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In tro duction

In purely harmonic crystals, ionic mean p ositions do not c hange up on increasing tem-

p erature, th us crystal thermal expansion is a consequence of anharmonic terms in the

in teratomic p oten tial. Anharmonic e�ects are exp ected to b e larger at material surfaces

than in the bulk, b ecause of the lo w er symmetry , and as a consequence thermal expansion

of a surface is exp ected to b e enhanced.

Recen tly this sub ject has attracted m uc h atten tion, and enhanced thermal e�ects

ha v e b een exp erimen tally observ ed on sev eral surfaces, as, for examples, in: Ni(001) [1],

Pb(110) [2], Ag(111) [3], and Be(0001) [4] surfaces. Ho w ev er in some cases the situation

is still debated, not only b ecause in terpretation of exp erimen tal measuremen ts is not

sraigh tforw ard, but also b ecause of con trasting theoretical results, as for example, for

the Ag(111) surface [5]. Finally while go o d agreemen t b et w een static calculations and

exp erimen t is generally found for lo w temp erature structures, some systems ha v e b een

singled out in whic h the inclusion of thermal e�ects seems to b e imp ortan t ev en to in terpret

data tak en at ro om temp eratue, as in Be(0001) [4], and Rh(001) [6] surfaces.

No w ada ys the equilibrium structure of a large class of materials can b e determined

theoretically with great accuracy , thanks to state of the art �rst principles computational

metho ds essen tially based on Densit y F unctional Theory (DFT)[7, 8]. F urthermore, the

study of thermal b eha viour from �rst principles is no w at hand also for complex systems,

as surfaces, thanks to the a v ailabilit y of adequate computational p o w er and to the dev el-

opmen t of sophisicated tec hniques suc h as Car-P arrinello metho d [9] or Densit y F unctional

P erturbation Theory [10, 11].

Di�eren t approac hes ha v e b een used to study thermal e�ects within �rst-principles

metho ds. Essen tially they are based on Molecular Dynamic (MD) sim ulations and Quasi

Harmonic Appro ximation (QHA), other approac hes, suc h as the self-consisten t phonon

sc heme [12], are presen tly not feasible from �rst principles. MD sim ulations accoun t

exactly for in teratomic p oten tial anharmonicit y , but treat ionic degrees of freedom classi-

cally , and can giv e reliable results only near or ab o v e Deb y e temp erature, where quan tum

e�ects are negligible. Systems that can b e sim ulated, no w ada ys, t ypically consist of ab out

a h undred atoms and the time scale of the sim ulation can reac h a few picoseconds. The

kno wledge of the frequencies of the vibrational mo des of a system allo ws the application

of the QHA sc heme. It pro vides a complemen tary approac h, v alid at lo w temp erature,

for determining the temp erature dep endence of structural prop erties. Moreo v er, the p os-

sibilit y of including vibrational mo des calculated at arbitrary w a v elengths, should p ermit

the study of more realistic systems.

Quasi harmonic appro ximation has b een widely used in describing bulk thermal prop-
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erties and is commonly b eliev ed to w ork rather w ell for not to high temp erature [13, 14],

ho w ev er little is kno wn, up to no w, ab out its usefullness at the surface. The presence of

larger anharmonicit y than in the bulk could, infact, lead to a failure of this appro xima-

tion. F urthermore, to apply QHA sc heme vibrational frequencies ha v e to b e ev aluated as

a function of the v alue of the structural parameters describing the system, and up to no w,

within a �rst principles approac h, QHA has b een used to study only systems describ ed

b y a small n um b er of structural parameters ( bulk materials or surfaces in whic h only one

la y er is in v olv ed in the thermal expansion). The aim of the presen t w ork is to assess the

v alidit y of QHA in the study of surface thermal expansion, and to extend this sc heme to

systems more complex than those studied so far.

Vibrational frequencies can b e computed exactly in ev ery p oin t of the Brillouin Zone

thanks to Densit y F unctional P erturbation Theory (DFPT) [10, 11]. Ho w ev er, in order

to study e�cien tly systems describ ed b y a large n um b er of parameters, it is necessary to

calculate the deriv ativ e of the vibrational frequencies. This quan tit y is related to the third

v ariation of the total energy , and can b e calculated, thanks to an extension of the \2n+1

Wigner's rule", within the DFPT framew ork. W e ha v e dev elop ed a practical and e�cien t

metho d for the calculation of the third deriv ativ e of the total energy in a metallic system,

within the DFT and DFPT approac hes. This metho d has b een explicitly implemen ted

for this w ork and has made feasible the study within the QHA of systems in whic h man y

structural parameters are in v olv ed in the thermal expansion.

As far as materials are concerned, in this w ork w e fo cus our atten tion on the ther-

mal expansion of Be(0001), Be(10 10), and Mg(10 1 0) surfaces. Beryllium and Magnesium

are particularly indicated to study the QHA, infact, b ecause of the ligh t atomic masses,

quan tum e�ects are exp ected to b e more pronounced in determining the lo w temp erature

structure, than in other materials. Moreo v er failure of phenomenological mo dels in de-

scribing Be surface dynamical prop erties [15, 16] mak e necessary the use of an ab initio

approac h to deal with this metal.

Beryllium (0001) surface has recen tly attracted m uc h exp erimen tal [15, 17, 18] and

theoretical [19{22] in terest, b ecause of its large out w ard relaxation. Recen tly [4] a large

thermal expansion of the Be(0001) top la y er, has b een exp erimen tally observ ed. The �rst

in terla y er spacing expands to 6 : 7%, with resp ect to the bulk, at 700 K, and this result

w as someho w unexp ected, ho w ev er early calculation [4], done within an o v ersimpli�ed

QHA sc heme, results in agreemen t with the exp erimen t. The appro ximations used in this

calculation ha v e b een criticized b y some authors [5], and this debate has attracted our

atten tion.

In this w ork w e sho w an ab initio study of the thermal expansion of Be(0001) sur-

face [23]. Our results describ e v ery w ell surface phonon disp ersions and the bulk thermal

expansion. A v ery accurate sampling of the vibrational mo des, and a careful c hec king of

all the appro ximations used is done. F urthermore, in order to assess the v alidit y of the

QHA w e compare our results with �rst principles MD sim ulations. In spite of the high ac-

curacy of our calculations, they do not repro duce the large measured thermal expansion,

and w e argue that the actual surface could b e less ideal than assumed.

In the case of Be(0001) surface only one la y er is, essen tially , in v olv ed in the relaxation,

and the study of the thermal expansion, within QHA sc heme, can b e done b y direct
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n umerical deriv ation of the vibrational frequencies. This approac h cannot b e used for

Be(10 10), and Mg(10 10) surfaces, as these surfaces are more op en than the (0001) one, and

man y la y ers relax, and are in v olv ed in the thermal expansion. As previously men tioned

these systems can b e studied e�cien tly b y computing analytically third deriv ativ es of the

total energy , and are in v estigated in this w ork.

A recen t exp erimen t for Mg(10 1 0) surface [24] rep orts a negativ e thermal expansion

of the �rst in terla y er spacing, (where the surface region is still expanding as a whole),

and this is one of the few cases rep orted so far. Our calculation con�rm this result, and

predicts the same b eha viour also in the case of Be(10 10) surface.
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Chapter 1

Motiv ation of the w ork

The accurate study of thermal expansion, within a �rst principles approac h, has b ecome

no w ada ys feasible. In this w ork w e are essen tially in v olv ed in the study of the thermal

expansion of metallic surfaces within the QHA, and in this c hapter w e will sho w the

usefulness of this sc heme.

As men tioned in the In tro duction one of the main motiv ations of the presen t study

is to assess the v alidit y of the QHA for the study of surface thermal b eha viour, since it

has not b een widely used so far, and little is kno wn ab out its accuracy in the surface

case. Moreo v er it has nev er b een used to study systems describ ed b y a large n um b er of

structural parameters.

In Sec. 1 w e review some concepts in lattice dynamics, and in Sec. 2 w e compare

t w o p ossible sc hemes to deal with thermal expansion: Molecular Dynamics and Quasi

Harmonic Appro ximation. In the remaining of the c hapter w e discuss some recen t exp er-

imen tal results concerning Be and Mg surfaces, that ha v e attracted our atten tion.

1.1 Lattice dynamics

The study of the motion of a crystal for p ositions not far from equilibrium can b e done

within the harmonic appro ximation [25].

The underlying appro ximation is the Born-Opp enheimer or adiabatic one. This is

a widely used appro ximation in solid state ph ysics, and consists in decoupling "fast"

electronic degrees of freedom from the "slo w" ionic ones {b y virtue of the great di�erence

of masses{ in the Sc hr• odinger equation of in teracting electrons and ions. In the adiabatic

sc heme electrons are considered as quan tum particles mo ving in the p oten tial of the �xed

n uclei, and they follo ws adiabatically the ions, alw a ys remaining in their ground state.

The ionic motion is then describ ed b y an Hamiltonian, whose in teratomic p oten tial is

the ground state energy of the system of in teracting ions and electrons, in whic h ionic

p ositions are treated as parameters:

H = T

ion

+ E ( f R

l s

g ) ; (1.1)

where T

ion

is the kinetic energy of the ions, E ( f R

l s

g ) is the total energy of the crystal and
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R

l s

is the p osition of the s

th

ion in the l

th

lattice cell. This Hamiltonian can b e studied

classically or with a quan tum mec hanical approac h.

Since w e are studying the system for con�guration near the equilibrium w e can ex-

pand the energy in a T a ylor series with resp ect to the atomic displacemen ts around their

equilibrium p ositions R
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where u

s

( R

l

) = R

l s

� R

0

l s

is the displacemen t from equilibrium, and the linear term

v anishes b ecause of equilibrium. The harmonic appro ximation consists in truncating this

expansion to the second order, th us the classical equations of motion are:
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where M

s

is the mass of the s

th

atom, u

�s

is the �

th

comp onen t in carthesian co ordinates

of u

s

, and:
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C

�s;� s

0

is the in teratomic force constan t matrix, that dep ends on R

l

� R

l

0

b ecause of the

translational in v ariance of the lattice. Other prop erties are that:

C

�s;� s

0

( � R

l

) = C

� s

0

;�s

( R

l

) ;

X

l ss

0

C

�s;� s

0

( R

l

) = 0 8 � ; � (1.5)

This second prop ert y comes from the in v ariance of the energy of the system under a

con tin uous translation of the en tire crystal without distortion.

Due to translational in v ariance of the lattice, the solution of the in�nite set of coupled

Eqs. 1.3 are normal mo des c haracterized b y a v ector q in recipro cal space and ha ving the

form:

u

s

( R

l

; t ) =

1

p

M

s

v

s

( q ) e

i qR

l

� i! t

; (1.6)

The equations of motions b ecome:

!

2

v

�s

( q ) =

X

� s

0

D

�s;� s

0

( q ) v

� s

0

( q ) (1.7)

where D ( q ) is the dynamic al matrix de�ned as:

D

�s;� s

0

( q ) =

1

p

M

s

M

s

0

X

l

C

�s;� s

0

( R

l

) e

� i qR

l

(1.8)

D ( q ) is a 3 N

at

� 3 N

at

hermitean matrix { N

at

is the n um b er of atoms p er unit cell{ and

has the follo wing prop erties:

D

�s;� s

0

( q ) = D

�

�s;� s

0

( � q ) ; D

�s;� s

0

( q ) = D

�

� s

0

;�s

( q ) : (1.9)
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An y harmonic vibration of the crystal can b e expressed as a linear sup erp osition

of normal-mo de vibrations, and, giv en a q p oin t, eq.1.7 de�nes the 3 N

at

corresp onding

normal mo des and their vibrational frequencies. A complete description of the harmonic

prop erties of a crystal can th us b e obtained from the kno wledge of the in teratomic force

constan ts de�ned in eqs. 1.4 or 1.8. The quan tum mec hanical problem, in the harmonic

appro ximation can b e solv ed in a completely analogous w a y [26].

1.2 Molecular Dynamics and the Quasi Harmonic Ap-

pro ximation

In a purely harmonic crystal, ion mean p ositions do not c hange up on increasing tem-

p erature, th us crystal thermal expansion is a consequence of anharmonic terms in the

in teratomic p oten tial. Thermal b eha viour of a system can b e studied in di�eren t w a ys,

and in this w ork w e ha v e used Molecular Dynamic (MD) sim ulations, and calculations

based on the Quasi Harmonic Appro ximation(QHA).

T o p erform a MD sim ulation means to compute the time ev olution of a system accord-

ing to the Newtonian equations of motion. In a free ev olution of a su�cien tly large system

(micro canonical run) the temp erature, T , of the system is related to the time a v erage of

the kinetic energy b y:

3

2

K

B

T = h

1

2

mv

2

i . MD sim ulations accoun t exactly for in teratomic

p oten tial anharmonicit y , but treats ionic degrees of freedom classically , and can giv e reli-

able results only near or ab o v e Deb y e temp erature, where quan tum e�ects are negligible.

Within a �rst principle approac h MD sim ulations can b e a hea vy computational task, and

as a consequence computationally treatable systems ma y result not large enough to b e

ph ysically realistic. Systems that can b e sim ulated, no w ada ys, t ypically consist of ab out

a h undred atoms and the time scale of the sim ulation can reac h a few picoseconds.

The QHA pro vides a complemen tary approac h, v alid b elo w the melting temp erature to

determine the temp erature dep endence of structural prop erties. In this appro ximation,

the equilibrium structural parameters, a = ( a

1

; a

2

; a

3

; : : : ), of a crystal, at an y �xed

temp erature T , are obtained b y minimizing the Helmholtz free energy F of a system of

purely harmonic oscillators ha ving the frequencies of the vibrational mo des of the crystal

!

� q

( a ) in that con�guration:

F ( T ; a ) = E

tot

( a ) + F

v ib

( T ; a ) =

= E

tot

( a ) +

X

�; q

(

�h!

� q

( a )

2 k

B

T

+ k

B

T ln

�

1 � e

�

�h !

� q

( a )

2 k

B

T

�

)

; (1.10)

@ F ( T ; a )

@ a

= 0 ; (1.11)

where E

tot

( a ) is the static energy of the crystal. T o apply this mo del, the kno wledge

of !

� q

( a ) as a function of the structural parameters is requested, th us including some

anharmonic e�ects.

Application of the QHA sc heme is di�cult, from a computational p oin t of view, b e-

cause of the calculation of F

v ib

. One m ust b e able to calculate frequencies all o v er the
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Brillouin Zone, and this can b e done exactly using DFPT [10, 11]. F urthermore this

calculation m ust b e p erformed at v arious v alues of the structural parameters.

As an example, in the simple case of anisotropic thermal expansion of an hcp crystal

(the system is describ ed b y t w o parameters that are the length of the t w o axis a and c )

one can compute phonon disp ersions in a grid of p oin ts in the ( a; c ) space and in terp olate

in b et w een the second term of eq. 1.10. On the other hand if the system is describ ed b y

a large n um b er of structural parameters (w e will sho w that this is the case for hcp (10 10)

surfaces) the F ree energy cannot b e directly calculated v arying ev ery parameter in v olv ed

in the expansion.

In the general case one can pro ceed b eing able to compute the vibrational forces

@ F

v ib

@ a

i

.

As a �rst appro ximation, assuming a linear dep endence of F

v ib

on its argumen ts, eq. 1.11

b ecomes:

@ F

v ib

@ a

i

+

@ E

tot

@ a

i

( a ) = 0 : (1.12)

Within a �rst principles approac h

@ E

tot

@ a

i

( a ) can b e calculated in ev ery p oin t of the space a

thanks to the Hellmann F eynmann theorem [27], th us eq. 1.12 can b e easily solv ed. Once

obtained in this w a y an estimate of the equilibrium parameters of the system, an exact

solution to the problem could in principle b e obtained b y calculating vibrational forces in

the new p oin t and iterating the pro cedure to self consistency .

Using a sligh tly di�eren t notation eq. 1.7 can b e rewritten:

!

2

� q

v

� q

= D ( q ) v

� q

; (1.13)

with this notation the deriv ativ e of the vibrational free energy is giv en b y:

dF

v ib

da

i

=

�h

4

X

�; q

1

!

� q

tg h

� 1

 

�h!

� q

2 k

B

T

!

h v

� q

j

d

da

i

D ( q ) j v

� q

i

P

�;s

j v

�;s

j

2

m

s

: (1.14)

Since the dynamical matrix D ( q ) is the second deriv ativ e of the total energy with re-

sp ect to atomic displacemen ts, to calculate the deriv ativ e of F

v ib

with resp ect to atomic

displacemen ts the calculation of the third deriv ativ es of the total energy is necessary .

1.3 Beryllium vs. Magnesium

Be and Mg are simple metals with the same outermost electronic con�guration but dif-

feren t prop erties. They are resp ectiv ely the 2

nd

and the 3

r d

elemen t in the 2

nd

column

of the p erio dic table. In b oth cases the outermost electronic con�guration of the isolated

atom consists of a �lled s-shell (Be:2 s

2

, Mg:3 s

2

) and so, in order to form a b ond, out-

ermost electrons m ust h ybridize with p states. A t ro om temp erature and atmospheric

pressure Be and Mg are stable in the hexagonal close pac k ed ( hcp ) crystalline structure

(Fig. 1.1). A more pronounced co v alen t c haracter of the b onding in Be re
ects in some

ph ysical prop erties that mak e Be di�eren t from Mg and from the other elemen ts of the

same column.
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c

a G KM

A H
L

Figure 1.1: Sc hematic dra wing of the hcp crystal structure, and of the corresp onding Brillouin

zone.

The b onding energy of Be is surprisingly strong when compared with close neigh b ors

in the P erio dic T able (cohesiv e energy Be: 3.32 eV/atom, Mg: 1.51 eV/atom, Li: 1.63

eV/atom [28]). Also the Deb y e temp erature is v ery high (Be: 1440 K, Mg: 400 K, Li:

344 K [29]), and th us quan tum e�ects should b e more pronounced in determining zero

temp erature structural prop erties.

There are some evidence of directional b onding in Be. First of all Be c=a ratio is one

of the most con tracted ( ' 4%) for hcp metals, unlik e the nearly ideal one of Mg ( ideal

c=a ' 1.63, Mg: 1.62, Be: 1.57), th us out-of-plane neigh b ours ha v e shorter b onds than

in-plane neigh b ours. Another evidence of this anisotrop y is that the con tribution to the

densit y of electronic states coming from p

x

and p

y

states is di�eren t from the one from

p

z

[30].

Beryllium densit y of electronic states resem bles somewhat that one of a semiconductor,

since it has a minim um near the F ermi energy , while the one of Mg is nearly free electron

lik e ( '

p

� ) as sho wn in Fig. 1.2. In Fig. 1.2 the comparison b et w een calculated Be and

Mg electronic disp ersion is also sho wn . Note that Beryllium bands displa y a direct gap in

a large part of the sho wn BZ, unlik e Mg. Mg has a �lled state at � with energy ' � 1 : 3 eV ,

while the corresp onding Be state is ab o v e the F ermi energy and its band is nearly 
at.

This band is the source of b oth the lo w densit y of states near the F ermi energy and the

high p eak ab o v e the F ermi energy .

The vibrational motion of atoms in a crystal is related to the direct ion-ion in teraction

and to the screening prop erties of the electronic distribution whic h can giv e rise to non-

cen tral forces b et w een ions. F or man y non-transition metals lattice dynamics can b e cor-

rectly describ ed in terms of pairwise cen tral forces, and this can b e done, appro ximativ ely ,

for bulk Mg [31]. On the con trary without taking in to accoun t non-cen tral forces it is

imp ossible to describ e ev en qualitativ ely Be bulk phonon disp ersion [31{33]. F or instance

b y group theoretical analysis it can b e sho wn, quite generally , that at K= (0 ; 2 = 3 ; 0)2 � =a ,

in an hcp crystal, there are three vibrational mo des p olarized in the basal plane. One

of the mo des is doubly degenarate, the other t w o are non degenerate. If the dynamical

prop erties dep end only on pairwise cen tral forces the frequency of the degenerate mo de

lies in b et w een the other t w o. This ordering of the frequencies is incompatible with the
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Figure 1.2: Comparison b et w een Be and Mg electronic band structure calculated b y �rst-

principle metho ds. Densit y of States(DOS) is also sho wn. In the DOS panel the free electron

lik e DOS of the corresp onding material is also sho wn. Be and Mg ha v e the same outermost

electronic con�guration, but while Mg DOS is nearly free electron lik e, Be DOS \resem bles"

that one of a semiconductor, ha ving a minim um near the F ermi energy .
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Figure 1.3: Accurate calculation of Beryllium and Magnesium bulk phonon disp ersions of the

three mo des p olarized in the basal plane in the �-K direction. The ordering of the three mo des

at K for Be, is incompatible with a pairwise cen tral force mo del (see text).

one found in Be, unlik e Mg (Fig. 1.3).

1.4 Be(0001) surface

Because of its large out w ard relaxation [17] Beryllium (0001) surface has attracted m uc h

exp erimen tal [15, 17, 18] and theoretical [19{22] in terest. It is a close-pac k ed surface,

similar to the (111) surface of an f cc crystal. It is w ell established that the �rst in terla y er

separation on most metal surfaces is con tracted at ro om temp erature, Be(0001) is one of

the few exceptions rep orted so far.

Un til v ery recen tly there w as a substan tial disagreemen t b et w een exp erimen tal and

�rst-principles theoretical [19, 21, 22] results on the amoun t of topmost in terla y er expan-

sion in this system, theoretical calculations giving roughly half of the observ ed v alue.

In a recen t letter, P ohl and co w ork ers [4] reconcile exp erimen t and theory on this p oin t

sho wing that lo w temp erature (110 K) lo w-energy electron di�raction (LEED) determina-

tions of the �rst in terla y er separation ( d

12

' +3 : 3% at T=110K) are in agreemen t with

�rst-principles calculations and that rep orted discrepancies at ro om temp erature originate

from a large thermal expansion of the top la y er, reac hing 6 : 7% at 700 K. These �ndings

are v ery in teresting and puzzling, since surface phonons sho w no sign of enhanced anhar-

monicit y [4, 15], ho w ev er the calculation of the surface thermal expansion [4], within a

simpli�ed quasiharmonic approac h recen tly in tro duced in Ref. [6, 34], results in v ery go o d

agreemen t with exp erimen ts.
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T able 1.1: Mg(10 1 0) surface: LEED-IV measuremen ts[24] of the t w o outer la y ers thermal

expansion.

d

12

(%) d

23

(%)

T=120 K -16.4 +7.8

T=300 K -20.1 +9.4

T=400 K -20.6 +10.6

As men tioned previously , within the quasi-harmonic appro ximation the determination

of d

12

( T ) can b e done b y minimizing the free energy of the system (eq. 1.10), with resp ect

to d

12

. Since the ev aluation of the free energy requires the kno wledge of the phonon sp ec-

trum all o v er the Brillouin zone, that is a hea vy computational task, some simpli�cations

ha v e b een in tro duced in Ref. [6, 34] . In particular only three mo des at the zone cen ter

are calculated and the frequency so obtained are used to sample the vibrational densit y of

states in the free energy calculation. The v alidit y of suc h an approac h has b een criticized

b y some authors [5], b ecause of the v ery p o or sampling of vibrational mo des adopted.

In Chap. 4 w e address this surface b y p erforming full BZ sampling and comparing

our result with �rst principles MD sim ulations. Careful c hec king of all the appro ximation

used will also b e sho wn.

1.5 Mg(10 1 0) surface

A sc hematic dra wing of the (10 1 0) surface is rep orted in Fig. 1.4. This surface is more

op en than the(0001) one, and in principle, the truncated bulk can b e terminated in t w o

w a ys, either with a short �rst in terla y er separation, d

12

, as sho wn in Fig. 1.4, or with a long

one, (that can b e obtained remo ving the top-la y er from the short-terminated surface).

Recen tly LEED measuremen ts ha v e determined the termination and in terplanar sep-

aration of the clean Mg (10 1 0) surface as a function of temp erature [24]. The preferred

termination is the one with short d

12

and man y la y ers are in v olv ed in the relaxation in an

oscillatory w a y: while the �rst in terla y er con tracts the second expands and so on. Mea-

suremen t (T ab. 1.1) indicates a negativ e thermal expansion of the �rst in terla y er spacing,

and these results ha v e not b een con�rmed b y theory , y et.

In Chap. 4 w e rep ort on our study , within QHA approac h, of the thermal b eha viour of

this surface. This kind of study has b een p ossible thanks to the dev elopmen t of a metho d

to calculate third order deriv ativ e of the total energy in a metallic system.



1.5. MG(10 1 0) SURF A CE 13

side view top view

[1210]

[1010] [0001]

d12
d23

Figure 1.4: Sc hematic dra wing of the (10 1 0) surface of an hcp crystal. The truncated bulk can

b e terminated in t w o w a ys, either with a short �rst in terla y er separation d

12

, or with a long

one. Here only the termination with the shortest d

12

is plotted, the long-termination can b e

obtained remo ving the top-la y er from the short terminated surface. Both in Be and in Mg the

short termination has b een theoretically sho wn to b e the most stable and the one observ ed in

the exp erimen ts [24, 35].
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Chapter 2

First principles metho ds

In the previous c hapter (Sec. 1.1 and 1.2) w e ha v e sho wn that a complete study of dy-

namical prop erties and of thermal expansion, within the quasi-harmonic appro ximation,

can b e p erformed kno wing the second and third deriv ativ es of the total energy of a system

with resp ect to atomic displacemen ts.

In this c hapter w e giv e an o v erview of the theoretical to ols used in this w ork to calculate

crystal energy and its deriv ativ es up to third order. W e ha v e used ab initio metho ds based

on Densit y F unctional Theory (DFT)[7, 8]. These metho ds ha v e b een dev elop ed in the

last 30 y ears and ha v e demonstrated to b e one of the most p o w erful to ol in the theory of

the electronic prop erties of solids, with results and accuracy surprising and unexp ected

[36{38].

In order to calculate the ground state energy of a quan tum mec hanical system, in

principle, it is not necessary to solv e directly Sc hr• odinger equation, and to kno w the

ground state w a v e function. Within the DFT sc heme the basic quan tit y to b e calculated

is the electronic c harge densit y , and in principle the second and third order deriv ativ es of

the ground state energy can b e obtained from the kno wledge of the �rst v ariation of the

electronic c harge densit y thanks to an extension of the \2 n + 1" theorem [39].

Once the unp erturb ed problem has b een solv ed in the framew ork of DFT, Densit y

F unctional P erturbation Theory (DFPT) [10, 11] pro vides an e�cien t metho d to calculate

the electronic linear resp onse to an external p erturbation of arbitrary w a v elength. DFPT

has b een successfully applied to predict vibrational prop erties of elemen tal and binary

semiconductors [11] or insulators [40], heterostructures [41], semiconductor allo ys [42,

43] and surfaces [44], furthermore it has allo w ed calculation of phonon disp ersions in

metallic bulk [45] and surfaces [46]. DFPT has already allo w ed third order calculation in

semiconducting systems [47], and in this c hapter w e will sho w an extension of this sc heme

to metals.

In Sec. 1 w e giv e an accoun t of the quite standard ab initio metho ds used in this

w ork to calculate total energy . In Sec. 2, and Sec. 3, after an o v erview of DFPT w e sho w

ho w vibrational prop erties can b e calculated in this framew ork. Finally in Sec. 4 w e will

dev elop a practical and e�cien t metho d for the calculation of the third deriv ativ e of the

total energy for metallic systems.

15
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2.1 The electronic problem

The Born-Opp enheimer, or adiabatic, appro ximation, already addressed in Sec. 1.1, re-

duce the full electronic + ionic problem to the calculation of the electronic ground state

energy in the p oten tial energy determined b y �xed ions.

2.1.1 Densit y F unctional Theory

The theoretical framew ork of �rst-principles calculation used in this w ork is giv en b y

Densit y F unctional Theory , whic h has b ecome one of the most p o w erful to ols in the

theory of the electronic prop erties [36{38]. W. Kohn is one of the dev elop er of DFT and

essen tially ga v e a rigorous theoretical bac kground to it [7, 8]. F or this he has b een a w arded

with the 1998 Nob el Prize for Chemistry .

Giv en a man y-b o dy Hamiltonian of in teracting electrons in an external p oten tial v ( r ),{

that in our case is generated b y ionic cores{ one can solv e, in principle, the Sc hr• odinger

equation and obtain the ground state man y-b o dy w a v efunction j  

G

i , the ground state

energy E

G

, and the electronic densit y n ( r ).

Hohem b erg-Kohn theorem [7] states that, for a giv en n ( r ), the v ( r ) generating it is

unique. According to this theorem w e can de�ne F [ n ( r )] as a univ ersal (in the sense that

it do es not dep end on v ( r )) functional of n ( r ):

F [ n ( r )] = h  

G

j H

0

j  

G

i = E

G

[ n ( r )] �

Z

v ( r ) n ( r ) d r (2.1)

where H

0

is the Hamiltonian of the in teracting electrons, without the external p oten tial.

F or �xed external p oten tial, v ( r ), w e can de�ne the energy functional as:

E

v

[ n ( r )] = F [ n ( r )] +

Z

v ( r ) n ( r ) d r : (2.2)

Hohem b erg and Kohn also demonstrate [7] that if n ( r ) is allo w ed to v ary o v er a range of

functions satisfying the requiremen t

N =

Z

n ( r ) d r (2.3)

in corresp ondence of the ground-state electron densit y the follo wing stationary principle

is v alid:

� E

v

[ n ] = 0 : (2.4)

It follo ws from this theorem that without solving the Sc hr• odinger equation {and so without

calculating the w a v efunction of a man y-b o dy system{ one can, in principle, calculate the

ground state energy and the c harge densit y of a system. This could b e done exactly if

the form of the functional 2.1 w ere kno wn.

Application of this v ariational principle allo ws to deduce v ery simple one-particle equa-

tions, kno wn as Kohn and Sham equations [8]. In order to deriv e them it is customary to

separate F [ n ( r )] in the follo wing w a y:

F [ n ( r )] = T

0

[ n ( r )] +

1

2

Z

n ( r ) n ( r

0

)

j r � r

0

j

d r d r

0

+ E

xc

[ n ( r )] (2.5)
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where T

0

[ n ( r )] is de�ned as the kinetic energy of a system of non in teracting electrons

ha ving n ( r ) as the ground state densit y . The t w o follo wing terms are commonly called

Hartree term ( E

H

), and exc hange-correlation energy functional. Eq. 2.5 is the de�nition

of E

xc

in terms of the unkno wn functional F [ n ] and of t w o w ell de�ned quan tities, T

0

[ n ],

and E

H

[ n ].

With this de�nition, the set of KS equations is the follo wing and is to b e solv ed

self-consisten tly:

"

p

2

2 m

+ V

K S

( r )

#

 

i

( r ) = �

i

 

i

( r ) (2.6)

V

K S

( r ) =

Z

n ( r

0

)

j r � r

0

j

d r

0

+

� E

xc

[ n ]

� n ( r )

+ v ( r ) (2.7)

n ( r ) =

N

X

i =1

j  

i

( r ) j

2

(2.8)

Th us in DFT the calculation of the ground-state prop erties is reduced to a problem of

nonin teracting electrons in an e�ectiv e p oten tial. The ground state energy of the system

is giv en b y:

E

v

[ n ] = E

I

[ n ] +

N

X

i =1

h  

i

j

p

2

2 m

j  

i

i =

=

N

X

i =1

�

i

+

�

E

I

[ n ] �

Z

V

K S

( r ) n ( r ) d r

�

; (2.9)

where

E

I

[ n ] =

1

2

Z

n ( r ) n ( r

0

)

j r � r

0

j

d r d r

0

+ E

xc

[ n ] +

Z

v ( r ) n ( r ) d r : (2.10)

2.1.2 Lo cal Densit y Appro ximation

T o implemen t Eq. 2.6 in practice an explicit expression for E

xc

is needed, and in this w ork

w e ha v e used the Lo cal Densit y Appro ximation (LD A):

E

LD A

xc

[ n ( r )] =

Z

n ( r ) �

hom

xc

( n ( r )) d r ; (2.11)

where �

hom

xc

( n ) is the exc hange and correlation energy p er particle of a uniform electron

gas of densit y n . It is a v ery natural appro ximation for a system with slo wly v arying

densit y and it w orks surprisingly w ell for a large v ariet y of systems, ev en b etter than an y

early exp ectations. In the last decade, man y impro v emen ts to LD A w ere prop osed [48{

50], including inhomogeneit y corrections via densit y gradien t expansions of v arious kinds,

ho w ev er none of them seems to pro vide a de�nite impro v emen t in all cases.
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2.1.3 Plane W a v es and Pseudo P oten tial approac h

The actual solution of KS equations can b e obtained expanding the KS w a v efunctions on

a �nite basis set. One of the most widely used c hoices for this basis set is that of plane

w a v es (PW). F rom the Blo c h theorem it comes out that:

 

�; k

( r ) =

X

G

e

i ( k + G ) r

c

�

( k + G ) (2.12)

where k b elongs to the �rst Brillouin Zone (BZ) of the crystal, G is a recipro cal lattice

v ector and � is the band index. The PW basis set is in�nite and it is usually truncated

b y c ho osing a kinetic energy cuto� through the condition:

j k + G j

2

� E

cut

: (2.13)

T o treat explicitly all the electrons it w ould b e necessary to c ho ose a v ery large n um b er

of PW in order to describ e accurately their rapid oscillations near the n uclei. This problem

can b e a v oided freezing the core electrons in the atomic con�guration around the ions,

and considering only the v alence electrons. T o this end one in tro duces pseudop otentials

able to describ e the in teractions b et w een v alence electrons and the pseudoions (ions+

core electrons). The resulting v alence electrons w a v efunctions are considerably smo other

near the n ucleus, but are iden tical to the \true" w a v efunctions outside the core region.

This metho d is no w w ell-established in computational ph ysics, and its results are v ery

accurate [51{55].

The widely-used norm-conserving pseudop oten tials act in di�eren t w a ys on the dif-

feren t angular momen tum comp onen ts, l , of the w a v efunction, and, for eac h angular

momen tum, usually consist of a lo cal con tribution for the radial function and a non-lo cal

one for the angular part:

v

s

( r ; r

0

) = v

l oc

s

( r ) � ( r � r

0

) +

l

max

X

l =0

v

s;l

( r ) � ( r � r

0

) P

l

(
^

r ;
^

r

0

) ; (2.14)

where P

l

is the pro jector on the angular momen tum l . This form of semilo c al pseudop o-

ten tial is still not the most con v enien t one from a computational p oin t of view, and for this

reason Kleinman and Bylander (KB) in tro duced [56] a fully non-lo cal pseudop oten tial in

whic h also the radial part of the p oten tial is non-lo cal:

v

( N L )

s

( r ; r

0

) = v

l oc

s

( r ) � ( r � r

0

) +

l

max

X

l =0

v

( N L )

s;l

( r ; r

0

) ; (2.15)

where

v

( N L )

s;l

( r ; r

0

) =

l

X

m = � l

v

s;l

( r ) R

s;l

( r ) Y

m

l

( � ; � ) Y

� m

l

( �

0

; �

0

) R

s;l

( r

0

) v

s;l

( r

0

)

h R

s;l

j v

s;l

j R

s;l

i

: (2.16)

This form of the p oten tial allo ws a v ery con v enien t simpli�cation of its matrix elemen ts

in recipro cal space, where the KS equations are iterativ ely solv ed.
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2.1.4 Smearing tec hnique

Calculation of man y quan tities for crystalline solids in v olv es in tegration o v er k v ectors of

Blo c h functions in the Brillouin zone. These in tegration are commonly appro ximated b y

summation o v er a �nite set of sampling k p oin ts, w eigh ted with the o ccupation n um b er

of the electronic states:

F =




(2 � )

3

Z

B Z

� ( �

F

� �

�

( k )) f ( k ) d k '

N

X

i =1

� ( �

F

� �

�

( k

i

)) f ( k

i

) (2.17)

where �

�

( k ) is the energy of an electronic state, �

F

is the F ermi energy and � ( x ) is the

step function: x < 0 ) � ( x ) = 0, and x > 0 ) � ( x ) = 1. In the case of metals, due to

the presence of energy bands that cross the F ermi energy , the in tegrand is discon tin uous

and a large n um b er of p oin ts m ust b e used to reac h su�cien t accuracy .

The smearing approac h consists in using a con tin uous smeared function

~

� ( x ), c harac-

terized b y a smearing width � , instead of the step function � ( x ). Smo othing the in tegrand

the calculation con v erges b etter, but the results are ob viously a�ected. The only justi-

�cation for this ad ho c pro cedure is that in the limit as � ! 0 one w ould reco v er the

\absolutely" con v erged result (at the exp ense of using a prohibitiv ely �ne k mesh), and

that ev en at �nite v alue of � one can obtain accurate results. Man y kind of smearing

functions can b e used: F ermi-Dirac broadening, Loren tzian, Gaussian [57], or Gaussian

com bined with p olynomials [58], to recall only some of them.

Within this approac h w e should substitute, in the Kohn-Sham equations, eq. 2.8 with:

n ( r ) =

X

i

~

� ( �

F

� �

i

) j  

i

( r ) j

2

; (2.18)

Z

n ( r ) d r = N =

X

i

~

� ( �

F

� �

i

) (2.19)

where the F ermi energy �

F

is de�ned b y eq. 2.19. The natural de�nition of the total

energy of the system b ecomes:

E

v

[ n ] =

Z

�

F

�1

�n ( � ) d� +

(

E

I

[ n ] �

Z

� E

I

[ n ]

� n ( r )

n ( r ) d r

)

=

=

X

i

f

~

�

1

( �

F

� �

i

) + �

i

~

� ( �

F

� �

i

) g +

(

E

I

[ n ] �

Z

� E

I

[ n ]

� n ( r )

n ( r ) d r

)

(2.20)

where

~

�

1

( x ) =

R

x

�1

y

~

� ( y ) dy , and

~

� ( x ) =

@

@ x

~

� . It can b e sho wn that the new K-S equations

come out from the minimization of this total energy .

2.1.5 Non Linear Core Correction

In their simple original form, norm-conserving pseudop oten tials substitute the v alence-

only c harge densit y to the total one in all con tributions to the total energy . While this

is correct, within the frozen core appro ximation, for the Hartree term, this is only ap-

pro ximate for exc hange-correlation con tribution, due to its non-linear form. The idea
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underlying the Non Linear Core Correction (NLCC) is to use the total c harge instead of

the v al ence c harge to compute the exc hange-correlation energy [59]:

E

xc

=

Z

V

( n

v

( r ) + n

c

( r )) �

xc

( n

v

( r ) + n

c

( r )) d r ; (2.21)

where n

c

is the c harge densit y of the core electrons, computed as a sup erp osition of the

atomic core c harges of the atoms whic h require NLCC, and n

v

is the v alence c harge. The

core c harge is computed only once, together with the psuedop oten tial and then it is added

to the v alence c harge to compute the exc hange-correlation energy .

This correction is particularly imp ortan t when there is a signi�can t o v erlap b et w een

v alence and core c harge, as in the case of Beryllium and Magnesium atoms, and impro v es

the transferabilit y of the corresp onding pseudop oten tials.

2.2 Densit y F unctional P erturbation Theory

Once the unp erturb ed problem has b een solv ed in the framew ork of DFT, DFPT [10, 11]

pro vides an e�cien t metho d to calculate the electronic linear resp onse to an external

p erturbation of arbitrary w a v elength. DFPT has b een dev elop ed for semiconductors and

successiv ely adapted to metallic systems [45]. W e will state DFPT for metals in a w a y

sligh tly di�eren t and less elegan t than in [45], b ecause in the presen t form it is more

appropriate to the purp ose of this w ork.

When a p erturbation V

(1)

bar e

is sup erimp osed on the external p oten tial acting on a KS

system, the self consisten t p oten tial is mo di�ed accordingly: V

S C F

! V

S C F

+ V

(1)

S C F

. If

V

(1)

S C F

is assumed to b e kno wn, from standard �rst order p erturbation theory the linear

v ariation of a w a v efunction  

(1)

and th us the linear v ariation of electron densit y n

(1)

can b e calculated. The resp onse to a particular external p erturbation can b e obtained b y

iteration up to self-consistency . The system of equations to b e solv ed in the semiconductor

case is the follo wing:
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n

(1)

=

X

i

fj  

i

ih P

c

 

(1)

i

j + cc: g (2.23)

V

(1)

S C F

( r ) = V

(1)

bar e

( r ) +

Z

n

(1)

( r

0

)

j r � r

0

j

d r

0

+

dv

xc

dn

�

�

�

�

�

n = n

0

( n )

n

(1)

( r ) (2.24)

where i runs o v er the o ccupied states, P

c

and P

v

are pro jectors on conduction and v alence

states, and � is an energy c hosen so as eq. 2.22 not to b e singular. Note that, in order

to solv e this system, the kno wledge only of the unp erturb ed v alence ground states is

required, and th us the calculation can b e implemen ted e�cien tly .

T o extend this approac h to a metallic system, one can consider an energy su�cien tly

high, in order to separate partially o ccupied states from empt y ones. Chosen an energy

�

E > �

F

+ 3 � , where � is the width of the smearing function

~

� , eq. 2.22, and 2.23 b ecome:
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where P

�v

( P

�c

) is a pro jector on band states with energy �

�

E ( >

�

E ),

P

�v

is a summation

on states with energy �

�

E ,

~

�

F i

=

~

� ( �

F
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i

), and

~

�
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=

@

@ x
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� ( x )

�

�

�

�

F

� �

i

. Eq. 2.25 should b e

solv ed only for o ccupied states, and � is to b e c hosen so as eq. 2.25 not to b e singular.

Also in this case the solution of the system requires the kno wledge of only a �nite n um b er

of states of the unp erturb ed K-S Hamiltonian {those with energy <

�

E {.

2.3 Second order and Linear resp onse

The electronic linear resp onse to ionic displacemen ts considered as external p erturbations

giv es access to in teratomic force constan ts. Infact, within the adiabatic appro ximation, a

lattice vibration can b e seen as a static p erturbation acting on electrons, and the linear

v ariation of electron densit y up on application of an external p erturbation determines

energy v ariation up to third order [60].

Giv en a Kohn-Sham system in whic h the bare external p oten tial acting on electrons

V

ion

�

is a function of some parameters � , the Hellmann-F eynmann theorem [27] states that:
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( r ) d r ; (2.27)

where E

el

�

is the electronic ground-state energy relativ e to some giv en v alues of the pa-

rameters � , and n

�

is the corresp onding electron densit y distribution. Di�eren tiating

this expression one obtains:
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F rom this equation it results that from the kno wledge of the linear resp onse of the elec-

tronic c harge, the second deriv ativ e of the total energy , and th us the dynamical matrix,

can b e calculated as:
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There are t w o con tributions: one is due to the electronic c harge v ariation, while the

second comes from the direct electrostatic in teraction b et w een ions, and is essen tially the

second deriv ativ e of an Ew ald sum [61]. DFPT p ermits to calculate linear resp onse to

p erturbation ha ving an arbitrary w a v elength q , and so ev ery term in eq. 2.29 can b e

calculated within this framew ork.
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2.4 Third order for metals

In this section w e dev elop a metho d to calculate the third order deriv ativ e of the total

energy for a metallic system. This metho d allo ws the calculation of the deriv ativ es of

the dynamical matrix that will b e used to study thermal expansion within the Quasi

Harmonic Appro ximation [25].

In ordinary quan tum mec hanics Ra yleigh-Sc hr• odinger p erturbation theory there exist

a w ell kno wn result, called Wigner's 2 n + 1 rule [39], whic h yields energy deriv ativ es

through order 2 n + 1 starting from the kno wledge of the n � th deriv ativ e of w a v efunctions.

This rule comes from a general principle [62] and its applicabilit y to self consisten t �eld

theories has b een kno wn since sev eral y ears [63, 64]. '2n+1' rule has b een generalized

to DFT b y Gonze and Vigneron [60], and has already b een applied to semiconducting

systems [47] but not y et to metallic systems.

In what follo ws w e will indicate the n � th deriv ativ e of a quan tit y F , with resp ect

to a parameter � , equiv alen tly b y F

( n )

or

d
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F and w e will use the follo wing notations:
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. T aking the third order deriv ativ e

with resp ect to a generic parameter � of equation 2.20 w e obtain:
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F rom ordinary p erturbation theory applied to the Shr• odinger equation H j  
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can b e demonstrated that:
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The �rst v ariation of the c harge densit y is:
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Th us using 2.31 and 2.32, equation 2.30 b ecomes:
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Here and in what follo ws H refers to the Kohn-Sham self consisten t Hamiltonian. F ol-

lo wing [60], from the explicit calculation of eq. 2.33 it results:
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Ev en tually w e ha v e expressed the third v ariation of the total energy in a form in whic h

it dep ends only on the �rst v ariation of c harge densit y and on the �rst v ariation of the

Kohn-Sham w a v efunctions.

Eq. 2.35 cannot b e easily implemen ted in its presen t form: w e ha v e already sho wn that

it is p ossible to calculate n

(1)

( r ) in an e�cien t w a y b oth for metals and semiconductors,

ho w ev er since from standard �rst order p erturbation theory
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an explicit calculation of 2.36 requires the kno wledge of b oth v alence and conduction

w a v efunctions, moreo v er the p ossibilit y that the denominator approac hes to zero ma y

lead to n umerical instabilit y .

T o o v ercome these t w o di�culties, in the semiconducting case, it has already b een

sho wn [65] that eq. 2.34 reduces to:
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where P

c

is the pro jector on the conduction states,

P

v

is a summation o v er v alence states,

and H
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= h  
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j

i . As sho wn in Sec. 2.2 DFPT allo ws direct ev aluation of j P
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i ,

and in the new form eq. 2.37 can b e easily calculated.

The metallic case is sligh tly di�eren t. Let consider an energy

�

E > �
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+ 3 � , where �

is the width of the smearing function
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� , in order to separate partially �lled states and

empt y ones, and note that:
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where P

�c

is the pro jector on the band states with energy >
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E ,
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is a summation on
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app ears in this form ula, and this quan tit y can b e calculated within DFPT, as sho wn in

Sec. 2.2. Moreo v er it can b e c hec k ed that in eq. 2.38 ev ery term ha ving n ull or v ery small

denominator ha v e a w ell de�ned limit that is �nite and explicitly computable. As an

example:
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T o summarize the third v ariation of the total energy has b een expressed, ev en in the

metallic case, in a form in whic h it dep ends only on quan tities that can b e obtained from

the kno wledge of the linear resp onse for a �nite n um b er of states of the K-S Hamiltonian.



Chapter 3

Structure and dynamical prop erties

In this c hapter w e presen t our study of lo w temp erature structure and dynamical prop-

erties of Be(0001), Be(10 10), and Mg(10 1 0) surfaces.

Surface-phonon disp ersions for these surfaces ha v e b een recen tly obtained b y Electron

Energy Loss Sp ectroscop y (EELS) [15, 16, 66, 67]. While go o d agreemen t b et w een theory

and exp erimen t for Mg w as obtained previously [67], early attempts to in terpret Be data

using bulk truncated mo dels [15] are signi�can tly di�eren t from exp erimen t [15, 16, 66],

as it is sho wn in Fig. 3.1, and 3.2. By bulk trunc ate d mo del it is mean t a mo del in whic h

force constan ts are calculated for the bulk and used also to mo del the in teraction b et w een

atoms at the surface. These mo dels giv e ev en a qualitativ e disagreemen t with resp ect

to the exp erimen t, in particular, in the Be(0001) case, the sign of the Ra yleigh w a v e

(R W) disp ersion from K to M p oin t in the surface BZ is incorrectly giv en b y the mo del

calculation. Consequen tly a fully ab initio approac h is needed to describ e Be surfaces

dynamical prop erties.

Here w e sho w that calculations p erformed within DFPT [10, 11] are in v ery go o d

agreemen t with exp erimen ts for all the men tioned surfaces. These results allo w the study

of the thermal prop erties within the quasi harmonic appro ximation, as will b e sho wn in

Chap. 4.

3.1 Be and Mg bulk

As a preliminary step, w e ha v e computed the structural and lattice-dynamical prop er-

ties of the bulk metals. Our calculations ha v e b een p erformed within the lo cal-densit y

appro ximation (LD A) using pseudop oten tials and plane-w a v e (PW) basis sets. A toms

w ere describ ed b y separable pseudop oten tials that include non-linear core correction and

ha v e b een generated so as to optimally repro duce sev eral atomic con�gurations [68, 69],

to enhance transferabilit y . Our basis set included PW's up to a kinetic energy cuto� of 22

Ry , and 16 Ry , for Beryllium and Magnesium resp ectiv ely . F or b oth materials BZ in tegra-

tions w ere p erformed with the sme aring tec hnique of Ref. [58] using the Hermite-Gauss

smearing function of order one, a smearing width � =50 mRy , and a 120-p oin ts grid in

the irreducible w edge of the bulk BZ. Accurate c hec ks ha v e sho wn that these parameters

result in a satisfactory con v ergence of all the calculated quan tities. V alues of the total

25
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Figure 3.1: Be (0001) surface phonon from EELS [15, 66]. The �lled (op en) circles indicate

in tense (w eak) features in the measured disp ersion. Solid lines indicate the calculated disp ersion

of surface mo des for a bulk-terminated slab. The shaded area corresp onds to the pro jection of

bulk phonon mo des on to (0001) surface (Fig. from [15]).

Figure 3.2: Be (10 1 0) surface phonon from EELS [16]. The �lled (op en) circles indicate in tense

(w eak) features in the measured disp ersion. Solid lines indicate the calculated disp ersion of

surface mo des for a bulk-terminated slab. The shaded area corresp onds to the pro jection of

bulk phonon mo des on to (10 1 0) surface (Fig. from [16]).
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T able 3.1: Comparison b et w een measured and calculated hcp lattice-constan ts, a and c , bulk

mo dulus, B , and P oisson ratio, �

P

, of bulk Be and Mg.

a (a.u.) c=a B (Mbar) �

P

Be(exp.) 4.33 1.568 1.1 0.02-0.05

Be(teo.) 4.25 1.572 1.25 0.04

Mg(exp.) 6.06 1.623 0.35 0.28

Mg(teo.) 5.93 1.629 0.40 0.23

energy calculated at di�eren t lattice parameters a , with a �xed c=a , and a �xed kinetic-

energy cut-o�, ha v e b een �tted to a Birc h-lik e equation of state [70]. The equilibrium

energy , obtained this w a y for di�eren t c=a , are �tted to a third order p olynomial. The

resulting equilibrium structural prop erties are in reasonable agreemen t with exp erimen ts

(T ab. 3.1). Note, in the Be case, the con tracted v alue of c=a and the small v alue of the

P oisson ratio, indicating rather strong and anisotropic b onding along the c axis.

In Figs. 3.3, and 3.4 the calculated phonon disp ersions of the t w o bulk materials are

displa y ed and compared with neutron-di�raction data from Refs. [71, 72]. Our calcula-

tions are done at the static equilibrium con�guration, that is without taking in to accoun t

lattice expansion due to �nite temp erature e�ects. Exp erimen tal data for Be are tak en

at T=80K, and the o v erall agreemen t is v ery go o d. Data for Mg are tak en at T=290K.

In Chap. 4 it is sho wn that, in the case of Magnesium, the agreemen t greatly impro v es,

considering thermal e�ects. F or Beryllium agreemen t is sligh tly w orse but still reasonable.

Note that our ab initio calculations ha v e no adjustable parameter and the only uncon-

trolled appro ximations are the adiabatic one and LD A to deal with electronic correlations.

The go o d agreemen t obtained in the Beryllium case is remark able, since for this material it

is not easy to repro duce accurately exp erimen tal data with empiric al Born-v on Karman

sc heme|as, for instance, in Ref. [15]|ev en after extensiv e �tting of the exp erimen tal

disp ersion relations.

3.2 Be (0001) surface

T o describ e the surface w e adopted a rep eated slab geometry with 12-la y er Be slabs

separated b y a � 25 a.u. thic k v acuum region (equiv alen t to 8 atomic la y ers) to decouple

the surfaces. It has b een c hec k ed that this n um b er of la y ers is enough to reco v er bulk

prop erties in the middle of the slab. In the BZ in tegrations w e used a 30-p oin t grid,

obtained pro jecting the bulk grid on the surface BZ. A tomic p ositions in the slab w ere fully

relaxed starting from the truncated bulk ones, k eeping the in-plane lattice parameter �xed

at the bulk v alue. Symmetry �xes atomic in-plane p ositions and relaxation in v olv es only

mo di�cation of the in ter-la y er spacing. The three outmost la y ers relax signi�can tly from

the bulk v alue, in agreemen t with exp erimen tal evidence [4, 17, 18]. The calculated v alues

for the in terla y er spacing v ariation are rep orted in T able 3.2, along with exp erimen tal data

[17] and previous theoretical results. Our theoretical calculation agrees w ell with previous

ones, but all theoretical results disagree with early ro om-temp erature LEED-IV structural
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Figure 3.3: Calculated phonon disp ersions for bulk Be (lines) and neutron scattering data from

Ref. [71] (full dots). The calculated densit y of states is also sho wn. Exp erimen tal data are tak en

at T=80K, while theoretical calculations are done at the static equilibrium lattice spacing.
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Figure 3.4: Calculated phonon disp ersions for bulk Mg (lines) and neutron scattering data from

Ref. [72] (full dots). The calculated densit y of states is also sho wn. Exp erimen tal data are tak en

at T=290K, while theoretical calculations are done at the static equilibrium lattice spacing.
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T able 3.2: Relaxation of the three outer la y ers of Be (0001) as obtained b y LEED and sev eral

electronic structure calculations. The exp erimen tal temp erature is sho wn, while for the calcu-

lations the exc hange and correlation functional used and the n um b er of la y ers in the slab are

indicated.

� d

12

(%) � d

23

(%) � d

34

(%)

Exp: LEED (110 K) [4] +3.1 +1.4 +0.9

LEED (300 K)[17] +5.8 -0.2 +0.2

Th: LD A-12 la y ers (this w ork) +3.2 +1.0 +0.4

LD A-10 la y ers [4] +2.9 +1.1 +0.4

LD A-11/13 la y ers [21] +2.7 +1.2 +0.6

LD A-9 la y ers [19] +3.9 +2.2

GGA-9 la y ers [22] +2.5

determination [17]. The use of di�eren t exc hange and correlation functionals do es not

impro v e the comparison [22]. Recen tly the imp ortance, in order to get close to LEED

results, of including in �rst-principles calculations the e�ect of zero-p oin t vibrations has

b een suggested for transition metal surfaces [6]. In the presen t case, ho w ev er, calculation

sho ws ( next c hapter) that zero-p oin t vibrations do not mo dify signi�can tly the top la y er

relaxation.

V ery recen tly a new, lo w temp erature (110 K), LEED-IV determination of the struc-

tural prop erties of Be (0001) surface has b een obtained [4]. The agreemen t b et w een

theoretical results and this new exp erimen tal determination is v ery go o d, the v alue for

the topmost la y er expansion b eing 3.1%, with similar agreemen t for the inner la y ers. Dis-

agreemen t with previous exp erimen ts [17] seems to b e due to a large exten t to a v ery

strong temp erature e�ect [4]. Ho w ev er, �rst-principles calculation of the surface thermal

expansion giv es only a relativ ely small e�ect, as will b e sho wn in the next c hapter.

Real-space in teratomic force constan ts (IF C) of a 12-la y er slab w ere obtained from

dynamical matrices, calculated on a 6 � 6 grid of p oin ts in the surface-BZ. Although the

surface IF C's are w ell con v erged and reco v er the bulk v alues in the middle la y ers of our

slab a thic k er sample is necessary to decouple those surface vibrations that p enetrate

deeply in the bulk. The dynamical matrices of a 30-la y er slab w ere built matc hing the

surface IF C's to the bulk ones in the cen tral region, as sk etc hed in Fig. 3.5.

The resulting phonon disp ersions, obtained b y F ourier in terp olation, are rep orted in

Fig. 3.6 together with an indication of the surface c haracter of the calculated mo des.

Op en dots represen t mo des lo calized more than 50% in the three topmost la y ers (dot size

is prop ortional to this p ercen tage), and full dots represen t mo des lo calized more than

30% in the topmost la y er, and p olarized p erp endicularly to the surface. It is eviden t that

man y la y ers are in v olv ed in the surface dynamics. Comparison in the exp erimen t is sho wn

in Fig. 3.7.

A v ery go o d agreemen t is found b et w een the exp erimen tal Ra yleigh W a v e, the most

clearly rev ealed p eaks in the exp erimen t, and the calculated surface vibration that is

essen tially concen trated in the �rst la y er and p olarized p erp endicularly to the surface

(EELS is a tec hnique particularly sensitiv e to mo des with these c haracteristics [73]).
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Figure 3.5: Sk etc h of the pro cedure used to mo del the force constan t matrix C of a thic k slab

(on the righ t). The force constan ts calculated for a relaxed slab (S blo c ks) are used to describ e

the in teratomic in teraction in the topmost surface la y ers (solid lines) of a thic k slab. Dashed

lines indicate bulk la y ers inserted in order to construct the thic k slab. The force constan ts

describing bulk-bulk and bulk-surface in teractions are indicated b y the shaded blo c ks, and ha v e

b een assumed to b e equal to the in teratomic force constan ts of the bulk.

Ho w ev er our calculation predicts t w o additional mo des b elo w the bulk-band edge that

are not observ ed in the exp erimen t. These mo des are p eak ed in sub-surface la y ers and

ha v e b oth in-plane and out-of-plane comp onen ts. W e suggest that they are not observ ed

in the exp erimen t b ecause of the strong in tensit y of the rather close R W, whic h, in the

region where three mo des are predicted, is for more than 70 % lo calized in the �rst la y er

and z-p olarized.

Man y of the additional surface vibrations in Fig. 3.7 agree qualitativ ely with w eak

features presen t in the exp erimen t (op en squares). In particular at the M p oin t a shear

horizon tal mo de has b een exp erimen tally observ ed [66] in the appropriate geometry . The

exp erimen tal v alue of 50.5 meV agrees w ell with our result (50.0 meV).

3.3 Be(10 1 0) surface

A sc hematic dra wing of the (10 1 0) surface of an hcp is sho wn in Fig. 1.4. Tw o termination

are p ossible, in the Beryllium case the most stable termination is the one with the shortest

�rst in terla y er separation [35]. Beryllium (10 10) surface is more op en than the (0001) one

and a larger n um b er of la y ers are in v olv ed in the relaxation, th us a larger n um b er of la y ers

is necessary to describ e this surface. W e ha v e used a 16-la y er Be slabs separated b y a 6

atomic la y ers equiv alen t v acuum region to decouple the surfaces. W e used a 32-p oin t grid

in the irreducible surface Brillouin zone (SBZ), c hosen in order to giv e a similar densit y

of p oin ts as the pro jection of the bulk grid on the SBZ. A tomic p ositions in the slab w ere

fully relaxed starting from the truncated bulk, k eeping the in-plane lattice parameters
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Figure 3.6: Calculated phonon disp ersion for a 30-la y er slab mo deling the Be(0001) surface.

Surface mo des are represen ted with dots: mo des lo calized more than 50% in the three topmost

la y ers are sho wn, and the dot size is prop ortional to this p ercen tage. F ull dots corresp ond

to mo des lo calized more than 30% in the topmost la y er and p olarized p erp endicularly to the

surface.  
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Figure 3.7: Comparison b et w een EELS data from Ref. [15] and calculated surface vibrations

of Be(0001) surface. F ull and op en gra y squares corresp ond to exp erimen tal data (in tense and

w eak features, resp ectiv ely). Dots corresp ond to calculated mo des (see caption of Fig. 3.6).

Thic k lines delimit the bulk band con tin uum.
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T able 3.3: Relaxation of the four outer la y ers of Be(10 1 0) surface, compared with previous

electronic structure calculation and exp erimen tal LEED results. Exp erimen tal errorbar are

sho wn in paren thesis.

d

12

(%) d

23

(%) d

34

(%) d

45

(%)

Theory (this w ork) -24.5 +6.6 -14.8 +4.7

Theory [35] -20 +4.4 -13 +3.8

Exp erimen t [35] -25(-4/+3) +5(-3/+5) -11(-5/+8) +2(-2/+4)

�xed at the bulk v alue.

The calculated v alues for the in terla y er spacing v ariation are rep orted in T able 3.3,

along with recen t exp erimen tal LEED structural data and previous theoretical results

[35]. Go o d agreemen t is found within exp erimen tal errorbar. The n umerical v alues of d

12

and d

34

relaxations seem to b e v ery large ( � 25% and � 10% resp ectiv ely), but it should

b e k ept in mind that they refers to v ariation of a small quan tit y: the short in terla y er

spacing ( d ' 1 : 3a.u.). Due to Be rather ligh t atomic mass, a precise determination of the

bulk and (10 1 0) surface structure of Be should tak e in to accoun t also zero p oin t motion.

In the next c hapter w e will sho w that inclusion of this term do es not a�ect the in terla y er

relaxation in an appreciable w a y .

Surface-phonon disp ersions of Be (10 1 0) w ere calculated b y sampling the SBZ of our

16-la y er slab on a 6 � 4 grid of p oin ts and F ourier in terp olating dynamical matrices in

b et w een to obtain real-space in teratomic force constan ts (IF C). The surface IF C's are w ell

con v erged and reco v er the bulk v alues in the middle la y ers of the slab. The dynamical

matrices of a 104-la y er slab w ere therefore built matc hing the surface IF C's to the bulk

ones in the cen tral region, with the pro cedure sk etc hed in Fig. 3.5. A thic k er slab than

the one used to describ e (0001) surface is necessary since vibrational mo des p enetrate

more deeply in the bulk.

In Ref. [16] EELS sp ectra ha v e b een tak en in the � � M and � � A directions in

the SBZ. Since in b oth scattering geometries the sagittal plane coincides with a mirror

plane of the crystal, vibrations p olarized p erp endicularly to this plane (shear horizon tal

mo des) cannot b e excited [73]. In the follo wing w e will call forbidden mo des those mo des

that cannot b e detected in the exp erimen tal con�guration used for the corresp onding

momen tum.

In Fig. 3.9 the disp ersion of a slab mo deling the Be(10 1 0) surface is sho wn together

with an indication of the surface c haracter of the calculated mo des. Dots represen t mo des

lo calized more than 25% in the three topmost la y ers (dot size is prop ortional to this

p ercen tage), gra y dots represen t mo des with a p olarization forbidden in the scattering

geometry used in Ref. [16], and full dots represen t mo des lo calized more than 25% in the

topmost la y er, and p olarized p erp endicularly to the surface.

Comparison with exp erimen t is sho wn in Fig. 3.10. The in terpretation is straigh tfor-

w ard at zone b oundaries. A t the A p oin t only one v ery pronounced p eak is measured (see

Fig. 3.8), while three surface mo des are predicted b y calculation. The t w o mo des at 26.4

and 32.3 meV are mainly p olarized p erp endicularly to the surface and are concen trated

in the second and in the �rst la y er, resp ectiv ely . The mo de lo calized in the �rst la y er (



3.3. BE(10 1 0) SURF A CE 33

Figure 3.8: Be(10 1 0) surface: a set of t ypical loss sp ectra tak en at the high-symmetry p oin ts

of the surface Brillouin zone (Fig. from [35])
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Figure 3.9: Calculated phonon disp ersion for a slab mo deling the Be(10 1 0) surface. Surface

mo des of a 104-la y er slab are represen ted with dots: mo des lo calized more than 25% in the

three topmost la y ers are sho wn, and the dot size is prop ortional to this p ercen tage. Gra y dots

corresp ond to mo des with p olarization forbidden in the scattering geometry used in Ref. [16],

that is: mo des ha ving momen tum along the � � M ( � � A ) SBZ direction and p olarized along

� � A ( � � M ) direction are forbidden. F ull dots corresp ond to mo des lo calized more than 25%

in the topmost la y er and p olarized p erp endicularly to the surface. 
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Figure 3.10: Comparison b et w een EELS data from Ref. [16] and calculated surface vibrations

of Be(10 1 0) surface. F ull and op en gra y squares corresp ond to exp erimen tal data (in tense and

w eak features, resp ectiv ely). Dots corresp ond to calculated mo des (see caption of Fig. 3.9)

not forbidden in the scattering geometry used in Ref. [16]. Thic k lines delimit the bulk band

con tin uum.
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Figure 3.11: Comparison b et w een EELS data from Ref. [16] and calculated vibrational Surface

Densit y of States (SDOS) of Be(10 1 0) surface. F ull and op en dots corresp ond to exp erimen tal

data (in tense and w eak features, resp ectiv ely). Shaded region represen ts SDOS. Mo des are

w eigh ted according to their lo calization in the 4 outermost la y ers and symmetry forbidden

mo des are not considered. Di�eren t color corresp ond to di�eren t in tensit y according to the

corresp ondence rep orted in the inset.



36 CHAPTER 3. STR UCTURE AND D YNAMICAL PR OPER TIES

' 32 meV) repro duces v ery w ell the energy and the disp ersion of the exp erimen tal loss

ev en inside the bulk band edge. In tensit y and width of this p eak probably mask the

other mo de, as can b e argued from the rep orted loss sp ectra [16] sho wn in Fig. 3.8. The

theoretical mo de at 63.7 meV is p olarized along � � M and is th us forbidden. A t the M

p oin t exp erimen t sho ws t w o p eaks, while calculation �nds man y mo des with di�eren t p o-

larizations. There are three calculated mo des essen tially p olarized p erp endicularly to the

surface at 41.4, 49.8 and 56.0 meV. The �rst t w o repro duce v ery w ell the t w o measured

losses, the lo w est one b eing essen tially concen trated in the �rst la y er and corresp onding

to the most in tense exp erimen tal loss.

Again the rep orted loss sp ectra [16] sho wn in Fig. 3.8 suggest that the vicinit y of

the three mo des and the in tensit y of the �rst t w o p eaks probably mask the w eak er loss

at 56.0 meV. Calculation predicts other mo des with p olarization parallel to the sagittal

plane b et w een 69.4 and 76.5 meV, they are less in tense and near one to the other, so they

probably cannot b e separated and are p ossibly mask ed b y the tail of the Ra yleigh w a v e.

Calculation also predicts at 54.3, 61.1 and 68.7 meV three mo des with v ery pronounced

surface c haracter but p olarized along the � � A direction and th us forbidden in the

exp erimen tal con�guration.

A t zone cen ter the situation is less clear. Three losses are exp erimen tally observ ed,

measured in the t w o di�eren t scattering geometries ( see Fig. 3.8). Among the calculated

mo des with the most pronounced surface c haracter, one (at 45.9 meV) is p olarized p er-

p endicular to the surface and repro duces w ell the energy and the disp ersion of the lo w est

measured loss. Other calculated mo des are p olarized in the sagittal plane along the � � M

(52.9, 73.9 meV) or � � A (84.78 meV) directions. These mo des are spread on the 5-6

topmost la y ers, so they probably are not easily detectable b y EELS.

In general, surface energy losses ma y deriv e not only from excitation of a single mo de

lo calized at the surface but also from regions of the bulk sp ectrum where the vibrational

motion at the surface is high due to high vibrational Surface Densit y of States (SDOS),

in spite of the small con tribution of eac h individual mo de. F rom the comparison b et w een

exp erimen tal data and calculated SDOS (Fig. 3.11) w e can asso ciate the exp erimen tal loss

around 63.3 meV to a zone of high SDOS deriving from the high DOS in the bulk (see

Fig. 3.9) and not from large surface con tribution of a single mo de. Note that at the zone

b oundaries the Ra yleigh w a v e xsis essen tially concen trated in the �rst la y er and giv es rise

to the most in tense losses, th us w e think that w eak losses deriving from high SDOS can

b e clearly detected only near zone cen ter.

The third exp erimen tally observ ed loss at � (at 55.2 meV) do es not corresp ond to

an y calculated surface mo de or resonance of allo w ed symmetry . F rom Fig. 3.9 it can b e

seen that a forbidden mo de is actually presen t in that region of the sp ectrum. A t the

presen t stage w e can only sp eculate that this w eak exp erimen tal loss migh t result from a

lo cal breaking of the selection rule for the ideal surface [73] due to impurities or roughness

probably presen t at the Be (10 10) surface and not included in the calculation.

In conclusion w e �nd that ab initio calculations of the vibrational prop erties of Be

(10 1 0) surface repro duce v ery w ell the energy and disp ersion of man y exp erimen tally

observ ed losses. In particular mo des p olarized p erp endicularly to the surface and lo calized

in the �rst few surface la y ers compare v ery w ell with the most in tense exp erimen tal p eaks
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T able 3.4: Relaxation of the four outer la y ers of Mg(10 1 0) surface, compared with previous

electronic structure calculation and exp erimen tal LEED results, tak en at T=120K.

d

12

(%) d

23

(%) d

34

(%) d

45

(%)

Theory (this w ork) -19.0 +7.9 -10.8 +3.9

Theory [74] -14.9 +6.9 -7.5 +1.7

Exp erimen t [24] -16.4 +7.8 | |

at the zone b oundaries.

3.4 Mg(10 1 0) surface

As usual to describ e the surface w e adopted a rep eated slab geometry with 16-la y er Mg

slabs separated b y a 6 atomic la y ers equiv alen t v acuum region to decouple the surfaces.

Using a 24-p oin t grid in the irreducible surface Brillouin zone (SBZ) all calculated prop-

erties resuted w ell con v erged. A tomic p ositions in the slab w ere fully relaxed starting

from the truncated bulk, k eeping the in-plane lattice parameters �xed at the bulk v alue.

F urther details are in Sec. 3.1.

Again man y la y ers are in v olv ed in surface relaxation. The calculated v alues for the

in terla y er spacing v ariation are rep orted in T able 3.4, along with exp erimen tal, lo w tem-

p erature, LEED structural data [24] and previous theoretical results [74]. Reasonable

agreemen t is found. Using a slab of 22-la y ers and a 20 Ry plane w a v e cut-o� results do

not c hange signi�cativ ely .

Surface-phonon disp ersions of Mg (10 1 0) w ere calculated b y sampling the SBZ of our

16-la y er slab on a 4 � 2 grid of p oin ts and F ourier in terp olating dynamical matrices in

b et w een to obtain real-space in teratomic force constan ts (IF C). The surface IF C's are w ell

con v erged and reco v er the bulk v alues in the middle la y ers of the slab. The dynamical

matrices of a 96-la y er slab w ere therefore built matc hing the surface IF C's to the bulk

ones in the cen tral region (see Fig. 3.5). Disp ersion is sho wn in Fig. 3.12 together with

an indication of the surface c haracter of the calculated mo des. Dots represen t mo des

lo calized more than 30% in the three topmost la y ers (dot size is prop ortional to this

p ercen tage). F ull dots represen t mo des lo calized more than 25% in the topmost la y er,

and p olarized p erp endicularly to the surface.

Go o d agreemen t is found b et w een measured losses and the calculated Ra yleigh w a v e

disp ersion (Fig. 3.13). Comparing the t w o analogous Be(10 1 0) and Mg(10 10) surfaces, it

is remark able that the disp ersion in the A � � direction, of the mo de con�ned in the �rst

la y er has di�eren t sign in the t w o materials.
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Figure 3.12: Calculated phonon disp ersion for a 96-la y er slab mo deling the Mg(10 1 0) surface.

Surface mo des are represen ted with dots: mo des lo calized more than 30% in the three topmost

la y ers are sho wn, and the dot size is prop ortional to this p ercen tage. F ull dots corresp ond

to mo des lo calized more than 25% in the topmost la y er and p olarized p erp endicularly to the

surface.  
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Figure 3.13: Comparison b et w een EELS data from Ref. [67] (gra y dots) and calculated surface

vibrations of Mg(10 1 0) surface. Dots corresp ond to calculated mo des (see caption of Fig. 3.12).

Thic k lines delimit the bulk band con tin uum.



Chapter 4

Thermal expansion

In this c hapter w e presen t a �rst-principles study , within the quasi harmonic appro xima-

tion, of the thermal b eha viour of Be(0001), Be(10 1 0), and Mg(10 10) surfaces.

Our calculation describ es w ell the thermal expansion for the bulk materials and has

b een c hec k ed against �rst-principles molecular dynamics sim ulations in the (0001) sur-

face case. W e do not �nd the large (0001) surface thermal expansion recen tly observ ed

exp erimen tally [4] and w e argue that the morphology of the actual surface could b e less

ideal than assumed.

In the case of Be(0001) only one la y er is, essen tially , in v olv ed in the relaxation, and the

study of the thermal expansion, has b een done b y direct deriv ation of the vibrational free

energy . The more complex Be and Mg (10 1 0) cases, where man y la y ers are in v olv ed in

the expansion, ha v e b een studied calculating the third order v ariation of the total energy ,

with the metho d describ ed in Chap. 1. In b oth (10 1 0) surfaces QHA predicts negativ e

thermal expansion of the �rst in terla y er spacing, though surfaces as a whole expand. This

b eha viour has b een recen tly exp erimen tally observ ed at Mg(10 1 0) surface [24].

4.1 Be and Mg bulk

In this section the thermal expansion of bulk Be and Mg in the hcp structure is stud-

ied within the QHA sc heme. The structural prop erties sho wn in Chap. 3, w ere instead

obtained minimizing only the static energy , E

tot

( a ) in eq. (1.10).

F or the hcp structure the QHA free energy is a function of the t w o axis lengths, a and

c , and has b een calculated from �rst principles on a grid of p oin ts in the t w o-parameter

space. The vibrational con tribution to the free energy resulted to b e remark ably linear

in the t w o parameters in b oth materials. Due to lo w atomic n um b er of Be and Mg,

the con tribution of zero-p oin t vibrations is exp ected to b e more imp ortan t than in other

systems, esp ecially for Beryllium, and in fact it results in an increase in b oth lattice

parameters of � 0 : 7% in Be and � 0 : 3% in Mg. The agreemen t with exp erimen tal data

is th us further impro v ed (see T ab. 4.1).

The calculated temp erature v ariations of the bulk lattice parameters are rep orted,

together with a v ailable measuremen ts, in Figs. 4.1, and 4.2. F rom this comparison w e

conclude that QHA accoun ts w ell for Be and Mg bulk anisotropic thermal expansion in

39
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T able 4.1: hcp Be and Mg bulk lattice constan ts. Comparison b et w een exp erimen ts(exp.) and

calculations done at static equilibrium(static) or including zero-p oin t e�ects within the Quasi

Harmonic Appro ximation (QHA).

Be Mg

a c=a a c=a

static 4.25 1.572 5.93 1.629

QHA 4.28 1.571 5.95 1.629

exp. 4.33 1.568 6.06 1.623

the whole temp erature range of in terest. It is remark able that in the case of Beryllium c=a

ratio con tracts increasing the temp erature, while in the case of Magnesium it expands,

and that this feature is correctly repro duced b y the calculation.

In Figs. 4.3, 4.4 w e compare bulk phonon measuremen ts tak en at �nite temp erature

(T=80 for Be, T=290 for Mg), and already sho wn in Figs. 3.3, 3.4, with theoretical

disp ersion obtained at the calculated lattice structures corresp onding to the exp erimen t

temp erature. In the case of Magnesium the agreemen t b et w een exp erimen t and theory is

greatly impro v ed, while for Beryllium the agreemen t b ecomes sligh tly w orse, still remain-

ing inside the t ypical errors obtainable with DFPT.

4.2 Be (0001) surface

Recen tly a large thermal expansion of the Be(0001) top la y er (reac hing 6 : 7% at 700

K) has b een exp erimen tally observ ed [4]. This result w as someho w unexp ected, since

surface phonons sho w no sign of enhanced anharmonicit y [4, 15], ho w ev er the calculation

of the surface thermal expansion [4], within a simpli�ed quasiharmonic approac h recen tly

in tro duced in Ref. [6, 34], resulted in v ery go o d agreemen t with exp erimen ts. In Ref.

[4, 6, 34] the sum o v er vibrational mo des in the vibrational part of the free energy is

replaced b y the sum o v er only three \represen tativ e w a v e pac k ets" corresp onding to mo des

at the surface BZ cen ter where the top la y er mo v es on a rigid substrate, and the v alidit y

of suc h an approac h has b een criticized b y some authors [5]. W e ha v e decided to c hec k

the accuracy of this appro ximation [23].

4.2.1 Our calculation

The thermal expansion of the �rst surface-la y er has b een calculated b y minimizing the

QHA free-energy as a function of the �rst in terla y er separation, d

12

. The vibrational

free-energy is calculated summing o v er a 75 � 75 regular grid in the surface BZ and o v er

all the vibrational branc hes of a 30 la y ers slab, obtained F ourier in terp olating dynamical

matrices calculated on a 6 � 6 grid (further details are giv en in sec. 3.2).

In-plane lattice parameter, a

k

, and all other in teratomic distances w ere assumed to

v ary according to the calculated bulk thermal expansion. In order to ev aluate the free

energy v ariation with resp ect to d

12

and a

k

, full phonon disp ersions ha v e b een calculated

for t w o di�eren t v alues of d

12

, corresp onding to i) static lattice equilibrium and ii) the
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Figure 4.1: Be bulk anisotropic thermal expansion: comparison b et w een exp erimen tal data from

Ref. [29] and calculation p erformed within the quasi harmonic appro ximation. F or a comparison:

Be bulk Deb y e T emp erature = 1440K, Melting T emp erature= 1623K.
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Figure 4.3: Be bulk phonon disp ersion: comparison b et w een neutron scattering data tak en at

T=80K from Ref. [71] (full dots), and theoretical phonon disp ersions calculated at the static

equilibrium lattice spacing ( a = 4 : 25a.u., c=a = 1 : 572, dashed lines) and at the calculated lattice

spacing corresp onding to T=80K ( a = 4 : 28a.u., c=a = 1 : 571, con tin uous lines).
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Figure 4.4: Mg bulk phonon disp ersion: comparison b et w een neutron scattering data tak en at

T=290K from Ref. [72] (full dots), and theoretical phonon disp ersions calculated at the static

equilibrium lattice spacing ( a = 5 : 93a.u., c=a = 1 : 629, dashed lines) and at the calculated lattice

spacing corresp onding to T=290K ( a = 5 : 98a.u., c=a = 1 : 629, con tin uous lines).
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Figure 4.5: Be (0001) surface topla y er expansion: comparison b et w een measuremen ts and

calculation done within the quasi harmonic sc heme. The upp er exp erimen tal p oin t at ro om

temp erature is from Ref. [17], all other from Ref. [4].

topmost la y er further expanded b y 2%, and t w o in-plane lattice parameters, corresp onding

to i) static equilibrium geometry and ii) the theoretical bulk v alue at T =700 K ( a = 4 : 31

a.u.). The resulting vibrational free energies w ere in terp olated (bilinearly) in b et w een.

W e ha v e examined the e�ect of v arying the second in terla y er spacing on our results

and found that they are una�ected b y its precise v alue: v arying � d

23

=d

0

b et w een 0 and

1 : 5% the total energy of the slab as a function of d

12

do es not c hange neither minim um

p osition nor its curv ature.

Our results are rep orted in Fig. 4.5 along with exp erimen tal data [4, 17]. Zero-p oin t

motion do es not c hange signi�can tly the �rst in terla y er distance at zero temp erature

(3 : 3%) with resp ect to the static result (3 : 2%). By increasing the temp erature the topmost

la y er relaxes out w ard reac hing 4 : 1% expansion, relativ e to the corresp onding bulk v alue,

at 700 K. A t all temp eratures, the expansion is mainly due to anharmonicit y in the

out-of-plane vibrations that accoun ts for ab out 90 % of the e�ect. On the con trary the

large thermal expansion calculated in Ref. [4] with the \three mo de samplig" is due to

softening of the in-plane \vibrations". Go o d agreemen t with exp erimen tal data is found

at the lo w est temp erature as w ell as \reasonable" disagreemen t at ro om temp erature,

in view of the scatter b et w een exp erimen tal data, mainly due to di�eren t exp erimen tal

analysis [4]. A t the highest temp erature, ho w ev er, the discrepancy is w ell b ey ond the

exp erimen tal errorbar.
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Figure 4.6: Be (0001) surface: �rst la y er thermal expansion calculated at v arious lev els of

appro ximation (full dots and lines, see text) compared with theoretical results from Ref.

[4] (op en circles).

4.2.2 Comparison with previous theoretical results

Since in Ref. [4] v ery go o d agreemen t has b een obtained with exp erimen tal data using

the simpli�ed QHA approac h in tro duced recen tly in Ref. [6, 34], w e tested the v alidit y of

this approac h in the presen t case. In Ref. [4, 6, 34] the sum o v er vibrational mo des in the

vibrational part of the free energy is replaced b y the sum o v er three \represen tativ e w a v e

pac k ets" corresp onding to mo des at the surface BZ cen ter where the top la y er mo v es on a

rigid substrate. Moreo v er the in-plane lattice parameter is k ept �xed at all temp eratures.

In Fig. 4.6 w e rep ort the results of calculations at v arious degrees of appro ximation

(full dots) together with the theoretical results from Ref. [4] for comparison (op en circles).

The lo w est curv e (full line) is our most accurate result, already sho wn in Fig. 4.5. Keeping

�xed the in-plane lattice parameter at the static equilibrium v alue, still p erforming the

full summation o v er vibrational mo des in the free energy calculation, results in an almost

rigid out w ard shift of the top la y er (dashed line). This is a trivial e�ect asso ciated with

the zero-p oin t motion tendency to mak e the system to expand. No large thermal e�ect

is observ ed. It is only when the accurate sampling of the vibrational mo de is drastically

reduced to include only the three \represen tativ e w a v e pac k ets" that a large (spurious)

thermal e�ect app ears in the calculated in terla y er separation (dotted line), v ery similar

to the results obtained with the same appro ximation in Ref. [4] (op en circles). A similar,

although less dramatic, o v erestimation of the surface thermal expansion due to the three-

mo des appro ximation [6, 34] has also b een found for Ag (111) surface [75].
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Figure 4.7: Be (0001) surface: comparison b et w een exp erimen tal [4] and theoretical ro ot mean

square vibrational displacemen ts. Results for the �rst t w o la y ers and for the bulk are sho wn:

outer la y ers displa y larger rms amplitudes. Theoretical v alues are sho wn for vibrations p erp en-

dicular (con tin uous lines) and parallel (dashed lines) to the surface and displa y some amoun t of

anisotrop y in the topmost la y er. In the exp erimen tal analysis isotropic vibrations w ere assumed.

4.2.3 Comparison with the exp erimen ts

In the previous section w e conclude that, in the case of Be (0001) surface, the b etter the

calculation the w orse is the agreemen t with the exp erimen t. This failure migh t suggest

that QHA itself is inadequate at high temp erature, due to the enhanced anharmonicit y

at the surface [76] with resp ect to the bulk case, where QHA w orks w ell. Comparison

of exp erimen tal and theoretical ro ot mean square (rms) vibrational displacemen ts also

sho ws (Fig 4.7) go o d agreemen t for the bulk v alues, o v er the whole temp erature range of

in terest, while for the t w o topmost surface la y ers exp erimen tal rms displacemen ts app ear

to b e m uc h larger than theoretical ones. Note, ho w ev er, that enhanced anharmonicit y

cannot b e the (only) reason for these discrepancies. In fact, exp erimen tal surface-la y er rms

v alues are larger than theoretical ones ev en at lo w temp eratures where QHA is exp ected

to b e accurate and accoun ts w ell for the observ ed surface relaxation. Note also that

the temp er atur e dep endenc e of the rms displacemen ts is w ell describ ed b y the calculation

and the agreemen t with exp erimen t could b e greatly impro v ed b y a rigid shift in the

theoretical, or exp erimen tal, data.

It is w ell kno wn (see for instance Refs. [77, 78]) that it is v ery di�cult to tell apart

static and dynamical displacemen ts in LEED analysis and w e b eliev e that Fig. 4.7 carries

strong indications that in the actual surface some degree of structural disorder is presen t,

whic h has erroneously b een attributed to dynamical e�ects. Deviations from cle an and 
at

morphology w ould certainly a�ect the apparen t rms displacemen ts, the la y er relaxations
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T able 4.2: Be (0001) surface la y er expansion and out-of-plane (in-plane) rms displacemen ts

at 700 K. Comparison b et w een results obtained from FPMD, QHA, and QHA with classical

statistics (CQHA).

FPMD CQHA QHA

� d

12

=d

0

+3 : 7% +3 : 8% +3 : 6%

� d

23

=d

0

+1 : 7% - -

u

1

(

�

A) 0.15 (0.12) 0.14 (0.12) 0.14 (0.13)

u

2

(

�

A) 0.12 (0.11) 0.11 (0.12) 0.11 (0.12)

u

3

(

�

A) 0.11 (0.11) 0.10 (0.11) 0.10 (0.11)

and their temp erature dep endence in LEED analysis of \nominally ideal" surfaces. W e

found, for instance, that a complete fc c Be adla y er, whose stac king-fault cost is only 50

meV/atom in LD A, relaxes out w ard 2% more than the hcp terminated surface. Since

adatoms are more stable, b y � 40 meV, in fc c sites than in hcp ones [21], mixed fc c/hcp

la y ers could exist, esp ecially if some residual H, a�ecting the lo cal energetics of defects

[21] w ere presen t. More exp erimen tal and theoretical w ork is still needed on this issue.

4.2.4 First principles molecular dynamics

In order to further asses the accuracy of QHA w e ha v e p erformed a �rst-principles molecu-

lar dynamics (FPMD) sim ulation, where anharmonicit y is fully tak en in to accoun t, study-

ing the system at the highest (700 K) temp erature of in terest, where the disagreemen t of

QHA results with exp erimen tal data is largest and the classical treatmen t of the atomic

motion in FPMD is most reliable. Our FPMD sim ulation cell consists of 8 atomic la y ers

separated b y � 4-la y er thic k v acuum region, with 3 � 3 in-plane p erio dicit y; in-plane

lattice parameter w as �xed at the calculated bulk v alue at T = 700 K (4.31 a.u.). Data

w ere tak en for ab out 2 ps in a micro canonical run, with a v erage total kinetic energy cor-

resp onding to T = 700 K. The result for the in terla y er separations and rms amplitudes

of the sim ulation are rep orted in T able 4.2. The estimated statistical error asso ciated to

these results is of a fraction of p ercen t for the in terla y er separations and somewhat larger

for the rms displacemen ts.

In order to mak e a direct comparison with QHA results and to c hec k for p oten tial

errors asso ciated with the reduced BZ sampling|corresp onding to the limited in-plane

p erio dicit y in the FPMD sim ulation|as w ell as the reduced n um b er of la y ers and v acuum-

la y er thic kness, the QHA calculation ha v e b een redone using the same tec hnical details

in v olv ed in the FPMD sim ulation. T o displa y the relev ance of quan tum e�ects on the

atomic motion at this temp erature the calculation ha v e b een p erformed using b oth quan-

tum statistics, Eq. (1.10), or classical Boltzmann statistic. All these data are gathered in

T able 4.2 where it is eviden t that: i) FPMD sim ulation, consisten tly with QHA results,

sho ws only a small top-la y er expansion at 700 K and rms amplitudes smaller than exp er-

imen tally rep orted; ii) QHA is p erfectly adequate to deal with anharmonic e�ects in Be

(0001) surface at this high temp erature; iii) classical or quan tum statistics mak es v ery

little di�erence at 700 K, of the order of the di�erence due to reduced BZ sampling and
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slabs thic kness (our most accurate QHA calculation giv es, for instance, a v alue of 4 : 1%

for the top la y er expansion).

In conclusion, from the comparison with FPMD, w e �nd that QHA is w ell suited to

describ e thermal prop erties of Be (0001) surface up to the high temp erature exp erimen-

tally in v estigated, but results obtained in o v ersimpli�ed approac hes m ust b e handled with

care. This is an imp ortan t result in view of the application of QHA to the study of surface

thermal prop erties of other systems.

Comparison with exp erimen ts sho ws that accurate LD A calculations for the cle an and


at Be (0001) surface cannot explain the large rep orted �rst-la y er thermal expansion. W e

argue that the origin of the disagreemen t should b e searc hed in the morphology of the

real surface.

4.3 Be and Mg(10 1 0) surfaces

In this section w e sho w our preliminary calculation of the Be and Mg(10 10) surfaces

thermal expansion. Man y la y ers are in v olv ed in the thermal expansion and eq. 1.12 has

b een solv ed within an ab initio approac h.

With the sc heme of Sec. 2.4 w e ha v e calculated deriv ativ e of Be and Mg dynamical

matrices for a 16-la y ers slab at the equilibrium p ositions of the static equilibrium lattice

parameters. Details of the calculation are the same as in Chap. 3.

In order to test the separation of the t w o surfaces of the slab, it has b een c hec k ed that

v ariation of the dynamical-matrix elemen ts corresp onding to atoms of the cen tral la y ers

is negligible, for displacemen ts of the 5 outermost la y ers, for b oth materials.

F ree energy deriv ativ es with resp ect to displacemen ts p erp endicular to the surface of

the 5 outermost la y ers ( @ F

v ib

=@ d

i

; i = 1 ; : : : ; 5) ha v e b een calculated according to eq. 1.14,

and results are sho wn in Fig. 4.8. W e ha v e used a 32-la y ers slab (built as describ ed in Fig.

3.5), and summation w as p erformed on t w o di�eren t grid of q-p oin ts, that is the 4 high

symmetry p oin ts in the surface BZ, or only � and M . In the case of Be b oth grid w ere

used while for Mg only a preliminary calculation on the 2 q-p oin t grid has b een done.

F rom Fig. 4.8 it can b e seen that impro ving the sampling in the case of Beryllium,

some of the calculated v alues c hange noticeably , ho w ev er the resulting surface relaxation

is only sligh tly a�ected. As a consequence w e b eliev e that the \4q-p oin ts" sampling is

accurate enough for the presen t purp ose, and also that our preliminary calculation for Mg

giv es qualitativ ely correct results. In the case of Be(0001), where w e ha v e p erformed a

v ery accurate sampling of the mo des, w e ha v e c hec k ed that a summation on an analogous

grid indeed giv es correct results. Note that the \3-mo de" sampling of Ref. [6, 34], already

addressed in Sec. 4.2.2 considers only the frequencies of three \e�ectiv e mo des" at the

zone cen tre, corresp onding to the motion of the �rst la y er on a rigid substrate. On the

con trary in our calculations all the mo des of a su�cien tly large slab are calculated exactly .

These results indicate that a correct description of the vibrational mo des of the system

is crucial, ev en though the n um b er of q-p oin t used to sample the Brillouin zone is not so

critical.

Using the vibrational forces ( @ F

v ib

=@ d

i

) so obtained, and solving eq. 1.12 w e ha v e
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Figure 4.8: Be(10 1 0) and Mg(10 1 0) surfaces: free energy deriv ativ es with resp ect to displace-

men ts p erp endicular to the surface of the 5 outermost la y ers ( d

1

; : : : d

5

), at v arious temp erature.

Calculation has b een p erformed on a 32-la y ers slab summing on t w o di�eren t grid of q-p oin ts.

The lab els \4q" and \2q" indicate that summation is done resp ectiv ely on the 4 high symmetry

p oin ts in the surface BZ or only on � and M .
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calculated the thermal expansion of the 4 outermost in terla y er spacings ( d

i;i +1

). Results

are sho wn in Fig. 4.9 (full lines) together with LEED measuremen ts [24, 35] (op en dots).

T o mak e a comparison in Fig. 4.9 w e also sho w the expansion obtained relaxing atomic

p ositions at the calculated lattice spacings corresp onding to a giv en temp erature, neglect-

ing other thermal con tributions (dashed lines), and the static equilibrium lattice spacing

results (full dots). Note that while the static con tribution leads to an o v erall con traction,

inclusion of en tropic terms leads to an o v erall expansion of the surfaces. A t T = 0 K

zero-p oin t motion do es not c hange appreciably in terla y er distances with resp ect to static

results, this is related to the fact that while bulk e�ects increase the in-plane lattice spac-

ing, th us con tracting the surface, surface free energy leads the surface to expand. It is

remark able that in all cases studied (see also Sec. 4.2.1) these t w o e�ects cancel eac h other

almost exactly . The o v erall agreemen t with exp erimen ts is rather go o d, in particular w e

ha v e repro duced the negativ e thermal expansion of the �rst in terla y er spacing at Mg(10 1 0)

surface, and w e predict that the same b eha viour should b e observ ed at Be(10 10) surface.

Results sho wn in this section are only preliminary for sev eral reasons. Vibrational

forces calculated for deep er la y ers should b e included to ac hiev e higher accuracy on d

45

.

Moreo v er f @ F

v ib

=@ d

i

g ha v e b een computed at the equilibrium lattice spacing, and e�ects

due to in-plane lattice expansion should b e included also in this part of our calculation,

although w e exp ect that, as w as the case for the Be(0001) surface, this quan tit y do es not

c hange signi�can tly v arying the lattice spacing according to the temp erature. Finally the

static energy term has b een appro ximated with its second order expansion with resp ect

to the atomic displacemen ts calculated at the equilibrium p ositions of the expanded lat-

tice spacing corresp onding to a giv en temp erature. In conclusion impro v emen ts in our

calculation are necessary , but w e b eliev e that the obtained general b eha viour is correct,

and repro duces observ ed results.
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Figure 4.9: Be(10 1 0) and Mg(10 1 0) surfaces: thermal expansion of the �rst four in terla y er

spacings calculated within the quasi harmonic appro ximation (con tin uous lines). T o mak e a

comparison the expansion obtained with a static calculation at the lattice spacing corresp onding

to a giv en temp erature is also sho wn (dashed lines). F ull dots corresp ond to relaxed p ositions

at the static equilibrium lattice spacing. Op en dots are LEED measuremen ts from Ref. [24, 35].



Conclusions

The presen t w ork has b een dev oted to the study of the surface thermal expansion within

a fully ab initio approac h. W e ha v e in v estigated the usefulness of the Quasi Harmonic

Appro ximation (QHA) in dealing with surfaces, and w e ha v e extended this sc heme to sys-

tems more complex than those studied so far. In order to do this, a metho d to calculate

analytically third order deriv ativ e of the total energy of a metallic system has b een im-

plemen ted within the framew ork of Densit y F unctional Theory (DFT)[7, 8], and Densit y

F unctional P erturbation Theory (DFPT) [10, 11].

Our atten tion has fo cused on Be(0001), Be(10 10), and Mg(10 1 0) surfaces, and for

b oth these simple metals our approac h describ es v ery w ell the lo w temp erature structural

and dynamical prop erties of the bulk material and of the considered surfaces. Only one

la y er is, essen tially , in v olv ed in the thermal expansion of the Be(0001) surface, and this

system has b een studied b y direct n umerical deriv ation of the quasi-harmonic free energy .

On the con trary a larger n um b er of la y ers expands in the case of Be(10 10), and Mg(10 1 0)

surfaces, and to study these systems is has b een necessary to calculate analytically the

free energy deriv ativ e with resp ect to man y atomic displacemen ts.

Beryllium (0001) surface has recen tly attracted m uc h atten tion b ecause of its measured

anomalously large out w ard relaxation [4]. W e ha v e studied Be(0001) surface thermal ex-

pansion within the QHA sc heme, and w e ha v e p erformed �rst-principles molecular dynam-

ics sim ulations. F rom the comparison of the results obtained with the t w o approac hes w e

deduce that QHA is w ell suited to describ e thermal prop erties of the Be(0001) surface up

to the high temp erature exp erimen tally in v estigated. W e ha v e p erformed a v ery accurate

sampling of the vibrational mo des necessary to calculate quasi-harmonic free energy , and

a study of the appro ximations in v olv ed indicates that results obtained in o v ersimpli�ed

approac hes [4] are misleading, in this case. W e ha v e studied the cle an and 
at Be (0001)

surface, and w e do not �nd the large thermal expansion exp erimen tally observ ed, th us w e

suggest that the origin of the disagreemen t should b e searc hed in the morphology of the

real surface.

Recen tly a negativ e thermal expansion of the �rst in terla y er spacing has b een exp er-

imen tally observ ed for the Mg(10 1 0) surface [24]. This is one the few cases rep orted at

presen t, and our preliminary calculation con�rms this result, predicting the same e�ect

at the Be(10 10) surface.
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