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Figure 7. Inference results from the real data set. Top: comparison of marginal local-parameter posterior moments derived with NRE and HMC. Bottom:

posteriors for the global parameters. See Fig. 5 for more details.
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Figure 8. Variations in rest-frame B and H absolute magnitudes at phase
0 (around maximum), as simulated with the BayeSN trained by M20,
induced by varying each of the free local parameters according to its fiducial
hierarchical prior, with respect to a reference value with 6M = 0, 6; =0,
Ay = 0.1, Ry = 3, € = 0. Numbers along the bottom specify the standard
deviation for the two bands.

into a common-dimensional space; a shared fully connected SN
post-processing subnetwork applied in parallel to the embeddings of
all SNe; and a fully connected summarizer combining the results.
It is as expressive and fast to evaluate and train as conventional
fully connected networks (taking a few hours to converge with
training data generated in ~30mins, in the same ballpark as highly
optimized likelihood codes) but manages to fully extract the relevant
information before overfitting.

In the present work, we have made a number of simplifying
assumptions that do not affect significantly the results in the low-
redshift, fairly small-size, high-signal-to-noise case we consider.
For example, we employ the simplified instrumental model that
summarizes observational uncertainties in a FLUXCALERR; to
properly investigate the impact of measurement-related systematics,
one must introduce calibration parameters (e.g. ZP*') for each data
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point, which would significantly impact runtimes of likelihood-based
methods.'> The same applies to the hierarchical parameters we have
kept fixed in this study: namely, the MW dust law (and its variation
along different lines of sight) and extinction amount and the total
and cosmological redshifts of the supernove. In contrast, with SBI
all extra parameters can be marginalized implicitly by stochastically
sampling them in the simulator, or marginally inferred in the same
way (and at the same time) as the parameters we have already
considered, provided suitable models: e.g. Zhang, Yuan & Chen
(2023) for MW dust and Rahman et al. (2022) for redshifts induced
by peculiar velocities consistent with models of the galactic bulk flow.

Along the same line of thought, one can also consider training
the SN Ia template used to simulate light curves — represented
in BayeSN through W, and X. — together with the properties of
individual SNe Ia (notably, distances used for cosmology). Even
though this is the main reason behind using a hierarchical model, for
BayeSN this is yet to be attempted because of subtleties related to
selection effects. Likelihood-based analyses are thus typically split
in two stages, with the second one (cosmological inference) using a
fixed mean/median SN Ia spectral energy distribution (SED) model.
To SBI, on the other hand, W) and X, are just another set of global
parameters implicitly marginalized in the training data. Sampling
them from the very general priors used by M22 (and successors)
will introduce tremendous and difficult-to-handle variability in the
training data, which, however, can be remedied through high-
dimensional truncated SBI (see, e.g. Anau Montel, Alvey & Weniger
2023; List, Montel & Weniger 2023). Furthermore, SBI opens up the
possibility of using implicit (data-driven) priors and/or SN templates
implemented as neural generative models trained (or fine-tuned)

15Current state-of-the-art analyses (e.g. Brout et al. 2022a, b; Vincenzi et al.
2024) employ a simplistic yet laborious procedure of linear propagation of
systematic ‘uncertainties’ (in fact, offsets) to the final results (e.g. estimates of
cosmological parameters). This can be streamlined and made more principled
with the SBI approach introduced here.
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simultaneously with the inference, as recently done by Alsing et al.
(2024) for galaxy photometry.

Beyond individual objects, numerous qualitative enhancements
of the population modelling of SNa Ia and their hosts have been
explored in the literature. These follow two main threads: considering
correlations of SN properties with those of their hosts, and allowing
for their evolution with time (with redshift used as a proxy). Due to
the high-dimensional nature of the required analysis, confronting
the different models using likelihood-based pipelines has been
cumbersome and reliant mainly on visual inspection of the results
of parameter inference, e.g. comparing the dust-law distributions
of high- and low-mass galaxies or examining trends of inferred
properties with redshift. SBI, however, provides an avenue towards
principled Bayesian model comparison by giving direct access to
marginalized model probabilities (and Bayes factors) even for models
with thousands of dimensions like the one in this study, as recently
demonstrated by Karchev et al. (2023a). Furthermore, amortization
allows for exploring the results as a function of the values of the
underlying parameters on mock data — unthinkable with likelihood-
based methods.

Selection effects and non-la contamination thus remain the two
major hurdles left before a fully-fledged application of SBI to SN Ia
cosmology becomes viable. Accounting for them requires simulating
the way transients are identified and classified into a survey release,
leading to different-sized surveys in the training set and transients
observed in different time/band configurations. One might imagine
two ways to circumvent these problems. One is to take a step back
in the data processing pipeline, simulating and subsequently feeding
in the neural ratio estimator raw telescope images, which have a
set number, order, and characteristics after the survey has been
performed (see, e.g. Sdnchez et al. (2022) for a similar approach but
using the conventional SN cosmology pipeline). This is equivalent
to padding the light curves, which would be the standard approach to
unequal-length sequences in machine learning, and including light
curves for undetected objects. The downside is clear: the network
must learn selection effects and contamination from a prohibitively
large amount of mostly uninformative data. Alternatively, one might
still try to condition the simulator on the observed light curves
of detected objects by smartly modifying the hierarchical priors.
However, this might cause issues when many objects are considered,
as we discuss in Karchev et al. (in preparation).

In light of this, our current approach — conditioning on the number
and order of SN& in a survey and on the number and order of
observations of each SN — has limited prospects of solving selection
effects. In upcoming work, we will demonstrate cosmological in-
ference in the presence of selection effects and variable-length data
by using tools that have already been exploited in the SN literature:
e.g. Gaussian process regression for regularizing the light curves (e.g.
Revsbech et al. 2018; Boone 2019), in combination with cutting-edge
techniques for permutation-invariant SBI (Rodrigues et al. 2021;
Campeau-Poirier et al. 2023; Heinrich et al. 2024; Makinen, Alsing &
Wandelt 2023).

We make use of C1ipppy,'® a Python package based on pyro
(Bingham et al. 2019) and PyTorch (Paszke et al. 2019), for
the probabilistic part of our forward simulator and PyTorch
Lightning (Falcon & The PyTorch Lightning team 2023) for
training the inference network.

19https://github.com/kosiokarchev/clipppy
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APPENDIX A: BAYESIAN VALIDATION AND
FREQUENTIST CALIBRATION

Amortized inference allows validating the coverage properties of
the approximate posteriors (in a Bayesian sense) and producing
confidence regions with exact frequentist coverage, as we detailed in
SICRET Subsection 3.4. Here, we briefly explain the two procedures
and related concepts and implement them, respectively, for Figs Al
and A2.
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Figure A1l. Bayesian P-P plot for global-parameter approximate posteriors
trained for inference from the real data set.

We consider approximate posteriors g(®|d) = 1(0©, d) p(®) eval-
uated for data d simulated from true parameter values @, and the
corresponding credibilities

y(©.d) = / ¢(©]d)d® (AD)
Fe(®q.d)

of highest-likelihood regions (HLRs)!” T'e (@, d) = {® : i(Od) >
i(®y, d)}.

Bayesian validation uses random parameters sampled from the
prior: @y ~ p(®y), and the self-consistency of the prior and data-
averaged posterior — the fact that, when averaged over data sets
sampled from the marginal likelihood p(d) = f p(d|®)p|®)dO,
the exact posterior p(®|d) reverts to the prior p(®):

Epa)[P(O[d)] E/P(Qld)p(d)dd=/P(®,d)dd=p(®), (A2)

and so credibilities computed with ¢g(®|d) — p(®|d) are uniformly
distributed over [0; 1], or equivalently, have a cumulative distribution
Fg(y) = y. On a probability—probability (P-P) plot, depicting F
versus y, this manifests as a diagonal line. If, empirically, Fg(y)
> y, the posteriors g(©|d) are, on average, conservative: i.e. they
cover true values more often than expected. And conversely, Fg(y) <
y implies they are overconfident, i.e. exhibit a greater scatter around
the true value (or, possibly, even a bias) than expected from their
sizes. However, p(®|d) is not the only distribution which has perfect
Bayesian coverage: in fact, using even the prior for ¢(®|d) would
lead to Fp(y) = y.

Instead of averaging over the prior, one can examine the distri-
bution of credibilities, conditioning on a fixed parameter value ®,
which leads to d ~ p(d|©®,) (instead of d ~ p(d)) and so can be used
for frequentist inference. In this scenario, in general, Fi(y|®y) # y
due to the approximate nature of q(®|d) on one hand, as before,
but also because of the influence of a non-uniform prior. Calculating
Fi(y10®y) as a function of @y, e.g. on a grid or by using nearest
neighbours among prior samples (we use the latter), allows one to
derive the required credibility p(®y), for any desired confidence
7, as the 1 quantile of F(y |@): see Karchev et al. (2023a, fig. 3)
for an illustration.

7In SICRET, we instead used highest posterior density (HPD) regions. The
difference is usually imperceptible, especially in well-constrained scenarios,
and in fact any region definition can be used: here we use the approximate
likelihood since it is directly accessible through © and independent of
parametrization, while posterior densities require evaluating the prior density
as well (or density estimation from weighted samples). Of note is also an
alternative method of defining credible regions using distances to random
points (DRP), as described by Lemos et al. (2023), which can, in certain
circumstances, detect a systematic bias in ¢(©|d).
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Figure A2. Calibrated frequentist global-parameter inference from the real CSP data set. As purple lines and coloured surfaces, we show the required credibility
y that achieves 1- or 20 coverage (corresponding to 68.3 and 95.4 per cent in one dimension and ~39 and ~86 per cent in two dimensions), as a function of
the parameter value. Everywhere, the colour axis represents the difference between the required credibility and the confidence level (empirical coverage). In the
top row, using black lines, we depict nominal credibility from the NRE posterior evaluated on the observed data, which is used to derive calibrated 1- and 20
confidence regions, filled in purple. The difference with the approximate posterior is insignificant, but the confidence region thus constructed has guaranteed
coverage.
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