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1 Introduction

Understanding the phase diagram of 4d strongly coupled quantum field theories (QFTs) at
finite temperature and density is notoriously hard, because of the limited availability of
analytical tools. Even numerical methods, notably lattice Monte Carlo methods, are hard



to implement at finite density due to the sign problem. For this reason, it is interesting to
learn lessons from specific QFTs in lower dimensions, where more analytic control is available.
A particularly interesting model of this kind is the chiral Gross-Neveu (¢cGN) model [1], a
2d theory of N massless Dirac fermions ¢, (a = 1,...,N) with four-fermion interactions
preserving a U(N)y x U(1) 4 global symmetry. The theory is UV-free, it undergoes dynamical
mass generation and is gapless in the IR.!

In the large N limit, the phase diagram of the ¢GN model at finite temperature T’
and in the presence of a U(1)y fermion number chemical potential y has been shown to
exhibit “chiral spiral” configurations with a spatially periodic phase with p-dependent period
at low T for any p > 0 [2], (see [3, 4] for earlier results obtained assuming a translation
invariant vacuum). At N = oo the U(1)4 symmetry is spontaneously broken (i.e. we have
a strict long-range ordered phase), evading the no-go theorem forbidding the breakdown
of continuous symmetries in d = 2 dimensions [5-7]. For u = 0 we just have the breaking
of U(1) 4, whereas for p # 0 a linear combination of the U(1)4 symmetry and of spatial
translations is spontaneously broken.

More recently, it has been shown that the above inhomogeneous configurations persist at
finite N, for any N, at T'= 0 [8]. The analysis in [8] was based on non-abelian bosonization,
relating the ¢cGN theory to a U(IN); Wess-Zumino-Witten (WZW) model deformed by
current-current interactions. In this description, the appearance of the inhomogeneous phase
is surprisingly simple since it is encoded in the compact scalar ¢ describing the U(1) C U(N)
sector of the theory, which is free. At finite N strict long-range order is forbidden and the
chiral wave corresponds to a quasi long-range ordered gapless phase [9-11].

The aim of this work is to extend the results of [8] to finite temperature. At finite N
and T # 0, the theory reduces to a quantum mechanical system. According to common
lore, no ordered phase for both continuum or discrete symmetries can arise in quantum
mechanics. However, it is known that this common lore can fail giving rise to the phenomenon
of persistent order, i.e. situations in which the ordered phase persists up to arbitrarily high
temperatures. Persistent order can occur when a theory is affected by 't Hooft anomalies
which are not broken upon compactification to the thermal circle. By now several examples
of theories featuring a form of persistent order have been discussed, see e.g. [12-14]. Most
models with persistent order feature one-form symmetries [15], but this is not a necessary
requirement, provided fields are appropriately twisted [16].2 A notable example of how twists
can drastically change the thermal sum over states in a Hilbert space is provided by (—1)F,
which in supersymmetric theories turn the partition functions to the Witten index [23].

An important role in our work is played by a certain Zo-valued 't Hooft anomaly which is
present in the cGN model for any V. The anomaly affects a dihedral subgroup symmetry Dg of

'The ¢cGN model should not be confused with its better-known version (GN model) which has maximal
O(2N) vector symmetry, is gapped in the IR and shows spontaneous breaking of a Z2 chiral symmetry.

2The persistent order discussed here should be distinguished from the more drastic phenomenon of symmetry
non restoration at arbitrarily high temperatures [17] where the non restoration of the symmetry is not related
to 't Hooft anomalies or to the presence of (real or complex) chemical potentials/twists. To our knowledge no
UV complete, unitary, and local QFT which features this phenomenon has been found so far. See e.g. [18—-20]
for recent attempts. Persistent order can also occur in quantum phase transitions at zero temperature, as a
function of a coupling constant, as in the example of deconfined criticality [21, 22].



the fermion theory, which involves charge conjugation and Zy subgroups of the U(1)y x U(1) 4
axial symmetries. It manifests as a projective realization of Dg on the Hilbert space. When
fermions are in the Neveu-Schwarz (NS) spin structure (anti-periodic), Dg is realized linearly
and for any T > 0 the quasi long-range ordered phase is destroyed. However, for fermions in
the Ramond (R) spin structure (periodic), Dg is projectively realized and as a consequence
the theory cannot be trivially gapped. The different realization of the action of a symmetry
between NS and R spin structures is not unexpected: free NS and R fermions on S* lead
to a unique and degenerate ground state, respectively. Hence, anomalies are expected to
persist more easily in R spin structures, see e.g. [24] for a recent analysis.?

The chemical potential p explicitly breaks charge conjugation, but luckily enough its
presence only affects the free theory sector of the theory, so we can check that it does not
modify the spin structure dependence above. We explicitly show the presence of persistent
order by computing the two-point function (OpOp), where O = det(wiw_) is a determinant
operator, ¥4 being the two Weyl components of the Dirac fermions ¥®. This operator is
special because it is U(1)4 charged, but it is neutral under the subgroup Z4 < U(1)a. Z4&
neutrality is important, because it allows us to compute the large distance behavior of the
correlator for T' < M, where M is the mass gap of the strongly coupled sector of the theory
(the SU(NN); sector in the WZW model description). We find the following behavior for
the two-point function when |z|T — oo:

=l
(Op(2)OL(0))ns ~ e T 2iNHe

(1.1)
(Op ()05 (0))r ~ N7,

where &1, Vo NT and i/ o p (see section 5 for the precise relation and further details). The
chiral spiral modulation is visible only at intermediate scales in the NS case, provided that
Ny = fr;l, while it does not decay and is visible at arbitrarily large distances and finite
temperature in the R case. In the last case, we see that Op develops a vacuum expectation
value. As a consequence, the quasi long-range ordered phase for U(1)4 turns into strict order
at finite temperature 7" > 0 for R fermions. The approximations made to get (1.1) do not
hold for T' > M, yet we expect an ordered phase for any T > 0 due to the anomaly.

We emphasize that the very same anomaly affects the GN model for any N. As a
consequence, persistent order of the chiral Zs symmetry should occur when fermions are
periodic on S'. This is not totally unexpected, as the persistence of the order for periodic
fermions, under the assumption of homogeneity, was already observed in the GN model
at large N for p = 0 in [3].

We start in section 2 by reviewing the results of [8] for a non-compact Euclidean space-
time My = R?. Care has to be paid to global considerations when applying non-abelian
bosonization in the presence of compact spaces with homologically non-trivial cycles. We
discuss these issues in section 3, where we find the precise form of the bosonic theory B dual
to the ¢cGN model. The precise form depends on whether N is even or odd, but in both

3We have not investigated if and how, by turning on appropriate backgrounds, the anomaly becomes visible
in the NS sector. We also do not discuss in this paper the nature of the anomaly by means of the general
classification in terms of cobordism groups [25].



cases it can be written as certain orbifolds of the SU(N); and U(1)y WZW models, which
also involve the Arf invariant, see (3.3) and (3.4).

Anomalies are discussed in section 4. After reviewing a known Zy 't Hooft anomaly
present in the SU(N); model in isolation [26, 27], we discuss in section 4.1 a generalization
of a Zy anomaly found in [28] in the compact boson which involves momentum, winding and
charge conjugation Zs symmetries. We then show in section 4.2 that the above anomaly is
responsible for a symmetry extension of Z3 to the dihedral group Dg.* However, the realization
of Dg in the fermionic theory is linear or projective depending on the spin structure along
a given cycle. In section 5 we study where and when the chiral spiral and persistent order
reveal themselves in two-point functions of local operators in the cGN model. Since locally
the bosonic theory is a product of a strongly coupled SU(N) sector and a free compact
scalar ¢, two-point functions of fermion operators which upon bosonization are expressed
purely in terms of ¢ can be exactly computed in the large distance limit when T < M.
This is in particular the case of the determinant operator O introduced above. The ending
result of this computation is (1.1). In section 6 we show how the chiral spiral and persistent
order arise in the large N limit for R fermions, providing a good consistency check of the
previous results. We conclude in section 7.

Several appendices complement the work. In appendix A we review discrete gaugings
between bosonic theories and how to bosonize a fermionic theory on a general 2d closed
manifold. Basic facts about the free compact scalar and its relation to rational U(1) WZW
models when its squared radius is rational are reviewed in appendix B. We prove (3.2) in
appendix C by using the relation between chiral algebras in 2d and Chern-Simons theories
in 3d [31]. In appendix D we show the appearance of N classical vacua for the deformed
SU(N)1 WZW model, parametrized by (tr U), and determine the exact value for N = 2 using
integrability [32]. We finally collect in appendix E technical details for the computation of
the two-point function <OF(9}> performed in section 5.

2 The chiral Gross-Neveu model as JJ deformations of WZW models

In this section, we briefly review the physical context of our set-up and summarize the findings
of [8] valid on My = R2. The chiral Gross-Neveu (cGN) model [1] is a field theory of N
massless Dirac fermions in 2d interacting according to

. ‘ A A
Leon = ik, 004 — il 00t + Tl wt P - THhahwlel), @)
where 2% = (z'Fi2?)/2, a = 1,..., N are flavor indices, and ¥)¢ are the two Weyl components

of the N Dirac fermions. Using Fierz identities (2.1) can be rewritten as

) . D) N
Loay = il 0 — i, 0,9 + LTI+ S5 T (2.2)
where®
JE= el (T4) ek, Je = ol (2:3)

“See e.g. [12, 29, 30] for works where Dg appears as an anomaly extension.
®Note that (2.3) corrects a typo in eq. (5) of [8], where the & in front of the currents was missing.



are the SU(N) and U(1) chiral currents, respectively, with T4, A = 1,..., N? — 1, being
the generators of SU(NNV) in the fundamental representation, chosen with the normalization
tr(TATB) = %5‘43. The couplings s, Ay, A\, X are related by

A=2X,  N=X+A. (2.4)

The last term in (2.1) can be neglected at leading order in a large N analysis, but it should
be kept at finite N. The O(2N)r, x O(2N)g global symmetry of the N free Dirac fermions
is broken by the interaction to°

U(N)y x U(1)4
Ly

G(N-flavor ¢cGN) = % ZS (2.5)

where Z§ is charge conjugation, see section 3.1 for an explanation of how charge conjugation
arises from O(2N)r x O(2N)g. The symmetry action on the fields is

U(N)y : YL =V, Ve TU(N),
U(l)a: P s eFid | o~ a+ 2T, (2.6)
z§ Vg s Pl

The Zy quotient in (2.5) arises because the diagonal Zs in U(N)y x U(1)4, with V = —1
and « = m, is trivial on fields. The corresponding “off-diagonal” Zs is identified with fermion
parity Z§, ¢% — —%.

Using non-abelian bosonization [33], the ¢cGN model (2.2) can be expressed as a J.J
deformation of a U(N); WZW model. Locally this model is described by an SU(N) matrix
U and a free compact scalar ¢ parametrizing the U(1) factor,

)\/

JATA e (2.7)

A
where
1 1
LolU,¢) = ¢-0:60-¢ + - tx(0,UN0_U +9_U'0,U) + LyoMN (2.8)
T T
is the Lagrangian of the undeformed theory, with E%I/JZ(N)l being the level £ = 1 SU(N)
Wess-Zumino term, and

VN

C 4rn

JA = itr (Ut Ty, JA= %tr (oot = dio, (2.9)

are the bosonized SU(/V) and U(1) currents. Under the continuous global symmetries in (2.5)
the fields transform as

U VUV, U U,
UN)y :qd+— 9, UL)a:{ ¢ ¢—2VNa, (2.10)
(ZEH(%-F\/%&I“gth(V), b,

5The theory has in addition a time reversal symmetry Z% which does not play any role in the analysis that
follows and hence will be neglected.



while under charge conjugation we have

Uw—U*,
75 % b —o, (2.11)
é'_)_(£7

where ¢ is the scalar dual to ¢. The deformation rescales the radius of the compact scalar

)\/
R0—>R—R0“1+m, (212)

where Ry is the radius before the deformation.

¢ by a factor

The key simplification that makes non-abelian bosonization useful occurs when we add
a chemical potential for the U(1)y charge. Indeed, the corresponding Lagrangian term
is mapped to

N N\ 2
Ly = p(wh 4 + ¢l yt) — —u£ (1 + ) o (2.13)

2 2nN

and does not depend on the interacting SU(N) degrees of freedom. The additional term (2.13)
immediately implies that on the vacuum (01¢) # 0 and a chiral spiral configuration follows for
any finite N [8]. This is detectable from the large distance behavior of the two-point function
of wT_awﬁ”r (z), assuming that in the deformed SU(N); theory tr U develops a non-vanishing
expectation value,

i) N T
(Wl (@)l vb (0)) o e 2 || T NTEN | (2.14)

where we have defined

)\/ —1/2
;/:,u(l—l— 27rN> . (2.15)

While on M, = R? the compact scalar ¢ and the SU(N) matrix U are effectively decoupled
from each other, this is not the case in compact space due to global identifications and because
M> can have different spin structures. We discuss in the next sections how the above results
generalize when M> is a compact space. We also provide an explanation for the assumption
(trU) # 0 in terms of 't Hooft anomaly matching conditions.

3 Non-abelian bosonization revisited

In this section, we rediscuss non-abelian bosonization from a modern point of view, paying
attention to global aspects. These are important when discussing the cGN model, like any
other theory, on non-trivial spaces. Most of the considerations in this section are independent
of the JJ deformation, so we focus in what follows on the correspondence between free
fermions and undeformed WZW models.



It is well-known that 2N free massless Majorana fermions bosonize to the (diagonal)
Spin(2N); WZW model [33]. The precise correspondence, valid on arbitrary spin manifolds,
requires some specifications. For example, a fermionic theory depends on the spin structure
on Ms, while the Spin(2N); WZW model, being a bosonic theory, cannot. The spin structure
dependence of the fermionic theory is attached to the bosonic one by stacking the latter with
the topological theory given by the Arf invariant. We review the basics of this construction
in appendix A. In the notation of appendix A, if we denote by B the diagonal Spin(2/N);
WZW model, we take as the free fermion theory 7’ and the two theories are related as [34]7

F' = (B x Arf)/ZE x Arf (3.1)

which is a combination of (A.13) and (A.18). The Z% symmetry in (3.1) is a Zy subgroup
of the center of the Spin(2/V)y symmetry of the Spin(2N); WZW model. Its action on
the Arf theory is given in (A.18). In turn, the Zy subgroup of Z[Spin(2N)y] is the one
that assigns charge —1 to operators transforming in the left-handed spinor representations
(recall that Z[Spin(2N)] equals Zg x Zgy for even N and Z4 for odd N). The inverse relation
between B and F’ is given by (A.19).

It is also well-known that there are different ways to perform bosonization of free fermions,
according to the amount of global symmetry of the bosonized theory one wishes to keep
manifest. While the bosonized theory B is unique, it can be described using different variables.
For instance, in abelian bosonization one bosonizes each Dirac fermion independently and
keeps manifest only the Cartan subgroup U(1)" C Spin(2N). Alternatively, one can perform
non-abelian bosonization keeping manifest a U(N) C Spin(2N) or the whole Spin(2N)
symmetry. Given that we will eventually restrict to the unbroken symmetries (2.5) left after
the JJ deformation, we focus on the U(N) description. Nevertheless, the latter must be
equivalent to the more general Spin(2N) one. We argue that

w N even

Z b

B = Spin(2N); = e 2
W N odd,

where U(1); denotes the compact boson with squared radius R? = k.8 For both N even
and odd, the Z,, quotients are the diagonal ones between the one contained in Z[SU(n)z]
and the Z,, C U(1)1.> The Zg subgroup of Z[Spin(2N)] that gets gauged according to (3.1)
is mapped via (3.2) to Zy C U(1)y for N odd. For N even, it is given by the diagonal
Zy generator of Z[SU(N)r] and Zy C U(1)r, which in the Zk/Q—gauged theory has order
2. The discrepancy in (3.2) between the even and odd case is due to the fact that the
R? = k' compact boson is not a diagonal RCFT when &’ is odd. See appendix B for details,

"In general, there are two fermionizations of a bosonic theory B with respect to a given Zs symmetry,
denoted by F and F' = F x Arf in appendix A. To check which is the correct choice for a fixed B one can look
at boundary states, as done in [34]. In our setup we deal with local operators on manifolds without boundary
and there is no real distinction between F and F’'. However, certain Zs anomalies distinguish the two theories.
This will be discussed in detail in section 4.

8Tn our conventions, the self-T-dual radius for the compact boson is R = V2.

9One could alternatively use the action on the anti-holomorphic sector (R). The ending result is the same.



appendix C for a proof of (3.2) when My = T2, and appendix E.1 for the generalization to
the case of nontrivial Z& C Z[Spin(2N)] backgrounds.
The relation (3.1) can also be written in a form where only U(1)y factors are involved
in the bosonic theory, for any N. Indeed, when N is odd, we can gauge Z% before Z%.
Since the action of Z is identical to that of Z%, in the U(1)4x theory (see (3.12) and the
sentence below), we can use (A.21) to get
, B’ x Arf SU(N)l X U(l)N

P20 g L
v Zn

, N odd, (3.3)

where Zy is the diagonal between Z[SU(N)z] and Z¥ < U(1)y. For N even, the action of
Z%/Q is identical to that of Zﬁ/z in the U(1)y theory (see again (3.12)), so we can write

o <SU(N2/X U~ « Arf> /Z% x Arf, N even, (3.4)
N/2

where Z’N/2 is the diagonal between Z[SU(N)] and Zﬁ/z c U(1)p.

3.1 Global symmetries
The group-like symmetries of the Spin(2N); WZW theory are given by

G(Spin(2N);) = Spin(;](\éﬁnx(fﬁiﬁ()m LS (3.5)

where the subscript V' denotes the diagonal Spin(2N)y C Spin(2/NV)z x Spin(2N)g. Explicitly,
their action on the matrix field g is

Spin(2N)r: g+ Lg,
Spin(2N)r: g+ gR!, (3.6)
Spin(2N)y : g+ VgVt.

The factor Z& is a Zy outer automorphism of the algebra that exchanges the spinor and the
conjugate spinor representations. It does not act on the matrix field of the theory because
it sits in a real representation of the symmetry algebra. For odd N Z& can be identified
with complex conjugation.

The symmetry group of 2N free Majorana fermions £* (a = 1,...,2N) is

G(2N Majorana) = O(2N), x O(2N)gr

| (SO@N)L x SO(2N)R) % (Z§* x Z§*) N odd, (3.7)
| (SO(2N), x SO(2N)g) x (ZKt x ZKF) N even,

where we have also broken down O(2N)r, g into their connected and disconnected parts.
The matrix —1 is inside SO(2N), therefore fermion parity ZZ is the diagonal subgroup of
75t x 75" = Z(SO(2N) x SO(2N)R). Note that there are differences between N even and
odd. For N odd, we can define the matrix C' = (16\’ 721\]), that has determinant —1. C

does not commute with SO(2NN) rotations, hence the semidirect product, leaving SO(2N)



as a normal subgroup of O(2N). Its physical meaning is charge conjugation.!’ For N even,
instead, these charge conjugation matrices are inside SO(2N). We can however define a
reflection matrix K, for instance as the unit matrix with the first entry replaced by —1. For
N odd C is equivalent to K via an SO(2N) rotation, so we can always use K to extend
SO(2N) to O(2N). The explicit action of (3.7) on the fermions is

{mmﬁ:ﬂH&, €%y L9eEl

(3.8)
O@RN)g: £ REa . €0 ¢a

In order for the bosonization procedure to be consistent, upon gauging Z£ in the fermionic
theory we should obtain the symmetry group (3.5). The symmetry Z3 dual of Z1', is the
factor that extends SO(2N)r to Spin(2N)y. This is easily seen by noting that the spinorial
characters of Spin(2/N); are in the twisted sectors of the Z1" gauged theory. The symmetry
group after the gauging is then

. Spin(2N)r x Spin(2N)g K
2N);) = / .
where ZK is the diagonal between Z4~ and Z&# M and coincides with (3.5).
It is useful to also report the manifest global symmetries in the SU(N') description and its

explicit realization in the fields. The global symmetry group of the SU(N); WZW model is

SU)LXSU()e N=2

Z )

G(SU(N),) = ; 310
SN 528 N > 2,

where ZX, = Z(SU(N)y) is the center of the diagonal SU(N)y C SU(N). x SU(N)g and
Zg is charge conjugation. Notice that for N = 2 there is no charge conjugation symmetry
acting on the matrix field U because the latter is in the bifundamental representation of
SU(2)r, x SU(2)g, which is pseudo-real.

The U(1) compact boson has global symmetry group

Gr=(U(1)p x U(L)w) x Z§ (3.11)

with U(1)p, U(1)w and Z$ respectively the momentum and winding symmetries, and charge
conjugation. The action of the symmetry group on the SU(V) field U and on the compact
scalar ¢ and its dual ¢ is in total

SUN)L: Uw LU, G e o
SU(N)r: U UR, {Uzyl b ot+ark, ?H?’Q L (312)
SU(N)y : U s VUV, Dz 00, P 9+ 2aw/R,

where ap ~ ap + 27 and aw ~ aw + 27. Charge conjugation acts as in (2.11).

For R? = k' = 2p//p, ged(p,p') = 1, the linear combinations of U(1)p and U(1)yy given
by ap = par, aw = plag or ap = par, aw = —p'ar define U(1)r r chiral symmetry
transformations on ¢ and é. The chiral Zﬁ actions discussed correspond to take oy, = 27l/k,
Il =0,...k—1.12

1°0On Dirac fermions 1% = ¢4 + €% the matrix C acts as (2.6).
"The orthogonal combination becomes a non-invertible symmetry [35], which we neglect from now on.

12Recall that for both N even and odd, we effectively have p = 1, see appendix B.



4 Anomalies and persistent order

We have discussed in section 3 the bosonization of the chiral Gross-Neveu model in absence
of the JJ deformation, i.e. of free fermions. The deformation has a mild effect in the U(1)
sector, where it just changes the radius of the compact scalar, and a non-trivial effect to
the SU(NV) sector, where it gives rise to a strongly coupled gapped theory. In this section,
we use 't Hooft anomaly matching conditions to determine key IR properties of the theory.
In this section we set u = 0.

We start by discussing 't Hooft anomalies of the bosonic SU(N); WZW model in isolation.
It has been shown that SU(N); WZW models have a mixed Zy anomaly between PSU(N )y
and Zk symmetries for k = 0 mod N [26, 27].'3 The anomaly has been computed by showing
that, in presence of background gauge fields P and Ay, for the PSU(N) and Z% groups, the
partition function is not background gauge invariant.

An alternative way of detecting the anomaly is to study the bosonization of QED with N
Dirac fermions, i.e. gauging U(1)y. This theory is expected to flow in the IR to the SU(N);
WZW model. Using anomaly matching conditions, we can then determine the anomalies
from the UV theory. The axial U(1)4 symmetry is broken down to Zsx by the ordinary
chiral anomaly. The sum over the spin structures is performed by gauging Z" C Zsy, so in
the bosonic theory we are left with a Zy chiral symmetry. In the presence of a non-trivial
PSU(N) bundle we can have fractional U(1) fluxes,

F 1
_ 41
/M2 o1 N’ (4.1)

where F' is the field strength for the U(1)y gauge field. In this backgroud the fermion
measure is not invariant under a chiral Zy transformation and Zy is completely broken.
The IR manifestation of this anomaly is precisely the mixed anomaly between PSU(N)y
and Z% discussed above.

Yet another way to get this anomaly is by using the correspondence between 3d Gy
Chern-Simons on My x S! and the WZW coset Gy /Gy on Ms (for G simply connected)
obtained by dimensional reduction [40]. The coset is implemented by gauging the vector G
symmetry of Gy in the two-dimensional theory. For G = SU(N), the 3d Chern-Simons
theory has a global Zy one-form symmetry Zs\lf), implemented by topological defect lines.
This symmetry has a 't Hooft anomaly unless £k = 0 mod N [15]. Upon compactification to
Mo, ZS\I,) gives both the Z% global zero-form symmetry and the Zg\l,) one-form symmetry of
the SU(N) two-dimensional gauge theory. These symmetries are implemented in the two-
dimensional theory by topological defect lines and by topological local operators, respectively.
The topological defect lines for Z]LV are Wilson lines for the two-dimensional gauge theory, and
are thus charged under Zg\lf) unless they have vanishing N-ality. Conversely, the topological
local operators that realize the one-form symmetry of the gauge theory are charged under
Z]I(,. We conclude that there is a mixed 't Hooft anomaly between Z]I(, and Zg\l,) in the

SU(N)1/SU(N); coset WZW model. In the limit of infinite gauge coupling, the gauge fields

3 Another notable 't Hooft anomaly of SU(N)x WZW models is a Z» mixed global-gravitational one present
for N even and k odd [36-39]. This anomaly is at the root of the different treatment of even and odd N in
section 3, but it will not play further roles in what follows.
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turn into non-dynamical backgrounds for the non-gauged SU(N); WZW model. In a non-
)

trivial SU(N) gauge field configuration obtained by means of a non-trivial Zg\lf background

to form a non-trivial PSU(N)y background, the 't Hooft anomaly between Z% and Zg\l,)
reproduces the anomaly of the SU(N); WZW model.

We now consider the J.J-deformed SU(N); WZW model. As discussed in the previous
section, the deformation preserves a PSU(N)y X ZJLV subgroup of the symmetry group
(SU(N)xSU(N)g)/ZY; of the undeformed theory. The above mixed PSU(N )y x Z& anomaly
forbids the J.J-deformed theory to be trivially gapped in the IR. The most natural possibility
is to assume that the deformed SU(N); theory has N vacua and displays spontaneous
breaking of Z%. This is supported from the study of the classical potential arising from
the JJ deformation in abelian bosonization, where one finds N degenerate minima, see
appendix D.™

We can use (3.3)—(3.4) and the knowledge that the deformed SU(NV); flows in the IR to
N gapped vacua connected by the Z% symmetry, to argue about the low energy effective
theory of the cGN model. More specifically, we want to understand the fate of the vacuum at
finite temperature. For this, it will be important to take a closer look at the possible discrete
't Hooft anomalies associated to the free U(1) compact scalar.

4.1 A Zs-valued anomaly of the bosonic theory

In this subsection, we discuss a certain Zs-valued 't Hooft anomaly of the bosonic theory B
in (3.2). It involves the charge conjugation ZS and other two Zs symmetries which are not
broken by the JJ deformations. The anomaly manifests itself as follows: when we gauge
one of the two Zs factors, the remaining global Zy and Z§ are realized projectively in the
twisted sector of the Hilbert space of the theory.

This anomaly is a generalization of an anomaly found in the compact boson in [28], so it
is useful to first review the anomaly for the compact boson in isolation. In this case, the Zo
symmetries involved are, in addition to ZS, the Z& and ZY subgroups of the momentum
and winding symmetries (3.12). When we gauge, say, ZY , the vertex operators (B.5) with
odd m are projected out, but new operators with half-integer e appear from the twisted
sector. The physical vertex operators in the gauged theory are then V. /29, €,m € Z,
¢=0,1. Let P and C be the topological lines implementing the Z£ and Z$ actions in the

Hilbert space. On vertex operators V we have

e+%,2m
P2=(-1¢,  cpP=(-1)'PC, (4.2)
where we used the action of charge conjugation given by

7§ Voa = Vep—aq> (4.3)

for any fractional or integer p, g. We see that the symmetry Zg x 7§ acts linearly in the
untwisted sector, but projectively in the twisted sector of the orbifolded theory.

MAs further evidence, using the correspondence between modular invariants of 2d rational CFTs and
topological interfaces in 3d TQFTs [41], it has been conjectured in [42] that the ground state of the J.J-
deformed SU(N); theory is exactly N-fold degenerate on Mo = T2,
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We can refine the analysis by considering the torus partition function in presence of
nontrivial backgrounds W = [W,, W3] and S = [S,, 9] for the winding ZY and its dual ZY
symmetry, where T,, T, = 0,1 label the holonomy of the Zy gauge field on the corresponding
cycle. The partition function of the orbifolded theory is given by (A.2):

ZQR[SG7 Sb Z ZR Weq, wb] ”TISU'u) (44)

Eq. (4.2) implies that
P?=(-1)¥,  PC=(-1)"CP, w,=0,1, (4.5)

from which we get

%ZZ(PC) [wa,w ] inSUw —

} Z(_l)waZ](%CP) [way wb]eiwaUw

PCY
ZéR ) [SCHSb] = 9

w

1 ZZ(CP (e, w mfwu[sa,SbJrl] (CP) [Sa, Sy + 1],

( 150 5] = ZZ(P2 [Wa, w m—fSUw - %Z(—l)w”ZR[wa,wb]e”fSUw

w

= 3 " Zafuwa, wple™ WIS = 7145, 5, 41),
w
where Z(4) indicates the partition function with the insertion of the charge operator associated
to the topological line A in the trace. While Z£ and Zg acts projectively, the combination
of ZL', 7§, and ZY acts linearly, since from (4.6) we have

P2=W, PC=WCP. (4.7)

We see that ZL x ZS is centrally extended by the dual symmetry ng to the group Dsg, the
dihedral group of order 8, defined as

Ds=(P,C,W|P*=C?=1,CPC =P P>=W). (4.8)

The Dg symmetry group of the gauged theory is anomaly-free. Upon gauging its 212/11 subgroup,
we reobtain the original theory with the anomalous Z§ x Z§ x ZY symmetry. The extension
by ng and the anomaly involving ZY get exchanged by their gauging [43, 44]. If we gauge
Zg’ instead of ng , all the considerations above apply with the replacement P <> W.

We are now ready to discuss a similar 't Hooft anomaly in the bosonic model B. We first
discuss N odd and consider the theory B’ in the formulation (3.3). The operator of B are Z%
gauge-invariant products of the operators of S in the SU(V); sector and of the vertex operators
V in the U(1)y sector.!® As far as our considerations are concerned, it is enough to classify
the SU(IV); operators according to their N-ality, so we denote by S, 5 the SU(V); operators
with L and R N-ality n and n under SU(N), and SU(N)g, respectively (n,n=0..., N —1).
The diagonal Zy symmetry acts on the SU(NN) and U(1) operators as follows:

_ 2imn
Z% : Snﬁ — e N Sn,ﬁ,

2imm

ZY Vem =€ N Ve

(4.9)

5Tn order to avoid clutter in the formulas, we remove the hat from Z% and ZY which appear in (3.3).
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Charge conjugation acts on the U(1) sector as in (4.3) and on SU(N); operators as
Zg : Sn,ﬁ — SN—n,N—ﬁ . (410)
After gauging Z%, the physical operators of the theory are
O;L]fg’m = n+k7”Ve+%,m , n+k=m mod N, (4.11)

where k£ = 0 represents the untwisted sector and k£ = 1,... N — 1 the twisted sectors of
the orbifolded theory. The second global symmetry involved is the ZY appearing in (3.3).
Its action on the fields is'®

W . iTN2m
Zy Ve+%7m —e Ve—i—%,m , Sntkn = Sntkon - (4.12)

When we gauge ZY, the physical operators read

(k6) _
n.e,m n+k’nve+%+lv72l72m ’

n+k=2m mod N, (4.13)

where £ = 0 and ¢ = 1 represents the Z} untwisted and twisted sector, respectively. Finally,

the third Zy global symmetry involved is a Z% C U(1)p which acts as'”

2
7P v mN<e+%+¥)V
2 Ve kaitam 7 ¢ et kgt

Sntkn — Sn+k,n . (4.14)
Using egs. (4.3), (4.10) and (4.14), it is immediate to verify that on the operators (4.13),
P?=(-1)¢, copr=(-1'PC. (4.15)

Similarly to the compact scalar case, ZS x Z1 acts linearly in the ¢ = 0 untwisted sector
and projectively in the ¢ = 1 twisted sector. The analysis from (4.4) until (4.8) applies
with obvious changes. Due to the anomaly the Z1 x Zg is centrally extended by the dual
symmetry le/v to the group Dg in (4.8).

We now discuss the theory B with N even in (3.2). As we will see, the role played by
7L and ZY above will be respectively played by a ZY and a Z symmetry. The action of

the diagonal Z% /2 sSymmetry on the SU(N) and U(1) operators is as follows:!®

_ 4dimn

ZXpy: Vem =X IV, 00 Spn o e T S (4.16)

Charge conjugation acts as before. After gauging Z% /20 the physical operators are

N
(’)(k”)7 = n+2k,nve+k,m+% , n = e mod 5 (4.17)

where k = 0 represents the untwisted sector and k =1,... N/2 — 1 the twisted sectors of the
orbifolded theory. The second global symmetry involved is the Z% appearing in (3.1):

L 24w k N 2k _2i7r(n+2k)
Z5: YV, gy €N (e+h+ 2 (m+N))ve+k7m+%, Spiskm =€ N Snpopm. (4.18)

6Note that for N odd ™" = e’ but the choice of shift in (4.12) ensures that the ZY has a chiral
action on the fields.

1"This is obtained by taking ap = N7 in (3.12), since after gauging ZW ap ~ ap +27N.

18Note that the action on the U(1)n sector is the same as a Z% momentum shift.
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Note that Z% is not a Zy action individually on S and V, but only on the operators
(’),(fg,m, where it acts as (’)%m — (—1)’"(’)5;277,1. When we further gauge Z%, the physical
operators read

N
(’)g“;,f) = Snm%nve%%’m%% , n=e+ 5 M mod N, (4.19)

where ¢/ = 0 and ¢ = 1 represents the Z% untwisted and twisted sector, respectively. Finally,
the third Zs global symmetry involved is a Z¥ C U(1)y which acts as
it N

W L2k L
2t Vst (m+5 N)Ve+k+§7m+%+%7 Snt2k+tn = Spt2kren - (4.20)

Using egs. (4.3), (4.10) and (4.20), we get
wW?=(-1)",  Ccw=(-1DwWC. (4.21)

The Z$ x ZY symmetry acts linearly in the ¢ = 0 untwisted sector and projectively in
the ¢ = 1 twisted sector. The analysis from (4.4) until (4.8) applies again, with obvious
changes. Due to the anomaly the ZY x Zg symmetry is centrally extended by the dual
symmetry Z% to the group Dg in (4.8).

Note that the mixed Z& x ZY x Z§ anomaly (4.2) reduces in 1d to the Zy anomaly in
quantum mechanics discussed in appendix D of [12]. Indeed, the action for the compact
scalar ¢ ~ ¢ + 2w R with a background U(1)y gauge field 4, on R x S} is

Soald, A / dt / dz(06)2 dt / dec A, 0y . (4.22)
27rR

We choose A, to be a flat gauge field with a nontrivial holonomy ¢ around the compact
St Ay =0, Ay = 0/L, with 0 ~ 6 + 27. If we neglect the 2d massive excitations and only
keep the zero mode, ¢(x,t) ~ ¢o(t), we get

Shaldo, 0] / dt B2 — 2 7 / dt ¢o . (4.23)

The action (4.23) inherits the following symmetries from the 2d theory:

{Zg : ¢po— ¢+ R, for any 0, (4.24)

7§ . ¢ —¢o, for 8 =0, .
We then recover the situation described in [12]: ZL x Z§ is realized linearly at § = 0 and

projectively at 8 = 7. In the latter case we have a Zso-valued 't Hooft anomaly which forbids
to have a unique gapped vacuum.

4.2 Fermionization and persistent order

In this section, we study the fate of the bosonic anomaly discussed above upon fermionization.
It is useful to first look at the simplest case N = 1, i.e. the duality between a compact boson
at R =1 and a free Dirac fermion. The Zy bosonic symmetry to be gauged is Z¥ as in the
second relation in (A.21). The fermion partition function is obtained from (A.14),

Z 1 pas po) Zzl wa, wp) (—1) A (4.25)
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We determine the effect of (4.7) in the fermionic theory by adding the corresponding line
operators for P and C' in the partition function. We then get

PC 1 cp i Arflw- cp
25 pas ool = 5 2 (=1 27w, w]e ™ = (<) 2oy + 1], (4.26)
w
where pp + 1 means that we are exchanging p, = 0 = NS and p, = 1 = R spin structures,

and we have used the identity
/w UT + Arf[w - p| = Arflw - (T - p)] + Arf[T - ] + Arf[g] (4.27)

applied to the case in which T' = [Tg, Tp] = [0, 1], i.e. for T" having nontrivial holonomy only
along the b-cycle. Similarly, we have
(P?) 1 Wq i Arf[w-p] Pa
Z]-" [paapb] = 52(_1) Zl[wavwb]e = (_1) Z]-"/[Pmpb"‘ 1] . (428)
w
The Z§ x ZL action is realized projectively in the fermionic theory by (—1)f due to the
shift p, — pp + 1:

P?=(-1f, pPCc=(-1)fCP. (4.29)

Like in the bosonic case discussed in the previous subsection, the resulting extended group
is D{", where D/’ is the group (4.8) with W — (—1)¥. Its action on the Weyl components
of the free Dirac fermion is given by

P: R /L A 1)L
pr. {c. by > Ph ol = s, (4.30)
(—D)F: Yy = —thy, ?l)jt = —UJ:Tt-

As it can be seen, the symmetry (4.30) is not broken by the A; and A, deformations in (2.1).
In fact, it is unbroken also under the O(2N) deformation which defines the GN model. In the
fermionized theory, P is a Z4 C U(1)y transformation whereas C' is still charge conjugation.
However, while D{" acts linearly in the NS sector, it acts projectively in the R sector because
of an additional sign which arises from the (—1) factor in (4.26) and (4.28). The projective
action in the R sector is a manifestation of a Zs anomaly involving the group Df.

The same fermionic theory F’ can be alternatively obtained by using the first relation
in (A.21), namely starting from the compact boson with R? = 4 and gauging Z% . In this
formulation, it is easy to see that the factor (—1)°* disappears from the analogue of (4.26)
and (4.28), being reabsorbed due to the presence of the additional Arf term. The opposite
occurs to the fermion theory F. We conclude that, depending on which projection we perform
in the R sector (i.e. if we take F or F', see (A.18)), either a D involving Z£ (with P
corresponding to a Z} transformation) or one involving ZY (with W corresponding to a Z3'
transformation) is realized projectively in the R sector. No matter what we choose, there is
no way to have both Dg ’s linearly realized and hence a Zo anomaly persists. The Z& or ZY
acts on fermions as discrete U(1)y or U(1)4 rotations, so this phenomenon is nothing else
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than the discrete version of the well-known fact that we can move the mixed U(1)y — U(1) 4
anomaly by counterterms, but there is no way to get rid of it altogether.

We now consider the fermionization of the bosonic theory (3.2). For N odd, we start from
the bosonic theory B’ to get the fermionic theory F’ using (3.3). The analysis is identical to the
one performed for the N = 1 compact boson. It is enough to replace Z; from (4.26) to (4.28)
with the partition function of the B’ theory, to infer that in 7’ we have a Df symmetry
which commutes with SU(N) flavor and is anomalous because it is realized projectively in
the Ramond sector. For N even, we use (3.4) but we look at the fermionic theory F. We get

Z(WC’)

1 i Arfll
5 pas e = 5 212" Ml )™ = (<1 28 [pu, oy + 1], (431)
l

where I, and [, are the holonomies of the Z% gauge field around the two cycles a and b of
T?. The comment in the last paragraph holds also in this case, so we have chosen F’ and
F for N odd and even, respectively, because these are the theories where the above D{’s
symmetries are projectively realized in the R sector.

As we will discuss in detail in section 5, the above Zy anomaly has an important physical
consequence. The fate of the quasi long-range order discussed in [8] for the chiral Gross-Neveu
model at finite temperature depends crucially on the fermion periodicity along the thermal
circle. In the NS sector (antiperiodic fermions) we expect that as soon as T # 0 quasi
long-range order disappears due to thermal fluctuations (as generally expected in 2d models
due to quantum mechanical tunneling effects). On the other hand, in the R sector (periodic
fermions) the presence of a Zg anomaly forbids a trivially gapped spectrum and a form of
quasi-long range order is expected. Interestingly enough, this ordered phase should persist at
arbitrarily high temperatures. We expect that the same phenomenon occurs in the GN model.

5 Inhomogeneities at finite temperature

In a two-dimensional theory, quasi long-range ordered phases are not detected directly from
the one-point function of an order parameter, but rather from the slow decay of the two-point
function of a “would-be order parameter” [9, 10]. To explore the existence of inhomogeneous
phases at finite temperature, we consider a two-point function in the fermionic theory, and
in particular its long distance behavior when the temperature is turned on. The goal of
this calculation is two-fold. Firstly, we show the disappearance of quasi long-range order
at finite temperature in the theory with antiperiodic conditions on the thermal cycle, and
the persistence of order with periodic conditions. Secondly, we show that the addition of
a finite chemical potential p for the U(1)y symmetry induces a spatial modulation of the
would-be order parameter, i.e. the finite-temperature version of the chiral spiral behavior
found at zero temperature in [8].

What are the possible operators that can play the role of the would-be order parameter?
The minimal requirement is that the operator is charged under U(1)4. The most obvious
candidate is the lightest scalar operator in this category, namely wi@w“_. This is the operator
we used to detect the chiral spiral order in R? in [8]. However, upon bosonization, this
operator is mapped to a primary operator of the form trS; 1V = tr U ¢/E for N even, or
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trS11 Voo =trU e29/R for N odd,' and its two-point function receives contributions from
various correlation functions of the operator tr U in the deformed SU(N); theory, which is
gapped and strongly coupled at large distances. In R? the only required information about
the correlation function of tr U could be deduced from the spontaneous breaking of the Z%
center symmetry. At finite temperature, instead, we need to include a sum over the insertions
of the charge operator along the Euclidean time-like circle, and this requires substantial more
information about the SU(N); sector which is hard to obtain. To circumvent this problem
we consider instead the following baryon (or “determinant”) operator in the fermionic theory

1
OfF = ﬁeal..-aN6b1...wala1wlil o _wjr’_anliN = det(@biﬂﬂf) ’ (5'1)

which under bosonization is mapped to

Op=380,0VNnp =1 eNi‘b/R, N even,

) 5.2
Op = SpoVano = 12N/ E N odd, (5:2)

where normal ordering of the operators is understood. This choice has the advantage that
the part of the correlator due to the SU(N); sector greatly simplifies, reducing essentially
to the contribution from (twisted) partition functions in the absence of nontrivial operator
insertions, and most of the calculation can be performed in the free U(1)x or U(1)4n sector,
where exact results can be obtained.

Let us clarify the type of long-distance behavior that we expect at finite temperature,
and what we mean by the order being lost or persisting. In the derivation of the chiral spiral
order in the zero temperature case [8] an important role was played by the spontaneous
breaking of the Zﬁ symmetry in the strongly coupled sector of the bosonized theory. The
long-distance behavior of the two-point function on R? combined the approach to a constant
value in the SU(N); sector, associated to Z% breaking, and the power-law decay of the free
scalar sector, associated to the quasi long-range order. When we turn on the temperature,
effectively at large distances we are in a one-dimensional system, and the order is expected to
be destroyed due to tunneling. As a result, barring the presence of anomalies in the effective
quantum mechanics, generically we expect both behaviors to turn into an exponential decay
on a scale fixed by the temperature. We find that this expectation is met for antiperiodic
conditions: in this case, the spatially modulated chiral spiral has an exponentially decaying
amplitude. However, this exponential decay is absent instead for periodic conditions. We
interpret this as the presence of an obstruction to tunneling that makes the order persist.
This is ultimately a manifestation of the anomaly presented in the previous section, that
survives at finite temperature in the presence of periodic conditions. Even though the
addition of a chemical potential explicitly breaks charge conjugation symmetry, we find that
the exponential decay is absent also for u # 0.

We study the two-point function in the simultaneous limit of low temperatures T" << M,
where M is the mass gap in the strongly coupled SU(NV); sector, and large spatial distances
|x|M > 1. To perform the calculation, especially in the compact scalar sector, it is convenient

9Tn this section, for N odd we use the description in terms of the (JJ deformed) U(1)4n compact scalar,
i.e. B and not B’.
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to study the model on a squared torus 72 with modulus 7 = i3/L and then take the limit
L — oo where the spatial dimension becomes non-compact.

5.1 N odd

The Zk-twisted SU(N); partition function, in the thermodynamic limit L — oo and for
BM > 1, behaves as follows:

Zsuny, 4 ailtaste] ~ C x 80+ 0 M) | 445 =0,...,N —1. (5.3)

Here t, denotes the Z% holonomy along the circle of length L and t, the one along the circle
of length 8. In the above limit the t,-twisted sectors become degenerate, being spaced by a
factor ~ 1/L, and hence Z becomes independent of t,. On the other hand, when ¢, # 0, the
contribution of all the states in each sector (both untwisted and twisted) are exponentially
suppressed with L. C is a constant which we will not need to fix.

We can use the identities (3.1), (3.2), and (E.3) to express correlation functions in the
fermion theory in terms of SU(NV); and U(1)4n correlation functions, see appendix E.1 for
details. Thanks to (5.3), the partition function and the two-point function of the determinant

operator simplify to?°

C

Zplp)~ gy D (SNl }: Zy1)yun 47T (tas 5)],
s€HY(T2,Z5) ta=0
ol C ri|s-p|—Ar
Zp[pl(Or (2, 2)05(0,0)), ~ o= 3 (—1)Alea=Adlly (5.4)
SEHY(T?2,Z2)
N-1
X3 Zuy i+ s 71T (e )] (€N (2, 2)e 2N (0,0)) 1y, )
tqa=0

The subscript in the two-point function and the argument in square brackets in the partition
function both denote that these quantities are computed with line insertions along the two
cycles, corresponding to the two entries of the vector T'(tq, s) = 2(N + 1)(t4,0) + 2Ns. This
is the background appearing in (E.3) with ¢, set to 0. Thanks to (5.3) the gauging of the
Zy diagonal between the WZW and the compact boson is implemented through a single
sum over the remaining label ¢,. Finally, the sum over the background s for Z& implements
the fermionization, and the choice of spin structure is denoted by p. Note that the J.J
deformation in the U(1)4n sector modifies the value of the radius R according to (2.12).

The quantities appearing in (5.4) can be computed exactly, since the summands are
correlators in a free CFT, see appendix E.2 for details. We will compute the two-point
function of generic vertex operators of charge e, namely ¢®®/ £ and then set e = 0 to obtain
Zy and e = 2N to obtain Z ]-‘/<OFO}>. We consider correlation functions with operators
inserted at equal Euclidean times and a spatial distance z = z = z. The result is

S Zoyay 40T e N T (@)™ 5 (0))71,,5) =

la

(5.5)

4ifNex
0 (0GLT) |3 NS [9fN?L  2ieNaT
01(—ixT|iLT) In(iLT)|? mR? R?

2iLTN?
! ) Fs <0

iLTR?
R2 ’

2

20Tn order to avoid cluttering of formulas, from now on we will often omit to write the order of the sub-leading
terms. These will however appear in the final formulas (5.13) and (5.26).
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In (5.5)

F{*(ylr) = F{* (y|r) = 03(yl7)

FV(ylr) = 03(yl7), BV (ylr) = Oa(ylr) 56
FMOylr) = 0aylr) . EO(ylr) = 0s(yl7) '
FV(ylr) = 0aylr), BV (ylr) = ba(ylr).

where 0; are the theta functions on T2 defined in (A.23), and i is related to the chemical
potential p appearing in the action (2.13) by a rescaling,

(5.7)

such that 21N is the chemical potential for the U(1)y, current at radius R. The details of
why the chemical potential induces a spatial modulation of the two-point function are very
similar to the zero temperature case studied in [8] and can be deduced from appendix E.2.

The next step is to plug (5.5) back in (5.4) and perform the fermionization sum. We
set u = 2L _ 2ieNeT  The result of the sum is

mR?2 R2
cl oLty |G MR
Z ! ~ |

iLTR? 2iLTN? iLTR? 2i LT N>
X [93 (0 ) (03 + w{’94) (u R2> + w§92 (0 (03 + w§04) U e ,
(5.8)
where wf,2,3 are the following signs which depend on the spin structure?!
wENS,NS] — 41, ngS,NS} — 41, w:[gNS,NS] — 1.
ng, NS] _ 41, ng,NS] — 1, w:[),R NS| _ 1, 659)
ngS,R] — 1, ngS,R] — 41 ngS,R] — 11, .
w[lR’R] =-1, w[QR’R} =—1, wéR’R] =-1.
To take L — oo we use the following asymptotic expansions for t — 700,
Or(ulit) ~ 2T sin(ru), O(ulit) ~ 2T cos(mu),
t—100 t—r100
O3(ulit) ~ 1+2e ™ cos(2mu), O4(ulit) ~ 1—2e ™ cos(2mu), (5.10)
t—ioco t—ioco
0, (0lit) ~ 2me T, n(it) ~ e iz,
t—ri00 t—i00

2'We remind that p = [pa, pp] denotes the periodicity along the (large) a cycle and the (small) b cycle,
respectively.
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Plugging these asymptotics in (5.8), we obtain

2¢2
T RZ  4igNex LT
Zp P/ (Op()0k(0)), ~ C sob(raDy|  © "2 e 6 X
1+ O(e BM), p = [any, NSJ,
s 2 .~
2¢” 5% cosh (M%\gfxT + 4”%\2[2]:) +0(e” M), p = [any, R].

(5.11)

Note that upon taking L — oo we have lost dependence on the periodicity condition along
the cycle of length L, but we retain dependence on the periodicity on the cycle of length
B =T~ For |zT| < 1, the sinh factor in (5.11) reproduces the correct power-like decay
of the correlator on R%. Evaluating (5.11) for e = 0 gives

. 1+ O(e=BM), = [any, NS|,
ZF[p] NceIéT{ _27TL(TN2 ) o= fany |

2¢” RZ  cos (4’1}]%[2%) +0(e M), p=[any, R].

(5.12)

We can now take the ratio between (5.11) and (5.12) to get the final result for the two-point
function. In the large-distance limit |z|T" — oo we have

SN27|x|T
2 sipen? |7 B2 4+ O(e PM) = [any, NS]|,
(Or@)OLO), ~ (@mwe @ P A R T
EXIP T =00 1 —pm -
54—0(6 e R ), p = [any, R] .

The large distance, constant behavior of the two-point function is an indication of persistent
order and the presence of a disconnected term in the correlator. We have a strict long-range
order governed by (Op), which is non-vanishing for spin structures p = [any, R].

Summarizing, we see the following behavior:

o for thermal fermions, i.e. fermions with antiperiodic conditions p = [any, NS|, the
correlation function of the operator Op = det(wiw,) vanishes at large |z| exponentially
with the temperature. We have

||

=l N
(Or(@OhO)ws ~ e GeHN gl—anaT (14 20) . (514)

where we used (2.12) with Ry = V4N and the definition of p’ in (2.15). We see that
the modulation is visible only at intermediate scales, provided that Ny’ 2 n&, L

o for periodic fermions, i.e. with conditions p = [any, R}, the same correlation function
does not decay, and the spatial modulation due to the chemical potential y is visible at

large distances even at finite temperature,

(Op(x)OL(0)) g ~ 2N (5.15)
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5.2 N even
The SU(N); partition function with insertion of Zf\, /2 and possibly also Z% topological lines
on both cycles behaves as follows in the limit

Z *[275 ,th]NCX5t 05
SU(N)1+JJL<%a b (5.16)

Zsu(Ny 17712t + Sas 2ts + 8] ~ C X 84,02 [s0, 5] ,

where
ZE (54, 8] = (£1)%% (5.17)

is a sign that remains ambiguous due to the anomaly in Z% in the SU(N); theory. The
independence of ¢, and the projection to ¢, = 0 have the same explanation as in the case of
N odd (cf. appendix E.1), and again C' denotes an undetermined constant.

Plugging (5.16) in the fermionization formula that can be derived from (3.1), (3.2),
and (E.2), we obtain
c N/2-1
N (_I)Arf[S-P]*Arf[P]Zi[S] Z ZU(l)N+Jj[T(ta7 S)} ,
s€HL(T?,Z,) ta=0
C
N

(_1)Arf[s-p}fArf[p} Zi [S] «

S Zoyy s a7 T(ta )N R (2, 2)e N 0,0)) 1s, )
tqa=0
(5.18)

where the notation follows the same conventions as in the case of N odd, explained below (5.4),
and T'(tq, s) = 2(tq,0)+s is the background appearing in (E.2) with the renaming [ky, £y] = s,
k = 2t,, ¢ = tp, with the latter set to 0. Also for N even the radius R in the U(1)y sector
is modified according to (2.12).

Like we did in the previous section, we proceed by performing exactly the part of the
calculation that involves the free scalar sector. Again, we compute for generic charge e of the
vertex operator, and this will give the partition function for e = 0, and the product of the
partition function with the two-point function for e = N. The result is

> Zisay s s 71T (tas NP B (@) O/ R(0)) iy, o) =
ta

262 2ifiNex (5.19)
01(0)iLT) |"* Ne &2 s (AN?L  ieNzT|iLTN? I Oz'LTR2
01(—izT|iLT)| 2nGLT)2 ' \ 27 R? R2 | 2R2 2 2 ’
where

0,0 0,0

F"(y|r) = B (ylr) = b3(yI7) ,

FOY (ylr) = BV (ylr) = ba(yl7), 520

FMO(ylr) = FSO(ylr) = ba(ylr)

FMY (ylr) = BV (ylr) = 0yl
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and fi as in (5.7). Note that the s = (1,1) contribution vanishes as 61(0|7) = 0. This
means that Z*[s] contributes always 1 and can be neglected. Performing the fermionization

sum over s we get

262 2ifiNex
C| 0)(0iLT) |r* e =2 iLTR? iLTN?
Zr[p)(Op(x)0L(0)), ~ = | 03 [ 0] —=— | ¢:
iLTR? iLTN?
LT R? iLTN?
P i
where )
aN“L  ieNzT
= — .22
Y= orR2 Rz (5.22)
and wig are the following signs that depend on the spin structure:
wiNSNS] g [NSINS)
N ECHT 2
w[le,R] ~ 1, w[QNS,R] " )
ng’R] =-1, ng’R] =-1.
We use (5.10) to take the limit L — oo and we obtain
282
R2 2iaNex LT
Zr [P Op(@)OL(0))y ~ C|—— | e
F [P]< F(7) F( )>p Sinh(ch) e RZ e 6 X
1+ O(eM), p=[any, NS,
s 2 .~
2¢” "3 cosh (2”3¥’”T + Z“g;L) +0(e M) p=lany, R].
(5.24)
Plugging e = 0, the result for the partition function is
14 0(e M) p = [any, NS]
w LT ) 9 9
Zpip] ~Ce 6 ALTN? i (5.25)
2¢” 37 cos (“%;L> +O0(e M), p=[any, R].

Taking the ratio between e = N and e = 0 we obtain for the two-point function in the
|z|T — oo limit:

_2nm|z|N3T

2 9N | e 2+ O(e M), = [any, NS|,
(Or@)0h(0), ~ (0% e w P Lo
|70 T+ O(e_BMe_ R? ) , p=lany, R].

Using (2.12) with Ry = v/N and the definition of x’ in (2.15), we see that (5.26) exactly
reproduces the behavior found in the case of N odd, summarized in (5.14)—(5.15).
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6 Persistent order at large N

The limit of large N gives us another way to control the dynamics of the chiral Gross-Neveu
theory at finite temperature and density, alternative to the bosonization approach that we
studied until now. We show that using this tool we find results consistent with the analysis
in the previous sections. In particular, we find different patterns of symmetry restoration
induced by the temperature, depending on the choice of periodicity conditions on the fermions.
The observable we compute is the grand canonical free energy density F', defined in terms
of the partition function by

log Z = —N/d%F : (6.1)

We obtain F' at finite temperature and density, as a function of a condensate for the fermion
bilinear. The existence of a chiral-spiral order is then detected by comparing the values of
the partition function with a homogeneous and a inhomogeneous condensate. Note that the
fact that we can have a non-zero one-point function breaking the chiral symmetry, both at
zero and nonzero temperature, is due to the large N limit. In the following we take the
limit of large N with As fixed and setting A, = 0.

6.1 Antiperiodic conditions

The calculation of F' at large N with antiperiodic conditions for the fermions was performed
in [8], reproducing the result of [2, 45-47] with a different method. Let us recall the main
ingredients that will be useful to repeat the calculation in the case of periodic conditions. We
introduce a complex Hubbard-Stratonovich (HS) field A, which equals the complex fermion
bilinear on-shell. The large N free energy takes the form

|A[2
F=
s

—trlog (@ + APy + A*P_) | (6.2)

where A here denotes the condensate of the HS field, and Py are 2d chiral projectors. We make
the choice to encode the 1 dependence by twisting appropriately the periodicity conditions
for the fermions. We consider the ansatz

A = M (6.3)

and minimize F' as a function of M and gq.
The trace can be computed diagrammatically using the expansion

(-1

_ . . k
X Tr 07 M (P9 Py e (64)

trlog (J + APy + A*P_) = Z
k=1

Since the P, insertion carries momentum ¢ and the P_ insertion momentum —g¢g, only
diagrams with the same numbers of P, and P_ insertions survive in the sum, coming from
terms with & = 2n even. Moreover, the P, and P_ insertions must alternate in the loop,
to avoid a trivial cancelation due to chirality. Denoting the insertions of P, and P_ with
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red and blue circles, respectively, we obtain

—e[# M PP, 4 )| = 2 @ . (6.5)

n_

Setting p1+ = p1 F 2¢ we find

1, 1_ '
= 1 [ & M?(pi +p3 — ¢° + 2igps)
> = = 5log | 1+ —— — 5 : (6.6)
= _ (2m) (p1_ +p3) (P14 +p3)

n_— B

At T > 0 the symbol [ dps actually refers to the discrete sum over Matsubara frequencies

21T Y, ez, With po = m(2n + 1)T in the antiperiodic case. The twisted periodicity induced
by p # 0 can be reabsorbed by defining p2y(q) = 7(2n + 1)T + i(x — ¢q). The integration
over the spatial component p; of the momentum gives

F= ]\fj -7y (\/M2 +3,(q) - \/p%+(q)) : (6.7)

nel

In order to compute the value at the minimum, we need to introduce a regularization in
the sum by putting a cutoff ps max = m(2nmax — 1)T, and reabsorb the divergence in the
renormalization of the coupling A;. As result s gets replaced in the equation by the parameter
My, the mass of the fermion at 7" = 0 and p = 0. We obtain

- () o (30 57

-7y (\/p%th?—\/;E—%]fT) .
2t

ne”L

This expression is minimized for ¢ = p, where

M? A T M?

nez

where v is the Euler-Mascheroni constant. Notably, the result is p independent. In figure 1
the value of F' at this minimum is compared with the result one obtains by setting ¢ = 0 and
minimizing only with respect to M, i.e. for a homogeneous condensate. The figure shows
that the inhomogeneous condensate is always favored, whenever a condensate exists. Above
the critical temperature 7, = %Mo (the precise value depends on the regularization and
renormalization scheme) the chiral symmetry is fully restored and there is no condensate:
the order is lost at high temperatures.

6.2 Periodic conditions

The initial steps of the calculation with periodic conditions are identical to the ones showed
above in the antiperiodic case. We therefore arrive at the same formula (6.9) with the
important difference that now pey(q) = 2onT + i(u — ¢) and the sum is over n € Z.

— 24 —



0.00
—0.02
—0.04
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Figure 1. The large N free energy F' as a function of x and 7', in units of My. At low 7', the chiral
spiral configuration (yellow) is favored with respect to the homogeneous configuration (brown) and
the chirally symmetric phase (green). At T' = T,, there is a second order phase transition (red line)
dividing the chiral spiral phase from the chirally symmetric phase. Assuming homogeneity, one finds
a different phase transition line (blue line).

It is convenient to separate the contribution from the zero-mode in the sum,

(6.10)

Like in the antiperiodic case, we regularize the sum by introducing a cutoff p2 max = 2mnmaxT’
and we absorb the divergence in coupling A, which gets replaced by My. This gives

F = ];f <log <4]\72> + Rey <1+i(gﬂ_TQ))> —T<\/M2— (1 —q)*— \/—(M—Q)Z)

—2TRe ) (\/M2 + 03, () — /D3, (0) — 2]\52()) : (6.11)
q

n>0 Doy

We now compare the minimum of F' over ¢ and M with the one computed assuming
translational invariance (¢ = 0). In the former case, g-minimization is obtained for ¢ = u, as
in the antiperiodic setup. The extremization with respect to M gives the equation

47T i(p— q)> 1
1 —_— 1+ —— | —aT
og(MO>+ReTZJ< + 5T 71T Re e e
. . (6.12)
—27TRe » — =0,

n>0 \/M2+p§(q) \/p%(Q)

that we can solve numerically for M, in the two cases ¢ = u and ¢ = 0. Plugging back this
value, we obtain numerically the value of the free energy, both for ¢ = 0 and for ¢ = p.
The results are plotted in figure 2. We see that, as in the antiperiodic setup, the spiral
configuration is always favored with respect to the homogeneous one. This time, however,
the M = 0 configuration is never favored with respect to the spiral one at any value of T

and p, i.e. translational invariance is never restored.
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0.0 0.0

Figure 2. The large N free energy F (for periodic fermions) as a function of p and 7', in units of
My. The massless configuration (green) is favored only at high u with respect to the homogeneous
configuration (orange), but the spiral configuration (yellow) is always favored with respect to both of
them. As a consequence, symmetry is never restored at high temperature.

7 Conclusions

In this work, we have studied phases at finite temperature and density for the chiral Gross-
Neveu model, relying on non-abelian bosonization and 't Hooft anomaly matching. In
particular, we gave a prediction for the long-distance behavior of the two-point function of
the determinant operator (5.1), summarized in (5.14)—(5.15).

Let us discuss some open questions and possible future directions. Inhomogeneous
phases of the cGN model at finite N have been found in lattice simulations [48, 49], using
as order parameter the fermion bilinear operator ¥1.22 We expect that the qualitative
behavior (5.14)(5.15) should hold for 9fs. It would be nice to put this expectation on firm
footing by generalizing our analysis in section 5 to the two-point function of the fermion
bilinear. On the other hand, at least for sufficiently low N, we expect that the two-point
function of the determinant operator should be obtainable from lattice methods. It would
be interesting if lattice results could check our prediction (5.14)—(5.15).

An intriguing phase which breaks translations, dubbed crystal phase, has also been
observed at large N in the O(2N) GN theory [45-47]. Whether this phase survives at finite
N is an open question, which is being investigated with lattice simulations [50]. Note that in
the case of the GN model there is no continuous symmetry that gets mixed with translations,
but rather a genuine spontaneous breaking of translations to a discrete group. Non-abelian
bosonization techniques are available in this case as well, however the crucial difference is the
absence of a free boson sector, which played an important role in many calculations in the
chiral case, and in particular was instrumental to derive the chiral spiral. A semiclassical
analysis at the level of the Lagrangian of the Spin(2N); WZW model, deformed by the
chemical potential, might still be fruitful, but one would have to cautiously assess its regime
of validity. Interestingly enough, the same ’t Hooft Z, anomaly responsible for persistent
order in the ¢cGN model also occurs in the GN model.

It would be interesting to investigate the existence of orders similar to the one studied in
this paper also in higher dimensional theories. Although lattice studies suggest that no crystal

22Note that the sign problem usually associated with the chemical potential is not present in the chiral
Gross-Neveu model for N even [50].

— 26 —



or chiral spiral phase survives in the continuum limit of the 3d versions of the large N GN and
c¢GN models [51-54] (see also [55]), such phases could be present in other theories, see e.g. [56]
for a recent study at finite chemical potential for O(NN) models in d = 3 and d = 4 dimensions.

Acknowledgments

We thank Andrea Antinucci, Francesco Benini, Christian Copetti, Pavel Putrov, Ryan
Thorngren and Jingxiang Wu for discussions. MS thanks the Institut des Hautes Etudes
Scientifiques (IHES), where part of this work has been done, for the hospitality. Work
partially supported by INFN Iniziativa Specifica ST&FT.

A Gaugingsind=1+1

In this appendix we review well-known relations among theories defined on a 2d closed
manifold Ms upon gauging a discrete symmetry G. We first review dualities among bosonic?
theories and then consider those turning a bosonic theory to a fermionic one, and viceversa.
For simplicity, we take abelian cyclic groups, with G = Z,.

Let T be a bosonic theory on My with a non-anomalous symmetry Z,. The theory
obtained by gauging Z,

T=T/Zn, (A.1)

is guaranteed to have a non-anomalous “dual” symmetry G = Hom(Z,, U(1)) = Z, [57). Its
partition function in the presence of a background Z, gauge field reads?*

Z;(0) == > zrge T (A.2)
tEHl(M27Zn)

where T denotes the Z, background insertion, U is the cup product in H'(Ma,Z,), g is
the genus of My and n9 = /|H'(Ms,Z,)|- Gauging the dual symmetry gives back the
original theory:

T/Zn = (T Zn)/Zn =T . (A.3)
Explicitly,
- > 27l - > i ot L S Zrlintsr = 2r{T], (A
where we have used that
e TR AT (A.5)

v

23 A two-dimensional theory is bosonic if observables do not depend on the choice of the spin structure p on
M (assumed to be spin).

24We adopt here a notation often used in the literature of denoting respectively by small and capital latin
letters dynamical and non-dynamical gauge fields.
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Let us consider now fermionic theories, namely those theories where observables do
depend on the choice of the spin structure p. These theories have a Zs fermion parity
symmetry Z4 for which we can think the spin structure p as a choice of background.? A
standard way to get a bosonic theory out of a fermionic one F is to gauge Z£, which is
equivalent to summing over the spin structures on Ms. In fact, we get two different bosonic
theories B and B’, depending on whether we consider F or we stack to it the Arf theory [34]:

B = (F x Arf) /78, (A6)
B =F/zt . '

The Arf theory is one of the simplest non-trivial topological theories, the IR limit of the
topologically non-trivial phase of the Kitaev chain [58]. Its partition function Za,¢ on Mo is
the Arf invariant, which is the index of the Dirac operator I§, mod 2 [59]. We have

Zas[p] = ™AL (A7)

It is +1 or —1 respectively on even or odd spin structures.?® For My = T2, the only odd spin
structure is the one in which fermions are taken to be periodic in both cycles, i.e.

0, p=(NS,\NS), (NS,R), (R,NS),

Arf[p] = A8
v/ 1, p=RR). .
Explicitly, we have
1 A
Zg[T, p] = fgzzf[s P\ Zatls - ple™ ) *VT
1 iwfsUT
Zp [T’ p] = 279 Z ZJ‘—[S ’ p]@ ) (Ag)

where in the last step in both relations we have used the fact that having a non-trivial
background ZJ gauge field s is equivalent to changing the spin structure from p to s - p,
where for any one-cycle v on My

(s D)) = p(7) + / s mod 2. (A.10)

In (A.9) T is the background gauge field for the Zy symmetry dual to Z3". For any fixed p
the sum over s can be traded for a sum over spin structures p’ = s - p and hence the theories
B and B’ do not depend on the choice of the fiducial spin structure p and are bosonic. Taking
the fiducial spin structure p to be identically zero (that is NS on all non-trivial cycles), it
can be shown (see e.g. [60, 61] for details) that

Z eiwfsUwF[S . p] — Z eiﬂ'(Arf[w'Pl]_Arf[Pl])F[p’] . (All)
s 14

2Tt is tempting to take the correspondence literally, but one cannot identify a spin structure p with a
background gauge field S € Hl(Mg, Zs3) for ZE in a natural way. Yet, we can add on top of p a Z£ connection
S: this has the net effect of changing the spin structure from p to S - p, which is defined by changing the
periodicity of p around the cycles along which S has nontrivial holonomy, see (A.10).

26A spin structure p is called even (odd) when a Majorana fermion with spin structure p has an even (odd)
number of zero modes.
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Therefore,

1 AT
Zg[T) = % Z Z5[plet™ ATl
P

: - - (A.12)
Zp [T] = 2—g Z Z]:[p]eﬁrArf[T-p}—errf[p] '
p

We denote the Zo symmetry of B dual to Z£ by Zjy. It can be shown that the two bosonic
theories B and B’ are related by gauging, B’ = B/Zj, and hence the dual Zs symmetry
of B is ZY.

Conversely, to a given a bosonic theory B with a non-anomalous symmetry Zs we can
associate a fermionic theory F [62]. The latter is not unique as it depends on the choice
of the specific Zy symmetry of B. F is obtained by stacking B with Arf and gauging a
diagonal Zo symmetry between the two,

F = (B x Arf)/Z,. (A.13)
More precisely, we have

Zrl =L Y zlemAen) (A.14)
tGHl(MQ,ZQ)

where t is the dynamical gauge field associated to the Zy symmetry. It can be shown that
if we gauge Z4 in the fermionic theory F we have

F|2Y =B =B/Z,. (A.15)
We can also define the fermionic theory F’ as in (A.13), replacing B with B’
F' = (B x Arf)/Z}, (A.16)

where Zj = Zy is the symmetry of B’ dual to Z; of B, see (A.15). A simple computation
shows that

Zzi[p) = Zr[plem V] (A.17)
and hence
F' =F x Arf. (A.18)

To close the circle, we can get the original bosonic theory B from JF’ by inverting the
above procedure,

B = ((F x Arf) x Arf)/z8 = F'/2E (A.19)
that is,

1 . .
Zg[T] = 5 Z T [p]ezﬂ'Arf[T-p}—l-errf[p] 7 (A.20)
p
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(-xArt)/diag(Z§, ZE)

B F
(-xArf)/ZE
./Zgw \/Zg /[XArf
(-x Arf) /diag(Z5', Z.E)
B =B/75 F'=F x Arf

(-x Arf) /ZE

Figure 3. Diagram summarizing the relation through gaugings between the two bosonic B, B’ and
fermionc F, F’ theories in two dimensions.

which agrees with the expression in (A.12), given (A.17). We summarize all these results
in the diagram in figure 3.

A simple example that we use in the main text involves B = U(1)y and B = U(1)4n.
The Zo symmetries are Z5 = 7§ and 75 = ZIQ/V/, Z;W being the Zy subgroups of U(1)p,
respectively. In particular, we have

U(1)4N x Arf % Arf — U(l)N x Arf

A21

For N =1 the above fermionic theories coincides with the one of a free Dirac fermion (with
two different sign choices for the RR spin structures). We check it when My = T?. The
torus partition function of a compact scalar is given by (B.3). We denote by Zi]l,, ] the
partition functions twisted with respect to ZSV ". Here I, = 0,1 indicates the [,-times twisted
sector, while Iy = 0,1 denotes the partition function computed with the insertion of the [;-th
power of the symmetry operator in the sum. We have
1 llepm 2_1 e—m 2
e S e

Z1[0,1] = In(i)P ;(_1)%%(%?)2(1%(6—?)2 ,

Z1[0,0] =

1 l(+m,+1)2 1( m+1)2 (A22)
Z1[1,0] = —— 5675*56*757
1[ ] ‘77(7_)‘2 ;ﬂq q
1 1 m 12 1 m, 1\2
Zi1,1] = —— —1)™ s(et5+3) gale—%+3)"
1[ ] |77(7_)‘2 ;( ) q q
In order to fermionize the theory, we use (A.14) to get
1 03(7) |2
ZF[NS,NS] = §(Zl[0,0]+Z1[0, 1]+Zl[1,0] —Zl[l,l]) = ?7(7') ,
1 04(7) |2
ZF[NS,R] = — (Zl[O, 0] + Zl[(), 1] — Zl[l,O] + Zl[l, 1]) = ,
2 n(7) A23
) e (A.23)
ZF[R,NS] = *(Zl[0,0] —Zl[O, 1]—|—Z1[1,0]—|—Zl[1,1]) = 2(T> ,
2 n(r)
1
ZF[R, R] = B (—Zl[0,0] + Zl[(), 1] + Zl[l,O] + Zl[l, 1}) =0.

We recognize (A.23) to be the torus partition function for a single Dirac fermion in the
different spin structures.
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B U(1)y WZW vs. R? = k' compact boson

Consider the theory of a 2d compact scalar with radius R on a manifold Ms:

1

S=o /Mz(am)? Pz, d~dt 2R, (B.1)

This can be equivalently described at the Lagrangian level by a compact scalar ¢ of radius
R =2/R. We focus in what follows to the case where M, = T2. We introduce holomorphic
and anti-holomorphic components of ¢,

$(2,2) = p(2) + 9(2),  é(2,2) = p(2) — B(%). (B.2)

The torus partition function of a compact scalar with generic radius R is given by

ZR(,7) Z ghem ghem (B.3)
where ¢ = €*™7, and
1 /e mR\? - 1 /e mR\?
hem:* ey o ) hemzf o T ) B.4
’ 2 (R + 2 ) ’ 2 (R 2 ) (B.4)

are the conformal dimensions of the Virasoro primary operators

Ve,m(27 2) = exp |:7,e¢('25) + ZmR(b(;’ 2)]

(B.5)
mR mR

= exp {z (; + 2> o(z) +1 <; — 2) cp(z)} .

When R? is a rational number, additional higher-spin (anti-)holomorphic currents appear
which give rise to an extended symmetry algebra, and the infinite Virasoro primaries of the
compact scalar can be rearranged in terms of a finite number of affine characters. If we define

R = %, p,p €N, ged(p,p) =1, (B.6)

the partition function (B.3) can be rewritten as a sum over affine characters as

2pp’ —1

Z\/m Z X (@er') Xwipf)(T)a (B.7)

where
1 (t+ )2
(2pp ) _ 2pp’
Xn o (1) =—=) 4 : (B.8)
A n(7) te%
and we have defined
wo = pro+p'so mod 2pp’, (B.9)
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with (rg, sg) being any Bézout pair for (p,p’), i.e. (positive) integer numbers such that
pro —p'so=1. (B.10)

The partition function (B.7) corresponds to a diagonal RCFT if and only if wg =1 mod 2pp/,
which can happen only if either p or p’ is equal to 1. If p = 1 (the case p’ = 1 can be
obtained by T-duality) we have

2p'—1

Z (7, 7) = g} X (2. (B.11)

This is the partition function of the diagonal U(1)y,y WZW model. When both p,p’ # 1, the
relation between the compact boson CFT and a U(1) WZW model is more subtle. For our
purposes it is enough to consider the case p = 2 and p’ = N, with N odd, which corresponds
to a compact boson with R?> = N odd. There are 2pp’ = 4N affine characters in this theory.
A Bézout pair for (p,p') = (2, N) is (ro, s0) = (231,1), which leads to wy = 2N + 1. The
partition function (B.7) reads

AN —1

4N 4N 4N
er J(7))? + Z A ORI moa an (7) + (B.12)
/\EQZ )\EQZQH

and evidently is not a diagonal RCFT. However, it can be seen as the Zs orbifold of a compact
scalar with R? = 4N where Zy = Z§ C U(1)p (this is consistent: the ZI quotient of the
compact boson with radius R is the theory with radius R/n).

In general, if the theory R? = 2p//p is non diagonal, in particular if it has p # 1, we can
realize it as a Z, orbifold of the diagonal theory with R? = 2pp/.
Since we will be interested only in theories with R? € Z+, it suffices to distinguish the cases
p=1and p=2,ie. R?even or odd, respectively. In summary, the correspondence is

R? = 2n compact boson <= U(1)2y,,

U)ns1) (B.13)
g = Ul

R? = 2n + 1 compact boson <
When N = 2n + 1, the parent theory U(1)4y in (B.13) is the one entering (3.2). For both
even and odd N, we can then effectively take p = 1 and consider diagonal RCFTs.

C Spin(2N) vs (SU(N) x U(1))/Zn

In this appendix we show the relation (3.2) by proving the equality of the partition functions of
the theories on the T2 torus. It is in principle straightforward to show that, upon performing
the sum that corresponds to gauging Zy, the sum of products of twisted /untwisted characters
on the left-hand side reproduces the sum of squares of characters on the right-hand side.
However, in order to make more transparent the origin of the identity and to prove it
for generic value of N, we use the well-known relation between chiral algebras in 2d and
Chern-Simons theories in 3d [31].
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We briefly review here this correspondence for the particular case of interest in which
the Chern-Simons theory is defined on M3 = S' x Dy with M3 = T? being the space
of the 2d theory. Upon imposing holomorphic boundary conditions for the Chern-Simons
field, the states of a basis of the Hilbert space on T2 are in one-to-one correspondence with
chiral affine characters of a Gy, WZW model [63, 64]. Affine characters in the representation
X of the gk chiral algebra are obtained by inserting the corresponding Wilson line along
the non-contractible cycle:

(W) = x5(7)- (C.1)

The partition function of a Gy WZW model is obtained in 3d by gauging a certain subgroup
of the one-form symmetry [15] of a Chern-Simons theory with gauge group Gy x G_i, where
G} and G_j correspond respectively to the holomorphic and anti-holomorphic sector of
the WZW model. The 2d orbifold of a Gj, WZW can be seen as different gaugings of the
3d CS theory. Wilson lines are at the same time the topological and charged operators
of the one-form symmetry.

The procedure to gauge a subgroup A of a one-form symmetry is well-known [65, 66]
(see also [67]). It amounts to sum over insertions of Wilson lines generating A, which can
either fuse or link with the Wilson lines of the theory, see figure 4. We focus on the case
in which A = Zg is an abelian subgroup of the one-form symmetry of a CS theory. For
simplicity we describe the gauging procedure when the gauge group G is simple (or abelian),
the generalizations to products of groups being straightforward. If W is the Wilson line
generating Zg, we have W/? = 1. The group A is gaugeable if and only if W, has integer
spin hj and the lines in 4 are mutually transparent, i.e. they have trivial mutual braiding.?”
Given A, we then select the Wilson lines which have trivial linking with lines in 4, and the
lines of the gauged theory are given in terms of orbits under fusion with A. Let P be the
total number of Wilson lines in the CS theory. The Wilson lines W5 with trivial linking
with Wg, n=1,...,Q — 1 are those for which

B\ ) =1. (C.3)

There are in general P/@Q Wilson lines which satisfy (C.3). Such lines organize into P/Q?
gauge-invariant orbits of the form

Ow = &7 W;

Atqp? (C4)

which are the surviving lines in the gauged theory.?® Inserting a Wilson line orbit of the gauged
theory along the non-contractible cycle of M3 amounts, on the boundary, to sum over the

*"Recall that, given two Wilson lines W; and W, their braiding B (5\, i) is given by

B(\, p) = exp (2i7r(h&+ﬂ — hy, fhﬂ)), (C.2)

and the spin of a Wilson line W equals the chiral dimension A mod 1 of the corresponding 2d affine character
X5 Trivial braiding means B = 1.

?%If the line Wy is a fixed point under fusion with W}, s being a divisor of N, then there are N/s copies of
the line W; [67]. In our case the action is always free and no degeneracies occur.
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A Q A A < A A

0, Oy A B A+ pln

Figure 4. A Z, one-form symmetry in 3d has topological lines labelled by A € Z,. They fuse
according to the Z,, group law (right), and act on charged operators, which are also supported on
lines, by linking (left). Here [z], =  mod n and g is the Z,, charge of the operator O,.

products of characters associated to the Wilson lines of the ungauged theory as given in (C.4).
When the gauge group is of the form G x G_g, to each orbit we can associate a combination
of left- and right-moving characters which we can interpret as a partition function for the
associated 2d WZW model, provided the combination has the correct modular properties.

We prove (3.2) by showing that the left and right-hand side of this equation arise from
gauging the same subgroup of one-form symmetry, which leads to a single orbit. The CS
theories are

Ges = SU(N); x U(1)xy x SUN)_1 x U(1)_n, N even

(C.5)
GCS = SU(N)l X U(1)4N X SU(N)fl X U(l)_4N, N odd.

We denote in the following by (j, \; k, i) a general Wilson line of the CS theories, where j
and k are the ranks of the completely antisymmetric representations of sti(N); and su(N)_y,
while A and 7 are the charges of u(1)g and u(1)_g . For N even, Q@ = N and \,u € Zy,
while for N odd @ = 4N and A, € Zyn. The spin of SU(N); and U(1)g Wilson lines is

J(N —j) \?

(C.6)

C.1 Even N

For N even, the total one-form symmetry is GV = Z3; and we have a total of N* Wilson
lines. We want to gauge a subgroup A ¢ G, where A = Znyja X LN %X Zs2 is generated
by the following set of lines?’

A= <(272;676)¢ (Oa();ié)) (11 1; L i)a (OvN/276>m)> = ZN/2 X LN X L3 . (07)

We define the subgroups

A1 =((2,2;0,0),(0,0;2,2)) ~ Z?V/Q, ©8)
AQ:<(O’N/2767N/2)7(1717171»:ZNXZQ .
We also define the coset
A _ o
Ac = 7 ={[(1, 11, D), [0, N/2;0, N/2)]) = 3. (C.9)

29This set of generators is not minimal, as (1,1;1,1) can be combined with either (0,0;2,2) or (2,2;0,0) to
give the other one.
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We gauge A in steps, starting with A;. This acts independently on holomorphic and
anti-holomorphic sector by projecting into lines with

=X mod N/2, k=@ mod N/2. (C.10)

We are left with (2V)? lines which forms 42 gauge-invariant orbits (each containing (N/2)?
simple lines). In terms of characters, they are given by x,Xs, where a = i,v,s, c, and

NJj2—1 N/j2—1
= > x2(T)xax(T)d5x = > xejr(mxaai(Mda,  (C11)
J,A=0 4,A=0

N/2-1 N/2-1

= > x2i(T)x2rsn/2(T)dn = > Xoj+1(T)Xort148/2(T)S5x
JsA=0 7,A=0

and similarly for the right-moving characters. Note that the left-hand sides of (C.11)
coincide with the four affine characters of the 5551(2N )1 chiral algebra, associated respectively
to the identity, the vector and the two spinor representations of Spin(2N), with highest
conformal weights

1 N
_57 hs:hczg- (Cl2>
Their fusion rules can be computed using Verlinde’s formula [68] and the modular matrices
associated to the su(N); and u(1)y algebras. We get as expected

VXV=8XS=cXC=1, SXC=V, VXS=c, VXC=Ss. (C.13)

We now gauge the coset A.. This leaves 4 orbits which gives rise to a single orbit of orbits Oy
(containing in total N2 simple lines), the one obtained by summing the diagonal combination
of the above characters. We then have

(Ow) = Ixal® + bevl? + Ixsl” + Ixel* = Zspinan), - (C.14)

We now discuss how to obtain the partition function of the (SU(N); x U(1)n )/ZN/2
orbifold theory. To this purpose we can gauge the whole group A at once. The explicit form
of the final orbit Oy in terms of simple lines can be written as

Ow =aN=2 0l (C.15)
keven

where

_ - N — N
o) =0 [(j7j;j+k,j+k)ea (j,j+2;j+k,j+k+2>
(C.16)

N o N —— N N N . N
—,J;j+k+5,j+k Slj+ o Jtsitk+0+k+5 )|

@(J+ 2 2 2 2 2

We show below that Ol(/llj) coincides with the k-twisted partition function of the orbifolded
theory. The full partition function reads

N—-2
k
Zsuwy xu)y = Z Zsuny [k ) Zuayy [k, 0 = > Z(SU)(N)le(UN : (C.17)
%/ k(=0 =0 Zn
k.l even even
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where [k, ¢] denote the k-twisted sector with the insertion of ¢ Z /2 charges of the individual
SU(N) and U(1) sectors, while Z(*) is the partition function of the orbifolded theory restricted
to the states with charge k under the dual symmetry Z% /2 The functions Zgy(n), [k, ¢] and
Zy(1) vk, £] can be computed starting from the unwtwisted sector

N-1 N-1
—omidt - i A -
Zsun [0, = e N yixs, Zuayn 0,4 = TN v, (C.18)
j=0 A=0

and applying S and T" modular transformations. We have

S Zguny, [k, 0] = Zsuny, [N = Lk, S Zuayy k) = Zuayy [N — 4K,

(C.19)
T Zsyny, [k ) = Zsuny, [k, b+ 1], T Zuayu k.l = Zuay [k, b+ 1],

where the action of S and T" on the characters are given, e.g., in [69]. In particular, we have

ZSu(N Z XiXjtk, Zuayylk,0] = Z XAX A4k - (C.20)

Given the action of the Z]LV /2 charges on the characters, the partition functions Z®*) defined
in the r.h.s. of (C.17) are obtained by projecting on the Zk/Q neutral states:

N—-2 N-1
k _ _ _
Z(SU)(N)le(l)N N Z e il Xij—i—kX)\X/\-i-k- (C.21)
ZJI\‘]/2 Py /=0 .]7)\:0

It is now straightforward to see that the sum over ¢ in (C.21) gives rise to the combination

(k)

of characters entering Oy;/, and hence

k k
OW) = Z%) ) voy s Vk=0,2...N 2. (C.22)
ZL
N/2

Suming over k and using (C.14), (C.15) and (C.22), we immediately get

ZSpin(2N)1 = ZSU(N)1><U(1)N , (C.23)

219
proving (3.2) for N even.

C.2 Odd N

For N odd, the total one-form symmetry is G(V) = Z?V X ZEN and we have a total of 16N*
Wilson lines. We want to gauge a subgroup A ¢ G, where A = Z%V X Z4 is generated by

A= {((1,2N +2;0,0),(0,0;1,2N +2), (0, N;0,N)) ~ Z3% x Zy.. (C.24)

We identify the subgroups

(C.25)
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and gauge A; first. As before, this acts independently on holomorphic and anti-holomorphic
sectors by projecting into lines with

2j = (N +1)A mod 2N, 2k = (N +1)i mod 2N . (C.26)

We are left with (4N)? lines which forms 42 gauge-invariant orbits, with N2 elements. In
terms of characters, they are given by x.Xs, where a = i,v,s,c, and

N—-14N-1

Z Z X] [ (2N+2),Man >

7=0 A=0
N—-14N-1

xXv(T) = Z Z XJ( )Xatan (T )5[j(2N+2),>\]4N7
(C.27)

Xs(7) = Z > XN (TS 2N +2) Aaw »

Xe(T) = X5 (T)XA+3N (T)[j(2N+2) Aluw -

where djqy),, stands for a = b mod 4N. A similar result applies for the right-moving
characters. The left hand sides of (C.27) again coincide with the four affine characters of
the Spin(2N); WZW model, associated respectively to the identity, the vector and the two
spinor representations of Spin(2/N). Their highest conformal weights are as in the N even
case (C.12), while their fusion rules read instead

VXV=8XCc=1, SsXsSs=cXCc=V, VXS=cCc, VXC=S. (C.28)

We now gauge As. This leaves 4 orbits which gives rise to a single orbit of orbits O
(containing in total 4N? simple lines), the one obtained by summing the diagonal combination
of the above characters. We then have

(Ow) = |xil* + Ixvl? + [xs” + [Xel? = Zspinn), - (C.29)

We now discuss how to obtain the partition function of the (SU(N); x U(1)4n)/Z%
orbifold theory. Like for the case of N even, we can gauge the whole group A at once. The
form of the final orbit Oy in terms of simple lines can be written as

Ow = e oWl (C.30)

where

oY) = el @l (j, 2N +1)j+sN;j+ 52N+ 1)(j + k) + SN) . (C.31)

We proceed as for the case of N even. The steps are almost identical, so we will be brief.
The full partition function reads

1 N-l N—
Zsuw) xUuy = N Z Zsu(ny, [k 0 Zu(1y, 0 [2(N + 1)k, 2(N + 1 Z ZSU(N)le(1)4N .
zy k=0 z%,
(C.32)
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The functions Zgy(ny, [k, €] and Zy),y [2(N + 1)k, 2(N + 1)f] can be computed starting
from the unwtwisted sector

4N—1
- 2(N+1))\£ _
Zsu(n Z -2 @NXJX], ZU(1)an [0, 2(N + 1)¢ Z 2™TEN T o, (C.33)

and applying S and T" modular transformations. We have

S Zsuny [k, 0 = Zsuw), IN = Lk, S Zuay,n [kl = Zua),y [AN — £, K],

(C.34)
T Zsyny, [k 4] = Zsuny, [k, k + €], T Zyayylk Ol = Zuayy ks b+ 4]
In particular, we get
AN-1
Z3u(N Z XiXjtk s 2y 2N+ 1)k 0] = Y xaXota(N+1)k » (C.35)
A=0
and Z®) in (C.32) read
N—1N—-14N—
& 1 o GIm2NEINE _
Z(SU)(N)IXU(1)4N =~ Z Z Z 2 X5 XG4k XAXAL2(N+1)k - (C.36)
L : : :

Iy

)

The sum over ¢ in (C.36) again gives rise to the combination of characters entering O‘(,V
n (C.31), and hence

k k
OW) = 2% v s YR=0,1...N —1. (C.37)
zy

Summing over k and using (C.29), (C.30) and (C.37), we immediately get

Zspin(2N); = ZSU<N>1XLU<1>4N ; (C.38)

N

proving (3.2) for N odd.

C.3 Example

It is useful to see in some more detai how the SU(N); and U(1)y (or U(1)4n for N odd)
primary operators combine in Spin(2N); ones. For definiteness we consider N even, but
simlar considerations apply for NV odd. We classify the spectrum of affine primaries of
SU(N)1 x U(1)n under the Zy/, symmetry. Like Wilson lines in the corresponding Chern-
Simons theory, affine primaries of SU(IV); x U(1)y are labeled by their representations under
left- and right-moving chiral algebras, (j, \; k, i), 7,k, A\, i = 0,...,N — 1. Operators with

A=j+Q mod N/2, gp=k+Q modN/2,

" (C.39)
k=j+2¢{ mod N, H=A+2¢ mod N,

belong to the charge () subsector of the (-twisted Hilbert space under Zy/,.
As well-known, Zy/,-charged @ operators in the untwisted Hilbert space sector of the
ungauged theory get mapped to Zy/p-neutral operators in the Q-twisted Hilbert space sector
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SU(4)1 x U(1)4 7% even 7% odd w Zy even Zs 0dd
(0,0;0,0),(2,2;2,2) 1 (0,1;0,1),(2,3;2,3) (0,0;0,0),(2,2;2,2) | (0,0;2,2),(2,2;0,0)
H (1,1;1,1),(3,3;3,3) | (1,0;1,0), (3,2; 3,2) 7 (1,1;1,1),(3,3;3,3) | (1,1;3,3),(3,3; 1, 1)
(0,2;0,2),(2,0;2,0) | (0,3;0,3),(2,1;2,1) (0,2;0,2),(2,0;2,0) | (0,2;2,0),(2,0;0,2)
(1,3;1,3),(3,1;3,1) | (1,2;1,2), (3,0;3,0) (1,3;1,3),(3,1;3,1) | (1,3;3,1),(3,1; 1, 3)
(0,052,2),(2,2;0,0) | (0,1;2,3),(2,3;0,1) (0,1;0,1),(2,3;2,3) | (0,1;2,3),(2,3;0,1)
o (1,1:3,3),(3,3: 1.1) | (1,2:3,0), (3,0; 1,2) o (1,0:1,0),(3,2:3,2) | (1,2:3,0),(3,0: 1,2)
(0,2;2,0),(2,0;0,2) | (0,3;2,1),(2,1;0,3) (0,3;0,3),(2,1;2,1) | (0,3;2,1),(2,1;0,3)
(1,3;3,1),(3,1;1,3) | (1,0;3,2), (3,2;1,0) (1,2;1,2),(3,0;3,0) | (1,0;3,2),(3,2;1,0)

Table 1. Affine SU(4); x U(1)4 primaries spectrum and their symmetry properties under the Zs
symmetry before gauging (left) and under its dual Zs symmetry after gauging (right). We report
in different colors the SU(4); x U(1), primaries (j, \; k, i) that combine together to form Spin(8),
primaries, namely identity, vector, spinor, conjugate spinor. There are also twisted primaries living at
the end of a Zs line defect, which do not correspond to any %(8)1 representation.

Spin(8)1 Z3 even Zy odd 4 Diracs | Z% even 75 odd
H (i, i), (v, ¥) | (s, 8), (c, €) HNs (i, 1), (v, v) | (i, ¥), (v, 1)
Hew | (5,€), (e, 8) | (1, ), (v, 0) Hr | (s,8), (e, €) | (s,0), (c,5)

Table 2. Affine Spin(8); primaries spectrum and their symmetry properties under the Zj symmetry
before fermionization (left) and under Z£ symmetry after fermionization (right). We use the same
color coding as in table 1.

in the gauged theory, and viceversa. Therefore all neutral states in the original theory are in
the untwisted Hilbert space of the gauged theory. These SU(NN); x U(1)y primaries then can
be rearranged in such a way to give the diagonal modular invariant of the Spin(2N); WZW
model, as expressed in (C.11). On the other hand, operators in the gauged theory with Z N/2
background twists cannot be described in terms of 5/p§1(2N )1 affine primaries. Moreover, the
Z3y symmetry that gets fermionized is defined only in the Z N/2-untwisted sector.

Let us consider N = 4 as example. We report in table 1 the symmetry properties of the
affine primaries of SU(4); x U(1)4. With different colors we highlight how they combine to
form local 5@(8)1 primaries, in the absence of Zs twists. There are also twisted primaries
living at the end of a Zs line defect, but these non-local operators are not 5/]331(8)1 affine
primaries, and get projected out in the Z% orbifold. We consider also the Z3 backgrounds
for Spin(8); = (SU(4); x U(1)4)/Z%, and its fermionization to 4 Dirac fermions classifying
the operator content according to the Z& properties, in table 2.

D Free field realization at IN flavors

The SU(N); WZW model can also be described in terms of N — 1 compact scalars[70]. This
description makes manifest only the U(1)N~! Cartan subalgebra of SU(N);. However, it is
useful here because it allows us to write in a tractable form the current-current deformation.
Let 0y,£=1,...,N — 1, be scalars with radius » = v/2. In these variables, the undeformed
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SU(N); theory reads

N-1

2
ﬁ() - E 878+936_05, (Dl)
=1

where we have made explicit the radius in the normalization of the kinetic term, so that with
these conventions 6y ~ 0y + 2w. The SU(N) currents are given by

1 i i .
Y4 «@ . o .

- LS 9 = — exp(—ia -0 D.2
Ji 1 0+0,, J 5 exp(ia - 1), J 5 exp(—ia - 1), (D.2)

where ¥, and 9, are the holomorphic and antiholomorphic components of 6;, and o € AT
are the positive roots of the su(N) algebra. We then have

1 1
E A 7A §
< z]+ J& = W 8+0€ 8_9,€ - ﬁ COS(O( . 9) . (D3>

acAt

The scalar potential can be rewritten in a more explicit form as

N-1 N-1 N-1
Z cos(a - 0) = Z Z cos <Z (Ajye + Aige + -+ + Aip£)9£> , (D.4)

aEeAT p=1 i1>ia>->ip=1 /=1

where A;; is the su(N) Cartan matrix. Using (D.4) it is not difficult to see that the potential
has exactly N classical minima, attained at

P
ez:@g’“)zﬂk, k=0,1,...,N—1. (D.5)

It is instructive to look at the symmetries preserved by the JJ deformation in this
language. Of the full PSU(N)y x Z% symmetry, the ones that are explicit are only a
ZR x 73, x T subgroup, with Z& x Z3, € PSU(N)y being ‘clock’ and ‘shift’ transformations.
The action on the matrix field U is as follows,

2mi

Z%: U—enNU,

2mwi(a—1)
ZE . U MgUM), (Mg =e 5 0qp, (D.6)
Z§: Uws MsUME,  (Ms)ab = Sap-1 mod N »

which translates to the following action on the (anti-)holomorphic components of 6y,

Zk: 1950—>19£+2W7T€, 1§g'—>1§g,
le\g: 19(’—>’L94+2W7r€, 1§gi—>1§g—2w7r€, (D.7)
Z% 0 Ve Vpp1 — V1, O Dpyq — V1, Iy =9n =0,

The configurations @ék) spontaneously break the Z% symmetry: under Z%, @gk) — @gkﬂ);

on the other hand, they preserve the ZK x Z3. symmetry.
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D.1 The case N = 2

For N = 2, the deformed theory is a sine-Gordon model, for which (tr U) can be exactly
computed and shown to be non-vanishing. The non-abelian J fJ A deformation modifies
the free SU(2); = U(1)2 WZW model,

L= 1 0+600-0 + 8+98 0 — A cos(20) (D.8)
8 472

with @ ~ 0 + 27 in this normalization. This is also known as the 2-folded sine-Gordon model
introduced in [71]. The k-folded sine-Gordon model differs from the original sine-Gordon
model as the target space for the scalar is wrapped into a circle in order to have exactly
k minima of the potential. This spontaneously breaks the U(1) translational symmetry of
the scalar to its Zj subgroup. We have two classical degenerate minima of the potential,
at # = 0 and 0 =

In the undeformed SU(2); theory U is a (h,h) = (1/4,1/4) field transforming in the
bifundamental representation of SU(2). In terms of the compact scalar 6, up to unitary
transformations, we have

. 1 el il
Ub:( —if —i€> ’ (D.9)

where 0 is the T-dual of 6. Note that cos(f) = tr U/+/2 is a local operator and takes the
classical value +1 at # = 0 and —1 at 8 = w. The exact quantum vacuum expectation value
of (trU) can be computed using the results of [32], where a formula for one-point functions
of vertex operators in the sine-Gordon model is derived. Using eq. (20) of [32] we get

- OMT (1—57§> 2159
(trU) = V2 {ZMSI‘@)] exp (A(f)) , (D.10)

where

_ sinb (£ g i
A€ —/0 T QSlnh(£+l)SIHh() (&t)_2(1+§) = (D.11)

and M is the mass of the sine-Gordon soliton, which is exactly determined in terms of &:

Y 27T (§) (Nﬁg)))z | (0.12)

We report in figure 5 the value of trU/+/2 as a function of A\. As can be seen, it is non-
vanishing for any value of A > 0. For large A\ we enter a semi-classical regime. The soliton
mass (D.12) reads
2
M = V2 = (1 + O\ )y, (D.13)
27?2

and agrees with its semi-classical value. Consistently, tr U approaches the classical value v/2.
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Figure 5. The value of (tr U)/y/2 as a function of \.

E Twisted partition functions on a torus

E.1 75 backgrounds for the bosonized theory

9

As discussed in appendix A, to obtain a fermionic theory from a bosonic one should ‘fermionize
an appropriate non-anomalous Zy symmetry. In the case of N free Dirac fermions, where
the role of the bosonic theory is played by Spin(2N);, the precise correspondence is given
by (3.1). In the presence of a nontrivial background for the Z symmetry, the partition
function of the bosonic theory is well-known to be

Xal? + vl + Ixsl® + Ixel®

[Sa, Sb] = [
|Xi‘2 + |Xv|2 - |Xs|2 - |XC|27 [Sa,Sb] = [
[Sa, Sb] = [
[ =

Z3pin(2N); [Sas Sb] = (E.1)

+XiXv T XsXc + C.C.
—XiXv T XsXc T c.c.,

where S = [S,, 53], Sa, Sy € {0,1}, denotes the Z& holonomy on the corresponding cycle
of the torus.

Via the mapping between Spin(2/N); and SU(N); x U(1)q affine characters derived in
appendix C, the twisted partition functions (E.1) can be expressed also in terms of twisted
SU(N)1 x U(1)g partition functions.

For N even, (3.2) generalizes in the presence of a Z& background to

o N/2-1
Zspin(2N); [Sas O] = — Z ZSU L [2ta + Sas 2ty + S| Zu (1) [2ta + Sas 2ty + Sp] . (E.2)
N, ot
which for [S,, Sp] = [0, 0] reproduces the corresponding expression in appendix C.

For N odd, a similar relation is readily derived,

1 N—-1
ZSp1n(2N)1 [Sav Sb Z ZSU(N)1 [tm tb] (E3)
N ta,tp=0

X 201 [2(N + D)ta + 2N S5, 2(N + 1)t + 2N Sy
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E.2 Two-point function of vertex operators on a torus

Free case. Let ¢ be a free compact boson of radius R, ¢ ~ ¢+ 27 R, living on the torus with
parameter 7. Because of electric and magnetic neutrality, the only non-vanishing two-point
functions of vertex operators are of the kind

<Ve,m(zla 51>V—e,—’rn(:/527 Z2)> . (E4)
We follow [69] and adopt their notation. A standard computation yields>’

ZRVem(21, 21)V—-e,—m(22, 22))
— K(ZlQ) Z qhe/,m,qhe/,m/647”'[ae’,m’aeamZIQ_&e’,m’aeam’ElQ] (E5)

)

e’ m’

where Zp is the torus partition function (B.3), z12 = 21 — 29, and

Klona) = (91(z12|7')) O(elr) ) (P (E6)

N _1<e+mR> a _1<e_mR>
e»m_\/i R 2 9 e,m—\/i R 2 .

Nontrivial Z% background. We can repeat the above computation in the presence of a
nontrivial Z§ < U(1)p background on the torus. The addition of a Z, background alters
the boundary conditions of the scalar field. Let P,, P, € Zxy denote Zﬁ holonomy on the two
cycles. One should then compute partition functions with the set of boundary conditions

d(z+1,24+1)=¢(2,2) + 2rR(n+ P,/N),

o ~ (E.7)
d(z+T1,2+7)=p(2,2) +27R(n' + B,/N),

where n,n’ € Z are to be summed over.

With a computation formally identical to the one performed in the previous paragraph,
one gets

2mie Py

1 h p, R Py _
ZR[PCHPb] - qu e,m+Wq e’m+W6 N , (E8)

and similarly, for the (unnormalized) correlation function,

ZR[Pm Pb] <Ve,m(zla El)v—e,—m(z% 22)>[Pa,Pb]

h Py _h P 2mie’ Py 4m‘[a Py Oe,mZ12—Q P, &e,mim} (EQ)
= K(z12) Z q R G It e TR e efym'+ 1 ef\m!+ ¢ .

e/, m’

30Note that there is a typo in the first line of eq. (12.148) of [69]. The correct expression is reported in (E.5),
with K as defined in (E.6).
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Nontrivial Zg‘ background. We would like to turn on a background for the symmetry
(see (3.12) and the discussion below),

7L . ¢¢—>¢—|—277r€pR, ¢3+277T£p’%, 0=0,1. (E.10)
In (E.10) R is a generally irrational radius, p and p’ are coprime positive integers such that
Z% matches the Zy subgroup of the U(1);, symmetry at the rational value R? = 2p//p when
the deformation is turned off. Modular covariance is lost in presence of the Z& background
because Z¥% is anomalous. In order to restore modular covariance, we should consider a
product theory of the compact scalar with another theory with equal (and opposite) anomaly
for a Z& symmetry. Then turning on the diagonal Z% background in the product theory is
equivalent to turning on the same Z% background for both factors. This is what we will be
doing, and for this reason we are allowed to ignore the issue of modular covariance.
The partition function for general Z% background L = [Lg, Ly), La, Ly € {0,1}, can be
computed with the same method as above. One obtains
Zr|La, Ly) = 1 Z qheJrP’LT“varpLTa qhHP’LTavmﬂLTa (_1)Lb(pe+p’m) ) (E.11)
In(1)1? o2,

The correlation functions between vertex operators is also easily generalized from the one
in the absence of background to

ZR[LaaLb] <Ve m(zlvél)vfe — (22’22)>[L La)
= K 212 Z Z q'e' ! glte' m (_1)Lb(p€+p/m)€4ﬂ"l‘I:OéelymlDZeJnZlQ_&elym/ae7m212] ' (E12)

e'ez+¥La miezt Bl

Chemical potential for U(1)w. In the presence of a chemical potential for U(1)y,
the action reads

- / (00)* a%o + 1 / 016z, (E.13)
The classical minimum of this action is
cl =\
P, (2,2) =2nRez/R. (E.14)

This means that ¢ will in general satisfy the boundary conditions

bz +1,2+1) = (2, 2) +27TR(n+M>

mR2
LRer (E.15)
¢(z+7,z+7):¢(z,z)+27TR<n’—|— 5 )
TR
Proceeding as usual, one gets the following expression for the partition function,
1 henLﬂfﬁe'mﬂ — 27
Zpy= g Yog R e e e (E.16)

— 44 —



Let us now compute the two-point function. In doing so we should add the contribution
from the classical solution (E.14), to get

ZR,,u <Ve,m(zly Zl)vfe,fm(ZZa 22)>u

“h ot 4mi [a ~, Qe,mZ12—0 , ~ a57m212:| (El?)
— K 212 212 q E q e, /e 2ie ;LRefre e \m! el \m! ’
where N ,
iepn R _2mpu 1
W(Zlg) = ¢ R2 € 212 RZ2 111,2127 m m+ L (E18)

TR2’

Let us also add a nontrivial Zﬁ background. Then for the partition function one gets
W —2mie( b4 LR
ZpuPa, Py = Zq 7R rie( R ) : (E.19)

while the correlator reads

ZR,u [Pm Pb] <Ve,m(7317 ZI)V—e,—m(ZQa 22)>u’[pmpb} =

K(zm 212 Z ¢ h, f ra qjle 7/5’+P—1\‘,‘ e—27rie ( b+ ReT)e47ri |:Ote,7;7\7‘,+%ae,m212 o +113\‘,1 Qe m212:|
e/ ’
(E.20)
For a nontrivial Z& background, similar expressions hold,
1 h ~ h ~ —2iepReT Ly(pe+p'm)
ZrulLa, L) = L Z > qemgeme (-1) , (E.21)
eEZ+p mEZ-i-p
and
ZR,,u [Laa Lb] <Ve,m (2’1, gl)v—e,—m('z% 22)>/J«,[La7Lb] =
N
K(z12) [w(z12)] " %
Z Z th/ a’qJTLe’ m (_1)Lb(pe’+p'm')e4m <ae’,%’ae’m212_&e’,%’&e’mzm) —2ie/uRer
e'€7+ELa m/ez4ELe
(E.22)
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