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1 Introduction

Conformal Field Theories (CFTs) appear often at either quantum or classical second order
phase transitions. There has been a monumental effort to understand the properties of
local operators, and in particular, their scaling exponents and correlation functions. For
a review of this multifaceted subject see [1].
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Figure 1. Defect lines a and b with a cusp at angle θ.

In addition to local operators, CFTs also admit extended objects. Focusing on the case
of conformal lines, in Lorentzian signature we can think about them as conformal impurities
(point-like defects) if they are extended in time or as nonlocal operators if they act at a
given time. In Euclidean signature, these are just conformal defects of dimension 1. Such
objects are very natural in condensed matter systems as they describe point-like impurities in
certain gapless theories and they are also natural in classical second order phase transitions,
describing certain defects along a one-dimensional manifold.

Oftentimes, the parameters on line defects need to be tuned for the line defects to
be conformal. This is clear in the impurity interpretation, since the impurity changes the
Hamiltonian (it often also enlarges the Hilbert space by adding new degrees of freedom
on the impurity)

H → H +Himpurity (1.1)

and by doing so introduces some new local interaction parameters at the location of the
impurity. The interaction parameters on the impurity typically flow to some conformal fixed
point at long distances (though exceptions exist). We are very far from understanding the
space of conformal defects in interacting CFTs.

Here we consider the problem of conformal line operators with a cusp. Most of our
calculations will be in Euclidean signature with d Euclidean dimensions. We will use our
results to obtain observables concerning physical impurities in d− 1 space dimensions. The
basic setup is that of two conformal lines a, b with a cusp with angle θ. This configuration
preserves one conformal generator, namely, scale transformations around the cusp. In addition,
it preserves transverse SO(d − 2) rotations. See figure 1.

There are various applications of this general setup. First, if we perform radial quantiza-
tion around the cusp we find that the space of cusp operators is the Hilbert space of two
impurities on Sd−1. In particular, the lowest dimension operator at the cusp corresponds to
the ground state energy with two defects at angle θ on Sd−1. A lot of interesting data can be
extracted from θ ≃ π, such as the scaling dimension of the defect changing operator, and
the two-point function of the displacement operator. In the opposite limit, when θ ≪ 1 it
is not very important that the defects are on Sd−1 and we can extract useful information
from the cusp about flat space physics. For instance we can infer the Casimir energy in
the presence of two impurities, the quantum channel into which the impurities fuse, and
other properties that we will discuss.

– 2 –



J
H
E
P
1
1
(
2
0
2
4
)
0
6
1

The contribution of the cusp in figure 1 to the partition function is logarithmically
divergent1

logZab = −Γab(θ) log
(
L

a

)
+ · · · , (1.2)

where Γ(θ) is the cusp anomalous dimension, L is the size of the line operator (i.e. L is some
infrared cutoff), and a some ultraviolet cutoff, which one can interpret as a microscopic scale
on which the cusp is smoothed out. Via the state operator correspondence we can identify
Γab as the ground state energy of two defects separated by an angle θ on Sd−1. (This has
to be properly normalized, as we discuss in the text.)

In this work we only consider static (equilibrium) properties of defects, as can be read out
from the cusp anomalous dimensions. It is also possible to consider dynamical properties such
as quenches where an impurity switches from being at rest to (possibly a different impurity)
moving at a constant velocity through the vacuum in flat space. This amounts to an analytic
continuation of Γab(θ) to complex θ and we do not discuss it here.

The cusp function Γab(θ) (with a = b) has been studied extensively in maximally
supersymmetric Yang Mills theory, where the conformal lines are various supersymmetric
Wilson lines. At tree level in gauge theory, the computation was first done in [4]. There are
many perturbative as well as strong coupling results (see [5–11] and references therein) in
maximally supersymmetric Yang Mills theory. However, very little is known about the cusp
function for general critical points, such as the 3d Ising model. In fact, from the general
theory we develop here we also find some new applications for the extensively studied case
of maximally supersymmetric Yang Mills theory.

The main contributions of this work are the following:

1. First, in Part I we study the general properties of the cusp anomalous dimension, as well
as its relation to other observables. We test our findings in several examples, ranging
from free theories to exact results in d = 2. We also speculate on some implications of
our results for the fusion algebra of Wilson lines in maximally supersymmetric Yang
Mills theory in four dimensions.

2. In Part II we study the cusp anomalous dimension in a concrete experimentally relevant
setup: the pinning field defect in the O(N) model. Most notably, we obtain nonpertur-
bative results in the 3d Ising model using the recently developed fuzzy-sphere technique.
We also obtain perturbative results for the cusp anomalous dimension in the general
O(N) model within the ε-expansion. Particularly important quantities that we focus

1It may be surprising to encounter a logarithm in conformal field theory, but here it has a simple
interpretation as a trace anomaly at the cusp point itself since rescaling the ultraviolet scale a → λa one
produces a finite term that lives strictly on the cusp eΓab(θ) log λ. This is an allowed counter-term at the cusp
since θ can be defined locally. (It is a type B trace anomaly in 0 dimensions in the sense of [2].) (Alternatively,
in more mundane terms, it is wave-function renormalization.) This point of view also explains why one cannot
obtain more complicated contributions, such as double logarithms — those would not satisfy the Wess-Zumino
consistency condition for trace anomalies. If one considers cusps in Minkowski signature and furthermore the
cusp becomes null, double logarithms do appear, as has been shown in QCD [3]. This is permissible because
the notion of locality on the light cone is more subtle as all the distances from the cusp to points along the
defects vanish.
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Figure 2. The cusp anomalous dimension near θ = π is computed perturbing the straight line with
the displacement operator D.

on are the Casimir energies and fusion rules of the pinning field impurities in the O(N)
model.

In the next two sections we provide a detailed summary of the paper.

1.1 Summary of General Properties of the Cusp

At θ → π the cusp is very mild and one has an expansion around the perfectly straight
infinite line using the displacement operator D, as in figure 2. At zeroth order in π − θ the
cusp is due to the scaling dimension of the defect changing operator Oab while at the next
order there is a contribution from the connected four-point function ⟨OabDOabD⟩ (with the
displacement operators integrated). We therefore obtain

Γab(θ) = ∆ab +
1
2β(θ − π)2 + · · · , (1.3)

where ∆ab > 0 the scaling dimension of the defect-changing operator Oab and β must be
computed from the integrated four-point function.2 In the special case where b = a the
defect changing operator is trivial Oaa = 1 and then ∆aa = 0 and the four-point function
reduces to a two-point function and one has β < 0 by reflection positivity. In the general
case, β is not sign definite as we will later see.

At θ → 0 the cusp Γab is very sharp and we reinterpret the expansion as the fusion of
the half-lines a, b̄. This is schematically drawn in figure 3.

We therefore consider the theory of fusion of conformal defects and find the following
general form in the θ → 0 limit of the cusp anomalous dimension

Γab(θ) =
Cab̄c

θ
+∆c1 + αθ∆irr−1 + · · · , (1.4)

2For conformal defects invariant under transverse rotations and scalar Oab the three point function
⟨OabDOab⟩ = 0 and hence a linear term in (1.3) is not allowed.
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Figure 3. The cusp anomalous dimension for angle θ ≪ 1 admits an expansion fixed by the fusion of
the half-lines ā and b.

with c the leading fused conformal line, ∆c1 > 0 the scaling dimension of the defect-creating
operator, and ∆irr > 1 the scaling dimension of an irrelevant operator on c. The coefficient
Cab̄c

θ is the energy one pays to fuse the conformal lines a and b̄ to c. If a and b̄ are attractive
then Cab̄c < 0 and otherwise it is positive. In flat space, the Casimir energy of the defects
a, b̄ separated by distance r is given in terms of Cab̄c as

E(r)Rd−1×time =
Cab̄c

r
. (1.5)

In the special case b = a we can further show that

Γaa(θ) < 0 , Γ′
aa(θ) > 0 , Γ′′

aa(θ) < 0 (1.6)

for all θ ∈ (0, π) (for nontrivial conformal lines a) which in particular implies that Caāc < 0
(and also implies β < 0 in (1.3) in the case b = a as we already stated). Due to (1.5)
we can say that Caāc < 0 implies that “opposites attract”, as formerly proven in [12]. (A
theorem in the same spirit is also known for dielectrics, although the method of proof is very
different [13].) Indeed for Wilson lines in gauge theories the line c is typically trivial and
the coefficient Caā1 is just the coefficient in front of 1/r in the Coulomb potential. In this
sense (1.6) generalizes the fact that opposite charges attract to general conformal defects.

Since the scaling dimension ∆c1 appears in (1.4), the cusp anomalous dimension serves
as an interesting probe of the fusion rules in the theory. Indeed ∆c1 = 0 if (and most likely
only if) the fused defect is trivial. Hence, studying this θ0 term of the cusp can teach us
about when the fused defect is transparent. We will see how we can learn about the fusion
algebra from this θ0 term of the cusp in several concrete examples, including the maximally
supersymmetric Yang-Mills theory in the planar limit, some simple conformal lines in free
theory, and the 2d Ising model. In the case of supersymmetric Yang-Mills theory, we find
some properties of the fusion of BPS Wilson lines that appears to be new, and hint at a
discontinuity in the fusion algebra between Wilson lines between weak and strong coupling.
We speculate on some possible explanations in the main text.

1.2 Summary of Results for the Pinning Field Conformal Defect

The pinning field defect is a localized external field that couples to the order parameter.
Usually we consider the response of a system to a uniform external field coupling to the
order parameter (for instance, in order to compute the susceptibility). By contrast, in the
case of the pinning field line defect we consider the response to a spatially localized external
field. Such a localized external field flows to a conformal defect in many examples. This type
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of defects were studied recently quite extensively, see [14–34] for a partial list of references
studying various aspects of the pinning field defect.

The quintessential example of the pinning field defect is in the O(N) models, where
we consider the line operator

e−h⃗·
∫

dtϕ⃗(t,x⃗=0) , (1.7)

where ϕ⃗ is the vector of order parameters and h⃗ is an external localized magnetic field.
This becomes a nontrivial conformal defect for 2 ≤ d ≤ 4 space-time dimensions.3 For the
pinning field defect, changing the orientation of the contour does not alter the magnetic
field; thus, h⃗ = h⃗.

First, we study the pinning field in the N = 1 case, i.e. the 3d Ising model, with the
recent fuzzy sphere technique [35–40]. This is a novel numerical method to study critical
phenomena in 2 + 1 dimensions. It involves realizing the 3d Ising model using electrons in
the lowest Landau level on S2, and exploits the state-operator correspondence to access the
CFT data of the theory. The fuzzy sphere method was recently used to realize the pinning
field DCFT and measure several interesting defect data in [32, 33].

In this work we generalize the setup of [32, 33] to study the cusp anomalous dimension.
In the Ising model, the magnetic field is a scalar and there are two nontrivial pinning field
defects corresponding to the sign of the coupling in eq. (1.7). Hence, we have two possible
cusp functions to consider, Γ++(θ) and Γ+−(θ). In figures 8, 9 and 10 we summarize our
nonperturbative fuzzy sphere results for these quantities. The result for Γ++ is manifestly
compatible with the properties (1.6). Additionally, fitting our results at small θ with the
expansion (1.4) we obtain the following estimates for the Casimir energies C+++ and C+−1
between, respectively, aligned and anti-aligned pinning field defects:

C+++ = −0.29(2) , C+−1 = 1.4(2) . (1.8)

We also study the cusp anomalous dimension at one-loop in the ε-expansion in the
general O(N) model. For N > 1 there is a manifold of fixed point for the defect (1.7),
parametrized by a unit vector m̂ as h⃗ = h∗m̂, where h∗ is given in eq. (5.6) in the main
text. The cusp anomalous dimension Γ

h⃗∗
1h⃗∗

2
(θ) thus depends both on the angle θ and the

relative orientation m̂1 · m̂2 in the internal O(N) space.
We use our results to discuss the general properties of the cusp discussed before. In

particular, our result provide a stringent test of the structure (1.4) of the small angle expansion,
since the fusion between defects depends in a nontrivial way on m̂1 · m̂2. Additionally, the
fusion algebra is discontinuous when ε → 0 since in d = 4 the magnetic field is an exactly
marginal parameter and it is thus additive in the fusion, while in 4−ε dimensions the magnetic
field of the fused line flows to the fixed point value. Yet, we show that the cusp function is
perfectly continuous thanks to the existence of a slightly irrelevant operator in 4−ε dimensions.

Finally, we combine exact results in d = 2 with our ε-expansion calculation to construct
an approximation for the cusp anomalous dimension Γ++(θ) in the 3d Ising model; the
comparison between this extrapolation and the fuzzy-sphere result is shown figure 16. We

3The case of N > 1 in d = 2 requires a separate discussion which we will not delve into here.
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argue that the cusp between anti-aligned magnetic defects instead cannot vary continuously
between d = 4 and d = 2, and thus we refrain from constructing a similar extrapolation for
Γ+−(θ) at arbitrary values of θ. We nonetheless combine our results in 4− ε dimensions and
d = 2 to obtain analytical extrapolations to d = 3 for the scaling dimension of the defect
changing operator and the Casimir energy C+−1. These extrapolations are summarized in
table 3, and are in excellent agreement with the numerical fuzzy sphere results,

The rest of the paper is organized as follows. In section 2 we study the fusion of conformal
defects and derive the small angle expansion of the cusp anomalous dimension. We discuss
the concavity property and the other positivity properties we reviewed above. In section 3
we discuss various examples where we test the results of section 2. In section 4 we discuss
the fuzzy sphere computation of the cusp anomalous dimension in the 3d Ising model, and in
section 5 we discuss the ε-expansion calculation and compare the results. Some technical
results are in collected in an appendix.

Note added. As we were finalizing this work, we learned of two related works [41] and [42].
These works have some overlap with our discussion in part I. In particular, they provide
independent proofs that the Casimir energy between defects a and ā is negative, and analyze
the effective field theory of fusion; [42] further discusses the cusp anomalous dimension at
small angle in general and in N = 4 SYM. We are grateful to the authors of [41] and [42]
for sharing their manuscripts with us. We are also aware of an upcoming work [43] whose
results have some overlap with the ones in section 5 of this work.

Part I

General properties of the cusp
2 The cusp anomalous dimension: Definition and Properties

2.1 Proper Definition of the Cusp Anomalous Dimension on the cylinder

As we mentioned in the introduction, we can equivalently define the cusp anomalous dimension
both in flat space and on the cylinder R×Sd−1. In flat space, the cusp anomalous dimension
is the coefficient of the logarithmically divergent term in the partition function with the
defects as in figure 1:

log Zab

ZCFT
= −Γab(θ) log

(
L

a

)
+ . . . , (2.1)

where we normalized by the CFT partition function and the dots stand for non logarithmically
divergent terms (which generically include a cosmological constant contribution ∝ L). We can
think of the cusp as a local operator transforming in a linear representation of the R group
of dilations, hence justifying the characterization of Γab(θ) as anomalous dimension (more
precisely, the dependence on the IR scale L is fixed by the scaling dimension as usual, while the
cutoff scale factor can be understood as a wave-function normalization factor for the operator).

As mentioned below eq. (1.2), by a Weyl rescaling Γab(θ) is the ground state energy
on Sd−1 in the presence of the defects a and b separated by angle θ. However, a proper
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subtraction of the ambiguous worldline masses of a and b is required to define the ground
state energy. The worldline mass is the only ambiguity in defining a conformal line defect in
the continuum. This counter-term rescales the defect as ai → e−mi

∫
dtai. It is a c-number

which affects very little of the actual infrared physics but it is important that physical
observables should be independent of it.

This subtraction is done by observing that a straight conformal line a, which has no
cusp anomalous dimension, maps to two defects, a, ā separated by θ = π on Sd−1 (whose
radius we take to be R = 1). Therefore we can divide by the corresponding partition function
to subtract the a worldline mass and similarly for b.

− log
(

Zab(θ)√
Zaa(π)Zbb(π)

)
= Γab(θ)T , (2.2)

where T is the Euclidean time and we take T → ∞ to project on the ground states, therefore,
we can equivalently write

Eab(θ)−
1
2Eaa(π)−

1
2Ebb(π) ≡ Γab(θ) . (2.3)

Note that we work in conventions such that Zab corresponds to the cylinder partition function
with the insertion of defects a and b̄ as in figure 3.

Also in the following it will be convenient to go back and forth between the flat space
and the cylinder definition on the cusp, depending on the application we are interested in.

2.2 Γ′′
aa < 0

Here we give a simple proof (that relies on unitarity and locality only) that in the special
case a = b the cusp function is concave.

We start from the cusped flat space configuration in Euclidean signature in figure 4.
We can change the angle of the cusp by inserting the integrated displacement operator
on the bottom edge or the top edge. We can compute the second derivative with respect
to the angle by

d2

dθ2
logZab =

∫
dγbdγtγbγt⟨Dn(γb)Dn(γt)⟩c , (2.4)

where γb,t are proper positive parameters on the bottom (top) edges, respectively, and
Dn ≡ niDi where ni is the normal to the contour. In the above formula we used the fact that
changing the angle by δθ changes the edge in the normal direction by γb,tδθ. We could have
placed both displacement operators on the same edge but then the answer is not manifestly
convergent and subtractions are required. By placing the displacement operators on different
edges we will now see that there are only mild divergences in accordance with what we expect.
The subscript c in (2.4) stands for the fact that we need the connected two-point function.

Since the cusp preserves scaling symmetry, and since the displacement operator has
dimension 2, ⟨Dn(γb)Dn(γt)⟩c = 1

γ2
b

γ2
t
F (γb/γt). The function F (γb/γt) cannot be further

constrained by using the symmetries only. Plugging the form of the two point function back
into (2.4) we find a logarithmically divergent integral over the product γbγt and thus

d2

dθ2
logZab = log

(
L

a

)∫
dxx−1F (x) , (2.5)
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Figure 4. The cusp with the reflection plane used in the argument for concavity.

where x = γb/γt.
To show that (2.5) is convergent we need to discuss the limit of x→ 0 (which is similar

to x → ∞) of F (x). This is best interpreted in radial quantization as the insertion of two
very far apart (separated in time) displacement operators on the two defects. Then we can
replace the configuration created by the displacement operator in the past as a sum over
states. This is just the OPE of the displacement operator with the cusp. Since we are
interested in the connected two-point function we must project out the ground state from
the displacement-cusp OPE. Therefore we find

x→ 0 : F (x) ∼ x∆min , (2.6)

with ∆min > 0 the energy gap to the first excited state of the cusp. Similarly, as x → ∞,
F (x) ∼ x−∆min . This is sufficient for the convergence of (2.5).

So far our discussion was for general defects a, b. In the special case a = b we can use
reflection positivity, which is evident in figure 4.4 Reflection positivity is usually quoted
as a property of the full two-point function, but it is also a property of the connected
two-point function, which is what we need here. Therefore we find that d2

dθ2 logZaa =
− log

(
L
a

)
d2

dθ2Γaa > 0, as claimed.
Note that, since Γaa(θ = π) = Γ′

aa(θ = π) = 0 (as we will see in the next section), it
follows from the concavity condition that

Γaa(θ) < 0 , Γ′
aa(θ) > 0 , (2.7)

for all θ ∈ (0, π) and for all nontrivial conformal lines a.

2.3 The θ → π and θ → 0 Limits of the Cusp Anomalous Dimension

Let us begin with the θ → π limit in which the cusp is almost straight. This limit is well
studied, e.g. it was discussed in [44] for 1/2 BPS Wilson lines and in [45, 46] for monodromy
defects. We review the results below for completeness.

We work in flat space. The expansion around that point proceeds in accordance with
eq. (2.5). As we argued in (1.3) the linear term is absent and hence the first term arises from

4For this, it is important that the configuration with a cusped defect can be prepared evolving the system
with a (Euclidean) local Hamiltonian (more precisely, the cusp should be replaced by a smooth configuration
over a short distance scale a). Alternatively, reflection positivity becomes manifest if we perform a conformal
transformation that leaves the plane in figure 4 fixed and maps the point at infinity at finite distance from the
origin, so that the defect is now given by two arcs that join the two cusps.
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the two point function of the displacement operator in the presence of the defect changing
operators Oab, as in figure 2. In general this four point function is complicated and the result
is not sign-definite. However for a = b the defect changing-operator is trivial Oaa = 1 and
the two-point function of the displacement operator is fixed by conformal symmetry to be

⟨Di(τ)Dj(0)⟩c =
CDδij

τ4
, (2.8)

which we can plug into (2.4) to obtain

−Γ′′
aa(θ) log

(
L

a

)
=
∫ ∞

0
dτ1

∫ ∞

0
dτ2

CDτ1τ2
(τ1 + τ2)4

= CD

6

∫ ∞

0

dτ

τ
. (2.9)

Therefore,
Γ′′

aa(θ)|θ=π = −CD

6 , (2.10)

in accordance with the expectation for a concave cusp anomalous dimension. Note that
here we have F (x) ∼ 1

(x1/2+x−1/2)4 and the behavior at small x is F (x) ∼ x2, which simply
corresponds to the state associated with the displacement operator in accordance with (2.6).

Now let us discuss the small θ limit. As suggested in figure 3, we have to understand in
detail the fusion of conformal defects (see [47–49] for previous works of defect fusion in d = 2
and [50] for a recent discussion in d > 2). So let us consider two conformal impurities on Rd,
ai, aj . We bring the defects distance r apart and perform the renormalization group. At long
distances (much larger than r) we ought to get a sum over conformal impurities ak:

aiaj =
⊕

k

e−
∫

dt
Cijk

r ak . (2.11)

As explained in subsection 2.1 the conformal lines have an ambiguity ai → e−mi

∫
dtai. The

meaning of the exponential term e−
∫

dt
Cijk

r is that it leads to a physical (scheme independent)
shift of the worldline mass of the fused line. Therefore, if we fuse lines with wordline masses
mi,mj , the worldline mass of the fused line is mi +mj + Cijk

r . We can think of the Cijk

as generalized Casimir energies: Cijk is the energy cost for the two impurities ai, aj to
become ak. Of course, in the limit of small r only the line(s) with the smallest Cijk should
be retained, while the other conformal lines’ contributions are exponentially small. (We keep
the exponentially small contributions for completeness, and we will discuss power suppressed
contributions below.)

Some comments are in order:

• Unlike the OPE of local operators, we see that in (2.11) we find exponential singularities.

• In general, conformal defects a and ā do not necessarily contain the unit operator
(transparent defect) in their fusion. This is unlike for topological defects, and unlike
many cases where we fuse Wilson lines.

• By genericity arguments, we expect that all possible operators will be generated on
the conformal lines appearing in the fusion. These include off-diagonal operators too
(off diagonal operators are also called defect-changing, or domain wall, operators —

– 10 –



J
H
E
P
1
1
(
2
0
2
4
)
0
6
1

see [51–54] for some recent applications). Therefore we expect that the lines appearing
in the sum (2.11) are stable under defect RG. Of course there may be special situations
where some multi-critical lines appear on the right hand side of (2.11), but we do
not expect it in general. If we additionally assume that there are only finitely many
conformal line defects with no relevant operators (as it is believed to be the case in
many models), we are led to speculate that the right hand side of (2.11) is a finite sum,
unlike the usual OPE of local operators.

• In the infrared only the line with the smallest Casimir energy should be retained.
Therefore, we expect that the result of the fusion is a simple line, i.e. it cannot be
written as a sum of multiple defects, once we drop sub-exponential contributions.5

• There are power corrections in r in addition to the exponentially small corrections due
to conformal lines with non-minimal Cijk. These arise from irrelevant operators that
perturb the stable lines appearing in eq. (2.11) via terms of the form ∼ r∆irr−1 ∫ dt Oirrdt.
In (2.11) we have taken the infrared limit so that all the irrelevant operators on the
lines on the right hand side of (2.11) have decayed away.

To use the relation (2.3) to compute the cusp anomalous dimension at small θ, we briefly
discuss the generalization of fusion to impurities on the cylinder. In general we expect that
eq. (2.11) holds in the same form with the distance r now identified with the geodesic distance
between the defects, so that r ≃ θ+O(θ3).6 Additionally, on the cylinder we generically expect
that curvature terms of the form rn−1 ∫ dtRn will be generated among the irrelevant operators.

From this discussion it is clear that the ground state energy (2.2) is dominated by the
conformal line c with the smallest Cab̄c coefficient. Power-law corrections arise from the least
irrelevant operator on c with scaling dimension ∆irr. An important fact is that since we are
now carrying out the fusion on Sd−1, the partition function of c itself is given by the scaling
dimension of the end-point operator ∆c1. Therefore we obtain the general ansatz

Γab =
Cab̄c

θ
+∆c1 + αθ∆irr−1 + · · · , (2.12)

where α depends on the product of coefficient of the least irrelevant opertor and its one-point
function. The relation between the Casimir energy and the cusp anomalous dimension was
previously discussed for Wilson lines in the context of N = 4 SYM, see e.g. [9]. Unitarity
requires ∆c1 ≥ 0. For b = a from concavity it follows that

Caāc ≤ 0 , (2.13)

which is a generalization of the concept that “opposites attract.”7

5In the degenerate case where multiple lines have the same Casimir energy, the infrared line is determined
by the defect changing operators.

6Note that different notions of distance, such as the chordal distance, differ in the form of the subleading
terms; we expect that it is possible to switch from one notion of distance to another upon modifying the
coefficients of the couplings to the curvature operators ∼ Rn on the worldline.

7The method we use applies more generally for the Casimir force of reflection-symmetric geometries in a
large class of QFTs.
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<latexit sha1_base64="tDNqHo3cx2au/wciBTUtzRcG/JY="></latexit>

(a)

<latexit sha1_base64="xY8AmRjg10LCTlEFmEKsa5zu10k="></latexit>

(b)

Figure 5. Diagrams contributing the cusp anomalous dimension at tree-level. The plain black lines
denote the defects, the dashed line is the scalar propagator and the dots represent insertions of the
defect coupling h⃗.

Corrections to eq. (2.12) arise from further irrelevant operators and from higher order
in conformal perturbation theory. In general, we always expect a ∼ θ correction to (2.12)
from the expansion of the geodesic distance r = θ +O(θ3) and from the curvature operator
R on the line.

3 Examples

3.1 Free fields

Let us consider the cusp between two pinning field defects (1.7) in the theory of N free
scalars in four dimensions:

S =
∫
d4x

1
2(∂ϕ⃗)

2 . (3.1)

As explained in the introduction, the pinning field defect is defined by the expression,

D
h⃗
= exp

[
−
∫
dτ h⃗ · ϕ⃗(x(τ))

]
(3.2)

where x(τ) is the defect contour and h⃗ is an exact marginal parameter. The insertion of a
pinning field defect breaks the O(N) symmetry group to O(N − 1) (hence it fully breaks
the internal Z2 symmetry for N = 1).

Let us now consider the cusp between two pinning field defects h⃗1 and h⃗2 at angle θ. It
is simplest to work in flat space, where the free theory propagator reads

⟨ϕi(x)ϕj(0)⟩ =
δij

4π2x2 . (3.3)

The diagrams contributing to the result are shown in figure 5. Summing them, we obtain:

logZ
h⃗1h⃗2

= h⃗1 · h⃗2
4π2

∫ ∞

0
dτ1

∫ ∞

0
dτ2

1
(τ1 − τ2 cos θ)2 + τ22 sin2 θ

+ h⃗21 + h⃗22
8π2

∫ ∞

0
dτ1

∫ ∞

0
dτ2

1
|τ1 − τ2|2

.

(3.4)

This expression contains a cutoff divergence from the region where τ1 → τ2 in the second
integral, corresponding to the self-energy diagram in figure 5(a). This divergence can be
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reabsorbed in a cosmological constant counterterm on the line ∼ a−1 ∫ dτ . Neglecting this
term, the result takes the form

logZ
h⃗1h⃗2

=
[
h⃗1 · h⃗2(π − θ)

4π2 sin θ − h⃗21 + h⃗22
8π2

] ∫ ∞

0

dτ

τ
+ cosmological constant . (3.5)

Cutting off the integral with a short distance regulator a and an IR cutoff L, we see that the
result takes the expected form (2.12) and we obtain the cusp anomalous dimension

Γ
h⃗1h⃗2

(θ) = − h⃗1 · h⃗24π2
π − θ

sin θ + h⃗21 + h⃗22
8π2 . (3.6)

Let us now analyze in detail the result (3.6). Consider first the case h⃗1 = h⃗2. The
result (3.6) is manifestly concave. It is also simple to check the validity of eq. (2.10).
The displacement operator is given by Di = h⃗ · ∂iϕ⃗, and therefore the tree-level two-point
function gives

CD = h⃗2

2π2 . (3.7)

Then the second derivative of eq. (3.6) gives

Γ′′
h⃗1h⃗1

(θ)|θ=π = − h⃗2

12π2 = −CD

6 , (3.8)

in agreement with eq. (2.10).
For θ = π and h⃗1 ̸= h⃗2, the result (3.6) yields the scaling dimension of the defect changing

operator between the impurities with field h⃗1 and h⃗2:

∆
h⃗1h⃗2

= Γ
h⃗1h⃗2

(π) = (⃗h1 − h⃗2)2
8π2 . (3.9)

In particular for h⃗2 = 0, eq. (3.9) gives the scaling dimension of the defect creation operator.
Finally we discuss the small angle limit of eq. (3.6):

Γ
h⃗1h⃗2

(θ) = − h⃗1 · h⃗24πθ + (⃗h1 + h⃗2)2
8π2 − h⃗1 · h⃗2

24π θ + . . . . (3.10)

This expression is consistent with the prediction from fusion, that in this case results in a
defect with pinning field h⃗1 + h⃗2. The first term is the Casimir energy. The second term is
the scaling dimension of the creation operator of the defect with pinning field h⃗1 + h⃗2, in
agreement with eq. (3.9). In this example we clearly see how the O(θ0) term illuminates the
fusion algebra through the scaling dimension of the fused defect creation operator.

Finally the O(θ) term arises both from the expansion of the geodesic distance in the
Casimir energy and from the leading irrelevant deformations.8

Let us briefly consider another trivial example: the cusped Wilson line in free Maxwell
theory. We work in the normalization where the Euclidean action reads

S = 1
4e2

∫
d4xF 2

µν , (3.11)

8The latter include the Ricci scalar, which is nonzero on R×Sd−1, and the operator h⃗1∂θϕ− h⃗2 · ∂θϕ⃗, both
of dimension ∆irr = 2 in agreement with eq. (2.12).
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so that a charge q Wilson line is defined by

Wq = eiq
∫

dxµAµ(x(τ)) . (3.12)

Proceeding as before we find that the cusp anomalous dimension reads

Γqq(θ) = −e
2q2

4π2
(
π − θ

tan θ + 1
)
. (3.13)

Again, the result is manifestly concave. In the limit θ → π eq. (3.13) reads

Γqq(θ) = − e2q2

12π2 (π − θ)2 +O
(
(π − θ)4

)
. (3.14)

This result is consistent with eq. (2.10). Indeed the displacement operator is Di = qFiτ

and thus we get

CD = e2q2

π2
. (3.15)

In the limit θ → 0 we obtain instead

Γqq(θ) = − e2q2

4π2θ + e2q2θ

12π +O
(
θ2
)
. (3.16)

The first term of eq. (3.16) is the well known Coulomb potential between two charges.
The absence of a θ0 term is also consistent with the fusion. Indeed, since the orientation
reversal of the Wilson line is a line of opposite charge W q = W−q, the fusion results in a
trivial line. Therefore the scaling dimension of the defect creation operator of the fused
line vanishes. Finally, the subleading term is again due to the expansion of the geodesic
distance in the first term and the first irrelevant deformations (that include the Ricci and
the electromagnetic tensor).

We have not discussed a more general cusp anomalous dimension Γq1q2 for the following
reason: The free Maxwell theory has an electric U(1) one-form symmetry and hence defect
changing operators of finite scaling dimension do not exist. However, in theories like 3d
QED it would be interesting to consider Γq1q2 indeed.

3.2 Exact results in 2d

Line defects in 2d are interfaces. In general it is complicated to compute the cusp anomalous
dimension of conformal 2d interfaces. But a special case is that of interfaces which are a tensor
product of two boundaries, so there is no transmission. It was already noted long ago by
Cardy and Peschel that the partition function of a cusped boundary in two dimensions can be
computed exactly [55]. The result can be easily generalized to interfaces which are a product
of two boundary conditions on opposite sides. We review these results below, and use them
to check the general properties of the cusp anomalous dimension that we discussed before.
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Ôaba
b

w = zθ/πÔab

a b

Figure 6. A conformal map relates a flat boundary and a cusped configuration.

Let us first review the case of two boundaries a and b in half space Imz > 0 (in the usual
complex coordinates z = x+ iy) separated by a boundary changing operator at the origin.
The expectation value of the stress tensor in this geometry reads [56]9

⟨T (z)⟩ =
∆|a⟩|b⟩
z2

, (3.17)

where ∆|a⟩|b⟩ is the scaling dimension of the boundary changing operator. The partition
function in the presence of a smooth cusp is then extracted using the conformal anomaly
equation,

L
∂

∂L
logZBCF T = − 1

2π

∫
d2x⟨Tµ

µ ⟩ =⇒ logZBCF T |θ=π = −∆|a⟩|b⟩ log
(
L

a

)
, (3.18)

which is the obvious result. Here we used that from eq. (3.17) it follows that∫
d2x⟨Tµ

µ ⟩ = −i
∮
dww⟨T (w)⟩+ i

∮
dw̄ w̄⟨T̄ (w̄)⟩ = 2π∆|a⟩|b⟩ , (3.19)

which is equivalent to the standard Ward-identity ⟨Tµ
µ (x)⟩ = 2π∆|a⟩|b⟩δ

2(x).
To obtain the partition function in a wedge with angle θ, we perform the following

conformal transformation

w = zθ/π , (3.20)

which is singular at the origin, see figure 6. The expectation value of the stress tensor in
the cusped geometry follows from the Schwartzian transformation

T (w)dw2 = T (z)dz2 − c

12{w, z}dz
2 , {w, z} =

w′′′w′ − 3
2(w′′)2

(w′)2 , (3.21)

where c is the central charge of the CFT. We find

⟨T (w)⟩ = 1
w2

[
c

24

(
1− π2

θ2

)
+
π2∆|a⟩|b⟩

θ2

]
. (3.22)

Using the conformal anomaly equation as before, we obtain [55]:

logZBCF T = − θ

π

[
c

24

(
1− π2

θ2

)
+
π2∆|a⟩|b⟩

θ2

]
log L

a
. (3.23)

The overall factor of θ/π arises because the integration in eq. (3.19) is now restricted to
a wedge.

9Here we work in the standard 2d conventions where the stress tensor is normalized as

Tµν = 2π
δ logZ

δgµν
.
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It is finally straightforward to generalize this result to interfaces which are the product
of two boundary conditions on opposite sides. Therefore the interface a is essentially |a⟩⟨a|
and similarly for b. The interface changing operator obeys ∆ab = 2∆|a⟩|b⟩. To obtain
the cusp anomalous dimension for interfaces we simply need to sum the result (3.23) with
the contribution from the opposite side with angle 2π − θ. Explicitly, we find the cusp
anomalous dimension

Γab(θ) =
2π2∆|a⟩|b⟩
(2π − θ)θ − c(π − θ)2

12(2π − θ)θ . (3.24)

It is now straightforward to see that the result (3.24) obeys all the general properties
that we discussed. First, for ∆ab = 0 eq. (3.24) is concave as predicted. Additionally, from
the θ → 0 expansion

Γab(θ) =
π∆|a⟩|b⟩ − πc

24
θ

+
c+ 8∆|a⟩|b⟩

16 +O (θ) , (3.25)

we extract the Casimir energy and the scaling dimension of the defect creation operator of
the fused interface: 1

16(c+ 8∆|a⟩|b⟩). Note that the latter is always positive for c > 0.
As a nontrivial application, let us discuss the result (3.25) for the pinning field in the

Ising model. The results below will be relevant in part II of this paper as well.
In the Ising model we have c = 1/2 and the pinning field defect corresponds to setting

equal Dirichlet boundary conditions on both sides of the interface. We then obtain the
following results for the cusp anomalous dimension Γ++(θ) between two equal pinning fields:

Γ++(θ) = − (π − θ)2
24(2π − θ)θ . (3.26)

Similarly, since the scaling dimension of the boundary changing operator between the two
opposite Dirichlet boundary condition is ∆|+⟩|−⟩ = 1

2 [57] (and hence ∆+− = 1 for the
interface), the cusp anomalous dimension for pinning fields of opposite sign is

Γ+−(θ) =
π2

(2π − θ)θ − (π − θ)2
24(2π − θ)θ . (3.27)

Below we extract the scaling dimensions of the defect creation operator of the fused
defect from the small angle limit of these results, and check that the results agree with the
well known classification and solution of line defects in the 2d Ising model [58].

First, note that the fusion between two pinning fields with the same orientation obviously
results in the same defect. Therefore from the θ0 term in the expansion of eq. (3.26) we
obtain that the scaling dimension of the defect creation operator for the pinning field is

∆+0 =
1
32 . (3.28)

For the cusp between opposite pinning fields, we note that in 2d the fusion between two
magnetic line defects of opposite orientation results in an interface with opposite Dirichlet
boundary conditions at the two sides. The expansion of the cusp anomalous dimension (3.27)
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then predicts that the defect creation operator dimension for this interface is

∆(+−)0 =
9
32 . (3.29)

Both eqs. (3.28) and (3.29) are in agreement with the existing results, see [58].10

The fusion of two opposite pinning fields in 2d is to be contrasted with the higher
dimensional case. In d > 2 we expect that the fusion between pinning fields with opposite
orientation lands on a trivial line defect, as we verified for a free scalar in d = 4 in section 3.1.
Correspondingly, the cusp anomalous dimension Γ+− cannot contain a θ0 term for small angle
in d > 2 — we will verify that this is indeed the case in the ε-expansion at one-loop in section 5.

3.3 Planar N = 4 SYM at weak and strong coupling

As a final example, we take N = 4 super Yang-Mills (SYM) with gauge group SU(N)
and consider the cusp anomalous dimension for a 1/2 BPS Wilson line in the fundamental
representation in the planar limit. We will be particularly interested in the small angle limit
and its intepretation in terms of the fusion.

We remind the reader that the 1/2 BPS Wilson line is defined by (in Euclidean signature)

WF = Tr
[
P exp

(
i

∫
dxµAµ +

∫
|dx|ζIΦI

)]
, (3.30)

where the trace is taken in the fundamental representation, ζI is a unit SO(6)R vector
and ΦI the bottom component of the vector multiplet. The insertion of a Wilson line in
a straight or circular contour preserves 16 of the 32 original supercharges and breaks the
SO(6) R-symmetry group down to SO(5).

We are interested in two 1/2 BPS lines in the fundamental representation connected by a
cusp angle θ and different orientations for the scalar coupling ζI . We denote the corresponding
cusp anomalous dimension ΓF (θ, ϕ), where ϕ is the angle between the two scalar couplings,
such that ΓF (θ, 0) is the result for the cusp between two identical lines. The configuration
with ϕ = ±(π − θ) is supersymmetric and therefore ΓF (θ, π − θ) = 0

The quantity ΓF (θ, ϕ) has been the subject of several previous works and many results
are available in the literature [5, 8, 9, 11, 44, 59–61]. In particular, the result for π − θ ≪ 1
and ϕ ≪ 1 can be computed exactly from localization and reads [44]

ΓF (θ, ϕ) = −
[
(π − θ)2 − ϕ2

]
B(λ) + . . . , B(λ) =

√
λ I2

(√
λ
)

4π2I1
(√

λ
) , (3.31)

10By the folding trick, an interface in the Ising model is equivalent to a boundary in the Z2 orbifold of the
free boson at radius R = 1. Using this fact, the authors of [58] show that all the Z2 preserving interfaces of
the Ising model have g = 1 and are labeled by an angle ϕ ∈ (0, π). This family of lines includes as limiting
cases the non-simple line given by the sum of two pinning fields of opposite orientation at ϕ = 0, and the
non-simple line consisting of the two possible interfaces with opposite Dirichlet boundary conditions at the
two sides at ϕ = π (recall that a Dirichlet boundary has g = 1/

√
2, hence these non-simple lines have g = 1).

The scaling dimension of the defect creation operator for any of the these lines is found to be

∆(ϕ) = 1
2

[ 1
π

(
ϕ − π

4

)]2
,

which agrees with the pinning field result (3.28) for ϕ = 0 and with eq. (3.29) at ϕ = π.
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where λ = g2YMN is the ’t Hooft coupling. Note that B(λ) > 0 in agreement with concavity
at ϕ = 0. The value of ΓF (θ, ϕ) for arbitrary angles and ’t Hooft coupling is formally given
by the solution of a system of TBA equations [9, 61]. Below we will content ourselves with
analyzing the leading order results at small and large ’t Hooft coupling as given, e.g., in [8].

The weak coupling result is given by

ΓF (θ, ϕ) = − λ

8π2
π − θ

sin θ (cos θ + cosϕ) +O

(
λ2

(4π)4

)
(3.32)

For ϕ = 0 the result is concave. For θ → 0 the result reads

ΓF (θ, ϕ) = −λ(1 + cosϕ)
8πθ + λ(1 + cosϕ)

8π2 +O (θ) . (3.33)

The existence of a nontrivial θ0 term signals that the fusion is nontrivial. Indeed, the
orientation reversal of the line (3.30) is a 1/2 BPS line in the antifundamental. Therefore the
fusion yields both a trivial line and a Wilson line in the adjoint, with some coupling to the
scalar ΦI . In the planar limit at weak coupling we expect that the adjoint line dominates
the result since its expectation value grows as N2. We did not investigate in detail the
quantitative interpretation of the θ0 term, but we note that at tree-level both the line operator
ΦI and the defect creation operator (which is also given by ΦI at the end of the line) are
marginal — and thus both are expected to contribute to the θ0 term in the expansion (3.33).11

Unfortunately, the analysis of the small angle limit at subleading orders in λ requires a
resummation of infinitely many diagrams; for instance, it is known that the quark-antiquark
potential does not admit an analytic expansion at small coupling [64, 65]. It would be
interesting to analyze further the small angle limit of the cusp at small coupling.

Let us now consider the cusp anomalous dimension at strong coupling. This is given by [8]

ΓF (θ, ϕ) =
√
λ

π b

√
1 + b2

1− k2

[(
1− k2

)
K
(
k2
)
− E

(
k2
)]

+O
(
λ0
)
, (3.34)

where the parameters b and k are related to the angles θ and ϕ as

θ = 2b
(
1− k2

)√
(1 + b2) (b2 + k2)

[
Π
(
b2 + k2

1 + b2

∣∣∣∣∣k2
)
−K

(
k2
)]

, (3.35)

ϕ = 2
√

1− (2 + b2) k2
1 + b2

K
(
k2
)
. (3.36)

Here K(k2) and E(k2) are, respectively, complete elliptic integrals of the first and second
kind, while Π

(
x2|k2

)
is the incomplete elliptic integral of the third kind.12

11The line operator ΦI becomes slightly irrelevant once we account for interactions [62, 63], while the fate
of the defect creation operator is not known.

12Explicitly, these functions are defined by

K(k2) =
∫ π

2

0
dθ

1√
1− k2 sin2 θ

, E(k2) =
∫ π

2

0
dθ
√

1− k2 sin2 θ ,

Π
(
x2|k2) = ∫ π

2

0
dθ

1
(1− x2 sin2 θ)

√
1− k2 sin2 θ

.
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Figure 7. Plot of the cusp anomalous dimension 4π√
λ
ΓF (θ, 0) in planar N = 4 SYM at strong coupling.

Let us first study the function at ϕ = 0 and arbitrary θ. To this aim we simply need
to solve eq. (3.36) setting k2 = 1/(2 + b2) and plot the curve (θ(b),ΓF (θ(b), 0)) in figure 7.
The result is manifestly concave.

Let us now consider the small angle limit at fixed ϕ. This is equivalent to the limit b→ 0
with fixed k in eqs. (3.34), (3.35) and (3.36). Solving for θ in terms of b perturbatively, we find

4π√
λ
ΓF (θ, ϕ) = −EF (ϕ)

θ
+ c1(ϕ)θ +O

(
θ3
)
, (3.37)

where ϕ is implicitly expressed through a parameter k0 = k + O(b2) as

ϕ =
√
4− 8k20K

(
k20

)
, (3.38)

and in eq. (3.37) we defined the following functions

EF (ϕ(k0)) =
8

k0
√
1− k20

[
E
(
k20

)
−
(
1− k20

)
K
(
k20

)]2
, (3.39)

c1 (ϕ(k0)) =
(
1− 2k20

)
E
(
k20
)
−
(
1− 4k20 + 3k40

)
K
(
k20
)

3k0
√
1− k20

[
E
(
k20
)
−
(
1− k20

)
K
(
k20
)] . (3.40)

The result simplifies for ϕ = 0, i.e. k0 = 1/
√
2:

4π√
λ
ΓF (θ, 0) = −

4Γ
(
3
4

)4
π θ

+
32Γ

(
5
4

)4
3π2 θ +O

(
θ3
)
. (3.41)

Note also that the expansion is singular for ϕ→ π, i.e. k0 → 0 — this is because supersymmetry
ensures ΓF (θ, π − θ) = 0 as mentioned earlier.

The most notable feature of the result (3.37) is the absence of a θ0 term. This is in
sharp contrast with the weak coupling result (3.30). The simplest interpretation is that
the fusion at strong coupling results in a trivial line. This could be due to the Casimir
energy difference between the singlet and the adjoint, and the effect of the domain wall
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operator. (This kind of instability is different than the one discussed in [66, 67], which is
due to a relevant operator on a simple line. Perhaps, this instability might be related to the
discussion in [68].) We leave further investigations of the fusion algebra of supersymmetric
lines in N = 4 SYM for future work.

We finally comment that the cusp anomalous dimension in N = 4 SYM is also related to
the Regge limit of certain scattering amplitudes in the Coulomb branch [69, 70]. It would be
interesting to investigate potential implications of our discussion for that setup.

Part II

Results in the O(N) model
4 Ising model: non-perturbative fuzzy sphere results

4.1 The method and previous results

We are interested in the Ising model with two pinning field defects at cusp angle θ. As
explained in the introduction, the pinning field defect is the infrared fixed-point of eq. (1.7).
For N = 1 the coupling h is a scalar dimensionful parameter that can be either positive or
negative, and the fixed point is schematically associated with the limit h → ∞.

To study the pinning field directly in d = 3 we use the recently developed fuzzy-sphere
regularization [35] (see also [36–40]). In short, the fuzzy sphere regularization realizes 3D
CFTs on the cylinder S2 × R by using quantum mechanical systems defined on a fuzzy
(noncommutative) sphere. Specifically, one considers a system of fermions on a spatial
two-dimensional sphere in the background of a monopole flux 4πs, restricted to the lowest
Landau level [71]. By appropriately choosing the Hamiltonian and filling factor of fermions,
one could expect to realize various CFTs in the continuum limit s→ ∞. Importantly, this
scheme has a surprisingly small finite size effect, hence one can conveniently extract CFT data
using the state-operator correspondence by Hamiltonian diagonalization at small system.

In practice, the fuzzy sphere model is defined on Norb = 2s + 1 sites labeled by m =
−s,−s+ 1, · · · , s, where these sites correspond to states (i.e. Landau orbitals) of the lowest
Landau level and they form the spin-s representation of the SO(3) symmetry group of the
sphere. In comparison to the familiar lattice model, N1/2

orb corresponds to the system size, or
equivalently, N−1/2

orb corresponds to the lattice spacing. To realize the 3D Ising CFT, one
considers two-component fermions c†m = (c†m,↑, c

†
m,↓) at half filling (i.e. one particle per-site),

where the Ising Z2 symmetry exchanges the fermion flavor ↑ and ↓. The fuzzy sphere Ising
Hamiltonian is conceptually similar to the transverse Ising Hamiltonian on the lattice, but it
takes a more complicated form due to the requirement of SO(3) sphere rotation symmetry.
We refer to [35] for the precise form of the fuzzy sphere Ising Hamiltonian. To study the
cusp between pinning field defects, we add two localized pinning fields with strengths h1,2
to the original fuzzy sphere Ising Hamiltonian,

H(h1, h2, θ) = Hbulk + h1n
z(θ = φ = 0) + h2n

z(θ, φ = 0). (4.1)
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∆ϕ̂ ∆+0 ∆+− CD g-function
1.63(6) 0.108(5) 0.84(5) 0.27(1) 0.602(2)

Table 1. Fuzzy sphere results from [32, 33] for the pinning field defect. ∆ϕ̂, ∆+0 and ∆+− are,
respectively, the dimensions of the lowest dimensional defect operator, the defect creation operator,
and the domain wall operator. CD is the normalization of the displacement operator two-point
function (2.8). Notice that g < 1 in agreement with the g-theorem [72].

Here the first pinning field is located at the north pole, and we vary the position of the
second pinning field. The pinning field breaks both the Ising symmetry and the sphere
rotation symmetry, and it takes the form,

nz(θ, φ) = 1
2s+ 1

s∑
m1,m2=−s

c†m1σ
zcm2 Ȳ

(s)
s,m1(θ, φ)Y

(s)
s,m2(θ, φ), (4.2)

where the monopole harmonics Y (s)
s,m are the wave functions of the states on the lowest

Landau level,

Y (s)
s,m(θ, φ) =

√
(2s+ 1)!

(s+m)!(s−m)! e
imφ coss+m(θ/2) sins−m(θ/2) . (4.3)

When we set h1 = h2 and θ = π in eq. (4.1), the setup describes the standard pinning
field defect. In [32] the fuzzy sphere was used to demonstrate that the system flows to
a DCFT in the infrared and several interesting DCFT data were extracted numerically,
including the scaling dimension of the leading deformation ∆ϕ̂ and the normalization of the
two-point function of the displacement CD; in particular, it was found that ∆ϕ̂ > 1 and thus
the DCFT is infrared stable. Additionally in [33] the Hamiltonian (4.1) with different values
for the two couplings (and still θ = π) was used to compute the dimension of the defect
creation operator ∆+0, and the dimension of the domain wall operator between opposite
pinning fields ∆+−, as well as the g-function of the defect. We summarize some of these
results in table 1 for reference.

4.2 Numerical results for the cusp

According to the definition (2.3), we compute the cusp anomalous dimension via the fuzzy
sphere regularization as

Γh1,h2(θ) = lim
Norb→∞

αNorb

(
Eh1,h2(θ)−

Eh1,h1(θ = π) + Eh2,h2(θ = π)
2

)
, (4.4)

where Eh1,h2(θ) is the ground state energy of H(h1, h2, θ) (4.1), and αNorb is a size dependent
numerical factor which rescales the bulk energy gaps to the scaling dimensions. In particular,
we choose αNorb = ∆σ/δEσ, such that the rescaled gap of the bulk σ state equals to the
bootstrap data ∆σ ≈ 0.518149.13 Furthermore, the first-order derivative of Γ(θ) can be

13One can also choose different ways of define αNorb , e.g., requiring the rescaled stress tensor to have ∆ = 3.
Different choices will yield the same results in the thermodynamic limit, but would have small differences at
finite Norb.
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θ = 0.9π θ = 0.8π θ = 0.7π θ = 0.6π θ = 0.5π θ = 0.4π θ = 0.3π
Γ++(θ) −0.0021(2) −0.0085(5) −0.020(1) −0.039(3) −0.067(3) −0.112(7) −0.19(1)
Γ̄+−(θ) 0.0077(4) 0.032(2) 0.076(4) 0.148(8) 0.262(15) 0.45(3)

Table 2. Table of cusp anomalous dimensions Γ++(θ) and Γ̄+−(θ) = Γ+−(θ)− Γ+−(π) at different
angles. Numerically, we find Γ+−(π) = 0.84(5) [33] converges slowly with the system size, but
Γ+−(θ)− Γ+−(π) converges quickly. The error bars are estimated based on the data at different sizes
and different pinning field strengths.

(a) (b)

Figure 8. 8(a) Cusp anomalous dimensions Γ++(θ). 8(b) The second order derivatives Γ′′
++(θ). The

data points for the cusp reliably converged for θ ≥ 0.4π.

computed exactly using

dΓh1,h2(θ)
dθ

= lim
Norb→∞

αNorb⟨Ψh1,h2(θ)|
dH(h1, h2, θ)

dθ
|Ψh1,h2(θ)⟩, (4.5)

where |Ψh1,h2(θ)⟩ is the ground state of H(h1, h2, θ), and

dH(h1, h2, θ)
dθ

= h2
dnz(θ, φ = 0)

dθ
. (4.6)

We consider two different types of cusps: i) Γ++ which can be achieved by taking h1 > 0
and h2 > 0), and ii) Γ+− which is obtained setting h1 > 0 and h2 < 0. Theoretically, different
choices of the magnetic fields h1,2 give the same Γ in the continuum limit Norb → ∞. However,
in practice, different field strengths result in different finite size effects at small Norb. We
find that large values for h1,2 have smaller finite size effects; therefore, for most computations
we choose h1,2 = ±2000. Our results are shown in figures 8, 9, and 10. Different colors for
the data points correspond to different system sizes Norb. All the data are computed using
the density matrix renormalization group (DMRG) method [73, 74], and the maximal bond
dimension is χ = 3000 which gives truncation errors around 10−9 or smaller. The DMRG
simulation was performed using the ITensor package [75, 76]. The results of Γ++(θ) and
Γ+−(θ) at different angles are listed in table 2.

Figure 8(a) shows the cusp anomalous dimensions Γ++(θ) at different θ angles; from
the plots we see that the data points for θ ≥ 0.4π converged numerically within the system
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(a) (b)

Figure 9. 9(a) First order derivative Γ′
++(θ) — the results are numerically stable for θ ≥ 0.3π.

9(b) Fitting the Casimir energy through θ2Γ′
++(θ) = −C+++ + (∆ϕ̂ − 1)a θ∆ϕ̂ + b θ2 + · · · , yielding

C+++ = −0.29(2).

size that we considered (Norb = 28), while the results for smaller angles are numerically
unstable.14 We plot the second-order derivative Γ′′

++(θ) in figure 8(b),15 while in figure 9(a)
we show the value of Γ′

++(θ). These results are consistent with the theoretical expectations
that, 1) Γ++(θ) ∼ −CD

12 (θ − π)2 near θ = π with CD = 0.27(1); 2) Γ++(θ) is concave.
We also estimate the Casimir energy in figure 9(b) fitting the result for Γ′

++(θ) with

Γ′
++(θ) = −C+++

θ2
+ (∆ϕ̂ − 1) a θ∆ϕ̂−2 + b+ · · · , (4.7)

where a and b are fitting parameters. Eq. (4.7) follows from the derivative of eq. (2.12), which
conveniently removes the constant θ0 term. Extrapolating Γ′

++(θ) for θ = 0.3π ∼ 0.6π we
get the following estimate for the Casimir energy

C+++ = −0.29(2) . (4.8)

Figure 10(a) shows the results of the cusp between opposite pinning fields Γ+−(θ). The
size dependence of Γ+−(θ) is stronger than Γ++(θ), and it mainly comes from the size
dependence of the scaling dimension of the defect changing operator Γ+−(θ = π). So the
results for the difference Γ+−(θ) − Γ+−(θ = π) converged numerically within the system
sizes that we used. In figure 10(b) we estimate the Casimir energy C+−0 similarly to what
we did for Γ++ fitting the result with

Γ′
+−(θ) = −C+−0

θ2
+ (∆ϵ − 1) a θ∆ϵ−2 + b+ · · · . (4.9)

This yields

C+−0 = 1.4(2) . (4.10)
14θ = 0.3π converges at a larger system size Norb = 36 ∼ 40, and is shown in other plots.
15In contrast to the first-order derivative, that can be evaluated using (4.5), Γ′′

++(θ) is computed by
discretizing the angle θ and using Γ′′

++(θ) = (Γ′
++(θ + δθ)− Γ′

++(θ))/δθ, where we take δθ = 0.01π.
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(a) (b)

Figure 10. 10(a) Cusp anomalous dimensions Γ+−(θ). 10(b) Fitting the Casimir energy through
θ2Γ′

+−(θ) = −C+−0 +(∆ϵ − 1)a θ∆ϵ + b θ2, yielding C+−0 = 1.4(2). The results are numerically stable
for θ ≥ 0.4π.

(a) (b)

Figure 11. Fitting the θ0 term of 11(a) Γ++(θ) and 11(b) Γ+−(θ) in the θ → 0 limit (1.4).

At last, we check if the θ0 term of Γ++(θ) and Γ+−(θ) in the θ → 0 limit can be correctly
reproduced by our numerical data. Figure 11 shows the results for θΓ′

++(θ) + Γ++(θ) and
θΓ′

+−(θ) + Γ+−(θ), where the singular Casimir energy terms cancel. We further fit the data
at small θ with ∆c0 + ∆irr a θ

∆irr−1 + 2b θ + · · · , where ∆irr ≈ 1.6 for the ++ cusp and
∆irr ≈ 1.413 for the +− cusp. The fitting results have a considerable discrepancy from the
theoretical expectations ∆+0 = 0.108(5) and ∆(+−)0 = 0. The discrepancy might be caused
by the contributions of the higher order terms.

5 ε-expansion results in the O(N) model

5.1 Pinning field defect in the ε-expansion

We consider the critical O(N) Wilson-Fisher model in d = 4− ε dimensions. As a reminder,
the renormalized action in flat space reads

S =
∫
ddx

[1
2(∂ϕa)2 + µε λ

4!
(
ϕ2a

)2]
, (5.1)
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where µ is the sliding scale. In dimensional regularization within the minimal subtraction
scheme the beta function of the coupling reads [77]

βλ = −ελ+ N + 8
3

λ2

(4π)2 − 3N + 14
3

λ3

(4π)4 +O

(
λ4

(4π)6

)
. (5.2)

The beta function (5.2) admits a zero β(λ∗) = 0 at the Wilson-Fisher fixed point, for which:

λ∗

(4π)2 = 3ε
N + 8 + 9(3N + 14)ε2

(N + 8)3 +O
(
ε3
)
. (5.3)

This fixed point describes the long distance behavior of correlation functions and is O(N)
invariant and weakly coupled for ε ≪ 1.

The pinning field defect is obtained by perturbing the action as

S → S + µε/2
∫
dτ h⃗ · ϕ⃗ (x(τ)) , (5.4)

where the magnetic field h explicitly breaks the O(N) symmetry to O(N − 1) for N > 1
and fully breaks the Z2 symmetry for N = 1. The beta-function of the defect coupling
h = |⃗h| to order O

(
λ2
)

is given by [20, 78]:

βh2 = −εh2 + λ

(4π)2
h4

3 + λ2

(4π)4

(
N + 2
18 h2 − N + 8

18 h4 − h6

6

)
+O

(
λ3

(4π)6

)
. (5.5)

This beta function admits an infrared fixed point that describes the pinning field DCFT at

(h∗)2 = (N + 8) + ε
4N2 + 45N + 170

2N + 16 +O
(
ε2
)
, (5.6)

where we used eq. (5.3). Note that, unlike the bulk coupling λ∗, the defect coupling at the
fixed point is not small. It is nonenetheless straightforward to study digrammatically the
fixed point for small bulk coupling and arbitrary values of the magnetic field.

Several perturbative results for the DCFT data of the theory were obtained in [20, 78]
within the ε-expansion (and also at large N in [20]). In the following we will only need the
scaling dimension of the lightest O(N − 1) singlet. This can be identified with the operator
ϕ̂ ≡ h⃗ · ϕ⃗/|⃗h| on the line, and from eq. (5.5) it follows that its scaling dimension reads

∆ϕ̂ = 1 + ε− ε2
3N2 + 49N + 194

2(N + 8)2 +O
(
ε3
)
. (5.7)

We also note that for N > 1 the defect admits N − 1 exactly marginal deformations, the
tilt operators, whose effect is equivalent to a change in the orientiation of the magnetic
field h⃗. This implies that there exists a defect conformal manifold isomorphic to the coset
O(N)/O(N−1) (see e.g. [79, 80] for a general discussion of similar defect conformal manifolds).

5.2 One-loop results

5.2.1 Sketch of the calculation

Let us now compute the cusp anomalous dimension between two pinning field defects. To
this aim, it is simplest to work directly on the cylinder Weyl frame. This is because on the
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(e)

Figure 12. Diagrams contributing the cusp anomalous dimension at one-loop on the cylinder. The
notation is as in figure 5, with the addition of square vertices denoting insertions of the bulk coupling
λ. We neglected a diagram proportional to a massless tadpole, since it vanishes in dimensional regu-
larization.

cylinder dilations, i.e. translation in the (Euclidean) time coordinate τ of the cylinder, are a
symmetry of the model also away from the fixed point, and the partition function factorizes
in the expected form logZ

h⃗1h⃗2
∝ T for arbitrary values of the couplings also at intermediate

steps in the calculation. In flat space instead dilations become a symmetry only when we set
the couplings to their fixed point value (5.3), and we recover the form (1.3) for the defect
expectation value only after we plug in the result the fixed point value for the couplings.

To extract the cusp anomalous dimensions, we compute first the partition function with
two defect insertions at angular distance θ and arbitrary values of the renormalized coupling
h⃗1 and h⃗2 (not necessarily at the fixed point). The diagrams contributing to the result are
shown in figure 12. We provide some details on the calculation in appendix A. Eventually
we find that the partition function on the cylinder reads

logZ
h⃗1h⃗2

(θ)
T

= h⃗1 · h⃗2
4π2 fd(cos θ)

[
1 + ε

2 log
(
πeγµ2

)
− λ(⃗h21 + h⃗22)

192π2 log
(
64πeγ−1µ2

)]

− λ

6(4π2)4
[⃗
h21 h⃗1 · h⃗2 + h⃗22 h⃗1 · h⃗2

]
I11(cos θ)−

λ

12(4π2)4
[⃗
h21 h⃗

2
2 + 2(⃗h1 · h⃗2)2

]
I12(cos θ)

+ self-energies +O(ε2, ελ, λ2) , (5.8)

where we work in units such that the cylinder radius is R = 1. In eq. (5.8) “self-energies”
stand for diagrams that do not connect the two defects (figure 12(b) and 12(e)) and thus
cancel-out when normalizing the partition function to obtain the physical result according
to eq. (2.2); we thus neglect the self-energy contributions in the main text. In the first line
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of eq. (5.8) we defined the following d-dimensional convergent integral

fd(cos θ) =
∫
dτ

e−
d−2
2 |τ |

(1− 2 cos θe−|τ | + e−2|τ |) d−2
2

d=4= π − θ

sin(θ) . (5.9)

We list some properties of fd(x) for d ̸= 4 in the appendix. In the second and third line of
eqs. (5.8) I11 and I12 stand for the following integrals:

I11(n̂1 · n̂2) =
∫
d3n̂

[
f34 (n̂ · n̂1)f4(n̂ · n̂2)−

π3f4(n̂1 · n̂2)
(2− 2n̂ · n̂1)

3
2

]
, (5.10)

I12(n̂1 · n̂2) =
∫
d3n̂f24 (n̂ · n̂1)f24 (n̂ · n̂2) . (5.11)

These integrals are manifestly finite and can be easily computed numerically for any value of
n̂1 · n̂2 = cos θ. Additionally, we obtained analytically the expansion of eqs. (5.10) and (5.11)
for θ → 0 and θ → π — see appendix A.3 and A.4 for details. Finally, notice the dependence
on the sliding scale µ in eq. (5.8); as a nontrivial check of our result, it is simple to verify that
the µ-dependence cancels at the defect fixed point specified by the solution of eq. (5.5).16

From eq. (5.8) we obtain the cusp anomalous dimension setting the couplings to their
fixed point value and using eq. (2.2). The nontrivial defect fixed points are parametrized by
a O(N) unit vector m̂: h⃗∗ = h∗m̂. The cusp anomalous dimension Γ

h⃗∗
1h⃗∗

2
between two such

fixed points thus depends on the angular distance θ and the product m̂1 · m̂2. For N = 1
obviously m̂1 · m̂2 = 1 or m̂1 · m̂2 = −1. Additionally, setting h⃗2 = 0 we obtain the scaling
dimension of the defect creation operator ∆

h⃗∗ 0. We list and discuss these results below.

5.2.2 Results and discussion

The cusp between pinning fields h⃗1 = h∗m̂1 and h⃗2 = h∗m̂2 is given by

Γ
h⃗∗
1h⃗∗

2
(θ) = −N + 8

4π2
(
m̂1 · m̂2

π − θ

sin θ − 1
)

+ ε
N + 8
4π2

[(
m̂1 · m̂2

π − θ

sin θ − 1
)
N2(log 64− 5) +N(96 log 2− 61) + 384 log 2− 234

2(N + 8)2

− m̂1 · m̂2
df4−ε(cos θ)

dε

∣∣∣∣
ε=0

+ m̂1 · m̂2
4π4 I11(cos θ) +

1 + 2 (m̂1 · m̂2)2

16π4 I12(cos θ)

+3ζ(3)
2π2 + log 8− 1

]
[+O

(
ε2
)
. (5.12)

This lengthy expression can be evaluated numerically straightforwardly for any value of θ,
N and m̂1 · m̂2. For illustration, we plot the term multiplied by ε in eq. (5.12) in figure 13
for N = 1.

16Note that to this order in perturbation theory the beta function of the bulk coupling (5.2) is negligible, so
we do not need to use the fixed-point value for the bulk coupling in eq. (5.3) for the sliding scale dependence
to cancel.
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Figure 13. Plot of the 1-loop correction to the cusp anomalous dimension, i.e. the term multiplied
by ε in eq. (5.12), for N = 1 and m̂1 · m̂2 = 1 (figure 13(a)) and m̂1 · m̂2 = −1 (figure 13(b)).

As formerly mentioned we can also use the partition function calculation (5.8) to compute
the scaling dimension of the defect creation operator. We find:

∆
h⃗∗ 0 =

N + 8
8π2 + ε

[
3(N + 8)2ζ(3) + π2(3N2 + 29N + 106)

16π4(N + 8)

]
+O

(
ε2
)
. (5.13)

Note that the tree-level answer agrees with the free theory result (3.9) using eq. (5.6).
We now analyze analytically some limits of the result in what follows. We discuss first

the expansion for θ ≃ π. This contains only even powers as predicted and reads

Γ
h⃗∗
1h⃗∗

2
(θ) ≃ Γ

h⃗∗
1h⃗∗

2
(π) + 1

2Γ
′′
h⃗∗
1h⃗∗

2
(π)(π − θ)2 +O

(
(π − θ)4

)
, (5.14)

where

Γ
h⃗∗
1h⃗∗

2
(π) =∆

h⃗∗
1h⃗∗

2
= (1−m̂1 ·m̂2)

N+8
4π2

+ε(1−m̂1 ·m̂2)
π2
(
3N2+29N+106

)
+6(N+8)2(1−m̂1 ·m̂2)ζ(3)

8π4(N+8)
+O

(
ε2
)
, (5.15)

1
2Γ

′′
h⃗∗
1h⃗∗

2
(π) =−m̂1 ·m̂2

N+8
24π2

+ε
{
(N+8)

[
18Σ2+3π6+48π2+4π4(16 log2−9)

]
1152π6

−m̂1 ·m̂2

[
5π2N2+6N2+36(N+8)2ζ(3)+23π2N+96N+62π2+384

]
144π4(N+8)

+(m̂1 ·m̂2)2
(N+8)

[
18Σ2+3π6+48π2+4π4(16 log2−9)

]
576π6

}
+O

(
ε2
)
. (5.16)

In eq. (5.16) Σ2 ≃ −159.753 can be expressed analytically in terms of a convergent sum,
see eq. (A.55) in the appendix. The result for Γ

h⃗∗
1h⃗∗

2
(π) is particularly relevant, since it

– 28 –



J
H
E
P
1
1
(
2
0
2
4
)
0
6
1

analytics

numerics

7π
10

4π
5

9π
10

θ

-0.006

-0.005

-0.004

-0.003

-0.002

-0.001

Γ++
1-loop(θ)

(a)

analytics

numerics

3π
5

7π
10

4π
5

9π
10

θ

0.75

0.80

0.85

0.90

0.95

Γ+-
1-loop(θ)

(b)

Figure 14. Comparison of the analytical expansion around θ = π (including the fourth derivative
term) and the numerical result (5.12) for the one-loop contribution to the cusp anomalous dimension
at N = 1 and m̂1 · m̂2 = 1 (figure 14(a)) and m̂1 · m̂2 = −1 (figure 14(b)).

corresponds to the dimension ∆
h⃗∗
1h⃗∗

2
of the domain wall operator between two different

pinning field defects. Note that Γ
h⃗∗
1h⃗∗

2
(π) = 0 for m̂1 · m̂2 = 1. In figure 14 we compare the

analytical expansion near θ ≃ π with the numerical evaluation of eq. (5.12) for N = 1
Let us now look at the expansion for θ → 0. To this order, the expansion for θ → 0

takes the form

Γ
h⃗∗
1h⃗∗

2
(θ) =

C
h⃗∗
1 ,⃗h∗

2 ,⃗h∗
fus

θ
+ δ log θ + α+O (θ) . (5.17)

The first term in eq. (5.17) is the Casimir energy and reads

C
h⃗∗
1 ,⃗h∗

2 ,⃗h∗
fus

= −N + 8
4π m̂1 · m̂2

+ ε

{
π(N + 8)

64
[
1 + 2(m̂1 · m̂2)2

]
− m̂1 · m̂2

N2 − 3N − 22
8π(N + 8)

}
+O

(
ε2
)
.

(5.18)

This result agrees with the recent computation in [50]. The coefficient of the logarithm
in eq. (5.17) is

δ = ε
(N + 8)(1 + m̂1 · m̂2)(1 + 2m̂1 · m̂2)

4π2 +O
(
ε2
)
. (5.19)

Finally, the constant term in eq. (5.17) is given by

α = (N + 8)(1 + m̂1 · m̂2)
4π2

+ ε
1 + m̂1 · m̂2
(N + 8)8π2

[6ζ(3)
π2

(N + 8)2(1 + m̂1 · m̂2)−N2(8m̂1 · m̂2 + 1)

−N(35 + 128m̂1 · m̂2) + 2(N + 8)2(1 + 2m̂1 · m̂2) log 2− 2(75 + 256m̂1 · m̂2)
]

+O
(
ε2
)
.

(5.20)
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Figure 15. Comparison of the analytical approximation around θ = 0 and the numerical result (5.12)
for the one-loop contribution of the cusp at N = 1 and m̂1 · m̂2 = 1 (figure 15(a)) and m̂1 · m̂2 = −1
(figure 15(b)).

In figure 15 we compare the expansion (5.17) with the numerical evaluation of eq. (5.12)
for N = 1.

It is interesting to compare the result (5.17) with the predictions from fusion (2.12). As
recently verified to one-loop order in [50], the fusion of two pinning field defects results in
another pinning field defect whose infrared coupling is

m̂1 + m̂2√
2 + 2m̂1 · m̂2

h∗ , (5.21)

as it was perhaps intuitively expected on geometric grounds. Eq. (5.21) does not apply for
m̂1 · m̂2 = −1, in which case the fused defect is trivial. The result (5.21) can be justified at
the nonperturbative level noting that the configuration with two defects at distance D in
flat space is invariant under the combined action of two symmetries. The first a is reflection
in the O(N) internal space across the line specified by m̂1 + m̂2, such that it exchanges m̂1
and m̂2. The second symmetry action is simply a spatial rotation exchanging the location
of the defects. Further using the invariance under the residual O(N − 2) symmetry group,
this argument implies that the magnetic field of the fused defect must point in the m̂1 + m̂2
direction (this argument does not specify the sign of the magnetic field), and in particular
implies that when m̂1 + m̂2 = 0 the fused defect must be trivial.

As mentioned in section 5.1, the first irrelevant deformation of the pinning field is an
operator of dimension 1 + ε+ . . ., see eq. (5.7). This is the origin of the log θ in eq. (5.17).
We will show below that the logarithm is the first term of an expansion, whose resummation
yields a result in agreement with the theoretical expectation eq. (2.12). We note first
however that both δ and α vanish for m̂1 · m̂2 = −1, and thus there is no θ0 term in the
expansion (5.17). This is in agreement with the expectations for a trivial fused defect,
providing a very nontrivial test of the structure (2.12).

To quantitatively understand the coefficient of the log θ term, we note that, as discussed
in section 3.1, at tree-level the fused defect is a pinning field defect with coupling

h⃗fus = h⃗∗1 + h⃗∗2 (tree-level) . (5.22)
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For generic relative orientiation, |⃗hfus| ̸= |⃗h∗|, and thus the tree-level coupling must flow to
the fixed point under RG. Equivalently, the difference |⃗hfus| − |⃗h∗| can be thought as the
coefficient of the leading irrelevant deformation on the pinning field defect.

As explained in section 2.3, we can think of the cusp anomalous dimension at small angle
as the expectation value of the fused defect, with the Casimir energy identified with the
cosmological constant term on the fused line. Therefore the constant and logarithmic term
in eq. (5.17) should be understood as due to the expectation value of a pinning field defect
with coupling h⃗fus +O(ε) and UV cutoff θ. The renormalization group states that changes in
the defect coupling are equivalent to rescaling of the UV scale, and hence Callan-Symanzik
equation implies

∂α

∂hfus
βhfus − θ

∂

∂θ
δ log θ = 0 =⇒ δ = ∂α

∂hfus
βhfus , (5.23)

that is immediately checked at leading order using α = h2
fus

8π2 +O(ε), and eqs. (5.3) and (5.5).
From eq. (5.23) we also recognize that the log θ term is the first of an infinite series that
resums to

α+ δ log θ ≃ N + 8 +O (ε)
8π2

(
1− 1+2m̂1·m̂2

2+2m̂1·m̂2
θε
) ≃ h2fus(θ)

8π2 , (5.24)

where
h2fus(µ/µ0) ≡

N + 8
1− 1+2m̂1·m̂2

2+2m̂1·m̂2
(µ/µ0)ε

, (5.25)

is the solution of the beta function equation (5.5) to one-loop order. Using eq. (5.24) in
the result (5.17), we see that for finite ε, the constant term in the θ → 0 limit approaches
the scaling dimension of the defect creation operator ∆

h⃗∗ 0 to order O(ε0). We additionally
obtain corrections ∼ θnε for any n ∈ N+, corresponding to n insertions of the irrelevant
operator ϕ̂ in conformal perturbation theory.

It is harder to verify that the coefficient of the θ0 term approaches ∆
h⃗∗ 0 to order

O(ε), since for that we would need to compute the coefficient of the irrelevant operator ϕ̂
on the fused defect at subleading order. We did not perform this check in full generality.
However, we note that for m̂1 · m̂2 = −1

2 the coefficient of the logarithm vanishes and the
result (5.17) takes the form

Γ
h⃗∗
1h⃗∗

2
(θ)|m̂1·m̂2=− 1

2
=
C

h⃗∗
1 ,⃗h∗

2 ,⃗h∗
fus

θ
+∆

h⃗∗ 0 +O (θ) , (5.26)

where ∆
h⃗∗ 0 is the scaling dimension of the defect creation operator given in eq. (5.13).

Eq. (5.26) implies that the coefficient of the first irrelevant deformation ϕ̂ on the fused
defect vanishes (to one-loop order at least). This is again geometrically intuitive, since
|⃗h∗1 + h⃗∗2| = h∗ for m̂1 · m̂2 = −1

2 .

5.3 Padé extrapolations and comparison with the fuzzy sphere results

In this section we compare the ε-expansion calculations for the Ising model with the non-
perturbative fuzzy sphere results discussed in section 4. In order to extrapolate our results in a
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Figure 16. Plot of the 1-loop Padé extrapolation for the cusp anomalous dimension Γ++(θ) (black
curve). The red dots are data points obtained with the fuzzy sphere regularization, and the blue curve
is the tree-level result extrapolated to ε = 1.

more reliable way to d = 3, we will use the exact result in d = 2 to construct Padé approximants.
The same approach was used in [72] to predict the scaling dimension ∆ϕ̂ in d = 3, and the
result was found to be compatible with all the existing numerical calculations (including the
fuzzy sphere one). Since we only use one-loop order results, below we always consider Padé
approximants of polynomial order 1 (in ε) both in the numerator and the denominator.

Combining the ε-expansion result (5.12) and the 2d result (3.26), we may easily construct
a Padé approximant for the cusp anomalous dimension between equal pinning field defects.
The extrapolated result is shown in figure 16, where we compare it both to the tree-level
result and to the fuzzy sphere data-points.

Clearly the one-loop corrected extrapolation seems to work better at small angles
compared to the tree-level. However, the one-loop corrected result is further away than
the tree-level from the fuzzy sphere data for θ ≃ π. Quantitatively, the extrapolated result
close to θ = π is

Γ++(θ) =

−0.0379954(π − θ)2 + . . . tree-level
−0.0621195(π − θ)2 + . . . 1− loop (Padé) .

(5.27)

Comparing eq. (5.27) with the prediction in eq. (2.10), we would estimate a value of CD ∈
(0.45, 0.75) for the displacement operator two-point function. This value is quite far from
the fuzzy sphere measurement CD ≃ 0.27(2).

The small angle limit of the Padé improved result is

Γ++(θ) =

−0.716197
θ + 0.455945 + . . . tree-level

−0.185971
θ + 0.100866 + 0.0938353 log θ + . . . 1− loop (Padé) ,

(5.28)

which shows that the extrapolation predicts a smaller Casimir energy than the tree-level;
therefore the one-loop result is closer than the tree-level answer to the fuzzy sphere data,
but it is still not compatible with the result (4.7) that we obtained in section 4. Note also
that the term proportional to log θ in eq. (5.28) is not compatible with fusion in d = 3 and
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∆+− C+−0
Padé 0.85 1.31

Fuzzy sphere 0.84(4) 1.4(2)

Table 3. In this table we compare the Padé extrapolations of the ε-expansion results for the dimension
of the domain wall operator ∆+− and the Casimir energy C+−0 to d = 3 and the corresponding
non-perturbative fuzzy sphere results.

is just an artifact of the perturbative result. We interpret its coefficient as an estimate of
the error on the θ0 term. Therefore eq. (5.28) suggest that the scaling dimension of the
defect creation operator lies in the interval ∆+0 ∈ (0, 0.2), in agreement with the result
of [33] quoted in table 1.

As mentioned in section 3.2, the fusion between pinning field defects of opposite strengths
is discontinuous at d = 2. This also implies that the cusp anomalous dimension between
pinning field defects in opposite directions must be discontinuous17 as we approach d = 2,
and therefore we refrain from constructing Padé approximants for the full result Γ+−(θ).

We nonetheless consider the extrapolation of our results for the scaling dimension ∆+− of
the domain wall operator, and for the Casimir energy C+−0. We believe that this is justified
since these two quantities can be defined independently of the cusp. The result for the scaling
dimension of the domain wall operator follows from the 2d result (3.27) and eq. (5.15), while
for the Casimir energy we interpolate between eqs. (3.27) and (5.17). We report the results
in table 3, where we compare the extrapolations to the fuzzy sphere results. Both of the
extrapolations are in excellent agreement with the non-perturbative fuzzy sphere results.

We conclude by mentioning that it should also be possible to obtain an estimate for
the scaling dimension of the defect creation operator ∆+0 by directly extrapolating the
ε-expansion result (5.13), rather than comparing with the small angle expansion of the
extrapolation as we did below eq. (5.28). However, the one-loop correction to the scaling
dimension of the defect creation operator (5.13) has the wrong sign compared to the 2d
result (3.28). This implies that a first order Padé approximant leads to a pole at finite ε

— we thus do not consider it. We expect that this issue will be resolved upon constructing
Padé approximants of higher order with the two-loop ε-expansion result. Note also that the
extrapolation of the naive tree-level ε-expansion result gives ∆+0 ≃ 0.11, which is in good
agreement with the fuzzy sphere result in table 1.
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A Details on the ε-expansion

A.1 Bare perturbation theory in the minimal subtraction scheme

In this section we provide some details on the scheme we used for calculations. We will work
on the cylinder R × Sd−1 with radius R = 1 and metric

ds2 = dτ2 + dn̂2 . (A.1)

The action reads

S =
∫
ddx

[1
2(∂ϕa)2 +

1
2m

2
dϕ

2
a + λ0

4!
(
ϕ2a

)2]
, (A.2)

where
m2

d = d− 2
4(d− 1)R = (d− 2)2

4 , (A.3)

is the conformal mass coupling. The model can be studied by expanding perturbatively in
the coupling λ0 and using the propagator

⟨ϕa(τ, n̂x)ϕb(0, n̂y)⟩λ0=0 = δabGcyl(τ, n̂x · n̂y) , (A.4)

where we defined

Gcyl(τ, n̂x · n̂y) = Nd
e−

d−2
2 |τ |

(1− 2n̂x · n̂ye−|τ | + e−2|τ |) d−2
2
, Nd = 1

(d− 2)Ωd−1
. (A.5)

Here Ωd−1 = 2πd/2

Γ(d/2) is the volume of the d − 1-dimensional sphere.
We work in dimensional regularization within the minimal subtraction scheme, for which

the relation between the bare coupling and the renormalized (physical) one is expressed
through an ascending series of poles at ε = 0:

λ0 = µε
(
λ+ δλ

ε
+ δ2λ

ε2
+ . . .

)
, (A.6)

where µ is the sliding scale. To two-loop order only δλ and δ2λ are nonzero and read [77]:

δλ = N + 8
3

λ2

(4π)2 − 3N + 14
6

λ3

(4π)4 +O

(
λ4

(4π)6

)
,

δ2λ = (N + 8)2
9

λ3

(4π)4 +O

(
λ4

(4π)6

)
.

(A.7)
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From eq. (A.6) we easily extract the beta function of the coupling via

∂λ

∂ logµ ≡ βλ = −ελ+ λ
∂δλ

∂λ
− δλ , (A.8)

which gives eq. (5.2) in the main text.
To model the pinning field defect we perturb the action as

S → S +
∫

D
dτ h⃗0 · ϕ⃗ (x(τ)) . (A.9)

We renormalize the defect coupling similarly to eq.18 (A.6):

h⃗0 = µε/2h⃗

(
1 + δh

ε
+ δ2h

ε2
+ . . .

)
. (A.10)

We find [20]

δh = λ

(4π)2
h2

12 + λ2

(4π)4

(
N + 2
72 − N + 8

108 h2 − h4

48

)
+O

(
λ3

(4π)6

)
, (A.11)

δ2h = λ2

(4π)4

(
N + 8
108 h2 + h4

96

)
+O

(
λ3

(4π)6

)
. (A.12)

Using the independence of the bare coupling h0 from the sliding scale, from eq. (A.10) we
find the beta-function of the defect coupling analogously to eq. (A.8); the result is given
in eq. (5.5) in the main text to order O

(
λ2
)
.

A.2 The cylinder partition function

We consider the partition function for arbitrary pinning fields h⃗1 and h⃗2 (not necessarily
at the fixed point):

logZ
h⃗1h⃗2

(θ) = −TE12(θ) , E12(θ) = E
(0)
12 (θ) + λE

(1)
12 (θ) + . . . . (A.13)

We discuss below how to recast it in terms of finite quantities to one-loop order.
The tree-level term is given by the sum of the diagrams 12(a) and 12(b):

−E(0)
12 (θ) = h⃗0,1 · h⃗0,2Td(cos θ) +

1
2
(
h⃗20,1 + h⃗20,2

)
Td(1) , (A.14)

where the subscript stress that all couplings are bare and

Td(x) ≡
∫
dτGcyl(τ, x) = Ndfd(x) , (A.15)

where fd(x) is given in eq. (5.9) in the main text. The terms proportional to Td(1) are
self-energy diagrams and will thus drop from the normalized physical cusp anomalous
dimension (2.2). Below we list some properties of the function fd(x) that we will need
in what follows.

18Note that here we use a different normalization for the counterterms compared to [20].
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First, the result in d = 4 is

f4(cos θ) =
π − θ

sin(θ) , lim
d→4

fd(1) = −1 , (A.16)

where the result at cos θ = 1 is obtained via analytic continuation from d < 3, i.e. renormalizing
away a cutoff divergence in dimensional regularization. Expanding for d = 4− ε, the next
correction to eq. (A.16) is given by the following integral:

df4−ε(x)
dε

∣∣∣∣
ε=0

=
∫
dτ
e−|τ |

[
|τ |+ log

(
1− 2xe−|τ | + e−2|τ |

)]
2
(
1− 2xe−|τ | + e−2|τ |) . (A.17)

Eq. (A.17) admits a complicated closed form expression in terms of polylogarithms. In
practice it is easier to evaluate numerically the integral for the desired value of the argument.
Eq. (A.17) admits the following expansions for θ → 0 and θ → π:

df4−ε(cos θ)
dε

∣∣∣∣
ε=0

=


π log(2θ)

θ
− 1 +O (θ) for θ ≪ 1

1 + 1
18(π − θ)2 +O

(
(π − θ)4

)
for (π − θ)2 ≪ 1 .

(A.18)

Finally, we will also need the short distance behaviour x→ 1 of fd(x) for arbitrary number
of dimensions d:

fd(x) =
√
π2 3

2−
d
2Γ
(

d−3
2

)
(1− x) d−3

2 Γ
(

d
2 − 1

)
︸ ︷︷ ︸

≡f̃d(x)

+
23−dΓ

(
3
2 − d

2

)
Γ
(

d
2 − 1

)
√
π

+O
(
(1− x)

5−d
2 , (1− x)

)
. (A.19)

Let us now consider the one-loop correction to the parition function. This is the sum
of three terms:

−λE(1)
12 (θ) =− λ

3!
[⃗
h20,1 h⃗0,1 · h⃗0,2 + h⃗20,2 h⃗0,1 · h⃗0,2

]
L11(cos θ)

− λ

4

[1
3 h⃗

2
0,1 h⃗

2
0,2 +

2
3
(
h⃗0,1 · h⃗0,2

)2]
L12(cos θ)−

λ

12

[(
h⃗20,1

)2
+
(
h⃗20,2

)2]
L1

(A.20)

where we defined

L11(n̂1 · n̂2) =
∫
dd−1n̂

[∫
dτGcyl(τ, n̂ · n̂1)

]3 [∫
dτGcyl(τ, n̂ · n̂2)

]
, (A.21)

L12(n̂1 · n̂2) =
∫
dd−1n̂

[∫
dτGcyl(τ, n̂ · n̂1)

]2 [∫
dτGcyl(τ, n̂ · n̂2)

]2
, (A.22)

L1 =
∫
dd−1n̂

[∫
dτGcyl(τ, n̂ · n̂1)

]4
. (A.23)

The last term in the last line of eq. (A.20) is the contribution from the self-energy dia-
grams 12(e), that do not connect the two lines, and thus will drop out from the normalized
physical expression (2.2). We will not disuss this term in detail, but we will nonetheless
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present its value at the end of this section. Note that at one-loop order the difference between
bare and renormalized coupling for λ is of higher order, and thus we do not distinguish
between the two here. Below we discuss in detail the last two terms in eq. (A.20) individually.

The first term in eq. (A.20) arises from the diagram 12(c) and requires some care, since
it is not finite without regularization in d = 4. Upon performing the τ integrals it becomes

L11(n̂1 · n̂2) = N 4
d

∫
dd−1n̂f3d (n̂ · n̂1)fd(n̂ · n̂2) . (A.24)

Note now that f34 (n̂ · n̂1) ∼ 1/θ31 for θ1 → 0, while the measure only contributes as √
g ∼ θ21 in

d = 4. Therefore there is a logarithmic divergence, that will be renormalized away by the defect
counterterms. To isolate the divergent piece we perform a subtraction and recast the result as

L11(n̂1 · n̂2) = N 4
d

[
fd(n̂1 · n̂2)

∫
dd−1n̂f̃3d (n̂ · n̂1) + I11(n̂1 · n̂2) +O (ε)

]
, (A.25)

where f̃d(x) is the first term in eq. (A.19) and we defined the following finite integral

I11(n̂1 · n̂2) =
∫
d3n̂

[
f34 (n̂ · n̂1)f4(n̂ · n̂2)− f4(n̂1 · n̂2)f̃34 (n̂ · n̂1)

]
. (A.26)

We will analyze this integral in detail in section A.3.
The second term in eq. (A.20) arises from the diagram 12(d) and is manifestly finite

in d = 4. Therefore we can simply set

L12(n̂1 · n̂2) = N 4
4 I12(n̂1 · n̂2) , (A.27)

where we defined the following finite integral

I12(n̂1 · n̂2) =
∫
d3n̂f24 (n̂ · n̂1)f24 (n̂ · n̂2) . (A.28)

We will analyze this integral in detail in section A.4.
Expanding the bare defect couplings using eq. (A.10), we finally recast the partition

function as

− E12(θ) = µ2εh⃗1 · h⃗2fd(cos θ)
[Nd

µε

(
1 + δh1 + δh2

ε

)
− λ

6
(
h⃗21 + h⃗22

)
N 4

d

∫
dd−1n̂f̃3d (n̂ · n̂0)

]
− λ

6N
4
4

[⃗
h21 h⃗1 · h⃗2 + h⃗22 h⃗1 · h⃗2

]
I11(cos θ)−

λ

12N
4
4

[⃗
h21 h⃗

2
2 + 2(⃗h1 · h⃗2)2

]
I12(cos θ)

+ h⃗21
2

[
Td(1)

(
1 + 2δh1

ε

)
− λ

12 h⃗
2
1L1

]
+ h⃗22

2

[
Td(1)

(
1 + 2δh2

ε

)
− λ

12 h⃗
2
2L1

]
+O(ε2, ελ, λ2) ,

(A.29)

where again the last line is just the self-energy and will drop from physical observables.
Evaluating the integral in the square parenthesis in the first line (A.5), we arrive at eq. (5.8)
in the main text.
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For completeness we report the result for the self-energy diagrams below

h⃗21
2

[
Td(1)

(
1 + 2δh1

ε

)
− λ

12 h⃗
2
1L1

]
= −h⃗21

{ 1
8π2 + ε [2 log µ+ log π + γ + 2]

16π2

−λh⃗
2
1
[
π2 (2 log µ+ log π + γ + 3)− 3ζ(3)

]
768π6 +O

(
ε2, ελ, λ2

)}
, (A.30)

and identically for the term proportional to h⃗2. Note that the result is finite. It can be
checked that the dependence on the sliding scale drops out at the fixed point.

A.3 The integral I11

The integral

I11(n̂1 · n̂2) =
∫
d3n̂

[
f34 (n̂ · n̂1)f4(n̂ · n̂2)− f4(n̂1 · n̂2)f̃34 (n̂ · n̂1)

]
, (A.31)

can be easily computed numerically in hyperspherical coordinates setting

n̂1 = (1, 0, 0, 0) , n̂2 = (cos θ, sin θ, 0, 0) ,
n̂ = (cos θx, sin θx cosϕx, sin θx sinϕx cos ξx, sin θx sinϕx sin ξx) .

(A.32)

Therefore

n̂1 · n̂2 = cos θ , n̂1 · n̂ = cos θx , n̂2 · n̂ = cos θ cos θx + sin θ sin θx cosϕx , (A.33)

and the measure is ∫
d3n̂ =

∫ π

0
dθx sin2 θx

∫ π

0
dϕx sinϕx

∫ 2π

0
dξx . (A.34)

Note that the integrand is independent of ξx, while only f4(n̂ · n̂2) depends on ϕx. There-
fore using

g4(θ, θx) = 2π
∫ π

0
dϕx sinϕxf4(n̂ · n̂2) = 4π ×


θx(π − θ)
sin θ sin θx

for θ > θx

θ(π − θx)
sin θ sin θx

for θx > θ ,

(A.35)

we arrive at

I11(cos θ) =
∫ π

0
dθx sin2 θx

[
f34 (cos θx)g4(θ, θx)− 4πf̃34 (cos θx)f4(cos θ)

]
. (A.36)

This integral admits a closed form expression in terms of a sum of many polylogarithms,
but in practice it is easier to evaluate it numerically upon by breaking the integration into
two regions θx ∈ (0, θ) ∪ (θ, π).

From the closed form result, we extract the limiting behaviours. For θ ≪ 1 we have

I11(cos θ) =
4π5(log θ − log 4 + 2)

θ
+ 4

(
3π4 log θ + π4 log 64 + 6π2ζ(3)− 8π4

)
+O (θ) ,

(A.37)
while for (π − θ)2 ≪ 1 we obtain

I11(cos θ) = 8π4 − 4π4 log 8− 24π2ζ(3)

+ 4π4 − 2π2 − 2π4 log 8− 12π2ζ(3)
3 (π − θ)2 +O

(
(π − θ)4

)
.

(A.38)
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A.4 The integral I12

The integral

I12(n̂1 · n̂2) =
∫
d3n̂f24 (n̂ · n̂1)f24 (n̂ · n̂2) , (A.39)

can computed numerically using (A.32), (A.33) and (A.34); explicitly:

I12(cos θ) = 2π
∫ π

0
dθx

∫ π

0
dϕx sin2 θx sinϕxf

2
4 (cos θx)f24 (cos θ cos θx + sin θ sin θx cosϕx) ,

(A.40)
where again in practice it is convenient to break the contour into two pieces θx ∈ (0, θ)∪ (θ, π)
for the numerical evaluation. At θ = π the integral over ϕx trivializes and we obtain the
following exact result

I12(−1) = 24π2ζ(3) . (A.41)

Unfortunately the naive Taylor expansion around θ = π does not commute with the ϕx

integration, and therefore we cannot naively expand the integrand to obtain the subleading
correction as θ → π.

To obtain analytical approximations, we express the result as a sum over Gegenbauers.
To this aim, we first obtained the decomposition of f24 (cos θ) into Gegenbauer polynomials

f24 (cos θ) =
∞∑

ℓ=0
gℓC

(1)
ℓ (cos θ) , gℓ = π2 − 2ψ(1)

(
ℓ+ 2
2

)
, (A.42)

where we recall that the Gegenbauer polynomials are given by

C
(1)
ℓ (cos θ) = sin ((ℓ+ 1)θ)

sin θ =⇒ C
(1)
ℓ (1) = 1 + ℓ . (A.43)

Eq. (A.42) was derived using the orthonormality relation∫
d3n̂C

(1)
ℓ (n̂x · n̂)C(1)

ℓ′ (n̂ · n̂y) = δℓℓ′
2π2
ℓ+ 1C

(1)
ℓ (n̂x · n̂y) , (A.44)

which implies

1
2π2

∫
d3n̂C

(1)
ℓ (n̂x · n̂)C(1)

ℓ′ (n̂ · n̂x) = δℓℓ′ . (A.45)

Using these formulas in eq. (A.39), we obtain

I12(cos θ) =
∑
ℓ,ℓ′

gℓgℓ′

∫
d3n̂C

(1)
ℓ (n̂1 · n̂)C(1)

ℓ′ (n̂ · n̂2) =
∞∑

ℓ=0

2π2g2ℓ
1 + ℓ

sin ((ℓ+ 1)θ)
sin θ . (A.46)

Below we use eq. (A.46) to expand I12(cos θ) near θ = π and θ = 0.
The expansion near θ = π is straightforward, since I12(cos θ) is regular for zero or small

cusp. Therefore all we have to do is to expand the argument of the summands near θ = π:

sin ((ℓ+ 1)θ)
sin θ = (−1)ℓ

[
(ℓ+ 1)− 1

6ℓ(ℓ+ 1)(ℓ+ 2)(π − θ)2 +O
(
(π − θ)4

)]
. (A.47)
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We then obtain

I12(cos θ) = σ0 + σ2(π − θ)2 + . . . , (A.48)

where

σ0 = 2π2
∞∑

ℓ=0
g2ℓ (−1)ℓ , (A.49)

σ2 = −π
2

3

∞∑
ℓ=0

(−1)ℓℓ(ℓ+ 2)g2ℓ . (A.50)

In practice, these sums are oscillatory, so it is best to subtract the first terms in the asymptotic
expansion of g2ℓ to make the series absolutely convergent. The sum over the asymptotic
terms is then evaluated using

∞∑
ℓ=1

(−1)ℓ

ℓk
= (21−k − 1)ζ(k) . (A.51)

We finally recast our result as

σ0 = 16π4 log(2)− π6

9 + Σ0 ≃ 284.732 , (A.52)

σ2 =
1
18π

2
[
3π4 + 48 + 4π2(16 log 2− 9)

]
+Σ2 ≃ 72.0467 , (A.53)

where we defined the following convergent sums

Σ0 = 2π2
∞∑

ℓ=1
(−1)ℓ

{[
π2 − 2ψ(1)

(
ℓ+ 2
2

)]2
− π4 + 8π2

ℓ

}
≃ −688.749 , (A.54)

Σ2 = 4π2
∞∑

ℓ=1
(−1)ℓ

3(ℓ+ 2)ℓ2ψ(1)
(

ℓ+2
2

) [
π2 − ψ(1)

(
ℓ
2 + 1

)]
+ 12ℓ− 2π2 [3ℓ(ℓ+ 1)− 4]

9ℓ

≃ −159.753 . (A.55)

It can be verified numerically that σ0 agrees with the former result (A.41). We also computed
the coefficient of the (π − θ)4 term in the same way.

To analyze the short distance limit, we note that I12(cos θ) is singular at θ = 0, so we
cannot just Taylor expand the summand like before. This is because limθ→0

2π2g2
ℓ

1+ℓ
sin((ℓ+1)θ)

sin θ ∼
2π6 for ℓ → ∞. Therefore we isolate the would be divergent contribution of the sum by
expanding the coefficient multiplying the Gegenbauer polynomial for large ℓ:

I12(cos θ) ∼
∞∑

ℓ=1

[
2π6
ℓ

− 2
(
π2
(
8π2 + π4

))
ℓ2

+O

( 1
ℓ3

)] sin ((ℓ+ 1)θ)
sin θ

≃ π7

θ
+ π4

3
(
48 log θ − π4 − 17π2 − 48

)
.

(A.56)
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Restoring the finite term, we arrive at

I12(cos θ) =
π7

θ
+ 16π4 log θ − 1

9π
4
(
9 + π2

) (
16 + 3π2

)
+ Σ̃0 +O (θ) (A.57)

where we defined the following convergent sum

Σ̃0 =
∞∑

ℓ=1

{
2π4

(
8ℓ+ π2 + 8

)
ℓ2

+ 8π2ψ(1)
(
1 + ℓ

2

)[
ψ(1)

(
ℓ

2 + 1
)
− π2

]}
. (A.58)

Below we show that this sum can be evaluated analytically to give

Σ̃0 = 24π2ζ(3) + π8

3 + 43π6
9 + 16π4(log 2− 1) ≃ 7562.64 . (A.59)

Therefore we arrive at

I12(cos θ) =
π7

θ
+ 16π4 log θ + 16π4 log 2 + 24π2ζ(3)− 32π4 +O (θ) . (A.60)

To prove the relation (A.59), we first write Σ̃0 in terms of three convergent sums:

Σ̃0 =
∞∑

ℓ=1

16π4 + 2π6
ℓ2

+ 8π4
∞∑

ℓ=1

[2
ℓ
− ψ(1)

(
1 + ℓ

2

)]
+ 8π2

∞∑
ℓ=1

[
ψ(1)

(
1 + ℓ

2

)]2
. (A.61)

The first sum is trivial:
∞∑

ℓ=1

16π4 + 2π6
ℓ2

= 1
3π

6
(
8 + π2

)
. (A.62)

The second is evaluated considering the following identity

2
ℓ
− ψ(1)

(
1 + ℓ

2

)
= −

∫ ∞

0
dz

[
− 2
(ℓ+ z)2 − 1

2ψ
(2)
(
1 + ℓ+ z

2

)]
. (A.63)

We then exchange sum and integral and use the identity
∞∑

k=1

1(
k + ℓ+z

2

)3 = −1
2ψ

(2)
(
1 + ℓ+ z

2

)
, (A.64)

to obtain

∞∑
ℓ=1

[2
ℓ
− ψ(1)

(
1 + ℓ

2

)]
= −

∫ ∞

0
dz

 ∞∑
ℓ=1

−2
(ℓ+ z)2 +

∞∑
ℓ=1

∞∑
k=1

1(
k + ℓ+z

2

)3
 . (A.65)

Both sums can be performed in closed form for any z and we obtain
∞∑

ℓ=1

[2
ℓ
− ψ(1)

(
1 + ℓ

2

)]
=− 1

4

∫ ∞

0
dz

[
ζ

(
3, z + 3

2

)
− ζ

(
3, z + 4

2

)
− 8ψ(1)(z + 1)

+16ψ(1)(z + 3) + 8zψ(2)(z + 3) + 12ψ(2)(z + 3)
]

=5π2
12 − 2 . (A.66)
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Using eq. (A.62) and (A.66) in eq. (A.58) we recast Σ̃0 in the form

Σ̃0 =
1
3π

4
(
π4 + 18π2 − 48

)
+ 8π2

∞∑
ℓ=1

[
ψ(1)

(
1 + ℓ

2

)]2
, (A.67)

and thus eq. (A.59) is equivalent to

∞∑
ℓ=1

[
ψ(1)

(
1 + ℓ

2

)]2
= 3ζ(3)− 11π4

72 + π2 log 4 . (A.68)

To verify eq. (A.68) we use the following integral representation of the digamma function:

ψ(1) (z) =
∫ ∞

0
dt

te−tz

1− e−t
. (A.69)

Using this in the sum and commuting with the integral we arrive at

∞∑
ℓ=1

[
ψ(1)

(
1 + ℓ

2

)]2
=
∫ ∞

0
dt1

∫ ∞

0
dt2

e−t1−t2t1t2

(1− e−t1)
(
e

t1
2 + t2

2 − 1
)
(1− e−t2)

=
∫ ∞

0
dt2

t2
[
π2
(
3e

t2
2 + 1

)
− 24et2Li2

(
e−

t2
2
)]

6 (et2 − 1)2
.

(A.70)

Thus upon changing variable as e−t2/2 = x, eq. (A.68) becomes
∫ 1

0
dx

2x
[
24Li2(x)− π2x(x+ 3)

]
log(x)

3 (1− x2)2
= 3ζ(3)− 11π4

72 + π2 log 4 . (A.71)

We verified this identity through integration by parts using:

2x
[
24Li2(x)− π2x(x+ 3)

]
log(x)

3 (1− x2)2

= d

dx

{
1
6
[
24Li2(x)− π2x(x+ 3)

] [2x2 log(x)
1− x2

+ log
(
1− x2

)]}

+ 1
6

[
π2(2x+ 3) + 24 log(1− x)

x

] [2x2 log(x)
1− x2

+ log
(
1− x2

)]
. (A.72)
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