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Abstract: To compare two Gaussian states of the Weyl-CCR algebra of a free scalar
QFT we study three closely related perspectives: (i) quasi-equivalence of the GNS-
representations, (ii) differences of the total energy (on some Cauchy surface), and (iii)
differences between functions of the modular Hamiltonians. (For perspective (ii) we will
only consider real linear free scalar quantum fields on ultrastatic spacetimes.) These three
perspectives are known to be related qualitatively, due to work of Araki and Yamagami,
Verch and Longo. Our aim is to investigate quantitative relations, including in particular
estimates of differences between functions of modular Hamiltonians in terms of energy
differences. E.g., for a suitable class of perturbations of the Minkowski vacuum state of
a massive free scalar field, which have a positive energy density and a finite total energy

E on some inertial time slice, the modular Hamiltonian K satisfies
∥
∥
∥

1

cosh
(
K
2

)

∥
∥
∥

2

HS
≤ 8 E

m .

1. Introduction

C∗-algebras often admit many representations. In order to express the idea that the choice
of representation does not matter, one may consider representations that are pairwise
quasi-equivalent. This condition, which is weaker than unitary equivalence, ensures that
every state that can be described by a density operator in one representation can also
be represented by a density operator in another representation. E.g. in quantum field
theories, especially in curved spacetime, a theory typically admits many representations
that are not unitarily equivalent, but that are, at least locally, quasi-equivalent, so that
the choice of a Hilbert space representation is irrelevant for describing local physics
[Wit22,Ver94].

For a bosonic quantum system satisfying canonical commutation relations (CCR), the
earliest investigation into the equivalence of Gaussian states of the Weyl algebra appears
to be Shale’s work on unitary equivalence of pure states [Sha62]. In the most general
situation, allowing (degenerate) pre-symplectic forms and Gaussian states that need not
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be pure, necessary and sufficient conditions for quasi-equivalence were established by
Araki and Yamagami [AY82]. These general conditions were verified for the class of
Gaussian Hadamard states of a linear real scalar quantum field on bounded regions of
any globally hyperbolic Lorentzian manifold by Verch [Ver94]. It is gratifying to see
that the Hadamard condition ensures local quasi-equivalence, because this condition has
been identified as physically important and these states have finite and smoothly varying
expectation values for the renormalised stress tensor. This class includes ground and
thermal (KMS) states on stationary spacetimes [SV00] and is preserved under scattering
against smooth perturbations in the metric [FSW78]. Because a smooth energy density
on a bounded region integrates to a finite total energy, one expects that a finite change
in energy is insufficient to violate quasi-equivalence.

We will review the conditions of Araki-Yamagami in Sect. 3, together with a recent
development by Longo [Lon22] (see also [CM24]), who found equivalent conditions
in a slightly more limited setting, formulated first in terms of polarisation operators
and then in terms of modular Hamiltonians. The connection to modular theory is of
great interest, because it is closely related to concepts from quantum information theory,
as generalised to quantum field theory. In particular, the relative entropy between two
states can be expressed in terms of relative modular operators, using results of Araki
[Ara75,Ara77].

The relation between quasi-equivalence and modular theory raises the suggestion
that relative entropies (or other quantities that can naturally be formulated in terms of
modular theory) are closely connected to quasi-equivalence of states [Lon25,HL25].
Hence, for free scalar fields, they should also be closely related to energy differences.
This relation between relative entropies and energy differences is similar in nature to the
Bekenstein bound [Bek81].

The purpose of this paper is to establish quantitative relations between the works of
Araki and Yamagami [AY82], Verch [Ver94] and Longo [Lon22] that connect the per-
spectives of quasi-equivalence, finite energy differences and the comparison of modular
operators. In particular, we supplement the existing results by explicit estimates, which
allow us to estimate the difference of suitable functions of the modular Hamiltonians in
two Gaussian states in terms of the difference of their energies. (For a rather different
approach to estimates between modular operators and energy see [MPV22].) The esti-
mates that we present rely on inequalites by Powers and Størmer [PS70], van Hemmen
and Ando [HA80], Kittaneh [Kit87] and Kosaki [Kos98].

To avoid complications in our analysis we will focus on easy applications, rather than
full generality.

We have organised our paper as follows. In Sect. 2 we set the stage by introducing
basic notations and reviewing key constructions relating to the Weyl algebra, Gaus-
sian states, standard subspaces and modular theory. In Sect. 3 we review the quasi-
equivalence results of Araki-Yamagami [AY82] and of Longo [Lon22] and we present
our explicit estimates. Applications to the linear real scalar quantum field will be pre-
sented in Sect. 4, establishing inequalities between differences of functions of modular
operators and differences in energy. This also establishes a relation to the work of Verch
[Ver94] on quasi-equivalence of Hadamard states.

2. Notations and Basic Constructions

In this section we will introduce some notations and general constructions regarding (pre-
)symplectic spaces, one-particle structures, standard subspaces and modular theory, that
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will be used throughout the paper. By a pre-symplectic space (D, σ ) we mean a real
vector space D with an anti-symmetric bilinear form σ defined on it. We speak of a
symplectic space when σ is non-degenerate, i.e. when σ( f, g) = 0 for all g ∈ D implies
f = 0.

To (D, σ ) we can associate aWeyl algebra A [D, σ ], generated by linearly indepen-
dent unitaries W ( f ), f ∈ D, satisfying W ( f )∗ = W (− f ) and the Weyl relations

W ( f )W (g) = e− i
2 σ( f,g)W ( f + g) (2.1)

for all f, g ∈ D. A Gaussian state on A [D, σ ] is a linear functional ω : A [D, σ ] → C

such that

ω (W ( f )) = exp

(

−1

4
μ ( f, f )

)

, (2.2)

where μ is a real inner product on D such that the two-point distribution

ω2( f, g) := 1

2
(μ( f, g) + iσ( f, g)) , (2.3)

extended linearly to the standard complexification of D, defines a Hermitean inner
product by ω2( f̄ , g). Gaussian states can be characterised entirely in terms of their
one-particle structure [Kay78].

A one-particle structure for a pre-symplectic space (D, σ ) is a real-linear map κ :
D → H into a complex Hilbert spaceHwith inner product (, ) such that (i) κ(D)+iκ(D)

is dense in H and (ii) �(κ( f ), κ(g)) = σ( f, g) for all f, g ∈ D. Given a one-particle
structure we can define an inner product μ on D by setting

μ( f, g) := �(κ( f ), κ(g)) . (2.4)

We note that μ and (, ) determine the same norm ‖.‖ on D and that

|σ( f, g)| ≤ ‖ f ‖ · ‖g‖ (2.5)

for all f, g ∈ D, because of |σ( f, g)| ≤ |(κ( f ), κ(g))| and the Cauchy-Schwarz in-
equality.

Conversely, given any inner product μ on D satisfying (2.5) there exists a one-
particle structure κ such that (2.4) holds. This one-particle structure is unique up to
unitary equivalence. We will now briefly recall the construction of κ , because it allows
us to introduce some further useful notations.

By a polarisation operator R on a real Hilbert space KR with inner product 〈, 〉 we
will mean an anti-selfadjoint operator, R∗ = −R, with ‖R‖ ≤ 1. In the case of a one-
particle structure we obtain such a polarisation operator as follows. We can complete D
in the inner product μ to a real Hilbert space, which we will denote by KR,μ. On this
Hilbert space there is a unique, bounded operator Rμ defined by

μ( f, Rμg) := σ( f, g) (2.6)

for all f, g ∈ D. As the notation suggests, Rμ is a polarisation operator.
For any real Hilbert space KR there is a standard complexification K = KR ⊕ iKR

with multiplication by i given by the matrix

(

0 −1
1 0

)

, where the real inner product is
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extended to a Hermitian inner product. K also carries a canonical complex conjugation
� such that �( f + ig) = f − ig when f, g ∈ KR. Any real-linear operator A on KR

can be extended to a complex-linear operator on K that we will denote by the same
symbol. We then have �A� = A and we note that the extension does not increase the
operator norm. In particular, if R is a polarisation operator on KR, then its extension is
also anti-selfadjoint with ‖R‖ ≤ 1 on K and we will write � := i R, which is a self-
adjoint operator with ‖�‖ ≤ 1 and ��� = −�. (When the real Hilbert space and the
polarisation operator are derived from an inner product μ on a symplectic space (D, σ )

satisfying (2.5), we will put a subscript μ on the Hilbert spaces and the operators.)
Given a polarisation operator Rμ on a real Hilbert space KR,μ we let Nμ := ker(1 +

�μ) and Hμ := N⊥
μ in Kμ. Furthermore, we define the real-linear map κ : D → Hμ

by

κ( f ) := √

1 + �μ f . (2.7)

Then, κ is a one-particle structure for (D, σ ) satisfying (2.4).
We now turn our attention to modular theory. Our presentation essentially follows

that of [Lon08, Sec. 2]. A standard subspace of a complex Hilbert space H is a closed,
real-linear subspace H ⊂ H such that H + i H ⊂ H is dense and H ∩ i H = {0}. Given
a standard subspace we can define the Tomita operator

SH : H + i H → H + i H

v + iw �→ v − iw (2.8)

which is well-defined on a dense domain and closed. It has a polar decomposition

SH = JH�
1
2
H , where �H ≥ 0 is themodular operator and JH , themodular conjugation,

is anti-linear. From S2
H = 1 we see that �

1
2
H is invertible with JH�

1
2
H JH = �

− 1
2

H . In
particular, �H > 0 is strictly positive. Also, JH is invertible with J−1

H = J ∗
H and hence

SH = �
− 1

2
H J ∗

H and S∗
H = JH�

− 1
2

H . From �H = S∗
H SH = JH�−1

H J ∗
H and spectral

calculus one then finds JH�
1
2
H J ∗

H = �
− 1

2
H = JH�

1
2
H JH , which implies J ∗

H = JH .

The modular group t �→ �−i t
H is defined in terms of the modular operator and

generated by the modular Hamiltonian

KH := − log(�H ) . (2.9)

We call a standard subspace H ⊂ H factorial iff 1 is not in the point spectrum of �H .
Equivalently, H ∩ H ′ = {0}, where

H ′ := {v ∈ H | �(v,w) = 0 , ∀w ∈ H} (2.10)

is the symplectic complement.
We can relate modular theory to polarisation operators as follows. Given a standard

subspace H ⊂ H we can view KR = H as a real Hilbert space with inner product 〈, 〉 =
�(, ). Furthermore, we can define a polarisation operator R on H by 〈v, Rw〉 = �(v,w)

for all v,w ∈ KR. We let K denote the standard complexification of KR as before and
we note that for all v,w ∈ H we have ‖v + iw‖2

H = ‖√1 + � (v + iw)‖2
K by a short

computation. Because H is a standard subspace, both sides must be non-zero, unless
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v = w = 0. This means that 1+ � is strictly positive and consequently N = {0}, so we
can identify H � K using the unitary map

U : H → K : v + iw �→ √
1 + � (v + iw) (2.11)

for all v,w ∈ H . Note that −1 is not in the point spectrum of � and neither is +1,
because � = −���. Equivalently we have

1 + R2 = 1 − R∗R > 0 . (2.12)

We can express the modular operator in terms of � using the following computation
for all v,w ∈ H :

‖�
1
2
H (v + iw)‖H = ‖SH (v + iw)‖H

= ‖v − iw‖H
= ‖√1 + �(v − iw)‖K
= ‖�√

1 + ��(v + iw)‖K
= ‖√1 − �(v + iw)‖K
=

∥
∥
∥
∥
∥

√

1 − �

1 + �
U (v + iw)

∥
∥
∥
∥
∥K

=
∥
∥
∥
∥
∥
U∗

√

1 − �

1 + �
U (v + iw)

∥
∥
∥
∥
∥H

which implies �
1
2
H = U∗

√

1−�
1+�

U by the uniqueness of the polar decomposition of �
1
2
H .

Hence we find (see also [Lon22, Proposition 2.4] or [CM24, Proposition 2.1])

U�HU
∗ = 1 − �

1 + �
= 1 − i R

1 + i R
,

U∗�U = −i U∗RU = 1 − �H

1 + �H
.

(2.13)

When κ : D → H is a one-particle structure for a pre-symplectic space (D, σ ),
then the closed range H := κ(D) has a dense complexification H + i H in H. H is a
standard subspace iff Rμ satisfies (2.12). In this case, we will use a subscript μ also on
the modular operator.

3. Perturbed States and Quasi-Equivalence

On the pre-symplectic space (D, σ ) we now fix a Gaussian reference state, indicated by
the real inner product μ0 on D. We will consider perturbations μδ of μ0 and consider the
quasi-equivalence of the corresponding Gaussian states, following [AY82] and [Lon22].
We supplement these investigations with some explicit estimates that will be useful for
our applications in Sect. 4.

Hilbert spaces and other constructions from μ0 as in Sect. 2 will be indicated by a
subscript 0. The perturbations that we consider are then of the following form:

μδ ( f, g) := μ0 ( f, (1 + δ) g) , (3.1)
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where we assume that δ is a self-adjoint operator on KR,0 whose form domain contains
D. To ensure that μδ is an inner product we require that 1 + δ > 0 is strictly positive.
We extend δ by complex linearity to K0, where we note that �0δ�0 = δ.

We want to ensure that the inner product μδ on D dominates the pre-symplectic form
σ as in (2.5). This means, equivalently, that 1+δ +�0 defines a Hermitean inner product
on D + i D ⊂ K0, i.e. 1 + δ + �0 ≥ 0. A sufficient condition for this to hold is δ ≥ 0.

In line with our notations in Sect. 2 we let KR,δ denote the Hilbert space completion
of D in the inner product μδ and Kδ its complexification. There is a unitary map Vδ :
Kδ → K0 defined by Vδ f := √

1 + δ f for all f ∈ D. If Rδ denotes the polarisation
operator on Kδ , then we must have σ( f, g) = μ0( f, R0g) = μδ( f, Rδg) and hence

VδRδV
∗
δ = (1 + δ)−

1
2 R0(1 + δ)−

1
2

and similarly

Vδ�δV
∗
δ = (1 + δ)−

1
2 �0(1 + δ)−

1
2 . (3.2)

Note that Vδ�δV ∗
δ is self-adjoint and has norm ≤ 1, because 1 + δ + �0 ≥ 0.

The perturbed state defined by μδ has a well-defined modular operator iff1+�δ > 0,
which is equivalent to 1 + δ + �0 > 0. (A sufficient condition for this to hold is δ > 0.)
Denoting the unitary map relating Hδ and Kδ by Uδ , we then have

VδUδ�δU
∗
δ V

∗
δ = 1 − Vδ�δV ∗

δ

1 + Vδ�δV ∗
δ

by (2.13) and hence

VδUδKδU
∗
δ V

∗
δ = − log

(
1 − Vδ�δV ∗

δ

1 + Vδ�δV ∗
δ

)

= 2 artanh
(

Vδ�δV
∗
δ

)

by an identity for the inverse hyperbolic tangent.
Now we turn to the question of quasi-equivalence of the two Gaussian states on the

Weyl algebra A [D, σ ] determined by μ0 and μδ . In general, we call two states on a C∗-
algebra quasi-equivalent if the GNS-representations they generate are quasi-equivalent,
i.e., if every subrepresentation of the first contains a representation which is unitarily
equivalent to a subrepresentation of the second [Haa12].

Necessary and sufficient conditions for the quasi-equivalence of the two states were
obtained in the general case in [AY82]. The conditions consist of two parts. Firstly, the
norms determined by the inner products μ0 and μδ should be equivalent, which means
that

1 + δ , (1 + δ)−1 ∈ B(K0) (3.3)

must both be in the space B(K0) of bounded operators on K0. Secondly, the difference
√

1 + δ + �0 − √

1 + �0 ∈ L2(K0) (3.4)

must be in the space L2(K0) of Hilbert-Schmidt operators on K0.
When the conditions (3.3) and (3.4) are satisfied, [AY82] extend the quasi-free states

to pure states on the Weyl algebra of a doubled symplectic space and show that these
are unitarily equivalent. This construction simplifies in the case where the states μ0
and μδ have invertible polarisation operators satisfying the additional condition (2.12).
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In this case we may identify H0 := K0,R as a factorial standard subspace of the one-
particle Hilbert space H0. Following [Lon22], the doubled symplectic space can then be
identified as H0 + H ′

0 endowed with the inner product �(, )H0 and with the symplectic
form �(, )H0 , which extends the symplectic form on H0. (This is called the symplectic
dilation in [Lon22].) The completion of this doubled symplectic space w.r.t. its inner
product is H0 as a real Hilbert space. Analogous identifications hold for the perturbed
state. Using the modular conjugations, indicated with the appropriate subscripts, there
is a bijection

T : H0 + H ′
0 → Hδ + H ′

δ

ξ + J0η �→ ξ + Jδη

for all ξ, η ∈ H0. This bijection is symplectic, �(T (ξ1 + J0η1), T (ξ2 + J0η2))Hδ
=

σ(ξ1, ξ2) − σ(η1, η2) = �(ξ1 + J0η1, ξ2 + J0η2)H0 , and it allows us to transport the
structure of the perturbed system to the Hilbert space H0, where we have

�(T ξ, Tη)Hδ
= �(ξ, T ∗Tη)H0

for all ξ, η ∈ H0 + H ′
0.

The results of [AY82] show that the states determined by μ0 and μδ are quasi-
equivalent iff the states determined by �(., .) and �(., T ∗T .) on H0 + H ′

0 are unitarily
equivalent, which, by the results of Shale [Sha62], is equivalent to1

T ∗T − 1 ∈ L2(H0) .

Denoting the polarisation operators of the extended systems by a hat, Longo shows that
this condition is equivalent to

C := T R̂0(T
∗T − 1) = R̂δT − T R̂0

being in L2(H0,Hδ) (as real Hilbert spaces), cf. [Lon22, Proposition 3.10]. Decom-
posing C as operators between H0, Hδ and their real orthogonal complements, and
exploiting the intertwining properties of C with the polarisation operators and modular
conjugations, [Lon22, Theorem 4.2] finds an equivalent expression for the conditions
for quasi-equivalence in terms of the polarisation operators R0 and Rδ , which may be
re-expressed in terms of modular operators. Instead of aiming for the most general set-
ting, we will use the following more special case, which we can directly apply to our
perturbed Gaussian states.

Corollary 3.1 (Longo [Lon22, Corollary 4.4]). Let H be a real Hilbert space w.r.t. two
equivalent normsμk , k = 1, 2, and let Rk be corresponding polarisation operators such
that μ1( f, R1g) = μ2( f, R2g) for all f, g ∈ H. Assume that 1 + R2

1 > 0, 1 + R2
2 > 0

and that R1 and R2 are invertible with R−1
1 − R−1

2 ∈ L2(H). Then, the Gaussian states
determined by μ1 and μ2 are quasi-equivalent iff both

R−1
1

√

1 + R2
1 − R−1

2

√

1 + R2
2 ∈ L2(H) (3.5)

1 More precisely, Shale [Sha62] assumes the existence of a bounded Bogolyubov transformation with a
bounded inverse, i.e. a bounded real linear map B : H0 → H0 with a bounded inverse which preserves
the symplectic form and such that B∗B = T ∗T gives the change in the inner product. If T is not bounded,
then condition (3.3) of [AY82] is violated, so quasi-equivalence (and hence unitary equivalence) must fail for
the purified states. However, assuming (3.3) one can show that T is bounded [AY82,AS71] with a bounded
inverse. Furthermore, if T is bounded, [AY82] prove the existence of the desired Bogolyubov transformation.
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and
√

1 + R2
1 −

√

1 + R2
2 ∈ L2(H) . (3.6)

Remark 3.2. The invertibility of the Rk means that H is a factorial standard subspace
in each of the one-particle Hilbert spaces Hk as constructed in Sect. 2. The square
root of 1 + R2

1 is the positive square root w.r.t. the inner product of μ1 and the square
root of 1 + R2

2 is the positive square root w.r.t. the inner product of μ2. If μ2(., .) =
μ1(., B2.) for a bounded positive operator B with bounded inverse, then R2 = B−2R1

and
√

1 + R2
2 = B−1

√

1 + (B−1R1B−1)2B in terms of the positive square root w.r.t μ1

(cf. [AY82]). Also notice that condition (3.6) appears to be redundant. Indeed, as R1 and
R2 are bounded and R−1

1 − R−1
2 ∈ L2(H), condition (3.5) already implies (3.6). Vice

versa, if we assume that, say, R−1
2 is bounded, then (3.6) implies (3.5), because

R−1
1

√

1 + R2
1 − R−1

2

√

1 + R2
2 =

(

R−1
1 − R−1

2

)√

1 + R2
1 + R−1

2

(√

1 + R2
1 −

√

1 + R2
2

)

(3.7)

will be Hilbert-Schmidt.

Now we want to supplement the above results on quasi-equivalence with some explicit
estimates on the Hilbert-Schmidt norms of the operators involved. For this purpose, we
will use the following known inequalities.

Theorem 3.3 (Powers, Størmer [PS70, Lemma 4.1]). Let A, B be positive operators
over some Hilbert space. Then,

∥
∥
∥

√
A − √

B
∥
∥
∥

2

HS
≤ tr |A − B| . (3.8)

Theorem 3.4 (Generalised van Hemmen-Ando inequality [Kit87, Theorem 5],
[HA80, Prop. 2.1]). Let A and B be positive, bounded operators on some Hilbert space.
For any α ≥ 0 such that

√
A +

√
B ≥ α1 one has

α

∥
∥
∥

√
A − √

B
∥
∥
∥
p

≤ ‖A − B‖p (3.9)

for any p-norm with p ∈ [1,∞].
Theorem 3.5 (Operator AM-GM inequality, cf. [Kos98, Theorem 1 and Appendix A]).
Let A, B, X be bounded operators on some Hilbert space, with A, B positive. For any
unitarily invariant norm ‖ · ‖, one has

∥
∥
∥

√
AX

√
B

∥
∥
∥ ≤ 1

2
‖AX + XB‖ . (3.10)

Note that the arithmetic mean-geometric mean inequality of Theorem 3.5 applies in
particular when ‖ · ‖ is the operator norm, the Hilbert-Schmidt norm or the trace norm.

Condition (3.4) implies that

δ = 1

2

∑

±
(
√

1 + δ + �0 ∓ √

1 + �0)(
√

1 + δ + �0 ± √

1 + �0) (3.11)
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is also Hilbert-Schmidt. To simplify our treatment for μδ and μ0 we will make the
stronger assumptions δ ≥ 0 and

trδ < ∞ . (3.12)

These conditions have the advantage that they do not depend on � and they will be
general enough for our applications in Sect. 4. They imply that both 1 + δ and (1 + δ)−1

are bounded and, by the Powers-Størmer inequality, Theorem 3.3, we have

∥
∥
∥

√

1 + δ + �0 − √

1 + �0

∥
∥
∥

2

HS
≤ tr |(1 + δ + �0) − (1 + �0)| = tr |δ| , (3.13)

so condition (3.4) is also verified. (This observation has been made before, cf. [Buc74,
Appendix B] or [CM24, Section 2.1].) Note that our conditions on δ may not be strong
enough to have a well-defined modular operator.

To avoid confusion, we will take all square roots w.r.t. the reference inner product μ0
and we use the notation Rδ as introduced at the beginning of this section, but omitting
the unitary Vδ , which should not lead to any confusion. We then start with the following
basic estimate.

Lemma 3.6 Let μ0 be an inner product on a pre-symplectic space (D, σ ), defining a
Gaussian state, and μδ a perturbation of μ0 of the form (3.1). If δ ≥ 0 and ‖δ‖p < ∞
for some p ∈ [1,∞], then

‖Rδ − R0‖p ≤ ‖δ‖p . (3.14)

Proof Using ‖R0‖ ≤ 1, ‖(1 + δ)− 1
2 ‖ ≤ 1, ‖AX‖p ≤ ‖A‖ ‖X‖p and the triangle

inequality for the p-norm, we find

‖Rδ − R0‖p =
∥
∥
∥((1 + δ)−

1
2 − 1)R0(1 + δ)−

1
2 − R0(1 − (1 + δ)−

1
2 )

∥
∥
∥
p

≤ 2
∥
∥
∥1 − (1 + δ)−

1
2

∥
∥
∥
p

≤ 2
∥
∥
∥(1 + δ)−

1
2

∥
∥
∥

∥
∥
∥

√
1 + δ − 1

∥
∥
∥
p

≤ ‖δ‖p

by Theorem 3.4 with α = 2. ��
If we only assume 1 + δ > 0 instead of δ ≥ 0, then we can still apply Theorem 3.4 with

α = 1, showing that ‖Rδ − R0‖p ≤ 2‖(1 + δ)− 1
2 ‖ ‖δ‖p.

Sometimes we will also assume that R−1
0 is bounded, which is not implied by our

previous assumptions, but, as we will discuss in Sect. 4, this holds in some relevant
cases. Regarding some of the functions that appear in Longo’s analysis, cf. Corollary
3.1, we then get the following results.2

2 Strictly speaking, to compare with the results in [Lon22] we would need to replace all functions X (Rδ) by

(1+δ)
− 1

2 X (Rδ)(1+δ)
1
2 in order to account for the change in inner product. Note, however, that (1+δ)

1
2 −1

is trace-class in our setting.



285 Page 10 of 20 A. Chialastri, K. Sanders

Theorem 3.7 Let μ0 be an inner product on a pre-symplectic space (D, σ ), defining a
Gaussian state, and μδ a perturbation of μ0 of the form (3.1). If δ ≥ 0 and trδ < ∞,
then,

∥
∥
∥
∥

√

1 + R2
δ −

√

1 + R2
0

∥
∥
∥
∥

2

HS
≤ 2trδ. (3.15)

If we also assume R−1
0 to be bounded, then

tr
∣
∣
∣R−1

δ − R−1
0

∣
∣
∣ ≤ 2

∥
∥
∥R−1

0

∥
∥
∥ trδ , (3.16)

∥
∥
∥
∥
R−1

δ

√

1 + R2
δ − R−1

0

√

1 + R2
0

∥
∥
∥
∥

2

HS
≤ 4

∥
∥
∥R−1

0

∥
∥
∥

2 (

trδ + 2 (trδ)2
)

. (3.17)

Proof Let’s start with condition (3.6). By applying Theorem 3.3,

∥
∥
∥
∥

√

1 + R2
δ −

√

1 + R2
0

∥
∥
∥
∥

2

HS
≤ tr

∣
∣
∣1 + R2

δ −
(

1 + R2
0

)∣
∣
∣ = tr

∣
∣
∣R2

δ − R2
0

∣
∣
∣ . (3.18)

Writing R2
δ −R2

0 = 1
2 (Rδ−R0)(Rδ+R0)+ 1

2 (Rδ+R0)(Rδ−R0) and using ‖Rδ + R0‖ ≤ 2
and the triangle inequality for the trace norm gives

tr
∣
∣
∣R2

δ − R2
0

∣
∣
∣ ≤ 2tr |Rδ − R0| .

Together with (3.18) and Lemma 3.6 for p = 1, this proves the estimate (3.15).
Now assuming R−1

0 to be bounded to prove (3.16) we have

tr
∣
∣
∣R−1

δ − R−1
0

∣
∣
∣ = tr

∣
∣
∣

√
1 + δ R−1

0

√
1 + δ − R−1

0

∣
∣
∣

= tr
∣
∣
∣

(√
1 + δ − 1

)

R−1
0

(√
1 + δ − 1

)

+ R−1
0

(√
1 + δ − 1

)

+
(√

1 + δ − 1
)

R−1
0

∣
∣
∣

≤ tr
∣
∣
∣

(√
1 + δ − 1

)

R−1
0

(√
1 + δ − 1

)∣
∣
∣

+ 2
∥
∥
∥R−1

0

∥
∥
∥ tr

∣
∣
∣

√
1 + δ − 1

∣
∣
∣ .

(3.19)

We can estimate the first term by Theorem 3.5,

tr
∣
∣
∣

(√
1 + δ − 1

)

R−1
0

(√
1 + δ − 1

)∣
∣
∣

≤ 1

2
tr

∣
∣
∣
∣

(√
1 + δ − 1

)2
R−1

0 + R−1
0

(√
1 + δ − 1

)2
∣
∣
∣
∣
,

(3.20)

and again from above by

∥
∥
∥R−1

0

∥
∥
∥ tr

(√
1 + δ − 1

)2 =
∥
∥
∥R−1

0

∥
∥
∥ tr

(

δ − 2
(√

1 + δ − 1
))

≤
∥
∥
∥R−1

0

∥
∥
∥ trδ,

(3.21)
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as δ ≥ 0. The last term in (3.19) can be estimated by
∥
∥
∥R−1

0

∥
∥
∥ trδ as in the proof of Lemma

3.6 for p = 1. Together with (3.19), (3.20) and (3.21), this gives us (3.16).
As noted in Remark 3.2, (3.17) is already implied by (3.15), (3.16) and the bound-

edness of R−1
0 . We get

∥
∥
∥
∥
R−1

δ

√

1 + R2
δ − R−1

0

√

1 + R2
0

∥
∥
∥
∥

2

HS

=
∥
∥
∥

(

R−1
δ − R−1

0

)√

1 + R2
δ + R−1

0

(√

1 + R2
δ −

√

1 + R2
0

) ∥
∥
∥

2

HS

≤ 2

∥
∥
∥
∥

√

1 + R2
δ

∥
∥
∥
∥

2 ∥
∥
∥R−1

δ − R−1
0

∥
∥
∥

2

HS
+ 2

∥
∥
∥R−1

0

∥
∥
∥

2
∥
∥
∥
∥

√

1 + R2
δ −

√

1 + R2
0

∥
∥
∥
∥

2

HS
,

(3.22)

where

∥
∥
∥
∥

√

1 + R2
δ

∥
∥
∥
∥

2

≤ 1 (since R2
δ ≤ 0) and

∥
∥
∥
∥

√

1 + R2
δ −

√

1 + R2
0

∥
∥
∥
∥

2

HS
≤ 2trδ by

Eq. (3.15). The Hilbert-Schmidt norm of R−1
δ − R−1

0 can be obtained from its trace
norm (3.16),

∥
∥
∥R−1

δ − R−1
0

∥
∥
∥

2

HS
≤

(

tr
∣
∣
∣R−1

δ − R−1
0

∣
∣
∣

)2 ≤ 4
∥
∥
∥R−1

0

∥
∥
∥

2
(trδ)2 . (3.23)

Together with (3.22) we get (3.17). ��
Remark 3.8 These estimates were made in terms of trδ, avoiding ‖δ‖, but this is not the
only possible approach. E.g., one could also estimate the left-hand side of Eq. (3.23)
from above by 2 (1 + ‖1 + δ‖) ‖R−1

0 ‖2trδ, which avoids the square of the trace of δ, but
introduces its norm.

It is relevant to note that up to this point we did not make use of condition (2.12), or,
equivalently, 1+�δ > 0, necessary to have a well-defined modular operator. Indeed, the
class of quasi-equivalent states we have considered contains states which admit modular
operators as well as states which do not. If we require the Gaussian state μδ to satisfy
the condition 1 + R2

δ > 0, the estimate of Lemma 3.6 for p = 1 can equivalently be
written as

tr |−i tanh (Kδ/2) − R0| ≤ trδ . (3.24)

Similarly, we can express the estimates of Theorem 3.7 in terms of modular Hamiltoni-
ans.

Corollary 3.9 Let μ0, μδ satisfy the hypotheses of Theorem 3.7, with δ ≥ 0, trδ < ∞
and 1 + R2

δ > 0. Then,
∥
∥
∥
∥

1

cosh (Kδ/2)
−

√

1 + R2
0

∥
∥
∥
∥

2

HS
≤ 2trδ. (3.25)

If R−1
0 is bounded,

tr
∣
∣
∣i coth (Kδ/2) − R−1

0

∣
∣
∣ ≤ 2

∥
∥
∥R−1

0

∥
∥
∥ trδ , (3.26)

∥
∥
∥
∥
i

1

sinh (Kδ/2)
− R−1

0

√

1 + R2
0

∥
∥
∥
∥

2

HS
≤ 4

∥
∥
∥R−1

0

∥
∥
∥

2 (

trδ + 2 (trδ)2
)

. (3.27)
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Proof Note that 1 + R2
δ > 0 iff 1 + �δ > 0 (using ��� = −�), so we see from

(2.13) that Rδ = −i tanh (Kδ/2) is well-defined and we get the functions
√

1 + R2
δ =

(cosh (Kδ/2))−1, R−1
δ = i coth (Kδ/2) and R−1

δ

√

1 + R2
δ = i (sinh (Kδ/2))−1. Then,

the results follow from the estimates of Theorem 3.7. ��
One possible extension of this discussion comes from analysing differences of more

general functions of polarisation operators.

Theorem 3.10 Under the assumptions of Theorem 3.7, we have

‖ f (�δ) − f (�0)‖HS ≤ k ‖δ‖HS .

for any Lipschitz continuous function f on [−1, 1] with Lipschitz constant k.
Proof Because �δ and �0 are self-adjoint, it follows immediately from [Kit85, Corollary
2] that

‖ f (�δ) − f (�0)‖HS ≤ k ‖�δ − �0‖HS .

Lemma 3.6 for p = 2 then yields the result. ��
Even more generally, results of the form

‖ f (A) − f (B)‖p ≤ C ‖A − B‖p ,

with C > 0 finite, are known to exist for Lipschitz functions for 1 < p < ∞ [PS11,
Cas+14]. Similarly, for α-Hölder functions with 0 < α < 1, one has that

‖ f (A) − f (B)‖p ≤ C
∥
∥|A − B|α∥

∥
p

for any p > 0 [AP10,HL25], with C > 0 finite. This allows us to include at least one of
the functions of Theorem 3.7, which are not Lipschitz continous, but f (x) = √

1 − x2

is 1
2 -Hölder continuous. Unfortunately, the constant C in these general estimates for

Lipschitz and Hölder continuous functions is in general unknown and it may not equal
the Lipschitz or Hölder constant.

4. Applications to a Real Linear Scalar Field

In this section, we will specialise to a real linear scalar field ϕ in an ultrastatic spacetime
M = (R×C,−dt2 + h), where (C, h) is a complete Riemannian manifold. We consider
the Klein-Gordon equation (−� + m2) ϕ = 0, which can be written in the form (∂2

t +
Am) ϕ = 0, where Am = −� + m2 is a t-independent differential operator on C. For
any open region O ⊆ C, the symplectic space

(

D(O), σ
)

is given by the space of initial
data

D(O) = C∞
0 (O,R) ⊕ C∞

0 (O,R) , (4.1)

with respect to the symplectic form

σ ( f, g) =
∫

O
( f0g1 − f1g0) dx , (4.2)
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where f = ( f1, f0) , g = (g1, g0) ∈ D(O). When O = C we will write D instead of
D(O).

A Gaussian state ω is determined by a two-point distribution λ2 on M2, which can
equivalently be characterised by its 2 × 2-matrix of initial data on the Cauchy surface
x0 = 0, given by

ω2 =
(

ω2,00 ω2,01
ω2,10 ω2,11

)

=
(

λ2 (x, y) |x0=y0=0 ∂y0λ2 (x, y) |x0=y0=0
∂x0λ2 (x, y) |x0=y0=0 ∂x0∂y0λ2 (x, y) |x0=y0=0

)

.

The initial data are related to an inner product μ by Eq. (2.3).
The classical stress tensor takes the form

Tab [ϕ] = ∂aϕ∂bϕ − 1

2
gab

(

ηcd∂cϕ∂dϕ + m2ϕ2
)

,

and the energy density is the (00)-component,

T00 [ϕ] = 1

2

(

(∂0ϕ)2 + hi j∂iϕ∂ jϕ + m2ϕ2
)

.

For two Gaussian states ω,ω′ the difference between the energy densities can be defined
by a point-splitting procedure, which leads to the expression

εω′,ω(x) = 1

2

{ (

ω2,11 (x, y) − ω′
2,11 (x, y)

)

+

+
( n

∑

i, j=1

hi j (x)∂xi ∂y j + m2
) (

ω2,00 (x, y) − ω′
2,00 (x, y)

) }∣
∣
∣
x=y

,
(4.3)

when the expression in braces is a continuous function of x and y at all points on the
diagonal x = y of C. (Here we use local coordinates (0, xi ), with (xi ) local coordinates
on C.)

4.1. Perturbations of the Minkowski vacuum. We first consider the case where (C, h) is
the n-dimensional Euclidean space Rn and O = R

n . (These results should generalise to
vacuum states in general ultrastatic spacetimes. See also Sect. 4.2.)

The Minkowski vacuum is determined by κ : D → L2(Rn) : ( f1, f0) �→ A
− 1

4
m f1 −

i A
1
4
m f0, which yields

μvac ( f, g) :=
〈

f1, A
− 1

2
m g1

〉

L2(Rn ,R)

+

〈

f0, A
1
2
m g0

〉

L2(Rn ,R)

=
〈

f, X2 g
〉

L2(Rn ,R)⊕2

(4.4)

with

X =
⎛

⎝
A

− 1
4

m 0

0 A
1
4
m

⎞

⎠ . (4.5)
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Comparing with the general notations of Sect. 2 there is an isometry Uvac : Kvac,R −→
L2 (Rn,R)⊕2 given by

Uvac ( f ) = X f , (4.6)

which extends to a unitary Uvac : Kvac −→ L2 (Rn)⊕2 that we denote by the same sym-
bol. Identifying Kvac with L2 (Rn)⊕2 in this way we see from (4.2) that the polarisation
operator is given by

Rvac = U∗
vac

(

0 −1
1 0

)

Uvac . (4.7)

Note that R2
vac = −1. In particular, condition (2.12), used to define a modular operator,

is not satisfied here.
We now consider a deformation of the vacuum state in the sense of Sect. 3. The

operator δ on Kvac,R is related to an operator δL2 = Uvac δU∗
vac on L2 (Rn,R), so that

μδ ( f, g) = 〈

f, X
(

1 + δL2
)

X g
〉

L2(Rn ,R)⊕2 (4.8)

for all f, g ∈ D. The difference of the two-point functions of the perturbed state ωδ and
the vacuum ωvac is then given by the initial data

ω2,δ ( f, g) − ω2,vac ( f, g) = 1

2
μδ ( f, g) − 1

2
μvac ( f, g) = 1

2

〈

f, XδL2 X g
〉

L2 , (4.9)

with f, g ∈ D. We can write δL2 as a 2 × 2-matrix δL2 =
(

δ00 δ01
δ10 δ11

)

acting on

L2(Rn,R)⊕2. For the difference in the energy densities we find the following result,

where we only consider m > 0 for simplicity and we treat A
1
4
m as a diagonal matrix,

(

A
1
4
m 0

0 A
1
4
m

)

, on L2(Rn,R)⊕2.

Proposition 4.1 Assume that m > 0 and that δL2 is a bounded, positive operator on

L2(Rn,R)⊕2 such that A
1
4
mδL2 A

1
4
m is a trace-class operator. Then

Eδ := 1

4
tr

(

A
1
4
mδL2 A

1
4
m

)

≥ m

4
trδL2 .

If in addition the expression in braces inEq. (4.3) forω′ = ωδ andω = ωvac is continuous
in all points on the diagonal of C, then

Eδ =
∫

Rn
εωδ,ωvacd

nx .

Proof To obtain the inequality we estimate

trδL2 = tr

(

A
− 1

4
m (A

1
4
mδL2 A

1
4
m)A

− 1
4

m

)

≤
∥
∥
∥
∥
A

− 1
4

m

∥
∥
∥
∥

2

tr

(

A
1
4
mδL2 A

1
4
m

)

= 4
Eδ

m
, (4.10)

using the fact that Am ≥ m21 > 0, which implies that A−s
m is bounded when s ≥ 0.
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A
− 1

2
m ∂i is bounded for each i = 1, . . . , n, so it follows from our assumptions that the

operators

A
1
4
mδ11A

1
4
m

m2A
− 1

4
m δ00A

− 1
4

m = m2A
− 1

2
m (A

1
4
mδ00A

1
4
m)A

− 1
2

m

−∂i A
− 1

4
m δ00A

− 1
4

m ∂i = (−∂i A
− 1

2
m )(A

1
4
mδ00A

1
4
m)(A

− 1
2

m ∂i )

are all positive and trace-class, where we view the partial derivatives as operators. The
sum

1
2

(

A
1
4
mδ11A

1
4
m + m2A

− 1
4

m δ00A
− 1

4
m +

∑n
i=1(−∂i )A

− 1
4

m δ00A
− 1

4
m ∂i

)

(4.11)

is then again trace class and by (4.9) its integral kernel is the expression in braces in
Eq. (4.3) for the energy density εωδ,ωvac . By our continuity assumption on this integral
kernel and [Bri91, Corollary 3.2] we then find

Ẽδ :=
∫

Rn
εωδ,ωvac dnx

= 1

4
trL2(Rn ,R)

(

A
1
4
mδ11A

1
4
m + m2A

− 1
4

m δ00A
− 1

4
m +

n
∑

i=1

(−∂i )A
− 1

4
m δ00A

− 1
4

m ∂i

)

, (4.12)

Indeed, the results of [Bri91] allow us to weaken the continuity assumption somewhat,
at the cost of additional technical complications.

To show that Ẽδ = Eδ we need to use the cyclicity of the trace, taking special care,
because some of the operators involved are unbounded. We compute

trL2(Rn ,R)

⎛

⎝

n
∑

i=1

(−∂i )A
− 1

4
m δ00A

− 1
4

m ∂i

⎞

⎠ =
n

∑

i=1

trL2(Rn ,R)

(

(−∂i A
− 1

2
m )(A

1
4
mδ00A

1
4
m )(A

− 1
2

m ∂i )

)

=
n

∑

i=1

trL2(Rn ,R)

(

(A
− 1

2
m (−∂2

i )A
− 1

2
m )(A

1
4
mδ00A

1
4
m )

)

= trL2(Rn ,R)

(

(A
− 1

2
m (Am − m2)A

− 1
2

m )(A
1
4
mδ00A

1
4
m )

)

= trL2(Rn ,R)

(

A
1
4
mδ00A

1
4
m − m2A

− 1
4

m δ00A
− 1

4
m

)

.

Combining this identity with (4.12) yields Ẽδ = 1
4 trL2(Rn ,R)

(

A
1
4
mδ11A

1
4
m + A

1
4
mδ00A

1
4
m

)

=
Eδ . ��

Combining Proposition 4.1 with the results of Sect. 3 we find

Theorem 4.2 If m > 0 and δL2 is a bounded, strictly positive operator on L2(Rn,R)⊕2

such that Eδ = 1
4 tr

(

A
1
4
mδL2 A

1
4
m

)

< ∞, then the Gaussian state ωδ determined by μδ is
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quasi-equivalent to the Minkowski vacuum ωvac and we have

tr

∣
∣
∣
∣
i coth

(
Kδ

2

)

− R−1
vac

∣
∣
∣
∣

≤ 8
Eδ

m
, (4.13)

∥
∥
∥
∥
∥
∥

1

cosh
(
Kδ

2

)

∥
∥
∥
∥
∥
∥

2

HS

≤ 8
Eδ

m
, (4.14)

∥
∥
∥
∥
∥
∥

1

sinh
(
Kδ

2

)

∥
∥
∥
∥
∥
∥

2

HS

≤ 16
Eδ

m

(

1 + 8
Eδ

m

)

, (4.15)

Proof Note that Kδ is well-defined, as δL2 is strictly positive and trace-class. The proof
then follows immediately from Corollary 3.9 and Proposition 4.1 together with the fact
that R−1

vac = −Rvac, which implies
∥
∥R−1

vac

∥
∥ = 1 and

√

1 + R2
vac = 0. ��

Note that a different approach to obtain inequalities involving modular operators and
energies has been pursued in [MPV22].

4.2. Thermal states. As a further example, we consider thermal (KMS) states at inverse
temperature β > 0 for a scalar field with mass m > 0. We will assume that C is compact,
to ensure that all thermal states are quasi-equivalent [Ver94]. Note that Am has a pure
point spectrum under this assumption (see e.g. [Jos17,MS67]).

Gaussian Thermal states are given by the inner product

μβ ( f, g) =
〈

f, X coth

(
β

2
A

1
2
m

)

X g

〉

L2(C,R)⊕2
(4.16)

with X as in Eq. (4.5). Using the identity coth
(

β
2 x

)

= 1 + 2
eβx−1

for all x �= 0 we can

view thermal states as perturbations of the vacuum in the context of Sect. 3 with the
operator δL2 = δβ given by

δβ = 2

eβA
1
2
m − 1

(4.17)

as a diagonal 2 × 2-matrix. Notice that δβ > 0 is strictly positive (because Am is) and
trace-class, due to Weyl’s asymptotic formula, cf. [Jos17,MS67]. For similar reasons,

A
1
4
mδβ A

1
4
m = 2A

1
2
m

eβA
1
2
m −1

is also trace-class. We have

�β := Vδβ �δβV
∗
δβ

= (

1 + δβ

)− 1
2 �vac

(

1 + δβ

)− 1
2

= tanh

(
β

2
A

1
2
m

)

�vac

(4.18)
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with �vac =
(

0 −i1
i1 0

)

. We will also write Rβ = −i�β and for the modular Hamilto-

nian we find

Kβ := Vδβ KδβV
∗
δβ

= 2 artanh
(

�β

) = βA
1
2
m�vac (4.19)

using (2.13) and diagonalising the 2 × 2-matrix �vac using the unitary 1√
2

(−i1 i1
1 1

)

.

We now examine the estimates of Theorem 3.7 in this specific setting, where more
explicit computations are possible. For example, from Eq. (4.18) we see that

R−1
β − R−1

vac = i

(

1 − coth

(
β

2
A

1
2
m

))

�vac

and it follows that

tr
∣
∣
∣R−1

β − R−1
vac

∣
∣
∣ = tr

∣
∣
∣
∣
i

(

1 − coth

(
β

2
A

1
2
m

))

�vac

∣
∣
∣
∣

= tr

(

coth

(
β

2
A

1
2
m

)

− 1

)

= trδβ ,

where we recall that the trace is over L2 (C,C). This should be compared with the more
general estimate (3.16), which has an additional factor 2 on the right-hand side. Similarly,
for estimate (3.15),

∥
∥
∥
∥

√

1 + R2
β −

√

1 + R2
vac

∥
∥
∥
∥

2

HS
=

∥
∥
∥

√

1 + R2
β

∥
∥
∥

2

HS

= tr
∣
∣
∣1 + R2

β

∣
∣
∣

= tr

(

tanh

(
β

2
A

1
2
m

) (

1 + tanh

(
β

2
A

1
2
m

))

δβ

)

< 2trδβ

where we used δβ = coth

(

β
2 A

1
2
m

)

− 1 and ‖ tanh

(

β
2 A

1
2
m

)

‖ ≤ 1. Here the inequality

is strict, since 1 − tanh2
( x

2

)

< 2 2
ex−1 , for all x > 0. However, as β → ∞ the left-hand

side converges to 2trδβ . Finally, regarding estimate (3.17),
∥
∥
∥R−1

β

√

1 + R2
β − R−1

vac

√

1 + R2
vac

∥
∥
∥

2

HS
=

∥
∥
∥R−1

β

√

1 + R2
β

∥
∥
∥

2

HS

= tr
(

−R−2
β − 1

)

= tr

(

coth2
(

β

2
A

1
2
m

)

− 1

)

= trδβ

(

δβ + 2
)

≤ 2trδβ +
(

trδβ

)2

where we used tr(A2) ≤ ‖A‖tr(A) ≤ (tr(A))2 for A ≥ 0. This estimate has better
constants than the general form (3.17).
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4.3. Local perturbations of the vacuum. To conclude this section, we will briefly com-
ment on states on a bounded open region O ⊂ R

n in an inertial time slice of Minkowski
space. Here, two issues arise that make the situation noticeably more complicated than
in Sects. 4.1 and 4.2.

Due to the Reeh-Schlieder Theorem (see e.g. [Haa12]), the one-particle Hilbert space
H0 of the Minkowski vacuum remains the same, even if we restrict the theory to the
bounded open region O. The same is not true, however, for the spaces K0,R and K0.

In general, we find for the region O a subspace K(O)
0,R

⊂ K0,R, where the inner product

on the symplectic space D(O) is given by the fractional operators A
± 1

2
m |O, which are

defined as quadratic forms on L2(O) essentially by restricting the integral kernels of

these operators to O × O. It is important to note that the operators A
± 1

2
m |O are not each

other’s inverses.
The change in the inner product also leads to a change in the polarisation operator

R0. Because R0 does not preserve the subspace K(O)
0,R

, the desired polarisation operator

R(O)
0 is not the restriction of R0 to this subspace. Instead, we find a more complicated

expression and, more importantly, we no longer expect to have R2
0 = −1, because the

vacuum restricted to a bounded region is no longer a pure state. Indeed, we generally
cannot expect that ‖(R(O)

0 )−1‖ < ∞, so some of our general estimates from Sect. 3
no longer apply. E.g., it is well-known that a massless free scalar field on the open unit
ball can be conformally mapped to a wedge region, where the Bisognano-Wichmann
Theorem tells us that the modular flow is given by Lorentz boosts [HL82,BW76]. The
generator of this flow has spectrum R, which means that the same is true for the modular
Hamiltonian of the ball [LM23]. Hence, the spectrum of R(O)

0 is [−1, 1] (with 1 and −1
not in the point spectrum) and its inverse is unbounded.

This issue can be avoided if we only consider estimates that do not involve‖(R(O)
0 )−1‖.

However, even in that case there are still difficulties expressing the upper bounds of our
estimates in terms of the energy of a state. Indeed, the change in the inner product also
renders our proof of Proposition 4.1 invalid. The extension of our estimates of Theorem
4.2 to bounded regions will therefore require further investigation.
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