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1 Introduction

The detection of gravitational waves (GWs) from compact object mergers has reinvigorated
the prospects of observing a stochastic GW background. Looking beyond the mergers ob-
served at LIGO-VIRGO [1], fundamental physics can be directly responsible for numerous
potentially observable stochastic sources, see for example refs. [2, 3]. One such signal is the
unique remnants of an early Universe first-order phase transition (PT), which generically
produce GWs [4–6]. However, the detectability of these signals is highly sensitive to the
dynamics of the microscopic theory. For instance, the amplitude of the GW signal today
depends on the energy released in the transition and its duration, see for example ref. [7].

PTs liberating large amounts of energy stand out as the most promising candidates
to produce detectable GW signals. If this energy originates from the vacuum energy of
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the meta-stable minimum, the PT is accompanied by a period of supercooling. This oc-
curs when the meta-stable vacuum energy begins to dominate the energy density of the
Universe, resulting in an additional period of inflation. It has long been understood that
supercooled first order PTs are expected in theories with an approximate scale invariance
at weak [8–13] and strong coupling [14–16], where the dilaton dynamics determines the
vacuum tunneling rate.

The information regarding the supercooled transition is encoded in the zero tempera-
ture dilaton potential and its interactions with the thermal plasma. These must be carefully
arranged to enter a supercooling phase and at the same time end it via a strongly first
order transition.

In this paper we explore how generic a supercooled PT can be for a given dilaton
potential. To quantify this statement, we identify the boundaries of the supercooling win-
dow in minimal setups and discuss how these can be extended/reduced in non-minimal
constructions.

Many of the results presented here have appeared in some form within the extensive
literature on supercooling. Our goal is to systematize the discussion and put forward a
semi-analytical understanding of the behavior of the vacuum tunneling rate independently
of any specific model. This will allow us to extract the general parametric dependence of
the supercooling window.

Our approach exploits the re-parameterization invariance of the equations of motion
and of the Euclidean bounce action, allowing the latter to be written in terms of a reduced
number of parameters [17, 18]. The bounce action can then more easily be determined by
a fit to the full solution, obtained numerically with standard codes [19, 20]. This simple
observation allow us to obtain a detailed analytical characterization of the supercooling
window for a large class of theories.

For weakly coupled theories, in the minimal setup, the dilaton potential is dominated
by thermal corrections, as it is in the Coleman-Weinberg model [8, 21–24] or the Gildener-
Weinberg model [9]. Moreover, the dynamics of the PT can be fully captured in the high-
temperature expansion. We show how cubic thermal corrections become dominant near
the boundary of the supercooling window, where the expected signal is the strongest. This
observation allow us to find an analytic approximation of the boundary of the supercooling
window which we present in eq. (3.12) and agrees astonishingly well with the full numerics
as shown in figure 2.

The supercooling window can be enlarged with respect to the purely radiative case by
adding a small temperature-independent deformation destabilizing the origin at low enough
temperatures, hence ensuring the completion of the supercooled PT.1 The scaling dimension
of the relevant deformation (a negative mass squared or a negative cubic at weak coupling)
controls the timescale of the PT which is strongly correlated with the strength of the GW
signal. We show in eq. (3.24) how the negative cubic favors slow first order PTs with respect
to the negative mass squared leading to a wider parameter space where a strong GW signal
can be realized. Our analytical estimates match the numerical results shown in figure 4.

1Explicit examples of this general mechanism were introduced in specific models in refs. [12, 25].
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Vice-versa, relevant deformations stabilizing the origin (a positive mass squared or a
positive cubic at weak coupling) obstruct the completion of the PTs and must be suppressed
compared to the cut-off scale, in order to ensure that the supercooling window does not
shrink substantially compared to the purely radiative case. We derive a simple analytical
parametric of these deformations in eq. (3.31) which we compare against the full numerical
solution in figure 6.

For strongly coupled conformal field theories (CFTs) with a holographic description in
the Randall-Sundrum [14, 26–30] setup, we derive the supercooling window by refining the
original argument of ref. [31]. However, we find that the calculability of the bounce action
breaks down well before the boundary of the supercooling window is attained [28–30].

Our paper is organized as follows: Before turning to our results, we review in sec-
tion 2 the useful formulas necessary to describe the dynamics of PTs in the early Universe.
Readers already familiar with the subject may wish to skip this summary. In section 3 we
define the supercooling window for weakly coupled theories in the simplest setup, where
the breaking of conformal invariance is fully dominated by the interactions of the dilaton
with the thermal bath, while in eq. (3.1) we discuss departures from this configuration. In
section 4, we define the supercooling window for strongly coupled CFTs admitting a Ran-
dall Sundrum description. We conclude in section 5. The details of our fitting procedure
and the behavior of the bounce action are described in appendix A. In appendices C and B
we provide a summary of the standard formulas used to compute the GW signal and the
reach of present and future experiments.

2 Phase transitions toolkit

In this section we summarize the essential conventions, notations and methodology for
studying cosmological first order PTs, proceeding via the nucleation and percolation of true
vacuum bubbles. We encourage expert readers to skip this section and proceed to section 3,
although here and in appendix B we provide a careful treatment of the approximations used
to derive analytical results in the proceeding sections.

The nucleation rate of true vacuum bubbles is controlled by the tunneling rate between
the scalar potential’s false and true vacuum due to either thermal2 or quantum fluctuations

Γ =

T
4e−S3/T , thermal tunneling ,

R−4
(
S4
2π

)2
e−S4 , quantum tunneling ,

(2.1)

Under the assumption of spherically symmetric bubbles [32, 33] and for a single scalar field
controlling the tunneling rate Sd is defined by the d-dimensional O(d)-symmetric Euclidean
action

Sd = 2πd/2
Γ(d/2)

∫
dr rd−1

[
Zφ
2

(dφ
dr

)2
+ V (φ)

]
, (2.2)

2We use a simplified expression for the pre-factor of the thermal tunnelings’ exponent, T 4 instead of
the usual approximation T 4 (S3/2πT )3/2. This simplification does not lead to qualitative changes in the
results, but does allow analytic results to be derived.
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where r =
√
τ2 + x2 with τ and x being the Euclidean time and position and Zφ is the wave

function renormalization. To determine the initial bubble radius R appearing in eq. (2.1),
one must solve the field profile φ(r) that satisfies the so called “bounce” equation of motion

d2φ

dr2 +
(
d− 1
r

) dφ
dr = V ′(φ) , (2.3)

with boundary conditions φ(r → ±∞) = φ− and dφ
dr

∣∣∣
r=0

= 0. Here the metastable vacuum
is assumed to lie at the origin and φ− is the location of a deeper minimum in the potential.
The final step requires inserting the solution for φ(r) into the action in eq. (2.2) and
minimizing with respect to the radius.

In what follows we make extensive use of the re-parameterization invariance of eq. (2.3),
and the induced re-scaling of eq. (2.2). More specifically an appropriate choice of field and
coordinate transformations can be used to reduce the number of free parameters controlling
the scalar potential. Starting from eq. (2.2), we may write the action as

Sd = 2πd/2

Γ
(
d
2

)ξ2Ld−2Zφ

∫
dρ ρd−1

[
1
2

[dϕ
dρ

]2
+ Ṽ (ϕ)

]
, (2.4)

utilizing r → Lρ and φ→ ξϕ. We then obtain the dimensionless action and scalar poten-
tials (denoted with a tilde)

Sd = ξ2Ld−2ZφS̃d , and V (φ) = ξ2L−2ZφṼ (ϕ) . (2.5)

As we will show the dimensionless action reduces weakly coupled renormalizable models to
a single parameter system.

We now detail the micro-physics inputs required to describe the PT: i) the PT strength
α, ii) the duration of the PT βH and how it connects to the bubble size at collision R? iii)
the time T? at which the PT completes. The last parameter to predict the GW spectrum
is the wall velocity vw which depends on the interactions of the expanding vacuum bubble
with the surrounding plasma. We detail the exact treatment of these dynamics for our
numerical results in appendix B.

The strength of the transition α parameterizes the amount of energy available for GW
production, in the form of latent heat ε(T ) = ∆V (T ) − T∆V ′(T )/4 normalized by the
radiation energy density

α ≡ ε(T?)
ρR(T?)

' ∆V (T?)
ρR(T?)

, (2.6)

where ∆V (T ) is the positive potential difference between the false and true vacuum at
a given temperature and the contribution of the temperature derivative of the effective
potential can be easily neglected for supercooled PTs [34]. The radiation energy density is
ρR(T ) ≡ π2g? tot(T )T 4/30 with g? tot(T ) = g? SM(T ) + g?BSM(T ), where g? SM encodes the
usual SM radiation degrees of freedom and g?BSM is model dependent.

Next we define the timescale of the PT. The nucleation rates in eq. (2.1) are dominated
by their exponents. Expanding these around T?, the transition timescale for a thermal PT

– 4 –



J
H
E
P
0
2
(
2
0
2
3
)
1
2
5

can be defined as

βH ≡
β

H?
= T?

d
dT

(
S3(T )
T

)∣∣∣∣
T?

, (2.7)

where H? ≡ H(T?). For fast enough PT’s (i.e. βH & 10) the time of the PT can be easily
related to the mean bubble size at T? [35]

R?H? = vw
βH

[ 8π
1− Pfalse(T?)

]1/3
, (2.8)

where Pfalse(T?) = e−I(T?) is the probability of finding a point in the false vac-
uum [32, 36, 37]. In appendix B we detail the behavior I(T?), but for fast enough PTs
we can approximate eq. (2.8) as R?H? ≈ 3vw/βH assuming that Pfalse(T?) ≈ 0. Inter-
estingly one can show that the bubble size maximizing the energy distribution satisfies
R∗H∗ = 3vw/(βH + 1) which agrees with the standard formula as long as βH is large
enough (see appendix B for a detailed derivation).

For thermal PTs, the critical temperature Tc is defined as the point where true and false
vacuum are degenerate: ∆V (Tc) = 0. As the temperature decreases, the tunneling rate
grows quickly, leading to the nucleation temperature Tn, which marks the onset of the PT.
This is defined by the time-integrated probability of a single bubble being nucleated per
Hubble volume reaching one. This can be approximated as Γ(Tn)/H(Tn)4 = 1 [38, 39],
where H(T ) is the usual Hubble rate H(T )2 = [∆V (T ) + ρR(T )] /3M2

Pl. This is well
approximated by HV = ∆V (T )/3M2

Pl for supercooled PTs. If the PT is fast enough, the
nucleation temperature is a good approximation of T?. Throughout the analytic section
of this work we use T? = Tn. In appendix B we show that this approximation deviates at
most by 20% by the percolation temperature Tp defined as I(Tp) = 0.34. For numerical
results we use T? = Tp throughout as it gives a more accurate determination of R?.

3 The supercooling window at weak coupling

At the renormalizable level, the most general potential for a single real scalar may be
written as

V (φ, T ) = m2(T )
2 φ2 − δ(T )

3 φ3 + λ(T )
4 φ4 , (3.1)

where the vacuum energy can always be set to zero, and any tadpole in φ reabsorbed
via a linear redefinition. In general, m2(T ), δ(T ) and λ(T ) are complicated functions
of the temperature T and of any other couplings or mass scales in the theory. The re-
parameterization invariance introduced in eq. (2.5) allows us to rewrite the potential as a
function of a single parameter. Identifying

ξ = m2(T )
δ(T ) , and L = 1

m(T ) , (3.2)

yields

Ṽ (ϕ, T ) = 1
2ϕ

2 − 1
3ϕ

3 + κ(T )
4 ϕ4 , with κ(T ) ≡ λ(T )m2(T )

δ2(T ) , (3.3)
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where κ(T ) takes values between −∞ < κ ≤ κc and the scalar kinetic term is canonically
normalized (Zφ = 1). The equation κ(Tc) = κc = 2/9 defines the critical temperature
where the two minima of the potential in eq. (3.3) are exactly degenerate.3

The bounce solution S̃d(κ) can be deduced once and for all by numerically computing
the bounce for different values of κ and then performing a one-parameter fit (see refs. [17, 18]
for similar results). For weakly coupled theories the tunneling rate is always dominated by
thermal fluctuations (see appendix A) and we can take Zφ ' 1 neglecting 1-loop correction
to the wave function. Using this approach the O(3) symmetric bounce action can be
written as

S3(T ) '



m3(T )
δ2(T )

2π
3 (κ− κc)2 B̄3 (κ) , κ > 0

m3(T )
δ2(T )

27π
2

1 + e−1/
√
|κ|

1 + 9
2 |κ|

 , κ < 0,
(3.4)

where B̄3(x) is given explicitly in appendix A and it is defined such that B̄3(0) = 1 and the
two fitting functions match at κ = 0 where the bounce action admits a known analytical
limit [40]. For κ > 0 the functional dependence for κ → κc is fixed to reproduce the
thin-wall approximation at zeroth order in the thin-wall expansion [32]. The subleading
terms computed in ref. [41] do not impact significantly our results. For κ < 0 the solution
is chosen such that for κ→ −∞ we recover the solution of ref. [42].

3.1 Radiative breaking of conformal symmetry

Taking the theory to be classically scale invariant, and assuming the thermal corrections
to be dominated by a single coupling g, we obtain simple expressions for the parameters
of the scalar field potential in the high-T expansion:

m2(T ) = Nb
g2T 2

12 , δ(T ) = Nb
g3T

4π , λ(T ) = Nb
g4

8π2 log
(
T

M

)
, (3.5)

where Nb is the number of the bosonic degrees of freedom in the thermal bath.4
In these scenarios, the classically flat φ direction is lifted by radiative corrections,

which generate a stable vacuum at 〈φ〉 where conformal symmetry is radiatively broken.
At the true minimum, the heavy states obtain a mass of order mb ' g〈φ〉, while the scalar
flat direction mass is loop suppressed m2

φ '
Nbg

4

16π2 〈φ〉2. At zero temperature, the energy
difference between the stable minimum and the origin is therefore of order ∆V0 ' Nbg

4

16π2 〈φ〉4.
Concrete realizations of this scaling are the Coleman-Weinberg model (CW

model) [8, 21–24], consisting of a complex scalar charged under a U(1) gauge symmetry
with coupling strength g and the Gildener-Weinberg setup (GW model) [9] which consists

3Strictly speaking a bounce can be defined for κc < κ < κmax, where the origin becomes the global
minimum and the far away vacuum the false one. For κ larger than κmax = 1/4 the potential in eq. (3.3)
has only one global minimum at the origin.

4Fermionic (Nf ) and bosonic (Nb) degrees of freedom both contribute to the thermal potential. We
assume Nb � Nf to get a positive quartic from radiative corrections.
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Figure 1. Heuristic view of the Coleman-Weinberg potential V (φ, T ) from eq. (3.1), for varying
temperatures. Solid curves are the full numerical temperature corrected potential and dashed curves
are the high T expanded potential in eq. (3.5). The high T approximation works well near the meta-
stable vacuum and near φtop(T ), while not capturing the full behavior for large field values near the
true vacuum 〈φ〉. Here, we show the potential for g = 1 and M = 1GeV, for which Tc ' 3.8GeV.

of Nb real scalars coupled through quartic interactions with strength g̃2. For simplicity, we
present our results in terms of the CW model where Nb = 3 and define M ≡ e− 1

3 +γEΛ/4π
where γE ' 0.577 and Λ is the renormalization scale in the MS scheme. The potential
energy difference at zero temperature is proportional to M4 as

∆V0 = 6π2e2−2γEM4 ' 43.5M4 . (3.6)

Our results easily generalize to the GW model by replacing g = g̃/
√
Nb and M = eγEΛ

4π to
account for numerical factors coming from the different finite pieces in the 1-loop potential
between vector and scalar normalization.

We now proceed to describing the thermal history of the CWmodel. At early times, the
origin is the true vacuum of the theory. As the Universe cool down, the dilaton potential
undergoes a PT whose dynamics can be fully captured within the high-T expansion of
eq. (3.5) as shown in figure 1. This can be verified by tracking the position of the top of
the barrier between the two vacua φtop(T ), whose existence ensures that the PT is of the
first order. We find that mb(φtop(T ))/T . 0.5π, where 0.5π is the value of mb(φtop(T ))/T
at the critical temperature Tc ' e4/3M , with Tc estimated in the high-T expansion. This
ratio scales as mb(φtop(T ))/T ∼ 1/

√
log (M/T ) easily satisfying the high-T condition at

the temperatures T < Tc which are relevant for the PT dynamics.
Since the onset of nucleation is governed by S3/T the nucleation condition becomes

S3
Tn

= 4 log Tn
H(Tn) . (3.7)
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In the parametrization of eq. (3.3) the bounce action reads

Sfull
3
T
'



4π3

27g3
π

(κ− κc)2 B̄3 (κ) κ > 0 ,

3π3

g3

1 + e−1/
√
|κ|

1 + 9
2 |κ|

 κ < 0 ,
(3.8)

where we used the relations m3(T )/δ2(T ) = 2π2T/(9g3) and κ(T ) = 1/6 log(T/M).
Equipped with eq. (3.8), we can now study the parametric dependence of the first order
PT on the gauge coupling g.

We are particularly interested in understanding the boundaries of the supercooling
region — defined as the regime where a first order PT completes with α(Tn) ≥ 1 (i.e.
after a period of inflation). Our results are summarized in figure 2 where we observe the
following: i) The lower bound on g separates the region where the PT completes from the
region where inflation does not end. ii) The upper bound on g separates the supercooling
region from the region where the first order PT completes during radiation domination.

Interestingly, from the right panel of figure 2 we see that the totality of the supercooling
window can be probed at future GW detection experiments as long as the scale of the PT
lies below 1011 GeV (with the usual optimism in the expected reach of proposed future
experiments as detailed in appendix B). We checked that this conclusion is unaffected by
possibly larger astrophysical background in the LIGO frequency band [43, 44], essentially
because of the enormous GW signal generated by the supercooled PTs.

As we see from figure 2, the lower bound on the gauge coupling is of crucial phe-
nomenological relevance since it distinguishes a strong first order PT from a regime in
which the period inflation is eternal and its fate depends on the behavior of quantum fluc-
tuations [45–47]. The upper bound of the supercooling window is instead only indicating
where α(Tn) stops being larger than O(1). This does not have an immediate phenomeno-
logical impact since, depending on the experiment, first order PTs with α(Tn) < 1 can also
lead to a detectable GW signal.

The number of e-foldings of inflation before the PT completes is defined as

Ne ≡ log
(
Teq
Tn

)
, (3.9)

with Teq being the temperature where the energy density in radiation and vacuum energy
is equal. In figure 2 and all subsequent figures we show Ne as light green contours. The
number of e-folds is bounded from above by requiring i) quantum fluctuations of the dilaton
field to be negligible, ii) the CMB power spectrum to match the Planck observations [48].
These two constraints require Ne to be less than Nmax

e = log(Teq/HV ) and NCMB
e = 23.8+

log (Treh/TeV) respectively and ended up being unimportant in the phenomenologically
interesting region of the CW model.

In the remainder of this section we derive analytic expressions for the lower and upper
boundaries of the supercooling window in the CW model.

– 8 –
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CW

Figure 2. The supercooling window for a classically scale invariant theory at weak coupling. As
discussed in section 3.1 we take the CW model as a reference. Below the solid blue no nucleation
is possible while above the dashed red line the transition occurs in radiation domination. The
green lines indicate the number of of e-fold of inflation. The black dashed line shows how the
approximation in eq. (3.12) compares to the full numerical result. The black dotted line shows how
the boundary gets modified neglecting the thermal cubic. Left: fixing M = 1 TeV supercooled PTs
require g to be in the range 0.51 < g < 0.87. For g < 0.58 the nucleation is controlled by the
thermally generated cubic in eq. (3.5) as detailed in eq. (3.12). For g < 0.53 daisies corrections
become important as shown in eq. (3.13). For g < 0.51 the transition never completes and the
universe remains in a state of eternal inflation. For g > 0.87 the transition completes in radiation
domination. For g > 1 the perturbative control of the theory is lost. Right: summary of the current
probes (yellow) and the future reach of the many proposed experiments (shades of gray). See
appendix C for a review. The lower boundary of the supercooling window is showed as a function
of the cut-off scale M .

The lower bound on supercooling: can be defined by studying the nucleation condi-
tion during vacuum domination (VD), which reads

3π3
(
1 + e−1/

√
|κn|
)

g3
(
1 + 9|κn|

2

) = 4 log
(
M

HV

)
− 24|κn| , (3.10)

where we defined κn ≡ κ(Tn) = 1/6 log(Tn/M). We have taken the κ < 0 expression for
the bounce action, defined in eq. (3.8), as Tn < M is expected to hold in this regime. An
approximate formula for the boundary of nucleation in the large supercooling limit can be
found by expanding the above expression for Tn �M (i.e. κn → −∞)

|κn|1/2 −
1
2 = 3g3

π3 |κn|
3/2 log

(
M

HV

)
− 18g3

π3 |κn|
5/2, (3.11)

where the constant term on the left-hand side is the leading-order contribution to the
bounce due to the cubic scalar self-interaction introduced in eq. (3.3). Naively, one would
like to approximate the nucleation temperature by ignoring the constant term and getting a

– 9 –



J
H
E
P
0
2
(
2
0
2
3
)
1
2
5

10-11 10-9 10-7 10-5 0.001 0.100
10

50
100

500
1000

5000

0.110−3 0.10 0.2 0.3 0.4 0.5 0.6 0.7 0.8
10-5

0.001

0.100

10

m0/M = 10−5
δ0/M = 10−5

0.55 0.60 0.65 0.70 0.75 0.80 0.85

0.05

0.10

0.50

1

5

0.110-2 0.2 0.3 0.4 0.5 0.6 0.7 0.8
10-5

0.001

0.100

10

Figure 3. The behavior of the nucleation condition in the different scenarios presented here
complemented by the behavior of the κ parameter defined in eq. 3.3 at nucleation. For both
panels, we fix M = 1 TeV. Left: the bounce action as a function of temperature in the different
scenarios discussed here. The thick gray line is the R.H.S. of the nucleation condition in eq. (3.7).
The blue line corresponds to the lower boundary of the supercooling window in the CW model
(g = 0.51). For the other curves we fix g = 0.4. The violet (light green) curve shows for the effect of
a non-thermal negative mass (cubic) with m0/M = 10−11 (δ0/M = 10−11) which tends to enlarge
the supercooling window. The red (sea-green) curve shows the effect of a positive non-thermal
mass (cubic) deformation with m0/M = 10−11 (δ0/M = 10−11) which instead tends to shrink the
supercooling window. Right: the behavior of the κ parameter at nucleation (κn) as a function of the
gauge coupling. The zoomed-in region shows how the lower boundary of the supercooling window
indicated by red (sea-green) points shrinks for positive mass (cubic) deformations which are larger
enough. We take as an example m0/M = 10−5 (δ0/M = 10−5).

simple analytical solution Tn '
√
MHV exp

(
1
2

√
log2

(
M
HV

)
− 8π3

g3

)
, which is often quoted

in the literature. However, this approximation is only justified for |κn| � 1 which in
practice is never realized in the relevant parameter space. The actual behavior of κn is
shown in figure 3 right where we can see that κn ∼ O(1) at the boundary of the supercooling
window. Therefore, the thermal cubic should be included in order to reliably describe
the nucleation in the deep supercooling regime. We find that the solution of eq. (3.11)
approximate κn up to 10% corrections which correspond to having neglected the higher
orders in the |κn| � 1 expansion. Luckily these corrections have a negligible impact on the
determination of lower bound on the supercooling window.

Studying the zeros of the discriminant of eq. (3.11) we can find the boundary values of
g that give an interception point between the bounce action and the nucleation curve. The
discriminant is a cubic equation in g3 with coefficients depending on ∆2 ≡ 3/ log

(
M
HV

)
so

that the boundary of the supercooling window corresponds to a single real solution if the
discriminant is negative or the smallest of the three real solutions if the discriminant is
positive.5 Series expanding the result to O(∆4) yields

gCWmin '
2π

log2/3
(
M
HV

) (1−∆)1/3 . (3.12)

5For completeness we give the full equation describing the zeros of the discriminant here in terms of
Xg ≡ g3: X3

g + aX2
g + bXg + c = 0 with a = − 16

243π
3∆2 (1 + 225

8 ∆2), b = 256
2187π

6∆6 (1 + 125
6 ∆2 − 3125

512 ∆4)
and c = − 1024

19683π
9∆10.
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This corresponds to the minimal nucleation temperature at which the PT completes avoid-
ing eternal inflation. The leading term in eq. (3.12) is gCWmin ' 2π/ log2/3 (M/HV ), which
corresponds to the lowest possible coupling neglecting the thermal cubic contribution. The
new correction proportional to (1 − ∆)1/3 is controlled by the thermal cubic whose role
is to reduce the value of gCWmin , enlarging the supercooling window. Figure 2 shows that
our analytic approximation (dashed black line) reproduces very well the boundary of the
supercooling window obtained by a brute force numerical scan which is plotted in blue (see
ref. [13] for a similar numerical analysis of the CW model).

The value of gCWmin is also modified by next-to-leading order corrections to the thermal
potential. The inclusion of daisy diagrams [49–52], i.e. a resummation of the leading-
order hard thermal loops, serve to reduce the thermal barrier and subsequently extend the
parameter space where nucleation is viable. In the language of eq. (3.5), we can write the
shift in the mass and cubic induced by these corrections as

m2(T ) −→ m2(T ) = g2T 2

4 ×

1 + g2

6π2 log
(
T

M

)
−

24π2 + 2g2 log
(
T
M

)
(
6π2 + g2 log

(
T
M

))2

 ,
δ(T ) −→ δ(T ) = 9g3πT

12π2 + 2g2 log
(
T
M

) . (3.13)

Note that these closed form expressions require series expanding in small φ/T , which is a
good assumption around the thermal barrier, as well as a field redefinition to remove the
term that arises linear in φ. Here we see that the inclusion of Daisy diagrams decrease
m2(T ) while simultaneously increasing the size of the negative cubic δ(T ) throughout the
supercooling regime. The effects of the Daisy diagrams accounts for the difference between
the analytic approximation in eq. (3.12) and the full numerical result in figure 2.

The parametrization in eq. (3.8) allows us to extract a simple analytic approximation
for the behavior of βH as defined in eq. (2.7). In the deep supercooling regime we can
expand S3/T to second order in κn →∞ to get

βH '
2π3

9g3|κn|2
[
1− 3

4|κn|1/2
+ 1

18|κn|
+ 5

72|κn|3/2
]
, (3.14)

where we neglected terms of order |κ|−2 inside the parenthesis.
Solving eq. (3.11) for Tn, we gain a good approximation for βH in the supercooling re-

gion for g . 0.6. For larger g the kn →∞ expansion breaks down as shown in figure 3 right.

The upper bound on supercooling: can be defined imposing Tn = Tvac, where Tvac is
the temperature below which the Hubble rate shifts from radiation to vacuum dominated
and reads

Tvac =
(30∆V
g∗sπ2

)1/4
' 1.05M

(106.75
g∗s

)1/4
, (3.15)
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where we used the energy difference between the false and true vacuum at zero temperature
in the CW model, see eq. (3.6). The nucleation condition defining Tn can be written as

π3B̄3(κn)
27g3

(
κn − 2

9

)
2

= 6κn + log
(

3
√

5MPl
π
√
g∗sM

)
, (3.16)

where for T ≥ Tvac, the quartic λ(T ) > 0 implies κ > 0 as follows from eq. (3.3) allowing for
a simple parameterization of S3. The equation above is an algebraic equation which defines
κn and can be solved in general. This is shown as a dashed red curve in the right-hand
panel of figure 2.

3.2 Additional sources of explicit breaking

We now wish to study the consequences of incorporating additional scales breaking explic-
itly the conformal symmetry in the zero temperature potential. In the high temperature
expansion, these deformations can be parameterized as shifts of the temperature dependent
terms in eq. (3.5). In what follows we study the set of possible deformations, examining
how their presence changes the behavior of S3/T and ultimately the possibility of realizing
supercooled PTs. A schematic view of how these deformations affect S3/T is presented in
figure 3 left. In section 3.2.1 we describe deformations destabilizing the origin with either
a negative squared mass or a cubic.6 These will make S3/T decreasing at low temperature
as shown by the violet and green lines in figure 3, hence enlarging the supercooling window
compared to the CW case as shown in figure 4. In section 3.2.2 we describe deformations
stabilizing the fake vacuum at origin with either a positive squared mass or a positive cubic.
These will make S3/T increasing at low temperature as shown by the red and orange lines
in figure 3, hence shrinking the supercooling window compared to the CW case as shown
in figure 6.

3.2.1 Enlarging the supercooling window

Here, we would like to explore how the boundary of the supercooling window is extended
as explicit breaking contributions destabilizing the origin are added to eq. (3.5). This
prospect can be studied by introducing non-thermal relevant deformations, which act to
eliminate the thermally induced barrier at some finite temperature Tflat, implying that the
PT necessarily completes, even outside of the classically invariant supercooling window.
The obvious candidates are a negative mass −m2

0
2 φ

2 or a negative cubic term − δ0
3 φ

3, whose
bounce actions are shown in the left panel of figure 3. In this figure, the bounce follows
the conformal case until it reaches temperatures comparable to the scale of the relevant
deformations, where it quickly drops to zero corresponding to lowering the thermal barrier.

If nucleation only occurs just before (or after) the thermal barrier disappears the PT
is effectively second order and no strong GW signal is expected. The relevant question
to quantify here is then how large is the parameter space where the PT completes with
a large enough GW signal. As we will see this depends very much on the scaling of βH ,

6Note that here we use the terminology positive or negative with respect to its sign in the scalar potential.
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Negative non-thermal mass Negative non-thermal cubic 

Figure 4. Enlarging the supercooling window as a result of a temperature-independent deformation
breaking conformal symmetry with a negative mass-squared (left) or a negative cubic (right), for a
fixed scale of M = 1 TeV. The gold dashed vertical line denotes the lower boundary of the super-
cooling window for the CW model. The hatched purple regions indicate where the deformations are
no longer a small perturbation of the original CW model. Dashed gray contours are growing values
of βH whose scaling is fully capture by eq. (3.24). The light blue shading indicates the region where
a GW signal is detectable. In the white region to the left βH has grown so that no detectable signal
can be within the reach of any planned GW experiment. The light green curves indicate the number
of e-folds during the inflationary period induced by the PT transition as defined in eq. (3.9). In the
white region below the Nmax

e the period of inflation is incompatible with CMB observations.

which is controlled by the slope of the bounce action drop and very sensitive to the scaling
dimension of the temperature-independent deformation.

The effects of introducing small temperature-independent deformations can easily en-
coded in the high-T expansion as

negative mass: m2(T ) = g2T 2

4 −m2
0 , (3.17)

negative cubic: δ(T ) = 3g3T

4π + δ0 . (3.18)

Importantly, the negative non-thermal cubic also affects the thermal mass at one loop, as

m2(T ) ' g
2T 2

4 − δ2
0

8π2

[
16π2

3g2 + 4πgT
δ0

+log(M/T )
]
, (3.19)

where we expanded the loop contribution at leading order for small m0/M, δ0/M � 1. The
mass shift arises from the tadpole for φ, induced at one-loop by the presence of the cubic.
Performing a field redefinition to remove this term gives rise to the shift in eq. (3.19).

As can be seen from eqs. (3.19) and (3.17), for both deformations there is a temperature
Tflat such that the effective thermal mass vanishes: m2(Tflat) = 0. In the region of interest
the nucleation temperature should be very close to Tflat. Approaching Tflat the κ parameter
defined in eq. (3.3) tends to zero as explicitly shown in the right panel of figure 3. These
two features characterize the dynamics of PTs that complete for g � gCWmin , where the
nucleation is triggered mostly by the temperature-independent deformations.

To describe this region we can then work under two simplifying assumptions: i) we
take ∆Tn = Tn − Tflat to be a small parameter keeping only the leading order term in the
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∆Tn/Tflat expansion, ii) we expand the bounce action for κn � 1. In this limit the bounce
action can be written in general as

S3
Tn
' 27π

2
∆T 3/2

n

Tflatδ2(Tflat)

(
dm2

dT

)3/2 ∣∣∣∣
Tflat

. (3.20)

Setting log(Tn/HV ) ' log (Tflat/HV ) we can use eq. (3.20) to get a simple expression for
the nucleation temperature around the limit of a vanishing barrier:

∆Tn
Tflat

= 4
9

[
δ2(Tflat)
πT

1/2
flat

log
(
Tflat
HV

)]2
3
(

dm2

dT

)−1
∣∣∣∣∣∣
Tflat

. (3.21)

Lastly, we can estimate the timescale of the PT by expressing βH in the same limit

βH'
27π2/3

2

[
Tflat

δ4(Tflat)
log

(
Tflat
HV

)]1/3
(

dm2

dT

)∣∣∣∣∣
Tflat

, (3.22)

where we already substituted the value of Tn obtained in eq. (3.21).
The above formulas can be used to get simple parameterics for the two deformations at

hand. Finding the zeroes of eqs. (3.17) and (3.19) we get Tflat at first order in g�1 to be

Tflat '


2m0
g , negative m2

0 ,√
8
3
δ0
g2 , negative δ0 ,

(3.23)

from which one can easily derive the behavior of dm2(T )/ dT and δ(T ) in the two cases.
Putting all these together we get the asymptotic behavior of βH for g � gCWmin for the two
deformations:

βH =


3π2

g2

[
36 log

(
Tflat
HV

)]1/3
, negative m2

0 ,

9π2/3

g2/3

[
3 log

(
Tflat
2HV

)]1/3
, negative δ0 .

(3.24)

The different scaling of βH with the gauge coupling can be simply understood from
eq. (3.22) by remembering that for the for the mass deformation: Tflat ∼ m0/g, δ ∼ g2m0
and dm2(T )/ dT ∼ gm0; while for the cubic deformation: Tflat ∼ δ0/g

2, δ ∼ δ0 and
dm2(T )/ dT ∼ δ0. The asymptotic behavior of eq. (3.24) agrees extremely well with the
full numerical result for g � gCWmin as shown in figure 5. In the same figure we show the
departure from CW behavior. This behavior is universal in both cases and can be easily
derived as βH ∼ 1/g3 (dashed red line).

As a result, our parametric can easily explain why the cubic deformation enlarges the
supercooling parameter space so much more than the mass one as shown in figure 4. The
scaling dimension of the deformation controls the dependence of βH on g which ultimately
sets the strength of GW signal.

The left boundary for small g in figure 4 is determined purely by βH which controls both
the strength and the peak frequency of the PT in the limit where α� 1 (see appendix C for
details). In particular if we focus on the sound wave contribution, that typically dominates
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Comparison of approximations for 
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Figure 5. Evolution of βH as a function of the gauge coupling g for a temperature-independent
negative mass-squared (violet) or cubic (light green) with m0/M = 10−4 (δ0/M = 10−4). Here
we clearly see the transition from the scaling behavior at small g, cf. eq. (3.24) (dashed), back to
the radiative CW model (shown in blue) at large gauge coupling using the fully numerical results
shown as solid curves. For completeness we also show the departure from the conformal behavior in
red. The boundary of the supercooling window for the CW model is indicated by the gold dashed
vertical line.

the GW production in our setup, the peak frequency scales as fpeak ∼ β while the signal
strength scales as ΩGW ∼ 1/β2

H . The precise boundary of the parameter space will depend
on the details of the signal and the experimental reach and we do not find it particularly
enlightening to quantify. Our shading in figure 4 indicates that βH ∼ 500 − 1000 are the
maximal allowed to obtain a detectable GW signal at any frequency, although for particular
frequency windows the amazing expected reach of future GW interferometers could probe
even larger values of βH .

The fact that the size of the deformation cannot be too small compared to the cut-off
can be easily understood from the fact that the smaller the deformation, the longer the
bounce will track the CW solution before nucleation, resulting in a larger number of e-folds
of inflation as defined in eq. (3.9). The upper bound on the number of e-folds of inflation
gives a lower bound on Tn and hence a lower bound on the size of the deformation which
is shown in figure 4.

Before concluding this section, we briefly comment on explicit models where the cubic
deformation dominates over the mass and the quartic. One example is the linear coupling
of the CW dilaton φ to an operator which dynamically develops a vacuum expectation
value. The dilaton potential at zero temperature can be schematically written as

V (φ, 0) ' εφ〈Ôε〉+ λ(φ)
4 φ4, (3.25)

where λ(φ) ∼ 3g4/8π2 in the CW model and we added the VEV of an operator 〈Ôε〉 of
dimension ≥ 3 with ε � λ. Shifting the tadpole term by using the field redefinition φ →
φ−

(
ε
λ〈Ôε〉

)1/3
induces a mass and negative cubic terms for φ scaling as λ1/3ε2/3, λ2/3ε1/3.
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In the limit ε� λ the induced mass becomes sub-dominant compared to the cubic, which
is the leading deformation from classical scale invariance. This model can then be mapped
to our parametrization above by identifying δ0 = 3λ2/3ε1/3〈Ôε〉1/3. Explicit examples were
discussed in refs. [12, 25].

In realistic scenarios both a positive mass squared and a cubic deformation will be
generated at tree level, so we briefly discuss how our result is modified when both m0 and δ0
are present. As shown in figure 3 if a large positive non-thermal mass squared dominates the
dynamics, it will make the bounce growing to infinity at low temperatures before meeting
the nucleation condition. The existence of a solution to m2(Tflat) = 0 requires then an
upper bound on m0, which however does not seem to require any additional fine-tuning to
be fulfilled.

3.2.2 Shrinking the supercooling window
In this section we study how the boundary of the supercooling window shrinks once defor-
mations stabilizing the origin are added to eq. (3.5). In contrast to the CW case, the action
in these cases does not continue to decrease indefinitely. From both the red and orange
curves in figure 3 we observe that the action reaches a minimum at a temperature Tmin
comparable to the size of the explicit breaking. Hence, it is expected that for sufficiently
large values of the explicit breaking parameter nucleation will be prevented.

We will examine the case of a positive mass-squared m2
0 and that of a positive cubic

term δ0 which can be easily captured in the high-T expansion by shifting the thermal mass
and cubic in eq. (3.5) respectively:

positive mass: m2(T ) = g2T 2

4 +m2
0 , (3.26)

positive cubic: δ(T ) = 3g3T

4π − δ0 . (3.27)

In both cases, when the deformations are small, the supercooling boundary can be de-
termined by expanding the action to leading order in |κn| → ∞, keeping the first non-trivial
correction due to m0 or δ0. The right panel of figure 3 confirms that this approximation is
justified. In the large κn limit the bounce action admits the following simple form

S3
T
' 8π3

g3 log
(
M
T

) (1 + ε(T )) , (3.28)

where ε(T )� 1 can be easily found for the two deformations of interest:

ε(T ) =


2m2

0
g2T 2 , positive m2

0 ,
4πδ0−3g3T

g3T
√

6 log(MT ) , positive δ0 .
(3.29)

At zeroth order in the expansion of ε(T ) we can express the new supercooling window
boundary, gmin,ε as

gmin,ε = gCWmin × E(Tmin) , (3.30)

where gCWmin is the CW result of eq. (3.12) and E(Tmin) encodes the effects of the explicit
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Figure 6. Shrinking the supercooling window as a result of explicit conformal symmetry breaking
with a positive mass-squared (left) and a positive cubic (right), for a fixed scale ofM = 1 TeV. Light
blue shaded regions indicate a supercooled PT, while the light red regions indicate nucleation during
radiation domination. The white region does not exhibit bubble nucleation, while the transparent
blue line indicates the boundary of the supercooling window. Lastly, we show both the numeri-
cally determined values of both βH (grey dashed contours) and the number of e-folds of vacuum
domination (light green contours). The gold dashed vertical line denotes the lower boundary of the
supercooling window for the scale-invariant model. The balc dashed line in both plots indicate our
analytical approximation in eq. (3.30).

breaking. Solving the nucleation condition we get

E(Tmin) '

 log2
(
M
HV

)
4 log

(
Tmin
HV

)
log

(
M
Tmin

)
1/3

. (3.31)

The shrinking of the supercooling window can then be understood by studying the
properties of E(Tmin) given in eq. (3.31). Namely, E(Tmin) is minimized for E(

√
MHV ) = 1

(corresponding to the zeroth order conformal result) and otherwise it is an increasing
function of Tmin. Since for the deformations in question we always find that Tmin >√
MHV it is clear that gCW

min increases with Tmin, reducing the viable parameter space
for supercooling.

The only remaining step to obtain the supercooling boundary is determining Tmin which
amounts to find the minimum of eq. (3.28). For the two deformations under consideration
we find

Tmin =


T̂

√
2 log

(
M
T̂

)
− 1 , positive m2

0 ,

T̂ /3
[

1−2 log
(
M

T̂

)
1− 2

3

√
2
3 log

(
M

T̂

)
]
, positive δ0 .

(3.32)

with T̂ = 2m0/g for the mass case and T̂ = 4πδ0/3g3 in the cubic case. Plugging the
expressions from eq. (3.32) into eq. (3.31) we explicitly see that as m0, δ0 get larger, the
value of gmin,ε increases until the supercooling window closes completely. Since the Tmin
for the cubic deformation increases parameterically faster as a function of g than in the
mass case, the corresponding supercooling parameter space shrinks faster than in the mass
case as shown in figure 6.
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The full behavior of the deformation dependent shift E(Tmin) for both deformations is
shown in figure 6, where we also plot the behavior of the nucleation temperature Tn and
of βH . Our crude approximation in eq. (3.31) (shown as the black dashed line in figure 6)
captures only the qualitative behavior of the boundary but fails completely as soon as the
deformation become sufficiently large.

From figure 6 we clearly see that the deformation term should be at least loop sup-
pressed in order for the supercooling window to not shrink completely.

4 The supercooling window at strong coupling

In this section, we derive the supercooling window for a class of strongly coupled theories
which have a known holographic dual. We focus on large N CFT with spontaneously broken
conformal symmetry where the dilaton potential and the holographic principle [53, 54] can
be used to trace the PT between broken and unbroken conformal symmetry as first shown
in ref. [27].

If conformal invariance is mainly spontaneously broken, the confined phase can be
well described by the effective dilaton potential, radiatively generated by the coupling of
the dilaton to a marginally irrelevant operator of dimension [O] = 4 + ε with coupling
strength g � 1. The zero temperature dilaton potential describing the confined phase can
be written as

Vconfined ' −
N2

16π2λ0εφ
4 log

(
φ

〈φ〉e1/4

)
Θ(φ) , (4.1)

where 〈φ〉 is the dilaton VEV which is defined in terms of the cut-off ΛUV as 〈φ〉 =
ΛUV

(
− 1

1+ε/4
λ0

λ′
0gUV

)1/ε
. Here λ0 and gUV are the values of the dilaton quartic and the

coupling strength g at the UV scale ΛUV. Moreover, we have expanded the running dilaton
quartic λ(g(φ)) at the leading order in small g, defining λ′0 ≡ dλ/ dg|g=0.

The above construction can be viewed as the holographic dual of a 5-dimensional
theory of gravity in anti-de Sitter space with IR and UV branes [54] stabilized by the
Goldberger-Wise mechanism [55, 56]. The dilaton is interpreted as the radion, describing
the position of the IR brane. A non-flat radion potential is therefore associated with the
breaking of conformal symmetry. The dilaton potential in eq. (4.1) can be shown to match
the radion potential, for small ε� 1.

We take λ0 < 0 as the bare dilaton quartic and 0 < ε� 1 parametrizes the small posi-
tive anomalous dimension. The normalization of the dilaton potential can be obtained via
the AdS/CFT correspondence or directly by considering the contribution of the irrelevant
operator to the trace anomaly [26, 57]. The smallness of ε, determines the hierarchy of
scales between the dilaton and the other CFT states so that the vacuum structure can be
studied in terms of the dilaton potential alone. This is analogous to the loop suppression
of the dilaton mass in the CW model of section 3.1. We also assume the number of degrees
of freedom contributing thermally to the dilaton potential after confinement to be small
which requires g∗,light � 45N2/4.
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At high temperatures, the system is in its deconfined phase, consisting of a strongly
coupled large N CFT. The contribution of the thermal CFT plasma to the free energy
is Fdeconfined ∼ −N2T 4 as supported by holographic results [58]. The details of the full
potential in this phase depends on the strongly coupled dynamics and are incalculable.
This introduces a certain arbitrariness in matching the dilaton potential in the confined
phase with the value of the free energy in the deconfined phase (see refs. [28–30] for an
extensive discussion). The simplest option is to take

Vdeconfined ' −N2T 4Θ(−φ) , (4.2)

where the two sides of the potential are then glued together at the origin of field space
and the dilaton potential in the deconfined/confined phases is denoted by negative/positive
field values for φ, respectively. In what follows, we will show the region of parameter space
which is insensitive to the choice of deconfined potential.

The potential energy difference between the false vacuum at the origin and the dilaton
VEV 〈φ〉 at zero temperature is simply

∆V0 = N2|ελ0|〈φ〉4

64π2 = N2Λ4, (4.3)

where Λ ≡ 〈φ〉|λ0ε|1/4
23/2π1/2 is the effective confinement scale, defined similarly to [31]. The free

energies of both phases equilibrate at Tc = Λ, so that a (de)confining PT which completes
at Tn < Tc must always be supercooled, as T 4

n < ∆V0. This is in sharp contrast with
the weak coupling case where the same model could describe a PT both in vacuum and
radiation domination.

The full potential describing the PT dynamics is then given by the sum of the confined
and the deconfined dilaton potential and can be written as

Ṽ (ϕ) = κϕ4 log(ϕ)−Θ(−ϕ) , (4.4)

where we used the reparametrization invariance defined in eq. (2.5) with

Zφ = N2

8π2 , L = e1/4〈φ〉√
8πT 2 , ξ = e1/4〈φ〉 , (4.5)

to get a lagrangian that up to an overall rescaling by N2T 4, depends only on a single
parameter

κ ≡ e|λ0ε|〈φ〉4

16π2T 4 = 4eΛ4

T 4 . (4.6)

Here, κ ranges between 4e < κ < ∞, where its critical value is κc = 4e, at which the two
phases have the same vacuum energy.

The d dimensional bounce action is given by

Sd = N2T 4−d

(2π) d2 (|λ0ε|)d/4
κd/4B̃d(κ) , (4.7)
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where B̃d(κ) is a fitting function regularized over the TW solution, admitted near the
critical value κc = 4e. Unlike in the weakly coupled case, the thermally driven bounce does
not always dominate, hence the tunneling rate is dictated by the min[S3/T, S4]. Due to
their different scaling with λ0, it is expected that for sufficiently low T and |λ0| � 1 the
quantum contribution may dominate, i.e. S4 < S3/T . Explicit forms for the O(3),O(4)
actions, as well as a comparison between the two, are given in appendix A. In appendix A.2
we find that for the majority of the relevant parameter space, quantum tunneling dominates
and ultimately controls the boundary of nucleation.

The supercooling boundary can now be found by solving the induced nucleation con-
dition eq. (3.7) in the limit Tnuc → 0 (i.e. κ → ∞). S4 admits a simple solution for the
nucleation temperature, given explicitly in eq. (A.15), with the lowest possible temperature
obtained at

Tmin
nuc '

(
Λ3N

Mpl

)1/2

. (4.8)

Requiring T >Tmin
nuc sets a lower bound on the explicit breaking of conformal symmetry ε as

ε &
0.33N2

λ0 log2
(
Mpl
ΛN

) . (4.9)

In deriving eq. (4.8), we completely ignored the contribution to the action due to the
ϕ motion along the deconfined region of the potential, i.e. ϕ < 0. We can estimate the
contribution of this motion to the bounce in the TW approximation [28, 30] neglecting
friction, as

Sd '
N2

8π2
2πd/2Rd−1

∗
Γ(d2)

∫ 0

−T
dφ

√
Vdeconfined(φ)

N2 , (4.10)

where R−1
∗ ∼ |λ0|1/4T is the critical bubble size, resulting in

SCFT
3
T
∼ 2N2√

|λ0|
, SCFT

4 ∼ πN2

|λ0|
3
4
. (4.11)

Note that the surface tension in eq. (4.10) is integrated between φ = −T and φ = 0,
implicitly taking the dilaton potential on the CFT side to be minimized at φ = −T . While
this assumption is well motivated in the holographic picture by the existence of the AdS
black hole solution [27], relaxing it can drastically change the values of the bounce actions
in eq. (4.11), which scale linearly with the CFT vacuum position as SCFT ∼ |φ|/T .

The truly calculable region of parameter space is then defined by requiring Sdilaton >

SCFT, which sets an upper boundary on the explicit breaking of conformal symmetry

ε .
0.18

N2/3 log2/3 Mpl
ΛN

. (4.12)

In figure 7 we show the supercooling window for a strongly coupled CFT as a function
of N and ε, fixing the confinement scale Λ = 1 TeV and varying the bare quartic λ0. The
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Figure 7. The supercooling window for a large N strongly coupled CFT with confining scale
Λ = 1 TeV. The light blue region marks the supercooling window for the maximal dilaton quartic
λ0 = 16π2. Dashed and dotted lines indicate how the window shrinks for smaller |λ0|. In white,
the region where nucleation is inefficient and a first order transition fails to complete. In the light
gray (dark gray) region higher order terms in N (in ε) are non-negligible. In the hatched region the
incalculable CFT contribution to the bounce action dominates the tunneling. The discontinuities
in all the blue curves indicate the transition to thermal tunneling driven by the O(3) action which
typically happens at low values of N .

only calculable boundary of the window is the one for smaller ε which is the analogous of
the small g boundary in the weakly coupled case. As already noticed in ref. [31] requiring
a non-empty Universe imposes a strong upper bound on N which can be large enough to
justify the large N expansion only for very large values of the dilaton quartic λ0 & 1.

5 Conclusions

Supercooled PTs offer one of the best possibilities to produce sizeable GW stochastic back-
grounds in the early Universe. This motivated us to understand their dynamics system-
atically, characterizing the available parameter space with the goal of understanding how
generic a supercooled PT can be. This is critical as it is well known that supercooled PTs
live at the boundary of eternal inflation [31, 59–61]. In practice this implies for minimal
models that the coupling constant controlling the close-to-marginal operator breaking con-
formal symmetry has to be judiciously chosen to allow the PT to complete. As a starting
point of our analysis we quantify precisely the allowed range for this coupling which we
call the supercooling window for weakly coupled and strongly coupled theories.

The boundary of the supercooling window at weak coupling where conformal symme-
try is radiatively broken is well described by a simple formula we derived in eq. (3.12) up to
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the daisy resummation of the thermal loops (see figure 2). Our simple formula highlights
the importance of the thermally generated cubic which was neglected in previous analytical
approximations. This contribution dominates the dynamics close to the boundary of the
supercooling window because it reduces the thermal barrier hence favoring bubble nucle-
ation. At the same time, the small range of couplings where supercooling can be realized
suggests looking beyond the minimal model.

Depending on their relative sign with respect to the thermal contributions, small zero-
temperature deformations of the potential can either increase or decrease the size of the
thermal barrier between the false vacuum and the true vacuum. While in the former case
the supercooling window obviously shrinks, it is interesting to ask what happens in the
latter case where at some sufficiently low temperature the barrier completely disappears
and the PT behaves as a second order or cross-over transition.

We explicitly study the cases of mass and cubic deformation destabilizing the origin,
deriving analytically the parametric scaling of the time scale of the PT (often called βH
in the literature). We show that in both cases the supercooling window is enlarged with
respect to the minimal case. Compared to the mass case, the cubic deformation gives
a wider region where a strong first order PT completes before the barrier disappears.
This can be understood analytically from eq. (3.24) comparing how fast the the barrier
disappears with respect to the time scale of nucleation. Adding a cubic deformation makes
the supercooling window wide enough at the price of realizing a large hierarchy between
the dynamics generating the cubic deformation and the one responsible for the spontaneous
breaking of conformal symmetry. Examples of concrete setups were given in refs. [12, 25].

For completeness we define the supercooling window in strongly coupled gauge theories
with a holographic dual. Analogously to previous studies [31, 62] we find that a successful
nucleation generically challenges the large N expansion and the small-backreaction limit.
Our analysis reinforces the need for constructing fully calculable strongly coupled setups
at large N where supercooled PTs can occur. Non minimal models addressing this issue
were put forward in refs. [14–16, 25, 28, 29, 63–72] and more recently in ref. [73]. We hope
to return to these issues in the future.
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A Analysis of the single parameter bounce at weak and strong coupling

Here, we elucidate the fitting procedure used to derive eq. (3.4) for the dimensionless
κ potential given in eq. (3.3), then repeat the derivation for the dilaton potential given
by eq. (4.4). Finally, we determine whether quantum or thermal tunneling dominates at
weak and strong coupling for the models studied in the main text.
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A.1 Fitting the single parameter bounce

Weak coupling. The bounce action for the weakly coupled models described in section 3
can be written as a product of a single parameter dimensionless function S̃d(κ) and a
scaling coefficient, which depends on a combination of the thermal mass, cubic or quartic
couplings. These are defined in eq. (2.5), with explicit forms for the O(3),O(4) actions
given as

S3(T ) = m3(T )
δ2(T ) S̃3(κ) , S4(T ) = m2(T )

δ2(T ) S̃4(κ) (A.1)

with −∞ < κ ≤ κc, κc = 2/9 and κ = λ(T )m2(T )/δ2(T ). Since m(T ), δ(T ) and λ(T )
are known once a model is specified, the problem of computing the full bounce actions
reduces to a single numerical fit for S̃3(κ), S̃4(κ).
First, we generate the numerical bounce data via the FindBounce package [19], using
the potential in eq. (3.3). Then we use analytical solutions known for special values of
κ to constrain the functional shape of the fit. These are known in three regimes: i) The
limit κ→ κc = 2/9 describes potentials with a positive quartic, approaching the critical
temperature, where the two potential vacua are degenerate. These bounce solutions are
appropriately described in the Thin Wall (TW) approximation, first derived by Coleman
in [32]. In this limit the O(3),O(4) bounce actions are given at leading order in |κ−κc| by

STW
3 ' 32π

729
m3(T )
δ2(T )

1(
κ− 2

9

)2 , STW
4 = 2π2

243
m2(T )
δ2(T )

1(
κ− 2

9

)3 . (A.2)

These actions diverge as κ → 2/9, corresponding to the limit T → Tc, where the tun-
neling rate is expected to vanish. ii) For κ → −∞ the potential has a negative quartic
with a vanishing cubic term. The bounce action in this limit was first studied by Brézin
and Parisi (BP) in [40] and it is given at the leading order in κ→ −∞ by

SBP
3 ' 6πm(T )

λ(T ) , SBP
4 ' 35π

4λ(T ) , (A.3)

where the scaling of the bounce action is fixed by reparametrization invariance up to a
number. iii) For κ → 0 the quartic interaction term vanishes and the cubic dominates.
The behavior of the bounce action is once again fixed by reparametrization invariance
up to a number at it is given at the leading order in κ→ 0 by

SCubic
3 ' 27π

2
m3(T )
δ2(T ) , SCubic

4 ' 65πm2(T )
δ2(T ) . (A.4)

Equipped with these results we take the approach of ref. [17] and numerically fit the
intermediate regimes as a function of κ, both for positive and negative quartics (κ). We
constrain the fit to match the known limits and require smoothness at κ = 0. Starting
with the positive κ > 0 it is useful to define the regularized functions

B+
3 (κ) ≡ S̃3(κ)

S̃TW
3 (κ)

, B+
4 (κ) ≡ S̃4(κ)

S̃TW
4 (κ)

, (A.5)
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where S̃TW
d (κ) is the thin wall solution in (A.2). Close to the thin wall solution, we

perform a reduced squares fit for B+
3, B

+
4, using the variable zκi ≡ (κ−κc)i, optimizing

over the free parameters ai while far away from the thin wall limit we match the fitting
function smoothly to the cubic solution in eq. (A.4). The resulting fitting function is

B+
3 (κ) = 1− 38.23

(
κ− 2

9

)
+ 115.26

(
κ− 2

9

)2
+ 58.07

√
κ

(
κ− 2

9

)2
(A.6)

+ 229.07κ
(
κ− 2

9

)2
,

B+
4 (κ) = 1 + 3402

π2

(2
9 − κ

)2
+ 45.14

(2
9 − κ

)
− 38.78

(2
9 − κ

)3
,

where by definition the fitting function is normalized with respect to the thin wall regime.
For convenience in the main text we define

B̄3(κ) ≡ 16
243B

+
3 (κ) , (A.7)

normalizing with respect to the pure cubic solution.
Turning to the negative κ < 0 regime, we perform a similar procedure, but regularizing
over the BP solution in eq. (A.3), as it describes the large negative κ limit of the full
solution,

B−3 (κ) ≡ S̃3(κ)
S̃BP

3 (κ)
, B−4 (κ) ≡ S̃4(κ)

S̃BP
4 (κ)

. (A.8)

These solutions are also constrained to admit the κ→ 0 limit in order to converge with
the cubic solution in eq. (A.4). The fitting functions for negative κ are given by

B−3 (κ) = 9|κ|
4

1 + e−1/
√
|κ|(

1 + 9
2 |κ|

) , B−4 (κ) = 52|κ|
7

1(
1 +

(
136.2
2π2

)1.1
|κ|1.1

)1/1.1 , (A.9)

which asymptote to a constant, correctly describing the cubic bounce solution. Our re-
sults for S4 match the fitting functions quoted in [18], under the appropriate variable and
scaling transformations, while the S3 solutions constitute a new result. The full fitting
functions are shown against the numerical solutions, obtained using the Mathematica
package FindBounce [19], in figure 8. We note that the goodness of fit for both positive
and negative κ is at χ2 ' 1 up to floating point numerical errors.

Strong coupling. The bounce action for the strongly coupled theory discussed in section 4
can be written as a product of two functions, similar to the weakly coupled case, as

Sd = N2T 4−d

(2π)d/2|λ0ε|d/4
κd/4S̃d(κ), 4e < κ <∞, (A.10)

where S̃d(κ) is a dimensionless function of κ = e|λ0ε|〈φ〉
16π2T 4 = 4eΛ4

T 4 . We shall appeal once
more to the simple limit of κ → 4e, where the TW approximation is expected to hold.
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Figure 8. Fits to data of the O(3),O(4) bounce actions in the κ parameterization. Left: results
for the weakly coupled models, for the positive quartic potential in eq. (3.3), regularized over the
Thin Wall limit in eq. (A.2) (κ > 0), and the negative quartic, describing the BP limit in eq. (A.3)
(κ < 0). The numerical solutions are obtained using the FindBounce [19] Mathematica package,
regularized over the TW(BP) solution, shown as data points. The solid curve interpolates the
fitted solutions for the regularized bounce S̃(κ) ≡ B±S̃TW(BP)(κ). Right: results for the strongly
coupled (de)confining PT. Here, we show the bounce shape functions S̃3,4(κ) = B3,4(κ)S̃TW

3,4 (κ)
from eqs. (A.12) and (A.11). Clearly, for sufficiently large |κ| the O(4) symmetric action dominates
the tunneling rate, implying that quantum fluctuations drive the PT.

Here, the TW approximation for the O(3),O(4) reduced actions is given to leading
order by

S̃TW
3 (κ) = 4096πe7/2

375
1

(κ− 4e)2 , S̃TW
4 (κ) = 33696e5π2

625
1

(κ− 4e)3 (A.11)

The fitting functions are then obtained as

B3(κ) = 1 + 0.009κ5/4

log 3
4
(
κ1/4) + 0.135(κ− 4e)1.5

κ3/4 log 3
4
(
κ1/4) + 0.0857

κ3/4 log 3
4
(
κ1/4) − 0.106κ1/4

log 3
4
(
κ1/4) , (A.12)

B4(κ) = 1 + 0.00017κ2

log
(
κ1/4) + 0.012(κ− 4e)2.5

κ log
(
κ1/4) + 0.2(κ− 4e)1.5

κ log
(
κ1/4) − 0.0084κ

log
(
κ1/4) + 0.35

log
(
κ1/4)

− 2.96
κ log

(
κ1/4) ,

with corresponding χ2 = 0.9993(1.0015) for B3(B4) respectively. The full bounce actions
are then given by

S3
T

= 512e7/2

375
√
π

N2

|λ0ε|3/4
κ3/4

(κ− 4e)2B3(κ), S4 = 8424e5

625
N2

|λ0ε|
κ

(κ− 4e)3B4(κ). (A.13)

We note that in order to derive the nucleation temperature given in eq. (4.8), one must
expand the full actions in the limit of small temperature (i.e. κ → ∞), and solve the
nucleation condition using the following actions

S3
T

(κ→∞) ' N2

|λ0ε|3/4
1.78

log3/4 (κ1/4) , S4(κ→∞) ' N2

|λ0ε|
1.36

log (κ) . (A.14)
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The nucleation temperature admits a simple form when driven by quantum fluctuations,
given by

T (S4)
nuc =

√
Λ3N

Mpl
e

1
5 +

√
6.44 log2

(
πMpl
ΛN

)
−c4/3n2

. (A.15)

This temperature is minimized at N2 ' 6.44
c4/3

log2 Mpl
ΛN , where c ≡ 1.8

|λ0ε|3/4
as in [31],

resulting in eqs. (4.8) and (4.9). A similar derivation for thermally driven transitions
does not lead to an analytic expression for the nucleation temperature due to the log3/4 κ

factor which appears in eq. (A.14), requiring the solution of a seventh order equation
for log Λ/Tn. However, an upper bound on N2 can still be obtained by considering the
discriminant of the nucleation condition, leading to an upper bound given by N2 ≤
3.4
c log 7

4
(
Mpl
ΛN

)
.

A.2 Thermal/quantum tunneling at weak/strong coupling

The vacuum decay rate can be dominated by either thermal or quantum fluctuations. Due
to the negative exponential dependence of the tunneling rate on the bounce action, as
seen from eq. (2.1), it is sufficient to compare S4 (quantum) against S3/T (thermal) to
determine which one drives the PT. The lesser of the two actions at a given temperature
is therefore the dominant contribution to the rate.

The two actions have different scaling with the model parameters, and potentially,
either one may dominate at a different regime of coupling strengths. Here, we discuss
whether nucleation proceeds via thermal or quantum tunneling for the models discussed in
the main text.

Weak coupling. We begin with the weakly coupled models considered in section 3. The
two relevant actions are then given by eq. (A.1). Since these actions must converge to
the TW approximation at sufficiently high temperature, and knowing that STW

3 /T has a
double pole in (T−Tc), while STW

4 has a triple pole in (T−Tc), we conclude that S3/T <

S4(T ) at T → Tc, implying that high-T transitions are induced by thermal fluctuations.
Lowering the temperature, the condition for continued thermal dominance over quantum
is simply S4(T ) < S3(T )/T , translated via eq. (A.1) to m(T )/T < S̃4(κ)/S̃3, where the
most stringent condition can be found by requiring that there exist no κ for which this
condition is met. By inspection, the left panel of figure 8 demonstrates that the functions
S̃4(κ), S̃3(κ) are monotonically increasing with κ, with their minimal value obtained at
κ → −∞. In this limit, both actions admit simple forms given by eq. (A.3), scaling as
1/κ, rendering their ratio constant. The aforementioned condition for κ → −∞ is then
translated to the simple constraint

m(T )
T

<
35
24 . (A.16)

This condition can be cast into the various models. For the classically scale invariant
CW potential, the thermal action contribution is smaller only if the coupling strength is
large g > 2.9. When adding a non-thermal mass, the condition is only slightly reduced,
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to g & 2.4. In the case of the non-thermal cubic addition, this condition is even easier
to satisfy as the effective thermal mass can only decrease, requiring even larger values
of g to break eq. (A.16). These results conclusively show that coupling values for which
the quantum fluctuations dominate the tunneling rate are well outside the supercooling
window for any of the weakly coupled models in question, and thus irrelevant.

Strong coupling. We now turn to the strongly coupled model discussed in section 4. The
inequality S4 < S3/T can be written as

κnuc > exp
( 0.3
|λ0ε|

)
, (A.17)

and implies that nucleation proceeds via quantum tunneling, with the nucleation condi-
tion satisfied at κnuc '

4eM2
pl

Λ2N2 . This inequality can also be written as a lower bound on
the quartic

|λ0ε| >

 0.3

log 4eM2
pl

Λ2N2

 ' 0.004×
(

1 + 0.03 log
[(10

N

)(TeV
Λ

)])−1
, (A.18)

where the thermal S3/T dominates for smaller λ0ε. As shown in figure 7 within the
supercooling the PT is fully controlled by quantum tunneling for a confinement scale
Λ = 1TeV.

B Gravitational wave simulation parameters

B.1 Phase transition temperature and timescale
In this section we detail firstly how the correct temperature measure of the PTs completion,
T?, changes as a function of βH and secondly, how this measure affects the mapping between
βH and R? and therefore the predicted GW signal. It is important to recall that the
definition of βH hinges on the assumption of exponential nucleation. For Γ = Ce−A(t),
Taylor expanding the exponent around the PT completion time t? defines β

A(t) ' A(t?) + dA
dt

∣∣∣∣
t?

(t− t?) = A? − β(t− t?) . (B.1)

From this expansion one easily recovers the definition of βH (see eq. (2.7)) as a function
of temperature. With this definition we can then assess the relevant temperature choices
for T?:

Nucleation temperature Tn. As defined in the main body of this paper this is defined as
the time-integrated probability of nucleating a single bubble per Hubble volume, which
to a very good approximation is the condition Γ(Tn)/H(Tn)4 = 1.

Percolation temperature Tp. The percolation temperature Tp is defined as the temperature
where the probability of finding a point in the false vacuum falls below Pfalse(Tp) =
e−I(Tp) ∼ e−0.34 [32, 36, 37] where the exponent can be written as (see also ref. [13])

I(T ) ≡ 4π
3

∫ Tc

T
dT ′ Γ(T ′)

H(T ′)T ′4

[∫ T ′

T

vw dT ′′
H(T ′′)

]3

. (B.2)
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Figure 9. Temperature and typical bubble size at collisions as a function of the PT timescale.
Left: here we show how Tp (black) and Te (red) vary with respect to the nucleation temperature as
a function of the PT timescale. We observe that Tp is an accurate measure of the PT completing
except for extremely small values of βH . Right: we show the resulting determination of R? as a
function of βH , for a number of different approximations. The main message is that for βH & 10,
the PT is sufficiently fast that the background expansion can be ignored while the maximum of the
volume weighted distribution also coincides with the mean bubble size in this regime.

The term inside the square brackets depends on the bubble wall velocity vw and accounts
for the competition between bubble and Hubble expansion after nucleation. For fast
transitions with respect to the expanding background we have Tn ∼ Tp.

Temperature where false vacuum volume start decreasing Te. If the PT is delayed such
that the vacuum energy of the false vacuum begins to dominate, subsequent acceler-
ated expansion can inhibit the completion of the PT. For these slow transitions it can
be necessary to use a more stringent measure for the progress of the transition; namely,
requiring that the normalized volume of the false vacuum decrease as a function of time

1
Vfalse(T )

d
dtVfalse(T ) = H(T )

(
3 + T

dI(T )
dT

)
< 0 , (B.3)

where Vfalse(T ) = a(T )3e−I(T ). For the case of exponential nucleation it can be shown
that this translates to the requirement that I(Te) = 3/βH [35], i.e this condition is more
stringent than the percolation requirement at values of βH . 8.8. This behavior is
shown in the left-hand panel of figure 9, where the temperature ratios with respect to
the nucleation temperature are shown as a function of βH in the context of the Coleman-
Weinberg model.

To summarize the discussion of T?, for fast PTs Tn or equivalently Tp signals the completion
of the transition as Te � Tn ∼ Tp while for supercooled transitions Tn > Tp & Te, that is
Tp suffices except for extremely small values of βH .

With the appropriate temperature for a given βH identified, we must now identify the
typical bubbles size R? at the point of their collisions. This is crucial as not only does the
energy density in the bubble scale with its volume, but the majority of bubble simulations
rely crucially on this measure to determine numerically the resulting GW signal. Following
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ref. [35] we can determine the size of a bubble, R, at time t that was originally nucleated
at time tR as

R(t, tR) = a(t)
∫ t

tR

dt′ vw
a(t′) . (B.4)

The distribution of the bubble number density therefore follows as

dnB(t)
dR = Γ(tR)

[
a(tR)
a(t)

]3
Pfalse(tR)dtσ

dR = Γ(tR)
vw

[
a(tR)
a(t)

]4
Pfalse(tR) . (B.5)

Note, that the above is written as a function of time rather than temperature, which is
significantly simpler for an inflating background. Assuming perfect de Sitter with scale
factor a(t) = a0e

Ht we can firstly evaluate I(t)

I(t) = 8πv3 Γ(t)
β4

(
1 + 6

βH
+ 11
β2
H

+ 6
β3
H

)−1

. (B.6)

Then using the relation between a bubble size at time t given that it was nucleated at
time tR

tR = t−H−1 ln
[
1 + HR

vw

]
. (B.7)

the bubble distribution becomes

R3 dnB(t)
d lnR = Γ(t)

vwH4
(HR)4(

1 + HR
vw

)4+βH
exp

[
−I(t)(

1 + HR
vw

)βH
]
. (B.8)

There are two choices for determining a useful measure of R?:

Mean bubble size R?. This is the most common measure used in the literature. Here we
simply determine the number density of bubbles at a given time, nB(t), and use this to
extract the length scale R?. For an inflating background we obtain

nB(t) =
∫ ∞

0
dρ dnB

dρ = Γ(t)
H

α

I(t)1+3/βH

[
Γ̂(1 + 3/βH)− Γ̂(1 + 3/βH , I(t))

]
, (B.9)

Here Γ̂ refers to the (incomplete) Gamma functions rather than the bubble nucleation
rate. Taking the large βH limit, i.e. the PT completes much faster than a Hubble time,
yields

nB '
Γ(t) [1− Pfalse(t)]

βI(t) = β3 [1− Pfalse(t)]
8πv3

w

. (B.10)

With R? = n
−1/3
B we recover the often used relationship between R? and βH in eq. (2.8).

Maximum of the volume weighted bubble distribution Rmax
? . As the energy density of a

bubble scales with its volume, a more accurate description of the bubble size that is
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most pertinent to the production of GWs is through determining the maximum of the
distribution in eq. (B.8). This yields

Rmax
? H? = 3vw

βH + 1 . (B.11)

Interestingly, this result is independent of temperature and depends only on the size of
the box and the timescale of the transition.

We summarize the results of these two choices of R? in figure 9. Shown in black is the
results assuming that βH is large, therefore neglecting the expansion of the background,
with three different choices of T?. While in red we show the resulting maximum of the
volume weighted bubble distributions, for an inflating background (solid) and a static
background/fast transition (dotted). We see that for βH & 10, both red curves agree well
with one another while the case with T? → 0, i.e. Pfalse(T?) → 0, agrees well with Rmax

?

defined above.

B.2 Bubble wall friction and boost factor

The final component of the PT parameters depend on the dynamics of the bubble walls
during their expansion. Motivated by the results of ref. [13], we use a simplified treatment
for evaluating the Lorentz boost of the bubble walls at equilibrium γeq and at the time of
collision γ?. The equilibrium scenario occurs when the leading-order pressure is balanced
against the next-to-leading order emission of radiation from the bubble wall

γeq '
∆V − PLO
PNLO

, (B.12)

where

PLO = T 2

 ∑
particles

nici
∆m2

i

24

 , PNLO = g3γT 3∆φ
16π2 . (B.13)

The leading-order pressure is defined as the sum over all particles which gain mass ∆m in
the course of the transition, where n is the degrees of freedom of each species and c = 1(1/2)
for scalars (fermions), respectively. The next-to-leading order contribution presumes that
there is vector emission (with its strength determined by coupling g) from the bubble wall
with a boost-factor γ as the scalar field vacuum changes by an amount ∆φ. The final
component is the boost-factor itself at the time of bubble wall collision. Based on thin-wall
approximations corroborated by numerical approaches extrapolating beyond this limit, we
approximate the boost-factor as

γ? '
2R?
3R0

(
1− PLO

∆V

)
. (B.14)

See ref. [13] for additional details. In this expression, R? follows from the previous section
while R0 is the initial size of the bubbles at nucleation determined by solving the Euclidean
action. We show the resulting γ? on the same plane as earlier figures in figure 10 along
with contours of α. To summarize in table 1 we give two representative benchmark points
and the numerical values of the parameters relevant to the GW signal prediction.
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Figure 10. Contours of α as well as the bubble wall boost factor γ? normalized to the equilibrium
value γeq from eq. (B.12). Note that α is evaluated at the percolation temperature Tp, whereas the
nucleation line between vacuum and radiation domination (red, thick-dashed line) depends on the
nucleation temperature.

BP1 BP2
g 0.8 0.7
M 103 GeV 107 GeV
Tn/M 0.64 2.5× 10−2

Tp/M 0.53 1.4× 10−2

Te/M 0.55 1.4× 10−2

Treh/M 1.07 1.05
Subsequent values evaluated at T? = Tp

α 15.2 3.2× 107

βH 55.7 10.7
α∞ 1.68 2400
γ? 5.7× 1012 1.0× 108

γ?/γeq 1.05× 109 0.23
vw 1 1
κφ 8.5× 10−10 0.99
κsw 0.94 7.5× 10−5

Table 1. Two benchmark points to illustrate bubble wall behavior. BP1 exhibits a small amount
of supercooling with a large gauge coupling, hence sound-waves dominate the GW signal, while
BP2 is in the opposite regime with an extreme amount of supercooling and small gauge coupling.
Hence the GW signal is dominated by collisions of the bubble walls themselves.

B.3 GW simulation parameters

To assess the detectability of a given PT, its parameters (α, βH , T? and vw) must be mapped
to the spectrum of sourced gravitational waves. This mapping requires a combination of
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both lattice and magnetohydrodynamic simulations. This leads to sizeable theoretical
errors, potentially larger than those of the above parameters [74]. As a result we make
conservative assumptions when utilizing the simulation results and include only two of
the possible GW generation mechanisms; bubble-wall collisions and sound waves in the
plasma.7 We will use the short-hand but often confusing notation h2ΩGW for the total
signal:

ΩGW(f)h2 ≡ dΩφh
2

d(ln f) + dΩswh
2

d(ln f) . (B.15)

These two fitting functions and the additional derived quantities are given in the following
subsections. Note that due to the values of γeq in the models under consideration, the
sound-wave contribution dominates over the signal generated from bubble wall collisions.

B.3.1 Bubble-wall collisions
The latest simulations of bubble-wall sourced GWs give the following fitting functions [75]
[note the addition of the redshifting factor compared to eq. (52)]

dΩφh
2

d(ln k) = 3.22× 10−3F 0
GW (HrehR?Ωvac)2 (a+ b)ck̃bka(

bk̃(a+b)/c + ak(a+b)/c
)c . (B.16)

The redshifting factor for the GW amplitude is given by

F 0
GW = Ωγh

2 g?(Treh)
g?(T0)

(
g?S(Teq)
g?S(Treh)

)4/3
= 1.64× 10−5

( 100
g?(Treh)

)1/3
, (B.17)

with the normalized energy density in photons today being Ωγh
2 = 2.473× 10−5 [76], the

relativistic dofs in the photon bath g?(T0) = 2, and the entropy degrees of freedom at
matter-radiation equality g?S(Teq) = 3.909. Here we have also assumed that g?(Treh) =
g?S(Treh).

The above can be re-written in the following form

dΩφh
2

d(ln f) = 3.22× 10−3F 0
GW

(
κφα

1 + α

)2
(HrehR?)2 (a+ b)cf̃ bφfa(

bf̃
(a+b)/c
φ + af (a+b)/c

)c , (B.18)

= 5× 10−8
(
κφα

1 + α

)2
(HrehR?)2 (a+ b)cf̃ bφfa(

bf̃
(a+b)/c
φ + af (a+b)/c

)c , (B.19)

with a = 3, b = 1.51 and c = 2.18. More sophisticated results depending on the initial
bubble wall profile are can be found in ref. [77]. The scalar field generated peak frequency
today is f̃0

φ given by

f̃0
φ =

(
areh
a0

) 3.2
2πR?

=
(
g?S(Teq)
g?S(Treh)

)1/3 Tγ0Treh
MP

[
g?(Treh)

90

]1/2 3.2
2πR?

, (B.20)

= 1.65× 10−5 Hz
(
g?(Treh)

100

)1/6 ( Treh
100 GeV

)( 3.2
2πR?Hreh

)
. (B.21)

7We disregard the possibility of GW generation through turbulent flows as there remain difficulties in
understanding the time-scales under which the sound-wave contributions develop into turbulent flows and
the subsequent loss of energy through high-k modes.
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The last piece is the energy fraction that the bubble wall carries κφ.

κφ =
{

γeq
γ?

(
1− α∞

α

)
non-runaway bubbles (γ? ≥ γeq) ,

1− α∞
α runaway bubbles (γ? < γeq)

(B.22)

The above expressions are taken from ref. [13]. Here, γeq is the boost-factor whereby the
friction effects (both leading and next-to-leading order) balance against the energy released
in the PT, while γ? is the approximate boost of the bubble walls at percolation. Lastly,
α∞ ≡ ∆PLO/ρrad, i.e. the size of the leading order friction effects normalized to the energy
density in the radiation bath.

B.3.2 Sound-wave contribution
We use the most up-to-date expression from fitting acoustic sound-wave simulations, mak-
ing comparisons to other works in the literature. Starting from the corrected expression,
eq. (2), in the erratum of ref. [78] the sound-wave contribution to the GW signal is

dΩswh
2

d(ln f) = 2.061F 0
GWΓ2U

4
f (HrehR?) min

[
1, HrehR?

Uf

]
Ω̃GWC(f, f̃sw) . (B.23)

For comparison to other works and to aid in navigating the diverse confusing array of
notation used in the literature, we concretely take Γ ' 4/3 (valid for a relativistic plasma),
Ω̃GW = 1.2× 10−2 as suggested from simulations (c.f ref. [78]) and

K = ΓU2
f = κswα

1 + α
, C(f, f̃sw) = (f/f̃sw)3

(
7

4 + 3(f/f̃sw)2

)7/2

. (B.24)

The peak frequency for the sound wave spectrum is

f̃0
sw =

(
areh
a0

) 0.54
2

β

vw

(
zp
10

)
, (B.25)

while the efficiency factor is

κsw =
{

(1− κφ)f(α) ' f(α) , non-runaway bubbles (γ? ≥ γeq) ,
(1− κφ)f(α∞) = α∞

α f(α∞) , runaway bubbles (γ? < γeq) . (B.26)

Based on the determination of the boost factor at the percolation time (following ref. [13])
we find that vw ' 1, which from ref. [34] gives

f(α) = α

0.73 + 0.083
√
α+ α

. (B.27)

The above can be rewritten in terms of βH ≡ β/Hreh and a modified shape function
utilized in ref. [79]

C(f, f̃sw) ≡
(7

4

)7/2
C̃(f, f̃sw) =

(7
4

)7/2
(f/f̃sw)3

(
1 + 3/4(f/f̃sw)2

)−7/2
, (B.28)

(HrehR?) = (8π)1/3vw
βH

. (B.29)
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This yields (for the case where HrehR?/Uf < 1)

dΩswh
2

d(ln f) = 2.061(8π)2/3
√

4
3

(7
4

)7/2
v2
w F

0
GW β−2

H K3/2 Ω̃GW C̃(f, f̃sw) , (B.30)

= 1.74 v2
w F

0
GW β−2

H K3/2C̃(f, f̃sw) . (B.31)

where the numerical coefficient differs from eq. (2.25) of ref. [79] by approximatel a factor
of 2.

We also compare our results with ref. [13]. Defining Ω̃′GW = 10 Ω̃GW [according to
their definition below eq. (41)] and explicitly substituting in g?(Treh) = 100 yields

dΩswh
2

d(ln f) = 2.061F 0
GWK2(HrehR?) min

[
1, HrehR?

Uf

]
Ω̃GWC(f, f̃sw) , (B.32)

= 2.56× 10−6
( 100
g?(Treh)

)1/3
K2(HrehR?) min

[
1, HrehR?

Uf

]
Ω̃′GWC(f, f̃sw) .

(B.33)

This result is over an order of magnitude smaller than the result in eq. (39) of ref. [13],
namely a numerical prefactor of 7.28× 10−5 that likely arises from a typo in their definition
of Ω̃′GW (as this was updated in the erratum of ref. [78]).

C Gravitational wave experimental noise curves and signal-to-noise ra-
tios

To assess the detectability of a given PT signal we adapt a frequentist approach following
closely appendix B of ref. [80]. We express the signal-to-noise ratio in the following form

ρ2 = n tobs

∫ fmax

fmin
df ΩGWh

2

Ωeffh2 , (C.1)

where h2ΩGW is the PT signal from appendix B and h2Ωeff is the effective noise curve of
a single detector or network of detectors. This effective noise curve is derived using

Ωeffh
2 ≡ 2πf3

3H2
0

∑
j>i

Γ2
ij(f)

Pni(f)Pnj(f)

−1/2

, (C.2)

where H0 = 100 km sec−1 Mpc−1, Γij are the overlap reduction functions which depend on
the network of detectors considered (here we follow the derivation from appendix A.2 in
ref. [81]) and Pn is the noise curve for an individual detector. The final missing components
are the values for the observation time tobs, n, and the signal-to-noise threshold ρth which
are given in table 2. For future observatories we have used a signal-to-noise threshold of
10 unless otherwise stated in the projection papers, while for PTAs noise curves are often
not given, hence the threshold is reverse-engineered (see appendix B of ref. [80]). The
multiplicative factor n is determined by the presence of more than one detector to allow
for cross-correlations in the signal searches.
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Experiment tobs ρth n Ωeffh
2 and Pn

Ground-based GW interferometers
LIGO/Virgo O2 150 days 10 2 Taken from ref. [81] based on

public data [85–87]
LIGO/Virgo O3 11 months 10 2 Network sens. based on

method in [81], data from [88]
(figure 2 from [89])

LIGO/Virgo/KAGRA Design 2 yrs 10 2 Same as above, data from [90]
ET 5 yrs 5 1 ET-D configuration from

figure 4 of [91]
CE 5 yrs 5 1 Wide-band projection from

figure 2 of [92]
Space-based GW experiments
LISA 4 yrs 10 1 eq. 13 of [84]
BDECIGO 4 yrs 8 1 figure 1 of [93]
DECIGO 4 yrs 10 2 figure 2 of [94]
BBO 4 yrs 10 2 figure 1 of [95] based on [96]
AION/MAGIS space 5 yrs 5 1 figure 1 of [97]

(see also [98, 99])
µ-Ares 10 yrs 10 1 figure 5 of [100]
Astrometric and pulsar timing
Asteroid-ranging 10 yrs 10 2 Optimistic projection from

figure 5 of [101]
GAIA 5 yrs 10 2 figure 3 of [102]

(based on [103, 104])
Roman EML survey 5 yrs 10 2 figure 3 of [102] (mean and full

signal subtraction shown)
NANOGrav 11 yrs 0.696 2 Extracted from [105]

(see appendix B of [80])
EPTA 18 yrs 1.19 2 Extracted from [106, 107]

(see appendix B of [80])
SKA 10 yrs 4 2 From projections in appendix B

of [80] based on [108, 109]
IPTA 18 yrs 4 2 Central value measurements

from figure 1 of [110]
Cosmology ∆Neff h

2ΩGW bound
Planck 2018 1.6× 10−6 Recast performed in [111]

based on [112]
CMB Stage 4 1.7× 10−7 Recast performed in [111]

based on [113]

Table 2. Summary of the experimental noise curves that enter figure 11 and the sensitivity projec-
tions in figure 2. The ∆Neff bound is a constraint based on the total energy density in GWs rather
than an amplitude in a given frequency window.
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Figure 11. Current and future prospects for detecting stochastic gravitational waves. For existing
experiments we show the measured noise curves, while for future experiments we show the projected
noise curves. See table 2 for references and assumptions utilizing these curves for the signal-to-noise
analysis. Thin black dot-dashed curves are the expected astrophysical backgrounds, where it is
currently unclear the prospects for extracting them.

In figure 11 we show the resulting effective noise curves h2Ωeff. Current experiments
are shaded as orange regions while future experiments are shaded in grey with varying
line styles. Lastly, the expected astrophysical backgrounds are given be black dot-dashed
lines. These are the super-massive binary black-hole background (SMBHB), compact bi-
nary mergers (CB) from both galactic (gal) and extra-galactic (ex-gal) sources which form
an unresolvable stochastic background [82–84]. Also shown on figure 11 are bounds arising
from ∆Neff measurements where the energy density in GWs is behaving like extra radiation
during the CMB and BBN epochs. The comparison here with dedicated GW experiments
is possible only through the assumption of a signal shape, namely we have assumed the
shape to be delta function of a given frequency and amplitude. This is a good approxima-
tion to the typical broken power-laws of the PT GW signals as the energy density in GWs
is dominated by the relatively narrow peak in the spectrum. Recall however, that GW
experiments can detect signals with amplitudes at least one order of magnitude smaller
their respective noise curves. To that end in figure 12 we also show the sensitivity to a
mock phase transition signal based on the BP1 of table 1, where we simply shift the signals
peak frequency and amplitude. Here we see explicitly that the LIGO/VIRGO sensitivity
is comparable to ∆Neff measurements.
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Figure 12. Current and future prospects for detecting a phase transition signal for a given peak
frequency and amplitude. Here we use the resulting signal from BP1 in table 1, shifting only the
peak amplitude and frequency. Using the curves from table 2 we show the sensitivity based on an
SNR approach using the thresholds ρth for each given experiment.
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