence it is not clear if one-form symmetries still
characterize the possible phases. The space has however a boundary and perhaps a sharp
characterization is provided by the boundary conditions. In fact, the one conjectured in our
thesis is one of these: confinement in AdS is characterized by the absence of the D be. It
would be important to understand how this definition is related to the usual one in terms of
one-form symmetries and to verify if other definitions are in principle possible.

Moving forward, it would be intriguing to explore how our results are influenced by the
introduction of fermionic matter. Specifically, we expect that the deconfinement /confinement
transition still occurs if the number of fermions remains sufficiently small, though conclusions
regarding the various scenarios for the transition may change depending on the value of n;.
More speculatively, one could consider values of n; for which the theory is instead IR free
and search for signals of the end of the conformal window in the boundary CF'T data.

Moreover, it would be interesting to explore possible applications of the general result we
found for the scaling dimension of the displacement operator. Recently correlation functions
involving the bulk stress tensor and boundary operators along bulk RG flows were studied
in [98,/161]. These papers derived sum rules for the scaling dimension of the boundary
operator, which can be applied in particular to the displacement operator. It would be
interesting to compare the sum rules to the result for the scaling dimension of D presented
here. Matching the two results, it should be possible to obtain a sum rule for the bulk beta
function, e.g. to express the one-loop beta function in terms of a sum involving boundary
CFT data. In the context of amplitudes in flat space, ref.s [192-195] studied how various
RG coefficients, including beta function coefficients, can be extracted from scattering data.
It would be interesting to explore further how boundary correlation functions in AdS encode
bulk RG coefficients and the relation to the flat space results via the flat space limit.

Finally, one could join the approaches presented in this thesis by applying the e-expansion
to gauge theories in AdS space. Starting from the AdS propagators and the Witten diagrams
techniques introduced in Chapter [5, one may study the boundary critical behavior of the
gauge WF fixed point and extract some of the BCFT data in d = 4 + 2¢. The results thus
obtained could be validated by applying bulk equations to the bulk two-point functions, as
was done in [109,/110] to extract anomalous dimensions of boundary operators in the critical
O(N) and Gross-Neveu models.
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Appendix A
Sphere gauge propagator

In this appendix we follow ref. [5] for the computation of the vector propagator. We report

the main steps, generalizing the computation to an arbitrary choice of the gauge.

We have seen in the main text that the vector propagator Q% (z,z’) = §?¢2Q,\(x, ")
satisfies eq. (4.52) and can be written as in eq. (4.53)) where o and § are generic functions of
the geodesic distance. Using the relations in eq. (4.45) we can decompose eq. (4.53) in two

parts, respectively proportional to g, and n,ny:

o'+ (d—1)Ad + ((A+C)? — 1)) a+2ACB
<1——> B —ad —(d-=1)(A+C)a+ (d—1)AB) = —0(z,2'),
B'+ (d—1AB + (A+C) —d(A*+C*) — (d—1)) B+ (d—2)(A+ C)’« (A1)
1 /A " / /
+ (1—5) <ﬁ —a"+(d=1)A+C)3' = (d(A+C) — A)a

+((d = 1)AC + (d— 1)A)B+ A'( = (d—1)C(A+C) + (1 — d)A + (1 — d)C’)a) ~0.

This is a system of two coupled second order differential equations, which is in general hard
to solve. To make the computation easier it is convenient to introduce a new maximally

symmetric gauge invariant bitensor defined as
(P, BL) = 40% W,V Qul = 8% (ool b))+ (mhly nh) (A2)

with square brackets meaning antisymmetrized indices and 7 and ¢ being generic functions
of the geodesic distance. From the definition of @),y in terms of o and § and eq. (4.45)), we
get

o=4Cld +(A+C)a—C4], (A.3)

T=C"[0 +2A+C)a]. (A.4)
Now, taking the covariant derivative of eq. (A.2) and using eq. (4.52)) properly antisym-
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metrized, one can find the equation of motion for ¢ and 7:
/ 174 ]_ / !
vV QY = v <V“V[“ Q;1> —0. (A.5)

The last equality in (A.5)) derives from the fact that the bitensor in parenthesis has two
primed antisymmetrized indices, while the only (0,2) bitensor structures are symmetric. In

terms of o and 7 defined in eq. (A.2)), eq. (A.5]) reads
/ 1 / ]'
o' = 5T +(d—2)(A+C)U—§(d—2)AT:O. (A.6)

Plugging the expression for 7 in eq. (|A.4), we get a second order differential equation for o,

which will be useful in the following to solve the system for a and :
"+ (d+1)Ad’ —2(d—1)c =0 . (A.7)

This equation can be rewritten as a function of the variable z defined in eq. (4.47):

o 1 do
1—2)—+=(d+2)(1 =22)— —2(d—1)o =0 A8
21— ) g +5(d+2)(1-29)F —2d—1)o =0, (A8)
which is solved by two linearly independent hypergeometric functions. The correct solution is
chosen by imposing regularity at antipodals point (z = 0) and the correct limit of coincident
points (z = 1). The last condition can be computed by starting from the expression in

coordinate space of the gauge propagator in flat space

PE-1)0+9, |, TE0-9

2(4m)s |z — a|i-2 "

(AL () A (2)) e = 0", (

and the flat space expression for o:

2r (3)
()t = ——— 2 A.10
B = T = o) (10
We find then p
o(2) :p2F1<d— 1,2,§+1,z> , (A.11)
with T(d— 1
p= =1 (A.12)

D(2 4 1)2d-17%
We can use this result to compute «, proceeding as follows: we compute § as a function of
a and o from eq. (A.3)) and we replace the result in eq. (A.1). This leads to the following
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inhomogenous equation for a:

a"+(d+1)Ad — da — %a - (1 - 2) (o/’ + (% - Ad) o

AC | oA ,
_(d—l—A+ Cl)a—Ea+(%—E(d—1))a> — (. 2).

The solution is given by the sum of the solution of the corresponding homogenous equation

(A.13)

(again we should impose the flat space limit and regularity at z = 0) and a particular solution

to reproduce the correct source term. We have

d
a(=) = ¢ 2R (d 1,5 + 11— 2) +a(e), (A.14)

where the first term is the solution of the homogeneous equation, with a normalization ¢ to
be fixed, and & is a particular solution of the full equation, that plugging the expression for
o, C' and A takes the form

o /d do . wel(d—1)
d d
((d+2—§)(1—22)2F1(2,d—1;§+1;z> —A(d—€)(z - 1)22F1<3,d;§+2;z>) .

(A.15)

A solution for & can be found as follows [5]. We introduce the hypergeometric operator

H(a,b,c) :z(l—z)%—k ((c—(a—kb—l—l)z%) —ab) , (A.16)

in order to rewrite the left-hand side of eq. (A.15)) as
H(a1+1,b1 —1,Cl>6é, (Al?)

with a; =d—1, by = 2, 4 = %l + 1. Then, we rewrite the right-hand-side of eq.
as H(ay + 1,by — 1,¢1) f, with f a function to be determined, using identities among hyper-
geometric functions (see e.g. chapter 15 of ref. [196]). A particular solution would then be
& = f. The right-hand-side of eq. is first rewritten as a function of o F (ay, by, 1, 2),

oF (ay — 1,by,¢1,2) and oFy (a1 + 1,01 — 1, ¢, 2) only. Then, the following identities are used:

o Fy (a1, b1, ¢1,2) = mH(al + 1,01 — 1,¢1) 2F1 (a1, by, 1, 2)) (A.18)
o (al - 1,51,01,2) = mH (Gl + 1,0, — 1701) (2F1 (Gl - 1,51,01,2) +2F1(Cl1,bl,01,2)),
Fi(ar+1,b— 1,61, 2) L s tb—te) (2 =2, mab e,
a —1l,c,2)= — a —1.c —_— = a, b, c,z
2471 1 y Ul s C1, bl—al—Q 1 s V1 , C1 8@ 6() 2471 , Uy C1, %:z1+11
—by—
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Matching with the left hand side of eq. (A.15]) gives the particular solution & = f:

54:L(—Q2F1(@1—17b1+1,01az)+(d_4> oFy (a1 — 1,01, ¢1, 2)

A(d — 3)?
o 0

(A.19)
+(24+(d-3)(1-¢)(3—4d) (% - %) o F1(a,b, ¢y, 2) %2““> :

The value of the coefficient ¢ appearing in eq. (A.14]) is determined by imposing the correct
flat space limit of . which is the term proportional to §*, in eq. (A.9)). We get

(d-1)(d=2) — 2+ (d-3)(1 —§)(d—3)(¥({d) —¥(1))

Finally, we obtain the expression for 5 by replacing a and o in eq. (A.3):
g= _ (z—=1I'(d-1)
2475 (d — 3)T (£ +1)
d o 0
— 2(2 _ - F a=a A.21
(£(-sCr@-30-06-0 (4 5) Flaba ) (A21)

Ty (g+1> <2F1(2,d;g+ 1;2)(— ((d—=3)(1— &) +2) (O (d) + ) —2dz+d+2z—4>

4z — 1) R (3,d; g v 1;z>)) .

Summarizing, the gauge propagator on S? is obtained by replacing in eq. (4.53]) the expression
for « in eqs. - the one for (§ just reported, together with the expressions for the

coefficients p and ¢ in eqs.-.

Let us now explain how to expand « and  around coincident points (z = 1). First,
note that the hypergeometrics have branch points in z = 1. In order to expand in powers
of (z — 1) it is then convenient to use an identity to obtain only hypergeometric functions
with argument 1 — z. In this way the non-analytic dependence on z — 1 will be captured

completely by the power-law prefactors. The identity that we will use for this purpose is

L(e)'(c—a—0)

o Fi(a,b,c,z) = (C_a)rC_b>2F1(a,b,a+b+1—c,1—z)
I'(e)l'(a+b—¢) s
1—2)" " %F (c— —b,1 —a—0b1-2).
T ()T (D) ( 2) oFi(c—a,c—b1+c—a , 2)

(A.22)
Derivatives of the hypergeometrics with respect to the parameter a and b appear in both «
and (. In order to obtain the expansion in (1 — z) for these derivatives, we first apply the

identity in eq. (A.22)) and then we expand the hypergeometric as

= (1—2)"
oF (a,b,c,1 — Z ) (A.23)

n=0
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where (), are the Pochammer symbols. We truncate the series at a sufficiently high order
and then we apply the derivatives with respect to a and b to this truuncated series. In
order to improve the efficiency of the numerical integration of hypergeometrics needed to get
the finite terms —, it is useful to split the interval of integration 0 < 2z <1
in two parts (i.e. [0,1/2] and [1/2,1]) and expand respectively around 0 and around 1 the
hypergeometrics.
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Appendix B

Subtleties on the computation of the

free energy on the sphere

B.1 Contact terms and integration by parts on the

sphere

In this appendix we show the subtleties that can arise when integrating propagators derived
multiple times on S?. This analysis is relevant for our purposes in presence of two derivatives
acting on the same propagator. For simplicity we will consider a scalar propagator satisfying

the equation
(=V? +m?)G(z,2") = d(x,2), (B.1)

but the same remarks hold for the vector propagator and can be applied to eq. (4.82)). Let

us consider the integral

/ PV F(1)V2G(x,0) . (B.2)
gd

where f is a function of the geodesic distance u = u(x,0), which is taken to be smooth and
bounded on S¢. If one tries to compute this integral by specifying some coordinate system
and writing explicitly the action of the laplacian on the resulting function in the chosen
coordinates, one gets a wrong answer. This is because the resulting expression for V2G(x,0)
misses the contact term, and the answer one gets would correspond to substituting simply
V2G(x,0) = m*G(x,0) inside the integral.

A strategy to obtain the correct answer is to integrate by parts
/sd d*ecvVh f(u(z,0)V3G(z,0) = — /sd d*evh Vv f(u(z,0))V,G(z,0) . (B.3)
To check that this works, let us start by separating two regions in the integral
/S - daVh f(p)V2G(x,0) + /B dlavh f(p)V2G(x,0) (B.4)
5 s
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where Bjs is defined as a small d-dimensional ball of radius 6 centered at the origin. In the
second integral, for & — 0, we get the contact term — f(0). In the first term, we integrate by

parts

/ &/ f (1) VPG, 0) = — / LIV F (1), G, 0)+ / daV RV (f(1)V,G(,0)) .
S\ By S\ By S\ By B3

In the first integral the limit 6 — 0 is straightforward, while the second integral requires more
care. It is a boundary term that we can rewrite using the first relations in eqs. (4.45)), (4.46)
and the chain rule as

aovh Y (F(u(2)E () on,)

/S o wVh V()G 0)) = / .

S\ B

= fop 5 (A= DG DT + - (uNEE5) 5 )

(B.6)
Here we used the variable z defined in (4.49). By changing the integration variable to z we
get

. 2d71'% =05 d-1 . 0z
imrc [t (G0 T reec @) (B.7)

The above integral would vanish for well-defined functions on S¢, as expected from Stokes
theorem, but the propagator is actually a distribution which is singular at coincident points

z — 1, so care is required. In the limit z — 1 the scalar propagator can be approximated to

=

T 200 (2— ) sin (%)

2

[NJfsH

G() (1—2)"% 4 .. (B.8)

Replacing eq. (B.8)) in eq. (B.7)) gives a non-vanishing result:

= f(n=0). (B.9)

fim, f()E|

§'—0

This boundary term exactly cancels the contribution coming from the second term in eq. ,
proving eq. . Summarizing, the evaluation of eq. without integrating by parts
would require to pay attention to contact terms by introducing a regulator, while upon in-
tegrating by parts the contact term contribution is compensated by another contact term

arising from a total derivative contribution.

B.2 Alternative gauge-fixing procedure

In section we have seen that the quantization of non-abelian gauge theories on S? using
an ordinary Faddeev-Popov formalism leads to ghost zero modes. In this appendix we would

like to show that our heuristic treatment of the zero modes is confirmed by a more rigorous
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treatment using a Batalin-Vilkovisky formalism and ghosts for ghosts, see e.g. ref. [197] for
a nice introduction or ref. [198] for a more detailed treatment. We start by briefly recalling
the method in Yang-Mills theories on flat space and then apply it on S¢, where we reproduce
the action presented in ref. [143]. We then compute the ghost contribution in eq. using
the new action and show that it matches with eq. obtained with the more heuristic

treatment discussed in the main text.

B.2.1 Gauge theories on 5S¢

Yang-Mills theories on flat space do not require ghosts for ghosts and can be treated with the
Faddeev-Popov method. Let us briefly review how the same gauge-fixing can be obtained
with the Batalin-Vilkovisky formalism. Recall that in this formalism for each field ¢, we

introduce an antifield ¢% and we require the master equation
(S,5)=0, (B.10)

e 0rF 0,G  OrF O1G
F = L= L= B.11
(F.G) dA 0¢*  dpH oot ( )

In the Yang-Mills theory case, ¢4 = {A, c}, where ¢ are the ghost fields needed to take into

account of the gauge redundancy of the classical action. The action satisfying the master

equation (B.10)) reads
St = Sym[A] + / dx <A*Dc —ic + E*B) , (B.12)

where D = 0—i[A, -], [¢1, 2] =1 fabct?gbl{qbg, with ¢ and fu. the generators in the fundamen-
tal representation and the structure constants of the Lie algebra, respectively. In eq.
trace over group indices and Lorentz indices are implicit and we have added an auxiliary
pair of fields ¢/ B and their corresponding antifields, which do not affect the master equation.
Note that only ¢* and B enter the action but also ¢ and B* are integrated over in the path

integral. A gauge-fixing is introduced through a fermionic functional W[¢] which fixes the

(bA: 5¢[A]’

where now ¢ = {A, ¢,¢, B}. An appropriate choice for the gauge-fixing functional is

U= /ddx ¢ (—%B - aA) : (B.14)

SEL = Sym[A] + /ddx (E 0Dc — B(gB + 314)) : (B.15)

value of the antifields:

(B.13)

which leads to
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which is the usual R, gauge fixing of the Yang-Mills action.

On S? an important difference arises. Covariantly constant modes leave the gauge field
invariant, so the transformation ¢ — ¢+ 6ag, with # a Grassmann constant parameter, leaves
the gauge field invariant, provided that

Diig = 0. (B.16)

The mode @ is a (bosonic) ghost for ghost. We should then add ag to the set of fields in the
action, together with its antifield. aq is actually not a field, but a single mode of a field, the
covariantly constant one. For simplicity we keep this implicit. The solution to the master

equation reads now
S = SYM[A] + /dd{E \/E(A*DC + C*ao - Z-C*C2 + iao*[c, CLQ] +c'B + C_lg(_?() + bO*C()) s (Bl?)

where we have added two pairs ag/cy and bg/cy of fields (and their antifields), composed
only of a covariantly constant mode, like ag. In a perturbative treatment, where we expand
in modes the quadratic action, the covariantly constant mode ay should be replaced by a
constant mode ag satisfying

Vay =0, (B.18)

which corresponds to the ghost zero modes found in the ordinary Faddeev-Popov procedure
followed in section [4.2.2] The action (B.17]) no longer solves the classical master equation if

ag — ag. We now have
(S,S) =2A"Day = 2iA*|ag, A] # 0, (B.19)

However, adding appropriate terms to the action we can introduce a new action S=5+46S
such that
(S,5) = 2i¢%[ag, ¢*] - (B.20)

In this way, after gauge-fixing we have

(5.5) = 2@'%[%, ) = 2ilao, W] (B.21)

For appropriate choices of the fermionic functional ¥ (gauge-fixing), the last term in eq. (B.21))
vanishes and the master equations are satisfied, together with gauge-fixing independence of

correlations function of gauge-invariant operators. In order to satisfy eq. (B.20)), we add to

S in eq. (B.17)) a term
0S8 = ’l/ddl'\/ﬁ<8* [(lo, (_3] + ES[CL(), C_LU] -+ CS[CL(), bo] + ao*[ao, C]) . (B22)

The BRST transformation of fields is given by dp¢p = 0(—1)4(S, p?), dg*, = —O0(—1)4(S, &%),
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with e4 = 0,1 depending on the statistics of ¢4 . Explicitly we get

09pA =60Dc, dpC = (9( —ag + iCz), 0pc = —0B, 6yB = i@[ao, 5] ,

59a0 = 0, 596@ = —iQ[aO, ELO] N 5900 = —i@[ao, bo], 59@0 = 060 s 59b0 = 960 s

so that dg, dg, = —i0102[ag, ¢] for any field ¢. The gauge-fixing fermionic functional is taken

as
U = /ddl‘ \/E (C< — gB — VA - bg) + a()C) s (B23)
providing
A*:—VE, C*:C_lo, 5*:—§B—VA—bQ,
: 2 (B.24)
B*=-2¢, by=¢, ay=c.
2
We then get
St = Sym[A] + /ddx \/E(CVDC + B(— gB + VA +bg) + doag + cCo + cco + i€ TPag — z'cQaO) ,
(B.25)

which is the same action of eq.(4.2) in ref. [143][] We have then the following path integral:

1
Zym = m/DAexp(—SYM)

1
— @ /DA Dec De DB DCLO DELO Dbo Dé{) DCO exp(_Sg.f.) '

Vol(G) /¥l (575

(B.26)

The volume factor obtained after gauge fixing is the same found with the procedure used in
the rest of this chapter: we can indeed verify that integrating out all fields and proceeding
in reverse order to what we did in sec. [4.2.2] we reproduce the path integral in the first line
of eq. . The integration of ¢y, ¢y and by removes the zero modes respectively of ¢, ¢ and
B. Integrating out ag (along an imaginary contour to have a convergent path integral) sets

also ag to zero, while the gaussian integration in B reproduces the usual gauge fixing term

(VA)?/(29).

!The precise matching, in the notation of ref. [143|, is ¢ — i¢, B — —ib, dg — do — £2a0/2, where & is
another gauge fixing parameter which does not affect the total path integral. Note that ref. [143] takes the
fields to be antihermitian and not hermitian as in our case.
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B.2.2 Computation of the ghost propagator

In the previous section we explained how to perform the gauge-fixing of Yang-Mills theories
on S¢ with the field-antifield formalism. The action that we obtained contains many fields
that were not present in our main computation. As mentioned, one possibility is to integrate
them out: in such a way we recover our original action and we can proceed as we already
did. The other possibility is to keep the action as it is and compute Feynman rules

directly from it. We will focus in particular on the ghost action, which is
Sehost = /ddx h eV Dc + céy + écy + i€ Eay — ickay . (B.27)

In order to compute the propagator, we should rewrite the quadratic part of this action as
1
Sghost = /dd\/ﬁ 5 (é C) M (C) + ccy + cco (B28)
c

with

5abv2 _gfabcalo
ab c
M — (fabCaOC s | (B.29)

As explained before, the terms linear in ¢y and ¢y set to zero the constant modes. As opposed
to the standard ghost action, we do not have only the ghost-antighost term, but also terms

quadratic in ghosts and antighosts. The propagator will then be a matrix

o= [ ) ol @) .0)
e e ) T\ @) ()
with all entries different from zero, satisfying
MIGY = =6} 62 6(x — ). (B.31)

Let us consider the following ansatz and verify if there exists such a solution:

dav f1(2) + aoptoafa(2) Jabeo°g1(2)
G = , B.
’ ( JabeGh (2) —dapf1(2) — aOaC_LObf2(Z)> (B.32)

with fi(2), f2(2), g(z), h(z) generic functions of the stereographic coordinates. By replacing
in eq. (B.31)) and contracting color indices] we get

nC
2 _
n: — 2

Vi =—¢
n

V2f2:§ng s 2h1(2)a g1 =Ehy .

(aoao)hl(Z) + 6([L’ - l’/> s V2h1 = —f1 s

(B.33)

2We recall that for SU(n..) gauge group the following identity holds: fapefarpre = %5 (0aa’Obbr — dab Obar )-
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This is a system of coupled ordinary differential equations. The solution is easily found by

decomposing in spherical harmonics each function of z:

F(2) =" fo Ye(2)Yi(a'), (B.34)

£>0

where we exclude the constant mode ¢ = 0 because of the linear terms in eq. (B.28). We get

L 1 . 1
Yo\ d=1)+m2 T —l(l+d—1)—m?) "’

1 1 1
Me= g0 (—e(e+d—1)+m2_—e(£+d—1)—m2>’ (B.35)

1 1 2
fae = 2m* (—E(@er—l)er?Jr —(l+d—1)—m2 —€(£+d—1)) ’
gre =& f1e s

where

m? = 5—710(%@0)% . (B.36)

Following the notation of sec we denote by Gyeg(z, m?) the solution of the scalar prop-

agator equation on S? with zero modes removed:

Grgleam®) = 3 = dl_ N, (B.37)

£>0

Summing over the non-constant modes we then find

1
fl = 5 (Greg(za m2) ‘I' Greg(za _m2)) )
_ & 2 ) —
fo= 5 (Greg(z,m ) + Greg(z, —m?) 2Greg(z,0)) , (B.38)
1
hl = w (Greg<zam2) - Greg(za _m2)) )
g1 =Ehy.

B.2.3 Match with eq. (4.83)

Let us now consider how the ghost contribution G&™* is modified when the propagator in
eq. (B.30) is used. As in this case also Wick contractions of two ghosts or two antighosts are
allowed, the number of ghost diagrams increases. We have
~ hos ) 2 Y ~ o hos
G%h%t _ v 4+ K N Gghostl + G_«%host?7 (B39)
w__& w_ ¥
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with

é%hostl _ gg/ddl' ddl'/\/ﬁ\/ﬁ(nc (n?: — 1) Vuflvu’fl + n2ni 2(&02dg - (a0@0)2)vuf2vu’f2>Quula
2

é%hosﬂ = gg ni 25(&0&0) / ddilf dd.%/\/g\/y (Vu’vuhl) th,u,u’ . (B40)

2
ne

The evaluation of eq. for generic &, which includes integrating over ag and ayp, is a
non-trivial task. The computation remarkably simplifies in the Landau gauge £ — 0. In this
limit m? — 0, the functions f; and h; are of order 1, while f, and g, are subleading in £. The
only contribution left in the limit is given by the first term in G5"**', the one involving the
product of two fi. For £ — 0, fi = Gieg(2,0), which coincides with the ghost propagator in
eq. (4.58), and we reproduce exactly the result in eq. (4.83):

lim GEht — GaMost (B.41)

£—0

This is a sanity check of the validity of the heuristic Faddeev-Popov approach followed in the

main text.
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Appendix C

Mean field theory of SU(n.) adjoint

currents

The spectrum of CFT operators on R?, or equivalently of states on S~! x R, can be encoded
in a grand-canonical partition function on S%! x S', with S! being a compact Euclidean
thermal cycle. In particular, we are interested in the spectrum of the mean-field theory of
SU(n.) adjoint currents in d = 3 dimensions. Following the approach of [167,/168], this can

be determined from the single-particle partition function

ZJ,RA(qvxayvr) = ZJ<qax>XRA<y7T> : (Cl)

Here,

short

zs(q,x) = try (¢°27) = X0, 2) — X0 (@ 7) = X5 (4 7), (C.2)

is the single-particle partition function of a U(1) conserved current J in d = 3, with

A 0

— q J — B — oM
X@a.0(4,7) T— (-1 —q/a) _Ew, g=e ", v=c¢", (C.3)

being the conformal characters associated with primary operators with scaling dimension A
and SO(3) ~ SU(2) spin ¢, for which we have turned on fugacities ¢ and x, respectively.

Similarly,
r 2
XRA (y7 71) = yir (Z yp> —1 ) (04)
p=0

is the character for the SU(r + 1) adjoint representation R4, with a common fugacity y for
the diagonal Cartan generators. The spectrum of the mean-field theory of SU(r + 1) adjoint

currents is encoded in the multi-particle partition function

ZJ,R (qkaxkayk7r)
Z k : A C'5
(¢,7,y,m,7) = exp (E n 2 ) (C.5)

k=1
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where we have also introduced a fugacity n that keeps track of the number of currents entering
each primary operator. The partition function Z can be systematically expanded in powers
of ¢, x,n in order to obtain the spectrum to arbitrary order. Up to scaling dimension A =7,

omitting to write the common (g, x)-dependence on all characters, one finds

Z(q,x,y,n,r) =1+ angﬁr)tXRA (y,7) + 772X(4,0)X+ + 772X(4,1)X— + 772X(4,2)X+

+7°X6.0Xs + 2 Xe0X- + 1PX62) (Xt + X)) + 12X e.n X + 12X 60X+

+1°X6.0 Y= + X6 X + X6 (Ve + Z) + 207X 6.2 X+ + 1°X(6.2) 2

+ 17X, (Xt + X)) +7°x63)Ys + 1 X6.0 X+ + 77X 70 X+

+ Xm0 (Y- + Z2) + *xa X - + 17X (3Z +2Y +Y2) + 1Px(r.2) (X4 + X1)

+nPx 72(3Z + Yy +2Y2) + 207X (7.3) (¢, v) X_ + 773X(7,3)(22 +Y, +Y.)
(

(
+ 772X(7,4) Xy +X)+ 773X(7,4)Z + 772X(7,5)X— +0(¢%), (C.6)

where we have defined the group character combinations

X? + X 2
X:t = RA(y7r) RA(y ,T) , (C?)

2
— X?%A(?J? T) + 3XRA(y> T)XRA(yZa T’) + QXRA(yga T’) 7 = XIS%A (ya T’) - XRA (y37 T)
6 ’ a 3 '

Y. =

The SU(r 4 1) representations under which the operators in transform are encoded in
the combinations . For simplicity, we work out here the character decomposition for
the primaries with A < 5, which involve only the combinations Xy. We first consider the
general SU(r+1) case with r > 3. The cases r = 1,2, 3 are special and will be treated after.

The decomposition of two adjoint representations reads
Ri®Ri=R,®R_., R, =1®R;®Ry, R. =R ®R,®R,D Ry, (C.8)

where 1 is the singlet and R; are representations with Dynkin labels

R = (2,0,...,0,2), dim R, — (”c+3)7;3(nc—1)’

Ry =(0,1,0,...,0,2), dingz(”g—‘%n?—l)’

Ry =(2,0,...,0,1,0), dim R, = dim R, (C.9)
Ry =(0,1,0,...,0,1,0), dim Ry = ”3<”c—i>(nc+1)
Ra=(1,0,...,0,1), dim Ry =n?—1,
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with n. = r + 1. One can check that the following character decomposition holds,

X+ =1+ XR1 (y,?“) + XRg(y,T) + XRA(y7T) )
X_ = XR2 (yv T) + XEQ (y7 T’) + XRA (ya T) . <C10>

For r = 3 the decomposition (C.8) and (C.10) applies, but the Dynkin labels of Rj3 are
modified:
Ry = (0,2,0), dim Ry =20,  (r=3). (C.11)

For r = 2 the representation R3 does not exist, and we have

R1:<2,2>, d1mR1:27, (7’22
Ry =(3,0), Ry=(0,3), dim Ry, =dim Ry = 10, (r=2). (C.12)

For r = 1 the decomposition trivializes,
X—l-: 1+X2(y7T)? X_ :X1<yar>7 (T: 1)7 (Cl?))

where the subscripts refer to the spin j of the representation (j = 1 is the adjoint).
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Appendix D

Bulk-to-bulk gauge propagator

D.1 Map to the notation of [5]

It is convenient to express propagators and their derivatives with the notation presented in [5]
for maximally symmetric spaces. Let us denote by u(z,y) the geodesic distance, which can

be expressed in terms of the chordal distance as

p(z,y) = cosh™ (1 + u(x, y)) : (D.1)

In this notation, the building blocks are the parallel propagator g, (x,y) transporting vectors
along geodesics from x to y, and the unit vectors n, (x, y) and n,/(x, y), tangent to the geodesic

at x and y respectively,
ny (2,y) = Voulz,y)  and - ny (2,y) = Vo (z,y) . (D.2)

Any bitensor in a maximally symmetric space can be expressed as sums and products of
these building blocks, with coefficients that are only functions of i, or equivalently of u. For
example, a bitensor with an index in  and an index in y, such as the gauge propagator II,

can be decomposed as

HMM’ (‘Ta y) = WO(u)guu’ + m (U)’I’LMTLM/ . (D?))

In AdS space we also have [5

(14 u)
Von, = o — NNy,
. u(u+2)<gu 2
1
Vong = — v TN ) D4
g Ty 2 (D-4)
\Y% Y ( + )
v /= vy v/ M) 5
YGup Wt 2) GupTyr T Gup' My



which are useful relations to compute derivatives of propagators. We can map between the
parametrization (5.28)) and the one given in (D.3) by the relations

V,u=+vu(u+2)n,, ViV = —guw +u nyny . (D.5)
We get
mo(u) = go(u), ™ (u) = u(u +2)g1(u) — ugo(u) . (D.6)

D.2 Spectral representation

We briefly review here the minimal properties of spin ¢ harmonic functions on AdS o
needed for the derivation of the bulk gauge propagator, referring to [173] for further details.
We focus on ¢ = 0, 1, which are the only cases of interest for us. Harmonic functions on AdS
can be conveniently defined in embedding space as suitable integrals over the boundary of

two bulk-to-boundary propagators. They satisfy the relations

4

2

VD (X, Y) = (u2 + dz) QP(X,Y),

d2
_VE(Q(VQB(Xa Y) = (VQ + =+ 1) Q(ulf)lB(X7 Y)?

as well as nice orthogonality properties. The harmonic functions can be written as
1%
Q;(/Z) (Xy, Xo; Wi, Wa) = o (Gg+w,é (X1, Xo; Wy, Wa) — Gg_iz,ye (Xy, Xo; W, Wz)) , (D.8)

where Ga ¢ is the analytic continuation for complex A of the bulk propagators for a massive
spin /¢ field [173].

Let us review how to get the N and D bulk propagators for a scalar field with mass
m? = A(A — d) using the spectral representation. We take A > d/2. In embedding space

the equation of motion reads
(=V2 +mHI(X, Xy) = 6(X1, Xo). (D.9)

We look for a particular solution of by writing

(X, X,) = /OO dv ag(V)QV (X1, X5), (D.10)

—0o0

and the spectral representation of the delta function

§(X1, Xo) = / dv QO (X1, X,) . (D.11)

—00
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Using the third relation in (D.7)) it is immediate to determine ag:

1
V2—|—<A—i)2'
2

ag(v) = (D.12)

The integral in v in (D.10)) can be performed using and residue theorem. Given the

boundary behavior Ga g ~ u A

as u — oo, we have to close the contour at infinity in the
lower and upper half-plane for Gg/o4i,0 and Gga—ivo respectively. The only poles are the
ones given by ay(v), at vy = i(A—d/2) and 1, the two residues giving the same contribution.

We get

P)N(X, X,) = 2/

W
; dv GO(V)%GgHV,o(Xb Xo) = Gy o( X1, Xp) = Gap(Xy, Xo),

i (D.13)
where C is a small circle around 5. The function I1P) is identified as the bulk propagator
with D be. The N bulk propagator II®Y) is determined by noticing that Q(V?)) is a solution
of the homogeneous equation of motion, so I1(X;, X3) + CQ,(/? is a solution of for any

A—d

constant c. Demanding that ¢ ~ u as u — oo fixes the constant to be ¢ = 27/ (ivg). This

can also be written as

H(N)(leXg) — H(D)(Xl,Xz) — 2/ dyag(y);—y(Gngwo(Xl,Xz) — Gd (Xl,Xz))
T s

o 5 5—w,0
vo

(D.14)

—9 /C dv ao(y)%egmo(xl, Xa) = G iy 0(X1, Xa) = Ga_ao( X1, X2)
vo
We see that the N bulk propagator can be expressed, in the spectral representation, by the
same integrand of the D bulk propagator, but evaluated at the “opposite” residues. In this
way, the correct boundary behavior is obtained. The same mechanism works for massive
spin 1 and massless gauge propagators. In particular, the massive spin 1 propagator can be
decomposed as follows in terms of harmonic functions [173],

1
2+ (A —dJ2)

+ (Wl . Vl)(WQ . Vg) /dV

Q£I)<X1,X2;W1,W2) (D.15)

Ta (X1, Xo; Wi, Wy) = /du

1 1
(0)
(A—1)(A—d+1)12+ d2/4Q” (X1, Xo).

As for the scalar case above, N and D propagators are obtained by appropriately choosing

the contour of the v integration in the two cases.
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D.3 General expression in any ¢-gauge

We report below the expression for the functions géD’N) (u) and ggD’N) (u) entering the bulk-

to-bulk gauge propagators (5.27)) and (5.28]) for any £-gauge. For clarity, we split them in
their transverse (£-independent) and longitudinal (proportional to &) components,

gi(u) = gi 1 (u) +€gir(u),  i=0,1. (D.16)
The Dirichlet bulk-to-bulk propagator is given by

o D) (5 =0 (§) +v(d) + ulut2) — log(du(u +2))
o 25 (d — 2)(u(u +2)) 5

d 9 arl d d
IO G2 R (5 e o),
4ﬂd;1(d_2)(u+1)d+l ’

o T (%) (Hg — L —(d) + log(2(u + 2)) — w)

Gor = 21 d(u(u + 2)) 5
CT(HY) (+28)oF [+ 10 hd v 1re-d)|,
o1 dud+1 7
o (DL (%) (u(u+2) - Jlog (?(qﬁ)??) (d+1) (& (3) — 0(d) +log(2(u + 1)) — })
9 = 5 (d - 2)(u (u+2)) kS
+F(%)(%+2§C)2Fl(d;rl’d;2+b d+2_|_C >‘b00
475 (d — 2)u(u + 2)(u + 1)d
N dT (%) ((,% + % —1—2%) 2 F1 (% +av%+b’g+c’ ﬁ) a=b=c=0
A7 5 (d — 2)u(u + 2)(u 4 1) |
(D) 0 (D)

91,0 = 8ugO’L :
(D.17)

We have checked that the bulk propagator in the Feynman gauge £ = 1 agrees with what
is found in [5]. It is remarkable that in the FY gauge & = d/(d — 2), the D propagator in

(D.17)) boils down to the simple expression ([5.32)).
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The Neumann bulk-to-bulk propagator is given by

2F1 <2a1a1 2’(u+1) > <_H1 d—d%—Fl—lOg(Q(U—i—l))—i—l)
Amd2T (2 — 4) (u+1)
(d — 2)u(u +2) o Fy (2,2,2 ;T )
274/2(d — 1)d(u + 1)3
(@-1D7 2 (L + 5 +22) 2P (3+a1+02- 4+ 6 k)
8(d—2)r (2 - 4) (u+1)
(2+2+22),R (§+a,1+b,2 $+c ) s
Amd/2(d — 2)?(u+ 1)L (1 — 9) ’
D (%50) (Hog_y + Hy = 34 mtan () = 2(0(d) + 1) + log (442
215 d(u(u + 2)) 5
(

Jo,1 =

—+ a=b=c=0

N——
N———

22l (—4)
(e 5 +25) 2P (L+a, 54 +b,1—d+c -
a 22l (—4)
F(u)%zfﬁ (d—f-l w—i—b d—i—l,—%)

2 |b:0
+ d+1 )

QT2 dud-‘rl
@@= 1) o (3152 — 4 ) (“22 1,y o2+ 1)) — 1)
L= 47rd/2(d ~2)u2(u+ 22T (2 - 9)
(d+ (u+1)2) (Hk% +log(2(u + 1)) — 1)
Amd/2u2(u + 2)°T (2 — 2)
(@-1)(2+5+22)oF (L+a1+02- 440 lp)
874/2(d — 2)u(u+2)I' (2 — 5)
(d+ (u+1)2) (£ + 2 +22) .5 (g +a,1+b2—- %+, —(uj1)2> ’a:bzc .
874/2(d — 2)u(u + 1)2(u+2)T (2 — 9) ’

—+ a=b=c=0

(D.18)
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Appendix E

Tools for the computation of Witten

diagrams

Developing tools for the computation of Witten diagrams at loop level is an active field of
research in itself, see e.g. [82}/189,|199-214]. In this appendix, we provide details on several
technical points required to compute the Witten diagrams presented in sections [5.3] and [5.4]

E.1 Mass shift diagram

We want to compute the integral corresponding, modulo some prefactors that we will make

explicit later, to the mass shift of a scalar field of dimension A, which is

1 1
IA = / dX , E.1

8 (2P, - X)® (2P, - X)2 (E1)
where X is a point in the bulk and P;, P, are points at the boundary. The integral (E.1)) is
divergent, but it can be regulated for A # d/2 by putting P, and P, at distance 212 = 0 < 1
from the boundary. Consider then the analog bulk integral

In = /dX Gao(X1, X)Gap (X, Xy) , (E.2)

with X; and X, points in the bulk and G the bulk-to-bulk propagator of a scalar field
with dimension A. We assume from now that A # d/2. In spectral representation, the scalar
propagator with D bc can be written as

+o00 1

Gao (X1, X)) = / dv QO (X1, X3) . (E.3)

sy

Using (E.3) and the orthogonality relation for harmonic functions

v—v)+o(v+1)
2

/ dX QO(X,, X)Q0 (X, X;,) = O (X1, Xa) (E.4)
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we can rewrite the integral (E.2|) as

~ Foo 1 1 d
Ia = / dv SO0 (X, X)) = — ——Gap (X1, Xs) . o
—00 <V2—|—(A—g)2> 2A—ddA ( )
Taking the external points to the boundary we get
L Az ] 1 1 ) A d
In = Z}}Qﬂj}(s [(2122) IA} = T3A —d(Co(D)) 211}2126 (2122) A Ga0 (X1, X2)| - (E.6)

We now use the relation between the bulk-to-bulk and the bulk-to-boundary propagator

Co(A)
Gao (X, X) ~ 2h—2—L | E.7
300 X) o s (B7)
where r(A)
Co(A) = — . (E.8)
2nir(1- 4+ )
We compute the limit by using (E.7)), taking now both points to the boundary:
Co(A)
Gao (X1, Xs) ~ 200077 E.9
Ao (X1, Xo) AT (—2P1-P2)A (E.9)
This gives the final result
1 1 —2P; - P d 1
I = —Co(A)1 — —Cy(A)| —— E.10
2T A2 2A (Co(A))2 { (&) °g< 52 >+ aa ol )} (=2P, - P)~ (E.10)

which equals ((5.91)) in the main text.

E.2 Integration by parts in AdS space

We show that integration by parts in AdS gives vanishing boundary terms if the derivatives
that we are moving act on bulk-to-bulk propagators. This is not the case when bulk-to-

boundary propagators are involved in the diagrams. Let us consider the following integral,

/ do (A® (21)V, A (2)) A" AY(z) (E.11)
Let us integrate by parts and focus only on the boundary term, which is
1
lim di——0° (—(A;’ll(atl)Ai(i;5)}AZA§(£,5)) , (E.12)

d+1
§—0 2= 5 +
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d# = d%r denotes the measure at the boundary. Now, we have
Af(x,0) ~ 6T2JH (), Alx,8) ~ (), (E.13)
6—0 6—0

where J are the boundary currents and b* is some function which does not depend on ¢.
This implies that the boundary contribution vanishes for sufficiently large d. We can repeat

the same argument for the ghost vertex,
/d:v (AP (1) AL (2)) V¥ (E.14)
Let us integrate by parts and focus only on the boundary term, which is

. - 1 2 a b —a c
(lslir(l) . dxmé (— (AP (21) AL(, 0)) e (x, ) (E.15)

Now we have eq.(E.13) and

&(x,0) ~ 8%q(x), c(x,8) ~ §%4(x), (E.16)
6—0 6—0

with ¢y and ¢y generic Grassmann-odd functions independent of §, which again makes the

boundary term vanish.

E.3 A useful integral

Let us compute the following integral, which enters in the triple diagram contribution to the

J¢J® two-point function,
® = /dX dY (=2P; - X)™21(=2P, - V) 23(=2P, - X)™22(=2P, - Y)™24(¢2 | (E.17)

with ¢ as defined in ((5.98). We exploit AdS symmetries to simplify the expression of this
integral. We begin by using translation symmetry to set P, = (1,0,0). We then use in-
version, which acts in embedding coordinates by exchanging X* and X~ coordinates. This

corresponds to taking P, = (0,1,0) and implies that, given

1 : 1 ,
X == (1, 22+ xQ,x’) , Y =~ (l,w2 + yQ,yl) , (E.18)
z w
we have ) .
—2P-X)=- —2P-Y)=— E.19
(=2P- X) = —, (=2P-Y) = — (E.19)
The other scalar products are instead given by
_ 2 2 _ 2 2
(—2p . x)=TZW FZ o opyy - W) T (E.20)
2y wyi
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Note that the chordal distance and the metric determinant are not affected by this transfor-
mation. The integral thus obtained is invariant under the change of variable y* — 2 + 3,

which instead simplifies the expression of the chordal distance

(z —w)?* + 12 22w

_ L, =P E.21
“ 22w ¢ w? + 22 + 2 ( )
Using the notation of eq.(5.102)) in the main text, we can rewrite IikA) as follows,
d d Ap o 2813, Aggp D12k
I(kA) - / dzdd 155 / dwddl 2 4 2 A2 gl - 22 As(1p2 4+ 22 1 2\A (E.22)
Z0t whh (22 + (z = y1)?) 2 (WP + (y — 1)) 23 (w? + 2% + y?) 2

We introduce Feynman parameters to rewrite the relevant terms in the denominator as

F<A3k) ! Az—1_ Ap—1/ 2 2 9 9
W/ do(l =) oM (W ¥t + (L) —y]).  (B.23)

The integral over y and w is now straightforward. The result, after rescaling z — v/1 — « z,

18

A3k 4 F (A34kfd Ayp,3—2 Aqg34—d—2
2

=) ghu- LB 8= — (1 — q)

dzdx
4N T / zd+1 / ) (Ak) ((1 o a)z2 + (ZE _ yl)Q)Al(ZQ + (l‘ _ y1)2>A32k,4 .

Performing the integral over a gives

o DT (3R () 1 (u)
[(Ag)D (A (Br2aatta=d)

E.24
d 2Ak71ﬂ.gy2A132A12k F A A4k:,3 Aqogp+As—d 22 ( )
/dzd T 1 241 L9 2 ) @—y1)2+22
Ld+1 ((l’ B y1>2 4 22) A1:>,lc,24+A1 ’
Now we can replace o F} by its series expansion,
2 Fi(a,b, ¢, z) Z m' Jm 2™ (E.25)
=0

and go back to embedding coordinates using eq.(E.20). Imposing the condition Az = Agy,
which is satisfied by each of the integrals of interest, we finally get (5.101)) reported in the

main text.
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