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Within the framework of scalar-tensor theories of gravity, certain models can evade classical black
hole no-hair theorems. A well-known example is Einstein-scalar-Gauss-Bonnet gravity, where black
holes carrying a scalar charge can exist. We find that, within this theory, binary black holes initially
described by general relativity can acquire scalar charges once they reach a critical orbital separation
(“dynamical scalarization”). We develop a simple semianalytic model, based on the adiabatic
conservation of the total Wald entropy, to estimate the scalar charge evolution during the binary
inspiral. We also run fully nonlinear numerical-relativity simulations for different configurations,
finding consistent results. The gravitational-wave phase difference between Einstein-scalar-Gauss-
Bonnet and general relativity waveforms, which we use to assess detectability, is also computed. We
find that dynamical scalarization might be observable in nearly equal-mass binary black hole mergers
with third-generation ground-based gravitational-wave detectors, in a narrow range of the dimensional
coupling of the theory.
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I. INTRODUCTION

General relativity (GR) represents the standard
framework for describing gravitational phenomena, and
its predictions have been extensively tested in a wide range
of experiments and observations [1–5]. In particular,
gravitational waves (GWs) emitted during the inspiral

and merger of compact binary systems have opened an
unprecedented observational window on the strong-field
regime of gravity [6–15]. So far, all detections are con-
sistent with the predictions of GR, with no statistically
significant evidence for deviations [9,16–18].
However, GR presents issues on both the theoretical

and phenomenological side. In fact, despite being a good
effective field theory (EFT), it still lacks a coherent
ultraviolet (UV) completion. The incompleteness of
GR can be seen, for instance, in the presence of singular
solutions, such as black holes (BHs) [19–21]. On the
phenomenological side, the dynamics of the universe on
cosmological scales appears to require either a dark-
energy/cosmological-constant component, or an infrared
(IR) extension of GR [22–24]. It is therefore crucial to
extend current tests of gravity to stronger and more
dynamical regimes.
Several classical extensions of GR have been proposed

in the last decades. Among these, one of the oldest and
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simplest is the class of scalar-tensor (ST) theories, where
a scalar degree of freedom is present alongside the
tensor graviton. The simplest theory in this class is
Fierz-Jordan-Brans-Dicke theory [25–28], in which the
scalar field is conformally coupled (linearly) to matter,
but no higher-derivative interactions or couplings with
higher curvature invariants are present. This kind of
model has also been extended to nonlinear conformal
couplings [29,30].
More general ST theories, including all possible

interaction terms that lead to second-order equations
of motion, are known as Horndeski theories and were
developed later [31–33]. The motivation for this kind
of classical modifications of gravity is mostly related to
the IR regime. In fact, it has been shown that some
specific models of ST gravity are able to provide self-
accelerating solutions that may provide a dark-energy-
like cosmological phenomenology [34–36]. However,
although ST gravity does not directly address the UV
problems of GR, the presence of at least one scalar (or
pseudoscalar) degree of freedom at low energies is
generally expected in UV-complete frameworks like
string theory [37].
No-hair theorems imply that most interaction terms in ST

gravity do not produce deviations from the stationary BH
solutions of GR [38–44]. In other words, the scalar field
settles into a trivial configuration and does not provide an
additional charge to the BH. A possible exception [45,46]
arises if the scalar field is coupled to the Gauss-Bonnet
(GB) invariant,1 defined as

G ¼ RμνρσRμνρσ − 4RμνRμν þ R2; ð1Þ

where Rμνρσ, Rμν and R are, respectively, the Riemann
tensor, the Ricci tensor, and the Ricci scalar. The subset of
ST gravity featuring a standard kinetic term for the scalar
and a coupling with G will hereafter be referred to as
Einstein-scalar-GB (EsGB) gravity.
The most stringent limits on the coupling constant λ

between the scalar and the Gauss-Bonnet invariant arise
from the observation of relatively light BHs or neutron stars
[47–50]. This behavior is a direct consequence of the fact
that λ carries physical dimensions: the smaller the charac-
teristic scale of the BH, and thus the larger the curvature at
the BH horizon, the tighter the bound becomes. From an
EFT viewpoint, interaction terms with a dimensional
coupling represent irrelevant operators, suppressed at large
scales (or low energies) compared to λ. Therefore, for λ in a
suitable range, supermassive BHs are effectively described

by GR in EsGB, while stellar-origin BHs would show
deviations from GR.2

A particularly interesting case is represented by ST
theories that admit both GR and hairy solutions, with
the latter appearing only for systems with larger/smaller
curvature at the BH horizon. In this case, compact objects
can experience phase transitions from one branch of
solutions to the other, undergoing scalarization/descalari-
zation [54–58]. This process can be triggered in several
possible ways, both in isolation and in binary systems (see
Ref. [59] for a review). The latter case is the dynamical (de)
scalarization (DS) mechanism, which occurs when the
effective compactness of the binary system exceeds a
certain threshold, while the individual objects cannot carry
a scalar charge when isolated. In what follows, the critical
(de)scalarization separation will be referred to as the (de)
scalarization radius. This process could impact the inspiral
dynamics, possibly leading to an observable signature in
the GW signal [60]. DS was first discovered in the context
of binary neutron stars [60–68], but it has recently been
shown to also affect BH binaries in EsGB gravity [69].
Until very recently, these theories had only been studied

with the post-Newtonian (PN) formalism [49,70–73] and
with numerical relativity (NR) simulations in the decou-
pling approximation [74–78] (in which the scalar evolves
nonlinearly, but does not back-react onto the metric). These
limitations were overcome by the introduction of the
modified harmonic gauge by Kovács and Reall, which
led to a well-posed formulation of the Horndeski and
Lovelock families of theories in the weak coupling regime
[79,80], which includes EsGB gravity in the EFT regime.
This rapidly led to the first nonlinear NR simulations in
EsGB gravity, both in harmonic coordinates [81–83] and in
the moving-punctures approach [84–86]. Although these
studies are still in an early stage, recent results have shown
consistency with PN calculations [87–89] and some novel
signatures have already been found [90,91].
In this work, we study the DS of BH binaries in EsGB

theory. We first find evidence of this process with a
semianalytic approach that allows for tracking the scalar
field at the BH event horizon as a function of separation,
assuming that the inspiral is adiabatic. Moreover, we
perform the first fully nonlinear NR simulations in
EsGB gravity that show DS in binary BH (BBH) systems.
We find these numerical results to be consistent with our
semianalytic approach in its regime of validity. We finally
comment on the detectability of DS with third generation
ground-based GW detectors, such as ET.

1Another possibility is to partially drop the assumption of
stationarity and allow the scalar field to have a linear dependence
on time. This works in shift-symmetric theories, where the field
equations only depend on derivatives of the scalar, making the
linear time dependence disappear [43].

2In more complicated models where a coupling to G2 is
introduced, one can construct theories where supermassive
BHs have scalar charges, but stellar-origin BHs do not
[51,52]. However, it has been argued that these models are not
consistent EFTs [53]. In this work, we do not explore these
theories.
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In Sec. II we describe the EsGB model that we consider,
and we introduce our semianalytic approach to computing
the scalar field at the BH event horizon as a function of the
binary separation. In Sec. III we describe the details of the
NR simulations and discuss their results, also in com-
parison with the semianalytic model. In Sec. IV, we
compute semianalytically the dephasing between GWs
produced in GR and in EsGB. Finally, in Sec. V, we
address the detectability of BH DS with next-generation
GW detectors.
Throughout this paper, we work in geometric units

c ¼ G ¼ 1, and in the mostly plus signature of the metric
ð−;þ;þ;þÞ.

II. THE MODEL

Before describing the details of EsGB theory, let us
introduce a semianalytic description of a binary system of
compact objects carrying scalar charges. In full generality,
one can define the scalar charge Q, in analogy with the
electrostatic charge, as the coefficient of the leading term
(besides a possible constant background) in a large-distance
expansion of the scalar field sourced by the object itself. In
other words, the scalar field at a (large) distance d from the
objects reads

φðdÞ ¼ φ∞ þQ
r
þO

�
1

r

�
2

: ð2Þ

For nonrotating compact objects, the scalar charge is
typically a function of two variables, i.e., the background
value of the scalar field φ∞ and another parameter related
to the characteristic mass/energy scale of the object. In the
case of BHs, this latter parameter can be chosen to be
the entropy, that we will indicate with S. Thus, in general,
the scalar charge will be described by the function
QðS;φ∞Þ. The background scalar field φ∞ can be sourced
by cosmological dynamics or by a far-away compact
companion. In the following, we will assume no contri-
bution from cosmological scalar fields, and focus on the
case in which the background scalar field φ∞ is sourced by
a second object. Let us now go a step further and consider
two compact objects A and B in a binary system. The
presence of the companion B affects the scalar charge of
the compact object A and vice-versa. This mutual inter-
action between the two scalar hairs is in principle a highly
nonperturbative phenomenon. However, it can be effi-
ciently captured, at leading order, by a simple model,
which was introduced in [63] for binary neutron star
systems (see also Ref. [65]). A similar procedure is carried
out in [69] in the context of BBHs. We provide a
comparison between the two approaches in Appendix B.
The main idea of our method is to generalize Eq. (2) to a

two-body configuration, i.e., to write down the following
system of coupled algebraic equations

φA ¼ QðS;φBÞ
d

;

φB ¼ QðS;φAÞ
d

; ð3Þ

where the r of Eq. (2) is now replaced by the separation
between A and B, indicated by d. Note that the expansion in
1=d can be truncated at leading order for our purposes. The
background scalar field felt by A, which we previously
denoted by φ∞, is now given by the field produced by the
companion object B, and vice-versa. One can search for a
solution of the system of Eq. (3) iteratively. We are
interested in the case in which two BHs without scalar
charge in isolation acquire it in a binary system, which is
the definition of DS [63]. The existence of a solution to
Eq. (3) with nonvanishing scalar charges, at fixed separa-
tion d, would signal DS. To practically carry out this
procedure, one has to first obtain a function QðS;φ∞Þ,
which depends on the specific theory of gravity. The total
entropy of a BBH system, in principle should change as d
evolves. However, the inspiral can be modeled, as a first
approximation, as an adiabatic process. For this reason, we
will assume that the total entropy is fixed at different
separations.
Let us now consider the EsGB action

S ¼ 1

16π

Z
d4x

ffiffiffiffiffiffi
−g

p ½R − 2∂μφ∂
μφþ λ2fðφÞG�; ð4Þ

where φ is the scalar degree of freedom, fðφÞ the coupling
function, and λ the coupling constant, which is the
characteristic length scale of the theory. In this work we
will consider λ to be of the order∼Oð10–100Þ km, which is
the scale for which the inspiral dynamics of compact
objects can be affected by the scalar-GB coupling. On
the other hand, this is consistent with the choice of
neglecting any nontrivial cosmological background for
the scalar field at larger scales, i.e., φ̇ → 0 asymptotically.
This also ensures that the model we are considering is
consistent with observational bounds from the GW propa-
gation speed [92–94]. In this work, we will consider the
coupling function

fðφÞ ¼ 1

2β
ð1 − e−βφ

2Þ; ð5Þ

where β is an arbitrary dimensionless constant.3 This choice
is motivated by the fact that it allows for spontaneous
scalarization of BHs, and the resulting hairy solutions can
be linearly stable [56]. That does not happen for simpler
couplings, e.g., quadratic in φ [75,95]. Moreover, the fact
that this coupling function is not shift-symmetric ensures

3We note that DS with this coupling function was also briefly
studied in [69].
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that different φ∞ represent solutions that are physically
distinct. This would not be the case, e.g., for the choice
fðφÞ ∼ φ. We also stress the fact that the coupling of Eq. (5)
is not motivated as the low-energy limit of UV complete
quantum gravity theories [37], but is mostly justified by
phenomenology at astrophysical scales.
We obtain spherically symmetric BH solutions by

solving the equation of motion (see Appendix A) with a
shooting method, fixing the value of a scalar field at infinity
φ∞, in a manner similar to [54].
As anticipated, we model the inspiral as a quasistatic

process, and we thus need sequences of solutions at
constant entropy, for different values of φ∞, as done in
[69] (see Refs. [72,96–98] for further details on the fixing
of the entropy). In EsGB gravity, the Wald entropy of a
static BH is given by [72,99,100]

SW ¼ AEH

4
þ 4πλ2fðφEHÞ; ð6Þ

where AEH and φEH are, respectively, the area of the event
horizon and the scalar field at that location.
Interpolating sequences of solutions with constant

entropy, we obtain the numerical function QðSW;φ∞Þ,
which we use to iteratively solve the algebraic system given
by Eq. (3). Notice that the scalar charge represents a
physical observable of the system, from which φ∞ can in
principle be reconstructed once the entropy/mass is known.
This further clarifies the physical interpretation of the
asymptotic value of the scalar field in our model.
Typically, the scalar charge around the BHs will slowly

increase with the increase of φ∞. However, for the coupling
(5), we find a rapid increase in the scalar field at some
critical distance between the two BHs. This signals the
presence of a DS effect.
In Fig. 1, we show the behavior of the scalar field at

the BH event horizon, as a function of separation,

normalized by the total ADM mass of the system M
[101], for equal-mass binaries. It can clearly be observed
that an increase in λ=M leads to a larger scalarization
radius dDS. The relation dDSðλ=MÞ is highly nonlinear,
and the scalarization radius diverges as we approach the
limiting value ðλ=MÞ2crit ≡ 0.7255. For larger values of the
coupling, the scalarization radius is infinite, meaning
that BHs are already scalarized in isolation. If one
considers two different component masses m1, m2, such
that ðλ=ð2m1ÞÞ2; ðλ=ð2m2ÞÞ2 < ðλ=MÞ2crit, DS occurs at an
intermediate location between the scalarization radii
corresponding to mass-symmetric systems with both
masses equal to m1 and m2, respectively. This means
that, if the two BHs lie in the mass window for which DS
can occur, the scalarization radius is typically maximized
by equal-mass systems close to the threshold ðλ=MÞ2crit.
For systems in which only one of the two BHs is already

scalarized in isolation, induced scalarization [63] takes
place, which we do not consider in the present work. On the
other hand, the parameter β does not affect the scalarization
radius, but rather the scalar charge excited in the process.
This can be clearly observed in Fig. 2, where we show the
scalar field at the event horizon as a function of the orbital
separation for ðλ=MÞ2 ¼ 0.703 and different values of β.
While DS always occurs at d ≃ 19.75M, the end point of
the scalar field growth is larger for smaller values of β.
In Fig. 3, we show the effect of a mass ratio

q ¼ m1=m2 ≠ 1. The dot-dashed lines depict the case of
q ¼ 0.98, with ðλ=MÞ2 ¼ 0.703. The magenta one repre-
sents the scalar field at the event horizon of the larger BH,
while the blue one indicates the same quantity at the event
horizon of the smaller BH. The continuous lines represent
instead an equal mass system in which the two BH masses
are equal tom1 (magenta) andm2 (blue). In these cases, the
total mass of the system is respectively smaller and larger,

FIG. 1. Scalar field at the event horizon φEH as a function of
separation for β ¼ 800 and different values of λ, computed with
the semianalytic approach described in the main text. The
scalarization radius increases for larger values of the coupling.

FIG. 2. Scalar field at the event horizon (EH) as a function of
separation for ðλ=MÞ2 ¼ 0.703 and different values of β, com-
puted with the semianalytic approach described in the main text.
The scalarization radius is constant, while the scalar charge
increases for decreasing β.
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implying different values of λ=M. As anticipated, one can
notice that in the q ¼ 0.98 case, the scalarization radius lies
between those corresponding to q ¼ 1. Moreover, this
scalarization radius is the same for the two BHs, although
the growth of the scalar field at the two horizons is
different. In particular, the scalar field at the event horizon
of the larger BH (blue dot-dashed line) approaches the
scalar field at the event horizon of one component of
the q ¼ 1 system in which λ=M is smaller (blue line). On
the other hand, the smaller BH in the q ¼ 0.98 system
exhibits a scalar field profile that gets closer to the one of
the system with q ¼ 1 and larger λ=M.

III. NUMERICAL RELATIVITY SIMULATIONS

The semianalytic treatment described in the previous
section is simple but powerful in capturing the leading-
order effects related to DS. Inevitably, though, close to the
merger, which is the true nonlinear part of the evolution, the
semianalytic approximation is expected to fail. Moreover, it
relies on an important assumption, namely that the evolu-
tion is adiabatic, meaning that the timescale for the scalar
field development is much shorter than the characteristic
time of the inspiral. As we will see below, this can easily be
violated for certain ranges of parameters. All this motivates
the study of the problem through NR simulations of the
merger, which can provide the full picture of scalar field
development. This will be the focus of the current section.

A. Numerical setup

For all the simulations in this work, which feature equal-
mass BBHs, we have used the GRFOLRES code [86], which
is an extension of the NR code GRCHOMBO [102]. We have
chosen initial data such that the masses of the individual
BHs are m1 ¼ m2 ¼ 0.5M, where M is an arbitrary code

unit coinciding with the total ADMmass of the system. We
use a computational domain of L ¼ 1024M and N ¼ 160
grid points on the coarsest level (which we change to
N ¼ 128 or N ¼ 192 when running at low resolution or
high resolution, respectively), with 10 levels of refinement
with a refinement ratio of 2∶1, resulting in a finest
resolution of dx ¼ M=80, giving ∼80 grid points across
the BH horizon. We employ adaptive mesh refinement
(AMR), using the tagging criterion explained in Sec. 4 of
[103]. The CCZ4 damping parameters are fixed at κ1 ¼
0.6=M and κ2 ¼ −0.15, the Kreiss-Oliger numerical dis-
sipation coefficient is set to σ ¼ 0.5 (see Ref. [103]). The
modified CCZ4 parameters that we employ are a0 ¼ 0.1
and b0 ¼ 0.2 (see Refs. [84,85] for further details). Note
that these values are slightly different from the ones used in
[89] and in all our previous works, since we have verified
that they minimize the numerical change of the mass of the
system, while still allowing for stable long-term evolution.
This is particularly important for our studies because DS is
very sensitive to changes in the system’s mass. The
convergence of the code is discussed in Appendix C.

B. Initial data

The initial data has been constructed using the
TWOPUNCTURES spectral solver [104], which provides
binary puncture data of Bowen-York type and is integrated
into GRCHOMBO. We have computed the initial momenta of
the punctures at 3PN order following [105]. The list of
simulations presented in this paper is given in Table I.
In the case of DS with a coupling function of the form of

Eq. (5), GR initial data satisfy the constraint equations and
represent a quasistationary equilibrium, because in this
theory φ ¼ 0 is a solution of the field equations. When the
criteria for DS are fulfilled, the GR quasistationary equi-
librium solution is no longer stable, and thus scalar hair
develops. To trigger this nonlinear scalar field development
during the numerical simulations, we have to add a small
seed scalar field. Since the growth of the scalar field for the

FIG. 3. Effect of a slight mass asymmetry (m1=m2 ¼ 0.98) on
the scalar field evolution. Dot-dashed lines show the unequal-
mass case, while solid lines correspond to equal-mass binaries
with individual masses m1 and m2. The scalarization radius is the
same for both BHs and lies between the equal-mass cases, though
the scalar field growth differs at each horizon.

TABLE I. The simulations presented in the paper, including the
coupling parameters ðλ=MÞ2 and β, the initial BH separation
d=M, and the initial pulse Py (note that Px ¼ 0 and Pz ¼ 0 for all
simulations). The ID column indicates the type of scalar field
initial data that was used. The column dDS=M gives the DS radius
based on semianalytic calculations.

ðλ=MÞ2 β d=M Py=M ID dDS=M

(i) 0.688 48 11 0.090189 ID1 11.71
(ii) 0.688 48 13 0.080744 ID1 11.71
(iii) 0.712 800 13 0.080744 ID1 33.25
(iv) 0.712 800 13 0.080744 ID2 33.25
(v) 0.703 32 15 0.080744 ID2 19.75
(vi) 0.703 16 15 0.080744 ID2 19.75
(vii) 0 (GR) … 15 0.080744 ID2 19.75
(viii) 0.703 48 13 0.080744 ID2 19.75
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simulations we have performed is typically slow compared
to the timescale of the merger, we have used two types of
scalar field initial data, to check the consistency of our
results independently of the initial data.
In the first case (ID1), we add a constant scalar field with

an amplitude of 10−5. In the second case (ID2), we add a
scalar field with a Gaussian profile around the two BHs,
with a width of 1M and an amplitude of 10−2. We note that
such scalar field initial data violates the constraints by a
small amount. Ideally, one would start with self-consistent
quasistationary initial data within EsGB with a nonzero
scalar field. Unfortunately, even though there are important
developments in this direction [106,107], such initial data
are still unavailable. This is why we rely on the constraint
damping terms in the equations of motion to eliminate these
constraint violations during the evolution. Indeed, we have
verified that on a timescale of less than 400M, the
constraint violations due to the initial scalar field configu-
ration, as well as the initial gauge settling, are suppressed.
This is demonstrated in Fig. 5 (bottom panel), which will be
analyzed in detail in the next subsection. Moreover, we
have verified that the scalar field evolution, the eccentricity
of the system, as well as the GW dephasing, are largely
unaffected by the exact choice of the initial scalar field data
for the theory parameters considered in the present paper.
Given that we start from a separation between 11M and

15M, the runs provide roughly 8 to 19 orbits before merger.
The eccentricity is relatively low, e.g., attaining roughly a
maximum of 0.006 among all models in Table I.
Furthermore, we have verified that for the simulations
performed in the present paper, DS does not lead to a
noticeable eccentricity increase.

C. Scalar field development in merger simulations

Having discussed the simulation setup, let us focus now
on how DS develops in actual NR merger simulations.
What we have observed in Fig. 1, based on semianalytic
calculations, is a nearly instantaneous development of the
scalar field once the DS radius for these specific values of
the parameters is approached. These calculations assume,
however, a quasiadiabatic evolution. In actual numerical
simulations, it turns out that the scalar field growth time can
be larger than the time to merger.
With the available computational resources and speed

of the code, we are able to simulate a full BBH merger
starting from a maximum separation of roughly 15M.
Therefore, as a first setup, we have considered the first
and second BBH simulations in Table I. They are obtained
for ðλ=MÞ2 ¼ 0.688, β ¼ 48 and initial data ID1, which
constitutes a constant scalar field of 10−5. The threshold for
spontaneous scalarization, i.e., scalarization of isolated
BHs, is ðλDS=MÞ2 ¼ 0.7255 [54,55,95] and, as ðλ=MÞ2
approaches this value, the DS radius tends to infinity. Thus,
ðλ=MÞ2 ¼ 0.688 is relatively far away from this limit, and
the threshold for DS lies at d ¼ 11.71M. Ideally, one

should start the inspiral from a larger distance with a small
scalar field perturbation and let the system evolve. As it
turns out, though, the growth time of the scalar field is too
long, so the evolution is not adiabatic. This is demonstrated
in Fig. 4 (the simulation with d=M ¼ 13, black line).
Clearly, the seed scalar field decreases (after a first
increasing phase) until the orbital separation reaches a
threshold distance of roughly d ¼ 11.71M, corresponding
to the threshold for DS. After that, it starts to increase
nearly exponentially as a function of time. This exponential
growth should last until the scalar field value has increased
enough that nonlinear mechanisms damping the scalariza-
tion set in, saturating to a nearly constant value. This is not
the case here, though, since the growth is too slow and the
scalar field does not have enough time to fully develop.
Instead, the scalar field starts increasing even more rapidly
as the two BHs approach, and it never reaches quasiequili-
brium. The faster increase is explained by the fact that the
growth time of the scalar field gets shorter as the distance
between the BHs decreases.
This picture repeats if we start from a smaller distance,

e.g., d=M ¼ 11 (red line in Fig. 4). Here, instead, the scalar
field starts increasing right away, because at this distance

FIG. 4. The scalar field development for ðλ=MÞ2 ¼ 0.688, β ¼
48 with initial data ID1, i.e., a uniform initial scalar field with an
amplitude of 10−5 throughout all the space. The initial puncture
distance is different for the two simulations, namely d=M ¼ 11
and d=M ¼ 13. Both simulations stop shortly after the merger
when the scalar field drops to zero because the newly formed BH
is too massive to sustain scalar field hair. (top) The average value
of the scalar field at the apparent horizon (AH) of one of the two
BHs as a function of the distance between the BHs throughout
inspiral. When the merger occurs (which happens at t ∼ 1350M),
we compute it instead at the horizon of the remnant. (bottom) The
scalar field as a function of simulation time on a logarithmic
scale.
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DS is already operating. However, again, it does not reach
quasiequilibrium. This is the reason why at merger the
scalar field is different in the two simulations—since no
quasiequilibrium was reached, the final value depends on
the initial data. These numerical results show that the
semianalytic approach developed in the previous section
should be interpreted as an approximation, because it does
not take into account the finite speed of the scalar field
growth. Thus, it is reliable only for setups where the DS
radius is large, and the scalar field has time to fully develop
before merger.
As a next step, let us discuss a model with a larger

coupling strength, namely ðλ=MÞ2 ¼ 0.712 and β ¼ 800
(the 3rd and 4th models in Table I). The motivation behind
this parameter choice is the following: ðλ=MÞ2 is closer to
the threshold of ðλDS=MÞ2 ¼ 0.7255 and, thus, DS occurs
at a larger distance d=M ¼ 33.25, with shorter growth time.
The high value of β ¼ 800 is motivated by the fact that, for
the coupling function (5), higher β leads to smaller scalar
field equilibrium values, which are faster to reach during
numerical evolution.
In Fig. 5, we present the scalar field evolution starting

from d=M ¼ 13. Clearly, this is smaller than the threshold
DS separation listed in Table I. This is done purely for
practical purposes (due to limited computational resour-
ces). Nevertheless, as we will discuss below, one is able to
obtain a reliable scalar field evolution. The middle panel of
the figure demonstrates that for both types of initial data,
the scalar field starts growing exponentially after the initial
settling of the system, because the chosen distance is
shorter than the DS threshold. At a certain point, the
growth is quenched, and the scalar field saturates to a
quasiequilibrium value that increases slowly as the distance
between the two BHs decreases. Even though the path to
reach this quasiequilibrium value is very different for the
two initial data, the scalar fields, once fully developed,
agree perfectly. The lower panel of Fig. 5 also shows the
Hamiltonian constraint, averaged over the whole computa-
tional domain, as a function of time. In addition to the two
EsGB simulations with different initial data, a GR simu-
lation with zero scalar field is also plotted. As can be seen,
even though the initial scalar field profile is not constraint-
satisfying, the Hamiltonian constraint violation is practi-
cally the same in the three cases. This proves that, indeed,
constraints damping is efficient, and the results are reliable.
We conclude this subsection with a comparison between

the semianalytic approach and the NR simulations. This is
an important consistency check, and provides an idea of
how much one can trust the semianalytic predictions,
especially at very large separations where we cannot run
full NR simulations. While at smaller separations some
mismatch between the two predictions is expected, due to
the approximations that the semianalytic computation
requires, it is important to check that the predicted value
of the scalar field right after DS is robust. In fact, due to the

very high computational cost of the NR merger simula-
tions, in the next section, where we will assess the
detectability of DS, we will rely on the semianalytic
calculation. In Fig. 6 we show the scalar field development
in the two cases, for ðλ=MÞ2 ¼ 0.703 and β ¼ 16 (black
dots) and β ¼ 32 (red dots), corresponding to the 5th and
6th simulations in Table I.
It can be clearly observed that when the simulation starts

at a separation smaller than the scalarization radius predicted
semianalytically, the scalar field at the horizon quickly
settles to a quasiequilibrium value and starts growing
slowly.4 This growth agrees well with the one predicted

FIG. 5. The scalar field development for ðλ=MÞ2 ¼ 0.712,
β ¼ 800, and the two types of initial data described before.
Top: the average value of the scalar field at the apparent horizon
as a function of the distance between the BHs. Middle: the scalar
field as a function of simulation time. Bottom: the average value
(with the L2 norm) of the Hamiltonian constraint throughout the
whole space.

4The scalar field settles to a quasiequilibrium more easily in
this case also because the simulations start from a larger
separation. Thus, the distance between the BHs decreases much
slower at d=M ¼ 15 compared to d=M ¼ 13 for example, and the
scalar field has more time to develop.
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semianalytically, represented by the black (β ¼ 16) and red
(β ¼ 32) dot-dashed curves, up to d ≃ 6M, where the
adiabatic approximation begins to break down. This is also
consistent with purely PN considerations, since the next-to-
leading-order correction in a M=d expansion starts being
increasingly relevant at d ∼Oð5–10ÞM. Indeed, for very
small separations, the semianalytic computation tends to
systematically overestimate the scalar field growth.
Moreover, the BBH separation is not a gauge-invariant
quantity and thus the ones extracted from the simulations are
expected to deviate as we get closer to the plunge. On the
other hand, this difference tends to be negligible for d≳ 6M.
We conclude that, at large separations and especially for

d > 10M, the scalar field predicted by the semianalytic
approach is in very good agreement with NR simulations.
While a full inspiral-merger simulation can often be
performed only starting from a distance smaller than
dDS=M, due to the high computational costs, our tests show
that we can safely trust the scalarization radius predicted
semianalytically. We conclude that the semianalytic model
can be a useful and computationally cheap tool for exploring
the behavior of the scalar field at very large separations.

IV. GRAVITATIONAL WAVE STRAIN AND
DEPHASING WITH RESPECT TO GR

In this section, we present the GW strain simulated for
ðλ=MÞ2 ¼ 0.703, β ¼ 32 and d=M ¼ 15 (corresponding to

the 5th case in Table I), for which the scalar field develops
fast and reaches quasiequilibrium. We also compare it with
the strains obtained with β ¼ 16 and with λ ¼ 0 (i.e., GR),
corresponding to the 6th and 7th cases of Table I, respec-
tively. The comparison is shown in Fig. 7, where one can
see a small but observable dephasing of the EsGB wave-
forms from GR. As expected, the phase difference is larger
for lower β. The signals have been aligned in frequency and
phase over a time window ranging from ti ¼ 1800M to
tf ¼ 2200M (the latter shown by the vertical dotted line in
the plot), as done in [91,108]. This time window was
chosen in such a way that the scalar field has fully
developed, i.e., the system had reached quasiequilibrium,
while still one can observe around 13–14 cycles before
merger. The latter value, tf ¼ 2200M, is shown by the
vertical dotted line in the plot. We note that the sign of the
dephasing coincides with the same as expected from PN
calculations, in contrast to what was recently found in [91],
even after performing the alignment in the same way as in
[91]. We attribute this to both a weaker coupling and to the
different dynamics induced by the change of the scalar
charge throughout the inspiral.
Next, we measure the dephasing as a function of

frequency, comparing the same initial data with zero and
nonzero coupling λ. We also compare this with PN
calculations, as it is done in [87,89]. As explained more
thoroughly in [89], we express the orbital phase Ψ, defined
as half the complex phase of the (2, 2) mode of the Weyl
scalar, as a function of the frequency of the GW.
Then we compare those values with the PN expressions

for the orbital phase dephasing up to 2PN order, which

FIG. 6. The average value of the scalar field at the apparent
horizon as a function of distance for a BBH merger with
ðλ=MÞ2 ¼ 0.703 and β ¼ 16 (black dots) and β ¼ 32 (red dots).
The numerical evolution has been started at d=M ¼ 15 due to the
high computational costs, and ID2 is used (a Gaussian scalar field
pulse around the two BHs) in order to shorten the time until the
scalar field has fully developed. We compare these simulations
with the scalar field at the event horizon in the semianalytic
approach for β ¼ 16 (black dot-dashed line) and β ¼ 32 (red dot-
dashed line). Notice that the event horizon and the apparent
horizon coincide in the static limit (implicitly assumed by the
semianalytic approach).

FIG. 7. The l ¼ 2,m ¼ 2mode of the plus polarization for GR,
and for ðλ=MÞ2 ¼ 0.703 (with β ¼ 16 and β ¼ 32), as functions
of the retarded time u ¼ t − r� (lower x − scale), where r� is the
tortoise coordinate, and the distance between BHs in the GR
simulation (upper x − scale). The strain is extracted at a distance
of 140M. The bottom panel shows the dephasing of the EsGB
waveforms with respect to GR in the time domain.
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were also used in [89] and which can be found in
Appendix B of [87], with the following modifications.
Let us denote the PN expressions for the GW dephasing in
the shift-symmetric case of EsGB gravity (i.e., when
fðφÞ ¼ φ) by

ΔΨssðfÞ ¼ Q2
ss

X
i

ciðfð−5þ2iÞ=3 − fð−5þ2iÞ=3
0 Þ; ð7Þ

where ci are some given PN coefficients,5 all of them
independent of the frequency and Qss is the shift sym-
metric theory scalar charge. It is a assumed to be a
constant during evolution and, in the perturbative with
respect to λ regime, it has an analytic expression propor-
tional to the GB coupling λ2. In the DS case, the scalar
charge is no longer a constant but instead it can increase
significantly prior to the merger. Therefore, we can write
an approximate expression for the GW dephasing for the
DS of the form

ΔΨðfÞ ¼
Z

f

f0

Q2ðf0Þ
X
i

−5þ 2i
3f0

cif0ð−5þ2iÞ=3df0: ð8Þ

Here QðfÞ is the scalar charge for the DS case studied in
this paper, for which we use the results from the semi-
analytic computation presented in Sec. II.
In Fig. 8, we show, for both β ¼ 32 and β ¼ 16, the

comparison between GW dephasing computed with the PN
approach and the numerical one. The comparison starts at a
time where the scalar field has fully developed and the two
NRwaveforms in each panel, the GR one and the scalarized

one, are properly aligned following [91] as we discussed
above. Clearly, the total dephasing would be bigger if we
were starting from the DS radius, which is at d=M ¼ 19.75,
corresponding to a frequency of roughly f0M ¼ 0.0036. In
addition, one can notice that the NR dephasing looks very
“noisy.” Clearly, this is not the case in the lower panel of
Fig. 7 where the dephasing is plotted as a function of time.
The somewhat large variations here are caused by inaccur-
acies when extracting the GW frequency from the numeri-
cal data especially for small coupling parameters and thus
relatively small dephasing.
As one can see in both panels, the PN dephasing differs

by a factor of ∼2–3 from the dephasing extracted from the
NR simulation with the same parameters. This mismatch is
similar to one obtained, for instance, in the neutron star DS
studies [60]. While it is important to be aware of this
systematic bias, the PN approach can still be useful for
order-of-magnitude estimates, especially in cases in which
a wide exploration of parameter space is pursued. Indeed,
in the next section, we are going to employ the PN
predictions for estimating the observability of DS at
different BBH masses, since running a full NR simulation
for every mass bin would have had a prohibitive computa-
tional cost.
In Fig. 9, we show the dephasing at different PN orders,

for the same parameters β ¼ 16 and ðλ=MÞ2 ¼ 0.703 as in
Fig. 8, but starting from a larger distance, namely the
scalarization radius dDS. In that case, the NR simulation
results are missing since the computational cost for
calculating a merger starting from dDS is too high. We
see that the total phase difference is about twice larger
compared to the shorter inspiral in Fig. 8. Therefore, even
though the dephasing accumulates very slowly at large
separation, the number of orbits increases significantly as

FIG. 8. Dephasing between GR and EsGB gravity in frequency domain for the simulations presented in Fig. 7 (β ¼ 32 on the left and
β ¼ 16 on the right). We also show the PN prediction for the dephasing calculated at different PN orders. Our results show an agreement
in order of magnitude between the PN dephasing and our nonlinear simulations. The top axis shows the distance between BHs
corresponding to every frequency. The vertical dotted line marks a distance of d=M ¼ 6 roughly below which the PN predictions are not
reliable, according to the results in Fig. 6.

5Note that the definition of ci is slightly different from [87]
because of the different normalizations we use.
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we increase the distance between the BHs and eventually
leads to a non-negligible phase difference.

V. DETECTABILITY

A computationally cheap estimate of the detectability
of DS can be conveniently performed in the frequency
domain. The Fourier transform of the GW strain is
defined as

h̃ðfÞ ¼
Z þ∞

−∞
dte−2πifthðtÞ: ð9Þ

Notice that the GW frequency f is approximately twice the
orbital frequency, at least at the early inspiral stage. The
inspiral part of the GW template in the frequency domain
can be computed analytically by employing the stationary
phase approximation, assuming that the phase varies much
faster than the amplitude of the wave. With this approach,
one obtains in GR [109]

h̃ðfÞ ¼ AðfÞeiΨðfÞ: ð10Þ

The wave amplitude reads

AðfÞ ¼ −
�

5

384

�
1=2 π−2=3M5=6

c

dL
Ff−7=6; ð11Þ

where we introduced the chirp mass Mc ≡Mη3=5, with
η ¼ m1m2=ðm1 þm2Þ being the symmetric mass ratio, and
the luminosity distance dL. The geometrical factor F
accounts for the detector response and the system inclina-
tion with respect to the line of sight. The GW phase can be
estimated in the stationary phase approximation as
[109,110]

ΨðfÞ ¼ 2π

Z
f
df0

�
1 −

f
f0

�
f0

ḟðf0Þ : ð12Þ

The time evolution of the GW frequency ḟ can be
computed analytically at a given PN order, and it is strongly
related to the leading channel of energy radiation.
Due to the presence of scalar charges, BBHs can radiate

energy through both tensor and scalar waves. The leading
order term in the scalar flux is the dipole, which is
proportional to the squared difference of the scalar charges
of the two objects. For this reason, if a BBH system exhibits
a nonvanishing difference of scalar charges at large
separations, this contribution generally dominates, as it
enters at lower PN order, and is therefore less suppressed
with the separation. In particular, comparing the power
emitted through scalar (Ėscal) and tensor (ĖGW) waves at
leading PN order, one finds that the scalar dipole dominates
when [71]

Δα2 ≳ 96

5

GeffM
d

; ð13Þ

where we defined the effective gravitational coupling
Geff ≡ 1þ α2, with α being the dimensionless scalar
charge (see Appendix B), and Δα ¼ α1 − α2. However,
in the case of DS, as discussed in the previous section, the
scalar charges are only excited at separations equal or
smaller than the scalarization radius. At the onset of DS,
these charges are initially very small, and Eq. (13) is
therefore not satisfied. If one moves closer to the plunge,
where scalar charges are larger, the separation on the right-
hand side of Eq. (13) is smaller, and Eq. (13) cannot be
satisfied either.
We therefore do not expect that the scalar dipole

dominates, since either the left-hand side of Eq. (13) is
vanishing or very small (at large separations), or the right-
hand side is very large (at small separations). In other
words, unlike the case of systems with component masses
< 0.587λ (corresponding to a total mass such that
λ=M > ðλ=MÞcrit), for which the scalar charges are already
present in the early inspiral phase, the systems that we are
interested in are practically never dominated by dipole
radiation. Hence, if we do not consider BBHs in which at
least one of the two is already scalarized in isolation, the
maximal deviation from GR is obtained in an equal mass
system with λ=M ≃ ðλ=MÞcrit, i.e., close to the limiting
value of the coupling for which one can have DS. This is
evident from Fig. 3, where we show that even a tiny mass
asymmetry (q ¼ 0.98) drastically decreases the scalariza-
tion radius. In fact, although the system with q ¼ 0.98 and
ðλ=MÞ2 ¼ 0.703 produces a small amount of scalar dipole
radiation, the DS effect is much more visible for the equal-
mass system with ðλ=MÞ2 ¼ 0.717. This further motivates
our choice of performing NR simulations for mass-sym-
metric BBHs.
From now on, we will continue to restrict our analysis to

equal mass systems, i.e., we will fix η ¼ 1=4.

FIG. 9. Dephasing between GR and EsGB gravity in frequency
domain for ðλ=MÞ2 ¼ 0.703, and β ¼ 16, at different PN orders.
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We now want to quantify the observability of the
dephasing produced by DS in comparison to a pure GR
waveform. We will assume that such dephasing is the only
observable signature of DS, while the amplitude of the GW
is always given by Eq. (11), derived within GR.
Furthermore, since we want to set an upper bound for
the observability of DS, we will consider an optimal
geometrical configuration for which F ≃ 1. For a given
detector, characterized by a noise power-spectral density
SnðfÞ, the impact of the GW dephasing can be quantified
by the effective number of cycles, defined as [60]

N e ≡min
δt;δϕ

�
1

2π SNR

�Z
fmax

fmin

df
AðfÞ2ΔΦ2

SnðfÞ
�

1=2
�
; ð14Þ

with ΔΦ ¼ ΔΨþ 2πfδt − δϕ. The minimization over the
time and phase shifts δt and δϕ can be carried out
analytically. We also define the signal-to-noise ratio

SNR≡
�Z

fmax

fmin

df
AðfÞ2
SnðfÞ

�
1=2

: ð15Þ

Let us now introduce the GW frequency corresponding to
the onset of DS, fDS, where a nonzero dephasing with
respect to GR starts accumulating, and the GW frequency
corresponding to the end of the inspiral, fend, i.e., where the
PN approximation starts being unreliable for our choice of
parameters. Then, if the detector that we are considering is
sensitive to a frequency window f∈ ðf1; f2Þ, the integra-
tion limits will be, respectively,

fmin ¼ max ff1; fDSg;
fmax ¼ min ffend; f2g: ð16Þ

The orbital frequency corresponding to a given separation
during the inspiral can be approximately computed through
Kepler’s law

forb ¼
1

2π

ffiffiffiffiffi
M
d3

r
: ð17Þ

As a first-order approximation, one can consider the effect
to be observable if the following criterion is fulfilled
[60,111],

N e ≳ 1ffiffiffi
2

p
π SNR

: ð18Þ

In order to understand the meaning of this condition, let us
recall the definition of Bayes factor (BF) between two
models (in our case GR and EsGB)

BF≡ pðDjEsGBÞ
pðDjGRÞ ; ð19Þ

where p indicates the probability of having a set of
data D, given a model. The effective number of cycles,
in the limit of small deviations from GR, can be related to
the BF as [60]

lnðBFÞ ∼ 2π2SNR2min
θi

fN 2
eg ð20Þ

where minimization is performed over the parameters of the
GW event θi. In practice, we only carry out the minimi-
zation over δt and δϕ, which appear in the definition ofN e,
avoiding the one over the parameters θi, which would be
computationally much more expensive. Thus, our estimate
for the BF has to be interpreted as an upper limit. A more
detailed analysis, also accounting for the minimization over
the system parameters, is beyond the scope of this work.
Furthermore, we expect the minimization over those
parameters to be largely irrelevant for our computation.
In fact, the dephasing between the GR and the EsGB
waveforms due to DS accumulates at d < dDS. Therefore,
shifting, e.g., the masses to offset that phase mismatch
would produce a large difference in the early inspiral.
In conclusion, the criterion of Eq. (18) is approximately

equivalent to requiring that lnðBFÞ ≳ 1, which means
requiring evidence in favor of EsGB with respect to GR
[112,113]. Moreover, Eq. (18) can also be interpreted in
terms of faithfulness of the GW templates in describing the
signal (see, e.g., [111]).
As already anticipated, in the EFT perspective, we are

likely to get the best constraints on the theory at smaller
scales, namely from the late inspirals of stellar mass BHs,
rather than at supermassive scales. For this reason, the most
promising observations of DS are GW detectors targeting
stellar-mass BBHs. So far, LIGO-Virgo observations have
found no evidence for deviations from GR [9,16–18].
However, future LIGO-Virgo-KAGRA (LVK) detectors,
as well as future third-generation ground-based detectors,
will provide more accurate constraints through inspiral-
based tests of gravity. As a representative example, we will
focus on the future ground-based detector Einstein
Telescope (ET), which will target approximately the same
mass-band as LVK, with a much higher sensitivity.
As discussed above, the maximum observable effect is

obtained for an equal-mass BBH system. In order to enhance
the observable effect, we select a relatively small value of β,
namelyβ ¼ 16. In particular, fixing avalue of the coupling λ,
we divide the total mass domain into bins of 1M⊙, and
consider BBHs with total mass such that ðλ=MÞ2 ¼ 0.703,
which translates into λ ∼ 1.24 kmðM=M⊙Þ. This corre-
sponds to the 6th simulation in Table I, which is the case
for which we compared the numerical and analytic dephas-
ing in Fig. 8. Assuming these conditions, we compute the
maximum redshift zmax at which DS is potentially observ-
able, according to the criterion of Eq. (18), and assuming a
ΛCDMuniverse. Then, we repeat the procedure for the next
mass bins, where the ratio λ=M is smaller. This whole
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analysis is performed for five different values of the
coupling, i.e., λ¼ 24.75 km;37.13 km;49.50 km;61.88 km;
74.25 km. These values correspond to tuning the total mass
of theBBH in such away that the condition ðλ=MÞ2 ¼ 0.703
is verified, respectively, for 20M⊙; 30M⊙; 40M⊙; 50M⊙;
60M⊙. Note that, in order to maximize the deviation from
GR, we have chosen the maximum considered mass to be as
close as possible to the current observational limits for
pulsars studied in [47]. The latter yield slightly different
results for different equations of state, ranging from λ≲
21.79 km to λ≲ 50.87 km.
Nevertheless, slightly higher values of λ are also allowed,

as pointed out in [48], where it was shown that strongly
disfavored values start at λ≳ 82.55 km.
Our results for detectability are shown in Fig. 10. It can

be clearly observed that for every value of the coupling λ,
DS is more likely to be observed in a mass range where the
ratio λ=M is close to the limiting value ðλ=MÞcrit, as already
discussed. Moreover, it can be observed that the mass
window in which the effect is visible gets slightly wider as
one moves to higher values of λ. On the other hand, the
observability of the effect is also strongly affected by the
sensitivity curve of the detector, and so at small masses,
where the sensitivity of ET is peaked, the maximum
redshift for which DS is theoretically observable is
much larger.
According to the predictions by LIGO-Virgo

[10,114], we can expect a merger rate density of
∼Oð1–10Þ Gpc−3 yr−1M−1

⊙ for BBHs with component
masses ∼10M⊙. Assuming ΛCDM cosmology, the cosmic
volume corresponding to z ≃ 0.4 is ≃15.64 Gpc3.
Therefore, we can expect a number of ∼Oð101–102Þ
merger events per year in this region. However, only a
very small fraction of these events is going to provide a
good candidate for observing DS. In fact, the estimated
peak of the mass ratio is likely to be around m1=m2 ∼ 0.75,
while only ∼1% − 5% of the events are expected for q >
0.9 [114].
We conclude this discussion by stressing again two

aspects of the results presented in Fig. 10.
(1) Our estimate of zmax must be viewed as an order

of magnitude estimate. In realistic systems, the
geometrical configuration is not optimal, and the
covariances among different astrophysical parame-
ters would further reduce the BF of EsGB with
respect to GR.
On the other hand, as shown in Fig. 8, the PN

approach seems to underestimate the GW dephas-
ing, resulting in a smaller predicted zmax. These two
different biases on the maximum redshift have
opposite sign and are therefore competing.

(2) Figure 10 does not represent the observability of BH
hairs in EsGB in general, but only in the DS
scenario. In other words, for different component
masses and/or different mass ratios, a more

promising observational strategy to test EsGB would
be to look for dipole fluxes [115], due to either
induced or spontaneous scalarization. In fact, as
already discussed, dipole radiation, which is practi-
cally irrelevant for the considered BBH systems
exhibiting DS, represents, in general, the dominant
contribution in a PN expansion, and thus it is
potentially the largest source of deviation from
GR for other ranges of parameters.

VI. CONCLUSIONS

Within the family of ST theories of gravity, some specific
models can evade classical BH no-hair theorems. The most
prominent example is given by EsGB gravity. In this theory,
deviations from GR are typically expected in GW signals
already at the inspiral phase.
In this work, we focus on DS, i.e., the case in which

initially uncharged BHs in a binary system acquire scalar
charges as they reach a critical separation, which we refer to
as scalarization radius. This phenomenon, already known
in the context of neutron stars in the classical ST theories
[60–63], was first shown to occur for BBHs in EsGB in
[69] for values of the coupling parameters close to, but still
below, the threshold for the development of spontaneous
scalarization of isolated BHs.
We implement a simple and computationally inexpensive

semianalytic model, inspired by [63], which allows us to
estimate the behavior of the scalar charges of BBH as
function of separation. The main assumption is that the

FIG. 10. Maximum redshift for which DS is potentially detect-
able with ET, for β ¼ 16 and different values of λ, as a function
of the total mass of the binary. The x-axis is divided in bins of
1M⊙. We considered four different values of λ, such that
λ2=0.703 ¼ ð20M⊙Þ2; ð30M⊙Þ2; ð40M⊙Þ2; ð50M⊙Þ2; ð60M⊙Þ2.
These values correspond, in units of length, to λ ¼ 24.75 km;
37.13 km; 49.50 km; 61.88 km; 74.25 km. We compute the maxi-
mum redshift for the mass bin in which the effect is optimized, and
then for successive mass bins.
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system evolves adiabatically, meaning in this context that
the total Wald entropy is constant. This is a fair assumption
in the early inspiral. We also performed the first fully
nonlinear NR simulations of BBH systems in EsGB gravity
with DS using the recent advances described in [89]. Our
simulations show very good agreement with our semi-
analytic approach, for systems in which the scalarization
radius is large enough, as shown in Fig. 6. It is interesting to
note that, in contrast to previous results in shift-symmetric
sGB gravity [91], in this case we obtained a qualitative
agreement between the PN and NR dephasing with respect
to GR. Namely, the DS binaries merge faster. This can
probably be attributed to the nature of the DS process,
where the system starts from a true GR state and gradually
develops a scalar field as the separation decreases. Another
important difference with respect to [91] is the weaker
scalar charge for the considered dynamically scalarized
binaries.
When the scalarization radius predicted by the semi-

analytic model is smaller than say ≲10–15M, numerical
simulations suggest that the scalar field does not have
enough time to develop. Therefore, DS does not reach
a quasiequilibrium before merger. We interpret this
mismatch between the two predictions—numerical and
semianalytic—as due to the breakdown of the adiabatic
regime, which occurs in the last cycles of the BBH inspiral.
We also semianalytically compute the dephasing

between the GW signal in GR and EsGB in the frequency
domain, generalizing the PN formulas reported in [87], and
finding results within the order of magnitude of the NR
simulations. We finally employ the semianalytically com-
puted dephasing to estimate the observability of DS for
different systems. We used a criterion based on the effective
number of cycles of difference between GR and EsGB.
This approach was inspired by [60], and can be linked to
the definition of Bayes factor. With a simple argument, we
show that the most promising sources for observing DS are
nearly equal-mass BBHs. We conclude that DS will be
potentially observable in this kind of sources with third-
generation ground-based detectors such as ET, in a narrow
mass window around the value corresponding to the
scalarization threshold of isolated BHs.
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APPENDIX A: EQUATIONS OF MOTION
FOR STATIC SPHERICALLY SYMMETRIC

BLACK HOLES

The variation of the action (4) with respect to the metric
tensor and the scalar field, gives, respectively,

Gμν þ Γμν ¼ 2∇μφ∇νφ − gμν∇αφ∇αφ;

∇α∇αφ ¼ −
1

4
λ2f0ðφÞG; ðA1Þ

where ∇μ denotes the covariant derivative and
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Γμν ¼ −Rð∇μψν þ∇νψμÞ − 4∇αψ
α

�
Rμν −

1

2
Rgμν

�
þ 4Rμ

α∇αψν þ 4Rν
α∇αψμ

− 4gμνRαβ∇αψβ þ 4Rβ
μαν∇αψβ; ðA2Þ

with

ψμ ¼ λ2f0ðφÞ∇μφ: ðA3Þ

Since we are interested in static solutions, we can employ
the following ansatz for the metric tensor

ds2 ¼ −e2AðrÞdt2 þ e2BðrÞdr2 þ r2dΩS2 ; ðA4Þ

where dΩS2 is the line-element on the Euclidian two-
sphere. The relevant components of the equations of
motion can then be expressed as

1

r

�
1þ 2

r
ð1 − 3e−2BÞψ r

�
B0 þ e2B − 1

r2
−

4

r2
ð1 − e−2BÞψ 0

r − ðφ0Þ2 ¼ 0;

2

r

�
1þ 2

r
ð1 − 3e−2BÞψ r

�
A0 −

e2B − 1

r2
− ðφ0Þ2 ¼ 0;

A00 þ
�
A0 þ 1

r

�
ðA0 − B0Þ þ 4e−2B

r
½3A0B0 − A00 − ðA0Þ2�ψ r −

4e−2B

r
A0ψ 0

r þ ðφ0Þ2 ¼ 0;

φ00 þ
�
A0 − B0 þ 2

r

�
φ0 −

2λ2

r2
f0ðφÞfð1 − e−2BÞ½A00 þ A0ðA0 − B0Þ� þ 2e−2BA0B0g ¼ 0; ðA5Þ

with ψ r ¼ λ2f0ðφÞφ0. Notice that we employed the
symbol 0 for indicating both the derivative of fðφÞ
with respect to φ, and the derivative of A;B;φ;ψ r
with respect to r. This set of equations can be solved
imposing asymptotic flatness and regularity of the
scalar field at the BH event horizon, which amounts to
requiring

Ajr→∞ → 0; Bjr→∞ → 0; φjr→∞ → 0;

e2Ajr→rEH → 0; e−2Bjr→rEH → 0: ðA6Þ
Finally, the regularity of the scalar field at the event
horizon yields the following boundary condition for its
first derivative

φ0ðrEHÞ¼
rEH
4λ2

f0ðφEHÞ
"
−1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

24λ4

r4EH
ðf0ðφEHÞÞ2

s #
:

ðA7Þ

APPENDIX B: COMPARISON WITH THE WEAK
FIELD EXPANSION

In this section, we compare the result on DS obtained by
numerically solving Eq. (3) with the analytic approach
derived in [69].
In the small scalar field limit, the model of Eq. (5) boils

down to

fðφÞ ¼ φ2

2
−
β

4
φ4 þOðφ6Þ: ðB1Þ

One can define the following dimensionless scalar charge
for an adiabatic sequence of BH solutions, with mass m

α≡ ∂ lnm
∂φ

				
SW

¼ −
Q
m
; ðB2Þ

where the second relation follows from the first law of BH
mechanics.
Taylor-expanding this quantity about φ ¼ 0, one gets

α ¼ s1φþ 1

6
s2φ3 þOðφ5Þ: ðB3Þ

The coefficients si of this expansion are called sensitivities.
The fact that this expansion only includes odd terms, comes
from the Z2 symmetry of the model.
The sensitivities can be extracted from the numerical

sequences of solutions, by fitting them with a cubic
polynomial near φ ¼ 0, and computing the first and third
derivatives. For an equal-mass binary system, the scalari-
zation radius can be estimated as dDS ≃ js1j=2. Moreover,
the dependence of the dimensionless scalar charge on the
separation can be obtained perturbatively in d − dDS. At
leading order, one has [69]

α ≃ −s21

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

3s2 þ s21

s �
1

d
−

1

dDS

�
1=2

: ðB4Þ

The comparison between this analytic estimate and the
prediction obtained through the numerical solution of
the algebraic system of Eq. (3) is shown in Fig. 11.
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The continuous curves represent the nonperturbative
solution, while the dot-dashed lines represent the result
from Eq. (B4). The different colors indicate different values
of β, while the dimensional coupling has been fixed at
ðλ=MÞ2 ¼ 0.703. The comparison shows excellent agree-
ment up to very small separations.

APPENDIX C: CONVERGENCE

We explored the convergence of our simulations by
examining Ψ, defined as half the complex phase of the (2,
2) mode of the Weyl scalar, extracted at r ¼ 140M. Three
different resolutions are considered: N ¼ 128 (low), N ¼
160 (medium), and N ¼ 192 (high). We have chosen a
binary merger simulation with ðλ=MÞ2 ¼ 0.703 and
β ¼ 48, starting from a separation of d=M ¼ 13, corre-
sponding to the 8th row in Table I. The dephasing between
the three resolutions is shown in Fig. 12. The time t0

denotes the beginning of the orbital phase calculation,
which is taken to be 500M to avoid the influence of initial
junk radiation during the gauge settling. As one can see, the
results match well a second-order convergence. Note that
this corresponds to a lower order of convergence than the
one observed in [89], which is due to the fact that we start
with nonconstraint satisfying initial data. However, this
coincides with the same order of convergence that we
would attain if we had solved the constraints using the
initial data solver GRTRESNA [116]. Therefore, we can
guarantee that our simulations are stable and in the
convergent regime.
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