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ABSTRACT

The following thesié titled with "The @favitational Collapse and
vthe Issue of Final State" is intended to prepare‘the way for a full
'understanding of the fate of collapsing objects which can be, in
general, both rotating and charged,

We have paid more attention to the rotating but uncharged cases,
For thése cages, the ratio of specific angulér momentum a to mass m
(both in c=G=1 unit system) is used as a rotational parameter. We
first show that thé cores of main~seguence stars have the wvalue of
ratio a/m in the range of 10 to 100; on the other hand, observed
neubron stars have very small value of a/m which is in the rangeficf=2
to 164.' Possible mechanisms for reducing a/m &uring the evolution
have been. analysed in Chapter II. The most interesting result is
that a newly formed neutron star probably has the value of a/m of -
the ofder of 1. Several evidences and relevant facts have been
pointed outb in Gh;pters II and III. TheAintéresting point is that
the value of 1 is Just the critical value.of a/m for forming an
‘event horizon in the_infinitely collapsing cases,

In order to estimate the a/m loss due to the gravitbational radiation

during collapse, a fast rotating ellipsoid model hag been worked out



in Chapter III. It is shown thatb in.favaurable'cases,‘oné‘may expect

the value of a/m to be reduced from (5-10) to 1. Tf the initial a/m

" is larger than (5-10), the collapsing object will probably be frag—

<“

 mented during collapse.

The gravitational trapping effect of meutrinoes in condensed objects

is considered in Chaptef IV. We point out a) for massive neutrinos,

the gravitational trapping effect is much stronger than that of mass-

less neutriﬁesé b) evem;electrmmic.m@ut@in@ are massive, the gravis
tational trapping effect alone is not strong enough to have signi-
ficant influence to the collapsing process,.

Finally, the collapse of a charged but non-rotating star is studie
in Ghaptef V. Interesting results appear in the @Q>m case. It is
shuwnithat.the collapse of a charged star with Q@>m would lea@ to
form a vibrating dense star rather than a naked singularity. Optical-
1y, a quasi-stationary redshift will be seen from such an object.
There is a notable point that the redshift can be large enough to
confuse with & cosmological redshift of a distant galaxy, if the

charge Q is nearly equal to the mass m..

it
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CHAPTER I A SHORT REVIEW OF THE PﬁOBLEE'CF
GRAVITATIONAL COLLAPSE AND PINAL STATES

1.% Introduction

It is well known that at the late stage of the evolution of massive
stars, a core made of exhausted materials is formed in.its centre. The
static equilibrium in the core is still maintained due toﬁthe balance
of the pressure gradient of degenerated electron gas with gravita-
tiohal force. Since the silicon shell around the core is still burn-
ing, the core matefial is accreting. Once the mass of the core exceeds
the limit which can be sustained by degenerated electron gas, the core
collapses*undér theveffect 6f its own gravity. The result of the
stellar core @ollapse, as it is generally believed, should be the
formation of neutron stars, black holes and perhaps naked singularities.

We are interested in the study of the various final states from
the point of view of collapsing processes. For example, one of the
basic guestions ip our mind is what will be, after collapsing, the
fate of a stellar core initailly having a specific angular momentum
a larger than its mass m (both a and m are given in the c=G=1 unit

system). If its angular momentum is lost, we want to know what its
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mechanism is and if the angular momentum is conserved, we want to know
what configuration the collapse will lead to as the concept of the
naked singularity contains several ambiguities. As everybody recognizes,
the final answer to this basic guestion will not be given in the near
future. The purpose of the wérks contained in this thesis, in fact,
is intended to prepare the way far s full understanding of these
problems.

The thesis contains five chapters. Chapter II is devoted to the
a/m issue of the formation of rotating neutron stars. We analyse the
main mechanisms for é/m loss during the whole evolution period basing
on observational data and existing %heeretical’models and find out
that the existence of a collapsed‘object with a>m seems to be plau~
sible, Chapter III is devolted to the analysis of graviftational raéiam
tion during gravitational collapse. The angular momentum loss due to
gravitational radiation is one of key points for the &/m issue analysed
in the Chapter II, but it has not yet been well studied. Due to this
reason, a fast rotating ellipsoidal model is being worked out with
the purpose to have an estimation. And also, some insight about a/m

loss in more general situations are given. Chapter IV is devoted to

neutrine processes, since they are considered as the most important

)
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physical processes during graVitatiomal collapse, On this subject,
our own work concerns the neutrino trapping effect by the strong
gravitational field in dense objects. Pinally, the Chapter V is
dedicated tovthe study of the optical appearance of collapsing chgr—
ged stars. As it is well known, collapsing charged objects present
properties which resemble those of collapsing rotating objects; in
fact, if it is mildly charged, an event horizon will be formed after
collapse. And if it is overcharged, the event horizon cennot be formed.
In the ;atter case, the real outcome of collapse is again an inte-~
resting open question. Although the reality of a significantly charged
star is still a matter of investigation, we assume the existence of
charged stars and consider the difference of the optical appearances
among the uncharged case (the Sohwarzschild‘biack hole), the charged
case with event horizon (the Reissner-Nordstrom black hole) and the
overcharged case without event horizon. We find some related proper-
ties which appear {to be very interesting.

" In this Chapter I, a short review is given about the relevant
topics of the problem which we are concerned. It is devised into
three sections according to phases of evolution. The nhase before

collapse, i.e. the evolution of a massive star at its main-sequence
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and post muin~sequence stages is in Section 1.2. The phase of collap-
sing is in Section 1.3. Finally, the phase after collapse, i.e.

various final states isg contelned in Seectiocn 1.4.



1.2 - The Evolution of Massive Stezrs before Collapse

In the consideration of stellar core collapse, with the term massive
star, we mean a star with a mass in the range of about 10-1C0ug. In
such a star, the nuclear fuel in ité central part can be ignited step
by step, always under non-degenerated or not highly degenerated condi-
tion, and therefore an exhausted core will finzlly be formed. While
the exhausted core is formed, several shells mede of 3i, 0, Ne, C, He
and H are successively surrounding the core and the whole star present
an onion-like structure. Table 1.1 represents temperstures, densities
and overall timescales of various nuclear burning stages which have

6La

been calculated for a 25li; Population I model star by Weaver et al .

We are interested in the late stage of stellar evolution. During
this stage, several processes take place which are relevant to the
sﬁbsequenﬁ collapsing phaSQ and Wortpy being mentioned here.

When the temperature reaches 5=108K or more (after carbon is
ignited), the thermal production of neutrino pair, meinly via € and
et pair annihilation, become significant. The density of the core
in this case is still low (gts-lo” gcda , before collanse), so that
the core is transPQTent to neutrinos. Thus,once a neutrino (or enti-

neutrino) is produced, it escapes immediately and carries away the

(5)



energy. The amount of energy carried away by neutrinos ié‘so iarge,
that stellar evolutiop in the late stages is considerably sped Uup.
On the other h;nd, when the density reaches 108 gcﬂa oY more
(silicon is about to be ignited), the Fermi energy of degenerated
electron gas is so high that neutronization of the core, via the
process e~ + (Z,A)=—»(2-1,A) + Ve, takes place lezding to several
effects: a) the pressure of degenerated electron gas will be reduced,
due to the fact that the high energy electron are being captured by

nuclei; b) the neutronization process also leads to a Further neutrine
production, and thus the energy Loss due to neutrinos is increasing;
c) after the core is neutronized, the main constituents of the core
will be neutron rich nuclei such as “*Ca, °®Wi, *° i etc., instead

of normal nickel and iron. Finally, due to the high temperature in

the exhsusted core, photodisintegration of heavy nuclei will take
place, spending éimultaneously the thermal energy of the core.

As a cbmbined effect of those processes, when the accreting core
exceeds some critical limit, the equilibr@um is seriously broken. At
this moﬁent, the core starts collapsing., This is a general picture
of the latest evolution of a stellar core, which should be wvalid

qualitatively both for non~rotatimg3 and rotatingq'cases. 0f course,
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the details must depend on the rotétibn;

| In the collapse of a rotating stellar core, there are still several
other aspects of the problem which are guite important. For example,
what is the mass of é rotating core before collapse? What is the
corresponding angular momentum? How.is the deformation of the core?
And so on. As mentioned above,‘the basiec reason for fhe collapée is
that the gravity of the core cannot be sustained by degenerated elec-—
tron,gas. So to speak, the mass of a collapsing core should bhe nearly
equal to Chandrasekhar mess® which is about 1l.4llg for the non-rotating -
case. Both model calculations and observed masses of neutron stars
are supporting this argument. Wéaﬁer et aif calculated that the mass
of a non-totating prefdollapsing core of a 15li; model star is 1.56ly
and that of a 25lig model sta¢ is 1.61llig. The mass of a collapsing
core seems not to depend prominently on the mass of the whole star.
In few cases, anyhow, the mass of the neutron star has been actually
measured. For example, the masses of components of the binary pulsar
1913+16 as reported by Taylor et 31? to be 1;3930.15 and 1.44+0,15H1
‘are in good’agreement with this viewpoint. This argument is wholly
true would imply that the mass of‘a pre-collapsing core depends on

its angular momentum, since the Chandrasekhar mass does depend on

1)



the rotation (seédfor example, Tassoul's book?). Ostriker et al?
calculéted rapidly rotating white dwarf models by the method of the
self consistentifield and produced a model having a mass as high as
4. lilg (the éngular momentum of this model is l.21°lOI'ergsec). Then,
an interesting gquestion arises: is it possible to have a collapsing
core with a mass larger than the limiting mass of a neutron star?
This would be very important to know for the understanding of\the
black hole formatiqn rate. On the angularrmomentum and deformation
of a final configuration before collapse, we have not, till now,
any reliable information. However, this is one of our motivation to
present an analysis on the angular momehtum evolution of stellar
cores in Chaptér ITI. When we consider the gravitatidnal radiation

in Chapter III, the problem of deformation is concerned again.
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1.3 Gravitational Collapse of Stellar Cores

Although it has been definitely argued that core'abllapse is an
inevitable consequence of thé evolution of messive stars, the real-
istiec collapse process is still far from being well understood. The
difficulties of the problem paitially come‘from the fact that the
dynamics of collapse must be fully relativistic and that the time-—
scale of collapse is Very short (of the order of seconds), and part-
ially come from the fact that the vhysics of very high density and
temperature, under which the collapse proceeds, is not clesr enough.
The complexity of the problem forced peoﬁle to adopt highly simnli-
fied assumptions.

The pioneering work on the collapse was done by Opnenheimer and
Snyderq in 1939, They considered a model in which the collapsigg
object is assumed to be always spherical and pressureless, so it
can be thought as the collapse of a spherical dust ball. Of course,
there would not be any final equilibrium state for their models (at
that time, the limifing mass of a neutron star was known as O.?M@‘f
and this might be the réason why they adopted these assumptions).
However, the following twb important points about the.black hole

formation were clarified by their pioneering work. IMirst, from the
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viewpoint of a distant observer, the collapsing objectvtends asympto-

ticall& téwards the gravitational radius, but the obSérver cannot

always see the collapsing object because its luninosity tends tdl

zero asymptotically too as the redshift tends to infinity. Second,

the real collépsing process does not end at the gravitational radius.

From the viewpoint of a comoving observer, it takes a Ffinite time to

cross the gravitational radius: the éollapse will then continue to

the singularity at r=0. The surface at r=2Gil/c* is not & singularity.
These results are fundamentally important, but the further con-

sideration on how they depend‘on the previously mentioned assumptions

(spherical and pressureless) is even more important. In 1966, liay

and White" worked out a spherical collapse model with internal pressure.

Oﬁe of their reSults proved that the validity of the classical con-

clusion obtained by Oppenheimer and Snyder does not depend on the

assumption of pressureless. Then, to what extent is this nicture

representative of collépses which are not spherically symmetric? Small

| ; _ 12,13

perturbations of spherical‘collapse have been studied in some details .

It was shown, specially by:Price's worku, that if the perturbation

is small at the beginning, it rémains small when the configuration

passes through its event horizon, and so the overall picture is rather

L (10)



similar to that. for spherical collapse., For the highly nonspherical
collapse, “hé situation might be quite different, but the results
are not convincing and still far from conclusive. A good review can
be found in Miller and Sciama's article:4

However, the collapse process studied by above mentioned works is
too much idealized, in the sense that all physical processes have been
ignored and that physical conditions have;been oversimplified. During
the core collapse, at least, the excessive potential energy must be
carried away. It has been found out that the main carrier of the
energy.is the neutrino”'which is mainly »roduced by the inverse §
decay of the core matter. Therefore; neutrino processes are cruciall
for the collapse and should not be ignored in the study of realistic
Collapse. We will consider it again in Chapter IV.

Another very important problem is the fate of the envelope which
was completely ignored by the above mentioned studies. When the core
collapses, the envelope temporarily remsins stationary. Whenever the
Core mass is less than the limiting mass of a neutron star, during

the collapse, the core bounce will occur nearly at the nuclear density,
and a shock wave will propagate outward. Afterwards, a series of

guestion arises. Is the shock strong enough to ignite the matter of

(11)



the envelope and induce'a supernovae explosion? Will the matter of

the envelope be blown away Qompletely, in order to form a neutron
star? Or, will the envelope finally fall down and form & black hole?
The answer td these questions diverge seriously. Somebody says yestz
and somebodj says no4. The answer sensitively depends on several
factors which have not yet been clearly found out, such as neutrino
trapping, equation of state (specially at high density and low éntropy)
and so forth. An exqellént review on this subject was given by Arnettw
at the 9th Texas Symposium in 1979.

One more process Whiéh is notable is gravitational radiation.
People usually think that collapsing steliar cores are one of main
astrophysical sources of gravitational radiation. There is still an
objection. It was pointed out by Kazanas and Schramm” that since-
neutrino processes will damp out the deformation, gravitational
‘radiation might no? be so strong as expected. This problem is left
Open. However, to the rotatioﬁ issue of collapse, the gravitational

radiation is probably more relevant than the neutrino process. Ve

will consider the effect of gravitational radiation in Chapter III.
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1.4 TFinal States after Collapse

Sinﬁe final states after collapse CanAbe stgdiedszom the static
viewpoint as well, we can know them i£ some de%ails, desnite the lack
of knowledge about realistic collapse. Final states after collapse
are broadly divided into two categories., One is in equilibrium and
another one is in non-equilibrium. We first consider final states
which are in equilibrium.

As it is known, stellar cores start collapse at a deﬁsity which

is roughly equal to 10%gem®

. AT even high densities, the possibility

of a stable state which mainly consists of a degenerated neutron

fluid was first suggested by Landaujsin 1932._Béade and Zwicky”’algo
suggested thehidea of a neutron star independently in 1934. The

first quantitative model of a neutron star Was built by Oppegheimer

and Volkoffloin 1939. They found the limiting mass of a neutron star

to be 0.7lig, which is notably smaller than the Chandrasekhar mass,

due to the fact that tﬁey used an oversimplified equation of state

of the free degenerated neutron gas. They neglected, however, the

effect of nuclear force, specially the renulsive core of nuclear force,,

despite the fact that the central density has already reached 1ngcm3,

which is even greater than the nuclear density. The discovery of

(13)



pulsarszain 1967 and their identifioatioﬁJaS'rotatiﬁg:nehtrbn stars
in 1968 aroused a great enthusiasm in the study - of thé neutron star,
both in regard of its structure and of its mechanisms of radiation.
The problem of studying the neutron star structure lies in the equatiop

22,23
of state

. In a typical neutron star model, the denéity varies from
the surface ( §,= 1Ogc:m'3 ) to the centre (¢ = 10— 10" gem™ ) by 14
to 15 orders of magnitude, but mos%t bf the matter is at a density
comparable to the central density Qc, which is in the sﬁpernuclear
density range.. The equatién of state is believed to.be reasonably
well understood only up to s1.1bnv;).cIl_ear:densit;yf(g'<:vZLO""gcrfi'3 ) as the
low energy nuclear force has been known well:enbﬁéh vhenomenonlogically.
For 10'< <% < 10" gem?, the nucleon-nudleon‘interaction is imperfectly
known and the uncerﬁainties on the equation of state mainly arige
from the possible neutron and proton superfluid states#’and pion
condensation . For g’:»1()"'gcm'3 , the composition is expected to
include a significant amount of hyperons. At presémt, little is known

with certainty about the equation of state in.this”range.‘Due‘to

" uncertainties of the equation of state, resulting neutron star para-

meters vary considerably. The limiting mass of a neutron star varies

. 22 .
by nearly a factor of 5, from 0.6l to 2.7y . Roughly speaking,

(14)



the iower the density at which repulsivé'nuclear force becomes im-
portant and the stronger this fihrce is, the larger is the limiting
mass of a neutron star. The central densities of.neutron star models
vary in the range Eeldr—-lomgcﬁd and radii vary from 6-10y to
1@3-1660m zﬁ The value of limiting mass is crucial in the study of
the formetion rate of neutron stars and black holes, unfortunately,
it has not yet been fixed.

Another interesting question is Whethér it is possible to have new
stable configurations with a central density fcrﬂifégpnfa, due to
the unknown elementary particle interactions. It seems conceivable,
but rather unlikely, as pointed out by Thornezzg The reason is that
at these very high @ensities; the adiabétié index requiréd for the
stability against radial perturbation prébably exceeds 2.0 and this
would violgte causality as the speed of sound would then exceed the
speed of light. Therefore, the neutron.star may be the only sfable
configuration as final state“after collapse.,

» Then; let ué turg to the case in Which the mass of a collapsed
'objecﬁ is 1arger than the critical mess and of course, no stable
configuration can exist. In this case, under the assumption of

spherical symmetry, two conclusions are fundamental. First, although

(15)



thé collapse constantly deveiopes, aft§r passing through the gravi-
tational radius, the collapsing object cannot have any connection
with the outer region and only leaves an event horizon which does
vnot Change with ﬁime.,Second, its gravitational field is always
described by the Séhwarzschild metric and doeg not change with time
too.(it is called Birkhoff ﬁheoremzé). Such a collapsing object is
called a Séhwarzschild black hole, Which‘can still»be»consideréd
as a sﬁationary object.

Before and after~l970, én‘intenéive étudy was carried on the black
hole physics and several importaht results have been achieved. The
following conciﬁsions were mainly obtained by Hawkinguzf Isrealzifo
Cartery and RobiﬁsonMZ a) All stationary blackbholes(i.e. when
settled down into “fihal" stgte) érekéxiallyfsymmetric. b) Their
characters are uniquely described by three parameters, mass n,charge
Q and angular momentum J. This is sometimes called no hair theorem.
¢) The Kerr-Newman metric33 is thé ﬁniqué family of solufions which
describes the black hole. Thgs, the parameters must satiéfy a constrint
(1.1) S mzara*
where a is the,Specificrangular moméntumjaﬁd“heré énd‘heréaftér all

quentities are expressed in the c=G=1 unit system, if numerical wvalue

f(16)



is not concerned.

Fathermore, seversl fundamentsl laws, which must be obeyed by

» 34’ x 2 u
black hole processes, have been found . The first law of black hole
P ?
dynamice simply says that energy, momentum, angular momentum and
charge are congerved for any black hole procesg«: The specially
interesting one is the second law, which says that the area of the
¥

black hole horizon can never be reduced by eny black hole process;

the ares A is defined ag

(1.2) A= dr(m+ g ar )%+ a®
This second law, like that of thermodynamics, shows that dynamical

proceésses of black holes are generally irreversible o An interegting

result then follows. Formula: (1.2) can be rewritten as

2

(1.3) m*= (m, +

&2- )7/ :rz
+—
G0y +M;_V

% . R . ) . ,
where WQVEG%d is called the irreducible mass of a black hole. Prom

formuls (1.3) we see, 1f we extract Q and/or J from = black hole b
v

a reversible process, by which we mean m.

&

r 18 conserved, the mass
of the black hole is extracted too. However, there is a limit for
the reduction of mass. When O and J have been reduced to zero (i.e.

a rotating and charged black hole has been reduced to = Schwarzschild

(17)



black hole),vm has been reduced to m, and it con never bg reduced
aﬂymore; as far as only macroscoplc procesgspes are cmnoéfned. In this
sense, the Schwarzschild black hole can be congidered as the ground
state of black holes.

Then, We turn tn the cases in which formula (1.1) is disobeyed
and an event horizon cannot be formed. The first guestion in this
case, 1s what the final state will be. On this matter, there is a

considersble amount of uncertainty due to the fact that one possible

outcome hag been envisaged as a nasked singularity, but such an object
would break down physical laws in the region nearby it. lloreover, it
' - NP ;| . )
has been shown recently by Clarke and de Telice that timelike nalked
singularities, which are described by some exact gsolutions of Binstein
equations, imply global causal violation. Under this circumstance,
different attitudes of mind have been presented. Some people thinlk
51 . .. s . . 3% L . WA
1€ naked gingularity should not exist. Penrose -in fact asks: "does
there exist a cosmic censor who forbids the anvearance of naked:
singularity clothing each one in an absolute event horizon?" Thisg

is ¥nown as the hypothesis of cosmic censorshin. Some peonle, on the

nature as well.
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By agsuning the existence of nmk@d singuwlarities, some suspicious
 bq% iu%eﬁ@mtimg connection between the naked singularity and black
hole is r@@eh@ﬂ.;&) The Kerr-Newman naked singularity is unstable,
in the genge. that the Kerr<fNewan naled singularity cen lose its

 }~&ﬁﬁu1mm mmmemtmm‘mﬁd/mr its charge and so to trﬂanorm into a black
,,‘héle. but the o§90dite is impoﬁsiblm. Tha nonurot ting, ehar ed case
' ~f was proved by uﬂhem ot a1 mnd the'unch@@ge&‘rqﬁﬁting:cawe wag'
‘ ?iprQﬁeafﬁy de ﬁe;i6é4” . b)f@he §pti§%i @§p¢Qﬁan¢¢fpﬁfgﬁ@lléi collaps@
:f ih:$ﬁ¢if¢rmatimn of naﬁ&&?Qimguiarity;ié;ﬁhé;ééﬁéfaéﬁh&$ im‘%h%'j 
‘fm?mmtlon of blaak hmle. mh@ unchar}@a ﬁdfﬁﬁiﬁ@ case has be@n diseuﬂaad

by aa P&lice4' and the ahmrged, nonurote%ing case is diﬁcua&&& in

Chapter V of this %hegis.

()
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CHAPTER IT  STELLAR ROPATION AR ﬂEUTRQHyﬁTAR FORMATIOH’
2.1 Introduction
As mentioned in Chapter I, a collapsing rotating and uncherged
object with specific angular momentum a larger than its mass m will

not be covered by an event horizon and whgﬁ it will be is an open
question. Therefore, 1t would_be interegting to fimd out whether
there ig some evidence about thg exist@mc@‘of such a rapidly rotating
c¢ollapsing obj@ct.

Unfortunmtely,‘till now no direct observational evidence about
the rotation of black holes is available, so we are forced Lo focus
our attentimn‘t§ neutron stars; ﬁhey<éfe in fact, collapsed ijecta
with a mass not too much lower than that of the 1imiﬁimg mass of a
black hole. Mmr@aver,‘w@‘hﬁve good observational materisls abdut
the rotation of m@utrom stars, that we gaﬁher.from their pulsating

periods.. z

1t The main part of the work contained in this chanter has been
published in the JOURNAL OF. PITSINS A, VOL. 155 P.3341 (1982),
jointedly with ¥. de Felice, under the title STELLAR ROTATION

AWD GRAVITATIONATL COLTAPSE: THE a/m ISSUB.



Usually,yn@utfon stars are thought to be fast rotaltors, while
normal stars are thought to be slow rotators, since the former have
a period of t'¢ order of geconds snd the latter have o periocd of the

order of davs. [Mro. the wviewpoint of ewolution, this idea is somehiow

misleading. If we characterize the stellar rotation by its soecific
angular momentuam, we rench the opposite conclusinm that neutrén stars
are slow rotators and normal stars are fasf rotators. Thus, in the
course of evolution, we should find physical mechanisms which cause
a LO3S of the gpecific angular ﬁOmentum. This is going to be the

subject of the present chapter.
In studying the final state of a cbllapsing‘roﬁatiug object, the

dimensionless ratio a/m is a suitable parameter and it is used through

this and the next chapter. We consider the a/m#K 1 case ag that of

a slow rotator, the o/m =1 cage ag that of a fast one and the aﬂn;» 1

case és that of a very fast bﬁe. ILater on we shall see thet the cmrés
}of;main—86qu6nce.stars are very fast rotatérs hiVing ratio,a/m as
ﬁégh;as 10w=10% (in S@cti§m ?(4), whiléqobserved neutron stars are
slow rotators having>fatioka/ﬁ:as 10W‘a§ 10"*—=10"% (in Section 2.2).
This huge gap seems to suggesfhthﬁt duriﬁg~évolutioﬁ, %hé ratin a/m

is strongly depressed. Therefore, black holes would probably be slow

| @)



rotators snd fast rotating c collapsed OD]Cfﬁ auch ag nalred ln cnlarities
are ”ut of reality. Our analysis will shor that this statement is

probably not true. For the formation of a neutron star, we Find that

someé strong reduction occurs after collapse has stonned, iaplying

that the existence of a rapidly rotatin

collapsed object is actually
ssible.
In the following ﬁanV ig, the evolutlion of the ratio a/m is divided

into three stages. The evolution in the vost main -seque

considered in Section 2.5. Loss of ratio a/m during the collapse isg
discussed in Section 2.56. After a neutron star has been formed,
some mechanisms dissipating its rotational energy and reducing the
ratio a/m are anslysed in Section 2.%. The final discussion and

conclugiong are presented in Section 2.7.



2.2 Ratio a/m of Observed leutron Stars

o

: ‘ 1
only a few months after pulsars were discoveree by Hewish et al. ,
2 . . . .

rold recognized that they are rotating neutron sgtars. Therefore,

' Al
rotational periods of neutron gtars can be accurately measured by
means of radio techniques. As mentioned in 1.4, observed periods of
neutron stars are of the order of seconds which are shorter than
those of normal stars by about five orders of magnitude. Since the
density of a neutron star is very high and the moment of inertia is

a

small,‘its angular moméﬂ£ﬁm;ié'£of necéssarily large. In this section,
we éhall determine the ratio a/m of neutrén stars using observational .
data and theoretical models, and shall ahow‘thgt their ratio a/m are
iﬁ fact very small.

Beside thg.périod [N ﬁhich hag been known by Qbservation, we

8t1i11l have to know the mass U and'the moment of inertia I, in order

to czlculate the ratio a/m, since by definition,

(2.1) | &L T _ 3¢
n GM* T &Mt

it

‘where J is the angular momentum, G is the gravitational constant and
‘¢ is the speed of light. The masses of neutron stars, as pointed »ut
in 1.4, have been measured only in 2 few cases and have the value of

about 1.4M@ . From theoretical considerations, we know that masses

¢

(26)



of neutron stars should not be widely varied. Because of thig reason,
we shall agsume the mass of any neutron star as =15 . About the
moment of inertia, surely, we do not have any observational evidence.
: X X . . s - 14 =3
Let us make a simple estimation, assuming an average density §=5lo gom
' ‘. oy a6 .
and a radius R=10 ém, We get
RO g 45 a
(2.2) I=29¢r"= (o gom
3 o -
arnett et al. calculated moments of inertia of neutron star models

by using 10 different equations of state and got values in the range

6-1O4ﬁ—f 2j104$gomz. It prgves that (2.2) is a fairly good estimation.
Sub%tituting‘th@Se values into (2;1), we have a formula for evalumtimé
the ratio a/m’of hemtrdn stars

(2‘35 | | {% = 0.87 «1673 P '(sec)

where P is thé rotmtiaﬁml~pﬁried.

o

In Table 2.7, observational dats of periods for 105 samnles, which

ceig & , )
are talen from Smith's book "Pulsars", have been listed and the

105 samples, we find that the ratios a/m are distributed as follows:

R ‘ 2 . .
o,/ > lo o (Crab pulsar, 0531:21)
Sy e i o ~ e g i
o >a/n >80 1 ganple (Vela pulsar, 08%55-45)
Ao a/ -3 14 sl oo
S a/m = \e 44 samples



e3> a/m > ¢ 33 samples

Faets>a/m> 1 et 26 somples.

For most samoles of this ensemble (985), the ratio a/m dees not vary

3 4 : , . ‘ -3 L ~d}
widely. It ranges in a rather narrow intexrval, from 3.6°10° to 1.5-10 ,
Crab pulsar (0531421) is a gpecial member and of special importance
being the youngest one (age T=928yrs). It has the longest period

: -2 ‘ . . : .

(P=33ms, a/m=1.7+10 ) and the largest changing rate of the veriod

@ P N N ‘
(P=36.5ns/d). From Pable 2.1 and above considerations, we shall simply
assume that the ratio a/m of observed neutron stars is nearly egual

to or much less than 107%.

(25)



2.3 Lvolution of Ratio a/m after Weutron S3tar Tormation

Since the pulseting radiation of a neutron star oririnctes fron

the rapid rotation of its megnetic confipuration, the radistion stould
o o il

- N . . - .2 . . .
carry away rotationsl Ag Predicted by Gold” in hig first paner
v t) 4 Lo e L

but gteady slowing

of nhaserved

requencies was reallyw
found first in the Crab pulsar®, then in the othmrsé. The importance
for us of this fact is that the ratio a/m of a neutron star at the

very beginning of its formation should be larger than thet at a sub-

Before considering this point, let us fivet caleulate, with.a

simple Fewbonian argument, the limitineg wvelue of ratio a/m which

can be sustained by a neutron gtar. Tn the limiting case, we suppose

that the centrifugal force at the equator is just balonced by the

gravitational force before mass shedding teles place. Agsuning again

S L

the neutron star as a rigidlgﬁotaﬁimg uniform sphere, we have the
! ' .

wcr;t ?

Cri(; RB

(2.4) W, =

Using the defimitian,a/mmla)c/GM , the criticel value of a/m is

obtained.

(29)



~ (2.5) : () . = tos (Lt B
. I exit "10
' . - 4 . Ca o
where the representative value of ¢=5.10 gmns has been used. Formula

(2.5) tells us that the maximum velue of a/m that can be sustained by

+

. . .'. . ! . . . .
a neutron star is about one . The observed velues of ratio a/m are all

+ Since in the critical case the star should be scriously deformed,

thig argument seems quite doubtful. in this note, however, we would
like to show that formula (2.5) does mean something related to mass
shedding.

Iqstead of a rigidly rotatipg uniform sphere we should consider
it as a rigidly rotating uﬂiform spheroid, i.e. a laclaurin spheroid
(see €.g. Tassoul's book ). By formulas (48)-(54) and figures (4.1)
and (4.2) of Chapter 4 of Tassoul's book, we find that the critical
case defined by (2.5)'corresponds to e=0.95 or‘b/a:O.B. It ig in fact
seriqusly déformsd. If we congider the rotation parameter € which is
defined as the ratio of rotational eﬂérgy to potential enerzy, the
value ¥ of this critical case’is calculated to be 0.27. It ig just

‘the limit for secular instability of Haclaurin spheroid (see P.240
in the above cited book). Therefore we have reason to say that if it
rotatés faster than fhe critical case, mass shedding will take place.

The critical value of a/m calculated from relativistic models is

presented in the Appendix. | (30)



to Imow what was the situation at the beginning.
It is definitely known that the pulsaeting radiation is decreasing
the rvotational enerzy of a neutron gtar. Let us now consgsider this

e

effect first. Assuming that the pulsating radiation is the unique

effect in dissipating rotational energy and that it can be considered

as the megnetic dipole radistion, we have

d({1e02)
T at

PR 4
(d?-ob) :==-—L"':""kw
where L is the luminosity and ¥ is proportional to the sqguare of
magnetic dipole moment. Tormula (£.6) can be rewritten as
(207) do = iwg

dt 7 I
since the moment of inertia I is almost a congtant. Moreover, if we
assume that the magnetic dipole moment is a constant, (2.7) can be
solved as

.
( &- w?-)

x}l—?

(2.8) S T=

where T is the age of a neutron star and @, is the initial angular

veloeity which we are interested in. Using (2.7) and changing w to

period P, we have

2

P Po y
(2.9) s ()

where Py is the initial period. Suppose P, is much smaller than P,

(31)



thus the age T would be squal'to.P/zi. Values of P/E@ for various
pulsers have been listed in Table 2.1. Only for the Crab pulser, we
know‘itﬂ aze exactly, which is §28jrs. Tta true age is significently
Shorter’than the presﬁmed age P/2? implies that‘Pe is not too much
shorter than P. In»fact, formula (2.9% tells Pox B/2. For the other
pulsars, the arguméﬂt is not =0 clear, but usumlly people think the
presumed age P/2P would be larger than the:true age due to the decay
of magnetic moment. Since the‘decay timescale has been estimated as
to be 1o§yr54" this.arguﬁeﬁt holds for most samples of our ensemble
(66 out'Of 82)'which ha%e'&n "age" larger than iOéyrs. For the young-
est Crab pulsar ﬁith an age of 108yrs, the decaying effect oﬁ magnetic
momént ghould not he pfohinent. Therefore, We‘cdnclu&e {hat if the
pﬁlsat;ﬁg radiation is the hmiqué mechanism for slowing down. the
rotation, initial neutrdn stars would ramain'élOW r0tators having
theyratio 2/m ﬁuch';e$s than 1.

k;Are there other mechaﬁisms which‘also slow down fhe rotatiom?.ﬁy
_@otiﬂg twokfacts that'neutron Stars.havé large proper velocities
and the magnefic'cqafiguiatign of a sfar ig usually deviated from
its geometric céhtfe,;ﬁarrisdn end Taﬁemmrﬁ# éuggesteﬂ anAoffm

- centered dipole‘mOdel‘for neutron stars. The radiation of a'rotating

(32)



off-centercd dinole induces not only o torcue but slso o net foroe

due to the e wvould accerelate

the initial o/m of

The equatione of uotion derived by larrison

T"sdemaru are

(2.10) (MV) =L (e - L)

éV
T

&l
—
g

)

where € is called the radistion asymmetry coelfficient, which depends

on the separstion of the m dipole from the egnin axis, and also

on other factors. Since ézy «l , equations (2.10) reduce to
(2.11) Miitg,g%tc%mm)

and from thig eguation, it follows thaot

(2.12) My = 21 (wiou)

where <€2 J.a, an everaged asymmetry coefficient. Tormula (2.12)

the relation among the observed translatior

veloclty, observad

angulear velocity and initi:

velocity and thet is just whet

we need.

Unfortunately,

atbe the asymmetry coefficient € due



to the lack of detailed Imowledge of the magnetic configuration.
However, a semi- quantitative conclusion is ready. The trenslational
velocity V of a vulsar hes been evaluated to be larger than 100kms”™!

8, 9. te

for most cases . A detailed analysis of the selection effects

on the scintillation observations of oulsar radiation leads to a
8¢, 02

most probable lower limit for pulsar velocities of 120kms™ B In
fact, UV is much larger thﬁﬁ Iﬁi{; ,» even for extreme éases. Then,
formula (2.12) tells that ¢u; is muchylmrger than W& . This is just
the interesting poimtAfrom our point of view, because it mesns that
a laﬁge amount 5f a/m is reduced‘after the neutron star has formed.
Quantitatively, assuming'a mild value of 10’2 for & , we find that
the initiel angular velocity W, reaches 1045", thus the initial
value of ratio a/m reaches about one, which is just the critical
limit as shéwn byvformula (2.5) . Therefore, the existence of a col=
laﬁsed object as a fasgt rqtator with a/m=e1 is indeed possible, if

the Harrison and Tademaru mechanism holds true. Surely, in order to

make this argument to be convincible, some other evidences are needed.

(34)



e

2 o4 Ratio a/m of the Core of Main-sequence BStarse

7

Fow we turn our attention to the beginning of stellar evolution,
in order to Inow what th@ value of ratlo aﬁmlof main~$@quamoe’$ﬁellmr
cores are. Afterwards, we will try to track its evolution, hoping to
see from another angle, what the resulting value of a/n after core
collapse will be.

The projected rotational velocity Vesin i of normal stars can‘be

evaluated from the overall spectral broadening, where Vo is the rota-

tional velocity at the equator and i is the angle between tne rota-

tional axis and line of gight. Can we know Ve itself? It was demons—
y i3 .
trated by Chandreselhar and Munch that, 1f we have a representative

gample of stars belonging to one spectral type, and if the axés of
rotation are distributed at random in space, we have

(2.13) V> = i:é'r-<ve Sin | >

where the bracket used here stands for taﬁimg average.

‘Even if we kﬂ@w the ratatianél velocity Ve, hence lmow the angular
Veiocity w at the @quatar,'it-i& still a non-trivial problem to
calculate the aﬂgular momentum‘oﬁ a star and of its stellar core, gince

it depends on the mass and angulsar velocity distribution within the

star. For the latter in particular, we hsove no knowledge whatsoever
: ¢ 3 ?

(35)



neither from theory nor from observation. This situation forces us to
adopt simplified assumptions to eveluate the ratio a/m.

'Fpr our purpose, the main point is to know the rétio a/m of the
core of main—sgquence stars. Before doing that, it is interesting to
get an idea about what the value of a/m of a whole star is. As an
order of magnitude, the ratio a/m of main-gsequence stars with 1 < 10
has been estimated aséuming it as a rigidly rotating uniform sphére,

thus

(2.14) 1= LA

R as the radius is calculated from ( where L is the lumi.

L ) Yo
1-1rch4') ’
nosity, T is the effective temperature and 0 is Stefan-LFoltzmann

_ : i . “* i Y e
congtant, the relevant data being taken from Tinsgley . Ve is obtained

. . . ' I1$, 16 '
from (2.13) with data deduced by several authors . Results are
listed in Table 2.2. From the table we see, ratio a/m of early tyve

' , 2

stars (B} A and early ¥ types) are of the order of 10 .

This result is supported by another observational evidence. The
mass shedding for Be stars shows that their equatorisl velocity should
have reached the critical limit of stability. Prom the theoretical
consideration, the parameter © (defined as the ratio of rotational

energy and gravitationsl energy) Tor mass shedding ranges betwees

o (36)



L. A ‘ .
0,14 and 0.25 . In our models, the re of a/m and T simply reads
9 A ! g

f,2¢

2.15
(2.15) v

RES
|

. . . - . . R |
Therefore, for at observed rotational velocity for B, gtors of 400
) o e ¥

the retion o 220, It is econsisgtent with above

egtimations. This result proves that a nor star i i1 fact o very

fast rotator, comparing to a neutron star.

Prom now on, we concentrate to the stellar core which witl finally
L '

g

evolve to a neutron gtar. Since we do not know the internal Aistribution

of angular velocity, we consider two presumed coages.
Case A, Rigi# rotation
Let us consider a 1lig core of a main-seguence star with following

paraemeters

(2.16) M=1oMg R=33r10"em , Vo=(a-a) (ol emg '

<

and W= &= Cob—tad 1" s

Under the agsumption of rigid rotation, the

is the same as shown by (2.16). Desides, we still have to sgsume the

density distribution. Since the core is rather small, the dengity of

core cam be congldered as uniform, then we have the expression of a/m

\ & __ ac 2 | S M -4 ~%3
2017 T RTw == §¢e 0" | — wd
(2.17) n , c (ﬂo) §

About the value of density, we have knowmn that the average density @

(37)



(9
. -3 ; . . . . =
of whole star is 0.15gem ~ and the central density £ is about 7.&gmn3 .

TakiLg'several representative cmre densities, oorregpmﬁdimﬁ valu%s of
a/m of coresare shawn in Table 2.3. It suzgests that the most plaasible
estimation of ratio a/m of a Mg core, with the assumotion of rigid
rotation, is in the range of a/m=(10-50).
Case.B. Différential rotation

If convective motions are important in the stellar interior, then
it is likely that ﬁ@e angular momentum is redistributed so that dif-
feréntail rotation sets un. Since thé angular momentum digtribution
in the rotating star is completely umknoﬁn, Bodenheimerzo built several
rotating main-sequence stellar models by assigning various angular
momentum distribution laws. Let us pick uvn some deta from his models
and evaluated the ratios a/m of corresponding 1M, cores. Quantitatively,

in all these cases, the stellar core has more angular momentum than

it would have in the ooyrespondin@ ricgid rotating case. Therefore,
the resulting value of a/m is always larger.

In Table 2.4, five models are listed for our nurpose, in the last
line of the tablé, a/m is evaluated from formulso (2.17)? asguning

uler veloclity

thet the core has o wniform density ¢=¢ and a uniform an

W= co_ » Where @ and w, are respectively the central density s=nd



lodel I is a rigid rotating 151, star with a similar Ve as considercéd
in Case A. The resulting a/m is also gimilar. Model II describes a
differentially rotating ster with the 9&me Jd and Il ag in Model I3 the
ratio a/m ig therefore larger and the resulting V, is emaller. Since
vg of Model II seems too gmall compared with typical observed values,

1aw ag that of Hode«l‘IIﬂ but with a lerger J. That ig liodel IIT. Cor-
regpondingly, the ratio a/m is about 10%* which ig larger than the value
éstimaﬁed in Case A. lodel IV &nd VAﬂéécribe a 30, star with two
different anguler momentum distribution laws and reasonable values of
Ve . In both cases, Ratios a/m are of the same order of 107,

Combining cases A and B, we can conclude that the ratio a/m for a

equal to (200—400)kmmd, ranges from 10 to 100.

- (39)



2.5 Evolution of a/m of Stellar Cores during Post Main-sequence

Stage

life of a star, we don't think the change of a/m of the core is import-
ant in this stage, since ho prominent structural change happens. Quite
on the contrary, the post main-sequence stage iﬁ HOt so0 long as the
main-sequenceyStage, but fhé~stellar‘st:uefure changes rapidly. The
core shrinking and envelope eipanding in iﬁe @ost’main~sequenc§ stage
must induce an aﬁgular momentum transfer from the core to enyelope,
othérwise, thefcentrifﬁgai,fofcé in the core would excéed the graﬁi~
tational force maklng thla conflwuration ungtable.

fle are interested to kﬁow hdwkﬁuch anﬁularkmomentﬁm ﬁill'be trans-

ported out from a core with a fixed mass during post main-sequence
stage. Unfortunately, almost al 11 rotatlnf stellar nodels were designed
by assigning an g119r mementum digtribution law. In these models,
the amount of aﬂgulur ncncnt 10 s of the core is somehow arbitrary
due to the artificisl ﬂl trlbuflon lrwo Therefore, it does not suit
o - » . szzg oL : .. ‘ ,
us. However, bLndal and Sofia built some rotating stellar models
by coansidering a more realistic,prooeﬁg of angular'momentum‘redig—

trlbutiou. TheJ fnund th t the OOHVFCLlOﬂ und Ldﬂln tom clrculatlan

~ (40),~“~



are the nost lmportont mechonisme for redistrhuti

tun in a star. Let uz see what information we con get from their

conputetionnl data.

They evolved a Tllg stellax model from zero

. " ey e - -1 .
rigid rotation ot a rate of q,:ﬁ.&']t;sg Tt bl

g central

neriod. Their

At its moin-pequance sta

gome epbimetio

core dengity ahould

\ - -3
be assumed o8 10gcem” 3 thern combingn;

veloeity

the ratio o/m of the core in its main-ge alusted from

formula (2.17) as to be 10.4. Por its final conf

acsuniny

’ its finel core

angular velocity, the finsl valus of egtimated, again from

formula (2.17) 28 to be 5. Th helf of the initinl en

ular

momentun hag been carried out of the core.

They heve also worked oubt a 1OM@ Btellar model and evolved it Trom

Zero age gguence to carbon ignition, a time covering about

98% of the time recuested to reach the core roll

tiey found that the effect of snguler momentun redistribution is to
decrease the angular womcutuy of the core by 4$0%. It is almost the

(41)



‘same as the reduction‘rate which we heve estimated forvth@if Thlg model.

Conséquently, we conclude as follows. If the material iﬁterchange
ig in fact the dominent mechanism of angular wmomentum transfer, and
the rgductian,rate can be estinmated as one half, combining with the
value of a/m estimated for maim;sequemce coreg in the last section,
we suggest that the precollapse core would have a/m in the range 5-50,
which is notably larger than 1.

However, the magpetic field effect has not been included in Endal
and Sofia's models, then also in above consideration. Although in
onother paperza, they argued that it iz not important, there ar@ still
some reasons to believe that it might be far more effective than tﬁa
material interchange mechanism. Since the effect ofﬁmagnetic field to
the angular momentum redistribution has not be calculated, the follow-
ing arguménts may be helpful.

Suppose there were no‘amgular momentim transfer in the star dgring
its post main-sequence evolution, a very lafge graﬂient of argular
velocity Would then appear, due tp'the core shrinki~g and envelone
expanding; and thus the magnetickfield lines would be sariouély
twisted. The magnetic field Qlways‘tenés to force théfylasma to mé%e
, alang the field lines. Om~thé'othef hand, he inertia of the moving
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nlasma tends to letb

tendency

twieted and will meintain o

will cause 11

velnnity in the ster. It

smaller gradient of angoul

angul ar moaentus transfer from the inner part toward

the outer part. The point lies in its efficiency.

. : 24 e
The following idea was suggested by Mestel . At the beginning

e nel

the post mein-sequence stage, the masnetic linkage between core and
") [ ¥ ) o]

envelope can be congldered as tight enough to maintain a corotation.

o)

While core contraction and envelope expansion continue, more and

1etic 1ind hecome s

moxe Tleld lines gradually detach and the m
weaker and wealer. Let us 1lmege ar effective time T. The rigid co-

rotation ig effectively maintained,

if t<«<Ts the maghetic linkege
can bg¢ considered as being broken, at the time t>7, thus the angular
momentun of the core would be locally conserved. Asg nointed out by

Mestel, a very sghort time T

with the post main-sequence life-~

time) is enough to induce a reduction of a/m by one order of masanitude.

" This argument seems compelling, but we cannot reach any conclusion
. it fid b9 ul

0

before we have a better idea of how long a T can be considered ss res—
£

gsonable., However, it shows that the magnetic effect is possibly impor-
tant end worthy to be taken into account in building a rotating stellar

model .

—
SN
o

itf



2.6 The a/m Loss during-Core Collapse

&re:there any mechanisms for carrying away a large anount of angular
momentum during core collapse which proceeds in the dvnemical timescale
(of the order of seconds)? As mentioned in ChapterIl, two Caﬁdidates are

neutrino emission and gravitational radiation.
One of dominent mechanisms of neutrino production during stellar

e

core collapse is the inversed ﬁ—decay of nuclei,

(2.18) »€++ (e, A) —> C2~1, &) + Vg
since in thie case the Fermi enersgy of degencrated electron gas is

high enough. Despite the wealmess of interaction, the production rate
. . T & 39 -3 =] ; : RS : . PR

can reach as high as 107 8™ cm , due to the very high density of

o -3 24 ‘ . ..
stellar matter ( @210 gem~ ). It was argued that neutrino emission
is in fact the dominent mechanism to carxyy away the excessive energy
during the collapse. Then, is it also an efficient mechanism to carry
away angular momentum? The answer is no, mainly in consideration of

the fact that neutrino emission is isotropic relative to the steor.

ular momentun. Because of the

.However, i1t does carry away some ar
relativistic effect of steller rotation and collapee, neutrino flow
is asymmetric relative to the rotation axis from the viewpoint of

2.6

a distant observer. Kazanas hes estimated that about 107 of total
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Lar wmomentum of o rotating stellar core Lo bels

i
i
-

nentrino during stellar collapse. At the sanme time, wg nmuet notice

that the ratio a/m devnends on both J o I,

atellar core- 1g beir

BTN

net chonge

rate of rends

) CJ)

Tf we consider dM as the totsl excesgive potentisml ene

diA) b . o ‘
that l;:— =10 , thus dt ) he even positive. At least, we

()~

can safely say, neutrino emisgion is not an importent mechanism for
nt
the problem we are gtudying.
That about gravitational radiation? It ls uesunlly thought that

thie procesg 1s also an important one

may carry away a large amount of a

ten years, a considerable sunt of work has been produced on this

s

subject. Since the gravitational wave has not yet been detected, the

main ﬂtteliJo is devoted to calculate the spectrun and the total

Wit

energy emitted by those presumed astrophysicsl snurces. luch less

s

. {poy ra.nce
attention has been paid to the angulsr momentum loss due to its minor

and grenter uucertﬁlnty‘ﬁ Since it is one of the kev point in our

analysis, 1t motivaltes ug to meke a modelling estimation. The favour-

(45)



eble result is that, if the initial a/m is 5-10, and a lerge non.

ewpect one

.

axisymmetry is naintained during the collapse, ome may

order reduction of a/m. The details are shown i1 the next chapter.

(46)



2.7 Discusaion and fonclusions

As observational facts, we have pointed out that a ﬂﬂ@ core of main-

gequence stors with a moass In the re

ce (10+30)Mg and with an equatorial
velocity in the ranpge (QOO«%DQ)kmﬁ" should have the value mfAﬂfm in
the range 10-100; the rotating neutron stars, on the other hand, have
the value of a/m nearly equal to or much less than 10t . The =question
arises therefore of when and how the core reduces its s/ for aboﬁt
four orders of magmiﬁudé (see Table 2.5). After surveying the various
- phases which could be relevant, we summarize conclu$ions as Ffollows.
a) If we forg@ﬁ all uvncertainties involved in the analysisg, we‘
can outline the following scenario which is consistent with our ana-
lysis i@ all its aspects (see also Table 2.5). At the.beéinning, maine
sequence stellar cores have a/m'in the range 10-20. During its post
main-gequence evolution, about half of its angular momentum is trans-
‘ported out mainly due to matter exchange, Therefore, when star reaches
its precollapse configuration, the ratio a/m of cores remain within
5,16. During core collapse, gravitatimﬂal waves are the main carrier
of the logt angular momentum, while neutrinog are not relevéﬁﬁ. When
the collapse has stopped, the ratio a/m of g néwly formed neutron
star is about 1 (8€s the next chapter). Because of the asymmetry of

(47)



the magnetic configuration of a newly formed neutron star, the radia-
tive reaction force accerelates the star on the expenses of its rota-
tional energy. This effect (called Harrigson-Tadenaru effect) would
reduce the ratio a/m of the neutron star from 1 to 10.2. For a young
pu}ﬂ@r (rmuch youngér than 10£yrs), the pulsating radiation does not
dissipate too much energy, so the finally observed value of a/m is
still of the order of 107" . For an old pulsar ( nearly equal or iarger
than;10‘yrs), the pqlsating radiation has‘spent a significant>amounf
.of rota#ional energy, thus the observed'value of a/m is one order less.

b) Whenever the Harrisqn-mademarubeffect holds true, thg collapsed
object @& a fast rotator with a/m&1 is quite plausible. Therefore a
;redudtion gf a/m‘for one or’two-oxéers of magnitude ig needed in the
pdst,main—SGQuence periodvand‘collapsg period. Except the ideal case
shown ‘in conclusion a),vit implies that a realistic steliar model of
a post maih-séquenée star mﬁﬁt involve an‘even gtronger mechanisn
for’angular momentun transfer than,those elaborated by Endal and Sofia.
,Thé possibly important effeétAfrom a magnetic field is worthy ﬁo be
concerneﬂ,

c)‘ If fheHarrison-—“?ademarﬁ' effect ig é}mluded,‘ a reductisﬁ of
a/m‘of three or f?u? order$ of magnitude is need in the post‘mainf

- (48)



requence period and collapse period. From the anslysis nresented in

thie chapter, we cannot see any indicatlion of the preésence of such

effective mechaniems. Thig is probadbly a counterevidence in Tavour

arrligon-Tademaru mechanism.



Appendix The Lass Shedding in Reletivistic Models

In this appendix, we ghow that by relativistic qodc7y the maximal

value of a/m which can be sustained by a fast rotating object ig also

21
about 1. The refering

models were workgd out by Putterworth and Ipser
in 1976.

They constructed several sequences of uniformly rotating homoge-
neous hodies which is in fact the relativistic analogues of the class-
ical Luclaurlm sn]qroids. Each of their sequences has a fixed Ye
which is deTined as’

(2.20) {5_—.4-—(._.’;“;)"‘

vhere -Y,® is the Schwarzschild radial coordinate of the surface of

%

nonfigurations defined as (émf ) The canflﬂnrablon varied 1ln each
tequence is churacterlzaa by a rotational parameter 1%; . N is W
anguler velocity and € is density. Both are constants in their models,
They foundzby calculatiomw that when rotational parameter reaches
somefcritical value, mass shedding happens at the equator. It i) just
the same limiting cﬁse in which we are interested.

Our purpose is to compute the critical value of a/m from the data
reported in their paper. The con?@rsion formulsa from their data to

a/m is designed as follows.

(50)



ca @)= CGR- @aer (oS

thelr Table 1 ko3, Jﬁ_ can be
MR

2
where -‘% and 1€ % can be taken fr
caleulated from (2.20). The results sare listed in Table 2.6 . It shows
that the critical value of a/m is larger thsn =nd of the order of 1,

L 2
Y: . .
£ g lesg then 2.

and-the corresponding relativistic parsmeter
e congider it as another relevant fact in supporting the conclusion

that a newly formed neutron star may have the value of a/m of the.

order of 1.
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CHAPTER III GRAVITATIONAL COLLAPSE AND GRAVITATIONAT
- RADIAPICN

3.1 Introduction

The existence of gravitational Waves is one of the characteristic
features of the relativistic th@ory of gravity. Due to the weskness
of gravitational coupling and to’the quadrupolar nature of gravita-
tional waves, the radiation power of a maﬁter with normal size is
usuaily very small. To have an idea about its wealmess, a h&ge rot-

. . p ‘

ating steel bar has been considered . Supnose a steel bar having a
radius r=1ménd a length ﬁ}:?@m, then its mass 1H=490tons. When it
 rotatesAabout its middle point with an angular velocity a>=28@",
which is the 1imit to be sustained by its tensile étremgth? the
gravitational radiation power in this case is only 2,2-16dzergé%_
Hence the proof of the existence of gravitational waves cannot be
expected to be’done by an experiment in the laboratory. The only way
is to detect the gravitational waves emitted by astrophysical sources.
Among astrophysical source, compact objects are more relevant, since
n drastic change of mass distribution caen happen only within these
objects. For e:af.arvnple', a normal c’mr;c binary system with my m,= {Mg
has @ period of the o?ﬂ@r of a day and the luminosity of its gravi-
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30 -l ’
tational radiation is about 10 ergs . Instead, a close binary systen

e
of
6]

of neutron stars may have = period of the order of seconds and

~
£

e bs o o -1 .

Therefore, gravitational waves are
y Bt

o

luminogity can reach
often expected to play an important role in the processes of compact

objects, notwithstanding that they have not vet been detected directly.

o

b

The collapnse of a stellar core is juﬁt a drastic dynamical proces
of compact objects. People usually thinlk that a gtrong burst of éravi-
tational waves waulﬁ.b@ radiated during the collapse and that the
gravitational radiation in turn, would have prominent effect on the
process of collapse. In the lgg% ten yémrﬂ, this problem hag been
studied quantitatively. Host detaildstudies have been done by Saensz

2,34 X : .
and Shapiro on the poegt Vewtonian level and by assuning an ellip-

L

goildal shape. They'are mainly imtereét@d in radiative power a@dAﬁpectrum
in order t» advise detective works. However, for the ellipsoids with
a#b#c,  they have also calculated the anguléxymomentum loss by gravi-
tational radiation and found a‘véry small value of A?S . That 1ig

thé only work whioh'isvdealing.With,the angular monentuh loss due to
gravitational radiaﬁion, never%hel@ss, we suspect that 1t ig under-—
e&timaﬁ@&. If f@ct, it ig better to have an’optimistia estiméﬁion

for our purpogse. Thig forme the motivation of the work presented in
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this chapter. The idea of modelling is explained in Section 3.2, The
model calculation is done in Section 3.%. A discussion on the resulis
of this model is given in Section 3.4. FMinally in Section 3.5, a

" more gzenersl consideration about the change rate of a/m due to gravi-

tational radiation is presented.
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3.2 The Idea of liodelling

e and amngl

How we congider the problem of ener

nhum carried

by gravitationsl radistion. The ene: formuls of guadrupolar radiation

- . - Y . o e g a1 . . .
was first studied by Einstein himgelf in 1918, by uging a linesrized

-

vy momentum pseudo-tensor of waves. In 1941,

theory augmented by ener

o - .‘ s . . X
Landau and Lifghite ghowed that Einstein's formula is valid also

derived the angular momentum formula of guadrupoler radiastion under

e " 8 . .
the same assumptions. Recently, Thorne gystematically studied the

multipole expansions of gravitational redistion and showed that swe—

fov slow nwolion sewrces with «awk%?‘vax?ly “S&‘m«g Ualernad geevily , the Gua-—
drupole terms of the general formulas sre the same as those derived

by hig predecessors. Adopting the c=0G=1 geometrized unit sveten,

thegse quadrupole formulas can be written as follows.

de . _ L
(5.1) & T <O D

a9 wa g

s

2, %

&

pry

where qux is called reduced quadrupolar moment, which can be
; 3
as Integrals over the source.
‘ (
= N I WE
(5.%) ‘Djk S f(xéxk 3 SJKx‘xL)g "

the bracket in (3.1) and {3.2) stand for an aversge over several wave

lengths, all the Latin indices run from 1 to 3, and swmation conven-



tion is also used.

(3.1)-(3.3) tell us that for slow motion sources the energy
and‘mﬁgular momentun carried away by their gravitational radiation
can be evaluated by the changing rate of the quadrupolar moment of
the source. This task is by no means easy, on the contrary, it is
actually very complicated, since, in genéral, the relativistic dy-
namical equationg of the source are complicatedly mixed with radia-
tive effects. In the post-llewtonian case, the situation is somehow
gsimpler, because radiative effects in this case can be expressed by
an additismal "radiative reaction potential"s
(3.4) Pl = T F S G
and dynamical equations of fluid is simply the clasgsical Euler equa-_
tion pluq the term contributed by radiative reaction potentlal
(3.5’) o | g%"é —-E- g._i gﬁ:o
where 4) ig the Newtonian potential.

Ignoring'the term of radiative reaction potential, the motiqn of
a rigidly rotating homogeneaus ellipsoid as a classical problem has
been studied very well. There is an exhaustive book on this subject,

. 40
entitled "Ellipsoidal Pigures of Eguilibrium", written by Chandrasekhar.

2

If the radistive effect is included, the ellipsoids lose energy and

,,,,,

“ | (58)



angular momentum; thus the configuration is no more steady, and in

fact, 1t evolves. Evolving ellivnsoidal models were first employed to
. . s . X "

compute the gravitational radiation by Thuan and Ostriker in 1974,

Their models are homogeneous, uniformly rotati

goheroids with no

internal pressure. They considered the models conllapse fron ¢= o0

ti1ll it flattens to a pancake of zero thic sg. Afterwards, several
improvenents have been made. As the internal pressure effect hmd:b@em
included, an int@f@sting feature was foumé by Shapirom that for a
configuration of o givem‘maﬁﬁ and gpecific entropy, there exists a
critical aﬁgulﬂr momentun J, for which the energy emission achieves

a maximum and ﬂ@er@aﬁﬁé for both larger and gnaller values of T,

This feature is very similar 4o o well knowscharacter of classical

gpheroids, which says that when J exceeds some critical value the

J oand finally tends

ta

angular velocity w decreases with an increasing
; e B A 2T d - 3] 0' o k 13
to.zero with infinite J (see e.g. Tassoul's book ).

The above mentioned studies are all related to axisymmnetric cases

]

sular

(soheroids), thus the To

the quadrupole neture of #adiation. Therefore it has no direct

i

relation with our purpose. inyhow, Saenz and Shapiro have pald some
attention also to non-axisymmetric ellipsoids. Their results say
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that “¥5 is less or much less then 107 for a1l of their models. Then
ﬁh‘bﬁaﬁﬂﬁiﬂm arises whethér this result can reasonagbly accepbed. We
belieVefﬁhat it is an aﬂdéregtimaﬁion, gspeclially for the T>J. cases,
~due to the reason that their results are still somehow related to the
above mentioned‘claﬁsical feature of #llipsolds. If we agpsune a rea-
ksonable‘d@formatiom'for large J CaBEs, the angular velocity will be
1arger thhm ﬁhat of‘Shapiro's médels. Then, the result on gravi£ational
radiatioh caﬁvbé_expecﬁéd to Dbe Very'différenﬁ gince it is very sensi-

tive to the rapidity of rotation.



3.3 A Pest Hotating Won-sxils

veous ellipe-

ile congider

5 . m
; [ The

soid which is rotating alor

quadruonole moment of a homogene

5]
%._‘
e
6]
~
o
[N
i
jut}
=
N
o+
f
} N
e
fy]
Q

nresaed refer

Dx'w’ o O
(3.6) Diy = o By 0

. O (o] Dysr

ATEY) Y e M
where bx'w = M (ag = =)

{

Djl;r = 2 (2= A=)

iy

‘:307) D};trl o _(‘_;S ( %""_u c"‘"__ a"‘ )
M
3y

wole monent tensor re-—

and K is the mass of the ellipeoid.

fered to spatially fixed coordinates can be obtained by the following

transformation,

where ¢ 1s the rotating angle. Then,”
- DIK DX} O
(5.9) Dy=Au Ay Diye=| By, p,, o
o] 0 Dﬂ
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wh@r@ D

D + D, ced 2@
(3.10) Dy = T =D, tos 2

D 3} = D’Llsl

!

and D= Duw ¥ Dyeyr __rj-—(a“‘-h b —2c")
2 3o
(3‘11) Do Rl LXv72 e
D°=;&z_&1.= M a—5")
2. lD .
This rotator is =mssunmed to be a fest one, in the sense that the
rotational period is shorter than the collapsing time. Thus the chang-

+f

ing rate of the quadrupole moment is only contributed by the rate of
& , end those part cpntvlbuted from slowly varging paraneters a, b
and ¢ can be ignored (this is th@ adiabatic appfoximation of clmssica&
mechanics). Under this nsuumutlon, energy and angular momentum Lo mes

h

can be evaluated by (3.1) and (3.2).

, ; v oo L'
(3.12) . % = "’Cp"" +'D)’7 1Dy, ) = “‘?‘Dz w®
‘ (3a1§) . A’S ‘ vo e wo e L wse 12.8

I =" %(Dxnyx'l‘ij Y 'D)”‘D"" D?YD)")""-"—D

' 1 (1] N
where e and « hag also been neglected.

The quantity which we are interested in 1g the changing rate of

a/m which depends on both %E; and %%; . Prom (3.12) and (3.13), we.

get
| L d®) 14y 2dm rrad y S 1 35 2 *7‘
(3.14) (5 e = 7o ~max =—F (D) 'r‘*a';:é()“‘
where = be¢ . ih“ azth is the averaged square radius of the
& +b
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- equator and ’Yj =M 1s the {{T‘HV]_TH Hlonal radius. Defining 1)5»2{
‘parameter characterizing the speed of collapse, (3.14) can be written

in a dimensgionless form.

d(‘«%) 2{‘ 2 wrz.-_‘ ALY

(5.15) — = = €[ F)I M) ) e (.\3)(;)(?;)

| 4(¥) |
Here 1/v is written as c¢/v, in order to show explicitly that it ie
dimensionless. Pormila (3.15) describes how a/m varies with the col-
lapsing »r ar}..lu % o It iz just the point which we are :m'te‘r*e ted in.

The quantities € and U™ involved in (3.15) are varisbles. "ow
should we treat them? Ppom the structure of equation (3.15) we see,
the changing rate of a/m will differ cons mcrnbm_ur from Zero only in
- the late gtage of collapse ( %- < 10) . The values of & and VU in
- y ,
the early stage will not affect the result. Therefore we can consider
€ and UV as constants and talke the value of the late gtage for them.
The velocity of oolla pse in the late stage is reasonably estimated

as v/c=0.01, as the effect of internsl mr@mure hasg already been

luller and Millebrandt'® Y. The defor-

taken into account (see e.z
) . : LS

mation parameter € is taken as ¢*=0.3 (i.e. —i-’c-& ==0.3 and equivalently

e=0.84), since we went to ha,ve a highly deformed model. Substituting

&

these values into (3.15), we get sn ordinary differential equation.

Fi=
-

(%.16)

]

P
g
sl

S

| 3—\*“-~ 8’
= ZWe) - )(r)

- (63)



the initial densgity f% ag to be 3-1ﬁ9gewf3. Later on we will see, the
solution of this equation is not sensitive to the initiesl valus. The

equation (3.16) has been golved numerically for three values of initial
L . 1)

interesting features of the solutions are mainly two. Firet, at the
early stage, a/m almost does not change; rapid reduction of a/m happens
at the late stage. S@comﬂ,,when‘%? reaches 3 which 18 the radius of

. 5 .
a neutron star, the final values of a/m zre about 4 in all three cases.

Due to thieg fact we have said in Chapter II that one may expect one

order reduction of a/m from grevitational vadiation.

s i



3.4 Implication of the liodel

.

'6 recall that the main assuiptions inwolved in the model are the

following two. Dirst, =t of ool

the sptellar core

can heve both a

large

o

o madransle nmonent 1s mainl

tion. Second, at that tinme, the

due to votation. If these sgsunpiions are ro

Ty owalld, we want to
show whal the regults imply.

From ¥igure 3.1 we see,

value of a/m 1s nearly 1 for

all our cases. Thig behavior is in et due to the gtructure of the

o

basic formulas (3.12) ateg of J

have o hi whernever our asm

power dependence on W .

th

tilong hold ftrue approximately, ature will probably occour.

Then an ilmplication follows. A ¢ smed neutron star

phserved volue Tor twry to four

itude. The transformation of o intn electro-

radiastion ig notbt an enou efficient mechanisn for such o

reduction ag sghovn in Thapter IT. Another more efficient mechanism

muast L“wwcforﬁ be found. We cons: it gerves as an evidence in

n-Tademnny

gupport of the u's effect (see Chapter II).

1]_;’1("“

Another implication is related instabi



objects. We still use the parameter T {(defined as the *wtwo of rota-

tionel ene:

v to potential energy) which is related with a/m in our
case ag
% 4 ‘ 24 v
(3.17) (M) = = &<
1 2 Yj
3
Tor & stotionary configuration, the ingtability occurs at T =o2,
[ afYX
If & precollapse configuration has initial values (;d::?@ anﬁ(;r)zﬂ
e 3%
as used for our model, formula (3.17) shows that it iz olmost unstable.

loreover, the model golution suggests a constandy of a/m from Y —z00

st

to %}::20» When the ratio a/m sterts to reduce, the parameter T of
3

the configuration reaches a value as

as 5, This value would mean -

a gerious

stability for a stationary eowrlﬂmrmtlnm, hut for a dyma-
mical configuration what would be the conseguence? We suspect the

fragnentation will occur and the scenario of collapse will be ehﬂnga ‘‘‘‘‘

completely. Pragmented pleces will spiral around the

ir centre of mass

radiate a burst of t”ﬁ%ihctlanﬂl waves and finelly fall to form a

neutron ster or = black hole. In this scenrilo, all crucial

guegtions are left unmnswered., What ls the crite “1nu of the instability

of & dwnﬁxlchl gvaten? What is the timescale of gpirslling collapse?
what amount of gravitational waves will be radiated? Will the bounce

gtill oceur in order to induce the supernovae explosion? Probably,
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this scensrio will not lead to a neutron star formation, for emample,

due to that the sgpiralling time of be longer

then the falling time of the enveloy of the

el
2

finally collapsed object will certoinly be larger than the critical

masg. Therefore, for the

i

of a/m~0f a,pfacaliamﬂe configuration Sho#ld not be too much larger
thaﬂ~ﬂ‘in Owdﬁrkto avoid the frmgm@mtation,‘ e think thies is anéthﬁr
~int@m@éting impiieaﬁian from our mad@llimg solution and it’ié quite
noticable in the study of the post mnain-geguence evolution of =a

rotating star.
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HRadistion

s 1t is usually believed, during the collapse of a stellar core,

[T
3]

a burst of ﬂrav¢tﬁtian11 waves is radiated out and some amount of
angular momentum is cerried away. Here we went to emphasize an inte-
resting point that it does not mesn the wratio a/m will certainly be

&3

‘reduced.

“As we have seen, th@ change rete of ratio a/m containg two terms.
U@W’W@ ertc it in the following woy:
@y A( ‘ dj idM
(3.18) | ”) (&) (7 T dE T M de )
Wy (i- )

d.

; : M . ‘ o
Both factors 3%§?ﬁy and }2. have the dimension as a frequency,there-
L aE 4
fore we call y& as the critical frequency {2, which depends on the
ingtantaneous configuration of the source and call 3?‘41 as frequency
i€
Q) which devaﬁdm on the dynamical process of radiation. If {2 is
. larger than Le» 1t is the case of tizss loss dominent, therefore the
ratio a/m ig increa@img'd@spit@‘of the Tact that angular momentum ig

reducing.

Congider the stellar core collapsge as an example. The crmtlual

frequency . depends on the maseg m and the rqtlv a/me. Assuning

(68)



m=14 =5-10" sec, we have the value of 0,

- o

_ -,.QC = [05‘ sec {;vsv — = 4
(3.19) "
(o sec” 4ov %: (o

L2

il

It is just about the typical frequency of nentron star or blaclk hole

nee thig iden in conmection with the above
discussed nodel. From (3.12) end (3.13) we Find that tle frequency

o

(L defined in this section ig equal to 2w which is etly the fre-

quency of #adiation. Thus the point is to compare the radintive fre-

guency with the critical freguency. It can be proved t

the mass

loss dominent case would heppen 1if cuy:,gfc. In fact this iz inpossible,

shovwn that in this casge, angular

momentum loss is dominent. The ratio a/m is decreased due to gravi-

tational radiation.

2

Generally, for a perlodical or guasi-periodical process, such a

e
&

rotation, revolution, wvibration, sypirsl motion ete., the criterion

of whether the

Toae or the = Toms 1s

dominent,
can be enalysed as Eollnhu,

In thege caseg, there nust be a v

In frequency w , then the

o

of gquad = moment csn be ex

ag Tollows.

€

(3.21) Dy~ D =+ D,e

1itude th

where the sign "." means "by the order of

2w oare eguall,

,,,,,

R



Then, by the same soproximation, we have

we8

pww.b

Pron (3.1) end (5.2), it leads t»o

-~ = ()
5,23) I

it

ond consequently,

k.

nitude of the main

freguency e« in the dynamical process L ference bet

n 0 and «»

W derives from two reasons. Pirest, the amplitude

elements D wnich contribute only Lo TE 5 hay be different from thot

i

- . et e o et M
onel elements Dy, which contribute to both %E sl S5

of the off-di )

o

Jecomd, the gun in the expression of 1\) may conbain more

terms then that in the expression of %= (see (35.2)), since %= 1is

.LlO‘u 13w

only contributed by off-dia , e conelude as o

Then the main frequency W of the dyn

ig nmuch larger thon

would not be rednced,

§2C? the ratio

a certoin amount of

angular momentun is carvied sway. As far as the 2/m issue is concerned,

foie
s
.

however, this point is worthy to he noticed.
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COHAPTER IV CRAVITATTONAT SOLLAPEE ATD NEUTRING PROCESSES
4,1 Introduet uldil

The importance of neutrino processes in gravitational collapse can

simply be understood. In forming o neutron star wit My, o total
o , o, 83
amount of eher of about 10 ergs must be radiated out =zccording

to the virial theorem. On the other hand, in order to neutronize
- _ « 57

the whole star, about 10 nrotons must ﬁrq& sforn into n@utramsand
4 SY . \ . e .

10 neutrinos are to be enitted. On the average, each neutrino

would carry sway the ency of about 16HeY (L.e. 3o 10 erg). Thusg,

A 3 . - . ;
about 5-10 ergs are cerried away by neutrinos vproduced in the neu-

tronization process. In fact, the nevtrinoe emission is the main pro-
cegs in carvying away the encergy and making the collapse to be able
to continue. Besides, it also affects almost all other aspects of

the collapse, due to the fact that neutrinos are the main energy

carrier. For example, let us see the problem of rotation. Because
neutrinos do not carry awey a large smount of angular momentum,

we have not paid much attention to them in our previous considera—

tion, but neutrino processes are still quite relevant in this

problem, due to the fact that neutrino emission can damp out pulsa-
ke i 03 4’ - - a

tions then reduces the gravitational radiation which is probably

(72)



the main carrier of angula Ii'!l'(..')]'iﬁﬁl'l tam. It is mo't;" 6:»
that neutrine nrocesgses are tre most imnortant processes ]nVOTVG;t}
in gravitational collapse.

Heutrino processes can be divided into two caterories: neutrino

production and neutrino transportation. The mechanisng of neutrine

production are 1’1uﬁ;7°om zation (also calle \l electr on canture):

(4a) € 4+ (2 A)—> (271, Ad + P¢

due to the high Iermi enevrgy of degenerabted electr and thermal

production which }:‘|.1&i;\:ily takes place via

(4.2) ete e — VUV + 1

where electron-positron pair come from photoproduction due to high
temperature, and also via

(4.3) B’Pmm — D plasmon decay

(4.4) Y4 @ = ™% VD ovhotoproduction
(4.5) e + 2, 8) (2.p)+ e +p+p  bremstrahlung

on the chenical composi-

The neutronization rate gengiltively

tiong. Since chemical comnositinms chenpe ronidly, a definite result

is rather Cficult to be reached. minl. production rates

gsensitively depend on the den

gity and temporgture, which are both

In thieg case, a dmanical process such ag pulsation can
¥

(73



change the rate promin

rely on the nodel

4

GHLE

Heuvtrino ftransoortation is -

& abe problem related fo

Vi

deli

review the vecent idea aboulbt n

L WE

action in Bectlion 4.2. inother ne

gravitabtlional Iiel

ey

strong

4.4 we dip ta

cugg physical eflec

P

of

main subject of thi

g chapter. It

sbat

wd e

2l

& T gok inter—

LA

trino

e to ow

due to

utring tray

A.
[}

ced in Section 4.3. In Section

murely pravitatimel trapping,



ol

NeNtrinoes

It was

vhed oot 1n 1941

rolE svalublon.

carbon igmition,

of nevtrinos

S0

away by nemtrinos co Atative features and

1es to be large
A
timescales of latler stages of stellar evolution are vrominently

affected. However, the stellar natter is narent for

neutrinos.

ally turns to be opague while ensity becomes

utrino is produced, it

words, inos le

neutrine trapni

core caln ne




'

id opeque if A<«R . The mean free nE Com-

pogition, denslty of the core matter and neutrino

energy. Tor a 20LeV neutrine (or entineutrine) moving in a Erm: nrobon
] Lond ” ! L A

utron and electron gas, the menn free path

' - 3 ”
AR 10'39 ‘w . For a precollapse core with W=1.4lig and ¢ 3. -10°

R 1

i

. 3 ; . . :
5 about 210 cmy A is about 3.7 1o cm. Therefore they are of the
game order., This shows that we must consider the collapsing core as
an opague obiect to meuwbtrinog.

FProm e nmlcroscope viewpoint, neutrino opacity comes from the inter-

action of neutrino with other particles, thus the avallable mechanism

depends on the theory of interaction. In the old time, the wealr inter-

g e

action was consldered to procesd only via charged currents which was

4 . .
by TFermi  In dealing with F decay of ALHOWOL. FKeutral
, N N A ) 6
current processes wasg not discovered till 1973 . BSoon after, Weinberg

¥ . ‘ .
and Salam theory of unified meu:ﬂeiw romagnetic interaction was

proved to be @ correct fremework for studying weak intersction pro-

includiy weal neutral currents. Since then,

o
o
n
L]
&
1]

people haove had a gaoﬁ basis to work on with the neulrino processes
in particle physics and astrovhysice as well. According to the old
theory, neutrino opacity derived from two sources:

(76)



(4.6) Yy — Yo te

(4.7) Ve + N =3 p +e” Y Yo TE cwnbn -----

41 (1) ana

The corresponding e dis are shown in

(3). Tecause of the degeneracy of electrons, process (4.6) is more

e

effective than (4.7). Including neutral current, €=V scattering

rthened by a new meck

|
0
b}
ok
‘"g

igm shown in Pigure 4.2 (2); and

¥-n scottering as shown in Pigure +.1 (4) becomes vossible.

(4.8) PYan —= na)) -n scattering

In 197%, Schra

. b4 ; . ‘ ‘s
and Arnett recalculstbed th@ neutrino opacity by

. . . e L
ineluding the mneutral currents. In 1977, Arnett showed that opacities

are too large to allow nuch Lfnn.port by neutrinog, about half of

then in fact remainsg within the fluid at the time when the core

4
[
m
o

i

E
=

bounce occurs. Next vear, Arnett ﬁﬂId in the Sth Texa

_.h
2]

on Relativisgtic Astrophysics: "the shift in emphasis haed been aweay

from neutrino “transport' and towards 1€utv1nn Ytrapping! .t

After finding the neutrino trapping, varions consequences have
G-13

been investigated hv several rescarchors « Bome regults are really

interesting. Since the gtellar matter now contain a large asmount

of neutrinos, the neutrino vregsure becomes a simmificant source

in uywortlng tﬂa UfﬂV1EV, thercfore the equation of state needs

(17)



to be further gtudied. Another crucial influence ig related with the

is problem wes considered by Armett

nass ejection. In particulsar, th

9,0, 14
and his collaborators o They

out that 17 the st transg -

o, the avernge energy of

nevtrinos should be larpger then 15MeV. In Tach, this is probably the
case. Therefore the problem lies in the efficiency of neutrino trans—
portation, i.e¢. whether neutrinos can diffuse out rapidly enough %o

T

the envelope to reach the Nddington 1imit of neutrinns £

s

mantle. How this iz gtill an oo

cn question; because of the strong

neutrine trapping, it seems unlikely. inother possible mechanism of

) 8 .

mass ejection via the collapse-hounce-shoclk wave-explosion scenario

o

hasg also been gtudied. The results are even more uncertain. Thether

or not an explosion follows a collapse, it depends o meveral factors,

Ty

specially on the dengity at

sensltively devends on how strong neutrinos are tranped. Arnett thought

this may explain the diversity of the results obtained from various
numerical mndels. In ghort, despite of ali the uncertaintien, 1t seeans

clear thet neutrino travping is in fach 4 delicote factor in the fate

of collapsi:

objects. Therefore, detailed cmaidrration is needed,

in order to have convincible results. In the above mentioned works.

| (78)



on neutrino t

to show thet for

chy shronger
ghow that this effect
result. The potentis

bining effect of

)

which will appnear in our further wos

(79)
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. - . ) , . . ¢
4.3 Gravitational Trapping of Meutrinos
A well Imown prouerty of & pravitational field in general relativity

ig to bend lightlike trajectories. If the gravitetional field is strong

3

++
enough, these trajectories can he trapped , thus massless particles

such as photong or neutrinos are prevented from escaping out of the
field. In this section, we consider how this effect works inside
condensed objects such as neutron stars or collapsing stellar cores.
Ap for maossless neutrinos, the gravitational trapping effect in
. s . ig-19 .
gsome interior field has been gtudied by several authors . Thie main
Teaturesof the trapoing effect in the interior Schwarzschild field
are two. First, it happens only when the stellar radius is less than

3/2 ¥,, where Y, is its gravitational radius; consequently, it does
9_ $ 3 [

not happen in a neutron gtar, since its radius is about Sra. Second,

the trapping effect hapoens only with thore neutrinos which have a

+ The work wresented in this and next sections hes been published

in IL NUOVO CINENTO 553, 79 (1981), jointedly with T de Pelice.

¥+ The meaning of the term "trapping” used here is somehow different

from the ne word used formerly. Here by "trapping® we mean that

[

trajectories are confined in a firnite repion.

(80)



Ag neutrinos micght have sone

worthy to £ind out,

Tet us consider o massive neutring aoving

interior field, which is deseribed as follows.

(4.9 4= -2 2 Lo-55 0 e L=

{-m v=Y

where c=G=1 geometrized units are used., The equation of

be expressed by ”1m11t0m~1dcmh1 equation

" o3 R <
(4.10) %‘a ix* ix» + my =0

+

where 3 is called Hamilton nr1“h1m91 funetion and m, is the rest masgs

ol a neutrino. Owing to the gpherical symmetry =nd the

et

M - ¥ (&9*5

the metric (4.9), we can easily obtain = conplete set of fi

grals fron (4.10).

22 = A
(4.11) ; >¥ _—
k Lwii‘jﬁ"" L }

%

Si &

R /a
2 = s L9 (= =5 —m5)

where B, I and § stand for the total neutrino ENETEY,

total

momentunm and its 9 component. 411 of them are constants of

motion con

angular

motion.

If a neutrino is trapped its trajectory should be bounded and
Pped, d¢ ; :

(51)




the matlefies n

(4.12) U g 25—

o

At the

ingtead of r, ag o radial variab]

(4.14) Yo = Ci= 7

Y, varies from 1 /3 to 1 corres ponding to o

which is the phyeical 1limit of the stellar

ol

Yy o ¥y varies from 1 (centre of the star)

3,

From the last squation of (4.11), the

fied by the maximal radius coordinate

2

‘ . I o o 3 .
(4.15) Vo= 3 G-yt [ RO L %

whaere nf B

= arid f\-:aifm are dimer
Yo Llgi :

. also
ation (4.15) can A be wrewrltten asn

of Y, in which trapping happer

}5 in which neutrino could be

N 1g the range of bomentrinng o
; ;




Let us consider a shar with £i:

w1 be trapped, there

T to v gatis
VA Tie

2
Cying (?ﬁ_@; =0. I'ron (4.16),
}y ya"Y
(4.17) y: = DO 3Y0)
4.("3 Y, ),u)

2 - . .
nal AT . Condition

where y, ate corres:

-‘ k) o o b *=
4,17) shows that for anv v we can fing sorresponding
7 W "‘}0 k b

'Y

to which gome v, exigts within the stellar radius. Since vmie&s with
g

¥y, monotonically, 1t is easy to find the maxinum tra nergy YM“

end minimam "b:ranppizzi{gﬂi ENEray Vw;w for any y,

-
(4.18) YR = 2 :

: .3)1:“ }

(4:19) Yoo =(3n-i)

Y e

Pigure 4.2 shows the curves energy at any radiug. The

o 2. . . . . i -
under the curve of 3’ . ig in foedt wnphyvsical . The range of
Wain . &

LI : : 8 oaa s o .
A for travped nentrinos is expressed in formula (4.16). For fixed

. oy 2 2 " ) A ey P SO 3 e . 2 b wn -
v, and ¥°, A*goes up fron zero (at centre, i.6. y=1) to AL, (at y=y, J»

‘ace y=y, ) Some typical behaviors

Actunlly, A, determines the range of

momentan in which neubtrinos are for gome wvalue of

VA

that at this enerzy neutrino with any

Lar monentun

. - . “ - 2
are trapped. This case can be called a “"complete trap". If A, >0,



only thoge neutrino having the ar

2 2
sular nomentum AT € ATS Ag,, are

trapped. Thug 1t 1s called o Pron (4.10) we see, the

s = LI ; :
critical value nf ¥ for a complete trap or a partial tran reads

Sonme detalls cen be found in the
main points as follows.

wtrino case, zravitational trap of

a) Contrary Lo the mesgsless ©

massglve neutrinosg do exist in eny stellar interior, no nmatter how
large its radius is.
S . . 3 . i L L
b) When X, € 3 r3 (i.e. v,& ‘/3 ), neutrinos with any value Qf encrgy

can he trapped; when >%ij the energy of trapped neutrinos is

limited in some range shown by (4.18) and (4.19).

Y ranging between Ym amci Y_u‘.t y NE ﬁ,T‘JOS are
pﬂl‘””ﬁi:‘all:}? trapped, in the msc that 1t can esc é:;;pe bf-;' ch::;mgﬁ’.n{ﬁi its‘
direetion of motlion but retﬁimin{a; its energy.

d) Tor some en\r:f Y ranging b"tw{:c.l Yeir 814 Wi o neutrinos

are completely trapoed, in the gense that it can never escape without

gainimg ENETEY o

(e4)



of Feuwbrinog i Cond

4.4 Effects of Gravitations

It hees been shown 1 the sectinn bthot ewven i a nor

not all produced ineide or

wealr interac

the case in which the density of stellar mot Lc Lo L

the inverss @wdﬁ
(4.21) e+ P — n+Ve
is happening in the star. We want to Iwow, under which condition the

ravitations

rapped neuwlrinos would m the inverse recction equ-

f%lbr important.

The rate of neutrino production in procese (:_ 29) -

2p ' i . ‘EF
(é-’l—»':“?;) ’ (L (F——Dﬂ) - ﬂy g d“e(ie) -

- Atav dt Ay TU@(S@)G‘(ZQ)dZQ

y

where g o, 8od gF are the threshold

Ve 1o their wvel Lty and @ is the cross-section

Here and In what follows

es £ end the velocities v are

=44
g 6~10 e ag const-

e

refered 1..0 a local stationary observer., Tali

tinn

and vo(&)~c, we hove as an esti
(+.23) C Trav T preTe
the proton and electron dengities in (4 «22) con be obtained by re-

(85)



quz.:\:'lw that the congtituents in the nevtronizstion process are in

chemical souilibriuvm. To the first approzimatlion we negle “"t the neu—

trino component, so we have

(4.24) - Jmpe+ ion® —Jm Rns +Jm A

%, O R ~
where A=(§§—W)%[,.=3.2b-‘lo €.G.3.5 h being the Planck conztant, hy=he

= Ng—h, = 5/ - h,; here ¢ is the motter density, H the vroton mass, ng

the barvon number density.
Solving (4.23) numeric: 7111,*, we have
to =3 e 33 -3 = o ‘Bc -3
a) 'g'“ £= 1o gowm ", H&—é’(o - Cim ond “r""e‘?“’, Ca
(4.25) |
3 . ~ : 35 =3

e’ Ged My=He=|3:t0 o

b et et ge?,  my= Ll

In the above two cases we have ‘

a) ey z‘L“(D (228 S

b) My ~ ot 36 0 S—I
wow & o

=i

Then we turn to the im.chméd (5-drr:av (inverse of (4.21))
(452"3)5 Ve4n —> b + e

As bei ore, we have

Ee
hu(“""” ) ; ‘ U‘

e W, (£ (L) gy = 0, ‘n‘,o"cv

Y
where & and £, is the upper and lower Llimit of the locel energy of
g trapped neutrinos, e;nd. U,,‘ and o are zssgsuned to be consta nL ﬂ}.‘ggiﬂ.'

,‘l‘hr nross-—motwn g Ain (1r 28) aoulﬂ be- ne wrlv gqual ~tc> that in

7<a6>- |



(4.23). m%A%@fnvf? for the induced and the inverse @ ~decay to become

o Omy ELLLVC we need o neutrinoe concentration

“E“e ‘ 28 ~3

ﬂ) nuw Vi R Cam
(}“ “;"Ls) :
' - n, o Yy fe =, \031 e,u:3
U) Wy,

How let us see how many neutrinos are actually travped in the star.

Consider a 1y neutron star with a radius Yooz 1:5.10 em and a density

S - : -
(=10 gcm‘sa The hypothesis we make here is that the only neutrinos

of interest are those completely trapped and that they should be

degenerated. In this case, their number dengity

Ay

dny,  gwey

st
Loy

dsu 3y

(:2’01‘.:;@)

per unit energy range

=== 1is fixed by the exclusion principle, namely

Therefore the average number density of trapped neutrino reads

(4.31) | no= o lei-gl)

The energy £ uged hue is local energy and it relates to the con-

Ty
served energy E by

(4.32) ‘ E= -emys,

Phe metric component %oo reads from (4.9) by noting (4.13)

(4.33) = (3Amt)®

,, ! A ; . S
For 1llg neutron star, r,=1.5.102cn means tr__O 9.

the stellar interior (i.e. from y=1 to ¥=y, ),

(87)
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gqual to 1. That is to say that relativistic energy shift is not
le . . .
important in our case, WhenAmn order of magnitude is concerned. Llure
over, we¢ assune an obsgervationsl upvner limit for the electronic nvu
trino mags
. v - -5
(4-34) W‘yC = é,o “D MJ-V

-3

' NG ) : - . . '
as to be 10 "cen™ which ig vanishingly small comparing with (4.29),

However, an interesting result happens from (4.32) and (4.33).
If the density of a collapsing object is even denser than that of
a neutron star and reaches the liniting case in which v =1/3, (i.@,

L]

18
r, = 2‘3 , se€e e.g. de Pelice ), %6 would equal to gzero in the centi:

of this configuration. It means that in the central region, the

concentration of trapped neutrinos should be very high. O0f course,

it is not clear that what the realistic anslogue of the limiting

cagse of uniform steller models is.

Finally, as the conclusion of this section we can safely say thut

thé trapping effect of neutrinog from the gravitational force =lon:
is not significant in the process of forming a neutron ster, even
if i ]

the neutrino is massive. This does not mean that it hes

ot
Q

do with the igsue of final states. On the contrary, 1f the fain

(88)



s on the concentretion

of collap

i
[

iing objects in fact delicately der

B R . X . R coe : é . ‘ ‘ ‘,V“; ‘ ﬂ : : : | |
neutrinos ap indicated by Araett”, 1t nizht bé a1 imnortent

hened by the grevitetional

force and this mtreathening in worth of further conuiderations.
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CHAPIER V COLLAPSE OF CH&HGED_STAHS

5.1 Introduction

Ae well kﬁown, a black hole, in general, eanAbe both chargzed and
rotating, however, it must satisfy a consgtraint
(1.3) | M= ate a2
This constraint tells that the collapsimgAstar should neither rotate
too fagt nor be too much charged in order to be able to form an event
horizon. Otherﬁise,Athe gingularity at R=0 will be naked.

As mentioned 1n Chapter I, the reality of the naked singularity
is still a controversial problém‘ To atudy the physical prC@ﬂs of
collapse as we have done in the previous éhmptars ig one way to find
some hiﬁt to this problen. Yow we intend to study the same problen
from another angle. Thﬁt is tﬁkconsider the phenomenonlogical simi.
larity_andkdiasimilarity betweéu black holes and nalked sihgularitiés;
by assuming their existence in nature a priori; Sev&ral’yeafs a80,
dé Felioef studied the phénqmemmn‘of Kgrr naké& ﬂingularitiés (rotat;
‘iﬁg but;unchmrged), Qnd‘poigted out that as’f&r as the optical appear-
ance is ooncgrned, a naked siagularity is undistinguishable from a
biack hole,vimlthe ée@sé that ﬁhO#ﬂmS enitted from the éinguiaritiés
are also imfigitely redshiftedf It%implies thaﬁ(a nakgd;sigguléfity‘
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is in fact invisible, just like a black hole.

The work contained in this ok

wpter is devoted to the collapse of

non-rotating charged stars, but only their optical appearscnce is

concerned, The possible casges are divided into two cat@gwriésyf%hé
'contihsua collapae towards awveV@nﬁ hériZQH ( Qg cases) or a naked
Singula:itity (Q> 1l cases) is in S@ctiaﬁ 5. ﬁnoth&f category con-
gldered in Bection 5.5 1s the vibrating charged sters (also Q>
cagses), which will ﬁa argued as the mogt probable configuration of

a collapsing, overcharged star. Before the study of these cases,

we need sone pr@paﬁatian.'Th@ dynamical b@hayior of ﬁh@’ﬁmrface of

a collapsing cherged star is dealt with in Section 5.2. On ﬁhé other
hand, the behavior of vhotons in the @ravitatiamal'fiﬁld of a charged

3

o . e o % . -
star (Reissner-Nordstrom field ) is considered in Section 5.3. Later

wlarity to

on we willl see that the optical similarity of a nalked si
a black hole in the Helssner-Tordastrom case is the sane as that in

the lerr case, l.e.

trom singalerity is alego
invieible. Its luminosity is ¢ color

ig infinitely redshifted.

sldes, also gome other interesting

are revealed. ALl results sre finelly sunmarized in the lsagt section

5eb o



4.

Before going on, there is gtill one point worthy to be nmentloned.

Usually, it is not thought that a charred star could be realized,
specislly an overcharged one (Q>1). In fact, the (= case neans.

14

that one charged baryon out of 10" baryonsg is not

balanced. It is not an inconcievably lerge sunt. Anvhow, to prove
the reslity of a highly charged ster is out of our inténtion. Ior
us, the compelling point is only the famct that the charged star is

one of few cases allowed for studying naked singularitics.




5.2  Collapse of

Let us gtudy the collepse of a spherical, nressureless, non-rotat ting

The surface of the star

and charged gtar (i.e. =

moven along radial geodesic lines ig aseuned to be

neintained inside. The Jocobi-Fanilton gguation for o m

ionel Ffield and electrom

movi

,,,,, n the gravited

netic field, in

-

x5 the form

(5.1) ~ ‘3:; (2 - eAe)(%f; - eAs)-’—‘ - p*

where e and /1 are. the charge and mass of element resnec—

tively, Ay is the celectromagnetic potential and in our case

(5.2)
Apt=:° ’ ¥Uf7ﬁl= o2, 3,

strom metric can be read from

and %U ig the metric. The Reissner_Tn

(5.3) as“’=‘§;_i&»c“¢m°——(a——+av)di+(J-'+ )‘*“*RU“"“‘G‘*U

wnere o and Y are the oha

of the whole star respectively.

and

de renind that JTacobian principal function 3 Ml thege

with the srallized velocitles ag follows.

(5.4) SR = = %P = /‘"%:m%

a - tegting particle. The




equation of a radially moving particle then ean be derived Ffrom

(5.1)-(5.5).

R \2 ~ B\ M A
(5.6) (3=) (g - T)*(w-;-!—;;)'

~ E o~ R ,
where EE; and e=x called specific energy and specific charge

respectively. It is helpful to define a "potential®™ V(R), as if

. o~
{'u"*-.—.o s then it equals to the specific energy E.

(5.7) Vo = [ioeee '%Q

The minus sign of the square root has been ignored in (5.7), since
.

it desc,m.bm the behavior of antimatter. Prom (5.7) we see that the

shape of potentisl not baly depends on tﬁe s»telvlaﬂr narameters I and

Q, but also on the particle's pamméte-r .

Figur@ 5.1  shows the potential curves for the &, <1 case k(Q‘ is
aammed to b@bpositive)v.' When 3< %, the configuration caﬁi be equi-
1ibrmtedyd.ue to thé prgsssu:re gradient. When ‘é’>% the 'configuration
can- b@‘_equilibraﬁed zmly at R< Rw(:EF Pigure 5.1). Otherwise,
the electrically repu_lsive‘ force is dominating, thus A‘i't is impos="
gib.le»v to have an equilibrinm sﬁgé,te. ‘I:?‘kr-)r the‘a“caées that equiiibfiumi |
'cmclfigura,tio!ns do e;»-fis”c, ‘a charged star can 'cbll]’.apsae too, &b S ir

the; pressure i‘a’suddenly reduced. Th“ cOllaxjsihg surface y’.‘\'."J’ill‘
; _%agsw,‘tvlj.rcugh the 'ex;"eﬁlt «hrorizon at R= R*, i)tﬁ.t the i:)hén’bllnez’;onﬁvslrvhj_‘ch,:
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can be seen by a dis bmat observer is only related with R>R, region.
A11 these qualitative features are the seme as those in the Schwarzse

child cage.

reler a

Since we are interested in the optical

{1
r..l
i
<
o+
l._

H
o
—
o
H
&
H
o
ot
®
<
~)
o

2

=
5]
5]
o+
e
—-}-
Ad

digtant observer, the coordinate vel
Frrom

(5.2) =Ly (2-2)

the coordirate velocity reads

5|

L:

(5.9) dﬁrg/ = (1= Ly
) J & Rv s .
s e - (E-2y

This velocity tends to zero when the star COll%ﬁS@S,tOW&‘d$ th6 event

wy

Flpure 5.2 shows the potential curves for ﬁhﬁ"gg:>1 cages. The

behavior of the gter in these cases is ‘omFWth oomle ated. When

-

R, I ‘ ) ; L vﬂ, A A " 3 ] ' g . : : - :
the specific chaerge e a2l the surface ig less thar gtar may

have an equilibrium configuration at any rﬂﬁiu@5 and once it collap—

ses, 1t proceeds towards the sin gu]nrltf at R=0. On the contrery,

when @E?ﬁ{ , neither equilibrium nor coll DEE Iﬂaprlu. oreover, due .

to the presence of a infinitely hard remulsive core, the ularity
will never be reacued b” any t ﬂt gavtlclem‘”ha meﬁLdte cas e —b<e‘:§g

ig the mogt interesting one. Since the net force is attractive for



R>Rgoe and is repulsive for R<R,.., the equilibriuvm state can exist.

only at R>R 4 . Once it collapses, it will oscillate.



5¢:5 "~ llotion of Photons in the Reissner-Nordstrom Pield
The equations of motion of nhotonsg in the Reissner-Vordstrom field

can derived from the Jacobi-Familton equetion by considering that 4,
& and ¢ are cyclic coordinates.

. ' L \

5 g o
B 10 (1—- == e . ¥

(5.11) P _ L
- . - Yt
(5.12

(5.13)

e ¢% ¢
&
3

where (.5.14) wim = L ¢( (__?;”_; " _Qf)
A 1l en affine parameter and Q is the impact perameter defined as
the rafiio %;s (i;eh I/E). Prom (5.10) we see that the allowed region
o t . : .

for the motion of photons is characterized by
(5.15) é,_ Z W
The curves of W*(r) in various cases are ahown’im Figure 5'3f

Pirst, we consider the %&‘; 1 case which is shown in Pigure 5.%(a).
For this case, we are interested in the final bptieai behavimrlmf a
Qoilaﬁsimg atar. Those photoné-reachiﬁg tﬂg dlstamt obs éPV@ﬁ at thé
latest stage um.ut have had a nearly vanis shing radial velocity c?lu.t*:i.ng
the ?ﬂl“oumﬁtlou. This nearly vmnmlqg V@l@d‘ﬁj may ha‘“wﬁc,“ik in two

cases. Mirst case is that the photon was emitted at R, <Y<Y, with
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an im'pact‘ paremeter f<£ {, thus its radial velocity would have been
nearly zer when it passed through yY=Y,.. Second case is that the
photon was enmitted at y ZR, where T*(r) =0, bug its radial r:oorc’i:‘.nj,gz,té
velocity would have been nearly zero due to the infinite time dila-
tation there. It is thesge photons which contribute the latest Lumi-

nosity of a star collapsing towards the event horizon.

Then we congider the %‘ > 1 cases which are shown in Pigure 5.3(b).
FPor these cases, the behaviors of W"(r) are slightly different as /U

ig larger or less than . It ie monotonically decreasing from
[ :,E o &

infinity to zero for & 52 , instesd, it hes a kink doring the
M~ T
decreasing Tor & . 3. (sce Pigure 5.3(b1)). Y, is located in the
M2 o , ~

:mmrew ‘betweeﬁ 21?[ (if Q/Mi="1) a‘h@.’ 31,/2 (i’:f Q/lﬁﬁlz}{ﬁ) E;E;Ld. Vi 18 located
in the range between M (if L‘I?g/i"c;‘m?‘l')‘ ond 31/2 ’(if IT;Q/J&I z%ﬁ); Here the
most relevant i’eaﬁwﬁ for our purpose ig that both W2(x) and W (z)
“tend to infinity when rtérﬁlg 1;3 '5{:10 It i.m’pl.i@s that s photon emit-
ted at the later time would hfve a sms:::,lléx'* radizl c::m.rd;i_nzaﬁte“irelbcit;gr
m‘.ﬁ.ﬁdlk a smaller impact parameter ,Q . This ‘chérél,cjjér drwuuncq the

latest optical beh sa.p*i or of a star collapsing towards the gingularit v

at R=0.
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Charped Star

9o Gp%ile Appenrance of a Contineougly Collaps

Afber lomovw: the motion of the iny stellar su

FTlow in order Lo

the vromns

o

e of this collapsing stor from 1

i
PR
[E R

JTuminosity of & uncharged

e 1 T S
L delens

: o i I .
exponentially with = tinme after, cand Thorne

gtudled this pr Cbut owith ueh grester

o
o
]

detells. Now we are in the wogition to

collapg

N

The besic ide

N .

number density in the phas ig congerved along the trajectory
’ A WAL, E / W

of the photon as ensured by the Liouville theorem. ALl obrerveble

guantities can he expressed through this denpity M.

T Podurets save an incoreect time consgtant 33y due to an error

in his computation. UThis correct result was actually obta b

el 5
CAmes oand Thornes



zwnam

(5.16) The spectrunm ]:( b, to)— gyz m,s ,,3
. ‘v‘a'l-

'(5.17) The intensity distributimn ICo X‘«)"'S v? M;Uo 5

(5.18) The total flux Fct) = S I &)40 ""SF“"' t.)dVs

Here the foot index o means that the quantity talkes the value ot ob-

served time =znd spece and later on a foot inder & w he &Hﬁﬂ‘ﬁoiulD”

pace. By re—

that the quantity 't@li_f’iﬁﬁ't}t}f; wvalue st emlttmgtme and
trecing the ":)liOT;»:)lﬂﬂﬁiihh is ub éi*ved at tine "t; to it SET’WJ.L iﬂf‘ !;irr?.é
te ¢ Vl‘o ng its trnjécrtor;v,‘ the photon nu 'lb&‘,'l”' ﬂeny ity If‘lz’kfé‘mrl‘ibe: rel‘s:‘a:t;ﬁcl |
ng" '{,he pho*tan *mci :L"i,smmoe

to those parsmeters which is characteri

: IR
at emitting time t, and space R, .

T
. g 2 I

I

«\1161"6' Ve 15 the ass me& 1m0z mcl-zro mt;w Tr*cqumcv of‘ 111@ rmch'wt.l on5 blm
Planck constant h hag been taken-ﬂza* unit, J is fth@ bri ,htncy_.. of the
star, B, or P" is 4-momenturi of the photon, n, is the unit vector

normel: to the hy persurfnoc of 'Lhc c n]] apsing surface and -

4-veloslty . of the collapsing stellar surface. Except J ond Y, which

are congidered as arbitrary ]"u"::‘*zmta:t 211 other relevent quantities

Jfl'w ﬁrcalr heen "tﬂdlﬁdl’ tl la:r:"t 1;'"; 9("131'){1,7- X 4_1’_. .d_E

are given bw (5.6) and (58) 1'3},1];3})0:3'&@'v'“{‘;i?.‘fz.’t‘ the hyper urmce oi‘ “t%c :

collapsing stellar boundary :Lsdm«:,rlbe1 T‘( i t) ««««« om it and

s



its normalized nornal 4mvector iﬁly?x( Ngy, ;s 0, 0 ). Then we have.

X e -
relation between n " and =

¥ F =‘ >t '
(}E)t (g‘g)F

where (;)g) and (\ are Just the components of the 4-veloeity of

| (%€ (2R
(5.20) re o Gk ~(&). (=)

the surface mass element. Since n, is normaslized, we pet

Va
- ¥
~Ve [ {---.-:R:_) Q:Uez }L

]

Mo

a~

RJRL v
{ ('-E_e+ ) Ve J

w

"

where Qo= %%‘ 1s the coordinate velocity of stellar surface. Then,
Jé . .

we 8till have to lknow the 4-momenti: of the photon at the emitting
2 ; =N
Y

time te o The guantity which we actually need is P%, , since P, =V,
]

is the observed frequency at r_=oco.

==

T T

g e
(t)c'..;?) -g!-"" % dx o & ) ‘ __.&'L.

Subgtituting all these quantities into (5.19), we rewrite the EXPLEE -

gilon of ¥ as follows.

e e 2 few
(5.23) 200 N t,)

S(u¢§(2 to)""’ pe)

where {5

Il

. ' . 2 &> ; :
n, pM -7 +3c 14 Ve
(5.24) WL b= - =] - Re R } “TEE « [ ,p.(s— 3}
P ((-——-4-4—) \J‘a
(5‘25) ' Et"(l te) = '(ia?‘:*iﬁ)——\) [t-—Ké.U—ﬁe ﬁe")J ‘LH —
| g CCI*%I‘\-% A ke CI—E—;"*@)
Then, the last step is to find the dependence of Re on tg. It derives

from two relations. The solution of the radisl motion of a photon

(103)



(see'(S.TG) and (5.12)) gives us one relation. ~
Yo Y

ey R M 6
fe C-Felf e EGFeF

(5.26) t°=' ce+
Another relation is the solution of the motion of the stellar surface

(see (5.9)).
' R
€ dr

5 ® ul 7 te t |\ : S | e ’ - - L;;-f.&-it
R' ( E )
(] g iE

where ti and R are the initial time and radius of stellar collapse

r@speétivelyf How ail meteria13 have been well ?repareﬂ. Let us Qo
‘om to study the op£i¢a1 appearance of twa'continuously,collapsing
cases. One case is collapsing towards the event horizon and another
one case ;Q coll&pﬂing‘towards'the singularity.

a) Collapsing towards the event horizon (/1 <1 cage).

For Simplicity, we coﬁsider the intehsity aﬁ tﬁe centre of iis
optical ﬁisc; The relevent phdfoms,are emitted at Re=:R+‘with ﬂz&&.‘
Th@ﬁ we can expand every formula to a power series of HQ;R+ and lkeep
the dominant term only. After the cﬁmbergome cmleulations;‘the results
come ouéyasbfollows. First‘y@ find the final dynamicél'behmviorief

the star, as seen by a distant observer.

A

(5.28) . Rg-R.,=Ace

N ;‘—-1-
p = RetMRe-a”

~1ls a time constant determined by the star and -

where
Ay is:aﬁcther c0nstant;~The redshift of photons, as shown by the delta

(104) -



to he inver.

funection in (5.23%), is det@fmim@ﬂ"wwnég which is prov

pely

e Ve | '
(5.29 == ey = §(Q-—-@ Kod= Az(ﬂe R+) -A'aﬁ\ /T

hWift tends to

the e

where A 'letﬂ‘ff can

Ly im

infinity with the sa

at the cm;t re of the dise. T ( 2=0; *t‘,) ig proved to be
to Re=—Ty by & power of 4.

: —t
(5.30) I(R=o, fo)"’A3 (Re“ﬂfyf“‘ AZA? € /%

tine--

the correspondi:

where Ay ls another constent. It tells t

gscale is one fourth of ., The constents A, 4, and Az depend on the

staller luninos lh” J and other Jetu'lm of the They are not

interesting for us.

The timescale T is worthy to be g

oI ;f”’;“lﬂ &

definition we gee that 7T 1nﬂ“ m.u annotonically with an

Q. When §=0,

wle 4. It i juet the well lnows result for o

dehwarzschild black hole. Since 4H ieg a very short timescole, (w“

snoenon Lo Lmne

pogsible to be observed by today'e t iniogue, Tor

i€ ‘ the
WE that T tends the time.

collap-

scale might be long enough to be obser




sing star doesg exigt in nature.

The result of Tw—seo mesne that the evponentisifs

w1 s ono more the

leading term for the =M cnse; therelfore the ghould be recon-

gldered. For Q_m case, the Reiganer-Wordstrom metrio reduces to
- W ‘ . ' ‘_'L .
(5.31) A= - (- 2570 ¢ (-5 ) IR + € (as" e 5% ag®)

all the

The location of the cvent horison is R=IM. After repeati:

procedures for this metric, we find that the nower 1aw works Mmﬁcmd‘,

of the previous expom&ntial_behavinra
(5.32) | Re—m=(=+C)

(5.33 | ’;* o< (e HJ (-L *°)

(5.34) | 1(1;;:0, £) e Cegmmd®= (22 f~)

'LM"‘

where ¢ is a constant which depends on mmmy‘d@tailﬁ.-‘

b) Collapsing towards the ¢ ularity (Q/M>1 case).

i

As 1t hasg bcﬁw DOlﬂt&d out

towards %h@ sing ulérlt”Vaﬂpoan only if E:(—1;‘$Qw‘ﬁ€?éﬂ“?L? rtth;é'
cage and camFJr& thc r,uults m1th tﬂo“~k§f th@ blmckah§1e¥cms Mk _?
still mOﬁPCﬂbr ate ourself Oﬂ tba jat@sf3st@géva ¢oll5p$é.

'ThefdyﬁamicéilbshaViofiin %hi$‘came istVér? ﬂifféféﬁt:fﬁbﬁ ﬁﬁﬁt ‘
in the biéék h§iéy§é$é§

(53 VEFe=]er a»—» +0 c—)z



The final velocity ls infinite, instead of wvanishi in the bla

r hole

o

cage; thus the collavsing star takes finite tinme to reach the ginpgularity
: _ ¥,

The redghlift of pholtons emibtted at the latest are i for

Q;ﬂ)a&ﬂ_&#ﬁ cases. In fact, formula (5.25) o

=& o, R—> © for =0

S

Ve

Y

= & e, > o b 2#o

We do not think the infinite blueghift can be seen, since it hap@@ns

phase volume igs

only when § is exactly zero, thus the correspondi

£

shing. The phenomnenon we finally see is still an infinitely in-

venl

c redshift. Then congide nelty. Just like the blaclk

hole case, I is propoxrtional to 1 by = power of 4.

(ﬁaﬁf? T(0se, o) = %ﬁ — ‘}?-—4-% R s o

arity 1s also blaclk. invhow, the detailed

havior of R-—s0 ig very different from the correspond

of R-By—»0 in the bisck hole case. if how the collapeing

object falnte away could be obgerved, we w i that the

lnlel These appesrsnces of o conl-

larity is not so black as a b

Ve

ginilar to those of & conle

lepsing overranidly by

A
de Felice .

(‘E@’?)'



There is one point more which is worthy to be emphasized here. In
order to have a continuous collapse, the specific charge & at the
surface must be legs than -1. This means that = positively charged

star s culd hove o negetive'y charged surface, snd this paculiar

charge distribution should be maintained as long as its radius tends
to zero. It ig quite inconceivable. Ther@forgy it might suggest that
the formation of mfchargéd naked 5ingm1afity byvmoliaﬁsing is ini
fact imposesible. EOremver, sevarml\yearﬁ égo Cohen and ﬂ@utr@uue

showed that it is impossible to form a charged nalked singularity
we are probably forced to reach a negative amswer, that is to BEY,

& charged naked singularity is comvletely out of reality, in agree

with the Cosmic censorship hypothsisg. .



o

5.5 Vibrating Charred S3tars

If an overcharged star (Q=® M) can exiet in nature, its surface

ovld probably be charged 5.2(b) shows

with the same gl

that in this rcase, once the ster col

atopped by the repulsive core. Then it leads

vibrating ster. In this section, we consider itws optical appearance.
o~

For the pake of sim nllcwv, we set €=0,

Let us first neglect radiations, thermal processes etc. during

the vibration, so Lmt the uD%Glﬁ(‘ ENEBTY E Ymmd be ormut'ﬂ """ 1t .

Setting E= (ﬁ) (see () 7)), we find out the vibrating interval ae
extending from R. to Ry, where o

R 4 B M [ M= (-F

(5.58) ;, Ry = L “{_( £

‘ ‘ 1-F

One of the wr'i,mwe ceses i Te , the vﬂ; atlion proceeds from infinity

2

to ,f%— s and 'mm;hc"r* ex L:m ne cape g E Q,, ~the ster vibrates

near the equilibriun position R=Q7/1i.. Proper time period of wvibration

cen be got from (5.6) by inte
Re

o | dR. L owm
!"39 ’c*'-'—'“Z: . ~13
(5.39) N jj~(,,,g’j+%‘+%’ (1-¢ )/"

Although period 4 can be arbitrary laree

ags 1f E==1, in & reasonable

case T must be of the same order as 92WM, since the initial confi.

...... arabmn y«raulﬂ rmt br so unstable. LAM is actually o very short tine



(about 1 O’ gec). When a E ar vibrates so rapid, ite Lbz*atum energy

will be dissipated soon by severa esible mechanisms. "i"i}h@rb. ore a

small vibrating C'mf':l. wuration is in fact more probable. For these

1A

confignrations, t}m spm;flc Cﬂ(‘l’"‘""f i-is zmm voecusl 40 ‘/g-_,, and

3 B
, . R : » LW ; : . g
the vibrating period is about EVORE Por depling with its *mnemwm €,y

Al

E
- I
I- E"f 'E'\_

the coordinate bdme : veriod is more re]_m ant. ,otltw th i ZFE“’

and R L. the avertme i'ﬂc*cm:* of time clif}.um,t&t:i.om is Tmz::mfoz:*e
™ 7 : & : , t
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5.6  Concluslions
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timescale for_optical observation of the collapse might be long enough
to be detected.
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MATN CONCILUSIONS

In this thesis, some aspect of the fate of collapsing stellar
cores have been studied. Detailed ccnclusions have been represented.
in the approprite sections of each chapter. Here we emphasize some
interesting points emerged from our main results.

In the study of collapsing roteting cores, the most interesting
result is that a newly formed neutron star should be a fast rotator
having a value of ratio &/m of the order of one, despite of the fact

Yy )
that observed neutron stars sll have, suall values of a/m (of the
. -2 ~4 - o . .
order of 10 to 10 ). We have found four evidences or relevant
~Tacts in supporting such a conclusion.

a) The large proper velocities of neutron sters may be transform—

. . es . ) ,
ed frowm their rctational energy. I the mechanisas is that shown by

Harrison and $ademaru, the evaluated value of ratio &/ of a newly
formed neutron star is of the order of 1 (see Chaster II).

b) In the study of the graviteticnal rediation of = collapsing
core we sce that in forwing a neutrqn ster, the final value of ratio
a/m does not dgpend'sensitively onn the initial @/w. wWe find that the
finzl value of ratio a/m is aboutylf it tpe inditiad g/ is in the

range of 1 tc 10 (sée_Chapt@r 111).
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¢) As an obscrvational fact, the value of ratio a/m of a main-
sequence stellar coee is in the range of 10 to 100. By considering
&ll known mechanisms, we cannot find any way to reduce it to the
value of 10”2 or even much less in forming a neutron star (see
Chapter II).

d) From the Newtonian argument and also relativistic models we
find that the upper iimit of ratio a/m which can be sustained by a
rotating stable configuration is about 1 (see Chapter Ii).

A noticeablevimplication emerges. For the cases in which the
mass of a collapsing object is larger than the limiting mass of a
‘neutrgn star, the study of the finsl state other than the black.
hole due to fast rotation is notkonly an interésting nroblem but
also a realistic task.

In the study of collapsing charged stellar cores, our mzin results
are the following two (see Chapter V).

a) If overcharged stars or’stellar cores do exist in nature, its
collapse would probably lead to‘form;a vibrating dense star rather
than a naked singularity. This result is in supporting the hypo-
thegis of cosmic censqrship.

b) Optically, weAWill see a quasi—stationary'}edshift from these

(116)



obJSCts. Specially, the redshift can be large enocugh to confuse with
a cosmological redshift of & disfant galaxy, if charge Q is nearly
equal to its mass m.

The influence of neutrinos to the collapsing process has alsc
been studied, Tﬁe problem is liwited to the neutrino trapping by
the strong gravitational field in dense objects, and the corres-
ponding results are as follows (see Chapter IV).

The gravitational trapping effect of neutrinos is considerably
increased, if the neutrino has a rest mass. However, if massive
neutrinocs are trapped only by the gravitstional field, the effect
would not be strong enough to influence significantly an object as
dense as a neutron star. Nevertheless, as the behavior of collap-
ging objects appears to be very sensitive to the neutrino concen—
tration, even a weak contribution to the neutrino opacity by the
gravitational field may be gignificant and worthy to be considered

in & more detailed investigation.

(117)
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Teble 1.1 Nuclear Burning Stages of g 25lg Star

Burning staze Tenpersture (K) Density (geni’) Timescale (yx)

51 v 3.5.10% 1.10°% B

pre-collapsing 5.107 310
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Table 2.3 The Values of a/m for a Mg Core
of the 10Mg Main-sequence Star

in the Rigidly Rotating Model

8 cove (gon®) /8] (sec™ ") a/m
, . L | -
0.15 (0.6-1.2).10 119.2%4
3 (0.6-1.2)-10"% 1632
7.8 (0.6-1.2).107% 8.5.17
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Table 2.5

Evolution of the Ratio a/m
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Table 2.6 Critical Values of a/m in Relativistic

llodels of Rotating Bodies

s 0.3

€ shed 0.90
0% e 1.4%

I et 3.81.16°
¥s/2m 1.961
a/m l«35

0.5 0.62

0.79 0.64

1.6 1.7%
9.82.10° 1.39-13°
1.333 1.169 -
1.25 1.26

From

From

Prom

From

From

From

Pab, 1-3.
Formula (2.20).

Pormula (2.21).

.4,%;

The daggered figures and tables are of the Butterworth and

Ipser's paper.
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