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1 Introduction

Scattering amplitudes in curved spacetimes are difficult to define in the same way as in flat
space. In Anti-de Sitter (AdS) space, the absence of standard asymptotic states prevents a
direct definition of the usual S-matrix. Nevertheless, the AdS/CFT correspondence provides
a precise framework in which questions about bulk scattering can be translated into questions
about boundary correlation functions [1-8].

In this paper we study the four-point function of a scalar operator O in Conformal Field
Theories (CFTs) with weakly coupled AdS duals in large-N expansion. The operator O
is dual to a bulk scalar field ¢. N denotes the large parameter controlling the number of
degrees of freedom of the CFT. The large-N expansion of the CFT correlator is dual to
the loop expansion of Witten diagrams in AdS.

The conformal block decomposition organizes each order in this expansion in terms of the
CFT operators exchanged in a chosen Operator Product Expansion (OPE) channel. Crossing
symmetry then imposes non-trivial constraints on their OPE data. This is the basic logic of
the conformal bootstrap program [9-24] in large-N expansion, and in holographic theories
it gives a way of reconstructing bulk dynamics from CFT data.



At leading order in 1/N, crossing symmetry reconstructs tree-level exchange amplitudes
from the appearance of single-trace operators in the O x O OPE [19]. At one loop, in the
scalar theory dual to a bulk ¢* interaction, the double-trace OPE data at order 1/N 4 can
be reconstructed by crossing symmetry from tree-level input [18].!

This one-loop reconstruction was extended to higher-loop bubble diagrams in [24]. Using
the Lorentzian inversion formula [35], which extracts CFT data from crossed-channel double-
discontinuities, it was shown that at any order in 1/N there is a universal part of the
double-trace OPE data completely fixed by tree-level data. In particular, at order N—2* for
k > 2 this contribution to the anomalous dimensions behaves at large spin ¢ as

logh—2¢

Ye ~ T 2ho (1.1)

where Ap is the scaling dimension of the boundary operator O. It was further shown in [24]
that this contribution admits a diagrammatic interpretation in terms of maximal cuts of (k—1)-
loop bubble Witten diagrams.? Moreover, in Mellin space these maximal cuts were shown to
reduce, in the flat-space limit, to the familiar consecutive unitarity cuts of flat-space bubble
diagrams. This will serve as motivation for the diagrammatic notation we later introduce.

One aim of the present work is to understand what additional structures are generated
in the conformal block expansion once infinite spin sums of double-trace data are treated
carefully. A key point is that such sums can produce behaviours in small cross ratio limit
which is not visible at the level of individual blocks. After applying crossing symmetry, these
terms can have the power law structure expected from the exchange of higher-trace operators.
In this way, higher trace operators appear as a necessary part of the crossing-symmetric
completion of the lower-trace data.

We analyze this mechanism in theories dual to bulk ¢* and ¢3 interactions. For the ¢*
case, at order N8 the crossed image of double-trace spin sums gives rise to quadruple-trace
operators. In the ¢3 case, the same mechanism generates higher-trace sectors, with the k-trace
operators appearing at order N~2* for k > 3. We compute part of the OPE data associated
with these operators, either in closed form in special cases or in a large-spin expansion. This
connects to the problem of understanding multi-particle states in AdS from CFT data [38, 39].

We also introduce a diagrammatic representation for organizing products of OPE data and
the corresponding terms in the conformal block expansion. The diagrams in this representation
contain cuts, but these cuts need not be maximal. They should therefore be distinguished
from the maximal cuts appearing in [24], whose flat-space limit was shown to reproduce
ordinary unitarity cuts. In the more general setting considered here, we will not attempt
to make an explicit relation between our cut diagrams and unitarity cuts. However, this
remains as something to be explored in the future.

The purpose of the diagrammatic representation is to provide a bookkeeping device for
CFT data, and to give both OPE data and terms in the conformal block expansion a more
clear amplitude-like interpretation. In this language, crossing symmetry can be applied to
subsets of terms associated with a given diagrammatic topology, rather than only to the

'Related one-loop double-trace data in ¢* theory have also been computed directly in AdS4 [25] and
AdSs [26]. See also [27-34] for more works on loop physics in AdS using direct AdS computations.
2A similar study in the case of A" = 4 SYM was carried out in [36, 37].



full correlator. This is particularly useful for the higher-trace terms discussed above, whose
origin can be traced to specific crossed-channel spin sums.

At the level of OPE data, the same representation also suggests a natural separation
between different channel contributions. For example as we will see, for scalar exchange,
the asymptotic large-spin solution is naturally associated with the ¢-channel and u-channel
exchange diagram, while the finite-spin part is associated with the s-channel exchange diagram.
We test these assignments by computing one-loop Mellin amplitudes in scalar ¢ + ¢* theory.

The paper is organized as follows. In section 2 we introduce the general tools and method.
We also review the double-trace data associated with bubble diagrams. In section 3 we
study the appearance of higher-trace operators in theories dual to ¢* and ¢> interactions,
and compute part of the associated OPE data. In section 4 we introduce the diagrammatic
representation for products of OPE data and for the corresponding terms in the conformal
block expansion. Appendix A contains technical details on the spin sums used in the main
text. Appendix B reviews Mellin-space conventions and the flat-space limit.

2 Setup and double-trace data

We consider the four-point function of identical scalar primary operators O of scaling dimension
Ap in a four-dimensional CFT. Conformal invariance fixes its spacetime dependence to be

1
(O(21)O(22)O(23)O(24)) = WG(% v), (2.1)
where m?j = (z; — z4)%, and
2 .2 2 .2
w= 12T o a2 T () (1 - g), (2.2)
13724 13724

For identical external operators, crossing symmetry under the exchange 1 <> 3 gives

) = (1) 9w, (23)

v

We decompose the correlator into four-dimensional scalar conformal blocks as [40]

G(u,v) =Y anrgae(u,v),  ane= ooy, (2.4)
Al
with
ga0() = = [kass(kacia () — (= € 9)] (25)
ka(x) = 2° Fa(x),  Fa(z) = 2F1(8, 8,26; ). (2.6)

The sum runs over primary operators appearing in the O x ©@ OPE. Since the external
operators are identical scalars, only even spins ¢ appear.

It will be useful to factor out the leading power of u from a block and define a reduced
block as

A—2¢

gae =1U 2 gay (2.7)



We consider a CFT at large- N expansion. At leading order in the expansion, the four-point
function is that of generalized free field (GFF) theory. Namely,

A
GO (4, v) = 1+ ude + (Z) ° (2.8)

The conformal block decomposition of this correlator contains the identity and the tower
of double-trace operators of the schematic form:

(00,0 ~ OO, - - 0,,0, (2.9)

0

n,

with scaling dimensions A % = 2Ap + 2n + ¢, and corresponding OPE coefficients [4]

0)_2(€—|—1)(2A(9+2n+€—2) Ar—1 ~Ap—1
ne = (A@ — 1)2 CTL ° Cn_&+1, (2'1())
where )
r<Aa A -1
cA = (A+nl@A+n-1) (2.11)
T'(n+ DHI2(A)(2A +2n —1)
Beyond the leading order we expand the correlator as
Glu.v) = GO Lgm ) 2.12
(U,’U)— (U,U)‘Fm (U7U)+W (’LL,U)-F“‘- ( : )
The OPE data of double-trace operators admit a corresponding expansion,
(1) (2 3)
Tng | Tne | Tnge
Ape=200+2n+ 0+ ]CTQJFJ\%JFZ\%JFM’ (2.13)
(1) )
a a
amg:a$;+_§f+ £f+~-u (2.14)

To find the OPE data at each order of the expansion, the main tool we use is the
Lorentzian inversion formula [35]. For identical scalar operators in four dimensions we write

14 (=1)° Lo (2—2)? I _
c(Al) = El) Kate /0 dzdz ( z4z4) Ge+3.A—3(2, 2) dDisc[G(z, 2)], (2.15)
with ko = I(a) The double discontinuity is defined by

2T 1)
dDisc[G(z, 7)] = G(2, 2) — %g%, 5 - %gO(z, 2), (2.16)

where the two analytic continuations are taken around z = 1.

The poles and residues of the function ¢(A, ¢) encode the spectrum and OPE coefficients
of the exchanged operators. Near the pole associated with an operator of dimension A,
and spin ¢, we have

(A, 0) ~ 2Bt (2.17)



Generic exchange. Let U denote a generic primary operator in the O x O OPE of dimension
Ay, spin ly, twist 7y = Ay — £y, and squared OPE coefficient aa,, ¢, . Its direct-channel
contribution to the correlator can be written as

g(U, U) D) AN b uTU/Q gU(U, ’U), (218)

where gy denotes the corresponding reduced block. By crossing symmetry, this contribution
implies a term in the crossed channel

G(u,v) D aay.e, ulo y/2-Ro gu (v, u). (2.19)

Inserting (2.19) into the Lorentzian inversion formula and taking the same limits of [24]
gives the contribution of U to the anomalous dimensions of double trace operators at large
spin expansion. If U first enters the OPE with coefficient of order NP, then its contribution
to the correlator starts at order N~2P. For leading twist, the large-spin anomalous dimension
takes the form

NQP'YO,[ — A(AO)KUaTU) + B(AO7£U57-U) + ( 1 ) ’

T Jroe T+ (2.20)

where J? = ({ + Ap)({ + Ap — 1) is the conformal spin for the leading twist double trace
operator.
The coefficients A and B are given by

F(A@)Z F(2€U +TU)
T(Ao — %) Tty + )

[(ry —2)

YTt - 1>} ’ (2.21)

.A == _QGAU/U

anpey (Do) T2 +1v) { R(Ao, by, 0) (T — 2)]
_ a4y, P(Ao, ) + (222
24 F(AO — TTU)Q F(EU + %)2 (Ao, 1) LT (=) Ty + 1v) ( )
h
where . . )
P(Ap, 7)) =15 — 4100 (1 +3(Aop — 2)A(9) —24 (1 —Ap + 2) , (2.23)
and

R(Do, by, ) = 120% |46 — (rv = 2)% + by (0 = 1) = 3(7F — 4)?
— 405 (—12 — 107y + 1) — Ay (tp — 1)(—12 — 107y + 7()
, ) (2.24)
+ 1280 (r = 2)2(r0 +2) + (78 — 47y — 8)
+ Ly (tp — 1) (7§ — 47 — 8)}

These formulae will be used below both for single-trace and double-trace exchanges.
For the case of single trace exchange, as a simple example, suppose that U = O. Then
p =1, 7y = Ao, and ¢y = 0. Inserting these data in (2.20) gives

()as _ 2ap,00(A0)° 1
0 4 A
r(4e) 77
3 2 (2.25)
 a8000(80)? Ao(Ap — 2) (11AL —10A0 —4) 1 A
JAo+4 )

24F(Ao)4 Ao—l JAo+2



Here apn, 0 = f(29(9(9’ and the superscript “as” denotes the asymptotic large-spin solution.
This solution has infinite support in spin. Crossing symmetry also requires an additional
finite-spin contribution [19]. In section 4, we will distinguish these asymptotic and finite
pieces diagrammatically.

2.1 Bubble data

We now turn to the case in which the exchanged operator U itself belongs to the double-
trace tower. In this case, one should first observe that the result (2.20) vanishes whenever
T — 2A0p € 2Z>(, which precisely corresponds to the bare twists of double trace operators.
The non-trivial contribution appears only after including anomalous dimensions and in general
after summing over the relevant tower of exchanged operators.

For a finite sum of exchanged operators one may freely interchange the double discontinuity
in the inversion formula with the sum. For an infinite tower this is not automatic. Namely:

dDisc | Y “hne| # > _dDisclhnel, Y hne = G(u,v). (2.26)
nt nt

n,fl

Infinite spin sums can generate singularities which are invisible term by term. This mechanism
will be central in section 3, and we discuss some general cases in the appendix A.

A sufficient condition to make the inequality of (2.26) into equality is that the function h,, ¢
has finite support in spin. This will be realized in the example of quartic interaction without
derivative in the bulk. In this case, the tree-level OPE data have support only at spin zero [4],

1) (200 —1)(n+1)(2A0 +n —3)(Ap +n — 1) i
Tt = (Ap —1)(2A0 +2n —3)(2Ap +2n — 1) 96,0, (2.27)
y_1y o0 0
apno = 2(% (%,0%,0) . (2.28)

Therefore, because of the finite support in spin, one may treat each exchanged operator
independently and afterwards sum over the level n.
We introduce the shorthand

7(1()) (0) a“%
) — n,
€n = ]\7;2 , n=aypt NZ (2.29)
We define an effective scalar exchange with
TU =2A0 +2n + €,, Ly =0, apn,.0 = On. (2.30)
This leads to
Now = Jum (2.31)
Yo, = Z J2Bo+r2nt2mten .

n,m>0

The hat indicates that we keep only the contribution determined by tree-level OPE data.
This effective description was briefly discussed in [24] and admits a simple bulk interpreta-

tion. At one loop, the spectral decomposition of the product of the two internal propagators

expresses the bubble Witten diagram as a sum of tree-level scalar exchanges with dimensions



2Ap + 2n [8]. In [24], this picture was extended to higher orders by shifting these dimensions
by the tree-level anomalous dimensions, as in (2.30). As will be seen from the explicit
coefficients below, fum start at order €2. Consequently, expanding

Jen = ¢menlosd (2.32)

generates a term proportional to log"~2J at order N—2¢. This is exactly the leading
logarithmic contribution at that order determined by tree-level OPE data [24].

This term-by-term effective description is valid here because the tree-level data have
finite support in spin, so that the two sides of (2.26) are equal. It cannot, in general, be
extended simply by including 77(32 /N* and higher corrections in the effective dimensions.

Indeed, 7(2)

n,l
discontinuity is then no longer justified.

has infinite support in spin, and the interchange of the spin sum with the double

The analysis of [24] focused on Ap = 2. Here we extend this description to generic Ap
by reporting the first few coefficients fu,. Using (2.21) and (2.22), we find

['(Ap)*T'(2A
foo = =20 ( 60)2 (240 +:0>2, (2.33)
I'(—%)"T'(do+ %)
['(Ap)’T(2A0 + 2
flo = —20[1 ( OZ 2( oF2+ 616) 2 (234)
I(-1-9)"T(Ao+1+9)
So
_ S 9.
Joi 18 oo, (2.35)
where
3 4.2 2 _ _
S0 — zo [2§ — daf — 12A% 30 + 36 Apxo — 1620 — 8] 7 20 = 2Ap 4 co. (2.36)

370—1

The same method can be used to obtain arbitrarily high orders in the large-spin expansion.
Expanding these expressions at large N gives loop-level double-trace data. At one loop,
namely at order N4, we find

(
Yo = J200 3(1 4 2Ap)J2R0+2

5 _ T(280) , Ao[l+ A0 (8~ Ao(T+240))T(240) +0<JQA10+4>- (2.37)

At two loops, this will fix the log J coefficient of the anomalous dimension. Namely:

3
v

_ F(2Ao) (AO — 1)Ao [1+A(’) (11+4A(9(11 —i—Ao))]F(QA@) O< 1 )
logg  J2Ao 3(1 4+ 2Ap)2J200+2 J2Botd )

(2.38)
More generally, the part of the higher-loop OPE data fixed by tree-level input is the leading

logarithmic term in the large-spin expansion [24]. Thus, at order N~2¥ the tree-level data
contribution to the double-trace anomalous dimension completely fixes

(k)

n,l

. 2.39
logk=2J ( )



2.1.1 Subleading twist

So far we have focused mostly on the leading-twist double-trace family [OO]g . In the next
sections we will also need the large-spin behavior of the full tower [OO], . The analysis
of the previous subsection can be systematically extended to subleading twists, but for our
purposes we only need the leading large-spin behavior at fixed n. We therefore briefly recall
the standard large-spin result of [14].

For identical external scalar operators of dimension Ay, the anomalous dimension of
the double-trace operator [O0],, ¢ induced by the exchange of an operator with twist 77/
and spin £y has the leading large-spin form

Yn 1
Yot = ot O( T +2> ; (2.40)

where for the family [0O],,, we use the conformal spin defined as J? = (£ + Ap + n)({ +
Ao +n —1). The coefficient 7, is determined by a finite sum

n
Tn = Z Cn,mLm; (241)
m=0

I'(Ao) )}2(2Ao+n—3)m(—1)”+m n! lr(Ao—l)

2
ey m)] ,(2.42)

(n—m)! 0
and
(20 r ly + )3 . —m. —1 — _w
Lm:_IGCLAUjU ( U+TU) (m+ U+42) FQ m, —m, } €U+AO 27’ 71
L(m+1)2T'(ly + %) l-m—tly -, 1-m—Lly—%

(2.43)
Here we remind that aa, ¢, denotes the squared OPE coefficient of the exchanged operator.
As an example, at n = 0 only the m = 0 term contributes in (2.41), and one finds

F(AO)2 I'(20y + 1v)
T'(Ao— %) Ty +%)°

Yo = _2aAU,£U (2.44)

Let us now specialize this formula to the case of ¢ interaction in the bulk. As discussed
earlier, in order to obtain the effect of tree-level data at all loops, we can consider an effective
exchange with scaling dimension and OPE coefficient given in (2.30). Inserting this into (2.41)
and expanding in 1/N, one finds at order N~*:

@ G 1
Tne = J200 * O<J2Ao+2> ’ (2.45)

where the coefficient {,, can be found in closed form

I'(2Ap +n—3)
I'(n+1)
At order N™%, the result is completely fixed by this effective tree-level exchange. At

Cn=2(1—280) [2A% + (4n — 5)Ap + 2n? — 6n + 3| (2.46)

order N~9, the tree-level data fix only the coefficient of log J in the anomalous dimension.
Therefore we find

(3) G 1
Tn,e ogs  J2ho + O(J2Ao+2> : (2.47)

In the following section, these large-spin data will be inserted into spin sums.



3 Higher-trace operators

At higher orders in the 1/N expansion multi-trace operators appear in the O x O OPE.
Thus, beyond the double-trace sector, one must also keep track of the possible exchange
of higher-trace operators.

A simplification can be obtained by imposing a Zs symmetry under O — —(O. This forbids
operators built from an odd number of O’s in the O x O OPE. This is the situation relevant for
a bulk theory with a ¢* interaction, and is the setup used in [24]. Even in this restricted setup,
higher-trace operators with an even number of single trace constituents appear at subleading
orders in the large-N expansion. However, these operators do not affect the coefficient of the
leading log J in the large-spin expansion of the double-trace OPE data studied in [24].

In this section, we are interested in the OPE data of the higher-trace operators themselves.
We first analyze the appearance of quadruple-trace operators in the ¢* theory. We then
discuss the ¢3 theory, where the Z, symmetry is absent and k-trace operators appear at
order N=2% for integer k > 3.

3.1 ¢* theory
In the Zo-symmetric case, the OPE takes the schematic form

1

O x 0 =1+[00]e+ 57

(OYgos + - (3.1)
Here [(94](1,& 1 denotes a quadruple-trace primary built from four copies of O. The label ¢
denotes its twist level, and I denotes a possible degeneracy label. Unlike in the double-trace
sector, the labels ¢ and ¢ need not specify a unique quadruple-trace primary. At fixed total
twist and spin there can be several independent quadruple-trace primaries, corresponding to
different ways of distributing derivatives among the four single-trace constituents.

The coupling of quadruple-trace operators to the external pair is suppressed by N~4,
provided the quadruple-trace operators are orthogonal to lower-trace families. Therefore their
squared OPE coefficients first contribute to the connected four-point function at order N 8.

We expand the scaling dimension of quadruple-trace operators in large N as

s
A1), ,, =400 +2q + L+ % T (3.2)
and the corresponding squared OPE coefficients as
0 1
Ao, 01 = b]é\’,gél + I;é,%ol +oee (3.3)
After summing over the degeneracy label, we define
bt = D Vo (3.4)
I
batdae = 3 Uytadys (35)
I



So the contribution of quadruple-trace operators to the correlator at order N8 takes

the form
0 _(4
G (u,v) > XZ: bé’g y?hota g((ﬂ) (u,v), (3.6)
q
where
Gano+2g+00(u,v) = w2095 (0 v). (3.7)

We now consider the contribution to the same order coming from the double-trace sector.
Among the various terms, there is in particular

1 2
61,0) > Y % a3 (542) g i (,0). e
n,l

As we reviewed in section 2, we can write

2 Cn,
(wr) = Jiacha (3.9)
p=0

Inserting this into (3.8), each term labeled by (n,p) gives a spin sum of the form
HéQAOij )(z, Z), where Hém) denotes the weighted sum over double-trace conformal blocks at
fixed n defined in (A.1). As shown explicitly in egs. (3.13)—(3.15) below, the part generated
by the infinite spin sum behaves, in the limit 2z — 0 and z — 1, as

ZRotn (1 — 7)Ao+ og? 2. (3.10)
Since in this limit we have v ~ z and v >~ 1 — Zz, this gives
GW (u,v) ~ uProtmyRotrog? . (3.11)
Crossing symmetry then maps this behavior to
GW(u,v) ~ u¥rotPym log? . (3.12)

The power of w in (3.12) cannot come from the direct-channel double-trace sector. Instead, it
matches the power expected from a quadruple-trace block (3.6). Thus we see that crossing
symmetry forces the exchange of quadruple-trace operators in the O x O OPE. This will
become even more clear when we discuss the diagrammatic representation.

3.1.1 OPE coefficient

We now want to find the leading OPE coefficient b((]?g for ¢ = 0. Our strategy is to apply the
Lorentzian inversion formula to G*)(u,v) in the crossed channel. We then identify the poles
of ca ¢ at the positions of the quadruple-trace operators and read off their residues. For this
purpose, the only relevant contribution is the term displayed in (3.8). Using the functions
H,sm)(z, z) defined in (A.1) the contribution in (3.8) can be written as

1
5 log?(2%) nz; Cnp HEROTP) (2 7). (3.13)

,10,



We are interested in the behavior of this expression in the z — 1 limit. In the decompo-
sition of HT(Lm) in (A.2), only the second term is relevant for extracting the crossed-channel
singularity that gives rise to the leading quadruple-trace pole. The first term has the behavior
of an individual conformal block near z = 1, and therefore does not generate the behaviour
of interest. Thus we focus on

11og?(2%)
8 -z

> enp 2™ 2FMT,2 (z) H2R0H0) (7). (3.14)

n,p

Near z = 1, we may replace H,, by P,, which is defined in (A.16). Since the other terms
again have the behavior of individual conformal blocks in this limit. Doing so we find

Yy
(1 - A0)2n0

llog2 z

@y 3

Zn:Cn,o zTn/2FTanz (2) }2(1 _ E)AO + (’)((1 _ E)Ao—f—l) .

(3.15)

Here the coefficients Y, are defined in (A.15). Note that at leading order in (1 — Z) expansion,

only the p = 0 term contributes. In other words, only the leading term in the large-spin
expansion of 4\ is needed b)
pansion of 7, is neede to extract e

Before proceeding, let us comment on the range of validity of this expression. As explained

in the appendix A, the relation used above holds provided
AO —m ¢ ZSO' (316)

In the present case m = 2Ap + p, and therefore this condition excludes integer values of
Ap. This is precisely the case in which the double-trace and quadruple-trace towers can mix
with each other. In what follows then we assume that Ay is non-integer.

We now use crossing symmetry to find the crossed image of (3.15). It is convenient to
define the crossing operator S by
zZ

Ao ~
(1_2)(1_2)) F—21-2). (3.17)

Under this transformation, the limit z — 1 is mapped to the limit z — 0. Acting with S

Sl ) = (

on (3.15), and keeping only the leading term in z we obtain

. 1log?(1 %) z280
(4) 208
G9(z,2) D S 1 b0

no(1—2)"Fr,—2(1—2)Y,. (3.18)
[(1-— Ao)2A0]2 Zn: " 2 "

We may now insert (3.18) into the inversion integral (2.15). In the limit that we are
taking, the z and Z integrals decouple. The z-integral takes the form

/1 dox 5120 2 (3.19)
0 A—(4ho +1) '
Therefore we see that the pole is located at the position of the leading-twist quadruple-trace
operator. The residue of this pole is determined by the remaining z-integral.

We evaluate the z-integral by expanding the summand in (3.18) around z = 1 and
integrating term by term, following the same method as in [24]. This expansion gives the

— 11 —



large-spin expansion of the final result in powers of 1/¢. Therefore, to obtain the first few
terms in the large-spin expansion of b(()og’ it is sufficient to know the coefficients ¢, o for the
corresponding finite range of n.

The coefficients ¢, ¢ can be extracted from (2.45). Namely we have

2T(2A0 +n — 3)?
I'(n+1)2

eno = G2 = 4(1 = 200)? [28% + (4n — 5)Ap + 2n% — 6n + 3| (3.20)

For half-integer values of Ap, the sum over n in (3.18) can be performed exactly. For
example, for Ap = %, we find

. . 36 [32(2(43% — 365) + 725) — 1225
Zm,o (1-2) n+%(1 —2)Y, = — [32( o2 ) ] ) (3.21)

In this case the remaining z-integral in the inversion formula can be performed exactly,
without expanding around z = 1. So the resulting leading quadruple-trace OPE coefficient
for Ap = g is

J(0 _ VA0 4 9)2(0(+9) + 23)°T(0 + 1)
Y2 5) (6 (L + T+ (0+3)

(3.22)

For generic non-integer Ap, the leading large-spin behavior is

b(o) _ \/7?2*4Ao*2€+1r(2AO)2 {1 N 0(1>:| ‘ (323)
Y B [(1 - Do)ano) l

Higher-order terms in the 1/¢ expansion can be obtained systematically by keeping more
terms in the expansion of the summand in (3.18) around z = 1. Thus the leading large-spin
double-trace data are sufficient to fix the leading-twist quadruple-trace OPE coefficient to
all orders in the large-spin expansion. For special half-integer values of Ay, the sum over
n can even be performed in closed form, giving an exact expression for b(()?g.

3.1.2 Anomalous dimension

For quadruple-trace operators, the function ca ¢ in the inversion formula (2.15) has the
following expansion
0
1 bfﬂ? 1

Wy (0 5(1)
MTTNSA_(4Ap+2¢9+0) NIO

+ B
A— (400 +2¢+0)  (A—(4Ap+2q+10))*

(3.24)

() should be extracted from the double pole at the quadruple-

So the anomalous dimension § 0.l

trace position.
The relevant source of this double pole is the following term in the double-trace sector
at order N~10:

1 . d\?%.
GO (u,v) > Z i ag?% ulo+ %fz’ﬁghogJ (logu + 6n> Gno(u,v). (3.25)

nt

— 12 —



Note that the double pole is controlled only by the part of 77(132 which is proportional to

log J (See (A.23)). Therefore, the knowledge of this piece is sufficient to determine the
quadruple-trace anomalous dimension 5(512.
As in the analysis of the OPE coefficient, we restrict our attention to the lowest-twist

quadruple-trace operators. Therefore, in the large-spin expansion
_ Wn,p
Tn Z’Yné‘ Z JAAo+2p” (326)
only the term with p = 0 is needed. From (2.45) and (2.47), we then have

wn0 = —Cy = —Cn,0, (3.27)

where ¢, is given in (3.20).
Using the discussion in appendix A, in particular (A.23), the relevant part of (3.25)
in the limit z — 1 becomes

1 log
8[(1— Ao)mo} z—1

GO (u,v) D an oYn zTﬂ/QFm_Q( ) (1 —2)2° log(1 — 2). (3.28)

We now use crossing symmetry in the form prescribed in (3.17). In the crossed channel,
and in the limit z — 0, this gives

log?(1 —2) 2?2¢logz
8[(1— Ao)an,)? 21700

GO (u,v) > > enoYu (1 2)" Fruzz (1~ 2). (3.29)

In this limit, the z and z integrals in the inversion formula decouple. The z-integral gives

1 4
dz 273" 14280 logz = 5 (3.30)
0 (A — (4Ap + 1))

This produces the expected double pole at the position of the lowest-twist quadruple-trace
operator. Now it remains to evaluate the z-integral, but comparing (3.29) with (3.18) we see
that the z integral is identical to the one for the OPE coefficient. Therefore we find

55 =2. (3.31)

3.2 ¢ theory

We now turn to a bulk theory with a cubic interaction. In the CFT this means that O
itself appears in the O x O OPE, so the Zo symmetry of the previous subsection is absent.
Schematically,

k
Ox0O=1+[00],,+ O+kZBNk(9 rl + (3.32)

Here [Ok]r,g, 7 denotes a k-trace family built out of O, r labels the twist level, and [ is a
possible degeneracy label within that family. Moreover, we assume that, up to order 1/N¢
in the OPE, different trace families do not mix with each other.
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The scaling dimension and squared OPE coefficient of a k-trace operator can be expanded
in large N as

7715;1)21 al(cO)KI
]\’}2 oAk, = e (3.33)

A[Ok]w, =kAo+2r+4+ N2k

As before, we can sum over the degeneracy label and define

a;(f,i,z =>. al(g(,)z,z,f- (3.34)
I
Our goal is to find this coefficient for the leading twist » = 0. The strategy is the same as
in the ¢* analysis. We start from the double-trace part of the conformal block expansion and
isolate the terms which, after the infinite spin sum and crossing, have the correct small-z
behavior to be interpreted as the exchange of k-trace operators.
At order N~2¥ in the correlator, several double-trace terms have this property. Among
them, the term with the highest power of logu is

K

g(k) Qkkl Z an é Ao+n ( 7(172 aS) logk ugn,é(ua U)~ (3.35)

Here 77(112’&5 denotes the asymptotic part of the tree-level anomalous dimension, given in (2.25)
for n = 0.

We expand
(1),as\F dn.p
(%,Z ) - g) JkAo+2p° (3.36)
p>

(m) (

Using the functions Hy ’(z,Zz) defined in appendix A, the contribution in (3.35) can be

written as

1 552 +p
G®(2,2) > Oikk, Zdnp ( )(z,z). (3.37)

Near z = 1, the relevant part of the spin sum is the second term in (A.2), with ]:IT(Lm)(Z)
replaced by pim (2). For generic values of Ay for which (A.16) applies, the leading behavior
as z — 1 selects the term with p = 0, since the terms with p > 0 are suppressed by additional
powers of 1 — Z. We then obtain around z = 1:

loghz (1-— 2)(%_1)AO
2kEN(z — 1) [

G*)(z,2) > — 5 2 dnoYn 2 Frya(2) + - (3.38)

(1-B0)isa|

Applying crossing symmetry and keeping the leading term as z — 0 gives

kA B
6¥)(z,2) > 8" 125 S V(1o Faa(-2). (3.39)
okl 710 [(1 _ A@)mo] z
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Now performing the z-integral of the inversion formula gives:

Lo Ay ko 2
/0 dzz 2 2 = —m. (3.40)

More generally, in the crossed channel, the term labelled by p would be proportional to
2k80/2+P and would therefore produce a pole at A = kAp + 2p + £. Thus, p = 0 selects
the leading-twist k-trace family.

To extract the leading large-spin behavior of the residue, we expand the remaining
summand around z = 1. At leading order this picks the n = 0 term in (3.39). Moreover,
before inserting into the inversion formula, we note that

dDisc|log"(1 — 2)| = 2n2k(k — 1) log" (1 = 2) + -+ - . (3.41)

As was shown in [24], powers of log(1 — Z) in the inversion integral generate the corresponding
powers of log/ in the large-spin expansion. Therefore, although (3.35) is not the only
contribution to the k-trace OPE coefficient, it uniquely determines its leading logh—2¢

behavior. Performing the remaining z-integral, we find

(_1)k’ 21—kAo—2€\/7T‘. (;)*/O)k 1ng72 ¢

0
o - ot sz
(h=2)! [(1 - Ao)so]
2
where 4y can be read off from (2.25) and is given by
2a [(Ap)3
/70: _ Ao,o ( 40) . (343)
()

We remind that this result is written under the no-mixing assumption stated earlier. Namely
for £k < o.

4 Diagrammatic representation

In this section we introduce a diagrammatic notation for organizing the terms that appear
in the conformal block expansion. These diagrams keep track of the combinations of OPE
data multiplying a given conformal block.

The motivation comes from the analysis of bubble diagrams [24]. In that case, it was
observed that a part of the conformal block expansion that is completely fixed by tree-level
data is related to the AdS Bubble diagrams with maximal unitarity cuts. By “maximal”
we mean that the bubble diagram is cut iteratively through all its internal propagators.
Here we extend this observation into a more systematic dictionary. Namely, terms in the
conformal block expansion are represented by cut diagrams. The cuts need not be maximal.
We use vertical cuts to denote direct-channel expansion and horizontal cuts to denote the
crossed-channel expansion.

This construction is closely related to existing holographic unitarity methods [41]. In
these methods, loop-level CFT data are reconstructed from products of lower-order OPE
data. The bulk formulation of [41] gives this factorization a direct diagrammatic meaning.
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Namely, a cut puts internal bulk propagators on shell and factorizes a Witten diagram
into lower-loop subdiagrams.

Our construction starts instead directly from the conformal block expansion. When an
internal cut separates a diagram into subdiagrams, the associated OPE data factorize into
lower-loop data according to a product rule that we will introduce. In this sense, our internal
cuts, whether drawn vertically or horizontally, have the same algebraic behavior as unitarity
cuts. Since the two orientations correspond to different OPE channels, this suggests that
internal vertical and horizontal cuts may be related to bulk unitarity cuts in the corresponding
channels. However, in this work, we do not define the cuts by an on-shell operation in the
bulk, nor do we establish that the internal cuts introduced here are AdS unitarity cuts.

Regardless of this possible bulk interpretation, this diagrammatic notation has two useful
purposes on the CF'T side. First, it provides a more detailed bookkeeping of the CFT data
contributing at a given order in 1/N. Second, it makes it possible to identify crossing-closed
classes of diagrams, namely subsets of terms that are mapped into themselves under crossing.

Let us recall the conformal-block expansion of the four-point function,

A

At
G(u,v) => aneu = gae(u,v). (4.1)
Al
In the large-N expansion we write

1
mg@ (u,v) + - . (4.2)

This is the CFT counterpart of the bulk loop expansion. At each order in 1/N, our goal

1
G(u,v) = G (u,0) + 156V (w,v) +

is to associate the different terms in the conformal-block expansion with diagrams carrying
specified cuts.

4.1 Disconnected contribution
At leading order the correlator is the generalized-free-field correlator,
A u\ 4o ©0), A
GO (u,v) =14 ute + () =14+ ayut G, o(u,v), (4.3)
/l) b
nt

where the sum runs over the double-trace operators [OO],, ;. In this decomposition, the first
term is the identity contribution, and the remaining disconnected pieces are reproduced by
the exchange of the double-trace tower in the direct channel.

In terms of Witten diagrams, we can represent the three disconnected contributions by

GO (u,v) :@ + @ + @ (4.4)

Note that the first diagram admits a vertical cut which does not intersect any propagator.
We interpret this cut as the exchange of the identity operator in the direct-channel OPE,
and we make the following diagrammatic identification

=1. (4.5)
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The other two diagrams admit a two-particle cut. Such a cut represents the exchange of
two-particle states, dual to the double-trace operators [OO|, ;. Thus, for a fixed exchanged
double-trace operator, we make the identification

(=)

This motivates the following shorthand. A dot-cut keeps track of a fixed pairing of the

=a%. (4.6)

n,

n,l

two particles across the cut. For identical external operators, we want the cut to include
the two possible pairings of the external legs on one side of the cut. So we define the
dash-cut in the following way,

| . .

a0 el e

| . .

where

4 2, if the two dot-cut diagrams on the right-hand side coincide, (4.8)
1, otherwise. .

So the factor 8 removes the double counting when the two outgoing pairings give the same
diagram.
Using the dash-cut definition (4.7), the relation (4.6) can be written more simply as

(+) — a0, (4.9)
n,l ,

)

From now on, unless stated otherwise, by a cut we mean a dash-cut. When we need to keep
track of a fixed pairing across the cut, we will explicitly refer to it as a dot-cut.

Two-fold notation. We use two related diagrammatic notations. A diagram inside paren-
theses denotes the OPE data factor multiplying a conformal block. The same diagram
enclosed by a circle denotes the corresponding contribution to the correlator, after summing
over n and . Thus we write

1 -
()= (=) durtuwn), (410
’I'L,Z n,

For the identity contribution, the corresponding OPE coefficient is normalized to one, as
in (4.5). Therefore the disconnected correlator can be written diagrammatically as

/N
GO (u,v) = + () (4.11)
N

The first term represents the identity exchange, and the second term represents the contri-
bution of the double-trace tower in the direct channel.
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Crossing. The crossing operator S defined in (3.17) acts on the circled diagrams, as these
diagrams denote contributions to the correlator. Diagrammatically, we represent this action
by a rotation by 7/2, which also exchanges vertical and horizontal cuts.

At the level of OPE data, such rotation does not change the identification. For instance,

i 0
( | ) =|-4-+-| =d0). (4.12)
n,l

But for circled diagrams, we have for instance,
=5 . (4.13)

With this notation, crossing symmetry equation for the disconnected correlator can be
written diagrammatically as

-
+ = + (===). (4.14)
N

4.2 Higher orders

Let us now move beyond the disconnected contribution. We want to formulate more general
rules for cutting and merging two-particle states, corresponding to double-trace operators
in the CFT.

Before doing so, we recall that multi-particle states in AdS are dual to multi-trace
operators in the boundary CFT [42, 43]. A diagram may admit cuts through one, two, three,
four, or more internal propagators. These cuts therefore signal the exchange of single-trace,
double-trace, triple-trace, quadruple-trace, or higher-trace operators in the OPE. We call
a cut which intersects p-particle propagators a p-particle cut.

In this work we focus mainly on general rules for decomposing two-particle cuts. Other
types of cuts may also appear, and in those cases we treat the corresponding cut diagrams
as building blocks, together with their associated OPE data.

For example, a tree-level single-trace exchange in ¢3 theory contains a one-particle cut

|
M = arp0- (4.15)

which can be identified as

Now let us return to the two-particle cuts. We first consider the case where a two-particle
cut goes through the external legs. In that case we make the following identifications:

0
I I ,
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The superscripts (0) and (1) in the diagrams distinguish two different identifications. The
label (7) distinguishes inequivalent diagrams contributing to the same OPE data, so we have

k k) (i k E)(i
ZYED VANV ED DLty (4.17)
7 7

At tree level, this notation gives the following external two-particle cut identifications:

1)

<) = <) s

| n,f I n,f

. (0) - W

I ) =, ) =
n,l n,¢

i (0) I (1)

D) =, ) s

| n7£ I TL,K

The index i = 1,2, 3 labels the three inequivalent tree-level diagrams shown above.?

At one loop, the same rule gives contributions proportional to aglozfygz and ag%. For

. (0) - (1)
() e () e am
n,l n,l

Product rule. Now we want to consider two-particle cuts which go through internal

example,

propagators. Such a cut splits the diagram into two subdiagrams, which are glued along the
same two-particle state. We denote this gluing operation by ®2.
We define the product rule as:

XY

Xy,
O

X @Y = (4.22)

(0)

nt
the two cut subdiagrams are multiplied.

The division by a, ;, removes the extra free OPE coefficient which is counted twice when

(0)

As a simple check, applying this rule to the disconnected two-particle cut gives ap, o ®2
agz = ag?é, as expected.

A diagram split into f subdiagrams carries a label 7/ = (v1,...,vf), where each entry
specifies which OPE data identification is used for the corresponding subdiagram. Here
v; € {0,1}. We keep only the choices satisfying >, ; < 1. Contributions with Y, ; > 1 can
be absorbed into higher-order OPE data associated with diagrams with fewer cuts.

As a simple example, consider the case of one-loop bubble diagram, in which its internal

two-particle cut factorizes into two tree-level cut diagrams:

D)7 -0 e (3<)7 e

3The separation of the tree-level anomalous dimension into different bulk channels was also considered
in [41].
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For 7 = (0,0), this gives

(SO = (et o () - (). a2
nt

Similarly, for a (r — 1)-loop bubble diagram with maximal internal cuts we have

( ®<) = (a®9)V) @2 @2 (a®))
(4.25)

r factors

— (Y

This is exactly the maximal-cut contribution studied in [24]. This term, through crossing and

inversion formula, is related to an external two-particle cut in the crossed channel. Namely,

_________ (0)
PeeRe@ IRl 426
n,l

Circled diagrams and crossing. As we mentioned earlier, in our construction, a diagram
inside parentheses denotes the OPE data factor multiplying a conformal block, while the
corresponding circled diagram denotes its contribution to the correlator after summing over
the exchanged double-trace operators.

Let I'. be a diagram with a given two-particle cut denoted by c. We denote the cor-
responding OPE data factor by

(Te)b s (4.27)

Here U specifies the OPE data assignment associated with the subdiagrams produced by the
cuts. Schematically, this factor is a product of OPE coefficients and anomalous dimensions
of the form

(T ~al TT (i)™ (4.28)

m>1

The integer w,, counts how many factors of the order 1/N?™ anomalous dimension appear
in this term, and s denotes the order of the OPE coefficient. Both s and the w,, are fixed
by the diagram and by the choice of .

The corresponding contribution to the correlator is obtained by inserting this OPE data
into the conformal-block expansion. Therefore, the associated circled diagram is defined by

Bon ()7 (log u + 8,)"
@ ZU © nemgné( v), (4.29)

where Q = > <1 wn.
We can also sum over different 7/ assignments and define

o) = Z @ (4.30)

Z/GN
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Here N (T'.) denotes the set of inequivalent allowed assignments. assignments which give
exactly the same OPE data factor, are identified and should not be counted separately.
The full correlator at order 1/N?* can then be organized as a sum over cut diagrams,

P = 3 Y QV?@ (4.31)

TeDk) ceCy(T)

Here D*) denotes the set of connected diagrams contributing at order 1/N?*, and C,(T)
denotes the set of inequivalent allowed vertical cuttings of a fixed diagram I'. If two cuts give
the same contribution to the conformal-block expansion, we keep only one representative.
The factor 8,(I") is the dash-cut symmetry factor defined in (4.8), evaluated for the vertical
pairing. Therefore 8,(I")/2 removes the overcounting from diagrams related only by this
pairing exchange.

Crossing maps vertical cuts to horizontal cuts. Therefore the usual crossing equation
for the full correlator can be written diagrammatically as

. 2 gvér)®: ooy ghg)@. (4.32)

reDk) ceCy (T) reDk) ceCy(T)

Here Cy,(T") is defined analogously as the set of inequivalent allowed horizontal cuttings, and
8, (") is the same dash-cut symmetry factor evaluated for the horizontal pairing.

Eq. (4.32) is simply the standard crossing relation rewritten in terms of cut diagrams.
The advantage of the notation is that it allows us to ask a sharper question, whether crossing
can be imposed on smaller classes of diagrams, rather than only on the full correlator.

With the diagrammatic representation, we can write a subset of correlator corresponding
to a subset of diagrams which are closed under crossing. For identical external particles one
can take a fixed topology and sum over its channel realizations to obtain a crossing-symmetric
combination. Therefore we can write

3, (T
Gy =Y ¥ (2)@, (4.33)
TVe[l] ceCy (1)

where [I'] denotes the crossing orbit of a diagram I', namely the set of diagrams obtained
from I' by permuting the external points. If this orbit is closed under crossing, then we
expect a relation of the form

Z Z §v(2F,) @ _ Z Z §h(2rl) @ ) (4‘34)

€[l ceCy (T) V€[l c€Ch ()

At tree level, this gives two independent crossing equations for the contact and exchange
topologies, which can be diagrammatically represented as

@:®. (139
@+®+@:@+@+@. (130
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We know that (4.35) and (4.36) hold true, for example from [19]. However, (4.34) can generate
more interesting crossing relations at higher orders. For example, at two loops in ¢* theory,
the 2-bubble topology is not the only topology contributing to the correlator. Nevertheless,
its crossing orbit forms a crossing-closed class by itself. We can therefore write

Q- DO

4.3 Crossing and inversion formula

In the previous subsection we organized crossing at the level of crossing-closed orbits. For a
diagram topology I', we wrote the corresponding orbit contribution after summing over all
channel realizations I € [I'] as (4.33). We now want to refine this organization by keeping a
single channel realization I''. This cannot be achieved directly using dash-cuts, since dash-cuts
can mix different channel realizations. Therefore, to isolate a fixed IV, we use dot-cuts.

We write
Gro(u, v) = z @ (4.38)

CEC

where C,(I") denotes the set of vertical dot-cuts on I".

Equation (4.38) should be understood as an auxiliary representation. The left-hand side
is the ordinary Witten diagram associated with the fixed channel realization I'. But the
right-hand side is not written in the meaningful dash-cut dictionary of the conformal-block
expansion. We remind that individual dot-cuts do not directly correspond to the OPE data.
However, this representation is still useful because the dot-cuts keep track of the pairings
explicitly and can later be recombined into dash-cuts.

We can now use this auxiliary representation to write a refined crossing relation. Since
Grs(u,v) is the ordinary Witten diagram in a fixed channel, crossing acts on it in the usual
way. In the dot-cut representation this gives

3 @ > @ (4.39)

¢eCy(T) éeCy (1)
Here Ch(F’ ) denotes the set of horizontal dot-cuts. This equation should still be understood
as an auxiliary statement, since the dot-cut terms do not directly translate into the conformal-
block expansion.
However, in many cases the dot-cut equation can be rewritten by replacing the dot-cuts
with the meaningful dash-cuts, up to external horizontal cuts. For example, for the exchange
diagram one obtains relations of the schematic form:

= + [external horizontal cuts]. (4.40)

- p = [external horizontal cuts]. (4.41)
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Diagrams with external horizontal cuts have vanishing double discontinuity in the crossed
channel. Hence they can be ignored when applying the inversion formula. Therefore, to
read off the OPE data associated with a given vertical cut, we apply the inversion formula
to the possible internal horizontal cuts.

If a diagram does not admit any internal horizontal cut, as in (4.41), then the corresponding
OPE data can only have finite support in spin. On the other hand, for the case (4.40), we

(0) (2)
(EI) = (LIF ) . (4.42)
nt [O0]ne

(%)
[OO0]n.¢

can write

Where
(L1F[x))

denotes the coefficient of the i-th order pole of the inversion function obtained from X C
G(u,v), at the double-trace position A = 2Ap + 2n + ¢

Using (4.42) we can find the known asymptotic solution. For Ap = 2 this gives
1)(2) 2a2

1)
= — . 4.4
ot T+ )(+2n12) (4.43)

This fixes the part of the exchange contribution associated with the internal horizontal
cut. To determine the remaining part, we use the full crossing relation for the exchange
topology, written in the form (4.36). This gives the finite-spin contribution

me _s 1 (n+1)
=005 G n+3) 2 (4.44)

The support at £ = 0 is consistent with the fact that this contribution is not associated
with an internal horizontal cut.

This split of the tree-level exchange anomalous dimension into an asymptotic piece and
a finite-spin piece was already observed in [19]. The new point here is that this two pieces
admit distinct diagrammatic representations, as in (4.19) and (4.20).

4.3.1 One-loop check

As an application, and also as a check of the diagrammatic interpretation above, we can build
one-loop objects by gluing the tree-level building blocks. We have three tree-level pieces,

W) (1(2) (1)(3) (4.45)

with their diagrammatic representation given in (4.18), (4.19), and (4.20).
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By merging these tree-level data we can obtain different one-loop diagrams. Namely

(0)
2
n= 1 (3{) = ae (1) (1.46)
nl
© 0 1)(1 1)(2
r- K. (g) — a0 002 (1.47)
nl

(0)

T ) e =
nt

I's

Ty = , = a0y 1@ (4.49)
n,l
0)
2
I's= (), S =a () (4.50)
n,l

We can use the discussion in the appendix B to obtain the Mellin amplitudes associated
to each of these diagrams. The Mellin amplitude has the form (B.10) and corresponding
R factors can be read off from (B.11). So we find

RO(Ty) = ~9(m+1)(3m + 4)(1)m’ RO(Ty) =

202m+3) (3)

Wy = S+ 2)Mm WPy — m (g )2
Ry, (F ) 2(2m+ 3) (% - 2,05 Ry, ( 4 (m-|- 1)2 (%)m ( 2,0) , (4.51)
R()(T5) = — W (a2,0)”

Now inserting these data into the flat-space limit formula (B.12b) we find the corresponding
flat-space amplitudes

9 67
Al) = 7R3 45V T, A(lg) = : 4.52
(') = gmRaas (T'2) o120 (4.52)
3 4
A(l'3) = ———aaq., A(lTy) = ———————(as20)?, 4.53
(F) = =1 =720 (T'4) B (—T)3/2( 2,0) (4.53)
s
A(ls) = ————7(a20)*. (4.54)
2R3 45 (-T)*°
This is exactly the corresponding flat-space amplitude in the massless limit and upon fixing
48 Raqs? 9 3272
) = - 4.55
N2 ) g RAdSN2 2,0, ( )

where A and g are the quartic and cubic coupling constants.
This shows consistency of associating 7212(2) and 77%(3) given in (4.43) and (4.44) with
diagrams (4.19), and (4.20).
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4.4 Diagrammatic interpretation of the higher-trace analysis

Finally, we can try to diagrammatically express the calculation performed in section 3. The
advantage of the diagrammatic representation is that it makes manifest, already at the level
of cuts, which terms in the double-trace sector are related by crossing to the appearance
of higher-trace operators.

(0)
gt
associated with the vertical cut of the diagram shown in (4.56). Diagrammatically, what we

In particular, for ¢* theory at three loops, the coefficient b, studied in section 3.1.1 is
did was to determine this OPE data by applying the Lorentzian inversion formula to the
corresponding horizontal internal cut in the crossed channel,

| © M
' P

o) = = | LIF |{ —-{=5 . (4.56)

>
‘LE [(94]%[

The important point is that this relation can be read directly from the diagrams, before
carrying out the explicit spin sum. The horizontal internal cut on the right hand side is exactly
the contribution whose crossed-channel double discontinuity produces the direct-channel data
on the left-hand side. In this way, the diagrammatic representation tells us in advance which
part of the double-trace sector is responsible, after crossing, for the higher-trace operators
that appear in the direct channel.

Similarly, the calculation in section 3.1.2 that obtained the anomalous dimension of this
quadruple-trace family can be diagrammatically represented as

XD

1
) =|LF . (4.57)

O
g Py

For the ¢3 theory, the same idea applies to the ladder diagrams studied in section 3.2.
In that case the leading large-spin logarithm is obtained from the horizontal cuts of the
ladder diagram. Diagrammatically

(0) I 7\ @D

= |LIF , . (4.58)
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I
|
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5 Conclusion

In this paper we studied four-point functions of identical scalar operators in CFTs with weakly
coupled AdS duals in large- N expansion. We discussed how higher-trace operators are required
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by crossing symmetry from the infinite spin sums of lower-trace data. We also discussed how

the different terms in the conformal block expansion can be organized diagrammatically in a

way that keeps track of their associated OPE data. This diagrammatic representation also

makes the higher-trace appearance and the discussion on infinite spin-sums more clear.
We now summarize the main results and discuss some directions for future works.

5.1 Summary of results

1. In section 2, we extended the bubble-diagram analysis of [24] from the special case of
Ap = 2 to generic external dimension Ap. The part of the double-trace data fixed by
tree-level input can be encoded in an effective double-trace exchange,

~ fnm
70,6 = Z J2Ao+2n+2mten (5.1)
0

n,m>

for the leading twist. We computed the first few coefficients in this expansion, (2.33)—(2.35).
Moreover, using the large-spin result of [14], we found the coefficient multiplying the leading
large-spin behavior of the full double-trace tower. Namely,

@ _ Gn 1 3) S 1
’Yn,f - JQAO + O<J2A(’)+2) ; 'Ynj log J - _JQA(') + O<J2AO+2 s (52)

with the coefficient (,, given in closed-form in (2.46).

2. In section 3, we showed how higher-trace operators appear by the necessity of crossing
symmetry once infinite spin sums are treated carefully. In the ¢* theory, provided that no
mixing between double-trace family and quadruple-trace family occurs, the crossed image
of double-trace spin sums forces the appearance of quadruple-trace operators at order N 8.
For the leading-twist quadruple-trace family, we computed the OPE coeflicient bé?g. For the

special case of Ap = g we obtained the full spin dependence in closed form.

T 27220+ 9)2(£(0 + 9) + 23)°T(£ + 1)

b)) = . (5.3)
f s+ 5)(+ )L+ T+ (0+F)
For generic non-integer Ap, we found
274A(972€+1I‘ 2A )2 1
p0) = VT ( S) [1 +0(>} . (5.4)
’ 632 [(1 - Ao)ancl ¢

We also computed the corresponding leading-twist anomalous dimension and we obtained
1
55 = 2. (5.5)

3. We also studied theories with cubic interactions. In this case, under the no-mixing
assumption stated in section 3, k-trace operators can appear at order N~2*. We found the
leading large-spin behavior of the leading-twist k-trace OPE coefficient,

0  _ (=DF2imRRe2 /r (5)F logh 2 e
k0,051 = 2 " 32
(v—2) (1 - 800 |
2

(5.6)
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4. In section 4, we introduced a diagrammatic representation for the conformal-block expan-
sion. We took diagrams inside parentheses to denote products of OPE data, and diagrams
enclosed in a circle to denote the corresponding contributions to the correlator. This notation
gives a refinement of crossing symmetry at two different levels.

The first level is the crossing-closed orbit of a topology. For a crossing orbit [I'], we wrote

DI @ DY gh @ (4.34)

V€[] ceCy () V€[] ceCp (1)

This expresses crossing not only for the full correlator, but also for the subset of terms
associated with a crossing-closed diagrammatic topology.

The second level is an auxiliary fixed-channel relation written in terms of dot-cuts. Since
dot-cuts keep track of the pairing across the cut, they allow one to resolve a fixed channel
diagram I before recombining the result into dash-cuts. At this auxiliary level we wrote

> =Y (). (4.39)

¢eCy (1) ceCy (1)

Although this relation is auxiliary, it is still useful. In many examples, dot-cut terms
can be recombined into dash-cut terms, up to additional external horizontal cuts. The latter
have vanishing crossed-channel double-discontinuity and therefore do not contribute to the
Lorentzian inversion formula. In this way, the dot-cut relation refines the use of the inversion
formula: it gives a diagrammatic way to identify which crossed-channel terms should be
probed in order to extract a given piece of OPE data.

5. Using (4.39) for scalar exchange, we found that the asymptotic and the finite-spin part of
the tree-level anomalous dimension have different diagrammatic origins. For Ap = 2:

1 © 2
B — 0 _ 2,0 (5.7)
o) \ , nt S+ D) +2n+2)

(0)
1 ' (1)(3) 1 (n+1)

As a check of this assignment, we glued the tree-level building blocks in scalar ¢ + ¢* theory

and computed the corresponding one-loop Mellin amplitudes. We saw that their flat-space
limits reproduce the expected massless flat-space amplitudes.

6. Finally, we gave a diagrammatic interpretation of the higher-trace analysis. In the ¢?
theory, the diagrammatic representation makes manifest that the leading quadruple-trace
OPE coefficient is associated with the infinite double-trace spin sum appearing in (3.8). This
is encoded directly in the diagram (4.56). In this sense, the diagrammatic representation
helps identify which infinite spin sums can generate higher-trace data, and which crossed
cuts should be used to extract that data through the Lorentzian inversion formula. Similarly,
in the ¢3 theory, the diagrammatic relation (4.58) makes clear how the higher-trace OPE
data are extracted from the crossed-channel terms in (3.35).
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5.2 Future directions

1. It is important to clarify the bulk interpretation of the cut diagrams introduced here.
In [24], the maximal cuts of bubble diagrams were shown to reduce, in the flat-space limit, to
ordinary flat-space unitarity cuts. A first step would be to understand whether an analogous
flat-space limit interpretation exists for the more general non-maximal cuts appearing in
the present diagrammatic representation. Furthermore, it would be interesting to clarify
whether these more general cut diagrams admit a direct interpretation as AdS unitarity cuts,
for example along the lines of the construction of [41].

2. In the higher-trace analysis we assumed a no-mixing condition between different operator
families. It would be important to relax this assumption. Diagrammatically, one expects that
mixing should require the inclusion of disconnected contributions. This can also modify the
order in the large-N expansion at which some higher-trace data first appear. Understanding
this mixing systematically makes the higher-trace analysis more complete.

3. It would also be useful to compute more higher-trace data explicitly, including subleading
twists, and subleading orders in the large-N expansion. Moreover, we should attempt to
resum the large spin expansion of higher-trace data to see whether we can find more closed
form expressions for generic Ap.

4. Another important direction is to generalize the product rule in the diagrammatic rep-
resentation to higher-particle cuts. In this work we formulated the gluing rule for internal
two-particle cuts, where two subdiagrams are glued along the same double-trace state by

XY

HON
n€

X @Y = (5.9)

For cuts through three, four, or more propagators, the exchanged states are higher-trace
families and can carry additional degeneracy labels. A systematic extension should determine
the appropriate gluing rule for the higher-trace case. Such a rule would make the diagrammatic
organization of higher-trace contributions more complete.
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A Spin sums

In this appendix, we introduce a set of functions that capture the spin sums appearing in
the conformal block expansion. We define

Tn/2
2Z)
Za(o) T Gnt(2,2), (A.1)
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which represents the general structure of spin sums that appear in the conformal block
expansion of double-trace operators. In the literature, these objects are often referred to
as twist conformal blocks [17-19, 44].

Inserting the explicit form of the four-dimensional conformal blocks (2.6) into (A.1),

we obtain
H™(2,2) = —— (572 Faa (2) BE(2) = 27 PFaa () BUY (), (A2)
where
3 o
H™(z) = Z Jgn‘; T Py (2), e =200+ 20 (A.3)

Our goal is to determine these functions in the limit z — 1. The functions f[,sm) (z) satisfy
a recursive differential equation of the form [19]

Dy Hm™ I (2) = A™(2),  Dyy=z2Dz"%, (A.4)
where the differential operator D is given by
D = (1—2)2%9% — 2%0,. (A.5)

A similar relation holds for ™ )(_).

Given HY )( ), the recursive relation allows us to determine Hy, (m )(_) for all m. We now
review the steps of [19] to extract Hy (o )( ).

Hy, o )( Z) appears in the conformal block expansion of the generalized free field correlator,

n,l

GO(z,z )—l—i-z (Za gzzk:m%( Yz 4 ( szm (2 HO (2 )) (A.6)

To isolate ﬁr(lo)(é), we use the orthogonality relation

dz 1
% 0%2{72]{77'71 1( )kQ Tm (Z) —6’er (A 7)
This yields
a7 (z) = BY(2) + PV(2), (A.8)
where
BO(Z) =Y et alyy Zhza_y(2), (A.9)
m,l
and 51
0)(z) = _ ey MO, 3 —
P (z) = é:o 57 3 kg_Tn(Z)(Z Z) (g (z,2) 1). (A.10)
Note that
Dyazko(2) = ala — 1) Zka(2). (A.11)
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This implies that the functions B,(Lm)(i) can be constructed iteratively such that
Dyq Bt (z) = B (). (A.12)
So we can also define Pém)(é) to satisfy
Daa P (2) = P™(3). (A.13)
The functions B(m)(f) exhibit the same behavior as a single conformal block in the limit
z — 1. In contrast, P( )( z) can display new behavior, arising from the infinite sum over spins.

From the definition of P7(1 ), we find that near z = 1
Y,

~(1-2)Ro
4_n(A(g — l)n(2AO — 3)n
(W (B0 -3),
(

Using the recursion relation (A.13), we can determine the behavior of an)(é) near z = 1.
For Ap —m ¢ Z<o, we find

+0((1—2)"%"), (A.14)

where

Y, = (A.15)

Y,

P,(lm)(é) = —n2(1 Z)"hotm L O (1 — z)"Rotmtl (A.16)

(1= A0)m) ( )
In the case Ap —m € Z<p, we parametrize m = Ap + p with p € Z>¢. In such case,
near z = 1 we find
1 Y,
pim=Rotr)(z) = ——___“" (1 _z)Plog®(1 -z 1—2)Plog(l — 2)). Al
=80 (3) = 5o s (- 2 logt (1= 2) + Of(1 = P log(1 = 2)). (AT

Finally, we note that in some cases we encounter a more general class of spin sums
of the form

1
B0 () = S 2/ Py () (A.18)

such that the previously defined functlons correspond to the case ¢ = 0, i.e.

H™ () = HM™O) (), (A.19)
For ¢ = 1, these functions can be written as
B = 5 g S e g T )] (420
_ _% ai A (A.21)
_ _% %(Br(szra)(z) + P7(Lm+“)(z)> . (A.22)

This allows us to define the corresponding decompositions B;Lm) M and P,(lm)(l). In the
case Ap —m ¢ Z<p, we find for the leading behavior near z = 1

(mW)zy - Yn o Aotmpe(] — 5) — N m
P (2) 2((1—Ao)m)2(1 ) log(1 —2) —2¢(1 — Ap +m)] A23)

+0((1 - 2)~2otmH log(1 - 7)) |

where 1 (z) denotes the digamma function.
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B Mellin space

B.1 Mellin amplitude

An alternative way to represent correlation functions in CF'T is provided by Mellin space,
which naturally provides an interpretation in terms of AdS amplitudes. [5, 6, 45-48]. Mellin
space is also used in Polyakov-Mellin bootstrap methods and in dispersion relations for
CFT correlators [49-57].

For a given four-point function, a Mellin amplitude M (s, t) is defined by the relation

ioo a 2N e — 2Ap — 200 — i
Q(u,v):/ dsc,it ud v 52 1“2(0 t)l“?(g S>F2<02 u>M(s,t),

— 400 (471'1)2 2
(B.1)
where s,t, 4 are Mandelstam-like variables satisfying
s+t+a=4A0. (B.2)
Crossing symmetry in Mellin space reads
M(s,t) = M(s,a) = M(t,s). (B.3)

Similarly to the correlator G(u,v), the Mellin amplitude M (s,t) admits a large-N ex-
pansion,

Mtree<57t) Ml-loop(37t)
N2 + N4

Analogously to the conformal block decomposition, the polar part of the Mellin amplitude

M(s,t) = (B.4)

in the ¢-channel can be written as
oo
Qgp S Tp)
p— 7 B-5
; poby Z t—(1p+2m)’ (B.5)

The sum over p runs over the primary operators O, with twist 7, and spin £, in the O x O
OPE. The sum over m accounts for the descendants, and the functions Qy, ,,,(s,7,) are Mack
polynomials [46] and they can be written as [58]

—2T(Ap + £,)(Ay — 1)y,

Q[ ;m\S,Tp) =
poml57) 4t mi(Ap = 1) T4 (2572 ) T2 (A0 — m —

Apfﬁp) Qgp’m(S,Tp), (BG)
2

where Qy, (s, 7p) is a polynomial of degree £, in s, with Qom(s, ) = 1.
Specializing to the case where the exchanged operators O, are double-trace operators,
we have
1) (2)
Tn N4 an 4

(1)) 2
+ =+ ) (ry;fi) Qrm (5,200 +2n) + O(N79).  (B.7)

Qrm (s, 2A0 + 2n + —= N2 T v

Writing X o
) 9
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we therefore have

( ) Z 6,00 (B.9)

2%

Here the superscripts (i) and (7) label the different diagrams contributing to v( 27 as introduced

n (4.18), (4.19), and (4.20). In the application considered in section 4.3.1, the relevant
products are nonzero only for £ = 0. Therefore we find*

Z QIE)
[Ml loop S, t z)(j L i _ 2AO T 2m) (BlO)
with )
o4@2n+1)(2n+ 3)I(m + 1) 1
(1) N N OB
Fol00 = 2~ T —p+ Dhm g 3) w0 1m0 (B.11)

for Ap = 2. Different choices of the pair (i)(j) correspond to the different diagrams
considered in section 4.3.1.

B.2 Flat-space limit

The flat-space scattering amplitude can be reproduced holographically by taking the AdS
radius to infinity. Such a relation is best realized at the level of Mellin amplitudes [5, 6].
Namely®

R~ d+3 00 2
M(Sij) =~ AdS /0 dﬁﬁ%ZL Ai*gfle_BA (Sij 5 ) si5 > 1, (B.12a)

J\/’F(iziAi—g) RAdS
NF 12~A‘—d +i00
A(Sy) = € :) lim L S PIRNIEVY | RAdSS , (B.12b)
RAd+3 Rads—o0J joo 271

where Rpgqs is the radius of AdS;i1, and A is a normalization constant which, in our
normalization, we take N = 8x2.

The quantity A(S;;) is the flat-space scattering amplitude.

In the body of the paper we used this relation to check some of the diagrammatic

interpretations.
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