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Abstract. Integrability has long served as a cornerstone concept in classical
mechanics, where it possesses a precise and unambiguous definition. Extending
this notion to the quantum domain, however, remains a far more subtle and elu-
sive problem. In particular, deciding whether a given quantum Hamiltonian—
viewed simply as a matrix of its elements—does or does not define an integrable
system is far from obvious. Yet this question is crucial: it bears directly on non-
equilibrium dynamics, spectral correlations, the behaviour of correlation func-
tions, and other fundamental properties of many-body quantum systems. In this
work, we develop a statistical framework for addressing quantum integrability
from a purely probabilistic standpoint. Our approach begins with the observation
that a necessary signature of integrability is the finite probability of encounter-
ing vanishing energy gaps in the spectrum. On this basis, we formulate a two-
fold protocol capable of distinguishing between integrable and non-integrable
Hamiltonians. The first step consists of a systematic Monte Carlo decimation
of the spectrum, designed to reveal the emergence (or absence) of Poissonian
level spacing statistics. The iterative decimation compresses the Hilbert space
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exponentially, and its termination point determines whether the spectrum is
governed by a mixed distribution or approaches the Poisson limit. In the second
step, the distinction is instead obtained by analysing the distributions of k -step
gaps which can help in discriminating between Poisson and mixed statistics. This
procedure applies to Hamiltonians of arbitrary finite size, regardless of whether
their structure involves a finite number of blocks or an exponentially fragmented
Hilbert space. As a concrete benchmark, we implement the protocol on a class
of quantum Hamiltonians constructed from the permutation group SN , thereby
demonstrating both its effectiveness and its broad applicability.

Keywords: integrable spin chains and vertex models, quantum chaos,
quantum integrability (Bethe ansatz), symmetries of integrable models
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1. Introduction

Integrability has long been a fundamental concept in the characterization of systems
in classical mechanics, where it admits a clear and well-defined meaning [1]. However,
as well known, extending this notion to quantum mechanics is far from straightforward
[2–4].

The standard criteria for quantum integrability are typically grounded in the
quantum Yang–Baxter equation [5–7], which underpins the Bethe ansatz approach to
solving quantum Hamiltonians. Since Bethe’s seminal work [8] and its subsequent gen-
eralizations to broader classes of systems [9–12], there have been extensive efforts to
develop systematic methods for identifying and classifying integrable models [13–21].
Among these, Reshetikhin’s criterion (see [22–25]) has been widely applied, provid-
ing a constructive framework to establish integrability and generate sets of commuting
conserved charges [26–38]. In practice, however, implementing these criteria is often
a highly nontrivial task since it typically requires conjecturing the form of the first
nontrivial conserved charge, a step that severely limits their applicability as a general
diagnostic tool. This limitation underscores the need for simple and effective algorithms
capable of detecting integrability in situations where only the spectrum—often obtained
numerically—is available.

As discussed below, in identifying quantum integrable models one may face vari-
ous degrees of difficulty—particularly in absence of a classical counterpart, where one
essentially deals with sets of numerical data, such as sequences of eigenvalues of various
observables or matrix elements expressed in a chosen basis of the Hilbert space. There
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is an extensive body of literature on this subject (see, for instance, [39–60] and refer-
ences therein), mostly devoted to the analysis of models and Hamiltonians of chaotic or
non-integrable dynamics (hereafter, the two terms will be used interchangeably). In this
context, the prospect of identifying integrable dynamics through statistical analysis—
what Porter aptly termed ‘statistical spectroscopy’ [44]—is both intriguing and concep-
tually compelling. Guiding tools are considerations from probability theory, together
with well-defined questions related, for instance, to the level spacings of energy levels,
the nature of their fluctuations or the outcome of specific tests.

This paper is organized as follows: after the discussion in section 2 on the main
obstacles in properly defining quantum integrability, we present in section 3 a prob-
abilistic argument that allows us to support the hypothesis, at least at a preliminary
level, regarding whether a given model is integrable or not. As we will see, this argu-
ment relies solely on the existence of a finite probability of encountering a zero energy
gap in the energy spectrum. For this reason, it is necessary to further substantiate this
preliminary result through additional statistical analyses, primarily based on symmetry
considerations, in order to distinguish between genuinely integrable dynamics and those
exhibiting mixed characteristics. We discuss the role played by symmetries in section 4,
while in section 5 we will examine the Poisson and Wigner–Dyson gap distributions—
corresponding, respectively, to the energy-level spacings of integrable and chaotic ran-
dom matrices—as well as the higher order spacing distributions of these two classes of
models. In section 6 we discuss the various gap distributions that arise from the super-
position of the spectra of different types. As we will show, the emergence of such mixed
distributions warrants particular attention and careful analysis, as their identification
can be rather subtle. In fact, the superposition of a sufficiently large number of spectra
of different types can closely approximate a Poisson distribution, making it indistin-
guishable from it within statistical uncertainty and, therefore, potentially leading to
the erroneous conclusion that the underlying Hamiltonian is integrable when, in fact,
it is not. Our discussion is based on the early analysis of this problem presented in [45,
54, 55] and, more recently, [56]. In section 7, we address the question of whether the
observed spectrum follows a genuine Poisson distribution or a mixed distribution. As
we will see, such a question can be resolved through a twofold protocol. The first step
involves a systematic Monte Carlo-inspired decimation of the energy levels designed to
test for the presence of Poisson statistics in the level spacings. Iterating this decimation
rapidly reduces the dimension of the Hilbert space associated with the spectrum, scaling
it down exponentially. If the process terminates before reaching its cutoff, i.e. a pre-
scribed minimum number of levels, the spectrum can be identified as following a mixed
distribution. If, however, the procedure reaches its final stage—yielding a number of
levels of the assigned minimal size—the distinction between Poisson and mixed stat-
istics can then be drawn by computing the original k -step energy gaps and comparing
their distributions with those predicted for Poisson and mixed statistics, which differ
in a clearly discernible manner. For any finite Hamiltonian matrix—regardless of its
size—this protocol (especially the Monte Carlo decimation) remains equally effective,
whether the system comprises a finite number of independent blocks or a fragmented
Hilbert space corresponding to an exponential number of blocks.

https://doi.org/10.1088/1742-5468/ae337c 4
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To provide concrete examples of our analysis, in this paper we employ quantum
Hamiltonians defined in terms of the finite permutation group. The use of this group
offers several advantages, as will become evident in the discussion presented in section 8.
Finally, section 9 presents the main results of our investigation, while the concluding
remarks are provided in section 10. As a general remark, far from being rigorous, this
paper combines analytic results together with heuristic arguments, statistical reasoning
together with exact numerical diagonalization in order to point out some important
features of integrable and non-integrable quantum Hamiltonians.

2. Integrability in classical and quantum worlds

In this section, we begin by reviewing the main features of integrability in classical
systems, both with finite and infinite degrees of freedom. We then argue that, in the
quantum context, the only systems with an effective approach to check the presence of
integrability are relativistic quantum field theories. The question of how to approach
integrability in other quantum settings is addressed at the end of the section.

2.1. Classical systems with a finite number of degrees of freedom

Integrability is readily defined in classical mechanical systems, particularly those with
a finite number N of degrees of freedom, where the phase space is 2N -dimensional
and parametrized by generalized coordinates qi and their conjugate momenta pi (i =
1,2, . . . ,N). For these systems, beyond the conceptual clarity of their definition, classical
integrability is also characterized by a well-established procedure for the explicit solution
of their equations of motion—arguably the primary reason for the enduring interest in
integrable systems. Let’s briefly summarize these two key points:

• In classical mechanics, a system is said to be integrable if it possesses N independent
integrals of motion Qi(q,p) (i = 1,2, . . . ,N) that are in involution—that is, their
mutual Poisson brackets vanish

{Qi,Qj}= 0 . (1)

When the Hamiltonian H(q,p) is time-independent, it is typically one of these con-
served quantities.

• The existence of these integrals of motion confines the dynamics to a submanifold
S of the phase space with dimension D = 2N −N =N , which, under quite general
conditions [61], has the topology of an N -dimensional torus. This allows one to
introduce a new set of canonical variables, known as action-angle variables, denoted
(Ii,φi) (i = 1,2, . . . ,N). The action variables Ii, defined as

Ii =
1

2π

˛
γi

p · dq , (2)

with γi the ith irreducible cycle of the torus, are specific functions of the integrals
of motion Qi, such that the Hamiltonian becomes a function of the actions alone,
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H(I1,I2, . . . IN ). In terms of these variables, the Hamiltonian equations of motion
take a particularly simple form, and their solutions are straightforward to obtain

İi =−
(
∂H

∂φi

)
= 0 −→ Ii = constant , (3)

φ̇i =

(
∂H

∂Ii

)
≡ ωi −→ φi = ωi t+φ0 . (4)

Given that the motion is restricted to the N -dimensional torus, in integrable models
ergodicity is absent, in contrast to generic non-integrable systems, which densely span
the phase space over the course of time. Despite this feature, it is, however, worth
stressing that for large N, it may be difficult to visually distinguish the motion of an
integrable model from that of a non-integrable one. The reason is that all single-value
functions G(q,p) of the system (in particular, the original coordinates and momenta),
expressed in terms of the action-angle variables, are periodic functions of φi and, there-
fore, are given in terms of a multiple Fourier series. Substituting for φi their function
of time, the time dependence of G takes the form

G(t) =
∞∑

n1=−∞

· · ·
∞∑

nN=−∞

Gn1,...,nN e[it(n1ω1+···nN ωN )] . (5)

Since the frequencies ωi are not, in general, commensurable, this function is not strictly
periodic but only conditionally periodic. Therefore, the corresponding visual intricacy of
motion may hide the integrability structure of the model. This feature is obviously more
pronounced when the number of degrees of freedom tends to infinity, N →∞. Examples
of dynamical systems with infinitely many degrees of freedom are field theories, both in
the relativistic and non-relativistic versions.

2.2. Classical systems with infinite degrees of freedom

As classical systems with an infinite number of degrees of freedom, we consider here only
field theories, namely those systems associated with local variables ϕa(x, t) that depend
on the space and time coordinates (x, t) and, eventually, on an additional internal index
a that distinguishes their type. For reasons that will soon become clear, we restrict our
attention only to relativistically invariant and (1+1) dimensional field theories. The
dynamics of these systems are encoded in the local Lagrangian density L(ϕa,∂tϕa,∂xϕa),
a function of the field ϕa and its time and space derivatives. Using L, we can also define
the conjugate momentum πa(x, t) of the field ϕa(x, t)

πa (x, t) =
∂L

∂ (∂tϕa)
, (6)

which satisfies the equal-time functional Poisson bracket with the field ϕ

{ϕa (x, t) ,πb (y, t)}= δab δ (x− y) . (7)
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We can define the local Hamiltonian density H(x, t), which depends on x and t through
ϕ(x, t) and π(x, t), via a Legendre transform of L

H (x, t) =
∑
a

ϕ(x, t)∂tϕa (x, t)−L(x, t) . (8)

Integrating over space gives the total Hamiltonian H, which is the generator of time
evolution

H =

ˆ
dxH (x, t) . (9)

As for classical systems with a finite number of degrees of freedom, we declare that a
classical field theory is integrable if it is supported by an infinite number of functionally
independent conserved charges Qi(ϕa,πa) (where Q1 =H), which satisfy

{Qi,Qj}= 0 . (10)

In particular, the vanishing of the Poisson bracket with H implies that they are constants
of motion, a condition that is guaranteed if, associated with each of these charges, there
are two local densities (ρi(x, t),ji(x, t)) that satisfy the conservation law

∂tρi (x, t) = ∂xji (x, t) (11)

since Qi can be expressed in this case as

Qi =

ˆ
dxρ(x, t) . (12)

For models which are known to be classically integrable, such as the Sinh–Gordon model,
their action-angle variables and their explicit solutions of the equation of motion are
provided by the inverse scattering methods [62, 63]. Explicit expressions of the con-
served densities ρi(x, t) for the Sinh–Gordon model can be found in [64] and, hereafter,
in appendix A. When properly generalized, these classical integrable systems yield non-
trivial examples of quantum integrable models [65]. But how can one identify and pos-
sibly classify all quantum integrable systems with infinite degrees of freedom? To the
best of our knowledge, a clear and well-defined answer exists only in the context of
relativistic quantum field theories.

2.3. Integrable quantum field theories

Integrable quantum field theories are supported by an infinite number of local conserved
charges Qa (a= 1,2, . . .) which commute with each other

[Qa,Qb] = 0 . (13)

While we will return later to the nature of these charges and the vanishing of their
commutators, it is worth emphasizing for now that their existence implies that all
scattering processes—regardless of the number of particles involved—are purely elastic
and factorizable [18]. This holds despite the fact that, in general, relativistic field theories
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permit particle production whenever sufficient energy is available in the centre-of-mass
frame. For kinematical reasons3, non-trivial examples of integrable relativistic quantum
field theories exist only in (1+1) dimensions. The list includes purely bosonic models,
such as the Sinh–Gordon and, more generally, Toda models [13, 16, 65, 67–75], fermionic
systems, such as the Gross–Neveu model [18], as well as supersymmetric versions of all
these examples (see, for instance, [66, 76–78]). This list increases even further if one also
adds to it theories with soliton excitations, such as the Sine Gordon model or various
sigma models based on group manifolds [17–19].

The elasticity property of scattering amplitudes has an immediate consequence for
relativistic QFT: if the scattering is to be elastic, all production and decay processes
must be forbidden as a consequence of the peculiar values of the parameters of the
model. Vice versa, if for a given model we are able to show the existence of production
processes, this fact alone automatically provides explicit proof that such a model is not
integrable. This criterion has the advantage of being checkable for any process involving
a finite number of particles in a finite number of steps, as originally shown in a seminal
paper by Dorey [72].

For relativistic quantum field theories which are uniquely defined by Feynman dia-
grams (as in Diagrammar by ’t Hooft and Veltman [79]), we have then the following
integrable sieve: chosen a class of models—specified by the number of fields present in
the Lagrangian and its symmetry—the systematic analysis of all production processes
acts, as a matter of fact, as a sieve, in the sense that at the end of this procedure,
we are left with very special Lagrangians which—by construction – are integrable. On
the basis of this algorithmic procedure, it has been possible, for instance, to exclude
from the list of integrable models all Lagrangians with purely polynomial interactions,
alias Landau–Ginzburg (LG) theories. On the other hand, it has led to the definition
of new quantum integrable field theories using models which are generalization of the
Sinh–Gordon model, namely the affine simply-laced Toda field theories [13, 16, 65, 67–
75, 80, 81]: these theories are built up in terms of the simple roots of the ADE Lie
algebras, and the Sinh–Gordon model (corresponding to the algebra A1) is indeed their
simplest representative. For the identification of non-relativistic local and continuous
field theories based on the considerations made above, see [82, 83].

2.4. Generic quantum Hamiltonians

In what follows, we focus on generic quantum systems that do not necessarily have a
(semi)-classical limit and we are mostly interested in the Hamiltonians H of the systems
explicitly represented as hermitian matrices, i.e. N ×N arrays of complex numbers,
where we will eventually consider the N →∞ limit. In the absence of any alternat-
ive formulations of these models—such as representations in terms of coordinates and
momenta—or a lucky insight, perhaps regarding a Bethe ansatz solution, the question
arises: what constitutes an appropriate criterion for determining whether the system

3 The eigenvalues of the local charges on multi-particle states, which are their common eigenvectors, are generically given by the
sum of higher powers of their momenta. Using the different action of these charges on states with different momenta, one can
arbitrarily shift the point of space-time where the interactions take place [66]. In three or higher dimensions, for theories relative
to localized particle excitations this means that we are dealing with free theories.
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under consideration is quantum integrable? In the present work, we adopt as a starting
point the criterion similar to the one proposed by Caux and Mossel [4]. Namely, we
assume that our Hamiltonian H N is a member of a sequence of Hamiltonians of increas-
ing dimensions (HN1,HN2, . . . ,HNk

. . .), with N1 <N2 < .. .Nk, for which it is possible to

define a sequence of sets of operators ({Q(N1)
a },{Q(N2)

a }, . . . ,{Q(Nk)
a }) such that

1. All operators {Q(Nj)
a } commute with each other and with their Hamiltonian HNj

;

2. the operators in {Q(Nj)
a } are algebraically independent;

3. being all these charges {Q(Nj)
a } on the same footing (i.e. any of them can play the

role of quantum Hamiltonian), they must share the same statistical features for any
N and j, as, for instance, the statistical distribution of their unfolded spectra;

4. the cardinality C(Nj) of the set {Q(Nj)
a } becomes unbounded in the infinite size limit

Nj →∞.

An open question regards, of course, the number n of conserved charges {Q(Nj)
a }

in any given Nj-dimensional Hilbert space: is, for instance, the dimension Nj of the
Hilbert space itself? Or, if the Hilbert space is constructed as the tensor product of
Mj q-dimensional linear spaces, i.e. Nj = qMj , is instead the number Mj of these vector
spaces? In the next section we will see that this last option seems to be the one selected
by our statistical argument. At any rate, the number n of conserved charges must be
maximal, meaning with that we should be able to differentiate the set of Hamiltonian
eigenvectors in terms of the quantum numbers of the conserved charges.

Concerning algebraic independence, it is easy to see that if any Hamiltonian H in
the sequence of Hamiltonians (HN1,HN2, . . . ,HNk

. . .) has a non-degenerate set of eigen-
values Ei (i = 1,2, . . .N), then any operator Q which commutes with H is functionally
dependent on it. Indeed, if [Q,H] = 0, then Q also commutes with all powers of H, i.e.
[Q,Hk] = 0 (k = 1,2, . . .N). Hence Q can be expressed as Q= P(H), where P is a poly-
nomial of order (N − 1). To see this, the operator H admits the spectral decomposition

H =
N∑
i=1

Ei | Ei ⟩⟨Ei |=
N∑
i=1

EiPi , (14)

where the projectors Pi on the one-dimensional eigenstate | Ei ⟩ can be written as

Pi =
∏
j ̸=i

H −Ej

Ei −Ej
. (15)

Since Q commutes with H and its eigenstates |Ei ⟩ are not degenerate, they are also
eigenstates of Q with eigenvalues qi

Q | Ei ⟩= qi | Ei ⟩ . (16)
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Thus Q is diagonal in the basis of H and therefore it can be expressed in terms of H
and its powers Hk as

Q=
N∑
i=1

qi Pi =
N∑
i=1

qi
∏
j ̸=i

H −Ej

Ei −Ej
. (17)

Equivalently, since all eigenvalues Ei are non degenerate, the Vandermonde matrix made
of the eigenvalues of I and Hk (k = 1, · · · ,N − 1)

VN =



1 E1 E2
1 . . . EN−1

1

1 E2 E2
2 . . . EN−1

2

1 E3 E2
3 . . . EN−1

3

. . . . .

. . . . .

. . . . .
1 EN E2

N . . . EN−1
N


(18)

has the non-zero determinant ||VN ||=
∏

i<j(Ei −Ej). Hence 1,H,H2, . . .HN−1 is a com-
plete basis for the diagonal matrices and therefore any operator Q simultaneously diag-
onalizable with H can be written as a linear combination of the identity operator I and
higher powers of H, i.e. Q is functionally dependent on H, as stated by a well-known
result by von Neumann [84]

[Q,H] = 0 =⇒Q =
N−1∑
k=0

pkH
k = P (H) , (19)

where the coefficients pk can be explicitly computed by comparing this expression with
the one in equation (17).

The argument does not obviously apply if the spectrum of H is instead generally
degenerate. In the coming section, we see in detail how, in this case, one can show that
there exists a maximal set of functionally independent operators Qa which commute
with H and themselves and whose number scales as logN .

3. A class of quantum integrable Hamiltonians4

Consider a quantum Hamiltonian associated with a hermitian operator H. Once its real
eigenvalues are sorted in an increasing order, one can study the statistics of the level
spacings, i.e. the distribution of the variables

ŝi = Ei+1−Ei . (20)

It is customary to rescale such spacings5 by their mean ⟨ŝi ⟩, i.e. ŝi → si = ŝi/⟨ŝi ⟩, so
that, considering the normalized spacings si, one can reasonably study and compare

4 The argument presented in this section is originally due to Giuseppe Mussardo and Andrea De Luca, unpublished.
5 We will be more precise later on this procedure of rescaling the gaps, see sections 5 and 9.
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Figure 1. An example of level spacing distribution P(s) with a non-zero probability
to have zero gaps in the spectrum.

the spectra of Hamiltonians of different origins, extracting their universal features. In
the section 5, we shall examine the various probability distributions P(s) describing
the fluctuations of the normalized level spacings, distinguishing the cases in which the
system is integrable, chaotic, or exhibits a mixed nature.

3.1. Playing with block-form matrices

To establish a probabilistic argument ensuring the existence of a set of operators that
commute with H but are not functionally dependent on it, it suffices, for the present
purpose, to assume the existence of a non-zero probability p̂0 of having vanishing spa-
cings of H, i.e. P (s= 0) = p̂0 ̸= 0, as exemplified by the distribution shown in figure 1.
As we argue in more detail in the next section, the symmetries present in integrable
models may induce degeneracies in the spectrum and, therefore, a non-zero probability
of vanishing gaps. Let’s see how we can define a maximal set of conserved charges which
commute with H and themselves. To this aim, we regard H as part of an ensemble of
Hamiltonians, with their level spacing described by the same probability distribution
P(s). Hence, we can generate a string of numbers si according to the probability distri-
bution P(s). Once we choose an arbitrary value E 1 as a starting point, we can proceed
by defining all successive energy levels Ei by the recursive relation

Ei+1 = Ei+ si , E2 = E1+ s1 . (21)

We will collect the sequence of all gaps si in a string S of real numbers. Imagining
that we have an energy resolution δE (so that energy levels which differ by δE can be
considered as effectively degenerate), the string S of the gaps takes the following form

S = (x1, x2, 0, x3, 0, x4, 0, x5, 0, 0, x6, x7, · · ·) (22)

and contains a certain number of 0 (with probability p0 = P (δE)), together with a
sequence of real positive numbers x > 0 (with total probability p= 1− p0). The presence
of the 0’s in the sequence S is the one which induces degeneracies in the energy levels
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Figure 2. Block form of an Hamiltonian with a degenerate spectrum according to
the probability distribution P(s) of its spacing levels and an energy resolution δE.

Ei defined by the recursive relation (21): the corresponding diagonal matrix form of the
Hamiltonian will be made of diagonal blocks of equal eigenvalues as in figure 2.

In an N ×N truncated representation of the Hamiltonian, it is quite simple to
compute how many blocks BS of size S are present, on average, in the matrix HN at
leading order in N. We have to use the laws of probability:

1. B1 is the expected number of 1× 1 blocks, alias the number of non-degenerate eigen-
values of HN. Since there is a non-degenerate eigenvalue each time the two consecutive
values of si are both different from 0, and each non-zero value xi is independently
generated with probability p, we have B1 ≃Np2.

2. B2 is the expected number of 2× 2 blocks in HN. We have two degenerate eigenvalues
each time we encounter the string (· · · , x1, 0, x2, · · ·) in the sequence of the si’s,
with x1 ̸= 0 and x2 ̸= 0. Hence, employing the independence of the corresponding
probabilities, we have B2 ≃Np2p0.

3. Generalizing the previous argument, to obtain the expected number Bk of k × k blocks
in HN, one has to consider the probability of getting a string made of (k− 1) 0’s,
sandwiched between two non-zero numbers xl and xl+1, i.e.· · · ,xl,

k-times︷ ︸︸ ︷
0,0,0, · · · ,0,0,0,xl+1, · · ·

 .

Hence, Bk ≃Np2pk−1
0 .

The above considerations can be refined by taking into account the edge effects of
the blocks. One can write down recursive equations for their probabilistic values and
the final exact expressions for the expected number of the various blocks are given by

B1 = 2p+(N − 2)p2;

B2 = 2(1− p)p+(N − 3)p2 (1− p) ;
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Table 1. Comparison of the number of blocks Bex
k obtained by a randomly gener-

ated N gaps with p0 = 0.1 and numbers Bth
k given by the theoretical formula (23).

Bex
1 = 24290 Bex

2 = 2469 Bex
3 = 220 Bex

4 = 19 Bex
5 = 6 Bex

6 = 1

N =30.000 Bth
1 = 24300 Bth

2 = 2429 Bth
3 = 242 Bth

4 = 24 Bth
5 = 2 Bth

6 = 0.2
Bex

1 = 40417 Bex
2 = 4071 Bex

3 = 421 Bex
4 = 38 Bex

5 = 4 Bex
6 = 1

N =50.000 Bth
1 = 40500 Bth

2 = 4050 Bth
3 = 405 Bth

4 = 40 Bth
5 = 4 Bth

6 = 0.4
Bex

1 = 80798 Bex
2 = 8102 Bex

3 = 866 Bex
4 = 87 Bex

5 = 8 Bex
6 = 2

N =100.000 Bth
1 = 81000 Bth

2 = 8100 Bth
3 = 810 Bth

4 = 81 Bex
5 = 8 Bex

6 = 0.8

Bk = 2(1− p)k−1 p+(N − k− 1)p2 (1− p)k−1 ;

.. . . .

BN−1 = 2(1− p)N−2 p;

BN = (1− p)N−1 . (23)

It is obvious that, probabilistically speaking, an N ×N matrix HN cannot have blocks
of arbitrary size: in fact, there will be, on average, no block of size Bl when (N − l−
1)p2pl−1

0 < 1, a fact which is reasonably confirmed by the simulations (see table 1).
Once the Hamiltonian is degenerate, we are obviously unable to express an arbitrary

operator QN which commutes with HN in terms only of HN and its powers Hk
N (k =

1,2, · · ·N −NB, where NB are the numbers of blocks): the only operators which are

expressible as QN =
∑N−NB

k=0 αkH
k
N are those which have precisely the same block form

of HN. In order to find a maximal set of independent commuting operators Qk (k =
1,2, . . . ,n) where it holds

[Qi,Qk] = 0 , (24)

and in which Q1 identifies the original H, we can argue as follows. In integrable mod-
els, all conserved charges are essentially on an equal footing—i.e. each of them can,
in principle, serve as the Hamiltonian. It follows that the level spacings of every con-
served charge must exhibit the same level spacing statistics P(s) as those of the original
Hamiltonian; otherwise, the symmetry underlying their equivalence would be violated.
Indeed, if one such charge, say Qr, were to display, for instance, a spacing distribution
with zero probability of vanishing gaps, then, upon adopting Qr as the Hamiltonian and
invoking the result of the previous section, we would be forced to conclude that all other
conserved charges Qi are functions of Qr , and hence not independent—a contradiction.

Once it is established that all Qi share the same level-spacing statistics, determining
their total number n and constructing them explicitly becomes straightforward. The
essential role of each Qi is to lift the degeneracies of the others while preserving their
mutual symmetry: since they possess the same number of degenerate-eigenvalue blocks,
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it is the relative arrangement of these blocks that must differ. This requirement leads to a
simple condition on the corresponding sequences S1,S2, . . .Sn of level spacings associated
with the n conserved charges Qi generated according to the probability distribution P(s)
with cut-off δE

Q1 =⇒ S1 =
(
x1, x2, 0, x3, 0, x4, 0, x5, x6, · · ·

)
Q2 =⇒ S2 =

(
y1, 0, y2, y3, y4, 0, y5, y6, 0, · · ·

)
Q3 =⇒ S3 =

(
0, z1, z2, 0, z3, z4, 0, z5, z6, · · ·

)
· · · · · · · · ·

(25)

Once we organize these sequences in a matrix, putting one on top of the other,

V =


x1 x2 0 x3 0 x4 0 x5 x6 · · ·
y1 0 y2 y3 y4 0 y5 y6 0 · · ·
0 z1 z2 0 z3 z4 0 z5 z6 · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · ·

 (26)

it is easy to see that they will all remain degenerate if there will be an entire column
made of 0’s. The probability that this event will not happen is given by

P̂ = (1− pn0)
N . (27)

This is the probability that in a column, not all elements are 0, multiplied for the N
columns. If we want to be sure of this event, we can impose that

P̂ > 1− ϵ (28)

with ϵ→ 0, and in this way we find that the number of independent conserved charges
Qi needed to resolve all relative degeneracies scales only as logN

n≃ 1

logp0
(log ϵ− logN) (29)

(logp0 < 0). So, for instance, taking p0 = 10−3, ϵ= 10−6 and N = 109, one would need
only 4 extra conserved charges in addition to the original Hamiltonian. These extra
charges completely resolve the degeneracy of Q1 and simultaneously their own degen-
eracies. From the above construction, it is, moreover, obvious that all these operators
are linearly and functionally independent of each other. Computationally speaking, it is
very easy to find n of such operators: once a sequence of random numbers is generated
with the probability distribution P(s), it is sufficient to generate a few of its permuta-
tions and to check that the corresponding operators associated with the new sequences
do not have an overlapping column of all zeros.

The logarithmic dependence of the number of independent conserved charges is a
welcome feature of the above construction: in fact, as anticipated, associating the above
Hamiltonian with a quantum system of size L, with q states per site, the system will have
a total number of states equal to N = qL. Therefore, the number of conserved charges
found with the above construction scales only with L and not with the dimension of the
Hilbert space. Let us, however, mention that a drawback of this stochastic construction
is that it is quite difficult to disentangle the local nature of both the Hamiltonian and
the associated conserved charges.
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3.2. Locality of the Hamiltonians

Since in the subsequent sections of this paper we will consider both local and non-
local Hamiltonians, it is worthwhile to comment on this important feature of quantum
models and its implications for the structure of their matrix representation. By local
models, we mean those that are local either in the spatial coordinate x (for continuous
systems) or in the lattice site i (for discrete systems). In a generic basis of the Hilbert
space, the matrix representation of a local Hamiltonian is typically dense, meaning
that almost all of its entries are non-zero (as will be illustrated by an explicit example
below). However, for any local theory, there exists a particular basis—referred to here
as the local basis—in which the Hamiltonian is represented by a sparse matrix, i.e. one
in which the vast majority of entries vanish. This sparsity is the defining structural
feature of local Hamiltonians.

To clarify the concept of the local basis, let us consider the paradigmatic example
of the one-dimensional quantum Ising model. Its quantum Hamiltonian for a lattice of
L sites is given by

H ≡
L∑
i=1

(
σiz σ

i+1
z +hσix

)
=

L∑
i=1

Hi , (30)

where σa are the usual Pauli matrices. The last equality makes evident the local nature
of this model: the Hamiltonian has been written as a sum of operators involving only
two lattice sites. The matrix representation of this Hamiltonian can be obtained once
we fix a basis, with a typical choice being the set of common eigenstates of the σiz
operators. They can be written as:

|↑↑ . . . ↑⟩, |↑↑ . . . ↓⟩, . . . ⇒ |m1m2 . . .mL⟩ , (31)

where each mi ∈ {↑,↓} corresponds to the two possible eigenstates of σiz:

σiz |↑⟩= |↑⟩, σiz|↓⟩=−|↓⟩ ⇒ σiz|mi⟩=mi |mi⟩ .

Therefore, the Hilbert space is made up of N = 2L elements, with a possible basis given
by the one above. We call this the real-space basis, characterized by the fact that its
elements are simply tensor products of the states of each site. In this basis, the matrix
elements of the Hamiltonian density Hi are given by

Hs,s ′ = ⟨m1 . . .mN |Hi |m ′
1 . . .m

′
N ⟩=

(
mimi+1δmi,m ′

i
+hδmi,−m ′

i

)∏
k ̸=i

δmk,m ′
k
, (32)

where s,s ′ are labelling the full set of indicesm1, . . . ,mN . From this expression, it is easy
to deduce that on each row of the matrix there are L+1 non-zero entries and, therefore,
the total number of non-zero elements of the N ×N matrix HN is N = (L+1)N . Since
the total number of matrix elements is N 2, the density of non-zero elements is given by

ρ=
N
N 2

=

(
logN

log2
+1

)
1

N
, (33)

https://doi.org/10.1088/1742-5468/ae337c 15

https://doi.org/10.1088/1742-5468/ae337c


Statistical signatures of integrable and non-integrable quantum hamiltonians

J.S
tat.M

ech.(2026)
023101

while the density of the zeros of the matrix HN is

ρ0 = 1− ρ = 1−
(
logN

log2
+1

)
1

N
. (34)

Therefore, for large values of N, the Hamiltonian matrix HN is a sparse matrix, i.e. a
matrix with a very large number of zeros and very few non-zero entries.

As a matter of fact, this statement is quite general for any local quantum
Hamiltonian. Consider, for instance, the one coming from quantum field theory: the
fraction of non-zero elements of the Hamiltonian is O(e−L), i.e exponentially small in
the thermodynamic limit L→∞.

Take for simplicity a (1+1) bosonic field theory, whose Hamiltonian can be written
as

H =

ˆ
H (x) dx=

ˆ [
1

2
Π2 (x, t)+

1

2
(∂xφ̂(x, t))

2+V (φ̂(x, t))

]
dx , (35)

where Π(x, t) = ∂φ̂
∂t is the canonical conjugate of the operator φ̂(x, t) and they satisfy

the equal-time commutation relation

[φ̂(x, t) ,Π(y, t)] = iδ (x− y) . (36)

The action of Π(x) on the basis in which the operator φ̂(x) is diagonal is given by

Π(x)→−i
δ

δφ(x)
. (37)

For building up the Hilbert space of such a theory, we can choose the local basis given
by the coordinate representation: in this representation, at any given time t, the states
| φ⟩ are given by the values of the field φ̂(x, t) at the position x

φ̂(x) | φ⟩= φ(x) | φ⟩ ,
| φ⟩=

∏
x | φ(x)⟩ ,

⟨φ ′ | φ⟩=
∏

x δ (φ
′ (x)−φ(x)) ,∏

x

´∞
−∞dφ(x) | φ⟩⟨φ |= 1 .

(38)

In order to set up a matrix representation of the Hamiltonian (35) with indices which
are discrete rather than continuous, it is convenient to discretize both the space (in
terms of a lattice with a step a) and the values of the field φ(x) (in terms of a set of q
values spaced by ϵ). This means that x will be restricted to the lattice points

x=ma , m= 1,2, . . .L , (39)

while, at these points, the field φ will take the q values

φm =

(
−q− 1

2
,−q+1

2
, . . . ,0, . . .

q− 3

2
,
q− 1

2

)
ϵ . (40)
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In such a scheme, the local basis is spanned by the N = qL vectors associated with the
values of the field at the L lattice points

| φ⟩=| φ1,φ2, . . . ,φL⟩ , φi ∈
[
−(q− 1)

2
,
(q− 1)

2

]
ϵ , (41)

while the Hamiltonian (35) becomes

HN = a
L∑

m=1

[
1

2
Π2
m+

1

2

(
φm+1−φm−1

2a

)2

+V (φm)

]

= a
L∑

m=1

[
1

2
Π2
m+

1

2

(
φ2
m+1+φ2

m−1− 2φm−1φm+1

4a2

)
+V (φm)

]
.

The last two terms in this Hamiltonian act locally on the states (41) whereas the
operator Π2 induces hopping between the states. To show this, observe that for any
function f({φi}) (where the φi ’s are measured in units of ϵ) it holds

Πmf ({φi}) = −i
∂f [{φi}]
∂φm

=−i
f [φm+1,{φk}]− f [φm− 1,{φk}]

2ϵ
, (42)

where, in the last expression, {φk} denotes all the other values of the field that are
different from φm . Iterating this definition, for the action of Π2

m we have

Π2
mf [{φi}] =−∂

2f [{φi}]
∂φ2

m

=−f [φm+2,{φk}] + f [φm− 2,{φk}]− 2f [φm,{φk}]
4ϵ2

. (43)

Therefore, for the matrix elements of this operator on the local basis, we have

⟨φ ′
L, . . .φ

′
m, . . .φ

′
1 |Π2

m | φ1, . . . ,φm, . . . ,φL⟩
= C δφ1,φ ′

1
. . . δφm−1,φ ′

m−1
δφm+1,φ ′

m+1
. . . δφL,φ ′

L

[
δφm+2,φ ′

m
+ δφm−2,φ ′

m
− 2δφm,φ ′

m

]
where C is a normalization factor. Hence, this operator induces a hopping term among
the states (41). In conclusion, the Hamiltonian of any scalar field theory can be con-
sidered as a suitable generalization of the Hamiltonian of the Ising model, where Π2(i)
plays the role of σxi and induces a spin-flip among the field values.

Let’s now count the number of non-zero terms present in the N ×N Hamiltonian
HN of the bosonic quantum field theory: in each row, there are 3L non-zero terms (L
of them are the diagonal terms, where all values of φ are the same for the bra and ket
states, while 2L are those where the bra and ket states differ from each other for the
value of the field φm by ±2). Since there are N rows, the total number of non-zero
values of such a matrix closely follows the previous computation of the Ising case and
it is equal to N = 3LN , i.e. the density of non-zero values is given by

ρ =
N
N 2

=
3

logq

1

N
logN , (44)
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while the density of zeros is

ρ0 = 1− ρ = 1− 3

logq

1

N
logN . (45)

Therefore, for large values of N, as in the Ising case, the Hamiltonian matrix HN has a
very large number of zero entries, i.e. it is a sparse matrix.

Let’s finally discuss the nature of the matrices associated with local conserved
charges in an integrable quantum field theory, where local conserved charges Qs are
derived from the conservation laws of local densities, as in equation (11), and since Qi

can be expressed in this case as

Qi =

ˆ
dxρi (x, t) . (46)

The densities ρi are, in general, functions of the following operators: the canonical
conjugate field Π, the field φ̂(x) and higher powers and higher space-derivatives of both
of them. In particular, there is a maximum power Πk(x) (k ⩽ i) present in ρi . While all
expressions in ρi involving the field φ̂(x) and its derivatives act locally on the basis (41),
the higher powers Πk(x) of the conjugate field will induce a hopping term of maximum
k -values in the local basis. Therefore, repeating the analysis done above, one arrives at
the conclusion that in the local basis, the matrices of the local conserved charges are
also sparse matrices, with a density of non-zero and zero entries given by

ρ(s) =
k+1

N logq
logN , ρ

(s)
0 = 1− ρ(s) = 1− k+1

N logq
logN . (47)

We conclude this subsection with a remark on the non-local character of the projectors
onto energy subspaces. As is evident from their explicit form in equation (15), these
operators involve progressively higher powers of H (up to the highest one). Since a
generic kth power of H is an operator with support extending over k sites, it follows
directly that these projectors are intrinsically non-local.

3.3. The basis of momenta

The conclusions of the previous section are quite reasonable, but by changing the
basis in terms of a unitary matrix U, the resulting matrix in the new basis of the
Hamiltonian (30) can be obtained in terms of a unitary matrix U

H ′ = U †HU (48)

and will no longer be generally sparse; i.e. for an arbitrary unitary matrix U, any notion
of locality will be lost.

However, let us focus our attention on a much more common case: will the
Hamiltonian still be sparse in the basis of momenta? We will show that there is a
subtle issue related to the definition of this change of basis. To be more specific, let us
place the Ising Hamiltonian on a circle by introducing periodic boundary conditions. It
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means the site L+1 is identified with the first one. In this case, if the system is homo-
geneous, it becomes translation invariant (in units of lattice spacing). Namely, there is
the one-site shift operator T, defined by its action on the basis vectors

T |m1, . . . ,mL⟩= |mL,m1, . . . ,mL−1⟩ (49)

which commutes with the Hamiltonian

[H,T ] = 0. (50)

Clearly, we have:

TL = 1 (51)

and therefore, we can define the total momentum P as:

T = eiP (52)

with

[H,P ] = 0. (53)

Being T a unitary operator and using (51), we easily deduce the usual structure of
the spectrum of the momentum operator P, i.e. {2πn

L , n= 0, . . . ,L− 1}. The basis of
momenta can be considered as the basis of the eigenstates of the total momentum.
However, these eigenvalues are degenerate and so many definitions are possible. Two
significant examples will explain the ambiguity. Let’s construct a complete set of eigen-
states of P in the following way. Let’s pick up a state |v⟩= |m1, . . .mL⟩ in the real-space
basis. We obtain an invariant subspace for T by considering the set of states:

Iv = Span
{
|v⟩,T |v⟩,T 2|v⟩, . . . ,TLv−1|v⟩

}
where Lv has been defined as6:

Lv ≡min{n : T n|v⟩= |v⟩} .

The eigenstates of P inside Iv can be written as:

|ṽn⟩=
Lv−1∑
k=0

e
2π ink
Lv T k|v⟩ ⇒ P |ṽn⟩=

2πn

Lv
|ṽn⟩ . (54)

A full basis of eigenstates for P can be obtained by repeating this procedure for different
states |v⟩: we call this basis the rigid-translation Fourier basis (RTFB). It is easy to
understand that the resulting matrix in this new basis is still sparse. In fact, each state
is a superposition of at most L states and it follows the corresponding transformation
U contains at most L non-zero entries in each row and column. Using (48), we conclude

6 The minimum exists because the set contains at least L. Moreover, Lv is a divisor of L.
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that the Hamiltonian matrix in this basis is still sparse having at most L3 non-zero
entries in each row (L3 ≪ 2L).

Let’s now change the point of view and consider what happens in the second-
quantization framework, where there is a set of operators which satisfy (where the
± stands for the fermionic and bosonic case)[

ai,a
†
j

]
±
= δij . (55)

They create and destroy a (free) excitation at position i. The real-space basis can be
written in this formalism as(

a†1

)n1 (
a†2

)n2
. . . |Ω⟩ (56)

where |Ω⟩ is the reference vacuum state of the theory. The same formalism can be

adopted in the Ising case by setting7 a†i ≃ S+
i and taking |Ω⟩ ≡ |↓ . . . ↓⟩. Here we can

define an excitation with defined momentum, by setting

a†k =
L−1∑
j=0

eRTFBikja†j . (57)

Inserting this expression in (56), we get a new basis of eigenstates of the total
momentum P

Pa†k1a
†
k2
. . . |Ω⟩=

(∑
i

ki

)
a†k1a

†
k2
. . . |Ω⟩ . (58)

We call this the single-particle Fourier basis (SPFB). However, once we restrict ourselves
to a subspace where P is defined (appearing as a block for the Hamiltonian matrix),
there is a strong difference between this case and the one defined in (56): in fact, here not
only is the full state, but even each excitation will have a defined momentum. To better
understand this difference, let us consider a two particle case (it will be clear that there
is no difference for the one particle case). Let’s consider a state |v⟩= S†

x1S
†
x2|Ω⟩= |x1,x2⟩,

which is the state with only two up spins in positions x1,x2. In the RTFB, this state
will appear in L states |ṽn⟩, with n= 0, . . . ,L− 1, obtained as superpositions of the rigid
translations T k|v⟩, where the distance |x2−x1| always remains the same. Instead, in the
SPFB, each two-particle state has a non-zero matrix element with |x1,x2⟩:

⟨x1,x2|a†k1a
†
k2
|Ω⟩=

∑
j1,j2

ei(k1j1+k2j2)⟨x1,x2|j1,j2⟩= ei(k1x1+k1x2)+ei(k1x2+k1x1) .

Increasing the number of particles up to M, in the RTFB case, we always have one
summation with ≃ L terms. Instead, in the SPFB, we will have M summations, corres-
ponding to ≃ LM terms.

The conclusions we can draw from these considerations are as follows:

7 This transformation can be made more rigorous using the Jordan–Wigner transformation.

https://doi.org/10.1088/1742-5468/ae337c 20

https://doi.org/10.1088/1742-5468/ae337c


Statistical signatures of integrable and non-integrable quantum hamiltonians

J.S
tat.M

ech.(2026)
023101

• A local Hamiltonian will appear as a sparse matrix in the real-space basis.

• If we consider the Fourier basis obtained as a superposition of the rigid translation
of the real-space basis, the Hamiltonian will appear again as a sparse matrix, albeit
with a larger density of non-zero entries. This is true, just because the change of basis
we are considering is sparse.

• If we consider the Fourier basis obtained by taking the Fourier transform of the free
single particles, the change of basis in each block of defined total momentum will not
be sparse at all. So, in the general case, the Hamiltonian matrix will be characterized
by dense blocks of fixed total momentum. So, except for this trivial symmetry, it will
not be sparse at all.

4. Symmetries

In the statistical analysis of quantum Hamiltonians, symmetries play a central role and
must be properly accounted for to distinguish between integrable and non-integrable
systems. It is essential to differentiate between what we term global symmetries and
dynamical symmetries.

By global symmetries we mean explicit transformations under which the Hamiltonian
is invariant. These symmetries are often non-Abelian, may induce spectral degeneracies,
but their consequences can be fully analysed within the framework of familiar group
theory [85, 86]. In the following, we shall also regard translational invariance—leading
to the conservation of the momentum operator P as part of the global symmetries (its
group on a one-dimensional lattice of L sites being ZL). In summary, by global symmetry,
we mean any property that is manifest and cannot escape our direct observation.

Dynamical symmetries, by contrast, are typically Abelian and associated with hidden
conserved quantities, which are characteristic of integrable models. The corresponding
operators are typically extracted by the expansion of the transfer matrix with respect
to the spectral parameter (see, for instance, [62–64, 87]). In general, the explicit forms
of these charges quickly become intricate: in continuous systems, they are expressed in
terms of the dynamical variables and their derivatives with respect to space and time,
whereas in lattice models, they are written in terms of multi-site operators. Several
examples will serve to clarify the nature of these two classes of symmetries and their
role in organizing the structure of the Hilbert space.

• Z2 field theories. Consider a real scalar bosonic field φ(x, t) in (1+1) dimensions,
subjected to two different dynamics associated to the Hamiltonian densities,

HLG =
1

2

[
(π)2+(∂xφ)

2+m2φ2
]
+
g

4!
φ4 , (59)

HShG =
1

2

[
(π)2+(∂xφ)

2
]
+
m2

2γ
(cosh(γφ)− 1) (60)
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the first refers to the LG theory while the second to the Sinh–Gordon theory8. Both
systems are invariant under the Z2 symmetry φ →−φ which therefore splits their
Hilbert space into even and odd sectors, so that the matrix of their Hamiltonian
takes the block form

This Z2 symmetry is of course the global symmetry of both models.
However, the Hamiltonian of the Sinh–Gordon theory possesses an infinite set of
hidden, conserved local charges Qa (explicitly given in appendix A), which are absent
in the LG theory. These charges define a dynamical symmetry unique to the Sinh–
Gordon model and not present in the LG case. As a consequence, while the Hilbert
space of the LG theory decomposes only into two sectors—corresponding to even
and odd parity—the Hilbert space of the Sinh–Gordon model splits into an infinite
number of subspaces, each characterized by the quantum numbers associated with
these conserved charges. Ultimately, this implies that the Hamiltonian of the Sinh–
Gordon model has a block-diagonal structure composed of infinitely many blocks of
varying dimension, both in the even and in the odd sector of the global Z2 symmetry

HShG =


H0 0 0 · · ·
0 H1 0 · · ·
0 0 H2 · · ·
...

...
...

. . .

 with Hn ∈ Cdn×dn . (62)

Moreover, in this case the matrix elements of the Hamiltonian density and other local
operators can be computed exactly [88, 89].

• Z3 field theory. A less trivial example is provided by a vector of two scalar fields,
defined in (1+1) dimensions, ϕ(x, t) = (ϕ1(x, t),ϕ2(x, t)), which can also be combined
into the complex field Φ = ϕ1+ iϕ2, subjected to two different dynamics associated
to the Hamiltonian densities9

HLG =
1

2

[(
ΠΠ†)+ (∂xΦ ∂xΦ

†)+m2Φ Φ†]+ g1
3!

(
Φ3+Φ†3)+ g2

4!

(
ΦΦ†)2 , (63)

8 The various quantities presented in these expression must be regarded as defined by a proper normal order.
9 In these expressions πi = ∂tϕi, while Π = ∂tΦ.

https://doi.org/10.1088/1742-5468/ae337c 22

https://doi.org/10.1088/1742-5468/ae337c


Statistical signatures of integrable and non-integrable quantum hamiltonians

J.S
tat.M

ech.(2026)
023101

HToda =
1

2

2∑
i=1

[
(πi)

2+(∂xϕi)
2
]
+
m2

β

2∑
k=0

eβαk·ϕ (64)

the first refers to a complex LG theory while the second to an affine Toda field theory
associated to the root system A2 where, in the last expression, α1 = (1,−1/

√
3) and

α2 = (0,2/
√
3) are the simple roots of the Lie algebra A2 while α0 =−(α1+α2) =

(−1,−1/
√
3) is the (minus) maximal root of this Lie algebra.

Both theories are invariant under a Z3 symmetry: this is explicitly manifest in H LG

of the LG theory since it corresponds to the field transformations

Φ → e2π i/3Φ , Φ† → e−2π i/3Φ† (65)

while, in the affine Toda field theory, the three roots of the A2 algebra are invariant
under their Z3 cyclic rotation

α0 → α1 , α1 → α2 , α2 → α0 . (66)

Hence, the potential

V (ϕ) =
2∑

k=0

eβαk·ϕ (67)

is invariant under these cyclic rotations of the exponentials or equivalently under
the transformations of the fields (65) given above. This Z3 symmetry is the global
symmetry of both models and therefore their Hamiltonian splits in three different
blocks, corresponding to the sectors with Z3 charges C = (0,e2π i/3, e−2π i/3)

However, the Hamiltonian of the affine Toda field theory possesses an infinite set
of hidden, conserved local charges Qa [90, 91], which are instead absent in the LG
theory. These charges define a dynamical symmetry unique to the affine Toda field
model and are not present in the LG case. As a consequence, while the Hilbert space
of the LG theory decomposes only into three sectors mentioned above, the Hilbert
space of the affine Toda field theory splits into an infinite number of subspaces,
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each characterized by the quantum numbers associated with these conserved charges.
Hence, the Hamiltonian of the affine Toda field theory model has ultimately a block-
diagonal structure composed of infinitely many blocks of varying dimension in the
three charge sectors of the global Z3 symmetry,

HToda =


h0 0 0 0 · · ·
0 h1 0 0 · · ·
0 0 h2 0 · · ·
0 0 0 h3 · · ·
...

...
...

. . .

 with hn ∈ Cdn×dn . (69)

• SU (2) Heisenberg lattice model. Let’s now consider the one-dimensional spin
chain Hamiltonian (Heisenberg model) defined on a lattice of L sites with periodic
boundary conditions

H = J

L∑
k=1

S⃗k · S⃗k+1 , (70)

where the angular momentum operators S⃗i satisfy the SU (2) commutation relations

[(Sa)k , (Sb)l] = iδk,l ϵabc (Sc)k , a,b,c= 1,2,3 . (71)

Such a Hamiltonian commutes with the total angular momentum

S⃗tot =
N∑
k=1

S⃗k (72)

and therefore the total Hilbert space can be decomposed into the irreducible rep-
resentations (IRs) of SU (2) identified by the value S(S+1) of S⃗2 and the (2S+1)
states of the IR labelled by the eigenvalues of Sz. Correspondingly the matrix of the
Hamiltonian (70) splits in blocks of different size. With periodic boundary conditions,
an additional global symmetry of the model is the translation by one site, which leads
to the conservation of the one-site shift operator T which satisfies

T S⃗i T
−1 = S⃗i+1 ,

(
S⃗i+L = S⃗i

)
. (73)

Expressing T as

T = eiP , (74)

the Hilbert space splits into L eigenspaces of the momentum operator P corresponding
to the quantum numbers

pn =
2π n

L
, n = 0,1, . . .L− 1 . (75)

Hence, SU (2) and translation are in general the global symmetries of the Heisenberg
model (70).
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If the operators S⃗i transform according to the spin-1/2 IR of SU (2), the Heisenberg
model also admits a dynamical symmetry generated by the infinite number of con-
served quantities obtained by the derivatives of the logarithm of the transfer matrix
τ(λ) with respect the spectral parameter λ [87]

Qn =
dn

dλn
logτ (λ) . (76)

The presence of this dynamical symmetry (absent for all other values of the spin of

the operators S⃗i) further splits the Hilbert space and reduces the Hamiltonian to
blocks of smaller size, ultimately one-dimensional, corresponding to the states which
are solutions of the Bethe ansatz equations, alias the common eigenvectors of all the
conserved charges Qn.

• SL Sutherland permutation Hamiltonian. As a further example of a lattice model,
consider a one-dimensional system, to be analysed in greater detail later, consisting
of a lattice of L sites, each occupied by a single particle of a distinct colour, and
governed by the Hamiltonian

H = J
L∑
k=1

Pk,k+1 , (77)

where Pk,k+1 is the permutation operator of two neighbour sites. The global symmetry
of this model is the permutation group SL of L objects. Accordingly, the Hilbert
space splits in terms of the IRs of this discrete group, given by the Young diagrams
Ya (a= 1,2, . . .) (see, for instance, figure 3). The number of the IRs is equal to the
number P(L) of distinct integer partitions of the natural number L, a quantity which
grows exponentially with L [92]

P (L)≃ 1

4L
√
3
exp

(
π

√
2L

3

)
. (78)

Furthermore, as reviewed in appendix C, it is noteworthy that the dimensions of some
IRs grow exponentially with respect to L.

With periodic boundary conditions, the discrete momentum operator P is also
among the global symmetries, and the Hilbert space correspondingly decomposes
into L distinct sectors, each labelled by a specific momentum quantum number.
In addition to this global symmetry, as show originally by Sutherland [11], the
Hamiltonian (11) is also supported by a dynamical symmetry, namely it has an infinite
number of conserved charges which permits its (nested) Bethe-ansatz exact diagonal-
ization. In light of this dynamical symmetry the Hamiltonian splits further in smaller
size blocks.

• Hilbert space fragmentation. In addition to the block structures of the
Hamiltonian coming either from static or dynamical symmetries, we have also to
consider the possibility of Hilbert space fragmentation due to some kind of kinetic
or other types of constraints (see, for instance [93–95] and references therein), more
formally defined in terms of the commutant algebra [95]. As a definition of Hilbert
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Figure 3. Young diagrams associated to all irreducible representations of the
permutation group S 4 of 4 objects. di’s are the dimensions of the irreducible
representations.

space fragmentation we mean that the N -dimensional Hilbert space H of the system
splits into sectors H=⊕NH

k=1Hk such that
– there no matrix elements in the Hamiltonian between different sectors;

– the number NH of the sectors grows exponentially in the thermodynamic limit
N →∞;

– the block structure is not necessarily due to either global or dynamical symmetries.
To these properties, we can add a further specification. Namely, a system has strong
Hilbert space fragmentation if the ratio of the dimension of the largest sector and
the one of the full Hilbert space vanishes in the limit N →∞, while a system has
a weak Hilbert space fragmentation if the dimensions of the largest sector remains
comparable with the full Hilbert space. Notice that the Young diagram decomposition
of the Sutherland Hamiltonian may be regarded as a phenomenon of Hilbert space
fragmentation, given that there are an exponential number of sectors.
It is well known that fragment sectors are often encountered using a Krylov basis
[93, 96–98]: starting from some initial state |Ψ0⟩, one construct a set of vectors by
applying iteratively increasing powers of the Hamiltonian

V =
{
|Ψk⟩=Hk |Ψ0⟩ , k = 0,1, . . . ,n

}
(79)

where n is the smallest integer such that Hn+1|Ψ0⟩ is linearly dependent on the
previous vectors of the set. If the system is ergodic, it is expected that the set V spans
the entire Hilbert space. On the other hand, if there are some global symmetries and
|Ψ0⟩ is an eigenvector of the corresponding operators, it is expected that the space
V spans the full sector with a given set of quantum numbers. Finally, if the Hilbert
space is fragmented, the Krylov spaces as V are expected to be exponentially small
with respect to the dimension of the Hilbert space.

We shall not elaborate further on the various fragmentation phenomena of the
Hilbert space, referring the reader to the specialized literature on the subject. The
point to emphasize, however, is that our protocol, which will be presented in section 7,
is capable of determining whether the Hilbert space under consideration is fragmented.
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5. Level gap distributions

As the reader may have noticed, the statistical argument outlined in section 3 for assess-
ing whether a Hamiltonian is integrable hinges on the presence of a non-zero probability
for vanishing level spacings. However, as we will show, the situation is considerably more
nuanced and demands careful scrutiny.

In this section, we assume that all global symmetries of the system have been
fully accounted for, so that we are working within a single IR of these symmetries.
Accordingly, we consider Hamiltonians acting on states belonging to the same global
symmetry class. On this basis, in the following, we will analyse the level spacing dis-
tributions characteristic of genuinely chaotic and integrable systems. The entirety of
our analysis is grounded in statistical arguments, as we are primarily concerned with
the statistical properties of different Hamiltonians. Specifically, we address questions
such as: how many energy levels occur per unit energy interval? What is the probabil-
ity distribution of nearest-neighbour spacings? What is the likelihood of observing two
consecutive gaps with specified values? And so on. To enable meaningful comparisons
across different spectra, the first essential step is to normalize them so that the mean
nearest-neighbour spacing is the same—conventionally set to unity. This is achieved by
rectifying the spectrum through a procedure known as unfolding, which we describe in
what follows.

5.1. Rectifying the spectrum, alias unfolding

In the statistical analysis of quantum spectra, the unfolding procedure is a crucial step
for removing system-specific global trends in the energy level distribution and isolating
the universal local fluctuations, such as level repulsion or clustering. This allows for
meaningful comparison across different Hamiltonians, and between theoretical predic-
tions (e.g. Poisson or Wigner–Dyson statistics) and actual data. Universal statistical
features (like those that indicate integrability or chaos) appear only after removing
these large-scale variations.

Thus, unfolding transforms a spectrum {En} into a new sequence {en} with a uniform
mean level spacing, usually normalized to 1. It is known that this rectification of the
spectrum is not unique and can be a delicate operation, since the choice of the smoothing
method adopted can influence later analyses (see, for instance [99]).

There are two aspects to consider: the first consists of taking into account the local
curvature of the density of the N energy levels, here denoted as ρ0(E) (and normalized
to 1). This suggests defining the unfolded energy levels ei in terms of the cumulative
distribution of the level density as

ei =N

ˆ Ei

−∞
ρ0 (E

′) dE ′ . (80)

The second aspect concerns, in most cases, the ignorance of the analytical expression
of the energy level density ρ0(E) which, therefore, must be estimated numerically. This
is done using the histogram of the spectrum, constructed with bins whose size should
be larger than the mean level spacing but significantly smaller than the energy scale
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Figure 4. Typical phenomenon of level repulsion in a quantum non-integrable
Hamiltonian which depends on a parameter λ.

over which ρ0(E) varies appreciably. This numerical approach can introduce additional
sources of error: overfitting ρ0(E) (i.e. using bins that are too large) may smooth out
meaningful spectral fluctuations, while underfitting it (i.e. using excessively small bins)
may imprint non-universal features onto the unfolded spectrum. The reader may find
more details about this issue in section 9.

From now on, we will use the notation {Ei} for the original energies and {ei} for
the unfolded energies.

5.2. Hamiltonian lines

Consider a quantum Hamiltonian H(λ) that depends on a real parameter λ. The corres-
ponding energy levels Ei(λ) can be represented as curves in the (E,λ) plane (figure 4).
In general, two arbitrary curves in a plane—obtained by varying a single parameter—are
expected to intersect. However, this is typically not the case when the curves represent
eigenvalues of a quantum Hamiltonian. In fact, degeneracy between two energy levels
generally requires the variation of two independent parameters, not just one (see, for
instance [52, 53]). Let’s present the familiar argument of this statement together with
a simple derivation of the behaviour of the probability density of the gap.

Let’s imagine there exists a value λ* where two energy levels E1(λ*) and E(λ*) get
very close. Making a proper rotation in the Hilbert space, in the vicinity of this value
of λ, we can restrict our attention to the 2× 2 block matrix, which involves these two
levels, ignoring the rest of the spectrum

M =

(
E1 V
V * E2

)
. (81)

Diagonalizing it, we have the true energy levels of this two-level system

Ê1,2 =
E1+E2

2
± 1

2

√
(E1−E2)

2+ |V |2 . (82)

Therefore, in order to have a crossing of the two levels, we need to impose two con-
ditions: (i) E1 = E2 and (ii) V =0. Given for granted the first of them, i.e. E1 = E2,
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whether or not the second condition is satisfied generally delineates two distinct classes
of Hamiltonians: those describing integrable systems (when V =0 for a symmetry
reason, e.g. the two states transform according to two different IRs of the group of
symmetry) and those characterizing chaotic ones (V ̸=0). In the latter case, nearby
eigenstates ‘hybridize’ due to the absence of conservation laws, which creates avoided
crossings and leads to level repulsion. Indeed, with V ̸=0, let us estimate the probability
density of finding a level at a distance ∆ from a given one

P̂ (∆) ∝
ˆ

dE− DV δ
(
∆−

√
(E1−E2)

2+ |V |2
)

(83)

where E− = E1−E2 while for the integration on the variable V we have two cases,
whether V is real or complex:

DV =

{
dV , V real

dV1dV2, V complex, V = V1+ iV2
. (84)

Integrating over E−, we are left with

P̂ (∆)∝
ˆ

DV
√
1− |V |2

∆2
θ (∆− |V |) (85)

which ends up in

P̂ (∆) ∝
{

∆, V , real
∆2, V , complex

. (86)

5.3. Wigner–Dyson distributions for chaotic systems

Random matrix theory has proven to be a highly effective framework for analysing
chaotic quantum systems [39–50]. Rephrasing Wigner’s perspective [39, 40], the idea is
to conceptualize a complex system as a ‘black box’ comprising a large number of inter-
acting degrees of freedom governed by unknown dynamics. Consequently, one develops
a statistical framework that relinquishes exact knowledge of the system’s microscopic
details, aiming instead to construct a mathematical formalism in which all possible inter-
action laws are treated as equally probable. A further motivation to look at random
matrix theory comes from the Bohigas–Giannoni–Schmit conjecture [48] that says that
quantum chaos manifests itself in the same statistical fingerprints as random matrices.
We are then interested in the statistics of the energy levels and, in particular, hereafter
in the statistics of the separations between adjacent energy levels. The random matrix
approach relies on the assumption that we can take the Hamiltonian H to be a random
matrix with stochastic matrix elements restricted only by the symmetry of the prob-
lem. Suppose we take a generic Hamiltonian matrix H of size N ×N, H =H† = UΛU †,
where U is the diagonalizing unitary matrix U ∈ U(N) and Λ = diag(λ1, . . . ,λN ) is the
diagonal matrix containing the real eigenvalues λi . The probability assigned to such a
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matrix is given by10

dP (H) = dH exp
[
−TrH2

]
. (87)

The partition function is then given by

Z =

ˆ
dH exp

[
−TrH2

]
, (88)

and, given its diagonalization, can be written in terms of the eigenvalues

Z = cN

N∏
j=1

ˆ ∞

−∞
dλj e

− β
2
λ2j

∏
1⩽k<l⩽N

|λl−λk|β (89)

where cN =
´
dU is the volume of the unitary group U (N ) while

β =

{
1 , ifH is real,
2 , ifH is complex.

(90)

β=1 corresponds to the Gaussian orthogonal ensemble (GOE), while β=2 to the
Gaussian unitary ensemble (GUE). Hence, the joint probability density function of
the eigenvalues of a real or hermitian random matrix from the Gaussian ensembles can
be written as

P
(β)
N (λ1, . . . ,λN ) = const exp

−β
2

N∑
j=1

λ2j

 ∏
1⩽j<k⩽N

|λj −λk|β . (91)

From this expression, it is clear that the eigenvalues are no longer independent variables
but are coupled and repel each other. Expressing Z as

Z = cN

N∏
j=1

ˆ ∞

−∞
dλj exp[−S ({λj})] , (92)

where

S ({λj}) =
β

2

N∑
j=1

λ2j −β
∑

1⩽k ̸=l⩽N
log |λl−λk| , (93)

they behave like charged Coulomb particles in two dimensions at a temperature β,
confined to the real line and subject to a confining quadratic potential. All questions
related to, for instance, the probability density of the levels, their correlation functions,
and so on, and so forth, can be derived from the expression (91) of the joint probability.
Let’s discuss, in particular, the level spacing probability distribution and the higher
order spacing distributions.

10 The measure dH is equal to
∏

1⩽i<j⩽N dHR
ijdH

I
ij

∏N
k=1 dHkk if H is a complex hermitian matrix (Hk<l =HR

k<l + iHk<l) while it

is equal to
∏

1⩽i<j⩽N dHij
∏N

k=1 dHkk if the matrix is real.
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5.3.1. Level spacing probability distribution. Let sn be the spacing between two
consecutive unfolded energies

sn = en+1− en . (94)

Using equation (91), in the infinite limit N →∞ the Wigner–Dyson probability P
(β)
1 (s)

to find two next-neighbour unfolded energy levels at a distance s is given by [45, 46]

P
(β)
1 (s) =


π

2
se−

π s2

4 , β = 1, (GOE),

32

π2
s2 e−

4s2

π , β = 2, (GUE).

(95)

Notice that these distributions capture the level repulsion at small spacings, i.e. for
s→ 0 they vanish as s and s2 near the origin, respectively, as predicted by the argument
discussed in section 5.2. They have a maximum around s≃ 1 (at s* =

√
2/π = 0.7978..

for β=1 and at s* =
√
π/4 = 0.8862.. for β=2) and decrease exponentially at infinity.

5.3.2. Wigner’s surmise. There is a heuristic derivation by Wigner [39, 40] of the
probability distribution of the energy gaps, which goes as follows. For a random
sequence, the probability that a level will be in the small interval (E+ s,E+ s+ds)
is, of course, proportional to ds and will be independent of whether or not there is a
level at E. However, if there is level repulsion, the argument must be modified, since
the probability we are looking for is the one concerning the occurrence of the two
events A and B :

A: no-level in (E,E+ s);

B: one level in (E+ s,E+ s+ds).

Therefore, we are concerned with the joint probability of the events A∪B, given
by P (A∪B) = P (A/B)P (B), where P (A/B) is the conditional probability of A given
B. Hence, we have p(s)ds= P (A∪B) and the level spacing probability density p(s) is
such that

p(s)ds = Prob(one level in dI/no level in I) Prob(no level in I) . (96)

In terms of p(s), the probability of having no level in I is given by

Prob(no level in I) =

ˆ ∞

s

ds ′ p(s ′) , (97)

namely, we need to have all level spacings larger than s and not to have a level in the
interval (E,E+ s). Hence, with the notation

µ(s)ds = Prob(one level in dI/no level in I) , (98)

we have

p(s) = µ(s)

ˆ ∞

s

ds ′ p(s ′) . (99)
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The differential equation that comes from this relation can be easily solved

p(s) =Nµ(s) e−
´ s
0
µ(t)dt . (100)

This probability distribution must satisfy two conditions:

1. Normalizationˆ
p(s) ds= 1; (101)

2. Unit mean gap
ˆ
p(s) sds= 1. (102)

As evident from this equation, the probability distribution p(s) is fully determined
once it is specified the quantity µ(s). However, it should be noted that the resulting p(s)
is expected to accurately capture the behaviour only in the limit of small s. With this
remark in mind, if we consider the case where µ= const, imposing the two conditions
above yields the Poisson distribution

p(s) = e−s , (103)

a distribution which we will meet in section 5.4 in relation to the energy level distribution
of integrable models. On the other hand, taking for µ(s) a linear repulsive law for the
levels, µ(s)≃ αs and imposing the two conditions above, the unit mean gap condition
fixes α to have the value α= π/2, so that we recover the GOE gap distribution. However,
it is important to note that choosing µ(s)≃ αs2 does not reproduce the full GUE
distribution. Instead, it yields a different distribution that agrees with the GUE only in
the small-s limit.

Finally, assuming that µ(s) has a small s behaviour µ(s)≃ α(1+ ν)sν , one gets the
Brody set of distributions [47]

pB (s) = (1+ ν) asν exp
(
−as1+ν

)
, a=

[
Γ

(
2+ ν

1+ ν

)]1+ν
, (104)

where ν is the so-called ‘Brody parameter’. The interesting feature of this family of
distributions is that it interpolates between the Poisson distribution (ν=0) and the
GOE one (ν=1).

5.3.3. Higher order spacing distributions. Important information about the global
distribution of energy levels is encoded in their correlation functions. In terms of the

P
(β)
N of equation (91), the n-point correlation function of a N ×N random matrix is

given by [41–43]

R(β)
n (x1, . . . ,xn) =

N !

(N −n)!

ˆ ∞

−∞
· · ·
ˆ ∞

−∞
P

(β)
N (x1, . . . ,xN ) dxn+1 · · ·dxN . (105)
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Figure 5. TWo-point correlation function R
(β)
2 (s) for the GUE and GOE. Note that

both curves vanish at the origin, reflecting level repulsion, and rapidly saturate to
the asymptotic value 1, which characterizes the spectral rigidity.

This expression expresses the probability density of finding a level (regardless of its
labelling) around each of the points x1,x2, . . .xn, once we integrate out the remaining
levels. Exact evaluations of these distributions can be found in the classical works of
Mehta [45, 46]. Unfolding the energy spectrum and going to the N →∞ limit, R1

becomes a constant (equal to 1, since it corresponds to the mean level spacing), while
the remaining correlation functions depend only on the eigenvalue differences x i - x j . In

particular, posing s= x1−x2, for the pair-correlation R
(β)
2 (s) we have (see figure 5)

R
(β)
2 (s) =


1−K2 (s)−

(
dK

ds

)
J (s) , β = 1 , (GOE),

1−K2 (s) , β = 2 , (GUE).

(106)

where

K (s) =
sin(πs)

πs
, J (s) =

ˆ ∞

s

K (t) dt . (107)

Quantities directly related to the correlation functions are the higher-order spacing

distributions P
(β)
k (s), where the k -step spacing is defined as

sn,k = en+k− en . (108)

For those gaps, we obviously have

sn,k = (en,k− en,k−1)+ (en,k−1− en,k−2)+ · · ·(en+1− en) =
k∑
i=1

si , (109)
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which, for the average, implies

⟨sn,k⟩=
k∑
i=1

si = k ⟨si ⟩= k , (110)

since ⟨si ⟩ = 1. Moreover, we have the identity

R
(β)
2 (s) =

∞∑
k=1

P
(β)
k (s) , (111)

since R
(β)
2 (s) is the probability distribution for having a spacing s between any two

eigenvalues of the unfolded spectrum.
According to Mehta [45], if we denote by Eβ(j;s) the probability that an interval of

length s contains exactly j eigenvalues for the Dyson ensemble with index β, then the

probability density P
(β)
k (s) of the kth neighbour spacing (i.e. the distance between two

eigenvalues with k − 1 intervening levels) is given by

P
(β)
k (s) =

d2

ds2

k−1∑
j=0

(k− j) Eβ (j;s)

 . (112)

At the origin of this formula, there are the following considerations:

1. Gap probability. The quantity Eβ(j;s) is a gap probability for the interval (0,s);
namely, it enforces that exactly j points fall within the interval.

• Differentiating once in s introduces the condition that a point is located at the
right boundary of the interval.

• Differentiating a second time enforces that this boundary point is the nearest
eigenvalue at a distance s from the origin, i.e. it turns the gap probability into a
spacing density.

Thus, the second derivative in (112) is the probabilistic mechanism that converts an
occupancy probability into a spacing distribution.

2. Origin of the combinatorial weight (k− j). Suppose there are j points inside
(0,s). Then the interval [0,s] spans a block of k+2 consecutive eigenvalues (the
two endpoints plus the k interior ones). Among the k+1 gaps formed by these k+2
levels, precisely (k+1− j) of them can serve as the ‘anchoring’ gap coinciding with
the interval [0,s]. This simple combinatorial count yields the weight (k+1− j) and,
shifting k→ k− 1, we end up in the factor (k− j) in (112).

For the GUE, the quantities defined above admit a Fredholm determinantal repres-
entation

D (z,s) = Det
(
1− (1− z)K[0,s]

)
, (113)
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Figure 6. Higher order spacing probability distribution P
(2)
k (s) (k = 1,2, . . . ,11) for

GUE. The histogram is an average over 250 realizations of GUE spectra, each from
an 800× 800 matrix. The k distribution is sharply peaked at s≃ k, reflecting level
repulsion and spectral rigidity.

where the integral operator K[0,s] is defined in L2([0,s]) in terms of the kernel K(x,y)≡
K(x− y) of equation (107) as(

K[0,s] f
)
(x) =

ˆ s

0

K (x,y)f (y)dy . (114)

Indeed, we have

E2 (k;s) =
1

k!

dk

dzk
D (z,s)

∣∣∣∣
z=0

. (115)

As discussed in appendix B, the calculation of the Fredholm determinant (113) through
its eigenvalues can be implemented numerically very efficiently [100, 101]. The corres-
ponding probability distribution for the higher spacings is shown in figure 6.

As discussed in appendix B, analogous formulas also hold for the GOE, substituting
the determinant with the Pfaffian.

5.4. Poisson distribution for level spacings in integrable systems

In integrable models, the distribution of level spacings is expected to differ markedly
from that observed in chaotic systems. Berry and Tabor [51], following the previous
conjecture of Percival [102], convincingly argued that, in integrable models, the extensive
(and basically independent) quantum numbers of the conserved charges make energy
levels essentially uncorrelated: crossings are allowed, there is no level repulsion, and
the sequence of spacings behaves like a set of independent and identically distributed
(i.i.d.) random variables. For an integrable system with a classical analogue possessing
d degrees of freedom, semiclassical quantization yields energy eigenvalues of the form

E (n⃗) =H (I (n⃗)) , Ij = h̄(nj +αj) . (116)

https://doi.org/10.1088/1742-5468/ae337c 35

https://doi.org/10.1088/1742-5468/ae337c


Statistical signatures of integrable and non-integrable quantum hamiltonians

J.S
tat.M

ech.(2026)
023101

Figure 7. Energy level curve H(I(n⃗)) =E in the lattice of the quantum numbers
n⃗. The curve passes through points with very different quantum numbers.

Figure 8. Energy lines as Mikado pick-up sticks in terms of a parameter l. The
probability distribution at an arbitrary point of the parameter l is a purely geo-
metrical problem.

where n⃗ ∈ Zd. It is worth stressing that basically the same mathematical structure also
holds in the Bethe ansatz formulation of quantum integrable models. Since the mapping
from integer vectors n⃗ to energies is essentially arithmetic and uncorrelated, i.e. levels
with very different quantum numbers can have very similar energy values (figure 7), the
local statistics of E(n⃗) resemble those of a random sequence with Poissonian gaps. The
problem is closely connected to geometric probability, specifically to the enumeration of
lattice points lying inside closed contours [103]. The geometrical origin of the problem
and the emergence of the Poisson distribution are clear from the following example
inspired by the Mikado pick-up sticks: imagine that the N uncorrelated energy levels of
an integrable model are parameterized in terms of the N random straight lines in the
(ℓ,E)-plane (figure 8),

Ei (ℓ) = ai ℓ+ bi, i = 1, . . . ,N ,
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where (ai,bi) are some i.i.d. from a continuous joint density fA,B. As ℓ varies, the set
{Ei(ℓ)} will exhibit many true crossings (independent slopes imply no hybridization),
exactly mirroring the abundance of crossings observed in integrable quantum systems.
Let’s now fix a vertical slice at ℓ= ℓ0 and consider the N ordinates

Ei := Ei (ℓ0) = ai ℓ0+ bi .

Because the pairs (ai,bi) are i.i.d. the Ei are themselves i.i.d. with a continuous density

fY (E;ℓ0) =

ˆ
R
fA,B (a, E− aℓ0) da.

Order them as E1 < · · ·<EN and define their spacings as

∆i := Ei+1−Ei.

To analyse the spacings, we first unfold them by the local mean spacing 1/ρ̄. After this
rescaling, the distribution of the unfolded gaps reduces to a standard order-statistics
problem for i.i.d. samples with density fY ( · ; l0), a setting treated in full generality by
Pyke [104]. Indeed, by Pyke’s spacing theorem, we have

• Conditioned on a location E, the (unfolded) nearest-neighbour gap is exponential with
rate fY (E;ℓ0).

• A ‘typical’ spacing is located near E with weight fY (E;ℓ0)dE.

Mixing these exponentials over y gives the limiting spacing density

g (s) =

ˆ 1

0

f (x)︸︷︷︸
location density

[
f (x)e−sf(x)

]
︸ ︷︷ ︸

conditional spacing density

dx =

ˆ 1

0

f (x)2 e−sf(x)dx . (117)

Two immediate consequences follow:

• If fY ( · ;ℓ0) is (locally) flat, then g(s | ℓ0)≈ e−s (pure Poisson).

• In general, g is a mixture of exponentials and still exhibits no level repulsion since
the value at s =0 is always different from zero

g (0) =

ˆ
f (x)2 dx > 0 .

An alternative derivation of the Poisson distribution is provided by the Wigner surmise,
given in equation (100). If one assumes that the events A and B—namely, the occur-
rences of energy levels in two disjoint intervals—are statistically independent, then the
probability density satisfies µ(s) = µ= const, which directly yields the Poisson law for
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the nearest-neighbour level spacings11

P1 (s) = e−s . (118)

This is in sharp contrast to the Wigner–Dyson case, where strong correlations between
levels preclude such independence and instead give rise to level repulsion. The curves rel-
ative to the Poisson and Wigner–Dyson probability distributions are shown in figure 9.
For the Poisson distribution, the maximum value occurs at s =0, indicating a very
strong level of clustering. Therefore, its spectrum generally presents many coincident
pairs, triples, quadruplets, etc of levels.

As emphasized by Berry and Tabor [51], it is worth noting that the spacing distribu-
tion of one of the simplest and most familiar integrable systems—the multi-dimensional
harmonic oscillator—does not conform, however, to Poisson’s law. This exception stems
from the arithmetic structure of its spectrum, which is generally given by linear com-
binations of the oscillator frequencies with integer coefficients

En⃗ =
∑
j

h̄ωj (nj +1/2) . (119)

If the frequency ratios ωi/ωj are rational, many different n⃗ yield the same energy,
giving rise to large degeneracies, larger than those predicted by the Poisson distribu-
tion. Indeed, these ‘resonances’ destroy the randomness needed for Poisson statistics.
If, instead, the frequency ratios are irrational but algebraically related, the spectrum
is still highly structured, with stronger correlations and clustering effects. Even when
unfolding, the spectrum reflects the lattice arithmetic of linear forms in integers, not the
independence assumed in the aforementioned Pyke’s theorem. We refer the reader to
the original [51–53] for a discussion of this subtle but important point and to sections 8
and 9 for some explicit examples. Free fermion systems are of course a typical example
of a set of free oscillators and the same considerations apply as well: see figure 10 for
the evolution of the probability distribution of the gaps in the integrable interacting
XYZ model varying Jz

H =
L∑
j=1

(
Jxσ

x
j σ

x
j+1+ Jyσ

y
jσ

y
j+1+ Jzσ

z
jσ

z
j+1

)
,

which reduces to a free fermion system, i.e. the XY model, in the limit Jz = 0.

5.4.1. Higher order spacing distributions in integrable models. It is quite easy to find
the probability distributions Pk(s) of higher-order spacings for integrable Hamiltonians.
Indeed, in view of equation (109) and given that each gap si is uncorrelated, the Pk(s)
are simply the convolution of k Poisson distributions

Pk (s) = (P1 ⋆P1 ⋆P1 · · · ⋆P1)(s) . (120)

11 In what follows, we denote the probability density of the Poisson distribution by P, in order to distinguish it from the probability
densities associated with random matrix ensembles.
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Figure 9. Level spacing distributions: (a) GOE Wigner–Dyson; (b) Poisson. In
both figures there is also the discretized form of the distributions obtained with an
energy resolution δE.

Figure 10. Level spacing distributions of the integrable XYZ spin chain on L=14
sites with Jx = 0.5, Jy = 0.7, both couplings kept fixed and varying Jz. The graph
(a) corresponds to Jz = 1 while graphs (b) and (c) are close to the value Jz = 0
of the free fermion limit, when the original model coincides with the XY model.
The Poisson statistic at Jz = 1 turns into a distribution of free fermion model at
Jz = 0, where the spectrum is given by a set of harmonic oscillators. Contour of
the Poisson distribution shown for comparison.

This convolution can be evaluated using the Fourier transform: putting

P̂1 (p) =
1√
2π

ˆ ∞

−∞
P1 (x) e

ipxdx=
1√
2π

1

1+ ip
, (121)

we have indeed

Pk (s) =
1√
2π

ˆ ∞

−∞

(
P̂1 (p)

)k
e−ipxdp =

sk−1

(k− 1)!
e−s . (122)

For the mean and variance of these distributions, we have

⟨sk⟩= k , ⟨(sk− k)2⟩= k . (123)
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Figure 11. The probability distributions of higher order level spacings for the
Poisson case.

As shown in figure 11, the behaviour of these distributions is markedly different from
that observed in chaotic systems. In particular, as k increases, the variance of the curves
also grows, causing them to broaden progressively. Since for the Poisson distribution
the two-point correlation function R2(s) is identically equal to 1, we have the identity

R2 (s) = 1 =
∞∑
k=1

Pk (s) . (124)

6. Superposition of sequences of energy levels

We then turn to the case of spectra obtained from a set of unrelated levels that has
been superimposed, a case that presents a more subtle and potentially deceptive scen-
ario. This case occurs when the Hamiltonian has a block structure due to some global
symmetry that has not been previously identified. The same situation also occurs in
the presence of fragmentation of the Hilbert space. So, imagine that our Hamiltonian
has some hidden block form, as shown in figure 12. Each block of the Hamiltonian pro-
duces its own spectrum, which may individually follow either Wigner–Dyson or Poisson
statistics. However, if one is unaware of the underlying block structure and simply diag-
onalizes the full Hamiltonian H, the only accessible object is the global spectrum. This
immediately raises the central question: once the spectrum of H is unfolded, what is
the level-spacing distribution obtained in such a case, where the observed sequence of
levels is, in fact, a superposition of distinct but hidden spectra? This problem has been
addressed by several authors [45, 46, 54–56] and in the following, we remind the final
formula according to the derivation given by Mehta [45].

Let’s first set some notations. Let’s define E (s) as the probability that a randomly
chosen interval of length s of the spectrum is empty. Hence, differentiating (97), we
have

−E ′ (s) = Pr( [0,s] empty AND a level at s) . (125)
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Figure 12. (a) Hidden block form of the Hamiltonian matrix; (b) spectra origin-
ating from the various blocks.

This is the probability density that the interval is empty and a level sits at the boundary.
Differentiating again, we have

P (s) =
d2

ds2
E (s) (126)

where P(s) is the probability density that the nearest neighbour lies at a distance s.
Let’s now derive the level-spacing distribution for a mixture of spectra. We denote

by ρi the level density of the ith sequence, such that pi(ρi s)ρids is the probability that
a spacing in the ith sequence has a value between s and s+ds. Each function pi(x)
satisfies the two conditionsˆ ∞

0

pi (x) dx= 1 ,

ˆ ∞

0

xpi (x) dx= 1 . (127)

Introducing the three quantities Ψi(x), Ri(x) and Ei(s), defined as

Ψi (x) =

ˆ x

0

pi (y) dy = 1−
ˆ ∞

x

pi (y)dy = 1−
ˆ ∞

0

pi (x+ y) dy ,

Ri (x) = 1−Ψi (x) =

ˆ ∞

x

pi (y) dy =

ˆ ∞

0

pi (x+ y) dy ,

Ei (x) =

ˆ ∞

x

Ri (y) dy =

ˆ ∞

x

dy

ˆ ∞

y

pi (z) dz =

ˆ ∞

0

ˆ ∞

0

pi (x+ y+ z) dydz ,

(128)

we have that Ψi(ρi s) is the probability that a spacing in the ith sequence is less than
or equal to s, while Ei(ρi s) is the probability that a given interval of length s does not
contain any level of the ith sequence.

Superposing together n sequences, the total density is given by

ρ=
n∑
i

ρi . (129)
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As for the individual sequences, for the superposed sequence, we define the probability
P(x ), such that P (ρs)ρds is the probability that a spacing lies between s and s+ds.
As above, we also define

Ψ(x) =

ˆ x

0

P (y) dy = 1−
ˆ ∞

x

P (y)dy = 1−
ˆ ∞

0

P (x+ y) dy ,

R (x) = 1−Ψ(x) =

ˆ ∞

x

P (y) dy =

ˆ ∞

0

P (x+ y) dy ,

E (x) =

ˆ ∞

x

R (y) dy =

ˆ ∞

x

dy

ˆ ∞

y

P (z) dz =

ˆ ∞

0

ˆ ∞

0

P (x+ y+ z) dydz ,

(130)

E(ρs) is the probability that a given interval of length s does not contain any level
and, for the uncorrelated nature of the superposition, we have

E (ρs) =
n∏
i=1

Ei (ρi s) . (131)

Posing x= ρs and

fi =
ρi
ρ

,
n∑
i=1

fi = 1 , (132)

we have

E (x) =
n∏
i=1

Ei (f ix) , (133)

and for the final expression of the spacing probability P(x ), we have

P (x) =
d2

dx2
E (x)

= E (x)


n∑
i=1

f 2i
pi (f ix)

Ei (f ix)
+

[
n∑
i=1

fi
Ri (f ix)

Ei (f ix)

]2
−

n∑
i=1

(
f i
Ri (f ix)

Ei (f ix)

)2
 . (134)

For a Poisson distribution, we have

RP (u) = EP (u) = p(u) = e−u , (135)

while for a GOE distribution we have

RGOE (u) = e−u
2π/4 ,

EGOE (u) = erfc

(√
π

2
u

)
,

(136)

where

erfc(t) =
2√
π

ˆ ∞

t

e−y
2

dy .
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Figure 13. P(s) for a mixture of a Poisson distribution with fraction f 1 and a GOE
distribution with fraction f2 = 1− f1.

As for a GUE distribution,

RGUE (u) = erfc

(
2√
π
u

)
+

4

π
ue−4u2/π ,

EGUE (u) = e−4u2/π −uerfc

(
2√
π
u

)
.

(137)

Let’s now analyse closely some relevant examples

• If all n component spectra are Poisson distributed, their superposition likewise
yields a Poissonian level–spacing distribution, P (s) = e−s, consistent with the intu-
itive expectation that the random superposition of independent random sequences
produces a sequence that remains random in character.

• If the spectrum is made up of two parts, the first with a Poisson distribution with
a fraction f 1 and the second with a GOE with a fraction f2 = 1− f1, varying f 1,
we have the set of curves shown in figure 13. The larger the value of f 1, the more
pronounced the Poissonian character of the resulting distribution becomes.

• If the spectrum consists of two GOE components with variable relative fractions, the
corresponding level—spacing distributions P(s) are shown in figure 14(a). Note that,
although for a pure GOE one has P1(0) = 0, in the case of a superposition of two GOE
spectra, the probability density at the origin instead satisfies P (0) ̸= 0. Furthermore,
as the fraction f 1 is increased towards the symmetric partition f1 = f2 = 1/2, the
value of the curve at the origin changes systematically. As will be discussed hereafter,
this represents a generic feature of mixtures of the GOE spectra.

• let us now consider a spectrum made of a mixture of n GOE. Since

R (0) = E (0) = 1 , (138)

we have that at the origin, the probability distribution P(s) is usually different from
zero

P (0) = 1−
n∑
i=1

f 2i , (139)
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Figure 14. (a) P(s) for a mixture of two GOE distributions with fraction f 1 and
f 2. (b) P(s) for a mixture of n GOE distributions with equal fraction fi = 1/n, for
n =2, n =3 and n =20.

with derivative

P ′ (0) =−1+3
n∑
i=1

f 2i +
(π
2
− 2
) n∑
i=1

f 3i . (140)

In the case of n sequences with equal fractions fi = 1/n, the resulting distribution
approaches the Poissonian form and becomes increasingly indistinguishable from it
as n grows, see figure 14(b). Indeed, for n→∞, we have P (0)→ 1 and, moreover,
for P(x ), posing z = x/n we have

P (nz) = En
WD (z)

[
1

n

P1 (z)

EWD (z)
+

(
1− 1

n

)
R2

WD (z)

E2
WD (z)

]
. (141)

In the limit n→∞, i.e. z→ 0, what is within the square brackets becomes equal to
1, while for the prefactor, expanding it in the series of z we have

EWD (z)≃ 1− z+ · · ·= 1− x

n
+ · · · (142)

and therefore

lim
n→∞

P (x) = lim
n→∞

(
1− x

n

)n
= e−x . (143)

In summary, a sufficiently fragmented non-integrable Hamiltonian, composed of
many independent Wigner–Dyson subsequences, can mimic a Poissonian spectrum so
closely that it becomes practically indistinguishable from that of a genuinely integrable
system. This circumstance raises the non-trivial problem of how to unambiguously dis-
criminate between genuine integrability and an apparent Poissonian spectrum arising
from the superposition of many chaotic subsequences. We address this problem in the
next section, where we see that an important hint may come from the analysis of higher
order spacings, discussed hereafter.
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6.1. Higher order spacing probability distributions

For the Gaussian ensemble in the RMT, the Fredholm determinant form of a probability
generating function (PGF) of GUE and GOE allows us to calculate the higher-order spa-
cing probability distribution precisely, where the determinant of GUE has already been
introduced in section 5.3.3. In this section, we consider the situation of a superposition
of several spectra that draw from the same Gaussian ensemble, where the higher-order
spacing probability distribution can be obtained exactly via the Fredholm determinant.

We define a counting function N([0,s]), which counts how many energy levels are
present in the bulk at [0,s]. For the Fredholm determinant operator K, the PGF for the
number of levels in [0,s] can be written as

D (z;s)≡ E
[
zN([0,s])

]
= det

(
I − (1− z)K[0,s]

)
, (144)

where E(X) represents the expectation/mean value of the random variable X, K is
defined on L2([0,s]). Expanding over z =0, the coefficients of the power series give us
counting probabilities

D (z;s) =
∞∑
k=0

Eβ (k;s)z
k , (145)

Eβ (k;s) = Pr(N ([0,s]) = k) =
1

k!

dk

dzk
D (z;s)

∣∣∣∣∣
z=0

. (146)

The kth level spacing distribution function is

P
(β)
k (s) =

d2

ds2

k−1∑
j=0

(k− j)Eβ (j;s)

 . (147)

We now consider a superposition of n spectra with fractions f1,f2, · · · ,fn,
∑n

i fi = 1.
The counting function that counts the number of levels in [0,s] for a collection of these
n spectra is

Nsup ([0,s]) =
n∑
i=1

Ni ([0,fi s]) , (148)

i.e. each spectrum i has a contribution at scale [0,fis] for the collective spectrum in
[0,s]. Due to the independence of each individual spectrum, the overall PGF can be
factorized into the product of the PGF corresponding to each component

Dsup (z;s)≡ E
[
zNsup([0,s])

]
=

n∏
i

det
(
I − (1− z)K[0,fis]

)
. (149)
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Therefore, the superposed k -level counting probability Esup
β (k;s)(k = 0,1,2, · · ·), can be

written as

Esup
β (k;s) =

1

k!

dk

dzk
Dsup (z;s)

∣∣∣∣∣
z=0

=
∑

k1+k2+···+kn=k

m∏
i=1

E
(i)
β (ki;fis) . (150)

One can quickly check that equation (150) reduces to equation (131) when k =0. A
similar example for the rules (149) and (150) can be found at [105]. The kth level
spacing probability distribution is

P
(β)
k (s) =

d2

ds2

k−1∑
j=0

(k− j)Esup
β (j;s)

 , (151)

which is the exact formula we rely on to calculate the higher spacing probability distri-
bution for superposed spectra.

To make the selection rule (150) more clear, we take an example of a mixture of 3
spectra drawn from the same ensemble—e.g. GUE or GOE, with fractions f1,f2,f3, the
counting probability for different k is

k = 0 : Esup
β (0;s) = E

(1)
β (0;f1s)E

(2)
β (0;f2s)E

(3)
β (0;f3s) ,

k = 1 : Esup
β (1;s) = E

(1)
β (1;f1s)E

(2)
β (0;f2s)E

(3)
β (0;f3s)

+E
(1)
β (0;f1s)E

(2)
β (1;f2s)E

(3)
β (0;f3s)

+E
(1)
β (0;f1s)E

(2)
β (0;f2s)E

(3)
β (1;f3s) ,

k = 2 : Esup
β (2;s) = · · · (152)

The kth level spacing probability distribution is

P
(β)
1 (s) =

d2

ds2
Esup
β (0;s) ,

P
(β)
2 (s) =

d2

ds2

[
2Esup

β (0;s)+Esup
β (1;s)

]
,

P
(β)
3 (s) =

d2

ds2

[
3Esup

β (0;s)+ 2Esup
β (1;s)+Esup

β (2;s)
]
,

· · · ,

P
(β)
k (s) = P

(β)
k−1+

d2

ds2

k−1∑
j=0

Esup
β (j;s) (k = 1,2,3, · · ·) , (153)

where we take P
(β)
0 (s) = 0.

In the overall PGF equation (149) of superposed spectra, we did not specify
the determinant kernel K[0,s], which can actually be the kernel of any Gaussian
ensemble (β = 1,2) or Poisson distribution(one should note that the PGF for GOE
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Figure 15. kth level spacing probability distribution P
(1)
k (s) for superposed 3 GUE

spectra with fraction f1 = 0.2,f2 = 0.35,f3 = 0.45. The histogram is an average over
10 exact diagonalization realizations for three GOE matrices with total size 4000×
4000. The theoretical formula is equation (134) for GUE.

is a Pfaffian). The kth level counting probability equation (150) and probability dis-
tribution equation (151) are, therefore, universal for any superposition of independent
spectra drawn from the same Gaussian ensemble. Since the individual spectra composed
the mixture are independent of each other, the product rule equation (149) is expected
to be universal. Hence, it is valid regardless of whether its constituents are GOE or
GUE bulk (with respect to its own determinant kernel) or a Gaussian-Poisson hybrid.

For an exact calculation, in order to know the kth level spacing distribution for a
joint spectrum, it is necessary to (i) evaluate the counting probability Eβ(k;fis) for each
individual component on its own fraction; (ii) use equation (150) to join them together;
(iii) obtain the kth level spacing probability distribution in terms of equation (151). To
illustrate this procedure, we show in figure 15 the higher spacing probability distribution
of superposed 3 GUE spectra with non-equal fractions. The exact numerical method
that we adopted for computing kth level spacing probability distribution is discussed
in appendix B, where one can also find several examples of superposed GOE spectra.

7. Protocol

The problem we aim to address in this section is the following: given a Hamiltonian
matrix H and a chosen resolution δE for constructing histograms, can we determine
whether the energy levels of H follow a genuinely Poissonian distribution (and are there-
fore indicative of integrability), or whether we are merely misled by the superposition
of a large number of components that produces an apparently Poissonian spectrum?
To answer this question, we employ a two-fold protocol: (i) a Monte Carlo decimation
procedure designed to filter out levels that may be truly Poissonian; (ii) a compar-
ison between the higher-order statistical distributions of the original spectrum and the
corresponding Poissonian predictions.

Let us now discuss these two procedures separately. Concerning the first of them,
we will initially describe the rejection sampling (RS) subroutine, which will be used
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Figure 16. The rejection sampling algorithm permits the reconstruction of the
target curve q̃(s), defined on d̃ elements, from the original curve q(s), defined on
d elements, only if the rescaled curve q̃(s)d̃ is entirely contained within q(s)d (as
illustrated by the red curve (a)). If this condition is not satisfied, the resulting
probability distribution coincides with the portion lying above the coloured region
(b).

extensively in the spectral decimation (SD) algorithm. Then we will provide the details
of the SD and its heuristic interpretation.

7.1. Prelude: RS

The RS algorithm provides a method to construct a target distribution q̃(s) from
samples {s} drawn according to an original distribution q(s). This is achieved by gen-
erating an empirical distribution π(s), which converges to q̃(s) in the limit of infinitely
many samples. Such construction is possible only if the target distribution is entirely
supported within the original one. In particular, if the target distribution q̃(s) has d̃ ele-

ments and the original distribution q(s) has d > d̃, then q̃(s) can be exactly reproduced

from q(s) without distortion, provided that q̃(s)d̃⩽ q(s)d, for any s⩾ 0, see figure 16.

Thus, the objective is to generate a target distribution q̃(s) supported on d̃ elements
from an original distribution q(s) defined on d elements. Whether the empirical distri-
bution π(s) matches the target is not guaranteed by the algorithm, but by the particular

choice of q(s), d and d̃.
In what follows, starting from a given list of gaps, we sequentially extract a prescribed

number of them and record, for each extraction, the step index t= 1,2,3, . . . at which
it occurs. Let S = {s} denote the initial set of gaps and let St denote the set of gaps
available at step t (with S1 = S). Let Et be the set of gaps extracted up to and including
step t, At ⊆ Et the set of accepted gaps and Rt ⊆ Et the subset of rejected gaps. These
sets satisfy

Et =At ∪̇Rt, At ∩Rt =∅, (154)

St = S \ Et−1, St+1 = S \ Et, (155)

E0 =A0 =R0 =∅, |Et|= t for t= 1,2,3, . . . (156)

By construction, one gap is extracted per step, and this leads to |Et|= t.
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At the step t, let s̃t be a value extracted uniformly from St. It will be accepted if a
uniformly distributed random number u taken from the interval (0,1] satisfies

u⩽ r (s̃t) =M
q̃ (s̃t)

q (s̃t)
, (157)

where M denotes a constant ensuring the validity of the inequality Mq̃(x)⩽ q(x) for
any x. Hence, the parameter r serves as the ‘acceptance threshold’, while M has the
meaning of the acceptance probability12 per trial. Hence, if equation (157) is satisfied,
s̃t will be added to At, forming the new At+1; otherwise, it will be added to Rt, making
the new Rt+1.

Since the initial distribution contains d elements, at most d iterations can be
executed. If, at some iteration t* ⩽ d, the required d̃ elements are identified, the
algorithm terminates and is deemed successful. Conversely, if all d iterations are
exhausted without locating the d̃, the algorithm is said to fail.

In our implementation, the constant M is chosen to be M = q(0). A crucial observa-
tion is that if the original distribution is the Wigner–Dyson probability density function
(hence M =0), while the target distribution satisfies q̃(0) ̸= 0, then the RS algorithm
invariably fails. On the other hand, if the original and target distributions coincide,
i.e. q = q̃, then choosing M =1 the RS algorithm reproduces the same distribution as
uniform random sampling.

A closely related modification of the RS is the well-knownMetropolis–Hastings (MH)
algorithm, a general method for sampling from a probability distribution q(s) defined

over a finite set {s} of d elements. The goal is to obtain a representative subset of d̃ < d
samples. The algorithm proceeds as follows. Starting from an initial element s0 ∈ {s},
one generates at iteration t a candidate element s̃ from a proposal distribution p(s̃ |st).
The candidate is then accepted with probability

α(st → s̃) = min

{
1,

q (s̃) p(st | s̃)
q (st) p(s̃ |st)

}
. (158)

If the candidate is accepted, the new state is set to st+1 = s̃; otherwise, the chain remains
at st+1 = st. In the simplest symmetric case (the one which we will use later), where the
proposal distribution satisfies p(s̃ |st) = p(st | s̃), the acceptance probability reduces to

α(st → s̃) = min

{
1,

q (s̃)

q (st)

}
. (159)

It follows that if the candidate s̃ is more probable than the current state st, i.e. q(s̃)⩾
q(st), then the move is always accepted. Conversely, if q(s̃)< q(st), the move is accepted
with probability q(s̃)/q(st). This conditional acceptance mechanism guaranties that the
Markov chain constructed by the MH algorithm has q(s) as its stationary distribution,

thereby allowing one to extract a representative sample of size d̃.

12 Indeed, the total probability of accepting a proposed x is the expectation of r(x ) over the initial distribution q(x ), η = Ex∈q [r(x)].
Therefore, η =

´
r(x)q(x)dx =

´
M q̃(x)

q(x)
q(x)dx =M

´
q̃(x)dx =M .
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7.2. SD algorithm

The SD algorithm is designed to test whether the energy spectrum of d levels is
uncorrelated—i.e. whether the gap statistics follow a genuine Poisson distribution
P (s) = e−s—or instead represents a mixture of spectra, made, for instance, by several
non-integrable spectra characterized by Wigner–Dyson statistics. In the latter case, the
algorithm further enables the determination of the number of contributing spectra of
the mixture.

Input and halting conditions
We assume that energies are already unfolded and therefore gaps are simply si =
ei+1− ei: these are the input data of the algorithm. In principle, the number of levels d
may be exponentially large, making a direct test of whether all gaps follow Poisson stat-
istics both difficult and computationally inefficient. Fortunately, a smaller representative
sample of d̃ elements can always be extracted from the same underlying distribution
using the MH algorithm described above. Hence, the analysis may be performed either
on the complete set of unfolded gaps or on a suitably chosen subset. Hereafter, we shall
use the symbol d indistinguishably to denote either the complete set of unfolded gaps
or a representative subset thereof.

In our implementation of the SD algorithm, q(s) denotes the initial empirical distri-
bution of the d gaps, while the target distribution q̃(s) is chosen to be the Poisson law
q̃(s) = e−s. We can run the SD algorithm using an extraction fraction f, responsible for
the rate of decimation. Namely, if dk gaps are present at iteration k, with d1 = d, then
dek = f dk is the target number of gaps at iteration k required to follow the Poisson distri-
bution. If such a number of gaps is found, the remaining gaps drk = (1− f)dk = (1− f)kd
will be those used in the next iteration, dk+1 := drk. See figure 17 for a schematic visu-
alization of the tree structure of the algorithm.

Hence, the algorithm runs as follows: chosen a final number13 dhalt of gaps and
a fraction f of decimation (typically on the order of f ∼ 10−2), at the kth step of
decimation, with drk > dhalt, there could be two situations:

• Successful finding : if, after t* < dk iterations, the target number dek = f dk of gaps
consistent with the Poisson law is found, then the remaining gaps drk will be used in
the next iteration, dk+1 := drk, until eventually reaching the number dhalt chosen as a
final number of gaps where the algorithm definitely stops.

• Unsuccessful finding : if all dk iterations are exhausted without identifying the required
dek = f dk gaps satisfying the Poisson distribution, then the algorithm halts.

Let’s discuss the interpretation of these two outputs with the example of an initial
distribution of the gaps obtained by joining N non-integrable Wigner–Dyson spectra,
each of length δ. The probability density of zero gaps is equal to [54]

q (0) = 1− 1

N
, (160)

13 For the validity of our statistical analysis, it is essential that both d and dhalt be sufficiently large. In practice, typical values are
d∼ 106 and dhalt ∼ 103.
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Figure 17. Tree structure of the spectral decimation algorithm. At each iteration,
a fraction f is decimated from the spectrum. The algorithm ultimately stops when
a size dhalt is reached, unless a halting condition is met.

and therefore almost indistinguishable from a Poissonian for large enough N. The initial
sample will then have d=Nδ gaps. Imagine that we now apply the RS algorithm to
extract a fraction f ≪ q(0) of the original gaps. In infinitesimal interval [0,η] nearby
the origin, the number of zero-gaps

d(η) = dq (0)η (161)

will then be decimated to

d
(η)
1 = dq (0)η− df η = d

(
1− 1

N
− f

)
η. (162)

Crucially d
(η)
1 < d

(η)
and this justifies the name ‘decimation’ for the algorithm. After the

mth decimation, the number of zero-gaps will be

d(η)m = d

(
1− 1

N
− f

m−1∑
k=0

(1− f)k
)
η = d

(
(1− f)m− 1

N

)
η. (163)

The algorithm is said to have decimated all zero gaps if

m⩾m⋆ =− logN

log(1− f)
. (164)

The latter equation makes clear the role of the extraction fraction f as a controller of the
rate of decimation. Moreover, at iterationm=m⋆+1, the SD will terminate because we
have exhausted all possible zero gaps necessary to have a Poisson distribution, a value
which could be before the final halting condition is fulfilled, i.e. when (1− f)m

⋆
d > dhalt.
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More details on the algorithm
At the kth step of the decimation tree—conditional on the success of step (k− 1)—the
SD algorithm proceeds as follows:

1. Empirical distribution. From the starting sequence of dt = (1− f)td of the new
unfolded gaps {si}t, construct the empirical distribution qt(s).
The resolution δt of the histogram is fixed using the Freedman–Diaconis rule [106]
for the Poisson PDF:

δt =

(
dt
6

ˆ ∞

0

(
d

ds
p(s)

)2

ds

)−1/3

=

(
12

dt

)1/3

. (165)

For the typical case d= 105, one finds δ ≈ 8× 10−3.

2. Decimation. Apply the RS algorithm to extract det = f dt gaps following the Poisson
distribution. The constant M of the RS is fixed to M = qi(0), so that zero-gaps are
almost surely accepted.

3. First check. If the RS algorithm is successful, the algorithm continues at the next
k +1 step of decimation; otherwise, it stops.

4. Unfolding. If the RS algorithm is successful, remove the set of extracted gaps,
{s̃i}k, that follows the Poisson distribution, from the original gaps {si}k. The original
ordering of the surviving gaps {σj}k+1 = {si}k \ {s̃i}k is preserved.
Because the starting gaps are already unfolded, the unfolding of the {σj} is quite
simple: it is only sufficient to divide by the mean σ to obtain the new set

{si}k+1 =
{σi
σ

}
k+1

,

which are drt = (1− f)dt in number.

5. Second check. If drt > d̃halt, use {si}t+1 as the set of gaps for the successive iteration

of the SD algorithm. Otherwise, if drt ⩽ d̃h, the algorithm terminates. In this case,

the SD has met the halting threshold d̃halt.

Physical interpretation
By construction, the SD algorithm terminates in two possible ways and it is useful to
analyse their implications.

In the first way, namely if the SD algorithm reaches the halting threshold dhalt, it
provides a positive, though probabilistic, indication of the uncorrelated nature of the
spectrum. In this case, the decimation has reduced the original set of d gaps to a subset
of size dhalt. For dhalt ≪ d, this implies that, to the best of our numerical resolution, the
original spectrum is uncorrelated. More precisely, the number of uncorrelated gaps is at
least d− dhalt, namely those identified by the SD procedure. One may then define the
fraction of uncorrelated gaps as

fu = (1− dhalt/d) . (166)
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Figure 18. Application of spectral decimation. The empirical PDF is obtained
by superposing five Wigner–Dyson distributions generated from GOE spectra
of size d= 105. The dashed line represents the analytical PDF from [54, 55],
equation (141). The decimation output after three iterations (f = 1/2) is also
shown: the probability of zero-gaps decreases as they are progressively depleted.

This fraction can be fixed in advance as a target for the SD algorithm. In this sense,
the SD acts as a certificate for the presence of uncorrelated energies.

Let’s now discuss the second way the algorithm can terminate. In this case the
algorithm may also halt prematurely at step m of the decimation tree. In this event,
the RS procedure provides positive—albeit probabilistic—evidence for the presence of
multiple independent spectra. Suppose the algorithm halts at iteration m, which implies
that iteration (m− 1) was successful. This occurs because, after the mth application of
RS, the reservoir of zero gaps is exhausted. Consequently, the number of independent
spectra N can be estimated as(

1

1− f

)m−1

⩽N ⩽
(

1

1− f

)m
. (167)

This bound can be made arbitrarily small by selecting a sufficiently small extraction
fraction f. Conversely, when the SD algorithm reaches the halting threshold d̃h after m
iterations, one can establish a lower bound on the number of copies

N ⩾
(

1

1− f

)m
. (168)

This second halting way of the algorithm is illustrated in figure 18, which shows the
decimation of five Wigner–Dyson spectra generated from GOE ensembles of size d= 105.
With f = 1/2, the algorithm halts after three iterations when the RS algorithm fails.

Notice that selecting different values of f inevitably leads to different failure itera-
tions mf of the SD algorithm. Hence, the number of iterations itself is not physically
meaningful. Reversing the argument, however, the iterations cannot be arbitrarily large
if the spectrum consists of N independent Wigner–Dyson components. Indeed, the
right-hand side of the previous equation shows that the SD algorithm admits at most

m=O

(
− logN

log(1− f)

)
(169)
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Figure 19. kth level spacing probability distribution P
(1)
k (s) for Poisson distribu-

tion and a superposition of 10 GOE spectra, where the histogram is an average
over 200 realizations of 10 GOE spectra, each from an exact diagonalization of a
400× 400 matrix.

iterations, which do not depend on the initial d.
However, the dependence on d is taken into account by the computational cost of

one iteration. Assuming a single RS acceptance/refusal to be O(1), the mth iteration
of the SD will have polynomial runtime. The best-case scenario is when exactly dem =
f(1− f)m−1d calls are made, i.e. O(dem), while the worst-case scenario is when all the
initial set of gaps is spanned, O(dm). As we already mentioned, the empirical distribution

can be sampled without distortions by a simple RS involving O(d̃) calls, where d̃ is
arbitrarily fixed.

In summary, the SD provides answers in both outputs, which have net statistical
interpretations that can be made arbitrarily precise by fine-tuning the input parameters
f, d̃h.

7.3. Higher order spacings

An additional and highly effective diagnostic for distinguishing between a genuine
Poisson distribution and a Poisson-like distribution arising from a mixture of spec-
tra is provided by the analysis of higher-order level spacings. In the previous sections,
we computed these distributions both for the purely Poisson case and for spectral mix-
tures, and significant discrepancies emerge that allow one to discriminate between the
two situations. For instance, figure 19 displays the higher-order spacing distributions
for a mixture of 10 spectra compared to those of a purely Poisson ensemble. The two
sets of curves are clearly distinguishable, at least until a moderate number of spectra
in the mixture. Naturally, as the number of superposed spectra tends to infinity, these
differences become increasingly subtle and eventually imperceptible, in which case, it is
more advantageous to rely on the Monte Carlo decimation method.
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8. Permutation Hamiltonians

In this section, we describe Hamiltonians based on permutations, i.e. the elementary
interaction features the swap of sites. They can be generated on graphs and can feature
different boundary conditions.

8.1. Generalities on the permutation group

In what follows, we focus on the archetype of all finite groups: the permutation group.
The purpose of this presentation is not to provide a comprehensive treatment of this
group but rather to supply the essential background needed for the numerical analysis
presented later in this section. Further details on the structure of the permutation
group are collected in appendix C, while a more systematic discussion of permutation
Hamiltonians will be provided in a forthcoming dedicated publication.

The permutation group of N elements, denoted SN is a finite group of order |SN |=
N ! generated by N − 1 elementary (adjacent) transpositions Pi,i+1, i ∈ {1, . . . ,N − 1}.
A transposition Pi,j is an element of the permutation group that exchanges, out of N
distinct objects, the ones labelled i and j. In terms of adjacent transpositions, Pi,j can
be obtained by recursion:

Pi,i+2 = Pi+1,i+2Pi,i+1Pi+1,i+2 . (170)

All permutations admit a ‘word’ in terms of generic transpositions Pi,j, which may not
be unique. Moreover, an elementary word contains only adjacent transpositions Pi,i+1.
This word is said to be minimal if it contains the least amount of Pi,i+1. For example,
for Pi,j, the minimal word has 2|i− j| − 1 adjacent transpositions.

Each element of the permutation group belongs to a conjugacy class Cα, which is
identified by the number of distinct cycles. For example, for N =9, the conjugacy class[
32,2,1

]
contains two different cycles where three elements are permuted (3-cycle), a

2-cycle and an element that is not permuted (one-cycle). Transpositions are therefore 2-
cycles. The number of conjugacy classes equals the number p(N ) of integer partitions of
N, whose asymptotic behaviour is given by equation (78). The conjugacy classes of the
permutation group can be represented by Young diagrams, which are also in one-to-one
correspondence with the group’s IRs. Young diagrams provide a natural and powerful
framework for studying IRs, as they encode the combinatorial rules required to compute
fundamental quantities. Among the most significant is the dimension of a representation,
given by the celebrated hook-length formula, recalled in appendix C. For example, the
fully symmetric representation [L] and the fully antisymmetric representation [1L] are
both one-dimensional.

A permutation Hamiltonian is a generic linear superposition of permutation ele-
ments

H =
∑
P∈SN

αP
(
P +P−1

)
. (171)

The inclusion of the inverse guaranties the Hermiticity of the operator. Furthermore, it
is not necessary to consider higher powers of permutation elements, as the symmetric
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group SN is, by definition, closed under multiplication and already contains all such
products. The coupling constants αP may be treated either as fixed real parameters or
as random variables drawn from a prescribed probability distribution.

We consider Hilbert spaces in which each site can be locally occupied by one of n
bosonic states, distinguished by their ‘colours’. Locally the state will be denoted as |va⟩i,
where i refers to the site while a= 1,2, . . .n refers to the colour index. Consequently,
each site transforms according to the fundamental representation of SU (n), and per-
mutation Hamiltonians act by permuting the sites and their superpositions. For a
chain of length L, the Hilbert space has dimension d= nL, which can be decomposed
into symmetry sectors, i.e. ‘colour sectors’ {L1,L2, . . .Ln}, where Lj is the number of
particles of colour j ∈ {1, . . . ,n} subject to

∑n
j=1Lj = L. Within these colour sectors,

permutation Hamiltonians remain invariant. More precisely, let U ∈ SU(n) denote an
n ×n unitary transformation representing colour mixing. Its tensor product U⊗L acts
on the full Hilbert space as a d × d matrix and commutes with the Hamiltonian, i.e.(
U⊗L)−1

HU⊗L =H.
In a given colour sector, transpositions Pi,j are represented in the computational

basis—namely, the product basis where each site is assigned a specific colour—as sparse
matrices with a single non-zero entry per row. Remarkably, within these colour sectors
the Hamiltonian admits a further decomposition into IRs of SL. Since permutations
among sites carrying the same colour leave the state invariant, bosonic many-body
wave functions can be labelled by IRs of the subgroup SL1 ⊗SL2 ⊗ . . .⊗SLn ⊂ SL where
Li denotes the number of sites of colour i. These representations are preserved by the
Hamiltonian, which thus acquires a fragmented block structure as in the figure

Within each IR, the adjacent transpositions Pi,i+1 can be represented as real, unitary,
and Hermitian matrices [107]. Further details regarding their numerical implementation
are provided in appendix C.

8.2. Hamiltonians on graphs

In permutation Hamiltonians, the interactions act solely on the sites, irrespective of
the specific structure of the local Hilbert space. This property makes it possible to
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investigate a wide variety of models while preserving both the dimensionality and the
intrinsic structure of the symmetry blocks.

As a first example, consider Hamiltonians defined on graphs G. Here, the nodes
represent sites, and the links correspond to permutations. The degree of a node is defined
as the number of links (or edges) incident upon that node. A simple undirected edge
connecting sites i and j is represented by the transposition Pi,j, and the Hamiltonian can
be directly constructed from the adjacency matrix Aij of the graph, defined as follows:
for a graph G= (V ,E) with |V |=N vertices, the adjacency matrix is the N ×N matrix
A= (aij) defined by

aij =

{
1 if there is an edge between vertices i and j ,

0 otherwise .

For undirected graphs without self-loops (the case we are interested in), A is real and
symmetric, with vanishing diagonal entries. The Hamiltonian HG on a graph G is then
given by

HG =
∑
i<j

JijAij Pij , (173)

where the coupling constants J ij are either fixed real numbers or random variables
drawn from a given probability distribution.

Sutherland permutation Hamiltonians
The minimum number of edges that generates a graph with L nodes is L− 1 and

the Hamiltonian

Ho
2 =

L−1∑
i=1

JiPi,i+1 (174)

corresponds to the Sutherland permutation model with open boundary conditions. The
same Hamiltonian with periodic boundary conditions

Hp
2 =

L∑
i=1

JiPi,i+1modL , (175)

is the graph where all nodes have incidence 2. In both Hamiltonians, the coupling
constant Ji may be either fixed real parameters or random variables drawn from a
prescribed probability distribution. Consider the homogeneous case in which Ji = J , ∀i.
If |a⟩i and |b⟩i denote two generic colours at the site i, the individual operator Pi,i+1 has
the following set of eigenvalues and eigenvectors

Pi,i+1

(
|vai vbi+1⟩± |vbi vai+1⟩√

2

)
=±

(
|vai vbi+1⟩± |vbi vai+1⟩√

2

)
. (176)

Therefore, the symmetric combination of colours of the neighbouring sites has the
highest eigenvalues, while the antisymmetric one (if a ̸= b) has the minimal eigenvalue.
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Hence, if J < 0, the ground state eigenstate of the Sutherland permutation Hamiltonians
is given by the fully symmetric representation,

|SG⟩=
∑
P∈SN

|va1P (1)v
a2
P (2) . . .v

aN
P (N)⟩ . (177)

It is a different story if J is instead positive J > 0. Indeed, the minimum energy E* =
−JL is obtained when each permutation operator Pi,i+1 can simultaneously take the
value −1; this is, however, only possible if the number of different colours n is equal to
the number of sites L. If this is the case, the relative state corresponds to the totally
anti-symmetric IR (corresponding to the vertically longest Young tableau) and can be
written as a Slater determinant built in terms of any set of L different colours |va⟩i

|v(1), . . . ,vL⟩− =
1√
L!

∣∣∣∣∣∣∣∣
|v(1)⟩1 · · · |v(L)⟩1
|v(1)⟩2 · · · |v(L)⟩2
· · · · · · · · ·

|v(1)⟩L · · · |v(L)⟩L

∣∣∣∣∣∣∣∣ . (178)

However, for all other colour sectors, it is impossible to satisfy the minimum of all local
Pi,i+1 and to find the ground state energy and the wave function of the ground state,
one must employ a nested Bethe ansatz approach [11].

Class operator Hamiltonians
On the other hand, the maximum degree that a node can have is L− 1. It gives rise to
the fully connected Hamiltonian

Hclass
2 =

∑
i<j

Pi,j . (179)

Such a Hamiltonian is also called a ‘class operator’ [108]. Indeed, it is invariant under
the left and right multiplication of any group element g

Hclass
2 = g−1Hclass

2 g . (180)

It is easy to construct other class operator Hamiltonians. Indeed, if a conjugacy class
Ci consists of the group elements {g1,g2, . . .gdi}, we can define the Hamiltonian Ci as

Ci =
1

di
(g1+ g2+ · · ·gdi) . (181)

For all Hamiltonians constructed in this way, we have g−1Ci g for all group elements
g. Hence, the Ci commutes with all elements of the permutation group. On the other
hand, any element C of SL , which commutes with all elements of the group, must
be expressed as a linear combination of these class operators, C = c1C1+ c2C2+ · · · . The
subspace, composed of sums of the class operators, belongs to the centre Z of the group.
There is a close connection between the algebra of the class operators and the Verlinde
algebra [109]. Indeed, since the product CiCj commutes with every element of the group,
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Figure 20. Different permutation Hamiltonian on graphs. While the cases r =0
and r =1 are integrable, the intermediate cases are not.

it must belong to the centre of the group; therefore, there must exist constants ckij such
that

Ci Cj =
∑
k

ckij Ck . (182)

In view of this equation, Ci can be regarded as a linear mapping Z→ Z with asso-
ciated matrices, whose entries are (Ci)kj = ckij. From the associativity condition of the
algebra (182), all these matrices commute and, therefore, can be simultaneously diagon-
alized. Denoting with PI the projector operator on the IR I of the permutation group,
we have

Ci PI =

(
χIi
χI0

)
PI , (183)

where χIi is the character of the class i in the IR I while χI0 = χI{e} = dimI. In summary,

the common eigenvectors of the Ci are the projector operators PI and the eigenvalues
λIi = χIi /χ

I
0 are proportional to the characters.

Random graphs
The Hamiltonians discussed so far are ‘rigid’ in the sense that their structure is fully
determined by the underlying graph. However, one may also consider random graphs,
characterized by an average node degree parameterized by r :

I (r) = (1− r)2+ r (L− 1) . (184)

The parameter runs in [0,1] and both 0 and 1 have only one possible Hamiltonian. For
generic r, if [x] denotes the integer part of the real number x, ⌊rL/2⌋= E is the number
of edges, the number of Hamiltonians HG that one can generate on such random graphs
is E!/L!(E−L)!. Examples of these graphs are provided in figure 20 varying r, while in
figure 21 some realizations for r =0.05 are given.

Except for the limiting cases r =0 and r =1, where the Hamiltonian is integrable,
intermediate values of r generally yield non-integrable dynamics. The Hamiltonian Ĥ is
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Figure 21. Different realizations of permutation Hamiltonian on graphs fixed the
parameter r =0.05.

obtained as the average Hamiltonian of all the Hamiltonians HG of the random graphs
with a given parameter r :

Ĥ =
∑
G

HG , (185)

has an unfolded spectrum of the averaged energies that is equally spaced with a Gaussian
distribution around the value of the gap s =1.

8.3. The role of boundary conditions

Let us now consider a one-dimensional Hamiltonian. For a fixed matrix size, it is com-
putationally easier to diagonalize a Hamiltonian with open boundary conditions than
with periodic boundary conditions, as the corresponding matrix is generally sparser.
Nevertheless, diagonalizing Hamiltonians with periodic boundary conditions remains
computationally feasible, as we are going to discuss. In a homogeneous system, periodic
boundary conditions imply translational invariance. To obtain accurate level statist-
ics, we know that it is essential to factor out global symmetries; translational invari-
ance, when present, is one such symmetry that must be accounted for. For permutation
Hamiltonians, the translation operator is given by

T= P1, 2P2, 3 . . .PL−2, L−1PL−1, L =
L−1∏
j=1

Pj, j+1 . (186)

As the generator of the cyclic group ZL, the translation operator has eigenvalues that
are eiδ, where δ = 2πκ/L and κ ∈ {0, . . . ,L− 1}. Within a given IR α, the dimension
mα
κ of the sector corresponding to momentum κ cannot be easily predicted a priori,

although its average value is dα/L, where dα is the dimension of the representation.
Using the tools presented in section 4, it is possible to compute the eigenvalues

associated with each momentum sector in a memory-efficient manner for any given IR.
This algorithm avoids explicitly constructing the full translation matrix T; instead, it
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Table 2. Dimensions of the largest IRs studied for n= 2,3,4. The dimension of the
zero-momentum sector has been found through the algorithmic method of section 8.

Irreducible
representation

Dimension of
representation

Dimension of
0-momentum sector[

112
]
, L= 22 58786 2652[

63
]
, L= 18 87516 4862[

44
]
, L= 16 24024 1522

requires only the application of individual transpositions—highly sparse operators—on
a vector. The iterative algorithm proceeds as follows:

1. Initialize with a sample vector |vi⟩. This vector may be chosen as a standard
basis vector |ei⟩ℓ = δℓi , though doing so often results in linear dependence among the
generated vectors after only a few iterations—significantly fewer thanmκ. To mitigate
this, a random vector |vi⟩, with components randomly chosen in the standard basis,
is preferable. For κ=0 and κ= L/2 (when L is even), the eigenvectors are real, so
|vi⟩ can have real coefficients. For all other values of κ, the eigenvectors are complex,
and the coefficients of |vi⟩ should be complex as well.

2. Project onto the momentum sector by extracting the κ-component |κ ′
i⟩ from |vi⟩

using equation (54).

3. Check the linear independence of |κ ′
i⟩ with respect to the previously obtained

vectors |κj⟩ for j < i. If |κ ′
i⟩ is linearly independent, retain its orthogonal component

and denote it |κi⟩. Otherwise, terminate the algorithm. The resulting set of vectors
Mκ = {|κ1⟩, . . . , |κmκ⟩} then spans the eigenspace associated with momentum κ.

Once the matrices M κ have been constructed for a given IR α, the Hamiltonian can
be projected onto the κ-momentum sector. While the full Hamiltonian has dimension
dα× dα, the projected Hamiltonian H(κ) has a reduced dimension mα

κ ×mα
κ , given by:

H(κ) =MκHM
†
κ . (187)

This projected matrix is typically denser and complex-valued (yet remains Hermitian),
but the number of entries is cut off by a factor O(L2).

With moderate computational resources, it is possible to carry out exact diagonal-
ization within sufficiently large IRs and still obtain meaningful statistical results—see
table 2 for illustrative examples.

Moreover, a generic translation invariant Hamiltonian of support k can be written
as

Hk =
1

L

L−1∑
j=0

Tjh1,...,kT−j , (188)
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where h1,...,k is between the first k sites. On a given momentum sector, Hk has matrix
elements

⟨vκ|H(κ)
k |uκ⟩= ⟨vκ|h1,...,k|uκ⟩ , H

(κ)
k =Mκh1,...,kM

†
κ . (189)

This last equation is quite remarkable because it implies that only one term of the
Hamiltonian, h1,...,k, has to be stored in the computational memory. Moreover, the mat-
rix M κ does not depend on the particular form of Hk, but only on the IR chosen;
therefore, it can be stored and used for different permutation Hamiltonians.

9. Examples of permutation Hamiltonians

We focus on permutation Hamiltonians with periodic boundary conditions and ana-
lyse them within a given momentum sector, as described previously. The two simplest
Hamiltonians with two-site interactions are exemplified by the Sutherland permutation
model with periodic boundary conditions, denoted by H 2, which takes the form

h2 = P1,2 , (190)

and the fully-connected class operator

hclass2 =
1

L− 1

∑
j>1

P1,j . (191)

The Sutherland permutation model is known to be integrable for all SU (n) [11],
and its reduction to n =2 coincides with the antiferromagnetic Heisenberg chain, see
section 4. On the other hand, the fully-connected class operator is ‘trivially integrable’,
because in each IR, the Hamiltonian is proportional to the identity by Schur’s lemma.

We can generalize both models to arbitrary support by considering the operator
Pi1,...,ik which sums together all the k -cycles of the sites i1, . . ., ik. Pi1,i2,i3 is given by

Pi1,i2,i3 = Pi1,i2,i3 +Pi1,i3,i2 , (192)

which visually can be represented as
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Analogously for Pi1,i2,i3,i4 we have the graphical representation

Each Pi1,...,ik has (k− 1)! terms, and for each element in the sum, its inverse is present
to preserve Hermiticity. We can then define k -site Hamiltonians Hsite

k with

hsitek = P1,2,...,k (195)

and k -class Hamiltonians Hclass
k with

hclassk =
1

(k− 1)!

∑
i2 ̸=i3 ̸=...̸=ik>1

P1,i2,...,ik . (196)

As before, the Hclass
k are trivially integrable, whereas numerical evidence indicates

that the Hsite
k are generically non-integrable for k = 3, . . . ,L− 1 in any SU (n), since

their level statistics follow the Wigner–Dyson distribution—see the plots at the end of
this section.

The last Hamiltonians we consider are long-range, all-to-all ones. We start from the
Inozemtsev hyperbolic chain model [110–113]

hW =
L∑
j=2

℘L,π/τ (j− 1)P1,j , (197)

where ℘ is the Weierstrass function defined by its two periods L and 1/τ

℘L,π/τ (z) =
1

z2
+

∑
m,n∈Z−{0}

[(
z−mL− i

nπ

τ

)−2

−
(
mL+ i

nπ

τ

)−2
]
. (198)

We are interested in two limits. The first one is when τ→ 0: in this case the effective
Hamiltonian reduces to the trigonometric Haldane–Shastry model [114, 115] with

hHS =
(π
L

)2 L∑
j=2

(
sin

π (j− 1)

L

)−2

P1,j . (199)
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On the other hand, if we take the limit L→∞, we obtain the hyperbolic Inozemtsev
chain

hhI = τ 2
L∑
j=2

(sinhτ (j− 1))−2P1,j . (200)

One also retrieves the Heisenberg model as τ →∞ [110].
An important feature of this family of Inozemtsev models is that [112, 116, 117],

while they admit exact solutions, their level statistics are not necessarily Poissonian. In
particular, the Haldane–Shastry model exhibits almost equispaced degenerate energy
levels, reminiscent of those of the multidimensional harmonic oscillator. By contrast, the
hyperbolic Inozemtsev chain displays Poissonian level statistics. One may also consider
the Haldane–Shastry chain with an arbitrary, non-extensive period relative to the system
size; in this case, the level statistics follow the Wigner–Dyson distribution. To the best of
our knowledge, no other local models exhibit the same degree of pathological behaviour
as the Inozemtsev chain for what concerns the level statistics.

9.1. Unfolding

In our numerical analysis of many-body spectra, we have developed a procedure to
obtain unfolded energies by fitting the energy density with Chebyshev polynomials.
Since any Hamiltonian can be rescaled by an overall coupling constant J, it is necessary
to fine-tune J so that the spectrum lies entirely within the domain of validity of the
polynomials, namely [−1,1].

In general, if the Hamiltonian has T terms, i.e. H =
∑

ihi, one chooses

J =

(∑
i

max
j

|λij|

)−1

, (201)

where λij is the j th eigenvalue of hi. In most cases, the spectrum of the individual
Hamiltonian terms is easily accessible. For instance, in SU (2) spin chains with T terms,
the local terms are Pauli matrices, which are both Hermitian and unitary, and thus have
eigenvalues ±1, implying J = 1/T . Similarly, in SU (n) permutation Hamiltonians gen-
erated by operators permuting (even cyclically) subsets of sites, the largest eigenvalue is
+1 in the fully symmetric combination of basis states, and again one obtains J = 1/T .

Once the energies are rescaled to lie within [−1,1], the fitting of the energy density
ρ0(E) can be performed. Because this quantity is subject to statistical fluctuations,
it is advantageous to fit its integral, namely the empirical cumulative density of states
(equation (80)), with a linear combination of Chebyshev polynomials. For this method to
be effective, it suffices that the level spacing is chosen in such a way that the cumulative
density is strictly increasing and does not exhibit extended plateaus. The number of
terms retained in the fit is not fixed a priori ; instead, we employ an estimator, the
reduced χ2, which is required to fall below a prescribed threshold. If the fit using the first
n Chebyshev polynomials yields a reduced χ2 above the acceptance value, the procedure
is repeated with n +1 terms. Since the cumulative density is monotonic in [−1,1],
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Figure 22. On the left, the fit of the density of energy using Chebyshev polynomials
of a zero-magnetization symmetry sector of the antiferromagnetic Heisenberg chain
of various lengths: 18 (green), 20 (blue), 22 (red). The empirical density collapses
to a continuous function as the length increases. On the right, the gap statistics
obtained after unfolding is Poissonian because the model is integrable.

its derivative—the energy density—provides a smooth interpolation of the empirical
distribution. In practice, it is not necessary to evaluate the derivative explicitly because
the level spacings can be extracted directly from the unfolded energies as si = ei+1− ei,
which are already normalized to a unit mean.

In figure 22 we provide an example of the method, considering the SU (2) antifer-
romagnetic Heisenberg chain in some symmetry sectors, which are chosen such that in
increasing the length of the chain, the density collapses to a continuous function—see
appendix C for details.

9.2. Numerical results

We now present the level statistics obtained through the unfolding procedure. The
largest IRs for SU (n), n =2, 3 and 4, are those in table 2.

We start from the SU (2) antiferromagnetic Heisenberg chain, as already reported in
figure 22. All momentum sectors exhibit the same Poissonian behaviour. On the other
hand, in figure 23 we present level statistics for the Inozemtsev chain and its limits.
For the Haldane–Shastry case, we observe two peaks at s =0, indicating a degenerate
spectrum, and at s =1, the hallmark of equally spaced levels14.

For k -site Hamiltonians, we diagonalize momentum sectors separately for k = 3,4 in
the representations of SU (3) and SU (4), respectively. While for a generic momentum
sector the Hamiltonians are not integrable and their statistics resemble Wigner–Dyson,
the zero-momentum sector is intermediate, with a zero-gap probability around 1/2.
Following [44], we expect at least two degenerate, non-integrable spectra. This is indeed

14 More precisely, they are close to being equally spaced in the thermodynamic limit; see details in [116, 117].
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Figure 23. Level statistics of the Inozemtsev chain and its limits, for L=15 in the
irreducible representation [53].

Figure 24. Analysis of the zero-momentum sector of the 3-site Hamiltonian H 3 in
the irreducible representation [63] of SU (3) (L=18). According to the reflection
operator the sector splits into an even and odd one, which if put together generate
the intermediate statistics for the superposition of 2 GOEs, see equation (141).

the case, since there exists this additional operator

S=

L/2−1∏
j=1

Pj,L−j+1 , (202)

which operates a reflection around the centre of the chain. Since S2 = id, reflections
generate a Z 2 subgroup of the zero-momentum sector (also the π-momentum one if the
chain is even). We label the two symmetry sectors ‘even’ and ‘odd’, according to the
usual convention for parity (see section 4). In these sectors, the Hamiltonian is non-
integrable, see figure 24. This numerical analysis excludes the possibility of integrable
k -site Hamiltonians apart from k =2 and k =L. Moreover, presently we do not have
indications of integrable Hamiltonians made of three-site permutations.

10. Conclusions

Determining whether an infinite Hermitian matrix defines an integrable or chaotic
quantum system is a central problem in many-body physics. In this work, we have
approached this question from a statistical perspective, focusing on the spectral prop-
erties of the Hamiltonian. While the hallmark of integrability is traditionally identified
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with Poissonian statistics of the unfolded level spacings, we emphasize that similar beha-
viour may also emerge from mixtures of distinct spectral components. This ambiguity
motivates the search for sharper criteria capable of distinguishing the spectrum of a
genuinely integrable model from that of a system composed of non-integrable subsectors.

To this end, we have proposed a two-pronged protocol. First, a Monte Carlo decim-
ation algorithm selectively filters the energy levels; by tracking the evolution of the
spacing distribution under successive sweeps, one can assess whether an apparent
Poissonian behaviour is robust or merely accidental. Second, we analyse higher-order
spacing distributions, which provide discriminating signatures between Poisson, GOE,
GUE, and mixed spectra.

We have demonstrated the effectiveness of this protocol through a range of examples,
including quantum Hamiltonians constructed from permutation groups and realized on
diverse graphs with different boundary conditions. Hence, our results establish a prac-
tical statistical framework for disentangling true integrability from spectral mimicry.
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Appendix A. Conserved charges

In this appendix, we aim to discuss the structure that the matrices associated with the
conserved charges assume in the local basis (41). It is convenient to consider a particular
quantum integrable model (in our case, the Sinh–Gordon model, see (60)) in which the
conserved charges can be explicitly derived and then extract from this example the
general features of the matrices.

The proper setting to approach the problem is the Hamiltonian formulation of a
quantum field theory, in which the dynamical variables are the field φ(x, t) and the
conjugate field Π(x, t): they enter the Hamiltonian

H =

ˆ
dx

[
1

2
Π2+

1

2
(∇φ)2+V (φ)

]
, (203)

and the equal-time commutation relation

[φ(x, t) ,Π(y, t)] = iδ (x− y) . (204)

https://doi.org/10.1088/1742-5468/ae337c 67

https://doi.org/10.1088/1742-5468/ae337c


Statistical signatures of integrable and non-integrable quantum hamiltonians

J.S
tat.M

ech.(2026)
023101

These operators satisfy the equation of motion

∂φ

∂t
=−i [φ,H] = Π , (205)

∂Π

∂t
=−i [Π,H] =∇φ − dV

dφ
. (206)

Eliminating Π, we obtain the familiar equation of motion for the field φ(x, t)

□φ +
dV

dφ
= 0 , □=

∂2

∂t2
− ∂2

∂x2
. (207)

Let us see now how to derive the (classical) expression of the conservedQs of a particular
quantum integrable model, the Sinh–Gordon model. In the light-cone coordinates σ
and τ

σ =
1

2
(x− t) ; τ =

1

2
(x+ t) ,

and rescaling the field ϕ, the equation of motion (207) for the field ϕ assumes the form

∂σ ∂τ ϕ(σ,τ) = sinh(ϕ) . (208)

There is a conserved charge Qs if there exists a current with components (J0
s ,J

1
s ) sat-

isfying the equation ∂µJ
µ
s = 0. This can be written in light-cone coordinates, defining

J0
s = Ts+1+Θs−1 and J1

s = Ts+1−Θs−1. For the densities Ts+1[ϕ] and Θs−1[ϕ], we have

∂

∂σ
Ts+1 [ϕ] =

∂

∂τ
Θs−1 [ϕ] . (209)

The index s refers to the spin of this current, related to the difference of the par-
tial derivatives ∂nτ and ∂kσ present in the expression of the densities, s= n− k. The
charge Qs

Qs =

ˆ ∞

−∞
J0
s dx =

ˆ
[Ts+1+Θs−1] dx , (210)

is a conserved quantity since, for equation (209), it satisfies

dQs

dt
= 0 . (211)

To explicitly find the densities Ts+1[ϕ] and Θs−1[ϕ], let us define the field ϕ̂(σ,τ), solution
of the so-called Bäcklund transformations

∂σ

(
ϕ̂−ϕ

)
= 2ϵ sinh

(
1

2

(
ϕ̂+ϕ

))
,

∂τ

(
ϕ̂+ϕ

)
=

2

ϵ
sinh

(
1

2

(
ϕ̂−ϕ

))
. (212)

https://doi.org/10.1088/1742-5468/ae337c 68

https://doi.org/10.1088/1742-5468/ae337c


Statistical signatures of integrable and non-integrable quantum hamiltonians

J.S
tat.M

ech.(2026)
023101

Assuming that ϕ(σ,τ) is a solution of the equation of motion, equation (212) provide
another solution. In fact, acting with ∂τ on the first of them and using the second
equation, we have

∂τ ∂σ

(
ϕ̂ −ϕ

)
= 2 sinh

1

2

(
ϕ̂ −ϕ

)
cosh

1

2

(
ϕ̂ +ϕ

)
=
[
sinh

(
ϕ̂
)
− sinh(ϕ)

]
.

The field ϕ̂(z, z̄,ϵ) can be expressed as a power series of the parameter ϵ

ϕ̂(σ,τ ,ϵ) =
∞∑
n=0

ϕ(n) (σ,τ) ϵn , (213)

where ϕ(n)(σ,τ) can be computed by plugging it into (212) and comparing term to term
in ϵ. For the first term, we have15

ϕ̂(0) = ϕ , ϕ(1) = 2ϕτ ,

ϕ̂(2) = 2ϕττ , ϕ(3) = 2ϕτττ −ϕ3τ/3 ,

ϕ̂(4) = 2ϕττττ − 2ϕ2τ ϕττ , · · ·
(214)

The existence of this series expression gives us the possibility to obtain an infinite
number of conservation laws starting from a finite number of them. To this aim we can
use, for instance–(

1

2
ψ2
τ

)
σ

+(1− coshψ )τ = 0 , (215)

or a similar equation(
1

2
ψ2
σ

)
τ

+(1− coshψ )σ = 0 , (216)

whose validity can be easily checked by employing the equation of motion (208) satisfied
by the field ψ. Using, for instance, equation (215) and substituting equation (214),
we obtain an infinite number of conserved densities. The first non trivial expressions
(i.e. those that cannot be expressed as total derivatives) are

T2 =
1

2
ϕ2τ

T4 = 2ϕ2ττ +2ϕτ ϕτττ

T6 = 2ϕ2τττ +4ϕττ ϕττττ − 6ϕ2ττϕ
2
τ − 2ϕ3τϕτττ +2ϕτϕτττττ (217)

and

15 ϕτ ≡ ∂τϕ and ϕσ ≡ ∂σϕ. In the following, we will also use ϕt ≡ ∂tϕ and ϕx ≡ ∂xϕ.
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Θ1 = (coshϕ − 1)

Θ3 = 2ϕ2τ coshϕ +2ϕττ sinhϕ

Θ5 = 4ϕτ ϕττ coshϕ +
4

3
ϕ3τ sinhϕ +

(
2ϕτττ −

1

3
ϕ3τ

)
sinhϕ . (218)

Conserved densities of negative values of s are obtained by simply substituting the index
τ with σ. In general, it can be proved that non trivial conservation laws are obtained
for all odd values of s

s= 1,3,5, . . . (219)

The set of these values of s constitutes the spectrum of the conserved charges. It is also
possible to show that the classical expressions of the conserved currents, appropriately
modified, keep their meaning also at the quantum level and that the corresponding
charges are in involution, i.e. they commute with each other

[Qs,Qs′ ] = 0 . (220)

Conserved charges that are invariant under parity transformation x→−x and time
reversal t→−t are given by the combination Q̂s = 1/2(Qs+Q−s). The Hamiltonian,
for instance, is given by

H =
1

2
(Q1+Q−1) =

ˆ [
1

4

(
ϕ2τ +ϕ2σ

)
+(coshϕ − 1)

]
dx=

=

ˆ [
1

2

(
ϕ2t +ϕ2x

)
+V (ϕ)

]
dx=

ˆ [
1

2
Π2+

1

2
(∇ϕ)2+V (ϕ)

]
dx . (221)

It is easy to see that the conserved charges Q±s can be expressed as polynomials in the
variables Π(x), ϕ(x) and higher space derivatives of these fields, alias

Q±s = P±s
[
Π(x) ,∂lxΠ(x) ,ϕ(x) ,∂mx ϕ(x)

]
. (222)

To find the explicit expressions of these polynomials, one has to do the following steps:

1. Firstly, to express the derivatives ∂σ and ∂τ as

∂σ = ∂x− ∂t , ∂τ = ∂x+ ∂t. (223)

2. Secondly, to use the equation of motion (206) of the Hamiltonian formalism and

substitute in all expressions in which they appear ∂tϕ →Π and ∂tΠ =
(
∇2ϕ − dV

dφ

)
.

Following these rules, one arrives at the final expression of the conserved charges
in terms of Π(x), ϕ(x) and their higher space derivatives. In the local basis (41), the
matrix elements of the terms that involve the field ϕ and its derivatives are diagonal. Off-
diagonal terms come from the hopping action induced by the conjugate field Π and its
higher powers Πk (see equation (37) in the main text). Following the rules given above,
these powers in Π are originated by those terms in Q±s that contain odd-derivatives in
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τ of the field ϕ. Consider, for instance, the term ϕτϕτττ in T 4: applying the above rules
and neglecting, for simplicity, issues related to the non-commutativity of the fields ϕ
and Π, the higher derivative in Π is obtained by keeping track of the higher derivative
in t of the field ϕ

ϕτϕτττ → [(∂x+ ∂t)ϕ ]
[
(∂x+ ∂t)

3ϕ
]
→ [∂tϕ ]

[
∂3t ϕ

]
=Π ∂2tΠ =Π ∂t

(
∇2ϕ − sinhϕ

)
=Π

(
∇2Π −Π coshϕ

)
. (224)

It is easy to see that there is a bound on the higher power of Π that can enter Qs:
this bound comes directly from the spin s of this conserved charge. In fact, for a given
spin s, the higher power of Πk can only come from a term (ϕτ )

s →Πs, if present in the
expression of the conserved current. Therefore, for all conserved charges Qs we have

k ⩽ s . (225)

This means that the N ×N matrix representation of the conserved charges Qs in the
local basis is a sparse matrix, with the maximum number of non-zero entries given by

ρ ⩽ s

N logq
logN . (226)

Appendix B. Higher order spacing in random matrix

As we discussed in the main text, evaluating the higher spacing probability distribu-
tion for superposed spectra requires the numerical computation of the determinant of
the Gaussian ensemble. In what follows, we will present two numerical strategies for
calculating the determinants of GUE and GOE: the eigenvalue expansion method and
the contour integral method. Both rely on Nyström-type discretization. Detailed imple-
mentation guidelines and technical aspects can be found in [100, 101].

GUE β= 2
The bulk eigenvalue correlation for GUE is governed by a determinantal point process
[119]. The PGF for the number of energy levels in [0,s] is (see [120])

D (z;s) = det
(
I − (1− z)K[0,s]

)
, (227)

where the K[0,s] is the integral operator on L2([0,s]) with kernel

K (x,y) =
sin(π (x− y))

π (x− y)
, x,y ∈ [0,s] , (228)

i.e.

(Kf)(x) =
ˆ s

0

K (x,y)f (y)dy. (229)

In order to determine the higher spacing probability distribution P
(2)
k (s), we can

make use of the following two numerical methods:
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(a) Eigenvalue product expansion

• We first discretize the sine-kernel (228) by using the Nyström-type method, which
approximates the integral operator on L2([0,s]) as a finite m ×m symmetric matrix
Km, i.e.

D (z;s) = det(I − (1− z)Km)≈ det
(
I − (1− z)

(√
ωiK (xi,yj)

√
ωj
)m
i,j=1

)
. (230)

The {ωi} (i = 1,2, · · · ,m) are Gauss–Legendre [100] quadrature weights.

• Secondly, we compute the eigenvalues {λj(s)} (0⩽ λj(s)⩽ 1) of Km. The counting
probability Ek can now be expressed as

D (z;s) =
m∑
k=0

E2 (k;s)z
k =

m∏
j=1

(1− (1− z)λj (s))

= E2 (0;s)
m∑
k=1

e
(m)
k (a1,a2, · · · ,am)zk , (231)

where

E2 (0;s) =
m∏
j=0

(1−λj) , aj =
λj

1−λj
. (232)

ek are elementary symmetric polynomials, defined as

e
(m)
k (x1,x2, . . . ,xm) =

∑
1⩽i1<i2<···<ik⩽m

xi1xi2 · · ·xik . (233)

with convention em0 = 0 and e
(m)
k = 0 for k < 0 and k >m. Hence, we obtain the

counting probability

E2 (k;s) = E2 (0;s) e
(m)
k (a1,a2, · · · ,am) k = 1,2, · · · ,m . (234)

In addition, we can use the recursive equations of the elementary symmetric poly-
nomials

e
(n)
k (x1, · · · ,xn) = e

(n−1)
k (x1, · · · ,xn−1)+xn e

(n−1)
k−1 (x1, · · · ,xn−1) , (235)

for computing them efficiently.

• Finally, the higher spacing distribution function P
(2)
k (s) can be obtained by taking

the second derivative of {E2(k;s)} with respect to s, as given in equation (147) in
the main text.
The eigenvalue product expansion method is effective for small k, but it suffers from
instability for large k. The main reason is that it requires full diagonalization of the
kernel matrix Km, but all the eigenvalues are small and 0⩽ λj(s)⩽ 1. Therefore, the
counting probabilities {E2(k;s)}k⩾0 are very sensitive to precision of eigenvalues,
while, for large k, they involve many products of eigenvalues, and hence demand a
high computed eigenvalue accuracy.
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(b) Contour integral method

In this method, no diagonalization of kernel matrix is needed. The numerical steps are
as follows:

• We first discretize the sine-kernel (228) by the Nyström-type method, similar as what
we used in eigenvalue product expansion method, which lead to

D (z;s) = det(I − (1− z)Km)≈ det
(
I − (1− z)

(√
ωiK (xi,yj)

√
ωj
)m
i,j=1

)
. (236)

• Secondly, we calculate E2(k;s) by Cauchy integrals at z =0,

E2 (k;s) =
1

k!

dk

dzk
D (z;s)

∣∣∣∣∣
z=0

=
1

k!
D(k) (0;s) , (237)

D(k) (0;s) =
k!

2π i

˛
|z|=ρ

D (z;s)

zk+1
dz =

k!

2πρk

ˆ 2π

0

e−ikθD
(
ρeiθ;s

)
dθ . (238)

Using the trapezoidal rule with N equispaced angles θl = 2π l/N (l = 0,1, · · · ,N − 1),
the counting probability is

E2 (k;s)≈
1

Nρk

N−1∑
l=0

D
(
ρeiθl ;s

)
e−ikθl , (239)

where the determinant D
(
ρeiθl ;s

)
can be computed via the LU decomposition. The

E2(k;s) is exactly the discrete/fast Fourier transform of the samples D(ρeiθl ;s). For
numerical stability, the contour radius ρ ∈ [0,1] here is chosen properly to ensure that
the ρ−k is well-behaved and the contour |z|= ρ does not pass through any zeros of
D(ρeiθ;s) .

• Finally, the P
(2)
k (s) can be numerically calculated through equation (147).

The contour integral method is not as intuitive as the eigenvalues product method,
but it is stable for large k and easy to control the precision. The only requirement
is the stable evaluation of the determinant over the complex plane. Therefore, it is

better to use the contour integral method to evaluate higher P
(2)
k (s).

GOE β= 1
For the GOE ensemble, the bulk eigenvalue correlations form a Pfaffian point process
[121–123]. The corresponding PGF is

D (z;s) = Pf
(
J − (1− z)JK[0,s]

)
, (240)

where J is a 2× 2 canonical skew-symmetric matrix and K[0,s] is a matrix-valued oper-

ator on L2([0,s]) with kernel

J =

(
0 1
−1 0

)
, (K)x,y =

(
S (x,y) (DS)(x,y)

(IS)(x,y)− ϵ(x,y) S (y,x)

)
, x,y ∈ [0,s] , (241)
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in the N →∞ limit. Here, the kernel matrix has entries

S (x,y) =K (x,y) , (DS)(x,y) =
∂

∂x
K (x,y) , (242)

(IS)(x,y) =

ˆ x

y

K (t,y)dt , ϵ(x,y) =
1

2
sign(x− y) , (243)

where the K(x,y) is the sine-kernel (228).
In the bulk scaling limit, as proved by Mehta in [45], one can introduce two gener-

ating functions

D± (z;s) = det
(
1− (1− z)K±

[−s/2,s/2]

)
, (244)

where K± denotes a scalar Fredholm operator acting on L2([−s/2,s/2]) with kernels

K± (x,y) = 1
2 (K (x,y)±K (x,−y)) , x,y ∈ [−s/2,s/2] . (245)

These kernels are just the orthogonal decomposition of the ordinary sine kernel operator
in the even/odd subspace after a shift from L2([0,s]) to L2([−s/2,s/2]) (sine kernel is
shift invariant). We then define two reference counting probabilities in the even/odd
subspaces

E± (k;s) =
1

k!

dk

dzk
D± (z;s)

∣∣∣
z=0

, k = 0,1,2, . . . (246)

The count probabilities {E1(k;s)}k⩾0 can therefore be computed through {E+(k;s)}
and {E−(k;s)} via the even/odd recursion [45]

E1 (0;s) = E+ (0;s) , (247)

E1 (2k− 1;s) = E− (k− 1;s)−E1 (2k− 2;s) , k ⩾ 1, (248)

E1 (2k;s) = E+ (k;s)−E1 (2k− 1;s) , k ⩾ 1. (249)

Once the counting probabilities {E1(k;s)}k⩾0 that we need are computed, one can imme-

diately get the k -level spacing probability distribution P
(1)
k (s) through (147). The two

numerical strategies—eigenvalue product expansion and contour integral method, we
used for GUE, are carried over unchanged here for the calculation of E±(k;s) according
to D±(z;s).

Poisson
The counting probability for a Poisson process is

EPoisson (k;s) =
ske−s

k!
. (250)

One can see that the EP (u) in (135) is exactly EPoisson(0;s) here.
The counting probability distribution functions Eβ(k;s) for GUE, GOE and Poisson

processes can be computed through the numerical methods we discussed in this
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Figure 25. kth level spacing probability distribution Pk(s) for a mixture of (a) 3
GOE spectra with fractions f1 = 0.2, f2 = 0.3, f3 = 0.5; (b) 1 Poisson spectrum and
2 GOE spectra with fractions fPoisson = 0.5, GOE: f1 = f2 = 0.25. The theoretical
formula is equation (134) for the mixture. The GOE exact and GOE+Poisson exact
is an average over 10 realization of (a) 3 GOE spectra with total size Ntot = 4000;
(b) 1 Poisson and 2 GOE spectra with total size Ntot = 4000.

Figure 26. (a) kth level spacing probability distribution P
(1)
k (s) for a single GOE

determinant and Winger–Dyson convolution. (b) kth spacing probability distri-

bution P
(1)
k (s) for a superposition of 5 GOE spectra and probability convolution

according to equation (134) with equal fractions f = 1/5 = 0.2, where the histo-
gram is an average over 200 realization of superposed 5 GOE spectra, each from
an exact diagonalization of a 400× 400 matrix.

appendix. Hence, we can get any kth spacing probability distribution Pk(s) for super-
posed spectra with any fractions by using selection rules (150) and (151). In figure 25,
we show examples of the higher spacing probability distribution for (i) the superposition
of 3 GOE spectra; (ii) Poisson-GOE mixture, both with unequal fractions.

Convolution method
The exact computation of kth level spacing distributions differs in a significant way
from a natural approximation and it is worth explaining such a discrepancy. To start
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with, we obviously have

sn,k = (en,k− en,k−1)+ (en,k−1− en,k−2)+ · · ·(en+1− en) =
k∑
i=1

si , (251)

which, for the average, implies

⟨sn,k⟩=
k∑
i=1

si = k ⟨si ⟩= k , (252)

since ⟨si ⟩ = 1. The approximation for the probability distributions of these higher order
spacings relies on treating each individual level spacing as statistically independent
from the others. Under this assumption, the probability distribution Pk(s) of the k -step
spacing is obtained as the convolution of k Wigner–Dyson nearest-neighbour spacing
distributions

Pk (s) =
(
PWD
1 ⋆PWD

1 ⋆PWD
1 · · · ⋆PWD

1

)
(s) (253)

namely

Pk (s) =

ˆ s

0

· · ·
ˆ s

0

(
k∏
i=1

PWD
1 (xi)

)
δ

(
s−

k∑
i=1

xi

)
dx1dx2 . . .dxn . (254)

Its analytic expression for k =2 and the GOE (β=1) is given by

Pk=2 (s) =
π

16
e−

π s2

4

[
4s+

√
2e

π s2

8

(
πs2− 4

)
erf

(
1

2

√
π

2
s

)]
(255)

where

erf(x) =
2√
π

ˆ x

0

e−t
2

dt .

For higher k one can evaluate the convolution using the Fourier transform: putting

P̂WD
1 (p) =

1√
2π

ˆ ∞

−∞
PWD
1 (x) eipxdx (256)

we have indeed

Pk (s) =
1√
2π

ˆ ∞

−∞

(
P̂WD
1 (p)

)k
e−ipxdp . (257)

For large k, by the central limit theorem the higher-spacing probability distribution is
given by the normal distribution

Pk (s)≃
1

2πkσ1 (β)
exp

[
− (s− k)2

2kσ2
1 (β)

]
(258)
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where

σ2
1 (β) =


4

π
− 1 = 0.27234.. , β = 1 ,

3π

8
− 1 = 0.17810. . . , β = 2.

(259)

This ‘independent-gaps’ approximation, although simple, essentially neglects residual
correlations among adjacent spacings. The variance of the corresponding curves in the
‘independent-gaps’ approximation is predicted to grow as

√
k while in reality.

In figure 26, we compare the kth level spacing probability distribution of a single and
superposed 5 GOE spectra with convolution-based predictions obtained by probability
distribution of Wigner–Dyson and equation (134). As k increase, the convolution curves
broaden rapidly, by contrast, the level spacing distribution for the single and superposed
GOE remain noticeably rigid.

Appendix C. Permutation group and its IR’s

We devout this appendix to present more information about the permutation group of L
elements SL and its irreducible representations (IRs) on the Hilbert space of permutation
Hamiltonians, i.e. those in which the local Hilbert space is made of one particle with a
given colour out of n distinct colours. More details can be found in classic textbooks
[108, 124–127] and classical [128, 129].

Each element P of the SL belongs to a conjugacy class Cα, which is uniquely fixed by
the number of cycles. A cycle of length n permutes n elements and it is assigned a ‘par-
ity’ (−1)n−1. The permutation group splits then into two parity sectors and therefore
two subgroups—the alternating one and the symmetric one. This parity can be checked
promptly by computing the action of P on the fully antisymmetric combination gener-
ated by the vector |1, . . . ,L⟩, corresponding to the only vector of the fully antisymmetric
representation [1L].

Let us now describe how the generators Pi,i+1 are realized as orthogonal matrices in
a given IR β, following the standard procedure of [108].

A particular ‘standard’ basis for an IR has vectors |si⟩ that are characterized by
L− 1 ‘quantum numbers’: |Li⟩= |β,βi1, . . . ,βiL−2⟩. Here βij is the IR of SL−j under which
the standard vector |si⟩ transforms when SL is restricted to the subgroup SL−j generated
by the first (L− j) elementary transpositions.

Visually, a standard vector |si⟩ is represented by a standard Young tableau, obtained
by filling an empty diagram with the integers {1, . . . ,L} according to the following rule:
if the last j boxes are removed from the tableau, the corresponding diagram corresponds
to one of βij. Their number is exactly dβ. Another possible enumeration of the standard
vectors, equivalent to the Young tableaux, is given by Yamanouchi symbols. The j th
entry of the symbol indicates a row of the original Young diagram. For that row, the
rightmost box will be dropped in the reduction SL−j →SL−j−1.

The number of tableaux obtained through this rule coincides with the dimension dβ
of the representation, which can also be promptly computed through the hook’s formula,
as noted in the main text. The hooks can be directly computed from the Young diagram
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in this way. For each box i of the diagram, its hook is defined as

Hi = 1+Ri+Bi, (260)

where Ri is the number of boxes to the right of i, and Bi is the one below. Then the
formula reads

dβ =
L!∏

i∈boxesHi
. (261)

For example, both the symmetric, [L], and the antisymmetric, [1L], have dimension one.
Young provided a theorem to construct the elementary nearest neighbouring trans-

positions Pi i+1 in a given IR β. The matrices IRβ (Pi i+1)≡ P β
i i+1 are chosen to be real

and unitary (orthogonal). Crucially, the construction refers to the standard basis—also
known as ‘orthogonal’ basis in the literature. It is known that for the regular representa-
tion the rotation matrix from the physical and standard bases is given by symmetrizers
and antisymmetrizers read from the Young tableaux—see the supplementary material
of [107].

Fixed a standard basis vector |sj⟩, the j th row of P β
i i+1 will contain at most two

entries. Therefore, transposition matrices are sparse, and the maximum number of non-
zero entries in total is 2/dβ. For the j th row, we find among the basis the vector |sk⟩
whose tableau coincides with that of |sj⟩ upon the exchange of the integer entries i and
i +1. Between the two tableaux, one computes the axial distance [108] ℓij, k, and the

entries of the j th and kth rows form an SU (2) matrix

[
⟨sj|P β

i i+1|sj⟩ ⟨sk|P β
i i+1|sj⟩

⟨sj|P β
i i+1|sk⟩ ⟨sk|P β

i i+1|sk⟩

]
=


−
(
ℓij, k

)−1
[
1−

(
ℓij, k

)−2
] 1

2

[
1−

(
ℓij, k

)−2
] 1

2 (
ℓij, k

)−1

 . (262)

We conclude this appendix by commenting on the structure of the Hilbert space of
dimension d= nL. The decomposition presented in section 8 is special because it is left
invariant by the action of a permutation Hamiltonian. More generally, an operator on the
Hilbert space can be decomposed in the IRs of SU(n)⊗L, i.e. by ‘spins’ or equivalently
by a Young diagram of SU (n). Confusion may arise, since Young diagrams are also
used for SL. Generic SU (n) Young diagrams are labelled by the partitions of L, with at
most n addends p(L)|n. To differentiate these IRs from the ones of SL, we fill a Young
diagram of SU (n) with a light grey colour and denote its associated partition by double
square brackets, e.g.

denotes an IR with L=6 and generic n⩽ L.
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Table 3. Decomposition of the Hilbert space of L=4, n =3 according to SU (n)
(a) and colour sectors (b).

(a) SU (n)

Irreducible representation fα mα

1 15

3 15

2 6

3 3

(b) Colour sector

Colour sector fn1,n2,n3 mn1,n2,n3

{4,0,0} 1 3
{3,1,0} 4 6
{2,2,0} 6 3
{2,1,1} 12 3

An IR IRα of SU (n) has dimension fα and multiplicity mα. These coefficients can
be read from the Young diagram [107]. To compute mα, it is sufficient to divide L! by
the product of the hooks read from the Young diagram. For fα, fill all the diagonal
boxes with n, all the boxes to the right of the diagonal with n+ γ, where γ is the
number of boxes to the diagonal counted horizontally, and all the boxes to the left
of the diagonal with n− δ, where δ is the number of boxes to the diagonal counted
vertically. To compute fα, multiply the entries obtained in this way and divide by the
product of the hooks. Summing over all IRs yields the dimension of the Hilbert space:
d= nL =

∑
αmαfα.

As mentioned above, for the permutation Hamiltonian, one can find other invariant
subspaces, each labelled by the colour sector {L1,L2, . . . ,Ln},

∑
iLi = L. These sub-

spaces are spanned by the vectors of the ‘physical basis’ |i1, . . . , iL⟩, where L1 sites (not
necessarily adjacent) are occupied by colour 1, L2 sites by colour 2, and so on. Each
subspace has dimension fL1,L2,...,Ln = L!/(L1! . . .Ln!). Naturally, the number of colour
sectors and their dimensions must match nL.

The number of distinguishable colour sectors equals to P(L)|n, and each of them
appears with a nontrivial multiplicity, since H puts all colours on the same footing. To
find the multiplicity mL1,...,Ln, with L1 ⩾ L2 ⩾ . . .⩾ Ln, denote by ℓs the number of Ni’s
such that Li = s. Then, the multiplicity is the number of ways n ‘boxes’ can be filled
with the indistinguishable numbers s= {0,1, . . . ,L}, each appearing ℓs times:

mL1,...,Ln =
n!

ℓ0!ℓ1! . . . ℓN !
. (263)

Summing over partitions, we retrieve the dimension of the Hilbert space

d= nL =
∑

{L1,...,Ln}∈P(L)|n

mL1,...,LnfL1,...,Ln. (264)

In table 3 we provide an example of the two aforementioned decompositions for n =3
and L=4.
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Figure 27. Outer product algorithm, using Wolfram Mathematica® 14.3.

As we mentioned in section 8, colour sectors can be further split into IRs of SL. The
reason is that many-body wave functions of L bosons in the colour sector {L1, . . . ,Ln}
transform according to IRs of S{L1,...,Ln} = SL1 ⊗ . . .⊗SLn, which is a subgroup of SL. It
is well known that the IRs of S{L1,...,Ln} are those of SL. They can be found through the
outer product formula [108]. For the case at hand, particles are bosons and do not have
mixed statistics with respect to SL, the outer product formula admits a nice algorithm,
which we provide in figure 27.

The outer product formula is provides in essence the symmetry transformation of
the an L boson wave function subjected to the constraints given by the colour sector
{L1, . . . ,Ln}. Therefore, in the decomposition not all IRs appear, only those with a
number of rows r ⩽ n. While the IRs α appearing in a certain outer product formula
can be predicted on the basis of symmetry, it is not straightforward to obtain the
multiplicities mα—this is exactly the purpose of the algorithm in figure 27. An obvious
check is that the dimension of the colour sector should coincide with

∑
αmαdα.
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For SU (L), the outer product decomposition of the colour sector {1,1, . . . ,1} where
all particles are of different colour coincides with the regular representation of SL,
where all IRs α appear mα = dα times, such that L! = |SL|=

∑
αd

2
α. For small n, on

the other hand, very interesting representations are those for which L=mn. There is
one IR in the colour sector {m,m, . . . ,m} (i.e. where all particle colours are equally
distributed) which is [mn]. This is the representation where the ground state of the
antiferromagnetic Heisenberg and Sutherland permutation Hamiltonians lies, and one
may regard it as a Hilbert space with subleading corrections. Using the hook formula,
one finds asymptotically:

d[mn] = (nm)!
n−1∏
j=0

j!

(n+ j)!
∼
n≫1

mnmG(m+1)

nm(m−1)/2
, (265)

where G(z) =
∏z

k=0Γ(k+1) is the Barnes G function.
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[31] Sá L, Ribeiro P and Prosen T 2021 Integrable nonunitary open quantum circuits Phys. Rev. B 103 115132
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