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IntrodutionIn purely harmoni rystals, ioni mean positions do not hange upon inreasing tem-perature, thus rystal thermal expansion is a onsequene of anharmoni terms in theinteratomi potential. Anharmoni e�ets are expeted to be larger at material surfaesthan in the bulk, beause of the lower symmetry, and as a onsequene thermal expansionof a surfae is expeted to be enhaned.Reently this subjet has attrated muh attention, and enhaned thermal e�etshave been experimentally observed on several surfaes, as, for examples, in: Ni(001) [1℄,Pb(110) [2℄, Ag(111) [3℄, and Be(0001) [4℄ surfaes. However in some ases the situationis still debated, not only beause interpretation of experimental measurements is notsraightforward, but also beause of ontrasting theoretial results, as for example, forthe Ag(111) surfae [5℄. Finally while good agreement between stati alulations andexperiment is generally found for low temperature strutures, some systems have beensingled out in whih the inlusion of thermal e�ets seems to be important even to interpretdata taken at room temperatue, as in Be(0001) [4℄, and Rh(001) [6℄ surfaes.Nowadays the equilibrium struture of a large lass of materials an be determinedtheoretially with great auray, thanks to state of the art �rst priniples omputationalmethods essentially based on Density Funtional Theory (DFT)[7, 8℄. Furthermore, thestudy of thermal behaviour from �rst priniples is now at hand also for omplex systems,as surfaes, thanks to the availability of adequate omputational power and to the devel-opment of sophisiated tehniques suh as Car-Parrinello method [9℄ or Density FuntionalPerturbation Theory [10, 11℄.Di�erent approahes have been used to study thermal e�ets within �rst-priniplesmethods. Essentially they are based on Moleular Dynami (MD) simulations and QuasiHarmoni Approximation (QHA), other approahes, suh as the self-onsistent phononsheme [12℄, are presently not feasible from �rst priniples. MD simulations aountexatly for interatomi potential anharmoniity, but treat ioni degrees of freedom lassi-ally, and an give reliable results only near or above Debye temperature, where quantume�ets are negligible. Systems that an be simulated, nowadays, typially onsist of abouta hundred atoms and the time sale of the simulation an reah a few pioseonds. Theknowledge of the frequenies of the vibrational modes of a system allows the appliationof the QHA sheme. It provides a omplementary approah, valid at low temperature,for determining the temperature dependene of strutural properties. Moreover, the pos-sibility of inluding vibrational modes alulated at arbitrary wavelengths, should permitthe study of more realisti systems.Quasi harmoni approximation has been widely used in desribing bulk thermal prop-1



2 CONTENTSerties and is ommonly believed to work rather well for not to high temperature [13, 14℄,however little is known, up to now, about its usefullness at the surfae. The presene oflarger anharmoniity than in the bulk ould, infat, lead to a failure of this approxima-tion. Furthermore, to apply QHA sheme vibrational frequenies have to be evaluated asa funtion of the value of the strutural parameters desribing the system, and up to now,within a �rst priniples approah, QHA has been used to study only systems desribedby a small number of strutural parameters ( bulk materials or surfaes in whih only onelayer is involved in the thermal expansion). The aim of the present work is to assess thevalidity of QHA in the study of surfae thermal expansion, and to extend this sheme tosystems more omplex than those studied so far.Vibrational frequenies an be omputed exatly in every point of the Brillouin Zonethanks to Density Funtional Perturbation Theory (DFPT) [10, 11℄. However, in orderto study eÆiently systems desribed by a large number of parameters, it is neessary toalulate the derivative of the vibrational frequenies. This quantity is related to the thirdvariation of the total energy, and an be alulated, thanks to an extension of the \2n+1Wigner's rule", within the DFPT framework. We have developed a pratial and eÆientmethod for the alulation of the third derivative of the total energy in a metalli system,within the DFT and DFPT approahes. This method has been expliitly implementedfor this work and has made feasible the study within the QHA of systems in whih manystrutural parameters are involved in the thermal expansion.As far as materials are onerned, in this work we fous our attention on the ther-mal expansion of Be(0001), Be(1010), and Mg(1010) surfaes. Beryllium and Magnesiumare partiularly indiated to study the QHA, infat, beause of the light atomi masses,quantum e�ets are expeted to be more pronouned in determining the low temperaturestruture, than in other materials. Moreover failure of phenomenologial models in de-sribing Be surfae dynamial properties [15, 16℄ make neessary the use of an ab initioapproah to deal with this metal.Beryllium (0001) surfae has reently attrated muh experimental [15, 17, 18℄ andtheoretial [19{22℄ interest, beause of its large outward relaxation. Reently [4℄ a largethermal expansion of the Be(0001) top layer, has been experimentally observed. The �rstinterlayer spaing expands to 6:7%, with respet to the bulk, at 700 K, and this resultwas somehow unexpeted, however early alulation [4℄, done within an oversimpli�edQHA sheme, results in agreement with the experiment. The approximations used in thisalulation have been ritiized by some authors [5℄, and this debate has attrated ourattention.In this work we show an ab initio study of the thermal expansion of Be(0001) sur-fae [23℄. Our results desribe very well surfae phonon dispersions and the bulk thermalexpansion. A very aurate sampling of the vibrational modes, and a areful heking ofall the approximations used is done. Furthermore, in order to assess the validity of theQHA we ompare our results with �rst priniples MD simulations. In spite of the high a-uray of our alulations, they do not reprodue the large measured thermal expansion,and we argue that the atual surfae ould be less ideal than assumed.In the ase of Be(0001) surfae only one layer is, essentially, involved in the relaxation,and the study of the thermal expansion, within QHA sheme, an be done by diret



CONTENTS 3numerial derivation of the vibrational frequenies. This approah annot be used forBe(1010), and Mg(1010) surfaes, as these surfaes are more open than the (0001) one, andmany layers relax, and are involved in the thermal expansion. As previously mentionedthese systems an be studied eÆiently by omputing analytially third derivatives of thetotal energy, and are investigated in this work.A reent experiment for Mg(1010) surfae [24℄ reports a negative thermal expansionof the �rst interlayer spaing, (where the surfae region is still expanding as a whole),and this is one of the few ases reported so far. Our alulation on�rm this result, andpredits the same behaviour also in the ase of Be(1010) surfae.
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Chapter 1Motivation of the workThe aurate study of thermal expansion, within a �rst priniples approah, has beomenowadays feasible. In this work we are essentially involved in the study of the thermalexpansion of metalli surfaes within the QHA, and in this hapter we will show theusefulness of this sheme.As mentioned in the Introdution one of the main motivations of the present studyis to assess the validity of the QHA for the study of surfae thermal behaviour, sine ithas not been widely used so far, and little is known about its auray in the surfaease. Moreover it has never been used to study systems desribed by a large number ofstrutural parameters.In Se. 1 we review some onepts in lattie dynamis, and in Se. 2 we omparetwo possible shemes to deal with thermal expansion: Moleular Dynamis and QuasiHarmoni Approximation. In the remaining of the hapter we disuss some reent exper-imental results onerning Be and Mg surfaes, that have attrated our attention.1.1 Lattie dynamisThe study of the motion of a rystal for positions not far from equilibrium an be donewithin the harmoni approximation [25℄.The underlying approximation is the Born-Oppenheimer or adiabati one. This isa widely used approximation in solid state physis, and onsists in deoupling "fast"eletroni degrees of freedom from the "slow" ioni ones {by virtue of the great di�ereneof masses{ in the Shr�odinger equation of interating eletrons and ions. In the adiabatisheme eletrons are onsidered as quantum partiles moving in the potential of the �xednulei, and they follows adiabatially the ions, always remaining in their ground state.The ioni motion is then desribed by an Hamiltonian, whose interatomi potential isthe ground state energy of the system of interating ions and eletrons, in whih ionipositions are treated as parameters:H = Tion + E(fRlsg); (1.1)where Tion is the kineti energy of the ions, E(fRlsg) is the total energy of the rystal and5



6 CHAPTER 1. MOTIVATION OF THE WORKRls is the position of the sth ion in the lth lattie ell. This Hamiltonian an be studiedlassially or with a quantum mehanial approah.Sine we are studying the system for on�guration near the equilibrium we an ex-pand the energy in a Taylor series with respet to the atomi displaements around theirequilibrium positions R0ls:E(fRlsg) = E(fR0lsg) + 12 Xlsl0s0 �2E�us(Rl)�us0(Rl0) �����0 us(Rl)us0(Rl0) +O(u3); (1.2)where us(Rl) = Rls � R0ls is the displaement from equilibrium, and the linear termvanishes beause of equilibrium. The harmoni approximation onsists in trunating thisexpansion to the seond order, thus the lassial equations of motion are:Ms�u�s(Rl) = � �E�u�s(Rl) = �Xl0s0�C�s;�s0 (Rl �Rl0)u�s0 (Rl0); (1.3)where Ms is the mass of the sth atom, u�s is the �th omponent in arthesian oordinatesof us, and: C�s;�s0 (Rl �Rl0) = �2E�u�s(Rl)�u�s0(Rl0) �����0 : (1.4)C�s;�s0 is the interatomi fore onstant matrix, that depends on Rl �Rl0 beause of thetranslational invariane of the lattie. Other properties are that:C�s;�s0 (�Rl) = C�s0;�s(Rl); Xlss0 C�s;�s0 (Rl) = 0 8�; � (1.5)This seond property omes from the invariane of the energy of the system under aontinuous translation of the entire rystal without distortion.Due to translational invariane of the lattie, the solution of the in�nite set of oupledEqs. 1.3 are normal modes haraterized by a vetor q in reiproal spae and having theform: us(Rl; t) = 1pMsvs(q)eiqRl�i!t; (1.6)The equations of motions beome:!2v�s(q) =X�s0 D�s;�s0(q)v�s0 (q) (1.7)where D(q) is the dynamial matrix de�ned as:D�s;�s0 (q) = 1pMsMs0 Xl C�s;�s0(Rl)e�iqRl (1.8)D(q) is a 3Nat � 3Nat hermitean matrix {Nat is the number of atoms per unit ell{ andhas the following properties:D�s;�s0 (q) = D��s;�s0(�q); D�s;�s0 (q) = D��s0;�s(q): (1.9)



1.2. MOLECULAR DYNAMICS AND THE QUASI HARMONIC APPROXIMATION7Any harmoni vibration of the rystal an be expressed as a linear superpositionof normal-mode vibrations, and, given a q point, eq.1.7 de�nes the 3Nat orrespondingnormal modes and their vibrational frequenies. A omplete desription of the harmoniproperties of a rystal an thus be obtained from the knowledge of the interatomi foreonstants de�ned in eqs. 1.4 or 1.8. The quantum mehanial problem, in the harmoniapproximation an be solved in a ompletely analogous way [26℄.1.2 Moleular Dynamis and the Quasi Harmoni Ap-proximationIn a purely harmoni rystal, ion mean positions do not hange upon inreasing tem-perature, thus rystal thermal expansion is a onsequene of anharmoni terms in theinteratomi potential. Thermal behaviour of a system an be studied in di�erent ways,and in this work we have used Moleular Dynami (MD) simulations, and alulationsbased on the Quasi Harmoni Approximation(QHA).To perform a MD simulation means to ompute the time evolution of a system aord-ing to the Newtonian equations of motion. In a free evolution of a suÆiently large system(miroanonial run) the temperature, T , of the system is related to the time average ofthe kineti energy by: 32KBT = h12mv2i. MD simulations aount exatly for interatomipotential anharmoniity, but treats ioni degrees of freedom lassially, and an give reli-able results only near or above Debye temperature, where quantum e�ets are negligible.Within a �rst priniple approah MD simulations an be a heavy omputational task, andas a onsequene omputationally treatable systems may result not large enough to bephysially realisti. Systems that an be simulated, nowadays, typially onsist of abouta hundred atoms and the time sale of the simulation an reah a few pioseonds.The QHA provides a omplementary approah, valid below the melting temperature todetermine the temperature dependene of strutural properties. In this approximation,the equilibrium strutural parameters, a = (a1; a2; a3; : : :), of a rystal, at any �xedtemperature T , are obtained by minimizing the Helmholtz free energy F of a system ofpurely harmoni osillators having the frequenies of the vibrational modes of the rystal!�q(a) in that on�guration:F (T; a) = Etot(a) + F vib(T; a) == Etot(a) +X�;q (�h!�q(a)2kBT + kBT ln�1� e� �h!�q(a)2kBT �) ; (1.10)�F (T; a)�a = 0; (1.11)where Etot(a) is the stati energy of the rystal. To apply this model, the knowledgeof !�q(a) as a funtion of the strutural parameters is requested, thus inluding someanharmoni e�ets.Appliation of the QHA sheme is diÆult, from a omputational point of view, be-ause of the alulation of F vib. One must be able to alulate frequenies all over the



8 CHAPTER 1. MOTIVATION OF THE WORKBrillouin Zone, and this an be done exatly using DFPT [10, 11℄. Furthermore thisalulation must be performed at various values of the strutural parameters.As an example, in the simple ase of anisotropi thermal expansion of an hp rystal(the system is desribed by two parameters that are the length of the two axis a and )one an ompute phonon dispersions in a grid of points in the (a; ) spae and interpolatein between the seond term of eq. 1.10. On the other hand if the system is desribed bya large number of strutural parameters (we will show that this is the ase for hp(1010)surfaes) the Free energy annot be diretly alulated varying every parameter involvedin the expansion.In the general ase one an proeed being able to ompute the vibrational fores �F vib�ai .As a �rst approximation, assuming a linear dependene of F vib on its arguments, eq. 1.11beomes: �F vib�ai + �Etot�ai (a) = 0: (1.12)Within a �rst priniples approah �Etot�ai (a) an be alulated in every point of the spae athanks to the Hellmann Feynmann theorem [27℄, thus eq. 1.12 an be easily solved. Oneobtained in this way an estimate of the equilibrium parameters of the system, an exatsolution to the problem ould in priniple be obtained by alulating vibrational fores inthe new point and iterating the proedure to self onsisteny.Using a slightly di�erent notation eq. 1.7 an be rewritten:!2�qv�q = D(q)v�q; (1.13)with this notation the derivative of the vibrational free energy is given by:dF vibdai = �h4X�;q 1!�q tgh�1  �h!�q2kBT ! hv�qj ddaiD(q)jv�qiP�;s jv�;sj2ms : (1.14)Sine the dynamial matrix D(q) is the seond derivative of the total energy with re-spet to atomi displaements, to alulate the derivative of F vib with respet to atomidisplaements the alulation of the third derivatives of the total energy is neessary.1.3 Beryllium vs. MagnesiumBe and Mg are simple metals with the same outermost eletroni on�guration but dif-ferent properties. They are respetively the 2nd and the 3rd element in the 2nd olumnof the periodi table. In both ases the outermost eletroni on�guration of the isolatedatom onsists of a �lled s-shell (Be:2s2, Mg:3s2) and so, in order to form a bond, out-ermost eletrons must hybridize with p states. At room temperature and atmospheripressure Be and Mg are stable in the hexagonal lose paked (hp) rystalline struture(Fig. 1.1). A more pronouned ovalent harater of the bonding in Be reets in somephysial properties that make Be di�erent from Mg and from the other elements of thesame olumn.
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Figure 1.1: Shemati drawing of the hp rystal struture, and of the orresponding Brillouinzone.The bonding energy of Be is surprisingly strong when ompared with lose neighborsin the Periodi Table (ohesive energy Be: 3.32 eV/atom, Mg: 1.51 eV/atom, Li: 1.63eV/atom [28℄). Also the Debye temperature is very high (Be: 1440 K, Mg: 400 K, Li:344 K [29℄), and thus quantum e�ets should be more pronouned in determining zerotemperature strutural properties.There are some evidene of diretional bonding in Be. First of all Be =a ratio is oneof the most ontrated (' 4%) for hp metals, unlike the nearly ideal one of Mg ( ideal=a '1.63, Mg: 1.62, Be: 1.57), thus out-of-plane neighbours have shorter bonds thanin-plane neighbours. Another evidene of this anisotropy is that the ontribution to thedensity of eletroni states oming from px and py states is di�erent from the one frompz [30℄.Beryllium density of eletroni states resembles somewhat that one of a semiondutor,sine it has a minimum near the Fermi energy, while the one of Mg is nearly free eletronlike (' p�) as shown in Fig. 1.2. In Fig. 1.2 the omparison between alulated Be andMg eletroni dispersion is also shown . Note that Beryllium bands display a diret gap ina large part of the shown BZ, unlike Mg. Mg has a �lled state at � with energy ' �1:3eV ,while the orresponding Be state is above the Fermi energy and its band is nearly at.This band is the soure of both the low density of states near the Fermi energy and thehigh peak above the Fermi energy.The vibrational motion of atoms in a rystal is related to the diret ion-ion interationand to the sreening properties of the eletroni distribution whih an give rise to non-entral fores between ions. For many non-transition metals lattie dynamis an be or-retly desribed in terms of pairwise entral fores, and this an be done, approximatively,for bulk Mg [31℄. On the ontrary without taking into aount non-entral fores it isimpossible to desribe even qualitatively Be bulk phonon dispersion [31{33℄. For instaneby group theoretial analysis it an be shown, quite generally, that at K= (0; 2=3; 0)2�=a,in an hp rystal, there are three vibrational modes polarized in the basal plane. Oneof the modes is doubly degenarate, the other two are non degenerate. If the dynamialproperties depend only on pairwise entral fores the frequeny of the degenerate modelies in between the other two. This ordering of the frequenies is inompatible with the
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Figure 1.2: Comparison between Be and Mg eletroni band struture alulated by �rst-priniple methods. Density of States(DOS) is also shown. In the DOS panel the free eletronlike DOS of the orresponding material is also shown. Be and Mg have the same outermosteletroni on�guration, but while Mg DOS is nearly free eletron like, Be DOS \resembles"that one of a semiondutor, having a minimum near the Fermi energy.
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Figure 1.3: Aurate alulation of Beryllium and Magnesium bulk phonon dispersions of thethree modes polarized in the basal plane in the �-K diretion. The ordering of the three modesat K for Be, is inompatible with a pairwise entral fore model (see text).one found in Be, unlike Mg (Fig. 1.3).1.4 Be(0001) surfaeBeause of its large outward relaxation [17℄ Beryllium (0001) surfae has attrated muhexperimental [15, 17, 18℄ and theoretial [19{22℄ interest. It is a lose-paked surfae,similar to the (111) surfae of an f rystal. It is well established that the �rst interlayerseparation on most metal surfaes is ontrated at room temperature, Be(0001) is one ofthe few exeptions reported so far.Until very reently there was a substantial disagreement between experimental and�rst-priniples theoretial [19, 21, 22℄ results on the amount of topmost interlayer expan-sion in this system, theoretial alulations giving roughly half of the observed value.In a reent letter, Pohl and oworkers [4℄ reonile experiment and theory on this pointshowing that low temperature (110 K) low-energy eletron di�ration (LEED) determina-tions of the �rst interlayer separation ( d12 ' +3:3% at T=110K) are in agreement with�rst-priniples alulations and that reported disrepanies at room temperature originatefrom a large thermal expansion of the top layer, reahing 6:7% at 700 K. These �ndingsare very interesting and puzzling, sine surfae phonons show no sign of enhaned anhar-moniity [4, 15℄, however the alulation of the surfae thermal expansion [4℄, within asimpli�ed quasiharmoni approah reently introdued in Ref. [6, 34℄, results in very goodagreement with experiments.



12 CHAPTER 1. MOTIVATION OF THE WORK
Table 1.1: Mg(1010) surfae: LEED-IV measurements[24℄ of the two outer layers thermalexpansion. d12(%) d23(%)T=120 K -16.4 +7.8T=300 K -20.1 +9.4T=400 K -20.6 +10.6As mentioned previously, within the quasi-harmoni approximation the determinationof d12(T ) an be done by minimizing the free energy of the system (eq. 1.10), with respetto d12. Sine the evaluation of the free energy requires the knowledge of the phonon spe-trum all over the Brillouin zone, that is a heavy omputational task, some simpli�ationshave been introdued in Ref. [6, 34℄ . In partiular only three modes at the zone enterare alulated and the frequeny so obtained are used to sample the vibrational density ofstates in the free energy alulation. The validity of suh an approah has been ritiizedby some authors [5℄, beause of the very poor sampling of vibrational modes adopted.In Chap. 4 we address this surfae by performing full BZ sampling and omparingour result with �rst priniples MD simulations. Careful heking of all the approximationused will also be shown.1.5 Mg(1010) surfaeA shemati drawing of the (1010) surfae is reported in Fig. 1.4. This surfae is moreopen than the(0001) one, and in priniple, the trunated bulk an be terminated in twoways, either with a short �rst interlayer separation, d12, as shown in Fig. 1.4, or with a longone, (that an be obtained removing the top-layer from the short-terminated surfae).Reently LEED measurements have determined the termination and interplanar sep-aration of the lean Mg (1010) surfae as a funtion of temperature [24℄. The preferredtermination is the one with short d12 and many layers are involved in the relaxation in anosillatory way: while the �rst interlayer ontrats the seond expands and so on. Mea-surement (Tab. 1.1) indiates a negative thermal expansion of the �rst interlayer spaing,and these results have not been on�rmed by theory, yet.In Chap. 4 we report on our study, within QHA approah, of the thermal behaviour ofthis surfae. This kind of study has been possible thanks to the development of a methodto alulate third order derivative of the total energy in a metalli system.
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Figure 1.4: Shemati drawing of the (1010) surfae of an hp rystal. The trunated bulk anbe terminated in two ways, either with a short �rst interlayer separation d12, or with a longone. Here only the termination with the shortest d12 is plotted, the long-termination an beobtained removing the top-layer from the short terminated surfae. Both in Be and in Mg theshort termination has been theoretially shown to be the most stable and the one observed inthe experiments [24, 35℄.
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Chapter 2First priniples methodsIn the previous hapter (Se. 1.1 and 1.2) we have shown that a omplete study of dy-namial properties and of thermal expansion, within the quasi-harmoni approximation,an be performed knowing the seond and third derivatives of the total energy of a systemwith respet to atomi displaements.In this hapter we give an overview of the theoretial tools used in this work to alulaterystal energy and its derivatives up to third order. We have used ab initio methods basedon Density Funtional Theory (DFT)[7, 8℄. These methods have been developed in thelast 30 years and have demonstrated to be one of the most powerful tool in the theory ofthe eletroni properties of solids, with results and auray surprising and unexpeted[36{38℄.In order to alulate the ground state energy of a quantum mehanial system, inpriniple, it is not neessary to solve diretly Shr�odinger equation, and to know theground state wave funtion. Within the DFT sheme the basi quantity to be alulatedis the eletroni harge density, and in priniple the seond and third order derivatives ofthe ground state energy an be obtained from the knowledge of the �rst variation of theeletroni harge density thanks to an extension of the \2n+ 1" theorem [39℄.One the unperturbed problem has been solved in the framework of DFT, DensityFuntional Perturbation Theory (DFPT) [10, 11℄ provides an eÆient method to alulatethe eletroni linear response to an external perturbation of arbitrary wavelength. DFPThas been suessfully applied to predit vibrational properties of elemental and binarysemiondutors [11℄ or insulators [40℄, heterostrutures [41℄, semiondutor alloys [42,43℄ and surfaes [44℄, furthermore it has allowed alulation of phonon dispersions inmetalli bulk [45℄ and surfaes [46℄. DFPT has already allowed third order alulation insemionduting systems [47℄, and in this hapter we will show an extension of this shemeto metals.In Se. 1 we give an aount of the quite standard ab initio methods used in thiswork to alulate total energy. In Se. 2, and Se. 3, after an overview of DFPT we showhow vibrational properties an be alulated in this framework. Finally in Se. 4 we willdevelop a pratial and eÆient method for the alulation of the third derivative of thetotal energy for metalli systems. 15



16 CHAPTER 2. FIRST PRINCIPLES METHODS2.1 The eletroni problemThe Born-Oppenheimer, or adiabati, approximation, already addressed in Se. 1.1, re-due the full eletroni + ioni problem to the alulation of the eletroni ground stateenergy in the potential energy determined by �xed ions.2.1.1 Density Funtional TheoryThe theoretial framework of �rst-priniples alulation used in this work is given byDensity Funtional Theory, whih has beome one of the most powerful tools in thetheory of the eletroni properties [36{38℄. W. Kohn is one of the developer of DFT andessentially gave a rigorous theoretial bakground to it [7, 8℄. For this he has been awardedwith the 1998 Nobel Prize for Chemistry.Given a many-body Hamiltonian of interating eletrons in an external potential v(r),{that in our ase is generated by ioni ores{ one an solve, in priniple, the Shr�odingerequation and obtain the ground state many-body wavefuntion j Gi, the ground stateenergy EG, and the eletroni density n(r).Hohemberg-Kohn theorem [7℄ states that, for a given n(r), the v(r) generating it isunique. Aording to this theorem we an de�ne F [n(r)℄ as a universal (in the sense thatit does not depend on v(r)) funtional of n(r):F [n(r)℄ = h GjH0j Gi = EG[n(r)℄� Z v(r)n(r)dr (2.1)where H0 is the Hamiltonian of the interating eletrons, without the external potential.For �xed external potential, v(r), we an de�ne the energy funtional as:Ev[n(r)℄ = F [n(r)℄ + Z v(r)n(r)dr: (2.2)Hohemberg and Kohn also demonstrate [7℄ that if n(r) is allowed to vary over a range offuntions satisfying the requirement N = Z n(r)dr (2.3)in orrespondene of the ground-state eletron density the following stationary prinipleis valid: ÆEv[n℄ = 0: (2.4)It follows from this theorem that without solving the Shr�odinger equation {and so withoutalulating the wavefuntion of a many-body system{ one an, in priniple, alulate theground state energy and the harge density of a system. This ould be done exatly ifthe form of the funtional 2.1 were known.Appliation of this variational priniple allows to dedue very simple one-partile equa-tions, known as Kohn and Sham equations [8℄. In order to derive them it is ustomary toseparate F [n(r)℄ in the following way:F [n(r)℄ = T0[n(r)℄ + 12 Z n(r)n(r0)jr� r0j drdr0 + Ex[n(r)℄ (2.5)



2.1. THE ELECTRONIC PROBLEM 17where T0[n(r)℄ is de�ned as the kineti energy of a system of non interating eletronshaving n(r) as the ground state density. The two following terms are ommonly alledHartree term (EH), and exhange-orrelation energy funtional. Eq. 2.5 is the de�nitionof Ex in terms of the unknown funtional F [n℄ and of two well de�ned quantities, T0[n℄,and EH [n℄.With this de�nition, the set of KS equations is the following and is to be solvedself-onsistently: " p22m + V KS(r)# i(r) = �i i(r) (2.6)V KS(r) = Z n(r0)jr� r0jdr0 + ÆEx[n℄Æn(r) + v(r) (2.7)n(r) = NXi=1 j i(r)j2 (2.8)Thus in DFT the alulation of the ground-state properties is redued to a problem ofnoninterating eletrons in an e�etive potential. The ground state energy of the systemis given by: Ev[n℄ = EI [n℄ + NXi=1h ij p22m j ii == NXi=1 �i + �EI [n℄� Z V KS(r)n(r)dr� ; (2.9)where EI [n℄ = 12 Z n(r)n(r0)jr� r0j drdr0 + Ex[n℄ + Z v(r)n(r)dr: (2.10)2.1.2 Loal Density ApproximationTo implement Eq. 2.6 in pratie an expliit expression for Ex is needed, and in this workwe have used the Loal Density Approximation (LDA):ELDAx [n(r)℄ = Z n(r)�homx (n(r)) dr; (2.11)where �homx (n) is the exhange and orrelation energy per partile of a uniform eletrongas of density n. It is a very natural approximation for a system with slowly varyingdensity and it works surprisingly well for a large variety of systems, even better than anyearly expetations. In the last deade, many improvements to LDA were proposed [48{50℄, inluding inhomogeneity orretions via density gradient expansions of various kinds,however none of them seems to provide a de�nite improvement in all ases.



18 CHAPTER 2. FIRST PRINCIPLES METHODS2.1.3 Plane Waves and Pseudo Potential approahThe atual solution of KS equations an be obtained expanding the KS wavefuntions ona �nite basis set. One of the most widely used hoies for this basis set is that of planewaves (PW). From the Bloh theorem it omes out that: �;k(r) =XG ei(k+G)r�(k+G) (2.12)where k belongs to the �rst Brillouin Zone (BZ) of the rystal, G is a reiproal lattievetor and � is the band index. The PW basis set is in�nite and it is usually trunatedby hoosing a kineti energy uto� through the ondition:jk+Gj2 � Eut: (2.13)To treat expliitly all the eletrons it would be neessary to hoose a very large numberof PW in order to desribe aurately their rapid osillations near the nulei. This probleman be avoided freezing the ore eletrons in the atomi on�guration around the ions,and onsidering only the valene eletrons. To this end one introdues pseudopotentialsable to desribe the interations between valene eletrons and the pseudoions (ions+ore eletrons). The resulting valene eletrons wavefuntions are onsiderably smoothernear the nuleus, but are idential to the \true" wavefuntions outside the ore region.This method is now well-established in omputational physis, and its results are veryaurate [51{55℄.The widely-used norm-onserving pseudopotentials at in di�erent ways on the dif-ferent angular momentum omponents, l, of the wavefuntion, and, for eah angularmomentum, usually onsist of a loal ontribution for the radial funtion and a non-loalone for the angular part:vs(r; r0) = vlos (r)Æ(r� r0) + lmaxXl=0 vs;l(r)Æ(r � r0)Pl(r̂; r̂0); (2.14)where Pl is the projetor on the angular momentum l. This form of semiloal pseudopo-tential is still not the most onvenient one from a omputational point of view, and for thisreason Kleinman and Bylander (KB) introdued [56℄ a fully non-loal pseudopotential inwhih also the radial part of the potential is non-loal:v(NL)s (r; r0) = vlos (r)Æ(r� r0) + lmaxXl=0 v(NL)s;l (r; r0); (2.15)where v(NL)s;l (r; r0) = lXm=�l vs;l(r)Rs;l(r)Y ml (�; �)Y �ml (�0; �0)Rs;l(r0)vs;l(r0)hRs;ljvs;ljRs;li : (2.16)This form of the potential allows a very onvenient simpli�ation of its matrix elementsin reiproal spae, where the KS equations are iteratively solved.



2.1. THE ELECTRONIC PROBLEM 192.1.4 Smearing tehniqueCalulation of many quantities for rystalline solids involves integration over k vetors ofBloh funtions in the Brillouin zone. These integration are ommonly approximated bysummation over a �nite set of sampling k points, weighted with the oupation numberof the eletroni states:F = 
(2�)3 ZBZ �(�F � ��(k))f(k)dk ' NXi=1 �(�F � ��(ki))f(ki) (2.17)where ��(k) is the energy of an eletroni state, �F is the Fermi energy and �(x) is thestep funtion: x < 0 ) �(x) = 0, and x > 0 ) �(x) = 1. In the ase of metals, due tothe presene of energy bands that ross the Fermi energy, the integrand is disontinuousand a large number of points must be used to reah suÆient auray.The smearing approah onsists in using a ontinuous smeared funtion ~�(x), hara-terized by a smearing width �, instead of the step funtion �(x). Smoothing the integrandthe alulation onverges better, but the results are obviously a�eted. The only justi-�ation for this ad ho proedure is that in the limit as � ! 0 one would reover the\absolutely" onverged result (at the expense of using a prohibitively �ne k mesh), andthat even at �nite value of � one an obtain aurate results. Many kind of smearingfuntions an be used: Fermi-Dira broadening, Lorentzian, Gaussian [57℄, or Gaussianombined with polynomials [58℄, to reall only some of them.Within this approah we should substitute, in the Kohn-Sham equations, eq. 2.8 with:n(r) =Xi ~�(�F � �i)j i(r)j2; (2.18)Z n(r)dr = N =Xi ~�(�F � �i) (2.19)where the Fermi energy �F is de�ned by eq. 2.19. The natural de�nition of the totalenergy of the system beomes:Ev[n℄ = Z �F�1 �n(�)d� + (EI [n℄� Z ÆEI [n℄Æn(r) n(r)dr) ==Xi f~�1(�F � �i) + �i~�(�F � �i)g+ (EI [n℄� Z ÆEI [n℄Æn(r) n(r)dr) (2.20)where ~�1(x) = R x�1 y~Æ(y)dy, and ~Æ(x) = ��x ~�. It an be shown that the new K-S equationsome out from the minimization of this total energy.2.1.5 Non Linear Core CorretionIn their simple original form, norm-onserving pseudopotentials substitute the valene-only harge density to the total one in all ontributions to the total energy. While thisis orret, within the frozen ore approximation, for the Hartree term, this is only ap-proximate for exhange-orrelation ontribution, due to its non-linear form. The idea



20 CHAPTER 2. FIRST PRINCIPLES METHODSunderlying the Non Linear Core Corretion (NLCC) is to use the total harge instead ofthe valene harge to ompute the exhange-orrelation energy [59℄:Ex = ZV (nv(r) + n(r))�x(nv(r) + n(r))dr; (2.21)where n is the harge density of the ore eletrons, omputed as a superposition of theatomi ore harges of the atoms whih require NLCC, and nv is the valene harge. Theore harge is omputed only one, together with the psuedopotential and then it is addedto the valene harge to ompute the exhange-orrelation energy.This orretion is partiularly important when there is a signi�ant overlap betweenvalene and ore harge, as in the ase of Beryllium and Magnesium atoms, and improvesthe transferability of the orresponding pseudopotentials.2.2 Density Funtional Perturbation TheoryOne the unperturbed problem has been solved in the framework of DFT, DFPT [10, 11℄provides an eÆient method to alulate the eletroni linear response to an externalperturbation of arbitrary wavelength. DFPT has been developed for semiondutors andsuessively adapted to metalli systems [45℄. We will state DFPT for metals in a wayslightly di�erent and less elegant than in [45℄, beause in the present form it is moreappropriate to the purpose of this work.When a perturbation V (1)bare is superimposed on the external potential ating on a KSsystem, the self onsistent potential is modi�ed aordingly: VSCF ! VSCF + V (1)SCF . IfV (1)SCF is assumed to be known, from standard �rst order perturbation theory the linearvariation of a wavefuntion  (1) and thus the linear variation of eletron density n(1)an be alulated. The response to a partiular external perturbation an be obtained byiteration up to self-onsisteny. The system of equations to be solved in the semiondutorase is the following: [HKS + �Pv � �i℄jP (1)i i = �PV (1)SCF j ii (2.22)n(1) =Xi fj iihP (1)i j+ :g (2.23)V (1)SCF (r) = V (1)bare(r) + Z n(1)(r0)jr� r0jdr0 + dvxdn �����n=n0(n) n(1)(r) (2.24)where i runs over the oupied states, P and Pv are projetors on ondution and valenestates, and � is an energy hosen so as eq. 2.22 not to be singular. Note that, in orderto solve this system, the knowledge only of the unperturbed valene ground states isrequired, and thus the alulation an be implemented eÆiently.To extend this approah to a metalli system, one an onsider an energy suÆientlyhigh, in order to separate partially oupied states from empty ones. Chosen an energy�E > �F +3�, where � is the width of the smearing funtion ~�, eq. 2.22, and 2.23 beome:[HKS + �P�v � �i℄jP� (1)i i = �P�V (1)SCF j ii (2.25)



2.3. SECOND ORDER AND LINEAR RESPONSE 21n(1) =Xi ~�FifjP� (1)i ih ij+ g+�vXij ~�Fi � ~�Fj�i � �j j jih jjV (1)SCF j iih ij+Xi ~ÆFi�(1)F j iih ij (2.26)where P�v (P�) is a projetor on band states with energy � �E(> �E), P�v is a summationon states with energy � �E, ~�Fi = ~�(�F � �i), and ~ÆFi = ��x ~�(x)����F��i. Eq. 2.25 should besolved only for oupied states, and � is to be hosen so as eq. 2.25 not to be singular.Also in this ase the solution of the system requires the knowledge of only a �nite numberof states of the unperturbed K-S Hamiltonian {those with energy < �E{.2.3 Seond order and Linear responseThe eletroni linear response to ioni displaements onsidered as external perturbationsgives aess to interatomi fore onstants. Infat, within the adiabati approximation, alattie vibration an be seen as a stati perturbation ating on eletrons, and the linearvariation of eletron density upon appliation of an external perturbation determinesenergy variation up to third order [60℄.Given a Kohn-Sham system in whih the bare external potential ating on eletronsV ion� is a funtion of some parameters �, the Hellmann-Feynmann theorem [27℄ states that:�Eel���i = Z n�(r)�V ion���i (r)dr; (2.27)where Eel� is the eletroni ground-state energy relative to some given values of the pa-rameters �, and n� is the orresponding eletron density distribution. Di�erentiatingthis expression one obtains:�2Eel���i��j ������0 = Z " �n�(r)��j �����0 �V ion� (r)��i �����0 + n0(r) �2V ion� (r)��i��j �����0# dr: (2.28)From this equation it results that from the knowledge of the linear response of the ele-troni harge, the seond derivative of the total energy, and thus the dynamial matrix,an be alulated as: D�s;�s0(q) = Del�s;�s0(q) +Dion�s;�s0(q)Del�s;�s0(q) = Z  �n(r)�u�s(q)!� �V ion(r)�u�s0(q) dr+ Æss0 Z n0(r) �2V ion(r)�u�s(q = 0)u�s(q = 0)dr: (2.29)There are two ontributions: one is due to the eletroni harge variation, while theseond omes from the diret eletrostati interation between ions, and is essentially theseond derivative of an Ewald sum [61℄. DFPT permits to alulate linear response toperturbation having an arbitrary wavelength q, and so every term in eq. 2.29 an bealulated within this framework.



22 CHAPTER 2. FIRST PRINCIPLES METHODS2.4 Third order for metalsIn this setion we develop a method to alulate the third order derivative of the totalenergy for a metalli system. This method allows the alulation of the derivatives ofthe dynamial matrix that will be used to study thermal expansion within the QuasiHarmoni Approximation [25℄.In ordinary quantum mehanis Rayleigh-Shr�odinger perturbation theory there exista well known result, alled Wigner's 2n + 1 rule [39℄, whih yields energy derivativesthrough order 2n+1 starting from the knowledge of the n�th derivative of wavefuntions.This rule omes from a general priniple [62℄ and its appliability to self onsistent �eldtheories has been known sine several years [63, 64℄. '2n+1' rule has been generalizedto DFT by Gonze and Vigneron [60℄, and has already been applied to semiondutingsystems [47℄ but not yet to metalli systems.In what follows we will indiate the n � th derivative of a quantity F , with respetto a parameter �, equivalently by F (n) or dnd�nF and we will use the following notations:~�Fi = ~�(�F��i), ~ÆFi = ~Æ(�F��i), and ~Æ(1)Fi = ��x~Æ(x)����F��i. Taking the third order derivativewith respet to a generi parameter � of equation 2.20 we obtain:E(3)v =Xi f( d2d�2 ~�Fi)�(1)i +2( dd� ~�Fi)�(2)i + ~�Fi�(3)i g+ d3d�3 (EI [n℄� Z ÆEI [n℄Æn(r) n(r)dr) (2.30)From ordinary perturbation theory applied to the Shr�odinger equation Hj ii = �ij ii, itan be demonstrated that:�(1)i = h (0)i jH(1)j (0)i i�(2)i = h (0)i jH(2)j (0)i i+ 2h (0)i jH(1)j (1)i i�(3)i = h (0)i jH(3)j (0)i i+ 6h (1)i jH(1) � �(1)i j (1)i i+3h (1)i jH(2)j (0)i i+ 3h (0)i jH(2)j (1)i i (2.31)The �rst variation of the harge density is:n(1)(r) =Xi f( dd� ~�Fi)j i(r)j2 + ~�Fi[ �i (r) (1)i (r) + ℄g (2.32)Thus using 2.31 and 2.32, equation 2.30 beomes:E(3)v = Z H(3)(r)n(r)dr+ 3 Z H(2)(r)n(1)(r)dr+ d3d�3 (EI [n℄� Z ÆEI [n℄Æn(r) n(r)dr)+K(2.33)whereK =Xi f6~�Fih (1)i jH(1) � �(1)i j (1)i i+ ( d2d�2 ~�Fi)�(1)i � ( dd� ~�Fi)�(2)i + 6( dd� ~�Fi)h (0)i jH(1)j (1)i ig =Xi f6~�Fih (1)i jH(1) � �(1)i j (1)i i+ ~Æ(1)Fi (�(1)i � �(1)F )3 + 6( dd� ~�Fi)h (0)i jH(1)j (1)i ig (2.34)



2.4. THIRD ORDER FOR METALS 23Here and in what follows H refers to the Kohn-Sham self onsistent Hamiltonian. Fol-lowing [60℄, from the expliit alulation of eq. 2.33 it results:E(3)v = Z v(3)ext(r)n(r)dr+ 3 Z v(2)ext(r)n(1)(r)dr++ Z Æ(3)Ex[n℄Æn(r)Æn(r0)Æn(r00)n(1)(r)n(1)(r0)n(1)(r00)drdr0dr00 +K: (2.35)Eventually we have expressed the third variation of the total energy in a form in whihit depends only on the �rst variation of harge density and on the �rst variation of theKohn-Sham wavefuntions.Eq. 2.35 annot be easily implemented in its present form: we have already shown thatit is possible to alulate n(1)(r) in an eÆient way both for metals and semiondutors,however sine from standard �rst order perturbation theoryj (1)i i = X�j 6=�i j jih jjH(1)j ii�i � �j ; (2.36)an expliit alulation of 2.36 requires the knowledge of both valene and ondutionwavefuntions, moreover the possibility that the denominator approahes to zero maylead to numerial instability.To overome these two diÆulties, in the semionduting ase, it has already beenshown [65℄ that eq. 2.34 redues to:K = 6 vXi h (1)i jH(1) � �(1)i j (1)i i =6 vXi h (1)i PjH(1)jP (1)i i � 6 vXij h (1)i PjP (1)j iH(1)ji ; (2.37)where P is the projetor on the ondution states, Pv is a summation over valene states,and H(1)ij = h iH(1) ji. As shown in Se. 2.2 DFPT allows diret evaluation of jP (1)i i,and in the new form eq. 2.37 an be easily alulated.The metalli ase is slightly di�erent. Let onsider an energy �E > �F + 3�, where �is the width of the smearing funtion ~�, in order to separate partially �lled states andempty ones, and note that:K = 6Xi ~�Fih (1)i P�jH(1)jP� (1)i i++6 �vXij ~�Fih (1)i P�jH(1)j jiH(1)ji � ~�Fjh ijH(1)jP� (1)j iH(1)ji�ij ++2 �vXijk H(1)ij H(1)jk H(1)ki�ij�jk�ki (~�Fi�kj + ~�Fk�ji + ~�Fj�ik) +



24 CHAPTER 2. FIRST PRINCIPLES METHODS
+3�(1)F 8<: �vXij ~ÆFi � ~ÆFj�ij H(1)ij H(1)ji + 2Xi ~ÆFih ijH(1)jP� (1)i i9=;++3(�(1)F )2(Xi ~Æ(1)FiH(1)ii )� (�(1)F )3(Xi ~Æ(1)Fi ); (2.38)where P� is the projetor on the band states with energy > �E, P�v is a summation onstates with energy � �E, �ij = �i � �j. Only jP� (1)i i, orresponding to �i < �F + 3�,appears in this formula, and this quantity an be alulated within DFPT, as shown inSe. 2.2. Moreover it an be heked that in eq. 2.38 every term having null or very smalldenominator have a well de�ned limit that is �nite and expliitly omputable. As anexample: lim�i!�j ~�Fih (1)i P�jH(1)j jiH(1)ji � ~�Fjh ijH(1)jP� (1)j iH(1)ji�ij =�h (1)i P�jP� (1)j iH(1)ji f~�Fi + �i~ÆFig+ h (1)i P�jH(0)jP� (1)j iH(1)ji ~ÆFi: (2.39)To summarize the third variation of the total energy has been expressed, even in themetalli ase, in a form in whih it depends only on quantities that an be obtained fromthe knowledge of the linear response for a �nite number of states of the K-S Hamiltonian.



Chapter 3Struture and dynamial propertiesIn this hapter we present our study of low temperature struture and dynamial prop-erties of Be(0001), Be(1010), and Mg(1010) surfaes.Surfae-phonon dispersions for these surfaes have been reently obtained by EletronEnergy Loss Spetrosopy (EELS) [15, 16, 66, 67℄. While good agreement between theoryand experiment for Mg was obtained previously [67℄, early attempts to interpret Be datausing bulk trunated models [15℄ are signi�antly di�erent from experiment [15, 16, 66℄,as it is shown in Fig. 3.1, and 3.2. By bulk trunated model it is meant a model in whihfore onstants are alulated for the bulk and used also to model the interation betweenatoms at the surfae. These models give even a qualitative disagreement with respetto the experiment, in partiular, in the Be(0001) ase, the sign of the Rayleigh wave(RW) dispersion from K to M point in the surfae BZ is inorretly given by the modelalulation. Consequently a fully ab initio approah is needed to desribe Be surfaesdynamial properties.Here we show that alulations performed within DFPT [10, 11℄ are in very goodagreement with experiments for all the mentioned surfaes. These results allow the studyof the thermal properties within the quasi harmoni approximation, as will be shown inChap. 4.3.1 Be and Mg bulkAs a preliminary step, we have omputed the strutural and lattie-dynamial proper-ties of the bulk metals. Our alulations have been performed within the loal-densityapproximation (LDA) using pseudopotentials and plane-wave (PW) basis sets. Atomswere desribed by separable pseudopotentials that inlude non-linear ore orretion andhave been generated so as to optimally reprodue several atomi on�gurations [68, 69℄,to enhane transferability. Our basis set inluded PW's up to a kineti energy uto� of 22Ry, and 16 Ry, for Beryllium and Magnesium respetively. For both materials BZ integra-tions were performed with the smearing tehnique of Ref. [58℄ using the Hermite-Gausssmearing funtion of order one, a smearing width �=50 mRy, and a 120-points grid inthe irreduible wedge of the bulk BZ. Aurate heks have shown that these parametersresult in a satisfatory onvergene of all the alulated quantities. Values of the total25
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Figure 3.1: Be (0001) surfae phonon from EELS [15, 66℄. The �lled (open) irles indiateintense (weak) features in the measured dispersion. Solid lines indiate the alulated dispersionof surfae modes for a bulk-terminated slab. The shaded area orresponds to the projetion ofbulk phonon modes onto (0001) surfae (Fig. from [15℄).

Figure 3.2: Be (1010) surfae phonon from EELS [16℄. The �lled (open) irles indiate intense(weak) features in the measured dispersion. Solid lines indiate the alulated dispersion ofsurfae modes for a bulk-terminated slab. The shaded area orresponds to the projetion ofbulk phonon modes onto (1010) surfae (Fig. from [16℄).
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Table 3.1: Comparison between measured and alulated hp lattie-onstants, a and , bulkmodulus, B, and Poisson ratio, �P , of bulk Be and Mg.a(a.u.) =a B(Mbar) �PBe(exp.) 4.33 1.568 1.1 0.02-0.05Be(teo.) 4.25 1.572 1.25 0.04Mg(exp.) 6.06 1.623 0.35 0.28Mg(teo.) 5.93 1.629 0.40 0.23energy alulated at di�erent lattie parameters a, with a �xed =a, and a �xed kineti-energy ut-o�, have been �tted to a Birh-like equation of state [70℄. The equilibriumenergy, obtained this way for di�erent =a, are �tted to a third order polynomial. Theresulting equilibrium strutural properties are in reasonable agreement with experiments(Tab. 3.1). Note, in the Be ase, the ontrated value of =a and the small value of thePoisson ratio, indiating rather strong and anisotropi bonding along the  axis.In Figs. 3.3, and 3.4 the alulated phonon dispersions of the two bulk materials aredisplayed and ompared with neutron-di�ration data from Refs. [71, 72℄. Our alula-tions are done at the stati equilibrium on�guration, that is without taking into aountlattie expansion due to �nite temperature e�ets. Experimental data for Be are takenat T=80K, and the overall agreement is very good. Data for Mg are taken at T=290K.In Chap. 4 it is shown that, in the ase of Magnesium, the agreement greatly improves,onsidering thermal e�ets. For Beryllium agreement is slightly worse but still reasonable.Note that our ab initio alulations have no adjustable parameter and the only unon-trolled approximations are the adiabati one and LDA to deal with eletroni orrelations.The good agreement obtained in the Beryllium ase is remarkable, sine for this material itis not easy to reprodue aurately experimental data with empirial Born-von Karmansheme|as, for instane, in Ref. [15℄|even after extensive �tting of the experimentaldispersion relations.3.2 Be (0001) surfaeTo desribe the surfae we adopted a repeated slab geometry with 12-layer Be slabsseparated by a �25 a.u. thik vauum region (equivalent to 8 atomi layers) to deouplethe surfaes. It has been heked that this number of layers is enough to reover bulkproperties in the middle of the slab. In the BZ integrations we used a 30-point grid,obtained projeting the bulk grid on the surfae BZ. Atomi positions in the slab were fullyrelaxed starting from the trunated bulk ones, keeping the in-plane lattie parameter �xedat the bulk value. Symmetry �xes atomi in-plane positions and relaxation involves onlymodi�ation of the inter-layer spaing. The three outmost layers relax signi�antly fromthe bulk value, in agreement with experimental evidene [4, 17, 18℄. The alulated valuesfor the interlayer spaing variation are reported in Table 3.2, along with experimental data[17℄ and previous theoretial results. Our theoretial alulation agrees well with previousones, but all theoretial results disagree with early room-temperature LEED-IV strutural
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Table 3.2: Relaxation of the three outer layers of Be (0001) as obtained by LEED and severaleletroni struture alulations. The experimental temperature is shown, while for the alu-lations the exhange and orrelation funtional used and the number of layers in the slab areindiated. �d12(%) �d23(%) �d34(%)Exp: LEED (110 K) [4℄ +3.1 +1.4 +0.9LEED (300 K)[17℄ +5.8 -0.2 +0.2Th: LDA-12 layers (this work) +3.2 +1.0 +0.4LDA-10 layers [4℄ +2.9 +1.1 +0.4LDA-11/13 layers [21℄ +2.7 +1.2 +0.6LDA-9 layers [19℄ +3.9 +2.2GGA-9 layers [22℄ +2.5determination [17℄. The use of di�erent exhange and orrelation funtionals does notimprove the omparison [22℄. Reently the importane, in order to get lose to LEEDresults, of inluding in �rst-priniples alulations the e�et of zero-point vibrations hasbeen suggested for transition metal surfaes [6℄. In the present ase, however, alulationshows ( next hapter) that zero-point vibrations do not modify signi�antly the top layerrelaxation.Very reently a new, low temperature (110 K), LEED-IV determination of the stru-tural properties of Be (0001) surfae has been obtained [4℄. The agreement betweentheoretial results and this new experimental determination is very good, the value forthe topmost layer expansion being 3.1%, with similar agreement for the inner layers. Dis-agreement with previous experiments [17℄ seems to be due to a large extent to a verystrong temperature e�et [4℄. However, �rst-priniples alulation of the surfae thermalexpansion gives only a relatively small e�et, as will be shown in the next hapter.Real-spae interatomi fore onstants (IFC) of a 12-layer slab were obtained fromdynamial matries, alulated on a 6� 6 grid of points in the surfae-BZ. Although thesurfae IFC's are well onverged and reover the bulk values in the middle layers of ourslab a thiker sample is neessary to deouple those surfae vibrations that penetratedeeply in the bulk. The dynamial matries of a 30-layer slab were built mathing thesurfae IFC's to the bulk ones in the entral region, as skethed in Fig. 3.5.The resulting phonon dispersions, obtained by Fourier interpolation, are reported inFig. 3.6 together with an indiation of the surfae harater of the alulated modes.Open dots represent modes loalized more than 50% in the three topmost layers (dot sizeis proportional to this perentage), and full dots represent modes loalized more than30% in the topmost layer, and polarized perpendiularly to the surfae. It is evident thatmany layers are involved in the surfae dynamis. Comparison in the experiment is shownin Fig. 3.7.A very good agreement is found between the experimental Rayleigh Wave, the mostlearly revealed peaks in the experiment, and the alulated surfae vibration that isessentially onentrated in the �rst layer and polarized perpendiularly to the surfae(EELS is a tehnique partiularly sensitive to modes with these harateristis [73℄).
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Figure 3.5: Sketh of the proedure used to model the fore onstant matrix C of a thik slab(on the right). The fore onstants alulated for a relaxed slab (S bloks) are used to desribethe interatomi interation in the topmost surfae layers (solid lines) of a thik slab. Dashedlines indiate bulk layers inserted in order to onstrut the thik slab. The fore onstantsdesribing bulk-bulk and bulk-surfae interations are indiated by the shaded bloks, and havebeen assumed to be equal to the interatomi fore onstants of the bulk.However our alulation predits two additional modes below the bulk-band edge thatare not observed in the experiment. These modes are peaked in sub-surfae layers andhave both in-plane and out-of-plane omponents. We suggest that they are not observedin the experiment beause of the strong intensity of the rather lose RW, whih, in theregion where three modes are predited, is for more than 70 % loalized in the �rst layerand z-polarized.Many of the additional surfae vibrations in Fig. 3.7 agree qualitatively with weakfeatures present in the experiment (open squares). In partiular at the M point a shearhorizontal mode has been experimentally observed [66℄ in the appropriate geometry. Theexperimental value of 50.5 meV agrees well with our result (50.0 meV).3.3 Be(1010) surfaeA shemati drawing of the (1010) surfae of an hp is shown in Fig. 1.4. Two terminationare possible, in the Beryllium ase the most stable termination is the one with the shortest�rst interlayer separation [35℄. Beryllium (1010) surfae is more open than the (0001) oneand a larger number of layers are involved in the relaxation, thus a larger number of layersis neessary to desribe this surfae. We have used a 16-layer Be slabs separated by a 6atomi layers equivalent vauum region to deouple the surfaes. We used a 32-point gridin the irreduible surfae Brillouin zone (SBZ), hosen in order to give a similar densityof points as the projetion of the bulk grid on the SBZ. Atomi positions in the slab werefully relaxed starting from the trunated bulk, keeping the in-plane lattie parameters
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Table 3.3: Relaxation of the four outer layers of Be(1010) surfae, ompared with previouseletroni struture alulation and experimental LEED results. Experimental errorbar areshown in parenthesis. d12(%) d23(%) d34(%) d45(%)Theory (this work) -24.5 +6.6 -14.8 +4.7Theory [35℄ -20 +4.4 -13 +3.8Experiment [35℄ -25(-4/+3) +5(-3/+5) -11(-5/+8) +2(-2/+4)�xed at the bulk value.The alulated values for the interlayer spaing variation are reported in Table 3.3,along with reent experimental LEED strutural data and previous theoretial results[35℄. Good agreement is found within experimental errorbar. The numerial values of d12and d34 relaxations seem to be very large (�25% and �10% respetively), but it shouldbe kept in mind that they refers to variation of a small quantity: the short interlayerspaing ( d ' 1:3a.u.). Due to Be rather light atomi mass, a preise determination of thebulk and (1010) surfae struture of Be should take into aount also zero point motion.In the next hapter we will show that inlusion of this term does not a�et the interlayerrelaxation in an appreiable way.Surfae-phonon dispersions of Be (1010) were alulated by sampling the SBZ of our16-layer slab on a 6 � 4 grid of points and Fourier interpolating dynamial matries inbetween to obtain real-spae interatomi fore onstants (IFC). The surfae IFC's are wellonverged and reover the bulk values in the middle layers of the slab. The dynamialmatries of a 104-layer slab were therefore built mathing the surfae IFC's to the bulkones in the entral region, with the proedure skethed in Fig. 3.5. A thiker slab thanthe one used to desribe (0001) surfae is neessary sine vibrational modes penetratemore deeply in the bulk.In Ref. [16℄ EELS spetra have been taken in the � � M and � � A diretions inthe SBZ. Sine in both sattering geometries the sagittal plane oinides with a mirrorplane of the rystal, vibrations polarized perpendiularly to this plane (shear horizontalmodes) annot be exited [73℄. In the following we will all forbidden modes those modesthat annot be deteted in the experimental on�guration used for the orrespondingmomentum.In Fig. 3.9 the dispersion of a slab modeling the Be(1010) surfae is shown togetherwith an indiation of the surfae harater of the alulated modes. Dots represent modesloalized more than 25% in the three topmost layers (dot size is proportional to thisperentage), gray dots represent modes with a polarization forbidden in the satteringgeometry used in Ref. [16℄, and full dots represent modes loalized more than 25% in thetopmost layer, and polarized perpendiularly to the surfae.Comparison with experiment is shown in Fig. 3.10. The interpretation is straightfor-ward at zone boundaries. At the A point only one very pronouned peak is measured (seeFig. 3.8), while three surfae modes are predited by alulation. The two modes at 26.4and 32.3 meV are mainly polarized perpendiularly to the surfae and are onentratedin the seond and in the �rst layer, respetively. The mode loalized in the �rst layer (
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Figure 3.8: Be(1010) surfae: a set of typial loss spetra taken at the high-symmetry pointsof the surfae Brillouin zone (Fig. from [35℄)
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36 CHAPTER 3. STRUCTURE AND DYNAMICAL PROPERTIES' 32 meV) reprodues very well the energy and the dispersion of the experimental losseven inside the bulk band edge. Intensity and width of this peak probably mask theother mode, as an be argued from the reported loss spetra [16℄ shown in Fig. 3.8. Thetheoretial mode at 63.7 meV is polarized along ��M and is thus forbidden. At the Mpoint experiment shows two peaks, while alulation �nds many modes with di�erent po-larizations. There are three alulated modes essentially polarized perpendiularly to thesurfae at 41.4, 49.8 and 56.0 meV. The �rst two reprodue very well the two measuredlosses, the lowest one being essentially onentrated in the �rst layer and orrespondingto the most intense experimental loss.Again the reported loss spetra [16℄ shown in Fig. 3.8 suggest that the viinity ofthe three modes and the intensity of the �rst two peaks probably mask the weaker lossat 56.0 meV. Calulation predits other modes with polarization parallel to the sagittalplane between 69.4 and 76.5 meV, they are less intense and near one to the other, so theyprobably annot be separated and are possibly masked by the tail of the Rayleigh wave.Calulation also predits at 54.3, 61.1 and 68.7 meV three modes with very pronounedsurfae harater but polarized along the � � A diretion and thus forbidden in theexperimental on�guration.At zone enter the situation is less lear. Three losses are experimentally observed,measured in the two di�erent sattering geometries ( see Fig. 3.8). Among the alulatedmodes with the most pronouned surfae harater, one (at 45.9 meV) is polarized per-pendiular to the surfae and reprodues well the energy and the dispersion of the lowestmeasured loss. Other alulated modes are polarized in the sagittal plane along the ��M(52.9, 73.9 meV) or � � A (84.78 meV) diretions. These modes are spread on the 5-6topmost layers, so they probably are not easily detetable by EELS.In general, surfae energy losses may derive not only from exitation of a single modeloalized at the surfae but also from regions of the bulk spetrum where the vibrationalmotion at the surfae is high due to high vibrational Surfae Density of States (SDOS),in spite of the small ontribution of eah individual mode. From the omparison betweenexperimental data and alulated SDOS (Fig. 3.11) we an assoiate the experimental lossaround 63.3 meV to a zone of high SDOS deriving from the high DOS in the bulk (seeFig. 3.9) and not from large surfae ontribution of a single mode. Note that at the zoneboundaries the Rayleigh wave xsis essentially onentrated in the �rst layer and gives riseto the most intense losses, thus we think that weak losses deriving from high SDOS anbe learly deteted only near zone enter.The third experimentally observed loss at � (at 55.2 meV) does not orrespond toany alulated surfae mode or resonane of allowed symmetry. From Fig. 3.9 it an beseen that a forbidden mode is atually present in that region of the spetrum. At thepresent stage we an only speulate that this weak experimental loss might result from aloal breaking of the seletion rule for the ideal surfae [73℄ due to impurities or roughnessprobably present at the Be (1010) surfae and not inluded in the alulation.In onlusion we �nd that ab initio alulations of the vibrational properties of Be(1010) surfae reprodue very well the energy and dispersion of many experimentallyobserved losses. In partiular modes polarized perpendiularly to the surfae and loalizedin the �rst few surfae layers ompare very well with the most intense experimental peaks
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Table 3.4: Relaxation of the four outer layers of Mg(1010) surfae, ompared with previouseletroni struture alulation and experimental LEED results, taken at T=120K.d12(%) d23(%) d34(%) d45(%)Theory (this work) -19.0 +7.9 -10.8 +3.9Theory [74℄ -14.9 +6.9 -7.5 +1.7Experiment [24℄ -16.4 +7.8 | |at the zone boundaries.3.4 Mg(1010) surfaeAs usual to desribe the surfae we adopted a repeated slab geometry with 16-layer Mgslabs separated by a 6 atomi layers equivalent vauum region to deouple the surfaes.Using a 24-point grid in the irreduible surfae Brillouin zone (SBZ) all alulated prop-erties resuted well onverged. Atomi positions in the slab were fully relaxed startingfrom the trunated bulk, keeping the in-plane lattie parameters �xed at the bulk value.Further details are in Se. 3.1.Again many layers are involved in surfae relaxation. The alulated values for theinterlayer spaing variation are reported in Table 3.4, along with experimental, low tem-perature, LEED strutural data [24℄ and previous theoretial results [74℄. Reasonableagreement is found. Using a slab of 22-layers and a 20 Ry plane wave ut-o� results donot hange signi�atively.Surfae-phonon dispersions of Mg (1010) were alulated by sampling the SBZ of our16-layer slab on a 4 � 2 grid of points and Fourier interpolating dynamial matries inbetween to obtain real-spae interatomi fore onstants (IFC). The surfae IFC's are wellonverged and reover the bulk values in the middle layers of the slab. The dynamialmatries of a 96-layer slab were therefore built mathing the surfae IFC's to the bulkones in the entral region (see Fig. 3.5). Dispersion is shown in Fig. 3.12 together withan indiation of the surfae harater of the alulated modes. Dots represent modesloalized more than 30% in the three topmost layers (dot size is proportional to thisperentage). Full dots represent modes loalized more than 25% in the topmost layer,and polarized perpendiularly to the surfae.Good agreement is found between measured losses and the alulated Rayleigh wavedispersion (Fig. 3.13). Comparing the two analogous Be(1010) and Mg(1010) surfaes, itis remarkable that the dispersion in the A� � diretion, of the mode on�ned in the �rstlayer has di�erent sign in the two materials.
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Chapter 4Thermal expansionIn this hapter we present a �rst-priniples study, within the quasi harmoni approxima-tion, of the thermal behaviour of Be(0001), Be(1010), and Mg(1010) surfaes.Our alulation desribes well the thermal expansion for the bulk materials and hasbeen heked against �rst-priniples moleular dynamis simulations in the (0001) sur-fae ase. We do not �nd the large (0001) surfae thermal expansion reently observedexperimentally [4℄ and we argue that the morphology of the atual surfae ould be lessideal than assumed.In the ase of Be(0001) only one layer is, essentially, involved in the relaxation, and thestudy of the thermal expansion, has been done by diret derivation of the vibrational freeenergy. The more omplex Be and Mg (1010) ases, where many layers are involved inthe expansion, have been studied alulating the third order variation of the total energy,with the method desribed in Chap. 1. In both (1010) surfaes QHA predits negativethermal expansion of the �rst interlayer spaing, though surfaes as a whole expand. Thisbehaviour has been reently experimentally observed at Mg(1010) surfae [24℄.4.1 Be and Mg bulkIn this setion the thermal expansion of bulk Be and Mg in the hp struture is stud-ied within the QHA sheme. The strutural properties shown in Chap. 3, were insteadobtained minimizing only the stati energy, Etot(a) in eq. (1.10).For the hp struture the QHA free energy is a funtion of the two axis lengths, a and, and has been alulated from �rst priniples on a grid of points in the two-parameterspae. The vibrational ontribution to the free energy resulted to be remarkably linearin the two parameters in both materials. Due to low atomi number of Be and Mg,the ontribution of zero-point vibrations is expeted to be more important than in othersystems, espeially for Beryllium, and in fat it results in an inrease in both lattieparameters of � 0:7% in Be and � 0:3% in Mg. The agreement with experimental datais thus further improved (see Tab. 4.1).The alulated temperature variations of the bulk lattie parameters are reported,together with available measurements, in Figs. 4.1, and 4.2. From this omparison weonlude that QHA aounts well for Be and Mg bulk anisotropi thermal expansion in39
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Table 4.1: hp Be and Mg bulk lattie onstants. Comparison between experiments(exp.) andalulations done at stati equilibrium(stati) or inluding zero-point e�ets within the QuasiHarmoni Approximation (QHA).Be Mga =a a =astati 4.25 1.572 5.93 1.629QHA 4.28 1.571 5.95 1.629exp. 4.33 1.568 6.06 1.623the whole temperature range of interest. It is remarkable that in the ase of Beryllium =aratio ontrats inreasing the temperature, while in the ase of Magnesium it expands,and that this feature is orretly reprodued by the alulation.In Figs. 4.3, 4.4 we ompare bulk phonon measurements taken at �nite temperature(T=80 for Be, T=290 for Mg), and already shown in Figs. 3.3, 3.4, with theoretialdispersion obtained at the alulated lattie strutures orresponding to the experimenttemperature. In the ase of Magnesium the agreement between experiment and theory isgreatly improved, while for Beryllium the agreement beomes slightly worse, still remain-ing inside the typial errors obtainable with DFPT.4.2 Be (0001) surfaeReently a large thermal expansion of the Be(0001) top layer (reahing 6:7% at 700K) has been experimentally observed [4℄. This result was somehow unexpeted, sinesurfae phonons show no sign of enhaned anharmoniity [4, 15℄, however the alulationof the surfae thermal expansion [4℄, within a simpli�ed quasiharmoni approah reentlyintrodued in Ref. [6, 34℄, resulted in very good agreement with experiments. In Ref.[4, 6, 34℄ the sum over vibrational modes in the vibrational part of the free energy isreplaed by the sum over only three \representative wave pakets" orresponding to modesat the surfae BZ enter where the top layer moves on a rigid substrate, and the validityof suh an approah has been ritiized by some authors [5℄. We have deided to hekthe auray of this approximation [23℄.4.2.1 Our alulationThe thermal expansion of the �rst surfae-layer has been alulated by minimizing theQHA free-energy as a funtion of the �rst interlayer separation, d12. The vibrationalfree-energy is alulated summing over a 75 � 75 regular grid in the surfae BZ and overall the vibrational branhes of a 30 layers slab, obtained Fourier interpolating dynamialmatries alulated on a 6 � 6 grid (further details are given in se. 3.2).In-plane lattie parameter, ak, and all other interatomi distanes were assumed tovary aording to the alulated bulk thermal expansion. In order to evaluate the freeenergy variation with respet to d12 and ak, full phonon dispersions have been alulatedfor two di�erent values of d12, orresponding to i) stati lattie equilibrium and ii) the
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Figure 4.1: Be bulk anisotropi thermal expansion: omparison between experimental data fromRef. [29℄ and alulation performed within the quasi harmoni approximation. For a omparison:Be bulk Debye Temperature = 1440K, Melting Temperature= 1623K.
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topmost layer further expanded by 2%, and two in-plane lattie parameters, orrespondingto i) stati equilibrium geometry and ii) the theoretial bulk value at T =700 K (a = 4:31a.u.). The resulting vibrational free energies were interpolated (bilinearly) in between.We have examined the e�et of varying the seond interlayer spaing on our resultsand found that they are una�eted by its preise value: varying �d23=d0 between 0 and1:5% the total energy of the slab as a funtion of d12 does not hange neither minimumposition nor its urvature.Our results are reported in Fig. 4.5 along with experimental data [4, 17℄. Zero-pointmotion does not hange signi�antly the �rst interlayer distane at zero temperature(3:3%) with respet to the stati result (3:2%). By inreasing the temperature the topmostlayer relaxes outward reahing 4:1% expansion, relative to the orresponding bulk value,at 700 K. At all temperatures, the expansion is mainly due to anharmoniity in theout-of-plane vibrations that aounts for about 90 % of the e�et. On the ontrary thelarge thermal expansion alulated in Ref. [4℄ with the \three mode samplig" is due tosoftening of the in-plane \vibrations". Good agreement with experimental data is foundat the lowest temperature as well as \reasonable" disagreement at room temperature,in view of the satter between experimental data, mainly due to di�erent experimentalanalysis [4℄. At the highest temperature, however, the disrepany is well beyond theexperimental errorbar.
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Table 4.2: Be (0001) surfae layer expansion and out-of-plane (in-plane) rms displaementsat 700 K. Comparison between results obtained from FPMD, QHA, and QHA with lassialstatistis (CQHA). FPMD CQHA QHA�d12=d0 +3:7% +3:8% +3:6%�d23=d0 +1:7% - -u1(�A) 0.15 (0.12) 0.14 (0.12) 0.14 (0.13)u2(�A) 0.12 (0.11) 0.11 (0.12) 0.11 (0.12)u3(�A) 0.11 (0.11) 0.10 (0.11) 0.10 (0.11)and their temperature dependene in LEED analysis of \nominally ideal" surfaes. Wefound, for instane, that a omplete f Be adlayer, whose staking-fault ost is only 50meV/atom in LDA, relaxes outward 2% more than the hp terminated surfae. Sineadatoms are more stable, by � 40 meV, in f sites than in hp ones [21℄, mixed f/hplayers ould exist, espeially if some residual H, a�eting the loal energetis of defets[21℄ were present. More experimental and theoretial work is still needed on this issue.4.2.4 First priniples moleular dynamisIn order to further asses the auray of QHA we have performed a �rst-priniples moleu-lar dynamis (FPMD) simulation, where anharmoniity is fully taken into aount, study-ing the system at the highest (700 K) temperature of interest, where the disagreement ofQHA results with experimental data is largest and the lassial treatment of the atomimotion in FPMD is most reliable. Our FPMD simulation ell onsists of 8 atomi layersseparated by � 4-layer thik vauum region, with 3 � 3 in-plane periodiity; in-planelattie parameter was �xed at the alulated bulk value at T = 700 K (4.31 a.u.). Datawere taken for about 2 ps in a miroanonial run, with average total kineti energy or-responding to T = 700 K. The result for the interlayer separations and rms amplitudesof the simulation are reported in Table 4.2. The estimated statistial error assoiated tothese results is of a fration of perent for the interlayer separations and somewhat largerfor the rms displaements.In order to make a diret omparison with QHA results and to hek for potentialerrors assoiated with the redued BZ sampling|orresponding to the limited in-planeperiodiity in the FPMD simulation|as well as the redued number of layers and vauum-layer thikness, the QHA alulation have been redone using the same tehnial detailsinvolved in the FPMD simulation. To display the relevane of quantum e�ets on theatomi motion at this temperature the alulation have been performed using both quan-tum statistis, Eq. (1.10), or lassial Boltzmann statisti. All these data are gathered inTable 4.2 where it is evident that: i) FPMD simulation, onsistently with QHA results,shows only a small top-layer expansion at 700 K and rms amplitudes smaller than exper-imentally reported; ii) QHA is perfetly adequate to deal with anharmoni e�ets in Be(0001) surfae at this high temperature; iii) lassial or quantum statistis makes verylittle di�erene at 700 K, of the order of the di�erene due to redued BZ sampling and



4.3. BE AND MG(1010) SURFACES 47slabs thikness (our most aurate QHA alulation gives, for instane, a value of 4:1%for the top layer expansion).In onlusion, from the omparison with FPMD, we �nd that QHA is well suited todesribe thermal properties of Be (0001) surfae up to the high temperature experimen-tally investigated, but results obtained in oversimpli�ed approahes must be handled withare. This is an important result in view of the appliation of QHA to the study of surfaethermal properties of other systems.Comparison with experiments shows that aurate LDA alulations for the lean andat Be (0001) surfae annot explain the large reported �rst-layer thermal expansion. Weargue that the origin of the disagreement should be searhed in the morphology of thereal surfae.4.3 Be and Mg(1010) surfaesIn this setion we show our preliminary alulation of the Be and Mg(1010) surfaesthermal expansion. Many layers are involved in the thermal expansion and eq. 1.12 hasbeen solved within an ab initio approah.With the sheme of Se. 2.4 we have alulated derivative of Be and Mg dynamialmatries for a 16-layers slab at the equilibrium positions of the stati equilibrium lattieparameters. Details of the alulation are the same as in Chap. 3.In order to test the separation of the two surfaes of the slab, it has been heked thatvariation of the dynamial-matrix elements orresponding to atoms of the entral layersis negligible, for displaements of the 5 outermost layers, for both materials.Free energy derivatives with respet to displaements perpendiular to the surfae ofthe 5 outermost layers (�F vib=�di; i = 1; : : : ; 5) have been alulated aording to eq. 1.14,and results are shown in Fig. 4.8. We have used a 32-layers slab (built as desribed in Fig.3.5), and summation was performed on two di�erent grid of q-points, that is the 4 highsymmetry points in the surfae BZ, or only � and M. In the ase of Be both grid wereused while for Mg only a preliminary alulation on the 2 q-point grid has been done.From Fig. 4.8 it an be seen that improving the sampling in the ase of Beryllium,some of the alulated values hange notieably, however the resulting surfae relaxationis only slightly a�eted. As a onsequene we believe that the \4q-points" sampling isaurate enough for the present purpose, and also that our preliminary alulation for Mggives qualitatively orret results. In the ase of Be(0001), where we have performed avery aurate sampling of the modes, we have heked that a summation on an analogousgrid indeed gives orret results. Note that the \3-mode" sampling of Ref. [6, 34℄, alreadyaddressed in Se. 4.2.2 onsiders only the frequenies of three \e�etive modes" at thezone entre, orresponding to the motion of the �rst layer on a rigid substrate. On theontrary in our alulations all the modes of a suÆiently large slab are alulated exatly.These results indiate that a orret desription of the vibrational modes of the systemis ruial, even though the number of q-point used to sample the Brillouin zone is not soritial.Using the vibrational fores (�F vib=�di) so obtained, and solving eq. 1.12 we have



48 CHAPTER 4. THERMAL EXPANSION
      (10  a.u. / surf. unit cell)-3∂F
∂di

 

d1 d2 d3 d4 d5

-4

-2

 0

 2

 4

T = 0K

T = 400K

Mg 2q

 

d1 d2 d3 d4 d5

-6

-3

 0

 3

 6
T = 0K

T = 700K

Be 2q
 

d1 d2 d3 d4 d5

-6

-3

 0

 3

 6
T = 0K

T = 700K

Be 4q

Figure 4.8: Be(1010) and Mg(1010) surfaes: free energy derivatives with respet to displae-ments perpendiular to the surfae of the 5 outermost layers (d1; : : : d5), at various temperature.Calulation has been performed on a 32-layers slab summing on two di�erent grid of q-points.The labels \4q" and \2q" indiate that summation is done respetively on the 4 high symmetrypoints in the surfae BZ or only on � and M.



4.3. BE AND MG(1010) SURFACES 49alulated the thermal expansion of the 4 outermost interlayer spaings (di;i+1). Resultsare shown in Fig. 4.9 (full lines) together with LEED measurements [24, 35℄ (open dots).To make a omparison in Fig. 4.9 we also show the expansion obtained relaxing atomipositions at the alulated lattie spaings orresponding to a given temperature, neglet-ing other thermal ontributions (dashed lines), and the stati equilibrium lattie spaingresults (full dots). Note that while the stati ontribution leads to an overall ontration,inlusion of entropi terms leads to an overall expansion of the surfaes. At T = 0Kzero-point motion does not hange appreiably interlayer distanes with respet to statiresults, this is related to the fat that while bulk e�ets inrease the in-plane lattie spa-ing, thus ontrating the surfae, surfae free energy leads the surfae to expand. It isremarkable that in all ases studied (see also Se. 4.2.1) these two e�ets anel eah otheralmost exatly. The overall agreement with experiments is rather good, in partiular wehave reprodued the negative thermal expansion of the �rst interlayer spaing at Mg(1010)surfae, and we predit that the same behaviour should be observed at Be(1010) surfae.Results shown in this setion are only preliminary for several reasons. Vibrationalfores alulated for deeper layers should be inluded to ahieve higher auray on d45.Moreover f�F vib=�dig have been omputed at the equilibrium lattie spaing, and e�etsdue to in-plane lattie expansion should be inluded also in this part of our alulation,although we expet that, as was the ase for the Be(0001) surfae, this quantity does nothange signi�antly varying the lattie spaing aording to the temperature. Finally thestati energy term has been approximated with its seond order expansion with respetto the atomi displaements alulated at the equilibrium positions of the expanded lat-tie spaing orresponding to a given temperature. In onlusion improvements in ouralulation are neessary, but we believe that the obtained general behaviour is orret,and reprodues observed results.
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Figure 4.9: Be(1010) and Mg(1010) surfaes: thermal expansion of the �rst four interlayerspaings alulated within the quasi harmoni approximation (ontinuous lines). To make aomparison the expansion obtained with a stati alulation at the lattie spaing orrespondingto a given temperature is also shown (dashed lines). Full dots orrespond to relaxed positionsat the stati equilibrium lattie spaing. Open dots are LEED measurements from Ref. [24, 35℄.



ConlusionsThe present work has been devoted to the study of the surfae thermal expansion withina fully ab initio approah. We have investigated the usefulness of the Quasi HarmoniApproximation (QHA) in dealing with surfaes, and we have extended this sheme to sys-tems more omplex than those studied so far. In order to do this, a method to alulateanalytially third order derivative of the total energy of a metalli system has been im-plemented within the framework of Density Funtional Theory (DFT)[7, 8℄, and DensityFuntional Perturbation Theory (DFPT) [10, 11℄.Our attention has foused on Be(0001), Be(1010), and Mg(1010) surfaes, and forboth these simple metals our approah desribes very well the low temperature struturaland dynamial properties of the bulk material and of the onsidered surfaes. Only onelayer is, essentially, involved in the thermal expansion of the Be(0001) surfae, and thissystem has been studied by diret numerial derivation of the quasi-harmoni free energy.On the ontrary a larger number of layers expands in the ase of Be(1010), and Mg(1010)surfaes, and to study these systems is has been neessary to alulate analytially thefree energy derivative with respet to many atomi displaements.Beryllium (0001) surfae has reently attrated muh attention beause of its measuredanomalously large outward relaxation [4℄. We have studied Be(0001) surfae thermal ex-pansion within the QHA sheme, and we have performed �rst-priniples moleular dynam-is simulations. From the omparison of the results obtained with the two approahes wededue that QHA is well suited to desribe thermal properties of the Be(0001) surfae upto the high temperature experimentally investigated. We have performed a very auratesampling of the vibrational modes neessary to alulate quasi-harmoni free energy, anda study of the approximations involved indiates that results obtained in oversimpli�edapproahes [4℄ are misleading, in this ase. We have studied the lean and at Be (0001)surfae, and we do not �nd the large thermal expansion experimentally observed, thus wesuggest that the origin of the disagreement should be searhed in the morphology of thereal surfae.Reently a negative thermal expansion of the �rst interlayer spaing has been exper-imentally observed for the Mg(1010) surfae [24℄. This is one the few ases reported atpresent, and our preliminary alulation on�rms this result, prediting the same e�etat the Be(1010) surfae.
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